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Preface

In the late 1920’s the relentless march of ideas and discoveries had carried
physics to a generally accepted relativistic theory of the electron. The

it P I Ao

physicist P.A.M. Dirac, however, was dissatisfied with the prevailing ideas
and, somewhat in isolation, sought for a better formulation. By 1928 he
succeeded in finding a theory which accorded with his own ideas and also
fit most of the established principles of the time. Ultimately this theory
proved to be one of the great intellectual achievements of the period. It
was particularly remarkable for the internal beauty of its mathematical
structure which not only clarified much previously mysterious phenomena
but also predicted in a compelling way the existence of an electron-like
particle of negative energy. Indeed such particles were subsequently found
to exist and our understanding of nature was transformed.

Because of its compelling beauty and physical significance it is perhaps
not surprising that the ideas at the heart of Dirac’s theory have also been
discovered to play a role of great importance in modern mathematics,
particularly in the interrelations between topology, geometry and analysis.
A great part of this new understanding comes from the work of M. Atiyah
and L. Singer. It is their work and its implications which form the focus
of this book.

It seems appropriate to sketch some of the fundamental ideas here.
In searching for his theory, Dirac was faced, roughly speaking, with the
problem of finding a Lorentz-invariant wave equation Dy = Ay compat-
ible with the Klein-Gordon equation [y = Ay where [J = (8/0x,)> —
(8/0x)* — (8/0x,)* — (8/dx,3)*. Causality required that D be first order in
the “time” coordinate x,. Of course by Lorentz invariance there could be
no preferred time coordinate, and so D was required to be first-order in all
variables. Thus, in essence Dirac was looking for a first-order differential
operator whose square was the laplacian. His solution was to replace the
complex-valued wave function ¢ with an n-tuple ¥ = (4, . . . 4,) of such
functions. The operator D then became a first-order system of the form

3 0
D—uzo'))ua
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where y,, . ..,y; were n x n-matrices. The requirement that

yp— \

O
D*=
D

led to the equations
YW T V¥y = 220,

These were easily and explicitly solved for small values of n, and the
analysis was underway.

This construction of Dirac has a curious and fundamental property.
Lorentz transformations of the space-time variables (x,, . ..,X3) induce

13 + ¥ + £ t+h tunlac W whi 1
linear transformations of the n-tuples ¥ which are determined only up to

a sign. Making a consistent choice of sign amounts to passing to a non-
trivial 2-fold covering L of the Lorentz group L. That is, in transforming the
¥’s one falls upon a representation of L which does not descend to L.

The theory of Dirac had another interesting feature. In the presence of
an electromagnetic field the Dirac Hamiltonian contained an additional
term added on to what one might expect from the classical case. There
were strong formal analogies with the additional term one obtains by
introducing internal spin into the mechanical equations of an orbiting
particle. This “spin” or internal magnetic moment had observable quan-
tum effects. The n-tuples ¥ were thereby called spinors and this family of
transformations was called the spin representation.

This physical theory touches upon an important and general fact con-
cerning the orthogonal groups. (We shall restrict ourselves for the moment
to the positive definite case.) In the theory of Cartan and Weyl the repre-
sentations of the Lie algebra of SO, are essentially generated by two basic
ones. The first is the standard n-dimensional representation (and its ex-
terior powers). The second is constructed from the representations of the
algebra generated by the y,’s as above {the Clifford algebra associated to
the quadratic form defining the orthogonal group). This second represen-
tation is called the spin representation. It does not come from a represen-
tation of the orthogonal group, but only of its universal covering group,
called Spin,. It plays a key role in an astounding variety of questions
in geometry and topology: questions involving vector fields on spheres,
immersions of manifolds, the integrality of certain characteristic numbers,
triality in dimension eight, the existence of complex structures, the exis-
tence of metrics of positive scalar curvature, and perhaps most basically,
the index of elliptic operators. »

In the early 1960s general developments had led mathematicians to con-
sider the problem of finding a topological formuia for the index of any
elliptic operator defined on a compact manifold. This formula was to gen-
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eralize the important Hirzebruch-Riemann-Roch Theorem already estab-
lished in the complex algebraic case. In considering the problem, Atiyah
and Singer noted that among all manifolds, those whose SO,-structure
could be simplified to a Spin,-structure had particularly suggestive prop-
erties. Realizing that over such spaces one could carry out the Dirac con-
striiction, they prodiiced a globally defined elliptic operator canonically
associated to the underlying riemannian metric. The index of this operator
was a basic topological invariant called the A-genus, which was known
always to be an integer in this special class of spin manifolds. (It is not
an integer in general) Twisting the Dirac-type operator with arbitrary
coefficient bundles led, with some sophistication, to a general formula for
the index of any elliptic operator.

i yAT Tzre e d PURPIST S 4

Atiyah and Singer went on to understand the index in the more proper
setting of K-theory. This led in particular to the formulation of certain KO-
invariants which have profound applications in geometry and topology.
These invariants touch questions unapproachable by other means. Their
study and elucidation was a principal motivation for the writing of this
tract.

It is interesting to note in more recent years there has been another pro-
found and beautiful physical theory whose ideas have come to the core of
topology, geometry and analysis. This is the non-abelian gauge field theory
of C. N. Yang and R. L. Mills which through the work of S. Donaldson
and M. Freedman has led to astonishing results in dimension four. Yang-
Muills theory can be plausibly considered a highly non-trivial generalization
of Dirac’s theory which encompasses three fundamental forces: the weak,
strong, and electromagnetic interactions. This theory involves modern dif-
ferential geometry in an essential way. The theory of connections, Dirac-
type operators, and index theory all play an important role. We hope this
book can serve as a modest introduction to some of these concepts.

H. B. LAWSON AND M.-L. MICHELSOHN
Stony Brook
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Introduction

Over the past two decades the geometry of spin manifolds and Dirac
operators, and the various associated index theorems have come to play
an increasingly important role both in mathematics and in mathematical
physics. In the area of differential geometry and topology they have be-
come fundamental. Topics like spin cobordism, previously considered
exotic even by topologists, are now known to play an essential role in
such ciassical questions as the exisience or non-existence of metrics of po-
sitive curvature. Indeed, the profound methods introduced into geometry
by Atiyah, Bott, Singer and others are now indispensible to mathemati-
cians working in the field. It is the intent of this book to set out the fun-
damental concepts and to present these methods and results in a unified
way.

A principal theme of the exposition here is the consistent use of Clifford
aigebras and their representations. This refiects the observed fact that
these algebras emerge repeatedly at the very core of an astonishing variety
of problems in geometry and topology.

Even in discussing riemannian geometry, the formalism of Clifford mul-
tiplication will be used in place of the more conventional exterior tensor
calculus. There is a philosophical justification for this bias. Recall that to
any vector space V there is naturally associated the exterior algebra A*V,
and this association carries over directly to vector bundies. Appiied to the
tangent bundle of a smooth manifold, it gives the de Rham bundle of ex-
terior differential forms. In a similar way, to any vector space V equipped
with a quadratic form q, there is associated the Clifford algebra CE(V,q),
and this association carries over directly to vector bundles equipped with
fibre metrics. In particular, applied to the tangent bundle of a smooth
riemannian manifold, it gives a canonically associated bundle of algebras,
caiied the Clifford bundie. As a vector bundie it is isomorphic to the
bundle of exterior forms. However, the Clifford multiplication is strictly
richer than exterior multiplication; it reflects the inner symmetries and
basic identities of the riemannian structure. In fact fundamental curvature
identities will be derived here in the formalism of Clifford multiplication
and applied to some basic problems.
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Another justification for our approach is that the Clifford formalism

o 1t aena 1an of o the fiindamaeantal alliptic com laxa
élvuo a tlauoyaleut uluuCauvu vl au e Iyngdamentai eunlplic compiexes

in differential geometry. It also renders many of the technical arguments
involved in applying the Index Theorem quite natural and simple.

This point of view concerning Clifford bundles and Clifford multiplica-
tion is an implicit, but rarely an explicit theme in the writing of Atiyah and
Singer. The authors feel that for anyone working in topology or geometry
it is worthwhile to develop a friendly, if not intimate relationship with

ranng and Cliffard modulas Far thic reacon we have us d them ex-
Dyul £roups andad Liliora moauses. 01 this reason we hay S€G € €X

plicitly and systematically in our exposition.

The book is organized into four chapters whose successive themes are
algebra, geometry, analysis, and applications. The first chapter offers a
detailed introduction to Clifford algebras, spin groups and their represen-
tations. The concepts are illuminated by giving some direct applications
to the elementary geometry of spheres, projective spaces, and low-

dim al T ranpns K_theary and K R_thanry ara then introdu cnr‘
uu.u\tuo.l.uual i€ groups. S-uUlCOTY and S n-uilory are inén 1miroguceq,

and the fundamental relationship between Clifford algebras and Bott pe-
riodicity is established.

In the second chapter of this book, the algebraic concepts are carried
over to define structures on differentiable manifolds. Here one enters prop-
erly into the subject of spin geometry. Spin manifolds, spin cobordism,

and spinor bundles with their canonical connections are all discussed in

datail and a ocanaral Formoh'cm of Niran l‘\unr"no and Dirac operators ig
u\ll’ull’ 154 «“ é\lll\llul i LIAGALIVIALE Vi A/1L0Gw U UIIMIWYO GLIAL AsLL G Vy 1LALVIO 10

developed. Hodge-de Rham Theory is reviewed in this formalism, and
each of the fundamental elliptic operators of riemannian geometry is
derived and examined in detail.

Special emphasis is given here to introducing the notion of a C{,-linear
elliptic operator and discussing its index. This index lives in a certain
quotient of the Grothendieck group of Clifford modules. For the fun-
damental operators (which are discussed in detail here) it is one of th
deepest and most subtle invariants of global riemannian geometry. The
systematic discussion of Cf,-linear differential operators is one of the
important features of this book.

In the last section of Chapter II a universal identity of Bochner type is
established for any Dirac bundle, and the classical vanishing theorems of
Bochner and Lichnerowicz are derived from it.

This seems an appropriate time to make some general observations

about spin geometry. To begin it should be emphasized that spin geom-
etry is really a special topic in riemannian geometry. The central concept
of a spin manifold is often considered to be a topological one. It is just
a manifold with a simply-connected structure group. This is understood
systematically as follows. On a general differentiable n-manifold (n = 3),
the tangent bundle has structure group GL,. The manifold is said to be



INTRODUCTION 5

oriented if the structure group is reduced to GL," (the connected com-
nonant of tha ir]nntitv)_ The manifold is said to be sph‘\ if the structure

pPVYiiciic Ui ulv aGuiiuily A v dnafinvlu 15 sailb W U 111 13wl Sirulivui e

group GL, can be “lifted” to the universal covering group ﬁ,, - GL;}.
This approach is perfectly correct, but there is a hidden obstruction to
the viability of the concept: namely, the group GL, (for n = 3) has no finite
dimensional representations that do not come from GL, . This means that
in terms of standard tensor calculus, nothing has been gained by this re-
finement of the structure.

However, if one passes from GL, to the maximal compact subgro

139 4y AL QUL Passts MUIR RFLy, PO WL LaAld ompact subgroup
O,, that is, if one introduces a riemannian metric on the manifold, the
story is quite different. An orientation corresponds to reducing the struc-
ture group to SO,, and a spin structure corresponds to then lifting the
structure group to the universal covering group Spin, —» SO,. Maximal
compact subgroups are homotopy equivalent to the Lie groups which
contain them, and there is essentially no topological difference in viewing
spin structures this way. However, there do exist finite dimensional repre-
sentations of Spin, which are not lifts of representations of SO,. Over a
spin manifold one can thereby construct certain new vector bundles, called
bundles of spinors, which do not exist over general manifolds. Their exis-
tence allows the introduction of certain important analytic tools which
are not generally available, and these tools play a central role in the
study of the global geometry of the space. It is, by the way, an important
fact that this construction is metric-dependent; the bundle of spinors itself
depends in an essential way on the choice of riemannian structure on the
manifold.

These observations lead one to suspect that there must exist a local
spinor calculus, like the tensor calculus, which should be an important
component of local riemannian geometry. A satisfactory formalism of this
type has not yet been developed. However, the spinors bundles have
vielded profound relations between local riemannian geometry and global
topology.

The main tools by which we access the global structure of spin mani-
folds are the various index theorems of Atiyah and Singer. These are pre-
sented and proved in Chapter 111 of the book. They include not just the
standard G-Index Theorem but also the Index Theorem for Families and
the Cl,-Index Theorem (for CE,-linear elliptic operators). There are in
existence today many elegant proofs of index theorems which use the

CAISLEIILE LU 1124zl Civealilt 1OV 2220 A LALRUICIEALAS 122040 L28L UL

methods of the heat equation. These do not apply to the C{,-Index
Theorem however, because of the non-local nature of this index. For this
reason our exposition follows the “softer,” or more topological, arguments
given in the original proofs.

Chapter IV of the book is concerned with applications of the theory.
There is no attempt to be exhaustive; such an attempt would be pointless



6 INTRODUCTION

and nearly impossible. We have tried however to demonstrate the broad
range of problems in which the considerations of spin geometry can be
effectively implemented.

It is of some historical interest to note that while Dirac did essentially
use Clifford modules in the construction of his wave operator, he was not
really responsible for what is commonly called the “Dirac operator” in
riemannian geometry. The construction of this operator is due to Atiyah
and Singer and is, in our estimation, one of their great achievements. It
required for its discovery an understanding of the subtle geometry of spin
manifolds and a recognition of the central role it would play in the general
theory of elliptic operators. Even the formidable Eliec Cartan, who sensed
the importance of the question and, of course, authored the general theory
of spinors and who was not unaware of the fundamentals of global anal-
ysis, never reached the point of defining this operator in the proper con-
text of spin manifolds. In keeping with historical developments we shall
call the general construction of operators from modules over the Clifford
bundle, the Dirac construction, and we shall call the specific operator so
defined on the spinor bundle, the Atiyah-Singer operator.

It is this operator which in a very specific sense generates all elliptic
operators over a spin manifold. It introduces a direct relationship between
curvature and topology which exists only under the spin hypothesis. The
Ct,-linear version of this operator carries an index in KO-theory. In fact
its index gives a basic ring homomorphism Q3" — KO ~*(pt) which
generalizes to KO-theory the classical A-genus. The applications of this
to geometry include the fact that half the exotic spheres in dimensions
one and two (mod 8) do not carry metrics of positive scalar curvature.

The presentation in this book is aimed at readers with a knowledge of
elementary geometry and topology. Important things, such as the concept
of spin manifolds and the theory of connections, are developed from basic
definitions. The Atiyah-Singer index theorems are formulated and proved
assuming little more than a knowledge of the Fourier inversion formula.
There are several appendices in which principal bundles, classifying
spaces, Thom isomorphisms, and spin manifolds are discussed in detail.

The references to theorems and equations within each chapter are
made without reference to the chapter itself (e.g., 2.7 or (5.9)). Refer-
ences to other chapters are prefaced by the chapter number (e.g., I11.2.7
or (IV.5.9)).
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Representations

The object of this chapter is to present the algebraic ideas which lie at the
heart of spin geometry. The central concept is that of a Clifford algebra.
This is an algebra naturally associated to a vector space which is equipped
with a quadratic form. Within the group of units of the algebra there is
a distinguished subgroup, called the spin group, which, in the case of the
positive definiie form on R" (n > 2}, 1s the universal covering group of 5SG,.

It is a striking (and not commonplace) fact that Clifford algebras and
their representations play an important role in many fundamental aspects
of differential geometry. These include such diverse topics as Hodge-de
Rham Theory, Bott periodicity, immersions of manifolds into spheres,
families of vector fields on spheres, curvature identities in riemannian
geometry, and Thom isomorphisms in K-theory. The effort invested in
becoming comfortable with this algebraic formalism is well worthwhile.

Our discussion begins in a very general algebraic context but soon
moves to the real case in order to keep matters simple and in the domain
of most interest. In §§7 and 8 we present some applications of the purely
algebraic theory to topology and to the appearence of exceptional phe-
nomena in the theory of Lie groups.

The last part of the chapter is devoted to K-theory. Basic definitions
are given and fundamental results are reviewed. The discussion culminates
with the Atiyah-Bott-Shapiro isomorphisms which directly relate the
periodicity phenomena in Clifford algebras to the classical Bott Period-
icity Theorems. In particular, explicit isomorphisms are given between
K™ *pt) = (—D,,K(S") (and KO™*(pt) = (—D,, KO(S") and a certain quotient
of the ring of Clifford modules. Section 10 is concerned with KR-theory
which later plays a role in the index theorem for families of real elliptic
operators. This is a bigraded theory and the corresponding Atiyah-Bott-
Shapiro isomorphism entails representations of Clifford algebras Ct, , for
quadratic forms of indefinite signature.

§1. Clifford Algebras

Let V be a vector space over the commutative field k and suppose g is a

quadratic form on V. The Ciifford aigebra C£(V,g) associated to ¥ and
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g is an associative algebra with unit defined as follows. Let
TV =3 @V
r=0

denote the tensor algebra of V, and define .#(V) to be the ideal in 7 (V)
generated by all elements of the form v® v + ¢g(V)1 for ve V. Then
the Clifford algebra is defined to be the quotient

CUV,q) = T (V)| F(V).
There is a natural embedding
V—Cl(V,9) (1.1

which is the image of ¥ = (X)' V under the canonical projection
. T (V) — ClUV,9). (1.2)

We prove that 7|, is injective as follows. We say that an element ¢ € 7 (V)
is of pure degree s if ¢ € (XyV. (Every element of 7 (V) is a finite sum of
elements of pure degree.) We want to show that any element ¢ € Z(V) n V
is zero. Any such element can be written as a finite sum ¢ =Y a; ®
(v; ® v; + g(v))) @ b; where we may assume that the s and b;s are of
pure degree. Since g € V = (X)'V, we conclude that 3 a; ® (v; ® v;) ®
b, = 0, where this sum is taken over those indices with deg a; + deg b;
maximal. This equation implies, by contraction with g, that 3 a,q(v;)"
b, = 0. Proceeding inductively, we prove that ¢ = 0.

The algebra CL(V,g) is generated by the vector space V' < CL(V,g) (and
the identity 1) subject to the relations:

v-v= —gq(v)l (1.3)
for v e V. If the characteristic of k is not 2, then for all v,w e V,
v-w+ w-v= —2q(v,w) (1.4)

where 2g(v,w) = q(v + w) — q(v) — g(w) is the polarization of g. The re-
lations (1.3) can be used to give the following universal characterization of
the algebra.

Proposition 1.1. Let f: V — o be a linear map into an associative k-algebra
with unit, such that

f@) - f(v) = —q()1 (1.5)

for all veV. Then f extends uniquely to a k-algebra homomorphism
f:CUV.q) » of. Furthermore, CU(V,q) is the unique associative k-algebra
with this property.
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Proof. Any linear map f:V — o/ extends to a unique algebra homo-
morphism f:F (V) - <. Property (1.5) implies that f =0 on F(V),
and so f descends to Ct(V,q). Suppose now that € is an associative
k-algebra with unit and that i: V & € is an embedding with the property
that any linear map f:V — o/ (o/ as above) with property (1.5) extends
uniquely to an algebra homomorphism f: % — .o/. Then the isomorphism
from V < CE{(V,g) to i(V) = € clearly induces an algebra isomorphism
CiVyg) > %6 m

This characterization of Clifford aigebras is extremely useful. It shows,
for example, that they are functorial in the following sense. Given a
morphism f:(V,q) — (V',q), i.e., a k-linear map f:V — V’ between vector
spaces which preserves the quadratic forms (f*q" = g), there is, by Propo-
sition 1.1, an induced homomorphism f:CE(V,q) - CL(V',¢). Given
another morphism g:(V',¢") = (V",q"), we see from the uniqueness in
Proposition 1.1, that {;-Tf =gof.

A particular consequence of this 1s that the orthogonal group O(V,g) =
{f e GL(V): f*q = q} extends canonically to a group of automorphisms
of CE(V,q). We shall see later that this embedding

O(V.q) = Aut(CU(V,9)) (1.6)
actually lies in the subgroup of inner automorphisms.
An element here of particular importance is the automorphism

a:ClV,q9) — C{(V,q) 1.7
which extends the map «(v) = —v on V. Since «® = Id, there is a decom-
position

Cl(V,g) = CE(V,q) ® Cl'(V,9) (1.8)

where Cl{(V,q) = {¢ € CU(V.9): (@) = (—1)'p} are the eigenspaces of a.
Clearly, since o{@,¢,) = a(p,) - ®(@,), we have that

CU(V.g) - Cti(V,q) = CL*(V.q) (1.9)

where the indices are taken modulo 2. An algebra with a decomposition
(1.8) satisfying (1.9) is called a Z,-graded algebra. Note that CL%V,q) is a
subalgebra of CE(V,g). It is called the even part of CL(V,g). The subspace
CEY(V,g) is called the odd part. It is an observation of Atiyah, Bott and
Shapiro that this Z,-grading plays an important role in the analysis and
application of Clifford algebras.

There exist some elementary and important relationships between the
Clifford algebra Cf(V.g) of a space and its exterior algebra A*V (whose
definition is, of course, independent of the quadratic form ¢). There is a
natural filtration #°c F'1c #2c...c F(V) of the tensor algebra,
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which is defined by

F =5 XV,

S=r

and has the property that " @ " < """ If we set F' = n (F#') we
obtain a fltration F°% < F! G2 —~ — P N AF A~
vvLlalil a Hliuuatlivii 7 7 4 — ... \/L\ | 4 ’q} ul <

algebra, which also has the property that
F-FcF (1.10)

for all r,7’. This makes CR(V,q) into a filtered algebra. It follows from
(1.10) that the multiplication map descends to a map (F'/F !) x
(F/F~Y) > (F(F 7 for all rs. Setting * = (P,,, 9 where

@ — GZTIdET 1 wa ~htain th
7 = 7 /e] s 1. [ %8

atatad aradad alanhea
wl O0ldlil Uid.

1 assodiawea graaca aigeor
Propeosition 1.2. For any quadratic form g, the associated graded algebra of
CL(V,q) is naturally isomorphic to the exterior algebra A*V.

Proof. Themap XfV 5> &' » F'/#* !, whichis givenby v, @ -+ - ®
v; > [v;, " - v, ] clearly descends to a map A"V — &/ ™' by property
(1.4). (When the characteristic of k is 2, we use the fact that v-w +
w- v = 0.) This map is evidently surjective and is easily seen to give a
homomorphism of graded algebras A*V — @*.

To see that this map is injective we proceed as follows. The kernel of
&yV — %" consists of the r-homogeneous pieces of elements ¢ € .£,(V)
of degree < r. Any such ¢ can be written as a finite sum ¢ = ) ¢, ® (v; ®
v; + q(v))) ® b; where v, € Vand where we may assume that the a; and b;
are of pure degree with deg a; + deg b; < r — 2. The r-homogeneous part
of @ is then of the form ¢, = > 4, @ v; ® v; ® b; (where deg a; + deg b; =
r — 2 for each i). Since v; A v; = 0 for all i, we see that the image of ¢ in
the exterior algebra is zero. Hence the map A"V — ¥ is injective. &

Proposition 1.2 says that Clifford multiplication is an enhancement of
exterior multiplication which is determined by the form g. Note that
CUV,0) = A*V.

Proposition 1.3. There is a canonical vector space isomorphism
A*V = CUY(V,q) (1.11)
compatible with the filtrations.

REMARK 1.4. The map (1.11) is, of course, not an isomorphism of al-
gebras unless g = 0. The point here is that the map is canonical. Thus we
may speak of the embeddings

AV cCyV,q) forallrz0. (1.12)
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Proof. We define a map of the r-fold direct product f:V x -+ x V —
CE(V.,q) by setting

1

f,...,0)= o Za: SIZN(0)g(1) " * * Vger) (1.13)
where the sum is taken over the symmetric group on r elements. (if the
characteristic of k is not zero, one must drop the factor 1/r!.) Clearly f
determines a linear map f: A"V — Cl(V,q) whose image lies in #". The
composition of f with the projection #* — F"/F" ! is easily seen to be
the map discussed in the proof of Proposition 1.2. Hence f is injective,
and the direct sum of these maps (1.11) is an isomorphism.

We now take up the question of tensor products. Recall that if &/ and
2B are algebras with unit over k, then the tensor product of the algebras
o ® 2 is the algebra whose underlying vector space is the tensor product
of &/ and # and whose multiplication is given (on simple ¢lements) by
the rule (a ® b) - (@ ® b) = (ad’) ® (bD'). If, however,

oA =Ad° D oA and RB=RB DR

are Z,-graded algebras, then we can introduce a second “Z,-graded”
multiplication, determined by the rule

(@a® b)-(a ® b) = (—1)tes®Mes@)qq’y @ (bb') (1.14

whenever b and a’ are of pure degree (even or odd). The resulting algebra
is called the Z,-graded tensor product and is denoted o/ @ £
The Z,-graded tensor product is again Z,-graded with

~—

=]

r
A 0 -20
& B

p

B =o' Q@ B+ AR B

It also carries a filtration F° c Flc Fl ... c o Q B, where
F =Y Fid) R FB.

it+tj=r

AAAAAAAA S PRGUpIG. MV P
The uupux tance of the //_2 glaueu tensor product 1

is evident from the following proposition.

Proposition 1.5, Let V = V; @ V, be a g-orthogonal decomposition of the
vector space V (i.e., q(v, + v,) = q(v,) + q(v,) for all v, eV, and v, e
V,). Then there is a natural isomorphism of Clifford algebras

CUV,q) — CUV1.d1) ® CUV.42)

where q; denotes the restriction of q to V; and where & denotes the Z,-graded
tensor product.
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Proof. Consider the map f:V — C{(V,,q,) ® Cl(V,,q,) given by f(v) =
v; ® 1 +1 ® v, where v = v, + v, is the decomposition of v with respec
to the splitting V = V, @ V,. From (1.14) and the g-orthogonality of thi
splitting we see that f(v)- fO)=0V, 1 +1Rv) =@ 1+16
02 = —(q,(v;) + g5(v3))1 ® 1 = —q(v)1 ® 1. Hence, by Proposition 1.1
f extends to an algebra homomorphism f:CUV,q) —» ClVyq,) €
Cl(V,.4,). The image of f is a subalgebra which contains CL(V,,q,) ®

and 1 ® CY(V,,q,). Therefore, f is surjective. Injectivity follows easily b
considering a basis for C{(V,q) generated by a basis of V which is com
patible with the splitting. =

We finish this section by introducing a second fundamental involutio:
on the algebra. The tensor algebra (V) has an involution, given o;
simple elements by the reversal of order, ie, v, ® - @ v, 1, §
- -+ ® v,. This map clearly preserves the ideal .#(V,q) and so descends t
a map

( ):CeV,g) — Ct(V.9) (1.1¢

called the transpose. Note that ( )’ is an antiautomorphism, i.e., (py)" =

l//'(p'-

§2. The Groups Pin and Spin

We now consider the multiplicative group of units in the Clifford algebr:
which is defined to be the subset

CVg={peClV,g):Io ' withp lop=0p ' =1} (2.

This group contains all elements v € V with g(v) # 0. When dim V =
n < oo, and k is either R or C, this is a Lie group of dimension 2". I
general, there is an associated Lie algebra ¢I*(V,q) = CE(V,q) with Li
bracket given by

[x,y] = xy — yx. 2.

The group of units always acts naturally as automorphisms of th
algebra. That is, there is a homomorphism

Ad:CL*(V,q) — Aut(CE(V,q)) (2.
called the adjoint representation, which is given by
Ad,(x) = px¢p 1. . (2«
Taking the “derivative” of this gives a homomorphism

ad: cd*(V,q) — Der(CL(V,q)) 2.
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Proof. Consider the map f:V — CL(V,,q,) ® CE(V,,q,) given by f(v) =
v, ® 1+ 1 ® v, where v = v, + v, is the decomposition of v with respect
to the splitting V = ¥, @ V,. From (1.14) and the g-orthogonality of this
splitting we see that f(): fV) =V, ® 1 +1 ® 1)’ =0 @1 +1®
v: = —(q,(vy) + 42{vy))1 ® 1 = —¢(v)1 ® 1. Hence, by Proposition 1.1,
f extends to an algebra homomorphism f :CYV,q) » CUVy,q)) ®
C(V,,q,). The image of f is a subalgebra which contains CE(V,,q,) ® 1
and 1 ® CU(V,,g,). Therefore, f is surjective. Injectivity follows easily by
considering a basis for Cf(V,q) generated by a basis of V which is com-
patible with the splitting. =

We finish this section by introducing a second fundamental involution
on the algebra. The tensor algebra 7 (V) has an involution, given on
simple elements by the reversal of order, ie, v, ® " ® v, — v, ®

-+ + ® v,;. This map clearly preserves the ideal .#(V,g) and so descends to
a map

( )y:CeV,q)— CiV,9) (1.15)

called the transpose. Note that () is an antiautomorphism, ie., (o¥) =

Yo'

§2. The Groups Pin and Spin
We now consider the multiplicative group of units in the Clifford algebra,
which is defined to be the subset
Ce(Vg={peClVyg):3o witho o =90 ' =1} (21)

This group contains all elements v e V with g(v) # 0. When dim V =
n < oo, and k is either R or C, this is a Lie group of dimension 2". In
general, there is an associated Lie algebra ¢[*(V,q) = Cl(V,q) with Lie
bracket given by

[x.y] = xy — yx. 2.2)

nits always acts naturally as automorphisms of the

-~
=
a
)
[}
=}
=
=]
o
lans}
=

algebra, That is, there is a homomorphism
Ad:CL*(V,q9) — Aut(CL(V,q)) (23)
called the adjoint representation, which is given by
Ad(x) = pxp 1. ’ 24

Taking the “derivative” of this gives a homomorphism

ad: ™ (V,q) — Der(CL(V.,g)) (2.5)
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into the derivations of the algebra, defined by setting
ad,(x) = [ y.x].
REMARK 2.1. Suppose Vis finite dimensional, and defined over R or C.
Then there is a natural exponential mapping exp:c*(V,g) - CL*(V,qg),
defined by seiting

0

1
= — y™ 2.6
exp(y)= 3 -5y (2.6)
Note that this series converges since for any choice of positive definite
inner product on C{(V,g), we have ||xy|| = c||x||[|y|| for some ¢ > 0. It is

easy to see that
d
= A (3)]: -0 = 2d,(x). @7)

From this noint on we shal
ITom 1nis point on we shail ur

o0
'1
cz
'D
-
=
[~
4

tl«!e C,hnrncrorlchﬁ of rho ﬁo’rl

Sol Uy W gl

k is different from 2. Under thls assumpt1on we have the following
important facts concerning the adjoint representation:

Proposition 2.2. Let ve V < ClV.,q) be an element with q(v) # 0. Then
Ad (V)= V. In fact, for all we V, the following equation holds:

5 q(v,w) o
@)
Proof. Since v~ ! = —v/q(v), we have from (1.4) that

=2}

—
[
~——

LNA A (N N =1
—qUJAQ W) = —goowu ~ = twi

= —v2w — 2q(v,w)v = q(v)w — 2g(v,w)r. |

This leads us naturally to consider the subgroup of elements ¢ €
CL*(V,q) such that Ad (V) = V. By Proposition 2.2, this group contains
all elements v € V with g(v) # 0. Furthermore, we see from equation (2.8)
that whenever q(v) # 0, the transformation Ad, preserves the quadratic
form g. That is, {(Ad¥g)iw) = g{Ad,(w)) = g{w) for all we V. Therefore,

we define P(V,q) to be the subgroup of C€*(V,q) generated by the elements
v e Vwith g(v) # 0, and observe that there is a representation

1278 74PN Ad

P(V,g9) — O(V,g) 2.9)
where
O(V,q) = {A e GL(V): A*q = q} (2.10)

is the orthogonal group of the form q. The group P(V,q) has certain im-
portant subgroups.
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DermimioN 2.3 The Pin group of (V,g) is the subgroup Pin(V,q) of
P(V, q) Qenermed by the elements v e VV with n(m = + 1. The associated

Spin group of (V,q) is defined by
Spin(V,q) = Pin(V,q) n CL%(V,q).

We observe now that the right-hand side of equation (2.8) 1s just the
map p,:V — V given by reflection across the hyperplane v = {we
V: g(w,v) = 0}. That is, the map p, fixes this hyperplane and maps v to
—v. Unfortunately, there is 2 minus sign on the left in equation (2.8). This
means, for example, that if dim Vis odd, then Ad, is always orientation
preserving. This defect can be removed by considering the twisted adjoint
representation

Ad: Ct*(V,q) — GL(CYV,q))
defined -by setting

A A 11N

Ad,(y) = dolye™". (2.11)
Clearly, Ad,,,, = Ad,, > Ad,, and Ad, = Ad, for even elements ¢ (..,
for ¢ € CLO%(V,q)). Furthermore, from (2.8) we have

q(v,w)

Ad(w)=w—2 0

(2.12)

e then define the subgroup
B(V,g) = {peCl*(V.g): Ad,(V) = V). 2.13)
It is clear that P(V,q) = P(V,q). Furthermore, we have the following.

Proposition 2.4, Suppose that V is finite dimensional and that q is nonde-
generate. Then the kernel of the homomorphism

P(v.g) =25 GL(V)
is exactly the group k™ of non-zero multiples of 1.

Proof. Choose a basis {v,, ... v,} for ¥ such that g(v) # 0 for all i and
q(v,,vj) =0 for all i # j. Suppose ¢ € C£*(V,q) is in the kernel of Ad, that
is, suppose ¢ has the property that a(@)v = ve for all ve V. Write ¢ =

@0 + ¢, where ¢, is even and ¢, is odd, and observe that

Vg = (Pl
Po =0 (2.14)

— VP = @40
for all v € V. The terms ¢, and ¢, can be written as polynomial expres-
sions in v,,...,v, Successive use of the fact (1.4) that vp; = —vp; —

29(v;,0;) shows that @, can be expressed as ¢, = a, + v,a, where a, and
a, are polynomial expressions in v,, ... ,v,. Applying « shows that a, is
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even and a, is odd. Setting v = v, in (2.14), we see that
0,80 + via, = agvy + v,y
= v,a9 — via,.

Hence, v?a, = —q(v,)a, = 0, and so a, = 0. This implies that ¢, does not
involve v,. Proceeding inductively, we see that ¢, does not involve any
of the terms v,,...,v, and so ¢, =1t 1fortek.

The analogous argument can now be applied to ¢,. Write ¢, = a, +
v;4,, where a; and a4, do not involve »,. Note that a4, is odd and g
is even; and therefore, from (2.14), —uv,a, — via, = a,v, + v,a90, =
—v,a, + via,. Hence, a, = 0 and so ¢, is independent of v,. By induc-
tion, ¢, is independent of vy, ...,v, and so ¢, = 0.

Nowwehave ¢ =@, + @, =t lek. But o #0,s0 pek™ =m

Note that this proposition requires the twisted adjoint representation
and not the adjoint representation. The minus sign in (2.14) is crucial to
the proof.

Proposition 2.4 is false if we do not assume that g is non-degenerate.
To see this, consider the extreme case C¢(V,0) = A*V. For all v,,0,€ V,
we have 1 + v,p, € C£*(V,0). In fact, (1 + v;v,)"' =1 — v;v,. However,
for any veV, we see that ol + v,0,)o(1 +v,0) " =(1 +v,0,)"
(1 — v,v,) = v. Hence, the kernel of the homomorphism includes many
non-scalar terms.

We now introduce the norm mapping N:CE(V,q) » Ci{(V,q) defined
by setting

N(p) = ¢ - o¢"). (2.15)

Here ¢ denotes the transpose of ¢ introduced in (1.15). It is easy to see
that a(¢") = (x(p)). Note that

N(v) = q(v) forveV. (2.16)

The importance of the norm is evident from the following proposition.

Proposition 2.5. Suppose that V is finite dimensional and that q is non-

degenerate. Then the restriction of N to the group P(v,q) gives a
homomorphism

N:BV,g) — k* (2.17)

b ¥4

into the multiplicative group of non-zero multiples of the identity in C{(V q).

Proof. To begin we observe that N(P(V,q)) = k. Choose ¢ € P(V,q) and
recall that by definition, a(@)vp "' € V for all v e V. Applying the trans-
pose antiautomorphism, which is the identity on V, we see that

1

(@) hvad ') = a1,
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Hence,

alpye™ e ™" = o alee]ola(@)e] !
= Ada(«v‘)w(”) =v

for all v e V. Hence, o(¢")¢ is in the kernel of Ad. It is easy to check that
(") belongs to B(V,g), and therefore so does af¢')p. Hence, by Proposi-
tion 2.4 we have «(¢')p € k™. Applying « shows that ¢'a(p) = N(¢") e k™.
Since the transpose antiautomorphism preserves P(V,q), we conclude
that N(¢) € k> for all ¢ € P(V,q).

We now observe that if @, € P(V,q), then N(oy) = oya(y)a(e’) =
eNW)o) = ex(¢')N(¥) = N(¢)N(¥). Thus, N is a homomorphism on
P(V,g). m

Continuing to assume that dim V < oo and ¢ is non-degenerate, we
have the following.

Corollary 2.6. The transformations ’A\d,,,:V - V for ¢ € P(V,q) preserve
the quadratic form q. Hence, there is a homomorphism

Ad: BV, — O(V,q) (2.18)

Proof. To begin we note that N(xp) = N(¢) for ¢ € P(V,g) since N(xp) =
o p)e' = aN(p) = N(¢p). Consequently, if we set

V* ={veV:q{v) #0}, (2.19)
then for each ve V*(cP(V,g)), we have N(AQ,(v)) = N(x()vp ) =
N(a@)N@)N(@)™" = N(¢)N(¢) " 'N(v) = N(v). Since N(¢) = q(v) for ve V
(cf. (2.16)), we see that Ad preserves all non-zero g-lengths. Applying Ad

now shows that Ad (V™ ) =V and so Ad leaves invariant the set of vec-
tors of zero g-length. Thus, Ad is g~ orthogonal [ |

We now return to the group P(V,q) € P(V,q) and observe that by
definition

P(V,g)={v, - v,e C{V,q): v, ..., is a finite sequence from V*}.
(2.20)

Recall that the twisted adjoint representation gives a homomorphism
Ad: P(V.,q) » O(V,q) such that

Ad,, ... = po oo py, (2.21)
where
pwy=w-—2 aw) (2.22)

4q(v)
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is reflection across v'. Thus the image of P(V,q) under Ad is exactly the
group generated by reflections. It is an important and classical result that
this is always the entire orthogonal group.

Theorem 2.7 (Cartan-Dieudonné). Let g be a non-degenerate quadratic
form on a finite dimensional vector space V. Then every element g € O(V,q)
can be written as a product of r reflections

g'_—Pu,“""’Pu,
where r < dim(V).

We refer the reader to Artin’s book [1] for the general proof. In the
special case where ¥V = R" and ¢q(x) = ||x||? is the standard norm, this
theorem is easily proved by putting the orthogonal matrix g in “diagonal”
form:

Ry

1

+1

where each Ry, is a 2 x 2 rotation matrix (which can be expressed as a
product of two reflections).

Theorem 2.7 says that the homomorphism Ad: P(V,q) — O(V,q) is sur-
jective. Furthermore, we could consider the group SP(V.,q) = P(V,9) n
Ct%(V,9) and, since dim V is finite, the special orthogonal group

SO(V,q) = {1e O(V,g) : det(d) = 1}.
Theorem 2.7 also says that the homomorphism ’A\&:SP(V,q) — SO(V,q)
is surjective. To see this, we first show that det(p,) = —1 for any ve V.
To prove this, choose a basis v,, . . . ,v, such that v, = v and g(v,v;) = 0 for
j 2 2. It follows from the definition that p,(v,) = —v, and p,(v;) = v; for

jZ2,andsodet(p,) = —1asclaimed. Thus from Theorem 2.7 we conclude
that

SO(V,q) = {p,, o+ ° py, : q(v;) # 0 and r is even}. (2.23)

From the definition (cf. (2.20)) we see that SP(V,q) = {v, - -0, € P(V,q) : r

is even}. The surjectivity of H:SP(V,q) — SO(V,q) follows immediately
(see (2.21)).



18 I. CLIFFORD ALGEBRAS AND SPIN GROUPS

We now return to the groups Pin and Spin. Recall that these are the
groups generated by the generalized unit sphere S = {v € V:q(v) = +1}
in V. That is,

Pin(V,q) = {v, - - - v, € P(V,q) : q(v)) = +1 for all j} (2.24)
and
Spin(V,q) = {v, - - - v,€ Pin(V,g) : r is even}. (2.25)

In light of the above it is natural to ask whether the homomorphism Ad
restricted to Pin(V,q) and Spin(V,q) maps onto O(V,q) and SO(V,q) respec-
tively. This seems quite likely since at a glance one can see that

Pro = Py (2.26)

for any non-zero scalar t € k, and so one should be able to renormalize
any v € V™ to have g-length +1. Of course since g is quadratic, q(tv) =
t2q(v), and the equation t2g(v) = + 1, i.e., the equation t> = +a for a given
a, may or may not be solvable in a general field k. If k = R or C, of course,
it is always solvable. If k = Q (the rational numbers) it is very often not
solvable. (The group Q* /(Q *)? is infinitely generated.) If k is a finite field
of characteristic #2, then k”/(k” )2 = Z, and —1 may or may not lie
in (k*)2. In the cases where Ad is not surjective, we still have the following
general fact, which is interesting because the group SO(V,g) is often almost
a simple group (see Artin [1]). (The reader interested only in the real and
complex cases can skip this proposition.)

Proposition 2.8. Each of the images X&(Pin(V,q)) and X&(Spin(V,q)) is a
normal subgroup of O(V ).

Proof. Recall (cf. (1.6)) that from the universal property of C{(V,q), the
action of O(V,g) on Vextends to automorphisms of CE(V,g). It is easy to
see that these automorphisms commute with o. Suppose then that we
have v,we V' with g(v) # 0 and choose ge O(V, ). Then Ad sw(W) =
a(go)w(gn) ™" = glawwg(v™") = gle(vg~'(wo ') = gAd,g~'w).  Conse-
quently, we have that

Ad,, =goAdog! (.27

for all ve V with g(v) # 0 and for all g € O(V,g). The proposition now
follows immediately from (2.24), (2.25) and (2.27). =

We now come to the main result of this section. We are primarily in-
terested in the real and complex cases, so we shall focus on fields k that
have the property discussed above. We shall say that a field k of charac-
teristic # 2 is spin if at least one of the two equations t> = gand t* = —a
can be solved in k for each non-zero element a € k™. That is, k is spin if
k* =(k*)* U (—(k*)*). The fields R, C and Z, for p a prime with p =
3(mod 4), are spin.
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Theorem 2.9. Let V be a finite-dimensional vector space over a spin field
k, and suppose q is a non-degenerate quadratic form on V. Then there are
short exact sequences

0 — F — Spin(V,q) =% SO(V,q) — 1 (2.28)
0 —> F — Pin(V,g) 25 O(V,9) — 1 (2.29)

where

{zz={1,-1} ifJ/—1¢k

F= 7 __ §fa 1.4 /:_11 th naxrion

(La= 1 hxv — 1y OtncIrwisce.

These sequences hold for general fields provided that SO(V,q) and O(V,q)
are replaced by appropriate normal subgroups of O(V ).

Proof. Suppose ¢ = v, - - - v, € Pin(V,g)is in the kernel of Ad. Then pek™
by Proposition 2.4, and so ¢*> = N(¢) = N(v,) - - N(v,) = £ 1. This es-
tablishes the kernel of Ad in both cases. The surjectivity of the homo-
v mmmbionns FAallaag foene Thanwans D77 tha fant that ~ — -~ nod tha font
lllUlPlllDlllD lUllUWS 11UML 11IVUICIIL 4.7, LIV kabt wdlat Pl} —_— ‘J";, aliu Liiv 1auvt

that since k is spin, any v € ¥ can be renormalized to have g-length 1. =

It is interesting to observe that if k is a spin field, then either P(V,q) =

PV or DIV.V/P(V.gd =~ Z,. The sroof {which the reader may skin) is
1\' ’(l} 1L 1 \' ,q}/i 14 ,q} == 11_2. 111w l.ll 7y \Wlll\all Lilvw 1Luwasiwvl lllﬂ‘y Bl\ll.l’ 1

as follows. Since P(V,q) is generated by V *, we know that t2g(v) € P(V,q)
forall te k™ and v e V™. Since k is spin, this implies that P(V,q) contains
(k*)? or —(k*)?* (and possibly more). In fact, if we set ky = {tek*:t 1€
P(V,q)}, then from the above and from the definition of a spin field, we
see that k™ = k& u (—kg). Thus, k*/k§ =0 or Z,. Now we have the
sequence

k3 € P(V,g) < P(V,g) 25 O(V,g)

where k™ = kcr(:\\a) and where X&(P(V,q)) = O(V,). It follows that
O(V,q) = P(V,q)/k* = P(V,g)/k . Tt then follows without difficulty that
P(V,q)/P(V,q) = k*/ky = 0 or Z, as claimed.

We now examine the real case in some detail. Let V be an n-dimensional
vector space over R, and suppose g is a non-degenerate quadratic form

an 7 Than wa mav shanca a hacig for V~M"en that
Ohi ¥. 111010 WC Iidy Cii0OSC a4 04sis 106 v = in SO ulde

gx)=x}+ ..+ x2—x2, — ... —x2, (2.30)

where r + s =n and 0 <r < n. It is standard notation to write: g, ; =
g, O,,= O(V,g) and SO, ; = SO(V,q). In accordance we write

Pin,, = Pin(V,q) and Spin,; = Spin(V,9). (2.31)
Qimilarly. it is conventional to write 0. = O ~ 0N and SO = SO ~
wililiiail ’ IV LD VUL YLLILIULIAL LU VYlilw \.In —_ Un,o = UO," airi U\Jn - U\Jn,o =

SOy, Thus, we set

Pin, = Pin,, and Spin, = Spin, . (2.32)
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We also write P, = P(V,g) and P, = P(V,q), and note from the para-
graph above that

P, =P, (2.33)

It is a classical fact (cf. Helgason [1]) that SO, is connected and that
SO, ;, for r;s 2 1, has exactly two connected components. It is also a
classical fact that =n,(SO,)~Z, for n2 3 and =,(SOYy) = =,(SO,) x
n,(SOy) for all rs. Hence, 7,(SOY,) = n,(SO?,) = Z, and =,(SO?,) =
Z, x Z, for all r,s 2 3. (Here SO?, denotes the connected component
of the identity.)

The main result of this section is the following.

Theorem 2.10. There are short exact sequences

0— 7, — Spin, ; —> SO, —> 1
0 > Z, > Pin > O > 1

Sor all (r,s). Furthermore, if (r,s) # (1,1), these two-sheeted coverings are non-
trivial over each component of O, ;. In particular, in the special case

r,s r,s

0 — Z, — Spin, —>» SO, —> 1 (2.34)

the map &, = Ad represents the universal covering homomorphism of SO,
for alln =z 3.

Proof. The exact sequences are a direct consequence of Theorem 2.9,
The kernel in each case is explicitly given by Z, = {1,—1}. To prove
that the coverings are non-trivial, it suffices to join —1 to ! by a path in
Spin, ;. Choose orthogonal vectors e e, e R* with g(e,) = g(e,) = +1.
(This is possible since (r,s) # (1,1).) Then y(t) = *cos(2f) + e, e,sin(2t) =
(e cos t + e,sin t)(e,sin t — e cos t) does the job. =

The above argument also shows that restricting Ad to the identity
component Spin?; of Spin, ; gives the universal covering homomorphism

0 —> Z, — Spin?, — SO, — 1 (2.35)

for all r = 3.

§3. The Algebras Ct, and C¥, ,

We shall now study the Clifford algebras C¢, , = C{(V,q) where V = R"**
and

gx)=x}+ .. . +xF—xt—. .. — X2 (3.1)
Of particular interest are the cases

Ct,=Ct,, and Cer = Ct, . 3.2)
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reason for studying these algebras is the following. As seen in §2, the
ra C{, ; contains the groups Spin, ; and Pin, ;, and so any representa-
f the algebra C£, , restricts to a representation of these groups which
n-trivial on the element — 1. (Such representations are therefore not
:ed from representations of O, or 80, ,.)

ese algebras have a simple classical presentation:

osition 3.1. Let eq,...,e, ., be any g-orthonormal basis of R"™** c
Then CX, ; is generated (as an algebra) by ey, . . . e, . subject to the
ons
ee; +ee = J -
w I {+25U lfl>r

f. This follows easily from the discussion in §l. =

(3.3)

¢ also have a pretty decomposition in terms of the Z,-graded tensor
uct.

osition 3.2. There is an isomorphism

~

CL,=Cl®  ®CLOCLER - ® CL¥ (34)
e CL, appears r times and CL¥ appears s times on the right in (3.4).

f. Decompose R™** into one-dimensional g-orthogonal subspaces
apply Proposition 1.5 inductively. =

is not difficult to see that as algebras over R,
Cl;=C and Cl}=ROER. (3.5)

llows immediately that dimg(C%, ;) = 2"**. Proposition 3.2 is, how-
, not so useful if we wish to represent Cf, , as a matrix algebra. For
it is more useful to find decompositions in terms of ungraded tensor
lucts. We shall do this in the next section.

or the remainder of this section we shall examine some of the general
serties of the algebras C£, ;. We begin with a discussion of the volume
ient. Choose an orientation for R"** and let ¢,, . . . e, ., be any posi-
y-oriented, g-orthonormal basis. Then the associated (oriented) vol-
-element is defined to be

W=€1" "€y (3.6)

b---.€ 45 I8 any other such basis, then ¢, =Y, g;;e; for g = ((g;)) €
s From (3.3) we easily see that e} e, ., =det(ge; - e s=
-+ e, .. Hence the definition (3.6) is independent of the choice of the
8.
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Jne reason for studying these algebras is the following. As seen in §2, the
ilgebra C&, ; contains the groups Spin, ; and Pin, ;, and so any representa-
ion of the algebra C¢, ; restricts to a representation of these groups which
s non-trivial on the element — 1. (Such representations are therefore not
nduced from representations of O, ; or SO, ,.)

These algebras have a simple classical presentation:

Proposition 3.1. Let e,....e,., be any g-orthonormal basis of R™** c
Ct, ;. Then Ct,  is generated (as an algebra) by ey, . .. e, . subject to the
relations

126, ifi>r. (33)

ee; + ee; = {
Proof. This follows easily from the discussion in §1. ™

We also have a pretty decomposition in terms of the Z,-graded tensor
product.

Proposition 3.2. There is an isomorphism
CL,=2Cli®  ®CLEICHR - ® Ce¥ (3.4)
where CL, appears r times and CL} appears s times on the right in (3.4).

Proof. Decompose R"** into one-dimensional g-orthogonal subspaces
and apply Proposition 1.5 inductively. =

It is not difficult to see that as algebras over R,
Cl;=C and Ce}2ROER (3.5)

It follows immediately that dimg(Ct, ;) = 2"**. Proposition 3.2 is, how-
ever, not so useful if we wish to represent C{, ; as a matrix algebra. For
this it is more useful to find decompositions in terms of ungraded tensor
products. We shall do this in the next section.

For the remainder of this section we shall examine some of the general
properties of the algebras C¥, .. We begin with a discussion of the volume
element. Choose an orientation for R"** and let ¢, . . . e, be any posi-
tively-oriented, g-orthonormal basis. Then the associated (oriented) vol-
ume element is defined to be

w=e e, (3.6)

If €),...,€ ., 1s any other such basis, then ¢; =), g;e; for g = ((g;)) €
SO,,. From (3.3) we easily see that e} ---e,,,=det(gle; - e, =
e, ' e,.,. Hence the definition (3.6) is independent of the choice of the
basis.



22 I. CLIFFORD ALGEBRAS AND SPIN GROUPS

Proposition 3.3. The volume element (3.6) in CX, ; has the following basic
properties. Let n=r + s. Then

n(n+ 1)+s

w?=(-1 ? , 3.7
vw=(—1y"lov forallveR", (3.8)

In particular, if n is odd, then the element w is central in CL, ;. If n is even,
then

ow = wu(¢) (3.9
Jorall p e CE, .
Proof. Choose a g-orthonormal basis and apply the relations (3.3). =
We note that property (3.7) can be rewritten as

2={(_1)s if n = 3 or 4 (mod 4)

(=1F*t  ifn=1o0r2(modd) 37

We now make the following elementary but important observation.

Lemma 3.4. Suppose the volume element w in CL,  satisfies w* = 1, and set

1
nt =%(1 +w) and n‘=§(1—a)). (3.10)
Then n* and n~ satisfy the relations
at+a =1 (.11)
#=*Y?=n* and ()Y =n" (3.12)
T =n"n" =0 (3.13)

Proof. This is a trivial consequence of the fact that w2 =1. =

This leads to two basic but important facts:
Proposition 3.5. Suppose that the volume element w in Ct, , satisfies w* = 1,
and that r + s is odd. Then C{, ; can be decomposed as a direct sum
Ce.,=Ctl, @ Ct. (3.14)
of isomorphic subalgebras, where C£%, = n* - Ct, , = C{, - n* and where

ACLE) = CLF,.

Proof. Since r + s is odd, we know from Proposition 3.3 that  is central.
Hence n* and n~ are central and the decomposition (3.14) into ideals
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ollows directly from (3.11), (3.12) and (3.13). Since  is an odd element,
Wnt) = =¥ and so «(CLE) = CL}. Since o is an automorphism, we con-
:lude that these two ideals are isomorphic. ®

Proposition 3.6. Suppose that the volume element w in Ct, ; satisfies w* = 1
and that r + s is even. Let V be any Ct, -module (i.e., V is a real vector
space with an algebra homomorphism CL, ; —» Hom(V, V)). Then there is
a decomposition

V=V+treVv" (3.15)
into the +1 and —1 eigenspaces for multiplication by w. In fact,
V¥=n*-V and V =z -V,

and for any ee R with qle) % 0, module multiplication by e gives
isomorphisms

eVt —s V- and eV — V. (3.16)

Proof. The decomposition (3.15) is a direct consequence of (3.11), (3.12)
and (3.13), together with the observation that

-1t = +nt

The isomorphisms (3.16) follow directly from the facts that by (3.8),

en” =%e(l+w)=%(1—w)e=n‘e

en” =n'e

ande-e= —q(e)-1. W
ReEMARK. The above construction will prove useful when we are dealing
with vector bundles in the next chapter.

We now come to an important and basic fact. Recall the even-odd
decomposition C¢, , = CLl, @ CL}, given in (1.8), where the subalgebra
Cey, is the fixed-point set of the automorphism o.

Theorem 3.7. There is an algebra isomorphism
Ce,, = CR, 3.17
for all rs. In particular,
Ce, = Cel, (3.18)
for all n.
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Proof. Choose a g-orthonormal basis ey, ..., €., of R"***1 so that
gle)=1 for 1<i<r+1 and g(e)=—1 for i>r+1. Let R"* =
spanfe;|i # r + 1} and define a map f:R™** — CL?,, by setting

Sle) = e, 16

for i # r + 1, and extending linearly. For x = ., . x;¢;, we have that:
fx)? = z XiXi€p 4 1€i€r 1 1€;
LJ

=) xxee;
t.J
=x-x=—q(x) 1
sincee, ., ¢4+, = —lande, e;,= —ee, . forisr+ LIt follows from
the universal property (Proposition 1.1) that f extends to an algebra
homomorphism

f: Cgr,s - C£9+1,S'

Checking f on a linear basis shows that f~ is an isomorphism. =

We now specialize to the case of C&,.

Proposition 3.8. Let L:Ct, — CL, be the linear map defined by setting
J

where e, . .. e, is any orthonormal basis of R". Set L =00 L. Then the
eigenspaces of L are the canonical images of A? = APR" in CL,,. In fact

Ll» = (n —2p)d (3.20)
forp=0,...n

Proof. It suffices to consider ¢ = ¢; - - e,. Then

P n
Ligy= =) ejer - repe;— 3 ey ep,
ji=1 j=p+1

n

P
==Y (-1 lee;-re,— Y (—1Pele, e,
=1 i=pt1

= (=17 7per ey + (= 1Pl = pes ey
= (—17(n—2p)e; " ¢, = (n — 2p)alp) m

Under the canonical isomorphism C{, =~ A*R", Clifford multiplication
has a nice interpretation. Using the inner product on R” we can identify
R* with its dual. We can thereby talk about the interior product or con-
traction in A* R”. For v € R”, this is a linear map (v L) : APR" » AP~ 'R"
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riven on simple vectors by

P .
VL AL Ay E Y () v, vdo AL AT A LAY
=1

(3.21)

p

vhere (*) indicates deletion. This gives a skew-derivation of the algebra,
e,vloAY)=@wLo) AY +(—1DP@ A (v L) for any ¢ € APR” It is not
lifficult to see that v L(v L) = 0 for any v € R". Hence, by universality the
nterior product extends to all elements of A*R", i.e., to a bilinear map
A*R” x A*R” — A*R™

>roposition 3.9. With respect to the canonical isomorphism C{, =~ A*R",
“lifford multiplication between v € R" and any ¢ € CL, can be written as

V-QZUvAQ—ULOY (3.22)
’roof. Choose an orthonormal basis e, ..., e, for R* with v = te, for
ometeR Letp=¢, ¢ fori, <---<i, Then
o 0= —te;, e, X(vA —vL)o ifi, =1
¢= teje;, e, (VA —vL)o ifi, > L

since (3.22) holds on an additive basis of C£,, it holds in general. ®

§4. The Classification

n this section we shall give an explicit description of the algebras C¢, ; as
natrix algebras over R, C, or H (= quaternions). With little difficulty the
eader can check the first few cases:

Ct,=C Clh;=RO®R
Clyo=H Cly, = R(2) 4.0
Ct,, =R(@2)
vhere R(2) denotes the algebra of 2 x 2 real matrices.

The key facts to the classification are the following:

Cheorem 4.1. There are isomorphisms

Cl,o ®@Cly,=Cly s 4.1
Cly,®Cl,=Cl, s, 4.2)
Cgr,s ® Cgl,l = C£r+ 1,s+1 (43)

or all nrs 2 0.

Note that here we are using the ungraded tensor product.
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Proof. Lete,, ... e, , be an orthonormal basis for R**? in the standard
inner product, and let g(x) = —||x||*. Let ¢}, . . . €, denote standard genera-

tors for Cf, , and let e7,e; denote standard generators for C¥, , (in the sense
of Proposition 3.1). Define a map f:R"*% - Ct,, ® Ct, , by setting

e ® ele; for1<i<gn

f(ei)={1®e:_'_n fori=n+1,n+2

and extending linearly. Note that for 1 <i,j <n, we have f(e;)f(e; +
fle)fle) = (eie; + €ie) ® (—1)=20;1 ® Land forn+ 1 Sa,f<n+2
we have f(e)f(eg) + f(ep)f(€) = 1 ® (€f—n€fon + €j-nel-p) = 20,51 ® 1.
Also we see that f(e)f(e,) + fle)f(e;)) = 0. It follows that f(x)f(x)=
lIxI*1 ® 1 for all x € R"*2. Hence, by the universal property (Proposition
1.1), f extends to an algebra homomorphism f:Clg .., = Ct, o ® Ckg .
Since f maps onto a set of generators for Cf,, ® Cf, ,, it must be
surjective. Then, since dim C&,,,, = dim Ct, , ® C&,,, we conclude
that f must be an isomorphism. This proves (4.1). The proof of (4.2) is
entirely analogous.

For (4.3) we proceed in a similar manner. We choose a g-orthogonal
basis ey, ... ,e 4 181, - - - Es4q fOr R775*2 such that g(e) = 1 and g(e) =
~1for all i,j. We then let e}, . .., €.}, . .. ,& and e{,¢] be corresponding
bases for R"** and R?, and we define a map f:R"***2 - C¢,, ® CL, ;
by setting
e; ® efe] forl1<i<r

f(ei)={

1 ® ey fori=r+1,
and
/. e ss f 1<'<
fley=a®ee  forlsjss
1 ® &} forj=s+1,

and then extending linearly. We now apply Proposition 1.1 and complete
the argument as in the previous cases. ™

To apply this basic proposition we shall need the following elementary
facts concerning the tensor products of algebras over R. For K =R, C
or H, we denote by K(n) the algebra of n x n-matrices with entries in K.
Proposition 4.2.

R(n) ® R(m) = R(nm)  for all nym. (4.4)
R(n) ®g K = K(n) for K = C or H and for all n. 4.5)
CegCxCo®C (4.6)
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€ ®zH=CR) 4.7)
H ®g H = R(4). 4.8)

Proof. The isomorphisms (4.4) and (4.5) are obvious. The isomorphism
C ® C - C ® C is determined by sending
1) —i(l®1+i®i),
ON—3I1®1-i®i).
For the isomorphism (4.7) we consider H as a C-module under left scalar
multiplication, and we define an R-bilinear map ®:C x H —» Hom(H,H)
by setting @, (x) = zxq. This extends (by the universal property of ®) to
an R-linear map ®:C ®g H - Homg(H,H) = C(2). Since @, , - @, ., =
®,, .» we have that @ is an algebra homomorphism. Checking ® on a
natural basis shows that it is injective. Hence, since dimg(C ®gx H) =
dimg(C(2)), ® is an isomorphism.

The isomorphism (4.8) is proved similarly. Consider the R-bilinear map
¥:H x H — Homg(H,H) = R(4) given by setting ‘¥, ,.(x) = g;x7,. The
resulting R-linear map ¥:H ®zx H — Homg(H,H) is an algebra homo-
morphism between algebras of the same dimension. The injectivity of ®
can be checked on a natural basisfor H @ H. =

We now come to the first main result of the section. Before stating the
result, we make the observation that for any (r,s), the complexification of
the algebra C¢, ; 1s just the Clifford algebra (over C) corresponding to the
complexified quadratic form, i.e., Ct, ; ®x C = CHC"**, ¢ ® C). (This fol-
lows easily from Proposition 1.1.) However, all non-degenerate quadratic
forms on C" are equivalent over CE,(C). Hence, setting

qclz) = z Z?
j=1

and defining
Ct, = CLUC"q¢), 4.9)
we have that

Cl, = Cl,o ®gC=Cl_;; ®rCx- =Cly, ®C (4.10)

Theorem 4.3. For all n = Q, there are “periodicity” isomorphisms
Cl,is0xCt,, ®Cly, @.11)
Cly,s=2Cly, ®Clyg 4.12)
Ct,.,=Ct, ®:CL, 4.13)
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where
Clg o = Clyg = R(16) @.14)

Ct, = C2). (4.15)

Therefore, by using the identities (4.4) and (4.5), all the algebras C%, ,, C&, ,
and CX, can be easily deduced from the following table.

Table I

1 2 3 4 5 6 7 8

.| ¢ H HeH |HQ c@) RE) | RB) @ RB) | R(16)
Clo, | ROR | RQ) ) HEQ) | HE) © HEQ) | H9) C(®) R(16)
Ce, |[CocC|CR)|CReCc? | Cc@| ceocd | C@8 | C8) ®CB) | C16)

Proof. From (4.1) and (4.2) we see that for any n, we have C{, 4o =
Cl,o ® Cly, ® Cl,, ® Cly, ® CEy . Using (4.0) and Proposition
42 we see that Cl,,3,=ClL,,®HIH R R2) ® RR)=Ct, o ®
R4) ® R@4) =~ CL, , ® R(16). This establishes (4.11). The periodicity (4.12)
is proved similarly. To prove (4.13), note from (4.10) that C¢,, , =
Cliizo®C=CL,o®Cl;, ® CxCL, ®:CL,.

Using the isomorphisms (4.1) and (4.2), and the facts (4.4) to (4.8), one
can work out the first two rows of the table in “criss-cross” fashion (start-
ing with the initial data (4.0)). The third row of the table now follows by
taking the tensor product of corresponding terms in either of the first two
rows withC. m

Combining Table I with the fundamental periodicity isomorphism (4.3)
and the fact that Cf; ; = R(2), we achieve the complete classification in
Table IL

By now the reader has probably noticed some of the intrinsic beauty
of this constellation of algebras and its interrelationships. There are some
observations one can make from the table that are interesting exercises
to prove. For example,

Cl,=Cl_y 14 (4.16)
Ce .1 =Cl, 0 (symmetry about the axis y = x + 1). (4.17)

ReMark. The above classification reduces the Clifford algebras to fa-
miliar matrix algebras over K = R, C or H. Of course it is also useful to
think of this result as introducing hidden and unexpected structure in the
algebras K(2™). This information can be quite interesting as we shall see
when we discuss vector fields on spheres in §8.
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§5. Representations

Most of the important applications of Clifford algebras come through a
detailed understanding of their representations. This understanding fol-
lows rather easily from the classification given in §4.

We begin with a general definition. Let ¥V be a vector space over a
field k and let g be a quadratic form on V.

DEerINITION 5.1. Let K 2 k be a field containing k. Then a K-representa-
tion of the Clifford algebra C£(V,q) is a k-algebra homomorphism

p:CL(V,q) — Homg(W,W)

into the algebra of linear transformations of a finite dimensional vector
space W over K. The space W is called a CE(V,q)-module over K. We
shall often simplify notation by writing

p@YW) =@ w (.1

for ¢ € CL(V,q) and we W, when no confusion is likely to occur. The
product ¢ - w in (5.1) is often referred to as Clifford multiplication.

Note. By a k-algebra homomorphism we mean a k-linear map p which
satisfies the property p(oy) = p(@) - p(¢) for all gy € CE(V,q).

We shall be interested in K-representations of Cf,  where K = R, C or
H. Note that a complex vector space is just a real vector space W to-
gether with a real linear map J: W — W such that J> = —Id. A complex
representation of C£, , is just a real representation p: C{, , > Homyg(W,W)
such that

pl@)eJ =J - p(e) (5.2)

for all ¢ € C{,,. Thus the image of p commutes with the subalgebra
span{Id,J} = C. (This algebra is called a “commuting subalgebra” for p.)

Strictly analogous remarks apply to quaternionic representations of
Ct, .. Here the real vector space W carries three real linear transfor-
mations I, J and K such that

P=Jt=K*=-Id
IJ=-JI=K, JK=-KJ=I  KI=-IK=J.

This makes W into an H-module. A representation p:CE, —
Homg(W,W) is quaternionic if

pl@)eI=T1cp(p), plp)ed=Jop(e), ple)e K=Kceplp)
(5.3)

for all ¢ e C{, ;. That is, p has a commuting subalgebra spang{Id,I.J,K}
isomorphic to H.
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REMARK 5.2. Any complex representation of C¥, automatically ex-

tandc tn a rAr\recAnfuﬁnn nf P R M~ n“g Anv nnatarninnic ranra_
IO VWV QG l\/t/l OWIk QLI 2L UL \./"/r,s \’\/R L = a——a =g r+s- ll“J \.luubvllllvlllv r t/‘v

sentation of C{, ; is automatically complex (by restricting to C < H). Of
course the complex dimension of any H-module is even.

The above remarks will prove useful when we carry these constructions
over to vector bundles in Chapter IL

We now come to the notion of irreducibility.

DEerFINITION 5.3. Let V,q,k < K, be as in definition 5.1. A K-represen-
tation p: C&(V,q) » Hom(W,W) will be said to be reducible if the vector
space W can be written as a non-trivial direct sum (over K).

w=w oW

such that p(p}(W)) < W, for j = 1,2 and for all ¢ € CE(V,g). Note that in
this case we can write

p=p19p2
where pfp) = p((p)IWj for j = 1,2. A representation is called irreducible if
it is not reducible.

It is more conventional to call a representation “irreducible” if it has
the property that there are no proper invariant subspaces. However, since
Ct, is the algebra of a finite group (see the discussion following Proposi-
tion 5.15), the two concepts are easily seen to agree in this case.
Proposition 5.4. Every K-representation p of a Clifford algebra CE(V,q)
can be decomposed into a direct sump =p, @ - - ® p,, of irreducible rep-
resentations.

Proof. If p is reducible, it can be decomposed as a direct sum p = p; @ p,.
If either p, or p, is reducible, p can be further decomposed. This process
must stop because of the finite dimensionality of the module. m

We shall be interested here, of course, only in equivalence classes of
representations.

DerFINITION 5.5. Two representations p;: CE(V,q) — Homy(W,, W) for
j=12 are said to be equivalent if there exists a K-linear isomorphism
F:W, - W, such that F o p,(¢) o F~! = p,(¢) for all ¢ € C&(V,g).

From §4 we know that every algebra CH{,; is of the form K(2") or
K(2™ @ K(2™) for K =R, C or H. The representation theory of such
algebras is particularly simple.

Theorem 5.6. Let K = R, C or H, and consider the ring K(n) of n'x n
K-matrices as an algebra over R. Then the natural representation p of K(n)

on the vector snace K" is, up to eauivalence. the onlv irreducible real repre-
on the vec 0 equivdi , [ne only it repre

OF SPLLC I o5y vy Ll o B H ChulhiC 706

sentation of K(n).
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The algebra K(n) @ K(n) has exactly two equivalence classes of irre-
ducible real representations. They are given by
Pi(@1,@2) = plepy)  and  pa(@1,02) = p(e2)
acting on K"
Proof. This follows from the classical fact that the algebras K(n) are sim-

ple and that simple algebras have only one irreducible representation up
to equivalence. See Lang [1]. m

From the classification of §4 (see Table II) we immediately conclude
the following:

Theorem 5.7. Let v, , denote the number of inequivalent irreducible real rep-
resentations of CX,,, and let v denote the number of inequivalent irre-
ducible complex representatons of CL,,. Then

2 ifr+1—s=0(mod4)
v, .=
i 1 otherwise

and

W=

2 if n is odd
1 if n is even.

This is a good time to recall (cf. Theorem 3.7) that there are isomorphisms

Ce,=Ce, o (5.4)
for all .5, and consequently
Ce, = CeY,, (5.5
for all n. Since
Spin, , = CL2, = CL2,, (5.6)

we see that it is the irreducible representations of CE,_, ; and Cf,,
that are relevant to constructing irreducible real and complex representa-
tions of Spin, ..

From this point on we shall restrict our attention to the algebras
Ct,=Cl,, (and C¢, = Cf, ®y C) in order to simplify the exposition.
Corresponding facts for the general case C{, ; are easy to deduce if the
reader is interested. We shall begin with a summary of information easily
deduced from the classification theorem 4.3.

We begin with some definitions. For each n, let d, = dimg(W) where
W is an irreducible R-module for C£,,. Similarly, let d° = dim(W') where
W' is an irreducible complex module for C{, (and therefore for Ct, =
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Cl, ®g C). Let K, =R, C or H denote the maximal commuting subal-
gebra for an irreducible real representation of C£,. Thus if K, = C, this
representation is automatically complex. If K, = H, it is automatically
quaternionic. (Note that in the cases where C{, has two distinct irreduc-
ible representations, d,, d¢ and K, are the same for both.)

An object which will be of interest later on is the following. Let M, (or
M) denote the Grothendieck group of equivalence classes of irreducible
real (respectively, complex) representations of Cf,,. This is merely the free
abelian group generated by the distinct irreducible representations over
R (or C). Since any representation can be decomposed into irreducibles,
it naturally corresponds to an element in this group (with positive
coeficients).

Theorem 58. For 1 <n <8, the elements v, =v,,,V,d,, dv, K,, M,
and IS (defined above) are as given in Table IIL

Table III
n Ce, v, | d, | K, m, ce, v ds me
1 C 1 2 C z CecC 2 1 Z®Z
2 H 1 4 H z C(2) 1 2 z
3 H&H 2 4 H Z®7 C(2) ® C(2) 2 2 Z®7
¢ HQ) 1| 8| wu z c(4) 1| 4 z
5 C(4) 1| 8] ¢c z cayecE | 2| 4] zez
6 ”(8) 1| 8| R z c(®) 1] 8 z
7ir®)@Re) | 2| 8| R |z@z |c®ioc®) | 2 | 8| zozZ
8 R(16) 1| 16] R z C(16) 1| 16 z

For n > 8 these elements can be computed from the following facts, which
hold for all mk = 1.

Vintgk = Vpm Ve =5 (5.7)
dp s = 2%d,, dS ., =24, (5.8)
M, s =M, ME = IME (5.9)
K, s = K, (5.10)

Proof. This is a direct consequence of Theorem 4.3. =

We shall now consider the key role played by the volume element in
determining irreducible representations. Recall from §3 that the volume
element in C£, is defined as

w=e"""e, (5.11)
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where e, ... ,e, is an orthonormal basis of R". It is well defined up to
sign and is fixed after a choice of orientation on R”. In the compiex case
we have a corresponding element w¢ € CL, given by

n+1
i[T]w, (5.12)

called the complex volume element. Note that when n = 2m, we have

wa:—_—

m
We=1€1 "€y

(Note also that we = w only in dimensions seven and eight modulo 8.
Other conventions for a complex volume element are possible. This one
is particularly useful in studying elliptic operators.)

Recall from Proposition 3.3 that if n is odd, then w and w are central.
Furthermore, by (3.7) we have that

=1 ifn=3or 4 (mod 4), (5.13)
(we)) =1 forall n. (5.14)
Thus there are algebra decompositions
Cct,=Ctf @ Ct; for n = 3 (mod 4) (5.15)
Ct,=Ct @ Ct, for n odd (5.16)
where
Ctf=(1+wCt and CLFf=(1+ w)CL,. (5.17)

(see Proposition 3.5). These decompositions correspond to the ones given
in Table IIL

Proposition 5.9. Let p : CL, - Homg(W, W) be any irreducible real repre-
sentation where n = 4m + 3. Then either

plwy=1d or plw)= —Id.

it bt g
equivalent. (They represent the two generators of M,,.)
The analogous statements are true in the complex case for CL,, n odd.

Both possibilities can occur, and the corresponding representations are in-

Pranf Sinca nl'r\\z —_ nlr\z\ —Jd we osan dacomnnea lﬁ/ intn l'/"/=

Proof. Since plw) =1d, we can decompose into
W* @ W~ where W+ and W are the +1 and —1 eigenspaces for p(w)
respectively. Since w is central, the spaces W* and W™ are C{ -invariant.
By irreducibility either W* = W or W~ = W. This proves the first
statement.
The inequivalence of representations p, and p_ with p.(w)= +Id
is evident, since if F: W — W' is an isomorphism and if p(w): W - W is

a scalar multiple of Id, then F o p(w) o F~ ! is the same scalar multiple of

Id.
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To see that both possibilities exist we take irreducible factors of CE,
acting on C£; and on Cf; by multiplication from the left.

The ¢ mplex case is proved in the analogous manner by using we. B

Proposition 5.10. Let p:CE, - Homg(W,W) be an irreducible real repre-
sentation where n = 4m, and consider the splitting

W=Ww*"® W~

where wt —(1 + ole\Y - W (ag in Dronosi”on 3.6\, Then each of the sub-

Vacr e vy =L D AWy T VY o e LIER RV < SN O € Suld

spaces W* and W™ is invariant under the even subalgebra CES. Under
the isomorphism (3.18) CL? = Ct,_,, these spaces correspond to the two
distinct irreducible real representations of C4,_ .

The analogous statements are true in the complex case for CL,, n even.

Proof. The invariance of W* and W~ under C£? is evident from the fact
that @ commutes with everything in CL? (see (3.9)). Under the isomor-
phism C{,_, 5 CL? given in (3.18), we see that the volume element o' =
e, -e,_, of Ck,_, goes to the volume element w e CL2. (To see this

note that (ese,) - (e,—12,) = (— 1)5("_1)(" )"1 u-1{en)"” l=e; - e,
since n = 4m.) It follows that o’ =~ Idon W* and o’ = —Id on W~. Hence,
by Proposition 5.9 these representations of C{,_, are inequivalent.

The complex case is proved in the same manner using the volume form

ocfor CL,. m

The representations of the algebras C{,, give rise to important represen-
tations of certain groups.

Consider the spin group
Spin, = C£2 < Ct,. (5.18)
DEerFNITION 5.11. The real spinor representation of Spin, is the homo-
morphism
A, :Spin, — GL(S)

given by restricting an irreducible real representation C{, — Homg(S,S)
to Spin, = Ct? = Cg,.

Proposition 5.12. When n = 3 (mod 4) this definition of A, is independent
of which irreducible representation of Ct, is used. For n # 0 (mod 4) the
representation A, is either irreducible or a direct sum of two equivalent irre-
ducible represeniations. (The second possibility occurs exactly when n = 1
or 2 (mod 8).) In the other cases there is a decomposition

A4m = Aim @ A;m (519)

where A}, and A, are inequivalent irreducible representations of Spiny,,.
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Proof - Recall that if n = 3 (mod 4), then the automorphism «: CE, — Ce,
interchanges the factors C¢; and CK, (since «(w) = — ). Consequently,
C1? sits diagonally in the decomposition CL, = CL} @ Ct;, ie.,

CL2 = {(p, H@)) e CLf ® CL,, : 9 e CL}} (5.20)

The two irreducible representations of C£, differ by the automorphism
a, and are clearly equivalent when restricted to C£2. This proves the first
statement of the proposition.

It is evident from Table III that the restriction of an irreducible real
representation of Cf, to C£2 = C¥,_, is still irreducible if n = 3, 5, 6, or
7 (mod 8), and must be two copies of an irreducible representation when
n =1 or 2 (mod 8). When n = 0 (mod 4), we know from Proposition 5.10
that the restriction to C£? splits into two inequivalent irreducible repre-
sentations. To complete the proof we observe that any irreducible repre-
sentation of CL? restricts to an irreducible representation of Spin, because
Spin, contains an additive basis for C£2. m

REMARK 5.13. Note that the spin representations are complex for n = 2
or 6 (mod 8), and are quaternionic for n = 3, 4 or 5 (mod 8). (The maximal
commuting algebra is determined by Cf,_, = Ct?2)

The analysis above carries over to the complex case.

DEFINITION 5.14. The complex spin representation of Spin,, is the homo-
morphism

AT : Spin, —> GL¢(S)

given by restricting an irreducible complex representation CE, —
Hom(S,S) to Spin, = C£? < C¢,,.

Proposition 5.15. When n is odd, this definition of AY is independent of
which irreducible representation of CL, is used. Furthermore, when n is
odd, the representation AT is irreducible. When n is even, there is a de-
composition

ASn =A%, @ A%, (5.21)

into a direct sum of two inequivalent irreducible complex representations of
Spin,,.

Proof. The proof is entirely analogous to that of Proposition 5.12. =

It should be pointed out that the spin representations defined above
do not descend to the group SO, = Spin,/Z, since A (—1) = —1Id.

It is worthwhile noting that representations of C{, also give rise to re-
presentations of the Clifford group. This is the finite group F, = C{}
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generated by an orthonormal basis e, . . . ,¢, of R". It can be presented by
the abstract elements ey, ...,e,,—1 subject io the reiation that —1 is
central and that (—1)> =1, (¢)® = —1 and e;e; = (— 1)ege; for all i #j.
The Clifford algebra is nearly the group algebra RF, of F,. More explicitly

Ce, = RF,/R- {(—1) + i}
It is clear that representations of C{, correspond exactly to linear repre-

sentations of F, such that (—1) acts by —Id.
This group enables us to draw an important conclusion:

Proposition 5.16. Let CL, — Homg(W,W) be a real representation of CX,,.
Then there exists an inner product {:,> on W such that Clifford multipli-
cation by unit vectors e € R" is orthogonal, i.e., such that

le-we-w)=<_{w,w) (5.22)
for all ww' e Wand for all ec R* with jle]| = 1. [ K, (=R, C or H) is a
commuting subalgebra for the representation, then the inner product can be
chosen to be K -invariant, that is, so that J is orthogonal when K, = C and
so that I, J and K are each orthogonal if K, = H.

In particular, the spin representations A, are unitary if n = 2 or 6 (mod
8) and symplectic if n = 3, 4 or 5 (mod 8).

Proof. Choose a K, -invariant inner product and average it over the finite

group F,. Note that if e = Y g, here Y a? =1, then

(ew,ew) =Y aZle;w, ejw> + ;.aiaj(eiw, ewy = {w,w)
i#j

since {ew,ewy = (w,w) and for i#j, {ew,ew) = eew, —w)=
leew,w) = — (ew,ew) = 0. For the last statement, recall that A, comes
from a representation of C€2 > Ct,_,. =

Corollary 5.17. Let {-,*) be the metric discussed in Proposition 5.16. Then
for any v e R,

ﬁ

Vs AN AN /I
v-w,w) = —<w,o-w) 5.

\../

for all ww' € W. That is, Clifford multiplication by any vector ve R" is a
skew-symmetric transformation of W.

Proof. Assume v #0. Then (v-w,wD> = {(/||p|l): v w,(@/|lv]]) - WD =
Nl - wyo - WD = —<(wo-w'). =

It is worth noting that the irreducible representions of C£,, have a par-
ticularly nice description. Introduce on C" the standard hermitian metric

=0 = ; z{;. (5.24)
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and use this inner product to define a complex linear contraction map
(vL): ARC" — AZ7IC"

for v € C" by formula (3.21). We then define f,: A(C" — AXC" by setting

flo)=vAp—vLo. (5.25)

Thensince v Av=0,(wL)vL)=0,and vL (v A @) = |lv|l’0 —v A (VL @),
we see that

oo @) = = |vl*e. (5.26)

Note that since the inner product is C-antilinear in the second variable,
the map v — f, is only R-linear. Nevertheless, writing R?" =~ C", we see
from universality (Proposition 1.1) that property (5.26) determines a unique
extension of f to a representation

f : Ct,, —> Homg(A*C", A*C"). (5.27)

Since the complex dimension of this representation is 2", we see that it
must be the irreducible one.

We now make some remarks concerning tensor products. Suppose W

is a K-module for C£, (where K = R or C) and let V be any vector space
over K. Then W ®g V is also a K-module for C{, where by definition

¢ (w®v)=(ow) @ 0. (5.28)

Therefore, if W, and W, are K-modules for C{,, then W, @, W, is a
K-module for C¢, in two distinct ways. We set

Lo(Wi @ W3) = (ow1) @ W,
Pe(Wi @ W3) =w; ® (pw,).
Then A and p are commuting representations of C£,. Furthermore, the

product
D, o.(W1 @ W3} = (0;w1) @ (@2W2)

is a representation of the (ungraded) tensor product C{, ® C¥,.

Proposition 5.18. Let CL,, —» Hom(S,S) be an irreducible complex repre-

sentation of CL,,. Then the tensor product representation of CL,, ® CL,,

on S ®¢ S is equivalent to the representation @ on CAL,, itself given by

setting

Dy0x(P) = 01 ¢ 0

Proof. Since Ct,, ®c CL,, = CL,, (seec Theorem 4.3), we sece that

S ®¢ S must be an irreducible module for reasons of dimension. Since

dimg(S ® §) = 22" = dim¢(CL,,), the representations must be equivalent.
]
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Corollary 5.19. Let p, : Spin, — SO(R") denote the standard n-dimensional
representation of Spin,. Then in the complex representation ring of Spin,,,
(cf. Adams [1]) we have the equation

(ASn + AZ.) - (A5, + AL,
=201 + pSm + A%p5 + ... + A" 105 + A5,
where p$,, denotes the complexification of p,,.

Proof. The tensor product AS, ® A%, is obtained by embedding Spin,,,
into Ct,, ® Ct,, diagonally (g— g ® g) and restricting the tensor
product representation. By Proposition 5.18 this is equivalent to the
adjoint representation @y ) = gog' = gog~' = Ad(p). Under the
correspondence Cf,, = AXC2™, this representation is equivalent to
(1+ pom + A2ppm + ... + A*™p,,) ® C. However, by Hodge duality
Ap 2m = Azm—pp2m' n

Results analogous to Proposition 5.18 and Corollary 5.19 hold for the
algebras Clg,, and for the real spin representation Ag,, = Af, + Az,

Note that the tensor product of irreducible real representations of Ct,
and Clg gives an irreducible real representation of CL, ¢ = Cl, ® Cls.
Similarly the complex tensor product of irreducible complex representa-
tions of CL, and CE, gives an irreducible complex representation of
Ct,., = Ct, ® CL,. In general, however, C{, ® Ct,, is not a Clifford
algebra. Thus, to find a multiplicative structure in the representations of
Clifford algebras it is natural to consider the category of Z,-graded mod-
ules. A Z,-graded module for CE, is a module W with a decomposition
W=w°@® W! such that

Cli - Wi g Wii+med 2)
for0<i,js1.

Proposition 5.20. There is an equivalence between the category of Z,-
graded modules over CL, and the category of ungraded modules over C{,_,.
It is defined by passing from the graded module W° @ W' over CL, to the
module W° over C£2 = C¢,_,.

Proof. The inverse procedure is given by assigning to a CfZ-module
WP, the Z ,-graded module

W = CB,, ®C€9, Wo

(Left multiplication by C¢, on C{, makes W into a Z,-graded module.)
The remainder of the proof is straightforward. =

There is a natural definition of the Z,-graded tensor product of Z,-
graded modules W = W° @ W' and V= V° @ V' over Cl, and CL,,
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respectively. We set

WRVP=WoQR V' +W @ V!
WRVV=W'RV'+W ®V°
The action of C¢, ® CL,, on W & V is given by

(@ ®Y) - (w ® v) = (—1)ow) ® (Yv)
where deg(y) = p and deg(w)=g. Under the isomorphism C{,., =
Ct, ® Ct,, induced from mapping R" ® R™ —» C¢,,,,

fer—e®1 ifeeR"< Ct,
1e’|——>1 ®e  ifeeR" < Cl,

aithar raal ar caomnlay mad nlnc
01 S1NCT real Or CompiCX mogdu

V & W becomes a Z,-graded module over Cf,,,. This construction
olds for

‘S“

In analogy with the above we define M, (MT) to be the Grothendieck
group of real (complex) Z,-graded modules over Ct,. Note that by Prop-
osition 5.20 there are natural isomorphisms

M,=M,_, and MM, (5.29)

The arguments just given have established the following:

Proposition 5.21. There are natural pairings

iﬁzn ®Z iﬁz - iﬁzn+m (530)
ME @, MG — M, (531

induced by the Zz graded tensor product These pairings are associative

and give !JJI (_),,>0 i, and EUEL (_),,>0‘.UlL the structure of graded
rings.

These pairings are important in the relation of Clifford algebras to real
and complex K-theory (see §9).

4
U

D

This section shall be concerned with the Lie algebra of Spin,. Recall that
the group of units Cf,’ is a Lie group with Lie algebra I, = (CC,,[*,- ]
where [@, ] = ¢ - ¥ — ¢ - @. There is an exponential mapping exp: ¢l —
Ct, given by the standard series (see Remark 2.1). The group Spin, is an
explicitly defined, compact subgroup of C{,. We shall now investigate its
associated Lie subalgebra spin, in C(,.
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Recall that there are canonical embeddings AFR" < C{, for all p.

Proposition 6.1. The Lie subalgebra of (CL,,[-,]) corresponding to the
subgroup Spin, = CL, is

spin, = A*R". 6.1)
In particular, A*R" is closed under the bracket operation.

Proof. The Lie subalgebra spin, is the vector subspace of C{, spanned
by the tangent vectors to the submanifoid Spin, at 1. Fix an orthonormal
basis ey, ...,e, of R" and consider for each pair i < j, the curve y(t) =
(e;cos t+e;sin 1) - (—e; cos t+e; sin t)=(cos’t —sin’t)+ 2e;e; sin t cos ¢ =
cos{2t) + sin(2t)ee;. This curve lies in Spin, by definition of Spin,, and its
tangent vector at y(0) = 1 is 2e;e;. Hence, spin, contains the vector sub-
space spang{e.e;};<; = A’R". Since dimg(spin,) = n(n — 1)/2, we conclude
they are equal. =

We now recall that the Lie algebra of the orthogonal group SO, 1s ex-
actly the space

en = {1-Mn __, n.
S0, = A 7N L A

o
et »
W

There is a natural isomorphism A2R" 5 sp, induced by associating to a
pair of vectors v,w € R", the skew-symmetric endomorphism “v A w” de-
fined by

(v A W)(x) = {vxd>Ww — WX, (6.3)

and then extending by universality. Note that e; A e}, for i < j, corresponds
to the elementary skew-symmetric (i, j) matrix:

; ;
| JI
| i
NN
I ?
Voo L
This is a standard basis of so,.
Recall now that the adjoint representation gives a suriective homomor-
phism
: &o
Spin, — SO,.

(Since Spin, = Ct?, we have fA\&]Spm" = Ads,;,,.) This induces an asso-
ciated Lie algebra isomorphism

spin, SN $0,, 6.4
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Proposition 6.2. The Lie algebra isomorphism (6.4) induced by the adjoint
representation is given explicitly on basis elements {e;e;};; by

Eolee) = 2e; ne;. (6.5)

Consequently for v,w € R",
1
Eolv aw) = y [v,w] (6.6)

Note. This factor of 4 plays a delicate role in geometric applications.

Proof. Consider the curve y(t) = cos(t) + sin(t)e;e; in Spin, with y(0) = 1
and y'(0) = e;e;. Then

Zalee) = 53 Sl
and to compute this we apply it to a vector x € R". Since
Eor(0)(x) = Hepxn(®) ™,
and since (y7'Y(0) = —y'(0) = —eze;, we have that
Eolee)(x) = ee;x — xee;
= ee;x + (ex + 2{e;,xD)e;
= ee;x — eex — 2{e;,x)e; + 2{e;,xye;
= 2(e; A e;)(x)

To prove (6.6), note that on basis elements, §[e;,e,] = 1(eie; — e;e)) = 3ee;.
|

This Proposition has the following immediate corollary:

Corollary 6.3. Let A:Spin, — SO(W) be a representation obtained by re-
striction of a representation CtL, —» Hom(W,W) of the Clifford algebra
Ct, o Spin,,. Let A, :s0, — so(W) be the associated representation of the
Lie algebra (obtained by first pulling back so, to the double covering via
E5Y). Then on the elementary transformations v A w € s0,,

A rw)=%[vw]- 6.7
where the dot indicates Clifford module multiplication on W,
In terms of the standard basis {e; A e;};;
Ayle; A e)) =3ege; (6.8)

Suppose now that CL, — Hom(W,W) is a complex representation of
Ct,, and fix an element w e W. The subgroup

G,={gePin,: gw=w} 6.9)
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is called the isotropy group of w. Its Lie algebra is the subalgebra
g, = {pespin,: o -w=0} (6.10)

Two elements w,w’ € W are considered to be different as spinors (or more
precisely, to have distinct orbit types) if their isotropy groups G,, and G,
are not conjugate in Pin,. One crude measure of this difference is the
following:

DEFINITION 6.4. The rank of the (generalized) spinor w is the rank of the
Lie group G,,. This is the dimension of a maximal torus in G,, or, equiv-
alently, of a maximal abelian subalgebra of g,.

In a compact Lie group, every abelian subgroup is contained in a maxi-
mal torus, and all maximal tori are conjugate (cf. Adams [1]). Hence any
maximal torus T, of G,, is contained in a maximal torus T of Pin, which
we can assume to be the following standard one associated to a fixed
orthonormal basis {e,, .. .,e,} of R™

/2]
T= {H (cos 8, + sin Bye,, _1e,5,): 0 < 6, < 2x for each k}
k=1

The Lie algebra of T is given by
{ fn/2] l
t = L Z AkeZk_leZk : Ak € R fOI' eaCh k)
k=1

We now use our distinguished orthonormal basis to decompose the
module W. For each k, 1 £ 2k £ n, define

Wy = —iey ey
and note that
Wy, .« - Wppy2y pairwise commiiie, {6.11)
wi=1 for each k, (6.12)
W, = — e,y for each k. (6.13)

Suppose now that ¥V < W is a linear subspace which is e, _ -invariant
and e, -invariant for some fixed k. Then by (6.12) we know that V =
V, @ V_where V. = (1 + o)V are the + 1 eigenspaces of w; on V. Fur-
thermore, by (6.13) we see that ¢,V, = V_ and ¢, V_ = V,. In particular,
dim V, =4 dim V.

We shall now use this process to decompose the module W. We begin
with the decomposition W = W, @ W_ by w,. Since w, commutes with
3,84, - - . ,€,, We see that each of the subspaces W, and W_ is e;, ... e,

invariant. Hence we can similarly decompose each subspace W, and W_

tn oat W — W o W and W — W a W Fach enth-
, WO gL W, ey © Wy NG W W_ ., @ W__. Dach sup

space W, 4 18 es, ... ,e,-invariant. Continuing inductively, we produce a

hv m
UJ ws
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decomposition
Wz@Wi...iz@m (614)

where dim W, = (dim W)/2™2] for each « and where a =(a;, . .. 02
ranges over the 2"?.possibilities having o, = + or — for each k. (Note
that if W is an irreducible module, then dims W, = 1 for all «.)

The maximal torus T preserves each subspace W,. In fact, given g =
[ (cos 6, + i sin B,w,) € T, we see that

gw — eiZakOk = ei(a,O)
Similarly for ¢ =) Aey—1€0, =i ). Aw, €t we have
Oly, = i Y oty = iKt,2) (6.15)

The set of vectors 4o € t* are called the weights of the representation.
The % occurs because in general theory the weights are normalized by
relating them to the weights of the adjoint representation.

We now return to our given spinor w € W. With respect to the decom-
position (6.14) we write

w=Y w,
@x

From (6.10) and (6.15) we conclude the following:

Proposition 6.5. The maximal abelian subalgebra of G, is

t, = {iY A, : (0,A) =0 for all « such that w, # 0}

Corollary 6.6. rank w = [n/2] — dim spang{a : w, # 0}

If w=w, for some «, i.e., if all but one component vanish, then w is
clearly of maximal rank. Those elements that take the simple form w = w,
for some choice of orthonormal basis in R", are called pure. Pure spinors
are related to complex structures, twistors spaces and calibrations. They
will be discussed in detail in Chapter TV,

§7. Some Direct Applications to Geometry

In this section we shall use the classification of Clifford modules given
above to construct families of pointwise linearly independent vector fields
on spheres, projective spaces and other elliptic space forms. We shall also
apply the methods to study the “hyperplane” bundle over complex and
quaternionic projective space. This allows us to estimate the geometric
dimension of TP"(C). In almost all cases the families constructed in this
manner are maximal.
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We begin with the following observation:

Proposition 7.1. Suppose R¥*! is a module for the algebra CX,. Then there
exist n pointwise linearly independent tangent vector fields on the sphere S¥
and also on the projective space PY(R) = S¥/Z,.

Proof. Choose an inner product in R¥*! so that Clifford multiplica-
tion by unit vectors in R" is orthogonal (see Proposition 5.16). Let S¥ =
{xe R¥**:||x]|> = 1}. Choose a basis vy, .. .,v, for R", and to each v, as-
sociate the vector field V; on R¥*! defined by

Vix)=v;" x j=1...,n
{where the dot denotes Cilifford multiplicationj. Since the linear transfor-
mation x > v - x is skew-symmetric (see Corollary 5.17), we have that
{V(x),x) = {vpx, x> = 0. Hence, the vector fields V; are tangent to SV, It
remains to show that V,,....V, are pointwise linearly independent. Fix
x € S¥ and consider the linear map i,: R" — T,S¥ =« R¥*! given by

iw=v'x
The image of i, is the linear span of ¥;(x), .. .,V(x), so it suffices to prove
that i, is injective. However if iv =v-x =0, thenv-v-x = —|v]>x =0
and so v =0.

Since V{—x) = — V{x), these vector
JT 7 FASA 2]

e
independent) vector fields on PM(R).

ields descend to (pointwise li

The question now is: given an integer N, what is the largest number of
indenendent vector fields on CN that ran he congtructed in this manner?

auuvpliiiuiie voluul aldl D Ui w3 LG wGial U LULLS L Gl 131 Vil KIIGLLIIVE +

That is, what is the largest integer n such that R¥*1 is a C{,-module? We
recall that the dimension of an irreducible CE,-module is always a power
of 2. Hence, we want to find the largest power of 2 which divides N + 1.
That is, we write N + 1 = p2™ where p is odd, and then we consult Table
III to find the largest n such that d, = 2™ The result is the following clas-
sical result of Radon and Hurwitz.

Theorem 7.2. On the sphere S¥ (and on the projective space P*(R)) there
exist n pointwise linearly independent vector fields where n is computed as
follows. Write N + 1 =2%*%2t + 1),0 < b < 3. Then

n=28a+2"—1 (7.1)
Proof. One need only check this when a = 0, and then note that for each
increase of n by 8 the dimension of the vector space for an irreducible
representation of C{, increases by 2% Note that when N is even, the num-
ber of such vector fields is zero as it must be since the Euler characteristic
is non-zero in this case. Note also that this construction gives three vector
fields on S3, seven on S7 and eicht on §15. m

2aanes 22 il vagdiv U
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One of the deep results of algebraic topology is the following:

Theorem 7.3 (J. F. Adams [2]). The number of vector fields constructed on
SN above is the largest possible number of pointwise linearly independent
vector fields that can exist on SV,

It is worth noting that this construction also gives rise to vector fields
on many elliptic space forms. If the representation of Cf, on R¥** is com-
plex or quaternionic, then Clifford multiplication by v € R" commutes with
complex scalar multiplication. Therefore, if = e2™/? is a pth root of unity,
then the vector field V(x) = v- x on S¥ has the equivariance property

V(Bx) =B V(x) (7.2)

for all x € S¥. This means precisely that the vector field V(x) is invariant
under the diffeomorphism S¥ — S¥ given by scalar multiplication by S.
The Z,-action on S generated by f is free. From (7.2) we conclude that
V descends to a vector field on the quotient S¥/Z, which is a lens space
of simple type L¥(p) = L¥(p;1,...,1).

Analogous remarks hold when the representation of C£, is quaternionic.
Here we may replace Z, by any finite multiplicative subgroup of H. Such
subgroups are constructed as follows. The unit sphere S* = H is a Lie
group isomorphic to Spin, (see the paragraph below). Let &,: 83 — SO,
be the 2-fold covering homomorphism. Then for any finite subgroup
I'y = SO;, the inverse image I' = &; 1(T,) is a finite subgroup of §3 = H.
Of course, the symmetry groups of the regular polygons, the so-called di-
hedral groups, and the symmetry groups of the Platonic solids give many
examples of finite subgroups of SO,. The &; *-images of dihedral groups
are called binary dihedral groups. There are also the binary tetrahedral
group, the binary octahedral group, and the binary icosahedral group, cor-
responding to the &; '-images of the symmetry groups of the tetrahedron,
octahedron and icosahedron, respectively.

From our remarks above we conclude the following two theorems.

Theorem 7.4. On each simple lens space LN(p) = S¥/Z,, for p > 1, there
exist k pointwise linearly independent vector fields where, if N + 1 =
2™(2t + 1), then

k=2m-1

Moreover, this is the maximal number of pointwise linearly independent vec-
tor fields possible on L¥(p) if m = 1 or 2 modulo 4.
Theorein 7.5. There exist q pointwise linearly independent vecior fieids

on S¥/T" where T is any finite subgroup of S* = H and where if N + 1 =
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"2t + 1) andm=4a+b,2<b <5, then

_f8a+b+1  ifb#5
" 8a+b+2 ifb=5

Moreover, this is the maximal number of pointwise linearly independent vec-
tor fields possible on the elliptic space form S¥/T" if m is congruent to 1 or
2 modulo 4.

Similar constructions can be made for complex and quaternionic pro-
jective space. Of course in these cases the Euler characteristic of the mani-
fold is not zero, and so every tangent vector field must vanish somewhere.
However, we can pass to the stabilized bundle TX @ R™ where R™ de-
notes the trivial bundle of dimension m. Clearly there exists some bundle
Eover X sothat TX @ R™" =~ E @ R™"*" ¥ where n = dim X, k = dimg E
and k is as small as possible {for any choice of m). The dimension of E is
called the geometric dimension of TX.

Let P*(K) denote the n-dimensional projective space over the field K.
For K = R, C or H there is a tautological K-line bundle  — P"(K) whose
fibre above a point [¢] e P*K) is the one-dimensional linear subspace
¢ < K"*! corresponding to [£7]. For K = R or C we have the following
fact:

h ~ gk P *
TPK)® K =n*® ®n (7.3)
(n + 1)-times

n* = Homg(n, K).
To see this, we first show that
Ti4PY(K) = Homg(Z, £*). 7.4)

Each one-dimensional K-linear subspace ¢ < K"*! can be canonically
identified with the (K-linear) orthogonal projection map n,:K"*! — 7.
Note that n} = n,, n,n, = n.m, =0 and n, + . = Id. Let 7, |t] <, be
a smooth family of K-lines with £, = ¢, and set 7 = (d/df)n,},- o. Then by
deriving the identities above we have that 7,7, + 7,7, = fi,, TR, + TR, =
#,m, + natt, = 0,and 7, + #,. = 0. It follows that 7,7,. = 0 and =%, = 0.
Hence 7, e Homg(Z, £1). On the other hand it is easy to construct an ele-
mentary basis of Hom,{Z, /1) as tangent vectors 7, for curves £(f) with
£0)="¢.
From the exact sequence

n__ v r__ yentl Ll .0
FAN [ 72 LAY

v U i
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we obtain the exact sequence
0 — Homg(Z, /) — Homg(£, K"*') — Homg(/, /) — 0. (7.5)
From (7.4) this gives an exact sequence of bundles over P*(K):
0 — Homk(n,n) — n* @ - - @ n* —> TPYK)—> 0 (7.5)
(n + 1) times

which holds for K = R, C or H. When K = R or C, we have Hom(y, ) =
n* ® n = K (= the trivial K-line bundle), and this establishes (7.3).

Suppose now that L:K"*! — K™ is a K-linear map (for any m > 1),
Then L defines a section of #* @ -+ - @ »* (m times) as follows. Fix a
K-line £ = K"*'. Then L|,:¢ — K™ is exactly m K-linear functions on 7.
Thus, we have an embedding

HomK(Kn+ 1, Km) I r(n* (_B P (_B ,1*)/ (77)
m times

into the space of sections of the bundle n* @ - -+ @ n*. A section corre-
sponding to a K-linear map L is nowhere zero if and only if L(x) # 0 for
any x # 0. Similarly, Ly, ... ,L, give pointwise linearly independent sec-
tions of n* @ --- @ n* if and only if L(x),...,L,(x) are linearly inde-
pendent at each non-zero x € K**'. The K-representations of C{, give us
precisely p K-linear maps L,,...,L,: K¥ — K" which satisfy this condi-
tion of pointwise independence. Thus, by consulting Table III, we have
the following result analogous to that of Theorem 7.4 (cf. Lawson-
Michelsohn [17]).

Theorem 7.6. Let (n + n* =n* @ - - - @ n* denote (n + 1)-copies of the
“hyperplane” bundle over complex projective n-space PYC). If n+ 1 =
2™2t + 1), then there exist k sections of (n + 1)y* where

k=2m-—1.
Therefore
y8, <2n—2m + 3

where v, denotes the geometric dimension of the tangent bundle TP"(C).

We also have the following result which is analogous to that of The-
orem 7.5.

Theorem 7.7. Let (n + 1)&* = E* @ - - - @ &* denote (n + 1)-copies of the
“hyperplane” bundle over quaternionic projective n-space P"(H). If n + 1 =
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2™(2t + 1) then there exist k sections of (n + 1)&* where
2m —3 ifm= 0 (mod 4)
k=<2m—2 ifm= 3 (mod 4)
2m — 1 otherwise.
Therefore
[4n-2m+7 ifm =0 (mod 4)
gd, <<4n—-2m+ 6 ifm = 3 (mod 4)
4n—-2m+5 otherwise

WHeI T Yuy cny "o

Homy,(,£).

Note that we are unable to make a conclusion about the geometric
dimension of the tangent bundie itself because Homy(¢,£) is not trivial.

whoro ad dnnntes tltn geo'unet'r

§8. Some Further Applications to the Theory of Lie Groups

It is interesting to note that the classification of Clifford modules gives
an immediate proof of certain well-known isomorphisms between low-
dimensional Lie groups. It also leads to the fact that S’ = Spin,/G, and
to the principal of triality for Sping. We would like to thank Reese Harvey
for pointing this out to us.

We begin with some classical definitions. Let C" and H” carry the st

dard “hermitian” inner products

M=

(X,y) = . xjj)—j (81)

i

1

where for a quaternion x = x, + ix; + jX, + kx,, the conjugate is defined
by X = x, — ix; — jx, — kx,. Then we have the following definitions of
the classical groups:

U, = {g € Hom(C",C" : (gx,gy) = (x,)) for all x,y € C"}.
SU, = {ge U, : dete(g) = 1}
Sp, = {g € Homy(H",H") : (gx,gy) = (x,y) for all x,y € H"}

Sp, = SU,, and U, < SO,,. 8.2)
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Elementary linear algebra proves that
dim(SO,) = in(n — 1)
dim(SU,) =n? — 1 (8.3)
dim(Sp,) = n(2n + 1),

and it is not difficult to see that each of these groups is connected.

When the integers p,q,r are sufficiently large (say = 7), the groups Spin,,
SU,, Sp, are all distinct. However, in low dimensions there are certain
exceptional isomorphisms between these groups. These isomorphisms are
easily deduced from the Dynkin diagrams. However, the approach re-
quires the non-trivial classification of compact, simply-connected Lie
groups. The same isomorphisms can also be deduced from Table 11, which
was comparatively easy to establish.

Theorem 8.1. There exist the following isomorphisms between low-dimen-
sional Lie groups:

Spin, = SU, = Sp,
Spin, > Spin; x Spin,
Spiny 2 Sp,

Sping = SU,

Furthermore, Spin, has a faithful 8-dimensional real representation, and
Sping has three inequivalent 8-dimensional real representations.

Proof. Recall that Spin, = C¢? =~ C&,_,. Furthermore any representa-
tion of Cf,_; on C¥ or H¥ can be assumed to have the property that,
when restricted to the group Spin,, it preserves the hermitian inner prod-
uct (8.1). Consequently, since C{, ~ H has a faithful one-dimensional
quaternionic representation, we get an injection Spin; & Sp,. The first
isomorphism follows easily. Since C£; > H @ H, we get an injective map
Spin, & Sp; x Sp,. Since dim(Spin,) = dim(Sp, x Sp,) and Spin, is con-
nected, we get the second isomorphism. Since C{, = H(2), we get an in-
jection Spins < Sp, and the third isomorphism follows. Since C{ = C(4),
we get an injection Sping < U,. By the simplicity of (the Lie algebra of)
Sping, or by Lemma 8.5 below, we see that Sping must lie in the kernel
of the homomorphism det;: U, — U,. Thus, we have Spin; & SU, and
the fourth isomorphism follows.

The existence of a representation of Spin, on R® is obvious since
C{l; ~ R(8). Furthermore, since CL, = R(8) @ R(8), we see that the two
spin representations Ay and Ag of Sping are on RS, There is also the
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adjoint representation Ad of Sping on R8. To see that these representations
are all distinct, it suffices to consider the central elements. Set

Z={l,-lo-w}=Z,®Z,

where w denotes the oriented volume element of C¢, =~ C{3. This group
lies in the center of Sping. (In fact it is the center.) From Propositions 5.9
and 5.10 we know that A (w)=Id and A (w) = —Id. Since Af come
from representations of C£, we have

A¥ (@) = 1d, Af(—w)= —1d, Af(~1)=—-1d (84)
As(@) = ~1d, Aj(—w)=1d, Aj(~1)= —1d. (8.5)

From the definition it is clear that if Ad denotes the adjoint representation
of Cl; on RS, restricted to Sping = CL§ = CE,, then

Ad(—1) = Id.

Recall now that equivalent irreducible representations must agree on
central elements. (Note, for example, that if there exists an isomorphism
F:R® » R® with the property that FoA7f(g)c F™ ! = Ag(g) for all
g € Sping, then in particular, AJ (g) = Ag (g) for all g € &) Consequently
the three representations Ay, A; and Ad are inequivalent. =

It is an interesting and often useful fact that two 8-dimensional rep-
resentations of C£, can be explicitly generated using the Cayley numbers.
Recall that the Cayley numbers O can be defined as pairs of quaternions
with multiplication given by

(a,b) - (c,d) = (ac — db, da + bE). (8.6)

The multiplication so defined is neither commutative nor associative.
However, every non-zero element has a multiplicative inverse. Further--
more, given a Cayley number x = (a,b), we write X = (a@,— b) and define
real and imaginary parts of x by setting

Re(x) = 4(x + X); Im(x) = 4(x — X)

An inner product on O is defined by {x,y) = Re(xj). It has the property
that [xy| = |x||y| for all x,y € O (where [x|?> = (x,x) as usual). An impor-
tant fact concerning the Cayley numbers is that any subalgebra of © gen-
erated by two elements is associative.

We now consider R” = Im(0) and R® = O with the above inner prod-
uct. For any v e Im(0Q) we define a linear endomorphism A, of R® by
setting

Afx)=v-x 8.7



52 I. CLIFFORD ALGEBRAS AND SPIN GROUPS

for x e © = R®. From the associativity of the algebra generated by x and

utation from (8.6). we see that
tatior 6), we s

i 21U RO,  uiide

Ay = —|lv|[*1d (8.8)

for all v e Im(0) = R”. Consequently, from the universal property (Propo-
sition 1.1), we know that A extends to a representation

A:CE, — Homg(R® R?) 8.9

of Ct,. For dimensional reasons this representation must be irreducible.
The other irreducible 8-dimensional representation

p=Adouq
p=Aoq

is generated by the mapping p,(x) = —uv - x. Observe that under the con-
Jjugation map c(x) = X, p, becomes equivalent to right multiplication by

v ie A =—=con o 19 oiven by
Uy RaWiay 'IU—LV'IUV‘—‘\) 5"\/]‘ U]

pX)=(—v X)=—-X"0=x"v

(since for v € Im O we have v = —v).

These two representations are equivalent when restricted to Spin,, but
they are inequivalent on Sping = C£3 = C¢,.

We now consider the action of Pin, on R® given by the representation
A above. From (8.7) it is clear that the orbit of 1 contains all elements
e€ Im(0) with || =1. That is, this orbit contains the “equator”
§¢ = §7 A Im(0). It also contains e - S¢, which is a great sphere passing
through the “north pole” 1, for each e e S

Since the orbit Pin, - 1 is a compact embedded submanifold of S7, we
conclude that it is S7. It now follows that the orbit of Spin, must be

7.dimencianal and hence alen equal to C7 Wa havs nravad tha racnlt af
=GIIMCHSICHAr anG, NeNTC, diSU CQqual 10 o', YW 1ave provea iadl résuit O1

A. Borel.

Theorem 8.2. The 8-dimensional spin representation of Spin, is transitive
on the unit sphere S.
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With a little more work it is possible to prove that the isotropy sub-
group {g € Spin,:A,(1) =1} of 1 € S7 is exactly the group G, = Aut(O)
(see Harvey-Lawson [ 3] for example). Hence, we have the diffeomorphism

§7 = Spin,/G,.

We pass on now to the group Sping. Recall from Theorem 8.1 that this
group has three distinct homomorphisms Ag, Az, Ad:Sping —» SO4 with
kernels isomorphic to Z,. Writing the center 2 = {1,— 1,w,— w} as before,
we have the following table (cf. (8.4) and (8.5)).

g (4] -0 -1

g - —Id
Ag(9) Id Id (8.10)
Ag(9) —1Id Id —Id
Ad(g) —Id —Id Id

We now consider the pair of homomorphisms A§ and A5 . From general
covering space theory there must be a lifting of Ay over A which takes
the identity to itself, i.e., a map o :Sping — Sping such that the diagram

Sping

o P; (8.11)
Sping —— SO,

commutes and ¢(1) = 1. The map o satisfies the condition

06(g192) = o(g1)a(g) (8.12)

for all g,,g, in a small neighborhood of 1, since both Af and A are group
homomorphisms. In fact, the relation (8.12) holds for all g,,g, € Sping. To
see this note that both sides of (8.12) are well defined on Sping x Sping
and that the set where (8.12) holds is both open and closed. (Alternatively,
one could use the fact that (8.12) is an equation between real analytic
maps.) Thus, ¢ is a group homomorphism. Since ¢ is a covering map
between simply-connected spaces, it must be injective, and so ¢ is a group
automorphism.

It is now clear from (8.11) that ¢ carries the kernel of Ay onto the
kernel of Ag. Since ker(Ag) = {1,—w} and ker(Ag) = {1}, and since
o(1) = 1, we conclude that

o(—w)=w

Since w and —w are central, ¢ must be an outer automorphism.
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Lifting Ad over the homomorphisms A§ and Ag and applying the
arguments above we construct outer automorphisms t* and t~ of Sping

with the property that
(=D =w and t7(-1)= —o. 8.13)

By definition we have that Af - t* = Ad and A{ - 6 = Aj. Furthermore,

the associated Lie algebra maps (Af), and Ad, are isomorphisms, and
we have that

tE=(AH"1oAd, and 1, =(Ag)y ' (A5),. (8.14)

At this point the automorphisms ¢ and t* are only defined modulo
inner automorphisms. To get concrete representatives we must choose
concrete representatives for the maps AF and Ad.

We shall give such an explicit construction for 6. Choose an ortho-
normal basis e, . . . ,eg of R® and recall that the Lie algebra sping = A2R®
has an orthonormai basis {e; - e;};;. The map Cf; 5 C{3 is induced by
the assignment

e;eeq j=1...1. (8.15)
Consequently, the preimage of sping under this map is just
sping = R’ @ A’R7 < CL, (8.16)

wheree; — eegfor 1 <i<7and whereee; — eeqe 05 =eie;for 1 <i<j<7.

We now consider the two representations A and p of C£, on R® = Q
that were constructed above. Since A,(x) =v-x and p(x)= —v- x for
ve R’, we see that

{Aq,: —p, forpeR’ 8.1

Ao =Dy for ¢ € AZR’.

Now restricted to sping = R7 @ A’R” we have that 4 =(A]), and
p = (Ag),. Consequently, o, = (Ag), " o (Ag), has the property that

—@ ifopeR’

10 if o € A2R”
In particular, (¢,)* = Id and so by exponentiation we have that
o2 =1Id. (8.19)

We now let Og and I denote respectively the groups of outer and inner
automorphisms of Sping. There is a natural homomorphism

0g/Is — Aut(Z). (8.20)

{8.18)

a*((P) = {

It is easy to see that Aut(Z) =~ Aut(Z, @ Z,) = S,. In fact, we have natu-
rally that Aut{%) >~ Perm(— L,w, — ). Since ol — @) = @ and 6(&) = &,
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we have that either 6(—1) = —1 or o(—1) = —w. Since 62 = 1d, we
conclude that

o(—1)= —1 and ow)= —o.
This information, together with (8.13), easily proves the following:

Theorem 8.3. The homomorphism Og/l; - Aut(Z) = S, is surjective. In
particular, since Og/lg is a finite group (cf. Helgason [1]) there exists an
element in Og/I¢ of order three.

Those readers similar with the classification of Lie groups know that
this map Og/Ig — S, is reflected in the representation of Og/I, as the
group of symmetries of the Dynkin diagram of Sping. This representation
is faithful, and so O4/I; = S,.

It can be shown that in fact there exists a non-trivial element A € Oy4
such that

A’ =1d.

This element is called the triality automorphism. Continuing with calcula-
tions as above, this automorphism can be constructed explicitly.

It has most likely occurred to the reader that the methods of Theorem
8.1 can be applied more generally to the groups Spin, ; for any r and s.
Indeed, this does produce further exceptional isomorphisms between
low-dimensional Lie groups. We recall the following classical groups.

SL,(R)= {g € Homg(R",R") : detg(g) = 1}
SL(C) = {g € Hom(C",C") : det(g) = 1}
SL,(H) = {g € Homy(H"H") : detc(g) = 1}

For the last definition we have fixed a presentation H" = (C?",J) where
J:C* - C?"is C-antilinear and J?> = —Id. We observe that the complex
determinant is in fact real-valued on Homy(H",H") = {g € Hom(C?",C?"):
geJ=1Jog} To see this, let ¢:C* — C?* denote complex conjuga-
tion and set c(g) = ¢ o g o c. Then since ¢? = 1 and since g and J com-
mute, we have detg(c(g) o ¢ o J) = detg(c o g o J) = detg(c o J o g). Hence,
dete(c(g)) = det(g) and since detc(c(g)) = detc(g), the determinant is real.
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Now, each of the groups SL,(K) is connected, and elementary linear
algebra shows that

dimg(SL,(R)) = n*> — 1
dimg(SL(C)) = 2(n* — 1) (8.21)
dimg(SL(H)) = 4n? — 1.

Recall that for r,s > 0, the group Spin, ; has two connected components.

We let Spin, denote the component containing the identity. It is obvious
that there is an isomorphism

Spin, ; = Spin, ,,

and an elementary calculation shows that
dim(Spin, ;) = % (r+sir+s—1) (8.22)

for all r,s. A careful look at Table II (p. 29) now proves the following.
Let SL,(R) — SL,(R) denote the (2-sheeted) universal covering group for
nz3.

Theorem 8.4. There exist the following isomorphisms between low-dimen-
sional Lie groups.

Sping ; = SL,(R)
Sping ; = SL,(C)
Spin? ; = SL,(H)
Sping , = SL,(R) x SL,(R)
Sping ; = ST,(R)

Furthermore Spin, 4 has three inequivalent §8-dimensional real represen-
tations.

Proof. Recall from Theorem 3.7 that for r = 1 we have

Spin, ; = C£%, ~ Cl

r,s = r—1,s*

Consequently, from Table II, we have the following embeddings: Spin, ; <
GL,(R), Spins; © GL(C), Spins; < GLy(H) x GL,(H), Spin,, <
GL,(R) x GL,(R) and Spin, 3 © GL4(R) x GL,(R), where GL,(K)
denotes the set of invertible elements in Homg(K",K"). We now observe
that in each of these embeddings the identity component Spin?; is actually
contained in the subgroup SL(K) or in SL,(K) x SL(K) for the latter
cases. This is an immediate consequence of the following lemma.
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Lemma 85. Let p:Ct,_, - Homy(V,V) be any K-representation for
K=RorC.Ifr+s =3, then

detg(p(g)) = +1
for all g e Spin, ; = CL,_ ..

Proof. If r + s 2 3, then every element g € Spin,, can be written as a
product g = g, - * * g,, Where g; € Spin,  satisfies

g; = +1 (8.23)

for all j. To see this, write g = v, * - * v,,, where v; € R"** and g(v) = + 1.
Write v,v, = Fv,ovv, where ve R™** satisfies g(v) = +1 and where
q(v,p,) = q(v,v,) = 0. Set g, = v,v and g, = Fov,. Then g = v,o0,0 =
—v20? = +1, and similarly, g2 = + 1. Of course v,v, = g,g,. Continuing
in this manner proves our claim.

Since dimg(V) is even, we see that for g = g, ' * * ¢,, as above, we have

2
[detx(pg)]* = I:l:[ detx(pgj)} = l:[ detx(pgf)
= [] dety(+Id)=1. =m

The first, second and fourth isomorphisms of Theorem 8.4 now follow
from dimension considerations (cf. (8.21) and (8.22)).

For the fifth isomorphism, consider the image of SpinJ ; under the two
projections SL,(R) x SL,(R) =3 SL,(R). At least one of these must be
non-trivial and, therefore, locally injective by the simplicity of the Lie
algebra. Since dim(Spin;, ;) = dim(SL,(R)) = 15, this projection is a cov-
ering map Sping ; — SL,(R). Since Sping , is simply connected, it lifts
to an isomorphism Spin3 ; 5 SL,(R). The third isomorphism is proved
similarly.

Looking more closely we can see that the two projections Spin§ 3 =3
SL,(R) are both non-trivial and inequivalent. To prove this we consider
the volume element @ = e, - - eg wWhere e? =el =e} = —el = —e?=
—ez = —1 (see Proposition 3.3). This element is central in Spin, 5 and
satisfies w? = 1. It clearly lies in Spin, x Spin, < Spin, 5 and is therefore
connected to the identity. The module V = R® for C{; ; decomposes as
V=V* @ V™ where V¥ = (1 + w)V are invariant subspaces for Spinj 5.
Since w = +1Id on V*, we see that the representations are inequivalent.
They are each non-trivial, since otherwise we would have the identity
o =1 (or w = —1) in Spin, 5, which is clearly false.

To prove the final statement we again consider the volume element
w=¢e, - egin Spin, 4. As above we see that w is central in Spin, 4 and
is connected to the identity. Since w? = 1, the module W = RS for Ct, ,
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decomposes as W= W+ @ W~ where W* = (1 + w)W are each invari-
ant under Spin, 4. Let A* denote these two 8-dimensional representations,
and consider the central subgroup

g’ = {1,"1,(1),—’(0} = ZZ @ Zz

in Spin, 4. Then A*, A~ and Ad have precisely the values given in the
table (8.10) derived above for the case of Sping. It follows that these three
8-dimensional representations of Spin, , are distinct. =

The above arguments actually prove slightly more. Let
SL¥K) = {g e Hom(K",K") : detg.(g) = +1}

where K' = K if K = R or C and K’ = C if K = H. There is a short exact
sequence

1 — SL,(K) — SLXK) 22£, 7, — 0.
From the proof of Theorem 8.4 we can actually conclude that
Spin, ; = SLi(R)
Spin, ; = SL%(C)
Spin, ; = SL¥(H)

Note. For further results of the type given in Theorem 8.4, the reader is
referred to the beautiful book of Reese Harvey [1].

§9. K-Theory and the Atiyah-Bott-Shapire Construction

In this section we shall present the essentials of K-theory in a fashion
which will be useful later in our discussion of the Atiyah-Singer Index
Theorem (Chap. III). Following these basics we shall present the con-
struction of Atiyah, Bott and Shapiro which relates the Grothendieck
groups of real Clifford modules to the KO-theory of spheres and that of
complex Clifford modules to the K-theory of spheres. Their fundamental
isomorphisms explicitly identify Bott periodicity with the periodicity
phenomena in the theory of Clifford algebras. For an elaboration of the
details presented here, the reader is referred to Atiyah-Bott-Shapiro [1]
and Karoubi [2].

Throughout this section all spaces will be assumed to be compact. If
X is any such space, we denote by V(X) the set of all isomorphism classes
of complex vector bundles over X. The set V(X) is an abelian semigroup
if we define addition by direct sum. We let F{X) be the free abeiian group
generated by the elements of V(X) and let E(X) be the subgroup of F(X)

[
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generated by elements of the form [V] + [W] — ([V] @ [W]) where +

denotes addition in F{X) and @ denotes addiiion in V{X).
DEerFINITION 9.1. The K-group of X is defined to be the quotient
K(X) = F(X)/E(X).

Note that K(X) is an abelian group. The elements of K(X) are called
virtual bundles.

If V.and W are bundles over X and Y respectively then V ® Wis a
bundle over X x Y. When X = Y the diagonal map A: X - X x X can
be used to define an interior tensor product in K(X) by

[u] - [v] = A*[u ® v]. 9.1
This gives us

Proposition 9.2. The group K(X) has a ring structure with multiplication
given by (9.1).

Let a: V(X) — K(X) be the composition V(X) & F(X) - F(X)/E(X).

Proposition 9.3. If G is any abelian group and f : V(X) —_G any semi-group
homomorphism, then there is a unique homomorphism f:K(X) — G such
that fo = f.

Proposition 9.4. K(X) is the universal group with respect to maps of the
type described in Proposition 9.3

Suppose that f:X — Y is a continuous map and consider the map
f*:V(Y) » V(X) given by the induced bundle construction. Since this
is a semi-group homomorphism, it descends to a homomorphism f*:
K(Y) —» K(X). One easily checks that K thereby becomes a contravariant
functor from the category of compact spaces to the category of abelian
groups.

Suppose now that § is any abelian semi-group with unit and let
A:S - § x S be the diagonal map. This is a semi-group homomorphism.
If we let 24°(S) be the set of cosets of A(S)in § x §, then H#(S) is a quotient
semi-group. Since the interchange of factors in S x S induces an inverse

in 2(S), #°(S) is actually a group.
DEFINITION 9.5. #'(X) is defined to be H#(V(X)).

Propesition 9.6. (X)) is isomorphic to K(X).
Proof. For an abelian semi-group S with 0 we define f5: S — A(S) to

o o (o N Fulloc o TR TR RGOS R ST SR L) s <\
0€ 5 = {5,U) IOLIOWEQ Oy (i€ niaturai projeciion o X & — 7 (9.
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is a semi-group homomorphism, then there is induced a map A#(g) : #(S)—
H(T) so that H'(g) o Bs = Br o g. Now let S be V(X) and T be any abe-
lian group. Then B is an isomorphism. This shows that #7(X) is uni-
versal with respect to semi-group homomorphisms from V(X) to abelian
groups. o

Corollary 9.7. Every element of K(X) can be represented in the form [V] —
[W] where [V][W]e V(X).

Lemma 9.8. Let n:V — X be a vector bundle over a compact Hausdorff
space X. Then for some N there is a continuous map f:V — CN which
is injective and linear on each fibre.

Proof. Cover X with a finite number of open sets U, ... ,U, over which
there exist trivializations a;: 7~ }(U;) 5 U; x C*and seta; = pr; o a; where
pr;:U; x C* — C* is projection. Let {y,;}5_, be a partition of unity sub-
ordinate to {U,};=,. Thenf = (Y1a) ® " ® W,a,):V - C* @ - @ C*
is the desired map. =

Corollary 9.9. To each bundle V over X there exists a “complementary”
bundle V* such that V @ V* is trivial. Hence, each element of K(X) can
be represented in the form [V] — [t"], where t¥ is the trivial bundle over
X of dimension N.

Proof. Let f:V — CV be the map in Lemma 9.8 and define V' =
Usex (V)" Clearly V @ V' = X x C. Hence, [V] =[] — [V'] in
K(X) and an arbitrary element [W] — [V] in K(X) can be rewritten as
wWe v]—-["] =

DEeFINITION 9.10. We define the real K-ring for X, KO(X), just as we
defined K(X) by replacing V(X) by Vg(X), the set of isomorphism classes
of real vector bundles. The same construction and considerations apply.
Analogues of the following definitions can also be made for KO-theory.
We will assume them without specifically stating them.

We would now like to use the K-groups to define a generalized coho-
mology theory. For this reason we now consider X to be a space with a
distinguished basepoint, pt € X.

DEFINITION 9.11. The reduced K-ring, K(X), is defined to be the kernel
of the natural projection K(X) — K(pt) = Z, so that K(X) is an ideal of
K(X).

In fact the exact sequence
0 — R(X) — K(X) —> K(pt) —> 0 9.2)

splits in an obvious fashion.
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DEFINITION 9.12. Suppose Y is a non-empty closed subset of X. Then
we define the relative K-groups as follows:

K(X,Y)= K(X/Y)
where X/Yis taken to have Y as its basepoint.
If Y is empty, X/Y is defined to be the space
Xt=Xvu{pt} (9.3)
where pt is a disjoint point which will play the role of basepoint.

OBSERVATION 9.13. On a non-basepointed space X we have the identi-
fication

K(X) = K(X*) = K(X, &).

DEFINITION 9.14. We define the wedge X v Y and the smash product
X A Y of two spaces X,Y with basepoints pty and pty by

XvY=sXxpt))uppty x Y)o X xY
XAY=XxY/XVvY
We also define the (reduced) suspension Z(X) of X by
X)=8'AX.

Iterating this i times gives us the i-fold suspension X{(X). For all i there is
a homeomorphism Z(X) ~ §' A X.

DEerINITION 9.15. When X is a compact basepointed space, or when
(X.Y) is a compact pair, we define

K~i(X) = K(F(X))

For spaces X which are not necessarily basepointed we define, in the spirit
of 9.13,

K {(X) = K X, @) = REX").
Since the functor K is representable (see Chap. III, Theorem 8.6) there
is an exact sequence for basepointed pairs (X,Y)
K(X,Y) — K(X)— K(Y)
which we may now extend to a Barratt-Puppe sequence (Barratt [1]):
e KT Y) 5 KTiX,Y) — RTH(X) — (9.4)
K {(Y)— - —> K%X) — K%Y).

We write K ~* for the graded functor K=, i > 0.
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REMARK 9.16. If Y is a retract of X, then for all i
0— K i(X,Y)— K {(X) — K {(Y)— 0

is a split short exact sequence and K (X))~ K~¥X,Y) @ K ~/(¥). This
follows from the Barratt-Puppe sequence (9.4).

Now if X and Y are spaces with basepoints then
K XxY)2K(XAY)® K {(X)® K{(Y)

since X is a retract of X x Y and Y is a retract of X x Y/ X.
We would like now to use the ring structure on K(X) to enable us to
define a ring structure on K ™ *(X).

I:roposition?.17. Given X and Y and i,j > O there is a pairing K- {x ) ®
K~™(Y) » K™""{X A Y) which is given by tensor product.

Proof. For a bundle E on S A X and a bundle F on S A Y we have
the tensor product bundle E ® F on (S5 A X) x (§/ A Y). This induces a
pairing

KS'AX)® K(S' A Y)— K((S' A X) x (S A Y)).
But K((S‘A X)A(S'A Y)) is the kernel of K((S'A X)X (S A Y)) >

~

K(S' A X) ® K(S7 A Y). So we have a pairing K(S' A X) ® K(S' A Y) -
K({(S"AX)A (ST AY))=K((S*)A X A Y) as desired. m

Replacing X by X and Y by Y* in Proposition 9.17 gives us a pairing
K (X) ® K74Y) » K™"7{X x Y). We easily conclude the following.

Corollary 9.18. The pairing of Proposition 9.17 makes K™ *(pt) a graded
ring. Furthermore, for any basepointed space (X,pt), this pairing makes
K™ *X) a graded module over K™ *(pt).

Thus far everything we have said for K-theory holds equally true for
KO-theory. We will now describe periodicity and at this point the descrip-
tions must diverge. We will discuss the basic complex case first and then
proceed to the real case. We will simply state the results. A proof based
on the theory of Fredholm operators is given in §10 of Chapter III. For
alternative proofs the reader is referred to Bott [1], [4].

Bott Periodicity Theorem 9.19 (the complex case). The ring K™ *(pt) is a
polynomial algebra generated by an element ¢ € K~ ?*(pt) = K(§8?), i.e., there
is a ring isomorphism

K™ *(pt) = Z[¢]. (9.5)
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Note._The element £ is in fact represented by the virtual bundle ¢ = [H] —
t* € K(5%) where H denotes the “tautologically defined” complex line bun-
dle over §? = P}(C) and 1! denotes the trivial line bundle.

The isomorphism (9.5) says in particular that the map u,: K ~{(pt) —
K™~ ?(pt) induced by multiplication by &, is an isomorphism for all i. In
this form, the theorem extends to arbitrary compact Hausdorff spaces.
Recall from 9.18 that for any pointed space (X,pt) the ring K™*(X) is a
module over K™ *(pt).

General Bott Periodicity Theorem 9.20 (the complex case). Let X be any
compact Hausdorff space. Then the map
pe K™i(X) —— K™74(X)
given by module multiplication by &, is an isomorphism for all i = 0.
Note. Replacing X by X/Y, we get corresponding isomorphisms
pe: K7H(X,Y) — K777 3(X,Y)
for any pair (X, Y) of compact Hausdorff spaces.

The situation in KO-theory is slightly more complicated.
Bott Periodicity Theorem 9.21 (the real case). The ring KO~ *(pt) is gene-
rated by elements
ne KO~ '(pt), ye KO *pv, x € KO~ §(pt)
subject only to the relations
2n =0, 7 =0, ny=0, y>=4dx
i.e., there is a ring isomorphism
KO™*(pt) = Z[n,y,x]/<2n,n% ny, y* — 4x) (9.6)
As before we have that for any space X, KO~ *(X)is a KO ™ *(pt)-module.

Theorem 9.22. Let X be a compact Hausdorff space. Then the map
i KO™H{X) —> KO~ (X)

given by module multiplication by x € KO~ ¥(pt), is an isomorphism for all
iz0.

As before there are also isomorphisms KO /(X,Y) 5 KO '"¥X.Y)
for any pair (X,Y) of compact Hausdorff spaces.
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The best explicit representatives for the elements #, x and y in KO~ *(pt)
are given via the Atiyah-Bott-Shapiro isomorphism. To present this iso-
morphism, and also to adapt K-theory easily to the theory of elliptic
operators, we present now an alternative definition of the groups K(X,Y)
and KO(X,Y). The discussion is completely parallel in the real and com-
plex cases. We shall just use the generic term “vector bundle.”

We begin with the following definition. We assume throughout that Y
is a closed subspace of X.

DErFINITION 9.23. For each integer n = 1, consider the set Z,(X,Y) of
elements V= (Vy, Vy, ... V504, ...,0,) where V,, ... ,V, are vector bundles
on X and where

0— Wl == Wiy

is an exact sequence of bundle maps for the restriction of these bundles to
Y. Two such elements V= (V,,...,V,;0,,...,0,) and V' =(V,, ...,V

0%, .. .,0,) are said to be isomorphic if there are bundle isomorphisms
¢;:V; = Vi over X so that the diagram

g2

D v U"
y 25 Wy — 0

commutes for each i.
An element V = (V,,...,V,; 04,...,0,) is said to be elementary if there
is an i such that

(@ V,;=V_,and o;=1d
(b) V;={0}forj#iori—1.

There is an operation of direct sum @ defined on the set £,(X,Y) in
the obvious way. Two elements V,V' € (X,Y) are defined to be equiv-
alent if there exist elementary elements E,, ... EF,,... F, e £,(X.Y)
and an isomorphism

VAE, ®  ®E,x2VOF, ® - @F,

The equivalence class of an element (V,, .. .,V,;04,...,0,) will be denoted
by [Vo,...,Vys 04, ...,0,) The set of all equivalence classes in Z,(X,Y)
will be denoted by L,(X,Y).

The set L,(X,Y) is an abelian group under the operation @.

Our first main proposition is the following, whose proof is left to the
reader. Consider the natural map £L,(X,Y) - £, (X,Y) which asso-
ciates to each element (V;, . ..,V,;0,. .. .,0,) the trivially extended element
Vo, - -5 V004, . . - ,0,,0).
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Proposition 9.24. For each n = 1, the induced map L{X,Y) » L,.(X,Y)

ic an isomornhism
IS an lsomorpnism.

We set L(X,Y) = lim L(X,Y). Each inclusion L(X,Y) - L(X,Y) is an
isomorphism, and it would have sufficed for many purposes to consider
anly tha caca n — 1
Ulll] v LaAodw 7t — 1.

Our second main proposition is the following.

Proposition 9.25. There exists a unique equivalence of functors y: L(X,Y) —
K(X,Y) with the property that

(oKD= 3 (-DK] when Y=g ()

Proof. This equivalence will be essentially determined by defining it on
L,(X,Y). Given an element V = [V,,V,;0] € L1(X,Y) we associate to it an
element y(V) € K(X,Y) by the following “difference bundle construction”.
Set X, = X x {k} for k = 0,1 and consider the space Z = X, Uy X; ob-
tained from the disjoint union X, II X; by identifying y x {0} with
y x {1} for all y e Y. The natural sequence

0 —> K(Z,X,) - K(Z) = K(X,) — 0
is split exact since there is an obvious retraction
pZ— X,.
Furthermore, there is an isomorphism

-V{7Y\_z_,K(1(Y)

om0
Wensyd,agy Pz 0

induced by the map of pairs (X,Y) — (Z,X,) which identifies X with X,,.

From our element V = [V,,V;;0] we define a vector bundle W over Z
(well defined up to isomorphism) by setting Wiy, = V; and identifying
over Y via the isomorphism o. Setting W, = p*(V;) we have [W] —
[W,] € ker(i*). Hence, there is a unique element x(V)e K(X,Y) with
J*o (V) = [W] — [W,]. This defines the homomorphism y:L,(X,Y) —
K(X,Y). It clearly has property (9.7).

It is now straightforward to verify that any homomorphism L,(X,Y) —
K(X,Y) with property (9.7) is an isomorphism, and furthermore, any two
such homomorphisins agree. The reader is referred to Atiyah-Boti-Shapiro
[1] for details. m

As a result of this proposition we shall henceforth drop the notation
meaning is now obvious.

For our later discussion of elliptic operators it will be useful to note
that the multiplication in K(X,Y) can be realized explicitly in #£,(X,Y)

EA N EL T e ICall7LL © JAMI A RN SN 36 JuEy A s W
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as follows. Choose V = (V,,V};0), W = (W,,W;; 1) € £(X,Y) and for con-
venience introduce metrics in each of the bundles. We then define the
tensor product U =V ® W e £,(X.Y) to be the element U = (U,,U,; p)
where

Uo = (Vo ® Wo) @ (V1 ® W1) U1 = (V1 ® WO) ® (Vo ® Wl)

and
_[o®1 —-1®7* )
p= 1®t o*®1
Under the construction above, this tensor product on £,(X,Y) carries
over to the standard product on K(X,Y).
This is a convenient time to introduce K-theory for locally compact

spaces. K-theory in this setting will be important for certain geometric
constructions we shall make in Chapter III.

DEFINITION 9.26. For any locally compact space X we define
Kep(X) = R(X™)

where X* = X U {pt} denotes the one point compactification of X. The
higher groups are defined by setting

Koi(X) = Kep(X x RY)
fori=0.

The groups K.,i(X) are functors on the category of locally compact
spaces and proper maps. Collectively they comprise the K-theory of X with
compact supports. They enjoy the multiplicativity properties that we pre-
sented above in the compact case. Note incidentally that if X is compact,
then K i(X) = K~{(X).

Any element in K ,,(X) can be represented as the formal difference of
two bundles E and F on X, each of which is trivialized at infinity (i.e.,
trivialized outside some compact set in X). In fact, if ® = X is an open
subset of the locally compact space X, then there is a natural extension
homomorphism K_,(¢) — K,,(X) induced by the map X* - X*/
(X" — 0) = @0". Taking products with R’ gives extension homomorphisms

K(0) — Ku(X)
for alli 2 0. Of course for any closed subset Y = X we have the functorial
restriction homomorphism

Kop(X) — Ko(Y).

cpt

The kernel of this map is defined to be the relative group K. i(X,Y). For
any pair (X,Y) where X is a locally compact space and Y is a closed sub-
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space, there is a long exact sequence for the K_i-groups, analogous to
(9.4) above. We leave as an exercise for the reader the verification of the
following isomorphism:

K‘;ll(X’Y) = cht((X - Y) X [Rl)

There exist definitions of “L-type” for the groups K_,(X). In analogy
with the above we can define LX), to be the equivalence classes
[Vos - Vmoy,...0,] where V,, ...V, are vecctor bundles on X, and
where 0 » V, B3 ¥, B3 --- B3 ¥, - 0 is an exact sequence of bundle maps
defined on the complement of some compact subset in X. As above there
are natural isomorphisms L;(X), 5 Ly(X)ep = - . - Kop(X). Thus, in
particular, any element of K .,(X) can be represented by a triple [V, V;; 6]
where 6.V, — V, is a bundle isomorphism defined in a neighborhood of
infinity.

All of the discussion above applies equally well to real bundles and
yields groups KO.i(X) for any locally compact space X.

The Bott Periodicity theorems carry over to locally compact spaces in
the following elegant form:

Kool X) = Kep(X x €)

9.8)
KO, (X) = KO (X x RS).

These isomorphisms are induced by multiplication by fundamental ele-
ments ¢ € K,,(C) and x € KO_,(R®) respectively. In the last part of this
chapter we shall produce explicit representatives for these elements using
Clifford modules.

We are now in a position to discuss the isomorphism of Atiyah, Bott
and Shapiro. Let W = W° @ W! be a Z,-graded module over the Clifford
algebra Cf, = CL(R"). Let D" = {x € R":||x|| < 1} be the unit disk and set
S"~1 = 0D". We now associate to the graded module W, the element

(p(W) = [EO’EI; ﬂ] € K(Dn,sn— 1) (99)
where E, = D" x W* is the trivial product bundle, and where u: E, > E,
is the isomorphism over §"~! given by Clifford multiplication:
wx,w) = (x, x - w).

One easily checks that the element (W) depends only on the isomor-
phism class of the graded module W and, furthermore, that the map
W — (W) is an additive homomorphism. Hence, (9.9) gives us a homo-
morphism

@:ME — K(D",$" 1) (9.10)

where ¢ is the Grothendieck group of complex graded Cf,-modules
defined in §5.
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Consider for a moment the natural inclusion i:R” & R**! given by
setting i(x,,...,x,) = (xy,...,x,0). This induces an algebra homomor-
phism i, :Ct, Ct,, . Restricting the action from C¢,, , to Ct, thereby
induces a homomorphism i*: IS, | — ME.

Suppose now that W is a graded C{,-module which can be obtained
from a Cf,, ;-module in the above fashion. This means that the Clifford
multiplication of R* on W extends to all of R**!. Hence we may extend
the isomorphism p, defined on $"~! = D", to all of D" by setting

px,w) = (x, (x + 1 — |Ix[|%ey4 1) - W)

where e, ; € R**! is a unit vector orthogonal to R Since this extended
map is an isomorphism over all of D", the associated element (W) must
be zero. It now follows that the homomorphism (9.10) descends to a homo-
morphism

@n: MY /* M, — K(D"5"Y) (9.11)

where i*: S, ; — M is the restriction map defined above.
Exactly the same construction applied to the real case, gives us a homo-
morphism

@0p: M, /i*M,, | — KOD"S"™ 1) (9.12)

The isomorphisms (5.29), defined by taking the even part, determine
isomorphisms

ME/i* M, > M, /*ME and  M,/i*M,, , = M, _,/i*M,

Set QF = ME/i*MS, , and Q, = M,/i*M, . ,. The periodicity pheno-
mena (4.11), (4.13) and (5.9) determine periodicity isomorphisms

Q;(l:+2 ;QS and Qn+8;Qn'

Elementary algebraic arguments show that

if n is even :
0 if nis odd 0, =12, if n=1or 2 (mod g)

0 otherwise.

As an example consider Q, = M, /i*M, considered as the quotient of the
groups of ungraded modules. Since C€, = C, the Cf,-modules are just
complex vector spaces, and the isomorphism M, 3 Z is generated by
taking the complex dimension. Similarly, since C€, = H, the C{,-modules
are quaternionic vector spaces and M, > Z is generated by taking the
quaternionic dimension. The map i*: M, — M, is generated by consider-
ing a quaternionic vector space to be a complex vector space under
restriction of scalars. Clearly this is just the map Z — Z given by mul-

7 z if n=0 or 4 (mod g)
QS’:{



§9. K-THEORY AND THE ABS CONSTRUCTION 69

tiplication by 2, since the complex dimension is twice the quaternionic
dimension. Thus we have Q, >~ Z,.

The reader may find the verification of these isomorphisms in general
to be an interesting exercise. Full details are contained in Atiyah-Bott-
Shapiro [1].

We recall now from Proposition 5.21 that the graded tensor product
of modules gives a multiplication MC ® ME — MT, . for all m,n. This
makes (ME/*MG , ;) = Py »o0 (ME/*ME, ) into a graded ring.

On the other hand, by definition we know that

K(D"S"~ 1) = K(S") = K~"(pt)

and therefore the direct sum @), ,K(D",8*~') = K™ *(pt) is also naturally
a graded ring (cf. Corollary 9.18). (The analogous comments apply in the
real case) One of the main results of Atiyah-Bott-Shapiro [1] is the
following,

Theorem 9.27 (the Atiyah-Bott-Shapiro Isomorphisms). The maps (9.11)
and (9.12) defined above induce graded ring isomorphisms:

@y (ME/FME , 1) —> K~ *(pt)
0y (T, i¥M,, . ) —> KO~ *(pt).

Since the periodicity of the quotients iﬁ?* /i*ﬁi*,, . is an elementary al-
gebraic fact, this theorem appears to give a new algebraic proof of the
Bott Periodicity theorems. However, the argument given in Atiyah-Bott-
Shapiro [1] to establish the isomorphisms of 9.27 actually invokes the
Bott result. Nevertheless the existence of these isomorphisms is a profound
and important fact. It goes a long way towards explaining the fundamental
role played by Clifford algebras in the index theory for elliptic operators.

ReMARK 9.28. Theorem 9.27 gives us explicit generators for K™ *(pt)
and KO~ *(pt) defined via representations of Clifford algebras. For ex-
ample, let S = S& @ S¢ be the fundamental Z,-graded representation
space for CL,, where S& = (1 + @)S¢. (The sign of the complex volume
element wc depends on a choice of orientation in R*".) There is an iso-
morphism MRS, ~ Z ® Z with distinguished generators given by S. and
its “flip” S¢, the same graded module with the factors interchanged. (This
corresponds to a reversal of orientation in R?".) The generator of i*‘.ﬁt‘gﬁ 1
is [Sc] + [Sc]- Hence, the group K~ 2"(pt) = K, (R*" = Z is generated
by the element

GC,n = [SE,SE, .u]

where p.:S¢ — Sg denotes Clifford multiplication by x € R*".
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The real case is entirely analogous. Let S = S* @ S~ be the fundamen-
tal graded module for Cf,, where S* = (1 + w)S. Then

64n = [S+,S—9.u]

is a generator of the group KO~ **(pt) = KO (R*") = Z.
Using the structure of Clifford modules we can easily compute that

6cq = (0c1)" 65, = (05)" and 4oy = (0'4)2-

§10. KR-Theory and the (1,1)-Periodicity Theorem

In this section we present a theory which, in a sense, contains both K-
theory and KO-theory. It was invented by Atiyah in the middle 1960s
and was motivated in part by the study of indices for families of real
operators. (There is a detailed discussion of this at the beginning of §16
in Chapter 111.)

The higher groups in this theory carry a natural double-indexing KR™,
r 20, s 2 0. Interestingly, there is an isomorphism of the Atiyah-Bott-
Shapiro type given in §9, which relates K"%(pt) with real modules over the
Clifford algebra C{, . In this sense, KR-theory is the analogue of K-
theory and KO-theory suggested by passing from C{, and Ct, to CL, .
Basic references for this material are Atiyah [2] and Karoubi [2].

We consider here the category of Real spaces, i.c., spaces with involu-
tion. This is the category of pairs (X,cy) where X is compact and cy:
X - X is a map with c§ = Idx. The map cy may itself be the identity.
Natural examples of such spaces are provided by complexifications of real
algebraic varieties where ¢ is given by complex conjugation. Such an
example is (P*(C),c) where in homogeneous coordinates ¢([z]) = [Z]. The
fixed point set here is PR) = P*(C).

DEerINITION 10.1. By a Real vector bundle over a Real space (X,cx) we
mean a pair (V,c,) where n: ¥V — X is a complex vector bundle over X
and where ¢, : ¥V — V is an involution such that the diagram

Vv sV

X X, x

commutes and ¢y, is C-antilinear on the fibres of V. We denote by VR(X ,cy)
the abelian semigroup of isomorphism classes of Real bundles over (X,cx).
Proceeding as in §9 we then define the associated Grothendieck group
KR(X,cx). It is called the Real-K-group of X. We shall generally drop the
explicit mention of the involution ¢y and simply write KR(X).
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REMARK 10.2. Note that if cy = Idy then we have a natural identifica-
tion KO(X) = KR(X). This identification associates to any real bundle V
on X, the pair (Vz ® C,c) where ¢ denotes complex conjugation in the
fibres. Vg is recovered as the fixed-point set of c.

The groups KR(X) = ker(KR(X) » KR(pt)) and KR(X,Y) = KR(X/Y)
are defined exactly as in §9 and give functors on the obvious categories
of spaces. The higher groups: KR™i(X) = KR(Z'X) and KR™{(X,Y) =
KR(Z{(X/Y)), are also defined as in §9. We have the exact sequence for
compact pairs (X,Y):

...— KR™¥X,Y)— KR™{(X) —> KR™(Y) (10.1)
— KRT{(X)Y)—> ...

An interesting facet of KR-theory is that it carries naturally a doubly-
indexed family of higher groups. Let R =R @ R* = “R" @ iR™ be
the Real linear space with involution c(x,y) = (x,—y). A basic case is

R!! ~ C with complex conjugation. Consider now the compact Real
subspaces

D™ = {(x,y) e R |Ix|* + |IylI* = 1}
™= {(x,y) e R IxiI? + |Iylf* = 1},
and for any compact Real pair (X,Y) define
KX, Y)=KR(X x D™, X x §"° 0 Y x D™, (10.2)
(The order of (r,s) here is the opposite of that in Atiyah [2].) Note that
it is immediate from the definitions that
KR = KR! foralli= 0. (10.3)

The sequence (10.1) generalizes to give exact sequences

...—> KR™(X,Y) —> KR™(X) —> KR™(Y)
— KR I5(X,Y) —> ... (10.4)

for all s = 0. To prove this one establishes the exact sequence for compact
triples in KR-theory above, and then applies it to the triple (X x D%, X x
§%° U Y x D%, X x §%9).

One of the basic facts about KR* * is that the exterior tensor product
induces a bigraded multiplication

KRr’S(X, Y) ® KRr',s’(X/’ Y/) R KRr +r',s+ s'(X//’ Y//) (105)

where X" =X x X' and YY" =X x Y u X’ x Y. In particular, as in §9,
the “coefficients” KR**(pt) are a bigraded ring, and for any compact
space X, KR**(X) is a graded KR**(pt)-module.
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Consider for a moment the group KR'!(pt)= KR(D!!S"!)=
’k\ﬁ(Pl(C)). One can show that this group is isomorphic to Z with genera-
tor £ = [H] — t, where H —» P(C) is the tautological (or “Hopf™) com-
plex line bundle over P}(C) with its natural Real structure. (The fibre H,
for £ € P!(C) is the line # itself.)

One of the fundamental results in this theory is the following (see Atiyah

(2

The (1,1)-Periodicity Theorem 10.3. Let X be any compact Hausdorff space.
Then the map ~
pte: KR™S(X) — KR *'**Y(X) (10.6)

given by module multiplication by &, is an isomorphism for all r = 0, s = 0.
Consequently, for any compact Real pair (X,Y) we have the isomorphism

pe: KR™(X,Y) — KR™15+1(X,Y) (10.7)

Corollary 10.4. There exist natural isomorphisms
KR >~ KR*™" (10.8)
for all r 2 s 2 0 generalizing (10.3).

Using (10.8) we can extend the definition of KR~/ to all integers i. The
exact sequence (10.1) then extends to infinity in both directions.

REMARK 10.5. There are many further internal symmetries in this the-
ory. Using the multiplication in the fields R, C and H, Atiyah [2] shows that
for any compact space X there are isomorphisms

KR(X x $%%) = KR™27(X x §°?) (10.9)

for p =1, 2, and 4. (Recall that dim $*? = p — 1) This isomorphism for
p = 1 gives the complex Bott Periodicity Theorem. From the case p = 4
one can deduce the real periodicity theorem.

REMARK 10.6. All of the discussion in §9 concerning the functors L, and
their equivalence with K carries over to the Real situation. Therefore, in
particular, elements in KR(X.Y) can be represented by classes of the
form [V,,V;;0] where V, and V, are Real bundles on X and where
6:V, — V, is a Real bundle isomorphism defined over Y.

REMARK 10.7. If X is a locally compact space, then the groups KR, (X)
are defined exactly as in 9.26. This group is generated by Real bundles on
X which are trivialized at co. Using the L-construction, it can also be
generated by triples [ V,,V;;0] where ¥, and V; are Real bundles on X and
where 6:V, — V, is a Real bundle isomorphism defined outside of some
compact subset of X.
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In this context the higher KR-groups can be written in a particularly
nice form:

KRG(X) = KR X x R™). (10.10)

Of course if X is compact, then KRp(X) = KR™(X). If we identify C =
R*! as before, then the (1,1)-Periodicity Theorem has the particularly nice
form:

KR (X) = KR (X x C) (10.11)
for any locally compact space X.

In light of the Remark 10.6 above it is natural to examine the Atiyah-
Bott-Shapiro construction in this theory. To do this we define the Real
Clifford algebra C{(R"™) to be the Clifford algebra generated by R™* and
the positive definite quadratic form g(x,y) = ||x||*> + ||y||?, taken together
with the algebra involution ¢: CL(R™*) - CL(R"*) generated by the involu-
tion (x,y) — (x,—y) of R™,

DeriNITION 10.8. By a Real module over the algebra CE(R™*) we mean
a finite-dimensional complex representation space W for C{,  together
with a C-antilinear involution ¢: W — Wso that

c(p - w) = clo) - c(w) for all ¢ € CE(R™%) and all we W. (10.12)

If in addition W = W° @ W' is a Z,-graded module with the property
that ¢(W) = Wifor i = 0,1, then W is called a Real Z,-graded module for
CUR™).

We denote by MR, ; and Wm the Grothendieck groups of equivalence
classes of Real modules (and Real Z,-graded respectively) for CL(R"™).

There is an important basic relationship between these Real algebras
and the algebras C{, ; defined in §3. To begin, consider the complexifi-
cation CL(R™) of CL(R™°) and note that the involution ¢ has a unique
extension to a C-antilinear involution on CE(R"%). Any Real CE{(R™)-
module is naturally a C{(R™)-module by extension, and the condition
(10.12) continues to hold. Considering these algebras and their modules
is equivalent to considering those above.

Now the main claim is that C£(R"*) is the appropriate complexification
of Cf, ;. Under the ordinary complexification, all the algebras C{, ; with
the same value of r + s become isomorphic. However, if we also introduce
the involution, this is not so.

Recall that CX, ; is the Clifford algebra generated by R” @ R* with the
quadratic form g, (x,y) = [|x|> — [|yl|*. Let M, ; and M, ; denote the Gro-
thendieck groups of R-modules (and Z,-graded R-modules respectively)
for the Clifford algebra Ct, .
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Proposition 10.9. There is a natural equivalence
M,, — MR, (10.13)

for each (r.s) defined by assigning to a real C{, -module W, the complex
module W ®g C with involution given by complex conjugation and with the
CURS)-multiplication engendered by setting

xyy-w=xwtiyw  for(x,y)e R"@® R". (10.14)

Furthermore, under the natural inclusion i:R" @ R° < R™*! @ R® given
by i(xX(, . XV iy - - - 5¥) = (X1« - X 0y1, - - .,V the diagram

;n

r+1.s > 932R,+1,s

J" J

M, , — MR,

commutes. Hence, there are natural graded isomorphisms:
M, /M1, — MR, /DR, 1, (10.15)
All the analogous statements hold in the Z,-graded case.

Proof. The multiplication given in (10.14) has the property: (x,y) - (x,y)"
w = —(||x]|* + [|yl]|>)w and therefore extends to CE(R"™). Furthermore, we
see that c[(x,y) * w] = (x + iy)w = (x — iy)# = c(x,y) - c(w) where both (" )
and ¢ denote complex conjugation. Hence, the map (10.13) is well defined.
The inverse is given by taking the real module to be the fixed-point set
of ¢ and replacing multiplication by (x,y) e R @ R® with multiplication by
x — iy. The remaining details are left as an exercise for the reader. [ ]

REMARK 10.10. As in previous cases the graded tensor product of mo-
dules makes MR, , and M, , into graded rings. The multiplication is
preserved by the equivalence (10.13) in the graded case. In particular, the
map

M, M, — MR, ,[*MR, | , (10.16)
is a ring isomorphism.

The advantage of the groups 'fﬁl\R,,s is that they are natural for extend-
ing the Atiyah-Bott-Shapiro construction given in §9. On the other hand,
the groups Eﬁ?,,s and the quotients Eﬁ?,,s/i*iﬁlH 1,s are particularly easy to
compute by using the results of §§4 and 5.

Suppose that W = W° @ W! is a Real Z,-graded module for CL(R™),
and consider the associated element (W) e KR, (R"*) = KR"™(pt) given
by

@(W) = [Eo,E; 1]
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where E, = R™* x W* for k = 0,1, are the trivial product bundles and
where p: E, - E, is defined by

uz,w) = (z,z - w)

for z = (x,y) e R"* and for we WP Since z-z-w = —||z||*w, the map u
is a bundle isomorphism outside the origin and so [E,,E; u] is an ele-
ment of KR, (R"™) (cf. Remark 10.7). This gives a graded ring homomor-
phism

@: MR, , —> KR**(pt). (10.17)

Arguing as in §9 one can show that ¢ =0 on i*m*,, 1. and so @ des-
cends to the quotient. The arguments of Atiyah-Bott-Shapiro [1] then
carry through to prove the following (see Atiyah [2]).

Theorem 10.11. The map defined above,
@ :W*,*/i*w*ﬂ,* — KR**(pt),
is a graded ring isomorphism.

Via the isomorphism (10.16) this relates the groups KR™*(pt) to the alge-
bras Cf, ;. In particular, the (1,1)-Periodicity Theorem is reflected in the
(1,1)-periodicity for these algebras (cf. (4.3) of Theorem 4.1). Furthermore,
since KR*(pt) = KR~ *(pt) = KO *(pt) and C{,, = C{, we recapture
here the real ABS-isomorphism of Theorem 9.27.

From (1,1)-periodicity we see that

KR%°(pt) @ KR"!(pt) @ KR**(pt) = - - - = Z.

For our later discussion of the C{,-linear Atiyah-Singer operator (in I111.16)
it will be useful to have certain explicit generators for these groups, which
we shall now present. Recall that as a Real space R™" is just C" with
involution given by complex conjugation, and therefore we can write
KR™"(pt) = KR.(C"). We will give an explicit generator for KR, (C")
by using the Clifford algebra C¢, = C{(C") and its natural Z,-grading
Ce, =Ct? @ Ct,. For ¢ e CL,, let R,:CL, > CL, and L,:Ct, - Ct,
denote right and left multiplication by ¢ respectively. For x + iy e C*,
we consider the map

(R, + iL,): Ct2 —> Ct} (10.18)

which, since (R, + iL,}(R, —iL,) = —(|Ix||* + l|¥l|I>)Id, is invertible when
x+iy#0. This map (10.18) is clearly a Real endomorphism, i.e.,
R, + iL,)p = (R, + iL_,)®.

Proposition 10.12. The element
g, = [CE,CLY R, + iL,] € KR ,(C")
is a generator of the group KR (C") = KR™"(pt) = Z for all n 2 1.
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Proof. Because of the isomorphism of graded algebras Ci,=
CL, ® -+ ® Ct, (which follows from Proposition 3.2) it suffices to con-
sider the case n = 1. The element &, can be shown to coincide with the
generator of the image of ¢ in Theorem 10.11 as follows. To begin note
that since C£ = C - 1, right and left multiplication coincide on C{£?.
Consequently, ¢, = [C,C;m] where m, ,,: C — C is given by scalar multi-
plication: my, ,,(w) = (x + iy)w. \
On the other hand we have MR, ; = Z @ Z with generators given as
follows. For (x,y) € R!'!, define a C-linear map C @ C — C @ C by the

matrix
0 —m
(m 0 ) (10.19)

At (x,y), the square is —(||x||> + ||¥||*)Id. Hence, this action extends to
make C @ C (with involution given by complex conjugation) into a com-
plex Z,-graded Cf(R*:!)-module. This is the first generator. The second
generator is obtained by interchanging factors. That these are indepen-
dent generators is easily verified by working through the natural iso-
morphisms

MR, , =M, =M,

(cf. Proposition 10.9 and Theorem 3.7). These isomorphisms commute
with i*, and working out the details for the simple case I, ,/i*IN, ,
shows that either of our distinguished generators becomes a generator of
the quotient: MR, ,/i*MR, ; = KR (pt). Clearly under the isomorphism
@ of Theorem 10.11 our module above with multiplication 10.18 becomes
the element [C,C; m] as claimed.



CHAPTER 11

Spin Geometry and the Dirac Operators

In this chapter one finds the soul of the book. It is here that we examine
the structures and concepts that are central to differential geometry—
manifolds, vector bundles, connections, curvature, etc. If one also intro-
duces metrics (in the sense of Riemann), then it is unavoidable that Clifford
algebras and spin groups will enter the discussion. This is for the following
reason.

There is a principle by which the natural operations on vector spaces
such as direct sum, tensor product, exterior power, etc., carry over canoni-
cally to vector bundles. In the same fashion, the natural operations for
vector spaces with quadratic forms carry over to vector bundles with
metrics. In particular, suppose that n:E — X is a riemannian vector
bundle. Then in each fibre, E, = =~ (x), the quadratic form ||v||? = {v,v)
can be used to construct a Clifford algebra CI(E,). The result is a bundle
CUE) - X of algebras over X called the Clifford bundle of E. It carries
all the natural properties of Clifford algebras such as the Z,-grading, the
transpose endomorphism and the L-operator. This rich structure is basic
for the study of E itself.

In the light of Chapter I it is natural to ask whether one can also find
a vector bundle $(E) » X with the property that each fibre $(E,) is an
irreducible module over C{(E,). The answer is in general no. We shall
discuss the obstruction involved. By taking E = TX this will lead to the
notion of a spin manifold and spin cobordism. The bundle $(7X), when it
exists, plays a central role in the study of the global geometry and to-
pology of X.

In general, given any bundle of modules S over C{(TX), furnished with
a suitable metric and connection, one can associate to S a self-adjoint,
first-order elliptic operator D:I'(S) - I'(S) called the Dirac operator for
S. (This is done in §5.) From the algebraic operations of Chapter I one
can often construct natural splittings S = S* @ S~ with respect to which
the Dirac operator has the form

0 D™
P=(o- %)
where D*:T'(S*) - I'(§") and D™ :I'(S7) - I['(S*) are formal adjoints of
one another. This gives a unified procedure for constructing all the “clas-
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sical” elliptic operators on a manifold, namely: the Euler characteristic
operator, the signature operator, and the Atiyah-Singer operator. Details
of this are given in §6.

In §7 we introduce the notion of a C{,-linear operator and discuss in
detail some of the basic examples. Over a compact manifold any C{,-
linear Dirac operator D has an analytic index ind,(D) e KO ~¥(pt) defined
by applying the Atiyah-Bott-Shapiro isomorphism to the residue class of
the Clifford module [ker D] (see 1.9).

Roughly speaking, every Dirac operator represents the square root of
a Laplace operator. In euclidean space this statement is unambiguously
true. Over general manifolds, however, the difference D? — V*V between
the square of the Dirac operator and the standard “connection laplacian”
is a certain universal expression involving curvature and Clifford multi-
plication. Deriving such formulas and using them to draw global con-
clusions about curvature and topology is referred to as “Bochner’s
method.” We shall show how our universal formula specializes to give
the classical Bochner formulas on exterior differential forms, as well as
the Lichnerowicz formula for spinors. Using curvature identities derived
in §5, we shall then give a succinct proof of the theorem of Gallot and
Meyer concerning curvature and homology spheres. We shall also derive
formulas for the Atiyah-Singer operator with coefficients in a bundle.
This will be quite useful later in studying manifolds of positive scalar
curvature.

§1. Spin Structures on Vector Bundles

Let n: E — X be a real n-dimensional vector bundle over a manifold X.
We assume this bundle is equipped with a riemannian structure, that is,
a positive definite inner product continuously defined in the fibres. Such
a structure always exists.

We assume also that the bundle is oriented, i.c., that there is an orienta-
tion continuously defined on the fibres. This structure does not always
exist. To analyze the situation, we consider the bundle P,(E) of ortho-
normal frames in E. This is the principal O,-bundle whose fibre at a point
x € X is the set of orthonormal bases of E, = 7™ !(x). The bundle of orien-
tations in E is then just the quotient Or(E) = Po(E)/SO,, where two bases
of E, are identified if the orthogonal matrix transforming one to the other
has determinant + 1. Note that Or(E) is a 2-sheeted covering space of X
and that E is orientable if and only if this covering space is the trivial
one. We recall now the following elementary fact:

Lemma 1.1. Let Cov,(X) be the set of equivalence classes of 2-sheeted
covering spaces of X. Then there is a natural isomorphism

Cov,(X) ~ HY(X; Z,). 1.1
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Note. This is a special case of the isomorphism: H!(X;G) ~ {equivalence
classes of principal G-bundles on X}, which is proved in Appendix A.

Proof. Assuming X is connected, we can decompose the isomorphism
(1.1) as follows: HYX;Z,) S Hom(H,(X),Z,) > Hom(n,(X),Z,) >
Cov,(X). The second isomorphism follows from the fact that H,(X) is
the abelianization of n,(X). The third isomorphism is a restatement of
the elementary fact that 2-sheeted coverings of X are in one-to-one
correspondence with subgroups of index 2 in n(X). The case where X
is not connected now follows immediately. ®

From (1.1) we now see that, for each vector bundle E over X, the 2-
sheeted covering space Or(E) determines an element w,(E) e H(X;Z,),
called the first Stiefel-Whitney class of E. Directly from the definitions
we have the following fact.

Theorem 1.2. A vector bundle E over X is orientable if and only if w,(E) = 0.
Furthermore if w,(E) =0, then the distinct orientations on E are in one-
to-one correspondence with elements of HY(X;Z,).

The second statement simply says that there are two possible orienta-
tions of E over each connected component of X.

The definition of w,(E) given above is in accord with the one given
via classifying spaces (see App. B). To prove this it suffices to show the
following:

(i) This definition of w, is natural, ie., w,(f*E) = f*w,(E) for any
bundle E over X and any continuous map f: X' — X.

(i) This definition of w,(E) gives the non-zero element in
H'(BO,;Z,) = Z, when E is the universal n-plane bundle over the
classifying space BO,,.

Fact (i) is obvious since Po(f*E) = f*Po(E) and, therefore, Or(f*E) =
f*Or(E). Fact (ii) is true since otherwise every n-plane bundle would be
orientable.

By establishing properties (i) and (ii) it is possible to prove the equiv-
alence of a number of quite different definitions of w,(E). For example,
suppose X is connected. Then from the fibration O, - Py(E) — X, there
is an exact sequence.

0 — HX;Z,) —> HYPo(E); Z,) — H%O,;Z,) = H'(X;Z,).
(1.2)

We can define w,(E) = wg(g,) where g, is the generator of H%O,; Z,).
This definition of w,(E) has property (i) since the sequence (1.2) is natural
and property (ii) since the sequence (1.2) is exact and for the universal



80 II. SPIN GEOMETRY AND DIRAC OPERATORS

bundle E, Po(E) = EO, is contractible. From the exactness of (1.2) it is
clear that w,(E) = 0 iff P4(E) is disconnected, ie., iff E is orientable.

We shall examine other equivalent definitions of w, later in this section.
At the moment we pass on to the next possible simplification of the
structure group of a bundle E. Note that if E is orientable, then choosing
an orientation is equivalent to choosing a principal SO,-bundle Py (E) <
Po(E). This embedding is, of course, compatible with the action of SO,
O,. Having thereby made the structure group of E O-connected, one
might ask whether it is possible to make the structure group 1-connected.
This leads us to the concept of a spin structure.

Let E be an oriented n-dimensional riemannian vector bundle over a
manifold X, and let Pyo(E) be its bundle of oriented orthonormal frames.
Recall that for n = 3 we have the universal covering homomorphism
&o:Spin, — SO, with kernel {1,—1} > Z,.

DEerFINITION 1.3. Suppose n = 3. Then a spin structure on E is a principal
Spin,-bundle P, (E) together with a 2-sheeted covering
é . PSpin(E) —_— PSO(E)
such that &(pg) = &(p)¢o(g) for all p € Pg,;,(E) and all g € Spin,.
When n = 2, a spin structure on E is defined analogously, with Spin,
replaced by SO, and £,:S0, — SO, the connected 2-fold covering. When

n =1, Pso(E) = X and a spin structure is simply defined to be a 2-fold
covering of X.

Note that the diagram

Pgyin(E) —— PgofE)

\ / (1.3)
N A

where 7 and " are the bundle projections, is commutative. Note also that
¢ restricted to the fibres corresponds to the covering &,. The diagram of
fibrations is

Spin, —2>— SO,

=

4
PSpinn(E) — Pso(E)

Rt

On the other hand, suppose ¢: Py, (E) = Pso(E) is a 2-sheeted covering
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which is non-trivial on the fibres of X, i.e., so that the diagram

Spin, —=>— SO,

7
Zz\ l é l
PSpin(E) - Pso(E)

commutes. Then setting 7' = 7w o £ makes Pg,;,(E) a fibre bundle over X.
To make this a principal Spin,,-bundle we must lift the action of SO, on
Pyo(E) to a compatible action of Spin, on Pg,;,(E). The proof that this
lifting exists is a straightforward application of elementary covering space
theory. We conclude the following (even for n = 1 and 2).

Theorem 1.4. The spin structures on E are in natural one-to-one corre-
spondence with 2-sheeted coverings of Pso(E) which are non-trivial on the
fibres of 7.

This can be reinterpreted via Lemma 1.1 as follows:

Corollary 1.5. Suppose X is connected. Then the spin structures on E are
in natural one-to-one correspondence with elements of H'(Pso(E); Zs) whose
restriction to the fibre of Pgo(E) is non-zero.

We are now in a position to discuss the question of existence and
uniqueness of spin structures. Associated to the fibration SO, % Py (E)
5 X there is an exact sequence

0— H'(X;Z,) —> H'(Pso(E);Z,) — H'(SO,;Z,) = H¥(X;Z,)
(1.4)

which can be deduced from the Serre spectral sequence. In analogy with
the definition of w, via the sequence (1.2) we make the following definition:

DerINITION 1.6. The image w,(E) = wi(g,) € H*(X;Z,) of the generator
g, of H'(SO,;7,) = Z, is the second Stiefel-Whitney class of the oriented
bundle E.

To prove that this (or any other) definition agrees with the one given
via classifying spaces, it again suffices to show (cf. (i) and (ii) above):

(i) This definition of w, is natural.

(i) This definition of w,(E) gives the non-zero element in
H*BSO,;7,) = 7, when [ is the universal oriented n-plane bundle
over the classifying space BSO,.

Property (i') follows from the naturality of the sequence (1.4). Property
(ii') follows from the exactness of (1.4) and the fact that Pgy(E) = ESO,
is contractible.
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From Corollary 1.5 and the exactness of the sequence (1.4) we im-
mediately conclude the following.

Theorem 1.7. Let E be an oriented vector bundle over a manifold X. Then
there exists a spin structure on E if and only if the second Stiefel-Whitney
class of E is zero.

Furthermore, if w,(E) = 0, then the distinct spin structures on E are in
one-to-one correspondence with the elements of HY(X; 7).

Note that this result holds for all n. When n = 2, the class w, is just the
mod 2 reduction of the Euler class. More generally, the following is true.

ReMARK 1.8 (cf. Milnor-Stasheff [1]). If E is the real 2n-dimensional
bundle underlying a complex n-dimensional vector bundle E, then

w,(E) = ¢,(E)(mod 2)

where c,(E) is the first Chern class of E. (To see this, it suffices to observe
that the map H*BSO,,;Z,) - H*BU,;Z,), induced by the inclusion
U, c SO,,, is an isomorphism.)

REMARK 1.9. Note that the spin structure on a bundle E is independent
of the bundle metric on E in the following sense. A spin structure on E
uniquely determines a spin structure for any other metric. This follows
from Theorem 1.4 and the observation that the inclusion Pgo(E) =
Pg,+(E), where Pg;.(E) is the bundle of all oriented bases in E, is a
homotopy equivalence.

ReMARK 1.10. To choose an orientation and a spin structure for E is
in particular to find structure groups for E which are respectively 0 and
1-connected. Conversely, suppose E is equivalent to a vector bundle with
a Lie structure group G. If G is connected, then E is orientable; and if G
is simply-connected, then E is spin.

It should be noted that the process of finding successively more highly
connected structure groups for E terminates at the spin level. This is
because for any simply-connected Lie group G, 7,(G) = 0, and if n,(G) =
0, then G is contractible.

The conditions w; = 0 and w, = 0 can be interpreted geometrically as
follows:

Proposition 1.11. Let E be a vector bundle over a manifold X. Then E is
orientable if and only if the restriction of E to any circle embedded in X is
trivial.

The proof is obvious. There is an analogue for w,.
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Proposition 1.12. Let E be an oriented vector bundle of dimension = 3
over X. Then E is spin if and only if for any compact surface ¥ and any
continuous map f :X — X, the bundle f*E is trivial.

Suppose, furthermore, that X is simply-connected and of dimension > 4.
Then E is spin if and only if the restriction of E to any 2-sphere embedded
in X is trivial.

Proof. The group H,(X;Z,) is generated by maps f :X — X of compact
surfaces. Hence, w,(E) = 0 <> f*w,(E) = w,(f*E) = 0 for all such [ <«
S*E is trivial for all such f (since an oriented bundle of dimension > 3
over a surface is trivial if and only if w, = 0). This proves the first state-
ment. For the second statement it suffices to note that when n, X = 0 and
dim(X) > 4, the group H,(X;Z,) is generated by embedded 2-spheres. =

ReMARK 1.13. This second statement can be refined somewhat. If n, X =
0, then H,(X;Z,) is generated by immersions of S2, and if dim X > 4, the
immersions can be deformed to embeddings.

We now consider some alternative definitions of the classes w, and w,.
Recall that (cf. App. A) for any topological group G, we can view the
equivalence classes of principal G-bundles on X as elements in a “Cech
cohomology space” H'(X;G). As noted in Milnor [7] the short exact
sequence of topological groups

1— 80, —> 0,27, — 0 (L.5)
gives an exact sequence
H'(X;S0,) = H'(X;0,) -2 H'(X;Z,). (1.6)

Given an n-dimensional bundle E on X, we define the first Stiefel-Whitney

class by setting wy(E) = p,([Po(E)]). This definition is easily seen to have

properties (i) and (ii) and it therefore agrees with our previous definitions.
In a similar way the short exact sequence

0 — Z, —> Spin, —> SO, —> 1 (1.7)
gives an exact sequence
HO(X;S0,) - H(X;Z,) —> H'(X;Spin,) —* (1.8)
H'(X;SO,) ~> HX(X;Z,)
(cf. Hirzebruch [1]). Thus, for an oriented bundle E we define the second
Stiefel-Whitney class by setting w,(E) = §([Pso(E)]). This definition has
properties (i) and (ii") and therefore agrees with our previous ones.

With this definition it is transparent that w,(E) = 0 if and only if Pgo(E)
is equivalent to the Z,-quotient of a principal Spin,-bundle on X.
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REMARK 1.14. This is a convenient time to inject a minor word of cau-
tion. It was pointed out by Milnor that the Spin,-bundles associated to
distinct spin structures on E may be equivalent as abstract principal bundles.
Recall that spin-structures on E are in one-to-one correspondence with
elements of H'(X;Z,). However, by (1.8) we see that the equivalence classes
of principal Spin,-bundles with Z,-quotient equal to [ Pso(E)] are in one-
to-one correspondence with elements of H'(X;Z,)/6°(H%(X;SO,)). Now by
definition we have that H°(X;SO,) = C(X,S0,), the space of continuous
maps from X to SO,. The map

8%:C(X,S0,) — HY(X;Z,) 1.9
is given as follows. For a map f:X — SO, set 8°(f) = f*(1) where 1 is
the generator of H(SO,;Z,).

The map (1.9) is often surjective. For example, any class which is the
mod 2 reduction of an integral class lies in the image. To see this let
fo:X — S* represent the integral class and define f =i- fy: X — SO,
where i:S' & SO, is not homotopic to zero. Thus, if HY(X;Z,)
HY(X;Z) ® Z,, then 6° is surjective. Similarly if dim X < n, then §° is also
surjective. To see this note that every class in H(X;Z,) can be induced by
a map to P*R) < SO,. Thus, in either of these cases, all the principal
Spin,-bundles associated to distinct spin structures on E are abstractly
equivalent.

As an example of this phenomenon consider an oriented bundle E over
the circle S!.

Since H'(S';Z,) = Z,, there are two spin structures on E. However, any
principal Spin,-bundle over S! is equivalent to the trivial one since it
admits a cross-section (as does any fibre bundle over S! with connected
fibre).

Finally we mention a direct definition of w, and w, via homotopy
theory. From the sequence (1.4) there is a fibration

BSO, —> BO, — BZ, = K(Z,,1).

A map f;: X — BO, (classifying a bundle E) has a lifting to BSO, iff w o f;
is homotopic to zero. Recall that [X,K(Z,,1)] =~ HY(X;Z,). The class
wo fp is the first Stiefel-Whitney class w(E).

From the sequence (1.6) we have a fibration K(Z,,1) — BSpin, =,
BSO,. It follows that the cofiber of B¢ is K(Z,,2), i.e., there is a fibration

BSpin, — BSO, —— K(Z,,2).

We can now define w,(E) as we defined w,(E) above.
We complete this section with an observation concerning Whitney sums,

Proposition 1.15. Given three vector bundles E', E" and E =~ E' @ E" over
a manifold X, a choice of orientation on any two of them uniquely determines
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an orientation on the third. Similarly, a choice of spin-structure on any two
of them uniquely determines a spin structure on the third.

Proof. The statement concerning orientations is obvious since for finite
dimensional vector spaces V = V' @ V", an orientation on any two canon-
ically determines an orientation on the third.

Suppose now that E, E’ and E” are orientable. Then w,(E) = w,(E') +
w,(E"). Hence, if anv two are spin, so is the third.

Suppose under the correspondence of Corollary 1.5 a’' € H'(Pso(E'); Z,)
and a” € H'(Pso(E"); Z,) represent spin structures on E’ and E” respec-
tively. Now consider the cartesian product bundle E' x E” - X x X. We
let

A:Pyo(E @ E") —> Pgo(E' x E")

denote the diagonal map. The class in H(Pso(E' @ E”); Z,) which will
represent the spin structure determined by a’ and a” will be A*b where
be H'(Pso(E' x E"); Z,) will be the unique class which extends a’ x 1 +
1 x a” € H(Pgo(E') X Pgo(E"); Z,) under the inclusion Pgo(E') X Pgo(E”) =
Pso(E' x E”). That there is a unique b can be seen from the following
diagram:

0> HY(X x X;Z,) — HYPso(E' x E"\,Z,) —— HYSO,,,;Z,) — HYX x X:7,)

0 HY(X x X;Z,) -» HY(Pso(E') x Pso(E"), Z,) » HY(SO, x $O,;7,) » HYX x X;Z,)

That any two of the classes a', @ and A*b determines the third is now easy
to see. Let my : Pgo(V) = X be the projection map where V = E, E" or E”.
Then any spin structure y' (under the correspondence of Corollary 1.5)
on E' may be written a’ + n}u' and any spin structure y” on E” may be
written a’ + nf.u” for w.uw’ € H'(X;Z,). Then following the above pre-
scription 7' and y” determine A*b + 7k gp (W + u”’). Clearly any two of
these determine the third. =

§2. Spin Manifolds and Spin Cobordism

We are now in a position to discuss the notion of spin structures on mani-
folds. For convenience all manifolds are assumed to be of class C®.

DEFINITION. A spin manifold is an oriented riemannian manifold with
a spin structure on its tangent bundle.

The Stiefel-Whitney classes w;(X) of a manifold X are defined to be the
Stiefel-Whitney classes of its tangent bundle TX. Hence, by Theorem 1.7
we have the following.
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Theorem 2.1. An oriented riemannian manifold X admits a spin structure if
and only if its second Stiefel-Whitney class is zero. Furthermore, if w,(X) = 0,
then the spin structures on X are in one-to-one correspondence with elements
of H\(X;Z,).

Recall (cf. Remark 1.9) that the choice of spin structure for one rieman-
nian metric on X canonically determines a spin structure for any other
riemannian metric on X. Here we are using the fact that, for any metric,
the inclusion Pgo(X) = Pg+(X) of the bundle of oriented orthonormal
tangent frames into the bundle of all oriented tangent frames, is a homo-
topy equivalence.

Consider now a diffeomorphism f:X 5 X of a spin manifold X. If
[ is orientation preserving, then there is an induced diffeomorphism
df: Pgi+(X) = Pgr+(X) of the bundle of oriented tangent frames. This
map carries fibres to fibres and therefore induces a permutation of the
possible spin structures on X (considered as 2-fold coverings of Pg; +(X).)
If the given spin structure remains fixed, then f is called a spin structure-
preserving diffeomorphism.

It is a classical result of W.-T. Wu [1] that the Stiefel-Whitney classes
of a compact manifold X depend only of the homotopy type of X. There-
fore, the property of having or not having a spin structure is a homotopy
invariant, and in particular, it remains the same under changes of the dif-
ferentiable structure on X. Wu proves his result by giving a homotopy-
theoretic formula for the total Stiefel-Whitney class w=1+w; +w, +...
of X. Definev=1+v; +v, +...€ H¥X;Z,) by the requirement that

(vu a)[X] =Sq@)[X]

for all ae H*(X;Z,) where Sq =1+ Sq' + Sq? + ... is the Steenrod
square automorphism, and where [X] e H,(X;Z,), n = dim(X), denotes
the fundamental class. Wu’s formula states that

w = Sq(v)

(see Milnor-Stasheff [1] for details). Since Sqi(a) = 0 if i > deg(a), we see
that v, = 0 for k > [dim(X)/2]. Thus, for example, if dim(X) = 3, we see
that v =1+ v, =1 + wy, and it follows that w, = w2. In particular, if
X is orientable, then it is automatically spin. Suppose now that dim(X) = 4
andw, = 0.Thenv =1 + v, = 1 + w,, and we see that w, is characterized
by the fact that (w, U a)[X] = (a U @)[X] for all a € H*(X;Z,).

We will now examine some examples of spin manifolds. For convenience
we shall use the expression X is spin to mean that w,(X) = w,(X) =0,
(i.e., that X carries at least one spin structure for any riemannian metric
on X). Recall that any complex manifold is canonically oriented. Further-
more, by Remark 1.8 we know the following:
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REMARK 2.2. A complex manifold X is spin if and only if its first Chern
class satisfies ¢,(X) = 0 (mod 2).

EXAMPLE 2.3 (the trivial examples). It follows immediately from Theo-
rem 2.1 that any 2-connected manifold carries a unique spin structure.
The obvious examples of this type include homotopy spheres, Stiefel mani-
folds, and simply-connected Lie groups. Of course, any manifold whose
tangent bundle is stably parallelizable is spin. This includes, for example,
the inverse image of any regular value of a smooth map f:R"*? - R”. It
also includes any Lie group and any orientable manifold of dimension < 3.

ExaMpLE 2.4. Let P"(k) denote the n-dimensional projective space over
the (skew) field k. Then

PYR) is spin iff n = 3 (mod 4)
P(C) is spin iff n is odd
P"(H) is spin for all n.

To see this recall that the total Stiefel-Whitney class of P"(K)is w = 1 +
wi+wy,+...=(1+¢g)""! where g, the generator of the cohomology
ring, has dimension 1, 2 and 4 for K = R, C and H respectively. When
K = R, the conditions w;, = 0, w, = 0 are equivalent to (n+ 1) = n(n + 1)/
2=0(mod 2). The cases K = C and K = H are obvious.

ExaMpLE 2.5. The manifold SO, has two distinct spin structures given
asfollows: P(SO,) = SO, x SOy where N = n(n — 1)/2. The two coverings
are:

P,(80,) = SO, x Spiny
P,(SO,) = (Spin, x Spiny)/Z,
where 7, acts on Spin, x Spiny by the map (g, h) — (—g,—h).

ExAMPLE 2.6. Let ¥, be a compact Riemann surface of genus g. As
observed in 2.4 above, this surface is spin. (The Euler characteristic ¢,(Z,)
is even.) There are exactly 229 distinct spin structures on X which can be
constructed as follows. Let H'(X,;0*) denote the equivalence classes of
holomorphic complex line bundles on /. This is an abelian group under
the operation of tensor product. There is a short exact sequence

0 —> J —> HY(X,;0*) —> HXZ,;Z) — 0

where J =~ H'(Z,;R)/H'(Z,;Z) = T¥. Let 1, € H'(Z;0*) denote the tan-
gent bundle of X, and note that there exist exactly 22 elements 7€
H'(Z,;0*) such that 72 = 7,. Recall that for any complex line bundle t
the natural map © — 72 is of the form z — z2 in the fibres. Hence, each
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bundle  with 1> = 1, determines a 2-fold covering of Pso(Z,) < 7, which
is non-trivial on the fibres. These coverings realize all the distinct spin
structures on X,.

This construction is a special case of the general fact (cf. Hitchin [1]
and App. D) that for any compact Kéhler manifold X with ¢,(X) =0
(mod 2), the spin structures on X are in one-to-one correspondence with
holomorphic square roots of the canonical bundle of X.

ExaMPLE 2.7. Let V"(d) denote the non-singular complex hypersurface
of degree d in P"* {(C). That is, V"(d) is given in homogeneous coordinates
[Zo,...,Z,, ] for P"*1(C) as the zeros of a homogeneous polynomial
PZo, - .. ,Z, ) of degree d which satisfies the condition (Vp)(Z) # 0 when
Z # 0 and p(Z) = 0. The diffeomorphism class of V*(d) is uniquely deter-
mined by the integers n and d.

The first Chern class of V"(d) for n > 1 is

c,=Mn+2—-4d)-g¢g

where g is the canonical generator of H2(V"(d); Z) (the Kihler form induced
from P"*1(C)). It follows that

V*(d) is spin <> n+ d is even.

ExampLE 2.8. Let V"(d,,. .. d,) be the transverse intersection of hyper-
surfaces V" **=1(d,), ..., V" **1(d,) in P"*XC). Then for n > k

co=m+k+1—-d, —...—d) g

where g is the canonical generator of HA(V"(d,,....d); Z) = 7. Hence,

k
V*d,,....d)isspin <> n+k+1+ '; d; is even.

ExampLE 2.9 (N. Hitchin [1]). Let f: M — P*C) be a p-fold ramified
cover, branched over a non-singular curve of degree pg. Then M is spin
iff p is even and q is odd.

As we observed above, every oriented manifold of dimension < 3 is spin.
In higher dimensions the spin condition has a nice geometric interpreta-
tion. We shall restrict our attention to manifolds X with the property that
the homomorphism H,(X;Z) —» H,(X;Z,), given by reduction mod 2, is
surjective. This holds whenever X is simply-connected.

Theorem 2.10. Let X be an oriented n-dimensional manifold as above. If
n = 5,then X is spin if and only if every compact orientable surface embedded
in X has trivial normal bundle. If n = 4, then X is spin if and only if the
normal bundle to every compact orientable surface embedded in X has
even Euler class.
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Proof. Since Hy(X;Z,) = H)(X;Z) ® Z,, the group H,(X;Z,) is generated
by maps of compact orientable surfaces. By the classical theorems of
Whitney, every map of a surface into X is homotopic to an embedding
if n 2 5, and to a self-transversal immersion if n = 4. In this latter case,
we can remove small disks at each self-intesection point and attach an
embedded handle, thereby producing an embedded surface in the same
homology class. Consequently, H,(X;Z,) is generated by smooth embedd-
ings of compact orientable surfaces.

Let i:X & X be such an embedding. Then i*w,(X) = i*w(TX) =
w(i*TX) = wy(TZ @ NIZ) = w,y(TZ) + w,(NZ) = w(NX). Evaluating
on the fundamental class, we have (w,(X),i,[Z]) = (i*w(X),[Z]) =
(wo(NZ), [Z]). Consequently, if w,(X) = 0, then w,(NZ) = 0. On the other
hand, H,(X;Z,) is generated by such surfaces. We conclude that w,(X) = 0
if and only if w,(NZ) = 0 for every compact orientable surface embedded
in X.

The normal bundle NX to X is orientable. Therefore, when dim(NX) = 3
(ie., when n = 5), we have w,(NX) = 0 if and only if NX is trivial. When
dim(NZ) = 2 (i.e., when n = 4), we have w,(NZ) = y(NZX) (mod 2). This
completes the proof. =

Corollary 2.11. Let X be a simply-connected manifold of dimension = 5.
Then X is spin if and only if every 2-sphere embedded in X has trivial
normal bundle.

Proof. Since H,(X;Z) ~ n,(X) by the Hurewicz Theorem, we have that
H,(X;Z,) is generated by embedded 2-spheres. ®

Corollary 2.12. Let X be a compact, simply-connected 4-manifold. Then X
is spin if and only if (y U y)[X] = 0 (mod 2) for each y € H*(X;Z) (i.e., the
intersection form is “even”).

Proof. Let y € HX(X;Z) = [ X,P*(C)] be given by a smooth map f: X —
P3(C). Make f transversal to a hyperplane P*C) « P}C) and let T =
f~YP*C)). Then X represents the Poincare dual of y, and (y U y)[x] is
the self-intersection number of X, i.e., the Euler number of NX. ®

From the classification of quadratic forms (e.g., Husemoller-Milnor [1])
we conclude that the signature of X must be a multiple of 8. This result
holds, in fact, for any topological 4-manifold with w; = w, = 0. For
smooth manifolds there is the following deeper result (see Chap. 1V).

Theorem 2.13 (Rochlin). The signature of a smooth compact spin 4-manifold
is a multiple of 16.
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EXAMPLE 2.14. The complex hypersurface V2(4) = {(Z,,Z,,Z,,Z3): Z§ +
Z4{ + Z4 + Z4 =0} <« P*(C) is a spin manifold with signature 16 (see
Example 2.7 above). This is the so-called Kummer (or K3) surface.

ReMARK. The statement of Corollary 2.12 fails when n,(X) # 0. How-
ever, the following is true. For a compact orientable 4-manifold X, the
intersection form is even if and only if w,(X) is the mod 2 reduction of a
torsion class in H*(X;Z). This was proved by N. Habegger [1] who also
showed the following. Let X = V?(4)/Z, be the quotient of the Kummer
surface by the involution (Z,, Z,,Z,,Z3) - (Z,— Zy,Z3,— Z,). Then X is
orientable and has even intersection form; however, sig(X) = 8. Of course,
X cannot be a spin manifold. In fact, w,(X) is the mod 2 reduction of the
unique torsion class in H3(X;Z).

The remainder of this section will be devoted to a discussion of spin
cobordism. We begin with two observations which follow immediately
from Proposition 1.15,

Proposition 2.15. The cartesian product of two spin manifolds is canonically
a spin manifold. Any submanifold of a spin manifold with a spin structure
on its normal bundle is canonically a spin manifold.

In particular, if Y is a compact manifold with boundary Y, then any
spin structure on Y induces a spin structure on 0Y as follows. Let v be
the field of interior unit normal vectors along ¢Y. Using v, one obtains
an embedding Pgo(¢Y) = Pgo(Y), by completing each tangent frame to
JY with the given normal vector. The spin structure, considered for example
as a 2-sheeted covering, can now be restricted to Pgo(0Y).

DEFINITION 2.16. Two spin manifolds are said to be differentiably equiv-
alent if there is a diffeomorphism between them preserving orientations
and spin structures. A compact (not necessarily connected) spin manifold
is said to be spin cobordant to zero if it is differentiably equivalent to the
boundary of a compact spin manifold Y with (orientation and) spin struc-
ture induced from Y as above.

Let QSPi" denote the free abelian group generated by equivalence classes
of compact connected n-dimensional spin manifolds, modulo the subgroup
generated by elements [X,] + ... + [X,] where X; II. .. II X, is spin co-
bordant to zero. Q5P is called the n-dimensional spin cobordism group.

From Proposition 2.15 we know that the product of two spin manifolds
has a uniquely determined spin structure. This multiplication makes
Q" = P2, B3P into a graded ring, called the spin cobordism ring.

Note that the equivalence class (and therefore also the cobordism class)
of a spin manifold X is independent of the choice of riemannian metric
on X.
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ReMARK 2.17. Given two spin n-manifolds X; and X,, we can form
leir connected sum X, # X, and equip it with a spin structure so that
1# X, and X II X, are spin cobordant. Thus every spin cobordism
ass is represented by a connected manifold (see Milnor [7]).

The connected sum operation is a special case of the general procedure
f doing surgery on spin manifolds (see Milnor [5] and Kervaire-Milnor
1). In particular one can show that for n = 3 every spin cobordism class
represented by a simply-connected manifold. For n = 5, every spin
obordism class is represented by a 2-connected manifold (see Corollary
11). Thus by Poincaré duality and the h-cobordism theorem Q¥i" = 0.
For the special case n = 1, a spin structure is defined to be a 2-fold
overing of Pgo(S!) = S!. Consider S* as the boundary of the 2-disk with
s unique spin structure. Then the spin structure induced on S! is the
onnected 2-fold covering. Interestingly, the disconnected 2-fold covering
5 not cobordant to zero, although two copies of it clearly is (a good
xercise). Thus, Q5Fi* =~ 7,.

It is also true that the square of the circle with the bad spin structure
s not zero in Q5P =~ 7, (another good exercise).

We now briefly review the Thom construction. Let X" be a compact
-dimensional spin manifold and choose a smooth embedding X" — S"**,
t > n. The spin structures on X" and S$"** determine a unique spin struc-
ure on the normal bundle N(X") of X" (see Proposition 1.15). Hence, there
s a bundle map

Nx") Lo E,

|

x» -, BSpin,

classifying N(X"), where E, is the universal k-plane bundle. The map f
descends to a map of Thom spaces f: t(N(X")) — =(E,) = MSpin,. If we
identify N(X") with a tubular neighborhood of X" in $"*¥, then 7(N(X"))
is the space obtained by collapsing the complement of this tubular neigh-
borhood to a point. Thus we get a map n:S"** — 1(N(X")), and the com-
position f - m: S"** — MSpin, determines an element

(X" e n3(MSpin) = lim =, ,,(MSpin,).
k— o0
The classic result of Thom states that this map induces an isomorphism
Q¥rin =5 75(MSpin). 2.1)
We observe now that there is a natural ring homomorphism

P Q8 SO 2.2)
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where Q50 is the oriented cobordism ring. In fact, in low dimensions we
have the following (cf. Milnor-Stasheff [1; §17] and Milnor [7]):

n nfpin Q'S'O

0 Zz Zz

1| 2z, 0

2 |z, 0

3 0 0

4 Z (generated by the Kummer surface Z (generated by P%(C))

surface V2(4) in Example 2.14)

510 z,

6 0 0

7 0 0

8 Z ® Z (generated by P?(H) and a Z ® Z (generated by P4(C)
manifold L® such that 4L? is spin and P?(C) x P%(C))

cobordant to V2(4) x V(4))

Of course the non-zero element x € Q3P given by the circle with the
“bad” spin structure, goes to zero in Q3°. Hence, we have x - Q3" < ker p,.
In fact, it can be proved that x - Q"™ = ker p, (see Anderson-Brown-
Peterson [1]).

The cokernel of p,, is not so simple to describe. For example, the signa-
ture gives an isomorphism Q5° ~ Z, and therefore using Theorem 2.13

and Example 2.14 we get a short exact sequence
00— Qfin 24, 0% 7  — 0.
Similarly,
00— Q¥Fin 25 Q0 — 7,, — 0
isexact. The map p, tensored with the rational numbers is an isomorphism.
In fact, so is p, tensored with Z[4] (cf. Milnor [5]).

Itis known that the oriented cobordism class of a manifold is determined
by its Pontryagin and Stiefel-Whitney numbers. Similarly, it has been
proved that the spin cobordism class of a manifold is completely deter-
mined by its Stiefel-Whitney and KO-characteristic numbers (Anderson-

Brown-Peterson [1]). A fundamental such KO-invariant is the ring
homomorphism

o, Q%" — KO~ *(pt) (2.3)
which we describe in §3 of this chapter. Recall that

nmod8) | 0 | 1 2 (3] 45|6]7
Ko&py |z |z, |z, ol zololo

The homomorphism .7, is an isomorphism for n < 7.
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One of the remarkable and very useful consequences of the Atiyah-
Singer Index Theory is that this invariant can be computed as the topolo-
gical index of an elliptic operator naturally defined on any spin manifold
in the cobordism class. This will be discussed in Chapter III

One of the interesting uses of the invariant o/ is the following. Let "
be an n-dimensional hemotopy sphere, i.c., a compact differentiable mani-
fold which is homotopy equivalent to the n-sphere $”. Then X" is cobordant
to zero (cf. Kervaire-Milnor [1]), but it is not necessarily spin cobordant
to zero. In fact the homotopy n-spheres form a finite abelian group, ®,,
under the operation of connected sum, and .Z,: ®, — KO ~"(pt) is a homo-
morphism. The following is a consequence of deep results of Adams [ 3]
and Milnor [7].

Theorem 2.18. For n = 1 or 2 (mod 8) and n > 8, the homomorphism
Ay ®,— 7

is surjective.

§3. Clifford and Spinor Bundles

We begin this section by briefly describing the associated bundle construc-
tion. Let n: P —» X be a principal G-bundle over a space X, and let
Homeo(F) denote the group of homomorphisms of another space F. Give
Homeo(F) the compact-open topology. Then to each continuous homo-
morphism p:G — Homeo(F), we construct a fibre bundle over X with
fibre F as follows. Consider the free left action of G on the product P x F
given by
@y(p.f) = (P~ '.p(9)f)

for ge G and (p,f) € P x F. Define P x, F to be the quotient space (the
space of orbits) of this action. One easily sees that the projection P x F —
P 5 X descends to a mapping

n,:Px,F— X
which is the fibre bundle over X with fibre F. It is called the bundle asso-
ciated to P by p.
If X and F are manifolds, G is a Lie group, and P is differentiable, one
can consider continuous homomorphisms p: G — Diff(F), where Diff(F)
is the group of diffeomorphisms of F with the usual C* topology. In this

case, the associated bundle n,: P x, F — X is differentiable.
Note that if P is given by transition functions

9ap: U, " Uy — G

for U,,U; € U, where % is some open cover of X, then P x, F is given
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by the transition functions:
P ° Gop: Uy, 0 Uy — DIff(F).

Note also that if p: G —» GL(¥) is a linear representation on a vector
space V, then P x, V'is a vector bundle over X.

ExaMPLE 3.0. Let X be a manifold and let p: X — X be its universal
covering space. Then X is a principal =,(X)-bundle. Choose pe
Hom(n,X,Z,) =~ H(X:Z,), and consider Z, as the group of permutations
of the set {0,1}. Then X x, {0,1} is a 2-sheeted covering of X (see Lemma
L1).

ExampLE 3.1. Let X be a manifold and let P = P, (X) be the principal
GL,(R)-bundle of tangent frames. Let p,: GL(R) — GL(R") denote the
standard representation, and let p} denote the dual representation (p}(g) =
pn(g~")). Then

TX = Poi(X) x,, R"  and  T*X = Pg,(X) x5 (RM*

where TX and T*X are the tangent and cotangent bundles of X respec-
tively. Similarly,
A*TX = Pgi(X) X px,, A'R"

AFT*X = Py(X) X s (AR
QETX = Pgi(X) X g5, (KR

where A*p,, A¥p* and (X);p, are the induced exterior power and tensor
product representations.

ExaMPLE 3.2. Let X be an oriented riemannian manifold and let P =
Pyo(X) be the SO,-bundle of positively oriented orthonormal frames. If
P»: SO, — SO(R") is the standard representation, then again

TX = Pgo(X) x,, R"
A*TX = Pgo(X) x A*pn (A*R")
@TX = Pso(X) X@ron (@R")

Note that in this case p¥ = p,. This corresponds to the canonical iso-
morphism TX = T*X given by the riemannian metric.

ExaMPLE 3.3. More generally, if E is any oriented riemannian vector
bundle over a space X, then

E = Py(E) x,, R”
ANE) = Pgo(E) X pr,, (AR")
&I (E) = Pso(E) X gr,, (Q'R")

Again, since p, = p*, E and E* are canonically isomorphic.



§3. CLIFFORD AND SPINOR BUNDLES 95

These examples suggest the following. Recall that each orthogonal
transformation of R”* induces an orthogonal transformation of CL(R") =
Ct,. (It maps the tensor algebra to itself and preserves the ideal.) This
induced map on C{, clearly preserves the multiplication. Hence we get a
representation:

cl(p,): SO, — Aut(CEL(RM). 3.1
DerFINITION 3.4. The Clifford bundle of the oriented riemannian vector
bundle E is the bundle
CYE) = Pso(E) x c(pn) CEl(R")

associated to the representation (3.1).

E is a bundle of vector spaces with inner products, and CE(E) is just
the associated bundle of Clifford algebras. In fact CL(E) could be defined
as the quotient bundle:

CY(E) = <§0 ®'E> / I(E)

where I(E) is the bundle of ideals, i.e., the bundle whose fibre at x € X is
the two-sided I(E,) in Y2, (XVE,, generated by elements v ® v + [|v||?
forve E,.

It is evident that CE(E) is in fact a bundle of (Clifford) algebras over X.
The fibrewise multiplication in CE(E) gives an algebra structure to the
space of sections of CE(E).

It is also evident that each of the notions intrinsic to Clifford algebras
carries over to Clifford bundles. For example, there is a decomposition

CYE) = CL%E) ® CLY(E) (3.2)

corresponding to the even-odd decomposition of the algebras. These are
the +1 and —1 eigenbundles of the bundle automorphism

o: CY(E) — CE(E) (3.3)

which extends the map E — E sending v to —uv. There is also an intrin-
sically defined bundle map

L:C{E) — CUE) (3.4
which in any fibre C{(E,) is given by

L) = _kil €€y (3.5

where {ey, ... ,e,} is an orthonormal basis of E, (see Chap. I).
The following is an elementary but important fact:

Proposition 3.5. There is a canonical vector bundle isometry

A:AXE) =5 CYE) (3.6)
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under which

MA"E) = CLY(E); MA°E) = CLN(E) 3.7
and

MAPE) = {¢ € CUE): o ° L(¢) = (n — 2p)o} (38
forp=0,...,n

Proof. The isomorphism A follows directly from the canonical isomor-

phism 1:A*R" 5 C{R") and the fact that 4. A*p, = cf(p,) > 4. Equa-
tions (3.7) and (3.8) follow from Proposition 3.8 in Chapter 1. ®

As mentioned in the introduction, it is now natural to look for bundles
of irreducible modules over the bundle of Clifford algebras CE(E). Such
bundles can be constructed if w,(E) = 0.

DEeFINITION 3.6. Let E be an oriented riemannian vector bundle with a

spin structure &: Pg,;,(E) > Pgo(E). A real spinor bundle of E is a bundle
of the form

S(E) = PSpin(E) Xu M,

where M is a left module for C&(R") and where u:Spin, — SO(M) is the
representation given by left multiplication by elements of Spin, = C£%(R").
Similarly, a complex spinor bundle of E is a bundle of the form

Sc(E) = PSpin(E) X, M¢

where M is a complex left module for CL(R") ® C.

If the module M (or M) is Z,-graded, the corresponding bundle is said
to be Z,-graded.

ExampLE 3.7. Consider CL(R") as a module over itself by left multiplica-
tion ¢. The corresponding real spinor bundle

Clspin(E) = Pspin(E) %, CUR?)

is a “principal CL(R")-bundle”, ie., it admits a free action of CL(R") on
the right. There is a natural embedding Ps,;,(E) < Clsy,;,(E) which comes
from the embedding Spin, ¢ CL(R"). Hence, every real spinor bundle for
E can be captured from this one.

A similar remark holds for the complex case.

Of course, the bundle Clg,;,(E) differs from the Clifford bundle CE(E).
They can be compared as follows. Consider the representation

Ad: Spin, —> Aut(C{(R") (.9)
given by Ad,(¢) = gopg~ ' for g e Spin, = CE(R"). Clearly Ad_, = identity,
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and so this representation descends to a representation Ad’ of SO,. One
easily checks that Ad’ is just the representation cl(p,) given in (3.1). It
follows that

CUE) = PSpin(E) X ag CUR").
This leads to the following.

Proposition 3.8. Let S(E) be a real spinor bundle of E. Then S(E) is a bundle

of modules over the bundle of algebras CU(E). In particular the sections of

the spinor bundle are a module over the sections of the Clifford bundle.
The corresponding fact holds in the complex and Z,-graded cases.

Proof. The diagram
Pgin(E) x CUR™) x M —> Py, (E) x M

lpg Jp’g
Psyin(E) X CHR") x M —£5 Pg(E) x M
given by

(p.0,m) (p,om)

l |

(pg™'.90g™ .gm) —— (pg™".gom)
clearly commutes. Therefore, u descends to a mapping
u:CUE) @ S(E)— S(E), (3.10)

which is easily seen to have the desired properties. The corresponding
argument goes through in the complex and Z,-graded cases. m

We say that two spinor bundles of E are equivalent iff they are equivalent
as bundles of C{(E)-modules. A bundle of (real or complex, graded or
ungraded) C{(E)-modules is called irreducible if at each x the fibre is
irreducible as a (real or complex, graded or ungraded) module over CU(E,).

Recall that every module for CE(R”) can be written as a direct sum of
irreducible ones, and there are at most two equivalence classes of irreduc-
ible modules. Consulting §5 of Chapter I we obtain the following:

Proposition 3.9. Every spinor bundle of E (real or complex, graded or un-
graded) can be decomposed into a direct sum of irreducible ones. With the
assumption that X is connected, the number N of equivalence classes of ir-
reducible ones depends on the dimension n of E as follows.
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Real Complex Real Complex
n (mod 8) Ungraded Ungraded Graded Graded
1 1 2 1 1
2 1 1 1 2
3 2 2 1 1
4 1 1 2 2
5 1 2 1 1
6 1 1 1 2
7 2 2 1 1
8 1 1 2 2

Thus, for n even, there is only one irreducible, ungraded spinor bundle
of E (over R or over C). If n = 6 or 8 (mod 8), the complex one is just the
complexification of the real one. If n = 2 or 4 (mod 8), the complexification
of the real one splits into two copies of the complex one. This, and the
corresponding information for n odd, can be easily deduced from the
tables in Chapter L.

We now observe that in certain dimensions any real spinor bundle auto-
matically carries a natural complex or quaternion structure. This is a con-
sequence of the fact that for certain n, each irreducible real C{(R")-module
carries a compatible C or H structure, i.e., the module multiplication is
C or H linear (and hence, the complex or quaternion scalar multiplication
in M descends to the quotient Pg;, %, M). The appearance of such struc-
ture is periodic in n and can be deduced from Table III in Chapter . We
conclude the following.

Proposition 3.10. Let E be a real n-dimensional bundle equipped with a spin
structure, and let S(E) be any real ungraded spinor bundle of E. If n=1 or
S (mod 8), then S(E) carries a complex structure such that Clifford multipli-
cation is complex linear in each fibre. If n =2, 3 or 4 (mod 8), then S(E)
carries a quaternion structure so that Clifford multiplication is quaternion
linear in each fibre.

Let us now say a word about the Z,-graded case. There is a natural
one-to-one correspondence between classes of bundles of irreducible Z,-
graded modules over C{(E) = CLO(E) @ CL!(E) and classes of bundles of
irreducible modules over CL%(E). Given a bundle S(E) = S°(E) @ S!(E) of
the first kind, S%E) is of the second. Given an S°(E) of the second kind,
the bundle

S(E) = CK(E) ®C£°(E) SO(E)

is of the first.
Suppose now that n = 2m and S¢(E) is the irreducible complex spinor
bundle of E. We shall show explicitly how to split So(E) into a direct sum

SE) = SE(E) @ Sc(E) (.11
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of CLY%E)-modules. Interpreting S¢(E) as S(E) and Sg(E) as SA(E), or
the other way around, gives a Z,-graded module structure to Sc(E). The
two possibilities are the two inequivalent graded modules appearing in
the table. The construction is as follows. Consider the global section w¢
of CY(E) ® C which at x € X is given by

COC = im61 M ezm (3.12)

for any positively oriented orthonormal basis {e,,...,e,,} of E,. Then
we have

ol =1 (3.13)
ewe = —wge (3.13)

for any e e CLY(E) ® C. We then define S¢(E) and Sc(E) to be the +1
and —1 eigenbundles for Clifford multiplication by w¢. One easily sees
from (3.13") that these bundles have the same dimension and that they
form the 7Z,-graded modules as stated above.

These bundles can be written as associated bundles in the following
way. Let AT, and AS,, denote the two fundamental complex representa-
tions of Spin,,,. Then

SE(E) = Pgpin(E) x5 C*™ 7 (3.14)

For n = 0 (mod 4) there is an analogous construction in the real case.
Let S(E) be the irreducible real spinor bundle of E and define a global
section w of CE(E) by setting

w=e e, (3.15)

at x € X where {e,, ...,e,} is any positively oriented orthonormal basis
of E,. Again, we have that

w? =1 (3.16)
we = —ew for all e e CLO(E). (3.17)

For equations (3.16) and (3.17) it is necessary that n be a multiple of 4.
This again determines a decomposition

S(E) = S*(E) ® S™(E) (3.18)

into the +1 and — 1 eigenbundles of the operator given by Clifford multi-
plication by w. They make S(E) a Z,-graded module in two distinct ways,
thereby accounting for the 2 in Table 3.1 above.

If n=0 (mod 8), then S*(E) ® C = SZ(E). This corresponds to the
fact that in these dimensions, Af are the complexifications of real
representations.
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If n=4 (mod 8), then ST(E) ® C = SE(E) ® SE(E). In these dimen-
sions AF are quaternionic.

We now make a fundamental observation concerning these Z,-graded
bundles. Let

DE) = {e€ E: |lef| < 1)
be the unit disk bundle of E with boundary
D(E) = {ec E: e = 1},

the unit sphere bundle. Let 7: D(E) —» X be the bundle projection. Assume
n is even, so that S(E) are defined. Then the pull-backs of these bundles
over D(E) are canonically isomorphic on I(E) by the map

pe: (M*S¢)e — (*Sg)e (3.19)
given at e € D(E) by
plo)y=e-c
that is, Clifford multiplication by e itself. Since e - e = —|le||> = —1, each

map y, is an isomorphism. The pair of bundle§ n*S& over D(E), together
with the isomorphism u:n*S¢ > n*Sc over [)(E), given by (3.19), deter-
mine a “difference” element

ne(E) = [n*S&,n*Sc; u] € K(x(E)) (3.20)

where t(E) = D(E)/D(E) is the Thom space of E. Here K denotes reduced
complex K-theory (cf. 1.9).
If n =0 (mod 4), the analogous construction clearly goes through in
the real case. Here we obtain an element
n(E) = [n*S*,n*S™; u] € KO(HE)). (3.21)

We are now in a position to define the map (2.3) discussed in the last
section. Let Eg, be the universal 8k-plane bundle over BSping, with its
unique spin structure. (Eg, is the pull-back of the universal 8k-plane bundie
over BSOyg, by the map B¢: BSping, — BSOyg,.) Let

n(Esi) € I?é(MSpinsk)

be the class (3.21) defined above. Now fix n and choose k sufficiently large
that we have the isomorphism QP = 7, , 4,(MSping,). Then a cobordism
class [X ] e QPi" determines a map fy:S"*% — MSping,. We define

o, Q5P —— KO "(pt) (3.22)
by
A([X]) = f$n(Eg) € KOS®**") = KOS™) = KO~ "(pt).
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§4. Connections on Spinor Bundles

Suppose E is a smooth riemannian vector bundle over a manifold X and
that ¢: Pg,ia(E) = Pso(E) is a spin structure on E. Then, of course, any
connection on Pgy(E) can be lifted via £ to a connection on Pg,(E), and
this, in turn, defines a connection on the associated spinor bundles. In
this section we shall give an explicit computation of this spinor connection
and its associated curvature tensor in terms of the connection on E.

We begin by briefly recalling some facts from the theory of connections.
Let 7: P > X be a smooth principal bundle over a manifold X with group
G. Then G is a Lie group whose Lie algebra will be denoted by g. G acts
freely from the right on P. Each element Ve g determines a vector field
¥ on P by setting

V, = d/dt(p - exp(tV))IFo.
The map V — 17, gives an isomorphism
g, 4.1)
where ¥, is the tangent space to the orbit through p. The orbits are the
fibres of 7, and the plane ¥, can be thought of as the “vertical” space

through p. A connection is then a choice of an invariant field of comple-
mentary “horizontal” spaces.

DEFINITION 4.1. A connection on P is a G-invariant field of tangent n-
planes 7 on P (n = dim(X)) such that the linear map =, :1, = T,,(X) is
an isomorphism for all p € P.

At each p € P, 7, determines a linear projection T,(P) —» ¥,. The ca-
nonical isomorphism (4.1) then gives a linear map

@,: T (P)—> g 4.2)

This defines a g-valued 1-form « on P, called the connection 1-form. It
has the following properties.

oV)=V foral Veg (4.3)
g¥(w) = Ad;- @ for all g € G acting on the manifold P. (4.4)

Note that given the connection 1-form w, one can recapture the connec-
tion by the relation

1, = ker(w,).

The curvature of the connection is the g-valued 2-form Q given by the
equation

Q=do + [w,w] 4.5
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(Note that by the skew-symmetry of the Lic bracket, [w,0](vw) %
[w(v),o(w)] is a g-valued exterior 2-form.) This form has the following
properties.

QV,)=0 forall Vegq (4.6)
g*Q = Ad,-:(Q) forallge G 4.7)

EXAMPLE 4.2 (orthogonal connections). Let P = Pyo(E) where E is a
smooth, oriented riemannian vector bundle. The Lie algebra of SO, is the
space so, of real, skew-symmetric n x n-matrices. Hence, a connection 1-
form  can be considered as an n x n-matrix of 1-forms w = ((w;;)) where
w;; = —wj;. The corresponding curvature is a matrix of 2-forms Q = ((Q;;))
where

Q;=dw;+ Y oAy, (4.8)
k=1

For an orthogonal matrix g, Ad,(w) = gwg ™ *.

Let e; A e; denote the elementary skew-symmetric (i,j)-matrix. If
{ey,....e,} denotes the canonical basis of R", this corresponds to the
transformation

(e A ej)(v) = e, U>ej - <ej: vye;. 4.9
The connection and curvature forms can then be written as
w=—Y w;eAe (4.10)
i<j
Q=—-Y Qe ne 4.11)
i<j

Given a connection on the bundle Pgo(E) as above, we can define a rule
for taking derivatives of sections of E. For any smooth vector bundle F’
over X, let I'(E’) denote the space of smooth cross-sections of E'.

DEFINITION 4.3. A covariant derivative on E is a linear map
V:I(E) — I'(T*X ® E)
such that

V(fe)=df ® e + fVe 4.12)

for all f € C*(X) and all e I'(E).

Thus, given a smooth vector field V on X, we obtain a map V, :I'(E) —
I'(E) called the covariant derivative with respect to V. At a given point
x € X, (Vye), depends only on V, and on the values of ¢ in a neighborhood
of x.
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Proposition 4.4. Let w be a connection 1-form on Pyo(E) as above. Then w
determines a unique covariant derivative on E by the rule

Ve,=) 6;® e (4.13)
i=1
where & = (e, . . . ,e,) is a local family of pointwise orthonormal sections of

E, ie., alocal section of Pso(E), and where & = &*w.
This covariant derivative satisfies the rule

Vie, > =<Vye,e> + e,V € 4.14)

for all Ve T(X) and e,e’ € I'(E), where (-, -) denotes the inner product in
E.

Conversely, any covariant derivative on E satisfying (4.14) determines a
unique connection I-form by equations (4.13).

Note. A covariant derivative with property (4.14) will be called riemannian.

Proof. Let & =(e;,...,e,) be a frame defined on an open set U < X,
and let ((&;;)) be any skew-symmetric n x n-matrix of 1-forms on U. Then
equation (4.13) together with property (4.12) defines a unique covariant
derivative on E|. (To see this, note that any section e of E over U can be
written uniquely as e = Y fie; for f;,. .., f, € C*(U). Then by (4.12) and
(413 wehave Ve =) df, ® e; + ). fidhy; ® €, = Y. {dfy + Y. &f;} ® e
This definition of V has properties (4.12) and (4.14) and is therefore a
riemannian covariant derivative on U.) Conversely, given & and a rieman-
nian covariant derivative V on U, we have a skew-symmetric matrix of
1-forms ((&3;;)) on U uniquely defined by (4.13).

Consequently, to define a global covariant derivative on E it suffices
to assign to each local frame field & a matrix of local 1-forms ((d,;)) sat-
isfying the following compatibility condition. Suppose & = (e, . . . ,e,) and
& =(¢),....e,) are two orthonormal frame fields over an open set U,
and let & = ((&;5)) and &' = ((&;;)) be the associated matrices of 1-forms.
Then for each x e U, there is a unique orthogonal n x n-matrix g(x) =
((g:fx))) such that &(x) = &' (x)g(x), ie.,

n

efx) = Z e;(x)gfi(x)'

=1

Applying V and using (4.13) we find easily that
A(x) = g~ ' ()& (x)g(x) + g~ *(x)dg(x). (4.15)

This transformation rule is the required compatibility condition.
Suppose now that Pyg(E) is provided with a connection 1-form w. Then
given a local section & = (e, . . . ,¢,) of Pso(E) over an open set U, we get



104 II. SPIN GEOMETRY AND DIRAC OPERATORS

a skew-symmetric matrix of 1-forms & = ((&;;)) on U by setting & = &*w.
Note that & determines a local trivialization

¢:U x SO,— (V)

of n: Pyo(E) — X by setting ¢(x,g) = &(x)g. Conversely, ¢ determines &,
since &(x) = ¢(x,e). Note that ¢ is SO,-equivariant.

We now observe that in this local product determined by ¢, the connec-
tion 1-form can be written as

(p*®), , = Ad,- (@) + g~ 'dg. (4.16)

To see this we first write p*w = w, + w; where w, = ). a(x,g)dx’ for local
coordinates x' on X and where w; =) b;{x,g)dg;;. Properties (4.3) and
(4.4) imply that w, = g~ 'dg. By definition we have w, = &*w along
U x {¢} = U x G. Property (4.4) then implies that w, = Ad,-:(d) =
g~ ' o®o g at a general point (x,9).

If we choose a different cross section & = (e}, ... ,e,) over U, we geta
new trivialization ¢’: U x SO, — =~ !(U) by the formula ¢'(x,g) = &'(x)g.
The change of trivializations ® = (¢’) !0 @:U x SO, - U x SO, is
given by

D(x,g) = (x, g(x)g) (4.17)

where g: U — SO, is the change of frames as above, i.e., &(x) = &’(x)g(x).
Clearly we have that

p*o = DHg'*w)
Using (4.16) and (4.17) we can re-express this as

Ady- (D) + g7 dg = Ad i, (@) + (9(x)9) " d(9(x)9) (4.18)
= Ad,-1{Ad, - 1(&) + g~ ()dg(x)} + g *dg.

This equation immediately reduces to the compatibility condition (4.15).
Consequently, a connection 1-form on Pgy(E) determines a riemannian
covariant derivative on E, as claimed. Conversely, given a riemannian
covariant derivative, we obtain local 1-forms & transforming according
to (4.15). This implies that the compatibility condition (4.18) for the ex-
istence of a global connection 1-form on Pgo(E) is satisfied. This completes
the proof. =

Given a covariant derivative V on E, it is natural to ask whether the
second covariant derivatives commute in an appropriate sense. For this we
consider the composition

IE) - [(T* ® E) —> [A*T* ® E)
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a skew-symmetric matrix of 1-forms & = ((@;;)) on U by setting & = &*w.
Note that & determines a local trivialization

¢:U x SO,— n~ (V)

of 7: Pgo(E) — X by setting ¢(x,9) = &(x)g. Conversely, ¢ determines &,
since &(x) = @(x.e). Note that ¢ is SO,-equivariant.

We now observe that in this local product determined by ¢, the connec-
tion 1-form can be written as

(@*w),, = Ad,- (@) + g~ 'dg. (4.16)

To see this we first write p*w = @, + ©, Where w, = Y. ai(x,g)dx’ for local
coordinates x' on X and where w, = ) b,(x,g)dg;;. Properties (4.3) and
(4.4) imply that w, = g~ 'dg. By definition we have w, = &*w along
U x {e} « U x G. Property (4.4) then implies that w, = Ad,-(d) =
g !odog at a general point (x,g).

If we choose a different cross section & = (e}, . . . ,e},) over U, we get a
new trivialization ¢’: U x SO, — n~!(U) by the formula ¢'(x,g) = &'(x)g.
The change of trivializations ® = (¢’) ' o @:U x SO, - U x SO, is
given by

D(x,9) = (x,9(x)9) (4.17)

where g: U — SO, is the change of frames as above, i.e., &(x) = &'(x)g(x).
Clearly we have that

p*o = OX(p*o).
Using (4.16) and (4.17) we can re-express this as

Ady-(B) + g7 'dg = Ad ) - (&) + (g(x)g) ™ d(g(x)g) (4.18)
= Ad,- {Ad,- 1((@) + 97 '(x)dg(x)} + g~ 'dg.

This equation immediately reduces to the compatibility condition (4.15).
Consequently, a connection 1-form on Pgyo(E) determines a riemannian
covariant derivative on E, as claimed. Conversely, given a riemannian
covariant derivative, we obtain local 1-forms & transforming according
to (4.15). This implies that the compatibility condition (4.18) for the ex-
istence of a global connection 1-form on Pyy(E) is satisfied. This completes
the proof. =

Given a covariant derivative V on E, it is natural to ask whether the
second covariant derivatives commute in an appropriate sense. For this we
consider the composition

IE) - [(T* ® E) — [(A’T* ® E)
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where ¥ is the natural prolongation of V defined on sections of the form
e®ebyVae®e)=de®e —anrVe,and weset R=V .V

Proposition 4.5. Let w, & and V be as in Proposition 4.4, and let Q be the
curvature 2-form of the connection. Then

M=

Rei =

j

Q,; ® e (4.19)

1

where Q@ = *Q.
Proof. From equation (4.8) we have
VW@=V<Z@ﬁ®%>
Jj=1

dcaﬂ, ® eJ + : Cak] A CT)], ® ek
k=1

J

M= 1=

O, Re, =

j=1
Proposition 4.6. Let Q, & and V be as in Proposition 4.5. Then for local
tangent vector fields V and W on X, we have

Ry we = (VvVw — VoV — Viy we. (4.20)
Proof. Note that

V,Vwe, =V, <§J: ech)ﬁ(W)>
=Y, el VIauW) + L eV - GW)
and therefore
VvV — VoV — Vi we: = ZJ: eV DAW)—W - B (V) — a;([V.W])}
+ 2 e OuVIBW) — uW)o(V)}

= L e{da(VI) + T i 1 VW)
= ;e,-ﬁﬁ(V,W). u 421

Notice that from (4.14) we have the relation
{Ry.wpe. €y + {e,Ry ye) =0. (4.22)

Notice also that from the above it follows that the expression {Ry ye,€')
is a tensor, that is, at any point x € X, it depends only on the quantities
V.,W_e..e. and not on the local fields V,W,ee’ extending them. Hence,
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given two tangent vectors V,Wat x € X, the curvature gives a well-defined,
skew-symmetric endomorphism

Ry y:E.,—>E, (4.23)
called the curvature transformation associated to V and W.

Suppose now that n:P — X is a smooth principal G-bundle over X,
that p: G - SO, is a representation of G, and that
E,=Px,R"

is the associated riemannian vector bundle (cf. I1.3). Then given a connec-
tion on P there is a canonical connection induced on P(E,)) as follows.
Note that

P(E,) = P x, SO,

where an element g € G acts on SO,, via left multiplication by p(g). Given
a connection T on P, extend it trivially to P x SO, and then push it
forward to P x, SO,. One can easily see that this gives a connection 1,
on P(E)).
There is a canonical, G-equivariant mapping

i:P — P(E,) (4.24)
given by

p — [(pe)]:

(where [(p,h)] denotes the class of (p,h) € P x SO, in the quotient P(E,).)
If the representation p is faithful, the mapping (4.24) is an embedding.
For simplicity we assume p to be faithful.

Proposition 4.7. Suppose w and Q are the connection and curvature forms
on P respectively, and let w, and Q, denote the corresponding forms for the
induced connection on P(E,). Then, considering P — P(E,) as above, we
have that

wPIp = Py
and

QPIP = p*Q
where p,:g — so, is the Lie algebra homomorphism associated to p: G —
SO,
Proof. This follows straightforwardly from the fact that the embedding
(4.24) is G-equivariant, i.e., that i(p - g) = i(p) - p(g). ™|

We are now in a position to discuss the connections on Clifford and
spinor bundles. Let E be an oriented riemannian vector bundle of dimen-
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sion n, and suppose E is furnished with a riemannian connection, i.e., a
connection t on Pgy(E). The Clifford bundle C{(E) is associated to E by
the representation (3.1):

c¥(p,): SO, —> Aut(CE(R™).

Therefore, by the construction above, T induces a unique connection, 7/,
on CE(E). Note that since cf(p,) maps into the automorphisms of C{(R"),
we have that the associated Lie algebra homomorphism is a map

cl(p,)y : 50, — Der(CY{R"))

where Der(-) is the Lie algebra of derivations; i.e., c€(p,), has the prop-
erty that for each element A4 € so,

{clpn) A} (@ - ¥) = ({cl(p)A}0) - ¥ + ¢ - ({cl(p,),A}Y) (4.25)

for all @,y € CY(R™. Recall, furthermore, that under the canonical iden-
tification CL(R™) = A*R", the representation cf(p,) becomes A*p,. To-
gether with Propositions 4.4 and 4.7, this gives the following.

Proposition 4.8. The covariant derivative V on CUE) acts as a derivation
on the algebra of sections, i.e.,

Vie ¥)=(Vo) ¥ + o (VY) (4.26)

for any two sections ¢ and  of CU(E).

Furthermore, under the canonical identification CUE) = A*(E), the co-
variant derivative V preserves the subbundles AP(E) and agrees there with
the covariant derivative induced by the representation APp, (i.e., the usual
covariant derivative).

Corollary 4.9. The subbundles CL%(E) and CUY(E) are preserved by V.
Furthermore, the “volume form” w = e, - - - e, is globally parallel; that is,

Vo = 0.

Therefore when n = 3 or 4 (mod 4), the eigenbundles CL*(E) = {¢ € C(E):
wp = + @} are also preserved by V.

Proof. The first statement follows from the fact that CL%(E) = A®**"(E)
and CEY(E) = A°%(E). The second statement follows from the fact that w
corresponds to the unit section of A"(E). =

In the analogous way, Propositions 4.5 and 4.7 give the following.

Proposition 4.10. For any pair of tangent vectors V and W at x € X, the
curvature transformation

Ry :CUE,) — CUE,)



108 II. SPIN GEOMETRY AND DIRAC OPERATORS

is a derivation, i.e.,

Ry wl@ - ¥) = Ry wl@) ¥ + ¢ Ry w(¥) (4.27)

for all o € CUE,). Furthermore, R, y preserves the subspaces CLY(E,),
CLY(E,) and CLE(E,) as above.

Suppose now that E carries a spin structure &: Py, (E) — Pso(E) and
let S(E) = Pg,a(E) x, M be an associated real spinor bundle. Here M
is a left module over C{(R") and p: Spin, — SO(M) is the resulting repre-
sentation (cf. §3). The connection T on Pgy(E) lifts via the covering map
¢ to a connection 7 on Pg; (E). This in turn induces a connection and
therefore a covariant derivative on S(E). Recall (Proposition 3.8), that the
sections of S(E) form a module over the sections of C{(E).

Proposition 4.11. The covariant derivative V on S(E) acts as a derivative
with respect to the module structure over CU(E), i.e.,

V(g 0)=(Vp) 0 + ¢ (Vo) (4.28)
for any section @ of CY(E) and any section ¢ of S(E).

Corollary 4.12. If n=3 or 4 (mod 4), the eigenbundles S*(E)= {p €
S(E):wp = + ¢} are preserved by V.

Proof of Proposition 4.11. The representations cl(p,) (= Ad) and u pre-
serve the module multiplication, that is, u(g)(¢ * 6) = {cl(p.Ng)o} - {u(g)o}
for all g € Spin,, ¢ € CL(R") and 6 € M (see the discussion surrounding
Proposition 3.8.) Differentiating at the identity, we get that for each element
A € so, = spin,

{1 A} - 0) = ({ct(p)sA}0) - 0 + ¢ - ({1, A} o). (4.29)
The argument is now completed using Propositions 4.4 and 4.7 as before.
]

We also have the analogous statement for curvature:

Proposition 4.13. For any pair of tangent vectors V,W at x € X, the curva-
ture transformation

Ry w:S(E,) — S(E,)
is a module derivation, i.e.,
Ry wlo - o) = Ry w(p) o+ o- RV,W(U) (4.30)

Jor all ¢ € CYE,) and all 6 € S(E,). Furthermore, Ry y preserves the sub-
spaces S*(E,) when they are defined.
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We shall now proceed to explicitly compute the connection and cur-
vature forms on S(E). To do this we need to examine the representation
U

Recall that so, is ‘generated by the elementary transformations x A y;
x,y € R", given by the formula

(x A Vo) = X 00y — (y,ox. 4.31)
From Chapter I, §6, we have
pa(x A y) = 5[x.y]- (4.32)

That is, p,(x A y)o) = §[x,y] - o for all ¢ € M. Recall that on Spin,, we
have cf(p,) = Ad. Hence,

clpn)ex Ay = Adyx Ay = adlixy. (4.33)

That is, Ad,(x A ¥)(¢) = 3[[x.y].¢] for ¢ € CL(R"). Note that equation
(4.29) follows immediately from (4.32) and (4.33).

Suppose now that & = (e, ... ,e,) is an n-tuple of pointwise orthonor-
mal sections of E defined over a contractible open set U < X. & is just
a section of Pgo(E) over U, and it can be lifted to a section & of Pgin(E)
over U. There are two possible such liftings. They satisfy the relation:
é o (g = (g

The connection 1-form on Py, (E) is just the lift {*w of the connection
1-form w on Pgy(E). To obtain a formula of the type given in Proposition
44 we want to pull ¢*w down to U by the local section &. This “pull-
down” is just

& = EX(*w) = (€ - E)*(w) = E¥(0).

Consequently, the scalar 1-forms &;; are just the 1-forms we obtained
earlier by pulling down the connection w by the local frame field &.
Now for any spinor bundle S(E} we have a canonical embedding
Pgin(E) © Pso(S(E)). Thus, & can be considered as a section of Pgo(S(E)).
Let w® denote the connection 1-form on Pso(S(E)). Then to apply Propo-
sition 4.4 we want to compute @° = &*(w®). However, by Proposition 4.7,
we know that w® restricted to Pg,(E) < Pso(S(E)) is just u,(*w). Con-
sequently, we have
@ = 0.
Writing @ = — Y. @;;e; A e; (cf. (4.10)) and using (4.32), we can rewrite
this as i<j
D= -1 @;ee;. 4.34)
i<j

(Note that since ey, . . . ,e, are orthogonal, [e;, e;] = e;e; — e;e; = 2¢e;.)
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Finally, we note that the embedding Pg;,(E) < Pso(S(E)) can be inter-
preted to mean that every point of Pg,(E) determines an orthonormal
frame in S(E). In particular, the local section & determines a local section
P =(0,,...,04) Of Pso(S(E)). (The other choice of lifting & just deter-
mines the negative frame —% =(—064,..., — dy))

Combining the remarks above, we have the following.

Theorem 4.14. Let w be the connection I-form on Pgo(E) and let S(E) be
any spinor bundle associated to E. Then the covariant derivative V* on S(E)
is given locally by the formula

Vso'a = % z CB_" ® eiej N O'a (4.35)
i<j

where & = (ey, . . . ,e,) is a local section of Pso(E), & = &*(w), and where
& =(64,-..,0y) is a local section of Pso(S(E)) determined by &.

Note. The frame field & = (o4, . . . ,6y) 18, in fact, only determined up to a
constant orthogonal change of framing, that is, up to a choice of ortho-
normal basis at some point. (This corresponds to a choice of basis in
the module M, i.e., on the matrix realization of the representation u.) This
family of framings is characterized by the following property. For any
I =(iy,...,i,), we have that ¢; - - ¢; 6; = ), C};0, where the coefficients
{C%;} are constants.

An analysis similar to the one above can be carried out for the curva-
ture 2-form. Since curvature is a tensor, we do not need to be concerned
in this case with the distinguished frame field & on S(E). Hence, the cur-
vature of S(E) can be expressed in the following very pretty way:

Theorem 4.15. Let Q be the curvature 2-form on Pgo(E) and let S(E) be any
spinor bundle associated to E. Then the curvature R® of S(E) is given locally
by the formula

Ro=1Y Q,®ee;-0 (4.36)
i<y
where & = (e, . . . ,e,) is a local section of Pyo(E), Q=¢ *(Q) and where o
is any section of S(E).
In particular, for any two tangent vectors V and W at x € X, the curvature
transformation R, : S(E,) — S(E,) is given by the formula

v.w(o) = % z <RV,W(ei)9 ej>eiej0' 4.37)

i<j

where R, w is the curvature transformation of E,.
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Note that the expression

E% z <RV W z) €; >elej (438)

is independent of the choice of an orthonormal basis (e,, . .. .e,) for E,
and is therefore invariantly defined. It is skew symmetric in ¥ and W.
Consequently, R® can be thought of as a 2-form on X with values in
C{(E). The formula (4.37) can now be succinctly expressed as

Ry wlo) = Ry, w0 (4.39)

It is interesting to note that the arguments above can be carried through
also for the Clifford bundle C{(E) by using the equation (4.33). For tan-
gent vectors V and W at x € X we define the invariant operator

Ryw =3 Z (Ry wle)eyad,,, (4.40)
<j

where, as before, (e, . . . ,e,) is any orthonormal basis of E,. We then ob-
tain the following expression for the curvature tensor on C{(E) = A*(E)
in terms of Clifford multiplication.

Theorem 4.16. For any two tangent vectors V and W at x € X, the curva-
ture transformation R$! . CY(E,) —» CA(E,) is given by the formula

Ry wlo) = Ry wlo) (4.41)

where RS’ is the operator defined above in terms of the curvature trans-
formation Ry, w of E..

_ Itis an easy exercise to check that the restriction of the operator R}
H8°'E, c CH(E,) agrees with Ry . One need only verify that 4[ee;, e] =
(e; A ej)(e)for ec E,.

Note that Theorem 4.16 does not depend on the existence of a spin
structure on E. In fact, it does not even depend on the existence of an
orientation on E.

We conclude this section with some remarks concerning the situation
where E = T(X), the tangent bundle of X. In this basic case we abbre-
viate notation by setting Pgo(X) = Pso(T(X)), the (orthonormal) tangent
frame bundle of X, and C{(X) = C{(T(X)), the Clifford bundle of X.

Suppose now that Pgo(X) is furnished with a connection, and let V
denote the corresponding covariant derivative. Then there is an invari-
antly defined tensor field associated to V as follows. Let ¥V and W be
tangent vectors at a point x € X. Extend them to local vector fields (i.e.,
local sections of T(X)) and consider the expression

Tyw=V,W=V,V - [VW] (4.42)
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where [V,W] is the Lie bracket. The value of Ty y at x can be easily
shown to be independent of the choice of vector fields extending V, and
W, (see Helgason [1, Chap. I}). T, y is clearly bilinear and skew-sym-
metric. It therefore defines a global 2-form on X with values in T(X) called
the torsion tensor of the connection. The following result can be found
in any basic text in differential geometry.

Theorem 4.17. (The Fundamental Theorem of Riemannian Geometry).
Let Pyo(X) denote the tangent frame bundle of a riemannian manifold X.
Then there exists a unique connection on Pgo(X) with the property that its
torsion tensor vanishes identically.

This connection will be called the canonical riemannian connection on
X. It induces a canonical connection on C{(X) = A*(X).

Note that if X admits a spin structure {: Pg,;(X) - Pgo(X), then by
lifting, we obtain a canonical riemannian connection on Pg;,(X). This,
in turn, induces a connection on any spinor bundle associated to Pg,;,(X).

This situation falls precisely into the general framework developed
above. Thus any spinor bundle for X is a bundle of left modules over
CE(X), and the canonical covariant derivative is a derivation of the mod-
ule multiplication (see Proposition 4.11).

For most of the basic facts of riemannian geometry, the reader is referred
to the general literature which is extensive and quite good. However, there
is one fact we use sufficiently often that it is worthwhile to cite it here.

Proposition 4.18. Let R denote the curvature tensor of a riemannian mani-
fold X, i.e., the curvature tensor of the canonical riemannian connection on
the tangent bundle TX. Then R satisfies the following identities:

RyyW + Ry U + Ry yV =0, (4.43)
<RU,VW, Y> = <RW,YU, V> (444)

for all tangent vectors U,V,W,Y € T X, at all points x € X.

§5. The Dirac Operators

Let X be a riemannian manifold with Clifford bundle C¢(X), and let §
be any bundle of left modules over C¢(X) (i.e., a vector bundle over X
such that at each point x € X, the fibre S, is a left module over the algebra
CE(X),.) Assume § is riemannian and is furnished with a remannian con-
nection. Then under these general hypotheses, we can define a canonical
first-order differential operator D:I'(S) — I'(S) called the Dirac operator
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of §, by setting
Do=5 ¢-V,0 (5.0

at x € X, where e,,... e, is an orthonormal basis of T, (X), where V
denotes the covariant derivative on S determined by the connection, and
where “-” denotes the Clifford module multiplication. The operator D? is
called the Dirac laplacian.

Recall that the principal symbol of a differential operator D:T(E) - T'(E)
is a map which associates to each point x € X and each cotangent vector
¢e T¥(X), a linear map o4D):E, — E, defined as follows. If in local
coordinates we have

p=3 A

la| Em ox*

and (= Z Erdxy,
- k
where m is the order of D, then

odD) = i" | .Z A (x)E®.
The operator D is elliptic if g,(D) is an isomorphism for all & # 0 (see
HL1 for further details).
Recall also that the riemannian metric induces a canonical isomor-
phism between 7(X) and T*X). Throughout this section we shall con-
sider them as so identified.

Lemma 5.1. Let D be the Dirac operator of the bundle S defined above.
Then for any & € T*(X) =~ T(X) we have that

adD) = i& (5.1)
oD = ||¢|* (5:2)

where the symbol on the right denotes Clifford multiplication by the vector
¢ in (5.1) and the scalar ||€||* in (5.2). In particular, both D and D* are
elliptic operators.

Proof. Fix x € X and an orthonormal basis e, .. . e, of T (X). Choose
local coordinates (x4, .. .,x,) on X at x such that x corresponds to 0 and
¢; corresponds to (0/0x;), for each j. Under the identification T, (X) =
T¥(X) we have that e; also corresponds to (dx;), for each j.

For any local trivialization of § near x, we have that V, = (3/0x;), +
zero-order terms. Hence, at 0 we have that D =Y e 10/0x;) + zero-order
terms. Consequently, for any cotangent vector ¢ =Y £,(dx)), at 0, we
have by definition of the symbol that (D) =i }_ e;¢; = i¢. This gives (5.1).
Then 04(D?) = 64(D) > 04Dy = —¢ - & = ||¢|| and the proof is complete.

[
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We now observe that in light of the basic examples it is natural to
require that the bundle S have certain additional properties. The first
property is that Clifford multiplication by unit vectors in T(X) be or-
thogonal, i.e., that at each x € X,

(eo,,e0,) =<01,0,) (53)
for all ¢,,06,€ S, and all unit vectors e € T(X). Since e* = —1, this is
equivalent to the requirement that

(e0,0,) + {0,,€0,) =0 (5.3

for all such 6,,0, and e.

Recall (from the end of §4) that the bundle C{(X) carries a canonical
riemannian connection, whose associated covariant derivative will be
denoted by V. Our second requirement is that the covariant derivative
on § (which we also denote by V) be a module derivation, i.e., that

Vig-0)= (Vo) o+ ¢ (Vo) (54

for all ¢ e I'(CE(X)) and all ¢ € T(S).

There is a surprisingly large and important collection of bundles with
the properties described above. Although these bundles can be quite
varied in nature, a substantial part of the theory concerning them can be
treated in a uniform way. For this reason we introduce the following
concept:

DEFINITION 5.2. A Dirac bundle over a riemannian manifold X is a bun-
dle S of left modules over C£(X) together with a riemannian metric and
connection on § having properties (5.3} and (5.4) above.

Before presenting examples of these bundles, we shall investigate some
of their elementary properties. Note that any Dirac bundle § has a canon-
ically associated Dirac operator. Furthermore there is an inner product
on I'(S) induced from the pointwise inner product {-,*» by setting

(1,02 = [ <0105, (5.9
Proposition 5.3. The Dirac operator of any Dirac bundle over a riemannian
manifold is formally self-adjoint, i.e.,

(Do y,05) = (61, Do)
for all compactly supported sections ¢, and o,.

Proof. Fix xe X and choose an orthonormal tangent frame field
(e1, ... ,e,) in a neighborhood of x so that (V,e;), = 0 for all i,j. This can
be done for example, by extending a frame at x by parallel translation
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along geodesic rays emanating from x. Using properties (5.3), (5.4) and
(4.14), we have that at x,

(D6,,6,>, = EJ: {e)V,,0,,0,), = —; {V,,01,€,62),
= —; {ej<01,€;02> — (0,(V.e))0,> — (01,eV.,0:0}x
= =) (e;<01,¢;02))x + {61, D0,),
= divEV)x + <04,D0,),
where V is the vector field defined by the condition that
KV, W)= —<o,W-0a,)
for all tangent vectors W. The last line in (5.6) is established as follows
div(V), EY. <V, Ve,
= ‘; {eV,e)) =V, V)
=2 {eVied)s

Fi

73 etous-oie

The first and last expressions in (5.6) are independent of the frame field
(e, . - . ,e,)- Hence, we have established the equation

{Day,0,> = div(V) + <61, Da,)
on X. The proposition follows immediately. m

Note that if X is permitted to have a boundary dX, then the above
argument proves that

(Do1,05) = (01, D07) = [ V- 01,02 (57)

for compactly supported sections ¢, and g,, where v denotes the outer
unit normal field to 0X in X.

It is a general consequence of the ellipticity of D that any weak solution
to the equation Dy = 0 is of class C* (cf. Theorem 5.2(i) of Chap. III).
Because of the formal self-adjointness this may be expressed as follows.
Let I, (S) denote the Frechet space of C* sections of § with compact
support. Then any continuous linear functional F on I'.,(S) such that
F(Dg) = 0 for all ¢ € T'.,(S), can be represented as F(¢) = (p,iy) where
¥ € I(S) and Dy = 0. In particular, any locally integrable section y of §
which is orthogonal to DI",(S) (i.e., which satisfies the equation Dy =
0 weakly), is of class C® and satisfies the equation Dy = 0 in the usual
sense.
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Similar comments apply to D?2.
With this in mind, we define ker D = {¢ € T(S): Do = 0} and ker D? =
{0 € T(S): D*¢ = 0}, and observe the following:

Theorem 5.4. Let D be the Dirac operator of any Dirac bundle over a com-
pact riemannian manifold X. Then

ker D = ker D?
and this space has finite dimension.

Proof. Finite dimensionality is a direct consequence of elementary elliptic
theory (cf. Theorem 52(if) of Chap. III). For the rest, observe that
D*p = 0 = |Dg||> = (De,Dg) = (¢p,D*¢) =0 = Do =0. =

The results above have an important extension to L2-sections of a Dirac
bundle over any complete manifold. We begin with the following pre-
paratory lemma.

Lemma 5.5. Let D, § and X be as above. Then for any f € C*(X) and any
¢ € I'(8), we have that

D(fop) = (grad f)- ¢ + fDo. (5.8)

Proof. D(fo)= z ej'Ve,»(f(P) = zej{(ejf)(p + fVe,-‘P} = (Z (ejf)ej) T+
fDp)=(grad f) o + fDp. =

REMARK 5.6. The relation (5.8) immediately extends to distributional
sections @ of S. To see this, consider ¢ € I'.,(S), and note that from (5.8)
and (53), (fD®,¢)=(®,D(fp))=(®.(grad /) ¢ + fDo) = (D(fD) ~
(grad f) - @, ).

We shall now consider the space L*(S) of L2-sections of S. This is the
natural completion of I'_,(S) in the Hilbert space norm introduced above.
We now consider D as a symmetric operator on I' () and take its closure
(also denoted D), in L*(S). This gives us an unbounded operator in L*(S).
Its domain dom(D) consists of all ¢ € L*(S) for which there is a sequence
{@adr=1 < Tyl S) such that ¢, —» ¢ and Dy, —» ¥ = “De” in L*(S).

There is another extension of this operator to L*(S) which we shall
denote D*. The domain of D* consists of all ¢ e L*(S) such that the dis-
tributional image D¢ is also in L%(S). Of course, dom(D) = dom(D*).

We now observe that D* is simply the adjoint of D. Recall that e
L2(S) is in the domain of the adjoint D' if the function ¢ — (D, is
continuous on dom(D). Since dom(D) is dense, there exists a unique ele-
ment DY € L*(S) such that (D, > = (¢, D"y for all ¢ € dom(D). Clearly
D% is just the distributional image of y under D, and so D' = D*,
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We now prove that on complete manifolds, any Dirac operator is
essentially self-adjoint (cf. Wolf [1]).

Theorem 5.7. Let X be a complete riemannian manifold and let D be the
Dirac operator of any Dirac bundle S over X. Then the closure of D in
L%(S) is a self-adjoint operator. Furthermore,

ker(D) = ker(D?)
on L(5).

Proof. Fix x, € X and let d(x) be a regularization of the distance func-
tion from x,. Choose y € C*(R)sothat 0 < y < 1, x(t) = Ofort = 2, x(¢) =
Lfort <1, and |¢'| £ 2. Then set

1
XnlX) = x(; d(x)>-

We want to show that dom D = dom(D*). It suffices to prove that
dom(D*) < dom(D) since the reverse inclusion is obvious. Choose ¢ e
dom(D*) and define @, = y,¢ for each positive integer n. Then by Re-
mark 5.6 we know that De, = (grad y,) - ¢ + x.D¢ for each n. Clearly,
1.D@ — D¢ in L*(S). Furthermore, if we let B, denote the metric ball of
radius p centered at x; in X, then

lerad 1) - o]l? < ||

Ban—Bn p

4
= llell* 7== 0.

Consequently, Dg, — D¢ in L%(S).

Thus, we are reduced to the case where ¢ € dom(D*) has compact
support. By a partition of unity over supp ¢ we can assume that ¢ has
compact support in a local coordinate system. Here, using Fourier trans-
form methods, we can construct a parametrix for D, i.e. a pseudo-dif-
ferential operator P such that

DP=1-% and PD=1-9

where & and & are infinitely smoothing operators, and where P, & and
&' all have Schwartzian kernels supported near the diagonal. Observe
now that since Do € L*(S), there exists a sequence (Y, >.21 < I'o(S),
with support uniformly bounded in this coordinate neighborhood, such
that i, — D in L*(S). We then set ¢, = Py, + & ¢ and observe that
since the Schwartzian kernels of P and &' are supported near the diagonal,
each (smooth) ¢, has compact support. That is, we have <, ;L <
[pS). From the relations above, we see that ¢, —» PDop + ¥'¢ = ¢,
and that Dg, = DPy, + DF ¢ =y, — Sy, + DF ¢ » Do — FDo +
DY ¢ = Do (since, clearly, we have D& = D). This completes the
proof of the essential self-adjointness of D.
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We now prove that ker(D?) < ker(D). That is, we shall show that any
(necessarily smooth) L2-section ¢ of S which satisfies the differential
equation D%¢p = 0, also satisfies the equation Dy = 0. To see this, let
1. be the sequence of functions above and note that

0= (D¢, 279) = (D@, D(x29))
= (Do, 21,grad(x,) - ¢ + 12Do)
= |xDolI* + 20, e, grad(z,) - @).

Consequently, by the Schwartz inequality we have

lx-Le|* < 2||xsDo]||lerad (1) - @]|-

Therefore,
|x.Do| < 2||grad(x) - o|| < o,

and we conclude that ||Dg|| = lim ||x,D¢|| = 0. This completes the proof.
" ]

Having discussed Dirac bundles in general terms, it is now time to look
hard at some important examples. We begin with the basic ones.

ExaMPLE (an historical case). Let X = R", euclidean n-space, and let
S = R" x V where V is some finite dimensional module for C£,. In this
case the Dirac operator is a constant coefficient operator (on V-valued
functions) of the form

i 0
D= =
k;l ’Vk axk

where each y, is a linear map y,: V — V and where

Yive + vy = — 205

for all jk. If we choose a basis for V, these y,’s will be represented by
matrices. The relations above imply that

A 0

A

0 4
where A = — ) 92/0x? is the positive laplacian in R".

This particular operator has historical roots in physics. In the 1920s, the
physicist P.A.M. Dirac was searching for a Lorentz-invariant first-order

differential operator whose square would be the Klein-Gordon operator.
Thus he was essentially led to search for a first order operator D of the

D*=A-1d, =
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form above which satisfied the equation D? = A. Realizing that the y,’s
must be matrices, he was led immediately by this equation to the above
relations, which we recognize now as the generating relations of a repre-
sentation of CE,. See the beautiful book of Dirac [2] for a discussion of
the physics.
It is illuminating to consider this euclidean operator in low dimensions.
Let n =1, so that C¢; = V= C. Then we have
p=il
0x,
the generator of a basic semigroup of unitary operators on L2
Let n=2, so that Cf, =V =H = C @ C. The decomposition of H
into C ® C is natural and corresponds to the Z,-grading Cf, =
CtI @ Ctl. With respect to this Z,-grading, the Dirac operator inter-
changes even and odd parts. In particular if we identify C£2 and C&}
with C by setting u + ve,e; =~ u + iv = ue, + ve,, then D = ¢,(8/0x,) +
e,(0/0x,) has the form

0

0 —-—

D= 0z
e
0z

where 8/0z = 8/0x, + i8/0x,. Thus, the Dirac operator on R? = C, con-
sidered as mapping even to odd spinors, is exactly the Cauchy-Riemann
operator.

Let n= 3, so that Cf; = H & H and V = H. Cf, has two representa-
tions on M given as follows. Identify R® with Im(H), and let {i,j,k} be the
standard basis of imaginary quaternions. Then the two representations
are generated by letting i,j,k act on either the right or the left in H.
Choosing multiplication on the left, we get the following expression for
the Dirac operator on H-valued functions

0 0 0
D=i—+j— —
lax1+]ax2+kax3

If we re-express left quaternion multiplication, with respect to the basis
{1,i,j,k}, as 4 x 4 real matrices, then D becomes

0 - 61 - 62 - 63

04 0 -0, 2,

0, 05 0 -0

03 —0, 04 0

where 9, = 0/0x,.
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Let n = 4, so that Cl, = H(2) and V = H?> = H @ H. Here again the
splitting corresponds to a Z,-grading of the module ¥V, and D interchanges
parts. To describe the full Dirac operator we consider first the following
quaternion analogue of the Cauchy-Riemann operator. Identify R* with
H under the standard basis {1,i,j,k}, and define the following operators
on functions from H to H:

0 0 .0 0 0 0 0 . 0 .0 0

-9 4,;%9,;%9 Y 29
0q (3x0+l(3x1+](3x2+ ox® 09 Oxq Ox, ox, 0x,

—_ ] —

Then the Dirac operator can be expressed with respect to the splitting
H®H as

0o -2
0q
D=a
— 0
0q

Note the analogy with dimension two.

Note that left quaternion multiplication is always complex linear with
respect to the complex structure given by multiplication by i on the right.
Thus, left multiplication by i, j and k on H = C? could be represented by
complex 2 x2-matrices ¢,, 6, and a5 respectively. Under this conven-
tion, the operator d/0G becomes

0_90 , 0 0 0
3G oxo " Ttax, " Trox, T TPax,

The matrices o, can be chosen to be the classical Pauli matrices:

(i 0 (o -1 (0 i
=0 i) 2T o) BT oo

Note that these matrices generate the fundamental representation of Cf,4
in complex form.

We could continue this analysis. For general n, one can calculate
an enormous N x N-matrix whose entries are linear combinations of
0/0xy, . ..,0/0x,. Here N is on the order of 2". This matrix will have the
property that its square is A - I where I is the N x N identity matrix. How-
ever, this explicit form of D is seldom, if ever, useful. It is always simpler
to use the structure of the Clifford module.

It is interesting to note that the concept of D as a generalized Cauchy-
Riemann operator is a useful one. Let us fix a dimension n, and let D
denote the euclidean Dirac operator acting on functions f: R* — V where
V is some fixed C£,-module. Recall that the fundamental solution for the
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Laplace operator on R", for n > 2, is ¢(x) = ¢,/||x||*~2 for an appropriate
constant ¢,. That is, we have

Ap = d

where J, is the Dirac -function at the origin. Since D? = A - I, where I
is the identity on V, we have that

® = D(opl)
is the fundamental solution for D. That is,

From this one can derive very pretty analogues of the Cauchy Integral
Formula, and the analysis of D becomes quite accessible.

We now examine Dirac bundles S over more general spaces. Let X be
an arbitrary riemannian manifold. Then there are two basic cases.

ExaMpLE 5.8. (the Clifford bundle). Let § = CE(X) with its canonical
riemannian connection, and view C£(X) as a bundle of left modules over
itself by left Clifford multiplication. (Note that Property (5.4) was estab-
lished in Proposition 4.8.) The Dirac operator in this case is a square root
of the classical Hodge laplacian. Most of the remainder of this section is
devoted to a detailed analysis of this basic case.

EXAMPLE 5.9. (the spinor bundles). Suppose X is a spin manifold with
a spin structure on its tangent bundle. Let S be any spinor bundle asso-
ciated to T(X). Then S is a bundle of modules over C£(X), and as shown
in §4, S carries a canonical riemannian connection which has property
(5.4) (see Proposition 4.11 and the discussion following Theorem 4.17).
The Dirac operator in this case was first written down by Atiyah and
Singer in their work on the Index Theorem. Finding this operator was a
major accomplishment, and for this reason we shall call it the Atiyah-
Singer operator.

Notation. For spin manifolds X of even dimension we shall denote the
(unique) irreducible complex spinor bundie by $¢; and when dim(X) # 3
(mod 4), we denote the irreducible real spinor bundle by $. In both cases
the Atiyah-Singer operator will be written D.

These basic examples each generate large families of new examples by
the following construction. Let S be a given Dirac bundle with connection
V8 over a riemannian manifold X, and let E be an arbitrary riemannian
vector bundle with connection VE over X. Then the tensor product S ® E
is again a bundle of left modules over C{(X), where for ¢ € CUX), 6 € S
and e € E, the module multiplication is given by setting

pc®e)=(p-0)@e.
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It is clear that in the tensor product metric on S ® E we have that this
Clifford multiplication by unit tangent vectors on X is orthogonal (ie.,
Property (5.3) is satisfied). Furthermore, we can equip S ® E with the ca-
nonical tensor product connection, V = V3 ® VE, which is defined on sec-
tions of the form ¢ ® e by the formula

V(o ® ¢) = (Vo) ® e + o ® (VEe).

It is straightforward to verify that with this riemannian connection, the
bundle S ® E has the derivation property (5.4). Consequently, we have
proved the following.

Proposition 5.10. Let S be any Dirac bundle over a riemannian manifold X,
and suppose E is any riemannian bundle with connection. Then the tensor
product S ® E is again a Dirac bundle over X.

An interesting example of this construction is the following. Let X be
a spin manifold of dimension 8k, and let § be the canonical (real) spinor
bundle of X. Then under the above construction the bundle § ® § is a
Dirac bundle over X in two canonical ways (by multiplication in the left
or the right factor). It follows from the representation theory (see 1.5.18
and IV.10.16-17) that

Cix)=8® 8

where the two module structures correspond to multiplication on the left
and on the right (by the transpose) in C{(X).
Similarly, in all even dimensions we have

CiUX) ® C = 8. ® $E.

ReMARK 5.11. The construction above does indeed give rise to a large
number of examples. As we shall see later (Remark II1.13.11), basically
every elliptic operator on a spin manifold can be constructed, up to homo-
topy and degree shift, as a Dirac operator of the form D:I'(S° ® E) -
I(S' ® E) where S = S° @ S! is the complex Z,-graded spinor bundle.

Note that in each of the basic cases above (Examples 5.8 and 5.9), the
Dirac bundles and their associated Dirac operators are canonically defined
in terms of the riemannian metric on X. Hence, any mathematical objects
constructed using these operators are invariants of the riemannian struc-
ture on X. '

The remainder of this section will be devoted to an analysis of these
operators. We begin with the Clifford bundle CE(X).

Our first observation is that it is also possible to view C£(X) as a bundle
of right modules over CL(X) (by right Clifford multiplication). Property
(5.4) also holds for right multiplication. Hence, we can also define a “right-
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handed” Dirac operator D on C{(M) by setting

Dp= 3 (Vo) e (59

This operator is also elliptic and formally self-adjoint. The principal sym-
bol 64(D) is just right multiplication by i¢.

Recall now that there is a canonical isomorphism Cl(X) = A¥(T*(X)) =
A*(X). The bundle A*(X) also has two canonical first order operators,
namely the exterior derivative d: A*(X) - A*(X) and its formal adjoint
d*: A*(X) - A*(X). This adjoint is given by the formula

d* = (=1 *r* ludx (5.10)
on A?(X), where *:AP(X) > A" P(X) is the linear map defined by the
condition that ¢ A % = (@, >*1 where =1 is the volume form.

The Dirac operators and the exterior derivative are directly related as
follows:

Theorem 5.12. Under the canonical isomorphism C8(X) = A*(X), the Dirac
operators of CE(X) satisfy the following equations:

D>~d+d* (5.11)
Dz (—1Pd—d*  onA"(X). (5.12)
Consequently, since d* = (d*)* = 0, they also satisfy
D*=D*=dd* +d*d=A (5.13)
DD = DbD. (5.14)

The operator A defined in (5.13) is called the Hodge laplacian.

Proof. Fix x € X and choose an orthonormal frame field (e, .. .,e,) in a

neighborhood U of x with the property that (V, e)), = 0. We first observe
the following:

Lemma 5.13. The operators d and d* are given in U by the formulas

where “L” denotes contraction in A*(X).

Proof. Both expressions are invariantly defined; that is, they are indepen-
dent of the choice of frame field (e, . . . ,e,). To establish the first identity
it suffices to show that the operator on the right satisfies the following
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axioms for d:
Q) d2¢ =0
(ii) dlp AY)=do Ay +(—1Fp A dy
(i) df = grad(f)

for all smooth functions f and all smooth p-forms ¢ and g-forms .
Property (iii) is obvious. Property (ii) is seen as follows:

dio )= 3 & (Vo) A Y+ 9 A (Vo]
=do Ay +(—1P0 A dy.

(Here we use the fact that V acts as a derivation on A*(X).) To prove prop-
erty (i) we first note that from the independence of the choice of frame
field, it suffices to verify this at the point x where we have (V. e), =0.
Furthermore, by linearity it suffices to consider a ¢ of the form ¢ =
ae; A ... A e, where a is some smooth function in U. Then one easily sees
that at x,

d’p= Y ([leper]alejnene n...ne,
p<j<k

Since [ej,e; ], = (Ve,ex — Ve.e)). = 0, property (i) is proved, and the first
equation is established.

For the second equation, we again consider ¢ = ae; A ... A e,. Hence,
at x we have that

d(*‘P) = i (eja)ej/\ €pr1 N ... A e,.

ji=1

Consequently, at x
*(d * @) = ﬁ‘ﬁ (ejay*(ejne, 1 n...Ae,)
=
= ﬁ:l (=1 PO " Yea)ey AL A G
=

= (—1y+D -21 (e;a)e;L{e; A... Ae,)
=

A...Ngp

= (1D Y L (V)
j=1
This completes the proof of Lemma 5.8. =

We now recall that under the canonical isomorphism C{(X) = A*(X) we
have that

e pXenp—elLo

o ex(—1Plerp+elLo)
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for all e € AY(X) and all ¢ € AP(X) (see the discussion at the end of §3 in
Chap. I). Equations (5.11) and (5.12) now follow directly from Lemma 5.13.
This completes the proof of the theorem. =

This theorem has the following important consequences. On X the space
of harmonic p-forms is defined to be

H= B = ker(A)
p=0

Corollary 5.14. If X is compact and without boundary, then
ker(D) = ker(D) = ker(A)

In particular, under the isomorphism C8(X) = A*(X), the kernels of D and D
correspond to the space of harmonic forms on X.

Note that by applying Theorem 5.7 to a non-compact complete mani-
fold we conclude that a differential form which is in L* is harmonic if and
only if it is both closed and co-closed.

In the compact case the harmonic forms are related to the topology of
X as follows. Consider the so-called de Rham complex:

0 — MA%X) - TAlY) - T(a2x) 2 - .
Since d2 = 0 we can form the quotient: #*(X) = [ker(d)/image(d)]*. The
fundamental theorem of de Rham asserts that for each p =0, ..., n, #?(X)

is isomorphic to H?(X;R), the pth singular cohomology group of X with
real coefficients.

Since we are given a riemannian metric, we can also consider thg adjoint
sequence:

0 — [A%Y) <& MALX) <& TA2ZX) & -,

The fundamental result of harmonic theory is the following Hodge De-
composition Theorem (Corollary I11.5.6):

Theorem 5.15. Let X be compact, and without boundary. Then there is an
orthogonal decomposition

I(A*X) = H @ Im(d) ® Im(d*)

(where Im(-) denotes the image of the operator on I'(A*X)). In particular
there is an isomorphism

H? =~ H?(X;R)
foreachp=0,... n

A Note on Orientability. 1t is clear that orientability is not required for the
definition of D, and so the spaces H? can be defined for a non-orientable
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manifold X. Moreover, if X is compact the isomorphism H? = H?(X;R)also
holds. This is proved as follows. Let 7: X — X be the two-fold, orientable
covering manifold, and let I' = {1,g} = Z/27 denote the group of covering
transformations of X. Then I' acts naturally on A*(X). The subspace
A¥(X) of I'-fixed elements is preserved by d, and its cohomology is just
the cohomology of X. (Orientability is not required for the de Rham Theo-
rem.) We claim that the inclusion of this cohomology into the cohomology
of X is injective. Suppose ¢ € AR(X) and ¢ = dy for some ¥ € AP~ 1(X).
Set Y’ =1y + g*¥). Then ¢’ € A2~ 1(X) and since d commutes with g*,
¢ = dy'. This proves the injectivity.

Given a riemannian metric on X, we lift the metric to X. The harmonic
forms on X lift to I-invariant harmonic forms on X, and every I'-invariant
harmonic form is such a lift. That is, H*(X) >~ H}(X). We now observe that
H*(X) corresponds to the subspace HE(X;R) = H*(X;R). To see this we
note that if ¢ is a harmonic form, so is g*e. If ¢ is cohomologous to a
closed I'-invariant form, then ¢ and g*¢ represent the same cohomology
class. Hence ¢ = g*¢. We conclude that H¥(X) = HX(X) = H}(X;R) >
H*(X;R) as claimed.

The fundamental identities (5.13) and (5.14), established above for the
operators D and D, imply certain important identities for the curvature
tensor. In particular we have the following.

Theorem 5.16. Suppose X is a riemannian manifold, and let R denote the
Riemann curvature tensor acting by derivations on the bundle C{(X) =
AX(X).Then for any element ¢ € C¥(X),

Z. {eiejRei,ej((p) - Rei,ej((p)ejei} =0 (515)

i<j
Z eiReiyej((p)ej = 09 (5'16)
i,J

where (ey, . . . ,e,) is any orthonormal tangent frame at the point in question.
In particular, from (5.15) we conclude that

L ceiReef0)= = T Reofoleies (5.17)

1
=3 2 Lo R 0]

1
= 2 ,.Zj adeiej(Rei,e j( ®))-

Note. Since {e; A e;};<; represents an orthonormal basis of A%*(X), the
formulas above could be easily re-expressed without the use of (e, .. . ,e,).

Proof. Let us fix a point x € X and choose a local orthonormal tangent
frame field (e, . . . ,e,) such that (Ve;), = 0 for each j. Then for any section
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p € I(CL(X)), we have at x that

Do =3 eV.(eV.0)

= :Z:: eeV, V.o
“RVVer + T eefVaVe, = VeVl
—Zi VVeo + i;j eie;R., o (o).

similarly, we conclude that at the point x,
Do = -2V Vo0 + Z R, . (®)ee;.
i 1<J

Since D = D? (see (5.13)), we conclude that (5.15) holds at x, and therefore
sverywhere.

The second equation is proved similarly. We observe that at x,

Z ei(VeiVCj(p)ej

3

-~

DD¢

-~

DDo =) e(V,V.0le;.

sJ
i’j
Subtracting these equations and recalling that DD = DD completes the
proof. m

Since equations (5.15) and (5.16) are for Clifford elements, each con-
stitutes 2" scalar equations. They include the Bianchi identities (consider
the A'-component.) They also include a large number of new identities
for the curvature transformation of the bundle A*(X). These identities
will prove useful in the Bochner-type vanishing arguments presented in
§8.

We now examine some of the basic operators on CE(X) and analyse
their relationships with D and D. Recall that C£(X) carries a canonical
bundle mapping

o: CHX) —> CE(X) (5.18)

which is, on each fibre CL(X), the algebra automorphism extending the
map —1 on T (X). Since & = 1, we obtain a decomposition

CYX) = CL%X) @ CLY(X) (5.19)

where C£%(X) and CE!(X) are the 1 and — 1 eigenbundles of « respectively.
Under the isomorphism CE(X) = A*(X), we have CL%(X) = A***(X) and
CLY(X) = A*Y(X). For any non-zero vector e € T (X) left (or right) Clif-
ford multiplication gives an isomorphism e:C(X) 5 CtL(X). Hence,
if X admits a nowhere vanishing vector field, i.e., if the Euler characteris-
tic of X is zero, then the bundles CL%(X) and CE'(X) are isomorphic.
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There is a second canonical bundle mapping
L:C¥X) — C{X) (5.20)

which on CE,(X) is defined by the formula L(p) = —Y_; e;pe; for any
orthonormal basis ey, . . . ,e, of T,(X). This map is globally diagonalizable
and yields the canonical bundle decomposition

cex)y = @ A(X). (5.21)
p=0
In particular,
L=(—1P(n—2p) on AXX) (5.22)

for each p=0,...,n (see Chap. I). Clearly « and L commute, and their
composition satisfies

oo L=Looa=(n—2p) on AF(X) (5.23)
for each p.

Finally, we consider the section w of A"(X) < CE(X) given at each point
x by setting
w=e; e, (5.24)
where e, ....e, is any positively oriented orthonormal basis of T .(X).
Since w is independent of the choice of basis we may for any x € X choose
local fields e, . . . ,e, such that (Ve,), = O for each i. This shows that
Vo = 0. (5.25)

The section w satisfies the relations

nn+1)

wr=(—1) 2 (5.26)
we = (—1"lew (5.27)

for any section e of T(X) = CE(X).
We now define a canonical bundle map

2 CUX) — CUX) (5.28)
by setting
lol@) =" ¢.
If n = 3 or 0 (mod 4), then 42 = 1 and we have a decomposition
ClX)=Ct*'(X) ® CL(X) (5.29)

where CE*(X) are the + 1 eigenbundles of 4,,. From (5.27) we see that for
any non-zero vector e € T,(X) at any point x, left Clifford multiplication
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gives isomorphisms:
e:CLE(X)—> Cti(X) ifn=0(mod4) (5.30)
e:CLE(X) —> CE(X)  ifn=3(mod 4). (5.31)

The bundles C£*(X) can be explicitly written as
CeLE(X) = (1 + 0)C{X). (5.32)
EBach such bundle is evidently a submodule under right Clifford
multiplication.
The above construction is particularly important since it generalizes

immediately to any Dirac bundle S over X. Again we have a bundle
isomorphism

p:S§—> S (5.33)
and a corresponding decomposition

S=S*"®S"” (5.34)
where ST = (1 + w) - S. Moreover, for any non-zero e € T,(X), the for-
mulas analogous to (5.30) and (5.31) hold.

Note that for n=1 or 2 (mod 4), A2 = —1. Hence if we complexify
S and consider the operator il, we obtain a splitting S® C =
S®C)" ®(S® C). In these dimensions, A, defines a complex struc-
ture in S, and this splitting is the usual (1,0), (0, 1)-decomposition for the
complex structure.

Let us turn our attention back to the Clifford bundle C{(X) and ex-
amine some of the elementary properties of the operators defined above.

Lemma 5.17. The operators o, L and 1, satisfy the following relations
(i) aL—La=0
(i) ad, + (=" =0
(i) LA, + (—1)y"A,L =0.

Proof. (i) was observed above. For (i} we note that a(we) = a(w)u(e) =

(=1)'wa(p). For (iii) we see that by (527), L(wg)= —) ewpe; =
=(=1)t Y wejpe; =(—1Y"'wL(p). W

It follows from (iii) and (5.22) above that 1,(A?(X)) = A" ?(X). In fact
A, is related to the x-operator (cf. (5.10)) as follows:

1
p(n—p)+5 pp+1)
*

we = (1)

1
5 p(p+1)
— 1)2 *Q

for ¢ € AY(X). (5.35)
pw =
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To see this it suffices to consider ¢ = e, - - e,. Then *¢p =¢,,, - * ' ¢, and
the computation is easy.

Lemma 5.18. The operators o, L and A, considered as sections of
Hom(C(X),Ce(X)), are globally parallel. That is,

[V,«] = [V,L] = [V, 4,] = 0.

Proof. That « is parallel follows from the fact that —1 is parallel in
Hom(7T(X),T(X)) and V is a derivation. That 1, is parallel follows from
(5.25). For L we fix a point x € X and choose a local orthonormal frame
field ey, . . . ,e, such that (Ve)), = 0 for each j. Then at the point x, V(L¢) =

-V Z e;pe;= — Z {(Ve)ope; +e{Vole;+e 0(Ve)} = — Z e(Vole;= L(Vo).

This completes the proof. m
Corollary 5.19. The subbundles AP(X) and CL*(X) (when defined) are
preserved by covariant differentiation.

We now examine the relationship of these operators to the Dirac
operators.
Proposition 5.20. Let D and D be the Dirac operators on CL(X) defined
above. Then the following relations hold

(i)Da+aD=ﬁa+aD:=0 .
(i) D+ (=1)'AD = Diy— 4,0 =0
(iii) DL + LD = 2D; DL + LD = 2D.
Corollary 5.21. The operator A = D* = D? satisfies the relations
[¢,A] =[1,,A] =[L,A] =0.

In particular we have that 1, :H? S H"*. This is the Poincaré Duality
Isomorphism.

Proof of Proposition 5.20. We shall consider only D. The arguments for
D are similar. Let ¢ be a section of CE(X). Then using the lemmas above,
we have

() D) = Y, eV fap) = . e1(V.,0)

= —(x(z ejVej(0> = —a(Deo)

(i) D(wg) = . eV, (09) = ¥ eV,
= (=10 L eVe,e = (~1)"'oDg
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(ii) D(Lo) = ; eV, (L) = ; e;,L(V.,0)
= —jZk ejek(vej(p)ek
_,-,Zk (—ewe; — 20, ) (V. 0)ex
—L(D¢) + 2D(o).

This completes the proof. =

The above arguments carry directly over to the following case.

Proposition 5.22. Let S be any Dirac bundle over X. Then the Dirac opera-
tor on S satisfies the relation

DA, = (—1y~1A,D.

We shall conclude this section with some remarks on the variation of
the Atiyah-Singer operator under changes of metric.

Notice that all of the standard bundles of riemannian geometry-—the
tangent bundle, the cotangent bundle, and their tensor products—have
structure group GL,(R). They exist independently of any metric con-
siderations. In fact, the introduction of a riemannian metric amounts to
a (simultaneous) reduction of the structure group of these bundles to SO,,.

When X is a spin manifold, the situation for the canonical spinor bundle
of X is completely different. The spinor bundle itself depends on the choice
of riemannian metric.

This last statement can be made precise as follows. Let Pg;+(X) be the
oriented frame bundle of X and suppose that dim(X) = n > 2. Denote by
GL}(R) » GL; (R) the 2-fold, universal covering group of GL; (R). Since
X is spin, there exists a principal GL(R)-bundle Pgi+(X) with a GL; (R)-
equivariant bundie map Pg;.(X) — Pgp+(X). Introducing a riemannian
metric gives a reduction of the structure groups and a commutative
diagram

PSpin(X) P(’}‘I:+ (X)

| l

Pyo(X) — Pg(X)

Now one could hope for the existence of a finite dimensional represen-
tation ¢:GL}(R) - GL(V) whose restriction to Spin, is an irreducible
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spinor representation. The associated vector bundle
S =Pg(X)x, V

would then be the canonical spinor bundle, and choosing a metric on X
would induce a metric on S (as in the case of the tensor bundles.). This
would give us a fixed vector bundle on which we could consider a family
of Atiyah-Singer operators associated to each variation of the riemannian
structure on the base. Unfortunately, this hope cannot be fulfilled.

Lemma 5.23. The Lie group E}\IJ.,,,+ (R) (n > 2) has no finite dimensional
representations other than those which descend to GL; (R).

Proof . Consider the subgroup SL,(R) = GL,(R) and its 2-fold, universal
covering group ST, ([R) < GL*(R) Since ST, «(R) contains the kernel of the

homomorphism GL;(R) -» GL; (R), it will clearly suffice to prove the
assertion for this subgroup. Let ¢:SL,(R) - GLA(R) be any Lie group
homomorphism. Let ¢, : s (R) — gly(R) denote the associated Lie algebra
homomorphism, and consider its complexification ¢, ® C:sl,(C) -
gly(C). Since SL,(C) is simply-connected, the elementary theory of Lie
groups tells us that ¢, ® C is induced by a homomorphism of Lie groups
®:SL,(C) - GLA(C). It follows that

® = Olsy,m

in a neighborhood of the identity. By the uniqueness of analytic continua-
tion this identity holds everywhere, and so the representation descends
to SL(R) as claimed. m

Note that the argument just given does not apply to the conformal
group C, = {g e GL,(R):g = Ag, for Ae R* and g, € SO, }. Indeed, con-
formal changes in the metric on the base manifold can be lifted to a fixed
spinor bundle, and one can study there the associated change in the
Atiyah-Singer operator. A basic and important fact is that the Atiyah-
Singer Dirac operator remains essentially invariant under all conformal
changes of the metric.

We now make this last statement precise. Fix a riemannian spin mani-
fold X with metric {-,-), and consider the conformally related metric

<.,.>/ — e2u<.’.>
where u is some smooth function on X. Let X’ denote this riemannian
manifold with metric {-,")’. To each orthonormal tangent frame & =
{e;,...,e,} on X we can associate the orthonormal frame Y(&) =
{e,....,e,} on X', where ¢; = exp(—u)e; for each j. This gives us an SO,-
equivariant map ¥ : Pso(X) = Pgo(X") which lifts to a Spin,-equivariant
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map
Y1 Pspin(X) — Pgpin(X') (5.36)
between principal Spin,-bundles. (We have chosen the spin structure on
X" which is topologically equivalent to the one given on X.) For any
fixed spinor representation u:Spin, — SO(M) we have associated spinor

bundles § = Pg;,(X) x, M and §' = Pg;,(X'y X, M, and the map (5.36)
gives us a bundle isometry

y,:S— 8§ (5.37)
We now modify this isometry by setting

n—1
u

Y=¢ 27y, (5.38)

The resulting map ¥: S — §' is a bundle isomorphism which is conformal
on each fibre. The basic result is the following:

Theorem 5.24. Let D:T(S) —» [(S) and P':T(S) - [(S) be the canonical
Atiyah-Singer Dirac operators defined over the conformally related riemann-
ian manifolds X and X' respectively. Then

pP=¥-p-¥! (5.39)

Corollary 5.25. Let ) and )’ be as in 5.24. Then
dim(ker P) = dim(ker D).

In other words the dimension of the space of harmonic spinors remains con-
stant under pointwise conformal changes of the riemannian metric.

Note. Suppose we have a decomposition S=S* @S~ defined by a canon-
ical volume element as in the next chapter. Then Corollary 5.25 applies to
- each of the operators D* and P, that is, dim(ker P*) = dim(ker(p")*).

Proof of Theorem 5.24. We have two metrics {-,-> and {-,-)’ defined
on the same vector bundle T = TX = TX'. Let V and V' respectively de-
note the associated canonical riemannian connections. It is straight-
foward to verify that for vector fields ¥ and W we have

VW =V, W + (V- w)W + (W-u)V — (V,W dgrad(u)

where the gradient is taken in the metric {-, ). (Check the axioms.) Sup-
pose now that & = {e;,....e,} and Y(&) = {e}, ... .e,} are local ortho-
normal frame fields for {-,-) and {:,- )’ respectively, and let w;; = (Ve e;>
and w); = (V'ej, ;)" be the associated 1-forms. One easily finds that for
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any tangent vector V,

W(V) = 0p(V) + (e wV,e;> — (e;  ul{V,ep.

The local tangent frame field & = {e,, ... ,e,} determines a local frame
field & = {6,,...,0y4} for S. Similarly, & = {¢,,...,¢,} determines a
frame field &’ = {7}, ...,0y} for §' where o} =y (o)) for each j. From
(4.35) we see that the induced connections on S and S’ are related as

follows:

\R

I

1 ’ 'l
172, wji(V)eiejO'a
LJ

% Wu {Z w}i(V)eiejo-a}
=%V, {Z (0;(V) + (ew){V,e;> — (eu){V, ei>)eiejo-a}

=y, {Vf, o, + % (grad(u)- v — V- grad(u))aa}.

Since grad(u)- V = — ¥V -grad(u) — 2{grad(u), V>, we conclude
following.

Lemma 5.27. Let V5 and V®' denote the riemannian connections on S and

§’ respectively. Then
S’ S 1 1 -1
V= l//uo A% “E Vgrad(u)—z(Vu) o l//u .
Corollary 5.28.
1
D=, {m +30n- 1)grad(u)} v
We now observe that for any constant, a,

Dleo) = eau(ﬁa +a Z (eju)e]o)

= e*(Po + ograd(u) - o),
and therefore

_nty o1,
To”olp_lze 2 lpuo”o(ez ¢;1>

=, <$ + %(n - 1)grad(u)> oY, l=p. m
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§6. The Fundamental Elliptic Operators

In this section we shall use the Clifford bundle and its modules to sys-
tematically derive the fundamental elliptic operators in riemannian geom-
etry, that is, the Euler characteristic operator, the signature operator,
and the Atiyah-Singer A-operator.

The basic construction is the following. Let S be a Dirac bundle with
Dirac operator D over a riemannian manifold X, and suppose that § is
Z,-graded. This means that there is a parallel decomposition

S=5@ st (6.1)

so that Ci(X) - § = §'*/ for all i,j € Z,. From the definition (5.1) of the
Dirac operator it is clear that D is of the form

0 1
D= <D° l()) > (6.2)

DO:T(S®) — I(S") and D':T(SYH)—T(S7).  (6.3)

Since D is self-adjoint, we see that D° and D! are adjoints of one another.

The ellipticity of D established in §5 implies that each operator D* is
also elliptic. In fact, the principal symbol of D* at a cotangent vector &
is simply Clifford multiplication by i¢, that is,

o DY) = it Sk — S forkeZ, (6.4)

where

(see Lemma 5.1). Since & - & = —||¢||%, we see that ¢,(D*) is an isomorphism
for £ # 0.1t is a fact that over a compact manifold, the kernel and cokernel
of an elliptic operator P are of finite dimension, and a basic invariant of
P is its index which is defined as

ind P = dim(ker P) — dim(coker P). 6.5)

Since D! is the adjoint of D?, there is an isomorphism ker(D') = coker(D°),
and so we have that

ind D° = dim(ker D°) — dim(ker D?). (6.6)
From (6.2) it is clear that
ker D = ker D° @ ker D (6.7)

In particular, if D is injective, then ind D® = 0.

Whenever X is oriented and even-dimensional, we recall (cf. (3.11)ff) that
there is an important method for introducing a Z,-grading on any Dirac
bundle S. Let w¢ be the complex volume element, given in terms of a posi-
tively oriented orthonormal tangent frame (e, . . . ,e,,,) by

we =i"e; ey (6.8)
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where 2m = dim(X). This is a globally defined section of C{(X) =
C(X) ® C with the following properties.

Ve =0, (6.9)
wi =1, {6.10)
Wee = —ewg foranyee TX. (6.11)

Property (6.9) follows easily from the derivation property (4.26) of V. (Fix
x € X and choose e;’s with (Ve)), = 0.). For the rest, see Proposition 3.3
of Chapter L

Suppose now that S is a Dirac bundle over X (complex if m is odd).
Then S has a decomposition

S=S*"®S8" (6.12)

into the +1 and — 1 eigenbundles for multiplication by w¢. These bundles
can be simply expressed as

S* =(1 + wg)S. (6.13)

From (6.9) we see that this decomposition is parallel, and from (6.11) we
see that for any ee TX,

e- St < S, (6.14)

This means that after identifying S® with S* and S* with S~, the decom-
position (6.12) gives a Z,-grading on S.
We now examine some important examples of this construction.

ExaMPLE 6.1 (the Euler characteristic operator). Let X be a compact
riemannian manifold and consider the basic case where

S = CE(X) = CLAX) @ CLL(X)

(cf. (3.2)). By Theorem 5.7 we see that under the canonical isomorphism
Cl(X) >~ A*(X), the operator D°: T(C£%(X)) — ['(CLY(X)) corresponds to
the operator

d + d*:T(A**"(X)) — T(A*(X)).
Consequently, we have
ind D° = dim H**" — dim H°%
= the Euler characteristic of X.

ExaMPLE 6.2 (the signature operator). Let X be a compact, oriented
riemannian manifold of dimension 4k and consider again the basic case

S = CYX) = CL*(X) ® CL~(X)
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where the Z,-grading is now given as above by the complex volume ele-
ment wg = (— 1)*w (see (6.12) and also (5.26)ff). There is a corresponding
decomposition

ker D=ker D* @ ker D™,

Since w¢ is parallel, it preserves ker D and the subspaces ker DT are just
the +1 eigenspaces under multiplication by w¢ on ker D. That is,

ker D* = (1 £ we)ker D.

Now, under the canonical isomorphism CE(X) = A*X) we know that
ker D=H =H’ @ - - - ® H*, the space of harmonic forms (see Corollary
5.9). Furthermore, under this isomorphism, left multiplication by w¢ cor-
responds to the Hodge *-operator, that is, for ¢ € AP(X),

+ pip—1)

k
were=(=1) * *¢ (6.15)
(see (5.35)). Consequently, for each p = 0, ... ,2k we have an isomorphism
we: HP — H*P,

This, in turn, implies that the space H(p) = H” ® H* "7, for p < 2k, has
a decomposition

H(p) = H*(p) @ H™(p)

where the subspaces H*(p) = (1 + wc)H(p) are of the same dimension. Since
ker Dt =H* = H¥(0) @ - - - @ H*(2k — 1) ® (H*)*, where (H2*)* =
(1 + wo)H?**, we conclude that

ind D* = dim(H**)* — dim(H?¥)~
= sig(X).

For this last statement we recall that the signature of X, denoted sig(X),
is defined to be the signature of the quadratic form

Qo) = [, 0 n v = ([e] v VINX])

on H* >~ H?(X;R). Since * = w in dimension 2k and since

2
s

[rorso=llo

we see that this signature is just the difference of the dimensions of the
+1 and —1 eigenspaces of * on H?X,

EXAMPLE 6.3 (the Atiyah-Singer A-operator). Let X be a compact rie-
mannian spin manifold of dimension 4k and consider the complex spinor
bundle §. with Dirac operator p. We split $c =~ 3¢ @ $c under the
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complex volume element as above. Then it is a consequence of the Atiyah-
Singer Index Theorem in Chapter III that

ind(®*) = A(X)

where A(X) is a rational Pontryagin number of X called the A-genus. We
shall examine this invariant in detail in §11 of Chapter I1I; however, some
discussion of it is in order here.

The A-genus has an important multiplicative property like that of the sig-
nature. If X and Y are compact oriented manifolds. Then

AX x Y)= A(X) x A(Y). (6.16)

The A-genus is, in general, not an integer. For example, for a compact
4-manifold X, it is a fact that

~ 1 1
—Ax) = g sig(X) = 3 p1(X) (617)

where p,(X) is the first Pontryagin number of X. In particular, for the
complex projective plane PZ(C), we have H*(P%(C)) = Z and so the sig-
nature is 1. It follows that A(P3(C)) = —1/8.

The index of an elliptic operator is, of course, an integer. Hence, we
conclude the following result (cf. Atiyah-Hirzebruch [1]).

The A-genus of a compact spin manifold is an integer. (6.18)

Note also that from (6.17) we retrieve the basic fact that the signature of
a spin 4-manifold must be a multiple of 8 (see Corollary 2.12 and the fol-
lowing discussion).

An important set of spin manifolds with non-zero /f—genus is provided
by the hypersurfaces V2"(d) of complex projective space P2"*1(C) (see
Example 2.7). Recall that the manifold V2"(d) is spin if and only if the
degree d is even. It is a fact that (cf. Lawson-Michelsohn [1])

) = 20T @ - @k (619
2n + 1) vy ) )

Thus, each of the spin manifolds V2"(2d), for d > n, has non-zero A-
genus. Taking products of these gives further examples by (6.16).

Each of the fundamental examples above gives rise to a family of as-
sociated operators by the process of taking “coefficients in a bundle.” This
works as follows. Let S = S° @ S! be a Z,-graded Dirac bundle as before,
and let E be any riemannian bundle with connection over X. Then the
bundle

S®E=S"®E)® (5* ® E)

is again a Z,-graded Dirac bundle over X (see Proposition 5.10).
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EXAMPLE 6.4. Let § = C&(X) = CEL*(X) @ CL™(X) be as in Example
6.2. Then for any bundle E over X we can construct the twisted signature
operator D, :T'(CL*(X) ® E) - I'(CL™(X) ® E) whose index is

sig(X;GE) = {ch,E - L(X)}[X].
This formula is explained in detail in Chapter 111

EXAMPLE 6.5. Let §¢ = $¢ @ $c be the complex spinor bundle of Ex-
ample 6.3. Then for any bundle E over X we can construct the twisted
Atiyah-Singer operator D, :I'(5; ® E) — I'(S¢ ® E) whose index is

A(X;E) = {ch E - A(X)}[X].
Again see Chapter III for details.

§7. C{,-Linear Dirac Operators

There is a variation of the constructions given above, due to Atiyah and
Singer, which has proved to be very important in riemannian geometry.
To introduce the concept we return to a point mentioned earlier (in
Example 3.7). Let Pg,,(X) be the principal Spin,-bundle of an n-di-
mensional spin manifold X. Then from the representation ¢: Spin, —
Hom(C¢,,Ct,) given by left multiplication, we have the associated vector
bundle

%(X) = PSpin Xy CZ" (71)

Since right multiplication commutes with Z, we see that there is a right
action of the algebra C{, on the bundle &(X) which preserves the fibres.
This action makes @(X) a bundle of rank-1 C{,-modules.

The idea now is to construct elliptic operators and an appropriate index
theory which take into account this action of Cf,.

We shall begin with the construction of such an operator in the basic
case of @(X). Note first that the action of Cf, on &(X) clearly commutes
with Clifford multiplication by elements of C{(X).

Since &(X) is associated to Pg,;,(X), it carries the canonical riemannian
connection, and as such it is clearly a Dirac bundle over X. In fact, as a
vector bundle @(X) is simply a direct sum of irreducible (real) spinor bundles
of X. (This comes from the decomposition of C{, into irreducible modules
under left-multiplication.)

The right action of C¢, on @(X) is parallel in the riemannian connec-
tion, i.e., for any section ¢ € I'(@(X)) and any element ¢ € C{,, we have
V(o - ¢) = (Vo) - ¢. (This is evident since the holonomy in &(X) is left
multiplication by elements of Spin,. It can also be seen directly from the
methods of §4.)



140 II. SPIN GEOMETRY AND DIRAC OPERATORS

From the definition (7.1) we see that the decomposition C¢, = C£? @
Ct} gives rise to a parallel decomposition

&(X) = @°(X) ® &'(X) (7.2)

which is not only a Z,-grading over the bundle C{(X) but also over the
free C¢,-action. That is, we have

&(X) - Ct; < @*(X) (7.3)

forall i, je Z,.
Since &(X) is a Dirac bundle it carries a canonical Dirac operator 9P,
which, with respect to the decomposition (7.2) is of the form

0o 9
25:(250 0). (7.4)

Furthermore, this operator commutes with the action of Ct,. To see this,
note that Do) =Y eV, (09) = Y (¢,V,,0)¢ = P(0)p, since multiplica-
tion by ¢ is parallel and commutes with multiplication by elements from
Ce(X). This operator D is called the C{,-linear Atiyah-Singer operator of
X.

We now proceed as above and consider the restricted operator

P°:T(@(X)) — T(@&'(X)).

From (7.3) and the paragraph above we conclude the following:

Lemma 7.1. The operator D° is a real, elliptic first-order operator which
commutes with the action of C£2 = Ct,_, on &X) = §°(X) ® &1(X).

This construction is sufficiently important that we shall axiomatize it.

DerNITION 7.2. By a C{,-Dirac bundle over a riemannian manifold X
we mean a real Dirac bundle & over X, together with a right action
Cf, & Aut(®) which is parallel and commutes with multiplication by
elements of C{(X).

This can be thought of as a Dirac bundle which carries “scalar multi-
plication” by C{,. Notice that a C{,- or Cl,-Dirac bundle is just a com-
plex or quaternionic Dirac bundle respectively.

DeriNiTION 7.3. A C{;-Dirac bundle & is said to be Z,-graded if it
carries a Z,-grading & = &° @ &! as a Dirac bundle, which is simulta-
neously a Z,-grading for the C{;-action (that is, (7.3) is satisfied).

Any C¢,-Dirac bundle & has a canonically associated Dirac operator
D which commutes with the C,-action. If & is Z,-graded, then D de-
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composes as in (7.4), and we get an elliptic operator
D 1(&%) — (&Y (7.5

which commutes with the action of C£) = C¢,_,.

When X is compact, we can directly define an analytic index for such
operators as follows. Since D° commutes with C =~ C{,_,, the kernel
of D% is a finite dimensional C&,_,-module, and thereby ker ®° deter-
mines an element in the Grothendieck group M, _; of such modules.
Consider now the residue class of this element in MM, _ ,/i*IN,, where i* is
induced by the homomorphism i, :Cf,_, —» C{, determined by the in-
clusion map i:R*™! & R¥ Recall (from Chap. I, §9) that these quotient
groups are naturally isomorphic to the KO-groups of a point.

DEFINITION 7.4. Let & = @° ® &! be a Z,-graded CE,-Dirac bundle
over a compact manifold. Then the analytic index of the Dirac operator
D0 T(&% — I'(&'), denoted by ind, (DY), is the residue class

[ker D] € M, _,/i*M, = KO ¥pt).

We recall that the groups KO ™ *(pt) are the same as the stable homotopy
groups of the orthogonal group, that is,

Zz k = 0 (mod 4)
KO pt)y ={2, k=1 or2(mod 8 (7.6)
0 otherwise.

A standard argument shows that this index is constant under deforma-
tions of the operator. One of the deepest aspects of the work of Atiyah
and Singer is the computation of this index topologically (see I11.16). The
applications of this result are among the most far-reaching in all of dif-
ferential geometry. For this reason we devote the remainder of this section
to a detailed examination of such operators particularly in the cases of
fundamental interest in geometry.

We begin with a remark which will be useful when studying the multi-
plicative properties of the operator. Recall from Chapter I (Proposition
5.20) that there is a natural equivalence between the category of (ungraded)
modules over C{,_, and the category of Z,-graded modules over C{,.
This equivalence induces a natural isomorphism

M _ /My, = M /i* M, (7.7)

where as before 9%, denotes the Grothendieck group of finite dimensional
Z,-graded R-modules over C{,. The map from the graded to the ungraded
case is given by taking the even part.

Given now a Dirac operator D:I(&) —» I'(&) as above, we see that
ker(®) is a Z,-graded C{,-module. The even part of ker(D) is exactly
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ker(D°). This gives the following:

ALTERNATIVE DEFINITION 7.4. Let @ = &% @ &' be a Z,-graded C{,-
Dirac bundle over a compact manifold. The analytic index of the Dirac
operator D of & is the residue class

[ker D] € Wy/i*M; ., = KO Hpt).

Via the isomorphism (7.7) this index coincides with the index [ker ®°]
given in Definition 7.4.

This second definition is actually more natural and is important for
understanding the multiplicative properties of the index. With this second
definition we see that the Clifford index generalizes the classical one in
that indy(-) = ind(-) = dimg(ker-) — dimg(coker-). To see this, note first
that Cf, = Rand C{, = C. A Z,-graded C{,-module is just a pair of real
vector spaces V° @ V1. Now [V @ 0] = —[0 @ V]in M,/i*M, because
V@ VxV®C extends to be a graded Cf,-module. Consequently,
indo(D)=[ker D° @ ker D' =[ker D° @ 0] —[ker D! @ 0] as claimed.

REMARK 7.5. All of these constructions could be carried out in the
complex category. One could consider complex C{,-Dirac bundles, etc.
Here the index will be valued in

VA if k is even

o
Ky {o if k is odd.

Unfortunately, this leads to nothing essentially new, so we have con-
centrated our attention on the real case.

Some examples are in order. The first and most illuminating one comes
by taking the “C{,-ification” of an ordinary elliptic operator.

EXAMPLE 7.6. Let S = S° ® S! be an ordinary real Z,-graded Dirac
bundle over a compact manifold X, and let

0 D!
D =
(> )
be its Dirac operator. We now consider an irreducible real Z,-graded

module V = V° @ V! over the Clifford algebra C¢,, and take the tensor
product

=SV

where V 1s here considered as the trivialized bundle 'V x X — X. This
bundle is, in a natural way, a Z,-graded C{,-Dirac bundle. The grading
S =8°® &'is given by

S="RV)BE!'®V) and S '=E"Q@VHD (S ® V)
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Of course, multiplication by CE, takes place on the V-factor. The asso-
ciated Dirac operator D on & is simply the extension of D, i.e.,

€ =D ®Id,.
Consequently, we have that
ker D° = ((ker D% ® V°) @ ((ker D!) ® V'),
and therefore
{ker D%} = bo{V°} + by {V'} e M, _,

where b; = dimg(ker D). In passing to the quotient M, _,/i*IM, we see
that [°] = —[ V'] since V° @ V! is a Cf,-module. (Caution: one must
show that % @ V! can be made a C;-module in such a way that °
and V! are invariant subspaces under the subalgebra Cf,_, = C{,. This
requires a case by case check modulo 8.). Hence,

indy(D?) = (b° — b1)[V°] = ind(D)[V°] € KO~ (pt),

and since [ V] generates this group for each k (see 1.9) we conclude that

ind D° if k = 0 (mod 4)
ind,®° =<ind D° (mod 2)  ifk =1or2(mod 8) (7.8)
0 otherwise.

This formula shows that, as one would expect, nothing essentially new
can be found by this trivial construction. The interesting examples are
those where the C{,-structure is more intrinsic to the geometry. This is
the case in the following:

ExampLE 7.7 (the Kervaire Semicharacteristic). Let X be a compact
oriented (riemannian) manifold, and take & to be the Clifford bundle
CEX) = CLoX) ® CLY(X) (considered as a Z,-graded Dirac bundle as
in Example 6.1). If X has dimension 4/ + 1, then & is naturally a C¢,-
Dirac bundle as follows. Consider the oriented volume form w =
e; " ey, of X. This form is parallel and satisfies w*> = — 1. Hence, right
multiplication by w in C(X) makes C{(X) a C£,-Dirac bundle. Since w
is of odd degree, right multiplication by w interchanges C{£°X) and
Ce!(X). Hence, C(X) is Z,-graded as a C¢,-Dirac bundle. Hence, the
operator D° = D® = (d + d*)|even has an index in KO~ !(pt) = Z,. To
compute this index we want to find the residue class of ker D° if M,/i*IN, .
Since C¢, = C and C{, =@ R, we easily identify M, as the Grothendieck
group of equivalence classes of real finite dimensional vector spaces, and
M, as the complex analogue. Hence i*IN, is given by spaces of even
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dimension, and we clearly have

ind,(D°) = dimg(ker D% (mod 2)
= dimgx#*")  (mod 2)
2¢

= Y b,(X) (mod 2)
=0

where b,(X) denotes the ith Betti number of X. In other words, ind,(D°)
is exactly the Kervaire semicharacteristic of X, a basic cobordism invariant
of an oriented (44 + 1)-manifold.

Note that in order that the volume element w have square —1 and be
of odd degree, one is restricted to dimensions 4/ + 1.

It should be pointed out that an exactly analogous construction fails
for the signature complex (Example 6.2), since the subbundles CL¥(X) =
(1 + wc)CUX) are each invariant under right multiplication by any
Clifford element. Hence, this is never a grading for right multiplication.

We now pass to an example which illustrates this construction.

THE FUNDAMENTAL CASE (the Atiyah-Milnor-Singer Invariant). Let X
be a compact spin manifold of dimension n, and let &(X) = &°(X) ®
&X(X) be the Z,-graded C{,-Dirac bundle given by (7.1). It is a conse-
quence of the Atiyah-Singer theorem that ind, = ind,(®°) is a spin cobor-
dism invariant of X, and in fact gives a graded ring homomorphism

QSpin 2% K0~ *(pt), (1.9)

This homomorphism coincides with the one defined homotopy-theoreti-
cally in (3.22). We shall return to this in Chapter IIL

Because of their fundamental nature, it is useful to examine these C¢,-
spinor bundles @(X) in some detail. We begin with the simplest case where
n = 8k.

Consider an irreducible real left module ¥, for the Clifford algebra Clg,.
Let Vg, denote the right Cfg,-module obtained from Vg, by simply
multiplying by the transposed element, i.e., by setting v- ¢ = ¢' - v for
@ € Clg, and v € V. Then there is an isomorphism of bimodules

Clg = Vi @ V. (7.10)
To see this we recall from Proposition 5.18 of Chapter I, that in all even
dimensions we have the complex bimodule isomorphism

Cly Vs ® VS, (7.11)

where V%, denotes the irreducible complex Cf,,-module and where
Cl,, = CE,, ®g C. The assertion (7.10) follows from (7.11) since in dimen-
sions 8k the complex case is simply the complexification of the real one.
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We conclude from (7.1) that in these dimensions

@(X) = Pgpin X, Clgy = Pgpin X a1 (Vax ® I7z;k) (7.12)
= (Pspin X asx Vo) ® Ve
= 3(X) ® Vg

where $(X) denotes the real spinor bundle of X, and where V;, now be-
comes the constant (trivialized) ¥, bundle.

Recall now that Vg, has two inequivalent Z,-gradings, obtained one
from the other by interchanging the factors. Either one gives the same
Z ,-grading on the tensor product Vg, ® 178,(, and the bimodule isomor-
phism (7.10) is a Z,-graded one.

We are now exactly in the situation of Example 7.6. That is, D =
P ® Id,, where D is the Atiyah-Singer operator on spinors. We can there-
fore read off from (7.8) that

indgy(P°) = ind(P°) = A(X). (7.13)

The situation in dimensions 8k + 4 is very much similar. The principal
difference is that in these dimensions the irreducible real module Vg, ,
for Clg,, 4 is also the irreducible complex module; that is,

Veksa = [ng+4]m- (7.14)

(Recall that Clg, ., is a quaternion, and hence also a complex, matrix
algebra) From (7.11) we know that V§,, ®c Vi s = Clgpr, =
Clg, + 4 ®g C, which yields the real bundle isomorphism

2Clgrs = Viiss ®c Veira (7.15)

This implies, as above, that there is an isomorphism of real Z,-graded
Ctg,, 4 4-bundles

2@&(X) = $o(X) ®¢ I7q8:k+4 (7.16)

where $o(X) is the complex spinor bundle of X and V§,,, is the tri-
vialized bundle. Hence, we have that 2® = P ®¢ Idjc. Using (7.14) and
the arguments above, it is not difficult to see that

indgy (B°) = $AX). (7.17)

Notice that implicit in equation (7.17) is the fact that in these dimensions
the A-genus of a spin manifold is an even integer. A direct proof of this can
be given by observing that the Atiyah-Singer operator in these dimensions
is quaternion linear, and so the complex dimensions of its kernel and
cokernel are even. This fact, in dimension four, is just Rochlin’s Theorem
2.13.
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We now examine this index in the interesting cases where it is an integer
modulo 2. We begin with dimension 8k + 1 and the observation that from
the classification of Clifford algebras we have

Clgs =Clg ® C = Clg, @i Clg,. (7.18)
In fact, the element i in this algebra corresponds exactly to the volume
form w = e, - - eg 41, which is clearly central and has w? = —1. Thus,

the decomposition in (7.18) gives the Z,-grading on Clg, , ;. In particular,
we have

Cf%,, = Cly and  Clh,; = Cly, =iClg. (71.19)
These isomorphisms show that
Ver+1 = Var @ C = Vg @ iV,
Veker = Va and Vaker = OV gesy X iV

Combining this with (7.11), we find that

(7.20)

Clg, = Clg = Vi ®c ng
= (Vs ® ©) ®c (P ® ©)
= (ng+1 ® C) ®c (ng+1 ® C)
= (V3r1 ® C) O Vs
= Var+1 Or ng+1'

This implies as above that
B(X) = $(X) ®r Vurs (7.22)

and that P =P ® Idpo. It follows immediately that ker(°) =
H® ® V9,., where H® = ker(P°). Thus we have that
indg, , ;(P°) = dimzH° (mod 2). (7.23)

This index can be reinterpreted in more elementary terms as follows.
Observe that from the discussion above, we have in these dimensions
that the spinor bundle is the complexification of a real bundle, ie.,
$(X) = $°(X) ® o $°(X). We can construct from the Dirac operator
D°:T(3°(X)) - [($§!(X)), an operator

P:T(3°(X)) — T($°(X)) (7.24)
by setting
P=w-DP° (7.25)

This operator is elliptic and skew-adjoint. To prove the skew adjointness,
we note that since w is parallel, commutes with J) and satisfies w? = —1,
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ve have (Po, 1) = (0D%,1) = (0P, wt) = —(P%, w7) = ~(0, P°w1) =
~(a,wP°t) = — (g, P1).

It is an elementary fact that the parity of a real skew-adjoint Fredholm
pperator is conserved under deformations (cf. 111.10). Thus for a skew-
1djoint elliptic operator P on a compact manifoid, the mod-2 index

ind,,(P) = dim(ker P) (mod 2) (7.26)
s well defined. The result (7.23) can be reexpressed as
indg; , (B°) = indz,(P) (727)

here P is given by (7.25).
In the final case of dimension 8k + 2 there is a strongly analogous
situation. Here we have from the classification of Clifford algebras that

Clgr2=Clg, ® H and Clg..=Clg ®C, (7.28)
Vers2 = Vo, @ H and Vi = Ve ® C. (7.29)
Using (7.11) one can deduce from here that

Clgiis = Vorsr ®y I78k+2

70
Var+2 ®c Vs a-

ité

It follows as before that ‘
&X) = 3(X) ®¢ Visa (7.31)

with respect to which P =P ® Idy. Consequently, ker () =
ker(P°) ®¢ V44, and so

indgy , ,(P°) = dime(ker B°)  (mod 2). (7.32)

Now since the representation V5, . , is H-linear, the bundle $(X) carries
a parallel quaternion structure, i.e., there are parallel endomorphisms I,
J, K of $(X) which satisfy the standard quaternion relations: 2 = J2 =
K?*=—1,1J+JI=IK + KI = JK + KJ = 0. The Z,-grading on $(X)
can be written in terms of these as

3(X) = 3°(X) @ J($°(X)). (7.33)
We can then define a skew-hermitian operator
P=Jop°
on the bundle $°(X), and as before we have
indgy . (B°) = indy,(P) (7.34)

where indz,(P) = dimg(ker P) (mod 2).
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We shall now examine this mod 2 index of the Atiyah-Singer operator
in low dimensions. The computations here are of some importance since,
as we shall see, the map ind, : QP — KO~ *(pt) is a ring homomor-
phism, and the non-zero element n € KO~ !(pt) has the property that: #x
and #%x are not zero whenever x is an odd multiple of the generator in
degree 8k.

ExXAMPLE 7.8 (the circle as a spin manifold). Consider the circle St with
a riemannian metric. The oriented orthonormal frame bundle is canon-
ically diffeomorphic to the circle itself, i.e., Pso(S') = S?, since there is
exactly one oriented unit tangent vector at each point. A spin structure
on §' is a 2-fold covering Pg;,(S') = Pso(S') of the circle. As we noted
in Chapter I, there are two such coverings, one connected and one with
two components; and it is the non-connected covering S' x Z, — S!
which is not spin-cobordant to zero. We shall refer to this as the interesting
spin structure on S*.

Notice that since Cf; =~ C we have that

&SH=S8'xC
where the product structure gives the connection. Of course C£9 = R
and the Z,-grading on C&, is the standard decomposition C = R @ iR.
Thus, °%(S') = S! x R and @&'(S') = S! x iR. Sections of & are just
complex-valued functions f(s) on the circle, and the Dirac operator is
simply

P = i;—s (7.35)

where s is arc-length on S!.

The kernel of ®°:T(§% — [(@!) is the set of real-valued constant
functions on S*. The dimension of this space as a C£° = R module is one.
Hence, we have that for the interesting spin structure on S?,

ind,(S") # 0, (7.36)
i.e., ind(S?) is the generator of KO~ !(pt) = Z,.

EXERCISE. Show directly that ind,; = O for the “uninteresting” spin struc-
ture on S!. Show also that the connected sum of the intersecting spin
structure with itself is the uninteresting one.

EXAMPLE 7.9 (the torus as a spin manifold). Let T = §* x S! be the flat
square torus. The oriented orthonormal frame bundle is canonically
trivialized

Peo(T) =T x S*.
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The spin structure on T given by squaring the interesting spin structure
on the circle is the covering:

Pspio(T) = T x 8t 2255 T 5 81 = Pyo(T).

Since Cf, = H and CtJ=C, we see as before that &(T)=T x H
and @(T) = T x C. The kernel of ®° is just the complex-valued constant
functions, and we conclude that

ind,(S! x $1) #£0 (7.37)
where S carries the interesting spin structure.
ExErcISE. Compute ind, for the remaining spin-structures on 7.
EXERCISE. Prove directly that ind,(§%) = 0.

It is a good time to summarize what we have established so far. To
each riemannian spin manifold X, we have associated the canonical bundle
@&(X), given in (7.1). This is a Z,-graded Cf,-Dirac bundle and its Dirac
operator has an index, which we denote ind,(X) in KO ¥(pt). We have
proved the following.

Theorem 7.10. Let X be a compact spin manifold of dimension n. When
n=1or2(mod 8), let H = ker(P) denote the space of real harmonic spinors,
that is, the kernel of the Atiyah-Singer operator on the irreducible real spinor
bundle of X. Then

dimcH (mod2) ifn=1 (mod 8)

. _|dimyH (mod 2) ifn=2 (mod38)
indA(X) =11 40x) ifn=4 (mods8)
A(X) ifn=0 (mod 8)

Furthermore, for the interesting spin structure on S* and for its square on
S x 81, this invariant is non-zero.

We shall now investigate the multiplicative properties of ind,,. To begin
we recall the ring structure on KO ™ *(pt) which was discussed in Chapter
L, §9. We set

n = the generator of KO~ !(pt) = Z,
y = the generator of KO 4(pt) = Z (7.38)
x = the generator of KO~ 8(pt) = Z

Then the multiplicative structure on KO ™ *(pt) is given by the following
{cf. 1.9):

KO~ *pt) = Z[n,y.x1/{2n,n° ny, y* —4x) (7.39)
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where the grading is fixed by the requirement that deg(n) = 1, deg(y) =4
and deg(x) = 8.

Our next result is that ind,, is, in fact, a ring homomorphism. More
specifically, we mean the following. The homotopy invariance of the index
shows that ind,(X) is independent of the choice of riemannian metric on
X. (Any two metrics are smoothly homotopic.) We consider then the free
abelian group MSPi" generated by spin-structure preserving diffeomor-
phism classes of connected spin manifolds. The sum MPi® = (P, MyP"
is naturally a graded ring under the direct product of manifolds.

Theorem 7.11. The mapping
ind, : MPi" — KO~ *(pt)

is a surjective graded-ring homomorphism.
Proof. The map ind, is additive by definition. To prove that it is
multiplicative, we use the Alternative Definition 7.4 of the index. Let X,
and X, be compact riemannian spin manifolds of dimensions n, and n,
respectively. Let B, : (@) > ['(@,) be the Atiyah-Singer operator for
the Ct,, -Dirac bundle &, = &(X,) defined in (7.1), for k = 1,2. Let P:
I'(@) — (@) be the corresponding object for X = X, x X, with the
product riemannian and spin structure. For this structure we have

Pypin(X1 X X2) 2 Pspin(X 1) X 2, Pspin(X2)

where Z, acts by (—1,—1) on the product. From here one sees easily,
using (7.1), that

=8 & & (7.40)

the exterior Z,-graded tensor product. This is a C¢,, ,,, = (C{,, ® Ct,)-
Dirac bundle, and one can straightforwardly verify that with respect to
(7.40), the Atiyah-Singer operator of @ can be written as

$=$1®Idz+a1®$z

where «; : Cf, — Ct,, is the automorphism extending —Id on R™. Since
oD, + Do, =0, it follows that

P=PI®Id+1d ® P

Each of the operators %, ®? and D3 is non-negative, self-adjoint and
elliptic over a compact manifold. It follows from standard spectral theory
that ker(?) = ker(D3) @ ker(P3). Since ker(P;) = ker(P?), we conclude
that

ker(D) = ker(D,) ® ker(D,) (7.41)
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where the tensor product in (7.41) inherits the structure of a Z,-graded
tensor product of Z,-graded Clifford modules from the structure of (7.40).
This graded tensor product is exactly the multiplication in KO ™ *
ﬁi*/i*ﬂﬁ*+ .. Thus, we have established that

ind,, , n(P) = ind, (P,) ind,,(P.)

and so ind,, is a ring homomorphism.

To see that ind,, is surjective we need only show that it maps onto the
set of multiplicative generators {n,y,x} given in (7.38). Example 7.8 shows
that the circle with interesting spin structure maps onto 5. The K3-surface
Y given in Example 2.14 is a compact spin 4-manifold whose A-genus is 2.
Hence, ind,(Y) = +A(Y) = y. Finally, to produce a spin 8-manifold X with
indg(X) = x, we must find one such that A(X) = 1. For this one could take
X = M3, the almost parallelizable 8-manifold of index 224 constructed
in Kervaire-Milnor [1]. Alternatively, one could take the 4-disk bundle
E over $* with y(E) = 1 and p,(E)? = 900. Then ¢E = §’, and the mani-
fold X = E ug, D?, obtained by attaching an 8-disk along this boundary,
is a closed spin 8-manifold with A(X) = 1 (see Milnor [7]). This completes
the proof of Theorem 7.11. =

REMARK 7.12. To prove the index theorem for this fundamental case, it
remains only to prove that ind, is a spin-cobordism invariant. It will
then descend to a ring-homomorphism ind, : QP — KO~ *(pt), which
can be seen to agree with the map (3.22) directly. (For the torsion part,
this requires some argument.)

It is worth noting that all of the above could be carried out with
coefficients in a vector bundle. Let X be a compact riemannian spin mani-
fold of dimension n, and let E be a real vector bundle over X with an
orthogonal connection. Then the bundle &(X) ® E is naturally a Z,-
graded C¥,-Dirac bundle with a Dirac operator which we shall denote by
®;. We shall denote

indg(X) = ind, (D) € KO ~"(pt). (7.42)

Now we also have the fundamental real spinor bundle § over X and we
can take the tensor product § ® E in the spirit of Example 6.5 above.
We denote the Dirac operator on § ® E by Pg. Then arguing exactly as we
did above proves the following.

Theorem 7.13. Let X be a compact spin manifold of dimension n, and let E
be a real vector bundle over X with an orthogonal connection. When n = 1
or 2 (mod B), let Hy = ker(Pg) denote the space of real harmonic E-valued
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spinors. Then

dim H; (mod 2) ifn=1 (mod38)
dim,H; (mod 2) ifn=2 (mod8)
Hch E-A(X)[X] ifn=4 (modS8)
{ch E - A(X)}[X] ifn=0 (mod38)

A topological computation of this index can be given as follows. Embed
X" = §"*8 for k sufficiently large, and identify the normal bundle v of X
with a tubular neighborhood of the embedding. The spin structure on X
determines a unique spin structure on v (via Proposition 1.15 and the
uniqueness of the spin structure on $"*#%). Let $*(v) and §~(v) denote the
canonical real spinor bundles of v (whose dimension is 8k). Lift $%(v) to
the total space of v by the projection n:v — X, and at each non-zero
vector n € v consider the isomorphism u,:n*$*(v) 5> n*$~(v) given by
Clifford multiplication by n. Then the difference element

T, = [T*8F(v), n*$ ™ (v); 1]

represents a class in the relative KO-group KO(v,v — X), where X < v
is the zero-section. This is the KO-theory Thom class of v.
Given a real bundle E over X, we can consider the class

t(E) =1, [#*E] € KO(v,v — X).

indg(X) =

Since v is embedded as a domain v = $** 8 we have an excision isomor-
phism j: KO(v, v — X) = KO(§" "%, §"*#* — X). Composing this with the
natural map i:KO($**® §""% — X) » KO(§"*®) and applying Bott
Periodicity f: KO(S**8%) ~ KO(S") = KO ~"(pt), we obtain a class

A (X)) = Boioj(r(E))e KO "pt)

One assertion of the Atiyah-Singer C£,-Index Theorem, proved in III.16,
is that

Theorem 7.14.
indg(X) = ofg(X).

The “cobordism invariance” in this case asserts that this map ind = &/
determines a transformation

_ of, 1 QP (BO) —> KO~ *(pt)
where Q5P"(BO) denotes the spin-bordism of the space BO.

ReMARK 7.15. Itisinteresting to note that in dimensions 1 and 2 (mod 8),
the index can be changed even by twisting with a flat bundle. (This is not
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true of the usual index.) For example consider the non-trivial real flat line
bundle £ over the circle (the M6bius band). Using the analysis of Example
7.8, one easily finds that &(S') ® £ = # @ iZ. Since the kernel of B,
i(d/ds) consists of locally constant sections, we see that ker (,) = {0} and

ind(S1) = 0.

Recall that ind,(S*) # 0.

This sensitivity to flat bundles is a reflection of the interesting fact
that these (mod 2)invariants are not local, i.e., they cannot be computed
by universal formulas involving only the local data of the operator, as
in the Gauss-Bonnet and Chern-Weil theorems. Another indication is
that the (mod 2)-invariants are not multiplicative under coverings (see
Atiyah-Singer [4]).

§8. Vanishing Theorems and Some Applications

Suppose X is a compact riemannian manifold and let D* be the Dirac
laplacian on the bundle C£(X). One of the major results in riemannian
geometry was the following discovery of S. Bochner. There exists a second,
naturally defined laplacian V*V on C{(X). It is self-adjoint, non-negative
and has the same symbol as D2. The difference, D?> — V*V, which is nec-
essarily an operator of order <1, is, in fact, of order zero and can be
expressed in terms of the curvature tensor of X. Using harmonic theory,
Bochner was thereby able to conclude the vanishing of certain Betti num-
bers of X under appropriate positivity assumptions on the curvature
tensor.

Following Bochner’s original paper, arguments of this kind have ap-
peared repeatedly in real and complex geometry. They are known gene-
rically as “Bochner’s method.”

In this section we shall give a systematic derivation of Bochner-type
formulas on general Dirac bundles. This will include the classical formu-
las on CE(X), although even here the algebra is vastly simplified by using
Clifford multiplication. It will also include the Lichnerowicz formula for
the Dirac laplacian on spinor bundles, and generalizations of this to spinors
with coefficients in an arbitrary vector bundle. This latter result is very
useful in the study of manifolds of positive scalar curvature (cf. Gromov-
Lawson [ 1], [2], [3]). Everything will follow from a single elegant formula
which applies to any Dirac bundle.

We begin with the definition of the operator V*V. Let E be any
riemannian vector bundle over X, and assume E has a riemannian con-
nection with covariant derivative V. Then to any pair of tangent vector
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fields V and W on X, we associate an invariant second derivative V,z,,w:
I'(E) — I'(E) by setting
V%’,W(P =VyVyo — Vo, wo. (8.1)

(Here, VW is the riemannian covariant derivative on X.) At any point
x € X, the operator V; , depends only on the values V, and W,, ie, it
is tensorial in these variables. This is evidently true for V, since it is a
general property of the covariant derivative. That it is true for W, follows
from the identity

V%’,W - V%V,V = RV,W (8-2)

where R is the curvature tensor of E. Equation (8.2) is an immediate con-
sequence of the fact that V,W — V.V = [V, W].

Now given a smooth section ¢ of E, we see that V2. ¢ is a section of
T* @ T* ® E; that is, at each point it defines a bilinear form on the tan-
gent space with values in E. The connection laplacian

V*V:I['(E) —> T(E)
is defined by taking the trace, i.e.,
V*Vp = —trace(V2.0). (8.3)

In terms of a local orthonormal tangent frame field (e, . ..,e,) on X,
V*V(p = '21 ng,ejq)‘
IS

It is easy to see that the symbol of V*V at a cotangent vector £ is
o(V*V) = [E]I%, (8.4)

and so V*V is elliptic. We shall now show that it is also symmetric and
=0.

Recall that the inner product (-,-) on I'(E) is defined by integration:
(@, %) = [x {@,¥>. Similarly, we define

(Vo,99) = [ Vo, V9> (8.5

where {V¢, Vi) is defined in terms of local orthonormal tangent frames
(€1 - - ¢,) by the expression <Vo, Vi) =3 <V, 0,V, ¥.

Proposition 8.1. The operator V*V:I'(E) — I'(E) is non-negative and for-
mally self-adjoint. In particular,

(V*Vo,¥) = (Vo, Vi) (8.6)
Sor all ¥ € T'(E) provided that one of ¢ or Y has compact support.
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If X is compact, then V¥V = 0 if and only if Vo = 0 i.e, if and only if
@ is globally parallel.

Proof. Fix x € X and choose a local orthonormal tangent frame field
(es, - - . ,e,) with the property that (Ve;), = 0 for all j. Then we have at the
point x that

VoY) = =3 (V. V0.4 (8.7)
= _Z {ej<Vej(pa l//> - <Vej(p7 V9j¢>}

= —div(V) + (Vo, V)

where V is the tangent vector field on X defined by the condition that
V,W> = (Vyo,¥> for all W e T(X). The last line of (8.7) is proved as
follows. At x,

div(V) =) (V.,V,ep
= Z eV, e
= ; ej<Vej(p5 l//>

Equation (8.6) now follows by integration of (8.7). The remainder of the
proposition is a consequence of formula (8.6). ®

Using arguments similar to those given for Theorem 5.7, one can show
that on a complete riemannian manifold the operator V*V is essentially self -
adjoint, i.., it has a unique self-adjoint closed extension on L*(S). Further-
more, the kernel of V*V on L?(S) consists of the parallel sections of S, i.e.,
those which satisfy Vo = 0. If X has infinite volume, then no such sections
exist except o = 0, since ||o]| is constant.

We suppose now that S is any Dirac bundle over X, and we define a
canonical section R of Hom(S,S) by the formula

R(o)

i

% Z ej ’ ek : Rej,ek((p) (88)
jk=1

where (e,, .. . ,e,) is any orthonormal tangent frame at the point in ques-
tion, where Ry is the curvature transformation of S, and where the dot
“” denotes Clifford multiplication.

Theorem 8.2 (the general Bochner Identity). Let D be the Dirac operator
and V*V the connection laplacian for any Dirac bundle S. Then

D?=V*V 4+ R | (8.9)
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Proof. Fix x € X and choose a local orthonormal frame field (e, . . . ,e,)
such that (Ve;), = 0 for all j. Then using (8.2) we have at x that

D? = Zk: ;' Ve (e Vo)
Js
=Y e 6V, V.,
Jik
= Z ej ’ ek . ng,ek
Jsk
= —Z V?j,e,- + Z ej'ek.(vgj,ek - ng,ej)
J J<k
= V*V + K. |

Recall that the Ricci transformation of T(X) = A!(X) is defined by the
formula

Ric(g) = — Z R., (e (8.10)

where R is the curvature transformation of 7(X). This determines a bilinear
form, called the Ricci curvature form, by setting

Ric(op, ) = (Ric(@) ¥ ). (8.11)

From the fundamental identity (4.44) for the Riemann curvature tensor,
the form Ric is seen to be symmetric.

A consequence of Theorem 8.2 applied to the bundle S = CE(X) is the
following

Corollary 8.3. Let A be the Hodge laplacian and V*V the connection lap-
lacian of the tangent bundle T(X). Then

A = V*V + Ric | (8.12)

Proof. Consider T(X) = A!(X) = C(X). Since D? = A it suffices to com-
pute the right hand side of (8.9) for vectors ¢ € A}(X). Note that since
[LV]=[LA]=0 (cf. Lemma 5.18 and Corollary 5.21), both of the
operators V*V and A preserve the subbundle A'(X). Hence, so does the
operator ‘R. Therefore, using the identities (4.43) and (4.44), we have

"R((p) % Z eiejRei,ej((p)
LJ

% Z eiej(Re.',ej((P)a ek>ek

i,k
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- % Z <Re"'ej(ek) + Rek»ei(ej) + Rej,ek(ei), (P>eiejek

iFj+k+i
+% Z eiej<Rei,ej((p), ej>ej + %Z eiej<Re‘_’ej(q;), ee;

i.J i,j

_.Z (Re.e (@) ejpe; = —Z (R, € €58

b i.J
- —.Z <Rej,¢(ej)’ €ye; = '—Z R, (e}

t,J j

= Ric(p). =

Note. As pointed out above, we know from (8.9) that R(AX (X)) = AYX).
However, e;e;e, € A’(X) if i 5 j # k # i. Hence, the third line of the com-
putation above constitutes a proof of the first Bianchi identity (4.43). In
Theorem 5.16 we saw more sophisticated examples of curvature identities
that also followed from operator identities and Clifford multiplication.

Corollary 8.3 has the following important consequence:

Theorem 8.4 (Bochner). Let X be a compact riemannian manifold without
boundary. If Ric > O, then the first Betti number b,(X) is zero. The con-
clusion also holds if Ric = 0 and >0 at one point.

Proof. Suppose b,(X) = dim H(X;R) > 0. Then there exists a non-zero
harmonic t-form ¢ € H' =~ H'(X;R) by Theorem 5.15. By Corollary 8.3
and Proposition 8.1 we have that

[, Ricto.0) = —(V*Vg,0) = Vo (8.13)

If Ric = 0, we conclude that Vo = 0, i.e,, ¢ is parallel. In particular, (p“
is constant. Hence, if at some point we have Ric > 0, then | Ric(¢p,p) > 0
and we have a contradiction. ®

Note that this argument also proves that when Ric = 0, every harmonic
I-form is parallel. Under the metric correspondence T*X =~ TX, the
parallel 1-forms become parallel vector fields. Thus we can conclude the
following

Theorem 8.5. Let X be a compact riemannian manifold of non-negative Ricci
curvature. Then b (X) equals the dimension of the space of parallel vector
fields on X. In particular,

b,(X) < dim(X)
with equality if and only if X is a flat torus.

Proof. Let k = b,(X). Then by the argument above, there are k linearly
independent parallel vector fields on X. Parallel vector fields are linearly
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independent if and only if they are linearly independent at each point.
Hence, k < dim(X), and k = dim(X) if and only if X has a globally parallel
framing. That X must then be a flat torus can be seen as follows. We may
choose parallel vector fields E, . . . ,E, which are pointwise orthonormal.
Since [E,LE;] = Vg,E; — Vg E; = 0 for all i,j, these vector fields generate
a locally free R*-action. Since k = dim(X), we see that X is an orbit of
this action, ie., X = R*/A, where A is a lattice in R*. The metric on X
clearly agrees with the usual one on R*. m

Any parallel vector field generates an isometric flow, and its integral
curves are geodesics. Thus even when k = b (X) < dim(X) (and Ric = 0),
we get a locally free action of R* by isometries on X with totally geodesic
orbits. We can also consider the dual basis ¢4, . .. ¢, of parallel 1-forms.
Integration of ¢ = (¢4, ... ,p,) gives a riemannian submersion J:X —
T* = R¥/A where A is the lattice in R* generated by the “periods.” That
is, A= {2eR*: 1= {, ¢ for some closed curve y in X}. By construction,
the map J is a covering map on each orbit. With a little more work one
can show that the universal covering space X of X splits as a riemannian
product X = R* x X, where X, is compact. The original manifold X is a
(possibly twisted) riemannian product of T* with X,,.

REMARK. Thefirst statement in Theorem 8.4 was considerably improved
by Myers [1]. Much stronger results for non-compact complete manifolds
with Ric = 0 were proved by Cheeger and Gromoll [2]. It is a deep
theorem of Gromov [ 1], that there exist explicit a priori bounds, depend-
ing only on dimension, for all the Betti numbers of a compact manifold
of non-negative sectional curvature. Such bounds do not exist under the
weaker hypothesis Ric > 0 (except for degree 1) by examples of Sha and
Yang {1].

As one might guess, theorems similar to 8.4 can be proved for the higher
Betti numbers. For each p, there is a positivity assumption on the curvature
tensor which guarantees that b,(X) = 0. For detailed statements of these
results the reader is referred to Bochner and Yano [1] and to Goldberg
[1]. However, one of the more quotable results of this type can be proved
rather easily using the Clifford formalism. We present this now.

Recall that the curvature tensor (R, ,, V3, V,) is antisymmetric in
(W1, V,) and in (V;, V,) and symmetric under the interchange of these pairs
(see (4.44)). Hence, R can be considered as a symmetric endomorphism
R:A%(X) » A?(X). We call this transformation the curvature operator and
say that it is positive (or non-negative) if all of its eigenvalues are <0
(or £ 0 respectively).

Theorem 8.6 (Gallot and Meyer [1]). Let X be a compact riemannian n-
manifold (without boundary) with the property that its curvature operator
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s positive at every point. Then all the Betti numbers, b,(X) are zero for
p=1,...,n— 1, i.e.,, X is a real homology sphere. The same conclusion
holds if the curvature operator is 20 and >0 at some point.

Proof. 1t will suffice to prove that positivity of the curvature operator
mplies that

{R(p)p)> >0 for all non-zero p e A?(X),p=1,...n—1. (8.14)

The argument then proceeds as in the proof of Theorem 8.4. From the
curvature identity (5.17) we have that

(Rleho> = 3 {eejRe,c(P) 9D

=1 Y [e€pRecf)] @)

i<j
= —% Z <Re.-,ej((p)s [eiej’(p]>'
i<j
From Theorem 4.16 we know that the curvature transformation Ry y:
Ce(X) » CUX) can be written as Ry w=1%D,<; {Rywle)ead,,,
Hence,
o) o> = —1 ), (Reofed e{ad, (o) ad,. (@) (815

i<j
k<¢

—% 2 (Ree) eey<ad,, (9), ad,,. (0))-

i<j
k<t

Observe now that the elements {e;e;};.; form an orthonormal basis of
A’(X) = CL(X). The last expression in (8.15) is clearly independent of the
choice of orthonormal basis. That is, we can write

(Rip), 0> = —%Zﬂ (R(&,), &2 <adey(@), adeg(0) (8.16)

where {&,}, is any orthonormal basis of A?(X) < CE(X). We choose a
basis that diagonalizes R. Let {1} be the eigenvalues of R and set 4, =
—47,. Then (8.16) becomes

<9{((p)’ (p> = Z )'a“ad{a((p)llz

where 4, > O for all . This proves that {R(¢), ¢ = 0 and equality holds
iffad () = O for all £ € A%(X). Thus, it remains only to prove the following:

Lemma 8.7. Consider a form ¢ € A(R") c CLUR") for 1<p<n—1.1If
ad{p) = 0 for all & € A*(R"), then ¢ = 0.

Proof. Recall that the representation ad. on A?(R") is just the standard
representation of the Lie algebra so(n) = A%(R"). This lemma is therefore
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equivalent to the well-known fact that these representations have no fixed
vectors for p # 0 or n. However, since an elementary proof is possible we
shall give it.

Let e,,. .. e, be the standard basis of R" and write ¢ = ZUI:P ase;. By
assumption, [ee;, ¢] = 0 for all i < j. One can see easily that

0 ifbothi,jé¢lI
[eiejer] =<0 ifbothijel
2eee, otherwise.

Ifi¢Iandjel, theneee, = +e;, ;- ;. Therefore, [ee;, @] = 0 implies
that a, = 0 whenever i € I or j e [ but not both i,j € I. Applying this for
all i <j shows that ¢ = 0, provided that p # 0 or n. This completes the
proof of the lemma and the theorem. m

We now take up the case of spinor bundles. From now on we assume
that X is a compact spin manifold with a fixed spin structure on its tangent
bundle. Let S be any spinor bundle for T(X) endowed with its canonical
riemannian connection.

Before stating the vanishing theorem in this case we recall one of the
simplest invariants of the riemannian curvature tensor, the so-called scalar
curvature, This is a function x: X — R defined by setting

K = trace(Ric) = —2 trace(R).

In terms of an orthonormal tangent frame (e;, . . . ,e,) at a point x € X,
K= —__Zl (R,e /(€. €)). 8.17)
L=

When X has dimension two, k coincides with the classical Gauss cur-
vature function.

Theorem 8.8 (A. Lichnerowicz [1]). Let X be a spin manifold and suppose
S is any bundle of spinors over X endowed with the canonical riemannian
connection. Let ) denote the Atiyah-Singer operator and V*V the connec-
tion laplacian on S. Then

P> =V*V + 4k |. (8.18)

This formula has the following striking consequence. We say that a spin
manifold X has no harmonic spinors, if ker ) = 0 for any spinor bundle
associated to T(X).

Corollary 8.9. Any compact spin manifold of positive scalar curvature admits
no harmonic spinors. In fact, the same conclusion holds if the scalar cur-
vature is 20 and >0 at some point.
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Proof of Corollary 8.9. This follows from formula (8.18) as before. Suppose
o € I'(S) satisfies Po = 0. Then by integration of (8.18) we find

[y Klla? = =(V*Vo,0) = — Vol

If kK = 0, then we must have Vo = 0. Hence ||g]] is constant, and if k(x) > 0
for any point x, then { xl|o]|> > 0 and we have a contradiction. ®

Note that we have also proved the following:

Corollary 8.10. On a compact spin manifold with k = 0, every harmonic
spinor is globally parallel.

Proof of Theorem 8.8. We need to compute the curvature term in equa-
tion (8.9) for the canonical spinor connection. In Theorem 4.15 we es-
tablished that for all V,W e T,(X), the curvature transformation R}, y:
S. — S, is given by the formula R}y =%, , (Ry wle).eee,, where
R, w:TJ{X) - T.(X) is the curvature transformation of X and where
(e1,- . . »e,) is any orthornomal basis of T (X). Consequently, using the
identities (4.43) and (4.44) we see that:

— 1 s
R=1 Z ee;RS, .,
1,7

3 ) ;{ <Re,~,ej(ek)9 eeeee,
L7k,

1 .
%; {3 ‘Zk <Re.-ej(ek) + Reke,-(ej) + Rejek(ei)a e{>eiejek
L1,
distinet

+ Z (R, le). e, peeie; + Z (R €)), e{>eiejej}et’
0

i,J

Sl

=2z Z <Re;ej(ei)’ et’>ejef

i,j,f

s
1
4

Ric(eje e e,
I3

k. N

B

As a consequence of the Atiyah-Singer Index Theorem applied to the
fundamental spin complex (Example 6.3), we have the following:

Theorem 8.11. Let X be a compact spin manifold of dimension 4k. If X

-~

admits a metric of positive scalar curvature, then A(X) = 0.

More generally, applying the same argument to the Dirac operator ®
of the bundle (7.1), we find that in any dimension, positive scalar curvature
implies that the analytic index ind,(°) must vanish (see Definition 7.4).
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From the C{,-Index Theorem, this implies the following:

Theorem 8.12. Let X be a compact spin manifold. If X admits a metric of

-~

positive scalar curvature, then o/(X) = 0.
By Theorem 7.10 we know that this result implies Theorem 8.11 above.
However, it gives new information in dimensions one and two (mod 8).
Recall that o/(X) is an invariant of the spin-cobordism class of X. The
above results therefore explicitly present large classes of manifolds which

cannot carry metrics of positive scalar curvature. In particular, from
Theorem 2.8 we have the following striking result:

Theorem 8.13 (N. Hitchin [1]). In every dimension n=1 or 2 (mod 8§)
where n > 8, there exist compact differentiable manifolds which are homeo-
motrphic to the n-sphere but which do not admit any riemannian metric with
positive scalar curvature. In fact, they admit no metrics such that x 20
but £0.

Such spheres are hardly Platonic. This theorem can be perhaps best
appreciated in light of the current positive results. The standard metric
on the standard n-sphere $" = {x € R"*!:||x|| = 1} is of course the most
uniformly positively curved manifold. Its curvature transformation is given
by the formula —R, » =V A W, ie,

—Ry w(U) = (V,UDW — (W, UV (8.19)

for all U,V,W € T(S"). Hence, Ric(V) = (n — 1)V and « = n(n — 1). The
most symmetric exotic spheres (see Hsiang and Hsiang [ 1]) are the Kervaire
spheres which have dimension 4k + 1. They can be constructed by taking
the boundary of the manifold obtained by plumbing together two copies
of the tangent disk bundle of §2¢*1:

D2+l 5 p2k+l
AN

§2k+1
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However, Brieskorn has proved that these manifolds can be described
algebraically as follows (see Hirzebruch and Mayer [1]). For each integer
d, consider the complex polynomial

PilZor---sZ) =26+ 23+ 25+ ...+ z2 1
Let V(d) = {ze C"*2:p,(z) = 0}; S*"** = {z e C"*?:|jz|| = 1}; and set
M2 (d) = V(d)  §23, (8.20)

For n =2k and d = 3 or 5 (mod 8), M?"*1(d) is a Kervaire sphere.

In this thesis Hernandez [1] proved that the Brieskorn manifolds
M?"*1(d) carry metrics of positive Ricci curvature. Moreover, Gromoll
and Meyer [2] have proved that a certain exotic 7-sphere carries non-
negative sectional curvature which is strictly positive on an open subset.
It is therefore something of a surprise that in dimension nine there exist
exotic spheres which carry no metric of even positive scalar curvature!

Manifolds which carry positive scalar curvature are not hard to find.
Any homogeneous space G/H, where G is a compact Lie group, carries a
metric with ¥ = 0. Furthermore, it carries ¥k > 0 unless G/H is a torus.
More generally one has the following:

Theorem 8.14 (Lawson and Yau [1]). Let X be a compact manifold which
admits an effective differentiable action by a compact, connected, non-abelian
Lie group. Then X admits a metric of positive scalar curvature.

-~

Corollary 8.15. Let X be a compact spin manifold such that o/(X) # 0. Then
the only compact, connected Lie transformation groups of X are tori. In
particular, this conclusion holds for any exotic sphere which does not bound
a spin manifold.

In dimensions 4k, it is a result of Atiyah and Hirzebruch [3] that a
compact connected spin manifold X with 4(X) # 0 does not even admit
an S'-action! (See I'V.3)

REMARK 8.16. We point out that the results above definitely require
that X be a spin manifold. We know from (6.19) that the complex pro-
jective spaces PZ*(C) have

~ 2

AP*C)) = (— 1)"2"”‘( :) (8.21)
These spaces are all homogeneous; P*C) = U(n + 1)/U(1) x U(n — 1).
Hence, they have metrics with k¥ > 0 and large non-abelian Lie trans-
formation groups. However, as we saw in §2, P2%(C) is not a spin manifold.

Compact manifolds of positive scalar curvature are now rather well
understood. A thorough discussion will be given in Chapter IV.
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We conclude this section with an important generalization of the
Lichnerowicz formula (Theorem 8.8) to the case of “twisted” spinor
bundies. This result is also quite useful in applications as we shall see in
Chapter IV.

Let X be a compact riemannian spin manifold, and let S be a spinor
bundle for X with the canonical riemannian connection. Let E be any
vector bundle over X equipped with an arbitrary orthogonal connection.
Then the bundle S ® E, equipped with the tensor product connection, is
again a Dirac bundle over X (see Proposition 5.10). Here the Clifford
multiplication takes place in the “S-factor”. We now define a smooth,
symmetric bundle endomorphism

RESRE— SQ®E
by the formula

REo ®@e)=1% i_ (eje:0) ® (RE, .. (8.22)

k=1

on vectors ¢ ® € of simple type. Here RE denotes the curvature of the
bundle E, and, as usual, (e,, . . . ,¢,) denotes an orthonormal tangent frame
to X at the point in question. The sum in (8.22) is essentially the trace of
a bilinear object defined on A2TX.

Note. In the case that S is a complex spinor bundle, we may assume E
to be complex and endowed with a unitary connection. The tensor product
of S with E can then be taken over the complex numbers.

Theorem 8.17. Let X be a riemannian spin manifold with scalar curvature
Kk, and let S ® E be any twisted spinor bundle over X as above. Then the
Dirac operator Py and the connection laplacian V*V of S ® E satisfy the
identity:

P2 =V*V + ik + RE | (8.23)

REMARK 8.18. Note that the operator R® depends linearly and uni-
versally on the components of the curvature tensor R of E. Thus, if E is
flat, RE = 0, and if RE is small, then RE is correspondingly small by an
estimate depending only on dimension.

Proof. Recall that the covariant derivative of the tensor product con-
nection on § ® E acts as a derivation, i.e.,

Vie ® ) = (V) @ ¢ + 6 ® (VE)



§8. VANISHING THEOREMS AND APPLICATIONS 165

where V5, VE denote the covariant derivatives on S and E respectively.
The commutator of two derivations is again a derivation. This fact (or
direct verification) shows that the curvature transformation of § ® E is
also a derivation, i.e.,

R(c ® &) = (R%) ® ¢ + ¢ ® (RE)

where R® and R® denote the curvature transformations of S and E
respectively.

We now wish to compute the curvature term R in the general Bochner
Identity (8.9). It is given by

Ro @) =3
2

= % Z ejek{(sz,eko-) ® et+o ® (Rfj,eks)}

I

=

L ejekRej,ek(O- ® 8)

x|

-

n

= (% 'kzl ejekRﬁj,eka) e+3 Y (ea0) ® (RS, ).
e

jk=1

Now from the Lichnerowicz calculation (see the proof of Theorem 8.8),
we know that the first term in the last line above is just 1x. Hence from
(8.22) we conclude that

Rio ® &) = 1k(c ® &) + RE( ® o),

and the proof is complete. W



CHAPTER III

Index Theorems

In this chapter we shall present the analytic underpinnings of the subject of
spin geometry. In particular we shall formulate and prove various forms of
the Atiyah-Singer Index Theorem. This will include the classical theorem
and its consequent cohomological formula for the index. It will also in-
clude the Index Theorem for G-Operators, the Index Theorem for Families,
and the Index Theorem for Cf,-Linear Operators. This last result is one
of the deepest in the theory. It involves indices in KO-theory which are
in general not locally computable on the manifold. Our exposition of this
result differs somewhat from that which currently appears in the literature.

There are now in existence many beautiful and illuminating proofs of
the more classical index theorems which use the asymptotics of the heat
kernel. This is a method that was pioneered by Gilkey and Patodi in the
late 1960s. We have elected to present here instead the arguments which
originally appeared in Atiyah-Singer [1]-[5]. This is in part because the
Atiyah-Singer methods lead to the non-local results just mentioned (and
these results are not accessible by heat equation techniques). It is also,
however, because their arguments, which proceed in the spirit of Grothen-
dieck, are really quite beautiful and simple. The essential idea is this. One
observes that the index is an insensitive object, unperturbed by rather bru-
tal changes in the analytic data. Furthermore, the index is a “functorial”
object, which transforms nicely with respect to global operations such as
the embedding of one manifold into another, the addition and multiplica-
tion of operators, etc. Using an appropriate form of K-theory, one then for-
mulates a topologically defined index possessing the same transformation
properties as the analytic index. By performing manipulations allowed in
the theory, everything can be reduced to the trivial case where the mani-
fold is a point. Here the analytic and the topological indices are easily
seen to coincide, and it follows that they must coincide in general.

Our ambition has been to make the presentation in this chapter rea-
sonably self-contained. All the requisite material on pseudodifferential op-
erators is developed assuming only a knowledge of elementary Fourier
analysis. Along the way a proof of the generalized Hodge Decomposition
Theorem is given. Most of the material necessary for the derivation and
computation of the cohomological formulas is also presented in detail.
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The exposition in this chapter owes much to the writings of Atiyah and
Singer and also to Gilkey and Nirenberg. The reader is encouraged to con-
sult the excellent literature on the subject of pseudodifferential operators
and index theory which has appeared over the past twenty-five years.

§1. Differential Operators

This section presents the basic notion of a linear elliptic differential opera-
tor over a manifold X. We begin by fixing notation. For an n-tuple of non-
negative integers o = (aty, . . . ,o,), we set |a| = Y, o, and for each ¢ € R" we
set &% = 11ER - - - &2 In local coordinates (x, . . . ,x,) on X we define the
differentiation operators D* by i™D* = 0"!/0x* = 0™/0x%'0x3* - - - Oxon.
Recall that for a smooth vector bundle E on X, the symbol I'(E) denotes
the space of smooth (i.e., C*) cross-sections of E.

DEerFINITION 1.1. A differential operator of order m on X is a linear map
P:T(E) » I'(F), where E and F are smooth complex vector bundles over
X, with the following property. Each point of X has a neighborhood U

with local coordinates (xy, . . . ,x,) and local trivializations: E|U > UxC?
and F |U = U x C4 in which P can be written in the form:
alal
P= A 1.1
mém () 2 (L.1)

where each A%(x) is a g x p-matrix of smooth complex-valued functions
and where A* # 0 for some o with |o| = m.

A real differential operator of order m is defined similarly with C re-
placed by R.

Observe that if we make a change of the local trivializations of E|, and
F|y by smooth maps gz: U — GL,(C) and gp: U — GL(C) respectively,
then in these new trivializations P has the form

6[‘1|
P=g ( A* )g
F .aém pael 2

alal

:Zéﬁx"

x| =m

where the 4*’s are again p x g-matrices of smooth functions of x and where
A% = gpA®gg* for |al = m. (1.2)

If we make a change of local coordinates X = X(x) on U, then using the
fact that
2 0%
- 53 o,

for each j,
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we find that P again takes the form

i

~ 0
P= ¥ X

laf=m

where

Te B 0x =
A* = w;m A [5x:L for la| =m (1.3)
and where [0%/0x]* denotes the symmetrization of the m™ tensor power
of the Jacobian matrix ((0%,/0x;)).

Equations (1.2) and (1.3) together imply that the coefficients {i" A%}, -
represent a well-defined section o(P) of the bundle (O™ TX) ® Hom(E,F)
where © denotes symmetric tensor product.

DerINITION 1.2. The section o(P)e I'((O™TX) ® Hom(E,F)) is called
the principal symbol of the differential operator P.

Recall that for a vector space V, the space ©®™V is canonically isomor-
phic to the space of homogeneous polynomial functions of degree m on
V*. Hence, for each cotangent vector £ € T*X, the principal symbol gives
an element

6{P):E, —> F,. (1.4)

If we fix local coordinates and trivializations as in Definition 1.1, we find
that for & = Y&, dx,

oP)y=1i" Y A%x)& (1.5)
la|=m
It is now possible to present one of the fundamental concepts of this
chapter.

DerintTION 1.3, Let P be a differential operator of order m over a mani-
fold X. Then P is elliptic if for each non-zero cotangent vector ¢ € T*X,
the principal symbol 6(P): E, — F, is invertible.

ExaMpLE 1.4. Let E = F be the trivialized line bundle and consider
the Laplace-Beltrami operator A : C*(X) » C®(X) of a given riemannian
metric on X. In local coordinates (x,, . . . ,x,) we have

= (99 )

n 2f
=Y g + lower order terms
Jk=1 6}6 6



§1. DIFFERENTIAL OPERATORS 169

where Yg, dx;dx, is the metric tensor and where ((¢’%)) = ((g3)) ™ *. For
a given cotangent vector & = Y&, dx, we find that

oiP) = =2 "¢ % = —|I¢lI?
which is certainly invertible (as a linear map C — C) for £ # 0.

ExaMmpLE 1.5. Let S be a Dirac bundle over a riemannian manifold X
(see T1.5.2), and consider the associated Dirac operator D:T(S) — T'(S). It
is straightforward to show that

odD) = ig-
where “&-” denotes “Clifford multiplication by & Since & - &+ = —||¢||’1d,
this map is certainly invertible for & # 0.

ExaMPLE 1.6. Let S be as in Example 1.5 and consider the Dirac
Laplacian D2:T(S) — I'(S). Then one has that
o4D? = ||¢||*1d.

This shows, from the discussion in Chapter II, §5, that the Hodge La-
placian on exterior p-forms is an elliptic operator. The proof of the fol-
lowing statement is an easy exercise.

Proposition 1.7. Let P:T'(E) —» I'(F), P":T(E) - I'(Fyand Q:T'(F) — I'(L)
be differential operators over X where P and P’ have the same order. Then
for all £ € T*X and for all tt' € R, one has that

O{tP + 'P') = to(P) + t'0,(P)
and

O'g(Q o P)= O'g(Q) ° O'g(P)-

This proposition says that the symbol is a rather nice object when con-
sidered to live on the cotangent bundle. Given P:I(E) — I'(F), we pull
back the bundles to T*X via the projection n: T*X — X and consider
the principal symbol as a bundle map

o(P): n*E — 7*F. (1.6)

If P is elliptic, this map is an isomorphism away from the zero section,
and we can assign topological data to the operator as follows. Fix a metric
on X and set DX = {¢ e T*X:||¢|| £ 1}. Then via the construction given
in Chapter 1, §9, the symbol of P defines a class

i(P) = [n*E,n*F;0(P)] € K(DX, 0DX). (1.7)

IMPORTANT FACT 1.8. Suppose X is a spin manifold of even dimension
and that P is the Atiyah-Singer operator on complex spinors. Then the
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class i(P), when restricted to any fibre, becomes the element # which gen-
erates the Bott periodicity mapping in K(D?, $2%~1) >~ K(S2¥) = K(pt) (see
1.9). This means that on an even-dimensional spin manifold, the principal
symbol of the Atiyah-Singer operator gives a K-theory orientation on the
cotangent bundle, ic., a generator of the Thom-isomorphism (see Appen-
dix C).

Similarly, on a spin manifold of dimension 8k, the principal symbol of
the real Atiyah-Singer operator gives a KO-theory orientation on the co-
tangent bundle.

§2. Sobolev Spaces and Sobolev Theorems

Let E be a hermitian vector bundle with connection V on a compact
riemannian manifold X. Given ueI'(E) we have VueT'(T*X ® E),
and using the tensor product connection on T*X ® E, we have VVue
I(T*X ® T*X ® E). This process continues, and for any k we can de-
fine the norm

k
=y [ 199 Y 1)

Jj times

called the basic Sobolev k-norm on I'(E). An easy exercise shows the equiv-
alence class of this norm to be independent of the choice of metrics and
connection. The completion of I'(E) in this norm is the Sobolev space
LZ(E). 1t is straightforward to verify the following:

Proposition 2.1. A differential operator P:T'(E) — I'(F) of order m extends
to a bounded linear map P:LXE) — Li_.(F) for allk = m.

Ultimately we shall see that if P is elliptic then these extensions have
finite dimensional kernel and “cokernel” which consist of smooth sections
and are independent of k.

Our aim at present is to establish some analytical tools. This is best
done using Fourier transform methods. To this end we select a good sys-
tem of trivializations of our bundle E. To start we choose a finite cover-
ing of X by closed coordinate balls y:Us > B'={yeR":|y|<1},B=
L,...,N. Over each ball U, we choose a smooth trivialization of E

E[Uﬁ —> Uy x C?

which possesses a smooth extension to an open neighborhood of U,. We
further assume that the open balls of radius 1/\/5. cover X, ie, X =
(Y., B, where B; = {pe U;: |yp))* <%}
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We now change each coordinate y, to a local coordinate x, by setting

1
Xg = —F———— .
ST
Note that x;: Uy > R" and that x4B,) = B" = {x € R": |x| < 1}. Further-
more, under the given trivialization over U, any smooth section of E re-
stricts to become a bounded function u:R" — C?. In fact the function
|D*u(x)|(1 + [x|) is bounded for any .

Let’s now choose a smooth partition of unity {y,};-, subordinate to
the covering {B,}}- . Any section u € I'(E) can now be writtenasu = Y u,
where u, = yzu. In our system of coordinate trivializations, each u, be-
comes a smooth function with compact support in the unit ball B".

DermNITION 2.2. Any system of local coordinates for X and local triv-
ializations for E, together with a partition of unity, all chosen as above,
will be called a good presentation of E. Good presentations of each of a
family of vector bundles over X having the same local coordinates and
the same partition of unity, will be called a good presentation of the family.

Using a good presentation of E, we can reduce the study of I'(E) to the
study of smooth C?-valued functions with compact support in B". Here
we can apply the classical Fourier transform

8O = Qm) " [ e Oulx)dx 2.2)

whose elementary properties we summarize (see Taylor [2] as a basic ref-
erence). We assume all functions to be C?-valued, and define the Schwartz
space & = {ue C*(R"): Vo ,k,3C,, such that |[D*u(x)| < C,4(1 + |x))"* on
R"}. (Recall that D* = i~"9"™/0x™.)

The Fourier transform defines an isomorphism (-)": % — &% whose
inverse is given by the following “Inversion Formula”

u(x) = (2m)~"2 fw EEOHE) dE. 2.3)
D) = &%), (24)

Xu(E) = DEA(E). (25)

(U0)p2 = (G,0)12 (Plancherel’s Formula) (2.6)

where (u,v)> = | {u,v) is the usual L? inner product.

DerFINITION 2.3. For s € R and u € &, the Sobolev s-norm is the norm
[lulls given by the formula

2= [t + el de. 27)

The completion of &% in this norm is the Sobolev space L2.
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REMARK 2.4. Let s be a positive integer. Then there are constants ¢,
and c, so that ¢, (1 + > S 1+ &> +... + |&* < ey(1 + [E))*. Tt fol-
lows from formulas (2.4) and (2.6) that there are constants C, and C, so
that

Cilldl? < 3 [DruCof dx < Cllul? (28)
lal £s
This means that the norm (2.1) (for the trivialized C?-bundle with the triv-
ial connection) is equivalent to the norm (2.7).

For any integer k = 0, let C* denote the space of k-times continuously

differentiable functions on R" equipped with the uniform C*-norm, defined
for u e C* by

llullé = sup Zk |D*u|?. 2.9)

" el =

Our first main result is the following:

Theorem 2.5 (The Sobolev Embedding Theorem). For each real number
5 > (n/2) + k, there is a constant K such that

llullex < Kisllull (2.10)
Sor all ue . Consequently there is a continuous embedding
L2 C* (2.11)
for each such s.

Proof. We begin with k = 0. For x € R", formula (2.3) gives
jueo| < @m)~"2 [ |a()]de
=@ [(1+12)7(1 + [E)[ao) d&.

Since (1 + |&|)~ 2" is integrable if 25 > n we have by the Schwarz inequality
that :

el < @m [ (1 + [e)2=de [ (1 + e facef a2
= KZ|lulf?.

Repeating this argument for each derivative D*u with |o| < s — (n/2) and
then summing, proves the result. =

Observe that since (1 + |&))* < (1 + |¢])* if s' < s we have that
lully < lully, Vs <s.

Hence there is a continuous inclusion L? < LZ for all s <s. When re-

stricted to functions with support in a fixed compact set, this inclusion is
“compact.”
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Theorem 2.6 (The Rellich Lemma). Let {u;}{2, be a sequence of functions
with support in B" such that |jujl; < C for all j. Then for any s’ < s there
is a subsequence which is Cauchy in the norm ||-||, and therefore converges
in L2.

Proof. We begin by recalling another elementary fact concerning the
Fourier transform. Let ¢ be a smooth C-valued function with compact
support in R". Then for all integrable functions u,

ou=¢sii and @i = Pil (2.12)

%I

where “x” denotes the convolution product given by

pru() = [olx — yu(y)dy. (2.13)

Suppose now that supp u = B" and ¢ = 1 on B". Then u = ¢u and so
i = ¢=i1. Taking derivatives gives the formula

D) = [(D*¢)(E — myitr) di,
and applying the Schwarz Inequality then gives

D) < [+ in)2|D*6 (& — mn [ (1 + ly|aen)|? dn
= K, (&)]|ul?

where K (&) is the continuous function defined by the first integral.
Applying (2.14) to the given sequence {u;} ; shows that the sequence
{D*4;}7~, is uniformly bounded on compact subsets of R” for any o. In
particular the sequence {i;};2, is uniformly equicontinuous on compact
subsets, and by the Arzela-Ascoli Theorem there is a subsequence which
is uniformly Cauchy on compact subsets.
Fix r > 0 and split the integral

ey = w2 = [, (1 + 1)1/ — a2 de
+ (1 + [E)*1848) — (5| dé

[El=r
For |¢| > r, we have that (1 + |¢))* < (1 + 1)~ 26751 + |¢])**, and so the
first integral is = ||u; — u,]|2/(1 + r)*¢™*) £ 2C/r*¢~*). Hence, for any
given ¢ > 0 we can make the first integral less than ¢/2 for all j and k by
choosing r sufficiently large. The second integral is then bounded above
by a constant multiple of

sup |342) — ay(&)|*

Hence, by the previous paragraph there is a J so that the second integral
is <¢/2 for all jk=J, and the sequence {u;}2, is Cauchy in L2 as
claimed. =



174 III. INDEX THEOREMS

Combining the theorems above gives the following:

Corollary 2.7. Let {u;}%, be a sequence in L? with supp u; = B" and
llu)lls < c for all j. If s > (n/2) + k, then there is a subsequence which con-
verges to a function u € C¥ in the uniform C*-norm.

We denote by z - w = Y%, z;w; the standard C-bilinear pairing on C”.

Theorem 2.8. The bilinear function
o) = [i0) (e de

is a perfect pairing on LY’ x L2 , that is, it identifies L%, with the dual of
L2, for any se R.

Proof. For u,p € &, we have
o) = [a@(1 + &) - 5O + &) de,
and so by the Schwarz Inequality,
o) < [lfldol] -

Hence, the bilinear function has a continuous extension to L2 x L2 . In

particular, for any v e L2, we have that

JSup (@)} = foll (2.15)

It remains to establish equality. For this we choose u so that 4(&) =
BN + |¢])~2. Then we find [a*(1 + |€])* = |8]*(1 + |¢])~2 so that
llulls = l|vl] —¢. Furthermore,

o) = (1671 + [¢) =2 de = ol

Hence (u,v)/||u|l; = |jvl|-s and (2.15) can be made an equality. We have
established the isomorphism L%, = (L2)*. =

Corollary 29. Let T: & — & and T*: S — & be linear maps such that

(Tu,v) = (u, T*v) for all u,v € &. If for some s € R and some constant c, the
map T satisfies the condition

| Tulls < c|ull,  for all ue &, (2.16)

then T* satisfies the condition

IT*v||-s = c|jv||-s  for allve .
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In particular, if T extends to a bounded linear map T:L} — L2 for all
positive integers k, then T* extends to a bounded map T*:L2%, —» L2, for
all negative integers —k.

Proof. Given wupe$ we have |(T*v,u)|=|(v, Tu)| £ ||v||-J|Ty|, <
c||v]| - s||ul;. Hence, by Theorem 2.8 we find ||T*v||_, = sup{|(T*v,u)|:
il =1} S ol m

There is a stronger conclusion possible here which is proved by the
interpolation methods of Calderon. Since we shall only need ||-||; for k € Z
in our work here, we simply state the result.

Theorem 2.10. Let T: ¥ — & be a linear map such that (2.16) is satisfied
fors =s,and s = s,. Then T also satisfies (2.16) for all values of s between
s, and s,.

Corollary 2.9 gives the following key to transferring our local results to
global results on a compact manifold.

Proposition 2.11. Let A be a smooth matrix-valued function on R" so that
|D*A| is bounded for all o. Then the map T:& — & given by Tu = Au
extends to a bounded linear map T:L2 — L? for all se R.

Proof. By formula (2.6) we see that T*u = A'u where A'(x) denotes the
transpose of the matrix A(x). For any integer k = 0, the maps T and T*
are clearly bounded with respect to the classical norm

i ={ 3, [}

which is equivalent to ||u||, (see 2.4). The result now follows immediately
from 2.9 and 2.10. =

For any open set Q = R”, let L2, denote the ||-||;-closure of CJ(Q) =
{ue & :suppu < Q}.

Proposition 2.12. Let Q, Q' be bounded open sets with smooth boundary in
R", and let ®:Q —» Q' be a diffeomorphism. Then the map T:CT(Q) -
C3(Q) given by Tu = u o ®, extends to a bounded linear map T : L2, — L2
for all s.

Suppose similarly that ®:R" > R" is a diffeomorphism which is linear
outside a compact subset. Then the map T: & — & given by Tu =uo-®
extends to a bounded map T:L2 — L2 for all s.

Proof. We begin with the second statement. Note that (Tu,p) = (u,T*v)
where T*p = j(®)u o @~ where j(P) denotes the Jacobian determinant of
® 1. As above we easily see that T and T* are bounded for the norm
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I 1k =1l |l for any integer k = 0. Hence, 2.9 and 2.10 apply to give the
result.

The first statement is proved similarly using the straightforward exten-
sions of 2.8, 29 and 2.10 to the case of Q c R". =

Proposition 2.13. Let P = ) , <, A*(x)D? be a differential operator of order
m on R® whose coefficients are bounded as in Proposition 2.11. Then
P:&¥ — & extends to a bounded linear map P: L2 — L2_,, for all s.

N
Proof. Consider P = D Since |D*u|?® = |&°|*|#i|?, we find immediately that
ID%u]|2 = § (1 + |&])>|&2laE)|? d¢ < ||ul|2+ o for any a and s. Applying the
triangle inequality and (2.11) completes the proof. =

We are now in a position to globalize. Let E be a smooth vector bundle
over a compact manifold X and fix a good presentation for E with coor-
dinates x;: Uy - R", = 1,...,N, and with partition of unity {y,} sub-
ordinate to the covering {B; = x; '(B")} (see 2.2).

Since Y x5 = 1, any u € I'(E) can be written as u = Y u; where uz = yzu.
For s € R, a Sobolev s-norm can be defined on I'(E) by setting

lal= 3. Il @1

where ||uy||, is defined in terms of the presentation: E|;, = R” x C”. The
following is a direct consequence of Propositions 2.11 and 2.12 which
assert the bounded effect of changes of coordinates and trivializations.

Proposition 2.14. For any se€ R and any smooth vector bundle E over a
compact manifold, the equivalence class of the norm |||, is independent of
the good presentation chosen to define it. Furthermore, when s = k is a non-
negative integer, the equivalence class of |||, is the same as that defined by
(2.1) for any choice of metric or connection on E.

This justifies our use of the symbol ||-||, without subscripts to indicate
the presentation chosen. It is now straightforward to see that our main
theorems, 2.5-2.8 and 2.13, can be globalized. We summarize the result
here.

Theorem 2.15. Let E and F be smooth vector bundles over a compact mani-
fold X of dimension n.

(1) For each integer k = 0 and each s > (n/2) + k, there is a continuous
inclusion LXE) = CE). Furthermore, every sequence {u;}, which is
bounded in the ||-||-norm, has a subsequence which converges in the uniform
C*-norm.
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(2) For any riemannian volume measure u on X, the bilinear map on
I'(E) x T(E*) given by setting

(uu*) = fx u*(u)du

extends to a perfect pairing LXE) x L2 (E*) for all s.

(3) Multiplication T ju = Au by any element A € I'(Hom(E,F)) extends
to a bounded linear map T ,: LXE) - L(F) for all s.

(4) Any differential operator P:T'(E) —» I'(F) of order m extends to a
bounded linear map P:LXE) — L2_,(F) for all s.

§3. Pseudodifferential Operators

The concept of a pseudodifferential operator has its roots in the following
observation. Let P = Y 4% x)D* be a differential operator on R" acting
on functions u with, say, compact support. By Fourier Inversion (2.3) any
such u can be written as

u(x) = 2m) ™" [e=Oa() e,
Applying P we find that

Pu(x) = 2m)™"2 [ O p(x2)(e) de (3.1)
where
AxO= T AL (3.2)

is the (total) symbol of P. Replacing p by a more general function of x
and ¢ defines a pseudodifferential operator. Note that in (3.2) the order of
P corresponds to the degree of p as a polynomial in & In the general case
one must be careful with growth in the £-variable.

DermNiTION 3.1, Fix m € R. A smooth (matrix-valued) function p(x,¢) on
R" x R"is said to be a symbol of order m if for each o, there is a constant
C,. such that

IDEDE p(x,8)] £ Cppe(1 + [E]) 1] (33)
for all x,& Let Sym™ denote the space of these symbols.
Proposition 3.2. To each p € Sym™ the formula (3.1) defines a linear opera-

tor P: & — . If p has compact x-support, this operator has a continuous
extension P: L2, — L2 for all s.
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Proof. If ue &, then fi € &. For any integer N > 0, we have
x2VPu(x) = (— )Y [ [AY e Tp( 8 de
= (—1)" =9 AV p(. U] 4.

The second integral is bounded by (3.3) and growth properties of . Hence,
Pue &.
To prove the second part note first that integration by parts gives

i [eopgdx = [=ODIp(xE) dx.
Since p has compact x-support, (3.3) then implies that

= Op(x,&)dx| < C(1 + |E)m(1 + |¢)

for each t € Z*. It follows that
W& | [exemp(ed) x| (1 + [e) (1 + ol

<SG+ )M+ Pt + ¢ —nh
<C(+[E—nl)r ™

where C, and C, are constants that depend on ¢. In particular there exists
a constant C such that

[wende<c  and {wEnan<c

for all £ and 5. Using the pairing from (2.8) we now compute that

(Pu) = [ Puln) - 60

= f {fe‘“"*’”Pu(x) dx} . ﬁ(’?) d’?
= ff {f eixg ﬂ>pr)dx}u(f) d(n)dédn.

Setting U(&) = A(&)(1 + €] ™™ and V(n) = d(n)(1 + |n]) %, we find that
(Puo)] < [[wEnU@ - Vindedy

{ f f P(EUE)dE dn} { f f P(EmV2(n)dE dn}

S C”u“s+m”U“—S'

def

Applying duality and interpolation completes the proof. =

The operators P given in Proposition 3.2 are called pseudodifferential
operators of order m on R”, and the space of all such is denoted by ¥ DO,,.
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We shall study some of the properties of these “local” operators before
globalizing them to bundles on manifolds.

Note that a pseudodifferential operator can have order —m < 0. Such
an operator is said to be smoothing of order m. A linear map 7: &# » &
which extends to a bounded linear map 7: L, —» L,,,, for all s and m is
called an infinitely smoothing operator. Note that by the Sobolev Embed-
ding Theorem 2.5, we have (L) < C* for all s.

Two pseudodifferential operators P and P’ will be called equivalent if
P — P’ is an infinitely smoothing operator.

We want now to examine what happens to the symbols of pseudodiffer-
ential operators under the operations of composition, of taking adjoints
and of changing coordinates. This is referred to as the “symbol calculus.”
To this end we make the following definition.

DerFiNITION 3.3. Let P be a pseudodifferential operator with symbol p.
Then p is said to have a formal development

p~ Y P
=1
(each p; e Sym™ for some m;) if for each integer m, there is a K so that
p— k-4 p;eSym~" for all k = K. (Hence, the corresponding operator is
m-smoothing for all k = K.)

The utility of such formal developments is evident from the following
result.

Proposition 3.4. Any formal series ) i p;, where p;e Sym™ and m; -
— o0, is the formal development of a pseudodifferential operator. This oper-
ator is unique up to equivalence.

Proof. By grouping terms we can assume m;,. ; < m;for all j. Fix a smooth
function ¢:R* — [0,1] such that ¢(f) =0 for t <1 and ¢(t)=1 for
t > 2. For any sequence of radii {r;};>, with limr; = co the symbol

pxd = 3. ollElir)pfond)

is well defined since the sum is finite for each (x,£). Set ¢(&) = o(|¢]) for
¢ e R", and for each j define m; = (j + 1)"||@l|c;- Recall that for each oo
and j there is a constant C,, ; such that [DiD¥p;| < C,[(1 + |€[)™ ™11, Let
C;=max{C,,;: |a| <jand || < j} and choose r; > m;2/C;. Then for any
k> j and for || <}, |«| <j, we have

[DiDEp,| < CA1 + |yt
SCLAE)7HA + [¢ymt=t

1 mye — ||
mjz,.(l +1¢)

=
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for all |¢| = r;. Setting @ (&) = ¢(|¢|/r;), we see that

, 1
IDDE 0,0/ = 5;

= 27(1 + |f|)’""_|"’|

for all |o| o'} < j < k and for all £. 1t follows easily that p = ) ¢;p; € Sym™
and, moreover, that for all k

k
p— ) p;jeSym™*,
j=1
This proves the existence of the operator. Its uniqueness up to infinitely
smoothing operators is obvious. ®

Before beginning the symbol calculus it is useful to note that up to
equivalence any pseudodifferential operator can be made “local” in the
sense that Pu always has support in a neighborhood of supp u. For this
and many other basic calculations we shall need the following:

Workhorse Theorem 3.5. Let a(x,y,£) be a smooth matrix-valued function
on R" x R" x R* with compact x- and y-support. Fix me R and assume
that for each o,By, there is a constant C,g, such that |DiDSDia| <
Cop(1 + [E))" M. Then the operator K:& — & given by

(K = 0" [[eirOatey,u(y)dydg (34

is a pseudodifferential operator whose symbol k has asymptotic development

flal

Keed) ~ ¥, — (D3D5a) (e ) (33

Proof. Note that the y-integral in (3.4) is a Fourier transform. Using the
rule uv = #*d (and neglecting constants (271) ™2 which will take care of
themselves), we find that

(Ku)) = [[ =g —nin) dn dg
= fei<x,n> fei<x.§— ”>d(x,f —n,8)dEti(n) dn
& [kt dn

where d denotes Fourier transform in the second variable. The interchange
of integration is allowed since for each integer £ we have

a0, —n Ol [am] < CAL + [ED™(L + | — )~ + )74
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and the right hand side is integrable for ¢ sufficiently large. Formula (3.6)
shows that K is pseudodifferential with symbol

ko) = [ e marx,g —n.8)de
= [eva g+ ndc

For each integer £ we have the Taylor expansion in the third variable:
A ila' AN
axLl+n) = | |Ze 7 DAL + RAx.L{+n)
al < .

where the remainder is given by the formula

1 rm
RACLL+) = €+ D4 ¥ [ (DALl +m)ee(1 — 1) di

) 57+ 1 il

Recalling that (-}~ denotes the Fourier transform in the middle variable,
we find that

) . ; ~
e ined = [e=orDsa)xLnde
= [¢=oDiDia)x, Lt
= (DDya)(x,x.n).
Consequently, the symbol of K can be written in the form
ilal
ken) = Y S (DIDga) (o) + rx)

lai=e &

and by Proposition 3.4 it will suffice to show that

def

r;(x,n) = J‘ei<xvC>R((x,C’C +7n) dt e Symm—(t+ 1)

for each ¢. To prove this we first show that for each a, 8, and k there is
a constant C,g such that the inequality

DDA+ ) £ Copl + [C4+nlym (1 + L) 7

is satisfied for all x,{,n. To establish this we first note that from our basic
assumption on a we have

lCYD;ng(st)E'i‘n)‘ = ’ICY(D;Dga)(x’y,E'i‘n)e_Ky'C) dy‘
= U (DED}DAa)(x.y.l +n)e =D dyl

4 m—|8]|
< Coy ( f(y_supp)(a) dy) (X +|C + )y

= Cap L +|C + 7~
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After setting { = ¢, the inequality follows easily. Using this 1nequa11ty and
the above formula for R,, we calculate that

|DiDgR((x’C’C + ’7)|
=+ L [T @D+t + e - o dr
luI €+1 2
= Capex o ( _kmﬁl(l - t)’dt

< Copaald + Iy~ D7 4 |y 17k
From this inequality it follows that there are constants C,; so that
DD Axn)] < CoplL + Inlym =+ D=1n),
Hence, r, € Sym™~“*1) and the theorem is proved. m
Theorem 3.5 has the following easy consequences:
Observation 3.6. If the function a(x,y,£) of Theorem 3.5 vanishes for all

(x,y) in a neighborhood of the diagonal, then the corresponding operator K
given by (3.4) is infinitely smoothing.

Proof. By (3.5) we have k~ 0. =

For A c R"and ¢ > 0, we set 4, = {x € R": distance(x,4) < ¢}. An op-
erator P& — & is said to be g-local if for all ue C3

supp Pu < (supp u),. 3.7
Corollary 3.7. Given P € ¥DO,, whose symbol has compact x-support, and

given any € > 0O, there exists P, € ¥DO,, which is equivalent to P and is
e-local.

Proof. Choose a smooth real-valued function y on R” x R” such that
Y(x,y) = 1in a neighborhood of the diagonal, and y(x,y) = 0if|x — y| 2 &
Let p be the symbol of P. Then the operator

(Pad) = @)™ [[ =0y cy)pteEuy) dy dé (3.8)
is clearly e-local. By Theorem 3.5 P, is pseudodifferential with symbol
p. ~ p. Hence, P, is equivalent to P. =
Corollary 3.8. Let y = (x1,x2) be a pair of real-valued functions with com-
pact support on R". Then for any P € ¥DO,, the operator P* given by

PHu) = x,P(x,u) (39
is also in ¥DO,,.
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Proof. The operator P* can be expressed in the form (3.4) with a(x,y,£) =
110(y)p(x,). =

Theorem 3.9. Let P be a pseudodifferential operator and u a function in its
domain (in L? for some s, say). Then for any open set U c R",

u|UEC°° == PuerC‘”.

Proof. Suppose u| p 18 smooth and fix x € U. Choose y = (x,,,) as above
so that: x € supp x; < supp x,; x: = 1 near x; and y, = 1 in a neighbor-
hood of supp y;. Since y,u € Cy, we have x, P(y,u) € C*. Furthermore, by
3.6 we have that y; Pu — y,P(x,u) = ¥ P((1 — x,)u) € C*. Consequently,
x1Pu e C* and so Pu is smooth near x. ®

The reader can probably see the potential usefulness of the above corol-
laries in trying to define and study pseudodifferential operators on general
manifolds. These considerations motivate the following definition.

DErFINITION. An operator P e ¥DO,, is said to have support in a com-
pact set K, if supp(Pu) c K for all ue Cy, and if Pu= 0 whenever
supp u N K = . The linear space of such operators is denoted ¥DOy ,,.

We now begin the local symbol calculus.
Theorem 3.10. Given P € ¥YDOg , and Q € ¥DOy ,, with symbols p and q

respectively, the composition P o Q € ¥DOy ;. has symbol with formal
development

sym(P s )~ - (D3pD0). 3.10)
Given P € ¥DOyg ,, we define its formal adjoint P* by setting
(Pu,v);: = (u, P*v);2 (3.11)
for all u,v € & with support in K.

Theorem 3.11. Given P € ¥DOg ,, with symbol p, its formal adjoint P* €
¥DOg ,, has symbol p* with formal development

ilal _
p*~ ¥ DiDSF' (3.12)

where (-} denotes the transposed matrix.

Theorem 3.12. Let ¢:U — V be a diffeomorphism between open subsets of
R". Then for each compact subset K < U, ¢ induces a map ¢,:¥YDOg , -
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WYDOk,m by setting

(6,P)) = Plu o §)o ™" (3.13)
Proof of Theorem 3.11. Choose u,v € C*® with support in K, and note that
(Pu, )z = [[ = Cpx D), o)) dE dx
= [[[ == <p(x. om0, v(x)> dy de dx
= [[[ <ty e =0T olx)> dx di dy

= (u, P*),2

Fix a real-valued function ¢ € CJ such that ¢ = 1 on K, and note that
since ¢u = u, we can write

(Pro)(y) = [ er= =0 $()plxEotx) dx de. (.14

This operator satisfies the conditions of Theorem 3.5 and therefore has a
symbol p* with formal development

jlat
PH(xd) ~ T o DIDSPIP0EY |
jlai

i -
= Z o DEDip(x,E)

where we use the fact that ¢p* = p’ because p has x-support contained in
K =

Proof of Theorem 3.10. Note that
(PQU) = [ p(x,2)0u(2) dé

and so we need a reasonable expression for @7(5). To find this, note that
Q = (Q*)* and so from equation (3.14)

(Qu(x) = [[ == rOGF Ty Buly)dyde (3.15)

for x € K, where g* = sym(Q*). Now (3.15) is just an inverse Fourier trans-
form. Hence,

0u®) = [e*Or(y,2u(y) dy

where r = (¢¥)". It follows that

(PQu)(x) = [[ &= rOp(xOr(y,Ouy)dy dE
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to which Theorem 3.5 applies. We conclude that PQ is pseudodifferential
with formal development:

Iatl
sym(PQ) ~ Z r DeDsp(x,)r(y,c)

M|
- a,% B,y, (Dip)(DIDr)
|ﬁ|+|7|

-3, 3. oo

-y o tot( £ iy )

IﬂI
Z —7 (DEP)(Dhq)

X=y

where the last line is a consequence of Theorem 3.11. m

Proof of Theorem 3.12. Write x = ¢(X) and X = ¢ ~*(x) = y(x). We note
that

£ =09 —y0) = [ St + (1 - oy

=¥(x.y) (x—y)

where W(x,y) is a smooth matrix-valued function. Since W(x,x) = (Oy//0x),
and i is a diffeomorphism, the matrix ¥(x,y) is invertible for (x,y) in a
neighborhood @ of the diagonal. We choose yx € Cg(0) such that y = 1
in a (smaller) neighborhood of the diagonal.

Let J = det(dyr]dx) denote the Jacobian determinant of i, and note that

[(@uPH]x) = [P~ $]15)
= [[eropzuey) dyde
= [[ e eropy 0. ouI ) dyde.

Let # denote the integrand in this last integral, and write % = y.¢ +
(1 — y).#. By 3.6, the integral of (1 — x).# represents an infinitely smoothing
operator. In the integral of y.# we can make a change of coordinates
& =[¥(x,y)] ' = O(x,y) { and find that, modulo infinitely smoothing
operators, we have

(6 P10 = [[ e axy,u(y) dydg
where

a(x,y.{) = x(x,y)J(y)|det O|p(y(x), O(x,y)).
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By the workhorse Theorem 3.5 we conclude that ¢ P is pseudodifferential.
|

Applying formula (3.5) and recalling that y = 1 near the diagonal, we
find that

il
sym(@,P) ~ ). la—, DEDSJ(y)|det ®|p(1(x).00) i

= p(i(x), (Z—;) C> (mod Sym™ 1)

since @(x,x) = [(0y/0x)']™ ' = (0x/0%) and |det O(x,x)| = J~!(x). Equa-
tion (3.16) states exactly that, modulo symbols of lower order, the symbol
of a pseudodifferential operator transforms like a function on the cotangent
bundle. More precisely, let the coordinates for the Fourier transform (x,£)
be considered as standard coordinates for 1-forms w = Y £;dX; on X-space.

DEerFINITION 3.13. Let P e ¥DO,, have symbol p € Sym™. Then the prin-
cipal symbol of P is the residue class o(P) = [p] € Sym™/Sym™ L. Our dis-
cussion above shows the following:

Corollary 3.14. The principal symbol o(P) transforms under diffeomorphisms
like a function on the cotangent bundle of R".

We are now in a position to consider global questions. Let X be a com-
pact n-dimensional manifold, and let E and F be smooth complex vector
bundles over X. We say that a linear map P:T(E) - I'(F) is infinitely
smoothing if it extends to a bounded linear map P : L2(E) —» L2, (F) for
all s,m e R. This implies by (2.15) that P(LZ(E)) = I'(F) (= C®-sections)
for all s. It is a straightforward exercise to show that given a riemannian
volume measure p on X, any infinitely smoothing operator can be written
as an integral operator:

Pux) = [ K(oy)u(y)du(y) (3.17)
where K(x,y) € Hom(E,,F,) varies smoothly on X x X.

DEFINITION 3.15. A linear map P:T(E) — I'(F) is called a pseudodiffer-
ential operator of order m if modulo infinitely smoothing operators P can
be written as a finite sum P = ) P, where each P, can be expressed in
some system of local coordinates x,: U, - R* and smooth bundle trivi-
alizations as a pseudodifferential operator of order m with compact sup-
port. The linear space of all such operators is denoted WYDO,,(E,F). Two
such operators are called equivalent if they differ by an infinitely smoothing
operator.

Any differential operator P of order m is pseudodifferential.
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REMARK 3.16. Given a riemannian metric on X and P € ¥DO,,(E,F),
e see from 3.7 that for any ¢ > O there is an operator P, e ¥DO,,(E,F)
hich is equivalent to P and is e-local. (Of course, a differential operator
0-local.)

Using a good presentation of the bundles E and F (cf. 2.2), and patching
bgether local pseudodifferential operators with a partition of unity, one
an manufacture interesting elements in ¥DO,(E,F) for any me R.
Given a riemannian volume measure u on X, we can associate to any
perator P:T(E) —» I'(F) a formal adjoint P*:T'(F*) — I'(E*) by setting

fx (Pu,v>dy = fx Cu, P*o> du (3.18)

or ue I'(E) and v € T'(F*). The following theorem is an immediate con-
equence of the previous results of this section.

[heorem 3.17. Let E,F and G be smooth vector bundles over a compact
nanifold X and fix operators P € ¥DO,(E,F) and Q € ¥YDO(F,G). Then the
bllowing statements hold:

(i) P extends to a bounded linear map P: L2(E) - L%_,(F) for all s.
(i) For any open set U c X,

u|U is C® = Pu|U is C®,

(iii) Q - P e ¥DO,,, (E,G).
(iv) P* € ¥YDO, (F*,E*) for any pu.
(v) A diffeomorphism ¢: X — X induces a linear map

¢, ¥YDO,($p*E,p*F) — ¥DO,(EF)
by the formula ¢*[(¢,Pu] = P(p*u).

We now discuss some elements of the symbol calculus in the global
setting. Let n*E and n*F denote the pull-backs of E and F respectively
to the cotangent bundle n: T*X — X.

DrerFINITION 3.18. Let p be a smooth cross-section of the bundle
Hom(n*E,n*F) on T*X. Then p is a symbol of order m if in a good
presentation of E and F, p defines an element of Sym™ in each local co-
ordinate chart of the presentation (where the variables (&4, ...,¢,) are
canonically identified with the coefficients of cotangent vectors in the basis
{dxy, . ...dx,}.

It is easy to see that this definition is independent of the good presen-
tation that is used.

We let Sym™(E, F) denote the vector space of all such symbols of order m.
From Corollary 3.14 and Theorem 3.10 we have the following conclusion.




188 III. INDEX THEOREMS

Theorem 3.19. Each P € ¥YDO,,(E,F) has an associated “principal symbol”
o(P) defined in the quotient space Sym™(E,F)/Sym™  !(E,F).

It would be useful to be able to canonically construct for each ele-
ment p € Sym™(E,F) an associated operator P € ¥DO,(E,F) with the same
principal symbol as p. This can be done after introducing a riemannian
metric on X and a connection V on E. We proceed as follows. Fix p >0
sufficiently small that the exponential map exp, : T, X — X gives a smooth
embedding of the p-disk at each x. Fix a smooth “cut-off” function
¥:[0,p] - [0,1] with ¢y =1 near 0 and ¥ = 0 near 1. The riemannian
metric determines a Lebesgue measure in each fibre of TX and of T*X,
and we can define a “Fourier Transform” (1)~ :T'(E} - I['(n*E) as follows.
For £ e T*X, we set

e = fm e VOUWVYAV (3.19)

where U(V) = y(|V|)ii(exp, V) and where ii(y) denotes the parallel trans-
late of u(y) along the (unique, shortest) geodesic ray joining y to x, when
distance (y,x) < p. For |V]| 2 p we set U(V) = 0. The function #(¢) lies in
the Schwartz class of each fibre, T*X.

Given a symbol p e Sym™(E,F), we now define an operator P = p(V) as
follows. For u € T'(E) we set

Pu(x)=(2n)" f

TLX

p(&)a(&)d¢. (3.20)

We leave as an exercise the proof that P ¢ ¥DO,(E,F). A symbol cal-
culus for operators defined in this way has been worked out in Bokobza-
Haggiag [1] and Widom [1].

If we take X to be flat euclidean space, and E = F to be the trivialized
line bundles, and if we choose p(x,£) = Y A%(x)£% then a direct calculation
shows that Pu(x) =) A%(x)D*u(x).

§4. Elliptic Operators and Parametrices

Recall that a differential operator P:I'(E) — I'(F) over a compact mani-
fold is called elliptic if its principal symbol g(P) is invertible at all non-
zero cotangent vectors £. In this section we shall prove the fundamental
result that modulo infinitely smoothing operators, an elliptic operator is
invertible.

To this end we consider the “local” case of pseudodifferential operators
on R” which map C*-valued functions to themselves.

DEFINITION 4.1 An operator P € ¥DO,, with symbol p is said to be
elliptic if there exists a constant ¢ > 0 such that for all || 2 ¢ the matrix
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inverse of p(x,£) exists and satisfies
P&~ et +|Eh ™™ @.1)

For example, an operator P whose symbol is of the form p(|¢|)Id, where
p(t) is a polynomial with constant positive coefficients, is elliptic.

REMARK 4.2. Tt is straightforward to verify that if P:T'(E) - T'(F) is an
elliptic differential operator, then the local representations of P in a good
presentation of E and F are elliptic in the sense of 4.1.

Theorem 4.3. Let P e ¥DO,, be elliptic. Then there exists an operator
Qe ¥YDO_,,, unique up to equivalence, such that

PQ=1d-¥§ and QP=1d -§ 4.2)
where S and S’ are infinitely smoothing operators.

Proof. Let p be the symbol of P and let ¢ be the constant in Definition 4.1.
Set go(x, &) = x(|&)p(x, £)~* where x:R* — [0, 1] is a smooth function
with y(t) =0 fort <cand y(t)=1fort = 2¢c. m

Lemma 4.4. g, € Sym™"™.

Proof. We must show that for each o and f there is a constant C,4 so
that |[DiD4ge| < C,p(1 + &)™ . Fora = = 0, this follows immediately
from (4.1). For higher derivatives we first note that |[D3D{q,| is estimated
uniformly in x by derivatives of p~'. Taking derivatives of the equation
pp~t=p 'p=1 (for |¢| 2 ¢) and applying (3.3) and (4.1), we see that
|op=1/0¢,| = |p~"(@p/0&)p~ Y| £ C{(1 + |¢)) "™ ! for each j. Taking further
derivatives, using (3.3), and applying straightforward induction complete
the proof of the lemma. =

Note that gop — 1 = pgo — 1 = 0 for |¢| = 2¢. Consequently these func-
tions lie in Sym™ for all m and the corresponding operators are infinitely
smoothing. Unfortunately, pointwise multiplication of symbols does not
give rise to composition of operators. We have instead the complicated
formula (3.10):

i

|
sym(QP) =) - (Da(D3p).

Placing g, in this formula, we find from the above observation that at
least sym(Q,P — 1) e Sym™~!. This suggests proceeding inductively to
define a formal development

q-~ Z 9k (4.3)
k=0
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where g, € Sym™ ¥ is defined by

k=1 sl
G=—Y [ Y ‘-,(qu,-)(D:p)]qo. (44)
=0 e +j=k &

By Proposition 3.4 there is an operator Q € ¥DO_,,, unique up to
equivalence, whose symbol has the formal development (4.3)—(4.4). Since
the composition of any pseudodifferential operator with an infinitely
smoothing operator is infinitely smoothing we are free to replace P and
Q with any operators equivalent to them. In particular, by Corollary 3.7
we may assume P and Q to be 1-local. Theorem 3.10 now applies to prove
that QP — I is an infinitely smoothing operator.

A completely analogous argument proves the existence of an operator
Q' e ¥YDO_,, such that PQ' — I is infinitely smoothing. Note, however,
that Q ~ Q(PQ') = (QP)Q' ~ Q', that is, Q@ and Q' are equivalent. =

The operator Q constructed in Theorem 4.3 is called a parametrix for
P. Its existence proves many of the basic important facts concerning elliptic
operators. Here is an example:

Theorem 4.5. Let P € ¥DO,, be an elliptic operator and choose u € L2, for
some s. Then on any open set U = R", it is true that:

Puis C* on U B uis C* on U. 4.5)
Furthermore, if Pu = Au for some A € C and if m > 0, then u is smooth.

Proof. Choose a parametrix Q with Id = QP + S as above. By 3.9, if Pu
is smooth on U, then u = QPu + Su is smooth on U.

If P is elliptic, so is P — 4 Id for any 4 € C provided m > 0. Hence, by
the above, if (P — Aju = 0, then u is smooth. =

We pass now to the global case. Let E and F be smooth vector bun-
dles over a compact manifold X and consider an elliptic differential
operator P:T(E) — I'(F) of order m. Choose a good presentation of the
bundles E,F with coordinates x5 : Uy — R" where f = 1,...,N, and with
partition of unity {;} subordinate to the covering {B;} where B, =
{pe Ug:|xyp)| < 1} (see Definition 2.2). In the fth system P defines an

elliptic operator P; € ¥DO,, for which there is a parametrix Q; € ‘DO _,,
satisfying

Py0s=1d—S; and Q,P,=1d—§,, (4.6)

where S; and S are infinitely smoothing. By (3.7) we may assume that
Q; and, therefore, also S; and S are 1-local. Now observe that for any
1-local operator R in the fth coordinate system, the operators ¥ ;R and
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Ryr; have compact support in 2B, = {x;: |x4| < 2}, and thercfore define
global operators in WDOL(E,F). (In particular, if ueI(E), we have
YgRu = YgR(pu) + Y,4R(1 — @)u) = Y,4R(pu) where ¢ is any smooth cut-
off function with support in Uy and with ¢ =1 on 2B,.)

We now define global operators Q,0' e ¥YDO_,(E,F) and S§,§ €
¥YDO . (E,F) by setting

Q= Z ‘/’pQﬁa Q= Z Qpl//p,

S=X WS S =X S

It follows immediately from (4.6) that PQ'u =3 P,Qu(su) =) Ysu —
Y Sy(pu) = u — S'usince Y 5 = 1. Similarly, one finds that QP = Id — §,
and therefore also that Q ~ Q(PQ’) = (QP)Q’ ~ @', that is, Q and Q' are
equivalent. We have proved the following main result:

Theorem 4.6. Let P:T(E) —» I'(F) be an elliptic differential operator of
order m over a compact manifold. Then there is an operator Qe
¥DO _,(F.E), unique up to equivalence, such that

PQ=1d- ¢ and OP=1d -8 4.7)
where S and S’ are infinitely smoothing operators.

The operator Q is called a parametrix for P.
Notice that the equations (4.7) imply that PQP=P — SP=P — PS§
and QPQ = @ — 0SS’ = Q — SQ, and consequently that

PS=S§P and QS’ = SQ' (4.8)
Furthermore, it is evident that
Shkerp=1d  and  Slero=1d. 49)

REMARK 4.7. Theorem 4.6 carries over to pseudodifferential operators.
An operator P € ¥DO, (E,F) is said to be elliptic if its principal symbol
o(P) € Sym™(E,F)/Sym™~'(E,F) has a representative p which is pointwise
invertible outside a compact set in T*X and satisfies the estimate
|P(€)~1 < C(1 + |¢])~™ for some constant C and some riemannian metric
on X. A straightforward adaptation of the arguments above shows that
Theorem 4.6 remains valid if the word “differential” is replaced by “pseudo-
differential.” This fact will not be used here, so we leave the details to the
reader.

ReMARk 4.8. Given a differential operator P:T'(E) — I'(F) of order m
and a riemannian volume measure on X, let P*:I'(F*) —» I'(E*) be the
formal adjoint given by (3.18). Then P* is again a differential operator of
order m whose principal symbol o(P*) is the pointwise transpose of ¢(P).
In particular, P is elliptic if and only if P* is elliptic.
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§5. Fundamental Results for Elliptic Operators

In this section we shall prove some basic theorems for elliptic operators,
These will include the fundamental elliptic estimates, the classical “Hodge
Decomposition Theorem,” the spectral decomposition for self-adjoint el-
liptic operators, and estimates for the growth of eigenvalues, used later
to establish the strong convergence properties of the heat kernel.

Throughout this section E and F will denote smooth vector bundles
over a compact n-dimensional manifold X. We shall prove our results
here for differential operators but many of them carry over to pseudo-
differential operators of positive order.

To begin we recall some basic concepts concerned with a bounded
linear operator T:H, — H, between Hilbert spaces. The kernel of T is
the subspace ker(T') = {v € H,: Tv = 0}, and the range of T is the subspace
Im(T)= {Tve H,:ve H,}. The cokernel of T is the quotient space
coker(T) = H,/Im(T) by the closure of the range. The operator is called
Fredholm if its kernel and cokernel are finite dimensional and its range is
closed. Its index is then defined to be the integer ind(T') = dim(ker T) —
dim{(coker T).

At the other extreme from Fredholm operators are compact operators.
A bounded operator T:H, — H, is said to be compact if the image of
each bounded sequence from H, has a subsequence which converges in
H,. By the Sobolev Embedding Theorem, the inclusion LZ(E) = LX(E)
for s' > s is compact. In particular any infinitely smoothing operator
S:L*E) —» L(E) is compact. The Fredholm operators are exactly those
which are invertible modulo the compact ones.

Lemma 5.1. Let T:H, - H, and Q:H, — H, be bounded linear maps
such that QT =1d — S, and TQ =1d — S, where S, and S, are compact.
Then T and Q are Fredholm operators.

Proof. Since Sy|ver(ry = Id and S, is compact, ker(T) must be finite dimen-
sional. Taking adjoints, we find Q*T* = Id — S%, and since S% is compact
we conclude as above that dim(ker T*) = dim(coker T) < co. It remains
to prove that Im(T) is closed. By restricting to (ker T)* we may assume
that T is injective. Let v, = Tu,, k =12,..., be a sequence such that
v, — v in H,. We want to show that v = Tu for some u € H,. We note
first that the sequence {u,};%., is bounded. Otherwise by passing to a sub-
sequence, we can assume that ||u,]| - co and so T(u/||uyl) = ve/llul] = 0.
Since QT =1 — S, and §, is compact, we may assume by passing to a
subsequence that lim(u/|[u,[[) = lim S, (uy/|jui]]) = w where [jw|| = 1. How-
ever, by continuity Tw = 0, and since T is injective, w = 0. We conclude
that {u,};-, must be bounded.
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Consider now the convergent sequence Qu, = QTu, = u, — S,(u) —
Qu. Since {u}y>, is bounded and S, is compact we may assume, after
passing to a subsequence, that S;(i) — u,. Applying T to the line above
we find lim(Tu, — TS u,) = v — Tu, = TQv. Hence, v € Im(T) and we
have proved that Im(T) is closed. Therefore T (and by symmetry @ also)
is Fredholm. =

We now state our first main theorem:

Theorem 5.2. Let P:T(E) — I'(F) be an elliptic operator of order m over
a compact manifold X. Then the following is true:

(i) For any open set U = X and any u € LX(E),
Pu|UeC°° = u|U6C°°.

(i) Foreach s, P extends to a Fredholm map P:L%E) — L2_,(F) whose
index is independent of s.
(i) For each s there is a constant C, such that

lulle < Cllluls - + [|Plls—m)

for all u e L?. Hence the norms ||||s and ||*||s-p + ||P*||s-m on LZ are
equivalent.

Proof. Part (i) is a restatement of Theorem 4.5. For part (ii), note first
that by Proposition 2.13, P extends to a bounded linear map P: L3(E) —
L%_,(F). That this extension is Fredholm follows immediately from the
existence of the parametrix (Theorem 4.6) and the lemma above. By part
(i), ker P consists of smooth sections and its dimension is therefore inde-
pendent of s. Similarly, the cokernel of P is isomorphic to the kernel of
the adjoint

L2 (F}* = LX(E
2 2 (5.1)
L2, (F*) — L2 (E¥)

which is easily seen to be the natural extension of the formal adjoint of
P. Since P* is elliptic (see 4.8), dim(ker P*) is also independent of s. This
proves part (ii).

For part (iii), let @ € ¥DO _,(F,E) be a parametrix as in Theorem 4.7.
Then u = QPu + Su, and since § is infinitely smoothing, ||ul|, < ||QPu||, +
ISl = COlPul - + - ®

The above proof shows the following. Let P:T'(E) — I'(F) be an elliptic
operator and P*: I'(F*) —» I'(E*) its formal adjoint (defined using any
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volume form on X). Define the index of P to be

ind(P) = dim(ker P) — dim(ker P*). (5.2)

Corollary 5.3. The index of an elliptic operator P equals the index of any
of its Fredholm extensions P:LY(E) - L2_.(F).

Part (iii) of Theorem 5.2 is called a “fundamental elliptic estimate.”
Notice that if we solve the equation Pu = v, it allows us to estimate the
|I/ls-norm of u in terms of the ||*||;~ ,-norms of u and v. It will be useful
in later discussions to write down an important local consequence of this
result.

Theorem 5.4. Let P be an elliptic differential operator (of order >0) defined
on an open subset Q of R". Then for every compact subset K < Q and every
integer k = 0, there is a constant Cg , such that for all solutions u of the
equation Pu = 0, one has that

l[ullx.cx < Crallulla.r2 (5.3

where ||-||x.cx denotes the uniform C*-norm on K and |||l 2 denotes the
L%-norm on Q.

Proof. Choose ¢ € C3(Q) with ¢ = 1 on K. Observe that P(pu) = @Pu +
Y a,(x)(D*u)(x) where the sum is over |o| < m = order(P) and where the
coeflicients a, depend only on P and ¢. Assume Pu = 0. Then the funda-
mental elliptic estimate 5.2(iii} applies to give

llullx.z2 < lloulla.Lz < C(”‘P””n,Lz_m + ||Poulla,rz_,)
< Clullo.cz.,

Taking a sequence K cc Q, ccQ,cc - c = Qy = Q, applying the
argument repeatedly, and then using the Sobolev Embedding Theorem
2.15(1) completes the proof. =

It is often useful, when studying an operator P:I'(E)} — I'(F) to consider
non-negative operators P*P and PP* where P*:T'(F) — T'(E)is the formal
adjoint defined via bundle metrics. For this reason we shall assume from
this point on that E and F are equipped with hermitian inner products and
unitary connections, and that X is furnished with a riemannian metric.
All connections will be denoted by V. The Sobolev norms ||-||, with ke Z*
will be given explicitly by (2.1).

Given an mth order differential operator P:I(E) —» I'(F) and bundle
metrics as above, we define the formal adjoint of P to be the map P*:
I'(F) - I'(E) such that (Pu,v);> = (u,P*v),.for all u e T (E) and all v € T'(F).
Integration by parts shows that P* exists and is also a differential operator
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of order m. Furthermore, a(P*) = o(P)* and so P* is elliptic if and only
if P is elliptic.

A differential operator P:I'(E) — I'(E) is then said to be self-adjoint if
P = P*. The Dirac operator of a Dirac bundle is always self-adjoint, and
so, of course, are its powers (see I1.5.3.). An important example for rie-
mannian geometry is the Dirac operator D on the Clifford bundle CE(X).
Under the canonical isomorphism C{(X) = A*(X) we have D = d + d*,
and so D? =~ dd* + d*d = A, the Hodge Laplacian (see I1.5.12).

Theorem 5.5. Let P:T'(E) — I'(E) be an elliptic self-adjoint differential op-
erator over a compact riemannian manifold. Then there is an L?-orthogonal
direct sum decomposition:

T(E)=ker P ® Im P (5.4)

Proof. With respect to the decomposition L%E) = ker P @ (ker P)* any
element u € I'(E) = L%*(E) can be written as u = uy + 4, with Pu, = 0.
Since # and u, are smooth, so is u;.

Consider now the Fredholm map P:L*E) — L2 ,(E) whose adjoint
P*:L2(E) » L¥E) (cf 5.1) is the natural extension of P itself. We clearly
have that (ker P)* = Im P* = P(L%(E)). Hence, we can write u, = Pii, for
fi, € LA(E). Since u, is smooth, so is #i, by Theorem 5.2. =

Consider the special case E = A*X and P = A = dd* +d*d (see 11.5.12
forward). Clearly, Im A = Im d + Im d*. However, since (d*,dy);. =
(@, d*Y)2 = 0 for all @, this sum is L2-orthogonal. Letting H* = ker A
denote the harmonic forms we have the following:

Corollary 5.6 (The Hodge Decomposition Theorem). Let X be a compact
riemannian n-manifold. Then there is an L*-orthogonal direct sum decom-
position of the smooth p-forms

I'A?’X)=H" ® Imd @ Im d* (5.5
forp=0,...,n
Theorem 5.5 has another important consequence:
Corollary 5.7. Let P:T(E) — I'(E) be a self-adjoint elliptic operator over a
compact riemannian manifold, and let H:T(E) — ker P be the orthogonal

projection given by the decomposition (5.4) Then there is an operator G:
I(E) > I(E) of degree —m, called the “Green’s operator,” such that

PG=GP=1d - H.

Proof. The map P:Im P — Im P is an algebraic isomorphism and has
aninverse P~'. Let G = P~! o (I — H). G obviously extends to a bounded
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map G: L%(E) — L2, ,(E) which is a Hilbert space isomorphism on (ker P)*
foralls. m

We now consider the spectral theory for a self-adjoint elliptic operator
P:T(E) - T(F). For 4 € C we consider the A-eigenspace of P given by

E;, = ker(P — Al), (5.6)
and we say that 4 is an eigenvalue of P if dim E; > 0.

Theorem 5.8. Let P.T(E) — I'(E) be a self-adjoint elliptic differential op-
erator of order m > 0 over a compact riemannian n-manifold. Then each
eigenspace of P is finite-dimensional and consists of smooth sections. The
eigenvalues of P are real, discrete and tend rapidly to infinity in the fol-
lowing sense. If

dA) = dim( (—D E 1), (5.6)
A=A
Then there is a constant ¢ such that
d(A) é cAn(n+2m+2)/2m‘ (57)

Furthermore, the eigenspaces of P furnish complete orthonormal systems for
L), i.e., there is a Hilbert space direct sum decomposition

LYE) = (-? E,. (5.8)

Proof. The first statement follows immediately from the fact that P — AJ
is elliptic. To see that each eigenvalue is real, note that if Pu = Au, then
Ml = (Puu) = (u.Pu)y. = Alull*.

To prove the estimate (5.7) we proceed as follows. Given ¢ > 0, we say
that a subset 4 — X is e-dense if for each point x € X there is a point
a € A with dist(x,a) < &. For each &¢ > 0, let N(¢g) be the minimal possible
number of elements in an e-dense subset of X. One sees easily that for
some constant C.

N <Ce™  foralle> 0. (5.9)

Consider now a function u € E; and note that for each integer k > 0,
Py = j*u. Hence by the elliptic estimates 5.2(iii) we see that there is a
constant C,, independent of u, such that

Il < Cill[ul]o + |[P*ul]o)- (5.10)
Set E(A) = (—Dm < E;and write u € E(A)as u =) a,u, where u; € E; has
|[uz]| = 1. Then P*u = ¥ a,A*u;, and since u; L u, for 1 # p, we have that

[IPUll§ = X |aa*|4|** < X |a;|*A%* = A?M||u||2. Consequently, by (5.10) we
have that

[[]lmic = Cal1 + A9)|ul]o
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for all u € E(A). If we assume that mk > (n/2) + 1, the Sobolev Embedding
Theorem 2.15 gives us a constant Cj such that

sup |Vu| < CY(1 + A9 uf, (5.11)

for all u e E(A). Suppose now that for a given ¢ >0 we have d(A) =
dim E(A) > N(g). Then there will be an element u € E(A) with ||u|jo =1
such that u = 0 on an e-dense subset of points in X. It then follows from
(5.11) that

sup |u| < eCi(1 + AH).
X

1
However, this is impossible if éCi(1 + A¥)vol(X)* < 1 since | Iu!f =1.We

conclude that d(A) < N(g,) where g;!=2C(1 + A¥vol(X)? < C/A*
Consequently, by (5.9) we have d(A) £ Ce;" < ¢, A™. Choosing k =
[(n + 2m + 2)/2m] completes the proof of the estimate (5.7).

It remains to prove (5.8). Let V, denote the closure in L2(E) of the
subspace consisting of finite linear combinations of eigensections of P.
Note that by 5.2(ii) the map P:L}E) —» L2_,(E) is an isomorphism on
(ker P)*. Hence, P:V} — V{_, is a Hilbert space isomorphism for all s.
We want to show that V5 = {0}. Let’s assume V§ # {0} and consider

p? = inf{(P*u,u) = ||Pul[3 : ue V§ and jull, = 1}.

Note that V3, is dense in V§ and so u? < co. (This density follows from
the fact that L% -orthogonality implies L2-orthogonality, V,,, is dense in
V, and L3, is dense in L3.)

Choose a sequence {u};z, < Vg with |lufjp=1 for all k and
Hm(P?uy,u,) = p?. Since ||u/|§ + ||Pu|§ is uniformly bounded we know
from Theorem 5.2(iii) and the compactness of the embedding L2(E) =
L3(E), that there exists a subsequence, also denoted {u,};>,, such that
u, = u in L3(E). We claim that

((P? = 1), v)o = (u, (P* — 1J)g = 0 (5.12)
for all ve V3, = (V_,,)* If not, then there exists v € V3, with |jv|lo =1
and ((P? — p*u,v) = —a < 0. For te R, consider the vectors ugft) =
u, + tv and note that

O e TR ) R R L
= [|us®||3 1+ 2tup) + 12

for |t| sufficiently small. This proves (5.12), which in turn proves that
P?u = p*u. Since P? is elliptic, the u*-eigenspace is finite dimensional and
P-invariant. Consequently it contains an eigenvector of P in contradiction
with the definition of V. This completes the proof of Theorem 5.8. =
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A self-adjoint operator P is said to be positive if (Pu,u), 2 0 for all
u € I'(E). Theorem 5.8 can be reformulated in the positive case as follows:

Corollary 5.9. Let P:I(E) — I'(E) be a positive self-adjoint elliptic differ-
ential operator of order m > 0 over a compact manifold. Then there is a
complete orthonormal basis {u,}2 ; of LE) such that

Lu, = Au, Jor allk (5.13)

where 0 < A, S A, <... — . In fact for some constant ¢ > 0,
A = ck?mimnt2m+2)  for all k. (5.14)
Proof. The first statement is cléar. For the second note thatd(4,) = k. &

§6. The Heat Kernel and the Index

Let P:T(E) — I'(E) be a positive self-adjoint elliptic differential operator
of order m over a compact riemannian n-manifold X. In this section we
shall explicitly construct the heat operator e '*:I'(E) —» I'(E), for t > 0,
which is an infinitely smoothing operator with the property that if u, =
e~ 'Pu, for some u € I'(E), then u, satisfies the equation

d
5t Pu=0. 6.1)
We shall define e *F as an integral operator of the form
€™ ") = [, Ky dy (62

where K(x,y):E, = E, is a linear map depending smoothly on x,y and .
(Hence, K is a smooth section of the obvious bundle over R x X x X))
This kernel K is called the heat kernel for P and is defined as follows. Let
{u,}s-, be a complete orthonormal basis of L*E) consisting of eigen-
sections of P with Py, = Lu, and 0 < 4, < 1, <... > oo as guaranteed
by Corollary 5.9. We set

K{x,y) = kZI e u(x) ® u}(y) (6.3)
where v* € EJ denotes the element such that v*(u) = (u,v), for all u € E,,
Lemma 6.1. For any r 2 0 and any closed interval I c (0,00), the series
(6.3) converges uniformly in the C'-topology on I x X x X.

Proof. Fix a positive integer s with ms > (n/2) + r. By the Sobolev Em-
bedding Theorem 2.15 and the Fundamental Elliptic Estimates 5.2(iii) we
have constants ¢ and ¢, depending only on s, such that each u, satisfies
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the inequality:

”“k o = C'”“k”ms = C(”ukno + “Psuk”O) =c(1+ )

where ||-||c- denotes the function C"-norm on X. By Corollary 5.9, 4, satis-
fies the inequality

Mz kY
where y = 2m/n(n + 2m + 2). This implies that
eI S (e TF(K)

for all k > (s/t)'””. The uniform C’-convergence of (6.3) now follows di-
rectly from the convergence of the integral (¥ e™*x"dx. ®

This lemma has the following immediate consequence:
Theorem 6.2. For each t > 0 the operator e™**:T(E) — [(E) is infinitely

smoothing. Furthermore, given u e LXE), for any s, the section u(t,x)=
(e *Pu)(x) is C® on R x X and satisfies the “heat equation,” 0u/0t = — Pu.

Proof. The first two statements are an immediate consequence of the fact
that K is C*. To see that du/0t = — Pu, note that

=Y e u(x) @ ui(y)
= —Pth(X,y). ]

0
E Kr(x, y)

For a given operator P as above, we introduce the following important
concept.

DErFINITION 6.3. The trace of the heat kernel for P is the function
tr(e™*) = fx trace,[ K,(x,x)] dx
— . e—lkt
Z,

which is defined and analytic for all t > 0.
Note that trace,(u(x) ® uf(x)) = |u(x)|* and so the second equality
follows from the fact that |ju,}|2 = 1 for all .

ExaMmpLE. Let X be the flat cubical torus R*/27Z", where R" carries the
standard metric, and let P = —A = — 0%/067 acting on functions. The
normalized eigenfunctions are given by uy(0) = 2m) 2% for N =
(Ny,...,N,) e Z". Note that —Auy = |N|?uy, and so

K6, 6)= Z o~ INIZtHKN.6-07)

Nezn
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and
tr(e®) = ¥ a(ke ™
K=o

where a(k) denotes the number of elements N € Z" with |[N|? = k. Forn =1,
we find

tre®) = Y e ¥ g J/n/t.

Let us return now to the case of a general elliptic differential operator
P:T(E) - I'(F) over a compact riemannian manifold X. We assume E
and F are equipped with bundle metrics, and we consider the “Laplace
operators”:

P*P:T(E)— T(E) and  PP*:I(F)— I'(F).

Since (P*Pu,u), = ||Pul|§ and (PP*v,v), = ||P*y||3, we see that these
elliptic operators are self-adjoint and positive. It is furthermore evident
that ker P*P = ker P and ker PP* = ker P*. Consequently, we have
(cf.(5.2)) that

ind(P) = dim(ker P*P) — dim(ker PP*) (6.5)

On the other hand, the operators P*P and PP* have exactly the same
sequence of non-zero eigenvalues. To see this, set E; = {u € I'(E) : P*Pu =
Au} and F, = {vel'(F): PP*v = Av} for Ae R. Observe that if uc E;, then
(PP*)(Pu) = P(P*Pu) = A(Pu); that is, P(E;) c F,. Similarly, we find that
P*(F,) < E,. Since P*P = A1d on E;, we conclude that P: E; 5 F, is an
isomorphism for all 4 # 0.

Let0< 4, £4,£1; £... > o denote the common non-zero eigen-
values of P*P and PP* (listed to multiplicity). Then taking the difference
of the traces of the heat kernels, we get enormous cancellation(!):

tr(e”""P) — tr(e™FP) = (dim Eo + Y e~ ) — (dim F,o + Y. e~ ™)
=dim E; — dim F,,

This proves the following:

Theorem 6.4. LetP:I'(E) — I'(F) be an elliptic differential operator over a
compact riemannian manifold, and let P* .T'(F) - I'(E) be defined via inner
products in E and F. Then

ind(P) = tr(e™**"?) — tr(e™*"")
for all t > 0.

Observe that as t — co, the operator e "P*F converges strongly to the

orthogonal projection Hy:L*(E) — ker P. Consequently the direct sum
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D, =e PP @ (—e PP} acting on ['(E @ F) can be thought of as a “ho-
motopy” of operators which, as t — oo, converges to Hy @ (— Hp), the
“difference of harmonic projections.” We see that for all ¢, D, is of trace
class and its trace, tr(D,) = ind(P), is time independent. It is useful to con-
sider the operator D, at the other end of the “homotopy,” as ¢ \ 0.

When deg(P) = 1, it turns out that as r ~ 0, the heat kernel for P*P
has an asymptotic expansion

trace, K (x,x) ~ 3 p(x)t*~m2 (6.6)
k=0

Where p,(x) are densities on X which are locally and explicitly computable
in terms of the geometry of X and P. Theorem 6.4 says that the index of
P depends only on the coefficient p,(x) for the operators P*P and PP*.
Careful computations of these terms yields a proof of the classical Atiyah-
Singer Index Theorem.

§7. The Topological Invariance of the Index

The index of an elliptic operator is a quite stable object. It remains con-
stant during continuous perturbations of the operator and, in fact, it can
be shown to depend only on the homotopy class of the principal symbol.
A proof of this fact is one of the main objectives of this section. In succeed-
ing sections we shall consider elliptic operators with additional structure,
such as operators which are C{,-linear for some k or operators which
commute with a given action of a compact Lie group. In each case we
shall define a refined index and examine its elementary homotopy invari-
ance properties.

The index of an elliptic operator P:T'(E) — I'(F) is the index of any of
its Fredholm extensions P:L2(E) — L2_,(F). For this reason we begin
with a discussion of Fredholm operators.

Let H, and H, be separable Hilbert spaces and let &£ = L(H, H,)
denote the Banach space of bounded linear maps from H, to H, with
norm given by ||T|| = sup{||Tv| :||v|| < 1}. It is elementary to verify that
the subset &~ < & of linear isomorphisms is open in the norm topology
(cf. Palais [1]). We are interested here in the subset § = §(H,, H,) of
Fredholm operators from H, to H, (see §5). To each Te &, we have defined
the index of T

ind T = dim(ker T) — dim(coker T).
Proposition 7.1. The map ind: § — Z is locally constant on §, and induces
a bijection
ind:y(F) — Z

between the connected components of & and the integers Z.
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Proof. We begin the proof with a lemma which will be useful later on.

Lemma 7.2, Fix Ty € & and let V< H, be a closed subspace of finite codi-
mension with V n (ker T,) = {0}. Then there is a neighborhood % of T, in
P such that for all Tin U we have:

(i) V ~ (ker T) = {0},

(i) TV is closed in H,,

(iii) the subspace W = (T, V)* < H, projects isomorphically:

W= H,/TV.

Furthermore, the isomorphisms of (iii) assemble to give that:

(@iv) The family UTe”Il(HZ/TV) — Y, topologized as a quotient of U x
H,, is equivalent to the trivial bundle U x W — .

Proof. To each Te & we associate the bounded linear map
T"wWeVv — H, (7.1)

given by setting T(w,0) = w + Tv. This correspondence T — T defines a
continuous map & — &£ (W® V,H,) in the norm topology. Since T, is
an isomorphism, so is T for all T in a neighborhood % of T,,. This estab-
lishes (i)—(iv). =

Corollary 7.3. § is open in 2.

Proof. Choose V = (ker T,)* in Lemma 7.2 and note that % < § by (i),
(i), and (iii). =

Corollary 7.4. The index is constant on connected components of §.

Proof. Fix Tye §,set V = (ker T,)*, and let % be given by Lemma 7.2. It
will suffice to show thatind T = ind T, for all T € %. Fix T € % and con-
sider the (non-orthogonal) direct sum decomposition H, = (ker T) @
Z @ Vwhere Z = (ker T @ V)* (see 7.2 (i)). By the Open Mapping Theo-
rem, T induces an isomorphism between Z @ V and the closed subspace
TZ @ TV. Setting coker T = (TH,)* =(TZ @ TV)*, we obtain the fol-
lowing factoring of T: ™/~

H, 2 ~ H,
] i (7.2)
ker TOZRV —> coker TOTZR TV

Dividing by V = (ker T,)* gives an isomorphism

ker Tox=ker T @ Z. (7.3)
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Dividing by TV and using 7.2(iii) (with W = coker T,) gives an isomor-
phism

coker T, = coker T® TZ = coker T ® Z. (7.4)
It follows immediately that ind Ty, =ind 7. ®

We shall examine this argument again when the maps have more struc-
ture. The proof of Proposition 7.1 is completed by the following:

Lemma 7.6. Any two operators To, T, € § with the same index lie in the
same connected component of §.

Proof. Since ind(T*) = —ind 7, it suffices to consider the case where
ind T, = ind T, 2 0. To begin we note that any Te & with ind T = 0 is
homotopic in § to a surjective map. To see this, choose any linear surjec-
tion L:ker T—» coker T = (Im T)*, and consider the homotopy T +
tL ,t = 0. We may assume therefore that T, and T, are both surjective. Set
K; = ker(T;) and consider the decomposition H, = K; @ Kj for each j.
We have the isomorphism B = T7'T,:K§ > K+, and since K, and
K, have the same finite dimension, we can choose an isomorphism
A:K,— K,. The direct sum C =4 ® B: K, ® Ki » K, ® K1 is an
automorphism of H, such that T, = T,C. Suppose we can find a contin-
uous family of isomorphisms C,:H, - H, 0 <t <1, with C, = C and
C, =1d. Then T, = T, C, connects T, to T,. Therefore we are done when
we have proved the following:

Lemma 7.7. The set ¥~ = % *(H,H) of isomorphisms of Hilbert space is
connected.

Proof. We fix C € & and show that C can be connected to the identity.
To begin we put C in polar form C = UA where A is the positive square
root of the positive self-adjoint operator C*C, and where (since U*U =
ATIC*CA™' = A~'4%47! = 1d), U is unitary. Since the positive bounded
self-adjoint operators form a convex set, we see that C is homotopic to
U. Now U has a spectral decomposition of the form U = (3" e'*dn; and
can be written as U = ¢'7 where T = [3* Adn;. The homotopy U, =
e"T, 0 <t < 1, completes the proof of Lemma 7.7 and so also of Lemma
7.6 and Proposition 7.1. =

Note. When H, = H, = H, the composition of operators makes 7, a
semigroup. Interestingly, the map ind:n,§ — Z is a group isomorphism.
To prove this we need only observe that

ind(S o T) = ind(S) + ind(T) (1.5)
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for all S,T € §. To begin let n: H — (ker S)* be orthogonal projection and
note that since T is homotopic to 7o T in § (by a linear homotopy) we
can assume that Image(T) < (ker S)*. The assertion is now easily checked.

Let us now return to the case of elliptic operators over a compact
manifold X. A family P,:T(E} — I'(F), 0 <t < 1, of such operators is said
to be continuous if in any good presentation of the bundles the coefficients
of the local representations P, = A%(x,t)D* are jointly continuous in x and
t. Under this hypothesis the order of the operators must be a constant,
say m. Furthermore, for any s the map [0,1] > §(LXE), L2_,(F)) given
by t +— P,, is continuous in the norm topology. Consequently, ind(P,) is
constant in ¢t by Proposition 7.1.

Recall that two elliptic operators P,,P,:I'(E) —» I'(F) over X are homo-
topic if they can be joined by a continuous family P,, 0 <t < 1, of elliptic
operators. Our remarks above can be restated as follows:

Corollary 7.8. The index of an elliptic operator on a compact manifold
depends only on its homotopy class.

An immediate consequence is this:

Corollary 7.9. The index of an elliptic operator on a compact manifold
depends only on its principal symbol.

Proof. If Py,P,:I'(E) —» I'(F) have the same principal symbol, then so
does each element in the family P, = (1 — )P, + tP,. ®

This result suggests making deformations of the principal symbol. Re-
call that the principal symbol of an elliptic operator is a section o ¢
I'(©™"TX) ® Hom(E,F)] with the property that

6::E — F is an isomophism for all £ # 0. (7.6)

We shall say that two such symbols g,,5, are regularly homotopic if there
is a homotopy g, 0 <t < 1, joining them such that o, . satisfies (7.6) for
all ¢.

Theorem 7.10. The index of an elliptic differential operator on a compact
manifold depends only on the regular homotopy class of its principal symbol.

ReMARK 7.11. Using Theorem 3.19 and the subsequent discussion there,
one can generalize this result to elliptic pseudodifferential operators.

Proof. In light of 7.8 and 7.9 it will suffice, given a,, to construct a family
of operators P, with o(P,) = ¢,. This is evidently possible locally given
coordinates on X and trivializations of E and F. Patching together with
a partition of unity over some good presentation of E and F does the job
globally. =
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The question, manifest at this point, is whether the index of an elliptic
operator can be computed directly from its principal symbol. A procedure
for doing this was first given by Atiyah and Singer. It will be discussed
in detail in §13.

§8. The Index of a Family of Elliptic Operators

In this section we shall present the important concept, due to Atiyah and
Singer, of an index for families of elliptic operators. In examining the
topological invariance of this index we shall prove that the Fredholm
operators on Hilbert space constitute a classifying space for K-Theory.

Let A be a Hausdorff topological space, and let E and F be smooth
vector bundles over a compact manifold X. The definition given in §7 of
a continuous family P,:I'(E) - I'(F), t € [0,1], of elliptic operators, can
be extended directly by replacing [0,1] with A. (We shall call this a product
family.) However, when A is homotopically non-trivial, it is important to
allow the manifold and the operators to twist globally over A (in the spirit
of the families of complex analytic objects considered by Kodaira and
Spencer).

For a smooth vector bundle E — X, let Diff(E;X) be the set of diffeo-
morphisms of E which carry fibres to fibres linearly. Note the homo-
morphism f: Diff(E;X) — Diff(X) onto the difftomorphism group of X.
Let 2 = Diff(E,F;X) be the subgroup of Diff(E @ F;X) which maps E to
E and F to F. This group acts naturally on the space Op™(E,F) of all
differential operators P:T'(E) —» I'(F) of order < m (by setting g(P) =
g2 Pogytfor g =(9:9,)

DeriNITION 8.1. A continuous family of smooth vector bundles over X
parameterized by the Hausdorff space 4 is a fibre bundle & —» 4 whose
fibre is a smooth vector bundle E over X and whose structure group is
Diff(E; X).

From the homomorphism f: Diff(E;X) — Diff(X) we get an associated
fibre bundle & — A whose fibre is X and whose structure group is Diff(X).
Note that & is just a vector bundle over the total space of & which is
smooth on each fibre. Furthermore, this smooth structure is changing
continuously over 4.

DEerINITION 8.2. By a continuous pair of vector bundles over X param-
eterized by A we mean a bundle & ® % — A whose fibre is a split bundle
E @ F over X and whose structure group is 2 = Diff(E,F;X).

Associated to such a pair is the family of differential operators of
order <m from E to F. This is the bundle Op™(&,#) — A associated
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to the principal 2-bundle of & ® & by the action of & on Qp’"(E,F )
A continuous section P of such a bundle whose fibre is elliptic for all
a€ A is called a family of elliptic operators parameterized by A.

ExaMPLE 8.3. Let X be a compact manifold and consider its asso-
ciated Jacobian torus Jy = H'(X;R)/H'(X;Z). Recall the isomorphisms:
HY(X;R) = Hom(n, X,R) and H'(X;Z) = Hom(n,X;Z). Let X denote the
universal covering of X. Then we define a flat complex line bundle L over
X x Jy by taking the quotient

L=X x H(X;R) x C/n,(X) x H'(X;Z) (8.1
where the action of n, X x H'(X;Z) is given by
P n)Xo0,2) = (GX,0+ h,e?™9z), (8.2)

We think of L as a family of flat line bundles on X parameterized by
Jy

Suppose now that X is even-dimensional and oriented, and let S be
any Dirac bundle over X with associated Dirac operator D. (For example,
one could choose the Clifford bundle or the spinor bundle for some
riemannian metric on X.) Then S L=(S*" ® LY®(S™ ® L) is a con-
tinuous pair of vector bundles on X parameterized by Jy. Using the given
flat connection on L, the Dirac operator on S extends to a family of Dirac
operators

D;:I'S"®L)—T( QL) (8.3)

for v e Jy. For § = C{(X), this family was introduced by G. Lusztig [1]
is his proof of the Novikov Conjecture for m, =~ Z™.

Suppose now that P is a family of elliptic operators defined over a
compact Hausdorff space 4. Following Atiyah and Singer [3] we shall
define an analytic index ind(P) in the group K(A). If the dimension of
ker P, (and therefore also of coker P,) were locally constant on A, then
this index would simply be the formal difference of finite dimensional
vector bundles:

ind P = [ker P] — [coker P] € K(A). (8.4)

In general these dimensions are not constant, and so we must stabilize
the picture. Let &, % and & be as above. For a € 4, let &, (and %) denote
the fibre of & (and & respectively) at a. This is a smooth vector bundle
on X and we denote by I'(&,) its space of smooth cross-sections.

Lemma 84. There exists a finite set of sections {wi, ... ,wy} of F over
& such that for each ac A the map P,:CYN @ I'(&,) — I'(#,) given by
Pty, ... ty®) =Y. tWilar, + Pu(@), is surjective for all a. The vector spaces
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ker P, form a vector bundle over A, and the element

[ker P] — [CY] € K(A) (8.5)
depends only on the operator P.

Proof. From the local triviality of fibrations each point a, € 4 has a
neighborhood U in which P,, a € U, is a product family. For any s, this
family extends to a continuous map P:U — FL2(E), L2_,(F)), and we
can apply Lemma 7.2. For W = ker(P*) this lemma shows that the maps
B,: W ® LE) » L2_(F) given by P,(w,p) = w + P,(¢) are all surjective
in a neighborhood U’ of a,. Theorem 5.2(i) implies that W < I'(F) and
that the restriction P,: W @ I'(E) — I'(F) is also surjective for all a e U'.
Corollary 7.4 shows that dim(ker P,) is locally constant on U'.

We now globalize this construction. Let {w,,...,w,} be a basis for
W. Each w; can be considered as a (constant) section of % over U’, or
alternatively as a section of the vector bundle % over the open set
Y (U) « & (where n:% — A is the fibration). Clearly each w; can be
extended to a global section w; of & over all of . Taking a finite
covering of 4 by such neighborhoods, and taking {w, ... ,wy} to be the
union of the sections constructed from each neighborhood, we establish
the first statement of the lemma. The local constancy of dim(ker P,) follows
by repeating the argument above with W replaced by the direct sum of
W’s from each neighborhood.

It remains to prove that the class (8.5) is independent of the choice of
global sections w;, ... ,wy. Let wi, ... ,wy be another such choice, and
consider the family of maps P,:CY@ CN @ I'(&,) — I'(#,) given by
ﬁa(t,t’,(p) = Z twla) + Y twi(a) + P(¢). We have a commutative diagram

ker ,c  C'@I@) —=— ()
n n I
ker B, cCV@CY @T(&) 1 I'(F,)
|
cv = v

where the map pr denotes projection. Since the map P, is surjective one
easily sees that the sequence

0—>kerﬁa—>ker1§a-——’ cY—>0
is exact. It follows that [ker ﬁa] — [CN*¥] = [ker P,] — [C"] in K(A).
The argument applies symmetrically to the operators P,:CY @ I'(€,) —»

I'(#,) to prove that [ker P,] — [C"*¥'] = [ker P,] — [C"], and the
proof is complete. ®
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We are now authorized to make the following definition:

DEFINITION 8.5. The analytic index of a family of elliptic operators
P over a compact Hausdorff space 4 is the element ind(P) € K(A4) defined
by (8.5).

As one might imagine, this index enjoys invariance properties analogous
to those of the ordinary index. It depends only on the principal symbol
of the family, and in fact only on the homotopy class of the principal
symbol (all taken in the obvious sense; see Atiyah-Singer [3] for details).

This invariance is related to a basic and interesting fact. Let H be a
{(infinite-dimensional) separable Hilbert space. Recall that any two such
spaces are isomorphic. Furthermore, there is Kuiper’s Theorem which
states that the group & = & *(H,H) of linear isomorphisms of H with
the norm topology is contractible. Consider a family of elliptic operators
P over A as above. This is a section of the bundle Op™(&;%) with structure
group 2. We can fix s and complete each fibre in the Sobolev norms to
get a bundle with fibre H =~ F(L(E), L2_,(F)). This is the bundle asso-
ciated to the principle Z-bundle by the homomorphism 2 — & *(H, H).
Since & *(H, H) is contractible, this bundle is trivial as an & *(H, H)-
bundle in a homotopically unique fashion. Under the trivialization, the
family P becomes a continuous map P: A — H = §(H,, H,) where H, =
L%(E)and H, = L2_,(F).

Note that the set § = FH, H) of Fredholm operators on a Hilbert
space H has a continuous associative semi-group structure given by the
composition F x § —» §. For any topological space A4, this makes the
space [ 4, &), of homotopy classes of maps of 4 into §, into an associative
semigroup.

Theorem 8.6. (cf. Atiyah [4]). For any compact Hausdorff space A there is
a natural isomorphism
ind:[4,&] — K(4) (8.6)

It has the property that for any continuous map f : A — A between such
spaces,

ind o f* = f*oind 8.7)
Consequently, § is a classifying space for K-Theory.

This theorem completely generalizes Proposition 7.1 (where 4 = [0,1])
and is the foundation for proving the homotopy invariance of the index
for families.

Proof. Let T:A - § be a continuous map. By Lemma 7.2 and the
compactness of 4 we know that there is a closed subspace V = H of
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finite codimension so that for all a € 4
i) V n(ker T,) = {0},
(ii) T,V is closed and of finite codimension in H, and
(itiy H/TV =\, 4 (H/T,V) is a vector bundle over A.

One then defines
ind(T) = [H/V] — [H/TV] € K(A), (8.8)

where [H/V] = [A x (H/V)] denotes the trivial bundle. We must show
that this element is independent of the choice of V. Let V' be another
such choice. Since V n V’ is also a choice, we may assume V' = V. There
is then an exact sequences of vector bundles: 0 - V/V' - H/TV' —
H/TV — 0, which shows that [H/TV] — [H/TV' ] =[V/V']=[H/V] -
[H'V']. Hence, (8.8) depends only on T.

Given T: 4 —» § and a map f: 4" — A, the subspace V chosen for T
also works for T o f and we evidently have ind(T - f) = f*(ind T).

Suppose now that T: 4 x I - § is a homotopy between T, and T,
where T; = T o i;, and i;:4 - A x I is the inclusion ifa) = (a,j). By the
above paragraph ind(T)) = i¥(ind T') for j = 0,1, and it is a basic fact that
i = i} in K-theory. This proves the homotopy invariance of ind.

It remains to show that (8.6} is an isomorphism. We show first that it
is a homomorphism. Let T: 4 — § and T': 4 — § be continuous maps
and choose V' < H for T as above. Note that T’ is homotopic to pr, o T’
where pr,:H — V is orthogonal projection. Hence, we may assume
T'H < V. Let V' be a choice of subspace for T’, and note that V' is also
a choice for the composition T o T’. Therefore we have

ind(T o T') = [H/V'] — [H/TT'V']
ind(T) =[H/V] — [H/TV]
ind(T") = [H/V'] = [H/T'V'].
From the exact sequence: 0 — V/T'V’ EN H/TT'V' - H/TV - 0 of vec-
tor bundles over 4, we see that [H/TT'V']=[H/TV]+[V/T'V] =
[H/TV]+[H/T'V'] —[H/V]. Plugging this into the equation above
shows that ind(T o T') = ind(T) + ind(T") as required.
To prove that ind is surjective we first recall from Chapter I, §9, that
every element in K(A) can be written as [C¥] — [E] where E is a vector
bundie on 4 and C* denotes the trividl k-plane bundle. For each integer

k we define an operator S, € & of index k by fixing a complete orthonormal
basis {e;};2, of H and setting

ey ifj—k>0
Sfe) =4 7%
@) {0 otherwise.

The constant map T = S, on A4 has ind T = [C*] for k 2 0.
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Fix a vector bundle E over A and recall from Chapter I, §9, that for
some N there is a continuous map f: E » C¥ which is a linear injection
on each fibre. Let pr,: C¥ — C¥ denote orthogonal projection onto f(E,)
and let pr} = Id — pr, denote projection onto the orthogonal comple-
ment. Then the map Ty:A4 - FCY"® H, CY® H) given by setting
Tea)=pr, ® S_; + pry ® Id has the property that ind Ty = —[E].
Choosing an isomorphism CY ® Hx~ H yields an isomorphism
FC"®H,CY"®H)~§. Since ind(S;e Tg)=[C*¥]—[E], we have
proved that ind:[ 4, §] — K(A4) is a surjective homomorphism.

Our next step is the following. Let §* denote the invertible elements

in &.

Lemma 8.7. If T: A —» § has index zero, then T is homotopic to a map
T:4A-§ @

Proof. Choose a subspace V< H as above so that ind T =
[H/V] — [H/TV]. The hypothesis ind T = 0 means that for some k, we
have 4 x [(H/V) @ C*] = (H/TV) & C*. This implies that if we replace
V by a closed subspace of codimension k in V, we have the bundie
isomorphism

A x (H/V) = H/TV.

It is elementary to verify that there is a continuous map H/TV — H which
carries H/T,V isomorphically onto (T,V)* for each a € A. Combining with
the isomorphism above, we get a linear map T*: 4 —» £L(H/V, H) where
for each a, T} is a linear injection of H/V onto (T,V)*. The direct sum

T*=T:@®T,(HV)®V— H

defines a continuous map T*: 4 - §* < & This map can be connected
to T in § by the homotopy T, = tT+ @ T for 0 < t < 1. This proves the
lemma. ®

Using the theorem of Kuiper [1] that ™ is contractible, we conclude
thatany T: 4 — & ofindex zero is homotopic to the constant map T = Id.
Hence ind is injective and Theorem 8.6 is proved. m

One of the important resuits of Atiyah and Singer is the establishment
of a topological formula for the index of a family P of elliptic operators.
We shalil present this formula in §15.

As a final remark we point out that the arguments given above adapt
casily to prove the following real analogue of Theorem 8.6. Let g =
Tr(Hg) denote the space of (real) Fredholm operators acting on real
Hilbert space Hg.
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Theorem 88. For any compact Hausdorff space A there is a natural
isomorphism

ind : [4, §r] — KO(A) 8.9)

having the functorial property (8.7) above. Consequently, g is a classifying
space for KO-theory.

An important consequence of 8.6 and 8.8 is the following:

Corollary 8.9. For all k = 0, there are isomorphisms:

m(&) — K(SY) = K X(pt) (8.10)
m(&Fr) — KO(S¥) = KO ~¥(pt). (8.11)

§9. The G-Index

In this section we shall study operators which are preserved by the action
of a compact Lie group G. To be specific we fix vector bundles E and F
over a compact manifold X together with an action of G on the triple
(X,E,F). This means a smooth action u:G x X — X of G on X together
with smooth actions of G on both E and F which carry fibres to fibres
linearly and which project to u. In this context we have the following
notion:

DerFiNITION 9.1. A differential operator P:T(E) — I'(F) is called a G-
operator if P(gp) = gP(p) for all g € G and all ¢ € I'(E).

A good example is given by the isometry group Gy of X acting on
Cf(X) > A*X. This action preserves both splittings CE{(X) =
Ce%(X) @ CL}(X) and CYX) = CL*(X) ® CL™(X) and commutes with
the Dirac operator. Therefore both D° and D* are Gy-operators.

Similarly, if X is spin, then either Gy or a two-fold covering of Gy acts
on the spinor bundle of X and commutes with the Atiyah-Singer operator.

The basic observation here is that if P is elliptic and a G-operator, then
ker P and coker P are finite-dimensional representation spaces for G. This
leads us to consider the representation ring (or the ring of virtual repre-
sentations) R(G) of G. This can be defined as the free abelian group gen-
erated by the equivalence classes of irreducible finite-dimensional complex
representations of G. Since every finite-dimensional representation of G
can be decomposed uniquely, up to equivalence, into a direct sum of ir-
reducible ones, R(G) can also be defined as the Grothendeick group of all
finite-dimensional representations. In other words, each element of R(G)
can be expressed as a formal difference [ V] — [W], where [V] and [W]
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are equivalence classes of finite-dimensional representations of G, and
where [V] — [W]=[V']—[W]if and only if V @ W’ is equivalent to
Ve w.

The tensor product of representations is distributive over the direct sum
operation and makes R(G) into a commutative ring.

ExaMpLE 9.2. Let G = S! and let ¢ stand for the 1-dimensional repre-
sentation: ¢,(c)z = ¢™z. Then R(S!) is easily seen to be the ring of Lau-
rent polynomials in ¢: R(S') = Z[t,t 1]

DEerFINITION 9.3. Let P be an elliptic G-operator on a compact manifold.
Then the G-index of P is the element

indg(P) = [ker P] — [coker P] € R(G).
Note that when G = {1}, R(G) = Z and we recover the usual index of P.

The G-index can be specialized to individual elements of G. Given a
complex representation p: G — GL(V) we define its associated character
to be the function x,(g) = trace(p(g)). This function completely determines
the representation up to equivalence, and it has the properties that
Xoi+ps = Xp1 T Xpas Xp1 @ p2 = XpiXpp» €tC. (s6€ Adams [1] for details). For
this reason R(G) is alternatively called the character ring of G. Given a
G-operator P as above and given g € G, we can define

ind(P) = trace(g|xer p) — trace(g|coer p)- (9.1)

This is the difference of the characters of the two representations, ker P
and coker P, evaluated at g. Consequently ind, is the specialization of
indg to g as claimed.

Note that for D = d + d* : A°*(X) — A°%(X), and for g € Isom(X), the
number ind,(D) is just the classical Lefschetz number of g. The general
topological formulas for ind; given by Atiyah, Singer, Bott and Segal
represent generalizations of fundamental work of Lefschetz and Hopf.

Our object at the moment is to establish some elementary stability
properties of indg. As before, the regularity theory of elliptic operators
implies that the spaces ker P and ker P* = coker P remain unchanged if
we pass to any Sobolev completion P: LXE) — L2_,(F). Since G is com-
pact, we may choose metrics on X, E and F which are G-invariant. The
actions of G on I'(E) and I'(F) then extend to unitary representations on
LX(E) and L2(F) which commute with P and P*. This leads us to examine
the following concept.

Let H, and H, be separable complex Hilbert spaces equipped with
unitary representations G — U(H}), j = 1,2, of a compact Lie group G. Let
&c = &¢(H,, H,) denote the space of all G-equivariant Fredholm maps,
ie., all Fredholm maps T:H, — H, such that Tgv = gTv for all geG
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and all ve H,. To each T e §; we associate the index

indg(T) = [ker T] — [coker T] € R(G)

Proposition 9.4. The map indg: F; > R(G) is constant on connected com-
ponents of . Furthermore, if H, and H, are G-isomorphic, then indg
induces an injection

indg: my(Fg) «— R(G). 9.2)

Note. The map (9.2) will be a bijection provided that each finite-dimen-
sional irreducible representation of G occurs with infinite multiplicity
in H; = H,. The map (9.2) is also an additive homomorphism since
indg(T  S) = indg(T) + indg(S). This is proved exactly as above (see (7.5)).

Proof. The argument for the first statement is identical with the one given
for the first part of Proposition 7.1 above. It is only necessary to check
that all subspaces are G-invariant and that all maps (such as (7.2), (7.3)
and (7.4)) commute with G.

We now assume that H, = H, = H (as G-spaces). To prove the second
statement we must show that any two elements T,,T, € &; with the same
G-index must lie in the same connected component of &;. We begin by
observing that any T € §; can be deformed to one which is “relatively
prime,” that is, one for which no non-zero subspace of ker T is G-isomor-
phic to a subspace of coker T = (Im T)*. Indeed, if such a G-isomorphism
L exists, it can be extended to a map L: H — H by defining it to be zero
on the complementary subspace. The family T + ¢tL, t = 0, gives the de-
sired deformation.

We may assume now that T, and T, satisfy this “relatively prime”
condition. Consequently, the hypothesis ind;T, = ind;T; implies that
there are G-isomorphisms: ker Ty = ker T, and coker T, = coker T,. We
now observe that given two finite dimensional, G-invariant subspaces
Vy,Vy @ H which are G-isomorphic, there exists a G-isomorphism
C:H — H with C(V,) = V. In fact, C may be taken to be the identity on
(Vo + V). The subspace V, n V, is G-invariant and its complements in
V, and V| respectively are G-isomorphic; so the existence of C is clear.

It now follows that there exists a G-isomorphism C:H — H which
carries Im(T,) isomorphically onto Im(T,). We define a second G-isomor-
phism C': H — H by taking the given isomorphism ker T, 5 ker T, and
extending by the map Tj;!CT,:(ker Ty}t 5 (ker T,)*. We find that
T, = CT4(C) !, and the existence of a homotopy from T, to T, is an
immediate consequence of the following:

Lemma 9.5. The set £ ;(H, H) of G-isomorphisms of H is connected.
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Proof. The argument here is identical to the one given for Lemma 7.7
above. One needs only to check that the entire construction is G-
equivariant. m

Arguing as in §7 we see that Proposition 9.4 has the following imme-
diate consequence. Let P:T(E) — I'(F) be an elliptic G-operator over a
compact manifold X.

Corollary 9.6. The G-index of P depends only on the homotopy class of P
in the space of elliptic G-operators. In particular, indg(P) depends only on
the principal symbol of P.

Note that the action of G on X, E and F makes £ = (O"TX) ® Hom(E,F)
into a G-bundle, i.e., a bundle with a smooth G-action which maps fibres
to fibres linearly (and isomorphically). The principal symbol of P is an
invariant section of Z, i.e., 6(P) € I'4(Z) where I'((Z) = {6 eT(Z):go =0
for all g € G}. Two principal symbols of elliptic G-operators, 6, = o(Py)
and o, = o(P,), are said to be regularly G-homotopic if there is a regular
homotopy ¢,,0 <t < 1, joining them (see (7.5) forward), such that o, e
I';(Z) for all ¢.

Theorem 9.7. The G-index of an elliptic G-operator on a compact manifold
depends only on the regular G-homotopy class of its principal symbol.

Proof. As in the proof of Theorem 7.10 we construct a family of elliptic
operators P, with 6(P,) = ¢, for 0 < t < 1. Averaging over G, by integrating

Po= [ (gPg  0)dg = {fa 9(P) dg}(p

with respect to Haar measure on G, produces a homotopy of G-operators
with o(P,) = o, for all ¢ (since o, is G-invariant). The result now follows
from Corollary 9.6. m

§10. The Clifford Index

In this section we shall discuss, in general terms, elliptic operators which
are C{,-linear for some k. Several important examples of such operators
have been introduced and discussed in detail in Chapter I1, §7. Motivated
by these Cf,-Dirac operators, we make the following definitions.

DeriNTION 10.7. By a C{,-bundle on a space X we mean a bundle of
real, left C£,-modules. This is a real vector bundle E over X together with
a continuous map ¥:C¥, x E — E such that ¥ (-) = ¥(¢,"):E > Eisa
bundle endomorphism for all ¢ € C{,, and the restriction C{, x E, - E,
makes the fibre into a C,-module for each x € X.
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Note that Cl,-bundles and C{,-bundles are simply complex and qua-
ternion bundles respectively. In general, a C{,-bundle is thought of as
having the algebra C{, as “scalars.”

REMARK 10.2. A C{,-bundle E will be called riemannian if it carries a
bundle metric which is preserved under multiplication by each unit vector
e R¥ = Cg,. Starting with any metric and averaging over the Clifford
group, as in 1.5.16, makes any C{,-bundle riemannian. Note that if E is
riemannian, then multiplication by any element w € R* < C&, is fibre-wise
skew-adjoint. Thus

wrtg Uy + (g, weuyy =0 (10.1)

for all u,u, e I'(E).
Let us fix smooth C{,-bundles E and F over a manifold X.

DEerINtTION 10.3. A differential operator P:I'(E) — I'(F) is said to be
Ct,-linear (or simply a C{,-operator) if ¢ P(u) = P(¢u) for all ¢ € C{, and
all ue I'(E).

Tensoring with C{, makes any differential operator trivially into one
which is C£,-linear. More interesting examples, such as the Cf,-Dirac
operators of I1.7, occur when there exists a Z,-grading. We say that a
Cl,-bundle E is Z,-graded if there is a bundle decomposition E = E° @ E!
making each fibre into a Z,-graded Cf,-module. A C¢,-linear differential
operator P:I'(E) - I'(E) on such a bundle is called Z,-graded (or simply
graded) if with respect to the decomposition E = E° @ E!, it has the form

0 P!
P=<PO o)‘ (10.2)

Note that P°:T(E®) - I'(E') is CE2 =~ C&l,_,-linear. When E and X are
riemannian, the operator P is (formally) self-adjoint if and only if
P! = (PO~

We would like to define the analytic index of an elliptic operator of this
type. For this we recall the groups

M /i* M, = WM, /i* M, ., = KO Xpt) (10.3)

where I, and ﬁﬁk denote respectively the Grothendieck groups of equiv-
alence classes of C{, and Z,-graded C{, modules. (For detailed discussions
of these, see 1.5.20, 1.9 and 11.7.) Recall also that KO ~*(pt) = KO~ **8(pt)
for all k, and we have

kK |t | 2 13|4|s5]6]7]|s
Ko |z, |z, |o|lz]o|o|o]|z
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Suppose now that P:I(E) — I'(E) is an elliptic self-adjoint graded C¥,-
operator on a compact riemannian manifold X. Then ker P is a finite-
dimensional Z,-graded Ct,-module, and we have the following:

DEerINITION 10.4. The analytic Clifford index of P is the residue class

ind P = [ker P] € My/i*W;.,; =~ KO H(pt). (10.4)
Under the isomorphism (10.3) this element corresponds to the residue class
ind, P =~ [ker P°] e M, _,/i*M, (10.5)

where P? is given in (10.2). (The equivalence of these definitions is discussed
in detail in Chapter I1. See 11.7.4.)

The category of self-adjoint graded C{,-linear operators is a natural
and important one as we have seen by examples in Chapter I1. However,
there is a twin category which has some advantages when studying sta-
bility properties of the Clifford index. This is the category of graded op-
erators which are skew-adjoint and C{,-antilinear. A differential operator
P:.T(E) — I'(F) between C{,-bundles is said to be C{,-antilinear if P(wu) =
—wP(u) for all we R¥ = CE, and all u e I(E). This is equivalent to the
requirement that

Plou) = o(@)P(u) (10.6)

for ¢ € C, and u e I'(E), where a denotes the involution of C, engendered
by w—> —w.

Suppose now that E = E° @ E! is a riemannian Z,-graded C¢,-bundle
over a compact riemannian manifold X, and let P: T'(E) - I'(E) be a Z,-
graded elliptic differential operator which is C&,-antilinear and formally
skew-adjoint. With P written as in (10.2) above, this means that P! =
—(P°)*. We define the analytic Clifford index of such an operator to be

ind, P = [ker P] e M/i*M, ., =~ KO Xpt) (10.7)
and note as before that this is equivalent to taking [ker P°]in WM, _,/i*M,.
Observation 10.5. There is a natural transformation between graded elliptic

differential operators which are formally self-adjoint and CKl,-linear, and
those which are formally skew-adjoint and Cl-antilinear. It is given by

associating to
0 P!
P=
(+ )

~ 0 -—P!
(8 7

the operator

Evidently, ind, P = ind, P.
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We shall now explore the topological invariance of these indices. To
begin we recall from 5.9 above that the elliptic self-adjoint operator P
above can be diagonalized on L*(E) with finite-dimensional eigenspace V;
and discrete eigenvalues 4; with lim; |4;] = co. Thus, P can be written as.
P =Y Am; where n;: LYE) - V; denotes orthogonal projection. In these
terms the (essentially) positive operator P? is written as P2 = Y A?n;. Note
that P? is Cl,-linear and preserves the factors of the splitting L*(E) =
L*(E®) @ L?*(E'). We shall now define an associated C{,-linear operator
on L%(E) which preserves these factors by the formula

1 1
(1+PY2=Y 1+ 2,

The operator

P=(1 +P% P (10.8)

is a Z,-graded C{,-linear self-adjoint Fredholm operator on L*E) =
LY(E®) @ L?*(E'). We leave as an exercise the verification that this con-
struction associates to a continuous family P,, 0 <t < 1, of such elliptic
operators, a continuous family P,, 0 < ¢ < 1, of Fredholm operators.
The reader will note that if P is the1 companion oflP in the sense of

10.5, then the operator P = (1 + P?) 2P = (1 — P?) 2P is a Z,-graded
Fredholm operator which is C{,-antilinear and skew-adjoint. These con-
siderations motivate the following definitions.

Let H= H° @ H! be an infinite-dimensional separable real Hilbert
space which is a graded module for the algebra C{,. Assume in addition
that for each unit vector e € R* = C{,, the corresponding map e: H - H
is a skew-adjoint isometry. Such a space will be called a graded Hilbert
module for Cf,. Examples are easily constructed by taking the tensor
product H=H' ® Ct, = (H ® C{) ® (H ® C&;)forsome real Hilbert
space H'.

Let &, = §r(H, H) denote the subset of those Fredholm operators
T:H — H which are Z,-graded (i.e., T(H°) € H" and T(H') g H®), Cl;-
linear and self-adjoint. Similarly, let §, < &r(H, H) denote the subset of
graded operators which are Cl,-antilinear and skew-adjoint. (As should
be obvious, an operator T € Fr(H, H) is called C{,-linear if T(pu) = T (u)
for all ¢ € Cl; and ue H. It is called C{,-antilinear if T(¢pu) = ()T (u)
for all such ¢ and u.)

As in Observation 10.5 we have a natural homeomorphism &, = §,.
We define the Clifford index of an element T € &, (or &,) to be the residue
class ind, T = [ker T] e M,/i*M, , , = KO~ ¥(pt). Our first main result is
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the following:

Proposition 10.6. The Clifford index
ind, : Fi(= F) — KO~ ¥(pt)
is constant on connected components of &,.

Proof. Fix T € &, and recall that since T is Fredholm, 0 is an isolated
point in the spectrum of T. Replacing T by an appropriate scalar multiple
we may assume that the non-zero spectrum of T lies outside [ —2,2], ie,
that T2 > 2Id on (ker T)*. Choose a neighborhood U of T in &, so that
for all S e U, we have spectrum(S?) = [0,3) U (1,00), and || T? — §?|| < 1/2.

Fix S e U and let W = H be the range of the spectral projection of §2
onto [0,4]. We claim that orthogonal projection pr: H — ker T (= ker T?)
restricts to give an isomorphism

pr:W—— ker T. (10.9)

To begin, suppose ve W n (ker T)* and note that {(T? — $%)p,v) 2
@2 = Hllell* 2 llv||*. Since ||T? — S?|| < 1/2 we must have v =0 and so
(10.9) is injective. Similarly any v € W+ n ker T satisfies (S — T?)v,v) 2
[v}?> and is therefore 0. Hence, (10.9) is surjective and the claim is proved.

Observe now that W is a Z,-graded Cf,-submodule of H, and fur-
thermore splits into graded submodules W =ker S @ V where V=
(ker S)* N W is S-invariant. One easily sees that the projection (10.9)
preserves the graded module structure, and so we have a graded Cf,-
module equivalence

ker S@® V=kerT.

It remains only to enhance the structure of V to that of a graded C{, , -
module. This is done as follows. Let S;,: V — V denote the restriction of
Sto V. Tl’lliS is a symmetric, Z,-graded C{,-linear map, and so also is

J =[S2] S,. Note that J> = Id. With respect to the decomposition
V=V°® V! we can write J in the form

0 J!
J_<J° 0)'

The graded endomorphism of V given by

- (0 —J
7-(» )

is Ct,-antilinear and satisfies J2 = —1Id. It therefore makes V into a
graded C{, , ;-module as required. Hence ind, T = ind,S and the proof is
complete. W
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Consider now an elliptic differential operator P:T'(E) — I'(E) which is
Cf,-linear and graded. Note that its principal symbol is also C£,-linear
ind graded. In this context a regular homotopy of symbols is required to
preserve these additional properties. Arguing as in Theorem 7.10 and using
he proposition above directly proves the following. Assume, as before,
hat P is defined over a compact manifold and is self-adjoint.

Theorem 10.7. The Clifford index of P depends only on the regular homo-
opy class of its principal symbol.

Proposition 10.6 implies that ind, induces a map on the connected
components of .. In previous cases this map was a bijection, and the
analogous result is almost true here. However, we need some preliminary
adjustments. To begin, we shall assume for each k that H = H° @ H!
s a graded Hilbert module for CE,,, and is considered to be a graded
f,-module under restriction to Cf, < C{,,,. (This algebra inclusion
s induced by the euclidean space inclusion R* = R¥*2 as the first k-
oordinates.) This assumption assures us, for example, that when k =
mod 4), each of the two distinct irreducible graded CE{,-modules appear

ith infinite multiplicity in H.

For each k, we now define a new space §; as follows. If k £ — 1(mod 4),
then §, = & ~ &, If k = — 1(mod 4), then we consider for each T e §,,
the associated operator w(T) = e; - - ¢, T|go Where ey, ..., is a fixed
orthonormal basis of R* = C{,. Note that w(T): H® —» HO is a self-adjoint
Fredholm operator. We now decompose &, into three disjoint subsets
%, &, and §, consisting respectively of those T’s such that w(T) is
essentially positive, essentially negative, or neither. (A self-adjoint operator
is essentially positive if it is positive on a closed invariant subspace of
finite codimension.) Each of these subsets is open in &, and hence is a
union of connected components of &,.

We now show that when k = — 1(mod 4), the space §, is not empty.
Recall that H is a module for C¢,,, o CL,. Let ey, ... ,e.,, be an exten-
sion of our orthonormal basis above, and write the action of ¢, ., on

H=H°® H! as
0 —s*
€rr1 = N 0 /)

Then the map ¢, ,:H — H given by

0 S*
8’°“=<s 0> (10.10)

is Cl,-linear and self-adjoint. Furthermore w(g,, ;) anticommutes with
€+ 260+ 1, and so we have ¢, € &,
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The following striking result is due to Atiyah and Singer [5]:

Theorem 10.8. For each k, the Clifford index induces a bijection
ind, : no(&F) — KO~ ¥(pt). (10.11)

Proof. From Proposition 10.6 we know that the map (10.11) is well de-
fined. To show that it is surjective, let ¥ = V° @ V! represent an element
of M, /i*M, ., = KO Xpt), and let &, , be as in (10.10) above. Then the
map &.,.; @0 is an element of F(H @ V) and has kernel V. Since
H @ V =~ H, this shows that the map (10.11) is surjective.

To prove injectivity, it is convenient to first divest ourselves of the
grading. Recall that the endomorphisms e = ee;, ... ,e0 | = e,
make the subspace H® into an ungraded module over C{,_, = CE). Let
&2 denote the space of all skew-adjoint, C¢, _-antilinear Fredholm op-
erators on H®. There is a natural map

():F— (10.12)
defined by setting T® = ¢, T|go. It is easily checked that this map is a
homeomorphism. Passing from graded to ungraded modules as in (10.4)
and (10.5), we find that ind, T [ker T°].

Assume now that we are given two operators S,T € &, with ind,S =
ind, T. It will suffice to show that S° and T° are homotopic in &p. Our
first step is to observe that we may assume S° to be a Hilbert space
isometry on (ker S°)* (and similarly for T©). This is accomplished by
putting the operator in polar form and deforming away the “radial” part
as in the first step of the proof of Lemma 7.7. Properties of skew-adjoint-
ness and C{, _,-antilinearity are preserved. The operator S° now satisfies
(8°? = —1Id on (ker §°*, and setting e = S° makes (ker §9) into a
C¢,-module. The same remarks apply to T° of course.

Observe now that our hypothesis ind, S = ind, T implies that there
exist ungraded Cf,-modules V and W together with a C{,_;-module
isomorphism

kerS°@ V=kerT° @ W. (10.13)

We now claim that the module V can be realized as an S°-invariant
subspace of (ker S°)*. This means simply that V is isomorphic to a Cf,-
submodule of (ker S°)* where ¢ acts by S° as above. When k #
—1(mod 4), all irreducible C{,-modules are equivalent, and our claim
is obvious. When k = — I(mod 4), there are two equivalence classes of irre-
ducible C{,-modules and we must show that each of them appears with in-
finite multiplicity in (ker S°*. Recall that these two representations are
distinguished by whether the central element w =e?---¢? acts by 1
or —1. There is a splitting (ker S =M = M* @ M~ where M* =
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(1 £ w)M, and we want to know that dim M* = dim M~ = c0. However,
w=2e e =& e ,S° = £w(S) where the sign depends only on k,
and so the desired property follows from our assumption that w(S) is neither
essentially positive nor essentially negative.

The same argument, of course, shows that W may be realized as a T°-
invariant submodule of (ker T°)*. We now consider the two orthogonal
decompositions:

H =(kerS) @ V@V =(kerT) ® W@ W.

It is clear from the discussion above that V' and W’ are isomorphic as
C{,-modules. This means simply that there is a Cf,-linear Hilbert space
isomorphism L:V’ SW’ such that §° = L™ 'T°L on V’. By the obvi-
ous homotopy we may assume that S =0 on Vand T° =0 on W. Ex-
tending L by the isomorphism (10.13) gives an isomorphism L: H® — H°
such that §° = L™*TOL.

The theorem now follows from the fact that the group of CE,-linear
isometries of H? is connected. This fact is proved by suitable adaptation of
the argument given for Lemma 7.7 above. ®

REMARK 10.9. The mapping (10.12) above gives a natural transforma-
tion between graded and ungraded operators. All the previous discussion
of this section could be so transformed. Consequently we find that there
exists a parallel index theory for real elliptic operators which are skew-
adjoint and (ungraded!) Ct, _ -antilinear.

Let us examine some examples. Let P be the operator. If k = 1, we find
that ind, P = dimg(ker P)(mod 2). (Thus, every real skew-adjoint elliptic
operator has a well-defined index in Z,!) If k=2, then ker P is a
Ct, =~ C module and we find that ind,P = dimg(ker P)(mod 2). If k = 4,
then Ct; = H @ H and the bundle E on which P is defined splits as
E=E* @ E~ where E* = (1 + w)E and o = e e,e;. By antilinearity,
P(E*) < T(EF) and we split P into P* and P~ = —(P*)* as before.
Note that ker P = ker P* @ ker P~ and that ind,P =0 if and only
if dimy(ker P*) = dimy(ker P7). (This is because the + spaces are the
two distinct CE£;-modules.) It follows easily that ind,P = dim(P*) —
dimy(P~) = the index of P* considered as a quaternionic operator.

We conclude this section with a discussion of a nice result of Atiyah
and Singer which states that the spaces &, form a “spectrum” (in the sense
of homotopy theory). Together with the periodicity phenomena in Clifford
modules and Theorem 8.8, this will give a new proof of Bott periodicity.
To begin we notice that for each k > 1 there is a natural inclusion

i+ 1 B
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and a distinguished element

&+1 € B

given by (10.10). We extend this by convention to k = 0 as follows. Let
&, denote the space of all real Fredholm operators on H®, and let §; & &,
be the map which associates to T e §; the operator T° = e, T|go. (This
identifies &, with the space of all skew-adjoint operators in &,.) Set
g, =1Ide @,

Let Q, denote the loop space of &, defined here to be the set of all
continuous paths y:[0,n] — &, with y(0) = g, and y(n) = —g, . This
space carries the compact-open topology. It is homotopy equivalent to
the space of all paths which both begin and end at ¢, ,. The following
is the main result of Atiyah-Singer [5] and is presented here without proof.

Theorem 10.10 (Atiyah and Singer). For each k = 0, the map
&ir1 — QB
which assigns to T € &, ., the path from ¢, ., to —&. ., given by
(cos t)g, 4 1 + (sin )T, O<t<m,
is a homotopy equivalence.
This gives us a generalization of Theorem 8.8 above.

Theorem 10.11. For any compact Hausdorff space A and for any k there is
a natural isomorphism

indy: [4, ] — KO™X(4)
with the functorial property (8.7). Hence, §, is a classifying space for the
Sunctor KO™*,

Proof. The case k = 0 is just Theorem 8.8 above. For higher k we have
[A,&] = [4, PBo] = [Z*4,8,] = KO(Z*A) & KO~4(A4) where T4 de-
notes the k-fold suspension of 4. m

Theorem 10.12 (Bott Periodicity). For each k = 0 there is a homeomor-
phism §, = §..s- Therefore, by 10.10 there is a homotopy equivalence
8. ~ Q. which implies that

| KO™HA) = KO~**%(4)
Jor any compact Hausdorff space A.
Proof. Let H = H®° @ H' be a graded Hilbert module for C{, as above,

andlet V=V°® V'lbe an irreducible graded (real) module for C€4. The
graded tensor product H ® V is a module for Cf, & Clg = Ct, . g.
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There is an isomorphism V =~ R'® which yields an explicit identifica-
tion Clg = R(16). The fundamental results of Chapter I, §4, give an isomor-
phism C¢,, s =~ C, ® R(16) (ungraded tensor product), where elements of
theform1®q>actby1d®q>onH® V.

Let £(H) denote the Banach space of bounded operators on H which
are Cf,-linear and graded. Define a map ¥: L (H) - L., «H ® V) by
setting W(T) = T ® Id. This map is continuous and injective. Further-
more, we claim that it is surjective. To see this, fix T € £, ., (H ® V), and
for each x € H consider the map T.:V — H ® V defined by T.(v) =
T(x ® v). Since T(pv)= T (v) for all ¢ € R(16), we conclude that
dim(Image T,) is either 0 or 16. It follows that Image(Tx) =/®@Vfora
unique 1-dimensional subspace # = H. Consequently, T(x ® v) = T(x) ® v
for a unique element T(x)e H. The map T:H — H is easily seen to be
bounded, C¢,-linear and graded. Clearly W(T) = T. We have shown that
W is surjective and therefore by the Open Mapping Theorem that ¥ is
a homeomorphism. It is easy to check that W carries the self-adjoint
Fredholm operators in Z(H) onto those in &, o(H ® V). This gives
the desired homeomorphism &, = F; 5. W

Kuiper’s results [1] show that the group of Cf{-linear isometries of
HC® is contractible. This shows that the construction of the homeomor-
phism above is canonical up to homotopy.

Note that for each k = 0 we have isomorphisms

KO ¥pt) <2 no(§) —=— My/i* M, , ,

where o is given by 10.11 and where § is the Clifford index defined in
10.4. Tt is shown in Atiyah-Singer [5] that the map o - B~ coincides with
the isomorphism given by the Aityah-Bott-Shapiro construction (cf. 1.9).

There is a natural ring structure in KO™* where the multiplication is
induced by the tensor product of operators. This is defined as follows. Let
H, and H, be graded Hilbert modules for Cf, and C{, respectively. The
graded tensor product H, ® H, is then a module for C¢, ® Ct, = C&, .,
(see 1.5). Representing ., , by . AH, ® H,, H, ® H,), we define a map

®:Fex Fr— Fuss (10.14)

by requiring that for elements ve H, and we H, of pure degree with
respect to the grading,

(S® T)v ® w)=(Sv) ® w + (— 1)%*s ® (Tw),

where S € &, and T € §,. One checks easily that S ® T is C¢,-linear and
Ct,linear, and therefore C%,, -linear. The inner product on H, ® H, is
given by <o @ w, ' @ w') = {o,v'){w,w), and S ® T is clearly self-
adjoint. Since § and T interchange even and odd factors, so does S ® T,
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and one computes that
ER®TY=50d+1d® T

From this one sees that § ® T is Fredholm and that there is an
identification

ker(S ® T) = (ker S) ® (ker T). (10.15)

The graded tensor product of modules induces a multiplication in
™m, = @ksmk, which descends to the quotient KO~ *(pt) = @(Emk [i¥0 ).
Hence, (10.15) gives the following:

Proposition 10.13. For Se &, and T € §,, one has that
ind, . (S ® T) = ind(S) ® ind(T).

It is straightforward to check that the map (10.14) above preserves the
subsets &, that is, it restricts to give a continuous mapping

®:$'k X & — Gi+e

Applying the isomorphism KO ¥A)=~[A4,§,] of 10.11, we get a
multiplication

KO 4A) x KO~(4) — KO~ *4(A)

defined for any compact Hausdorff space 4 and for all k, £ = 0. In fact,
for any pair of such spaces 4 and B, we have a transformation

KO™%A4) x KO~ /(B) —> KO * /(A x B)

given by associating to f:A - @&, and g:— &, the map (fg)a,b) =
f(a) ® g(b). (When 4 = B the multiplication is obtained by restricting to
the diagonal.) These transformations coincide with the ones convention-
ally defined in KO-theory (see 1.9).

REMARK 10.14. Recall that the homeomorphism (10.12) identifies §,
with the space §F**°* of all skew-adjoint Fredholm operators on real
Hilbert space. Consequently, Theorem 10.11 shows that ¥ is a clas-
sifying space for the functor KO~ 1.

Similarly, the assignment T — ¢,T|yo associates to each element
T € §,, a Cl-linear map of the ungraded Hilbert module H4 for Ct,.
Note that Ct, = R(8) and we can take H to be the product H, = H ® R®
with R(8) acting on the right-hand factor. Any R(8)-linear map of Hy is
then of the form A4 ® Id. This identifies &, with the space F¥™ of
all self-adjoint Fredholm operators on real Hilbert space, and Theorem
10.11 shows that §F¥™™ classifies the functor KO~ 7.
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ReMaRK 10.15. The entire discussion of this section can be carried
through in the complex case. One considers complex Clifford algebras,
complex graded modules, complex Hilbert spaces, etc. All of the analogous
fundamental results remain true. One essentially recaptures the “classical”
index theory discussed in §§7 and 8. However, a new fact which emerges
is that the functor K is classified by the skew-adjoint Fredholm operators
on complex Hilbert space. The analogue of Theorem 10.10 (also proved
in Atiyah-Singer [5]) leads to a proof of Bott Periodicity for the unitary
group.

§11. Multiplicative Sequences and the Chern Character

In this section we present some fundamental constructions in K-theory
and the theory of characteristic classes. These constructions will be needed
later when we discuss the cohomological formula for the index of an
elliptic operator.

Throughout the section cohomology groups will be taken with rational
coefficients, although much of what we do carries over to more general
coefficient rings.

There is a principle underlying much of what we do here. Roughly
stated it asserts that for computational purposes every complex vector
bundle is a direct sum of line bundles. Moreover, if the bundle is the com-
plexification of a real bundle, the non-trivial line bundles occur in complex
conjugate pairs. To make this precise we need the following result, often
referred to as the “Splitting Principle™

Proposition 11.1. Let E be a complex vector bundle over a manifold X. Then
there exists a manifold &y and a smooth, proper fibration n: %z — X such
that

(i) The homomorphism n*: H¥(X) — H*(S%) is injective.
(i) The bundle n*E splits into a direct sum of complex line bundles:

PEX( @ @Y, (11.1)

Proof. Let p:P(E) - X denote the projectivization of E, i.e., the bundle
whose fibre at x is the projective space P(E,) of all complex lines in E,.
The bundle p*E contains a line bundle defined tautologically at a line
{ < E, to be ¢ itself. Using some fixed hermitian metric in E, this gives us
a tautological splitting

PE=¢@ ¢t

The homomorphism p*: H¥*(X; Z) - H*(P(E); Z) is injective by the Leray-
Hirsch Theorem C.14 in Appendix C.
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We now repeat the process for the bundle £+ and continue inductively
to complete the proof. ®

There is a direct analogue of the proposition and its proof for the case
of real vector bundles. We shall not state this. However, we do want to
signal the following “hybrid” result.

Proposition 11.2. Let E be an oriented real vector bundle of dimension 2n
over a manifold X. Then there is a smooth proper fibration n: %y — X such
that n* : H¥(X) — H*(S%) is injective and the bundle n*(E ® C) splits into
complex line bundles:

MEQRQC) =, @, 1, @7, (11.2)
where £ ; denotes the “inverse” or “complex conjugate” bundle to £ ; (see below).
In fact, there is a splitting

E=E @ -@E, (1L3)
into oriented real 2-plane bundles such that E, ® C = ¢, @ £, for each k.

Proof. Suppose, to begin, that dimg(E) = 2. Fix a metric in E and let
J:E — E be the map which rotates each fibre by 7/2 in the positive di-
rection. We let ¥ = X and note that

ERC=¢(d/
where at xe X
te={v—iJv:veE,} and /., ={v+iJ,:vekE]}, (114

are the +i and —i eigenspaces of J ® C. Note incidentally that as com-
plex bundles we have the bundle isomorphism

Ext. (11.5)

For the general case we fix a metric in E and consider the bundle
p:G(E)y - X whose fibre at a point x consists of all oriented 2-dimen-
sional subspaces of E,. Then there is a canonical splitting

P*E=E, @ E1

where E; — G(E) is the tautological oriented 2-plane bundle whose fibre
at P € G(E) is P itself. The argument given for Theorem C.14 adapts im-
mediately to prove that the homomorphism p*: H*(X; Z) — H*(G(E); Z) is
injective. Repeating the process for the bundle E{ and proceeding in-
ductively, we construct the desired splitting bundle ;. =

REMARK 11.3. An analogous result holds when dimg(E) = 2n + 1. One
must add a trivial line bundle onto the decompositions (11.2) and (11.3).
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For many purposes it is permissible to add a trivial real line bundle to E
and work directly in the even-dimensional case.

NoTE 11.4 (conjugate bundles). Recall that if E is a complex vector
bundle, then its conjugate bundle E is obtained from E by redefining scalar
multiplication. The new scalar multiplication by t € C is the old scalar
multiplication by f. For any given hermitian metric (-,’) in E, the map
v = () = (-,v) identifies E with E* = Hom(E,C). If E = E, ® C is the
complexification of a real vector bundle E,, then there is a complex bundle
isomorphism E = E.

NoOTE 11.5(line bundles). Theset £(X)=~ H'(X; S')ofequivalence classes
of complex line bundles on a manifold X has a natural commutative multi-
plication given by the tensor product. Since / ® 7 = /* ® ¢ = trivial, the
multiplication is invertible, and £(X) is a group. The first Chern class
c:L(X) - H¥X;Z) is a group isomorphism (see Appendix A, Example
Al5).

The Splitting Principle above can be applied directly to characteristic
classes.

OBSERVATION 11.6 (splitting the Euler class). Let E be an oriented real
vector bundle of dimension 2, and let ¥(E) e H*"(X; Q) denote its Euler
class. If E decomposes into a sum of oriented 2-plane bundles E =
E, @ - ® E,, then since y(E @ E') = y(E)y(E’) we can write

WE)=x; "%, (11.6)
where x, = x(E,) for each k. If we now complexify and write E ® C =
(LD, D@, ® L, then we see from (11.5) that

X, = ¢4(¢)) for each k.

Using the Splitting Principle, formula (11.6) can, in fact, be used to define
the Euler class.

OBSERVATION 11.7 (splitting the total Chern class). Let E be a complex
vector bundle, and denote by

(E)=1+c,(E)+...+c/E)

the total Chern class of E. Recall that ¢(E @ E') = ¢(E)c(E’). Hence, if E
decomposes as a sum of line bundles E=¢, @ - - - @ £, then

cEy=[] (1 +x) (1L.7)
k=1
where x, = ¢,(¢;) for k = 1, ... n In particular, we find that
ci(E)=0i{x;,...,x,), j=1...n (11.8)

where o; denotes the jth elementary symmetric function of x, ... x,.
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If E does not split as a sum of line bundles, we may lift it to the space
g where it does. The map H*(X) - H*(¥%) is injective and identifies c;
with o4(x,,...,x,) as in the previous case. Note that any symmetric
polynomial expression in the x/s can be rewritten as a polynomial in
Gys-. .0, (L€, in ¢4, ...,c,). This will enable us to define characteristic
invariants in a particularly useful way.

As a simple application note that since ¢,(£) = —c,(¢), we have

¢j(E) = (— 1)c/(E) (11.9)
for all j.

OBSERVATION 11.8 (splitting the total rational Pontrjagin class). Let E
be a real oriented vector bundle of dimension 2n, and recall that the
rational Pontrjagin classes of E are defined by p{E) = (—1Yc,(E ® C),
j=1,...,n(Since E ® C = (E ® C), the Chern classes of odd degree are
zero by (11.9).) The total (rational) Pontrjagin class is defined to be

P(E) =1+ py(E) +... + p(E).

It has the property that p(E @ F) = p(E)p(F). If E ® C decomposes as a
direct sum, EQC=/, @0/, ® @ @7, then (EQRC)=
[Tl =[] (1 — x2), and we find that

p(E) = kf[l (1 + x2) (11.10)

where x; = ¢,(£,) as before. In particular, we have
PAE)=0;(x},....x7) (11.11)

for each j.

Let Q[[x]]" denote the set of formal power series in x with rational
coefficients and with constant term 1. It is easily seen that Q[[x]]" is a
group under multiplication. Fix an element f(x) € @[ [x]], and for each
neZ* consider the formal power series in n indeterminates given by
Sf(xy) -« f(x,). This is evidently symmetric in the x;’s, and so it has an
expansion of the form

fx)) - flx)) =1+ Fy(0,) + Fy(0,,06,) + F3(6,,62,063)+ ...

where

OuX1s X)) = D Xy X, forl<k<n

i1 <...<ig

denotes the kth elementary symmetric function in x,, ... ,x,, and where
F, is weighted homogeneous of degree k, i.e.,

Fk(to'l, . e ,tkO'k) i thk(O'l, o e ,O'k) for all te Q.
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Each of the polynomials F,(o4, .. .,5,) is well defined and independent of
the number of variables x;. This is easily seen by adding more variables

and using the obvious fact that o,(x,,...,x,,0,...,0) =6 {x,...,x,) if
k<n and 6,(x,,...,x,,0,...,00=0if k > n.
The sequence of polynomials {F(o,...,00}%, is called the multi-

plicative sequence determined by the formal power series f(x). It has a
universal multiplicative property which we shall now describe.

Let B be a commutative algebra with unit over @, and assume that B
has a direct sum decomposition B = B° @ B! @ B> @ - - - with the prop-
erty that B*- B < B** ¢ forall k,/ > 0. For example, B could be H*'(X;Q)
or H*X;Q) for a space X. It could also be the polynomial ring Q[x]
with B¥ = Qx*,

Given such an algebra B, let B~ denote the set of all formal sums
1+ b, + b, +...where b, € B*for each k. Note that the finite sums (those
with only a finite number of non-zero terms) actually belong to B and
form a set which is closed under multiplication. This extends to B~ by
defining

A+b,+by+.. Jl+c +e,+.. )=1+(b+c))+(by+bic+c)+ ...,

that is, by defining the nth term of the product to be Y b.c,_,. Every
element of B~ has a multiplicative inverse, and so B” is an abelian group.
As an example, note that if B = Q[x], then B~ = Q[[x]]".

Fix a multiplicative sequence {F (o, ...,0)}% . Then to each alge-
bra B as above we associate a map F:B~ — B~ by assigning to
b=1+b,+b,+...€B" the clement

F(b) = 1 + Fy(b)) + Fy(by,b) + . .. . (11.12)

Lemma 11.9. The map F:B"~. — B~ is a group homomorphism, i.e.,
F(bc) = F(b)F(c)
for all bc e B”.

Proof. In the polynomial algebra B = Q[ x, . . . ,x, | consider the element
e=(1+x;)"-(1+x)=1+40, +...+0,eB". By definition of {F,}
we have that F(6) = f(x,) - f(x,) =1+ F(6,) + Fy(0,,6,)+... . We
now increase the number of variables. Let B = Q[x,,....%, ], and
consider the subalgebras B = Q[ x;,...,x,]and B” = Q[x, 1, . . %, 4 m]-

Let 0,0',0" be the corresponding elementary products in each case. Then
we have

o=(1+x)) (1 + Xy4m) = 0’0",

and
F(0) = f(x1) " f(xy+m) = F(6")F(c”).
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The general result now follows easily from the algebraic independence of
theo/s. =

It is easy to see that the universal multiplicative property 11.9 char-
acterizes the sequence. The formal power series is recaptured by taking
F(l + x) = f(x) in the algebra Q[x].

The concept of a multiplicative sequence is due to F. Hirzebruch, who
established their importance in the theory of characteristic classes.

Basic ConsTRUCTION 11.10 (multiplicative sequences of Chern classes).
Let {F,} be a multiplicative sequence associated to the formal power series
f(x)e Q[[x]]". To each complex vector bundle E over a space X, we
associate the total F-class

F(E) = F(c(E)) € H¥(X;Q)"
Since ¢(E @ E') = ¢(E)c(E), this class has the property that
Fo(E @ E) = F(E)F(E), (11.13)

for any two complex vector bundles E and E' over X. If we decompose
E={¢ @ - @ ¢, according to the Splitting Principle, then

F(E) = f(xy) " f(xa) (11.14)
where x; = c,(£)) for each j.
ExampLE 11.11 (the total Todd class). Associated to the formal power
series

X ltixtiax4
T—e=*_ T2°7TDRY "

is the multiplicative sequence {Td,,} called the Todd sequence. The total
Todd class is denoted by Td. Its first few terms are:

td(x) =

1
Td,(c,) = 3 L1
1 2
Td,ci,c0) = 7 (c2 +¢c)

1
Tds(ey.c2,¢5) = 24 C3Cy.

If X is a compact complex manifold of dimension n, and if E = TX, then
the number Td(X) = Td(TX)[X] (where [X] denotes the fundamental
class of X in H,,(X;Q)) is called the Todd genus of X.

Basic ConsTRUCTION 11.12 (multiplicative sequences of Pontrjagint
classes). Let {F,} be a multiplicative sequence associated to the formal
power series f(x). To each real vector bundle E over a space X, we asso-
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ciate the total F-class
F(E) = F(p(E)) e H¥(X; Q)"

Given two such bundles E and E’ over X, we have p(E @ E') = p(E)p(E')
and so

F(E ® E) = F(E)F(E). (11.15)
Assunle E is oriented gnd of dimension 2n, and decompose E @ C as
LB @@L, @ £, according to the Splitting Principle. Then
F(E) = f(x7) -~ f(x3) (11.16)
where x, = ¢,(£,) for each k.

ExampLE 11.13 (the total A-class). Associated to the formal power series

a(x) = Vx/2 =1 1x+#x
~ sinh(y/x/2) 247 0 27-32-5
is a multiplicative sequence {4,,} called the A-sequence. The first few terms
of the sequence are

" 1

Apy) = 54 P

24

~ 1
Aypi.pa) = 37327 % (—4p, + 7p1)

- 1

Ay(pyp2p3) = — (16py — 44p,p, + 31p}).

23757
Given a real bundle E, the total A-class of E is the sum

R(E)=1+ A\(p,E) + Ax(p,E,poE) + . ..
Hwewrite EQC=/,®7/, ® - @/, D /,as above, then from (11.16)
we see that
n ) xj/2

BEY= 1 Ginnee,2)

(11.17)

where of course p;E = g (x{,....x;).

Closely related to the A-sequence is the A-sequence {A,} determined
by the power series a(x) = d(16x). One easily sees that 4,, = 16™A4,, for
each m.

The Todd class and the A-class are intimately related.

2
1

Proposition 11.14. For any oriented real vector bundle E it is true that

Td (£ ® C) = A(E).
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Proof. We may assume dim E is even (see Remark 11.3) and we consider
a formal splitting E® C=¢, ®/, @ - ® ¢, @ £,. Then by definition

T Xj (—x))
R |

X;j/2

where x; = ¢,(¢;). Multiplying by e*#?¢~*/* in the denominator gives

n 2
Xj
Td(E® C)= ,-Dl [m]

= ﬁ [ x;/2 *]2
i=1 Sinh(xj/Z)
=[AE]T. =
ExampLE 11.15 (the total L-class). Associated to the formal power series
Vx =1+z L x — 1 x* +.
tanh/x 3 45

is a multiplicative sequence {L,,} called the Hirzebruch L-sequence. The
first few terms of the sequence are

7(x) =

1
Li(py) = 3 P1
1 2
Li(pps) = 45 (Tp2 — pY)

Ly(p1,p2:p3) = (62p3 — 13pyp, + 2p3)

1
33.5.7
Given a real bundle E, the total L-class of E is the sum

L(E)y=1+ L(p,E) + Lo(p,E,p,E) +

fwewrite EQC=/,®7, @ - @£, ® £, according to the Splitting
Principle, then from (11.28) we see that

=11

i=1 tanhx

(11.18)

where p;E = o(x3,...,x2).

Closely related to the L-sequence is the L-sequence {L,.} determined
by the power series /(x) £(x/4). One easily sees that L,, = = 4mL,. For a
real oriented bundle E of dimension n, we have

X2 ,
D tanh(x;/2)’ (11.18)
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Suppose we fix a multiplicative sequence {F,} as above. Then for each
lifferentiable manifold X we define the total F-class of X to be

F(X) = F(TX) e H'(X;Q)
n particular, the examples above give us a total A-class A(X) and a total
L-class L(X).
If we furthermore assume that X is compact, oriented and of dimension
1, then we define the F-genus of X to be the rational number F(X) obtained

by evaluating F(X) on the fundamental homology class [ X] € H,(X; Q) of
he manifold. In other words:

Fp(X), .. .pXN[X]  ifn =4k
0 if n # 0 (mod 4)
(11.19)

F(X)=FX)[X] = {

From (11.15) one casily deduces that the F-genus is multiplicative in the
sense that

F(X x X') = F(X)F(X") (11.20)

for any pair of compact oriented manifolds X and X'.

Suppose now that Y is a compact oriented manifold with boundary
(Y = X. Note that TY|y = TX @ (trivial), and so p(Y)|x = p(X). Con-
sequently, F(Y)|y = F(X) and, since X is homologous to zero in Y, the
F-genus of X must be zero. This proves that the F-genus of a manifold
depends only on its oriented cobordism class. In fact the F-genus gives a
ring homomorphism

F:O° — 0 (11.21)

from the oriented cobordism ring into Q.

Two important examples here are the A-genus and the L-genus. An
important result of F. Hirzebruch says that for any compact oriented
4k-manifold X,

L(X) = sig(X).

This can be proved by direct verification on a set of generators for the
ring O5° ® O (cf. Hirzebruch [1]). It also follows from the Atiyah-Singer
Index Theorem.

Note in particular that L(X) is always an integer. This is not true for
A(X). The formulas above show, for example, that /T(PZ(C)) =
—(1/8)L{P¥C)) = — 1/8. Nevertheless, it will follow from the Index Theo-
rem that 4(X) is an integer when X is a spin manifold. It is a fact, inciden-
tally, that the A-genus is always an integer.

We now discuss the Chern character. Let E be a complex vector bundle
of dimension n over a manifold X, and via the Splitting Principle cxpress
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the total rational Chern class of E formally as
(E)=1+ ¢, +"'+C"=kﬂ1(l + x,)
so that ¢, = g(x,, ... .x,). Consider the expression
ch(E) = e* +...+e"":n+]_§1 x,~+%ji xF 4.0 (1122
The term of degree k in this expression is just the symmetric polynomial
ch*E = %ji X (11.23)

which can be rewritten as a universal polynomial expression in the ele-
mentary symmetric functions ¢, . . . ,c,. In particular,ch E = n + ch'E +
ch?E + ... is a well-defined element of H¥'(X;@). It is called the Chern
character of E.

Note that if 7 is a complex line bundle, then

ch(?) = '@ (11.24)

where c,(¢) denotes the first Chern class of 7.
The importance of the Chern character lies in the fact that it respects
the (semi) ring structure on the set of vector bundles.

Proposition 11.16. The Chern character has the following properties for any
pair of complex vector bundles E and E' over X:

(i) ch(E @ E) = ch(E) + ch(E))
(i) ch(E ® E') = ch(E)ch(E').

Proof. Consider formal splittings
=0+ By =] 0+x)
k=1 =

where as above the Chern classes are the elementary symmetric functions
of the x’s. Then we have corresponding splittings

E® E)= klj1 (1 + x,) f[l (1 +x)

oE® E) ﬁﬁ(1+xk+x})
=1 k=1

The first is obvious. The second is a consequence of the basic fact that
for complex line bundles ¢,(f ® ¢') = ¢,(£) + ¢,(¢"). (Compare Note 11.5
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or (A.7) in App. A.j By definition we now have

CHE@E)= 3 e*+ 3 % = ch(E) + ch(E)
=1 =1

ch(E ® E) = .‘; 21 ) ( $ exk> (i ex;> — ch(E)ch(E) m

k=1 i=1

Corollary 11.17. For any compact Hausdorff space X, the Chern character
descends to a ring homomorphism

ch:K(X) — H*'(X; Q).

REMARK 11.18. It is a result of Atiyah and Hirzebruch [2] that if, say,
X is a finite complex, then the associated map ch: K(X) ® Q - H¥(X; Q)
is an isomorphism. They show, moreover, that this map extends to a ring
isomorphism ch: K*(X) ® Q 5 H*(X;Q) which carries K'(X) ® Q onto
HY(X; Q).

We now examine some basic constructions in K-theory. To make cal-
culations we shall always assume our bundles to be a direct sum of line
bundles. This is justified by the Splitting Principle 11.1 and 11.2 provided

the answer is independent of the splitting. We assume throughout that X
is a manifold or a finite simplicial complex.

CONSTRUCTION 11.19 (the exterior power operations). Let E be a com-
plex vector bundle of dimension n over X and for each k, 1 < k < n, con-
sider the bundle A*E. This operation on vector bundles has the property

NME®E)= 3 (AN'E) ® (ME). (11.25)

i+j=

To extend the operation to K-theory we consider the ring K(X)[[t]] of
formal power series with coefficients in K(X). Assigning to a vector bundle
E the element

ME)= Y [A*E]¢ (11.26)

k=0
gives a map with the property that
AE @ F) = A(E)A(F) (11.27)

by (11.25). From the universal property of K(X) the map (11.24) extends
to a group homomorphism

A K(X) — KX
The k-component of this map is called the kth power operation on K(X).
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For vector bundles, A(E) is a polynomial and 4,(E) is a well-defined
clement of K(X) for all me Z. For example, (/) = | + ¢[/] for any line
bundie /. For general elements of K(X) the above statement is false. Note,
for example, that A(—[/Z]) =(1 +([/]) ' = (=" [£/]™

Fix a vector bundle E and consider a formal splitting E=/, & - - & ¢,

with x, = ¢(#,). From (11.27) we have that A(E) = [] A(4) =[] (1 + t[4])
and so

ch(LE) = 11 (1 + te™). (11.2%)
k=1
In particular, we conclude that
ch(4_,E) = ch(A®*"E — A°YE) = ] (1 — ™). (11.29)
k=1

CONSTRUCTION 11.20 (the Adams operations). Closely related to the
power operations are a family of ring homomorphisms i, : K(X) - K(X)
called the Adams operations. For a line bundle 7, they are defined by
setting,

Wl0) = (11.30)

The extension is then determined by the Splitting Principle. Write E =
£, @ @ /4, and define Y (E) = /% @ -+ @ /% We see that

Y(E @ E) = Y (E) ® l//k(E/)a}
VUE ® E) = Y (E) @ y(E).

The first is obvious. For the second, note that y,[(X 4) ® (¥ /)] =
WX4®G] =@/ =LaU)=EMRET)=
YL 7) ® vi(X ).

Note that ch Y .E = ¥ ¢/ = p,ch E where p,: H¥'(X; Q) > H¥(X; Q) is
defined by setting p, = k™ on H>*™(X; Q).

The Adams operations transform naturally under the homomorphism
f*:K(X) — K(Y) induced by a continuous map f:Y — X.

It is an interesting exercise to show that Y/, (—0)MJE) =
- l[(d/dl)’lt(E)] [A{E).

ConsTRUCTION 11.21 (the Clifford difference element). Let E be a real
oriented riemannian vector bundle of dimension 2n, and let w;=
i"e, " - - e,, be the oriented unit volume element in the complex Clifford
bundle C{(E) = CYE) ® C. Since wZ = 1, we have a splitting C{(E) =
CL*(E) @ CL(E) where CLE(E) = (1 + wy)CUE). We then define the
Clifford difference element

(11.31)

8(E) = [CLH(E)] — [CL(E)] € K(X). (11.32)
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Suppose E’ is another such bundle. From the fact that CY{E @ E') =
CYE) ® CUE) and wg g = wpwy, One sees easily that
&E @ E) = 5(E)5(E). (11.33)

The proof of the Splitting Principle 11.2 shows that we may consider E
to be a direct sum of 2-plane bundles E=E; @ --- ® E,,and E® C =
LD @/@/whereE@C-/@/

Consider therefore the case where dim E = 2. We have EQC=¢® ¢
for some complex line bundle /. In fact, if at a fixed point x € X we choose
an oriented orthonormal basis (e;,e,) of E,, then /, = C - (e, — ie,) and
£, =C-(e; +iey). Clearly CHE)=C- 1 ®C-w,® ¢ ® 7, and since
wg = ie,e, we find that

CLHE)=C-(l+wy)®7 and CL(E)=C-(l—w,) ®’.
Since the bundles C - (1 + wg) are trivial, we find that for dim E = 2,
8(E) = [7] - [£]
Applying the Splitting Principle and (11.33), we conclude that for E =
E1 @ e (_B Em

o) = [1 (141~ [4)

and so

ch[S(E)] = [ (e~ — ™) (11.34)

where x, =¢,(4) for k=1,...,n From (11.6) we know that y(E)=
X, - - x,. Consequently, one verifies that

enfa(e)] = o) [ (=)

n o [o*kl2 _ o %k/2
= 1 ] (FEE Y e
k= k

] no (sinh(x/2)\*(  x,/2
—2)'x 1:[1< X,/2 > (tanh(xk/2)>

From (11.17) and (11.18') we conclude the following:

Proposition 11.22. For any-oriented real vector bundle E of dimension 2n,
one has the relation

ch[&(E)] = (— 2y EYI(E)R(E)~2.
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CONSTRUCTION 11.23 (the spinor difference element). Let E and w; be
as in Construction 11.21 and suppose E carries a spin structure. Let Sc(E)
be the complex spinor bundle for E and consider the decomposition
Sc(E) = SE(E) @ Sc(E) where SE(E) = (1 + wp)Sc(E). We define the
spinor difference element to be

S(E) = [SE(E)] — [SE(E)] € K(X). (11.35)

It follows easily from the material of Chapter I that if E’ is another such
bundle, then

S(E @ E) = s(E)s(E). (11.36)

As above we may now restrict attention to the case dim E = 2 where
E® C = ¢ @ £.Recall from (11.5) that as oriented 2-plane bundles E = ¢.
The fact that E is spin is equivalent to the fact that y(E) = ¢,(¢) is even, i.e.,
that £ has a square root £'/?. The spinor bundle is given by

SAE) = £ @ 7172
One verifies that SZ(E) = #'/? and SZ(E) = £V, and so
S(E) = [£12] — [£'7].

Passing to the general case E = E; @ - - @ E, via the Splitting Principle
as above, we then have

{E) = [T (771 - [4°)).
and so

ch[S(E)] = k[j‘[1 (e™ /2 — gni2) (11.37)
This proves the following:

Proposition 11.24. For any real spin vector bundle E of dimension 2n, one
has that

ch[S(E)] = (— 1)'x(E)A(E)~!

§12. Thom Isomorphisms and the Chern Character Defect

We present here some material relevant to understanding the general form
of the Index Theorem. It is not necessary, however, for understanding the
cohomological formula for the index in the basic cases.

Let X be an oriented n-dimensional manifold which is not necessarily
compact. Let HE,(X) denote the cohomology of the complex of rational
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singular cochains with compact support on X. (A cochain ¢ has compact
support if there is a compact subset K < X such that ¢(s) = O for any chain
o which does not meet K.) Poincaré duality states that there is a canonical
isomorphism

Dy: HE(X) — H,_ ,(X) (12.1)
for p=0,...,n (see de Rham [1]). If Y is another such manifold of di-

mension m, and if f:Y — X is a continuous map, then for each p with
p = m — n there is a linear map

fiHE(Y) — HEZ™="(X) (122)

called integration over the fibre (or the Gysin homomorphism). It is de-
fined by setting f(u) = D5 'f, %2y where f, is the usual map induced on
homology.

Animportant example is provided by the following. Let E be an oriented
vector bundle of fibre dimension k over X. Consider the maps

n.E— X and i:X—E

where = is the bundle projection and i denotes inclusion as the zero sec-
tion. Since these maps are homotopy equivalences, n,, and i, induce iso-
morphisms on homology with n,i, = Id. Consequently, the maps

m: HE A HE) — HE(X) and i H2 (X) — HZZME)

cpt

are isomorphisms for all p. Since nj = @y 'n, DD i, Px = Id, we see
that

m =)L (12.3)
DeFINITION 12.1. The map i,: HZ, (X) — HZ}*(E) s called the Thom iso-

cpt
morphism of E for compactly supported cohomology.

Note that if X is compact, then HZ,(X) = H?(X). Furthermore, if Dy de-
notes the disk bundle of E, then by excision and Lefschetz duality we have

HME)~ H,_(E)= H,_(Dg) = H**?(D;,0Dy). (12.4)
We thereby recover the Thom isomorphism in its more conventional form
(cf. Milnor-Stasheff [1]). We also have the following basic resuit:
Lemma 12.2. If X is compact, then for all ue H*(X) = H¥ (X), one has
*i(u) = y(E)-u (12.5)
where (E) is the Euler class of E.

Proof. We shall only outline an argument (for full details, see Milnor-
Stasheff [1]). Let Z = i [X] = i,2x(1) be the class of the zero-section in
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H,(E). The equation
x(E) = i*i(l) = i*@; 'Z

is one of the standard characterizations of the Euler class. To wit, if ce
H,(X), then

((E),0) = (D5 ' Z,iy0) = (1,Z  iyc),

that is to say that y is given by intersection in E with the zero section.
For a general class u € H?(X), we fix ¢ € H, (X) and note that

((E) " u, ¢) = (((E), @xu n ¢) = (1, Z N i (Dxu N c))
= (1, ((,Dxtt) M iy0) = (g "1, Dyt i c)
= (i, i c) = ((*iu,c) |
In K-theory there is a group K., (X) analogous to the group Hg (X)
discussed above. It consists of homotopy classes of triples [ E, F; 6] where
E and F are complex vector bundles over X and where ¢ is a bundle
isomorphism from E to F defined outside some compact subset of X (see
1.9). If X is a compact manifold, then K _(X) = K(X). If U = X is an
open subset of any manifold, then there is a natural inclusion homomor-
phism K, (U) > Kep(X).
Suppose now that n: E —» X is a complex vector bundle of rank k over
a manifold, and let i: X — E be the inclusion as the zero section. Then,
as proved in Appendix C, Theorem C.8, there is a natural Thom iso-
morphism i,: K (X) — K ,(E) of the form

()= A_, - n*u

where A_; = [n*AL"E, n*AZE; 6] and where ¢ is defined at each non-
zero vector e in E by setting

g, =en — (e*)L

(The element e* is the dual of e under some fixed hermitian metric.) If
X is compact, then A_; = i(1) is a well-defined element of K, (E). When
X is not compact, the product A_, - 7*u can still be shown to be a well-
defined element of K ,(F) (cf. Karoubi [2]). Roughly speaking, n*u has
compact support in the “X-directions” and A_, has compact support in
“fibre-directions”. If we restrict the element A_, to the zero section, we
recover the element A_,(E) e K*(X). This gives the following.

Lemma 12.3. If X is compact, then for all { € K(X) = K, (X), one has
i) =A-4(E)- ¢ (12.6)
where A_(E) = [A"*"E] — [A°*E] e K(X).
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Assume now that X and Y are smooth manifolds and that f: X < Y
is a smooth proper embedding. Assume furthermore that the normal
bundle N to f(X) is equipped with a complex structure. (Hence, dim ¥ —
dim X is even.) Under these circumstances we can define a natural mapping

ﬁ : cht(X) - cht(Y)

by taking the Thom isomorphism i : K  (X) = K ,(N) followed by the
map K. (N) - K ,(Y) obtained by identifying N with a regular neigh-
borhood of X in Y.

Observe now that for any proper embedding f: X < Y of manifolds,
the normal bundle to the associated (proper) embedding f,:TX & TY
has a canonical complex structure. This normal bundle is just the pull-
back to TX of N @ N where N is the normal bundle to X. The first
factor is thought of as lying in “manifold-directions,” the second in “fibre-
directions.” The complex structure is given by

0 -Id
T_<Id o)

Consequently, for any proper embedding of manifolds f: X < Y, there is
an associated map
S K(TX) — K (TY) (12.7)

which is of fundamental importance in defining the topological index of
an elliptic operator.

In the last section we defined the Chern character ch: K(X) — H®*"(X).
This homomorphism has a direct extension

ch: Ko (X) — HE(X)

cpt

to the case of compact supports. For any given complex vector bundle
n:E — X, we have defined Thom isomorphisms:

Kool X) —— K (E)  and  H(X) —— H(E),

and it is natural to ask whether i,ch = ch i,. This is not true in general
and the resulting “correction term” is of basic importance.

We assume from this point on that the manifold X is compact. Then
to each complex vector bundle z: E — X we associate the class

(E) = nch ifl) (12.8)

Note that for any ¢e K(X) we have mch i = nch(i(l) a*&) =
m[ch (1) - ch n*¢] = [mch i(1)]ch & and so, since n, = (i) "' on H¥ (E),

(i)~ 'ch(i,$) = T(E)ch &, (12.9)

That is, I(E) is just the “commutativity defect” mentioned above.
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Now it is not difficult to check that I(E) is natural, ie, f*I(E)=
I(f*E) for any continuous map between manifolds. Consequently I(E)
is a characteristic which we shall compute. Note that i Z(E) = ch i(1) =
ch A_,. Applying i* and Propositions 12.2 and 12.3, we find that
WE)X(E) = i*iI(E) = i*ch A_, = chi*A_; = ch A_,(E). This compu-
tation can be carried out for the universal bundle E over the classifying
space BU, whose cohomology ring is a polynomial ring generated by the

Chern classes ¢y, ...,c,. Here we are authorized to write the equation
ch A_,(E)
YE)y=—"+ (12.10)
B="®

If we split ¢(E) =[] (1 + x;) formally as in §11, we find from equations
(11.6) and (11.29) that
n l _ exk
XE) =[]
k=1 X

From (11.11) and (11.9) we can rewrite this as
I(E) = (—1)"Td(E) ! (12.11)

Assume now that E is a real oriented riemannian vector bundle of even
dimension over X. Then one can define the basic element

8(E) = [n*CL*(E), n*CL(E); 1] € K., (E) (12.12)

where p, = e- denotes Clifford multiplication by e. It is evident that
i*8(E) = 6(E), the difference element considered in 11.21. Arguing as above
we see that: y(E)m,ch 8(E) = i*iyn,ch 8(E) = i*ch 8(E) = ch §(E). Applying
the calculations of Proposition 11.22 then proves the following.

Propositon 12.4. For any oriented real vector bundle E of dimension 2n on
X, one has

n,ch 8(E) = (— 2)'L(E)A(E) 2

If we now assume that E has a spin structure, we can construct the
element

S(E) = [n*SE(E), n*Sc(E); u] € Kop(E) (12.13)

where again g, = e- denotes Clifford multiplication by e. Clearly, i*s(E) =
S(E) = the element discussed in Construction 11.23. Arguing as above and
applying the calculation of Proposition 11.24, we find the following:

Proposition 12.5. For any real spin vector bundle E of dimension 2n on X,
one has

nch s(E) = (—1)"A(E) !
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These last two propositions extend easily to the case of coefficients.
Given any element u € K(X), one immeidately verifies that

mch[8(E)- n*u] = (—2)"ch u- L(E)A(E) 2 (12.14)

nch[s(E)- n*u] = (—1)*chu- R(E) 1 (12.15)

Indeed, note that m,ch(6(E)n*u)=m[ch 6(E)ch n*u]=mr,[ch 8(E)n*ch u]l=

[m.ch 8(E)]|ch u. If u = [ E"] is the class corresponding to a complex vector
bundie E’ over X, then

8(E) m*u = [n*CLH(E) ® E, n*Ct~(E) ® E; 4,

(12.16)
S(E): n*u = [n*SE(E)Q E', n*Sc(E)® E'; p].

These elements 8(E) and s(E) are fundamental. Using them, one can define
Thom isomorphisms in K-theory for E as follows:

Proposition 12.6. Let n: E — X be an oriented real vector bundle of dimen-
sion 2n on X. Then the map

PKX)® Q— K, (E)®Q  given by ij(u) = 6E)- n*u
is an (additive) isomorphism. If E is spin, then the map
it K(X) — K (E) given by §i(u) = s(E) - n*u
is an (additive) isomorphism.

For a proof of this proposition and a discussion of related results, the
reader is referred to Appendix C.

§13. The Atiyah-Singer Index Theorem

We present here the topological formulas of Atiyah and Singer for the
index of an elliptic operator on a compact manifold. We begin with the
general K-theoretic formula for which we give a detailed proof. Then,
using material derived above, we shall rewrite the formula in cohomo-
logical terms and work out the details in some important special cases.

Let X be a compact differentiable manifold of dimension n and consider
an elliptic operator P:I'(E) - I'(F) where E and F are smooth complex
vector bundles over X. Recall from §1 that the principal symbol o(P) of
P defines a class

6(P) = [n*E,n*F; 0(P)] € K ,(TX) (13.1)

where n: TX — X is the tangent bundle of X. (We have identified K. ,(7X)
with K(DX,0DX) since DX/0DX is naturally homeomorphic to the one
point compactification of TX.) Choose now a smooth embedding
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f:X < RY into some euclidean space, and consider the induced map

fi: KepdTX) — K (TRY) (13.2)

defined in (12.7). Follow this by the homomorphism
4K (TRY) — K(pt) = Z (13.3)

where g: TRY — pt is the canonical “scrunch” map taking TR" to a point.
Note that TRY = R¥ @ RY = C" and q:C¥ - pt can be considered as a
vector bundle. Viewed in this way, the map q, is just the inverse of the
Thom isomorphism i,: K(pt) - K,,(C"). (It is also just the Bott periodic-
ity map. For an alternative view, consider the embedding TR" = R*" —
S = R*™ U {00} and the induced map K., (TRY) - K(5*") = K(pt).)
Applying scrunch-shriek to f; gives the index.

DerFINITION 13.1. The topological index of P is the integer
top-ind(P) = q,f,6(P). (13.4)

One must verify that this definition is independent of the choice of f.
To begin consider f = jo f where j:RY < R¥*" is a linear inclusion.
The induced map j,: K o (TRY) > K (TR *") is just the Thom isomor-
phism for the bundle C¥*V" — C¥, and one easily checks that §,f, = ./,
where §: TR¥ Y - pt. If we are given two embeddings f,: X & RM and
fi:X & RM then the embeddings j,fy: X & R¥*¥ and j, o f;: X —
RNo*Ni defined as above, are isotopic. That is, F,=tj, o f; + (1 —
joo fo, 0<t<1, is a smooth family of embeddings. Applying the
homotopy invariance of K., completes the proof that (13.4) is independent
of the choice of f. One of the basic results in mathematics is the following:

Theorem 13.2 (The Atiyah-Singer Index Theorem [1]). For any elliptic
operator P over a compact manifold, one has

ind(P) = top-ind(P),

that is, the topological and analytic indices of P coincide.

Proof. For the purposes of the proof we introduce a special class of
operators. Let E and F be (smooth) com lex vector bundles over a com-
pact riemannian manifold X. An operator P € WDO,(E, F) is called clas-
sical if its principal symbol is homogeneous of degree m in £ outside of
some compact subset of T*X, that is, P is classical if there is a constant ¢
so that ,/(P) = t"o(P) for all £ e T*X with ||{]| = cand forallt = 1. If X
is not compact, we define the classical operators to be those which have
this property over every compact subdomain of X. The set of all such
operators will be denoted WCO,(E, F).



§13. THE ATIYAH-SINGER INDEX THEOREM 245

Given an operator P € WCO,,(E, F) we can consider its asymptotic prin-
cipal symbol
P
64P) = lim 740

m
t— oo

defined for all ¢ in 0DX = {&e T*X :||£]| = 1}. This gives us an exact
sequence

0 — ¥DO,,_,(E, F) — ¥CO,(E,F) — I'(Hom(n*E,n*F)) — 0
(13.5)

where n:0DX — X is the bundle projection. The surjectivity of é is seen
as follows. Given a section s € I'(Hom(n*E,n*F)), extend s smoothly to all
of T*X so that it is homogeneous of degree m in & for ||¢]| = 1. Given local
trivializations of E and F over a coordinate chart U on X, one easily con-
structs an operator P in U with principal symbol s. Let {U} be a finite
covering of X by such charts and let {y?} be a partition of unity subor-
dinate to this covering. Then the operator P = Y y;Px; € YCO,(E, F) has
principal symbol o(P) = s, and the surjectivity is proved.

Our first main step in the proof will be to show that the analytic index
makes sense at the symbolic level and, in fact, gives a well-defined homo-
morphism ind: K (T*X) —» Z. We begin with a technical lemma which
will be useful later on. For this lemma, X is assumed to be a manifold
which is not necessarily compact but is of finite topological type.

Lemma 13.3. Let n: B — X be a smooth, real vector bundle over X. Then
every element in K ,(B) can be represented by a triple of the form
(n*E, n*F; 0) € £1(B),, where E and F are vector bundles on X which are
trivial outside a compact set, and where ¢:n*E — n*F is homogeneous of
degree 0 on the fibres of B (wherever it is defined).

Note that outside a compact subset of X, ¢ is defined everywhere on
the fibres. At such points the homogeneity implies that ¢ is in fact con-
stant on the fibres.

Proof. We know from Chapter I, §9 that any element in K (B) can be
represented by a triple (E,, Fy; 6o) where o,: E, — F is a bundle equiv-
alence defined outside a compact subset K — B. There exists a bundle
E§ on Bso that the sum E, @ Ej is trivial, and we can replace (E,, F,; 6,)
with the equivalent triple (E, F;6) = (E, @ E&, F, @ E¢;o @ 1d). Then
there exist trivializations

15:Elg_xy— (B—K)xC" and t7:F|g_g — (B— K) x C™
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so that ¢ = 15! o 15. (Let 15 be the assumed trivialization, and set 15 =
g0 6 L)

Choose now a compact domain Q2 = X so that K < Blg. Set E = i*E
and F = i*F where i: X & B is the zero-section, and let 7, and ¢, denote
the restrictions of the trivializations 7z and 73 to E and F respectively.
We claim that over B there exist bundle isomorphisms

foE =5 n*E  and  fp:F =5 n*F (13.6)

which are compatible with the given trivializations over By _g,, i.e., which
have the property that

fe=15'°1g and fe=1rtorts

at points of Bjy_q,. These isomorphisms are constructed as follows. Let
h:B x [0,1] — B be the homotopy defined by h(b,t) = tb, and set & = h*E
and & = h*F. Note that

g|8x{0} = TC*E, ‘%‘IBX{O} = TC*F
sy = E, Floxpy=F

Introduce connections on & and & which extend the canonical flat con-
nections (compatible with the trivializations) over B|y_gq,. Parallel trans-
port along the curves b x [0,1] gives the desired maps (13.6). The bundle
map o = fpo 6o fgl:n*E — n*F is an isomorphism which is defined on
B — K and constant on the fibres of B — 7~ '(Q). Fix r > 0 so that K
{b e Blo:||b|| < r}. We now redefine ¢ in the set where ||b|| = r so that it is
homogeneous of degree zero (by setting o,; = o, for ||¢|| =r and t 2 1).
This gives the desired triple and completes the proof of the lemma. =

Suppose now that X is a compact manifold and choose an element
u € K, (T*X). Represent u by an element (n*E, n*F; 0) as in Lemma 13.3.
Fix an integer m. From the discussion above we know that we can choose
an (elliptic) operator P € WCO,(E, F) whose asymptotic principal symbol
is exactly o, and so in particular 6(P) = u. We now set

ind u = ind P (13.7)

and show that this definition is independent of all the choices involved.
We know from §7 that ind P depends only on the homotopy class of its
principal symbol. Now if P’ e ¥CO,(E, F) satisfies 6(P') = 6(P), then o(P’)
and o(P) are homotopic (rel o). Therefore, ind P is independent of the
choice of P with a given asymptotic principal symbol. It is also indepen-
dent of the homotopy class of the representative (n*E, n*F; o) of u. To see
this suppose that (n*E', n*F’, ;07) is another such representative and that
there exists an element a = (E,F;6) e £L,(T*X x [0, 1])pe Whose restric-
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tionto T*X x {k}is (n*E®, n*F®; ™) for k = 0,1. The argument used for
Lemma 13.3 applies here to prove that a can be replaced with an element
of the form (n*E,n*F; &) where E and F are bundles on X x [0,1] and
where & is homogeneous of degree zero outside a compact set. Given mth
order operators P and P’ associated as above to these representatives, one
can easily use the element (n*E, n* F; &) to construct a homotopy between
them and thereby show that ind P = ind P’ as claimed.

Suppose now that we have two distinct representatives u, =
(n*E, n*F,; 0,) for our class u, and that we have chosen associated zero-
order operators P, where k = 0,1. By the definition of the equivalence
defining L,(T*X),, = K(T*X),,, this means that there exist elementary
complexes e, = (7*G,, n*G; Id), k = 0,1, so that a, @ e, and a, @ e, are
homotopic. We can choose associated operators Py = P, @ Idfor a, ® e,,
and one easily sees that ind P, = ind P, for each k. Hence, we have
ind Py, = ind P,, and so ind u is well defined at least if we choose operators
of order m = 0.

The definition is also independent of the choice of the order m. To see
this, suppose we are given an elliptic operator P € ¥CO,(E, F). Choose a
metric and a unitary connection on E, and let V*V be the associated
laplacian on E (see I1.8.3). Then for any integer /, we consider the com-
position P, =P o (1 + V*V)? € ¥CO,,, [(E, F). It is easily seen that
&(P,) = 6(P) and since (1 + V*V)? is invertible, that ind P, = ind P. It fol-
lows that ind u is well defined using operators of any order.

We have now shown that for any compact manifold X, the analytic
index (13.7) gives a well-defined homomorphism:

ind: K (T*X) — Z (13.8)

Our task now is to prove that this coincides with the homomorphism
top-ind defined above. This will be accomplished if we can establish the
following two properties:

Property 1. In the special case where X = T*X = pt, the homomorphism
ind: K(pt) — Z is the identity.

Property 2. If X and Y are compact manifolds and f: X & Y is a smooth
embedding, then

ind(u) = ind( fu)
for all ue K _,(T*X), where f, is the homomorphism (12.7).

To see that these properties suffice to prove the theorem, we first choose
an embedding f:X < SV and let j:pt & SV denote the inclusion of a
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point. By Property 2 we have ind(u) = ind(fi) = ind(j” *fu), and by Prop-
erty 1 we know that indoj, ' =j ' =¢q,. We conclude that ind(u) =
g, f{u) = top-ind(u).

Property 1 is easily established. Each element in K(pt) can be repre-
sented in the form [C"] — [C*] where (C",C%) € Z,(pt) is a pair of vector
spaces. An elliptic operator on this pair is just a linear map P:C" — C5
and we see that ind P =r — s.

Property 2 is more difficult to establish. Following Atiyah and Singer
[1], we split this up into more easily established properties. The first one
shows that ind is well defined over open manifolds of finite topological

type.

The Excision Property 13.4. Let O be an open manifold, and let
f:0~— X and [0 —X

be two open embeddings into compact manifolds X and X'. Then ind - f, =
ind o f} on K ,(T*0).

Proof. Fix ue K ,(T*0). By Lemma 13.3 we know that u can be repre-
sented by a triple (z*E, n*F; 6) where E and F are bundles over ¢ which
are trivial outside a compact subset of ¢ and where ¢ is homogencous
of degree 0 outside a compact subset of T*@. In particular, outside a
compact set Q « ¢ there are trivializations

T Eloegy— (0 — Q) x C" and ;1 F|p_q — (0 — Q) x C"
(13.9)

with respect to which o, =0, =(15); " o (tz), at all points (x,&)e
T* @ — Q). This means that over T*(@ — Q) the morphism ¢ comes from
a bundle map g4: E — F over the base. Moreover, with respect to the
trivializations (13.9), o, becomes the identity mapping, i.., 6o(z, . . - ,2,) =
(z4, ...,z at all points xe @ — Q. Recall that a bundle map o,€
I'(Hom(E, F)) is just a differential operator of order zero.

We now choose a zero-order elliptic operator P € WCO(E, F) which
has symbol o(P) = ¢ outside a compact set in T*@® and which is the
operator o, = Id in @ — Q. Such an operator clearly exists.

Suppose now that we are given an open embedding f: @ < X. Using
(13.9), we extend the bundles E and F trivially over X — f(0), and we
extend the operator P to be the identity there. This defines an elliptic
operator f,P on X with the property that

[o(/:P)] = fi[o(P)] = fu. (13.10)

Clearly any element in ker(f,P) has support in Q and hence belongs to
the subspace ker P (under the natural embedding ker P < ker f,P given
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by extending by zero). Hence, dim(ker f,P) = dim(ker P). The same re-
marks apply to the adjoint (f,P)*. Assuming that X is compact, we con-
clude from this and from (13.10) that

ind( fu) = ind(f,P) = dim(ker P) — dim(ker P*).

Since the right hand side is independent of f, our assertion 13.4 is proved.
|

The Multiplicative Property 13.5. Let X and Y be compact manifolds. Then
Sor all elements u € K ,(T*X) and v € K.,(T*Y) we have that

ind(u v) = (ind u)(ind v) (13.11)

Proof. Naively the argument goes as follows. We represent u and v as
above by first-order elliptic operators

P:I(E)— I'(F) - and Q:T(E) — I(F')

over X and Y respectively. We introduce metrics and define a “graded
tensor product”

" D:IT(EQE)® FQF)) — I((FRE)® (EQF)
by

_(P®1 -1®Q*
D—<1®Q P*®1) (13.12)

Note that E® E’, etc., here denotes the exterior tensor product over
X x Y. The operators P® 1, etc. are uniquely determined by requiring
that for ¢ € I'(E) and ¢ € I'(E’) we have (P ® 1)(¢(x) ® ¥(y)) = (Po(x)) ®
Y(y). Using the fact that P® 1 and 1 ® @ commute, one easily computes
that

prp - (PP®1+190%0 0
0 PP*®1 + 1®QQ* (1313
pp+ — (PP*®1+1©0%0 0 '
B 0 P*P®1 + 1®Q0*

Note that: D*D¢ =0 = (D*Dg¢,p) = (Do, De) = 0 = Dp = 0. Hence,
ker D*D = ker D. Furthermore, since D*D is diagonal, it suffices to com-
pute ker D*D separately on each summand, E ® E and F ® F'. leen
peT(E® E), we see that: D*Dg =0 = (P*P(p, ®) + (0%00, 9) =

||Po|? =0= Py = 0¢p =0 (where R denotes R ® 1 or 1 ® R
whichever is approprlate) Note that ker P ~ ker § = ker P @ ker Q.
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Continuing in this fashion we deduce that
ker D = ker D*D = (ker P ® ker Q) @ (ker P* ® ker Q%)

coker D = ker D* = ker DD* = (ker P* ® ker Q) @ (ker P ® ker Q%)
are therefore in K(pt)

[ker D] — [coker D] = ([ker P] — [coker P])([ker Q] — [coker Q]).
In particular we have

ind D = (ind P)(ind Q). (13.14)

Now the principal symbol of D is exactly the (outer) tensor product
of the symbols of P and Q. Therefore, naively we have established (13.11).
However, there is one technical flaw in the argument. This is the fact that
for P e WCO(E, F),the operator P ® 1 e YWDO(E ® E', F ® E’)doesnot
in general belong to the class WCO(E ® E’, F ® E') because its principal
symbol is not homogeneous outside a compact set in T*X x Y). It is only
homogeneous outside a uniform neighborhood of the “T*Y-axes” in
T*X x Y).

This flaw is repaired as follows. We shall construct a continuous fam-
ily of operators (P ® 1),e YCO(E ® E', F ® E’) for ¢ > 0 such that
lim, o (P ® 1), = P ® 1, where this limit is taken in the space of bounded
linear maps from LI} (E ® E') to L(F ® E’). Applying the construction
to each entry in (13.12) will give us a family of elliptic operators D, in
WCO! such that lim, , D, = D as bounded (Fredholm) maps between
Sobolev spaces. From the local constancy of the index (see 7.3.) we have

ind D, =ind D for all e > 0.

On the other hand it will be evident from the construction that given any
compact subset K < T*X x Y), there exists a constant ¢x > 0 so that
o(D,) = o(D) on K for all ¢ < g, It follows by excision that [a(D,)] =
[6(D)] =u-v for all ¢ sufficiently small. Hence, ind(u-v) = ind(D,) =
ind(D) = (ind P)(ind Q) = (ind u)(ind v), and the property will be
established.

It remains to construct the operator (P &® 1),. This is done by multi-
plying the symbol of P ® 1 by a function ¥ (|&|,|n]) of the cotangent
variables (£,1) e T*X x T*Y. This function is constructed as follows. Fix
a C” function ¢:R* — [0, 1] such that ¢(t) = 0 for t < 1 and ¢(t) = 1 for
t > 2. Thenfore > 0and forr,s 2 0, set ¥, (r,s) = 1 — P(e/1? + 52 )p(es/r).
In multiplying the symbol of P ® 1 by ¥,(|¢],|5|), one can use a good co-
ordinate presentation or some symbol calculus. The choice of method is
not critical. It is a straightforward and worthwhile exercise to check that
the resulting family (P ® 1), has the properties claimed above. This com-
pletes the proof of 13.5. m
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We shall actually need the multiplicative property in the more general
context of twisted products, i.e., fibre bundles. However, we only need to
consider the special case of sphere bundles which arise from vector bundles
by adding a section at infinity. More specifically, let n:P — X be a prin-
cipal O,-bundle over a compact manifold X and consider the associated
bundles

V=P xo R* Z=Pxq§" (13.15)

where O, acts on R” by the standard representation and acts on S" by
extending this representation to the one-point compactification on R".
(That is, O, acts on S" by trivially extending the standard representation
to R**! = R" x R! and then restricting to the unit sphere.) We define a
product

KoplT*X) ® Ko (T*S"eps — Kop(T*Z) (13.16)

as follows. Choosing a metric in Z we get a splitting T*Z = n*T*X @
T(Z/X) where T(Z/X) = T*Z/n*T*X denotes the tangent spaces along
the fibres of the projection n:Z — X. This splitting gives us a multipli-
cation

cht(T*X) ® chtT(Z/X) A cht(T *Z)

(Given a direct sum of vector bundles E @ E’ on X, the map on
K. {E) ® Ko (E') is defined by first taking the outer tensor product on
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E x E' over X x X and then restricting to the diagonal.) Combining this
with the composition

KO,.(T*S")cpt - KO,.(P X T*S")cpt - cht(P XO,. T*Sn) = cht(T(Z/X))

gives the desired multiplication (13.16).

The associated bundle construction, which associates to a linear repre-
sentation p: O, — Oy the vector bundle ¥, = P x, R, extends naturally
to a homomorphism

ap: R(O,) —> K(X) (13.17)

The ring K, (T*X) is naturally a K(X)-module. Therefore, via (13.17) it
becomes an R(O,)-module. We are now in a position to state the main
property.

The Multiplicative Property for Sphere Bundles 13.6. Let Z be an §”"-bundle
defined as above over a compact manifold X. Then

ind(u- v) = ind(u indg,v)
Jor all ue K ,(T*X) and v € Ko (T*S")o-

Proof. The proof of this fact follows very much the argument given for
13.5. We represent u and v by first-order elliptic operators P and Q re-
spectively. (Q is an O,-equivariant operator on O,-bundles.) Using local
trivializations of the bundle, we cover P by a finite number of product
neighborhoods {U; x O,}-,. We lift the operator P back over each pro-
duct and glue together with a partition of unity with respect to {U;} on
X, to get an O, -invariant operator P on P. We now consider the tensor
product operator D on P x $" defined as in (13.12) (with P replaced by
P). This is an O,-operator and can be pushed down to give an operator
D on the quotient Z. Notice that “pushing down” is equivalent to restricting
D to the subspace of sections coming from the base. It is easily checked
that (D) represents the class u - v where the multiplication is that defined
in (13.16) above.

It remains to compute the analytic index of D in terms of ind P and
indg, Q. We shall work upstairs with the operator D restricted to sections
coming from the base. Using (13.13) and the arguments which follow it,
we see that:

ker D = ker D*D
= (ker(P ® 1) nker(l ® Q)) @ (ker(f’* ® 1) n ker(l ® Q%))

with an analogous statement for ker D* = coker D. Since the operators
P® 1 and 1 ® Q commute, we can carry out the computation in steps,
that is, we first pass to the kernel of 1 ® Q (or 1 ® Q* whichever is rele-
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vant) and consider the operators P ® 1 and P* ® 1 acting there. For
example, on ['(E ® E’) the space ker(1 ® Q) consists of those sections @
which when restricted to each factor {p} x §" = P x §" lie in the space
E., ® ker Q. To say that ¢ comes from a section on the base means that
@ satisfies the transformation law: ¢(pg~*,gx) = p,@(p,x) for g € O,, where
p is the natural representation of O, on ker Q. This means precisely that
@ corresponds to a section ¢ over X of the bundle E ® ker Q where ker Q
is the vector bundle on X associated via the principal bundle P to the
representation p. Therefore, in passing to ker(l1 ® Q) and ker(1 ® 0%
the operator D descends to an operator on X on the form P, + P§ where

Py:T(E ® kerQ) — I'(F ® ker Q), and
Py :T(E ® ker Q*) — T'(F ® ker Q*).

It follows that ind D = ind P, — ind P} = ind[P ® (ker Q — coker Q)] =
ind[u - indg_ v] as claimed. m

From the properties we have established, matters can be easily reduced
“to computing some simple cases. However, it is unavoidable that one must
compute the index of some operator at some point. We do this now.

Lemma 13.7. Consider the n-sphere S" to be an O,-manifold under the re-
-striction of the standard representation on R* @ R > S” (i.e., by rotations
-about an axis). Let i:pt & S” denote the inclusion of one of the two fixed-
_points of the action. Then '

ind, (i) = 1 € R(O,)

“Proof. Consider the operator D°:C£% — CE! ‘with respect to the stan-
“dard metric on S Recall that D° is just the de Rham-Hodge operator
d + d*: A*"*® - A°¥ This is an O,-operator and from Hodge Theory (IL5)
-we see easily that ind, (D°) = [H°] + (—1)"[H"]. The action of O, on
HC = {constant functions} is always trivial. The action on H" = R{the
volume n-form} is trivial if and only if n is even. Therefore, we have

2 - ifniseven

- 0o _
indo, D = {1 — ¢ ifnisodd

where ¢ represents the non-trivial 1-dimensional representation on O,
We leave the details of the computation of the symbol class of D° to the
reader. One finds that in K (S™)

_ {2 if n is even
[o(D] = {(1 - 8i(l)  ifnis odd.

Combined with the above, this completes the proof of the lemma. =
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We now complete the proof of the Index Theorem. We have shown
that it will suffice to establish Property 2, namely that ind = ind o f; for
embeddings f: X < Y. By the Excision Property we may replace the com-
pact manifold Y with a tubular neighborhood of X in Y, which is diffeo-
morphic to the normal bundle of X in Y. Consequently it will suffice to
prove that

ind u = ind( fiu) for all ue K ,(T*X)

where V is a vector bundle over X and f: X o V is the inclusion of the
zero-section. Again by the Excision Property we may compactify V by
passing to the associated sphere bundle as in (13.15). We then apply the
Multiplicative Property for Sphere Bundles 13.6, with v = i,1. Using
Lemma 13.7 we find that: ind(u - i,1) = ind(u - indg (i,1)) = ind(u). How-
ever, by definition fiu = u - i1, and the proof is complete. m

The remainder of this section will be devoted to deriving certain co-
homological formulas for the topological index. The most general one is
the following:

Recall that for any manifold X, the tangent bundle TX is canonically
an almost complex manifold since T(TX) = n*TX @ n*TX = a*TX ®
C. This gives TX a canonical orientation as a manifold, A positively
oriented basis of T(TX) is of the form (e, Jeq,e,,Je,, . .. e, e,) where
ey, ...,e,is abasis of n*TX and J carries the “horizontal” to the “vertical”
factor. With this orientation we can evaluate any element u € HZ(TX)
on the fundamental class [ TX] of the manifold. The result is denoted by
u[TX].

Theorem 13.8. Let P be an elliptic operator over a compact manifold X of
dimension n. Then

ind P = (—1){ch o(P) - A(X)*}[TX] (13.18)

where ﬁ(X ) denotes the total A-class of X pulled back to TX.

Proof. We consider first the scrunch map ¢: TRY = R¥ @ R¥ = C" — pt.
Consider this as a complex bundle and let i:pt & CV be the inclusion
as the origin. Fix an element u € K,,(C") and apply the defect formula
(12.9) with u = i¢. Recalling that ¢, = (i), that J(C¥ = 1, and that
ch: K(pt) —» H°pt) is an isomorphism, we find that: g,ch u = g,u. Since g,
on H¥, is just integration over the fibre, we find that

qu = ch u[ TRY]. (13.19)

Consider now a real vector bundle p:v — X and let i: X — v denote
the inclusion as the zero-section. Taking derivatives gives the bundle
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p: Tv — TX with zero-section i: TX — Tv. One sees easily that the bundle
p:Tv - TX is equivalent to n*v @ n*v = n*v ® C. While TX is not
compact, the map i is proper and equation (12.9) can be shown to hold
for elements of K, (TX). Thus for any o € K,(TX) we have

pchioc =J(v ® C)choe.

Evaluating on the fundamental class and recalling that p, is integration
over the fibre give the formula:

(chig)[Tv] = {J(v ® C)ch a}[TX]. (13.20)

Consider now an embedding f:X & RY with normal bundle v. We
identify v with an open tubular neighborhood of f(X) in R¥. Similarly we
have an open embedding

Tv< TR (13.21)

as a tubular neighborhood of f(TX). Given any o € K ,(TX), the class
iig has compact support in Tv and naturally extends to TRY under the
open inclusion (13.21). This extended class is, by definition, the element
fio € K ,(TR") given in (13.2). In particular we have

ch(i,e)[Tv] = ch(fe)[ TRY]. (13.22)
Combining (13.19)—(13.21) gives

ind P = {J(v ® C)ch a(P)}[TX]

It remains to identify J(v ® C). For this we note that since v is the normal
bundle to X, we have TX @ v = (trivial). Since J is multiplicative, this
means that J(v ® C) = J(TX ® C)~'. Applying formula (12.11) we see
that

ITX ® €)' =(—1y'Td(TX ® C). (13.23)

We have used here that TX ® C is self-conjugate. For the final step we
invoke Proposition 11.14. m

Integrating over the fibre immediately gives the following.
Theorem 13.8 (the cohomological formula for the index; Atiyah-Singer

[2]). Let P be an elliptic operator on a compact oriented n-manifold X and
let 6 = o(P) € K (TX) denote the symbol class of P. Then

+

nn+1) ~
indP=(—1) 2 ({mcha) A(XP}X] (13.24)

where m:TX — X is the bundle projection.
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nn+1)
Note. The factor (—1) > compensates for the difference between the
orientation on TX induced by the one on X, and the canonical orientation
described above.

We now consider two important special cases.

Theorem 13.9. Let X be a compact oriented manifold of dimension n = 2m
and consider the signature operator D* : T(CL* (X)) —» I'(CL(X)). Then
ind D* = L(X) = sig(X)

More generally, if E is any complex vector bundle over X, then the index of

D T(CL*(X) ® E) » T(CL (X) ® E) is given by
ind(Dg) = {ch,E - L(X)}[X] (13.25)

where by definition ch,E =) 2*ch*E.
k

Proof. Clearly we have that 6(D ) = §(TX) where 4 is defined in (12.12).
By Proposition 12.4, m,ch §(TX) = (—2)"L(X)A(X) 2. Applying the for-
mula (13.24) above, we find that

L(X) if m is even

: + _ ymJ X) =
ind D7 = 2"L(X) {0 if m is odd.

(A direct identification of ind D* with the signature of X was carried out
in 11.6.2). For the more general case we apply the formula (12.14) and
(12.16). We conclude similarly that

ind(Df) = 2"{ch E - L(X)}[X].

Writing this out and using the fact that L,=2"%L, we find that
2"{ch E-LOO}[X] = ¥ {2"ch*E- LAXOI[X] = ¥ {27~ ch*E- LAX)}[ X]
=Y {2%h*E - L(X)}[X] since the sum is over (k,¢) with 2¢ + k = m. This
proves (13.25). m

Similar arguments give the following in the spin case:

Theorem 13.10. Let X be a compact spin manifold of dimension n = 2m and
consider the Atiyah-Singer operator P* :T($£(X)) - I'($c(C)). Then

-~

ind p* = A(X).

More generally, if E is any complex vector bundle over X, then the index
of g :T(3(X) ® E) - I'($c(X) ® E) is given by

ind(P;) = {ch E - K(X)}[X]. (13.26)
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Proof. Note that (D*) = s(TX) where s is defined in (12.13). By Proposi-
tion 12.5, m,chs(TX) = (— 1)"A(X) ™. Applying formula (13.24) above, we
find that ind P* = A(X)[X] = A(X).

For the more general case we apply formulas (12.16) and (12.15) to con-
clude that n,ch[s(TX) ® E] = (—1)"ch E - K(X)~ . Therefore ind(D3}) =
{ch E - R(X)}[X] as claimed. m

REMARK 13.11. For a compact spin 2m-manifold X, formula (13.26) is
equivalent to the full Index Theorem. This is seen as follows. Any elliptic
zero, P, = (1 + P*P)~ V2P, which has the same index and the same symbol
class o € K,(TX). By the Thom isomorphism 12.6, & can be written in
the form o = s(TX) - n*u for some u € K(X). (We use here that X is spin.)
Writing u = [E] — [F] for vector bundles E and F on X, we see that

o =[n*8¢ ® E,n*8¢c ® E;p] — [n*3¢ @ F,n*8¢c ® F; u]
i.e., at the level of the principal symbol, P is equivalent to the difference
of two Atiyah-Singer operators with coefficients. This means essentially
that P @ P} is homotopic to D7 . Therefore, ind P = ind P — ind D} =
{(ch E —ch F)- A(X)}[X] = {chu- A(X)}[X]. However, (12.15) gives
mo = n(s(X)n*u) = (—1)"ch u - A(X)~ !, and ind P = {no - A(X)*}[X] as
claimed.

For non-spin manifolds, one can argue similarly by using the signature
operator with coefficients.

One interesting corollary of the index formulas above is the following:

Theorem 13.12. On an odd-dimensional compact manifold, the index of
every elliptic differential operator is zero.

Note that this result does not remain true for pseudodifferential operators.

Proof. Consider the diffeomorphism ¢: TX — TX given by c(v) = —v and
note that if dim X is odd, then ¢, [TX] = —[TX]. Let P be an elliptic
differential operator of degree m with principal symbol a(P). Since 6 _ (P) =
(—1)"eP), we see that c*o(P) = (—1)"o(P). Since o(P) and —o(P) are
regularly homotopic (by a(t,P) = e™6(P), 0 < t < 1), they define the same
elements in K-theory, and we conclude that ¢*a(P) = o{P). Applying for-
mula (13.18) now gives
ind P = —{ch o(P) - A(X)*}[TX]
~c*{ch o(P) - (X)*}c,[TX]
—{ch c*a(P) - K(X)*}c,[TX]
~{ch o(P) - &(X)*}(—[TX])
=—indP. m
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Many important elliptic operators on a manifold X arise in the follow-
ing way. Suppose the structure group of X can be reduced to a compact,
connected subgroup G = SO,,, (where dim X = 2m), and that P:T'(E) —»
I'(F) is an elliptic operator where E and F are vector bundles associated
to unitary representations, py and pp respectively, of G. To apply the index
formula (13.24) to P we must compute n,ch ¢(P) where n: TX — X is the
bundle projection.

To do this we pass to the universal case. Let n: T — BG denote the
universal 2m-plane bundle associated to the inclusion G < SO,,,, and let
E.F be the complex bundles over BG associated to the representations py
and py respectively. Let 6 = [n*E, n*F; cle cht(T’) be any elliptic symbol
from E to F. Then from (12.5) and the fact that =, = (i)', we have that

wTynch e = i*imcho = i*cho =ch E — ch F.

The algebra H*(BG;Q) always embeds in the polynomial algebra H*(BT;Q)
where T < G _is a maximal torus. Therefore, if 2(T) #0, we can write:
nch ¢ = (ch E — ch F)/y(T). Pulling back to X by the classifying map for
TX (with its G-structure) gives the following corollary to Theorem 13.8.

Theorem 13.13. Let X be a compact 2m-manifold with structure group
G < SO,,, as above. Let P-T'(E) — I'(F) be an elliptic operator where E and
F are associated to unitary representations of G. Suppose that the image of
the Euler class y under the map H*"(BSO,,,) » H*™(BG) is not zero. Then
the characteristic class (ch E — ch F)/y(TX) € H*(X; Q) is well defined, and

¢chE—chF

ind P = (—1)'"{ L%

A00°} 0]
ExaMmpPLE 13.14 (The Riemann-Roch-Hirzebruch Formula). Let X be a

compact complex manifold with a hermitian metric and let E be a holo-
morphic hermitian bundle over X. The Dolbeault complex

AORQE— A QE ... A0 E (13.27)
converts to an elliptic operator
AO,even ® E M-} AO,odd ® E

where 0* denotes the adjoint of 8. Theorem 13.13 can be applied with
G =U,, = SO,,, and with P =  + ¢*. If we consider T = TX as an m-
dimensional complex vector bundle, then A%* =~ AXT and we see that
ch A% — ch A% =ch A_(T). From (12.10) and (12.11) we see that
chi_(T)/(T)=(— )™Td(T)"!. From Proposition 11.14 we have
AX)P? =Td(T]r®C)=Td(T @ T) = Td(T)Td(T). Plugging into
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13.13 immediately gives the following:
ind(@ + 6*) = {ch E - Td(X)}[X]

where Td(X) = Td(T) is the total Todd class of X.

Observe that ker P = ker P*P = ker(00* + 6%0) = {p e A" Q E:
0p = 0*¢ =0}, and similarly coker P =ker P* = {p e A>*“® E:
dp = 0*¢ = 0}. Applying the Hodge Decomposition Theorem (IL.5.6)
gives the following:

Theorem 13.15. Let H*(X; E) denote the kth cohomology group of the
Dolbeault complex (13.27) over the compact complex manifold X. Then

Y (—)dim HX; E) = {ch E - Td(X)}[X].

ExaMpLE 13.16. Let X be a compact oriented riemannian manifold of
dimension 2m, and consider the operator D°:[(C£°X) — I'(C¢'X) given
in I1.6.1. We leave as an exercise to the reader the verification that
ind D° = y(X).

§14. Fixed-Point Formulas for Elliptic Operators

The proof of the Index Theorem outlined above carries over, almost
without change, to the cases of G-operators, C{,-linear operators, families
of operators, etc. The main point is always to find the right K-theoretic
setting in which to work.

In this section we consider the case of G-operators and the associated
G-index Theorem. We assume throughout that X is a compact G-manifold,
ie., a manifold equipped with a given smooth action u: X x G - X of a
compact Lie group G. By a G-bundle on X we shall mean a complex vector
bundle E - X with a G-action which carries fibres to fibres linearly and
projects to u. The Grothendieck group of equivalence classes of such G-
bundles (cf. 19) is called the equivariant K-theory of X and is denoted
K(X).

Equivariant K-theory has the same properties as ordinary K-theory if
one restricts to the category of G-spaces and G-equivariant maps. Hence,
given a G-operator P on X, one can pass through the same constructions
as above (using a G-equivariant embedding X < RY and the Thom iso-
morphism) to define the topological G-index top-ind4(P) in K 4(pt) = R(G).

Theorem 14.1V (Atiyah and Singer [1]). For any elliptic G-operator P on a
compact G-manifold, one has that

indg(P) = top-ind4(P)
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The proof of this “G-index Theorem” follows precisely the arguments
outlined above for the basic case where G = {e}.

In the case that G acts trivially on X, there is a cohomological formula
for the index which is deduced in analogy with the basic case. An impor-
tant fact is that when G acts trivially on X, there is a natural isomorphism

Ky(X)—> K(X)® R(G) (14.1)

determined as follows. Every finite-dimensional representation V of G can
be written in the form @, Homg(V,,V) ® V; where the direct sum ranges
over the set {V;} of equivalence classes of irreducible representations of G.
Similarly, if G acts trivially on X, then any G-bundle E can be written as

E = @ Homy(E,.E) ® E; (14.2)

where E; denotes the trivial bundle E; = X x V. This association induces
the isomorphism (14.1) (see Segal [1]). Composing this isomorphism with
ch ® Id gives a homomorphism

chg: Ko(X) — H¥(X; Q) ® R(G).

For non-compact spaces, such as TX, this extends to K-theory and coho-
mology with compact supports.

For each g e G there is a homomorphism y,: R(G) - C determined
by setting y,(p) = trace(p(g)) for each finite dimensional representation
p:G - Hom(V.,V). Composing with chg gives a homomorphism

ch,: Kg(X) — H*(X;C) (14.3)

which, for an element u =) 4, ® r; € K(X) ® R(G) is written chu =
Y (chuy)y,(r;). The isomorphism (14.1) together with the arguments for the
basic case given in §13 show the following:

Proposition 14.2. Let X be a compact n-manifold on which G acts trivially,
and let P be an elliptic G-operator on X with symbol class 6 = a(P) €
K oo TX). Then one has that

indg(P) = (—1)"{chgo - B(X)*}[TX]. (14.4)
In particular, for each g € G,
ind(P) = (—1)*{ch,0 - (X)*}[TX]. (14.5)

In the case that G acts non-triviailly on X, the formula (14.5) can be
replaced by one which involves the data of the action in a neighborhood
of the fixed-point set. The result is a grand generalization of the classical
Lefschetz Fixed-Point Formula for maps of finite order. The key to the
computation is a certain “localization” theorem of Atiyah and Segal [1].
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An excellent summary of the arguments involved and a large collection
of illuminating examples are given in the book of Shanahan [1]. This
exposition, together with the highly readable original literature, are recom-
mended to the reader interested in full details. We shall present the result
here in concise form.

To begin, we recall that for each g € G, the fixed-point set of g is defined
to be the set

F,={xeX:gx=x}

Since G is compact, we know by averaging that G acts as isometries for
some riemannian metric on X. An elementary argument using the expo-
nential map then shows that for each g € G, the set F, is a smooth closed
submanifold of X (see Kobayashi [1]). In general, however, F, is not con-
nected and the dimensions of the components can vary.

We wish to derive a cohomological formula for ind (P), where P is an
elliptic G-operator. For this purpose, we may replace G by the closure of
the cyclic subgroup generated by g. This is a compact abelian Lie group
for which g is a “topological generator.” With this assumption we see that
F,={xe X :g'x=xforall g € G} = Fg, the fixed-point set for the entire
group. This is a trivial G-space; however, the normal bundle N of F is a
non-trivial real G-bundle. The normal bundle to the induced embedding

i:TF,— TX

is the complex G-bundle 7*N ® C (where n: TF, — F, is the bundle pro-
jection). The element A_ (N = A_ (n*N ® C) is the Thom class for this
bundle and is used, as in (12.7), to define a homomorphism

i! : KG.cpt(TFg) — KG.cpt(TX) (146)

The fundamental result of Atiyah and Segal [1] is that after localizing at
g, ie., after introducing formal inverses for all elements r € R(G) with
%,(r) # O, the map (14.6) becomes an isomorphism with inverse given by
i*

-—1 —

il = ——
i A-1(N¢g)
This leads to the following.

Theorem 14.3 (The Atiyah-Segal-Singer Fixed-Point Formula). Let X bea

compact G-manifold, where G is a compact Lie group, and let P be an elliptic

G-operator on X with symbol class 6 = o(P) € K¢ ,(TX). For each element

- g€ G, the “Lefschetz number” ind (P) = trace(g|y., p) — trace(glcoxer p) is
given by the formula

ind(P) = (— 1)"{ chylo)

. B 2
——ch,(l_l(Nc)) A(F, }[TF,] (14.7)
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where F, denotes the fixed-point set of g, where A_,(N¢) denotes the Thom
class of the complexified normal bundle of F,, and where d denotes the di-
mension of F, (an integer-valued function which varies from component to
component).

Note that G is not assumed to be connected; in particular, Theorem
14.3 applies when G is a finite group. Some of the most important appli-
cations of the result come from this case. This theorem also gives rise to
a number of intriguing relations between topology and elementary num-
ber theory (see Hirzebruch-Zagier [1]).

The most basic example of a G-operator comes from the de Rham com-
plex. Let G act by isometries on a compact riemannian manifold X, and
consider the Dirac operator D°: CL%(X) — CL'(X). (Recall that this is ex-
actly the operator d + &: AZ"(X) — AY¥Y(X)). This operator is G-equiv-
ariant and for each ge G, the number indg(Do) is just the classical
Lefschetz number of g, ie., ind(D°) = L(g) = trace(g|yeven) — trace(g|yoad).
The symbol class of D° is just the class 6(D®) = A_,(n*TX ® C). Re-
stricting to TF, we have 7*TX ® C = (n*TF, ® C) ® (n*N ® C)&
Te ® Ng, and 50 i*a(D°%) = A_((Tec @ Ng) = A_ (Te)A- (Np). It follows
that chy(i*a(D°)) = chy(A_(T¢))ch,(A_(N¢)), and formula (14.7) becomes

L(g) = x(F )

In particular, if g has isolated fixed points, then L(g) = card(F,). This result
uses strongly the fact that g is contained in a compact group of diffeomor-
phisms. The general Lefschetz formula applies to any diffeomorphism f
with isolated non-degenerate fixed points, i.e., points where det(I — df) #
0. In this case points are added with the weight factor sign[det(I — df)], so
that the Lefschetz number becomes equal to the algebraic sum of the fixed
points.

One might ask whether the fixed-point formuia (14.7) can be extended
to cover geometric automorphisms of an elliptic operator which do not lie
in a compact group. Such a formula was given by Atiyah and Bott [3,4]
for the case of automorphisms with isolated non-degeneratc fixed points.

To give the reader some feeling for the fixed-point formula, we shall
work out the details for the signature operator D™ :T(C{*(X)) -
I(CU (X)) and the Atiyah-Singer operator P*:T'($7(X)) - I'(§ (X))
(where X is spin).

Let us suppose that X is a compact oriented riemannian manifold and
that g: X —» X is an orientation preserving isometry. Let N denote the
normal bundle of the fixed-point set F,, and note that the differential dg
of g gives a bundle isometry

dg:N — N. (14.8)
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Fix x € F, and note that since g is an isometry, we have g(exp,v) =
exp,(dg-v) for all ve N,. It follows that dg-v # v for each v # 0, since
otherwise exp,(tv) would lie in F, for all t € R. Since g lies in a compact
abelian Lie group, we know from elementary representation theory that
there is an orthogonal decomposition N, = N () ® Py<g<. N0),
where dg, |y = —Id, and where the space N (6) splits into 2-dimensional
subspaces in which dg, rotates every vector by 8. This decomposition is
“constant” on each component of F,. This follows from (14.2) or by simply
observing that parallel translation along any curve joining x to y in F,
gives a g-equivariant isometry of N (6) with N(0). (This follows without
difficulty from the fact that g is an isometry.) Consequently, we conclude
that the bundle N admits a decomposition
N=Nmn@® @ N@© (14.9)
0<8<mn
where dg acts on N(n) by multiplication by —1, and where for each 6,
0 <8< m N is a complex bundle in which dg acts by multiplication
by e¥.

REMARK 14.4. Note that the bundle N(n) may not be orientable but it
carries the same orientation class as F,, i.c., for every loop y = F,, the
orientation of F, changes along y if and only if the orientation of N(n)
also changes along y. (This is because X is orientable and each N(6),
0 < 0 < =&, is complex and hence also orientable.)

For any real vector bundle E, we introduce the characteristic class

L (E) = yE)L~(E) (14.10)

where L(E) is the total L-class of Hirzebruch and where y(E) is the Euler
class of E. If E is not orientable, then y(E) lives in cohomology with twisted
coefficients.

For any complex vector bundle E, and any 6,0 < 0 < &, we define Ly(E)
to be the total class associated to the multiplicative sequence of Chern
classes with formal power series coth(x + 3i6). Therefore, if E=¢, ® ...
@® 7, is a formal splitting into complex line bundles with ¢,(/;) = x;, then

k
Ly(E) = [] coth(x; + 4i6) (14.11)
j=1
With these definitions we can state the following.

We recall now that if X is oriented and of even-dimension, then there
is a canonical splitting CE(X) = C€*(X) ® CL(X) and the Dirac con-
struction gives the “signature operator” D*:I(CL*(X)) - I'(CL™(X)).
This operator is preserved by the group G of isometries of X. For each
g € G we denote

sig(X,g) = ind(D*)
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to emphasize that this invariant depends only on X and g. If dim X = 4k
and g = 1, then sig(X,g) = sig(X).

Theorem 14.5. (The G-signature Theorem). Let g: X — X be an orienta-
tion-preserving isometry of a compact oriented 2m-dimensional manifold X.
Then

sig(X,g) = { Ly(N(®)) - L(F, g)} [F,] (14.12)

0<fz=
where N = @ N(0) is the decomposition of the normal bundle to F, given in
(14.9).

Note. The cohomology class in (14.12) factors into a product of an ordi-
nary cohomology class with y(N(n)). As observed in Remark 14.4, N(n)
and F, have the same orientation type. Hence, the pairing in (14.12) is
well defined.

Proof. We begin with a remark on dimensions. Since g is orientation
preserving, we see that dimg(N(n)) is even. Hence we may write

dim F,=2d, dimN@m) =2, dimgN(0) = 25(0)

where d,r and s(6) are integers which vary from component to component
on F,.

Recall that ¢(D*) = 8(TX), and therefore by the multiplicativity (11.33)
of & we have i*6(TX) = §(TF, @ N)= 6(TF,)(N). By pushing forward
to F, and using Proposition 12.4, the Fixed-point Formula (14.7) becomes

, o aaf  chgE(N) -
ind(D*) = 2 {W L(Fg)}[Fg]. (14.13)

It remains to evaluate the term chy(8(N)A_;(N ® C)~ ). Since every-
thing is multiplicative, we can consider the factors N(0) separately. Via
the Splitting Principle it suffices to compute in the case where v is an
oriented real 2-plane bundle on which g acts by rotation by 0. We write
v C=¢@® 7 where ¢ is a complex line bundle, and we set x =
¢,(£) = x(v). Then we have

sM=7—¢ and i, (0 ®C)=(— )1 — 7).

From the fact that ch (¢) = ch(/)e’ = ¢** %, we find that

e~x—i6 - ex+i6

= coth 3(x + i6).

chy(6()i_,(v® C)~' =
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This leads us to introduce the multiplicative sequence of Chern classes
L, associated to the formal power series cothi(x + if). The above
computation shows that

ch,(8(N(0))A- (N(6) ® C)~1) = Ly(N(6)).

This computation is equally valid when 6 = = provided that N(n) is
orientable. In fact, under this assumption we take a formal splitting
N(m)=v; @ - @ v, into oriented 2-plane bundles, and with x; = x(v))
we find that

ch, (BN(T)A_1(N(z) ® €)1 = [[ coth 3(x; + in)

- H tanh(x;/2)

ji=1

B r ] r 1/2 -1
B H 2 U I:tanh(x1/2):|
= AN (m))L(N(r))~*
where f(N(rn)) = 27 "¢(N(n)). Assembling these calculations, we find that

e, = 2] [ L) L[]
where we have set L, = 7- L~ Multiplying the appropriate homoge-
neous component of this cohomology class by 2¢ allows us to remove the
hats from the L’s and gives us the desired formula (14.12). m

REMARK 14.6. This formula undergoes only minor modification if one
takes coefficients in a complex G-bundle E. Specifically, if Dj:
[CL* ® E) > T(CL™ ® E) is the twisted signature operator, then
setting sig(X,E, g) = ind (D), we have

sig(X,E, g) = {ch E - L}[F,] (14.14)

where & is the cohomological expression appearing in formula (14.12).

The applications of Theorem 14.5 are numerous and varied (see Atiyah-
Singer [2], Shanahan [1], and Hirzebruch-Zagier [1] for example). We
mention here just a few corollaries. Note to begin, that the expression
L, = y - L™ ! involves the Euler class. Consequently we have the following,

Corollary 14.7. Let X, D*, g, etc., be as in Theorem 14.5. If dim N(rn) >
dim F,, then sig(X,g) =

Note that when g is an involution, (i.e, g? = Id), we have N = N(xn). In
this case the corollary states that dim F, < 4dim X = sig(X,g) = 0. This
statement has a pretty generalization.
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Corollary 14.8 (Atiyah-Singer [2]). Let X be a compact oriented 4m-
mainfold, and let g: X — X be an orientation preserving involution with
fixed-point set F,. Let F,-F, denote the closed oriented manifold obtained
by intersecting F, with (a generic displacement of ) itself. Then we have

sig(X, g) = sig(F, - F,).

The right hand side of the formula is independent of the transversal
displacement of F, used to define F, - F,. It depends, of course, only on
the oriented cobordism class of F, - F,.

Proof. Since g?> = Id, we have N = N(n). One can verify easily that
(LF )L (NEVILF,] = (LFJL T (NY[F, - F,] = {L(F, - F)}[F, - F;]
= sig(F, - F,). (We use here that N ],“.F“ is the normal bundle to F, - F,
in F,.) Applying (14.12) completes the proof. m

The proof of the following corollary is left as an exercise for the reader.

Corollary 14.9 (Atiyah-Singer [2]). Let X be a compact connected oriented
4-manifold, and suppose that g: X — X is a diffeomorphism of odd order
(necessarily orientation preserving). Suppose F consists of oriented embedded
surfaces Sy, . . ., S, and that for each k, dg rotates the oriented normal bundle
to S, through an angle 0,. Then

sig(g, X) = kljl sin~2(30,)S; - S,

where S, S, denotes the homological self-intersection number of S,.

Our second basic set of examples will come from considering the
Atiyah-Singer operator P*:T(§¢) — I'(8c) acting on spinors over a com-
pact even-dimensional spin manifold X. We shall assume that G is &
compact Lie group acting by orientation preserving isometries of X. Note
that there is an induced action of G on the bundle Pyy(X) of oriented
orthonormal tangent frames. Recall that the spin structure is a 2-fold
covering P, ;,(X) = Pso(X) which is non-trivial on the fibres. It corre-
sponds to an element u € H!(Pgo(X); Z,).

DErFmNITION 14.10. The action of G preserves the spin structure of X if it
lifts to an action on the bundle Pg,; (X). An individual isometry g: X — X
is said to preserve the spin structure of X if the closed subgroup G <
Isom(X) generated by g preserves this structure.

Note that if g preserves the spin structure, then g*u = u, where ue
H'(Pso(X);Z,) is the element corresponding to the structure.

If G is connected, then it follows from elementary covering space theory
that either G or a 2-fold covering group of G preserves the spin structure.
In particular, if z; G = 0, then G preserves every spin structure on X.
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Whenever G preserves the spin structure, it acts on the bundle of spinors
and commutes with the Atiyah-Singer operator P* above. Foreachge G
one defines

Spin(X, g) = ind (D),

and the Fixed-Point Theorem gives us a cohomological formula for this
invariant. Its expression involves the sequences of Chern classes &, asso-
ciated to the formal power series [2sinh $(x + )] ' for0< 0 < n. If E
is a complex vector bundle with formal splitting E=¢, @ ... ® 4, into
line bundles with ¢,(#;) = x;, then

‘ { . e%(xﬁie)
E)y= —————— —_—
Ry(E) U nh 3(x; + i6) I_Ile"f’“"’——l
In the special case where § = 7 we define a characteristic class & (E)
for any oriented real 2k-dimensional bundle E as follows. Let E =
E, ® .. © E,beaformalsplitting into oriented 2-plane bundles, and set
x; = ¥(E;). Then

~

A (

> Mg 1~ @ I by

,/ 2)

Theorem 14.11 (The G-spin Theorem). Let g: X — X be a spin structure
preserving isometry of a compact even-dimensional spin manifold X. Then

Spin(X,g) = (— 1)“{0 [T &) A, }[F,,]
where N = @ N(0) is the decomposition of the normal bundle to F, given in
(14.9), and where o: F, — {0,1} is a locally constant function which depends
on the action of g on the spin structure.

ReMARK 14.12. In general the calculation of the sign function ¢ is a
complicated and subtle affair. We refer the interested reader to Atiyah-
Bott [3],[4] and Atiyah-Hirzebruch [3] for details.

Proof. We proceed much as in the proof of the G-signature Theorem. Re-
call that ¢(D*) = s(TX) and therefore by the multiplicativity (11.36) of s
we have i*6(D*) = s(TF, @ N) = s(TF)s(N). Pushing forward to F, and
using Proposition 12.5 converts the Fixed-Point Formula to

) - ch(s(N)) &
ind(D*) = {chg( N ®0) A(Fg)}[Fg].

Computing as before, we consider the case of an oriented 2-plane bun-
dle v with v® C=¢ @ /. Here we have that s(v)=/!? —£'2 and
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A_,(v ® C)= (1 — £)(1 — 7), and therefore that ch(s(}i_;(v ® C)™}) =
+ [+ _ 72+~ 1 if g acts on v by rotation by 6. It follows directly
that

chy(s(N(©)A-{(N(®) ® T)!) = +E,(N(6))
for each 6, 0 < 0 < =. This completes the proof. ®

The G-Spin Theorem can be enhanced by taking coefficients in a G-
bundle E. The formula changes exactly as in the G-signature case (cf.
Remark 14.6).

§15. The Index Theorem for Families

Consider now a family of elliptic operators P on a compact manifold X
parameterized by a compact Hausdorff space 4. In §8 it was shown that
this family has a well-defined analytic index ind P € K(A4). On the other
hand the constructions of §13 can be generalized to define a topological
index in K(A). The main result of this section asserts that these two indices
coincide.

The topological index of the family P is defined as follows. Let n: & — A
denote the underlying family of manifolds (recall that this is a bundle
with fibre X and structure group Diff(X)), and let TZ — A4 denote the
associated family of tangent bundles (so that (TZ), = T(Z',) where &, =
7~ Ya)). It is not difficult to see that for sufficiently large m we can find
amap /¥ — A4 x R™ which restricts to a smooth embedding f,: Z, &
{a} x R™ for each a € A. This induces a map TZ & 4 x TR™ which for
each a € A, restricts to an embedding TZ, & {a} x TR™ with normal
bundle N, ® N, =~ N, ® C. Here N, denotes the normal bundle of
fAX ) = R™ pulled back to TZ,. We now define a map

S Ko TE) — K (A x C™)
by taking the composition
Kol TZ) — Ky (N @ C) — Kp(4 x C™)
where the first map is the Thom isomorphism, and where the second map
is induced via an embedding N ® C & 4 x TR™ >~ A x C™ which is con-
structed fibrewise by identifying N, ® C with a tubular neighborhood of
f ) in {a} x TR™ as before.

The projection g: A x C™ — 4 induces a Thom isomorphism (or Bott
periodicity map)

4 Kep(A x C") — K(A).
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The composition g,  f;: K (TZ) - K(4) is independent of the choice of
the embedding f.

DEerINITION 15.1. Let P be a family of elliptic operators on a compact
manifold X parameterized by a compact Hausdorff space 4 as in §8. Let
o(P) e K (TZ) be the class determined by the principal symbol of the
family. Then the topological index of P is the element

top-ind(P) = q, fi(6(P)) € K(A).
Straightforward generalization of the arguments given in §13 proves the

following:

Theorem 15.2 (The Atiyah-Singer Index Theorem for Families [3]). For
any P as above one has that
ind(P) = top-ind(P).

Applying the Chern character and arguing as in §13 establishes the fol-
lowing cohomological form of this result.

Theorem 15.3 (Atiyah-Singer [3]). If P is as above, then
ch(ind P) = (— 12" n,{ch o(P) - K(T)?}
where n = dim X and where n: T — A is the natural projection.

Suppose now that 7: & — A is a family of riemannian manifolds, i.c., a
family of manifolds as above together with a family of riemannian metrics
introduced continuously in the fibres.

Corollary 154. Let n: & — A be a family of compact oriented riemannian
manifolds of dimension 2m, and let 2+ :T(CLH(TX)) » T(CL™(TX)) be the
associated family of signature operators. Then

ind@*) = 2"n,{L(TT)}.
More generally, if we take coefficients in a family of hermitian vector bundles

& with connection, then the associated operator 2} :T(CLH(TX) ® &) —
N(CL(TX) ® &) has index given by
ind(@}) = 2"n,{ch & - W(TZX)].

Proof. The symbol of @™ is 6(@*) = &TZ). Using 124 to push forward
over the projection 7, : T — &, we find that (no),{ch 6(2 ") - A(TZ¥)*} =
(—2"IL(TE)A(TX) 2A(TX)? = (—2)"L(TX). Projecting on to A4 then
gives the first formula. The second formula follows similarly from the fact
that 6(2]) = 8(TX) - n3(8). m
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It is an interesting exercise to apply this formula to the Lusztig family
(8.3).

Carrying through the computations above with & replaced by s gives
the following.

Corollary 15.5. Let n: & — A be a family of compact oriented spin mani-
folds of dimension2m, and let 25 - T(F* ® &) - (S~ &® &) be the family
of Atiyah-Singer operators twisted by a family of coefficient bundles &.
Then

ind(@;) = n{ch & - K(TZ)}.

All of these resuits go through for families of G-operators. One replaces
K by K in this case.

§16. Families of Real Operators and the C{,-Index Theorem

In discussing the Index Theorem thus far we have considered only com-
plex differential operators. Given a real operator, say P, defined using real
vector bundles, one can always complexify and apply the index theorem
in the form above. Since dimg(ker P) = dimg(ker P ® C) (and similarly
for P*), we see that the ordinary real and complex indices of p coincide.
Thus, in the basic case no information is lost under complexification.

This is not true, however, if one passes to the index theorem for families.
The index of a family of real operators takes its value in the group KO(A4),
and the complexification map KO(A4) — K(A) is not always injective. Note
for example that KO(S") = Z, for n = 1(mod 8), but K(S") = {0} in these
dimensions.

For this reason Atiyah and Singer established a separate index theorem
for families of real operators. It is a more subtle and profound result than
one might naively expect. The constructions and arguments outlined above
for complex families go through essentially unchanged in the real case,
provided one employs the appropriate “K-theory.” It is here that matters
become interesting, for the appropriate theory is not KO-theory, the
straightforward theory of real bundles. It is the more general KR-theory
which is defined on any space with involution and reduces to KO-theory
when the involution is trivial. Recall (cf. 1. 10) that if X is a space with
involution f:X — X, then KR(X) is the Grothendieck group of pairs
(E.fg) where E is a complex vector bundle over X and where fz:E — E
is an involution which covers f and is C-antilinear on the fibres.

The introduction of this theory is motivated by the simple fact that the
principal symbol of a real operator is in general not real. Consider, for
example, the operator 0/06:C*(S') - C*(S') whose symbol is g, = il.
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Recall also that for any real Dirac operator D, one has that g(D) = i¢-
(cf. Example 1.5). The appearance here of the complex number i cannot
be ignored. It is essential in the calculus of pseudo-differential operators
and must be retained if the proofs discussed above are to carry over.

Suppose now that P:I'(E) — I'(F) is a real differential operator between
real bundles E and F over a compact manifold X. In local terms, we have
that P =Y A%x)0"*!/0x* plus lower order terms, where the 4* are real
matrix-valued functions. Consequently for any tangent vector &, we have
o /P) =Y A%x)(i&), from which it follows that

o_dP) = o/P). (16.1)
This is the key to defining the symbol class of a real operator.

DerFNITION 16.1. Given a compact manifold X, consider the tangent
bundle z: TX — X to be equipped with the canonical involution f: TX —
TX defined by f(£) = —&. Given any real bundle E - X, consider
n*(E ® C) to be equipped with the antilinear involution defined by com-
plex conjugation. Then for any real elliptic operator P:T'(E) — I'(F) the
Real symbol class of P is defined to be the element

[7*E ® C), n*(F @ C); o(P)] € KR ,(TX). (16.2)

Here n*(E @ C) and n*(F @ C) are Real bundles on the Real space TX,
and (16.1) says that o(P) is an isomorphism of real bundles outside the
zero section of TX. Hence, (16.2) naturally defines an elementin KR_,(TX.)

In general if one wants to remember that a given bundle is the com-
plexification of a real bundle, one carries along the associated complex
conjugation map. The new point here is that when the bundle is pulled
back over TX we think of this conjugation as covering the involution
& — —¢&. With this little refinement everything works as one hopes.

To define the topological index of a real elliptic operator P we first
choose an embedding f: X & R™ The associated embedding TX < TR™
is compatible with the involutions ie., is a mapping of Real spaces. If N
is the normal bundle to X in R™ then n*N @ n*N =~ a*N ® C is the
normal bundle to TX in TR™ We consider this to be a Real vector bundle
on TX as in Definition 16.1 above. For such bundles, the Thom isomor-
phism holds for KR-theory. (It is defined exactly as it was for K-theory
in §12. We need only note that the de Rham element A_; of a Real bundle
is itself Real. See Atiyah [2].) We can now define a map

fi: KR ,(TX) —> KR ,(TR™)

as before by composing the Thom isomorphism with the map induced by
the inclusion of the normal bundle as a tubular neighborhood of TX in
TR™, This inclusion can be easily chosen to be compatible with the involu-
tions.
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If & - Ais a family of smooth manifolds over the compact space A,
this construction extends, by using local triviality of the family, to give
a map

fi: KR (TH) — KR, (4 x TR™).

cpt

We now identify TR™ ~ R™ @ R™ =~ C™ by associating (x,£) to x + if.
Clearly the involution on TR™ becomes complex conjugation on C™. The
fundamental (1,1)-Periodicity Theorem (1,10.3), says that there is a natural
isomorphism

g KR, (A x C™) —> KR(A)

for any compact (Real) space A. As before, the composition g, o f, can be
shown to be independent of the choices involved in the construction.

DEerFINITION 16.2. Let P be a family of real elliptic differential operators
on a compact manifold X parameterized by a compact Hausdorff space
A. Let o(P)e KR,,(TZ) be the symbol class of the family (where, as
before,  — A is the underlying family of manifolds). The topological
index of the family P is defined to be the element

top-ind(P) = q,f,6(P) € KR(A4) = KO(A).
(Note that A carries the trivial involution.)

With this definition, the arguments for the Index Theorem discussed
above go through easily to prove the following.

Theorem 16.3 (Atiyah and Singer [3], [4]). Let P be a family of real
elliptic operators on a compact manifold parameterized by a compact Haus-
dorff space A. Let ind(P) e KO(A) be the analytic index of the family de-
fined as in 8.5 by replacing complex objects with real ones. Then

ind(P) = top-ind(P).

It should be remarked that the index theorem for families is a useful
tool, much more powerful than the standard index theorem. A number
of applications are given in the next chapter.

One important consequence of this result is the derivation of a topo-
logical formula for the Clifford index discussed in §10. No such formula
appears in the current literature even though the derivation was known
to Atiyah and Singer. We shall present the details here.

Assume from this point on that E = E® @ E! s a real, Z,-graded C{,-
bundle over a compact riemannian manifold X. Assume E carries a bundle
metric for which Clifford multiplication by unit vectors in R is orthogonal.
Let P:I'(E) —» I'(E) be an elliptic self-adjoint operator and assume that
P is Cl,-linear and Z,-graded. In 104 we defined an analytic index
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ind, P € KO~ ¥(pt) for P in terms of the C{,-module ker P. We shall now
give a topological formula for this index.

To do this we construct the following family 2 of elliptic operators
parameterized by R*. We assume that P has degree zero by replacing P
with (1 + P*P)~ /2P, We recall from 10.2 that with respect to the splitting
E = E° @ E! we can write P as

0 p!
P~ )
where P! = (P%)*. The product family 2 on R¥ x X is now constructed
by assigning to each v € R* the operator
P0:T(E®) - T(EY) (16.3)
defined by the restriction to E° of the operator
P,=v+P (16.4)

where “v” denotes Clifford multiplication by v. Note that there is a “con-
jugate family” of operators 2, defined by @, = v — P. Since P com-
mutes with Clifford multiplication, we have that

PP, = PP, = — (| + P?). (16.5)

In particular, 220 is invertible for all v # 0. Since the invertible operators
on Hilbert space form a contractible set, we could easily pass to a family
parameterized by S*. However, the calculations will be more transparent
if we treat 22° as a family with “compact support” in R¥, whose index lies
in KO, (RY) = KO~ ¥pt). The main result is the following:

Theorem 16.4. Let P be an elliptic self-adjoint graded CE,-operator on a
compact manifold. Then

ind,(P) = top-ind(2*°)
where P is the family over R* defined by (16.4).

Proof. Set K° = ker P° = T'(E°) and K' = ker P' = coker P® = I'(EY).
By Theorem 5.5 there are L2-orthogonal direct sum decompositions

NE)=V°@®K® and T(EY=V'@®K! (16.6)

where P?:V° 5 V! is an isomorphism. Since P commutes which Clifford
multiplication, we have that v - K = K for all v # 0 in R*. Furthermore,
since multiplication by v/||v|| is L2-orthogonal, we have v- V° = V! for all
such v. It follows that the family 29 = v + P°:T(E° — I'(E') decom-
poses, with respect to (16.6), as a direct sum of two operators. By (16.5)
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the first summand 5
VO ‘@v’ Vl

is an isomorphism for all v € R¥, and thus can be ignored for the purposes
of computing the index. The second summand is just

KO —227Y, g1
This operator is independent of variables on X. Its index equals the index
of 22° and is given by the element
[K%K';v] € KO, (R* = KO ¥pt).

Under the Atiyah-Bott-Shapiro isomorphism KO ~*(pt) 5 W, /i*M, , ,,
this corresponds exactly to the element represented by the Z,-graded C¢,-
module ker P = K° @ K!, i.e,, it corresponds exactly to ind,P. m

Theorem 16.4 can be applied to give topological formulas for the index
of any of the graded Cf, Dirac operators discussed in Chapter II, §7.
In particular this includes the Atiyah-Singer operator whose index is a
basic invariant which we shall now discuss in detail.

Let X be a compact spin manifold of dimension n, and recall that X
carries a canonical graded Ct, Dirac bundie

&(X) = Pgpn(X) x CE,,

whose associated Dirac operator P is called the Atiyah-Singer operator (see
equation (I1.7.1) forward). This operator has an index ind (®) e KO~ *(pt)
which coincides, by 16.4, with the index of the family & on R* x X defined
by setting

gu,x =v+ mx'

To compute the topological index of this family we must understand its
symbol class o(%P) € KR, (R" x TX). For this we note first that 7: R" x
TX — X is a Real bundle over X whose fibre at x € X is R” x T_X with
involution (v,€) — (v, — &). The fibre of the bundle &(X) at x is the Clifford
algebra CU(T,X) = C€,. Vectors ¢ € T, X act by left Clifford multiplica-
tion as usual, and vectors v € R" act by right multiplication. The principal
symbol of @ is the map o(P): T(n*@&2) — ['(n*@L) defined by

a{,u(@) =v + lé (= Ru + iL§)9

where n*@% = n*@* ® C is treated as a Real bundle on R* x TX with in-
volution given by conjugation. The symbol class. [n*&2, n*&%; o(P)] when
restricted to any fibre R* x T, X =~ R" x R” = C", becomes exactly the
element,

[Ce2,CL); v + iE] € KR ,(C")
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which, as we have seen in 1.10.12 is the generator of the group KR, (C") =
Z. (It corresponds exactly to the deRham element A_; under the usual
isomorphism C£* ~ A*) Consequently the symbol class

o(P) = [n*&L, 1* B 0(P)] € KR,(R" x TX)
is a Thom class or “orientation class” for the bundle 7: R x TX — X in
KR-theory. Under the Thom isomorphism i;: KR(X) - KR ,(R" x TX)
we have
o(P) = i(1) (16.7)
Choose now a smooth embedding f: X < R"*8/ and let N denote its
normal bundle. This induces a smooth embedding f: TX & TR"*# with

normal bundle 7*N @ n*N =~ 7n*N ® C, and we get the following com-
mutative diagram of bundle maps:

R" x TX «—— R" x (t*N ® C)

The vertical arrows are Real bundles. Taking zero-sections and embedding
the normal bundles as tubular neighborhoods give the following commu-
tative diagram of embeddings:

R x TX & R" x (N ® C) & R x C+¥
il iU iU (16.8)
X ? N Ck Rn+8/
We now recall from I1.1.15 that N has a canonically induced spin

structure. Since dimpN = 87 there is a Thom isomorphism j,: KO(X) —
KO ,(N) defined by setting

Jw) = (p*u) - s(N)

where s(N) = [S*(N), S~ (N); u} is defined as in (12.13) using the real spinor
bundle of N (see Appendix C). We could view this as an isomorphism in
KR-theory where the spaces X and N carry the trivial involution. There
is a completely analogous Thom isomorphism j,: KR ,(R" x TX) -
KR (R" x (n*N ® C)) defined using the spin structure on n*N and the
Real bundle n*S(N) = n*S(N) ® C. One easily checks that

i!j! '—_—;i' and i!kI = k!i!

where k, and k, denote the natural maps induced by the open inclusions



276 III. INDEX THEQREMS

k and k. Consequently, (16.8) leads to a commutative diagram

KR, (R" x TX) —2s KR_(R" x C"*%) _ 4
I .;,}, T YRRy (169)

q

S,
KR(X) — > KR (R"*¥)

where f, = k,j,, f, = k,j,, and where g, and §, denote the Bott periodicity
isomorphisms.

The topological index of the family @ is defined to be the element
G4.fi6(®). Applying (16.7) and (16.9) we conclude that

top-ind(@) = §.fi(1) = q,£(1). (16.10)

DEFINITION 16.5. For a compact spin manifold X of dimension n, the
Atiyah-Milnor-Singer invariant is the element

SA(X) = q.f(1) e KO "(pt)

where f: X & R**8/ is a smooth embedding for some ¢, and where g,
and f; are defined as above.

This definition is easily seen to agree with the one given in 11.3.22. In
particular, we see that 4(X) depends only on the spin cobordism class of
X. Combining (16.10) with Theorem 16.4 gives the following main result:

Theorem 16.6. Suppose X is a compact spin manifold of dimension n, and let
DT (&) - [(&) be the canonical CL -linear Atiyah-Singer operator. Then

ind (D) = 4(X).

From Theorem I1.7.11 and the spin-cobordism invariance of !szi(X), we
see that .o/ : QP — KO *(pt) is a graded ring homomorphism.

Suppose now that E is any real vector bundle on X. Furnish E with
any orthogonal connection and introduce the tensor product connection
on @ ® E. This is again a graded C{,-Dirac bundle and has an associated
Dirac operator ®,. Let 9, = v + B, be its associated family. Onc easily
checks that 6(% ) = i([ E]). Passing through the arguments above one
finds that top-ind(%) = ¢, f([ E]). This proves the following result:

DEFINITION 16.7. Let X be a compact spin manifold of dimension a.
For each real vector bundle E over X, the associated Atiyah-Milnor-Singer
invariant is the clement

A(X:E) = g /([E]) € KO~"(pY)
where ¢,/.: KO(X) - KO~ "(pt) is defined as above.

Theorem 16.8. Suppose X is a compact spin manifold of dimension n, and
let E be a real vector bundle over X. Let D:T'(® ® E) » T(& ® E) be the
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Ct,-linear Atiyah-Singer operator with coefficients in E (defined using any
orthogonal connection on E.) Then

ind,(Dg) = H(X;E).

§17. Remarks on Heat and Supersymmetry

Since the basic work of Gilkey and Patodi it has been known that index
formulas for classical elliptic operators (such as the Atiyah-Singer opera-
tor with coefficients in a bundle) can be derived from the asymptotics of
the heat kernel. As explained at the end of §6, it is necessary to make
detailed computations of the density p, occurring in the asymptotic ex-
pansion trace K,(x,x) ~ ¥ p(x)t* ™2 as t \ 0. Expositions of this can
be found in Gilkey [2] and Atiyah-Bott-Patodi [1].

In 1979 W. Allard showed us a simple and elementary calculation of
these densities obtained by working with certain canonical operators on
the underlying principal bundle and using the natural filtration of the
Clifford algebra. (His resulting proof of the classical Index Theorem is
completely elementary.)

In 1982, E. Witten found a different approach to these formulas through
considerations of symplectic geometry and supersymmetry. There is a
fixed-point formula for S*-actions on (finite dimensional) symplectic mani-
folds due to Duistermaat and Heckman [1]. Witten considered the anal-
ogue of this formula for the canonical S'-action on the free loop space
of a manifold. Using this together with some ideas from supersymmetry
he outlined a proof of the index theorem for the Atiyah-Singer operator
(see Atiyah [13]). His ideas have engendered a series of interesting papers
on the subject, notably by L. Alvarez-Gaumé, E. Getzler, N. Berline and
M. Vergne, and J. M. Bismut.

It should be pointed out however that none of these methods applies
to prove the index theorem for families or the C{;-index Theorem (in their
strong forms). These theorems in general involve torsion elements in K-
theory which are not detectable by cohomological means. Moreover, it
is known that the Z,-invariants appearing in the C{,-index Theorem are
not computable from local densities, for this would imply a certain multi-
phcativity under coverings which examples show not to be true.



CHAPTER 1V

Applications in Geometry and Topology

In this chapter we shall use the results of our previous discussion to derive
a series of consequences in differential topology and geometry. Some of
the theorems we shall derive have other, completely different proofs, and
some (to date) can only be proved by these means. Nevertheless we hope
to make clear that spin geometry and the Index Theorem give a unified
approach to a wide range of geometric problems.

The applications presented here fall into several categories: integrality
and divisibility theorems for characteristic numbers, immersions of mani-
folds and the vector field problem, group actions on manifolds with posi-
tive scalar curvature, Kdhler geometry, pure spinors and basic twistor
geometry, the theory of calibrations, and the study of riemannian metrics
with reduced holonomy. A few of these results are already mentioned in
previous chapters in order to add spice to the exposition there. On the
other hand there are applications given in previous chapters which do not
appear here. Notable among them are the results of §§7 and 8 in Chapter
I, the new curvature identities 5.15-16 of Chapter IT and their application
to the Homology Sphere Theorem (11.7.6) of Gallot and Meyer.

The first part of this chapter is concerned with applications of the Index
Theorem to differential topology. Recall that the ordinary index of an
elliptic is an integer. However, the Atiyah-Singer formula computes this
index in terms of topological invariants which are in general just rational
numbers. The fact that these rational numbers are always integers under
certain hypotheses, plays a significant role in topology. Its importance
stems from the underlying elliptic operators. Two general problems to
which such integrality theorems often apply are: finding the smallest codi-
mension for immersing a manifold into euclidean space, and finding the
largest number of pointwise linearly independent vector fields on a mani-
fold. We shall show how to prove results in these areas by directly con-
structing the relevant operators via Clifford multiplication.

Using more sophisticated forms of the Index Theorem, one can prove
interesting results about smooth compact group actions on spin mani-
folds. For example, applying the G-Index Theorem to the Atiyah-Singer
operator shows that on spin manifolds admitting an S'-action the A-
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genus is zero. Applying the C{,-Index Theorem to the C{,-linear Atiyah-
Singer operator and invoking some basic riemannian geometry yields a
more refined result about S3-actions. All of this is done in §3.

Sections 4, 5 and 6 are devoted to the study of riemannian manifolds
of positive scalar curvature. For compact simply-connected spin mani-
folds, the KO-index of the Atiyah-Singer operator gives a nearly complete
set of invariants for deciding whether or not there exists a metric of posi-
tive scalar curvature, This is discussed in §4. In §5 the analogous question
is discussed for manifolds with non-trivial fundamental group. Here there
is an interesting interaction between spin geometry and the fundamental
group which is mediated by an appropriately twisted Atiyah-Singer
operator. The ideas developed here carry over to give results about the
existence of complete metrics with positive scalar curvature on non-
compact spin manifolds. For this it will be necessary to develop a “rela-
tive version” of the Index Theorem over open manifolds. This is discussed
in §6.

The techniques of spin geometry can be applied to say something about
the topology of the space of all riemannian metrics with positive scalar
curvature on a given manifold. This is done in §7.

On an even-dimensional riemannian manifold there is a concept, due to
E. Cartan, of pure spinors. These are related directly to almost complex
structures on the manifold and to the Penrose twistor construction. This
together with theorems on integrability are examined in §9.

A Kaihler manifold is a riemannian manifold with a parallel almost
complex structure. (Such a structure is always integrable, i.e., the under-
lying manifold is always complex.) When X is a Kéihler manifold, the
Clifford bundle C£(X) has a very pretty decomposition. There are dif-
ferential operators 2 and & such that 2% = 92 = 0and 2 + % = D (the
Dirac operator on C&X)). There are also 0-order operators & and &
such that (L,Z, [£,ZL]) = sI,(C) and L + £ = L (cf. (11.5.20)). From
these one can define certain Clifford cohomology groups and establish
within them all the classical identities of Kahler geometry (see §8). One
can also decompose holomorphic Dirac bundles and define spinor coho-
mology groups. A wide variety of vanishing theorems are then proved
using Clifford formalism in §11. These are applied to prove the existence
of compact manifolds with Sp,-holonomy.

There is an intimate relationship between riemannian manifolds with
reduced holonomy, calibrations, and spin geometry. This is presented in
detail in §10 with special emphasis on the exceptional cases of G, and
Spin, manifolds.

In the last section we shall examine the role played by spinors in a
proof of the Positive Mass Conjecture in general relativity.
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§1. Integrality Theorems

The point of this section is to use the Index Theorem to prove the
integrality and divisibility of certain rational characteristic numbers.
These results were known before the Index Theorem and, in fact, they
provided part of the motivation and insight for its proof. We begin with
the following classical result of Atiyah and Hirzebruch [1].

Theorem 1.1. Let X be a compact spin manifold of dimension 4k. Then

A(X) is an integer. Furthermore, if dim(X) = 4(mod 8), then A(X) is an even
integer.

Proof. The first statement follows from the fact that on a spin manifold,
the A-genus is the index of the Atiyah-Singer operator. The second state-
ment follows similarly from Theorem 6.16 of Chapter II but can be
deduced directly as follows. Notice from the classification of Clifford al-
gebras (Theorem 1.4.3), that in dimensions 4 (mod 8), the complex spinor
representations are actually quaternionic. The connection in the spinor
bundle is always such that multiplication by quaternion scalars is paral-
lel. Hence, the kernel and cokernel of the Dirac operator are quaternion
vector spaces, and their complex dimension is even. =

For manifolds which are not spin, the A-genus is very often not an
integer.

Recall that for a 4-manifold the signature is always 8 times the A-genus
(see 11.6.17). Thus, Theorem 1.1 generalizes the following result of Rochlin:

Corollary 1.2. The signature of a compact smooth spin 4-manifold is a mul-
tiple of 16.

It was pointed out in Chapter II (see 2.12ff) that on a spin 4-manifold
X, the intersection form is even. That is, x U x = O(mod 2) for all x ¢
H*(X;Z). This implies easily that the signaturc of X is a multiplc of 8
(see Milnor-Husemoller [1], p. 242). The importance of smoothness in
Rochlin’s Theorem was recently underlined by Mike Freedman’s profound
results [ 1] which proved, among other things, the existence of a topo-
logical spin 4-manifold of index 8.

Another integrality result comes from our discussion of Spin‘-manifolds.

Theorem 1.3. Let X be a compact orientable manifold and suppose ¢ ¢
HA(X;Z) is a class such that ¢ = w,(X) (mod 2). (Hence, X is a Spin‘-
manifold.) Then the rational number

{eR(X)} [ X]

is an integer.
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Proof. This number is the index of an elliptic operator (see App. D). =

Another immediate consequence is the following classical theorem of
Bott [1], [2]:

Theorem 1.4. Let E be a complex vector bundle over the 2n-sphere S*".
Then the top Chern class of E is divisible by (n — 1)\, that is,

(n——lT)—! ckE)[S*"] e Z.
Proof. Consider the twisted signature operator
D*:(Ct* ® E) —> I(CL™ ® E)
over §2". Then the index of this operator is -
ind(D*) = {ch E - L(s?"}[$*"]
= (ch E)[5*"]
= ch,(E)[S*"]
- gy B
since all the Pontrjagin classes of S2" are zero and since H?%(S2") = 0 for

k # 0,n. Of course, the index is an integer. m

This result is useful for many things, among them the study of immer-
sions of manifolds into R". Here, however, there is a direct approach
using spin geometry.

§2. Immersions of Manifolds and the Vector Field Problem

In this section we shall present a unified approach to the following two
problems. Let X" be a compact manifold of dimension # and without
boundary.

I. Find the smallest integer g such that there exists an immersion
X" o R**e, ' ,

II. Find the largest integer g such that there exist g pointwise linearly
independent vector fields on X

In the first case we always have that ¢ < n — 1 by the classical work of
Whitney. Furthermore, using Stiefel-Whitney classes and the product for-
mula w(T)wW(N) = 1, one can sometimes find very good lower bounds for
q (see App. B, for a discussion of the product formula). Nevertheless, for
better results it is sometimes useful (o use real characteristic classes or
KO-theory. This is the approach we shall take.
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The techniques presented here generalize fundamental ideas of Atiyah
[9]- They appeared in Lawson-Michelsohn [1]. A second approach, also
using spin geometry, can be found in Mayer [1].

We shall assume throughout that X is a compact oriented manifold
of dimension n. For simplicity we let T denote the tangent bundie of X.

We begin with the first problem. Suppose that X admits an immersion
X % R""4, Denote by N the normal bundle to this immersion, and note
that

TON=1 @.1)

where t denotes the trivial (n + g)-plane bundle. Let {-,-> and V be the
metric and connection on 7 induced from euclidean space. Using the de-
composition (2.1) we introduce on 7 a new riemannian connection V, called
the projected connection, as follows. For a section ¢ = (V,v)e I(T @ N),
we set

Vo = (VV)T(VW)Y) 2.2)

where ( )"( )N denote pointwise orthogonal projection onto T and N
respectively. The connection thus induced on T is the canonical riemann-
ian one for the induced metric. The difference V — V on 1 is the second
fundamental form of the immersion.

We now consider the bundle CE(z) as a bundle of left-modules over
CE(T) under the obvious inclusion C€(T) < CL(z). This makes CL(z), with
the connection induced from V on 7, into a Dirac bundle over X (cf. 11.4.8).
If n = 4k, then we can split the bundle C{(z) via the parallel volume form
w=e, e, and get the elliptic operator

D*:T(CEL* (1)) — [(CL™(1)). (2.3)
We shall prove below (Lemma 2.5) that
ind(D*) = 294(X) (2.4)

-~

where A(X) = 2"A(X) is the A-genus of X. It is a characteristic number
which is always an integer.

Notice now that while C£(7) is not in general trivial as a bundle of left
Ct(r)-modules, it is trivial as an abstract vector bundle. In fact, we can
find n + g pointwise orthonormal sections ¢y, . . . ,&,,, of 7. These sections
generate a finite multiplicative subgroup G = {1} U {&;, - & };,<...<;, in
the algebra of sections I'(CE(7)). Evidently, the group algebra R - G is just
the Clifford algebra C&, .,

We now consider the group G acting on Ck(z) by right multiplication
R, (¢) = ¢ - g. This action does not quite commute with the Dirac opera-
tor, so we take the average

1
ol 2 Rae Do R (25)
ge

b
|6
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and note that
DoR,=R,oD forallgeG. (2.6)

One can easily see that each commutator D o R, — R, o D is a differ-
ential operator of order zero. Hence, the averaged operator D has the
same principal symbol as D.

Of course right multiplication commutes with left multiplication, so the
bundles

CtE(r) = (1 + 0)CL()

are clearly G-invariant. It follows that D is also of the form

5_(0 D°
“\D* 0

with respect to the splitting Ct(r) = C£™(r) @ CL(z), and the operator
D™ has the same symbol as D*. From the topological invariance of the
index we conclude that

ind(D*) = ind(D*)

The main step now is to observe that since D* commutes with G, the
kernel and cokernel of D* are RG =~ Ct, . ,-modules, and so the index of
D* is divisible by a large power of 2.

There is one further observation which sharpens the result. Recall that
Cl(t) carries a Z,-grading Cl(r) = CL%z) @ CL(r) determined as the
+ 1-eigenbundles of the parallel automorphism « (which extends v F» —v
on 7). This grading clearly carries over to C£*(r) and C£™ (1), and makes
each of these a bundle of Z,-graded modules under right Clifford
multiplication. Furthermore, since «(D¢p) = — D(ag), for any ¢ € I'(CL(7)),
we see that ker D* and ker D™ are each Z,-graded under right multi-
plication by RG = CX,,..,. This proves the following:

Theorem 2.1. Let X be a compact oriented manifold of dimension n = 4k.
If there exists an immersion X % R"*4, then

2971 A(X) = O(mod a, )
where 2a,,. , is the dimension of an irreducible real Z ,-graded CX, , ,-module.

See the table below for values of a, . Note that by Proposition 1.5.20,
a,., is the dimension of an irreducible, real ungraded module over
C8n+q— 1-

As a quick illustration we note that A(P*(C)) =2 and that 29=0
(mod a, . ,) only for ¢ = 3. Hence, P*(C) immerses only in codimension
= 3, the range guaranteed by the Whitney Immersion Theorem. Moreover,
since the A-genus is an oriented cobordism invariant, the conclusion is
much more general. In dimension four, A(X) = 2 sig(X) and we have the
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following:

Corollary 2.2. If a compact oriented 4-manifold X can be immersed into RS,
then the signature of X is even.

These results can be somewhat strengthened by two tricks. The first
trick allows us to deal with embeddings. Note that Cl(r) = C{(T @ N} =
CYT) ® CHN) where &® denotes the graded tensor product of
Clifford bundles. Clearly we have C€*(r) = [(1 + 0)CYT)] ® CEN) =
CL*(T) ® CEN).

Suppose now that the dimension of the normal bundle g = 0 (mod 4),
and let wy = e, - - - ¢, be the normal volume element. Then wy is parallel
in the projected connection and commutes with all tangent vectors. Hence,
oy commutes with the Dirac operator D. We can define bundles

CLEE(r) = CEE(T) ® CLE(N) = (1 + w)CUT) ® (1 + wy)CLN) (27)

and we get Dirac operators

D' T(Ce* (1)) — [(CL™ (1)) (2.8)
where “-” can be either + or —. Evidently, D* =D** @ D*~, and so
ind(D*) = ind(D**) + ind(D* ). 2.9)

Furthermore, we shall prove below the following fact:

Lemma 2.3. If the Euler class y(N) of the normal bundle is zero, then
indD**) =ind(D* 7). (2.10)

Carrying out the averaging process above, we may replace all D’s by
D’s. (Note that each of CL**(z) is invariant under right-multiplication
by CL(z), and in particular by G.) It is an elementary fact that for an
embedded submanifold, y(N) = 0 (see Milnor-Stasheff [1]). Consequently,
we have the following:

Theorem 2.4. Let X be as in Theorem 2.1 and suppose q = 0 (mod4). If
there exists an embedding X & R"*9, then

29724(X) = 0 (mod a, ).

The same conclusion holds for any immersion X & R"*4 for which the Euler
class of the normal bundle is zero.

Our second trick is to simply take coefficients in a vector bundie over
X. This is technically quite easy and has the effect of introducing all of
the rational K-theory of the space into the problem. We get conditions
which are not simply in terms of characteristic numbers, but essentially
involve the entire cohomology ring. We proceed as follows.
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Let E be a vector bundle over X. Here E may be real, complex or
quaternionic, and we assume it is equipped with an appropriate inner
product and connection. Then we take Tt = T @ N as above and consider
the bundle

Cl(t) ® E

with the tensor product connection. This remains a bundle of right and
left modules over X. It is easy to check that all of the constructions above
can be carried out with CE(t) replaced by Cl(1) ® E.

We need only compute the index of D*. We shall state the result here,
and give the proof below.

Lemma 2.5, The index of D*:T({CL* (1) ® E) > [(CL™(r) ® E) is given
by the formula

ind(D*) = 2¢{ch,E - A(X)}[X] (2.10)

where R(X) is the total A-class of X, and where ch,E is defined as follows.
Letch E =1+ ch'E + ch?E + ... e H**(X;Q), denote the Chern charac-
ter of E. Then for any t € R,

chE =Y (ch*E)* (2.11)

k20

In the case that y(N) =0,
ind(D* ") =4ind(D™) (2.12)
where ind(D ™) is given by formula (2.10).

We note that when E is real, we set ch E = ch(E ® C), and when E is
quaternionic, we set ch E = ch([E]¢) where [-]. denotes restriction of
scalars from H to C.

To state our results we shall need the following table of numbers which
is easily computed from the data given in Chapter 1, §5. Let 2a,, 2b, and
¢, denote the dimension over K of an irreducible Z,-graded K-module
for Ct, where K = R, C and H respectively. Note that by Proposition
1.5.20, the numbers a,, b, and ic, correspond to the dimensions of
irreducible ungraded modules for C{, _,. For all values of k we have that

& g = 164y, bi.s = 16b,, Creg = 16c,.

The values for k < 8 are given in the following table.

n 1 2 3 4 5 6 7 8
a, 1 2 4 4 8 8 8 8
b, 1 1 2 2 4 4 8 8
¢ 2 2 2 2 4 8 16 16
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The method given above proves the following general result:

Theorem 2.6. Let X be a compact orientable manifold of dimension n, and
suppose there exists an immersion X % R"*9. Then for any complex bundle
E over X,

247 1{ch,E - A(X)}[X] = 0 (mod b, ). (2.13)

Furthermore, if q is even and the normal Euler class y(N) = 0, then
297 2{ch,E - K(X)} = 0 (mod b, , ). (2.14)

When n = 0 (mod 4), there are the following refinements: If E = Ex ® C
for a real bundle Eg, or if E = [Eg]c for a quaternionic bundle Ey, then
(2.13) holds with b, , , replaced by a,, . , and c,, , respectively. If, furthermore,

q = 0 (mod 4) and x(N) = 0, the analogous improvements can be made in
(2.14).

Proof. Again the argument goes as follows. Let 1 = T @ N and consider
the Dirac bundle Cl(r) ® E. Average the Dirac operator over the group
in I'(CE(7)) generated by the global orthonormal sections ¢, . .. &4, of
7. Then the kernel and cokernel of the operator are Z,-graded modules
over the algebra C¢,, ,, generated by ¢, ... ,&,.,. (The Z,-grading comes
from the even-odd grading of C{(z). In the complex case there are volume
forms in every even dimension: we = i™e, * * ' €,,,). Applying the formula
from Lemma 2.5 gives the first part of the theorem. Splitting the operator
with the normal volume form and applying (2.12) gives the second part
of the theorem. m

We point out that the improvements in this method obtained by intro-
ducing coefficients are substantial. For example, they give results in every
even dimension.

The congruences (2.13) and (2.14) give a relatively simple machine for
calculating lower bounds on embedding and immersing dimensions.

For the complex and quaternionic projective spaces. P(C) and P*(H),
these methods give the best results of this kind for every n (see Lawson-
Michelsohn [1] for details). Similar non-immersion theorems were found
by K. H. Mayer [1]. There were earlier, slightly weaker results of this
type due to Atiyah and Hirzebruch [1], whose methods did not involve
elliptic operators.

Proof of Lemma 2.5. We note that the operator in question is just the
twisted signature operator (cf. I1.6). More precisely, since C£*(T @ N) =
CL*(T) ® CE(N), we see that we can write D" as

D*:T(CLHT)® E) — I'(CL(T) ® E)
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where E = E ® CY(N). It follows that

ind(D*) = {ch,E - L(X)}[X], (2.15)

from the basic formula for the signature complex (see II1.13.9). Now
ch,E = chy(E ® CE(N)) = chy(E)ch,(CE(N)), and since TOAON=1=
R"*4, we see that C{(T)C{N) = Cl,,, = R?*" " (trivial bundles). It follows
that

ch(CE(N)) = 2"*+ach(CY(T))" L. (2.16)

To compute this last expression, we apply the Splitting Principle and
express the total Chern class of T® C formally as

dT®C) = nﬂ(l+xk W1 — xp)

so that the Pontrjagin classes are

piT) = ay(x3, . .. ’xf/z)
where o, denotes the kth elementary symmetric function. In this language,
we have
n/2 Xy
K=1 tanh(xk)'

Recall that C¢{(T) ® C =~ AXT ® C) and that therefore

L(X) =

]/] TN+ e™)

==

= ]j osh?(x,/2).

Consequently,

ch(CE(N)) ﬁ cosh ™ %(x,/2),

and for any re R,
n/2
ch(CE(N)) = 27 || cosh™?(x,/2).
k=1

It follows that

n/2 'Y
ha CUNILX) = 27 [ st
n/2 2xk

=2 n 1 sinh(2x,)
= 27R(X),
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since the A-class is the multiplicative series given by the formal power
series 2x/sinh(2x). Formula (2.10) now follows immediately from (2.15).

For the second half of the lemma we make the following observation.
Let E be a complex vector bundle with dimcE = 2m. Write ¢(E ®z C) =
[T(1 = x?) so that p(E) = o(x3, .. . ,x2) as above. Then we have

2m
ch(CL*E) — ch(CL™E) = [] (e — e~ ™)
k=1

m (g% _ g%k
=2"‘x1-'-xmkl;[1{ 2, }
= 2"y(E)(E)
where o is a multiplicative sequence. It follows that
ind(D**) — ind(D* 7) = {(ch,CL*N — ch,CC™ N) - ch,E - L(X)}[X]
= {x(N) - C}[X]

for some class C e H*"*"(X;Q). Hence, if y(N) =0, we have ind(D**) =
ind(D*~) = 4ind(D*) (cf. (2.9)). This completes the proof. =

Using the techniques developed above, we shall now analyze the second
problem mentioned at the outset of this section. Suppose our manifold
X carries g pointwise linearly independent vector fields e,,...,e,. We
may assume e, ...,e, to be pointwise orthonormal with respect to a
riemannian metric on X. Let us suppose for the moment that X is of
dimension n = 4k (and is orientable). Then we have the signature operator
D*:T(CL*(X) - I'(CL™X). As above, we may average D over the finite
group G < I'(CL X) generated by ey, . .. e, That is, we set

1 -1
|G| gEZG RyoDeR,
where R, denotes right Clifford multiplication by g. This multiplication
clearly preserves the sub-bundles C£*(T) = (1 + w)CL(T), and we achieve
an operator D* :T(CL*(T) — I'(CL~(T)) which is G-equivariant and has
the same symbol as D*. As above we find that the kernel and cokernel
of 5: are Z ,-graded modules over the Clifford algebra Ct, = RG. Since
ind(D*) = ind(D*) = sig(X), we have the following:

D=

Theorem 2.7 (Atiyah [9] Frank [1]). Let X be a compact oriented manifold
of dimension 4k. If X carries q pointwise linearly independent vector fields,
then

sig(X) = 0 (mod 2a,)
If, furthermore, g = 0 (mod 4), then
sig(X) = 0 (mod 4a,).
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As an example, note that if X carries 3 such vector fields, then sig(X) =
0 (mod 8). If it carries S, then sig(X) = 0 (mod 16). In general, if X carries
2m such vector fields, then sig(X) = 0 (mod 2™).

Proof of Theorem 2.7. The first statement follows from the argument
above. For the second statement, note that there is an orthogonal split-
ting T(X) = To @ T, where T = span(e;, ... e,). Let w be the oriented
volume element of T,. Since dim T, = 0 (mod 4), we have that w? = 1 and
w commutes with ey, . . . ,¢,. By averaging & as above, over the group Z,
generated by R,,, we may assume D commutes with R,,.

Since RZ = 1, we see that R, has + 1 eigenbundles on each of C£* and
CL~. They are given by C£** = CL*(1 + w) and CL™* = CL (1 + w).
Each bundle C£** is G-invariant, and we obtain two G-equivariant ellip-
tic operators

D**:I(CL**)y— I(CL™*) and D* :I(CL*")— [(CL™ ),

with the property that
b+ =D @b+

We know, therefore, that ind(D*) = ind(D**) + ind(D* 7). A straight-
forward computation, in the spirit of that given for the second part of
Lemma 2.5, shows that ind(D* *) — ind(D* 7) = 29?»(T,)[X] = 0. Thus,

ind(D**) =ind(D* ") =% ind(D*)

and since the kernel and cokernel of D* * are 7 ,-graded C{_-modules, the
result follows as before. m

When Atiyah first presented these arguments (in [9]), he mentioned
that they could not achieve the additional power of 2 (when g = 0(4))
obtainable by other means. However, the last argument given above suc-
ceeds in getting the final 2 and gives the best known results of this type.

Theorem 2.7 is very pleasant because [sig(X)| is a homotopy invariant.
It is also an oriented cobordism invariant. However, for any given mani-
fold which carries a g-frame field, there is much more information avail-
able. For this we simply need to take coefficients in a vector bundle E.
Applying the arguments given above directly to C&(X)® E proves the
following result (cf. Lawson-Michelsohn [1]).

Theorem 2.8. Let X be a compact oriented manifold of even dimension, and
suppose that X carries q pointwise linearly independent vector fields. Then
for every complex vector bundle E over X,

{ch,E - L(X)}[ X] = 0 (mod 2b,) (2.16)
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If, furthermore, q is even and ch¥?E = 0, then
{ch,E - L(X)}[X] = 0 (mod 4b,) (2.17
When dim(X) = 4k, there are the following refinements. If E=Ex®C
Jor areal bundle Eg, or if E = [ E4]¢ for a quaternion bundle Ey, then (2.16)

holds with b, replaced by a, or c, respectively. If, furthermore, ¢ = 0 (mod 4)
and ch?2E = 0, the analogous improvement can be made in (2.17).

Proof. The only_point which needs attention here is the proof that
ind(D**) = ind(D* ~) when ch?2E = 0. This follows from the equation

ind(D**) — ind(D* 7) = 29%{ch E - y(To)}[X],
which can be verified by straightforward calculation. ®

It is an interesting observation of Atiyah [9] that all of the above carries

over without change to prove the following generalization of Theorems
2.7 and 2.8.

Theorem 2.9. Let X be a compact oriented manifold whose tangent bundle
can be decomposed into oriented subbundles

TX)=To@T,®T,® DT,
where
dimg(T,) = 1 (mod 4) fork=1,....4q.
Then all the conclusions of Theorems 2.7 and 2.8 hold for X.

Proof. Let ¢, denote the oriented volume element for the plane field T,
k=1,...,q. Since these planes are mutually orthogonal and each has
dimension one (mod 4), the elements e,, ... e, € [(C{(X)) generate a
finite group G with R - G = C{,. The arguments now proceed exactly as
before. ®

As a final application of these methods we consider the refined Clifford
index for C£,-Dirac bundies introduced in §7 of Chapter II. Let X be a
compact oriented manifold of dimension 4k + 1. Recall that the Kervaire
semi-characteristic of X is then defined to be the residue class

o(X) = zﬁ b,{X) (mod 2)

= dim H*"*"(X) (mod 2)
= 1(X) (mod 2).

Theorem 2.10 (Atiyah [9]). Let X be a compact oriented (4k + 1)-manifold.
If X carries an oriented tangent p-plane field for some p = 2 or 3 (mod 4),
then 6(X) = 0.
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Proof. By assumption there exists a splitting T(X)= T,® T, where
dim(T,) = 2 (mod 4), and where T, and T, are oriented. This decomposi-
tion can be assumed orthogonal for some riemannian metric on X. Let
w, be the oriented volume form for T,, and note that wf = —1.

We consider now the Euler characteristic operator D°:T'(C£9%(X)) —
[(CEY(X)). Since dim(T,) is even, each C£¥X) is invariant under right
multiplication by w,. Averaging the Dirac operator over the group 7,
generated by R, makes ker D° an R, -invariant space, i.e., ker D° be-
comes a C{; = C-module. In particular, ker(D°) ~ H*" =~ (P, H**(X;R)
has even dimension (over R), and so g(X)=0. =

§3. Group Actions on Manifolds

This section is concerned with smooth group actions. Recall that a Lie
group G is said to act effectively on a manifold X if there is a differentiable
map ®:G x X — X so that the corresponding map ¢(g) = ®(g,") gives
a continuous and injective homomorphism ¢ : G & Diff(X). Here Diff(X)
denotes the group of C*-difftomorphisms of X in the standard C
topology.

There are two basic groups we shall consider here, namely,

St={zeC:lzd =1} (3.1)
S*={qeH:|q| =1} (3.2)

where multiplication is induced from multiplication in the field. There are
isomorphisms S! = SO, =~ U, and S® = Spin; = SU, = Sp,. These two
groups are basic for the following reason. We say that a Lie group G has
an S* subgroup (for k = 1 or 3) if G contains a Lie subgroup isomorphic
to a finite quotient of S*. (The only possibilities are S' when k = 1 and
$3 or §3/7Z, when k = 3)

Proposition 3.1. Let G be a compact connected Lie group (of dimension > 0).
Then G contains an S*-subgroup. In fact the S*-subgroups are dense in G.
Moreover, if G is non-abelian, then it contains an S3-subgroup.

Proof. These statements follow directly from the elementary theory of
compact Lie groups (see Adams [1]). To prove the first, one notes that
every element of G is contained in a maximal torus, where S'-subgroups
are dense. To prove the last statement one takes the subgroup correspond-
ing to the subalgebra spanned by a root space and a root vector. ®

DEFINITION 3.2. We say that a manifold X admits an S*-action (k = 1 or
3) if there exists an effective action of a finite quotient of $* on X.
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Two main results concerning connected group actions on spin mani-
folds are the following:

Theorem 3.3 (Atiyah and Hirzebruch [3]). Let X be a compact spin mani-
fold which admits an S'-action. Then A(X) = 0.

Theorem 3.4 (Lawson and Yau [1]). Let X be a compact spin manifold
which admits an S*-action. Then 24(X) = 0.

Recall that &7 is the generalization of A to KO-theory given in (I1.3.22).
In dimensions 4k, the two invariants are essentially the same. However, in
dimensions 1 and 2 (mod 8), the invariant & takes values in Z, and can
be non-trivial while, of course, A=0.

REMARK 3.5. The stronger hypothesis of Theorem 3.4 is required for its
stronger conclusion. We can see this as follows. Let X® be a compact spin
8-manifold with A(X8) =1 (see the paragraph before 11.7.12). Equip S*
with the interesting spin structure (cf. 11.7.8), and take the product Y =
X x S! with the product spin structure. Then Y admits an S*-action, but
(Y)#0.

The two theorems above could be combined into the following state-
ment by using Proposition 3.1.

Theorem 3.6 Let X be a compact spin n-manifold with (X)) # 0. If n=1
or 2 (mod 8), then the only compact, connected Lie transformation groups
of X are tori. If n =0 (mod 4), then the only such group is the trivial one.

_As we have noted before (cf. 11.2.18), the spin manifolds with non-zero
of constitute half of the exotic spheres in dimensions 1 and 2 (mod 8). This
gives the following:

Corollary 3.6. Let X" be an exotic n-sphere which does not bound a spin
manifold (n =1 or 2 (mod 8)). Then the only compact connected Lie sym-
metry groups of X" are tori of dimension < [3(n+ 1)].

Proof. The kernel of the surjective homomorphism 7 : 0, — Z,, for n =
1,2 (mod 8), is the subgroup of homotopy spheres which do not bound
spin manifolds. This follows from the work of Milnor [7] and Adams [3].
If n is even, any toral transformation group T* must have a fixed point
set, and the induced linear action on the normal spaces must be effective.
Therefore, 2k < n. If n is odd and the fixed-point set is non-empty, a
similar argument applies. For the general case, see Ku [1]. =

Using other techniques, people have investigated the non-existence of
torus actions on exotic spheres. For example, using results of R. Schultz
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[1] it can be shown that there are three exotic 10-spheres whose largest
connected transformation groupis St or St x S!. These spheres are indeed
very unsymmetric!

It is interesting to note that this asymmetry is contagious. The .o/-
invariant is additive with respect to the connected sum operation #. Thus,

if X is a spin n-manifold with «/(X) = 0 and if X is an exotic n-sphere as
above (n = 1 or 2 (mod 8)), then

A(XH#E)=oA(Z)#0

and X # X only admits symmetry groups of toral type. This is particu-
larly striking when X = G/H is homogeneous. The manifold (G/H) # X is
homeomorphic to G/H, but has almost no symmetries. A good example
is the complex projective space X = P**1(C).

Another interesting phenomenon takes place under coverings. Fix an
exotic sphere X" as above, and let d be its order in the group ®, of
homotopy spheres. Consider the homogeneous space X = (S*/Z,) x S" 3.
The manifold Y = X # X" is quite inhomogeneous, however, its universal
(d-fold) covering space is

Y=( xS")fEf - §E)=8 x 8§73,
—
d times

a symmetric space. This instability under finite coverings is not true of
the A-genus.

Proof of Theorem 3.3. The argument is based on the Atiyah-Segal-Singer
Fixed-Point Theorem or, more specifically, the G-Spin Theorem (I111.14.11).
It proceeds as follows. Let X be an even-dimensional compact spin mani-
fold with an S'-action. We may assume by averaging that the action pre-
serves the riemannian metric. By passing, if necessary, to a 2-fold covering
group, we may assume that the S*-action preserves the spin structure, i.e.,
that it lifts to an action on the bundle Pg,,,(X). This produces an S*-action
on the canonical complex spinor bundle ., which projects to the given
one on X. This action commutes with the Atiyah-Singer operator D,
ie,geDe-g ' =D for all geS*. The volume form is S'-invariant, and
so the splitting $c = $¢& @ $c is preserved. Thus the operator P+:
[($¢) — I($¢c) becomes an S'-operator, and we have defined an S'-index:

indg:(P*) = [ker P*] — [ker P~ ] € R(SY) (3.3)

where R(S!) denotes the representation ring of S'. There is a natural
isomorphism of R(S') with the Laurent polynomial ring

tr:R(SY) — Z[t,t7 1] (3.4)

obtained by taking the trace of the representation. Here t = €*® corre-
sponds to the complex-valued function, or “character,” on S§' given by
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the natural inclusion §! = C. Under the isomorphism (3.4) the index
defined in (3.3) becomes a Laurent polynomial which we denote by

N
ip+(t) = Z nktk.
k=N
Note that for any g € §!, we have
ip-(g) = tr(g|kerp+) - tr(g|kerlb‘)' (3.5)

Now the G-Spin Theorem (II1.14.11) gives a formula for iy-(g) of the
form

ip+(g) = &,[F,]

where F, is the fixed-point set of g. For almost all g € §', in fact, for all
non-torsion elements, the subgroup generated by g is dense. In this case
F, = F = the fixed-point set of S, and the expression &, varies only with
“normal rotation angles” as follows. The normal bundle to F has an S'-
invariant decomposition N = ),z N,, where each N, carries the struc-
ture of a complex bundle and where S! acts on N, by scalar multiplication
by g™ For any given k-dimensional complex vector bundle E we define
the characteristic function

=1
1
k Zez™J
j]'z_'[1 te* — 1

where t is taken to be an indeterminate and where. as usual, the X/'s arc
formal roots of the total Chern class of E. Because of the square roots, the
cxpression (3.6) is defined only up to sign.

Now for g € §' = C a non-torsion element as above, the G-Spin Thco-
rem states that

ip-(g) =(=1) {HV g A(F}[f]
where the signs on each component of F are determined by the action of

S' on the spin structure. It follows that we have an equality of rational
functions

=(—1 {H V(N ﬁ(ﬁ)} [F]
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From (3.6) it is evident that the expression of the right is zero for
t =0 and t = o0. Hence, the Laurent polynomial ip.(f) must vanish
identically. In particular, from (3.5) we have that ip.(1) = dim(ker B*) —
dim(ker P~) = A(X) = 0. This completes the proof. m

The above argument actually proves the following stronger result.

Theorem 3.7 (Atiyah-Hirzebruch [3]). Let X be a compact spin manifold
of even dimension. For every non-trivial S*-action which preserves the spin
structure on X, the index

indg(p*)=0  in R(SY).

This result on S!-actions has an interesting refinement observed by P.
Landweber, R. Stong and S. Weinberger. To state it we must differentiate
between actions of even and odd type. An S!-action on a spin manifold X
is said to be of even type if it lifts to an action on Pg,;,(X). Otherwise it
is said to be of odd type. (In the latter case the action of the 2-fold covering
group lifts to Pg;,(X).) These notions can be reformulated by considering
a lifting of the element —1 € §' = C to Pg,,(X). The action is of even
type if and only if —1 has order 2 on Pg,;,(X). The action is of odd type
if and only if —1 has order 4 on Pg;,(X).

Suppose that the element —1 acts freely on X. Then one sees easily
that the S'-action is even if and only if the quotient X/Z, is a spin manifold.

If the fixed-point set X% of —1 is not empty, then

0 (mod 4) if the action is even,

3.7
2 (mod 4) if the action is odd. 3.7)

codim(X??) = {
We see this as follows. Recall that —1 acts on its normal bundle N by
scalar multiplication in the fibres. Since the action of —1 is orientation-
preserving (it is connected to the identity in Diff(X)), the rank of N is
even. Furthermore, there is a Z,-equivariant difffomorphism of N with a
tubular neighborhood of XZ2 in X. From this we see immediately that
the action on X is even if and only if the action on the normal sphere
bundle to XZ (with the induced spin structure) is even. Here the Z,-action
is free and by the paragraph above the question comes down to whether
the quotient of the normal sphere is a spin manifold. By Remark I1.2.4
we know that real projective (n — 1)-space is spin if and only if n=
0 (mod 4). This proves (3.7). =

Theorem 3.8 (Landweber and Stong [1]). Let X be a compact spin mani-
fold of dimension 4k with an S'-action. If the action is of odd type, then

sig(X) = 0
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Proof. A result of Hattori and Taniguchi [ 1] states that for any S'-action
on an oriented manifold,

sig(X) = sig(x™")

where X3 is the fixed-point set of the action with an appropriately chosen
orientation. Consider now the inclusions: X*' < X% X, and note that
(X%2)S' = XS By a result of Edmonds [1], the manifold X?2 is orientable.
Therefore, applying the argument again shows that sig(X) = sig(X%).
However, by (3.7) we have that dim(X%*)=2 (mod4), and so
sig( X)) =0. =

This result is analogous to the fact that on manifolds which admit
orientation reversing diffeomorphisms, all the Pontrjagin numbers are
zero. For St'-actions on spin manifolds which are free outside the fixed-
point set, there are additional characteristic classes which vanish (see
Landweber and Stong [1]). This leads into the fascinating area of elliptic
genera (cf. Chudnovsky and Chudnovsky [1]).

Proof of Theorem 3.4. Recall that any spin manifold X which carries a
metric of positive scalar curvature has .Z(X) = 0 (see 11.8.12). Thus Theo-
rem 3.4 is a corollary of the following more general result. m

Theorem 3.9 (Lawson and Yau [1]). Any compact spin manifold which ad-
mits a non-trivial S3-action, carries a riemannian metric of positive scalar
curvature.

When the action is free, the proof of this theorem is rather easy. In this
case, the manifold is the total space of a smooth principal S3-bundle X 5
M = X/§3. Introduce an invariant splitting TX = ¥~ @ # where ¥’
denotes the field of 3-planes tangent to the orbits. The bundle ¥~ has a
natural trivialization ¥~ = X x R® given as usual by choosing an ortho-
normal basis ej,e;.e; of T(S?) and defining sections E; of ¥~ by E(x) =
d/dt (explte;)- x),- o. We fix a metric on M and for each ¢ > 0 we construct
a metric g, on X as follows. We declare ¥~ and # to be everywhere
orthogonal; we lift the given metric on M to # via n; and we set (E;, E;) =
¢*d;;. This uniquely determines the metric g,. In this metric the orbits of
§3 are all totally geodesic and isometric to the euclidean sphere of radius
¢. Applying the fundamental equations of O’Neill [1] for a riemannian
submersion, one easily sees that the scalar curvature x, of the metric g,
is of the form x(x) = 6/6% + a(x) + &2b(x) for continuous functions a and
b on X. Taking ¢ sufficiently small completes the proof for this case.

The general case, where the action of §3 is not free, is more difficult
and is handled as follows. Consider the diagonal action of S® on X x §3.
This action is free with quotient X. (Of course, this orbit space map
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X x 83 > X is different from the “product” projection pr: X x §3 — X))
We now fix an S3-invariant metric of X, and using this metric we con-
struct, for each ¢ > 0, a metric g, on X x S in the manner above. The
metric g, is, in fact, $* x S3-invariant and thus makes the product pro-
jection pr: X x S — X into a riemannian submersion. Detailed calcula-
tions show that for ¢ sufficiently small, this submersed metric has positive
scalar curvature. The estimates in this calculation are most delicate at the
fixed point set.

Theorem 3.9 actually provides a wealth of non-existence theorems for
S3-actions. We clearly have the following:

Corollary 3.10. Any compact manifold which cannot carry a riemannian
metric of positive scalar curvature has no S3-actions.

In the next section we shall produce large families of manifolds which
do not carry positive scalar curvature. One consequence of this will be a
proof of the fact (due originally to Browder and Hsiang [1]) that if a spin
manifold X admits an S>-action, then all the “higher A-genera” of X are zero.

§4. Compact Manifolds of Positive Scalar Curvature

One of the most important applications of the Atiyah-Singer operator in
riemannian geometry is in the study of manifolds of positive scalar cur-
vature. Recall that the scalar curvature of a riemannian manifold X is a
function x: X — R defined at each point x by averaging all the sectional
curvatures at x. Specifically we define

K(X) = i Zl <Rei,e,-(ej)1 ei> (41)
ij=
where {e,, ... ,e,} is an orthonormal basis of T, X and R is the Riemann
curvature tensor. Note that x can also be written as
k(x) = trace(Ric,) 4.2)

where Ric, denotes the Ricci transformation at x. Thus, the condition of
positive scalar curvature, ic., x > 0, is the weakest of the various “positive
curvature” assumptions.

There has already been some discussion of manifolds with x > 0 given
in §8 of Chapter II. We recall the basic results proved there. There is a
graded ring homomorphism

of ( Q%P — KO~ *(pt) (4.3)

which in dimensions 4k is a multiple of the A-genus. This homomorphism
is defined in (3.22) of Chapter II. It coincides with the KO-index of the
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Atiyah-Singer operator, and can be computed in terms of the space of
harmonic spinors (see Theorem I1.7.10). Applying the Bochner-type for-
mula (I1.8.18) gives the following resuit of Atiyah, Hitchin, Lichnerowicz
and Singer.

~

Theorem 4.1. Let X be a compact spin manifold with k > 0, then 24(X) = 0.

This theorem implies, in particular, that a spin 4k-manifold with
non-vanishing 4-genus cannot carry a metric of positive scalar curvature.
There are many examples of such manifolds. For example, let V2*(d)
denote a non-singular complex hypersurface of degree d in P?**(C). Then
V2¥(d) is spin if and only if d is even. (See 11.2.7.) However, we have that

N 1 k .

AV*D) = s 11, @~ 2 (44
so that for all even d > 2k, and all k = 1, the 4k-dimensional spin manifold
V?*(d) cannot carry k > 0, and therefore cannot carry metrics of positive
Ricci or positive sectional curvature.

It is a consequence of the Calabi Conjecture, proved by S. T. Yau [2],
that each of the hypersurfaces V?¥(d) for d < 2k + 1 carries a metric of
positive Ricci curvature. This shows that the spin condition in Theorem
4.1 is necessary. It also shows, together with Theorem 4.1, that the poly-
nomial p(d) = A(V?*(d))musthave zerosford = 2,4, .. . 2k Itisinteresting
that with this information and some general considerations, it is rather
easy to compute formula (4.4) for p(d).

An important phenomenon occurs in the borderline case V*¥(2k + 2)
where Yau proves that there exist metrics of zero Ricci curvature. In this
case we see that 4 = 2. It follows from Corollary I1.8.10, that in any Ricci
flat metric, V?%2k + 2) carries at least two parallel spinor fields. Such
fields automatically reduce the holonomy group of the metric. We shall
pursue these considerations further in §10. We now return to the discus-
sion of Theorem 4.1.

Recall that the invariant .7 is non-zero also in dimensions 1 and 2
(mod 8). Here it takes values in Z,. Among the spin manifolds on which
it is non-zero, are half of the exotic spheres in dimensions 1 and 2 (mod 8).
(A general discussion of positive curvature metrics on exotic spheres is
given in I1.8.) This fact has the following consequence:

Corollary 4.2. In dimensions 1 and 2 (mod 8), every compact spin manifold
is homeomorphic to a manifold which cannot carry positive scalar curvature.
Proof. Let X be a spin k-manifold with k =1 or 2 (mod 8), and let = be
an exotic k-sphere with o/(X) # 0. Since (X #X) = oA (X) + AL(Z),
we may apply Theorem 4.1 to either X or X #Z. =
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To keep these non-existence theorems in perspective it is useful to
examine manifolds which are known to carry positive scalar curvature.
The classical examples of spaces with curvature =0 are the homogeneous
spaces with normal metrics given as follows. Let G be a compact Lie
group with Lie algebra g, and let (-,) be any Ads-invariant inner prod-
uct of g. Then for any closed subgroup H < G, there is a G-invariant
metric naturally introduced on the coset space X = G/H. The sectional
curvatures of this metric are always >0, and apart from the case of the
flat torus, the scalar curvature is always > 0. (For details, see Kobayashi-
Nomizu [2] or Cheeger-Ebin [1].)

These homogeneous spaces represent special cases of the general pheno-
menon of Theorem 3.8. Any compact manifold which admits a compact
connected non-abelian Lie transformation group, carries a metric with
x>0

There is a general surgery procedure for constructing metrics with x >
0. Recall (cf. Milnor [8]) that a surgery of codimension g on an n-manifold
X is a modification of X of the following type. Let 2" 7< X be a
smoothly embedded (n — g)-sphere with a trivialized tubular neighborhood.
By this we mean a neighborhood U of "~ ? together with a diffeomorphism
f:U — §"7% x D?such that f(£"" 9 = §""4 x {0}. The surgery operation
now consists of removing the neighborhood U = $"79 x D7 and replacing
it with the product D" ?*! x §97! by gluing in the obvious, canonical
way along the boundary S§" 7 x S9!,

Proposition 4.3 (Gromov-Lawson [2] and Schoen-Yau [2]). Let X be a
manifold which carries a metric of positive scalar curvature. Then any
manifold obtained from X by surgery in codimension > 3, also carries a
metric of positive scalar curvature.

The method of proof in Gromov-Lawson [2] is an elementary con-
struction, the proof in Schoen-Yau [2] uses techniques of partial differ-
ential equations,

Combining this result with techniques of the h-cobordism Theorem (cf.
Milnor [8]) and facts concerning the cobordism ring (59, it is possible
to prove the following result:

Theorem 4.4 (Gromov-Lawson [2]). Let X be a compact simply-connected
manifold of dimension = 5.

(A) If X is not spin, then X carries a metric with k¥ > 0.
(B) If X is spin, and is spin cobordant to a manifold with k > 0, then X
carries a metric with x > 0.

Remark. Contrasting part (A) of this theorem with Corollary 4.2 makes it
evident that the question of positive scalar curvature is intimately related
to spin geometry. This relationship will soon be examined in detail.
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Proof of Theorem 4.4. Suppose X is spin and spin cobordant to a mani-
fold X, which carries ¥ > 0. By a sequence of surgeries (on embedded
circles) we can make X, simply-connected while preserving the spin
corbordism class. By Proposition 4.3, the new X, will also carry « > 0.

Our cobordism assumption means that there exists a compact spin
manifold W with W ~ X II X, (as spin manifolds). As above, we can kill
7, (W) by surgery. Moreover, since dim W = n = 6 and W is spin, every
2-sphere embedded in W has a trivial normal bundle (cf. 11.2.11), and we
can kill n,(W) by surgery. It follows that the groups H,_ (W,X,) =
HYW,X) are zero for k = 1,2, and torsion-free for k = 3. By the basic
theory of S. Smale (cf. Milnor [ 8]), there exists a smooth function f: W —
[0,1] with the following properties:

(i) flxo=0and fly =1,
(i1) all critical points of f are non-degenerate and lie in the interior
of W,
(iii) all critical points of f have index < n — 3.

It now follows from the fundamental theorem of Morse Theory (cf.
Milnor [6]) that X can be obtained from X, by surgeries in codimension
= 3. We then apply Proposition 4.3,

When X is not spin, the argument is similar. From detailed knowledge
of the oriented cobordism ring we know that there exists a compact
oriented manifold W with é¢W = X I X, where X, carries k > 0. We
may assume that 7,(X )} = 0 as before. We now proceed to kill =,(W) by
surgery. We then have H,(W) = n,(W), and the second Stiefel-Whitney
class gives a homomorphism

w, (W) — Z,. 4.5)

Since dim W = 6, the group m,(W) is generated by embedded 2-spheres,
and w, exactly measures the non-triviality of the normal bundle to these
embeddings. Thus, we can kill the subgroup ker(w,) < 7,(W). The homo-
morphism (4.5) then becomes injective. Observe now that w, restricts to
be the second Stiefel-Whitney class of X, which is non-zero since X is not
spin. It follows that (4.5) is an 1somorphism and that the map H,(X,) =
(X o) = mo(W) = Hy(W) is surjective. In particular, H,(W,X ) = 0 for
k = 1,2. Consequently H{W,X) = 0 for k = 1,2, and H}W,X) is torsion
free. The argument now proceeds as before. m

Let X be a compact manifold of dimension 2 5. Theorem 4.4 states that
there is an obstruction to the existence of a positive scalar curvature metric
on X only if X is spin, and, furthermore, that obstruction depends only on
the spin cobordism class of X. This leads us to consider the set B, of spin
cobordism classes « € Q5PI" with the property that some manifold in «
carries positive scalar curvature. We claim that P, = @ B, is an ideal in
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Q5P Closure under addition (which corresponds to disjoint union) is
clear. Suppose now that o € B, and choose any class § € Q3Fin. Represent
o by a spin manifold X with a metric gy with x; > 0. Represent 8 by a
spin manifold Y with some metric g,. Then for all ¢ > 0, the product
metricg = egy + gy on X x Y has scalar curvature k = ¢~ 'ky + xy which
is >0 for all sufficiently small e. This shows that - o e %,, ,, and B, is
an ideal as claimed.

Consequently, setting fo, = Q5P"™/PB,, we get a graded ring homo-
morphism

a:Q5P'" — fo,. (4.6)
Note that in each dimension #, fo, is a finitely generated group. Theorem

4.4 states the following.

Corollary 4.5. The classes a, constitute a complete set of invariants for de-
termining whether or not a simply-connected manifold (of dimension = 5) can
carry a metric of positive scalar curvature.

The fundamental Theorem 4.1 implies that there is a factoring of graded
ring homomorphisms

&/' fo,
Qipi" Jn
A
KO™*(pt)

and it seems likely that 7 is an isomorphism, i.c., that & = .o. (We know
n ® Q to be an isomorphism; see Gromov-Lawson [2].) If this were so,
then the .7-class would be exactly the obstruction to the existence of posi-
tive scalar curvature metrics in the simply-connected case.

Since Q5P" = 0 for n = 5, 6 and 7, Theorem 4.4 has the following con-
sequence.

Corollary 4.6. Every compact simply-connected manifold of dimension 5, 6,
or 7 carries a metric of positive scalar curvature.

We shall next take up the question of positive scalar curvature on non-
simply-connected manifolds. Here the situation can be quite subtle, as the
following example, due to L. Bérard-Bergery [2], illustrates. Let X be an
exotic 9-sphere such that /() # 0, and consider the spin manifold X =
(P'(R) x S?) # =, with n, X = Z,. This manifold does not carry positive
scalar curvature (since <Z(X) = o(Z) # 0), however its two-fold universal
covering manifold does. To see this, one uses the fact that Q" =7, @ Z,
(cf. Stong [1]) which shows that the universal covering X = (S7 x S?) #
THE =57 x §%
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§5. Positive Scalar Curvature and the Fundamental Group

We now take up the case of manifolds with non-trivial fundamental group.
To set the stage we note that the product of any manifold with S? carries
a metric with x > 0. Consequently, in dimensions =6, the presence of
positive scalar curvature places no restriction on the isomorphism class of
the fundamental group. (This is also true in dimensions 4 and 5; cf. R.
Carr [1].) Nevertheless, if one takes into account the interaction of the
fundamental group with the geometry of the manifold, then tremendous
restrictions arise.

The interaction we are seeking lies in the geometry of the covering
spaces. In particular, we shall be interested in manifolds with covering
spaces which are “large in all directions, or put another way, whose uni-
versal covering spaces contain big “cubes.” To give an idea of what this
should mean, we examine a notion due to Gromov. Let I" denote the
standard metric cube in R". We shall say that a riemannian n-manifold X
contains a cube of size L if there exists a continuous map f:I" — X such
that dist(f(X),f(Z'}) = L for each pair of opposite faces Z,X’ of the cube I".
We can then say that a riemannian manifold X has big covering spaces, if
for any L > 0, there is a covering space which (in the lifted metric) contains
a cube of size L. For a compact manifold this concept is independent of
the metric chosen (since any two metrics are uniformly commensurate).
A good example of a manifold with big covering spaces is a torus T™.

This idea can be usefully generalized. However, for the purposes here
it is better to “dualize” the concept by mapping out of the manifold rather
than into it.

DEFINITION 5.1. A C'-map f: X — Y between riemannian manifolds is
g-contracting (for a given ¢ > 0) if || f,v|| < &[jv]| for all tangent vectors v
to X. This means that for any piecewise smooth curve y in X, one has
length(f(7)) < elength(y).

Such e-contracting maps are not hard to find (consider the constant
maps). Suppose, however, that X and Y are compact oriented manifolds
of the same dimension. Then the existence of an e-contracting map f: X —
Y of non-zero degree means that in a strong sense X is “bigger than Y on
an order of at least 1/e. Now every oriented n-manifold admits maps of
degree 1 onto the n-sphere. Thus, we let $”(1) denote the standard riemann-
ian n-sphere of constant curvature 1, and we replace the above notion of
big covering spaces with the following (cf. Gromov-Lawson [1],[3]):

DEFINITION 5.2. A compact riemannian n-manifold is said to be en-
largeable if for every ¢ > O there exists an orientable riemannian covering
space which admits an e-contracting map onto S*(1) which is constant at
infinity and of non-zero degree.
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If for each ¢ > 0, there is a finite covering space with these properties, we
cail the manifold compactly enlargeable.

Note. A map is constant at infinity if it is constant outside a compact set.
The degree of such a map f: X — S" is defined as

firee

foo

where w is an n-form on S” with non-zero integral. The degree can also be
defined as usual in terms of regular values of f.

deg(f) = (-1)

The square flat torus 7" = R"/Z" is certainly enlargeable since the uni-
versal covering space has the required mappings for all ¢ > 0. This torus
is, in fact, compactly enlargeable. We see this as follows. For each ke Z*,
the lattice (k- Z)" < Z" gives a k"-fold covering torus = R"/(k - Z)",
which admits the (/k)-contracting map to S"(1) of degree 1 pictured below.

f

-

™ Sh (1)

7/

Theorem 5.3. The following statements hold in the category of compact
manifolds:

(A) Enlargeability is independent of the riemannian metric.

(B) Enlargeability depends only on the homotopy-type of the manifold.

(C) The product of enlargeable manifolds is enlargeable.

(D) The connected sum of any manifold with an enlargeable manifold is
again enlargeable.

(E) Any manifold which admits a map of non-zero degree onto an en-
largeable manifold is itself enlargeable.

Proof. Itis evident that (E) = (B) = (A) and that (E) = (D). To prove (E)
we consider two compact oriented riemannian n-manifolds X and Y, and
amap F: X — Y of non-zero degree. By compactness there exists a ¢ > 0
so that ||dF|| < ¢ on X (ie., F is c-contracting). Given ¢ > 0, there is a
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riemannian covering space p: Y - Y which admits a (¢/c)- contractmg map
f:¥- S"(1) which is constant outside a compact set K < ¥ and of non-
zero degree. Taking the fibre product of p and F gives a covering space
p':X - X and a proper mapping F X — ¥ so that the diagram

iy
J,,

) G

5

commutes. Since F is a lifting of F, we have ||VF|| < ¢ on X. Hence, the
composmon fo oF:X — S"(1) is e- contractmg Since Fis proper, we see
that f - F is constant outside the compact set F~ (K ). It is easy to see that:
deg(f - Fy= deg(f)deg(F) # 0. Hence, X is enlargeable as claimed.

To prove (C), we fix a degree-1 map ¢ : S"(1) x $™(1) » S"*™(1) and let
¢ = sup||d¢||. This map is chosen to be constant on the set (S"(1) x {*}) U
({*} x S™(1)), where each “x” denotes a distinguished point in the sphere.
Suppose now that we are given (¢/c)-contracting maps, f: X" — §"(1) and
g:X™ — S™(1), which are constant (= «) at infinity and of non-zero degree.
Then the map ¢ o (f % g): X" x Y™ — §"*™(1) is ¢-contracting, con-
stant at infinity and of non-zero degree. From here the argument is
straightforward. m

Theorem 5.3 says that the category of enlargeable manifolds is closed
under products, connected sums (with anything), changes of differentiable
structure, etc. The category is also quite rich. It contains, as basic building
blocks, many families of important K(=,1)-manifolds.

Theorem 5.4 (Gromov-Lawson [1]). The following manifolds are enlarge-
able:

(A) Any compact “solvmanifold”, i.e., a compact manifold diffeomorphic to
G/T" where G is a solvable Lie group and T is a discrete subgroup.

(B) Any compact manifold which admits a metric of non-positive sectional
curvature.

(C) Any “sufficiently large” 3-manifold (X is sufficiently large if there is
acompact surface of positive genus X < X withn,X — 7, X injective.)

Proof. We begin with (B). It is easy to see that a manifold X of non-
positive curvature is enlargeable. By the Cartan-Hadamard Theorem (cf.
Milnor [6]), the exponential map at any pomt of the universal covering
X is a diffeomorphism whose inverse exp; !: X — T, X is distance de-
creasing onto T, X = R" with its euclidean metric. Composing with a fam-
ily of e-contracting maps f,: R" — S"(1) as above completes the proof of (B).
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To prove (A) we invoke the basic fact that every compact solvmanifold
X admits a fibration n: X — T* over a torus of positive dimension with
a (compact) solvmanifold X, as fibre (see Raghunathan [ 1] for example).
We introduce the standard flat metric on T* = R*/Z*, and we fix a metric
g on X. By replacing g with tg for t > O sufficiently large, we can assume
that # is distance-decreasing.

Consider now the covering X — X induced by lifting 7 over the cov-
ering R* — T* The induced fibration 7: X — R* is again distance de-
creasing. Furthermore, there exists a diffeomorphism

o X — R x X,

such that = = pr; o ¢ where pr,:R* x X, - R*is the projection map. To
see this when k = 1, lift a non-vanishing vector field from T* to X and
integrate to get the coordinate transverse to the fibres. When k > 1, apply
induction.

Suppose that ¢ > 0 is given. Consider the ball B = {x € R*:||x|| < n/e}
and fix a map f : R — S*(1) which is e-contracting, constant on R¥ — B
and of degree 1 (as pictured in the figure above). Choose a metric g, on
X, so that the composition

X Rx Xy X,
is distance decreasing on the compact subset 7~ '(B) = X. (A sufficiently
small multiple of any metric will do.) We may assume that X is en-
largeable by induction on dimension. Hence there exists a covering
no: Xy = X, and an e-contracting map g: X, — S"~¥(1) which is constant
at infinity and of non-zero degree. Let g:X — X be the covering induced
by lifting ¢ over Id x =g, so there is a commutative diagram (below).

G

X 2 R x X, 225 X, —2="S" K1)

q lldwro lno
v

X 2 R x X, 25 X,

F n ﬂl

RC = R

S

S(1)



306 IV. APPLICATIONS

We now take the “smash product”
X 259, sy
exactly as we did in the proof of Theorem 5.3(C). This map is 4e-con-
tracting, constant at infinity and of non-zero degree. This completes the
proof of part (A). For part (C), the reader is referred to Gromov-Lawson

[1]. =

Note that the tori T" = S! x --- x §!, n 2 1, play a special role in
this theory. For example, they belong to each of the three classes of
manifolds in Theorem 5.4. Furthermore, there is the following “stability”
phenomenon:

If X is an enlargeable manifold, so is X x T" for any n = 1. (5.2)

If a manifold X carries a metric with k > 0, so does X x T" (5.3)
for any n = 1.

There is an (adversary) relationship between enlargeability and positive
scalar curvature, and the mediating agent is the Atiyah-Singer operator.
Here, however, the operator has coefficients in a vector bundle. The first
main result is the following:

Theorem 5.5 (Gromov-Lawson [1], [3]). An enlargeable spin manifold X
cannot carry a metric of positive scalar curvature. In fact any metric with
x =0 on X must be flat.

Note. Here the spin assumption is not vital. It suffices to know that an
appropriate covering space is spin.

Note. Results of this type were first proved in dimensions =7 by R.
Schoen and S. T. Yau [1], [2] using minimal surface techniques.

Theorems 5.4 and 5.5 together produce the following nice “exclusion
theorem.”

Corollary 5.6. A compact manifold which carries a metric with sectional
curvature <0 (or <0), cannot carry a metric with scalar curvature >0 (=0
respectively).

Proof of 5.5. For clarity’s sake we shall present here a proof for the case of
compactly enlargeable manifolds. The more general result requires some
tools from analysis (the Relative Index Theorem) and will be proved with
more general results in the next section.

Let X be a compactly enlargeable n-manifold, and suppose X carries a
metric with k = K, for a constant x, > 0. From (5.2) and (5.3) we may
assume that X has even dimension 2n. (If not, replace X by X x S')
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Choose a complex vector bundle E, over the sphere S2%(1) with the prop-
erty that the top Chern class ¢, (Ey) # 0. This is certainly possible, since
on §2" the Chern character

. 1
chE=dmE + =1 c(E)
gives an isomorphism ch : K(S?") - H*(S*"; Z) (cf. Atiyah-Hirzebruch [2]).
We now fix a unitary connection VE on E, and we let RE° denote the
curvature 2-form.

Let & > 0 be given and choose a finite orientable covering X — X which
admits an e-contracting map f: X — $27(1) of non-zero degree. Using f,
we pull back the bundle E,, with its connection, to X. This gives us a
bundle E = f*E, with connection VE = f*VE, We then consider the com-
plex spinor bundle § of X with its canonical riemannian connection, and
consider the Atiyah-Singer operator P on the tensor product $. ® E (asin
I1.5.10). We know from Theorem 11.8.17 that there is a “Bochner formula”

DE=V*V + jic + RE (5.4)

where R0 ® &) =) ;. (e;6,0) ® (RE enet) depends universally and lin-
early on the components of the curvature tensor RE of E. The operator RE
is a symmetric bundle endomorphism of $. ® E, and if its pointwise norm
everywhere satisfies the inequality

|RE|| < 4x0, (5.5)
then we will have P > 0, and the index of the operator
DT3¢ ® E)y—> T8¢ ® E), (5.6)

will be zero. To achieve this estimate we first note that there is a constant
k, depending only on dimension, such that

| RH| = ka||RP]]. (5.7)

We then observe that the curvature of E is the pull-back of the curvature
of Ey, and therefore

R < &2||R™||. (5.8)

To prove (5.8), we fix a point x € X and let {V1, .. Wuw-1y2} be an ortho-
normal basis of A2T,X which diagonalizes the symmetric bilinear form
By = f ¥, f. ¥ ). This means that {f ¥, fy¥i> = A}, where, since
f is e-contracting, we have |/1 | < ¢&? for all j. It follows that there exists an
orthonormal basis {{/,, . . . Yo 1y2) Of A>T (,S?" such that fy; =

for all j. We then compute that ||REH2 Z IREJ? =3 HRM,JH2

2 ARG = e[ R™[|2.
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Combining (5.7) and (5.8) shows that the positivity condition (5.5) is sat-

isfied for all ¢ < 4/k/4k, . The index of the operator (5.6) must then vanish.
However, this index is given by

index(P;) = {ch E - R(X)}[ X] (5.9)
1 o) -

~ ~ 1 ~
= dA(X) + (71_—1)" C,,(E)[X]

1 ~
= (’n——l)' el [*EQ)[X]

1 . ~
= =i EAEDL]

1
= o 1 e B[S

# 0.

This contradiction completes the proof of the first statement of the theorem.
To prove the second statement, we call upon the following result which
appears in Kazdan-Warner [1]:

Theorem 5.7 (J. P. Bourguignon). Let X be a compact manifold which car-
ries no metric with x > 0. Then any metric with k = 0 on X is Ricci flat.

To complete the argument we now apply the following corollary of the
Splitting Theorem of Cheeger and Gromoll [2].

Proposition 5.8. A Ricci flat enlargeable manifold is flat.

Proof. Let X be a (compact) enlargeable n-manifold with a Ricci flat
metric. The Splitting Theorem implies that the universal cover of X splits
as a riemannian product R™ x Y of a euclidean space with a compact
simply-connected (Ricci-flat) manifold Y. We claim that dim(Y) = 0. If
not, set & = diameter(Y) > 0, and choose a covering X of X which admits
a (n/4d)-contracting map f: X — S"(1) which is constant at infinity and
of non-zero degree. This covering is a quotient X = (R™ x Y)/T by a
subgroup T" of the deck group. The deck group acts freely and properly
discontinuously by isometries which preserve the factors. By passing to a
subgroup of finite index we may assume that I" acts freely and properly
discontinuously on R™ Then X is a fibre bundle p: X — R™/T" over the
quotient manifold with fibre Y.

Since f is (n/46)-contracting, we see that each fibre is mapped into a ball
of radius n/4 in S"(1). Hence, there is a continuous map f,: R™/T" - S%(1)
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so that
dist(fo(p(x)). f(x)) < /2

for all x € X. (Choose a section of the disk bundle whose fibre at y € R™/T’
is the convex hull of f(Y,) = f(p~'(y)).) This map can be chosen to agree
with f at infinity. By pushing along the unique geodesic arc joining f(x)
to fo(p(x)), we construct a homotopy from f to f; o p which is constant at
infinity. Since dim(Y) > 0, it follows that deg(f) = deg(f, > p) = O contrary
to assumption. Therefore, we conclude that dim(Y)= 0, and both the
proposition and the theorem are proved. m

The argument given for Theorem 5.5 actually proves much more than
is claimed. To use the full force of the argument we only need to readjust
our definitions. In doing this we shall unify these results with the previous
ones concerning the A-genus.

We begin by generalizing the notion of the degree of amap. Let f: X — Y
be a smooth map between compact oriented manifolds, and suppose
dim X — dim Y = 4k 2 0. The inverse image f~!(y) of a regular value
y € Yis a compact 4k-manifold whose oriented cobordism class is indepen-
dent of y. To see this, join two regular values y and y' by a smoothly
embedded are y, and wiggle f, away from f~1(y) u f~1()), so that it
becomes transverse to y. The inverse image of y provides a cobordism
between f~(y) and f~'(y'). It now follows that the A-genus A(f~'()))
is independent of y. We call this number the A-degree of f.

The A-degree can be computed by a formula of type (5.1). Let @ be a
volume form on Y with non-zero integral, and let 4,(X) be a de Rham

representative (a closed 4k-form) of the kth-component of the total A-class
of X. Then

[ 1o~ Ayx)

[

Notice that the 4-degree makes sense when X is not compact, provided
that f is constant at infinity.

We now generalize the notion of enlargeability by replacing the word
“degree” in 5.2 by the word “A-degree”.

A-deg(f) = (5.10)

DEFINITION 5.9. A compact riemannian n-manifold is said to be A-
nlargeable if given any ¢ > 0, there exists a riemannian covering space
hich admits an e-contracting map onto S™(1) (for some m = n (mod 4))

hich is constant at infinity and of non-zero A-degree. The basic facts
re as before.

heorem 5.10. The statements (A), (C) and (D) of Theorem 5.3 remain true
ith the word “‘enlargeability’’ replaced by the word ““A-enlargeability.”



310 IV. APPLICATIONS

Proof. The proof of part (C) of Theorem 5.3 goes through after making
the obvious linguistic changes. Parts (4) and (D) are easy. =

Of course, an enlargeable manifold is A- -enlargeable. Moreover, an ori-
entable manifold of non-zero A- -genus is also A- -enlargeable since the con-
stant map to S° has non-zero A- -degree. More generally we have the
following:

Corollary 5.11. A compact manifold which admits a mapping of non-zero
A-degree onto an enlargeable manifold is /f—enlargeable. In particular, the
product of an enlargeable manifold and a manifold of non-zero A-genus
is A-enlargeable.

We now have a unification of many of the previous results.

Theorem 5.12 (Gromov-Lawson [1], [3])). An A-enlargeable spin manifold
cannot carry a metric with k > 0. In fact, any metric with x = 0 on such a
manifold is Ricci flat.

Proof. The proof of Theorem 5.5 goes through with no essential changes.
The main point is that the computation (5.9) now becomes

. 1 L)
ind(Dy) = {(d A P c,,,(E)) : A(X)} [X] (5.11)

~ o~ 1 ~ =
=dAX) + m {enlE) - AUX)}[X]

) S
= =1 {f*cm(Eo) - AX)IX]

(m
1 -
==y (A-deg f)cn(Eo)[$]
#0. =

This theorem implies, in particular, that a spin manifold of the form
X x Y where X is enlargeable and A(Y) # 0, cannot carry positive scalar
curvature. In a sense, it interpolates between the two previous results
which concerned enlargeability and A separately.

A good interpretation of Theorem 5.12 can be made in terms of the
higher A-genera. These are defined for any compact differentiable mani-
fold X as follows. Fix a K(n,1)-space K and a map f:X — K (corre-
sponding to a homomorphism 7, X — n,K). For each cohomology class
u e H¥(K;Z) ~ H*(r; Z), the higher A-genus associated to u is the number

ApX) = {f*u- RX)}[X]
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where, as usual, K(X) is the total 4-class of X. We could, of course, pass to
the “universal” space Ky = K(n,(X),1) and the map fy:X — K through
which every f:X — K(n,1) can be factored. These “universal” higher
A-genera are simply indexed by the cohomology classes of the group 7,(X).

ExAMPLE 5.13. When the space K = K(n,1) is a compact oriented m-
manifold and when u e H™(K; Z) is the fundamental cohomology class,
then it is evident that:

A (X) = (A-deg)(f). (5.12)

Observe now that many fundamental examples of enlargeable manifolds
(such as solvmanifolds, manifolds of non-positive curvature, and suffi-
ciently large prime 3-manifolds) are manifolds of K(z,1)-type. Theorem
5.12 states that for a spin manifold X of positive scalar curvature, the
higher A-genera, coming as in (5.12) from maps to an enlargeable mani-
fold, must be zero.

It is at the moment unknown whether every compact K(z,1)-manifold
is enlargeable; however, any counterexample to this statement is likely to

be quite complicated. Assuming it is so, one might be led to conjecture
the following;

Conjecture 5.14. For any compact spin manifold with positive scalar curva-
ture, all the higher A-genera must vanish.

There is much evidence for this conjecture if one restricts to “geometric”
K(m,1)-spaces. At very least, the conjecture serves as a rough map of the
wilderness.

There is, in fact, a general theory which allows one to transform this
conjecture to a more general conjecture in the K-theory of C*-algebras.
Again it involves the Atiyah-Singer operator.

To each discrete group T there is a canonically associated C*-algebra,
denoted C*(I") and called the C*-algebra of I'. Over any manifold with
fundamental group I' we can construct the flat C*(I')-bundle & —» X
corresponding to the representation of I on C*(T") by right multiplication.
This is just the associated bundle

& =X xp C¥I) (5.13)

here X is the universal covering space of X (a principal I'-bundle). Note
hat & is a bundle of left C¥(I')-modules. Each fibre is free of rank one.

At this point, our discussion becomes rather general. A guide to the
ormidible technical details required to make it rigorous is found in J.

osenberg [1]. Suppose the manifold X is spin and consider the twisted
tivah-Singer operator

PTT(3E @ &) — T8¢ ® &) (5-14)
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where & carries its canonical flat connection. The kernel and cokernel of
D™ are (after possibly a compact perturbation of P *) finitely generated pro-
jective C¥(I")-modules. The formal difference gives an element in the alge-
braic K-group, K(C*(I')). This element depends only on the homotopy
class of the operator P* and is called the analytic index of B*. Mishchenko
and Fomenko [ 1] have given a formula for this index of the Atiyah-Singer

type:
ind(P*) = {ch & - R(X)}[X] € Ko(C*I)) ® Q (5.15)

The claim is that for “reasonable” fundamental groups T, this index carries
all the higher A-genera of the manifold X. To prove this it is necessary
to study a certain universal map

er: K (K(T,1)) — K (CXT)), (5.16)

defined by using the analogous bundle & over K(I',1). (Here K, denotes
K-homology theory extended to infinite CW-complexes.) Our assertion is
true whenever this map is injective after tensoring with Q.

Observe now that since the bundle & — X is flat, the curvature term
R’ in the Bochner formula (5.4) is zero. This implies (by Rosenberg [1])
that if X carries positive scalar curvature, then ind(P*) = 0. Conse-
quently, Conjecture 5.14 is true whenever the map e ® Q is injective.

The injectivity of er has been established by Kasparov [1] for any T
which arises as a discrete subgroup of a connected Lie group.

Readers may have noticed the direct parallel between the higher
/I—genera and the Novikov higher signatures, or “higher L-genera.” (Such
classes can be formulated for any multiplicative sequence.) S. P. Novikov
has conjectured that these higher signatures are, like the signature itself,
homotopy invariants of a manifold. A proof of this conjecture for certain
fundamental groups has been given by G. Lusztig [1] using a family of
Dirac operators of the form D;" : (CL*(X) ® E,) » T(CL™(X) ® E,) where
E, is a family of flat bundles over X induced from K(T',1). Much more
generally, one can consider the operator

DHTCL'(X)® &) > TICL (X) ® &)
in analogy with (5.14). The assertion here is that the index
ind(D*) = {ch & - L(X)}[X] € K (C*T))

carries all the higher signatures of X. This again will follow from the in-
jectivity of the map er ® Q. For this reason, the conjecture concerning
er is called the Strong Novikov Conjecture.

We shall end this section with some remarks on a possible classification
of manifolds with n; = " which admit positive scalar curvature. The
homomorphism .o : Q%" — KO (pt) induces a transformation of general-
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ized homology theories. Thus, setting h (I') = h(K(T',1)), we get a trans-
formation

of QPN — KO (). (5.17)
Given any compact spin n-manifold X with n, X = T, there is a canonical
mapping X — K(I',1), inducing an isomorphism on =#,. This map deter-
mines an element [ X ] e Q5PY(T),

Again as a guide to the forest, one could conjecture that as in the case
where T = {e}, the classes 5/([X]) constitute a complete set of invariants
for the existence of positive scalar curvature on X. There is some evidence
for this. The analogue of Theorem 4.3 has been proved by Rosenberg [2]
and Miyazaki [1]. They show that the question indeed only depends on
the fundamental class [X] € Q%"(n, X) in the spin case. In the non-spin
case, it depends only on the class [ X] € Q3°(n, X), and often, for example
when n, X = 7 or Z,, one can show that such X always carry k > 0.

Unhappily, the conjecture that .o/ = 0 in the presence of positive scalar
curvature fails for torsion groups I'. Rosenberg [2] shows that every spin
S5-manifold with 7, = Z carries x > 0, but that Im s/ # 0 in this case.
Nevertheless, for torsion-free groups I' there is reasonable evidence for
the following:

ConJECTURE. For torsion free groups T, the classes .o( [X]) (from (3.17))
constitute a complete set of obstructions to the existence of positive scalar
curvature on compact spin manifolds X with n,. X = T.

§6. Complete Manifolds of Positive Scalar Curvature

We now consider the question of the existence and structure of complete
metrics of positive scalar curvature on non-compact manifolds. We shall
touch only a few results. The reader is referred to Gromov-Lawson [3]
for a much more extensive discussion.

The first important concept here is the following:

DEFINITION 6.1 A bundle with compact support on a manifold X is a
vector bundle E — X which is trivialized at infinity together with a con-
nection which is compatible with that trivialization.

This means that outside a compact subset of X, there is a given iso-
morphism of E with the product bundle. This isomorphism identifies the
given connection with the canonical flat one on the product. The con-
nection will always be assumed to be orthogonal or unitary (depending
on whether E is real or complex).

Suppose now that X is a complete riemannian spin manifold of even
dimension n = 2k. Let §¢ denote the spinor bundle of X with its canon-
ical riemannian connection, and let E — X be any bundle with compact
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support. Then the Atiyah-Singer operator Py on L>-sections of §. ® E
is essentially self-adjoint and satisfies ker )z = ker D (see Theorem 11.5.7).
This operator satisfies the pointwise formula

D =V*V 4+ L + RE (6.1)

derived in I1.8.17. Since E is flat at infinity, this reduces to the equation
D% = V*V + ik outside a compact subset of X. Using this fact and some
standard arguments from analysis, we prove the following. We say that
a function « is uniformly positive on a set 4 if k = x,, for some constant
Ko > 0, on A.

Proposition 6.2. Suppose X has uniformly positive scalar curvature outside
of a compact set. Then the Dirac operator Pp on L*($. ® E) has a

finite-dimensional kernel and a bounded Green's function.

Corollary 6.3. The operator

Pg:LX$¢ ® E)—> L*($¢ ® E) (6.2)
and its adjoint Pg have finite-dimensional kernels. Hence the index
ind(Pg) = dim(ker P7) — dim(ker Pr) (6.3)

is a well-defined integer.

Proof of 6.2. Let K = X be a compact set outside of which E is trivialized
and lx =k, for some x,>0. Let ¢ >0 be a constant such that
c Id = — (@« + RE) over K. Then for any element ¢ € ker(Py), formula
(6.1) implies that V*Vo = —kp — RE(p). Integrating by parts, and es-
timating gives the inequality

JeIvel + %0 [ lloll* = <, ol (64)

Let ||-|[, denote the L?norm over a set A< X. If we assume
lll% (= [leliz + [l@llk-x) = 1, then (6.4) implies that

1 Ko

2
Ko+ ¢ ”Vq)HX * Ko +¢

< lo|lz- (6.5)

Consider now the uniform C'-norm ||¢||c: x over K. By Theorem III.5.4
we know that there exists a constant C > 0 such that

|@ller & < Cllo|lx (6.6)

for all ¢ € ker(Dg). Let us fix a number ¢ > 0 and consider and e-dense
subset of points {x,}4_, in K. If dim(ker Dg) 2 d, then there exists an
element ¢ € ker Dy with ||g||x = 1, such that ¢(x) =0 forj=1,....,d. It
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then follows from (6.6) that the pointwise norm of ¢ is uniformly less than
Ceon K, ie. ||¢]|co x < Ce. For ¢ sufficiently small, this violates (6.5), and
we conclude that dim(ker Dy) is finite.

The invertibility of the Green’s function will not be used directly here.

We refer to the reader to Gromov-Lawson [3] for the proof of this fact. =

Proof of 6.3. With respect to the bundle splitting §. ® E = (§ ® E) ®
(§¢ ® E) the operator P can be written (pointwise) as

0 Dg
where DF :T($§& ® E) » I'(§¢ ® E). Passing to L2-sections, we get an

orthogonal decomposition L*§e. ® E) = L*($¢ ® E) ® LA (§c ® E),
and J); continues to interchange factors as above. Consequently

ker Py = ker P} @ ker Dy

and the finite dimensionality of ker P3 is clear.
Since Dy is self-adjoint, the operators P7 are adjoints of one another,
and so ker Pz = coker P;. =

Of course we will need a version of the vanishing theorems from the
compact case.

Proposition 6.4. Let X and E be as above, and suppose there is a constant
¢ > 0 so that

e + RE> c1d. (6.7)
on X. Then ker Pg = 0, and in particular, ind(Pg) = 0.
Proof. As in the proof of 11.5.7, the completeness of X allows us to inte-
grate by parts. Thus formula (6.1) implies that

1Bsols = Voll3 + [ <bx + 9EX0) 0> = cllo]i

for all ¢ € LA(§ ® E), and it is evident that ker Py =0. =

In order to apply the arguments of the previous section, we need some-
thing to play the role of the Atiyah-Singer Index Theorem. This will be
done by a Relative Index Theorem. We will present here only the special
case that we need. More general versions of this result have been proved
by J. Cheeger and by H. Donnelly [3].

Theorem 6.5 (Gromov-Lawson [3]). Let X be a complete even-dimensional
spin manifold whose scalar curvature is uniformly positive at infinity. Let
E, and E| be two bundles with compact support on X, and assume that
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dim E, = dim E,. Then the difference of the indices of the Dirac operators
Di, and Dg, is a topological invariant, given by the formula

ind Pf, — ind P, = {(ch E, — ch E;) - K(X)}[X]. (6.8)

where, via the trivializations at infinity, the class ch E; — ch E, has com-
pact support on X.

Via Chern-Weil Theory (see Kobayashi-Nomizu [ 1].). the classes ch E,,
ch E,, and A(X) can be represented canonically in terms of the curva-
ture forms of the given connections. Formula (6.8) can then be rewritten as

ind P, — ind D7, = fx (ch E, — ch Eg) A K(X). (6.8)

(Recall that E, and E, are flat outside a compact set.)

Another method to compute the relative index is as follows. Chop off
the manifold X outside the support of E, and E, to obtain a compact
manifold X with boundary. Let Y be the double of X and let E be the
bundle on Y given by E, on one piece and E, on the other piece with E,
and E, glued together at the “seam” dX by the trivialization. Then the
right hand side of (6.8) becomes {ch E - K(Y)}[Y].

An important special case of Theorem 6.5 is where E; = E is some
bundle with compact support on X and where E, = X x C* is the triv-
ialized bundle of dimension k = dim E. Note that Dy, =D ® - - ® D
(k-times) where D is the usual Atiyah-Singer operator. We then define the
reduced Chern character of E to be

ChE =chE— chC*=ch'E + ch?E + ... (6.9)
The formula (6.8) then becomes
ind(Pg) — k ind(P*) = {ch E - K(X)}[X]. (6.10)

For the proof of Theorem 6.5 the reader is referred to Gromov-Lawson

[3].

Completion of the proof of Theorems 5.5 and 5.12. Armed with Theorem
6.5 we are able to extend the arguments of the last chapter from the
“compactly enlargeable” to the “enlargeable” case. Let X be a compact
riemannian manifold with x = k, for a constant x, > 0. Let ¢ > 0 be
given and suppose X is a spin covering space which admits an e-con-
tracting map f: X — $27(1) of non-zero A-degree. Fix a bundle E, with
connection over §>™(1) with ¢,(E,) # 0 and set E = f*E, with its induced
connection. Note that E is a bundle with compact support on X, and so
we can construct operators ) and . as above.
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Since k = ko > 0, we have ind(P ") = 0. However, for ¢ sufficiently small,
the inequality (6.7) will be satisfied, and we conclude that ind(P}) = 0.
Consequently, by (6. 10) we have

0= {ch E- RD}[X] = {calB) - RAB[X]
= ([ *calEo) - R[]
= (A-deg)(f)enl(Eo)[S™"]

contrary to assumption. =

Theorem 6.5 allows us to prove a number of results about complete
metrics on non-compact manifolds. We begin by focusing on some impor-
tant facts. The first fact is that in all the arguments of §5 we only used
the fact that the mappings f were uniformly contracting on the curva-
ture 2-form of a connection. This leads to the following notion:

DEFINITION 6.6. A smooth map f: X — Y between riemannian mani-
folds is said to be e-contracting on 2-forms or (g,A2)- contracting if

178l < lll
for all elements & € A>TX, or equivalently if

sup [|f*y| < & sup [y
X Y

for any differential 2-form i on Y.

The strength of this is that to be (¢,A%)-contracting the map needs only
to be contracting in (n — 1) of the directions at each point, where n =
dim(X). For example, the linear map L:R" —» R" with matrix

18 (e,A%)-contracting but not e-contracting.

All of the discussion of §5 remains valid if the hypothesis “e-contracting”
is replaced by “(e,A?)-contracting”. The real power of this observation
will be seen in the non-compact case.

DEFINITION 6.7. An orientable riemannian manifold X is called (g,A?%)-
hyperspherical if there exists an (s,A%)-contracting map f:X — S"(1)
which is constant at infinity and of non-zero 4-degree.
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The basic argument given above proves the following result.

Theorem 6.8 (Gromov-Lawson [3]). There is a constant ¢, > 0 so that any
spin n-manifold carrying a complete metric with x = 1, cannot be (g,,A*y
hyperspherical.

The number &, can be explicitly estimated for each n.
We now introduce a topological property of manifolds.

DEFINITION 6.9. A manifold X is called weakly enlargeable if for each
riemannian metric on X and each ¢ > 0, there exists an orientable covering
space of X which is (A2s)-hyperspherical in the lifted metric.

Any (compact) enlargeable manifold is weakly enlargeable. However,
there are many non-compact examples .

Proposition 6.10. If X is enlargeable, then X x R is weakly enlargeable.

Proof. Fix a metric g on X x R and consider the composition X x R —
R — S!(1) where the first map is projection and where the second map is
constant (= *) outside the interval (—1,1), and of degree 1. Call this com-
position u. Since X is compact, u is é-contracting for some 6 = 1.

Consider also the projection X x [—1,1] — X, and choose a metric
go on X so that this map is 1-contracting from the given metric g on
X x [—11]

Fix now an &> 0 and choose a riemannian covering (X,§,) of (X,go)
which admits an (¢/d)-contracting map f: X — $™(1) which is constant
(= ) at infinity and of non-zero A-degree. Extend the map f trivially to
X x R and note that for the lift § of the original metric g, this map is
(¢/6)-contracting over X x [—1,1].

Fix now a 1-contracting map o:S5™(1) x S(1) - $™*1(1) which is con-
stant on the set (S™(1) X {*}) U ({*'} x S1(1)). Then the composition

X xR L5 sm1y x $1(1) =2 S™H1(1) (6.11)

is (¢,A?)-contracting with respect to the metric 4, constant at infinity and
of the same A-degrec as f. W

We now have, for example, that any manifold of the form X" x R,
where X" is compact and carries non-positive curvature, is weakly
enlargeable. A basic case is that of T" x R.

The property of weak enlargeability is contagious.

Proposition 6.11. Let U be an open submanifold of X such that the map
7, U — 7, X is injective. If U is weakly enlargeable, so is X.
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Proof. This is an immediate consequence of the definition of weak en-
largeability. =

Corollary 6.12. Any manifold X which contains a (compact) enlargeable
hypersurface X, with m; X, — n, X injective is weakly enlargeable.

Proof. Let U be a tubular neighborhood of X, and apply 6.10, 6.11. =

As an example, let X = T" — A where A4 is any closed subset such that
AN T ! = for some linear hypertorus 7" ! = T".
This example gives substance to the following;

Theorem 6.13 (Gromov-Lawson [3]). 4 weakly enlargeable manifold can-
not carry a complete metric of positive scalar curvature.

REMARK. J. Kazdan [1] has proved a version of Theorem 5.7 for non-
compact complete manifolds. This strengthens Theorem 6.13 by adding
the statement: Any complete metric with k = 0 on a weakly enlargeable
manifold must be Ricci flat.

Proof. Note that if the scalar curvature were uniformly positive, the result
would follow easily from Theorem 6.8. To achieve the uniform positivity
of x we shall multiply by a large 2-sphere. The estimates then become
more delicate.

Let X be weakly enlargeable and suppose X carries a complete metric
g with k > 0. For any given ¢ > 0, we can find a covering X of X which
admits an (g,A%)-contracting map f: X — $™(1), constant at infinity and
of non-zero A-degree. In fact, we may assume this map to be (¢,A2)-
contracting with respect to the (not necessarily complete) metric g’ = kg.
Hence, the map f is pointwise &x(x) contracting on 2-forms with respect
to the (lift of the) metric g.

We now take the riemannian product X x $2(r) and consider the com-
position

% 1

X x S¥r) i» S™(1) x S} (1) —Z— §™*(1) (6.12)
F A

where ¢ is a fixed “smashing” map as above (cf. (6.11)). Call this composi-
tion F. We want to derive a pointwise estimate for the contraction of F on
2-forms. Since f has compact support on X, it is c-contracting on tangent
vectors for some ¢ > 0. The dilation map on $(#) is of course (1/r)-con-
tracting on tangent vectors and (1/r?)-contracting on 2-forms. We may
assume o to be essentially l-contracting. It follows that at any point
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(x.y), the map F is e(x)-contracting on 2-forms, where e(x) = max{ex(x),
¢/r, 1/r*}. The map F is supported in a compact set K. Set x, = inf{x(x):
(x,y) € K some y} >0, and choose r > 1 so that max{c/r, 1/r*} < ek,.
Then the map F will be ex(x)-contracting on 2-forms at every point (x,y).

We now proceed as before to pull back a fixed bundle with connection
from S™* (1), via the map F. The curvature term (6.7) will be of the form

1 2
4 1)+ o+ RE (6.13)

where E = F*(E,) is the induced bundle. There is a constant y depending
only on dimensions so that

IR < lIR|

pointwise on X x S2(r). However, since F is pointwise sk(x)-contracting
on 2-forms, we see that

[|RE]| < yer(x)]|R*|

pointwise, where |[RF?|| denotes the C®-norm over $”**(1). We may as-
sume that ¢ satisfies & < 4y||R9|,, since these constants are fixed at the
beginning. The curvature term (6.13) then satisfies the inequality

1 2 2

ZK(X)+;3+ERE_Z_72,
on all of X x $%(r). Hence, Proposition 6.4 applies to the twisted Atiyah-
Singer operator D7, and we conclude that index(P;) = 0. Of course,
index(fp*) = 0 for the standard Atiyah-Singer operator. We now apply
the Relative Index Theorem as before to complete the proof. To do this,
it is necessary that the bundle E, over $™*?*(1) have a non-trivial Chern
character, and therefore that m be even. If m is odd, however, we may
simply replace $*(r) in the construction above, with $3(r), and everything
goes through.

We now complete the argument. Let k = 2 or 3, so that m + k = 2N,

for some integer N. Then since ind(P7)=indP*) =0, Theorem 6.5
together with formula (6.10) implies that

0={chE KX x SH}[X x §"]
= {cx(E) - (X x SY}[X x S¥]
= {F*cy(Eo) - B(X x SH}[X x $¥]
= (A-deg)(F)cen(Eo)[S*M]
= (A-deg)(f)eMEo)[S*]

contrary to assumption. ®
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EXAMPLES. As a consequence of Theorem 6.13 we know that there is a
large collection of manifolds which cannot carry complete metrics with
k > 0. This includes X x R for any enlargeable manifold X. It also in-
cludes manifolds of the form T" — C where C is any closed subset which
misses some geodesic subtorus 7"~ ! of codimension one. (For example,
let C be finite.) One can also replace (T", 7"~ !) here by any compact pair
(X", X"~ ') where X" carries a metric of non-positive sectional curvature
in which X"~ ! is totally geodesic. The property of not admitting complete
metrics with k > 0 remains after taking products of these manifolds and
then taking connected sums with countable families of arbitrary spin man-
ifolds. It persists also after “boundary” connected sums with any open
spin manifold.

The “exclusion theorem” 5.6 of the last chapter has a nice generaliza-
tion to the open case.

Corollary 6.14. A manifold which carries a complete hyperbolic metric of
finite volume cannot carry a complete metric with positive scalar curvature.

Proof. A hyperbolic manifold X of finite volume has ends of the form
N x R where N has a finite covering by a nilmanifold and n,N — n, X
is injective. Since N x R is weakly enlargeable, so is X by Proposition
6.11, and Theorem 6.14 applies. =

By introducing one further trick we are able to “localize” the results
above. To do this we recall the notion of a warped product. Let X, and
X, be riemannian manifolds with metrics g, and g, respectively, and let
f:X, - R be a smooth function. The warped product of X, and X, with
warping function f is the cartesian product manifold X = X, x X, with
riemannian metric

g=g, +1%9, (6.14)

It is an elementary exercise to compute that for such a warped-product
metric, the scalar curvature is

K=K, + flz{xz —2nf V3 — n(n — 1)||Vf||2} (6.15)

where x; is the scalar curature of X; and n = dim(X,). If we let X, =
§"(1), the euclidean n-sphere of radius 1, then on X = X, x S"(1) we have

vif
7
By choosing f small and constant over a compact set, we can make k

positive there. On a compact manifold X, we can then slowly change f
to suit our purposes. This is the basic idea in proving the next result.

K=K + f(lf:—l) (1= llar)?) - 2n (6.16)
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Theorem 6.15 (Gromov-Lawson [3]). Let X be a non-compact, connected
spin n-manifold containing a compact, connected, orientable hypersurface
X, © X. Suppose that X, separates X into two components. Suppose fur-
ther that there is a map F:X — Y, onto an enlargeable (n — I)-manifold
which, when restricted to X ,, has non-zero degree. Then X carries no com-
plete metric with IRic] < constant and with x uniformly positive outside a
compact subset.

Proof. Suppose that X carries a complete metric with k = 2 outside a
compact set. Let X | and X _ denote the two connected components of
X — X,. Since X is non-compact, at least one of these components, say
X ,, is unbounded in the given metric. Define a function p: X —» R by
setting

- dist(x, X ) forxe X,
plx) = —dist(x, X,) forxe X _.

By the assumption on Ric there is a smoothing 5 of p with ||Vj|| < 2 and
with [V2p| < C for some constant C = 2. Fix a number p, so that x = 2
outside the compact set K = {x € :|j(x)| < p,}. Let ¢, be the number
given by Theorem 6.8, and choose R > 0 so that 1/R <,. Let k; =
inf{x(x): x € K}, and choose , 0 < r < 1, so that 1/r* > 1 + |k;,g. Choose
now a C* function ¢ : R - R so that

o) =r for |t| < po

d)=R for |t| > po + 2R/e

0 |¢] <o 0 6.17)
lo"| <

where ¢ is the constant
e=r/3C.

We take the warped product of X with S2(1) using the function fon X
given by

J(x) = $(p(x)).

By (6.16) the scalar curvature £ of this metric satisfies: £ 2 |k;,| + 2/r? > 1
over K x $2,and £ > 2 + 662C?r~2 > 1 over (X — K) x S%. Hence, £ > 1
on all of X x §2.

We shall now find a covering of X x §? which is (¢,,A2)-hyperspherical,
in contradiction to Theorem 6.8. To begin we fix a number b > p, + 2R/¢
and we consider the compact set Q = {xe X : b < (x) < b + 4n}. Fix a
metric on Y. Let 8 = sup{||F,||, : x € @} and choose a riemannian cover-
ing #:Y —» Y which admits an (g,/d)-contracting map ¢:Y — $" (1)
which is constant at infinity and of non-zero degree. Taking the fibre
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product of F and n gives a commutative diagram

F
e

>

Ell
——

”<‘—;—‘“<1

F
e

B

where 7 is a covering map and F is proper. Let =go F and let
h=popoi:X - S'(1) where p: R — S'(1) is the degree-1 map given
by collapsing everything outside the interval (b,b + 47n) to a point. (This
map is ()-contracting). Let G denote the composition

X 25 g1y x (1) —= §7(1)
G

where ¢ is a “smashing” map which collapses the axes S"~!(1) x {*} U
{*} x S'(1) to a point. The map G is a constant outside a compact set
contained in Q = 7~ (). Since h is 1-contracting and § is &,-contracting,
it follows that G is, at every point, /(1 + gZ)-contracting and &,-contracting
in the hyperplane ker(ﬁ*).

We now lift the warped metric to X x S? and let H denote the
composition

% x 828, 1y x $2(1) —Zs smr (1),
H

where ¢’ is again a “smashing” map. Since the warping function f =
f = # = constant = R on the support of G, and since 1/R < &,, we see that
H is again, like G, 1-contracting and “¢,-contracting in a hyperplane” at
each point. In particular, the map H is ¢,-contracting on 2-forms.

To complete the proof we must show that H is of non-zero degree.
The main point here is the following. Let ¢ be any regular value of § and
consider the compact manifold X, = 5~ (z). Clearly X, is homologous to
X, = 5~ 1(0), and so by the hypothesis on F, its restriction gives a map
F:X,— Y of non-zero degree. The rest is straightforward. Set X, =
#7 (X)) and note that the lift F is proper on X, and has the same
degree as F. Now the degree of § x h equals the degree of § restricted to
a regular level set of h, and deg(§) = deg(g)deg(F) # 0. Hence, deg(G) =
deg(H) #0. m

There are many interesting applications of Theorem 6.15. For exam-
ple, let X be an open n-manifold and X, = X a compact hypersurface.
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Suppose X, disconnects X and let & be an unbounded component of
X — X, with 06 = X, (see diagram below).

DEFINITION 6.16. We say that & is a bad end if there exists a map
F:6 - Y onto an enlargeable manifold Y so that F|y, is of non-zero
degree.

Theorem 6.17 (Gromov-Lawson [3]). Suppose X is a spin manifold with a
bad end &. Then there is no complete metric on X which has |Ric| bounded
and x uniformly positive on &.

Note. Actually, only the end & needs to be spin.

Proof. Let X be given a complete metric. Consider the double D(&) =
& Uy, € with a metric which agrees, outside a neighborhood of the “seam”
0& = X, with the given one. This manifold satisfies all the hypotheses of
Theorem 6.15, and therefore cannot have |Ric| bounded and x uniformly
positive outside the compact neighborhood of X. =

Theorem 6.18. 4 compact 3-manifold of K(mn, I)-type cannot carry a metric
with positive scalar curvature. In fact, no compact 3-manifold which can
be written as a connected sum with a K(rn, I}-manifold, can carry positive
scalur curvature.

Proof. Let X be a compact K(z, 1) 3-manifold. We may assume that X
is orientable and therefore spin. Choose an embedded curve y « X which
is not homotopic to zero, and consider the covering space X — X cor-
responding to the cyclic subgroup of m, X generated by [y]. There is a
lifting of y to an embedded curve § = X which generates 7, X. Note that
X isa K(n, X, 1)}-manifold. In particular, 7, X =~ Z and the 1nclu51on jeX
is a homotopy equivalence. (It is not possible that 7, X = Z,, since
H*™K(Z,.1), Z,) =~ Z,, for all k.)

Suppose now that X carries a metric g with k¥ > 0. Then g lifts to a
complete metric § on X of uniformly positive scalar curvature with [Ric|
bounded.
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Choose a tubular neighborhood U of §, and set & = X — U. We claim
that & is a bad end. To prove this, we first show that the inclusion 0§ & &
induces an isomorphism on H;. This is an easy consequence of the
Mayer-Vietoris sequence for X = U U & which gives

0=HyX)— H,0&6 — HEDH,U— HX —0.

(Recall that the inclusionsj « U = X are homotopy equivalences.) By
general theory the surjective homomorphism 7,8 - H ()=~ 7Z @ 7 is
represented by a continuous map F:& — S' x §' = K(Z ® Z,1). Re-
stricted to 8& = S* x S' this map induces an isomorphism on 7,, and
therefore has non-zero degree. Thus, & is a bad end, and the first state-
ment of Theorem 6.18 is proved.

For the second statement consider a compact oriented 3-manifold Z =
X # Y where X isas above. Lets: X # Y — X be a map given by collapsing
the Y-summand to a point * € X. Choose y « X — {} and pass to the
covering n: X — X with the lifted curve 5 = X as above. Taking the fibre
product of s and 7 gives a commutative diagram

X7y 4> X%

X4Y 5 X

where 7 is a covering map and § is proper. The map § simply consists of
collapsing a family of “ Y-summands” to the discrete family of points 7~ 1(x).
The neighborhood U of § can be chosen to lie in X — 7~ !(*) where § is a
diffeomorphism. Thus we can lift U back to X # Y and consider the end
&=X#Y— 5_‘((7). By restriction we have a proper degree-one map
§:& — & onto the end & constructed above so that §:0&" 3 0& is a
diffeomorphism. Composing with the map F:& — S' x S* above shows
that the end & is a bad one, and Theorem 6.17 applies as before. =

Recall that every compact orientable 3-manifold has a “prime decom-
position”

X=Z 4. 4 HE xS)F . HE" xSHFK 4. 4K,

where the manifolds X; have finite fundamental groups (in SO,) and where
each K ;isa K(n,1)-manifold (see Milnor [4] and Hempel [1]). The theorem
above says that if X carries positive scalar curvature, then there are no
K(m,I)-factors in the prime decomposition of X. There are alternative proofs
of this fact using minimal surfaces (see Gromov-Lawson [3], Schoen-Yau
[L]). If standard conjectures in the theory of 3-manifolds were true, this
result combined with Proposition 4.3 would settle the question of which
3-manifolds carry k > 0.
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Arguing as in the proof of Theorem 5.5, we see that a compact 3-mani-
fold X with x = 0, which does not carry x > 0, must be flat. There are
six such manifolds up to difftomorphism. (See Calabi [1].)

Results for non-compact 3-manifolds M can be obtained by these
methods. We say that M contains an incompressible surface if there is an
embedding £ < M of a compact surface of genus > 0, such that the
induced homomorphism 7,(X) — 7,(M) is injective. We say that M carries
a small circle if there is an embedding S! < M whose class is of infinite
order in H,(M;Z) and such that the class of the small normal circle is of
infinite order in H,(M — S!; Z). Thus, S! x R? carries a small circle, but
S! x 82 does not. From 6.12 and 6.13 we see that any 3-manifold which
carries an incompressible surface cannot carry a complete metric with k > 0
(a result due originally to Schoen and Yau [6]). Furthermore, any
3-manifold which carries a small circle cannot carry a complete metric with
k = 1. In particular, the manifold S* x R? carries no such metric (see
Gromov-Lawson [3]).

§7. The Topology of the Space of Positive Scalar Curvature Metrics

Fix a compact m-dimensional manifold X and let .#4{X) denote the space
of all riemannian metrics on X. Note that .#(X) is a convex cone in the
linear space I'(T*X ® T*X) and is therefore contractible. It is acted on
naturally by the group Diff(X) of diffeomorphisms of X.

We consider here the subspace 2(X) < #(X) of those metrics which
have positive scalar curvature. This subspace is stable under Diff(X), and
as we have seen, could possibly be empty. The first results on the topology
of 2(X) were due to Hitchin [ 1] who defined for spin manifolds X a homo-
morphism

h:m,_ (P(X)) — KO ™" ~"(pt) (7.1)

for each n = 1 as follows. Suppose « € 7, _ ,(2(X)) is represented by a map
f:8""1 - 2(X). Since #(X) is contractible, we can extend this to a map
f:D" — #(X) where $"~! = 6D". (This extension process realizes the
isomorphism 7,_ ,(2(X)) > n(#(X), #(X)).) Fix a spin structure on X
and associate to each metric f(y) the canonical C{,-linear Atiyah-Singer
operator ; for that metric. This gives a family of elliptic operators over
D" which at each point of 0D" are invertible (since the scalar curvature is
positive). The invertible operators form a contractible space, so we can
deform f to be constant on $" . Taking ind,, of the resulting family gives
an clement h(f)e KO ™(D", S" ') = KO~ ™(S") = KO~ ™ "(pt) which de-
pends only on the homotopy class of f.

Hitchin is able to show that his homomorphism (7.1) is often non-
trivial by the following means. Fix a metric y € #(X) without isometries
and consider the embedding i,: Diff(X) & 22(X) given by i(g9) = g*()
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Composing with hleads to a homomorphism n,_ ,(Diff( X)) - KO™""™(pt)
whose value on an element u € 7, _ (Diff(X)) is Jzi(Z,,) where Z, —» S" is
the fibre bundle with fibre X constructed by clutching together two copies
of D" x X along $" ' x X viau. Using deep results from topology, Hitchin
is able to construct sufficiently many non-trivial examples to prove the
following:

Theorem 7.1 (Hitchin [1]). Let X be a compact spin manifold of dimension
n with P(X) # J, then

7o(P(X)) # 0 ifn=0or1 (mod 8)
T, (P(X)) # 0 ifn=0or —1 (mod 8)

Note that these classes do not survive to the quotient 22(X)/Diff(X).

A slightly different approach to the study of the topology of 2(X) was
given in Gromov-Lawson [3]. The cleanest statements require the Rela-
tive Index Theorem 6.5. However, the basic idea is based on the following
elementary construction. Fix ye £2(X) and suppose Y is a compact
manifold with Y = X. We say that y extends to Y if there exists a metric
7€ 2(Y) which coincides with the product metric y + dt? on a collar
neighborhood U &~ X x (0,1] of the boundary. This extendability depends
only on the homotopy class of y in 2(X). To see this, consider a smooth
family of metrics y, € 22(X), t € R, which is constant for t < 0and for ¢ = 1.
It is easily checked that the metric y,, + dt> on X x R has k > 0for all suf-
ficiently large constants ¢. Adding the collar X x [0,c] (with this metric)
to Yshows that y, extends to Y if and only if y, does.

Proposition 7.2. Suppose that X is a spin manifold. Let {y,}zc 4 = P(X)
be a family of metrics, and suppose that there exists an associated family
{Y,}uca of compact spin manifolds with 0Y, = X such that y, extends over
Y, for each a € A. If

AY, Ux(=Y)) #0  forall o # B,
then y, is not homotopic to yg in P(X) for all a« # B.

Proof . If v, is homotopic to y,; in 22(X), then y, extends over both Y,
and Y;. The extended metrics fit together to give a metric of positive scalar
curvature on Y, U (—Yp), and therefore A(Y, U (= Y))=0. =

The “extension pairs” (y,,Y,) discussed above are not difficult to con-
struct. There are two good sources.

Lemma 7.3. Let n:V — X be a riemannian vector bundle of ( fibre) dimen-
sion k over a compact manifold X, and let D(V)= {ve V||| =1}. If
k > 2, then there exists a metric y€ P(OD(V)) which extends over D(V).
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Proof. Choose an O,-invariant metric y, on R* which has ¥ = 1 and is
isometric to the standard product metric on $*~! x [1,00) outside the
unit disk. Choose an orthogonal connection on Vand let 3# denote the
corresponding field of horizontal planes on V. Choose any metric y, on
X and lift this metric to # via n. Introduce the metric y, on the fibres
of V. Using the formulas of O’Neill [1], the sum y, + t?y, is seen to have
positive scalar curvature for all ¢ > 0 sufficiently small. =

More elaborate arguments prove the following in any manifold Y:

Theorem 7.4 (Carr [1]). The boundary of a regular neighborhood U of any
smoothly embedded finite subcomplex of codimension > 2 in Y, admits a
metric of positive scalar curvature which extends over U.

ExaMpLE 7.5. Let V — S*be a real vector bundle of dimension four with
Euler number y and Pontrjagin number p,. [t is elementary thatif y = + 1,
the manifold X, = éD(V) is a homotopy sphere. Milnor showed that
%, = §’, the standard 7-sphere, if and only if p? = 4 (mod 896). Let ¥,
be the bundle with y = 1 and p, = 4 + 896k. Calculations in Milnor [7]
show that

AWV,uD® =k foreach k.

From Lemma 7.3, for each k we can construct a metric y, on S’ which
extends over V,. By Proposition 7.2 these metrics are mutually non-
homotopic in 22(S7) and so we have that

7o(#2(S7)) is infinite.
Since 7o(Diff §7) is finite, we also have that
7o(#(S7)/Diff(87)) is infinite.

The analogous comments apply to each of the non-standard Milnor
spheres X,

ExaMPLE 7.6. Fix an integer n > 1 and let Y denote the compact 4n-
manifold with boundary constructed by plumbing together eight copies
of the tangent disk bundle of $?" according to the Dynkin diagram for Ej.
Let Y, denote the boundary connected sum of k-copies of Y. It is ele-
mentary to see that £ = JY is a homotopy sphere. By the finiteness of
the group of homotopy spheres, there is an integer m = m(n) such that
0Y,, =X # - #Z (km-times) = $*"~! for all k. Using Theorem 7.4, we
can construct for each k a metric y, € 22(S**~!) which extends over Y.
On the other hand, as shown in Carr [1],

AU (=Y ) #0  ifk#K. (7.2)
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Infact, since Y,,, U (— Y,.,)isa(2n — 1)-connected 4n-manifold, its A-genus
and its L-genus are both certain universal (non-zero) multiples of p,, the
nth Pontrjagin number. It suffices therefore to show that the signature #
0. Since sig(Y)=1, we see that sig(¥, U (— Ym) = (k — K)m. This
establishes (7.2) and from Proposition 7.2 we conclude that

mo(2(S* 1)) and no(2(S*"~1)/Diff(S**~')) are infinite

for all n > 1. From this we can deduce the following:

Theorem 7.7. Let X be any compact spin manifold of dimension4n — 1 27
with P(X) # . Then ny(P(X)) is infinite.

Proof. Let Z,, = (X x [0,1]) & Y,,, where & denotes boundary connected
sum. Note that 6Z, = X LI (X # §*"" ') ~ X LI X. Fix a metric y € 2(X)
and take connected sum with the metric y, constructed above on the
component “X # S*~1” (cf. 4.3). This metric extends over Z,. (Essen-
tially this extension is constructed by taking the connected sum of the
product metric on X x [0,1] with that on Y, and modifying it; see
Carr [1] for example.) Since Z, U (—Z,) = (X X S # (Yim Y (— Yerd)s
we have A(Z, U (—Z,)) = A(Y,, U (— Yim)) # 0 and 4.3 applies. m

The arguments given above can be nicely encapsuled by using the
Relative Index Theorem. Let X be a compact spin manifold of dimen-
sion 4n — 1. For each pair of metrics g,,g, € 2(X) we define a relative
index i(gq.¢,) € Z as follows. Introduce on X x R a metric g which equals
the product metric g, + dt? on X x (—o0,0] and g, + dt? on X x [1,00).
Set

(go.91) = ind(p ")

where P*:T($*) - I'(§7) is the Atiyah-Singer operator on X x R. By
Theorem 6.5 this index is independent of the choice of g in X x [0,1]. If
go is homotopic to g, in 2(X), then we can choose g to have x > 0 (as
above) and s0 i(gy.g;) = 0. Thus, i(gy.g,) measures components in 2(X).
It is shown in Gromov-Lawson [3] that

(go.91) + ig1:92) + i92,90) =0

for all g4,g,.9, € 2(X).

Suppose further that X = dY. Then given g € #(X) we introduce a
complete metric on Y — Y which is the product g + dt? on the boundary
collar Y x [0,00) = X x [0,00). Using the Atiyah-Singer operator for this
metric we define an invariant:

i(g,Y)=ind(D*)
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which by 6.5 is independent of the extension and which has the property
that
i(g,Y)=10 if g extends over Y.

By the Relative Index Theorem we have that
i(9,Y) = i(g.Y) = A(Y U (= Y)).

Using Browder-Novikov Theory and proceeding as above, one can
detect non-trivial elements in 7(4?(X)) for higher values of j.

§8. Clifford Multiplication and Kihler Manifolds

Until now we have paid little attention to complex manifolds. This is not
because the topic is irrelevant to spin geometry. In fact combining com-
plex and spin structures yields the richer study of Spin® manifolds, which
are discussed in Appendix D. In this chapter we restrict attention to the
fundamental case of Kahler manifolds.

If Clifford multiplication enters naturally into riemannian geometry and
leads to basic identities, then in Kéhlerian geometry it should enter in an
even more interesting way. This is indeed true. For Kédhler manifolds there
is a rich algebraic formalism which relates Clifford multiplication and the
complex structure. We shall sketch here the principal results. We refer the
reader to Michelsohn [1] for complete details.

Let X be a 2n-dimensional manifold equipped with an almost complex
structure, that is, equipped with a bundle automorphism J:TX —» TX
such that J?> = —1Id.

DerFINITION 9.1. A riemannian metric {-,- > on X is said to be Kéhlerian if
J is pointwise orthogonal, i.e., (JV,JW> =<V, W) for all V.W e T, X at
all points x, and if
vJ/=0
where V denotes the canonical riemannian connection.

Note. Tt is a basic fact that if X admits a Kidhler metric, then the al-
most complex structure is integrable, ie., it comes from a system of
holomorphically related coordinate charts on X.

Suppose now that X carries such a metric and let D:I(CE(X)) -
I'(CYX)) denote the associated Dirac operator on the complexified Clif-
ford bundle CE(X) = C¥TX) ®g C of X (considered as a real manifold).
The first interesting fact is that there is a natural decomposition

D=9+%

where 2 and 9 are first-order operators which are formal adjoints of one
another (2* = &) and satisfy

2* =0, 2? =0. (8.1)
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Similarly, the zero-order operator L defined in Chapter II can be expanded
into a pair of operators & and & which are formal adjoints of one
another and which canonically generate an sl,(C)-subalgebra. In partic-
ular, if we set # =[£,.Z], then the three endormorphisms of CE(X)
satisfy the identities

[(#, L] =22, [#,P]=-22 [LZL]=w (2
These operators are defined by setting

Do = Z &V Do = Z &V,
J J

Lo = —Zsj(pgj Po= —ZEj(psj
J J
where
g;=3(;—iJe) and g =73(e; + iJe)
for any local orthonormal frame field of the form e,,Je,, ... e, Je,. These
complex vector fields satisfy the “supersymmetry” relations
g€+ 68, =68 + 88 =0
The endomorphism J: TX — TX extends to CE(X) as a C-linear map
which is a derivation with respect to Clifford multiplication. If we set
F = —iJ, then the commuting endomorphisms # and # are each

diagonalizable with integral eigenvalues, and we can define the sub-
bundles

Ceri(X) = {p € CUX): #(9) = pp and H(¢) = 90}

The representation theory for sl,(C) is used to show that these bundles
are non-zero exactly for pairs (p,q)€ Z x Z with |p+ g/ < nand p + q =
n (mod 2). This gives us the bigraded “Clifford diamond” below.

q

pn
2, | \Z
R
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with “raising” and “lowering” operators:
£ . CerX) — Cerit2(X), Z:CtPYX) —> ClP172(X),
and with the differential operators 2 and £ acting diagonally
9 :T(CELPY — [(CErH1atty 2 :T(Cer9) — T(CeP~ 1471y,
The bigrading is nicely related to multiplication. One has that
(EEP,* . CEW’* — CEP-FP’;*
for all p,p’, and furthermore that
{CE""’ -Cer ={0} ifg—q #p+p,and
CEPa . Cpra=p+p — Cpp+pra—p
for all p,p',q,q'. These facts follow easily from the identities
Fo=wp—ow;  Ho=09+ 9w

where by definition 2iw = ) e;-Je; for any orthonormal tangent frame
{eyJey, . .. enJe,} as above.

We now examine the differential operators. It is easily seen that when
restricted to any diagonal line in the Clifford diamond, £ gives an elliptic
complex

L ety 2 reery L reerr ey -

DEeFINITION 8.2. The quotient #**X) =ker 2/Im @ is called the
Clifford cohomology of X,

The general Hodge Decomposition Theorem gives us the following. We
define a Z-laplacian A by

A=929 + 99,
and consider the associated harmonic spaces
H”Y(X) = (ker A) n T(CL>(X)).
Theorem 8.3. If X is compact, then #**(X) is finite dimensional and there

are natural isomorphisms
H7UX) = HP(X)

for all p,q.

REMARK 84. If W is a holomorphic vector bundle over X, then the
algebraic formalism above carries over easily to C&(X) ®, W and leads to
Clifford cohomology groups #74(X;W) with coefficients in W. If X is
compact, Hodge Theory applies to give finite dimensional harmonic spaces
H”YX;W) isomorphic to # %X ;W) for each p,g.
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We assume from this point forward that X is compact. Our main point
now is that the Clifford formalism of Chapter I leads easily to interesting
structure in Clifford cohomology. The simplest operation is that of com-
plex conjugation c¢:CE¢(X) — CEX). One easily checks that co £ oc =
— # and thatc o # o ¢ = — . This leads to the following “Serre Duality”
Theorem:

Theorem 8.5 (Michelsohn [1]). Complex conjugation in CL(X) induces iso-
morphisms

HPYX) = 7 YX)
for all p,q. More generally, there are isomorphisms
HPUX; WYy = A7 7YX, W*)
for any holomorphic vector bundle W over X.

Let %:CE(X) —» CE(X) denote the C-linear antiautomorphism given
by the transpose. Recall that for generators v,,...,v,e T, X, we have
*(vy o) =0, vy

Theorem 8.6 (Michelsohn [1]). The transpose antiautomorphism induces
isomorphisms
* :HP4(X) — HP ~9(X)
for all pg.
Clifford multiplication leads to the following interesting duality. Let (-,")

denote the usual L2-inner product on sections.

Theorem 8.7 (Michelsohn [1]). The C-bilinear pairing B defined on
H”9(X) x HP~9X) by
Bloy) = (¢ - ¢,1)

is non-degenerate.

In all of the above we have considered C£(X) as a left module over itself.
Considering C£(X) as a right module produces a different Dirac operator
D" (as in I1.5) and a corresponding decomposition D~ = 2~ + 2~ These
are related to 2 and £ by the antiautomorphism %*:

D =%koD ok and D" =%oD ok

This leads to cohomology groups #**(X;W)~, and there are iso-
morphisms

HPUXW) = AP (X W)
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for any holomorphic vector bundle W. The operators 2 and & enter
naturally when considering the sl,(C)-structures

Proposition 8.8. Let W be a holomorphic vector bundle over X. Then the
following relations hold on CL{X) ® W:

DL+ LD =0 L +LPZ =0
DL+ PD=D GEL+LD=F
[#.9] = D [#.5] = G
[2#,A] = 4A

Theorem 8.9 (Michelsohn [1]). The cohomology groups > X;W) admit
an intrinsic filtration

{0} FricFpic...c HAPYX;W)
where
Fpi={[p] e HPYX;W): Lo = 0}.

Furthermore, the representation of the Lie algebra (A, L, preserves the
subspaces

JPX;W) = ker(A) M ker(A™) A TCEPA(X; W) = HP(X; W) ~ HP(X, W)

In the basic case when W is trivial it is shown that A = A™, and so we
have the following:

Theorem 8.10. The Lie algebra (H, L. acting on TCL(X) preserves the
subspace ker(A) = H**(X). Hence, there is a canonical s1,(C)-structure on
the Clifford cohomology of X.

The induced operators on cohomology are of the form
”Inp,q(x) =1
L H(X) — HPY2(X) L IHPYX) — HPT (X)),
DerINITION 8.11. A class ¢ e H»¥(X) is called primitive if Lo = 0.

Theorem 8.12 (Michelsohn [1]). For all ¢ >0 and all p, the ¢™ power
LUHPYX) > HP 7Y X) is an isomorphism. Every ¢ € H”%X) can be writ-
ten uniquely as
=3 Lo
k=0

where @, € HP* 2K X} is primitive.
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One might imagine that there is a direct relationship between Clifford
cohomology and the standard Dolbeault cohomology of X. This is indeed
true. There is an explicit element in the Hodge automorphism group
which relates the two. This is computed in Michelsohn [1]. It shows in
particular that

BT UOGW) = Hy(XGW) = BOGR(W)),

and so the Clifford cohomology is independent of the Kahler metric
chosen on X. The role played by Clifford multiplication in H*-*(X) does
however depend on the metric.

§9. Pure Spinors, Complex Structures, and Twistors

Thus far we have said relatively little about the role of spinors in local
riemannian geometry although there remains much to be discovered in
this area. There are, however, several places where spinors enter naturally.
For example there is a notion due to E. Cartan of spinors of “pure”
type which are related to almost complex structures. These spinors are
also related to the calibrations introduced in Harvey-Lawson [3]. The
interesting fact is that the simplest spinors give rise, under “squaring,”
to the most complicated differential forms.

Whenever there is a parallel spinor on a manifold, there is a reduc-
tion of the holonomy group. Via Bochner’s method, spinors play a central
role in constructing and understanding manifolds with reduced holonomy.
This is particularly true of the exceptional cases of G, and Spin,
holonomy,

This section and the next one are devoted to a discussion of the topics
just mentioned. We begin with the notion of a pure spinor. Fix R” with its
standard inner product {-,-> and extend this metric C-linearly to C" =
R" ®g C. Let CL, = C, ®g C be the associated Clifford algebra, and let
$c be a fundamental Cf,-module, i.e., an irreducible complex spinor space.
For each spinor ¢ € $, we consider the C-linear map

J,:C"— 8¢ given by j,(v)=v - 0. (9.1)

Generically, this map is injective. However, there are interesting spinors
for which dim(ker j,} > 0, and it is these that we shall now examine. We
begin with the following definition.

DerINITION 9.1. A complex subspace V < C” is said to be isotropic
(with respect to the bilinear form (-,->) if {o,w) =0 for all v,w € V.

We define a hermitian inner product (:,-) on C" by setting (v,w) =
(v,w). Clearly, if ¥ = C" is an isotropic subspace, then ¥ L V in this
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hermitian inner product. In particular, theretore, we have

2dimeV < n. (9.2)

Lemma 9.2. For any non-zero spinor o, the subspace ker j, is isotropic.
Proof. f v-o=wo=0,then (v w+w)-06=—-2{(wrec=0 N

DEFINITION 9.3. A spinor ¢ is pure if ker j, is a maximal isotropic sub-
space, i.e., if dim(ker j ) = [n/2].

Denote by P$ the subset of pure spinors in §, and denote by .#,, the set
of maximal isotropic subspaces of C". Both P§ and .#,, are naturally acted
upon by the group Pin,, and the assignment o — kerj, gives a Pin,
equivariant map

K:P§ —> #,. 9.3)

To see that K is equivariant note that for v e C* and ¢ € S, we have
gv)'g-o=g-vg 'gro=g-v-o for al gePin,=CE’. Hence,
ker j,, = g(ker j,) as claimed.

REMARK 9.4. Note that in fact we can define a Pin,-invariant “filtra-
tion” of the spinor spaces

$o< 8, C$2C"'C$[n/2]=$® 54

where $, = {0 : dim(ker j,) = [n/2] — k} for each k. The subset P§ = §, —
{0} consists exactly of the pure spinors. The subsets §, are not linear
subspaces. As we shall see, there are orthonormal bases of §- which con-
sist entirely of pure spinors.

At this point our discussion divides as usual into the two cases, n even
and n odd. We shall discuss in detail only the even case. (The reader can
easily carry over the arguments and constructions to the odd case.) From
this point on we shall assume that n = 2m is an even integer, and further-
more that R?™ is oriented.

DEFINITION 9.5. An orthogonal almost complex structure on R?™ is an
orthogonal transformation J:R?™ — R2™ which satisfies J2 = —1Id. For
any such J, an associated unitary basis of R*™ is an ordered orthonormal
basis of the form {e ,Je,, ... e,.Je,}. Any two unitary bases for a given
J determine the same orientation. This is called the canonical orientation
associated to J.

Let €, denote the set of all orthogonal almost complex structures on
R2™, 1t is easily seen that €, is a homogeneous space for the group O,,,.
It falls into two connected components €,; and €,, where €, ~ SO,,,/U,
consists of those almost complex structures whose canonical orientation
is positive (i.e., agrees with the given one on R?™).
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Associated to any J € 6,, there is a decomposition
C"=v(U)y@®V(J),  where
V()= {veC®: Jv= —iv} = {v + iJvg: v, € R*™}. 9.5)

For any v,e R®™ we have that {vy + iJvg, g + iJvg) = (g, Vo> —
{Jvg, Jvg)y + 2ivg, Jvgy = 0, and so the space V(J) is isotropic. Con-
versely, given any m-dimensional isotropic subspace ¥V < C2™, there is a
unique J € €, so that V = V(J). To see this note that if one writes C?™ =
R? @ iR?™ then V(J)is just the graph of J. Hence, there is an O,,,-equi-
variant bijection

2> Fom 9.6)

which associates to J the isotropic subspace V(J). Let .#5,, denote the
component corresponding to €.

Recall now that with respect to the complex volume element w¢ =
i"e " - e,, we have a decomposition $; = $§¢ @ 8¢ into +1 and —1
eigenspaces respectively.

Lemma 9.6. If o € $ is pure, then either c € §¢ or g€ $.

Proof. Let v; = (l/ﬁ)(ej +if), 1 £j <m, be a hermitian orthonormal
basis of ¥ = ker j,. Since v; L v; for i # jand v; L v, for all i,j, we see that
€y, f15 - - - ,em [y is an orthonormal basis of R*™ Note that (e; + if})o = 0
=ie;fio = ¢ for each j Hence, i"e,f, ‘- e,f,0 = tweo =0, and
ce$¢ or o e $; asclaimed. m

This lemma gives a decomposition P§ = P§* LI P§~ of the pure spinor
space into positive and negative types. Let P(P§*) denote the projectiviza-
tion of the positive pure spinor space, i.e., P(P$§*) = P§*/~ where we say
that ¢ ~ ¢’ if ¢ = to¢’ for some t € C. Each of the spaces P(P§*), € and
£ %, are acted upon by Spin,,,, in fact by SO,,,..

Proposition 9.7. The maps o — K(o) and Jv+> V(J) induce SO,,-equi-
variant diffeomorphisms

P(P$*) = I3, —— €% and  P(P§7)—> I3, —> b5

Proof. The second line follows immediately from the first by a change of
orientation. The map V has already been shown to be an equivariant
bijection between homogeneous spaces, and is therefore a diffeomor-
phism. It remains only to show that the equivariant map K is a bijection.
We construct K ™! asfollows. Fix ¥ € .#3_ and let J € €, be the associated
complex structure. Choose a unitary basis {e;,Je,, ... e,.Je,} of R*"
and set
&;=13(e; — iJe) g =13(e; + iJe)
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as in §8. Define
w; = —&E; and ;= —EE; 9.7
and note that by (8.3):
All of the elements w;, @ for 1 < j,k < n, commute in CE,,,. (9.8)

Furthermore, by (8.3) these elements satisfy the identities

wl=w;, and @} = (9.10)
w;m; = ow; =0 (9.11)
ejw; = QL; (9.12)

(oY) = €0, EY) = (o) for all o,y € 8¢ (©.13)

for each j, where (v,w} denotes any Spin,,-invariant hermitian inner
product in $.

These identities easily imply the following. Fix any j and let W be a
linear subspace invariant under multiplication by e; and Je;. Then there
is a hermitian orthogonal direct sum decomposition

W= W0 W;
where

W, =o;" W = ker(y;

w) and  W,=ow; W =ker(y,

w)

and where u; : W — W is defined by p, (w) = ¢;-w. By (9.12) we see that
tt; maps W; to W’ isomorphically and so

dim W; = dim W’

We first apply this process with W = $ and j = 1 to obtain a decom-
position §. = §; @ $; where §; = ker p;, isinvariant under e,,Je,, . . . ,e,,
Je,,. We next set W =8, and j =2 to obtain a decomposition §, =
$,® §, where $, = ker(u;,) N ker(y;,) and dime$, = 2" 72, Proceeding
inductively we eventually construct

$n=ker(u;) N ... nker(y; )  withdimg§, = 1. (9.19)

The complex volume form we = i"e,Je, - - - e, Je,, has the value +1 on
§. because: ;6 = 0 = —ieJe;0 = g. Therefore, §,, < §¢

We clearly have that V(J) = ker j, for ¢ € §,,. Hence, §,, is independent
of the choice of unitary basis and the map V — [§,] gives the desired
map K™!. m
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Globalizing this result to manifolds gives the following:

Proposition 9.8. Let X be an oriented riemannian manifold of dimension 2m.
Then the orthogonal almost complex structures on X, whose canonical
orientation is positive, are in natural one-to-one correspondence with cross-
sections of the projectivized bundle P(P3™) of positive pure spinors on X.
In particular, X is Kahler if and only if there is a parallel cross section of
P(PS™).

Note. P(P$*) is an SO,,-bundle and is globally defined whether or not
X is a spin manifold.

DrerFINITION 9.9. The bundle ©(X) = P(P§ ™) is called the twistor space of
X.

The total space of 7(X) carries a canonical almost complex structure
defined as follows. Note to begin that the fibres of the projection n: 7(X) —
X are naturally homogeneous complex manifolds (= SO,,,/U,,). The rie-
mannian connection of X determines a field of horizontal planes 5 for
7, that is, it determines a canonical decomposition

THX) =7 @ H

where ¥ is the field of tangent planes to the fibres. As noted, ¥~ has an
almost complex structure integrable on the fibres. The bundle # has a
“tautological” almost complex structure defined, via the identification
n.: ;= T, X, to be the structure J itself. (Here we consider 7(X) as the
bundle of positively oriented almost complex structures on the tangent
spaces of X.)

In spinor terms the almost complex structure on 7(X) can be written
as follows. Note that # = n*TX and so $I(#)=n*$(X). Now
whenever, a vector bundle is pulled over its own projectivization, a line
bundle splits off tautologically. Let 4, denote the tautological line bundle
in 7*$&(X) and let A, denote the line bundle in §(¥") corresponding to
the complex structure on the fibres. Then the line bundle A = 1, ® 1,
SV ® L) < (v @ ) = §L(r(X)) gives the projective pure
spinor field defining the almost complex structure on (X).

We now consider the question of integrability. Let J be an almost com-
plex structure defined over an oriented riemannian 2m-manifold X, and let
V< TX ® C be the associated field of totally isotropic m-planes. The
structure J is said to be integrable if it comes from an honest complex
structure on X, i.e, if there is a holomorphically related system of local
complex coordinate charts so that in each coordinate system z,, ... ,z,,
the field V is given by V = span¢ {0/0%,, . ..,0/0z,}.
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The fundamental theorem of Newlander and Nirenberg states that J is
integrable if and only if

1 T(V) (9.15)

i.e., if and only if for any pair of complex vector fields v,w with values
in V, the Lie bracket [v,w] again has values in V.

Suppose now that ¢ is a (locally defined) pure spinor field whose pro-
jective class defines J. Then since V = ker j, we see that locally

IV)={vrel(TX ® C):v-0 =0}

Proposition 9.10. The almost complex structure defined by a pure spinor
field o is integrable if and only if ¢ satisfies the equation

v'V,0-wVeo=0. (9.16)
for all v,w € T(V) where V = ker j,.

Proof. Fix v,we (V) and differentiate the condition w-o =0 with
respect to v. This gives the equation

0=V, (w-0)=(V,w) 0+ w Ve
Interchanging v and w and then subtracting shows that
0=(Vw—Vw)-o+w-Veo—v-V,.

Since V,w—V,p=[vw], we conclude that » Vo=wVoe
[btw]o=0<[ow]el(V) m

Note that the equations (9.16) depend only on the projective class of
g, since for any smooth function f, we have (v-V,— w-V,)(fo)=
flv-V, — w-V,)o. The equations (9.16) also depend only on the conformal
class of the underlying riemannian metric.

Proposition 9.10 has an interesting reformulation in terms of the twistor
space 7(X). As mentioned above, 7(X) carries a canonical almost complex
structure. Now a C'-map between almost complex manifolds f: (X,J ) -
(Y,Jy) will be called holomorphic if its differential /', is everywhere J-linear,

e, if £, 0Ty =Jyo [y

Theorem 9.11. (Michelsohn [3]) Let X be an oriented (even-dimensional)
riemannian manifold with an almost complex structure determined by a pro-
Jective spinor field s € T'(1(X)). Then this almost complex structure is inte-
grable if and only if s is holomorphic.

Note. More succinctly one could say that cross-sections of ©(X) induce
almost complex structures, and holomorphic cross-sections induce integrable
ones. However, the condition that a cross-section s be holomorphic is not

e
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linear since the complex structure on X depends itself on s. It is rather
of the form: &s = 0, where & denotes the Cauchy-Riemann operator
associated to s. In this form the equation is reminiscent of many basic
equations in geometry, such as the minimal surface equation Af =0,
the Yang-Mills equation AYRY = 0 (cf, Lawson [1],[2]), and the condition
for balanced metrics (d*)°w = 0 (cf. Michelsohn [2]).

Proof of Theorem 9.11. 1t suffices to work locally, so we may choose a
positive spinor field ¢ € I'(P§*) with [6] = s. Let V = ker j, be the field
of (0,1)-subspaces as above. The condition that s = [¢] be holomorphic is
equivalent to the condition that

Vo =40 for all v e (V) 9.17)

where 4, is a function depending on v and where V is the riemannian
connection on P§*. We must show that conditions (9.16) and (9.17) are
equivalent. Let {z;,...,t,} be a local hermitian frame field for ¥V, and
recall from (9.14) that the complex line field s is given by s = n; ker(y;).
Now equation (9.16) and the fact that &} = 0 show that —gV, 0 =
£ V5,0 =8&V;0 =0 for all ij Therefore we have §gV;0e
N ker(y;) = s = §7, and since £;V; 0 € §~, we conclude that

§V;,0=0 forallj. (9.18)

Condition (9.16) says that the C®(X)-bilinear form on I'(V) given by
P(v,w) = wV o is symmetric. Hence, (9.18) = f = 0, and we conclude that
V.0 € ﬂ ker(y;) = [a] for all v € I'(V). Therefore, (9.16) = (9.18) = (9.17).
On the other hand if (9.17) holds, then wV,¢ = 0 for all v,w € I'(V) and so
(9.16) holds. m

REMARK. Theorem 9.11 could be modified by changing the almost com-
plex structure on ©(X) to be the one induced by s itself, i.e., by lifting
J uniformly to all horizontal spaces above each point (instead of twisting
along the fibre). At the point s € 7(X) these two complex structures agree.

In low dimensions these constructions are particularly interesting for
the following reason:

REMARK 9.12. In dimensions 2m < 6 every non-zero positive (or negative)
spinor is pure, ie., P§* = §& — {0}. This is simply because the group
Spin,,, acts transitively on the unit sphere in §& in these dimensions.
(Transitivity also holds for 2m = 8 if one restricts to the real spinors §*,
but it does not hold for the complex ones.) As a consequence we have
the following fact:

Proposition 9.13. On an oriented manifold of dimension four or six, every
nowhere-vanishing spinor field uniquely determines an almost complex struc-
ture (via (9.3)).
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Let X be an oriented riemannian 4-manifold. A 2-form ¢ on X is said
to be self-dual (of anti-self-dual) if x¢ = ¢ (x¢ = — ¢ respectively). Since
the Hodge *-operator satisfies (x)? = 1, there is an orthogonal decom-
position

A X)=A, DA_

where A, = {p e A*(X): ¢ = +¢}. Now the twistor space ©(X)=
P(P$*) = P($¢) can be identified with the bundle of unit self-dual 2-forms
by associating to a complex structure J its Kdhler form w; e A, (given
by ﬁw,(U,W) = {JU,W)). It is a 2-sphere bundle over X with a canon-
ical almost complex structure.

The following theorem has played an important role in understanding
the structure of the self-dual Yang-Mills equations over riemannian 4-
manifolds. The seminal ideas for these applications were due to R. Penrose
and R. Ward (see Ward and Wells [1]). A riemannian 4-manifold is called
self-dual if its Weyl conformal tensor W is self-dual, i.e., if *W = Wwhere
W is considered as a 2-form with values in Hom(TX,TX).

Theorem 9.14 (Atiyah-Hitchin-Singer [1]). The canonical almost complex
structure on the twistor space of a riemannian 4-manifold X is integrable
if and only if X is self-dual.

We refer the reader to the original paper for details. The arguments in-
volve the so-called “twistor equation” which is roughly the complement
of the Dirac equation.

One class of manifolds whose twistor space always has an integrable
complex structure is the set of manifolds of constant sectional curvature.
For the case of the sphere S*™, one has ©(S?™) = £+ 1 = SO+ 1/Usm
> SO0,m+2/Uns+,. The map n:.#,,,, — S associates to an isotropic
m-plane V < C?"*! the unit vector ee R¥™*! such that C?"*!=
V@V @ Ce. (This determines e up to sign. Since R¥™*!'=
Re{V @ V} @ Re, this sign is determined by fixing an orientation on
R?™*1) In two beautiful papers, E. Calabi [2], [3] used t(S*™) to classify
the harmonic maps from S? to S”. He first showed that a harmonic map
@:5% - S" must lie in a geodesic subsphere of even dimension. He then
showed that any harmonic map ¢:S* — $?™ lifts to a holomorphic map
®:5% - .4, ., which is horizontal for the projection =.

We now return to the question of almost complex structures. Suppose
that o e I'(8Z) is a field of pure spinors over a 2m-manifold X. Then as
we have seen, the projective class [¢] € T(P(P$2)) determines an almost
complex structure on X. However, the field itself carries more information.
It determines a trivialization of the canonical bundle AZV associated to
the structure. To see this we need the following lemma. Let § be the ir-
reducible complex representation for Ct,,,. For any o € § we define the
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isotropy group of ¢ by
G, = {g € Spin,,, : g6 = o}.

Lemma 9.15. For any pure spinor ¢ € P$*, one has that
G,=SU,

where SU,, = Spin,,, is conjugate to the lifting of the standard embedding
SU,, = SO,,,.

Proof. Set V = ker j, = C*™ as above, and note that if go = g, then
Gg(V)=V, where by definition §v)=g-v-g~' =Ad, (). Now V=
{x + iJx: x e R*™} where J is the complex structure determined by ¢. The
action of Spin,,, on C2™ = R?™ @ iR2™ given by Ad, preserves real and
imaginary parts. Therefore, if g € G,, then g(x + iJx) = g(x) + ig{Jx)e V
for all x, and so

g(Jx) = J(g(x))  for all x e R?™.

Hence, the image of G, under the covering map Ad:Spin,,, - SO,,, is
contained in the subgroup U,, = {y € SO,,, : yJ = Jy}.

We now show that Ad(G,) € SU,,. Given g € G,, there exists a unitary
basis {e;Jey,. .. enJe,} for R*™ which “diagonalizes” g, i.e., so that
gle, + iJe,) = e'*%(e, + iJe,) for real numbers 0 < 6, <nmand 1 £k < m.
This means that

g = ][] (cos 6, — sin b,e Je,).
k
Now, (e, + iJe)o =0 = e,0 = —iJe,o = e Je,g = —ic for each k.
Hence,
go = *[] (cos 0, + isin )0 = +e'*%.
k

Since go = o, we have 2 6, = 0(mod 27) and so dety(j) = e'?*% =1
as claimed.

The above argument shows that for any g e Ad~!(SU,,) we have that
go = +o. Since SU,, is simply-connected, Ad ~'(SU,,) has two connected
components. The identity component fixes o, the other component con-
tains —1 and hence cannot fix 6. =

Alternatively we could consider the Lie algebra
8, = {@ € A’R*": 9o = 0}

of G,. For any ¢ € g,, there is a unitary basis of R*" so that ¢ =
Y. AeJe,. Since e Je,o = —io, we have that

po=—i)y Lo

and so Y 4, = 0. This condition characterizes su,, in u,,.
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It is incidentally not true that: G, = SU,, = ¢ is pure. For example, in
dimension eight we could take ¢ = g, + g, where 6, and ¢, are pure
and determine almost complex structures J, and —J, respectively.

For any 2m-dimensional spin manifold X, Lemma 9.15 implies

Proposition 9.16. Each globally defined pure spinor field ¢ on X determines
a unique reduction of the structure group of X to SU,,.

Proposition 9.17. X admits a pure spinor field which is parallel if and only
if X is Kahler and Ricci flat.

Proof. 1If ¢ is parallel, then the holonomy group of X is contained in
Ad(G,) = SU,,. This means that the almost complex structure is parallel
and the canonical bundle is flat.

Conversely, if X is Kihler and Ricci-flat, then §. = A%(X) and both A2
and A7 provide parallel pure spinors. m

Corollary 9.18. Suppose dim(X) = 4 or 6. Then X admits a non-zero paral-
lel spinor field if and only if X is Kahler and Ricci-flat.

Proof. If ¢ € T($) is parallel, then each component ¢* € T'($Z) is parallel,
and as noted in 9.12 each component is pure. W

Using 11.8.10, we now conclude the following;
Theorem 9.19. Let X be a compact spin 4-manifold with A(X) # 0. Then
any riemannian metric on X with scalar curvature x = 0 is Kdhler and Ricci-
flat. In fact, any such metric admits a parallel quaternion structure, ie.,
parallel orthogonal complex structures I and J with IJ = —JI.

Proof. 1f k = 0, then by 11.8.8 and I1.8.10 and the Index Theorem, we see
that X carries a parallel spinor field o. Each component ¢* and o7 is
also parallel. Assume that ¢* # 0. Since §¢ is an H-line bundle (and the
H-structure is preserved by the connection), we see that ¢*, io ™, jo* and
ko* give a complete parallelization of 8¢, that is, if one positive spinor
is parallel, then all positive spinors are parallel. We conclude that X car-
ries a family = P($;) = §2 of parallel complex structures, each of which
makes X into a Kéhler manifold. m

It should be pointed out that by Yau’s solution of the Calabi Conjec-
ture [2], [3], we know that Ricci-flat Kédhler manifolds exist in all
dimensions.

REMARK 9.20. A theorem similar to 9.19 was asserted in Hitchin [1]
for all dimensions. It was based on an incorrect calculation that G, =
SU,, for all ¢. Indeed, one finds counterexamples already in dimension
eight. This will be discussed in the next section.
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We conclude this section with a remark about what happens in odd
dimensions. Let $¢ be one of the two irreducible complex spinor spaces
for C£,,,,; and let ¢ € § be a pure spinor. The totally isotropic subspace
V = ker j, = C*™*! has dimension m and we get a hermitian orthogonal
decomposition

C"* =V V@ Ce
where e e R*™* !, This gives an orthogonal decomposition
R2m+1 — VR @ lRe

where Ve ® C=V @ V (i.e, Vi has a complex structure). Assuming
|le]] = 1, we see that e e V% is determined up to sign. A choice for e cor-
responds to a choice of orientation on R2™*!, In summary then, each pure
spinor ¢ € 8¢ determines a pair (e,J) where e € R*"*! is a unit vector and
J is an orthogonal almost complex structure on e*. A global pure spinor
field o on a spin (2m + 1)-manifold X determines, as above, a reduction
of the structure group to SU,,. If Vo = 0, then X splits locally as a rieman-
nian product X = X, x R where X, is Kahler and Ricci-flat.

In dimensions three and five every non-zero spinor is pure.

§10. Reduced Holonomy and Calibrations

The holonomy group of a connected complete riemannian n-manifold X
is defined as follows. Fix a point x € X and to each piecewise smooth loop
y based at x, let h,: T,.X — T,X be the orthogonal transformation given
by parallel translation around y. These transformations form a subgroup
H, < O(T X) = O, whose conjugacy class as a subgroup of O,, is inde-
pendent of the choice of base point x. This conjugacy class #(X) is called
the holonomy group of X. Its identity component #(X)° is called the local
holonomy group of X (see Kobayashi-Nomizu [1].) If X = Y* x Z"~*
is a riemannian product, then one easily sees that #(X) = #(Y) x
H(Z) =0, x O,_, = O,,and if z,(X) = 0, then by a theorem of de Rham
the converse is true. It is therefore sensible to consider manifolds which are
irreducible. This means the universal covering is not a riemannian product.
In 1955 Marcel Berger [1] classified the possible holonomy groups for
irreducible riemannian manifolds. There has been subsequent work refin-
ing Berger’s list (see Bryant [1], [2] for a brief history). We now know
that if X is irreducible and not locally symmetric, then 3#(X)° must be
one of the following:

SO, (the generic case)
U,, (n=2m; Kahler) Sp, - Sp,, (n = 4m; Quaternionic Kihler)
SU,, (Kihler and Ric = 0) Sp,, (Quaternionic Kdhler and Ric = 0
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or must be one of the two exceptional cases:
G,(n=17) Spin, (n = 8§)

where by definition Sp,-Sp,, = Sp, x Sp,,/Z, and Z, is generated by
(—1,—1). Metrics of each of the above types are known to exist.
We have already seen that:

H(X) c U,, <= there exists a parallel projective pure spinor field on X
H(X) = SU,, < there exists a parallel pure spinor field on X.

In this and the next section we shall show that parallel spinors are also
related to the existence of Sp,,, G,, and Spin, holonomy metrics. These
results are due to the authors and Reese Harvey (see Michelsohn [3]).
The fundamental elementary point is the following:

Proposition 10.1. Let X be an n-dimensional (riemannian) spin manifold on
which there exists a globally parallel spinor field 6. Then at any point x
the holonomy group satisfies

H, <G, (10.1)
where G, = {g € Spin(T.X) : go, = 6,}. In other words,
H(X)< G,

where G, denotes the conjugacy class of G,_ in Spin, (which is defined
independently of x because o is parallel).

Conversely, if (10.1) is satisfied for a spinor o, at some point x, then o,
extends to a globally parallel field ¢ on X.

Proof. If Vo =0, then the holonomy transformation h, e Spin(T,X)
generated by parallel translation around any loop y must preserve ¢. Hence,
H,. < G, . Conversely, if #, < G,_, then parallel translating ¢, from x
to y is path-independent and defines a globally parallel field. m

We know that on any spin manifold with 4 # 0, any metric with zero
scalar curvature has parallel spinor fields. Therefore in light of Proposition
10.1, it would be interesting to understand the structure of the isotropy
groups G, < Spin,. For n < 6 we have already seen in §9 that G, = SUj,z,
so the first interesting case occurs when n = 7. Recall that the irreducible
real representation § of Spin, has dimension 8. Furthermore, Spin, acts
transitively on the unit sphere giving a diffeomorphism S7 = Spin,/G, (see
1.8.2 forward). Hence, all non-zero spinors are essentially equivalent, and
we have the following:

Proposition 10.2. Let $ be the irreducible real spinor space for Spin,. Then
for any non-zero ¢ € $,
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Corollary 10.3. A 7-dimensional spin manifold has holonomy = G, if and
only if it carries a non-trivial parallel spinor field.

The group Sping has three irreducible 8-dimensional real representations
A*:Sping —> SO(3%)
A~ :Sping —> SO($7)

related by the triality automorphism (see 1.8). Each is transitive on the
unit sphere and therefore determines a unique conjugacy class of sub-
group. That is, in each representation the isotropy subgroups of any two
non-zero elements are conjugate.

Ad:Spin, —> SO(R?)

Proposition 10.4. There are three distinct conjugacy classes of subgroups

SpinZ
Spin, < Sping 2 ) ’
> Spin;

defined as the isotropy groups Spin, = G,, Spin¥ = G,. for non-zero
elements v e R® and 6* € §*. These three conjugacy classes are cyclically
permuted by the triality outer automorphism of Sping. Furthermore, the
conjugacy classes Spint are conjugate in the enlarged group Ping. In
fact,

Spins = e Spin; - e ! (10.2)

for any e € S7 = Ping (where S7 = R® = Cl; are the standard embeddings).
The covering homomorphism Ad:Sping — SOy gives embeddings

Ad:Spin¥ «—— SOy (10.3)
which are not conjugate in SOg but which are conjugate in Og.

Proof. Let Z ~ Z, ® Z, denote the center of Sping. Then the non-
conjugacy of Spin,, SpinS and Spin; follows from the fact that they
intersect Z in three distinct subgroups (cf. 1.8). Since the representations
are permuted by triality, so are these subgroups. Given e € §7 = R?, and
e $*, we have that ec € §~ and clearly that G,, = eG,e”'. This proves
(10.2).

To see that (10.3) is an embedding, note that (ker Ad) n Spinf = {1}.
To sece that Ad(Spin7) and Ad(Spin;) are not conjugate in SOg, note
that: gAd(SpinZ)g~' = Ad(Spin;) for some g € SOg would imply that
y Spiny~! = Spin; for y € Sping with Ad(y) = g. On the other hand
(10.2) shows that Ad(SpinZ¥) are conjugate by elements Ad(e) (= reflection
in the hyperplane e¢') in Og. m

The embeddings (10.3) give a single conjugacy class of the subgroup
Spin, = Og and it is exactly this representation which appears in Berger’s
list. Consequently we have
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Corollary 10.5. An 8-dimensional spin manifold has holonomy < Spin, if
and only if it carries a non-trivial parallel spinor field.

Note that if ¢ is a parallel real spinor field on an 8-manifold, then o
decomposes 6 = ¢ + ¢~ where both ¢* and ¢~ are parallel. If both ¢*
and ¢~ are non-trivial, we get a further reduction of the holonomy group
to Spiny N Spin; = G,. (To sece this, note simply that under triality we
have Spin; m Spin; = Spin; n Ad~'(SO,) = G, for ¢ as in Proposi-
tion 10.2.) Recall that the complex spinor spaces $& for Sping are just the
complexifications of the real ones. Write §& = §* @ i$* and consider an
element o = 6, + io, € $¢. Then for g € Sping, goe = o if and only if
go, = g, and go, = 64, and so

G,. = G,y 0 G,

Ifo,,0, € §* are linearly dependent (over R), then G, _ = Spin,,. If they are
linearly independent, then G, = Sping = SU,. In this second case G,
remains unchanged if we replace oo by d¢c = ¢, + i6; where {6,,6,} is
any orthonormal basis of spang(s,,0,). Up to real scalars this orthonor-
mality is equivalent to the fact that (6, d¢> = 0. One easily checks that
in this dimension, the pure spinors are exactly those which are isotropic
with respect to the natural real structure on $£.

REMARK. It should be pointed out that R. Bryant [1], [2] has found a
number of beautiful examples of manifolds with G, and Spin,-holonomy.

We shall now show that the propositions above give a simple neces-
sary and sufficient condition for the existence of a topological G, or
Spin,-structure. By this we mean the following. Let X be a differentiable
n-manifold and fix a Lie group G = GL,(R). Then by a topological G-
structure on X we mean a topological reduction of the structure group
of TX from GL,(R) to G. This is defined to be a G-equivariant embedding
P < Pg(X) of a principal G-bundle into the frame bundle of X. Reducing
the structure group to O, = GL,(R) is equivalent to choosing a riemannian
metric on X. If G < O, is a closed subgroup, then reducing the structure
group from O, to G is tautologically equivalent to finding a cross-section
of the bundle

Py(X)/G— X
whose fibres are the homogeneous spaces O,/G.
Theorem 10.6. Ler X be a differentiable 7-manifold. Then X carries a topo-
logical G,-structure if and only if it is a spin manifold.

Proof. If the structure group of TX can be reduced to G,, then because
n,G, =0, X is a spin manifold (see Remark 1.1.10). Conversely, suppose
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X is spin and let § be the irreducible real spinor bundle of X. Then since
fibre-dim($§) = 8 > dim(X), there exists a nowhere vanishing cross-section
o of § (cf. Milnor-Stasheff [17). By Proposition 10.2 we can identify the
unit sphere bundle in § with Pg;,(X)/G,. Therefore the normalized sec-
tion o/)|o|| gives us a G,-reduction. W

Note that if X is a spin 7-manifold, then the topological G,-structures
on X are in one-to-one correspondence with global spinor fields ¢ € I'($)
such that [|o| = 1. The story for Spin,-reductions is quite similar.

Theorem 10.7. Let X be a differentiable 8-manifold. Then X carries a to-
pological Spin.,-structure if and only if X is spin and either x($*)= 0 or
¥(37) = 0, where $* denote the irreducible real spinor bundles on X. Equiv-
alently, X carries a Spin,-structure if and only if w (X) = w,(X) =0 and
for an appropriate choice of orientation on X we have that

P1(X)* — 4py(X) + 8x(X) = 0. (104)

Note. Reversing the orientation of X leaves the Pontrjagin classes un-
changed but reverses the sign of y(X) in H%X). Thus, condition (10.4)

could be replaced by the condition that for any orientation on X, one of
the two equations

Pi(X)? — dpy(X) + 8x(X) =0
holds in H8(X).
Note that for manifolds of the type X® = §' x Y7, equation (10.4) is

automatically satisfied. Furthermore, X8 is spin iff Y7 is spin, and Theo-
rem 10.6 applies. There are other special cases of some interest.

Corollary 10.8. Let X be a complex manifold of dimension 4. Then X carries
a topological Spiny -structure if and only if
cifcd —4ciep +8c3]=0
orollary 10.9. Let M and N be compact spin 4-manifolds. Then the pro-
uct X = M x N carries a topological Spin,-structure if and only if
9sig(M)sig(N) = 4x(M)x(N)
n particular, M x M has such a structure if and only if
3sig(M) = £2x(M).

roof of Theorem 10.7. 1f X is spin and y($*) = 0, then there is a nowhere
anishing section ¢ € I'(§ *) which, via Proposition 10.4, reduces the struc-
ure group of Spin;. In fact, by 10.4 we have the identification

Py ing(X)/Sping = S(37) (10.5)
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where S($7*) denotes the unit sphere bundle in §*. Hence, the Spin; -
reductions are in one-to-one correspondence with spinor fields o € I'($*)
such that ||o|| = 1. If x($§7) = 0, the analogous discussion holds.

Suppose conversely that the structure group of TX has a Spin,-
reduction, i.e., suppose there is a Spin,-equivariant embedding Pg;,, &
Py (X) of a principal Spin,-bundle into the orthogonal frame bundle of
X (for some riemannian metric). Since Spin, is simply-connected, this
determines a spin structure: Pgp;, (X) = Pgo,(X) = Py (X), in which Pg,.
lifts to a Spin,-equivariant embedding Pg;,, © Pgyin,(X), which in turn
corresponds by (10.5) to a cross-section of S($*). Hence, y(§*) = 0.

Note. The reader may find the lack of ambiguity in this last paragraph
somewhat unsettling. If so, let us examine the argument more closely. In
saying that Pgy,, © Py (X) is “Spin,-equivariant” we must specify an
embedding Spin, < Oyg. This choice is important only up to conjugation
in Oyg. (To see this, fix g € Og and consider the map g: Py (X) — P (X)
which converts the given Og-action to the conjugated “g Ogg ~1"-action.)
Now the two subgroups Ad(Spin¥) are conjugate in Og but not in SQy.
We choose an embedding whose class in SOg is Ad(Spiny). Since Spin,
is connected, the embedding Pg;,, & P (X) clearly fixes an orientation
on X, ie, it selects a sub-bundle Py, (X) < Py (X). With this choice of
orientation, Pgy;,, lifts to P+ < Pg ;. (X). Suppose on the other hand
that we had chosen an embedding Spin, < SOg4 of Ad(Spin, )-type, which
differed from the first choice by an element g € Og (with det g = —1). Our
given reduction f: Pg,;. <& Po, (X) must now be conjugatedtog o fog™':
Pgin, © Po(X). This new reduction chooses the opposite orientation on
X and lifts to a Spin, -subbundle of Pg;, (X).

The proof that y(§*) = p,(X)? — 4p,(X) + 8x(X)is a good exercise in the
algebra of characteristic classes, which we leave to the reader. m

It is an interesting fact that spinors in dimensions seven and eight are
also related to certain exceptional geometries of subvarieties introduced
in Harvey-Lawson [1], [2], [3]. The fundamental idea is this: Let ¢ be
a differential p-form on a riemannian manifold X normalized so that

¢lp < volp (10.6)

for every oriented tangent p-plane P on X. This is equivalent to the con-
dition that

[, 0 <volz) (10.7)

for every oriented p-dimensional C*'-submanifold Z of finite volume in X.
If such a manifold Z has the property that

fz ¢ = vol(Z) (10.8)
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then Z is called a @-submanifold. These creatures are interesting for the
following reason. Let Z < X be a compact oriented p-dimensional sub-
manifold, possibly with boundary. We say that Z is homologically volume-
minimizing if vol(Z) < vol(Z’) for all such Z’ with the property that Z — Z’
is a boundary (of some singular (p + 1)-chain in X). When Z is not com-
pact, it is called homologically volume-minimizing if this property holds
for every compact subdomain-with-boundary in Z.

Proposition 10.10. Suppose ¢ satisfies (10.6) and do = 0. Then every -
submanifold is homologically volume-minimizing in X.

Proof. Let Z be a compact ¢-submanifold and Z’ a competitor with
Z — Z' = dc for some singular chain ¢. Then by (10.7), (10.8) and Stokes’
Theorem, we have

vol(Z) = fz 0= fz, 0 <vol(Z) m

This proposition shows that every @-submanifold is in particular a
minimal submanifold, i.e., its mean curvature vector field is identically
zero. It is therefore roughly as regular as X itself. For example, if X is
real analytic, so is any ¢-submanifold. The above definition extends im-
mediately from submanifolds to integral currents (see Harvey-Lawson
[3]). The “gp-subvarieties” can then have singularities, although they
remain homologically volume-minimizing.

DerINITION 10.11. If ¢ satisfies (10.6) and dg = 0, then ¢ is called a
calibration. The pair (X,¢) is a calibrated manifold and the family of ¢-
submanifolds is the associated calibrated geometry.

Calibrations are interesting for the special cases, not the general one.
We know that few topological reductions of the structure group of a mani-
fold are “integrable” in the sense that they are holonomy reductions. Simi-
larly, few calibrations are “integrable” in the sense that the associated
geometry of submanifolds is large. However, many interesting examples
do exist.

ExampLE 10.12 (Kahler geometry; U,-case). Let X be a Kihler mani-

fold of complex dimension s. Fix p, | < p < n, and consider the 2p-form
1
(pp = E w?

where w 1s the Kihler form of X. Then ¢, is a calibration and the asso-
ciated family of ¢ -submanifolds (¢,-subvarieties) consists exactly of the
complex analytic submanifolds (subvarieties) of dimension p in X. Propo-
sition 10.8 says that every complex analytic subvariety is homologically
volume-minimizing in X (a result due to H. Federer [1]).
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ExaMpLE 10.13 (special lagrangian geometry; SU,-case). Let X be a
Ricci-flat Kahler manifold of complex dimension n, and assume that the
canonical line bundle ¥ = AXT*X is trivial. Consider the n-form

A= Re(Q))

where Q is a parallel holomorphic n-form (i.e., section of k). Then 1 is a
calibration and the associated geometry is called special lagrangian. It is
shown in Harvey-Lawson [3] that the special lagrangian subvarieties are
as plentiful as the complex subvarieties.

There are three rich exceptional geometries which appear in dimensions
seven and eight.

ExaMmpLE 10.14 (associative and coassociative geometry; G,-case). Con-
sider euclidean space R’ = Im ©, where © denotes the Cayley numbers,
and define a parallel 3-form ¢ on R7 by setting

(p(x’y’z) = <x.y’ Z>

Then ¢ is a calibration with a rich geometry of submanifolds. It is called
the associative geometry because the submanifolds are also defined by the
vanishing of the associator [x,y,z] = (xy)z — x(yz). The dual form

Y =xp

gives a geometry of 4-folds called the coassociative geometry.

These geometries exist (and are rich) on any riemannian 7-manifold
with G,-holonomy. Note that ¢ and y are clearly G,-invariant since they
are defined using Cayley multiplication. In fact ¢ and s are the only non-
trivial exterior p-forms, 0 < p < 7, which are G,-invariant. Any ricmannian
7-manifold with G,-holonomy carries parallel forms ¢ and ¥ which at
each point are equivalent (over SO,) to those given above. Furthermore,
in any such manifold the geometry of associative 3-folds and coassociative
4-folds is vast. In particular, every analytic submanifold of dimension
two is contained in an associative submanifold (whose germ along the sur-
face is uniquely determined).

ExampLE 10.15 (Cayley geometry; Spin,-case). Consider euclidean
space R® = © and define a parallel 4-form ® on R® by setting

D(x,y,zw) =<{x X y X z, w)

where the triple cross product is defined by x x y x z = 3{x(yz) — z(yx)}.
Then @ is a calibration which, as shown in Harvey-Lawson [3], has a
rich geometry of submanifolds, called the Cayley geometry. It includes as
special cases all complex submanifolds and all special langrangian sub-
manifolds for a 6-dimensional family of complex structures on RS. If we
consider R7 c R® as ImO =1 < O, then D|p- =y and 1 LD = .
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The form @ is Spin-invariant. It is, in fact, the unigue Spin,-invariant
p-form on R® for 0 < p < 8. Any riemannian 8-manifold with Spin,-holo-
nomy carries a parallel 4-form of this type and has a large geometry of
Cayley submanifolds.

The forms @ and ¢ above were first discovered by Bonan [1].

There is a direct and intimate relationship between spinors and cali-
brations. It comes about by what can be roughly termed the process of
“squaring.” We shall examine this process to the point that meets our
needs here. For further discussion the reader is referred to the book of
Reese Harvey [1].

Let n =2m be an even integer and recall the fundamental algebra
1somorphism

p:CL,,, — Hom($:,80) = 8. ® 8% (10.8)

We introduce on $¢ a Pin,,-invariant hermitian metric (-,-) by which we
can identify $* with $.. (8 is the same real vector space as §¢ but with
the opposite complex structure, i.e., with scalar multiplication by ¢ in $
replaced by 7) The identification $c ® $. = Hom($.,8c) is then
determined by associating to a pair of spinors ¢,,0, € $, the elementary
endomorphism

Lﬂ'l ® a'z(T) = (T’ 0-2)0-1 fOr TE $C'

Inverting (10.8) now gives the following:

Proposition 10.16. There is an isomorphism
$C ® g@ _—i) q:{)’2m

which associates to a pair of spinors ¢,,6, € 8¢, the unique element,
@ € Cl,,, such that ¢t = (1,0,)0, for all T € $¢. Under this isomorphism
we have for each y € CL,,,, an identification of endomorphisms

w, ®d~ L, and Id ® py« = R,

where L, and R, denote respectively left and right multiplication by ¥ on
CR,,,, and where y* = a(y’). Via 1.1.3 the isomorphism above determines a
canonical identification

$c ® §o — A*C™ (10.9)
which is Pin,,-equivariant, where g € Pin,,, acts on $c ® $c by p, ® u,,

and on A*C?™ by the complexification of the standard representation of O,
on forms.

Proof. All assertions but the last are easily checked. For the last, one need
only recall that a(g') = g~ ' for g € Pin,,, and therefore yu, ® p, = p, ®
f,- 1 = Ad, = the standard representation of g on A*C?™.
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There is a corresponding real version of this result. For simplicity we
shall consider only the cases where Ct, is a real matrix algebra. Suppose
n = 6 or 8 (mod 8) and let § denote an irreducible real C£,-module. Then
Clifford multiplication gives an isomorphism

u:Ct, — Homg($, 3).
When n = 7 (mod 8), there are two distinct isomorphisms
pt:ClE — Homg($%,§%)

where $§* (and $7) are the irreducible real Cf,-modules on which the
volume form « acts by Id (and -Id respectively), and where C¢F =
(1 + w)- CL,. Inverses to these maps are given explicitly as follows:

Proposition 10.17. Let § be an irreducible real CL,-module where n = 6 or 8
(mod 8), and assume $ is provided with a Pin,-invariant inner product {-,>.
Then assigning to a pair ,t € § the endomorphism L, & (*) = {*,7)0 deter-
mines an isomorphism

f®§ = Ct, (10.10)

under which p, ® p, =~ L, ® R, where y* = a(y'). Via 1.1.3 this gives
a canonical Pin,-equivariant isomorphism

§ ® 8§ —=> A*R" (10.11)

where ge Pin, acts on $ ® $ by u, ® u,. The isomorphism (10.11)
decomposes into two isomorphisms:

0% @ AR (10.12)
p = 3or4(mod 4)
J T N @ APR" (10.13)

P = 1or2(mod4)

under the canonical decomposition § ® § = (©O28) @ (A28) into symmetric
and skew-symmetric 2-forms respectively.

When n = 7 (mod 8), all analogous statements hold with § replaced by $*
(or $7) and with CX, replaced by CL,; (or CL, respectively).

Proof. The initial statements are similar to those in Proposition 10.16 and
are proved analogously. For statements (10.12) and (10.13), we note first
that under the isomorphism (10.10), symmetric tensors go to self-adjoint
transformations and skew-symmectric tensors go to skcw-adjoint trans-
formations. On the other hand Clifford multiplication by a p-form ¢ has
the property that (u,)* = (- 1)%"("“’;14,. This proves (10.12) and (10.13).
Details of the case where n = 7 (mod 8) are left to the reader. =
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For any spinor ¢ in § (or $§* if n = 7 (mod 8)), this proposition gives a
decomposition of the “square™

CRI=@o+ @3+ Qs+ @+ Qs+ ...+ Q41+ @u + ... (10.14)

with ¢, e APR" for each p. Under special assumptions about o, certain
of these components will vanish or be related to one another by the Hodge
x-isomorphism. We shall first consider the case where n = 8.

Theorem 10.18. Let § denote the irreducible real Clg-module, and let
$=238%" ® 8~ be its standard decomposition into + 1-eigenspaces for the
volume form w. Then for any unit-length spinor o € $*, the decomposition
(10.14) becomes

c®o=1+0+w
where ® € A*RS® is the Cayley 4-form defined in 10.13.

Proof. Tobegin consider ¢ ® o € Cly. Since wo = g, we have by Proposi-
tion 10.17 thato ® 0 = (wo) ® 0 = w(o ® o) and similarly thate ® ¢ =
0 ® (wg) = (0 ® g) a(w) = (¢ ® o)w. Now left and right multiplication
are related to the Hodge *-operator by (5.35) of Chapter II. This shows
that if we write ¢ ® 0 =) ¢, as in (10.14), then
pp—1) pp+1)
Z(_l) 2 *(ppzz(pp‘:Z(_l) 2 * Qp-

Hence ¢,=0 for p+# 0428, and furthermore %@, = @4, *@, = @s.
The identity element 1€ Clg can be written as 1 =) o, ® o, where
{o4,...,0,6} 1s any orthonormal basis of $. It follows by choosing 5, = o,
that (1,6 ® o> = 1. Therefore ¢ ® o = | + ® + w for some ® € A*RS,
(We are using here the inner product on Clg for which 1 and ¢;, - - ¢; ,
1<i, <...<i, form an orthonormal basis. This differs from the stan-
dard one on Hom(R'®R!'®) by a factor of 5.)

Observe now that since the isotropy subgroup of any nonzero element
o €87 is Spin7, the image Ad(Spinj) = SOg must leave invariant each
component of ¢ ® o. In particular ® is a Spin; -invariant 4-form. This
identifies it as a multiple of the Cayley 4-form. To determine which multiple,

we proceed as follows. Fix orthonormal vectors e,, . .. ,e,. Then
(o®0,e1...00={0R0,e;...e4°1>={(ey" " €0)® ag,1>
= (e, e0,0) <o])P =1L (10.15)

This proves that the A*-component of ¢ ® ¢ is a calibration, i.e., it satisfies
(10.6).

Note that we have equality in (10.15) if and only if ¢, - - - e;0 = 0. Set
w=e, - e, Since w*=1 and w§* = §*, we can decompose $§* =
$% @ $* into the +1 eigenspaces of w. Multiplying by e,;es maps §7
isomorphically onto $F, so dim §7 = 4. The group Spin, is transitive
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on the unit sphere in $* so we may assume o € §7. Hence equality does
occur in (10.15) for some choices of e,,....e,. This proves that the
A*-component of ¢ ® o is exactly the Cayley 4-form. m

Entirely analogous arguments prove the following:

Theorem 10.19. Let § be the irreducible real Cf,-module on which the
volume form w acts by + 1. Then for any unit spinor ¢ € $, the decomposition
(10.14) becomes

c®o=14+o+¢Y+o

where @ € AR’ is the associative calibration and W = %@ € A*R’ is the
coassociative calibration.

It is clear that squaring spinors is a natural way to produce interesting
calibrations in all dimensions. (This interesting fact was first noticed and
proved by Dadok and Harvey [1].) The method is efficient both locally
and globally on a manifold. It 1s also efficient for analysing the condition
de = 0 as we shall now see.

Let ® be a Cayley 4-form and consider the orbit GLg-® <= A*R3. This
orbit is independent of the choice of ® and of the underlying inner prod-
uct. It consists precisely of all 4-forms whose isotropy group in GLg is
isomorphic to Spin,. We call the forms in Ca = GLg- ®, the 4-forms of
Cayley type. Note that any such form @ determines uniquely an inner
product on R® which makes @’ a Cayley calibration.

Theorem 10.20. Let X be a smooth oriented 8-manifold, and suppose @ is
a smooth 4-form on X which is of Cayley type at each point. Then ®
is closed if and only if @ is parallel in the riemannian metric it determines.

Therefore, to find a closed 4-form of Cayley type is to find a metric
with holonomy < Spin,.

Proof . Introduce the metric for which ® is a Cayley 4-form. Let ¢ be a local
spinor field so that s ® =1+ ® + w. Since «® =@ we sec that
A =0<=d*¢ =0« DO =0< D(o ® ¢) =0 where D = d + d* is the
Dirac operator on CE(X) discussed in Chapter 11, §5. Let P denote the
Atiyah-Singer operator on the real spinor bundle $. Theorem 10.19 will be
a direct consequence of the following lemma:

Lemma 10.21. For any o € I'($) with ||o|| = 1, we have
ID(e ® o)||* = [|Po]|* + [|Vo][*.
Proof. From 10.17 we see that

Do®o)=Y eV, (0 ®@0c)=(yeV.0) @0+ (e0) ® (V,,0)
=Po)® o+, (e;0) ® (V,,0).
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Since |lof|> =1, we see that (Vo,o) = 0. Furthermore {e0,e;0) =
—<ee,0,0) = d;;. It follows that

ID(e ® o)||> = ||Po]|® + 3. <e0,€6){V. 0.V, 0)
= |Dol|® + ¥ (Voo = [|Bo]* + [[Vol?. =

In analogy with the above we define a 3-form ¢ € AR’ to be of associa-
tive typeif G, = {g € GL, : g*¢ = ¢} isisomorphic to G,. Bryant observed
that the set of such 3-forms is open in A*R”. Each such 3-form determines
a unique inner product on R’ which makes it an associative 3-form.
Arguing as in the proof of 10.20 gives the following:

Theorem 10.22. Let X be a smooth oriented 7-manifold and suppose ¢ is a
smooth 3-form on X which is of associative type at each point. Then for the
riemannian metric determined by o, the form ¢ is closed and coclosed if and
only if it is parallel.

Therefore, to find a metric with holonomy <G, it suffices to find a
closed 3-form ¢, pointwise of associative type, such that

d(*,0) =0

where %, is the Hodge *-operator for the metric determined by ¢.
Characterizations of this type were formulated and used in the funda-
mental work of Bryant [1],[2].

§11. Spinor Cohomology and Complex Manifolds with Vanishing
First Chern Class

In this section we shall examine the geometry of Dirac bundles over
complex manifolds. We shall recapture a number of classical results and
prove some new ones. As an application we shall show the existence of
compact manifolds with Sp,-holonomy. The results here are due to the
second author and can be found in Michelsohn [1].

Fix a compact Kéhler manifold X of dimension n, and let S be a
holomorphic bundle of left modules over CL(X) equipped with a hermitian
metric and its associated canomnical hermitian connection V. (This is
the riemannian connection determined uniquely by the condition that
o € I'(S) is holomorphic if and only if V.0 = iV,0 for all v e TX; (see Wells
[1]) We assume that this metric and connection make S a Dirac bundle
over X.

We define operators & and & on I'(S) by setting

7= ¥, G=
i=1

D=

EAY (11.1)

&j

It

j=1
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where {¢,, ... .&,} is any local hermitian frame field defined as in §§8 and
9. The curvature RS of the canonical hermitian connection is of type (1,1),
ie, RS, = R?,,g, = 0 for all i,j. From this and the identities (8.3} it fol-

€1,8

lows that
2*=0 and 9*=0 (11.2)
These operators are easily shown to be formal adjoints of one another.

Proposition 11.1. There is a parallel orthogonal direct sum decomposition
of S into holomorphic sub-bundles

S=85°®S'®..® 8"
with the property that
@2 :T(§H) —> T(S'*Y) and 2:.T(S'Y) — T'(S)
for all i.

Proof. Lete,Je,, ... e,Je, be alocal unitary frame field on X and define
¢; =3(e; — Je;) as above. Consider the family of commutmg elements

@y, -« . Wy, Dy, .. . 0, defined as in (9.7) by setting w; = —¢;z; and @; =
—Eg;. To each (p0551b1y empty) subset I = {i,, .. l} c {1 ) w1th
complementary subset {j,, .. .,j,,} we associate the element

wl = w ’ Cl)lra).ll 65].n—r

and we denote |I| = r. From the relations (9.9)-(9.11) we can write

=f](wj+a7j): Zn: i3

i=1
where
=) (11.3)
[ =r
The operators n, are independent of the choice of unitary frame field and
are therefore globaily defined on X. They have the following basic prop-
erties for all r, s and j:

Vr, =0 (11.4)
2=, (11.5)
=0 ifr#s (11.6)
{n,0,7) = {0,n,T) forg,7¢ 8§ (11.7)
g, = T8 and B, = T,E; (11.8)

Properties (11.5)—(11.8) follow directly from (9.8)—(9.13), as does the fact
that 7, € C£%?"~"(X) for each r. Since 0 = V(1) = ) Vr, and V preserves
sections of the subbundle C£79(X), we then obtain property (11.4). We
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now define
S'=mn,S r=01,...,n

From the properties above we see that the n,’s form a parallel family of
orthogonal projection operators. Therefore by (11.3) we have the orthog-
onal decomposition S = @, §".

We now show that each S” is holomorphic. Let ¢ € I'(S) be a (local)
holomorphic section, and write ¢, = 0. Then for any v e TX we have
that V, {o,} = n(V,,0) = n(io) = ig,. Hence, each ¢, 1s holomorphic, and
one sees immediately that the space of such local cross sections spans the
fibre of $" at each point. Therefore S" is a holomorphic sub-bundle.

The fact that 2(I'(5")) = [(S"* ') and Z(I'(S7)) = T'(S"~ !) follows directly
from (11.3) and (11.8). =

We now have defined a complex

0— )L 1)L LTy — 0 (11.9)

with adjoint complex

0 —— I(8%) <= I'(S!

2 2
) ¢ ..

LTS — 0.  (11.10)

This complex is elliptic, i.e., at any non-zero cotangent vector the symbol
sequence is exact. To see this note that the principal symbol of & at
¢ e TX is given by Clifford multiplication 6{2) = &¢- = $(& — iJ&)-. Sim-
ilarly we have 6 (%) = {.-. The exactness of (11.9) follows from the iden-
tity {ele + Scée = _anz

DEFINITION 11.2. The rth cohomology group of the Dirac bundle S is the
quotient

ker(P|rs)
HXS)=—=
)= aws )

From the ellipticity of the complex (11.9) it follows that each of the
vector spaces A (X,S) is finite dimensional.

Taking S = Cf(X) and using both 2 and 2~ we essentially recover the
Clifford cohomology groups of X (see §8).

This viewpoint gives a simple unified approach to the fundamental
vanishing theorems of Kéhler geometry. Let us define elliptic self-adjoint
operators V*V and V*V on I'(S) by

ViV = -3 V2. ViV=-3% VZ_

ji=1 ji=1
with ey, ... &, as above. They have the property that { (V*Vo,6) = | |Va|?
where V is defined by V,0 = $(V, — iV,,)o. Consequently we have that

ker(V*V) = {holo. sections of S}, ker(V*V) = {antiholo. sections of S}.
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We now define associated curvature operators

n
_ E RS R s
Re= Y & & RS Re = E L RS
k=

Ej,EKY
g .
1 s

=

=R, =0

£j,&K Ej 8k

Applying the arguments of I1.8 and using the fact that R}
for all 4,j, gives the following (Michelsohn [1]).

Theorem 11.3.
DD + DD = V*V + Re = V¥V + R

Taking the average of these two formulas gives a formula of the type
presented in §8 of Chapter II.

We now consider a holomorphic hermitian line bundle, A, over X.
The curvature R® of A is an imaginary valued, J-invariant 2-form (i.e,
(1,1)-form) on X. In terms of a hermitian frame field ¢,, ..., as above,
we have

RS — _RA —RA

EjEkc £y, Ex €k, Ej

for all jk; that is, the matrix a; = jo,ek is hermitian symmetric. If this
matrix is positive definite at each point, then A is called a positive hermitian
line bundie. (If a;, is negative definite at each point, then A is called nega-
tive. In this case A* is positive.) It is straightforward to see that any closed
imaginary (1,1)-form representing the first Chern class of A is the curvature
form of a hermitian metric on A. We now have a vanishing theorem of
“Kodaira type.”

Theorem 11.4. Let X be a compact Kahler manifold and let S be a holomor-
phic Dirac bundle as above. Then for any positive line bundle A there exists
an integer N such that form =z N

H'(X,S® A" =0
for all r > 0.
Proof. The curvature of the bundle S ® A™ is given by
R$8A"(0c ® £) = (R} 0) ® £ + mo ® (R} yt).

Since A is positive we may choose local hermitian frames so that R
— A0, where 0 < 4, £ 4, £--- £ 4, It follows that

eek_

RI®A(0 ® £) = <Z £jE RS, 0 > ®(+m) (650) ® (RS0
J.k

=R ® ¢ — <Z ),s;.,a)

=[Ri(o) + mo] ® ¢
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where t = —) A = Y A,w;. Note that for any ¢ € S we have
(t0,0) = Y Ajwjo,0) =Y Alwio,0) =) Ajflwpol?
=D wa"“ =41 ). (w;0,0) = Ay(wo,0)
where w = ) ;. This element has the fundamental property that

WRm, =17,

which follows from the elementary fact that w,w, = w,if i e I and w,w, = 0
otherwise. Consequently, if ¢ € §, i.e,, if 7,0 = o, then wo = ro. It follows
that on I'(S" ® A™)

RECA™ > (RS + mrd) ® 1

where A > 0 is the minimum of A, on X. For r 2 1 and m sufficiently large
we have RE®A™ >0, and it follows from 11.3 that 2% + 22 > 0 on
IS ®A™. m

There is also a vanishing theorem of “Nakano type” for the Clifford
bundie. We refer to Michelsohn [1] for the proof.

Theorem 11.5. If A is a negative line bundle over a compact Kahler manifold
X, then

HPYXA) =
for all g < 0.

Let us now suppose that X is a Kédhler spin manifold, i.e., that ¢,(X) =0
(mod 2), and let $ be the bundle of complex spinors on X with its canonical
riemannian connection. This bundle is holomorphic; in fact, it is equiva-
lent as a complex vector bundle to A¥T*X ® 62 where 6! = ALT*X is
the canonical bundle (see App. D.). Since X is Kéhler, the canonical con-
nection on $¢ is also the canonical hermitian one. We can therefore apply
Theorem 11.3. To compute the terms R and R, which appear there, we
need to know the curvature tensor of .. From (4.37) of Chapter II we see
that this can be expressed in terms of the Riemann curvature tensor R of
X by the formula

2n

Rf/,w = % 21 (Ry whinidn;: n;

ij=
where 5y, ...,,, is any real orthonormal basis of the tangent space.
Choosing a unitary basis e,,Je,, ... e, Je, and writing {g;} as above, we
can reexpress this as
n
V w= Z {CRy w808 & + Ry wej, 60¢; " &}

e
=2 Z; v.WEjs kD8 " &+ Z (Ry wej, &)
J
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where we use the fact that g3, + gg; = — 0. It follows that
n
Re = 'kz:l e/ERE ., (11.11)
=
=2 Z Ryjum €5 6 & 6y + Z Rjiie; = &
Jok,,m Jik,1

where Ry, denotes (R;, ,.&,%,). Now the Bianchi identity states that
Rium = Rsum + Rygm = Rjum- That is, Ry,,; is symmetric in k and [. But
g€ = —&8, and so equation (11.11) becomes

mc = z <R81.Ez§j’ 8k>gj . gk..
SR
This relates to the Ricci form of X, which for tangent vectors V and W
is given by
RIC(V;W) = —z {<Rej,Veja W> + <RJEj,VJej, W>}
J

= —2iY (R, JV,W).
J

Thus, we are able to write R as

1 . _
Re = —5; Ric(g;6,)e; * &

Since Ric is hermitian symmetric we can choose our basis so that
Ric(;,6,) = 340, where 4; = Ric(e;,e;) = Ric(Je;Je;) for j=1,...,n are
the eigenvalues. As before, we write —¢;¢; = w; and carry out a similar
analysis for R¢. Thus we obtain the following:

Theorem 11.6. Let X be a Kdahler manifold equipped with a spin structure.
Then on the bundle of spinors 3¢

- 1 —o= 1 _
DD + DD = V*V +Z;/1,wj= V¥V +222iw,~,
where Ay, ... ,A, are the eigenvalues of the Ricci tensor.

Taking the average of these two formulas gives the Lichnerowicz
Theorem (I1.8.8). To see this we observe that

o1 1
VLTSV =SV and Y A+ 6) = Y A=k
i j
(11.12)

where x = traceg(Ric) is the scalar curvature of X. Theorem 11.6 easily
gives the following:
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Corollary 11.7. Let A be a hermitian line bundle over a Kihler manifold
X with curvature form R%, and assume that X is spin. If Ric > 2R%, then

H(X, 3. @A) =0 (11.13)
for all ¥ > 0. Similarly, if Ric > — 2R, then (11.13) holds for all r < n.

Proof. Straightforward computation shows that the terms R and R in
Theorem 11.3 for the Dirac bundle §. ® A are exactly given by Clifford
multiplication by the elements

1. _
mc = z <—2 RICJT'k + R;T\k>816k
.k
! 1 (11.14)
Re— ¥ (_5 Ricy, — R;Ak> 56,
ik
Choosing a basis which diagonalizes the hermitian form $Ric — R with
eigenvalues yy, . . . ,u, we find that R = Y ;. This proves the first state-
ment. The second is proved similarly. =

Taking the average of the two formulas of Theorem 11.3 in this case
and applying (11.12) gives the formula (cf. Theorem D.12)

MDD + DD) = V¥V + 4k + O (11.15)

where Q* is the Clifford element corresponding to the curvature 2-form
of A.

Theorem 11.8. Let X be a compact Kadhler manifold equipped with a spin
structure, and let A be a hermitian line bundle over X. If the scalar curvature
K satisfies the inequality sk > |A,| + - - - + |A,| at each point, where 4,, . . . A,
are the eigenvalues of the curvature form of A, then the cohomology groups

'”r(Xa'gq:@A):O

c s

Sor all v. In particular, by the Atiyah-Singer Index Theorem,
{ch A-E(X)}[X] = 0.

It is interesting to specialize our discussion to the case where A = &
where 6 = AL TX is the anticanonical line bundle of X (the line bundle
generated by the global section ¢, - - - ¢, in C€(X)). An easy adaptation
of the arguments given for D.2 shows the following (see Michelsohn [1]}):

Lemma 11.9. Suppose c,(X) = ka where k is odd and o € H*(X;Z) is indivi-
sible (i.e., not a non-trivial integral multiple of any other class in H*(X;Z)).
Then for any odd integer m, there is a bundle of the form 3. ® ™2 globally
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defined on X where locally $¢ is the bundle of spinors with its canonical
connection.

For any rational number ¢, the curvature of §° with its natural metric
is just tR? where for any unit vector e, R? ;, = Ric(e,e) = Ric(Je,Je). If we
choose a unitary basis e;,Je,, ... .e,Je, so that Ric(e;e;) = 1,6;, then
RY .. = tRic(g;, &) = (t/2)A;0,, and applying (11.14) gives the following:

Uik
j,Ek

Lemma 11.10. On I'(§. ® 6'?)

_ 1
29 + 9D =VV + (1 +1) ), Ao

=1
~ .= 1 n
=ViV 4+ (1—-1) ) Ao,
4 =
where A, ... ,A, are the eigenvalues of the Ricci tensor on X.

ReEMark 11.11. The operators which appear here can be diagonalized as
follows. Suppose that g € §~ ® 672, i.e., that n,0 = ¢. From the fact that
m, = 1= @y and that

{w, ifiel _ {0 ifiel
w;w; = 0 w;p =

ifigl Wy ifigl,
we see that on $7. ® 6% we have
;lja)j = ”;r Aiw;  and ;/lja")j =2, A,
where

Ay=du+-+d  and A=A+ +4,—4 (1L16)

when [ is the multiindex {i,, . . ., i,}. It follows from (9.9)—(9.13) that multi-
plication by the elements w; constitutes a family of orthogonal projections
onto mutually perpendicular subspaces of §. ® &2 These formulas give
a delicate and precise analysis of what conditions are necessary for the
positivity of > A,w; and ) A;0;. Note in particular that the numbers
{Ar:|[I| =r} are precisely the eigenvalues of Ric acting on A'TX as a
derivation.

We see from Lemma 11.9 that §L. ® 6/ always exists globally. It cor-
responds naturally to the bundle A®*T*X (see App. D), and there is an
isomorphism H#”(X, $. ® 6'/?) =~ H'(X,0), where 0 is the structure sheaf
of X.

Corollary 11.12. On T'($;. ® 6'/3),

_ _ 1 —
29 + 9D =V*V +5 3 ho, =V

[=r
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In particular, if Ric > 0, then #"(X, $c ® 6Y?) =0 for all r > 0 and
{ch 612 -B(X)}[X] = Td(X) = L.

Arguing as above, we can conclude the following:

Theorem 11.13. Let A be a hermitian line bundle over X and suppose that
(1 + )Ric+ 2R* > 0. If $c ® 612 ® A exists globally on X, then

H'(X, 3. ® @A) =0 (11.17)

Sor all r > 0. Similarly, if (1 — t)Ric — 2R* > 0, then (11.17) holds for all
r<n

We now average the formulas of Lemma 11.10 and obtain

Theorem 11.14. Let X be a compact Kaihler manifold with ¢,(X) = ke,
ke Z* where a € H¥(X;Z) is indivisible. Let $c ® 67%* be the twisted
bundle of spinors where 5 is a local holomorphic 2kth root of the anti-
canonical bundle and where p + k = 0 (mod 2). Then on I'($; ® 67/%)

- - 1
MDD + DD)=V*V + % Y Uk + p)A; + (k — p)iy]o;.
I =r
In particular, if Ric > 0, then

H'(X, 8. R 67%*)=0  forallr
whenever |p| < k and p + k is even.

We apply the Atiyah-Singer Theorem to the complex $% ® 573 to get

Theorem 11.15. Let X be a compact complex manifold such that ¢,(X) = ka,
ke Z*, where o is indivisible. If X admits a Ricci-positive Kihler metric,
then the Hilbert polynomial

P(1) = {e - R(X)}[X]
vanishes for all integers t such that |t| < k and t + k is even.

From Yau [2], [3] we know that X carries a Ricci-positive Kéhler
metric if and only if ¢,(8) = ¢;(X) 13 represented by a closed positive
(1,1)-form.

To illustrate Theorem 11.15 we consider complex projective n-space
P*(C) and let w € H*P*(C); Z) = Z denote the standard generator. Then
¢; = (n + 1) and a direct calculation shows that

n

t—n+2— 1),
2,.”!]131( n+2j—1)

Pt) =

This is predicted by Theorem 11.15 since P*(C) carries a Kihler metric
of positive curvature.
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From the work of Yau [2], [3] we know that the hypersurface V*(d) =
P"* !(C) carries a Kdhler metric of positive Ricci curvature for d < n + 1.
Furthermore, for n = 2, ¢,(V*(d)) = (n + 2 — d)w where o is a generator
of H*(V"(d); Z). 1t follows that the polynomial P,(t) on V"(d) has zeros at
n—d—2forj=0,...,n—d

Theorem 11.15 has the following consequence:

Corollary 11.16. Let X be a compact complex manifold of dimension n. If
X admits a Kdhler metric of positive Ricci curvature, then k f c,(X) for
k>n+ 1.

Proof. The Hilbert polynomial of 11.15 is of degree < n and can have
therefore no more than n zeros. =

One case of Theorem 11.14 is of particular interest since it involves only
the scalar curvature x = 2(4, + -+ - + 4,).

Corollary 11.17. Let X, 0 and k be as in Theorem 11.14. If the scalar
curvature k of X satisfies k > 0, then

H(X, 8o ® P =0  forallp> —k

HOX, 8o ® 7)Y =0 forallp<k
where p + k is even. Similarly, if x <0, then

HX, 8 ® P*)=0  forallp < —k

HUX, 8. Q") =0  forallp>k

where p + k is even. In particular if k > 0, then all the plurigenera of X
are zero (cf. Yau [1]).

This last statement follows by setting p = k — 2kg for g€ Z*l. The
gth plurigenus of X is exactly the dimension of #O(X, §o ® 6779 =
HO(X, 0(57)).

Note that the formula in Theorem 11.14 is particularly simple when
Ric = 0. From Yau’s proof of the profound conjectures of Calabi we know
exactly when such metrics exist.

Theorem 11.18 (Yau [2]). Let X be a compact complex manifold which
admits at least one Kihler metric. Then X carries a Ricci-flat Kihler metric
if and only if c(X) = 0.

We can now apply the Splitting Theorem of Cheeger and Gromoll [2]
to conclude that any compact Ricci flat Kdhler manifold X has a finite
covering X which decomposes into a Kéhler product

X=TxX,
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where T is a flat complex torus and where X is a compact Ricci-flat
manifold which is simply-connected.

When Ric =0, Theorem 11.14 gives us the following simple identity
between operators

DD + DY = V*V (11.18)

on $. In this case there is a canonical connection-preserving isometry
$% = A"*(X) = AXTX of graded bundles, which carries 2 to 0 and
therefore identifies #”(X,§¢) with H'(X,0) (cf. App. D). Equation (11.18)
therefore implies the following:

Proposition 11.19. On a compact Ricci-flat Kahler manifold, any harmonic
spinor field is parallel. Equivalently, any harmonic (0,r)-form is parallel.

Suppose now that X is a compact simply-connected Ricci-flat Kéhler
manifold of dimension n. Then the line bundles $2 = A%° and §% =~ A°"
are trivial (they have parallel cross-sections). The index of the elliptic
complex (11.9) in this case is just

AX)y =Y (—1ydim #7(X,$0) = ¥ (— Iydim H(X,0) = Td(X)

anddim #° = dim #' = 1. Moreover, by the generalized Hodge Decom-
position Theorem (cf. I11.5.5) we have #"(X,$¢) = ket @D + DD)|rs;) =
ker(V*V]r(src,). Consequently, if Td(X) # 1 + (—1)", then there must exist
non-trivial parallel sections of % (i.e., parallel (0,r)-forms) for some r # 0,n.
This implies that the local holonomy group G of X is properly contained
in SU,. If G is a product of two non-trivial groups, then X is a product
manifold. Otherwise G betongs to the list of Berger discussed in §10, and
we conclude that either X is locally symmetric or G = Sp,,, for n even and
>2. It is elementary that locally symmetric, Ricci-flat manifolds are flat
(and therefore not simply-connected in the compact case). Combining the
three paragraphs above proves the following general structure theorem.

Theorem 11.20 (Michelsohn [1]). Let X be a compact simply-connected
Kiihler manifold with ¢,(X) = 0. Then there is a finite covering manifold X
of X which is biholomorphically equivalent to a product of compact Kihler
manifolds with vanishing first Chern class

X=TxX, x " xX,xY

where T is a complex torus and each of X+, . ..,X,,Y is simply-connected,
where
Td(X) = 0 i.fd%ijl:sodd
2 if dim X is even

and where Y admits a metric with Sp,,-holonomy.
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This decomposition theorem is a wonderfully effective device for de-
tecting manifolds with Sp,-holonomy.

Corollary 11.21. Let X be a compact simply-connected Kahler manifold of
dimension 2m with c,(X) = 0. If Td(X) # 0 or 2* for some k, then X carries
a metric with Sp,-holonomy. Alternatively, if X is not a product and
Td(X) # 2, then the same conclusion holds.

Theorem 11.20 with its corollary first appeared in Micheisohn [1] in pre-
publication form. Before printing, it was modified due to the publication
of an announcement of the non-existence of compact manifolds with
Sp,.-holonomy for m = 2. This announcement was subsequently found to
be in error. The first counterexample was produced by A. Fujiki using
the results above. To construct this example we first take the symmetric
square of a Kummer surface. This is the compact analytic space X, =
V2(4) x VX(4)/Z, where Z, is generated by the interchange of factors in
the product. Resolving the singularities along the diagonal gives a compact
complex 4-manifold X. Alternatively, we could construct X by first blow-
ing up the diagonal (i.., by replacing the diagonal by its projectivized
normal bundie) and then dividing by the natural extension of the “flip”
to this space. The manifold X is a certain component of the Hilbert scheme
of 0-cycles on V2(4). It is straightforward to see that X is simply-connected
and algebraic (hence Kéhler) and that ¢;(X) = 0. However, further com-
putation shows that Td(X) = 3. Consequently the Calabi-Yau metric on
X, given by Theorem 11.18, has Sp,-holonomy. (See Beauville [1] for
further discussion and examples.)

§12. The Positive Mass Conjecture in General Relativity

The classical theory of gravity, as enunciated by Einstein, is a subject
formulated in the language of differential geometry. In many ways it
stands apart from other theories of modern physics. One of its curious
features is that there seems to be no satisfactory way of defining an energy
density for a gravitational field. Nevertheless, there is a concept of the
total energy of a gravitating system, which is defined in terms of the
asymptotic behavior of the field at large distances. It is in many ways
essential to the theory that this energy be =0 (and = 0 only on flat
Minkowski space).

The proof of this “positive mass conjecture” has a long history during
which many special cases were established. The key case of space-times
admitting a maximal space-like hypersurface was first proved by Schoen
and Yau [3] using minimal surface techniques. Using Jang’s equation
they subsequently adapted their techniques to prove the general result [5].
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Of interest here is the fact that an aiternative proof of this theorem can
be given using the Dirac operator on spinors. This proof was found by
E. Witten [1]. Very roughly the idea is as follows: Consider a space-time
X (i.e., a 4-dimensional Lorentzian manifold), with a properly embedded
space-like hypersurface M = X. We assume that X satisfies Einstein’s
equations

Ric —4gk =T

where the energy-momentum tensor T'is positive on time-like vectors. It
is assumed that as one goes to infinity in M, the geometry of M < X is,
in a very explicit way, asymptotic to the standard geometry R* = R*! in
Minkowski space. In this context Witten considers the following probiem.
Let S denote the spinor bundie of X with its canonical connection V, and
consider the restriction of (S,V) to the hypersurface M. On this bundie
one has a Dirac operator defined by

3
ﬁ: Z ej'Vej
j=1

where e,.,e,,e; is any local orthonormal frame field on M. One now applies
Bochner’s method and writes

§ =V + 3 (12.1)

where, since V is the metric connection of X (and not of M), the term
involves the second fundamental form of the hypersurface M in X. Com-
putation shows that the positivity of the tensor T on the normal vectors
to M implies the positivity of J. This in turn shows that on suitable sub-
spaces of I'(S) the operator @ is invertible. Since S is asymptotically flat, one
can consider solutions of the equation fo = 0 which are asymptotically
constant. Witten shows that there are unique solutions for each constant
value at infinity. Let o be such a solution and consider a region Q « M
with smooth boundary dQ. From (12.1) we have

0= [ {<V*Vo,0) + (o) 0>}
= —Eq0) + f, {[VolP + <300}, 0>}
where Eq(o) is an integral over 6Q which satisfies
Eg(o) 20 (12.2)

since J§ = 0. Witten shows that the inequality (12.2) viewed asymptoti-
cally, establishes the positivity of the energy of the system.

For the complete story the reader is referred to the original paper of
Witten [1] and also to the rigorous account of Parker and Taubes [1].
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Principal G-Bundles

Let X be a paracompact Hausdorff space and G a topological group. A
principal G-bundle over X is essentiaily a bundle of “affine G-spaces” over
X. To be precise, it is a fibre bundle n: P — X together with a continuous,
right action of G on P which preserves the fibres and acts simply and
transitively on them. Thus, the fibres are exactly the orbits of G. More-
over, every point in X has a neighborhood U and a homeomorphism
hy:n~Y(U) 3 U x G of the form hy(p) = (n(p), y(p)) and with the prop-
erty that h(pg) = (n(p), y(p)g) for all g € G. Thus, the bundle is locally of
the form

UxG

l

U

where G acts by multiplication on the right.
Two principal G-bundles n:P — X and n': P’ — X are said to be
equivalent if there is a homeomorphism H: P — P’ so that

p—2,p
X

commutes and so that H(pg) = H(p)g for ail g € G. The equivalence classes
of principal G-bundles over X will be denoted by Pring(X).

ExampLE. Let n: P — X be a 2-sheeted covering space of X, and let
G =Z,. The group Z, acts on P by interchanging the sheets. This is
clearly a principal Z,-bundle. In fact it is not difficult to see that
Pring,(X) = Cov,(X) for any manifold X.

More generally, any normal covering of a manifold is a principai
I'-bundle where I' is the group of deck transformations of the covering
(with the discrete topology).

ExaMPLE. Let E be a real n-dimensional vector bundie over X, and let
Pg.(E) be the bundle of bases in F, i.c., the bundle whose fibre at xe X
is the set of ail bases for the vector space E,. This is a principal GL,-
bundie where GL,, is the group of invertible n x n real matrices. The action

370
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of GL, on P, (E) is defined as follows. Fix a matrix g = ((4;;)) in GL,.
Then given a basis p = (vy,...,0,) of E, at a point x, we set pg =
(v, ....v,) where

’ .
szzvkakj’ ]Zla--"n
k

This action is clearly continuous and is simpie and transitive on the fibres.

If E is oriented, we may consider the bundle Py, . (E) of oriented bases
in E. The construction above makes this a principal GL,f-bundle where
GL, = {ge GL, : det(g) > 0}.

If E is riemannian, we can consider the bundle Py(E) of orthonormal
bases. This is a principal O,-bundle where O, is the orthogonal group. If
X is oriented we get the bundle Pgy(E) of oriented orthonormal bases,
which is a principal SO,-bundle, where SO, = {g € O, : det(g) = 1}.

There are natural complex and quaternionic analogues of these
constructions.

Recall that a general fibre bundle B 5 X with fibre F and
structure group G < Homeo(F) is given by the following data. There is
an open cover % = {U,},., of X, and over each U, there is a local
trivialization =~ '(U,) 5 U, x F so that pro h, == (where pr is pro-
Jection onto U,). The change of trivialization over U, n U, is of the form
Uy " Up) x F 25 (U, A Uy x F where h, o hy'(x,f) = (x, gup(0)f)
and g,,: U, n Uy — G are continuous functions called the transition func-
tions of the bundle. They satisfy the cocycle condition

gaﬂgﬂygya = 1 (A 1)

inU,n Uy n U,. The bundle can be reassembled from this data by pasting
together the local products {U, x F},. , with these homeomorphisms.

Any fibre bundle B with structure group G as above has an associated
principal G-bundle P;(B). It is obtained by simply replacing F by G in the
local products and then pasting together the {U, x G},., by the same
transition functions, where g,4(x) acts on G by multiplication on the left.
Note that we are free to multiply on the right by elements of G. Since
right and left multiplication commute, this muitiplication by elements of
G on the right makes sense when we assemble the bundle P4(B). Note,
however, that while each fibre iooks like G, there is no preferred element,
ie., no “identity.”

The originai fibre bundle B can be recaptured from Pg(B) as an asso-
ciated bundle, that is, B >~ Pg(F) x , F where ¢ : G - Homeo(F) (see 11.2).

We now observe that every principal G-bundle over X can be presented
by transition functions g,z: U, n U, — G multiplying G on the left as above.
Of course a principal G-bundle is a fibre bundle and therefore is always
given by a family of transition functions G,4: U, n Uy — Homeo(G) over
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some open cover {U,} of X. Since the bundle is principal, these functions
must commute pointwise with right multiplication by G. Let g,4(x) =
Gy(x)(1). Then G,4(x)(g) = Gup(x)(1)g = g,4(x)g and we are reduced to the
simpler case, as claimed.

Thus, we have seen that every principal G-bundie on X is given by a
pair (%, {g.z}) where % = {U,},.4 is an open cover of X and where
gup: U, 0 Uy — G are continuous functions satisfying the cocycle condi-
tion (A.1). Such a pair can be thought of as a Cech 1- -cocycle with coeffi-
cients in G (or, more precisely, in the sheaf of germs of continuous maps
to G). One can easily check that two such bundles, constructed from
cocycles {g,;} and {g,,} on % are equivalent if and only if there exist
continuous maps g,: U, — G for each « such that

g;[] = ga_l “Yap " Yp (A2)

in U, n U, for all « . (This can be considered a “Cech-coboundary”
condition.)

Therefore, we define two 1-cocycles {g,,} and {g,,} on % to be equiva-
lent iff there is a “Cech 0-cochain” {gs}ac 4 Such that (A.2) holds. The set
of equivalence classes will be denoted by H'(%;G). This set naturally
represents the equivalence classes of principal G-bundies on X which can
be trivialized over the open sets of %.

Suppose now that (¥, ) is a refinement of %, i.c., ¥” is an open cover
of X and j:¥" — % is a map such that V < j(V) for all V€ ¥". Then by
restriction we get a map ry.4 : H'(%; G) - H(¥"; G) which can be shown
to be independent of the refinement function j. These maps satisfy the
relation ry.5 = ry-4 © Fyq for successive refinements #” — ¥~ — . Thus
we can take the direct limit

HY(X;G) = @Hl(%; G).
This limit naturally represents the equivalence classes of principal
G-bundles on X. That is,
Pring(X) =~ H(X; G).

If G is abelian, H'(X; G) is simply the first Cech cohomology group of X
with coefficients in G.

ExaMPLE. Let G = Z,. Then Z,-bundies over X are precisely the two-
fold coverings of X, and the correspondence Cov,(X) > H(X;Z,) is
Jjust the isomorphism given in Lemma 1.1.

REMARK A.1. If X is a C*-manifold and G is a Lie group, we can
require all the maps g,4,9,, €tc. in the discussion above to be differen-
tiable. The resulting set, denoted H'(X; G),,, represents classes of smooth
principal G-bundies over X. The natural map H'(X; G),, - H'(X;G) can
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be shown to be a bijection so we shall in general drop the reference to
smoothness.

An analogous remark can be made concerning compiex manifolds X
and complex Lie groups G where the maps g,, and g, are required to be
holomorphic. In this case, however, the corresponding map to HY(X;G)
is far from a bijection in general. (An exception is the case where X is
Stein.)

Note that if G is not abelian, H'(X; G) is not a group. It is merely a set
with a distinguished element given by the trivial G-bundle. Nonetheless, if

1— K » G G —> 1 (A.3)

i

is an exact sequence of topological groups, the standard arguments in
Cech cohomology theory (cf. Hirzebruch [1, Ch.L, §2] show that for para-
compact spaces X, there is an exact sequence:

(¥} —> H(X;K) —*> H°(X;G) - H°(X;G)

— HY(X;K) —> H'(X;G) 2> H\(X;G)
of pointed sets. H(X;G) is the set of 0-cocycles and is easily identified
with the space of continuous maps from X to G. The maps i, and j, are
given in the obvious way by coefficient homomorphisms. Note that for a

principal G-bundle P, the corresponding principal G'-bundle j,(P) can be
obtained by dividing P by the action of K on the right.

REMARK A.2. If the group K in (A.3) is abelian, then H*(X;K) is defined
and the exact sequence (A.4) can be extended to

..— HY(X;K) — H(X;G) — HYX;G) — H*¥X;K) (A.5)
ExaMpLE A.3. For the sequence
00— S0,—O0,— 7, — 0,

the induced map
w,: HY(X;0,) — HYX;Z,)

is just the first Stiefel-Whitney class. Clearly w,(P) =0 if and only if P
comes from an SO,-bundle, i.e., if and only if P is orientable.

ExampLE A.4. For the sequence
0 —> Z, —> Spin, —= SO, —> 0,
the induced cobundary map
w,:HY(X;SO,) — H*(X;Z,)

is the second Stiefel-Whitney class. Ciearly w,(P) =0 if and only if P
comes from a Spin,-bundle, ie., if and only if P carries a spin structure.
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There is a caution, however. As shown in §1, distinct spin structures may
give abstractly equivalent principal Spin,-bundies.

Note that the definition of a Cech coboundary leads to a nice com-
binatorial definition of w,(P). Let (%, {g,4}) be a cocycle representing P,
where each set U, n Uy is simply-connected. Lift each map g,; to a map
g Uy 0 Uy — Spin,, and define

waﬂy = gaﬂgﬂygya (A6)

in U, nUg n U, Since {o(w,g,) = 1, we see that

Wegy: Uy " Upgn U, — Z,.
This Z,-cocycle represents w,(P).
ExaMPLE A.5. Consider the sequence
0—Z— R—> S'—0.

Since all groups here are abelian, the exact sequence in cohomology con-
tinues indefinitely. It is an elementary exercise to show that H{(X;R) =0
for all i > 0 and for any manifold X. (Here R carries the standard, not
the discrete, topology.) We thereby get an isomorphism

¢, HY(X;S$") =5 HY(X;7) (A7)

called the first Chern class. This shows that the equivalence classes of
principal S'-bundles are in natural I-to-1 correspondence with elements of
H¥(X;Z)

Note. For a full and clear discussion of the basic subject of fibre bundles
the reader is referred to the classic book of Steenrod [1].

We conclude this section with some remarks about transferring bundies
from one space to another. Let P 5> X be a principal G-bundle
over a space X and let f:Y - X be a continuous map. Consider the set
of points

f*P={(y,peY x P: f(y) = n(p)}, (A3)

in the product Y x P, and note that projection of Y x P onto its factors
induces maps on f*P which make the following diagram commute:

ﬁl l (A9)

y — 5 x

Wenow observe that 7: f¥P — Y is a princtpal G-bundle over Y. It follows
directly from definitions that G acts on f*P and is simple and transitive
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on the fibres of # The map f commutes with this action. Any set of local
trivializations of P over a family of open sets # = {U,},. 4 in X naturally
determine local trivializations of f*P over the family of open sets
f*WU = {f " 'Upg}se4 in Y. The transition functions {g,,} for this cover lift
back to transition functions

f*gaﬂ = Gu° f (A.10)
for f*a.

DEerFINITION A.6. The principal G-bundle f*P — Y is called the bundle
induced from P — X by the mapping f.

It is clear that if two bundles P and P’ are equivalent on X, then f*P
and f*P’ are equivalent on Y. (Lift the equivalence.) Thus we have a map

[*:Pring(X) — Pring(Y). (A.11)

From equation (A.10) we see that the cocycle for f*P is just pull-back
via f of the cocycle for P. Thus, (A.11) corresponds to the usual induced
mapping on Cech cohomology groups:

f*:HY(X; G) — H(Y;G).
This “pull-back” mapping on principal bundies has two important
properties:
Proposition A.7. For continuous maps X L Y% Z, the induced maps
Pring(Z) 5 Pring(Y) 5 Pring(X) satisfy

(Gof)*=f*-g* (A.12)
Proof. That f*(g*P) = (g o f)*P is obvious from the definition. ™

Proposition A.8. Let Y be a compact Hausdorff space. Iftwomaps fy: Y > X
and f;:Y — X are homotopic, then

f&=r1.

We leave the proof as an exercise for the reader.
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Classifying Spaces and Characteristic Classes

The point of this appendix is to briefly summarize the basic facts from
the theory of classifying spaces and characteristic classes for principal G-
bundies. Details can be found in Milnor-Stasheff [1] and Husemoller [1].

For simplicity we shall assume throughout this appendix that G is a
Lie group. Furthermore all spaces will be assumed to have base points,
and all maps wiil be base-point-preserving. All spaces will also be assumed
to have the homotopy type of a countable CW-complex.

DeriNiTION B.1. A classifying space for the group G is a connected topo-
logical space BG, together with a principal G-bundle EG — BG, such that
the following is true. For any compact Hausdorff space X, there is a one-
to-one correspondence between the equivalence classes of principal G-
bundles on X and the homotopy classes of maps from X to BG, given
by associating to each map f: X — BG, the induced bundle f*EG over X
(see the end of App. A).

Thus the induced bundle construction gives a natural bijection

Pring(X) = [X, BG]. (B.1)
Note that as a special case we have
Pring(S™) = n(BG). (B2

Given two different classifying spaces for G, say B,G and B,G, there
must exist mappings f,:B,G — B;G and f,:B;G — ByG such that
Sf¥E,,,G = EG for i e Z,. This implies that (f;,, o fi)*E,G = E,G, and
therefore f;, |  f; is homotopic to the identity on B;G for i € Z,. Thus B,G
and B, G are homotopy equivalent, i.e., BG is well defined up to homotopy
type.

The bundle EG — BG is called the universal principal G-bundle. This
bundle has the following homotopy characterization (see Steenrod [1] for
example).

Theorem B.2. Let E — B be a principal G-bundle with the property that
the total space of E is contractible. Then (B, E) is a classifying space for G.

The theory has definite interest due to the following:

Theorem B.3. For any Lie group there exists a classifying space.

376
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The general construction of classifying spaces for principal bundies is due
to Milnor [1,2] and proceeds as follows. Given a group G, we consider
the n-fold join G# --- x G. (The join of two spaces X and Y is obtained
from X x Y x [0,1] by collapsing {x} x Y x {0} to a point for each x
and also collapsing X x {y} x {1} to a point for each y.)

[0,1]

X xY x[0,1] X*Y

XxYx[01]— XxY

The space G * --- x G is (n — 1)-connected. It also has a free G-action ob-
tained by multiplying simultaneously on the right in each of the factors.
We pass to the limit as n —» oo, and define EG = G G * G * - - -. This
is infinitely-connected and has a free right G-action. We set BG = EG/G
with 7: EG —» BG the quotient map. From Theorem B.2, this bundle is
classifying,

Of course this construction of Milnor can (and has) been carried out
in enormous generality.

It should be noted that since EG is conuactible, the long exact sequence
of homotopy groups for a fibration implies that

7,-1(G) = n,(BG) (B.3)

for all n = 1. Thus, the homotopy groups of BG present nothing new.
However, the homology of the space is quite interesting.

We begin the discussion with the following. Consider the singular
cohomology H*(BG; A) with coefficients in a ring A.

DerintTioN B.4, Each non-zero class in H¥(BG; A) is a universal charac-
teristic class for principal G-bundles.

Fix a class ¢ € H*(BG; A). Then for any principal G-bundle P — X there
is a map fp: X — BG so that P =~ f}EG. We define the c-characteristic
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class of P to be the class
o(P) = f¥(c)e HYX;A). (B.4)

Since fp is well defined up to homotopy, the class ¢(P) is uniquely defined.

Observe that any such characteristic class transforms naturally in the
following sense. Given a principal G-bundle P — X and a continuous map
F:Y - X, the c-characteristic classes satisfy:

c(F*P) = F*c(P) (B.5)
To see this we simply note that fr.p = fp o F, and so c(F*P) = fplc) =
F*f¥(c) = F*c(P).
Given a continuous homomorphism ¢: H — G of Lie groups, there is
a corresponding continuous map

Bo:BH —> BG (B.6)

which classifies the principal G-bundle over BH associated to the repre-
sentation ¢. That is,

(Bo)*(EG) = EH x , G

where EH x , G denotes the quotient of EH X G by the action of H given
by setting ®,(p,g) = (ph™ ', hg) for pe EH, g € G and h € H. This associa-
tion also transforms naturally. That is, for any composite homomorphism
H% K % G, we have

B(y - ¢) = B(y) - Blg).

If the homomorphism ¢:H — G is a homotopy equivalence, then so
is the mapping Bg: BH — BG. This is easily seen by applying the 5-
lemma to the induced map on the long exact homotopy sequences of the
fibrations

H—— EH —> BH and G — EG — BG.

(Recall that BH and BG are assumed to be homotopy equivalent to
countable CW-complexes.) This gives the following result:

Proposition B.5. Let G be a connected Lie group and K < G a maximal
compact subgroup. Then BG = BK, that is, the classifying spaces of G and
K are homotopy equivalent.

Proof. It follows from the Iwasawa decomposition of G (cf. Helgason [1})
that the inclusion K < G is a homotopy equivalence. ®

It follows, for example, that BO, =~ BGL,(R), BSO, =~ BGL, (R),
BU, ~ BGL,(C), BSU, = BSL,(C), BSp, = BSp,(C), etc.
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Note that, in general, each mapping of the type Bo: BH — BG induces
a transformation (Bo)*: H*(BG; A) —» H*(BH; A) of universal characteris-
tic classes. Any non-zero element which goes to zero under this transforma-
tion is a universal obstruction to the reduction of the structure group
from G to H. That is, if ¢ is such a class and if P — X is a principal
G-bundle with ¢(P) # 0, then P cannot be written as an associated bundle
P =P’ x, G (as above) for any principal H-bundle P’ — X.

The cases of basic interest here are those of the compact classical
groups. For these cases there are useful alternative constructions of the
classifying spaces.

For K = R, C or H, let GX(n, N) denote the Grassmann manifold of all
n-dimensional K-linear subspaces of K¥. There are natural inclusions
GX(n,N) = GX(n,N + N’} induced by the “first-coordinate” inclusions
KN « KN*™_ Taking the direct limit, we get

lim

GX(n,0) = —> G(n,N),

the Grassmannian of K-planes in K®.

There is a canonical K-vector bundle E, — GX(n, o) whose fibre at a
plane P € GX(n, o) consists of all the vectors in that plane. We shall show
that

BO, =~ G¥(n, c0)
BU, = G%n, ) (B.7)
BSp, = GY(n, o).

The principal fibrations in each case are obtained by taking the appro-
priate bundle of bases (orthonormal, unitary, or symplectic) in the ca-
nonical bundle E,. Thereby, E, becomes the universal (real, complex or
quaternionic) n-plane bundle over the classifying space (BO,, BU,, or BSp,
respectively).

We begin our proof of these claims with the real case. For this we note
that for any N, we have G®(n, N) = O,/(Oy_, x O,). The bundle of ortho-
normal frames for the canonical n-plane bundle E, — G®(n, N) is just the
Stiefel manifold O,/Oy_,. Hence, the bundle of orthonormal frames for
E, = G®n, o) is just the direct limit over N of the principal O,-bundles

0,/Oy-, — Oy/(Oy-, x O,)

It is an elementary exercise, using the fibrations O, — O, ,; — S to see
that O,/Oy_, is (N — n — 2)-connected. Hence the infinite Stiefel mani-
fold limy O/Oy_, is contractible, and the limiting fibration must repre-
sent the universal bundle EO, — BO, by Theorem B.2.
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The arguments for BU, and BSp, are entirely analogous. Here one
uses the facts that G®(n,N)= Uy/(Uy., xU,) and G"(n, N)=x
Spa/(Spy_, % Sp,). We omit the details.

The reader has undoubtedly noticed that BO, can be considered as the
classifying space for real n-dimensional vector bundles. That is, for a com-
pact Hausdorfl space X, the equivalence classes of such bundles corre-
spond one-to-one with elements of [ X, BO, ] by associating to f : X — BO,
the vector bundle f*E,. This follows easily from the discussion above by
passing to the bundles of orthonormal bases. The corresponding remarks
hold for BU, and BSP,,.

It should be noted that the fact that GX(n, «0) is a classifying space for
n-dimensional vector bundles (over K) can be proved by a direct geometric
construction (see Milnor-Stasheff [1]).

We now examine the cohomology of the basic classifying spaces. These
spaces are infinite-dimensional and have non-zero classes in arbitrarily
high dimensions. Nevertheless, as rings under the cup-product multiplica-
tion, they are quite understandable. Basic references for all the following
results are Milnor-Stasheff [1], Steenrod-Epstein [1], and Borel [2]. We
begin with Z,-cohomology.

Theorem B.7. The cohomology ring H*(BO,;Z,) is a Z,-polynomial ring
Z,[wy Wy, ... W,

on canonical generators w, € H(BO,;Z,) fork=1,... n.

Note. Theclasses wy, ... ,w,are characterized inductively by the following
fact. The kernel of the homomorphism H*(BO,;Z,) L H*BO,_:Z,)
induced by the standard inclusion O,_; — O,, is the principal ideal
{w,>. Analogous statements characterize the canonical generators in the
subsequent theorems.

The class w, is called the universal kth Stiefel-Whitney class. Thus to any
n-dimensional real vector bundle E — X classified by a map f;: X —» BO,,
we have the associated kth Stiefel-Whitney class of E, w,(E) = f#(w,). An
important concept is that of the total Stiefel-Whitney classw =1 + w, +
...+ w,. It satisfies the Whitney product formula for the sum of two
bundles

WE @ E') = w(E) u w(E") (B.8)
which translates in longhand to the equations

k
wlE @ E) = .Z,O w{E) U w,_(E')



CHARACTERISTIC CLASSES 381

for k = 1,2,.... This can be considered as a statement about the induced
map on cohomology induced by B(O, x O,.) —» BO,,,. under the usual
“diagonal block” inclusion O, x O,. = O, ..

Given a smooth manifold X, we define the kth Stiefel-Whitney class
of X to be w(TX). It is an important fact that the Stiefel-Whitney classes
of a compact smooth manifold are invariants of the homotopy type of the
manifold. That is, given a homotopy equivalence f: Y — X between com-
pact smooth manifolds, we have that f*w,(X)= wy(Y) (see Milnor-
Stasheff [1], p. 131.) This will not be true of many other characteristic
classes of manifolds.

Consider now the space BSO,. This can be realized as above as
the Grassmannian of oriented n-planes in R®. There are natural maps
BSO, - BO, - BZ, = K(Z,, 1). This sequence is a fibration, and we have
the following;

Theorem B.8. The cohomology ring H*(BSO,; Z,) is a Z,-polynomial ring

Zy[wy, ... W, ]

where w, denotes the lift of the universal kth Stiefel-Whitney class by the
map BSO, - BO,.

Finally we consider the space BSpin, which sits in a fibration BSpin,, —
BSO, — K(Z,,2).

RemMARK B.9. The cohomology ring H*(BSpin,;Z,) is quite complex
and since its precise structure is not used here, we refer the interested
reader to the basic paper of D. Quillen [1]. (The “stable” groups
H*(BSpin; Z,) were first computed by E. Thomas [1].)

The Z,-cohomology of the spaces BU, and BSp, is merely the mod 2
reduction of the integral cohomology, and we have the following:

Theorem B.10. The cohomology ring H*(BU,; Z) is a Z-polynomial ring
Z[c1cp, - - - 1Cn)

on canonical generators ¢, € H¥BU,;Z) for k=1,... n.

The class ¢, is called the universal kth Chern class. Thus to any n-
dimensional complex vector bundle E — X classified by a map fz: X —
BU,, we have the associated kth Chern class ¢,(E) = f¥(c,). There is the
concept of the total Chern class c =1+ ¢, + ¢, + ...+ ¢,, and again
there is a product formula

c¢(E @ E")Y=c(E) U c(E). (B.9)

Given any complex manifold X, the tangent bundle is a complex vector
bundle. We call ¢(X) = ¢,(TX) the kth Chern class of X.
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There is now a ring isomorphism H*BU,; Z,) = Z,[é,, . . . ,¢,] where &,
is of degree 2k for each k. The class ¢, is the mod 2 reduction of ¢,. The
natural inclusion U, = O,, induces a map BU, — BO,,. It can be shown
that under this map w,, — ¢, and, of course, w,,,; — 0. Hence, for any
complex vector bundle E,

walE) = ¢(E)mod 2)  and  wy, (E)=0

for all k.
The picture is much the same for quaternion bundles.

Theorem B.11. The cohomology ring H*(BSp,;Z) is a Z-polynomial ring
Z[oy,...,0,]

on canonical generators o, € H¥(BSp,;Z) fork=1,... n.

Under the natural map BSp, -» BU,, we have that ¢,,+— o, and
Cous1 0.

The integral cohomology of BO, is a more complicated story due to the
presence of 2-torsion. However, away from the prime 2, things become
nice.

Theorem B.12. Let A be any integral domain containing % (e.g., Z[+] or Q).
Then H*(BO,; A) is the polynomial algebra

A[pla s ’p[n/Z]]
on canonical generators p, € H*(BO,;A) for k=1, ... J[n/2].

Choose A = Q. Then the class p, is called the universal kth rational
Pontrjagin class. Given a real vector bundle E — X classified by f;: X —
BO,, we define the kth rational Pontrjagin class of E to be p(E) = f(p,).
There is a total rational Pontrjagin class p =1+ p, +... + Dinj2y and a
product formula

PE @ E) = p(E) v p(E) (B.10)

in H*(X; Q). There are rational Pontrjagin classes of a smooth manifold
which, in the compact case, are homeomorphism invariants.

To understand the integral case we must examine the Bockstein homo-
morphism. The coefficient sequence 0 — Z 37 > Z, — 0 gives rise to a
long exact sequence

... — HYX;Z) = HYX;Z) — HYX;Z,) 2> H**\(X;Z7) — - -

where f is called the Bockstein. Note that the kernel of g is the set of
classes in H*(X; Z,) which are mod 2 reductions of integral classes.
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Theorem B.13. The integral cohomology H*(BO,,; Z) is an additive direct
sum

Z[pl’ LR ap[n/Z]] @ Image(ﬁ)

where p, € H¥(BO,;Z) becomes the element p, of Theorem B.12 under
tensor product with A, and where B is the Bockstein homomorphism.

The class p, is called the universal kth integral Pontrjagin class. These
classes have the following property. Consider the homomorphism O, —
U, induced by complexification. The Chern classes lift back over the in-
duced map BO, — BU,. The classes ¢, go to zero, and

De=(— l)kCZk' (B.11)

It is conventional to define the Pontrjagin classes of a real vector bundle
E by this formula, i.e., by setting

PUE) = (—1ffe(E ® C). (B.12)

Observe now that the subset f(H*(BO,; Z,)) =« H*(BO,; Z) consists en-
tirely of 2-torsion elements. Important among these are the classes

W, = B(wi—1) (B.13)

which measure whether the (k — 1)st Stiefel-Whitney class is the mod 2

reduction of an integral class. Of course all the W’s vanish when pulled

back to BU, or BSp, under the maps BU, - BO,, and BSp, — BO,,.
We now examine BSO,,.

Theorem B.14. Let A be an integral domain containing 3. Then for each n,
there are ring homomorphisms

H*(BSO,,, ;A) =A[p;, ... 5pn]

H*(BSOZn’A) = A[pl’ .. J’mX]/(XZ - pn>
where p, € H*(BSO,; A) and where y € H'(BSO,,; A).

The elements p, are the images of the A-Pontrjagin classes (of Theorem
B.12) under the map BSQO, — BO,. The class y is called the universal Euler
class. It can be defined as usual for any oriented vector bundle E — X by
setting y(E) = f%(x). (For odd-dimensional bundles it is defined to be zero.)
There is a product formula

WE @ E) = y(E} v (E). (B.14)

There is a natural definition of y as an integral cohomology class. (see
Milnor-Stasheff [ 1]). Under the map BU, — BSO,,, the class y pulls back
to ¢,. Under mod 2 reduction, y becomes w, in H'(BSO,,;Z,).

The analogue of Theorem B.13 holds for H*(BSO,,; Z).
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Orientation Classes and Thom Isomorphisms

in K-Theory

The point of this appendix is to examine the notion of an orientation class
for K-theory, KO-theory, or KR-theory on a vector bundle. Such classes
exist only on bundles with an appropriate structure, and when they exist
they determine a “Thom isomorphism” for the given theory. These can be
compared with the standard Thom isomorphism for cohomology via the
Chern character. For more elaboration of the matters discussed here the
reader is referred to the book of Karoubi [2].

Let n: E —» X denote a vector bundle over a locally compact space X.
This bundle may be real or complex, or even Real (when X is provided
with an involution). Let k™ * denote any of the theories K. ¥, KO f or
KR_¥. (This last theory is defined only for spaces with an involution. We
shall let the reader make the obvious adaptations of the exposition to fit
this case.)

Proposition C.1. Via the projection n:E — X, k™*(E) is canonically a
k™ *(X)-module.

Proof. Given any two locally compact spaces 4 and B, the outer tensor
product induces a graded, bi-additive map

k™*(A) x k™*(B) — k™ *(4 x B)

defined as follows. Fix elements [V,,V;;0] € k(4 x R™) = k™™ A4) and
[Wo,Wi;t] € k(B x R*) = k~"(B). Choose extensions of the isomorphisms
o:Vy - V; and t: W, —» W,, which are defined outside compact subsets,
to all of A x R™ and B x R" respectively. Fix a metric in each of the
bundles, and let 6*: ¥V, — ¥, and t*: W, —» W, be the adjoint morphisms
to o and 1. Let W W, denote the outer tensor product, ie., V, X W, =
(priV;}) ® (pr3W) where pr, and pr, are the projections of 4 x B x R**"
onto 4 x R™and B x R" respectively. Then the product of [ V;,V;; 0] and
[W,,Wy; 1] is defined to be [U,,U;; p] where

Uy = (Vo Wo) ® (Vl Wl)a U =" Wo) @ (Vo Wx)

384
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and where

_01 —1 X t*
TRt e*X1 )

From the fact that
. oo* X1 +1 X t*1 0
PP = 0 oo ¥ 1+ 1K t*

we see that p is an isomorphism at any point where either ¢ or 1 is an
isomorphism. Hence, p is an isomorphism outside a compact subset of
A x B x R**™. All choices involved in this definition are unique up to
homotopy, so the product is well defined.

The desired module multiplication is now given by the composition

k™*(X) x k™ *(E) — k™ *(X x E) —> k™ *(E)

where the second homomorphism is induced by the proper map (= x Id):
E — X x E. Verification that this multiplication is associative and dis-
tributive is left to the reader. m

From this point on we shall assume that X is compact.

DEFINITION C.2. A class u € k(E) = k°%E) is said to be a k-theory orien-
tation for the bundle E if k™ *(E) is a free k™ *(X)-module with generator w.

ExaMPLE C.3. Let E = X x C™ 5 X be a trivialized hermitian vector
bundle and define

u = [AZ"C™, A°9C™ 0] € K, (E) (C.1)
where C™ = n*E denotes the trivial m-plane bundle on E and where

@) =vAp—1*Lo
for (x,v) € X x C™ and @ € AY"C™ By using the identification R?>™ ~ C™
and taking the canonical orientation, this element can be rewritten as
u=[8,8;4] (C2)
where $c = 8¢ @ S¢ = n*$(E) is the irreducible complex graded CZ,,,-
module (extended trivially over E) and where
bek@9) =0 @

is given by Clifford multiplication. The fundamental assertion of the Bott
Periodicity Theorem is that u gives a K-theory orientation on E (see 9.20,
(9.8) and 9.28 of Chapter I).

ExamPLE C.4. Let E= X x R® 5 X be a trivialized riemannian vec-
tor bundle, and define

u=[$*, 5" u] € KOw(E) (€3)
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where § = §* @ §~ = n*$(E) is the irreducible real graded Clq,-module
(extended trivially over E) and where

Uenl@) =V @

is given by Clifford multiplication. The Bott Periodicity Theorem (see
9.22, (9.8) and 9.28 of Chapter I) states that u is a KO-theory. orien-
tation for E.

EXAMPLEC.5. Let E= X x C" = X x (R" @ iR") 5 X be a trivial-
ized Real vector bundle over a compact space X with trivial involution. Set

u=[CL,CLL; R + iL] € KR_,(E) (C4)
where C8,, = C£2 @ C&} is extended trivially over E and where

(R + iL)x,u+iv((P) = (P u + il" (P

at any point (x,u +iv)e X x (R™ @ iR™). From the (1,1)-Periodicity
Theorem of 1.10 we see that u defines a KR-theory orientation on E.

We now return to the general case of a vector bundle over a compact
space X.

DerFNITION C.6. A class u € k(E) is said to have the Bott periodicity
property if u determines a k-theory orientation in any local trivialization
of E over a closed subset C = X, ie., if k™*E|) is a free k™ *(C)
module generated by u, whenever E| is trivial.

Theorem C.7 Let n:E — X be a vector bundle over a compact space X.
Then any class u € k(E) with the Bott periodicity property is a k-theory
orientation for E.

Proof. Let {C;}}-; be a covering of X by closed subsets such that E]C}.
is trivial for each j. We proceed by induction on N. For N = 1 the state-
ment is obvious. Suppose we have proved the assertion for E restricted
toA=C, U U Cy_, (or to any closed subset of 4). Set B = C,. For
each theory k™ * there exists a Mayer-Vietoris sequence with connecting
homomorphisms of degree 1 (see Karoubi [2]). One easily checks that
multiplication by the appropriate restrictions of u gives a morphism of
€xact sequences:

sk (A UB) > k(A @ kT(B) >k (ANB) > kT4 UB) >

l l l l

o> kTHE|qu8) = kTHE|) ©@k H(E|g) > kTH(E|4np) = kT HE]up) =

By inductioin the vertical arrows are isomorphisms from k™ *(A4), k™ *(B)
and k™ *(4 ~ B)(since A N B is a closed subset of 4). By the 5-lemma we
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conclude that the vertical arrows are isomorphisms also from k~*(4 U B).
The same argument clearly also applies to any closed subset of 4 U B.
This completes the proof. =

Theorem C.7 has the following immediate consequences:

Theorem C.8 (The Thom isomorphism in K-theory for U, -bundles). Let
n:E — X be a complex hermitian vector bundle over a compact space X.
Then the class

A_((E) = [n*AL*"E,n*AYE; 0] € K. (E)
where o (@) = e A @ — €* L @, is a K-theory orientation for E. In particular,
the map i: K(X) — K ,(E) given by
ia) = (n*a) - A_,(E)
is an isomorphism.

Proof. By Example C.3, A_,(E) has the Bott periodicity property. =

Theorem C.9 (The Thom isomorphism in KO-theory for Sping,-bundles).
Let n: E — X be a real 8m-dimensional bundle with a spin structure, over
a compact space X. Consider the class

S(E) = [n*$*,7*$ ";u] € KO ,(E)

where § = $% @ 37 is the irreducible graded real spinor bundle of E and
where plp) = e- @ is given by Clifford multiplication. Then S(E) is a KO-
theory orientation for E. In particular, the map i,: KO(X) — KO,(E) given
by

ifa) = (n*a) - S(E)
is an isomorphism.
Proof. By Example C.4, S(E) has the Bott periodicity property. &
Theorem C.10 (The Thom isomorphism in KR-theory for Real bundles).
Let n:Eq — X be a real vector bundle over a compact space, and let

E=E,® C=E, @ iE, be the associated Real bundle (with trivial invo-
lution on X). Then the class

U(E) = [n*CLYE,), n*CL (Eo); R + iL] € KR, (E)

is a KR-theory orientation for E (where (R + iL)(@) = pe — idp ate + ie' €
E, @ iE, above a point in X). In particular, the map i,: KR(X) — KR_,(E)
given by

ifa) = (z*a) - U(E)

is an isomorphism.
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Proof. By Example C.5, U(E) has the Bott periodicity property. |

ReMARK C.11. For a general Real bundle n: E - X over a compact
space X with involution, the class A_(E) given in C.8 defines an element
in KR, (E) which is always a KR-theory orientation for E (see Atiyah [2]).

Theorem C.12 (The Thom isomorphisms in K-theory for SO,,-, Spin,,,-
and Spin},-bundles). Let n: E — X be an oriented real vector bundle of
dimension 2m over a compact space X. Then the class

O(E) = [n*CL(E),n*CL ™ (E}u] € K (E) ® Q
defined in (111.12.12) is a (K ® Q)-theory orientation for E. If E has a spin
structure, then the class

S(E) = [n*$¢ (E), n*$c (E) u] € Kop(E)
defined by (I11.12.13) is a K-theory orientation for E. This remains true for
any Spin‘-structure on E where $c(E) = 3£ (E) @ $c(E) is the associated
irreducible spinor bundle (see App. D). The associated maps
KX)® 00— K (E)® Q given by i(a) = (m*a) - 8(E)
and
iy K(X) — K (E) given by i(a) = (n*a) - s(E)

(in the Spin‘-case) are isomorphisms.

Proof. Consider first the spin (or Spin‘) case. In any local trivialization
of E, say E|c 5 C x R*", the class s(E) becomes the element

S(E|c) = [8¢, 8c; 1] € Kep(C x R?™)

which is the pull-back to the product of the canonical generator of
K., (R*™) given by the Atiyah-Bott-Shapiro Isomorphism. Hence, s(E) has
the Bott periodicity property for K-theory.

Suppose now that E is not necessarily spin. From the isomorphism:
Cl,,, = Homy(8, $c) = $c ® 3%, we see that in any local trivialization
E|. 5 C x R*", the class (E) becomes

8(E)c) = [$¢ ® $& 8¢ @ 8% u]
= [8¢. 8¢ u] - [$%]
=2"[8¢, 8¢5 ul
= 2"s(E).

Hence, after tensoring with @, 8(E) has the Bott periodicity property, and
the proof is complete. =
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The Thom isomorphisms given above can be compared to the standard
Thom isomorphism in cohomology via the Chern character. Formulas
for this are given in Chapter III, §12 (see (I11.12.14) and (I11.12.15)).

ReMark C.13. Each of the Thom isomorphisms given above can be
extended to bundles defined over a locally compact space X. The orienta-
tion classes given explicitly in the Theorems C.8-C.12 do not define classes
in k(E) when X is not compact. Nevertheless, one can easily show that
they do pair with elements in k(X) to give elements in k(E). Basically, these
orientation classes have compact support in “vertical slices” and elements
of k(X) lift to classes with compact support in the “horizontal directions,”
and so the product has compact support on E.

The reader has probably noted that if X is a manifold and E = T*X
is its cotangent bundle, then the orientation classes given in the theorems
above are the principal symbols of certain fundamental differential opera-
tors. In particular, Theorem C.8 shows that on any 8m-dimensional spin
manifold, the principal symbol of the Atiyah-Singer operator is an orien-
tation class for the KO-theory of the cotangent bundle. Similarly, if X is
any even-dimensional spin (or Spin‘) manifold, then by Theorem C.12 the
principal symbol of the complex Atiyah-Singer operator gives an orienta-
tion class for the K-theory of the cotangent bundle. Viewed in this way,
it is clear that the Atiyah-Singer operator is a fundamental one. Twisting
this operator with a general coefficient bundle generates the KO-theory
(or K-theory) of T*X freely as a module over KO(X) (or K(X) respec-
tively). Otherwise stated, at the level of principal symbols, every elliptic
operator on X is an Atiyah-Singer operator with coefficients in some
bundle.

The proof of Theorem C.7 carries over directly to give the following
useful case of the Leray-Hirsch Theorem. Suppose E — X is a complex
vector bundle over a compact space X, and let p:P(E) - X be the asso-
ciated projective bundle, i.e., the bundle whose fibre at cach point x is the
projective space of all complex lines through the origin in E,. Note that
H*(P(E); Z) becomes an H*(X ; Z)-module under the homomorphism p*.
Consider now the “tautological” complex line bundle / — P(E) whose
fibre at £, e P(E,) = P(E) consists of all vectors vef, = E, Set
u = ¢,(¢) e HY(P(E); 2).

Theorem C.14. Suppose E — X is a complex vector bundle of rank k. Then
H*(P(E); Z) is a free H*(X; Z)-module with basis 1,uu?, ... u*"1.

Proof. When E is the trivial bundle, this follows directly from the Kunneth
formula. In general one chooses a covering {C;}}-; of X and proceeds
by induction using the Mayer-Vietoris sequence exactly as in the proof
of Theorem C.7. m



APPENDIX D

Spin‘-Manifolds

The notion of a Spin‘-manifold is an important one, but it was not treated
in the main body of the text to avoid too much congestion in the expo-
sition. It is essentially the “complex analogue” of the notion of a spin
manifold, and much of the discussion of this case can be carried out in
parallel with the spin case.

We begin with the complex version of a question mentioned in the
introduction. Let X be an oriented riemannian manifold, and ask whether
there exists a bundle of irreducible complex modules for the bundle C{(X).
If X is spin, the answer is certainly yes. (One merely takes the associated
bundle $¢ = Pspi(X) xa, V where V is an irreducible complex CL,-
module.) However, the existence of a spin-structure is not necessary for
the construction of such bundles. To see this we examine the complex
representations of Spin, more closely.

Suppose Ag:Spin, — Uy is a complex spinor representation, i.e., one
coming from an irreducible C{,-module. Let z: U, & U, denote the cen-
ter, i.e., the scalar multiples of the identity. Then we get a homomorphism
Ag x z:Spin, x U; - U, which clearly has the element (—1,—1) in its
kernel. Dividing by this element gives the group

Spin; = Spin, x4, U;. (D.1)

Note that there is a short exact sequence

0 — Z, —> Spin‘ —— SO, x U, — 1 (D.2)

where the subgroup Z, < Spin;, is generated by the element [(—1,1)] =
[(1,—1)]. Now we have

Spin, =« C{, ® C

as a multiplicative subgroup of the group of units. (In fact it is obtained
by “tensoring” Spin, with the unit complex numbers.) To construct the
bundle of irreducible complex modules over X we proceed as in the spin
case. With the sequence (D.2) in mind, we ask: Does there exist a principal
Spin:-bundle over X which admits a Spin-equivariant bundle mapping

Pgyine —— Pso(X) x Py, (D.3)

for some principal U,-bundle Py, over X? By “equivariant” we mean that
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&(pg) = &(p)e(g) for all p € Py, and all g € Spin;,. We analyse this in the
spirit of Appendix A. Consider the exact sequence

HY(X;Spin)) —— H'(X;SO,) ® H'(X;U,) 2" HX(X;Z,) (D4)

determined by the coefficient sequence (D.2). The coboundary map asso-
ciates to a pair (Pso,Py,) the element w,(Pgo) + &,(Py,) where ¢, is the
mod 2 reduction of the first Chern class of Py, (see Example A.5). Under
the isomorphism (A.7) this coboundary map can be rewritten as

H'(X;SO,) ® H¥(X;Z) % H*(X;Z,) (D.5)

where p: H*(X;Z) - H*(X;Z,) is mod 2 reduction. Consequently, given
the frame bundle Pgo(X), we can find the bundle (D.3) provided that
wy(Pso(X)) = p(u) for some u e H*(X;Z), i.e., provided that w,(X) is the
mod 2 reduction of an integral class.

Of course this argument carries over to any principal SO,-bundle.

DeriNITION D.1. Let Pgg, be a principal SO,-bundle over X. A Spin‘-
structure on Pg,_consists of a principal U,-bundle Py, and also a principal
Spin;-bundle Py, with a Spin;-equivariant bundle map

Pgpins — Pgo, X Py,.

The class ¢ € H*(X;Z) corresponding to Py, under the isomorphism
H?(X;Z) = Priny (X) (cf. A.5), is called the canonical class of the Spin‘-
structure.

The argument given above proves the following:

Theorem D.2. A principal SO,-bundle P carries a Spini-structure if and
only if w,(P) is the mod 2 reduction of an integral class, that is, if and only

if
Wy(P) = 0.

(See B.13 for a discussion of the classes W;.)

It should be noted that Theorem D.2 could be established in the spirit
of Theorem 1.4ff by considering the appropriate 2-fold coverings of the
spaces Pgg, % Py,.

DEFINITION D.3. An oriented riemannian manifold with a Spin“-struc-
ture on its tangent (frame) bundle is called a Spin°-manifold.

The theorem above has the following immediate corollary:

CoRrROLLARY D.4. An orientable manifold X carries a Spin‘-structure (i.e.,
X can be made into a Spin‘-manifold), if and only if the second Stiefel-
Whitney class w,(X) is the mod 2 reduction of an integral class, i.e., if and
only if W3(X) = 0.
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If a manifold carries one Spin‘-structure, it often carries many. They
are parameterized by the elements in 2H*(X;7) ® H (X;Z,).

There are two important cases where a Spin‘-structure exists and is
canonically determined:

ExaMPLE D.5. Any bundle with a spin structure carries a canonically
determined Spin‘-structure. The Spin‘-bundle is obtained as Pg,c =
Pgpin Xz, U; where Z, acts diagonally by (—1,—1) and where U, of
course denotes the trivial circle bundle. We see then that any spin manifold
is canonically a Spin‘-manifold.

ExaMPLE D.6. Any complex vector bundle E carries a canonically deter-
mined Spin‘-structure. To see this, note first that w,(E) = ¢(E) (mod 2),
and so Theorem D.1 implies that E carries Spin‘-structures. To see that
there is a canonical one we proceed as follows. Introduce a hermitian
metric in E and let Py (E) be the principal U,-bundle of unitary frames.
There is a canonical homomorphism

j: U, < Spin, (D.6)

which we shall construct explicitly below. Tt is a lifting of the homomor-
phism U, — SO,, x U, given by g +— (i(g), det(g)) where i: U, < SO,, is
the standard inclusion. Thus, we have a commutative diagram

. Spin,
J
U, / j:
\

S0,, x U,

The canonical principal Spin° bundle for E is now constructed as the
associated bundle.

Ps,in(E) = Py (E) x; Spin}, (D.g)
Note, incidentally, that the associated U,-bundle in this case is
Py (E) = Py,(E) X4 Uy (D.9)

This is the principal bundle of the complex line bundle A"E whose first
Chern class is ¢((E), i.e.,, c,(A"E) = ¢,(E).

One consequence of this discussion is that every complex manifold, in
Jact, every almost complex manifold, is canonically a Spin‘-manifold.

Before moving on we shall provide the details of the homomorphism
(D.6). It can be shown to exist by proving the existence of the lifting (D.7)
using covering space theory. However, it can be given explicitly as follows.
Let g € U, and choose a unitary basis {e, . .. ,e,} of C" in which g has the
form: g = diag{e'®, ... '"}. Let {e;,Jey, ... e,Je,} be the canonically
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associated orthonormal basis of R?" = C". Then

i =11 (cos Ou + sin O ekJek> x 2% (D.10)
k=1 2 2
in Sping, = Spin,, xz, S'.

We have seen that spin manifolds and complex manifolds are all Spin‘-
manifolds. In fact, it requires some searching about to find an orientable
manifold which is not Spin‘. Note, for example, that P*"*1(R), although
neither spin nor complex, is Spin‘.

It was observed by Landweber and Stong that perhaps the simplest
manifold which is not Spin‘ is the orientable 5-manifold SU;/SO; whose
only non-zero mod 2 cohomology classes are 1, w,, wy and w, - w;. Since
Sql(w,) = w, # 0, one concludes that W, # 0.

ExaMmPLE D.7. (Universal non-Spin‘-manifolds) We shall construct here
a family of open simply-connected n-manifolds U"(p) which are not Spin®
for each n = 9. These examples are universal in the sense that every simply
connected non-Spin‘-manifold of dimension n = 9, carries some U"(p) as
an open submanifold.

We fix a positive integer p and consider the cell complex

=52y, D

where the map 6D = 52 5 §2 is of degree 2. We can embed this com-
plex into RS, In fact there is a natural PL-embedding given as follows.
Consider S2 = A3, where A® denotes the standard 3-simplex, and embed
the mapping cone C, = §2 U, $2 — 8% » §? &~ §° in the obvious way. Here
“+” denotes the join. This clearly extends to an embedding §* U, D* <
S? « D3 =~ D°.

Let Us be a regular neighborhood of £ in R®. This is an open parailel-
izable manifold. We now claim that there is a 3-dimensional real vector
bundle E —» U; which restricts to be the non-trivial bundle on $2 < X,
Since Uy retracts onto X, we need only find a map F: X — BSO;, which
when restricted to S2 represents the non-zero element in n,(BSO5). How-
ever, since n,(BSO;) = n,(SO;) = Z,, any map f: 5> —» BSO; extends to
X, Therefore this bundle exists.

We define the manifold W"(p) as follows. Consider X embedded in the
total space of E as a subset of the zero section; i.e., ¥ « Uy < E. For each
n =9, let U"(p) be a regular neighborhood of £ x {0} < E x R"~°.

Theorem D.8. The manifolds W (p), p = 1, are not Spin°. Furthermore, any
simply-connected manifold X" of dimension n = 9 is not Spin® if and only if
Jor some p = 1, there exists an embedding

U(p) G X"
as an open submanifold.
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Proof. Fix p= 1 and n =9 and set W = U"(p). Let §2 = U be the non-
trivial 2-sphere. Then TUs. = E|s. @ (trivial), and so w,U)[S?] =
w,(E)[S?] # 0 by construction. Since H2(Al; 7) = 0 and 7,() = 0, we see
that w,(U) is not the mod 2 reduction of an integral class. (Note that U is
homotopy equivalent to X.) Hence, U is not Spin‘.

Of course any open submanifold of a Spin‘-manifold is Spin‘. Hence,
we need only show that a simply-connected n-manifold X" which is not
Spin® must contain some U"(p) as an open submanifold. Since 7, X = 0,
we have an isomorphism n,X 5 H,(X;Z). Since X is not Spin‘, the homo-
morphism w, € H3(X;Z,) ~ Hom(rn,X, Z,) is not the mod 2 reduction of
an element in H*(X;Z) =~ Hom(n,X, Z). Hence, w, is non-zero on some
torsion class « of order 2# in =, X. Now o is represented by amap f:S2 - X
which extends to a map F:U%(p) —» X (since 2°a = 0 in 7, X). The induced
bundle F*TX is clearly equivalent to E @ (trivial) = TU"(p). Hence, by
Smale-Hirsch immersion theory, F is homotopic to an immersion U*(p) &
X". The immersion can be made an embedding by putting X into general
position and shrinking U"(p) to a small neighborhood of X. This completes
the proof. m

We did not need to invoke Smale-Hirsch Theory here. The embedding
U*(p) & X" which is homotopic to F can be built explicitly. A tubular
neighborhood of $* = U*(p) is diffeomorphic to a tubular neighborhood
of % = X", since the normal bundles are equivalent. Completing the em-
bedding to a neighborhood of D* < U"(p) is straightforward.

For compact examples we add a boundary to U"(p) and consider the
double

X"(p) = W(p) v, U(p)

where U"(p) = U"(p) U AU(p).

Let us return our attention to manifolds which are Spin°‘.

There is an alternative approach to this concept which comes from
considering vector bundles.

DEeriNiTION D.9. Let X be a Spin‘-manifold of dimension n. By a com-
plex spinor bundle for X we mean a vector bundle S associated to a repre-
sentation of Spin® by Clifford multiplication, i.e.,

S = Pgpind X) xa V

where V is a complex C{,-module and A:Spin;, - GL(V) is given by
restriction of the C{,-representation to Spin; = C{, ® C. If the represen-
tation of CL, is irreducible, we say that S is fundamental.
These spinor bundles are bundles of complex modules over CE(X).
When n is even there exists only one fundamental spinor bundle for X,
denoted S(X). It splits into a direct sum

S(X) = S*(X) ® S (X) (D.11)
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where S*(X) = (1 + w)S(X) and where we = i"2e, - - - e, is, as usual, the
volume form. Multiplication by a non-zero tangent vector maps S *(X) to
S*(X) and is invertible.

When n is odd, there are two irreducible complex representations of C{,,.
However they are equivalent when restricted to Spint. Hence, there is only
one fundamental spinor bundle S(X) for any Spin‘-manifold X.

For a spin manifold X, the bundle S(X) is just the usual complex spinor
bundle.

For a complex manifold X with its canonical Spin‘-structure, we have
that

S(X) = AETX = A%*

that is, S(X) is simply the direct sum of the complex exterior powers of
the tangent bundle, considered as a complex bundle (which, in turn, is
isomorphic to the direct sum of the bundles of (0,g)-forms, 0 < g < n).
This follows directly from the interpretation of the complex spinor repre-
sentation given in 1.5 (see 1.5.25 and the attending discussion). In partic-
ular, from this we see that the Clifford multiplication CU{X) ®g S(X) —
S(X) is generated as follows. For each tangent vector v, consider the linear
map AXT, X 5 AXT. X given by

bP)=vAp—v*Lo

where v* is the 1-form corresponding to v under the hermitian metric on
X. Repeating this operation gives

Hlttp) = —1lvli? e,

and so by the universal property of Clifford algebras, the map p extends
to a representation of CL(X). Since each p, is complex linear the repre-
sentation is complex.

It is instructive to examine these fundamental spinor bundles as one
varies the Spin‘-structure on a given manifold. To do this it is good to
have clearly in mind the elementary isomorphisms:

Vect,(X) = Priny (X) > H¥X;Z) (D.12)

where Vect;(X) denotes the set of equivalence classes of complex line

bundles on X and where the map to H? is given by the first Chern class
see Example A.5).

ExaMpLE D.10. Let X be a spin manifold with its canonical Spin‘-
tructure. We can change this structure by changing the U,-bundle as
ollows. Pick an element o e H*(X;Z), and let Py ()€ Pring(X) and

« € Vect,(X) be the corresponding elements under (D.12). Then we de-
ne the ath Spin‘-structure by

PSpinC(a) = PSpin(X) Xz, Py (@) (D.13)
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Note that this has a Spin{-equivariant map
Ppinc(@) — Pso(X) x Py (20) (D.14)

where Py (20) = Py, (¢)/Z, is the “square” of Py, («). (In particular 4,, = 42.)
We now let S(X) be the fundamental spinor bundle for the ath Spin‘-
structure on X. Then it is easy to see that

S(X)=S(X)® 4, (D.15)

Thus, changing the Spin‘-structure on X by an element a € HX(X;Z)
amounts to twisting the fundamental spinor bundle by the complex line
bundle 1,.

This is a general fact. The group H*(X;Z) acts on the set of Spin‘-
structures on a Spin‘-manifold X, by tensoring the fundamental spinor
bundle with complex line bundles (modulo this action, the Spin‘-structures
correspond one-to-one with elements of H'(X; Z,).) Notice that tensoring
with line bundles preserves the fibre-dimension and thus takes one bundle
of irreducible modules over CL(X) to another.

A good example of this phenomenon is the following. Suppose X is a
complex manifold which is also spin. This means that w,(X) = ¢,(X) =0
(mod 2). Now the class —c,(X) € H*(X; Z) corresponds to the complex line
bundle k = ALT*X, called the canonical bundle. Since —c¢,(X) = ¢,(x) is
even, there exist square roots x'/? for k. The different square roots are
parameterized by elements of H(X; Z,), corresponding to choices of spin
structure. Now the canonical spinor bundle S(X) = A¥TX for X as a
Spin‘-manifold, and the canonical spinor bundle $-(X) for X as a spin
manifold are related by the equation

$c(X) = S(X) ® K2, (D.16)

Much of this business of Spin‘-manifolds becomes transparent when
viewed in terms of the fundamental spinor bundles. For example, let us
return to the original problem of trying to construct a fundamental spinor
bundle (i.e., a bundle of irreducible complex modules for C{(X)) over a
manifold X. Locally of course we can always do it. Let {U,},., be a cov-
ering of X so that U, n - - n U, is contractible for all ay, ..., On
each U,, bundles can be trivialized and we can find a fundamental com-
plex spinor bundle of the form U, x V where V is an irreducible C{, ®
C-module. Now in passing from U, to U we look for transition functions
dap:Us n Uy — Spin, so that £ o Jup = gop: U, n Uy — SO, are the cor-
responding transition functions for Pyo(X). Now the existence of a com-
patible set of choices is equivalent to the vanishing of the Cech cocycle

Wapy = Gupdpydya: Ua N Uy N U, —> Z, = ker(&) (D.17)
in H¥(X;Z,).
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Suppose now that the class [w] € H*(X;Z,) is the mod 2 reduction of
an integral class # e H*(X;Z), and let 4 be the complex line bundle cor-
responding to #. Consider the problem of finding a square root of 4, i.e.,
a line bundle 11/? with (1122 = 1. Let y,5: U, n Uy — S* be the transition
functions for 4. Since U, n Uy is contractible we can extract a square root
Fap = Va7 : Uy 0 Uy —> S'. However, the compatibility is just the Cech
cocycle

Wagy = Jaglpylya: Us N Uy N U, —> Z, = ker(o) (D.18)
where
0—7Z,— S*' 581 —0

and o(z) = z2. The class [w']e H*X;Z,) is just the coboundary of
J € HY(X; S') under the associated long exact sequence in cohomology. In
fact, consider the following commutative diagram:

HY(X;SY) —Z— HY(X;S') > HA(X;Z,)

zzl zzj It
HY(X;Z) —— H*X;Z) —*> HX(X;Z,)

It is clear that our obstructions agree, i.e., [W'] = p(c,(4)) = p(#") = [w].
And so [w] + [w] = 0 in the wonderful world of Z,.

This means essentially that while we cannot construct the spinor bundle
and we cannot construct 212, we can construct their product. Adjusting by
coboundaries we can choose §,; and §,4 so that w,;, = wig,. Thus the tran-
sition functions

G U, n Uy — Spin, x4, §*

defined by G,; = §,5 X Jup have wyy, = G,4G;,G,, = 0, and thus determine
a global bundle we may think of as

S(X) = S4(X) ® Al2 (D.19)

where S,(X) is the fundamental spinor bundle for the possibly non-existent
spin structure on X, and where 4!/2 is the possibly non-existent square root
of 4 with ¢{(4) = w,(X) (mod 2).

Since S(X) is a bundle of modules over CL(X) we need only introduce
an adapted metric and connection to make it a Dirac bundle. We do this
as follows. Fix any line bundle 1 as above and choose a unitary connection
on /. This induces a connection on the bundle 4!/ when it exists. Locally
both S,(X) and A!/2 exist and S,(X) carries a canonical (riemannian) con-
nection. We give the bundle S(X) = S,(X) ® 4'/? the tensor product con-
nection. It is not difficult to see that this connection is well defined globally.
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It is easy to check, using the arguments of §4, that this connection makes
S(X) into a Dirac bundle.

Notice that the line bundle A corresponds to the principal U,-bundle
Py, associated to the Spin‘-structure, i.e., Py (1) = Pg,;(X) x , U; where
p:Spin;, —» U, is induced from the projection Spin, x U; — U,. Let us
summarize:

Proposition D.11. Let X be a Spin‘-manifold with associated complex line
bundle J. Then to each U -connection @ on A there is a canonically asso-
ciated connection on Pgy;.. It is just the lift of the product of the canonical
riemannian connection with w via the covering map Pg,;.c = Pgo x Py, (4).
This connection makes any complex spinor bundle for X into a Dirac bundle.

Associated to any unitary connection on 4 there is the curvature 2-form
Q. This is a closed 2-form, and the class [(2n) ! Q] € H%(X; R) represents
¢,(4) or more precisely the image of ¢ (%) under the map H*X;Z) -
H%(X;R). We call this the real Chern class of i.

The curvature form is defined as follows. For a local trivialization of
Py (4), the connection 1-form becomes simply a real-valued 1-form w.
Then

Q=do.

If we change trivializations by a transition functiong: V n V' — U, then
the new connection 1-formis @' = w + g~ ! dg. Locally we have g = € for
some function 8. The equation above becomes ' = w + idf. 1t follows
that do’ = dw, that is, the curvature 2-form Q is well defined globally.

Suppose now that w, and w, are two different connections on 1 with as-
sociated curvature forms Q, and Q,. Thenitiseasytosee thatw, — w, = a
for a globally defined 1-form «. Hence, Q; — Q, = do, and we see that
the de Rham class [Q] is independent of choice of connection.

We are now prepared to derive the Bochner-type identity for these
spinor bundles.

Theorem D.12. Let X be a Spin‘-manifold with associated line bundle A,
and fix a connection on A with curvature 2-form Q. Let S be a bundie of
complex spinors on X with the canonical connection, and let D be the Dirac
operator on S. Then

D*=V*V+ik+5Q

where k denotes the scalar curvature of X and where Q denotes Clifford
multiplication by the 2-form Q.

Proof. The computation is local, so we can assume S(X) = Sy(X) ® A1/
where So(X) is a spinor bundle for the local spin structure. We may now



SPIN“-MANIFOLDS 399

apply Theorem 11.8.17, and it is sufficient to compute the term R*'"*. Recall
that

R (o ® 2) = -Zk (eje0) ® R (2)
i<

= Zk (eje:0) ® (3ejer)iz)

= <% Zk Q(ej,ek)ejeka> ® z
i<

[5(2 Qle;.ee; A ek> a] ® z

=§(Q-a)®z [ ]

Il

We used here the fact that the curvature of the induced connection on
A2 is Q. We also use the fact that R},(Z) = Q(v,w)iz. Note that Clifford
multiplication by i is a hermitian symmetric operation.

Given this theorem, the following lemma is relevant:

Lemma D. 13. Let 4 be a complex line bundle on a manifold X. Then any
closed 2-form Q which represents the real Chern class of J can be realized
as the curvature form of a U -connection on .

NotEe D.14. This means, in particular, that if ¢;(4) is a torsion class in
H%(X;Z), then 4 admits a flat connection.

Proof. Choose any U,-connection w, on n and let Q, be its curvature
form. Since Q and Q, represent the same de Rham class, there is a 1-form
o so that du =Q — Q. Let w = wy + a. Then the curvature of w is
Qo + da = Q n

Suppose now that X has even dimension and consider the Dirac operator

D*:TS*(X) — I'S™(X)

for the splitting (D.11). Using (D.19) and the Atiyah-Singer Formula, we
obtain the following:

Theorem D.15. Let X be a compact Spin‘-manifold of even dimension, and
let D denote the Dirac operator of the fundamental complex spinor bundle.

Then
ind(D*) = {ex - R(X)}[X] (D.20)

where ¢ is the canonical class of the Spin‘-structure, i.e., ¢ = c((4) for the
associated complex line bundle .
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Combining this with D.13 and D.14 gives the following:

Corollary D.16. Let X be a compact Spin“-manifold such that w,(X) is the
mod 2 reduction of a torsion class. If X carries a metric of positive scalar
curvature, then A(X) = 0.

Corollary D.17. Let X be a compact Spin‘-manifold with canonical class c €
H(X;Z). Let Q be any 2-form representing the de Rham class of c in
H¥X;Z) ® R. Then there is a riemannian metric on X whose scalar curva-
ture satisfies

x> 2|9

only if{e%” . fl(X)}[X] =0.

Here the norm ||-|| is taken in the same metric. It is given by ||Q|| =
Y |4 where Q = ¥ Aje,; 1 A ey for the diagonalizing orthonormal frame
ey,e,, . .. at the point.

It is a nice exercise to apply this theorem to P*(C) with the standard
Fubini-Study metric, and then to verify directly the vanishing of the
“Hilbert polynomial” at certain integers.

It is interesting to examine the Dirac operator on a complex hermitian
manifold X, considered as a Spin“-manifold. Recall that S(X) = A%* The
splitting S(X) = $*(X) @ S~ (X) corresponds to the even-odd decomposi-
tion A%* = A%ver @ A%°4d The Dirac operator can be identified with

5+ 5*:A0,even 5 AO,odd

where J* is the hermitian adjoint of the operator 0. The index of this
operator is the Todd genus of X.

If ¢ ,(X) = 0 (mod 2), we can choose a spin structure on X, i.e., we choose
a square root k! of the line bundle x = A™°. Then the associated Dirac
operator can be identified with

g + 5*:A0,even ® Kl/z > AO,odd ® Kl/Z.

Here 0 is the standard operator on (0,*)-forms with values in the holo-
morphic line bundle x!'/? (cf. (D.16)).

Observe that Theorem D.15 has the following immediate corollary
which was first proved by Atiyah and Hirzebruch [1].

Corollary D.18. Let X be a compact Spin‘-manifold. Then for any class
c e HYX,Z) such that ¢ = w,(X) (mod 2), the (rational) number

{ e%“K(X)} [X]

is an integer.
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As a final remark we point out that Spin“-bundles are bundles which
have natural K-theory orientation classes, just as spin bundles have natural

KO-theory orientation classes. This makes them sometimes useful in
general theories.
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G-spin theorem, 267
G-structure

topological —, 348
Gallot-Meyer Theorem, 158
geometric dimension, 47
good presentation of bundles, 171
graded Hilbert module, 217
Grothendieck group of Clifford modules,
33, 40, 73

group
— actions, 29
Clifford —, 36
isotropy —, 43
K-—, 59

— of units in a Clifford algebra, 12
orthogonal —, 13
Pin —, 14
special orthogonal —, 17
Spin —, 14
Gysin homomorphism, 239

harmonic
— p-forms, 125, 195
~-—space, 332
— spinor, 160, 161, 367
heat kernel, 198, 277
trace of — , 199
hermitian line bundle
positive —, 360
higher ff—genus associated to u, 310
Hilbert polynomial, 365
Hilbert module
graded — —, 217
Hirzebruch
— L-sequence, 232
— Signature Theorem, 233, 256
— Riemann-Roch Theorem, 258

INDEX

Hodge Decomposition Theorem, 195, 332
Hodge laplacian, 123
holonomy group, 345

Sp,-—, 357, 367, 368
homotopic elliptic operators, 204, 214
homotopy sphere, 93, 162, 292
hyperspherical, 317
hypersurfaces V"(d) 88, 90

A-genus of — —, 138

immersions into R", 283, 286
incompressible surface, 326
index (analytic), 141, 142, 208, 312
Clifford —, 216, 217
G-—,212
mod 2 —, 147
— of a C{,-linear operator, 141, 142
— of an elliptic operator, 135, 194, 254
— of a family, 208
— of a Fredholm operator, 192, 201
— on an odd-dimensional manifold, 257
index (topological), 244
G-—, 259
— of a family of operators, 269
— of a real family of operators, 272
topological invariance of —, 201
induced bundle, 375
infinitely smoothing operator, 179, 186
integrable almost complex structure, 339
integrality theorems, 280, 400
integration over the fibre, 239
interior product, 24
interpolation of Sobolev norms, 175
invariant second derivative, 154
invariant
Atiyah-Milnor-Singer —, 144
irreducible
— bundle of C¢(E)-modules, 97
— manifold, 345
— representation 31
isotropic subspace, 335
isotropy group, 43
— of a spinor, 343

join, 377

kth power operation, 235
K-theory, 59
equivariant —, 259
higher groups, 61
multiplication in —, 59, 66
— of a point, 62, 63, 149
real —, 60



Real —, 70
reduced —, 60
relative —, 61
— with compact supports, 66
K3 surface, 90
Kihler manifold, 330
— with ¢; =0, 367
kernel, 192
Kervaire semicharacteristic, 143, 290
Kervaire sphere, 162
Kodaira-type vanishing theorem, 360
Kuiper’s Theorem, 208
Kummer surface, 90

L2-section, 116
L-genus, 233
L-sequence, 232
L-operator, 24, 95, 128
lagrangian

special —, 352
Laplace-Beltrami operator, 168
laplacian

Hodge —, 123

connection —, 154
Lefschetz number, 212
Leray-Hirsch Theorem, 389
Lichnerowicz Theorem, 160, 362
Lie algebra of Spin,, 40

Lie groups (exceptional isomorphisms), 50,

56, 58
line bundle

tautological — —, 47
local trivialization, 371
local holonomy group, 345
loop space, 222

Minkowski space, 369
mod-2 index, 147

modules
Clifford —, 30
decompositions of — —, 35

Z,-graded —, 39

Grothendieck group of Clifford —, 33,

40, 73
multiplication
Clifford —, 30
multiplicative property, 249
for sphere bundles, 252
multiplicative sequence, 229
A-, 231
Hirzebruch L-, 232
Todd, 230

INDEX

Nakano type vanishing theorem, 360
negative hermitian line bundle, 360
non-negative curvature operator, 158
norm, 15

uniform C-— 172
Novikov Conjecture, 312

odd part of Clifford algebra, 9
operators
adjoint —, 187, 194
Atiyah-Singer —, 121, 137, 274
bounded —, 192
C2,-linear Atiyah-Singer —, 140
compact —, 192
differential —, 167
elliptic —, 113, 168, 188
elliptic pseudodifferential —, 191
essentially positive —, 219
Euler characteristic —, 136
families of —, 204, 206
Fredholm —, 192, 201, 217
G-—, 211
heat —, 198
Laplace-Beltrami —, 168
positive self-adjoint —, 198
pseudodifferential —, 178, 179, 186
signature —, 136
smoothing —, 179, 186
orientation
k-theory —, 385
oriented
— bundle, 78
— volume element, 21
orthogonal
— almost complex structure, 336
— group, 13

parallel, 139
parametrix, 117, 190, 191
Pauli matrices, 120
periodicity
— in Clifford algebras, 27
Bott —, 62, 63, 67, 72, 73, 222, 225
Pin group, 14
plurigenus, 366
Poincaré duality, 239
Pontrjagin classes, 228, 382, 383
positive
— curvature operator, 158
— hermitian line bundle, 360
— self-adjoint operator, 198

421
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positive scalar curvature, 160165, 297-326
— and higher A-genera, 311
obstructions to —, 301

— on bad ends, 324

— on compact manifolds, 299

— on complete manifolds, 306, 310, 319,
322,324

— enlargeable manifolds, 306, 310

— 3-manifolds, 324

— 4-manifolds, 344

— weakly enlargeable manifolds, 319

— under surgery, 299

the space of metrics with —, 326330

INDEX

— vector bundle, 70

— Z,-graded module, 73
reduced Chern character, 316
reduced K-ring, 60
reducible representation, 31
refinement of a covering, 372
reflection, 17
regularly homotopic principal symbols,
204, 214
relative K-groups, 61
Relative Index Theorem, 315
Rellich Lemma, 173
representations (See also “modules™.)

power operation, 235
primitive cohomology class, 334
principal bundle, 370

- — of tangent frames, 94, 111

— — of bases, 370

— — of orthonormal frames, 78, 371

adjoint —, 12

complex spinor —, 36

+ decomposition of —, 35
irreducible —, 31

— of a Clifford algebra, 30, 37
quaternionic —, 30

— spin -—, 80 real spinor —, 35
universal — —, 376 — ring, 211
principal symbol, 113, 168, 243 twisted adjoint —, 14
asymptotic — —, 245 unitarity of — of Clifford algebras, 35
— — of a pseudodifferential operator, 186 weights of a —, 44
regularly G-homotopic — —, 214 Ricci
regularly homotopy of — —, 204 — curvature, 156, 308, 367
product — form, 362
convolution —, 173 Riemann-Roch-Hirzebruch formula, 258
interior —, 24 riemannian

— in K-theory, 59

smash —, 61

warped —, 321
projectivization of a bundle, 225
pseudodifferential operators, 178, 179, 186

canonical — connection, 112

— covariant derivative, 103

— curvature identities, 112, 126

— curvature of the sphere, 162
Fundamental Theorem of — Geometry,

classical — —, 244 112

elliptic — —, 191 — structure, 78

formal development of — —, 179 ring of virtual representations, 211
principal symbol of — —, 186, 188 Rochlin’s Theorem, 89

symbol of — —, 177, 187

pure spinor, 336 S!-actions, 291, 292, 295
$3-actions, 291, 296
Radon-Hurwitz Theorem, 45 scalar curvature, 160
rank of a spinor, 43 positive — —, 160-165, 297-326
real (See also “positive scalar curvature”.)
— spinor bundle, 96 Schwartz space, 171
— spinor representation, 35 second fundamental form, 282

— K-ring, 60 second covariant derivative, 154
Real self-adjoint operator, 195

— K-group, 70 essentially positive — —, 219

— module, 73 positive — —, 199

— space, 70 self-dual 2-form, 342
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Serre duality, 333
signature
G—Theorem, 264
— of a manifold, 137, 266, 284, 288, 290,
295, 349
— of a spin manifold, 89, 280
— operator, 136
— Theorem, 233, 256
twisted — operator, 139
smash product, 61
smoothing operator, 179, 186

Sobolev
basic — k-norm, 170
— s-norm, 171

— space, 170, 171

— Embedding Theorem, 172, 176
special lagrangian geometry, 352
special orthogonal group, 17
Spin‘~(manifold), (structure), 391
spin

— cobordism, 90, 92, 100

— field, 18

— group, 14

— group as a covering group, 19, 20

— manifold, 85, 88, 89, 90

— structure, 80, 81, 82, 84

— structure preserving, 86, 266
spinor bundle, 96

canonical complex — — of a spin
manifold, 121, 137
canonical complex — — of a Spin®

manifold, 394

complex and quaternionic structure

on — —, 98

— — decompositions, 99

Z ,-graded — —, 96, 98
spinor

— cohomology, 357, 359

— difference element, 238

harmonic —, 160

pure —, 336

— representation, 35, 36
Splitting Principal, 226, 237
Stiefel-Whitney class, 380

first — —, 79, 83, 84, 373

second — —, 81, 83, 84, 373

kth — —, 380

total — —, 380
structure

riemannian —, 78

spin —, 80

support of a pseudodifferential operator,
183
surgery, 299
suspension, 61
symbol class, 169, 243
Real — —, 271
symbol
asymptotic principal —, 245
— of a pseudodifferential operator, 177,
187
principal —, 113, 168, 243
principal — of a pseudodifferential
operator, 186, 188

tangent frame bundle, 111
tautological line bundle, 47
tensor product
— — connection, 122
Z,-graded — —, 11
Thom class, 152
Thom isomorphism, 239, 240, 243, 271,
387-89
— —in K-theory, 243
Todd sequence and genus, 230, 367-8
topological G-structure, 348
topological index, 244, 269
— G-—, 259
— — of a family of C{,-linear operators,
273
~ — of a family of complex operators,
269
— — of a family of real operators, 272
torsion tensor, 112
total characteristic class, 230
A-, 231
A-, 231, 237, 238, 242, 254
Chern, 227, 381
Hirzebruch L-, 232, 237, 242
Pontrjagin, 228, 382
Todd, 230, 242
trace of the heat kernel, 199
transition functions, 371
transpose antiautomorphism, 12
triality automorphism, 55
tubular neighborhood, 299
twisted
— adjoint representation, 14, 15
— Atiyah-Singer operator, 139
— signature operator, 139
twistor space, 339, 342
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uniform C'-norm, 314 virtual bundles, 59

uniform C*-norm, 172 volume element, 21, 33, 128

unitarity of Clifford modules, 37 complex — —, 34, 99, 135

unitary basis, 336

units warped product, 321
multiplicative group of —, 12 weakly enlargeable, 318

universal wedge product of spaces, 61
characteristic classes, 377, weights of a representation, 44
n-plane bundle, 379 Workhorse Theorem, 180
principal G-bundle, 376 7,-graded

vanishing theorem, 155, 157, 158, 160, 164, — algebra, 9

360, 361, 363, 365, 366, 400 — bundle, 96

vector fields Grothendieck group of — modules, 40, 73
— — on the sphere, 45, 46 — module, 39, 73

— — on manifolds, 288, 289 — tensor product, 11



KA K A4, 231
A, 267
o, 92,100, 152, 276

Notation Index

d, d* 123
D (Dirac operator) 112, 113
D° D! 135, 136

A(X), A(X), K(X), A(X) 233,138 D*, D™ 136,137
A (X) 310 b 123
AXGEY 139 p 12
A (X), d(X,E) 276 po, pt,p*, ™ 138
A-deg(f) 309 P 140
ad, Ad 12 D, D 331, 357
A 12 2, G~ 333
a 9,95 127 D* 167
%y (Poincare duality) 239
b (X) 144 deg(f) 303
BG 376 Diff(X), Diff(E; X), Difi(E,F; X)
BO,, BSO,, BU, etc. 378 div 115

C (the complex numbers)
C(n) 26

€: 336

c(E) 82, 374

oE), ¢, (E) 227, 381

ch, ch* 234

chg, ch, 260

91\1, 285

ch 316

(Vg 12

CUV,q) 7

Ct(v,q), Ct'(V,q) 9
CE*(v,q) 12

Ct,, CEF, Ct, 20
Ce, 27

Cer cer 34
CE(E), CE%E), CEYE) 95

COHE) 107
cyx) 111
cyx) 330

Ce*(X) 128, 136
cer4X) 33t
coker( ) 192
Covy(X) 78
w(E) 227,383

é (anticanonical bundle) 363
8(E) 242, 388

A (Hodge Laplacian,
Laplace-Beltrami) 123, 168
A, AF A, 35

AS, AT, AS- 36

[EF;0] 64,67
[Eos... En0y, A 64, 67

EG 376
6,5 331
F, 261

&, §(H ,H)) 201
F* 210
T 210
Fo _ 212
& & 217
F.8& 219
G, g, 343
v 118
0E) 102
r 115

cpt

H (the quaternions) 25
Hin) 26

205
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H H’ 125

H, 239

HY(X;G) 372

L, L 33t

H'(X) (the holonomy group of X) 345
HPUX), HPA(X), #PYX: W)

H(X; W) 332

H'(X,S) (spinor cohomology) 359

i, 387,388
i(go.9:) ig,Y) 329
L, FL 336, 337
ind 135, 194, 208
ind, 141, 206
indg, ind, 212

J 330

F 3w

k* 14
k™XE) 384
ker 116, 192
K(X) 59
K(X,Y) 61
K(Xx) 60

KX, K™iXx), K7{x,Y) 6l

K™*pt) 62

Ko X), KSUX), K iX,Y) 66,67
KO(X) 60

KO0 ~i(X), KOi(X), KOT{(X,Y) 61,62
KO, (X), KOZYX), KOUX,Y) 66,67
KR(X), KR™¥(X), KR™{(XY),

KR™(X,Y) 70,71

KR (X), KR, 72,73

Ko(X) 259
k160

L,L 2495128
L L, LI 232
LX), Lx), LX), L(x) 233

L, 263
L, 265
L2 116
LXE) 170

LX), L(X,Y) 64

Ln(X)cpt’ Ln(X’Y)cpl 67

£, (in K-theory) 64

L, ¥(H H,) 201

»x 203

%, (in operator theory) 223
A(E) 235

Ay 240, 387

AV, A¥V 10

A*(X) 123

0”,, Wy 33
Mm,, Mo 40 ~
MR, ., MR, ,, M, W, 73
MSpin, 91

u

67, 69, 74, 75,

O (the octonions)

0,, O,

v s 19

oV,¢) 9
Op™E,F), Op™&,F) 205

w (connection)
 (volume)

D¢
W) Oy
Wy

Q (curvature)

Q,S,pi"
o
Q.

34,135
338, 358
358

90
92
222

P(E), p{E} 228,
Po(E) 370
Po+(E) 82,371

Po(E)

78, 371

PSO(E)’ PSpin(E)
Psu(X) 94

Pso(X
P Spinc(

), P Spin(X )
Xy 370

96, 97
51

101
21,128

101

382

80, 371

111

P(V,q), P(V,q), Pin(V,q) 13, 14
Pin,, Pin, 19
Pring(X) 370
P3, P3*, P(P$Y)

PX)
P(E)
P*(R),

i,

Y(E)

326
225, 389
P"(C), PYK)

358
236

YCO,(EF) 244
¥DO,(E,F) 186

336, 337

47

¥DO,, 178
¥YDOy 183

Q (the rational numbers)
Q=1 228

4s 19

R (the real numbers)
Rm) 26

Ryw 105 106
R} w 110

R 158

R 155

RE 164
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Re, Re 360 ™ 306

R(G) 211 TX, T*X 94

Ric 156 TV) 8

Pn 39 cllp,), App, Qo 94,95 E) 241

Py 16 Td., Td(X), Td, 230
top-ind 244, 269, 272

Z topindg 259

€& 139 (X) 339

8, 8. 121 6 9

5&, 8 137

[5*.57u) [S¢.Sc:u] 69,70 u 4

SQE 122 y> 16

S(E) 238 vid) 88

S(E) 242,388 VxS

S(E), S{(E) 96

S%E), SYE) 99,135 wi(E) 79,373

S*(E), SE(E) 98,99, 129, 136 wy(E) 81,373

sig(X) 137 w(E), w(X) 85,380

sig(X;E) 139 WJ(E) 383

s%g(X,g) 263 & 20

sig(X; E,g) 265 = 41

SL,(R), SL,(C), SL,(H) 55 N

SL(R) 56 ® 11,40

SLXK) 58 o™ 168

SO(V,q), SP(V,q) 17 x, 371

SO,, SO, 19 # (connected sum) 91

50, spin, 41 * 333

Sp,, SU, 49 384

Spin(V, q) 14 \ L 24

Spin,, Spin,, 19 () 239,241,387, 388

Spin?, 56 ( ) (in theory of multiplicative

Spin® 390 sequences) 229

sym (symbol of an operator) (") (Fourier transform) 17

Sym™ 177 (v A W)(x) 41

a() 186 [bw] 40

a( ) 243 usv 173

oe( ) 113, 168 I 1l 170, 171

Gl ) 245 I lex 172

o; (elementary symmetric functions) 227 |l ke 194

o, (Pauli matrices) 120 INlae 194



ERRATA
. In Proposition 1.3, assume k has characteristic zero.
. On page 11, line 24, assume that .# and .# are filtered.
. On page 43, line 10, the Lie group is also connected.

. On page 192, line 22, change “Sobolev Embedding” to
“Rellich.”

. On page 257, lines 2 and 3 of Remark 13.11, add the following
omitted line: “Any elliptic operator P can be converted to a
pseudodifferential operator of degree zero.”

. On page 278, line 33, “. . . compact connected spin manifolds.”

. In Definition 3.2 of Chapter IV, the action should be effective
on each connected component of X.



