CHAPTER 11

Multilinear Mappings and
Tensors

In this chapter we generalize our earlier discussion of bilinear forms, which
leads in a natural manner to the concepts of tensors and tensor products. While
we are aware that our approach is not the most general possible (which is to
say it is not the most abstract), we feel that it is more intuitive, and hence the
best way to approach the subject for the first time. In fact, our treatment is
essentially all that is ever needed by physicists, engineers and applied
mathematicians. More general treatments are discussed in advanced courses
on abstract algebra.

The basic idea is as follows. Given a vector space V with basis {e;}, we
defined the dual space V* (with basis {w'}) as the space of linear functionals

on V. In other words, if ¢ = Sip;0' € V¥ and v = Zjvjej €V, then

¢(V) = ((p’ V) = <2i¢iwi, zjvje]) = Zi,jq)ivjéij
= Zi¢i"i .

Next we defined the space B(V) of all bilinear forms on V (i.e., bilinear map-
pings on V x V), and we showed (Theorem 9.10) that B(V) has a basis given

by {fi = o' ® w} where

fiu, v) = o' ® w(u, v) = o'(wwi(v) = uv .

RAR
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It is this definition of the f that we will now generalize to include linear func-
tionals on spaces such as, for example, V¥ x V¥ x V¥ x V x V.

11.1 DEFINITIONS

Let V be a finite-dimensional vector space over F, and let V' denote the r-fold

Cartesian product V x V x - - - x V. In other words, an element of V' is an r-
tuple (v, . . ., vy) where each v; € V. If W is another vector space over ¥,

then a mapping T: V' — W is said to be multilinear if T(v,, . . ., v;) is linear
in each variable. That is, T is multilinear if foreachi=1, ..., r we have

T(v,...,av;+bv'i, ..., vy
=aT(v,...,vi,...,vp)+bT(v, ..., Vi, ..., Vp)

for all v;, v/, €V and a, b € 7. In the particular case that W = F, the mapping
T is variously called an r-linear form on V, or a multilinear form of degree
r on V, or an r-tensor on V. The set of all r-tensors on V will be denoted by
7. (V). (It is also possible to discuss multilinear mappings that take their
values in W rather than in F. See Section 11.5.)

As might be expected, we define addition and scalar multiplication on
7: (V) by

S+T)vyy ooy, v)=SWy, oo, v)+T(vy, ..., v,)
@ar)vy, ...,v,)=al (v, ..., v,)

forall S, T € 7, (V) and a € . It should be clear that S + T and aT are both r-
tensors. With these operations, 7, (V) becomes a vector space over ¥. Note
that the particular case of r = 1 yields 7; (V) = V*, i.e., the dual space of V,
and if r = 2, then we obtain a bilinear form on V.

Although this definition takes care of most of what we will need in this
chapter, it is worth going through a more general (but not really more
difficult) definition as follows. The basic idea is that a tensor is a scalar-
valued multilinear function with variables in both V and V*. Note also that by
Theorem 9.4, the space of linear functions on V* is V** which we view as
simply V. For example, a tensor could be a function on the space V* x V x V.
By convention, we will always write all V* variables before all V variables,
so that, for example, a tensor on V x V* x V will be replaced by a tensor on
V* x V x V. (However, not all authors adhere to this convention, so the reader
should be very careful when reading the literature.)
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Without further ado, we define a tensor T on V to be a multilinear map on
V*S x VI
T:V¥xV =V % xV'xVx--xV—>F

s copies 1 copies

where r is called the covariant order and s is called the contravariant order
of T. We shall say that a tensor of covariant order r and contravariant order s
is of type (or rank) (}). If we denote the set of all tensors of type (§) by Z3#(V),
then defining addition and scalar multiplication exactly as above, we see that
7:(V) forms a vector space over F. A tensor of type (8) is defined to be a
scalar, and hence TOO(V) = F. A tensor of type (6) is called a contravariant
vector, and a tensor of type () is called a covariant vector (or simply a
covector). In order to distinguish between these types of vectors, we denote
the basis vectors for V by a subscript (e.g., €;), and the basis vectors for V* by
a superscript (e.g., o'). Furthermore, we will generally leave off the V and
simply write 7, or 7.

At this point we are virtually forced to introduce the so-called Einstein
summation convention. This convention says that we are to sum over
repeated indices in any vector or tensor expression where one index is a
superscript and one is a subscript. Because of this, we write the vector com-
ponents with indices in the opposite position from that of the basis vectors.
This is why we have been writing v = Z;vle; € V and ¢ = X¢;0' € V*. Thus
we now simply write v = vie; and ¢ = (I)j(uj where the summation is to be
understood. Generally the limits of the sum will be clear. However, we will
revert to the more complete notation if there is any possibility of ambiguity.

It is also worth emphasizing the trivial fact that the indices summed over
are just “dummy indices.” In other words, we have vie; = Vjej and so on.
Throughout this chapter we will be relabelling indices in this manner without
further notice, and we will assume that the reader understands what we are
doing.

Suppose T € 7;, and let {e,, . .., ey} be a basis for V. Foreachi=1, ...,
r we define a vector v; = ejaji where, as usual, aji € ¥ is just the jth component
of the vector v;. (Note that here the subscript 1 is not a tensor index.) Using the
multilinearity of T we see that

TV, ..., vy = T(ejlajll, e, ejrajfr) = ajll e ajfr Tej,...,¢€5) .
The n" scalars T(ej, , . . ., ej,) are called the components of T relative to the

basis {e;}, and are denoted by Tj, ... ;. This terminology implies that there
exists a basis for 7, such that the T}, ... are just the components of T with



546 MULTILINEAR MAPPINGS AND TENSORS

respect to this basis. We now construct this basis, which will prove that 7 is
of dimension n".

(We will show formally in Section 11.10 that the Kronecker symbols Bij
are in fact the components of a tensor, and that these components are the same
in any coordinate system. However, for all practical purposes we continue to

use the 8! ; simply as a notational device, and hence we place no importance on
the position of the indices, i.e., Bij = Bji etc.)
For each collection {i,, . . ., i;} (where 1 < i, < n), we define the tensor

Q" I (not simply the components of a tensor Q) to be that element of 7;
whose values on the basis {e;} for V are given by

T : ,
Qu r(ejl""’ejr)=61j1"'6rjr

and whose values on an arbitrary collection {v,, .. ., v;} of vectors are given
by multilinearity as

QU (v, e, v,)=Q0 (ejlajll, e a’)
=aj11...ajeri1'“ir (€ -nre;)
— 1 Jr i iy
=alyeat, ot - 0r

=a"--a", .

That this does indeed define a tensor is guaranteed by this last equation which

shows that each Q' * " " Ir is in fact linear in each variable (since v, + V', =

(ajll + a’jll)ejl etc.). To prove that the n' tensors Qi1 it form a basis for T

we must show that they linearly independent and span Z;.

Suppose that aj, ... Q""" ir = ) where each ai, - .- i, € F. From the

definition of Q' " I we see that applying this to any r-tuple (€jy 5., ej)of
basis vectors yields o, . . . ., = 0. Since this is true for every such r-tuple, it
follows that a;, . . . ;, = 0 for every r-tuple of indices (i}, . . . , i;), and hence the

Qi+ I are linearly independent.
Now let T;, ...i, =T(ej, , . . . , €i,) and consider the tensor

Til...irQil’“ir
in 7;. Using the definition of Qi+ if, we see that both T, . .. irQil drand T
yield the same result when applied to any r-tuple (e, . . . , €j,) of basis
vectors, and hence they must be equal as multilinear functions on V'. This
shows that {Q"1 """ I} spans 7;.
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While we have treated only the space 7;, it is not any more difficult to

treat the general space 7. Thus, if {e;} is a basis for V, {(uj} is a basis for V*
and T € 7, we define the components of T (relative to the given bases) by

1p « -1 i i
Th Sj]"’jr=T(wl?""ws,ejl""’ejr)'

Defining the n™** analogous tensors Q;ll."" i/, it is easy to mimic the above
procedure and hence prove the following result.

Theorem 11.1 The set 7, of all tensors of type (}) on V forms a vector space

of dimension n"*3.

Proof This is Exercise 11.1.1. B

Since a tensor T € 7 is a function on V** x V', it would be nice if we
could write a basis (e.g., Qi{".'.'.' isjf) for 7 in terms of the bases {e;} for V and
{w} for V¥. We now show that this is easy to accomplish by defining a
product on 7, called the tensor product. The reader is cautioned not to be
intimidated by the notational complexities, since the concepts involved are
really quite simple.

Suppose that SETHS‘ and T ET,ZSZ. Letu, ..., Uy Vi, . . ., Vp, bE
vectors in V, and o', . .., a®, Bl, ..., p%2 be covectors in V*. Note that the
product

S, ...,a%u,..., ur,) TR, ..., B2 vy, ... s Vr,)

is linear in each of its r; + s, + r, + s, variables. Hence we define the tensor
product S® TE€ T, 151+ ’;252 (read “S tensor T”) by

1 1
S®T)(a',...,a’ B .. ., B2 Uy, ..., Uy, Voo vy Vpy) =

1 1
Sta', ...,a’uy, . ..,u ) TP, ..., B2, v,y V)

It is easily shown that the tensor product is both associative and distribu-
tive (i.e., bilinear in both factors). In other words, for any scalar a € ¥ and
tensors R, S and T such that the following formulas make sense, we have

(R®S)®T =R®S®T)

R®(S+T)=R®S+RAT

(R+S)®T =R®T+S®T
@S)®T =S®@l)=a(S®T)
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(see Exercise 11.1.2). Because of the associativity property (which is a conse-
quence of associativity in F), we will drop the parentheses in expressions such
as the top equation and simply write R ® S ® T. This clearly extends to any
finite product of tensors. It is important to note, however, that the tensor
product is most certainly not commutative.

Now let {e,, ..., en} be a basis for V, and let {(uj} be its dual basis. We
claim that the set {o'' ® - - - ® 0’} of tensor products where 1 < j, <n forms
a basis for the space 7; of covariant tensors. To see this, we note that from the
definitions of tensor product and dual space, we have

W' ® - ®wley ..., e) = olife) - wle;) = 8y - Oy

so that @' ® - - - ® ' and Q' " " I take the same values on the r-tuples
(i, - - - » €i,), and hence they must be equal as multilinear functions on V".
Since we showed above that {le e jr} forms a basis for 7, we have proved
that {0 ® - - - ® wi"} also forms a basis for 7;.

The method of the previous paragraph is readily extended to the space 7.
We must recall however, that we are treating V** and V as the same space. If
{e;} is a basis for V, then the dual basis {(uj} for V* was defined by wl(e;) =
((uj, e )= Bji. Similarly, given a basis {(uj} for V*, we define the basis {e;} for
V#* =V by ei(u)j) = (uj(ei) = Bji. In fact, using tensor products, it is now easy
to repeat Theorem 11.1 in its most useful form. Note also that the next
theorem shows that a tensor is determined by its values on the bases {e;} and

{0}

Theorem 11.2 Let V have basis {e,, . . ., ey}, and let V* have the corre-
sponding dual basis {w', . . ., ®"}. Then a basis for 7} is given by the collec-
tion

{,® - ®e, R0 ® - @ w}
where 1 <j,,...,jn 1, ...,1s<n, and hence dim 7% = n"**,
Proof In view of Theorem 11.1, all that is needed is to show that
e ® - ®e, @ ® - @or = Qi il
The details are left to the reader (see Exercise 11.1.1).

Since the components of a tensor T are defined with respect to a particular
basis (and dual basis), we might ask about the relationship between the com-
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ponents of T relative to two different bases. Using the multilinearity of
tensors, this is a simple problem to solve.

First, let {e;} be a basis for V and let {u)j} be its dual basis. If {&;} is
another basis for V, then there exists a nonsingular transition matrix A = (aj D
such that

€ = ejaji . (1)

(We emphasize that al; is only a matrix, not a tensor. Note also that our defini-

tion of the matrix of a linear transformation given in Section 5.3 shows that a/;

is the element of A in the jth row and ith column.) Using (u)i, €)= Bij, we have
(0, 2) = (0 eal) = a0, ¢) = ald} = a', .

Let us denote the inverse of the matrix A = (aij) by A" =B = (bij). In other

words, aijbjk = &', and bijajk = 8l,. Multiplying (), &,) = al, by bl and

summing on 1 yields

(bji(ﬂi,ék) = bjiaik = 6jk .

But the basis {mi} dual to {€;} also must satisfy (mj, k) = éjk, and hence
comparing this with the previous equation shows that the dual basis vectors
transform as

o = bl (2)

The reader should compare this carefully with (1). We say that the dual
basis vectors transform oppositely (i.e., use the inverse transformation matrix)
to the basis vectors. It is also worth emphasizing that if the nonsingular transi-
tion matrix from the basis {e;} to the basis {&€;} is given by A, then (according
to the same convention given in Section 5.4) the corresponding nonsingular
transition matrix from the basis {u)i} to the basis {mi} is given by BT =
(A™M)T. We leave it to the reader to write out equations (1) and (2) in matrix
notation to show that this is true (see Exercise 11.1.3).

We now return to the question of the relationship between the components
of a tensor in two different bases. For definiteness, we will consider a tensor
T € 7;%. The analogous result for an arbitrary tensor in 77 will be quite

obvious. Let {e;} and {(uj} be a basis and dual basis for V and V* respective—
ly. Now consider another pair of bases {€;} and {mj} where €&; = ejaji and ®' =
bij(uj. Then we have TY = T(o', o, ex) as well as TPY, = T(®P, ®Y, €,), and
therefore
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TPY, = T@P, ®%, &) = bPibdjak, T(w!, 0, ex) = bP;bYjak, Tl .

This is the classical law of transformation of the components of a tensor of
type (%). It should be kept in mind that (aij) and (bij) are inverse matrices to
each other. (In fact, this equation is frequently taken as the definition of a
tensor (at least in older texts). In other words, according to this approach, any
quantity with this transformation property is defined to be a tensor.)

In particular, the components v' of a vector v = v ¢; transform as
v o= bijVj
while the components o; of a covector o = ociwi transform as
a; = ocjaji .

We leave it to the reader to verify that these transformation laws lead to the
self-consistent formulas v = Viei = v g and o = ociwi = ﬁ@j as we should
expect (see Exercise 11.1.4).

We point out that these transformation laws are the origin of the terms
“contravariant” and “covariant.” This is because the components of a vector
transform oppositely (“contravariant”) to the basis vectors e;, while the com-
ponents of dual vectors transform the same as (“‘covariant”) these basis vec-
tors.

It is also worth mentioning that many authors use a prime (or some other
method such as a different type of letter) for distinguishing different bases. In
other words, if we have a basis {e;} and we wish to transform to another basis
which we denote by {e;i’}, then this is accomplished by a transformation

matrix (aij') so that ey’ = ejaji'. In this case, we would write ol = ai'j(uj where
(ai'j) is the inverse of (aij'). In this notation, the transformation law for the
tensor T used above would be written as

TPd r = bP ibqjakr’Tijk .

Note that specifying the components of a tensor with respect to one coor-
dinate system allows the determination of its components with respect to any
other coordinate system. Because of this, we shall frequently refer to a tensor
by its “generic” components. In other words, we will refer to e.g., Ty, as a
“tensor” and not the more accurate description as the “components of the
tensor T.”
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Example 11.1 For those readers who may have seen a classical treatment of
tensors and have had a course in advanced calculus, we will now show how
our more modern approach agrees with the classical.

If {Xi} is a local coordinate system on a differentiable manifold X, then a
(tangent) vector field v(x) on X is defined as the derivative function v =

vi(a/axi), so that v(f) = Vi(af/axi) for every smooth function f: X — R (and

where each v' is a function of position x € X, i.e., v! = v!(x)). Since every
vector at X € X can in this manner be written as a linear combination of the

d/0x!, we see that {9/0x'} forms a basis for the tangent space at x.
We now define the differential df of a function by df(v) = v(f) and thus
df(v) is just the directional derivative of f in the direction of v. Note that

dxi(v) = v(x}) = vi(axi/ax)) = vidl, = vl

and hence df(v) = Vi(af/axi) = (af/axi)dxi(v). Since v was arbitrary, we obtain

the familiar elementary formula df = (of/ axi)dxi. Furthermore, we see that
dxi(9/9x)) = ax'/ox) = d,

so that {dxi} forms the basis dual to {a/axi}. In summary then, relative to the
local coordinate system {Xi}, we define a basis {e; = a/axi} for a (tangent)
space V along with the dual basis {o' = dx'} for the (cotangent) space V*.

If we now go to a new coordinate system {X'} in the same coordinate
patch, then from calculus we obtain
9/0x' = (9xI/9x1)a/ox]
so that the expression €; = ejaji implies aji = 9xI/ox Similarly, we also have
dx! = (9x/0x))dx!

so that @' = biju)j implies bij = 9%!/9xJ. Note that the chain rule from calculus
shows us that

al,b¥ = (ax'/9x%)(0x/9x)) = axl/ox) = &}

and thus (bij) is indeed the inverse matrix to (aij).

Using these results in the above expression for TP9,, we see that
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—p a=q 2k
7 pa _ox” ox? ox i

ox' ox’ ox”

k

which is just the classical definition of the transformation law for a tensor of

2
type (7).
We also remark that in older texts, a contravariant vector is defined to

have the same transformation properties as the expression dx' = (9x'/9xJ)dx/,
while a covariant vector is defined to have the same transformation properties

as the expression 9/9x! = (axi/axi)a/axi. 7

Finally, let us define a simple classical tensor operation that is frequently
quite useful. To begin with, we have seen that the result of operating on a

vector v = vie; € V with a dual vector a = ocju)j € V* is just (a, v) =
ocjvi(u)j, ei) = ocjviéji = ocivi. This is sometimes called the contraction of o with
v. We leave it to the reader to show that the contraction is independent of the

particular coordinate system used (see Exercise 11.1.5).
If we start with tensors of higher order, then we can perform the same sort

of operation. For example, if we have S € TZ] with components S jkand T €
72 with components TPY, then we can form the () tensor with components

Sijijq, or a different (%) tensor with components Sijkij and so forth. This
operation is also called contraction. Note that if we start with a (1]) tensor T,

then we can contract the components of T to obtain the scalar T';. This is
called the trace of T.

Exercises

1. (a) Prove Theorem 11.1.
(b) Prove Theorem 11.2.

2. Prove the four associative and distributive properties of the tensor product
given in the text following Theorem 11.1.

3. If the nonsingular transition matrix from a basis {e;} to a basis {&;} is
given by A = (a' i), show that the transition matrix from the corresponding
dual bases {u)i} and {mi} is given by (AHT,

4. Using the transformation matrices (aij) and (bij) for the bases {e;} and {&;}
and the corresponding dual bases {u)i} and {mi}, verify that v = vie, = v g

and o = ;0" = ;.



11.1 DEFINITIONS 553

5. If vE V and a € V*, show that (o, v) is independent of the particular
basis chosen for V. Generalize this to arbitrary tensors.

6. Let Aj be a covariant vector field (i.e., A; = Aj(x)) with the transformation
rule

ox’
FEAE

Show that the quantity 9;A; = aAi/axj does not define a tensor, but that
Fjj = 0iA; — 0jA; is in fact a second-rank tensor.

11.2 SPECIAL TYPES OF TENSORS

In order to obtain some of the most useful results concerning tensors, we turn
our attention to the space 7, of covariant tensors on V. Generalizing our
earlier definition for bilinear forms, we say that a tensor S € 7, is symmetric
if for each pair (1, j) with 1 <1, j<r and all v; € V we have
S(Vis e ooy Vi oo o Voo, V) = SV oo, Vi e, Vi, V)
Similarly, A € 7; is said to be antisymmetric (or skew-symmetric or alter-
nating) if
AWV ooV ooy Vs o o, Vi) = =A(V, o, Ve, Vi, V)
Note this definition implies that A(v,, . . ., v{) = 0 if any two of the v, are
identical. In fact, this was the original definition of an alternating bilinear
form. Furthermore, we also see that A(v,, ..., vp) = 0 if any v; is a linear
combination of the rest of the v;. In particular, this means that we must always
have r < dim V if we are to have a nonzero antisymmetric tensor of type (2) on
V.
It is easy to see that if S,, S, € 7; are symmetric, then so is aS, + bS,
where a, b € #. Similarly, aA, + bA, is antisymmetric. Therefore the symmet-

ric tensors form a subspace of Z; which we denote by Z'(V), and the anti-
symmetric tensors form another subspace of 7; which is denoted by A’(V)

(some authors denote this space by AT(V*)). Elements of A"(V) are generally
called exterior r-forms, or simply r-forms. According to this terminology,

the basis vectors {w'} for V* are referred to as basis 1-forms. Note that the
only element common to both of these subspaces is the zero tensor.
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A particularly important example of an antisymmetric tensor is the
determinant function det € 7,(R") (see Theorem 4.9 and the discussion pre-
ceding it). Note also that the definition of a symmetric tensor translates into
the obvious requirement that (e.g., in the particular case of 73) S;; = S;;, while
an antisymmetric tensor obeys A;; = —A;. These definitions can also be
extended to include contravariant tensors, although we shall have little need to
do so.

It will be extremely convenient for us to now incorporate the treatment of
permutation groups given in Section 1.2. In terms of any permutation o € S,
we may rephrase the above definitions as follows. We say that S € 7; is sym-
metric if for every collection v,, ..., v, € V and each o € S; we have

S(Vi, ..., Ve) = S(Vo1, ..., Vor) .
Similarly, we say that A € 7, is antisymmetric (or alternating) if either

Ay, ..., V) = (sgn 0)A(Veol s ..., Vor)
or
Aol , ..., Vor) = (sgn O)A(Vy, ..., V)

where the last equation follows from the first since (sgn 0)*> = 1. Note that
even if S, T € Z'(V) are both symmetric, it need not be true that S ® T be
symmetric (i.e., S ® T & X™"(V)). For example, if S;; = S;; and Tpq = Tqp, it
does not necessarily follow that S;;Tq = S;pTjq. It is also clear that if A, B €
AT(V), then we do not necessarily have A ® B € A™(V).

Example 11.2 Suppose a € APV), let {e,, ..., en} be abasis for V, and for
eachi=1,...,nletv,= ejaji where aji € F. Then, using the multilinearity of
o, we may write

o(vy,...,vp) = ally---alale;, ..., e

where the sums are over all 1 < j, <n. But a € A"(V) is antisymmetric, and

hence (¢j, , . . ., €j,) must be a permutation of (e, . . . , €y) in order that the e,
all be distinct (or else a(e;j, , . . . , €j,) = 0). This means that we are left with
(Vi ..., V) = gl .- -alny o€ ,...,€j,)

where Xy denotes the fact that we are summing over only those values of j,
such that (j,, . . ., jn) is a permutation of (1, . . ., n). In other words, we have
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a(Vi, ..., Vn) = Sees, a% - a%" ool s - ., Con)
But now, by the antisymmetry of o, we see that a(eg1, . . . , €on) =
(sgn o)a(ey, . . . , €y) and hence we are left with
a(vVi,...,Vn) = Sees, (sgn o) a®l - a%"ale,...,en) . (*)
Using the definition of determinant and the fact that au(e,, . . . , e,) is just some

scalar, we finally obtain
oV, ..., V) = det(aji) o(e;,...,en) .

Referring back to Theorem 4.9, let us consider the special case where
o(ey, ..., en) = 1. Note that if {(uj} is a basis for V*, then

0%9(v) = 0%exa") = ak 0%y = a5 8% = a%; .
Using the definition of tensor product, we can therefore write (*) as
det(a’)) = a(v,,...,vn) = Zoes, (5gn )0 ® - - - ® w(v,, ..., Vo)
which implies that the determinant function is given by
a = Sees, (sgn 0)w?' @ - - - ® wo"

In other words, if A is a matrix with columns given by v,, ..., v, thendet A =
oV, ..., Vp).

While we went through many detailed manipulations in arriving at these
equations, we will assume from now on that the reader understands what was
done in this example, and henceforth leave out some of the intermediate steps
in such calculations. /

At the risk of boring some readers, let us very briefly review the meaning
of the binomial coefficient (}) = n!/[r!(n - r)!]. The idea is that we want to
know the number of ways of picking r distinct objects out of a collection of n
distinct objects. In other words, how many combinations of n things taken r at
a time are there? Well, to pick r objects, we have n choices for the first, then
n — 1 choices for the second, and so on downton — (r— 1) =n - r + 1 choices
for the rzh . This gives us

nn-1)---(n-r+1) = n!/(n -r)!
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as the number of ways of picking r objects out of n if we take into account the
order in which the r objects are chosen. In other words, this is the number of
injections INJ(r, n) (see Section 4.6). For example, to pick three numbers in
order out of the set {1, 2, 3, 4}, we might choose (1, 3, 4), or we could choose
(3, 1, 4). It is this kind of situation that we must take into account. But for
each distinct collection of r objects, there are r! ways of arranging these, and
hence we have over-counted each collection by a factor of r!. Dividing by r!
then yields the desired result.

If {e;,...,eqtisabasisfor Vand T € /\r(V), then T is determined by its
values T(ej, , . . ., ej) for1, <- - - <1, Indeed, following the same procedure

as in Example 11.2, we see that if v; =e;al; fori=1, ..., rthen
T(vy, ..., vy = a'p---a" Tl ,...,ei)
where each sum is over 1 < i, < n. Furthermore, each collection {e;, , ..., e; }

must consist of distinct basis vectors in order that T(e;, , . . . , €;,) # 0. But the
antisymmetry of T tells us that for any o € S,, we must have

T(eci;»---»e0i) = (sgno)T(e;, ..., ¢ej)
where we may choose 1, < - - - < i;. Thus, since the number of ways of choos-
ing r distinct basis vectors {€;, , . . ., €;,} out of the basis {e,, ..., en} s (}), it

follows that
dim A"(V) = @) = n!/[r!(n-1)!] .

We will prove this result again when we construct a specific basis for A’(V)
(see Theorem 11.8 below).

In order to define linear transformations on Z; that preserve symmetry (or
antisymmetry), we define the symmetrizing mapping S: 7, —7; and alter-
nation mapping 4: 7. —7; by

STV, ..., v = (1) Zses, T(Volr .-+ 5 Vor)
and
AT)(Vy, ..., V) = (1) Zses, (sgn 0)T(Vor 5 ..., Vor)
where T € 7. (V) and v, . . ., v; € V. That these are in fact linear transforma-

tions on Z; follows from the observation that the mapping T ; defined by
To(vi,....ve) = T(Vor ..+, Vor)

is linear, and any linear combination of such mappings is again a linear trans-
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formation.
Given any o € S,, it will be convenient for us to define the mapping
6: VI — V' by
6(Vi,...» Vo) = (Vol - -+ Vor) -

This mapping permutes the order of the vectors in its argument, not the labels
(i.e. the indices), and hence its argument must always be (vi, va, . .., Vy) or
(W1, Wa, . .., wy) and so forth. Then for any T € 7, (V) we define oT € Z; (V)
by

ol =To6

which is the mapping T defined above. It should be clear that o(T, + T,) =
oT, + oT,. Note also that if we write

6(vVi,..., VD) = (Vol 5. -5 Vor) = (Wi oo, Wi)

then w; = v and therefore for any other T € S; we have

ToO6(vi,...,Vp) = T(W[, ..., W)
= (Wels -+ Weyp)
= (Votls - - - » Vo)
= 0ot (Vy, ..., Vp) .
This shows that
06 = Oot

and hence
o(tT) = o(T°%) = To(®R°6) = To(oot) = (0oT)T .
Note also that in this notation, the alternation mapping is defined as
AT = (I/r)2ses, (sgn 0)(0T) .

Theorem 11.3 The linear mappings A and S have the following properties:
(@) TE AY(V)ifand only if AT =T, and T € (V) if and only if ST = T.
(b) A(T: (V) = A'(V) and S(Z; (V) = Z(V).
(c) 4% =4 and §* = S, 1.e., 4 and § are projections.

Proof Since the mapping A is more useful, we will prove the theorem only
for this case, and leave the analogous results for S to the reader (see Exercise
11.2.1). Furthermore, all three statements of the theorem are interrelated, so
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we prove them together.

First suppose that T € A’(V). From the definition of antisymmetric tensor
we have T(vg1, ..., Vor) =(sgn 0)T(vy, . . ., vy), and thus using the fact that
the order of S, is r!, we see that

AT (v, ..., v,)= (1/r!)2(,esr (sgno)T (Vyys -ensVgy)
— WUr)Z s T e v,)
=T, ..., v,.) .

This shows that T € A'(V) implies AT = T.
Next, let T be any element of Z; (V). We may fix any particular element
0 € S; and then apply AT to the vectors vgy , . . ., Vg, to obtain

ﬂT(VGl, ceey Ver)=.%T0(V1, cee s Vr
= (/rhZ;es (sgnO)Ty(Vyps - s Vo,

= (/rhZ;es (sgnO)T Woprs -+ » Vo) -

Now note that sgn o = (sgn o)(sgn 0)(sgn 0) = (sgn c0)(sgn 0), and that S; =
{¢ = 00: o € S;} (this is essentially what was done in Theorem 4.3). We now
see that the right hand side of the above equation is just

(l/r!)(sgnﬁ)zoesr SgnoT (vygrs -+ 5 Vosy)
= (UrD)(sgn0)Zycs (sgn )T (vyy, .. s Vy,)
=(sgnAT (v, ..., v,)

which shows (by definition) that AT is antisymmetric. In other words, this
shows that AT € A(V) for any T € Z; (V), or A(7; (V)) C A'(V).

Since the result of the earlier paragraph showed that T = AT € A(Z;(V))
for every T € A'(V), we see that A"(V) C A(Z; (V)), and therefore 4(T; (V))
= A'(V). This also shows that if AT = T, then T is necessarily an element of
AT(V). Tt then follows that for any T € 7; (V) we have AT € A(V), and
hence A°T = A(AT) = AT so that 2> = 4. N

Suppose Aj, . . ., and Th - (wherer<sn=dim Vand 1 <ix <n) are

both antisymmetric tensors, and consider their contraction Aj, ... T'" "'

For any particular set of indices iy, . . . , i; there will be r! different ordered
sets (i, . . . , ;). But by antisymmetry, the values of A;, ... corresponding to

each ordered set will differ only by a sign, and similarly for T' ** * i This
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means that the product of A;, ... times T " r summed over the r! ordered
sets (i, . . . , 1;) 1s the same as r! times a single product which we choose to be
the indices iy, . . . , i; taken in increasing order. In other words, we have

ip---ip — T
A, T T=rl Ay T r

where [ij - - - i;] denotes the fact that we are summing over increasing sets of
indices only. For example, if we have antisymmetric tensors Ajjx and TUK in
|R3, then

AT = 31Ap T = 6A3T'?
ijk

(where, in this case of course, Ajjx and TY" can only differ by a scalar).

There is a simple but extremely useful special type of antisymmetric
tensor that we now wish to define. Before doing so however, it is first
convenient to introduce another useful notational device. Note that if T € 7,
and we replace v, . . ., v; in the definitions of § and A by basis vectors e;,
then we obtain an expression in terms of components as

ST ...r = (/tH2X6es8,To1 - -- or
and
ATy ...r = (M) 2ses, (sgn 0)To1 - - - or -

We will write Ty ... ) =S8T;...rand Ty ... = AT ... . For example, we
have

g

=

S
|

= (1/2!)(Tij + Tji)
and

!
=
—

|

= (1721)(Ty - Ty) -
A similar definition applies to any mixed tensor such as

Tk(pq)[ij] — (1/2!){Tk(pq)ij _ Tk(PLI)ﬁ}

= (V4T + T P~ T TP .y

Note that if T € Z'(V), then T¢j,...j)=Tj, ...i, , whileif T € AT(V), then
T - i1=Ti, i

Now consider the vector space R® with the standard orthonormal basis

e

{e|, e,, e3}. We define the antisymmetric tensor € € /\3(|R3) by the require-
ment that
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Since dim A3(R?) = 1, this defines all the components of & by antisymmetry:
€13 = —€p31 = €331 = -l etc. If {§; = ejaji} is any other orthonormal basis for R3

related to the first basis by an (orthogonal) transition matrix A = (aji) with
determinant equal to +1, then it is easy to see that

g(él, éz, é?,) = detA = +1

also. This is because ¢(e;, €;, €x) = sgn ¢ where 0 is the permutation that takes
(1, 2, 3) to (i, j, k). Since € € /\3(|R3), we see that [jjk] = &jjx. The tensor ¢ is
frequently called the Levi-Civita tensor. However, we stress that in a non-
orthonormal coordinate system, it will not generally be true that €123 = +1.

While we have defined the ¢jjx as the components of a tensor, it is just as
common to see the Levi-Civita (or permutation) symbol ¢;j defined simply
as an antisymmetric symbol with €123 = +1. In fact, from now on we shall use
it in this way as a convenient notation for the sign of a permutation. For nota-
tional consistency, we also define the permutation symbol ¥ to have the
same values as g;jx. A simple calculation shows that &;jk gik=31=6,

It should be clear that this definition can easily be extended to an arbitrary
number of dimensions. In other words, we define

+1 if (i}, ..., i,) 1s an even permutation of (1,2, ..., n)
&, = -1 if (if, ..., i) is an odd permutation of (1,2, ..., n)
0 otherwise

This is just another way of writing sgn ¢ where o € S;,. Therefore, using this
symbol, we have the convenient notation for the determinant of a matrix A =

(a')) € My(F) as
det A = Eil...inaill . --ai“n .

We now wish to prove a very useful result. To keep our notation from

i Wi - . sifk _ si sjsk
getting too cluttered, it will be convenient for us write 8, =6,6,6, . Now

note that ¢, = 66;1;3]. To see that this true, simply observe that both sides are

antisymmetric in (p, q, r), and are equal to 1 if (p, q, r) = (1, 2, 3). (This also
gives us a formula for €,q, as a 3 x 3 determinant with entries that are all

Kronecker delta’s. See Exercise 11.2.4) Using £!>* = 1 we may write this as

gl?3 Epqr = 66;1[]2;]. But now the antisymmetry in (1, 2, 3) yields the general

result

ijk — 6SLk]
"€, =60, (1)
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which is what we wanted to show. It is also possible to prove this in another
manner that serves to illustrate several useful techniques in tensor algebra.

Example 11.3 Suppose we have an arbitrary tensor A € A3(R?), and hence

Alijk] = Ajjk- As noted above, the fact that dim /\3(|R3) = 1 means that we
must have Ajjx = Agjjk for some scalar A € R. Then

Ake s -)Lsks € qr = OAE,,, = OAg; ké’é’ék.

p-q-r

Because ¢;jx = €[jjk], we can antisymmetrize over the indices 1, j, k on the right
[ijk]
par
you do not believe it, and see Exercise 11.2.7). This gives us

hand side of the above equation to obtain 6A¢;;0,, (write out the 6 terms if

Lik] _ [jk]
Ayke s =6Ag;3 0, =640, .

Since the antisymmetric tensor Ajjx is contracted with another antisymmetric
tensor on both sides of this equation, the discussion following the proof of
Theorem 11.3 shows that we may write

ijk _ [ijk]
Alijklg gpqr - 6A1ijkl(5pqr

or
123 123
A1238 gpqr = 6A1236;qr ] .
Cancelling Aj;3 then yields el = 6626]2,3] as we had above, and hence (1)

again follows from this.
In the particular case that p = k, we leave it to the reader to show that

Lik] _ sif Ji_S8iS) — §/8
g’ squ =00, =0, —0; =0,0/ - 9,0,
which is very useful in manipulating vectors in R®. As an example, consider

the vectors A, B, C € R? equipped with a Cartesian coordinate system.
Abusing our notation for simplicity (alternatively, we will see formally in

Example 11.12 that Al = A, for such an A), we have

(B xC)! = ¢, B CK
and hence

A+eBxC) = Alg;,BICK = +¢,BICKA! = B« (CxA) .
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Other examples are given in the exercises. /

Exercises

1. Prove Theorem 11.3 for the symmetrizing mapping .S.

2. Using the Levi-Civita symbol, prove the following vector identities in R>
equipped with a Cartesian coordinate system (where the vectors are actu-
ally vector fields where necessary, f is differentiable, and Vi=g i= a/axi):
(@ Ax(BxC)=(A+C)B-(A«B)C
(b) (AxB)e(CxD)=(A*C)(BeD)-(A*D)BC)

(c) VxVIf=0

(Ve (VxA)=0

() Vx(VxA)=V(VeA)-V?A
(f)Ve(AxB)=Be(VxA)-Ae+(VxB)

(g Vx(AxB)=A(VeB)-B(VeA)+(B+V)A-(A+V)B

3. Using the divergence theorem (fy V¢ A d*x =[5 A « fi da), prove that

[ VxAd’x= [ iixAda .
14 s
[Hint: Let C be a constant vector and show that
- ~ 3 L. = - B
Cof VxAd’x= [ (ixA)Cda=C-[ iixAda ]

4. (a) Find the expression for €4, as a 3 x 3 determinant with all Kronecker
delta’s as entries.

(b) Write eijkepqr as a 3 x 3 determinant with all Kronecker delta’s as
entries.

5. Suppose V = R? and let Ajj be antisymmetric and Sl be symmetric. Show
that AijSij =0 in two ways:

(a) Write out all terms in the sum and show that they cancel in pairs.
(b) Justify each of the following equalities:
AiSY = AST = —A;ST = —A;ST =0 .
6. Show that a second-rank tensor Tjj can be written in the form Tj; = T +

Ttij, but that a third-rank tensor can not. (The complete solution for ten-
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sors of rank higher than two requires a detailed study of representations of
the symmetric group and Young diagrams.)

7. Let Aj, ..., be antisymmetric, and suppose Th -k is an arbitrary
tensor. Show that

Ai1-~-i Til’”ir”’... = Ail...irT[il’”ir]”’... .

T

8. (a) LetA= (aij) be a 3 x 3 matrix. Show
Eijk aip ajq akr = (det A)epqr -
(b) Let A be a linear transformation, and let y(;) = Ax(j). Show
detly), ..., yml = (det A) det[xq), ..., Xm)]

9. Show that under orthogonal transformations A = (aij) in R3, the vector
cross product X = § x 7 transforms as X' = Eijk y1z* = (det A)aijxj. Discuss
the difference between the cases det A = +1 and det A = 1.

11.3 THE EXTERIOR PRODUCT

We have seen that the tensor product of two elements of A'(V) is not gen—
erally another element of A™'(V). However, using the mapping 4 we can
define another product on A'(V) that turns out to be of great use. We adopt

the convention of denoting elements of A"(V) by Greek letters such as o, B
etc., which should not be confused with elements of the permutation group S;.

If o € A'(V) and p € AS(V), we define their exterior product (or wedge
product) oA to be the mapping from AT(V) x AS(V) = A™5(V) given by

_ (r+s)!

anf Ao ®p) .

rls!

In other words, the wedge product is just an antisymmetrized tensor product.
The reader may notice that the numerical factor is just the binomial coeffi-
cient ";*%) = ("¢*%). It is also worth remarking that many authors leave off this
coefficient entirely. While there is no fundamental reason for following either
convention, our definition has the advantage of simplifying expressions
involving volume elements as we shall see later.
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A very useful formula for computing exterior products for small values of
r and s is given in the next theorem. By way of terminology, a permutation
o€ S;,ssuchthat ol <---<orando(r+ 1) <---<0o(r + s) is called an
(r, s)-shuffle. The proof of the following theorem should help to clarify this
definition.

Theorem 11.4 Suppose oo € A*(V) and p € A%(V). Then for any collection
of r + s vectors v; € V (withr + s <dim V), we have

OAB(VE, . ooy Vigs) = Z¥ (SEN O)UVei s - - - s Vor)P(Vo(r+l)s - - - » Volr+s))

where 2* denotes the sum over all permutations 0 € S, such that 6l <- - - <
orand o(r + 1) <- - - <o(r + s) (i.e., over all (r, s)-shuffles).

Proof The proof is simply a careful examination of the terms in the definition
of ap. By definition, we have

anPBO, ooy V)
=[(r+)/r!s!NA(a® B)(vys ... s Viys) (*)
=[1/r!s1Z, (sgno)a(Vyys .. s Vo DBVoritys - » Vo(res))

where the sum is over all 0 € S;,s. Now note that there are only (*;*%) distinct

collections {ol, . . ., or}, and hence there are also only (‘s*%) = (";*%) distinct
collections {o(r + 1), ..., o(r + s)}. Let us call the set {vg1, ..., Vgr} the “o-
variables,” and the set {Vs(r+1)s - - - s Vo(r+s)) the “P-variables.” For any of the

(*;*9) distinct collections of a- and B-variables, there will be r! ways of order-
ing the a-variables within themselves, and s! ways of ordering the -variables
within themselves. Therefore, there will be r!s! possible arrangements of the
a- and pB-variables within themselves for each of the (";**) distinct collections.
Let 0 € S, be a permutation that yields one of these distinct collections, and
assume it is the one with the property that 61 <. - <orando(r+1)<---<
o(r + s). The proof will be finished if we can show that all the rest of the r!s!
members of this collection are the same.

Let T denote the term in (*) corresponding to our chosen o. Then T is
given by

T = (sgno)a(Ver s ..., Vo)B(Vore1) » - - - » Volrss) -

This means that every other term t in the distinct collection containing T will
be of the form

t = (Sgﬂ O)a(ver ..., VGr)B(VG(Hl) see e V6(r+s))
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where the permutation 0 € S, is such that the set {01, . . ., Or} is the same
as the set {01, . . ., or} (although possibly in a different order), and similarly,
the set {O(r + 1), ..., O(r + s)} is the same as the set {o(r + 1), ..., o(r + s)}.
Thus the o- and p-variables are permuted within themselves. But we may then
write O = ¢o where ¢ € S, is again such that the two sets {01, ..., or} and
{o(r +1),...,0(r+s)} are permuted within themselves. Because none of the
transpositions that define the permutation ¢ interchange o- and f-variables,
we may use the antisymmetry of o and f§ separately to obtain

1 =(SgNPO)A(Vg51s -+ > Voor BVgo(ratys -+ s Voo(res))
= (sgngpo)(SEnP)aA(Vyys -+ 5 Vo IBVo(ra1)s -+ 5 Vo(res))
= (sgna)a(val, ter Vor)ﬁ(va(rﬂ)’ cee va(r+s))
=T .

(It was in bringing out only a single factor of sgn ¢ that we used the fact that
there is no mixing of o- and (-variables.) In other words, the original sum
over all (r + s)! possible permutations ¢ € S, has been reduced to a sum
over (;* %) = (r + s)!/rls! distinct terms, each one of which is repeated r!s!
times. We are thus left with

OAB(VE, . ooy Vigg) = Z2¥ (SEN O)UVoi s - - - s Vor)P(Vo(r+l)s - - - » Vo(r+s))

where the sum is over the (r + s)!/r!s! distinct collections {vg1, ..., Vgr} and
{Vo(r+l) s - - - » Vo(r+s)) subject to the requirements 01 < - - - < or and o(r + 1)
<---<0(r+s). 1

Let us introduce some convenient notation for handling multiple indices.
Instead of writing the ordered set (ij, . . . , 1;), we simply write I where the
exact range will be clear from the context. Furthermore, we write I to denote
the increasing sequence (i, < - - - < 1). Similarly, we shall also write vy instead
of (vi,, ..., vi). To take full advantage of this notation, we first define the
generalized permutation symbol € by

+1 if (j;, ..., j.) is an even permutation of (i, ..., 7,)
elflllr” =4-11if (jj, ..., j,) is an odd permutation of (i, ... i,)
0 otherwise

For example, e%g% = +1, 8?21] = -1, €237 = 0 etc. In particular, if A = (aji) 1S an

n X n matrix, then

1 e n

iy
detA=¢/!  "a i
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because

R
T :

Using this notation and Theorem 11.4, we may write the wedge product of
a and 3 as

P i e e k.
anP,..ovy )= el T Ba v B )

r+s

or most simply in the following form, which we state as a corollary to
Theorem 11.4 for easy reference.

Corollary Suppose o. € A"(V) and f € AS(V). Then for any collection of
r + s vectors v; € V (withr + s < dim V) we have

anpo) =Y e av)Bg) -
I, K

Example 11.4 Suppose dim V =5 and {e,, . . ., es} is a basis for V. If a €
A%(V) and € A'(V), then

anpBles.er e3)
= ZJ'1<]'2,k'c"é12]32k05(€j1 » €, )ﬁ(ek)
= e330(ey, €3)Ples) +e5330(¢y, €5)Ples) + e53301(es, e5)PB(er)
=a(e,, e3)B(es) —ale,, es)B(e3) +ales, es)B(ey) . /

Our next theorem is a useful result in many computations. It is simply a
contraction of indices in the permutation symbols.

Theorem 11.5 LetI=(G;,...,1¢),J =G ..., ]jr+s) K=(ky, ..., ky) and
L =d,...,1). Then

1 KL IKL
281--~q+r+s €7 T &l gir+s
J

where I, K and L are fixed quantities, and J is summed over all increasing
subsets j; <- - - <]Jr4s Of {I,...,q+1+5s}.

Proof The only nonvanishing terms on the left hand side can occur when J is
a permutation of KL (or else £;XI = 0), and of these possible permutations, we
only have one in the sum, and that is for the increasing set J . If J is an even
permutation of KL, then eXl = +1, and ¢} /.. qtr+s = gf KL q+r+s SINCE an even
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number of permutations is required to go from J to KL. If J is an odd permu-
tation of KL, then e = -1, and €]} . qtr+s = —ef KL q+r+s since an odd
number of permutations is required to go from J to KL. The conclusion then
follows immediately. W

Note that we could have let ] = (jy, . . . , jr) and left out L entirely in Theorem
11.5. The reason we included L is shown in the next example.

Example 11.5 Let us use Theorem 11.5 to give a simple proof of the asso-
ciativity of the wedge product. In other words, we want to show that

an(Bay) = (arp)ay

for any o € A4V), p € A'(V) andy € AS(V). To see this, let I = (i, . . ., ig),
J=QGn - sjres), K=(ky, ..., kpand L =(,, ..., ). Then we have
a A ([3 A V)(Vl’ e q+r+s) Z[ ng q+r+sa(vl )([3 A V)(Vj)
2:1 151 - qrrasO V] )ZK LgfLﬂ(vK )y(v)

=3, g 16 s 0BV

It is easy to see that had we started with (aAp)Ay, we would have arrived at
the same sum.

As was the case with the tensor product, we simply write aABAy from
now on. Note also that a similar calculation can be done for the wedge product
of any number of terms. /

We now wish to prove the basic algebraic properties of the wedge product.
This will be facilitated by a preliminary result on the alternation mapping.

Theorem 11.6 If S &7, and T € 75, then
A(AS)®T) =AS®T) =4S ® (AT)) .
Proof Using the bilinearity of the tensor product and the definition of A4S we
may write
AS)®T = (I/rh)2ses, (sgn 0)[(0S) ®T] .

For each o € S;, let G C S, be the set of permutations ¢ defined by

@1,...,0(+s)) = (ol,...,or,r+1,...,1r+59) .
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In other words, G consists of all permutations ¢ € S;,s that have the same
effecton 1,...,ras o € S,, but leave the remaining termsr+ 1, ..., r+s
unchanged. This means that sgn ¢ = sgn o, and ¢(S ® T) = (0S) ® T (see
Exercise 11.3.1). We then have

A ®T = (IrhZpec (sgn $)o(S ® T)

and therefore

AAS)®T) =[1/(r + HZ e, (e DTUrHE e (sgn P)PS ®T))
=[1/(r + s)!](l/r!)z(peczres (sgnT)(sgnP)TP(SRT) .

r+s

But for each ¢ € G, we note that S, = {0 = t}: T € S}, and hence

[1/(r+$)1Z;e5 , (sgnT)(sgn ) (S ®T')
=[G+ )1Z s, (SN T)TH(S ®T)
= [/ +5)1Zpes, (5nOBS ®T)
=AS®T) .

Since this is independent of the particular ¢ € G and there are r! elements in
G, we then have

A(AS)®T) = (1/r)ZyccAS®T)
= AS®T)(1/r)Z 61
- AS®T) .

The proof that A(S ® T) = A(S ® (AT)) is similar, and we leave it to the
reader (see Exercise 11.3.2). i

Note that in defining the wedge product oA, there is really nothing that
requires us to have o € AT(V) and BE AS(V). We could just as well be more
general and let oo € 7, (V) and € 7 (V). However, if this is the case, then
the formula given in Theorem 11.4 most certainly is not valid. However, we
do have the following corollary to Theorem 11.6.

Corollary For any S € 7. and T € 73 we have ASAT = SAT = SA AT.

Proof  This follows directly from Theorem 11.6 and the wedge product
definition SAT = [(r + s)!/r!s!]AS ®T).

We are now in a position to prove some of the most important properties
of the wedge product. Note that this next theorem is stated in terms of the
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more general definition of the wedge product.

Theorem 11.7 Suppose o, o, o, € Tq(V), B, B, B € T, (V), y €T (V) and
a € . Then
(a) The wedge product is bilinear. That is,

(0 + W)AR = AP + AP
oA(B + B2) = anf; +anaf,

(a)Af = an(aP) = a(arp)

(b) arp=(-1)Baa.
(c) The wedge product is associative. That is,

aA(PAY) = (anP)ay = [(@+r+9)/qir!s' A @B ®Yy) .

Proof (a) This follows from the definition of wedge product, the fact that &®
is bilinear and A4 is linear. This result may also be shown directly in the case
that o, o, o, € A4V) and B, B, B € AT(V) by using the corollary to
Theorem 11.4 (see Exercise 11.3.3).

(b) This can also be shown directly from the corollary to Theorem 11.4
(see Exercise 11.3.4). Alternatively, we may proceed as follows. First note
that for o € S;, we see that (since for any other T € S; we have t(oa) =
(T ° 0)a, and hence T(oca)(vy, ..., V) =Vl » - - - » Vror))

AW, ... s v,) = Ur)Ees (senDIT@@ (Vs . V,)
=(/r !)ZTES, (sgnt)a(v

Tols = Vrar)

Tol2 " vror)

= (sgno)(I/rH)Zpes (sgn®)a(vey, --- » o)
=(sgno)Ao(v, ..., v,) .

= (/rHZ, g5 (sgnto)(sgno)a(v

Hence A(oa) = (sgn o) Ao
Now define 0, € Sq4, by

oo(l,...,q+r) =(@q+1,...,q+r,1,...,q) .

Since 0, is just a product of gr transpositions, it follows that sgn o, = (-1)9".
We then see that

a® B, ..., vq”)=(/3’®a)(v00], e vo()(q+,))
=O’0(/3®O£)(V1, cee o Vq+r) .



570 MULTILINEAR MAPPINGS AND TENSORS

Therefore (ignoring the factorial multiplier which will cancel out from both
sides of this equation),

anfB=Aa® B)=A(o,(fR®a))=(sgnoy) AP X )
=(-D"Bra .

(c) Using Theorem 11.6, we simply calculate

(anB)ny=[(g+r+s)l/(g+r)!s|A(an B)®7y)
=[(g+r+s)/(g+n)'s'll(g+r)/q'r'JA(A(a® ) ®y)
=[(g+r+s)(g'r's'A(a®BXR7Y) .

Similarly, we find that aA(BAY) yields the same result. We are therefore justi—
fied (as we also saw in Example 11.5) in writing simply aApAy. Furthermore,
it is clear that this result can be extended to any finite number of products. W

Example 11.6 Suppose o € 7Z; and p € Z;. Since aaf = (-1)"*para, we see
that if either r or s is even, then aAp = pAa, but if both r and s are odd, then
anp = —paa. Therefore if r is odd we have aara = 0, but if r is even, then
aAo 1s not necessarily zero. In particular, any I-form o always has the
property that aana.=0. /

Example 11.7 If oy, ..., asare 1-forms on R>, let us define

[3 = O1AO03 + O3A05
and
Y = 200A04A05 — OLAOLAOY .

Using the properties of the wedge product given in Theorem 11.7 we then
have

BAY = (ajA03 + 03A05)A(20A04AQLs — CLIACIRACLY)
= 20L1AOL3AOL2AOL4AOL5 — OAO3AOAOACY
+ 203A05A0)A04A05 — OL3ACL5A0ACL) AOY
= —20L1AOL2AOL3AOL4AOL5 -0+0 - AIACQAQ3AOC4AAS
= 30 A0 AO3AC4ACS . /

Example 11.8 Suppose oy, . .., o € /\](V) and v, ..., vy € V. Using
Theorem 11.5, it is easy to generalize the corollary to Theorem 11.4 to obtain
(see Exercise 11.3.5)
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A A (V) =2 g () e, ()

(Note that the sum is not over any increasing indices because each a; is only a

1-form.) As a special case, suppose {e;} is a basis for V and {w'} is the cor-

responding dual basis. Then w!(e;) = &, and hence

i i ky ok, i i
W' A A" (e e )=Zkl_,,krg.llmjr’wl(ekl)---a)’(ekr)

Jr j

=gh i

Jir
In particular, if dim V = n, choosing the indices (i}, . .., 1) =(1,...,n) =
(i - - - » Jn), We see that
o'A A0 (e, .. .,en) =1 ./
Exercises
1. Show that ¢(S ® T) = (0S) ® T in the proof of Theorem 11.6.
2. Finish the proof of Theorem 11.6 by showing that
AS ®T) =A4(S ® (AT)).
3. Using o; € A4V) and B; € A'(V), prove Theorem 11.7(a) directly from
the corollary to Theorem 11.4.
4. Use the corollary to Theorem 11.4 to prove Theorem 11.7(b).
5. Suppose a, ..., 0 E /\](V) andv,, ..., v, € V. Show that
OA === AO(Vy, ..., V) = det(ou(vy)) -

6. Suppose {e;, . .., en} is a basis for V and {u)], ..., "} is the corre-

sponding dual basis. If o € AT(V) (where r < n), show that
o = Zloc(el)wl = i< <i, WCips - - - eir)will\ e AT

by applying both sides to (e;jj, . . . , €j,). (See also Theorem 11.8.)
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7. (Interior Product) Suppose o € A(V)and v, v,, ..., v, EV. We
define the (r — 1)-form iyo by

i,a=0 ifr=0.
i,o=a(v) ifr=1.
i,a(Vy, ..., v.)=a, vy, ..., v,) ifr>1.

(a) Prove that iy y =iy + iy.
(b) If a € A'(V) and B € A%(V), prove that i: A™S(V) = A™57 (V) is
an anti-derivation, i.e.,

iv(aaB) = iy o)A + (=D'anly B) .
(c) If v= Viei and o = Xjaj, . . . irooil/\ .+ - A@'r where {u)i} is the basis
dual to {e;}, show that

Iyo. = Zi2< ... <irbi2 o ir(DizA- . -A(L)ir
where

. A Ja.. .
bi, ..., = ZVaj,. i, .

(d) If . =flA - - - Af", show that

N Y A NI L DN L N

io

—l)k_lfk(V)fl/\"'/\ﬁ/\"'/\fr

P
D
k=1
r
D
k=1
where the ~ means that the term f* is to be deleted from the expression.

8. Let V = R" have the standard basis {e;}, and let the corresponding dual
basis for V* be {u)i}.
(a) If u, veE V, show that
o' A @’ (u, v)=| .
Jooy

u 1%

and that this is + the area of the parallelogram spanned by the projection

of u and v onto the x! x-plane. What do you think is the significance of
the different signs?
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(b) Generalize this to ®'A - - - A®'r where 1 < n.

Suppose V = F", and let vy, . . ., v, € V have components relative to the
standard basis {e;} defined by v; = ejvji. Forany l <r<n,lets=n-r
and define the r-form o by

1 1

vl e vr

OC(Vl, cee g Vr)= : :

r r

v v,

and the s-form 3 by

1 1
Vorsl Von
ﬁ(Vl,...,V)= : :
N N
Vsl 70 Vo

(a) Use Theorem 4.9 to show that aAf is the determinant function D on
Fn
(b) Show that the sign of an (r, s)-shuffle is given by

gilrlr’!il‘]“;_'_s = (_l)ll+ ~-~+i,.+r(r+1)/2

where iy, ..., 1y and Jj, . . ., js are listed in increasing order.

(c) IfA= (ai i) € M,(F), prove the Laplace expansion formula

iy i i Ji
a’y a 1 ra a,
i+ +i+r(r+1)/2 | ¢ :
detA=Zl(—1)1 r : :
i i J Jr
a rl a rr a rr+1 a rn
where I = {i;, .., 1y and J = {j;, . . . , js} are “complementary” sets of

indices,i.e., INJ=Fand1UJT={1,2,...,n}.

Let B =r!4 where 4: 7, —7; is the alternation mapping. Define aAf in
terms of B. What is B(f' ® - - - ® ) where f' € V*?

Let I = (if,...,ig), J = (1,...,]p), and K = (kj, ..., kq). Prove the
following generalization of Example 11.3:

JI Lp+qg _ 1 _ sl . sl
281-“p+q€JK = gK = n6k1 6kq
J
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11.4 TENSOR ALGEBRAS

We define the direct sum of all tensor spaces Z;(V) to be the (infinite-
dimensional) space 7o (V) @ T1(V) @ - - - @2, (V) @ - - - , and 7 (V) to be all
elements of this space with finitely many nonzero components. This means
that every element T € Z(V) has a unique expression of the form (ignoring
zero summands)

T = T(])il + -+ T(r)ir

where each T(k)ik €7, (V)and i, < - - - <1i,. The tensors T(k)ik are called the
graded components of T. In the special case that T € 7 (V) for some r, then
T is said to be of order r. We define addition in 7 (V) componentwise, and we
also define multiplication in Z (V) by defining ® to be distributive on all of
7 (V). We have therefore made 7 (V) into an associative algebra over F which
is called the tensor algebra.

We have seen that A"(V) is a subspace of 7 (V) since AT(V) is just the
image of 7, (V) under 4. Recall also that A°(V) = Ty (V) is defined to be the
scalar field F. As might therefore be expected, we define A(V) to be the
direct sum

AV) = ANVyeANV@ - dAN V)@ --- C T(V) .

Note that A*(V) =0 if r > dim V.

It is important to realize that if a € A'(V) C Z;(V) and p € A%(V) C
7s(V), then even though o ® B € Z,s(V), it is not generally true that
a®pPE A"(V). Therefore A(V) is not a subalgebra of 7 (V). However, the
wedge product is a mapping from A*(V) x AS(V) — A™%V), and hence if
we extend this product in the obvious manner to a bilinear mapping A (V) x
AV) = A(V), then A(V) becomes an algebra over ¥ = /\O(V). In other
words, if o = o, + - - - + o with each o; € AT(V), and B=P +:--+Pswith
each B; € Ai(V), then we define

a/\/a’=iiai/\/3j .

i=1 j=1
This algebra is called the Grassmann (or exterior) algebra.

The astute reader may be wondering exactly how we add together the ele-
ments o, € A"(V) and o, € A™(V) (with 1, # r,) when none of the opera—
tions (0, + 0)(Vy, . . ., Vp), (0 + Q)(Vy, . . ., Vp,) DOr (0 + A)(Vy, . . .,
Vr,+r,) makes any sense. The answer is that for purposes of the Grassmann
algebra, we consider both o, and a,, to be elements of A(V). For example, if
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a, is a I-form and a, is a 2-form, then we write o, =0+ a;, + 0+ 0 + - - - and
o0, =0+0+0a,+0+---,and hence a,0, + a,a, (Where a; € F) makes sense
in A(V). In this way, every element of A(V) has a degree (recall that an r-
form is said to be of degree r), and we say that AV)is a graded associative
algebra.

Unlike the infinite-dimensional algebra 7 (V), the algebra A(V) is finite-
dimensional. This should be clear from the discussion following Example 11.2

where we showed that dim A"(V) = (%) (where n = dim V), and hence that
dim A'(V) = 0 if r > n. Let us now prove this result again by constructing a
specific basis for A(V).

Theorem 11.8 Suppose dim V = n. Then for r > n we have A(V) = {0}, and
if 0 <r < n, then dim A"(V) = ®). Therefore dim A(V) = 2". Moreover, if
{0, ..., ®"} is a basis for V* = A!(V), then a basis for A’(V) is given by
the set

{W"A - AT 1 <0, <---<i <n} .

Proof Suppose 0. € A'(V) where r > dim V = n. By multilinearity, o is
determined by its values on a basis {e,, . . ., en} for V (see Example 11.2).
But then we must have a(e;, , . . ., €j,) = 0 because at least two of the e;, are
necessarily the same and a is antisymmetric. This means that o(v,, . .., vy) =

0 for all v; € V, and hence o = 0. Thus A"(V) = {0} if r >n.

Now suppose that {u)], ..., "} is the basis for V* dual to {e;}. From
Theorem 11.2, we know that {00il ®--- ot = i,,...,1i; <n} forms a
basis for Z; (V), and since the alternation mapping A4 maps Z; (V) onto AT(V)
(Theorem 11.3(b)), it follows that the image of the basis {w' ® - - - ® o'} for
T, (V) must span A'(V). If a € AT(V), then o € 7; (V), and hence

o = Otil...iru)ll@-"@(ﬂlr

where the sum is overall 1 <i,,..., ;<nand o, ...; =oa(ej, ..., €.
Using Theorems 11.3(a) and 11.7(c) we have
a=Aoa = ozl-l,,,i)_,‘?[(a)'.1 @ ®aw")
=0, (Urho'A--rw"
where the sum is still over all 1 <1, ..., i, < n. However, by the antisymme-

try of the wedge product, the collection {i,, . . . , iy} must all be different, and
hence the sum can only be over the (}) distinct such combinations. For each



576 MULTILINEAR MAPPINGS AND TENSORS

such combination there will be r! permutations ¢ € S; of the basis vectors. If
we write each of these permutations in increasing order i, < - - - < 1, then the
wedge product changes by a factor sgn o, as does a;, . .. i, = a(e;, , . . ., €i,).
Therefore the signs cancel and we are left with

a = oc|il...ir|u)i1/\ AT
where, as mentioned previously, we use the notation ¢ j, - - . j,| to mean that the
sum is over increasing sets i; < - - - < 1ir. Thus we have shown that the (}) ele—
ments ®'A - - - A" with 1 < 1, <---<Ip<nspan AT(V). We must still show

that they are linearly independent.
Suppose ayj; - - - ir|u)il/\ .- - A®' = 0. Then for any set {€j,...,ej) with
1 <j,<:--<jr=<n we have (using Example 11.8)

— il e ir . .
0—0‘|i1 e JOT A A (eh,..., ejr)
O
a;, "'lr|8j] )
= ajl =
since the only nonvanishing term occurs when {i,, . . ., i} 1s a permutation of
{Ji, - - - » Jry and both are increasing sets. This proves linear independence.

Finally, using the binomial theorem, we now see that
n n n
dimAV) =Y dim A"(V) = E( )= 1+1)"=2" . o
r=0 r=0 r

Example 11.9 Another useful result is the following. Suppose dim V = n,
and let {u)], ..., "} be a basis for V*, If oc], ..., a™are any other 1-forms in
A(V) = V*, then we may expand each o! in terms of the o' as o' = aijwj. We
then have

= R N n
=qa ; a’; &.,"W A A

=df:t(czij-)a)1 A A@"

Recalling Example 11.1, if {o' = dx'} is a local basis for a cotangent space V*

and {a' = dy'} is any other local basis, then dy' = (9y//9x/)dx) and



11.4 TENSOR ALGEBRAS 577

Ay ")

e ) = T

is just the usual Jacobian of the transformation. We then have

A y")
a(xl---x”)

n

dy' A ndy" = dx' A Adx

The reader may recognize dx'A - - - Adx™ as the volume element on R", and
hence differential forms are a natural way to describe the change of variables
in multiple integrals. /

Theorem 11.9 If o', ..., a" € AY(V), then {d, ..., a}isa linearly

dependent set if and only if a'A - - - Aa" = 0.

Proof If {oc], ..., a'} is linearly dependent, then there exists at least one

vector, say o', such that al = Zj,ﬁlajaj . But then

a'nna” =(2j=1ajaj)/\a2/\---/\ar

2

=Zj¢1aj(aj/\a Anal)

=0

since every term in the sum contains a repeated 1-form and hence vanishes.
Conversely, suppose that !, . . ., of are linearly independent. We can

then extend them to a basis {oc], ..., 0"} for V¥ (Theorem 2.10). If {e;} is the

corresponding dual basis for V, then ala - - Aa(e,, . . ., ey = 1 which

implies that a'A - - - Ao’ # 0. Therefore {0, . . ., o'} must be linearly depen-

dentif oA --- A" =0. 11

11.5 THE TENSOR PRODUCT OF VECTOR SPACES

We now discuss the notion of the tensor product of vector spaces. Our reason
for presenting this discussion is that it provides the basis for defining the
Kronecker (or direct) product of two matrices, a concept which is very useful
in the theory of group representations.

It should be remarked that there are many ways of defining the tensor
product of vector spaces. While we will follow the simplest approach, there is
another (somewhat complicated) method involving quotient spaces that is also
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frequently used. This other method has the advantage that it includes infinite-
dimensional spaces. The reader can find a treatment of this alternative method
in, e.g., in the book by Curtis (1984).

By way of nomenclature, we say that a mapping f: U x V. — W of vector
spaces U and V to a vector space W is bilinear if f is linear in each variable.
This 1s exactly the same as we defined in Section 9.4 except that now f takes
its values in W rather than the field #. In addition, we will need the concept of
a vector space generated by a set. In other words, suppose S = {s;, ..., sp} is
some finite set of objects, and ¥ is a field. While we may have an intuitive
sense of what it should mean to write formal linear combinations of the form
a;s; + - - - + apsy, we should realize that the + sign as used here has no
meaning for an arbitrary set S. We now go through the formalities involved in
defining such terms, and hence make the set S into a vector space T over ¥.

The basic idea is that we want to recast each element of S into the form of
a function from S to #. This is because we already know how to add functions
as well as multiply them by a scalar. With these ideas in mind, for each s; € S
we define a function s;: S — ¥ by

si(s) = 161j

where 1 is the multiplicative identity of . Since addition in ¥ is well-defined
as is the addition of functions and multiplication of functions by elements of
F, we see that for any a, b€ ¥ and s;, s; €S we have

(a+b)si(sj) = (a+b)(§l-j = aéij +b6ij = asi(sj)+bsl~(sj)

= (as; + bsi)(sj)

and therefore (a + b)s; = as; + bs;. Similarly, it is easy to see that a(bs;) =
(ab)s;.

We now define T to be the set of all functions from S to . These func-
tions can be written in the form a;s; + - - - + a8, with a; € F. It should be
clear that with our definition of the terms a;s;, T forms a vector space over 7.
In fact, it is easy to see that the functions 1s,, . . . , 1s, are linearly
independent. Indeed, if 0 denotes the zero function, suppose a;s; + - - - + apSp
= 0 for some set of scalars a;. Applying this function to s; (where 1 <1 <n) we
obtain a; = 0. As a matter of course, we simply write s; rather than 1s;.

The linear combinations just defined are called formal linear combina-
tions of the elements of S, and T is the vector space generated by the set S. T
is therefore the vector space of all such formal linear combinations, and is
sometimes called the free vector space of S over ¥.
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Theorem 11.10 Let U, V and W be finite-dimensional vector spaces over F.
Then there exists a finite-dimensional vector space over ¥ denoted by T and a
bilinear mapping t: U x V. — T denoted by t(u, v) = u ® v satisfying the fol-
lowing properties:

(a) For every bilinear mapping f: U x V. — W, there exists a unique linear
transformation f : T — W such that f = f o t. In other words, for all u € U and

v € V we have
fu,v) = T, v)) = TU®v) .

(b) If {uy,...,un}is abasis for U and {v,, ..., vy} is a basis for V, then
{u; ® v;} 1s a basis for T and therefore

dimT = mn = (dim U)(dim V) .

Proof Let {u, ..., uny} beabasis for U and let {v, ..., vy} be a basis for
V. For each pair of integers (i, j) with 1 <i<mand 1 <j<n we let t; be a
letter (i.e., an element of some set). We now define T to be the vector space
over  consisting of all formal linear combinations of the elements t;;. In other

words, every element of T is of the form al t; where ale TI.
Define the bilinear map t: U x V — T by

u; ® vy = t(ug, vj) = tj

and hence to all of U x V by “bilinear extension.” In particular, if u = x'u; € U

and v = ijj €V, let us define u ® v to be that element of T given by
u®v = t(u,v) = xiyj t; .
It should be obvious that this does indeed define a bilinear map.

Now suppose that f: U x V. — W is any bilinear map, and remember that
every element of T is a linear combination of the t;. According to Theorem
5.1, we may define a unique linear transformation f : T — W by

f (t;) = f(uw, vy) .

Using the bilinearity of f and the linearity of f we then have

fu, vy = fug, yv) =Xy flug, vy) = x'y F;) = F(x'y'ny)
= fu®v) = ft(u, v)) .
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This proves the existence and uniqueness of the mapping f such that f = f o t
as specified in (a).

We have defined T to be the vector space generated by the mn elements
t; =u; ® v; where {uy, ..., un} and {v,, ..., vy} were particular bases for U
and V respectively. We now want to show that in fact {u’; ® v';} forms a basis
for T where {u’;} and {V';} are arbitrary bases for U and V. For any u =

X0, EUandv=y" v'; € V, we have (using the bilinearity of ®)
IRV = X/i y/J (u,i ® V,j)

which shows that the mn elements u’; ® v'; span T. If these mn elements are
linearly dependent, then dim T < mn which contradicts the fact that the mn
elements t;; form a basis for T. Hence {u’; ® v';} is a basis for T. W

The space T defined in this theorem is denoted by U ® V and called the
tensor product of U and V. Note that T can be any mn dimensional vector

space. For example, if m =n we could take T = T»(V) with basis t;; = o' ® (uj,
I =1, j=n. The map t(uj, vj) = u; ® v; then defines u; ® v; = o' ® ol

Example 11.10 To show how this formalism relates to our previous treat-
ment of tensors, consider the following example of the mapping T defined in
Theorem 11.10. Let {e;} be a basis for a real inner product space U, and let us

define the real numbers g; = (e;, ;). If €; = ejpji is another basis for U, then

g; = (@,8) = p'ip’ler, es) = pipY grs

so that the g;; transform like the components of a covariant tensor of order 2.
This means that we may define the tensor g € 75(U) by g(u, v) = (u, v). This
tensor is called the metric tensor on U (see Section 11.10).

Now suppose that we are given a positive definite symmetric bilinear form
(i.e., an inner product) g = ( , ): U x U — #. Then the mapping g is just the
metric because

ge®e) = gle,e) = (ene) = g -

Therefore, if u = uiei and v = Vjej are vectors in U, we see that
gU®V) = gu,v) = (uv) = uvife,e) = guv.

If {u)i} is the basis for U* dual to {e;}, then according to our earlier formal-

ism, we would write this as g = gijooi ®w. /
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Some of the main applications in mathematics and physics (e.g., in the
theory of group representations) of the tensor product of two vector spaces are
contained in the next two results. While the ideas are simple enough, the nota-
tion becomes somewhat awkward because of the double indices.

Theorem 11.11 Let U and V have the respective bases {u,, . . . , uy} and
{Vi, ..., Vn}, and suppose the linear operators S € L(U) and T € L(V) have

matrix representations A = (aij) and B = (bij) respectively. Then there exists a
linear transformation S® T: U® V — U ® V such that forallu &€ U and v €
V we have (S ® T)(u ® v) = S(u) ® T(v).

Furthermore, the matrix C of S ® T relative to the ordered basis

{4, ®v, ..., 0;®Vvp, LAV, ..., UL,V ..., U PV, ..., Uy @ Vvy}

for U ® V is the mn x mn matrix given in block matrix form as
allB alzB cee almB

C=| : :
amlB asz cee ammB

The matrix C is called the Kronecker (or direct or tensor) product of the
matrices A and B, and will also be written as C = A ® B.

Proof Since S and T are linear and ® is bilinear, it is easy to see that the
mapping f: U x V — U ® V defined by f(u, v) = S(u) ® T(v) is bilinear.
Therefore, according to Theorem 11.10, there exists a unique linear transfor-
mation f € L(U ® V) such that f (u ® v) = S(u) ® T(v). We denote the map-
ping f by S® T. Thus, (S ® T)(u ® v) = S(u) ® T(v).

To find the matrix C of S ® T i1s straightforward enough. We have S(u;) =

u; aji and T(v)) = ijji, and hence

S®T)(w ®v) = S(u;) ®T(v) = a'b%(u, ®vy) .
Now recall that the 12 column of the matrix representation of an operator is
just the image of the it basis vector under the transformation (see Theorem
5.11). In the present case, we will have to use double pairs of subscripts to

label the matrix elements. Relative to the ordered basis

{4, ®v, ..., 0;®Vvp, LAV, ..., UL,V ..., U PV, ..., Uy @ Vy}
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for U ® V, we then see that, for example, the (1, 1)th column of C is the
vector (S ® T)(u; ® v,) = a"b® (u; ® vy) given by

(allbll, ey allbnl, azlbll, ey azlbnl, ey amlbll, ey amlbnl)
and in general, the (i, j)th column is given by
(a]ib]j, ey a]ib“j, azib]j, ey azibnj, ey amib]j, ey amibnj) .
This shows that the matrix C has the desired form. B

Theorem 11.12 Let U and V be finite-dimensional vector spaces over ¥.
(@) IfS,, S, €L(U)and T,, T, € L(V), then

(SL®T1)(SZ®T2) = SLSZ®T1T2 .

Moreover, if A; and B; are the matrix representations of S; and T; respectively
(relative to some basis for U ® V), then (A, ® B))(A, ® B,) = A,A, ® B,B,.
(b) If SeL(U)and T € L(V), then Tr(S ® T) = (Tr S)(Tr T).
(c) IfSELU)and TE L(V), and if S™ and T exist, then

S®T)' =S"®T .

Conversely, if (S ® T)™ exists, then S™ and T also exist, and (S ® T)™ =
ST®T.

Proof (a) Foranyu €& Uand vE V we have

S, TS, ®T,)u®v)=(S; ®T))(S, () ®T,(v))
=55 w)®T\T,(v)
=55 T T,)u®v) .

As to the matrix representations, simply note that A; ® B; is the representation
of S; ® T;, and A A, ® BB, is the representation of S;S, ® T,T, (since the
representation of a product of linear operators is the product of their matrices).

(b) Recall that the trace of a linear operator is defined to be the trace of
any matrix representation of the operator (see Theorem 5.19). Therefore, if

A= (aij) is the matrix of S and B = (bij) is the matrix of T, we see from
Theorem 11.11 that the diagonal blocks of A ® B are the matrices al B, ...,
a™nB and hence the diagonal elements of A ® B are alb', ..., ab",...,

a™ bl ..., a™,b",. Therefore the sum of these diagonal elements is just
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TA®B)=a' (b)) +---+a", (Zh')
=(Z,a/ HED)
=(TrA)(TrB) .

(c) We first note that if 1 denotes the identity transformation, then
1I®DHu®v) =u®v

and hence ] ® 1 = 1. Nextnotethat u® v=(u+0)®v=u®v+0® v, and
hence 0 ® v = 0. Similarly, it is clear that u ® 0 = 0. This then shows that

S®0O)u®v) = Suy®0 =0

so that S ® 0 =0, and similarly 0 ® T = 0.
Now, if S and T are invertible, then by part (a) we see that

STXTHES®T) =SS"®T'T=1®1 =1

and similarly for (S ® T)(S™ ® T™). Therefore (S® T)" =S* ® T™.

Conversely, suppose that S ® T is invertible. To prove that S and T are
also invertible we use Theorem 5.9. In other words, a surjective linear
operator is invertible if and only if its kernel is zero. Since S ® T is invertible
we must have T # 0, and hence there exists v € V such that T(v) # 0. Suppose
u € U is such that S(u) = 0. Then

0=SW®TV) = SC®TH(u®v)

which implies that u ® v =0 (since S ® T is invertible). But v # 0, and hence
we must have u = 0. This shows that S is invertible. Similarly, had we started
with S # 0, we would have found that T is invertible. H

Exercises

1. Give a direct proof of the matrix part of Theorem 11.12(a) using the
definition of the Kronecker product of two matrices.

2. Suppose A € L(U) and B € L(V) where dim U =n and dim V = m. Show
that

det(A ® B) = (det A)™ (det B)" .
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11.6 VOLUMES IN R?

Instead of starting out with an abstract presentation of volumes, we shall first
go through an intuitive elementary discussion beginning with R?, then going
to R3, and finally generalizing to R" in the next section.

First consider a parallelogram in R? (with the usual norm) defined by the
vectors X and Y as shown.

Note that h = [Y] sin © and b = Y| cos 0, and also that the area of each tri-
angle is given by A, = (1/2)bh. Then the area of the rectangle is given by A, =
(IXI' - b)h, and the area of the entire parallelogram is given by

A=24,+A, =bh+ (X1 - b)h = I1XIh = IXIIYlsin6 . (1)

The reader should recognize this as the magnitude of the elementary “vector
cross product” X x Y of the ordered pair of vectors (X, Y) that is defined to
have a direction normal to the plane spanned by X and Y, and given by the
“right hand rule” (i.e., out of the plane in this case).

If we define the usual orthogonal coordinate system with the x-axis
parallel to the vector X, then

X = (x',x%) = (X1, 0)
and
Y

(y', v = (IYl cos 6, Y] sin 0)

and hence we see that the determinant with columns formed from the vectors
X and Y is just

1l
XY

x2 y2

IXI 1YllcosO )
= =IXIlYlsin@=A . (2)

0 IYlsin®

Notice that if we interchanged the vectors X and Y in the diagram, then the
determinant would change sign and the vector X x Y (which by definition has
a direction dependent on the ordered pair (X, Y)) would point into the page.
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Thus the area of a parallelogram (which is always positive by definition)

defined by two vectors in R? is in general given by the absolute value of the
determinant (2).

In terms of the usual inner product (or “dot product™”) (, ) on R?, we have
(X, X) = IXI? and (X, Y) = (Y, X) = IXIIY] cos 6, and hence

A% = IXI*IY?sin® 0
= IXIPIYI>(1 - cos’ 0)
= IXIPIYI>- (X, Y)* .

Therefore we see that the area is also given by the positive square root of the
determinant

3)

It is also worth noting that the inner product may be written in the form

(X, Y) =x'y! + x%y?, and thus in terms of matrices we may write

X, X) (X,7)) («' )«
v, xX) .0 2\ 2]
Hence taking the determinant of this equation (using Theorems 4.8 and 4.1),

we find (at least in IRZ) that the determinant (3) also implies that the area is
given by the absolute value of the determinant in equation (2).

It is now easy to extend this discussion to a parallelogram in R®. Indeed, if
X = (X], X2, X3) and Y = (y], yz, y3) are vectors in R, then equation (1) is
unchanged because any two vectors in R® define the plane R? spanned by the
two vectors. Equation (3) also remains unchanged since its derivation did not
depend on the specific coordinates of X and Y in R2. However, the left hand
part of equation (2) does not apply (although we will see below that the three-
dimensional version determines a volume in |R3).

As a final remark on parallelograms, note that if X and Y are linearly
dependent, then aX + bY =0 so that Y = —(a/b)X, and hence X and Y are co-
linear. Therefore 0 equals O or 7 so that all equations for the area in terms of
sin 0 are equal to zero. Since X and Y are dependent, this also means that the
determinant in equation (2) equals zero, and everything is consistent.
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We now take a look at volumes in R®. Consider three linearly independent
vectors X = (x], X2, X3), Y = (y], yz, y3) and Z = (z], zz, z3), and consider the
parallelepiped with edges defined by these three vectors (in the given order
X, Y, 2)).

We claim that the volume of this parallelepiped is given by both the positive
square root of the determinant

(Y, Xx) (r.y) (v, 2) 4)

Xy z
42 y2 2| (5)
3 y3 2

To see this, first note that the volume of the parallelepiped is given by the
product of the area of the base times the height, where the area A of the base
is given by equation (3) and the height [U| is just the projection of Z onto the
orthogonal complement in R® of the space spanned by X and Y. In other
words, if W is the subspace of V = R? spanned by X and Y, then (by Theorem
2.22) V=W* ® W, and hence by Theorem 2.12 we may write

Z = U+aX +bY
where U € W* and a, b € R are uniquely determined (the uniqueness of a and

b actually follows from Theorem 2.3 together with Theorem 2.12).
By definition we have (X, U) = (Y, U) =0, and therefore
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(X, Z)=alXI*+ b(X, Y)
Y, Z)=alY, X)+ blYI? (6)
(U, z)=Iul* .

We now wish to solve the first two of these equations for a and b by Cramer’s
rule (Theorem 4.13). Note that the determinant of the matrix of coefficients is
just equation (3), and hence is just the square of the area A of the base of the
parallelepiped. Applying Cramer’s rule we have

=
~ =

(X
(Y,
(X
{

b b

aA’®

N N

) (X,Y)
) )

b

b b

bA?

< >

~ = =~
N N

{
{
{

) )
Y, X) )

b

Denoting the volume by Vol(X, Y, Z), we now have (using the last of equa-
tions (6) together with U =7 — aX - bY)

Vol?’(X,Y,Z) = A’IUI? = A%(U,Z) = AX(Z,Z) - a(X, Z) - blY, Z))

so that substituting the expressions for A%, aA? and bA?, we find

5 ‘(X, X) (X,Y) ‘(X, Y) (X, Z)
Vol*(X, Y, Z)=(Z, Z) +(X, Z)
(Y, X) (Y,Y) , Y, Z)
7.7 X, X) (X,2)
Y, X , Z)

Using (X, Y) = (Y, X) etc., we see that this is just the expansion of a determi-
nant by minors of the third row, and hence (using det AT = det A)

Vol’(X,Y,Z)=|(X,Y) (Y.Y) (Z,Y)
(X,72) (¥,72) (Z, Z)
12 3l 1 o1 )?
x xT xXx oy oz Xy z
| P R A I
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We remark that if the collection {X, Y, Z} is linearly dependent, then the
volume of the parallelepiped degenerates to zero (since at least one of the
parallelograms that form the sides will have zero area). This agrees with the
fact that the determinant (5) will vanish if two rows are linearly dependent.
We also note that the area of the base is given by

IX x Y| =1XIYlsin £(X, Y)

where the direction of the vector X x Y is up (in this case). Therefore the pro-
jection of Z in the direction of X x Y is just Z dotted into a unit vector in the
direction of X x Y, and hence the volume of the parallelepiped is given by the
number Z ¢ (X x Y). This is the so-called scalar triple product that should be
familiar from elementary courses. We leave it to the reader to show that the
scalar triple product is given by the determinant (5) (see Exercise 11.6.1).

Finally, note that if any two of the vectors X, Y, Z in equation (5) are
interchanged, then the determinant changes sign even though the volume is
unaffected (since it must be positive). This observation will form the basis for
the concept of “orientation” to be defined later.

Exercises
1. Show that Z ¢ (X x Y) is given by the determinant in equation (5).

2. Find the area of the parallelogram whose vertices are:
(@) (0,0),(1,3),(-2, 1), and (-1, 4).
(b) (2,4),(4,5),(5,2),and (7, 3).
(c) (-1,3),(1,5),(3,2),and (5, 4).
(d) (0,0,0),(1,-2,2),(3,4,2),and (4, 2, 4).
(e) (2,2,1),(3,0,6),(4,1,5),and (1, 1, 2).

3. Find the volume of the parallelepipeds whose adjacent edges are the
vectors:
(a) (1,1,2),(3,-1,0),and 5, 2, -1).
(b) (1,1,0),(1,0, 1), and (0, 1, 1).

4. Prove both algebraically and geometrically that the parallelogram with
edges X and Y has the same area as the parallelogram with edges X and
Y + aX for any scalar a.
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5. Prove both algebraically and geometrically that the volume of the paral-

lelepiped in R® with edges X, Y and Z is equal to the volume of the paral-
lelepiped with edges X, Y and Z + aX + bY for any scalars a and b.

6. Show that the parallelepiped in R* defined by the three vectors (2, 2, 1),
(1, -2,2)and (-2, 1, 2) is a cube. Find the volume of this cube.

11.7 VOLUMES IN R"

Now that we have a feeling for volumes in R® expressed as determinants, let
us prove the analogous results in R". To begin with, we note that parallelo-

grams defined by the vectors X and Y in either R? or R? contain all points
(i.e., vectors) of the form aX + bY for any a, b € [0, 1]. Similarly, given three
linearly independent vectors X, Y, Z € R, we may define the parallelepiped
with these vectors as edges to be that subset of R? containing all vectors of the
form aX + bY + ¢Z where 0 < a, b, ¢ < 1. The corners of the parallelepiped are
the points 8;X + 8,Y + 83Z where each 9, is either O or 1.

Generalizing these observations, given any r linearly independent vectors

X, ..., X €R", we define an r-dimensional parallelepiped as the set of all
vectors of the form a1 X, +--- +a, X, where 0 <a; <1 foreachi=1,...,r. In

R3, by a 1-volume we mean a length, a 2-volume means an area, and a 3-
volume is just the usual volume. To define the volume of an r-dimensional
parallelepiped we proceed by induction on r. In particular, if X is a nonzero
vector (i.e., a 1-dimensional parallelepiped) in R", we define its 1-volume to
be its length (X, X)"2. Proceeding, suppose the (r — 1)-dimensional volume of
an (r — 1)-dimensional parallelepiped has been defined. If we let P, denote the
r-dimensional parallelepiped defined by the r linearly independent vectors X,

. » X, then we say that the base of P; is the (r — 1)-dimensional paral-
lelepiped defined by the r — 1 vectors X, . . ., X;-1, and the height of P, is the

length of the projection of X, onto the orthogonal complement in R" of the
space spanned by X, . . ., X;;. According to our induction hypothesis, the
volume of an (r — 1)-dimensional parallelepiped has already been defined.
Therefore we define the r-volume of P, to be the product of its height times
the (r — 1)-dimensional volume of its base.

The reader may wonder whether or not the r-volume of an r-dimensional
parallelepiped in any way depends on which of the r vectors is singled out for
projection. We proceed as if it does not and then, after the next theorem, we
shall show that this is indeed the case.
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Theorem 11.13 Let P; be the r-dimensional parallelepiped defined by the r

linearly independent vectors X, . . . , X; € R™. Then the r-volume of P; is the
positive square root of the determinant

X, Xp) (X, X)X, X
X,, X)) Xy, Xp) - (X5, X,
X Xi) 0 Xo) e (K X) -
<Xr’ Xl) (Xr’ XZ) <Xr’ Xr)

Proof For the case of r = 1, we see that the theorem is true by the definition
of length (or 1-volume) of a vector. Proceeding by induction, we assume the
theorem is true for an (r — 1)-dimensional parallelepiped, and we show that it
is also true for an r-dimensional parallelepiped. Hence, let us write

(Xp X]) (Xla Xz) (Xla Xr_1)

(Xp, Xp) (X5, X5) - (X, X))
A2=V012(R_1)= 2: 1 2: 2 2 . 1

<Xr—1’ X1> <Xr—1’ X2> (Xr—l’ Xr—1>

for the volume of the (r — 1)-dimensional base of P;. Just as we did in our

discussion of volumes in R®, we write X, in terms of its projection U onto the
orthogonal complement of the space spanned by the r — 1 vectors X, . . . , X.
This means that we can write

Xe=U+a X, +---+a,1 X

where (U, X;)=0fori=1,...,r-1, and (U, X;) = (U, U). We thus have the
system of equations

al(X2, Xl) +(,12(X2, X2> + o0+ ar_l(Xz, X)’—l) = <X2, Xr)

X2) + oo+ ar—l(X Xr—l) = <Xr—1’ Xr)

r-1»

X)) +a,(X

r-1»

a(X

r-1»

We write M,, . . . , M, for the minors of the first r — 1 elements of the last
row in (7). Solving the above system for the a; using Cramer’s rule, we obtain
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Ala; = (-1)"*M,
Ala,=(-1)"M,

Ala,_ =M

r—1

where the factors of (—1)r‘k‘] in A%a, result from moving the last column of
(7) over to become the kti column of the kti minor matrix.
Using this result, we now have

A2U = A2 (—alxl - a2X2 —crr = Clr_lxr_l + Xr)
=D MX A D TEML X e+ (DM, X, + APX,

and hence, using |UI? = (U, U) = (U, X,), we find that (since (-1)~¥ = (-1)¥)

A’IUIP= AXU, X,)
= (-7 M(X,, X))+ (DD MGX, LX)
+-+ AYX, X))
= (- IM X, X)) - My(X,, X,)
4ok (D) TTAYNX L, X))

Now note that the right hand side of this equation is precisely the expansion of
(7) by minors of the last row, and the left hand side is by definition the square
of the r-volume of the r-dimensional parallelepiped P,. This also shows that
the determinant (7) is positive. B
This result may also be expressed in terms of the matrix ((Xj, X)) as
Vol(Py) = [det({X;, X;))]'

The most useful form of this theorem is given in the following corollary.

Corollary The n-volume of the n-dimensional parallelepiped in R" defined

by the vectors X, . . ., X;, where each X; has coordinates (X]i ,...,Xx")is the
absolute value of the determinant of the matrix X given by



592 MULTILINEAR MAPPINGS AND TENSORS

X1 Xo Xn
2 2
X X X
X = 1 .2 .n
n n n
xl xz P xn

Proof Note that (det X)2 = (det X)(det XT) = det XX T is just the determinant
(7) in Theorem 11.13, which is the square of the volume. In other words,
Vol(P,) =|det X|. B

Prior to this theorem, we asked whether or not the r-volume depended on
which of the r vectors is singled out for projection. We can now easily show
that it does not. Suppose that we have an r-dimensional parallelepiped defined
by r linearly independent vectors, and let us label these vectors X, . . ., X.
According to Theorem 11.13, we project X; onto the space orthogonal to the
space spanned by X, . . ., X;_i, and this leads to the determinant (7). If we
wish to project any other vector instead, then we may simply relabel these r
vectors to put a different one into position r. In other words, we have made
some permutation of the indices in (7). However, remember that any permuta-
tion is a product of transpositions (Theorem 1.2), and hence we need only
consider the effect of a single interchange of two indices.

Notice, for example, that the indices 1 and r only occur in rows 1 and r as
well as in columns 1 and r. And in general, indices i1 and j only occur in the ith
and jth rows and columns. But we also see that the matrix corresponding to
(7) 1s symmetric about the main diagonal in these indices, and hence an inter-
change of the indices 1 and j has the effect of interchanging both rows i and j
as well as columns 1 and j in exactly the same manner. Thus, because we have
interchanged the same rows and columns there will be no sign change, and
therefore the determinant (7) remains unchanged. In particular, it always
remains positive. It now follows that the volume we have defined is indeed
independent of which of the r vectors is singled out to be the height of the
parallelepiped.

Now note that according to the above corollary, we know that Vol(P,) =
Vol(X,, ..., X;,) = |det X| which is always positive. While our discussion
just showed that Vol(X,, . . ., X;) is independent of any permutation of
indices, the actual value of det X can change sign upon any such permutation.
Because of this, we say that the vectors (X, . . . , X;) are positively oriented
if det X > 0, and negatively oriented if det X < 0. Thus the orientation of a
set of vectors depends on the order in which they are written. To take into
account the sign of det X, we define the oriented volume Vol (X, . . ., X,)
to be +Vol(X,, ..., Xy) if det X =0, and -Vol(X,, . . ., X;) if det X < 0. We
will return to a careful discussion of orientation in a later section. We also
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remark that det X is always nonzero as long as the vectors (X, . . ., X;) are
linearly independent. Thus the above corollary may be expressed in the form

Volo(X,, ..., Xy = det (X, ..., Xp)
where det(X,, . . ., X;) means the determinant as a function of the column
vectors X.
Exercises

1. Find the 3-volume of the three-dimensional parallelepipeds in R* defined
by the vectors:
(@ (2,1,0,-1),(3,-1,5,2),and (0, 4, -1, 2).
(b) (1,1,0,0),(0,2,2,0), and (0, 0, 3, 3).

2. Find the 2-volume of the parallelogram in R* two of whose edges are the
vectors (1, 3, -1, 6) and (-1, 2, 4, 3).

3. Prove that if the vectors Xj, X», . . ., X; are mutually orthogonal, the r-
volume of the parallelepiped defined by them is equal to the product of
their lengths.

4. Prove that r vectors Xj, X, . . ., X; in R" are linearly dependent if and
only if the determinant (7) is equal to zero.

11.8 LINEAR TRANSFORMATIONS AND VOLUMES

One of the most useful applications of Theorem 11.13 and its corollary relates
to linear mappings. In fact, this is the approach usually followed in deriving
the change of variables formula for multiple integrals. Let {e;} be an ortho—

normal basis for R™, and let C, denote the unit cube in R™. In other words,
Cn = {tlel++tnenE|RnOStlsl} .

This is similar to the definition of P, given previously.
Now let A: R™ — R" be a linear transformation. Then the matrix of A
relative to the basis {e;} is defined by A(e;) = ejaji. Let us write the image of ¢;

as X;, so that X; = A(e;) = ejaji. This means that the column vector X; has
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components (a]i , . ..,a"). Under the transformation A, the image of C,
becomes
ACp) = A te) = ZtA(e) = 26X,

(where 0 < t; < 1) which is just the parallelepiped P, spanned by the vectors
(X, . .., Xp). Therefore the volume of P, = A(C,) is given by

det(X, , ..., Xp)l = Idet (a))] .

Recalling that the determinant of a linear transformation is defined to be the
determinant of its matrix representation, we have proved the next result.

Theorem 11.14 Let C, be the unit cube in R" spanned by the orthonormal

basis vectors {e;}. If A: R®™ — R" is a linear transformation and P, = A(C,),
then Vol(P,) = Vol A(C,) = |det Al.

It is quite simple to generalize this result somewhat to include the image
of an n-dimensional parallelepiped under a linear transformation A. First, we
note that any parallelepiped P, is just the image of C, under some linear
transformation B. Indeed, if P, = {1\ X, + - - - + t, X,: 0 <t; < 1} for some set

of vectors X;, then we may define the transformation B by B(e;) = X;, and
hence P, = B(C,). Thus

A(Pn) = AB(Cp)) = (A°B)(Cp)

and therefore (using Theorem 11.14 along with the fact that the matrix of the
composition of two transformations is the matrix product)

Vol A(P,)=Vol[(A°B)(C,)] = |det(A o B)| = |det Al|det B
=|det A|Vol(P,) .

In other words, |det Al is a measure of how much the volume of the parallel-
epiped changes under the linear transformation A. See the figure below for a

picture of this in R?.
We summarize this discussion as a corollary to Theorem 11.14.

Corollary  Suppose P, is an n-dimensional parallelepiped in R", and let
A: R™ — R" be a linear transformation. Then Vol A(P,) = |det A|Vol(P,).



11.8 LINEAR TRANSFORMATIONS AND VOLUMES 595

C, > A(X>) A(P,)
2
By Ay
€ X2 X A(Xl)
> 1 /
€1 X1 =B(ep
X, =B(ey)

Now that we have an intuitive grasp of these concepts, let us look at this
material from the point of view of exterior algebra. This more sophisticated
approach is of great use in the theory of integration.

Let U and V be real vector spaces. Recall from Theorem 9.7 that given a
linear transformation T € L(U, V), we defined the transpose mapping T* €
L(V*, U*) by

T*0w = woT

for all € V*. By this we mean if u € U, then T*w(u) = w(Tu). As we then
saw in Theorem 9.8, if U and V are finite-dimensional and A is the matrix

representation of T, then AT is the matrix representation of T*, and hence
certain properties of T* follow naturally. For example, if T, € L(V, W) and
T, € LU, V), then (T, o T,))* = T,* o T,* (Theorem 3.18), and if T is
nonsingular, then (T™)* = (T*)™ (Corollary 4 of Theorem 3.21).

Now suppose that {e;} is a basis for U and {f;} is a basis for V. To keep
the notation simple and understandable, let us write the corresponding dual
bases as {ei} and {fj}. We define the matrix A = (al;) of T by Te; = fjaji. Then
(just as in the proof of Theorem 9.8)

(T*e; = f1(Te)) = f1(fa* ) =a" ,f () =a" 0, =d'; = ', &,

=aikek(ej)

which shows that
T*f' =d' et . (8)

We will use this result frequently below.
We now generalize our definition of the transpose. If ¢ € L(U, V) and T €
7. (V), we define the pull-back ¢* € L(Z; (V), Z;: (U)) by

(O*T)(uy, ..., up) = T(d(uy), . .., ¢(ur)
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where u,, . . ., u; € U. Note that in the particular case of r = 1, the mapping ¢*
is just the transpose of ¢. It should also be clear from the definition that ¢* is
indeed a linear transformation, and hence

¢*(aT, + bT,) = ap*T, + bop*T, .

We also emphasize that ¢ need not be an isomorphism for us to define ¢*.
The main properties of the pull-back are given in the next theorem.

Theorem 11.15 If ¢ € L(U, V) and y € L(V, W), then
(@) (Yo d)* =o¢* op*.
(b) If I € L(U) is the identity map, then I* is the identity in L(Z(U)).
(c) If ¢ is an isomorphism, then so is ¢*, and (¢p*)™ = (¢™)*.
(d If T,€7;,(V)and T, € 7;,(V), then

O*(T, @ Ty) = (¢*T) @ (¢*T>) .

(e) Let U have basis {e, ..., en}, V have basis {f,, . . ., f;} and suppose
that ¢(e;) = fjaji. If T € 7 (V) has components Tj, .. .;. = T(fj, , . . ., fj,), then
the components of ¢*T relative to the basis {e;} are given by

= T. .4l ir,
@*T )j- -, = Ty @ty - - - a’

r -

Proof (a) Note that ¢ o ¢: U — W, and hence (¢ ° ¢p)*: 7, (W) =7, (U).
Thus forany T € 7, (W) and u,, . . ., u; € U we have

(Yo @) TY(uy, ... ,u,) =T W(pwy)), ..., Y(@(u,))
=@W@*T) (o), ..., pu,))
=((@* o))y, ..., u,

(b) Obvious from the definition of I*.
(c) If ¢ is an isomorphism, then ¢ exists and we have (using (a) and (b))

0% o @) = (@7 o) = I% .
Similarly (¢™)* o ¢* = I*. Hence (¢*) exists and is equal to (¢p~)*.

(d) This follows directly from the definitions (see Exercise 11.8.1).
(e) Using the definitions, we have
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(@*T); ...; = @*T)Xe, ... €;)
=T(¢(e;). ... §(e; ))
=T( ilail_il,..., ﬁrai"jr)
=T(fys..o f)a" o

r

= 71il "'iralljl o alrjr :
Alternatively, if {ei}and {fj} are the bases dual to {e;} and {f;} respec-
tively, then T =Tj,. . ., e ®- - - ®e' and consequently (using the linearity of
¢*, part (d) and equation (8)),

O*T =T, ..; p*e" ®--- @ g*e”
=Ti| ~~~i,all , "'alrj,fh ® @ fr

Ji
which therefore yields the same result. W

For our present purposes, we will only need to consider the pull-back as
defined on the space A(V) rather than on Z; (V). Therefore, if ¢ € L(U, V)
then ¢* € L(7Z; (V), Z; (U)), and hence we see that for € A(V) we have
(@*o)(uy, . .., u) = o(d,), . . ., ¢(uy)). This shows that ¢*(A'(V)) C A(U).
Parts (d) and (e) of Theorem 11.15 applied to the space AT(V) yield the fol-

lowing special cases. (Recall that |ij - - - i;| means the sum is over increasing
indices i; < - - - <1i;.)

Theorem 11.16 Suppose ¢ € L(U, V), a € A"(V) and p € AS(V). Then

(@) ¢*(anp) = (¢*o)A(P*P).
(b) Let U and V have bases {e;} and {f;} respectively, and let U* and V*

have bases {ei} and {fi}. If we write ¢(e;) = fjaji and (])*(fi) = aijej, and if a =
aji,. i f A Afir € AT(V), then

OFo = Ak, k| eNA - ALk
where
A - Jide gl L gl
Ay okt = Wiy oi 1 G g Ay AT

Thus we may write

2 I
ag,- -k, = 4y --i,] det(a’ g)

where
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det(a’ ;)=

Proof (a) For simplicity, let us write (¢p*a)(uy) = o(dp(uy)) instead of
@*o)(u, . . ., u) = aP(uy), . . ., ¢(uy)) (see the discussion following
Theorem 11.4). Then, in an obvious notation, we have

[¢*(an B)Iu;) = (Ot A BY(¢(u;))
LKED (@) B(plug))
T kel (9 a)uy )@*B)ug)
=[(¢* ) A (*B)Nu;) -

By induction, this also obviously applies to the wedge product of a finite
number of forms.

(b) From o= aji,...iy 1A - - - af i and ¢*(f1) = a'; e/, we have (using part
(a) and the linearity of ¢*)

p*a=a; -~~i,|¢*(fil)/\ e APE(FT)

— i ir, J Jr
= .. @ ar; et Ane
But
Ji Jr — g ok ky
e A ne _Elfgklmk,e ArAe
and hence we have
J . ky k
p*a=a; . llngkl k’aJ aJe AoAe
_ ky k
_alklkrle A...Aer
where
a =aqa ehirgh . ... qgh .
thy -kt = Qi ooi 1 8k D i

Finally, from the definition of determinant we see that
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Example 11.11 (This is a continuation of Example 11.1.) An important
example of ¢*a is related to the change of variables formula in multiple
integrals. While we are not in any position to present this material in detail,
the idea is this. Suppose we consider the spaces U = R3(u, v, w) and V =
R3(x, y, z) where the letters in parentheses tell us the coordinate system used
for that particular copy of R®. Note that if we write (x, y, z) = (x!, x2, x*) and
(u, v, w) = (u], uz, u3), then from elementary calculus we know that dx' =
(9x'/gu)du’ and 8/9u’ = (9xI/au’)(9/0x)).

Now recall from Example 11.1 that at each point of |R3(u, v, w), the tan-
gent space has the basis {e;} = {0/du'} and the cotangent space has the corre-
sponding dual basis {ei} = {dui}, with a similar result for R3(x, y, z). Let us
define ¢: |R3(u, v, W) = |R3(X, y, z) by

d(a/u’) = (oxi/oul)(a/ox)) = al,(a/ox)) .
It is then apparent that (see equation (8))
o*(dx’) = aldu! = (9x/gul)du

as we should have expected. We now apply this to the 3-form

o = a3 dx'adx?adx? =dxadyadz € /\3(V) .

Since we are dealing with a 3-form in a 3-dimensional space, we must
have
¢*a = aduadvadw

where 2 = 223 consists of the single term given by the determinant

al1 al2 a13 ox'fou'  ox'/ou*  ox'lou’

a21 a22 a23= ax*/ou'  ax*/ou  ox*/ou’

a3l a32 a33 ax>lou'  ax>lou®  ox>lou’

which the reader may recognize as the so-called Jacobian of the transforma-
tion. This determinant is usually written as d(x, y, z)/d(u, v, w), and hence we
see that

¢*(dxAdyAdz)=MduAdVAdw .

ou, v, w)
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This is precisely how volume elements transform (at least locally), and
hence we have formulated the change of variables formula in quite general
terms. /

This formalism allows us to define the determinant of a linear transforma-
tion in an interesting abstract manner. To see this, suppose ¢ € L(V) where

dim V =n. Since dim A"(V) = 1, we may choose any nonzero w, € A™(V) as
a basis. Then ¢*: A™V) = A™V) is linear, and hence for any o = cym, €
A™(V) we have

P*w = ¢*(cowy) = codp*w, = cocwy = c(Cow,) = cW

for some scalar ¢ (since ¢*w, € A™(V) is necessarily of the form cw,). Noting
that this result did not depend on the scalar ¢, and hence is independent of w =
Cow,, We see that the scalar ¢ must be unique. We therefore define the deter-
minant of ¢ to be the unique scalar, denoted by det ¢, such that

¢*w = (det p)o .

It 1s important to realize that this definition of the determinant does not
depend on any choice of basis for V. However, let {e;} be a basis for V, and
define the matrix (aij) of ¢ by ¢(e;) = ejaji. Then for any nonzero w € A™(V)
we have

(¢*w)(e, . .., en) = (det P)w(e,, ..., en) -

On the other hand, Example 11.2 shows us that

(P*w)ey, ..., e,) = w((e), ..., ¢(e,))

ol

=a"y--a", e, ... .¢ )

= (det(d’ ey, ... ,e,) -
Since w # 0, we have therefore proved the next result.

Theorem 11.17 If V has basis {e,, . . ., en} and ¢ € L(V) has the matrix
representation (aij) defined by ¢(e;) = ejaji, then det ¢ = det(aij).

In other words, our abstract definition of the determinant is exactly the
same as our earlier classical definition. In fact, it is now easy to derive some
of the properties of the determinant that were not exactly simple to prove in
the more traditional manner.
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Theorem 11.18 If V is finite-dimensional and ¢, 1 € L(V, V), then
(a) det(¢ ° p) = (det )(det 1p).
(b) If ¢ is the identity transformation, then det ¢ = 1.
(c) ¢ is an isomorphism if and only if det ¢ # 0, and if this is the case, then
det o' = (det ).

Proof (a) By definition we have (¢ © y)*w = det(¢p o P)w. On the other hand,
by Theorem 11.15(a) we know that (¢ ° P)* =p* o ¢*, and hence

(oY) w =y*(¢*w) = y*[(detp)w] = (det p)y*w
= (det¢)(dety)w .

(b) If ¢ =1 then ¢* = 1 also (by Theorem 11.15(b)), and thus w = ¢*w =
(det ¢)w implies det ¢ = 1.

(c) First assume that ¢ is an isomorphism so that ¢ exists. Then by parts
(a) and (b) we see that

1 = det(¢pdp™) = (det p)(det o)

which implies det ¢ # 0 and det ¢~ = (det ¢)™'. Conversely, suppose that ¢ is
not an isomorphism. Then Ker ¢ # 0 and there exists a nonzero €, € V such
that ¢p(e;) = 0. By Theorem 2.10, we can extend this to a basis {e,, . . . , e} for

V. But then for any nonzero w € A"(V) we have

detP)aey, ... .e,) = (p*w)(e,, ... .¢,)
= w(¢(el)9 ’¢(en))
= (1)(0, ¢(62)’ cee s ¢(en))
=0

and hence we must have det ¢ =0. B

Exercises
1. Prove Theorem 11.15(d).

2. Show that the matrix ¢*T defined in Theorem 11.15(e) is just the r-fold
Kronecker product A® - - - @ A where A = (al 5.
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The next three exercises are related.

3. Let ¢ € L(U, V) be an isomorphism, and suppose T € Z;.5(U). Define the
push-forward ¢, € L(Z3(U), 75(V)) by

(I)*T(oc], ooty ..., ) = T((I)*oc], o 0%at 0y, L., 07y

where oc], ..,ot€U*anduy,...,u, € U. If ¢y € L(V, W) is also an iso-
morphism, prove the following:

(@) (Pod)y =1y ° Py

(b) If I € L(U) is the identity map, then so is I, € L(Z$(U)).

() ¢y is an isomorphism, and (¢y)™" = (¢7)s.

@ IfT, lel U)and T, € ‘Z‘,;Z (U), then

$0.(T1 ®T2) = (¢p4T1) ® (,T2) .

4. Let ¢ € L(U, V) be an isomorphism, and let U and V have bases {e;} and
{fi} respectively. Define the matrices (aij) and (bij) by ¢(ey) = fjaji and
o7'(fp) = ejbji. Suppose T € 7,*(U) has components Th isjl ... j, relative
to {e;}, and S € 7.%(V) has components Sir- - isjl .. . j, relative to {fj}.
Show that the components of ¢, T and ¢S are given by

R O R A P1 Py I, N
(¢*T) g1 a 12} a pST lh"'%b J b Jr

(9uS)1 0y =By e ST @t A
5. Let {u)i} be the basis dual to {e;} for R>. Let
T =200 -e®0 +3e; ®n?

and suppose ¢ € L(IRZ) andy € L(|R3, IRZ) have the matrix representations

(21 . (o1 -1
¢_-11 an Y=l oo 2)¢

Compute Tr T, ¢*T, p*T, Tr(yp*T), and ¢, T.
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11.9 ORIENTATIONS AND VOLUMES

Suppose dim V = n and consider the space A"(V). Since this space is 1-
dimensional, we consider the n-form

o =ela---ae" € ANV)

where the basis {ei} for V* is dual to the basis {e;} for V. If {v; = ejvji} is any
set of n linearly independent vectors in V then, according to Examples 11.2
and 11.8, we have

o(Vy, ..., Vp) = det(Vji)w(el, ...,€n) = det(Vji) .

However, from the corollary to Theorem 11.13, this is just the oriented n-

volume of the n-dimensional parallelepiped in R" spanned by the vectors {v;}.
Therefore, we see that an n-form in some sense represents volumes in an n-
dimensional space. We now proceed to make this definition precise, beginning
with a careful definition of the notion of orientation on a vector space.

In order to try and make the basic idea clear, let us first consider the space

R? with all possible orthogonal coordinate systems. For example, we may
consider the usual “right-handed” coordinate system {e,, €,} shown below, or
we may consider the alternative “left-handed” system {e';, e',} also shown.

6,1
%) )

-
S|

In the first case, we see that rotating e, into e, through the smallest angle
between them involves a counterclockwise rotation, while in the second case,
rotating €', into e, entails a clockwise rotation. This effect is shown in the
elementary vector cross product, where the direction of e, x €, is defined by
the “right-hand rule” to point out of the page, while e, x €', points into the
page.

We now ask whether or not it is possible to continuously rotate €', into e,
and e, into e, while maintaining a basis at all times. In other words, we ask if
these two bases are in some sense equivalent. Without being rigorous, it
should be clear that this can not be done because there will always be one
point where the vectors e'; and e', will be co-linear, and hence linearly
dependent. This observation suggests that we consider the determinant of the
matrix representing this change of basis.
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In order to formulate this idea precisely, let us take a look at the matrix
relating our two bases {e;} and {e';} for R%. We thus write ¢; = ejaji and

investigate the determinant det(aij). From the above figure, we see that

¢ =ea',+e,a’, wherea', <0 and a* >0

¢,=ea',+e,a’, wherea', <0 anda?, >0

and hence det(aij) = a]1 az2 - a]2 az1 <0.
Now suppose that we view this transformation as a continuous modifica-
tion of the identity transformation. This means we consider the basis vectors

e'; to be continuous functions e';(t) of the matrix aji(t) for 0 <t <1 where aji(O)
= d), and al,(1) = aJ,, so that e';(0) = ¢; and €';(1) = ¢',. In other words, we write
e'i(t) = eali(t) for 0 <t < 1. Now note that det(a’;(0)) = det(d’) = 1 >0, while
det(aij(l)) = det(aij) < 0. Therefore, since the determinant is a continuous

function of its entries, there must be some value t, € (0, 1) where det(aij(to)) =
0. It then follows that the vectors e'i(t,) will be linearly dependent.

What we have just shown is that if we start with any pair of linearly inde-
pendent vectors, and then transform this pair into another pair of linearly
independent vectors by moving along any continuous path of linear transfor-
mations that always maintains the linear independence of the pair, then every
linear transformation along this path must have positive determinant. Another
way of saying this is that if we have two bases that are related by a transfor-
mation with negative determinant, then it is impossible to continuously trans-
form one into the other while maintaining their independence. This argument

clearly applies to R™ and is not restricted to R?.
Conversely, suppose we had assumed that e'; = ejaji, but this time with

det(aij) > 0. We want to show that {e;} may be continuously transformed into
{e';} while maintaining linear independence all the way. We first assume that
both {e;} and {e';} are orthonormal bases. After treating this special case, we
will show how to take care of arbitrary bases.

(Unfortunately, the argument we are about to give relies on the topological
concept of path connectedness. Since a complete discussion of this topic
would lead us much too far astray, we shall be content to present only the
fundamental concepts in Appendix C. Besides, this discussion is only motiva-
tion, and the reader should not get too bogged down in the details of this
argument. Those readers who know some topology should have no trouble
filling in the necessary details if desired.)

Since {e;} and {e';} are orthonormal, it follows from Theorem 10.6

(applied to R rather than C) that the transformation matrix A = (aij) defined by
e = ejaji must be orthogonal, and hence det A = +1 (by Theorem 10.8(a) and
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the fact that we are assuming {e;} and {e';} are related by a transformation
with positive determinant). By Theorem 10.19, there exists a nonsingular
matrix S such that S™AS = Mg where My is the block diagonal canonical form
consisting of +1’s, —1’s, and 2 x 2 rotation matrices R(0;) given by

R, cost); —sinb,
o sinf,  cosH;)

It is important to realize that if there are more than two +1’s or more than
two —1’s, then each pair may be combined into one of the R(0;) by choosing
either 0; = &t (for each pair of —1’s) or 0; = 0 (for each pair of +1°s). In this
manner, we view Mg as consisting entirely of 2 x 2 rotation matrices, and at
most a single +1 and/or —1. Since det R(6;) = +1 for any 0;, we see that (using
Theorem 4.14) det Mg = +1 if there is no -1, and det Mg = -1 if there is a
single —=1. From A = SMpS™, we see that det A = det My, and since we are
requiring that det A > 0, we must have the case where there is no —1 in M.

Since cos 0; and sin 8; are continuous functions of 6; € [0, 2m) (where the
interval [0, 27) is a path connected set), we note that by parametrizing each 0;
by 0:i(t) = (1 - t)6;, the matrix Mg may be continuously connected to the
identity matrix I (i.e., at t = 1). In other words, we consider the matrix Mgy)
where Mg (9) = Mg and Mg(j) = I. Hence every such Mg (i.e., any matrix of the
same form as our particular Mg, but with a different set of 0,’s) may be
continuously connected to the identity matrix. (For those readers who know
some topology, note all we have said is that the torus [0, 2T) x - - - x [0, 27) is
path connected, and hence so is its continuous image which is the set of all
such Mg.)

We may write the (infinite) collection of all such Mg as M = {Mg}.
Clearly M is a path connected set. Since A = SMS™ and I = SIS™, we see
that both A and I are contained in the collection SMS™ = {SMgS™'}. But
SMS™ is also path connected since it is just the continuous image of a path
connected set (matrix multiplication is obviously continuous). Thus we have
shown that both A and I lie in the path connected set SMS™, and hence A may
be continuously connected to I. Note also that every transformation along this
path has positive determinant since det SMgS™ = det Mg = 1 > O for every
Mg E M.

If we now take any path in SMS™ that starts at I and goes to A, then
applying this path to the basis {e;} we obtain a continuous transformation
from {e;} to {e';} with everywhere positive determinant. This completes the
proof for the special case of orthonormal bases.

Now suppose that {v;} and {v';} are arbitrary bases related by a transfor-
mation with positive determinant. Starting with the basis {v;}, we first apply
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the Gram-Schmidt process (Theorem 2.21) to {v;} to obtain an orthonormal
basis {e;} = {ijji}. This orthonormalization process may be visualized as a
sequence v;(t) = ijji(t) (for 0 =t < 1) of continuous scalings and rotations that
always maintain linear independence such that v;(0) = v; (i.e., bji(O) = Bji) and
vi(1) = ¢; (i.e., bl(1) = b;). Hence we have a continuous transformation bi;(t)
taking {v;} into {e;} with det(bji(t)) > (0 (the transformation starts with
det(b’;(0)) = det I > 0, and since the vectors are always independent, it must
maintain det((bji(t)) # 0). Similarly, we may transform {v’;} into an orthonor-
mal basis {e';} by a continuous transformation with positive determinant.
(Alternatively, it was shown in Exercise 5.4.14 that the Gram-Schmidt process
is represented by an upper-triangular matrix with all positive diagonal ele-
ments, and hence its determinant is positive.) Now {e;} and {e';} are related
by an orthogonal transformation that must also have determinant equal to +1
because {v;} and {Vv';} are related by a transformation with positive determi-
nant, and both of the Gram-Schmidt transformations have positive determi-
nant. This reduces the general case to the special case treated above.

With this discussion as motivation, we make the following definition. Let
{vi,...,vprand {Vv',, ..., vy} be two ordered bases for a real vector space

V, and assume that v/, = Vjaji. These two bases are said to be similarly

oriented if det(aij) > 0, and we write this as {v;} = {V';}. In other words,
{vi} = {Vv';} if Vv'; = ¢(v;) with det ¢ > 0. We leave it to the reader to show that
this defines an equivalence relation on the set of all ordered bases for V (see
Exercise 11.9.1). We denote the equivalence class of the basis {v;} by [v;].

It is worth pointing out that had we instead required det(aij) < 0, then this
would not have defined an equivalence relation. This is because if (bij) is

another such transformation with det(bij) <0, then
det(albl,) = det(al)det(bl,) > O .

Intuitively this is quite reasonable since a combination of two reflections
(each of which has negative determinant) is not another reflection.

We now define an orientation of V to be an equivalence class of ordered
bases. The space V together with an orientation [v;] is called an oriented
vector space (V, [v;]). Since the determinant of a linear transformation that
relates any two bases must be either positive or negative, we see that V has
exactly two orientations. In particular, if {v;} is any given basis, then every
other basis belonging to the equivalence class [v;] of {v;} will be related to
{vi} by a transformation with positive determinant, while those bases related
to {v;} by a transformation with negative determinant will be related to each
other by a transformation with positive determinant (see Exercise 11.9.1).
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Now recall we have seen that n-forms seem to be related to n-volumes in
an n-dimensional space V. To precisely define this relationship, we formulate
orientations in terms of n-forms. To begin with, the nonzero elements of the 1-

dimensional space A"(V) are called volume forms (or sometimes volume
elements) on V. If w, and w, are volume forms, then w, is said to be equiv-
alent to w, if w, = cw, for some real ¢ > 0, and in this case we also write w, =

m,. Since every element of A"(V) is related to every other element by a rela-
tionship of the form w, = aw, for some real a (i.e., —» < a < ), it is clear that
this equivalence relation divides the set of all nonzero volume forms into two
distinct groups (i.e., equivalence classes). We can relate any ordered basis
{vi} for V to a specific volume form by defining

® = ViAo Ay

where {Vi} is the basis dual to {v;}. That this association is meaningful is
shown in the next result.

Theorem 11.19 Let {v;} and {¥;} be bases for V, and let {v'} and {¥'} be
the corresponding dual bases. Define the volume forms

and

Then {v;} = {V;} if and only if w = ®.

Proof First suppose that {v;} = {v;}. Then V; = ¢(v;) where det ¢ > 0, and
hence (using

OV, ... Vp) = VA AV (v, ..., vp) = 1
as shown in Example 11.8)

oy, ... ,v,) =w(@(v), ... ,0(v,))
=(¢*w)(vy, ... ,v,)
= (detp)w(vy, ... ,v,)
=det¢ .

If we assume that o = c® for some —® < ¢ < o, then using ®(V,, ..., V) =1
we see that our result implies ¢ = det ¢ > 0 and thus w = ®.
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Conversely, if ® = ¢ ® where ¢ > 0, then assuming that v; = ¢(v;), the
above calculation shows that det ¢ = ¢ >0, and hence {v;} = { v;}. I

What this theorem shows us is that an equivalence class of bases uniquely
determines an equivalence class of volume forms and conversely. Therefore it
is consistent with our earlier definitions to say that an equivalence class [w] of
volume forms on V defines an orientation on V, and the space V together
with an orientation [w] is called an oriented vector space (V, [w]). A basis
{vi} for (V, [w]) is now said to be positively oriented if w(v,, ..., vy) > 0.
Not surprisingly, the equivalence class [-w] is called the reverse orientation,
and the basis {v;} is said to be negatively oriented if w(v,, ..., vy) <0. Note
that if the ordered basis {v, v, , ..., vy} 1s negatively oriented, then the basis
{Vvy, Vi, ..., vpy will be positively oriented because w(v,, v;, ..., V) =
—o(v;, vy, ..., vy > 0. By way of additional terminology, the standard

orientation on R" is that orientation defined by either the standard ordered

basis {e,, . . ., €n}, or the corresponding volume form elA - ne

In order to proceed any further, we must introduce the notion of a metric
on V. This is the subject of the next section.

Exercises

1. (a) Show that the collection of all similarly oriented bases for V defines
an equivalence relation on the set of all ordered bases for V.
(b) Let {v;} be a basis for V. Show that all other bases related to {v;} by a
transformation with negative determinant will be related to each other by a
transformation with positive determinant.

2. Let (U, w) and (V, n) be oriented vector spaces with chosen volume ele-
ments. We say that ¢ € L(U, V) is volume preserving if ¢*u = w. If
dim U = dim V is finite, show that ¢ is an isomorphism.

3. Let (U, [w]) and (V, [u]) be oriented vector spaces. We say that ¢ €
L(U, V) is orientation preserving if ¢*u € [w]. If dim U = dim V is
finite, show that ¢ is an isomorphism. If U = V = R?, give an example of a
linear transformation that is orientation preserving but not volume
preserving.
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We now generalize slightly our definition of inner products on V. In particu-
lar, recall from Section 2.4 (and the beginning of Section 9.2) that property
(IP3) of an inner product requires that (u, u) = 0 for all u € V and (u, u) =0 if
and only if u = 0. If we drop this condition entirely, then we obtain an
indefinite inner product on V. (In fact, some authors define an inner product
as obeying only (IP1) and (IP2), and then refer to what we have called an
inner product as a “positive definite inner product.”) If we replace (IP3) by the
weaker requirement

(IP3") (u, v) =0 for all veE V if and only if u =0

then our inner product is said to be nondegenerate. (Note that every example
of an inner product given in this book up to now has been nondegenerate.)
Thus a real nondegenerate indefinite inner product is just a real nondegenerate
symmetric bilinear map. We will soon see an example of an inner product
with the property that (u, u) = 0 for some u # 0 (see Example 11.13 below).

Throughout the remainder of this chapter, we will assume that our inner
products are indefinite and nondegenerate unless otherwise noted. We further-
more assume that we are dealing exclusively with real vector spaces.

Let {e;} be a basis for an inner product space V. Since in general we will
not have (e;, ¢;) = d;;, we define the scalars g;; by

g = (ei, € ) .
In terms of the g;, we have for any X, Y €V
(X,Y) = (xe, yle) = x'ylei, e)) = gixly) .

If {&;} is another basis for V, then we will have &; = ejaji for some nonsingular
transition matrix A = (aji). Hence, writing g;; = (€;, §;) we see that

g; = (8,8) = (e}, ea’) = a'ia’ler, es) = a'ia’igs

which shows that the g; transform like the components of a second-rank
covariant tensor. Indeed, defining the tensor g € 75 (V) by

gX,Y) = (X,Y)
results in
g(ei,ej) = (ei,ej) = g
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as it should. We are therefore justified in defining the (covariant) metric
tensor

g = gijooi®(uj eET,r(V)

(where {u)i} is the basis dual to {e;}) by g(X, Y) = (X, Y). In fact, since the
inner product is nondegenerate and symmetric (i.e., (X, Y) = (Y, X)), we see
that g is a nondegenerate symmetric tensor (i.e., g;; = g;;).

Next, we notice that given any vector A € V, we may define a linear func-
tional (A, ) on V by the assignment B — (A, B). In other words, for any A €
V., we associate the 1-form o defined by au(B) = (A, B) for every B € V. Note
that the kernel of the mapping A — (A, ) (which is easily seen to be a vector
space homomorphism) consists of only the zero vector (since (A, B) = 0 for
every B € V implies that A = 0), and hence this association is an iso—
morphism. Given any basis {e;} for V, the components a; of o € V* are given

in terms of those of A = a'e; € V by
a = a(e) = (A e) = (de,e) = ale, &) = alg;

Thus, to any contravariant vector A = a'e; € V, we can associate a unique
covariant vector oo € V* by

o = a' = (ag)w'

where {u)i} is the basis for V* dual to the basis {e;} for V. In other words, we
write

a = alg;
and we say that a, arises by lowering the index j of a/.

Example 11.12 If we consider the space R" with a Cartesian coordinate sys-
tem {e;}, then we have g; = (e;, ¢; ) = d;;, and hence a; = Bijaj =al Therefore,
in a Cartesian coordinate system, there is no distinction between the compo-
nents of covariant and contravariant vectors. This explains why 1-forms never
arise in elementary treatments of vector analysis. /

Since the metric tensor is nondegenerate, the matrix (g;) must be nonsin-
gular (or else the mapping a' — a, would not be an isomorphism). We can

therefore define the inverse matrix (g') by

glg, = gy = 8
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Using (g!l), we see that the inverse of the mapping al — a; is given by
gijaj =al .

This is called, naturally enough, raising an index. We will show below that
the g do indeed form the components of a tensor.

It is worth remarking that the “tensor” gij = gikgkj = Bij (= Bji) 1S unique in
that it has the same components in any coordinate system. Indeed, if {e;} and
{&;} are two bases for a space V with corresponding dual bases {u)i} and {mi},
then €; = ejaji and ® = bji(ni =(a” )jiu)i (see the discussion following Theorem
11.2). Therefore, if we define the tensor d to have the same values in the first
coordinate system as the Kronecker delta, then Bij = B(wi, e;). If we now define
the symbol?\)ij byEij = (®', €;), then we see that

8 =8@', 2)=8((a”), 0, ea” )= (a7 d (@, e,)

“INi sk SNk i
=(a")ya 0, =(a )a ;=0 .

This shows that the Bij are in fact the components of a tensor, and that these
components are the same in any coordinate system.

We would now like to show that the scalars g are indeed the components
of a tensor. There are several ways that this can be done. First, let us write

gijgjk = 8¥; where we know that both g;; and 8%, are tensors. Multiplying both

sides of this equation by (a™)"als and using (a™)"a'd¥; = 8" we find
gig!a 'y = o .
Now substitute g;; = g;d"; = gira'q(a™)9; to obtain
[a'sa'g gidl@) %@ ¥ = &'
Since gj; is a tensor, we know that aisatq git= Zsq. If we write
g = @)%
then we will have defined the g/* to transform as the components of a tensor,

and furthermore, they have the requisite property that g,q g9 = 8. Therefore
we have defined the (contravariant) metric tensor G € 7(V) by
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G = gle; ® €

where gijgjk =8l

There is another interesting way for us to define the tensor G. We have
already seen that a vector A = a'e; € V defines a unique linear form o =
aj(uj € V* by the association o = gijai(uj. If we denote the inverse of the matrix
(gi;)) by (gY) so that gijgjk = d',, then to any linear form o = a,0' € V* there
corresponds a unique vector A = a'e; € V defined by A = gijaiej. We can now
use this isomorphism to define an inner product on V*. In other words, if { , )
is an inner product on V, we define an inner product ( , ) on V* by

(o, B) = (A, B)

where A, B € V are the vectors corresponding to the 1-forms o, § € V*.
Let us write an arbitrary basis vector €; in terms of its components relative

to the basis {e;} as e; = Bjiej. Therefore, in the above isomorphism, we may
define the linear form &; € V* corresponding to the basis vector e; by

A~ ik k
& = gWdio" = gk

and hence using the inverse matrix, we find that

Applying our definition of the inner product in V* we have (&;, &) = (e;, ;) =
g;;» and therefore we obtain

(0, 0)=(g"e,, g"e)=g"g e, e)=g"g"g,=g"0 =g"

which is the analogue in V* of the definition g;; = (e;, ¢;) in V.

Lastly, since o = (a™ )ji(ni, we see that

g =@, @)= (a0, (@Y )= (@Y (@), o

- (a—l)ir(a—l)jsgrs

so the scalars gl may be considered to be the components of a symmetric
tensor G € T3°(V) defined as above by G = glle; ® €;.

Now let g = (, ) be an arbitrary (i.e., possibly degenerate) real symmetric
bilinear form on the inner product space V. It follows from the corollary to
Theorem 9.14 that there exists a basis {e;} for V in which the matrix (g;;) of g
takes the unique diagonal form
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wherer + s + t =dim V =n. Thus

1 forl=isr
gle, e)=1-1 forr+l=sisr+s .
0 forr+s+l=<i<n

If r + s < n, the inner product is degenerate and we say that the space V is
singular (with respect to the given inner product). If r + s = n, then the inner
product is nondegenerate, and the basis {e;} is orthonormal. In the orthonor-
mal case, if either r = 0 or r = n, the space is said to be ordinary Euclidean,
and if O < r < n, then the space is called pseudo-Euclidean. Recall that the
number r — s =1 - (n — r) = 2r — n is called the signature of g (which is
therefore just the trace of (g;;)). Moreover, the number of —1’s is called the
index of g, and is denoted by Ind(g). If g = (, ) is to be a metric on V, then by
definition, we must have r + s = n so that the inner product is nondegenerate.
In this case, the basis {e;} is called g-orthonormal.

Example 11.13 If the metric g represents a positive definite inner product on
V, then we must have Ind(g) = 0, and such a metric is said to be Riemannian.
Alternatively, another well-known metric is the Lorentz metric used in the
theory of special relativity. By definition, a Lorentz metric 1 has Ind(n) = 1.
Therefore, if m is a Lorentz metric, an m-orthonormal basis {e,, . . . , ey}
ordered in such a way that n(e;, e;)) =+1 fori=1,...,n -1 and n(ey,, €,) =
-1 is called a Lorentz frame.

Thus, in terms of a g-orthonormal basis, a Riemannian metric has the form

01 --0
(gij)= e :

while in a Lorentz frame, a Lorentz metric takes the form

01 0
(nij)= co :
00 - -1
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It 1s worth remarking that a Lorentz metric is also frequently defined as
having Ind(m) = n - 1. In this case we have n(e,, e;) = 1 and n(e;, €;) = -1 for
eachi=2,...,n We also point out that a vector v € V is called timelike if
Nn(v, v) <0, lightlike (or null) if n(v, v) =0, and spacelike if (v, v) > 0. Note
that a Lorentz inner product is clearly indefinite since, for example, the
nonzero vector v with components v = (0, 0, 1, 1) has the property that (v, v) =
nv,v)=0. /

We now show that introducing a metric on V leads to a unique volume
form on V.

Theorem 11.20 Let g be a metric on an n-dimensional oriented vector space
(V, [w]). Then, corresponding to the metric g, there exists a unique volume
form p = u(g) € [w] such that u(e,, ..., e,) =1 for every positively oriented
g-orthonormal basis {e;} for V. Moreover, if {v;} is any (not necessarily g-

orthonormal) positively oriented basis for V with dual basis {v'}, then

w = Idet(g(vi, V)2 ViAo AvVD .

In particular, if {v;} = {e;} is a g-orthonormal basis, then u = eln - nem

Proof Since o # 0, there exists a positively oriented g-orthonormal basis {e;}
such that w(e,, . . . , en) > 0 (we can multiply e, by -1 if necessary in order
that {e;} be positively oriented). We now define u € [w] by

we,...,ep) = 1.

That this defines a unique n follows by multilinearity. We claim that if {f;} is
any other positively oriented g-orthonormal basis, then w(f,, . . ., f;) = 1 also.
To show this, we first prove a simple general result.

Suppose {v;} is any other basis for V related to the g-orthonormal basis

{e;} by vi = ¢(e)) = ejaji where, by Theorem 11.17, we have det ¢ = det(aij).
We then have g(v;, v;) = a";a’g(e,, e;) which in matrix notation is [g], =
AT[g] A, and hence

det(g(v;, v;)) = (det ) det(g(e,, €,)) . 9)

However, since {e;} is g-orthonormal we have g(e, e5) = +0,s, and therefore
|det(g(er, es))| = 1. In other words

|det(g(v;, v;)I'"? =|detg| . (10)
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Returning to our problem, we have det(g(f;, f;)) = %1 also since {f;} =
{d(e;)} is g-orthonormal. Thus (10) implies that |det ¢p| = 1. But {f;} is posi-
tively oriented so that u(f,, . . . , f;) >0 by definition. Therefore

0<ulfis .., fr)=w(glep), ... u(gle,)) = (p*u)e, ... .e,)
= (detp)u(e, ..., e,)=detd

so that we must in fact have det ¢ = +1. In other words, w(f,, ..., fy) =1 as
claimed.

Now suppose that {v;} is an arbitrary positively oriented basis for V such
that v; = ¢(e;). Then, analogously to what we have just shown, we see that
w(vy, ..., vy) =det ¢ >0. Hence (10) shows that (using Example 11.8)

u(vy, ..., v,)=det¢
=|det(g(v;, v;)["

=|det(g(v;, vj))ll/zv1 A AV (Ve )

which implies
u = |det(g(vi, Vj))|]/2 via-ooavt L B

The unique volume form w defined in Theorem 11.20 is called the g-
volume, or sometimes the metric volume form. A common (although rather
careless) notation is to write |det(g(v;, Vj))|]/ 2= Vgl . In this notation, the g-
volume is written as

Vgl via - - av®
where {v,, ..., vy} must be positively oriented. If the basis {v, v,, ..., vp}
is negatively oriented, then clearly {v,, vi, . . . , vn} will be positively

oriented. Furthermore, even though the matrix of g relative to each of these
oriented bases will be different, the determinant actually remains unchanged
(see the discussion following the corollary to Theorem 11.13). Therefore, for
this negatively oriented basis, the g-volume is

Vgl vV2AviA- - av® = —VTg[ VIAVZA - - AvD .
We thus have the following corollary to Theorem 11.20.

Corollary Let {v;} be any basis for the n-dimensional oriented vector space
(V, [w]) with metric g. Then the g-volume form on V is given by

+V g VIA- - AvD
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[T

where the “+” sign is for {v;} positively oriented, and the sign is for {v;}

negatively oriented.

Example 11.14 From Example 11.13, we see that for a Riemannian metric g
and g-orthonormal basis {e;} we have det(g(e;, €;)) = +1. Hence, from equa-
tion (9), we see that det(g(v;, v;)) > O for any basis {v; = ¢(e;)}. Thus the g-

volume form on a Riemannian space is given by Vg v'a - - - av™.

For a Lorentz metric we have det(f(e;, ¢;)) = —1 in a Lorentz frame, and

therefore det(g(v;, v;)) < O in an arbitrary frame. Thus the g-volume in a
n

Lorentz space is given by V=g vIA - - - Av™,

Let us point out that had we defined Ind(n)) = n — 1 instead of Ind(n) =1,
then det(n(e;, €)) < 0 only in an even dimensional space. In this case, we
would have to write the g-volume as in the above corollary. /

Example 11.15 (This example is a continuation of Example 11.11.) We
remark that these volume elements are of great practical use in the theory of
integration on manifolds. To see an example of how this is done, let us use
Examples 11.1 and 11.11 to write the volume element as (remember that this
applies only locally, and hence the metric depends on the coordinates)

dt = Vgldx!A - - - Adx™ .
If we go to a new coordinate system {X'}, then

_ ax" ax’

| r—
oaxtoxd "

so that [g] = (J7)?|g| where J™' = det(9x"/6x") is the determinant of the inverse

Jacobian matrix of the transformation. But using dx' = (6)‘(i/axj)dxj and the
properties of the wedge product, it is easy to see that

—1 —n
dflA"'Adfrl:aii axi dxll A---Adxl”
ox’ axm
a_i
=det( xj)dxllx---/\dx”

o0x

and hence

dx!A- - -AdX™ = JTdx!A -+ Adx®



11.10 THE METRIC TENSOR AND VOLUME FORMS 617

where J is the determinant of the Jacobian matrix. (Note that the proper
transformation formula for the volume element in multiple integrals arises
naturally in the algebra of exterior forms.) We now have

dT = Jlgldx' A ndx" =T Jlgl Jdx' A--- A dx”
= Jlgldx' A+ A dx" = dt

and hence dt is a scalar called the invariant volume element. In the case of

R* as a Lorentz space, this result is used in the theory of relativity. /

Exercises

1.

Suppose V has a metric g;; defined on it. Show that for any A, B € V we
have (A, B) = aibi = aibi.

According to the special theory of relativity, the speed of light is the same
for all unaccelerated observers regardless of the motion of the source of
light relative to the observer. Consider two observers moving at a constant
velocity B with respect to each other, and assume that the origins of their
respective coordinate systems coincide at t = 0. If a spherical pulse of light
is emitted from the origin at t = 0, then (in units where the speed of light is

equal to 1) this pulse satisfies the equation x> + y? + z2 — t> = 0 for the first

2 _ T2 =0 for the second observer. We shall use

the common notation (t, X, y, z) = (XO, X], X2, X3) for our coordinates, and

hence the Lorentz metric takes the form

observer, and X> + y + 2

where 0 < u, v<3.

(a) Let the Lorentz transformation matrix be A so that X# = A#,, x". Show
that the Lorentz transformation must satisfy ATnA =n.

(b) If the {X*} system moves along the x'-axis with velocity B, then it
turns out that the Lorentz transformation is given by

0 = y(x"-pxh
X' = y(x' - px°)

>
1]

>
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>

>

where yz =1/(1 - [32). Using A#, = 9x#/9x", write out the matrix (A¥,),
and verify explicitly that ATnA = 0.
(c) The electromagnetic field tensor is given by

0 -E, -E, -E,
E, 0 B, -B,
w-\E, -B, 0 B,
E. B, -B, 0

Using this, find the components of the electric field E and magnetic field
B in the {X*} coordinate system. In other words, find F uv - (The actual
definition of Fy is given by F,\ = d,Ay - dyA, where 9, = d/0x¥ and
Ay = (¢, A1, Az, A3z) is related to E and B through the classical equations
E=-V¢-0A/otand B =V x A. See also Exercise 11.1.6.)

Let V be an n-dimensional vector space with a Lorentz metric 1, and let
W be an (n — 1)-dimensional subspace of V. Note that

W+ = {vEV:n(v,w)=0 forall w € W}

is the 1-dimensional subspace of all normal vectors for W. We say that W
is timelike if every normal vector is spacelike, null if every normal vector
is null, and spacelike if every normal vector is timelike. Prove that m
restricted to W is

(a) Positive definite if W is spacelike.

(b) A Lorentz metric if W is timelike.

(c) Degenerate if W is null.

(a) Let D be a 3 x 3 determinant considered as a function of three contra-
variant vectors Al(), Al), and Al(3). Show that under a change of coordi-
nates, D does not transform as a scalar, but that DVI?I does transform as a
proper scalar. [Hint: Use Exercise 11.2.8.]

(b) Show that eijk\/ngl transforms like a tensor. (This is the Levi-Civita
tensor in general coordinates. Note that in a g-orthonormal coordinate
system this reduces to the Levi-Civita symbol.)

(c) What is the contravariant version of the tensor in part (b)?
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