
Chapter 2

Linear algebra

2.1 Eigenvalues and eigenvectors

In this section, we shall concern with square matrices only, unless stated otherwise. As we have
seen, the adjacency matrix and incidence matrix of a graph are algebraic structures which contain
graphical information. This is the motivation for us to dig deeper into linear algebra. Eigenvalues
and eigenvectors say a lot about a matrix, hence we would hope that they tell us something about
the graph.

2.1.1 Preliminaries

Theeigenvaluesof a matrixA are the numbers� such that the equation(�I � A)x = 0 has a
non-zero solution vector, in which case the solution vectorx is the correspondingeigenvector.
Since~0 is always a solution, it would be unique ifdet(�I �A) 6= 0. Hence, the eigenvalues are
solutions to the equationdet(�I � A) = 0, i.e. pA(�) = 0 wherepA(�) is thecharacteristic
polynomialof A.

Theorem 2.1. Let�1; : : : ; �n be the eigenvalues of ann� n complex matrixA, then

(i) �1 + � � �+ �n = trA (:=
P

i aii).

(ii) �1 : : : �n = detA.

Proof. Suppose

pA(�) =
Y
i

(�� �i) = �n + cn�1�
n�1 + � � �+ c1�+ c0

It is easy to see thatcn�1 = �(
P

i aii), proving (i). On the other hand,c0 = (�1)n detA,
proving (ii).

2.1.2 The diagonal form

Proposition 2.2. Suppose then � n matrixA hasn linearly independent eigenvectorsxi; 1 �
i � n. Then if these vectors are columns of matrixS, it follows thatS�1AS = � where� is a
diagonal matrix with(�)ii = �i.

Proof. It’s easy to see thatAS = S�.
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Proposition 2.3. If x1; : : : xk are eigenvectors corresponding to distinct eigenvalues�1; : : : �k,
thenx1; : : : xk are linearly independent.

Proof. Whenk = 2, supposec1x1 + c2x2 = 0. Multiplying by A givesc1�1x1 + c2�2x2 = 0.
Subtracting�2 times the previous equation we have

c1(�1 � �2)x1 = 0

Hence,c1 = 0 since�1 6= �2 andx1 6= 0. The general case can be done by induction.

Proposition 2.4. If �1; : : : �n are eigenvalues ofA, then�k1 ; : : : �
k
n are eigenvalues ofAk. If S

diagonalizesA, i.e.S�1AS = �, thenS�1AkS = �k

Proof. Easy.

2.1.3 Symmetric and Hermitian matrices

We’ll be working onC , so let’s fix some terminologies. Forx 2 C
n , let �x denotes its complex

conjugate. The inner product ofx andy is defined to be

�xT y = �x1y1 + � � �+ �xnyn

If A is any complex matrix, theHermitian transposeA� of A is defined to be�AT . Note that
just as in the real matrix case,(AB)� = B�A�.

A is said to beHermitian if A = A�. If A contains only real entries, being Hermitian implies
being symmetric. Also notice that ifA is Hermitian then the diagonal entries are reals.

Lemma 2.5. We have

1. If A is Hermitian, then for allx 2 Cn , x�Ax is real.

2. Every eigenvalue of a Hermitian matrix if real.

3. The eigenvectors of a Hermitian matrix, if come from distinct eigenvalues are orthogonal
to one another.

Proof. It is straightforward that

1. (x�Ax)� = x�A�x�� = x�Ax.

2. Ax = �x implies� = x�Ax
x�x

.

3. SupposeAx = �1x, Ay = �2y, �1 6= �2 andA = A�.

(�1x)
�y = (Ax)�y = x�Ay = x�(�2y)

Hence,(�1 � �2)x
�y = 0.
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2.1.4 Orthonormal and unitary matrices

A real matrixQ is said to beorthogonalif QTQ = I. A complex matrixU is unitary if U�U = I.
In other words, the columns ofU (andQ) are orthonormal. Clearly orthogonal is a special case
of unitary. We state without proof a simple proposition.

Proposition 2.6. LetU be a unitary matrix, then

(i) (Ux)�(Uy) = x�y, andkUxk2 = kxk2.

(ii) Every eigenvalue� ofU has modulus1 (i.e. j�j = 1).

(iii) Eigenvectors corresponding to distinct eigenvalues ofU are orthonormal.

(iv) If U 0 is another unitary matrix, thenUU0 is unitary.

2.1.5 The Spectral theorem and the Jordan form

First, a few definitions. Two matricesA andB aresimilar iff there is an invertible matrixM
such thatM�1AM = B.

Proposition 2.7. If B = M�1AM , thenA andB have the same eigenvalues. An eigenvectorx
ofA corresponds to an eigenvectorM�1x ofB.

Proof. Ax = �x implies (M�1A)x = �M�1x, or (BM�1)x = �(M�1x). Another proof
would go

det(xI �B) = det(M�1(xI)M �M�1AM) = det(M�1(xI �A)M) = det(xI �A)

The vector space spanned by all eigenvectors corresponding to a particular eigenvalue� is
called theeigenspaceassociated with�, or the�-eigenspace. We shall often useV� to denote
this space if the underlying matrix is clear from context.

Corollary 2.8. If A andB are similar, then the corresponding eigenspaces ofA andB have the
same dimension.

Proof. SupposeB = M�1AM , then the mapping� : x ! M�1x is an invertible linear
transformation from one eigenspace ofA to the corresponding eigenspace ofB.

Lemma 2.9 (Schur’s lemma).For anyn � n matrixA, there is a unitary matrixU such that
U�1AU is upper triangular.

Proof. Note that the eigenvalues ofA are then lying on the diagonal ofU�1AU .
We show this by induction onn. The lemma holds whenn = 1. Whenn > 1, overC A

must have at least one eigenvalue�1. Letx1 be a corresponding eigenvector. UseGram-Schmidt
process to get a set of orthonormal vectorsfx1; x2; : : : ; xng. LetU1 be the matrix whose columns
are this set of vectors in order. Clearly,
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AU1 = U1

2
66664

�1 � � : : : �
0 � � : : : �
0 � � : : : �
: : : : : : : : : : : : : : : : :
0 � � : : : �

3
77775 , soU�1

1 AU1 =

2
66664

�1 � � : : : �
0 � � : : : �
0 � � : : : �
: : : : : : : : : : : : : : : : :
0 � � : : : �

3
77775

Now, letA0 = (U�1
1 AU1)11 (crossing off row1 and column1 of U�1

1 AU1). Then by induc-
tion there exists an(n� 1)� (n� 1) unitary matrixM such thatM�1A0M is upper triangular.
LetU2 be then�n matrix obtained by adding a new row and new column toM with all new en-
tries equal0 except(U2)11 = 1. ClearlyU2 is unitary andU�1

2 (U�1
1 AU1)U2 is upper triangular.

LettingU = U1U2 completes the proof.

The following theorem is one of the most important theorems in linear algebra, besides the
Jordan form given next.

Theorem 2.10 (Spectral theorem).Every real symmetric matrix can be diagonalized by an
orthogonal matrix, and every Hermitian matrix can be diagonalized by a unitary matrix:

(real case) Q�1AQ = � (complex case)U�1AU = �

Moreover, in both cases all eigenvalues are real.

Proof. The real case follows from the complex case. Firstly, by Schur’s lemma there is a unitary
matrixU such thatU�1AU is upper triangular. Moreover,

(U�1AU)� = U�A�(U�1)� = U�1AU

i.e. U�1AU is also Hermitian. But an upper triangular Hermitian matrix must be diagonal. The
realness of eigenvalues follow from Lemma 2.5.

Theorem 2.11 (The Jordan form). If a matrixA hass linearly independent eigenvectors, then
it is similar to a matrix which is inJordan form with s square blocks on the diagonal:

M�1AM =

2
666664

B1 0 0 : : : 0
0 B2 0 : : : 0
... 0

. . . : : : 0
: : : : : : : : : : : : : : : : : : : : : :
0 0 0 : : : Bs

3
777775

Each block has exactly one1-dimensional eigenspace, one eigenvalue, and1’s just above the
diagonal:

Bj =

2
666664

�j 1 0 : : : 0
0 �j 1 : : : 0
... 0

. . . : : : 0
: : : : : : : : : : : : : : : : 1
0 0 0 : : : �j

3
777775

Proof. You could read Appendix B of [132]. The proof is not difficult but tedious. The only
thing we need to remember is that this theorem leads to the following nice corollary. I might
come back to prove this if needed later on.
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Corollary 2.12. The following hold

1. rank(A) =
P

�i 6=0m(�i) +m(0)� dim(V0).

2. If A is Hermitian, then the�-eigenspace has dimension equal the multiplicity of� as a
solution to equationpA(x) = 0.

3. In fact, in Hermitian caseCn =
L

i V�i whereV�i denotes the�i-eigenspace.

Proof. This follows directly from theJordan formand our observation in Corollary 2.8. We are
mostly concerned with the dimensions of eigenspaces, so we can think about� instead ofA.
Similar matrices have the same rank, soA and its Jordan form have the same rank. The Jordan
form of A has rank equal the total number of non-zero eigenvalues on the diagonal plus the
number of1’s in the Jordan blocks corresponding to the eigenvalue0, which is exactlym(0) �
dim(V0).

WhenA is Hermitian, it is diagonalizable. Every eigenvector corresponding to anoccurrence
of an eigenvalue� is linearly independent from all others (including the eigenvector correspond-
ing to another instance of the same�).

2.1.6 The minimum polynomial

I found the following very nice theorem stated without proof in a book called “Matrix Methods”
by Richard Bronson. I’m sure we could find a proof in either [71] or [46], but I wasn’t able to
get them from the library. Here I present my little proof.

Theorem 2.13. SupposeBk is a Jordan block of size(l + 1) � (l + 1) corresponding to the
eigenvalue�k ofA, i.e.

Bk =

2
666664

�k 1 0 : : : 0
0 �k 1 : : : 0
...

...
. . . : : :

...
: : : : : : : : : : : : : : : : 1
0 0 0 : : : �k

3
777775

Then, for any polynomialq(�) 2 C [�]

q(Bk) =

2
66666664

q(�k)
q0(�k)
1!

q00(�k)
2! : : : q(l)(�k)

l!

0 q(�k)
q0(�k)
1! : : : q(l�1)(�k)

(l�1)!
...

...
. . . : : :

...

: : : : : : : : : : : : : : : : : : : : : : : : : q0(�k)
1!

0 0 0 : : : q(�k)

3
77777775

(2.1)

Proof. We only need to consider the caseq(x) = xj ; j � 0, and then extend linearly into all
polynomials. The casej = 0 is clear. Suppose equation (2.1) holds forq(x) = xj�1; j � 1.
Then, whenq(x) = xj we have
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q(Bk) = Bj�1
k Bk

=

2
6666664

�j�1
k

�
j�1
1

�
�j�2
k

�
j�1
2

�
�j�3
k : : :

�
j�1
l

�
�j�l�1
k

0 �j�1
k

�
j�1
1

�
�j�2
k : : :

�
j�1
l�1

�
�j�lk

...
...

. . . : : :
...

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
�
j�1
1

�
�j�2
k

0 0 0 0 �j�1
k

3
7777775

2
666664

�k 1 0 : : : 0
0 �k 1 : : : 0
...

...
. . . : : :

...
: : : : : : : : : : : : : : : : 1
0 0 0 : : : �k

3
777775

=

2
6666664

�jk
�
j
1

�
�j�1
k

�
j
2

�
�j�2
k : : :

�
j
l

�
�j�lk

0 �jk
�
j
1

�
�j�1
k : : :

�
j

l�1

�
�j�l+1
k

...
...

.. . : : :
...

: : : : : : : : : : : : : : : : : : : : : : : : : :
�
j
1

�
�j�1
k

0 0 0 0 �jk

3
7777775

Theminimum polynomialm(�) of ann� n matrixA over a complex vector spaceV is the
monic polynomial of lowest degree such thatm(A) = 0.

Lemma 2.14. With the terminologies just stated, we have

1. m(�) dividespA(�).

2. Every root ofpA(�) is also a root ofm(�).

3. A is diagonalizable iffmA(�) has no multiple roots.

4. If f�igsi=1 are distinct eigenvalues of a Hermitian matrixA, thenm(�) =
Qs

i=1(�� �i).

Proof. 1. m(�) must divide every polynomialq(�) with q(A) = 0, since otherwiseq(�) =
h(�)m(�) + r(�) implies r(A) = 0 while r(�) has smaller degree thanm(�). On the
other hand, by Cayley-Hamilton Theorem,pA(A) = 0.

2. Notice thatAx = �x impliesAix = �ix. Thus for any eigenvalue�k of A with corre-
sponding eigenvectorx,~0 = m(A)x =

P
i ciA

ix =
P

i ci�
i
kx = m(�k)x. This implies

�k is a root ofm(�).

3. ()). SupposeM�1AM = � for some invertible matrixM , and�1; : : : ; �s are distinct
eigenvalues ofA. By 1 and 2, we only need to showA is a root ofmA(�) =

Qs
i=1(���i).

It is easy to see that for any polynomialq(�), q(A) = Mq(�)M�1. In particular, since
pA(�) = 0 we get the desired result.

((). Now we assumemA(�) has no multiple root, which impliesmA(�) =
Qs

i=1(���i).
By Proposition 2.2, we shall show thatA hasn linearly independent eigenvectors. Firstly,
notice that if the Jordan form ofA is

M�1AM =

2
666664

B1 0 0 : : : 0
0 B2 0 : : : 0
... 0

. . . : : : 0
: : : : : : : : : : : : : : : : : : : : : :
0 0 0 : : : Bs

3
777775
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then, for anyq(�) 2 C [�] we have

M�1q(A)M = q

0
BBBBB@

2
666664

B1 0 0 : : : 0
0 B2 0 : : : 0
... 0

. . . : : : 0
: : : : : : : : : : : : : : : : : : : : : :
0 0 0 : : : Bs

3
777775

1
CCCCCA

=

2
666664

q(B1) 0 0 : : : 0
0 q(B2) 0 : : : 0
... 0

.. . : : : 0
: : : : : : : : : : : : : : : : : : : : : : : : : : : : : :
0 0 0 : : : q(Bs)

3
777775

So,
Qs

i=1(A � �iI) = 0 implies
Qs

i=1(Bk � �iI) = 0 for all k = 1; : : : ; s. If A does
not haven linearly independent eigenvectors, one of the blocksBk must have size> 1.
Applying Theorem 2.13 withq(�) =

Qs
i=1(� � �i), we see thatq(Bk) does not vanish

sinceq0(�i) 6= 0;8i 2 [s]. Contradiction!

4. Follows from 3 since a Hermitian matrix is diagonalizable.

2.2 Positive definite matrices

The purpose of this section is to develop several important background facts. The first is the
necessary and sufficient conditions for a real symmetric matrixA (or Hermitian in general) to
be positive definite. This is essentially the conditions for aquadratic formon Rn to have a
minimum at some point. The second is theSylvester law of inertia. Another is theRayleigh’s
principle. Lastly, someminimax and maximin principlesrelated to theRayleigh’s quotientshall
be developed. These principles eventually lead to the theorem aboutinterlacing of eigenvalues,
which is very useful when our matrix is the adjacency matrix of a graph.

2.2.1 Some analysis

Let us first recall two key theorems from real analysis, stated without proofs. Forf : Rn ! R,
if for somea 2 Rn

@f
@xi

(a) = 0, thena is called astationary pointof f .

Theorem 2.15 (The second derivative test).Supposef : Rn ! R and its partial derivatives up
to and including order2 are continuous in a ballB(a; r) (centered ata 2 Rn , radiusr). Suppose
that f has a stationary point ata. For h = (h1; : : : ; hn), define�f(a; h) = f(a+ h) � f(a);
also define

Q(h) =
1

2!

nX
i;j=1

@2f

@xi@xj
(a)hihj

then,

1. If Q(h) > 0 for h 6= 0, thenf has a strict local minimum ata.

2. If Q(h) < 0 for h 6= 0, thenf has a strict local maximum ata.
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3. If Q(h) has a positive maximum and a negative minimum, then�f(a; h) changes sign in
any ballB(a; �) such that� < r.

Note. (3.) says that at any close neighborhood ofa, there are some pointsb and c such that
f(b) > f(a) andf(c) < f(a).

Example 2.16.Let us look at a quadratic formF (x1; : : : ; xn) with all real coefficients, i.e. every
term ofF has degree at most2. LetA be the matrix defined byaij = @2F=@xi@xj. Clearly,A
is a real symmetric matrix. For any vectorh 2 Rn ,

hTAh =
�
h1 h2 : : : hn

�
2
664
a11 a12 : : : a1n
a21 a22 : : : a2n
: : : : : : : : : : : : : : : : : : :
an1 an2 : : : ann

3
775

2
6664
h1
h2
...
hn

3
7775

=

nX
i;j=1

aijhihj

= 2Q(h)

So,F (x1; : : : ; xn) has a minimum at(0; : : : ; 0) (which is a stationary point ofF ) iff hTAh >
0 for all h 6= 0.

Definition 2.17. A non-singularn � n Hermitian matrixA is said to bepositive definiteif
x�Ax > 0 for all non zero vectorx 2 Cn . A is positive semidefiniteif we only requirex�Ax �
0. The termsnegative definiteandnegative semidefinitecan be defined similarly.

Note. Continuing with our example, clearlyF (x1; : : : ; xn) has a minimum at(0; : : : ; 0) iff A is
positive definite. Also, since we already showed that ifA is Hermitian, thenx�Ax is real, the
definitions given above make sense.

A function f is in C1 on some domainD � Rn if f and all its first order derivatives are
continuous onD. Fora 2 D,5f(a) := ( @f

@x1
(a); : : : ; @f

@xn
(a)).

Theorem 2.18 (Lagrange’s multiplier rule). Suppose thatf; '1; : : : ; 'k areC1 functions on
an open setD in Rn containing a pointa, that the vectors5'1(a); : : : ;5'k(a) are linearly
independent, and thatf takes on its minimum among all points ofD0 at x0, whereD0 is the
subset ofD so that for allx 2 D0,

'i(x1; : : : ; xn) = 0; i = 1; : : : ; k

Then, ifF : Rn+k ! R is defined to be

F (x; �) = f(x)�
kX

i=1

�i'i(x)

then there exists�0 2 Rk such that

@F

@xi
(a; �0) = 0 i = 1; : : : ; n

@F

@�0j
(a; �0) = 0 i = 1; : : : ; k

16



Note. This theorem essentially says that the maxima (or minima) off subject to theside con-
ditions'1 = � � � = 'k = 0 are among the maxima (or minima) of the functionF without any
constraints.

Example 2.19.To find the maximum off(x) = x1+3x2� 2x3 on the sphere14� (x21 + x22 +
x23) = 0, we let

F (x; �) = x1 + 3x2 � 2x3 + �(x21 + x22 + x23 � 14)

Then, @F
@x1

= 1 + 2�x1, @F
@x2

= 3 + 2�x2, @F
@x3

= �2 + 2�x3, and @F
@�

= x21 + x22 + x23 � 14.

Solving @F
@xi

= 0 we obtain two solutions(x; �) = (1; 3;�2;�1=2) and(�1;�3; 2; 1=2). Which
of these solutions give a maximum or a minimum ? We apply the second derivative test. All
second derivatives ofF are 0 except@2F=@x21 = @2F=@x22 = @2F=@x23 = 2�. Q(h) =
2�(h21 + h22 + h23) has the same sign as�. Hence, the first solution gives the maximum value of
14, the second solution gives the minimum value of�13.

2.2.2 Conditions for positive-definiteness

Now we are ready to specify the necessary and sufficient conditions for a Hermitian matrix to be
positive definite, or positive semidefinite for that matter.

Theorem 2.20. Each of the following tests is a necessary and sufficient condition for the real
symmetric matrixA to be positive definite.

(a) xTAx > 0 for all non-zero vectorx.

(b) All the eigenvalues ofA satisfy�i > 0.

(c) All the upper left submatricesAk have positive determinants.

(d) If we apply Gaussian elimination onAwithout row exchanges, all the pivots satisfypi > 0.

Note. (a) and (b) hold for Hermitian matrices also.

Proof. (a) b). Supposexi is a unit�i-eigenvector, then0 < xTi Axi = xTi �ixi = �i.
(b) a). SinceA is real symmetric, it has a full set of orthonormal eigenvectorsfx1; : : : ; xng

by the Spectral theorem. For eachx 2 Rn , supposex = c1x1 + � � �+ cnxn, then

Ax = A(c1x1 + � � �+ cnxn) = c1�1x1 + � � �+ cn�nxn

Because thexi are orthonormal, we get

xTAx = (c1x
T
1 + � � � + cnx

T
n )(c1�1x1 + � � �+ cn�nxn)

= �1c
2
1 + � � � + �nc

2
n

Thus, every�i > 0 impliesxTAx > 0.
(a) c). We knowdetA = �1 : : : �n > 0. To prove the same result for allAk, we look at a

non-zero vectorx whose lastn� k components are0, then

xTAx =
�
xTk 0

� �Ak �
� �

� �
xk
0

�
= xTkAkx

k

detAk > 0 follows by induction.
(c) d). Without row exchanges, the pivotdk in Gaussian elimination isdetAk=detAk�1.

This can also be proved easily by induction.

17



(d) a). Gaussian elimination gives us aLDU factorization ofA where all diagonal entries
of L andU are1’s. Also, the diagonal entriesdi of D is exactly theith pivot pi. The fact thatA
is symmetric impliesL = UT , henceA = LDLT , which gives

xTAx = (xTL)(D)(LTx) = d1(L
Tx)21 + d2(L

Tx)22 + � � �+ dn(L
Tx)2n

SinceL is fully ranked,LTx 6= 0 wheneverx 6= 0. So the pivotsdi > 0 impliesxTAx > 0 for
all non-zero vectorsx.

2.2.3 The Rayleigh’s quotient and the variational characterizations

For a Hermitian matrixA, the following is known as theRayleigh’s quotient:

R(x) =
x�Ax

x�x

Theorem 2.21 (Rayleigh-Ritz).Suppose�1 � �2 � � � � � �n are the eigenvalues of a real
symmetric matrixA. Then, the quotientR(x) is maximized at any�1-eigenvectorx = x1 with
maximum value�1. R(x) is minimized at any�n-eigenvectorx = xn with minimum value�n,

Proof. LetQ be a matrix whose columns are a set of orthonormal eigenvectorsfx1; : : : ; xng of
A corresponding to�1; : : : ; �n, respectively. Writingx as a linear combination of columns of
Q: x = Qy, then sinceQTAQ = � we have

R(x) =
xTAx

xTx
=

(QT y)TA(QT y)

(QT y)T (QT y)
=

yT�x

yT y
=

�1y
2
1 + � � �+ �ny

2
n

y21 + � � � + y2n

Hence,

�1 � R(x) =
�1y

2
1 + � � �+ �ny

2
n

y21 + � � � + y2n
� �n

Moreover,R(x) = �1 wheny1 6= 0 andyi = 0; 8i > 1. This meansx = Qy is a�1-eigenvector.
The caseR(x) = �n case is proved similarly.

An equivalent statement of the principle is as follows.

Corollary 2.22. Suppose�1 � �2 � � � � � �n are the eigenvalues of a real symmetric matrix
A. Over all non-zero unit vectorsx 2 R

n , xTAx is maximized at a unit�1-eigenvector, with
maximum value�1, and minimized at a unit�n-eigenvector, with minimum value�n.

Rayleigh’s principle essentially states that

�1 = max
x2Rn

R(x) and �n = min
x2Rn

R(x)

What about the rest of the eigenvalues ? Here is a simple answer, stated without proof. The proof
is simple enough.

Theorem 2.23.Suppose�1 � �2 � � � � � �n are the eigenvalues of a Hermitian matrixA, and
u1; : : : ; un are the corresponding set of orthonormal eigenvectors. Then,

�k = max
06=x2Cn

x?u1;:::;uk�1

RA(x)

�k = min
06=x2Cn

x?uk+1;:::;un

RA(x)
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The theorem has a pitfall that sometime we don’t know the eigenvectors. The following gen-
eralization of Rayleigh’s principle, sometime referred to as theminimax and maximin principles
for eigenvalues, fill the hole by not requiring us to know that eigenvectors.

Theorem 2.24 (Courant-Fisher). LetVk be the set of allk-dimensional subspaces ofCn . Let
�1 � �2 � � � � � �n be the eigenvalues of a Hermitian matrixA. Then,

�k = max
S2Vk

2
4min
x2S
x6=0

R(x)

3
5

= min
S2Vn�k+1

2
4max

x2S
x6=0

R(x)

3
5

Note. It should be noted that the previous two theorems are often referred to as thevariational
characterizationof the eigenvalues.

Proof. Let U = [u1; u2; : : : ; un] be the unitary matrix with unit eigenvectorsu1; : : : ; un corre-
sponding to the eigenvalues�1; : : : ; �n. Let us first fixS 2 Vk and letS0 be the image ofS
under the invertible linear transformation represented byU�. Obviously,dim(S0) = k. We have
already known thatR(x) is bounded, so it is safe to say the following, withx 6= 0; y 6= 0 being
implicit.

inf
x2S

R(x) = inf
x2S

x�Ax

x�x

= inf
x2S

(U�x)��(U�x)

(U�x)�(U�x)

= inf
y2S0

y��y

y�y

� inf
y2S0

y1=���=yk�1=0

y��y

y�y

= inf
y2S0

y1=���=yk�1=0

�1y
2
1 + � � �+ �ny

2
n

y21 + � � �+ y2n

= inf
y2S0

y1=���=yk�1=0

�ky
2
k + � � � + �ny

2
n

y2k + � � �+ y2n

� �k

The inequality in line 4 is justified by the fact that there is a non zero vectory 2 S0 such that
y1 = � � � = yk�1 = 0. To get this vector, putk basis vectors ofS0 into the rows of ak�n matrix
and do Gaussian elimination.

Now,S was chosen arbitrarily, so it is also true that

sup
S2Vk

inf
x2S

R(x) � �k

Moreover,R(uk) = (U�uk)
��(U�uk) = ek�ek = �k. Thus, the infimum and supremum

can be changed to minimum and maximum, and the inequality can be changed to equality. The
other equality can be proven similarly.
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This theorem has a very important and beautiful corollary, called theInterlacing of eigenval-
uesto be presented in the next section. Let us introduce a simple corollary.

Corollary 2.25. Let A 2 Mn be Hermitian, letk be a given integer with1 � k � n, let
�1 � �2 � � � � � �n be the eigenvalues ofA, and letSk be a givenk-dimensional subspace of
C n . The following hold

(a) If there existsc1 such thatR(x) � c1 for all x 2 Sk, thenc1 � �n�k+1 � � � � � �n.

(b) If there existsc2 such thatR(x) � c2 for all x 2 Sk, then�1 � � � � � �k � c2.

Proof. It is almost straightforward from the Courant-Fisher theorem that

(a)
c1 � max

06=x2Sk
R(x) � min

dim(S)=n�(n�k+1)+1
max
06=x2S

R(x) = �n�k+1

(b)
c2 � min

0 6=x2Sk
R(x) � max

dim(S)=k
min
06=x2S

R(x) = �k

2.2.4 Applications of the variational characterizations

Throughout the rest of this section, we useMn to denote the set of alln�nmatrices overC (i.e.
Mn = C n2 ). The first application of the variational characterization is a theorem by Weyl.

Theorem 2.26 (Weyl, year?).LetA;B 2Mn be Hermitian and the eigenvalues�i(A); �i(B),
and�i(A+B) be arranged in decreasing order, i.e.�1(X) � � � � � �n(X), forX = A;B;A+
B. For eachk = 1; 2; : : : ; n we have

�k(A) + �1(B) � �k(A+B) � �k(A) + �n(B)

Proof. By noticing that�1(B) � RB(x) � �n(B), for all x 2 C
n , we have

�k(A+B) = max
S2Vk

min
06=x2S

x � (A+B)x

x � x

= max
S2Vk

min
06=x2S

(RA(x) +RB(x))

� max
S2Vk

min
06=x2S

(RA(x) + �n(B))

= �k(A) + �n(B)

The other direction is proven similarly.

Notice that ifB is positive semidefinite, then�1(B) � 0. We have the following trivial
corollary, called themonotonicity theoremsince it says that the eigenvalues keep increasing as
positive semidefinite matrices are added.
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Corollary 2.27 (Monotonicity Theorem). SupposeA andB are Hermitian withB being posi-
tive semidefinite, and the eigenvalues ofA andA+B sorted in decreasing order, then

�k(A) � �k(A+B)

Theorem 2.28 (Interlacing of eigenvalues).Let A be a Hermitian matrix with eigenvalues
�1 � �2 � � � � � �n. LetB be the matrix obtained fromA by removing rowi and columni, for
anyi 2 [n]. SupposeB has eigenvalues�1 � � � � � �n�1, then

�1 � �1 � �2 � �2 � � � � � �n�1 � �n

Note. A proof of this theorem using Spectral Decomposition Theorem can also be given, but it
is not very instructive.

Proof. We can safely assume thati = n for the ease of presentation. We would like to show that
as1 � k � n � 1, �k � �k � �k+1. Let x = [yTxn]

T 2 C
n wherey 2 C

n�1 . Note that if
xn = 0 thenx�Ax = y�By. We first use the maximin form of Courant-Fisher theorem to write

�k = max
S�Cn

dim(S)=k

min
06=x2S

x�Ax

x�x

� max
S�feng?

dim(S)=k

min
06=x2S

x�Ax

x�x

= max
S�feng?

dim(S)=k

min
06=x2S
xn=0

x�Ax

x�x

= max
S�Cn�1

dim(S)=k

min
06=y2S

y�By

y�y

= �k

Now, we use the minimax form of the theorem to obtain�k+1 � �k.

�k+1 = min
S�Cn

dim(S)=n�(k+1)+1

max
06=x2S

x�Ax

x�x

� min
S�feng?

dim(S)=n�k

max
06=x2S

x�Ax

x�x

= min
S�feng?

dim(S)=n�k

max
06=x2S
xn=0

x�Ax

x�x

= min
S�Cn�1

dim(S)=(n�1)�k+1

max
06=y2S

y�By

y�y

= �k
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2.2.5 Sylvester’s law of inertia

Material in this section follows closely that in the bookMatrix Analysisby Horn and Johnson
[57].

Definition 2.29. LetA;B 2Mn be given. If there exists a non-singular matrixS such that

� B = SAS�, thenB is said to be�-congruent toA.

� B = SAST , thenB is said to beT -congruent toA.

Note. These two notion of congruence must be closely related; they are the same ifS is a real
matrix. When it is not important to distinguish between the two, we use the termcongruence
without a prefix. SinceS was required to be non-singular, congruent matrices have the same
rank. Also note that, ifA is Hermitian then so isSAS�; if A is symmetric, thenSAST is also
symmetric.

Proposition 2.30. Both�-congruence andT -congruence are equivalent relations.

Proof. It is easy to verify that the relations are reflexive, symmetric and transitive. Only need to
notice thatS is non-singular.

The setMn, therefore, is partitioned into equivalence classes by congruence. As an abstract
problem, we may seek a canonical representative of each equivalence class under each type of
congruence.Sylvester’s law of inertiagives us the affirmative answer for the�-congruence case,
and thus also gives the answer for the set of real symmetric matrices.

Definition 2.31. LetA 2Mn be a Hermitian matrix. Theinertia of A is the ordered triple

i(A) = (i+(A); i�(A); i0(A))

wherei+(A) is the number of positive eigenvalues ofA, i�(A) is the number of negative eigen-
values ofA, andi0(A) is the number of zero eigenvalues ofA, all counting multiplicity. The
signatureof A is the quantityi+(A)� i�(A).

Note. Sincerank(A) = i+(A) + i�(A), the signature and the rank ofA uniquely identify the
inertia ofA.

Theorem 2.32 (Sylvester’s law of inertia).LetA;B 2 Mn be Hermitian matrices.A andB
are �-congruent if and only ifA andB have the same inertia.

Proof. ()). Firstly, for any Hermitian matrixC 2 Mn, C can be diagonalized by a unitary
matrix U , i.e. C = U�U�, with � being diagonal containing all eigenvalues ofC. By multi-
plying U with a permutation matrix, we can safely assume that down the main diagonal of�,
all positive eigenvalues go first:�1; : : : ; �i+ , then the negatives:�i++1; : : : ; �i++i� , and the rest
are0’s. Thus, if we setD = diag(

p
j�1j; : : : ;

p
j�i++i� j; 0; : : : ; 0), then

� = D

2
6666666666666664

1
. . .

1
�1

.. .
�1

0
. ..

0

3
7777777777777775

D = DICD
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with the entries not shown being0. IC is called theinertia matrix of C. Consequently, letting
S = UD (S is clearly non-singular) we get

C = U�U� = UDICDU� = SICS
� (2.2)

Hence, ifA andB have the same inertia, then they could be written in the form (2.2) with
possibly a differentS for each, butIA = IB. Since�-congruence is transitive,A is �-congruent
toB as they are both congruent toIA.

((). Now, assumeA = SBS� for some non-singular matrixS. A andB have the same
rank, soi0(A) = i0(B). We are left to show thati+(A) = i+(B). For convenience, let
a = i+(A) and b = i+(B). Let u1; : : : ; ua be the orthonormal eigenvectors for the positive
eigenvalues ofA, so thatdim(Spanfu1; : : : ; uag) = a. If x = c1u1+ � � �+ caua, thenx�Ax =
�1jc1j

2 + � � � + �ajcaj
2 > 0. But then

x�Ax = x�SBS�x = (S�x)�B(S�x) > 0

so y�By > 0 for all vector y in SpanfS�u1; : : : ; S
�uag, which also has dimensiona. By

Corollary 2.25,b � a. A similar argument shows thata � b, which completes the proof.

Corollary 2.33. Givenx 2 R
n , if xTAx can be written as the sum ofm products involving two

linear factors, that is

xTAx =
mX
k=1

(
X
i2Sk

bi;kxi)(
X
j2Tk

cj;kxj)

Further assume thatA hasp positive eigenvalues andq positive eigenvalues (counting multiplic-
ities), thenm � max(p; q).

Proof. I have not been able to see why this corollary follows from Sylvester’s law yet. A proof
of the corollary can be given, but that’s not the point.
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