Chapter 2

Linear algebra

2.1 Eigenvalues and eigenvectors

In this section, we shall concern with square matrices only, unless stated otherwise. As we have
seen, the adjacency matrix and incidence matrix of a graph are algebraic structures which contain
graphical information. This is the motivation for us to dig deeper into linear algebra. Eigenvalues
and eigenvectors say a lot about a matrix, hence we would hope that they tell us something about
the graph.

2.1.1 Preliminaries

The eigenvaluef a matrix A are the numbera such that the equatiof\l — A)z = 0 has a
non-zero solution vector, in which case the solution vegt@® the correspondingigenvector
Since0 is always a solution, it would be uniquedét(AI — A) # 0. Hence, the eigenvalues are
solutions to the equatiodet(A] — A) = 0, i.e. pa(A) = 0 wherep4()\) is thecharacteristic
polynomialof A.

Theorem 2.1.LetAq,..., )\, be the eigenvalues of anx n complex matrix4, then

) M+ A =trA (=), i)
(i) Ai...)\, =det A.

Proof. Suppose

pa) =JJA=2) =A"+ X" T e+ o

)

It is easy to see thaf,_; = —(3_, ai;), proving (i). On the other handy = (—1)" det A,
proving (ii). O
2.1.2 The diagonal form

Proposition 2.2. Suppose the x n matrix A hasn linearly independent eigenvectars1 <
i < n. Then if these vectors are columns of masixt follows thatS 1 AS = A whereA is a
diagonal matrix with(A); = A;.

Proof. It's easy to see thal S = SA. O



Proposition 2.3. If z1,...x; are eigenvectors corresponding to distinct eigenvallyes. . A,
thenxy, ...z are linearly independent.

Proof. Whenk = 2, suppose:; 21 + coxzo = 0. Multiplying by A givese; A1 + caAozo = 0.
Subtracting\, times the previous equation we have

01(>\1 - )\2)[131 = 0
Hence,c; = 0 since); # A9 andz; # 0. The general case can be done by induction]
Proposition 2.4. If \{,... )\, are eigenvalues aofl, then)!, ... Ak are eigenvalues oft*. If S
diagonalizesd, i.e. ST1AS = A, thenS—1AFS = AF

Proof. Easy. O

2.1.3 Symmetric and Hermitian matrices

We'll be working onC, so let’s fix some terminologies. Fare C, let Z denotes its complex
conjugate. The inner product efandy is defined to be

Ty = Ty 4+ - + Ty

If Ais any complex matrix, thelermitian transposed* of A is defined to bed”. Note that
just as in the real matrix casedB)* = B*A*.

Ais said to beHermitianif A = A*. If A contains only real entries, being Hermitian implies
being symmetric. Also notice that # is Hermitian then the diagonal entries are reals.

Lemma 2.5. We have
1. If A is Hermitian, then for allke € C*, z* Az is real.
2. Every eigenvalue of a Hermitian matrix if real.
3. The eigenvectors of a Hermitian matrix, if come from distinct eigenvalues are orthogonal
to one another.
Proof. It is straightforward that
1. (z*Azx)* = z* A*z™ = z* Ax.
2. Az = \z implies ) = 4z,
3. Supposedz = Az, Ay = Aoy, A1 £ A andA = A*.
(Mx)*y = (Az)*y = 27 Ay = =" (A2y)

Hence,(A; — X2)z*y = 0.
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2.1.4 Orthonormal and unitary matrices

A real matrixQ is said to berthogonalif Q"' Q = I. A complex matrixU is unitaryif U*U = I.
In other words, the columns &f (and(@)) are orthonormal. Clearly orthogonal is a special case
of unitary. We state without proof a simple proposition.

Proposition 2.6. LetU be a unitary matrix, then
() (Uz)*(Uy) = «*y, and||[Uz]]? = ||
(i) Every eigenvalue\ of U has modulud (i.e. |A| = 1).
(iii) Eigenvectors corresponding to distinct eigenvalueé/adre orthonormal.

(iv) If U'is another unitary matrix, theB’U" is unitary.

2.1.5 The Spectral theorem and the Jordan form

First, a few definitions. Two matriced and B aresimilar iff there is an invertible matrix(\/
such thatM 'AM = B.

Proposition 2.7. If B = M~ 'AM, thenA and B have the same eigenvalues. An eigenvegtor
of A corresponds to an eigenvectdf 'z of B.

Proof. Az = Az implies (M~'A)z = AM~'z, or (BM~Yz = M\(M~'z). Another proof
would go

det(z] — B) = det(M Y(zI)M — M 'AM) = det(M ' (zI — A)M) = det(zI — A)
O

The vector space spanned by all eigenvectors corresponding to a particular eigenigalue
called theeigenspaceassociated with\, or the \-eigenspace. We shall often uBeto denote
this space if the underlying matrix is clear from context.

Corollary 2.8. If A and B are similar, then the corresponding eigenspaced @ind B have the
same dimension.

Proof. SupposeB = M~'AM, then the mappingd : = — M~ 'z is an invertible linear
transformation from one eigenspaceAfo the corresponding eigenspaceif O

Lemma 2.9 (Schur’'s lemma). For anyn x n matrix A, there is a unitary matriX{/ such that
U~ AU is upper triangular.

Proof. Note that the eigenvalues df are then lying on the diagonal 6f ' AU .

We show this by induction on. The lemma holds when = 1. Whenn > 1, overC A
must have at least one eigenvalye Letz; be a corresponding eigenvector. Waam-Schmidt
process to get a set of orthonormal vectprs zo, . .., z, }. LetU; be the matrix whose columns
are this set of vectors in order. Clearly,
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)\1 )\1 *
0 * x ... * 0 *

AU =U |0 * x ... % ,SOUI_IAUl =0 * =% *
0 * = * 0 *x x *

Now, let A’ = (U;' AU, )1, (crossing off rowl and columnl of U AU;). Then by induc-
tion there exists afn — 1) x (n — 1) unitary matrixM such thatM ! A’ M is upper triangular.
Let U, be then x n matrix obtained by adding a new row and new colum4avith all new en-
tries equab except(Uz);; = 1. ClearlyUs is unitary and]{l(UflAUl)Ug is upper triangular.
Letting U = U,U, completes the proof. O

The following theorem is one of the most important theorems in linear algebra, besides the
Jordan form given next.

Theorem 2.10 (Spectral theorem).Every real symmetric matrix can be diagonalized by an
orthogonal matrix, and every Hermitian matrix can be diagonalized by a unitary matrix:

(real case) Q tAQ = A (complex case)U AU = A
Moreover, in both cases all eigenvalues are real.

Proof. The real case follows from the complex case. Firstly, by Schur’s lemma there is a unitary
matrix U such that/—' AU is upper triangular. Moreover,

(UTTAU) = U*A*(U Y)Y =U AU

i.e. U"TAU is also Hermitian. But an upper triangular Hermitian matrix must be diagonal. The
realness of eigenvalues follow from Lemma 2.5. O

Theorem 2.11 (The Jordan form). If a matrix A hass linearly independent eigenvectors, then
it is similar to a matrix which is inJordan form with s square blocks on the diagonal:

B, 0 0 ... 0
0 B, 0 ... 0
MT7'AM=|: o . .. 0
0 0 0 B,

Each block has exactly oriedimensional eigenspace, one eigenvalue, Hagust above the
diagonal:

A1 0
A1 0

Bj = 0o . 0
................ 1

0 0 0 \j

Proof. You could read Appendix B of [132]. The proof is not difficult but tedious. The only
thing we need to remember is that this theorem leads to the following nice corollary. | might
come back to prove this if needed later on. O
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Corollary 2.12. The following hold
1. rank(A) = 3 5, 2o m(Xi) +m(0) — dim(Vp).

2. If A is Hermitian, then the\-eigenspace has dimension equal the multiplicity\ @fs a
solution to equatiop(z) = 0.

3. Infact, in Hermitian cas€" = @, V, whereV), denotes the\;-eigenspace.

Proof. This follows directly from theJordan formand our observation in Corollary 2.8. We are
mostly concerned with the dimensions of eigenspaces, so we can think Aalestead ofA.
Similar matrices have the same rank,4@nd its Jordan form have the same rank. The Jordan
form of A has rank equal the total number of non-zero eigenvalues on the diagonal plus the
number ofl’s in the Jordan blocks corresponding to the eigenvalughich is exactlym(0) —
dim(Vp).

WhenA is Hermitian, it is diagonalizable. Every eigenvector corresponding teenrrence
of an eigenvalua is linearly independent from all others (including the eigenvector correspond-
ing to another instance of the sarhe O

2.1.6 The minimum polynomial

| found the following very nice theorem stated without proof in a book called “Matrix Methods”
by Richard Bronson. I'm sure we could find a proof in either [71] or [46], but | wasn’t able to
get them from the library. Here | present my little proof.

Theorem 2.13. SupposeB;. is a Jordan block of siz€¢l + 1) x (I + 1) corresponding to the
eigenvalue);, of A, i.e.

e 10 ... 0
0 X 1 0
Bi=|: :
................ 1
0 0 0 A
Then, for any polynomia}(\) € C[\]
B ’ 1" @) T
g(ng) ¢ (f\'k) q g/!\k) g l(!/\k)
0 a(\x) q'(f'\k) o q(l(zl)l()/\'k)
aBe )= (2.1)
7' (M)
......................... 5
0 0 0 g |

Proof. We only need to consider the cage:) = 27,57 > 0, and then extend linearly into all
polynomials. The casg¢ = 0 is clear. Suppose equation (2.1) holds for) = #~1,j > 1.
Then, wheng(z) = 27/ we have
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q(By) = B} 'By

[ (]'Il)kff2 (]Ei)kii (jf_l)lk?f_l;l_ M 1 0 ... 0
0 A (G DU () P VAN 0 XN 1 ... 0
................................. (le))\{j? U |
| 0 0 0 0 -t Lo o o M
I P
0 X (DX (2N
.......................... @)a
0 0 0 0 X

O

Theminimum polynomiain(A) of ann x n matrix A over a complex vector spadéis the
monic polynomial of lowest degree such thatA) = 0.

Lemma 2.14. With the terminologies just stated, we have
1. m()\) dividespa()).
2. Every root ofp4 () is also a root ofim ().
3. Ais diagonalizable iffin4(A) has no multiple roots.

4. If {\;};_, are distinct eigenvalues of a Hermitian matei thenm (X)) =]];_; (A — Ai).

Proof. 1. m(X\) must divide every polynomiaj(\) with g(A) = 0, since otherwisg(\) =
h(A)m(X) + r(X) impliesr(A) = 0 while »(A) has smaller degree than()). On the
other hand, by Cayley-Hamilton Theorem,(A) = 0.

2. Notice thatdz = Az implies A’z = X'z. Thus for any eigenvalug;, of A with corre-
sponding eigenvectar,0 = m(A)z = 3, c;A'z = 3, ¢;\ex = m(\g)z. This implies
Ak is aroot ofm(\).

3. (=). SupposeM 1AM = A for some invertible matrix\/, and )y, ..., A\, are distinct
eigenvalues ofi. By 1 and 2, we only need to shadis a root ofma (X)) = [[7_; (A—=X\;).
It is easy to see that for any polynomigl\), ¢(A) = Mq(A)M'. In particular, since
pa(A) = 0 we get the desired result.

(<). Now we assumen 4 () has no multiple root, which implies.4 (A) = [];_; (A—X;).
By Proposition 2.2, we shall show thdthasn linearly independent eigenvectors. Firstly,
notice that if the Jordan form of is

By 0 0 0
0 By O 0
M~YAM = 0 0
0O 0 0 By



then, for anyg(\) € C[A] we have

By 0 0 0
0 By O 0
M™'q(AM = ¢ 0 0
0 0 0 B

q(B) 0 0 0

0  q(B2) 0 0

= 0 T 0

0 0 0 q(Bs)

So,[[; (A —XI) = 0implies[[;_, (B — A\iI) =0forallk =1,...,s. If Adoes
not haven linearly independent eigenvectors, one of the bloBksnust have size> 1.
Applying Theorem 2.13 witly(\) = []7_; (X — A\;), we see thay(By,) does not vanish
sinceq’(\;) # 0,Vi € [s]. Contradiction!

4. Follows from 3 since a Hermitian matrix is diagonalizable.

2.2 Positive definite matrices

The purpose of this section is to develop several important background facts. The first is the
necessary and sufficient conditions for a real symmetric matr{er Hermitian in general) to

be positive definite This is essentially the conditions forcuadratic formon R to have a
minimum at some point. The second is tBglvester law of inertia Another is theRayleigh’s
principle. Lastly, somaminimax and maximin principle®lated to theRayleigh’s quotienshall

be developed. These principles eventually lead to the theorem mteriacing of eigenvalues
which is very useful when our matrix is the adjacency matrix of a graph.

2.2.1 Some analysis

Let us first recall two key theorems from real analysis, stated without proofsf F&¥ — R,
if for somea € R" %(a) = 0, thena is called astationary pointof f.

Theorem 2.15 (The second derivative test)Suppose : R* — R and its partial derivatives up
to and including orde® are continuous in a balB(a, ) (centered at. € R’, radiusr). Suppose
that f has a stationary point ai. For h = (hy, ..., h,), defineAf(a,h) = f(a + h) — f(a);
also define

1 —  0%f
2! 1 axlax]

i,j=

Q(h) =

(a)hih;

then,
1. IfQ(h) > 0 for h # 0, thenf has a strict local minimum at.

2. IfQ(h) < 0for h # 0, thenf has a strict local maximum at.
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3. If Q(h) has a positive maximum and a negative minimum, théa, h) changes sign in
any ball B(a, p) such thatp < r.

Note. (3.) says that at any close neighborhoodapthere are some pointsand ¢ such that
f(b) > f(a)andf(c) < f(a).

Example 2.16.Let us look at a quadratic forifi(z, . .., z,,) with all real coefficients, i.e. every
term of F' has degree at mo8t Let A be the matrix defined by;; = 82F/a$ia$j. Clearly, A
is a real symmetric matrix. For any vectorc R*,

a1l a12 G1n Zl
as1 a2 ... G2 2
WAL = [h he ... hy) "]
anl Aan2 Gnn hy,

= Y ajhihy

i,7=1
= 2Q(h)

S0,F(z1,...,z,) has aminimum af0, .. . ,0) (which is a stationary point of) iff »' Ah >
0 for all h # 0.

Definition 2.17. A non-singularn x n Hermitian matrix A is said to bepositive definiteif
x* Az > 0 for all non zero vector: € C*. A is positive semidefinitd we only requirex* Az >
0. The termaegative definitandnegative semidefinitean be defined similarly.

Note. Continuing with our example, clearl§f (1, . .., z,) has a minimum ato0, ..., 0) iff Ais
positive definite. Also, since we already showed that ils Hermitian, thenZ Ax is real, the
definitions given above make sense.

A function f is in C' on some domairD C R" if f and all its first order derivatives are
continuous orD. Fora € D, v f(a) := (- (a), ..., 2L (a)).

Theorem 2.18 (Lagrange’s multiplier rule). Suppose thaf, ¢, ..., ¢, are C! functions on
an open setD in R* containing a pointa, that the vectorsy gy (a),. .., V¢k(a) are linearly
independent, and that takes on its minimum among all points Bf at xy, where Dy is the
subset ofD so that for allz € Dy,

vi(z1,...,2y) =0,1=1,...,k

Then, ifF : R*** — R is defined to be
k
Fz,)) = f(z) = > Aipi()
i1

then there exista? € R* such that

F
gx.(a,xo) = 0i=1,...,n
oF
W(a,)\o) = 0i=1,...,k
J
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Note. This theorem essentially says that the maxima (or minimg) sfibject to theside con-
ditions ¢, = --- = p = 0 are among the maxima (or minima) of the functiBrwithout any
constraints.

Example 2.19. To find the maximum of (z) = x1 + 3z2 — 2z3 onthe spherd4 — (z} + 23 +
z3) = 0, we let
F(z,)\) = z1 + 3z — 223 + M(z? + 23 + 23 — 14)

Then, 85 = 1+ 21, §& = 3+ 2Xay, & = 2+ 2)z3, and 9§ = o] + 23 + 23 - 14.

' 0xq
Solvingg—z = 0 we obtain two solutiongz, \) = (1,3, -2, —1/2) and(-1, —3,2,1/2). Which
of these solutions give a maximum or a minimum ? We apply the second derivative test. All
second derivatives of" are 0 except?F/dz3 = 0?°F/0x3 = 0°F/0z3 = 2X\. Q(h) =
2\(h? + h3 + h3%) has the same sign as Hence, the first solution gives the maximum value of
14, the second solution gives the minimum value-df3.
2.2.2 Conditions for positive-definiteness

Now we are ready to specify the necessary and sufficient conditions for a Hermitian matrix to be
positive definite, or positive semidefinite for that matter.

Theorem 2.20. Each of the following tests is a necessary and sufficient condition for the real
symmetric matrixA to be positive definite.

(@) Az > 0 for all non-zero vector:.

(b) All the eigenvalues of satisfy); > 0.

(c) Allthe upper left submatriced; have positive determinants.

(d) Ifwe apply Gaussian elimination ctiwithout row exchanges, all the pivots satigfy 0.
Note. (a) and (b) hold for Hermitian matrices also.

Proof. (a = b). Supposer; is a unit);-eigenvector, thed < z! Az; = 27 \jz; = \;.
(b = a). SinceA is real symmetric, it has a full set of orthonormal eigenvectars. . ., z, }
by the Spectral theorem. For eacle R*, suppose: = cyx1 + - - - + ¢, 2y, then

Az = Al + - + cpp) = A M1 + -+ + ATy
Because the; are orthonormal, we get

tTAz = (1ol +- F cpal) ez + - 4 cpdnn)
= N+ + M
Thus, every\; > 0 impliesz” Az > 0.

(a = ¢). We knowdet A = Ay ...\, > 0. To prove the same result for al},, we look at a
non-zero vector: whose last: — £ components are, then

gT Az = [z1 0] [i’“ I] ﬁ)’“] = a1 Apa®

det Ay > 0 follows by induction.
(¢ = d). Without row exchanges, the pivat in Gaussian elimination idet A,/ det Ay .
This can also be proved easily by induction.
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(d = a). Gaussian elimination gives udaU factorization ofA where all diagonal entries
of L andU arel’s. Also, the diagonal entrieg of D is exactly the'” pivot p;. The fact thatd
is symmetric implied, = U”, henced = LDL", which gives
tT Az = (2"L)(D)(L"z) = dy (LT 2)? + do (LT 2)3 4 -+ + dp (LT )2

n

SincelL is fully ranked,L” z # 0 whenever: # 0. So the pivotsl; > 0 impliesz” Az > 0 for
all non-zero vectors. O

2.2.3 The Rayleigh’s quotient and the variational characterizations

For a Hermitian matrix4, the following is known as thRayleigh’s quotient
¥ Ax

x*x

R(x)

Theorem 2.21 (Rayleigh-Ritz). Suppose\; > A2 > --- > ), are the eigenvalues of a real
symmetric matrixd. Then, the quotienR(z) is maximized at any; -eigenvectorr = x; with
maximum value\;. R(x) is minimized at any,-eigenvector: = x;,, with minimum value\,,,

Proof. Let ) be a matrix whose columns are a set of orthonormal eigenveftars. . , z,, } of
A corresponding tdy, ..., A,, respectively. Writingz as a linear combination of columns of
Q: z = Qy, then sinceld” AQ = A we have

tTAz  (QTy)TAQTy)  yTAzx  My?+ -+ My

R(z) = = = =
@) ="y @QTy)"(QTy) Yy yi++un
Hence, ) )
vt
Moreover,R(z) = A; wheny; # 0andy; = 0, Vi > 1. This means = Qy is a\;-eigenvector.
The caseR(x) = A, case is proved similarly. O

An equivalent statement of the principle is as follows.

Corollary 2.22. Supposes; > Ay > --- > ), are the eigenvalues of a real symmetric matrix
A. Over all non-zero unit vectors € R*, 27 Az is maximized at a unik;-eigenvector, with
maximum valué\;, and minimized at a unit,-eigenvector, with minimum valug .

Rayleigh’s principle essentially states that

A1 = max R(z) and )\, = min R(z)

zeR™ zeR™
What about the rest of the eigenvalues ? Here is a simple answer, stated without proof. The proof
is simple enough.

Theorem 2.23. Suppose\; > A, > --- > A, are the eigenvalues of a Hermitian mattilx and

u1,- .., Uy, are the corresponding set of orthonormal eigenvectors. Then,
A = max Ra(x
k 0#£xcC™ A( )
LUt Up_1
A = min Ru(z
k 0#£zeC™ A( )

TLlupiy,..Un
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The theorem has a pitfall that sometime we don’t know the eigenvectors. The following gen-
eralization of Rayleigh’s principle, sometime referred to asnir@max and maximin principles
for eigenvaluesfill the hole by not requiring us to know that eigenvectors.

Theorem 2.24 (Courant-Fisher). Let V;. be the set of alk-dimensional subspaces @f. Let
A1 > Ay > --- > A, be the eigenvalues of a Hermitian matrdx Then,

Ar = max |minR(x)
Sev, | zes
70

= min |maxR(z)
SeVp_ky1 | ES
z#0

Note. It should be noted that the previous two theorems are often referred to earthgonal
characterizationof the eigenvalues.

Proof. LetU = [uy,uo,...,u,] be the unitary matrix with unit eigenvectous, . . . , u,, corre-
sponding to the eigenvalues, ..., \,. Let us first fixS € V}, and letS’ be the image o5
under the invertible linear transformation represented@byObviously,dim(S’) = k. We have
already known thaR(x) is bounded, so it is safe to say the following, with# 0,y # 0 being
implicit.

*A
inf R(z) = inf TAT
reS zeS x*x
* *A *
— it (U*x)*A(U*x)
zes (U*x)*(U*x)
. YAy
= inf
yes' y*y
*A
< f Yy AY
yes’ Yy
y1=--=yr—1=0
Myl 4+ Ayl
- . lyl nyn
= inf 5 5
yes’ yi+-ot+un
y1=-=yr—1=0
B . Mebp + -+ Anyp
= inf 5 5
y1="=Yyr—1=0
< A

The inequality in line 4 is justified by the fact that there is a non zero vecterS such that
y; = --- = yr_1 = 0. To get this vector, put basis vectors aof’ into the rows of & x n matrix
and do Gaussian elimination.

Now, S was chosen arbitrarily, so it is also true that

sup inf R(z) < A\
SeVy €S

Moreover, R(uy) = (U*ug)*A(U*ug) = exAep = M. Thus, the infimum and supremum
can be changed to minimum and maximum, and the inequality can be changed to equality. The
other equality can be proven similarly. O
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This theorem has a very important and beautiful corollary, calledhtteelacing of eigenval-
uesto be presented in the next section. Let us introduce a simple corollary.

Corollary 2.25. Let A € M, be Hermitian, letk be a given integer with < k < n, let
A1 > A > --- > )\, be the eigenvalues of, and letS; be a givenk-dimensional subspace of
C". The following hold

(a) If there exists; such thatR(z) < ¢; for all z € Sk, thency > \_k11 > -+ > Ay,

(b) If there existsy such thatR(z) > ¢ for all x € Sg, thenA; > -+ > A\ > co.

Proof. It is almost straightforward from the Courant-Fisher theorem that

1 > max R > M1 max R _—)\ —k+
¢ ()# I'JaéSk (x) dzm(S)fnf(nfk -+ )+ 0# rES (x) n-k

(b)
2 < min R(z) < max min R(z) =X
0£zES) dim(S)=k 0#x€S

2.2.4 Applications of the variational characterizations

Throughout the rest of this section, we ugg to denote the set of all x n matrices ovef (i.e.
M, = (C"Z). The first application of the variational characterization is a theorem by Weyl.

Theorem 2.26 (Weyl, year?).Let A, B € M,, be Hermitian and the eigenvalueg A), \;(B),
and)\;(A+ B) be arranged in decreasing order, i.&(X) > --- > A\, (X),for X = A, B, A+
B. Foreachk =1,2,...,n we have

Me(A) + AL(B) > Me(A + B) > A(A) + An(B)

Proof. By noticing that\; (B) > Rp(z) > \,(B), for all z € C*, we have

A+ B
M(A+ B) = max min 2x(A+ B)z
SeVy, 0£x€S T *xT

= max min (Ra(z) + Rp(z))

> ' B
> ?ea‘v’;o%?s(RA(xHA"( )

= M(4) + A(B)

The other direction is proven similarly. O

Notice that if B is positive semidefinite, thei (B) > 0. We have the following trivial
corollary, called thanonotonicity theorersince it says that the eigenvalues keep increasing as
positive semidefinite matrices are added.
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Corollary 2.27 (Monotonicity Theorem). Supposed and B are Hermitian withB being posi-
tive semidefinite, and the eigenvaluesiadind A + B sorted in decreasing order, then

Me(A) < M(A+ B)

Theorem 2.28 (Interlacing of eigenvalues).Let A be a Hermitian matrix with eigenvalues
A1 > Ao > -+ > )\,. Let B be the matrix obtained from by removing rowi and columni, for
any: € [n]. Suppose3 has eigenvalueg, > --- > 0,,_1, then

M2 2> 2>0>-->0, 1>\,

Note. A proof of this theorem using Spectral Decomposition Theorem can also be given, but it
is not very instructive.

Proof. We can safely assume thiat n for the ease of presentation. We would like to show that
asl <k <n—1, >0 > M\py1. Letz = [yT2,]T € C* wherey € C*~!. Note that if
zn, = 0 thenz* Az = y* By. We first use the maximin form of Courant-Fisher theorem to write

. Az
A = max min
SCC* 0#zcS z*x
dim(S)=k
. 1Az
> max min

SC{en}t 0£2€S T*T
dim(S)=k

. oAz
= max min
SC{en}t 0£z€S T*T
dim(S)=k Tn=0

. y*By
= max min
scCrl 0£yes y*y
dim(S)=k

= 0

Now, we use the minimax form of the theorem to obtain; < 6.

. x* Ax
Akl = min max
sccr 0£x€S x*T
dim(S)=n—(k+1)+1

. z* Az
min max
SC{en}t O#zeS ¥
dim(S)=n—k

IA

. ¥ Az
= min max
SC{en}t 0O#zeS x*x
dim(S)=n—k Tn=0

. y*By
= min maXx
scert 0£yesS y*y
dim(S)=(n—1)—k+1

= O
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2.2.5 Sylvester’s law of inertia

Material in this section follows closely that in the boMatrix Analysisby Horn and Johnson
[57].

Definition 2.29. Let A, B € M,, be given. If there exists a non-singular matéhsuch that
e B = SAS* thenB is said to bex-congruent taA.

e B =SAST thenB is said to bel-congruent taA.

Note. These two notion of congruence must be closely related; they are the s&hie af real
matrix. When it is not important to distinguish between the two, we use the dengruence
without a prefix. SinceS was required to be non-singular, congruent matrices have the same
rank. Also note that, ifd is Hermitian then so i$ AS*; if A is symmetric, ther§AS” is also
symmetric.

Proposition 2.30. Bothx-congruence and’-congruence are equivalent relations.

Proof. It is easy to verify that the relations are reflexive, symmetric and transitive. Only need to
notice thatS is non-singular. O

The setM,,, therefore, is partitioned into equivalence classes by congruence. As an abstract
problem, we may seek a canonical representative of each equivalence class under each type of
congruenceSylvester’s law of inertigives us the affirmative answer for thecongruence case,
and thus also gives the answer for the set of real symmetric matrices.

Definition 2.31. Let A € M,, be a Hermitian matrix. Thiamertia of A is the ordered triple
i(A) = (i (4),i-(4),10(A4))

wherei (A) is the number of positive eigenvaluesfi_(A) is the number of negative eigen-
values ofA, andiy(A) is the number of zero eigenvalues 4f all counting multiplicity. The
signatureof A is the quantityi; (4) —i_(A).

Note. Sincerank(A) = i+ (A) +i_(A), the signature and the rank dfuniquely identify the
inertia of A.

Theorem 2.32 (Sylvester's law of inertia).Let A, B € M, be Hermitian matricesA and B
are x-congruent if and only ifA and B have the same inertia.

Proof. (=-). Firstly, for any Hermitian matrixC' € M, C can be diagonalized by a unitary
matrix U, i.e. C = UAU*, with A being diagonal containing all eigenvalues@f By multi-
plying U with a permutation matrix, we can safely assume that down the main diagonal of

all positive eigenvalues go firsky, ..., A;, , then the negativesy;, ,1,..., A, +;_, and the rest
are0'’s. Thus, if we setD = diag(\/|A1],--- /| Aip+i_],0,...,0), then

" -

1
-1
A=D D =DIsD
-1
0
L 0_
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with the entries not shown beirty I is called theinertia matrix of C. Consequently, letting
S =UD (S is clearly non-singular) we get

C = UAU* = UDI-DU* = SIcS* (2.2)

Hence, ifA and B have the same inertia, then they could be written in the form (2.2) with
possibly a differentS for each, butfy = I'z. Sincex-congruence is transitive4 is x-congruent
to B as they are both congruent ig.

(<). Now, assumed = SBS* for some non-singular matri§. A and B have the same
rank, soig(A) = io(B). We are left to show that, (4) = i, (B). For convenience, let
a =i(A) andb = i (B). Letuy,...,u, be the orthonormal eigenvectors for the positive
eigenvalues ofd, so thatdim(Span{uw,...,us}) = a. If z = crus + - - - + cquq, thenz* Az =
Aler)? + -+ + Aalea|? > 0. But then

x*Ax = 2*SBS*z = (S*z)*B(S*z) > 0

soy*By > 0 for all vectory in Span{S*u4,...,S*us}, which also has dimensioa. By
Corollary 2.25) > a. A similar argument shows that> b, which completes the proof. O

Corollary 2.33. Givenz € R, if 7 Az can be written as the sum of products involving two
linear factors, that is

m

' Az = Z(Z bi,k%’)(z Cj k)

k=1 €Sy JETY,

Further assume thatt hasp positive eigenvalues angpositive eigenvalues (counting multiplic-
ities), thenm > max(p, q).

Proof. | have not been able to see why this corollary follows from Sylvester’s law yet. A proof
of the corollary can be given, but that’s not the point. O
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