Green's Functions using the Smythe Method	META		PhL		6.24.10

This HUGE 52 page doc is a grab-bag of many important items. It was written while I was doing my main Smythe readings circa Jan 3, 2010. My meta notes here are 12 pages, so 4:1 compression. While writing here, I added some stuff to the raw doc. 
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[bookmark: _Toc265320728][bookmark: _Toc265412667][bookmark: _Toc279250555][bookmark: _Toc279252915]0. Overview Summary (1 page, updated 12.4.10) 

I was reading Smythe's 3D potential theory stuff and took notes here. In doing so, I learned very important ideas, one being that of using a Smythian Form for Green's, Neumann and Dirichlet problems, and the other being the neat little pillbox condition used when computing Green's Functions. 
	In Section 1 I compare the pillbox condition in 3D to the string jump condition in 1D. 
	Section 2 contains notes on Smythe's first example: doing the Green's Function for a cone, which presents some novel features in terms of the θ SL problem. We work here in sphericals. 
	In Section 2a we add a ceiling and floor to this cone and get the Green's Function for a conical box. 	In Section 3 I (solo) compute the Green's function for a sphere using this method, and I show (using two 1/R expansions) that my result matches the usual image method result. 
	In Section 4 I comment that Stakgold used, but did not really emphasize, the Smythian Form Method for computing Green's Functions. His famous list does not include it. 
	In Section 5 I comment that his method can be applied in any coordinate system. Since Smythe is next going to do some examples in oblate spheroidal coordinates, I go off in Section 6 and review these coordinates a bit. 
	In Section 7 Smythe does the Neumann problem for an oblate spheroid. Soup to nuts. A special case of this is the expansion of 1/R in oblate coordinates which I do in Appendix D.
	In Section 8 I (solo) do the Dirichlet problem for an oblate spheroid. A special case is V = constant on a metal spheroid, and in Section 9 I present all the metal spheroid results of this great case including capacitance. I then examine a special case of this special case which is the metal disk, and I state all those results. 
	The last four sections are all "comments": 
	In Section 10 I just comment on how you might do a Smythian Form in ellipsoidal coordinates. 
	Section 11 is a somewhat obscure PhL comment about how dV does not factor in general, so 3D orthogonality is in general not the simple product of three 1D orthogonalities.	
	Section 12 comments on the fact that there must be some group theory method to understand the analog of 2 = r2  + (1/r2) L2θ,φ in oblate coordinates. I have a pdf on this subject in fact. 
	Section 13 wonders what the analog for Jn+1/2(β(n+1/2)k r) might be in the 3D eigenfunctions of an oblate spheroid, and notes how we don't need to know the answer to do certain oblate problems. [ I added a note 12.4.10 since Moon and Spencer answer this question. Legendre Wave Functions are involved in two of the three coordinates, see below. ] 
	The first three Appendices A,B,C are details of doing orthogonality in oblate coordinates and using the special way Smythe presents his φ dependence in his forms, namely, as cos[n(φ-φm)] . 
	Appendix D treats the special case of Section 7 above to get a 1/R expansion in oblates. 
	Appendix E shows that Qnm(jx) Pnm(jy) is imaginary for integer m and n  (and real x and y). This then relieves the observer of the 1/R expansion which has an overall factor of j. 
	

[bookmark: _Toc250366559][bookmark: _Toc250366599][bookmark: _Toc250366697][bookmark: _Toc250649685][bookmark: _Toc250649918][bookmark: _Toc250699679][bookmark: _Toc250707167][bookmark: _Toc250708151][bookmark: _Toc250712111][bookmark: _Toc250880447][bookmark: _Toc265143756][bookmark: _Toc265320729][bookmark: _Toc265412668][bookmark: _Toc279250556][bookmark: _Toc279252916]1. Introduction.

Here I show that the 1D string Green's "pillbox condition" can be written ∂xV(ξ+ε) – ∂xV(ξ-ε)  =  - 1, and that we will generalizing this to 3D in this doc. A typical form is ∂rVi- ∂rVe  =  (1/εa2) δ(z-zβ)δ(φ-φβ), but the exact form depends on your coordinate system and coordinate. (It is just Gauss's Law) 

[bookmark: _Toc250366560][bookmark: _Toc250366600][bookmark: _Toc250366698][bookmark: _Toc250649686][bookmark: _Toc250649919][bookmark: _Toc250699680][bookmark: _Toc250707168][bookmark: _Toc250708152][bookmark: _Toc250712112][bookmark: _Toc250880448][bookmark: _Toc265320730][bookmark: _Toc265412669][bookmark: _Toc279250557][bookmark: _Toc279252917]2. Smythe Green's Function for a Cone. 

[bookmark: _Toc250366561][bookmark: _Toc250366601][bookmark: _Toc250366699][bookmark: _Toc250649687][bookmark: _Toc250649920][bookmark: _Toc250699681][bookmark: _Toc250707169][bookmark: _Toc250708153][bookmark: _Toc250712113][bookmark: _Toc250880449][bookmark: _Toc265320731][bookmark: _Toc265412670][bookmark: _Toc279250558][bookmark: _Toc279252918](a) Setting things up to match the BC's  

Here I accept his Smythian Form (see below), and explain (in an aside) why negative m values are not needed. The n quantization condition for the cone is Pnm(cosα) = 0 and for m = 3 and cosα = 0.7 I plot Pnm(cosα) = f(n) versus n and show that indeed, there are an infinite number of zeros. I then quote Bateman's large-n formula for P and write a large-n formula for these zeros which is this  (step Nodd through large odd integers and solve for n. Of course the n values won't be integers. )

	[ (n+1/2)θ - π/4 + mπ/2 ]  = Nodd (π/2)

[bookmark: _Toc250366562][bookmark: _Toc250366602][bookmark: _Toc250366700][bookmark: _Toc250649688][bookmark: _Toc250649921][bookmark: _Toc250699682][bookmark: _Toc250707170][bookmark: _Toc250708154][bookmark: _Toc250712114][bookmark: _Toc250880450][bookmark: _Toc265320732][bookmark: _Toc265412671][bookmark: _Toc279250559][bookmark: _Toc279252919](b) Understanding things as distributions. 

This is my first crude attempt to derive "the pillbox condition" noted above. It is done much better in a later document (see XXXXX) but the result I get here is correct and I already quoted it in the intro above. Smythe avoided using δ functions and has lots of words about regions being small. 

[bookmark: _Toc250366563][bookmark: _Toc250366603][bookmark: _Toc250366701][bookmark: _Toc250649689][bookmark: _Toc250649922][bookmark: _Toc250699683][bookmark: _Toc250707171][bookmark: _Toc250708155][bookmark: _Toc250712115][bookmark: _Toc250880451][bookmark: _Toc265320733][bookmark: _Toc265412672][bookmark: _Toc279250560][bookmark: _Toc279252920](c) The eigenfunctions of the θ ODE BV problem on (0,α) are complete and orthogonal. 

In order to pick off our Smythian form coefficients, we need P orthogonality for our strange values of n, and this is of course part of the SL problem in θ. I show that only the positive part of the n spectrum should be kept. The orthogonality and completeness is this: (z = cosθ) 

	!Syntax Error, Idθ sinθ Pnm(cosθ) Pn'm(cosθ)  =  Knm(α)  δn,n'				// orthogonality

		where  Knm(α) =  - sin2α /(2n +1)  *  ∂zPnm(cosα) ∂nPnm(cosα) 

	Σn Pnm(z') Pnm(z)/ Knm(α)    =  δ(z'-z)						// completeness

I comment that every self-adjoint L and interval (a,b) will have an orthog set of eigenfunctions, and that you won't find all possible such functions in any book, and I was unable to find the above anywhere else. 

[bookmark: _Toc250366564][bookmark: _Toc250366604][bookmark: _Toc250366702][bookmark: _Toc250649690][bookmark: _Toc250649923][bookmark: _Toc250699684][bookmark: _Toc250707172][bookmark: _Toc250708156][bookmark: _Toc250712116][bookmark: _Toc250880452][bookmark: _Toc265320734][bookmark: _Toc265412673][bookmark: _Toc279250561][bookmark: _Toc279252921](d) Computation of the Amn coefficients. 

Here I use orthogonality in φ and θ to "pick off" the coefficients in the Smythian Form. Here is that Form and those coefficients. The Green's point charge is located at (a,β,φ=0), cone angle is α :  (β < α) 

	r<a		Vi = Σm=0∞ Σn Amn (r/a)n      Pnm(z) cos(mφ)
	r<a		Ve = Σm=0∞ Σn Amn (r/a)-n-1 Pnm(z) cos(mφ)

	Amn = – (2-δm,0) (2πεa)-1 Pnm(cosβ) { sin2α  ∂zPnm(cosα) ∂nPnm(cosα)}-1

This was my first real exposure to using the Smythian Form Method in 3D. 

[bookmark: _Toc250366565][bookmark: _Toc250366605][bookmark: _Toc250366703][bookmark: _Toc250649691][bookmark: _Toc250649924][bookmark: _Toc250699685][bookmark: _Toc250707173][bookmark: _Toc250708157][bookmark: _Toc250712117][bookmark: _Toc250880453][bookmark: _Toc265320735][bookmark: _Toc265412674][bookmark: _Toc279250562][bookmark: _Toc279252922](e) Comments on Smythe's Method. 

I summarize his excellent method. We are now at page 11 in the raw doc. 

[bookmark: _Toc250366566][bookmark: _Toc250366606][bookmark: _Toc250366704][bookmark: _Toc250649692][bookmark: _Toc250649925][bookmark: _Toc250699686][bookmark: _Toc250707174][bookmark: _Toc250708158][bookmark: _Toc250712118][bookmark: _Toc250880454][bookmark: _Toc265320736][bookmark: _Toc265412675][bookmark: _Toc279250563][bookmark: _Toc279252923]2a. Adding two walls to make a conical box. 

This is another Smythe example which I went through in full detail. You have a Form, there are 5 coefficients, and you find them. All we are doing is adding a spherically shaped ceiling (r = d) and floor (r=c) to our conical region, and we put our same Green's charge (a,β,0) inside this conical box. Here is the Smythian form:  

	r<a		Vi = Σm=0∞ Σn Amn [ Cn(r/a)n + Dn (r/a)-n-1 ] Pnm(z) cos(mφ) 		c
	r>a		Ve = Σm=0∞ Σn Amn [ C'n(r/a)n + D'n (r/a)-n-1] Pnm(z) cos(mφ)		d

We have 3 conditions on our 5 coefficients, 

	Cn(c/a)n + Dn (c/a)-n-1  = 0			V= 0 on floor
	Cn'(d/a)n + Dn' (d/a)-n-1  = 0		V = 0 on ceiling
	Cn  + Dn  = Cn'  + Dn'			V continuous at r = a

This is 3 conditions on 4 unknowns. Following the lead of Smythe, we make an arbitrary scale choice and obtain these solutions for the 4 unknowns.  (ie, these solve the 3 equations above) 

	Cn    =   (a2n+1 - d2n+1) / (c2n+1 - d2n+1)
	C'n   =   (a2n+1 - c2n+1)  /  (c2n+1 - d2n+1)
	Dn     =  (–c2n+1) (1 - (d/a)2n+1) / (c2n+1 - d2n+1)
	D'n    =  (–d2n+1) (1 - (c/a)2n+1)  /  (c2n+1 - d2n+1)

The Amn coefficient still remains. I solve for this using the usual pillbox method and find this result

	Amn = – (2-δm,0) (2πεa)-1 Pnm(cosβ)/  { sin2α  ∂zPnm(cosα) ∂nPnm(cosα)}-1	* (2n+1)/ [n+(n+1) En]
	
		where - En  = Dn - Dn'  = (  (c/a)2n+1 – (d/a)2n+1  ) /  (1 - (d/c) 2n+1)  

I then comment briefly on how things would change if you added side walls so the box becomes shaped a little like a central chunk of an orange slice. 

[bookmark: _Toc250366568][bookmark: _Toc250366608][bookmark: _Toc250366706][bookmark: _Toc250649694][bookmark: _Toc250649927][bookmark: _Toc250699688][bookmark: _Toc250707176][bookmark: _Toc250708160][bookmark: _Toc250712120][bookmark: _Toc250880456][bookmark: _Toc265143765][bookmark: _Toc265320737][bookmark: _Toc265412676][bookmark: _Toc279250564][bookmark: _Toc279252924]3. Green's Function for a Sphere using this Smythe Method. 

I am sailing on my own in this section, just  trying out my new Smythian toy. I basically take the limit of the previous conical box problem where c → 0  (no floor) and α → π (cone is entire sphere), to get a sphere or radius d. This might leave a tiny radial fiber of V = 0 at the south pole, but I don't think so, maybe in 3D that thread does not have enough "measure". Using the same Form as above, I have the same C and D equations now setting c = 0. But then to get Amn I use the conventional P orthogonality, and my final result is this: (Green's charge (a,β,φ=0) )

	r<a		Vi = Σm=0∞ Σn=m∞ Amn [1  - (a/d)2n+1] (r/a)n Pnm(z) cos(mφ) 	
	r>a		Ve = Σm=0∞ Σn=m∞ Amn [    - (a/d)2n+1 (r/a)n +  (r/a)-n-1] Pnm(z) cos(mφ)

	Amn   =  (2-δm,0) /[4π εa] Pnm(cosβ) (n–m)! / (n+m)!   =  εm/[4π εa] Pnm(cosβ) f(n,-m)

I show in the raw notes (in a note added today) that this result does in fact agree exactly with Vgreen's + Vimage, and to show this I got to use my recently derived 1/R expansions in spherical coordinates. 

[bookmark: _Toc250366569][bookmark: _Toc250366609][bookmark: _Toc250366707][bookmark: _Toc250649695][bookmark: _Toc250649928][bookmark: _Toc250699689][bookmark: _Toc250707177][bookmark: _Toc250708161][bookmark: _Toc250712121][bookmark: _Toc250880457][bookmark: _Toc265143766][bookmark: _Toc265320738][bookmark: _Toc265412677][bookmark: _Toc279250565][bookmark: _Toc279252925]4. How does Smythe compare to Stak's list of ways to compute Green's Functions? 

Here I give Stak's list of ways and that list does not include what I called way #6 which is the Smythian Form Method. This method is of course implied by Stak, he just doesn't explicitly put it in his list. He uses the Smythian Form method in very many examples! I then have a little comment that the spherical Green's function shown above can be written as a triple sum using eigenfunctions of the sphere. I think the exact triple sum formula is this

		V(r,θ,φ| a,β,0) = (1/) Σlm  Σk  jl(klmr)Ylm(θ,φ) jl(klma)Ylm(β,0)/λlmk		λlmk = klm2  

This is an example of a Green's function full eigenfunction expansion, g(x|ξ)  = Σn φλn(x)λn(ξ) / λn. 

[bookmark: _Toc250366585][bookmark: _Toc250366610][bookmark: _Toc250366708][bookmark: _Toc250649696][bookmark: _Toc250649929][bookmark: _Toc250699690][bookmark: _Toc250707178][bookmark: _Toc250708162][bookmark: _Toc250712122][bookmark: _Toc250880458][bookmark: _Toc265143767][bookmark: _Toc265320739][bookmark: _Toc265412678][bookmark: _Toc279250566][bookmark: _Toc279252926]5. Smythe Method for other orthogonal coordinate systems. 

[ verbatim] I can see it will work just fine. They key idea will be to "shape" the point charge in a manner which matches the coordinate system, and then come up with some appropriate form for the jump condition which will have delta functions. Something will then replace ∂rVi- ∂rVe  =  (1/εa2) δ(z-zβ)δ(φ-φβ). Then if we can find orthogonal functions, we can carry things through. 

[bookmark: _Toc250649930][bookmark: _Toc250699691][bookmark: _Toc250707179][bookmark: _Toc250708163][bookmark: _Toc250712123][bookmark: _Toc250880459][bookmark: _Toc265143768][bookmark: _Toc265320740][bookmark: _Toc265412679][bookmark: _Toc279250567][bookmark: _Toc279252927]6. Review of Smythe Oblate Spheroidal Coordinates Work (Previously Read)

In (a) I review the form of the "oblate spheroidal atoms" in ξ,ζ,φ coordinates. In (b) I note that I used such an atomic Smythe form to solve for hole in plate with distant E field (I did this not the way Smythe did), and I quote the result. I then note that I went on to solve the charged iris problem in a similar fashion, and I show plots of both. I think I added this section just to get back "into" the oblate coordinates, because Smythe proceeds in them in his text. 

[bookmark: _Toc250649931][bookmark: _Toc250699692][bookmark: _Toc250707180][bookmark: _Toc250708164][bookmark: _Toc250712124][bookmark: _Toc250880460][bookmark: _Toc265143769][bookmark: _Toc265320741][bookmark: _Toc265412680][bookmark: _Toc279250568][bookmark: _Toc279252928]7. Smythe Oblate Spheroidal Neumann Problem   [ 165 ] 

We are given some σ(ξ,ζo,φ) on a spheroid ζo and we are supposed to find the potential inside and outside. This is "the Neumann problem", it is NOT a Green's Function problem. Doing this problem consumes about 11 pages of the raw notes!

[bookmark: _Toc250699693][bookmark: _Toc250707181][bookmark: _Toc250708165][bookmark: _Toc250712125][bookmark: _Toc250880461][bookmark: _Toc265143770][bookmark: _Toc265320742][bookmark: _Toc265412681][bookmark: _Toc279250569][bookmark: _Toc279252929](a) Setting up the problem. 

 Using Smythe only for verification, I write my own Smythian form for this problem: 

	Vi(ζ,ξ,φ)  = (j /ε) Σn,m (-1)m Cn,m f(n,-m) (1+ζ02) Qnm(jζ0) Pnm(jζ) Pnm(ξ) cos(m[φ-φm])
	Vo(ζ,ξ,φ)  = (j /ε) Σn,m (-1)m Cn,m f(n,-m) (1+ζ02) Pnm(jζ0) Qnm(jζ) Pnm(ξ) cos(m[φ-φm])

and I note that 

	= –∂nVo + ∂nVi = Eo - Ei = σ(ζ0,ξ,φ)/ε		ε = 4π for Jackson     n = normal

So this is going to replace the "pillbox condition" we have in a Green's Function problem. Instead of having a point charge somewhere, we have charge on a whole surface. Smythe has allowed for an arbitrary mix of sin and cos φ functions in each m wave, this is the purpose of the constants φm. We don't know in this problem that things are even in φ. 

[bookmark: _Toc250699694][bookmark: _Toc250707182][bookmark: _Toc250708166][bookmark: _Toc250712126][bookmark: _Toc250880462][bookmark: _Toc265143771][bookmark: _Toc265320743][bookmark: _Toc265412682][bookmark: _Toc279250570][bookmark: _Toc279252930](b) Review of the scale factors for oblates. (comparing Smythe and MF)

The main point result of interest here is 

	dn = ds = h2SMY dζ	= h2dζ	     so	∂n = 1/h2 ∂ζ		h2 = c1 / 

where c1 is the focal distance of our spheroid, so we know now how to do ∂nVo etc above. I also compare the Smythe and MF notations, (η,ξ)MF  = (ξ,ζ)Smythe, so not very pleasant! In any event, we now have

	∂ζVi – ∂ζVo  = h2σ(ζ0,ξ,φ)/ε		(*)

so our task is to compute the LHS. 

[bookmark: _Toc250699695][bookmark: _Toc250707183][bookmark: _Toc250708167][bookmark: _Toc250712127][bookmark: _Toc250880463][bookmark: _Toc265143772][bookmark: _Toc265320744][bookmark: _Toc265412683][bookmark: _Toc279250571][bookmark: _Toc279252931](c) Condition at the surface where the charge is

Here I compute the LHS OF (*) and find that a Wronskian appears. Perhaps this is the first place I ever saw this happen, but now I know it happens all the time. We find that

∂ζVi – ∂ζVo  =  (j /ε) Σn,m (-1)m Cn,m f(n,-m)(1+ζ02) Pnm(ξ) cos(m[φ-φm]) (-j) W[ Pnm(jζ0), Qnm(jζ0)] 

[bookmark: _Toc250699696][bookmark: _Toc250707184][bookmark: _Toc250708168][bookmark: _Toc250712128][bookmark: _Toc250880464][bookmark: _Toc265143773][bookmark: _Toc265320745][bookmark: _Toc265412684][bookmark: _Toc279250572][bookmark: _Toc279252932](d) Digression on the Wronskian. 

We are talking off-the-cut P and Q functions here, and I convert Bateman's Wronskian to a simpler form which is this: 

	W[ Pnm(z), Qnm(z)] = (-1)m f(n,m) /(1-z2)	

In this digression I notice that MF do a very bad job on the P and Q function stuff because they are enthralled with their T functions which no one else uses. 

[bookmark: _Toc250699697][bookmark: _Toc250707185][bookmark: _Toc250708169][bookmark: _Toc250712129][bookmark: _Toc250880465][bookmark: _Toc265143774][bookmark: _Toc265320746][bookmark: _Toc265412685][bookmark: _Toc279250573][bookmark: _Toc279252933](e) Resuming now that we have the right Wronskian. 

I install the Wronskian into the ∂ζVi – ∂ζVo RHS and things then simplify a lot and we end up with

	h2(ζo,ξ) σ(ζ0,ξ,φ)/ε  =  (1/ε) Σn,m Cn,m  Pnm(ξ) cos(m[φ-φm])

We can then get the Cn,m coefficients using double orthogonality. I leave the details to Appendix C and just quote the result which is this

		Cn,m = (2n+1) (2-δm,0) /4π * f(n,-m) * ∫dξ  Pnm(ξ) ∫dφ cos(m[φ-φm]) h2(ζo,ξ) σ(ζ0,ξ,φ)

and after a small fiddle (1+ζ2) c1 h2  = h1h3 I show that this agrees with Smythe's result. To have a complete solution, you must know the φm constants, and in Appendix A I show that you find these by doing sin(mφ) and cos(mφ) integrals of σ(ζ0,ξ,φ), you "scan" the function to see, a separate little problem. In particular, if σ is even, you find that φm = 0 for all m. 

[bookmark: _Toc250699698][bookmark: _Toc250707186][bookmark: _Toc250708170][bookmark: _Toc250712130][bookmark: _Toc250880466][bookmark: _Toc265143775][bookmark: _Toc265320747][bookmark: _Toc265412686][bookmark: _Toc279250574][bookmark: _Toc279252934](f) Comments on the mysterious σn

Smythe uses weird notation which is why I rolled my own solution. One could say σ(ζo,ξ,φ)   =  Σn,m σnm(ξ,φ), but Smythe refers to σnm(ξ,φ) as just σn(ξ,φ) which is very confusing. 

[bookmark: _Toc250699699][bookmark: _Toc250707187][bookmark: _Toc250708171][bookmark: _Toc250712131][bookmark: _Toc250880467][bookmark: _Toc265143776][bookmark: _Toc265320748][bookmark: _Toc265412687][bookmark: _Toc279250575][bookmark: _Toc279252935](g) The M and N constants	

Smythe wants to write the solution to this problem in this way
	
That is fine, and we find that

	Mmn  =  (j /ε) (-1)m Cn,m  f(n,-m) (1+ζ02) Qnm(jζ0)			Mmn/ Nmn  =  Qnm(jζ0)/ Pnm(jζ0)
	Nmn  =  (j /ε) (-1)m Cn,m  f(n,-m) (1+ζ02)  Pnm(jζ0)

and my stuff agrees with his. So there is the solution to this pretty tough problem. 

[bookmark: _Toc250707188][bookmark: _Toc250708172][bookmark: _Toc250712132][bookmark: _Toc250880468][bookmark: _Toc265143777][bookmark: _Toc265320749][bookmark: _Toc265412688][bookmark: _Toc279250576][bookmark: _Toc279252936](h) Shape of the spheroid. 

The main point here is that we can relate the oblate coordinates ξ,ζ to cylindrical coordinates this way: 

	z = c1ζξ
	ρ2 = c12(1+ζ2)(1-ξ2)

but you have to be careful how you define ranges of parameters, it is done various ways. 

[bookmark: _Toc250708173][bookmark: _Toc250712133][bookmark: _Toc250880469][bookmark: _Toc265143778][bookmark: _Toc265320750][bookmark: _Toc265412689][bookmark: _Toc279250577][bookmark: _Toc279252937](i) Why do you only use Pnm(jζ) inside the spheroid?  Why not Qnm(jζ) as well?

The answer is NOT that Q blows up at the origin, but rather that the Smythian form forces this to be the case if you want continuity on the spheroid boundary. On the outside you DO need Q and not P, so the matching condition forces your hand for the inside. 

[bookmark: _Toc250712134][bookmark: _Toc250880470][bookmark: _Toc265143779][bookmark: _Toc265320751][bookmark: _Toc265412690][bookmark: _Toc279250578][bookmark: _Toc279252938]8. Smythe Oblate Spheroidal Dirichlet Problem 

Since we just did the Neumann problem for a spheroid, it seems a good thing to attempt the Dirichlet problem for a spheroid. This is done in fashion very similar to the above, but things are simpler because we don't have any ∂ζVi – ∂ζVo type derivatives to worry about. We just set in a Smythian form and then make it match the boundary prescribed by f(ξ,φ) and use Appendix C again to invert. The form is this

	Vi(ζ,ξ,φ)  = (j /ε) Σn,m (-1)m Dn,m f(n,-m) (1+ζ02) Qnm(jζ0) Pnm(jζ) Pnm(ξ) cos(m[φ-φm])
	Vo(ζ,ξ,φ)  = (j /ε) Σn,m (-1)m Dn,m f(n,-m) (1+ζ02) Pnm(jζ0) Qnm(jζ) Pnm(ξ) cos(m[φ-φm])

and the coefficients are these

Dn,m =  (ε/j)(2-δm,0) (1+ζ02)-1 [Pnm(jζ0) Qnm(jζo)]-1 (2n+1)/4π  * ∫dξ∫dφ f(ξ,φ) Pnm(ξ) cos(m[φ-φm])
	
with the same rule for finding the φm as noted earlier. I point out that the result is independent of c1. 

[bookmark: _Toc250880471][bookmark: _Toc265143780][bookmark: _Toc265320752][bookmark: _Toc265412691][bookmark: _Toc279250579][bookmark: _Toc279252939]9. Application:  Potential of conducting spheroid of potential V0. 

So this is a big payoff. We set f(ξ,φ) = V0 in the above to get the potential of a metal spheroid, both inside and out. We find quickly that

	Dn,m = δn,0 δm,0 V0 (ε/j)(1+ζ02)-1/Q0(jζo)

and we get then these results: 

	Vi(ζ,ξ,φ)  =  V0 Q0 (jζ0) P0(jζ) P0(ξ)/ Q0(jζo)    = V0
	Vo(ζ,ξ,φ)  = V0 P0 (jζ0) Q0(jζ) P0(ξ)/ Q0(jζo)  =   V0Q0(jζ)/Q0(jζo)

The inside solution is obvious and checks our result. The outside solution is our very famous result which later let's us solve the charged metal disk. Since Q0(jζ) = -j cot-1(ζ), we have this nice result: 

	Vmetal spheroid (ζ,ξ,φ)  = V0 cot-1(ζ)/ cot-1(ζ0)

I then express this in cylindrical coordinates (z = symmetry axis) in this way

	ζ(ρ,z) =  / (c1)		r2 = ρ2 + z2 

and of course ζ0 is the label for our spheroid. 

[bookmark: _Toc250880472][bookmark: _Toc265143781][bookmark: _Toc265320753][bookmark: _Toc265412692][bookmark: _Toc279250580][bookmark: _Toc279252940](a) Capacitance.

Since ζ → r/c1 when large (just stare at the above), and since cot-1(x) = 1/x for large x, we find  V → V0(c1/r)/ cot-1(ζ0)  = Q/r,  so C = Q/V0 and we get

	C = V0(c1)/ cot-1(ζ0) * 1/V0 = c1/ cot-1(ζ0)			// Jackson notation

Again, for large ζ0 we have cot-1(ζ0) → 1/ζ0 = c1/r0  so C → r0, the known result for a sphere. 	

[bookmark: _Toc250880473][bookmark: _Toc265143782][bookmark: _Toc265320754][bookmark: _Toc265412693][bookmark: _Toc279250581][bookmark: _Toc279252941](b) Other forms of the solution

If A0 is the semi-major axis of the ellipsoid ζ0 and A for ζ, then an alternate form is 

	Vmetal spheroid (A)  = V0 sin-1(c1/A) / sin-1(c1/A0)

[bookmark: _Toc250880474][bookmark: _Toc265143783][bookmark: _Toc265320755][bookmark: _Toc265412694][bookmark: _Toc279250582][bookmark: _Toc279252942](c) Circular plate limit.

This means ζ0 = 0 and we know cot-1(0)  = π/2. We then get  (Jackson notation)

	Vmetal spheroid (ζ,ξ,φ)  = V0 (2/π) cot-1(ζ)			C = (2/π)c1

So as you vary ζ0, the shape of the spheroid varies from disk to sphere, and C from (2/π)c1 to c1. 

[verbatim] I see that I solved these last two problems in " 2 Oblate Spheroidal Coordinates and the Metal Disk Problem.doc". I went on there to compute the electric field and surface charge density and to get the latter into the nice "Kelvin form" . I won't repeat all that here.  Notice that (ζ,ξ)Smythe  = (ξ,η)MF which is an unfortunate fact -- ξ having reverse meaning in the two systems!  In each case, the first is "radial". 

[bookmark: _Toc250880475][bookmark: _Toc265143784][bookmark: _Toc265320756][bookmark: _Toc265412695][bookmark: _Toc279250583][bookmark: _Toc279252943]10. Application Comparison:  Potential of conducting ellipsoid of potential V0. 

I show here that if we take our general potential result (which I derive elsewhere) for a metal ellipsoid and take the oblate limit, that potential becomes the oblate form shown in (b) above. I then comment on how you might apply the entire Smythian form method to problems in general ellipsoidal coordinates. Byerly provides some interesting hints as to what the double orthogonality statement might be in that case, but I did not pursue it. Remember that it's all Lamé functions in this case and a Smythian form would look like this: 

Σm.p[ Amp Emp(ξ1)  +  Bmp Fmp(ξ1)] [ A'mp Emp(ξ2)  +  B'mp Fmp(ξ2)] [ A''mp Emp(ξ3)  +  B''mp Fmp(ξ3)]

[bookmark: _Toc250707189][bookmark: _Toc250708174][bookmark: _Toc250712135][bookmark: _Toc250880477][bookmark: _Toc265143786][bookmark: _Toc265320757][bookmark: _Toc265412696][bookmark: _Toc279250584][bookmark: _Toc279252944]11. Comment on the non-factorization of the 3D volume element, and on orthogonality. 

Best to consider at once an example. For oblates we know that 

		"dx"  = dV  = h1h2h3 dξ dζ dφ  =  c13 (ξ2 + ζ2) dξ dζ dφ   = dx dy dz

and this volume element does not "factor" in the sense that dV = f(ξ)g(ζ)h(φ) dξ dζ dφ, although we do get such factorization in spherical and cylindrical coordinates. I claim that, although Stakgold does not say much about it explicitly, we know that the eigenfunctions of some PDE self-adjoint operator L will be orthogonal, so in some general system that would be stated this way, where u are eigenfunctions: 

	∫ h1h2h3 dζ dξ dφ um,n,k (ζ, ξ,φ) um',n',k'(ζ, ξ,φ)   =  δm,m' δn,n' δk,k'

My rather vague "comment" being made in this section is this:  (1) we could imagine some kind of SL problem in each of the three coordinates, with implied eigenfunctions and orthogonality in each variable; (2) we could imagine our 3D eigenfunctions shown above factor so that

	um,n,k (ζ, ξ,φ) = am,n,k (ζ)bm,n,k (ξ)cm,n,k (φ)

where a, b and c are eigenfunctions found in item (1);  (3) Even in this case, because the volume element does not "factor", we cannot say that the 3D orthogonality is the simple product of the three 1D orthogonalities. 
	Since writing the above, I have become aware that what we always do is select two of the three variables to be oscillatory, and we carry out SL analyses in each of these variables, and treat the third variable as a constant, such as the ζ0 in our spheroid problem above. In this case, the volume element does in fact "factor". For example, for oblates in our spheroid problem

	dV  = h1h2h3 dξ dζ dφ  =  c13 (ξ2 + ζ02) dξ dζ dφ   = f(ξ) dξ dζ dφ

[bookmark: _Toc250707190][bookmark: _Toc250708175][bookmark: _Toc250712136][bookmark: _Toc250880478][bookmark: _Toc265143787][bookmark: _Toc265320758][bookmark: _Toc265412697][bookmark: _Toc279250585][bookmark: _Toc279252945]12. Comment on oblate "spheroidal harmonics" 

My comment has several parts. 

(1) For sphericals, we write r2  + (1/r2) L2θ,φ and we have L2 and L3 providing our "spherical harmonics" in a 2D space of θ,φ which are orthogonal and complete, Pnm(z)eimφ for fixed r = ro. 

(2) For oblates, we have a known set of "oblate harmonics" which are also orthogonal and complete, these would be Pnm(ξ)eimφ for example, for fixed ζ = ζo.  So some sort of L2 and L3 here too. 

(3) For oblates, we can say 

		2  = ζ2  + ξ2  + f(ζ,ξ) φ2   =  ζ2  + ξ2  +[ 1/(1-ξ2)  –  1/(1+ζ2)] φ2

but we can't really write this as ζ2  + f(ζ) L2ξ,φ . So things are now really the same. 

(4) my group theory paper shows how this lack of sameness is explained in terms of two commuting operators like L2 and L3 for sphericals, but for oblates it is some Q2 and L3 instead. I will pursue this sometime, but not right now. 

[bookmark: _Toc250707191][bookmark: _Toc250708176][bookmark: _Toc250712137][bookmark: _Toc250880479][bookmark: _Toc265143788][bookmark: _Toc265320759][bookmark: _Toc265412698][bookmark: _Toc279250586][bookmark: _Toc279252946]13. Comment on Full 3D Fourier Expansion and Recovery in Curvilinear Coordinates

This is another obscure PhL comment. Consider the eigenfunctions of a sphere which have this form

	um,n,k (r,θ,φ)   =   (1/r) Jn+1/2(β(n+1/2)k r)  Yn,m(θ,φ)		λk,n,m =  [β(n+1/2)k]2

We could use these to do a 3D Fourier transform  (think Fourier transform on a group) 

	Vmnk  =   ∫dx f(r,θ,φ) um,n,k (r,θ,φ)				Fourier projection
	V(r,θ,φ)  =  Σm,n,k  fmnk  um,n,k (r,θ,φ)			Fourier expansion

The question is:  what happens in oblate coordinates? There must be some function like the Jn+1/2 shown above which appears in the um,n,k (ζ,ξ,φ) eigenfunctions of an oblate spheroid. I don't know what these functions are and have never seen them anywhere as far as I know. But for problems where the surface of interest is a spheroid at constant ζo, we never had to know what these functions are because we always worked with orthogonality involving Yn,m(ξ,φ). Again, there must be some group interpretation of the functions Jn+1/2 and the analogs for the oblate case. In my thesis, I often talked about certain P and Q functions as being the eigenfunctions of certain group operators in certain coordinates, but that point of view does not appear in Stakgold or any other general source I have. Might be worth pursuing at some point. 

Note added 12.4.10.  What I show above with the Jn+1/2 are the eigenfunctions of a metal unit sphere which in fact are the solutions of the Helmholtz k2 equation in spherical coordinates and k gets quantized to kj  = β(n+1/2)j . Moon and Spencer show these solutions in mid page 27, including the Yn,m . If we then look at the M&S discussion of oblate coordinates, we find the solution on page 33 of M&S, and it is pretty complicated. I will write it down here using the M&S coordinates η,θ,ψ (last is azimuth). 

	um,n,j (η,θ,ψ)  =  Pnm(ikja, isinhη)  * Pnm(ika, cosθ) * sin/cos(mψ)		//  shη = ξ   cosθ = η

where a is the usual oblate coordinates definition constant. Here there are eigenvalues of k called kj enumerated by j=1,2,3.. which cause Pnm(ikja, isinhη1) = 0 which of course is specific to our η1 choice. 
My main point here is that finally I know what those more general functions are!  They are the "Legendre wave functions" and they appear in two places! That is, they don't just appear in the "radial" coordinate's function. There is very little information available on these wave functions! 
	
[bookmark: _Toc250707192][bookmark: _Toc250708177][bookmark: _Toc250712138][bookmark: _Toc250880480][bookmark: _Toc265143789][bookmark: _Toc265320760][bookmark: _Toc265412699][bookmark: _Toc279250587][bookmark: _Toc279252947]Appendix A.  Azimuthal Orthogonality (integral is 0 to 2π)

In our work above, instead of using Amsin(mφ) + Bmcos(mφ)  Smythe used fm cos(φ-φm), fine. I first show in this appendix the following fact:  ( I did not know the εm Neumann symbol at time of writing) 

	∫dφ cos[m(φ-φm)] cos[m'(φ-φm')]  =  δm,m'π (1+δm,0)  = δm,m'π εm

which is a little impressive since the phases φm and φm' can be completely arbitrary. This is the φ orthogonality that is used in the various problems attacked in this doc. I show that the corresponding expansion theorem is this: 

		f(φ)  = Σm fm cos[m(φ-φm)]			// expansion

		am = (1+δm0) (1/π) ∫dφ cos(mφ) f(φ)		// projections
		bm =             (1/π) ∫dφ sin(mφ) f(φ)
	
		tan(mφm) = -bm/am 				// how to get fm and φm from am and bm
		fm = am/cos(mφm)  = -bm/sin(mφm)

If you have some f(φ) that is getting integrated, like σ(ζ,ξ,φ), to get some coefficient like Cn,m above in the Neumann problem for a spheroid, the above shows at once how to compute the φm. 

[bookmark: _Toc250707193][bookmark: _Toc250708178][bookmark: _Toc250712139][bookmark: _Toc250880481][bookmark: _Toc265143790][bookmark: _Toc265320761][bookmark: _Toc265412700][bookmark: _Toc279250588][bookmark: _Toc279252948]Appendix B.  P Function Orthogonality (integral is -1 to 1)

This is just a derivation of a famous fact, and I think I have better derivations elsewhere. This is in the world where n,m take their usual integral values, which means problems with full θ or ξ sweep.  

	!Syntax Error, Idz Pnm(z)Pkm(z)   =  2δn,k  (2n+1)-1 f(n,m)		   n,k = |m|,  |m|+1, |m|+2 ...... ∞

[bookmark: _Toc250707194][bookmark: _Toc250708179][bookmark: _Toc250712140][bookmark: _Toc250880482][bookmark: _Toc265143791][bookmark: _Toc265320762][bookmark: _Toc265412701][bookmark: _Toc279250589][bookmark: _Toc279252949]Appendix C.  Combined P Function and φ orthogonality.

 Here I just combine the results of appendices A and B to get: 

	f(ξ,φ) =   Σn,m  fmn Pnm(ξ) cos(m[φ-φm])						// expansion

	fmn  =  (2-δm,0) (2n+1)/4π  * f(n,-m) *∫dξ∫dφ f(ξ,φ) Pnm(ξ) cos(m[φ-φm])		// projection

and I use this combined orthogonality several times in the work above in this doc. 

[bookmark: _Toc265411849][bookmark: _Toc265412702][bookmark: _Toc279250590][bookmark: _Toc279252950]Appendix D.  Use the Neumann Result to find an oblate 1/R expansion

If we assume σ on our spheroid is that of a point charge, the potential we get is just that of a point charge, but it is expressed in oblate coordinates. Here is the result shown as a 1/R expansion

	1/R =  j Σn,m (-1)m (εm/c1) (2n+1) f(n,-m)2Qnm(jζ>) Pnm(jζ<) Pnm(ξ) Pnm(ξ0) cos(m[φ-φ0])

and this result is verified in Smythe. 

[bookmark: _Toc265411850][bookmark: _Toc265412703][bookmark: _Toc279250591][bookmark: _Toc279252951]Appendix E.  Show that j Qnm(jx) Pnm(jy)  is real for n,m integers and x,y real. 

I show this in order to show that each term in the above 1/R term is in fact real. 
		2
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