INTEGRALS INVOLVING GENERALIZED LEGENDRE FUNCTIONS
by
B. Meulenbeld™ and H.S.V.de Snoo*

1. Intvoduction,

The functions P{+%(z) and Q{7'"(z), solutions of the differential equation:

2 2 2
(1-22) 99 o I dpery - B - D Ly =0,
dz? dz 2(1-z)  2(1+z)

introduced in [1] by KUIPERS-MEULENBELD, have been defined for all points
of the z-plane in which a cross-cut exists along the real axis from 1 to
-0, and in [2] for the real values of z on the cross-cut for -1 < z < 1,
These functions will be called genevalized Legendrve functions, whereas
T(z) and Q' (z) which are the special cases for m=n, will be denoted by
assocmted Legendrve functions.
For the sake of brevity we put:

@ = k+3(m+n), B =k-3(m-n), v =k+z(m-n), & = k-3(m+n).

In [3] is given a list of integral transforms whose kernels are associated
Legendre functions. In this paper we want to extend this list to integral
transforms with PP»" (x), Q" (x), or combinations of these as kernels.
In section 2 the result is given without proofs. The evaluation of most of
the integrals is carried out by expressing PJ%(z) and Q{:" (z) in terms
of hypergeometric functions in conjunction with the tabels in fS, 20.2].
A more detailed presentation may be found in [ 4]. In section 3 some in-
verse transforms are given, making use of the inversion formulas of
BRAAKSMA-MEULENBELD (see [5]). In the integrals, occurring in this section
is integrated with respect to the lower parameter k. Finally, in section
4 we mention some useful relations, until now not yet published, betiween
generalized and associated Legendre functions.

2. A. Laplace transforms with genervalized Legendre functions,
2%(n-m) p%m-c

Jer ety pPs2ydt = ————— E(B+1, -y, cdm: 1omip) (1)
0

T(B+1)I'(-v)
Re ¢ >3Re m, Re p > 0.

For m=n:

! ~4m _m _ 1. _4m-c _, 1

fe t (t+1) Py (1+2t)dt = - 7 P sinzk E(k+1, -k, c-zm:1-m:p) (2)
0 Re ¢ >3Re m, Re p > 0.
For c=1-3m in (2):

- - _l -
fe P lyey] ™ PR (Lenydt = 7 p™ e R, ()
0 Re m <1, Re p > 0.

* Technological University, Delft, the Netherlands.



286 B.Meulenbeld and H.S.V.de Snoo
This transform has already been found in [3, 4.13(1)].
For m=0 in (2):
J‘e"’t £ P (1+2t)at = ~ L psinak B(k+1, -k, ¢: 1:p)
0

Re c >0, Re p > 0.
® ~
f e Pt g MimYpypydn g TIMQmE (144)qt =
0

T(e+1) sin B
= E(-B, v+1, A+m: m+1: 2p) + (3)
T(+1) | 2™ M0 ginmy [
sin a7
- E(-a, 6+1,: 1-m: 2p)
2! prsinma J
"Re A >0, Re(atm) > 0, Re p > 0.
For m=n (3) is equal to [3, 4.13(16)].
T L 2i(t+y+z)
fe P4 A gy K () Rty PR P (1 - — T yat =
5 (t+y) (t+2) (4)
- 4
= 2%([1 m) e %(Y'PZ)P(yZ) i p Wk_‘,i.m_é_,%n(py)wk,*.ém_‘_%,%n (pZ)
Rem< 1, y,z real > 0, Re p > 0.
For y=z=1 and m=n=0 we get [3, 4.13(6)].
-]
[ e (1-e™) (e ™) P (et =
0
(5)

T(p-k)T (p+k+1)

= 2 _P+%(m -0}
T(p+3m-in+ )T (prim+in+l)

o Fo (p-k, pHm+o+l, prk+1; p+Him-in+1, pHim+intl; )
Rem > -1, Rep > -Re k-1, Re p > Re k.

For m=n and o=in we get [3, 4.13(11)].

t ™
o0 ; pe ) }
fe pt (et_l)%m (— - 1)°P™ Npe'-pr1)dt =
0 p-2

pobm - D(p-o-k-3m)(p-o+k-3m+1) S (6)
=p (p-2) .
T(p-o-int+1)[(p-o+in+l)
3F2(p—0—k—%m, p+1, p-o+k+1-im; p-o-3n+l, p-o+int1; 22;P)
e

Re p>0, Re m > -1, Re p > Re(im+o-k)-1, Re p > Re(3m+otk).
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For m=n and o=in we get [3, 4.13(12)].

2 , . C(p-3m)[(-p-k-3n)["(-6)
fe P (1-e )P (1-2¢ T )dt = g Ha-m) : , : (7)
C(-p-3m+1)T(p-k+3n)(-a)

0
Re n > -1, Re p > iRe m.

o D(p+n)(p-m-in)
Je™ (t-e™y I P (2eti1yat = g o i - (8)
o ['(p-k-;m)[*(p+k-3m+1)

Re m < 1, Re p > 1|Re n].

B. Integral trvansforms with genevalized Legendre functions,

1

j’ o (1-x)% (1 -zx) B P, (1-2xz)dx =

0

[(p-zm+1)['(q+1) (9)

(m -im

:2%

I(1-m)l'(p+q-zm+2)
3Fg (B+1, =y, p-3m+1;1 ~m,p+q-im+2; z)
Re p > tRe m-1, Re q > -1, z real,|z| < 1.

+1 r2gi(m+n) 1
[a-=x*)tprrixax - _ . (10)
1 cos sn7 [(F-3aI(E-37)I(EB+1)[(56+1)
Rem <1, |Re n| <1,
st k-p-1 —m.n g [(k-ptan)I"(k-p-3n)l’(p-3m+1)
f (1-x)P (1+x) P PP (x)dx = 2 : (11)
1 DB+ (6+1)(~-p-3m)

Re(p-3m) > -1, Re(k-p) > 3 |Re nj.

+1

[ @-x0P (40P " (x)ax =

-1
f'(q+%n+})1“(p-%m+1) - (12)

© [(1-m) (ptq-b(m-n)+2)

3Fy (B*+1, -y, p-3m+1; 1-m, p+q-%(m-n)+2; 1).
Re(p-3m) > -1, Re g+1 > % |Re n|.

+1

J’ (1-x)'*m (1+x)*(u+x) " P " (x)dx =

-1

(13)

grbn-ms1 I(g+3nt+)I(g-3n+1) o
u-1) 7.,

I'(g-k-3m+1)I(gq+k-3m+2)
2
sFy(a+intl, o, q\-§n+1; q-k-3m+1, g+k-3m+2; )
Rem < 1, Reg+l > 3 |Re n|, u not lying on the cut (-1,+1).

=2
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+1
[ (1™ (LexyTe =P P (x)ax =
-1
e [(g+3n+1)T(q-3n+1) . (14)
= e,

[(q-k-$m+1)0(q+k-tm+2)
o Fy (a+3nt+l, g-3n+1; g-k-3m+1, gtk~3m+2; -2u)
Re m < 1, Re g+l > }|Re n|.

7 ,  D(ptk+3m)T(p-k+ijm-1)
f (x-1) ™ (x+1)® P (x)dx = 21D 2 2 (15)
; L' (p-5n)T (p+in)

Re m < 1, Re(p+k+jm) > 0, Re(p-k+im-1) > 0,

J‘ (x-1)7H™ (x41)40 (x+t) 21 p Lt (x)dx =
i

[ (a+20+1)D (- 6+24) 16
Pl:n-zﬂ., -m-24 (t) (1)

-f-3n

= (14T (1)
I(20+1)

Re m < 1, |Re(2k+1)| < Re(m+n+4l+1), |t] < 1.

oo . -L _1 . R
f ™ (x-1) " (et ) PP (x)ax = 2HO M QM Ny, | a2a) (17
1

Rem <1, Re a > 0,

J e ¥(x-1)°" (x+1) i P" (x)dx =
1

a.%m-c e (18)
= E(B+1, -y, c-3m: 1-m: 2a)

T(B+1)I'(-7)
Re ¢ > Re m, Re a > 0.
T 3

-im -n Xt .

}'(x-—l) (x+1) ™ XKy [(1+x)t ] PR " (x)ax = (19)
1 1 B
= 27 &'y cosing [(-k+im-3)T (k+im+lytiml Wy o g (40
Re m < 1, Re(-kHm-}) >0, Re(ktim+}) >0, |arg t| < 2T,
j eﬂrim Qf'n (x)dx =
1

C(a+1)I(v+1) T(1-3m)T(k) (20)

1 i
-3m+4n
2 z

['(2k+2) T (k-im+1)
3Fq (B+1, 6+1,k; 2k+2,k-1m+2; 1)

Re k >0, [Re m| < 2.
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-4
J (x2-1)F e ™ Q" (x)dx =
1

2

-bmein " T{a+1)D(y+1) (21)

costm7 I'(Ga+)[(FB+1)T(Gv+1)[(36+1)

Re k > -1, |Rem]| <1,

j (x-1)P(x+1) P2 ™ QI (vyax =
1
T'(a+1)T(r+1)I(p-3m+1)T(prim+1) (22)

-k-ym+in-2
- gkt t

[ (k+p-3n+2)T (k+p+in+2)

Re k > -1, Re p > 3|Re m | -1.

j (x-1)P(x+1)%e "M Q™" (x)dx =
1

-1 -~
Tler)I(r+1) D(p-zmt1)I(-p-qtk) o Pra-tm+in (23)

T'(2k+2) [(k-g-3m+1)
. 3 F, (B+1, 8+1,k-p-q; 2k+2,k-q-3m+1; 1)

3 |Re m | -1 <Re p < Re (-q+k).

j PINE () QP (x)dx =
1

"M (g limin)+1)C (@4 (m-n)+1) (24)

) (£-k) (0+k+1) T(£-3(m+n)+1)['(2-5(m-n)+1)

Re(l-k) > 0, Re(l+k) > -1, Re m < 1.

One of the theorems of BRAAKSMA-MEULENBELD [5] is:

Let k1 be a veal number with k1 > 2Re m # £|Re n| - 1, and o(t) a
Junction such that for all a > 1:
@) @-1)FHRemle 11 o) if Re m # o0,
o) (t-1) log(t-1) € L(1,a) if Re m = 0,
Pt k1€ Lia,eo).
Let fuvther ¢(t) be a function of bounded variation in a neighbouvhood of
t=x(x > 1). Then ¢(t) satisfies the velations:
k1+i°°

= kf AR PR () lf e Q™™ Wt = Hete-0reer0p},  (25)
17w
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and

1 e Tim . ~m, -0 ¢ m,n 1

7 J o areRrne™ Q™ () lf PP Wat = Helx-0)rp(er0)}.  (26)
171

If we apply (25) to (24), we find after some simplifications:

) kytiee 1 I(k+3{m+n)+1)I (k+3(m-n)+1)
i (- ) - P (x)dk
K- L7k I+k+l D(k-3(m+n)+1)T(k-3(m-n)+1)

= 2T P (x) (27)
k;> -sRem+4|Ren| -1, 2k; + 1 > [2Re [ + 1|, [Re m| < 3, x > 1.
Application of (26) yields:

ki+ioe 1 1

(_..__...

QM (x)dk = Q™" (x 28
I-k a+k_+1) () e ) (28)

1
27i
ky-ice

ki > 3Re m + }|Re n| -1, 2Re L + 1> |2k; + 1|, |Re m|< §, x > 1.
This result can be found in a direct way by applying Cauchy's integral

formula, since the asymptotic behaviour of Q" (x) as ko0 on |arg k| £
7 -1 with 0 < 5 < 7 is given by:

Q™™ (x) = k™ (x+Vx?-1)*O(1) (x > 1).

Remark. The formula (27) may be considered as a continuous analogue
of the classical Dougall series expansions.

By applying (26) to (15) we obtain:

k1+jeo . _ .
(2k+1) (p+k+im)D(p-k+im-1)e" " Qy " (x)dk =
ki~ io (29)

= 2 -1+m-‘kn+p T (p-%l’l)l"(p-l-%n) (X‘].) 'i’m (X+1) “P

_1
27i

k; > Re m +}|Re n| - 1, Re(p+im) - > |k;+i], Re m< §, x > 1.

Application of (26) to (17) yields:

ki+ ico

521 (2k+1)W,

~{im ~m,n
yoem), kg (P2)° 7 QT () 30
kl‘iw ( )
=9 4(n-m) a1+%(rn+n)e -ax (x_l)%m (X+1)£n
k,> -3Re m + }|Re n| - 1, Re a > 0, Rem>-%,x>1.

For m=n (30) is transformed into [5, (8.27)].
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Some useful relations between the generalized and the associated Legendre
functions are the following:

3,
‘ﬁl’l’l-‘-a‘ 1
P (222-1) = 2 2P (2). (31)
) _3m,n
Co
PR (S -1) = 2 % Zgletinimpm (g (32)
- 2 n-}

(the upper or lower sign according as Imz < 0).

3,
-§m+;; _
QM a2-1) = 2 zg%Qg;Wé (2). (33)
my 221 R A CSE VL
Py () = - Qyom (2). (34)
AN Vrr(-m-2k-1) tm

Formulas (31) and (33) hold for Re z # 0, z not on the cross-cut, and
for -1 <z <1, z # 0, Formula (32) holds for Re z #.0, z not op_the
cross-cut, and for -1 < z <1, z # 0 after omitting the factor e*™™
Formula (34) holds for z not on the cross-cut.
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