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The integral fll dx(1 + )~ P ()P} (x), involving the on-the-cut generalized associated Legendre
functions of the first kind with v € C, ReA < 1 or » € N4, u, ' € R, is evaluated in a closed form.
It is found to be proportional to 2i4/28 (. — ') 4+ 27/25(u + '), where 8(iu F 1) is the Dirac delta
distribution.
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1. Introduction

Among various types of index transforms,[1] an important class is formed by those with kernels
involving the Legendre functions or the associated Legendre functions. Examples encompass the
well-known Mehler—Fock transform [2,3] (see also [1, chap. 3]) and its various generalizations
(see, e.g. [4-6]).

In Ref. [7], Gotze considered a particular generalization of the Mehler—Fock transform with an
integral kernel involving the generalized associated Legendre function of the first kind P** (x),
introduced by Kuipers and Meulenbeld [8] (see also [9]). From the results presented in Ref. [7],
one may deduce the following Dirac delta-type orthogonality relation:

QA7 2[8 (e — k) + 8(k + «)]
Kk sinh(2m«)

/] ) APy i COPLY () =
x TN = A+ w)/2 +iOD A = A+ p)/2 — k)
x TN = A = ) /240711 =1 — w)/2 —ix)
(k,k' € R;Rer < lorieN,;ueC), (1.1)

where & (k F k') is the Dirac delta distribution.
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It is the purpose of the present note to provide another Dirac delta-type orthogonality relation
obeyed by the generalized associated Legendre functions of the first kind. Specifically, we shall
prove that on the cut —1 < x < 1 these functions satisfy

d
1 14+x e sinh (7T )

fl PGP (x) 2022 2025 (u — ') + 2725 (4 )]
X =

xT'w4+1—G(+in)/T Y w+1— 0 —in)/2)
x TN =v = (A +iw) /DT (—v — (A —ip)/2)
(veC;Rer <lorieNg;uu €R). (1.2)

The method we shall use below to arrive at the relation in Equation (1.2) is analogous to the one
we have employed in our previous works [10-12] on the Dirac delta-type orthogonality relations
for some other special functions of mathematical physics.

2. Summary of relevant properties of the generalized associated Legendre function of the
first kind

In the complex plane cut along the real axis from z = —oo to z = 1, the generalized associ-
ated Legendre function of the first kind may be defined in terms of the Gauss’ hypergeometric
function as

1 (z+ W2 A—pu A= 11—z
yon _ _ oy 1
P (Z)_F(l—)») (Z—l))‘/ZZFl v+1 7 v > 1= 7 . @D

The function (2.1) obeys the differential identity

2 /’L2

dPX(2) B
21—-2) 2(1+2)

dz

d%(l —7%) + [v(v +1)— } P (z) = 0. (2.2)

On that part of the cut for which z = x € [—1, 1], we define the on-the-cut function Pﬁ’“ (x) in
terms of either of the limits P**(x £ i0) as

P (x) = eFTM2PM (x £10) (=1 < x < ). (2.3)

Hence, with the aid of the relation

:—1=e*"(1 -2z (Imz=0), (2.4)
it follows that
1 (1 4 x)*/? A— U A— 1—x
P (x) = F l——,—v— sl — 2
VO = rr Ty a oyt 2 VT T 2
(-1 <x <. (2.5)

The on-the-cut function P (x) satisfies the differential identity obtained from Equation (2.2)
through the formal replacement z — x.
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In Section 3, we shall rely on asymptotic representations of the on-the-cut function P**(x)
as x — +1 F 0. The representations valid for x — 1 — 0 may be immediately deduced from
Equation (2.5); these are

A x—1-0 2(M_)\)/2 1—x 2

and

yo1=0 202 D414 A+ 1)/2T(=v + (A +1)/2) (1 —x\"?
Pﬁ‘”(x) - ( )
TA+DTw+1— 4 —p/2)0(=v— (G —w/2) \ 2
x[14+0(0—-x)] (AeNy). (2.6b)

The counterpart representation valid forx — —1 + 0 is

== W=D (—p) 14 x\ ">
phk 140 2 < ) 1 |
S T R F T G T — Gt /) 2 [1+00 +2]
20MRL () 14 x\ 2
1 1 2.7
+F<v+1—(x—m/z)r(—v—(x—m/z)( 2 ) [1+00+x0] 2.7

as may be inferred from Equation (2.5) and from the Gauss’ relation [13, Equation (9.131.2)]

FOI®—a —a)
F ,ar, b 7) = F ,az; —-b+1;1—
2Fi(ar,ax; b;2) F(b—al)l"(b—az)z 1(ar,az; a1 + ap + 2)
r»I(a, +a; — b)
['(a)T (a2)

X Fi(b—ai,b—ay;b—a; —a+ 1;1 —2). (2.8)

4 (1 _ Z)b—al—az

3. A Dirac delta-type orthogonality relation involving the on-the-cut generalized
associated Legendre functions of the first kind with imaginary second upper indices

Throughout this section, it will be assumed that

—-1<x<1, veC, uu eR. (3.1
For the time being, we also assume that A € C. Later on, some necessary restrictions on A will be
imposed.

Consider the two on-the-cut functions P’v\’i“ (x) and Pﬁ*i" (x). According to what has been said
in Section 2, they satisfy the differential identities

d dPHi# (x) 2 w? ;
— (1 —xH) — 1) — PH(x) =0 3.2
T e +[”(V+ ) 2(1—x)+2(1+x):| b G:2)
and
dPl);’iM/ ()C) )\2 M/Z

%(1 —x%)

- } PHM (x) = 0. (3.3)

+ [U(U+ b= 2(1 —x) * 2(1 +x)
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Premultiplying Equation (3.2) by P> (x), Equation (3.3) by P (x), subtracting and integrating
the resulting equation over x from x; to x;, where —1 < x; < x; < 1, yields

/ PP @)
X 1+x

Pl (x) o
dx

2 ., d .
= 2 (1—x%) [Pﬁ"" (€9) — PHE(x) (3.4)

dPH (x)
dx

X=X]

It follows from Equations (2.6a) and (2.6b) that the integral on the left-hand side of Equation (3.4)
converges as x, — 1 — 0, provided that X is constrained to obey

Rer <1 or AeN,. 3.5)

Henceforth, the restrictions (3.5) will be assumed to hold. Then, again with the aid of Equa-
tions (2.6a) and (2.6b), one finds that the expression on the right-hand side of Equation (3.4)
vanishes for x, = 1. Hence, it follows that

f‘ deﬁiﬂ(x)PW x)
X I+x

2 PMI (xy)

. d o d
_ 2 W1 A,
= s [Pv ) T = P ) (3.6)

P (xy)
w '

To proceed further, we observe that Equation (2.7) implies the asymptotic formula

i i1 i1
Pt () TN -/ |:Aﬁ’“ exp (% In %) + AR exp <—% In erx)] X))

where
bt T (Fin)
Y Fw+1—ALipn)/2T(—v— (A xin)/2)
Making use of Equation (3.7) on the right-hand side of Equation (3.6) results in

1 . .,
/ W PP @) i
—1 1 +x

(3.8)

x lim [(Aﬁ”‘Aﬁ’_”’ +Aﬁ’_’“‘Aﬁ’“’) Sin(—(( — #)/2 In({ +2)/2))
x——140 n— M/
sin(—((u + 1) /2) In((1 + x)/2))
I
ALPAR T — ARTIAR p—p  1+x
4+ i v Y — cos ( In )
nw—=p 2 2
e G N R ST B
i cos In .
w+ 2 2

+ATAT HATTIAYT

+ (3.9)

To take the limit on the right-hand side of Equation (3.9), we observe that in the distributional
sense it holds that (cf., e.g. [14, p. 35] or [15, vol. I, p. 43])

. 1 .
lim 2 gim [ dee® = s(p), (3.10a)

a—o00 T 2T a—>o —a
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where 8 () is the Dirac delta distribution, and

lim cosan =0 (3.10b)

a— o0

(the latter identity is a corollary from the Riemann—Lebesgue lemma). Since forx — —1 + 0 one
hasIn[(1 + x)/2] — —o0, application of Equations (3.10a) and (3.10b) transforms Equation (3.9)
into the distributional identity

/ L P ORI itz ahighen A5 0 — )
5 T+ x v Ay v Ay
+ (ALALY + AR TAR TS (1 + )], (.11
However, it follows from elementary properties of the Dirac delta that
AR F W) = AVES (o F ). (3.12)

With this, after employing Equation (3.8) and using the well-known relation

. / T
IC@w)| = m (n e R), (3.13)

Equation (3.11) is transformed into the Dirac delta-type orthogonality relation

d
1 1+x w sinh (7 )

/1 PRt () PR (x) 2RI 22028 ( — ') + 2728 (1 + )]
X =
xIT ' w+1—G+iw/2F ' +1— G —in)/2)
x TN (=v = Q41w /DT (=0 — (A — i) /2)
(veC;Rer < lorireNy;u,u €R), (3.14)

that has been already announced in the introduction to be the central result of this work.
Concluding, we observe that the relation in Equation (3.14) may be split into

/ P PP 0 218 — )
. 1+x ~ wsinh(rp)

xIT'w4+1—G+iw/2F 'w+1— G —in)/2)
x TN =v = O 41w /DT (—v — (A — i) /2)
(veC;Rer < lorieNg;u,u €R;signu = signu’) (3.15)

and

/‘ G PP ) 272 ()
1 1+x wsinh (7T 1)
x4+ 1—0+ip/2T ' W+ 1 -0 —iwn)/2)
x T (= = O +ip) /2T (= = (. — i) /2)
(veC;Rer < lorieNy;u,u €R;signu # signu’). (3.16)

Itis easy to see that the two relations are not independent as Equation (3.16) may be deduced from
Equation (3.15) after one replaces in the latter ;« by —u and uses the identity [9, Equation (4.2)]

Pﬁ"i“ (x) = Z_i“PC’m x). (3.17)
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