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Formulas for Computing Capacitance
and Inductance

Chester Snow

Explicit formulas are given for the computation of (1) the capacitance
between conductors having a great variety of geometrical configurations, (2)
the inductance, both self- and mutual, of circuits of various shapes, and (3)
the electrodynamic forces acting between coils when carrying current. Formu-
las for skin effect and proximity effect in concentric cables and parallel
wires are included. The formulas for the simpler configurations are given in
terms of the elementary functiens, whereas more complex shapes involve the use
of Legendre polynominals, Legendre functions, and elliptic functions., One
section is devoted to a discussion of the relation between the Legendre and
the elliptic functions.

Introduction

This collection of formulas contains some that are commonly used in electrical work

‘and some that have been specially developed for precision work at this Bureau. This is no

attempt at completeness, for there is now available (since 1948) a revised third edition
of the earlier compilation of formulas for inductance by Rosa and Grover [1].! This may
be consulted for references to original memoirs and also for discussion of the most suita-
ble formula for a given configuration or relative dimensions. Reference may also be made
to Dr. Grover’s [2] additions to these formulas in 1918 and to his book "Inductance calcu-
lations working formulas and tables."

Formulas for capacitance may be found in the second edition, 1924, of a work by J. H.
Dellinger, L. E. Whittemore, and B. S. Ould [3]. This contains formulas for inductance
and a few for capacitance. It is possible that the aggregate of researches on capacitance
up to this time might amount to a collection of capacitance formulas as comprehensive as
that of Rosa and Grover for inductance.

The formulas given here contain, in addition to elementary functions, the Legendre
polynomials P_, the Legendre functions ﬂﬁ-l{ and Py and elliptic functions. It is shown
in section 4 how the latter two may be found by use of tables of the two complete elliptic
integrals X and §.

These, together with the incomplete integrals F(¢, %) and E(¢, k), and sn ¥, cn U,
dn u, etc., may be readily found from the 1947 Smithsonian elliptic functions tables by
G. W. and R. M. Spenceley [4]. One point of superiority of this work over that of R. L.
Hippisley [5] is that it proceeds by increments of 1° in the modular angle instead of 5°.

Another purely mathematical table of elliptic functions and theta functions that has
been found very useful is table 1, (1922) by H. Nagacka and S. Sakurai [6]. The same au-
thors in (1927) [7, table 2] produced a volume more directly applicable to the calculation

lﬁmru in brackets indicate the literature reference at the end of the paper.
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of the force between coils and their self and mutual inductance. For the latter, Nagaoka
[8] has also published three formulas that make use of the remarkable convergence rate of
the series defining the theta functions in powers of the Jacobian parameter g.

Short tables of theta functions are given by Jahnke and Emde [9]. Also short tables
of F(¢, k) and E(¢, k) were given by B. O. Peirce [10]. The recent work of W. Magnus and
F. Oberhettinger [11] is very useful.

These volumes, especially the work of the Spenceleys put the computation of formulas
with elliptic functions in quite a different light. Such formulas are not more difficult
than those with sines, cosines, and logarithms.

In section 5 are placed a few notes on methods of deriving some of the formulas given
here that are not generally available, or perhaps are unpublished. Where space permits,-
it has been attempted to summarize the entire électric field, on which capacitance is
based, or the entire magnetic field underlying the inductance constants. Such a scheme
seems desirable on a larger scale than is possible here. Each formula for capacitance re-
quires the evaluation of the electric potential or field at every point of space. For
each inductance [ or ¥, one must find the vector potential or magnetic field everywhere.
The constants C, L, or ¥ represent a small byproduct, since they are derived from the
fields by direct processes. A summary of the more important electric and magnetic fields
that have been evaluated to date would probably fit present requirements better than fur-
ther tabulation of capacitance and inductance.

1. Capacitance

The formulas for clpun{fance given in this paper are expressed in the centimeter-
gram-second electrostatic system of units {unrationalized). If lengths in centimeters are
substituted for the corresponding symbols in a formula, the resulting value of C will be
the capacitance in cgs electrostatic units. This value should be multiplied by 10/9 (more
precisely 10/¢ =1.11277) to obtain the capacitance in micromicrofarads. The formulas as-
sume a dielectric constant of unity (in the cgs-esu system). If the space between elec-
trodes is filled with a dielectric of permittivity € relative to empty space, the value
of capacitance as computed from the formula should be multiplied by €_.

Alternatively, when expressed in the rationalized meter-kilogram-second-ampere
(Giorgi) system of units each formula for capacitance would have an additional factor of
47 (by reason of the rationalization) and also a factor of 107/4mc? (by reason of the
conventionally chosen permittivity of free space). The net result is that with the dimen-
sions expressed in meters, and after multiplying by the combined factor 1.11277 x1071%, the
resulting value of C is in farads,

The formulas for inductance and electromagnetic force given in this paper are ex-
pressed in the centimeter-gram-second electromagnetic system of units (unrationalized).

In using the formulas, lengths should be expressed in centimeters, currents in abamperes
(i.e., units of 10 amperes), and the permeability of space should be taken as unity. If
this is done, the inductances as computed are in units of 107° henry, forces are in dynes,
and torgues in dyne-centimeters.

Alternatively in the rationalized meter-kilogram-second-ampere system the formulas
should be multiplied by 1/47 (by reason of rationalization) and by 47+10""7 (by reason of
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the conventionally chosen permeability of free space). Then if dimensions are expressed -
in meters, and currents in amperes, the inductances as computed will be in henries, the
forces in newtons, and the torques in newton-meters.

The first six figures illustrate two cases. In the axially symmetric cases the fig-
ures represent plane sections through the axis of symmetry. In the cylindrical case they
are plane sections perpendicular to the endless generators. In this case the formulas
give the capacitance C/l per unit length perpendicular to the plane of the figure.

1.1. Parallel Plates With Guard Planes

The separation ¢ between the parallel plates should be small compared to the radius
@, of the disk. Also the radius 4 of the plates should be large compared to a,, so the
field is practically uniform at some place between the edge of the disk and the outer edge
of the plates (4>5a,).

a. Coplanar Guard and Electrode [13]

A
) /}/% ‘

S e, i 0
V=, V=0 [ electrode ) xis  FIGume 1
117974999

-1
G=E(a1+a=}. and (aj-a]j;"_c is small.

Axial sym: c:E_z_T_rE ( Gg-a, ) : na
1T\ e cothc . {1.1)
] . a 1fa,-a 2 na
Cyclindrical: I:i-_ 2 1) —
yclindr c/ Foo 3 | 52 ::nt.hc ; (1.2)

This capacitance is between the plane at potential V, and the electrode, including its
plane face and its sides.



b. Electrode at Bottom of Hole in Guard [ 13]
(Capacitance Between the Plane at ¥_ and the Face of Electrode at Bottom of Hole)

As in the preceding case, a/4 must be small (aﬂ{% ) Also the hole is not very

shallow, and the clearance between the electrode and its guard is ignored.

d ¢ 1
1<f= <@, and 0<7=_ <z

/S .

VLV Za L — /= 0- - - Yaxis  Ficune 2
7

Axial sym: ﬂ=f- sinh asy ' (1.3)
¥ a: sinh a_(£+7y)

=1

where a =2.4048, «,=5.5201, «,=8.6537, a,=11.7915, and J (a/)=0. The first three terms
are sufficient, with the conditions given above, for an accuracy of 1 in 200. l'.'..il” is
Bessel’s function).

: - o )
Cylinder: g‘,q:“_? (-1)™1g?"1 sin (2n-1)¢
i (2n-1)[1-(q?) 1]

n=1

(1.4)

where

g= Tﬂ*";f) [11-8 cost fe-4 (ﬁ"?)]

¢=6-8 sin # cos He“("":‘?)

f=tan~-1 ( lf'y) =tan-1(E ) {f in radians).
C

In case the hole is very shallow (d/c small), a better formula than (1.4) for the cylin-

drical case 1is
n
s 1 la . a_(=1)™ [(q—;) -l'.t?lrlﬂ]
c/l=—=-— )} —log —+ ’ (1.4")
2me gp2 (€ 7 G, n{1+g,?"]

n=l
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where r and g, may be computed by

™o £ e(1-€2-! coth(ma/c))
logr==— = 1 '
c 4 sinh (ma/c)

l4 e cuthw——a
c

er (l—gcuth{ua;"c})
2(1-rz2)

log g,=log
where e=d/¢c.

Equation (1.4), like (1.4'), is exact with slot of any depth. Both ignore clearance
between electrode and its guard. To take account of this {to first order) let 2a, denote
the width of face of electrode: 2a g+ the width of slot; and d, its depth. Then 1f

u:(al'l"a!}rle

a 1 Q.-0 d d 4¢ sinh TJ’E/’E
C;"!:—_. —_— 2 1) =1 I 1.4"
2wc+2w2 [( e tan (“:'“1) chEFd?+[a2-aIJ= (1.47)
neglecting terms of order

[d2+ta,-a,]’]logEd"Ha,‘a,J'l.

1.2. Spheres or Cylinders
a. Concentric Case

FiGuae 3
. -4
Spheres: == -5, {1.5)
The capacity of one sphere alone (a,~m) is C=a,.
. 1
Cylinders: /1= - (1.6)
2 log.-2

a,



Equations (1.5) and (1.6) are limiting cases of (1.11) and (1.12),
The potential between the spheres is

l-a,/r

””:Fll—a,!’u]*

that between the cylinders is

log a,/r
=¥ .
AR A Praray

b. Plane With Sphere or Cylimder
(This is a limiting case of equations 1.14 and 1.15.)

<
> X
(8] oxis  FIGURE 4
o= h——
AtV h?-a?
y=2 l'.ng(%). (1.7)
o= in¥kly
Sphere: c=2V h?-a? 2 (1.8)
1- e-ﬂmﬁi?
. 1 1
linder: === . .
Cylinder Cfr?zlgh"'m (1.9)
U —_——
a

When h-—®, -~ log (4h%?/a?) and (1.8) gives C-a, but (1.9) gives C/1=0, as it should,

since the logarithmic potential becomes infinite at spatial infinity for any finite charge
except zero.



Spheres:

Cylinders:

- Eecentric Spheres or Cylinders (Internal Case 0< b<a,-a,)

o0xis FIGURE 5

0,0,=b= the distance between centers (always positive)

2he= V[(u,+all’-b’_][_{uz-allj—b’] (positive)

az-ai-b142be

A, = log (positive)
! 2a,b
aj-ai+b?42be .
B,=1 (positive)
: o8 2a,b
o ~(2n+1)8,
!;‘:2.;-“ ; etm e -8,1
- +1 -
nme. 1-¢ v
¢/ 1 Ul af+a§-bz+2bc
s 1
205,-4,) °8 2a,a,

(1.10)

(1.11)

(1.12)



d. Eceentric Spheres or Cylinders (External Case, b>a,+a,)

FiGURE &

2be=V[b*-(a,+a,)?%] [b*-(a,~a,) 7] (positive)

"b24+al-al+2be ]

JBI: log B Ealb {puaiti‘re}
. (1.13)

Ba= log _h -ﬂé ::;+2bc- (positive)

bi-ai-~aj+2bc . o
y=2(B8,48,)=2 log 2a,a, (positive)
o "'{!I'I."*"i]?' [ -] 1
e —
Spheres: c=2¢ E 1_':“_4?"_6 E nhﬂ (1.14)
n=g -€ =] 51 2
Cylinders or
1 1

parallel wires: C/l=—= (1.15)

y 2(8,48,)

Placing b=a,+h and a,-®, eq (1.14) and (1.15) go inte eq (1.8 and (1.9}, respectively.
1.3. Spheroids

a. A Thin Circular Disk of Radius a

o=, (1.16)



This is a limiting case b=0, of the following formula,

b. Oblate Spheroid

Major axis 2a, minor axis 2b:

. (1.17)
(53

¢. Prolate Spheroid

Major axis 2a, minor axis 2h:

2_312
o= ——Yai-b? (1.18)
a+¥Vag?-p2
log\——

1.4. Toroidal Surface

di'us

axis of- —20-—rotation Fieupe 7

6=radius of generating circle
A=0C>qg

_2 _4
cnahﬂl —k—z—l—a-

k’=ﬁ so 0<k<]

c=4'|a‘jl__a12 ﬂ'n_,,]i{conhﬁlll
]

—_— =1 =1 3
E"Pn-x{cmhﬁﬂ{sn 721 €471 if 170). {1.19)

n=0

P and 0 are the two Legendre functions with the same argument 4/a. A method of finding
these functions from tables of elliptic functions is given in section 4,
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1.5. Conductor Bounded by Two Intersecting Spheres [14]

{Alone in space)

FIGURE B.—Axial section of
intersecting spheres.

a=radius of arc on the right, semiaperture=£

a,= r;%f%;;%31=radius of arc on the left
w=angle at which the arcs intersect.
All figures may be obtained with the restrictions
Q<f<m and f<w<lw,

The capacitance for general w and & is G”{E}, where

C{f}:“j}“g % ‘"“5—3 Z sin’ni: [ W ( m%)-—xb (%r‘t%) +los;-: ] i (1.20)

sin— -
W =l

where  denotes the psi-function, I''/T, whose values may be taken from the tables of H. T.
Davis, "Tables of the higher mathematical functions” (Principia Press, Bloomington, Ind.,
1933).

The series (1.20) converges like 51/n?. For a much more rapid series converging like
sn-14, gee reference [21], where the cases are considered that have finite terms for ca-
pacitance (W/m rational).
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The simplest of these is the limiting case w
with any aperture 24,

FiGumre 9

radius o
W= 2T

C(8)=a-2(6-sin@).
Frs T

For 6=m/2 this gives the capacitance of a hemispherical bowl

1
ﬂzwf?ﬂ"‘21=a (:1,-'}‘;):.3133'1-

Orthogonal Spheres: (External, L=m/2)

Ficure 10

ﬂ-a.l
C(#)=a(1l+tan f~sin f)=a4a - ——=

= '
s 1 I/aiﬂli

since 8,=a tan 8.

11

=2m, where the conductor is a thin shell

(1.21)

(1.22)



Orthogenal Spheres: (Intermal, u=37/2)

= Ficurg 11

4

a=sin & 1 1
EEXE:'.} ¥ [ 3 5 s f(. 8. 3)*2 . E( [ E)] (1.23)
31113 51113 !ul'l3 C 33 1:033 sma

where 8,=a tan & in this case also.

Hemisphere: (w=37/2 and 6=7/2)

A Hemisphere Ficume 12

(w=3% ond §=77)

Placing #=7/2 in preceding case gives

Cyn/y(n/2)=2a (1-?1.3) = .84534a. (1.24)

More generally, for w=w/m, where m>1,

u.]
C(8)=ata sin O 11 (1.25)
. . tmw tm
sin —+B sin—
m
t=)

and for w=2#/m, where m>2,

21 5‘ ( 1 21 )
C{B]=G-E{9-ain f)+a sin @ - m (1.26)
2/ w L “ : : 2wt
sin ——-+6‘ E:I.I‘I(T]

C,(f)=a (complete sphere).
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There are finite sums for capacitance when

2n-1
W= ( ) m, where l<n<2m,
2m

and

2n

T lw, where 1<n<2m-1.

=

2. Inductance and Electromagnetic Force

2.1. General Formulatien

If the unit of length is the centimeter and the permeability of the conductors and
the surrounding media are unity, the formulas below give inductances in cgs electromag-
netic units, that is in 10~% henry. If the electric currents J, and I, are in cgs elec-
tromagnetic units, one of which is 10 amperes, the electromagnetic force is in dynes and
torque in dyne-centimeters. _

The vector B of magnetic induction is the curl of a vector potential 4. If a wire of
appreciable cross section, and in the form of a closed circuit, carries a unit current
whose volume-density is the vector t,» the integral over the volume of the wire

J‘J' til-ﬂdu.]

is a scalar quantity which is called either the self-inductance of this current distribu-
tion, or its mutual inductance with the field, according as 4 is produced by this distri-
bution alone, or entirely by currents other than itself.

If the magnetic permeability u is 1 everywhere, the vector potential 4 at any point
P, due to a unit current in a wire No. 2, whose volume density of current at P, is the

vector tz' is
. ) dy g
- fIf=
R

integrated over the volume of wire No. 2, where R is the scalar distance from the fixed

point P, to the point of integration in the volume-element dv,.

The mutual inductance X between the two current distributions is the repeated volume

integral
[ o fff ot

13



When the wires shrink to mathematical, closed curves this becomes Neumann’s double line
integral

dS!
'=Id31_j““{d3:*d3:]_ﬂ-’

taken completely around both curves.
The self-inductance of a unit current distribution in a wire is

fffefifse

In the case of long straight wires, the formulas below apply for the uniform current

distribution.

In the case of wires in the form of circular turns, or in form of helices, the few
very accurate formulas given below apply to the "natural™ current distribution {current
density inversely proportional to the distance from the axis of symmetry).

The distinction between uniform and natural distribution is only of interest for pre-
cision measurements.

In the formulas for L and ¥ to be given for parts of a closed circuit (such as L for
a long straight wire alone, or ¥ for two parallel ones), these expressions must be under-
stood to represent only such contributions to the multiple integrals for L and X as may be
written without specifying the nature of the return circuit whose contribution is, of
course, to be evaluated by the same type of integral.

The majority of formulas for L and ¥ that are given below fall into one or other of
two classes, in each of which the above volume integrals are reduced to surface integrals

over a plane section of the conductor.

a. Axially Symmetriec Configurations

The first class is that of axially symmetric conductors for which the surface inte-
grals are taken over a cross section in a plane through the axis of symmetry, say the
x-axis, where (x,p,¢) are cylindrical coordinates. The only component of the current den-
sity vector 1s iﬁ: i{(x,p), independent of longitude ¢. The only component of the vector
potential A is 4 =A(x,p). The cylindrical components of the magnetic field are derived
from 4 by B=pBf=curl 4, so

an,:%_ﬂp [pA(x,p)]

pﬂpz—ﬂ,d{x,p]nnd H,=0.

With u=] everywhere

(A) L or X¥is 2m ff o' tx',p" YA {x",p"Ydx"dp",

14



where

ffi{x,p]dxd,azl {unit current).

The surface integrals are taken over an axial section in the (x,p) half-plane. The symbol
R has been used to denote the distance (in space) between two points P{x,p,¢) and
P'(x',p",#'). We may designate by R this distance when the points are in the same axial
plane (g=¢")

Ri=(x=x")2+(p-p')?
2

R
2pp'

Ri=(x=x')24p24p'2-2pp" cos(¢=¢')=2pp" [ 1+ -cos(¢-¢') ] .

There is the known Fourier series

(B 1-_2_ e 0 (l+ i )cna n{d¢—e')
} R Voo el PPN '

n=d

where E,Elfz and €, =1 of n>0, and Qn_% is a Legendre function of the second kind with
parameter n— 1,.1"!. Its reduction to elliptic integrals is given in section 4.
Equation (B) is equivalent to

"cos n (") 2 ( R? )
B’ ——d¢' == 0 __ [1+——]).
(B") L R ¢ e 0,k 577

Since the only cylindrical component of current density is i ¢ L(x,p) independent of

¢, the only component of vector potential will be A,=4(x,p) md:pendent. of ¢. Hence, it
would be sufficient to evaluate 4 for #=0.

However, the volume integral defining 4 is the vector equation

IJ‘J‘Hx*,p'}du' J‘f ) f"i#x'.p'm*
= — - P;d,ﬂ' x' .
R | TR

This integral is the sum of many vectors that are not parallel, so that we may use rec-
tangular coordinates, y=p cos ¢ and z=psind¢, and write

!y=-i¢{x',p"‘]ain¢' and L,=t4(x",p")cos ',

15



80

, 7 sing 'd¢’
J,!‘.LPF-J-[;D'1¢{x’.p"!dp'dxI ﬂ*ﬁ—

-

[ cos'de’
Jgtxm}:"‘fﬂ'iq,{f.p’ldp'dx j- "T

Hence

o — a d r
J¢=J{x.P}=-Ayix.,a‘lain¢+sl,[x.p}CM¢=IJp'HX'.P']dP*dJ‘*J‘ con(é-d )dg

. R
Consequently, by eq (B') with n=1,
2 (x-x')2+(p-p')?
4.,=4(x, ]:—'” Ti(x',p0") (1+ , dx'dp’,
so that 4 satisfies
1 1 ~4mi(x, o) in 8
' 1 I -

) (D’+BF+PDP p’)d {ﬂ outside 5

The integral in (C) is taken over any plane axial section § of the conductor, which may be
of any shape. Its self-inductance [ is therefore

(D)
L=2n t{x,p) pd{x, p)dxdp
‘IJ;

[} 2 [} 7
- ¥ Ko ( (x=x")*+(p-p }) L,
leLp t(x.p}dxdpfj;ﬂ t{x", p")0y|\14 2pp dx'dp’,

where

_”t{x.p]dxdpq.

Also from (C), the mutual inductance X between two coaxial wires with any shapes or
size of axial sections S, and §, is

" y fxl-X,]zﬂﬂl_P:]’
(E) N=4w pil(x;,0,)dx,dp, prl (X, p,) 0 14 2517, dx,dp,,

16



where

”’tlle .p,}dxld,a,:J'J‘tz{x,.pz}dx,dpfl.

Letting both sections shrink to points gives

txl-'x!}!'l'[ai_ﬂ!}’)

Eu]a

(F) ¥=47Va a, 0y (1 +

as the mutual inductance of two coaxial ecircular current filaments of radii a, and a,, in

the planes x; and x, (eq (2.1), page 1). See section 4 for the evaluation of the func-

1
tions Q“_H in terms of elliptic integrals.

1f the section § shrinks to a point, eq (C) gives the vector potential 4{x,p) at anmy
point P(x, o) in space, that is produced by unit circular current of radius a, in the

plane x =0, and coaxial with the x-axis

x*t{p-a)? (X~E)
d(x,p)= EVQ (1+ 2ap ) EV;[ET‘J?I],

where

1. 48p
x*+(p+ta)?’

k is the modulus of the complete elliptic integrals X and E.
The cylindrical components of the magnetic field are given by B (x,p)= lfpﬂ {pd)
and H (x, p]'“ﬂ 4, so

2a(a-p)
Ex‘*-”:ﬁ:': L ]

—
e ) B L L
eit(oraril  x7H(a=p)?

o dex [ R (-8
Ep[x. P}'[xz +(ota) l:f”’[l-k’ 2(*’ )]'

which apply for amy point (x,p).

b. Cylindrical Configuratioms

The other class of formulas may be described (with rectangular coordinates x,y,z) as
applying to a unit current with uniform current density i —t =0, t,=i(x,y) (independ-
ent of z). The total current +1 flows in the first conductur with cross section 8, its
density being i, =1/S. The return current density in the second is L= —1;“32. The self-
inductance "per unit length of the line" is denoted by I/l, which means the self-induct-
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ance of two cylinders having the same two end planes, these planes being separated by one

L/l -—IIJ&S ——J'J-J.tdS

where 4 is the potential of both distributions. When u =1 everywhere, the value of 4 at
any point Xy in the plane is (where 4 denotes 4_, the only component of 4)

Alx, yil‘s I-[lng RdS + J.J-lnngS

where B is the distance from a point of integration P, in dS], {or from P= in dS,_] to the

unit of length.

general point P(x,y) in the same xy plane. This gives

1532 {[as, [ frosnasi- [ fas, [ osrasi sl [ fas, [ [rosmus,.

The first two integrals are frequently designated by [, and [,, respectively, the third by
-2K,,, but the separate integrals only have a meaning with reference to this equation of a
"closed", or return, circuit. With this understanding, the self-inductance L/l per unit
length of the line is written

(G) L/ 1==2K13/) 4L 1/ 4L 371 =2 [ 2 log D yy-log D4y -log Dy,

where

( 1 r
log E”:S_S ds, log RdAS,
1712 8y +7
1 n
log L‘“=—J‘J. ds, f log RdS,,
g 2
\ 1 3 o8

1

(H)

and similarly for D,,.
This D,, defined by the repeated surface integral over the two coplanar areas 8, and

s

2
geometric-mean-distance of the area S, from itself. The definition is consistent with the

is called the g.m.d., or geometric-mean-distance, of the area 5, from 5,, and [';;, the
extension to the g.m.d. of one curve from another or of the g.m.d. of the line from itself.
In the case of a return circuit of two parallel wires whose circular sections have

radii a, and @,, it is easily found that

(1) log D,,=log a,~¥,, log D,,=log a,-Y,,

18



and

(J) log I'y,=log b, where b is the distance between centers.

The general formula (G) for the inductance /1 per unit length of the line,
L/1=2[2log D,,~log Dy,-log D,,] gives eq (2.44),

For a tubular conductor whose cross section is an annular area with inner radius a,
and outer 4,, it is found without difficulty that

a,? 2a,? A, y
(K) log D, =log 4,- lng(-—-)—l -
11 ! 2{}!12_{:1!‘] J|112___':1]! LY

When a,~4,, the tube becomes infinitely thin and this approaches the finite limit
log D), =log 4,, so that 4y 1s the g.m.d. of the perimeter of the circle from itself.

When the current in tube No. 1 returns in a larger tube, No. 2, coaxial with it,
whose annular section has inner radius @, and outer 4,, it is relatively simple to find
that the g.m.d. between the two annule is given for 0<o, <4 <a,<4, by

1
(L) log D, = [4] log Ay-aj log a,] '“lé‘
A-al

Formula (G), [/1=2[2 log Dyy ~log Dyy~log Dyy] in this case leads to eq (2.46) by
(K) and (L).

In checking for numerical errors, it may be noticed that the formula (G) for the
self-inductance per unit length of a line (a return circuit) will be dimensionless. This
is not true of the constituents log Dy, and log D,,, etc., as they do not involve
logarithms of the ratio of two lengths.

In getting g.m.d., use may be made of any formal analogies to the logarithmic poten-
tials of electrostatic distributions, for the same first integral occurs in both problems.
[ The logarithmic potential ¥ of an endless cylinder of any cross section S with unit
| density per unit length perpendicular to the plane of S is

. F[x’,r}=-2ffing Rdx'dy"'.
b

2 For example, when the section § is a circular area, or an annulus, ¥ is the same at oute
; side peints as if the charge were all concentrated at the center. At points inside, a
simple law prevails. This may be used to check the g.m.d. given above for circles and
annuli,

i ¥hen the total charge  per unit length in finite space is zero, the logarithmic

& potential (like [/! for a return circuit) is dimensionless as to length. Hence the ca-
pacitance per unit length of endless cylinders, as in eq (1.1) to (1.15), involves loga-
rithms of the ratio of two lengths. But the potential of a circular cylinder with charge
0 has the value 20 log r at outside points. This is not dimensionless,

19



A final example [15) may be quoted, the g.m.d. of a rectangular area from itself.
If the width of section is w and breadth b,

2 2,52 2 2,2
(M) -4 log D,,==2 log(w?+b?) 2 lvug(ihI b )+b— lug(b e )
Ip? w? Jw? h?
B(wtan'l—b b a1 2) 2
"3\ vl w b) 3
2
-l_p{a]..—ﬁ 4 log w4— 5
352 3
where 5=b/w, and
(N) F(x)==2x%*log x+ (1-6x24+x4)log(1+x?)-8x(1-x?)tan-1x.

Since the expression for log D, is symnmetric in b and w, this suggests the identity
in x that is easily verified.

(0) F{x]:x*?(-li)-lzx’- log x-4mx(1-x2),

so that, from a power series for F(x) in powers of x valid, when x<l, we get by this, the
series for x>1. These equations, (M), (N), (0), are used in deriving eq (2.47).

If two or more long parnliel. cylindrical conductors all carry current in the same
direction with the same uniform current density, they are effectively one conductor of
cross section S. If the sections are the coplanar, nonoverlapping areas § ,§8_,5,, etc.,
then 5=S +5,+8,.... For example, with three such sections the g.m.d. of the compound
area § from itself is given by

(P) (8,+5,+8,)% log D, = jJ‘ dsfflng Rds’

= desl.[flngﬁdﬂ;+fJ‘dsz-"flog RAS 1+ -”‘ dssfflog}?dﬂl
+2 J’J'dslfflog RS 42 fJ’dsa'fJ‘ log RdS,+2 J'J.dss'[flug Rds,

~1og(0"1 ) (D 2D -Jw"t" )0 2357y (p2s’),

The generalization of this is not difficult, when each conductor carries a uniform but
different current density., Weighting factors are introduced.

20



2.2. Circular Filaments and Circular Turns of Wire

8. Coaxial Circular Filaments [1)

FiGure 13

pe. W — ]

Their mutual inductance ¥ is

2(K-F)

ramyaa, [ 25 -li:{wVTIT;QH(%-I). (2.1)

where the modulus % of the complete elliptic integrals is given by

._ 4a,a,

=——"173 . (2.2)
x2¢(a +a,)?

Their force of attraction is X=-I I, 34/3x or

I Iaxk [2+R2
Y= 70 [1-#’5 2K |. (2.3)
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b. Circles Whose Axes Intersect [17]

By=cose, (05K S7)
M, = cos lﬂiﬂgiw}
K =cos 8 (058 2m)

. FiGure 14

Ey r3*t Pa(ug ) Palug) Palu) .
- 2f 1=y 2 - 2 n 1 LAYt n
N=4mi(1l pl}{l ©3) E w A6TSY) if ro<r,
Lo |

(2.4)

n+l

=472 (1=p2) (1-42) Z TU PGP Pa (k) g s
rs n(ntl)
n=]1

whatever the values of ﬂr/tll. P (1) is the Legendre polynomial and Pi(u)=(ad/du)P,(u).
In the special case where the center C, of circle 2 coincides with 0, r, becomes a,
and a, becomes 7/2, and (2.4) reduces to

; 2m41 1
¥=27""2 0 (1-42) Z [-1}"(3}_) ) e )Py () (2.49)

L ey !

=]

The torque T acting on either circle, tending to reduce the angle & between their axes is

oN- . N _ 3/, . = az\ "M C(naek) ,
T:-a—lg:nnﬂa—“:i?w ﬂznnﬁll-pf} E ['1]“(}_—1) WPE!I*][P]‘]PIH*II#}' (2.5)
n=1

These converge for all values of r , if a,<a . ¥is positive when the currents circu-

2
late in the same sepse around their axes 'DT.] and EIT::.
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P

¢. Two Concentric Circles (Not Ceaxial)
(Special case of eq (2.4'))

5t
e 37

rodius o, =0 A,
- ﬂziﬁi-!

Hecos B

9 <0,

a

n!(n4l)!

in+]

Axes Parallel (6=0,u=1),

&
4#0;
-“12(

n=g

a,

T

=0

E‘i)” Fin+%)r{ns¥a)

' {ntl)!

Axes Perpendicular (6=n/2,u=0) ¥=0

8I,1,V7a

a2,

D

=g

=)

23

P ntk)

Mintd

PR T(nt%) ()

n+]

B\T(n4%)(nt %) . )
n'(ntl)

(n+l)!

n!

1] 2

Ficure 15

(2.6)

(2.7)

(2.8)

(2.9)



d. Tvo parallel circles [18]

Case where 0<r<a,-a,-

| S IEhl
I
! — T -
o Syl p = cos. 6
|1 u'iuz 12 r=00,
¥ i d 0, ; 0, ﬁ; Ficuee 16
/ 0, GA,
-—-""’ll-}I
.
dnihal = NETL
¥ : (-nn (L) T b,
ay a, n:
n=g
where Fﬂ=F(n+1f2, n+3f2, 2; n’,;’a’,}lhypergem:tric series).
If the circles are coplamnar, (8=7/2,u=0) and
r{n+}%)
fod_
Pon =(=1}"—7—.
Case where r>a,ta,
_q__.f. ______
S
L |
I
Tl u,l-i-n! p =cos 8
| 1II r = 0,0,
! Ficune 17
0y o= 0, &,
9= 0,4,

47 Yaqal 2 a;\ It P p4%)
= ’2 "1’“”(71) Tyt FaPan ),
. !

n=l

where F _=F(-n,1-n,2; a}/a}).
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For equal radii a,=a,=a and r>2qa

. o1 [ 20\ D(4%) T (n4%)
¥=2ma E (-1)" (.- e ) (2.12)

n=1

For two equal circles, coplanar and external, this becomes

2g\ intl r*(n+%)
— ca 2.13
¥ 2”2:(r) (r-1) T nl (ntD) ! (2.13)

n=]1

(The plus sign would apply when the currents circulate in opposite senses with respect to
the normal to their plane.) The torque is zero. The force of repulsium along their line
of centers is F:-}III,BH'E’II', or

2a\ ™0 (nt+% )T (n+%)
F=toml 1, 2, (T) (=11 nl (n41)? (2.14)

n=]

25



¢, Self-Inductance of a Circular Turn of Wire

P =distance of o point from x axis
x a =rodivs of generating circle Ficune 18

A=0OC

axis of 0
rotation

Current density of the umit current is

tfﬂ—l-(g ] ' (any b),

alp
where
=b 1=b a?y\._ b{b-1) at
per (G ) g s 1 v 2 onder
al 84 7 (b=1)(b-"4) a? (a= A)
_ . R i B — log- }. 2.1
L=4md [1+{2b+1]“,] 1ugu l|r+ i J3+ zero | 3 los; (2.15)

For uniform current distribution  b=0,

For "natural”™ current distribution b=-1.

For b=-5/2, the magnetic field outside the wire is exactly the same as if the unit current
were concentrated in a circular filament of radius ) 43-a?.
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f. Self-Inductance of a Circular Turn of Wire Near a Magnetic Medium

E
A%

O Mol

{oir)

Freure 19

AN NN NN QRN LSRN

(2.16)

44a

(modulus %) where k2=— """
4x3+(44+a)?

L,,, may be computed by preceding case, (2.15) on the basis u=1 everywhere,

In correcting the self- or wutual inductance of coils for the effect of thin lead-1in
wires, the diameter of the wire is important by affecting its self-inductance, but wires
may be treated as linear conductors in estimating their mutual inductance,

g+ Self-Inductance of a Wire

1242 I
=2 [z 1:.3(—’3_”?)— “’*“"’1*“]' (2.17)

a

where [ is its length and g its radius.
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h. Matual Inductanee of Two Parallel Wires Having the Same End-Planes

T
D Figure 20
1

!- .
¥=2 [ ! log (—”f'”)- V I=+B=+D:| (2.18)

where ! is their length, and D the distance between centers. If the currents are in oppo-
site directions, the sign of ¥ is reversed.

i. Matual Inductance of Twe Parallel Wires Not Co-terminous

Cy

T T *

0 e — e

1 J -

Ce Ficure 21
1""“-!1-'-—"-1 I-"——-fz-————-l-}

c '_Ez where G'und Cz are centers of the wires
- I:‘*‘Il) ( I:*‘H) ( 11“11)_ ( La=ly ) (2.19)
N=w ( C4 9 +w C ——2-—- W c+ 2 W L= 2 ¥ »

where

. 2 )
w{x}:ixilng [__{w—+|x| ] - Fli'l‘ﬂ:.

D

so that w(x) is an even function of x.
This holds for collinear wires (J=0) if they do not overlap. The sign of ¥ is re-
versed if the currents have opposite directions.



j. Mutual Inductance of Twve Equal Rectangles Lying im Parallel Plases

{One i=s the perpendicular projection of the other.) The distance
between their planes is d, the length and breath of each is a and
b, respectively.

| Neumann's formula is

4

| #;ﬂlngl: (a+ Va?4a?) Vb=+d=]+“u![ (b+ ¥ b7y d2) Fm]

4 (a+ Ya¥ybisdl) d (b+Valrbitd?) d

1 +2 [Va=+b’+d=-I"a=+d=-Vb’+d=+d]. (2.20)

f k. Self-Inductance of a Rectangle

b Figure 22

1]
a=radius of wire, [ =length of rectangle, b=breadth

_ Va(b+1)24al+a Vb2i124p | V241241
L=4Y(b+1) log -b- log 2 -1 log —

a

+2I"b’+1’+§-—%{b+1}-1;’,l’4{b+£}’ﬂ:’}. (2.21)




2%, Concentric Solenvids (Current Sheets) [20]

Figure 23
olrs rhedden
H#=b =b
" a4
H'DDE.E
Nlandﬂzure total numbers of turns
¥ 2(1-42) OV [ NPy ()P (VP (1ny)
!=4w(—1)l’,m§#1{#'_1 (—’) ) (2.20)
2b, Bty ro/  28(2s+1)(2s8+2)(28+3)
=]

The series is relatively small compared to u when alfzbl is small. P _(u) is Legendre

polynomial and P (k) =d[P (u)]/du.
If the coils carry currents of strength I, and I, (in cgs electromagnetic units of
current, the torque on either coil, tending to decrease 9, is r:-flr,a:faa:111, sin G3N/3u,

or

NI (1~p3) v fr NP, ()P (i, )Py o (py)
!‘=4#F;I;ﬂﬂ§n“1$inﬁ‘{l-2 : (-’-) gl T as Ta 2ent BOE g o)
1 By bty ry 2a(2s3+41)(2s+2)(2s+3)
=]

Case a. Axes perpendicular (f=7/2, x=0)

¥=0

(l,f
T=
"\ 2o,

Dy tmat {1 3 e (L) T PO ) P ()
1,ma} -1 — :
)J"z :“’“z“t[”p,#,ﬁ 2, CU\F) Temsess ) 2

=)
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Case b. Axes parallel (f=0, p=1)
=0

¥ Bymadu, 1 2(1-u} . (r,)" Pos (1) )P y50a(ky) }
AT bty 2, ri/ 28(28+1)(2842)(28+3)

Im]

This may be computed in finite terms. (See coaxial coils, eq (2.30).)

2.4. Self-Inductance of a Cylindrical Current Sheet [21]

Ficure 24

A g = [ = —

SN J— —

(2.25)

The sheet consists of ¥ complete circular turns of thin tape without insulating space

between them. Their diameter is D; the total length of the cylinder is [.

b 2
zrar="’"3"'r Vitip? [E—HD—:{E-H] :
!

(2.26)

where %=D/F1?4D? the modulus of the complete elliptic integral X and E. The comp L emen-

tary modulus is R!'=1/}1%4Dp2.
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2.5. Self-Inductance of a Helical Wire [22]

Freume 25

Centers of wire on o cylinder of diameter D
N complete turns; diameter of wire is d.

The length I of the equivalent sheet, is the distance from the center of the wire at
start of first turn to center at end of last turn.

1k’
L=L +1 [lﬂﬂ(l—'_?,)-!k* log 4]
o {2n[1oso (222)] o2 s (222)-4 (20) [ (i) ]
4~ B\ 3 8\ T\ 2\ 21
2[-8 rE] R° [, R . _,
-3 [_k_- ?]-ﬁ(l‘? sin k)} (2.20

This takes account of the relatively small axial component of current. [  is given by
(2.26), moduli k, &', as in (2.26).

2.6. Bifilar Mutual Inductor [23]

Primary and secondary are helical wires identical in form, the turms of one midway
between those of the other. Two cases are ¥, and ¥,. X, is their mutual inductance when
the second helix is displaced axially from the first by one-half the pitch., When the
second is displaced 180° in azimuth from the first, but with its extremities in the same
end-plane as the first, their mutual inductance is designated by X,. The principal part
of either is [, given by (2.26), the self-inductance of the current sheet equivalent to
primary or secondary. The moduli % and %’ are the same as in (2,26).

k'
¥,=L +1 [logl——k-_+k’ log 4]

1 4
~-ml {H log4 +'5— log(—‘?)'l'

R' k'
— | 1-— s&in"! . .
+ k( 5 8in k)} (2.28)
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14k’ .
N =L 41 [lugm +k' log 4]

-nD {H logd +

1
3 log

(%)

2
3L &

4
+—
”

{

E-E kK

£
kR

1

—|+=
21 2rL

i

(2.29)



2.7. Coaxial Carrent Sheets [24]

b“"_"-z"_ ==
S A —
; BN R
I i P
' e IF c__i__.-... - A Frcume 26
II Ul | I 0! 1
| [ i i
| ] 1 1
i i
| I —

Total number of turns hll and N,

2“#132{ ( E=+11) !!-f-ll IE_II ( I:-II)}
¥= ) - " - - -z ! .
T, | ot 3 +w | ¢ 3 v | o+ 2 wie 5 (2.30)

The force of attraction (in dynes) is X=-1,1,9K/ 3¢

2?#;111’212{ I,—l,) ( l,-1 ) ( L4l ) ( a4 1, )}
X= ' ] P | L 2 1 T - A
____I,I, W (c+_ 3 +u ¢ 3 W e+——2 W c 2 , (2.31)

where

o, ﬂ[ﬂ:ﬂg}’h[ (2 ) ]
wix)=xw {XH—Ek_— i- F-l (E-E) (2.32)

This is an even function of x. Its derivatives w'(x) is an odd function of x, vanishing
with x, and given by

v (x)=2X ¥ 2182 ':“"[I*glilag-agl [Iitﬂ,k'}-{l-ljﬂﬂ,k'}-g—] (2.33)
the + sign is for x positive, -, for x negative,

The complete elliptic integrals ¥ and £ have modulus k, where

1o 4010:

'—Wr {2134}

The incomplete integrals F(&,%2') and E(&,%') have the complementary modulus k'= ¥ 1-k2,
Their amplitude & is computed by
¥ F]
1+ ( )
d1+a;z

!'I‘
a, El!

sin 8=

ki)
h <f<_,
where 0 <2




The bracket with factor iai-n; vanishes when x=0. If the coils are also concentric (c=0},
the force vanishes, and ¥ becomes

_AmN, ¥, (Ez+11 )_ ( Ly=1, ]
N= P [&J —5— w -_2_) (2.36)

Another special case is that in which the second sheet is replaced by a single turn of ra-
dius a, coaxial with the x-axis in the plane x=c¢. The mutual inductance between the cir-
cle and sheet ] is

(e (k) ()
H——i-i— W e+ 5 ] c 5 (2.37)
2nN, I, I, { "( I, ) ; 11)} NI,
X—-———I]— ] C"'E- - (c+—2— __IJ_NZ{EI-I?}I [2.38]
where
wh(x)=4 Pala, [5;-#2—!], (2.39)

so that the circle has mutual inductance ¥, with the nearest circular turn of the sheet,
and ¥, with the farthest.

2.8. Toroidal Current Sheets

Current in tape winding of ¥ turns circulates around the core in planes through its
axis of symmetry. Permeability of core is u.

Case a, Core of Circular Section

¥
A
r axis L= amafuN? (2.40)
A+Vai gt
Frouae 27
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Case b, Core of Rectangular Section

om0~

23

e == ==

1 axis Ficuae 28

]

2
L=2pwN log 8 2.41
H -,ﬁ ( )

2.9. Endless Return-Circuits
(Self-Inductance)

a. Concentric Cable (Special Case of 2.46)

Figune 29

4, and p, are magnetic permeabilities. The curreant goes one way in the central wire
and returns in the outer shell. The self-inductance of the line, per unit length, is, for
low- frequency or direct current.

_H1 ay pady [ 243 A3\ 7
L/ 1= 2 +2 1':!;{ 1+J:—ﬂ: [li—ﬂ:lng a, 1 5 (2.42)
=& %2) if 4,= 2.43
Lf1-2+zlog(ll)1f.!,_u, (2.43)

L/1~2 log as/4, for high frequency (see (3.1)).



b. Twve Parallel Wires (Nonmagnetic)

Ficure 30

q 0, b ota,

The self-inductance per unit length of the line when the unit current i1s in opposite
directions in the two wires, and u=1 everywhere, is given by the exact formula

b:
L/1=1+2 1 .
/1=142 log i, (2.44)

See (2.45) and (3.3), This is derived as in section 2, eq (I) and (J).



¢. Two Parallel Wires of Magnetic Material

Ficure 31

+2 ! [El+{az+2£l£=}z'“7]arhﬂ’
n(l-e,e,e™)

- [e gt 12e lf,le'“]e-mﬁ’
_2[£1+£2+5152+51512'W 6_“7}, (2.45)

where

-1 g1
= d = and =2{ + ]
1 #l-}lﬂn ég ;;,':1 ¥ 131 r&z

&

The positive constants 5,, f§,, and ¥ are defined in eq {1.13). This v is the reciprocal

of capacity (1.15). When u,=u,=1, eq (2.45) reduces to (2.44). (See also (3.3) for high
frequency in this circuit.)



d. Twe Coaxial Tubes

{2=1) (See section 2, equations (X) and ([)

Ficumre 32

Current goes in opposite directions in the tubes. The

inductance [/1 per unit
length of the line 1s

a 42 2412 4 al 2a? A

2 2

L/ 1=2 log — 4 — Log(—’)-1 — - 105(—1)-1 . (2.46)
4, Al-al | 43-a} a, A}-al] 41-qa? a,

When a,-0, the inner tube becomes a solid wire and this reduces to (2.42) with
“‘1=F‘::1'

4, al 2a} 4,
When n,~4,, Lf1=1é+lng—+ logl —J)-1].
4, d:_ﬂz A{_a:

a, A} 243 4,
When a,~4,, Lf1=-1f2+1ugr+ log\ — ) ~1].

2 12
R HE

4,
When a,~4, and a,~4,, Lfl:lugj—.

1
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e. Two Equal Bars of Rectangular Section {25]

-
metal b
~L %
insulator g
-7
meatal b Frure 33
4
==y = = = =]

T—% aond 3'%

Since D,,=D,, (given by eq (M)), the formula (L) for self-inductance L/l per unit
length of line is L/1=4 logD,,-4logD,,, which leads to

1
LKI:FEF{T‘H)‘*F{a}nl‘f!FIT‘i‘zH'lfgff'}‘lj+4ﬂ{'y+23f3}, (2.47)

where as in equation (N)
F(x)=-2x* logx+(1-6x?+x%) log(14x?)-8x(1-x?)tan"! x. (2.48)
This satisfies the identical relation in x (eq (0)).
Hxl=x'!‘e)—12x’lug x—4nx(1-x?). (2.49)

When x<1, we find

_ 1 a5yt = (=1)7™*1y2n
P(x)=2x* log = - 7x?
o8 T1XT+=¢ H'Bé'Zn{2n-I]{2n—2}{2n—3]{2n—4}' (2.50)

This is obtained by use of the series

)= - ﬂ*lﬂ -1 = . - +1 x 0
log(l+x?) 2 (-1) - and x tan”! x ,,2.1 (-1)= Smo1’

n=]

Equation (2.50) might be preferable to (2.48) for computation with thin flat, strips
as in the figure, where %, or 5, or both, are small, that is £, or b, or both, are small
compared to the width w.

In the other extreme (£ or b or both large compared to w), the expansion of FP(x) is
required for x>1. This is obtained from (2.50) by use of the identity (2.49) which gives
for x>1

f(IFE{I—Ex’}lugx—TX’+%-4wxE 1=x%)+48x* 2

n=1

{_1 }ni-lx-!n

. (2.51)
2n{2n-1)(2n-2)(2n-3){2n-4)
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The derivation of (2.47) depends in part upon eq (M), which is

e oy A5 a ot 2S

—4105311—381F[$] 3 5 4logu+3 . (2.52)
With the same. function F(x), it is found that Gray's [26] formula for 4 logD,, may be
written

1 25
4lugﬂ'u=3TI[P{'y+S}*'fsz'rfﬂE}‘-l‘,r!f'('y}]i“lﬂ[?-fﬁ1+4 logw==, (2.53)
which, with (2,52), gives (2.47).
The formula of Gray, corrected by Rosa [27] is

] §
4uwib? lngﬂu=—%5w’b’+[[§+25}’{B’-u—+z-£]—}-”?]log[i'+{ﬂ+ﬂb] 2]

—-2[{:+b}'{u'-#}-?]log[u’ﬂﬂh]’]+[§’{w’-£;}-'%]1ug[u=+¢’]

minus the same terms with w=0,

W

2
!+2b+v (£+2b)tan

w _— L 42D
+3 {[!1-211} tan -

W

- E+b] ¥ _ !.'}
P 1 3 1 1 1
E+b+w {£+Db)tan - 4+£? tan —+! w?é tan = (2.54)

—2[(§+bl’m"

By use of logxy=log x+logy, end tan~! x=n/2-tan~! 1/x, this formula may be put in the
form (2,53).
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3. Frequency Effects [28]

3.1. Skin Effect in Concentric Cable

Freure 34

The resistivities p, and p, are in electromagnetic cgs units, one of which is equal
to (107?) ohm-cm (for copper 1/p~0.0006 and for iron 1/p~0.0001).

For frequency f, let ﬁjfi and Lﬁfl denote resistance and self-inductance of the line
per centimeter length, when the current flows one way in the central wire and returns

through the outer shell. (See egq (2.42) and (2.46) for low frequency. )

For very high
frequency
Viypy Vige,
R ~ !
Vi [ a, ' a, Ve
(3.1)
L,.~g1 Ef+3; Hypy Vigpalgy
o 05“1 2n a, a, W

For any frequency f, the resistance and inductance may be computed by use of certain tabu-
lated functions, which are the real and imaginary parts of Bessels’ (and Hankels’ function
of the first kind), these having parameters 0 and 1 and argument x ¥, where x is a posi-
tive real.

The resistance FI/I and inductance Lffl are obtained by equating real and imaginary
components in the complex eguation

R a, 2p, 2u.  J. (x,¥1)
Lﬂ.ri+i[—‘ﬂ:-ll=2 log— 4 — g=—r ——— : (3.2)
2rf G X X [T, (x,vT) ]




where

By 2p, 2u,
x,=2wa, :—f, X, =2ma Y ——f and-x,;=27a,

—f
1 'D! .Io!

- Jo (X VOIVIR (x WD) I-[VTJ, (x WITEM (x, V1)
VI, O, ¥ 3 TVEEL Y (v J-[VT0, (D) T [vEEY (x v T) ]

where

Jo xVT)=uy(x) +tv,(x) and ¥VTJ, (x¥T)=u, (x)+iv, (x)

B (xVT)=0,(x) 417, (x) and VIE{ (xVT)=0, (x) +17,(x)

The eight real functions u,,v,, 0., ¥,, (n=0,1) are tabulated in Jahnke-Emde’s "Tables of
functions, " pages 246-258 (fourth edition,1945) for values of x from 0 to 5.99. For

larger values the asymptotic expansions may be used and lead to the high-frequency formu-
las given above,
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3.2. Proximity Effect in Parallel Wires [29]

Froune 35

O
Hg (Permeability )

[resistivity )

Current goes one way in one of the wires and returns in the other. See (2.44) and
(2.45) for low frequency.

The resistance R/l and self-inductance [/l per unit length of the line (of both
wires) for high frequency f, are given by

Rfl'“[(l +2?e"°‘"’ +B"") ;:pl+(l +2?B"”{= 'I'B“T)—“!ﬁ 43

2 1 1 u’ 1_3-7 [3 3}
R/1
/Ly pyrd
where 7 is the reciprocal of the capacitance per unit length, so that by (1.15)
1 b!_u‘-;_a;+]r"’|:b’—{nl+u!j*][b’-(ﬂlﬁﬂﬂ’]
———=y=2 log
c/1 | 2a,a,
~ 2a.a
=2 log 193
_b’-—a{—a’,—l"‘[b’ﬂaﬁa,}’][b"{%'“:}!]
For equal wires of the same material, these become
2b pof
R/1~— {4
/1 pll s pppr
(3.4)

L/1~4 log

(h+l-’5’-a’) +R;”i‘.
2a

2nf’



3.3. Single Wire Parallel to the Earth

Frcure 36

earth [Resistiif-,- Pa s HET)

R/ z«(@ﬂ%’)w‘_

(3.5)

(MVJ‘:_’-_a) R/1

~2 lo .
L/1 2wf

4. Legendre Functions That Occur in the Formulas

The Legendre polynomials P (x) and their derivatives P (x), (where n is a positive
integer or zero), occur in formulns (2.4) to (2.12) and in (2.22) to (2.925).
These satisfy the recurrence relations

(2n+1)xP (x)=nP,_, (x)+(n+1)P,,, (x), (4.1)

(2r+1) (1-x?) Py (x)=n(n+ 1) [P,_ (x)=P,,, (x)]. (4.2)

They are even or odd functions of x, according as n is an even or odd integer

n

l-x\* (s+n)!
P"{ﬂ:z (-1)° ( 2 )s!s!{n—a}! (4.3)

F=p

n=~]

c(vr=1 118 l—x)’ (stnt1)!
Palx) "-’g{ 1) (2 s (841)! (n-log)? (4.9

or in powers of X,

(=1)%x?*I(s+%+n)

=(~-11"
Pan (x)=(-1) e gl (n-a)!"(3+%) (4.5)
- (=1)*x?I"(s4%+n)
=f{-1)"
Popey (x)=(<1)"x ,-E. sl (ne8) 1 T(s7 ") (4.6)
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The last two equaticns give
P,(x)=1
P, (x)=x
P,(x)=1/4(3x2-1)
P (x)=1,(5x3-3x)
P, (x)=14(35x*~30x?43)
Pe(x) =Y (63x3-T0x?+15x)
P (x) =Y, (231x%-315x* 4 105x?-5)
Py (x) =1/, (429x"-693x* + 315x*-35x)
Po(x)=1/,q (6435x%-12012x % + 6930x *~ 1260 x* + 35).

(See references (5] and [11].)

The Legendre functions 0, and F, i occur in the capacitance formula (1.19), The
function (i appears in the general inductance formula (B) of section 2 and is the origin
of the elliptic functions in (2.1) (2.16) (2.26) to (2.29). These are infinite series
that occur frequently for real argument greater than 1, sometimes written cosh §, where §
i1s a positive real quantity.

]/;r[vﬂil {ve})
= T a=lvealf 1 1 a8
0,y (cosh B) C(pil) e F( g vtlf,vil; e™%F)

g-(vilg e-,aﬂrtsmlrtswm}

B s T (s4v4l) (.7
570
P,y (cosh B)=P_ y (cosh B)=F( 1, Yy 4v,1; 1-e"%F)
C eWHE Y (1ee7P) T (4%) (s v %) (4.8)
T YR (vik) s!. g! :
5=0
sinh? 80,y (cosh BIP)_y (cosh B)=0; i (cosh B) P,y (cosh Al=1, (4.9)

where P'(z) denotes dP{z)/dz, ete.
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=

g T

The hypergeometric functions in (4.7) (4.8) may be transformed, leading in the fol-
lowing equivalent expressions;

IR
Metl)

(lfé sech %):’;”F{v+lé,v+1)’2,2v+1; sech’—g (4.10)

0, (cosh B) =)/m

P,y (cosh B)=(sech B/2) V¥ P(Y,~v, Yp=v,1; tanh? 5/2)
= (sech 8/2)'** F(1,+v,14+v,1; tanh? 5/2) (4.11)
The identity
Fla, B,7; 2)=(1-2)7%F P(y-a,y-B,7; z) (4.12)

shows that P,  is an even function of w.
The recurrence relations (4.1) and (4.2) become

2veosh AP y(cosh B)=( v+1f2} P, ylcoshB)+( 1-'-1,#.‘} P, _,.ylcosh g) (4.13)
2vsinh? BP) w(coshf)=(v2-l) [P ylcoshB) =P, | w(coshf)]. (4.14)

The same formulas are satisfied by 0, ..

In all these expressions v may be replaced by any integer n. _The functions P, _y are
even functions of v, fhrut the functions (), y are not, except when v=n. In that case eq
(4.7) gives ﬂ-u-&i[z]:Qu-K[z]r where n is any integer.

For the formulas given above v is an integer N, so that it is not necessary to com-
pute these functions by the series (4.7) or (4.8) in view of the many excellent tables of
elliptic functions. If we find the two functions for n=0 and n=1, namely, 0.y and Oy,
any other 0, i may be computed by (4.13).

Similarly, if Py and Py are kaown, the recurrence relation (4.13) gives the P -% for
n>1.

The complete elliptic integrals K(k) and E(k) with modulus %, where O<k<l, are
given by

. aT 1 . I”X’l dﬂ
(- . 2= - -
E=F(Yy, Yya 15 K?)=  Vihionte (4.15)
m e .
g=§p[-1;=,1;2,1;k!}:'.. V1-k2sin?é6 dd. (4.16)
o

The same functions with complementary modulus k'= J 1-k? are denoted by ¥’ and E',
respectively. (These £', ', etc. are not derivatives.)
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Legendre’s relation between the four is

i
KB 4 K" F=RE'=—,
E'+E'E-RK 3

cosh ﬂzizi-l, k2=gech? 8/2

so that k' 2=tanh? 8/2

. 2k’ g 1R’
sinh ﬁ:—k? A= TVIk

The equations to be derived are

0.y(cosh f) =k 1.
E-E
QH{B“II .na}=2 (T ) -REK.

™
EP_E{BGB}I ﬁ}:kf’ .

m 2 ¥ #
EPH[cuah ﬂ]—kl -kK’'.
Placing v=0 in eq (4.10) gives by reference to (4.15) and (4.18)

ﬂ Etc“hﬂe] E;H("—"l)- kr{]f v J'fzsl:kZ:]:kI!

which proves eq (4,19).
Similarly, taking v=0 in (4.11) gives

;P_;i(conh BY=kF(Yy, Yy, 1, k" 2)=RE",

which proves (4.21).

The proof of the remaining two equations, (4.20) and (4.22), is not so simple.
this we may place the notation of (4,18) in eq (B) and (B') of section 2, so that

R? (x=x")34(p=p") 2

=1+ == -1
2pp

cosh =14 205" M

"

4pp

k1= .
(x=x")24(ptp')?

(4.17)

(4.18)

(4.20)

(4.21)

(4.22)

For

(4.23)



Equations (B) and (B') become (with a=¢-¢*)

2 -]
Va(e _ﬁ-cns a) 2% % co 2 ;E 0,4 {cosh B)cos na (4.24)

n=p

2 nada 2ng
0, 1 (cosh B)= 2 _ J‘ __cos =-nJ' cos
n-lcosh £)=0, y ( l) K& s ¥2(cosh f-cos a) (=1)"k » V_.ﬂ_’_ﬁd&' 4.25)

Taking n=1 in (4.25) gives

%1 (2sin?6-1)

0y (1) =» , V Lrtsmra®’

I"’G 1-({1-%k%s8in2#)
&

2 dé
g=k
V¥ 1-k%sin? @ d 0 V 1-k2sin? 6

2 (5 o,

which proves (4.20).
For the remaining eq (4.22) take v=1 in (4.11). This gives

33
*P}ilnnah ,E}—-—k F‘(z 21 k.") —F{ ,1"2,1 E'?) by (4.12).
By writing out the series for F' and £' it 1is readily found that
2:'-k=x*=’—;r{—1f = 1R, (4.26)

Hence (7/2)Py (cosh f)=2E'/k-kE', which is eq (4.22) to be proved. Hence the function
0y (cosh 5) and P,y (cosh A) may be evaluated by use of any of the tables referred to in
section 6 that give the complete elliptic integrals ¥ and F as functions of the modulus k.
This would apply to eq (1.19),

In case of the mutual inductance ¥ between two coaxial circles, the formula (2.2)
gives N/ ﬂ]ﬂ,=4wﬂ5‘{2fk'-1], and this is tabulated against %* in table 2 of Nagoacka and
Sakurai [7].

It is found that the functions

0=0poyg (1+

{x—x‘]’+{p-p']2) ( (x=x")}24(p0=p")?
d P 1
200" an n-3 t 2pp" )
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satisfy the partial differential equation

1
(n,"w;ﬁ'" )§=u (4.27)
PI

in the cylindrical coordinates (x,p), and also in (x',2'). The canonical expansions in
various syatems of coordinates of 0, with this argument are obtained in reference [12].
From (4.27) it is found that if

2 ") T4(p=p" )\,
En[x,p]=ﬁff}/§'r‘l'.x'.ﬂ’}!?mg(Hh X zp; d )ds. (4.28)
i)

then

o2
IZ”’-H]"-PH-L Ky =0, where (x,p) is outside §
T, 1 Alq

(4.29)

=4-rrp!'iﬁx,p], where (x,p) is inside §
which may be written

2, p2,1 n? . .
DI+DP+;DF-—!)E“=I} when (x,p) is outside §
P
(4.30)

=4 f(x,p) when (x,p) is inside §

For the case n=1, U,=44= the ¢-component of vector potential of a current distribution
whose ¢-component of current density is ig=f(x,p). This is eq (C') of section 2.

For the case n=p, I, (x,p) is the axially symmetric potential ¥, of a ring distribu-
tion of charge whose density is f(x, ) in the ring of section S. Hence

_i_U el e ( [x-xlp*fﬂ'-—ﬂ*},) o
I’[;vr,,c::l—y‘.‘.;r 3}’5 flx',p") 0|14 5on" dx'dp (4.31)
ik F:[ﬂx!+ﬂ:+£ﬂp}F=ﬂ cutside 8§
(4.32)

==4nf{x,p) inside §

Hence the potential at (x,p) due to a circular line charge ¥ in the plane x’' with radius
p' and coaxial with the x-axis is

¥ {x-:'}!+{P—P’}=)

¥(x, p) =wy153’ 0y (1+ 25p (4.33)
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3. Derivation of Some Formulas

9.1. Eccentric Spheres and Cylinders (Internal)
Equations (1.11) and (1.12)

Equations (1.11) and (1.12) are derived by use of biaxial coordinates a and 3, de-
fined by the transformation

atif

xtiy=ie cnr.( )whn:re e>0

or

¢ sinh 8

*= cosh S-cos a (5.1)

¢ sin a

(5.2)

y-l:ush fB-cos a

e W:ﬂ chsh Bt cos a (5.3)

cosh fi~cos a

Vaxitayi= cVae +dp’

x¥+d .
v cosh S-cos a (5.4)
The family of circles, 5= constant, has the equation
2 2 2
(x=c coth ,B]’+y’=( . £ )1, or coth ﬂ:ﬂﬂ_i (5.5)
sinh 8 2ex
The orthogonal family of circular arcs, a= constant, is
2,2 .2
x’+[p~c cot a}!=( _C ’. or cot atﬂ—c—. {5.6)
sin a 2ey
The two-dimensional potential satifys
h 8-
{ﬂx’wﬁjr:(wy (D,24D42) ¥=0. (5.7)
For the axially symmetric potential, Laplace’s equation with cylindrical coordinates
1
(ﬂ;+ﬂ;+;ﬂp) ¥=0 becomes
1
(074034 — ) (o4 =0. (5.8)
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The correspondence of the (x, y) half-plane (y>0) and the (a,B8) strip (0<a<n)
(-mw<f<m) is shown by the lettering in figure 37.

/
AT"B, G €000 £ 0 _ BA
ﬁ"'""-ﬂ UC-G-C'-J:
Be oo c c c Fieure 37

B
AR S
B'By>o (B D,
B=0 A?L_}A' 0 —o

B. B <o (B 0,
ﬁ._w C, G; c’

f t, :

oK=0 -f-/é L

The three constants ¢, "31' and 5, are determined by eq (5.5) m terms of the given
radii a _c,r’nmh,ﬁl, a, cfnnh,ﬂ and the distance between centers b= c(coth g, ~coth ).
The sclution of theue three equations for the case of internal circles as in figure 5 is
given in (1.10). The inner circle B, of figure 5 is the dotted semicircle of figure 37.

In the case of cylinders the tm-dinennional potential between these cylinders is

¥(B8)= ;.l::: ] ¥V, for B,<p<B,. (5.9)

The positive charge per unit length on cylinder 2 is 0,>0; the negative charge on 1
is Ql, where

=1 oF 1
-0,=0,= a7 J.a (Bﬁlf:;-zlﬁ -8,
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so that

g 1
=2 — .,
7, S 2(E,-B,)
which is eq (1,12).
To derive (1.11) for eccentric spheres, one within the other, we find the axially
symmetric potential between the spheres, satisfying Laplace’s equation in the form (5.8)
for By<B<B,

=, "8 inh(n %) (8, ~8)

sinh (n+%) (B, ~B,)

¥(a,B)=F, ¥2(cosh f-cosa) Py(n), (5.10)

Rep

where u=cos e and P (u) is the Legendre polynomial. This potential vanishes on the inner
sphere S=5,. To show that it has the constant value ¥, on the outer sphere where 8=45,,
the normal series

= 37 () Py(w) I' FQu' )Py (' )du' for =1<u<l
=1

=g
may be used. Since pu=cosa, we find for 0<S5,

! _Palp)du - e-(n*¥)8

o Vil Bi) (mm) " ' (5.11)

which gives the normal series

1 = -(neli) 8 -
¥V 2(cosh B-cos o) Z e MAEP (u) for -1<u<l. (5.12)

n=g

(Equation (4,24) is the Fourier series for this same function. )

Taking A=f; in (5.12) shows that 7(a,B;)=F,. There is a positive charge 0, on
sphere No. 2 and a negative charge , on No. 1, where (since y is now replaced by the cy-
lindrical coordinate g)

_ _c sina aF -¢ ay du
Q,=0, ‘ I zﬂﬂ:(aﬁ)dﬂ' 9 {cuahﬁl —-cos u]( ,B)fﬂ (aﬁ)'ﬂl(c“hﬁ =u)
This gives by use of (5.10)

L]
g=/n+%) 8y j P“{,u]ld;..:.
Ba=Ta0 Z Sih (iKY (B, By) M A) V 2(cosh B, - 1)

n=p
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or by (5.11) with =8,
02- i’ g-(nt})(B1+82) Zl g (14115,
ﬂ_c — sinh{ni-%]{ﬂL'ﬁ:}_zc o l.gff!nn”sl-g’;'
where 0<B,<f,, which proves eq (1.11).

When the circles become coaxial b—0, but ¢—®, and Ebc-'ag -af. Hence eq (1.11) re-
duces to the coaxial case (1.5) and eq (1.12) reduces to (1.6).

5.2. Eccentric Spheres and Cylinders (Extermal)
Equations (1.14) and (1.15)

In this case the circles are external. The circle No. 1 on the left is =8, <0, and
the derivation is made with 8, negative. At the end we then replace £, by -£,, so that in
figure 37 circle Ne. 1 is A= -8,, where 8,>0. This is done to keep the three constants
e, By, and £, all positive, as stated in the three equations (1.13), which have been de-
termined by use of (5.5).

Hence with 8, negative, the potential between the cylinders is

7(8)= [Eﬁ] Py for 058, <A<h,<0. (5.13)
Ba=By :
As before,
3?’ 1
-0= Q:——f ﬁ)da e
.ﬁ".ﬂ 2{13 ﬂ' }
s0
0,/7,=C/cm=——t—
2(!‘52'.31]’

which becomes (1.15) on replacing - 8, by B,.
For the case of spheres

—y -ln¥lp,
¥ia,B)=V, V2(cosh 5-cos a) 2 ¢ sinh:::rl;i'; ?{1:‘5};"?;"31};:“{#}_ (5.14)
I |

n=g

We now find

- #
=0,50,= EJ.( ) 'l'r:osh B~ p.}

or

&‘_C_ B-{n":‘i:'.ﬂg { f}j- P (u)du
Ii"!_ - uinh{ni*}é}(ﬂz'-,ﬁl nth 1¥2(cosh ,ﬂl-,uJ

n=o
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Since S, is here negative, we must write eq (5.11}

* P (uddu () )
I:n+1,fz}.[ = g mHB _ wike, B,<0,

1¥2(cosh 8,-u) ¢

50 that

-(ni)(5,-8,) - ~{nelaly
e e
C=c . =2c EEE———
231nh{ﬂ+}i}{ﬁ2-.ﬁl} Z 1- g ~in#dly

n=g REd

where y=2(B,-8,) when 5,<0 end B,>0.

On reversing the sign of §,, this gives eq (1.14). For the limiting cases A,-0, in
which the sphere or cylinder on the left of figure 6 or figure 37 has an infinite radius,
we may place b=a,+h and g,=a,. When g~ c~Vh%.a?, A,=log(htVr?-a?)/a, so eq
(1.14) and (1.15) become {1.8) and (1.9), respectively, The potential between cylinder
and plane S8=0 (fig. 4) is

8 htVhiaqg?
—

V(g)=—V¥, for 0<A<B,=log
2

Between the sphere and plane the potential is eq (5.14) with 8,=0.

5.3. Derivation of Equations (1.17) and (1.16) for Oblate Spheroid
and Circular Disk

With oblate spheroidal coordinates (a,B) the (x,p) half-plane is represented on the

(a,B) strip (g:;:) by

xtip=ic sinf{a+tifi) where >0

or
x==¢ cos a sinh 8 and p=c¢ sin a cosh §
so
r= }’x!+pi=chinh’ Atsin? a
or

x! PI

¢? sinh? ﬁ+c’ cosh? g

=1 (confocal ellipses)

—x? p?
+ =1 (confocal hyperbolas).
a ¢? sin?a

~ 35

C! cos



The equation for the axially symmetric potential

1

1

(ﬂ:+ﬂ;+

has solutions F=0_(1 sinh 8)P (cos a).
where

e= Va?-b?, sinh

10,(1 sinh ﬁ}=%lng

80
t0,(1 sinh B8,)=sin

The potential outside the conducting sphe

B, <B<m)

tﬂ.[! B

4 sin? a 4 cosh? 3

)lpﬁr}=u

The oblate spheroid f=8, has semiaxes a and b<a,

B,= b/c and cosh ,8,-:4»”:‘:

{ sinh S+1

1 aink ﬁ-l.z“i“-I{’ECh A,

“1{c/a).

roid 8, at potential ¥, with charge ¥, is (for

inh B) _ sin~!(sech (8)

(5.15)

rig)=y

and ¥;=limit[r7(4)]

which is eq (1.17).

'10,(i sinh B;)

! sin"!{c/a) '

cFy
sinc¢ a'

= _l:z'_i_::[c sinh SF(8)]=

5.4. Derivation of Equation (1.18) for Prolate Spheroid

With prolate spheroidal coordinates
(a, 8) strip (0<a<w), (0<B<®) by

x+lp=-r cos

the (x,p) half-plane is represented on the

(a+i{f), where ¢>0, or

X¥==¢ cos a cosh 8 and p=c sin a sinh 5, so

r=Vx?4p?=cVsinh?8+ cos’a.

Hence
2 2
X + £ =1 (ellipses)
c? cosh? § ¢? sinh? 8
2 2
X -_F =1 (hyperbolas).
¢? cos?a ¢? sin?a
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The equation for the axially symmetric potential

1 1
(n;+ﬂ§+ 4 ) (p#A¥)=0
4 sin? a 4 sinh? 8

has solutions ¥=( (cosh B)P (cos o).

For the prolate spheroid #=f8, with semiaxes a and b<a

c= V a?-b? and cosh 8,=a/e,

h B+1 B l+e-#
h B)=Y, logemn Pt < 5= ( A )
Qglcosh B)=7, logc b A-1 lngcothﬂ log 1-e<F )

Peleosh f;)=log (a+e)/b.

The potential outside the conducting spheroid B, at potential ¥, with charge ¥, is
(for By<fi<m)

Qo(cosh f) _ logcoth B/2

Flﬁ}:rlﬂdcouhﬁt}h 'Tog(a+c) /b’

(5.16)

and

!’:}ni.ﬁ {rF{,B}]:kE::i ¢ ¥ sinh? Btcos?aF(5)]

eFy

=1uz[ﬂ+c]?b‘
"h.i.ﬂh is eq {1113}!

5.5. Derivation of Equation (1.19) for a Toreid

The strip (-w<a<w), (0<f<w) of the toroidal (or "ring") coordinates, represents
the l'._x,p} half-plane, if this is cut from zero to ¢ along the p-axis. The equation
x+ lp==c cot (a+ 18) /2 gives

_ =Csina _ csinh B
“cosh S-cos a ¢ Pcosh f-cos a
(5.17)
Y e e A cosh f+ cos a
r= XTtpt=c Vcash,ﬁ-—cosa.
¢ V dal+dp?
Y axTragi-Sy deitdh (5.18)

cosh f-cosa
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The family of circles A= constant, each member of which generates a toroidal surface
by rotation around the x-axis, belongs to the equation

C’
1 - 21—
x4 (p~c coth ) SibT " (5.19)
The equation of the family of circular arcs, orthogonal to these circles, is
o?
(xtccota) 24 pla—eme—. (5.20)
B10* a
The equation for the axially symmetric potential
(ﬂ’{-ﬂi{-—-—i— ) {pﬁi’}:ﬂ (5.21)
a 4s1inh? S8

has solutions of the form

7= ¥ 2(cosh f-cos a) (4 cos nat B sin na) (CP,_y(cosh £) + D0, sy(cosh f)).

The third of eq (5.17) shows that spatial infinity, (r=®) corresponds to the point
a=f=0. The first two of these equations show that A=4® corresponds to x=0 and p=c= the
radius of the focal circle.

If the generating circle of figure 7 has the equation A= ,B], it is evident from
{5.19) that

=Y 42-a? and cosh ﬁ,=§. (5.22)

If the toroidal surface has a constant potential F, and charge ¥), the Newtonian potential
at outside points where 0<f<f, is

=27, - Z On-%(cosh 5,)
F(u.ﬁ] ! ¥ 2(cosh f-cos a) P, (cosh ﬂﬂPu-};[cosh flcos na, (5.23)

ne=g
where e,ﬁljil ea=1 for n#0.

This vanishes at r=m {i.e., when a':ﬁlzﬂ]. On the surface 8, it becomes

F{d,ﬁl}ﬁi’ll”ﬂcmhﬂ,-cma]% Z en0pn-i{cosh B, )cos na

n=ga

=V =constant by eq (4.24).
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By a fundamental property of Newtonian potentials, the charge ¥, on the torus is

.. .. cosh ftecos a
¥=limit =1 te _—
shmm=igite |V e P

[==]

_4e¥, .. . On-Y%(cosh #;)

7MY D) Copiaaun 5y e cosh Deos .
n=g

Since Pp_y(1)=1, this gives

¥, _4c 3 0y.ylcosh 8,)

v, » Pp_ylcosh B;)’
n=yp

which 1. eq (1.19), since ¢= ¥ 42-a? and cosh A,=4/a. The evaluation of these func-
tions by elliptic integrals is discussed in section 4.

5.6. Self-Inductance of a Single Turn of Wire
Equation (2.15)

With cylindrical coordinates (x,p) the vector potential 4,=4(x,p) at any point
(x,p) in space is by eq (C) of section 2.

| D2
] = ' i L !
g 4{x, p) EJ‘ p' e }ﬁ'};(l'#zﬂ _.)tiS (5.24)

where D?=(x-x")%+(p~p')?, and the integration is taken with respect to (x',p') over
the upper circle of radius a in figure 18.
Also by eq (D) of section 2 the self-inductance is given by

L=2wj’-|',a’*iup}-p¥ux.p;ds (5.25)

integrated with respect to (x,p) over the seme circular section. Since (x,p) and (x*,p0')
are both points in this circle, we may use the expansion

(200
(Y. 1+2.op‘

_(=D)™ S -2\ (s 4%4n)(84%-n) D?
= E (4“,) oy oy [1ug*pp.+¢r(s+1f2+n1+w{s+1f2-nj-2¢r{s+1}]-{5.26}

=0

This is valid if D*/4pp’<1, which will be true for all positions of the points
P(x,p) and P'(x',p') both within the circle, provided that a<4/2, which will be true here
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since it is assumed that a/4 is so small that terms smaller than a’/84% log84/c may be

neglected in comparison with 1.
Hence for n=1, eq (5.26) gives,

p? 3f p? D?
-9 (+ ):[1+_( )]1 +4(1-log 2)+Y, (1
O 2pp" a\4pp'/ 18400 8 2

to this approximation,

1
(5.27)

Let y=p—4 and y'=p'—4, so that x and y are rectangular coordinates with origin at
the center of the circle. Then, to the second order in a/4,

p? D y+y' yiiy'? ﬂ’( D)]
- == —_—— 1 .2
2ﬂ;4(1+2pp,) [4+210581 r + YL 31’ 1+3 Ly (5.28)
For the assumed current density
__1 fe\e
=—=()" (5.29)
the total current is 1, which gives
P‘-‘P(-E'-LE 2'a—) 1+b(b~- l] a’ + (5.30)
2, 2 ' j: B‘t W # [ .
Then
A% I',.)MS‘& 4% [ yz]
M = v ¥
271 (p) wu’?(l* iy 1+C, +C’J’ . (5.31)
where
= 1 =1 2 1
C,=b+Y, and C, ="/ (] -I . (5.32)
This gives
2 % ' r2 D
Hy(pr ( 1’_)=_‘_ [ v L][ _]
20" 21(p" )0y l+2,ﬂ.ﬂ malF 1+C, 1 +C, 17 4+Elogm
vty'\, ¥? '3 ﬂ’( D)

To use this expression in the integral (5.24) it is better to use polar coordinates, plac-

ing x=rcos 8 and y =rsinéf, so that
(5.34)

Di=r?-2rr' cos(6=-0')4r'?,

and



n g-a"'
Log D=logr- E ( ) nnsn[ ] if r'<r
1] " ﬂ_El
=logr'- E (5) m_n{_n} if r'xr.
1

The result of integrating eq (5.24) is

]
PHAx,p) =S 1 (PYHF, (1, 0) 41, (r, )]

where
WEOWor
folr)=3-2 1*“ B\ "5/ Ta?
Cyr?r sing
fll[l",l?]:-[l’:ﬂl"—i'ﬂ'—;] y
3. 84
2 1:2- - |
falr,0)= B!’ 52{'} +7C, zug ]

pA22 24a?4?| 8

With this, the integral (5.25) gives

4 | ( 3)'1’ I (EH 7 a? | ( Gl) 22
=== 2 s — —]-== -Z
F'{ 1+ 40, TE log ) t—s EGI I+ 3 c

Finally, multiplying by the factor,

1 _ a?

where C,=2b(b=-1), gives

3\ a? 84\ 7 a?
L=4"‘{_[1+(4G3_cl+2)3‘:]1“‘(_)_I+B‘ [{ﬂ‘—1}+2ﬂ,( 3)

On substituting the expressions given above for C,, C,, and C,, it is found that

ot a? 84\ 7, (b-1) (b~ 2f3}( )]
L=4 1{[1+{2a+1}“,]1u (a) o e =) 1

which is eq (2.15).
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fos [E+G=-—3 log%th{il—zﬂ, )sin? S]+L-i[2+ﬂ,+4l7, sin? .9]

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)



Exact expressions for the magnetic field and inductance of any toroid with this cur-
rent distribution may be found as normal series of ring functions, using the toroidal co-
ordinates of reference [20]. It is thus found that for b=—5/2 the external magnetic
field is the same as if the total current were concentrated in the focal circle. This is
true for the more general case I‘#:Cp‘s 2r(B).

To get an expression for the potential 4(x, o) when the point P(x,p) is outside the
circle of figure 18, the approximation (5.27) based on (5.26) cannot be used unless the
distance of P from the center C is small compared to 4. When this distance is of the or-
der of magnitude of 4 or greater, while P(x'p’) remains in the circle, it is sufficient
to use Taylor's series, with (x,0) fixed and the variables x‘/4 and J SA(=(p'-4) /1)
small. For brevity, let

(x=x")14(p-p')? (x-x')2+p?4p"?

g=lt 2pp' 2pp"
p X tpt4at
b 24p
so £~¢, when x'~y'=0. Then, to the second order
ﬂx[¢}=ﬂg{g.}+(x'ﬂ,+y'ﬁjJ+5@{x"ﬂ,x+y"ﬂ,,+2x‘y‘ﬂ, ), (5.44)

there Q is the value of DL+0y(#) when g= €o(x"=y"=0) and similarly, Q,, and
0.y =D.D 0y=DD 0.

Frm eq {4 27), with n=1 and variables x',s', we find an exact expression when x' =0
and o' =4.

3
0,40y, = 30 (£,). (5.45)

By use of (5.44) with the current in (5.31) in eq (5.24), it is found that

1(x.p1=2|/§{[1+{b+?215,]ﬂ5{£.,:+5tb+lf2}21ﬂj}. (5.46)
where
scen-(57)
240y=~-2 (h-;)ﬂﬁun}z— PTR| (€5l (€,)=-0.y(g,)], (5.47)
and

X1 (p-4)2

£,=1
o=+ 24p

(5.48)
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Equation (5.46) is valid when ¢,-1 is not small. Hence there remains a gap, not here con-
sidered, between the ranges of validity of the two equations (5.46) and (5.36), which
could only be bridged by an equation more complicated than either. Applications of (5.46)
that would require the retention of the second-order terms are exceedingly rare. It is
generally sufficient to consider the total current concentrated in a filament with trace
at center of the circular section of the wire.

5.7. Derivation of Equation (2.16) for Self-Inductance of a Single
Turn of Wire Near a Magnetic Medium

Referring to figure 19 let 4,(x, o) denote the value at any point P{x,p) in space due
to any axially symmetric distribution of currents when p=1 everywhere. These currents
are all to the left of the boundary plane x=x,.

Similarly, let 4,;(x,p) denote the potential at any point to the left of x=x, that
would be produced (with u=1 everywhere) by a fictitious distribution of currents that is
the image of the existing distribution by reflection in the plane x=x,.

Then the potential 4(x,p) due to the actual currents in the presence of the magnetic
material with u#1, where x <x, is in the air, where —@<x<x,,

!lx.p}::!,{x.p}+%_-%dgtxm]. (5.49)

and in the material, where XpsXx<t®,

2u
Alx,pl=—=4_(x, p). 5.50
(x,p) S a (X, p) ( )
By this definition of A, (x,2) and 4,(x, p) it is evident that at the plane x=x,,
4,=4,, and D Ady==D_A, identically in p.
Consequently, 4 is continuous, which makes B, continuous. Also the continuity of B,
is assured by that of D 4/u,
The inductance of the turn of wire near the material as figure 19 is by (5.49)

L:L_”Jr——-zw J".i[x,p]pj{x p)ds (5.51)

integrated over a circular section of the wire. This integration could be effected for
the form of current in eq (5,31) by use of eq (5.46), assuming that 2xy 1s not small com-
pared to 4. Formula (2.16) assumes that the fictitious current producing 4,(x,p) is a
filament of radius a coaxial with the x-axis in the plane X=2X,.

For this approximation, we place in (5,51)

2 - -K
pd{x.p}:ﬂﬂl;,( "—xt%ii]u—)ﬂm'& (%-1):21[Lk}-u]. (5.52)

where

B 44a

_m L] (5: 53‘}
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Since II idS8=1, this gives

- I-E
=1 . +£7  4n [ 2(K-F) .r ] , (5.54)
gl R

where L . 1is given by 5.43).

5.8. Derivation of Equations (2.40) and (2.41) for the Self-
Inductance of Toroidal Current Sheets (Tape Winding)

With ideal tape windings the current circulates as indicated by the arrow in figure
27. There is no external field and the internal field of the unit current is F4=248/p,
where ¥ is the number of turns, and g is the distance of a point from the axis of revolu-
tion. The inductance I is equal to twice the integral defining total electrokinetic en-

r=1/87 J.J. plidy

ergy T.

integrated over all space. Hence

L:i” E*dv:E,uJ’*J’j as
4m o

integrated over the axial section. For circular end rectangular axial sections shown in
figure 27 and 28, this results in eq (2.40) and (2.41), respectively.

5.9. Derivation of Equation (2.45) for Self-Inductance per Unit
Length of Two Parallel Wires of Magnetic Material

Beferring to figure 31, the current +1 flows upward perpendicular to paper with uni-
form current density i]=1,a"'n'ﬂlz in cylinder No. 1. The current demsity in cylinder No, 2
is f.:-_--lfrrag.

The only components of current density and of vector potential are the z-components
where the Z-axis is upward perpendicular to the paper. The general field equations
B=uH=curl 4 and curl F=4w{ give

B.=D,A, B,==D_4, B,=0,

where A(x,y)=4,. Hence

dp, .
[DZI+EI’JJ=———;-in cylinder 1
a
1

4 (5.55)

i ;
=+— in cylinder 2

a,

=0 in the air between them.
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The boundary conditions at the surface of each wire are:

4 is continuous (continuity of normal component of B), (5.56)
134 . . .. ;
== is continuous (continuity of tangential #). (5.57)
T

With plane polar coordinates (r,,8 ) with origin at center 0, of wire No. 1.

1 1 2
1 2 - _—
(b, 74D, ]j_rlﬂfl(rlﬂrij)-}r! Do 4.
1

Similarly, with polar coordinates {r:-f":] with center at 0,

1 1 2
2 T —_—
(D,*4D, }.-l-r D, (r,ﬂ,'sl t—Dy A.

1 r:
Hence let
ri o
A:H—p,l(—) in wire No, 1
al
1
rs (5.58)
=F+p= — }in wire No. 2
a?
2
= in the air
Then {Dx"‘rﬂ’!}ﬂ’:ﬂ everywhere. {5.59)
At r,=a,,
o,=0 dﬂﬂ—lﬂuz (5.60)
=0,;= an e —— )
] i~ H L [] H‘l Tt '5';
At r,=a,
v,=0 d D, Dy—2d 1,42
= :;'H-Lz an L I:;: rs i-'l;;" (5.61)

where [, means outside, I, inside the wire,
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The =elf-inductance of the line per centimeter length

1
M{:mz—J‘J‘ddSI- ! J’J‘ AdS,
wa,? ma,®
1 1 1
==ty )4 rds,- rds,. (5.62)
ma,? ma,?

The biaxial coordinates a,S3, see reference [16], are suitable for constructing the
harmonic function f(a, ) that satisfies the four boundary conditions in (5.56) and (5.57).
We follow the procedure adopted in deriving the potential ¥ in eq (5.14), that is, we take
as the equation of circle No. 1 of figure 37 the equation B=g,, where S ,<0. In the end
result we change the sign of 5, to make all the constants c¢,3,, and 8, positive, as given
in the three eq (1.13).

By (5.4) the surface element dS for integrating over a circular area bound by the
circle 5= constant is

2
¢‘dad
dS8= A '
{cosh 8- cos a)?

where da, dB>0. Now sinh 8 =-¢/a, and sinh §,=c/a,. Hence after an expression for
fla, 8} is found, eq {5.62) becomes

wotp 2 sinh? g, A0 w a o
L,fcm:-( :2 :)+ 1J' dﬂJ‘ Ula,B)d
m - s (cosh S-cos a)?

2 sinh? 8, *° o7
-._._’.I .5.-,;9.[ e.flde (5,63

-
>8 (cosh B-cos a)?

[(a,B) will be found as a series in cos na, so the following integrals will be re-
quired.

1 " cos nada _ e ™(n+coth x}: o™ Zwv s(s4n)e-tleml (5.64)
7 Jy (cosh x-cos a)? sinh? x =1
if 0<x,.
From this we find, when 0<j,
o =inx
2 sinh? f : ':;:::thxldﬂe'”ﬂ. (5.65)
B

The function U0(a,f) that satisfies the four boundary conditions in (5,60) and (5.61) is
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In wire No. 1, where-®<g<f,<0:

U(a, BY=p,=C =28+ E A, e™(5-81) cos na. (5.66)
' n=l
In wire No. 2, where 0<f;<Bgim;
U(a, B)==py=C =28+ Z B,e""(8-83) cos na. (5.67)
E-I
In the air between them, where By<B<B,:
/|
P Ansinh n(f,~B)+ By sinh n( -5, )
I(a,B)==C =25+ Z [ sinh 1(B,-A]) ] cos Na, (5.68)
n=)
where
. N Ansinhnf,-B, sinh nf,
C,= . .
¢ Z sinhn(B,~£,) (5.69)

n=1

This makes U=d vanish at spatial infinity (a=p=0).
The boundary conditions require

2(1+e,)

Apenf1=
" n(l-e;e,8""7)

[(1+e,e-"7)er™F1-(14¢,) e="7] (5.70)

—2{1+£2}

-nf; =Ry Jg=in8,_ -ny
Bne s e e ey LIt €ae™™ Jem 1™ (14 e7)], (5.71)
where
P el Nl SR -8,). (5.72)
SIS LA s | 1 M .

Performing the integrations in (5.63) by use of (5.68) and (5.69) gives

Mot -
Lﬁcn=+—lﬂ—1+2{ﬁ,-,€1'}+ E (4,e™P1-Bya=nb2

#1+.I'-*:

7 ‘|"2U32 .51

“ : , - (5.73)
+2 Z n[l"'flﬁig""r][{1+E1]{1+Ezﬂ "T}a:ﬂﬁl

n=]

t{lte,) (1 e, e ™7 ) eg-2n8

-2(1'1'*-1}{11"'51}9-‘7]
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To obtain positive constants for computing we next reverse the sign of 5;, so that
v=2(B8;+8,;), as in eq (1,13), where £,,£, and ¢ are all positive. After this change we
find that when u,=p,=1 the formula reduces to the known correct expression, say L,, that
is given in {2.44),; where

b? =
L.,—l:ﬂlugmﬂ{ﬁﬁﬁghz Z E{e"”"l+a"“"‘-‘!—23"‘7]. (5.74)

ne=j

Subtracting this from the expression for [ (with positive ;) gives the eq (2.45).
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