
UNITED STATES DEPARTMENT OF COMMERCE + Sinclar Weeks, Serary
NATIONAL BUREAU OF STANDARDS + AY: Aan, Door

Formulas for Computing

Capacitance and Inductance

Chester Snow

®g

National Bureau of Standards Circular 544

Issued September 10, 1954

aS

For byteSpendf Doman, U8 Gove Pin Of,Wain, D.C
rie10ce



Contents

Page PageIntroduction......---ceececeeceeeeeeeeeeeee 1 2, Inductance and Electromagnetic Force—Con.

1. Capacitance.....2.2ececeseeseeeceeeeseees 2 2.5. Self-Inductance of a Helical Wire... 32

1.1, Parallel Plates With Guard Planes... 3 2.6, Bifilar Matual Inductor.............. 32

a. Coplanar Guard and Electrode... 3 2.7. Coaxial Current Sheets... 34

b, Electrode at Bottom of Hole in 2.8. Toroidal Current Sheets.......-...... 35

Guardeee 2.9. Endless Return-Circvits............-- 361.2, Spheres or Cylinders...--e--ee---- 5 4, Concentric Cable..eeeseneeeeeenees 36

a. Concentric Case..eeeeneeeneeeeee 5 b. Two Parallel Wires (nonmagnetic)... 37

b. Plane With Sphere or Cylinder..... 6 c. Two Parallel Wires of Magnetic

c. Eccentric Spheres or Cylinders Material. eeeeeeeeenees 38
(Internal Case, 0<b<a,-0,)..... 7 4, Two Coaxial Tubes......eeenennnee 39

4. Becentric Spheres or Cylinders ¢. Two Equal Bars of Rectanguler

(External Case, 62,423)... 8 Section. aeeeeeeeeeeeeeeeenees 401.3. Spheroids.....e-e eee 8 3. Frequency Effects... ---eevenceeenenee 42
a. A Thin Circular Disk of Radius a. 8 3.1, Skin Effect in Concentric Cable...... 42

b. Oblate Spheroid..... tees 9 3.2, Proximity Effect in Parallel
c. Prolate Spheroid......eeeeee 9 Wires... eeeecenenceeeeeeeeeeenee

1.4, Toroidal Surface....eeceeeeeeeeee 9 3.3, Single Wire Parallel to the Earth.... 45

1.5. Conductor Bounded by Two Intersecting 4. Legendre Functions That Occur in the

2, Inductance and Electronngnetic Force...... 13 5. Derivation of Sone Formulas... 51
. 2.1, General Formation... 13 5.1, Eccentric Spheres and Cylinders

a, Axially Symetric Configurations... 14 (Internal) Equations (1.11) and
b, Cylindrical Configurations........ 17 (LID)sesecsesceceneceseeeeeeeeenes 51

2.2, Circular Filaments and Circular Turns 5.2, Eccentric Spheres and Cylinders

Of Wire. eeeeeeeeeeeececeeeeeee OL (external) Equations (1.14) and
8, Coaxial Circular Filaments... 21 (21s)ae
». Circles Whose Axes Intersect... 22 5.3, Derivation of Equations (1.17) and
©. Two Concentric Circles (Not (1.16) for Oblate Spheroid and

Coaxitl)..ceeneneeeeeececceese 23 Gircular Disk... 58

a. Two Parallel Circles... %4 5.4. Derivation of Equation (1.18) for
e, Self-Inductance of a Circular Turn Prolate Spheroid......-..s--ennene 56

Of Wire. neeeceeeeenene 26 5.5, Derivation of Equation (1.19) for @
£, Self-Inductance of a Circular Turn Toroid..---e-eeeeneeeeeneeseeeees= ST

of Wire Near a Magnetic Medium... 27 5.6. Self-Inductance of a Single Turn of
&. Self-Inductance of a Wire... 27 Wire, Equation (2.15)... 59
1h, Matuel Inductance of Two Parallel 5.1. Derivation of Equation (2.16) for

Wires Having the Sone End-Planes 28 Self-inductance of a Single Turn of
a. Matual Inductance of Two Parallel Wire Near a Magnetic Medinum......... 63

Wires not Co-terminous........... 28 5.8, Derivation of Equations (2.40) and
J. Mutual Inductance of Two Equal (2.41) for the Self-inductance of

Rectangles Lying in Parallel Toroidal Current Sheets (Tepe

Planes .....--enenceeeceneeeneeee 29 Winding)... ceceeceeeeeeeeees | OFk, Self-Inductance of a Rectangle... 29 5.9, Derivation of Equation (2.45) for
2.3, Concentric Solenoids (current Self-inductance per Unit Length of
sheets)...eeeteens 30 ‘Two Parallel Wires of Magnetic Ma-2.4, Self-Inductance of a Cylindrical terial...ee eeeeeeeeeeeeeeeeee 4Current Sheet -o-.e-eeeeeeeeeeeeee 31 6, References........2eeeeeeeeeeeeeeeeee 6B

ay



|

:

: Formulas for Computing Capacitance
| and Inductance

Chester Snow

Explicit formas are given for the computation of (1) the capacitance
between conductors having a great variety of geometrical configurations, (2)
the inductance, both self- and mitual, of circuits of various shapes, and (3)
the electrodynmnic forces acting between coils when carrying current. Form
las for skin effect and proximity effect in concentric cables and parallel
wires are included. ‘The formlas for the ‘simpler configurations are given in
terms of the elementary functions, whereas more complex shapes involve the use
of Legendre polynominals, Legendre functions, and elliptic functions. One
section is devoted to a discussion of the relation between the Legendre and
the elliptic functions.

Introduction

This collection of formulas contains some that are commonly used in electrical workand
some that have been specially developed for precision work at this Bureau. This is no

attempt at completeness, for there is now available (since 1948) revised third edition
of the earlier compilation of formilas for inductance by Rosa and Grover [1].! This may
be consulted for references to original memoirs and also for discussion of the most suita-
ble formula for » given configuration or relative dimensions. Reference may also be made
to Dr. Grover’s [2] additions to these formulas in 1918 and to his book "Inductance caleu-
lations working formulas and tables.”

Formas for capacitance may be found in the second edition, 1924, of a work by J. H..
Dellinger, L. E. Whittemore, and R. S. Quld [3]. This contains formulas for inductance
and a few for capacitance. It is possible that the aggregate of researches on capacitance
up to this time might amount to a collection of capacitance formulas as comprehensive as
that of Rosa and Grover for inductance.

The formulas given here contain, in addition to elementary functions, the Legendre
polynomials P,, the Legendre functions 0, y and P,y and elliptic functions. It is shown
in section 4 how the latter two may be found by use of tables of the two complete elliptic

integrals X and 8.

These, together with the incomplete integrals F(d,k) and B(¢,k), and an u, cn U,dn
u, ete, may be readily found from the 1947 Smithsonian elliptic functions tables byG. W. and R. M. Spenceley [4]. Qne point of superiority of this work over that of BR. L.

Hippisley [5] is that it proceeds by increments of 1° in the modular angle instead of 5°.

Another purely mathematical table of elliptic functions and theta functions that hasbeen
found very useful is table 1, (1922) by H, Nagaoka and S, Sakurai [6]. The same au-thors in (1927) [7, table 2] produced a volume more directly applicable to the calculation

1 Figures in brackets indicate the Literature reference at the end of the paper.
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of the force between coils and their self and mutual inductance. For the latter, Nagaoka

[8] has also published three formulas that make use of the remarkable convergence rate of

the series defining the theta functions in powers of the Jacobian paraneter q.

Short tables of theta functions are given by Jahnke and Ende [9]. Also short tables

of F(d,h) and E(¢,k) were given by B. 0. Peirce [10]. The recent work of W. Magnus and

F. Oberhettinger [11] is very useful.

These volumes, especially the work of the Spenceleys put the computation of formas

with elliptic functions in quite a different light. Such formulas are not more difficult

than those with sines, cosines, and logarithns.

In section 5 are placed a few notes on methods of deriving sone of the formulas given

here that are not generally available, or perhaps are unpublished. Where space permits,

it has been attempted to summarize the entire électric field, on which capacitance is

based, or the entire magnetic field underlying the inductance constants. Such a scheme

seems desirable on a larger scale than is possible here. Fach formla for capacitance re-

quires the evaluation of the electric potential or field at every point of space. For

each inductance Z or 4, one must find the vector potential or magnetic field everywhere.

The constants C, L, or M represent a small byproduct, since they are derived from the

fields by direct processes. A summary of the more important electric and magnetic fields

that have been evaluated to date would probably fit present requirements better than fur-

ther tabulation of capacitance and inductance.

1. Capacitance

The formulas for capacitance given in this paper are expressed in the centimeter-
gram-second electrostatic system of units (unrationalized). If lengths in centimeters are

substituted for the corresponding symbols in a formula, the resulting value of C will be
the capacitance in cgs electrostatic units. This value should be multiplied by 10/9 (more
precisely 10/c =1,11277) to obtain the capacitance in micromicrofarads. The formulas as-
sume a dielectric constant of unity (in the egs-esu system). If the space between elec-

trodes is filled with a dielectric of permittivity ¢, relative to empty space, the value
of capacitance as computed from the formula should be multiplied by ¢,.

Alternatively, when expressed in the rationalized meter-kilogram-second-ampere

(Giorgi) system of units each formula for capacitance would have an additional factor of

47 (by reason of the rationalization) and also a factor of 10'/4nc? (by reason of the
conventionally chosen permittivity of free space). The net result is that with the dimen-

sions expressed in meters, and after multiplying by the combined factor 1.11277 x10", the
resulting value of C is in farads. :

The formulas for inductance and electromagnetic force given in this paper are ex-

pressed in the centimeter-gram-second electromagnetic system of units (unrationalized).
In using the formlas, lengths should be expressed in centimeters, currents in abamperes

(i.e., units of 10 amperes), and the permeability of space should be taken as unity. If

this is done, the inductances as computed are in units of 10~® henry, forces are in dynes,
and torques in dyne-centimeters.

Alternatively in the rationalized meter-kilogram-second-ampere system the formlas
should be multiplied by 1/47 (by reason of rationalization) and by 47-107" (by reason of

2



| the conventionally chosen permeability of free space). Then if dimensions are expressed
in meters, and currents in amperes, the inductances as computed will be in henries, the

: forces in newtons, and the torques in newton-meters.

: ‘The first six figures illustrate two cases. In the axially symmetric cases the fig-
ures represent plane sections through the axis of symmetry. In the cylindrical case they

: are plane sections perpendicular to the endless generators. In this case the formlas

; give the capacitance C/l per unit length perpendicular to the plane of the figure.

1.1. Parallel Plates With Guard Planes

‘The separation c between the parallel plates should be small compared to the radius

@, of the disk. Also the radius A of the plates should be large compared to a,, so the
field is practically uniform at some place between the edge of the disk and the outer edge
of the plates (4>5a,).

8. Coplanar Guard and Electrode [13]

LY)

CLG A

AinaVeVy|  [¥49 electrode’) xis Froure 1

aUf
<1 A 1@=5(a,+a,), and (a,~a,)/¢ is small.

Axial sym: ont? 7d ( 2701 ) oth,ger (ast) cob. (a)

indri

G@

lfay-a,\2 waCyclindrical: ° 21 ( 2-0)1) coth™, .55877 | “Fre Ne 0.2)
This capacitance is between the plane at potential 7, and the electrode, including its
plane face and its sides.

j

:
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b. Electrode at Bottom of Hole in Guard [13]

(Capacitance Between the Plane at 7, and the Face of Electrode at Bottom of Hole)

‘As in the preceding case, a/A must be small (eg ). Also the hole is not very
shallow, and the clearance between the electrode and its guard is ignored.

da el1< ©, and O<y= <2.pofeo, and 0670

i

4
:

A

y

1a

vey, +00 Yjeg.—4-doxis Froune 2

c V=0
7,

Axial sym: ont Jina (1.3)
TZ yad sinh a, (Pty)
or

where a,=2.4048, a,=5.5201, @,=8.6537, a,-11.7915, and J,(a,)=0. The first three terms

are sufficient, with the conditions given above, for an accuracy of 1 in 200. GW, is
Bessel’s function). .

Say] 41 g2"=1 sin -!Cylinder: o/1=89 (= 1yntig?e} sin (2n-1)¢ a.4)7 (2r-DC1=(q?)4)or
where

~ 7

qeloe) [use cost 6e-4 («F)]
ea

420-8 sin 6 cos oe-+(2)
a

=tan~! = af adians).e=tan-t (1/7) stan (2) (@ in radians)
In case the hole is very shallow (d/c small), a better formula than (1.4) for the cylin-
drical case is

eo (ay [ (2 ) " *]a ise 4 oo) \(¢ (ar) ;c/a -+ fig 1 YX"-___-}, as)Ie" ama (ca, nl ltai?*]
on
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where r and q, may be computed by

logren™? - © tog £f1- £271 coth(ma/e))
Bree ya a sink (ma7ey

1+ € coth—
2

er (1-Jeoth(na/e))log q,=log—— 2?$6 1 h08 2(1=r8)
where e=d/c.

Equation (1.4), Like (1.4), is exact with slot of any depth. Both ignore clearance
hetwoen electrode and its gurd. To take account of this (to first order) let 2a, denote
the width of face of electrode; 2a,, the width of slot; and d, its depth. Then if

B=(a,40,)/2,

z

7 4c sinh 1a/cof tage h (=) tant (six) Soviet | a4re * Sr G a-a, )72 + (4,2)
neglecting terms of order

{d2+(a,-a,) #]logld?+(a,-a,) 2).

1.2. Spheres or Cylinders

#. Concentric Case

° &

»

y | fe

‘

Frouae 3

: = 2192Spheres: on gate (1.5)
The capacity of one sphere alone (a,~0) is C=a,.

LCylinders: c/tz 1 _ (6)
a2 log. 22
a
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Equations (1.5) and (1.6) are limiting cases of (1.11) and (1.12).

The potential between the spheres is

ey 3xa2/r

nn

that between the cylinders is

_) log a2/rTOT
Tog e/a,”

b. Plane With Sphere or Cylinder

(This is a Limiting case of equations 1.14 and 1.15.)

g|

>| R
d xis Froune 4

{
a ae]

nt Vintaa?y=? tog (MEER). (1.7)
Hy y-inthlySphere: c-2 Vara? SS (1.8)ho 1 o-lw ly

Cylinder: on=-——1_ 5° a9)7 9 log LEV RI=oFa

When h-m, y+ log (4h?/a?) and (1.8) gives C~a, but (1.9) gives C/1=0, as it should,
since the logarithmic potential becomes infinite at spatial infinity for any finite charge
except. zero.

6



| ¢. Eccentric Spheres or Cylinders (Internal Case 0<b<a,-a,)
2 toy,|

&

.
loxis Frcune

BxB,>By
B-B,>0

b-00,

0,0,=b= the distance between centers (always positive)

2be=V[(a,4a,) =b*][(a;-G,) = 0] (positive)

2 g?p?

A, = log seepeete (positive) (1.10)
a}-a34b?42be .By= log Oe (positive)

= ~(2nt1)8,Spheres: c=ze Ye a.)
a(n A,-By)

=o Ine

2yqt-p?1 a}ta}-b? 42belinders: C/ t= 1, og ——~—_____ (1.12)Gjlinders vt TB=By) fe oe a,a,

7



d. Eccentric Spheres or Cylinders (External Case, b>@,+a,)

UZ3 LySy
RY

Fieuae 6

B=-B,<0

B=B,>0:

>-oB

b=010,

2de=V[b* (a, 4a,)*JLd*-(a,-a,) "J (positive)

tol -ofstbe) ces= pad Tks BeOS q veBy roel! Ta,b (positive)
te etaataan

(1.13)

_ 0?- af +a} 42be itiBy= log (pesisstee (positive)
b?-ai~a}+2de .7=2(8,48,)=2 log] (positive)

2) nlkly 2

heres: c=2e ~~ 4 (1.14)Spheres: =tne 3Y .
hene! 1-6 Se sinh

Cylinders or L 1
ra 3: O/ 1s” (1.15)perallel wire: / FIG)

Placing b=a,+h and a,~, eq (1.14) and (1.15) go into eq (1.8 and (1.9), respectively.

1.3. Spheroids

a. A Thin Circular Disk of Radius a

o=*2, (16)

8
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| This is a limiting case b=0, of the following formula,

| b. Oblate Spheroid

) Major axis 2a, minor axis 2b:
Vata?c=Ve)" (1.17)
5)sin (2°

a

| c. Prolate Spheroid
Major axis 2a, minor axis 2b:

Vatapic= —rat-d? (1.18)
le (@ia=y)eV

1.4. Toroidal Surface

ding

CF)exis of-—-b--rotation Froune7

a=radius of generating circle

4=00>a

2 A
cosh6,= 74-15

nt=2e 80 O<k<1
AVROT 7 Opnxleoshhy)eal s ab, cyleoah A.) (£07 Y2» En} if m0). (1.19)

oe

P and Q are the two Legendre functions with the same argunent 4/a. A method of finding
these functions from tables of elliptic functions is given in section 4.

9



1.5. Conductor Bounded by Two Intersecting Spheres [14]
(Alone in space)

LS

~

eo 7Figure 8.—Axial section of

intersecting spheres.

c-radius of arc on the right, semiaperture=@

a=ieof arc on the left
w=angle at which the arcs intersect.

| All figures may be obtained with the restrictions(O<6<m and O<w<27.

| ‘The capacitance for general w and @ is C,(9), where
| asing( 7 nm6 1 nm 7

ogra’ {He Sate v(md)-» (Foz) og].(=F re sin? |v (me )-¥ (ty ) Boe (1.20)
sin

where y denotes the psi-function, F/I, whose values may be taken from the tables of H. T-
| Davis, "Tables of the higher mathematical functions" (Principia Press, Bloomington, Ind.,

1933).

The series (1.20) converges like Z1/n?, For a much more rapid series converging like
| 5n-14, see reference [21], where the cases are considered that have finite terms for ca-
\ pacitance(u/m rational).

\

|

‘

|

|
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|
a

i

|‘The simplest of these is the limiting case »=2n, where the conductor is a thin shell
1 with any aperture 26.

ra
aX

a.
oN
ts Figure 9

radius o

ween

eaeC( 6) =a-5(6-sin 8). (1.21)| —

For @-n/2 this gives the capacitance of a hemispherical bowl

11.C,,(1/2)=a (ie ) =.8183a.

Orthogonal Spheres: (External, v=7/2)

|

oe

~.——
wy,

; aa,Opp OCs tan eosin Bata, Fae (1,22)
since @,=0 tan 8.

ll



Orthogonal Spheres: (Internal, u=37/2)

we
Froure 1

aK

sin 6| 1o¢e) Aa V5-$+ z L at—e7 ea (1.23)aun Pain’ in’ nine 2084 (cosS+sin2)3 3 3, 3 3 3,

where a,=a tan @ in this case also.

Hemisphere: (w=37/2 and 0=7/2)

‘A Hemisphere Ficune 12. ) (watK ona Bayz) Ue
Placing 6=n/2 in preceding case gives

Cy y/,(n/2)=20 (1-75) = 84530. (1.24)
More generally, for w=7/m, where m>1,

a

0(6)=ata sin 6 —e (1.25)ve 1 \ a

sin (2:2) sin
ro

and for w=27/m, where m>2.

_ 206 at

1-( 42 wt0(8)=a-2(6-sin @)+a sin 6 Gs)_(-F) (1.26)ae
a (20) (2)1 at cn Or)

C,(6)=a (complete sphere).

12 .
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There are finite suns for capacitance when

v= (FET) a», here 1eneon,2R

and

vagbtin, where Lcnc2m-l.

2. Inductance and Electromagnetic Force

| 2.1, General Formulation

If the unit of length is the centimeter and the permeability of the conductors and
the surrounding media are unity, the formulas below give inductances in cgs electromag:
netic units, that is in 10-9 henry. If the electric currents ‘I, and'I, are in cgs elec-|
tromagnetic units, one of which is 10 amperes, the electromagnetic force is in dynes and
torque in dyne-centimeters.

1

The vector B of magnetic induction is the curl of a vector potential 4. If a wire of
appreciable cross section, and in the form of a closed circuit, carries a unit current
whose volume-density is the vector {,, the integral over the volume of the wire

Sffcane,

is a scalar quantity which is called either the self-inductance of this current distribu-
tion, or its mutual inductance with the field, according as A is produced by this distri-
bution alone, or entirely by currents other than itself.

If the magnetic permeability is 1 everywhere, the vector potential 4 at any pointP due toa unit current in a wire No. 2, whose volume density of current at P, is the
vector t,, is

taav© {Sf geRr

integrated over the volume of wire No. 2, where R is the scalar distance from the fixed

Point P, to the point of integration in the volune-element dv,
The mutual inductance ¥ between the two current distributions is the repeated volume

integral

dvo[ifo IfooeR

13



When the wires shrink to mathematical, closed curves this becomes Neumann’s double line

integral

ds,

1 fas, feos(as,.40,)9
taken completely around both curves.

The self-inductance of a unit current distribution in a wire is

(ito.Ie avf| Co av.Sell fe

In the case of long straight wires, the formulas below apply for the uniform current
distribution.

In the case of wires in the form of circular turns, or in form of helices, the few

very accurate formulas given below apply to the "natural" current distribution (current
density inversely proportional to the distance from the axis of symmetry).

‘The distinction between uniform and natural distribution is only of interest for pre-

cision measurements.

In the formulas for L and ¥ to be given for parts of a closed circuit (such as L for

a long straight wire alone, or ¥ for two parallel ones), these expressions must be under-
stood to represent only such contributions to the multiple integrals for L and ¥ as may be
written without specifying the nature of the return circuit whose contribution is, of
course, to be evaluated by the same type of integral.

‘The majority of formulas for L and ¥ that are given below fall into one or other of
two classes, in each of which the above volume integrals are reduced to surface integrals
over a plane section of the conductor.

a. Axially Symmetric Configurations

‘The first class is that of axially symmetric conductors for which the surface inte-

grals are taken over a cross section in a plane through the axis of synmetry, say the
x-axis, where (x,0,¢) are cylindrical coordinates. The only component of the current den-

sity vector is {4=t(x,p), independent of longitude . The only component of the vector
potential A is A,=A(x,p). The cylindrical components of the magnetic field are derived
from A by Boyuf=curl A, so

a,=1p,(eA(x, 0)
He=2D Led (Xs

nll=-D,A(x,p) and Hy=0.

With »=1 everywhere

(A) Lor His 2n ff pi t(x',p')A(x’, p')ax'dp',

u“



where

Jftcx oraxdoer (unit current).
| ‘The surface integrals are taken over an axial section in the (x,p) half-plane. The symbol
| has been used to denote the distance (in space) between two points P(x, p,¢) and
\ P'(x',0',4'). We may designate by this distance when the points are in the same axial
| Plane (¢=¢")

; RIE (xox!

)24 (p=p')?| BR?! RECA)pte" t-29p' condo" )=200" [ Itg8X -cos(é-4") ] «i
| There is the known Fourier series

‘

12

'

RPB: SS nn (15) os n(¢-$'),; wD onlas| we

| where €4="/, and ¢,=1 of n>0, and Q,.y is a Legendre function of the second kind with
parameter n-¥/,. Its reduction to elliptic integrals is given in section 4.

Equation (B) is equivalent to

"cos n(d-$') 2 Rt(By son rene a = ex(its :|

[ R opel 55| Since the only cylindrical component of current density is 14=1(x,) independent of4, the only component of vector potential will be A,=A(x,0) independent of 4. Hence, it
would be sufficient to evaluate 4 for ¢=0.

However, the volume integral defining 4 is the vector equation

fjfe. ff f tglx'e' de!A= ———_—_: pidp'ax' | ——————_.R
1,

OR

This integral is the sum of many vectors that are not parallel, so that we may use rec
tangular coordinates, y=p cos ¢ and Z=psin¢d, and write

Lyantg(x'p')sind’ and 1,=t4(x',p')cosd’,

15



20

(Pott. paotaxt [ aneiadAy(2) ffe tle", p')dp'ax i i
, + ctyaer gy [" cosdo! de’Ac.o=[fo tx" ,p')dp'ax [wa

Hence

1” cosld-' dad"

4 gzA(x,p)=-4 (xp)sind4d g(a p)eoe d= f fo" Hx", 2" Men" de f eet ay . R

Consequently, by eq (B’) with n=l,

© Ag=A(x Zh Va" U(x", 0')0 (ree) ay '© eA ed=yg] [WoT 010s Soa? e's

so that 4 satisfies

1 1 ~47t(x,p) in S,
ayptety 1) a=©) (o2+0320-33) (G eiae s

The integral in (C) is taken over any plane axial section S of the conductor, which may be

of any shape. Its self-inductance L is therefore

Oo) L=20 t(x, p)* p(x, p)dxdpIf

nx! )? pee")anf [ tex, praxdof f 0100's 9'904 (1422) crap’,I, I, 2pp
where

J free. praxapai.

Also from (C), the matual inductance ¥ between two coaxial wires with any shapes or

size of axial sections S, and S, is

x (xx)? +p, -P 2)”CB) amar] | oft Oy, eydxrdp, | | oft Oey, 02)0y{ 14+Jaxdg,Pye

16
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where

|

ff tsGa re ddesdoy= f [te Org 192)axqde, al.

Letting both sections shrink to points gives

( Cerra ?H-)")(F) H=4nVa, a, 0ya

as the mutual inductance of two coaxial circular current filaments of radii a, and ay, in
the planes x, and x, (eq (2.1), page 1). See section 4 for the evaluation of the fune-

tions 0,-y in terms of elliptic integrals.
If the section § shrinks to a point, eq (C) gives the vector potential A(x,p) at any

point P(x,p) in space, that is produced by unit circular current of radius a, in the

| plane x=0, and coaxial with the x-axis

24(p-a)? -F40,0)°2//40y(1-o ee”® ) 2222 -na],2ap ol

where

pte 400.
x*+(pta)??

ke is the modulus of the complete elliptic integrals X and F.

The cylindrical components of the magnetic field are given by H, (x, p)=1/pD,(pA)and Hx, p)=-D,A, 80

Be pele Ee]Veiorayih Hamp)

4ox Len a4H, (x, p)=yp En (EF(xe) orca 2(5)]-
which apply for any point (x,p).

b, Cylindrical Configurations

The other class of formulas may be described (with rectangular coordinates x,J,z) as

applying to a unit current with uniform current density {,=1,=0, £,=1(x,y) (independ-
ent of z). The total current +1 flows in the first conductor with cross section S, its

density being 1,=1/S. The return current density in the second is t,=-1/S,. The self-
inductance "per unit length of the line" is denoted by 1/1, which means the self-induct-

7



ance of two cylinders having the same two end planes, these planes being separated by one

unit of length.

1 1

w/t=z f fas -b J fees ,8, ‘Ss, ,

where A is the potential of both distributions. When 1=1 everywhere, the value of 4 at

any point xy in the plane is (where 4 denotes 4,, the only component of A)

4 =22 { [tog ras, +2 RasComas og as +e log RdS,,

where R is the distance from a point of integration P, indS,, (or from P, in dS,) to the
general point P(x,y) in the same xy plane. This gives

w/=Zf fas ffroenas;-2 [fas ff log RaS 344 Jfes J froezas :3 1 aH 2 vas, 1 2

The first two integrals are frequently designated by 1, and L,, respectively, the third by

=2Myq, but the separate integrals only have a meaning with reference to this equation of a
"closed", or return, circuit. With this understanding, the self-inductance 1/1 per unit

Jength of the line is written

(6) L/1=-2H yap th yy +h 9/1 =2 C2 log Dy_-log Dy,-1og P22]

where

log Dis==y ffies ff log RdS.08 Dyy=oe og

'S8,JJs, 1 IIs, ,
CC)

1log Dy,=— [{ 48, log R4S,,
8,7 Ns

5, zi

and similarly for Dy».

‘This D,, defined by the repeated surface integral over the two coplanar areas S, and
S, is called the g.m.d., or geometric-mean-distance, of the area S, from S,, and D,, the
geometric-mean-distance of the area S, from itself. The definition is consistent with the
extension to the g.m.d. of one curve from another or of the g.m.d. of the line from itself.

In the case of a return circuit of two parallel wires whose circular sections have

radii a, and ay, it is easily found that

aw log D,,=log a,~Y4, log Dy =log a,-%4,

18



and

(ys) log D,,=log b, where b is the distance between centers.

The general formula (G) for the inductance L/1 per unit length of the line,
4/1=2[2log Dy,—Log Dy -log Dy;] gives eq (2.44).For

a tubular conductor whose cross section is an annular area with inner radius a,and
outer 4,, it is found without difficulty that

a,? 2a,? mn) a] ay(Kk) Jog D,,= 10g 4y-——-_——— | ——. log] -1] -,a 20,2] Aytaay? NT

When a,~4,, the tube becomes infinitely thin and this approaches the finite limitlog Dy,=1og 4, so that 4, is the g.m.d. of the perimeter of the circle from itself.

When the current in tube No. 1 returns in a larger tube, No. 2, coaxial with it,whose
annular section has inner radius a, and outer Ay, it is relatively simple to findthat

the g.md. between the two annule is given for 0<a,<4,<a,<A, by

1 2 2 yw log Dy,=———A log 4,-a3 log a] ~%
Aj-a}
7%]

j Formula (G), £/1=2[2 log Dy, ~ log D,y—1og Dz] in this case leads to eq (2.46) by
' (K) and (L).

In checking for numerical errors, it may be noticed that the formla (G) for the
self-inductance per unit length of a line (a return circuit) will be dimensionless. This

} is not true of the constituents log D,, and log Djs, etc., as they do not involve
logarithms of the ratio of two lengths.

In getting g.m.d., use may be made of any formal analogies to the logarithmic poten-|
tials of electrostatic distributions, for the sane first integral occurs in both problens.

i The logarithmic potential ¥ of an endless cylinder of any cross section § with unit|
density per unit length perpendicular to the plane of S is

}

Vx,r)=2f f tog Rax' ay’.
For example, when the section S is a circular area, or an annulus, Y is the same at out-
side points as if the charge were all concentrated at the center. At points inside, a
simple law prevails. This may be used to check the g.m.d. given above for circles and
annuli.

} When the total charge Q per unit length in finite space is zero, the logarithmic
potential (like £/1 for a return circuit) is dimensionless as to length. Hence the ca-
Pacitance per unit length of endless cylinders, as in eq (1.1) to (1.15), involves loga-
rithms of the ratio of two lengths, But the potential of a circular cylinder with chargei
Q has the value 20 log r at outside points. This is not dimensionless,
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A final example {15} may be quoted, the g.m.d, of a rectangular area from itself.
If the width of section is w and breadth b,

2 242)? Day?5) =4 log D,,=-2 log(w24b?) 2 log (SE) % tee ("2")3b? w? 3w? ob

BY gag? gant¥) 425“alo "te b)t3

rr 2oe rts) 854 tog weed,‘352 3 3

where §=b/w, and

a P(x)=-2x4 Log x¢ (1- 6x24 x4 )log (14x? )-8x(1-x? )tan“tx,
Since the expression for log D,, is symnmetric in b and wv, this suggests the identity

in x that is easily verified.

(0) Ponsxte (2) -1207 Log x-4nx(1-x?),
so that, from a power series for F(x) in powers of x valid, when x<1, we get by this, the

series for x>1. These equations, (M), (N), (0), are used in deriving eq (2.47).
If two or more long parallel, cylindrical conductors all carry current in the sane

direction with the same uniform current density, they are effectively one conductor of

cross section S. If the sections are the coplanar, nonoverlapping areas $,,8,,,, etc,

then S=8,+8,+5,..-+ For example, with three such sections the g.m.d. of the compound
area § from itself is given by

) (5,#8,¢5,)? 106 D, = ff as ffoenas’

= Sf. [fr rasis f fs. f fros Ras $+ ff 4s, f floenas,

+2 J fesif Pree RAS +2 SfeSf log RaS,+2 J fess f fre Ras,
“post ne yeep et yen 8s yep tate yp als yen atePlog att )-«D92(D 58 (DME yaHe yy Mast),

‘The generalization of this is not difficult, when each conductor carries a uniform but

different current density. Weighting factors are introduced.
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2.2. Circular Filaments and Circular Turns of Wire

a, Coaxial Circular Filaments [16]

i

Oy
a !

Figure 13

: La
Their mutual inductance # is

wean yor, [2 ar] an yon, (2-1), (2.1)
where the modulus & of the complete elliptic integrals is given by

40104 (2.2)na AO, -Mery (a,40,)7
Their force of attraction is Y=-I,I,3¥/2x or

LiTaxk P2ekt

Tat, qyonF 2k | - (2.3)

'
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b. Circles Whose Axes Intersect [17]

Ae Ay

Zei M+ cose, (0£4 Sx)° Zar bys cosa, (OL, <7)
percos@ (059 £7)

Froune 14

ear (Lau2)(deut) $7 TELE Par) PaCue Pal)wearin) Oe) 7 ToeSA eran
pe (2.4)

= 40? (1-n3) (1a) TN Palas) Par Pa) ig ror,
rt n(nt1)

=

whatever the values of a,/a,. P,(y:) is the Legendre polynomial and P;()=(d/du)P,(u) «
In the special case where the center C, of circle 2 coincides with 0, r, becomes 2,

and a, becomes n/2, and (2,4) reduces to

3 a, "PC x)

wear? a, (1-ut) > (-1)" (2 ) TPban Hy Pene()- (24)
on

The torque f acting on either circle, tending to reduce the angle @ between their axes is

On aM, 3/, . = nf o2\ 2DUH) .
ro-Besinopt-an®/Paysin (I-ut) (1) (=) THe Pine Uy) Pian (H+ 2.5)

oa

These converge for all values of r,, if a,<a,. Mis positive when the currents circu-

late in the same sense around their axes OC, and 0c,.
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c. Two Concentric Circles (Not Coaxial)

(Special case of eq (2.4'))

Ay

A

ae
3

rodit -0A .“eo adive 0 +OA, HecosB

ag OR, op <0,

rk 9/22) nse) P(nt%)=— —) meen tu)* a, > (2) mi(nai)? Pann + @6)
me

pte 22 nAKIEA)9+ (yy Q.7)a, ai) ni(nely) Pant
=

Axes Parallel (6=0,u=1), 1=0

\ yt 92N2" PC ntK) (nt ¥) (2.8)
| ay ay ni(ntl)!*
i oa

i} Axes Perpendicular (@=n/2,u=0) N=0

pet VOE 9 724) 2 OC n4K) [ey]. 2.9)~

ay a,/ (nei)! nt .
or
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4. Two parallel circles [18]

Case where 0<r<a,-a,+

posso
i —a-he

4, ale “yee B= 005.8
or cunt 16

A 22" OA,

Anat 7 ,

ye? tor(z) SALLERe (2.10)a D a nl
me

where F,=F(nt'4,nt%,2; a7, /a7,) (hypergeometric series).

If the circles are coplanar, (8=7/2,4=0) and

pla) ( 1) xDOnt#)
nt

Case where r>a, +a,

aa a A:rr fe N\, *
an)

1. aro, ‘

4 ree 4 \ pw rcos8
l 1 a \ r= 00,

Froune 17

a | 0 5K, 0URE
/
a

/0,7 OLA,/
J

/

Anisat 8y\ 241 Pn 4K)- > Yop (2 2.11a» a, (-1)" ) Tnatyt PnP an (4) ( )
oT

where F,=P(-n,1-n,25 a/a?).
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For equal radii a,=a,=a and r>2a

=. 2a\**1 PCnt)PUntk)a aay (29 I 4) .W=2na > (-1) (2) Teah)pty Pen (4) (2,12)
or

For two equal circles, coplanar and external, this becomes

1/2) 2001 T3(ntk)=? [2a $) 2.13)" “oy () GeDtat Ga! c
cn

(The plus sign would apply when the currents circulate in opposite senses with respect to
the normal to their plane.) The torque is zero. ‘The force of repulsium along their line
of centers is F=+I,I,2M/2r, or

S41

/2.0\ Put%a)P? (4%)Pot nty Ty > (2) Gini ty? (1M
or
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¢, Self-Inductance of a Circular Turn of Wire

3

A P=distonce of o point from x oxis
ae jo x a=rodius of generating circle Froune 18

A+OC

Garrent density of the unit current is

zliey’
‘ezarp(Z) Gar)»

where

_p (Bled 2): d(b-1) a?PoP ( Pop 2iga aSE to 2d order

a? 84 7 (b-1)(d-*4) a? (3 4)j= 4rd — 0g — = +——————_ —, log— }. 2.teawa- [ 14 (2041)| tog SAT, SOME? Fy sero ( 5 lows (2.15)
For uniform current distribution b=0.

For “natural” current distribution b=-l.

For b:=5/2, the magnetic field outside the wire is exactly the same as if the unit current
were concentrated in a circular filament of radius VY 4?-a?,
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f, Self-Induetance of Circular Tarn of Wire Near a Magnetic Mediua

a
20 Z

+l
it

ja|
i jo_#*! BO) Prous19(oir)

|

uel 2=,

— 4m: =-| earsts 404 (2 1)

! bel [ue ]=1,, + tana [20-2 eg] -eta” A % RE (2.16)

4Aa‘modulus k) where x2=—442__(modulus 8) where b=ay
4,;, may be computed by preceding case, (2.15) on the basis z= everywhere.

In correcting the self- or mutual inductance of coils for the effect of thin lead-in
wires, the diameter of the wire is important by affecting its self-inductance, but wires
may be treated as linear conductors in estimating their mutual inductance.

| & Self-Inductance of a Wire
|

Vitya? 1[=2 [ 1 dog ( HP eette ) _ Virxais isa | : (2.17)
where I is its length and a its radius.
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h, Mutual Inductance of Two Parallel Wires Having the Sane End-Planes

ae
D Froune 20
+L ——_________-.

nySe

Vir DiI2 [ Llog (422F Vimeo | (2.18)
where I is their length, and D the distance between centers. If the currents are in oppo-
site directions, the sign of # is reversed.

i. Mutual Induetance of Tvo Parallel Wires Not Co-terminous

Cy

~~
D be ----e----+|
L a

Ce Froune 21

RA -s B--ts--—--4

© *GC,where C,ond C, ore centers of the wires

- butts) ( uth) ( beh). ( tt) (2.19)sew (c+ Ft )tw(c--2t2) -w (oro )-w( e+ ), .
where

a

vx [eltog [ eels!) _ yee,
0 that w(x) is an even function of x.

This holds for collinear wires (D=0) if they do not overlap. ‘The sign of ¥ is re-

versed if the currents have opposite directions.
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J+ Mutual Inductance of Tve Equal Rectangles Lyingin Parallel Plasce
(One is the perpendicular projection of the other.) The distance

between their planes is d, the length and breath of each is a and| b, respectively.

| Neunann’s formula is

| ® ato, [ (a+ Vaya?) Voird) bo, [ (os Vb% a?) Yor]FO" | Car Vatrotrdl) a +18 | Cu Vatroiea?) ad

| +2 [ varronaVarra-v rae]. (2.20)
! k, Self-Inductance of a Rectangle

| “en! t

a=radius of wire, 1=length of rectangle, b=breadth

=. V4(b+1)? 407 +a Vot 41240 Vo? 41241£24) (041) log] ——7> 2" Ly og J Jes]

i VTS Lon -yvicera. (2.2)
|

i

i

i

i

|
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223. Concentric Solenoids (Current Sheets) [20]

HN.i

HA

H 4% i

H . ee H
'xH

!\, | Fraune23\ |

lensccssescssseccccssccree!

Homann

ant by man aanrote tt ris oft bt
He by +6,
% anna

us008.8

NjondN,ore total numbers of turns

1) 20-4» FF (2) Zarate Pie ea Petes}wetnl a natu | pe 2?) —2esh te a eet) (2.22)oo Cid aa) Te > 7,/ 28 (2st1)(2e+2) (2043)
on

The series is relatively small compared to when a,/2b, is small. P,(j) is Legendre
polynomial and P)(»)=d[P,(u)]/du.

If the coils carry currents of strength I, and I, (in cgs electromagnetic units of
current, the torque on either coil, tending to decrease 0, is P=-I,1,0M/20=I,I, sin 62/2,
or

at CHD) Ear PPiggy (HIP 3, (ey) Po gea Ha)_ oh i 2) Pager (HIP 35 (Hy) PagelT=4——¥, 1,703, of,-2eb (2) ss ase .2d, 08 272M San Hh, 7,/ Qa(2s4l) (2842) (28+3) G23)
on

Case a. Axes perpendicular (@=7/2, 1=0)

w=0

nh) 1-n} = (By eee Pees)<4n{ 2 2 —. (-1)st8{—2) —___*s_ hast? 2") (2,24)re Ce erect Carre D CONN) Poem aaaiasrsy J} 24
on
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Case b. Axes parallel (9=0, u=1)

T=0

Wy W,7a? 2C1-w3) ears Pa,(4 Page (Hy)peng SaTetf2OTHD) (2) Pas (Hr )PaoesHa) (2.28)2d, Bye r,/ 28 (2841) (2842) (2843)
on

This may be computed in finite terms. (See coaxial coils, eq (2.30).)

2.4, Self-Inductance of a Cylindrical Current Sheet [21]

—_|—.

i

DY) Fioure 24

—_1
b-----f-----4

The sheet consists of ¥ complete circular turns of thin tape without insulating space
between them. Their diameter is D; the total length of the cylinder is 1.

ny? 2

LA ye [enti], (2.26)L

where k=D/V1?+D? the modulus of the complete elliptic integral X and . The comp lemen-
tary modulus is k1=1/V1?4D?.
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2.5, Self-Inductance of a Helical Wire [22]

.

:

1OO0 0000$

i1

D

f| 1

We--------- f--------4

Centers of wire on a cylinder of diameterD
N complete turns; diameter of wire is d.

The length 2 of the equivalent sheet, is the distance from the center of the wire at

start of first tum to center at end of last turn.

ltk'b=L,t+l | log |— ‘2 [ (BE) ae log 4]

1 Nerd 1 NmD\ 4/8 Nrd\*tnD { 2¥| log {—— = —— b= (=~: y(t{ [} 1 «( T 3 206 ( 7 +4 1) fas (Se)
WZ EREL Re gtey} coon3L ek 2 pare 7

This takes account of the relatively small axial component of current. iL, is given by
(2,26), moduli k,k’, as in (2.26).

2.6, Bifilar Mutual Inductor [23]

Primary and secondary are helical wires identical in form, the tums of one midway

between those of the other. Two cases are %, and ¥,. My is their mutual inductance when
the second helix is displaced axially from the first by one-half the pitch. When the

second is displaced 180° in azimuth from the first, but with its extremities in the same

end-plane as the first, their mutual inductance is designated by ¥,. The principal part

of either is L, given by (2.26), the self-inductance of the current sheet equivalent to
primary or secondary. The moduli k and k’ are the same as in (2.26).

ltr’My=b,tl [ost sae log 4]
1 ‘4HD\ 4 (8 ‘yrda\? 1/K-E RR

- = log(—)+—(<-1} }14+44(—— }) |--(—— .aly tog +3 te( s V4 )Lo (SEY) ( - *)
Rt Rt

ja ( 1-— sin . .%( % tin *)} (2. 28)
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lent,reetytifior te 4k! log ‘|
!

j 1 ‘4H 4/8 ‘Wd \*

: =n fr sop tz toe“) (Za)fstg(F2) |
2(K-E rk] 1 1 ‘tk

aes[use vee(?)]}- (2.29)

|

|

|

|

i

|
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2.7, Coaxial Current Sheets [24]

bentw----4-----44 cit

a io i
1 a a Froune 26
' o rot Of
i sot i

u——___ i iH H

Total number of turns N, and Ny

ardeds ( ( ttt) Lytly Iy-1, ist)2M (gy bat hy ltt) feth) iy (nt VI,Tt,{¥ (ety ) +e (e-5 w (cr 35 w (en (2.30)
The force of attraction (in dynes) is ¥=-I,1,34/3e

Prdtitals tat) ( 1-1 ( 14tl ) ( lat ly )}wefe (op tt Jay(eat)ye (ott) (th ..TT, w (et: tel ( co F> wi (erp oe ois » (2.31)
where

=xw! Stora) [ (2 ) ]wOdaxu' (d+ SS | (22) en (2.32)
This is an even function of x. Its derivatives u(x) is an odd function of x, vanishing
with x, and given by

wr (xp=2X 0188 pp) s|a3-02| [#828 y- (rw PC, RZ |] (2.33)
the + sign is for x positive, -, for x negative.

The complete elliptic integrals X and F have modulus k, where

40,0,ze40182
Morea (2.34)

‘The incomplete integrals F(9,R‘) and £(8,k’) have the complementary modulus k'= Vi-m?.
Their amplitude @ is computed by

x \?

sin 624 | ——" 17"? where oxe<).
(ae)a, a,
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The bracket with factor 40}-a} vanishes when x=0. If the coils are also concentric (c=0),
the force vanishes, and ¥ becomes

ATW Hy [ (2th )- ( 1y-1, yjTate bY a 8 at (2.30)

Another special case is that in which the second sheet is replaced by a single turn of ra-
dius a, coaxial with the x-axis in the plane x=c. ‘The mutual inductance between the cir-
cle and sheet 1 is

h(e(oE)(=))= Ty w aaa w ¢- r (2.37)

Putts { ® 3) *( y } 2hrT (un (ong )-wr (erp SUM) (2.38)
where

-F_RKw(x)=4 Vaya, (Se). (2.39)
so that the circle has mutual inductance 4, with the nearest circular turn of the sheet,
and M, with the farthest.

2.8, Toroidal Current Sheets

Current in tape winding of W turns circulates around the core in planes through its
axis of symmetry. Permeability of core is y.

Case a. Core of Circular Section

74 \\
‘ 2

Loxis Le sotyNt (2.40)
: as Vatat

Figure 27
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Case b, Core of Rectangular Section

Ka --W ~-->4

r

|

o
e

io
4__1______ axis Figure 28

L2HNT log Oe (2.41)

2.9, Endless Return-Circuits

(Sel f-Inductance)

a. Concentric Cable (Special Case of 2.46)

oir

metol

4 and 4, are magnetic permeabilities. ‘The current goes one way in the central wire
and returns in the outer shell. The self-inductance of the line, per unit length, is, for

low-frequency or direct current.

0» ogy HAE [_2AE 0 (42) 1] isWe Nos Trai Tay aol (2.42)

atl 22) it ayn 2.431/1242 Log ( G2) if 4y=0, (2.43)
1/1*2 log a2/41 for high frequency (see (3.1))+
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b. Two Parallel Wires (Nonmagnetic)

9 yi»” 9

Froune 30

G0,r b> ot a,

The self-inductance per unit length of the line when the unit current is in opposite
directions in the two wires, and u=1 everywhere, is given by the exact formula

ot1/1=142 log——. (2.44)
aya,

See (2.45) and (3.3), This is derived as in section 2, eq (I) and (J).
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. Two Parallel Wires of Magnetic Material

ys

ees »3 >t

ea te
Froune 31

oy 0,
go8 a

pet eS
b+,

myth, oF

ato tog 2—Wis s42 low

—

1 -
27Sette gtreregre Jo

nQl-e,e,e)
wr

a[eptle,#2e,e,)e™]o

ALvtataataae™ le}, (2.48)
where

wynl Marl
== and €,=—— and y=2(8,4B;)Frees ar Re arse a a

‘The positive constants f,, fz, and y are defined in eq (1.13). This y is the reciprocal
of capacity (1.15). When »,=u,=1, eq (2.45) reduces to (2.44). (See also (3.3) for high
frequency in this circuit.)
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4. Two Conxial Tubes

(u=1) (See section 2, equations (X) and (1)

ve metal,

RY air
oh y< metal,

Froure 32

Current goes in opposite directions in the tubes. The inductance [/1 per unit
length of the line is

a, A} 243 A ai 2a? AL/1=2 log 242 a tos(2)-1 i roa(“2)-1 - (2,46)4t aga} [43-03 \@a/ | atea? | ata? Nt
When a,~0, the inner tube becomes a solid wire and this reduces to (2.42) with

wy=H,=1.

A, a} 2a? ‘ayWhen a,+4,, L/1=14+log—+—— | ——log|—}-1].4) afnai | at—ai Nr

a, AR 2a ‘A

When a,-4,, L/1=-Y%ytlog+—— = tos(2) -1 :41" ad-a} | 43-03 \

A,When
ay4, and ayAy, L/I=log7°1
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e. Two Equal Bars of Rectangular Section [25]

+

:

-t4insulator 9

“tT

+

eo----w----+4

YoYq ond 8%,

Since Dy,=Dy, (given by eq (M)), the formla (4) for self-inductance 1/1 per unit
length of line is L/1=4 logD,,-4logD,,, which leads to

1E/L= SSG LP (48) HF (8) Va P (428) — YPC) ] 40 (428/3), (2.47)
where as in equation (N)

P(x) =-2x4 logx +(1- 6x? 4x*) log(1+x?)-8x(1-x?) tan“ x, (2.48)

This satisfies the identical relation in x (eq (0)).

Pon =xt(2) 12x og x-bex(-2?). (2.49)
When x<1, we find

1 asx ¥ (-1) 1x28P(x) =2x4 log = - 7x? 4+. SWOT eee a°B 6 16 OY aca aI) (2-50)
This is obtained by use of the series

=

tn = an
2y= -y)enXt “y= ayyntn XO

Log(14x?) 2 (-1) "9 and x tan"? x 2 Com 2a.
Equation (2.50) might be preferable to (2.48) for computation with thin flat, strips

as in the figure, where y, or 5, or both, are small, that is g, or b, or both, are small

compared to the width w.

In the other extreme (¢ or b or both large compared to w), the expansion of P(x) is

required for x>1. This is obtained from (2.50) by use of the identity (2.49) which gives
for x>1

= 25
.

(aieP(x) =2(1-6x?) logx-7x?+= ~4nx(1-x?) +: ‘ —_—2S°6 te ox?) 40x 2 maT RTO OD
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‘The derivation of (2.47) depends in part upon eq (M), which is

i 4n 25A L090, =545P(5)-Z b-4 Log ut, (2.52)
With the same. function F(x), it is found that Gray's [26] formla for 410gD,, may be
written

ot -\ 1 25410g D1,= 555 [F(7t8) YaP (#28) ~'/gF(y) ]440 (748) +4 logw-=, (2.53)
which, with (2.52), gives (2.47).

The formula of Gray, corrected by Rosa (27) is

1 yt

40202 1ogD,,=—25ut0ts[ce420 2 (ot E22} 2 og put (e2094]
1 ys 2) yt

a casa 2a E227) # Daogcurscenny afer (ut) gia eT
minus the sane terns with »=0,

aw 5 tenet gy? a ft2#2 ((e420)? cant tw? (0420)tan TH

- Stan ay? ie?) 9 tan egy? A)2[ce+0) ean} 4, su? (240) can £2] 449 cana eantZ}. (2.54)
By use of logxy=logxtlogy, and tan“!x=1/2-tan“! 1/x, this formla may be put in the
form (2.53).
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3. Frequency Effects [28]

3.1, Skin Effect in Concentric Cable

5
metal

Hi end py a} Freune 34

metol 5

yBN oir 5

Qe cy
Rbininy BE

The resistivities p, and P, are in electromagnetic cgs units, one of which is equal
to (10-%) ohm-cm (for copper 1/p~0.0006 and for iron 1/p~0.0001).

For frequency f, let Ry, and Ly, denote resistance and self-inductance of the line
per centimeter length, when the current flows one way in the central wire and returns

through the outer shell. (See eq (2.42) and (2.46) for low frequency.) For very high
frequency

VE\P Vege

rycorm ve
(3.1)

be ywo lott 4h |? Pa] 1tee tela, a, IWF,

For any frequency f, the resistance and inductance may be computed by use of certain tabu-

lated functions, which are the real and imaginary parts of Bessels’ (and Hankels’ function

of the first kind), these having parameters 0 and 1 and argument xVT, where x is a posi-
tive real.

The resistance Py, and inductance Ly, are obtained by equating real and imaginary
components in the complex equation

R @, Qu, 2u, Jy(x,Mt)

type] log +g — (3.2)nf a, [Yt 7)
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where

_ Hy 2H, Uh,x, =27a,| a X,=27a, af and-x,=27a,| af

Jo (x VOLVER (x VI) I-LVTS , (2 VTE) (x, 7D)
=

Cty, (x, VE) * CYTE) (x, YI) I-LVTI, (YD) LY (x, VT]
where

Jo (x¥T)=uy(x)ttvy(x) and WIJ, (x¥t)=u,(x)+10, (x)
ALY) (xVE)=05 (x) +174 (x) and THE!) (xVT)=0,(x) +17, (x)

‘The eight real functions u,,U,, U,,7,, (n=0,1) are tabulated in Jahnke-Emde’s "Tables of
functions," pages 246-258 (fourth edition,1945) for values of x from 0 to 5.99. For

larger values the asymptotic expansions may be used and lead to the high-frequency formu-
las given above.
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3.2, Proximity Effect in Parallel Wires [29]

ona, Yoot .

&&

6. Froune 35

aHip (Permes bility)
p, (resistivity)

b=90,

Current goes one way in one of the wires and returns in the other. See (2.44) and

(2.45) for low frequency.

The resistance R/1 and self-inductance 1/1 per unit length of the line (of both
wires) for high frequency f, are given by

a Vee a 2rro| (viakte se (yattent te-r)a"2]a, a; ay a, ji-e7 (3.3)

R/La mear er
where y is the reciprocal of the capacitance per unit length, so that by (1.15)

1. b?-at-a2+V[b?-(a,+a)? ]L0*-(a,-a,)*]2722 108] —? 44ofl 2a,a,

2a,a

=2 log] —————__—___+2)
b?~at-ai-Vib?~(a,+a,)? J[b?=(a,-a,) 7]

For equal wires of the same material, these become

28 BEue a V b?-4a?

(3.4)ruses?) RLL/i~4l (eet mtd/ 1~4 Log 2a ‘ont
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3.3. Single Wire Parallel to the Earth

32

Y

earth (Resistivity p, , #21)

py ye.

wya h

(3.5)

ntVh?- a?) R/L

4, Legendre Functions That Occur in the Formulas

The Legendre polynomials P,(x) and their derivatives Pi (x), (where n is a positive
integer or zero), occur in formulas (2.4) to (2.12) and in (2.22) to (2.25).
‘These satisfy the recurrence relations

(2n41)xP, C0 =nP,, OOFED Pg CO), aD

(2nd1) Lax? PA Gdn (mt 1) LP, 0) =Pagy OO. (4.2)

They are even or odd functions of x, according as n is an even or odd integer

_s s [lex\_ (stn)!

P= 2 0) (7B) en (4.3)
Co

ex)? (tnt)!rey <3 (12x) stmt)!Pao 4d | » (5 ) at (et1)! (n-Ina)! G4)
or in powers of x,

eccayn ST (eex8 34Ktn)Pa OV) 2 st(n=s)'PCa#k) (49)
eccpyny FT (D8x28P84 tn)Panes CO=C-D) “2 3! (nes) (34%) (40)
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The last two equations give

P,(x)=1

Py(x)=x

P,(x)=14(3x7-1)

Py (x)= (5x9-3x)

PC 2%, (35x4-30x743)

P(x) =(63x5-70x9415x)

Po (x) =p ( 231x6 315x4+ 105x7-5)

Py (x) ="fg (429x7-69325 + 315x3-35x)
Py(x)= "og (6435x9~ 12012x 6 + 6930x '—1260 x?+ 35).

(See references [5] and (11].)

‘The Legendre functions 0,4 and P,.y occur in the capacitance formula (1.19). The
function Q, appears in the general inductance formula (B) of section 2 and is the origin
of the elliptic functions in (2.1) (2.16) (2.26) to (2.29), These are infinite series

that occur frequently for real argument greater than 1, sometimes written cosh 6, where 8

is a positive real quantity.

Var) vuecosh g)=VOOM4) 4 twee OY) v4 ent0,-4Ceosh A=") @ PUR, v4¥h,v41; 67%)

ce ocluekle

$7,

-29p MC S4K) P8404) 4.7°
a? siP(etvel) an

Py (cosh £)=P_,.y (cosh 6)=F(14, Yt, 1; 1-077)

hs Sy 028)( 34K) (sty th) (a)“Ya OH) ates! .
or

sinh? 8[0,y (cosh 6)P4 (cosh )~0;y (cosh 6) P,_y (cosh 6) J=1, (4.9)
where P'(z) denotes dP(z)/dz, ete.
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The hypergeometric functions in (4.7) (4.8) may be transformed, leading in the fol-

lowing equivalent expressions;

sh 2) =~7 Let) fr, BY a1 p(y 4th, v4) ; sech?22,4 (cosh A) vere (4 sech 5) FOAM,vAMg, 241; seeh?Z (4,10)
Py (cosh £)=(sech 6/2)! P(Y,-v, Yy—v,1; tanh? 6/2)

= (sech 6/2)?"POL tv, 1htv,1; tanh? 2/2) a)
The identity

Pla, B,¥5 Z)=(1-2)7*F Ply-a,7-8, 75 2) (4.12)

shows that P,y is an even function of v.The recurrence relations (4.1) and (4.2) become

. 2vcosh BP, y(cosh 6)=(r4%9) P, (coshA)+(v-,)P,_, yeosh 6) (4.13)

2Qvsinh? £P)_ y(coshA)=(v?-Y) [P,,ylcoshA) ~P,_,_ (cosh A)]. (4.14)

The same formulas are satisfied by 0, y.4
In all these expressions v may be replaced by any integer n. The functions P,y are

even functions of v, but the functions 0,y are not, except when v=n. In that case eq(4.7) gives 0_,.4(z)=0,.y(z), where n is any integer.
For the formulas given above v is an integer n, so that it is not necessary to com

pute these functions by the series (4.7) or (4.8) in view of the many excellent tables of

: elliptic functions. If we find the two functions for n=@ and n=1, namely, 0. and Qy,
t any other 0, may be computed by (4.13).

Similarly, if P_y and Ay are known, the recurrence relation (4.13) gives the P,-X foré nol.

The complete elliptic integrals x(k) and &(k) with modulus k, where O0<k<1, are

given by

7 1 . [% ae7 ime [= 2

EGF, Malik =) Witaieinte (4,15)

” w .

BDr igs My ts b)=f Vi1- 2? sin? 6 a0. (4.16),

The same functions with complementary modulus k’= V1-R? are denoted by x’ and FE,
respectively. (These £’, K', etc. are not derivatives.)
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Legendre’s relation between the four is

Ke REE, (4.17)
Let

cosh oe Rt=sech? 6/2
so that Ri t=tanh? B/2 (4,18)

_ 2k . al =ksinh
A ePa

‘The equations to be derived are

O.y(cosh A)=kK. (4.19)

r-kQy(cosh )=2 (£4) az. (4.20)

ua .FP -x(coah A)=RK", (4.21)

ZPy(cosh A)=28'~kK’ (4.22)FPycosh A)= 5) : ;

Placing v=0 in eq (4.10) gives by reference to (4.15) and (4.18)

29. y(conh 6)=0.y (Z,-1)=2aPCVysYes 1s RAVER,
which proves eq (4.19).

Similarly, taking v=0 in (4.11) gives

FPaleosh A)=RF(Yy,Vy 1, t=RE',
which proves (4.21).

The proof of the remaining two equations, (4.20) and (4.22), is not so simple. For
this we may place the notation of (4,18) in eq (B) and (B’) of section 2, so that

RP (x-x')24(pnp')?- 2cosh ——= 1+ ——ee]PMNpp aap" co (4.23)
p2z__4e0"
(xox)24 Coro")?
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| Equations (B) and (B‘) become (with a=¢-¢')1
- k 2sfia haa = Dy tanglcosh feos na (4.29)2Y1-k?

cos’ 2 n=O
{
i

2 72 cos nada 2 cos 2n80,-ycosh 6)=0,. #7) =f =(-1* i 082nd| aleosh =On.y (gat) Me [peepee [ Vi-Praatoes (429)

| Taking n=1 in (4,25) gives
2

_, [7/2 (2 sin? 6-1)04 (Get)8 PO sire”?
2 ia 1s(L-R? sin?) 5 f? ae“a Je Wi-Risinto lo |= Wi-R?sin? 6

E-E=2 (7 ) RE,

which proves (4,20),

For the remaining eq (4.22) take v=1 in (4.11). This gives

Py (cosh pr=Zet (33a, 0 2)=2 ralg = My Lsh!?) by (4.12)2% 2” ght Dee” 20 fan's yee

By writing out the series for #’ and £’ it is readily found that

2B RR P(A My = My 15k!) (4.26)

Hence (1/2)Py (cosh, A)=28'/h- RE", which is eq (4.22) to be proved, Hence the functionQ,-% (cosh f) and P,,(cosh 8) may be evaluated by use of any of the tables referred to in
section 6 that give the complete elliptic integrals £ and & as functions of the modulus k.
This would apply to eq (1.19).

In case of the mtual inductance ¥ between two coaxial circles, the formula (2.2)

gives W/Va,a,=470y(2/k?-1), and this is tabulated against k? in table 2 of Nagoaoka and

Sakurai [7].4
It is found that the functions

fan’ Fe tpeo'y) ( (x2x!) 249-0")?= yyy (14APP and Pay (14 2X Hore")2-24.( ae i Tee)
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satisfy the partial differential equation

(2 2)oo (4.27)x Ppt
Pp

in the cylindrical coordinates (x, 9), and also in (x',p'). The canonical expansions in

various systems of coordinates of 0,4 with this argument are obtained in reference [12].
From (4.27) it is found that if

2 Genito)"= “Fe p! 1pere yas’, (4.28)0,0) veh le flee Oe ( Tap
then

ent

(ozeo3s8) (o%0,)=0. where (x,p) is outside Sio

(4.29)

=4np4t(x,p), where (x,p) is inside $

which may be written

24 ptytp MY y a 5 jlpated when (x,p) is outside $ro

(4,30)

=-47f(x,p) when (x,p) is inside S

For the case n=1, U,=Ay= the ¢-component of vector potential of a current distribution
whose ¢-component of current density is i=f(x,). This is eq (C’) of section 2.

For the case n=0, U,(x,p) is the axially symmetric potential V, of a ring distribu-
tion of charge whose density is f(x,p) in the ring of section S. Hence

2 (xox!)#4 (p-p')?V(x, =z ff "Fle" p04 (eee Jax'dp’ (4.31)x P=Te)J, VOT 0% Top? x! dp

7 lL Av?
VCD" 454 DY HHO outside §

(4.32)

=-4f(x,p) inside $

Hence the potential at (x,p) due to a circular line charge ¥ in the plane x! with radius
p! and coaxial with the x-axis is

x . (on') lore’) *)V(x, p)=—=— 0. (1p Gee More)? .xp) ‘VER Oy pp (4,33)
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5. Derivation of Some Formulas

5.1. Eccentric Spheres and Cylinders (Internal)
Equations (1.11) and (1.12)

Equations (1.11) and (1.12) are derived by use of biaxial coordinates ad f, de-
fined by the transformation

xttyste cot (=) shere m0
or

_

__¢ sinh 8aa cosh £-cos a GD

__¢sina 5.2)¥* cosh A-cos a (.

eee. eazanoasTosaee
Y cosh B~cos a (5.3)

Vaxtyazi= ¢¥de"+ap"Trap
(5.4)cosh f-cos @

The family of circles, 6= constant, has the equation

ace eoth A*4yt=(SY th geXtu tte? (5.5)xe v Hawa) * °F 2 Oaex :

‘The orthogonal family of circular arcs, a= constant, is

ly ytee?x*4(y-e cot a(S), or cot a=Xtl 2" 6.6)sina 2ey

‘The two-dimensional potential satifys

7) app) ree Brees oN op 14092) 7-0. (5.7)D3 : a tDy

For the axially symmetric potential, Laplace's equation with cylindrical coordinates
1

(or+03+42,) V=0 becomes

D,2403+ ~~) (pr)=0 (5.8)oP Gin? af POO : ‘
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The correspondence of the (x,y) half-plane (y>0) and the (a,8) strip (0<a<m),
(-@<p<m) is shown by the lettering in figure 37.

2F Alo

+ Béo tose

22°ge® 44 Bhs
g% iv a4

/ \

™5

i eA
Ao Barco OT OT

Froure 37

Betoo © it CcBB+B,>B, -------+---—---

ee VaneaBro “yA iO ec‘

, | |Be B40 o,

Be-co 'C’ c’ c’
{ t, 4
“0 “4 aor

The three constants c, f,, and f, are determined by eq (5.5) in terms of the given
radii a,=c/sinh6,, @,=c/sinhA, and the distance between centers b= ¢(coth f,-coth A,).The solution of these three equations for the case of internal circles as in figure 5 is
given in (1.10). ‘The inner circle , of figure 5 is the dotted semicircle of figure 37.

In the case of cylinders the two-dimensional potential between these cylinders is

: Ai-B

W(A)= [#5] ¥, for £,<A<py. (5.9)|
The positive charge per unit length on cylinder 2 is 0,>0; the negative charge on 1

is Q,, where

=9,<22 i” 27) q=—_1_tre J, (es 208-2)"
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so that

Q 1
22-¢/eu=—1 _,7! "3B, -By)

which is eq (1,12).

To derive (1,11) for eccentric spheres, one within the other, we find the axially

symmetric potential between the spheres, satisfying Laplece’s equation in the form (5.8)

for 62<A<Ay

2 ewe (244) (BB)a,A)=",V -cosa. — EP) : .¥(a,6)=", V2 (cosh B-cosa) aah (HTC, P,(n) (5.10)
os

where 4=cosa and P,(u) is the Legendre polynomial. This potential vanishes on the inner

sphere 6=,. To show that it has the constant value 7, on the outer sphere where £=£,,
the normal series

=

1rw)= > (14%) Pq (ue) f Pla") Pq(u' du! for -1<p<1
aam=

may be used. Since u=cosa, we find for 0<f,

1 Pa(u)du —- e~(ntk8f Pokal (5.1)1 Y2(cosh B-n) (ny)
which gives the normal series

1

= > = (no) 6 -Woah Etre)" e P,(u) for -1<u<l. (5.12)
om

(Equation (4.24) is the Fourier series for this same function.)
Taking A=, in (5.12) shows that V(a,8,)=Vy. There is a positive charge Q, on

sphere No, 2 and « negative charge , on No. 1, where (since y is now replaced by the cy-
lindrical coordinate p)

-lf" ar" er” sing OF -c tar dp-0,-0,=72 ["2n0,(2)a =f ff coat cow (an) 20-S f (270, ran 72 ate 2 Je (comb,cow a) 984°" 2 Ja \2Af (coshA,=H)
This gives by use of (5.10)

2 e-/*+4) Bp 1 fi Pau) dydere DS) mime ama J, VUeosk Fyn)ome
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or by (5.11) with A=A;

2 RF ge (9K) (1482) ‘ (ant ybSr, > & =2¢ > ae,Ve ‘sinh(mt %) (Ai-F3) Joes (anti) By-Ba)oy 0

where 0<f,<A;, which proves eq (1.11).

When the circles becone coaxial 6-0, but c-, and 2be~a3-a?. Hence eq (1.11) re-
duces to the coaxial case (1.5) and eq (1,12) reduces to (1.6).

5.2. Eccentric Spheres and Cylinders (External)

Equations (1.14) and (1.15)

In this case the circles are external. The circle No. 1 on the left is A=A,<0, and

the derivation is made with A, negative. At the end we then replace f, by -f,, so that in

figure 37 circle No. 1 is A=-A;, where £,>0. This is done to keep the three constants
c, By, and A, all positive, as stated in the three equations (1.13), which have been de-

termined by use of (5.5).

Hence with A, negative, the potential between the cylinders is

vipy=[ £22] 7, tor 0>8, <A6A, <0. (5.13)
Ba-By

As before,

1 "V 1

0-0-2 f FH eesg eSdniS Hep, 248 ,-P*)
20

0,/¥,=C/en=—_+_,
2(B,-Ay)

which becomes (1.15) on replacing - 8, by ,.
For the case of spheres

ay inkl
7 sinh ( n+%) (8-8)¥(a,8)=",Vilcosh B=cosa) A © —_Sst N48) SF“ P .(a, 8) =1, Vilcosh B-cos a) S siantnai eB Pa (5.14)

We now find

ny ef far du-0,=0 =f () —“K.VENT Neb] p,(eosh 8-H)
or

2 ana, ,os
ew if Pau)dyc=; —_—_*__— y) ————,7 oe dD wink (44) (B.-A)°"* 21 VBCcosh Bw)or
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Since f, is here negative, we must write eq (5.11)

“Palw dau tnstila,|_— olnekla(gf eee is * for B,<0,2 L:Vacosh =n)” ° 7 Bs
so that

xe ee ayre,) i” eclny
sinh (n+) (4,~8,) . Lee intl”or o

where 7=2(8,-A,) when ,<O and £,>0.

On reversing the sign of f,, this gives eq (1.14). For the limiting cases 8,~O, inwhich the sphere or cylinder on the left of figure 6 or figure 37 has an infinite radius,
we may place b=a,+h and a,=a,, When a-of c+Vh?-q?, B,=1og(h+Vh?~a?)/a, s0 eq
(1,14) and (1,15) become (1.8) and (1.9), respectively, ‘The potential between cylinder
and plane f=0 (fig. 4) is

nt VhP~a?vip)=4 v, for 0<p<p,=logtte==.By a
.

Between the sphere and plane the potential is eq (5.14) with 6-0.

5.3. Derivation of Equations (1.17) and (1.16) for Oblate Spheroid
and Circular Disk

With oblate spheroidal coordinates (a,8) the (x,o) half-plane is represented on the

_. (0<asm(a,A) strip (032) by
xtipsic sin(at if) where c>0

or

x=-c cos a sinh f and p=c sin a cosh §
s0

r= Wx? tp?=c Vain? ‘Btsin? a

x? p? .HF sinh? B' GF qoont Bo} (confocal ellipses)
ox? 2

+—£ —=1 (confocal hyperbolas).¢? cos? a c? sin?a
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The equation for the axially symmetric potential

(2200+) (An4 sin? a 4 cosh? 6

has solutions 7=Q,(1 sinh 8)P,(cos a). The oblate spheroid 4-8, has semiaxes a and b<a,where

c= Va?-b?, sinh £,= b/c and cosh £,=/c

inn py=btog! 2thBH 1 (ge,10,(t sinh ary 10g Sah B=pei sit (sech A),
80

20,(t sinh B,)=sin™! (c/a).

‘The potential outside the conducting spheroid A, at potential 7, with charge ¥, is (for
B,<B<@)

40,(1 sinh A) sin"!(sech (A)¥(B) 20 -————" 5. 15)
VGC sinh A) gin (e/a) (5.15)

F i . onyand w= Limit(r¥(6)]= Lite sinh 61(8)]= SG"
which is eq (1.17).

5.4, Derivation of Equation (1.18) for Prolate Spheroid

With prolate spheroidal coordinates the (x,) half-plane is represented on the

(a,A) strip (O<acr), (0<p<m) by

x+lp=-c cos(attf), where c>0, or

x=-@ cos a cosh f and p=c sin a sinh f, so

r=Vxp?= cVainh®B+ costa.

Hence

2 2

—~__ + —* _-=1 (ellipses)
c? cosh? 6 c? sinh? 8

a 2

—_-_£=1 (hyperbolas).c? costa c? sin?a
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‘The equation for the axially synnetric potential

1(:8+08+ tar)en?4 sin? a 4 sinh?

has solutions ¥=0,(cosh A)P,(cos a).

For the prolate spheroid =A, with seniaxes a and b<a

c= VOID? and cosh A:=0/c,

“a cosh Bt1 BL ( wert)2 glcoah A)=Y, ogee Ett Log cothie=log ( +2),
Qg(cosh A ,)=log (ate) /d.

The potential outside the conducting spheroid , at potential 7, with charge 2) is

(for fy <B<e)

Qe(coshA) _ log eoth 6/2V(B)=7, , (5.16)(P=V 10coshBi)"Toglare)7B
and

Hy-Lin (rv(p)]=Lin le Votah? Brees?oF (A)
et
“Tog(arc)78"

which is eq (1.18).

5.5. Derivation of Equation (1.19) for a Toreid

The strip (-7<a<m), (0<f<@) of the toroidal (or "ring") coordinates, represents

the (x,) half-plane, if this is cut from zero to c along the p-axis. The equation

X+ tp=-c cot (at 18)/2 gives

_cesina __csinh8Gosh Peon an"! "cosh B-cos a
(5.17)

wk ynpeorare
V xe enee VW coshB= cosa

VactapVader ayaa set ah (5.18)cosh F-cos a
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The family of circles A= constant, each member of which generates a toroidal surface

by rotation around the x-axis, belongs to the equation

a hpy2=—o.x44 (p-ceoth A) *=TG. (5.19)
The equation of the family of circular arcs, orthogonal to these circles, is

a(xte cota) 4 pia, (5.20)
ain? a

‘The equation for the axially symmetric potential

(omc ) (p47)=0 5.21)* ‘4sinh? 6

has solutions of the form

¥= ¥ 2(cosh F-cos a) (A cos natB sin na) (CP, y(cosh £) +D0q.y(cosh f)).
‘The third of eq (5.17) shows that spatial infinity, (r=©) corresponds to the point

a=f=0. The first two of these equations show that A=+® corresponds to x=0 and p=c= the
radius of the focal circle.

If the generating circle of figure 7 has the equation f=, it is evident from
(5.19) that

c= Y 4?-a? and cosh Bt. (5.22)

If the toroidal surface has a constant potential 7, and charge #1, the Newtonian potential

at outside points where 0<f<f, is

a. At! VSRERSS On-(coshf;)¥(a,P)==! V BcoshFeces @) <P ycoah By) P*-Mlcosh f)cos na, (5.23)
=o

where €9=%, €,=1 for n40.
This vanishes at r= (i.e., when a=f=0). On the surface A, it becomes

_¥(a,y)=V, V Beak Fy=cosa) — > €nn-¥(cosh B,)cos na
0

=V\=constant by eq (4,24).
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| By a fundamental property of Newtonian potentials, the charge ¥, on the torus is
emi . cosh FreesaHL = te F(a,-limie(rV)=Limit¢ Vf eer A)

Aer, Sy On-¥(cosh 21)
,AD init > ‘npacleaskarya Hleosh Aeos Aa.=o

Since P,_y(1)=1, this gives

Wy de > , DnewlcoshBy)v7 " P,.ukcoshBy)"m0

which is eq (1.19), since c= YA?~a? and cosh 6,=4/a. The evaluation of these func-
tions by elliptic integrals is discussed in section 4.

5.6. Self-Inductance of a Single Turn of Wire
Equation (2.15)

With cylindrical coordinates (x,) the vector potential 4,=A(x,o) at any point(x,p) in space is by eq (C) of section 2.

Hy 4 2 (5.24)= Keep! as! 7pAACx, p) aff tp 004(1452-) S
where D?=(x-x')#4(p-p')?, and the integration is taken with respect to (x‘,o’) over
the upper circle of radius a in figure 18.

Also by eq (D) of section 2 the self-inductance is given by

beanf foe(o)- pha (x, p)as (5.25)
integrated with respect to (x,p) over the same circular section. Since (x,p) and (x',p')
are both points in this circle, we may use the expansion

(ose)liDn
2pp'

tt eC pt 1 1a > Sept) atat LegitYa tn tv 84 Vpn)24(841) |. (5.26)=

This is valid if D*/4op'<1, which will be true for all positions of the points
P(x,p) and P'(x',p') both within the circle, provided that a<4/2, which will be true here,
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since it is assumed that a/A is so small that terms smaller than a?/84?log 84/a may be
neglected in comparison with 1.

Hence for n=l, eq (5.26) gives, to this approximation,

Dt 3(_p? D? Dt2 (%)-[ 3( eh. —F- $4(1-log 2)+¥, (1-6log 2) 5.27O( +5257) =a (gop) Jlowzgr te (i= tow 2)+%4(1-6 og 2) 77 (5.27)
Let y=p-A and y'=p'-4, so that x and y are rectangular coordinates with origin at

the center of the circle. Then, to the second order in a/A,

.

pt

\_| D_yty' yity'? o( 4)]204(1+32) = [442 tog Ys gat tag (143 1085, (5.28)
For the assumed current density

__1 eyet sap) , (5.29)
the total current is 1, which gives

pf Lcd 4) ytver( ar SEY Ley Cae (5.30)
Then

as ( “4 as [ y 4]Ki (p=AL(1 4)" -4 Youeile) al ty matPL tig tCage (5.31)
where

,=b+¥4 and C,=%, (»-1) (5.32)1=d+%y 2="{d*-7). i.

‘This gives

% ' Py

20°10" )O4( 145 Jaap Cr g Ha ge || At?lows,
(HY PeMW aye, we Z( 2| ( 7 5 Cr HMO, Fe tags (143log e7) (5.33)

To use this expression in the integral (5.24) it is better to use polar coordinates, plac-

ing x=rcos @ and y=rsin@, so that

Dt=r2-2rr! cos(9-0')4+r'?, (5.34)

and
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aye Y(t Vcosn( 8-8") :

=

2

. 0-06"“logr'= ¥ (5) coats 8) is ign, (5.35)
T

The result of integrating eq (5.24) is

usPAC, p= ASE 9 IHF (780474 (78) (5.36)
where

atc, BA)?

ratr)=3-2(1s22) 08 (5 (5.37)

C.r*]r singrcrsay=-[ase,- eft? (5.38)
~2Tg 3, 84

1,(7.0)=Z5[2-20, +70,-Hoe%]

7 316-3 toga cae inte Jeenl? into]ran Er B loge +(4-20, ain? o [+| 540, 140, aint o (5.39)
With this, the integral (5.25) gives

tnd ( \a] aA) 7, a? *) 22, 7ay {Ls 40+ ag roe (84) teat 2e(ttg )-z Samy (5.40)
Finally, multiplying by the factor,

1 a a?haygy (p-1) Bi a1-0,4%, 5.41)FLDO-V eas l-Coagae C
where Cy=2b(b-1), gives

7 3\a? eA) 7. a? [7 (u2)-2s-ara{[14(40,-24 8) 25 oe (M4) eg [Leen 120, 4p] -Fea |e (5-42
On substituting the expressions given above for Cy, Cy, and 0,, it is found that

am, a BA) 7 (ou) (o72/3)(2"}4 a{[pca0sn 2 jioe(%4)-f Te 4) } (5.43)
which is eq (2.15).
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Exact expressions for the magnetic field and inductance of any toroid with this cur-
rent distribution may be found as normal series of ring functions, using the toroidal co-

ordinates of reference [20]. It is thus found that for b=-5/2 the external magnetic
field is the same as if the total current were concentrated in the focal circle. ‘This is

true for the more general case 1,=Co-* ?/(8).
To get an expression for the potential A(x,p) when the point P(x,p) is outside the

cirele of figure 18, the approximation (5.27) based on (5.26) cannot be used unless the
distance of P from the center C is small compared to A. When this distance is of the or-
der of magnitude of A or greater, while P(x‘p') remains in the circle, it is sufficient

to use Taylor's series, with (x,o) fixed and the variables x‘/A and y'/A(=(p'-4)/A)
small. For brevity, let

mx) 24(p=p')*_ (xox!) P4p24p!®garg SRE ore 2 Gon!) tte te
2p 2pp

‘ ax to? tA?
0 ede

80 -f, when x'~y'~0. Then, to the second order

MgC 4) Dy (Ey) H(x' OUD, #4 (x *D,,4Y'20,, H2x'Y' Oy), (5.44)

where Qxx is the value of DE+y(#) when €=€4(x'=y'=0) and similarly, Q,, and
0,4 7D,0,04=D,DOy.From

eq (4.27), with n=1 and variables x‘,p’, we find an exact expression when x‘=0and p' =A.

=.Dax tOyy= Fa 0K (Ey) (5.45)

By use of (5.44) with the current in (5.31) in eq (5.24), it is found that

-o)/4 a? a?sex or-aV/A{frsoey Ze ]ostesrga ovryresa,}, (5.46)
where

A

nV, fo240 y=-2 (40-4) oceer=- FAA | [ote #0)-2-u6e4)1, (5.47)
and

ap ktt lana)?fee. (5.48)
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Equation (5.46) is valid when ¢,-1 is not small. Hence there remains a gap, not here con-
sidered, between the ranges of validity of the two equations (5.46) and (5.36), which

could only be bridged by an equation more complicated than either. Applications of (5.46)

that would require the retention of the second-order terms are exceedingly rare. It is
generally sufficient to consider the total current concentrated in a filament with trace

at center of the circular section of the wire.

5.7. Derivation of Equation (2.16) for Self-Inductance of a Single
Turn of Wire Near a Magnetic Medium

Referring to figure 19 let 4q(x,) denote the value at any point P(x,p) in space due

to any axially symmetric distribution of currents when = 1 everywhere. These currents

are all to the left of the boundary plane x= x9.

Similarly, let 43(x,p) denote the potential at any point to the left of x=x» that
would be produced (with »=1 everywhere) by a fictitious distribution of currents that is

the image of the existing distribution by reflection in the plane x= xq.
Then the potential A(x,p) due to the actual currents in the presence of the magnetic

material with #1, where x4<x, is in the air, where ~<x<x,,

|

A(x, 0) =4o(x, 0 )4 AA (x, 0), (5.49)
Hel

and in the material, where xgex<+©,

240x, p)= Ag (x, p). (5.50)
ut

By this definition of Ag(x,p) and 4,(x,p) it is evident that at the plane x= x»,
Ag=Ay, and Dylp=—DyAg identically in p.

Consequently, 4 is continuous, which makes B, continuous. Also the continuity of B,
is assured by that of D,A/u,

The inductance of the turn of wire near the material as figure 19 is by (5.49)

eel
ss a .bet, +47 Jf te erecxer Ss (5.51)

integrated over a circular section of the wire. This integration could be effected for

the form of current in eq (5.31) by use of eq (5.46), assuming that 2x», is not small com-|
pared to A. Formula (2.16) assumes that the fictitious current producing 4,(x,p) is a

filament of radius a coaxial with the x-axis in the plane x= 2x,.
For this approximation, we place in (5.51)

4xdt (A-a)? 2 2(K-B) ]=249} Axor (Ana)? 9404, (2-1) -24 [2DPA(X, p)=240Yy (u 3a 240%, (4 1 2a [ 7 RE, (5.52)
where

44a

pratt .at (ava)? 5.53)
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Since ff tdS=1, this givesPED - Ietah, +o tam [ 2-8) ay ] : (5.54)ars ®

where L,,, is given by 5.43).

5.8. Derivation of Equations (2.40) and (2.41) for the Self-

Inductance of Toroidal Current Sheets (Tape Winding)

With ideal tape windings the current circulates as indicated by the arrow in figure

21. There is no external field and the internal field of the unit current is #y=2H/p,
where ¥ is the number of turns, and p is the distance of a point from the axis of revolu-

tion. ‘The inductance L is equal to twice the integral defining total electrokinetic en-

ergy f.

11/80 Sf itay
integrated over all space. Hence

ue ff weaveaur ff s4 Pe

integrated over the axial section, For circular and rectangular axial sections shown in

figure 27 and 28, this results in eq (2.40) and (2.41), respectively.

5.9. Derivation of Equation (2.45) for Self-Inductance per Unit

Length of Two Parallel Wires of Magnetic Material

Referring to figure 31, the current +1 flows upward perpendicular to paper with uni-

form current density i,=1/7a,? in cylinder No. 1. The current density in cylinder No. 2
is ty=-W/nad.

The only components of current density and of vector potential are the z-components

where the z-axis is upward perpendicular to the paper. The general field equations

B=uH=curl A and curl #=471 give

B,=D,A, By=~DyA, B,=0,

where 4(x,Y)=A,. Hence

4u(0,240,?) 4=-— in cylinder 1
a,?

Aus (5.55)
=t— in cylinder 2

a, 8

=0 in the air between them.
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‘The boundary conditions at the surface of each wire are:

4 is continuous (continuity of normal component of 8), (5.56)

124, continuous (continuity of tangential #). (5.57)
Zn

With plane polar coordinates (r,,6,) with origin at center 0, of wire No. 1.

1 1(0,402) 422d, (ri ayers, Aane 1 Pea
1 r?

Similarly, with poler coordinates (r,,0,) with center at O,

1 1(0,2 4D?) A=—D, (729 ary, A.aac) 2 2%
2 rt

Hence let

ai
4=0-n,(— ) in wire No. 17

a5

rt (5.58)
=U+u,(— )in wire No. 2

cH

=0 in the air

Then (D,7+D,?)0=0 everywhere. (5.59)
At ry=a,,

0,=0 dD, y= =D, T-= (5.60)oH Uys and Dy My= De Dera x
At ry=a,

Dy=Uty and Dy Tp=— Dy, Uy4— (5.61)o=U the eMart a z

where J, means outside, U, inside the wire.
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The self-inductance of the line per centimeter length

1Wena ffaes,-, ff Ads,ma,” ma, 2

1 1 1Myla
ytna)t—|} Ud8\-— Uas,. (5.62)7a, ma,

The biaxial coordinates a,f, see reference [16], are suitable for constructing the

harmonic function J(a,8) that satisfies the four boundary conditions in (5.56) and (5.57).

We follow the procedure adopted in deriving the potential ¥ in eq (5.14), that is, we take

as the equation of circle No. 1 of figure 37 the equation A=B,, where f,<0. In the end

result we change the sign of 8, to make all the constants c,A,, and 8, positive, as given
in the three eq (1.13).

By (5.4) the surface element dS for integrating over a circular area bound by the

circle 8= constant is

. * dad;
as= 2-408 _

(cosh6 - cos a)?

where da, d6>0. Now sinh 6,=-c/a, and sinh 6,=c/a,. Hence after an expression for
U(a,8) is found, eq (5.62) becomes

MytHyy 2sinh? A, (x0 pw a,A)da

me J, (cosh f-cos a)?

2 sinh? £, ¢*° 7 a. a
Tf apf —ZieA)da (5.63)7 da, (cosh f-cos a)?

U(a,A) will be found as a series in cos na, so the following integrals will be re-

quired.

a “nt coth °A [coe nada ___ o M(t coth 2)_ 4 ne Dy slstn) etm (5.64)7
J, (cosh x-cos a)? sinh? x ot

if O<x.

From this we find, when 0<f,

** @-2"* (ntcoth x)sinh? Secot Xl dx=e72"8, .2 wa J sikh axe (5.65)
The function U(a,A) that satisfies the four boundary conditions in (5,60) and (5.61) is
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In wire No. 1, where-™<A<f,<0:

Wa, B)=H,-C 5-28, > Ae" F-81) cos na. (5.66)
In wire No. 2, where 0<f,<f<}@:

D(a, P)=—py-Co- 2A y+ > Bye-*'8-42) cosna. (5.67)
‘1

In the air between them, where £,<f<A,:

7 $7 [ Ansioh (A,~6)4By sinh n( 5-85) ] cosD(a, 6)=-C 426+ > [ Sesh ateeceh Batok nt BAs) osna, (5.68)on

where”

57

A, sinh n6,-B, sinh nA,C= Ansint anny. (5.69). °e a sinh n(A,-B,)
This makes J=4 vanish at spatial infinity (a=6=0).

The boundary conditions require

2U+e,) “1mop __2C1tes) ny) 9288). 1% :Ane eer oererera seu V)e2"B1-(lte,)e-"7] (5.70)
- -2(1+e,) - 1By = "7 )e298 5-(14.6-"7)], .Bye -™Ar Wwe 76777) (lt ere 'y Yen2"82—(1¢.e-"7) ] (5.71)

where

alae a ed =2(B,~eTCr ateT tnd 728,72). (5.72)
Performing the integrations in (5.63) by use of (5.68) and (5.69) gives

B/em=4 71249 8,-f,)4 > (Ane"81 -Bye- 82
7

sEEAI2 (A)-8,)
=

1 '

. (5.73)2S Base ge re L141te 0-08m=
+ (1b eg) (Ite e777 0-28

~2(1t61)te, )e-*7]
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To obtain positive constants for computing we next reverse the sign of A;, so that

y=2(B,+62), a8 in eq (1.13), where 6,,6, and c are all positive. After this change we

find that when 4,=,=1 the formula reduces to the known correct expression, say [g, that
is given in (2.44), where

a 1bg-1=2 log——=2(B+ Bg 42 > =(e726 14 e-2"82-26-"7), (5.74)aya, 7

=

Subtracting this from the expression for L (with positive f,) gives the eq (2.45).
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