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Using Green's functions, the Ditichlet_mixed boundary value problems for 10
‘dimensional potemtal theory are transformed to singular integral equations, and solved
exacly

1, INTRODUCTION

Mixed boundary value problems for computing potential and diffusion rates arise
in mathematical physics, mechanics and engineering": °. These problems have been
studied extensively : Mills et al, Mushkelishilit and Sneddon! have reviewed the
available solution procedures. These techniques were classified as follows : integral
transforms; integral equation techniques; complex variables and numerical calculation,

For the mixed boundary value problems of two dimensional potential theory,

several works have recently been published. Ranger® considered the two dimensional
potential problem of a plate charged to an arbitrary potential situated symmetrically
between and parallel to earthed planes. Srivastav had earlier considered the case
where the plate is perpendicular to the planes. The problem was reduced to dual

series equations and then solved'. The stated problem in Ranger’ was reduced, by
successive integral transformations, to a two part boundary value problem for a

harmonic function and solved. Rose and De Hoog® and Tait and Moodie? using the
complex variables, and Ejike', Singh et al’, Yang and Li! and Davidson" using
Fourier transforms and integral equation methods solved a set of mixed boundary

value problems for the two dimensional potential problem.

‘As shown in Fig. 1, the problem to be considered here is that of finding the

potential distribution associated with two parallel planes; one plane has a coplanar
infinite strip 0.<|X|<a, ¥ = 0 with potential g(X), and |X|za, ¥ = 0 is insulated,
and Y = L the other boundary either is earthed of insulated. The problems may be
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reduced using Green's function to the integral equations with logarithmic kernels, and
solved exactly.

avy av
oY V=g(X) ay!

~a 0 a >

L Vorwv =0ay

Y

Fro, 1. Physical configuration

2. THE MIXED BOUNDARY VALUE PROBLEM I

2.1, Formulation of the Mixed Boundary Value Problem I

Consider two parallel planes, one has a coplanar infinite strip,
0s|X|sa, Y = 0 with potential g(X) and | X | =a, Y = 0 is insulated, and the
other boundary Y = L is earthed. We want to find the potential V at any point
between the planes.

‘This is equivalent to finding the solution V(X, Y) of Laplace’s equation

vVUK,Y) = 0 a

in the domain 0 < Y < L, subject to the boundary conditions

a. ~@
Ve 2a,¥=0
aa for |X| =a, ¥

Vix,0) = g(%), for |X]sa,¥= 0  @)
Vor,0)=0, at Y=. ~ @)

Further V(X, Y) should tend to zero as | X | +2.

Before solving the above boundary value problem, we first introduce the
following dimensional parameters

x= Xa, y = Yio. - (6)

Substituting the above dimensionless parameters into eqns. (1)-(4), we obtain

VF Vix,y) = 0 6)
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in the domain 0 < y < L/a, subject to the boundary conditions

pa for|xJzly=0 ~O
Vo, y) = 8), for |x]s1, y= 0 .. (8)

Mix, y) = 0, aty = Lia ~

1 VQ, y) |<, for fx] +e. .- (0)
The solution for V(x, y) in terms of the Green’s functiom can be expressed as

1

a

y= fF Glx,y, x, 0) 2 . aMande f Gten% Ts Iyeat® co)
where G(x,y, Xp, Yo) is the Green's function and is defined below as

V? G(x, ¥, x0, Y0) = 8(xo, Yo) ne (12)
in the domain 0 < y < L/a, subject to the boundary conditions

AGU,ys 40.Ya) _ .ey =0, fory =0 o» (13)
G(x, ¥, X, Yo) = 0, for y = Lia. we (14)

2.2. Solution for Green's Function G(x, y,Xq Yo)
Using the Fourier series, the Green’s function G(x,y, xo, Yo) can be expressed as

i

1)a;Gta stor ¥ soeos((2+3)7") 3)
satisfying the boundary conditions (13) and (14). Substituting eqn. (15) into eqn. (12),
wwe obtain

a 2 2

28m _((,,1) an l\ay).3 [SE Aer2)f) el (2) F)-9
ws (16)

which in turn gives

= eos (ne 3) P| 7)
where
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Phy 1) ax)

ao((nea) 2) noe. o- (18)
Using eqn. (18) and the condition

Ihgl<@% for |x|, ww (19)

we obtain

L ( 1\axIno speian7y %?(-("43) Tbs) = (20)
which in turn gives

Ce i\e-rowd=— 3 estan (-(*42) 7 sl)

Using eqn. (21), we obtain

Geran 0) Re[In(E=1 | on (22)
where r is

roexo|-Tx-nl-0)). @3)
2.3. Solution for the Potential V(x, y)

‘Simplifying eqn. (22) and using eqns. (8) and (11), we obtain

ate)= 1 ffx) in| tanh (ante —19)/AL)| do ~» Q4)
which is a singular integral equation, where flx,) is defined as

a,

fea) i ~ @5)
To solve this equation, we consider the following two cases.

(a) g(x) is an even function in x — Since g(x) is even in x and lx) is even

in x, we obtain

x g(x) =f flxg) In| tanh (a(x — x0)/4L)tanh (a(x +.x0)/4L)| dro,a
for Os<1. .. (26)
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‘Taking the derivative in x, we obtain

12a sinh (arx/2L) cosh (anxo/2L)
T £49 cosh (anx/L)~cosh(anay/L) #7 #1 for 08951,

~ (27)

which is identical to

@ pa) cosh (anxy/2L)
L { ‘F00) San (anx/2L) ~ sink? (amxy/2L) “

= — 80) 28)sinh (axx/2L)

Using the solution given by Cooke", the solution of eqn. (28) can be expressed as

fon, # (Sin (a70%9/L)deg2L sinh (axx7L) de J [sinh? (aruxp/2L)sinh? (anx/2L)}?
* ,

xf iF (&) sinh (ax&/L)d&
4, (sink? (axg/2L)~ sinh? (an /2L)]'?
a
a 0)*

[sinh(an/2L)—sinh? (axx/2L))"? a
where A is a constant to be determined by 0"), which is the charge density on the
strip 0° s.xs1 for a symmetric potential distribution. Substituting eqns. (29) and (22)

into eqn. (11), we find that the potential Vix, y) is given by

1

eye! ff in| VSB aR xD Si aRVZALYVosy) xl! [ cosh (ax | x = x9 |/2L) + cos (axy/2L)
Vinh? (an [x + xq 72L) +sin® (axy72L)+ Hf ‘cosh (ax |x + x |/2L) + cos (axy/2L) id avo

e» 30)

(©) g(x) is an odd function in x — Since g(x) is odd in x and fixo) is odd in x,

‘eqn. (26) is changed to

1 tanh (ax (x-29)/4L)eat f fedtn | aaT) [do for Osa],
GI)

which is identical to
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' sinh (axx/2L) + sinh (axceo/2L)xa)=~ f fix)in | ‘inh (axx/2L)—sinh (anxp/2L) | #
‘Using the solution given by Cooke", we obtain

joe4 (Sin lorae/L)droDae f [Sinb? (azcxy/2L)— sinh? (anx/2L)]"2
* .

fehe
J [sinh (arxg/2L) - sinh? (ax/2)}"*

sh(ax/2L)e anh (ae/2L)~ BOT [sinh? (an/2L)= sinh? (axx/2L)]"> &)
which is the charge density on the strip 0*sx<1 for. the antisymmetric case.
‘Substituting eqns. (33) and (22) into eqn. (11), we find that the potential V(x, y) for
y > 0 is given by

1

1

Meyda f (| cosh (az | x=x9|/2L)+ e0s (axy/2L)
i? (a [+¥q 72L) + Sin” (0a 72L- wf ‘cosh (ax |x + x9|/2L) + 00s (axy/2L) fe di

a G4)

3. THE MIXED BOUNDARY VALUE PROBLEM II

3.1. Formulation of the Mixed Boundary Value Problem Ii

In the above section, a mixed boundary value problem leading to a singular

integral equation is solved. Here we consider another mixed boundary value problem:

two parallel infinite planes, one plane has a infinite stripe on it, O=|X|<a, ¥ = 0
with potential g(X), the other, |X |=a, Y = O and the other plane ¥ = Z is insulatedWe want to find the potential V at any point between the planes.

‘This is equivalent to finding the solution V(X, Y) of Laplaces’s equation

VVX.Y) = 0, »- (35)

in the domain 0 < Y < L, subject to the boundary conditions

we <|X}ue, Ye a 36)¥ 20, for |X|2=a, ¥ = 0,
Vx, 0) = g(%), for |X] <a, Y= 0, ~- G2)
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av
as. = «»- (38)ay 0, atY = L. (38)

Using the dimensionless parameters given in eqn. (5), we obtain eqns. (6)-(8), (10)
and

a
we : 89¥ 20, aty = Lia, G9)
[Mey b<o%  for|x|re .- (40)

Similarly, the solution for V(x, y) by Green's function can be expressed as eqn. (11).
‘The Green’s function G(x, y, x, Yo) is defined below

V? Gtx, ¥s x0 Yo) = B%0: Yo)s 41)
in the domain 0 < y < L/a, subject to the boundary conditions

G(x, y, X0 Yo) =For) a0, ay =0, (42)

peo, at y = Lia. .. (43)

3.2. Solution for Green's Function G(x,, Xo Yo)
Using the same method as in the previous section, the Green’s function

G(x,y, x0, yo) can be expressed as
3Gea sezord = ap le—ral-ge P| —“T lel]

x cos( Ty )eos(E0}.
Using eqn. (44), we obtain

a 1Glx,y,x0,0) = 37 [a0] #7 Re [In (1) ~ (45)
where r is defined in eqn. (23).

3.3. Solution for the Potential V(x, y)

Simplifying,eqn. (45) and using eqns. (8) and (11), we obtain

1ata)=2 J Aso) In|2 sinh (ax (x —%9)/2L)| dr, ow (46)4
which is a singular integral equation, and where ffx) is defined in eqn. (25). To
solve this equation, we consider the following two cases.
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(a) g(x) is an even function in x — Since g(x) is even in x and fix) is even

in 2g, we obtain

1

rgx)= ffl) In| 4 sinh (ax (x —%)/2L)
°

sinh (ax(x+2%)/2L)|drq for 0x51, . 0)
which is identical to

1

glx) = f fiz) In| 2.cosh (axx/L) —2 cosh (arty/L) dro. - (48)
°

Using the solution given by Cooke'?, the solution of eqn. (48) is

a 1 ra$2)" Tosh (anx/L)~1)"? de

(Sith (axx/L) dpS ( esata Seah wry
* i

cosh (anE/L)— 1 ,x S| coax con ei | r@a)
ota(eme/b)‘LT? (cosh (axx/L) - 1) (cosh (ax/L)- cosh (axx/L))}"
en

In [cosh (an/L)— 1] -In2

f {(cosh (ax§/L)— 1) (cosh (ax/L) — cosh (ax§/L))]"”?* «)
which is the charge density on the strip 0* =x <1 for a symmetric potential distribu-
tion. Substituting eqns. (49) and (45) into eqn. (11), we find that the potential
Vix, y) is given by

1

Mar) 3g f (In4 + neon ax x—r/L)—cosh (9/2)°

+ In [cosh (ax |x +.x9/L)- cos(omy/t) fi) =» (50)
(b) g(x) is an odd function in x — Since g(x) is odd in x and ffx) is odd in

eqn. (46) is changed to
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y sinh (ax (x -x9)/2L)
rete)=f fain | TREEaR | tem for Os291, «(51

which is identical t0

y tanh (axx/2L) + tanh (ax xo/2L)nats) =~ f fe) | tanh (axx/2L)~ tanh (arxy/2L) | ©
Using the solution given by Cooke", we obtain .

faye p(—————_tanarag/20) digTae Sco (g/L) Uta (arag/ 2) — tan(wx)?
6

xf——— #8 Oef (tanh? (axx9/2L)- tanh? (anE/2L)}"?

2a__tanh (ax/2L) sinh (anx/L)~ 807 [tanh? (ax/2L)— tanh? (anx/2L)]"? ~ 63)
which is the charge density on the strip 0* = x < 1 for antisymmetric case. Substituting
eqns. (53) and (45) into eqn. (11), we find that the potential Vix, y) for y > 0 is
given by

1

1 cosh (ax | x- x9 |/L) — 08 (any/L)Mey) 55 f in | cosh (an | x+ ap /L)— cos (any/L) | 1%) ato. ~ (54)
4, SPECIAL CASES

We first consider the symmetric case of a half space (ie. L-+%) due to an

infinite strip 0<|X|<a, Y¥ = 0 being charged to 2 unifrom voltage Vo, Since
L—* =, we have

amo | | ao inh ( 222) - SH s!wan") rand sn ( 5°) . (85)
For problem 1, substituting eqn. (29) into eqn. (26) , eqn. (29) becomes

Vo .. (36)
f)--n3 vies

which is the potential distribution on the strip | x | < 1, y = 0, and is the same as
that given by Bjike', Substitution of eqn. (56) into eqn. (30) yields the potential
distribution v(x, y) for y > 0.

For problem If, since cosh (=) = 1 for f+, eqn. (49) gives
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fix) = 0 - (57)

which indicates that there is an uniform field inside the half space.

For the antisymmetric case of a half space due to an infinite strip 0<|X|=a, ¥ =
0 being charged to a uniform voltage V, sgn (x), we, combining eqns. (55), (33) and
(53) obtain

2_Mo__ = (58)Wm VI

which is the same as that obtained by dual integral equation method*, Substitution
of eqn. (58) into eqn. (54) ‘yields the potential distribution 4x, y) for y > 0.
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