Chapter 2: Boundary Value Problems in Electrostatics

2.1 Method of images: flat conducting surface

Going to solve some specific problems in this chapter
using: 1) reduced Green function technique, 2) method of
images, 3) expansion in orthogonal functions, and 4)

conformal mapping.

First problem: (Methods 1 & 2 illustrated)
/ —>
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is equivalent to

This says the Dirichlet Green function is just

Gp(x,x") = 1 - 1 ' (2.1)
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(x' = source pt.; x = field pt.) where

o A A A
1

x' =x'i1+y'jJ+z'k (z'>0)



2.2

locates the +unit charge and

o A A A

x" =x'i+y'j - z'k
locates the image charge. Notice that Gp(x,x') 0" 0 and
z:
that Gp(x,x') = Gp(x',x). We can write down the solution by

inspection, but let us confirm it from a differential

equation point of view. Want to solve

' GD(;,;') = -4n8(§ - Q'), (2.2)

subject to

A a

Gp(x,x") o 0. (2.3)

First, however, just to get some experience, let us solve the

easier problem of a point charge in free space from the diff.
eq? point of view. Obviously, the solution to V2 Gg(x,x') =

-4md(x - x') in free space is

Ge(x,x') = B S (2.4)

= =

X = X

This can be derived from the diff. eq? as follows using the

representations,

- - d3k ._\ - _x'

- x'") = ike(x=x ) (2.5)

o(x - x') j(2n)3 e ’

- "| d3k ._x =N _\'
= ike(x=x"), (2.6)
Ge(x,x') = [ 505 G(k) e
- am
(k = |k|) It is easy to see that G(k) = w2 the fact that

G(k) depends only on k = |E| is due to the fact that the
geometry is translationally invariant in x,y & z directions.

Let's now do the integrals:



= A A

d3k amw . '
= " @ik (x—x )-ke > .
G I(2n)3 2 © (e>0) (2.7)
Trconvergence factor
(sometimes suppressed)
41T k2dk ., T T
= > 2R eik|x—x'|cos (2.8)
Gt (2n)3jd¢ dcos0 k2 ©
82 e
= ik| x—x'|cos6 (2.9)
Gt (2m)3 Jak f;dcose e
- 2 - sin k|x - §'|
klx - X |
872 2 T sin k|x - x|
=> = . .
G = 5m)3 FY JO dk . (2.10)
Y
X
iz
¢ consider |dz
oo . TC
[ ax S _ 2 (complex variables)
0 X
=> Ge(x,x') = — 1_\
X - x

[Many other ways of evaluating this, including inserting a

e~ké, in (2.10), doing the integral, and

convergence factor, ,

then taking €->0 limit. Can't resist an alternate evaluation,

which also uses a convergence factor earlier in the

evaluation and inverts the order of the k and angular

integrals:



aT T T T
Gs = dQ ] dk eik|x = x'|cosb-ke
£= (anyy Q] ke
¥v’_/
(below)
1 e k|;—;'|cose—k£ |°0° = mt
il - §'|cosﬂ—8 i|§ - §'|c056—8
—4m 1 1
=> Gg¢ (273 2T " L iidcose cosO + ie
ilx - x|

(¢ has been re-scaled, but is still positive)

-1 cosb-ie
Gt = - NS ;tdcose cos20 + g2
in|x - x |
" I 1 1lim €
Magic": O(X) = 1 es0+ <2 + g2
=> G¢ = Alé.idx d(x) (x=cosH)
|x - x|
1
= — _'h' .]
|x - x|

2.2 Reduced Green function technique applied to flat
conductor

Now go back to our half-plane geometry. The geometry
here is translationally invariant also, but only in the x and

y directions. Therefore, assume

o Ay,

Gp(x,x ) = 4m | eik-(x-x")1g(z,2',k), (2.11)

d
(2m)?2

where



d?k = dk,dky,
ke (x-X )| = ky(x-%X ) + ky(y-y'). [k = kyi + ky3].

Let's call g(z,z',k) the "reduced Green function". We then

have

d2k . ==, 02 ,
(275)2 elk-(x-x )| [k2 - E] g(z,z',k),

V2 g(X,x') = 4n |

d2k

= 4n J(211:)2

eik-(x-x")] §(z-2"), (2.12)

which implies

02

2 - (] = _ 1
[k azz] g(z,z',k) 0(z-2z"'). (2.13)
The BC on GD(§,§') now read
g(z,z',k) [z=0 = 0. (2.14)

Let's try to solve this simpler eqR. For z#z' we have

[kZ2 - EE*] g(z,z',k) =0 (2.15)
Jz2 r r r

the solution for which is

g(z,z',k) = C(z')eikz, (2.16)

Our solution must be bounded as z3«, so

C, ekz, z > z'

g(zlz Ik) = {Czekz + C3e—kz, z < z'. (2'17)

The above BC now gives

C, = -Cj3. (2.18)



The diff. eq? implies a discontinuity in g(z,z',k) at z = z':

2 :
IZ'+ dz [k? - 522] g(z,z',k) = Jz,t 0(z-z')dz. (2.19)

z'+

Since g(z,z',k) is continuous, g(z,z',k) |, =0
a L}
as well as - oz g(z,z',k) L, = 1 from the above. These imply
Cie~kz' = C,(ekz - e-kz'), (continuity of g) (2.20)
Clke'kz' + Czk(ekz' + e-kz') = 1. (discontinuity (2.21)
dg
of 9z )
The solution is
l k ] k ]
C1 = 5 (ekz - ekz'), (2.22)
Cp = L eke' (2.23)
2 2k . .
This means that
. 1 ek(z'-z) _ e-k(z'+z) z>7"
g(z,z',k) = 2k X{ek(z—z') — e—k(z'+z),’ z2<z" . (2.24)

which we can also write as
1 1 ' ' 1
g(z,z',k) = 53 (e-klz-z'[- e-klztz'|), % z',z. (2.25)

Therefore

= o oA

S oA, d2k i % (xx') 1 kl '| k|+'|
= 1k- - i =k|z-z" | _ -k|z+z
Gp(x,x ) 4T (27)2 e Lok (e e ). (2.26)

We will actually do the integrals to verify this is a correct

result. Brute force. Consider (first term above):



T T 0
= ikpcos( ao-k|z-2" |
I 2(21)2 Od¢ 0dk e e
27
-1 1
1= 2n %d¢ ipcosh - |z-z'|
I = ;ern -ipcosd - |z-z'|
T T am 0% pcos2y + (z-2')2
z-z'| " 1
=" Jd¢ 2 2 2
T 0 plcos?d + (z-z')

Look it up in a table of indefinite integrals (CRC, 22nd ed.,

#375, p.442). Get

| z-z' | tand 27
>113

_ lz-z'| 1 _
S R PR N o P El I(sz + (z-2")?
~—
21
_ 1
p2 + (z-2")2

Similarly for the 22d term. Replacing p 2 |(§—§')L|, we

recover that

) = -
|x - x| |x - x|
where X" has the same meaning as before. Explicitly
G(X,x') = 1
X)) = xex )2 + (yoy )2+ (z-z')2 |12
1T *

1
- [ (x—X')2 + (y_y')Z + (Z+Z')2 ]1/2 (2.27)

1T*




2.8

We can confirm the presence of the surface delta function

mentioned earlier. We have

h7
/
4‘;: ¢ z,2' >0
/
/
1 1
% e 2 " 2z
on' ls = 9z' lz'=0 7 = { [(%x-x')2 + (y-y')2 + (z-2')2]3/2

-1 '
5 2(z+z')

[(x-x")? + (y-y")2 + (z+z')2]3/2

z'=0  (2.28)

J0G -2z
= on ls = [pz 4 g2zpaz [PP = (x-x)Z 4 (y-y')?] (2.29)

Notice
oG
p¢ 0, z = 0’ 81‘17' Z'=0 = 0. (2‘30)
=0 or, 2 = 2.31
p= 0, 220%, gy lat=0 = —o- (2.31)
Also
ldx'dy" ,
1 lim ,0G 1 lim -2z
4T z3 0% ida on' 4T zsot ”Pdpdq) [p2 + z2]3/2 r (2.32)

(take origin at x=y=0)

_ lim —EVF” 2pdp , (2.33)
z30t | 2 70 [p2 + 2z2]3/2

lim z 1 1 oo lim z
- 290+[_ 2 (—1/2) ,JBE—;—;El oj B 290+[‘ |Z|) = -1, (2.34)

lim OG
z30t on'

z'=0 = —4758(5)(;&—521). (2.35)




2.9

(See Egq.(1.89) of the last Chapter.) We see that the surface
delta function arises from the image charge which has been

placed on the surface for z'=0.

[We can also see the surface delta function from

= - 2 - o oA
GD(Xlx') = 4TEJ.(<21TC];2 eik-(X,X')J_ i (e—k|Z—Z'| - e—k|Z+Z'| )
- a a 2 - a a
=> 9z Gp(x,X'") | z'=0 = 47-5_[ (gn};Z eik-(x,x) | % (_e—kz - e—kZ)
lim 1 a a a d2k = e _;'
= 230t 47 on' Gp(X,X") |z'=0 = —.[(27_[)2 elk-(x-x'); | ]

\/__/
-5(5) (% -x])
Of course, the total surface charge induced (when z' is not

on the surface, say) is -1 because of the nature of our Green

: : 1 dG
function. [Slnce Osurface = 47 9n

-2z' ]
Osurface = 47t[p2 + Z2]3/2'

s we see that

2.3 Method of images: conducting sphere

Can do other problems with the method of images (usually
need an infinite number of them, however). Point charge

outside sphere:



=
X

radius=a

b

Can find q',x as follows. Guess:

|x-x"[  [x-x"]
or
dF) =~ 4 T
|xn-x'n"| | xn-x"n" |
Now we want
D(x ) | x=a = ~ ?%' N + LA, . a ~,
aln - - n'| x"[n' - W n
Notice
g'= ;3. , }; = =+  works.
: -a wo_ @l
R L
- q qa
=> O(x) = - az =
|x-x"| x'|[x - 5 x'

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)



Essentially the Green function for this geometry. More

explicitly
o a 1 1
GD(X,x') = 5 ‘o . 1/2 = 2412
+ -
(x X 2xx'cosy) X}Z + a2 - 2xx'cosy)l/?
a
(2.41)

(cosy = n-n' = cosfcosf' + sinfisinf'cos(¢ - ¢')) Can see
explicitly that G(§,§') = G(Q',g) and can show that the

gradient on the surface (inward normal to sphere) is given by

96 __ 96 - O - =)
on'l*x=a = = gx'*¥=a 7 7 3(x2 + a2- 2ax cosy)3/2

(2.42)

G
Can also verify that as x»a®*, on' |s acts as a surface delta

function. I am not going to do this now, but this problem
can also be done using the reduced Green function approach.
(Don't have the mathematical machinery yet - Ch.3!)

Now that we have the Green function, we can solve other

problems for this geometry. In particular, consider:

(const.)

The solution is

- = A = - - BG
O(x) = JA3x'Gp(x,x") p(x") ﬁ?da'@(x')an., (2.43)
T T
q8(>_; - ;') \Y%

so all we need is the surface integral,

(x2 - a2)

(x2 + a2 - 2ax cosy)3/2

&nle'=a da' =_?a2j.dg' (2.44)



Take z'-axis along X (dQ'" = sinydydd)
2 2 .
oG —a(x® - a%)2g 2ax sinydy
=> ¢ v |x'=a da' = 14
¢ on 2ax (x2 + a2- 2ax cosy)3/2
. =(x?% - a?) 1 1 T
B 2x 2m (-1/2) (x2 + a2- 2ax cosy)l/2 lo’
1 1
= (2mx2 - a2){|x+a| - |x-a|}’
Triwhen x>a,
X-a
_ -4ma 2 5. 45
= (x=[x]). (2.45)
Therefore
d(x) = g Gp(X,x') + % . (2.46)
| x|

The extra term has a simple interpretation: due to surface
charge on the sphere, uniformly distributed. The total

charge on the surface is

+ Va. (2.47)

Q is determined because V is given. Turn this around.

Specify Q => V is determined.

=>vVa=0+q . (2.48)
|x" |

Gives solution with a given charge Q on the surface:

(o +aq Ia'l)

D(x ) = q Gp(%,x') + (2.49)

x|

Another situation:



Specify
¢|s= 0, (2.50)

p(x) = o[8((x - (0,0,-R)) - &(x - (0,0,R)) ]. (2.51)

Gives
- Q aQ
O(x ) = 2 2 /2~
(r2 + R2 + 2rRcos®)l/2  R(r2 + a%/R? + 2a2r/R cos0)l/2
0 N a0
" (r?2 + R2 - 2rRcosf)/2 = R(r? + a%/R2 - 2a2r/R cosf)l/2
(2.52)
Now
1 ~ 1

r
(R2 + r2 + 2rRcosf)l/2 R>r r (17 g cosf), (2.53)

1 ~

(r2 + a%/R? + 2a2r/R cos0)l/2 R>>r

1 a2
- (13 o cos0), (2.54)

SO

¢K§) ~ —2Q/R? (r - %;) cosH. (2.55)

Identify: 2Q/RZ2 3 E,.

= a3 d-r
=> P(x) =-Ep (r - EE)cose = -Egz + 3



d = a3 E,. (2.56)

With this interpretation, result is exact. Of course, if we
were to specify a potential on the surface, we would just get

a term jgl as before.
| x|

2.4 Normal force on a charged surface

We need the force/area on conductor surfaces.

— n Afalig of
da F=qE

r
[ v° @ is F=oE

b

conductor

("F" is now force/area). In this case

-

F o= D—(Eztotal - EzdiSk). (2.57)
Now we know that
(Ezuxal - Eluxal).ﬁ = 475,
=> EzgnUﬂ-ﬁ = 47o. (2.58)

Remember

E, disk = _[5(x)dQ, (2.59)
S
(flat)

=> E,,disk = 275 (outside surface, dQ < 0), (2.60)



=> F.0 = 5(4n5 - 2M5) = 2mo2. (2.61)

Notice ¥, > 0, so the force is directed outward (likes

repel). What has happened is just:

: 27T 2 J/ 3 27O .
cancel { (remainder) /\ (remainder) } 2dd

(disk) _ong € // 3> 2no (disk)

2.5 Charged conducting sphere force example

Now can do a problem using our result (2.56) above.
Picture:

radius=a

TTE=E, k

We just found that
as3
o = —Eo(r—iz)cose. (2.62)

Therefore the induced surface charge density is

1 0D 3
5 = - 4norla = ZE'EOCOSG (total charge=0). (2.63)

Get total upward force by integrating over the upper surface:

/2 2T

o o lé6m2

F, = ZRIEgagzcoseda = 2T E¢2cos30sin0a2ddd ¢, (2.64)

Trby symmetry T



F, = AIEEEA'EOZaZ .%cos39s1n9d9 , (2.65)
cos40 ch/z_ 1
- 4 o 4
Ufupper sphere
9E(2%a? .
F, = 16 (this is the force we must counteract). (2.66)

Now, imagine some total charge Q placed on the sphere before
it is cut into two. Then, the external forces on the two
pieces will no longer be equal in magnitude and opposite in

direction. Now, the potential is

o)
® = Dypcharged * T’ (2.67)
since the charge Q will distribute itself uniformly over a

spherical equipotential surface. This gives (magnitude only)

_ 3 1l 0
S = 4n EocosO + an a2’ (2.68)
add in [0,m/2]
/2
mer = (2m)2a2 &desinecose (i%'Eocose + i%ré%)Z, (2.69)
lower_ 22? . 3 1Q2
. = (2m)2a n/2d651necos9 (ZE'EOCOSG + ZE’;E) . (2.70)

~—

subtract in [TT/2, T ]

(the "add in..." and "subtract in..." comments are true if Ej

and Q have the same sign.) Get



U 9E02a2 l Q2
FZ = 16 + 2 E¢Q + 788.2’ (2.71)
I} 9E02a2 1 Q2
= - + o - o5 .
FZ 16 5 EoQ - g3 (2.72)
Notice
U ) .
F, + FZ = E¢Q (as it should), (2.73)
L
F _ F
Z 7z _ 9E02a2 Q2
5 = 16 + 822" (2.74)
1)

This is the force that must be exerted on each shpere to

keep the spheres together, but they still accelerate in the E
field.

2.6 Expansion in orthogonal series: conducting box

Next problem (new technique):

Z2=C V(x,Y)

//A $ =0 on other

surfaces

ml"”” /Y=b y

Find the inside solution. Since there is no charge in V,
need to solve

20 920 . 9%
32t ay2 * a2 = O (2.75)

Assume



O(x,y,2) = X(X) YY) Z(2). (2.76)

Substituting above yields (divide through by (¢$=XYZ)

pax, taw, 1am_ (2.77)

(Notice total derivatives have replaced partials). Must be
that
1 d2x 1 d2%y , 1 d?z 2
§@=_a2'§d7yz=_ﬁ'5@=a2+ﬁ' (2.78)

Nothing to determine these constants yet. Keep our minds
open as to their values (o, can be real or imag. at this
point). Solution will be unique => BC's will tell us their
values. Assuming o, # 0:

X(x) ~ Cisinox + Cycosox, (2.79)
Y(y) ~ C3sinfy + CycosPy, (2.80)
Z(z) ~ Cssinhyz + Cgcoshyz, (2.81)

Y= VoZ + .

BC's:
0]x0=0=>c; =0, (2.82)
nmn
Olxea =0=>0="_,n=1,23... (2.83)
1
/nz m?
(0] y=0 = 0 =>C4 =0, V=T ?+§ (2.84)
T
mm
Oy =0 =>PB =71, m=1,2,3,... (2.85)

Must also have

=0 = 0 => C¢ = 0. (2.86)



Most general solution:

[ee]

0(%,Y,2) = D, ApnSin(0npx) sin(Pny) Sinh(Ymmz)-
n,m=1
Last BC:
V(X,y) = 2, AmSin(0sx) sin(Pny) sinh(Ymnc)-

Use orthogonality to invert this (n,n'>1)

f . nmx ., T - a5
_adx 81n(45*) sin( a ) = aonn',
nmnx n'm
;de cos(—g*) cos ( a ) = adnn'.
[Can get these by using
. . 1
sinx siny = o) (cos(x+ty) - cos(x-y))
1
cosx cosy = 5 (cos(x+y) + cos(x-y)).]

4
ab sinh(YmC)

=> Amn =

2.7 Fourier series problems: conducting box

(2.

(2.

(2.

(2.

.19

87)

88)

89)

90)

?de kj;dy V(x,y)sin(oyx)sin(Byy). (2.91)

Another way to solve this problem: reduced G.F. method.

However, we have to proceed differently from before since we

no longer have translational invariance. It really combines

the image, reduced G.F. and Fourier series techniques.

Start

with fundamental theorem for Fourier series(f(x) piecewise

continuous in -a £ x S a ):

a 3 mnx ., Tnx
f(x) = Ef + 2% ( an cos(—gf) + bn51n(—a*) ),
=

(2.

92)



where (from orthogonality)

an = _ rf(x) cos(EEE)dx, (2.93)
-a a
1 f . Tnx
by, = = f(x) sin(—)dx. (2.94)
a _a a
Now consider
0 N | N [ sin Tnx - Tnx' ] 2.95
(x,x') = 5 2, [sin(sinC )] (2.95)
We have that
Fax £(x)o(x,x') = fdx}l by sin(CoX)o(x,x")
-a -a =1 a
1 . mn'x' . mnx . T7wn'x
=3 22'1%151n( a ) ;de 51n(—g*)51n( a )
=Y b, sin(®Ey = T = £(=X) (2.96)
= a 2

T since this is the odd part of f(x)
Since this holds for any f(x)

=> Q(x,x') = %’[S(X—X') - 0(x+x')] , -a < x,x' S a. (2.97)

Likewise, for

os(mCX ) ], (2.98)

o=
~
N
+
DM
Q
0
1)}
‘S
[V)]
X

=]
Il
_

P(x,x") =

one can show

f(x) + £(-x)
2 4

ff(x) P(x,x"') dx = (2.99)
-a

=> P(x,x') = % [6(x-x") + d(x+x"')], -a £ x,x' S a. (2.100)



Explicit BC on G(§,§'):

Gp(x,x") | x=0,a = 0, (2.101)
Gp(x,x") [y=0,b = 0, (2.102)
Gp(X,X") | z=0,c = 0. (2.103)

My claim: Solving

V2 Gp(x,x') =—4n[d(x-x")=8(x+x")] [S(y-y') - d(y+y')18(z-z")

(2.104)
for Gp|big box = 0 in -a S x,x' £ a
-b S y,y' b
0 Sz,z'" Sc¢
gives the same solution in the small box as
V2 Gp(X,X') = -4mé(X - X'). (2.105)
for Gp small box — 0 in f ’ ! S a
< "Sb

Point: Fourier series can only represent periodic functions.

y original bo
R «WZ

Three B

- (2-D
image -1 #

charggs cutout)
(in big X

box) +1 -1




2.22

By the way, this means we can formally write down the form of

Gp here as (an infinite number of them, however)

Gp(x,2')y =+ - 1 1 _ 1 + -.. (2.106)
|x-x"[  [x-x"[ [x-x""] [x-x'TV|
where rest of periodic images
in x,y, and z.
XI = (XI,YIIZI),
x" = (X',—y',Z'),
Xlll = (—X',—Y',Z'),
x'tV = (-x',y',2"), etc.

Since Gp(x,x') is now an odd function in x' and y', let's

expand (also GD(§,§') = GD(§',§))
Go(%,%') = 28 % g (z,2")sin (") sin (™) gin (MY,
D ’ ab el nm ’ a a b
. muy'
X sin( b ) . (2.107)
Then
= = lém ,  nmx ., . nmux' . mmny . muy'
-V2Gp(x,x") = zﬂ;'ngélsln(gg*) sin(—_ )sin(—7) sin(— )
n2n2  m?n2 02
b d| 22 + b2 azz] 9mm (2,2"). (2.108)
On the other hand
An[d(x-x") - d(x+x') 1[0(y-y') - d(yty')ld(z-z")
le6m . n'mnx . n'mx' . m'my ., m'my' ,
= abnlg;ﬂs:.n( a ) sin( a ) sin( b ) sin( b ) d(z-2').
(2.109)
Must be that
n?n2  m2n? 02 , ,
22 + b2 " azz] Imm(z,2') = d(z-2'). (2.110)



As before, we can solve for gpn(z,z'). Solutions:

D Ci(z')sinhyynz, z < z'
gnm(Z,Z ) - {Cz(zl)sinh,ynmz + C3(z|)c0shyan, z 2 ZI . (2.111)
n2 m?2
where Yym = T a2 + b2’ The above diff. eq? and BC's require
[ Z'+
I (2,2 ) - 0, (2.112)
] Z'+
T oz Im(Z,2 ") 2 = 1. (2.113)
Inm(2,2") | ,., = 0. (2.114)
Solution is
sinh sinh c-
gnm(Z,Z') = * (Ynm z<)st [Ynm( z>) 1 (2.115)

Ysinhyync !

where z< is the lesser of z,z'; z> is the greater of z,z'.

Full Green function for the box:

G - = léen , DX ., nmx' | mmwy. ., WMy
p(xX,x") = ab = 51n(—5*) sin( a )51n(45*)s1n( b )
sinh (Ynmz<)sinh[Ymm(c-2>) ]
ysinhyc 1. (2.115)
Now recover result for 0|, = V(X,y):
- 1 . - aG
O(x) = -5 ¢ dato(x) v
R Y S gy 98 2.116
= T arn x'dy V(x ,y ) on' |l z'=c (2. )
For z' > z:
09mm(z,2") _ _ sinh Yz (2.118)

Jz' z'=c sinh Yy’



so, as before

nnx
a

S 4 sinhypz , , o _
o(x) = ng;1 ab sinhyyc idx EdY V(x',y') sin(

. mmy . NTX .
X sin( b ) s1nt?;ﬁ sin

(-

2.8 Separation of variables in cylindrical coordinates

)

(2.119)

Many, many ways of solving 2-D electrostatics problems

with simple geometry.

First, some background: Separation of variables for p,¢.

Want to solve Laplace eq®. In polar coordinates it reads

19 ( @?) L 10
o op op p2 002 )

Assume

C(p ,0) = R(P)Y(P)-

2
Substitute & multiply by %fﬂ

p d dR +1dzl|l_
= - - - = 0.
Rap (P ap) TV de2
Must have
Ei( @)_VZI
Rdp " dp
Y do2
v#0 => R(p) = ap¥ + bp™vV, y(0) = Acosvp + Bsinvo,

v=0 => R(p) ap + by &n éLr y(9) = Ay + Bgo.

0

(2.120)

(2.121)

(2.122)

(2.123)

(2.124)

(2.125)

(2.126)



When solving for a problem where the full azimuthal range of ¢

is allowed, must have (0 = 0, 2n are the same)

v#0: sin(0) = sin(2nv) => v = *1,%2,..., (2.127)
v=0: Bp*0 = Bp*2n => By = 0. (2.128)
Full solution for this case
d(p ,0) = ap + by In & + 2 an pPPsin(nd + o)
n=1
+ Y, by posin(nd + Bn). (2.129)
n=1
Becomes a Fourier series problem.
2.9 Corner problem in cylindrical coordinates
Solve the corner problem:
Yy
Example:
JJ I I I ) ) )l
p=0 is included => b,=0. Want
® v = y|" =0, y|T = (2.130)
0=0.p v ¢=0,P v ¢=0,p ) )
v# 0: Acos(0) + Bsin (0) = 0, (0=0) (2.131)



=> A = 0.
Bsinvf = 0, (0=B)
m7
=V = F, m=1,2,3... . (2.132)
v=0: a o (Ap + Bod) =V,
To,p
=> By=0, aghy =V . (2.133)

General solution is

J]fundetermined

N mm
D(p,0) =V + Z ampm/Bsin(%). (2.134)
m=1
Notice that if the surfaces have ®=V for p*w, then the
solution degenerates to ®=V everywhere. Near p=0, the term
with the lowest power will dominate. Assuming a;#0,

d(p,0 ) =V + alp“/Bsin(T{?). (2.135)

Electric fields are

Ep= - % - % pn/ﬁ—lsin(%q)), (2.136)
Ep= - ;%% - - %arl pn/B—lcos(%q)). (2.137)

Notice that
VE? + Ey? = %ay pT/B-1 (2.138)

It looks like:



B=7m/4

\x ~p-3/7

MR EEREERE

a1>0

[N NN

a;>0

The Green functions for this geometry can be found, but I will

resist this temptation until the next chapter.

2.10 Cylindrical halves at different potentials

Do this problem as an example:

A— gap

E. O
[

\Y
1

J=

radius=b

T

(don't mix up w/bp)

pot. in

gap = V,

\Y
2

Nf +

This is a standard BV problem; however, the resulting Fourier

series can be summed exactly.

® = ay + by «!an/p0 + Z appsin(nd + o,) +
n=1

Start off:

2 bnp_nsj—n(nq) + Bn)
n=1
(2.139)



2.28

Origin is included => b, = 0, all n. By integrating around
the perimeter, we can immediately establish that a; represents
the average value of the potential on the surface, so

Vi + V
ag = % (2.140)

The BC are:
T T
O(b,p= -5 < 0 <3) =V, (2.141)

®(b,0= 3 <0< =V

5 (2.142)

There are two sets of constants, the a, and a,, that we need to

evaluate. The standard, long, way of doing this would be to

rewrite the 2: app"sin(nd + o,) term in (2.139) as
n=1

2; (anp® sin(nd) + app® cos(nd))

and evaluate the two sets of constants, a, and a, using (2.141)

and (2.142). However, whenever we have a symmetry in the
problem, we should exploit it to simplify the work. We note
Vi, + V
that the function |® - 4;45442 on the inner surface is odd in
L T
the variable ¢ + 2 about ¢ = - 2 - The symmetry of the problem
implies that it is odd everywhere in the interior. Introducing
T
o' =0 + 2 1 we have
Vi +V C nmn
(CD - 122j = ) anp" sin(nd'- ot o). (2.143)
n=1
This means
nn
On = —H . (2.144)

Thus,



Vi +V T T T
(2.141) => Vv, = % + Z apb? sin n(¢+§), —§<¢<§.
n=1
(2.145)
This is a Fourier series problem for aj:
/2
_ - 2 Vi-Va, . B
=> apb” = o —ﬁ&z( > ) sin n(¢ + 2) do,
B _ 2 V-V cosnm 1
=> anbn - T [ 2 - n n 4
0, n even
=> a, = p-n 2(V1=V2) a4 (2.146)
mn !
Check by using (2.142):
Vi + V T 8 3n
(2.142) => V, = ——Lif—zr + }E apb” sin n(¢ + 5)’ 2 < ¢ < 5 -
n=1
(2.147)
31/2 — -
=> a,b? = - T ) ( 12 2) sin n(¢ + 5) do, (2.148)
/2
0, n even
=> a, = p-n 2(Va=V2) = a4 . (2.149)
Tn !
(Same as before)
_ VL + VL 2(V1-Vp) W P sin[n(¢+m/2)]
> @ = S+ = nzo:dd ()" o . (2.150)
Now show it can be summed. Let
7 = %ei(¢+n/2), (2.151)
Imz = P si /2y =P
=5 sin(¢+n/2) = b cos?, (2.152)
Vi + V, 2(V1=-V3) VAS
® = Sl L Im D, . (2.153)

n‘oadda 1
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By comparing infinite series representations and using

properties of the log,

zn _ 1y 142

2. n = gim (1-g)+ (2.154)
V, + V _
=>o= 12V, 2<V%‘b) L mm[tn (1+Z)] (2.155)
However
Im [dn(z')] = tan-l(RZ Z (2.156)
1+7 1 - |2]2 + 21 ImZ
and (1=g) = Hll_ 7|2 (2.157)
_ 1+% 1-]2]2 142 2ImZ
=> Re(i_;) 1-2|2" Im(i—y) = -z (2.158)
Vi + VvV  v-v 2p/b cosd
=> O(p,0) = 3 + L2 (1414757575) (2.159)
_ _ LBCI) _ vV, -V, 1
=> 0 = i op led = a2 beoso’ (2.160)

2.11 Conformal mapping techniques

Another important technique is conformal mapping.
Conformal mapping techniques are good for (essentially) 2-D

problems with Dirichlet or Neumann BC's.

z = x + iy, (2.161)
f(z) = u(x,y) + iv(x,y). (2.162)
Ju oJv odu ov
Cauchy: Ix @, @ = - ox’ (2.163)

d02u 02u 0 ov J ov

=> VZu = ox dy  ox (ay) T 9y (5%

Il
o
.

(2.164)



V2v = 0 also. (2.165)

Also notice, if

E = -Vu, (2.166)

dudv  udv_  dwdu  dudu _
ox ox T dy dy =~ 0xdy * dy ox 0. (2.167)

Vu -Vv =

so lines of v = const. lay along electric field lines. Basic
theorem (Churchill, "Complex Variables and Applications", 3rd
Ed., p.206):

Suppose that the analytic function f(z) = u(x,y) + iv(x,y)
maps an arc C in the z plane onto an arc I' in the w plane.
Let f(z) be conformal(f(z) analytic and £'(z)# 0 at z.)on Cc
and let a function h(u,v) be differentiable on I'. If the

function h(u,v) satisfies either of the conditions

dh dh
h =c or dn — 0 (not dn — c)

along I', then H(x,y) = h[u(x,y), v(x,y)] satisfies the

corresponding condition along C.

Do an example. Here is a mapping:

Y BL v UL

-V
7T

A—A—A—Af A A A

Tt Tt w=e®

AAA—A—A— A A AAAA— > A A A A A A A

Y 0 x -V W
(E,=2V/m)
f(z) = iEgz + V, Eo,V > 0. (2.168)

We see that

u(x,y) = -Egy + V, (2.169)



=> Ex = 0, B, = -V,u = E. (2.170)

on the other hand

flz(w)] = iE¢dn w + V,

= iE¢dn(u+iv) + Vv,

= iEo[InVu2+v2 + itan-l(v/u)] + V. (2.171)
- _
Y

use principle
branch, if you

wish
Identify
®(u,v) = -Egtan-! (v/u) + V. (2.172)
=> Eu=-gf=-ufj’r‘\’72 , (2.173)
, = _33’= ufi?;z (2.174)
Notice E2 + E,2 = E°22 , P2 = u+v2. (2.175)

There are many ways of confirming this result. One way is to

use our Green function for the geometry:

y (was z)

X
777 /777777 77/

That Green function was

Go(x,x') = ! L

14

V(xox' )2+ (y-y )2+(z-2')2 N (x=x')?+(g+y )2+ (z-2')?



Then
> 1 ' _‘l aG
D (x) =—quda D(x') (2.176)
JG JG -2y
e s == 5y lyizo = | ' . (2.177)
(((x-x")2+y2+(z-2")2)3/2
O(x ) = - VAL Jo dx' | dz°
2T {_00 —oco ( (X—X' )2+y2+(z_z' )2 )3/2
—T dx' °j° dz' 1 2.178
0 —00 ((X_x')2+y2+(z_z')2)3/2 } ( )
Now
[ az 1 = [ az" 1
—oo ((x—x')2+y2+(z—z')2)3/2 —oo ((x—x')2+y2+z"2)3/2
- (2 ) 1 1 = (o2 5) . (2.179)

(X—X')2+Y2 \/(X—X')2+YZ+Z"2 (X—X')2+y2

We also have

1 1 — n #
_de ( (x-x' )2+y2) a __L dx X" 2+y?2
1 X 1 X
= - — t -1 = = = — t -1 (= —TC2 . 2.180
y tanty |oo y (tan™t ) /2) ( )
Likewise
oJodx' (—1 ) = - 1 (-n/2 - tan-1(%)) (2.181)
0 (x-x")2+y? y y' !
- 2V X 2V
= ®(x) = 3 tan'l(y) = T (/2 - tan-1(Y))

2V y
= - -1+
v © tan (X). (2.182)



Same result as before if we realize

y <=> v, (2.183)
X <=> u, (2.184)
Ey <=> %¥ . (2.185)

Conformal methods can also give us some very nontrivial

answers. Example:

y |z v Voo |w
\Y T T
'ﬂ'on - u
=>
-TC
_V __—TC
-V
w=e?+z
f(z) = i% z, Re (f(z)) = - % y. (2.186)

Complicated in general, but let's just consider the electric

field along v=0 (v=0 <=> y=0 here)

u = e*cosy + x, (2.187)
v = e¥siny + y. (2.188)
Must try to express x(u,v) and y(u,v). Now
0 \% vV dy
Ey|v=0 = - %(_ T Y(ulv)) |v=0 = % ov | vo- (2.189)

0x ) dy = 0x
(2.187) => 0 = eX*cosy v - e¥siny v + v (2.190)



Jdy

(2.188) => 1 = eXsiny 5% + eXcosy v toove

For y=0 the second eg® becomes

dy 1

=>7|=_7
ovI¥y=0 = ax 4 1

From (2.187) at y = 0 we have

so that
1 5 1/u , u 3 o
ex + 1 l,u-)—oo
v
Tells us, for example, that (Ey = )

A< Al

oy

(2.191)

(2.192)

(2.193)

(2.194)

(2.195)

(2.196)



Problems

2.1.1 Consider the infinite parallel conducting plate

interior problem.

é (X',+y:'l’2' //
¢ /
/ /
g v
2 %

Find the image charge locations and values of all the image
charges needed to satisfy the BC's for the Dirichlet Green
function. Write the Green function formally as a sum over
these charges. Show that your expression converges

absolutely.

2.1.2 (a) Find the Dirichlet electrostatic Green function,
G(X;xX'), for the (3 dimensional) geometry shown in Cartesian

coordinates. The walls are perfect conductors.

ductor
% con
/"‘//
7
7 X +1
e
/ 1
_ Yy
yd

A A A A4



The angle between the infinitely long conducting planes is
exactly 90°. (Take your coordinate origin at 0.)

(b) Find the work done, W, in removing the +1 charge to
spatial infinity.

(c) Using the Green's function from the (a) part, find the
potential for the situation where the vertical wall is at

potential V and the horizontal wall is at -V, as shown.

¢4 0=V

: v

s s s S s s

AN U Y O N R A

2.1.3 An infinitely long unit line charge is located with
cylindrical coordinates (p',¢') parallel to the line at which
perpendicular conducting planes intersect. Using the image

method, find the Dirichlet Green function.

«4— line charge

Express your answer in cylindrical coordinates. Show that

pt + p'4 - 2p'2p? cos(2(9+¢')) }
pt + p'4 - 2p'2p2 cos(2(¢-0")) [

[Beware of the point raised in prob. 1.3.1.]

G(§,§') = In [



2.1.4 A half-cylinder of conducting material of radius R is
formed on top of an infinite conducting plane. A long line
charge, A, is located in vacuum above the conductors.

Picture: Cut-
through section

=
X

/ /v s o, R VA A 4

Find the potential at an arbitrary position, X, in vacuum.

Show explicitly that all the boundary conditions are met.

2.1.5 A particle of charge e is attached to a massless string
of length L and oscillates above a semi-infinite conducting
plane that fills the entire region below the origin, O. The
distance from the point of attachment to the plane is D.

(Gravity is not operating in this problem and D > L.)

N

- T

By computing the potential energy of the system to lowest

order in the angle O(t) (or other means), find the frequency

of small oscillations of the charge.

2.1.6 By using the image method, find the Green function for
a line charge of unit linear density inside a cylinder of

radius b and parallel to it's axis. Assume two line charges
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of equal and opposite density and require that the potential
vanish on a circular cylinder containing the positive line
charge. Given the radius b, the distance from the exterior
image line charge to the cylinder's center as p", and the

distance from the interior line charge to the cylinder's
b2 . .
center as p', one can show that p" = o' [Hint: the answer is

b% + p2p'2 - 2b2pp’ -0
G(p,0ip',0') = ﬁn( P bp €08 (9-9 ))-1

b2(p2 + p'2 - 2pp'cos(¢-0"))

2.1.7 Consider a long line of charge, A, located near a
rounded conductor corner, as shown. The corner is 1/4 of a

circle of radius a.

origin

Using cylindrical coordinates, p and ¢, find the Dirichlet
Green function (A=1) by the method of images. Take your origin
at the hypothetical corner, which is also the circle center,

as shown.

2.2.1 An arbitrary patch of area on the z = 0 plane is raised
to a constant potential V, as shown. The rest of the plane

(extending to infinity) is specified to have V=0.



ov

z=0 plane

Show that the electric potential, ®, at an arbitrary position

above or below the plane can be written

=y V =
O(x) = 5o |Qx),

where Q(X) is the solid

. . . -
observation position, Xx.

this geometry. ]

angle subtended by the patch at the

[Hint: Use the Green function for

2.2.2 Obtain the Neumann Green function for the half-infinite

geometry:

/
/
A /
n

<«

/
/
/

Solve it:

+1

z=0



(a) By the method of images.
(b) By the reduced Green function method [You can leave the
result in integral form.]

. . . G
(c) Confirm the presence of a surface delta function in 5%7

. That is, show

2=0
p20 , 2= 0, g5 | =0
D=0, z's 0+, aaf. = e
( p2 = (x-x')2 + (y-y')?2 ) and that
41775 zl'i-i)n+ SI da aaf' z=0 = 1

2.2.3 Consider again the Dirichlet Green function for

infinite parallel conducting plates (see above).

(a) Show that

eik (& ') g(z,z'k),

= a0 d2k
Go(x ,x') = 4nJ}2n)2

where

sinh(kz<)sinh(k(a-25))
ksinh(ka) !

g(z,z',k)=

and where z.(z>) is the lesser (greater) of z and z'.
(b) Using the result of part (a), verify the result (which

can be shown using the reciprocity theorem of Ch.1l),

Z 1
a)
' z' is the source position

Qz—a = - °

Qz—O = _( 1-
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(c) Using the explicit expression for the capcitance (derived
in Ch. 1) and the result of (b) to show that the capcitance

is

[Hint: Take one of the surface integrals to include only a

finite area, A. We have used a sledgehammer to crack a nut.]

2.3.1 Find the Green's function solution for a unit point
charge located inside a hollow, grounded, perfectly
conducting shperical shell of radius "a". Use the image
method and find the potential both inside and outside the

conducting shell.

2.3.2 Consider a point charge, g, located inside a thin
spherical conducting sphere of radius R. In this case the

conductor is neutral (no net charge on it).

conductor
(sphere)

Find the potential due to the charge g everywhere inside and
outside the sphere. Can one tell where the charge is inside
the sphere from the outside field? Generalize your conclusion
to a point charge inside an arbitrarily shaped conducting

neutral hollow object.



2.3.3 (a) A half-sphere of radius R is placed atop an
infinite two dimensional plane. All surfaces are conducting.

half sphere of radius R

=

Using a set of image charges, find the Dirichlet Green

function at all points above the conducting surfaces.
(b) Find the Dirchlet Green function for the vacuum region

inside the hemispherical conducting half-sphere.

2.3.4 Will an image charge solution for the Neumann Green
function for a sphere, either inside or outside, of radius R
work? If so, find them; if not, explain why.

2.6.1 Solve the Laplace equation,

20 920
a2 gy T O

in two dimensions by separation of variables and find the
potential, expressed as an infinite series, everywhere inside
a two dimensional box which has ®=0 on it's borders except

along y=b where ®=V. (V is a constant).



y
I
b
D (x,Y) 4= =0
o =0
4 ;
a
d =0
. my
R s:.nh(T) —
Ans.: O(x,y) = £l b sin(—gf), m=2n-1.

"l m sinh(— )
a

2.10.1 Using the Dirichlet Green function derived in prob.
2.1.6, rederive the expression (2.159) for the potential
inside a long cylinder of radius b with potentials V; and V,
as in the cylindrical halves section above. (Make sure you
set up the angle ¢ relative to the potentials exactly as in

the example.)

2.10.2 (a) Using Fourier series methods, find the potential,
O(p,0), of an infinitely long cylinder (radius b) raised to

T T T
two separate potentials, V; (for —§<¢<§) and V, (for §<¢<n and

T
-n<¢<—§) in the region exterior to the cylinder (p>b).



~

gap

(b) By summing or other means produce a closed form solution.

Compare with the interior solution and comment.

2.11.1 (Adapted from Churchhill, Ch.9) The two dimensional
Dirichlet problem for the geometry shown in prob. 2.6.1 is
conformally mapped to the space between the semicircular
regions shown, all surfaces having zero potential except the

surface between v=0, -rog<u<-1, which again has potential V.

o= (I>=€) *q)=o

(a) Find the mapping, w = f(z), which takes the geometry in
prob. 2.6.1 to the above.
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(b) Using this mapping, show that the potential everywhere

inside the semicircular region is given by

. mmo
= Slnh(\‘Ln(r )) In(r)
d(r,0) = %¥ 2: 02 ) sin(mr——), m=2n-1,
2=l sinh(glyz—* bn(xo)
In(xo)

where 0 and r are cylindrical coordinates which locate a

given point P in the semicircular region.



