Chapter 3: Electrostatics: Cylindrical and Spherical Coordinates

3.1 Reduced Green function technique in cylindrical
coordinates and Bessel functions

Basic problem in extending reduced G.f. method to
cylindrical & spherically symmetric geometries: have to be
able to separate the variables in order to reduce it to a 1-D
problem. Techniques in this chapter largely based on methods

from Schwinger. Let's go back to the wall problem. Reminder:
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Go(X,%") = 4nI(2 ;2 etk - XDig(z,2" k) (3.1)
based upon

= = d2 = =
AMS (X - x') J eik.(X - X")1§(z-2").  (3.2)
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Since

s s 92
et = X¥L(k? - 53) 9(z,2",k), (3.3)

V26 (x,%') = 47:](2 2

2

d
=> (k - 3g2) 9 = d(z-z"). (3.4)



3.2

Now try it for cylindrical coordinates:

-

%
(same situation
w/cyl. sym.)

(now give k a z-
component also.)

Geometry is indep. of ¢ & z => eg® in p.

K-(x - x') = ky(z-2') + kipcos(d - a) - kip'cos(d¢'- o), (3.5)

(p = Ixil, p' = [x"1], ki = [ki])
- - dk, iy .. ckjdkjdo . o \
- ! = (z-2') | ————=—" @ik pcos(¢-a) e-ikp'cos(¢'-a)
b(x x") j(2n) eliky ] (2m)2 eik ]l e~ikyf
(3.6)
It is obvious that
ek1peos(9-0) = £(kp)g(9). (3.7)
The reduced G.f. method depends upon a separation of
variables. Brute force it:
kip=t, (3.8)
. 1 .
eld = ;u (a generic ¢). (3.9)
Then
eik|pcosd = gt/2(u-1/u), (3.10)

Imagine expanding in powers of u. It must be of the form



et/2(u-1/u) = Y um g (t), (3.11)

m==-—-0Qo

where the J,(t) are simply the coefficients of the
expressions. These coefficients, which are functions of the
t variable, turn out to be Bessel functions of integer order.

LHS above is called a generating function. We have now

separated; the price paid is an infinite sum. From the

invariance of the gen. funct. under

1
us- o (3.12)
we learn that
Y oumJn(t) = X, (-LP U Jp(t) = D, (LM um J_n(t),
m=—co M=—co M=—oo
(3.13)
=> J_n(t) = (-1)" Ju(t). (3.14)
1 .
Therefore (cos¢ = (u - a)/Zl)
eitcostd = Z imeimd g (t) = Jo(t) + 2 Z im cosmhpIn(t). (3.15)
-— 00 m=1
Can solve for Jn(t) o
by using: | do -im'gimd = §
, 2m © elm = dpy, (3.16)
(Can do the integral directly to see this.) This gives
imgo(t) = ?: % ei(tcoso-mo) (3.17)

Called an integral representation. From either the

generating or integral eqg®s, can now show that (m 2 0)



N t/2)m+2n
Tn(t) = nZO (-1)nr(1!(/mln)!. (3.18)

We can develop the diff. eq® that Jy(t) satisfies as follows.

Consider
i t = L%[n diq) i i(tCOS(I)—im(I)) 3.19
at In(t) = im Yy 2m (icosd)e . (3.19)
But
T d .
IJn-1(t) = ﬁ ?[0 % ei(tcoso-(m-1)9),
n 1 T dq) . . .
= iTn ?0 E (lelq))el(tcosq)—mq)), (3.20)
and
1 %" do o
Jner(t) = i fo oy (-ieit)ei(teoso-md), (3.21)
Therefore
T d . . ,
Im-1(t)=JIn+1(t) = % ? % i(eitd + e-id)ei(tcosd-mo)
d
= 23¢ Jn(t). (3.22)
Likewise
T d )
In-1(t) +In+1 () =‘§5 1 5%'(—Zsin¢)elﬁw0%ﬁmw
= — 1 i d(b eltcos¢)e-1m¢)

im it 0 2T d([)

= 2 1 d¢ )
by parts 0 - im ? ltcosq)ie 1m¢}

—
—ime-im¢



m
= 2 L Jn(t).

These are called recurrance relations. So, we have

d

2 gg In(t) = Tn1(t) - Tmer(t),

2 T Jn(t) = Jnoi(t) + Jner(t),
d

=> Tne1(t) = (¢ - go)In(t),
d

Tn1(t) = (¢ + g¢)Tn(t).

Therefore

-1 d d
("27 - g0 (ge * £)Tn(t) = Tn(t).

\/_,_/

Jn-1(t)
In more standard form, this gives

d? 1 d m?2

(g2 * £t at — w2 + 11Im(t) = 0.

[This is the dimensionless form of the Bessel function.
instating t=k,p gives us the more physical dimensionful

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

Re-
form

(what we get when we separate variables in Laplace's eqg® in

cylindrical coordinates): (k;* k here)

d2

1 d m?
dp2+5$_§+k2]Jm(kp) = 0. ]

3.2 Completeness of Bessel functions

What have we shown? We know



5(x - k') = J %{f ik (z-2") | d(k;]:tL)?x eiklpcos (0-0) e-iklp'cos(¢' -a),
(3.30)
Expand
eikjpcos(o-a) = Y imeim(¢-0)J, (kip), (3.31)
e-ik|p'cos(¢'-a) = 2 (_j_)m'e-im'((i)'-(x)Jm'(k_Lp'). (3.32)

Perform the o-integration (just showing the relevant part)

2J]'C do.

o 2T e-io(m-m') = § .. (3.33)

SO
5 (% - %) = [ G etata [ UL T im0 gncip ) Tnkip)
(3.34)
B(x - x') = 8(z-2") 5 3(p-p') 5(=0"). (3.35)

(The form of the last line uses the UVW §(u-u')d(v-v')d(w-w')
form I talked about in Chapter 1.) Since we can easily

identify the &(z-z') part above, we must have

1 dk k < . \
p 3(P-p')8(0-0") =] zjf D, eim-0) 3, (kip)Jn(kip').  (3.36)

==00

(In an equation like this where k; is just an integration

variable that has lost its geometric meaning, I probably
should just put k; » k.) Now mult. by e-im' (0-0") and integrate

over ¢: (m' 3 m)

(e o]

L)dkkJm(kp)Jm(kp') = %'S(p—p') ("completeness"). (3.37)



(Notice rhs is indep. of m; true for each m.) It now follows
that

}: 5%'eﬂm¢4V) = 0(¢-¢') (more completeness). (3.38)

M=-co

Completeness in p implies (t=kp)

o0

F(t) = Iodu uJn(ut)F (u), (3.39)

oo

=> fodt tF(t)In(tv) = F(v). (3.40)

Similarly for ¢. These results are useful only if the full

range of ¢ or p values is allowed in some problem.

3.3 Zeros and orthogonality properties of Bessel functions

The dimensionful eq® satisfied by Jn(kp):

2 1d m _
[555 o dp T 02 + k2] Jn(kp) = 0, (3.41)
. 1 d dJn m? —
= 5 P @) * (K2 = ) = 0. (3.42)

We have that

d dJn(k
( ( P))

- , _ M !
pome(k p)p dp ]dep(k p2) In(K'P)In(kp) -

(3.43)
On the other hand (k<=>k')

dJm(k P))

2
_]a dpme(kp)p dp( Jaodpp(klz - %)Jm(kp)Jm(k'p)-

(3.44)
Integrate by parts on Lhs of (3.44):

4, dI.(k'
jz dpdn(kp) g5 (P ( p))



ddn (k' a ddn(k ddn (k'
= paatkp) rg P[5 - T app SN SmIERL (3
ddn(k'p)

The combination pJn(kp) vanishes at p=0. Can see

dp

this from our earlier result:

k m
T(kP) To o1 g (3.46)
_ dJm(k'p) 5 m(kk' )m
=> PInkP) T gp T kip<<1 (2miyz PO (3-47)

(Actually vanishes like p? for m=0 also) As for the other

limit, we simply impose

Jm(ka) = 0. (3.48)

Call kppa = X

=> Jn(Xm) = 0, n = 1,2,3... . (3.49)

There are an infinite number of such roots for each m value.
Such a condition, we will see, is appropriate if we are

building a function w/Dirichlet B.C. However, we can also

impose
d
d7p Jm(kp) p=a = 0. (3-50)
Define kpyna = Vmn
=> a =0 3.51
T dx Im(X) X=Ymn =~ “° (3.51)

Therefore, (3.43) & (3.44) become (for either set of roots)

3.43 ATn(Kmnp) AT (Kgn'P)
(3142)= ]ao dpp mdpmnp md[I)nnp



K2, 2
= ]ao dpp((kZmn.)_ %) Jm(kmnp)Jm(kmn'p)° (3.52)

Subtracting yields

(k2mn = K2mnt) i dppIn (kmnP ) Im(Kmn'p) = 0, (3.53)

=> ]aodpme(kmnp)Jm(kmn'p) =0, n#n'. (3.54)

Orthogonality for n#n' (for a given m). One can also show

that

2
]ao dpp [Jm(kmnp)]2 = % [ Tmt+1 (Xmn) 12 (3.55)

when we are dealing with zeros of Bessel functions, and

a? m2

jj) dpp (Jm(kmnp) )2 = 2 (1 - yzimn)(Jm(Ymn))z (3.56)

for zeros of derivatives of Bessel functions.
Material on how one obtains these integrals now follows.
We are dealing here with the Dirichlet case, (3.55), only.
Eg.(3.56) is derived in an analagous fashion.
d? 1 d m?2
e - & o 2 -
[dp2 + p dp 0?2 + k2] Jn(kp) 0, (3.57)

— Xmn
(kmn_ a)

0J m , 197 n m2 0Jn | Ok? _
= 9a tp ooa tIm 2t K gt gq In= 0 (3.58)
0T o 07 ' 2 0T ok2
= P ga Int ga Int (- 5 ¥ K21 PGS In ¥ P, dn? = 0.

(3.59)

Jm

(J'm(x) =" ax ! etc.) Multiply (3.57) by p%a :




v 0Jn v 0Jp 2 0Jn
PI'n oo +Jma—a+[-%+k]meaa=o. (3.60)

Subtract (3.59) - (3.60):

93 'n v OJm . 0T n . 0Jn _ Ok2
P 2a In= PJ m da + da Jmn = J n da _ ~ 2a pIn?. (3.61)
However
d 97 . 9J k2
a L[Poa In = PI'm gy ] = LHS of (3.61) = - 5 pJn?. (3.62)

Can now integrate:

aJm
re

' m akz
p IJn = J n aa ] |o = < Ja i dpp JTp2. (3.63)

As expressed before: (m=0 separate)

dIn(kp) — m(kk')m

P In(kp) dp 030 (27m1)2 p2m, (3.64)

(Derivatives wrt "a" don't change the power of p & therefore

don't change p*0 limit.) Also (Dirichlet case)

In(Knma) = 0, (3.65)
N
Xmn

aJm 0Jn ok?

por 52 loma = 55 T appaa, (3.66)

0Jn _ dJn(t) ot _ dJ,

p = at op ~ at &) (3.67)
Xp
(t = kp = ?)
0T _ ddn(t) dt _ _ Xp ddy _ _ x ddy
da | P=a — dt dalP=a = 7 52 dt p=a = T a dt t=Xmn

(3.68)



0k?2 0 (x2 2x2
aa_aa(azj__a@’ (3-69)
= ddp X (=X ddp)| _ 2x? ]ad J.2 3.70
=7 2 4Gt ala dt )~ T a3 L, oPPYn%s (3.70)

a2z d
=> -rodpmez(kmnp) = 2 (E Jm)2|t=xmn- (3.71)

However
I J 2y =g, +J 3.72
dt m m-1 - m+1 ( t m m-1 m+1)l ( . )
d
=> - Jn = - Juu (at Jn = 0), (3.73)
f 2 a? 2

=> OdPPJm (kmnp) = 5 (Im+1(Xmn) ) “- (3.74)

Assuming completeness, we may expand
£(p) = 21 Amn JIn(KanP) (3.75)
n=

for any m. Using orthonormality and the above integral, we

may now invert this for Ap,:

2

1 ' an 1 1
]aodp P In("p)E(P) - (3.76)

Plugging Ay, in above, what this says is

] 1 1 3 2
gp) = Lan'p €0 X oy B InCkmP)In(kep) , (3.77)
_ - 2 anpl xmnp _ l -n'
= 2 st aamn (e ) Inla) = 5 (pep'). (3.78)

Similarly, we find



3.12

N 2 ' 1 ,
> o T 3T = S 8(p-p') . (3.79)
n=1
az (1- 5)
Ymn
To save some wear and tear, define
_ V2 Jn(kmP)
Jlm(kmnp) = a Jm+1(xmn)’ (3°80)
2 Jn (K
Jom(KmnP) = V2 J‘“((;‘“p)). (3.81)
m2 m\ Ymn
a\|1l - =
Ymn

Then the above reads (for each m)

Todpp J1,2m(KmnP) I1, 2m (K 'P) = Onn' s (3.82)
or
3 1
2 Tin(knp') Tin(kmnp) = 5 E(p=p'), (3.83)
3 1
Y Ton(kuap ') Ton(knp) = 5 B(P=p"). (3.84)

=]
]
i

3.4 Reduced Green function for the conducting cylinder
First problem we will consier is the conducting cylinder:

Vip,0) 1

N

)

<4+t —>‘

T

pe y

X




Will do this interior problem as a Green function problem
first, then as a B.V. problem.

We have a Dirichlet problem with restricted values of
p,z. Therefore, choose

= 4
4md (x-x") = 5 3(p=p') 8(0-0") d(z-2")

= = . eim(¢-9") .
= and, D, Jin(kmap')Tum(kmep) © 5p (z-z'). (3.85)
Similarly, assume
- _\I s - . eim(¢_¢l) '
Gp(x,x") = 47":; mzzooJlm(kmnp )Jlm(kmnp) T Imn (2,2 "), (3'86)
Using (from Eqg.(3.42)),
1d dJ. m?2
pdp Pdipm) (E-kz)Jm ' (3.87)
we have
_ 2 = _x' _ i i eim((l)—q)') m2 2 m2 &2
=> -V2Gp(x,x") = 47Tn=1 2y TimIm o | _E-Fk 02 —57219m (2,2) .
(3.88)
Therefore, we must solve
Xpp? 02 . .
[ 22 = égf]gmn(zlz ) = d(z-2"), (3.89)
subject to
9mn | z=0,. = 0. (3.90)

We have done exactly this problem before for the parallel
plates (k3*kp,, a2L):

.. _ sinh(kpnz<)sinh (kpn(L-2>))
Im(z,2') = KmnSinh (KpL) )

(3.91)



Full solution:

Nl

Gp(X,X') = 2, eim(9-0") T 1 (KnP' ) T1m (K )

n=1 m=-0°
sinh(kphz<)sinh(kp, (L-2>)) e
KynSinh (KpL) - (3.92)
Now get the solution of our BV problem:
J . sinh (kpnz)
Jz' 9m(Z,2°) [z'=1 = - sinh (kpL) (3.93)
Potential is
D(x) = D, Copei™ Iy (knop)Sinh (kmz), (3.94)
n,m
where
—_ 1 1 T 1 1 zjn 1 _imq)v 1 1 '
Con = 27 sinh(kgl) o 9P P/, d0’e Jin(Kenp V(P ' ,0") .  (3.95)

3.5 The cylinder as a boundary value problem

Can also get the above result directly from BV point of
view using separation of variables. (Did this before in 2-D.)

Laplace eqg?k:

2P 190 1 92D 02D _

2t hdp T a0 T a2 O (3.96)
Assume
D(p,0,2) = P(P)A(9)Z(2). (3.97)
Leads to
@2 _ 125 = o, (3.98)



d2Q

bl 4 20 =

oz T v2Q = 0, (3.99)
d?p 1 dp , V2 _
dp? toap * (k2 - p2) P=0. (3.100)

Solutions to the first two are
Z(z) ~ etkz, (3.101)
Q(d) ~ etivd, (3.102)

If the full azimuthal range is allowed for ¢=> v= integer.

v=m. Other eq? is just dimensionful form of Bessel's eq-.

Solls:

P(p) ~ JIn(kp), Nu(kp)

where (m integer; "Neumann function")

lim _J,(x)cosvn - J_V(X)]

v3m [ sinvm (3.103)

Np(x) =

(Jy and J_, are linearly indep. if v # m. When v = m we know J_,
= (-1)™J,; however, the above def: of N, does give a second
linearly indep. soll, Form is indeterminate if we just plug
in. Must use 1l'Hospital's rule in order v. Explicit form of
the Np(x) is somewhat sickening.)

Remind ourselves of the BC's:

cD| pea = 0 => Jp(ka) = 0 => kp, = X?‘“n, (3.104)
¢)| z=0 = 0 => Z(0) = 0 => Z(z) ~ sinh(kmz). (3.105)

Most general form:

D(p,0,2) = D, Cunei™Iin(Kunp)Sinh (kmnz) - (3.106)

n,m



3.16
Last BC:

V(p,0) = Zm Crn€i™ J 10 (kP ) S10h (L) - (3.107)

Use our orthogonality formulas

2TC
d . .
fo % eld (0 ') = By, (3.108)
Todplem(kmnp)Jlm(kmn'p) = lf]nn'. (3.109)

(Notice the last statement requires a single m value.)

1 ' |2Tc i ' 1 ]
= Cm = Jnsinh(Kml) t)dp p' I, doemimdra (kaap )V (P07

(3.110)

as before. This way is quicker, but less general.

3.6 Bessel functions of imaginary argument

Bessel function eq® again: (v arbitrary; dimensionful

form)

1d d v2

4 4 9. _ Jv(kp)
o ap Pap) = p2

Ny (kp)
T

+ k21 ( ) = o. (3.111)

oscillating at large p

This is if the separation constant, k, is real. If it is

imaginary, we get

1 d d v2 Iv(kp)y _
[55 (pﬁ) - i - k2] (Kv<kp)) = 0. (3.112)
i}

Exponential at large p

"Bessel functions of imaginary argument":



Iy(x) = iV Jy (ix),
Ko(x) = H(y(ix). (3.113)
(50 (x) = 3y(x) + iNy(x))
Situation is similar to
ft;u w2 = 0, (3.114)

w2 > 0 , x ~ sin t, cos t,

W2 < 0 , x ~ sinh t, cosh t.

Unlike the J,, N, the I,, K, are not complete for p in the
range [0%,] (just like sin t, cos t being complete for

t € [-o0,c], but sinh t, cosh t are not.) Also, can not build
functions in a finite interval from them. In general, can use
either form in a given problem, but in a different sense.
Usually (solution in ¢, etimd = jg oscillatory for 0<¢p0<2m):

oscill. non-oscill. (reduced G.f.)
In(kp), Nm(kp) etkz
etikz Kn(kp) » In(kp)

The Kp(kp) go to zero for p -> o, while Ij(kp) is regular at

the origin (except for m=0).

3.7 Free charge solution using Bessel functions

Let's do a simple problem to illustrate the use of these
functions. We will also see the Wronskian here for the first
time, which is a great labor saving technical device.

Isolated charge in free space (use cyl. coord.'s). One way:

V2G(X,x') = -4nd(x-x'), (3.115)



A A 4
amd(x - X') = 5 8(p- pI(O - 0)3(z - 2),

=2 Jodkk D eim0-0") Ju(kp)Tn(kp')(z - z'). (3.116)

Assume
G(xX,x') = 2 fodkk Y, ein-0") 3. (kp)Tn(k'P)In(Z,2' ), (3.117)
=> -V2G(x,x') = -2 IO dkk _Z:o [5 ap Pap) * 07 302+ o]
x eim(-0") 3, (kp)In(k'P)In(z,2'), (3.118)
82
= [k2 - @]gm(z,z') =d(z - z'). (3.119)

Easy way to apply continuity:

£(z')yi(z), z < z'
Im(z,2') = {g(z')w:(z), s > 7. (3.120)
However,
gm(z,2') = gn(z',2), (3.121)
' Wl(z)“vz(z')l 4 S Z',
=> gm(Z,Z ) = {WZ(Z)Wl(Z')’ A 2 Z'. (3.122)
or  gn(z,2') = ¥ (2<)V¥,(2>)- (3.123)
We must now have that
dgn dgn _
- dz z=z"'+ + dz z=z'—- — 1, (3.124)
=> —y' (z' )y (z') + ¥ (z')y,(z') = 1. (3.125)
Define: Wiy, ,W,] sy, ¥', - Yy’ "Wronskian".

(3.126)



Explicitly, here

Y, (z') = Cek? (finite as z3-«), (3.127)

V,(z') = Cyekz (finite as z3+w), (3.128)

=> 2kC.C, =1 C.C,6 = 1 3.129

- 172 172~ 2k’ (3. )

=> gp(z,z2') = ;Lfe‘kﬂ>"z<). (3.130)
m 14 2k

Put the pieces together (prob. 3.14(b)):

Inon-oscill.

_‘1_‘ = Iodk 2 eim(9-0") J. (kp)Jm(kp') ek(z> -2, (3.131)
|x-x"| -
'ﬂ‘oscillatory
Another way: (sect. 3.11)
0(z-2z') = 5%'j dkeik(z-z") = % J;dk cos[k(z-2")1], (3.132)
5(0-0") = 217 _2 ein(0-0") (3.133)
> —xl 4Tc 1 ] 1
4O (x-x"') = I d(p-p')0(z-2")d(0-0"), (3.134)
- _\I 1 T =) ' . ] 4TE '
Aamd (x-x") = o2 Odkzz cos[k(z-z') ]eim(¢-0 )];*S(p—p ). (3.135)
Assume
G(x,x') = Zinz Jdk X cos[k(z-z')]eim0") gn(p,p'), (3.136)
. l1d o dgm ., m __ AW
> pap P gp) — (K + B o d(p=p').  (3.137)

Solutions: Ip(kp), Kn(kp)

an(P,/P') = Vi(kp<)Y2(kp>). (3.138)



BC's:
gm(p,p')|p=o = finite => yi(kp) ~ In(kp), (3.139)
In(Prp') | pree = 0 => Wa(kp) = Kn(kp), (3.140)
=> gn(p,p') = A In(kp<)Kn(kp>). (3.141)
ﬂunknown

Build in discontinuity:

dg dg _ 4T
- S ++—dpm|_-p. : (3.142)
1 1 1 1 1 1 4n
=> A[-K'n(kp')Tn(kp') + Kn(kp')I'n(kp')] = ov.  (3.143)

p

\\\\____‘—_“\\v/”’__f_—_—”//

-kW[Im(kp'),Kn(kp")]

Can show (from known forms for Ip,Km for x<<1 or x>>1):

W[In(X), Kn(X)] = = (3.144)
=> A = 4T (3.145)
S S g, i im(0-0") T, (kp<)K.(k K .
I ~ € n(kp<)Kn(kp>)cos[k(z-2z")].
|x-x"|
(3.146)

With the use of the Wronskian, continuity is automatic,
and one can compute the necessary scale factor as in (3.141)
by comparison of the discontinuity condition with the

explicitly computed Wronskian. In summary, if one has
In(z,2") = C Y, (2<)VY,(25),

for v, (2) and v, (2) known solutions, one rewrites the boundary

condition as



Cy,(z)W',(2") - W' (2') W,(z")) = D(z"),
= _ D(z')
SR TR

Explicitly evaluating the Wronskian then gives the constant C.

3.8 Reduced Green function/image method: conducting wedge

Not all cyl. sym. problems need involve Bessel functions.
Wedge problem (for a»« becomes Green function for wedge

ey

, ~ /

4 /
/

////////

I“———‘ a —__”I

problem in Ch.2):

A 2D problem. Need to solve:
V2G(X,x') = -4n %'S(p—p') 5(0-0"). (3.147)

Can not assume

5 (¢-9") = 5%; S ein(-0"), (3.148)

-_—00

because ¢,0' have a restricted range. Solution is to imagine:

/7 N
/7
p / / e+l ~
7B
\ \ \ ®-1 >
e 0=0

automatically
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A combined image/reduced G.f. method again (like box problem),
except here we are working in ¢ rather than x. So solve

VIG(x,x') = -4m 5 3(p-p')[8(0-0") - 8(4+0")1, (3.149)

in the larger region. What happens, however, when > nm? We
are forcing a periodicity on the problem which can not be
realized physically. This is OK, as long as we realize
0 < 6 < B for physics. Think of the image extension as a sort
of Riemann sheet, the "cut" for which is at ¢ = 0. The sheets
may lay on top of one another (if B > m), that is, we are
allowing the potential to become a mult. valued function (in
non-physical regions) in order to force a symmetry on the
problem.

What all this means is that we take (a*P in earlier

expression)

3 130=0) = B(ovo")] = § 3 sin(FhsinF),  (3.150)

for -f< ¢ <P instead of the original range for ¢,0'. Also
assume
- - 8M < ., nmd_ ., nmnod'
') = ' .151
G(x,x') = § 2 sin(g)sin(-g)gn(p,p'), (3.151)

=> _V2G(x,x') = % Zi sin(%@)sin(njng)

1d d n2n2 '
* ['B?p P gp) +W]gn(p,p ), (3.152)
. 14 ~da _nn? I ' 3.153

I guess this can still be considered Bessel's eq® but for k=0.

We know that (see for example Jackson, Section 3.7)

14
o Jv(kp) = (kp)T (3.154)



g
o Ny(kp) = (kp)t (Y # 0), (3.155)

T
which suggests: (y = %T)

gn ~ P, PV . (3.156)
We let
yvi(p ') =p'Y, (3.157)
wap ) =(pr - 2. (3.158)
p Y
Then
gn(pP,P") = C Wi (p<)W2(p>), (3.159)
One has that
_ ‘é%n . ‘:%1 = pl,, (3.160)
gives
-C WIVL(p') W2 (p')] = 5 - (3.161)
Explicitly
WIWLi(p") y2(p')]
= et e T et - et = A, (162
which means that
c= - 2in¥ , (3.163)
=> gn(p,p') =21pr<(—21§+;¥>), (3.164)



(=]

Y,
=> G(x x ") nZ' :lle<(ply> p> )s:.n(T)SJ.n(T). (3.165)
Of course, we have that
e x) = > 4 (P9)7 sin(*®)sin (P 3.166
(x,x") = 2 o ((3)Y sinCg)sinCpg ), (3.166)

in the a%e limit, which gives the Green function for the wedge

problem of Ch.2. Using this form near the origin, we have

G(x,x") (3.167)
This is of the same form as in Ch.2:
. T
(p,9) =V + a;p™P sin(g). (3.168)

Tcan evaluate by comparison

3.9 Construction of spherical harmonics: Schwinger technique

We've beat cylindrical symmetry to death. Next:
spherical symmetry. Start off like cylindrical case. Got
everything from

A a

elk:x = gik,zeik pcos(¢-a) (3,169)

Deceptively simple structure. Try the same thing here. Write

eik'r = gi(ar + b-r), (3.170)

(notice the r instead of x here) where

k =a+ b, (3.171)

- - - =

=>k2 = a2 + b2 + 2a-b. (3.172)



However, require

a2 = b2 = 0. (3.173)

- -

a, b now necessarily complex. Also require

b = a*, (3.174)
=> 2a-b = 2|a|2 = k2. (3.175)

Can we really do this? Count parameters:

a +b = 2Rre(a) =k, (3.176)
S
1 .
a; = E kx + 1C;
1 . .
ap = 2 ky + iCp C1,2,3 real (3.177)

There are 3 real parameters, but a2 = 0 represents 2
conditions. => 1 arbitrary parameter allowed. Still leaves one
free to choose. Let

C; = 0. (3.178)
Gives an explicit realization of a: (verify yourself)

= 1 .k 1 .k k
a = (0 = iy ky)o ky + 33 k)i 5') (3-179)

where k2 = k2 + ky?, k? = k,2 + k;2. Now notice that

92 02 92 R T
(gs2 * 9g2 * 9g2) &' F = -ateinE =0, (3.180)

A A

=> ela'r jg a soll of Laplace's eq®. Since



== (i;-;)ﬂ;
la*r = _— 3-181
© & b -

each monomial (a-'r)! is also a soll to this egl. Let's let

a; + ia; = 2&.2, (3.182)
a; - iap; = -2&,2, (3.183)
az = 2&.&_. (3.184)

E+,_ two arbitrary complex nos. 6 equations but there are 2

=9 -
conditions on a from a2 = 0. Indeed

52 = (a; + iaj)(a; - iap) + asz?
= _4E 28,2 + 48282 = 0, (3.185)

is automatic. Concentrate on (a-r)! :

a-*r _ arx + ayy + aszz
r r r r
i0+e-i¢ io_e-i¢
= alsine(g—gjigf) + azsine(gg—li——) + aszcos6
2 21
_ . + .
= iél—iriﬁil sinbeit® + iéi—iriéll sinfe-i% + azcosO
= -£;2sinbei?® + £_2sinBe-i¢ + 2&.&_coso. (3.186)
Therefore

-

o - T

2 ¢
eio . .
= (%lne )& [(%+ sinfe-i%+ cos0)2 - 1]&_ (3.187)

Do a Taylor series expansion in @E%i . Reminder:



o0 n d
£8) = 2, E. (qz) £ =y (3.188)

In this case, the highest power = 2. So

[ (Esin@e-i0 + cosB)2 - 1 ]!

28 &n d
B ZO n! (?é)n [ (EsinBe-i¢ + cosB)2 - 1 ]a|§=o- (3.189)

Define
cosf = £ sinfe-i® + cosO, (3.190)
eid -
=> {= sing (cosb - cosb), (3.191)
=> d§ = sind dcosf. (3.192)
Therefore

(éz)n [ (EsinBe-i0+ cosB)2 - 1]3|§%

sinB d ~
= (—— —)n [cos2 - 1]%] e
e 4cosh |§
= (sinBe-id)n (dcgsﬂ} (cos20 - 1)L, (3.193)
So, we have
20 . T
) . sinfe-i¢ d
[ (EsinBe-i¢+ cosB)2 - 1]% = an') (S ol ) (Gcoso)” (cos?6 -
1)L,
(3.194)

Now define m = &-n, -L <m <& (20 + 1 values) and put it all

together:



= s 2ei0 L ((5-/&+)singeioy*™ g
(a-r)* = rg(ilne )t égi (b-m) ! (dcose) (cos?6 - 1)
(3.195)
or
o oA ] L+m ¢ L-m B4m) !
(a-T)t = rl2thy D & & (ll m)| (sin@) Meimd
=l A (L+m) 1 (L-m) ! (S-m)!
d  o.m (cos20 - 1)¢
X (goosh Y . (3.196)

Define spherical harmonics:

20+41) (L+m)! 20 _ 1)t
Yin(0,0) = V( ) (£+m) eim¢(sin9)'m ( d )Q,_m (cos?6 ) .

4m(L-m)! dcosb 2801
(3.197)
SO
Ao ) - i §+P,+m éﬂ,—m
(a-r)t = ri2tly = Yin(0,0),
=2 [ (Lam) 1 (bomy1 Y 2EH
L. o ] L4m ¢ Lm
=> ela-r = ; 2 itript Eﬁ— E:»— in Yim.
=0 met A\ (m) 1 (B-myr ¥ 25D
(3.198)

= A

Since eia'r satisfies Laplace eqgl: (coeff's of ﬁfﬁm b anish)

=> V2 [rlyy,] = 0, (3.199)

1 0 0 1 0 . 0 1 02
= 2 or (r2 or )+ m 20 (Slnea@) + m W. (3.200)

Now



ort L
% aar (r? air ) = 2 aar rt+l = L(l+1)rt-2, (3.201)

1 d . 0Yiq 1 22
=>[L+1)rt-2 vy, + rE—Z(sine g (sin® —5g) + sinZ 202 Yon ) ]=0.

(3.202)

19 . O0Yip 1 0%y
=> [ (7sin6 20 (sinb W) + rnze W]= —E,(E,'Fl)ng. (3.203)

. 02
Notice also 565 Yoo = -m2 Yy,

1 0 ) 0 2
=> [ Si.6 09 (sin® jg¥in) - %nze Yo ]= -L(&+1)Ygn. (3.204)

Yin is the solution of the separated Laplace eq? in spherical

coordinates. There is an alternate form for Yjy,. Remember

(a-r)? = r’ [-E,25in@ et + E_2sinBe-i0 + 2£.f cosO]i. (3.205)

It is unchanged under:

& © &, 0> -0, 0> -0.
Implies that

> St T Yyn(8,0)
) 2041 T
\/(D.+m) 1 (L-m)!
) A4m'g Lom' 4
= 2 5 S 2!1:[1 Yon (-0,-0). (3.206)
m=-t '\/(E+m')!(E—m')!

Coeff's of like powers must be the same:

=>  Yyn(6,0) = Yon(-9,-9). (3.207)
So



20+1 (b-m)! . d  b+m (cos20-1)%
Yon(0,0) = V am V(ﬂﬂ'm)! elm (-sin@)m (dCOSG) 20 .

(3.208)
Usual def2 for "Legendre poly2s":
1 d ¢
Pu(x) = 5, (ax) (¥*-D%
B _ 20+1 (L-m)! imb( d m
=> Yin(0,0) = 4T (+m) | el™(-sinf) (dcoso) Py (cosh)
(m = 0) (3.209)
20+1 (&+m) ! im0 i i d -m
=>  Yin(0,0) = i Do)y SHEIRO T (googg) T Pu(cosh)
(m < 0) (3.210)

Can only use the top form when m =2 0 and bottom when m < 0.

Combine them:

Yon(0,0) = (-1)(m|m])/2 '\/<2‘q’+1) (E=m[)t oimo
4m (L+|m|)!

X (sin®) m| (dcgsﬁ)hﬂ Py(cosB). (3.211)

From the last form we can read off that
Yon(0,0) = (-1)™ Ypn(0,-0). (3.212)

But since

Yin(0,0) = Yon(0,-0), (3.213)

this gives

Yin(8,0) = (-1)™ Yy_n(6,0). (3.214)
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We also have that (get diff. eqR for Py(cosO) by setting m=0

in Ypn qu)
(28+1)
Yio(0,0) = “an Py (cosH). (3.215)

3.10 Orthogonality properties of spherical harmonics
All this started with an exponential. Go back to it:

deeii.; = Idgei;*.r+a-r = % iEliﬂ.z _[dQ
E’l 2=0

Lt 0yt
(3.216)
Use our expansion:
*o+m; E*¥L,-m
L L8, 8 L 17tmy g1
JaQeik-r = ; 2 E ot SHTTS
Ly, my=-L; my=-L; \J(El+m1)!(El—m1)!

§+ﬂ,2+m2 E_._Q'Z_mz JdQ , e . e
\J(E2+m1)1(32_m2)! 2*'Ll'i'l 2&2 Ly (8/0)Yo,m,(6,0).

(3.217)

On the other hand

2 . 4aT
Lﬂle““r = 21 ]Zdesineelkrcose = }g sin(kr). (3.218)
We can write
4nsin(kr) A (kr)2t+l = (r2k2)t

_ 4rm 0 R R St A i ;E -1) =0 (3.219
kr krg{)( ) (28+1)1 =o( ) (28+1) ! ( )



2&( 2)@ o 4

=> JdQeik-T = ag ; (-1)% )] (a*-a)L. (3.232)

But again

(ax-a)t = 2L(E1E, + £¥E )2

2% 20
>

m=0 (2L-m')!m"!

(& *Ey)2bm' (E_7E )m', (3.221)

Let m={-m'
keal ) 2 28 ) )
* . = 2 JRE)LmE_*E_jLom, .222
(a*-a) &y (Lem) ! (bom) ! (&+7E4 )™ (E-TEL) (3 )
SO
E, * L+m * L-m
el (‘t-.~+ §+) (&- F:)-)
Oeik-T _1y8 by 2 .
Jage »:20 oo} 2!L+1 (=1)*(2%%) (L+m) ! (L-m)!
(3.223)

Comparing (3.217) & (3.223), we see that in (3.223) the coeff.
of the various {'s gives us information about the integral in

(3.217). Zero unless:

i+* H El+m1 = ﬂ,+m

EX . bpmy = bom | CTHmT (3.224)
+ H ﬂ. + = ﬂ,+

2 . E2 m, -, m } 51,0 mpem

- P o (3.225)

=> only non-zero terms are when &;=L,=L, m;=m,=m. Therefore

JaQ ¥y o *(8,0) ¥ (8,0) = By 0 Bnn,- (3.226)



20+1
Since we know that Ypq = an Py(cosO), we also have
(m;=my=0)
; 2
d(cosb) Py(cosH)Py' (cosO) = ——— dpp'. 3.227
!, d(cosb) Py(cosh)Py’(cosb) = " éw ( )

Now consider (cosy=cosfcos0'+ sinfsinf'cos(¢-0"))

1 _ 1 _ 1
= _x' 2 + "2 _ ' T T
|r-r"'| Vr r 2rr'cosy r \/1 + (27)2 _ 2(ij)cosy
= 1 . (3.228)
. r., r
r \/l + (r') 2(r.)cosy
Do a Taylor series expansion in x = %5
>
1 e ord g ( d v 1 | (3.229)
= — :0. .
|;_;.| =0 r>i+1 . tdx \/1 + x2 - 2xcosy x
Define
1 d 1
Qu(cosy) = 5 (gp)" | x=0- (3.230)
L V1 + x2 - 2xcosy

Clear that Qp(cosYy) is a polynomial in cosy of degree L. Can

show Qp(cosy) = Pp(cosy)!

3.11 The Coulomb expansion, completeness of spherical
harmonics and the "Addition Theorem"

Cushing argument ("Applied Analytical Mathematics for
Physical Scientists", p.172): (|u|,|v] < 1)

_ Il dx

(3.231)
141 - 2ux + p2 A1 - 2vx + V2

(M, V)




Direct, but tedious (see for example Gradshteyn & Ryzhik,

(2.261)):

_ 1 1+ Vv
I(MIV) _\/m n (1 _ \/m))

& (uvt
" =2 —.
é (28+1)

On the other hand

1 < %
= Q| X,
\/1—2ux+u2 D,zéou b (%)

1 N
T s Ve

Comparison shows

1
1 = 2 1
{l dxQu (x)Qu' (x) = " dn'.

Now

Pr(x) = 20 OlnmQOm (%) ,

m=

(3.232)

(3.233)

(3.234)

(3.235)

(3.236)

since n,m are the order of the polynomials P,(xX) and Qu(X).

1
2
=> J dxXPp(X) Qr(X) = 575 O r=0,1,2,...,n
1 n r 2r+1 nr 14 14 14 14 14

However
jl 4 | Jl 4 dn[ (-1+x2)n]
' XPph(xX)x™M = onpt X dxn

by parts
=0, m<n .

. (3.237)

(3.238)



=> Opr = 0 ¥ r < n,

=> OnpnOn(xX) = Pn(x).

Set x=1 on both sides:

Pp(l) =1
On the other hand
1 °° r<p*
S - ;0 r>£!,+1 QE'(COS’Y).
P
If cosy =1
1 1
=> = T
s |r-r" |
|r-r"|
But
1 & rt
[c-r"| ~ g{) s+l >u(l) =1,
=> Pp(x) = Qu(x).
So
"Coulomb expansion"
1 S
. T go ot FL(cosy).
|r-r' |

Now we know that

VZAAAJiAf = _4md(r-r').

-
|r-r"|

Substituting (3.246) in (3.247) and integrating across

r=r'gives

(3

(3

(3

(3

(3

(3

(3

(3

(3
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.239)

.240)

.241)

.242)

.243)

.244)

.245)

.246)

.247)



a - r<3 r'
[ -r2 P g(‘) . Py (cosY) | |rj: = 4md(cosb-cosO')d(d-0'), (3.248)

which results in

& 20+1
E ax  Pu(cosy) = O(cosb-cosO')d(0-0"). (3.249)
=0

This is actually a statement of completeness of the Yy,(6,0).

. . - = 1 .
To see why, consider the following. For r # r', —— —— 1s a

|z-z |
soll to Laplace's eq®. The only linearly indep. solls to
Laplace's eqt of the form r!x something(0,¢) are:

r ¥5.(0,0) (28+1 of them).

Likewise, the only linearly indep. solis of the form r-!-1x

something(0,0) are:

r%-1 v3.(0,9) (28+1 of them).

Therefore, considered as functions of r, 6, ¢ we must have

L

. 1 r
r<r': ———— = QZ i Yen(0,0) A (3.250)
Fi| e
. 1 r't
r>r': . = 2 mYQm(e,(l))Bgm . (3.251)
|r-r'| Lm

Continuity across r=r' demands Ay, = Bjy,, giving the unified

form

r<9
1 Ay Yon(0,0). (3.252)

1

. r>’l
|x-x" |
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Comparison with (3.246) just shows the Pj(cosy), considered as
a function of the r, 0, ¢, must be a linear combination of the

form,

Py(cosy) = D, Aun Yin(6,0). (3.253)

Substitution above in (3.249) gives
(28+1)
D S un Bum Yin(0,0) = 3(cosf-cos®')8(6-0"). (3.254)
L,m
Using orthonormality kﬁ)ng(9,¢)Ygﬁy(9,¢) = Opp ' Oum ',

4T
20+1

=> Ay = Yi*m(e'rq)')' (3.255)

Putting this in (3.254) gives us completeness for sph.

harmonics:
E: Yon(0,0)Yin(0',0') = 8(cosb-cosb')d(0-0"), (3.256)
, L
= # - <t an * N 1
= =X bl gpyq Yem(8,0) VR0, 07) (3.257)
|r_r' | L,m

In addition, (3.253) gives us the "addition theorem":

4 * ] ]
Py(cosy) = ﬁ 2 Yin(6,0)¥n(0',0"). (3.258)

3.12 Green function for concentric spheres

Now do this problem:



/
/
J/ concentric
spheres
/

By

Will get special results for a0, b3climits. We have

4Amd(T-T') = 47:; Yim(0 , 0 )Yin(0,0) %S(r—r'), (3.259)

G(T,I') = 4n§l Y80 ) Ym(0,0) gy(r,r'), (3.260)
=> _‘_':}ZG(?lf') = 475; YE*m(ellq)l) Yp.m(elq))

(3.261)
E9n will be satisfied if
o .99
-a—r(rZB—r) + L(d+1)gy = d(r-r'"). (3.262)
When r#r' solutions are
gy ~ b, rt1 , rer.
Therefore
. a2%+1 . p2i+1
g = C(re= ) (X3 = p4)- (3.263)
r< r>

Since



agg
+
-rzar |_ =1, (3.264)
we have
2841 2841
‘2 -1 o a
-C [ (’pdr +(’pd+1) |Q+ZIr rlﬂ.‘*‘lj
2t p2t+1
-1 L —
- [ﬂ,r +(L+1) &+21r r-E+1) 1,
a2+l 2in

b
=> —Cp'? [ 2 (-2-(2+1)) + 2 ((E,+1)+l!,)] = 1, (3.265)

1
= C = (2be1) [ateis pB]" (3.266)

L+ L
: 1 g a? 1 r,
== Gu(r,r) = [ '"[r< - 2&1] b1 Tpober [ (3-267)
(2&+1){1—(§)2MJ o\ P
Examine some special cases:
1. a»0, b»=. (Free Green’'s function)
1 r<a 4m ot
- = X o gy Ym(0,07)Ym(0,0) . (3.268)
|r-r'| Lm T 28+1
Compare this with
1 r&
<
———— =Y 51 Py(cosy), (3.269)
|lt-r'[ ¢ T

get (“addition theorem” again)



4 * 1 1
Py(COSY) = 0 D Ym(0' 0" ) Yum(0,0).

20+1 G

2.a%0, b finite (Interior sphere)

& oA re rr aT * ' '
G(T,E') -» &Zm BT gk | ey V(0110 ) Yn(6,0).
Notice that
rEr-E b r& b rE _
—_— = e = — >
p2t+l r' (b?}+l r' fb’lﬂ (rpy>r),
r

so we can perform the sums by the above result

C(E ) > to- B 1

where

a1}

2 1 1
(]

locates the image charge. (outside sphere)

3. b»=, a finite (outside sphere)

r>ll+1 r2,+1r B+l 2&_'_ 1

G(T,T') -> 2,
{,m

As before

Yim(0 ;0 ) Yin(0,0).

(3.270)

(3.271)

(3.272)

(3.273)

(3.274)

(3.275)

(3.276)



G(T,r') -3 % - ]_? % , (3.277)
|r—r'| |r_fa|
where
= a?
T, = ( 70,0 (3.278)

is the image charge (inside sphere).

We can see the surface delta function in the expansion,

Pat-1 g2t+l

JG JG
r'=a _2 r L+1 + (E'+l)rl!.+laﬂ,+2

on' | r'=a or'

T * ' '
X mYllm(e /O ) Yin(0,9), (3.279)

= -4n2 g.,_lYEm(e L0 ) Yim(0,0), (3.280)

=> r3a+ "~ a7 on'

_, = a2 8(cosb-cosb')d(0-0"). (3.281)
We now see it explicitly (compare with Eq.(1.89)).

3.13 Conducting sphere in a uniform field

Of course, can do B.V. problems in spherical coordinates
as well. Do the same problem as in Ch.2: sphere in a uniform
field. Start:

2
L a( aq)) L (sinegip)+ B L gy (3.282)

r2 or or r2sin® 00 0 r2sin20 9¢>2
Assume
® = R(r) P(9) Q(d). (3.283)

Get



d(,,dR), RO d(_. ,dP),  RP d2Q _
PQdI(%7dr)_+ sind de(s1n9de)-+ SinZ0 do? 0. (3.284)

Multiply by sin20/®:

sin?0| 4 dr sinb d . . dP 1 d2Q _
T[dr(rzdrﬂ * de(SlnedG] *Qae - O (3.285)

1 d2
= - == = _m2
> 5 a? m2, (3.286)
=> Q = eilm, (3.287)
If full range 0<¢<2m is allowed, must have m=0,%1,¥2,.... Now
have:
1 d (R 1 df., ode)_ m2 _
R dr (r dr) * Psin® de(Slnede) ~ sin20 _ (3.288)
\ /
~— ———
r only 0 only
1 d( . ,dP m2
=> 55100 dG(Slnedﬁj -~ 5in20 = “Ld+1)
or
1 df( . ,dP m? _
Ssin® de(s1n6de) + ':E(Eﬁl) - Sin29i|P =0, (3.289)
and
1 d dR
Bl S Lo )
R dr(r dr} Ld+1y,
d dr
= —_ 2= - =
> dr(r rj L&+1)rR = 0. (3.290)

Solutions:



"Legendre funct. of the 2 ™ king";
infinite at end points, 6=0, T

P -~ PE(cose), QE(cose)

R(r) -~ ralr'LJ.

Both with & =0,1,2,...

Simple problem:

> >
’
a +z
sphere
> >
> >
General solution:
d(r,0) = 2 AQrQPg(cose) + 2 Bgr‘a'lPa(cose). (3.291)
=0 4=0

B.C.: uniform electric field in +z direction of magnitude E,.
No ¢ dep.=> m=0 only

B.C.: 1. ®(r,0)|_, = -Eoz, (3.292)
2. ®(r,0) r=a = Vor (V=0 if grounded) (3.293)
Py(cosO) = 1, P;(cosO) = cosb,
l.=> A, = -E, , By = 0, L>1.

Charge on sphere:



1 [ 0D (L+1) e
Q0 = J. dQc =- an 87r|r=adg = an ’g) Bpa J. dQPpy
~——
4mdy
=> Bo = Q.
_ _ 01 _
2.=> A E,aP;(cosf) + i Bya™"'Py(cos0) Vo,
=0
so
Ay = Vp - %I E'=Ol
B, = Eja3, &=1,
By = 0, L>1.
Determines
_ Q0,0 a’
d(r,0) = Vg - a + - Eo(r—rzjcose. (3.294)

Notice that Vo and Q are independent parameters here. A
grounded sphere (Vg = 0) in this case does not necessarily
have zero charge because the potential is not required to

vanish at infinity.

3.14 Method of last resort: eigenfunction expansions

Method of last resort: Eigenfunction expansion. Consider
a more general eg® than we usually solve.

Ty(x) + kKy(x) = 0. (3.295)

(# of dims. is arbitrary.) Given a certain confined geometry,
. 2
allows only discrete values of k :

TWn(x) + koya(x) = 0. (3.296)



Normalized as

| vt wm @ox = 8 (3.297)
Y
Assume these are complete. Thus
G(X,X') = D, an WA(X')Yn(X), (3.298)
n
where we have enforced the symmetry G(X,X') = G(X',X) as
usual. G(X,X') solves
T2G(X,%') = -4nd(X-X'), (3.299)
o)
=, a 2 =
—}E anWn (X' )WUn(X)k, = -4Td(X-X"). (3.300)
n
Mult. by w; and integrate over V:
=, 2 =,
anVa(x ')k, = 4myn(x'),
4T
=> ap = 5, (3.301)
kn
* _\' -
=> G(X,X') = 4nY, n );“n( ), (3.302)
n k,
Trivial example. Solve
22 2
Viy(x) + k'y(x) = 0, (3.303)

in a 2D box with y|_=0. (Will give us the Dirichlet G.F.)

Geometry:



y
b////
/ 7
/ 7
v

Solve

[az 92

aX2+8y2i|\iI+k2\|f=0.

The B.C. are

v(3y) =0,

\u(x,g) = 0.

Obviously separable. Get (Y(X,y)=VYx(X)VYy(Y))

e -k
Vx dx? Vy dy?
d? 2
> d}\(lgx = —KxWx,
dzwy _ k2\|f
dy2 yvYy-
where
2 2 2
kx + ky = k.
Look at the x-direction,
Y(x) = C;sinkgx + C,cos kyX,

B.C.: 0 = C;sinkyxa,

(3.304)

(3.305)

(3.306)

(3.307)

(3.308)

(3.309)

(3.310)



=> kya =&, L=1,2,3,...
Similarly
kyb =mnt , m=1,2,3,...

Correctly normalized eigenfunction is

— Eﬁ
Yium(X) = \’é% sin[iZ%]sin(mﬁy} (3.311)

Plug in:
. EJT,X . Q,TCX' . mny . mny'
16 ji sin|——[sin|——|sin| 7 |sin|—
G(X,X') = = 3.312
(x/ ) mab L, m=1 E,2 m2 ( )
22t
A double infinite series! (i.e., almost useless, except for
theorists!)
One more problem:
s 77/ /,
/
cylinder of radius = a
Want to solve
1 d ( oy 1 %y 2
p dp (pa)) + p2 8¢2 + k“y = 0. (3.313)

The B.C. is (y=y(p,9))



v(a,d) = 0. (3.314)

(Also that y(p,9) is single-valued in ¢.) Assume separable,
Y
get (Y=ypy,;mult. by R

=0, 3.315
Vo do? ( )

Also

. 1.d ([ dyp 2 m’|
=> 5 4 (p dp] + [k -pz}yg- 0. (3.316)

Yo ~ Jlm(kmnp)r Nm(kmnp)r

Jm kmrl
(Jlm(kmnm _ V2 (p)j

a Jnt+1(Xmn)

where

X
Kon = ?mn r Im(Zmn) = 0. (3.317)

Correctly normalized eigenfunction with our B.C.’'s:

a 1 .
Y (X) = Jim(kmp) —ei™ . (3.318)
VZn

(n=1,2,3,... and m=0,%1,%2,%3, ..

Plug in:



2 . (3.319)

GD(;{’;{.) _ %ZS i Jlm(kmnP)Jlm(kmnp')eim(q)_q)l)
n=l m=-oco Xmn

Comparison of such eigenfunction solutions with other known
solutions allows interesting summation formulas to be
derived. For example, comparison of (3.312) with a reduced
Green function solution gives a formula for one of the sums
there, whereas comparison of (3.319) with an image solution
for the same problem (prob. 2.17) gives a formula for the sum
there.



Problems

3.1.1 By evaluating the expression (the “1” notation indicates
the x and y components of a vector; “o” is the cylindrical

angle associated with i; see below),

2T
do

(2m)2
0

eikJ_' (X—X ! )J_

two different ways (or any other way you can think of), show

the Bessel function “addition theorem”,

Jo(KD) = D, In(kp)Jn(kp')ein(9-0"),

m

where
1

D= |(x-Xx")u|l, p = |%X|l, p' = |xI

The picture for this is:

=
X

3.1.2 Using the generating function for Bessel functions,

elt cosp = i im gim¢ JIn(t),

m=-oo

prove the sum rules:

(a) 2 JA(t) =1, (b) Jo(2t) = 3, (-1)m Ji(t).

m=-—oco m =-oo



3.1.3 Show that

a

(a) J dp pm+lJm(kp)= % a™l Jp.(ka),
0

dkk
(b) j (zn) JO(kD) = S(X—X')S(Y—Y'), (DZE (X—X')z + (Y—

3.3.1 Show that for zeros of derivatives of Bessel functions

(EE Kmn s ?E Ymn = ]_{a)

dpp Ja(kp) = 5 (1-2) JA(F)-
YZ

Use the method described in the notes after (3.56).

3.4.1 Using the reduced Green function technique, show that

the Dirichlet Green function for the infinite conducting wall
problem,

P z=0 plane

+z

N N N N AN
v

may be solved in cylindrical coordinates to give



G<3‘<,>‘<')=4Idkk g(z,z'>[§Jo<kp)Jo(kp')+i In(kp)In(kp')cos(m(¢-0'))].

m=1

Find g(z,z').

3.4.2 Find the Dirchlet Green's function for an infinite,
flat conducting plate in infinte space. Take the surface of
the conductor as the z-x plane. Show that the Green function
may be written in cylindrical coordinates (p,z,0) as

Go(3,x") = 4] dk S, Tu(kp)dn(kp')sin(mo)sin(mo’)ek(zeas),
0 m=1
where z< (2z>) is the lesser (greater) of z and z'.

3.7.1 show directly (using, say, the differential equations

and large x expansions) the Wronskian relation

1
WIn(x),Kn(x)] = - X °

3.7.2 Evaluate the Wronskian (v is a positive non-integer):

W[JIv(t),J-v(t)] =72

[Hints: The differential equation satisfied by both Jy(t) and
J-y(t) is,

d? 1d m?
ae *eae T gzt H]Ivev®) =0

The large t expansion of Jy(t) is

/2 VT T
Jvy(t) = EE'cos(t + o - Z)']



3.7.3 Consider an infinitely long conducting cylinder of
radius a, with the z-axis of coordinates along the axis of
symmetry of the cylinder.

+z
/";a'\
\_/ [ ] +1
Y
— >

v

—

N—

N—
\__/

Assuming the form for the Dirichlet Green function,

s o UM¢¢) 1
Gp(x,x") = 4nm§;3 Z dk cos [k(z-2"')1gm(P,P") ./
and with
AT (X-X') = 4ni 1m((|)¢) % ]: dk cos [k(z-z')] 6(p -p'),
m=—oco
find the reduced Green function, gp(p,p'), for the volume

exterior to the cylinder.

3.7.4 Consider again the infinite conducting cylinder in
three dimensions, with the z-axis of coordinates along the

axis of symmetry of the cylinder.



7/
/ /
7/
7/
/7
7/
J /7
7/ /
s

Assuming the same form for the Dirichlet Green function and
delta function as above, find the reduced Green function,
gm(p,p'), for the interior solution. This may be done either
using the Wronskian technique or as an eigenfunction

expansion.

3.7.5 Consider a infinitely long vacuum-filled wedge-shaped
hole (wedge radius "a") inside a conductor in three

dimensions. (We are working with a point charge, not a line

charge.)

AN/

circular
cross-section

Use the reduced Green function method to derive a form for
the Dirichlet Green function, Gp(p,¢,z;p',9',2"'), in
cylindrical coordinates. It is possible to derive a
differential equation in either the p or z variables. [Hint:
Starting out with a correct form of the three-dimensional

delta function is the key to doing this problem. ]

3.7.6 Consider the region between flat parallel conducting

plates and outside of a conducting cylindrical post of radius
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a
|ID|I .

connecting the plates. The distance between the plates is

cylindrical post

of radius "a"

\ O\

—>
D

Find the Green function for the region between the plates and
outside of the cylindrical post. [Hint: Choose the non-
oscillatory direction for the Green function to be p.]

3.7.7 Consider the interior region of a cylindrical toroid of
rectangular cross section. The height is L, and the inner and outer

radii are A and B, respectively:

i

3
v

Construct the Dirichlet Green function in cylindrical coordinates
(prz,0) for the interior region of the cylinder. [Hint: The key as
always is an appropriate representation of the Dirac delta function

in the interior. There are actually two ways of proceeding here,
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depending on whether one chooses the z or p variable as

oscillatory.]

3.8.1 Consider the closed conducting wedge shown. It opens
with angle B and is bounded by circular conducting radii b

and ¢ (b < c¢).

Find the Dirichlet Green function for a line charge of unit
charge density in this geometry by the reduced Green function
method.

3.8.2 In Eq.(3.166) of the script we found that the Green's
function for a line charge in the volume bounded by
conducting walls intersecting at arbitrary angle J3,

/7 /7 7 7 oy 7 7 7

could be written as the infinte sum,

G(x,x') = HZ, % (gé)Y sin(%@)sin(%g),

1



nwn
where p< (p>) is the lesser (greater) of p and p' and y = B -

Using the summation method of Ch.2, show that this expression

can be summed exactly into the closed form

/ /
1+ (p{TnB -2 ijtﬁcos(g(¢+¢'))
G(x,x') = In P> P>
! p< /P p< /B T ' :
1 + (9>T -2 (ﬁ>Jt cos(B(¢—¢ ))
[Hints:
cos(x+ty) = cosx cosy - sinx siny,
In(l-x) = -, =
=1 R

3.8.3 By using a reduced Green function technique or other
means, show that the two-dimensional Green function for
Dirichlet boundary conditions in the cylindrical region 0 < p

< a has the expansion,

oo 1 m
6 = -bn(p/ar) + 2 3 OO o) (L - ),
= >
where p> (p<) is the greater (lesser) of p and p'. [Comparing

with (3.319) of the text gives some interesting sums over
Bessel functions.]

3.9.1 With the help of the generating function

G(x,t) = b = i t" Py (x),
=0

\V1-2xt + t2

for the Legendre polynomials, P,(x), obtain the relation

X P, = (n+ 1)Py4q,

d
dx Fn+l~ gx
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3.9.2 Show by direct substitution that

"(x2-1)®

d
Pn(x)= Egﬁj'(ag)

satisties
dPQ+1(X) dPg_l(X)
—ax - (28+41)Py (x) + ax -
(b) Give an argument which shows that

Pn(l) = 1.

3.12.1 A capacitor consists of two thin hemispherical

conducting caps at potentials V and -V separated by a thin

gap, as shown. the radius of the sphere is "a".

gap

(a) Define the capacitance as

<ho

where Q is the charge on the upper cap. Treating this either
as a boundary value problem or using the Green function for

this geometry, show that



C =

N

ji [P25-2(0) - P23(0)1]12,
J=1

where P;(0) is the value of the Legendre polynomial at x=0.
(b) Given that

1 _ . S (1)nL3:5°+(2n-1)

= u2n’
\ 1+u2 n=1 2:4:6°°+(2n)

and comparing with the Coulomb expansion, show that

_ T(i-3) |,
C =5 i 4(3-7)2 (Tz)

j=1

where F(j—%) is the gamma function with argument j—%.

3.12.2 (a) Find the electrostatic Neumann Green function,
G(§,§'), for the outside region of a sphere of radius “a”.

For simplicity, take the +1 charge on the +z axis:

+1 +2z axis

The “Coulomb expansion” for —:ji—f should be helpful here.
|x-x"|
(b) What is the dipole charge density, D(§), on the sphere’s

surface?

3.12.3 (a) Solve the Neumann interior problem for the region

inside two concentric spheres of interior radius "a" and
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exterior radius "b". Show that the most general form of the
solution is (the Py are the Lengendre polynomials)

Va2gy(x',x) = -4md(x-x"),

-

GN(Q',X) = }5 ge (r,r') Pp(cos y) + }5 Py(cos y) (our't + Ppr'-¢ + 1)y,
L L

where (L > 0 only)

r,r')= TR Y
gu(r,r’) p2d+1 _ g2i+1 | g (E,+1)r£:1 I} (p_,+1)r’l:1

L(d+1) (rg a2l+1 :Irg p2i+1 )
'

and where r< (r>) is the lesser (greater) of r and r'. Notice
go(r,r') is not specified: can you determine it? Is it unique?
What are the values of oy and Py ? Be sure to refresh yourself
on the unusual properties of the interior Neumann Green
function from Ch.1l. (When b->w we have an outside problem.
Will your results necessarily agree with prob. 3.12.2(a)
above in this 1limit?)
(b) Verify that the surface delta functions discussed in
Section 1.7, Eq.(l1.78), are present in the final answer of
prob. 3.12.3.

3.12.4 (a) Using the Green function for a sphere of radius

a" or other means, show that the outside potential, V(6,¢),
from a fiven potential, ®(§), on the surface of a sphere can

be written as

R +1
O () = ; @Q Yum(6,0) Bum,

where

Bym = Jng’ V(O',0")Yim(0',0").



What is the inside for for ¢(§)?

(b) Show that this is also equivalent to (+ for inside, - for
outside)
_ 4+ a(a?-r?) , V(©e',9")
®(x) - 4w édQ (a%2+r2-2ar cosy)3/2’
where
cosy = r;'

3.13.1 A conducting sphere of radius "a" is split into two
unequal pieces which are insulated from one another. The
"top" piece subtends a uniform polar angle, 0,, as measured
from from the center of the sphere and is raised to potential

V. The rest of the sphere has potential -V.

Find the electric field, E, at the center of the sphere, O.

3.14.1 Using the method of eigenfunction expansions or other
means, show that another expression for the Dirichlet Green

function for the infinite parallel plate capacitor problem,



s /< s S s S S S 7

z=a
Ll (x',y',2")
z=0
7 /s S S S S ST
is
Y sin(nniz)sin( ,)
Go(X,%x') = g | akk 34(xD) a - a_ -,
0 n=1 k2 + (7)2
a
where D = |(§—§’)| and J, is the Bessel function of order

zero.



