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DUAL INTEGRAL EQUATIONS WITH FOX’'S H-FUNCTION KERNEL
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ABSTRACT, The dual integral equations involving Bessel function kernels were first
considered by Weber in 1873, The problem comprised of finding potential of an
electrified disc which belongs to a general category of mixed boundary value problems.
Titchmarsh gave the formal solution using Wiener-Hopf procedure. We use this direct
method as improvised by Busbridge to solve a class of dual integral equations which

can be reduced to other known kernels by particularizing the parameters in the Fox's
H-function.
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1. INTRODUCTION
Most of the dual integral equations which we meet in the solution or mixed

boundary value problems can be typified by

I wiwlA(wWIK(u,x)du = f{x) , xe Iy, (1.1)
o
ih[u)ﬁ{u,x}du = pgix) , xely, (1.2)

where wiu) 18 a function of u alone and is called the 'weight function' K(u,x)

is the kernel of this pair of equations, and A{u) is to be found. T = {x: 0 = = < 1,
Iy = [x: % > 1}. HMost recent literature on dual integral equations has been incorpor-
ated in a recent book by Snedden [1].

About two decades ago, Johnson [2] dinvestigated the method of solution of
Titchmarsh [6] and found that the K(u,x) can be the G-function with Titchmarsh's
method applicable. Kesarwani [4, 5], taking cue from Buschman [1], solved the dual
integral equations with G-functions as kernels. Saxena [7, 8] found the solution
of (1.1) and (1.2) with wiu)} = 1 , had taken K(u,x) to be a H-function and used
fractional integral operators.

We have closely followed Titchmarsh's method in solving (1.1} and (1.2) with
glx) = 0 , wiu) = u , and K(u,x)} a H-function. Our solution, therefore, differs
from others cited above in view of the method adopted and, hence, is of interest in
itself.
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2. THE SOLUTION.
We shall find the formal solution of the dual integral equations given by

- (a,,0n)
[ty an [xy | " dy = e(x) 0 <x <L) (2.1)
o Psq {bqfﬂq}
- (8,,0p)
[ e a™n [xr | ] dy = 0 (x > 1) (2.2)
o P.q (hq‘Eq}

where m,n,p and q are integers with 1 =m<gq, 0 <n < p, p < g, and 8 = 0, where

P
o= ? ST B ? Bi - ugl 84 (2.3)
o+
and
m n
= T T{b,=¢ || l-a,4a
©,n | (apiﬂp) 1 4L 4mi ( 1 %js} j-lr{ aj JE} .
"p.g [“" (bgs8q)] ~ 271 _[iw q o x ds (2.4)
! NT(1-bgeys) 1 T (ay=ajs)
jemtl j=n+1
b =1
where He—aj-:-n..;-'ﬂe w §®l,...,m ; ke=l,...,n.
i

We apply the formal manipulations given by Titchmarsh te (2.1) and (2.2). If
Parseval's formula is applied to the left-hand sides of (2.1) and (2.2), the results

are
m
kti= n ]‘(hj-l-BJ-l-{:E-j-Bjs}
?rl_rT S F(s) J=1 ’
kei= n F{1~bj—ﬂj-aaj+sjsj
J=mtl
n
jE]r{l—aj—uj—uujmjs] .
. . T ds = oelx) (0 <= < 1) (2.5)
jﬂl r{aj-mj-kmj -ﬂjs}
and
m
. kti= jLI‘(hJ+EJ—Eja}
7 S Fis) 3
k== -b,-
jlﬂ“r{l bj ﬂj+ﬂjs}
n
N T(l-a,-a,+a,s)
= b -
- *1ds -0, x> 1. (2.6
jﬂlnajhj-u.ig}
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The substitution of

q P
n Ml=b, =g +8.2) 0 [ (a +a +oa, -a, s)
- 171 = B S R T |
F(s)= L2t jn““ — - Y(s) (2.7)
M r{b,+af,+8,-8,8) 0 T(l-a,-a,+a, s)
into the last two equations gives
ke ; (1-b )
+im m FM{l=-b,-8.+8. .5
fr (o= 213 .
2ni q
k=i= n M{l=b,-ng,-£,+8,8)
JRIUTER I B B M
n
N M{l-a, o =a0 +a 8)
- 71 171 -
e 2 dg - o) 0<x<1) , (2.8)
M r{l=a,=o +a, 8)
=1 I 1]
and
n
k+im m T(Ej+bj-ﬂjs}
_I'_ Y{ } j'l B
2ni . m
k-i= jEIP{bj+qu+Ej-Ejs}
Y )
Tia +x +oo, -a,8
- b I TR T | _
. an+1 x*1 45 = 0 \ (x> 1) . (2.9)
m ria o -a,8)
jen+l 731

Multiplying (2.8) by Y , where Re(s-w) > 0 and integrating over (0,1} , we

obtain

q
k+i= 0m  T(l-b,-8 +Ejﬂ}
j=mrtl 3

1
i .
k=i= Ml=b, = -

i jfn+1 ( hj uﬁj BJ+Eja}

jn
rf{l-a,-o -
. iﬂl { aj uj nuj+ﬂjs}

1

¥ ;

P ds = S e{x)xz_ dx

ju'l
N r{l=-a,-a +a_ 8) 0
j=1 1]

= Efn- w + 1) (Re w = k) . (2.10)

Moving the line of integration from He s=k to Re s=k' < Re w

(b,+8,-1) (a 40,403 ,-1)
and assuming Re __ii_l___ < k' (j=m+l,...,q) and Re i N R IRy {i=l,...,n),

a

3 3
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we obtain
q n
k'+im T ri{l-b -8 ,+g, 8) N ril-a,=o, -ou +a,8)
1 e BN B NS = SR S N N N {05 1
2ni q n s-w 0
k' =i= 11 T(l-b,-af, -§ +6, 8) nI'{l-a, =o_ +u 8)
q n
] r -0, - = =
sz+1 (1 bj g +ij} jEIF{I aj aj auj+ujw}
= E(l+a-w) - ~ ¥ (w) (2.11)

n I'{l=b, =aB, -8 +8, w) M {l-a, ,-a, +a, w)
JTPE e B M R B M

The integral occurring on the left-hand side of this equation i1s a regular function

of w for Re w » k' . Therefore, so is the function on the right-hand side. Hence

so0 also 1s

q n
il T(l=b,-af =& +8,w) n Ml=-a,-a +a,w)
G T T | - 313
Y(w) - Jzmtl o =1 E{l+a-w)
n I'{l=b,=8,+B,w) n Ml=a,=a, -oo,+0,w)
Jemtl b I b I R R |
1f we assume suitable conditions at infinity, we have
q n
kti= | [(1=b =0 =B +£ 8) Mmril-a,-o_+z_s)
1 Te) - L=t 11T e LN E{lh-}’ﬁ'“
2ni 8 q n s =
i P ril-h = — -
k=1 jfn+1 ( bj EJ+Ej5} jEIF{I aj uj-uuj+njsi
(Re w < k) (2.12)
Similarly, mulciplying (2.9) by o ¥ , Re{s=w) = 0 , and integrating over (1,=),
we obtain
n P
k#i= 1 T'(E,+b, -8, 8) N rla,+o +oo, -0 8)
b T | 11 i3
1 =1 j=n+l Yis) '
5ol ol Ul 0, (Re w >k"), (2.13)

m P
k-im M (b +8 +af -8 s8) N T{a, x, -0 s8)
j=1 f I T T | jen+l R T |

We conclude as before that

L P
mri{g+b -g,8) N TIia,+a +aa,-a s)
- i1 - I T T
j=r i=ntl Y(s) (2.14)

L P
nrib+g +af -A.8) N T{a +z,-a,s)
j=l 1737 7373 jont] 11
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and so Y is regular for Re s < k . Hence
k' +i=
1 Yis) = ¥
S Ff X6 g -0 (Re w > k') (2.15)
ki'=i=

Moving the line of integration from Re s=k' to Re s=k , we have

k'+i=

o _[ ) 45 = v(w) (Re w < K) (2.16)

k'=i=

It follows from (2.12) and (2.15) cthat

P n
| ki jEm+1F{1-hj—uﬁJ-5j+Hjs} . jf{(l—aj—aj+uj5]
¥(s) = 307
9 n
k=1i= jEm+lril-hj-ﬁj+ﬂjs} jflr(l-aj-aujh;js}
« Ellta-s) 4 (2.17)
5—W
If Mellin's inversion formula is applied to (2.7) , then
q P
kti= n T{l-b -Ej+Ejs} n T(Ej+ﬂj+unjwu 8)
) = 507 el i Y(s)y™® ds (2.18)
= T - T{l-g -
k=i jfl {bj+uﬂj+ﬁj Bjs} jfl (1 a uj+ﬂjB}

Equations ( 2.17) and (2.18) give a solution te (2.1) and (2.2)

The cases of Meijer's G-functiecn and lower transcendents follow in a perspicuous
manner on particularizing the parameter in the H-functiom.
The identity

(a_,a ) {a +7Ta )
¥
- H:': 11 PP - H:': xl p y PP
' b ,B * b+ 8 ,B
( q’ q} ( 3 a’ q}

allows the absorption of any power of x in the H-function. Therefore, we could have

multiplied the kernels of (2.1) by x*, put x e(x) = gl{x) and solved the pair
thus obtained without any loss of generality.



262

E.N. KALIA

REFERENCES
SNEDDON, I.N. Mixed Boundary Value Problems in Potential Theory, North-Holland
(1968).

JOHNSON, B.C. Integral Equations involving Special Functions. Ph.D. Thesis,
Oregon State University (1964).

TITCHMARSH, E.C. Introduction to the Theory of Fourier Integrals, 2nd Ed.
Oxford (1948). N

KESARWANI, R.N. Fractional integration and certain dual integral equations,
Math. Z. 98 (1967) 83-88.

KESARWANI, R.N. Correction to fractional integration and dual integral equations,
Math. Z. 107 (1968) B2,

BUSCHMAN, R.G. Fractional integration, Math., Japan 9 (1964) 99-106.

SAXENA, R.K. 4 formal solution of certain dual integral equations involving
H-function, Proc. Camb., Phil. Seec. 63 (1967) 171-178.

SAXENA, R.EK. On the formal solution of dual integral equations, Proc. Amer. Math.

Soc. 18 (1967) 1-8.



