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ON SOME DUAL INTEGRAL EQUATIONS
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We develop an elementary method to solve the dual integral equations of
the type

Fnangea a po,oce<s

i hy OO) OD) dt= BX), x <1

where hy and hy are Bessel functions ofthe fist and the second kind. First

we consider the dual equations with ¢(2)=0 and determine an appropriate

form of the unknown function¢ i terms of an arbitrary fonction. ‘Theathis arbitrary function is evaluated so that stistes the equations. Simi.

larly the second set of dual equation with /(#)=0 is solved and combining

the solutions of these two sets the solution of the orignal set of dual

equttions is obained

1. INTRODUCTION

In this paper we develop an elementary method for solving certain dual
integral equations of the type

[ hans@a so, o<x<!
\ et)
2i

Jmans@a=e@, 1c xc |:
J

The method consists of decomposing the system of eqns. (1.1) into two sets of dual

integral equations. We derive the solution of the first set, which is the system of

eqns. (1.1) with g (x) = 0, and then find the solution of the second set of equations,
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the system (1.1) with f(x) = 0. Combining the solutions of these two sets gives

us the solution of (1.1). To solve each of the two above mentioned sets of integral

equations, an important part of our technique is to establish a suitable form of
the function ¢, in terms of an appropriately defined function. We then find the

value of this unknown function, so that ¢ satisfies both the integral equations of
that set, thus establishing its solution,

We make extensive use of the ErdelyiKober operators and their properties.
This type of approach for solving dual integral equations has been used widely in a

variety of methods (Gordon 1954, Noble 1958), though not expressed in the same
notations in all the cases. A good account of such methods can be found in

Erdelyi and Sneddon (1962) and in Sneddon (1966, pp. 84-96).

To illustrate our technique, we shall first obtain solutions of some simple

pairs ofdual integral equations. Then we shall apply the procedure to solve dual

integral equations of Titchmarsh’s type and integral equations whose Kernels involve
Y-and H-functions, where ¥ is the usual Bessel function of second kind and

His Struve's function. As is the usually the case, the analysis used in solving the
dual integral equations in this paper is purely formal

2. SoMe SIMPLE PAIRS OF DUAL INTEGRAL EQUATIONS

(i) We first consider the dual integral equations of Beltrami's type,

J 4) bt) dr= f(x), O< x <1 .Q.1a)

J s@ncnd=o, 1<x<0 1B)

Which arise in the problem of the electrified disk. We shall write (2.1b) as

J 86 400 ant di = «@) HO-9)

where 0 <x < 09, a (x) an arbitrary function and H being the Heaviside function.

‘Then by the Hankel inversion,

rgn= j & (x) Jp (xt) (xt) de.
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If we let (Erdelyi ef al. 1954a, p. 11)

2
f

oxyJocory= 2 | EOD ay
then

eget if a (x) (xt) de J BS a

2, | omona | Teo Ss

60) = | 20 0s (yo 122)
where

pw=2 J ae
To find an appropriate value of  (w), so. that¢ satisfies (21a) as well, substitute¢ in (2.12) to obtain

so= | Just)dt | 8)cos (ut) Ox <I

free [cos (uy Jy (xt a

= j —2)__ day, (Erdelyi et al. 1954a,p. 43)
)

vee

whence (Sneddon 1966, p. 41)

24
f

x-24 as.sm-2 Z | TE ax
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Thus from (2.2)

_2,f 4 ( ¥O 4smn2e J cor ona t | tee
which now satisfies both (2.1a) and (2.1), giving us the solution of the system (2.1).

A more familiar form of this solution is obtained by integrating w-integral by parts,

and simplifying, that is

2 ( ¥@ { vd jt=2 rgeose{ LO dn 1 f PR | usin ur)- £0 dy$ (0) = eos j Fee + | ee J oom ronan
If f (x) = 1.0 < x < 1. the solution of the corresponding dual integral eqns. (2.1),
becomes

sc= sine

‘another well-known solution of this particular case.

Gi) Let

i $ (1) cos (xt)dt = f(x), O< x <1 |
°{

t(2.3)

J se@sinand=2@, ters -|
‘The dual integral equationsof this type, with trigonometrical kernels, arise fre-
quently in the analysis of mixed boundary value problems in the plane; such as crack
problems in the two-dimensional theory of elasticity.

We shall consider two cases of (2.3).

Case a — First consider

j $ (1) cos (xt)d=f(x), O<x< 1 (2.48)

J (0) sin (xt) dt=0, 1 <x < ce, ve(2.4b),
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Equation (2.4b) can be written as

 (t) sin (xt) dt = (x) H(I—x), O<x <

for some a (x), H being the Heaviside function. By the usual sine-transformation

$= 2 j (3) sin (x1)de

Now if we let, (Erdelyi et al. 1954b, p. 7)

sin (xt) = J a du
‘Then

2 separ | Meuew Ve 1 | ds J Geo.ty
2,f few,= t | udy (ut) du {2a,v= J. “ [a *

or

=1 | Benderde 23)
where

w= 9/5 J aes
No we shall write (2.4a) as

af.soya d j Pg MsinQxd, O<xeL
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Substituting for ¢ from (2.5), we obtain.

7) al sin (xt) dt j 8 (w) Jo (ut)du

at 2
-Z j 8 (u) du J sin (xt) Jy (ut) dt

4{_3w x
& J Veo Me Ose!

due to (Erdelyi 1954, p. 10) whence (Sneddon 1966, p. 41)

w=

2
uf

£2Bw) = = “J ea te
Hence from eqn. (2.5)

zt sf) 0.é— 2 A JQ) ax (2.6)w= 2 a WJ (ut)ct J Ses
Which gives us the solution of the integral equations (2.4).

Case b — Let

J ¢ (t) cos (xt)dr= 0, OC x<l ves(2.Ta)

[ s@sin@n dey, Lex <o (2.70)

‘Once again, from (2.7a), using the cosine transformation

3%sim Jz x (x) cos (xt) dt
for an appropriately defined function« (x). We use the representation (Erdelyi
et al. 1954b, p. 7)
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at) =f Helut)cos (xt)= 1 J aS tu
in the above expression and change the order of integration to obtain

oat YBa te turdu 2.8)
where

= f2f ©8) V2 | 75s dx
‘Now eqn. (2.7b) is equivalent to

e@e- f j 118 (eos(xt) dt <x< oo

and substituting for ¢ from (2.8), get

y= — Zl costar | p09 Je

= =H | ede [cos (x0) Jet)

4° sw yee,~ & | phe tex

Then by inversion (Sneddon 1966, p. 42)

Hence, from (2.8)

-2,, fe

so= Fe] w tte de | re ae (2.9)
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gives the solution of eqns. (27). Now combining (2.6) and (2.9), we obtain

2,f ( fae
=f way tu auf LOrdesm=2 J ton ae TRS

2 j f fac)Z| wdgiuydy | ESae 42.10)ae A rs 2.10)
which is the solution of the dual integral equations (2.3).

‘The solutions of a variety of dual integral equations with trigonometrical

kernels can be deduced from the solution (2.10); we shall mention only one
important case below.

Write (2.4a) as

j 1-9 9 (0) sin (xt) dt = i fide, O<x<1

=F@, 0<x<1

then the pair of integral equations (2.4) become

J 1g (sin (xt) dt = F(x), O<x< 1

[ #esingay d= 0, Lex ce.
The solution of this pair of equations is then derived from (2.6) to give (Sneddon.
1966, p. 106)

ey=? rf 4 Jy (ut) u | SEQ dx.| } Vee

If we put F(x) = x, then

4 = 40)

giving the solution of the dual integral equations
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J 16 (sin(xt)dr x, O<x<1

if $(t)sin(xt)dt=0, Loxces

3. Duat INTEGRAL EQUATIONS OF TITCHMARSH TYPE

Consider

i btd =f, O<xel

J re s@ nen di~ 69, <x < on G1)
Case a—Let

if 1g ()J, (xt) dt = f(x), O< x <1 (3,2a)

J r®s@mond=o, 1<x<e (3.26)

Write (3.2b) as

J 8-084 (1) Jy (xt) (xt)? dt = 2) H(I-x), v> 4

and by Hankel inversion.

PIA) = j a (x) Jv (xt) (xt de, v > —b.
Now using expression

Jot) = Po wees
f

8 (taut Jy (ut) dulv reap wt (tuys Is (ut)
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where 1 = 4p-+4v— +48 and —1<1<y, in the above integral and then

changing the order ofintegration we obtain

rae gm eee reromn | atedy uyTo-y) }

*

x J BYw(x) (at utdx

$0) = | Bla) Ju ut) 3)
say.

Substituting in (3.2a),

so=f tJ,Ox dt i B(u)Ja (ut) du, OC <I

- fewdu j PJ, (xt) Jn (ut) dt

ef paaratudn Oe <Ieraan OC) , Onx<
where

newt oath 1 <4 <p and lacy. 2.4)
or,

LO) = 27 Tassapspen BAM BD]

using Erdelyi-Kober fractional integral operator 7, defined in Sneddon (1966, p. 48).

Then, by the usual inversion

BG) = PMan ee (10)

= HN Hrapran LO]
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Hence from (3.3)

8 (0 = 28 Brn J WMO Jy (Ut) Iapsen Lf) de, G5)
=4.(0

which is the solution of the dual integral equations (3.2). When the conditions (3.4)

are not satisfied, (3.5) still gives a solution of the system (3.2), but the operator I has
to be interpreted appropriately.

Case b— Let

J 46 () I, Gd = 0, OS <1 B.C)

J sOrGnd a2, 1<xc3o 3.66)

As before, by the Hankel inversion and for an appropriate « (x), (3.6a) gives

eminem | sey J ( Grd, > =>

If we use the representation (Erdelyi er al. 1954b, p. 25).

I(t) = Qo ee J w=" (ut x2) Jy (ut) dua ro)
}

where 1 = da + iy ~ 2 +B and » << 24+ 3/2, in the above integral and

change the order of integration, we then obtain:

$() =2 paeren fe Ja (ut)du f (x) hero"
J2

x(ut = x8hPF dye

= tetera J Bu) Ju (ut) du, say. QB.)



334 C. NASIM AND B.D. AGGARWALA

Substituting in (3.6b),

stays | restemre acondt fF plunder die x > 1

= | 8 (u) du f 178 J, (et) Jn (ut) dt

= bac)” J Bu) we de

where —1 <v < qand ¢ <4 < 2 +3/2. Or using the Erdelyi-Kober operator
K (Sneddon 1966, p. 50)

B08) = 2" Kyrays ay [XB I]

which on inverting gives

B(x) = 2 Ke yore lg C9

Hence from (3.7),

(1) De eer FWY, (ut) Kaaygvoren [8] 2.8)

=a)

giving a solution of the system (3,6). Now combiaing (3.5) and (3.8), we have

$O= HO FEO G9)

the solution of the dual integral equations (3.1) of Titchmarsh type.

In particular if 4 — » > 0 and v — 4 > O,ic. « ~ ¥< 2(3 — 2), then (3.9)becomes

= PG)
}

*

Q

wn r@

4 oo paves faery et)dx { tate aesro=%)
;

+ (x if w xT Ye (a
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Also if « = y, then

$ (0) = eB eB {j P28) Jeo a (xt) Iams wa Lf)

+ i xt BO Ita (xt) Kriapaons0-8 [8] ax} G.10)
is the solution of the system

i 8 (Ip (x dt f@), O- xe 1 I
. it

6.)

¢ i

i 18 4b (0)J, (xt)dt = g(x), 1 < x <0.
. Jj

Further, if 0 <p — « < 1, then (3.10) gives
ra 8

7

$0) ges BT Fe gee Gt dy

x j whet (xt uayPa f (u)ds

28 eee j ao rl-— pase5 ' } ” Spston (x1) de

x if uP (ue = xtg (u) du

@ well known solution of the system (3.11).

4. Duav INTEGRAL EQuations INVOLVING Y-FUNCTIONS

First, we define operators /a,x (a, x: 2) and Ka,» (x, 6:2) which are simple
generalization of Erdelyi-Kober operators, by the following equations.
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irsas aro f (tryed em f(D dt, a > 0
Isa (ax: DIS = 4

ware &) (try ef(1) dt,
t : ~i<e<0

and

f

e

\ ray al (Pa xtpet ete(Q dt, a > 0

Kaa (x, 6:2) (f= < .
jot od 2 xtye ites(- Fae £ f eamep a,
l : ~I<a<0

Note that

Inn (0,822) = Ina and Kaya (X,02 2) = Kaya.
It can be easily shown that

Te, (0,822) = Inyayea (a,X 2)
and

KG, (6) 8:2) = Kegasen (0, 6:2)

defining the inverse operators.

Now consider the dual integral equations

J r™6()Y, (xd =f), O< x <1 4.)

[res@nand =e, 1<x<0

where 2(«—8)=v—4,|#| <4, andlv| <4.
Case a— Let

J Pg O%Od = SQ), 0<x<1 (4.28)
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i 18g (1) Ye (xt)dt = 0. Lox o, (4.2)
We write (4.2b) as

j 1-20-10 (8) Vy (x) (xt)! dt = @ (x) H (=x)
and by the usual inversion,

818 6m [0 Houtadiy || <4 4.3)
where Hy is Struve’s function of order v. Now substituting the value of ¢ from (4.3)

into (4.2a) and simplifying, we obtain

f(x) = j (uae uf pew Y, (xt) Hy(ut)dt, O<x< 1

-{ 2 (u) wi du j te-¥*1 Y, (xt) He (ut) dt
since 2(2 —§) =v —y. The tintegral can be evaluated (Erdelyi et al. 1954b.
p. 114) to give

f=2rat aQ)wts taxtrt du, OS xTrow © J a
where y—» > 0. Or,

S02 Kiraprven Ge 152) UMH a)

whence,

2 (2) = 2PM Kecrapepey 1 DUS]Substituting in (4.3, gives us the solution

8 (0)= 26 r phH j het Hy (ut) Ke-arapop-v (uy1: 2) Efe .4.8)
of the system (4.2). If y— <0, then the operator K is to be interpreted
accordingly.

Caseb— Let

if Pr g(DY, (d= 0, O<x<1 (45a)
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if PE) KON drg (x), 1<x<0o (4.50)
where 2(@ —3)=¥—4,|¥] <#and| |< +. Once again we invert (4.5a),
for an appropriately defined function a (x), to get

eae i a (u) Hy (ut) Wh du, fw | <4. al.6)

Substituting in (4.5b) and simplifying, we obtain

ea) = fe apurds [mm Kon H, (ude x >t

= rG@e) al atax dy, oy > 0

whence

(x) = DK, pve [8

Then from (4.6)

(are ree [eer Cut) Kyron Le) (A.D)
giving the solution of the dual integral equations (4.5). This is also the solution

even if y — p> 0.

Now combining (4.4) and (4.7), we have

$m Der eb [UHH (Ut) Keeperte 1: DFT

sparen [8 Hy (ut) Kysela (48)

the solution of the system of dual integral equations (4.1). In particular if0 <v
— p< 1, then (4.8) becomes
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FXO) rte ' \« He (ut) du Fe

x | Gt = wytr at” f(a) de

2e-w
° f

=2 fae ot —usyret xg (x) de,+ pty | wo" Hy (ut)du | (2 —uryerrt x-¥ 8 (x)
Also if — 1 <¥ = <0, then

awe
7 (

= ET pe (ey Bm (xt uPe-¥ 9 f (x) dh$= Fors" J» Hey (ut) du [ 28-* (a8 uber f (3) dc
ae tath

f

i" a+ risa t ie A, (ut)du

x if ate (xtuaeg (x) de
Ie we let f(x) = x* andg (x) = 0, then

$= HaO, ly—wl<t

giving the solution of the system (4.2).

5. Duat INTRGRAL EQuaTIONS wiITH H-FUNCTIONS

Consider

J rb (OH, (xt) dt =f), O<x<l

j 194 (9) Hy (xt)dt =f), 1<x<0o 25:1)

where 2(8 — a) =v —w, |v]<} and |p| <d.
For deriving the solution of this system, we proceed exactly as before and

establish first the solution of the system with g (x) = 0, which is
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6 (0) = ee j wrt ¥y (ut) Iypapevey Lf]de

BAM

where / is the Erdelyi-Kober operator. Then we let f(x) = 0 in (5.1) and find the

solution of the system, which is

sey rerees [weya IAEE? LP
= 4.00)

where 7(1, x: 2) is the generalized Erdelyi-Kober operator.

Hence

4O= HOF HO

is the solution of the dual integral equations (5.1)
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