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We develop an elementary method to solve the dual integral equations of
the tyvpe
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where by and h, are Bessel functions of the first and the second kind. First
we consider the dual equations with g (x)=0 and determine an appropriate
form of the unknown function ¢ in terms of an arbitrary function. Then
this arbitrary function is evaluated so that 4 satisfies the equations. Simi-
larly the second set of dual equation with f{x)=0 is solved and combining
the solutions of these two sets the solution of the original set of dual
equations is obtained.

I. INTRODUCTION

In this paper we develop an elementary method for solving certain dual
integral equations of the type

] h(xtye(hdt = f(x), 0=<x< |
o
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The method consists of decomposing the system of eqns. (1.1) into two sets of dual

integral equations. We derive the solution of the first set, which is the system of
eqns. (1.1) with g (x) = 0, and then find the solution of the second set of equations,



324 C. NASIM AND B. D, AGGARWALA

the system (1.1) with f(x) = 0. Combining the solutions of these two sets gives
us the solution of (1.1). To solve each of the two above mentioned sets of integral
equations, an important part of our technique is to establish a suitable form of
the function $, in terms of an appropriately defined function. We then find the
value of this unknown function, so that ¢ satisfies both the integral equations of
that set, thus establishing its solution.

We make extensive use of the Erdelyi-Kober operators and their properties.
This type of approach for solving dual integral equations has been used widely in a
variety of methods (Gordon 1954, Noble 1958), though not expressed in the same
notations in all the cases. A good account of such methods can be found in
Erdelyi and Sneddon (1962) and in Sneddon (1966, pp. 84-96).

To illustrate our technigue, we shall first obtain solutions of some simple
pairs of dual integral egquations. Then we shall apply the procedure to solve dual
integral equations of Titchmarsh's type and integral equations whose kernels involve
¥- and H-functions, where ¥ is the usual Bessel function of second kind and
H is Struve's function. As is the usually the case, the analysis used in solving the
dual integral equations in this paper is purely formal.

2. SoMe SIMPLE PAIRS OF DUAL INTEGRAL EQUATIONS

(i) We first consider the dual integral equations of Beltrami’s type,

L=z
Ir4¢mhuﬂm-fm.0{x<1 (2.13)
L]

= =]
I¢mﬁunm=m I < x< oo .(2.1b)
4]
which arise in the problem of the electrified disk. We shall write (2.1b) as
==}
[ 8@ 5 n) oy dr =« 0 B (-x)
a

where 0 << x < oo, a (x) an arbitrary function and H being the Heaviside function.
Then by the Hankel inversion,

g0 = [ @00 gy o) e
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If we let (Erdelyi ef al. 1954a, p. 11)
2 ( cos (ut)
Jﬂ If.‘ri':l = ] 'l‘.f—_].'! —
then
. 2 . . T cos (ut)
12 — = . 102 LA
P g (1) — ] x (x) (a7 dx a[ Py e dh
2 1 1 - [: ]
112 AT e X .
=1 ! cos (ur) du ! Y e dly
or,
]
d (1) =1 I B (w) cos (ut) du L 2.2)
(]
where

_ 2 x”a[x]

To find an appropriate value of £ (u), so that ¢ satisfies (2.1a) as well, substitute

# in (2.1a) to obtain

=] 1
fix) = ‘[ Sy (xt) di I Bluycos (ut)du, 0~ x < |
L] o

= f B (w) du

)

cos (ut) Jy (xt) dr

=

_ I _ B 4 (Erdelyi et al. 19542, p. 43)
. vV x—ut

whence (Sneddon 1966, p. 41)

ﬂ [ﬂ'} o % ‘:‘ ] xf {.-K'.] dx
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Thus from (2.2)

RV

1 W
_2 d { @
() =21 [ cos (ur) du —— I AL S
[} L]
which now satisfies both (2.1a) and (2.1b), giving us the solution of the system (2.1}.
A more familiar form of this solution is obtained by integrating w-integral by parts
and simplifying, that is

1
ﬁf-’]=‘;2r—f{m5ff Mdﬂ-’r—i‘f iy I wsin (ut)- f(uv) du}.
] L]

S
:

If fix) = 1.0 < x < 1. the solution of the corresponding dual integral egns. (2.1},
becomes

# (1) = 2 sin 1
m

another well-known solution of this particular case.

(ii) Let

. —t

= =]
I gltycos(xiyedt = f(x), 0= x<|
L]

\ (2.3)

= =]
I d(t)sin(xr)dr = g(x), | < x< oo,
a

The dual integral equations of this type, with trigonometrical kernels, arise fre-
quently in the analysis of mixed boundary value problems in the plane; such as crack
problems in the two-dimensional theory of elasticity.

We shall consider two cases of (2.3).

Case a — First consider

I dl)cos(xt)di=f(x), 0<x -1 ...(2.4a)
[}

I ¢{)sin(xt)dr =0, | < x < oo, ...(2.4b)
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Equation (2.4b) can be written as

—

2

m
o

V— I é{f)sin(xr)dr = 2 (x) H{l—x), 0 < x < o=

327

for some a (x), H being the Heaviside function. By the usual sine-transformation

# (1) = .J_i j x (x) sin (xt) dx.

Now if we let, (Erdelyi er al. 1954b, p. 7)

X

sin (xt) = 1 I ﬂfgﬂ_ﬁ{-‘{ du.
x—y
Then
¢ (1) ,J t ] Hx}dxl "Jg{m;
—u*
_J ] wly (ut) du jﬁ:li‘ e
or
]
¢ 1) =1 I B () Jo (ut) du
L]
where
_efx)
'B {H} - ‘\/ l "b"r.t"—u

No we shall write (2.4a) as

f{.t]-ii; [ g (Nsin(xdt, 0<x < 1.
n

.A2.5)
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Substituting for ¢ from (2.5), we obtain

o 1
1 (x) == g; [ sin (xr) dr I B (1) Jo (ur) du
] (1]

- If; ! 8 () du I sin (xt) J, (ut) dr
] L]

B{w) = i u mji.dx.

Hence from eqn. (2.5)
é (1) = i—.‘! ud, (ut) du j LX) 4

Vs —x*
@ °

which gives us the solution of the integral equations (2.4).

Case b — Let

= =]
I d(Dcos(xt)dt =0, 0<x =<1
i

! d(fysin(xt)di =g(x), | = x < oo,
[]

Once again, from (2.7a), vsing the cosine transformation

‘“‘”'J?T 2 (x) cos (xt) dt

...(2.6)

...{2.7a)

...(2.7h)

for an appropriately defined function = (x). We use the representation (Erdelyi

etal. 1954b,p. T
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=
cos (xt) = ¢ ]' Mdu

4
in the above expression and change the order of integration to obtain

=]

¢ (1) =1t I B (u) Jy (ut) du

..(2.8)

where

o= J2 [ 3

Now eqn. (2.7b) is equivalent 1o

gix)= — ;’—‘ E rdrycos(xt)dr, | < x < oo
and substituting for ¢ from (2.8), get

(= =] ==
I cos (xt) dr ! B (1) Jq (ur) cu
1

Li]

Bim

glx) = —

e o

— g | B du | cos Gen) Iy ur)

i

Hence, from (2.8)

s =20 [ unwa| L0 29)
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gives the solution of egns. (27). Now combining (2.6) and (2.9), we obtain

u Jy (ut) du j J;fﬂf:

40 == ¢

'ﬂ‘—n—‘"‘

i

o o
'.! u.i’,[ui‘]du]

g{x}! dx .(2.10)

2
t N sy

which is the solution of the dual integral equations (2.3).

The solutions of a variety of dual integral equations with trigonometrical
kernels can be deduced from the solution (2.10% we shall mention only one
important case below.

Write (2.4a) as

)

=V g (t) sin (xr) df = j flxyde, 0= x =]
L]

= Fi(x), 0 < x < |

then the pair of integral equations (2.4) become
[+ =]
[ rewsnand=Fw 0<x<
L]

==

J $(0)sin (xt)dt = 0, 1< x < oo,

L]

The solution of this pair of equations is then derived from (2.6) to give (Sneddon
1966, p. 106)
2 1 W F {_ ]
k= J ' x
‘{I} . "" ‘ ﬂurn (uf}dﬂ! ‘V'T"T‘szr dx.

L]
If we put F(x) = x, then
$ (1) = Jy(x)

giving the solution of the dual integral equations
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o
I tlg(t)sinf(xt)dr=12x 0<x<I1
L1}

[ d(t)sin(xt)dr =0, | < x < oo,

3. Duar INTEGRAL EQuaTioNs OF TITCHMARSH TYPE
Consider

g () S, (x0)dt = f(x), 0<x< |

Sy

Ay A(x)dt =g(x), | = x = oo, RS

sy

Cage a—Let

s g (1) Ju (xt)df = f(x), 0=x <1 ..(3.2a)

B (1) Sy (xt)dt =0, | < x < oo ...{3.2b)

e ]

Write (3.2b) as

s
| g n o red = s HO=0, v> — i

and by Hankel inversion.
1
TR G (1) = I a (x) Jy (xt) (xt) P dx, v > — }.
[}

MNow using expression

Jo v peen i a4+l e—_1
V(1) = ey X I W™ (e i)e=-1 Iy (uf) du
a
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where w = dp + dv—a + F and — 1 << % < v, in the above integral and then
changing the order of integration we obtain

) Fn-uhl ) -
LR 4 () = =] ok P ‘[ "t gy (ut) du
a

1
I ..Tl &= o (_1-) {’_Tﬂ — u!}lp =] d’x

or

¢ (1) = By _[ B (u) Ju (ut) du (33
4]

say.

Substituting in (3.2a).

o 1
fix) = ] pmevr gl (xr) de I Blup Jo(ut)du, 0= x =< |
© {n

1} o
= jﬁ{u}du I v (xt) Ja (ur) di
a o

-+ 3

“Tl-n x* J B u (x*—u)* " Yy, 0= x <]
where

e gutv—a+ 8 —l<rn<cp oand — 1 <9< w w(3.4)
Or,

f(x) = 27" Ja_yjaprpen [P0 B ()]

using Erdelyi-Kober fractional integral operator 7, defined in Sneddon (1966, p. 48).
Then, by the usual inversion

B(x) = 20 x"* L0 e (£ ()]

= 20 Xt [ e [ (X))
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Hence from (3.3)
1
¢ (1) = 20-" pihwe-an ] uP Jo t) Fyygpra-p [f ) d, (3.5)
i

= ¢, (1)

which is the solution of the dual integral equations (3.2). When the conditions (3.4)
are not satisfied, (3.5) still gives a solution of the system (3.2), but the operator I has
to be interpreted appropriately.

Case b — Let
e #]
I g (1) Jy (k) dt =0, 0<x<] ..(3.Ca)
[+ =]
I (G () () dt =g (x), | < x< oo ...(3.6b)
a

As before, by the Hankel inversion and for an appropriate = (x), (3.6a) gives

L= =]
(-1 g (1) = _[ a (x) Jp (xt) (xt) 2 dx, p> =}

1

If we use the representation (Erdelyi er af. 1954b, p. 25).

[ Fag
Ju (xt) = T on) xF ok ] w =" (u? = xT)"-F-1 I, (ut) du
E

where 1 = §pu + dv —a + B and p < n < 2u + 3/2,in the above integral and
change the order of integration, we then obtain

E-7.1

I (n—p)

= =] o
& (1) = [rakn-Fil J '™ T (ur) du [ o {x) xt e
H

» {uz — xl}"!—l‘-l d.'k'

2]
= itar | B Ju ) du, say. w(37)
L
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Substituting in (3.6b),

£ (¥} =

- P{T:—V] xv

=] =]
[ Pra-2Bem-RL E (xr) o I By Ja iy, v =1
0 1

Bw)

-h-—lg

e+l

=
il I pu=ml
1]

Joery Ja (ury er

o0
I By (=) vy

where — | < v < mand p < n < 23 4+ 32, Or using the Erdelyi-Kober operator
K (Sneddon 1966, p. 50)

(XY = 2" K jgu, now [XVL B (X))

which on inverting gives

_ﬁ {x} = 2._. .1“""1“ Kl-]fg'h'l'—‘ [g {‘T]]‘

Hence from (3.7),

giving a solution of the system (3.6),

é (1)

=]
20w prmtn-pa I N'_‘*'Jn {”F} Kn-ln'i'l.v—q [g] ﬁrﬁ {33}
]

de (1)

¢ (1) = ¢, (1) + ¢, (1)

Mow combining (3.5) and (3.8), we have

(3.9

the solution of the dual integral equations (3.1) of Titchmarsh type,

In particular if 7 — w >0 and v — 0 > 0, ic. g — v = 2 (8 — ), then (3.9)

becomes

2"‘*— ey |

T'(v—7)

1
Rt ‘[

. jrasm=isl I

x

O S (xt) d [ (xT—u?)™" 10 f () du
1]

= <]
X Jo (xr) dx ] R e L T (1]
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Also if p = v, then

1
$ (1) = 28 porBe ” 3724 S8 (¥0) Dy 8 o [f]

+ [ xv Bl g e (1) KygpsBoa. u-B (2] ‘fi‘} +(3.10)
¥

is the solution of the system

i~ g () S (xt)dt - f(x), 0= x <1 1

g

r 300D

R () J (xt)dr = g(x), 1 < x <ea.|

T

Further, if 0 << p — o < |, then (3.10) gives

1

210
é (1) = F(TTJ e j xx B e e (x1) dx

* I Wt (xt— )R f () du

2ta- ]

T T+ B) ﬁ'}

-
L ahd I xetBoa Jo p-a (xr) dx dir
) :

=]
® ! W (= 22 P g (w) du
T
a well known solution of the system (3.11).

4. DuavL INTeEGRAL EguaTions INMvoLviNG Y-Funcrions

First, we define operators Ja,a (@, x: 2) and Ka,s (x, b:2) which are simple
generalization of Erdelyi-Kober operators, by the following equations.
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f x
ii = fﬁ} I.z;«»,;j (xt—r2)p=1 2 f(y) dt, a0
Iaia (@, x:2)1f] = <

(x2— %=1 2% £ (1) d,

e et

X 4 [
i

T (I+a)
—1l<a=0
and
S
| = 2'&[ ¥ pldyml pl-Zm—-uT = 0
Iflf,{]x x (1% —x¥p=-1 g f(ryde, ac
Kaa(x,0:2)[f] = «;E
b
! _— _I“ ! i F - 1—-LZa=yn
| F 53 & ] (12=x%) ¢ () e,
1 = —l=a<0,
Note that
fq.l. [ﬂ, X 2} = I'ﬁ.l and K...l; [_.x,, oo ] 2) == K‘I.ﬂ.-
It can be easily shown that
I:L (g, x:2)= fa,a,—a(a,x:2)
and
K::'_ (x,b:2) = Kognow (x, b : 2)
defining the inverse operators.
MNow consider the dual integral equations
==
I (TG (1Y (xt)dt = f(x), 0 =< x <1 L4

] TR ()Y (xt)dr = gx), 1 = x < e

where 2(x —B) =v —pu, [p|< i andlv]| < L

Case a— Let

5 13 g (1) Y, (xt)dt = f(x), 0<x=1 ...(4.2a)
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==
I B g () Yy i(xt)dr = 0. 1< x < oo wo(4.2h)
L]

We write (4.2b) as
= =]

(212 g (1) Yy (x1) (xt) 2 di = a (x) H (1—x)

and by the usual inversion,
1
PR g () = I o (1) Hy (ut) ()t dy, | v < 4 ..(4.3)
]

where Hy is Struve’s function of order v. Now substituting the value of ¢ from (4.3)
into (4.2a) and simplifying, we obtain

1 oo
F(x) = I o (u) 1l dul (-2 Y, (xt) H, ) dr, 0 < x < 1
L] 1]
1 or
= I a (1) u'1? du I =¥ ¥, (xr) He (ur) dr
o "
since 2(z — f) = v — u. The r-integral can be evaluated (Erdelyi er al. 1954b.
p. 114) to give
fix)= T x"j w () w' e =yt gy, 0 < x|
- Fo-m * ) P
where v — w = 0. Or,
S(x) = 277 Kyjgpovoy (3, 10 2) [0 o (u)]
whence,
@ (x) = 2P X Ky (3,10 D) [S])

Substituting in (4.3), gives us the solution
1

6 (1) = 2v-r (01 I WPt Hy (ut) Kv-syapops @, 1:2) [f1du  ...(4.4)
L]
of the system (4.2). If v — p < 0, then the operator K is to be interpreted
accordingly.
Case b — Let

! g (Ve lxt)edt =0, 0= x=1 ...(4.5a)
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I By ()Y, (xt)drg(x), | < x <eo ...(4.5b)
1]

where 2(a — 8)=v — p, |v| <} and | p | = 4. Once again we invert (4.5a),
for an appropriately defined function « (x), to get

[= =]
$ (1) = 1o j o () Hy (ut) i du, || <4 (4.6)

1

Substituting in (4.5b) and simplifying, we obtain

= =] (= =]
g0 = | @) du [ (R Yy (x1) Hy i) dt, x > 1
1 -]

Du=P+1

20
2T 2B (02 YR gy —y >0
I (=) x Jl a (u)u (u > poo=—

&
= 2P K ey [PV g ()]
whence
a(x) = 2% xv-PNE KL ivee-p (8]

Then from (4.6)

=]
$ (1) = 2w ptah ] W F Hy, (ut) Kuapoviv—yp [8] du .-.(4.7)
1

giving the solution of the dual integral equations (4.5). This is also the solution
even if v — p = 0.

MNow combining (4.4) and (4.7), we have

1

é (1) = 2v-* p2b41 [ w* L H (ut) Ko_yrapep-v (1, 102} [f] du

+ 2t prat [ W Hy (ut) Knosyanye-p (8] du (4.8)

the solution of the system of dual integral equations (4.1). In particular if 0 < v
— p = 1, then (4.8) becomes
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P ,Mf,,.;, uty ds 4
o rpp— ) ‘ du
]
i
% j (x* — u2)Fov x-F f(x) dx
2 20 ==]
roY ] Lanl =
B =) j w* Hy (ut) du I (e —uty-r=t xi™v g (x) dx.
Alsoif — 1 < v — g = 0, then

1

& (1) = I%:-_:% (el j utt Hy (un) du I xVP (xf—ut)ev () dx
a

2+

MR

ot
2adl f ut Hll {IH'_] dl-l ﬁ'd
1

b xlT (xf—uf)v e g (x) dx.

.‘--‘E

If we let f{x) = x* and g (x) = 0, then
()=t Hoalt) |[v=—pnl=<1

giving the solution of the system (4.2).

5. DuarL INTEGRAL EqQuaTiONs wiTH H-FUNCTIONS

Consider

oD
I g () Hy (xt)dt = f(x), 0<x <1

I =10 g (1) Hy (xt) df = f(x), 1 < x < oo (5.1

where 2(B —a) =v —p, |v|<dand |p| <t

For deriving the solution of this system, we proceed exactly as before and
establish first the solution of the system with g (x) = 0, which is
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@ (1) = 2we=v (2B i Yy () Jyap v [f] du
8

= ¢, (1)
where I is the Erdelyi-Kober operator. Then we let f(x) = 0 in{5.1) and find the
solution of the system, which is

la'llvl‘-b

ol
6 (1) = 2w pras I W ¥ ) 1R () du
1

= ¢y (7).
where F(1, x : 2) is the generalized Erdelyi-Kober operator,

Hence

(1)=&, (1) + ¢: (1)

is the solution of the dual integral equations (5.1)
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