Appendix 3
Lorentz Group and the Dirac algebra

This appendix provides a review and summary of the Lorentz group, its
properties, and the properties of its infinitesimal generators. It then reviews
representations of the Lorentz group and the Dirac algebra. This material is
intended to supplement chapter 1, for those students who are not as familiar
with the Lorentz group and Dirac equation as they find they need to be.

A3.1 Lorentz Group

According to special relativity, physical laws are unchanged by a linear
change of coordinates,

o't = AF, 3 + ¢ (3.1.1)

with A and £ real, provided it leave unchanged the invariant separation
between points,

(@ =l — 9" = (e — )@ —y)" = [z -y - [F - 7.
This condition does not constrain &, since it cancels in the difference, but it
imposes a constraint on A,

zyot = xilac'“ = nw,A“axo‘AVﬁxﬁ , (3.1.2)

for all z#. A transformation of the form shown in Eq. (3.1.1) which satisfies
Eq. (3.1.2) is called a Poincaré transformation. These transformations close
and form a group, called the Poincaré group. The subgroup where A is the
identity matrix and £ is arbitrary is a subgroup called the group of transla-
tions. We assume that this group and its implications, such as conservation
of energy and momentum, are familiar to the reader. Instead we concentrate
on the subgroup in which & = 0, which is called the Lorentz group.

It is convenient to think of an element of the Lorentz group as a matrix

422



A8.1 Lorentz Group 423

which is operating on the coordinate x*. This is possible if we always write
A with its first index raised and second index lowered, so it carries z* to
z'", both with raised index. Writing in this way, repeated Lorentz trans-
formations are implemented via matrix multiplications of the respective A
matrices:

g? =A, 2" and 2"F = AH, 2" = 2"F =ANP AN L2 = [A'A]ua ¢,
(3.1.3)
We see from Eq. (3.1.2) that the condition on A¥, to be a Lorentz trans-
formation is,

M@’ = 1ag A A 2t s (3.1.4)
for all z*. Since this must hold for all z#, we have
M = N unaph’y (3.1.5)
or (writing 7, as n when using matrix notation)
n=ATnA. (3.1.6)

The group of matrices A satisfying Eq. (3.1.6) is called O(3,1), and is a
Lie group. Therefore the same technology of Lie algebra generation may be
applied to it as to the groups of the previous appendix.

As we will discuss momentarily, not all elements of O(3,1) can be built
infinitesimally from the identity. Those elements which can, form a subgroup
written SO(3,1), which we will now analyze. A Lorentz transformation A,
which is infinitesimally close to the identity must be of form,

AM, = 68 4wt (3.1.7)

with w#, a matrix of infinitesimal coefficients. The condition on w*, for
A*, to be a valid Lorentz transformation is found by inserting Eq. (3.1.7)
into Eq. (3.1.6) and expanding to linear order in w:

Ny = (62“ + wau) Nap ((55 + wﬁy)
N + (Wop + W) + O(w?),
0 = wyy+wu. (3.1.8)

That is, the condition on w”, is that w,, be antisymmetric on its indices.
The space of real antisymmetric 4 x 4 matrices is 6 dimensional, so the
Lorentz group is 6 dimensional.

Now w#, is related to wy, as wh, = N*wq,. Since 7700 =1 and nii =-1
for ¢ = 1,2, 3, the sign of the space-time component of w*, must be the same
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as the sign of the time-space component, while the space-space components
must be antisymmetric. Thus, the most general form of w*,, is,

0 b b bs
b1 0 —Tr3 9
b=
wh, T SO (3.1.9)

bg —T9 (& 0

symmetric in the space-time entries and anti-symmetric in the space-space
entries. The by, by, b3 entries respectively cause infinitesimal boosts in the
1,2, 3 directions; the r1, 7y, r3 entries cause infinitesimal rotations about the
1,2,3 axes. A general element of SO(3,1) can be written as an exponential
of a finite w*,,

1 1
A, = (expw), = 0" + 0k + Swaw®, + gw“awaﬁwﬁy +.... (3.1.10)

When only the r; are nonzero, this gives a rotation by angle || about the
7 axis. When only the b; are nonzero, this gives a boost by velocity tanh |E|
along the b axis. When both 7 and b are nonzero the Lorentz transformation
cannot be described either solely as a rotation or as a boost. Note that, while
a rotation by angle || = 2r gives the identity A, no nonzero magnitude of
boost |l;| returns the identity. Hence the group SO(3, 1) is non-compact.

Now we argue that O(3,1) has 4 disconnected pieces, one of which is
SO(3,1). To see this, take the determinant of Eq. (3.1.6):

Det 7 = Det ATA = Det ) x (Det A)2. (3.1.11)
Since 7 is nonsingular, we can divide by Det n:
(Det A)>=1 = DetA=+1. (3.1.12)

The determinant must vary continuously within a path connected region of
0(3,1), but you cannot go discontinuously from 1 to —1, so any elements

of O(3,1) with Det A = —1 cannot be elements of the connected group
SO(3,1). An element of O(3,1) with Det A = 1 is called proper, and an
element with Det A = —1 is called improper.

Furthermore, if we write out the p = 0, v = 0 element of Eq. (3.1.6), it is

no = Aonu A’y
1 = A%A% — > AgAY
i=1,2,3
(M%) = 1+ Y (A%)? >1, (3.1.13)
i=1,2,3

so the square of the time-time component of any A must always be at least
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1, and A% must be either > 1 or < —1. Again, you cannot go continuously
from > 1 to < —1, so no elements of SO(3,1) have A% < 0. An element of
O(3,1) with A% > 1 is called orthochronous, and an element with A% < —1
is called non-orthochronous.

The canonical example of an improper (but orthochronous) element of
0(3,1) is the parity transformation,

: (3.1.14)

which satisfies Eq. (3.1.6) but has determinant —1. The canonical example of
a non-orthochronous (and also improper) transformation is the time reversal

transformation,
-1 0 0 0
0100
™= 5010l (3.1.15)
0 001
which also satisfies Eq. (3.1.6) but has T% = —1. Tt turns out that any

element of O(3,1) must be an element of SO(3,1), times either the iden-
tity (proper orthochronous), P (improper orthochronous), 7' (improper non-
orthochronous), or PT (proper non-orthochronous). The improper or non-
orthochronous Lorentz transformations need not be symmetries of nature—in
fact, in the standard model, they are not—but it is an axiom of field theory
that the elements of SO(3,1) must be symmetries.

A3.2 Generators of the Lorentz Group

As discussed in section A2.1, each element A € SO(3,1) must have associ-
ated with it a unitary operator U(A) which implements it on the Hilbert
space, and which represents the group operation,

U(A)U(As) = U(A1As). (3.2.1)

For an element infinitesimally close to the identity, it must be possible to
expand these operators in a Lie algebra of generators,

Ulw)=1- %wu,,jwf +O(w?), (3.2.2)
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for some operators J*, antisymmetric in y,v. Similarly, there are genera-
tors for translations,

U) =1—ig,P". (3.2.3)

The P? are also called momentum operators, and the J are called angular
momentum operators.

The commutation relations between the operators 15“, JM can be worked
out by using Eq. (3.2.1). For instance, consider a translation by a small dis-
tance &, either preceded or followed by a Lorentz transformation involving
w’4. We will evaluate the difference between the two orders of operation,
in two ways.

First, if we translate first and then rotate, then the coordinate is trans-
formed according to

P = gl g
"t = (0P, + wh)) (2”4 &)
= zl+ (W 2”) + (" + w?EY), (3.2.4)

where the first and second parenthesis represent a rotation and a translation.
The result is the same rotation, and a translation by £# plus an extra piece
involving w and £. If the rotation is performed first, we get

2 = 2wt

"t = ok 4+ (WY + (&M, (3.2.5)

which is the rotation and the translation just by £&. The unitary operators
for these transformations are,

UWE) = 1 s ™ — imu (€ + whal®) P
Ultw) = 1- %wuyju" i (€ P (3.2.6)
The difference of the operators, to second order in the infinitesimals, is
U(wé) = U(w) = —inuw"aE*P" . (3.2.7)

(There is actually also a second order in w piece, but it is the same for the
two U’s and therefore cancels in this difference.)
Alternately, we can say using Eq. (3.2.1) that

Uw) =U@UE) = (1= 5uud™) (- imaseP?) |
U(ew) =UOU) = (1= inape™P?) (1= i) |
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:2

U(wf) - U(&’J) = %wuunaﬂfa [j;u/’ Pﬁ] . (328)

Now equating Eq. (3.2.7) and Eq. (3.2.8), we learn what the commutator of
P with J must be:

-2
%wu,,ga [, P2] = iy ban” PP (3.2.9)

This must hold for any antisymmetric w,,, and any &,, so (antisymmetrizing
over the indices on w) the operators must satisfy

{jw’ pa} — (nuapv _ nvapu) _ (3.2.10)
By a completely analogous but more involved procedure one can also show,
[, 58] = —i (g2 e e o8 — g Jre e je8) | (3:2.11)

and (this is simpler)
[P, ] =0. (3.2.12)

These commutation relations are called the Poincaré algebra.
To make contact with the more familiar generators of rotations and boosts,
it is convenient to define

Ji = Eg’“jjk, (3.2.13)
K, = Ji, (3.2.14)

which are respectively the generator of rotations about the i axis and of
boosts along the 7 axis, so a rotation by g is exp(—iJ;0;) and a boost by
7 is exp(—iK;v;). They satisfy the commutation relations, following from
Eq. (3.2.11),

iy ] = e, (3.2.15)
[ji,f(]} = ieijp Ky, (3.2.16)

The first expression is the familiar commutator between rotations. The
second means that, if a rotation is performed before a boost, the boost will
be in a different direction than before the rotation is performed, which is
intuitively clear. The third result is more surprising; the commutator of two
boosts is a rotation. More importantly, the sign is opposite on the last result
than on the previous two.
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A3.3 Representations of the Lorentz Group

Just as for an internal symmetry, an SO(3,1) transformation will carry a
field to a linear combination of fields, so the fields must transform under
representations of the group. The difference is that the transformed field
will be at the Lorentz transformed point:

U(w)ga(2)U* (w) = Dy (w)pp(Az), (3.3.1)

with D~ '(w) = D(—w) an w dependent matrix in the space of fields. The
fields can be chosen to block-diagonalize the matrix D into irreducible rep-
resentations of the Lorentz group. For instance, in QED, the components of
the gauge potential A* mix with each other under Lorentz transformations,
but they never mix with the different spin components of the electron e;;
so there is one “block” of D which mixes the A* and an independent block
mixing the e;. Our goal now is to find the possible structures D can take.

Just as for internal symmetries, there are two very simple irreducible rep-
resentations, which are also physically important. One is the trivial (singlet)
representation,

U(w)p(z)U* (w) = ¢p(Ax), (3.3.2)

which for SO(3,1) is called the scalar representation. Lorentz symmetry
demands that the Lagrangian be a Lorentz scalar. The other is the vector
representation, for which the field index is a 4-vector index and the repre-
sentation matrix is A itself:

U(w) A" (2)U* (w) = (A1), AY(Az) . (3.3.3)

A representation is determined by a set of matrices J*¥ with the same
commutation relations as the J#”. That is, the matrix D,, must be of the
form

Dgp(w) = exp <_%wuuj5)y> ) (3.3.4)

with the exponentiation interpreted as matrix exponentiation with a,b the
matrix indices, and J*” satisfying

[juv, jaﬂ} = (n”ﬂj“a + e gvE — B e — Uyajuﬁ) . (3.35)

The problem of finding representations is the problem of finding all sets of
matrices with this algebra.

It is believed that only field theories containing finite numbers of fields
are well defined. Therefore we need only look for finite-dimensional rep-
resentations of SO(3,1). The classification of the representations is made
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easier by the following convenient property of the group. Using Eq. (3.2.15)—
Eq. (3.2.17), one can show that the operators

. Ji+iK; L i —iK;
Eiz%, Ry = St (3.3.6)

satisfy the commutation relations,

[ﬁi,ﬁj] = iegnl, (3.3.7)
[RR]] = iegRe, (3.3.8)
[ﬁi,fz]} = 0. (3.3.9)

Therefore the generators of SO(3,1) can be split into two subsets which
commute with each other, and each satisfy the same commutation relations
as the group SU(2). This group is familiar as the group of rotations and
its representations are well known; they are the spin-0 representation, the
spin % representation, the spin 1 representation, and so forth. A general
irreducible representation can be described by its transformation properties
under £ and under 7@, eg, spin m/2 under L and spin n/2 under R.

Only four representations will be of any interest to us in studying the
standard model, because it turns out that only four representations can
participate in renormalizable interactions in a theory satisfying the basic
principles laid out in section 1.2.

The first of these is the scalar representation already introduced. The
scalar representation transforms as (0,0), that is, as spin-0 under £ and
spin-0 under R. The Lie algebra representations are J" = 0 and the
transformation matrix D = 1 is the identity.

The second common representation is the vector representation, which
transforms as (%, %) The Lie algebra is represented as J&' ;j = i(n“ang —
ngn”a), and D = A, as already discussed. Note that for both of these
representations, the matrix D is always real; therefore it is consistent to
consider real valued scalar or vector fields.

The other two interesting representations are called spinor representa-
tions, and consist of two fields which mix with each other under Lorentz
transformations. Since these are probably less familiar to the reader and
are in some ways more complicated than the scalar and vector representa-
tions, we will discuss them at length in the next section.
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A3.4 Spinors and the Dirac algebra
We now introduce the other two physically important representations of the
Lorentz group, the left and right handed spinor representations. A field
transforming in one of these can be rewritten in terms of the other, and it
is convenient to combine them together using Majorana notation, which we
will also introduce and which we use throughout this book.

A3.4.1 Spinor representations

The simplest nontrivial matrices which satisfy Eq. (3.3.7) are the Pauli ma-
trices,

0 1 0 —i 1 0
01—<10>, 02—(2. 0), 03—(0 _1>, (3.4.1)

which satisfy the commutation relation

o 0j . Ok

[EZ ) EJ] = ZEijk? . (3.4.2)
Therefore, if the matrices representing L; and R; are o; /2 and 0 respec-
tively, we get a representation of the Lorentz algebra. Inverting Eq. (3.3.6),

rotations and boosts are implemented by the matrices,
o
\.7;1 = EZ )

which it is easy to show satisfy Eq. (3.2.15) through Eq. (3.2.17).
Therefore, a pair of fields 1,,a = 1,2 can transform under Lorentz trans-
formations according to

U(—w)poU*(—w) = Dgp(w)hy, D(w) = [exp(—i(r;—ibj)o;/2)], (3.4.4)

where r;, b; are the amount of rotation and boost performed, as introduced

O

K; = _iE , (Left handed spinor) (3.4.3)

in Eq. (3.1.9). The two fields 9, are generally referred to as the components
of a single spinor field with a the spinor index, which is almost always
suppressed by writing ¢ and D in matrix notation (¢ as a column vector,
D as a matrix). Such a spinor field is called a left handed Weyl spinor 1y,

Alternately, R; could be represented by the Pauli matrices and £; by 0s,
= % , K = i% , (Right handed spinor) (3.4.5)
in which case a Lorentz transform acts on v via

U(=w)haU"(-w) = Dap(w)tpp,  D(w) = [exp(—i(ri+ibi)oi/2)] . (3.4.6)

A field transforming this way is called a right handed Weyl spinor 9g.
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Since the matrices D we just constructed are in general complex, a spinor
1, or Yr must be a pair of complex fields. We can ask how the complex
conjugate of ¢;, transforms. Because complex conjugation flips the ¢ in front
of K in Eq. (3.4.3), the answer is that it transforms as a right handed Weyl
spinor. More properly, defining the matrix

. 1 e
£ =0y = ( 01 0 ) satisfying go; = —0oje, (3.4.7)
we see that € times the conjugate of 1, transforms according to,

€ (exp [—i(ri—ibz-)%} 7/’L>*

= cexp {H(Tﬁibi)%] YT

U(-w)ey U (—w)

— exp {—i(n-—i—ibi)%] eyt (3.4.8)

which is precisely the transformation rule for a right handed Weyl spinor.
Similarly, —ey}, transforms as a left handed Weyl spinor, and —e(e})* = 9y,
transforms as a left handed Weyl spinor again. Both the field and its complex
conjugate will typically appear in the Lagrangian so it is important to have
a notation which can deal with each. Whether we consider the left or right
handed version as the field rather than the conjugated object is a matter of
convention.

A3.4.2 Weyl, Majorana, Dirac

There are two common notational ways of dealing with the fact that a field
can be written either as a left or a right handed spinor.

One, called Weyl notation, expresses the fields as two component objects,
and then specifies whether one is referring to 1 or to its right handed
conjugate €1 by using either an undotted or a dotted index: ¢, = 41, and
P& = e} . (Indices are raised and lowered using € and dotted and undotted
according to whether they are conjugated.) This notation is common in the
supersymmetry and string theory literature.

An alternative which we will use, Majorana notation, writes a single four
component field 1y, defined as

_( YL
Yym = ( et ) : (3.4.9)

that is, ¥as redundantly records both the left handed and the right handed
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ways of writing the field. The individual pieces can be accessed separately
by using the projection operators

(10 (00

The action of rotations and boosts on 13 are respectively,

i —igi
Ji = ( 2 ) , K, = ( 2 - ) . (3.4.11)
0 % 0 5

If a left-handed spinor transforms nontrivially under an internal symmetry
group, then since the right-handed version involves complex conjugation, the
right-handed version e transforms under the conjugate representation.
In particular, if ¢ has charge ¢ under a U(1) symmetry and is in the
fundamental representation of an SU(N) symmetry, then e¢; has charge
—q and transforms under the anti-fundamental representation of SU(N).
One must keep this in mind when constructing Lagrangians out of Majorana
spinors.

In QED and QCD, if we write the spinor fields as left-handed objects, the
fields form pairs with conjugate symmetry transformation properties. For
instance, in QED, there is a field £, which is charge -1 under U, (1), called
the left-handed electron, and a field —eE}, which is charge 1 under Ug,, (1),
called the left-handed positron. In this case it is most convenient to think
of the latter as the conjugate of a right-handed field with charge -1, E,
called the right-handed electron, and to combine them together in a single
4-component object called a Dirac spinor, e = [£;, Eg]'.

The Lorentz transformation properties of Majorana and Dirac spinors are
the same. The two distinctions are that the upper and lower components
of a Dirac spinor generally have the same transformation properties under
internal symmetries, while for Majorana spinors they have conjugate trans-
formation properties; and the upper and lower components of a Dirac spinor
are independent, while for a Majorana spinor they are redundant notations
for the same field.

A3.4.3 Tensor products of spinors

Since the Lagrangian must be a Lorentz scalar, it must be a sum of terms
even in spinorial fields. Therefore we need to know how products of two
spinor fields transform. We will only consider the combination of a spinor
field v; with the complex conjugate of another, 1/)3. This is sufficient for
Majorana, spinors because ) ¥; can be re-expressed in terms of 1/1%1/}1, and
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it suffices for Dirac spinors with internal symmetries because only such com-
binations are invariant under the internal symmetries.
The Hermitian conjugate of a spinor field v transforms as

U(-w)y'U*(~w) = (D(w))" = DY (w). (3.4.12)

The J; are Hermitian, but the K; are anti-Hermitian, so D(w) is not in
general unitary. Therefore ¢! does not have the inverse transformation
property of 9. However, there is a Hermitian, unit determinant matrix 3,

which flips the sign of K but not J when commuted across D, so DI =
BD~1. Therefore, defining ¢ = '3, called the Dirac conjugate of 1,

U(-w)PBU* (—w) = ¢'DN(w)B =¢'BD ™ (w) = %D (w),  (3.4.14)

so 1 has the inverse transformation property of .

Since 1 has 4 components, there are sixteen independent 4 x 4 matrices I'
which can be used to combine spinors, 1),I';. These can all be gotten from
four such matrices, called the gamma matrices y*, given in Eq. (1.3.38).
These satisfy anticommutation relations called the Clifford algebra,

{7“, 7V} = 21, (3.4.15)
The matrices J*¥ can be expressed in terms of the gamma matrices:
wo_ 1 BV
J = 4[7 Y ] (3.4.16)

which together with Eq. (3.4.15) is enough to prove that JH” satisfies the
Lorentz algebra, Eq. (3.3.5). Further, these relations ensure that

[T, 72| = =i (g = oy (3.4.17)
from which it follows that
D Hw)y*D(w) = A 4" . (3.4.18)
Therefore, while the combination 1,1 is a scalar,
U(—w)eth1 U™ (—w) = Yo DN (w)D(w)h = 1oty is a scalar, (3.4.19)
the combination v,y"4; is a vector,

U(—w)Poy*p1 U (—w) = o D™ Hw)y* D (w)ihy = A ,1hpy” 1Py is a vector.
(3.4.20)
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Similarly, defining o*” = 2:J"*¥, the combination

U(—w) oo™y U™ (—w) = Ao AY gipyo®Papy (3.4.21)
is a rank-2 antisymmetric tensor.
Next, define
1
Y =% = orewap? 1Y = ="'y, (3.4.22)

24

where the latter follows from the anti-commutation of the distinct gamma
matrices. We have that

U(—UJ)E2’)/5¢1U_1(—LU) = 24€LW0467/)2D ’YM’YV’Ya’YﬁD’le (3.4.23)

= 24€uuaBA AY A% AP Doy TPy ey

= (DetA) 5 60p/~;§¢27 VPSS ahy
= (DetA) 7/’2’)’ Py .

Therefore 1,v%1) is a pseudoscalar, a scalar under SO(3, 1) which flips sign
under parity transformations. Finally, the quantity 1,y*y%1 transforms as
a pseudovector,

U(=w)oy" v 91U~ (~w) = 9o D~ y#y° Depy = (Det A) A", 3oy 7 91 .
(3.4.24)
Since this gives 1 +4 4+ 6 +4 + 1 = 16 independent contractions, the above
are exhaustive; any other matrix sandwiched between 1, and 11 must be a
linear combination of 1, y#, o, y*~> and ~°.

The choice of matrices made above is called the chiral basis and is con-
venient because the right and left handed components of 1 factorize. How-
ever, multiplying ¢ by an arbitrary unitary matrix S and all matrices
by T' — ST'S~! leaves the theory unchanged. While the explicit expres-
sions for the matrices are obviously changed, certain relations are not,
and are therefore particularly valuable. In particular, the Clifford algebra,
Eq. (3.4.15), the relations Eq. (3.4.16), Eq. (3.4.17), Eq. (3.4.18), the defi-
nition Eq. (3.4.22) of 4% in terms of the other iy matrices, and the relations
between the projection operators and 5,
1++° 11—
2 ) PR - 2 )
are basis independent and should therefore be sufficient to evaluate any

P, =

(3.4.25)

invariant quantities.



