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ON UNITARY REPRESENTATIONS OF THE INHOMOGENEOUS

LORENTZ GROUP*

Br E. Wioxer

(Received December 22, 1997)

1, ORIGIN AND CHARACTERIZATION OF THE PROBLEM

It is perhaps the most fundamental principle of Quantum Mechanics that the
system of states forms a linear manifold,’ in which a unitary scalar product is
defined.’ The states are generally represented by wave functions’ in such a way
that » and constant multiples of y represent the same physical state. It is
possible, therefore, to normalize the wave function, ie., to multiply it by a
constant factor such that its sealar product with itself becomes 1. Then, only a
constant factor of modulus 1, the so-called phase, will be left undetermined
in the wave function. The linear character of the wave function is called the

superposition principle. The square of the modulus of the unitary sealar

product (¥, ¢) of two normalized wave functions y and ¢ is called the transition
probability from the state y into y, or conversely. This is supposed to give the
probability that an experiment performed on a system in the state , to see
whether or not the state is ¥, gives the result that it is y. If there are two or
more different experiments to decide this (e.g., essentially the same experiment,

* Parts of the present paper were presented at the Pittsburgh Symposium on Group

‘Theory and Quantum Mechanics. Cf. Bull. Amer. Math. Soc.,41, p. 306, 1935."The possibility of a future non linear character of the quantum mechanics must be
admitted, of course. An indication in this direction is given by the theory of the positron,

asdeveloped by P. A. M. Dirac (Proc. Camb. Phil. Soc. $0, 150, 1934,ef. alsoW. Heisenberg,Zeits. £.Phys. 90, 209, 1984; 9f, 623, 1984;W. Heisenberg andH. Euler, ibid. 98, 714, 1998andR. Serber, Phys. Rev. 48, 49, 1935; 49, 545, 1936) which does not use wave functionsand is anon linear theor

Cf. P, A.M. Dirac, Th Principles of Quantum Mechanics, Oxford 198, ChaptersT and11; J. v, Neumann, Mathematische Grundlagen der Quantenmechanik, Berlin 1982, pages
19°24

+The wave functions represent throughout this paper states in the sense of the “Heisen-
berg picture,”i.e. a single wave function represents the state for all past and future. Onthe other hand, the operator which refers to a measurement at a certain time ¢ contains

this ¢ as a parameter. (Cf. e.g. Dirac,le. ref. 2, pages 115-123). One obtains the wavefunction g4(0) of the Schrodinger picture from the wave function ey of the Heisenberg
picture by y(t) = exp (—iHi/A)ey The operator of the Heisenberg picture is QW) =
exp(iHt/h)Qexp (—iHt/h), where Qi the operatorin the Schrodinger picture which does notdepend on time. Cf. alsoE. Schrédinger, Sitz. d.Kén. Preuss. Akad. p. 418, 1990‘The wave functions are complex quantities and the undetermined factors in them are
complex also. Recently attempts have been made toward a theory with real wave func-

tions. Cf. E. Majorans, Nuovo Cim. 14, 171, 1987 and P.A.M. Dirac,in print.49
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performed at different times) they are all supposed to give the same result,
ice,, the transition probability hes an invariant physical sense.

‘The wave functions form a description of the physical state, not an invariant
however, since the same state will be described in different codrdinate systems
by different wave functions. In order to put this into evidence, we shall affix

an index to our wave functions, denoting the Lorentz frame of reference for which
the wave function is given. Thus y and gy represent the same state, but they
are different functions. The first is the wave function of the state in the co-

ordinate system 1, the second in the codrdinate system U’. If g = yw the
state ¢ behaves in the coordinate system l exactly as y behaves in the codrdinate
system’. If gris given, allgy are determined up toa constant factor. Becauseof the invariance of the transition probability we have

a) Her w= Lees we)

and it can be shown‘ that the aforementioned constants in the g can be chosen
in such a way that the gv are obtained from the g, by a linear unitary operation,
depending, of course, on land U”

(2) vv = DV’, Dev.

The unitary operators D are determined by the physical content of the theory
up to ® constant factor again, which ean depend on land I’. Apart from this,
constant however, the operations D(V’, 1) and D(i,, h) must be identical if U’
arises from J by the same Lorentz transformation, by which I; arises from ,.
If this were not true, there would be a real difference between the frames of

reference I and . Thus the unitary operator D(V’, 1) = D(L) is in every
Lorentz invariant quantum mechanical theory (apart from the constant factor
which has no physical significance) completely determined by the Lorentz

transformation L which carries 1 into U’ = Ll. One can write, instead of (2)

(2a) vu = Dijon.
By going over from a first system of reference ! to a second!’ = Inland then toa

third 1” = LaL,1 or directly to the third 1” = (Z_l,)l, one must obtain—apart
from the above mentioned constant—the came set of wave functions. Hence

from

ev = DO" U)DU, Der

eu = DO", Det

it follows

@) DU UD, D = wD0", D

+E, Wigner, Gruppentheorie und ihre Anwendungen avf die Quantenmechanik der Atoms
pekiren, Braunschweig 1931, pages 251-254,
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or

(Ba) D(L,)D(L1) = #D(Lala),

where w is a number of modulus 1 and ean depend on Lz and L,. Thus the

D(L) form, up to a factor, a representation of the inhomogeneous Lorentz
group by linear, unitary operators,

‘We sce thus’ that there corresponds to every invariant quantum mechanical
system of equations such a representation of the inhomogeneous Lorentz group.
‘This representation, on the other hand, though not sufficient to replace the
quantum mechanical equations entirely, can replace them to a large extent
If we knew, e.g., the operator K corresponding to the measurement of a physical
quantity at the time t = 0, we could follow up the change of this quantity
throughout time. In order to obtain its value for the time = 4, we could
transform the original wave function g by D(V', 1) to a coérdinate system U’
the time scale of which begins a time f, later. ‘The measurement of the quantity
in question in this codrdinate system for the time 0 is given—as in the original
one—by the operator K. This measurement is indentical, however, with the
measurement of the quantity at time f; in the original system. One can say that
the representation can replace the equation of motion, it cannot replace, how-
ever, connections holding between operators at one instant of time.

It may be mentioned, finally, that these developments apply not only in
quantum mechanics, but also to all linear theories, e.g., the Maxwell equations
in empty space. The only difference is that there is no arbitrary factor in the
description and thew can be omitted in (3a) and one is led to real representationsinstead of representations up to a factor. On the other hand, the unitary char-
acter of the representation is not a consequence of the basic assumptions.

‘The increase in generality, obtained by the present calculus, as compared
with the usual tensor theory, consists in that no assumptions regarding the
field nature of the underlying equations are necessary. Thus more general
equations, as far as they exist (e.g., in which the codrdinate is quantized, ete.)
are also included in the present treatment. It must be realized, however,
that some assumptions concerning the continuity of space have been made by
assuming Lorentz frames of reference in the classical sense. We should like to
mention, on the other hand, that the previous remarks concerning the time-
parameter in the observables, have only an explanatory character, and we do not,
make assumptions of the kind that measurements can be performed instan-
taneously.
We shall endeavor, in the ensuing sections, to determine all the continuous"

unitary representations up to a factor of the inhomogeneous Lorentz group,
i.e., all continuous systems of linear, unitary operators satisfying (3a)

+ BE, Wigner, Le. ChapterXX.«The exact definition of the continuous character of a representation up to a factor willbe given in Section 5A. ‘The definition of the inhomogeneous Lorentz group is contained
in Section 4A.
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2. Companisox Wirt Previous Treatments axp Somm Iuweprate
Simpiirications

A. Previous treatments

The representations of the Lorentz group have been investigated repeatedly.
‘The first investigation ix due to Majorana,’ who in fact found all representations
of the class to be dealt with in the present work excepting two sets of representa-
tions. “Dirac® and Proca* gave more elegant derivations of Majorana’s results
and brought them into a form which ean be handled more easily. Klein's
work" does not endeavor to derive irreducible representations and seems to be
in a less elose connection with the present work
The difference between the present paper and that of Majorana and Dirac

lies—apart from the finding of new representations—mainly in its greater
mathematical rigor. Majorana and Dirae freely use the notion of infinitesimal
operators and a set of functions to all members of which every infinitesimal
operator can be applied. This procedure cannot be mathematically justified
at present, and no such assumption will be used in the present paper. Also the
conditions of reducibility and irreducibility could be, in general, somewhat more
complicated than assumed by Majorana and Dirac. Finally, the previous
treatments assume from the outset that the space and time coordinates will be
continuous variables of the wave function in the usual way. This will not be
done, of course, in the present work

B. Some immediate simplifications

Two representations are physically equivalent if there is a one to one cor-
respondence between the states of both which is 1. invariant under Lorentz

transformations and 2. of such a character that the transition probabilities
between corresponding states are the same,

It follows from the second condition’ that there either exists a unitary operator
S by which the wave functions © of the second representation can be obtained
from the corresponding wave functions #” of the first representation

@) 3? = sa”

or that this is true for the conjugate imaginary of # Although, in the
latter ease, the two representations are still equivalent physically, we shall, in
keeping with the mathematical convention, not call them equivalent.

‘The first condition now means that if the states 6”, &® = Sé" correspond
to each other in one codrdinate system, the states D”(L)®” and D®(L)#”
correspond to each other also. We have then

(4a) D°(L)®® = SD"(L)@” = SD(L) S48",
+E, Majorana, Nuovo Cim. 9, 335, 1992,
*P. A.M, Dirac, Proc. Roy. Soc.A. 156, 447, 1996; Al. Proca,J.de Phys. Rad. 7, 347,1938.
°Klein, Arkivf. Matem. Astr. och Fysik, #4, No. 15, 1998. I am indebted to Mr.Darling for an interesting conversation on this paper.
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As this shall hold for every ®®, the existence of a unitary S which transforms
D" into D® is the condition for the equivalence of these two representations.
Equivalent representations are not considered to be really different and it will

be sufficient to find one sample from every infinite class of equivalent repre-
sentations.

If there is a closed linear manifold of states which is invariant under all

Lorentz, transformations, i.e. which contains D(L)y if it contains y. the linear

manifold perpendicular to this one will be invariant also. In fact, if y belongs
to the second manifold, D(L)g will be, on account of the unitary character of

D(L), perpendicular to D(L)W/ if y" belongs to the first manifold. However,
D(L-)y belongs to the first manifold if ¥ does and thus D(L)¢ will be orthogonal

to D(L)D(L)y = wW i.e. toall members of the first manifold and helong itself to
the second manifold also. The original representation then “decomposes”
into two representations, corresponding to the two linear manifolds, It is
clear that, conversely, one can form a representation, by simply “adding”
several other representations together, i.e. by considering as states linear
combinations of the states of several representations and assume that the states

which originate from different representations are perpendicular to each other.
Representations which are equivalent to sums of already known representa-

tions are not really new and, in order to master all representations, it will be
sufficient to determine those, out of which all others can be obtained by “adding”
a finite or infinite number of them together.
Two simple theorems shall be mentioned here which will be proved later

(Sections 7A and 8C respectively). The first one refers to unitary representa-

tions of any closed group, the second to irreducible unitary representations of

any (closed or open) group.

‘The representations of a closed group by unitary operators can be transformed.
into the sum of unitary representations with matrices of finite dimensions.

Given two non equivalent irreducible unitary representations of an arbitrary

group. If the scalar product between the wave functions is invariant under the
operations of the group, the wave functions belonging’ to the first represerita-
tion are orthogonal to all wave functions belonging to the second representation

C. Classification of unitary representations according to von Neumann
and Murray”

Given the operators D(L) of a unitary representations, or @ representation

up to a factor, one can consider the algebra of these operators, i.e. all linear
combinations

a,D(La) + aD(La) + asD(La) + +

of the D(L) and all limits of such linear combinations which are bounded
operators. According to the properties of this representation algebra, three
classes of unitary representations can be distinguished.

18. J. Murray andJ. v. Neumann, Ann. of Math. $7, 116, 1996;J. v. Neumann, to bepublished soon
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‘The first class of irreducible representations has a representation algebra
which contains all bounded operators, i.e. if y and g are two arbitrary states,
there is an operator of the representation algebra for which AY = ¢ and
AY’ = if ¥/ is orthogonal to y. It is clear that the center of the algebra con-
tains only the unit operator and multiply thereof. In fact, if C is in the center

one can decompose Cy = ay + y' so that y’ shall be orthogonal to y. However,
¥’ must vanish since otherwise C would not commute with the operator which
leaves y invariant and transforms every function orthogonal to it into 0. For
similar reasons, a must he the same for all . For irreducible representations
there is no closed linear manifold of states, (excepting the manifold of all states)
which is invariant under all Lorentz transformations. In fact, according to the
above definition, a ¢’ arbitrarily close to any g can be represented by @ finite
lincar combination

aD(LiW + mD(La)v + ++ + agD(La)y-

Hence, a closed linear invariant manifold contains every state if it contains one,

‘This is, in fact, the more customary definition for irreducible representations

and the one which will be used subsequently. It is well known that all finite
dimensional representations are sums of irreducible representations. ‘This is
not true,” in general, in an infinite number of dimensions.
The second class of representations will be called factorial. For these, the

center of the representation algebra still contains only multiples of the unit
operator. Clearly, the irreducible representations are all factorial, but not
conversely. For finite dimensions, the, factorial representations may contain
one irreducible representation several times. This is also possible in an infinite
number of dimensions, but in addition to this, there are the “continuous”

representations of Murray and von Neumann.” These are not irreducible as
there are invariant linear manifolds of states. On the other hand, it is impossible
to carry the decomposition so far as to obtain as parts only irreducible repre-
sentations. In all the examples known so far, the representations into which
these continuous representations can be decomposed, are equivalent to the
original representation.

The third class contains all possible unitary representations. In a finite
number of dimensions, these can be decomposed first into factorial repre-

sentations, and these, in turn, in irreducible ones. Von Neumann’ has shown
that the first step still is possible in infinite dimensions. We can assume,
therefore, from the outset that we are dealing with factorial representations.

In the theory of representations of finite dimensions, it is sufficient to deter-
nine only the irreducible ones, all others arc equivalent to sums of these. Here,
it will be necessary to determine all factorial representations. Having done
that, we shall know from the above theorem of von Neumann, that all repre-
sentations are equivalent to finite or infinite sums of factorial representations.

It will be one of the fesults of the detailed investigation that the inhomo-

geneous Lorentz group has no “continuous” representations, all representations
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can be decomposed into irreducible ones. Thus the work of Majorana and
Dirac appears to be justified from this point of view a posteriori.

D. Classification of unitary representations from the point of view of
infinitesimal operators

‘The existence of an infinitesimal operator of a continuous one parametric
(cyclic, abelian) unitary group hax been shown by Stone."' He proved that the
operators of such a group can be written as exp(iHt) where H is a (bounded or

unbounded) hermitean operator and ¢ is the group parameter. However, the
Lorentz group has many one parametric subgroups, and the corresponding

infinitesimal operators H,, H:,--- are all unbounded. For every H; an

everywhere dense set of functions ¢ ean be found such that Hg can be defined.

It is not clear, however, that an everywhere dense set can be found, to all
members of which every 1 can be applied. In fact, it is not clear that one
such ¢ can be found.

Indeed, it may be interesting to remark that for an irreducible representation
the existence of one function ¢ to which all infinitesimal operators can be applied,
entails the existence of an everywhere dense set of such functions. This again
has the consequence that one can operate with infinitesimal operators to a large
extent in the usual way.

Proor: Let Q(t) be a one parametric subgroup such that QQ’) = Q(t +t’)
If the infinitesimal operator of all subgroups can be applied to ¢, the

(6) lim (QW — De
exists. It follows, then, that the infinitesimal operators ean be applied to Ry

also where R is an arbitrary operator of the representation: Since R“Q(t) R is
also a one parametrie subgroup

lim ((R" QR — Dg = lim R7-(QW — DRe
‘=o rary

also exists and hence also (R is unitary)

lim (QW — DRe.

Every infinitesimal operator can be applied to Ry if they all ean be applied toy,
and the same holds for sums of the kind

() alte + anlage + +++ + ankue.

‘These form, however, an everywhere dense set of functions if the representation
is irreducible.

If the representation is not irreducible, one can consider the set No of such
wave functions to which every infinitesimal operator can be applied. This set is

MM. H. Stone, Proc, Nat. Acad. 16, 173, 1990, Ann, of Math. $3, 643, 1992, also J. v.

Neumann, ibid, $3, 567, 1992.
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clearly linear and, according to the previous paragraph, invariant under the
operations of the group (i.e. contains every Rg if it contains ). ‘The same
holds for the closed set NV generated by No and also of the set P of functions
which are perpendicular to all functions of NV. In fact, if y, is perpendicular to
all gn of N, it is perpendicular also to all Rg, and, for the unitary character of
R, the Rg, is perpendicular to all gs , i.e. is also contained in the set P.

We can decompose thus, by a unitary transformation, every unitary repre-
sentation into a “normal” and a “pathological” part. For the former, there is
an everywhere dense set of functions, to which all infinitesimal operators can be
applied. ‘There is no single wave functions to which all infinitesimal operators
of a “pathological” representation could be applied.

According to Murray and von Neumann, if the original representation was
factorial, all representations into which it-ean be decomposed will be factorial
also. Thus every representation is equivalent to a sum of factorial repre-
sentations, part of which is “normal,” the other part “pathological.”

It will turn out again that the inhomogeneous Lorentz group has no path-
ological representations. Thus this assumption of Majorana and Dirac also
will be justified a posteriori. Every unitary representation of the inhomogenous
Lorentz group can be decomposed into normal irreducible representations. It
should be stated, however, that the representations in which the unit operator
corresponds to every translation have not been determined to date (cf. also
section 3, end). Hence, the above statements are not proved for these repre-
sentations, which are, however, more truly representations of the homogeneous
Lorentz group, than of the inhomogeneous group.
While all these points may be of interest. to the mathematician only, the new

representation of the Lorentz group which will be described in section 7 may
interest the physicist also. It describes a particle with a continuous spin.
Acknowledgement. The subject of this paper was suggested to me as carly as

1928 by P. A. M. Dirac who realised even at that date the connection of repre-
sentations with quantum mechanical equations. I am greatly indebted to him
also for many fruitful conversations about this subject, especially during the
years 1934/35, the outgrowth of which the present paper is.
Tam indebted also to J. v. Neumann for his help and friendly advice.

3, Summary oF ENsuING Szcrions

Section 4 will be devoted to the definition of the inhomogeneous Lorentz
group and the theory of characteristic values and characteristic vectors of a

homogeneous (ordinary) Lorentz transformation. The discussion will follow
very closely the corresponding, well-known theory of the group of motions in
ordinary space and the theory of characteristic values of orthogonal trans-
formations.” It will contain only a straightforward generalization of the
methods usually applied in those discussions.

* Cf. e.g. B, Wigner,Le. ChapterIII, 0. Veblen andJ. W. Young, Prajective Geometry,Boston 1917, Vol. 2, especially Chapter VII
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In Section 5, it will be proved that one can determine the physically meaning
less constants in the D(L) in such a way that instead of (8a) the more special
equation

@ D(Li)D(L2) = +D(LsL2)

will be valid. ‘This means that instead of a representation up to a factor, we
can consider representations up to the sign. For the case that either Ly or Lz
isa pure translation, Dirac” has given a proof of (7) using infinitesimal operators.
A consideration very similar to his can be carried out, however, also using only
finite transformations.

For representations with a finite number of dimensions (corresponding to an
only finite number of linearly independent states), (7) could be proved also if
both L; and L; are homogeneous Lorentz transformations, by a straightforward
application of the method of Weyl and Schreier."* However, the Lorentz group
has no finite dimensional representation (apart from the trivial one in which the
unit operation corresponds to every L). ‘Thus the method of Weyl and Schreier
cannot be applied. Its first step is to normalize the indeterminate constants in
every matrix D(L) in such a way that the determinant of D(L) becomes 1

No determinant can be defined for general unitary operators.

‘The method to be employed here will be to decompose every LL into a product,
of two involutionsL= MN with M* = N* = 1. Then D(M) and D(N) will benormalized so that their squares become unity and D(L) = D(M)D(N) set
It will be possible, then, to prove (7) without going back to the topology of the
group.

Sections 6, 7, and 8 will contain the determination of the representations.
‘The pure translations form an invariant subgroup of the whole inhomogeneous
Lorentz group and Frobenius’ method" will be applied in Section 6 to build
up the representations of the whole group out of representations of the subgroup,
by means of a “little group.” In Section 6, it will be shown on the basis of an as
yet unpublished work” of J. v. Neumann that there is a characteristic (in-
variant) set of “momentum vectors” for every irreducible representation. ‘The
irreducible representations of the Lorentz group will be divided into four classes.
‘The momentum vectors of the

1st class are time-like,

2nd class are null-vectors, but not all their components will be zero,
3rd class vanish (i.e., all their components will be zero),
4th class are space-like.
Only the first two cases will be considered in Section 7, although the last ease

PA. M. Dirac, mimeographed notes of lectures delivered at Princeton University,

1934/35, page 5a.

1H. Weyl, Mathem. Zeits. 23, 271; 24, 328, 877, 789, 1925;0. Schreier, Abhandl. Mathem.Seminar Hamburg, 4, 15, 1926;5, 28, 1927.4G. Frobenius, Sitz. d. Kon. Preuss. Akad. p. 501, 1898, I. Schur, ibid, p. 164, 1906;

F. Seitz, Ann. of Math. $7, 17, 1936
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may be the most interesting from the mathematical point of view. I hope to
return to it in another paper. I did not succeed so far in giving a complete
discussion of the 3rd class. (All these restrictions appear in the previous
treatments also.)

In Section 7, we shall find again all known representations of the inhomo-
geneous Lorentz group (i.e., all known Lorentz invariant equations) and two
new sets.

Sections 5, 6, 7 will deal with the “restricted Lorentz. group” only, i.e. Lorentz
transformations with determinant 1 which do not reverse the direction of the

time axis. In section 8, the representations of the extended Lorentz group will
be considered, the transformations of which are not subject to these conditions,

4. Description or THe INHoMocENEoUs Lorentz Grove

A.

An inhomogeneous Lorentz transformation L = (a, A) is the product of a
translation by a real vector a

8) m= rta (i = 1.2, 3,4)

and a homogeneous Lorentz transformation A with real coefficients

(9) r= Dedar.
‘The translation shall be performed after the homogeneous transformation.
‘The coefficients of the homogeneous transformation satisfy three conditions:
(1) Theyare real and A leaves the indefinite quadratic form —2} — x} — 2} + 24
invariant:

(10) APA’ =F

where the prime denotes the interchange of rows and columns and F is the
diagonal matrix with the diagonal elements —1, —1, —1, +1.—(2) The deter-
minant| Au| = 1 and—(@) Ay > 0.We shall denote the Lorentz-hermitean product of two veetors x and y by

(ay (2,9) = -2in — aly — atu + sty.

(The star denotes the conjugate imaginary.) If {z, x] < 0 the vector x is
called space-like, if {z, z} = 0, it is a null vector, if {2, 2} > 0, it is called time-
like. A real time-like vector lies in the positive light cone if x, > 0; it lies in the
negative light cone if x1 < 0. Two vectors z and y are called orthogonal if
{z, y} = 0.

On account of its linear character a homogeneous Lorentz transformation is

completely. defined if Av is given for four linearly independent vectors v”,2) 9.0, oo.

From (11) and (10) it follows that {», w} = { Av, Aw) for every pair of vectors
v, w. This will be satisfied for every pair if it is satisfied for all pairs o, »
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of four linearly independent vectors. The reality condition is satisfied if
(Av®)* = A(o*) holds for four such vectors.

‘The scalar product of two vectors x and y is positive if both lie in the positive
light cone or both in the negative light cone. It is negative if one lies in the
positive, the other in the negative light cone. Since both z and y are time-like

ln >laP +a tials lal > lal tly +y. Hence, by
Schwarz’s inequality |2fye| > |ztyi + z1ys + ziya| and the sign of the scalar
product of two real time-like vectors is determined by the product of their

time components.

A time-like vector is transformed by a Lorentz transformation into a time-like
vector. Furthermore, on account of the condition Aw > 0, the vector »®
with the components 0, 0, 0, 1 remains in the positive light cone, since the fourth

component of Av” is Ag. If v is another vector"* in the positive light cone
fo, o} > 0 and hence also { Av, Av} > 0 and Av" is in the positive light
cone also. ‘The third condition for a Lorentz transformation can be formulated

also as the requirement, that every vector in (or on) the positive light cone shall

remain in (or, respectively, on) the positive light cone.
‘This formulation of the third condition shows that the third condition holds

for the product of two homogeneous Lorents transformations if it holds for both
factors. The same is evident for the first two conditions.

From AFA’ = F one obtains by multiplying with A“ from the left and
AT = (A)' from the right F = A'F(AY’ so that the reciprocal of a homo-
geneous Lorentz transformation is again such a transformation. ‘The homo-

geneous Lorentz transformations form a group, therefore.
One easily calculates that the product of two inhomogeneous Lorentz trans-

formations (b, M) and (c, N) is again an inhomogeneous Lorentz transformation
(a, A)

(a2) (b, M)(c, N) = (a, A)

where

(12a) Aa = DO MgNas a = 6 + D Macy,
or, somewhat shorter

(12b) A=MN; a=b+Me.

B. Theory of characteristic values and characteristic vectors of a homogeneous
Lorentz transformation

Linear homogeneous transformations are most simply described by their

characteristic values and vectors. Before doing this for the homogeneous

. Lorentz group, however, we shall need two rules about orthogonal vectors.

‘ Wherever a confusion between vectors and vector components appears to be possible,

upper indices will be used for distinguishing different veetorsand lower indices for denotingthe components of a vector.
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(1] If {v,w} = 0 andfv, v} > 0, then(w, w} <0;if {v, w} = 0, fv,v} = 0,then w is either space-like, or parallel to (either {w, w] <0, or w = co).
Proor:

(13) oto = ofuy + vluy + vfs

.By Schwar2’s inequality, then

(14) fo fae S Clon+ LoefF + fs PC | wr F + | ae |? + | os P)For| vg? > | [+ | ve |? + | vs Pit followsthat | wef? < | ws fF + | ws + | wsIf|m |’ =|u[ + || + |)? the second inequality still follows if the in-
equality sign holds in (14). ‘The equality sign can hold only, however, if the
first three components of the vectors v and w are proportional. Then, on
account of (13) and both being null vectors, the fourth components are in the
same ratio also.

[2] If four vectors v, v, v®, v are mutually orthogonal and linearly inde-
pendent, one of them is time-like, three are space-like.
Proor: It follows from the previous paragraph that only one of four mutually

orthogonal, linearly independent vectors can be time-like or a null vector. It

remains to be shown therefore only that one of them is time-like. Since they
are linearly independent, it is possible to express by them any time-like vector

oe

.

av”Ws p> ao,
‘The scalar product of the left side of this equation with itself is positive andtherefore

{Faw £ cue} >o7

or

(15) Dias fo, o) >0

and one {v“, «| must be positive. Four mutually orthogonal vectors are not
necessarily linearly independent, because a null vector is perpendicular to itself,
‘The linear independence follows, however, if none of the four is a null vector.
We go over now to the characteristic values \ of A. These make the deter-

minant| A — 1 | of the matrix A — Al vanish.[3] If d is a characteristic value, \*, X* and *~' are characteristic values also.
Poor: For \* this follows from the fact that A is real. Furthermore, from

|.4 — M1| = 0 also| A’ — A1| = 0 follows, and this multiplied by the deter-
minants of AF and F™ gives

[AF |-[a'—ot|-| Fl = | arart — yal = [1-4] =0,
so that 2 is a characteristic value also,

4] The characteristic vectors vy and v, belonging to two characteristic valuesdx andAs are orthogonal if Md. # 1.
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Proor:

on, va} = (Avy, Avg} = [Aros data] = ArAatoi, 02}‘Thus if {ry , v2} #0, 7d = 1.15] If the modulus of a characteristic value is |X| # 1, the corresponding
characteristic vector v is a null vector and itself real and positive.

From |v, v} = {Av, Av] = |[[o, 0} the {», »} = 0 follows immediately for
JA| # 1. If were complex, A* would be a characteristic value also. The
characteristic vectors of X and X* would be two different null vectors and,

because of [4], orthogonal to each other. This is impossible on account of [1].
‘Thus 2 is real and va real null vector. Then, on account of the third condition
for a homogeneous Lorentz transformation, \ must be positive.

6] The characteristic value d of a characteristic vector v of length null is real and
positive.

If A were not real, * would be a characteristic value also. ‘The corresponding
characteristic vector v* would be different from v, a null vector also, and per-

pendicular to » on account of (4]. This is impossible because of [1].
[7] The characteristic vector v of a complex characteristic value d (the modulus of

which is 1 on account of {5}) is space-like: |v, v} <0.
Proor: \* is a characteristic value also, the corresponding characteristic

vector is v*. Since (A*)*A = 0? # 1, [o*, v} = 0. Since they are different, at
least one is space-like. On account of |v, »} = [o*, v*} both are space-like. If
all four characteristic values were complex and the corresponding characteristic
vectors linearly independent (which is true except if A has elementary divisors)
we should have four space-like, mutually orthogonal vectors. ‘This is impossible,
on account of [2]. Hence

[8] There is not more than one pair of conjugate complex characteristic values,
if A has no elementary divisors. Similarly, under the same condition, there is
‘not more than one pair d, X”' of characteristic values whose modulus is different
from 1. Otherwise their characteristic vectors would be orthogonal, which
‘they cannot be, being null vectors.
For homogeneous Lorentz transformations which do not have elementary

divisors, the following possibilities remain:
(a) There is a pair of complex characteristic values, their modulus is 1, on

account of [5]

(16) MaMa [N=| el = 1,
and also a pair of characteristic values Xs, 4s, the modulus of which is not 1
‘These must be real and positive:

(16a) M=M MEN DO.
‘The characteristic vectors of the conjugate complex characteristic values are

conjugate complex, perpendicular to each other and space-like so that they can
be normalized to —1

an
not; foo) = fn, et] =0

for, am} = for,m} = —1
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those of the real characteristic values are real nuul vectors, their scalar product
ean be normalized to 1

wae mae fa} =(17a) \ !

{vo} = {v0} = 0.

Finally, the former pair of characteristic vectors is perpendicular to the latter
kind

(7b) for, es} = for,0} = for,0s} = fon,ve} = 0.It will turn out that all the other cases in which A has no elementary divisor
are special cases of (a).

A

c.Sa

Fra. 1. Position of the characteristic values for the general case a) in the complex plane.In ease b), Xv and \« coincide and are equal 1; in case c), X: and 2 coincide and are either
+lor—1, Incase d) both pairsds = 4 = landA; = ds ~ +1 coincide.

(b) There is a pair of complex characteristic values 4, = di' = M,

Aix OT, [Ar] = [Ae] = 1. No pair with || #1, however. ‘Then on account
of [8], still Xy = AF which gives with |\y| = 1, 4s = & 1. Since the product
Add = 1, on account of the second condition for homogeneous Lorentz
transformations, also y= dy = + 1. ‘The double characteristic value 1 has

two linearly independent characteristic vectors vs and v which can be assumed

to be perpendicular to each other, {v, v4] = 0. According to [2], one of the
four characteristic vectors must be time-like and since those of \. and dy are
space-like, the time-like one must belong to :t1. This must be positive,
thereforeXs = dy = 1. Out of the time-like and space-like vectors {vs , v5} = —1and

{%, v4} = 1, one can build two null vectors % + % and % — %. Doingthis, ease (b) becomes the special case of (a) in which the real positive char-
acteristic values become equal 4s = Xz" = 1.

(c) All characteristic values are real; there is however one pair Xs = XJ,
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de = Av! the modulus of which is not unity. ‘Then {v%, #6} = {%, %) = 0
and s > O and one can conclude for \: and Xz , as before for ds and A, that dy =

dz = +1. This again is a special ease of (a); here the two characteristic values

of modulus 1 become equal.
(a) All characteristic values are real and of modulus 1. If all of them are +1,

we have the unit matrix which clearly can be considered as a special case of (a).
‘The other case is ky = 4 = —1, As = by = +1. The characteristic vectors of

ds and A; must be space-like, on account of the third condition forahomogeneousLorentz transformation; they can be assumed to be orthogonal and normalized
to —1. This is then a special case of (b) and hence of (a) also. The cases
(a), (b), (©), (@) are illustrated in Fig. 1.

‘The cases remain to be considered in whien A has an elementary divisor.
We set therefore

(18) Made = Deve} Mee = ete + 0

It follows from [5] that either |A,| = 1, oF {ve,v4} = 0. We have {v, w.} =(Ave, Awe} =|. [vewe} + (ee, 24]. From this equation
(19) {vem} = 0

follows for |\,| = 1, so that (19) holds in any case. It follows then from
[6] that A, is real, positive and »,, w, can be assumed to be real also. The last
equation now becomes {x, w.] = X2{v- , we} so that either 4, = 1 or {vs, we) = 0.Finally, we have

fw., we} = [Aewe, Aewe} = AE[we, we) + BWelwe, vo} + (ve, ve).
‘This equation now shows that

(198) (ws, v6} = 0
even if 4 = 1. From (19), (19a) it follows that w, is space-like and can be
normalized to

(19b) {we, we} = —1.

Inserting (19a) into the preceding equation we finally obtain

(19) = 1

[9] If A, has an elementary divisor, all its characteristic roots are 1.
From (19¢) we see that the root of the elementary divisor is 1 and this is at

least. a double root. If A had a pair of characteristic values ds # 1, ds = Xi’,
the corresponding characteristic vectors », and »; would be orthogonal to », and

therefore space-like. On account of {5], then |x| = |x| = 1and (x,2} = 0.Furthermore, from {w,, 0%} = {Aetwoe, Asi} = Arfwe, i} + Arte, 1} and from{v., 1} = Oalso {w,, 1} = Ofollows. Thusall the four vectors v, v2, %., w. wouldbe mutually orthogonal. This is excluded by (2] and (19).



164 B, WIGNER
‘Two cases are conceivable now. Either the fourfold characteristic root has

only one characteristic vector, or there is in addition to v, (at least) another
characteristic vector v. In the former case four linearly independent vectors
4%, , W, . Ze Ze could be found such that.

Ade = Nave = te + 06

Mees etu Ate = ete

However [0,2] = {Aeve, Aote] = {ve, xe] + [ve 24] from which {ve , ze] = 0
follows. On the other hand

bwey te] = [Aeros Ate] = [WeyZe} + Le, we} + fe,Ze} + fe, wel,
‘This gives with (19a) and (19b) {ve , ze] = 1 so that this ease must be excluded.

(e) There is thus a vector »; so that in addition to (18)

(18a) Aw = 0

holds. From {we, 0] = {Aewe, Adi} = [we, m1} + {ve,vi} follows
(19d) fe, m1} = 0.

‘The equations (18), (18a) will remain unchanged if we add to w. and »; a multiple
of v.. We can achieve in this way that the fourth components of both w, and
»% vanish. Furthermore, » can be normalized to —1 and added to w, also with
an arbitrary coefficient, to make it orthogonal to. Hence, we can assume that

(19e) mu = wae = 0; inn} = —1; fume,nm} = 0,
We can finally define the null vector z. to be orthogonal to w, and ; and have a

sealar product 1 with v

(ast) teer2ed = bey we) = fen) = 0; feo} = 1
‘Then the null vectors v, and 2, represent the momenta of two light beams in
opposite directions. If we set A,z: = av, + bw. + cz + dv the conditions
{2,0} = [Aze, Ao] give, if we set for» the vectors v. , we, v1 the conditions© = 1;b = ¢;2ac — b*—d' =0;d =0. Hence

Ate = Ve Natty = we +(20)
Aa =r Mee = Fe + we + dee

A Lorenta transformation with an elementary divisor can be best characterized
by the null vector v, which is invariant under it and the space part of which
forms with the two other vectors w, and »; three mutually orthogonal vectors in
ordinary space. The two vectors w, and » are normalized, »; is invariant under
«while the vector v, is added to w, upon application of A.. The result of the
application of A, to a vector which is linearly independent of v,, w, and 0 is,
as we saw, already determined by the expressions for Awe, Ade and A..‘The A.(y) which have the invariant null vector ve and also w. (and hence also
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‘m) in common and differ only by adding to w, different multiples ye. of ve,
form a eyclic group with y = 0, the unit transformation as unity:

Ada) Ady’) = Ady + 7’).
The Lorentz transformation M(a) which leaves v and w, invariant but re-

places v, by av, (and z, by a ‘z,) has the property of transforming A.(y) into

M(q) Ac(y)M(a)! = Adley). (+)

An example of A,(y) and M(a) is

1 0 0 t) ||

jo 4 Y 7Ady) = 2 a

0 my tat ont |
10 y be +h)

2 0 0 tO) \
ol 0 o |M(a) = 1 ~y |
0 0 Hata’) Ka-a'))
10 0 Me-a@') Ha+a’))

‘These Lorentz transformations play an important réle in the representations
with space like momentum vectors.

‘A behavior like (+) is impossible for finite unitary matrices because the
characteristic values of M(a)'A.(y)M(a) and A.(7) are the same—those of
Ad(ya) = Ad(q)" the a® powers of those of Ac(v). ‘This shows very simply that
the Lorentz group has no true unitary representation in a finite number of
dimensions.

C. Decomposition of a homogeneous Lorentz transformation into rotations and
‘an acceleration in a given direction

‘The homogeneous Lorentz transformation is, from the point of view of the

physicist, a transformation to a uniformly moving codrdinate system, the origin
of which coincided at¢ = 0 with the origin of the first codrdinate system. One
can, therefore, first perform a rotation which brings the direction of motion of

the second system into a given direction—say the direction of the third axis—

and impart it a velocity in this direction, which will bring it to rest. After

this, the two codrdinate systems can differ only in a rotation. This means that

every homogeneous Lorentz transformation can be decomposed in the following

way”

(21) A= RZS

* Cleg. L. Silberstein,TheTheoryof Relativity, London 1924,p. 142.
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whereR and § are pure rotations, (ie. Ric = Ru = Su = Su = Ofori x 4and Ry = Su = 1, also R’ = R', S’ = S™) and Z is an acceleration in the
direction of the third axis, ic.

j1 000

Jo 1 0 0}2
Jooad |lo 0 db a}

with a — b* = 1,a > 6 > 0. The decomposition (21) is clearly not unique.
It will be shown, however, that Z is uniquely determined, ic. the same in every
decomposition of the form (21).

In order to prove this mathematically, we chose R so that in R*A = I the
first two components in the fourth column I. = In = 0 become zero: R™

shall bring the vector with the components Aw, Ax, As into the third axis.
‘Then we take Iy = (Aix + Ale + Ad)! and Iq = Au for b and a to form Z;
they satisfy the equation Ii, — Ij, = 1. Hence, the first three components of the
fourth column ofJ = ZT = Z"RAwill become zero and Ju = 1, because ofJia — Sis — Sh — Sic = 1. Furthermore, the first three components of the
fourth row of J will vanish also, on account of Ji, — Ji, — Js — J = 1 ice.
J = S = Z"R" Aisa pure rotation. This proves the possibility of the de-
composition (21).

‘The trace of AA’ = RZ*R™ is equal to the trace of Z’, i.e. equal to 2a" +

26 + 2 = 4a = 4b* + 4 which shows that the a and b of Z are uniquely deter-
mined. In particulara = 1,6 = O and Z the unit matrix if AA’ = lie. Aapure rotation.

It is easy to show now that the group space of the homogeneous ‘Lorents
transformations is only doubly connected. If a continuous series A(t) of
homogeneous Lorentz transformations is given, which is unity both for¢ = 0and for¢ = 1, we ean decompose it according to (21)
(21a) AW = ROZOSW.

Its also clear from the foregoing, that. R(f) can be assumed to be continuousin ¢, except for values of ¢, for which Aw = An = Ax = 0, Le. for which Aisa
pure rotation. Similarly, Z(¢) will be continuous in ¢ and this will hold even

where A(t) is pure rotation. Finally, S = Z-'R™A will be continuous also,
except where A(t) isa pure rotation.Let us consider now the series of Lorentz transformations

(21b) AO = ROZO'SO

where the b of Z(0)' is s times the b of Z(t). By decreasing s from 1 to 0 we
continuously deform the set Ax(!) = A(t) of Lorentz transformations into a set of
rotations Aa(!) = R()S(t). Both the beginning Ag(0) = 1 and the end A,(1) = 1
of the set remain the unit matrix and the sets A,(t) remain continuous in ¢ for



UNITARY REPRESENTATIONS OF LORENTZ GROUP 167

all values of s. This last fact is evident for such ¢ for which A(f) is not a rota-

tion: for such ¢ all factors of (21b) are continuous. But it is true also for &
for which A(t) is a rotation, and for which, hence Z(t) = Land A,(ls) = A(t) =
A(t). As Z(t) is everywhere continuous, there will be a neighborhood of t

in which Z(t) and hence also Z(})' is arbitrarily close to the unit matrix. In
this neighborhood A(t) = A(). S()™'Z()*Z()" S(t) is arbitrarily close to
A(O; and, if the neighborhood is small enough, this is arbitrarily close to
Ao) = Ad(l).
‘Thus (21b) replaces the continuous set A(t) of Lorentz transformations by a

continuous set of rotations. Since these form an only doubly connected mani-

fold, the manifold of Lorentz transformations can not be more than doubly
connected. The existence of a two valued representation” shows that it is
actually doubly and not simply connected.

‘We can form a new group" from the Lorentz group, the elements of which are
the elements of the Lorentz group, together with a way A(t), connecting A(1)

= Awith the unity A(0) = E. However, two ways which can be continuously
deformed into each other are not considered different. The product of the

element “A with the way A(t)” with the element “I with the way I(f)” is the
element AI with the way which goes from E along A(t) to A and hence along

AI()) to AI. Clearly, the Lorentz group is isomorphie with this group and two
elements (corresponding to the two essentially different ways to A) of this group
correspond to one element of the Lorentz group. It is well known,” that this
group is holomorphic with the group of unimodular complex two dimensional
transformations,

Every continuous representation of the Lorentz group “up to the sign” is a
singlevalued, continuous representation of this group. ‘The transformation which
corresponds to “A with the way A(f)” is that d(A) which is obtained by going
over from d(Z) = d(A(0)) = 1 continuously along d(A(t)) to d(A(1)) = d(A).

D. The homogeneous Lorentz group is simple

It will be shown, first, that an invariant subgroup of the homogeneous Lorentz

group contains a rotation (i. a transformation which leaves 2 invariant).—
We can write an arbitrary element of the invariant subgroup in the form RZS

of (21). From its presence in the invariant subgroup follows that of S-RZS-S*
= SRZ = TZ. If X, is the rotation by x about the first axis, X,ZX, = Z*
and X,7ZX,"' = X,TX,X.2X, = X,TX,Z" is contained in the invariant
subgroup also and thus the transform of this with Z, ie. Z'X.TX, also. The
product of this with TZ is TX. TX, which leaves invariant. If TX,TX, = 1
we can take TY,TY,. If this is the unity also, TX,7X, = TY,TY, and T

commutes with X,Y, , ie. is a rotation about the third axis. In this case the

8 CE. H. Weyl, Gruppentheorieund Quantenmechanik, Ist. ed. Leipzig 1928, pages 110-114,2nd ed. Leipzig 1931, pages 130-133. It may be interesting to remark that essentially the
same isomorphism has been recognized already by L. Silberstein, lc. pages 148-157.
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space like (complex) characteristic vectors of TZ lie in the plane of the first two
codrdinate axes. Transforming TZ by an acceleration in the direction of the

first coordinate axis we obtain a new element of the invariant subgroup for
which the space like characteristic vector will have a not vanishing fourth
component. Taking this for RZS we can transform it with S again to obtain a

new SRZ = TZ. However, since S leaves x, invariant, the fourth component
of the space like characteristic vectors of this TZ will not vanish and we can
obtain from it by the procedure just described a rotation which must be con-
tained in the invariant subgroup.

It remains to be shown that an invariant subgroup which contains a rotation,

contains the whole homogeneous Lorentz group. Since the three-dimensional
rotation group is simple, all rotations must be contained in the invariant sub-
group. Thus the rotation by x around the first axis X,, and also its transform
with Z and also

@X0".X, = 2-X.0"X, = 2

is contained in the invariant subgroup. However, the general acceleration in
the direction of the third axis can be written in this form. As all rotations are

contained in the invariant subgroup also, (21) shows that this holds for all
elements of the homogeneous Lorentz group.

It follows from this that the homogeneous Lorentz group has apart from the
representation with unit matrices only true representations. It follows then
from the remark at the end of part B, that these have all infinite dimensions.

‘This holds even for the two-valued representations to which we shall be led in
Section 5 equ. (52D), as the group elements to which the positive or negative
unit matrix corresponds must form an invariant subgroup also, and because the
argument at the end of part B holds for two-valued representations also. One
easily sees furthermore from the equations (52B), (52C) that it holds for the
inhomogeneous Lorentz group equally well.

5, Repucrion or Reeresentations Ur to 4 Factor To Two-VaLvep

REPRESENTATIONS

‘The reduction will be effected by giving each unitary transformation, which is
defined by the physical content of the theory and the consideration of reference

only up to a factor of modulus unity, a “phase,” which will leave only the sign
of the representation operators undetermined. The unitary operator cor-
responding to the translation a will be denoted by (a), that to the homogeneous
Lorentz transformation A by d(A). To the general inhomogeneous Lorentz
transformation then D(a, A) = T(a)d(A) will correspond, Instead of the
relations (12), we shall use the following ones.

(22B) T(a)T(b) = (a, b)T(a + b)

(2c) (A)T(a) = w(A, a)T(Aa)d(A)
(22D) d(A)d(Z) = w(A, Da(AD.



UNITARY REPRESENTATIONS OF LORENTZ GROUP 169

‘The w are numbers of modulus 1. They enter because the multiplication
rules (12) hold for the representatives only up to a factor. Otherwise, the
relations (22) are consequences of (12) and can in their return replace (12)
We shall replace the T(a), d(A) by 9(a)T(a) and 9(A)d(A) respectively, for
which equations similar to (22) hold, however with

(22) (a,b) =1; (Aa) = 1; (A, 1) = 41
AL

It is necessary, first, to show that the undetermined factors in the representa
tion D(L) can be assumed in such a way that the w(a, b), 0(A, a), w(A, I) become
—apart from regions of lower dimensionality—continuous functions of their
arguments. This is a consequence of the continuous character of the representa-
tion and shall be discussed first.

(a) From the point of view of the physicist, the natural definition of the
continuity of a representation up to a factor is as follows. ‘The neighborhood 3
of a Lorentz transformation Lo = (b, I) shall contain all the transformations
L = (a, A) for which | a, — b,|< Sand | Aw — Iu| <4. The representation
up to a factor D(L) is continuous if there is to every positive number¢, everynormalized wave function g and every Lorents transformation Lo such a neigh-
borhood 6 of Le that for every L of this neighborhood one can find an @ of
modulus 1 (the @ depending on L and g) such that (ug, u,) < ¢ where

(23) uy = (D(Lo) — 2D(L))e.
Let us now take @ point Lo in the group space and find a normalized wave

function g for which | (y, D(Lo)y) | > 1/6. There always exists a ¢ with this
property, if |(y, D(Le)y)| < 1/6 then ¥ = ap + BD(Lo)e with suitably chosen
and 6 will be normalized and | (y, D(Ls)¥) | > 1/6. We consider then such
‘a neighborhood % of Ls for all L of which | (, D(L)e) | > 1/12. It is well
known" that the whole group space can be covered with such neighborhoods.
We want to show now that the D(L)g can be multiplied with such phase factors
(depending on L) of modulus unity that it becomes strongly continuous in the
region 2.
We shall chose that phase factor so that (y, D(L)y) becomes real and positive.

Denoting then

(23) (DL) — D(L))e = Us,
the (Uy, Uy) can be made arbitrarily small by letting L approach sufficiently
near to Ly, if L; is in 9. Indeed, on account of the continuity, as defined

above, there is an @ = e* such that (u, u) < € if L is sufficiently near to Ly
where

u = (D(Li) — e*D(L))e.

1 This condition is the “separability” of the group. Cf. e.g. A. Haar, Ann. of Math.,
34, 147, 1933.
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‘Taking the absolute value of the scalar product of u with g one obtains

| (@, D(La)e) — cos «(y, D(L)¢) — isin x(e, D(L)e) | = | (ew) | S Ve,
because of Schwartz's inequality. If only y/e < 1/12, the x must be smaller
than x/2 because the absolute value is certainly greater than the real part, and
both (y, D(L;)¢) and (y, D(L)g) are real and greater than 1/12
As the absolute value is also greater than the imaginary part, we

sink < 12.

On the other hand,

Uy, = ut (e* — 1)D(L)g,

and thus

(Uy, Uo! S (uy wh + le = 1) SVe + Bin 4/2
(Uy, Uy) S 625 «.

(b) It shall be shown next that if D(L)¢ is strongly continuous in a region
and D(L) is continuous in the sense defined at the beginning of this section,
then D(L)y with an arbitrary y is (strongly) continuous in that region also.
We shall see, hence, that the D(L), with any normalization which makes a
D(L)e strongly continuous, is continuous in the ordinary sense: There is to

every Ly, and every ya 8 so that (Uy, Uy) < «where
Uy = (Dia) = DY)

if Lis in the neighborhood 6 of L, .
It is sufficient to show the continuity of D(L)y where y is orthogonal to ».

Indeed, every ¥’ can be decomposed into two terms, ¥/ = ay + By the one of
which is parallel, the other perpendicular to ¢. Since D(L)¢ is continuous,
according to supposition, D(L)y’ = aD(L)p + AD(L)¥ will be continuous also if,
D(L)¢ is continuous.
The continuity of the representation up to a factor requires that it is possible

to achieve that (uy , uy) < €and (Uysg , Uyeg) < € where

(23a) uy = (D(Ls) — 2,DL))¥,
(23b) Use = (DULi) ~ QrpD(L))(Y + @),
with suitably chosen 0's. According to the foregoing, xt also is possible to
choose L and Lr so close that (Uy, Uy) < &

Subtracting (23’) and (23a) from (23b) and applying D(L)~' on both sides gives,

(2p = Mee + (l= Mpegle = DL) Huyeg — uy — Uy)
‘The scalar product of the right side with itself is less than 9¢. Hence both
| — %,| < 3and|1 — %,,| < 3¢ or |1 — 94) < 6¢. BecauseofUy = uy — (1 — 9)D(L)¥, the (Uy, Uy) < (uy, uy)! + |) — 94 | and thus
(Uy, Uy) < 496.
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‘This completes the proof of the theorem stated under (b). It also shows that
not only the continuity of D(L)y has been achieved in the neighborhood of Le
by the normalization used in (a) but also that of D(L)y with every ¥, i.e., the
continuity of D(L)

It is clear also that every finite part of the group space can be covered by

finite number of neighborhoods in which D(L) can be made continuous. It is

easy to sce that the w of (22) will be also continuous in these neighborhoods so

that is is possible to make them continuous, apart from regions of lower dimen-

sionality than their variables have. In the following only the fact will be used

that they can be made continuous in the neighborhood of any a, b and .

B.

(a) We want to show next that all 7(a) commute. From (22B) we have

(24) T(a)T(b)T(a)* = c(a, b)T(b)

where (a, b) = w(a, b)/w(b, a) and hence

(24a) (a, b) = c(b, a).

‘Transforming (24) with 7(a’) one obtains

T(a’)T(a)T(b)T(a)*T(a’)' = e(a, b)T(a')T()T(a’)*

or ala’, a)T(a’ + a) T(B)a(a’, a)*T(a' + a) = e(a, B)e(a', 6)T'(6)

or

(25) e(a, b)e(a’, b) = c(a + a’, b)

It follows” from (25) and the partial continuity of e(a, b) that

(26) c(a,t) = exp (2x X a.f(0))
and, since this is equal to (b, a) = exp(—2ni D> befe(a))

(27) 2 S00) + bafela)) = n(a, b)
where n(q, 6) is an integer. Setting in (27) for b the vector e”’ the \ component
of which is 1, all the others zero and for f.(e™) = —fa

Ala) = n(a,e™) + Dasa,

and putting this back into (27) we obtain

(28) J falard, + bay) + acn(b, e) + ben(a, e) = n(a, 6).

1G. Hamel, Math, Ann. 60, 460, 1905, quoted from H. Hahn, Theorie der reellen Funk-
tionen. Berlin 1921, pages 581-583.
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Assuming for the components of a and b such values which are transcendental
both with respect to each other and the fa (which are fixed numbers), one sees
that (28) cannot hold except if the coefficient of every one vanishes

(29) Jat he = 0; nlb,e) = 0,
so that (26) becomes

(0) cla,8) = exp (21 3 faas.).
It is necessary now to consider the existence of an operator d( A) satisfying (22C).

‘Transforming this equation with the similar equation containing 6 instead of a
d(A)T(@)a(A)"d(A)T(a)a( A) "d(A)TW) "day

= (A, )T(Ab)o(A, a)T(Aa)o(A, bY'T(AB)* = o(A, @)e(Ab, Aa)T(Aa),

while the first line is clearly d(A)c(b, a)T(a)d(A) =..o(A, ae(b, a)T(Aa)
whence

(31) e(b, a) = (Ab, Aa)

holds for every Lorentz transformation A. Combined with (30) this gives

& (faa, = Lhrdecdmads) = n'(a, b),
where n’(a, b) is again an integer. As this equation holds for every a, b

Jo = LSnbedas f= ASA
must hold also, for every Lorentz transformation. However, the only form

invariant under all Lorentz transformations are multiples of the F of (10).

Actually, because of (29), f must vanish and c(a, b) = 1, all the operators
corresponding to translations commute

(32) T(a)T(b) = T()T(a).
It is well to remember that it was necessary for obtaining this result to use the

existence of d(A) satisfying (22C).

(b) Equation (32) is clearly independent of the normalization of the T(a).

If we could fix the translation operators in four linearly independent directions
e, ee, e" so that for each of these directions

(33) T(ae®))T(be) = T((a + bye)

be valid for every pair of numbers a, 6, then the normalization

(88a) Thare + age + aye “+ age) = Tae) Tae)Taye) T(ae)
and (32) would ensure the general validity of

(34) T(a)T@) = Tl +d).
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As the four linearly independent directions ¢"”, -.- , ec” we shall take four
null vectors. Ife is a null veetor, there is, according to section 3, a homogeneous
Lorentz transformation” A, such that Ae = 2c.

‘We normalize 7(e) so that

(35) a(A)T@d(A)? = TO)

This is clearly independent of the normalization of d(A.). We further normalize
for all (positive and negative) integers n

(85a) AA)"T(e)d(A)™ = T(2"e).
It follows from this equation also that

(36) T(2%e)* = d(A,)"T(e)"d(A.)-* = d(A,)"d(A)T()d(A.)""d(A," = T2"**e).
This allows us to normalize for every positive integer k

(5b) T(k-2"e) = Te)"

in such a way that the normalization remains the same if we replace k by 2"
and n by n + m. This ensures, together with (36), the validity of

T(ve)T(ue) = T(% + w)e)(36a) sid(A,)T(ve)d(A.)* = T(2ve)

for all dyadic fractions » and p.

It must be shown that if n, 2,95, --- is a sequence of dyadic fractions,

converging to 0, lim T(ve) = 1. From T(a)-T(0) = o(a, 0)T(a) it follows that
T(0) is a constant. According to the theorem of part (A)(b), the T(ve), if

multiplied by proper constants 2, will converge to 1, ie., by choosing an arbi-
trary ¢, it is possible to make both (1 — 2%T(ve))e = wand (1 — 2T(ve))
d(A.)"e = wu’ arbitrarily small, by making » small. Applying d(A,) to the
second expression, one obtains, for (36a), that (1 — 9T(2ve))e = d(A.)u’ is
also small. On the other hand, applying (ve) to the first expression one sees
that (T(ve) — %7'2ve))p = T(ve)u approaches zero also. Hence, the difference

of these two quantities (1 — T(ve))e goes to zero, i.e. T(viee converges tay
ifr, v2, 5, ~~ is a sequence of dyadic fractions approaching 0.
Now v1, v2, »s, «++ be a sequence of dyadic fractions converging to an arbi-

trary number a. It will be shown then that 7(v.e) converges to a multiple of
T(ae) and this multiple of T(ae) will be the normalized T(ae). Again, it follows
from the continuity that there are such 9; that 2%7'(we)e converges to T(ae)e.

The 0;'T(v,e)‘2:7 (v.e)g will converge to y, therefore, as both i and j tend toinfinity. However, according to the previous paragraph, T((v; — »,)e)e tends

to g and thus 05'Q; tends to 1. It follows that 9;' converges to a definite

number 2. Hence 9%". 27(vie)e converges to 2T(ae)y which will be denoted,
henceforth, by T(ae). For the (ae), normalized in this way, (33) will hold,

41 The index¢ denotes here the vector¢ for which A,¢ = 2¢; this A, has no elementarydivisor.
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since if wi, we. as. --- are dyadic fractions converging to b, we obtain, with the
help (36a)

Tae)T (bee = lim Tm + wee = T(a + dodo.
‘This argument not only shows that it is possible to normalize the T(ae) and
hence by (33a) the T(a) so that (34) holds for them but, in addition to this,
that these T(a) will be continuous in the ordinary sense.

c.

It is clear that (34) will remain valid if one replaces 7(a) by exp (2xi{a, e}) T(a)

where c is an arbitrary vector. This remaining freedom in the normalization of
(a) will be used to eliminate the w(A, a) from (22C).

‘Transforming (22C) d(A)T(a)d(A)* = w(A, a)T(Aa) with d(M) one obtains
on the left side o(M, A)d(MA)T(a)o(M, \)* d(MA)* = o(MA, a)T(M Aa)
while the right side becomes w(A, a)w(M, Aa)T(MAa). Hence

(37) (MA, a) = w(M, Aa)o(A, a).
On the other hand, the produet of two equations (22C) with the same A but
with a and 6 respectively, instead of a yields with the help of (34)

w(A, a)wo(A, b) = w(A(a + b)).

Hence:

(A, a)= exp (2rifa, f(A)}),
where f(A) is a vector which can depend on A. Inserting this back into (37)
one obtains

fa, ((MA)} = [Aa, $M} + fa, f(A) +n,

ta, (MA) — AM) ~ f(A)} =n,

where n is an integer which must vanish since it is a linear function of a. Hence

(38) SOA) = ATY(M) + f(A).

If we can show that the most general solution of the equation is

(39) HA) = (A = Ino,

where v is a vector independent of A, the w(A, a) will become w(A, a) = exp

(2ri}(\ — 1)a, v}). ‘Then (A, a) in (22C) will disappear if we replace T(a) by
exp (2rifa, })7(a).
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The proof that (39) is a consequence of (38) is somewhat laborious. One ean
first consider the following homogeneous Lorentz transformations

a 0 0S co 0 —s 0

oO aq 1 0 0 Cy 0 S|Xa, = 5 Y(ae,y2)=uM = To wg0 fond * a 0S
0 0G 0S 0 6(40) .

| a & 0 0-s a 0 0Zax, 3) == lo oa
0 0 Ss Cy

where ¢ = c0s a4; 8; = sin ag ; C; = Chys; 8; = Shy:. All the X(a, 7) com-

mute. Let us choose, therefore, two angles & , 71 for which 1 — X(a1, 71)"
has a reciprocal. It follows then from (38)

Xa, f(Xler, 10) + [(X(a, 1) = Xr 1) H(X (a, Y)) + SX (ar 1)

41) or f(X(@,y)) = (l= Xa) "T'U — X@, ¥)"Y(Xla,n))
S(X(a, 1) = (1 = X(a, 7) ox,

where vx is independent of a, y. Similar equations hold for the f(¥(a, y)) and

S(Za,1)). Let us denote now X(x,0) = X;¥(x,0) = ¥;Z(x,0) = Z. These
anticommute in the following sense with the transformations (40):

(42) YX(a,y¥ = ZX(a,1)Z = X(a, 7)".

From (38) one easily calculates

S(YX (a, y)¥) = (¥X(a, 7) + VAY) + YIX(@, 1),
or, because of (41) and (42), after some trivial transformations

(43) (1 = X(a,7))(1 — ¥)(ex — wy) = 0.

As a, y can be taken arbitrarily, the first factor can be dropped. This leaves

(1 = ¥)(ox — o) = 0, or that the first and third coniponents of vx and vy are

equal. One similarly concludes, however, that (1 — X)(or — vx) = O and thus

that the first three components of vx , vy and also of ve are equal.
For 7: = 72 = 71 = 0 the transformations (40) are the generators of all

rotations, i.e. all Lorents transformations R not affecting the fourth codrdinate.
As the 4-4 matrix element of these transformations is 1, the expression (1 — Ro
is independent of the fourth component of » and (1 — R™')ox = (1 — R')or =
(1 — R)ez. It follows from (38) that if f(R) = (1 — Rox and f(S) =
(1 — Sox, then (SR) = (1 — R*S“)ox. Thus f(R) = (1 — Roe is
valid with the same ox for all rotations.

Now

S(X(a, YR) = RL — X(a,y) ox + (l= Rox = (1 = (X(@ DR) or-
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One easily concludes from (38) that the f(Z) corresponding to the unit operation

vanishes and f(A"!) = —Af(A). Hence f(R"'X(a, y)') = (1 — X(a, 7)R)vx 5
and one concludes further that for all Lorentz transformations A = RX(a, y)S,
(89) holds with » = —vx if R and S are rotations. However, every homogene-
ous Lorentz transformation can be brought into this form (Section 4C). ‘This

completes the proof of (39) and thusof w(A, a) = 1
D.

‘The quantities w(a, 6) and w(A, a) for which it has just been shown that they
can be assumed to be 1, are independent from the normalization of d(A). We

can affix therefore an arbitrary factor of modulus 1 to all the d(A), without
interfering with the normalizations so far accomplished. In consequence
hereof, the ensuing discussion will be simply a discussion of the normalization

|
“&

Fic. 2

of the operators for the homogeneous Lorentz group and the result to be obtained
will be valid for that group also.

Partly because the representations up to a factor of the three dimensional

rotation group may be interesting in themselves, but more particularly because
the procedure to be followed for the Lorentz group can be especially simply
demonstrated for this group, the three dimensional rotation group shall be taken
up first.

It is well known that the normalization cannot be carried so far thatw(A, I) =1

in (22D) and there are well known representations for which w(A, I) = 1.
We shall allow this ambiguity therefore from the outset.

One can observe, first, that the operator corresponding to the unity of the
group is a constant. This follows simply from d(A)d(B) = w(A, B)d(A).
‘The square of an operator corresponding to an involution isa constant, therefore.
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‘The operator corresponding to the rotation about the axis e by the angle x,
normalized so that its square be actually 1, will be denoted by é; = 1. The
@ are—apart from the sign—uniquely defined.

A rotation R about v by the angle a is the product of two rotations by *
about ¢: and ¢ where ¢; and ¢, are perpendicular to v and ¢, arises from e: by

rotation about v with a/2. Choosing for every v an arbitrary e perpendicular to

2, we can normalize, therefore

(44) d(R) = +82
Now d(R) commutes with every d(S) if S is also a rotation about v. ‘This is
proved in equations (24)-(30). ‘The fu in (30) must vanish on account of (29).

a

Fro. 3

(Also, both & and S can be arbitrarily accurately represented as powers of a
very small rotation about »). Hence, transforming (44) by d(S) one obtains

(44a) a(R) = £d(S)za(S)*-a( Spend).

Now d(S)éd(S)* corresponds to a rotation by about an axis, perpendicular
to v and enclosing an angle @ with e,, where 8 is the angle of rotation of S.
Since the square of d(S)éd(S)-* is also 1, (44a) is simply another way of writing
d(R) = &% as a product of two & and we see that the normalization (44) is

independent of the choice of the axis e (Cf. Fig. 2).
For computing d(R)d(T) we can draw the planes perpendicular to the axes of

rotation of Rand T' and use for d(R) = éé such a development that the axis ec
of the second involution coincide with the intersection line of the above-men-

tioned planes, while for d(T) = éér we choose the first involution to be a rota-

tion about this intersection line (Fig. 3). ‘Then, the product

(45) d(R)U(T) = énbetode = ener
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will automatically have the normalization corresponding to (44). ‘This shows

that the operators normalized in (44) give a representation up to the sign.

For the Lorentz group, the proof can be performed along the same line, only

the underlying geometrical facts are less obvious. Let A be a Lorentz trans-

formation without elementary divisors with the characteristic values ¢, 7,
€%, ¢ ® aad the characteristic vectors 1, 02 = vt. v3, 14, a8 described in section
4B.

We want to make \ = MN with M? = N? =. For AN = M, we have

ANAN = Land thus AVA = N. SettingNv,= 22 auve,we obtain $VAv, =DL raudws = Laur. Because of the linear independence of the vg this
Amounts to Aten = atx: all ae are zero, except those for which Ade = 1. As
in none of the eases (a), (b), (¢), (d) of section 4B is A; or Xs reciprocal to one of
the last two A, the vectors » and ty will be transformed by NV into a linear com-
bination of »; and v again, and the same holds for t3 and v. ‘This means that N
can be considered as the product of two transformations N = N.N,, the first
in the v0» plane, the second in the vs», plane. (Instead of »,0, plane one really
should say 0; + v2, iy — tvs plane, aso; and % are complex themselves. ‘This
will be meant always by vive plane, ete.). ‘The same holds for M also.
Both N, and N, must satisfy the first and third condition for Lorentz trans-

formations (cf. 4A) and both determinants must be either 1, or —1. Further-
more, the square of both of them must be unity.

If both determinants were +1, the N; had to be unity itself, while NV, could
be the unity or a rotation by r in the v0» plane. Thus 0% , v2, ¥s, v¢ would be
characteristic vectors of N itself.

If hoth determinants are —1 (this will turn out to be the case), Ny is a re-
flection on a line in the oye plane and N, a reflection in the v0 plane, inter-
changing v5 and v. In this ease 0, vs, 03, % would not all be characteristic
vectors of N.

If vy, v2, vs, v4 are characteristic vectors of N, they are characteristic vectors
of M = AN also. ‘Then both M and N would be cither unity, or a rotation by +
in the nw plane. If both of them were rotations in the oy" plane, their product .\
would be the unity which we want to exclude for the present. We canexclude
the remaining cases in which the determinants of N, and N, are +1 by further
stipulating that neither M nor N shall be the unity in the decomposition A =
MN.

Hence N is the product of a reflection in the ve: plane

(46a) Ns=s; Ns = —s

where s, and s, are two perpendicular real vectors in the viv: plane

(46) seaeln ten; 8 = ile — Dy),

and ofa reflection in the v0, plane
(46) Nhat; Ny=—b,
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where again t, , t, are real vectors in the vs», plane, perpendicular to each other,
t, being space-like, t, time-like:

(46d) heen tern; G=en— en.
Thus N becomes a rotation by x in the purely space like sl, plane. ‘The M
can be calculated from M = AN

Ms; = ANs, = As, = ey, + omy

= 4°%(8, — is.) + 478) + is) = cos Qy-s) + sin 2y-8,(466) Ms, = sin Qy-8; = 08 ae, -_
Mi,= ANE= AML= ey+ oy

= 4G + 4) + $M — 4) = Ch 2x-th + Sh 2x4,

Mt, = —Sh 2x-t, — Ch 2x-4,.
‘Thus M also becomes a product of two reflections, one in the ow = #48, the
other in the ts = ft, plane. This completes the decomposition of A into two
involutions. One of the involutions can be taken to be a rotation by x in an

arbitrary space like plane, intersecting both the nw: and the vs» planes, as the
freedom in choosing » and y allows us to fix the lines s, and ¢, arbitrarily in

those planes. The involution characterized by (46) will be called N,, hence-
forth. The other involution M is then a similar rotation, in a plane, however,

which is completely determined once the s,t, plane is fixed. It will be denoted
by M,, (it is, in fact My = Nosy nx). One sees the complete analogy to the
three dimensional ease if one remembers that y and x are the half angles of
rotation.

‘The d(M) and d(N) so normalized that their squares be 1 shall be denoted by

4\(M,,) and di(N,,). We must show that the normalization for

(47) aA) = +4,(M,,)di(N,,)

is independent of y and x. For this purpose, we transform

(47a) d(A) = d(Ma)di(Noo)

with d(A:) where A, has the same characteristic vectors as A but different
characteristic values, namely e”, e”, & and e™. Since A.\MwAr' = M,, and
AiNwAr' = N,, we have d(A;)di(Mw)d(A:)~* = wdi(M,,) where w = +1, as
the squares of both sides are 1. Hence, (47a) becomes if transformed with
d(A,) just

(a7) d(A)d(A)d(Ay)* = £d(M,,)d(N.,).

‘The normalization (47) would be clearly independent of » and u if d(A,) com-
muted with d(A).

Again, the argument contained in equations (24)-(30) can be applied and
shows that

(48) d(Ay)d(A)d(As) = exp (2mif(2yu — 2x»))a(A)
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holds for every 7, x, », 4. However, the exponential in (48) must be 1 ify = 0;
v = 2n/n; x = }nu since in this case A = Af. Thus exp (—4s'ifu) = 1 for
every and f = O and the left side of (47b) can be replaced by d(A); the normali-
zation in (47) is independent of » and u.

In order to have the analogue of (45), we must show that, having two Lorentz
transformations A = M,,N,, and I = PayQog we can chose », u and a, 8 so
that N,, = Pag ie. that the plane of rotation s, of N,, coincide with the plane
of rotation of Pas. As the latter plane can be made to an arbitrary space-

like plane intersecting both the wiw and the wst0, planes (where wi, ts, wa, w

are the characteristic vectors of J), we must show the existence of a space like

plane, intersecting all four planes nv, vv, wit, wx. Both the first and

the second pair of planes are orthogonal.
One can show* that if A and J have no common null vector as characteristic

# We first suppose the existence of a real plane p intersecting all four planes vit, exes,

wy; , wns. If p intersects vv: the plane q perpendicular to p will intersect the plane voyperpendicular to vie: . Indeed, the line which is perpendicular to both p and vies (there is‘such a line as p and ne intersect) is contained in both g and oes. This shows that if thereisa plane intersecting ll four planes, the plane perpendicular to this will have this property
Also,

2)x
fa,

Fig. 4 gives a projection of all lines into the 2:21 plane. One sees that there are, in
general, two intersecting planes, only in exceptional cases is there only one.

If the plane p—the existence of which we suppose for the time being—containstime-like

vector, 4 will be space-like (Section 4B, [1]). Both in this ease and if p contains onlyspace-like vectors, the theorem in the text is valid. ‘There is a last possibility, that p is
tangent to the light cone, i.e. contains only space like vectors and a null vector v. ‘The
space-like vectors of p are all orthogonal to v, otherwise p would contain time-like vectors
also. In this case the plane g, perpendicular to p will contain » also. ‘The line in which
ws intersects p is space-like and orthogonal to the vector in which ey intersects p. ‘The
latter intersection must coincide with », therefore, as no other vector of p is orthogonal to
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vector, there are always two planes, perpendicular to each other which intersect
four such planes. One of these is always space like. It is possible to assume,
therefore, that both N,, and Pag are the rotation by x in this plane. Thus

ao) (Ad) = sdi(Mra)di(N,)d(Pas)di(Qas)
= di(M,,)d(Qas),

and d(A)d(I) has the normalization corresponding to the product of two involu-
tions, neither of which is unity. This is, however, also the normalization
adopted for d(AI). Hence

(49a) a(ad() = #d(Al)

holds if A, J and AJ are Lorentz transformations corresponding to one of the

cases (a), (b), (c) or (d) of section 4B and if A and J have no common character-

istic null vector. In addition to this (49a) holds also, assuming d(E) = +1,
if any of the transformations A, I, AJ is unity, or if both characteristic null

vectors of A and J are equal,as in this case the planes v3», and tw and also
viv and wyw» coincide and there are many space like planes intersecting all.

If Aand J have one common characteristic null vector, v5 = us, the others, y.and

‘uw respectively, being different, one can use an aritifice to prove (49a) which will

be used in later parts of this section extensively. One can find a Lorentz

transformation J so that none of the pairs I — J; A — IJ; AIJ — J“ hasa
common characteristic null vector. This will be true, e.g. if the characteristic

null vectors of J are % and another null vector, different from rm, wand the

characteristic vectors of AZ. ‘Then (49a) will hold for all the above pairs and

d(A)d(I) = £d(A)d(I)d(J)d(J") = 2d A)d TJ)d(J)

= 4d(AIJ)d(J) = +4( AD).
any spave-like vector in it. Hence, vis the intersection of p and #» and is either » oF vy «

‘One can conclude in the same way that» coincides with either ws oF w, also and we see thatif pis tangent to the light cone the two transformationsA and J have a common null vectoras characteristic vector. ‘Thus the theorem in the text is correct if we ean show the exiet-

fence of an arbitrary real plane p intersecting all four planes oes, vse, wes».Letus draw a codrdinate system in our four dimensional space, the 2:2, plane of which isthe vits plane, the 2s and 2. axes having the directions of the vectors ry — ve and 0, + 0%,

respectively. The three dimensional manifold Mf characterized by z. = 1 intersects all

planes in a line, the es plane in the line at infinity of the 2.23 plane, the ext plane in the zs
axis. The intersection of M with the w,w, and wsws planes willbe lines in M with directions
perpendicular to each other. They will have a common normal through the origin of M,
intersecting it at reciprocal distances. ‘This follows from their orthogonality in the four

‘dimensional space.
‘Applane intersecting ov, and 4» will be a line parallel to 2:2; through the 2, axis. If we

‘draw such lines through all points of the line corresponding to wes, the direction of this

line will turn by + if we go from one end of this line to the other. Similarly, the lines going
through the line corresponding to ww, will turn by x in the opposite direction. Thus the
firat set of lines will have at least one line in common with the second aet and this line will

correspond to a real plane intersecting all four planes ei, rs, wee, ws... This com-
pletes the proof of the theorem referred to in the text.
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This completes the proof of (49a) for all eases in which A, J and Af have no
elementary divisors. It is evident also that we ean replace in the normalization
(47) the dy by d. One also concludes easily that d(M)* is in the same representa-
tion either +1 for all involutions M, or —1 for every involution. The former
‘ones will give real representations, the latter ones representations up to the
sign.

If A hasan elementary divisor, it can be expressed in the v , wv, , 2s, » scheme
as the matrix (Cf. equ. (20))

11 4 0}

ae
ob to \

a jo o 10!
10 0 0 1)

and can be written, in the same scheme, as the product of two Lorentz trans-
formations with the square 1

{1 -14 O}l1 0 0 OF‘0 -11 0 | /0 -1 0 0}Ae = MoNo = | | i

"=lo 0 1 oO |/o 0 1 oF
jo © 0 -1/[0 0 0 1)

We can normalize therefore d(A.) = :d(Mo)d(No). If A ea be written as the
product of two other involutions also A, = M,N; the corresponding normaliza-
tion will be identical with the original one. In order to prove this, let us con-
sider a Lorentz transformation J such that neither of the Lorentz transforma-

tions'J, NoJ, NiJ, AeJ = MoNoJ = MsNiJ have an elementary divisor. Since
the number of free parameters is only 4 in ease (e), while 6 for case (a), this is
always possible. Then, for (45a)

d(Mo)d(No)d(J) = +d(Mo)d(NoJ) = +d(MoNoJ)

= +d(M\NiJ) = +d(Mi)d(NJ) = +d(Mi)d(Ni)d(J)

and thus d(M,)d(No) = +:d(M,)d(N}). This shows also that even if AI is in

case (¢), w(A, I) = 1, since (49) leads to the correct normalization.
If A = MN has ah elementary divisor, I not, d(A)d(J) still will have the

normalization corresponding to the product of two involutions. One can find
again a J such that neither of the transformations J, J’, IJ, NIJ, MNIJ,
have an elementary divisor. Then

a(Myd(N)d(T) = dM)a(N)aCaCI)a)*

= £d(Ma(N)aI Dad) = d(M)a(NTIA)

= d(AJ)a(J™),

The last product has, however, the normalization corresponding to two involu-
tions, as was shown in (49a), since neither AIJ, nor J is in case (e).
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Lastly, we must consider the ease when both A and J may have an elementary
divisor. In this ease, we need a J such that neither of J, J~', IJ have one.
Then, because of the generalization of (49a) just proved, in which the first
factor is in,case (e)

a(A)d(D) = d(Adda) = za Aya)aS)

= £d(AlJ)d(J™)

which has the right normalization,
This completes the proof of

(50) w(A, 1) = +1
for all possible cases, and the normalization of all D(L) of a representation of the

inhomogeneous Lorentz group up to a factor,is carried out in such a way that thenormalized operators give a representation up to the sign. It is even carried

sofar thatin the first two of equations (22)# = 1 can be set. We shall considerhenceforth systems of operators satisfying (7), or, more specifically, (22B) and
(22C) with o(a, b) = w(A,a)= Land (22D) with o(A, I) = £1.

E

Lastly, it shall be shown that the renormalization not only did not spoil the
partly continuous character of the representation, attained at the first normali-
zation in part (A) of this section, but that the same holds now everywhere,
in the ordinary sense for T(a) and, apart from the ambiguity of sign, also for
d(A). For T(a) this was proved in part (B)(b) of this section, for d() it means
thatto every Ai, eand¢ there is such a 5 thatone of the two quantities(61) (d(Ax) ¥ d(A))e, (d(A1) ¥ d(A))e) < €

if Ais in the neighborhood 6 of A,. ‘The inequality (51) is equivalent to

(Sia) (GF d(Ad))e, (1 F d(Ao))e) < 6
where Ay = Ar'A now can be assumed to be in the neighborhood of the unity.
‘Thus, the continuity of d(A) at A = E entails the continuity everywhere.”
In fact, it would be sufficient to show that the d(X), d(Y) and d(Z) correspond-

ing to the transformations (40) converge to -t1, as a, y approach 0, since one

can write every transformation in the neighborhood of the unit element as a

product A = Z(0, vs)¥ (0, v2)X(0, 11) X(a1, 0)¥ (a2, 0)Z(as, 0) and the param-
eters ar, --- , 72 will convergeto 0 as A converges to 1. However, we shallcarry out the proof for an arbitrary A without an elementary divisor.

Ford(A), equations (46) show that asAapproaches E (ie.,as y and x approachzero) both Mw and Nw approach the same involution, which we shall callK.Let us now consider a wave function ¥ = ¢ + di(K)¢ or, if this vanishes y =

e — a&(K)y. We have di(K)y = +¥. If A is sufficiently near to unity,

% J, von Neumann, Sitz. d. kén. Preuss. Akad. p. 76, 1927.
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di(Noo)¥ will be sufficiently near to Qdi(K)¥ = -9¥ and all we have to show
is that @ approaches +1. ‘The same thing will hold for di(Mu). Indeed from
d(Noo¥ — %¥ = wit follows by applying di(Noo) on both sides ¥ — Oy =
(di(Noo) + 2)u. As (u, u) goes to zero, @ must go to £1, and consequently,

also di(Nw)¥ goes to ¥ or to —¥. Applying di(Mu) to this, one sees that
\(Mco)di(Noo)¥ = d(A)¥ goesto EY as A goes to unity, ‘The argument given in(A)(b) shows that this holds not only for ¥ but for every other function also,
i.e. d(A) converges to +1 = d(E) as A approaches £. ‘Thus d(A) is continuous
in the neighborhood of £ and hence everywhere.

According to the last remark in part 4, the operators -td(A) form a single
valued representation of the group of complex unimodular two dimensional
matrices C. Let us denote the homogeneous Lorentz transformation which
corresponds in the isomorphism to C by C. Our task of solving the equs.
(22) has been reduced to finding all single valued unitary representation of the
group with the elements (a, C] = (a, 1] [0, C], the multiplication rule of which is
{a, Ci] (0, Cal = [a + Cib, C:C3]._ For the representations of this group Da, C] =
T(a)d{C] we had

T(a)T() = T(a + b)

(52a) a(C\T(a) = T(Ca)a{c}
d(C] d{Cs] = a{CxCs).

It would be more natural, perhaps, from the mathematical point of view, to use
henceforth this new notation for the representations and let the d depend on the
C rather than on theC or A. However, in order to be reminded on the geometri-cal significance of the group elements, it appeared to me to be better to keep the
old notation. Instead of the equations (22B), (22C), (22D) we have, then

(52B) T(a)T() = T(a + b)

(52C) d(A)T(a) = T(Aa) d(A)

(52D) d(A) d() = £a(an).

6. Repuction of THE REPRESENTATIONS OF THE INHOMOGENEOUS LORENTZ
Group To Rerresentations or 4 “Lirruz Grove”

‘This section, unlike the other ones, will often make use of methods, which
though commonly accepted in physics, must be further justified from a rigorous
mathematical point of view. This has been done, in the meanwhile, by J.
von Neumann in an as yet unpublished article and I am much indebted to him
for his codperation in this respect and for his readiness in communicating his
results to me. A reference to his paper" will be made whenever his work is
necessary for making inexact considerations of this section rigorous.

% J, von Neumann,Ann. of Math. to appearshortly.
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A.

Since the translation operators all commute, it is possible™ to introduce such a
coordinate system in Hilbert space that the wave functions (p, {) contain
momentum variables ps , ps, ps , pu and a discrete variable { so that

(53) Tlaelp, t) = "el, 2).
p will stand for the four variables p,, ps, ps, Pe

Of course, the fact that the Lorentzian scalar product enters in the exponent,
rather than the ordinary, is entirely arbitrary and could be changed by changing
the signsof ps, Pr, Ps -The unitary sealar product of two wave functions is not yet completely defined
by the requirements so far made on the coordinate system. It can be a sum-
mation over ¢ and an arbitrary Stieltjes integral over the components of p:

(54) wo=d J Vp, 1)" o(D, 1) dflp, £).
‘The importance of introducing a weight factor, depending on p, for the scalar

product lies not so much in the possibility of giving finite but different weights to

different regions in p space. Such a weight distribution g(p, ¢) always could be

absorbed into the wave functions, replacing all g(p, $) by Vg(p, 1)-¢(p, $). The

necessity of introducing the f(p, ¢) lies rather in the possibility of some regions
of p having zero weight while, on the other hand, at other places points may have
finite weights. On account of the definite metric in Hilbert space, the integral

J &¥(p, §) over any region r, for any f, is either positive, or zero, since it is the
‘scalar product of that function with itself, which is 1 in the region r of p and the

value fof the discrete variable, zero otherwise.
Let us now define the operators

(65) P(e, 1) = oA", 5).
‘This equation defines the function P(A)¢, which is, at the point p, f, as great as
the function g at the point A“'p, ¢. The operator P(A) is not necessarily ‘uni-
tary, on account of the weight factor in (54). We can easily calculate

PCA)T(ael, 9) = Tla)e( Ap, 1) = oP6(A*D, 2),

T(Aa)P(Ae(p, $) = "1 P(AoLp, 8) = (Ap, 0),

so that, for {A“'p, a] = {p, Aa}, we have

(66) P(A)T(a) = T(Aa)P(A).
‘This, together with (52C), shows that d(A)P(A)* = Q(A) commutes with all
T(a) and, therefore, with the multiplication with every function of p, since the
exponentials form a complete set of functions of pi, pps, Pe. Thus

(87) (A) = Q(A)P(A),
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where Q() is an operator in the space of the ¢ alone" which ean depend, how-

ever, on the particular value of p in the underlying space:
(57a) QAAeP, = Tw, A)rwe(P, 1):
Here, Q(p, A)ry are the components of an ordinary (finite or infinite) matrix,

depending on p and A. From (57), we obtain

de, 9) = XQ, MryPelP, 0)

(87b) * 4
= LAP, Mela, ).

[As the exponentials form a complete set of functions, we can approximate the
operation of multiplication with any function of pr, pr, Pr, Pe by a linear
combination

(58) Se = X eaTasdy.
If we choose f(p) to be such a function that

(58a) S(p) = Ap)
the operation of multiplication with f(p) will commute with all operations of

the group. It commutes evidently with the T(a) and the Q(p, A), and on

account of (56) and (58), (58a) also with P(A). ‘Thus the operation of (58)
belongs to the centrum of the algebra of our representation. Since, however,
wwe assume that the representation is factorial (cf. 2), the centrum contains only
multiples of the unity and

(58b) S(p)e(p, 8) = cep, $).
This can be true only if g is different from zero only for such momenta p which
can be obtained from each other by homogeneous Lorentz transformations,
because f(p) needs to be equal to f(p’) only if therais a A which brings them
into each other.

It will be sufficient, henceforth, to consider only such representations, the
wave funetions of which vanish except for such momenta which can be obtained

from one by homogeneous Lorentz transformations. One can restriet, then,
the definition domain of the ¢ to these momenta.

‘These representations can now naturally be divided into the four classes
‘enumerated in section 3, and two elasses contain two subclasses. ‘There will be

representations, the wave functions of which are defined for such p that

() {pp} =P >0 (3) p=0

@ Inpl=P=0;p~0 (4) [pp] =P <0.
‘The classes 1 and 2 contain two sub-classes each. In the positive subclasses

P, and 0, the time components of all momenta are py > 0, in the negative
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subclasses P_ and 0_ the fourth components of the momenta are negative
Class 3 will be denoted by 0». If P is negative, it has no index.
From the condition that d(A) shall be a unitary operator, it is possible to

infer“ that one can introduce a codrdinate system in Hilbert space in such a
way that

e) [oo = [aon
if Q(p, A)zy # 0 for the p of the domain r, Otherwise, r is an arbitrary domain

in the space of pi, m2, ps, peand Ar is the domain which contains Ap if r con-

tains p. Equation (59) holds for all 5, », except for such pairs for which

QP, A)ry = 0. It is possible, hence, to decompose the original representation

in such a way that (59) holds within every reduced part. Neither T(a) nor

(A) can have matrix elements between such » and for which (59) does not hold.

In the third class of representations, the variable p can be dropped entirely,

and T(a)o(s) = ¢(¢), ie., all wave functions are invariant under the operations

of the invariant subgroup, formed by the translations. ‘The equation T(a)¢(¢)

= ¢(¢) is an invariant characterization of the representations of the third class,

ie., a characterization which is not affected by a similarity transformation.

Hence, the reduced parts of a representation of class 3 also belong to this class.
Since no wave function of the other classes can remain invariant under all

translations, no representation of the third class ean be contained in any repre-
sentation of one of the other classes. In the other classes, the variability

domain of p remains three dimensional, It is possible, therefore, to introduce
instead of px , ps, ps, pe three independent variables. In the eases 1 and 2 with
which we shall be concerned most, ps , ps , Ps can be kept for these three variables.
On account of (59), the Stieltjes integral can be replaced by an ordinary integral”
over these variables, the weight factor being| pe" = (P + pi + pi + pi)?
cm) wet = Ef f [ve n%el0. 0 Invr*arsdnedn.
In fact, with the weight factor | py | the weight of the domain rie., W, =

f J f | p«\"* dpa dpadps is equal to the weight of the domain W, as required”
by (69). Having the scalar product fixed in this way, P(A) becomes a unitary
‘operator and, hence, Q(A) will be unitary also.

‘We want to give next a characterization of the representations with a given P,
which is independent of the codrdinate system in Hilbert space. It follows from

% The invariance of integrals of the character of (598) is frequently made use of in
relativity theory. One can prove it by calculating the Jacobian of the transformation

Pim Aupi t Sapa t Aap: + (P+ pit pit pp @=1,2,3)

which comes out to be (P+ pi + pi + pDMP +p? + p?+ PP)-%. Eau, (60a) will not be
‘used in later parts of this paper.
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(53), that in a representation with a given P the wave functions Yi, va, «+>
which are different from zero only in a finite domain of p, form an everywhere
dense set, to all elements of which the infinitesimal operators of translation can
be applied arbitrarily often

Him A-*(T(he) — 1)"¥ = lim h(E" = 1)"(0) ray mo

= pel,

where ¢ will be a unit vector in the direction of a codrdinate axis or oppositely
directed to it. Hence for all members y of this everywhere dense set

(61) tim z (LT(hex) — 27 (hex) + I = (pit pit pi — pv = Py,
where ex is a unit vector in (or opposite) the k"* codrdinate axis and the + is +
fork = 4, and — fork = 1,2,3.
On the other hand, thereis no ¢ for which

(61a) lim 2 A*(T(@hes) — 27 (hes) + De
if it exists, would be different from —Py. Suppose the limit in (61a) exists and
is —Pe + ¢’. Let us choose then a normalized ¥, from the above set, such that
(Y, e') = 8 with 5 > 0 and an h so that the expression after the lim sign in
(61a) assumes the value — Pp + y’ + u with (u, u) < 6/3 and also the expression
after the lim sign in (61), with oppositely directed e becomes — Py + u’ with
(u', w) < 6/3. ‘Then, on account of the unitary character of T(a) and because
of T(-a) = T(a)*

(2 + WT(hes) — 27 (her) + De),
= (= 2 W*(T(—2ha) ~ 27(—ha) + Ihre),

or

— Pe) +e) + Hu) = — PW, 0) + (u's 9),

which is clearly impossible.
‘Thus if the lim in (61a) exists, it is — Py and this constitutes a characterization

of the representation which is independent of similarity transformations.

Since, according to the foregoing, it is always possible to find wave functions
for a representation, to which (61a) can be applied, every reduced part of
representation with a given P must have this same P and no representation
with one P can be contained in a representation with an other P. The same
argument can be applied evidently to the positive and negative sub-classes of
class 1 and 2.
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B.

Every automorphism L — L° of the group allows us to construet from one
representation D(L) another representation

(62) D%(L) = D(L?).

‘This principle will allow us to restriet ourselves, for representations with finite,
positive or negative P, to one value of P which can be taken respectively, to be

+1, and —1. It will also allow in cases 1 and 2 to construct the representations
ot the negative sub-classes out of representations of the positive sub-classes.

‘The first automorphism is a° = aa,A° = A. Evidently Equs. (12) are invari-
ant under this transformation. If we set, however,

Tale = Tale; aAe = d(A)e,

then the occurring p

Tale = Taay = ele = ery,

will be the p occurring for the unprimed representation, multiplied by a. This
allows, with a real positive a, to construct all representations with all possible
numerical values of P, from all representation with one numerical value of P.
If we take a negative, the representations of the negative sub-classes are obtained
from the representations of the positive sub-class.

In case P = 0, evidently all representations go over into themselves by the
transformation (62). In case P = 0, and P = 0_ it will turn out that for
positive a, (62) carries every representation into an equivalent one.

c

On account of (53) and (56), (57), the equs. (52B) and (52C) are automatically
satisfied and the Q(p, A); must be determined by (52D). This gives

(63) EQ, AeQAP, Deo eIAp, 8) = & EL QP, ADroe(TAD, 0).
Since this must hold for every ¢, one would conclude

(63a) LAW, AQP, Doo = + QP, ADro-
Actually, this conclusion is not justified, since two wave functions must be
considered to be equal even if they are different on a set of measure zero. Thus
‘one cannot conclude, without further consideration, that the two sides of (63a)
are equal at every point p. On the other hand,” the value of Q(p, A)ry can be

changed on a set of measure zero and one can make it continuous in the neighbor-
hood of every point, if the representation is continuous. This allows then, to
justify (68a). It follows from (63a) that Q(p, 1)ry = Sry-
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Let us choose" now a basic pp arbitrarily, We can consider then the subgroup

of all homogeneous Lorentz transformations which leave this pe unchanged.
For all elements d, « of this “little group,” we have

Pe, WeQ(Po, Dee = + QPo Meo(64) .

gq) = + a0),

where g(A) is the matrix q(A)r = Q(Po, \)ry- Because of the unitary character of
Q(A), the Q(ps, A)ry is unitary matrix and q(A) is unitary also.

If we consider, according to the last paragraph of Section 5, the group formed
out of the translations and unimodular two-dimensional matrices, rather than

Lorentz transformations, the + sign in (64) can be replaced by a + sign. In

this case, \ and ¢ are unimodular two-dimensional matrices and the little group
is formed by those matrices, the corresponding Lorentz transformations i, < to
which leave pp unchanged ipo = ip = Po.
Adopting this interpretation of (64), one can also see, conversely, that the

representation q(X) of the little group, together with the class and P of the
representation of the whole group, determines the latter representation, apart
from a similarity transformation. In order to prove this, let us define for every
pa two-dimensional unimodular matrix a(p) in such a way that the correspond-
ing Lorentz transformation

(65) &(p)po = P

brings pp into p. The a(p) can be quite arbitrary except of being an almost
everywhere continuous function of p, especially continuous for p = ps and
(ps) = 1. Then, we can set

A(a(p) eo,

8) = 9(P, 8),(66) °

d(a(p))e(p, 3) = e(po, $)-

‘This is equivalent to setting in (58)

(66a) 1, a(p)) = 1
and can be achieved by a similarity transformation which replaces o(p, $) by
Ly Qo, a(p))rye(p, 2). As the matrix Q(po, a(p)~) is unitary, this is
Unitary transformation. It does not affect, furthermore, (53)since it containsponly as a parameter.

Assuming this transformation to be carried out, (66) will be valid and will
define, together with the d(A), all the remaining Q(p, A) uniquely. In fact,
calculating d(A)g(p, §), we can decompose A into three factors

(67) A= a(p). ap) 'Aa(A%p). (Ap)
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‘The second factor 8 = a(p)"'Aa(Aé'p) belongs into the little group: ap)"
Aa(X*p)po = a(n) "AK"p = a(n)"p = po. We can write, therefore("p = py

aA)e(p, 8) = d(a(p))d(8)d(a(p’))‘eC, $)
(67a) = dB)d(a(p’))'e(m , $)

= Laedlale'y elo», 2) = X a(Bsve(', »)
‘This shows that all representations of the whole inhomogeneous Lorentz group

‘are equivalent which have the same P and the same representation of the little

group. Further than this, the same holds even if the representations of the

little group are not the same for the two representations but only equivalent

toeach other. Let us assume qi(A) = sqx(A)s. Then by replacing o(p, t) by
XD. s(F, n)e(p, 2) we obtain a new form of the representation for which (53) still
holds but q:(8) for the little group is replaced by qi(8). Then, by the trans-

formation just described (Eq. (66), we can bring d(A) for both into the form

(67a). The equivalence of two representations of the little group must be

defined as the existence of a unitary transformation which transforms them into

each other. (Only unitary transformations are used for the whole group, also).
On the other hand, if the representations of the whole group are equivalent,

the representations of the little group are equivalent also: the representation
of the whole group determines the representation of the little group up to a

similarity transformation uniquely.

‘The representation of the little group was defined as the set of matrices

Q(po, d)ry if the representation is so transformed that (53) and (66a) hold.
Having two equivalent representations D and SDS” = D° for both of which (53)
and (66a) holds, the unitary transformation S bringing the first into the second
must leave all displacement operators invariant. Hence, it must have the form
(57a), ice., operate on the ¢ only and depend on p only as on a parameter.

(68) Sele, t) = X SP)rvelp, 0).
Denoting the matrix Q for the two representations by Q and Q®, the condition
SD(A) = D°(A)S gives that

(68a) LSM, Me = LEM, MSAD)
holds, for every A, for almost every p. Setting A = a(p:) we can let p approach

pr in such a way that (68a) remains valid. Since Q is a continuous function of p

both Q@, A) and Q°(p, A) will approach their limiting value 1 _ {t follows that
there is no domain in which

(69) S(p:) = S(a(p:)*p) = S(po)

would not hold, i.c., that (69) holds for almost every p: .. Since all our equations
must hold only for almost every p, the S(p);, can be assumed to be independent
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of p and (68a) then to hold for every p also. It then follows that the representa-
tions of the little group in D and D° are transformed into each other by Sry«‘The definition of the little group involved an arbitrarily chosen momentum
vector py. It is clear, however, that the little groups corresponding to two
different momentum vectors pp and p are holomorphic. In fact they can be
transformed into each other by a(p): If A is an element of the little group

leaving p invariant then a(p)"‘Aa(p) = 6 is an element of the little group which
leaves po invariant. We can see furthermore from (67a) that if A is in the little
group corresponding to p, ie. Ap = p then the representation matrix q(8) of
the little group of po, corresponding to 8, is identical with the representationmatrix of the little group of p, corresponding to A = a(p)Ba(p)*. ‘Thus when
characterizing a representation of the whole inhomogeneous Lorentz group by P
and the representation of the little group, it is not necessary to say which po is
left invariant by the little group.

D.

Lastly we shall determine the constitution of the little group in the different
cases,

1,. In case 1, we can take for pp the vector with the components 0, 0, 0, 1.

‘The little group which leaves this invariant obviously contains all rotations
in the space of the first three coirdinates. This holds for the little group of all
representations of the nrst class.

0, In case Oy , the little group is the whole homogeneous Lorentz group.
1, Incase P = —1 the p, can be assumed to have the components 1, 0, 0, 0.

‘The little group then containsall transformations which leave the form —2} —z}
+ xi invariant, i.e., is the 2 + 1 dimensional homogeneous Lorentz group. The
same holds for all representations with P < 0.

0,. The determination of the little group for P = 0, is somewhat more
complicated. It can be done, however, rather simply, for the group of uni-
modular two dimensional matrices. The Lorentz transformation corresponding

to the matrix \° al with ad — be = 1 brings the vector with the components
21, 22,22, 2, into the vector with the components z{ , 73, x5 , 21, where”

a bl \ixetas atime flat ct) xi tah xi tinh«) | | |: tm a +i oe |-|272 aaahed) lini x—x/ lor atl lait xii)
‘The condition that a null-vector py , say with the components 0, 0, 1, 1 be invari-

ant is easily found to be | @ |’ = 1,c = 0. Hence the most general element of the
little group can be written

jee” Get aye)m™ ore |
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with real z, y, 6 and 0 $B< 4x. The general element (71) can be written as
t(z, y) 6(8) where

1 x +iy|| om 0 |(71a) tz, y) = | bb 6@ =| |.
lo 1 fo ef]

The multiplication rules for these are

(7b) Ha, ye) = Me + ty),

(71e) 8(B)t(z, y) = t(z cos B + y sin B, — x sin B + y cos 6)&(B),

(ia) 3(8)5(8’) = (8 + 6’).
One could restrict the variability domain of 6 in 4(8) from 0 to 2x. As 3(2x)
commutes with all elements of the little group, it will be a constant and from

8(2n)* = (4x) = 1 it can be &(2r) = +1. Hence (8 + 2x) = +8(8) and
inserting a ++ into equation (714) one could restrict 8 to0 < B < 2x.

‘These equations are analogous to the equations (52)-(52D) and show that the
little group is, in this case, isomorphic with the inhomogeneous rotation group of
two dimensions, i.e. the two dimensional Euclidean group.

It may be mentioned that the Lorentz transformations corresponding to
U(z, y) have elementary divisors, and constitute all transformations of class e)
in 4B, for which v, = py. The transformations 4(8) can be considered to be
rotations in the ordinary three dimensional space, about the direction of the

space partof the vector py. _Itis possible, then, to prove equations (71) alsodirectly.
7, Tae Representations oF THE Lrrtie Grours

‘A. Representations of the three dimensional rotation group by unitary
transformations.

‘The representations of the three dimensional rotation group in a space with a
finite member of dimensions are well known. ‘There is one irreducible representa

tion with the dimensions 1, 2, 3, 4, --- each, the representations with an odd
number of dimensions are single valued, those with an even number of dimen-
sions are two-valued. These representations will be denoted by D‘?(R) where
the dimension is 2j + 1. ‘Thus for single valued representations j is an integer,
for double valued representations a half integer. Every finite dimensional
representation can be decomposed into these irreducible representations.
Consequently those representations of the Lorentz group with positive P in
which the representation of the little group—as defined by (64)—has a finite
number of dimensions, can be decomposed into such representations in which
the representation of the little group is one of the well known irreducible repre-
sentations of the rotation group. This result will hold for all representations
of the inhomogeneous Lorentz group with positive P, since we shall show that
even the infinite dimensional representations of the rotation group can be
decomposed into the same, finite, irreducible representations.
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In the following, it is more appropriate to consider the subgroup of the two

dimensional unimodular group which corresponds to rotations, than the rotation

group itself, as we can restrict ourselves to single valued representations in this

cease (cf. equations (52)). From (70), one easily sees! that the condition for

{I bi) . *[e ‘I to leave the vector with the components 0, 0, 0, 1 invariant is that it
shall be unitary. It is, therefore, the two dimensional unimodular unitary

group the representations of which we shall consider, instead of the representa-

tions of the rotation group.

Let us introduce a discrete codrdinate system in the representation space

and denote the coefficients of the unitary representation by g(R). where R is a
‘two dimensional unitary transformation. ‘The condition for the unitary

character of the representation q(R) gives

(72) LaRyaWee = dui Le g(RV (Ben = be,
(72a) TlaWaP=1;  Lla®@al=1
‘This show also that | q(R) | < 1 and the q(R), are therefore, as functions of R,
square integrable:

SlaBea Par

exists if [ ... dR is the well known invariant integral in group space. Since
this is finite for the rotation group (or the unimodular unitary group), it ean be
normalized to 1. We then have

(73) Ls laWalar = z Sla(Bal'ak = 1.
The (2; + 1)'D (R)u form,” a complete set of normalized orthogonal functions
for R. We set

co) aR = FOLDER).
We shall calculate now the integral over group space of the product of D?(R)it
and

(7) ARS)on = Z a(Rna(Sm
The sum on the right converges uniformly, as for (72a)

« * * 1 re +

Ela@aadul ¢ (Elawat E iat’) = (Flats)
can be made arbitrarily small by choosing an N, independent of R, making the
last expression small. Hence, (75) can be integrated term by term and gives

(76) [D° (RRS)ud = Xf DPR)La(Raa(S)rik.
* H. Weyl and F. Peter, Math, Annal. 97,787, 1927.
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Substituting ED? (RS)in DS) mi for D(R)x: one obtains
(77) LDS afDRS)in RS) apd R= Fg Se J D?(RVR).
In the invariant integral on the left of (77), R can be substituted for RS and
we obtain, for (74) and the unitary character

(78) LD" SnCiin = E SraCi-
Multiplying (78) by D“(S)t,, the integration on the right side can be carried
‘out term by term again, since the sum over \ converges uniformly

* « * 17s qi

Eleraon| s (Liene E inst) s (Eicm)-
‘This can be made arbitrarily small, as even 2) Dy (2j + 1)" | Cit: * converges,

for (74) and (72a). The integration of (78) yields thus

(79) LCC = sndu Cie.
From q(R)q(E) = 9(R) follows q(#) = 1 and then q(R™) = q(k)* = q(k)'.

‘This, with the similar equation for D’’(R) gives

TCHRYu = Rea = aK(so «Do QR)s re DiC?
= LenDW = F CHD PR Ya,

or

(81) Ci = Chr.

On the other hand q(B)a = 3a yields

(82) 2 Cis = ba
‘These formulas suffice for the reduetion of q(R). Let us choose for every

finite irreducible representation D” an index k, say k = 0. We define then, in
the original space of the representation q(R) vectors »“”” with the components

Cita, Cit, City +++.
‘The vectors v*” for different j or l are orthogonal, the scalar product of those
with the same j and Lis independent of!. This follows from (79) and (81)
(83), 0) = LOMCH = LOMOsire = dard Chhe.

‘The v“*” for all x, j, 1, form a complete set of vectors. In order to show this,
it is sufficient to form, for every », a linear combination from them, the » com-
ponent of which is 1, all other components 0. ‘This linear combination is

(st) L Chae.
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In fact, the X component of (84) is, on account of (79) and (82)

(85) Lejueen = EC = on.ot z

However, two v with the same j and 1 but different first indices « are not
orthogonal. We ean choose for every jan 1, say1 = 0 and go through the vectorsvi, 9%”, ... and, following Schmidt’s method, orthogonalize and normalizethem. The vectors obtained in this way shall be denoted by

‘Then, since according to (83) the scalar produets (v””, »°*”) do not depend on 1,
the vectors

(862) w= Fav”
will be mutually orthogonal and normalized also and the vectors w"”” for all
n, j, Lwill form a complete set of orthonormal vectors. ‘The same holds for the

set of the conjugate complex vectors w'""”*. Using these vectors as codr-
dinate axes for the original representation q(R), we shall find that q(R) is com-
pletely reduced. The » component of the vector (R)v**”* obtained by applying
aR) ono” is

(s7) Lah.) = Ly Wa-Che.

The right side is uniformly convergent. Hence, its product with (2k + 1)
D(R)!, can be integrated term by term giving

(88) Lf 2h + ID(R)i.q().,ChiedR = L CitaChin = buj5aCGhe.

‘Thus we have for almost all R

(88a) Lg(R(o"), = ECD" Ba = LDR ulo),,

or

(s8b) (Rv = XD),
Since both sides are supposed to be strongly continuous functions of R, (8b)

holds for every R. In (86a), for every n, the summation must be carried out
only over a finite number of \. We can write therefore immediately

(80) Rye" = SDR aw,

‘This proves that the original representation decomposes in the codrdinate system
‘of the w into well known finite irreducible representations D'”(R). Since the w
form a complete orthonormal set of vectors, the transition corresponds to a
unitary transformation:
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‘This completes the proof of the complete reducibility of all (finite and infinite
dimensional) representations of the rotation group or unimodular unitary
group. It is clear also that the same consideration applies for all closed groups,
i.e., whenever the invariant integral f dR converges.

‘The result for the inhomogeneous Lorentz group is: For every positive numeri-
cal value of P, the representations of the little group ean be, in an irreducible

representation, only the D®, D, D'”, ... , both for P, and for P_. All these.
representations have been found already by Majorana and by Dirac and for
positive P there are none in addition to these

B. Representations of the two dimensional Euclidean group

‘This group, as pointed out in Section 6, has a great similarity with the inhomo-
geneous Lorentz group. It is possible, again”, to introduce “momenta”, i.e.
variables &, » and v instead of the ¢ in such a way that

(90) Uz, velo,& 1, v) = (pe,& mv)
Similarly, one can define again operators R(B)

(91) R(B)e(Po , 0, ») = e(Po, &, 9, v),

where

£ = Ecos8 — nsin6,(ota)
Aa! = Esin8 + 7 cos6.

‘Then 4(8)R(B)* = S(B) will commute, on account of (71e), with ¢(z, y) and
again contain , » as parameter only. ‘The equation corresponding to (57a) is

(92) 5@)e(Pe, Em, ) = L SB uelPr, ty, )-
One can infer from (90) and (92) again that the variability domain of &, 7 can be
restricted in such a way that all pairs , » arise from one pair gp , »» by a rotation,
according (91a). We have, therefore two essentially different cases:

a) F+d=240

b) P+P=2=0, ie Fa n=0.

‘The positive definite metric in the £, n space excludes the other possibilities of
section 6 which were made possible by the Lorentzian metric for the momenta,
necessitated by (55).

Case b) can be settled very easily. The “little group” is, in this case, the
group of rotations in a plane and we are interested in one and two valued
irreducible representations. ‘These are all one dimensional (¢")

(98) S(8) =
where s is integer or half integer. ‘These representations were also all found by
Majorana and by Dirac. For s = 0 we have simply the equation Oy = 0,
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for s = £3 Dirac’s electron equation without mass, for s = -t1 Maxwell's
electromagnetic equations, ete

In case a) the little group consists only of the unit matrix and the matrix

i . an | of the two dimensional unimodular group. ‘This group has two
irreducible representations, as (1) and (—1) can correspond to the above two
dimensional matrix of the little group. This gives two new representations of
the whole inhomogeneous Lorentz group, corresponding to every numerical
value of Z, Both these sets belong to class 0, and two similar new sets belong
to class 0.

The final result is thus as follows: The representations P..; of the first subclass
P,, can be characterized by the two numbers P andj. From these P is positive,
otherwise arbitrary, while j is an integer or a half integer, positive, or zero.
‘The same holds for the subclass P_. ‘There are three kinds of representations
of the subclass 0... ‘Those of the first kind 0,, can be characterized by a number
s, which can be either an integer or a half integer, positive, negative or zero.
‘Those of the second kind 0,() are single valued and can be characterized by an
arbitrary positive number Z, those of the third kind 0) are double-valued
and also can be characterized by a positive Z. ‘The same holds for the subclass

0_. The representations of the other classes (0b and P with P < 0) have not
been determined.

8, Representations oF THe Extenpep Lorentz Grou

A

As most wave equations are invariant under a wider group than the one
investigated in the previous sections, and as it is very probable that the laws of
physics are all invariant under this wider group, it seems appropriate to investi-
gate now how the results of the previous sections will be modified if we go over
from the “restricted Lorentz group” defined in section 4A, to the extended
Lorentz group. This extended Lorentz group contains in addition to the
translations all the homogeneous transformations X satisfying (10)

(10) XFX' =F

while the homogeneous transformations of section 4A were restricted by two
more conditions. From (10’) it follows that the determinant of X can be -+1 or
=1 only. If its —1, the determinant of X; = X¥F is +1. If the four-four

clement of X; is negative, that of X: = —X; is positive. It is clear, therefore,
that if X is u matrix of the extended Lorentz group, one of the matrices X,
XF, —X, —XP isin the restricted Lorentz group. For F* = 1, conversely, all
homogeneous transformations of the extended Lorentz group can be obtained
from the homogeneous transformations of the restricted group by multiplication
with one of the matrices

(4) 1, F,-1, -F.
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‘The group elements corresponding to these transformations will be denoted by
E, F, I, IF. The restricted group contains those elements of the extended
group which can be reached continuously from the unity. It follows that the
transformation of an element L of the restricted group by F, I, or IF gives again
‘an clement of the restricted group. This is, therefore, an invariant subgroup

‘of the extended Lorentz group. In order to find the representations of the

extended Lorentz group, we shall use again Frobenius’ method."
We shall denote the operators corresponding in a representation to the

homogeneous transformations (94) by d(E) = 1, d(F), d(1),d(IF). For deriving

the equations (52) it was necessary only to assume the existence of the trans-
formations of the restricted group, it was not necessary to assume that these are

the only transformations. ‘These equations will hold, therefore, for elements
of the restricted group, in representations of the extended group also. We
normalize the indeterminate factors in d(F) and d(I) so that their squares

become unity. ‘Then we have d(F)d(I) = wd(I)d(F) or d(Z) = wd(F)d(I)d(F).
Squaring this, one obtains w* = £1. We ean set, therefore

(0s) (IF) = d()a(F) = d(F)a)
a(FyY = dd) =1; dF) = £1.

Finally, from

(96) d(PYD(Ly)d(F) = w(L1)D(FLiF)

we obtain, multiplying this with the similar equation for La

o(Ia)o(In) = w(Lale)

which, gives w(L) = 1 as the inhomogeneous Lorentz group (or the group used
in (52B)-(52D)) has the only one dimensional representation by the unity (1).
In this way, we obtain

(96a) d(F)D(L)d(F) = D(FLF),
(96b) d(I)D(L)d(I) = DUILI),
(96¢) (IF) D(L)a(IF)* = DUIFLFD),

B.

Given a representation of the extended Lorentz group, one can perform the
transformations described in section 6A, by considering the elements of the
restricted group only. We shall consider here only such representations of the
‘extended group, for which, after having introduced the momenta, all representa-
tions of the restricted group are either in class 1 or 2, ie. P 2 0 but not 0»

Following then the procedure of section 6, onc can find a set of wave functions
for which the operators D(L) of the restricted group have one of the forms, given
in section 6 as irreducible representations. We shall proceed, next to find the
operator d(F). For the wave functions belonging to an irreducible D(L) of the
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restricted group, we-can introduce a complete set of orthonormal functions
VilP, 5), val, 9), +++. We then have

(97) D(L)WB, £1) = X D(L)u¥e(@, $).
‘The infinite matrices D(L),« defined in (97) are unitary and form a representation
which is equivalent to the representation by the operators D(L). ‘The D(L),
d(F) are, of course, operators, but the D(L), are components of a matrix,

ie. numbers. We can now form the wave functions d(F)¥1, d(F)¥ ,d(FWWs, «-and apply D(L) to these. For (96a) and (97) we have

D(L)d(F)}e = d(F)D(PLF

WW(97a) = dF) L DELP),

= LDFLF),d(FWy,
The matrices D°(L)y. = D(FLF)se give a representation of the restricted group(FLF is an element of the restricted group, we have a new representation by an
automorphism, as discussed in section 6B). We shall find out whether D°(L) is
equivalent D(L) or not. ‘The translation operation in D? is

(98) T°(a) = d(F)T(a)d(F) = T(Fa)
which, together with (53) shows that D° has the same P as D(L) itself. In
fact, writing

(99) Urelp, 2) = oFp, 2)
one has Uj! = Uy and one easily calculates U:T%a)Us = T(a). Similarly for
Uya(A)U; one has

Urd(A)Uie(p, $) = UrdPAF)Ui¢(p, 3)
(09a) = d(PAP)Use(Fp, $) = LD Q(Fp, PAF) Uie(F Ap, 0)

= LQ, PAP)ene A, 9).
This means that the similarity transformation with U, brings T°(a) into T(a)
and d°(A) into Q(Fp; FAF)P(A). Thus the representation of the “little group”
in Ud%(A)Us is

GO) = Q(Fpo, PAF),

For this latter matrix, one obtains from (67a)

0) = QFpe, FAP) = g(a(Fps)"PAPalF;(100) Fd) = QFpo ) = a(a(Fpo) (Fpo))
= 40°)

where d° is obtained from-d by transforming it with Fa(Fpp).
The representations D°(L) and D(L) are equivalent if the representation
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(2) is equivalent to the representation which codrdinates q(X*) to 4. The

(Fp) is a transformation of the restricted group which brings pp into a(F'ps)p> =
Fpe. (Cf. (65).) This transformation is, of course, not uniquely determined
but if a(po) is one, the most general can be written as a(Fpo)t, where tp» = Po
isin the little group. For g(¢‘a(Fpo)”' A a(Fpo)s) = g(0)"'g(a(Fpo) A a(Fp»))q(®), the freedom in the choice of a(Fpe) only amounts to a similarity trans-
formation of 9°() and naturally does not change the equivalence or non equiva-
lence of q°(A) with (A).
For the case P,, we can choose po in the direction of the fourth axis, with

components 0,0, 0,1. ‘Then Fp» = py and a(Fps) = 1. The little group is the
group of rotations in ordinary space and FAF = d. Hence q°(X) = q(A) and
D°A) is equivalent to D(A) in this case. The same holds for the representa~
tions of class P_.

For 0, we can assume that p> has the components 0, 0, 1, 1. Then the
components of Fps are 0, 0, 1, 1. For a(Fpx) we can take a rotation by x
about the second axis and Fa(Fps) will be diagonal matrix with diagonal
elements 1, —1, 1, 1, i, a reflection of the second axis. ‘Thus if ) is the trans-

formation in (70), ” = a(Fpo)”'F\Fa(Fps) is the transformation for which

aon w(t nom ae _ (; + a ai *).it im mm tit it, me oy
This is, however, clearly X = A*. Thus the operators of q°(A) are obtained
from the operators q(A) by (ef. (71a))

#2, ») = Ue, —(iota) (z, y) = Uz, —y)
88) = (-8).

For the representations 0,, with discrete s, the q°(A) and q(A) are clearly inequiva-
lent as 8°(8) = (e“*) and 4(8) = (e“*), except for s = 0, when they are equiva-
lent. For the representations 0,(=), 04(E), the q°(A) and (A) are equivalent,
both in the single valued and the double valued case, as the substitution » > —
transforms them into each other. The same holds for representations of the
class 0. If D\(L) and D(L) are equivalent

(102) U"D(L)U = D(L),
the square of U commutes with all D(L). As @ consequence of this, U* must
be a constant matrix. Otherwise, one could form, in well known manner,”
an idempotent which is a function of U* and thus commutes with D(L) also.
‘Such an idempotent would lead to a reduction of the representation D(L) of the
restricted group. As constant is free in U, we ean set

(1028) ar

+ J. von Neumann, Ann. of Math. $8. 191, 1981: ref.2. 0.89.
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c.

Returning now to equation (97a), if D(L) = D(FLF) and D(L) are equivalent
(P > 0 or 0, , 0_ with continuous = or s = 0) there is a unitary matrix U,, ,
corresponding to U’, such that

Z DELP) Uy = XL Cu DL er
(102b) * *

Da = be

Let us now consider the functions

(103) whtLd
Applying D(L) to these

D(L)e, = DLW, + X UeD(L\UPWy
= Dil + XD Uypd(F)D(FLF

YY,(103a) .

= LD)ods + XL UndPDFLPute
= LDLw (be + ZL UndlP.) = X DL wen.

Similarly

(Pye = dF, + XL Unde
(103) .

. ;=

LU (e+ Lad.) = ZL Uwes
‘Thus the wave functions ¢ transform according to the representation in which
D(L),, corresponds toL and U,, tod(F). The same holds for the wave functions
(104) = — LU ade,
except that in this case (—U,,) corresponds to d(F). The y, and d(F)¥, can be
expressed by the y and y’. If the y and d(F)y were linearly independent, the
g and ¢’ will be linearly independent also. If the d(F)¥ were linear combinations
of the y, either the ¢ or the g’ will vanish.

If we imagine a unitary representation of the group formed by the L and FLin
the form in which it is completely reduced out as a representation of the groupof restricted transformations L, the above procedure will lead to a reduction

of that part of the representation of the group of the L and FL, for which D(L)
and D(FLF) are equivalent.

If D(L), and D°L),, are inequivalent, the ¥% and d(F)¥, = ¥! are or-
thogonal. This is again a generalization of the similar rule for finite unitary
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representations.* One ean sce this in the following way: Denoting Mu =
(We, ¥2) one has

Mu = (We,$1) = (DL, DIL!)
= E DL).DWL)» Marj

x

M = D(L)'MD*L).
Hence

(105) D(L)M = MDL); M'D(L) = D°(L)M'.

From these, one easily infers that MM" commutes with D(L), and M'M com-
mutes with D°(L). Hence both are constant matrices, and if neither of them is

zero, M and M" are, apart from a constant, unitary. Thus D(L) would be
equivalent D°(L) which is contrary to supposition. Hence MM' = 0, M = 0
and the ¥ are orthogonal to the d(F)y = y’. Together, they give a representa-

tion of the group formed by the restricted Lorentz group and F. If they do not

form a complete set, the reduction can be continued as before.

One sees, thus, that introducing the operation F “doubles” the number of
dimensions of the irreducible representations in which the little group was the two
dimensional rotation group, while it does not increase the underlying linear
manifold in the other cases. This is analogous to what happens, if one adjoins
the reflection operation to the rotation groups themselves.”

D.

‘The operations d(I) can be determined in the same manner as the d(F) were
found. A complete set of orthonormal functions corresponding to an irreducible
representation of the group formed by the J and FL shall be denoted by ¥:,
vs, +++. For this, we shall assume (97) again, although the D(L) contained
therein is now not necessarily irreducible for the restricted group alone but
contains, in case of 0,,or0_,and finite s, bothsand—s. Weshallset, furthermore

(106) AUP = Ld Pueds -
We can form then the functions d(I)yi , d(D)¥2, ‘The consideration, con-

tained in (97a) shows that these transform according to D(ILI),,. for the trans-

formation L of the restricted group:

(106a) DL)aDy. = XDULDud De -
Choosing for L a pure translation, a consideration analogous to that performed
in (98) shows that the set of momenta in the representation L —+ D (ILI) has the
opposite sign to the set of momenta in the representation D(L). If the latter

* Cf.e.g. E. Wigner, ref. 4, Chapter XIL

» I. Schur, Sits. d. kén, Preuss. Akad, pages 189, 297, 1924
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belongs to a positive subclass, the former belongs to the corresponding negative

subclass and conversely. ‘Thus the adjunction of the transformation I always
leads toa “doubling” of the number of states, the states of “negative energy” are
attached to the system of possible states. One can describe all states y1,

ve,--+, dD, d(Dy2, +++ by introducing momenta pi, pz, Ps, pe and
restrieting the variability domain of p by the condition {p, p] = P alone
without stipulating a definite sign for ps.

As we saw before, the d(I)y1, d(J)¥2, are orthogonal to the original set of
wave functions yi, ¥2,---. ‘The result of the application of the operations

D(L) and d(F) to the yx, Ys. «+» (Le., the representation of the group formed by
the L, FL) was given in part C. The D(L)d()¥. are given in (106a). On

account of the normalization of d(I) we can set

(106b) (DdDe = ve
For d(F)d(Dy. we have two possibilities, according to the two possibilities in

(95). Wecan either set
(107) d(P)d(D. = ad, = L d(P)udDY 5
or

(107) d(P)-d De = dDdF be = ~ ZL dP eed DY, «
Strictly speaking, we thus obtain two different representations. ‘The system of

states satisfying (107) could be distinguished from the system of states for which
(107a) is valid, however, only if we could really perform the transition to a new

codrdinate system by the transformation I. As this is, in reality, impossible,
the representations distinguished by (107) and (107a) are not different in the

same sense as the previously described representations are different.
Tam much indebted to the Wisconsin Alumni Research Foundation for their

aid enabling me to complete this research.
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