Elliptic Functions						PhL		8.7.08

This is a subject I never came up against in my entire history, although it occurs in the simple problem of the plane pendulum I now realize. This is a complex subject with many pieces. Until you know some of these pieces, it is pretty hard to just read properties in a handbook. [ did some updating 10.25.10 ] 
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[bookmark: _Toc246075773][bookmark: _Toc275699791][bookmark: _Toc275699803][bookmark: _Toc275790075][bookmark: _Toc275790105][bookmark: _Toc275799868][bookmark: _Toc275799894]0. The Inverse Functions Idea. I am following some nice notes in a PDF I will store somewhere. Suppose someone hands you the integral (imagine integration variable is x'):

			y = F(x) = 	 dx 

You could ask about the inverse function x =F-1(y). In this case, it happens that
	
	F(x) = sin-1(x)		so 	x = F-1(y) = sin(y)

You might find that the inverse function x = sin(y) is "easier to think about" than y = sin-1(x). For example, we are familiar with lots of properties of sin, and not so many of sin-1. Notice that you can then write

			y  =  dx 

so the thing on the upper end point is the inverse function of y = F(x). 
____________________________________________________________________________

Note Added:  Is this always true?   Yes it is, and here is the theorem of interest:  

Theorem 1:  

	F(x) ≡ !Syntax Error, Ids f(s) 		=>	 x = !Syntax Error, Ids f(s)

so that "the thing appearing as the upper endpoint" is the inverse of the function F(x). 

Proof:  Start with F(x) ≡ !Syntax Error, Ids f(s). Define a new variable y by y = F(x) so that x = F-1(y). We then just rewrite our equation as y = !Syntax Error, Ids f(s). Then rename variable y to be x, QED. 

Example 1:  f(s) = 1/. Then F(x) = sin-1(x)|xa = sin-1x - sin-1a = y, so x = F-1(y) = sin(y+sin-1a). So our statement would then be that  x = !Syntax Error, Ids / and the thing in the exponent is then the inverse of the function F(x) = !Syntax Error, Ids/ = sin-1x - sin-1a. 

Example 2. If a = 0 in Example 1, we find that x = !Syntax Error, Ids / and the thing in the exponent is then the inverse of the function F(x) = !Syntax Error, Ids/  = sin-1(x). 
________________________________________________________________________________
	
1. The Main Example.  Suppose someone hands you a different integral, which happens to contain a constant k, but we show it all the time just so we are reminded it is there: 

		G(x,k)  =   dt 		|x| ≤ 1  to keep things real. 
	
where now G plays the role of F in our discussion above. This is the "incomplete elliptic integral of the first kind" in one of several notations we shall soon see. There must be some inverse function, and it goes by the name "sn", so we have  y = G(x, k) and then

	x = G-1(y,k) = sn(y,k)		=>	G(x,k) = sn-1(x,k)	=>	x = sn(G(x,k),k)	      (*)

		y = G(x,k)  =   dt  =   dt 

Like sin(y) above, sn(y,k) is "easier to work with" than the function G(x).  This fact was a discovery of 
Jaco'bi around 1829. If we set k = 0, we find that

	G(x,0)  =   dt   =   dt   = sin-1(x)	=>	G-1(x,0) = sin(x) 

Thus we see that

	sn(x,0)  = sin(x)

so this sn function is one which approaches the regular sine with k is small.  So one more time: 
	G(x,k)  =   dt  =  sn-1(x,k)
We are supposed to normally think of k as being in the range 0 ≤ k < 1. If k = 1, the above integral diverges, so we stay away from that end point. The quantity k is called the "elliptic modulus". 

[bookmark: _Toc246075774][bookmark: _Toc275699792][bookmark: _Toc275699804][bookmark: _Toc275790076][bookmark: _Toc275790106][bookmark: _Toc275799869][bookmark: _Toc275799895]2. Changing from x to φ. Now suppose in the above integral we make the replacement t = sinθ so that
 θ = sin-1t. . We can then rewrite the above integral as
			
	u = G(x,k) =   dθ     = sn-1(x,k)

where now the integrand certainly looks simpler. Suppose we define φ = sin-1(x) so x = sinφ. Then we could write the above as

	u = G(sinφ, k) =   dθ    = sn-1(sinφ,k) 

3. Suppose we decide we like working with the variable φ instead of x. We could then define F as

	F(φ,k) ≡ G(sinφ, k) 

Now let's write this in every way possible. 

	F(φ,k) = G(sinφ, k)  =   dθ    = sn-1(sinφ,k)   =   dt 

	F(sin-1x,k) = G(x, k)  =   dθ    = sn-1(x ,k)  =   dt 

This thing F(φ,k) is the official definition of the "elliptic integral of the first kind" as used by GR page 904. They don't use the word "incomplete" but others do. 

Note:  it is not unusual to get a result of the form F(sin-1x,k) and in that case it might be nicer to express the result as sn-1(x ,k) as on the line above.  An example is the potential of a charged ellipsoid au Kelvin. 

Comment:  Notice that, in all of the above, we don't really have any expression for sn(x,k). We only have an expression for sn-1(x,k) as a certain integral. We do know that sn(x,0) = sin(x), which shows that the function sn(x,0) is a periodic function in x. We suspect that sn(x,k) is also periodic in x, but since our limited theory here does not give us any expression for sn(x,k), we cannot confirm or deny this. A deeper probe into the theory, below in this document, shows that in fact sn(x,k) is periodic with a period which is 4 K(k) where K is defined below. 
_________________________________________________________________________

Small argument limit:  ( added 11.29.09)

	F(δφ,k)  =    dθ     ≈ [  ]θ=0   δφ =  δφ

Second argument 1 limit:  (added 10.8.10)

	F(φ,1)  =     dθ    =    dθ /cosθ   = ln [ (1+sinφ)/cosφ ] 		// Maple
___________________________________________________

In the above we have used y = G(x,k) as our left hand side. It is a tradition to use the letter u instead, so one see things like this  [ see (*) above]   where on the right we show the inverse function: 

	u  =  dt  = sn-1(x ,k)			with x = sn(u,k)

If we write x = sinφ,  the above becomes

		u  =  dt  = sn-1(sinφ ,k)		with sinφ = sn(u,k)

This usually appears as sin(φ) = sn(u) in the literature [ see below ]. 

[bookmark: _Toc246075775][bookmark: _Toc275699793][bookmark: _Toc275699805][bookmark: _Toc275790077][bookmark: _Toc275790107][bookmark: _Toc275799870][bookmark: _Toc275799896]3. Complete integrals. If you make a rough plot of the integrand 1/, you see that the values it takes going 0 to π/2 are repeated (but reverse order) going π/2 to π, and then that entire pattern repeats in the range π to 2π. If you set φ = π/2, you get the "complete elliptic integral of the first kind" and they write

	F(π/2,k) = u = G(sin(π/2), k) =   dθ     =  dt    ≡  K(k)

where "K" is the name of this complete function, and it is always bolded! This is one quarter of the area under the integrand curve were we to integrate for a full 2π period.  Thus, K(k) is sometimes called "the quarter period".  In fact K(k), as we will show below,  is one quarter period of sn(x,k), which is then the real reason for the name. 
	The integral representations given above for F(φ,k) are valid for φ in the range 0 to π. If you want to go to larger φ, you are supposed to imagine that you wind around and accumulate the sum. Thus, for example

	F(π + φ,k) =   dθ     =  2   dθ    +     dθ   

			2 K(k)+ F(φ,k)		// see GR 8.121.3 page 907

Here you see directly that K(k) is the quarter period of F(φ,k). [ More on this below.] 

[bookmark: _Toc275790078][bookmark: _Toc275790108][bookmark: _Toc275799871][bookmark: _Toc275799897]Notation ambiguity with K:  GR define K(k) in the manner just shown, that is, K(k) = F(π/2,k).  However, AS on page 591 confuse the issue by talking about K(m) = K(k2), we they have a different argument!  So now I have to go look how everyone else handles this: 

K(k)		GR, Bateman p 314,  wiki,  Wolfram,  k = "elliptic modulus" , M&F, Maple
K(k2)		AS
			Schaum fudges by never showing an argument!  Same for W&W. 
			M&M nada

F(φ,k)		me, Bateman p 314, Wolfram, 

Basically A&S is off the program here. 
	
[bookmark: _Toc246075776][bookmark: _Toc275699794][bookmark: _Toc275699806][bookmark: _Toc275790079][bookmark: _Toc275790109][bookmark: _Toc275799872][bookmark: _Toc275799898]4. Second and third kind.  I will mention that there are two other kinds of functions with letters E and Π, which are the second and third kind functions. Here are the first and second kind from GR: 

[bookmark: OLE_LINK1][bookmark: OLE_LINK2]F(φ,k) =   dθ     =  dt 	first kind	K(k) = 	F(π/2,k)

E(φ,k)  =   dθ     =  dt 		second kind	E(k) = 	E(π/2,k)

Notice the inconsistency in the naming of the "complete" functions. The second E is just a bolded version of E, but K is used instead of F. There is also a third-kind function which has an extra argument n which is called "the characteristic": 

	Π(φ,n,k)  =	 dθ   	=   dt 	third kind

and you see this has the extra denominator factor compared to F(φ,k).  We have Π(φ,n=0,k)  = F(φ,k). Right now I don't care about the second and third kind functions, but be warned that there are a lot of notational variations. For example, from page 590 of AS we seem to have

	ΠAS(n; φ\α) = Π(φ,-n,k = sin2α)

There is also another integral D(φ,k) which seems to have "no name", GR page 905, it is a difference thing between F and E. 

[bookmark: _Toc246075777][bookmark: _Toc275699795][bookmark: _Toc275699807][bookmark: _Toc275790080][bookmark: _Toc275790110][bookmark: _Toc275799873][bookmark: _Toc275799899]5. The basic Jacobi functions: 

We have already seen that sn(u) is the inverse function to the first kind elliptic integral: 

		u = G(x,k) =  dt   		= F(φ,k)  	x = sinφ

		x = G-1(y,k) = sn(u,k)

If follow that 

	sn(u,k) = x = sinφ

and φ is always called "the amplitude" of u. It is the distance you integrate in the dθ form of F. 

	φ = am(u)		x = sinφ  = sin[am(u)] = sn(u)

	φ = am(u) = sin-1[ sn(u)] 	

If we invert the "am" function, we get the "arg" function, as follows

	u = arg(φ) = F(φ,k)

As shown page 910 on GR, we see that cn(u) and dn(u) are also the inverse functions of certain integrals. 

[bookmark: _Toc246075778][bookmark: _Toc275699796][bookmark: _Toc275699808][bookmark: _Toc275790081][bookmark: _Toc275790111][bookmark: _Toc275799874][bookmark: _Toc275799900]6. The ellipse connection and the origin of the Jacobi functions.

So far we have said nothing about an ellipse, just "elliptic functions".  From our pdf notes we take this picture, where notice that the half-height minor axis is b = 1, and origin is at center, not at a focus: [ see better picture below] 

	

The point Q has coordinates x,y and we know x2 + y2 = r2. The ellipse equation is

	(x/a)2 + y2 = 1

This ellipse becomes a circle when a→1 of course. If a is the major axis of our ellipse with semi-major axes a and b, then the eccentricity is given by

	ε' = 		// ...  and if b is the major axis, we get  ε  = 

and this ε is the thing we want below so I give it the name ε. The Schaum formula is ε2 = 1 - b2/a2 page 38 for case a is the major axis. As a increases and ellipse thins, ε approaches its limit of 1. As a approaches b to make a circle, ε approaches 0.   So the point is eccentricity is in the range (0,1). 

Now we define u as the following integral: 

	u = u(θ) ≡ (1/a) !Syntax Error, Idθ' r(θ')		

Author points out, the integral part is NOT an area, and it is NOT an arc length, and has dimensions of length, so that u(θ) is then dimensionless since we have (1/a). If a circle, then the integral part is = rθ and it then is the arc length along the circle and going around gives 2πr which is the circumference. 
	So u is some complicated function of r for which we have no convenient geometrical interpretation. 

Now let's draw our ellipse with b > a so it is vertical:



We know that

	x = rcosθ	y = rsinθ	(rcosθ)2/a2 + (rsinθ)2 /b2= 1	so 	cos2θ /a2 + sin2θ/b2 = 1/r2

	so r(θ) = 1/  = 1/  = a/

where

	k2 = a2(1/a2 - 1/b2)  = 1 - a2/b2  = ε2 	// where a is the minor axis so a < 1 in the picture

Thus, we may conclude that k is the eccentricity of our ellipse if a < b.  As a gets smaller, the ellipse gets thin vertically and ε → 1.  

Aside: There is another historical measurement of eccentricity called angular eccentricity. I think in older books it is called oε, but nowadays it is usually called α. We have

	cos(α) = a/b  so   ε2 = k2 =  (1-a2/b2) = 1-cos2(α) = sin2(α)	=>	ε = k = sin(oε)

and I have shown this angle α in the above picture in a red triangle. Here are the extreme cases: 

		

We may also conclude that, based on our definition of F(θ,k) given earlier. 

	u(θ) ≡(1/a) !Syntax Error, Idθ' r(θ')  = (1/a) !Syntax Error, Idθ'[  a/]   = !Syntax Error, Idθ' 1/  = F(θ,k)

so this strange function u(θ) is our first kind elliptic integral F.
	
Now here are the Jacobi function definitions, and we copy down our picture: 

	sn(u) = sin(θ)  = y/r(θ)
	cn(u) = cos(θ) = x/r(θ)
	dn(u) = a/r(θ)  = ratio of two distances, hard to show as a trig function = 

		

Now let's go around the above ellipse and watch what happens. 
	First for sn(u):  At θ = 0, sn(u) = 0 since y=0. At θ = π/2, it is clear that r(θ) = y so sn(u) = +1. It then goes back to 0 and heads off to -1. Thus, sn(u) is very much like sin(u), but the "rate" is different because (x,y) is going around an ellipse instead of a circle. I don't have an easy graphical explanation of the this effect, but the upshot is that as the vertical ellipse gets thinner and k → 1, the peak of sn(u) gets flattened out relative to sin(u), and you can see this on the plot below. 
	The cn(u) function is similar to cos(u) but has the opposite distortion -- pointy at the peaks -- as shown in the plot below. It is of course 90 degrees out of phase with sn(u). 
	Note from the definition that sn2(u) + cn2(u) = 1 for any u. 
	The dn(u) = a/r(θ) function is a new animal. At θ = 0 we have r=a so it starts at +1. It then decreases as we do our first quarter turn, because r increases, and it reaches a min value of a/b. It then goes back to where it was, and that pattern repeats forever, here is a plot stolen from below:

			dn(u) versus u

Once again, it always peaks at 1, but the minima are at a/b. For a circle it would be a horizontal line. 

Notice that our first result above says sn(u) = sinθ which we derived far above using θ=φ. We like θ when we are talking about ellipses in polar coordinates, but we like φ when talking about elliptic integrals! 
	As for the dn, on GR page 910 we are told that dn(u) =  which from above is a/r(θ), so that verifies the third definition above. 

[bookmark: _Toc275790082][bookmark: _Toc275790112][bookmark: _Toc275799875][bookmark: _Toc275799901]Make a plot of u(θ) versus θ. 

I find it very helpful to see a plot of u(θ) versus θ just to get a feel for things. In this plot, I have let θ run from 0 to 4π ≈ 12, so we have "gone around the ellipse" twice. The green line is θ(θ), while the red curve is u(θ), the horizontal axis is θ :  [ a=2,b=7 so k2 = .91 ]

			

I made this plot by doing numerical integration to get u(θ) at various θ. The following has k2 = .92. The closer k comes to 1, the more θ dependence there is in r(θ), and the "curvier" the above plot becomes. Here is the code for the plot:

restart;
> a := 2:
> b := 7:
> k := sqrt(1-(a/b)^2);
> evalf(k^2);
> r := a/sqrt(1-(k*sin(theta1))^2);
> u := (theta2) -> evalf(Int(r,theta1=0..theta2));
> plot(u(theta),theta=0..2*Pi);

[bookmark: _Toc275790083][bookmark: _Toc275790113][bookmark: _Toc275799876][bookmark: _Toc275799902]Make a plot of θ(u) versus u. 

This is harder to do, since we don't have an explicit functional form the way we have the integral for u(θ). But we can do it numerically this way. Imagine stepping θ in evenly spaced small steps and recording two columns of data, θi and ui = u(θi) , getting u by doing those numeric integrations as above. We could then make a scatter plot putting θi on the vertical axis and ui on the horizontal then we have θ(u) as desired.
	 First, we generate 5 columns of data but we only use 2 of these columns right now (N=100)

	

Then we do the following plotting instructions

	

This second set of points q is obviously a straight line (red), and it plots u(u), while the first plots θ(u) which is green. Notice that it starts off bending the opposite way our red plot above does. 

			

[bookmark: _Toc275790084][bookmark: _Toc275790114][bookmark: _Toc275799877][bookmark: _Toc275799903]Why is sn(u) periodic?

From our definition we have sn(u(θ)) = sinθ. We know that each time θ goes around 2π, the values of sinθ are going to repeat those of the previous loop around the ellipse. If these values repeat, then the function sn(u(θ)) takes a set of values that exactly repeat. Now to declare sin(u) to be "periodic", we don't only need to know that values repeat, but that they repeat in exactly the same way, at the same "speed". It is not quite obvious to me how to show this, but I will now try. As θ moves around the ellipse, we know that u(θ) takes these values [ we know this from the definition of u(θ) as an integral, K = K(k) of course, and each time around the integral is 4K ] 

	u(θ) = int(θ/[2π]) * 4K + u(rem(θ/[2π])

Let's write θ = 2πN + φ so that φ only runs the range (0,2π) no matter how large θ gets. Then we have

	u(θ) =  N4K + u(φ)

and we can write

	sn[N4K + u(φ)] = sinθ  = sin(2πN + φ) = sinφ

where N is any integer. For example, if N = 0 we know that 

	sn[u(φ)] = sinφ

Therefore we have shown that

	sn[u(φ) + N4K ] = sn[u(φ)]

	sn[u + N4K ] = sn[u]			N = integer

This last then conclusively states that sn(u) is a periodic function with period 4K!

[bookmark: _Toc275790085][bookmark: _Toc275790115][bookmark: _Toc275799878][bookmark: _Toc275799904]How would you make a plot of sn(u) versus u?

In making our plot of u(θ) above, we already generated a column of sin(θ) values called sincol[i], so we can use that to make our sn(u) versus u plot as follows:  (here I use a=1, b=5 so k = .98 to make things quite visibly flat on the top) 

		

We might as well just plot all three functions on the same graph: 

	

Notice that, whereas sn(u) flattens at the peaks, cn(u) gets more pointy at its peaks. This is how it arranges to maintain sn2(u)+ cs2(u) = 1. 

[bookmark: _Toc275790086][bookmark: _Toc275790116][bookmark: _Toc275799879][bookmark: _Toc275799905]What about complex values?

Look back at our starting facts

	u(θ) ≡(1/a) !Syntax Error, Idθ' r(θ')  = (1/a) !Syntax Error, Idθ'[  a/]   = !Syntax Error, Idθ' 1/  = F(θ,k)

	sn(u) = sin(θ)  = y/r(θ)
	cn(u) = cos(θ) = x/r(θ)
	dn(u) = a/r(θ)  = ratio of two distances, hard to show as a trig function = 

We can certainly ask what happens if we let θ go complex. For example, if θ = iμ, we get

	u(θ=iμ) =  i !Syntax Error, I dμ' 1/  

The integral is certain well defined and non-singular, so this gives  u = i B where B  is some real number. If you look up this integral in GR7 p 134 you see
		

where the k appearing in the F is the complement thing to the k which appears in the integral. So in my case you could have
		
	!Syntax Error, I dμ' 1/  = F(sin-1(thμ), k' ) 		where k2 + k'2 = 1

Now as we increase μ in our u(θ=iμ) integral above, the integrand gets exponentially smaller so u approaches some limit value which is F(sin-1(1),k') = F(π/2,k') = K(k') = K(). So basically u(θ=iμ) goes from 0 to iK(k') monotonically as we go up the imaginary θ plane axis. So if we then consider that sn(u) = sin(θ), it would seem that sin(θ) blows up exponentially on this ray. But the corresponding path in the u plane is not an infinite ray, it is the line segment from 0 to i K(k'). So if we head straight north in the u plane, we find that sn(u) has some kind of pole sitting there at i K(k'), something we shall see in the pictures below. 
	But then how to you go "further north" beyond this pole? I suspect you just take θ to be on some arbitrary θ-plane ray (but not the vertical axis), and then you can show that you are periodic in both directions. I leave this development for some rainy day. 

[bookmark: _Toc246075779][bookmark: _Toc275699797][bookmark: _Toc275699809][bookmark: _Toc275790087][bookmark: _Toc275790117][bookmark: _Toc275799880][bookmark: _Toc275799906]7. Comments and Notations used by various authors

(1) We first define u = u(θ) ≡(1/a)dθ' r(θ') = F(θ,k) as some strange function of θ. We are associating this integral with the above ellipse picture, but we don't really have a geometric construction to show u somewhere on the figure. It is not an arc length. 

It turns out that u(θ) and sin-1θ  don't differ by very much, even for values of k close to 1 where they vary the most. Recall that F(φ,k=0) = sin-1φ just looking at the first integrals given in this write-up. 

For example. 



The red curve gives the first π/2 worth of the sin-1φ sine wave in the vertical direction, and F(φ,k) is pretty close to it all the time. This with k = 0.95. Here is with k = .5:



Here is another way to view this situation:  plot the ratio of  F(φ,k)/ sin-1φ  for three k values





(2) now, once we have defined this function u(θ), we define the three basic Jacobi functions like this: 

	sn(u) = sin(θ)  = y/r(θ)
	cn(u) = cos(θ) = x/r(θ)
	dn(u) = a/r(θ)  = ratio of two distances, hard to show as a trig function.  = 

where angle θ and distance r(θ) appear very clearly in our picture. So these functions like sn(u) are clearly associated with the ellipse, giving the sine of the regular angle.
		
(3) It is often remarked that the sn(u) type functions are periodic in both directions in the complex u plane. Here is a little Maple plot sort of confirming this idea: 

	

Think of starting in the center where things are blue (a zero exists in the center of each blue region). If you go "right or left" you get to the next zero patch, and that agrees with our sn(u) plot above. If you go due north (ie, left) from the origin, you hit the center red pole, as noted above. 
	So sn and the other functions are periodic on a certain grid and there are poles at some corners and zeros at others. In this plot, the height is the magnitude of the resulting complex function, and the color shows the phase. By way of contrast, the sin(u) function is periodic in only one direction and exponential in the other. 


	

(4) Because these functions like sn(u) are geometrically connected with the ellipse (as a deformation of a circle), they are called the "Jacobian elliptic functions".

(5) Here is a good wiki discussion of "the grid" on which the Jacobi functions are doubly periodic: 



Meromorphic means analytic except for poles. 

For example, my function pq(u) = sn(u) should have these properties
	 a zero at the s corner 
	 a pole at the n corner
	 moving s to n (up) says the half period in the imaginary direction is K'
	 if you move right to corner c, you find that K is a quarter period
	 if you move to corner d (diagonal), the diagonal distance is a quarter period
	 expand sn(u) at the s corner and leading term is u. 
	 expand sn(u) at the n corner, and leading term is 1/u. 
	 at the d an c corners, the leading expansion term is 1, function is flat there. 

Notice that the values of K and K' are functions of k. Look at GR page 914 table and it says that for the function sn(u), the period in the real direction is 4K, while in the imaginary direction it is 2K', which agrees with what was just said above. 
	To make the function pq(u), you can select four corners for the first letter and then 3 for the second letter, so there are 12 Jacobi elliptic functions and they have "various relations" to each other. 

(6)  Notation. Our handout claims this notation is used: 
	
	
The above is what AS do on their page 571. Instead of using k and k', they use m and m1, fine. That is to say:
			m = k2 		m1 = 1- k2  = k'2   

Schaum on page 179 is basically the same notation as GR, but he reverses the order of the arguments in F and E! 

(7) A&S have a huge amount of information. One nice trick is shown on page 578. You define certain "theta functions" ( which have k hidden in them), and then you can write every Jacobi function as a ratio of these theta guys according to pq(u) = θp(u)/θq(u). These theta things of course only have zeros, so here is how you get the zeros and poles of pq(u). The thetas that do this trick are linear combinations of Jacobi's original theta functions which he called Θ , Θ1, H and H1. 

(8) A&S have a separate chapter 17 on "Elliptic Integrals" , while chapter 16 is on "Jacobi elliptic functions and theta functions". Only in Chapter 17 do we see two new notations: 

 m = k2 is called the "parameter" so that k can still be called the "modulus". 

 m = k2 = sin2α  so that k = sinα and this new thing α is the "modular angle". But looking above, we see that this thing α is the same as our oε "angular eccentricity" of the ellipse. 

 So A&S trick (p 589) to distinguish how things are parameterized is to say this: 

	F(φ,k)   = F(φ|m)   = F(φ\α)		k = sinα		m = k2

 See note above on p 4 about fact that KAS(k2)  = Keveryone else(k) 

 Just a reminder that GR use F(φ,k) exactly as I use it here, see note earlier on GR

 Bateman Vol II also has a lot to say about all these elliptic integrals and functions, a whole chapter. 

 In the various expansions for these elliptic functions, we often see the following function

	q(k) = exp[-πK'(k)/K(k)] 

which has the strange name of "the nome". Here is a little detail from wiki, 



I would guess that Jacobi came up with the word "nome" for this function. He did his elliptic treatise around 1830. His paper "Fundamenta nova theoria functionum ellipticarum" published in 1829, together with its later supplements, made fundamental contributions to this theory of elliptic functions.

 What is the arc length of an ellipse? Here is a blurb on that



So, our second kind E function is exactly what we want. Note use of ε for k here. See also page 7 of Schaum, who gives also an approximate formula. 

(9) You might ask "how sn(u) is defined and computed".  The F(φ,k) integral of course is cleanly stated and can be studied for complex x = sinφ and k, etc. Presumably, the inverse function sn(u,k) must be similarly defined. One approach:  we define sn(u) in this way, obtain a series expansion of it in some disc, and then analytically continue it as needed to wherever we want to go. This last can be done using the various transformation formulas or associated differential equations or other series. In this way, one discovers that sn(u) is periodic in both directions in the u-plane. Obviously the theory here is much deeper than my cursory review of "the basic facts". 

(10) What do we know about sn(u; k) as a function of real u? 
	 From our discussion above, we know that the quarter period is K(k). So we might be interested in what THIS function looks like! 

plot(EllipticK(k)/(Pi/2), k=0..1);			// K(k=1) = ∞, blows up slowly. K(.999999) = 7.95



So, the quarter period starts out being π/2 for small k, meaning the period is 2π, as for the sine. But as k increases, this period increases. At k = .916 or so, the period has increased by 50%. 
	 We also know from sn(u) = sin(φ) that sin(u) is sinusoidal in nature varying between 1 and -1. Here is a plot comparing sn(x) to sin(x) for k = .5:

plot([JacobiSN(x,.5),sin(x)], x = -20..20, color = [red,blue]);



You would think at least for small k, you could approximate sn(u) as a sin(Au) with an adjusted period. We already know that sn(u) = sin(φ) and we might approximate in this way:

	u = F(φ,k) ≈ φ /k'		// just looking at the integral

so then we are saying
	
	sn(t) ≈ sin(k't)		where of course k' = 

and since k' < 1, sin(k't) goes at a lower frequency ω and has a longer period as shown. ! 

[bookmark: _Toc246075780][bookmark: _Toc275699798][bookmark: _Toc275699810][bookmark: _Toc275790088][bookmark: _Toc275790118][bookmark: _Toc275799881][bookmark: _Toc275799907]8. Transformations of Elliptic Functions

I did not discover this until I fiddled more with the pendulum. Of my books, only GR gives a nice table of transformation formulas on page GR 915. The Wolfram mathematica site has all this stuff but they like to use the sn(u|m) notation instead of sn(u,k) where m = k2 . 
	Here is an important transformation for sn:

	sn(ku,1/k) = k sn(u,k)

It is important because it then lets you cover the entire real range of k, not just k ≤ 1. I suppose k=1 is always a problem child. 
	Can I derive the above? Consider

	w  =  dt 				(1)

The RHS is true for any value of k. For example, it is true for k' = 1/k, so can write

	w =  dt 
It is also true for any value of w, so try w = ku to get

		ku =  dt 

Now change the integration variable according to t' = t/k. Root arg becomes (1-k2t'2)(1-t'2) so the two factors sort of swap places. we also have dt = kt' and the upper end endpoint in the t' integration goes to 1/k where it went before. So we then have

	ku =  k dt' 

Cancel the k's and rename t' to be t again, swap lower order, get

		u =   dt 

But write (1) above for w=u to get

	
	u  =  dt 

Therefore, the upper endpoints must be the same, so get

	sn(u,k) = 1/k sn(ku,1/k)

and thus we have proven our transformation.  QED. 

Note added 11.2.09.   GR page 908 show "transformations" for the K function so you can, for example, replace an imaginary argument with a real one, such as 8.128.1.  I was doing this with my half spherical shell problem today. 

[bookmark: _Toc275799882][bookmark: _Toc275799908]9. Integral representations for sn-1(x), cn-1(x) and dn-1(x). 

Just for the record, here are three GR7 integrals of interest: 


If we apply the results of our Theorem in section 0 above, we conclude that each of these three integrals, if taken to x as an upper endpoint, would represent  sn-1(x), cn-1(x) and dn-1(x). It was the first of these three that we worked on earlier in this doc, but one should be aware of the other two as well. 
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for i from 0 to N do
theta := 5*Ri*(i/N);
thetacol[il theta;
ucol[i] := (1/a)*evalf(Int(r,thetal=0..theta));
sincoll[il sin(theta,
coscol[i] := cos(theta);
dncol[i] sqrt (1-(k*sin(theta))"2
od:
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with(plots):
p:= seq([ucol[il,thetacol[i]],i=0..W):

q:= seq([ucol[il,ucol[ill,i=0.
plot ({[p], [q1}
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plot([EllipticF(phi,.935),arcsin(phi)],phi = 0..P1/2, y=0..Pi/2,color=[blue,red])
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plot (E1lipticF(phi,.99)/arcsin(phi) phi = 0..Pi/2, y=0..Pi/2);
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plot (EllipticF(phi,.8)/arcsin(phi),phi .Pi/2, y=0..Pi/2);
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plot(EllipticF(phi,.5)/arcsin(phi) ,phi = 0..Pi/2, y=0..Pi/2);
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complexplot3d(JacobiSN(z,.5), z = -5-5*I .. 5 + 5%I);
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complexplot3d(sin(z), z=-6-1%*I .. 6+1*I)/
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Introduction

There are twelve Jacobian eliptic functions. Each of the twelve correspands to an arow
drawn from one camer of a rectangle to ancther. The camers of the rectangle are
Iabeled, by convention, s, ¢, d and n. The rectangle is understood to be lying on the
complex plane, so that s is at the origin, ¢ is at the point X on the real axis, d is at the
paint K + iK' and nis at point iK* on the imaginary axs. The numbers K and K are called
the quarter periods. The twelve Jacobian eliptic functions are then pg, where each of p
and g is one of the letters s, ¢, d,n

The Jacobian eliptic functions are then the unique doubly-periadic, meromorphic
functions satisfying the following three properties:

= There is a simple zero at the comer p, and a simple pole at the comer g

[edi]

iRA

K [3
Auiliary rectangle ;
construction

= The step from p to q is equal to half the period of the function pg & that s, the function pg u s periodic in the direction
g, with the period being twice the distance from pto g. Alsa, pa s also periodic in the other twa directions as well,

with a period such that the distance from p to one of the cther comers is a quarter period

= ffthe function pg v is expanded in terms of u at one of the comers, the leading term in the expansion has a coefficient
of 1. In ather wards, the leading term of the expansion of pg  at the comer p is u; the leading term of the expansion at

the comer gis 11, and the leading term of an expansion at the cther two comers is 1

The Jacobian eliptic functians are then the unique eliptic functians that satisfy the abave properties

More generally, there is no need to impose a rectangle; a parallelogram will do. However, if K and ik are kept on the real
and imaginary axis, respectively, then the Jacobi eliptic functions pg u will be real functions when uis real
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sn(ulm) = sn(u, k), where m = k*
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In mathernatics, specifically the theory of eliptic functions, the nome is a special function and is given by
q=exp(—nK'/K) = exp(imw, /wi) = exp(inT)

where K and iK' ate the quarter periods, and 1 and w are the fundamental pai of periods. Notationally, the quarter periods K and K" are

usually used only in the context of the Jacobian eliptic functions, whereas the halfperiods wy and w are usually used only in the context of

Weierstrass ellptic functions. Some authors, notably Apostol, use w1 and os to denote whole periods rather than half periods.

The norme is frequently used as a value with which eliptic functions and modular forms can be described; on the other hand, it can also be

thought of as function, because the quarter periods ae functions of the elliptic modulus. This ambiguity occurs because for real values of the

elliptic modulus, the quarter periods and thus the nome are uniquely determined

The function 1= iK'/ K= wa /w1 is sometimes called the half-period ratio because it is the ratio of the two halfperiods @y and wp of an elliptic

function.
The complementary nome g i given by
@ = exp(—7K/K").

See the articles on quarter period and elliptic integrals for additional definitions and relations on the nome.
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The length of an elementary arc is obtained as the square root of (d=)-H(dy)?,
which boils down to a(1-¢%in’) 46, [This i simply an infinitesimal expression of
the Pythagorean theorem: At infinitesimal scales, every ordinary curve looks
straight, and a small piece of it appears as the hypotenuse of a tiny right triangle of
sides dz and dy.] The length of the ellptic arc corresponding to the angle 8 may
thus be expressed as a simple integral (an old-fashioned quadrature) known as
the incomplete eliiptic integral of the second kind:

o
aE@Be) = “jn V1-sinf o dar

“This function (E) was introduced because the integral has no expression in terms of
more elementary functions. (The finction E also comes in a single-argument
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o = "angular eccentricity"
cosq = a/b
=k =sina

x/a = sn(u)
ylb =cn(u)
r/a = dn(u)
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q:= seq([ucol[i],dncol[i]],i=0..N):

plot ([ql,view=[0..10,0..1]) ;
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