Rotating Frames of Reference
Phil Lucht
Rimrock Digital Technology, Salt Lake City, Utah 84103
last update: February 9, 2017

rimrock(@xmission.com

Maple code is available upon request. Comments and errata are welcome.
The material in this document is copyrighted by the author.

The graphics look ratty in Windows Adobe PDF viewers when not scaled up, but look just fine in this
excellent freeware viewer: https://www.tracker-software.com/product/pdf-xchange-editor .

The table of contents has live links, and use of a wide Bookmarks pane is recommended.

Overview .- 4

Summary . 5

1. Notation, important role of the Prime Symbol, and other Preliminaries

1.1 The basis vectors e, and €' and two ways in which they are related .............cccoeevveiiiiiciienieennen. 8
1.2 Expansions of a vector and use of primes and parentheses ...........cccceeeveeeereeeriieeireeenie e evee e 9
1.3 Special case where a'j 1S UNAMDIZUOUS .......c.eevvieriieiiieiieeieeie et esieeseesresereereeseesseesseesenessnessseenns 11
1.4 When are tWo VECOTS €qUAL? .......ccviieiiieiiieciee ettt ee e sv e e e ae e e stbeeeabaeessaeessseeensaeennns 13
1.5 The small rotation of @ vector abOUL AN XIS .......cecuieuierieiierie ettt 14
1.6 The time rate of change of @ rotating VECIOT .......c.ecviiiieiieiiecieceeere et ees 16
1.7 Rate of change of the DasiS VECIOTS .....c.uivieriiiiiiiieiieieereesteeete e ere e b e reesreesreesaaeseaessnesene e 17
1.8 Notations for the many time derivatives of vectors r, r', band L.........ccccoovvevieviiniieiiiciecreee, 18
1.9 ANGUIAT MOMENTUIN 1...vieuvieiieciieereereeieesieesteestteseressbeesseesseeseesseesssesssessseessessseesseesseesssesssesssesssennns 21
1.10 No frame label is needed for d/dt of a scalar function ............cceeeveevierirciiiciieneeeeeeee e 22
1.11 When do operations d/dt and taking a component "commute" 7 ........c.cccceevreeriereereeneesrenneenns 23
2. The G Rule for arbitrary vector a and its derivation 25
3. The Apparatus and its Observer at Rest in Frame S’ .28
4. The Relationship between the Two Frames S and S'...... 30
4.1 Explanation of Fig (4.1.1): Frame S in the plane of paper..........ccoceevvvevviirciinciieieieeeeeerie s 30
4.2 Explanation of Fig (4.2.1) : Vector o pointing directly out of paper.........cccecvvevvrcrvevrververeennnns 31
4.3 Comments on Bs and f)s- ............................................................................................................. 31
4.4 Special Case #1 : © axis through Frame S Origin..........c.cccveviierieriieniieniiciieeeeeeeee e 32
4.5 Special Case #2 : ® axis through Frame S’ Origin.........cccccevveviriierienieniesie e 33
4.6 THE TUIMLADIC.....c.uviiiiieeiie ettt ettt et e et e et e e ebeeesabeesaseeesseessseeesseessseesnsseessseens 34
g A N TS 2 Vg4 RS TUSRTRRP 35
4.8 The Flying Camera Platform...........ccooiiiiiiiiiiiie ettt 36
5. The Goal of the NeXt tWO SECLIONS ...cceveereveriivriisseressrnissnncsserissserssssnessstesssssessssesssssssasesssssssssssesaseese 37
6. Determination Of VElOCIIES ....cceeeueeueenueiseisiiiiieictictictncsttnsessnnsnississstsssesssesssssssssssssssssssssssses 38
0.1 VIOCTEY V™ cutitiiuietieiteie sttt ettt ettt et bbbt et b e et e st s bt et sbe et e bt eat e bt e bt e e entes 38
0.2 VEIOCILY V= VG atiutiiiiiieieeit ettt ettt sttt et b et bt et e b e bt et b et e st e at et sbe et e e bt eat e bt e bt eaenes 38


https://www.tracker-software.com/product/pdf-xchange-editor�

0.3 VEIOCILY V'Surtiurieriieriieiieeie et et esttesttestesete e bt essaesseessaesseessseasseessaassaesseessseasseansaesseensaesssessseansenssennns 39
6.4 VEIOCILY SUMIMATY ....c.veiiiiiriieiieeieeiteeteettestesetesesessteesseesseessaesseesssesssesssesssessseesseessessssesssessenssennns 39
6.5 VelocCities fOr SPECIAl CaSES.....iiiuieiieriieriierierie et ete et et eseeseesteesseessbessseasseessaessaesseesssesnsesssennns 39
6.6 COIMIMEIES ...c.eveiuiiiiientienite ettt ettt ettt ettt et et esbeesatesat e e bt e bt e bt e sbeesbeesateeateebeenbeesbeesaeesanesane 40
7. Determination of accelerations 42
R ANV [ 15 10 0 U L 42
7.2 ACCEIETALION @ = AG..eiiiiiiieeeeeeeeeee ettt e e e ettt e e e e e e e e et eeeeeseseaesaaeeeesesesseeraaaeeeeeesasessaaereeeeens 43
7.3 ACCELETAION A" ..vvvvieeiiiiieeeeeeeee ettt ettt e e e e e e e ettt eeesess e aaeeeeeesessenaaaeeeeeesassnaaaaeeeeeens 44
7.4 ACCEIETatiON SUIMIMATIY ... .eccvterteeveerrerreereeseesseesseesssesssesseesseesseesseesssesssessseesseesseessessssesssesssesssennns 44
7.5 Relation between .55 and .b.g' ........................................................................................................ 44
8. The Fictitious Forces 46
8.1 Development of the FiCtitious FOTCES .......uiiiuiiiiiiiiiiicie ettt et e ereeeeve e 46
8.2 Interpretation of the Centrifugal and Euler Fictitious FOIrces ..........coceeeiiiviiinciiencieeieeeiee e 46
8.3 Interpretations of the Coriolis Fictitious FOICe .......c..ooviiiviiiiiiiiiiiecieecee et 49
8.4 Special Case #1 ProDICMIS .........iiiiiiiiiiiiiece ettt ettt e e e e s beeetae e tbaeeataeesaeeeneneas 53
8.5 Problems on the surface of the Earth ..o, 54
8.6 Tethered satellites and Tidal FOTCES. ........coiiiiiiiiiiiei ettt 56
8.7 SPECIAL CASE H3 ..o eeiiieiieeeiee et ettt ettt e et e et ee e teeetbeessbeeestaeessbeeessaeeesbaeessaeensaeesseeenraeensaeas 60
8.8 Tides 0N the Earth ........coouiiuiiiiieee ettt sttt 62
9. Notation comparison with Marion (1970) and Thornton & Marion (2003) 84
10. Notation comparison with Goldstein (1950) and Goldstein, Poole and Safko (2001) ............... 86
11. Angular Momentum and Fictitious Torques; the Reynolds Transport Theorem..........ccceeeeue. 88
O I 6315 (0T a Loz T BSOS PS 88
11.2 Expression of L and L.( in terms of Frame S' ODJECLS 1.ttt 90
11.3 Fictitious Torques and Newton's Rotational Law in a non-inertial frame ............c.cccccovceeeenenne. 92
11.4 Application: Fictitious Torques in Fluid Dynamics...........cceevvevverirrciieciienieenieneesee e e 93
11.5 Application: Fictitious Forces in Fluid Dynamics ..........ccccevvvereieniieciieciieiieneesee e 95
11.6 Comments on the Reynolds Transport Theorem ...........cccccveeuverierierienienieeeeieesee e 96
12. Summary of the Forward Problem Solution . 100
12.1 Summary of the Forward Problem equations (non-swap notation) ...........cc.ccceeeveercveeerereennnenns 100
12.2 Summary of the Forward Problem equations (Swap Notation)...........cceceveeerveerveescreeenveesneenns 102
13. The Inverse Problem.......... 104
13.1 Brute FOrce Method ........cc.ooiiiiiiiiiiieee ettt 104
13.2 SWap RUIES MEthod .......oocviiiiiiiiieiieiece ettt tb e e e e raeseaesevessaenenas 105
13.3 Summary of the Inverse Problem Equations (non-swap notation) ..........c.c.cceevveevreerreereereneenn 107
13.4 Summary of the Inverse Problem Equations (SWap notation)...........ccccceeevereveerieereereesvesnennnes 108
13.5 Why the SWap RUIES WOTK........c.ccciiiiiiiiiiiiie ettt e enees 109
14. Rotating Frames in Curvilinear Coordinates 112
15. Ant on Turntable Problems .........eeieiiieiinniinsinissecssencsssecssnnssnscsssiesssessssssssssesssssessssesssssane 115
Kinematics common to all Ant Problems ..........ccocieiieiiiiiiiiiciieeceeseecee e 115
15.1 Problem 1: Ant crawls at constant speed V to the Origin of Frame S'...........ccccovvevvevvennennn. 119
15.2 Problem 2: Ant spirals in at constant V and Q to the Origin of Frame S'..............cccooceeeee. 128



15.3 Problem 3: Inverse Problem: Ant flies in Frame S at constant velocity V ........cccccceeevveveennen. 135
15.4 Problem 4: The Projectile Problem of Section 8.3.........c.cccvvevieiierienieciecie e 144
Appendix A: Derivation of R(§) and Properties of Rotation Matrices ..150
Appendix B: The G Rule for a Tensor of Rank n 154
Appendix C: The Foucault Pendulum 160
C.1 Drawings, Notation, Coordinates and Basis VECIOTS ........ccccververieriiriieieeieeieesieesieesee e 161
C.2 QUAlItative SOIULION. ....ccuviiitiiiiiieieiee ettt ettt e e et e e teeeeaeeeteeeeaseeebeeeeteeeeseeeeareeans 164
C.3 Equations of Motion for the Foucault Pendulum (Spherical Coordinates) ............cccccververernnen. 164
C.4 The SImMple PendulUm ..........coociiiiiiiiiiieieerieeseese ettt eteestaesteessaesnnessnesenes 167
C.5 The Spherical and Foucault Pendulums ...............ccoecieiiieriiinieienieniecie e 174
C.6 Equations of Motion for the Foucault Pendulum (Cartesian Coordinates) ............cceecververerennen. 189
C.7 Verification of the Cartesian equations of motion and string tension .............ceeceevverververnennne. 191
C.8 Numerical solutions of the equations of motion (Cartesian Coordinates).............ccerververerennen. 195
Appendix D: Center of gravity and torque for a tethered satellite 204
D.1 Definition of Center Of GIavity.......ccccciiiiiieeiieiiiie ettt e ereesreesbeeesveessveeeseaans 204
D.2 Center of Gravity for a 2-mass Dumbbell Satellite...........ccceeeeiiiriiiiiiiieeiiecieeeee e 207
D.3 Dumbbell Satellite Center of Gravity with the Far Approximation: Numerical Examples........ 213
D.4 Dumbbell Satellite Center of Gravity for equal masses and no approximation......................... 216
D.5 Center of Gravity for a single-sphere Satellite ...........ccccvuiiviiieciiiiiiccieecee e 221
Appendix E: Spherical Coordinate Unit Vectors and Particle Kinematics 226
E.1 ANGIE CONVENTIONS .....eviieiieiieiieriieiie et et eieesteeseeseeessseesseesseesseessaesssessseasseenseesseessessssesseesseessnes 226
E.2 MatrixX APPIOACKH .....oiieiiiiieiieiieriie ettt ettt e s e st e et e bt e e e seessaessseesseesseessaenseessnesseenseensnes 226
E.3 The motion of a particle in spherical COOrdinates............cccuevvererieciierieerieniesee e ere e 230
E.4 Curvilinear coordinates apProachi..........cccverierieriieriesiieieeteeieeseeseeseeesenesresssesseeseesseesssessnes 231
E.5 Polar CoOTAINALES .......cc.eruieiiriieieieitceie sttt ettt ettt et b e et e e bt et e sttt esaesaeemeenben 232
E.6 The AffiNe COMMECTION .....eeiiitiiieiiitieie sttt ettt et sttt ettt et e bt e sae b eseenae s 233
Appendix F : The Dumbbell (Tethered) satellite as an example of rotating frame analysis........ 236
F.1 Kinematics of the satellite in rotating Frame S.............ccccooeiiiiiiiiniiice e 237
F.2 Angular momentum of the satellite and its time derivative in Frame S ...............cccooveeeiinnnen. 240
F.3 The torque on the Dumbbell Satellite in Frame S'..........c.ccoovviieiiiiiiiiecieecee e 242
F.4 The fictitious torque on the satellite in Frame S...........ccccoooiiiiiiiiiii e 246
F.5 Equations of Motion for the satellite in Frame S (Spherical Coordinates)..........c.cccccveerveennnennns 249
F.6 Force analysis of the satellite in Frame S (Spherical Coordinates) ..........cccceeevvercieeerieeenveenneenns 253
F.7 Numerical solutions of the equations of motion (Spherical Coordinates)...........c.cceccveerveernnnnns 260
F.8 Force analysis of the satellite in Frame S (Cartesian Coordinates) ...........cceeeveevveevreerreesverenennn. 264
F.9 Verification of the Cartesian equations of motion and stick teNSION .........c.cccvevveereereerverenenenn. 268
F.10 Numerical solutions of the equations of motion (Cartesian Coordinates)............cccccververerennnn. 273
REFEIENCES c..cuveieiiiisiiinictiitiistiististisssicssicsstcssecsesssssssisssisssessssssssssssssssesssesssesssesssasssssssssssssssssessnsses 284




Overview

Overview

This monograph presents an extended discussion of doing physics in non-inertial frames of reference. The
first chapters present the general theory, while the latter chapters and appendices contain examples
concerning ant paths on turntables, tides, pendulums, fluid flows and tethered/dumbbell satellites. The
presentation is entirely self-contained with all support material provided. Where possible, connections are
made to external sources on this subject. Both linear (force) and rotational (torque) viewpoints are
considered. Maple is used extensively to plot particle trajectories, to obtain and plot numerical solutions
of differential equations (dsolve), and to verify complicated equalities.

Our general context is an Apparatus containing a Particle observed from two frames of reference called S
and S'. Frame S' is rotating and translating in some arbitrary manner with respect to Frame S as indicated
in this drawing,

Particle

Fig 1

The Particle is located at position r relative to the Frame S origin, and at position r' relative to the Frame
S' origin. These vectors are related by r = r' + b where b is a dynamic vector connecting the frame
origins. Rotation is about some possibly moving axis with some angular velocity ® which might be
changing in both direction and magnitude.

We describe the relationship between the properties of the Particle as measured in these two frames of
reference. The entire discussion takes place in a non-relativistic framework where time is the same in the
two frames. Even in this limited context, things are fairly complicated.

An important subtopic of the rotating frames discussion might be called "Newtonian mechanics in
non-inertial frames" where one considers the fate of F = ma in a non-inertial frame. This is where the
famous fictitious forces and less-famous fictitious torques appear.

Most mechanics textbooks which treat rotating frames, having a multitude of other topics to address,
spend 10-20 pages on the subject with the following itinerary: state the G Rule (see below), use it to
derive an inter-frame velocity and/or acceleration relation, discuss fictitious forces in a rotating frame
with emphasis on the Coriolis force, do a few basic problems, and end up treating the Foucault pendulum.
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A notable exception is the book of Taylor which devotes 40 pages to the subject including a nice
discussion of the tides. (In his book, our frames S and S' are called Sg and S.)

In this document, having the luxury of no space limitations, we try to probe more deeply into the
technical nuts and bolts of rotating frames analysis. Almost all calculations are done in line for the reader
to see.

The "papal we" mode of presentation is often used below, as if this paper had multiple authors who
seem to own the equations, drawings and experiments as their personal possessions. The approved mode
of course is to use passive or impersonal sentence constructions as if the author did not exist.
Interestingly, Taylor uses the "I mode" which is perhaps more honest and is certainly refreshing.

Summary

Section 1 sets up the notation used throughout the document. As shown in Fig 1, a decision was made
that Frame S' is the rotating frame, even though this conflicts with the choice made by many textbook
authors. We refer to this notation as our non-swap notation and all our development work is done in this
notation. One can imagine another version of Fig 1 which has S < S', which is then our swap notation.
Often it is more convenient to have Frame S be the rotating frame to avoid an avalanche of primes in the
equations of interest, and in that case the "swap" notation is more useful. All key results are summarized
in Sections 12 and 13 in both "non-swap" and "swap" notations.

Unit basis vectors are e; and e'; for Frame S and Frame S'. A generic vector a can be expanded on
either basis. The presence of two frames of reference often associates with a vector a another vector a'
which leads to the need for a compact notation which distinguishes the components (a'); and (a)'s which
are often different. The prime symbol ' plays a central role in the notation and is never used to indicate
time differentiation (overdots are used for that purpose).

After considering the meaning of equality for two vectors, we develop the notion of "conical

rotational motion" according to 2 = @ x a and then apply that notion to the basis vectors. The need for
putting a frame label on the time derivative of a vector (but not a scalar or vector component) is
demonstrated. It is then shown that the Particle in Fig 1 has four distinct velocities and eight distinct
accelerations, reinforcing the need for a precise notation. Finally, it is noted that the operations of
computing a time derivative and taking a component generally do not commute.

Section 2 derives and discusses what we call "the G Rule", namely, (da/dt)s = (da/dt)s:+ ® x a where
Frame S' rotates at rate ® relative to Frame S and a is an arbitrary vector.

Section 3 describes an Observer and an Apparatus containing a Particle, all of which are in the rotating
Frame S'.

Section 4 explains the relationship between Frames S and S' for a general placement of the instantaneous
rotation axis about which Frame S' rotates at vector angular frequency . Two special cases are identified
for the location of this axis, and then three applications are roughly outlined.

Section 5 (which is a very brief) states the goal of subsequent sections which is basically to determine
how, given Particle properties in Frame S', one may determine these properties in Frame S. The results
are eventually summarized in Section 12.



Overview

Section 6 derives the relationships among the four velocities mentioned above.

Section 7 derives the relationship among three of the eight accelerations. This and the preceding section
are as dry as dust (mud's thirsty sister), but the results are of key importance, so everything is done step
by step.

Section 8 addresses the traditional subject of fictitious forces and interprets them. First the centrifugal
and Euler forces are interpreted with the aid of some drawings, then comes the Coriolis force. An arm-
waving interpretation of this force is provided for a simple four-projectile problem (on a turntable), and
an exact solution to this problem later appears in Section 15. Three applications involving fictitious
forces are then considered, but not fully analyzed: problems with moving objects near the surface of the
Earth, tethered satellites, and ocean tides.

Section 9 relates our notation to that used by Marion (1970) and Thornton & Marion [T&M] (2003). It
is found that the Marion texts are very close to our "swap" notation.

Section 10 then relates our notation to that used by Goldstein (1950) and Goldstein, Poole and Safko
[GPS] (2001). These texts assume that both reference frames have the same origin which simplifies their
presentations.

Section 11 comments on the angular momentum vector L and its time derivative, and establishes how
these vectors are related in the two frames. The notion of fictitious torques is introduced. It is
demonstrated how both fictitious forces and torques are applied in fluid dynamics. Brief comments are
made concerning fluid material and control volumes and the Reynolds Transport Theorem.

Section 12 summarizes the set of equations which fulfill the goal stated in Section 5: given properties in
Frame S', what are they in Frame S? The results are given in both "non-swap" and "swap" notation.

Section 13 then considers the Inverse Problem: given properties in Frame S, what are they in Frame S'?
The inverse equations are first obtained by laboriously inverting those presented in Section 12.1, and are
then reobtained by a simple symmetry operation. The Inverse Problem equations are then summarized in
both "non-swap" and "swap" notation.

Section 14 briefly adds the complication of having a different orthogonal curvilinear coordinate system
in each of the Frames S and S'. Up to this point, only Cartesian coordinates have been used.

Section 15 treats three "ant on turntable'" problems in some detail. In the first two problems, the ant
crawls in a certain manner on the turntable as it rotates (Frame S') and the ant's position, velocity and
acceleration are computed in inertial Frame S. In the third problem, the ant flies in a straight line in Frame
S just over the turntable surface, and the ant's position, velocity and acceleration are computed in Frame
S'. Many (hopefully entertaining) Maple trajectory plots are presented, along with the very simple code
for these plots. In the final section, the projectile problem of Section 8.3 is solved using the third problem
results, and it is noted that there are hard ways to solve rotation problems that can be avoided.
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Appendix A computes a certain matrix R(§) which relates spherical unit vectors to Cartesian ones.
Appendix B derives the G Rule for a general tensor of rank-n.

Appendix C contains a detailed discussion of the plane (simple) pendulum, the spherical pendulum,
and the Foucault mode of the spherical pendulum, including details of the Airy precession. A compact
summary may be found at the start of Appendix C.

Appendix D defines the notion of a center of gravity (as distinct from a center of mass) and computes
the location of the center of gravity for various orientations of a dumbbell satellite. Certain intuitive
notions regarding the location of the center of gravity are seen to be not fully accurate.

Appendix E summarizes useful facts about spherical coordinates. An emphasis is on relations
involving the spherical unit vectors including their spatial and time derivatives. The position, velocity and
acceleration of a point particle are expressed in terms of these spherical unit vectors. A small section
provides similar information for polar coordinates.

Appendix F undertakes a detailed study of the motion of a dumbbell or tethered satellite in circular
orbit around the Earth. The equations of motion are obtained both from a fictitious torque analysis and a
fictitious force analysis. Numerical solutions are presented for satellite librations and more general
motions. A compact summary may be found at the start of Appendix F.

References are then given for all works mentioned.



Section 1: Preliminaries

1. Notation, important role of the Prime Symbol, and other Preliminaries
Note: When an equation is repeated, its equation number is put in italics.
1.1 The basis vectors e, and e', and two ways in which they are related

Frame S has Cartesian basis unit vectors e,, while Frame S' has Cartesian basis unit vectors e'n . The two
sets of basis vectors are related by some rotation we shall call R (repeated indices have implied sums),

en=Rey n=1,23 or (en)i = Rij(e'n)5 (1.1.1)
where on the right the component subscripts refer to components in Frame S.
The above relation between e, and e'y can also be written in this manner

en = R Yame'n or €'n=Run €n (1.1.2)

a fact proven below in a short series of steps. Notice that the right equation in (1.1.1) involves a sum of
basis vector components, whereas the equations in (1.1.2) involve a sum of basis vectors.

Proof of (1.1.2):
Step 1: The orthonormal Cartesian basis vectors have these properties
On,k =€n®ex=¢enhee'y and (en)x =0n,x (1.1.3)

where (eq)x = ex ® eq denotes the k™ component of e, in Frame S. The basis vectors ey, are axis-aligned
in Frame S, while the e'y are axis-aligned in Frame S'. The dot productisaeb=b ea =a;b; .

Step 2: Note that
(1.1.1) (1.1.3) (1.1.3)

(€n)m —€m®€n —en ® [R ™ en] = (em)i (R) i5(en); =Om,i (R) 7115 n,3
= R ™m0 = R%mn =Rom (1.1.4)

where in the last step we use the fact that R™* = RT (or RRT = R*R = 1) for any rotation. Such a matrix R
is said to be "real orthogonal" (T means transpose).

Step 3: We wish to show (1.1.2) that e'ns = Rpmen. We shall verify this by showing that all three
components of each side are equal in Frame S, and to do this we dot both sides into e :

LHS =ex®e'n=(en)k = Rnx // using (1.1.4)

RHS = ekO[anem]=anekoem :an8k,m:Rnk . QED
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Time dependence of the Ri_j_

If Frame S is fixed and Frame S' is rotating, then we really have e, = R(t)e'n(t) where the R matrix is a
function of time, so we have R; 4(t). Similarly, if Frame S is moving and Frame S' is fixed, ea(t) = R(t) €'s
and again one has Rjj(t). Only in the case where there is no rotation between the frames are the Rj 4
independent of time. This means that @ = 0 in Fig 1. Since our document is about "rotating frames of
reference" we exclude this no-rotation case from consideration.

Comment: In the above it was convenient to represent all three Cartesian unit vectors in Frame S and
Frame S' by e; and e';. Later when we do particular problems, we shall often revert to the following more
standard physics notation:

_ A A A Ay Ay A
X1, X2,X3=X,Y,Z €1,€2,€3 =X,y, 72 e'la e'Za e'3 - X'a Y', VA (115)

-

<>

Then for example 8,k =en®ex =e'ree'x forn=1andk=2says0= Re 3\7 = R'e
1.2 Expansions of a vector and use of primes and parentheses

Note: We write (a); as a component of vector a , but (e,); as a component of e, . In the first case the a in
(a); is not bolded, but since e, is decorated with a label n, it gets bolded. It is just our convention.

Any vector a can be expanded on either set of basis vectors so that, with implied summation on i,

a=aze; —a'se'; . a;—aee; aj=aee'sy . (1.2.1)

If some other vector named a' is lurking in the wings, one might want to be more careful labeling
components. A safe method would be this:

a = (a)i e; = (a)'i e'i (a)i =aee; (a)’i =ae e'i
a'=(a")ie; =(a")ie'y (a)y=a'ee; (@)i=a'ee';s . (1.2.2)

Here, a prime inside a parentheses is part of the vector name, whereas a prime outside a parentheses
denotes a vector component in Frame S' (whereas no prime outside means a component in Frame S).
Unless the relationship between vectors a and a' has a certain simple form, it is very likely that (a'); #
(a)'1 . In this case the notation a'; would be ambiguous since one doesn't know whether it refers to (a'); or
(a)'s. It is true that the notation a; could be unambiguously identified with (a);, but we shall maintain the
parentheses just to be uniform.

Example 1. As an example of the four expansions above, let us consider a = e, :
en =(en)i €; => (en)i =0n,i // by inspection

e'h =(e'n)ie's => (€'n)'i =08n,i // by inspection
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en = (en)s €5 = (en)'s =(RM)ni // using (1.1.2) that e, = (R™V)ns €'s
e'n = (€'n)i €1 = (€'n)i =Rani . // using (1.1.2) that €'y = Rp; €3

We can now restate these results showing the dot products which represent each expansion coefficient,
and in this way we obtain expressions for all the dot products,

en =(en)ie; => (en)i =ei®en = On,:

e'h =(e'n)ie's => (e'n)'i =e'see'n = On,i

en =(en)i €' => (en): = €'s0en = (R™ns =Rni =Rin

e'n =(e'n)ie; => (e'n)i =eie®en = Rpi . (1.2.3)

Notice that all these results are consistent with claims made earlier.
In passing, we note that if R is any rotation (so therefore R'R = 1), then
aeb =[Ra]e[Rb] . (1.2.4)
One line proof:
[Ra] ® [Rb] = [Ra]x[Rb]x =RgiaiRijbj = (R")jk Rkiaiby = (R™R)jia:by =85,1a:by =asbs=aeb

Matrix Notation to show how components are related.

Consider the following expansion of vector a on the basis vectors e's,

a=(a);e's 1(12.2)
= (a)'5 {Ryies} //(1.1.2)
=@'5 { R )ijes} //R=R™YT real orthogonal rotation
= {R™Y)3(2)'5 ey - // reorder (1.2.5)

Comparing this to a = (a); e; of (1.2.2) we conclude that, since e; is a complete basis,

(@)1 (@)1
@i= R N @2 | = R ()2 (1.2.6)
(@)3 (a)'s

where R™} is a 3x3 rotation matrix.

10
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We can repeat the above discussion replacing a with a' with this result,

(@): (@)1
@)= (R)i3)’5 = @)2 | = R @)2 | . (1.2.7)
()3 (@)’

These matrix equations are convenient for computing the components of a vector on the e; basis if they
are known in the e'; basis (and vice versa) .

1.3 Special case where a'; is unambiguous

We shall now examine the type of relationship between a' and a in which (a'); = (a)'; and therefore we
can use the notation a's without ambiguity. First, the components (a)'s and (a); are related in the
following simple manner, using (1.2.3),

(a)n=en®a=(e"n)n(A)m =Rom(a)m . (1.3.1)
Now suppose we define a new vector a' in this way,
a'=Ra . (1.3.2)

If a vector a transforms into a' according to (1.3.2), we say it is a "vector under rotations" which means it
"transforms as a vector under rotations".

When written in Frame S components this says

(@) = Rom(@)m - (1.3.3)
Comparison of (1.3.1) and (1.3.3) shows that

(@)'n=(a)n (1.3.4)
and therefore in this case we can use

an= (A)n=()n . (1.3.5)

Thus, if the vectors a and a' are related by a' = Ra where R is the rotation appearing in e, = R €'y, , then
we can dispense with the parentheses as shown in (1.3.4). We still have (a')'s which requires parentheses.

Example 2: Consider equation (1.1.1),

en=Re', .

11
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Since this is not of the form a' = Ra, we may not dispense with the parentheses. In fact from (1.2.3) we
have

(€n)i= Rni (1.3.6)

and these are not the same because rotation matrices are not symmetric. Unlike normal vectors for which
one writes the transform a' = Ra, the basis vectors are "back-rotated" so ', = (R })ep.

Active and Passive

One can think of a' = Ra as an active rotation of vector a into another vector a' within Frame S. In this
case, the components of a' are (a');. The alternative is to think of vector a as not moving at all in Frame S,
but the basis vectors are back-rotated from e, to e'y taking us to Frame S'. In this back-rotated basis the
components of a are (a)';. This is the passive view of a rotation and is in fact the view we take throughout
this document because we want to observe activities in Frame S from Frame S' and vice versa. Each view
has its usefulness and we have just shown that if a' = Ra, then (a)'n, = (a')n.

In the active view, the "apparatus” is rotated and the axes stay put, while in the passive view the apparatus
stays put but the axes are back-rotated. There is a third view in which the apparatus and the axes are both
rotated in the same direction, and this view is useful in the discussion of covariance of equations in Lucht
Tensor. One can regard the three views as three "experiments" one might perform. As noted, we shall
work with the passive view exclusively in this document.

Example 3: Soon we shall be dealing with the Fig 1 equation r' =r - b. Since this is not of the form r' =
Rr , we may not dispense with the parentheses, and we expect that (r'); and (r)'; will be different.

Footnote: More generally, if R is the linearized version of some general transformation x' = F(x) at a point
X, so that dx' = R(x) dx, then (1.3.2) that a' = Ra says that a "transforms as a contravariant vector with
respect to the underlying transformation F ". In general R(x) is a combination of rotation and stretch and
is a function of location. In our current document we deal only with R(x) = R = a rotation that is the same
at all points in space. It turns out however that the notation a'; is unambiguous in the general case as well
as we shall now show. Lucht Tensor uses a different notation for basis vectors, and to make the
connection between our current document and Tensor one must take

{en,e'n} — {up,en} Frame S = {e,} — Frame S = {up}
en=Ren — up=Re; Frame S'= {e'y,} — Frame S' = {en} .

Then in the language of Tensor where o is the "covariant dot product”, one has (implied summations),
(2)n=a'e u, = (Ra) o (Rey) = (Ra)i(Ren)* = R;I(a); R'k(en)* = (RiIRYy) (2);(en)"

= 39k(a);(en)* = (a)j(en)’ =aeen =(a)n.

12
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In this general case, uy, are still axis-aligned basis vectors, but e, are generally not axis-aligned and are

. . . . A .
generally not unit vectors. For example, in spherical coordinates e; = ¥, e = r 8 and es = rsinf § as
shown in (E.6.8).

1.4 When are two vectors equal?

This topic will probably seem strange and unnecessary, but it has been a constant annoyance to the author
so here are some words on the subject.

When we say two vectors A and B are the same or are equal, we mean that the two vectors have the
same components in the same coordinate system and we write A = B. This does not require that vectors A
and B coincide. It might be that B is a translated copy of A. To be really fussy, we could define a stronger

equality A = B to mean that not only do the vectors have the same components in the sense of A = B, but

the vectors actually coincide with each other. We shall have no use for A = B in this document. For us,
two vectors are "the same" even if translated from one another.

In light of this interpretation of vectors being equal, we can examine the meaning of certain
statements. For example, we normally say "a particle is located at r in Frame S ". This really means the
particle is at point r in Frame S which has coordinates (x,y,z). What this means in terms of the graphic
vector r is that if the vector r is translated so that its tail is at the origin of Frame S, then its tip will be at
the particle location. The vector r can be drawn anywhere in a picture. It describes the displacement of a
particle in Frame S from the origin in Frame S.

Example 4: When we say e, = R €'y as in (1.1.1) above, it is understood that the tails of all vectors
involved (the e, and the e'y) are at a common location, as in this picture

(1.4.1)

even though, in our application of Fig 1, the e, are drawn with their tails at the origin of Frame S while
the e', are drawn with their tails at the origin of Frame S'.

Example 5: In the expansion r = (r);e; we normally think of vector r having its tail at the origin of Frame
S, while in the expansion r = (r')';e's one would be inclined to think of vector r as having its tail at the

origin of Frame S'. In our stricter sense of coincidence noted above, we might say (r); e; # (r')'; e'; but
this is not of interest. What we care about is that (r); e; = (r')'y e'; in the sense A = B above and we don't
care if the vectors A and B are translated relative to one another. What we care about is that the vectors
have the same components in any given Frame.

13
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1.5 The small rotation of a vector about an axis

We do this first algebraically and second geometrically. In the algebraic (linear algebra) approach, the
reader must accept a few facts about rotation matrices. The 3x3 matrix which rotates a vector by angle ¢

about rotation axis fi according to the right hand rule is obtained by exponentiating another 3x3 matrix,

Ra(@)=exp(-ip i eJ), (1.5.1)

where the (J)x are 3x3 matrices known as the rotation generator matrices:

0 0 0 1 0 -1 0
J 1= 0 0 -1 J 2= 0 0 0 J 3= 1 0 0
i 0 -0 0 0 0 0
The numbers in these three matrices can be summarized in this single statement,
(Jx)ij =-1€kij (1.5.2)

where ¢ is the totally antisymmetric permutation tensor defined by

€abe = +1 if abc is an obtained from 123 by an even number of pairwise swaps (such as 312)
€abe = -1 if abc is an obtained from 123 by an odd number of pairwise swaps (such as 213)
€abe = 0 otherwise (ie, when two or more indices have the same value such as 122 or 333) (1.5.3)

Note that €apc = - €pac regardless of index value. A cross product component can be expressed in terms of
the permutation tensor as [a x b]; = €;5ka3bx with implied sums on j and k.

It is convenient to define a vector rotation angle in this manner

o=of (1.5.4)
and then the rotation (1.5.1) may be written in these new ways,

Ra(¢) =R(@) = exp(-iped) . (1.5.5)

For a small rotation de = d¢ fi, this may be approximated as (using ¢* = 1 + x + ... but applied to x =
matrix)

R(dg) = exp(-idpeJ) ~ 1-idpeJ . (1.5.6)

With these preliminary remarks out of the way, we can consider the rotation of a vector a by a small
amount as we move from time t to time t + dt ,

a(t+dt) = R(de) a(t) (1.5.7)
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where dg = do fi is in some arbitrary direction fi which is unrelated to the direction of the vector a(t) .
The change in vector a is given by

da = a(t+dt) - a(t) =R(de) a(t) - a(t) = [1 -idp e J]a(t)-a(t) =-idpeJa(t) = -idoxJx a(t) .
Taking the i*™ component of the above equation we get

da; = -idex[Jxali = -idox(Jx)izay = -1dex(-iexij)as =-exij dPx ay = + €ixj dok a
and going back to vector notation we find that

da= dpxa (1.5.8)

which is our main result. It tells us the change in a vector a under a small rotation de.
Here then is a graphical derivation of this same fact for a limited geometry. Consider this picture

a(t+dt)
da
a(t)
t+dt
alt) a(t+dt) \Ado
de do
< D >

(1.5.9)

where the small rotation vector d@ points out of the plane of paper, and where a(t) happens to lie in the
plane of paper (hence this picture does not cover the most general case). Using the right hand rule for
cross products, we can see that da (shown on the right) lies in the direction of dg x a, so we can write that
da = C d¢ x a where C is some constant. We can determine C from the equation |da| = C |d¢ x a| . Since
de and a are at right angles, we know that |de x a| = |d@| |a] = d¢ a. But from the picture on the right it
seems quite clear that |[da| = a dgp. Therefore

[da|=C |d¢ x a| =  dpa=Cdgpa =(C=1 (1.5.10)

so we end up with da = d¢ x a which agrees with (1.5.8). In the case that a does not lie in the plane of
paper, the geometric derivation takes more work, and in this case we just rely on the algebraic result. We
have made free use of the notion that translated vectors are "equal".

Notice the fact that da = d¢ x a does not depend on the distance D between the rotation axis and the
tail of vector a! The result is true even if this distance is 0 so that the tail of vector a lies right on the
rotation axis. In this case the pair of arrows in the left picture coincides with the pair of arrows in the right
picture.
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Footnote: The equation R(@) = exp(-i ¢ ¢ J) can be interpreted as a rotation in N dimensions with a set of
three appropriate NxN generator matrices (Jx)i3. Only when N = 3 is (1.5.2) valid or even meaningful. In
group theoretic language, these NxN matrices Jx form an N-dimensional irreducible representation of the
Lie Algebra so(N) which is [Ja, Jp] = i€apeJe. When J is exponentiated as shown in (1.5.5), the rotations
R(@) are then elements of the Lie Group known as the Rotation Group SO(N). The meaning is Special
(det = +1), Orthogonal (as in RTR= 1), and N dimensions. The vector ¢ then has N components. For N =

2, the generators are Jx = ox/2 where oy are the so-called 2x2 Pauli matrices associated with "spin 1/2".

1.6 The time rate of change of a rotating vector

In the previous section we found that,

da= dpxa . (1.5.8)
Dividing by dt gives
(da/dt)=@x a where @ = do/dt . (1.6.1)

This equation is of fundamental importance in this document. It describes the rotation of vector a at rate ®
about an axis parallel to @. The equation can be represented by either of these "cone pictures" :

(da/dt) =o x a
ar @
4 (da/dt)y=mxa
\4
(1.6.2)
(a)
Comments:

1. In (b), the tip of vector a traverses a circular path and so does the tail. The tail is always distance D
from the rotation axis. One usually sees the simpler picture (a) where D = 0. Recall from above that
distance D of the tail from the rotation axis is irrelevant. The motion of the vector a is exactly the same in
both these cone pictures. ( Recall the comments in Section 1.4 about "when are two vectors equal”. )

2. It is probably best to describe the rotating motion of vector a as a conical motion rather than a "circular
motion", even though the fip of vector a travels in a circular motion. In the special case that y = n/2,
meaning the tip of the cone has moved to the center of its circular end face (and ® e a = 0), then vector a
would swing around in a true "circular motion".
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3. Note that one might have ® = o(t) so the vector ® could be changing in both direction and magnitude

as time progresses. But at time t we have a definite @&(t), and this is sometimes referred to as the
instantaneous direction of rotation at time t, and ®(t) the instantaneous angular velocity. In everything
below, we always think of ® in this instantaneous sense, even though we might draw guide circles and
cones to show the instantaneous motion at some instant of time t.

4. Knowledge of vector @ does not in fact say where the rotation axis is located. Again we invoke the
comments of Section 1.4 above. There are two translational degrees of freedom in that the rotation axis
can be translated parallel to itself in two dimensions. Comparing (a) and (b) above, one sees an example
of the same ® but two different rotation axes, one translated relative to the other. In (b) the red and black
 vectors are the same vector. One normally draws the vector m on the rotation axis as done in red.

5. As noted, in (a) and (b) the conical motion of vector a is the same and is independent of the placement
of the rotation axis as long as it is parallel to . However, in Fig 1 there is a large change in the physical
relationship between Frame S and Frame S' if the rotation axis is translated and @ stays the same.

6. In the case that & = constant, a simple solution to (1.6.1) 2 = ® x a can be obtained. This equation is a
system of three coupled first-order linear ordinary differential equations. Writing a = a,X + ayff + a2

A .
and ® = 0Z, the three equations become &x = -way, 4y = way, and 4, = 0. Thus Tx = -0%ay and we end up
with this general solution,

ax(t) = Acos(wt) — Bsin(ot) ax(0)=A /] ag? + ay2 = A? + B% = circle
ay(t) = Asin(ot) + Bcos(wt) ay(0)=B
a,(t) = az(0) = C = constant a,(0)=C . (1.6.3)

The vector a starts out at some a(0) = (A,B,C) and does the conical motion drawn above, not just in the
instantaneous sense, but in the full sense so that a really goes around the entire cone.

1.7 Rate of change of the basis vectors
We can apply our rate of change rule (1.6.1) to the basis vectors €'y to obtain

(de'n/dt) =@ x e'n
We are implicitly computing this derivative while "standing" in Frame S. That is to say, looking at Fig 1
in the Introduction above, we can regard Frame S as being fixed to the paper and Frame S' is rotating and
its basis vectors €', are changing as stated above. It is extremely important to make this fact explicit, so
we now add a label S showing this fact,

(de'n/dt)s =@ x ey . (1.7.1)

Were we to compute this same derivative standing in Frame S', we would get

(de'n/dt)s: = 0 (1.7.2)
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because in Frame S' the basis vectors e'y are not rotating at @, but are just sitting there frozen. By the
same argument, we know that

(den/dt)s = O . (1.7.3)
What about the fourth possible derivative (den/dt )s: ? We will show in (2.5) below that in fact
(dep/dt)s: =—®x e, . (1.7.4)

It seems at least reasonable that if the e', are rotating relative to the e, by , then the e, are rotating
relative to the e'p by -@.

Main Conclusion: We thus arrive at the notion that, when dealing with multiple frames of reference and
vectors represented in terms of their respective basis vectors, we absolutely must indicate with a label the
frame in which a time derivative is being calculated.

1.8 Notations for the many time derivatives of vectors r, r', b and L

In the Overview we described r and r' as the position vectors of a Particle with respect to Frames S and
S'. We can associate with these two vectors four different time derivatives.

(dr/dt)s (dr/db)s- (dr'/dt)s (dr'/dt)s (1.8.1)

In the usual manner, we represent a time derivative of a vector by an over-dot, and a second time
derivative by an over-double-dot. The first time derivative of position r is velocity v, and the second is
acceleration a. The same for r', v' and a', so

' '

Il
e

o
V=r v

U

a=v =T a'=v =Y . (1.8.2)
In order to save space, we can define these two operators

85 = (d/dt)s s = (d/db)s: (1.8.3)

Although the 0 symbol is used in partial differentiation, our use here is exactly as defined above and so
our O is not a partial derivative (except in a very abstract sense).

The list of derivatives above can be written now in several ways. Within each column below, all objects
are exactly the same thing, just written in different notations: (r in Frame S appears as r' in Frame S')

18



Section 1: Preliminaries

Table of first derivatives of r Table of first derivatives of r'
(dr/dt)s (dr/dt)s: (dr'/dt)s (dr'/dt)s:
l.’s =y l.’s' l."s l."s' = 7
Vs =V Vg V's Vigr = V'
65[‘ asvl' 63[" aS'l" . (184)

For further clutter reduction, we have added the four new notations shown in red according to the
following rule: When a vector and all its derivatives (here only one) are all in (or associated with) the
same frame, we suppress the frame subscript and just let the prime or lack of it "do the talking", and refer
to such as object as being "natural". There is no notational ambiguity in so doing.

The velocities shown in the center two columns above, v = (dr/dt)s: and v's = (dr'/dt)s, shall be

referred to as "cross velocities", as distinct from the two "natural velocities".
What about second derivatives? Things are more complicated now because vector r can have four distinct
second derivatives, and so can vector r'. Just as done above, we construct a table for each, and within each

column of each table, all objects are the same object : (r in Frame S appears as r' in Frame S')

Table of second derivatives of r

65851' asasvl’ asvasl’ asvasvl’

(X} __ee __ ee (X} (X} (X} __ oo

Iss =TI's = Iss: Is's Is's'=Tg"

[ _ e __ e [ [ (] _ e

Vsg =Vs =V Vss' Vs's Vs's' = Vg

agg =ag = a agg: ag's ag'g' = ag: (185)

\

Table of second derivatives of r

asasl" 6385 ! 63 v 851" 63 v 85 r'

oo, __ oo, oo, oo, oo, __ oo, __ ee,

I'ss =TIs I ss' I's's I's'gr =g =

., _ e, ., ., ., _ e, _ e,

Vss =Vs Vs Vs's Vg's' =Vgr A\

1 — 1 1 1 1 — 1 — 1

Agg=asg Agg! Ag's Ag'gr =agr = A (186)

Here we again use the rule mentioned above that when a vector and all its derivatives are in the same
frame, we let the overall prime or lack of it do the talking. We have introduced a second rule as well,
which says that whenever both frame subscripts are the same, we suppress one of them to save space. In
the tables above we then have two "natural” accelerations a and a', and six "cross accelerations".

So now we have the following "natural" vectors having minimal (that is, no) frame subscript clutter:

r v T v a natural in Frame S
rov T V' a' natural in Frame S' (1.8.7)
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Recall from the Introduction that the vector b connects the origins of two frames. We can make a table of

first and second derivatives for this vector as well. Although bisa velocity and b is an acceleration, we
shall not make up separate symbol names for these objects (though some authors do). Also, note that there
is no vector in Fig 1 called b', we just have r = r' + b. Here are the corresponding tables for first and
second derivatives of b, where we use only the second rule above that when two frame subscripts are the
same we suppress one of them.

Table of first derivatives of b . (Items are the same within each column.)

(db/dt)s (db/dt)s:
bs bs:
dsb ds'b (1.8.8)

Table of second derivatives of b

Os0sb Og0s'b Og'0sb Og'0s'b
Hss = Hs Hss' Hsvs .ﬁsvsv = Hs- (1.8.9)

Comment: Just as a reminder, any derivative in the above section can be expanded onto either Frame S or
Frame S' basis vectors, so any derivative has Frame S and Frame S' components. This statement would be
true for any vector and we just remind the reader that the notation like (dr/dt)s does not mean the
components are evaluated only in Frame S. Just as an example, this first derivative has these two
expansions where the expansion coefficients (components) are shown on the right,

(dr/dt)s = [(dr/db)s]s es [(dr/dt)s]s = (dr/db)s e es
(dr/dt)s = [(dr/db)s]'s e's [(dr/dt)s]'s = (dr/dt)s ® e's (1.8.10)
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1.9 Angular momentum

The drawing of interest is a reoriented Fig 1, to which we have added arbitrary points ¢ and ¢',

Particle

Frame 8

(1.9.1)

Whereas the linear momentum p = mv of a particle does not require a reference point, angular momentum
L does require such a reference point. For example, the Particle in the above figure has many different
values of L in Frame S, some of which we might denote as follows,

L= rxmv /I L in Frame S with respect to Frame S origin

L = (r-c) x mv // L in Frame S with respect to Frame S point ¢

L® = (r-b)x mv //'L in Frame S with respect to Frame S point b

L® =¢xmv . // L in Frame S with respect to Frame S' origin (1.9.2)

The last two lines are exactly the same since b is a vector between the two origins so r'=r-b.
Using the general form L‘®), we may identify the following two "natural" angular momenta in

Frames S and S',

L = (r-¢)xmvs = (r-¢)xmv = (r-c)xp L
v(e') = et Vo= (et Y (et v = qrlc’)
L s = (r'-¢)xmv's: = (r'-¢)xmv'= (r'-¢")xp L . (1.9.3)

These definitions are analogous to p = mv and p' = mv' in the linear momentum world.

The time derivative of the first of these objects is given by

[ =1 s=0sL®g =085 [ (r-c) x mvg] = (vs - &) x mvg + (r-c) x Og(mvs)
= — & X mvg + (r-c) X mag

=—¢xmv+(r-¢) xma .
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A similar result is obtained by priming everything on the above line, so we end up with these four
equations:

L = (r-c)x mv (1.9.4)
L) = (r-c)xma—&xmv (1.9.5)
L' = (r'-c") x mv' (1.9.6)
L) =) xma' - &xmv' . (1.9.7)

If one thinks of L{®) = (r-c¢) x mv just as a cross product of two vectors to get a third vector, one can
apply our Theorem (A.20) to write (L{®?)'= (r'-c') x mv' and therefore (L‘®)'=L'®") It is just
another notation.

The discussion of angular momentum continues in Section 11.
1.10 No frame label is needed for d/dt of a scalar function

If one is differentiating a specific component of a vector, such as a;(t) = 3t?, there is no need to add the
frame label since the derivative of this function is 6t no matter what frame it is computed in. This is true
when differentiating any component of any tensor. That is to say, if Ti5..(t) is a component of a tensor,
then

(dTsj..(D/dt)s = (dT13..((H)/dD)s: = (dTs5. .(t)/dt) . (1.10.1)

We would like simply to say that the d/dt derivative of any scalar function does not need a label S or S',
but the word "scalar" has multiple meanings. In one meaning, any single function f{(t) is a scalar function
since it is a 1-tuple of functions, but in another meaning (tensorial scalar), only a function which is a
rotational scalar is a scalar function, and this would rule out the component of a vector as being a scalar
function. We refer to the first meaning in the title of this subsection.

22



Section 1: Preliminaries

1.11 When do operations d/dt and taking a component "commute' ?

We claim the following theorem (to be proved below) :

Commutation Theorem: (1.11.1)
If the time derivative (Ox) is computed in the same frame (Frame X) in which components are taken, then

the operations of taking the time derivative and taking the component can be done in either order with the
same result, so these operations are said to commute. Otherwise the operations do not commute. Thus

(Osa); = Os(a); but (Osa)'y # 0Os(a)'y
(Os+a)'y = 0s'(a)); (Os+a); # Os+(a); -

In each of these four equations, on the left we compute Oxa and then we take a component, while on the
right side we take a component and then compute 0x on that component.

Goldstein makes a point about the non-commuting cases as a "word of caution" on the bottom of page
133 with an example on the top of page 134. In Goldstein, Poole and Safko the caution is stated on page
173 below (4.86), but the example has been removed.

As a preliminary to proving the theorem, we note that for a scalar u and vector v one can write,

(d[uv)/dt)s = (du/dt) v + u (dv/dt)s S
(d[uv]/dt)g: = (du/dt) v + u (dv/dt)g: S'
or
as(uV) = (8su) vV+tu (85V) S
Os'(uv) = (0s'u) v+u (0s'Vv) S' (1.11.2)

where recall that Os = 05+ = O when applied to a scalar like u. Within either frame this is just the calculus
Leibniz product rule applied to as function u(t) times a vector function v(t),

Ot(uv) = (Ogu) v + u (Orv) ,
so (1.11.2) is just a statement of this known rule in the two frames.
One can trivially generalize (1.11.2) to a sum of the form u;v; (implied sum on i) to get

Os(uivi) =(Osui) vi T us (Osvi) S
Os'(uivi) = (0s'ui) Vi tus (Os' Vi) S' (1.11.3)

Reader Exercise: Show that 0x(a x b) = (0xa) x b + a x (Oxb) for X =S or S' (more Leibniz). (1.11.4)

Proof of the Commutation Theorem: In the proof we use all the following facts developed above and
gathered below for convenience. Notice that it is not assumed that a' = Ra and in fact the vector a' does
not appear anywhere.
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(R_l)ij = (RT)ij =Rj; rotation is real orthogonal (1.1.4) (1.11.5)

R 5(t) = function of time so (0tRji5(t)) # 0 and (6t(R'1)ij(t)) #0 (0 #0) "rotating frames"

a=()e; =(a)ie'y expansions in the two frames (1.2.2)

(€n)i = On,i (€'n)'i =0n,i

(en)'i = (R'l)ni (e'n)i =Rni basis vector components (1.2.3)

(@)'i =Rij(@); . components of a in the two frames (1.3.1)

Osen = 0 and Oge¢'n, =0 frame definitions (1.7.3), (1.7.2)
0Os f(t) = 0s' f(t) = 0O f(t) time derivative of a component (1.10.1)
Os(uivi) =(0Osui) vi +ui (Osvi) product rule in frame S

Os'(uivi) = (0s'ui) vi t ui (Os'vi) product rule in frame S' (1.11.3)

Here then is the detailed proof of the above theorem. First, consider s with a = (a); e; :

(Osa); = (Osl[(a)iei]); = (Os(a)1) (e1)5 = (Or(a)1) 61,5 = Or(a)5
Os(a); = O(a);
= 0Os(a); = (Osa); // commutes (0s with Frame S components)

(0sa)'y = (Osl(a)ie1])'5 = (Os(a)1) (€1)'5 = (Oe(@)1) R3: = R31(0x(a)s)

(Os(@)'y) = 0Os[R31(a)i] =R3i(Ts(@)i) T (OsRy1) (a)i = R31(0e(@)1) + (OeRy1) (@)1

= (0s(a)'y) = (Fsa)'y + (OtRj1) (a)1

= (0s(a)'y) # (Osa)'y // does not commute (0s with Frame S' components)

Next consider 0g' with a = (a)'; e'; :

(0sa); = (0s'(@)'ie'1])3 = (s (2)'y) (€'1)3 = (Bs(a)'s) Riy = (R )31 (Oe()'s)

(@s(@)3) = 05 [(R7)355(a)'s] = (Be(R™)355)(@)'s + (R™)31(0x(a)'s)

= (@s'@)3;) = (Bsra); + PeR™)55)(@)'s

= (0s'(a);) # (Os+a); // does not commute (0s+ with Frame S components)

(Osra)'y = (Osl(a)'s€'1])'5 = (0s'(a)'1) (€)' = (0s'(a)'1) 81,3 = (0s'(a)'y) = (Oe(d)'5)
Js'(@)'y = 0i(a)'y
= 0s'(a)'y =(0s'a)'y // commutes (Os+ with Frame S' components)
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2. The G Rule for arbitrary vector a and its derivation
In this section, a is a generic vector -- it could be any vector.

The "G Rule for vector a" is this (written various equivalent ways)

Osa = 0Og'a + mxa
(da/dt)s = (da/dt)s: + ®x a

ag = ag + oxa

(as)i = (Agr)i * i€ijkO0iax . // components (2.1

In the first line we use the abbreviations 0x = (d/dt)x where X is a frame of reference. G is in honor of
Herbert Goldstein since the Rule appears on page 133 of his classic 1950 book Classical Mechanics (and
he uses the vector G instead of our a). Perhaps another name for this rule would be "the rule which relates
the time derivatives of a vector taken in two frames of reference S and S' where Frame S' is rotating
relative to Frame S at instantaneous vector angular velocity @ about some unspecified rotation axis which
is parallel to the vector ®".

Equation (2.1) goes by a few obscure names, some people calling it a "transport theorem" or a "basic
kinematic equation", but most authors who use it give it no name.

Comment: The content of (2.1) must have been known to Coriolis (see Gaspard-Gustave) in 1835, but the
cross product notation was not in use at that time. According to Crowe, the cross product idea arose
gradually from the work of Hamilton (quaternions) and Grassmann (vector areas) as early as the 1840's,
and later from work of Gibbs in the 1880's, with the possible involvement of a certain Reverend O'Brien
in 1852. In any event, the cross product notation (and bolded vector notation in general) was first
introduced to the textbook-reading public when Gibbs gave his student Wilson the task of publishing and
improving his notes. Their book Vector Analysis, published in 1901, was reprinted 7 times and was then
made a Dover book in 1960 and can be found online (see Refs). It happens, however, that this book
makes no mention of the G Rule or Coriolis forces or "frames of reference". It is a math book, not a
physics book.

Since the G Rule applies to any vector a, sometimes the vector is left out and one writes this operator
equation,

(dldt)s = (d/db)s: + ©x . 2.2)

Here is where and how the G rule appears in some popular mechanics texts:

(dG/dt)space = (dG/dt)pogy + @ X G // Goldstein p 133 (4-100)

// Goldstein Poole Satko p 172 (4.82)
(dQ/dt)gixea = (dQ/dt)rotatingt ® X Q // Marion p 342 (11.7)

// Thornton Marion p 390 (10.12)
(dQ/dt)sy = (dQ/dt)s + @ x Q // Taylor p 342 (9.30)
(d/dt)space = (d/dt)pogy + ® X // Goldstein p 133 (4-102)
(d/dt)s = (d/dt)r + ®x // Goldstein Poole Satko p 173 (4.86)
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Proof of the G Rule :

We want to show that

Osa = Ogra + ®mxa . 2.1)
Start with the known fact (1.7.1),

Ose's =mxe;y . (1.7.1)
Then using the above equation and facts collected in (1.11.5) we find,

Osa =0s[(a)'ie'i] = (Os(a)'1)e's + (a)'i(0se's) = (Os(a)i)e's + (a)'i @ x €'y

= (as(a)'i)e’i +oOXx [(a)’ie’i] = (as(a)’i)e'i +oxa. (23)
But,

Os'a =0s'[(a)'i€e'i] =(0s'(a)'1) €'y since Ose's =0 . (2.4)
Inserting this into (2.3) then gives
Osa = 0g'atmxa

which is the desired G rule (2.1). QED

Comment: The G Rule involves two frames of reference called Frame S and Frame S'. It is true that in Fig
1 and Fig (1.9.1) we think of Frame S as being "glued to the paper", but there is nothing that says the
paper might not be rotating about some other axis ®'. In other words, even if Frame S and Frame S' are
both non-inertial frames, the G Rule is still valid because nothing in its derivation requires that either
frame be inertial. Inertial only matters when we later start talking about F = ma. The G Rule involves
Frame S' rotating by ® relative to Frame S. An implication is that any equation obtained below by use of
the G Rule is also valid even if both Frame S and Frame S' are non-inertial.

Example 1: (reversing the above) Suppose a =e's . Then our rule (2.1) says
(de's/dt)s = (de's/dt)s: + @ x €';

But we noted in (1.7.2) the obvious fact that (de's/dt)s: = 0, so the above becomes
(de's/dt)s=o®x €'y

which agrees with (1.7.1).

Example 2: Suppose a=-e; . Then rule (2.1) says
(desi/dt)s = (dei/dt)s: + @ x e; .

But we noted in (1.7.3) the obvious fact that (de;/dt)s = 0, so the above becomes
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(dei/dt)s: =— o x e; (2.5)
and we have now derived the claim made in (1.7.4).
Example 3: Suppose a = . Then rule (2.1) says

(do/dt)s = (do/dt)s' + o x ® = (do/dt)s:
so for this one vector @ both derivatives are the same and we write
(do/dt)s = (dw/dt)s: = dw/dt = & . (2.6)

Example 4. Using the dot notation of (1.8.2), and assuming there are two related vectors a and a', the G
Rule states

ag =—ag + oxa that is Jsa=0g'a toxa

as =asy toxa that is Osda'=0g:a'toxa' . 2.7)

Example 5. We can apply this rule to any of the vectors listed in Section 1.8. Here are a few examples:

(] (]

bs=bs: +®xb (2.8)
Fs= Is' tOXr or Vs = Vg t@OXr

Ms=r'ss+toxr or Vs = Vg toxr (2.9)
Vg = Vg + ®X Vg or ag = ag' + ® X vg

\."S :‘."S' +(1)XV'S or a's = a's' +(,l)XV'S . (210)

Question: Are there any restrictions on the vector a for which the G Rule applies? The only fact used
above about a is that a can be expanded on Cartesian basis vectors as a = a'; e'; and that the component

functions a';(t) are differentiable. If the tail of vector a does not lie at the origin of Frame S', we just
translate a such that this is the case, as per Section 1.4.

Significance of the G Rule: In all the computations below, basically the only operations done are these:

e Apply the G Rule to some vector
e Apply Os to both sides of some equation

e Apply Os' to both sides of some equation

Note: In Appendix B we generalize the G Rule to tensors of arbitrary rank, so the G Rule of this Section
is the general case applied to rank 1 tensors (vectors).
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3. The Apparatus and its Observer at Rest in Frame S'

In our general "experiment" to be described below, Frame S' is rotating with respect to Frame S. This
does not necessarily imply that Frame S is "at rest", but Frame S is at rest with respect to the paper on
which we draw Fig 1. If Frame S is truly at rest with respect to the stars, then Frame S is called an inertial
frame, and in such a frame Newton's 2nd Law F = ma is valid. We do not in general assume that S is such
an inertial frame.

Imagine now that we have some Apparatus sitting in Frame S' which contains a Particle which
undergoes some motion. The Particle might be a mass on one or more springs, or it might be a Particle in
ballistic flight, or it might be a Particle of matter in a gear wheel which is turning in some complicated
machine, or it might be a Particle of a fluid or of an elastic solid.

An Observer also sitting (at rest) in Frame S' has some measurement equipment, can see the axes of
Frame S' of course, and does certain measurements on the Particle while Frame S’ is rotating with respect
to Frame S. The Particle is located at position r in Frame S and position r' in Frame S'. The Observer can
see Frame S and is aware of both r and r' and can make measurements of them both.

For example, although r is the position vector of the Particle relative to the Frame S origin, our
Observer measures its components in Frame S' this way

r=(r)ie'; (1)'iy =reey
Meanwhile, measurements of r' reveal these different components
r'= (rv)lievi (rv)li =r'e evi .

However, the Observer can only measure frame-S' derivatives. From our list we then select some items :

vgr = Igr = (dr/db)s: // cross velocity

Vs = Fgr = (dr'/dt)g: = V' // natural (1.8.4)
ag: = vgr = (dvg /dt)g: = (d*r/dt®)s: // cross acceleration

a's: = Vg = (dv's /dt)s: = (d?r/dt?)s: = a' // natural (1.8.6)
l')s- = (db/dt)s- rate of change of b as viewed from Frame S'. (1.8.9)

For example, the Observer might measure the frame-S Particle location r(t) at time t, wait one time tick
dt, then measure it again to get r(t+dt). Then (the components of r(t) are [r(t)]'s ),

vs:(t) = [r(t+dt) — r(t)]/(dt) or vs:(t) = (dr/dt)s: // cross velocity
Alternatively, the Observer could measure r'(t) and r'(t+dt) and get

V's(t) = [r'(t+dt) — r'(t)]/(dt) or Vv's(t) = (dr'/dt)s: =v' . //natural
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Waiting another dt tick, one could measure r(t+2dt) and r'(t+2dt) and then deduce vs:(t+dt) and
v's: (t+dt). From these the Observer could determine

ag'(t) = [vs:(t+dt) - vs:(t)]/(dt) or ag (t) = (dvs /dt)s: // cross
a's: (t) =[v's: (t+dt) - v's: (t)]/(dt) or a's (t)=(dv's:/dt)g: =a' . // natural

As a final example, here the Observer measures a cross angular momentum and a natural one :

L = (r-c) x mv (1.9.4)

L& = 65 L@ = [L (¢*98) (t+dt) - L (1))/(dt) /I cross
L' = (r'-c") x mv' (1.9.6)

Le0g = 0511 = Ly - LV Oy = D ./ natural
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4. The Relationship between the Two Frames S and S'
4.1 Explanation of Fig (4.1.1): Frame S in the plane of paper

The relation between the two frames is shown in this picture, a snapshot at some time t :

Particle

(4.1.1)
There is a lot to be said about this picture (which is the same as Fig 1 in the Overview) .

The axes ez and e3 of Frame S lie in the plane of paper and are "aligned with paper" as shown and remain
fixed relative to paper, so the Frame S origin lies in the plane of paper. The origin of Frame S' is displaced
by amount b from the origin of Frame S, and this S' origin does not lie in the plane of paper. The location
of the Particle does not lie in the plane of paper, so vectors r, r' and b , although coplanar with each other,
are each not in the plane of paper. Similarly, the @ rotation axis does not lie in the plane of paper nor is it
parallel to it.

Frame S' is instantaneously rotating about some axis indicated by ®(t). Each of the basis vectors €'y, is
rotating according to (1.7.1), (de'n/dt)s = ® x e'p, as the Frame S' moves rigidly in rotation about the ®
rotation axis. The origin of Frame S' is instantaneously rotating along the green circle of some
instantaneous radius r, which has its center on the rotation axis at a green dot. This green dot, meanwhile,
is moving at some velocity vgpar in the plane of the green circle relative to Frame S. This indicates the
motion of the rotation axis parallel to itself.

Suppose Frame S' contains a rigid object fixed relative to the Frame S' axes. If we were to select some
point P in that rigid object, that point P would be instantaneously rotating about the ®(t) axis along a
circle similar to the one shown above, but which has a different radius and a different center point along
the same rotation axis.

If & were constant in time and if Vepar Were 0, the origin of Frame S' really would move along the
full green circle shown, but we have in mind that @ = @(t) and this varies in time, both in magnitude and
direction. Thus, the green circle is itself tilting to stay in a plane perpendicular to ®(t).

Viewed from Frame S, the unit vectors of Frame S' are oriented and move according to several
equations we have already dealt with,
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e'n() =R7(t) en (1.1.1)
€'n(t) = Run(t) €m (1.1.2)
(de'n/dt)s = o(t) x e'n(t) . (1.7.1)

4.2 Explanation of Fig (4.2.1) : Vector o pointing directly out of paper

We now draw Fig (4.1.1) from a different perspective. The reader will hopefully forgive the "artist" for
not attempting to draw Fig (4.2.1) as a precision 3D rotated version of Fig (4.1.1), but hopefully the
general features of the drawing are sufficient for our purposes below.

Particle

Frame S

€2

(4.2.1)

Frame S remains fixed relative to paper as time varies, but is now rotated relative to Fig (4.1.1) and the S
origin no longer lies in the plane of paper. At time t for which the picture is drawn, the origin of Frame S'
and the green circle and its center do lie in the plane of paper. The @ vector points straight out at the
viewer as indicated by the circled dot. Vectors r, r' and b do not lie in the plane of paper.

Fig (4.1.1) is meant to give the general lay of the land, but Fig (4.2.1) is the one we will work with
below.

4.3 Comments on l.)s and l.)s-

The quantity f)s = (db/dt)s describes the instantaneous velocity of the Frame S' origin relative to that of
Frame S. When ® = 0, Frame S' merely translates relative to Frame S with position b, velocity f)s and

acceleration .ﬁs . When o # 0, however, for a general placement of the rotation axis one can regard b,
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l;s and .ﬁs as quantities derived from the location and movement of that axis and from the value of ®, all
of which one imagines are controlled by some mechanical outside agency. An exception is Special Case
#2 below where the rotation axis passes through the Frame S' origin.

The quantity st = (db/dt)s- is a "cross velocity" in the sense of Section 1.8 and is difficult to interpret. In

Special Case #1 below, however, the vector b is effectively glued to the Frame S' axes and f)sv =0,
causing simplification of several equations which will be obtained below.

The connection between l.)s and l.)s- is provided by the G Rule (2.1) applied to vector b,
bs=bs toxb . (4.3.1)

In Section 7.5 we derive the relationship between accelerations i).s = Gsf)s and .ﬁs- = as-l')s- .
4.4 Special Case #1 : ® axis through Frame S origin

The rotation axis always passes through the origin of Frame S, so Fig (4.2.1) appears as follows,

Particle

Special Case #1
(4.4.1)

The Frame S' origin and the green circle are still in the plane of paper, but the Frame S origin is in general
not, so vector b is not in the plane of paper. In this situation, the vector b and the vectors e'y all rotate
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together as if they were thin metal rods soldered together. If b" = Rb and e", = Re', then angles are fixed,
as indicated by b" e ", = [Rb] @ [Re',] = b e €', using (1.2.4) and R = R,(dp). See Fig (1.5.9).

This has the immediate implication that, just as (de'n/dt)s: =0 in (1.7.2), here we have

bs: = (db/dt)s: =0 . (4.4.2)

Therefore, from (4.3.1), we have instantaneous conical motion for b as seen in Frame S,

l.)s = (db/dt)s=wxb. // Special Case #1 (44.3)

bz

» c

(db/dt) =@ x b

(4.4.4)

This says that, as seen in Frame S, the change in b is always perpendicular to b, so the length of b does
not change. We still allow @ = o(t) and, as &(t) changes, the tip of vector b (which is the origin of Frame
S") describes some path on the surface of a sphere of radius b in Frame S. Here we allow &(t) to change,

but the rotation axis must always pass through the Frame S origin.

4.5 Special Case #2 : o axis through Frame S' origin

Here the rotation axis always passes through the origin of Frame S':

oxb

Particle A

Frame S

Special Case #2
(4.5.1)

In this case our Fig (4.2.1) green circle has shrunk around the Frame S' origin. In this situation, we can

think of the "driving parameters" being the three parameters of b and the three parameters of @ giving the
6 independent (Galilean) parameters defining the instantaneous relationship between the frames. Think of
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Frame S' as a camera platform which is supported on a boom b(t) and which independently controls its

own orientation and rotation ®(t). Then l.)s and Hs are determined by b(t), and f)sv is given by (4.3.1) as

li.)sv :f)s -oxb . (452)

We now look at three sample applications. The first two fall into the Special Case #1 category, while the
third is Special Case #2.

4.6 The Turntable

Although obsolete, the phonograph turntable continues to provide an excellent visualization of rotating
frames. It turns slowly enough for one to actually see it turn, it is fairly large, and the surface is not shiny
and completely featureless. It is believed that throughout history such turntables normally rotated
clockwise in both hemispheres of the Earth, but in our drawings below we shall think of our turntable as
turning counterclockwise relative to the little spindle sticking up.

(4.6.1)

An ant (Particle) is crawling around on such a turntable which is rotating with some ®(t). The Frame S' is
set up some distance b = |b(t)| from the spindle, and has its e'; axis pointing "to the right" and its €'z axis

pointing to the spindle. That is to say, e'1 = 0 and e 2 = -t if we think of 1,0 as polar coordinates for fixed
Frame S. In this application, ®(t) = o(t)es and the rotation axis passes though the origin of Frame S, so

this is a Special Case #1 situation with &(t) = es being constant. Conversely, vector b(t) maintains its

magnitude b, but f)(t) rotates about the spindle at angular rate w(t) as seen from Frame S which is at rest.
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turntable

(4.6.2)

This type of Frame S' designation would be familiar to merry-go-round riders hanging on and facing the
center. While once in Sydney, the author rode "The Rotor" for which Frame S' can be regarded as being at
the cylindrical wall to which the rider is glued by centrifugal force (the circular floor then drops away).

(wiki) (4.6.3)

In Section 15 we shall solve three "ant on turntable" problems using the above geometry.

4.7 The Earth

The non-rotating Cartesian Frame S is located at Earth center with e3 pointing to the North Pole. The e;
axis points out through a point on the equator to some fixed distant star (Star 1), and then e is the third
Cartesian axis which points out through a different point on the equator to Star 2. If we ignore the Earth's
orbiting around the Sun, and the motion of the Orion spiral galactic arm containing the Sun, and the
motion of the Milky Way galactic center away from the "Dipole repeller" and so on, then Frame S is an
inertial frame.
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Rotating Frame S' has its origin at some arbitrary fixed point on the surface of the Earth. For this
system, the e'3 axis points "up", meaning in the t direction for Frame S spherical coordinates. The e'; axis
points to the east, and the e's axis points north.

The Earth rotates at some ® = wes with @ > 0. Since the ® axis passes through the Frame S origin,
this is another Special Case #1 application.

Particle
North Pole
r' 5
e =)
: ‘Qi’e‘{o e's
()]
r erl
€p b
Frame S
es » Star2
1
Star 1
Southl Pole

(4.7.1)

Figure (4.7.1) and the discussion of this section are in the "non-swap" notation mentioned in the Section 1
summary at the start of this document. In practice, one usually uses the "swap" notation S«<-S' for Earth
problems in order to avoid the appearance of primes in equations. This will be done in Appendix C
concerning the Foucault pendulum.

4.8 The Flying Camera Platform

Some Apparatus is located in Frame S instead of S', and Frame S' is a "camera platform" which flies
around in some complicated way and observes the activity in Frame S. In this case, both @(t) and b(t)
would be under the command of the pilot of the camera platform. One would set this up as a Special Case

#2 situation, so ® passes through the Frame S' origin and l.)s is the velocity of the platform origin and b(t)
is its location relative to Frame S. One would use the "inverse problem" equations of Section 13 to get the
primed quantities in terms of the unprimed ones.
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5. The Goal of the next two sections
The symbols appearing here are defined in Section 1.8.

An Observer in Frame S' measures various properties of a Particle in motion,
a' L fren
We want to know how these properties of the Particle appear in Frame S,

r v a L L

and we want to know the various other v and a forms of Section 1.8 in terms of the basic Frame S' objects
listed above.

Later in Section 13 we will want to know how to solve "the inverse problem" of finding the primed
quantities if the unprimed ones are known.
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6. Determination of velocities

The notations used here are described in Section 1.8. There are four distinct velocities, and we want to
express three of them in terms of the fourth which is the natural velocity in Frame S',

(dr'/dt)s: =v's: = V'
We shall make frequent use of the Fig 1 relationship between r and r',

r=r'+b (6.1)
as well as the G Rule for vector b, as in (4.3.1)

bs= bs + oxb . (6.2a)

Inserting (6.1) as b =r - r' into (6.2a) gives identity

bs+mxr'=f)sv+ OxXr . (6.2b)
6.1 Velocity vg:
Apply (d/dt)s: to (6.1) to get (6.3a), then use (6.2a) to get (6.3b) :
vs' =V + bg (6.32)
vs' =V + bs—oxb . (6.3b)
6.2 Velocity v = vg

Apply (d/dt)s to (6.1) to get Ogr = Osr' + Osb or

vV = V's + l.)s . (64)
Now use the G Rule (2.1) for vector ', Osr'= O0s'r'+ @ xr', to get
Vs =V+oxr . (6.5)

Insert (6.5) into (6.4) to get the first line below. The second and third lines make use of (6.2a) and (6.1) .

v=Vv +toxr + bs (6.62)
v=v’+wxr‘+f)sv+coxb (6.6b)
v=Vv +toxr + bsg . (6.6¢)
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6.3 Velocity v's

Solve (6.4) for v's,
V's =V-—- f)s . (67)

Then solve (6.6a) for v - l.)s and install into (6.7) to get the first line below,

Vs=V + oxr' (6.82)
Vs=V + oxr—oxb (6.8b)
Vg=V + oxr + l')s- - f)s . (6.8¢)

The remaining two lines come from using (6.1) and (6.2a).

6.4 Velocity Summary

v =v'+(oxr'+l.)s =v'+(x)xr+l.)sv (6.6a,c)
Ve =V'+ bs—oxb = v'+ bg (6.3b,a)
vVs=V toxr (6.8a) (6.9)

Thus we have expressed the three velocities vs = v, vg: and v's in terms of v's: = V'.
6.5 Velocities for Special Cases
These cases were discussed above in Section 4.4 and 4.5.

For Special Case #1, where the ® axis passes through the Frame S origin, in any equations above set

bs' =0 // (4.4.2)
Bs=mxb =ox(r-r)=oxr—-oxr' . // (4.4.3) (6.10)

Then the Section 6.4 summary becomes

v =V +toxr Special Case #1 only (6.6a)
v =V Special Case #1 only (6.3b)
Vs =V toxr . general (6.8a) (6.11)

For Special Case #2, where the @ axis passes through the Frame S' origin, l.)s is a driving parameter, so

we select just the f)s forms from the summary
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v =V +toxr + l.)s general (6.6a)
vgr = V' + l.)s -oxb general (6.3b)
Vs =V +teoxr . general (6.8a) (6.12)

6.6 Comments
1. Consider these two results from above (picked more or less at random)

r=r+b (6.1)

v=v'+(oxr+l.)s- . (6.6¢)
Either equation can be "evaluated" in either Frame S or Frame S'. Evaluation in Frame S gives

(i = (@i + (b)s
(V) = (V)s + €33x(0)3(0 + (bs )
while evaluation in Frame S' gives
i =@+t (0)s
(V)1 = ()1 +eix(@)'5(r)s + (bs')s - I1(©)'5 = (®)5

This is a situation where we fully expect to have (1'); # (r)';s and (v'); # (v)'1+ as mentioned in Section 1.2,
so the careful placement of primes is important. This is just a reminder.

2. Based on the equations above, it is clear that we have
r'#Rr v'#Rv

where R is the rotation appearing in (1.1.1) which relates our two frames, e, = R €', . Therefore, in
general the pairs of vectors (r,r') and (v,v') are not "vectors under rotations" in the sense of (1.3.2).

3. On the other hand, the vectors @ and b appearing in these formulas are normal "vectors under
rotations" in the sense of (1.3.2), since we just define b' and ®' by these equations,

b'=Rb o' =Ro
)

(01 =Rs5(b); = (b)s = b's (@): =Ri3(0)5 = (0)'i = 03 (6.13)

since, according to (1.3.4), we can dispense with parentheses for such vectors. These equations then give
us the components of b and @ in Frame S'. For example, e's® b =(b)'s = b';.

40



Section 6: Velocities

4. In deriving the various velocity relations above, we have basically only used r = r' + b and the G Rule.
Both the fact that r = r' + b and the G Rule are valid even if both Frame S and Frame S' are non-inertial
frames, so one could think of "the paper" to which Frame S is glued in Fig (4.2.1) as possibly rotating.
The implication is that the velocity relations above do not require that either frame be inertial. This same
comment applies to the acceleration relations derived in Section 7 below. It is only when we later add the
equation F = ma to the story in Section 8 that we have to regard Frame S as being an inertial frame.
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7. Determination of accelerations

The notations used here are described in Section 1.8. There are eight distinct accelerations of interest, and
we could express seven of them in terms of the eighth which is the natural acceleration in Frame S',

(da'/dt)s: = a's: = a'.

We shall only express the three accelerations ag = a, ag: and a'g in terms of a's: = a'. Below (6.9) one
sees that this is exactly what we did with the velocities. Here, however, we examine a'g first.
As noted in the Section 7 Summary, "dry as dust", and our apologies.

7.1 Acceleration a'g

The G Rule (2.1) for v's says

65V'S = as'V'S + (X)XV'S
or

ag = a'svs + (l)XV's . (71)

Notice the unusual cross derivative a's'g which involves both S and S'. This is one those cross
accelerations appearing in (1.8.6). To compute this, we must go back to the G Rule (2.1) for r',

V=V +toxr . // v'g = Osr”, v'=0gr (6.8a)

Apply 0s' = (d/dt)s to both sides to get

Os'V's= 0g'v' +0s(@Xxr) = 0gvV' + @Xr' +ox (0sr') /I see (1.11.4) and (2.6)
or

ag's =a'+ OxXr toxv . (7.2)
Here we used (2.6) that 0s® = 0s:@®@ = @ . Now install (7.2) for a's:g into (7.1) to get

as=[a +OXr + oxv] toxvs . (7.3)
Now replace v's in the last term using the G Rule for r' [ (6.8a) a few lines above |

as=[a'" +toxr + oxv] +tox[v + oxr |
or

as=a +toxr+2eoxv+ox(@xr) . (7.4)

The famous "Coriolis factor of 2" has now appeared and will be trivially transferred into ag in the next
section. It is useful to review the steps above to see where this factor of 2 comes from :
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1. Write the G Rule for v'g a's = a's'g t®X Vg

2. Write the G Rule for r' Vs = Vv toxr

3. Insert 2 into 1 a's = a's'g TOoxvV+ox(oxr) // 1st @ x v' term
4. Apply Os' to 2 to get agig =a'+t OXr toxVv //2nd @ x v' term,
5. Install 4 into 3: as=[a' +toxr toxv] toxvV+ox(@xr)

and now we have two ® x v' terms and only natural Frame S' objects r', v' and a'.

7.2 Acceleration a = ag

Start with (6.4) which is 0s appliedtor=r'+b,

v = Vs+ bs (6.4)
Apply Os again to get

a = asgt bg . (7.5)
Then insert (7.4) for a's into (7.5) to get the same result as (7.4) but with .ﬁs tacked on,

=a +Oxr+2oxvV+eox(@xr)+ bs ) (7.6a)

a
S S'" Euler Coriolis centripetal frame

We have attached a name to each contribution to a and will discuss these terms below. Since we really
want all primed objects on the right side, we can anticipate the result (7.12) derived in Section 7.5 below,

bs =bs +dxb+20xbs: + ®x (0 xb) (7.12)

to get this alternate form for a,
a=a +tOxr+2oxv+ox(@xr)+ [bs +®@xb+20xbs tox(@xb) ]

—a +Oxr+2exv+ox@xr)+20xbs + bg: (7.6b)

where we think here of r as just a shorthand for b + r' to reduce the number of terms.

43



7.3 Acceleration ag:

Start with (6.3a) which is 05+ applied tor =r' + b,

Vsl :V"‘l‘ bSv

Apply 0Os+ again to get

(1]
astSv :aslv'+ bsl
or

agr = a't+bg:
7.4 Acceleration Summary
a =a +toxr+2oxv+ox(oxr)+ bs

as= a' toxr+2oxv+ox(®xr)

ag' = a + Hs'
7.5 Relation between .ﬁs and .ﬁs-
Write the G Rule (2.1) for l.)sv then solve it for .ﬁs-

asf)s' = Bs' +(DXBS'

st = 651.)3- -0 Xl.)sv
Now apply Os to (6.2a) then solve for 851.)5 '

Hs: asf)sv + 85 ((l)Xb)
631.)5- :Hs — 83 ((X)Xb)

Section 7: Accelerations

Insert (7.10) into (7.9) to get the first line below, then use (6.2a) to get the second line,

Hsv :[Hs— as((l)Xb)]—(l)Xi)sv
= bs— 0s(@xb)— o x [bs— ®x b]

= bs-®xb-20xbs+®x(®@xb)

The inversion of this equation may be found by using (6.2a), l.)s = l.)s +oxb,

(6.3a)
(7.7)
(7.6a)
(7.4)
(7.7) (7.8)
(7.9)
(7.10)
(7.11)
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bs =bs—®xb-20x[bs' + ®xb] +®x (®xb)

= bs-®xb-20xbs —ox(®xb)

so then
bs =bs +®xb+20xbs + ©x (®xb) : (7.12)
In a Special Case #1 problem we have l')s- =0 from (6.10), hence 'ﬁs- =0, so that

bs = dxb+ ox(@xb) . // Special Case #1 (7.13)
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8. The Fictitious Forces
8.1 Development of the Fictitious Forces

We start with (7.6a) which says

a=a +toxr+2oxv+ox(@xr)+ .ﬁs . (7.6a) (8.1.1)
S S'" Euler Coriolis centripetal frame

Now for the first time we assume that Frame S 1s an inertial reference frame. Newton's law in inertial
Frame S says ( m = mass of the Particle)

F=ma (8.1.2)
with a given as above in (8.1.1), so that, reordering the 5 terms,

F=ma =mHs+ma'+mmx(wxr') +2moxv+moxr . (8.1.3)
Now suppose we imagine an "effective" version of Newton's Law that works in rotating Frame S',

F'eff =ma' . (8 1 4)

Solving (8.1.3) for ma' tells us that (second line uses (8.1.2))

ma'=Fes = F - mbs-mox(@xr) -2moxv-mdxr (8.1.5)

ma'=F'ege = ma — mbs-mox (OXr) —2moOXxXvV-mdxr . (8.1.6)

We can write the second equality in (8.1.5) as

Flege= F + F'eict where (8.1.7)
Fleict=—mbs - Mo x (@Xr) —2moxv -mdxr . (8.1.8)
frame  centrifugal Coriolis  Euler

Here F'¢ic+ represents "fictitious" forces ("pseudo” forces) that mysteriously have to be added to "real
forces" F to make our bogus (8.1.4) "Newton's Law" F'ess = ma' be valid in Frame S'. We put a prime on
F'£ict as a reminder that it is a force which appears in non-inertial Frame S'

8.2 Interpretation of the Centrifugal and Euler Fictitious Forces

To emphasize the long and short vector idea in our interpretation of the centrifugal and Euler fictitious
forces, we take the Earth scenario of Fig (4.7.1) rather than a more general situation like Fig (4.2.1) :
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Particle
\ p'

North Pole

» Star 2

>

South Pole
(8.2.1)
Suppose in the above picture v' = 0 so r' is static in Frame S'. Then (8.1.8) becomes
F'sict= —~mbs —mox (@Xr-)—mdxr- . (8.1.8) with v' =0 (8.2.2)

frame  centrifugal Euler

In this expression it is the short vector r' which appears in both the centrifugal and Euler terms.
Since Fig (8.2.1) is a Special Case #1 situation, we know from (7.13) that,

.ﬁs =oxb+ ox(mwxb) . // Special Case #1 (7.13) (8.2.3)
Inserting this into (8.2.2) gives,

F'sict= -m[ox(@xb)+®xb] —-mox(®xr)-—m®Xxr-

—mo X (o X [b+r']) —m® x [b+r']

—mOX(@Xr)-moOoxr .
centrifugal Euler (8.2.4)

Now the frame term — m'ﬁs is gone and it is the long vector r which appears in the two fictitious force
terms. Equation (8.2.4) is the conventional form for F'¢;jct. The centrifugal term may be written

Ax(AXC)=(AeC)A - A’C

—mox(@xr)=-mo’[2xZxr)]=-mo? [(Zer)2-r] = -mo? [z-r]

= + mo?p (8.2.5)
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which is the usual way one states this centrifugal force. The vector r in Fig (8.2.1) is doing conical motion
about the ® vector, and the tip of r executes circular motion with radius vector p.

If the Earth rotation were varying only in magnitude, one would have for the Euler force in (8.2.4),

—mOXr =—morzxt = —maor sind § // (E.2.15)
= —mop § =-ma, § // (E.3.6) (8.2.6)

and this is the expected fictitious linear force directed in the - § direction. Accelerate your Persian Rug to
the right, you feel a fictitious force to the left. We end up then with

F'eice = + mmzp ~may § . (8.2.7)
centrifugal Euler

Looking at the expression (8.2.3) for the frame acceleration component Bs, we can break it down in
similar fashion to get (see Fig (8.2.1),

~mbs =—-mex(@xb) - mdxb

=mm2pb — mdpp P . (8.2.8)
centrifugal  Euler

where these terms are for the origin of Frame S' located at b in Frame S. The vector b in Fig (8.2.1) is
doing conical motion about the @ vector, and the tip of b executes circular motion with radius vector pp.

Finally, we return to the two short-vector terms in (8.2.2),

AF'tict = —mMO X (@ XTr")—m®O X r-

= mo?p'— mdp: § . (8.2.9)
centrifugal  Euler

These terms describe the two fictitious forces relative to the Frame S' origin. The vector r' in Fig (8.2.1)
is doing conical motion "about the @ vector", and the tip of r' executes "circular motion" with radius
vector p'. To see this conical motion more clearly, we show on the left below how the static (in Frame S')
vector r- moves on the blue lampshade surface as the Earth rotates. When the tails of the r' vectors on this
lampshade are translated to a common point, one obtains the conical motion shown on the right. The

angle y is determined by r' ¢ 2 = r'cosy.
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Particle
I.! C_;
e' @
y Q(’a‘é\ er3 ' ®
» P A
r erl
o X
€ h \
Frame S
e » Star 2
\4
1
Star 1
Southl Pole

(8.2.10)
The point of this interpretative section is that, since b + r' = r, the centrifugal and Euler forces are
additive: those of the Frame S' origin (b) plus those relative to the Frame S' origin (short r') add up those
relative to the center of the Earth (long r).

8.3 Interpretations of the Coriolis Fictitious Force

Qualitative Arm-Waving Interpretation of the Coriolis Force

The Coriolis fictitious term is always the main topic of any textbook or web page which deals with
motion in rotating frames, so we won't have much to say about it other than to give a popular qualitative
explanation of the direction of the effect. We did show very carefully how the factor of 2 arises in the
derivation of the term which is F'cor = -2m ® x V', and indeed, the expression itself was derived in full.
The careful reader will notice a certain amount of "free play" in the workings of what follows.

Consider the pictures below where we launch four colored projectiles horizontally from a launch platform
that is screwed to a frictionless turntable surface (perhaps the projectiles are hockey pucks). Fixed Frame
S and rotating Frame S' have a common origin at the spindle. The launching is done in rotating Frame S'
and the projectiles are sent off in the four directions of the compass at equal speeds V. These velocities
are represented by the four black equal-length arrows in the right side picture below. The colored arrows
on the left show the initial Frame S velocities of these projectiles. In Frame S the initial v's are not the
same size because the turntable adds an upward tangential amount v to each (v = a®). Since Frame S is
an inertial frame, we can regard the colored arrows on the left as also representing the straight-line
trajectories of the projectiles in Frame S.
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So, each projectile is launched with the same initial adder v¢ in Frame S and, being in free flight,
maintains that v¢ during its flight. Notice that three of the projectiles move into to a region of larger
radius, while the orange one heads to a smaller radius region. When a projectile moves to a larger radius,
the particles of the turntable move faster CCW than the projectile's vy causing a velocity differential
between the turntable and the projectile. We want now to examine this differential in the four cases. The
short black arrows on the left show the motion of the turntable particles relative to the projectile, as will
now be reviewed.

Frame S'
origin

® Frame 8§
origin

<

Frame S

(8.3.1)

For the black projectile in mid flight, the turntable particles under the projectile are moving to the
northwest relative to the projectile, so the projectile is seen by the turntable particles to be drifting to the
right. Hence the curved black trajectory path on the right of Fig (8.3.1). On the left below is a crude strobe
picture where a turntable particle's path in Frame S is shown in red and the arrows are then transferred to
the right with a common tail to show what projectile motion the turntable particle sees in its rest frame.

A

L

e

black blue (8.3.2)

50



Section 8: Fictitious Forces

For the blue projectile in mid flight, the turntable particles under the projectile are moving to the north
relative to the projectile, so the projectile is seen to be drifting south. Hence the curved blue trajectory
path on the right of Fig (8.3.1). The right strobe picture above shows this effect.

For the red projectile in mid flight, the turntable particles under the projectile are moving to the northeast
relative to the projectile, so the projectile is seen to be drifting to the left. Hence the curved red trajectory
path on the right.

For the orange projectile in mid flight, the turntable particles under the projectile are moving to the south
relative to the projectile (these particles are at a smaller radius and move more slowly than vi), so the
projectile is seen to be drifting to the north. Hence the curved orange trajectory path on the right.

Viewed from the direction of launch in Frame S', all four trajectories drift "to the right". This is in
agreement with the right hand rule applied to our expression F'cor = -2m @ x v' = +2m v' x ®. What is
not particularly obvious from the above qualitative discussion is that the [F'cor| is exactly the same for all
four projectiles, and indeed for a projectile launched in any direction.

Comments:

1. If the turntable were going CW instead of CCW, the drift directions would all be reversed, both by the
qualitative argument, and by the F'cor expression. Projectiles would drift to the left instead of to the right.

2. One can think of Fig (8.3.1) as a view of the Earth from the North Pole. In this case, the vectors do not
lie in the plane of paper, but qualitatively the conclusion is the same: projectiles drift to the right in the
Northern Hemisphere. A view from the South Pole would then show drift to the left in the Southern
Hemisphere since  is reversed.

3. The colored trajectories on the right in Fig (8.3.1), when applied to air masses moving into a region of
Low pressure, look like this

(8.3.3)
and explain why lower pressure regions are CCW cyclonic in the Northern Hemisphere. Since lows often

drift to the east in the western US, warm Mexican air is felt prior to the low's arrival, and cool Canadian
air is felt afterwards.

51



Section 8: Fictitious Forces

Superposition Interpretation of the Coriolis Force

Recall now the fictitious forces seen by the projectiles in Fig 8.5,

Fleict=—mbs - Mo X (@Xr) —2moxv —m®xr' ) (8.1.8)
frame  centrifugal Coriolis Euler

Since the Frame S and Frame S' origins align, b = 0 and 'ﬁs =0 . If we assume ® = constant, and express
the centrifugal term in the simpler form of (8.2.9), then the projectiles are controlled by

F'sict= mo?r -2moxv . (8.3.4)
centrifugal ~ Coriolis

[To obtain the first term, set y = 90° in the cone picture of Fig (8.2.10) so then p' =r'.]

One can think of the above as the superposition of two problems. The centrifugal term alone
accelerates the projectiles radially outward in proportion to their distances from the turntable center, so
the effect of this term is different for the four projectiles as they progress in flight. The Coriolis term
alone causes each projectile to deflect to its right (@ > 0) along a path that is part of a circle as we now
show. Recall the bogus Newton's Law F'gict = ma' from (8.1.4) where a' = (dv'/dt)s:. If F'gice =— 2m
o x V' alone, then we have a' = -2m x V' or

(dv/dt)s: =Q x V' where Q = (22w) . (8.3.5)

According to (1.6.1) and Fig (1.6.2) vector v' must rotate on a cone whose axis is . For the turntable
situation, however, v' is always in the plane of the turntable, so that cone must be flat, so vector v' goes in
a circle at rate Q. The trajectory r'(t) is then also circular so the Coriolis deflection is part of a circle. Here
is some Maple code illustrating this fact for the blue projectile. We enter the circular v' (called v) and
integrate to get the trajectory.

Omega = —-2*omeda;
Lr==2m
vx = (t) -> V*cos{Omega*t) # velocity goes in a circle
v =i — Foos(£2t)
vy = (t) -> V*sin(Omega*t)
vy = — Fami L1
x = x0 + int{vx(T)} , T=0..t}; # integrate to get position
1 Fainl2 ai)
x=x04+ - ———————
2 @
v = vyl +int(vy(T) T=0..t),
1 Fioes(2mi)—1)
y=yl+—
2 Wy
x0 = 1: w0 := 0: omega = 1: ¥V = 1

We set parameters ® = +1, a = 1,V = 1 with initial condition v'(0) = VX' and then create a plot,
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x0 = 1: y0 = 0: omega := 1: V := 1
plot([x,v,t=0..2],s5caling=CONSTRAINED,color=blue, K thickness=2,
view=[0 1.5,-1.1..071}),

02 04 06 0B 1 12 14

0.2

044

0.6

-0.81

(8.3.6)
The projectile is deflected "to the right" in this case since ® > 0.

The actual deflection of the four projectiles is then a superposition of the centrifugal and Coriolis
motions and is therefore not perfectly circular. We shall solve this problem exactly in Section 15.5 and
plot the all four projectile trajectories.

8.4 Special Case #1 Problems

Recall from (8.1.5) that

Flees=F-mbs-mox (@xr) —2meoxv -mdxr . (8.1.5)
frame  centrifugal Coriolis Euler

If the rotation axis passes through the center of Frame S, we know from (7.13) that
.ﬁs =oxb+ ox(mxb) Special Case #1 (7.12)
so that, using r =r' + b (6.1) in the third line below,

Fless=F-m[oxb+ ox(0xb)]-mox(@xr) -2moxv -modxr

=F-mox(@x[b+r'])-2moxv -mox[b+r'] //=F+F'gict
=F-mox(oxr) -2moxvV -modoxr . Special Case #1 (8.4.1)
SO
F'tict = —MoOX(0OXr) —2moxXv -—moXxr Special case #1 (8.4.2)

This is similar to (8.2.4) but now we have included the Coriolis term. Here r is the long vector, but v' is
the rate of change of the short vector r'.
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Problems involving the motion of objects on or near the Earth's surface, or of objects in orbit around the
Earth, fall into Special Case #1. In the first problem class, Frame S' can be defined as shown in Fig
(4.7.1).

8.5 Problems on the surface of the Earth

Let Fo = mgo where g, = -goT is a vector pointing to the center of the Earth, and go = GMg/Rg?. Then for
problems involving motions of objects near the surface of the Earth, one has these real forces,

F = mgy + possible other real forces . (8.5.1)

Possible other real forces might include air friction, wind, the action of magnetic fields on charged
particles, etc.

Let T = 24*60*60 = 86400 ~ 10° sec be the nominal period of a day. The day has a seasonal variation in
its duration of roughly (see e.g. https://www.iers.org/[ERS/EN/Science/EarthRotation/LODplot.html )

dT/dt ~ 0.5 msec/day ~ 1073 * 107> ~ 1078 // rms (8.5.2)
with smaller short-term variations. From this we compute a rough value for ®,

0| =[dQm/T)dt|= 22T ™2 (dT/dt) ~6 * 1071 * 1078 ~ 10717 sec™2. (8.5.3)
For activities on the surface of the Earth, r = Rg ~ 10" m So,

dxr~10"7%107~107°~10°g . // max value at the equator (8.5.4)
Thus in (8.4.1) we neglect the Euler term — m x r to get

F'egse = (mgo + possible other real forces) —mo x (@ xr) —2mox Vv . (8.5.5)

Carrying out a static experiment (v' = 0) to measure the g vector at some location on the Earth (no other
forces in this experiment), one finds from (8.5.5),

F'egs = mgo — mo X (0 X 1) r=Rgf
=mg , (8.5.6)

where g is then the /ocal gravity vector (which does not quite point to Earth center). In terms of this g,
one then has

F'ege = (mg + possible other real forces) — 2m @ x v' (8.5.7)
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so only the Coriolis fictitious force is left -- the centrifugal term has been absorbed into mg.
By how much do go and g differ? We can write

2

g-g0 = -0x(®xr) = o°rcosd p r=Rg (8.5.8)

where 0 is latitude measured from the equator and p is the usual cylindrical unit vector pointing away
from the rotation axis of the Earth at our point on the surface. So we see the direction of the difference to

be p for any 6. The magnitude is roughly

®=727x107°sec? /l og = 2w radians / [ 24*60*60 sec ]

r=6.37x 10° // = Rg (8.5.9)

o?r cosd = (7.27)%(6.37) 10 %cos0 =337 x 107 cos0 ~ 3 x 1072 m/sec? cosd ~ (3/1000)go cosd
so the difference is small but not zero. Presumably the local surface of the Earth is perpendicular to g and
not go, and one would certainly expect this to be true for a quiet ocean surface.

We now repeat the above discussion in the "swap" notation mentioned at the start of the Summary.
Swap Notation. The meaning of "swap notation" is that, in Fig 1, the vectors @ and b stay put, but all
other vectors undergo V—V'. This latter group includes basis vectors e; <> €¢'s, r > r' ,ve v, a<— a'
and of course Frame S <> Frame S'. This is nothing more than a change of the way things are labeled. If a
non-swap equation has the number (x.x.x), then the corresponding equation in swap notation will be
given the number (X.X.X)g (8.5.10)
Here we rewrite equations (8.5.5), (8.5.6), (8.5.7) and (8.5.8) in swap notation.

Fesse = (mgo + possible other real forces) —mo x (@ xr') —2moxv . (8.5.5)s

Carrying out a static experiment (v = 0) to measure the g vector at some location on the Earth (no other
forces in this experiment), one finds from (8.5.10),

Ferr =mgo - mo x (0 x1') r' = Rgh"
—Te (8.5.6)s

where g is the local gravity vector (which does not quite point to Earth center). In terms of this g, one
then has

Fers = (mg + possible other real forces) —2m @ x v (8.5.7)s

so only the Coriolis fictitious force is left -- the centrifugal term has been absorbed into mg. Finally,

g-2 = -0x(@xr') = o’r' cosd p' . r'=Rg (8.5.8)s
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8.6 Tethered satellites and Tidal Forces

Consider a satellite, consisting of a pair of radially-aligned tethered masses m; and mgp, which orbits the

Earth at angular frequency . Inertial Frame S is fixed with its origin at the center of the Earth, while
Frame S' is fixed to the tethered satellite and so Frame S' rotates at » as the satellite moves around the
Earth.

The tethered masses are assumed to be at rest in Frame S' and are radially aligned with r1 > rz. One can
show (see Appendix F) that such a system is stable due to a restoring torque and, in the stable position,
the line between the masses points to the center of the Earth as the satellite orbits. It might take some
damping effort to achieve this stable configuration. This restoring torque plus damping over time is what
caused the slightly distorted Moon to present its same face to the Earth as it orbits (apart from a small
residual libration).

Since we have a Special Case #1 situation (rotation axis through Frame S origin) we use (8.4.1) for the
effective force acting on a mass m in Frame S' (F is the real force),

Fless=F —mox(0xr) -2moxv -moxr . Special Case #1 (8.4.1)
real  centripetal  Coriolis Euler

where r is a long vector from the center of the Earth to mass m.

In their stable positions, the two masses have v;i' = 0 so there is no Coriolis term. The orbit has a constant
®, so there is no Euler term. Thus the effective force on a static mass m in Frame S' is given by,

Fleee=F - mox(@oxr) =F — m[(oer)o - o’r]
=F + mo?r t . (8.6.1)

The real force F is the force of gravity plus the force of the tether T > 0. We then write for our two
tethered masses, recalling that r1 > 1o,

[ - (GmEml/rlz) + m1w2r1 -T] £
[ - (Gmgma/r2?) + mow?r, + T £ (8.6.2)

Flegs, 1=- (Gmgm1/r1?) £ = T# + myw?r;, £ =
Flets, 2—-(GmEm2/r2 )l‘ +Tr+m20) =

where Mg = mass of Earth, G = gravitational constant. It is convenient to define,

fir,m) = -mMgG/r? + mo?r // £'(r,m) = 2mMG/r> + mo? (8.6.3)
SO

Flage,1= [f(ry, my) - T] £

Flegg,2= [f(rzmz) +T] ¢ . (8.6.4)

Since both masses are at rest in Frame S', their accelerations are a's = 0 so F'egg,;s = mja'; = 0, and we
conclude that the tether tension is given by
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T= f(l‘l, ml) =- f(l‘z.mz) . (865)

We now borrow a picture from page 120 of the Tethers in Space Handbook (Cosmo and Lorenzini) which
shows the tethered satellite situation. The upper mass is at r1, the lower at r, and the "center of gravity" is
at ro, all measured from the center of the Earth. We refer to the two masses as m; and mz and to @g as .

Centrifugal
Force =M 41y mﬁ
(e
Gravitational )
Foroe = GMM 1-‘r 12 Tather Tension
A
Center of
Gravity .________t.l:enter of Mass
- -~ - o= - —
4 . Orbit
4 fo
Centrifugal Tether Tension e
Foroe =M ,r 2(0[2; 0
T e
5
Gravitational

Y Force = GMM 5/ 52
|
|
1

Local Vertical

EARTH

Figure 4.1 Forces on Tethered Satellites

(8.6.6)

If the entire satellite were suddenly compressed to a point mass M = mj+ my and if this point mass were
placed at the center-of-gravity location, that point mass M would continue to orbit the Earth at radius rg

and frequency ® and and nothing exciting happens. For either of these "systems" we have the following
balance between gravitational force and centrifugal force,

(GMgM/10?) = Mo?r, or GMg/ro? = oo . (8.6.7)

Comment: There is a very small distance between the satellite's center of mass and its center of gravity.
See Appendix D on this subject and in particular the numerical examples of (D.3.16).

At this point to make things simple we shall assume m; = my = m. Then from (8.6.5),
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T =1(r1) = - f(r2)
f(r)= -mMgG/r® + mor // gravitational force + centrifugal force
f'(r) = 2mMG/r> + mo? . (8.6.8)

Note that f(rg) = 0 according to (8.6.7). Setting r1 =rg + Ar in (8.6.8),

T =f(ro + Ar) = -mMG/ (ro+Ar)? + me?(ro+Ar)

= -(mMG/ro?) (1 + Ar/ 19) 2 + mo?(ro+Ar) // assume Ar << rg

~ -(mMG/ro?) (1 - 2 Ar/ 19) + mw?(ro+Ar) // (1+x)® ~ 1+ nx for small x

= - mw?ro (1 - 2 Ar/ o) + mo?(ro+Ar) // using (8.6.7)

= 3m?(Ar)

=3 (mMG/ro3)(Ar) . (8.6.9)

The real gravitational force gives 2/3 of this result, while the fictitious centrifugal term gives 1/3 of the
result, a fact we will note again several times below.

If p represents an arbitrary vertical displacement away from rg, so r = rg + p, then the above says,
fro +p) = 3ma?p (8.6.10)

which looks like this near p=0
f(ro + p)

]

-«

This f(ro+p) represents the radial force on any untethered Particle that might be present in Frame S'
located a radial distance p from rg. A particle at r > rg is pushed up in Frame S', while a particle at r <ryg is

pushed down. Again, this force in Frame S' is due to the combination of gravitational (2/3) and centrifugal
(1/3) forces.

(8.6.11)

Another way to view the above calculation is this,

T = [f(ro + Ar) - f(ro)] + f(r0)

=~ f'(ro) Ar + f(ro) // f'(ro) is the gradient of the force f(r) at r=ro

=f'(rg) Ar // f(ro) = 0 from (8.6.7)

= (2mMG/ro® + mo?) Ar // £'(ro) from (8.6.8)

= (2 mo? + mw?) Ar // (8.6.7) again

=3mo? Ar . (8.6.12)
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So the tension in the tether due to tidal force is equal to Ar times the derivative of f(r) evaluated at r = ro,
T =~ Arf'(ro) = Ar 3mw? = 3 Ar (mGM/ro°) . (8.6.13)

Again, the tidal force acting up the upper mass is T pushing up, and the tidal force acting on the lower
mass is T pulling down, all in Frame S'. One might then write

tidal force per unit mass =+ 3 Ar (GM/r03) . // tidal acceleration (8.6.14)

Once again, 2/3rds of the tidal force arises from the gravitational gradient at the satellite while 1/3 arises
from the centrifugal gradient. The result (8.6.14) appears in Cosmo and Lorenzini p 123 with Ar=L and
W=W®g.

Comments:

1. One may regard tension T as an example of a "tidal force" which tends to "rip apart" objects in orbit
around a central force. In our example, the tidal force is T = f'(ro) Ar = 3 (mMG/ro>) Ar. For objects in
orbit around the Earth, this is a small or moderate force, but for objects orbiting massive black holes, the
force is strong enough to rip apart all known materials, a process called "spaghettification", a sort of
cosmic disposal.

2. According to (8.6.14), an untethered water droplet on the surface of the upper mass will migrate to the
upper extremity of that mass, while a water droplet on the surface of the lower mass will migrate to the
lower extremity of that mass. A crude intuition would seem to say that the Earth ought to pull both water
drops to the lower extremity of each mass, but that is not what happens. One must get into the rotating
Frame S' to see what happens. This is essentially why the usual tides on the Earth "bulge" on the side
facing the Moon and on the side facing away from the Moon. The Sun also has its smaller effect. This
subject is considered in the next section.

3. See comments below (8.8.26) for a discussion of why the tether tidal force (8.6.14) has a leading factor
of 3, whereas the lunar Earth tide (8.8.26) has a leading factor of 2.

4. Appendix F presents a more complete analysis of the tether or "dumbbell" satellite, allowing for an
arbitrary 3D orientation of the masses and analyzing their motion when not in the stable vertical
orientation. For example, a general dynamic expression for the tether tension T appears in (F.6.26). For
the tether vertically aligned and at rest the limit of this expression is (F.6.30) which is the same as (8.6.12)
above. The reader is warned that Appendix D and F are both written in "swap" notation where prime and
noprime labels are swapped relative to the no-swap notation used above. This is done to reduce the
annoying number of primes that would otherwise be present in many expressions.

5. Real tethered satellites have seen action since the 1960's (including snapped tethers), see the brief
history of Chen et al. [2013]. Tether applications include: (1) Power generation and thrust using a
conducting tether in solar and planetary magnetic fields and plasmas; (2) lifting, stabilizing and moving
objects around in space (et, reboosting tired satellites); (3) research in controlled-gravity environments
(distance down the tether see (8.6.12)); (4) gravity-wave and conventional antenna experiments. Tether
lengths have varied from tens of meters to tens of kilometers.
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Consider the following situation which we shall call Special Case #3 where we have replaced the rotation
vector @ by Q where now Q = do/dt :

(51

Frame S
€z

(8.7.1)
This resembles Special Case #1 because the rotation axis passes through the origin of Frame S. However,
in this figure we intend that the axes of Frame S' always line up with those of Frame S, so the only thing
that varies is the vector b(t). The axes e'; are no longer "soldered" to the b vector, and e'; = e; at all times.
Although the axes of Frame S' do not rotate relative to those of Frame S, we still put this case into our

"rotating frames" basket because the origin of Frame S' is instantaneously rotating about the € axis.
In Special Case #3 there is no distinction between 0sa and ds-a for any vector a :

Osa = Oslaje;] =(0sai) es = (Oras) e;

Os'a=0s[ases] =(0sraz) es = (Oai) €

(8.7.2)
One can interpret Osa = Os-a as being the G Rule 0sa =0sa + ® x a with @=0.
simpler:

Thus we can just write & = Osa = Og+a . The complicated analysis of Sections 6,7 and 8 is now much
r=r'+b

o o, o ' (4
r=r'tb =— v=v'tb
._.' (1] _ ' (1]
v=v'tb = a=a'+b .

Newton's Law in Frame S' now has only one fictitious force,

(8.7.3)
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ma'=ma - mK
F'eff =F - m.ﬁ

Fleice =— mb . // Special Case #3 (8.7.4)

Recall that our general case fictional force expression was

F'fith—mKs—mmx(mxr') “2moOXV-moxr . (8.1.8)
frame  centrifugal Coriolis Euler

In Special Case #3 only the "frame" portion of the fictitious force exists and we can interpret this as being

the full fictional force in which we set @ = 0 and @ = 0.
Regardless of how the Frame S' origin moves through space, we can always interpret its motion as an
instantaneous rotation, as suggested by this drawing,

trajectory of
Frame S
origin

t (8.7.5)
At time t the Frame S' origin is rotating along the green circle shown.
Comment: Historical authors have compared the behavior of Frame S' to a frying pan in the fast-moving

hands of a busy cook who always maintains the pan's orientation. We are instead reminded of the
behavior of a gimbaled alcohol stove often used in sailboats, or better yet, a gimbaled sailboat compass.
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8.8 Tides on the Earth

The basic picture

In general, the orbital pattern of a binary gravitational system has this planar appearance, where each
object traverses its own ellipse

Binary Star Orbit

orbit of lugher
mass star

orbit of low er
mass star

(8.8.1)
http://abyss.uoregon.edu/~js/ast122/lectures/lec10.html

In this section, however, we restrict our interest to a special case where each mass traces out a circular
path, not an elliptical one. The picture is this, where we define R1,R2, M1,M2, r12,R,R" as shown:

‘\ R2 MZ
Ry Frame S| A Frame S'\ B

)
] R’ . o R 1
\-// Vi N
- \b T2 v

Each object is assumed to be a spherically symmetric mass distribution and can thus be treated as a point
mass at its center for gravitational purposes (see Section D.5). An inertial Frame S has its origin at the
center-of-mass point, and the binary system rotates in the plane of paper at angular frequency € about this
Frame S origin. Frame S' is attached to sphere 2 and we assume that sphere 2 maintains its orientation
"relative to the stars" so that at some later time we have this picture

Yoo

(8.8.2)
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(8.8.3)

The situation with Frame S and Frame S' is then exactly that of Special Case #3 described in the previous

section, where b = R and the only fictitious force in Frame S'is F'gice =— mb . Points A and B are two
fixed points on the surface of sphere 2. To apply Fig (8.8.3) to the Moon-Earth system, we temporarily
turn off the rotation of the Earth (M3) about its axis (not shown), so the this new Earth has a fixed

orientation relative to the stars.
Distance R can be found from the usual center-of-mass equation (viewed from Frame S),

0 =[M2R? - M1R' #]/(M1+M3z)  R+R'=r112 (8.8.4)
which reports out the obvious fact that

R =112 [M1/(M1t M2)]
R'=r12 [M2/(M1+ M3)] . (8.8.5)

We collect here some data on the Sun, Earth and Moon :

Ms = 1.989 x 10%° kg Rs = 695,700 km G =6.674 x 107! m3/(kg-sec?)

Mg = 5.972 x 10** kg Rg = 6371 km (8.8.6)
My = 7.342 x 10%%kg Ry= 1737 km Tu=27.32 days (sidereal)

res = 1.496 x 108 km // average e=.0167

rve = 384,400 km // average e=.0549

We then compute,
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------- 2
Earth-Sun R/Rp = 115 [My/(M1+ Ma)] /Ry = rgs [Mg/(Mg+ Ms)] /Rs = 000646
Moon-Earth R/Ry =r112 [M]_/(M1+ Mz)] /Ro = 1vg [Mm/(Mm+ ME)] /Rg =0.737

MS = 1.98%=30%kg ES5 695. Te3*km
ME = 5.972e24*kg EE := 6371*km
I = T.342e22%kg E{ 1737 *km
rESs = 1.49%96e8*km
TME := 384.4e3*km G 6.6T74de-11*m" 3 /(kg*sec™2)
rEs * (ME/(ME+MS)) /RS,

0006456442715
rME * (kM/ (Md+ME) ) /EE;

1327632424

(8.8.7)

So for the Earth-Sun system, the center of mass is basically at the center of the Sun, while for the Moon-
Earth system, the center of mass lies at a point 3/4 the radius of the Earth from the center. We could
redraw our figure for these two cases, but the kinematics does not change, so we won't bother.

Force Equations

Newton's Law for a mass m in non-inertial Frame S' is, according to (8.7.4),

F'egg = ma' where Flege= F — mb (8.8.8)
and F is the sum of all Frame S forces acting on mass m.
It is clear from Fig (8.8.3) that (since R is a constant)
b = R dt/dt= Q8 d/dt = - Of // see (E.5.6)
b =R df/dt =RQH
b =RQ dd/dt=- RQ?*E (8.8.9)
Therefore (8.8.8) becomes
ma'=F'ege = F +mRQ?*f (8.8.10)
For a Particle in or on the Earth, the real forces are
F =Fg1 + Fg2 + Frg where
Fg41 = the gravitational force due to sphere 1 (the Moon)
Fg42 = the gravitational force due to sphere 2 (the Earth)
Fng = any non-gravitational forces (8.8.11)
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and then (8.8.10) may be written
ma' = Fg1 + Fgp + Fag + m RQ?F . (8.8.12)

This is the effective Newton's Law for a mass m in Frame S'. If a mass m is at rest on the surface of the
Earth (in Frame S') , then a' =0 and we find

Fng =- Fg1 - Fgz2 - m RQ?*# . (8.8.13)

If there are no other non-gravitational forces affecting mass m, then Fnq is just the force of the Earth's
surface pushing up on mass m to hold it in place so it has a' = 0.

The relation between I12 and Q

If we were to replace sphere 2 (the Earth) with a point mass M, at its center, nothing would change in our
orbiting picture. This point mass does a circular orbit around the binary center of mass with radius R and
angular frequency Q. The usual rule for circular motion of a point particle says that the gravitational force
balances the centrifugal force, so

MleG/rlzz = MzQzR
or
M:G/r122 = Q%R . (8.8.14)

Now we do a thought experiment. We imagine the Earth's core to be solid and we grind out a small
spherical cavity around the Earth's center point. We take the ground-out material and compress it into a
point mass m and we place that mass m at the center of the cavity. The orbit of the Earth-Moon system is
unaffected by this alteration. In effect we now have two point masses in identical orbits with the Moon:
the Earth of mass My-m and the central particle of mass m. For each we have M1G/r122 = Q?R. The
claim then is that the point mass m simply floats in the center of the cavity. In Frame S' there is no total
force acting on this mass m to cause it to move from its position. This total force of 0 is the sum of the
gravitational force pulling it to the Moon, and the centrifugal force pushing it away from the Moon,

0=- (Fg1 +mRQ?P)
or

liG/r122 =m RQ.Z
or

M1G/r122 = QZR

which is the same as (8.8.14) above. We can replace the R in (8.8.14) with the R of (8.8.5) to get
MlG/I'lzz = Qz 12 [M]_/(M1+ Mz)]

or
(M1+ M2)G/r12° = Q2 (8.8.15)
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and this is the relationship between r12 and Q for given masses M3 and Ma.
Using (8.8.14) in (8.8.12) one finds,

ma' = Fg + Fgz + Fng + (mM;G/r12%) £ . (8.8.16)

Tidal Force at an arbitrary point on the Earth

Now consider a particle of mass m at some arbitrary location C on the surface of the Earth. We define
angles 6 and 3 as shown, where 3 is very small,

& X X
< Vi »|Frame S;
Pl / \ d rame
<« \> iz ! M2

(8.8.17)

Here we show a brand new  and § which have nothing to do with those used in Fig (8.8.3). The old # in

(8.8.16) is now (/io, a unit vector to the right in (8.8.17). Vector d points to point C from the center of
sphere 1 while vector dg links the two object centers, so dg = r12. We can then write

Fq1 =- (MimG/d?) d (8.8.18)

and so (8.8.16) is recast once again as

ma' Fg1 + Fg2 + Fng ( liG/I‘lzz) (/io
= - (MimG/d?) @ + Fgz + Fng + (mM1G/de?) do

=Fgz + Fng + mM3G (do/d? — d/d?)

:ng +an+Ftid3 (8819)
where

Feia = mM:G (do/do® — d/d%) . //tidal force (8.8.20)

For a mass m at the center of the Earth, d = do so Ftig = 0 in agreement with our thought experiment
above.

It is the fact that sphere 1's gravitational field varies slightly (in direction and magnitude) at different
points on sphere 2 (as shown in (8.8.18)) which results in the tidal force. Equation (8.8.20) appears in
Taylor p 332 as equation (9.12) and in Butikov as equation (2). We have tried to match Taylor's notation.
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Comment: If the rotating Moon-Earth system in Fig (8.8.17) were replaced by a static non-rotating system
in which the Earth and Moon were held apart by a very long, stiff (1020 N) rod, would the tidal force be
the same as shown in (8.8.20)? Or would the water bulge only on the side of the Earth facing the Moon?
In this case we have in inertial Frame S' the following force on a mass m on the surface of the Earth

F'=ma'=Fg1 + Fg2 + Fng // Earth, Moon and Stick

Since the gravitational force Fg1 of M1 on a mass m at point A is larger than at point B in Fig (8.8.17), it
seems likely that water would only bulge on the A side of the Earth. So it is not just the non-uniformity of
the gravitational field that causes the double-bulge tide on the real Earth, it is this non-uniformity in
combination with the balance provided by the rotation which causes there to be zero force on a particle at
the center of the Earth.

Tidal force in Cartesian coordinates

It is useful to express Fiiq in both Cartesian and polar coordinates with the approximation that
R2/dg << 1. In that case, from the Law of Cosines and Fig (8.8.17),

d? =R5? + do? - 2dgRocos(n-0) = Ra? + do? + 2doRocosd = do?[ 1 + (Ra/do)? + 2 (Ra/do)cos |
~ do?[ 1+ 2 (Ra/dg)cosh ] (8.8.21)
so that
d3 = do 3 [ 1 +2(Ra/dg)cos0]3/2 = dp™3[1-3(Ra/dg)cosd ]. (8.8.22)
Armed with this fact, we next write, again looking at Fig (8.8.17),

do = dof(\

d=(do +Rzcos0) & + Rysind § . (8.8.23)
We assume for now the usual x axis to the right and y axis up, though this will be changed below. Then,
Feiga = mMiG {do/do® — d/d®}
=mM;G { do&/do® - [(do + Rz cosf) & + Rasind §] do > [ 1 - 3(Ra/do)cos ]}
= (mM1G/do?) { £ — [(1+(Ra/dg) cosB) & + (Ra/dg) sin® §] [ 1 - 3(Ra/do)cosd ]}
= (mM1G/do?) { & — & + 3(Ra/dg)cos & - (Ro/do) cos0) & - (Ra/do) sind) § } + O((Ra/do))?

~ (mM1G/do?) {2(R2/dg)cosd & - (Rz/do) sind) §
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= (mM1G/do®) {2R2c0s0 & - R2sind) § }
= (mM:1G/do®) (2xk-y§) . (8.8.24)
Using this simple form, it is easy to plot the tidal force field Fyiq(X,y) in the region of the Earth,

with(plots) :with(plottools)

s1 = fieldplot([2*x,-v],x=-1..1,yv=-1..1,grid=[10,10])
52 = circle([0,0],1)
displav({sl,s2,scaling=constrained) ,

s
=~/
s

.
T
AN
(8.8.25)
We can evaluate Fy;4 in (8.8.24) at the left, right, top and bottom of the Earth:
left: A (x,y) = (-R2,0) Fria = —2R2(mM1G/do3)§ points left
right: B (x,y) = (R2,0) Friga = 2R2(mM1G/do3)§ points right
top: (x,y) =(0,R2) Feia = -Ro(mM1G/do®)§ points down
bottom:  (x,y) = (0,-Ry) Feig = Ro(mM3G/do®)§  points up (8.8.26)

and these results seem in agreement with the above field plot (zero force at Earth center).
2 versus 3
Question: For the Earth tide situation we have just shown that at point B farthest from the Moon there is a

total force |Feia| = (2mM1G/do®)R,. For the tether analysis of (8.6.9) setting Ar = Ry produces a tidal
force of |Feig/=T= (3mMG/ro®)R; . Why are the two red integers different?
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Answer: For the tether satellite, the axes of the satellite Frame S' are rotating so the fictitious force set

includes both the frame and "local" centrifugal contributions — m.ﬁs —mo X (o x r') of (8.1.5). It was
shown that the centrifugal term accounts for 1/3 of the tidal force. But for the Earth tide analysis, the axes

of Frame S' do not rotate, so only — m.ﬁs exists so that extra 1/3 is missing. We might expect that extra

1/3 to reappear if we did an analysis of tides on an Earth which is phase locked to always have the same
face pointing toward the Moon (Reader Exercise). On the other hand, for a tethered satellite that is
dropping straight down toward the Earth, we would expect the 1/3 to be missing (Reader Exercise).

One gets the general impression that the water surface might have the following shape, where the black
arrows show the magnitude of the tidal force at various locations, in agreement with (8.8.25) and (8.8.26),

top

bot (8.8.27)

The tidal acceleration is very weak compared to the local gravitational force on the Earth. For the lunar
tidal case, continuing the Maple code above we find for the tidal acceleration at point B,

ag = 2R2(M1G/do®) = 2(M1G/do®)(R2/do) = 2(MuG/tu-e2)(Re/tu-&)

ITME m := rME*(1000*m/km} # convert to meters

FME o= 3844000 109 2

aTidB 2% (MM*G/TME_m"2)*(RE/TME) ,

5 m
alidE = 1058565855 10 —2

sec (8.7.28)

so basically the tidal acceleration is 107 the size of g = 9.8. It is rather amazing what such a small force
can do when it is differentially applied to a lot of water.
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Tidal force in polar coordinates

To express the tidal force in polar coordinates, we use (E.5.4) with p— r = R, and ¢—0 to get

)’E:cosei‘\—sine@ r=Rs
$ =sin0 £ +cos0 0 . (8.8.29)
Then,

Frig =(mM1G/do®) {2x R-y § }
= (liG/do3) { 2rcosf [cosh T — sind 6] - rsin@ [sinf £ + cosH 6]

= (mM1G/do?) { (2c0s20 - sin%0)f + (-3cosOsin)d ! . (8.8.30)
The coefficients of the unit vectors can be simplified,
2¢0s20 - sin%0 = 2(1/2)*(1+cos20) - (1/2)(1-c0s20) = (1/2) [ 2 + 2c0s20 - 1 + cos26 ]
= (1/2) [ 1 +3c0s20] =(3/2) [ cos20 +1/3 ]
-3c0s0sinf = (-3/2) 2sinBcosd = -(3/2)sin20 . (8.8.31)

Therefore the tidal force in the polar coordinates appearing in Fig (8.8.17) is,

Feiqa = (3/2) (mM1G Ro/do®) [ (cos20 +1/3) £ - sin20 8 7. (8.8.32)

Since the term with the 1/3 is radially symmetric around the Earth, it really has no effect on tides and is
usually just dropped. This last result appears in Butikov as (5), (6) and (7).

Equation of the water surface

Here we follow the development of Butikov. We first make an ansatz that the water surface on an
idealized non-rotating water-covered Earth is described by the following simple equation,

r(0) = Ry +acos20 . a>0 (8.8.33)

The constant term is R, so that <r(8)> = Rz. One chooses the angle 26 to get the shape suggested in Fig
(8.8.27). The problem then is to determine the constant a which will be << Ry. This is not the true
equation of an ellipse, but we shall call it an ellipse anyway.

Consider the following picture of the water on the Earth,
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water surface no Moon

Nga
Ne
o
water surface
ith n
with Moo Earth
0
Rz

(8.8.34)

Here n. is normal to the black circle at angle 0, while ne is normal to the red ellipse. In polar coordinates,
we know that i, = t, and we wish to compute fie. Our motivation is to compute angle o. which will then

. A A A A
lead us to an expression for a. So far we know that cosa = ne e = Fe g .
Define

f(r,0) =1 - Ry - acos260

and the ellipse (8.8.33) is then given by f(r,0) = 0. We know that the normal to a 2D surface is given by its
gradient, so in polar coordinates we have

ne = VA(r,0) = (0D + (1/1)(GeD® = 1 + 2(a/r)sin20 O
Ine| = (1 + [2(a/r)sin26]? )*/2

U/ne| = (1 + [2(a/r)sin20]? )™/2 = 1-(1/2) [2(a/r)sin20]? (8.8.35)

coso = fice fic = Fefie= Fone/ ne| = Pe [T +2(a/r)sin20 6] /ng| = 1/ng|

u

1 - (1/2) [2(a/r)sin26]?

u

1-022. (8.8.36)
Therefore using r = R,
a =2(a/Rz)sin26 . (8.8.37)

Having found a geometric value for a, we now seek another expression for a based on physics. Consider,
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(8.8.38)

Earth

Since the affected water surface is assumed stable, the total force on the particle of water at the dot must
be normal to the red surface. Therefore

|Feiq,el / mg =tana = a where g = GMz/Rz2 (8.8.39)
From (8.8.32) we then write

@~ |Feiq o / mg = (3/2) (mM;1G Ry/do>) sin20 / (mGM2/R5?)

= (3/2) (M1/M2) (R2/do)? sin26 . (8.8.40)

Comparing this o to that of (8.8.37) one finds,

2(a/Rz)sin20 = (3/2) (M1/M2) (R2/do)* sin26
)

a = (3/4) Rz (M1/Mz) (Ro/do)? . (8.8.41)
Thus the shape "ansatz" (8.8.33) was a good one. This result for a appears in Butikov as (9) and (11).
Taylor obtains the same result in his (9.18) (h=2a) by treating the water surface as an equipotential

surface (see Footnote at the end of this section).

The variation between low and high tides is H = 2a and we may compute this from (8.8.41) for both the
Moon-Earth and Sun-Earth systems (in km),

Hme := (3/2)*BE*(MM/ME)}*{(EE/THME} "3,

Hme = 0005345920260 jom
(3/2)*BE* (MS/ME) *(BE/TES) "3 ;

Hse
Mg = 0002458339634 jon

Therefore,

Hiunar tide =53.49 cm~ 1.8 feet .
Hsolar tide =24.58 cm~ 0.8 feet . (8.8.42)

A non-inlander will recognize these as reasonable ballpark values for ocean tides, lending credence to the
model at hand.
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Comment: The red "ellipse" shown in (8.8.34) is the cross section in the plane of paper of a red ellipsoid
formed by rotating the ellipse about the z axis. This ellipsoid then specifies the water level at all places on
the Earth.

Tidal patterns for an arbitrary rotation axis of the Earth

We now turn the rotation of the Earth back on (we turned if off earlier). For the real Earth, there are many
complications that arise. There are land masses. Lake water has nowhere to go. There is friction between
the water and the land which slows down the Earth's rotation slightly over time. There is weather and
there are ocean tidal currents which do not flow infinitely fast. We shall not attempt to analyze this
general situation.

Instead, we imagine an idealized Earth covered with water and the Earth turns under the water with
no "friction", and an Observer just stands in the water and measures the tide height as a function of time.
What does that Observer see? It of course depends on where the Earth's axis of rotation is located relative
to our picture. Consider,

A\ !
< i »
pEV \ s »|Frame S
« \> 12 ! Mz

(8.8.43)

We have now redefined the Earth frame on the right to be Frame S (formerly it was Frame S') and we
have drawn new X,y,z axes for this new Frame S so the z axis points away from mass Mj. In Frame S
then the angle 6 is the usual spherical-coordinates polar angle.

We now assume that the Earth rotates about some axis 2' (new Frame S') which is obtained by
rotating the 2 axis by angles 0; and @1 as follows (see (E.2.2) for the matrix),

cosf1cos@y -sinf; sinBicos@i
2' =Ra(p1) Ry(el)’z‘ = Ry 72 =| cosBising: cosei sinfising: | %
-sinfy 0 cos6;

=| cosOising; cospi sinBising; 0 =| sinB;sin@y | . (8.8.44)

cosficospi -sinfp sinBicose; (()] sinf;cosq
-sinfy 0 cos0; 1 cos01

This rotation is sufficient to put the 2' in any desired direction (61.¢1). The rotation Ry moves all vectors
r to new vectors r' = Rir. Thus we may write
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X' cosficospy -sinfp sinBicospi ) (x
r = [y'} =| cosfising; cospi sinBisingy [yj =Ryr
z' -sinf4 0 cos1 z
and
X cosfcosp cosBsing -sing (X'
r = (y} =( -sing cosQ 0 }[y'] =Ry =R,TH (8.8.45)
z sinfcosp sinBsing cosd z'

where the second matrix is the transpose of the first since rotations are real orthogonal R™'=R" If we
define spherical coordinates (1,0,¢) for (x,y,z) and (r'.0',¢") for (x',y',z') (of course r' = r) then the above
may be written, cancelling the r factors,

sinBcose cosbicospy cosBisingy -sinb1 ) (sind'cose'
sinfsing | = -sinQy COs(1 0 sinf'sing' (8.8.46)
cosO sinficospy sinBisingi cosO1 cos0'
which is three scalar equations. The third equation is this
cosO = sinf1cos@1sind'cose' + sinfB1sing1sinf'sing' + cosf1cosb’ . (8.8.47)
If the Earth turns at rate © so ¢' = ot, we then have
cosO = sinf1cos@1sind'coswt + sinB;sine1sind'sinwt + cosd1coso’
(8.8.48)
0820 = 2c0s20 - 1.
Recall the equation of the water surface from (8.8.33),
r(0) = Rz +acos20 . a>0 (8.8.33)
This implies a tide height of
h(0) = a cos26 . (8.8.49)

Therefore on our idealized Earth which rotates about an axis (81,p1) relative to Fig (8.8.43) we obtain the
following tide height during the day

h(t) = a cos20(t) =a [ 2cos0(t) - 1 ]
= a[ 2 (sinficos@1sind'cosot + sinB;sing;sind'sinot + cosf1cos0)? - 17 . (8.8.50)

Here 0' indicates the line of latitude at which our Observer is positioned.
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Example 1: (2' =)

Suppose the Earth's rotation axis were in the § direction in Fig (8.8.43) (pointing out of the plane of
paper). In that case one has 61= /2 and @1= m/2, since

sinf;cos@q 0
7' =R,(m2)Ry(n/2)2 =| sinbisingy | =| 1 | = § . (8.8.51)
cos1 0

Then from (8.8.50),
h(t) =a[ 2(sinfBicos@isind'cosmt + sinf;sing4sinf'sinmt + coselcose')2 -1]
=a] f/l(sine'sincot)2 -1]
= a[ 2sin®0'sinwt-1]. (8.8.52)

If the Observer were at the Earth's equator 0' = n/2 (which is in the plane of paper of Fig (8.8.43)), one
would have

h(t) = a| 2sinot - 1 ] =asin(2ot) =a cosCwt - 1/2) . (8.8.53)

Comparison with (8.8.49) shows that 20 = 2wt - 7/2 so 8 = ot - /4. The Observer sees a full amplitude
swing of £a in the tide. As this Observer moves toward the pole so 0' decrease, the amplitude of the tide
decreases as (8.8.52) shows. At the pole, where 0' = 0, one finds h(t) = -a (a constant) all the time, which
seems reasonable since 0 = 71/2 all the time and so h(0) = a cos20 = a cost = -a.

Here is a Maple rendition of this Example where we set a = 1 and ® = 1 so one day lasts T = 2x. In
this code we refer to 0' as 02:

costheta := sin(thetal)*cos(phil)*cos(theta?)*cos{omega*t) +
sin{thetal)*sin{phil)*sin(theta2)*sin{omega*t) + cos(thetal)*cos(theta2),

costheta = sm( 917 cos{dl ) cos( 82 cos{w £) + sin(G1 ) sm dp1 ) sin62) sin( @ £) + cos(91 ) cos{E2)
thetal := evalf{((Pi/180}*9%0): phil := evalf((Pi/180)*90} a =1 omega = 1
costheta,

2051033807 10 cos(2) cos(£) + 1. sinf 62) sin(e) — 2051033807 107 cos(62)

h := a * (2*costheta™2-1),

2

h=2(-2051033807 10_9 cos(82) coz()+ 1. sin( 62 sin(f) — 2051033807 10_9 cos(E21) -1
angle set := evalf((Pi/180)}*[90,70,50,30, 6107},
angle_sei =[1.570796327, 1.221730477, 726646262, 5235087757, 1745329252
plot ([seq{h(t), theta? = angle set)], t=0..2%Pi color

=[red,black,blue,green,browvm] ,thickness=2}) ;
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0.8
0.6
0.4

(8.8.54)

The top trace is for ' = 90° (equator) which has the full tide amplitude, and then as one approaches the
pole in steps of 20° this amplitude decreases ending up with h(t) = -a for 6' = 10°. On this Earth there are
always two equal high tides per day.

Example 2: (tipping 2' toward the & direction)

Suppose however that the Earth's rotation axis points in the 2 direction of (8.8.43) so 6;= 0 and @1= 0. In
this case we expect to have no tides at all since for any 0' latitude line 6 = 6' is constant. This is borne out
in the above Maple code Maple where we again plot h(t),

thetal = evalf((Pi/180)*0}: phil := evalf((Pi/180)*0)

084
0B
0.44
024

02

0.4
067
087

) (8.8.55)

At the equator the Observer is stuck low tide all the time (bottom trace). Conversely, an Observer at the
pole is stuck at high tide all the time (top trace is 0' = 10°).

As we start increasing 61 away from 0, the nature of the tidal traces changes. Here is a set of trace sets for
various 01 always with ¢1=0:
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(8.8.56)

When 01= 0° there are no tides at all since the rotation is in the 2 direction in Fig (8.8.43). As we

gradually tip the Earth's rotation axis toward the & direction, things change. Up to about 0; = 40° there is
one tide per day, but beyond this point there are two unequal tides per day and they become equal when
01 reaches 90°. The point here is that many tidal patterns are possible depending on the Earth's direction
of rotation.

Tidal patterns for the rotating Earth (but still a water world in which water flows instantly)

Relative to Fig (8.8.43) the actual axis 2' of the Earth's rotation varies over time, as suggested by this
picture from wiki,

: /‘ i
:. Inclination
Earth S ; ;
Orbit : .
\ : —
pE— P~}
Moon 1,738 km |:
Orbit 4,641 km
Axial tilt g i o~ Axial tilt
to orbolt ‘_’6ﬁ3a7d8iuksm o i toorbit
23.44 - _ 6.68°
384,405 km (8.8.57)

https://upload.wikimedia.org/wikipedia/commons/4/43/Earth-Moon.PNG
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We transcribe the situation depicted above into a drawing more compatible with Fig (8.8.43),

23.44

28,58 = 23.44+5.14
0, =90+28.58 = 118.58

Moon-Earth orbital plane

5.14(

(8.8.58)

Here the black arrow is 2' (Earth's rotation axis) and it is located at 0= 118.6° and is in the plane of paper
so @1 = 0. The intersection of the two orbital planes is called the line of nodes and for the time indicated
in the picture, that line is perpendicular to the plane of paper. This situation of maximum tilt 28.58°
occurs once every 18.6 years, a time called the "major lunar standstill". At a time 9.3 years later than the
above drawing, the Earth's rotation axis in effect moves to the right edge of the green cone and then the
28.58° = 23.44+5.14 gets replaced by 18.30° = 23.44-5.14 which is the "minor lunar standstill". The half-
angle of the green cone is 23.44°.

Near the time depicted in the picture, the Earth's rotation axis in effect moves around a different cone
once per month as indicated in blue in this picture (blue cone half-angle = 28.58°)

2344 0

/j‘:x 28.58

N U1 4\ 01 =90+28.58 = 118.58
m Moon-Earth orbital plane 2
NE rdt

(the ecliptic) y
gartn orbital P13
Sun-
(8.8.59)

Thus, a half month later than the configuration shown, one will have 01 = 90 - 28.58 = 61.42°. At times in
between, 07 lies in the range ( 61.4°, 118.6°) and ¢ takes small values with |@7]| < 28.58°.
Here we repeat our plot set above for 01 = 100° and @71 = 20° just as an example:

78



Section 8: Fictitious Forces

1.24

(8.8.60)

At the equator (red) there are two small equal tides per day. At other latitudes there are still two tides per
day, but they are unequal.

As the Earth rotates, it is true that at any latitude 8' there is an outward-pointing centrifugal force of equal
magnitude all around the Earth, but we expect this not to affect the tides.

The high tides are nominally 12 hours apart. In fact the Moon moves with a 27.3 day period in the same
direction the Earth rotates, so when 12 hours has passed, the Moon has moved ahead 12/27.3 = 0.44
hours = 26.4 minutes, so one has to wait another 26 minutes for the next lunar high tide, so the time
between high tides is about 12 hours 26 minutes. This causes the time of high tide to move relative to a
wall clock in any location, which is why we have tide tables and tide clocks.

Roughly the solar tides have half the influence of the lunar ones as indicated in (8.8.42). They add and
cancel depending on the position of the Sun and Moon. This nice picture of D.J. Jeffery shows the
extremal situations (the word spring does not mean the season Spring)

Spring Tide Cases
Full Earth New AT
Moon TR Moon 7 !
(':) \ ( ] \} O ‘ Sun \
\\i:/ g - l‘\ 'f
.\\ -/f
Neap Tide Cases -
. Waxing
(_) Half Moon
o 7 ™~
Earth 7~ A
[l Il
N\ \ Sun ;’]
—~. Waning \\___ ,,,/'/
() Half Moon —
DJ Jeffery
UNLYV 2003 (8.8.61)

So the maximal spring tides are about 2 weeks apart and the same is true for the intervening minimal neap
tides.
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A good discussion of the above tidal model is given in Taylor's textbook p 330-336. A more detailed
discussion is presented in the excellent (and downloadable) paper by Butikov. Both sources are very
readable.

Tides on the real Earth

We leave the reader with this perhaps disappointing picture of actual tides on the Earth.

GOT99.2 MNASA/GSFC

.

sy

Snpieagmdeq Erach &/99
60 70 80 90 100 110 120 cm
http://www.nauticed.org/sailing-blog/how-the-tides-work/ (8.8.62)

(We are unable to locate the original source of this graphic.) Presumably these are measured long-term
averages of tidal high-low differences and one sees how they generally range from 0 cm to 140 cm. A
wave resonance at the Bay of Fundy can cause a 1700 cm (50 foot) high/low tide difference there.

Recall our toy model calculation that

Hlunar_tide =53.49 cm ~ 1.8 feet .
Hsolar tide =24.58 cm ~ 0.8 feet . (8.8.42)

At least the values in the map are in the same ballpark as the toy model! The sailing author at the above
link notes that tides are almost non-existent in the Caribbean and Mediterranean seas, which are dark blue
in the figure.

As Butikov points out, the simple model in which the Earth rotates under a static ellipsoid of water in
a frictionless manner is very far from reality. One must consider the dynamical aspects of the problem
which involve the massive water currents which attempt to maintain the tidal ellipsoid and the interaction
of such currents with land masses and the ocean bottom and with themselves (water has some viscosity).
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The currents of course are subject to Coriolis forces. Water flow velocity is not infinite and is affected by
ocean depth. One result is that there is a delay between the Moon being at local meridian (transit) and the
occurrence of high tide (the "local lunitidal interval"). This delay is extremely variable, ranging from a
few minutes to ~20 hours. The white lines in (8.8.2) are loci on which a high tide occurs at the same time
(equal tidal phase) and the white line nodes have no tides at all (known as amphidromes) for a particular
tidal "component” like the main one called M». Tides flow around these points. The problem is one of
wave dynamics and forced oscillation on a rotating object and is well beyond the scope of our document
(but is treated by Butikov and in his references).

Footnote: Equation of the Water Surface by the Potential Method

There are many ways to set up the potential method for determining the idealized tidal shape of Fig
(8.8.34), see Taylor and Butikov for alternatives to our method. In the following presentation we omit
some detailed steps which involve small- approximations.
We seek a potential V(x,y) which solves this equation (no minus sign in VV=F)

VV(x,y) = Fg2 + Feia = - (GMam/r®) ® + (mM;G/do®) (2x R-y §) (8.8.63)
where we use (8.8.24) for Frig. The exact solution for V is the following (by inspection) :

V(x,y) = (GMam/r) + (GMim/do3)(x%-y?%2) . // V(i) =-(11%)E, >0 (8.8.64)

Of interest are surfaces on which V is a constant (since we expect the water surface to be such a surface)
so we let k be a constant and write

(Ma/t) + M1/do®)(x2 - y?/2) = k dim(k) = M/L (8.8.65)
which is the same as

(M2/k)2 = (x2+y2)(1 -2ex? + syz) = r? (1- 2er’cos20 + arzsinze)

e= (My/kdo?) . dim(g) =L? (8.8.66)

This is a quartic equation whose shape is very similar to the "ellipse" of (8.8.33). For example, for Mz/k
=1 and € = .05 we may compare the quartic (red) to the unit circle (blue) :

f = (x"2+y"2)*(1l-2%e*x " 2+e*y"2)

_f:(x2+y2)(1—2ex2+ey2)

=] = 0.058

s1 = implicitplot(f=1,x=-1.5..1.5,y=-2..2, scaling = constrained,
view=[-1.5..1.5,-1..1],color=red)

52 = implicitplot(x"2+vy"2=1,x=-1.5..1.5,v=-2..2 ,color=blue)

display(sl,s2},
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e N
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o

To zeroth order in &€ we can identify (My/k) = R,, the radius of the Earth. We can use this within
quantities already of order €, but more accuracy is needed for the standalone (M2/k). Equation (8.8.66) is

(8.8.67)

a quadratic in 12 and we solve it for r2(6) and then r(0) to get, always for small g,
r(0) =~ (M2/k)[ 1 - (1/8)e(sin0 - 2cos?0)(Ma/k)?] . (8.8.68)

We then demand that <r(0)> = Rz (averaged over 0), just as was done in (8.8.33), so
1 1
Rz =<r(0)>= M2/k)[ 1 - (1/8)g( 5- 2 5 Y(M2/k)?] = (Mo/K)[ 1+ (1/16)(Ma/k)%e ] . (8.8.69)

This is then solved for (M2/k) to order € with the result

(Ma/k) =~ Ry[1- (1/16)eR5?] (8.8.70)
which shows the first order correction from just using R,. The locus of the quartic (8.8.66) is now,

R2[1-(1/16)eR,%1? = (x®+y?) [1 -6(2x? - y?)]

g~ (M1/M2)Ra/do>. (8.8.71)
We then examine the quartic at its right edge (high tide) and its top edge (low tide) to find

Alhign = (15/16)(M1/M2)Rz*/do>
Alzow = (9/16)(M1/M2)R2%/do>

H=|Alnigh + [Alzow = (M1/M2)R2%/do> { (15/16) + (9/16) } (8.8.72)
= (3/2)(M1/M2)R2*/do> .

But H = 2a in terms of (8.8.33) so we get

82



Section 8: Fictitious Forces

a= (3/4)(M1/M2)R2*/do> (8.8.73)
in agreement with (8.8.41).
Comment: Requiring <r(0)> = Rz (averaged over 0) both here and implicitly in (8.8.33) is a reasonable

approximation, but in the true 3D problem one should really average over 6,¢ so that the water volume
displaced by low tides equals that piled up by high tides.
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9. Notation comparison with Marion (1970) and Thornton & Marion (2003)

In this Section we compare our notation for rotating-frame kinematics and non-inertial-frame physics to
that of Marion (1970) and Thornton and Marion (T&M 2003).

Their notation is close to our "swap" notation, so before making any comparisons, we restate various of
our equations in swap notation. A swap notation equation has an s subscript on the equation number and
is obtained from the corresponding non-swap equation by prime <> noprime (b and ® do not change) :

r=b+r (6.1)s
Vi = v toxr +l.)sv (6.6a)s
F'=ma’ =m.ﬁs-+ma + mox(@xr) +2mexv + moxr (8.1.3)s
ma =Feer = F' -mbs —mox (@Xr) —2moxv —mdXxr (8.1.5)s

In the above swap notation equations, Frame S' is fixed (f) and Frame S is the rotating frame (r) :
We now compare these equations with those of the Marion series authors:
r=b+r (6.1)s

r=R+r // Marion p 341 (11.1)
// T&M p 388 (10.1)

Vi = v toxr +l.)sv (6.6a)s
VE = Vetoxr +V // Marion p 344 (11.12)
// T&M p 391 (10.17)
F'=ma’ =m.ﬁs-+ma +mox(@xr) +2meoxv + mOxr (8.1.3)s
F =mas =m§f + may +moOXx(@Xr) +2moOxX v+ mOXr // Marion p 344 (11.17)
// T&M p 392 (10.23)
ma =Feer = F' -m.ﬁsv—m(ox(coxr) -2M®OXV —mOXr (8.1.5)s
may =Fesse = F —mﬁf —mOX(®Xr) —2m®X Ve —mo X r // Marion p 344 (11.19)
// T&M p 392 (10.25)

Based on these comparisons, we make the following translation table:
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our swap Marion
notation authors
S r
S' f
Os (d/ dt)rotating
Os' (d/dt)gixea
r r
Vr

a ar
r' r

' Ve
a' as
F' F
Fess Fess
Feict
b R
bs: R,V

name of the rotating frame (r = rotating)
name of the fixed frame (f = fixed)

time derivative in the rotating frame
time derivative in the fixed frame

position in rotating frame
velocity in rotating frame
acceleration in rotating frame

position in fixed frame
velocity in fixed frame
acceleration in fixed frame

force in fixed frame = true force in rotating frame
total effective force in the rotating frame

total fictitious force in the rotating frame

Section 9: Marion

9.1)

location of the rotating frame origin (measured in the fixed frame)

velocity of the rotating frame origin (measured in the fixed frame)

acceleration of the rotating frame origin (measured in the fixed frame)
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10. Notation comparison with Goldstein (1950) and Goldstein, Poole and Safko (2001)

In this Section we compare our notation for rotating-frame kinematics and non-inertial-frame physics to
that of Goldstein on (1950) and Goldstein, Poole and Safko (GFS 2001).

These texts are also close to our "swap" notation. However, in neither text is the reader informed of the
location of the origin of the inertial frame or of the rotating frame. In Goldstein we are told that r is a
"vector from the origin of the terrestrial system" and that "terrestrial measurements are usually made with
respect to a coordinate system fixed in the earth, which therefore rotates with a constant angular velocity
o relative to the inertial system". Having studied their rotational equations, it is our conclusion that the
two frames of reference must have their origins co-sited at the center of the Earth,

0'3
€3

(fixed=space)
Frame S'

P,a
e's (fo{az;?e S ¢
9 (10.1)

One would likely align e3 with e's and call it 2. Most of the follow-on discussion is about the Coriolis

force which involves velocity and not r, so the location of the origin is not important.

In terms of our Fig 1, this means that b = 0 and so r' = r and we are simultaneously Special Case #1
and Special Case #2 since the rotation axis passes through both origins. For this situation, in our velocity
table (1.8.4) the left and right sides are exactly the same. Similarly acceleration table (1.8.6) is identical to
table (1.8.5). For example, with b = 0 we have,

Vs = (@r/oDs: = (r'/o0s: =V's: =V

ag: = (0%r/ot%)s: = (0%r'/ot})g = a's: =a'. (10.2)

Of course .ﬁsv = 0 when b = 0. We now gather up some of our equations in swap notation and state them
for the case that b = 0, making use of (10.2) above:

r=r /b =0 (6.1)s
Vi =v+ oxr (6.5)s
aA=a+oOxXr+2o0xv+ox(®xr) (7.4)s
ma=Feese = FF-mox(0Xr) —2moxv-moXxr . (8.1.5)s

In the above swap notation equations, Frame S'is fixed (space) and Frame S is the rotating frame (1) :
We start our comparison with equation (6.5)s :

Vi = v+ oxr (6.5)s
Vs = Vy tO@XTr . // Goldstein p 135 (4-104)
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// GPS p 175 (4.88)

The next comparison is (we add ® x r to their equations),

a = a+ OXxr+20xv +tox(®wxr) (7.4)s
2 = 2 + OXr +20xXv:+t0Ox(0Xr) . // Goldstein p 135 (4-105)
// GPS p 175 (4.89)
And finally,
ma =Fefe = F' - mox(@xr) - 2moXvV —m®dXr (8.1.5)s

mar = Ferge

= F mox(0xr) - 2moxXv,-—moxr // Goldstein p 135 (4-106,7)

// GPS p 175 (4.90,1)

Based on these comparisons, we construct the following translation table:

our swap Goldstein
notation authors
S r

S' S

Os (d/dt),
Og: (d/dt)s
r r

v Ve

a ar

r' r

v' Vs

a' ag

F' F

Fetes Fees
Feice

b 0

bs: 0

bs 0

(10.3)
b=0 sor=r

name of the rotating frame (r = rotating)
name of the fixed frame (s = space)
time derivative in the rotating frame
time derivative in the fixed frame

position in rotating frame
velocity in rotating frame
acceleration in rotating frame

position in fixed frame
velocity in fixed frame (s = space)
acceleration in fixed frame

force in fixed frame = true force in rotating frame
total effective force in the rotating frame

total fictitious force in the rotating frame

location of the rotating frame origin (measured in the fixed frame)
velocity of the rotating frame origin (measured in the fixed frame)

acceleration of the rotating frame origin (measured in the fixed frame)

Since b = 0 is assumed, the Goldstein and GPS texts only treat a special case of the "rotating frames of
reference" scenario we depict in Fig 1 in which b(t) is a general dynamic vector.
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11. Angular Momentum and Fictitious Torques; the Reynolds Transport Theorem
11.1 Introduction

Nomenclature is an issue for this subject, and here is a vague partial table of usage:

"physics" continuum mechanics
rxp angular momentum L. moment of momentum (moment of p)
rxF torque N or t moment of force (moment of F), moment (M or m)
r; = rsinf moment arm moment arm
Y; ri x F; with Z;F;=0 a sum of torques a couple, a torque, a pure moment (11.1.1)

The moment arm r is the component of r which is perpendicular to F (or p) as in the drawings below.
We shall use the "physics" terminology, so :

A Particle located at position r and having linear momentum p is said to have angular momentum
L =r x p about the origin, in reference to the origin, or with respect to the origin. (11.1.2)

A Particle located at position r which is acted upon by a force F is said to experience a torque
N =r x F about the origin, in reference to the origin, or with respect to the origin. (11.1.3)

In other words, the tail of vector r is at the origin of the coordinate system and L and N as above are both
shown with respect to that point, as in the picture on the left below.

Note that a Particle could refer to an actual point particle, or to a small piece of a rigid body, or to a
small chunk of a fluid or an elastic solid.

Sometimes we want to use L and N with respect to some other reference point, call it ¢, which is not
the origin of the coordinate system. This is shown on the right where the origin of the picture on the left
has been translated slightly down and to the right,

Particle i

4
4
[l s
(1
TR
[
¥
L%
d
1
]
[
'

o)
ref
(11.1.4)
The angular momentum and torque with respect to point ¢ are given by
L =(r-c) xp L®=rxp
N =(r-c) xF N®O =rxF . (11.1.5)
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We therefore introduce a label "¢" to indicate the point of reference for an L or an N. If the reference
point is the origin, then we write things as shown on the right above.

In the work below, a certain amount of complexity is introduced by allowing ¢ # 0, but the intention
is to "do the general case". This then brings up the significance of the last line in (11.1.1) above, and
suggests the benefits of dealing with "a couple" when possible. Consider:

Theorem: If the sum of a set of forces acting on an object is 0, then the sum of the torques associated
with those forces (acting on that same object) is independent of the point ¢ chosen as the reference point
for all the torques. (11.1.6)

[!I’OOfI N(c) = Zi(ri-c) X Fi = Zi rix Fi -CX (ZiFi) = Zi rix Fi -0 = N(O)

Example: Imagine a cylindrical steel bar in a state of torsional strain due to equal and opposite torques
applied to the ends of the bar through small grabber chucks, one at each end (no gravity). So N1 =-N, =
N and each torque is twisting the bar counterclockwise as seen looking at each end. The effect of a chuck
on the bar can be represented as a continuous sum of tangential forces acting on the thin band of surface
of the bar under the chuck, which forces add up to zero (think pairwise). Therefore, since the total force of
a chuck on the bar is zero, the torque of a chuck on the bar is independent of reference point. Since the
same is true for each end, one can pick some arbitrary point ¢ (such as ¢ = 0) and reference both torques
to that point, and then add them "legally" to conclude that the total torque on the bar is 0. The bar thus
shows no angular acceleration.

bar end view
chuck bt

N2<—E 3| — N

F (11.1.7)

In this example, each chuck represents a couple or pure moment acting on the bar.
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11.2 Expression of L and L. in terms of Frame S' objects

Section 11: Angular Momentum

We replicate Fig (1.9.1) which now includes a single torque reference point which is ¢ is Frame S and ¢'

in Frame S'.

Particle

Frame S

The following three equations are obvious from the drawing,

r-r
c-¢'=b
r-c=r'-c¢

-C .

For arbitrary reference point ¢ one has from (1.9.4-7),

L = (r-c)x mv

L) = (r-¢)xma—&xmv

L' = (r'-¢") x mv'

L] 1
L' = (r'-c') x ma'— & x mv'

(1.9.4)
(1.9.5)

(1.9.6)
(1.9.7)

(11.2.1)

(11.2.2)
(11.2.3)
(11.2.4)

(11.2.5)
(11.2.6)

(11.2.7)
(11.2.8)

The reference point ¢ might be moving. We know from Sections 6 and 7 how r,v,a and r',v',a' are

related,
r=r'+b
V=v’+mxr'+l.)s or p=p'+m(mxr’+f)s)

° o0
a=a toxr+2oxv+eox(@xr)+ bs

The middle equation above can be written,

(6.1)
(6.6a)

(7.6a)

(11.2.9)
(11.2.10)
(11.2.11)
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f= ¥ +toxr +bs. (11.2.12)

The torque reference point ¢ in Fig (11.2.1) is just like the particle point r, so the above for ¢ becomes
=¥ +oxc +bs. (11.2.13)

Part of the goal of Section 5 is to express L‘®) and L. in terms of Frame S' quantities. In the following
all algebra is shown to provide an easily traceable path since there won't be any result verifications:

L = (r-c)xp = (r'-e)x[ p' +m@x ¥ +bg)] //(11.2.4), (11.2.10)
= '-c)xp +tmr'-c)x(@xr + f)s)

= L' + m(r'-c)x [ (@x 1) +bg] . /1 (11.2.7)
Now take the Jg time derivative of L @ to get,
L =mr-c)xa-méxv //(11.2.6)
=m(r'-c) [a +OXxr+2oxvV+eox(@xr)+ bs] —méxv // (11.2.4), (11.2.11)
=[m(r'-c)xa' - m&xv'] +mr-c)x[GXxr+2oxvV+ox (@xr)+ bs]-méxv + m&x V'

= L'C) i mr-e)x[dxr+2oxV+ox(@xr)+ bg //(11.2.8)

[ ) [ ]
—mexv + me'xv'

= L) 4t mr-e)x[@xr+2oxvV+ox(@xr)+ bs]

“m@ toxe +hbg)x(V +toxr +bg) + m&xv'. //(11.2.13), (11.2.10)

These results may now be summarized:

L =1 & m@r'-¢") x [ (o x ) + bs] (11.2.14)
L = L) ymr-e)x[dxr+2oxvV+ox(@xr)+ bs]
-m +toxc +f)s)x(v’ +toxr +f)s) +meéxv (11.2.15)

These equations express L ‘®) and L entirely in terms of Frame S' objects, for the general case where
the angular momentum reference point c is arbitrarily selected. The second equation can be rewritten

91



Section 11: Angular Momentum

L) L@ = (r'¢') x Feice tm@ + o x ¢ +bg) x (V' + @ x r' + bg) — m& x v' (11.2.16)

F'fict=—mgs—mmx(wxr') “2mOXV-moxr . (8.1.8)
Comment: Just as with the v and a equations of Section 6, the above equations involving angular
momentum and its time derivative are valid even if both Frame S and Frame S' are non-inertial. This is so
because the derivations above are based on the G Rule and those v and a equations, both of which do not
require that either Frame be inertial.

11.3 Fictitious Torques and Newton's Rotational Law in a non-inertial frame

We now assume that Frame S is an inertial frame and we compare Newton's (2nd) Law for linear motion
with that for circular motion, both in Frame S,

F =p = ma = mf //Ppand ¥ "natural" in Frame S (11.3.1)

N@© =) =1 ¢ =1® {2 = (mr?)V2 . // L' and ¥ "natural” in Frame S (11.3.2)

Here is a drawing showing the various parameters ( 1®) is the moment of inertia about point ¢ ).

Frame S (11.3.3)

Although the general motion of the Particle in Fig (11.2.1) could be construed as an instantaneous circular
motion about some obscure rotation axis, the above equations are not really helpful in the general case,

and we work instead with torque in terms of angular momentum.

L is the angular momentum of our Particle in Frame S relative to reference point ¢, while N g
some externally applied torque about that same reference point acting on the Particle.

In Frame S' we want to find some effective Newton's Rotational Law,

N = e (113.4)
N e =NE N1 D gy // defines N' ") ¢3¢ (11.3.5)

where N' ¢ ¢; o is the fictitious torque that mysteriously appears in non-inertial Frame S', so then
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N () +N'(c')fict ZL'(C') . (11.3.6)

We can then apply this bogus Newton's Rotational Law in non-inertial Frame S'. This is in complete
analogy with the use of fictitious forces as reviewed in Section 8.

Solve (11.3.6) for N'¢®") ¢; ¢ and then replace N by L® in (11.3.2) to get

Nre S FICR N NN (11.3.7)

Replacing the right side of the above using (11.2.16) gives

N e =(r'-e) X Fleioe + m@ + @ x ¢ + bg) X (V' + @ x ' + bg) — m& x V' (11.3.8)
where
F'fict:*mHS*mmX((’\)Xr') —2moXV-moxr . (8.1.8) (11.3.9)
frame  centrifugal Coriolis Euler
Writing this out in full,
N'€) e =-(r'-¢") x [mbs tmo x (@ X r') +2m @ X V' + md x 1]
+m@+oxc+bg)x(V+oxr+bsg)- m&xv' . (11.3.10)

In the special case that b = 0 and ¢ = 0 we know from (11.2.3) that ¢' = 0 as well. In this case, (11.3.8)
simplifies to become

N e =r' x Fleser . (I1.3.11)
11.4 Application: Fictitious Torques in Fluid Dynamics

The object of interest is a blob of fluid contained in a moving volume Vp. The boundary Sy of this
volume Vp moves and changes shape such that every point on S, moves at a velocity which matches the
local fluid flow velocity v(r,t). As a result, no particles of fluid either enter or leave the blob volume Vy
as it moves. One implication is that the mass M of the blob Vy, remains constant. This blob, of some fixed
mass M, is our "object of mechanical interest" (later called "the system").

At time t, we imagine that Vp, sheds a snake skin V. which then remains frozen in time. Then Vy(t)
aligns with V. at time t and probably at no other time. Whereas Vp, moves, V. is fixed. Vp, is called a
"material volume" since it flows with the material, while V. is called a "control volume". In general, all
volume integrals except those being differentiated in time are expressed as integrals over Vc.

Here is Newton's Rotational Law N = L (11.3.2) for the this blob of mass M in inertial Frame S,
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NO = [orxtdS + JverxpBdV = (d/d)s [ Jvm rxpvdV] . //Lai(7.9.1) (11.4.1)

This equation appears in Lai et al. p 430 as equation (7.9.1). Here t is a possible external "surface
traction" (force per area) acting on the blob's surface S¢, B is some possible "body force" per unit mass

acting on the blob's interior (perhaps gravity g), and p is the mass density of the fluid. Notice that .[Vm r

x pv dV is an integral of dL = r x dp over the blob, where dp = dm v and dm = pdV, so this integral
L(® ;1 0p is referenced to the point ¢ = 0.
Frame S' is some rotating frame whose origin is aligned with that of Frame S, so b = 0, and the

angular momentum reference point in Frame S' is chosen as ¢' = 0 (recall (11.2.3) ¢ - ¢' =b).
The integrals for N (©) can be evaluated in any frame one likes, and evaluating them in rotating Frame
S' gives

N© = J‘SC' rxtdsS' + .fvcv r'xpBdVv' . (11.4.2)

Here the integration point r' runs over surface S¢' in the first integral, and over volume V' in the second.
The body force B and the surface traction t are unchanged but are now expressed in terms of r'.

What does equation (11.4.1) look like in non-inertial Frame S' ? According to (11.3.4) and (11.3.5) it is
this:

NO@O LN @ = 1@ = (d/dt)g L' . (11.3.4),(11.3.5)
Using (11.4.2) this may be written as,
(Jse rxtds + Jue ' xpBdV') + N gt =(ddt)s [ Jvar P xpv'dVT] . (11.43)

Here everything is computed in rotating Frame S', but t and B are the same as in Frame S since they are
not affected by the fact that the frame S' is rotating. Also, p' = p since this is mass per volume and the
differential volume element is not affected by a rotation. The control volume V' and its boundary S.' are
fixed in Frame S'. On the right, Vy,+ aligns with V- at time instant t, and

Jom v xpvtdVv =L@y (11.4.4)

The question remains: what is the fictitious torque N'¢®? ¢; ¢ appearing in (11.4.3)? For a particle of mass
dm' at location r' in the blob the contribution is, from (11.3.11), (terms reordered on second line)

dN'(o)fic»c =r'XxdF'sict =r'x[—'ﬁs—mx(mxr') —20xvV-0xr]dm
=rx[-bs-®xr-ox(@xr) -2oxv]dm' . (11.4.5)
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When this is integrated over the blob, one finds

N'@ie = fVc.r'x[— bs-Oxr-ox(@xr) -2 oxv]dm' //Lai (7.9.9)  (11.4.6)

= f(vavr' dm) x bs — fVc-r' x(® x r']dm' — fvc-r'x [®Xx (0 xr')]dm'-2 fvcvr'x(mxv')dm'.

frame Euler centrifugal Coriolis

This expression appears in Lai et al. as p 431 (7.9.9).

Equation (11.4.3) with (11.4.6) is applied on Lai et al. pp 431-432 to a conventional rotating
sprinkler. The sprinkler is at translational rest and its horizontal watering tube of length 2rg rotates at ®.
The control volume V.- is the interior of this rotating watering tube (angled ends are very short), so Ve
is fixed in rotating Frame S'. The solution to the problem is shown to be ® = -(Q/A)sinf/rg where A is the
area of the orifice on each end of the watering tube, Q is the volume of water flow delivered to the
sprinkler per unit time, and 6 is the angle of each tube-end opening viewed from above.

<« 1—>—r1—> %9

AS~ i (11.4.7)

11.5 Application: Fictitious Forces in Fluid Dynamics

A similar equation applies for the fictitious forces (rather than torques) in this same fluid dynamics
example. Perhaps this should have appeared in Section 8, but the groundwork has been laid here. The
corresponding equations are

F = dp/dt
or
F=([sctds + [yepBdV) = @dt)s [ Jum rxpvav] (115.1)
and
F+ F'gice = (d/dt)s: [p']
or

(JsctdS + [ve pBAV) + Flesce =(d/dt)s: [ Jym pv' dV'] . (11.52)

Again using (11.3.9) integrated over the blob with dm' = pdV",

F'fict = — bs fv- dm'— o x (o x va-r' dm') -2 ox va. v dm'— @ x IVC-r' dm'.

(11.5.3)
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Setting M = fvvdm' = total mass of the blob, and combining the last two equations while reordering

terms, one gets
@dt)s [ Jvm pv'dV'] = ([se t dS + [ve pBdV)
—[M.ﬁs+ 2mx JIVC'V'dm"i‘ ® X fVc-r'dm'+mx(mx fVc-r'dm') .

// Lai (7.7.14) (11.5.4)
This appears as equation (7.7.14) on p 429 of Lai et al. (they use ag = .ﬁs and m = M).

Here is a translation table relating our notation to that of Lai et al. (figure on page 428)

Lai us

F1 S fixed frame

F» S' rotating frame (moving frame)
r r position in fixed frame

X r' position in rotating frame
(dr/dt)r1 = ve1 (dr/dt)s =vs=vVv velocity in fixed frame
(dx/dt)g2 = Vg2 (dr'/dt)s: =v's» =v'  velocity in rotating frame

Ry b vector linking frame origins
r=Rpo+x r=b+r

(D/Dt)g1 = (D/Dt) (d/dt)s derivative in fixed frame
(a0)r1 = 20 bs (11.5.5)

In Lai et al. equations (7.9.1) through (7.9.8) symbol v means vg; which is our v.
In Lai et al. equation (7.9.9) showing the fictitious torque, symbol v means vgz which is our v'.

11.6 Comments on the Reynolds Transport Theorem
Although a bit off our path, it seems useful to tie this topic in with the previous section.

1. The operation ¢/0t differs from the operation d/dt when applied to an "Eulerian” function of space and
time, in which case d/dt is called a material derivative and is written D/Dt in fluid dynamics notation,

df(r,t)/dt = 6f/ot + Vf e dr/dt =0f/0t + v e (V) = Df(r,t)/Dt . (11.6.1)
In an Eulerian function, the position coordinate r is the current position of a Particle of fluid as one would
expect. (In a Lagrangian function, the position argument is the position at which a Particle started out at

some earlier time to. ) In general, any property of a fluid f(r,t) (such as temperature or density or velocity)
varies with r, so the term v o (V) does not in general vanish.
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2. The right side of equation (11.4.1) or (11.5.1) shows the total time derivative of an integral over a
material volume Vyp,, which integral represents a mechanical property of our blob object of interest. It is
always possible to replace such a time derivative with a set of control volume and control surface
integrals using a rather elegant theorem known as the Reynolds Transport Theorem (1903) ,

@A) Jvm TAV] = [ve (@T/00) dV + [sc T(ven)dS = [ve [(T/dO0+ T divv]dV  (11.6.2)

where T = T(r,t) is any reasonable function. For example, T could be a scalar like p, or a component of a
vector like r x pv in (11.5.1), or a component of any tensor Tjijx. ... This theorem appears as (7.4.1) and
(7.4.2) in Lai et al. page 418 and a proof is given on the next page. [ n is a unit normal to the surface ]
Notice that each term has the units of T times volume/sec.
If T = p, the left expression is dM/dt = 0 and the far right integral being 0 for any V. requires that
(dp/dt) + p div v = 0 which is a form of the continuity equation dp/ot + div(pv) in which p is mass density

and J = pv is the mass-current density.
3. Although we write V. = Vp(t) at time t, it is understood that V is independent of time -- it is that shed
snake skin referred to above. Therefore, one regards (0V/0t) = (dV</dt) = 0, and then in (11.6.2) we can

write

[ e @00 AV = (0000 [ [ ve T(r,) dV ] = (@/dt) [ [ ve T(r,t) dV ] (11.6.3)

where in the last step we use the fact that the integral is a function only of time, since r is integrated out.
So The Reynolds Transport Theorem (11.6.2) can be written this way

(@dt) [ [va TdV] = (@dt) [[ve TAV ] + [ e T(ven) dS = [ve [(dT/dO)+ Tdivv]dV . (11.6.4)
4. Writing T = pb where b is some extensive blob property per unit mass, (11.6.4) becomes

(d/dt) [ Jvmb pdV] = (@/dt) [[ve b pdV ] + [ se bp(ven) dS

= JIVC [(d(pb)/dt)+ (pb) div v] dV . (11.6.5)

In this case, one can regard fv,n b pdV = .[Vm b dm as the "total amount of b" in the moving fluid blob.

This moving blob which recall maintains all its particles is sometimes called "the system", and the total
amount of b in the system might be called Bsys. Then (11.6.5) can be written as

(dBays/dt) = (dBev/dt) + [ cs bp(ven) dS = J ey [(d(pb)/dty+ (pb) div v] dV (11.6.6)
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where CV (or C.V.) is a traditional notation for V, the control volume, and CS is S, the control surface.

For example, here is a typical web appearance of the Reynolds Transport Theorem in the form of the left
equality in (11.6.6) and (11.6.5),

dB,, 4B, .
RTRRRC SRS AR

0 o -
= [cupbd¥ + [ pbV -idA

(11.6.7)

which points out another common notation: V with a horizontal bar (V") refers to volume, to distinguish it

from V without a slash which refers to velocity. We solved this problem by using lower case v for
velocity. When the bar is short, one gets V which looks a bit like an upside down A, and in fact the logic

"for all" symbol V is sometimes used.

5. Conceivably, the vague similarity between the left equation in (11.6.6) and the G Rule (2.1) might be
the reason some people refer to the G Rule as a transport theorem. This does seem far fetched.

6. Applying the left equality of (11.6.4) to T =r x pv gives, in Frame S,
(d)s [ Jva rxpvdv] =@d)s[ JverxpvdV] + [ serxpv(ven)ds | (11.6.8)
so that (11.4.1) may be written

NO —( oo rxtdS + [ve rxpBdv )

(Y[ JverxpvdV ]+ [se(rxpv) (ven)dS . //Lai(7.9.8) (11.6.9)

This says that the total torque on a fluid blob equals the rate of change of the angular momentum
contained in the frozen control volume V. plus the rate of outflow of angular momentum from that
volume. This equation appears as (7.9.8) in Lai et al. p 431.

When working in a rotating frame, we have to add to the left side of (11.6.9) the fictitious torques
stated in (11.4.6) and which Lai et al. states as (7.9.9). Here then are a few quotes from Lai et al. (p 430-
431) which use the continuum mechanics terminology as shown in the table at the start of this Section :

THE PRINCIPLE OF MOMENT OF MOMENTUM

The global principle of moment of momentum states that the total moment about a fixed point of surface and
body forces on a fixed part of material is equal to the time rate of change of total moment of momentum of
the part about the same point. That is,

)
b [ X % pvdV = [ (x x t)dS + I (x x pB)dV, (7.9.1)
Dt Jy, s, Jv
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On the other hand, if we use the Reynolds transport theorem, Eq. (7.4.1), for the left-hand side of
Eq. (7.9.1), we obtain

W)
J(x x 1)dS + J(x x pB)dV = Jf—”{x x pv)dV 4 l(x x pv)(v - m)dS. (7.9.8)
b

Se V. V. S

That is, the toral moment about a fixed point due to surface and body forces acting on the material instanta-
neously inside a control volume = 1otal rate of change of moment of momentum inside the control volume +
total net rate of outflow of moment of momentum across the control surface.

If the control volume is fixed in a moving frame, then the following terms should be added to the left side

of Eq. (7.9.8):

—(dem) X 8 — Jx % (e % X)dm — lx % | % (e x x)|dm — EJx % (e > v)dm, (7.9.9)

The equation (7.9.8) and its italicized interpretation express the familiar law of conservation of angular
momentum. In Chapter 7 Lai et al. have similar sections for conservation of mass, energy, and linear
momentum, and a final section on the inequality of entropy, each of these being a "principle". Each

section uses the Reynolds Transport Theorem to replace its D/Dt [fVm ...] object, and each section ends

up with an equation like (7.9.8) with an italicized interpretation.
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12. Summary of the Forward Problem Solution

12.1 Summary of the Forward Problem equations (non-swap notation)

We now summarize the results of Sections 6, 7, 8 and 11. The first set of equations below is valid
regardless of whether either of these frames is inertial (they could both be non-inertial). The second set of

equations involving fictitious forces and torques assumes that Frame S is inertial (and Frame S' is not).

Particle

Frame 8

Definitions and Equations

r,v,a position, natural velocity and natural acceleration in Frame S
r,v',a' position, natural velocity and natural acceleration in Frame S'
® angular velocity of Frame S' relative to Frame S

b vector directed from origin of Frame S to origin of Frame S'
r=b+r

v=V +toxr +bg

v=V toxr +bg

a=a +tOxr+2oxv+ex(@xr)+ bs
S S' Euler Coriolis centripetal frame

a=a +toxr+2oxv+oeox@xr)+2oxbs + bg

L =L + mir'-c)x[(@xr)+ bs]

L) = e +mr'-ec)x[Oxr+2oxv+ox(@xr)+ 'ﬁs]

° °
-m(¢ toxc +bg)x(V +oxr +bg) + mexv'

(12.1.1)

(12.1.2)
(6.1) (a)
(6.6a) (b)
(6.6¢) ()
(7.6a) ()
(7.6b) (e)
(11.2.14) (D
(11.2.15) (g
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Fictitious Forces (Section &)

For using fictitious forces we have (for these equations Frame S is inertial)

F=ma // true Newton's Law in inertial Frame S (8.1.2)
F'egs = ma' // fake Newton's Law in rotating Frame S' (8.1.4)
Flege= F + F'eict . (8.1.7) (12.1.3)

For the general case, the fictitious forces can be expressed as

F'sict=—mbs-—mox(0xr) -2moxv -moxr . (8.1.8) (12.1.4)
frame centrifugal Coriolis  Euler

For Special Case # 1 problems (o axis passes through Frame S origin), we have

F'sict=—mox(0xr) —2moxv -moxr .  Special Case #1 (8.4.2) (12.1.5)
centrifugal Coriolis Euler
Fictitious Torques (Section 11) // Frame S is inertial

N'(c')fict = (r'-c')xF'fict-Fm(é'+o)xc'+l.)s)x(V'+0)Xl"+l.)s)* mé‘xv' (1138)
or

Nv(C')fict =-(r'-c") x [m'ﬁs +mox(®xr) +2mox v+ mo x r'] (12.1.6)

+m@+oxc+bg)x (V+oxr+bs)— m&xv' (11.3.10)
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12.2 Summary of the Forward Problem equations (swap notation)
As a reminder, we quote from above:

Swap Notation. The meaning of "swap notation" is that, in Fig 1, the vectors m and b stay put, but all
other vectors undergo V<V'. This latter group includes basis vectors e; <> €';, r < r ,v< Vv, a < a'
and of course Frame S <> Frame S'. This is nothing more than a change of the way things are labeled. If a
non-swap notation equation has the number (x.X.x), then the corresponding equation in swap notation will
be given the number (X.Xx.X)s . (8.5.10)

We are now going to translate everything in Section 12.1 into swap notation. Fig (12.2.1) is the same as
Fig (12.1.1) but the primes are swapped as just discussed.

The first set of equations below is valid regardless of whether either of these frames is inertial (they could
both be non-inertial). The second set of equations involving fictitious forces assumes that Frame S' is
inertial (and therefore Frame S is not).

Particle

(12.2.1)
Definitions and Equations

r,v', a' position, natural velocity and natural acceleration in Frame S' (12.2.2)
r,v,a position, natural velocity and natural acceleration in Frame S
[0 angular velocity of Frame S relative to Frame S'
b vector directed from origin of Frame S' to origin of Frame S
C by 6)s (2
V= v +texr +bg (6.6a)s  (b)
vVi=vteoxr + l.)s (6.6¢)s (c)
a' =a+tOxr+2oxv+iox(@xr)+ bs (7.6a)s (d)

S'" S Euler Coriolis centripetal frame
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a'=a+Oxr+2oxviox(@xr)+2oxbs + bs
L' =L@ 4 m(r-c)x[(mxr)-i-l.)sv]

L) = L tmr-o)x[@xr+2oxviox(@xr)+ bs]

LJ LJ
-m(¢ toxc +bg)x(v +oxr +bs) + méxv

Fictitious Forces (Section 8.1)

For using fictitious forces we have (Frame S' is inertial)

F'=ma' // true Newton's Law in inertial Frame S' (8.1.2)s
Ferse=ma // fake Newton's Law in rotating Frame S (8.1.4)s
Fegs = F' +Fgict (8.1.7)s

For the general case, the fictitious forces can be expressed as

Frict=-mbs —mO X (@ XT) —2M@XV-m® X r (8.1.8)s
frame  centrifugal Coriolis  Euler

For Special Case # 1 problems (o axis passes through Frame S' origin), we have

Feict=—mox(0Xxr') —2moxv-moxr' Special Case #1 (8.4.1)s
centrifugal Coriolis  Euler

Fictitious Torques (Section 11.3)

N it = (r-¢) x Feice Tm@+oxc+bg)x(vtoxr+bg)— méxv
or

N©® i =-(r-c)x[m.ﬁs-+mmx(wxr) +2mOXV+moxr]|

+m(5+mxc+ﬁsv)x(v+mxr+l.)sv)— méx v

(7.6b)s

(11.2.14)s

(11.2.15)s

(e)

®

(2

(12.2.3)

(12.2.4)

(12.2.5)

(11.3.8)s

(12.2.6)

(11.3.10)s
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13. The Inverse Problem

Consider these two problems which concern the exact same physical situation (non-swap notation):

Forward Problem: given: r\,v', a',L'‘¢", | A

find: r,v,a L 1© // summarized in Section 12.1

Inverse Problem: given: r,v,a, L%, L

find: v, a, L") 1) // to be summarized in Section 13.3 below

Recall that equations involving just the above quantities are valid even if both Frames S and S' are non-
inertial. On the other hand, equations involving F'¢;ct and N' (e) fict require that Frame S be inertial. If
Frame S is inertial for the Forward Problem, it is also inertial for the Inverse Problem and in that case we
know that there is no fictitious force or torque in Frame S, so these items are not included on the list of
quantities shown above.

We shall first compute the inverse equations by brute force, then at the end show how they can be
obtained by a set of simple swap rules.

13.1 Brute Force Method
Looking at the Section 12.1 summary, equation (6.1) is easily inverted
r=b+r =
r=r-b (13.1.1)

Similarly for (6.6a), where the third line below uses identity (6.2b),

v=V +toxr +l.)s (6.6a)
Vi=v —@xr —bs (13.1.2)
V' =v-oxr-bs . (13.1.3)

Equation (7.6a) requires a bit more effort to invert. We first solve (7.6a) for a'

a=a +tOxr+2oxv+ex(@xr)+ bs (7.6a)

a= a —-Oxr-20xv-ox(@xr)- bs . (13.1.4)

Replace v' using (13.1.2),

A= a-Oxr-2eox[v-oxr-bg-eox(@xr)- bs
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=a -®Oxr-20xv+2ox@xr)r2oxbs-ox(@xr)- bs

=a -Oxr-20xv +fox(@xr)+2eoxbs — bs . (13.1.5)

With r' = r — b we can regard the RHS of (13.1.5) as being expressed entirely in terms of Frame S
objects.

Now, by first shuffling terms in (7.11),

bs: = Bs—(bxb—mef)ermx(wxb) = (7.11)

2())Xl.)s—bs = —(;)Xb‘F(DX(OJXb)—.HS'

we can replace the last two terms in (13.1.5) to get
a=a —-Oxr-2moxv +cox(mxr')—d)xb+mx(coxb)—.ﬁsv
—a —Oxr-20xv +tox(@xr) — bg: (13.1.6)

Inversion of the L‘® and L. can also be done by this brute force method, but we spare the reader and
instead quote the results later after establishing the "swap rules method".

Summary of the inverse problem results obtained by brute force:

r=r-b (13.1.1)
V'=v-w@xr-bs (13.1.2)
V'= v_@xr-bg (13.1.3)
A= a-Oxr-20xv +tox(@xr)+2oxbs — bs (13.1.5)
A= a-OXxr-2eoxv fox(@xr) —bs (13.1.6)

13.2 Swap Rules Method

Without any justification yet, let us postulate that we can obtain our inverse problem equations directly
from the forward problem equations (and vice versa) using this set of Swap Rules :
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forward problem equations <« swap rules — inverse problem equations

ror beo—b 0o-—0 L@ o e (13.2.1)
Vo l.)s<—>—l.)sv i(c)HLv(c')
a<—a' .ﬁs - — .ﬁsv // Swap Rules

This set of rules is different from our rules for going between swap and no-swap notation, which are these

ror b b 0o o L —ten) S S (13.2.2)
Ve v l.)s<—> f)sv I:(c)(—)]:'(c')
a—a' .ﬁs > .b.s // rules for going between swap and no-swap notation.

The big difference is that with the Swap Rules we are negating the vectors b (and its derivatives) and o.
Later in Section 13.5 we will justify the set of rules (13.2.1). Whereas the change from non-swap notation
to swap notation is just a cosmetic relabeling of a problem's variables, application of the Swap Rules
changes a problem which is the Forward Problem into a different problem which is the Inverse Problem
defined at the start of Section 13.1.

Since the inverse problem equations computed by brute force are sitting just above, let's apply the Swap
Rules (13.2.1) to them and see what we get:

r=r'+b (]3.1.])swapped

v=V toxr+bg:
v=Vv'+toxr'+bg

[ ] (L]
a=a'toxr+2oxv tox(@xr)+2o0xbs: + bs:

a=a' +Oxr+2oxv tox(@xr') +bs
And now we directly quote from the summary from Section 12.1 above

r=b-+r

v=V toxr + l.)sv
v=V toxr +l.)s
a=2a +Oxr+20xv+ox(@xr)+2oxbs + bg

a=a+toxr+2eoxv+ox(®xr)+ bs

(13.1.2) swapped
(13.1.3) swapped
(13.1.5) swapped
(13.1.6) swapped

(6.1)
(6.6¢)

(6.6a)
(7.6b)
(7.6a)

Since the last two sets of equations are identical, we have demonstrated that the Swap Rules presented in

(13.2.1) do indeed convert either set of equations into the other.
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13.3 Summary of the Inverse Problem Equations (non-swap notation)

As noted above, we obtain the Inverse Problem equations by applying the Swap Rules to the Forward
Problem equations. But the Swap Rules can be thought of as having two steps: (1) do the swap one
usually does to go from swap to non-swap notation; (2) then take b— -b (including derivatives) and o—
-0 (including derivatives). We have step (1) already carried out in Section 12.2, so to get the equations
below we need only carry out step (2) on the Section 12.2 equations. Here is a repeat of Fig (12.1.1)
which of course applies to both the Forward Problem and the Inverse Problem :

Frame S

(13.3.1)

r,v',a' position, natural velocity and natural acceleration in Frame S' (13.3.2)
r,v,a position, natural velocity and natural acceleration in Frame S
[0 angular velocity of Frame S' relative to Frame S
b vector directed from origin of Frame S to origin of Frame S'
r'=-b+tr (a)
Vi=V—- OXr— l.)sv // all these equations are from (12.2.2) with ® and b negated (b)
v'=v—mxr’—f)s (©)
a=a ~®Xr-2mxv tox(@xr) — bs (d)
a=a —-oOxr-2oxv +mx(coxr')+2mxf)s—.ﬁs (e)
L' =L® + m@r-c)x[-(@xr)-bs] ®
L) = L smr-¢)x[-dxr-2oxv+ox(@xr)- bs]

~m@ -oxc -bg)x(v-oxr -bg) + méxv (2)
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13.4 Summary of the Inverse Problem Equations (swap notation)

The results of this section are those of Section 13.3 but with S « S' and v'—v for all vectors except b and
. Again, this is just a change of labeling. We repeat Fig (12.2.1) which shows the swap notation case :

(13.4.1)

r,v,a position, natural velocity and natural acceleration in Frame S (13.3.2)
r,v',a' position, natural velocity and natural acceleration in Frame S'
0l angular velocity of Frame S relative to Frame S'
b vector directed from origin of Frame S' to origin of Frame S
r=-b+r' (a)
v=v'—mxr'—f)s (b)
v=v'7mxrfl.)s- (c)
a=a' —Oxr'-2oxv tox(@xr') - bg (d)
a=a' —Oxr-2oxv tox@xr)+2oxbs — bs (e)
L =0 + mir'-c)x[-(oxT1') - f)s] )
L = 1) tm@r'-e)x[-Oxr'-20xv +ox(@xr')- bs]

~m@ -oxc -bg)x (V' -@xr' -bg) + m&xv (2)
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13.5 Why the Swap Rules Work

Preview: We are going to show here that if one starts with an initial picture of the physical situation
between two frames of references and a Particle, and if one applies the Swap Rules (13.2.1) to that
picture, one ends up with a final picture which is exactly the same as the initial picture. Therefore, if the
initial physical picture is described by a set of equations, then applying the Swap Rules to those equations
gives new equations which also apply to the initial picture (since it is the same as the final picture). Thus,
if the initial set of equations is valid, so is the final set of equations obtained via these Swap Rules. The
equations obtained by application of the Swap Rules provide the "answers" for our Inverse Problem
defined at the start of Section 13.

Start with Fig (12.1.1),

Frame S

(13.5.1)

Apply the Swap Rules of (13.2.1) to get

Particle

(13.5.2)
Rather than take b — -b as a label, we have flipped the arrow on the b vector to achieve the same result.
Now observe the above scenario from a camera platform which is rotating counterclockwise at rate ®

with its rotation axis the same as that shown in the figure. Viewed from this camera's rotating frame,
Frame S is at rest, and Frame S' is rotating counterclockwise. That camera-viewed picture is then,
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Frame §'

(13.5.3)

This is the picture one sees if one observes things from Frame S. Our equations of interest remain valid
despite the camera's rotation because these equations are based on the G Rule which is a function only of
the relative relationship between frames, and making the camera rotate above does not change this
relationship.

Moreover, these equations are the same regardless of where one puts the ® axis, regardless of where
one places the Particle, and regardless of where and how one orients the two Reference frames. So let's
move these things around a bit in the above picture to get this new drawing which has the same equations,

' e Particle
°2 ' (13.5.4)

Now we rotate this picture about an axis near the center and perpendicular to the plane of paper. Such a
rotation again does not change the equations associated with the picture. We then have

ajoned

(13.5.5)

110



Section 13: The Inverse Problem

But this is the same as the picture we started with above (apart from colors and text orientation),

Particle

Frame S

(13.5.1)

Since the Swap Rules, along with various equation-invariant reorientations, produce a final picture which
is the same as the initial picture, when those Swap Rules are applied to a valid set of equations which
apply to the initial picture, the resulting equations are also valid for the initial picture since this is the
same as the final picture.
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14. Rotating Frames in Curvilinear Coordinates

The solution equations for our Forward Problem are summarized in Section 12.1 and 12.2 above, and
those for the Inverse Problem are summarized in Section 13.3 and 13.4. All equations are stated in bolded
vector notation. Such equations may be projected onto (dotted with) any complete set of basis vectors,
such as the T, 6, ® used in spherical coordinates. Every orthogonal curvilinear coordinate system has such
a set of orthonormal unit basis vectors which we shall call €5, orthonormality meaning €0 ’e‘j =0i,5. In

. . . N A AN A . . . .
general, curvilinear basis vectors like €;= ¥, 0, ¢ are different at different points in space, so one can

think of them as €;(r). It is appropriate then to use them as basis vectors for a vector field V(r) or for a

vector associated with a discrete Particle located at position r such as the velocity or acceleration of that
Particle.

We might want to use one curvilinear system of coordinates &; with basis unit vectors €; for Frame S,

and an entirely different system &'; with basis unit vectors 2'; for Frame S'. We might, for example, have
& be spherical coordinates and &'; be toroidal coordinates. Here then is the situation,

Cartesian coords and basis vectors Curvilinear coords and basis vectors
Frame S 13 e Es Ch
Frame S' (r'); e's () Y (14.1)
eieey —e'see'y = €0 é\j =% e é\'j =0i,5 // orthonormality of all bases (14.2)

There must exist some matrix R(&) such that €;(r) = R(&)e; for any given curvilinear system. Recall now
equations (1.1.1) and (1.1.2),

en=Re'y n=1,23 or (en)i = Rij(e’n)j (]]])
€n = (R'l)nm e'n or e'n=Romen . (1.1.2)

In these equations replacing e, — €, and e’y — e, and R — R(&) gives,

€a=R(%) en n=123 or (Bn)i = R(&)i5(en);
€n = RE) Yo €n or en =R(E)am &n (14.3)

which we summarize in the first line below. The second line is for then some other curvilinear coordinate
system in Frame S'.

R R(E) en
B -R(E) e

> en =R(E)nmbn or  €n =[RE)]  amen
> e'n=R'(E Vonb'n or  Ba=[REN 'men - (14.4)
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Example of an R(§) matrix. In spherical coordinates with ordering 1,2,3 = r,0,¢, where 0 is the polar angle
and ¢ the azimuth, the matrix R(§) is given by (note that R!= RY),

sin@sin® singcosd cosp
cos -sinf 0

cos@sin® cos@cosd -sin@
R = (14.5)

cos@sin® singsing cosO
[R(E)] ™ =]| cospcosd sinpcosd -sind

-sing cosQ 0

as shown in (A.9), (A.11). We can then use (14.3) that €, = [R(&) ]'1nm en to write (in matrix notation),

(N r cospsin® singsin® cosO R % €1
& =6 :[ cos@cosO singpcosd -sinf j 1 =MRETYHS|=[RETY ez (14.6)
85 hs -sin@ cosQ 0 5 5 e3
or
f =cospsind X + singsind § + cosd 2
0= cospcosd & + sinpcosd § — sind 2
¢ =—sinpX+cosp§ . (14.7)

Expansions and naming. If V is an arbitrary vector, we then have these four expansions of interest :

V=Vie; Vi=Vee;

V=(V)ie'y (V)i=Vee's

V:(V)i/e\i (V)i:V'/e\i

V=(): & (V))i=Vee; (14.8)

where we use italics to denote curvilinear vector components. It is common practice, once a curvilinear
system is selected, to make these replacements so the italics are no longer needed,

(V)i — Vg, (V)'s — Vg (14.9)

In cylindrical coordinates r,0,z and 1',0',z' this would mean, for example,

(V)1— Ve (V)1 — Ve
(V)2 — Ve ()1 — Ve
(V)3 — V. N2—>Vz . (14.10)

Equation Example. Consider now this equation taken from the Section 12.1 summary,

v=V +toxr +bs . (6.6¢) (14.11)

We can view such an equation in any of our four bases as just discussed above,
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Mi= (V)i *+eijr(@)i(Dx + (l.)s-)i components in basis e;
M)'i= (V)1 +eigr(®)'3()'x + (t.)sv)'i components in basis e';
i = (M1 Teijr(@)3(Mx + (l;s-)i components in basis €;
M'i= ()i +ei5x(@)5(r)'x + (l;sv)'i . components in basis €'; (14.12)

For example, in 1,0,z cylindrical coordinates if we have @ = ®2Z, then (w)5 = 653w , so in the third line
above we get

€19k(@)3(r)x = €13k ® 653 (MNx = ® €13k(Mx = - © €1x3(M)k

so that line becomes

Mi= (Wi -0 eix3(Mx + (l;s-)i components in basis CH
or

1= ()1 - oe123(r)2 + (l;s')l
M2= ()2 - © €213(M1 + (bs )2

M3= (M3 - 0 eaxa(Pe + (bs)s = ()3 +(bs)s . (14.13)

This then translates into (since r =rf + z2 =r1.* +r,2 and rg = 0)

Ve= V'¢ -COre"‘(l.?s')r = Vi +(Z;S')r
Ve = V'o JrC!)TrJF([;s')e = Vg JrCOTJF([;s')e
ve=V'y +(bs )z . (14.14)

For any Special Case #1 problem (see Section 4.4) one has l.)sv = 0 and the above equations become
extremely simple

Vz= V'z . (14.15)
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15. Ant on Turntable Problems

The main purpose of the following four "ant problem" examples is to exercise the results summarized in
Sections 12 and 13 above and to demonstrate the use of non-Cartesian coordinates as outlined in Section
14.

Problems 1 and 2 are "forward" problems, while Problems 3 and 4 are "inverse" problems. Problem 4
concludes the analysis of the 4-projectile problem begun in Section 8. Everything is done in "no-swap"
notation where Frame S' is the rotating frame.

Some secondary purposes are to provide the reader with many examples of manipulating basis
vectors, using the bulletproof vector component notation of Section 1, and applying simple matrix
methods.

Kinematics common to all Ant Problems

Consider a turntable occupied by an ant as shown in this drawing. Here Frame S is a fixed frame with
origin at the turntable center, while Frame S' (glued to the turntable surface) is a rotating frame.

Frame S

turntable

(15.1)

In Frame S, the vector r has coordinates (r,0) in standard polar coordinates.
In Frame S', the vector r' has coordinates (1',0") in standard polar coordinates.

When ¢ = 0, red Frame S' lies directly under black Frame S and the axes line up. For any angle ¢ one has
b = -b e'5. Since the rotation axis goes through the origin of Frame S, the turntable problems fall into

Special Case #1 of Section 4.4. Basis vectors e3 = e's (not labeled) point to the viewer as does the ®
vector for ®>0.

The relation between the three angles 0, 6' and ¢ is complicated and can be indirectly obtained by
writing the laws of sines and cosines for the triangle shown on the right above. The left and bottom
internal triangle angles are obvious. The top one is then

n-(0+m2-0)-(@2-0) =0-0+¢ (15.2)

None of this angle detail will be needed below (except in a Reader Exercise).
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In the first two Problems considered below, an ant executes some crawling motion on the turntable as
described by certain r', v', and a' in Frame S'. Our task in each problem is to use our Section 12.1
summary results to compute r, v, and a as seen in Frame S and to plot some trajectories r(t).

In the third problem, the ant becomes a flying ant doing a straight-line fly-by at constant velocity in
Frame S just over the turntable surface, a fly-by described by a certain r, v, and a. This is an example of
the Inverse Problem discussed in Section 13 and our goal here is to compute r', v', and a' in Frame S'
using the equations provided in Section 13.3.

In each frame we define Cartesian and cylindrical coordinates and unit vectors as follows:

. A A A
Frame S ri =X,¥,Z basis vectors e; = X, y,Z
. A AAA
Ei=r1,0,z basis vectors €3 = ¥,0,Z
F S B T R basi v — L N M
rame r's =x.y',z asis vectors  e'; X' y.,%Z
. A Ay Ay A
;=107 basis vectors €'y = r',0',Z' (15.3)

We are thus providing a specific example of (14.1) concerning general curvilinear coordinates in two
frames of reference.

What do we know about all the basis vectors?

In order to illustrate some of the work of Section 1.1, we provide the reader with a complete set of socket
wrenches even though only a few of these tools will actually be used below. All of the following relations
can be obtained by inspection from the above figure:
Within Frame S we have
€i =R(0)e; . for example £ =R,(0) % (a)
A corresponding equation applies in Frame S',
85 =Ry(0)e'; . for example P'=R,(0") &' (b)
The relation between the Frame S and Frame S' Cartesian unit vectors is
e's = Ry(¢)e; . for example  X'=R.(p) % (c)
The relation between the Frame S and Frame S' cylindrical unit vectors is
€' = R(0)€; . for example P'=Ry(p) T (d)

Relations (d) and (a) can be combined to get

€'; = Ra(op+0)e; . for example £'=R,(p+0) & (e) (15.4)
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Writing the basis vector relations in matrix notation

Recall the following theorem of (1.1.1) and (1.1.2) : (we use dummy basis vector names a, and a', ),
an=Ra'y =N an = Zn(R am a'n (15.5)

On the left, we rotate vector a', to get vector ap,.
On the right, we express a, as a linear combination of the basis vectors a'n.
Remember that the subscripts on the a and a' are labels, not components!

Suppose we take the k*™ component of the equation on the right of (15.5),

[anTk = Zn(R Mo [amle . (15.62)
One can write this as

Ank = Za(R Dam Almk where Anpk = [an]x and A'nx = [a"n]x - (15.6b)

For a matrix Apx one knows that n is the row index and k is the column index. Therefore, saying Apx =
[an]x is the same as saying that the vector ay, is the n®® row of matrix A. Thus we can write (15.6a) in this

manner,
]
al a’q
az | =R1|a =N an=Ray, n=123 . (15.7)
a ]
3 a3

All our rotations of interest in (15.4) are z-rotations which, from (A.1), have the form

cosy -siny 0
. (A.1);

Rz (y) = [ siny cosy 0
0 0 1

Example 1: Apply (15.7) to (15.4¢) which says €'; = R (¢+0)e; :

¥ €1 cos(0+p) sin(0'+¢) 0\ [ €1

€2 | = Ry(-0-9¢)| €2 | = | -sin(0+p) cos(0'+p) 0 || ez

/e\'3 e3 O O 1 e3
or

A . A

r cos(0+tp) sin(0'+¢) 0)( X

o' | =| -sin(0+g) cos(0+¢) 0 || ¢

Writing out the linear combinations, one gets
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P = cos(0'+o) R+ sin(0'+o) 3\'
0 =- sin(0'+9) & + cos(0'+9) §
2'=1 . (15.8)

Example 2: Apply (15.8) to (15.4c) which says e's = Ry(p)e;s:

e's e cosp sing 0 ( €1
e'2 | = Ry(-p)| €2 |= | -sing cosp 0 || e2
e's €3 0 0 1/\es
or
X' [coscp sing O] R
A . A
y' | = | -sing coso 0 || §
A 0 0 1/
Writing out the linear combinations, one gets
A A . A
X' = cosp X tSsmey
§' =-sing & + cosp ¥ /] €' =-sine e; + cosQ ez
2 =2 . (15.9)

We could reduce our 3x3 matrix work to 2x2 for the turntable examples, but other problems require the
full 3x3 notation so we maintain it throughout.

Relation between Frame S and Frame S'

Assume at time t = 0 we have ¢ = @g in Fig (15.1).

If the rotation follows some angular velocity profile ® = w(t), and since ® = dg/dt, one has
t
do/dt = o(t) = o(t)=@p + fo o(t)dr . (15.10)
For simplicity, we shall assume constant  in which case,

o(t) = ¢o + ©t . (15.11)

Motion of vector b

From Fig (15.1) and from (15.9) one finds,

b(t)=-be's=-b [- sing X + cosp y] = bsing X —bcosp § . (15.12)
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15.1 Problem 1: Ant crawls at constant speed V to the Origin of Frame S'

turntable

(15.1.1)

Ant's Motion in Frame S'.

Assume the ant starts at some (1'9,0'9) at t =0 and crawls with constant speed V toward the S' origin,

vV=-V§' . (15.1.2)
We can integrate this within Frame S' (where ' is fixed) to get

r'(t)=ro-Vt ¢ where r'o =r'of' = (r'o,0') . (15.1.3)
The magnitude of r'(t) is given by

r'=r1'g-Vt (15.1.4)
since we shall only be interested in times small enough so r' > 0. The angle 8' never changes, so

0'=00 . (15.1.5)
Finally, since V = constant, the acceleration is

a'=0. (15.1.6)
Thus, in line with our Forward Problem statement, these are the given quantities in Frame S',

r=ry— Vtt

V=-V?p
a'=0. 15.1.7
( )
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Using (15.8) for ', we can write v' =-VT' as
V' = —Vcos(0+9) & — Vsin(0'+) § . (15.1.8)
Our goal is to compute r, v and a as seen in Frame S.

Trajectory r(t) of the ant in Frame S

Above we found that
b(t) = bsing X —b cosp § (15.12)
P! =cos(0+p) & +sin(0'+¢) § . (15.8)
Recall from (12.2.1a) that,
r=b+r =b+rt'. (12.2.1a)
Therefore from (15.12) and (15.8) quoted just above we can write
r(t)= (bsing X —b cosp § ) +1' (cos(0+p) X + sin(0'+¢) ¥ )
= [bsing + r'cos(0'+@)] & + [- b cosp + r'sin(0'+9)] § .
Setting ' = ('p - Vt) by (15.1.4), and thinking of ¢ = ¢(t) (ie, a function of time) as in (15.10,11),
r(t) = [ bsing + (r'o - Vt)cos(0'+¢p)] & + [ —b cosp + (r'o - Vt) sin(0'+9)] §
or
r(t) =x X+ y 3\7
where (15.1.9)
x = bsing + (r'o — Vt)cos(0+op)
y =—Dbcosp + (r'o — Vt)sin(0'+¢) .
This r(t) then is the trajectory of the ant in Frame S.

Velocity v(t) of the ant in Frame S

Since the turntable falls into our Special Case #1 of Section 4.4 (® through origin of Frame S), we know

that l.)s- = 0 (vector b is soldered to the Frame S' unit vectors). From (12.1.2b) we have,
v=Vv texr +bs (12.1.2b)

which then says, setting l.)s- =0,
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v=V +toxr.
The first term v' we will replace by (15.1.8); the second we compute,
v' =—Vcos(0'+¢) & — Vsin(0'+¢) §
oxr=[o2]x[xX+y§] =oxy —oyX
Therefore (15.1.10) says
v=[—Vcos(0+¢) & — Vsin(0'+¢) §] + oxy — oyX
= [V cos(0'+¢) — wy ] & + [V sin(0'+¢) + wx] §
or

Vx =—Vcos(0'+¢) — oy
vy = —Vsin(0'+) + wx

Section 15

where x,y are given in (15.1.9). We can go ahead and insert x and y from there to get

— oy = -o[-bcosp + (r'g — Vt)sin(0'+¢)] = wbcosp — w(r'o — Vt)sin(0'+o)

ox= o[ bsing + (r'o — Vt)cos(6'+p)] = wbsing + w(r'o — Vt)cos(0'+o)

SO
Vx = —Vcos(0'+@) + wbcosp — o(r'o — Vt)sin(0'+o)
vy = —Vsin(0+¢) + wbsing + o(r'o — Vt)cos(0'+¢)

This v(t) then is the velocity of the ant in Frame S.

Acceleration a(t) of the ant in Frame S

From (12.1.2¢) we find that
a=2a +Oxr+2oxvV+ox(@xr)+2oxbs + bg
but in this Special Case #1 problem we have l.)sv =(0and .ﬁs- =0so

a=2a +toxr+2o0xv+ox(oxr).

We shall ponder the terms one at a time.

: Ant on Turntable

(15.1.10)

(15.1.8)

(15.1.11)

(15.1.12)

(15.1.13)

(12.1.2¢)

(15.1.14)
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As noted in (15.1.6), a'= 0.

Our turntable is restricted to have @ = ® 2 so, similar to (15.1.11) above, we find

Next, we install (15.1.8) for v' to get
0 x V' =[wZ] x [-Vcos(0'+¢) X — Vsin(0'+9) §] =-0V cos(0+9) § + oV sin(0'+9) &
= @Vsin(0+9) & — oVcos(0'+¢) §

With (15.1.11) the last term of (15.1.14) becomes

ox (0xr)=[02] x [ox§ —oyX] = -02x% — m2y§f . /] =-0?r, centripetal accel.

Combining all the terms then gives
a=2a +toxr+2eoxv+ox(®xr)
=0+ (0x§ — OyR) +20Vsin(0'+¢) & - 20Vcos(0+9) § -0*x%k — 0?y§
= [~ dy + 20Vsin(0'+9) — ©*x] & + [dx — 20Vcos(0'+9) — 0%y]§

or

ax =— Oy + 20Vsin(0'+¢) — o?x

ay= ®x —20Vcos(8'+p) — o3y
where x,y are given by (15.1.9).

This a(t) then is the acceleration of the ant in Frame S.

(15.1.15)

(15.1.16)

(15.1.17)

(15.1.18)
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Summary of the Solution to Problem 1

r(t) =xxX+yy

where (15.1.9)
x= bsing + (r'¢o — Vt)cos(0'+p)
y =—Dbcosp + (r'o — Vt)sin(0'+o)

A A
V=V Xtvyy

where (15.1.12)
vx =— Vcos(6'+op) — oy
vy =— Vsin(0'+) + ox

a=axX+a;§y
where (15.1.18)
ax =— Oy + 20Vsin(0'+¢) — o?x

ay= OX —20Vcos(0'+¢) — 0’y

and

t
o=0(t)=@o + f() o(t)dt = @o + ot for constant ® . (15.10) (15.1.19)

The x and y in equations (15.1.19) are given by (15.1.9), and 6' = 0'g by (15.1.5).
Selected Plots

We set @o = 0 so Frame S' starts directly below Frame S and is aligned with it, so then ¢ = wt.
We set 6'g = 0' = 0 so our ant approaches the Frame S' origin along the e'; axis :

ant starting position

fixed e att=0
b=1/2 Frame S
r=1
turntable b
Frame S' “—
ant motion (15.1.20)

With these assumptions (15.1.9) becomes

r(t) =xX+yy

where (15.1.21)
x= bsin(ot) + (r'o — Vt)cos(wt)
y =—Dbcos(wt) + (r'o — Vt)sin(mt) .
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Each plot is finite because the trip is over when the ant reaches the S' origin at tpax = 1'o/V.

We set b= 0.5, 19 =1, V= 0.1. The ant therefore starts at (x,y) = (1'o,-b) = (1,-0.5). Here are trajectory
plots for various values of ® :

0=1/2 3

12
1]
08
(13
04
0z

A2 OB 06w 02 | 0204 06 08 11 12 12770 02 040 be|1 12
0z
04
0E
08
-1

12 1.2 1.2
b=0.5,1r=1,V=0.1 (15.1.22)

The middle plot was generated by the following Maple code based on (15.1.21), where R =1'p,

b :=0.5: R :=1: ¥V := 0.1:

tmax := R/V: omega := 1:

x := b*sin(omega * t) + (R-V*t)*cos(omega * L):
y := -b*cos(omega * t) + (R-V*t)*sin{omega * t):

plot([x,v,t=0..tmax],scaling = CONSTRAINED, view =[-1.2..1.2,-1.2..1.2] );

Similar code is used to make all the other plots below.
Setting b = 0, we get these more traditional plots (Frame S and Frame S' origins now coincide) :

o=1/72 o=1 w=3

1 OB0e 0Ag2 | 020406 08 1 -1 0B

027
0.4
05

-0.84
-14 =14 -1

b=0,r'o=1,V=0.1 (15.1.23)
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Next we plot the velocity v from (15.1.12) only for the middle @ = 1 case above on the right below, with
the corresponding trajectory plot r on the left:

1080604 7

©w

(15.1.24)
o = 1 plot of r(t) ® =1 plot of v(t)

For seven different (but unknown) times, we draw the velocity vector on the right and then transfer it to

where we think it ought to go on the trajectory plot on the left. Things at least seem reasonable. A proper

visual check would require a program to automate the above process.

Next we plot the acceleration a on the right below using (15.1.18), again for ® = 1, with the
corresponding trajectory plot r on the left:

/ D.la-lr6 \\ // 4
I PO PP VE VL2 3

o =1 plot of r(t) o =1 plot of a(t) (15.1.25)
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For the same seven (still unknown) times plus one more, we draw the acceleration vector on the right and
transfer it to where we think it ought to go on the left. Again, this is just a sanity check to make sure
things seem reasonable.

Reader Exercise: From (15.1.2) one has v' = -V#' so that

Vei=v'et =-VP et = -Vcos(0-0+p)
according to Fig (15.1), where v'y is the radial component of the ant velocity v' in polar coordinates. On
the other hand, the radial component of v is given in (15.1.13) as,

ve=Ffev=~e [Vx§+vy§'] =vl o} +Vy’f 03\7 = Vx c0s0 + vysind
where
Vx = —Vcos(0'+¢) + wbcosp — o(r'o — Vt)sin(0'+o)
vy = —Vsin(0'+¢) + wbsing + o(r'o — Vt)cos(0'+p) . (15.1.13)

Looking at the above expressions for v'y and vy, it seems unlikely that they could be equal since vy
involves terms linear in time t and is a function of w, b, r'¢ whereas v'y does not seem to involve these

terms and parameters at all. Yet equation (14.15), which applies to any Special Case #1 problem like
Problem 1, claims vy = v'y. . The Exercise is to demonstrate that in fact vy, = v'y .

Hints:
(1) Set r'p — Vt =r' and show that vy = @b cos(¢-0) - or' sin(0'+¢-0) - V cos(0'+¢-0) .
(2) Show that the first two terms cancel due to a Law of Sines for Fig (15.1). QED.

Results expressed in matrix notation

In the case that b =0, ® = 0, o = 0, ¢ = ot and 0'g = 0' = 0 ( triplet of plots in (15.1.23) ) we can
summarize our results as follows:

r(t) =x R+ y 3\7

where (15.1.9) (a)
x= (r'o — Vt)cos(mt)
y= (r'o— Vt)sin(wt)

V= ve X+ Vy 3\'

where (15.1.12) + (15.1.13)  (b)
vx = —Vcos(ot) — o (r'o — Vt)sin(mt)
vy = —Vsin(ot) + o (r'o — Vt)cos(ot)

a=ay R+ ay §7
where (15.1.18) (©)
ax = T 20Vsin(wt) — o2 (r'o — Vt)cos(mt)
ay = —2oVcos(ot) — o? (r'o — Vt)sin(wt) . (15.1.26)
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These equations can be written in matrix notation as follows,

X cosmt -sinmt 0 ( r'o-Vt r'o-Vt
y | =| sinot cosot 0 0 =Rz(ot)| O
V4 0 0 1 z z

Vx cosot -sinwt 0 -V -V
vy | =| sinot coswt 0 || o('o-Vt) | =R, (ot)| @('0-Vt)

Vg 0 0 1 Vg Vg

ax cosot -sinot 0 [ -03(r'o-Vt) -02(1'o-Vt)

ay | =| sinot coswt 0 20V =Rz (mt) 20V . (15.1.27)
az O 0 1 az az

Using more systematic notation, we rewrite the above three matrix equations as,

(1)1 r'o-Vt
r=(r)ie; where (1)2 |=Ry(ot) [ 0 }
()3 ()3
(V)1 -V
v=(V)ie; where (V)2 | =Rgz(ot) | @'o-VY)
(V)3 (V)3
()2 -0%(r'o-Vt)
a=(a)ie; where (@2 | = Rz(mt)[ 20V ] (15.1.28)
(a)3 (@)3

The components shown in these matrix equations describe the spiral solution path, velocity and
acceleration of our Problem 1 ant in Frame S. It happens that (r); = (v)3 = (a)3 = 0.
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15.2 Problem 2: Ant spirals in at constant V and € to the Origin of Frame S'

Ant's Motion in Frame S'

In order to challenge our formalism a bit, the ant now crawls on the turntable in a more complicated

manner. The ant in Frame S' starts at r'o = r'o &' and crawls in a spiral path toward the S' origin. This

spiral path is the output of Problem 1 with the Problem 1 parameters setto b=0, ® =0, ¢o = 0 and 0'g =
0. The ant moves at constant radial speed V toward the S' origin while at the same time rotating CCW at
constant Q about that origin. In order to find r', v' and a' for this problem, we merely adjust the results
stated in (15.1.28) by taking ® — Q and priming appropriate objects.

(rv)vl rvo_Vt
r'=(r)ie's where ()2 |=Ry(Qt)| O
(rl)l3 (rv)13
(V)1 -V
v =(v")ie's where (V)2 |=Ry(Qt) | Qr'o-Vt)
()'s (v)'s
()1 -Q*(r'o-Vt)
a'=(a')ie's where (@)2 | =Ry(Qt) -2QV (15.2.1)
(@)'s (a)'s
This ant path in Frame S' has the following general appearance (depending on parameters),
ant starting position
fixed
Frame S
turntable
(15.2.2)

We first wish to know the components of r', v' and a' on the e, basis vectors. This problem was addressed
in (1.2.7) which we quote
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(@) (@)1
@)= (Rsj()' & (@) | = RY| @)z | . (1.2.7)
(a)3 (a)'s
where (15.2.3)
en=Re'y n=1,23 or (en)i = Rij(e'n); . (1.1.1)

In our application here, we know from (15.4c¢) that,
e'h= Ry(0)en = en= Ry(-p)e'n = R=Ry(-0) = R™'=Ry(0) . (15.2.4)
Therefore, first setting a' = r', we find from (15.2.3) and (15.2.1) that

("1 ()1 r'o-Vt r'o-Vt
(M2 | = Ry(p)| (N2 | = Rz((P)Rz(Qt)( 0 ] = Rz(QH(P)[ 0 J
()3 (r')'s (r')'s (r')'s

sin(Qt+p) cos(Qt+gp) 0 0
0 0 1 (")'s

cos(Qt+e) -sin(Qt+e) 0 ([ r'o-Vt
[ ] r'=(r');e; . (15.2.5)

Consider next a' = v' and a' = a' and use the column vectors on the right in (15.2.1) to get,

(V)1 cos(Qt+o) -sin(Qt+e) 0 -V
(V)2 [ sin(Qt+¢) cos(Qt+¢) 0 ] Q(r'o-Vt) V' = (v)ies
(V)3 0 0 1 (v)'s

(@)1 cos(Qt+) -sin(Qt+e) 0 -Q%(r'p-Vt)
(@)2 ( sin(Qt+e) cos(Qt+) 0} 2QV a'=(a)ie; . (15.2.6)
(a)3 0 0 1 (a)'s

Then do the matrix multiplication to obtain,

(r')1 = (r'o-Vt)cos(Qt+o)
(r')2 = (r'o-Vt)sin(Qt+o)

(V)1 =-Vcos(Qt+) - Q(r'e-Vt)sin(Qt+o)
(V)2 = -Vsin(Qt+@) + Q(r'o-Vt)cos(Qt+o)

(a)1 = -Q%('o-Vt )cos(Qt+p) + 2QVsin(Qt+o)
(a')2 = -Q%(r'o-Vt )sin(Qt+9) - 2QVcos(Qt+o) . (15.2.7)

Using our less formal notation we have now shown that the trajectory of our spiraling ant in Frame S' can
be expressed in terms of Frame S basis vectors as follows ( later we will set ¢ = wt ),
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r't) =(@)x &+ )y ¥

where
(<= (r'o — Vt)cos(p + Qt)
(r)y = (r'o — Vt)sin(p + Qt)
v'= (V)x R+ (V)y S\’

where
(V)x = —Vcos(p + Qt) —Q (19 — Vt)sin(p + Qt)
(V)y = —Vsin( + Qt) +Q (r'o — Vi)cos(¢ + Qt)
a'=@)x &+ @)y ¥

where

(a)x= 2QVsin(p + Qt) — Qz(r'o — Vt)cos(p + Qt)

(a')y = — 2QVcos(¢ + Qt) — Q%(r'o — Vi)sin(p + Qt) .

Trajectory r(t) of the ant in Frame S

According to (15.2.8a),
r'(t) =(r'o— Vt) [cos(p + Q) & +sin(p+ Q) § ]
From (12.1.2a) and then from (15.12) we have
r=b+r
b(t) = bsing £ —b cose § .
Therefore, installing (15.2.9) for r' and just above for b,
rt) =xX+y§
where

x= bsing + (1r'g— Vt)cos(p + Qt)
y =—bcosp + (1'o — Vt)sin(p + Qt) .

The Q = 0 limit of this result agrees with the 0' = 0 limit of (15.1.9), the Problem 1 trajectory.

This r(t) then is the trajectory of the ant in Frame S.

Velocity v(t) of the ant in Frame S

Start with two equations used in Problem 1,

v=V toxr

oxr=[o2]x[x8+y§] =oxy — oy}

Section 15: Ant on Turntable

(a)

(b)

(©)

(15.2.8a)

(15.2.8)

(15.2.9)

(12.1.2a)

(15.12)

(15.2.10)

(15.1.10)
(15.1.11)
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Then use v' from (15.2.8b) in (15.1.10) just above to get

where (15.2.11)
vz = —Vcos(p + Qt) — Q (r'o — Vt)sin(p + Qt) — oy
vy = —Vsin(g + Qt) + Q (r'o — Vt)cos(p + Qt) + ox

Finally, insert (15.2.10) for x and y so that,

vk = —Vcos(p + Qt) — Q (r'o — Vt)sin(e + Qt) — o[- bcose + (r'o — Vt)sin(e + Qt)]

vy = =Vsin(g + Qt) +Q (r'o — Vt)cos(¢ + Qt) + o[bsing + (1'o — Vt)cos(p + Qt)]
or

Vx = —Vcos(p + Qt) — (o + Q) (r'o — Vt)sin(p + Qt) + wbcose

vy = —Vsin(gp + Qt) + (0 + Q) (r'o — Vt)cos(p + Qt) + wbsing . (15.2.12)
The Q = 0 limit of these last equations gives the 6' = 0 limit of (15.1.13).

This v(t) then is the velocity of the ant in Frame S.

Acceleration a(t) of the ant in Frame S

Start again with (15.1.14),

a=a +toxr+2oxvV+ox(@xr) . (15.1.14) (15.2.13)

The first term is given by (15.2.8c)

a'=(a) X+ @)y ¥y

where (15.2.8¢)
(@)= 2QVsin(p + Qt) — Q%(r's — Vt)cos(p + Qt)
(@")y =—2QVcos(¢ + Qt) — Qz(r'o — Vt)sin(p + Qt) .

The 2nd and 4th terms we obtain by quoting these results from the previous problem,

AXr =oxy —oyk (15.1.15)
ox (0xr)=[02] x [oxy —oyX] = -0°x% - w2y§\7 . //=-0®r, centripetal accel. (15.1.17)

The third term of (15.2.13) is
20x V' =2[02] x [(V)x X+ (V)y ¥]1=20(V)x § —20 (V)y &

Adding these terms one can rewrite (15.2.13) as,
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A A
a=a,X+ay,y
where (15.2.14)
ax = 2QVsin(e + Qt) — Q3(r'o — Vt)cos(p + Qt) — Oy — 0°x —20 Vy
ay = — 2QVcos(@ + Qt) — Q%' — Vi)sin(p + Q) + dx — 0’y +20(V)x

where
x = bsing + (1'o— Vt)cos(p + Qt) (15.2.10)
y =—bcoso + (1'o — Vt)sin(¢p + Qt)
and
(V)x = —Vcos(p + Qt) —Q (1'9 — Vt)sin(p + Qt)
(V)y = —Vsin(e + Qt) +Q (r'o — Vt)cos(p + Qt) . (15.2.8b)

This a(t) then is the acceleration of the ant in Frame S.
The result is admittedly a bit complicated, but the point is that we were able to obtain the result using our

Section 12 summary equations without too much effort. [ See "The Hard Way" in Section 15.4 below.
We have not dealt with any differential equations in obtaining the above results. ]

Trajectory Plots

We set ¢o = 0 so Frame S' starts directly below Frame S and is aligned with it, and then ¢ = wt. Equation
(15.2.10) then reads

r(t) =xX+yy

where (15.2.15)
x = bsin(ot) + (1'o — Vt)cos(wt + Qt)
y =—Dbcos(wt) + (1'o — Vt)sin(mt + Qt)

Each plot is finite because the trip is over when the ant reaches the S' origin at tpax =1'o/V.

Wesetb=3,1r9=2,V =04 and ® = 1. The ant therefore starts at (x,y) = (r'o,-b) = (2,-3). Here are
trajectory plots for various values of Q :
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Y

b=3,r'0=2,V=04,0=1 (15.2.16)

The blue circles have radius b =3 (origin of Frame S'), and the green circles have radius b+r'g = 5.

These trajectories should seem quite reasonable to the reader, knowing what that ant is up to in Frame S',
shown generically in Fig (15.2.2).

The middle plot was generated by the following Maple code based on (15.2.15), where R =1y, :

b :=3: R :=2: 7V :=10.4

tmax := B/V: omega := 1: Omega := 10

x = b*sin{omega*t) + (B - V*t)*cos(omega*t + Omega*t)
v := -hb*cos{omega*t) + (R - V*t)*sin(omega*t + Omega*t)

plot([[x,v,t=0..tmax], [b*cos(z)} , b*sin(z) ,h6 z=0 2*%Pi], [(b+R)*cos(z), (b+R)*sin(z) 6 z=0 2*Pi]l,
scaling = COMSTRAINED, thickness = [2,1,1],numpoints = 800, color = [red, blue, green] ),

(15.2.17)
When o and Q have opposite sign, things can look quite different,

4}/4

(15.2.18)

Q=-2 Q=-3 Q=-36

Finally, here are some trajectories with V=10 :
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r's=0.7,b=3,V=0,0=1and:

(15.2.19)

Using the parameters of the third plot, if one were to space 10,000 ants evenly on the turntable, and have
each one carry a grain of sand on its back, one would have constructed a random orbital sander. The
closure of the plots occurs whenever Q/w is a ratio of integers, but that could take many revolutions if
those integers are large.
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15.3 Problem 3: Inverse Problem: Ant flies in Frame S at constant velocity V

A flying ant starting at position rg flies just above the turntable surface in Frame S in a straight line at

constant velocity V at angle 0 relative to the x axis. First state r,v,a and then compute r',v',a' and plot the
trajectory r' of the particle as seen in Frame S'. Use the same Frame S / Frame S' setup as in the previous

problems.

In this problem continue to use both notations for the unit vectors as in (1.1.5),

(A Y]
7y,z

_ _ AN A A 1 1 1 _ A
X1, X2,X3=X,Y,Z €1, €2, €3 _X7Y7Z €1,€2,€6€3 = X

Ant's Motion in Frame S

The flying ant starts at location ro and has velocity V = Vi with V constant, so

v=Vi
r=Vti+rg
a=0 .

As noted, the ant flies on a line which has angle 0 relative to the e; axis, so

fi=R,0)es = R ()X .

This angle 6 is defined in the usual polar sense: it is counterclockwise from the positive x axis.

Trajectory r'(t) of the ant in Frame S'

First, we need to write fi in Frame S' basis vectors. Recall (15.4c) which says
e's =R,(0) e; for example e'1 =R,(p) e1
Therefore
fi =Rz(0) e1 =Rz(0) Rz(-0) e'1 =Rz(6-9) e'1
Second, how does the point rg in Frame S appear in Frame S' ? Using (15.4c¢) just above gives
ro =(ro)i ei = (ro)i Rz(-¢)e's
Third, from (15.12) ( or just looking at Fig (15.1) ) we know that
b=-be's

Now for the trajectory we start with (13.3.2a),

(1.1.5)

(15.3.1)

(15.3.2)

(15.4c)

(15.3.3)

(15.3.4)

(15.12)
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r=r-b (133261)
=(Vtii+ro)+be // from (15.3.1) and (15.12)
=Vt R,(0-9) e'1 + (ro)i Rz(-9)e's + b €'z // from (15.3.3) and (15.3.4)
SO
r' = Vt R;(0-0) e'1s + R,(-0) [(r0)s €'i] +be's . (15.3.5)

We now use the following notations (these are all "natural”" components in sense of Section 1.8 )

(ro)1 =Xo ()1 =x
(r0)2 = Yo ™) 2=y'

In Frame S', e'1 = (1,0,0), so we write (15.3.5) in matrix notation in Frame S’ as follows :

X' cos(0-¢) -sin(0-¢) 0 1 cosp sing 0 ( Xo 0
y' | = Vt | sin(6-¢) cos(6-¢) 0 0| +]| -sinp coseO || yo | +b| 1
z 0 0 1 0 0 0 1 0 0

X' =Vt cos(0-¢) + Xocosp + yosing

or

y' = Vt sin(0-¢) — Xpsing + yocose + b
zZ=0.

The conclusion is this :
rt)=x'g%' + y' S\"
where (15.3.6)
x' = Vt cos(0-¢) + Xocosp + yosing
y' = Vt sin(0-¢) — Xesing + yocose + b
where ¢ =@ + ©t .

This then is the trajectory r' of the flying ant as seen in Frame S'.

Trajectory r'(t) of the ant in Frame S': Alternate Method

Since we are going to have a discrepancy with Thornton and Marion below, it seems healthy to confirm
(15.3.6) by an alternate derivation that does not make use of the matrix notation used above. We start as
before above (15.3.5),

r=r-b=(Vtfi+ry)+bes . r' = trajectory of ant in Frame S'

Using the theorem (1.1) + (1.2) we find from (15.3.3) and (15.3.4) that,
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fi = R(0-9) e'1 = Ro(9-0)11 €'1 + Ro(¢-0)12 €'2 = cos(9-0) e'1 - sin(p-0) e'2
ro =(ro)i €x = (ro)i Rz(-0)e's = Xo Rz(-9)e's +yo Rz(-9)e'2
=Xo0 { Rz(0)11 €'1 + Rz(0)12 €2 } +yo { Rz(9)21 €'1 + Rz(9)22 €'2 }
=Xo { cos(p) e'1 —sin(p) e'2 } +yo {sin(g) e'1 + cos(¢) €'z }
= [Xo cos(¢) + yo sin(p)] €'1 + [—xo sin(@) + yo cos(p)] €'z .
Therefore,
r=Vtfi+ry+be\
=Vt [cos(p-0) e'1 - sin(p-0) e'2] + [xo cos(p) + yo sin(p)] e'1 + [- Xg sin(p) + yo cos(p)] e'2 + b e',
= [Vt cos(@-0) + xo cos(@) + yo sin(e) Je's + [- Vtsin(p-0) - xo sin(@) + yo cos(p) + bJe'>
= [Vt cos(0-0) + xg cos(¢) + yo sin(¢) Je's + [ Vt sin(8-9) - Xq sin(¢p) + yo cos(p) + ble'
and this does agree with (15.3.6).

Velocity v'(t) of the ant in Frame S'

From the Inverse Problem equations of Section 13.3 we have from (13.3.2b),
Vi=v- oxr-bg . (13.3.2b)

Since this is a Special Case #1 problem, we have l.)sv =0 and then

Vi=v—0xr =v-ox('th) =v-— oxr'-oxb /l(13.3.2a) thatr'=r-b
=VR,(0-0) X' —ox[xX%+y§]-0ox[-b§] //(15.3.1) v, (15.3.3) fi and (15.12) b
=V R,(0-¢) &' —ox' §' + 0y' &' —ob &' . lo=wo2'

Using the following unofficial notations,

(V)1=V'x
(V)2 =V'yr

the above equation in matrix notation in Frame S' is
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Vix! [cos(@-(p) -sin(0-o) Oj ( 1 j (my‘-mb]
V'yr =V sin(0-¢) cos(6-¢) 0 0|+| -ox
Vg 0 0 1 0 0
or

V'x' = V cos(0-¢) + o(y'-b)

V'yr =V sin(0-¢) - ox'

vz =0

Then using (15.3.6) for x' and y' we get,

V() =V & +Vy §
where (15.3.7)
V'x' =V cos(0-¢) + @[Vt sin(6-¢) — Xpsine + yocoso]
V'yr =V sin(0-¢) — o[Vt cos(0-¢) + xocosp + yosing]
where ¢ = @o + ©t .

This then is the velocity v' of the flying ant as seen in Frame S'.

Acceleration a'(t) of the ant in Frame S'

From the Inverse Problem equations in Section 13.3 we have from (13.3.2d),
a=a -QOxr-20xv fox(@xr) —bs . (13.3.2d)
Setting .ﬁs-= 0 for our Special Case #1 problem, and using (15.3.1) forr, vand a (a=0) we get

a'=-—0Ox[Vth+ry]-20x[VA] tox(@x [Vth+ry) .
We shall stop here, but the calculation can be continued in a manner similar to that for r' and v'.

Trajectory Plots

Recall (15.3.6) from above
re=x's +y'y'
where (15.3.6)
x' = Vt cos(0-¢) + Xocosp + yosing
y' = Vt sin(0-¢) — xosing + ypcosp + b
where ¢ =@ + ot .

For plotting purposes, we set ¢o = 0 so @ = ot. Since b merely offsets plots vertically by amount b, we
lose no interest by setting b=0, causing the Frame S and Frame S' origins to coincide. Then from (15.3.6),
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x' =Vt cos(0-mt) + xgcos(mt) + yosin(wt)
y' = Vt sin(8-ot) — Xxgsin(wt) + yocos(wt) . (15.3.8)

In all plots below we set @ = 1. In the first three plots the flying ant starts out at ro = (-1/2,0) and flies
north so 6 = n/2. We superpose a green circle of radius R = 1 and take note of the time T it takes for the
ant to reach the circle. The Maple code used for the left plot is this (x' = xp) :

vV := 0.85 T := 1.03

¥0 := -0.5 v0 = 0

b :=10 omega := 1

theta := Pi/2

¥Xp = V*t*cos(theta - omega*t) + x0*cos(omega*t) + yO0*sin(omega*t)

vp = V*t*sin({theta - omega*t) - x0*sin(omega*t) + y0*cos(omega*t) + b

plot ([ [xp, vp,6 t=0 T], [cos(z),sin(z)} ,h6=z=0 2*%pi]],scaling = CONSTRAINED, thickness = 2},

Here then are plots for three decreasing values of V. As the ant flies more slowly, the turntable turns more
radians before the ant reaches a distance R = 1 from the turntable center.

V=.85,T=1.03 V=03,T=29 V=.061,T=14

o004 0207
0.2

1 0806-04-029] 02040508

-0.27
-0.47

0.4
-0.67 0.6

0.5 -0.51

(15.3.9)
These plots may be compared to those appearing on on page 395 of Thornton and Marion,

(a) (b) (c)
(15.3.10)
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a=-20xv+tox(@xr)
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and then to numerically integrate a' twice to get v' and then r' which is then plotted. [ Again, see "The
Hard Way" in Section 15.4 below.] Although our plots are close to theirs in appearance, our numbers for
V and T differ significantly from theirs. Here are the three plots our code generates using the numbers
specified in the T&M images above,

V=15,T=0.86

121

1-/
8
0.6

0.4
0.24

J 0s0604020 02040608 ]
0.2

-0.44
-0.61
-0.84

=4

V=08,T=29

V=045T=173

R D0 O B R
D T

(15.3.11)

For the next three plots, we still have ® = 1 and the flying ant starts in the same place ro = (-1/2,0), but
now the ant flies southeast at speed V so 0 = -n/4. Interestingly, we see that it is possible for the ant (as
seen in Frame S') to execute a loop, a cusp, or a bump soon after taking flight. The lower set of figures
show blowups of the parts of the upper paths,

V=042, T=3.1
I

0.5

067

0.47

021

V=035T=3.7

1-

0 0s04020{ 02040808 { -1 08060402

-0.24
-0.41
0.6
0.5

BE

02040608 |
-0.24
-0.49
06
-0.87

=1

V=031,T=42
1_

(15.3.12)

0 e

0.6+
0.44
0.24

4 0s0e6-0402"{ 02080808
0.2

0.4

069

0.8

=t
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0.2 024
0.1 018 0.18]
0,08 0163 0.16]
0.05; 0141 0143
008 012 0.12
0.029 0.1 0.1]
Y- Pl VR e 0.8
-0.027 0 DE; 0.06
0044 0.044 0043
-0.084 0.024 0.024
'U-DU?'; UE 05 057 048 044 04 0% 032 Y R R P

(15.3.13)

It is not easy to intuitively explain these plots. We do know that for all plots v = or = 1*(1/2) = 0.5 at
time t = 0. So even though the ant is flying southeast in Frame S, in Frame S' there is at t = 0 a v adder of

0.5 upwards (north) due to the motion of the turntable so in Frame S' the ant starts off going northeast.
The ant moves to a smaller radius so v is reduced so the and moves more toward the east and in the left
case to the south as well, but then Frame S' which started under Frame S is rotating up to the right

The left pair of plots in (15.3.12) may be compared to two other plots appearing in T&M on page 395,

() (15.3.14)
Again the plots are similar, but the numbers are different (but in the same ball park).

Using (15.3.7) we plot the velocity that goes with the second trajectory shown in the first triplet above,
and at least things seem reasonable:
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r(t) forv=0.3,T=29 v(t) for V=0.3,T=29

.
0.8
0.6
0.4
0.2

4 08-06-04-020{ 02 04 06 0§ 1
0.2
0.4
067
0.8
=+ v

(15.3.15)

Finally, we move the starting position to (-1,-1) and have the ant fly northeast so 6 = n/4. This path takes
him over the origin of Frame S (and Frame S'), so we expect to see the Frame S' trajectory touch the
origin at one point along the trajectory (except in the left plot where V = 0)

V=0,T=5 V=0.11,T=25 V=02,T=15

102040808 1 1,

(15.3.16)

Since the turntable is rotating counterclockwise at w=1, these trajectories run clockwise at all times.
When V = 0, the apparent motion of the static fly is circular in Frame S'. In the middle plot we see that the
ant spirals in, reaches the origin, the spirals out. In the right plot he does the same thing, but more quickly.

In the 1960's some excellent frames-of-reference movies were produced. One of them involves a
frictionless puck moving on a smooth table mounted to a large wooden frame which is rotated (no doubt
by students). Two affable "doctors" are rotating on that frame with the table. Doctor #1 on the left
launches the puck, but Doctor #2 has nothing to do since the puck just returns to Doctor #1.
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:

(15.3.17)

We show two possible Frame S' paths for a puck launched from (xo, yo) = (-1,0) and ® = 1.

V=06T=32,0=0 V=02,T=5,0=n/4

0.6

0.4
0.24

0060402
0.29

02040608 1

-0.47
-0.67

02040608 1

(15.3.18)

This classic movie is archived at http://www.youtube.com/watch?v=3ug23VTMies . (The next film in

this series treats the Foucault Pendulum which we describe in Appendix C.)
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15.4 Problem 4: The Projectile Problem of Section 8.3

It will be recalled that in Section 8.3, as a demonstration of the Coriolis force, four projectiles are fired
horizontally in four directions as in Figure (8.3.1). Since each projectile is like one of our flying ants, we
already have a complete solution to this problem which we shall plot below. But first, it is very

enlightening to approach this problem "the hard way" and then to appreciate the power of the equations
which directly relate particle properties in Frame S and Frame S'.

The Hard Way
It was noted in (8.3.4) that the projectiles (or our flying ant) experience the following fictitious forces,

F'sict = mo’r —-2moxv . (8.3.4)
centrifugal  Coriolis

Using bogus Newton's Law (8.1.4) that F'egs = ma', the above equation can be written,

(dv'/dt)s: = 0’r —20 X V' . (15.4.1)
Since ® is a constant, and working in Frame S', we differentiate once to get

(d*v/dt?)s: = 02 (dr/dt)s: — 2 x (dv'/dt)g:
In the abbreviated "natural" notation of Section 1.8 this says

V+20xVv' -0 =0 . (15.4.2)

Now for the rest of this section, we temporarily drop all primes just to reduce clutter. Then the above
becomes

V20xv-0’v =0 . (15.4.3)

Expanding the vectors of interest,

o A o A o A o A o A o A
O XV=[0Z] X [VeX + VyY + V2 Z] = 0vxY - 0ovyX

Inserting these expansions into (15.4.3) and isolating the coefficients of the three unit vectors, we get
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Vi -20Vy - ©%vg =0
[X) [ 2
Vy +20vx - 0°vy

Ve -0?vy =0 . (15.4.4)

The third equation has obvious solutions, one of which is v, = 0 which is what applies to our turntable
problems. That leaves the first two equations,

2
Vx -20Vy - 0“vg =0

Vy+20vx - 0°vy =0 . (15.4.5)

This is a system of two coupled, second-order, linear ODE's with constant coefficients. It takes some
amount of work to solve such an equation and we will start down that path. Apply a Laplace Transform,

[$Val(s) - 5 v (0) - V5 (0) 1 -20[ s Vy(s) - vy(0) ] - * V() =0
[$%Vy(s) -5 vy (0) - Vy (0) ] +20[ s Vx(s) - vx(0) ] - ®* Vy(s) =0 (15.4.6)

(s2-0®)Vx(s) — 208 Vy(s) = s vx (0) + Vx (0) — 20 vy(0) // get Vx and Vy on the left
(s2-0%)Vy(s) + 208 Vi(5) = s vy (0) + Vy (0) + 20 vx(0)

// write as matrix equation

(s2_m2 203 ) (Vx(s) ) B (s Vi (0) + ¥x (0) — 20 v4(0) j
-0

208 s Ve($) /s vy (0) + ¥y (0) + 20 vi(0)
Va(s) ) (s%-0® 20s [ svx(0)+ Vx (0) — 20 vy(0) s 22 _
(Vy(s)) = ( Dos s2-02 ) (S vy (0) + ¥y (0) + 20 Vx(O)J / (s*+m%) // Maple assists

Vl(s) = { (s%-0%) [s vx (0) + Vi (0) — 2 vy(0)] +208 [s vy (0) + Vy (0) — 20 v(0)] }/(s*+0%)?
Vy(s) = {208 [s Vx (0) + Vi (0) — 2 vy(0)] + (5%-0%) [s vy (0) + Vy (0) — 20 vx(0)] }/(s*+0?)?

One can then look up the inverse Laplace transforms of all these functions,

s2/(s*+0?)? cos(mt) - (1/2)wt sin(mt)

$?/(s%+w?)? [sin(ot) + otcos(ot)[/(20)

s/(s*+w?)? t sin(wt)/(2w)

1/(s*+w?)? [sin(ot) - otcos(ot)[/(20>) (15.4.7)

and the problem is solved including the initial conditions.
But, we don't save to solve this coupled system of differential equations because we already know the

solution, and we didn't have to even look at a differential equation to find it! The solution is (15.3.7)
which we quote
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V() =V &'+ vy 3y
where (15.3.7)
V'gr =V cos(8-9) + o[Vt sin(0-¢) — Xosing + yocose]
V'yr = Vsin(0-¢) — o[Vt cos(0-¢) + Xocose + yosing]
where ¢ = @g + ot

Changing this to our temporary no-primes de-cluttered notation,

V) =vx X +vy ¥
where
vx = V cos(0-9) + o[Vt sin(8-¢) — Xesing + yocos]
vy = V sin(0-¢) — o[Vt cos(0-¢) + xocosp + yosing]
where ¢ = @g + ot

We shall now use Maple to verify that these functions solve the coupled equations (15.4.5):

v =V cos(0-¢) + o[Vt sin(B-¢) — xosing + yocosg]

» wvx := V*cos(theta-phi) + omega*(V*t*sin(theta-phi)-x0*sin(phi)+y0*cos(phi))
v =Froos(—8+ ¢+ @ (—Fian—84+ ) — x0amld) + 30 cos( )

vy =V sin(0-9) — o[Vt cos(8-9) + xpcoso + ypsing]

» vy = V*sin(theta-phi) - omega*(V*t*cos(theta-phi)+x0*cos(phi)+y0*sin(phi))

vy =—=Fsin{—8+¢)— @ (Ffcos(—8+ )+ x0 cos(d) +ydsin(d))

¢ =¢pt ot
> phi := phi0 + omega*t;
=40+ ms
»vxd = diff(vx,t),; vyd = diff(vy,t);, # compute first derivatives

vid =—Fam{-8+d0+ @) o+ o {—Fan-9+ 0+ — Ficos{—84+d0+ @)@ —xlcos{dl+ @)oo —pDanldl + @) )
wyd ==Feos(—84+d0+wi)o—@ {(Feos{-08+¢0+ @) — Fiam(—0+ 0+ @) — x0sm{¢0+ @ ) 0 +y0cos( PO+ @ £) @)
- vxdd = diff(vxd,t),; vydd := diff(vyd,t); # compute second derivatives
vrdd ==V cos(—8+ 0+ w i) c02+c0(—2 Fros{(—-8+¢0+wi) o+ ¢ si.n(—8+¢0+coz)602+x05in(¢0+coz)c02—y0c:os(¢0+coz) 602)
vydd =V sin{—8+ 0+ @ £) (.02—60(—2 Fom(—8+d0+wé)o— Ficos(—8+¢0+me) 602—XO cos(¢0+c0£)co2—yﬂsin(¢0+coz) ®2)
Vi - 200vy - 02ve =0
» E1 := vxdd - 2*omega*vyd - omega”2*%*vx: simplify(%),; # evaluate first coupled equation
0
Vgt 20V - 02vy =0
» E2 := vydd + 2*omega*vxd - omega”2*vy: simplify(%),; # evaluate second coupled equation
0
(15.4.8)

Sometimes, for a given problem in rotational motion, there is an easy way and a hard way to solve the
problem. Another example of a hard way is the numeric integration mentioned after Fig (15.3.10).

At this point we restore the primes on Frame S' quantities.

146



Section 15: Ant on Turntable

The Four Projectiles

Recall Fig (8.3.1) which shows the deflecting projectiles on the right.

@ Frame S Frame §' 1
origin origin
o | [
Frame S Frame §'

(8.3.1)

In Frame S' at t = 0 the four projectiles are launched in the four Frame S' axis directions and each has the
same speed V' (black arrows on the right). This V' was called V in Section 8.3, but since it is a speed in
Frame S' we now call it V.

We now examine the initial speeds and launch angles 6 of the four projectiles as seen in Frame S:

black (upper) V'Y + vy 0=mn/2 V=V'+vg
red (lower) V'Y + ved 0 = -(n/2)*sign(V'-vy) V=|V'- vy
orange (left) V'R +ve§ 0=m-A0 V =4/V*+ve
blue (right) V'R + vy 0=A0 V =4/V“+ve

Here v¢ = aw is the turntable upward speed where the launch occurs. The angle 0 is the usual polar

azimuthal angle measured CCW from the & axis which points to the right, and A8 = tan™(v¢/V') .
We treat each of these Frame S velocities as the velocity of a Problem 3 ant flyover. The Frame S'
trajectories are then given by (15.3.8) where the Frame S and Frame S' origins coincide at the spindle

(b=0) and have aligned axes at time t =0,

x' = Vt cos(0-mt) + xgcos(wt) + yosin(wt)
y' = Vt sin(0-ot) — xesin(mt) + yocos(wt) . (15.3.8)

At t=0 the four projectiles start at (xg,y0) = (X'0,y'0) = (a,0) so things simplify a bit more,

x'(t) = Vt cos(0-wt) + acos(wt)
y'(t) = Vt sin(B-ot) — asin(ot) . (15.4.9)
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These are very simple expressions indeed, considering the coupled differential equations above.

It remains only to have Maple plot the projectile trajectories with the initial velocities installed :

xp = V*t*cos(theta-omega*t) + a*cos(omega*t),
vp = V*t*sin(theta-omega*t) - a*sin(omega*t}),
xp=Vicos(B—wi)+acos{me)
o =Fism{B— @) —asnlwi)
omega = 1: Vp = 5: a = 1: tmax := 0.2
vt = omega*a
if (Vp=0} then dtheta := Pi/2 else dtheta :=arctan(vt/vp) fi
theta := Pi/2 Vv = Vp+t+vt #BLACK
BLACK := plot([xp,vp,t=0..tmax],color=black)
theta = -Pi/2*signum(Vp-vt): ¥V := abs(Vp-vt) #ERED
RED := plot([xp,vp,t=0..tmax], 6 color=red)
theta := Pi-dtheta: V = sqrt(Vp 2+vt"2) #ORANGE
OBRANGE := plot{[xp,vp,t=0..tmax],6 color=0Orange)
theta := dtheta: Vv = sqrt(Vp 2+vt"2)
BLUE := plot([xp,vp,t=0..tmax],6 color=blue) #BLUE
display(BLACK,RED, ORANGE ,BLUE , thickness=2 scaling=constrained) (15 4 10)

Here then are some plots. The first four all have V' = 5 and but have increasing duration. The notion of
the deflections being roughly circular (end of Section 8.3) is not too bad for tmax <1 :

V'=5: tmax=0.2 tmax = 0.5 tmax=1.0 tmax =4

N

1

4
0.8 2
06
0.4 1 24
0.2
0 0.8 12141618 2 R 2 3
2

i}

029 4
04 y
iy 21
0.6 _/
Kl -2

424 /]

(15.4.11)

In the next plots we fix tmax = 3 but take V' to ever-decreasing values :
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Section 15: Ant on Turntable

V=05 V'=0.05
2 1 1 2
05 05 1 15
02
04
1] 06
08
[ -1
12
21 A4
1B
18
] 2
3 22
—] 2.4
25
-4 -2
5
-1 e
(15.4.12)

As V' — 0, all four curves eventually become the same curve. The blue and orange curves line up early
because, with small V', both projectiles accelerate radially outward in Frame S' with no tangential
velocity. The orange one first goes to the left, then reverses and goes to the right and follows the blue
particle in nearly the same trajectory.
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Appendix A: Derivation of R(§) and Properties of Rotation Matrices

Here we derive equations (14.4) through (14.6) for spherical coordinates. First, just for reference, here are
the three active rotation matrices used below :

1 0 0 cosd 0 sinf cosO -sinf 0
Rx(0)=| 0 cosO -sin0 Ry@®=| 0 1 0 Rz(0)=| sin® cos® 0 | . (A.1)
0 sin® cosO -sin® 0 cosO 0 0 1

These are called "active" since they rotate a vector forward (counterclockwise) relative to fixed axes by
amount 6 according to the right hand rule when the thumb is aligned with the axis in question.

From the usual picture of spherical coordinates,

f Y
X
(A.2)

one can see (by staring hard enough) that

T =Ry(9) Ry(0) 2 = R2 R =Rz(9) Ry(0)

0 =R.(9) Ry(0) & = R%

® =R,(p)Ry(0) § =Ry /I Ry(0) does nothing here (A3)
which we rewrite as

B1=Res where &=t e3=12

@2:.@61 @226 e1=§

€3=Re; €3=19 e2=9 (A4)

We can repair the ordering of the basis vectors e, on the right using R, = (2,%,9) as follows

0 01 1 010
es=Rse; 0{=] 00 0 Ro=| 001 | =(2%9)
1 10 0 100

S = O
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e [
e (G

Maple tells us that R, =R," and det(R2) = 1, confirming that Ry is a rotation. Putting (A.5) into (A.4),

010
001
100
010
001
100

/6\1 =R Rz €1

/éz =R R2 €2

€3=RRze; (A.6)
or

€; =R e; . (A7)
Recalling (14.4),

8a =R(E) eq =>  en =RE)nnfnm or  €n =[RE)] "amen

en=R'E") e'n => e'n=R'(ENanf'n or e =[REN 'mmen . (14.4)

we have therefore found the sought-after matrix R(§) appearing in the top left of (14.4).
RE=RR2 . (A.8)

Specific evaluation gives

cosp -sing 0 cosf 0 sinf cospcosd -sing cosesing
R =Rz(9) Ry(0)=| sing cosp 0 0 1 0 =| singsin® cose singsind (A.9)
0

0 1 -sinf 0 cosO -sinf 0 cosf
and then
cospcosd -sing cosesing 010 cospsin® cospcosd -sing
R(E)=RR, =| sinesin® cose sin@sind 001 |=| singsind sinpcosd cosp (A.10)
-sinf 0 cosf 100 cosb -sinf 0

from which we find

cospsin® singsin® cosO
[RE)]™ =[RE)]T=]| cospcosd singpcosd -sin (A.11)
-sing@ cosQ 0
From the top right equation of (14.4) (quoted above) we can write
8i=[RE) T i5e5 = [RE M1 er+ [RE) T Hi2e2+ [RE) ] Hises . (A.12)
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This can be written in this matrix notation:

(N cospsin® singsin® cosO €1 €1
€, | =| cospcosd sinpcosd -sind e2 |= [RE)] ] ez (A.13a)
85 -sing cosQ® 0 e3 e3
or
r cospsin® singsind cosO R R
0 | =| cospcosd sinpcosd -sind ¥y = [RE] | § (A.13b)
o -sing cosQ 0 4 5
or
£ =cospsind X + singsin® § + cos® 2
0= cospcosd X + sinpcosd § - sind 2
§ =-sing X + coso ¥ (A.13¢)

which are the well known expressions for the spherical unit vectors in terms of the Cartesian ones. The
inverse of the last three equations can be obtained in the following manner (matrix from (A.10))

€1 € cos@sin® cospcosd -sing 3
e2 | =[RE)]| €2 | =| singsind sinpcosd cosp | | €7 (A.14a)
es 85 cosb -sinf 0 85
or
% r cos@sing cospcosd -sin@ 'y
9| =[RE)]| 6 | =| singsind sinpcosd cose || @ (A.14b)
5 d cosf -sinf 0 $
or
& =cossind £ + cospcosd 0 - sing §
$ = singsind £ + sinpcos® & + coso §
% =cosd f -sin0 8 . (A.14¢)

Appendix E contains further information on spherical coordinates.

Some Properties of Rotation Matrices

A rotation matrix R is always real orthogonal which means R™* = R™. It follows that

RR* =1 =  LRiuxRMki=08i5 =  ZkRuxRs5x=38;,3

R'R=1 = Tk(R)ikRi3 =8i15 = TxRkiRkj = 083,5 - (A.15)
Also

RRT=1 =N det(RRT) = det(1) =X [det(R)]2 =1
For a rotation matrix, det(R) = +1. (A.16)
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The determinant of R may be written using a standard expansion for the determinant of a matrix,
1 = det(R) = X3 5x€15kRi1R32Rk3 , (A.17)
where the permutation tensor was described in (1.5.3). This can be generalized to read
€abe = 2ijk€ijkRiaRjpRke for any a,b,c (A.18)
where (A.17) is the particular case with abc = 123. We leave the proof of (A.18) as a Reader Exercise.
Now apply ZaRpa to both sides and sum on a to get
2aRna €abe = ZaRna 2ijk€ijkRiaRjpRke
= Zijk€ijk [ ZaRnaRia] RjpRke
= Xijk€ijk [On,1] RypRyc /1 (A.15)

= Zjk €njkRjbRke -

We have just derived the following rarely-stated property of any 3x3 rotation matrix R :

YaRna€abe = Z5k€njkRpRie for any n,b,c . (A.19)
Theorem: IfA'=RA,B'=RBand C'=RC,thenC=AxB < C'=A'xB'. (A.20)
Proof < : '=A'xB'

= Ch = Zjkenjx A'sB%x = (RC)n= Zjxénjk (RA);(RB)k
=  (ZaRnaCa) = Zjkenjk(ZoR3pAb)(ZcRkcBe) =
= Zbe [ Zjk€njkR3pRkc] ApBe
= Xbc [ ZaRnatabc] AnBe /1 (A.19)
= XaRna [EbctabeAnBe |
=23 Rna[AXB]a .
In vector notation we have just shown that RC = R(AxB). Apply R™* from the left to conclude that
C = A x B, QED. Run the steps in reverse to prove = .
This theorem confirms the intuitive fact that if A,B,C all transform as normal vectors under R, then if

C = AxB in Frame S, then C' = A'xB' in rotated Frame S'. The fact that AeB = A'eB' is more obvious and
requires Ol’lly (AIS) . Zj(A')j(B')j = Zj(EijbAb)(Echch) = Zbc 6bcAbBc = ZbAbBb .
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Appendix B: The G Rule for a Tensor of Rank n
In this section we continue to use these shorthand operator notations,
Os = (d/dt)s Os' = (d/dt)s: O = (d/dt) . (1.8.3) (B.1)
Recall from (1.10.1) that for a scalar function or for a component of any tensor one has,
(0sTijk...)=(0s'Tisk...) = (OtTisx...) , (1.10.1) (B.2)
and from (2.5) that
Ogie; =—MXe;. (2.9) (B.3)
So far we know all about the G Rule for tensors of rank 0 and 1 (scalar and vector),
OsA = 0g'A // = 0¢A; A is a scalar function of t (B.2)
OsA=0s'A + ®xA. /I A is a vector (2.1) (B.4)
What happens for tensors of rank 2 or more? To explore this question, we first collect a few facts.
A tensor of rank-n has the following expansion (where q represents the n® letter of the alphabet)
T=2apc..q.Tabe. .q (€a®ep®ec....Req) . (B.5)

Here T has n subscripts and there is a tensor product of n basis vectors e;. This expansion is a
generalization of the expansion of a vector,

V=2%;Vie; . (B.6)
The basis vectors are axis-aligned unit vectors, so we have

(én)i =0n,i - (1.1.3) (B.7)
The meaning of the ® symbol is nothing more than the following,

[A®B®....QQ Jabe. ..q = AaBpCe...Qq . (B.8)

This particular tensor AQB®....®Q happens to be the direct product of the n vectors A,B,C...Q, but there
are of course general tensors T which cannot be written as such a direct product.

As a simple tensor product example,

(ea®ep)ij = (€a)i (ép); =0a,i Ob,j - (B.9)
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Here is the expansion of the direct product tensor T = A®B,

A®B =X, [A®Blap €a®ep, = Zap AaBp €a®ep . (B.10)
[ For more details on such tensor products and expansions, see Lucht Tensor Products with e;— u;] .
Before continuing, we develop two very similar Lemmas:
Lemma 1: 0s(A®B) = (0sA) ® B + A®(0OsB) (B.11)
where A and B are vectors whose components are functions of time.

Proof of Lemma 1:

Os(A®B) = 0s( Zap AaBp €a®eyp ) // expansion (B.10)
= Xab Os(AzBp) ea®ep /I since Ogen = 0 by (1.7.3)
= Zap Ot(AaBp) ea®ep /I (B.2)
= Yap [(OtAa2)Bp + Aa(0tBp)] ea®ep // regular calculus product rule
= Xap [(OsAa)Bp + Aa(0sBp)] ea®ep // restore Og using (B.2)
= Xab [(OsA)aBp + Aa(9sB)p] ea®ey /// commutation rule (1.11.1)
=2Xab [(OsA)aBp] €a®ep + Zap Aa(OsB)p €a®ep // write as two terms
= (0sA) ® B + A®(0sB) . // expansion (B.10) QED

Recall from (1.2.1) that one can expand a vector A on either the e; or the e'; basis,

A=X;Aje; =X;A'5€'; . (1.2.1) (B.12)
Similarly, one can expand the tensor T of (B.5) on the e'; basis to get

T=Zabc..q.T'abc. .q (€'a®e's®e'c.....Re'q) (B.13)
with this special case

A®B =X, [A®B]'ap €'a®e'y = Xap A'aB'p €'2®e'y . (B.14)

We then have Lemma 2 which is the same as Lemma 1 but with S—S',
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Lemma 2: 05 (A®B)= (0s'A) ® B + A®(0s'B)

The proof exactly follows that of Lemma 1 but we show it anyway:

Os' (A®B) =0s'( Xap A'aB'p €'a®e'y) // expansion (B.14)
= Xap Os'(A'aBp) €'2.®e'y // since Og+e'n =0 by (1.7.2)
= Xap Ot(A'aB'p) €'a®e'p /I (B.2)
= Yap [(OtA'2)B'p + A'2(0tB'p)] €'a®e's // regular calculus product rule
= Yap [(Os'A'a)B'p + A'a(0s'B'p)] €'a®e'y // restore Os using (B.2)
= Xab [(Os'A)'aB's + A'a(0s'B)'b] €'a®e'p // commutation rule (1.11.1)

=2%ab [(Os'A)'aB'b] €'a®e'p + Zap A'a(0s'B)'n €'a®e'y, // write as two terms

= (0s'A)® B + A®(0s'B) . // expansion (B.14)

G Rule for a Rank-2 Tensor

Recall from (B.5) that,

T= ZabTab (ea®eb) . (B.5)

Then apply Os, using the facts dse, = 0 and (B.2),
(0sT) = Zan(0sTap) (€a®ep) = Xan(0tTap) (€a®ep) .
On the other hand,

(0s'T) = Zap (0s'Tap) (€a®ep) + ZapTap Os' (€a®ep)

= Zab (0tTap) (€a®ep) + ZapTap Js'(€a®ep) /1 (B.2)
= (0sT) +ZapTap Os' (€a®eyp) . /I (B.17)
But,
Os'(ea®ep) = (Osrea) ®ep +e28(0s ep) // by Lemma 2 (B.15)
= - [(0xe))Pep + e.® (@xe€p) . /1 (B.3)

(B.15)

QED

(B.16)

(B.17)

(B.18)

(B.19)
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Inserting this last result into (B.18) and swapping sides then gives the G rule for a rank-2 tensor,
0sT) =(0s'T) + ZapTap [ (@ X e3) Pep + ea® (0@xep)] . (B.20)
We can write the G rule for a vector T (rank-1 tensor) in a similar form,
0sT)=(0s'T) + ®x T
=(0s'T) + 0x(XaTaea)
=(0s'T) + Z.Ta @ xe€a . (B.21)
G Rule for a Rank-n Tensor

It is easy to show that the above general pattern applies to tensors of rank 3 and higher, and one ends up
with the following lowest tensor G rules, where the tensor rank is shown on the left .

0 (0sT)= (0s'T)
1 (0sT) =(0s'T) + XaTa ®x e,
2 (0sT) =(0s'T) + ZapTap[ (0 xex) ®ep + €a® (®X ep) |
3 (0sT) =(0s'T) + ZapcTabe [ (0Xe)Rep®ec + e, Q(mxep)Res + e;®ep®(mxee) | (B.22)
These G rule results may also be expressed in components. For example:
1 (0sT)i =(0s'T)i + ZaTa (0 X €3);
=(0s'T)i + EaTa €irs Or (€a)s
=(0s'T)i + XaTa €irs ©Or 8a,s
=(0s'Ti * &irs 0:Ts . (B.23)
2 (0sTij =(0s'T)ij + ZapTap [ (@ X €a) ® ep + €a® (@ X €p) Ji 5
=(0s'T)ij + ZabTap[(® X €a)i (€p); + (€a)i(® X €p)y |
=(0s'T)i5 + [Zab Tab (@ X €a)i Op,5 + Zab Tab 0a,i (M X ep)5 ]
=(0s'Tiy + [Za Taj(@xea)i + Zp Tip (@ X ep)y ]

= (aS'T)ij + [2a Taj €irs®r(€a)s + Zp Tip 8jrs(for(eb)s ]
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=(0s'T)ij + [Za Taj€irs®rda,s + Zp Tib £5rs®Ob,s ]

=(0s'T)i5 + [Tsj €irs®rt Tis €4rsr ]

=(0s'Dij + €irs®r Tsj+ €jrs0rTis . (B.24)
We shall do one more case to establish the general pattern,
3 (0sT)isk - (Os'T)isk = ZabcTabe [ (OXea)Dep®ec + eaO(Wxep)Pec + ea®epr®(Mxec) Jijx

=ZabcTabe [ (0xea)i(ep)j(ec)x + (€a)i(@Xep)j(ec)k + (€a)i(en)s(@xec)x ]

ZabcTabe(®X€a)i0b, 30c,k T Zabclabcla,i(WXep)i0c,x T ZabeTabcda, i Ob, j(Xec)k

= ZaTajk(0xea);i + ZpTipk(@xep); + ZcTijc(@xec)x

= ZaTajk€irsOr (€a)s T+ ZpTipk€jrsOr (€p)s T ZcTijcEkrs®r (€c)s

= ZaTajk€irs®r Oa,s + ZpTipk€jrs®r Ob,s T ZcTijcEkrs®rOc,s

= Tsjk€irs®Ort Tisk€jrs®r T TijskrsOr
so we conclude that

(0sT)ijx = (Os'Dijk + €irs®eTsjk + €5rs0rTisk T €xrs®rTijs - (B.25)
Looking at the last two results we can infer the rank-4 result

(0sT)ijke = (Os' T)ijke + €irs®rTsjke T €5rsOrTiske T xrs®rTijst T &trs®rTijks . (B.26)
Summary of G rule for all ranks (tensor form) (B.27)

0 (9sT) = (0s'T)

—

(0sT) =(0s'T) + X Ta @ x €5

2 (0sT) =(0s'T) + ZapTap[(@x€a) ®ep + €a® (0 X €p) ]

W

(0sT) =(0s'T) + ZabcTanc [ (0Xxea)Pep®ec + ea®(mxep)®ec + ea®ep®(mxec) |
4 (0sT) =(0s'T) + ZabedTabed [ (0X€a)Dep®ecBeq + ea@(wxep)PeLeq

+ e, Qep@(mxec)®eq + e,Rep®e L(mxey) |
etc.
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Summary of G rule for all ranks (component form) (B.28)
0 (9sT)= (0s'T)
1 (@sT)i = (0s'Ti + €irs0:Ts = (0s:T)i + (@xT);

2 (0sT)ij5 =(0s'T)ij + €irs®r Tsy+ £5rs0rTis

W

(0sT)ijk = (Os'T)ijk + €irs®rTsjk T €jrs®rTisk T Ekrs®rTijs

4 (0sT)ijke = (Os'T)ijke + €irs®rTsikt T €5rs®rTiskt + Ekrs®rTijst T €rs®rTijks

etc.

In the main body of our document we deal only with vector quantities r, v and a , but one can easily

imagine "frames of reference problems" which deal also with tensors, such as the inertia tensor.
Applications involving continuum mechanics abound in tensors.
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Appendix C: The Foucault Pendulum

This is a long appendix so we provide an overview:

The opening section reviews the traditional brief treatment of the Foucault pendulum precession.

Section C.1 sets up the kinematics of the spherical pendulum.

Section C.2 gives a quick qualitative explanation of the Foucault precession.

Section C.3 derives the Foucault pendulum angular equations of motion, stated in (C.3.9).

Section C.4 derives the exact solution to the simple (plane) pendulum in (C.4.20) or (C.4.26).

Section C.5 reviews the exact solution of spherical pendulum, and also gives qualitative hints as to the
nature of the pendulum motion. After stating the simple conical motion solution, the motion of thin
ellipses is reviewed and the Airy precession appears. After reviewing the Foucault mode of the spherical
pendulum, the interference between the Airy and Foucault precessions is analyzed. A detailed analysis of
the Foucault pendulum at the Pantheon in Paris is presented. Finally, it is shown how to numerically
obtain 2D and 3D plots of arbitrary motions of a spherical pendulum using Maple.

Section C.6 derives the Foucault equations of motion in Cartesian coordinates in (C.6.9).

Section C.7 shows that the x,y,z equations of motion of Section C.6 are entirely equivalent to the 0,¢
equations of motion of Section C.3.

Section C.8 studies numerical solutions of both the Foucault and Spherical pendulums. For the latter the
Airy precession is demonstrated.

Nutshell Analysis of the Foucault Pendulum

This subject is usually treated in the small oscillation limit in Cartesian coordinates (e.g. Taylor, Marion,
Thornton and Marion). Applying Newton's Law F = ma including the Coriolis force one quickly obtains a
pair of coupled linear ODE's which, in "top view" (x,y) notation, are

X —2mcospy+Q%x=0 = Earth rotation rate, = polar angle (colatitude) from North Pole
¥ +20c0sp X+ Q% =0  Q =+[g/l =swing rate, o << Q, €= string length, g=gravity . (C.1)

If the second equation is multiplied by i and added to the first, one gets
T + 2imcospi = - Q%1 . n=x+iy (C.2)
We ask Maple to try out the following candidate solution to (C.2), keeping in mind that @ << Q,

n(t) = A e 2 (@°sPIE 65(Qt) (C.3)
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eq = diff{eta(t),t, t) + Z*I*omega*cos(beta)*diff(eta(t), t) = - Omega“2*eta(t),

7 3
2
ag = _2T](f) +2 7w COS(B)(S_T](E)]=—Q i)
Y t

eta = (t) ->A*exp(-I*omega*cos(beta)*t)*cos(Omega*t),

nN=t—=4 ?(—Ico cos(B) ) cos(LlE)

ed/Omeqga’™2 expand (%) ;

Acozcos([?))z cos(Cl8) Acos(C18) Acos(Cas)

o (Jeos(P)e) (Icocos(ﬁ)ﬁ)z {(fcos(P) )
(1 e e e

(C4)
Thus the equation (C.2) is solved by the candidate solution (C.3) to order ((D/Q)2 and so is a good
approximate solution. Writing out x = Ren and y = Imm one finds that y/x = tanp where

¢ =-wcosP t ¢ = -ocosp (C.5)

which indicates a slow clockwise rotation of the swing axis for cosp > 0 (Northern Hemisphere). This is
in agreement with one's knowledge that, in said Hemisphere, on each swing the pendulum is deflected a
little to the right by the Coriolis force (see Fig (C.2.1) or Fig (C.8.7) below ).

Our treatment below does not assume small oscillation. The pendulum is treated as a full-blown
"spherical pendulum" which is influenced by the rotation of the Earth. We derive the pendulum equations
of motion first in spherical coordinates in Section C.3, then later in Cartesian coordinates in Section C.6,
since these are better for the numerical work of Section C.8. We show in (C.6.14) that equations (C.1)
above are in fact the small-oscillation limit of the general equations of motion.

C.1 Drawings, Notation, Coordinates and Basis Vectors

Fig (4.7.1) showed a typical Earth problem kinematic scenario in the "non-swap" notation where Frame S'
is the rotating frame. Here, we choose instead to use the "swap" notation where Frame S is the rotating
frame, since this eliminates the need for scores of prime symbols which would otherwise clutter the
equations. So now Frame S' is at the center of the Earth and is an inertial frame, and Frame S is on the
surface of the Earth and is a non-inertial frame. This use of primes is then in accordance with the
Goldstein and Marion references discussed in Sections 9 and 10.

In addition to this S«<»>S' swap, we make a few other changes compared to Fig (4.7.1).

First, we select the basis vectors e, differently. Since we are going to be dealing with a spherical
pendulum, we would like the angle between the pendulum string and local vertical to be the polar angle of
a spherical coordinate system for Frame S. This means that we want the 2 = e3 axis associated with this
spherical system to be pointed toward the center of the Earth, rather than pointing "up". This then
suggests that we take & = e; as pointing "north", and § = e, as pointing "east" and then the resulting
vectors e, form a right-handed coordinate system.

Second, we place the origin of Frame S at a height € above the surface of the Earth, where € is the
length of the spherical pendulum's string. Then the length of vector b is b = Re + €, where Re is the radius
of the Earth. The Frame S origin is then at the pendulum pivot point.

The new kinematic picture is then,
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Particle

South|Pole (Cll)

The next step is to use spherical coordinates in both Frames S and S'.

For Frame S', with origin at the center of the Earth and assumed fixed relative to distant stars, we
select spherical coordinates, so r' = (1',0',¢"). We shall assume that the origin of Frame S is located at b =
(b, B, o) where f is the polar angle measured down from the North Pole (colatitude, range 0 to 7t), a is the
origin's azimuth (longitude), and b = R+ € where Re is the radius of the Earth and € is the length of the
pendulum string (picture coming soon). Parameters o and b will play no role in what follows.

Note that ® = we's with ® > 0 since the Earth rotates counterclockwise as viewed from above the
North Pole, causing the Sun to rise in the east. The same Earth, viewed looking upward from beneath the
South Pole, appears to rotate clockwise (and the Sun still rises in the east).

For Frame S (red, shown in the Northern Hemisphere) we select another set of spherical coordinates r
= (1,0,0) as will be described momentarily.

The Cartesian unit basis vectors e, of Frame S can be expressed in terms of the Frame S' spherical unit

basis vectors ', 6', (’|\)' evaluated at the position r' =b = (b, B, o) as follows,

According to the picture above, ® = we's can be expanded on these Frame S basis vectors,

® = - ocosP e3 + wsinP eg . (C.1.2)
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As noted, the origin of Frame S is located distance € above the surface of the Earth. If we position
ourselves at this origin and gaze down onto the Earth's surface we see what is shown on the left below. A
side view is presented on the right, and a 3D view below:

_ . y w_ A 8 s
ey =-0" ="north" =x Frame S origin —

pendulum viewed from above pendulum viewed from the side
= --J._(P X
\
4
0 A
Y )
T
..... SA
(] T
mg
vz (C.1.3)

The meaning of the Frame S spherical coordinates r,0,¢ should be clear. These are the standard
coordinates one would use to study a spherical pendulum in the absence of the Coriolis force.
The Cartesian basis vectors e, for Frame S are related to the spherical ones for Frame S as follows

(see (A.14c) or (E.2.7)),

e; =X =sinfcosg I + cosbcos 0 - sing §
ez =§ =sinBsing T + cosBsing 0+ cosp §
es =% =cosO f-sind O . (C.1.4)
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C.2 Qualitative Solution

On each swing the pendulum veers "a little to the right" in the Northern Hemisphere due to the Coriolis
fictitious force -2m ® x v, so the problem is to compute the time for a full 360 degree rotation. Here we
show the first four swings of the pendulum (viewed from above)

(C.2.1)

The net effect is that the plane of the swinging pendulum precesses clockwise. The amount of veering
shown in the drawing is highly exaggerated since we know that when the pendulum is located at the
North Pole the period will be one sidereal day ( = 23 hours 56 minutes). If each swing takes 10 seconds,
that would be about 24*3600/10 = 8,640 swings for a full revolution, so each swing would show only
360/8640 ~ .04 degrees of precession. Away from the North Pole we know the precession rate will be
even slower, at the equator it will be zero, and in the Southern Hemisphere the pendulum will precess in
the opposite direction. These qualitative facts may be deduced from the direction and magnitude of the
Coriolis force as discussed in Section 8.3. The general pattern was noted for the small-angle limit of the
theory in the solution (C.3).

C.3 Equations of Motion for the Foucault Pendulum (Spherical Coordinates)
In our "swap" notation context, the bogus Newton's law for non-inertial Frame S is,

Fesse—ma . (12.2.3) (C3.1)

The effective force Fege consists of real forces and fictitious forces. At the end of Section 8.5 in (8.5.7)s
we showed that, for surface-of-the-Earth problems (which are Special Case #1), and in the "swap"
notation,

Fege = (mg + possible other real forces) - 2m o x v (8.5.7)s
where force mg already incorporates the effect of the fictitious centrifugal force. In the spherical Foucault

pendulum problem, we have "possible other real forces" =T, the tension of the massless pendulum string
pulling on the pendulum of mass m. Thus,
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Fers = mg+T-2moxv . (C3.2)

Although g does not point to the exact center of the Earth, we shall assume that it does, so g = g2. The
directional error in making this assumption is on the order of Ag/go ~ .003 p radians (see (8.5.8,9) ) which

is insignificant in our analysis of the Foucault pendulum. The error is probably even less than this when
one considers that the Earth's surface is perpendicular to g and not go, but we don't want to get involved

with such fine details. Using g = g2 in (C.3.2) and using the latter in (C.3.1) we find

ma = mgZz+T-2moxv (C3.3)
which is our vector "equation of motion" for the pendulum. Our task now is to evaluate the terms in
(C.3.3) and then to balance the components on both sides to come up with three scalar equations of
motion.

The o vector (C.1.2) can be expanded, using (C.1.4) for e3 and e,

= - wcosP e3 + wsinP e
= - wcosP[coso T - sind 6] + osinP[cospsin® £ + cospcosd 0 - sing 9]

= o(-cosPcosh + sinPcosesind) T + w(cosPsind + sinfcospcosd ) 0+ o(-sin sing) § .
(C.3.4)
The string tension vector may be written as follows, where T > 0,

T=-T¢t . (C.3.5)

If one wants to consider unusual initial conditions for the pendulum which would cause negative string
tension, such as starting it at position r = - €2 with some tiny velocity, one can imagine the string to be
replaced with a massless rigid stick of length €. Such a stick pendulum then works for either sign of
tension T and then matches the equations of motion.

It remains to find expressions for v and a expanded on the spherical unit vectors. These are developed in
(E.2.11) from which we quote:

df/dtys= § =00 +sin0 § &
(d0/dt)ys= 0 =-0 % +cos0d
(/s = $=-sind & -cosd d (E.2.11) (C.3.6)

Using (E.3.6) for acceleration a one then has,
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r=¢¢
v=i=tf - e16 6 +sind § )
a=v=0(- 0% 5sin%0 $) £ + € (¥ - sindcosd $) & + € (2c0s0 O & + sind &) § (C.3.7)

so we now have a viable v and a to use in (C.3.3). The Coriolis cross product can now be computed from
(C.3.4) and (C.3.7),

OXV=
[@(-cosP cosO + sinPcospsind) T + w(cosP sind + sinP cospcosh ) 9 + o(-sinp sing) §]
x[ﬁ[é@Jrsinecf)(/[\)]

or
o x v /(wf) = (-cosPcosd + sinPcosesind) T x [é 0 + sin0 ¢ 9]
+ (cosPsin® + sinf} cospcos ) 0 x [é 0 + sind ¢ 0]

+ (-sinPsing) § x [0 & + sind & §]

= (-cosPcos0 + sinfcos@sinb) [é $ - sin® ¢ 6] // see (E.2.12)
+ (cosPsin® + sinPcospcosh ) [sind ¢ 1]

+ (-sinf sing) [- 0 ’f]

= [(cosPsin® + sinBcospcosh )sind ¢ + sinp sing 0 IR
— [(-cosBcosO + sinfcospsind)sind ¢] 0
+ [(-cosPcosB + sinBcos@psing) 0 19 . (C.3.9)

We can now assemble the pieces from (C.1.4), (C.3.5), (C.3.7) and (C.3.8) to write the equation of motion
(C.3.3) divided by m,

a =gZz2+Tm-2oxv, (C.3.3)
as

€(- 6% sin%0 $2) £ + &V - sinBcosd $?) 8 + ¢ 2cos0 ¢+ sind @) §
= g(cosh T - sind 6) -(T/m) ¢
— 20¢ [(cosPsind + sinBcospcos )sind ¢ + sinf sing 0 RS
+ 20¢ [(-cosPcosd + sinPcos@sind)sind ¢] 0
—20€ [(-cosPcosB + sinfcospsing) 0 10 .

Matching components gives these three scalar equations of motion (the unit vectors on the right are just
reminders of the origin of the equations),
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(- 02- sin20 (f)z) = gcosO — (T/m) — 2w [(cosPsind + sinPcospcosd )sin® ¢ + sinPsing 0 ]

> =

€0 - sindcosd $2) = - g sind + 2wk [(-cosPeosd + sinfcosesind)sing ]
¢( 2cosO 0 ¢ +sind ¢) = — 2wl [(-cosPcosd + sinBcossind) 0 ]

>

which we can simplify slightly to get

0% +sin0 $? = -(g/f)cosd + T/(mé) + 2o [(cosPsind + sinPcospcosd )sind ¢ + sinPsing 0 ]

0 - sinfcosb (I)z = - (g/b) sin® - 2wsind ¢ (cosPcosd - sinfcospsind)
2000 8 ¢ + sind § =200 (cospcosd - sinfcosesing) . (C.3.9)

These are the equations of motion for a spherical pendulum operating on the rotating Earth with no

approximations other than the modest ones that g does not vary over the small distance € and that g = gZ.
Of course there is no air friction and the string is massless and lossless where it attaches.

Reader Exercise: Can equations (C.3.9) be obtained from the conventional Lagrangian or Hamiltonian
formalisms? Are these approaches valid in non-inertial frames, or are modifications needed?

C.4 The Simple Pendulum

In this section we temporarily turn off the rotation of the Earth to study the behavior of pendulum without
that complication. Setting ® = 0 in (C.3.9) the pendulum equations of motion become

02 +sin0 $2 = -(g/f)cosd + T/(me) £
¥ - sinfcosd $% = - (2/€)sind 0
200800 + sind =0 . It (C4.0)

We now seek a solution of (C.4.1) for which ¢ = 0. In this case the last equation requires ¢ = 0 and we
are left with just two equations,

02 = -(g/t)cosd + T/(mé)
0= - (g/o)sind .

> =>

(C.4.2)

These equations describe a pendulum that seems to swing in the plane ¢ = constant and so this is an
example of a plane pendulum, also known as a simple pendulum. One can solve the second equation for
0(t), and then the first equation gives the tension T(t).

If the pendulum is started at some polar angle 0o and released perfectly so ¢ = @o and ¢ = 0, the
pendulum swings in a plane, but at it swings through 6 = 0 the coordinate ¢ = ¢@¢ discontinuously jumps
to @ = Qo+, so there is a continuity issue for ¢ at 6 = 0. We could treat this technically using Heaviside
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and delta functions, but shall not go down that road. It is a simple fact that, for spherical coordinates,
points on the z-axis where 0 = 0 have an undefined value of ¢.

For small angles 6, one finds for the above initial condition that

0 +g)p =0 = 0(t)=00cos(Q) Q =gk {6(0)=0,.00)=0} (C.4.3)

On the other hand, if the pendulum is initialized with 8 = 0 and some velocity sufficient to take it up to a
maximum angle 6o we get

UH@0o =0 = 0(1)=0psin(Qt) Q =g {6(0)=0, Opax =00 } (C.4.4)

Exact Solution for the Simple Pendulum

We provide this detailed solution because it generally does not appear in textbooks.

For larger 0o the simple pendulum equation 0+ (g/0)sinB = 0 falls into a class of second order non-linear
ODE's which have the form X = f(x) where X means d¢2x and we seek x(t). The solution is not hard to

obtain, as we now outline. The first step is to define v=x :

V=X = X = (dv/dt) = (dv/dx)(dx/dt) = (dv/dx)v = (dv/dx)v = f(x)

= vdv={fx)dx = (V2/2) = f ¥ f(x")dx'+ C

dx

= (dx/dt) =42 - d\/%\/

[ fxdx + €

1 b dx"
=10 = (= J - ) +C (CA.5)
\2 \/ [ fxydx + €

where integration constants C and C' are determined by initial conditions. This solution gives t = t(x)
which one must then "invert" to obtain x = x(t).

If we take f(x) = - Q2sinx and then x— 0 the (v2/2) result of (C.4.5) becomes

A2 _ 0 ' ' _ 2 0 . h ' — 2
®22)= [ f0)d0'+C =-02 [ "sin(@)de' +C = Q%cos0+C. (C.4.6)
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We set the zero of potential energy for the pendulum at the bottom, 6 = 0. At angle 6 the pendulum has
risen a height h = € - €cosO so the potential energy at 0 is then V = mgh = mgé(1-cosb).
We shall now apply the boundary conditions of (C.4.4). At t = 0 the pendulum is at 6 = 0 and we give

it a kick in the +0 direction with some initial velocity Zé(O). We assume that this causes the pendulum to
rise up to some max angle g <. A too-large kick results in over-the-top behavior which we exclude.

At t = 0 the total pendulum energy is (1/2)m][ Eé(O)]2 .
At the top of the swing the total energy is mgé(1-cosfp). Therefore from energy conservation,

(1/2)m[ €0(0)]? = mgt(1-cosOo)
or

(172)[ 6(0)]% = (g/)(1-cosBo) = Q2(1-cos0o)
SO

8(0) = 2 Q[1-cosbo = 2Qsin(0o/2) . (C.4.7)
Evaluating (C.4.6) at t = 0 gives
(1/2)[ §(0)] = QPcos(0) + C=Q® +C .
Comparing this last equation with the middle line of (C.4.7) gives,
C =-Q%cosbg . (C.4.8)
From (C.4.5) the solution for t(0) is then

de" 1 0 do"
/

1 0
(0) = (= tC = JQeos0mrc ) €
R \ Troaorc 2 @)

de"

1 o6 ___ do" \
a (\/EQ f \/cose"-coseo ) +C (€.49)

The integral of interest appears on page 179 of GR7 as 2.571.4 (where we shall use the second form),

' dx 2 xT i
= F(Zr L 0<a<
/\/a+bco.s‘r va+b (9'?) l0>5>0, 0<wz<]

2 1 a
= /jF v, = [h > la| >0, 0<x < arccos (——)]
Vb r b

BY (289.00)
= e[ 2=0m0) [
a+b \( a+b o
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and where F(¢@,k) is "the elliptic integral of the first kind". In our case b= 1 and a = -cosfg so

N 2 1
T="\/a+tl ~ 1-cosOp  sin(0o/2)
1-cosO sin(0/2)
=sin"1[ / 1-cos0o ]=sin" sm(60/2) ] (C4.11)

Using integral evaluation (C.4.10) in (C.4.9) one finds that,

(0) = — o F( sin” [%ee/—%] sin(0g/2) ) + C

1 1 sin(0/2 .
5 F@. 0+ C where p=sin [ﬂk—l] k = sin(80/2) . (C.4.12)

The function F is defined in GR7 page 860 as 8.111.2,

2. The elliptic integral of the first kind:

= i Hin @ o
Flo.h)= [ —=2 = [ R
Joov1 — k2sin® a i VIl — 22 (1 — k22

(C.4.13)

from which we see that F(0,k) = 0. Recall our boundary condition that 6(0) = 0 with some é(O) > 0. From
(C.4.12) we find at t = 0 and 6 = 0 that

FO,k)+ C' =0+C' = C=0. (C.4.14)

1
0=9

Our final solution before inversion is then

t(0) = é F(p,k)  where ¢=sin* [mlfﬁl], k=sin(00/2), Q =A[g/t . (C.4.15)

The Jacobi elliptic function sn(u) is usually defined in this rather obscure manner,

8,144
I f.'lr
1. il :—/ T e
° Vi " ) (C.4.16)
If one writes sn(u) = sin(¢), then the right sides of (C.4.13) and (C.4.16) are the same, so
F(p,k)=u = sn_l(sin(p) or sn(F(@,k)) = sing . (C4.17)
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We now apply this last equation to (C.4.15) as follows:

sn(F(@,k)) = sing

or
sn(Qt) = sin { sin”? [MnkG/Z 1} = 4_151111?/2

o)
sin(6/2) =k sn(Qt) k = sin(09/2)

and
0(t)=2 sin'l( k sn(Qt) ) k =sin(00/2) (C.4.18)

and the inversion of (C.4.15) is now complete. Following the convention of GR7, since sn(u) has an
implicit parameter k, we make it explicit by writing sin(u) = sin(u,k) and then our solution is

sin(0/2) =k sn(Qt,k) k = sin(00/2)

0(t) =2 sin"*( k sn(Qt,k) ) k =sin(00/2) (C.4.19)
or

sin(0/2) = sin(00/2) sn(Q2t, sin(00/2)) // boundary conditions below = Opax = 00

0(t) = 2 sin"*[ sin(0o/2) sn(Q, sin(00/2)) ]  for H(0) =0, é(O) =2Qsin(0¢/2) . (C.4.20)

When k is not too large, one has sn(x,k) = sin(x). If 8¢ is small, then so is 6 and the first line of (C.4.20)
reads,

0/2 = (00/2) sin(Qt) = 0(t) = 0 sin(Qt) (C.4.21)
which is the correct small-angle solution for 6(0) = 0 and max angle 8¢ as was stated in (C.4.4).

Here is a Maple plot of 6(t) from (C.4.20) with a selection of peak angles 0¢ with Q = 1 so that the small-
angle period is T = 2n/Q =2x :

restart; alias(sn=JacobiSH): with(plots)

theta := 2*arcsin(k*sn{Omega*t k)) .,
8=2arcsn( k(L35 kN

k := sin(thetal/2) Omega = 1
thetald := thideg * (Pi/180)
deqg := [30,60,90,120,150,170,177] n:=717
col = [red,black,blue,red, black,blue,red]
for i from 1 to n do

thideg = deg[i],

s[i] := plot{theta,t=0..20, color=[col[i]l])}
od

display(seq(s[i],i=1..n)},
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(C.4.22)

For small 69 the function 6(t) is very sine-like with period T = 2z, but for larger 8¢ the period increases
and the top flattens out. For g = 177° the top is quite flat, indicating a long "hang time" when the
pendulum (on its rigid massless stick) lingers in the near-vertical position.

The complete elliptic integral of the first kind is defined by (some sources write K as K),

/2
K(k)=F(®/2,k) = fo" ﬁ // see (C.4.13), and note K(0) = n/2 (C.4.23)

Since sn(u) = sin(¢) as shown above (C.4.17), we know that the peak value of sn(u) is 1 and this occurs
one quarter of a wave into the sn(u) waveform. From (C.4.17) we know that

sn(F(p,k)) =sing = sn(F(n/2,k)) = 1 = sn(K(k)) =1 (C.4.24)
Thus, a quarter period of the function sn(u,k) along the real u axis is just K(k) and so the full period is

then T = 4K(k). Here is a plot of 4K(k) showing how it increases from 2z to larger values slowly
approaching the limit 4K (o) = oo :

plot (4*EllipticE(k)  k = 0. .0.9%,y=0..10,thickness=2),
144
124
.001000, T
104 300000, T

n

o

=}

o

3
nononon

-
AR A A AR A RK

0'b6062 064 066 068 07 072 074 0.76 0.78 kafB 052 084 056 085 09 052 094 096 0.98

(C.4.25)
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Since a quarter period of sn(x,k) is K(k), a quarter period of sn(Qtk) is then K(k)/Q. For the more

standard boundary conditions shown in (C.4.3) where 6(0) = 0 and .é(O) = 0, the solution is obtained by
shifting (C.4.20) ahead by a quarter period, which means taking t — t + K(k)/Q or Qt — Qt + K(k) . The
result is then, with k = sin(0¢/2),

sin(0/2) = sin(09/2) sn(Qt + K(sin(00/2)), sin(00/2))

0(t) = 2 sin”*[ sin(00/2) sn(Qt + K(sin(00/2)), sin(0o/2)) ] 0(0)="06o , é(O) =0. (C.4.206)
Now for small angles the first line gives

0/2 = 0¢/2 sin(Qt+1/2) = 00/2 cos(Qt) = 0(t) = 6o cos(Qt) (C4.27)
in agreement with (C.4.3)
Conventions: We have adopted the notation for K(k) and sn(u,k) which is used by the 2010 NIST
Handbook of Mathematical Functions, by Gradshteyn and Ryzhik 7th edition (2007), and by the Bateman
Manuscript Project (1953), though the last two sources write K as K. The reader is warned that there is

another common convention which appears in the precursor to the NIST Handbook, namely the heavily-
used 1964 Handbook of Mathematical Functions of Abramowitz and Segun (AS). The connection is this

K(k) =Kas(k?) // k¥ =m
sn(u,k) = snas(u,k?) = sn(u | k?) // sometimes = sn(u; k?) (C.4.28)

In using these functions one must be very careful to learn the convention used by a given source. For
example, our ancient Maple V states that (notice the k? in the integral but k in the argument),

8 Jacobidl s the inverse of the trigonometric form of the elliptic integral of the first kind, EllipticE:

EllipticFiphi,k) = inti(l/sgrti{l-k*Z2*sin(theta)™2),theta=0..phi)
JacobhiAM(EllipticF (sin(phi) , k) k) = phi
Jacohi3lNiz, k) = sin(JacobiiMiz, k)] // am(z k) _ sin'lsn(z k)
bl b

So this version of Maple is using our "modern" NIST 2010 notation for argument k.
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C.5 The Spherical and Foucault Pendulums

Having studied the simple pendulum, we now return the more general spherical pendulum and at the end
we look at the Foucault mode of this pendulum. Since there are many subsections below, here is a list of
their headings:

(a) The equations of motion for the Spherical Pendulum
(b) L as constant of the motion

(c) E as another constant of the motion

(d) Exact solution to the Spherical Pendulum (outline)

(e) The nature of the general solution for the Spherical Pendulum
(f) The Conical Motion solution of the Spherical Pendulum

(g) The thin ellipse scenario for the Spherical Pendulum

(h) The Intrinsic Airy Precession of the Spherical Pendulum

(1) The Foucault Mode of the Spherical Pendulum

() Interference between the Airy and Foucault precession

(k) The Foucault Pendulum at the Pantheon in Paris

(€) General Numerical solutions of the Spherical Pendulum

The French name Foucault is pronounced foo-ko' with accent on the ko (sounds like so).

(a) The equations of motion for the Spherical Pendulum

As before, we turn off the rotation of the Earth by setting @ = 0, so equations (C.3.9) become

02 +sin0 $2 = -(g/f)cosd + T/(mé) £
¥ - sinfcosd $% = - (2/f)sind 0
200800 + sind =0 . It (C.5.1)

These are the equations of motion for a spherical pendulum in the presence of a uniform gravitational
field of strength g. It is useful to know something about the solution of these equations before we turn the
Earth's rotation back on.

Operationally, in the sense of a numerical solution, one can regard the last two equations of (C.5.1) as
a pair of coupled second-order non-linear ODE's for functions 6(t) and ¢(t) subject to initial conditions 6o,

0o, éo and Q. Once these equations are solved (physically we know a unique solution must exist), the
first equation may be used to determine T(t), the string tension.

(b) LE as constant of the motion

The last equation in (C.5.1) may be written in this form

d/dt (sin®0 $)=0 (C.5.2)
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which says that sin®0 ¢ must be a "constant of the motion". To understand the meaning of this constant,
we first compute the torque about the string pivot point due to the gravitational force on the mass m,

N=rxmg =rxmg2 =mgt f x [cosd T - sind ﬁ] = -mgfsind § . (C.5.3)

Since this torque lies in a plane normal to the z axis, as in (C.1.3), we may conclude that the Cartesian
torque component N, = 0. The angular version of Newton's Law says N = dL/dt , and therefore we expect
that the quantity L, will be a constant of the motion. Direct calculation shows that

L,=Le2 =m@rxv)e2=m@xr)ev =mésin0d e €[00 +sind $H])

= mf%sin0 § (C.5.4)

where we have made use of (C.1.4) for 2 and (C.3.7) for v. Thus, we see that our third equation of motion
in (C.5.1), rewritten as in (C.5.2), is just the statement that dL,/dt = 0. In the Lagrangian formulation one
finds that L, is one of the canonical momenta which is constant because ¢ is a cyclic coordinate, meaning
it does not appear in the Lagrangian (see Comment below).

In terms of the spherical unit vectors, one finds (again using (C.3.7) for v) that the vector angular
momentum of the pendulum mass is given by

L=mrxv=m€2[é(’|§—sin6¢)6]. (C.5.5)
Then application of N = dL/dt, with N as in (C.5.3) and unit-vector change rates as in (C.3.6), simply

reproduces the last two equations of motion in (C.5.1).
So we conclude that :

h = L,/(m€?) = sin?0 ¢ (C.5.6)

is a constant of the motion of the spherical pendulum.

Comment: In Lagrangian dynamics one has £ = KE-PE = (1/2)mv?+mécosd with vZ = ﬁz(éz-i- sin®0¢?).
The Euler Lagrange equations dt(&B/aé) = (0£/30) and de(0L[0)) = (0L[Op) produce the last two

equations of (C.5.1). Since ¢ is cyclic (does not appear in £) the second equation says de(0L[0)) = 0
which says d¢L, = 0. The first equation in (C.5.1) does not appear since it is an equation of constraint.

(c) E as another constant of the motion

We have shown in (C.5.6) that ¢ = h/sin®0. If this is substituted into the second equation of (C.5.1) one
obtains

- h%cos0 /sin0 + (g/)sind =0 (C.5.7)
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and we just put this equation on hold for a moment, noting that it is a second-order non-linear ODE.

Another constant of the motion is the total energy E which may be regarded as E = T + V = kinetic energy
+ potential energy (here the zero point of potential is put at the pendulum pivot point),

E= (1/2)mv? - mglcosd = (1/2) m 82(é2+ sin®0¢?) — mgfcosh (C.5.8)

where v2 = 82(é2+ sin0 (T)Z) according to (C.3.7) for v. By rescaling the energy, we can take this constant
of the motion to be (note that E and € could have either sign),

£= 022 +5in20%/2 — (g/)cosd . E=m 3¢ (C.5.9)
Using (C.5.6) to eliminate ¢ gives,

&= 022 + (h?/25in0) — (g/f)cosO
or (C.5.10)

€ =10%2 +Va®)  where Ve(0) = (h%/25in%0) — (g/f)cosd .

Unlike (C.5.7), equation (C.5.10) is a first-order ODE so we prefer it to (C.5.7). In fact, if one multiplies

(C.5.7) by 0 and notes that § § = (1/2) Gt(éz) and does a few easy integrals, one obtains an equation of the
form O¢[stuff] = 0 so then stuff = constant. That "stuff" is the right side of (C.5.10) and we have then

provided an interpretation for the constant (energy) [ 0 isan "integrating factor" for (C.5.7) ].

(d) Exact solution to the Spherical Pendulum (outline)

Equation (C.5.10) is a first order non-linear ODE for 6(t) which we know how to solve:

0 = 2€-2Va(0) )2 = d0= (2€-2V(0))?dt

= dt= (2E-2Ve(0)) /2 dp
boundary condition

— 1(0)= J"Beo W (hz/sinze'l) ——— I/ 1(00)=0500(0) =05 (C.5.11)
Letting z' = cos0', so dz' = -sinf' d6' =-+/1-z'“ dO' one finds
de' _ _dz 1
~[2€ - (h?/5in0") + (2g/E)cosO’ A[1-2% A2€ - (0/[1-27]) + (2g/0)z
dz' dz'

T T\REN22] -0 Qe [127] 262627 - W2 — Qg+ (2g/6) 77
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B 1
A\QYO[ 23 - (Elg) 27 -7 + (Ug) (& h%2)]

(C.5.12)

Therefore

1
\QgO [ 27 - (Elg) 2% - 7' + (Ug) (& h*/2)]

/' z = cosB, zg = cosOg

£(0) = f S

(C.5.13)

— 0 1
_\/Z/(—Zg) f . dx (x-a)(x-b)(x-c)

where a,b,c are the roots of the cubic equation x3 - (&l/g) x2-x + g) (€—h2/2 ) = 0. The dimensionless
integral appearing on the last line can be evaluated in closed form using this indefinite integral,

Int{{({x-a)*{x-b)*(x-c)) " " (-1/2),x),

1
Jx—a)(x-b)(x-¢c)

%

value({ %)

_a+b)/\/ Hb\/ \/ EllipticF \/_ = \/a_

x —-x c—bx +bxc—ax taxctabrz—abe ' (le4)

Here EllipticF is the incomplete elliptic integral of the first kind as was defined in (C.4.13) and (C.4.17),

EllipticF(sin(g),k) = [ " (C.5.15)

| o
U B aRs - ek = ingk) -

There are standard (albeit complicated) formulas for the roots of a cubic. Therefore, we have a closed
form result for t(0) which can then be "inverted" to obtain a solution for 0(t). Then from (C.5.6) we get

=h/sin?(0(t) =  o)=¢o+ h | Otdt' /sin®(0(t")) (C.5.16)

and the problem of the spherical pendulum is completely solved more or less in closed form. The string
tension is then determined by the first equation in (C.5.1). The solution 0(t) is a function of 0y, ¢, g, m and
the two constants of the motion E = m€>€ and L,= mé%h. Somehow it must describe both low-amplitude
pendulum motions (E < 0) as well as violent high-speed over-the-top maneuvers (large E > 0).
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(e) The nature of the general solution for the Spherical Pendulum

Recall (C.5.10) where € is the total scaled energy for the pendulum mass,

E=0%2 +Va©®)  where Ve(0) = (h?/2sin?0) — (g/€)cosh . (C.5.10)

The "effective potential" V¢(0) has the following shape (plotted here for h?/2 = 3 and (g/)=1)

plot(.3/sin(theta)”2 - cos(theta), theta=0.5. . Pi/2?, thickness=2),
0.41
] 30
: 28.
0.34 26 3
] 24
Ve(@) 1 2
021 \ Omin Omax £ —2
] Va(® ]E plotted for0=0ton
[]1 1 12
E 4
4 10.
] 8
—T 63
0 14 o
24 Omin /”//Umax
0.17 002040608 1 12141618 2 22 2426 28 3
theta
(C.5.17)

Since 622 = (€ - Ve(0)) must be positive, one must have V¢(0) < € which is valid only between 6pin and

Omax as shown. These are the "turning points" where 0 = 0. Differentiation of (C.5.10) tells us that,

0=00+Vv.0)0 /I Va'(0) =dVe(0)/d0 = slope of Ve(0)

or

=-VJ(0) . (C.5.18)

At the right turning point the slope V¢'(8) is positive so © < 0 which accelerates the particle to the left. At

the left turning point the slope V'(0) is negative so © > 0 which accelerates the particle to the right. The
particle therefore bounces back and forth between these two turning points in some manner. Thus the
motion of the pendulum is constrained on the spherical surface r = € between two horizontal circles of
angles Opin and Opax and hits both these angles once per "oscillation".

Meanwhile, from (C.5.16) the action in the ¢ dimension of the problem is controlled by

$=hisin?0(1) =  et)=go+ h [ ot dt' /sin(0(t')) (C.5.16) (C.5.19)

so as 0(t) does the oscillation just discussed between Opin and Bpax, O(t) increases as shown in its own
complicated functional manner.
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A quick tour of web animations of the spherical pendulum shows the amazing complexity of the
possible motions. If the string is replaced with a massless stiff rod, over-the-top motions are included.
Some examples (search youtube if these are dead links) :

http://www.youtube.com/watch?v=6hCLKTEN{SA .
http://www.youtube.com/watch?v=VS1dU5HpfOM & feature=relmfu

Both animations demonstrate the Opin < 0 < Opax idea, though it takes a while to see in the first animation.

(f) The Conical Motion solution of the Spherical Pendulum

The spherical pendulum has an obvious simple solution where 6 = 8¢ = constant, so the string motion
traces out a cone. In this case the equations of motion (C.5.1) become

sin®0p ¢? = -(g/f)cosho + T/(mé) '
cosfo $2 = (g/t) 0
=0 . b (C.5.20)

The second equation says ©, = ¢ =4/(g/f)seclp . Since this is a constant, the third equation is satisfied as
well, and then the first says T = mg sec0o. In the small angle limit for 0o, ®, slows down to its smallest
possible value o, = \/g_/é = Q which is the frequency of a small-angle plane pendulum. Conversely, as
we try to achieve Op — m/2, secbp— oo and both m, and tension T become infinite, which seems pretty
reasonable. This solution can of course be obtained by elementary methods as well.

Reader Exercise: For the conical motion solution, d=0s0&= Ve(0) in (C.5.10). How does this fit in with

Fig (C.5.17)? Is the pendulum stuck at a turning point? Are there two conical solutions for any given
energy € ? Can one have a small conical motion with 6 near = ( string = stick)?

(2) The thin ellipse scenario for the Spherical Pendulum

We now return to the general spherical pendulum equations

02 +sin0 $ = -(g/f)cosd + T/(me) £
- sinfcosd ¢ = - (z/€)sind 0
200500+ sind =0 . o (C.5.1) (C.5.21)

In the plane pendulum analysis of Section C.4 we set ¢ = 0 to simplify these equations. However, once
the plane swing path is opened even slightly into a thin elliptical path, the ¢(t) function becomes just as
active as the 0(t) function. For such a thin ellipse, 6 bounces between the Opax and Opin turning points
and Opin will be very small. Roughly speaking, for each full elliptical swing cycle of 6, ¢(t) wraps 2=n
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about the origin, so the functions have similar "frequencies". From (C.5.16) the velocity ¢ = h/sin®(8(t)) is
very uneven and will have large peaks when 0 is near Opin.

It is useful to look at an actual simulation to see the action of the two angle variables. We start by
entering the last two equations in (C.5.21) using Q% = g/e :

restart,; with(plots)

st = sin(theta(t)) ct = cos{theta{(t)})

td = diff(theta(t) t} tdd := diff(theta(t), t, t}
pd = diff(phi(t) , t) pdd = diff(phi(t) , t, t)
eql = tdd - st*ct*pd"2 + Omega” " 2*st = 0,

2

a ) J 2 2 .

egd = | ——a(¢) | —an(9)) cos(B(:)) (— ¢(f.)] + 0 an(B(i=0
{632 ] %

eq? = 2%*ct*td*pd + st*pdd = 0,

3 5} 82
eqd =2 cos(8(¢)) [a 8(;)] (a ¢(i)] + s B2 83—2¢(£) =0

omega = 1 (C.5.22)

Then we set in some initial conditions and create the simulation (numerical solution). Here we start at

0(0) = 90° and some small amount of §(0) = 0.4 which results in an ellipse that is thin but not very thin :

aeqs = {eql,eq?}
funcs = {theta(t),phi(t}}, Digits := 12
Juncs = {8(2), $(¢]1}
inits := { theta(0)=Pi/2,phi(0)=0,D{theta)(0)=0,D(phi)} (0)=0.4};
1
imits = { Q{0 = ETI:, Digy0y= 4, ${0=0,D{a30 =0}
f = dsolve(eqs union inits, funcs,type=numeric,method=gear,output=listprocedure}

odeplot(f, [t,theta(t)],0. .9, numnpoints = 1000},
(C.5.23)

Next we extract the four solution functions of interest which are G(t),(p(t),é(t) and ¢(t) [ see our Maple
User's Guide ],

Theta := subs(f,theta(t))

Phi := subs{(f,phi(t))

Thetad := subs(f,diff(theta(t) t))

Phid := subs(f diff{phi(t}, t)})) (CL524)

We are now ready to make plots:

sl := plot{'Theta(t}) "', t=0..9,y=0..3,color=red)
s2 := plot{'Phi(t)',t=0..9,y=0. .10 color=black)
s3 = plot({ 'Phid(t}"',t=0..9% v=0..10,color=blue)

display(sl,s2,s3});
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10'_

fuell

o 2 T4 T 6

0 =red ¢ = black ¢ = blue (C.5.25)

We see in red the expected 0(t) bouncing between Ogay= /2 and Opin = 0.3. The blue ¢(t) has peaks when
0 is small, as noted above. The black ¢ just winds around to ever-increasing ¢ as the pendulum bob goes
in its elliptical path (not an exact ellipse).

We conjecture that for a thin elliptical orbit, the behavior of the pendulum for small or large Opax is
very similar to what we saw for the plane pendulum in Section C.4. In particular if we set Opax very close

to m, we expect to see the top of the red 6 curve become flat, corresponding to the long hang time
mentioned in that Section. Here we set Opax = 0.995%*x :

inits := { theta(0)=.995%Pi,phi(0}=0,D{theta) {(0)=0,D{phi) {(0)}=0.4},
5
B
41
5]
a 2 4 B 8 1ti3 12 14 16 18 20
0 =red ¢ = black ¢ = blue (C.5.26)

The period of the 6 motion is correspondingly increased.
We have no similar conjecture to make about the ¢(t) behavior of the pendulum!
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(h) The Intrinsic Airy Precession of the Spherical Pendulum

Consider again the two equations of motion.

- sinfcosh ¢ = - Q2 sind 0

2c080 0 &+ sind =0 . o (C.5.21) (C.5.27)
A pair of equivalent equations was noted earlier,

0 - h%cos /sin0 + Q%sind =0 (C.5.7)

o= h/sinz(e(t)) (C.5.6) (C.5.28)

With this second pair, one solves the first for 0(t) and uses that in the second to get ¢(t).

In all these equations the terms are of similar size, so nothing can be neglected in an attempt to make
any approximation for a "thin orbit". For this reason it is difficult to come up with an arm-waving
explanation of the fact that the orbit processes due to the relation between the 6 and ¢ behavior. It turns
out that, when Opax is not too large, for each period of the 6 motion, the azimuth ¢ wraps around a little
less than 27 and this causes the orbit to precess as the pendulum swings (this has nothing to do with Earth
rotation which is turned off). Here we demonstrate this effect using 6(0) = 1 radian and doing mod(¢,2m)
in the plot of ¢:

inits := { theta(0)=1,phi(0)=0,D(theta) (0})=0,D(phi) (0)=0.4},
E-
44
2-
. 2 4 B 5 o 12, 14 1B 18 2 22 24 2%
0 =red mod(p,2m) = black ¢ = blue (C.5.29)

The vertical edge of the black ¢ curve is slipping to the left relative to the red and blue curves.

In his 1851 paper Airy (see Refs.) derived an expression for this "intrinsic apsidal precession rate" of
the spherical pendulum doing thin elliptical orbits which our numerical solution above demonstrates. His
formula is (now called "the Airy precession"),

®airy/Oswing = Tswing/Tairy = (3/8)(ab/6?) = (3/8m)(nab/e?) = (3/8m)(A/E?) . (C.5.30)
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In this approximate formula, a and b are the semimajor and semiminor axes of the narrow ellipse which is
slowly precessing, and € is the length of the string (A = mab is the area of the ellipse). This formula is
most accurate for small oscillations and gets less precise for larger ones, requiring correction terms. The
orbit precesses_in the same direction that the bob rotates around the ellipse (see Fig. (C.8.14) ).

The derivation in Airy's paper is quite involved. An alternate derivation appears in the text of Synge
and Griffith, pp 373-381. The result appears on p 381 in the form 8¢ = (3A/4€%) where 8¢ is the amount
of precession during one full swing of the pendulum. Then it takes N = 6¢/2n swings to get 2w of
precession and so 1/N = 2n/d¢ = (3/87r)(A/€2) in agreement with (C.5.30) above.

We shall return to this precession in the next section and later when we plot orbits in Section C.8.

(1) The Foucault Mode of the Spherical Pendulum

We now turn the Earth's rotation back on and are faced with the full equations of motion from (C.3.9),

02 + sin%0 (T)2 = -(g/€)cosO + T/(mé) + 20 [(cosPsind + sinBcospcosd )sind ¢ + sinPsing 0 ]
0 - sinfcosd ¢2 = - (g/f) sind - 2wsind ¢ (cosPeosd - sinfcosesing)
20080 8 § + sind § =200 (cospcosd - sinfcosesing) . (C.3.9)

We seek a planar-like solution where ®, ¢ and ¢ are all very small. It is still true that ¢ must wind

roughly 2m for each 0 swing, but most of the time (away from the low point) ¢ is very small since the
assumed orbit is nearly planar. The equations then reduce to the following,

62 = -(g/f)cosB + T/(mf) + 2w [sinPsine 0 ]
0 = - (g/f) sind
2cos0 0 o= 200 (cosPcosh - sinBcosesing) . (C.5.31)

The second equation is the standard equation for the general-amplitude plane pendulum. This problem
was exactly solved in Section C.4 for two different initial conditions. Here is one of those solutions,

0(t) = 2 sin"*[ sin(0o/2) sn(Qt + K(sin(00/2)), sin(00/2)) ] 06(0) = 0o é(O) =0 . (C.4.26)
Dividing the third equation of (C.5.31) by 2cos0 gives,

¢ = o (cosp - sinfcosptand) . (C.5.32)

For small oscillations (in 0) we drop the second term to get

¢ = wcosP (C.5.33)
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In our arrangement of the spherical coordinates with 2 pointing down, this indicates a clockwise
precession of the pendulum when it is viewed from above, and so is consistent with our initial Foucault
calculation (C.5) .

(1) Interference between the Airy and Foucault precession

We have found that for small-angle motion of a spherical pendulum on the Earth's surface (magnitudes),

or = 20|cosf] // Foucault precession, ® = rotation rate of the Earth
w1 ~ Q(3/8n)(A/€?) // Intrinsic precession, Q = \/ g/t = pendulum swing frequency

where ® = Q = \/ g/t is the small-angle pendulum frequency. The ratio is then
or/or = QG3/8T)A/E?) | (Qw|cosp|) = (3/16m) (\/ g/l /o) (A/E®) |secp| // dimensionless

= (3/16m)\g A 0> €572 |secp| . (C.5.34)

We would like the intrinsic precession rate to be much less than the Foucault rate so that one can then
ignore the intrinsic effect. To make this ratio small, one of course wants to make the ellipse area A as
small as possible, one wants to stay away from the Earth's equator where f = 7/2 and secp = oo, and one
wants a large € .

This subject gets a good treatment in Schumacher and Tarbet (2009), where the Airy formula appears
as equation (2). These authors propose an electronic device to neutralize the intrinsic precession to allow
for a much shorter string on a Foucault pendulum.

(k) The Foucault Pendulum at the Pantheon in Paris

According to Google Maps

Pantheon
75005 Paris, France

the Pantheon is located at latitude 48.8468 degrees, so = 90-48.8468=41.1532 degrees.

The length of the pendulum is purported to be 67 meters which we assume is the exact distance from
the pivot point to the center of mass of the swinging weight.

Wiki https:/en.wikipedia.org/wiki/Gravity_of Earth says g = 9.81 m/sec? in Paris.

According to https://en.wikipedia.org/wiki/Sidereal time the Earth's sidereal (relative to the stars)
rotation period is 23.9344699 hours.

We now have Maple do a few calculations. First we compute the pendulum period (w used for ®, and
the function evalf means "evaluate to a floating point number") :
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g = 9.81, # Gravity at Paris
g =951
L := 67; # Length of the Pantheon pendulum (m}
Lo=67
wSwing := sgrt{g/L), # swing frequency of the pendulum
Wwaowing = 3826459335
Tswing := evalf(2*Pi/wSwing), # time for one full swing (sec)
Towing = 1642036347 (C.5.35)

The full-cycle period is therefore Tsying = 16.42 seconds. Stopwatch measurements for the first full

swing in this video https://www.youtube.com/watch?v=59phxpjaefA were 16.37, 16.38. 16.36 which
average to 16.37, pretty close. One is never sure that video speeds are reproduced in real time.

Next we compute the Foucault rotation period using ®rouc = ®gartncosp from (C.5.33) or (C.5) :

TEarth := 23.9344699*3600, # Earth rotation period in sec
TEarth = 3616402164
wEarth := evalf(2*Pi/TEarth)},; # Earth angular rotation frequency
wHarth = 00007292115762
lat := 48.8468, # Pantheon latitude {(deqg})
fat =48 8468

colat = 90 - lat, # Pantheon colatitude (polar angle beta in deq)

calat =41.1532
beta = evalf{colat*Pi/180), # colatitude in radians

Bo=_T182588379
wFouc = wEarth*cos(beta), # Foucault angular precession frequency

wHone = .00005420615139

TFouc = evalf(2*Pi/wFouc) /3600; # Foucault full rotation period (hours)
TFRoue = 3178748200
{(TFouc - 31)*60; # minutes over 31 hours

47.248920
(C.5.36)

The period is then 31.787 hours or 31 hours and 47.2 minutes.
The site https://en.wikipedia.org/wiki/List of Foucault pendulums#France claims 31 hours and 50
minutes, but that is probably a calculated and not a measured value. Says m = 28 kg so this pendulum
does not blow around much in the breeze.

Next we estimate the effect of the Airy precession, assuming the swing is about 2 meter long and the
ellipse width is 2 cm (hopefully it is smaller than that). The ratio_Airy is taken from (C.5.30)
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a = 1; # assumed elliptical orbit semi-major axis (m)
a=1

b = evalf(1/100} # assumed elliptical orbit semi-minor axis 1 c¢m (m}

&= 01000000000
ratio Airy := evalf((3/8)*a*b/L"2),; # intrinsic precession ratio

ratio_Airy = 8353753620 10_6

Thiry := (Tswing/ratio Riry} /3600, # intrinsic precession period (hours)

Tliry = 5460074933
ratio := TRiry/TFouc, # ratio of the Airvy/Foucanlt precession periods

ratic = 1717680857
TFouc error := (TFouc/ratio)*60; # plus/minus error in TFouc dne to Riry (min)

THoue error = 1110362797
(C.5.37)

Thus suggests that we get one Airy precession for every 171.76 Foucault precessions. The direction of the
Airy precession depends on which way the ellipse path is traversed. The error induced in the Foucault
period is then about = 11 minutes, assuming the a and b values shown. One would think that with a
careful "burned string" launch of the pendulum, one could get "a" down to maybe 1 mm, which would
reduce the 32 hour period error to + 1 minute.

(6) General Numerical Orbits of the Spherical Pendulum

In Section C.6 below we derive the spherical pendulum equations of motion directly in Cartesian
coordinates and then in Section C.8 we plot various pendulum trajectories in Cartesian space. As long as
one avoids hitting the singular points 6 = 0 and 6 = 7, one can do this directly from the angular equations
of motion as we now show. This method has an advantage over that of Section C.8 in that negative values
of z here are allowed, meaning motion of the pendulum bob in the upper hemisphere is permitted.

The spherical pendulum equations of motion are given in (C.5.1),

02 +sin0 $2 = -(g/f)cosd + T/(me) £
- sinfcosd $2 = - (g/€)sind 0
2080 0 &+ sin0 § =0 o (C.5.1) (C.5.38)

We enter into Maple the last two equations as was shown in (C.5.22), and have dsolve find solutions as in
(C.5.23). Here is an example where we give the pendulum a good kick att =0,

0(0)=0.5 0(0)=0 80)=1.7 $(0)=1.0 (C.5.39)
inits := { theta(0)=.5,phi(0}=0,D{(theta) (0)=1.7 ,D{(phi) (0}=1};
imite = {D{p)0)=1,¢(0)=0,D(0)0)=17,8(0)=.5}
f := dsolve(eqs union inits,6 funcs,type=numeric,method=rkfdb output=listprocedure)

We then extract 0(t) and ¢(t) and plot them : red 0 bounces and black ¢ winds around,
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Theta := subs(f,theta(t))
Phi := subs(f,phi(t})
plot ([ '"Theta(t) ', '"Phi(t) '] ,t=0. .12 ,numpoints = 400, color = [red,black],thickness = 2},

| /\
0 2 1 [ 8 [ 12

0(t) = re(i o(t) = black (C.5.40)

Alternatively, one can plot the trajectory in (0,9) space where 0 bounces and ¢ winds up vertically,

odeplot (£, [theta(t) ,phi(t)}],0. .20, numpoints = 400 ,thickness=2},

Omin 0 Omax (C.5.41)

We then generate Cartesian coordinates (£ = 1),

¥ = (t) -> sin{(Theta(t)}*cos(Phi(t})
¥ := (t) -» sin(Theta(t)}*sin(Phi(t})
Z = (t) -> cos(Theta(t}} (C.5.42)

and plot the trajectory in these coordinates (recall that 2 points down),
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plot (["X(t) ", "Y(t) ", "2(t) '] ,t=0. .12 numpoints = 400, color = [red,black,blue], thickness=2})

1 4
0.5
0.5
0.4
0.24
u ) 10 12
0.2
0.4
0.6
0.5
(C.5.43)
x(t) = red y(t) = black z(t) = blue
. A . . .
We can make a 3D plot of the trajectory as follows (Z axis points down, up is up)
sl = spacecurve(['X(t)', "¥(t)',"Z(t) '],t=0..12 numpoints=500,thickness=2, 6 color=red):
s2? = implicitplot3d{x"2+y"2+z"2 = 1,x=-1..1,y=-1..1,2z=-1..1,scaling=constrained, style=contour):

display(sl,s2)

(C.5.44)
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Solving the first equation in (C.5.38) for T, and usingm =1 kg, =1 m, and g=9.8 m/s?, we can plot the
string tension for the above trajectory,

Thetad := subs({f,diff(theta{t} t))}
Phid := subs(f, diff(phi(t), t)}
T = (t} ->Thetad(t)}"2 + (sin{(Theta{t))}*Phid(t)})}" 2 + (9.8/1)*cos(Theta(t)},

T=t — Thetad()° + sinf @(£)) > Phid(2)° + 9 8 cos(@(2))

plot ('T(t} ", t=0. .12, thickness=2),
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(C.5.45)

Since the string tension goes negative at the three high spots in the motion shown in (C.5.44), the
pendulum must have a massless stick in place of a string in order to realize the trajectories of this
example.

C.6 Equations of Motion for the Foucault Pendulum (Cartesian Coordinates)

We start with the vector equation (C.3.3), which is Newton's Law in non-inertial Frame S,

ma = mgz+T-2moxv . (C.3.3) (C.6.1)
where Z points down. From (C.1.2) o can be written

o =- mocosP ez + wsinpe; = o[- cosp 2 + sinf X] (C.6.2)

SO
—2m @ XV =-2mo [ - cosP 2 + sinP R] x [vxX + vy§ + V22 |

=-2mo [ - cosP(vxy - Vyﬁ) + sinB(Vy% -ve9) ]
=-2mo [ cosBVyﬁ - (cosPvyt sinPvy) § + sinBVyﬁ ]. (C.6.3)

From (C.3.5) the string tension is,
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= -T?=-(TH)XX +y§ +22). // £=\b<2+y2+z2
The three equations of motion from (C.6.1) are then

may = -(T/f)x - 2mocosPvy
may = -(T/f)y +2mo (cosPvxt sinfvy)
ma; = mg - (T/f)z - 2mosinPvy

or

X = -(T/mé)x - 2ccosPy
Y = «(T/mé)y + 20 (cospx+ sinpz)
7= g «(T/mé)z - 2wsinPy .

Eliminate T from the first two equations :

yX = -(T/mé)xy - 2mycospy
xy = «(T/mé)xy + 2mx(cospx+ sinfz)

yX -xV = - 2mycosPy - 20x(cospx+ sinpz) .

Do this again for the first and third equations of (C.6.6) :

zX = -(T/mé)xz - 20zcosPy

xZ = xg -(T/mé)xz - 2oxsinpy
zX -XZ =-xg - 2wzcosPy + 2wxsinfy .

We then have these three equations of interest

1 yX -xy = - 2mycosPy - 20x(cospx+ sinpz)
2 zX - XZ =-xg - 2wy(zcosp - xsinP )

3 x2+y?iz? = 2

Appendix C: Foucault Pendulum

(C.6.4)

(C.6.5)

(C.6.6)

(C.6.7)

(C.6.8)

(C.6.9)

where € is the length of the pendulum string. These are the equations of motion for the Foucault
pendulum in Cartesian coordinates. We can in theory solve for x(t), y(t) and z(t) given some initial
conditions. Once the three equations are solved, we can find the tension T(t) from (say) the first equation

of (C.6.6) :
X = -(T/m)x - 2wcosPy = (T/mé)x = - 2wcospy - X

T = - mé2wcosPy + X)/x .

(C.6.10)
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Small oscillation limit

For very small pendulum swings one has

T=mg = T/mé = (g/f)

x and y are small

z=0 (C.6.11)
In zeroth order the first two equations of (C.6.6) then say (r = ¢ = length of string)

X +(g/x =0

V+(gy =0 = Q=+gl (C.6.12)

and the pendulum swings as x.y ~ sin(Qt) with Q = \/ g/t . To first order we add back the small velocity
terms in (C.6.6) to get

X+ Q2 +20cospy ~ 0

V + 0% -2wcospx =0 . // bottom view (C.6.13)

In our system Z points down, but if it were to point up we could take x—x and y -y as coordinates one
would use when viewing the pendulum from above. The equations are then

X +0% - 2wcosPy = 0

¥ + Q% + 20cospx ~ 0 // top view (C.6.14)
These equations appear in (C.1).
C.7 Verification of the Cartesian equations of motion and string tension

The algebra above is quite complex so we want to be sure that our Cartesian equations of motion are
correct. First, here are the last two angular equations of motion from (C.3.9) with €set tor,

eql © - sin0cos0 ¢ = - (g/r) sinb - 2wsind ¢ (cosPcoshd - sinPcospsing) /lr=2¢
eq2  2cos0 0§+ sind § =200 (cospcosd - sinfcosesing) . (C.2.9) (C.7.1)

Meanwhile, here are the Cartesian equations of motion from (C.6.9) (in reverse order),

eq3 zX - XZ =-xg - 2wy(zcosp - xsinp )

eq2  yX -xV = -20ycospy - 20x(cospx+ sinPz) . (C.6.9) (C.7.2)
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Below we shall show that :
Task (a): eq2 of (C.7.2) = eq2 of (C.7.1)
Task (b): [eq3 + (cosbsing)*eq2] of (C.7.2) = eql of (C.7.1)

That is to say, angular eql of (C.7.1) is a certain linear combination of eq3 and eq2 of (C.7.2). If we can

show Task (a) and Task (b) above, then we have shown that (C.7.2) < (C.7.1), and this then serves as
verification of (C.7.2).

Maple must replace x,y,z and derivatives with r,0,¢ and derivatives. For coordinates and first derivatives,

"
I

r¥*sin(theta(t) })*cos(phi(t)}),

x=remlO(E0 cos{ i)

v = r¥*sin(theta(t))*sin(phi(t)),

y=ran(8(2)) sm($(£))

z := r*cos(theta(t)};
z=rcos{Q(EN
xd = diff(x, t},;
8 3]
xd =roos(8E0) (a 6(5)] cos( @Y — 7 sl S0 sl pl£) (a ¢(.§)]
yd = diff(y,t);
3 _ _ 3
yd =rcos(QE) 58(3) sl Gl + 7 sm{ O£ cos{di)) atb(ﬁ)
zd = diff(=z, t},
3
zd = —r s 855 {— 6(3)]
o (C.7.3)
The second derivatives are messier, but Maple is happy to do the calculations,
> xdd :— diff(x,t, t);
ERRIRY 5°
xdd = —rsn{9(¢)) [a 9(£)J cos( g1 +rcos(8(:)) —29(£) cos( Gl
o
8 _ ] _ ] 2 _ a°
- 2rcos(B()) [6_ 9(0} sin( () [_¢(f)} — 7 sm(B(2)) cos(d(£)) (_ ¢(f)] —rsn(B(2)) sm{p(e)) | — d(¢)
i ot o 832
> oydd = diff(y,t,t);
a ) a2
ydd = —r sin(8(¢)) [5 e(z)J sin(0(2)) + r cos(8(2)) | — 6(e) | sin( (1))
o
a a a 2 82
+2rcos(B(2)) 8_9(3) cos(d(£)) | 7 (e |- rsm(B()) sin(G(e)) | ()| +rsin(B(£)) cos(d(£)) | — $l)
It a o aﬁZ
> zdd = diff(z,t,t),
a2 7
zdd = —r cos(B(t)) (& G(ﬁ)} —ran(B(t)) [—2 9(£)}
a (C.7.4)
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Task (a): Show that eq2 of (C.7.2) = eq2 of (C.7.1)

We enter eq2 of (C.7.2) and do some manipulations, suppressing the output except for the last step :

:2:> ch = cos(beta) sb = sin(beta)

r eq? = yi*wxdd-x*ydd + 2rwkykchd*yd + 2%gkxk (ch*xd+sb*zd) = 0
:::= eq?2a = eq2/(r"2*sin(theta(t)))

> eqZb = expand{eqZa)

> eq2c¢ = -simplifv{eqlb);

2

egle =2 cos(QEN [% B(:)] [% ¢(i)] + s B0 [:;—2 ¢(i)] — 2w cos{ P cos(BlEN [% B(i)]

d
+ 2 sinl 808w cos(d(£)) sinf ) [5 e(z)] =0
. (C.7.5)
We manually transcribe the resulting equation,

2coseé¢) +sind ¢ -2cmcosPcosd 0+ stinecosq)sinﬁé =0
or

2cos9é¢) +sin0 § = 2wmcosPcosd 0- 20)sinecoscpsin[3é
or

2c0s00p + sind § = 2wd(cosPcosd - sindcospsinf) . (C.7.6)
This last equation is a match for eq2 of (C.7.1) so we have accomplished Task (a).

Task (b): _eq3 + (cosOsinp)eq2 of (C.7.2) = eql of (C.7.1)

The code continues from that shown above. Equation eq?2 is already entered, so we now enter eq3, form
the linear combination for eql, then process the results with a series of typical tortuous Maple steps,

> eq3 = z*xdd-x*zdd + x*({gor)*r + 2*wryd*{z*cb-x*sb) = 0 # gor = g/r
> eqg3a = eq3/r"2

> eq3k = expand({eq3a)

> eq3c = collect({eq3b diff(phi(t), t}))

> eql = lhs{eq3c) + lhs{eq2c*cos(theta(t})*sin(phi(t)}):expand(%)

= subs({cos{theta(t)})"2=1-sin(theta(t}) "2, %)  expand(%/cos(phi(t})})
= collect (%, diff(phi(t) t)),

d 2 d
—cos(8(2)) sin(8£)) [a ¢(f)] (2w Sin(8(2)) cos(8(2)) cos(B) — 2 cos($(£)) w sin( (2)) sin( §)) (atb(f)]

82
+sin{ 8¢ gar + —28(3)

o (C.7.7)

We again manually transcribe the resulting equation,

-cosfsind (T)2 + (2wsinBcosBcosp - 2msin26005(psin[3)(f> + sinf(g/r) + 0=0
or
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- cosfsind (f)z = — sinf(g/r) - 2wsinO(cosOcosP - sindcosesinB)P . (C.7.8)
This is a match for eql of (C.7.1) so we have accomplished Task (b).

Tension equation verification

Using the angular equations of motion (C.7.1), we now show that the following two tension expressions
are equivalent (the second is Cartesian (C.6.10) while the first is angular (C.3.9)), where r=¢,

T/mr = 62 + sin%0 (f)z + (g/r)cosO - 2 [(cosPsind + sinPcospcosh )sin® ¢ + sinPsing 0 ]

T/mr = - ocospy + X)/x . (C.7.9)

Our task of showing that the above equations have equal right sides is the same as showing that

x{02 + sin?0 &2 + (g/r)cosd - 2w [(cosPsin0-+sinBcospcosd )sind ¢ + sinfsing O 1} = -(2wcospy + ¥)
or
LHS =RHS . (C.7.10)

We first get the complicated left hand side LHS entered:

[> restart,

[» ot := cos{theta(t)) st := sin(theta(t))
[» c¢p = cos(phi(t)}) sp = sin(phi(t})

[> cb := cos{beta) sb := sin{beta)

[3 td = diff(theta(t) t) pd = diff(phi(t) t)
[

[> LHS := x*{td"2 +st"2%pd"2 +gor*ct-2*u*({cb*st+sb*cp*ct)*st*pd
+sbh*sp*td) ) ;

3 2 58 2
LHS =x 58(3) + s S §¢(£) + gor cos{ Q0EN)

= =)
2w ((COS(B) sin{B(£)) + sinf f) cos($£)) cos(Bi£))) sin(B(£)) (§¢(3)J+ sin( [3) sin{ $(£)) [gG(E)DJ C7.11)

We then compute RHS = -(2wcospy + X),
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> RHS := —(2%w*ch*yd + xdd);
WS ==2wcos(f) (!’ cos(B(£)) [% B(f)J sin( g2 +r sin(B(£)) cos($le)) (% ¢(f)]]

. a 2 82
+ s S0EN ;6(5) cos{${£)) — rcos(B{)) —26(3) cos{( Q)]
ot

2 2 2 2
+2rcos(B(£)) [a e'(f-)} sin($(z)) [a ¢(3)] +rsin(B(£)) cos(H(£)) [a ¢(3)]

82
+ram(B2)) sm($(2)) )| — (2]

ot (C.7.12)

Notice that RHS contains second derivatives 0 and ©. We shall eliminate these derivatives by manually

solving the angular equations of motion (C.7.1) for Tdd = © and Pdd = 0 :

Tdd := st*ct*pd"2 - gor*st - 2*wy*st*pd*(ch*ct-sb*cp¥*st),

Tdd = sm{B(£)) cos(B(2)) (% ¢(£)]2 = gorsn( B — 2w sin(9(2)) [%({J(.ﬁ)} (oos{PB)cos(B)) — s B) cos((£)) sm{ B2
Pdd := (-2*ct*td*pd+2*w*td*(ch*ct-sbh*cp*st) ) /st

a g a
—2 cos(9(£)) (E 9(£)J [5 ¢(£)J +2w [5 B(z)] {cos{ P cos(B(E)) — smi B cos( L)) ain( S0

Fdd = -
sin( B(£})
(C.7.13)

To show that LHS = RHS, we define d = LHS-RHS and show that d = 0:
d := LHS-RHS
dl := subs(diff(theta(t),t,t)=Tdd,diff(phi(t},t, t)=pdd, d)
d?2 = simplify(dl),

@z =0 (C.7.14)
Thus d = 0 and LHS = RHS and the two expressions for T in (C.7.9) are equivalent.
C.8 Numerical solutions of the equations of motion (Cartesian Coordinates)
Our task is to solve the set of equations (C.6.9) (eql now has a new meaning) :
eql X2ty 472 =12 /=€
eq2 yX -xy = -2wycosPy - 20x(cospx + sinpz)
eq3  zX -xZ =-xg -20y(zcosP - xsinf ) . (C.6.9) (C.8.1)

We enter eq2 and eq3 writing derivatives for example as X = xdd :
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xd = diff(x(t) t)} vd = diff(v(t}, t)
xdd = diff(x(t), t, t) yvdd = diff{wy(t) t, t)
ck = cos(beta) sk = sin(beta)
eq? = yi{t)*xdd - x(t)*ydd = -2*wrky(t) *chryd-2*uwrx(t)*(ch*xd+shb*zd)
32 32 & 2 ]
eql =y(i) | —u(t) |—=(l) | —owle) [=-Zwylt)cos(P) | wli) |- Zwale) | cos(p) | —x(£) [+ smi(p)zd
2 2 ¢ 9t
ot 54
eq3d = z(t)* xdd - x(t)*zdd = -x(t)*g-2*wryd*(z(t)*ch-x(t)*sh),
3 3
eqd =zt —2x(3) —x(.ﬁ)zddz—x(i)g—2w(§y(£)] (el cos(PB)—=(&) an( B
ot

(C.8.2)

At this point zd = z and zdd = % are unspecified. We use eql of (C.8.1) to compute Z and Z in terms of x
andy,

z = (t} - sqrt{r"2-x(t)"2-yv(t)" 2},

z=t —>\/r2—x(i)2—y(3)2
zd = diff(=z(t}, t),

a a
-2 x(£) (ax{i)} - 278} (53‘(5)}

1
zd:=5
2 2 2
Af rT w8 - yie)
zdd = diff(=z(t), t, t};

3 8 2 —2(i (z)]2—2 (£} i (£ —2(E (i)J2—2 (£) i (£)
[—2x(z)(§x(z)J—Zy(i)(ay(i)D 1 B : 332X o’ ’ az2y

3 3
H e

zdd = —

Fu | —

2
2 - 502 - y(0)%)
(C.8.3)

When these expressions are installed, eq2 and eq3 becomes these formidable-looking equations which
contain two unknown functions x(t) and y(t) and constants r =¢, f,g and ® = w :

> eq2;

2 2
22 22 3 3 1 SR [—2 x(£) [EX(O]— 2y(8) [EW)D
2y | ) | = =(2) |~ (e | = 2w y(z) cos(B) | Zo¥(e) [~ 2wle) | cos(B) | o) [+

C: o JR - y?

> eq3,
3 =} 2 2[8 (5)]2 2 (z)[az (z)} 2[8 (ﬁ)]z 2 (5)[82 (f.)}
_ LA Z —2|Ee) | - 2x(e) | —o=(e) |- 2| vle) | -2y |
Jﬁ 2° 1[ 2X(ﬁ)[aﬁ, X(ﬁ)J 2y(ﬁ)[6‘zy(i)D 1 o a° 2 2’
[ (EA I F 3] —2x(z) — =) —4— P +5
a H N

2
- x50

k2 {2 2 2
=-u(tlg-2w aﬁy(f) (af r7 —=(e)" —3(e)" cos(P)—=(£) sm{B))

(C.8.4)
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The Foucault Pendulum at the Pantheon in Paris (revisited)

For our first plot, we again consider the Foucault pendulum set up in the Pantheon. The numbers are
discussed above (C.5.35) :

r = 67, # accuracy uncertain

r=67

=
[

23.93447*3600; # sidereal day
T=186164.09200

W = evalf(2*Pi/T),;
w = .000072921157305704
beta = evalf((Pi/180)*(90-48.846285) ), # Pantheon colatitude
o= _71826782617738

g = 9.80943 # Paris 1970 measured (C:SS)

The Maple code to invoke a solution is as follows:

eqs = {eq?, eq3}

funcs = {x(t),v(t)}

inits := {x(0)=1,v(0)=0, D{(x)(0)=0,D(y)(0)=0}: Digits := 14

f := dsolve(egs union inits, funcs,type=numeric method=rkfd5, output=listprocedure)
(C.8.6)

We have initialized the pendulum at x(0) = 1m. Here is a plot of the first few swings,

odeplot (£, [x(t),-v(t)],0. .30, numpoints=1000, axes = boxed, labels =

[x*top, vitop] , thickness=2,6 axes=normal})
(C.8.7)

Notice that the vertical scale is highly magnified, so really these swings are very close to the x axis.
We want to view the orbits from above, not from below. Since the z axis points down, and since we are

viewing from above, we negate the original y axis to get a new y axis appropriate for our plots viewed
from the top. This negation is done in the odeplot call seen above.
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As expected, and as shown earlier in (C.2.1), the Coriolis force deflects each half-swing to the right (as
seen from above).

In order to plot functions like x(t) more generally, we extract our functions of interest from the Maple
dsolve environment as follows,

dt := le-8

X = subs(f, x(t))

d = subs{f,diff{x(t) t))}

Hdd = (t) -> (Xd{t+dt)- Xd(t})/dt
¥ = subs({f,y(t))

¥d := subs{f, diff(vy(t), t)}

¥dd = (t) = (¥d{t+dt)}- ¥d(t))/dt
Z = (t) ->» sgqri(r 2-X(t)"2-¥W{(t)"2)
Zd = (t) -> (Z(t+dt)- Z(t))/dt
Zdd = (t) -> (Zd{(t+dt)- Zd(t})/dt

(C.8.8)

Here functions like X(t) are taken directly from the dsolve listprocedure output structure while

unavailable derivatives such as Xdd = X are manually approximated. For details on how this works and
other information on dsolve (including a debugger's guide), see the author's Maple User Guide. We can

now make a plot of the three functions x(t),x(t) and X(t) for the first swing,

plot ([ "X(t) ", "Ed(t) ", "Xdd(t) "],t=0 17, color =
[red,black,blue] ,numpoints=100,thickness=2}

0.8
0.5
0.4
0.24

0.2
-0.44
0.6
0.8

x =red x = black X = blue (C.8.9)

The shape of red x(t) appears to be sinusoidal as predicted by the small angle model. The black curve

vx(t) = X(t) seems to cross the x axis around 16.4 suggesting that this is the period of the first swing of the
pendulum, in agreement with (C.5.35). We can zoom in on the crossing to get a better view,
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plot{ "Xd(t) ', t=16_420. .16.422, color = [black],numpoints=1000},

0.00016 4
0.00014 4
0.00012 4
0.0001 4
Se-054
Be-05 4
He-054
2e-054

212 164214 164216 16.4218 16427

0
-2e-054
-4e-05 7
He-055
-He-05

-0.0001 4
-0.00012 4

16.4202 164204 164206 16.4208 15.;’421

(C.8.10)
This indicates that the period is about 16.4211 sec.

Foucault Pendulum on a rotating platform

We now stop the Earth's rotation, transport the entire Pantheon to the North Pole (B = 0°) and mount it on
a sturdy platform which rotates once every 77 seconds. We do this just to explore the pendulum orbit
trajectories that might result. With equally-scaled axes we get this Foucault path for a duration of 90.3
seconds,

inits = {x(0)=1,v{(0)=0, D{(x)(0)=0,D{v){(0)=0}
odeplot (£, [x(t),-vw(t}]1,0..90.3 numpoints=1000,6 axes = boxed,6 labels =
[xtop, vtop] , thickness=2, axes=normal, scaling=constrained})

084
0.5

op
A

0806 0482 1 0 5 6 1

-0.6
0.5

1 (C8.11)

Next, when the pendulum is released at x = 1m, it is given a small vy velocity of -0.1 m/s, which means
that vytop = +0.1 m/s :
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inits = {x(0)=1,v(0)}=0, D(x}(0)=0,D{(v)}{0})=-0.1}

-1 (C.8.12)

The sharp cusps of the previous orbit are now smoothed out. Conversely, if we apply vy = +0.1 m/s so
that vytop =-0.1 m/s :

inits = {x(0)=1,v(0)=0, D(x)(0}=0,D{y}(0)=0.1}
0.e
06
0
4
0 *to
08 06 -0 s - a 1|
R

o o o
[ICL o m AT

1 (C.8.13)
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Desktop Spherical Pendulum

Here we set £ = 1 m and turn off the Earth's rotation completely with ® = 0, so our Foucault pendulum
becomes a spherical pendulum. We start it moving with these initial conditions :

inits = {x(0)=0.5,v(0)=0, D(x)(0)=0,D{(yv)(0)=-.3} Digits = 16
f = dsolve({eqs union
inits, funcs, type=numeric method=gear ,ountput=listprocedure}

odeplot (£, [x(t),-v(t)],0. 30, numpoints=500, axes = boxed, labels

[x,v],thickness=1, axes=normal, scaling=constrained) ,

i

A
B

.

\

s e

3

Zice

H
1]

wf.’./;?’;//ﬂ
ey

(C.8.14)

In 30 seconds the orbit precesses as shown, a phenomenon known as the intrinsic apsidal Airy precession
discussed near (C.5.30). The orbit precesses in the same directional sense in which it orbits. This effect

has nothing to do with the Earth's rotation, and turning ® back on makes no visible change in the above
picture.

Reader Exercise:

(1) Construct the above pendulum with 1 meter of thread and a small weight hung from a ceiling lamp

fixture. With x ~ 1/2m start an elliptical motion of the shape shown above. Count the number of swings it
takes for the orbit to precess 90 degrees and compare to the above figure.

If we change the initial position to x(0) = 0.9 to get more swing, here is the orbit out to t = 10:

201



Appendix C: Foucault Pendulum

inits = {x(0)=0.9,yv(0)=0, D{(x}{(0)=0,D(y){0)=-0.3} Digits := 16

f = dsolve(eqs union inits, funcs, type=numeric, 6 method=gear,output=listprocedure)
odeplot (£, [x(t),-v(t)],0..14 numpoints=500, axes = boxed, labels =
[¥,v],thickness=2 6 axes=normal , scaling=constrained)

(C.8.15)
It appears that the higher starting point has increased the precession rate.
Here are some 3D plots of the above solution trajectory :
sl := spacecurve(["X(t) "', '¥(t) ", "Z(t)'],t=0. .14 numpoints=500 thickness=2, 6 color=red)
52 = implicitplot3d{(x"2+y"2+=z"2 =
r"2,¥x=-r..r,y=-Tr..r,z=-Tr..Tr,scaling=constrained, style=contour)
display(sl,s2),

(C.8.16)

In the left image, the camera is looking down from the pivot point of the pendulum so the previous 2D
picture is roughly replicated. Then the camera moves down to lower viewing angles.

We already discussed in (C.5.30) Airy's 1851 formula for the precession of the elliptical orbit,

Oairy/Oswing = Tswing/Tairy = (3/8)(ab/6?) = (3/8m)(nab/e®) = (3/8m)(A/E%) . (C.5.30)
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As noted there, in this approximate formula, a and b are the semimajor and semiminor axes of the narrow
ellipse which is slowly precessing, and € is the length of the string (A = mab is the area of the ellipse). This
formula is most accurate for small oscillations and gets less precise for larger ones, requiring correction
terms. We can apply it to our two examples above.

A tick mark in (C.8.14) is .04m, so staring the picture we can estimate, since £ =1 m,

a=0.50m

b=12.25ticks =2.25 *.04 =0.09 m

1/N = (3/8)*(0.5)*(.09) = .016875000 / Maple

N =59.25925926

N/4 =14.81481482 (C.8.17)

The Airy prediction for Fig (C.8.14) is that there are 14.8 ellipses per quarter turn of the precession. A
count of ellipses in the figure gives about 13.5, fairly close given that these are not really small narrow
ellipse oscillations.

For (C.8.15) the numbers are

a=0.90m

b=2ticks =2 *.04 =0.08 m

1/N = (3/8)*(0.9)*(.08) = .027000000

N =37.03703704

N/4=9.259259260 (C.8.18)

The formula predicts 9.26 ellipses per quarter turn, while Fig (C.8.15) shows about 6.5. We expect

a worse result since this is definitely not a small oscillation. But both results are in the ballpark, and Airy
predicts that the second figure has fewer ellipses per quarter turn than the first figure.
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Appendix D: Center of gravity and torque for a tethered satellite
D.1 Definition of Center of Gravity
The phrase "center of gravity" is often used as a synonym for "center of mass" which complicates

searching for information about the former concept. The "center of mass" of a system of particles is well
known to be

2im;r; 1 .
Yems = girrllil =M Zimirj M=X;m; // discrete
dep r 1
fems = "o T\ depr M=dep // continuous . (D.1.1)
Javp

We use "cms" to mean center of mass even though "com" might be more reasonable. Notice that reps is
measured with respect to the same origin used for the r; or r. For a rigid object, the center of mass is a
definite point that does not move around relative to the object. It is completely determined by the spatial
mass distribution of the object.

The center of gravity is a completely different animal, though it happens to align with the center of
mass for a uniform gravitational field. For that reason one never deals with a distinct center of gravity
concept for human-scale engineering objects on the Earth's surface.

Consider a system of masses mj each of which experiences some force F;. We define

F=3;F; N® =3 (r;-R) x F N =3.r; xF; . (D.1.2)

Here F is the sum of the forces acting on all the masses m;, N® is the total torque on the system with
respect to some arbitrary point R, and N{® is the total torque with respect to the selected origin. An
obvious theorem is that

N® =% (r;-R)x Fs =Zir; x F; - Rx Z;F;

=N©O _RxF (D.1.3)

which shows how the two torques are related. If F = 0, which is often the case, then the torque is the same
with respect to any point.
One characteristic of a center of gravity point reoq is that the total torque on a system measured with

respect to point reog vanishes, so N (Feog) = (). From (D.1.3) we see that this is the same as saying N 0 =

reog X F , 50

N (Feog) = 1= N©@ =y x F Ieog = "center of gravity" . (D.1.4)
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The significance of reog is that it is a point which allows the relation between the total system torque
N (©) and the total system force F to have the same form as N3 = r; x F; for a single point particle. It is
not obvious that such a point reog €xists for some arbitrary system of particles.

So far this notion of "center of gravity" has nothing to do specifically with gravity, but below we shall
add an additional part of the definition which does bring in gravity.

Unlike the center of mass, the center of gravity (if it exists) may not be unique and it generally moves
around in an object as the object changes orientation in an external force field If we dot N 0 - Ieog X F
with the vector F we find

N®eF=0 . (D.1.5)

As shown above, N (© and F are well-defined computable quantities and if N®eF # 0, then reog cannot
possibly exist (because if it did exist one must have N(® e F = 0). So (D.1.5) is a condition for the
existence of reog.

Here is a method for locating reeq, a variation of Symon p 258 which we present in the context of an
asteroid of mass M near the Earth. This description includes the second characteristic of the center of
gravity point which is that it is point at which gravitational action is effectively focused.

One first computes the total gravitational force F = Z;F; due to the Earth (summed over all points in
the asteroid) and one then knows the direction of the sum vector F. One creates a line along F and then
translates that line parallel to F until the line passes through the center of the Earth. The center of gravity
of the asteroid lies on that translated line a distance reog from the center of the Earth where reoq is
determined by,

GMeM/teog? =F = Teog =/GMeM/F

A A
Feog = Teog (-F) F=FF. (D.1.6)

Here is an illustration,

asteroid

calculated

(D.1.7)

205



Appendix D: Center of Gravity

From the Earth's point of view, one could replace the entire asteroid with a point mass M at location reog
and the Earth would feel the same gravitational pull from that point mass as it does from the asteroid.
Furthermore, if the asteroid were in a circular orbit around the Earth keeping its same aspect facing the
Earth (not very likely), then the orbiting characteristics of the asteroid would be the same as for its
replacement point mass, and one would have for example GMEM/rcog2 = szrcog as the balance
between gravitational and centrifugal force. If the asteroid does not rotate or tumbles in some manner, at
any point in its orbit reog Will lie on the orbit shown, but the location of that point within the asteroid
changes so that the new reog computed for a new position and orientation still equals the orbit radius. In
this case the reog position will change relative to the asteroid, whereas the cms point always has the same
position relative to the asteroid. Here we enhance the above drawing by adding another position of the
tumbling asteroid in its orbit,

calculated

(D.1.8)

One implication is that, for any orientation of the asteroid in orbit, there exists a position of the asteroid
such that the total force F will have the same magnitude as at any other position, since reog is the same.

One might wonder what Symon's operational prescription for computing reog has to do with our opening
section about torque. First, for each point in the asteroid we know that r; x F; = 0 (ry tails are at Earth
center) because each rj to mass m; is parallel to the force F; on mass m;. Thus according to (D.1.2) we
have N® = 0. Therefore the condition (D.1.5) that N(®)e F = 0 is trivially satisfied. Then cog €XIStS
and is a vector which satisfies the center of gravity definition (D.1.4) that N 0 reog X F. This equation
is satisfied by Symon's computed reog because reoq is parallel to F, so the equation says 0 = 0. From
(D.1.4) we then see that the N ®eog) = 0 50 Ieog 1S @ point with respect to which the total torque on the
asteroid (due to gravitational force from the Earth) is 0. In this example it ~appens that any point R along
the reog line satisfies N{® = R x F and any such point R therefore is a point of zero total torque N & =

0. But only one point on this line gives the concentration point of the gravitational force such that
GMgM/reog” =F .

206



Appendix D: Center of Gravity

We shall now consider a 2-mass tethered satellite as a relatively simple example where we can
compute the cog point and then watch it move relative to the cms point.

D.2 Center of Gravity for a 2-mass Dumbbell Satellite
To head off a proliferation of primes, we now switch to "swap notation" in which Frame S is the rotating

frame while Frame S' is the fixed inertial frame. Rather than assume an arbitrary dumbbell orientation, we
assume for this section that the dumbbell lies in the plane of paper:

, xl\r Frame S' y |
' (D.2.1)

Frame S' has its origin at the center of the Earth and is assumed fixed relative to the stars.

Frame S has its origin at the center of mass of the satellite as shown.

The orbit of the satellite lies in the plane of paper.

The vector @ describes the angular velocity of the satellite and has nothing to do with Earth's rotation.
Moreover, at t = 0 the axes of both frames lineup: X =%',y=%'and Z=12'.

The two masses m; and my are connected by a massless rigid stick of length s = r;+r2 . Since the masses
are assumed to be unequal, mass myj is restricted to lie on a sphere of radius r; in Frame S', while mass m
lies on a different sphere of radius r2 (to be computed below). For purposes of the drawing, we have m, >
mj so thatr, <rj.
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The polar angle in Frame S of m; (and the stick) is 6. The angles a3 and ay are positive.

Assumption: We will show below that the center of gravity is very close to the center of mass for any
angle 0. For example, if the stick is 10 m long, the distance between these two centers for a low-Earth
orbit is about 3 microns. For this reason, we shall assume that it is the center of mass point rems Which
goes in a circular orbit around the Earth, even though we know from Section D.1 that it is really reoq that
does this. So as the satellite goes around the Earth and 0 varies in time, the point reog moves a very small
amount relative to rems, and we shall just ignore this tiny motion.

The satellite center of mass point then rotates around the Earth at some rate @ = 2n/T. For a low-Earth
orbit, T is on the order of 88 minutes. As the satellite moves in this orbit, Frame S rotates with the
satellite while Frame S' stays fixed relative to the stars. This means that the Frame S axis z' always points
away from the center of the Earth.

One can generalize the discussion for an elliptical orbit, but things are complicated enough for a
circular orbit so we stick with that simplification. In Appendix F we allow the dumbbell to move out of
the plane of paper, but here for simplicity we assume it is in the plane of paper for any 0.

With the above assumption, we may identify rems with b, our usual vector connecting the two Frame
origins, so

b = rcms (D.2.2)
and then from the figure,

b+ rL = l"l
b+ra=r'2. (D.2.3)

The Law of Cosines gives, for the right and left triangles,

r'12 = r12 +b2- 2r1b cos(n-0) = r12 +b%+ 2r1b cosO

r'22 = r22 +b2- 2rob cosO . (D.2.4)
Center of Mass
From (D.1.1) we know that the center of mass of the satellite is given by,

miri+mora

Ycms =m =0 Frame S (D.2.5)

_ mir';tmor's _

My, Frame S' (D.2.6)

'
l.CmS

Due to the constraint of the massless stick one has,
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>
N
Il
1
-
,_.

(D.2.7)
so (D.2.5) says

miry = - mors = mili1 =Mmoly, ra/r1 = mi/my , tr=— 1 . (D.2.8)
Angles
Looking at the right triangles from the center of the Earth to the two dashes lines, one sees that

sina = (r18in0) / r'y = r'ysinoy = risinf

sinap = (r281n0) / 1'7 = I'2sinoz = rpsind . (D.2.9)
The same triangles reveal that

cosay = (b +ricos0)/r'y = r';cosa; =b +ricosd
cosaz = (b - racos0)/r'2 = r'2cos02 =b - roc080 . (D.2.10)

We shall need the following dot products,

! = cos(n/2-01) = sinay

= cos(n/2+a1) = -sinay (D.2.11)

A
10y
A
y

- =>

'2.

ety = cos(atap) = coso COSayp - sinaj sinop
=(r'r'2) Y[ (r'1cosay) (r'2cosaz) - (r'1sinag) (r'2sinay) |
= (r'1r'2)'1[ (b+r1c080) (b - racosf) - (r18in0) (rzsind) | //(D.2.9) and (D.2.10)
= (r'1r'2) "} [b? +b(r1-12)c080 - r1racos?0 - rirpsin?0 |
= (r'1r'2) }[b? +b(r1-r2)cosO - r1r2 | . (D.2.12)

Where is Center of Gravity of the Satellite?

The gravitational forces acting on the two satellite masses due to the Earth are.

F1 =- (GMEml/r'lz) /1\'1 =- (GMEml/r'la) l"l
F = - (GMgmg/r'2?) #'2 = - (GMgma/r'2) r'z (D.2.13)

Note the direction of the "long" vectors r'; and r', in the drawing.
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Following the prescription of Section D.1 for finding the location of the center of gravity, we compute the

total gravitational force on the satellite,
F = - (GMgmi/r'1?) £'1 - (GMgmy/r'2?) ',
= (-GMg) [ (my/r'1?) #'1 + (ma/r'2?) 2] .
Taking components:
Fy=Fe$ = (-GMg) [ (my/r1?) f'ye § + (ma/'2?) £'2e § ]
= (-GME) [(ml/r'lz)sinal - (mz/r’zz) sino |
= (-GMEg) [(ml/r'13) r'isina; — (mz/r’23) r's sina |
= (-GME) [ (m1/r'1®) risin® — (ma/r'2>) r2sind |
= (-GMg) [ (ma/r'1®) r1sin® — (ma/r'2>) r1sinf |
= (-GMg) (myrysind) [ (1/'1%) — (1/r'23) ]
F,=Fe?2 = (-GMg) [ (my/r'1?) P10 2 + (mo/r'p?) £'20 2 ]
= (-GMg) [ (my/r'1®)cosaz + (mz/r'2%)coso ]
= (-GMg) [ (my/r'1>)r'icosar + (ma/r'2*)r'2cos0z ]
= (-GMg) [ (ma/r'1®)( b +r1c0s0) + (ma/r'2>)(b - r2c0s0) ]
= (-GMg) [b {(m1/r's>®) + (m2/r'23)} +cosd { (miry/r's>) - (mara/r'2®) } ]
= (-GMg) [b {(m/r'1®) + (m2/r'23)} +cosd { (miry/r's>) - (mara/r'23) } ]

= (-GMg) [b {(In1/r'13) + (mz/r'23)} + mjyricosd { (1/r'13) - (l/r’23) bl
SO

Fy = (-GMg) (myrysind) [ (1/'1%) - (1/4'2%) ]
F,=(-GMg) [b {(m1/r'1®) + (ma/r'2®)} + mayricosd { (1/r'13) - (1123} ] .

Recall now from (D.1.6) the rule for obtaining reog :

(D.2.14)

//(D.2.11)

//(D.2.9)

//(D.2.8)

//(D.2.11)

//(D.2.10)

// (D.2.8)

(D.2.15)
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GMeM/teog? =F =  Teog =/GMgM/F

Ycog = Tcog ('ﬁ) F=F ﬁ . (D.1.6) (D.2.16)

Just to have a picture, we now add reog to Fig (D.2.1), picking a graphic location for the point which
makes things easy to draw (we don't know yet where it actually lies),
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(D.2.17)

The center of gravity point lies a distance reoq (to be computed) along a line which makes some angle 6

. . Cas A . .
relative to the vertical axis. Since ’fcog = - F, we may write using (D.2.15),

~ _ (1'% — (1h'53)
“Fy/Fe = - (mnasind) 5T ng 0%+ (mgl'p) 1+ mar cos0 [ (Ur1) - (17627)]

tan(o) =

3 3

(mar'2”) + (mar's®) ] +mary cosO [ r'2” - 1'1°]

= - (m1r1sinf) bl (D.2.18)

If the masses are vertically aligned, meaning 6 = 0 or &, then sinf = 0 and we see that d = 0, as expected.

Since for general masses and angle 0 one does not have r'; =r'2, one may conclude:

Fact 1: In general the center of gravity does not lie on the line between the center of the Earth and the
center of mass. (D.2.19)
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Earlier we conjectured that this was the case, and here we see it in our dumbbell satellite example.

Next we wish to compute the distance reoq to the center of gravity. Using (D.2.14) and (D.2.12),
F2= (GMg)? [ (mu/r'1?)? + (ma/r'2?)? + (ma/r'1?) (ma/r'2?) £'1e £'2] //(D.2.14)
= (GMg)? [(m1/r'1?)? + (ma/r'2®)? + (ma/r'13)(m2/r'2?)(r'ur'2) (b +b(r1-r2)cos0 - rarz) ]/ (D.2.12)
= (GMg)? [(m1/r'1%)? + (m2/r'2%)? + (my/r's*)(ma/r'2>)(b? +b(r1-r2)cos0 - r1r2) ]

SO

F = GMg/(m1/r'1?)” + (m2/r'2*)* + 2 (ma/r'y>) (m2/r'2°)(b” + b(r1-r2)cos0 - r112) . (D.2.20)

Then, using M = (m3+m3) and m; = p; M, we find from (D.2.16) that,

leog =+/GMeM/F

T (DT (p2r'2?)? + 2 (/') iuz/r'23)(b2 + b(r1-r2)cosd - rirp) -/ (D-2.21)
r'12 = r12 +b2+ 2r1b cosO
r'22 = r22 +b2- 2rob cosO /l ni =my/M (D.2.4)
which is somewhat more complicated than our expression for reps,
Tems =D . (D.2.2)

We are then led to:

Fact 2: In general the center of gravity does not lie the same distance from the center of the Earth as the
center of mass. (D.2.22)

Quick check on (D.2.21) : If my= 0, then py = 0 and p2 = 1 and the result is reog = 1'2 Which is correct.

Reader Exercise: If the two masses are vertically aligned with 6 = 0, then

(a) Show that: r,=b-1'5 r'1+r'> =2b
rn=r1-b (b2 +b(r1-1r2)c0s0 - r112) =1'11'2 (D.2.23)
1 mj+mp
(b) Show that feog = \/ (na/r'1%) + (ua/r's? B \/(ml/r'lz) + (ma/r'5* (D-2.24)

(c) Show that reog <Tems , Where rems =b = (r'111'2)/2 and py+p=1
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D.3 Dumbbell Satellite Center of Gravity with the Far Approximation: Numerical Examples

A practical tethered satellite is not going to have Earth-scale dimensions so we now make the obvious
assumption that r'1, 1', and b are much larger than r; and ro. We then define smallness parameters,

€1 = (r1/b) (D.2.8)

g2 = (r2/b) = (r2/r1) (r1/b) = (m1/m2)es = (H1/p2)er . (D.3.1)
Then

(b2 + b(ri-r2)cos0 - rirp) = b2 (1 + (e1-g2)cos0 - g1€2) (D.3.2)
so that from (D.2.21),

1

feog = T (ua/f'1®)7 + (n2/r2%)7 + 2 (na/r't®) (2/r'2)b%(1 + (e1-€2)cos0 - e162) 17/ - (D.3.3)
From (D.2.4) we know also that

r'12 =112+ b% + 2r1bcosd =b? [ 1+ 2(r1/b)cosd + (r1/b)?] = b2 [ 1 + 2e1c080 + £12]

r's?2 =12 +b%-2rbcosd =b?[1-— 2(r2/b)cosd + (r2/6)%] = b2 [ 1 — 2e5c080 + £5°]
so then

r's=>b \/ 1 +2g5c080 + 812

r'2=ba/ 1 - 2e2c080 + £5° . (D.3.4)

So far everything is exact, but we shall now expand reoq as a series in our small parameters. Since €2 =
(n1/p2)e1, we replace 2 by this expression so there is then only one small parameter 1. Maple is ready
to carry out this task. We first enter our expressions of interest, using rpl for r'; etc :
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restart,; assume(b>0},

rcog = ({(mul"2/rpl”4d} + (mu2"2/rp274) +
2*p 2% (Ml /rpl 3)* (mu2 /rp2°3)*(1+(el-e2) *cos (theta)- el*e2) )" (-1/4);
1
reog =
4
2 Z 2
1 2 ETpl p2 (1+4(ed —ad)cos(B)—af ed)
4+ 4+2 2 3
i pl el p2
rpl = b*sqrt(l+2*el*cos(theta)+el”2},

i :=b\/1+2ef cos(@)—i—efz

rp? = b*sqrt{l-2*e?*cos(theta)+e2"2),
;2 =b \/1 _ De cos(8) el
e = (ml/mu?2}*el,
1ed
e :=LL—
[T
miz = 1-mul,;
W2 =1-pl (D.3.5)

We then instruct Maple to expand rcog in a power series around €1 = 0 and we ask for the first four terms
of the expansion,

series(rcog,el=0,4): simplifv(%),
2 2 2
Sl (ZcosB) - 10k 1 coa(@) (=5 cea(8)" 4+ 10 cos(B 1+3-6pullsh
b+4_u { 1(+)1 )b 2 Bleos8)( (9 (2) B K1) o +0ter™y
K 1-2ul +pl (D.3.6)

A perhaps unexpected result is that there is no term linear in €3, regardless of the masses. We leave it to
the energetic reader to concoct a theoretical explanation of this fact (not all odd terms vanish, just the first
odd term). Our conclusion then is, to second order in smallness parameter €1,

3 W 3 my
Teog = b[ 1 +Zl_—ul(—3cos29 +1)e1?] =b[1 +Zm—2(—3cos29 +1) 12 ]
3m 2 ry? 31 2 ri’
=b[l+Zm—2(1-3cos 6)32‘] =b[1+ZH(1-3005 9)32‘] /1 (D.2.8)
rir
=b[1+%(1—300526)—;23] . (D.3.7)
Then
3 2, Iil2
rcog-rcms=rcog-bz[z(1-3cos O)V]b (D.3.8)
and
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T, -T 3 I1r
e 2(1-3c0s%0) 7 . (D.3.9)

Fact 3: 1f0 = +54.7°, we get Tcog = 'ems through order 812, since this angle has cosf = 1/\/5 . But the line
to the center of gravity does not in general have 6 = 0 since in general 1'; # r', at this angle. (D.3.10)

Fact 4: If the masses are vertically aligned, meaning 6 = 0 or m, then cos?0 = 1 and we find that

I1r2

112
(1-3)%7 = -

2 - (D.3.11)

YY)

—
g
[
IS (U8}

Since the right side is negative, we have reog < rems and the center of gravity in this case is closer to the
Earth than the center of mass and of course lies on the line to the center of mass.

Fact 5: If the masses are horizontally aligned, meaning 6 = +n/2, then cosf = 0 and we find that
3 3 r1ir:
(1-0)5F =+3% - (D.3.12)

The center of gravity in this case is farther from the Earth than the center of mass. The line to the center
of gravity does not have 6 = 0 unless m; = my.

The above cases show the extremes of the factor (1 - 3 cos20 ) and hence of rcog - T'ems - For a general
angle 0 the result lies between the two limiting cases.

Numerical Examples

From (8.8.6) one has Rg = 6371 km. If we put our satellite in orbit 200 km above the Earth's surface, then
b =6371+200 = 6571 km. A higher orbit of course gives a larger b and a smaller offset between rens and
Teog. We take the maximum displacement between reog and rems from Fact 5 to obtain

feog - T 3 111
| =T (D.3.13)
T'ems 4 b

For a given mass separation (tether length) s =r; +r2 the product riry is maximized when ri1=r, (easy to
show) and this in turn means m; = mjy, so to get the worst case we set r1 =z = s/2 to get

T - Tem 31 .
[T lmax = 77 (/)7 = (3/16)(s/b)” s = stick length = tether length (D.3.14)

Tems

Note the quadratic dependence on the ratio s/b. Regarding the left side of this equation as dr/b, we have
Maple compute dr for three cases:
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dr := b*(3/16)*(s/b)"2;
3 .5'2
dr=——
16 &
B := BE + h,;
b=RE+h
h := 200e3*m;
B = 200000
BE := 63T71le3*m;
RE = 637110 m (D3.15)
s o= 10w, s := 1000*m;  # 1 km s := 50000*m; # 50 km
= 10m g = 1000 52 dr /b,
dr/b dr/b, 5= 50000 2
12 '
4342485107 10 4342485107 10°° 00001085621277
dr; dr. dr.
2853446964 107 m 02853446964 1 71.33617412 s

For a s = 10 m tether length, the max offset is 2.8 microns which we feel pretty comfortable ignoring.
For a s = 1 km tether length, the max offset is 2.8 c¢m, still pretty small.
For a s = 50 km tether length, the max offset is about 70 m. (D.3.16)

Tcog - T.
The quantities | ﬂgﬂ lmax for each case are shown as dr/b : 10*2,107® and 1075,

cms

This justifies our approximation that it is essentially the center of mass point which orbits the Earth, and
the variation between recog and rems is generally relatively small. However, in the last case if one really
deployed a 50 km tether from a small spacecraft, the center of gravity point would lie 70 meters out onto
the tether. (The YES2 satellite in 2007 deployed a 30 km tether, see Chen et al.).

D.4 Dumbbell Satellite Center of Gravity for equal masses and no approximation

(a) Equal Masses and general 0

Recall the general no-approximation results (D.2.18) and (D.2.21),

_ , (1) — (123
tan(®) = - (marasin®) e T3 (maira®) ]+ mars cos0 [ (1/72) - (1)

(D.2.18)

1
Teog ™ T (/M%) + (u2/r'2%)? + 2 (ua/r's?) (u2/r'2”)(b% + b(ri-ra)cosd - rirg) 177°

(D.2.21)

where
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r'12 = r12 +b%+ 2r1b cos6
r's? =122+ b? - 2rab cosh . (D.2.4) (D.4.1)

Setting m; = my (which implies r; =12 = /2 and also 3 = pz = 1/2) gives these simpler forms,

3~ ry3
tan(d) = - (r15inH) b (23 +113) +11 0080 (12> -r'1d)

'\/E r’1r’2

Teog = [r'24 n r'14 n 2r'1r'2(b2 N r12) ]1/4 . (D.4.2)
(b) Equal Masses and 8 = 0 (vertically aligned)
If we further specify that = 0 we get 6 = 0 and moreover,
'y = (b+r1) 'y =(b-11) (D.4.3)
b%= r'12 + r12 -2r'irp = b? - r12 =1'1(r'1-2r1) (D.4.4)
211 2 (btr)(b-11)
fog T+ 1T 2raro (0 - 1a®) T T (b- 1)t (brry) T 204 (b- 1) - 1a®) T
_AR2@GE)b-r)  A2GH)b-r) _ (0%-n®) b (- (b))
N . \/5\/32+_r12 _\W_b\/m

1 - (r1/b)?

O (mb)? (D.4.5)

The exact results are then (equal masses and 6 = 0):

tan(6)=0 = 06=0 (D.4.6)
1 - (r1/b)?

feog = b 1L . //mi=mzand 0 =0 (D.4.7)

A1+ (rl/b)2
We then find that
e rms —b[ @
cog ~lcms T 1+ (r1/b) -
Tcog - Tems 1- (Iﬂl/b)2

T'ems A1+ (rl/b)2 -1 (D.4.8)

217



Appendix D: Center of Gravity

The first term is less than 1, so the right side is negative and thus reog < rems. So in this vertically aligned
case the center of gravity is closer to the Earth than the center of mass.

This figure summarizes our result (with rems - Teog €xaggerated)

‘ N rp =s/2
A ]
‘ - 1 - (r1/b)2
| A RN FTAPST
~—m )
L 4

k‘J Earth center (DA4.9)

Looking back at the force equation (D.2.14), we can confirm result (D.4.7) fairly quickly :
F = - (GMgmi/r'1?) £'1 - (GMgmy/r'2?) £'2 = - [(GMgmy/r'1?) + (GMegma/t'2?) 12 //6=0
F=GMgmy[ (1/r'1?) + (1/r'2?)] = GMgma[r'2? + r'12] / [r'1r'2]? // m1= my
= GMgm [(b-r1)* +(b+12)?] / [(brra)(b-r1)]? =
= GMgm1[2b% + 2r12]/ (b%-11%)? = 2 GMgmy (b2 +112) / (b%-11%)?
= 2 GMgmz b™? (1 + (r1/b)?) / (1-(r1/b)?)?
so from (D.2.16),
Feog =\[GMz(2m1)/F =b (1-(ra/b)?) /[T + (ra/b)? , (D.4.10)
in agreement with (D.4.7).
If we now further assume (r1/b) << 1 then (D.4.7) becomes
Teog = b (1-(r/b)?) (1-(1/2) (ra/b)?) =b[1-(3/2)(ra/b)?] .

- -b
Tcog - Tems _ Tcog . (3/2)(I'1/b)2 (D.4.1 1)

Tems b

in agreement with (D.3.11).
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(c) Equal Masses and 0 = /2 (horizontally aligned)

We start again with (D.4.2) for equal masses,

13— ry3
tan(0) = - (r1sin0) b ('3 +113) +11 080 (r'2° - ')

N2riry (D.4.2)

T'eog = [ r'24 + r'14 + 21"11"2(1)2 - 1'12) ]1/4
r'12 =112+ b% + 2r1b cosd r'2? =12 +b% - 2r2b cos . (D.4.1)

When 0 = /2 we not only have r; = rz but also r'y = r', along with cos® = 0. This at once implies that

tan(d) = 0, and for reog we find
2 =1,2 + b2 - —r2=b2-r,2 — [b2 ) r12] = 2b2 - ;2

,\/5 rv12 ,\/5 rv12 ,\/5 r|12

feog ™ [ 2r T+ 2r 207 - 119 1% T 2t +2r %267 - 1P TP T {4r Bt (R

1 6 13

1 1 I"1
= [z 1 = 12 =\ (D.4.12)
6 2 2,3
\ b +
_ [rbl ]1/4 :[( brl ) ]1/4 =b [l +(r1/b)2 ]3/4 ‘ (D.4.13)

The exact results are then (equal masses and 6 = 7/2)
tan(d) =0

rl
feog = \ [~ = b[l+(u/b)* 14

Teog - Tems = b { [1 + (/b)) ¥4~ 1}

TeeaZlems _ 1y (r/b)2 P4 - 1 (D.4.14)

Tems
Since the first term on the right is greater than 1, we find recog > rems so for the horizontally-aligned
equal-mass satellite the center of gravity is farther from the center of the Earth than the center of mass, in

agreement with our earlier conclusion based on approximation.

This figure summarizes our result (with reog - Tems €xaggerated),
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) ) .m\\ r=s ”
,»‘/. n
m/ ‘mlm
‘L | rcms T'\
b r'y /
. ! _ 1'y3
“ 1 Toog = b [1 + (1-1_.1,}2 ]314 = T
v %)
Y Earth center (D4.15)

We have added in blue a portion of a circle centered at Earth center which passes through the masses. The
point reoqg lies below this circle, as we now verify,

Teog <T'1 ?
I"]_
D ’
rvl3 < r|12 b ?
r's <b ? yes . (D.4.16)

Looking back at the force equations (D.2.15), we can confirm result (D.4.12) very quickly,
F, = -2GMgma(b/r':>) Fy=0

rl
feog =\[GMeQ@m1)F =\ [~ . (D.4.17)

If we now further assume (r1/b) << 1 the result (D.4.13) becomes

feog = b [1+(t1/b)2 /%= b[1+(3/4) (r/b)? ]
SO

Tcog -Tems  Icog -

b 2
== =+ (3A)r/b) (D.4.18)

Tems

in agreement with (D.3.12).
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D.5 Center of Gravity for a single-sphere satellite

For the vertically aligned dumbbell satellite, we found that reog < rems. People argue that this is so
because gravity acts more strongly on the mass closer to the Earth. This argument does not help much,
however, for the horizontally aligned satellite where instead one has reog > rems and neither mass is closer
than the other to the Earth.

One wonders if one can assemble a rigid satellite from a finite number of masses such that these two
opposite effects cancel out, resulting in reog = rems, at least for some orientation of the masses. Could
such a solution be found that works for any orientation of the rigid satellite? We leave these questions to
the reader and return instead to the above "argument".

The argument applied to a sphere gives a wrong answer. One would argue for a spherical satellite that
the near half of the sphere is closer to the Earth (where gravity is stronger) than the far half, so the center
of gravity should be offset toward the Earth from the center of mass. As the reader no doubt knows, a
uniform sphere or spherical shell is in fact a "rigid assembly of masses" for which rcog = rems. So in such
an object, the two effects found for the vertically and horizontally aligned satellites do in fact exactly
cancel out.

Here we demonstrate that reog = rems for a uniform thin shell by two basic methods. Once this is

shown, the result then applies for any symmetric assembly of shells such as a sphere or a thick spherical
shell.

Method A. In electrostatics one of Maxwell's equations says divE = 4np (cgs units). One applies the

integral form of this law J.E o dA = 4n_fp dV = 4nQ to show that the electric field outside a uniform

spherical shell of charge is independent of the radius of the shell and thus is the same as if the charge
were all concentrated at the center of the shell. The argument is that, due to rotational invariance (or

"symmetry"), the direction of the electric field can only be radial, so then fE e dA = E * 47R? and one

then finds that E = Q/R? which is indeed the electric field of a point charge Q at distance R.

The same argument can be applied to a uniform shell of mass so that the gravitational field must be in
the radial direction and is independent of the shell radius R, so the shell acts as a point mass at its center.
If this shell is a satellite then the Earth cannot determine from gravity alone the radius of that satellite, so
one can replace the satellite by a point mass at its center. The Earth never knows, and nothing changes in
the orbit. But for the point mass certainly reog = I'ems , 0 this fact applies as well to any uniform spherical
shell or sphere satellite.

Method B (the ever-popular brute force method). This method is more direct, and is found in high-school
physics texts, though the integral we obtain below is not. The drawing below is upside-down relative to
our earlier drawings, to be more compatible with usual spherical coordinate notation. So the center of the
Earth is now at the top and the center of mass of the satellite is located a distance b from Earth center, as
earlier. This particular satellite is a spherical shell of radius r and very thin thickness dr. The mass of the
shell is then Mghe11 = [(4nr2)dr]p where p is the shell's uniform mass density.
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Mg
Earth center

Quantity dm is a tiny chunk of mass on the spherical shell of radius r with
dm = p(dA)dr = p(r?dQ)dr = p (r*sin6d0de)dr .
The force experienced by this mass dm due to mass Mg is given by
dF = -(GMgdm/r1®)f1 = -(GMg/r1®) dmry .
As usual in spherical coordinates, and as shown in (E.2.6),
r = rsinfcosp X + rsinfsing § + rcosd 2
so then
ri=b+r =-b2+rsinfcosp & + rsindsing § + rcosd 2
= rsinfcose X + rsinBsing § + (-b+ rcosh)Z .
Therefore,
dF = -(GMg/r;>) dm r;
= -(GMg/r1>) dm [rsinfcose & + rsinfsing § + (-b+ rcosf)Z | .

Then,

Appendix D: Center of Gravity

(D.5.1)

(D.5.2)

(D.5.3)

(D.5.4)

(D.5.5)

(D.5.6)
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dFyx = dF e & = -(GMg/r1>) p (r*sin0d0de)dr (rsinfcose)
dFy = dF e § = -(GMg/r1>) p (r*sin0dOde)dr (rsinBsing)
dF, = dF e 2 = -(GMg/r1>) p (r*sin8d0de)dr (-b+rcosb) . (D.5.7)

Now integrate do from 0 to 27 to get the force on a ring of mass of angular width df on the shell at fixed
0. But sine has zero integral over this range and so does cos, so the first two terms integrate to nothing,
while the integral of do in the last line gives 2n. We are left with this resulting force, all in the z direction,

dFring = (GMg/r1%) p (1?%sinfdd 2) dr (b-rcosh) . (D.5.8)

Now integrate over all rings of the shell to get a total force F experienced by the spherical shell satellite,
F=] 07‘ d0 (GMg/r1®) p (r?sin0d6 2m) dr (b-rcosd)

sinf (b-rcos0)
(Z+b2-2rbcost) /2 (D.5.9)

= 2mpGMg r?dr | 0“ do
This is a famous discontinuous integral that we evaluate below, but for now we use Maple. Assuming that
r <b which means the Earth center lies outside the shell, Maple says,
restart,; assume(b>0,r>0,r<b),

Int (sin(theta)*(b-r*cos(theta))/ (b "2+r"2-2*h*r*cos(theta)}))"(3/2),theta=0. .Pi),
T

sinf 8 (& — rocos(8))

g
3
2
0 (bz +r2 —2hroos(@))
value (%) ;
1
2 _
b2
(D.5.10)
where 2/b? is the value of the integral. Thus we have shown that
n sinB (b-rcosb)
F =2npGMg r’dr fo de (Z+b?-2rbcost)>Z 21pGME r2dr (2/b%)
= GMg (4nr?dr)p /b®> = GMgMagpe11 / b?. (D.5.11)

We now use the center of gravity definition from (D.1.6) to find,

Teog =1\ GMgMshe11/F =b (D.5.12)

Since rems = b as well, we conclude that for a spherical shell satellite one has reog = r'ems -
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If the mass center Mg were inside the shell so b <r, Maple gives a different answer ,

restart,; assume(b>0,r>0,r>b),
Int{sin{theta)*(b-r*cos(theta))/ (b "2+r"2-2*b*r*cos(theta)} " (3/2),theta=0. . Pi)

¥

sin(8) (k- roos(Q))

0 (E:n2 +r2 —2brcos(0))
value( %) ;
(D.5.13)

showing that the force experienced by the uniform shell due to a mass Mg inside the shell is zero.

It seems unsportsmanlike not to actual do the integral to see why it is discontinuous at r = b. Here is a
brief tour:

1. Change variables from 0 to r; and look at the endpoints in the new variable,

r12(6=0) = 12 + b%-2rb(1) = (b-r)? = r1(6=0) =|b-1| =«
112(0=n) = r* + b2-2rb(-1) = (b+r)? = ri(6=n) =btr =P

It is the absolute value that causes the discontinuous behavior at b = r, as we shall see.
2. Since r12 =12 + b? - 2rbcosd one has sinfdd = r1drq/(rb) . (D.5.14)
3. The factor (b - rcosd) = (b2-r?+r1%)/(2b), while the denominator of the integral is just ry>.

4. The integral reduces to two elementary power integrals to give

in0 (b-rcosd p B
0= J T 0 apengz = 1050 [ Pam? + [ P 11/ o)

=[ (b-r) {%ﬂ} + (btr) - [bt] ]/ (2rb?). (D.5.15)

For b > r one has |b-r| = b-r and the value comes out
I(r)=[ 2r +2r ]/(2rb?) =2/b% . (D.5.16)

For b <rone has |b-r] =r-b and the value is instead
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I(r)= [-2b +2b]/(2rb?)=0. (D.5.17)
The full result is then
I(r) = (2/b*)H(b-r) // Heaviside function (D.5.18)

which has this appearance,

I(r) (2/b?)

b (D.5.19)

On can argue that I(b) = (1/b%) which is the average of the values at the discontinuity.
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Appendix E: Spherical Coordinate Unit Vectors and Particle Kinematics
E.1 Angle Conventions

Here is our "physics" convention for spherical coordinate angles 6 and ¢ :

(E.1.1)

The reader is advised that the results below are often quoted in the literature with 6«>¢ which is the
"math" convention (eg, Wolfram, left below). Sometimes after doing 6<>¢ some sources replace polar
angle ¢ with latitude 7/2 - ¢ (right below) :

Two spherical angle conventions we do not use.
In the right picture, ¢ and 6 might be longitude and latitude, or right ascension and declination.
If you are in charge of getting a spacecraft to Vulcan, please pay attention to these conventions.
E.2 Matrix Approach

The usual matrices for actively rotating a vector about the x, y, or z axis are these:

1 0 0 cosd O sind cosf -—sin@d 0
Rx(0)= |0 cos@ —sinf Ry(0) = 0 1 0 Rz(0)= | sind cos@ O
0 sin@ cos@ —sin@ 0 cosd 0 0 1

(E.2.1)

. . . ) . A
The Cartesian unit vectors X, §. 2 can be rotated into the spherical unit vectors , 8, § as follows
y p ()
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cosfcosp —sing sinfcose) cos0cose Bot
0 = Rz(9) Ry(0) & cos@sing cosep sin@sing [0 = ( cosOsing ] = 605\1
—sin @ 0 cos & 0 -sinf 6.§
cosfcosp —sing sinfcosp) -sing
® =R,(p)Ry(0)y = | cosfsing cosep sinfsing |[1 | = | cosp ]
—sin@ 0 cos @ 0 0
cosfcosp —sing sinfcosp) sinfcos@
P =R (@) Ry(0) 2 = | cos@sing cosp sinfsing ||0 | = | sinBsing J (E.2.2)
—sin @ 0 cos @ ! cosd

One can interpret the elements of the vectors on the right as dot products as we show on the first line.
Notice that these three vectors on the right are just the columns of the matrix shown, so one can say

cosfcosp —sing sinfcos@
(0 & £)=|cosOsing cosp sinOsing | =R,(g)Ry(0) =R . (E.2.3)
—sin @ 0 cos @
It is then obvious that
Re0 Ko Xef cosfcosp —sing sinfcose
9.6 Yo Yot | = |cosfsing cosp sinfsing | = Rz(9)Ry(0) =R (E.2.4)
Hed 200 Z2ef —sin @ 0 cos
from which one can read off any desired dot product. As verification, consider an example,
Example: § o8 =9 ¢ (®R%) =% ($):(RR): = Z:3(DiR13(R)5 = Ti302:R130815 = Ra1.
Looking at the last equation of (E.2.2) multiplied by r, since r =r ¥ one sees that
X = rsinBcose
y = 1sinfsing
Z = rcosf (E.2.5)

which is the "inverse transformation" associated with spherical coordinates. See Section E.4 below.

The three equations (E.2.2) can be trivially written out as follows (changing to a standard r,0,¢ order)

£ = sinfcosp X +sinbsing § +cosd 2
0 = cosfcosq X + cosfsing § - sind 2
§ =-sing & + cosop ¥ (E.2.6)
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which can be inverted to give

= sinfcos@ * + cosBcos 0 - sing §
= sinBsing T + cosOsing 0+ cosp §
=cosO f -sin0 0 . (E.2.7)

N> <> >

For those not wanting to invert (transpose) the 3x3 matrix R, (E.2.7) can be quickly verified by looking at
the unit vector dot products in (E.2.4). Eq. (E.2.6) can be similarly verified .

The spherical unit vectors are orthogonal due to their construction in (E.2.3).

Example: el =(R2)e(RR) =2 (RRY)=2e% =0
Example: Peft =(R2)e(R2) =2e(RTRE)=%2072 =1

Here R = Rz(¢) Ry(0) has the property RTR =1 since it is a rotation. So
feb=Ped=0ed =0. (E.2.8)

The spatial derivatives of the spherical unit vectors are easy to compute (g means 0%/00 ),

ot =0 Dot =10 Dot = sind §
00 =0 0o =- £ Db = cosd §
O:h =0 B =0 Oph = -sind £ -cos0 O . (E.2.9)

cosfcoso -sinfcos
Example: 960 =0g| cosbsing | —=| -sinfsing | =- .
-sinf -cosf

In Fig (E.1.1) one can see for example that dgt = 0. Often one draws a little triangle to verify an equation
like this:

(E.2.10)
df =dr® ~1*d0 0 =do = det =do = 0 =dp/do = oo .

Time derivatives of the unit vectors are then obtained by the chain rule ( 0+F means d#/dt ),
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Ol = 00 +$sind §
00 =— 0+ cosd
Oed= — hsindf —dcosd B (E.2.11)

Example: 0cf = (0:8) F + (Bof) 0 + (0pF) &= 0+ 00 + sinb § .
Note: If we regard r,0,¢ as coordinates of Frame S, then d¢f = (df/dt)s = Ost as in Section 1.7 and 1.8.

The cross products of the spherical unit vectors follow the right hand rule, so looking at Fig (E.1.1):

£x0=9 Oxp="~ dxt=0 (E.2.12)

The first cross product has ordering r,0,¢ and the last two are cyclic permutations. Here are some other
cross products:

L xT = [sinfcosp T + cosOcosp 0 - sing ] x = - cosBcos § - sing 0

£x0 = [sinOcosp T + cosBcose 0 - sing Q] x 0 = sinfcose § + sing £

£x§ = [sinBcose F + cosOcos 0 - sing §] x § = -sind cose 0+ cosOcoso T (E.2.13)
$x £ =[sindsing £ + cosOsing 6 +cosp §] x = -cosdsing § + cosp O

¥ x 0 = [ sinBsing T + cosOsing 0+ coso §] x 0 = sinBsing § - cose T

§x§ =][sinbsing £ + cosBsing 0+ cos@ O] X § = - sinBsing 0+ sinfsing (E.2.14)
2xt =[cos0?—sin96]x?=sin9$

2x0 =[cos@’f—sin66]x6=cos@(’[\)

2x® =][cosO T -sind 0 ]1x§ =-cosb 0 - sind £ (E.2.15)
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E.3 The motion of a particle in spherical coordinates

The equations below are easily derived from (E.2.11):

r=rt // position (E.3.1)
vV=ve F+ Ve6 + Ve (’f) // velocity

ve=T1

Vg = T é

Ve = I sind (E.3.2)
a=a,t+ aeﬁ +a, § // acceleration

ap= T -10%— r $Z sin0
ag=210+10 - r 2 sind cosd

ap=2%¢sind+210pcosd + rifsind . (E.3.3)
Example: v="F = 0u(rf) =10 +1(0cf) = £ +1[00 + sind §] = i + 100 + rsindf .
Notice that T =V, # a, and similarly for other components.

If for some reason particle motion is restricted to a spherical surface of radius r (such as in our dumbbell

satellite), we can set T = T = 0 in the above equations to get

r=rt // position (E.3.4)
v= Veﬁ + V¢('|\) // velocity is tangent to the sphere : re v=0

Vg = T é

Ve = 1 sind (E.3.5)
a=a,t+ aeﬁ +a, § // acceleration

ap= -10?— r$? sin?0

ag = r0-r (T)2 sinf cosf

apg=2r 0§ cosd + rsind . (E.3.6)

From these equations many other useful results can be obtained, for example,

Pxa =agtx0 +a,Pxd =agh — a,0 (E.3.7)

230



Appendix E: Spherical Unit Vectors and Kinematics

E.4 Curvilinear coordinates approach

Spherical coordinates are defined by the "inverse transformation" on the left below:

inverse transformation transformation
X = rsinfcos@ r= +\/x2+y2+22 0<r<w
y = rsinfsing cosO = z/r 0<0<m -1 <cosf <1
z =rcosb sinf = -+ 1-(z/r) 0<sinfB<1
sing = y/(rsinf) -1 <sinp <1
cos@ = x/(rsinf) 0<¢<2m -1 <cosp<1 (E.4.1)

We quote now a set of results from our 7ensor document which won't be needed but which we include for
completeness. Equation numbers (...)1 refer to that document.

Spherical coordinates are just an example of curvilinear coordinates which fit into a general formalism:

X = (X1, X2, X3 ) = (X,y,2) // x-space coordinates
x'=(x1, X2',x3) = (1,0,0) // x'-space coordinates
x=F1x) o X = rsinfcosp // a non-linear inverse transformation
y = rsinBsing
Z=rcoso . (1.6)r

The linearized transformation local to a point defines certain R and S matrices (the "differentials") :

dx' = R(x) dx Rix(x) = (0x's/0xx) R=87" // dx's = Ry dx
dx = S(x) dx' Six(x) = (Oxi/dxx) S=R7! // dxs = Si3 dx'; . (2.1.6)r

[sinecoscp rcosOcosp -rsinfsing
S:

sinfsing rcosOsing rsinfcose J // compute from above definition of S; 5 (3.4.4)r
cosb -rsinf 0

10 0
g'=S"s = { 0r* 0 J , det(g") =r*sin?0  // metric tensor and its determinant  (5.13.14)¢
0 0 r%sin0
J(1,0,0) = det(S)=+/det(g") = r?sinf . // Jacobian (5.13.16)r
(ds)? =%i3g'15 dx's dx3 = (dr)? +r?(d0)? + r%sin®(dp)®  // distance (5.13.18)¢

Because the metric tensor g' is diagonal, the coordinates r,0.¢ are orthogonal.

Footnote: Above we use the temporary developmental notation of 7Tensor where all indices are down and
covariant objects get an overbar. Some rules for conversion to the Standard Notation are these:
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Eij — gi4 covariant metric tensor
gi3 — g7 contravariant metric tensor
dx'; =Rjj dxy — dx'" =R%j dx’

E.5 Polar Coordinates

Appendix E: Spherical Unit Vectors and Kinematics

Vi — vi covariant vector
vi — V' contravariant vector (dx; — dx*)

Here we use a notation common for two of the cylindrical coordinates (p,,z),

X = pcose

y = psing

A A . A

p =cospX +smey

A . A A

O =-s;me X tcosQy

A A . AN

X =Ccosp p —smng @

A . A A

y =sm@ p +cose @

A A A A .
peX =cosp pey =sme
A A . A A

¢ e X =-sInQ Gey =cosp
A o A

pP=99

2 o A

=-0p

Proof of (E.5.6) :

A
(0]
A
P
P
¢ X
P=Rz(p) &
(/|\) - Rz((p) 3\’

p = dp/dt = d/dt(cosp & +sing §) =-sing ¢ X + cosp §

. ° A . A ° . A A
= -sing @ [cose p —sing O | +cose ¢ [ sing p + cose 0]

o A
00

[
A

0= db/dt = d/dt( -sing X + cosq §) =-cosp ¢ X -sing ¢ §

= -cos@ $[cos@ P —sine O ] - sing & [ sing p + cose 0]

° A
—-0p

(E.5.1)

(E.5.2)

(E.5.3)

(E.5.4)

(E.5.5)

(E.5.6)
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E.6 The Affine Connection

Recall from above the claim that

O =0 Dot =0 OpF =sind §
00 =0 0o =- £ D = cosh
0D =0 96 =0 Dol = -sind £ -cos6 O (E.2.9) (E.6.1)

We wish to put these equations into a more general framework which is an extension of the discussion of
Section E.4.

In the notation of our Tensor document, for an arbitrary curvilinear coordinate system x' the derivatives
of the tangent base vectors (called ey in that document) are written

6’jen = ZiF'ijn €; . (E62)
This just says that the change in a basis vector obtained by moving a small amount in some direction is
(and of course must be) some linear combination of the basis vectors. The coefficients of the linear
combination are known as the affine connection (or Levi-Civita connection) I''°,;p, = I''“pa. The reason
for the primes is that Cartesian coordinates are thought of as x, while curvilinear ones of some particular
type are x'. In Cartesian x-space one has I'°,p = 0 because basis vectors don't vary with position in that

space. Then I'"®4y, is the affine connection in x'-space. For example, as noted in Section E.4, in spherical
coordinates one has

X= (XlaXZaX3) = (X,y,Z)
X' = (X'1,X'2,X'3) = (1,6,0) (E.6.3)

and the inverse transformation (E.2.5) is x = F"}(x'). As shown below, e1(x') = e1(1,0,9) = £ and then as
an example of (E.6.2) we write (for j=2 and n=1, and the linear combination has only one non-zero term):

0'2€1 = Oxyre1 = Dge1(1,0,0) = Do T(r,0,9) = 0 =(l/)ee= (I/)ez =T"2p1e2 =T% €0 . (E.6.4)

The curvilinear unit basis vectors €, are related to the tangent base vectors by en = (1/h'y) en where the

h', = |es| are the so-called scale factors. The derivatives of the €, are then given by :
0580 = 0'5('n Yen) = (@'5h'n Hen + 'y~ (0'5en)
—_ hvn-2 (a'jh'n) en+ hun—l( zir'ijn ei)

—_ hvn-l (a'jh'n) /e\n + hvn-l( Zir'ijn h'i é\:l.)
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= (1/h'n) [Z1 h's T™5,8; — (8'5h'n) €] . (E.6.5)

In Tensor the Cartesian basis vectors of x-space are called u;, but in this document they are called e; so
we need a different symbol e; for the tangent base vectors. In Section 14 we use these e; with 2, as the

unit tangent base vectors, § = (£1,62,63) in place of X' = (x'1,X'2,X'3), and ' = I with no prime since & has

no prime (trying not to confuse I' = 0 of x-space with I # 0 of &-space). In this notation (E.6.5) would
appear as

(084/0¢3) = (1/hy) [5(hsT ¥ 5n83) - (Phn/0E5)En] (E.6.6)

Going back to the Tensor notation, the affine connection for a coordinate system is related to the system's
metric tensor g according to

% =(1/2) gac [ PaBbe + Pb8ea — OcBab] =0 since gi3=08i3 x-space (Cartesian)
"2 = (1/2) gac [PaB'be + O'b8'ca — 0'cB'ab] - x'-space (E.6.7)

For spherical coordinates, one has (using r,0,¢ = 1,2,3 where 0 = polar, ¢ = azimuth)

1 2 3

hy =1 he=r hy = rsin6 // scale factors (h';=hy)

e =1 eg =T 6 ey = 15in0 (’[\) // tangent base vectors (€1 = ey)

e=1 €o = 0 €p=0 // curvilinear unit basis vectors
10 0

— 2 . — .

gap = 0r 0 g'ab = inverse(g'ap) // metric tensor (E.6.8)
0 0 r?sin?0

where for example g'33 = ggp = r%sin?0. For spherical coordinates only 9 of the 27 elements of "%,y are
non-zero (computed from (E.6.7)) :

My=-r ', =T'% =1 // notation example: ', =T
F'133 =-T sin29 F'313 = F'331 =1/r
"33 =-cosOsind [">p3 =T"35=cotd . (E.6.9)

Example done in Section 14 notation with (E.6.6) :

(084/0E3) = (1/hn) [E5(hsl'*3285) - (hn/0E;)en]
(083/0E2) = (1/h3) [Z1(hiT*238;) - (6hs/0E2)83]

(0/80) = (1/rsind) [(hal'32383) - (O[rsin0]/00)83]
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= (1/rsinB) [(rsind * cot® * §) - rcosd * P]
= (1/rsinB) [rcos® § - rcosd §]

=0 (E.6.10)

and with some effort we have verified that 9¢® = 0 as appears in (E.6.1). This fact is of course obvious
just looking at Fig (E.1.1), but things can be less obvious in obscure coordinate systems.

Footnote : To be consistent with the Footnote at the end Section E.4 we really should use 53- to indicate
the derivative in (E.6.2) since it transforms as a covariant vector, but it just adds confusion to do so.
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Appendix F : The Dumbbell (Tethered) satellite as an example of rotating frame analysis
This is a very long appendix so we provide an overview:

Section F.1 lays out kinematic details of the coordinates we use and discusses simple geometric facts of
the satellite. We use the "swap notation" wherein Frame S' is the inertial frame and Frame S is the rotating
frame. The masses m; and my can be equal or different.

Section F.2 computes the angular momentum L (©© of the satellite and its time derivative L‘*’ in rotating
Frame S where the origin of Frame S is used as a reference point.

Section F.3 computes the frue torque N'®) on the satellite due to the Earth's gravitational attraction

acting on the two masses. The resulting torque is computed in inertial Frame S' and has only a ¢
component as shown in (F.3.7). This computation is done in two extra ways to verify the result. In the far
approximation, the expression for N' ®) simplifies to that shown in (F.3.13).

Section F.4 then computes the fictitious torque which appears in rotating Frame S. This torque N 0 iet

is stated in (F.4.11) and has ¢ and 0 components. An interpretation is provided.

Section F.5 then uses "Newton's Angular Law" LO = N® 4 N(O fict to obtain the angular
equations of motion for the satellite as stated in (F.5.7) using the far approximation. Certain special-case
solutions are extracted which demonstrate the notion of in-plane and out-of-plane small-0 libration of the
satellite with frequencies given in (F.5.10) and (F.5.13).

Section F.6 basically starts over working only with forces, not torques. The two angular equations of
motion obtained in Section F.5 are again obtained, and a third equation determines the tension T in the
dumbbell stick. One can interpret this tension T as a tidal force acting on mass m; which is distance ry
from the Frame S center of mass. An equal and opposite tidal force acts on mass my at the other end of
the stick. When the satellite is vertically aligned, one finds T = 3mj o?ry in (F.6.30). The tension T does
not appear in the angular analysis of Section F.5 since T makes no contribution to torque about the Frame
S origin, being aligned with the stick. Tension T is part of the radial force equation (F.6.19) of Section
F.6, but there is no radial equation in Section F.5. There the stick is regarded just as a constraint, and it is
typical for the forces of constraint not to be determined in the simplest analysis.

Section F.7 provides some Maple numerical solutions of the far-approximation 6,¢ equations of motion
of the satellite stated in (F.5.7). The two libration modes are verified, and a more general case is

examined.

Section F.8 reworks the satellite force analysis entirely in Cartesian coordinates. The equations of motion
for the variables x,y,z are shown in (F.8.15) with tension T provided by (F.8.20).

Section F.9 shows that the x,y,z equations of motion of Section F.8 are entirely equivalent to the 0,¢
equations of motion of Section F.5.
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Section F.10 examines various numerical solutions for the dumbbell satellite, working now in Cartesian
coordinates. The libration modes are again examined, and a more general solution is studied. There is no
"conical solution".

F.1 Kinematics of the satellite in rotating Frame S
As with Appendix D, this section uses the "swap notation" described in the Summary for Section 1 where
the rotating frame is Frame S and the non-rotating frame is Frame S'. This is done to reduce the number of

primes since most activity will be in the rotating satellite Frame S.

We now place the dumbbell satellite in a more general orientation than it was in Appendix D :

Vi1
z
m1
ry
0
Frame S y
o A
o —
'(_6\‘;{&8 2 ® T
52 x - m2 P2 :
V2
l"'g b I ‘1
e F =,
Q(’\P’ FE Z' J 1 \
/ b
Frame S' \
|I (0] ME ' II
II y {
X (F.1.1)

Description of the Figure

Half the battle is having a clear picture of what is going on and we shall expend many words to describe
the above drawing. It shows the dumbbell satellite in orbit in a completely arbitrary orientation. The two
masses mj and my are connected by a massless stick (not shown) of length r1+r2 = s . If we find that this
stick is always in tension for some situation, we can replace it in that situation with a non-stretching
massless tether. If the stick were to go into compression, the replacement tether would lose its linear
shape and we don't want to deal with that problem. As shown much later in Section F.10, the stick is
always in tension for normal situations.

The gray-filled triangle is a part of the plane ¢ = constant which has normal vector §. This plane is
not in the plane of paper. The fill region contains two non-right triangles shown in blue and red. The red
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triangle is on the viewer's side of paper, while the blue one lies behind the paper. Each of these triangles
contains the vector b as an edge.

Frame S' is an inertial frame whose center is the center of the Earth and which is assumed fixed with
respect to the stars.

Frame S is a non-inertial frame whose center is located at the satellite center of mass point. We make
the assumption discussed above (D.2.2) that we can ignore the tiny offset between the center of mass and
center of gravity of the satellite, so we then regard the Frame S origin as travelling in a circular orbit
around the Earth. Recall from (D.3.16) that this offset is about 3 microns for s = 10 meters.

At time t = 0 shown in the figure, the axes of both Frames align with each other. At any time, axes y,z
and y',z' are in the plane of paper. The unit vector Z always points from the center of the Earth to the
origin of Frame S. so b = b2 at any time. The axes x,x' always point directly out of the plane of paper so &
¢

The orbital rotation vector @ = ®X also points out of the plane of paper and recall that ® = 27/T where
T is about 88 minutes for a low-Earth orbit. We have in mind an orbit at any altitude, but we do assume a
circular orbit.

The circled dot at the bottom is the center of the Earth (mass Mg) and we have drawn the Earth
surface in green. The blue circle is the orbit of the center of mass of the satellite (the Frame S origin) and
it lies in the plane of paper. Note that  is for the orbit and has nothing whatsoever to do with the rotation
of the Earth. The above picture is the same whether or not the Earth rotates at its 24 hour wg rate about

some obscure &g axis (not shown).

One could try to treat the satellite as a reduced-mass single-particle system as is done for planetary
orbits, but even if possible this would obscure details we want to be visible. We really have here a 3-body
problem where the three bodies are point masses, but there is a constraint (the stick), so perhaps it is a 2
1/2-body problem. If the dumbbell were treated as a rigid object, it is then a 2-body problem where one
body is not a point mass.

Naming of coordinates

In Frame S mass mj has spherical coordinates (r1,01,91) while mass m, has coordinates (r2,02,¢2). The
reader is now forewarned about our upcoming slipshod notation. We define (6,9) = (01,91). Thus Fig
(F.1.1) shows 0,0 and not 01,¢1. The three unit vectors of spherical coordinates for mass m; will always

be called *, 6, (’ﬁ and never £1, 61, (’[\)1.

These spherical coordinates are in the "physics" convention: angle 0 is the polar angle down from the
"vertical" z axis, @ is the azimuthal angle measured from the x axis toward the y axis. See Appendix E.1
regarding conventions.

Because r; and rz are collinear, we know that 0, = w -6 and ¢ = ® + @. Since the Frame S origin is
the center of mass, we also know that r, = (m1/mg)ri. Our strategy is to avoid the subscript-2 coordinates
whenever possible and express everything in terms of the mass m; coordinates (r1,0,9).

. . A A
The mass myz unit vectors are related to the my unit vectors by f,=-1%, 8,=+0, and (’[\)2 =- (’[5
Each unit vector points toward increasing parameter value for its associated mass. To see these last
relations, it helps to stare at Fig (F.1.1) and think of the gray triangle as being in the plane of paper. We

shall only make use of §2 = - § below. See Appendix E regarding the unit vectors ¥, 0 and 9.
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To summarize :

r1 = [X1,y1,Z1] = (11,0,0) = coordinates of mass mj velocity = v
r2 = [X2,y2,Z2] = (r2,02,02) = coordinates of mass mj velocity = v,
0, = -0 02 = @+ 12 = (m1/my) r1 £, =-11 =-¢. (F.1.2)

In Frame S mass m; is constrained to lie on a sphere of radius r1, while mass my is constrained to lie on a
sphere of radius rz. The picture assumes m; < my so r1 > rz. I[f m; lies at a point on its sphere, m, lies on
the inverse point but on its sphere, as the spherical coordinates above show. If the masses are the same,
the two spheres coincide.

Due to these constraints on the vectors ry and r», the corresponding velocity vectors v and vz of the
two masses must be tangential to their respective spheres. Thus, for example, for mass m; we can write

A
Vi=vie 0 +vie (’|\) , whereas ri=rt. (F.1.3)

Some Basic Kinematic Facts

The internal angles of the red triangle are B1, o1 and n-0 at the Frame S origin. Thus we know from a Law
of Cosines that

r'1? =b% + 112 - 2brycos(n-0) = b? +r;2 + 2bricosd .
The internal angles of the blue triangle are 2, ap and 0 at the Frame S origin. Thus,
r's? = b? + 152 - 2brpcosh .

The three Laws of Sines for the two triangles tells us that

sinfy  sinoi  sin(n-0)  sinf
- = — = —

b r1 I I // red triangle
sin sino. i
sz - 2= Sl?e . // blue triangle
r2 T2

Looking at the drawing it is clear that b+ r; =r'y and b +ra =r3', so one can write
l"z-l‘2=l"1-l‘1 =b .

Recall the center of mass condition from (D.2.8) that

—->
-

miri = - mpro = mjr;p =morz, I‘2/I‘1 = m1/m2 , 2=— (D.2.8)
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Applying the Frame S time derivative Os gives similar results for r — v and r — a, see below (velocity
and acceleration).

Summary:
r'12 = b2+ r12 + 2brycos6 (F.1.4)
r'22 =b%+ r22 - 2bracos6 (F.1.5)
nh Siillal - S // red triangle (F.1.6)
Si?f 2 - Si?,jz - Sifle // blue triangle (F.1.7)
r's-r>=r'1-r1=>b ris=b+r; rs=b+r;, (F.1.8)
mir; = - mors = miri; = mMoly , ra2/r1 = mi/mso , t=— 1 (F.1.9)
mivi = - MaVa = mivi = myvap, va/vi =mi/my , Vo=— %1 (F.1.10)
mia; = - Moay = mia; = moay , as/a; = mi/my , A,=— A, (F.1.11)

F.2 Angular momentum of the satellite and its time derivative in Frame S

Our upcoming path is to obtain the equations of motion for the satellite in terms of 0, ¢ coordinates. As a
demonstration of the method of Section 11.3 we shall do this first using Newton's rotational second law
with fictitious torques. Later in Section F.6 we will do this again using Newton's linear second law with
fictitious forces as a demonstration of the method of Section 8.1.

For angular momentum (and later torque) we take our reference point to be ¢ = 0 in Frame S (the origin)
and thus ¢' = b in Frame S'. Then (we show all detail in this first calculation),

L(O) SriXp1rtr2Xp2 = mp rp Xvy+mp raXvy // dim=ML2/T
= miri X vi + mp[-(m1/mz)ri] x [-(m1/mgz)vq] // (F.1.9) and (F.110)
= miri; X v1 + [miri] x [(Inl/mz)V]_] = ml{ ri Xvy + (ml/mz) ri Xviy }

ma[ 1 +(m1/mz) ] ry x vi =my[ (mztmy)/mz ] r1 x vq
=(m1/mz) M ri x vi =(mi/mz) Mry £ x \41 // M = mp+my (F.2.1)

= (my/mp) My £ X (v1eD +vie®) = (ma/ma) Mry [vie £x 0 +vip £ x$] //(F.13)
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= (ml/mz) M I (V19 (/|} — Vip 6) // (E212)

= (my/m) M2 (0§ — $sind 0) . // (E.3.5) dim=ML?/T v
The dumbbell has no angular momentum around the * axis which seems very reasonable since it consists
of two point masses aligned with #. (A real tethered satellite has non-point masses and one could imagine

undesired torsion oscillation being a problem.)

Taking a Os time derivative gives the rate of change of angular momentum in Frame S (all variables here
are the "natural" ones in Frame S ),

L = 8g{ (my/m)M ryx vy} /I (F.2.1)
= (m1/mz) M (vi X vy +rixas)
= (my/mp) Mry (fx21) = (my/mp) Mry £x[agf+agh +a, 6] // (E.3.6)

= (my/mz) Mry [ag § - a ) ] // (E.2.12) and then (E.3.6) for next line

= (my/mz) Mr12 [ (0- $2 sinf cos0) & — (20 & cosd + $sin0) 8 .

Here are the conclusions so far:
L = (my/m)Mr:2 (0 — &sind 0) (F.2.2)

L9 = (my/mp) Mr1? [ (8- $2 sind cos0) & — (20 $ cosd + $sin0) 8 ] . (F.2.3)

One obvious statement can be made looking at these equations: there is no angular momentum about the

A . . . .
T axis and this vanishing angular momentum never changes.

The equation of motion for the satellite within Frame S is given by (11.3.4), but converted to swap
notation,

N@ ge = LO | (11.3.4)s (F.2.4)

Our next task then is to compute the total effective torque on the satellite in Frame S which from (11.3.5)
is (again converted to swap notation),

NO e =N'® 4+ NO L, (11.3.5)s (F.2.5)
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Here N'™® is the Frame S' torque on the satellite relative to point b in Frame S', and N(® fict 18 the
fictitious torque that arises because Frame S is a rotating frame of reference.
F.3 The torque on the Dumbbell Satellite in Frame S'
The torque (in Frame S") of the Earth on the satellite (relative to the Frame S origin) is given by

N'® = xFy+rax Fa //dim=L3>M/T (F.3.1)
where all four of these vectors are shown in Fig (F.1.1). Recall from (D.2.13) that

F]_ = - (GMED’I]_/I"]_Z) /lhl = - (GMEm]_/I"l ) l"1 Fl = |F1| = (GMEm]_/I"]_Z)
Fz = - (GMgma/r'2?) £'2 = - (GMgma/r'2>) r'; Fy = [F2| = (GMgmy/r'2?) . (F.3.2)

// The stick tension T exerts no torque on the satellite masses since T is collinear with r; and rs.

Therefore,
ris X F1 =I1X [ - (GMEml/r'13) l"1 ] =- (GMEml/r'13) rL X l"l
r2x F2 = rp x [ - (GMema/r'2®) r'z ] =- (GMgma/r'23) ra x r's . (F.3.3)

Using (F.1.8) we evaluate the cross products making use of the first line of (E.2.15) for t x 2 ,

rixr'i=rix(b+ry) = rixb =r;b x2 =r1b (-sind ) = -r1bsin0 ¢

r2xr'2=rax(b+rz) = raxb =[] x [b2] = -r2b? x 2 = -rob(-sind §) = robsind § . (F.3.4)
Then inserting (F.3.4) into (F.3.3),

r1 xF1= (GMgmi/r'1®) r1b sinf (F.3.5)

r2 x F2 = - (GMgma/r'2>) rabsind §

= - (GMgmy/r'2>) r1bsind §. // (F.1.9) (F.3.6)

Thus the Earth's torque on the satellite in Frame S' s,

N'®) = r x Fy +r2 x F2 = (GMgmy/r'1>) r1b sind § - (GMgmy/r'2>) r1bsind §

= (GMgmybrisind) [1/r'13 - 1/r'23] § . (F.3.7)
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Note that this equation uses r1 and rz and not r'; and r'; because the torque reference point is point b.

We can confirm the two torque contributions by computing them geometrically from Fig (F.1.1) using
these right-hand-rule helper drawings:

¢ (points away from viewer)

T[-f)l

(F.3.8)

Then:
r1 x F1 = r1F; sin(w-P1) (’ﬁ = rlFlsinﬁl(’[\) = r1F1(bsinb/r'1) (’[\) // (F.1.6) then (F.3.2)
= r1(GMgm;y/r'1%)(bsind/r'y) § = (GMgma/r'1®) r1bsin® § // agrees with (F.3.5)
r2 x F2 = 1oF sin(n-B2) §2 = 12F7 sinPz §2 = r2F2 sinBz [ -0 ]

= 1oF5 (bsin®/t'2) [ -§ ] = r2(GMgma/r'2?) (bsind/r'2) [ -6 ] // (F.1.7) and (F.3.2)

r1(GMzma/r'2?) (bsin®/r') [ -6 ] // (F.1.9)

- (GMEml/r'zs) r1bsin® § // agrees with (F.3.6)

where we have used the fact that §2=- ¢1=- ¢ .
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There is a third way to compute the above torque, based on the torque theorem (D.1.3) which says that
N® = N _R x F . In our current context of working in Frame S' this reads

N'® = N'©O _pxF. (F.3.9)
The torque N'(® relative to the Frame S' origin is exactly 0

N (0 =r'xF;+r'2 xF,=0+0=0
since r'y is collinear with F1 and r's is collinear with F2 as shown in Fig (F.1.1). We should include the

stick tension/compression T, but (r'y -r'2) X T =(r1-r2) x T =0-0=0so T can be ignored. Thus we
find from (F.3.9) that

N'®) = _px (Fi+F2)= -bx[-(GMgmi/r'13) r'y - (GMgma/r'23) r'2 |

(GMgm1/r'1®) b xr'y +(GMgma/t'23) b x r'2

(GMEI’I]]_/I"13) (l"l-l’l) X I"l + (GMEmz/I"23) (1’2' - 1’2) X I"2 // (F18)

- (GMEml/r'13) r; X r'1 - (GMEmz/r'23) rs X r'z

- (GMEml/r'13)[-r1bsin9 9] - (GMEmz/r'23) [ r2bsin® ] // (F.3.4) then (F.1.9)

(GMgm;brysin®) [1/r'13 - 1/r'23] § (F.3.10)

in agreement with (F.3.7).

Here are some quick checks on (F.3.10) :

o [f the satellite is vertically aligned, 6 = 0,r, then sin6=0 and N' ) = as expected (no moment arms).
o [f the satellite is horizontally aligned and m;=mz, thenr'y =r' so N' ®) - (balanced moment arms).

o [f my> mj, then rp<r; so for horizontal alignment one has 1'2<r'; so [ (1/r'13) - (11'23) 1 < 0. Then if my
is on the right, we have 6 = /2 and sinf = 1 and then (F.3.10) has N®) = ~(positive)$. But for this

orientation § = 1 = - & so N®) = (positive)} :
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0=mn2

(F3.11)

In this case the lever arms balance in the sense that moro = msri, but my is closer to Earth center so it

feels the stronger force and so we expect N'®) = (positive)X .

Far Approximation

If we now assume as before that r1',r'2,b >> ry, 1o we can approximate [ (1/r1") - (1/r'2) ] by adding on to
the Maple code shown in (D.3.5) to get

f = (1/rpl)"3 - (1/xp2)"3
serjes(f,el=0,3): simplifvy(%),
cos(8) 31-2pl = 5 cost©)° + 10 cos(81° 1l
o2

_ 1%+ 0(el”)

82 (<14 pu1) o2+ w?

where recall el = €1 = (r1/b). This time there is a leading linear term in €; so

0
(1r3) - (153 ~ 3 E% (t1/b) = - 3r1c0s6/ (uzb?) . (F.3.12)
Installing this result into (F.3.7) gives

N'®) = GMgm;b rysind [ (1/r'13) - (1/r'2>)] § (F.3.7)

- GMgm3b rysind ( 3ricosd/ (uzb*) ) &

u

- 3GMg(m1/p2) b >r12sinfcos® § . (F.3.13)
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To this order of approximation, the torque N (®) yanishes when the satellite is horizontally aligned as well
as when it is vertically aligned, and this is due to r1' = r'z in the horizontal case.

F.4 The fictitious torque on the satellite in Frame S

Recall the general fictitious torque expression given in (11.3.10), acting on a single particle of mass m,

N e =-(r'-c')x[m.ﬁs+mo)x((oxr-) +2moXxvV+moxr- |

+m@ +oxer+hg)x (V+oxr-+bg)— m¥xv' . (11.3.10)

Converted to swap notation this says,

N©® i =-(r-c)x[m.ﬁs-+mmx(mxr) +2moOXV+moxr]

+m@+oxe+bg)x(vioxr+bg)- méxv . (11.3.10)s (F.4.1)
Here o is the angular rotation rate of the satellite about the Earth.

Our application has the torque center at ¢ = 0 (and ¢' = b) so this simplifies somewhat to

N =-mrx[bs tox(@xr) +2oxv+dxr] + bs: x (mv+ox[mr]) . (F.4.2)
frame centrifugal Coriolis Euler

Recall from (8.1.8) that the square bracket in the above is - Fgict/m so we can trace the origin of the
terms.

Now write (F.4.2) separately for each of the two masses of the satellite :

N(O)f,]_ =—m1r1x[.ﬁs- +ox(@xr)+t20oxvi+oxry] + f)s- X (myvy + ® x[mzri])

N(O)f’Z =-m2r2x[.ﬁsv +ox(@xr)+20xv+oOxry] + l.)s- X (mave + @ x [marz]). (F.4.3)

In the second line, use (F.1.9) to replace mpry = - myry and (F.1.10) to replace maovy =-mavy :

NGO, =+mir x[bs O X (@ XTr2) F20 X V2 + ® xr2] + bg X (-m1vi + o x [-mir1]). (F.4.4)

Next, add the two torques to get the total fictitious torque on the satellite seen in Frame S,
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N(O)fict:N(O)f,l JrN(o)f,z

o0 L]
-mirix[bsr tox(@xr)+20xvi+®xri] + bs x ( myvy + @ Xx[myri])

+mirix[bs O X (@xr2) F20x V2 + @ xr2] + bs X (-m1vy + © X [-m1ri])

-mur X { ox(®@x[ri-r2])+ 20 x [vi-va] + @ x [ri-rz]}
centrifugal Coriolis Euler

_ L SN LU Y L

=-mr x{ ox(®x[rp -~ ri)) o X[vy rnzV1] 0 X[r; -~ ri] }
m]_ o

= -m1(1+m—2)r1x{ ox(wxry))+ 20xvi+ ©OXxry}

m o
—m—;Mrlx{mx(coxrl)Jr 20xXVvi+ Oxry }. (F.4.5)

All terms involving f)s- and .ﬁsv have cancelled out. For the Earth orbit we have @ =0 and ® = ®X.

Now consider this vector identity:

Cx[Ax(AxC)]=Cx[(AeC)A-A%C]| =(AeC)Cx A=— (AeC)Ax C. (F.4.6)
Then
rix[ox(®xry)] =- (oery) (®xr1)
=- 02 (ReP)(&x 1) // use (E.2.4) for & o £ and (E.2.13) for & x £

- 0°1r,? ('sinfcos )(- cosBcosp § - sing 0 )

w?r,? sinfcos@ (cosBcosp § + sing 0 ) . (F.4.7)

Next, the Coriolis term in (F.4.5) involves,

ri X (mxvy) = (rievi)m - (rye®)vy //Ax (BxC) =(AeC)B - (AeB)C . (F.4.8)
But v; is tangent to the radius-r; sphere to which mj is constrained, so (rievi) =0. Then

r1 X (@ X vi) = - (rie®)vy = - r1o (feX)vy =- 110 sinfcose vy . (F.4.9)

We now have this somewhat complicated expression for N@ g; ¢

247



Appendix F: The Dumbbell Satellite

N(O)fict: -(my/ma)Mri X[ ox(@xry)+20 X vy |

-(m1/mayM {rix[ox(®xry)] +2rix(®@xvy)}

- (my/m2)M { @?r1? sinfcose [ cosBcos P + sing 0 ] -2ri® sinBcoso vi } (F.4.10)
centrifugal Coriolis
Now using (E.3.5),

V1 = Vleé +V1q,(/|\) =TI éé +1r1 sinO(T)(’[\) (E.3.5)

we then have,
centrifugal Coriolis

N fice= - (ml/mz)M{mzrlzsinBCOS(p [cosBcosp § + sing 6] - 2r10 sinfcose (rlé 0+ r1sind o §)}

- (m1/m2)M { (0°r1? sinfcosgsing - 2r120)sin9coscpé) 0

+ (cozrl2 sinBcos@ cosbcosp - 2r12cosin9cos¢sin6(7) Y§ )

- (m1/my)M { wr1? sind coso (wsing —Zé) 0 +mr125inecoscp (o cos0 cosg - 2sind §) § }

= - (m1/mz)Mor1 *sinfcose [ (wsing -26) 0+ (© cosO cos@ - 2sin® ¢) P | . (F.4.11)

How might one interpret this simple result?

We examine the pieces of N ice= 0 as they appear in (F.4.11). Terms involving velocities 0 and o
arise from the Coriolis term, the other terms come from the centrifugal term.

(a) the "frame effects" due to the motion of b (f)sv and .ﬁsv) are equal and opposite for the two masses
because the origin of Frame S is at the center of mass causing marz = - msri, as shown in (F.1.9).

(b) within Frame S, the (F.4.5) centrifugal acceleration term ® x (® x r1) = -w?ry tries to push m; to a
larger radius. But r; is constrained to lie on a sphere of radius r; so m; cannot go to a larger radius. This
centrifugal acceleration is neutralized by part of the tension in the stick which we avoided talking about.

This centrifugal term, by the way, involves "the short vector" ri and not the long vector r';. We
discussed this situation in Section 8.2 for an Earth-based Frame S'. In our current context, the picture that
corresponds to Fig (8.2.10) is the following
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(F.4.12)

The arrow in each location during the orbit represents the position vector r; of mass m; where we assume
that other effects are turned off so rj stays fixed in Frame S. When these arrows are transferred to the
picture on the right with common tails, we see that the tip of r1 does in fact go around in a circle of radius
r1 and that is why the corresponding centrifugal force acting on my is -w?ry .

(c) Within Frame S, the Coriolis force - 2m; ® x v; tries to deflect mass mjy "to the right" in Fig (F.1.1).
But again, r; is constrained to lie on a sphere of radius r1 so mz cannot deflect to a different radius. This
Coriolis force is neutralized by the rest of the tension in the stick.

F.5 Equations of Motion for the satellite in Frame S (Spherical Coordinates)

After much effort, we have arrived at this set of results for the satellite :

L@ = (my/m)Mr:2 (0 — &sind 0) (F.2.2)
L9 = (my/mp) Mr12 [ (8- $2 sind cosd) § — (20 $ cosd + §sind) 8 ] . (F.2.3)
N®) = (GMgm;brisind) (1/r'13 - 1/r'23) § (F.3.7)
r'12 =b% + 112 + 2brycosd (F.1.4)
r'22 =b% + r22 - 2bracosf (F.1.5)
N @ ;¢ = - (m1/mz)Mor;? sinfcose [ (osing —Zé) 0+ (o cosO cos@ - 2sin® ¢) § ] . (F4.11)
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Using the orbit equation (8.6.7) applied to the satellite,
GMg = 0?b3, // larger b means smaller ® (F.5.1)
we can rewrite the true torque above as

N'®) = (0%b*myrisind) (1/1'1> - 1/r'23) § . (F.5.2)
Writing L = N'®) 4 N(© fict then gives the satellite vector equation of motion,

(m1/m2) Mr12 [ (8- $2 sind cos0) § — (20 ¢ cosd + Fsind) 8 ]

= (m2b4m1rlsin9) (1/r'13 - l/r’23) (’ﬁ

- (m1/m2)Mor? sinfcoso [ (wsing -Zé) 0+ (o cosO cosp - 2sin® ¢) ] . (F.5.3)
Divide all three terms by the factor (ml/mz)Mrlz. The coefficient of the first term on the right becomes
(0?b*myr1sing) / [ (m1/m2)Mr1%] = (1/r1) (0°b*(mz/M)sin)

so the vector equation of motion is then,

[ (- 32 sind cos0) & — (20 $ cosd + $sind) 8 ]
= (1/r1)(0?b*pasing) (1/r'13 - 1/1'23) §
- wsinBcose [ (wsing -Zé) 0+ (o cosO cosg - 2sin® ¢) § ] . (F.5.4)

Using now the far approximation (F.3.12) that (1/1'17) - (1/r'23 = -3ricosb/ (u2b4), we get

[ (- 32 sind cos0) & — (20 $ cosd + $sind) ]

= -3@?sinfcosd

- osinBcose [ (wsing -Zé) 0+ (o cosO cosp - 2sin® ¢) § ] (F.5.5)

As a reminder, the first line above is i(o), the second line is true torque N' ®) “and the last line is the
fictitious torque N (0) ., ot created by the fact that Frame S is a rotating frame of reference, and we display
the fictitious contributions in blue to keep track of them for a while below.
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Comment: Notice that the equation of motion is independent of m; and mz and hence of r; and ra. If we
were to vary the ratio mi/mgz, we just "slide the stick" in Fig (F.1.1) so the Frame S origin remains at the
center of mass point. The equation does depend on b through ®, since o2 = GMg/b>.

Moving all terms to the left side, (F.5.5) becomes

(6- 32 sind cosd) § — (20 $ cosd + $sind) O (F.5.6)
+3w%sinfcosd § + wsinbcos (wsing -26) 0+ ®sinfcose (o cosd cosp - 2sin@ ¢) § =0.
The component equations are then
¥ 57
— (20 $ cosd + Psind) + wsinbeose (wsing -20) =0 )

sinf cos® + 3w?sinfcosd + ©sinfcose (® cosd cosp - 2sin® ¢) =0 // §

where the fictitious torque terms are shown in blue. Changing the sign of the second equation and making
a few adjustments we get,

0 + sin0cosf(3w? - $2) + wsindcose (o cosd cose - 2sind §) =0 /1§

A

¥ +20 & coth — wcose (wsing -20) =0 /10 (F.5.7)

After much effort using the fictitious torque method we have finally arrived at the spherical equations of
motion for the dumbbell satellite!

These are two ordinary differential equations with time t as the variable. The equations are 2nd order in

both 0(t) and @(t) and they are non-linear due to terms like é(b and ¢? and sinf. Finally, the equations are
coupled, so they form a system of two 2nd order, coupled, non-linear ODE's. This system of two non-
linear 2nd order ODE's can be trivially replaced with an equivalent system of four non-linear 1st order
ODE's as follows,

Vo + sinBcosd(3w? - ¢?) + wsinfcose (o cosd cose - 2sind ¢) =0 K

Ve + 2 cotd 0 ¢ — cos@ (osing —2@) =0 )

0 =ve

b=, (F.5.8)

We mention this only because this is the first step Maple takes (internally) when it sets about solving a
pair of 2nd order ODE's with its numerical dsolve command (coming soon).

Right now, we make an anzats that (F.5.7) has a solution for which ¢ = n/2 (so cose = 0) and ¢ does not

change, so that both ¢ and ¢ = 0 at all times. For such a solution, the dumbbell lies in the plane of paper
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of Fig (F.1.1) (in the plane of the orbit) and the only Frame S motion is in the 0 degree of freedom. In this
case the two equations in (F.5.7) simplify to

0 + 302sinfcosh = 0 K
0=0. /lin-plane /8 (F.5.9)

For small 0, the first equation becomes
0 +30%0=0
which indicates sinusoidal oscillation in 8 of the dumbbell about 6 = 0 with frequency wosc2 =3w? so
Moscl =\/§ ® Tose1 = (1/\/§ )T = 058T // in-plane libration  (F.5.10)
where recall that o is the orbital rotation rate of the satellite. For a low-Earth orbit with T = 88 minutes,

the dumbbell initialized to ¢ = /2 and a small angle 6 would have an oscillation period of 88*.58 = 51
minutes.

Next we look for a solution with ¢ = ¢ = 0 where the satellite at t = 0 is in a plane perpendicular to
the plane of paper in Fig (F.1.1) (perp to the orbit plane). In this case the equations (F.5.7) become,

¥ + 30%sinfcosd + osinb(® cosf) =0 /1§
sind § — wsind (-20) =0 )
or
0 +(20)?sin0cosd = 0 /¢
¥ +200 =0 . /I out-of-plane ) (F.5.11)

For small angles 6 we have then

0 +20)%0=0 /1§
=200 . /9 (F.5.12)
The first equation implies 8 oscillation at frequency

Mosc2 = 2® Tosc2 =0.5T // out-of-plane libration (F.5.13)

while the second equation shows that the dumbbell cannot remain very long at ¢ = 0 since ¢ # 0, so this
oscillation solution is only a temporary solution and the dumbbell is not stable in the plane ¢ = 0.

Both libration frequencies appear on page 126 of Cosmo and Lorenzini with a reference (on C&L p 169)
to the following item,
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2. Beletskii, V. V. and Levin, E. M., "Dynamics of Space Tether Systems", Advances in the
Astronautical Sciences , Vol. 83. (Univelt, Inc. 1993)

Reader Exercise: Is the in-plane libration solution stable against small perturbations?

F.6 Force analysis of the satellite in Frame S (Spherical Coordinates)

Having obtained the dumbbell satellite 0,9 equations of motion in (F.5.7) using the fictitious torques
method. we now set out to rederive these same equations using Newton's linear second law with fictitious
forces. This time we also obtain an expression for the stick tension T which enables us to comment on the
tidal forces for a static satellite positioned at 6 = 0.

Obtain the three equations of motion

The only true forces on a dumbbell mass are gravity and stick tension T. From (F.3.2) we then write

F'y =-(GMgm1/r'13)r'y -T 1 = - (GMgmu/r'3)(b+r1) - T £1

F'2 =- (GMEmz/I"23) l"2 -T /1\2 =- (GMEmz/r’23)( b+ 1‘2) -T /1\2 . (F61)
As noted earlier, the center of gravity is not quite at the center of mass in Fig (F.1.1), but the above
equations are exact despite this fact. The forces are primed because they are forces in the inertial Frame
S'. The reader is reminded that we are using the "swap notation" where prime<«>noprime relative to the
non-swap notation.

In order to use Newton's Law in rotating Frame S, we must include the fictitious forces. We translate
the result of (8.1.8) to swap notation to obtain

(1]
Frict,1 - mibs —miox (@ xr1) —2m; @ X vi —mi® X ry

Ffict’Z ~— mz.ﬁsv —Ma® X ((1) X 1‘2) — 21’1’12 ®XVy— m26) XTIz . (F62)
frame centrifugal Coriolis Euler

In these equations, the b acceleration is given by the swap version of (7.13) which then states
bs: = @xb+ ox(mxb). // Special Case #1 (7.13)s (F.6.3)
and the vectors b and o are given as in Fig (F.1.1) by

o =oX
b=b2. (F.6.4)

Finally we may state Newton's Law for each mass,
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Feff,1 =mj a; (F.6.5)

o0
~ - (GMEI’I]]_/I"13)I"1 -T i'\l — l’nlbsv —mp® X ((J) X 1'1) - 21111 XV — mld) XTI

Feff,2 = mM2asz (F66)

= - (GMEmz/r'23)r'2 - T i'\z — mz.ﬁsv —M2® X ((1) X 1’2) — 21112 ®WX Vo — mz(;) XTr2
where we have now a set of six scalar equations. Using (F.1.9) through (F.1.11), (F.6.6) can be rewritten,

Feff,2 = -mjzaz (F67)

=~ - (GMEmz/r'23)r'2 + T /lxl — mz.ﬁsv +mim X (0 X 1'1) +2m; ® X Vi — ml(;) Xri.
Adding (F.6.5) and (F.6.7) gives

0=- (GMgmy/r'13) r'y - (GMema/r')r' - (my+my)bsg.
or

(m1+m2).ﬁsv =- (GMEml/r'13) ry - (GMEmz/I"23)l"2 (F.6.8)

This equation is just F = ma in inertial Frame S' for the total satellite where b is the center of mass.
Ignoring the small offset between center of mass and center of gravity, the three equations (F.6.8)
describe the circular orbit of the satellite around the Earth. We may then regard the equation (F.6.5) as a
set of three scalar equations for the three unknowns 6,¢ and T where recall r; = (r1,0,¢) in the spherical
coordinates of Fig (F.1.1).

Our next task is to write vector equation (F.6.5) in spherical coordinates to obtain the three equations of
motion. After expanding the left side, we then consider the right side of (F.6.5) one term at a time:

Fegr,1 =mi a3 (F.6.5)
~ - (GMEml/r'13)r'1 ST - mlgsv ~—mo X (®Xxry)) —2m; ®X vy —mi0 X ry
1 2 3 4 5 6
Left side of (F.6.5): mz a; =mz(ag F + aeﬁ +a 9) (E.3.6)
= mary[( - 02 - $2 5in%0) 1+ (0 - $? sind cos0) & + (20 $ cosd + Psind) ] (F.6.9)
Term 1: - (GMgmy/r'3)r'y = - (GMgmy/r'1>)(b + r1) // (F.1.8)
= - (GMgmy/r'13)(bZ + 1)) // (F.6.4)
= - (GMgmy/r'13)(bcosd £1 - bsind & + 1Y) // (E.2.7)
= - (GMgmy/r'1?)[ (bcosd +r1) 1 - b sind 6 ] (F.6.10)
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Term 2: ST, as is (F.6.11)
Term 3: —mibs = —mdxb- m; @x(oxb) // (F.6.3)
= - mox(®xb) // satellite in circular orbit, @ = 0
= - my(web)o + miw?b //- A x (A x C)=-(AsC)A + A2C
= mo’b =moe’b2 // (F.6.4)
— my0?b [ cosO f1-sind 8]  // (E2.7) (F.6.12)
Term 4: -—mo X (®Xr1) = -m(0er;)m® + m1m2r1 // identity shown above
= -mio?ri(Ref1)R + mo’n 1 // (F.6.4)
= -mlcozrlsinecosq)ﬁ +mio’n £ // (E.2.4))

= -mlcozrlsinBCOS(p[sinOCOS(p £1 + cosBeose 0 - sing §] + mio?ry £1 7/ (E.2.7)

=-mio’n [ (sinzecosztp 1)ty + (sin@cos@cosztp) 0+ (- sinBcos@sing) § (F.6.13)
Term 5: 2m; o x vq =-2m; [0f] X (Ve + ved) // (E.3.5)

=2mo [Ve§x6+v¢ﬁxﬁ\)]

= -2mym [ve (sinfcosp § + sing £1)+ Ve(-sinf cose 0+ cosfcosp T'1)] // (E.2.13)

= 2mio | (vesing + Vq,cosecoscp)ﬁ + (-vysinb cos) 0+ (VesinOcosp) § ]

= 2myor [ (é sing + ¢ sinf cosbcose)F1 + (- sin0 cose) 0 + (é sinfcosq) ® ] // (E.3.2)
(F.6.14)

Term 6: —mi®xr; =0 because we assume ® = 0 (F.6.15)

Having all the bits and pieces, we now assemble the three component equations of (F.6.5).
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Fegf,1 =my a3 (F.6.5)
= - (GMEI’I]]_/I"13)I"1 -T i'\l — ml.ﬁsv —mi® X ((J) X 1'1) — 21111 XV — mld) Xri
1 2 3 4 5 6
A 22 €2 . 2, _ 13 2 2 2 2
ri1. myri(-0°-0°sin“0) = - (GMgmi/r'17)(bcosd +r1) - T + mi®“b cosd - myo“ri(sin“Bcos®p - 1)
1 2 3 4
- 2mjor; (é sing + ¢ sinf cosOcos) (F.6.16)
5
0: miry ( - (bz sinf cosf) =+ (GMEml/r’13) b sin0 - mlmzbsine
1 3
-mo’n sinGcochosz(p +2mior1 sin29c05(p (F.6.17)
4 5
$: miry(2 0 ¢ cosd + Psind) =+ mlmzrlsinecosq)sin(p - 2m10)r1(é sinfcoso) (F.6.18)
4 5

We now rewrite the three equations dividing by m; and using (F.5.1) that GMg = @%b :

P1. 1a( - 02 - (T)2 sin29) = -( 0?3y )(bcosO +r71) - T/my + ®2b cosh - mzrl(sinzecosztp -1)

- 2011 (é sing + ¢ sind cosOcosp) (F.6.19)
0: 11 (0 -2 sind cosd) =+ (©2b>/r'13) b sind - ©2bsind
- 0% sinGcochosch + 2011 sinzecosq) (F.6.20)

A

d: 203 cosd + Psind) = + w3sindcospsing - 20(d sindeosp) (F.6.21)

If one uses (F.1.4) that r'12 = b2 + 112 + 2bricosh in (F.6.20), the pair of equations (F.6.20) and (F.6.21)
can in theory be solved for 6(t) and ¢(t), given appropriate initial conditions. The solutions can then be
inserted into (F.6.19) to obtain a result for the stick tension T(t).

Verify the angular equations of motion

We can rewrite(F.6.21) as
$: sin® ¢ +2 0 ¢ cos0 - msinBcose (wsing - Zé) (F.6.22)
which matches the 9 torque equation (F.5.7),

sind & + 20  cosd — wsinbcos (wsing -20) =0 . /9 (F.5.7)

Next, the 0 equation (F.6.20) may be rewritten
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11 ( [ (I)z sinf cosf) =+ (m2b3/r'13) b sind - »?bsind - w?r; sinecosecosch + 20r1( sinZGCOS(p
or

11 ( - $? sind cos) = +@?bsind [(b/r'1)> - 1] - 0?1 sinBeosOcos® + 20r1$ sinOcose
or

0 - 2 sind cosd = +@2bsind [(b/r'1)® - 1]/r1 - @?sinBcoseos®e + 20 sinOcose . (F.6.23)
Now assume the far approximation where r'1, b >>r_ Recall that

r'12 =b%+ r12 + 2bricos0

(r'1/b)? =1+ (r1/b)? + 2(r1/b)cosd

(r'1/b)3 =[ 1 + (r1/b)? + 2(r1/b)cosd /2

(/') =1+ (ro/b)? + 2(r/b)cosd 1732 = 1+ (-3/2) [(r1/b)? + 2(r1/b)cosO ]

~ 1+ (-3/2) 2(r1/b)cos® = 1 - 3(r1/b)cosd

SO

[(b/r'1)® - 1] = - 3(r1/b)cosd . (F.6.24)
Then (F.6.23) becomes

0 - (I)2 sinf cosd = +m?bsind [- 3(r1/b)cosd]/ry - mzsinecosecosch + 200 sinzecosq)
or

0 - §? sind cosd = -3w>sinfcosd - wZsinbcosBeos?p + 2w sin®Ocose
or

0 - (I)Z sinf cosd + 3w2sinfcosd + (Dzsinecosecosz(p 200 sinzecosq) =0
or

§ + 3w%sinfcosd - $? sind cosh + wsinBeosp(wcosdeosy - 2¢sing) = 0 (F.6.25)

which matches the § torque equation (F.5.7),

§ + 302sinfcos - ¢? sind cosd + wsinbcosp (o cosd cosp - 2sind §) =0 // § (F.5.7)

At this point we have derived the same angular equations of motion (F.5.7) in two different ways.
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Obtaining the tension in the stick (or tether)

Finally we come to the T'1 equation (F.6.19),

P1. r1(- 02 - ¢? sin0) = - (0?b3/r'13)(bcosd +11) - T/my + ©2b cos® - ?r1(sin®Ocos?o - 1)

- 20rq (é sing + @ sind cosOcosy) . (F.6.19)

Inserting the far approximation (F.6.24) that (b/t'1)® = 1 - 3(r1/b)cosd into the above gives

ri( - 02 - (T)2 sinze) = -0)2[1 - 3(r1/b)cosB] (bcosb +r1) - T/m; + ®?b cosh - cozrl(sinzecosz(p -1)

- 20r1 (O sing + ¢ sind cosbeosp)

ri( - 02 - (T)2 sinze) = -coz(bCOSG +r1) + 30)2(r1/b)cose(bcose +r1) - T/my + ®2b cosd

- ©°r1(sin®0cos?p - 1) - 2or; ((.) sing + ¢ sinf cosOcosp)

ri( - 62 - (T)2 sinze) = -»%bcosh - (nzrl + Swzrlcose(cose +r1/b) - T/mq + ®2b cosd

- mzrlsinzecosz(p + %1y - 2011 (é sing + ¢ sinf cosOcos)
ri( - 02 - ¢? sin0) = 3w?ricosd(cosd +r1/b) - T/my - 0 r1sincos®e - 20)r1(é sing + ¢ sinf cosOcosp)
(- 02 - (bz sin26) ~ 302%c0s%0 - T/(mar7) - mzsinzecosztp - Zm(é sing + ¢ sind cosOcos)
(-2 -2 sin%0) = ©2(3c0s20 -sin®0cos?p) - T/(myr1) - 20( sing + ¢ sinbcoseosp) .
The stick tension is then given by (this will later be verified in Section F.9),
T=mqrq[ 0)2(3c0529 - sinzecosz(p) +02 + ('pz sin0 - Zm(é sing + ¢ sinfcosOcoso) ] . (F.6.26)

If the angular velocities are very small such that | 0 | << ® and | ¢ | << o, the result becomes
T =~ mio®ri(3cos?0 - sin®fcos?p) . // small velocities (F.6.27)
In Cartesian coordinates this becomes,
T = (m10?/r1)(3r1%c0s?0- r1%sin®0cos?o)
= (m102/r1)(322x?) . // small velocities (F.6.28)

In this small-velocity limit, the tension in the stick is positive as long as
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x| < \/§ Izl = T>0 // small velocity limit (F.6.29)
so for small x displacements T is always positive.
As noted, in general one must solve (F.6.20) and (F.6.21) for 6(t) and ¢(t), then (F.6.26) gives T(t).
Tidal Force
If the dumbbell is static at 6 = 0, we see from (F.6.26) or (F.6.27) that
T= 3mo’n (F.6.30)

which we associated with a "tidal force". The factor of 3 arises from (F.6.24) which in turn arises from the
power 3 in the gravitational force factor in (F.6.1),

(GMgmy/r'1®) = (0263 my/r'13) = 0®m; (b/r'1)3 .
It happens that in Frame S' the gradient of the radial gravitational field at mass m; is
Ory ' (-GMem1/r'1%) = 0r1+(-0°b’m1/r'1?) = -0°b6my Or1 (r'17%) = 20°b°my/r'y>
=202my(b/r'1)* (F.6.31)

so one can associate the factor of 3 in (F.6.30) with this gradient. However, the result (F.6.30) really

comes from a sum of several terms in (F.6.5) for a static dumbbell, as we now review (the £1 equation):

Fegr,1 =mi a3 (F.6.5)
S (GMEml/r'13)r'1 STty — mlgsv -—mOXx(®xr;) —2m; ®X vy — mi® X rp
1 2 3 4 5 6
AL 22 e2 . 2, _ '3 2 2 .2 2
ri: myri(-0°-0°sin“0) = - (GMgmi/r'17)(bcosd +r1) - T+ m1®“b cosd - my®“ri(sin“Bcos®p - 1)
1 2 3 4
- 2myorg ((.) sing + ¢ sinf cosOcosp) (F.6.16)
5
miri (0 - 0) = - (GMgmy/r'13)(b +11) - T+ m1w?b - mie?r1(0-1) - 2mor; (0 +0)
1 2 3 4 5
0 = -my(0?b3r'13)(b+r1) - T+ me?b + mywr
1 2 3 4
0 = {-m’[l-3(r/b)](b+r1)} - T+ mio’b + moe’n

1 2 3 4
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0= {- mlmz - mlmzb +3m1m2r1 y-T+ m1c02b + mlcozrl
1 2 3 4

0=3mye’r; - T (F.6.32)
134 2

Thus in rotating Frame S the expression (F.6.30) for the tidal force T has contributions from the

gravitational gradient (term 1) and from the "frame" term — ml.ﬁs (term 3) which is the centrifugal
contribution due to the acceleration of Frame S toward the Earth, and finally from the "local centrifugal
term" —mi® X (® X r1) (term 4).

F.7 Numerical solutions of the equations of motion (Spherical Coordinates)

The angular equations of motion for mass m; of the dumbbell (or tether) satellite are stated in (F.5.7)
which we replicate here,

0 + sinBcosd(30? - $2) + wsindcose (o cosd cosy - 2sind ) =0
¢+ 26 ¢ cotd — mcos@ (wsing 20) =0 . (F.5.7) (F.7.1)
The first step is to enter these two equations into Maple:

restart,; with({plots)

td = diff(theta(t),t): tdd := diff(theta(t), t, 6 t)
pd = diff(phi(t}, t) pdd = diff(phi(t), t, t)
ct = cos(theta(t)}) st := sin(theta(t))
cp = cos{phi(t})) sp = sin(phi(t)) W o= omeda
eql = tdd+st*ct*(3*w"2-pd"2) +tw*st*cp* (whct*cp-2*st*pd)=0,
82 2 a 2 2
eql = —29(5) +sm{ 600 cos(B0E)) (3 W - [a d)(ﬁ)J J+ o sin S0 cos(plE)) (co cos( B2 cos{d()) — 2 sin{ G(£)) [Ed)(ﬁ)JJ =0
3
eq?2 = pdd+2*td*pd*cot(theta(t))}-w*cp* (w*sp-2*td)=0;
82 2 2 . =)
egd = | —— Q) |+ 2| 00N || 02 | cot{S()) — @ cos( b)) | @an{d{) -2 | =6 | |=0
632 fai4 fai4 ot
eqs = {eql,eq?} omega = 1
funcs := {theta(t), phi(t)}

(F.7.2)
For illustration purposes we have set the satellite orbit frequency to ® = 1 sec™ so

o=1 = T=2n =6.28 sec

Verification of in-plane libration

The initial conditions are taken to be ( see Fig (F.1.1) to see that ¢ = /2 is the in-plane situation )

0=02 ¢@=n/?2 d=0 § =001. (F.7.3)
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Here 0 = 0.2 = 11.5° is a fairly small angle. We now call Maple's ODE solver routine dsolve and plot 40
times 0(t) in red and Mod2Pi(¢) in black. The peaks of the red curve are thus at 40*.2 = 8. Without this
mod routine, the black ¢ curve just winds up without limit.

inits := {theta(0}=0.2,phi(0)=Pi/2 ,D{theta){(0)=0,D{phi) (0)=0.001}

f := dsolve(eqs union inits, funcs,type=numeric, K method=gear, ontput=listprocedure)
sl := odeplot(f, [t, 40*theta(t)],0. .8 numpoints=1500,color=red, thickness=2)

s2 = odeplot(f, [t ModZpi(phi(t)}}],0..8 numpoints=1500,color=black,thickness=2)

display(sl,s2});

a4

m
L

.
f

%]
A

p i B 8 (F.7.4a)
red = 40*0 black = Mod2p(o)

Rather than plot a cosine wave, dsolve keeps 0 positive all the time and has ¢ jump by n each time the
solution passes through 6 = 0. In spherical coordinates the figure shows the expected 6 curve! In order to
avoid exactly hitting 6 = 0 which is a singular point in spherical coordinates (¢ is undefined there), we

have added a small ¢ = .001 to cause the dumbbell to slightly miss the z axis. One can see from the

second equation in (F.7.1) that the numerical integrator is faced with ¢ = 26 ¢ cotd + stuff, and cotd
blows up at 6 = 0 (and generates an error message in odeplot). We can expand the region t = (2,4) :

(F.7.4b)
From (F.5.10) for in-plane libration one predicts,

Toes1 = TA[3 = 6.28/1.73 = 3.63 sec (F.7.5)

and this value is verified by the vertical line in the above figure (each tick is .04)
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Verification of out-of-plane libration

The initial conditions are now taken to be

0=0.2 0=0 0 =0 ¢ =0 (E.7.6)
We then rerun the above code with a different set of "inits" :

inits := {theta{(0}=0.2,phi(0}=0,D{(theta) (0)=0,D{phi) (0)= 0}

1 3 3 4 g B (F.7.7a)
Now the swing misses 6 = 0 of its own accord. One can see that the black ¢ curve starts moving away

from ¢ = 0 at about t = 0.5 and in general the black ¢ curve has smooth rises near small 6. We again
expand the region t = (2,4) :

03z 272 274 26 2’8 3 52 374 36 3.8 4
(F.7.7b)

From (F.5.13) for out-of-plane libration one predicts,

Tocs2 = T/2= 6.28/2=3.14 (F.7.8)

while the figure shows about 3.16, close enough.

Maple can also plot é(t) and ¢(t) and here is a plot showing all four curves :
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s3 = odeplot(f, [t,10*diff(theta(t) £)]1,0..3.5 numpoints=1000,6 color=green)
sd = odeplot(f, [t ,diff(phi(t), t)],0..3.5, numpoints=1000,color=blue)
display(sl, s2,s3,sd4d,view = [0..3.5,-5..10]);

104

8.

002 04 0B Q8 1 12 14 18 18 2 22 94 28 28 3 32 34

4 (F.7.9)
red = 10*0 black = ¢ green=10*0  blue=¢

When red 0 nears 6 = 0, blue ¢ has major action since ¢ is quickly changing by n. And the green 0 of
spherical coordinates has to make a radical change since it is in effect suddenly reversing course.

A more general solution

Here in addition to starting with 6(0) = 0.2 and ¢(0) = 0, we provide a push in the azimuthal direction so
that mass mj of the dumbbell satellite then swings around in azimuth while it oscillates in 0 :

0=02 =0 d=0 $=2. (F.7.10)
inits := {theta(0)=0.2 phi(0)=0,D(theta)(0)=0,D(phi) (0)=2}
]
]
B
]
i 2 3 s 5 (F.7.11)

Notice that the azimuthal velocity slows down near the peaks of red 0(t). Energy is transferred back and
forth between the 0 and ¢ degrees of freedom in this system.

One can use the same odeplot routine used above to make "orbital" plots in angle space,
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odeplot (£, [phi(t) ,theta(t)}],0. .5, numpoints=1500,color=red, thickness=2},

0.3
0.257
0.267
0.244
0.223

BT 0.2
0.18
0.164
0.14 5
0129

0.1
0.084

¢ (F.7.12)
Rather than produce more plots here, we shall defer to Section F.9 where we shall plot x(t) and y(t)
instead of 6(t) and ¢(t).
F.8 Force analysis of the satellite in Frame S (Cartesian Coordinates)
Section F.6 used the force analysis to develop equations of motion for the dumbbell satellite in spherical
coordinates. Here we repeat that development but in Cartesian coordinates where things are in many ways

simpler. We follow Section F.6 down Newton's Law (F.6.5) ,

Fegr,1 =mi a3 (F.6.5) (F.8.1)

S (GMEml/r'13)r'1 STty — mlgsv -—mOXx(®xr;) —2m; ®X vy — m®xri .
1 2 3 4 5 6

As a reminder, this is Newton's Law (Fegs = ma) for mass mj of the satellite in Frame S where fictitious
forces are included. Although this mass has coordinate r; in Frame S, we shall refer to its components
without 1 subscripts, so r1 = (x,y,z). This is similar to how we used r; = (r1,0,9) in spherical coordinates
where 0 and ¢ had implied "1" subscripts. We also write v = v and a; = a to reduce clutter. The quantity
T is the tension in the stick (or tether).

We now evaluate the six terms of (F.8.1) in Cartesian coordinates, mimicking (F.6.9) through (F.6.14):
Left side of (F.8.1): mia; =mpa= ml(axﬁ + ayff +a,2 ) (F.8.2)
Term 1: - (GMEml/r’13)r'1 = - (GMEml/r'13)(b +r1)

= - (GMgmy/r'1>) [ b2 + xR +y§ + 22 ]
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= - (GMgmy/r'1>) [ xR +y§ + (b+2)2 ] (F.8.3)
Term 2: Tty =-(T/r)ry = (T/ry) [ xR +y§ + zZ] (F.8.4)
Term 3: —mbg = -mdxb- m; @x(0xb) // (F.6.3)
= - mox(®xb) // satellite in circular orbit, @ = 0
= - mi(0eb)® + m®?b //- A x (A x C)=-(AeC)A + A2C
= mo?b =mie?b2 (F.8.5)
Term 4: —mi® X (®xr;) = -mi(wer;)m + m1m2r1 // identity shown above
= -mlmz(ﬁorl)ﬁ + mo?r; = -mlmz(x)ﬁ + my? [ XX +y§ +2z2]
= myo? [y§ +z2] (F.8.6)
Term 5: 2m; @ X vi =-2m; [oX] x ( VX + Vy§' + Vzﬁ)
= 2mo [ vy2 - v2¥] (F.8.7)
Term 6: —mi®xr; =0 because we assume ® =0 (F.8.8)

Having all the bits and pieces, we now assemble the three component equations of (F.8.1). The numbers
show the Term above associated with each piece:

Fege,1 =mp a (F.8.1)
= - (GMEml/r'13)r'1 TRy - mlgsv ~moX (@Xr]) —2m; ®X vy —mp®X Iy
1 2 3 4 5 6
R mp axy = - (GMEml/r'13) x - (T/ry)x
1 2
3\7: mpay = - (GMEml/r'13) y -(T/r)y + rnlc)zy +2movy
1 2 4 5
2: my az; = -(GMgmi/r'1”) (b+z) - (T/r1)z + ml(nzb + mlcozz -2mio vy (F.8.9)
1 2 3 4 5
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We now rewrite the three equations dividing by mj and using (F.5.1) that GMg = ®?b> . At the same time

we replace velocity and acceleration components with dot notation components like X and V :

= - [(@**/'1%) + (T/mar)lx

e _
¥ = - [(0*3r'3) +(T/min) - 0?ly + 20z
7 = -[(0*63/r'3) - 0?] (btz) - (T/mir)z- 20y
xX2+y?+7% =1, ? (F.8.10)
where
ri2=(r1tb)2 =112 +b2+2rieb =r;2+b2+2rye [b2] = r12+ b2+ 2bz. (F.8.11)

Eq. (F.8.10) is a system of 4 equations in 4 unknowns x,y,z,T. To simplify manipulations below, define

A= (0?b3r',3
B = (T/myr;) // rescaled tension

so the system of equations becomes

1 ¥ =-(A+B)x

»
Il

2 ¥ =-(A+B- 0dy+20z

3 %= -(A-0% (btz)-Bz-20y

N
Il

4 xPy?+2? =12 (F.8.12)
We now wish to eliminate the rescaled tension B from the equation set. We first eliminate B between

equations 1 and 2 :

I*y y3(' - (A +B)xy

-(A +B- 0?)xy +20xZ .

2*x xy
Subtract so that the -(A + B)xy terms cancel,

yX - x¥ = -0%xy - 20xZ . (F.8.13)
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Next, we eliminate B between equations 1 and 3:
1*z zX = -(A+B)xz
3*%x X% = -(A-0?)(btz)x - Bxz - 20xy
= -Abx -Azx +0?(b+2)x - Bxz - 20xy
=- (A + B)xz - Abx +0*(b+2)x - 20xy .
Subtract so that the -(A + B)xy terms cancel,
zX -x7 = Abx -0?(b+z)x + 20Xy . (F.8.14)
We now have a system of 3 equations in three unknowns x,y,z, where we now restore A = (u)2b3/r'13
1 yX-xy=- mzxy - 20XZ
2 zX -xZ = (m2b3/r'1 )bx - mz(b+z)x + 20Xy where r'12 =112 + b2 + 2bz
3 xPHy*+2 =12 . (F.8.15)
For convenience, we now reorder and rename equations 1 and 2 of this set as follows:
eq3  zX-xZ = (0?1 3)bx - 0®(btz)x +20xy
e2  yX -xV=-o’xy-20xZ . (F.8.16)

Now apply the far approximation in equation eq3. From (F.6.24) we know that

[(b/r'1)3 - 1] = - 3(r1/b)cosh . (F.6.24)
SO

(bir'1)3 = 1-3(z/b) /l Z=r1C080
and

A= (0?13 = *[1-3(z/b)] . (F.8.17)

Equation eq3 above then becomes,

zX -x7 = (m2b3/r'13)bx - mz(b+z)x + 20Xy

= m2[1 - 3(z/b) ]bx - mz(b+z)x +20xy = w?bx - 3(z/b)m2bx - ©2bx - ©2zx + 20Xy
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2

- 3(zb)w’bx - 0zx +20xy = -30%xz - 0%zx +20xy

- 4o®xz +20xy . (F.8.18)

This in the far approximation the equations of motion of mass mj of the dumbbell satellite are
eq3  zX -x%7 = -4o®xz +20xy

eq2 yX -xy =- a)zxy - 20XZ
x2+y2+22 =r?. (F.8.19)

Once these three equations are solved for x(t), y(t) and z(t), we can find the tension T(t) from (say) the
first equation of (F.8.12) :

X/x+A+B=0 = =-Xx -A = (T/mi) = - X - (0?13
SO

T=-mri[ X/x +(0?b3r3)]
SO

T=-mri[ X/x + o2 ]. // far approximation (F.8.17) (F.8.20)

F.9 Verification of the Cartesian equations of motion and stick tension

In Section C.7 we showed that the x,y,z Foucault pendulum equations of motion were the same as the 0,0
ones. Here we repeat that task for the dumbbell satellite equations of motion. We do these verifications to
strengthen our confidence in all the equations since there are not many external sources for verification. A
trusting reader can just skip this section.

First, here are the satellite angular equations of motion from (F.5.7),

eql 0+ sinfcosf(3m? - (I)Z) + 0sinfcos (o cosd cos@ - 2sind §) =0

eq2  §+2cotdd - wcose (wsing -20) =0 . (F.5.7) (F.9.1)

These were derived in (F.5.7) using the effective torque method and were then verified using the effective
force method in (F.6.22) and (F.6.25).

Meanwhile, here are the Cartesian equations of motion from Section F.8,

eq3 zX - xX =-do’xz + 20Xy

eq2 yX -x¥ = - 0®xy - 20xZ. (F.8.19) (F.9.2)
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Below we shall show that

Task (a): eq2 of (F.9.2) = eq2of (F.9.1)

Task (b): [(sinB)*eq3 - (cosBsing)*eq2] of (F.9.2) = eql of (F.9.1)

That is to say, angular eql of (F.9.1) is a certain linear combination of eq3 and eq2 of (F.9.2). If we can
show Task (a) and Task (b) above, then we have shown that (F.9.2) < (F.9.1), and this then serves as
verification of (F.9.2).

Maple must replace x,y,z and derivatives with r1,0,¢ and derivatives. For coordinates and first derivatives,

x = rl*sin(theta(t))*cos(phi(t)),

x=rd smi{B00) cos( P21

v = rl*sin(theta(t))}*sin{phi{(t)).
y=rlan(0()) sl $l2))
z = rl*cos{theta(t)}),
z=rlcos(8(£))
xd = diff(x, t);
a2 } } 2
xd =l cos(B(£)) [a B(é)] cos(hi£1) —rd sm{9(2)) sm{ $pl£)) [a ¢(£)]
vd = diff(y,t);
& } ) a2
yd =rd cos(8(£)) (a 8(3)] sm{ GV + 78 sn( G020 cos( B (a ¢|(ﬁ)]
zd = diff(=z t});
a2
zd =—rd sn(0(27) (— 8(3)]
o (F.9.3)
The second derivatives are messier, but Maple is happy to do the calculations,
> xdd = diff(x,t, t}),
2} 2 692
xdd =—ri sm(8(£)) [ae(ﬁ)] cos( () +rf cos{B(21) —29(£) cos{ ¢
34
2 , 2 , e , a°
— 2rlcos(B(z])) [Ee(f)J sin{ $iz)) (& ¢(f)]—n’ sin &£ cos($(£)] [§¢(ﬁ)] —rl sin(B(z)) sin($(z]) _2¢(ﬁ)
ot
> ydd = diff(y,t, t);
a 2 692
ydd =—rl sin(8(¢)) [§ e(z,)} sin((£)) + r1 cos(8(£)) | — 8(e) | sia($(0))
at
a a ) . 3 2 ) 32
+2rf cos(8(2)) [E B(z)J cost (e (5 ¢-(ﬁ)] —rd =il 8020 sind Gl [5 ¢-(ﬁ)] +rd sn( 8020 cos( i) —2¢(5)
24
> zdd = diff(z,t, t}),
[a Jz _ [32 }
zdd =—rl cos(B() | —8() | —rd sm{B()) | ——8(8)
ot 2
o (F.9.4)
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Task (a): Show that eq2 of (F.9.2) = eg2 of (F.9.1)

We enter eq2 of (F.9.2) and do some manipulations, suppressing the output except for the last step :

eq? = y*xdd-x*ydd +w2%x*y + 2¥%ukxkzd =0 eq?2 = simplify(%)
> eq2a :=lhs(eq2)/rl"2 Iaqza =simplifv (%)
> eq?b := subs{cos(theta(t)) "2=1-sin{(theta(t))"2,eq2a)
> eq2c =-expand(%)
_ 7 7 & . 2 2 _ _ 2
egle =2 sm{B(¢)) cos(B{E)) 58(3) ad}(i) + —2¢(I) sin( S0 —w o cos(h{E)) sml b)) s S0
ot

+ 2w cos(d(e)) (% 9(3)] si.n(@(z))2 (F.9.5)

On the first red code line we enter eq2 of (F.9.2) and then divide the result by r%>. We then replace
occurrences of cos20 by 1-sin®0. We use lhs = "left hand side" so we end up only with the left side of an

equation which says stuff = 0. Symbol % refers to the last computed quantity. The blue result can be
manually transcribed as

2sinBcosd ¢ + sin?0 § - w2sin20 cosesing + 2wsin?0 cosp & =0 .

Now divide by sin®0 and reorder the four terms to get

¥ +2cot(0) 8 § - w2cossing + 2acose O =0
or

¥ +2c0t(9) & § - wcosp(wsing - 20) =0 (F.9.6)

This is a match for eq2 of (F.9.1) so we have accomplished Task (a).

Task (b): (sinf)eg3 - (cosOsing)eq?2 of (F.9.2) = eql of (F.9.1)

The code continues from that shown above. Equation eq?2 is already entered, so we now enter eq3, form
the linear combination for eql, then process the results with a series of typical tortuous Maple steps,
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> eq3 = z*xdd-x*zdd + déwt2%xkz - 2d¢grxryd =0 Iaqﬁ = simplify (%)
> eql:= (sin(theta(t))*1lhs(eq3)-cos(theta(t))*sin(phi(t})*lhs(eq2)) /rl"2
> eqla = expand{eql)

> eqglb := subs(cos(theta(t))"3=cos(theta(t))*(l-sin(theta(t))"2), eqla)
» eqle := factor(eqlb)}

> eqld := eqlc/(sin(theta(t) ) *cos(phi(t}})

> eqle = subs{cos(theta(t)) "2=1-sin(theta(t)) 2,6 eqld)

> expand{%)

2 2 )
—sin(8(£)) cos(8(2)) (& ¢(5)J -2 [Eq’(‘f’)] cos{Ble)) w sinlB(£1)° +4 w cos( B(2)) sin(8(£))

| R [i ]
— st O] cos( B0 s L))" w4+ 26(5)
ot

(F.9.7)

We again manually transcribe the result

-sinfcosh ¢? - 2wsin®Ocosp ¢ +4w?sinfcosh - m2sinOcosOsin®e + [}
or

-sinBcos0 (T)2 - 2c0sin29c05(p 0 +3w2sinfcosd +o2sincosd - (ozsinecosesinzq) +0
or

§ + sin0cosd 3w? -sinfcosd $? + w?sinfcosh - w?sinBeosOsin®e - 2wsin®Ocosp ¢
or

0 + sinfcos( 302 - $2) + w2sinBcosd(1-sin%p) - 2wsin?0cose ¢
or

0+ sinfcosO( 302 - (I)z) + mzsinecosecosz(p - Zwsinzecoscp )
or

§ + sin0cosd( 302 - $2) + wsindcosy (o cosd cose - 2sind §) (F.9.8)
and after "pulling teeth" we do end up with a match for eql of (F.9.1), so Task (b) is accomplished.

Tension equation verification

Using the angular equations of motion (F.9.1), we now show that the following two tension expressions
are the same (the first is angular (F.6.26) while the second is Cartesian (F.8.20)),

T/(mir1) = (02(300529 - sinzecosztp) +02+ (T)2 sin0 - Zm(é sing + ¢ sinfcosOcose) (F.6.26)
T/mir)=-[ X/x +0?]. (F.8.20) (F.9.9)

Our task of showing (F.9.9) is the same as showing that
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x [02(3c0s20 - sin®0cos2p) + 02 + (2 sin0 - 20(0 sing + ¢ sinBcosdeosp) ] = - X - w?x

or

x [02(3c0s20 - sin®0cos?p + 1) + 02 + $2 sin?0 - 20(8 sing + $ sinBcosbeosp) ] = - X
or

LHS =RHS . (F.9.10)
We first get the complicated left hand side LHS entered:

‘> restart;

‘> ot = cos(theta(t)) st := sin(theta(t))

> op = cos(phi(t}) sp = sin{phi(t})

"> td := diff(theta(t),t): pd := diff(phi(t),t): |

"> LHS = x*(wi2*(3*ct 2-st 2%cp 2+1)+td 2+pd 2*st 0 2-2%wk (td*sp+pdrstretrop) ),

LHS =x | w° 2_4 2 2 VN v L 2
=x|w {(Zcos(O0 T — a9 cos{EN T+ 1+ > Sty + > GCEY | sl S

a 2
2w {(E e(.z)] sin{$(£)) + [§ ¢(z)] sin(8(2)) cos(8(2)) cos(¢(-ﬁ))]]

(F.9.11)
We then compute RHS = - X as done earlier in this section,
i2:> ¥ = rl*sin(theta(t))*cos(phi(t})
> xd = diff(x,t) xdd = diff(x, t, t)
> RHS := -xdd;
) 2 82 d d
RHS = ri sin(8(£)) (— e(z)J cosl (21 — rd cos(E(E)) | —— B2) | cos(dle) )+ 2 vl cos(8(£)) (— e(z)J sinf d(£) (—qu(z)J
Bt Siz 5} ot
d 2 82
+rl an(8(2)) cos(£)) 5(1)(5) +rlsm(6(2)) sm( e} —2¢(i)
¢
(F.9.12)

Notice that RHS contains second derivatives § and ©. We shall eliminate these derivatives by manually

solving the angular equations of motion (F.9.1) for Tdd = © and Pdd = 0 :

Tdd = —-st*ct*(3*w " 2-pd"2)-w*st*cp*(whct*cp-2*st*pd),
Tod = —sn(8(2)) cos(8(£)) (3 w2 - (%d}(:)JzJ —wosin( &2 cos(Gl£)) [w cos(B(2)) cos(p2)) — 2 s B(2)) [% ¢(I)D
Pdd := -2*td*pd*cot({theta(t))+wrcp*(w*sp-2*td) ,

Pdd =2 [% e(z)] [%q;m} ot(B(E)) +w cos( (1)) (w sin{ p(£)) — 2 [g e(:)D

To show that LHS = RHS, we define d = LHS-RHS and show that d = 0:
(F.9.13)
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"> d := LHS-RHS
"> dl := subs{diff(theta(t),t, t)=Tdd,diff(phi(t) , t, t)=Pdd,d);

df:rﬁmﬁ&m)wﬂ¢ﬁn[w2(3wﬁ@&ﬂ2—ﬂmeﬁnzwﬂ¢ﬁnz+l)+[%ﬂ@ﬂ2+(g¢@ﬂ2$MBQD2

- 2w [[% G(I)] sin(pre)) + [% ¢(f)] sin(B(2)) cos(B(£]) COS(¢(£))D —rd sin(8(£)) [% G(f)jz cos($(2)]) +ri cos(8(£))

d 2 2
(—sm(e(z)) cos(8(2)) (3 w? - [a ¢(-f)] ]- wosin(B(21) cos($(2)) (W cos(B(2)] cos(h2)) — & sin(6(z]) [g ¢(3)]D cos($l£])

=) = d 2
—2rlcos(B(]) [a B(EJJ sin($(£)) [5 ¢(£)J —rd sin( 823} cos( () [5 ¢(3)J

—rd s 9(£)) smi $is)) [—2 [% G(ﬁ)] [%4)({.)] cot{ 823 +w cos( L)) [w sin pie))— 2 [% 6(5)]]]
> d2 = simplify(dl},

d2 =10
(F.9.14)
Thus d = 0 and LHS = RHS and the two expressions for T in (F.9.9) are the same.

F.10 Numerical solutions of the equations of motion (Cartesian Coordinates)

We have done a lot of "work" in this Appendix F, and now it is time to "play", making use of our hard-
won Cartesian equations of motion which don't have the singularity problems had by the angular
equations at 0 = 0.

Our task is to solve the set of equations (F.8.19) (eql now has a new meaning) :

eql x2+y2+z2 =12

eq2 yX -xy =- wzxy - 20XZ
eq3 zX -XZ = -4o’xz + 20Xy (F.8.19) (F.10.1)
These equations describe the motion of mass my of the dumbbell satellite in rotating Frame S as depicted

in Fig (F.1.1). The position of mass m; is (x,y,z) where x*+y?+z® = r12. The motion of mass mj is then

determined by (D.2.8) mir; = - marz so (X2,¥2,Z2) = - (m1/m2)(X,y,z). The length of the stick of the
dumbbell satellite is s =3+ r2 =11+ (M1/my)ry = [1 + (m1/my] ri.

We enter eq2 and eq3 writing derivatives for example as X = xdd (w = o) ,

xdd := diff(x(t),t,t): vdd := diff(y(t),t,t): yd := diff(y(t), t)
eq? = y(t)*xdd - x(t)*ydd = —w"2*x(t)*y(t)-2%uw*x(t)*=d,
a° 8% 5
ggld =y(e) | ——xle) | —x(e) | —— vl |=—w x(é) vl — 2w (i) zd
2 2
ot ot
eq3 = z(t)}* xdd - x(t)*zdd = -4d*u 2*x(t)*z(t) + 2%*uwrx(t)*yd,
32 o )
eqd =z() —2x(i) — (i zdd = 4w m() el + 2w (s &y(z)
7
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(F.10.2)

At this point zd = Z and zdd = Z are unspecified. We use eql to compute z and Z in terms of x and y,
using eql above:

z = (t) -= sgqri(rl™2-x(t)"2-y(t)"2),

z =t %\/rfz—x(ﬁ)z—y(ﬁ)z

zd = diff{z(t), t);
2300 S0 |- 250 G0
| "2 | ) |- 29| (o)
Zad =T
Y TR T
zdd = diff{z(t),t t),
g o 2 —2(%(5)]2—22(@ ix(z) —2[%(@]2—%@) iy(z)
1 —2x(£) EX(f) - 2y(2) EY(I) 1 A aﬁz 2 652
za’d:=—;f 3 +5
[EJ Jr? ) -y
1% - 262 - y)%
(F.10.3)

When these expressions are installed, eq2 and eq3 becomes these formidable-looking equations which
contain two unknown functions x(t) and y(t) and constants r; and ® :

> eq?;
a

a
2 5 ) WX(I)[—2 X(O[aX(f-)J—w(f) [az y(f-)D
6] —=(£) =-w"xl{£)yl£)—

ey 50y
? NAEEC

i 4 a
2 PRI 2[i ]2 5 il 2[3 j2 5 &
[—2x<z)[Exﬁz)]—zym[ay(z)n B A T B T PR

+— =
[EJ : NAEERICIE

2

> eq3;

32
AP - wo? | S | - s | -

at 2

S

(r1% = x(0)* - yi)®)
—4 w2 ") A, rfz - x(ﬁ)z - y(ﬁ)z +2wxu(f) (%y(ﬁ)j

(F.10.4)
The reader is reminded of the geometry of Fig (F.1.1) where z points up, away from Earth center, y points
to the right and is in the plane of the satellite orbit, while x is perpendicular to the plane of the satellite.
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Our plots below in the (x,y) plane are what a viewer would see looking at mass mz "from above", that is,
from a point at perhaps z = b+2s on the z axis in the above figure.

In-Plane Libration

As our first test, we shall look for the "in-plane libration" behavior. We examined this behavior earlier
below (F.7.3) in angular coordinates, and we now look in Cartesian coordinates. The initial conditions
are:

x(0)=0 y(0)= 1 %(0)=0 3(0)=0 (F.10.6)

With @ = 1, we expect to get a simple swinging back in the x=0 plane with period T = 3.63 sec as shown
in (F.7.5). A half period is then 1.82 seconds.

The Maple code to invoke a solution is as follows (for a numerical integration from t =0 to t = 1.82 sec):

eqs = {eq2,eq3}

funcs = {x(t),v(t)}

inits := {x(0)=0,y(0)=1, D(x)} (0)=0,D(y) (0)=0}

f = dsolve(eqs union inits, funcs,type=numeric,method=rkfdb,ountput=listprocedure}

f:=|:£ = (proci®) ... end), ¥(f)={proci) .. end], %y(ﬁ) = {procit) ... end), ={) = (proc) .. end), %x(é} = {procif) ... e-ml):|

odeplot (£, [x(t) ,v(t}],0..1.82 numpoints=1000, axes = boxed, labels = [x,vy], view =
[-1..1,-2..2],thickness=4, axes=normal };

(F.10.7)
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We show the result below on the left, and then from t = 0 to t = 0.91 (quarter period) on the right :

2 2
¥ 17 5k
‘04 02 | o0z 04 o4 02 | 0z 04
] ¥ ] ¥
-2° -2° (F.10.8)

Thus both the "orbit" and the period for in-plane libration are visually confirmed. If we run fromt=0to t
= 10, the graph is as on the left above since mass mz just swings back an forth in the same orbit, never

leaving the y-axis.

Out-of-Plane Libration

We examined this behavior earlier below (F.7.6) in angular coordinates, and we now look in Cartesian
coordinates. The initial conditions are now,

x(0) = 1 y(0)=0 %(0)=0 3(0)=0 (F.10.9)

With o = 1, we expect to get a swinging back in the y=0 with period T = 3.14 sec as shown in (F.7.8).
Here is what Maple has to say:

aeqs = {eadq?, eq3}

funcs = {x(t}),v(t)}

inits = {x(0)}=1,v(0)})=0, D{x){0)=0,D(y)(0)=0}

f = dsolve(eqs union inits, funcs,type=numeric, method=rkfd5,ontput=listprocedure)
odeplot (£, [x(t),yv(t)],0..3. 14, numpoints=1000, axes = boxed,6 labels = [x,v], view =
[-1..1,-0.1..0.1],thickness=2, axes=normal ),
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02 D.'de.E 0

0.1° (F.10.10)
The period looks right since mass mj swings back close to its initial position after 3.14 seconds, but one
sees that the motion is not quite in the y=0 plane, so out-of-plane libration is an approximate concept as

we noted earlier below (F.5.13). Note in the figure the fine scale of the vertical axis relative to horizontal.

Here are orbits for a selection of final integration times:

T 00

a1

t=21 t=41.6 (F.10.11)

It does seem that the out-of-plane libration stays within a certain small band of deviation in the y direction
which we shall leave to the reader to theoretically calculate. In each plot the time was selected to make
the tail of the trace clearly visible. The author is reminded of a lecture given by Shelly Glashow on the
question: What can be said about orbits on an arbitrarily-shaped-but-convex billiard table? Do they all
eventually close on themselves, or might some never close? (Exercise for the reader). As regards the

above plots, the fact that the ratio of the two libration frequencies is an irrational number \/5 /2 might
have some bearing on the closure of the orbits.
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In the examples above r; = 10 and we have used x(0) = 1 or y(0) = 1 to obtain "small oscillation". If in the

in-plane libration case we use y(0) = 9, there is no change in the orbit, but the oscillation period is slightly
altered. If in the out-of-plane libration case we use x(0) = 9, the orbit no longer maintains the narrow band
as in the above examples. For example, going again to t = 64 seconds with x(0) =9,

inits = {x(0)=9,yv(0)=0, D(x}(0)=0,D(y)(0)=0} Digits := 14
f := dsolve(eqs union inits, funcs,type=numeric method=rkfd5 output=listprocedure)
odeplot (£, [x{(t) ,v(t)}],0..80 numpoints=2000, axes = boxed,labels = [x,v],view =

[-9..9,-5..5] ,thickness=1, axes=normal, scaling=constrained ),

(F.10.12)

The Digits := 14 command tells Maple to compute the numerical integration with 14 decimal places of
accuracy instead of the default 10 digits.

Starting with a diagonal initial position

x(0)=1 y(0)=1 x(0)=0 y(0)=0

(F.10.13)
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The t=64 result is reminiscent of a Lissajous pattern on an oscilloscope screen when the x and y axes are
driven by different frequency sine ways. (See sine plots below.) In some sense these are the two libration
frequencies.

Attempting a Circular Orbit (Conical Solution)

We have made many attempts to get a circular-like orbit by giving the mass mj an initial velocity kick in
some useful direction, but this system does not want to cooperate. Here is an example :

inits = {x{(0)}=1,v(0)=0, D(x) (0)=1,D(y)(0)=2} Digits := 14
f = dsolve({eqs union inits, funcs,type=numeric method=rkfi5, ontput=listprocedure)
aodeplot (£, [x(t),v(t)],0..10 nunpoints=1000,6 axes = boxed, labels =

[¥,v],thickness=1, axes=normal )},

(F.10.14)

What starts as a rough circle is soon distorted into a narrow orbit. In the case of the spherical pendulum

we had a Conical Solution in (C.5.20) where 6 = 0o and ¢ = constant. Assuming 0 = 0 in the satellite
angular equations (F.5.7) gives

sinfocosfo(30? - $?) + wsinBecose (® cosby cosp - 2sinfo ¢) =0 /1§
© — wcosp (wsing) =0 . )

Since this is two ODE's for the one function ¢(t), it seems unlikely there is any general non-static
¢ y y 8

solution. If ¢ = 0 the equations become

sin90c0590(30)2) + msinBpcos@ (® cosbg cosp) =0
— ocosy (wsing) =0 .

If ¢ = 0 the first equation requires that 8¢ = 0 or n/2 which are static vertical and horizontal positions.
The same is true for ¢ =7/2 .
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Three-dimensional plots

To make such plots, one must first extract the solution functions from the dsolve environment. For details
on how this works and other information on dsolve (including a debugger's guide), see the author's Maple
User Guide. Here we extract the functions calling them X,Y and Z ,

X = subs(f,x(t)),

A =proci) ... end
Y = subs(f,yv(t)).

F=proc) ... end
Z = (t) -ssqrt(rl 2-X(t)"2-¥Y(t)"2),

_ 2 2 2
z__z—m/rf X(£)™ = ¥(e) (F.10.15)

The following code then creates a 3D orbit and superposes it on a contour sphere of radius r1 ,

sl = spacecurve(['X(t) ", "¥(t) "', "Z(t)"],t=0..10 numpoints=100,thickness=2,6 color=red)

s2 =implicitplot3d(x"2+y " 2+z"2 =
rl"2 x=-rl. . vrl,yv=-rl. . rl,z=-rl. . .rl,scaling=constrained, style=contour)

displav(sl,s2),
(F.10.16)

For a sample application, we start mass mz on the z axis and give it a good kick in the x and y directions

with %(0)

10 and y(0)= 10 to get an X,y plot :

inits = {x(0)=0,y(0)=0, D(x)(0)=10,D(y) (0)=10} Digits := 14

f = dsolve(eqs union inits, funcs,type=numeric, method=rkf45, output=listprocedure)
odeplot (£, [x(t),v(t)],0..10 numpoints=1000, axes = boxed, labels =
[%,v],thickness=2 axes=normal }

(F.10.17)

Here then is the corresponding 3D plot
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(F.10.18)
where the sphere of radius ry is gradually tipped down toward the viewer.

Conventional plots

In order to plot x(t), y(t) and so on, we first extract all functions from the dsolve system and then crudely
add missing pieces like Xdd:

dt = le-8
X = subs{f,x(t})
Xd = subs(f, diff{x(t), t}}
Xdd = (t)} —>= (Hd(t+dt)- Hd(t})}, dt
¥ = subs{f,y(t))
¥d := subs(f,diff{y(t), t}}
Ydd := (t) -> (¥Yd(t+dt)- ¥d{t))/dt
Z = (t) -> sqrt(rl 2-X(t)"2-¥(t)"2)
Zd = (t) -> (Z(t+dt)- Z(t)} /4t
Zdd := (t) -> (Zd(t+dt)- Zd(t dt
(t) (Zd (t+dt) (t)y)/ (F.10.19)
Here then is a plot of x(t),y(t),z(t) = red,black,blue for the above example:
plot (["X(t) ", "¥(t) ", "Z(t)'],t=0..10, color = [red,black,blue], numpoints=100})
104
B-M
6_
44
2_
o ) ; : ' 10
2]
-4
5
red = x(t) black = y(t) blue = z(t) (F.10.20)
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Here one sees red x and black y executing roughly sinusoidal motions. In a ballpark sense x and y are
sinusoidal at their respective libration periods (3.14 and 3.63), and at least we see that black y has a longer
period than red x (this black y period seems more like ~4). This is what creates the Lissajous pattern in
our earlier figures. Meanwhile, blue z(t) is not coming down much from its maximum value of z = 10.

Here is a plot of x,X,X = red.black,blue :

plot {['X(t)} ", "Xd(t) ', 'Xdd{(t} '] ,t=0. .10, color = [red, black,blue] numpoints=100}

201
101
4 i g 10

red = x(t) black = X(t) blue = X(t) (F.10.21)

Notice that red x and blue X always cross the axis at the same time, which allows X/x to be finite at all
values of t (see below).

Tension in the the stick or tether

The tension in the stick (tether) is stated in (F.8.20),

T=-mri[ X/x +0?], (F.8.20)

which we then plot with m; = 1 for the above example :

ml := 1: T := (t) -> -ml*rl*('Xdd'(t)/"X(t)' + w"2)
plot (T(t) , t=0..10,y=-10..60,thickness=2}),

B0
504
404
y 30

201

A0 (F.10.22)
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If we lower X(0) = y(0) = 10 to X(0) = y(0) =1 to get a milder motion, the tension is less variable,

B0
a0
404

y 30 ——— T T T

204

(F.10.23)

Here T is roughly equal to the "DC" value for the static dumbbell with 8 = 0. From (F.6.30) that value is
T=~3mw’r; =3*%1*12%10 =30N. // tether tension (F.10.24)
We have been using @ = 1, but for a low-Earth orbit satellite one has Torpit =~ 88*60 seconds so
® =27/ Torbit =~ .0012 . (F.10.25)
Then mass m; = 1 kg on a 20 meter tether with equal masses (r; = 10 m) would feel a tidal force of
T=~3mim’r; =3 * 1 * (.0012)% * 10 = .4320e-4 N =43 uN (F.10.26)

which is a very small tension.
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