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Preface to the Third Edition

First, a thank you to all the users of the second edition over the past years. We hope
that you will find the updates made in the text make it a more valuable introduction for
students to continuum mechanics. The changes made in this edition were substantial but
we did not change the basic concept of the book. We seek to provide engineering students
with a complete, concise introduction to continuum mechanics that is not intimidating.

Just like previous editions, the third edition is an outgrowth of course notes and prob-
lems used to teach the topic to senior undergraduate or first year graduate students. The
impetus to do the third edition was to expand it into a text suitable for a two quarter
graduate course sequence at Cal Poly. This course sequence introduces continuum me-
chanics and subsequently covers linear elasticity, nonlinear elastcity, and viscoelasticity.
At Cal Poly the terminal degree is a masters degree so the combination of these topics is
essential.

One of the things that students struggle with in continuum mechanics and subsequent
topics is notation. In the third edition, we have made some changes in notation making
the book more consistent with modern continuum mechanics literature. Minor additions
were made in many places in the text. The chapter on elasticity was rearranged and ex-
panded to give Saint-Venant’s solutions more complete coverage. The extension, torsion,
pure bending and flexure subsections give the student a good foundation for posing and
solving basic elasticity problems. We have also added some new applications applying
continuum mechanics to biological materials in light of their current importance. Finally,
a limited amount of material using MATLAB® has been introduced in this edition. We did
not want to minimize the fundamental principles of continuum mechanics by making the
topic seem like it can be mastered by learning mathematical software. Yet at the same
time, these tools can provide valuable help allowing one to stay focused on fundamen-
tals. In addition, most current graduate students are quite proficient at using tools such
as MatLaB®, so we did not feel we had to emphasize that topic.

There are many people to acknowledge in the writing of this edition, and we ask the
reader to see the Acknowledgments so these people receive their well deserved recogni-
tion.

G. Thomas Mase
San Luis Obispo, California, USA

Ronald E. Smelser
Charlotte, North Carolina, USA

George E. Mase
East Lansing, Michigan, USA
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Preface to the Second Edition

(Note: Some chapter reference information has changed in the Third Edition.)

It is fitting to start this, the preface to our second editions, by thanking all of those who
used the text over the last six years. Thanks also to those of you who have inquired about
this revised and expanded version. We hope that you find this edition as helpful as the
first to introduce seniors or graduate students to continuum mechanics.

The second edition, like its predecessor, is an outgrowth of teaching continuum me-
chanics to first- or second-year graduate students. Since my father is now fully retired,
the course is being taught to students whose final degree will most likely be a Masters at
Kettering University. A substantial percentage of these students are working in industry,
or have worked in industry, when they take this class. Because of this, the course has to
provide the students with the fundamentals of continuum mechanics and demonstrate its
applications.

Very often, students are interested in using sophisticated simulation programs that
use nonlinear kinematics and a variety of constitutive relationships. Additions to the
second edition have been made with these needs in mind. A student who masters its
contents should have the mechanics foundation necessary to be a skilled user of today’s
advanced design tools such as nonlinear, explicit finite elements. Of course, students
need to augment the mechanics foundation provided herein with rigorous finite element
training.

Major highlights of the second edition include two new chapters, as well as significant
expansion of two other chapters. First, Chapter Five, Fundamental Laws and Equations,
was expanded to add materials regarding constitutive equation development. This in-
cludes material on the second law of thermodynamics and invariance with respect to
restrictions on constitutive equations. The first edition applications chapter covering elas-
ticity and fluids has been split into two separate chapters. Elasticity coverage has been
expanded by adding sections on Airy stress functions, torsion of non-circular cross sec-
tions, and three dimensional solutions. A chapter on nonlinear elasticity has been added
to give students a molecular and phenomenological introduction to rubber-like materi-
als. Finally, a chapter introducing students to linear viscoelasticity is given since many
important modern polymer applications involve some sort of rate dependent material
response.

It is not easy singling out certain people in order to acknowledge their help while
not citing others; however, a few individuals should be thanked. Ms. Sheri Burton was
instrumental in preparation of the second edition manuscript. We wish to acknowledge
the many useful suggestions by users of the previous edition, especially Prof. Morteza
M. Mehrabadi, Tulane University, for his detailed comments. Thanks also go to Prof.
Charles Davis, Kettering University, for helpful comments on the molecular approach to
rubber and thermoplastic elastomers. Finally, our families deserve sincerest thanks for
their encouragement.

It has been a great thrill to be able to work as a father-son team in publishing this text,
so again we thank you, the reader, for your interest.

G. Thomas Mase George E. Mase
Flint, Michigan, USA East Lansing, Michigan, USA
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Preface to the First Edition

(Note: Some chapter reference information has changed in the Third Edition.)

Continuum mechanics is the fundamental basis upon which several graduate courses
in engineering science such as elasticity, plasticity, viscoelasticity and fluid mechanics
are founded. With that in mind, this introductory treatment of the principles of contin-
uum mechanics is written as a text suitable for a first course that provides the student
with the necessary background in continuum theory to pursue a formal course in any of
the aforementioned subjects. We believe that first-year graduate students, or upper-level
undergraduates, in engineering or applied mathematics with a working knowledge of
calculus and vector analysis, and a reasonable competency in elementary mechanics will
be attracted to such a course.

This text evolved from the course notes of an introductory graduate continuum me-
chanics course at Michigan State University, which was being taught on a quarter basis.
We feel that this text is well suited for either a quarter or semester course in continuum
mechanics. Under a semester system, more time can be devoted to later chapters dealing
with elasticity and fluid mechanics. For either a quarter or a semester system, the text is
intended to be used in conjunction with a lecture course.

The mathematics employed in developing the continuum concepts in the text is the
algebra and calculus of Cartesian tensors; these are introduced and discussed in some
detail in Chapter Two, along with a review of matrix methods, which are useful for
computational purposes in problem solving. Because of the introductory nature of the
text, curvilinear coordinates are not introduced and so no effort has been made to involve
general tensors in this work. There are several books listed in the Reference Section
that a student may refer to for a discussion of continuum mechanics in terms of general
tensors. Both indicial and symbolic notations are used in deriving the various equations
and formula of importance.

Aside from the essential mathematics presented in Chapter Two, the book can be seen
as divided into two parts. The first part develops the principles of stress, strain and mo-
tion in Chapters Three and Four, followed by the derivation of the fundamental physical
laws relating to continuity, energy and momentum in Chapter Five. The second portion,
Chapter Six, presents some elementary applications of continuum mechanics to linear
elasticity and classic fluids behavior. Since this text is meant to be a first text in contin-
uum mechanics, these topics are presented as constitutive models without any discussion
as to the theory of how the specific constitutive equations was derived. Interested read-
ers should pursue more advanced texts listed in the Reference Section for constitutive
equation development. At the end of each chapter (with the exception of Chapter One)
there appears a collection of problems, with answers to most, by which the student may
reinforce her/his understanding of the material presented in the text. In all, 186 such
practice problems are provided, along with numerous worked examples in the text itself.

Like most authors, we are indebted to may people who have assisted in the preparation
of this book. Although we are unable to cite each of them individually, we are pleased
to acknowledge the contributions of all. In addition, sincere thanks must go to the stu-
dents who have given feedback for the classroom notes which served as the forerunner



to the book. Finally, and most sincerely of all, we express thanks to our family for their
encouragement from beginning to end of this work.

G. Thomas Mase George E. Mase
Flint, Michigan, USA East Lansing, Michigan, USA
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Unit vectors along coordinate axes

Unit vectors along coordinate axes in refer-
ence configuration

Kronecker delta
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Partial derivative with respect to time
Derivative with respect to time
Spatial gradient operator

Scalar gradient

Vector gradient

Divergence of a vector v

Curl of a vector v

Material derivative operator
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Body force (force per unit mass)

Body force (force per unit volume)

Surface force (force per unit area)

Current and referential total volumes
Small and infinitesimal element of volumes
Current and referential total surfaces
Small and infinitesimal elements of surface
Density

Unit normal in current configuration

Unit normal in reference configuration
Traction vector

Normal and shear components of traction
vector

Cauchy stress or general tensor

Cauchy stress referred to principal axes

Piola-Kirchhoff stress vector referred to ref-
erential area

First Piola-Kirchhoff stress

Second Piola-kirchhoff stress

Principal stress values

First, second and third stress invariants
Mean normal stress

Deviatoric stress components
Deviatoric strain components
Deviatoric stress invariants
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Deformation gradient tensor
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Invariants of right deformation tensor
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Normal strain in the N direction
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Cubical dilatation

Infinitesimal rotation tensor
Rotation vector
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Rotation tensor
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Spatial velocity gradient

Rate of deformation tensor
Vorticity, or spin tensor
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Linear momentum vector
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Kinetic energy

Mechanical power or rate of work done by
forces

Stress work

Heat input rate

Heat supply per unit mass
Heat flux vector

Temperature or angle
Temperature gradient

Specific internal energy
Specific entropy or viscoelastic viscosity
Gibbs’ free energy

Free enthalpy

Enthalpy

Specific entropy production
modulus of elasticity or Young’s modulus
shear modulus

Bulk modulus

Poisson’s ratio

Lamé constants

General elastic constants
Viscous stress tensor
Deviatoric rate of deformation
Viscosity coefficients

Bulk viscosity coefficient
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Continuum Theory

The atomic/molecular composition of matter is well established. On a small enough
scale, a body of aluminum, is really a collection of discrete aluminum atoms stacked
on one another in a particular repetitive lattice. And on an even smaller scale, the atoms
consist of a core of protons and neutrons around which electrons orbit. Thus matter is not
continuous. At the same time, the physical space in which we live is truly a continuum,
for mathematics teaches us that between any two points in space we can always find
another point regardless of how close together we choose the original pair. Clearly then,
although we may speak of a material body as “occupying” a region of physical space, it
is evident that the body does not totally “fill” the space it occupies. It is this “occupying”
of space that will be the basis of our study of continuum mechanics.

1.1 Continuum Mechanics

If we accept the continuum concept of matter, we agree to ignore the discrete composi-
tion of material bodies, and to assume that the substance of such bodies is distributed
uniformly throughout, and completely fills the space it occupies. In keeping with this
continuum model, we assert that matter may be divided indefinitely into smaller and
smaller portions, each of which retains all of the physical properties of the parent body.
Accordingly, we are able to ascribe field quantities such as density and velocity to each
and every point of the region of space which the body occupies.

The continuum model for material bodies is important to engineers for two very good
reasons. On the scale by which we consider bodies of steel, aluminum, concrete, etc., the
characteristic dimensions are extremely large compared to molecular distances so that
the continuum model provides a very useful and reliable representation. Additionally,
our knowledge of the mechanical behavior of materials is based almost entirely upon
experimental data gathered by tests on relatively large specimens.

The analysis of the kinematic and mechanical behavior of materials modeled on the
continuum assumption is what we know as Continuum Mechanics. There are two main
themes into which the topics of continuum mechanics are divided. In the first, emphasis
is on the derivation of fundamental equations which are valid for all continuous media.
These equations are based upon universal laws of physics such as the conservation of
mass, the principles of energy and momentum, etc. In the second, the focus of attention
is on the development of the constitutive equations characterizing the behavior of specific
idealized materials; the perfectly elastic solid and the viscous fluid being the best known
examples. These equations provide the focal points around which studies in elasticity,
plasticity, viscoelasticity and fluid mechanics proceed.

Mathematically, the fundamental equations of continuum mechanics mentioned above
may be developed in two separate but essentially equivalent formulations. One, the



2 Continuum Mechanics for Engineers

integral, or global form, derives from a consideration of the basic principles being applied
to a finite volume of the material. The other, a differential, or field approach, leads to
equations resulting from the basic principles being applied to a very small (infinitesimal)
element of volume. In practice, it is often useful and convenient to deduce the field
equations from their global counterparts.

As a result of the continuum assumption, field quantities such as density and velocity
which reflect the mechanical or kinematic properties of continuum bodies are expressed
mathematically as continuous functions, or at worst as piecewise continuous functions,
of the space and time variables. Moreover, the derivatives of such functions, if they enter
into the theory at all, will be likewise continuous.

Inasmuch as this is an introductory textbook, we shall make two further assumptions
on the materials we discuss in addition to the principal one of continuity. First, we require
the materials to be homogeneous, that is to have identical properties at all locations. And
secondly, that the materials be isotropic with respect to certain mechanical properties,
meaning that those properties are the same in all directions at a given point. Later,
we will relax this isotropy restriction to discuss briefly anisotropic materials which have
important meaning in the study of composite materials.

1.2 Starting Over

The topic of continuum mechanics typically comes at the end of an undergraduate or at
the beginning of a graduate program. Continuum mechanics has a reputation of being
a theoretical course without many applications (during the course). The first of part of
continuum mechanics’ reputation is correct: it is based on fundamental mathematics and
mechanics. However, the second part is not founded. There are many, many applications
for continuum mechanics, but it is hard to cover the basics and develop the applications in
a single quarter or semester. Continuum mechanics takes all the mathematical, physical
and engineering principles and casts them in a single structure from which the student is
prepared to pursue advanced engineering topics. After having a course in continuum me-
chanics many applications become accessible to the student: elasticity, nonlinear elasticity,
plasticity, crashworthiness, biomechanics, polymers and more. Many of the sophisticated
simulation programs such as LS-DYNA® become a playground for advanced design and
analysis once continuum mechanics has been mastered.

Some students find continuum mechanics a difficult subject. However, outside of a
new notation, the topics studied should be very familiar to the student. Vectors have to
be written in component form, and we need to be able to use “dot” and “cross” products.
These are skills from the sophomore level statics course. Also needed will be a description
for conservation of linear and angular momentum. Taking the time rate of change of
these quantities is really no different than what was done in an undergraduate course
in dynamics. Just like dynamics, a description of the energy equation will be examined.
Rather than study only rigid bodies as done in undergraduate statics and dynamics,
deformation is allowed. This requires defining stress and strain that were first introduced
in a mechanics of solids class. Stress and strain are tensors which are an order more
complex than vectors. When looking at strain and the resulting stress one needs to have
a material model. At the undergraduate level students have studied linear elastic, fluid
and gas behavior. But the topics generally are taught in separate courses, and often the
common, underlying theory is not noticed. Also, the methods used to determine the
relationship between stress and strain are not considered.
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So continuum mechanics is not a new or challenging topic. Rather it is a chance to
start over and put all that was studied previously under a single umbrella. A course in
continuum mechanics is a chance to synthesize what was learned during an undergradu-
ate education into a coherent structure. One of the challenges of doing this is developing
a common notation, but no new physics is presented. Continuum mechanics is just the
process of confirming the foundation for all that was done in undergraduate studies.

1.3 Notation

As one would imagine, building a theoretical foundation for the study of continuum me-
chanics creates notational difficulties. This is especially true for the student just learning
continuum mechanics. In the pages that follow there are many different symbols used
for all the quantities of interest. There are more symbols than a student experienced as
an undergraduate because a general, nonlinear theory is being contructed. For instance,
consider stress. There are different measures of stress that are indistinguishable in the
linear theory: Cauchy, first Piola-Kirchhoff, and second Piola-Kirchhoff. In addition, von
Mises and octahedral stresses are defined to help analyze yield and failure theory. Finally,
it is often advantageous to subdivide stress into deviatoric and spherical parts because of
the different role the two have in deformed bodies.

With all these quantities it is hard to come up with symbols for each of them. Often, one
symbol is very close to another symbol, and the context has to be used to fully understand
the meaning. This is one of the things that makes continuum mechanics difficult for the
beginner.

Finally, as students continue beyond this course, they find the disheartening reality
that not everybody uses the same notation. Often notational marks will have to be made
in margins when reading the literature. The reason there is not a single notation comes
from the fact that people were not flying in airplanes to technical conferences when this
material was being developed. Even when reading a single author’s works spanning a
decade the notation can change. For example, Table 1.1 ! shows some historical notation
for stress.

! Adapted from Nonlinear Theory of Continuous Media, A. Cemal Eringen, McGraw-Hill Inc., (1962)
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TABLE 1.1

Historical notation for stress.
Naghdi, Eringen, Clebsch, Truesdell t171 to2 t33 t12 ta3 t3g
Cauchy (early work) ABCDEF
Cauchy (later work), St. Venant, Maxwell Pxx Pyy Pzz Pxy Pyz Pzx
F. Neumann, Kirchhoff, Love Xa Yy Z, Xy Y, Zy
Green and Zerna, Russian and German writers T11 T22 T33 T12 T23 T31
Karman, Timoshenko Ox Oy Oz Txy Tyz Tzx
Some English and American writers 011 022 033 0712 023 037

Oxx Oyy Ozz Oxy Oyz Ozx
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Essential Mathematics

Learning a discipline’s language is the first step a student takes towards becoming compe-
tent in that discipline. The language of continuum mechanics is the algebra and calculus
of tensors. Here, tensor is the generic name for those mathematical entities which are
used to represent the important physical quantities of continuum mechanics. A tensor, or
linear transformation, assigns any vector v to another vector Tv such that

Twv4+w)=Tv+Tw, (2.1a)

and
T (o) = «Tv (2.1b)

for all v and w. Furthermore, the sum of two tensors and the scalar multiple of a tensor
is defined by
(T+S)v=Tv+Sv, (2.1¢)

and
(axT)v=0a(Tv) . (2.1d)

Because of these properties, tensors constitute a vector space.

Tensors have a most useful property in the way that they transform from one basis
(reference frame) to another. Having the tensor defined with respect to one reference
frame, the tensor quantity (components) can be written in any admissible reference frame.
An example of this would be stress defined in principal and non-principal components.
Both representations are of the same stress tensor even though the individual components
may be different. As long as the relationship between the reference frames is known, the
components with respect to one frame may be found from the other.

Only that category of tensors known as Cartesian tensors is used in this text, and defini-
tions of these will be given in the pages that follow. General tensor notation is presented
in the Appendix for completeness, but it is not necessary for the main text. The ten-
sor equations used to develop the fundamental theory of continuum mechanics may be
written in either of two distinct notations; the symbolic notation, or the indicial notation.
We shall make use of both notations, employing whichever is more convenient for the
derivation or analysis at hand but taking care to establish the inter-relationships between
the two. However, an effort to emphasize indicial notation in most of the text has been
made. An introductory course must teach indicial notation to the student who may have
little prior exposure to the topic.

2.1 Scalars, Vectors and Cartesian Tensors

A considerable variety of physical and geometrical quantities have important roles in
continuum mechanics, and fortunately, each of these may be represented by some form
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of tensor. For example, such quantities as density and temperature may be specified com-
pletely by giving their magnitude, i.e., by stating a numerical value. These quantities
are represented mathematically by scalars, which are referred to as zero-order tensors. It
should be emphasized that scalars are not constants, but may actually be functions of
position and/or time. Also, the exact numerical value of a scalar will depend upon the
units in which it is expressed. Thus, the temperature may be given by either 68°F, or 20°C
at a certain location. As a general rule, lower-case Greek letters in italic print such as «,
B, A, etc. will be used as symbols for scalars in both the indicial and symbolic notations.

Several physical quantities of mechanics such as force and velocity require not only an
assignment of magnitude, but also a specification of direction for their complete charac-
terization. As a trivial example, a 20N force acting vertically at a point is substantially
different than a 20 N force acting horizontally at the point. Quantities possessing such
directional properties are represented by vectors, which are first-order tensors. Geometri-
cally, vectors are generally displayed as arrows, having a definite length (the magnitude),
a specified orientation (the direction), and also a sense of action as indicated by the head
and the tail of the arrow. In this text arrow lengths are not to scale with vector magnitude.
Certain quantities in mechanics which are not truly vectors are also portrayed by arrows,
for example, finite rotations.

Consequently, in addition to the magnitude and direction characterization, the com-
plete definition of a vector requires the further statement: vectors add (and subtract) in
accordance with the triangle rule by which the arrow representing the vector sum of two
vectors extends from the tail of the first component arrow to the head of the second when
the component arrows are arranged “head-to-tail”.

Although vectors are independent of any particular coordinate system, it is often useful
to define a vector in terms of its coordinate components, and in this respect it is neces-
sary to reference the vector to an appropriate set of axes. In view of our restriction to
Cartesian tensors, we limit ourselves to consideration of Cartesian coordinate systems for
designating the components of a vector.

A significant number of physical quantities having important status in continuum me-
chanics require mathematical entities of higher order than vectors for their representation
in the hierarchy of tensors. As we shall see, among the best known of these are the stress
and the strain tensors. These particular tensors are second-order tensors, and are said to
have a rank of two. Third-order and fourth-order tensors are not uncommon in contin-
uum mechanics but they are not nearly as plentiful as second-order tensors. Accordingly,
the unqualified use of the word tensor in this text will be interpreted to mean second-order
tensor. With only a few exceptions, primarily those representing the stress and strain
tensors, we shall denote second-order tensors by upper-case sans serif Latin letters in
bold-faced print, a typical example being the tensor T. The components of the said tensor
will, in general, be denoted by lower-case Latin letters with appropriate indices: t;;.

Tensors, like vectors, are independent of any coordinate system, but just as with vectors,
when we wish to specify a tensor by its components we are obliged to refer to a suitable
set of reference axes. The precise definitions of tensors of various order will be given
subsequently in terms of the transformation properties of their components between two
related sets of Cartesian coordinate axes.

As a quick notation summary, the International Standards Organization (ISO) conven-
tions for typesetting mathematics are summarized below:

1. Scalar variables are written as italic letters. The letters may be either Roman or
Greek style fonts depending on the physical quantity they represent. The following
examples are a partial list of scalar notation:

(a) a - magnitude of acceleration
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(b) v — magnitude of velocity

(c) r—radius

(d) 8 — temperature or angle depending on context
(e) o — coefficient of thermal expansion

(f) o — principal value of stress

(g) A — eigenvalue or stretch

2. Vectors are written as boldface italic. Examples are as follows:

(a) x — position

(b) v —velocity

(c) a - acceleration

(d) €; —base vector in x7 direction

3. Second- and higher-order tensors are designated by uppercase fonts. Additionally,
matrices are shown in the calligraphic form to differentiate them from tensors. Ten-
sors can be represented by matrices, but not all matrices are tensors. In the case
of several well known engineering quantities this convention will not be accommo-
dated. For example, linear strain has been chosen to be represented by e. Here are
some samples of tensor and matrix symbols:

(a) Q - orthogonal matrix

(b) E - finite strain

(c) T - Cauchy stress tensor

(d) € - infinitesimal strain tensor
(e) R - rotation matrix

2.2 Tensor Algebra in Symbolic Notation - Summation Convention

The three-dimensional physical space of everyday life is the space in which many of the
events of continuum mechanics occur. Mathematically, this space is known as a Euclidean
three-space , and its geometry can be referenced to a system of Cartesian coordinate axes.
In some instances, higher order dimension spaces play integral roles in continuum topics.
Because a scalar has only a single component, it will have the same value in every system
of axes, but the components of vectors and tensors will have different component values,
in general, for each set of axes.

In order to represent vectors and tensors in component form we introduce in our physi-
cal space a right-handed system of rectangular Cartesian axes Ox1x;x3, and identify with
these axes the triad of unit base vectors, €, €,, €3, shown in Fig. 2.1(a). All unit vectors
in this text will be written with a caret placed above the bold-faced symbol. Due to the
mutual perpendicularity of these base vectors they form an orthogonal basis, and further-
more, because they are unit vectors, the basis is said to be orthonormal. In terms of this
basis an arbitrary vector v is given in component form by

3
V=Vv1€1 +Vv& +v3€3 = Zv{e\i . (2.2)

i=1
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X3 3
| X3
X
2
O >
€2
e 1 XZ
X]
(a) Unit vectors in the coordinate directions x1, (b) Rectangular Cartesian components of the
x2 and x3. vector v.
FIGURE 2.1

Base vectors and components of a Cartesian vector.

This vector and its coordinate components are pictured in Fig. 2.1(b). For the symbolic
description, vectors will usually be given by lower-case Latin letters in bold-faced print,
with the vector magnitude denoted by the same letter. Thus v is the magnitude of v.

At this juncture of our discussion it is helpful to introduce a notational device called the
summation convention that will greatly simplify the writing of the equations of continuum
mechanics. Stated briefly, we agree that whenever a subscript appears exactly twice in a
given term, that subscript will take on the values 1, 2, 3 successively, and the resulting
terms summed. For example, using this scheme, we may now write Eq 2.2 in the simple
form

V= Vi/éi y (23)

and delete entirely the summation symbol }_. For Cartesian tensors, only subscripts are
required on the components; for general tensors both subscripts and superscripts are
used. The summed subscripts are called dummy indices since it is immaterial which par-
ticular letter is used. Thus v;€; is completely equivalent to v;€;, or to v €y, when the
summation convention is used. A word of caution, however; no subscript may appear
more than twice in a singe term. But as we shall soon see, more than one pair of dummy
indices may appear in a given expression that is the summation of terms (see Exam-
ple 2.2). Note also that the summation convention may involve subscripts from both the
unit vectors and the scalar coefficients.

I Example 2.1

Without regard for meaning as far as mechanics is concerned, expand the
following expressions according to the summation convention:

(a) UiViWj @j (b) ti)-vié,- (C) ti-‘LV]' /e\j
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Solution

(a) Summing first on i, and then on j

uiviwj@j = (wv1 +urvy +uszvz)(wi1€1 +wy€; +wséz)

(b) Summing on i, then on j and collecting terms on the unit vectors.

ti,-v)-/e\i = th-vj@] -I-tzjv]'/e\z +t3jv563
(t11vi + tiava + tizvz) €1 + (t21vi + toova + tazvz) €
+ (tz1v1 +t32v) + t33v3) €3

(¢) Summing on i, then on j,

tiiv€5 = (ti1 +ta2 +t33) (Vi€ +v2€, +v3€3)

Note the similarity between (a) and (c).

With the above background in place it is now possible, using symbolic notation, to
present many useful definitions from vector/tensor algebra. There are two symbols
needed prior to writing out all of the vector and tensor algebra necessary. These two
symbols are the Kronecker delta and the permutation symbol. ~Additionally, there are
several useful relationships between the Kronecker delta and permutation symbol that
are used throughout continuum mechanics. The following three subsections introduce
the Kronecker delta, permutation symbol and their relationships. Following that, vec-
tor /tensor algebra is presented.

The Kronecker delta is similar to the identity matrix, so the reader should quickly
embrace this new entity. However, the permutation symbol is a little more abstract than
the Kronecker delta since it cannot be represented by a matrix. In subsequent chapters
the Kronecker delta and the permutation symbol play integral roles in describing how
forces are carried by continuum bodies and how the position of a particle is described.

2.2.1 Kronecker Delta

Since the base vectors €; (i = 1,2,3) are unit vectors and orthogonal

e -8 =

1 if numerical value of i = numerical value of j
0 if numerical value of 1 # numerical value of j

Therefore, if we introduce the Kronecker delta defined by

§e 1 if numerical value of i = numerical value of j
R ) if numerical value of 1 # numerical value of j

we see that

e ¢ =5; (1,j=123). (2.4)
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Also, note that by the summation convention

dit = 055 = 811 +04+033=14+14+1=3,
and furthermore, we call attention to the substitution property of the Kronecker delta by
expanding (summing on j) the expression
6ij éj = di1 e+ 512/6\2 + 513/6\3 .
But for a given value of 1 in this equation, only one of the Kronecker deltas on the right
hand side is non-zero, and it has the value one. Therefore,
5ij€5 =€,

and the Kronecker delta in §;;€; causes the summed subscript j of €; to be replaced by i
reducing the expression to simply €;.

2.2.2 Permutation Symbol

By introducing the permutation symbol ;i defined by

1 if numerical values of ijk appear as in the sequence 12312
gijr =4 —1 if numerical values of ijk appear as in the sequence 32132 (2.5)
0 if numerical values of ijk appear in any other sequence

we may express the cross products of the base vectors (i=1,2,3) by the use of Eq 2.5 as
@i X /e\]' = eijk@k (i,j,k = 1,2,3) . (26)

Also, note from its definition that the interchange of any two subscripts in €45k causes a
sign change so that for example,

€ijk = —E&kji = €kij = —E&ikj

and, furthermore, that for repeated subscripts is zero as in

€113 = €212 = €133 = €222 = 0.

223 ¢ - Identity

The product of permutation symbols &miq€jiq may be expressed in terms of Kronecker
deltas by the ¢ - 6 identity

EmiqEikg = Omjdik — OmiOyj (2.7a)

as may be proven by direct expansion. This is a most important formula used throughout
this text and is well worth memorizing. Also, by the sign-change property of &;x,

€miq€jkqg = €miq€qik = Eqmifqjk = Eqmifjkq -
Additionally, it is easy to show from Eq 2.7a that
&jkq€mkq = 26]m ) (27b)

by setting i = k, and
&ikqéikq = 6. (2.7C)
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2.2.4 Tensor/Vector Algebra

To begin with, vector addition is easily written in indicial form

w=u-+v or wiéi = (uy +vi) @i (28)

where the components simply add together.

Simple vector multiplication can take one of several forms. The specific form depends
on the type of entity multiplying the vector. For now, two forms of vector multiplication
can be defined in symbolic form. Multiplication of a vector by a scalar is written as

Av = ?\vi@i y (29)

and the dot (scalar) product between of two vectors is

U-v=v-u=uvcosb (2.10)

where 0 is the smaller angle between the two vectors when drawn from a common origin.
From the definition of 8;; and its substitution property the dot product u - v may be
written as

u-v= ui@i *Vj @j = UiVj @i . @]- = uiv,-éij = Uivi . (211)

Note that scalar components pass through the dot product since it is a vector operator.
The vector cross (vector) product of two vectors is defined by

Uxv=-vxu=(uvsind) e

where 0 < 8 < m, is the angle between the two vectors when drawn from a common
origin, and where € is a unit vector perpendicular to their plane such that a right-handed
rotation about € through the angle 6 carries uinto v .
The vector cross product may be written in terms of the permutation symbol (Eq 2.5) as
follows:
uxv= ui@i X v,—@i = UiVj (@1 X @]) = EijkUiVj @k . (212)

Again, notice how the scalar components pass through the vector cross product operator.
There are a couple of useful ways three vectors can be multiplied. The triple scalar
product (box product) is
U-vXW=uxv-w=[uvw ,

or

[u,v,w] = ui@i . (Vj @5 X wk@k) = ui@i . sjkqvjwk@q (213)

= £jkquivjwk6iq = E{jkUiV; Wik

where in the final step we have used both the substitution property of ;4 and the sign-
change property of eiji. The triple cross product is similar to the triple scalar product

ux (V X W) = ui@i X (v,-@]- X wkék) = u{e‘i X (s]-kqv,-wk@q) (214)

ay Pay
= siqmajkquivjwkem = €miq ajkquiv]-wkem
which may be written as

ux (V X W) = (5mj6ik — 6mk61j)ui\)jwkém (215)

ay . Ay Pay
(WVmWi — Wi Viwm) €m = UiWiVm€m — WiViWm €m .
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Observation of the indices in Eq 2.15 admits

ux (vxw)=(u-wjv—(u-vijw

a well-known identity from vector algebra.
In addition to the common vector products above, two vectors can be multiplied to-
gether to yield a tensor. The tensor product of two vectors creates a dyad

uv = ui@ivj /e‘j = UiVj @i@j (216)
which in expanded form, summing first on 1, yields
Ui Vj @iéj =Uuyvj (=] /e\j + w2 vj @2@5 + uzvj /6\3/6\)' ,

and then summing on j

~

uivj@iéj = wv1€1€1 +uv2€1€, +uv3é1€;

Pay

+ upv1€,€1 +upv€,€; +uyvse,es (217)

Pa

+ wzv€3€7 +u3zvy€38; + uzv3€3e; .
This nine-term sum is called the nonion form of the dyad, uv. A sum of dyads such as
ujvy) +ugvy + - + UNVN (2.18)

is called a dyadic.
A common, alternative notation frequently used for the dyad product is

a®b=10a€;® bj@j = aibj@i ® /e\j (2.19)

which is called a fensor product. The tensor product of vectors a and b is defined by how
a ® b maps all vectors u:
(a@b)u=a(b-u) . (2.20)

If one takes vectors a, b and u to be vectors from a Euclidian 3-space, the expanded form
for the tensor product may be written as

aq
(a@b)u=a(b-u) = ax| (brug +bouy + bzuz)
as

_a1b1u1 + aibyuy +ajbsus

= abju; + azxbruy + azbsug

_a3b1u1 + azbou, + azbzus

) } (2.21)
arby  arby a1bz| |uy

= (12b1 azbz azb3 Uz

_a3b1 (13bz (13b3_ us

aq . uq
= ap [b1 b, b3 uz
as ) |us




Essential Mathematics 13

The last line of Eq 2.21 shows why the tensor product is sometimes called the outer
product. The inner product, of course, is defined by

by
a-b= {(11 az 03} by | =a1by +azbz +azbs .
b3

The second line of Eq 2.21 shows the tensor product to be equivalent to the dyad product
of two vectors. Both notations will be used in the book.
A dyad can be multiplied by a vector giving a vector-dyad product:

1. u-(vw) =ui€; - (vi&;wy i) = uiviwi € (2.22)
2. (uwv) - w = (u;€1v€5) - Wik = uivjw;€; (2.23)
3. ux (vw) = (u€; X vj€j) Wi€x = €ijqUiViWk€q€x (2.24)
4. (uv) x W =u;€; (Vi€ X Wi €x) = €jkqUiViWk€i€q (2.25)

(Note that in products 3 and 4 the order of the base vectors €; is important.)
Dyads can be multiplied by each other to yield another dyad

(uv) . (WS) = uiéi (Vj éj -wkék) sq@q = uiv]-szq@iéq . (226)

Vectors can be multiplied by a tensor to give a vector. The reduction in the order of the
tensor is why the “dot” is used in direct notation.

Lo v T =vi - €€, = vitjidij € = viti®i (2.27)

2. T -v= tij @{e\]— . vk@k = tij @ié,-kvk = ti]'\)j éi (228)

(Note that these products are also written as simply vT and Tv .)
Finally, two tensors can be multiplied resulting in a tensor

NS DAY SNA NS
T-S= tij €i€j Spq€p€yq = tijquéjpeieq = tijsjpeieq . (229)

I Example 2.2

Let the vector v be given by v = (a - fi) i+fi x (a x i) where a is an arbitrary
vector, and fl is a unit vector. Express v in terms of the base vectors €; , expand,
and simplify. (Note that i - =n;&; ‘M /e\]' = ninjéﬁ =niny = 1)

Solution
In terms of the base vectors €;, the given vector v is expressed by the equation

V= (Cli/éi -n,-@,-)nk@k +Tli/éi X (ajé,- X nk@k) .

We note here that indices 1, j, and k appear four times in this line, however, the
summation convention has not been violated. Terms that are separated by a plus
or a minus sign are considered different terms each having summation convention
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rules applicable within them. Vectors joined by a dot or cross product are not
distinct terms, and the summation convention must be adhered to in that case.
Carrying out the indicated multiplications, we see that

v = (ainjé-lj)nk/e\k + niéi X (5jkq a]-nk@q)
= aining€x + eiqmejkqniajnkém
= aininkék + €miq sjkqniajnké\m
= ainink€x + (Omjdik — dmrdij) Niajni€m
= aqinink€x +ny aj ni@j —niain€x
niniaj@j = ajéj =a.
Since a must equal v, this example demonstrates that the vector v may be

resolved into a component (v-fi)fi in the direction of fi, and a component
fl x (v x fi) perpendicular to fi.

I Example 2.3

Using Eq 2.7 show that (&) €émkq€jkq = 20m; and that (b) ejxq€ejqg = 6. (Recall
that dxx = 3 and Smkékj = 6m))

Solution
(a) Write out Eq 2.7a with index i replaced by k to get

Emkq€ikg = Omjdrk — Omidx;
— 38— By = 26m; .

(b) Start with the first equation in Part (a) and replace the index m with j,
giving

€kq€ika = Ojjduk — djkdjx
(3)(3)—6;=9—-3=6.

I Example 2.4
Double dot products of dyads are defined by
(@ (w)--(ws)=(v-w)(u-s)

(b) (uv):(ws)=(u-w)(v-s) .

Expand these products and compare the component forms.
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Solution

(@) (uv) - - (ws) = (vi€; 'Wj/e\j) (€ - Sqé\q) = ViWwily Sk

(b) (UV) : (WS) = (ui@i - Wj /é)) (vkék *Sq ’e\q) = U{WiVk Sk

E—
Summary of Symbolic Notations
1. Addition of vectors, Eq 2.8:
w=u-+v or wii = (ug +vi) &
2. Multiplication:
(@) of a vector by a scalar, Eq 2.9:
AV = Av; €
(b) dot (scalar) product of two vectors, Eq 2.11:
U-v=v-u=uvcosd = uv;
(c) cross (vector) product of two vectors, Eq 2.12:
uXxv=—vxu=(usind) € = eijxuivj€x
(d) triple scalar product (box product), Eq 2.13:
[, v, W = ui€;- (vj€ x wi€x) = ui€; - €jxqViWK€q
= EjkqUiViWidiq = EijKkUiViWi
(e) triple cross product, Eq 2.14:
ux (vxw) = ui€ x (vj€5 x wi€x) = ui€; X (jkqViWik€q)

Pay ay
= &igm&jkqUiViWk€m = E€miq&jkqUiViWkE€m

(f) tensor product of two vectors (dyad), Eq 2.16:

uv = uiéivj /e\]- = UyVj @i@j = ui@i ® Vj /e\j = UyVj /e\i ® é\,-

(g) Vector-dyad products, Eqs 2.22-2.25:

1. u- (VW) = ui/e\i . (Vj @jwk@k) = uiviwkék
2. (UV) W = (ui@ivj é)) ~wk@k = UiV;Wj @i
3. ux (VW) = (u{e\i X Vj @j)wk@k = sijquivjwk@q @k

4. (uv) x W =u;€; (Vi€ X Wi €x) = €jkqUiViWk€i€q
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TABLE 2.1
Indicial form for a variety of tensor quantities.

A = scalar (zeroth-order tensor) A
vi = wvector (first-order tensor) v, or equivalently, its 3 components
wiv; = dyad (second-order tensor) uv, or its 9 components
tyy = dyadic (second-order tensor) T, or its 9 components
Qijx = triadic (third-order tensor) Q, or its 27 components
Cijkm = tetradic (forth-order tensor) C, or its 81 components

(h) dyad-dyad product, Eq 2.26:

Pa

(uv) . (WS) = ui@i (Vj /e‘j -wk/e‘k) Sq/éq = uiv,-szq@ieq
(i) vector-tensor products, Eqs 2.27-2.28:
1. v-T= v{e‘i . tjkéjék = Vitjkéij /e‘k = Vitikék
2. T v= tij é\i’e\j . vké\k = tij @iéjkvk = ti]’\)j @i
(j) tensor-tensor product, Eq 2.29:
T-S= tij @i@j . qu@p@q = tiijpé\i/E\q
(k) double dot product:

1. (UV) .. (WS) = (vi@i -wj@j) (uk@k . sq@q) = ViWjiUx Sk

2. (UV) : (WS) = (uiéi 'Wj/éj) (vk@k . sq/e‘q) = U{WiVKSk

2.3 Indicial Notation

By assigning special meaning to the subscripts, indicial notation permits us to carry out
the tensor operations of addition, multiplication, differentiation, etc. without the use, or
even the appearance of the base vectors €; in the equations. We simply agree that the
tensor rank (order) of a term is indicated by the number of “free,” that is, unrepeated,
subscripts appearing in that term. Accordingly, a term with no free indices represents a
scalar, a term with one free index a vector, a term having two free indices a second order
tensor, and so on. The specific meaning of these symbols are given in Table 2.1.

For tensors defined in a three-dimensional space, the free indices take on the values
1,2,3 successively, and we say that these indices have a range of three. If N is the number
of free indices in a tensor, that tensor has 3™ components in three space.

We must emphasize that in the indicial notation exactly two types of subscripts appear:
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TABLE 2.2

Forms for inner and outer products.
Outer Products: Contraction(s): Inner Products:
UiVj i=j uiv; (vector dot product)
EijkUqVm j=q,k=m €ijkUjVk (vector cross product)
E4jkUqVmWn i=gq,j=mk=n eyruvywy (box product)

1. “free” indices, which are represented by letters that occur only once in a given term,

2. “summed,” or “dummy” indices which are represented by letters that appear only
twice in a given term.

Furthermore, every term in a valid equation must have the same letter subscripts for the
free indices. No letter subscript may appear more than twice in any given term.

Mathematical operations among tensors are readily carried out using the indicial nota-
tion. Thus addition (and subtraction) among tensors of equal rank follows according to
the typical equations; u; +vi —w; = s; for vectors, and ti; —vi;j +si; = qi; for second-order
tensors. Multiplication of two tensors to produce an outer tensor product is accomplished
by simply setting down the tensor symbols side by side with no dummy indices appear-
ing in the expression. As a typical example, the outer product of the vector v; and tensor
tjk is the third-order tensor vitjx. Contraction is the process of identifying (that is, setting
equal to one another) any two indices of a tensor term. An inner tensor product is formed
from an outer tensor product by one or more contractions involving indices from separate
tensors in the outer product. We note that the rank of a given tensor is reduced by two for
each contraction. Some outer products, which contract, form well-known inner products
listed in Table 2.2.

A tensor is symmetric in any two indices if interchange of those indices leaves the tensor
value unchanged. For example, if si; = sj; and cijm = cjim, both of these tensors are said
to be symmetric in the indices i and j. A tensor is anti-symmetric (or skew-symmetric) in
any two indices if interchange of those indices causes a sign change in the value of the

tensor. Thus if aj; = —aj; , it is anti-symmetric in 1 and j. Also, recall that by definition,
€ijk = —&jik = &jki, etc,, and hence the permutation symbol is anti-symmetric in all
indices.

— Example 2.5

Show that the inner product sijai; of a symmetric tensor si; = s;j3 , and an
anti-symmetric tensor ai; = —aj; is zero.

Solution
By definition of symmetric tensor si; and skew-symmetric tensor aij, we have

Sijaij = —$8jidji = —SmnOmn = —Sij4ij

where the last two steps are the result of all indices being dummy indices.
Therefore, 2si5ai5 =0, or sijai; = 0.
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One of the most important advantages of the indicial notation is the compactness it
provides in expressing equations in three dimensions. A brief listing of typical equations
of continuum mechanics is presented below to illustrate this feature.

1. ¢ = sijty — siity; (1 equation, 18 terms on RHS)
2. t = qymny (3 equations, 3 terms on RHS of each)
3. tiy5 = AdyjExk + 21Ey; (9 equations, 4 terms on RHS of each)

I Example 2.6

By direct expansion of the expression vi = €ijxWjk determine the components
of the vector v; in terms of the components of the tensor wjy.

Solution
By summing first on j and then on k and then omitting the zero terms, we find
that
Vi = E1kWik F €i2kWak + €i3kW3k
= &i12W12 + €113W13 + €i21W21 + €i23W23 + €131 W31 + €i32W32 .
Therefore,

V1 = €123W23 + €132W32 = W23 — W32,
V2 = €213W13 + €231 W31 = W31 — W13,
V3 = €312W12 + €321W21 = W12 — W21 .

Note that if the tensor wj, were symmetric, the vector v; would be a null (zero)
vector.

To end this section, consider a skew-symmetric second order tensor W = w;y;€;€;.
All skew-symmetric tensors can be represented in terms of an axial vector by using the
permutation symbol. Let the axial vector for wi; be w; defined by

1
wi = *Zéijkw)‘k . (230)

It is an easy exercise in indicial manipulation to find the inverse of Eq 2.30. We can write
Wjx in terms of w; as follows:

EimnWi = —2EimnEijkWik

= —7 (Omjdnk — Smidnj) Wik

= —3 (Wmn —Wnm) (2.31)
= —3(2wmn)

= —Wmn

where Eq 2.7a and the skew-symmetric property of wi; were used.
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2.4 Matrices and Determinants

For computational purposes it is often expedient to use the matrix representation of vectors
and tensors. Accordingly, we review here several definitions and operations of elementary
matrix theory.

A matrix is an ordered rectangular array of elements enclosed by square brackets and
subjected to certain operational rules. The typical element A;; of the matrix is located in
the i'" (horizontal) row, and in the j*"* (vertical) column of the array. A matrix having
elements A;;, which may be numbers, variables, functions, or any of several mathematical
entities, is designated by [Aj;], or symbolically by the kernel letter A. An M by N matrix
(written M x N) has M rows and N columns, and may be displayed as

A Az 0 AN
Az Az - AN

A=[Ayl=]| . . o (2.32)
Ami Amz - Amn

If M = N, the matrix is a square matrix. A 1x N matrix [A;n] is an row matrix, and an M x 1
matrix [Am1] is a column matrix. Row and column matrices represent vectors, whereas a
3 x 3 square matrix represents a second-order tensor. A scalar is represented by a 1 x 1
matrix (a single element). The unqualified use of the word matrix in this text is understood
to mean a 3 x 3 square matrix, that is, the matrix representation of a second-order tensor
or a matrix that is not a tensor.

A zero, or null matrix has all elements equal to zero. A diagonal matrix is a square matrix
whose elements not on the principal diagonal, which extends from A;; to Ann, are all
zeros. Thus for a diagonal matrix, Ai; = 0 for i # j. The unit or identity matrix I, which,
incidentally, is the matrix representation of the Kronecker delta, is a diagonal matrix
whose diagonal elements all have the value one.

The N x M matrix formed by interchanging the rows and columns of the M x N matrix
A is called the transpose of A, and is written as AT, or [Aij]T. By definition, the elements
of a matrix A and its transpose are related by the equation AiTj = Aji. A square matrix

for which A = AT, or in element form, Aj; = Aji, is called a symmetric matrix; one for
which A = —-A, or, Aj; = —Ajj, is called an anti-symmetric, or skew-symmetric matrix.
The elements of the principal diagonal of a skew-symmetric matrix are all zeros. Two
matrices are equal if they are identical element by element. Matrices having the same
number of rows and columns may be added (or subtracted) element by element. Thus if
A = B + €, the elements of A are given by

.Aij =By +Cy . (2.33)

Addition of matrices is commutative, A + B = B + A, and associative, A + (B +C) =
(A+B)+C.
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I Example 2.7

Show that the square matrix A can be expressed as the sum of a symmetric
and a skew-symmetric matrix by the decomposition

A+AT A-AT
A= St

Solution
Let the decomposition be written as A = B + € where B = % (A + .AT) and

C= 15 (A — AT). Then writing B and € in element form,

Av +AG Ay + A At A T .
ij = 7 = 2 = 5 = Bji = By (symmetric) ,
A — AL A — A AT — A
Cy = = 7 2= 7 L= 7 L —Cji = —GiTj (skew-symmetric) .

Therefore B is symmetric, and € skew-symmetric.

Multiplication of the matrix A by the scalar A results in the matrix AA, or [AAy;] =
A[Ai;]. The product of two matrices A and B, denoted by AB, is defined only if the
matrices are conformable, that is, if the prefactor matrix A has the same number of columns
as the postfactor matrix B has rows. Thus the product of an M x Q matrix multiplied by
a Q x N matrix is an M x N matrix. The product matrix € = AB has elements given by

Cyj = AixBy; (2.34)

in which k is, of course, a summed index. Therefore each element C;; of the product
matrix is an inner product of the i*" row of the prefactor matrix with the j*" column of
the postfactor matrix. In general, matrix multiplication is not commutative, AB # BA,
but the associative and distributive laws of multiplication do hold for matrices. The
product of a matrix with itself is the square of the matrix, and is written AA = A%
Likewise the cube of the matrix is AAA = A>, and in general, matrix products obey the
exponent rule

ATAT = ATAT =A™ (2.35)
where m and n are positive integers, or zero. Also, we note that
@AY =@n", (2.36)
and if BB = A then

B=VA=Az (2.37)

but the square root is not unique.
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I Example 2.8

Use indicial notation to show that for arbitrary matrices A and B:
(a) (A+B) =AT +BT
(b) (AB)T =BTAT
(¢) IB = BI = B where I is the identity matrix.

Solution
(a) Let A+ B = €, then in element form €i; = A;; + By; and therefore @ is
given by
€l =€ = Aji + Bji = Al + B,
or

CT=A+B) =A"+B".
(b) Let AB = €, then in element form
Cij = AwBy; = ALBka = BkaA{i = ejTi .

Hence (AB)" = BTA". Note that exchanging the order A{i’Bka = ‘Bka.AL
is not necessary when using indicial notation. It is done for clarity. In direct
or matrix notation the order of the terms is critical.

(c) Let IB = €, then in element form
Cij = dixByj = Bij = Bixdxj

by the substitution property. Thus IB = BI = B.

The determinant of a square matrix is formed from the square array of elements of
the matrix and this array evaluated according to established mathematical rules. The
determinant of the matrix A is designated by either det.A, or by |A;;|, and for a 3 x 3
matrix A,

A Az Ass
det A = |.Aij| =| A1 Az Az | . (2.38)
Az Az Aszz

A minor of det.A is another determinant [M;;| formed by deleting the it row and j'"
column of |Aj;|. The cofactor of the element Aj; (sometimes referred to as the signed
minor) is defined by
A = (=1 vt (2.39)
where superscript (c) denotes cofactor of matrix A.
Evaluation of a determinant may be carried out by a standard method called expansion
by cofactors. In this method, any row (or column) of the determinant is chosen, and each
element in that row (or column) is multiplied by its cofactor. The sum of these products
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gives the value of the determinant. For example, expansion of the determinant of Eq 2.38
by the first row becomes

A A Az A Az A
detA = Ay, | 722 A |y | A Ay, A A (2.40)
Azz  Aszz Az Aszz Az Aszz
which upon complete expansion gives
detA = .An (Azz.Ag,g — .Azs-ASZ) - -AIZ (-AZLASS - -A23-A31) (2-41)

+A13 (A1 A32 — Az Azt) .

Several interesting properties of determinants are worth mentioning at this point. To
begin with, the interchange of any two rows (or columns) of a determinant causes a sign
change in its value. Because of this property and because of the sign-change property of
the permutation symbol, the det.A of Eq 2.38 may be expressed in the indicial notation
by the alternative forms (see Prob. 2.13)

det A = Eijkﬂ,ﬂﬂjzﬂkg = Eijk_A]i.Azj.Ag,k . (242)

Furthermore, following an arbitrary number of column interchanges with the accompa-
nying sign change of the determinant for each, it can be shown from the first form of
Eq 2.42 that, (see Prob 2.14)

Eqmn det A = eijkAiqumAkn . (243)

Finally, we note that if the det. A = 0, the matrix is said to be singular. It may be eas-
ily shown that every 3 x 3 skew-symmetric matrix is singular. Also, the determinant
of the diagonal matrix, D, is simply the product of its diagonal elements: detD =
D11D32 - DNN-

I Example 2.9
Show that for matrices A and B, det(AB) = det(B.A) = det(.A) det(B).

Solution
Let € = AB, then Gij = Aikgkj and from Eq 2.42

det@C = Eijkei1ejzek3
eijkAiqBq1AjmBmaAnBns
eijkAigAimAnBq1Bm2Bns -

But from Eq 2.43

SijkAiqumAkn = E&gqmn det A ,

SO NOwW
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detC =det AB = eqmnBq1Bm2Bnzdet A =det AdetB .
By a direct interchange of A and B, det AB = det BA.

—
I Example 2.10
Use Eq 2.40 and Eq 2.41 to show that det A = det A".
Solution
Since
A An Az
AT =| A2 A Asp
Az Az Ass
cofactor expansion by the first column here yields
A A A A A A
det A = Aj; 22 A32 —Ars 21 3 4 Ay 21 31
Azz Asz Azz Aszz Azz Aszz
which is equal to Eq 2.41.
—
The inverse of the matrix A is written A ™', and is defined by
AA T =ATA=1 (2.44)

where I is the identity matrix. Thus if AB =1, then B = A~', and A = B~". The adjoint
matrix A" is defined as the transpose of the cofactor matrix

T
AF = [A‘c)} . (2.45)
In terms of the adjoint matrix the inverse matrix is expressed by

LA
" detA

(2.46)

which is actually a working formula by which an inverse matrix may be calculated. This
formula shows that the inverse matrix exists only if det.A # 0, i.e, only if the matrix A is
non-singular. In particular, a 3 x 3 skew-symmetric matrix has no inverse.
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I Example 2.11

Show from the definition of the inverse, Eq 2.44 that
(a) (AB) ' =B A",
-1 _INT
(b) (A7) " =(AT") .

Solution

(a) By pre-multiplying the matrix product AB by B A", we have (us-
ing Eq 2.44),

B TATTAB=B"I1B=B""B=1

and therefore B~ A~ = (A%)fl.

(b) Taking the transpose of both sides of Eq 2.44 and using the result of
Example 2.8 we have

(AA ) =AY AT =1"=1.
Hence (A_1)T must be the inverse of A", or (A_1)T = (AT)A.

An orthogonal matrix, call it Q, is a square matrix for which Q7' = Q. From this
definition we note that a symmetric orthogonal matrix is its own inverse since in this case

Q0 '=0"T=0. (2.47)

Also, if A and B are orthogonal matrices.

AB) '=B A '=BTA"=(AB)", (2.48)

so that the product matrix is likewise orthogonal. Furthermore, if A is orthogonal it may
shown (see Prob. 2.18) that

detA =+1. (2.49)

As mentioned near the beginning of this section, a vector may be represented by a row
or column matrix, a second-order tensor by a square 3 x 3 matrix. For computational
purposes, it is frequently advantageous to transcribe vector/tensor equations into their
matrix form. As a very simple example, the vector-tensor product, u = Tv (symbolic
notation) or u; = Tijvj (indicial notation) appears in matrix form as

u Ty T2 Tz %
[uir] = [Ty5] [vjq] or u | =| To1 T2 T2 v | . (2.50)
us T31 T2 Ts3 V3
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TABLE 2.3
Transformation table between Oxjx,x3 and
!
Ox1%3X3.
A Ay N
€1, X1 €2, X2 €3, X3
AY4 !
€1, X an a2 a3
Ay, /
€5, X3 azg azz azs
a7 /
€3, X3 asg asz ass

In much the same way the product

w=v.-T or w=vT

appears as
T T T3y

(Wi = i3] M) or [W1 Wy ws } = [ Vi V2 V3 } Tio T2 T2 | . (251)
Tz Tz T33

Note that in Eq 2.51 the order of the subscripts are exchanged since the transpose of the
matrix is being written. Equations 2.51 and 2.50 could be written in the direct form the
following way:

w:v-T:(T-v)T:vT-TT.

From this, it is clear that

sinccu=T-v.

2.5 Transformations of Cartesian Tensors

Although, as already mentioned, vectors and tensors have an identity independent of any
particular reference or coordinate system, the relative values of their respective compo-
nents do depend upon the specific axes to which they are referred. The relationships
among these various components when given with respect to two separate sets of co-
ordinate axes are known as the transformation equations. In developing these transfor-
mation equations for Cartesian tensors, we consider two sets of rectangular Cartesian
axes, Ox1x2x3 and Oxx}x35, sharing a common origin, and oriented relative to one an-
other so that the direction cosines between the primed and unprimed axes are given by
aij = cos(x{,x;j) as shown in Fig. 2.2.

The square array of the nine direction cosines displayed in Table 2.3 is useful in relat-
ing the unit base vectors €; and €] to one another, as well as relating the primed and
unprimed coordinates x{ and x; of a point. Thus the primed base vectors &/ are given
in terms of the unprimed vectors €; by the equations (as is also easily verified from the
geometry of the vectors in the diagram of Fig. 2.2),
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FIGURE 2.2

Rectangular coordinate system Ox]x)x} relative to Ox1x,x3. Direction cosines shown for
coordinate x] relative to unprimed coordinates. Similar direction cosines are defined for
x5 and x} coordinates.

AL A A A A
€ =ané +aner+a13€; =a1;¢;, (2.52a)
AL N A A N
€, =azi€1 +a€; + axz3€3 = az;€;, (2.52b)
N N A N N
€3 =a31€; +a32€; + az3€3 = a3;e; , (2.52¢)

or in compact indicial form
é{ = ayj éj . (253)

By defining the matrix A whose elements are the direction cosines aij, Eq 2.53 can be
written in matrix form as

A/ A
€] apr a2 a3 €1

[6{;] = lay] [€51] or e | =| axn ax az; e, (2.54)
el az; as2 as3 é;

where the elements of the column matrices are unit vectors. The matrix A is called the
transformation matrix because, as we shall see, of its role in transforming the components
of a vector (or tensor) referred to one set of axes into the components of the same vector
(or tensor) in a rotated set.

Because of the perpendicularity of the primed axes, €{ - €/ = &i;. But also, in view of
Eq 2.53,
/é{ . é]/ = aiqéq . Cljmém = Cliq(ljméqm = QiqQjq = 511'
from which we extract the orthogonality condition on the direction cosines (given here in
both indicial and matrix form),

QAiqQjq = (Sij or .A.AT =1I. (255)

Note that this is simply the inner product of the i'" row with the j'" row of the matrix
A. By an analogous derivation to that leading to Eq 2.53, but using the columns of A, we
obtain
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éi = ajiéj' y (256)

which in matrix form is

Q. a2z a3
€, 63} azy azz Qzs . (2.57)
as; aszz2 ass

[@1:] = [@1;] [ay] or [ e € @3 ] = [ €

e arj; a1 as e
.
@1 =Tlayl [€1;] or | & | =] a2 axn a3z e (2.58)
es aj3 az as3 e;

in which column matrices are used for the vectors €; and €;. By a consideration of the
dot product and Eq 2.56 we obtain a second orthogonality condition

ai;Aix = 6jk or .AT.A =1 (259)

which is the inner product of the j*" column with the k*"* column of A.
Consider next an arbitrary vector v having components v; in the unprimed system, and
v{ in the primed system. Then using Eq 2.56,

V= V]/é]/ = Viéi = via]-ié]-’
from which, by matching coefficients on &;,
forms),

we have (in both the indicial and matrix

vi=avi  or Vv =Av=vA' (2.60)

which is the transformation law expressing the primed components of an arbitrary vector in
terms of its unprimed components. Although the elements of the transformation matrix
are written as a;; we must emphasize that they are not the components of a second-
order Cartesian tensor as it might appear. Multiplication of Eq 2.60 by a;ix and using the
orthogonality condition Eq 2.59 we obtain the inverse law

ve=ajv]  or  v=v A=AV (2.61)

giving the unprimed components in terms of the primed.
By a direct application of Eq 2.61 to the dyad uv we have

!/

ro_ . A
q@mjVm = QqilmjlgVp - (2.62)

Uuiv; = dqi q

But a dyad is, after all, one form of a second-order tensor, and so by an obvious adaptation
of Eq 2.62 we obtain the transformation law for a second-order tensor, T as

tij = aqiamjt(’]m or T= .ATT /.A. (263)
which may be readily inverted with the help of the orthogonality conditions to yield

t} = aiqQjmtqm or T/ =ATA'. (2.64)
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A X3 ,
AX3, X3
X1
b
20
X2, X} O >
l X2, X£
2
/ X
X1, X3 \ !
Xq
(a) Ox}jxjx} axes relative to Oxjx2x3 axes (b) Oxfx5x} axes relative to Ox1x2x3 axes
following a 90° counterclockwise rotation following a reflection about the x,x3 plane.

about the x; axis.

FIGURE 2.3
Rotation and reflection of reference axes.

Note carefully the location of the summed indices q and m in Equations 2.63 and 2.64.
Finally, by a logical generalization of the pattern of the transformation rules developed
thus far we state that for an arbitrary Cartesian tensor of any order

Rij. .k = GigQm " QknRgm..m - (2.65)

The primed axes may be related to the unprimed axes through either a rotation about an
axis through the origin, or by a reflection of the axes in one of the coordinate planes. (Or by
a combination of such changes). As a simple example, consider a 90° (counterclockwise)
rotation about the x, axis shown in Fig. 2.3(a). The matrix of direction cosines for this
rotation is

0 0 -1
[aij] = 0 1 0
1 0 0

and det A = 1. The transformation of tensor components in this case is called a proper
orthogonal transformation. For a reflection of axes in the x,x3 plane shown in Fig 2.3(b) the
transformation matrix is

-1.0 0
[Clij] = 0 1 0
0 01
where det A = —1, and we have an improper orthogonal transformation. It may be shown

that true (polar) vectors transform by the rules v{ = ai;v; and vi = ai;V] regardless of
whether the axes transformation is proper or improper. However, pseudo (axial) vectors
transform correctly only according to v{ = (det A) ai;v; and v; = (det A) aj;v] under an
improper transformation of axes.
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I Example 2.12

Let the primed axes Ox]x}x} be given with respect to the unprimed axes by
a 45°(counterclockwise) rotation about the x, axis as shown. Determine the
primed components of the vector given by v = &7 + €, + €3.

X3

Vector v with respect to Oxjx5x5 and Ox1x2X3.

Solution
Here the transformation matrix is

1 0 1
V2 V2
layl = 0 1 0 )
1 1
vz %z
and from Eq 2.60 in matrix form

v % 0 —% 1 0
Vi = 0 1 0 1= 1
V3 7 0 v, 1 V2

29
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I Example 2.13

Determine the primed components of the tensor

2 6
[tyl=1] 0 8 0
4 2 0

under the rotation of axes described in Example 2.12.

Solution
Here Eq 2.64 may be used. Thus in matrix form

r 1 1 1 1
V- RN v, S I R N v S
t;] = | o 1 o0 |0 8 Ol O 1 0
1 1 1 1
L5 0 Ssll4 2 o]l o
r 4
-3 5 1
= | 0 8 0
8
L TR
I

2.6 Principal Values and Principal Directions of Symmetric Second-
Order Tensors

First, let us note that in view of the form of the inner product of a second-order tensor
T with the arbitrary vector u (which we write here in both the indicial and symbolic
notation),

tyuw = vy or T-u=v (266)

any second-order tensor may be thought of as a linear transformation which transforms
the antecedent vector u into the image vector v in a Euclidean three-space. In particular,
for every symmetric tensor T having real components t;;, and defined at some point in
physical space, there is associated with each direction at that point (identified by the unit
vector n;), an image vector v; given by

tijn,- = Vi or T Ai=v. (267)
If the vector v; determined by Eq 2.67 happens to be a scalar multiple of n;, that is, if

tijn]- = )\Tli or T- ﬁ 7\ﬁ y (268)

the direction defined by n; is called a principal direction, or eigenvector, of T, and the scalar
A is called a principal value, or eigenvalue of T. Using the substitution property of the
Kronecker delta, Eq 2.68 may be rewritten as
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(tiy —Ad5)ny =0 or (T—AL)-1=0, (2.69)
or in expanded form
(t17 —A)nq +tiony +t13n3 =0, (2.70a)
taimg + (ta2 —A)ny +t3nz =0, (2.70b)
tz3ing +t3ony + (t33 —A)nz =0. (2.70c)

This system of homogeneous equations for the unknown direction n; and the unknown
A’s will have non-trivial solutions only if the determinant of coefficients vanishes. Thus,

[tij — A8yl =0 (2.71)
which upon expansion leads to the cubic in A (called the characteristic equation)
A — A2+ IIpA =TI =0 (2.72)

where the coefficients here are expressed in terms of the known components of T by

It=ty=tr T, (2.73a)
Iy = % (tiity; — tijtye) = % {(tr T)? —tr (Tz)] . (2.73b)
It = ey tritoytse = detT , (2.73¢)

and are known as the first, second, and third invariants, respectively, of the tensor T. I The
sum of the elements on the principal diagonal of the matrix form of any tensor is called
the trace of that tensor, and for the tensor T is written tr T as in Eq 2.73.

The roots A1), A(2), and A3y of Eq 2.72 are all real for a symmetric tensor T having
real components. With each of these roots A(4) (g = 1,2,3) we can determine a principal

direction niq] (q=1,2,3) by solving Eq 2.69 together with the normalizing condition
nin; = 1. Thus, Eq 2.69 is satisfied by
@ —o (qg=1,2,3) (2.74)

[t — A@)8i]
with
Y =1 (g=1,2,3). (2.75)

If the A(4)’s are distinct the principal directions are unique and mutually perpendicular.
If, however, there is a pair of equal roots, say A(1) = A(2), then only the direction associated

with A3y will be unique. In this case any other two directions which are orthogonal to

ngg'), and to one another so as to form a right-handed system, may be taken as principal

directions. If A1y = A2y = A(3), every set of right-handed orthogonal axes qualifies as
principal axes, and every direction is said to be a principal direction.

In order to reinforce the concept of principal directions, let the components of the tensor
T be given initially with respect to arbitrary Cartesian axes Ox;x2x3, and let the principal

axes of T be designated by Oxjx3x3, as shown in Fig. 2.4. The transformation matrix

A between these two sets of axes is established by taking the direction cosines ngq) as

calculated from Eq 2.74 and Eq 2.75 as the elements of the q'"* row of A. Therefore, by

definition, ay; = n]m as detailed in the table below.

INote that some authors use the negative of the second invariant as defined in Eq 2.73b. This changes the sign
on the IITA term in Eq 2.72 and must be kept consistent throughout the use of the invariants.
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X
3 *
X,
X3‘ (1)
cos~'ng
.
X]
—1 (1)
COS T'LZ
@)
Xy
cos 'V
X]
FIGURE 2.4
Principal axes Oxjx3xj relative to axes Ox1x2x3.
X1 OT €7 X2 or €2 X3 OoT €3

PN (1) (1) (1)

x] or €7 apn =1y apx =mn, ajiz =n; (2.76)
2 2 2 '

x5 or €3 ar) = ng ) ax = né ) a3 = ng )

3 3 3

x5 or €3 as; :ng ) as; :n(z ) aszz = né )

The transformation matrix here is orthogonal and in accordance with the transformation
law for second-order tensors

t; = QiqQymtqm or T*=ATA' (2.77)

where T* is a diagonal matrix whose elements are the principal values A 4.

I Example 2.14

Determine the principal values and principal directions of the second-order
tensor T whose matrix representation is

5 2 0
tyl=12 2 0
0 0 3
Solution
Here Eq 2.71 is given by
5—-A 2 0
2 2—A 0 =0
0 0 3—A

which upon expansion by the third row becomes

B=AN(10-7A+N—4) =0,
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or
3—=A)(6—-A)(1-A)=0.

Hence, A(1y = 3, A(2) = 6, A3y = 1 are the principal values of T. For A1) =3,
Eq 2.70 yields the equations

2ni +2n, =0,
2111 i 1% ZO,

which are satisfied only if ny =n, =0, and so from nyn; = 1 we have nz = +1.
For A(z) =6, Eq 2.70 yields

-+ 2n; =0 )
ZTL] — 4T1,2 =0 ,
—31’13 =0 N

so that 7 = 2n; and since n3z = 0, we have (an)2 + n% =1,0rny; = £1/V5,
and n; = +2//5. For Aizy =1, Eq 2.70 yields

Ini+2n, =0,
2ni+n; =0,

together with 2n3 = 0. Again n3 = 0, and here n% + (72n1)2 = 1 so that
ny = +£1/v/5 and n, = F2/v/5. From these results the transformation matrix
A is given by

0 0+
- 2 1
layl = % £ 0
1 2
ﬁ:ﬁ :Fﬁ 0

which identifies two sets of principal direction axes, one a reflection of the other
with respect to the origin. Also, it may be easily verified that A is orthogonal
by multiplying it with its transpose A" to obtain the identity matrix. Finally,
from Eq 2.77 we see that using the upper set of the + signs,

2 1
o o0 1|[520||0 & L 300
2 1 1 2 | —
s v 091|220 0 5 —HF[T|060
1 2
L2 o[o03|[|1 0 o 00 1

33
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I Example 2.15

Show that the principal values for the tensor having the matrix

5 1 V2
[ty] = 1 5 V2
V2 V2 6

have a multiplicity of two, and determine the principal directions.

Solution
Here Eq 2.71 is given by

5-A 1
1 5-A
V2 V2 6—A

for which the characteristic equation becomes
A —16A* +80A—128 =0,

or

A-8(A-4)?%=0.
For A(1y =8, Eq 2.70 yields

—3ni+ny+vV2n; =0,
n1f3nz+\ﬁn3 =0,
ﬂm ‘|‘\f2T12—2T13 =0.

From the first two of these equations n; = n;, and from the second and third
equations n3 = v/2n,. Therefore, using, nin; = 1, we have

) + ()2 + (V2n) =1,

and so n; = n, = +£1/2 and n3 = +£1/v/2, from which the unit vector in the

principal direction associated with A(;) = 8 (the so-called normalized eigenvec-
tor) is

P 1 ~ N A AX

Al = 5 <e1 +ez+ﬁeg) =3 .
For fi(?), we choose any unit vector perpendicular to Al'); an obvious choice
being

A2 = =1 2 _ €
V2

(3)

Then i3 is constructed from A3) = A1) x A(2) g0 that
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Thus, the transformation matrix A is given by Eq 2.76 as

NEEERYS
s o s

It is worthwhile to revisit the invariants of Eq 2.73 within the context of the character-
istic equation because of their extensive uses. The first invariant is just the trace of the
tensor which is easy to calculate. Similarly, the third invariant may be calculated by a
cofactor expansion to evaluate the determinant. Calculating the second invariant may be
done two ways. First is the straight forward calculation. Half the trace squared minus the
trace of the square may be done using matrix operations. For example, take the generic
matrix

a b c
G=|d e f|. (2.78)
g h i
Clearly, from Eq 2.73a, the first invariant is
Ig=a+e+1. (2.79)

Finding the second invariant requires two terms: 713 and —%tr (G%). The first term is
expanded as

1 1

z(a+e+i)2 =5(a*+e*+i%) taetaitei.

Matrix multiplication of the diagonal terms will evaluate the second term:

. a b c||a b ¢ .
sl |d e f||d e f =2(a2+bd+gc+bd+ez+fh+gc+hf+iz).
. . —_— Y ~—
g h if|g h i 1,1 term 2,2 term 3.3 term

Combining these two terms according to Eq 2.73b results in
I[Ig =ei—hf+4+ai—gc+ae—db. (2.80)

A second way to find the second invariant is to sum the cofactors along the diagonal of
matrix G. Using this method on Eq 2.78 results in Eq 2.80. This second way is an easier
way to calculate the second invariant.

If a problem is given with specific numbers for the matrix, or tensor, there are compu-
tational tools that allow for quick invariant calculations. For instance, using MATLAB®,
the matrix of Example 2.14 can be entered and the invariants found with the following
code:
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> T=[620; 220; 00 3]

T =
5 2 0
2 2 0
0 0 3

>> Tsqrd = T*T

Tsqrd =
29 14 0
14 8 0
0 0 9

>> I_T = trace(T)
I_T =10
>> II_T = 0.5%(I_T"2 - trace(Tsqrd))
II.T = 27
>> III_T = det(T)
ITI_T = 18
Furthermore, most of these computational tools can use symbolic notation as well as
numbers. Consider the analysis done on the matrix defined in Eq 2.78. All of those

calculations may be completed with MaTLAB® as follows:

> syms abcdefghi
> A =[abc; de f; gh i]

A =
[ a, b, cl
[ d, e, f]
[ g, h, i]

>> Asqrd = AxA

Asqrd =

[ a"2+bxd+c*xg, axb+bxetcxh, axc+bxf+c*i]
[ dxatexd+f*g, bxd+e”2+f*h, d*c+exf+fxi]

[ gxathxd+i*g, g*b+h*e+ixh, ckxg+fxh+i~2]

>> I_A = trace(Ad)
I_A = ateti

>> II_A = 0.5%(I_A"2 - trace(Asqrd))

II_A = 1/2*x(ate+i) "2-1/2%a"2-b*d-c*g-1/2%e"2-f*h-1/2%i"2
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>> simplify(II_A)
ans = axetaxitexi-bxd-cxg-f*h
>> III_A = det(A)

ITI_A = axexi-a*xfxh-dxbxi+d*cxh+gxbxf-gkcke
In concluding this section, we mention several interesting properties of symmetric
second-order tensors:
1. The principal values and principal directions of T and T' are the same.

2. The principal values of T~ are reciprocals of the principal values of T, and both
have the same principal directions.

3. The product tensors TQ and QT have the same principal values.

4. A symmetric tensor is said to be positive (negative) definite if all of its principal values
are positive (negative); and positive (negative) semi-definite if one principal value is
zero and the others positive (negative).

2.7 Tensor Fields, Tensor Calculus

A tensor field assigns to every location x, at every instant of time t, a tensor ti;, (x, t), for
which x ranges over a finite region of space, and t varies over some interval of time. The
field is continuous and hence differentiable if the components ti;_ x(x,t) are continuous
functions of x and t. Tensor fields may be of any order. For example, we may denote
typical scalar, vector, and tensor fields by the notations ¢(x,t), vi(x,1), and ti;(x,t), re-
spectively.

Partial differentiation of a tensor field with respect to the variable t is symbolized by
the operator 0/9t and follows the usual rules of calculus. On the other hand, partial
differentiation with respect to the coordinate x4 will be indicated by the operator 0/0x,
which may be abbreviated as simply 9. Likewise, the second partial 9?/9xq0xmay
be written 94, and so on. As an additional measure in notational compactness it is
customary in continuum mechanics to introduce the subscript comma to denote partial
differentiation with respect to the coordinate variables. For example, we write ¢ ; for
0d/0x4; vi ; for Ovi/0x;; tij « for dty;/0xy; and u; ji for 62ui/axjaxk. We note from these
examples that differentiation with respect to a coordinate produces a tensor of one order
higher. Also, a useful identity results from the derivative 0x;/9x;, viz.,

LI (2.81)

In the notation adopted here the operator V (del) of vector calculus, which in symbolic
notation appears as

€ (2.82)
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takes on the simple form 0;. Therefore, we may write the scalar gradient V$ = grad ¢ as

0idb=0:, (2.83)
the vector gradient Vv as
61\))- =Vji, (284)
the divergence of v, V - v as
Oivi =Vii, (2.85)
and the curl of v, V x v as
£ijkaj\)k = sijkvk,j . (286)

Note in passing that many of the identities of vector analysis can be verified with
relative ease by manipulations using the indicial notation. For example, to show that
div(curlv) = 0 for any vector v we write from Eqs 2.86 and Eq 2.85

01 (€ijkVk,j) = €ijkVi,ji =0,

and because the first term of this inner product is skew—symmetric in i and j, whereas the
second term is symmetric in the same indices, (since vy is assumed to have continuous
spatial gradients), their product is zero.

I Example 2.16

Use indicial notation to verify the following identities:
curl Vu=0 (2.87a)

and
curl (Vu') = Vcurlu (2.87b)

where u is any continuously differentiable vector field.

Solution

For the first, write curlVu = eipuj xp€i€; where the order of partial differ-
entiation of u does not matter since u is continuously differentiable. Thus,
Uj kp = Ujpk. By definition, the permutation symbol is skew-symmetric in
kp and the product of a skew—symmetric and symmetric tensor is zero (see
Example 2.5).

The second identity is just as easily verified with indicial notation. Write
the left-hand side of the expression in indicial notation, exchange the order of
partial differentiation on u. Since the permutation symbol is a constant we may
write EipkUk jp = (sipkuk,p)j

There is also a need for using the divergence and curl of second order tensors in contin-
uum mechanics. Let s;x be a second order tensor that is differentiable at x. The divergence
of s;x at x is defined as

divS = Sjk‘kéj (288)
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where
0s ij

an

Sijk = =@&;-(VSeye; . (2.89)

Just as the divergence of a vector reduces the tensor order by one to a scalar, the diver-
gence of a second order tensor reduces the tensor order by one to a vector. The curl of a
second order tensor s;i is defined as

(curl §);; = €ipxSik,p (2.90)

in a manner that parallels the curl of a vector. The curlu returns a vector and the curl S
results in a second order tensor.

I Example 2.17

Consider si; = s;3 to be a continuously differentiable, second order tensor. Show
that
tr (curlS) =0. (2.91)

Solution
Write the curl of S in indicial form:

(curl 8);; = €ipkSjk,p -
The trace of this is found by setting i = j:

(tr (curl S));; = €ipkSik,p -

Since sik = ski and €ipk = —€kpi We see that tr (curl S) = 0.
——
I Example 2.18
Let W = w;;€;€; = —w;;€;€; be a skew—symmetric, second order tensor having
continuous derivatives. Since W is skew—symmetric it has an axial vector u such
that Wjk = —€qjkUq- Show that
curl W =Idivu—Vu, (2.92a)
or, equivalently
EipkWijk,p = 5ij‘LLq‘q —Uij . (292b)

Solution
Using the definition of an axial vector as well as Eq 2.7a we find that:

EipkWikp = Eipk(_sqjkuq)‘p
= —(8iqdpj — dij0pq) Uq,p

= Bijlg,q — Uij -
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ds=n.ds

FIGURE 2.5
Volume V with infinitesimal element d§; having a unit normal n;.

2.8 Integral Theorems of Gauss and Stokes

Consider an arbitrary continuously differentiable tensor field ti;.. x defined on some fi-
nite region of physical space. Let V be a volume in this space with a closed surface &
bounding the volume, and let the outward normal to this bounding surface be n; as
shown in Fig. 2.5 so that the element of surface is given by d8; = nydS. The divergence
theorem of Gauss establishes a relationship between the surface integral having t;;.x as in-
tegrand to the volume integral for which a coordinate derivative of tij. . x is the integrand.
Specifically,

J tij..xNqdS = J tij. k,q dV . (2.93)
s v

Several important special cases of this theorem for scalar and vector fields are worth
noting, and are given here in both indicial and symbolic notation:

J Ang d8 = J AqdV or J M dS = J grad A dV , (2.94)
8 v s v
J VgTg dSZJ Vq.qdV or J v-ﬁdSZJ divvdV, (2.95)
8 v 8 v
J E{jkNy Vi ds = J €ijkVk,j dV or J Aixv ds = J curlvdV . (296)
$ % $ %

Called Gauss’s divergence theorem, Eq 2.96 is the one presented in a traditional vector cal-
culus course.

Whereas Gauss’s theorem relates an integral over a closed volume to an integral over
its bounding surface, Stokes’ theorem relates an integral over an open surface (a so-called
cap) to a line integral around the bounding curve of the surface. Therefore, let € be the
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d8=n ds

dxi

FIGURE 2.6
Bounding space curve C with tangential vector dx; and surface element d8; for partial
volume.

bounding space curve to the surface S, and let dx; be the differential tangent vector to C
as shown in Fig. 2.6. (A hemispherical surface having a circular bounding curve C is a
classic example). If n; is the outward normal to the surface S, and v; is any vector field
defined on § and G, Stokes’ theorem asserts that

J EijkMiVk j ds = J Vi ka or J f- (V X V) ds = J v-dx. (2.97)
8 e 8 e

The integral on the right-hand side of this equation is often referred to as the circulation
when the vector v is the velocity vector.
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Problems

Problem 2.1
Let v=a x b, or in indicial notation,

Py Pa A Py
Vi€ = a;€5 X bkek = sijkajbkei

Using indicial notation, show that,

(a) v-v=a’b?sin’0 ,

(b)) axb-a=0,
(¢) axb-b=0.

Problem 2.2

With respect to the triad of base vectors uy, u,, and us (not necessarily unit vectors), the
triad u',u?, and u? is said to be a reciprocal basis if u; - W = &;; (i,j = 1,2,3). Show that
to satisfy these conditions,

1 u; X us i 2 us X uq i 3 u; X up

[ur,uz,u3]’ [ug,uy,uzl’ [ur,uz,u3]

and determine the reciprocal basis for the specific base vectors

u = 2e;,+¢é; ,
u, = 2¢,—-¢e3,
u; = € +e+e;.
Answer
u1 % (3@1 — /éz — 263)
u? = % (—€7 +2¢e; —¢€3)
u3 % (—ey +2€;, +4¢€3)
Problem 2.3

Let the position vector of an arbitrary point P (x1x2x3) be x = x;€;, and let b = b;&; be
a constant vector. Show that (x —b) - x = 0 is the vector equation of a spherical surface
having its center at x = %b with a radius of %b.

Problem 2.4
Using the notations A (ij) = +(Ayj + Aj1) and Agjj) = 2(Ay; — Aji) show that

(a) the tensor A having components Aj; can always be decomposed into a sum of
its symmetric A(y;) and skew-symmetric A ;) parts, respectively, by the decom-
position,

Aij = Agy) + Apjl
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(b) the trace of A is expressed in terms of A ;) by
A = A
(c) for arbitrary tensors A and B,

AiiBiy = Ay Biy) + Ay By -

Problem 2.5
Expand the following expressions involving Kronecker deltas, and simplify where possible.

(a) 813015, (b) 81j05kdki, (c) 84385k, (d) diAix

Answer

(a) 3, (b) 3, (C) 6ik7 (d) Ajk

Problem 2.6
If a; = ey5kbjck and by = g45g5hy, substitute bj into the expression for a; to show that

ai = gkcrkhi — hikewgi
or in symbolic notation, a = (c- g)h — (¢ - h)g.

Problem 2.7
By summing on the repeated subscripts determine the simplest form of

(a) e3jkajax, (b) eyrdyj, (c) erjrazTyy, (d) €15kd35vi .

Problem 2.8
Consider the tensor Bix = €ijkVj.

(a) Show that Bix is skew-symmetric.

b) Let Bi; be skew-symmetric, and consider the vector defined by vi = €i;xBijk
j ik Dj
(often called the dual vector of the tensor B). Show that Bimgq = %emqivi.

Problem 2.9
Use indicial notation to show that

Ami€mik T AmjEimk T Amk€ijm = Amméijk

where A is any tensor and eijx is the permutation symbol.
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Problem 2.10
If Ai; = 61Bxx + 3Bjij, determine Byy and using that solve for Byj in terms of Ay and its
first invariant, Ay;i.

Answer

1A . _1 1
Bik = gAkk;  Bij = 3A4 — 101 Akk

Problem 2.11
Show that the value of the quadratic form Tijxix; is unchanged if T; is replaced by its
symmetric part, %(Tij + Tji).

Problem 2.12
With the aid of Eq 2.7, show that any skew—symmetric tensor W may be written in terms

of an axial vector w; given by

1
Wi = _iiijkwjk

where wji are the components of W.
Problem 2.13

Show by direct expansion (or otherwise) that the box product A = eijaibjck is equal to
the determinant

a; az as
b1 by bj3
C1 C2 C3

Thus, by substituting Aj; for ai, Az; for b; and Azx for cy, derive Eq 2.42 in the form
det A = eyj1A11A25A31 where Aj; are the elements of A.

Problem 2.14
Starting with Eq 2.42 of the text in the form
det A = ey AirAj2Axs
show that by an arbitrary number of interchanges of columns of Ai; we obtain
eqmn det A = 5 AigAjmAkn

which is Eq 2.43. Further, multiply this equation by the appropriate permutation symbol
to derive the formula
6det A = EqmneijkAiq-Aijkn .

Problem 2.15
Let the determinant of the matrix Aij be given by

A Arz Ass
detA=| Ay Ay Asz
Az1 Aszz Az
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Since the interchange of any two rows or any two columns causes a sign change in the value
of the determinant, show that after an arbitrary number of row and column interchanges

-Amq Amr Ams
‘Anq ‘ATLT‘ Ans - Emnp EQTS det.A .
‘qu ‘APT ‘Aps

Now let A5 = 845 in the above determinant which results in det.A = 1 and, upon expansion,
yields

Emnp Eqrs = 5mq (énréps - énsépr) - er(énqéps - 6nsépq) + 5ms(énq épr - 6711'5pq) .
Thus, by setting p = q, establish Eq 2.7 in the form

Emnqéqrs = 6mr6ns - 6m56nr .

Problem 2.16
Show that the square matrices

are both square roots of the identity matrix.

Problem 2.17
Using the square matrices below, demonstrate

(a) that the transpose of the square of a matrix is equal to the square of its transpose
(Eq 2.36 with n = 2),

(b) that (AB)T = BTAT as was proven in Example 2.8

Ayl = Byl =

g o W
- N o
[N NG—
I OENSp—
S N W
w Q1 —

Problem 2.18
Let A be any orthogonal matrix, i.e., AA" = AA " =1, where I is the identity matrix.
Thus, by using the results in Examples 2.9 and 2.10, show that det A = +1.

Problem 2.19

A tensor is called isotropic if its components have the same set of values in every Cartesian
coordinate system at a point. Assume that T is an isotropic tensor of rank two with
components tij relative to axes Ox1x2x3. Let axes Ox/1 xlle3 be obtained with respect to
Ox1x2x3 by a righthand rotation of 120° about the axis along fl = (€ + € + &) /v/3. Show
by the transformation between these axes that t17 = ty2 = t33, as well as other relationships.
Further, let axes Ox/{x;xg be obtained with respect to Ox1x2x3 by a right-hand rotation
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of 90° about x3. Thus, show by the additional considerations of this transformation that if
T is any isotropic tensor of second order, it can be written as AI where A is a scalar and 1
is the identity tensor.

Problem 2.20
For a proper orthogonal transformation between axes Oxixax3 and Ox)x,x; show the
invariance of 8i; and eijx. That is, show that

(a) 6':6i]'7

(b) e = i

Hint: For part (b) let e’i]-k = 0iq0jmkn€qmn and make use of Eq 2.43.

Problem 2.21
The angles between the respective axes of the Ox/1 x/zx; and the Ox1x2x3 Cartesian systems
are given by the table below

X1 X2 X3
xj | 45° 90° 45°
X} | 60°  45° 120°
x4 | 120° 45°  60°

Determine

(a) the transformation matrix between the two sets of axes, and show that it is a
proper orthogonal transformation,

(b) the equation of the plane x1 +x2 +x3 = 1/v/2 in its primed axes form, that is,
in the form byx; 4+ bax, +b3x = b.

Answer

(a) layl=

Sl sk sk
REASEASIES
Sk sk sk

W~

(b)  2x] + x5 +x

Problem 2.22
Making use of Eq 2.42 of the text in the form det A = e A11A25 A3k write Eq 2.71 as

[tij — A0yl = eqjic (tri — O11) (t25 — d25) (tak — 835) =0

and show by expansion of this equation that

1
A — A+ 7 (tiitj; — tiytyi) | A — egjetiitajta =0

to verify Eq 2.72 of the text.
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Problem 2.23
For the matrix representation of tensor B shown below,

17 0 0
byl=] 0 —23 28
0 28 10

determine the principal values (eigenvalues) and the principal directions (eigenvectors) of
the tensor.

Answer

M =17, Ay =26, A3=—39
A =8, AR = (48, +783) /VE5, AB) = (—78, +4&3) /V/&5

Problem 2.24
Consider the symmetrical matrix

[Bi;] =

Nw © na
oS A~ O
N O Njw

(a) Show that a multiplicity of two occurs among the principal values of this matrix.

(b) Let Ay be the unique principal value and show that the transformation matrix

1 o0 —L

V2 V2
lay] = 0 1 0

1 1

=0 u

. * . *
gives B* according to Bjj = aiq@jmBgm.

(¢) Taking the square root of {Bi*j] and transforming back to Oxjx2x3 axes show

that

30 3

[\/Bij} =10 2 0

1 0 %

(d) Verify that the matrix

30 -3

[Cy] = 0 2 0

30 -

is also a square root of [By;].
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Problem 2.25
Determine the principal values of the matrix

4 0 0
Kyl=1]0 11 -3 |,
0 —V3 9

and show that the principal axes Ox]x5x3 are obtained from Ox1x,x3 by a rotation of 60°
about the x; axis.

Answer

M=4, A =8, A3=12.

Problem 2.26
Determine the principal values A4y (q =1,2,3) and principal directions fild) (q=1,2,3)
for the symmetric matrix

3 1 1
1 V2 V2
= 1 °o 3
[71]]—2 —ﬁ 3 5
a 3 2
22 2
Answer
Ay = 1 Ay =2 A =3
Al = 1(v2e,+e,-¢;
fil2) = L (v2e,—e,+¢;
Al = —(e+@)/V2

Problem 2.27
For the second-order tensor Cij = uyvj:

(a) Calculate the principal invariants I¢, II¢, and I1I¢ . Reduce your answer to its
simplest form, but leave it in index notation. State the reasons for simplification.

(b) Tfu= [1 2 3} and v = [5 10 4] write out the matrix form for Cy;.

(¢) Use the numbers of (b) to validate the answer of (a).

Problem 2.28
Let D be a constant tensor whose components do not depend upon the coordinates. Show
that

V(ix-D)=D

where x = x ;€ is the position vector.
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Problem 2.29
Consider the vector x = x ;€; having a magnitude squared x* = X% + x% + xg. Determine
(a) grad x ,
(b) grad (x ™),
(c) V2 ( 1/ x),
(d) div (
)

)

(e) curl (x™x), where n is a positive integer.

Answer

(a) xi/x, (b) —nxi/x(™2) 0 ()0, (d) x™(n+3), (e)0.

Problem 2.30

If A and @ are scalar functions of the coordinates x;, verify the following vector identities.
Transcribe the left-hand side of the equations into indicial notation and, following the
indicated operations, show that the result is the right-hand side.

(a) v (V xv)=JV(V-v)— (v-V)v

(b)) v.-uxw=vxu-w

() Vx(Vxv)=V(V-v)—-V?v

(d) V- )\th) AVZ2p +VA- Vo

(e) VZ(Ap) =AVZ2@ +2(VA) - (Vo) + @V
(f) v- u><v) (Vxu)-v—u-(V xv)

Problem 2.31
Let the vector v = b x x be one for which b does not depend upon the coordinates. Use

indicial notation to show that
(a) curlv=2b,
(b) divv=0.

Problem 2.32

Transcribe the left-hand side of the following equations into indicial notation and verify that
the indicated operations result in the expressions on the right-hand side of the equations
for the scalar ¢, and vectors u and v.

div ( =@div v+v-grade
b

)
)
(¢) div (uxv)=v.curl u—u-curl v
)
)

(a
(b) ux curl v+vxcurl u=—(u-grad)v— (v-grad)u + grad(u - v)

(d) curl(u xv) = (v-grad)u — (u-grad)v+udivv—vdivu

(e) curl(curlu) = grad(divu) — V?u
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Problem 2.33
Let the volume V have a bounding surface § with an outward unit normal n;. Let x; be
the position vector to any point in the volume or on its surface. Show that

(a) SXin]' ds = 61',]"\7 s

(b) | V(x-x)-idS =6V,

Js

(¢) | Aw-fidS = J w - grad AdV, where w = curl v and A =A(x) ,

Js v

(d) [61 x x, €;,1] dS = 2V54;; where €; and €; are coordinate base vectors.
Js

Hint: Write the box product
61 x x,€;,1] = (€ xx) - (& x )
and transcribe into indicial notation.

Problem 2.34

Use Stokes’ theorem to show that upon integrating around the space curve C having a
differential tangential vector dx; that for ¢(x).

ﬁ; @,idx; =0
e
Problem 2.35
For the position vector x; having a magnitude x, show that x ;j = x;/x and therefore,
61]’ XiX;
(a) x3 =% 3
. SXin (Sij

(b) (x71) ij >3

) x5 x3 7

(c) X ii =

XN

Problem 2.36
Show that for arbitrary tensors A and B, and arbitrary vectors a and b,

(a) (A-a)-(B-b)=a-(AT-B)-b,
(b) b x a:%(B—BT)«a, ibeiIEijkBkj s
(c)a-A-b=b-AT.a.

Problem 2.37
Use Eqgs 2.42 and 2.43 as necessary to prove the identities

(a) [Aa, Ab, Ac] = (detA)[a,b, ],
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(b) AT . (Aa x Ab) = (detA)(a x b) ,

for arbitrary vectors a, b, ¢, and matrix A.

Problem 2.38

Let @ = @(xi) and P = P(xy) be scalar functions of the coordinates. Recall that in the
indicial notation ¢ ; represents V¢ and ¢ i; represents V2. Now apply the divergence
theorem, Eq 2.93, to the field @1 ; to obtain

L oY inids = Jv (@ idi+obii) dV.
Transcribe this result into symbolic notation as
o alb 2
VY -fidS=| ¢o——dS=| (Vo -V+ V) dV
$ s on v

which is known as Green’s first identity. Show also by the divergence theorem that

J (P i —Po i)n;dS :J (e it — Vo ii) AV,
s v

and transcribe into symbolic notation as

P 0@ 2 2
T piP) as = - av
L (cp wan) JV (VP —pV-0o)

on

which is known as Green’s second identity.
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Stress Principles

Stress is a measure of force intensity, either within, or on the bounding surface of a body
subjected to loads. It should be noted that in continuum mechanics a body is considered
stress free if the only forces present are those inter-atomic forces required to hold the
body together. And so it follows that the stresses which concern us here are those that
result from the application of forces by an external agent.

3.1 Body and Surface Forces, Mass Density

Two basic types of forces are easily distinguished from one another and are defined as
follows. First, those forces acting on all volume elements, and are distributed throughout
the body, are known as body forces. Gravity and inertia forces are the best known examples.
We designate body forces by the vector symbol b; (force per unit mass), or by the symbol
p;i (force per unit volume). Secondly, those forces which act upon, and are distributed
in some fashion over a surface element of the body, regardless of whether that element
is part of the bounding surface, or an arbitrary element of surface within the body, are
called surface forces. These are denoted by the vector symbol f;, and have dimensions
of force per unit area. Forces which occur on the outer surfaces of two bodies pressed
against one another (contact forces), or those which result from the transmission of forces
across an internal surface are examples of this type of force.

Next, let us consider a material body B having a volume V enclosed by a surface
§, and occupying a regular region Ry of physical space. Let P be an interior point of
the body located in the small element of volume AV whose mass is Am as indicated in
Fig. 3.1. Recall that mass is that property of a material body by virtue of which the body
possesses inertia, that is, the opposition which the body offers to any change in its motion.
We define the average density of this volume element by the ratio

Am
Pave = W ) (31)

and the density p at point P by the limit of this ratio as the volume shrinks to the point P,

B Am_ dm

P Ay T @ (32)

The units of density are kilograms per cubic meter, (kg/m?). Notice that the two measures
of body forces, b; having units of Newton per kilogram (N/kg), and p; having units of
Newtons per meter cubed (N/m?), are related through the density by the equation

pbi=pi or pb=p. (3.3)

53
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AV

FIGURE 3.1

Typical continuum volume V with infinitesimal element AV having mass Am at point P.
Point P would be in the center of the infinitesimal volume.

Of course, the density is, in general, a scalar function of position and time as indicated
by
p=pxi,t) or p=p(xt) (3.4)

and thus may vary from point to point within a given body.

3.2 Cauchy Stress Principle

Consider a homogeneous, isotropic material body B having a bounding surface §, and a
volume V, which is subjected to arbitrary surface forces f; and body forces b;. Let P be an
interior point of B and imagine a plane surface §* passing through point P (sometimes
referred to as a cutting plane) so as to partition the body into two portions, designated
I and II (Fig. 3.2(a)). Point P is in the small element of area AS* of the cutting plane,
which is defined by the unit normal pointing in the direction from portion I into portion
IT as shown by the free body diagram of portion I in 3.2(b). The internal forces being
transmitted across the cutting plane due to the action of portion II upon portion I will
give rise to a force distribution on §* equivalent to a resultant force Af; and a resultant
moment AM; at P, as is also shown in Fig. 3.2(b). (For simplicity body forces b; and
surface forces f; acting on the body as a whole are not drawn in Figs. 3.2(a) and 3.2(b).)
Notice that Af; and AM,; are not necessarily in the direction of the unit normal vector n;
at P. The Cauchy stress principle asserts that in the limit as the area 8* shrinks to zero with
P remaining an interior point, we obtain

AR dfi
Alsl*rgo AS* das G (35)

and
lim AMy
AS -0 AS*

(3.6)
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XB
@)
X, x
1
(a) Typical continuum volume showing cutting (b) Force and moment acting at point P in sur-
plane 8* passing through point P. face element AS*.
FIGURE 3.2

Typical continuum volume with cutting plane.

The vector df;/dS8* = tgﬁ) is called the stress vector, or sometimes the traction vector. In
Eq 3.6 we have made the assumption that in the limit at P, the moment vector vanishes,
and there is no remaining concentrated moment, or couple stress as it is called.

The appearance of fi in the symbol tg_ﬁ) for the stress vector serves to remind us that
this is a special vector in that it is meaningful only in conjunction with its associated

normal vector i at P. Thus, for the infinity of cutting planes imaginable through point P,
(i
i

each identified by a specific fi, there is also an infinity of associated stress vectors t ) for

a given loading of the body. The totality of pairs of the companion vectors tgﬁ) and fi at
P, as illustrated by a typical pair in Fig. 3.3, defines the state of stress at that point.

By applying Newton'’s third law of action and reaction across the cutting plane we ob-
serve that the force exerted by portion I upon portion II is equal and opposite to the force
of portion II upon portion I. Additionally, from the principle of linear momentum (New-
ton’s second law) we know that the time rate of change of the linear momentum of any
portion of a continuum body is equal to the resultant force acting upon that portion. For
portions I and II, this principle may be expressed in integral form by the respective equa-
tions (these equations are derived in Section 5.3 from the principle of linear momentum),

J tgﬁ’ds+J pbidV = ij ovidV | (3.7a)
SI VI dt VI
J tMas +J pbidV = EJ pvidV (3.7b)
811 Vi1 dt Vi1

where 81 and S; are the bounding surfaces and Vi and Vi are the volumes of portions
I and II, respectively. Also, b; are the body forces, p is the density and v; is the velocity
field for the two portions. We note that 8; and 81 each contain 8* as part of their total
areas.
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&

FIGURE 3.3

Traction vector t(ﬁ)

i acting at point P of plane element AS; whose normal is n;.

The linear momentum principle may also be applied to the body B as a whole, so that

J tMds +J pbidV = EJ ovidV . (3.8)
s v dt)y

If we add Eq 3.7a and Eq 3.7b and use Eq 3.8, noting that the normal to §* for portion I
is fi, whereas for portion II it is —fi, we arrive at the equation

J N [tgﬁ) + tﬁ*ﬁ)} ds =0 (3.9)

since both 8; and $i; contain a surface integral over 8*. This equation must hold for
arbitrary partitioning of the body (that is, for every imaginable cutting plane through
point P) which means that the integrand must be identically zero. Hence,

™

1

_— (3.10)

indicating that if portion II had been chosen as the free body in Fig. 3.2(b) instead of
(f)

portion I, the resulting stress vector would have been —t; .

3.3 The Stress Tensor

As noted in Section 3.2, the Cauchy stress principle associates with each direction fi at
point P a stress vector tgﬁ). In particular, if we introduce a rectangular Cartesian reference
frame at P, there is associated with each of the area elements d8;(i = 1, 2, 3) located in the
coordinate planes and having unit normals &;(i = 1,2, 3), respectively, a stress vector tim
as shown in Fig. 3.4. In terms of their coordinate components these three stress vectors

associated with the coordinate planes are expressed by

t@) =@ ptlfe, 1188 (3.11a)
tle) — (€, 1 tl&e, +tle, (3.11b)
t18) =18 1188, 11l (3.11c)
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FIGURE 3.4
Traction vectors on the three coordinate planes at point P.

FIGURE 3.5
Free body diagram of tetrahedron element having its vertex at point P.

or more compactly, using the summation convention

tle) = ¢g; . (3.12)
This equation expresses the stress vector at P for a given coordinate plane in terms of
its rectangular Cartesian components, but what is really needed is an expression for the
coordinate components of the stress vector at P associated with an arbitrarily oriented
plane. For this purpose we consider the equilibrium of a small portion of the body in
the shape of a tetrahedron having its vertex at P, and its base ABC perpendicular to an
arbitrarily oriented normal fi = n;€; as shown by Fig. 3.5. The coordinate directions
are chosen so that the three faces BPC, CPA and APB of the tetrahedron are situated in
the coordinate planes. If the area of the base is assigned the value dS, the areas of the
respective faces will be the projected areas dS; = d§ cos(fi, €;), (i =1,2,3) or specifically,

for BPC dS$; =n ds, (3.13a)
for CPA dS; =n,ds§, (3.13b)
for APB dS3 =nsds . (3.13¢)

The stress vectors shown on the surfaces of the tetrahedron of Fig. 3.5 represent average
values over the areas on which they act. This is indicated by a superscript asterisk in
front of the stress vector symbols (remember that the stress vector is a point quantity).
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Equilibrium requires the vector sum of all forces acting on the tetrahedron to be zero, that
is, for, R R ~
M as — ~t{®as, — !¢ as, — *t!%)d8; + p*b;dV =0 (3.14)

where *b; is an average body force which acts throughout the body. The negative signs
on the coordinate-face tractions result from the outward unit normals on those faces
pointing in the negative coordinate axes directions. (Recall that tgﬁ) = —tg_ L) Taking
into consideration Eq 3.13, we can write Eq 3.14 as

M as —*+®)n;ds + p *bidV =0, (3.15)
if we permit the indices on the unit vectors of the *tiéi) term to participate in the sum-
mation process. The volume of the tetrahedron is given by dV = $hdsS, where h is the
perpendicular distance from point P to the base ABC. Inserting this into Eq 3.15 and
canceling the common factor dS we obtain

a e, 1
M) (&, 30 “bih (3.16)
Now, letting the tetrahedron shrink to point P by taking the limit as h — 0 and noting
that in this limiting process the starred (averaged) quantities take on the actual values of
those same quantities at point P, we have

t) = t(é")nj , (3.17)
by defini L=t
or, by defining tj; =t; 7,

ti('ﬁ) = tjinj or t(ﬁ) = ﬁ. . T (318)

which is the Cauchy stress formula. We can obtain this same result for bodies which are
accelerating by using the conservation of linear momentum instead of a balance of forces
on the tetrahedron of Fig. 3.5.

Stress as a Tensor -

The quantities tj; = tie") are the components of a second order tensor T
known as the stress tensor. This can be shown by considering the transforma-
tion of the components of the stress vector tgﬁ] between coordinate systems
Px1x2x3 and Px{x}x} as given by the transformation matrix having elements
(see Section 2.5)

ay=el- & . (3.19)
Since t(™) can be expressed in terms of its components in either coordinate
system,

) — tgﬁJ@i — tfgﬁ/)@{ (3.20a)
or, from Eq 3.18,

t™ = tin;8 = t)infe]. (3.20b)

But from Eq 2.53, €] = ai;€; and from Eq 2.60, nj = ajsns, so that now
Eq 3.20b becomes, after some manipulations of the summed indices,

(ter — Qjs@irt];) N =0 (3.21)
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Because the vectors €, are linearly independent and since Eq 3.21 must be
valid for all vectors ng, we see that
ts‘r = a,-sairt)-’i . (322)

But this is the transformation equation for a second-order tensor, and thus by
Eq 2.63 the tensor character of the stress components is clearly established.

The Cauchy stress formula given by Eq 3.18 expresses the stress vector associated with
the element of area having an outward normal n; at point P in terms of the stress tensor
components t;; at that point. And although the state of stress at P has been described
as the totality of pairs of the associated normal and traction vectors at that point, we
see from the analysis of the tetrahedron element that if we know the stress vectors on
the three coordinate planes of any Cartesian system at P, or equivalently, the nine stress
tensor components tj; at that point, we can determine the stress vector for any plane at
that point. For computational purposes it is often convenient to express Eq 3.18 in the
matrix form

tn tiz tis
=y ny 3l | tar ta2 taz | . (3.23)
31 t32 ta3

The nine components of t;; are often displayed by arrows on the coordinate faces of a
rectangular parallelpiped, as shown in Fig. 3.6. We emphasize that this parallelpiped is
not a block of material from the continuum body (note that no dimensions are given to the
parallelpiped), but is simply a convenient schematic device for displaying the stress tensor
components. In an actual physical body B, all nine stress components act at the single
point P. The three stress components shown by arrows acting perpendicular (normal) to
the respective coordinate planes and labeled t11, t;2, and t33 are called normal stresses. The
six arrows lying in the coordinate planes and pointing in the directions of the coordinate
axes, namely, t12, t21, t23, t32, t13, and t3; are called shear stresses. Note that, for these,
the first subscript designates the coordinate plane on which the shear stress acts, and the
second subscript identifies the coordinate direction in which it acts. A stress component
is positive when its vector arrow points in the positive direction of one of the coordinate
axes while acting on a plane whose outward normal also points in a positive coordinate
direction. All of the stress components displayed in Fig. 3.6 are positive. In general,
positive normal stresses are called tensile stresses, and negative normal stresses are referred
to as compressive stresses. The units of stress are Newtons per square meter (N/m?) in
the SI system, and pounds per square inch (psi) in the English system. One Newton per
square meter is called a Pascal, but because this is a rather small stress from an engineering
point of view, stresses are usually expressed as mega-pascals (MPa) or in English units
as kilo-pounds per square inch (ksi).

I Example 3.1

Let the components of the stress tensor at P be given in matrix form by

21 —63 42
tyl=| —63 0 84
42 84 -21

in units of mega-Pascals. Determine
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FIGURE 3.6
Cartesian stress components shown in their positive sense.

(a) the stress vector on the plane at P having the unit normal

fl = (287 — 36, +683) ,

Nl =

(b) the stress vector on a plane at P parallel to the plane ABC shown in
the sketch.

Solution

(a) From Eq 3.23 for the given data,

21 63 42
té’”}:[ 2 } 63 0 84 | =[69 54 —42,
42 84 -2
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or, in vector form, t(™) = 69, +548,—42€3. This vector represents the
components of the force per unit area (traction) on the plane defined
by 22, -3, 6].

(b) The equation of the plane ABC in the sketch is easily verified to be
2x71 + 2x2 + x3 = 2, and the unit outward normal to this plane is
fl= % (27 + 2@, + €3) so that, again from Eq 3.23,

21 —63 42
e R R -
42 84 21
— 14 —14 77]
or, in vector form, t(") = —14¢; — 14¢, + 778;.

In this example, we clearly see the dependency of the cutting plane and the
stress vector. Here, we have considered two different cutting planes at the same
point and found that two distinct traction vectors arose from the given stress
tensor components.

3.4 Force and Moment Equilibrium; Stress Tensor Symmetry

In the previous section, we used a balance-of-forces condition for a tetrahedron element
of a body in equilibrium to define the stress tensor and to develop the Cauchy stress
formula. Here, we employ a force balance on the body as a whole to derive what are
known as the local equilibrium equations. This set of three differential equations must hold
for every point in a continuum body that is in equilibrium. As is well known, equilibrium
also requires the sum of moments to be zero with respect to any fixed point, and we use
this condition, together with the local equilibrium equations, to deduce the fact that the
stress tensor is symmetric in the absence of concentrated body moments.

Consider a material body having a volume V and a bounding surface §. Let the body
be subjected to surface tractions tgﬁ) and body forces b; (force per unit mass), as shown
by Fig. 3.7. As before, we exclude concentrated body moments from consideration. Equi-
librium requires that the summation of all forces acting on the body be equal to zero.
This condition is expressed by the global (integral) equation representing the sum of the
total surface and body forces acting on the body,

J tMas + J pbidV =0 (3.24)
8 v
where dS is the differential element of the surface 8 and dV that of volume V.

Because ti“) = tjiny as a result of Eq 3.18, the divergence theorem Eq 2.93 allows the
first term of Eq 3.24 to be written as

J tjinj ds :J t,-i,jd\? , (325)
8 v
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FIGURE 3.7
Material volume showing surface traction vector t

(1)
i

at position x;, and body force vector b; acting on an infinitesimal volume element dV at
position y;. Two positions are taken separately for ease of illustration. When applying

equilibrium the traction and body forces are taken at the same point.

on an infinitesimal area element d§

so that Eq 3.24 becomes
J (tji,; +pbi)dV=0. (3.26)
v

This equation must be valid for an arbitrary volume V (every portion of the body is in
equilibrium), which requires the integrand itself to vanish, and we obtain the so-called
local equilibrium equations

tji5 Fpbi =0. (3.27)

In addition to the balance of forces expressed by Eq 3.24, equilibrium requires that the
summation of moments with respect to an arbitrary point must also be zero. Recall that
the moment of a force about a point is defined by the cross product of its position vector
with the force. Therefore, taking the origin of coordinates as the center for moments,
and noting that x; is the position vector for the typical elements of surface and volume
(Fig. 3.7), we express the balance of moments for the body as a whole by

J et ds + J Eijk XjpbidV =0 . (3.28)
8 v
As before, using the identity t](f) = tqxng and Gauss’s divergence theorem, we obtain

J' Eijk [(Xitqk),q +ijbk} dv=0,
v
or
J'vsijk [Xj)qtqk + X (tqk)q + pbk)] dv=0.

But x; ¢ = 64 and by Eq 3.27, tiq x + pbx = 0, so that the latter equation immediately
above reduces to

J ei,-ktjkd\? =0.
\'
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FIGURE 3.8
Rectangular coordinate axes Px]x}x} relative to Px1x,x3 at point P.

Again, since volume V is arbitrary, the integrand here must vanish, or
Eijktjx = 0. (329)

By a direct expansion of the left-hand side of this equation, we obtain for the free index
i =1, (omitting zero terms) €1,3t23 +€132t32 =0, or t23 —t32 = 0 implying that ty3 = t3,.
In the same way for i = 2 and i = 3 we find that t13 = t37 and t, = t21, respectively, so
that in general

tixk =ty . (330)

Thus, we conclude from the balance of moments for a body in which concentrated body
moments are absent, that the stress tensor is symmetric, and Eq 3.27 may now be written
in the form

tij; +pby =0 or V-T+pb=0. (3.31)

Also, because of this symmetry of the stress tensor, Eq 3.18 may now be expressed in the
slightly altered form
t™ —tyn;  or tM=T.q. (3.32)

1

(A

In the matrix form of Eq 3.32 the vectors t; ) and n; are represented by column matrices.

3.5 Stress Transformation Laws

Let the state of stress at point P be given with respect to Cartesian axes Px1x,x3 shown in
Fig. 3.8 by the stress tensor T having components t;;. We introduce a second set of axes
Px{x5x}, which is obtained from Px;1x2x3 by a rotation of axes so that the transformation
matrix [ay;] relating the two is a proper orthogonal matrix. Because T is a second-order
Cartesian tensor, its components t;; in the primed system are expressed in terms of the
unprimed components by Eq 2.64 as
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t); = digtqmajm or T =ATA'. (3.33)

The matrix formulation of Eq 3.33 is very convenient for computing the primed compo-
nents of stress as demonstrated by the two following examples.

I Example 3.2

Let the stress components (in MPa) at point P with respect to axes Pxix2x3
be expressed by the matrix

1 3 2
tyl=131 0],
2 0 =2

and let the primed axes Px{x5x5 be obtained by a 45° counterclockwise rotation
about the x3 axis. Determine the stress components t{j.
X

/
31 %3

5 NA
X

2
X
1 X{

Solution
For a positive rotation 0 about x3 as shown by the sketch, the transformation
matrix [ai;] has the general form

cos@ sin® 0
[aijl = |—sin® cos® 0
0 0 1

Thus, from Eq 3.33 expressed in matrix form, a 45° rotation of axes requires

C1/v2 1v2 0] [0 3 2] [1/v2 —1/v2 0
[tyl = |=1/vV2 1/V2 o[ |31 0o [1/vV2 1/¥2 0
0 0 1|12 0 =2 0 0 1
(4 0 V2
= |lo —2 -2
V2 V2 22
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I Example 3.3

Assume the stress tensor T (in ksi) at P with respect to axes Pxixax3 is
represented by the matrix

18 0 —12
[tyl=1] 0 6 0
-12 0 24

If the x] axis makes equal angles with the three unprimed axes, and the x}
axis lies in the plane of x{x3, as shown by the sketch, determine the primed
components of T assuming Pxjx5x} is a right-handed system.

¢

X1

Solution

We must first determine the transformation matrix [ai;]. Let B be the common
angle which x; makes with the unprimed axes, as shown in the figure. Then
a1 = aj2 = a13 = cos 3 and from the orthogonality condition Eq 2.55 with
i=j=1,cosp =1/v3 . Next, let ¢ be the angle between x5and x3. Then
a3 =cosd =sinB = 2/v6. As seen from the obvious symmetry of the axes
arrangement, x5 makes equal angles with x; and x,, which means that az; =
az2. Thus, again from Eq 2.55, with i =1, j = 2, we have az; = a2 = —1/V6
(the minus sign is required because of the positive sign chosen for ay3). For the
primed axes to be a right-handed system we require €, = €} x &}, with the
result that az; = 1/v2, a3, = —1/v/2, and azz = 0. Finally, from Eq 3.33,

1 1 1 1 1 1

T TRV B A B v v

R e | I A e
1 1 1 2

L -L o120 #||L 2 o

65
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n.
i L (A)
\ti\
"
P
ni
AS
(a) Traction vector at point P for an arbitrary plane (b) Traction vector at point P for a principal plane
whose normal is n;. whose normal is nj.
FIGURE 3.9

Traction vector and normal for a general continuum and a prismatic beam.

3.6 Principal Stresses; Principal Stress Directions

Let us turn our attention once more to the state of stress at point P and assume it is given
with respect to axes Px1x2x3 by the stress tensor tij. As we saw in Example 3.1, for each
plane element of area A8 at P having an outward normal n;, a stress vector tgﬁ) is defined
by Eq 3.32. In addition, as indicated by Fig. 3.9(a), this stress vector is not generally in
the direction of n;. However, for certain special directions at P, the stress vector does
indeed act in the direction of n; and may therefore be expressed as a scalar multiple of

that normal. Thus, as shown in Fig. 3.9(b), for such directions
t™ = ony (3.34)

where o is the scalar multiple of n;. Directions designated by n; for which Eq 3.34 is
valid are called principal stress directions, and the scalar o is called a principal stress value
of ti;. Also, the plane at P perpendicular to n; is referred to as a principal stress plane.
We see from Fig. 3.9(b), that, because of the perpendicularity of ") to the principal planes
there are no shear stresses acting in these planes.

The determination of principal stress values and principal stress directions follows
precisely the same procedure developed in Section 2.6 for determining principal values

and principal directions of any symmetric second-order tensor. In properly formulating

the eigenvalue problem for the stress tensor we use the identity t o)

substitution property of the Kronecker delta to rewrite Eq 3.34 as

= t;im; and the

tijﬂj — O'éij‘n.j =0 (335)
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or, in expanded form, using ti; = tji,

(ti1 —o)ng +tiony +tiznz =0, (3.36a)
tiong + (t22 —o)ny +tznz =0, (3.36b)
tiz3ng +tzny + (t33—ojng =0. (3.360)

In the three linear homogeneous equations expressed by Eq 3.36, the tensor components
ty; are assumed known; the unknowns are the three components of the principal normal
ny, and the corresponding principal stress o. To complete the system of equations for
these four unknowns, we use the normalizing condition on the direction cosines,

niny = 1. (337)

For non-trivial solutions of Eq 3.35 (the solution n; = 0 is not compatible with Eq 3.37),
the determinant of coefficients on n; must vanish. That is,

Itij — di501 =0, (3.38)

which upon expansion yields a cubic equation in o (called the characteristic equation of the
stress tensor),
03 —Iro? +1lyo— Iy =0 (3.39)

whose roots 0(1), 0(2), 0(3) are the principal stress values of ti;. The coefficients Iy, It
and IIIt are known as the first, second, and third invariants, respectively, of t;; and may be
expressed in terms of its components by

IT =ty = trT N (3403)
IIy = % [tiity; — tijty] = ]E [(’frT)z —tr T?| | (3.40b)
Iy = eijrtiitojta = det T. (3.40¢)

Because the stress tensor ti; is a symmetric tensor having real components, the three
stress invariants are real, and likewise, the principal stresses being roots of Eq 3.39 are
also real. To show this, we recall from the theory of equations that for a cubic with real
coefficients at least one root is real, call it o(;), and let the associated principal direction be

designated by ngl ). Introduce a second set of Cartesian axes Pxjx5x5 so that x] is in the

direction of ng ) In this system the shear stresses, t], = tj; = 0, so that the characteristic

equation of t{; relative to these axes results from the expansion of the determinant

0'(1) — 0 0 0
0 th—o t) |=0, (3.41)
0 ), ti;—o
or
[o01) — 0] [0% — (th + t53) 0 + thyths — (t53)2] =0. (3.42)

From this equation, the remaining two principal stresses o(,) and o3, are roots of the
quadratic in brackets.
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But the discriminant of this quadratic is

2 2 2 2
(t22 +t33)" —4 [thytss — (t23) } = (ta —t33)" +4(t33)"
which is clearly positive, indicating that both () and o(3) are real.
If the principal stress values o(1), 0(2), and o(3) are distinct, the principal directions
(1)

i

associated with these stresses are mutually orthogonal. To see why this is true, let n
and ngz) be the normalized principal direction vectors (eigenvectors) corresponding to
)!” )!2) = 02,
which, upon forming the inner products, that is, multiplying in turn by niz) and ng ),
become

o1y and oy, respectively. Then, from Eq 3.35, oyjn. ' = o(1)n; and oyn

( (2)

Lo, (3.43a)
= G(z)niz)ng) . (3.43b)
Furthermore, because the stress tensor is symmetric, and since i and j are dummy indices,

1 2 1 2 1 2
tijn§ )TLEL ) :tjing )n§ )Zti)‘ng )TL; ) ,

so that by the subtraction of Eq 3.43b from Eq 3.43a, the left hand side of the resulting
difference is zero, or .
0= [on) — o] ng'n? (3.44)

But since we assumed that the principal stresses were distinct, or o(1) # 0(2) , it follows
that
n{"n{® =0 (3.45)

1

which expresses orthogonality between ni” and n£2)

show that ngs) is perpendicular to both ni” and ngz].

If two principal stress values happen to be equal, say o(1) = 0(2), the principal direction

n{*) associated with o(3) will still be unique, and because of the linearity of Eq 3.35, any

1
(3)

i

By similar arguments, we may

direction in the plane perpendicular to n;”’ may serve as a principal direction. Accord-

ingly, we may determine nf) uniquely and then choose ngl) and nf) so as to establish a
right-handed system of principal axes. If it happens that all three principal stresses are
equal, any direction may be taken as a principal direction, and as a result every set of
right-handed Cartesian axes at P constitutes a set of principal axes in this case.

We give the coordinate axes in the principal stress directions special status by labeling
them Px]x3x3, as shown in Fig. 3.10. Thus, for example, o (1) acts on the plane perpendic-
ular to x] and is positive (tension) if it acts in the positive direction, negative (compres-

sion) if it acts in the negative x7 direction. Also, if ngq) is the unit normal conjugate to the
principal stress o) (q = 1,2,3), the transformation matrix relating the principal stress

axes to arbitrary axes Px;x;x3 has elements defined by aq; = nj(q), as indicated by Table
3.1. Accordingly, the transformation equation expressing principal stress components in
terms of arbitrary stresses at P is given by Eq 2.77 in the form

tf = QiqQjmtqm or T =ATA". (3.46)
In addition, notice that Eq 3.35 is satisfied by ngq) and o(4) so that

(a) (a)
tyny " = oqmy (3.47)
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FIGURE 3.10
Principal axes Pxjx;x3.

TABLE 3.1

69
X
3 *
X,
—1 (1)
cos ' nj |
X
-1 (1)
cos™'n,
X,
Cos’1n$1)

Table displaying direction cosines of principal axes
Pxjx3x3 relative to axes Px1x2x3.

X1 X2 X3
(M (1) (M
XT apn =ny a2 =mn, (113:113
* _ (2 _ (2 _ . (2)
X5 azy =mny az2 =M, az3 = ‘[1.3
* _ . (3) _ . (3) _ . (3)
X3 as; =mny az2 =M, az3 =Mngy

for (¢ = 1,2,3), which upon introducing the identity agq;

(a) —
n;" becomes tijjaq; =

O(q)Aqi- Now, multiplying each side of this equation by a,; and using the symmetry
property of the stress tensor, we have

4jiGqjQGmi = 0(q)AqiQmi -

*

The left-hand side of this expression is simply tj,,,
aqiami on the right hand side, the final result is

from Eq 3.46. Since, by orthogonality,

t*

aqm

:éqmo-(q) N (348)

which demonstrates that when referred to principal axes, the stress tensor is a diagonal
tensor with principal stress values on the main diagonal. In matrix form, therefore,

oqy O 0 or O 0
[t5]=]0 o2 O | o [tj]j=]0 ou O (3.49)
0 0 o3 0 0 om

where in the second equation the notation serves to indicate that the principal stresses are
ordered, o1 > o1 > o111, with positive stresses considered greater than negative stresses
regardless of numerical values. In terms of the principal stresses, the stress invariants
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may be written

It =0()+0@2) +03 =0r+oun+omur, (3.50a)

It = 0(1)0(2) + 0(2)0(3) + 0(3)0(1) = 01011 + 0110111 + 011107 (3.50b)

It = 0(1)0(2)0(3) = 010110711 - (3.50¢)
I Example 3.4

The components of the stress tensor at P are given in MPa with respect to
axes Px1x2x3 by the matrix

57 0 24
[tij] =10 50 0
24 0 43

Determine the principal stresses and the principal stress directions at P.

Solution
For the given stress tensor, Eq 3.38 takes the form of the determinant

57 -0 0 24
0 50—o0 0 |=0
24 0 43 -0

which, upon cofactor expansion about the first row, results in the equation
(57 — 0)(50 — 0)(43 — o) — (24)*(50 — 0) =0,
or in its readily factored form
(50— 0)(oc—25)(c—75)=0.

Hence, the principal stress values are o(1) = 25 MPa, o) = 50 MPa, and
0(3) = 75 MPa. Note that, in keeping with Egs 3.40a and 3.50a, we confirm
that the first stress invariant,

It =57+50+4+43 =25+4+50+75 =150 MPa .

To determine the principal directions we first consider o(7) = 25 MPa, for
which Eq 3.36 provides three equations for the direction cosines of the principal
direction of o(7), namely,

3l 4 24nlV =0,
5ni =0,
20" 4180 =o0.

Obviously, n(zl) = 0 from the second of these equations, and from the other two,

n(;) = —%n%” so that, from the normalizing condition, nin; = 1, we see that

2
(nﬁ”) = % which gives ngn = :I:% and TL;]) = :F%. The fact that the first
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and third equations result in the same relationship is the reason the normalizing
condition must be used.
Next for o(2) =50 MPa, Eq 3.36 gives

mP 4 2anP — o0,
2ni? P =0
which are satisfied only when ngz) = ngz) = 0. Then from the normalizing
" _ (2) _
condition, niny =1, n;,~ = %1.
Finally, for o3y =75 MPa, Eq 3.36 gives

—18nl¥ +24n¥ =0,

— 258 =0
as well as
24n¥ —32n =0
Here, from the second equation n(23) = 0, and from either of the other two

equations 4n§3) = 3ng3), so that from niny = 1 we have ngs) = :l:% and n(;’] =
+3.

From these values of ngq , we now construct the transformation matrix [ai;]
in accordance with Table 3.1, keeping in mind that to assure a right-handed sys-
tem of principal axes we must have i3} = Al1) x fi(2), Thus the transformation
matrix has the general form

)

3 4
lagl=]10 £1 0
4 3

:|:§ 0 :|:§

Therefore, from Eq 3.48, when the upper signs in the above matrix are used,

20 -2/ |57 0o 24/ |2 0o -2 25 0 0
[tyl=10 1 o] |0 5 0|0 1 0|=]0 5 0| MPa.

20 2|24 0o 43| |2 0 2 0 0 75
I

3.7 Maximum and Minimum Stress Values

The stress vector tgﬁ) on an arbitrary plane at P may be resolved into a component normal

to the plane having a magnitude on, along with a shear component which acts in the
plane and has a magnitude os, as shown in Fig. 3.11. (Here, on and os are not vectors,
but scalar magnitudes of vector components. The subscripts N and S are to be taken as
part of the component symbols). Clearly, from Fig. 3.11, it is seen that oy is given by the

dot product, on = tgn)ni, and inasmuch as té") = tyjmn, it follows that
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FIGURE 3.11

Traction vector components normal and in-plane (shear) at point P on the plane whose
normal is n;.

ey

oN = tijnin]- or oN = t(ﬁ) ‘n. (351)

Also, from the geometry of the decomposition, we see that

0% = tgﬁ)tgﬁ) —o0% or oz=t™. .t _s2 (3.52)

In seeking the maximum and minimum (the so-called extremal) values of the above
components, let us consider first on. As the normal n; assumes all possible orientations
at P, the values of on will be prescribed by the functional relation in Eq 3.51 subject
to the condition that nin; = 1. Accordingly, we may use to advantage the Lagrangian
multiplier method to obtain extremal values of on. To do so we construct the function
f(ni) = tiynin; — o(niny — 1), where the scalar o is called the Lagrangian multiplier. The
method requires the derivative of f(n;) with respect to ny to vanish; and, noting that
ony/ony = dix, we have

of

I = L (8ikmy + 85xni) — 0 (2nidix) =0 .
1159

But ti; = tj;, and d1jny = ny, so that this equation reduces to
(tij — Géi,-)nj =0 (353)

which is identical to Eq 3.35, the eigenvalue formulation for principal stresses. Therefore,
we conclude that the Lagrangian multiplier o assumes the role of a principal stress and,
furthermore, that the principal stresses include both the maximum and minimum normal
stress values.

With regard to the maximum and minimum values of the shear component o, it is

useful to refer the state of stress to principal axes Pxjx3x}, as shown in Fig. 3.12. Let the

principal stresses be ordered in the sequence o7 > o1 > o111 so that tgn)

vector form by

is expressed in
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FIGURE 3.12
Normal and shear components at P to plane referred to principal axes.

t™N =T.A =om&} + orm,&; + orms &}, (3.54)

and similarly, on =t - fi by
oN = O'ITL% + O'HTL% + O'HITlé . (3.55)

Then, substituting Eqs 3.54 and 3.55 into Eq 3.52, we have

2 202, 2.2, 2 2 2 2 2
05 = oiny + on; + oms — (omj + om; + ons) (3.56)

which expresses O'% in terms of the direction cosines n;. But nin; = 1, so that n% =

1—n? —n3 and we are able to eliminate n3 from Eq 3.56, which then becomes a function

of n; and n; only,
0% = (01 — o) nj + (of; — ofy;) N3 + ofyy
2
- [(O‘I*O_III)TL%'F(O—II*UIII)n%+0‘III] . (3.57)

In order to obtain the stationary, that is, the extremal values of 0'%, we must equate the
derivatives of the right-hand side of this equation with respect to both n; and n; to zero,
and solve simultaneously. After some algebraic manipulations, we obtain

002
ﬁ =mnior — our {01 — o1 — 2 [01 — o1unf + o — o] } =0, (3.58a)
903 2 2
I =MN2011 — OIII {011 —om—2 [01 —orny + o — 0111“2}} =0. (3.58b)
An obvious solution to Eq 3.58 is ny = n, = 0 for which n3 = +1, and the corre-

sponding value of 03 is observed from Eq 3.57 to be zero. This is an expected result since
n3 = *1 designates a principal plane upon which the shear is zero. A similar calcula-
tion made with n; and n3, or with n, and n3 as the variables, would lead to the other
two principal planes as minimum (zero) shear stress planes. It is easily verified that a
second solution to Eq 3.58 is obtained by taking n; = 0 and solving for n,. The result is
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n, = £1/v/2 and, from orthogonality, n; = ++/2 also. For this solution, Eq 3.57 yields
the results

1 2
o3 ZZ(GH—UIH) or Os ZiE(GH—GIH) . (3.59)
As before, if we consider in turn the formulation having n; and ns3, or n, and nz as
the variable pairs, and assume n3 = 0, and n, = 0, respectively, we obtain the complete

solution which is presented below,

1 1 1
n=0 my=t—, nNn3y=4+—; os==|01—0 , 3.60a
1 2 72 3 NG S 2\ 11 11l ( )
1 1 1
n=+—, n,=0, ng=+—; o05==|o—oil, 3.60b
1 7 2 3 7 s 2\ 11 — o1l ( )
1 1
ng :iﬁ, nzziﬁ, n3 =0; os ZE\GI*UIH (3.60c)

where the vertical bars in the formulas for os indicate absolute values of the enclosed
expressions. Because o1 > o011 > o1y, it is clear that the largest shear stress value is

max

1
o5 = E|GHI —oil . (3.61)

It may be shown that, for distinct principal stresses, only the two solutions presented in
this section satisfy Eq 3.58.

3.8 Mohr’s Circles for Stress

Mohr’s circle is a method the student should remember from undergraduate mechanics
of materials. It provides a graphic means for the transformation of a second order tensor
like that discussed in Section 2.5. Mohr’s circle is commonly used to transform stress, area
or mass moment of inertia tensors. While this book gives the student the mathematical
tools to transform tensors, we feel a discussion of Mohr’s circle is worthy of inclusion
in this introduction to continuum mechanics. Most of the students prior use of Mohr’s
circle has likely been with two dimensional problems: plane stress or transformation of
the area or mass inertia tensors. Mohr’s circle allows for an easy means to derive and
compute transformation and principal values in two dimensions.

In three dimensions, the convenience and simplicity of Mohr’s circle to transform stress
components to an arbitrary reference frame vanishes. When working with three dimen-
sional problems the advantage of using the mathematics of continuum mechanics become
evident. This is the case for many problems in mechanics. In two dimensions, intuitive
diagrams and relatively simplified equations greet the engineer. Adding the third dimen-
sions leaves most all engineers relying on the proper application of mathematical models.
This is the case for mechanics of materials and dynamics; two topics where the student
may have experienced this.

Consider again the state of stress at P referenced to principal axes (Fig. 3.12) and let the
principal stresses be ordered according to o1 > 011 > o111. As before, we may express on
and os on any plane at P in terms of the components of the normal to that plane by the
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FIGURE 3.13
Typical Mohr’s circle for stress.

equations

2 2 2
ON = 0[Ny + o1m; + omns , (3.62a)

0% + 0% = ofni + ofn3 + of;n3 (3.62b)
which, along with the condition
nf+n3+n3=1,

provide us with three equations for the three direction cosines n;, n, and nz. Solving
these equations, we obtain

5> (on—om) (on — o) + G%

m = , 3.63a
! (o1 — o) (o1 — or11) ( )
»  (on—om) (on —01) + 0§

nz = ) 3.63b
2 (o1 — orr) (o1 — o1) ( )
n2 = (on — 01) (on — 011) + 05 (3.630)

(o1t — o1) (o111 — O711)

In these equations, o1, o11 and oryr are known; on and os are functions of the direction
cosines n;. Our intention here is to interpret these equations graphically by representing
conjugate pairs of on, os values, which satisfy Eq 3.63, as a point in the stress plane having
oN as absicca and os as ordinate (see Fig. 3.13).

To develop this graphical interpretation of the three-dimensional stress state in terms
of on and os, we note that the denominator of Eq 3.63a is positive since both o1 — o1 > 0
and o7 — oqq1 > 0, and also that n% > 0, all of which tells us that

(on —o11)(on —o111) + 05 > 0. (3.64)
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For the case where the equality sign holds, this equation may be rewritten, after some
simple algebraic manipulations, to read

1 2 1 2
GNZ(GII+GIII):| +0% = {2(0110111)] (3.65)

which is the equation of a circle in the on, os plane, with its center at the point %(O'H +
orr1) on the oy axis, and having a radius %(GH —or1). We label this circle C; and display
it in Fig. 3.13. For the case in which the inequality sign holds for Eq 3.64, we observe
that conjugate pairs of values of on and os which satisfy this relationship result in stress
points having coordinates exterior to circle Cy. Thus, combinations of on and os which
satisfy Eq 3.63a lie on, or exterior to, circle C; in Fig. 3.13.

Examining Eq 3.63b, we note that the denominator is negative since o1 — o111 > 0, and
o1 — 01 < 0. The direction cosines are real numbers, so that n% > 0 and we have

(on — o1rr)(on — 01) + 05 <0 (3.66)
which for the case of the equality sign defines the circle

1 2 2
{GN(UI‘FO‘III)} = {(GIUIH)] (3.67)

2 2
in the on, os plane. This circle is labeled C, in Fig. 3.13, and the stress points which
satisfy the inequality of Eq 3.66 lie interior to it. Following the same general procedure,
we rearrange Eq 3.63c into an expression from which we extract the equation of the third
circle, C3 in Fig. 3.13, namely,

1 : 1 :
[GNZ(UI-FGH)} +o05 = [2(01611)} . (3.68)

Admissible stress points in the oy, o's plane lie on or exterior to this circle. The three circles
defined above, and shown in Fig. 3.13, are called Mohr’s circles for stress. All possible pairs
of values of on and os at P which satisfy Eq 3.63 lie on these circles or between the areas
enclosed by them. Actually, in conformance with Fig. 3.11 (which is the physical basis for
Fig. 3.13), we see that the sign of the shear component is arbitrary so that only the top
half of the circle diagram need be drawn, a practice we will occasionally follow hereafter.
In addition, it is clear from the Mohr’s circles diagram that the maximum shear stress
value at P is the radius of circle C;, which confirms the result presented in Eq 3.61.

In order to relate a typical stress point having coordinates on and o in the stress plane
of Fig. 3.13 to the orientation of the area element AS (denoted by n; in Fig. 3.12) upon
which the stress components on and os act, we consider a small spherical portion of the
continuum body centered at P. As the unit normal n; assumes all possible directions at
P, the point of intersection of its line of action with the sphere will move over the surface
of the sphere. However, as seen from Eqs 3.55 and Eq 3.56 the values of on and os are
functions of the squares of the direction cosines, and hence do not change for n; reflected
in the principal planes. Accordingly, we may restrict our attention to the first octant of
the spherical body, as shown in Fig. 3.14(a). Let Q be the point of intersection of the line
of action of n; with the spherical surface ABC in Fig. 3.14(a) and note that

fi=cosdp €] +cosPeés+cosbes. (3.69)

If i = &7 so that its intersection point Q coincides with A, on = o7. Likewise, when
Q coincides with B, on = o715, and with C, on = oy11. In all three cases, os will be zero.
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(a) Octant of small spherical portion of body to- (b) Mohr’s stress semicircle for octant of
gether with plane at P with normal n; referred to Fig. 3.14(a).
principal axes Ox7]x3X3.

FIGURE 3.14
Typical Mohr's circle representation.

In the Mohr’s circle diagram (Fig. 3.14(b)), these stress values are located at points a, b
and c, respectively. If now 0 is set equal to 5 and ¢ allowed to vary from zero to 5 (B
will concurrently go from 7 to zero), Q will move along the quarter-circle arc AB from A
to B. In the stress space of Fig. 3.14(b), the stress point q (the image point of Q) having
coordinates on and os will simultaneously move along the semicircle of C3 from a to b.
(Note that as Q moves 20° along AB in physical space, ¢ moves 180° along the semicircle,
joining a to b in stress space.) Similarly, when Q is located on the quarter circle BC, or
CA of Fig. 3.14(a), point q will occupy a corresponding position on the semicircles of bc
and ca, respectively, in Fig. 3.14(b).

Now let the angle ¢ be given some fixed value less than 7, say ¢ = ¢, and imagine

that 3 and 0 take on all values compatible with the movement of Q along the circle
arc KD of Fig. 3.15(a). For this case, Eq 3.63a becomes (on — o11)(on — o111) + O'% =
(o1 — o11) (01 — o111) Cos? ¢, which may be cast into the standard form of a circle as

1 2
ON — E(UII + GIII)] + Gé

: 2
= (01 — o11)(o1 — or11) cos? P + [Z(UII - O-III):| =Rj. (3.70)

This circle is seen to have its center coincident with that of circle C; in stress space and
to have a radius R; indicated by Eq 3.70. Therefore, as Q moves on circle arc KD in
Fig. 3.15(a), the stress point q traces the circle arc kd shown in Fig. 3.15(b). (Notice that
if ¢1 = J so that cos 1 = 0, Ry reduces to %(0‘11 — o111), the radius of circle C;). Next,
let B = 7 < 5 and then, as ¢ and 6 range through all admissible values, point Q moves
along the circle arc EG of Fig. 3.15(a). For this case Eq 3.63b may be restructured into the
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(a) Reference angles ¢ and 3 for intersection point (b) Mohr’s stress semicircle for octant of
Q on surface of body octant. Fig. 3.15(a).
FIGURE 3.15

Typical 3-D Moht’s circle and associated geometry.

form

1 2
oN — E(UI +0111)} + Gé

2
= (011 — o111) (o711 — 01) cos® By + B(UI - UIII)} =R3 3.71)
which defines a circle whose center is coincident with that of circle C;, and having a
radius R. Here, when 3; = 7, the radius R; reduces to %(01 —o111) , which is the radius
of circle C,. As Q moves on the circle arc EG of Fig. 3.15(a), the stress point q traces out
the circle arc eg in Fig. 3.15(b).

In summary, for a specific fi at point P in the body, point Q, where the line of action of
fi intersects the spherical octant of the body (Fig. 3.15(a)), is located at the common point
of circle arcs KD and EG, and at the same time, the corresponding stress point q (having
coordinates oy and o) is located at the intersection of circle arcs kd and eg in the stress
plane of Fig. 3.15(b). The following example provides details of the procedure.

I Example 3.5

The state of stress at point P is given in MPa with respect to axes Px1x,x3 by
the matrix
25 0 0
[ty] = 0 —-30 —60
0 —60 5
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(a) Determine the stress vector on the plane whose unit normal is
fi=1(28; +&,+2¢&3).

(b) Determine the normal stress component on and shear component os on
the same plane.

(c)Verify the results of part (b) by the Mohr’s circle construction of Fig. 3.15(b).

Solution

(a) Using Eq 3.32 in matrix form gives the stress vector tiﬁ)
£ 30 0[5 |50
V) =ltylngl= | 0 =30 —60 1 =3 [-150
i 0 —60 5|1 —50

or

1
t™ = 5(5061 — 1508, — 5083) .

(b) Making use of Eq 3.51, we can calculate on conveniently from the matrix

product
25 0 0|32
2 1 2 1
21 3| o 30 —60 | |1 =on
2
0 —60 5 5
o 100150 100
NT o 9 9
so that on = 71% = —16.67 MPa. Note that the same result could have
been obtained by the dot product
o 1 1
on =t fi= g(50@1 — 1508, — 5083) - g(261 + €, +283) .

The shear component os is given by Eq 3.52, which for the values of on
and tgﬁ) calculated above, results in the equation,

2500422500 +2500 22500

2 _
Os = 9 81

=2777,

or, finally,
os = 52.7 MPa .

(c) Using the procedure of Example 3.4 the student should verify that for the
stress tensor ti; given here the principal stress values are o1 = 50 MPa,
o1 = 25 MPa, and o111 = —75 MPa. Also, the transformation matrix
from axes Px1x2x3 to Pxjx5x3 is

Gilw

0
lay] = |1
0

gk ©
glw O s
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so that the components of fi are given relative to the principal axes by

* 3 4] [2 1
n 0 —5 3 3 3
nyl=|1 0 0f|[3]=]3
2 3 3
* 4 3 2 2
nj 0 5 35| |5 3

Therefore, with respect to Fig. 3.14(a), ¢ = cos™'(1/3) =70.53°; p =0 =
cos~'(2/3) =48.19°, so that—following the procedure outlined for construction
of Fig. 3.15(b)—we obtain the Mohr’s circle below, from which we may measure

the coordinates of the stress point q and confirm the values on = —16.7 and
os =52.7, both in MPa.

3.9 Plane Stress

When one, and only one principal stress is zero, we have a state of plane stress for which
the plane of the two nonzero principal stresses is the designated plane. This is an important
state of stress because it represents the physical situation occurring at an unloaded point
on the bounding surface of a body under stress. The zero principal stress may be any
one of the three principal stresses as indicated by the corresponding Mohr’s circles of
Fig. 3.16.

If the principal stresses are not ordered and the direction of the zero principal stress
is arbitrarily chosen as x3, we have plane stress parallel to the x1x,-plane and the stress
matrix takes the form

tin tiz O

[tijl = [tiz ta2 O] , (3.72)
0 0 0
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()'S o,
Oy Oy G, oN o, G, G, G,
(@ o1 =0 (b) o1 =0
GS
O Oy G, o
() o1 =0

FIGURE 3.16
Mohr'’s circle for plane stress.
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TABLE 3.2
Transformation table for general plane
stress.
X1 X2 X3
X7 cos 0 sin 0 0
x5 —sin@ cos 6 0
X3 0 0 1

01 0 0
[t%] = 0 o) Of . (3.73)
0 0 0

The pictorial description of this plane stress situation is portrayed by the block element
of a continuum body shown in Fig. 3.17(a), and is sometimes represented by a single
Mohr'’s circle (Fig. 3.17(b)), the locus of which identifies stress points (having coordinates
on and os) for unit normals lying in the x; — x, plane only. The equation of the circle in
Fig. 3.17(b) is

2 2
t t ti1—t
[GN—”; 22} +ol = {” 5 22} +th, (3.74)

from which the center of the circle is noted to be at on = %(tn + t22), 0s = 0, and the
maximum shear stress in the x;x;-plane to be the radius of the circle, that is, the square
root of the right-hand side of Eq 3.74. Points A and B on the circle represent the stress
states for area elements having unit normals €; and €, respectively. For an element of
area having a unit normal in an arbitrary direction at point P, we must include the two
dashed circles shown in Fig. 3.17(c) to completely specify the stress state.

With respect to axes Oxjxx} rotated by the angle 8 about the x3 axis relative to
Ox1x2x3 as shown in Fig. 3.18, the transformation equations for plane stress in the x1x;-
plane are given by the general tensor transformation formula, Eq 2.64. Using the table of
direction cosines for this situation as listed in Table 3.2, we may express the primed stress
components in terms of the rotation angle 8 and the unprimed components by

t t ti1—t
th, = ”—; 22 1 bl 22 cos 20 + t12sin 20 , (3.75a)
t t ti1—t
th, = ”—; 22 -l 3 22 00820 —t125in20 , (3.75b)
t11—t
t),=——1_"22 3 22 5in 20 + 172 cos 20 . (3.75¢)

In addition, if the principal axes of stress are chosen for the primed directions, it is easily
shown that the two nonzero principal stress values are given by

2
t11 +ta2 tih —tn
0(1),0(2) = i\/[ } + %, (3.76)

2 2
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X
3
| %s
A(tﬂ’ t]Z)
t22
T u—
M X, Oy o, O
t t
L4 12 B(tzz) t]z)
A1 '
Xl
(a) Plane stress element having nonzero x; and (b) Mohr's circle for in-plane stress components.
X2 components.
c
CANN S
GIII GN
(O9)

(c) General Mohr’s circles for the plane stress element.
Dashed lines represent out-of-plane Mohr’s circles. Note the
maximum shear can occur out-of-plane.

FIGURE 3.17
Mohr’s circle for plane stress.
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Xg X4
P X}
0
0
X2
X1 X {
FIGURE 3.18
Representative rotation of axes for plane stress.
I Example 3.6

A specimen is loaded with equal tensile and shear stresses. This case of plane
stress may be represented by the matrix

Op Op 0
[tij]l = |00 00 O
0 0 0

where 0 is a constant stress. Determine the principal stress values and plot the
Mohr’s circles.

Solution
For this stress state, the determinant Eq 3.38 is given by

0g— 0O 0o 0
0o 0p— O 0l=0
0 0 —0

which results in a cubic having roots (principal stress values) o(7) = 200, 0(2) =
0(3) = 0 (as may be readily verified by Eq 3.76) so that, in principal axes form,
the stress matrix is

20'0 0 0
t5l=]0 00
0 00

The Mohr’s circle diagram is shown below.

Here, because of the double-zero root, one of the three Mohr’s circles degen-
erates into a point (the origin) and the other two circles coincide. Also, we note
that physically this is simply a one-dimensional tension in the xj direction and
that the maximum shear stress values (shown by points A and B) occur on the
x7 and x, coordinate planes which make 45° with the principal xj direction.
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0 B
Mohr’s circle for principal stresses 07 = 204, 02 = 03 = 0.
E—
3.10 Deviator and Spherical Stress States
The arithmetic mean of the normal stresses,
1 1
om = (tin +ta2 +t33) = St (3.77)

3 3

is referred to as the mean normal stress. The state of stress having all three principal stresses
equal (and therefore equal to onm ) is called a spherical state of stress and is represented by
the diagonal matrix

oM 0 0
[ty =10 om O (3.78)
0 0 (V1

for which all directions are principal directions as explained in Section 3.6. The classical
physical example for this is the stress in a fluid at rest which is termed hydrostatic stress,
and for which opm = —po, the static pressure.

Every state of stress ti; may be decomposed into a spherical portion and a portion Sj;
known as the deviator stress in accordance with the equation

1
tij = Sij + 8ij0m = Sy5 + géi)‘tkk (3.79)

where 635 is the Kronecker delta. This equation may be solved for Si;, which then appears
in the symmetric matrix form

S11 S12 Sis t11 —om t12 t13
S12 S22 Sa3| = t12 t)y —om t23 : (3.80)
S13 S23 S33 t13 t23 t33 —om

Also from Eq 3.79, we notice immediately that the first invariant of the deviator stress is

1
Sii =ty — §5iitkk =0 (3.81)
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(since 8i; = 3), so that the characteristic equation for the deviator stress (analogous to
Eq 3.39 for ty;) is

S3 +1IsS —IIIs =0 (3.82)
for which the deviator stress invariants are
1
s = —=5545j1 = S15u + SuSm + Swidy (3.83a)
IIIs = €451 511525 S3k = S1S11S11T - (3.83b)

Finally, consider a principal direction n!9 of tij such that the eigenvalue equation

j
[tij — 0(q)04] n§q) = 0 is satisfied. Then, from the definition of S;;, we have

(S + omdij — Gqéij]n§q) =0,
or
[Si — (0 — opm) 851 ¥ =0 (3.84)
which demonstrates that ngq) is also a principal direction of Sij, and furthermore, the
principal values of S;; are given in terms of the principal values of ti; by

Sq=0q—om, (q=123). (3.85)

I Example 3.7

Decompose the stress tensor T of Example 3.4 into its deviator and spherical
portions and determine the principal stress values of the deviator portion.

57 0 24
[tij] =10 50 0 [MPaq] .
24 0 43

Solution
By Eq 3.77, om for the given stress is

1
om =3 (57450+43) =50 [MPd]

Thus, decomposition by Eq 3.79 leads to the matrix sum

57 0 24 7 0 24 50 0 O
0 50 0|=]0 0 0|+ |0 50 0| [MPd.
24 0 43 24 0 —7 0 0 50

Principal stress values of the deviator portion result from the determinant
7—-S 0 24
R 0 |=-S[7—S)(—7—5)—242]1=0
24 0o —-7-S
which is readily factored to yield S; = 25 MPa, S;; = 0 and Sy;; = —25 MPa.

These results are easily verified using the principal values determined in Example
3.4 together with Eq 3.85.
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FIGURE 3.19
Octahedral plane (ABC) with traction vector t
stresses, on and os.

()
1

, and octahedral normal and shear

3.11 Octahedral Shear Stress

Consider the plane at P whose unit normal makes equal angles with the principal stress
directions. That plane, called the octahedral plane, may be pictured as the triangular surface
ABC of Fig. 3.19 and imagined to be the face in the first octant of a regular octahedron.
The traction vector on this plane is

ok

0(1)€] +0(2)€5 +0(3)€3

t =T 4= , 3.86
73 (359
and its component in the direction of fi is
() g ] 1
on =t 'leg [0'(1)+0'(z)+0'(3)} 230'11. (3.87)

Thus, from Eq 3.52, the square of the shear stress on the octahedral plane, known as the
octahedral shear stress, is

0'(1)+0'(z)+0'(3)]2 (3.88)

which may be reduced to either the form (see Problem 3.27)

1
Ooct = g\/(ﬁm —02)" + (02) — 03))* + (003 — o1))* (3.89)

or

o _VSTHSIHST [l 650)
oct — \/g 3 . .
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I Example 3.8

Determine directly the normal and shear components, on and 0oct¢, on the
octahedral plane for the state of stress in Example 3.4, and verify the result for
0oct by Eq 3.89.

Solution

From Example 3.4, the stress vector on the octahedral plane is given by the
matrix product

1 75
75 0 0 7 e
1| = |50
0 50 0 i AR
1 25
0 0 25 7 A
or
() _ 757 + 5085 + 25€3
\/g )
so that

N 1
on =t A= g(75+5o+25) =50 MPa .
Also, from Eq 3.52,

. 1
02, =t ) _ 2 — g(752 +50% 4 25%) — 50* =417 MPa ,

and so 0gct = 20.4 MPa. By Eq 3.89, we verify directly that

Goer = %\/(75 —50)2 4 (50 — 25)2 + (25 — 75)2 = 20.41 MPa

—— Example 3.9

Show that the octahedral shear stress may be written as

1 1/2
Uoct:ﬁ[(0-(1]_GM)2+(G(2]_GM)2+(G(3)_GM)2] ,

and, from this, show that
V2

Ooct = — (IF + 311y

1/2
3 )

is another form of the octahedral shear stress.

Solution
Start by multiplying the squared terms under the radical

1[2 2

1/2
Ooct = NE 0fy) + 0Ty + 03 + 303 — 2 (0(1) +0(2) +0(3)) GM}
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Recall Eq 3.77 in the form
0(1) + 02y + 033y =30m

and substitute to get

2 2 2
0y + 00, +0O
o2 < (1) (2) (3) —0%\/1> )

Substitution of Eq 3.77 again for op results in Eq 3.88. Multiply out the mean
stress terms and simplify to get

oct

2 2 2
2 [3(“(1) +0h) o)

— 2 2 2 2
= §[%ﬁr‘f(z)+%)—(0(1)0(2)+G(2)0<3>+0(1)0(3))] -

Finally, add and subtract 2 (0'(1)0'(2) + 0(2)0(3) + 0(1]0'(3)) in the bracket

2
03y = 5[Gﬁﬁﬁfz)+0(23,+2(0m6(z>+G(z)<7(3)+0<1)0<3))

—3(0(1)0(2) + 0(2)0(3) + 0(10(3))]
and note that, for principal axes
2 2
I = (o) +02) +03))
It = 0(1)002) + 0(2)0(3) + 0(1)0(3)

leaving
0ae = & [I3 + 3117

or
1/2
Goct = Y2 [12 +3117] /2 .

89
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Problems

Problem 3.1

At a point P, the stress tensor relative to axes Pxjx,x3 has components ti;. On the area
element d8") having the unit normal fi;, the stress vector is t(M1)and on area element
d8(2) with normal fi, the stress vector is t(™2). Show that the component of t(™1) in the
direction of A1, is equal to the component of t("2) in the direction of fi;.

Problem 3.2
Verify the result established in Problem 3.1 for the area elements having normals
P ] Pay Py Pa
] = 7 (21 + 3e;, + 6¢€3)
1
fi; = 7 (3¢ —6€, +2€3)

if the stress matrix at P is given with respect to axes Px1xx3 by

35 0 21
[tij] = 0 49 0
21 0 14

Problem 3.3
The stress tensor at P relative to axes Px1x,%3 has components in MPa given by the matrix
representation

ti7 21
[tij] = 2 0 2
1 2 0

where t17 is unspecified. Determine a direction fi at P for which the plane perpendicular to
fi will be stress-free, that is, for which (™) = 0 on that plane. What is the required value
of t17 for this condition?

Answer
o 1 Pay Ay A
n= g (261 — ey 7263), t11 =2 MPa
Problem 3.4
The stress tensor has components at point P in ksi units as specified by the matrix
-9 3 -6
[ty] = 3 6 9

—-6 9 —6
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Determine:

(a) the stress vector on the plane at P whose normal vector is

1
fl = §(/E\1 +4e, + 8¢€3) ,

(b) the magnitude of this stress vector,
(c) the component of the stress vector in the direction of the normal,

(d) the angle in degrees between the stress vector and the normal.

Answer
(a) t) = —5¢; +11e, —2¢é;
(b) t™ = /150
23
(c) 9
(d) 77.96°
Problem 3.5

Let the stress tensor components at a point be given by ti; = f£oonin; where op is a
positive constant. Show that this represents a uniaxial state of stress having a magnitude
+0p and acting in the direction of n;.

Problem 3.6
Show that the sum of squares of the magnitudes of the stress vectors on the coordinate
planes is independent of the orientation of the coordinate axes, that is, show that the sum

tgé\l )tgé\l) + t(é\z]t@z] + t(é\s)tg/e\ﬂ

i i i i

is an invariant.

Problem 3.7

With respect to axes Ox1x2x3 the stress state is given in terms of the coordinates by the
matrix
X1X2 x% 0
[ti;] = X3 xaxz X3
0 X3 x3xq
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Determine
(a) the body force components as functions of the coordinates if the equilibrium
equations are to be satisfied everywhere, and

(b) the stress vector at point P(1,2,3) on the plane whose outward unit normal makes
equal angles with the positive coordinate axes.

Answer
-3 -3 _
(a) by = 2 , b= X3 , b3=i
(b) () _ (681 +19€, + 12€3)
V3
Problem 3.8
Relative to the Cartesian axes Ox1x2x3 a stress field is given by the matrix
2
(1—x3)x2 + gxg —(4—x3) x1 0
1
[ti;] = —(4—x3) x1 -3 (x3 —12x2) 0
0 0 (3—x})x2

(a) Show that the equilibrium equations are satisfied everywhere for zero body forces.
(b) Determine the stress vector at the point P(2,-1,6) of the plane whose equation is
3x1 + 6% + 2x3 = 12.
Answer
1

(b) M= 5 (2981 — 408, +28&;)

Problem 3.9
The stress components in a circular cylinder of length L and radius r are given by
Axz +Bxs Cxz3 —Cxy
[ty] = Cx3 0 0
—C2 0 0
(a) Verify that in the absence of body forces the equilibrium equations are satisfied.

(b) Show that the stress vector vanishes at all points on the curved surface of the
cylinder.
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Problem 3.10

Rotated axes Px}x5x} are obtained from axes Px1x,x3 by a right-handed rotation about the
line PQ that makes equal angles with respect to the Px1x2x3 axes (see sketch). Determine
the primed stress components for the stress tensor in (MPa)

30 6
ftyl=]0 0 0
6 0 -3

if the angle of rotation is (a) 120°, or (b) 60°.

Q

XZ
Answer
0 0 0 -5 10 10
(a) [tgi}: 0 -3 6 |MPa, (b) [tgj}:g 10 —11 -2 |MPa
0 6 3 10 -2 16

Problem 3.11
At the point P, rotated axes Px)x}x} are related to the axes Px1x,x3 by the transformation

matrix
1 a 1-vV3 14+V3
[aiﬂ=§ 1+3 b 1-V3
1—V3 1+V3 c

!

where a, b, and c are to be determined. Determine [tij} if the stress matrix relative to

axes Px1x2x3 is given in MPa by

Answer

1MT+2v3 54+V3 —1
] =5| 5+v3 5 5-v3 | MPa
—1 5—+v3 11-2V3

Problem 3.12
The stress matrix referred to axes Pxjx2x3 is given in ksi by

14 0 20
ftyl=| 0 21 0
21 0 7
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Let rotated axes Px}jx5x5 be defined with respect to axes Pxix2x3 by the table of base
vectors

e |27 37 67
e | 3/7 —6/7  2/7
e, |67 2/7 -3/7

(a) Determine the stress vectors on planes at P perpendicular to the primed axes;
determine t(¢1), t(82) and t(€5) in terms of base vectors €;, €5, and €3.

(b) Project each of the stress vectors obtained in (a) onto the primed axes to deter-

mine the nine components of [t’ij} .

(c) Verify the result obtained in (b) by a direct application of Eq 3.33 of the text.

Answer
L[ 13 36 114
] == | 36 166 3 |ksi
114 3 15

Problem 3.13
At point P, the stress matrix is given in MPa with respect to axes Pxix2x3 by

6 4 0 2 11
Case1: [tyl=| 4 6 0 Case 2: [tyl=|1 2 1
0 0 -2 11 2
Determine for each case
(a) the principal stress values,
(b) the principal stress directions.
Answer
(a) Case 1: o) = 10 MPa, 0(2) =2 MPa, 03) = —2 MPa
Case 2: 01 =4 MP&, O(2) = 0(3) =1 MPa
(b) Case 1: A =+ 11 €2 gy L 81~ €2 g6y _ 14,

N V2

an_&itertes o) —eite o5 &1 —et2es

Case 2: N ,
3 V2 V6

Problem 3.14
When referred to principal axes at P, the stress matrix in ksi units is

2.0 0
[t5]=10 7 o0
00 12

u—
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If the transformation matrix between the principal axes and axes Px1x2x3 is

_3 1 _4

] 1 5 5
aijl = —= | a1 a2 az
RV 1 ,AS
5 5

where az7, azz, and azs are to be determined, calculate [ty;].

Answer
7 3 0
[tij] = 3 7 4 kSl
0 4 7

Problem 3.15
The stress matrix in MPa when referred to axes Px1x2x3 is

3 10 0
[tyl=| —10 0 30
0 30 -27

Determine

(a) the principal stresses, oy, oy, O,

(b) the principal stress directions.

Answer

(a)
(b)

q

1= 23 MPa, o = 0 MPa, o = —47 MPa
Al) = —0.3948; + 0.7888é, + 0.4738;

(2 =0.9318; +0.274&, + 0.304&3

A3) =0.1108; +0.5518, — 0.8278;

Problem 3.16
At point P, the stress matrix relative to axes Pxjx2x3 is given in MPa by

5 a —a
[tij] = a 0 b
—a b 0

95

where a and b are unspecified. At the same point relative to axes Pxjx3x} the matrix is

o1 0 0
[t]=1]10 2 0
0 0 om

If the magnitude of the maximum shear stress at P is 5.5 MPa, determine o1 and ory.

Answer

o] = 7 MP&, oy = —4 MPa
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Problem 3.17
The state of stress at point P is given in ksi with respect to axes Px1xx3 by the matrix

1 0 2
[tyl=]10 1 0
2 0 -2
Determine

(a) the principal stress values and principal stress directions at P,
(b) the maximum shear stress value at P,

(c) the normal i =n;€; to the plane at P on which the maximum shear stress acts.

Answer

(a) o] = 2 ksi, o= 1 ksi, o = -3 ksi

2e; + €3 —€7 +2¢€3
A = = = Al —¢ ’ AB) =
NG 2 NG
(b) (0s)max = £ 2.5 ksi
e +3e3
c) i=—r-o—"
(c) o

Problem 3.18
The stress tensor at P is given with respect to Oxyx2x3 in matrix form with units of MPa
by

ISERN ey

4 b
[tyl=| b 2
b 2 4

where b is unspecified. If oy = 3 MPa and o7 = 20y, determine

(a) the principal stress values,
(b) the value of b,

(¢) the principal stress direction of oy .

Answer

(a) o] = 8 MPa, oy =4 MPa, o = 3 MPa
(b) b=0, (c) A?) =&,

Problem 3.19
The state of stress at P, when referred to axes Pxyx2x3 is given in ksi units by the matrix

9 3 0
[tij} = 3 9 0
0 0 18
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Determine

(a) the principal stress values at P,

97

(b) the unit normal fi* = n;€} of the plane on which on = 12 ksi and os = 3 ksi.

Answer

(a) o1 =18 ksi, oy = 12 ksi, oy = 6 ksi

(b) fi* =

Problem 3.20

Verify the result listed for Problem 3.19b above by use of Eq 3.63.

Problem 3.21

e + /685 + €
2V2

Sketch the Mohr’s circles for the various stress states shown on the cube which is oriented

along the coordinate axes.

Gy

Q

26

20
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Problem 3.22
The state of stress referred to axes Pxix2x3 is given in MPa by the matrix

9 12 0
ftyl=| 12 —9 0
0 0 5

Determine

(a) the normal and shear components, on and os, respectively, on the plane at P
whose unit normal is

1
fl= 5 (4, +3€,) ,

(b) verify the result determined in (a) by a Mohr’s circle construction similar to that
shown in the figure from Example 3.5.

Answer

on = 14.04 MPa, os = 5.28 MPa

Problem 3.23
Sketch the Mohr’s circles for the simple states of stress given by

[ 0o 0 (O]
(a) [tij] = 0 0o 0 ,
L 0o 0 Op
I 0o 0 0
(b) [tij] = 0 20'0 0 ,
L 0 0 —0p

and determine the maximum shear stress in each case.

Answer

Problem 3.24
Relative to axes Ox1x2x3, the state of stress at O is represented by the matrix

6 -3 0
[tyl=1] -3 6 0 | [ksi].
0O 0 0

Show that, relative to principal axes Ox7x3x3, the stress matrix is

[ty] = [ksi] ,

S O W
S o O
[ Ne N
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and that these axes result from a rotation of 45° about the x3 axis. Verify these results by
Eq 3.75.

Problem 3.25
The stress matrix representation at P is given by

29 00
0 6 9

Decompose this matrix into its spherical and deviator parts, and determine the principal
deviator stress values.

Answer

SI =25 kSi, SH =6 kSi, SIII = —31 ksi

Problem 3.26
Let the second invariant of the stress deviator be expressed in terms of its principal values,
that is, by

s = S1Su + SuSm + SmSr -
Show that this sum is the negative of two-thirds the sum of squares of the principal shear
stresses, as given by Eq 3.60.

Problem 3.27
Verify the results presented in Eqs 3.89 and 3.90 for the octahedral shear stress.

Problem 3.28
At point P in a continuum body, the stress tensor components are given in MPa with
respect to axes Px1xx3 by the matrix

1 -3 V2
[tyl=| -3 1 -2
V2 =2 4

Determine

(a) the principal stress values oy, oy, and oy, together with the corresponding prin-
cipal stress directions,

b

(c

(b)
)

(d) the principal deviator stress values,
)

(e

the stress invariants It, Ilt, and IIlT,

the maximum shear stress value and the normal to the plane on which it acts,

the stress vector on the octahedral plane together with its normal and shear
components,

(f) the stress matrix for axes rotated 60° counterclockwise with respect to the axis
PQ, which makes equal angles relative to the coordinate axes Px1x2x3.
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Answer

a o = 2 MP& o = —2 MPa
<e1 —e+ \[€3>
(o e vie)
V2
(b) I+ =6 MPa, IIT = —4 MPa, IIIt = —24 MPa
(1+v2) e - (1-v2) & + V2,

(a)

m> N\-—‘ (N
g»

+
o
N

n(

(C) (GS)max =4 MPa ﬁmax =

V2
(d) SI 4 MP& SH—O MPa SIH——4 MPa
(e) TR = 661”\@ 285 N =2, Go = /2
| 12 —12+3vV2 —12-3V2
(f) [tgj]:§ 1243vVZ 33-12V2 -3 MPa
—12-3V2 -3 33+12V2

Problem 3.29
In a continuum, the stress field relative to axes Ox1x,x3 is given by

x¥x2 x1 (1—x3) 0
[tyl=1| x1 (1—=x3) 3 (x3—3x2) 0O
0 0 22

Determine
(a) the body force distribution if the equilibrium equations are to be satisfied through-
out the field,
(b) the principal stresses at P(a,0,2/a),
(¢) the maximum shear stress at P,

(d) the principal deviator stresses at P.

Answer
4
(a) b] sz ZO, b3 ——%
(b) 0] = 8a onq=a, ogqr = —a
(¢) (0s)max = £4.5a
16 5 11
(d) S = 3@ Sp = —3% Sur = —3a

Problem 3.30
In describing the yield surface in plasticity the second invariant of the deviator stress, often
denoted by J,, plays an important role. Starting with the second invariant of the deviator

stress
Jo=1s = — (S(1)S(2) + S2)S(3) + S(1)S(3))
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derive the formula

Problem 3.31
Show that

(St +5%) +5%))

NI —

Jo =1s =—(51)S12) + $2)S3) + S(1)S(3)) =

where ] is the second invariant of the deviator stress and S(1), S(z), S(3) are its principal
values.

Problem 3.32

Let the stress tensor components ti; be derivable from the symmetric tensor field ¢i; by the
equation ti; = €iqk€jpm Pkm,qp- Show that, in the absence of body forces, the equilibrium
equations are satisfied. Recall from Problem 2.15 that

5i  Oja Ok
Eigk&jpm = | Opi  Opg  Opk
6mi 5mq 6mk

Problem 3.33
Verify that 9tij/0tmn = 0im0jn and use this result (or otherwise) to show that

ollg
atij

= —Sij .

that is, the derivative of the second invariant of the deviatoric stress with respect to the
stress components is equal to the negative of the corresponding component of the deviatoric
stress.
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Kinematics of Deformation and Motion

Kinematics is the study of motion. In Continuum Mechanics it has the same meaning as in
dynamics or fluid mechanics. It is the basis for most all constitutive theories. Recall from
Chapter 1 that a constitutive response, or material model, describes how stress develops
according to strain or strain rate. Strain and strain rate are a measures of kinematics.

4.1 Particles, Configurations, Deformations and Motion

In continuum mechanics we consider material bodies in the form of solids, liquids and
gases. Let us begin by describing the model we use to represent such bodies. For this
purpose we define a material body B as the set of elements X, called particles, or material
points, which can be put into a one-to-one correspondence with the points of a regular
region of physical space. Note that whereas a particle of classical mechanics has an
assigned mass, a continuum particle is essentially a material point for which a density is
defined.

The specification of the position of all of the particles of B with respect to a fixed
origin at some instant of time is said to define the configuration of the body at that instant.
Mathematically, this is expressed by the mapping

x = k(X) 4.1)

in which the vector function k assigns the position x relative to some origin of each
particle X of the body. Assume that this mapping is uniquely invertible and differentiable
as many times as required; in general two or three times will suffice. The inverse is
written

X=k""(x) (4.2)

and identifies the particle X located at position x.

A change in configuration is the result of a displacement of the body. For example, a
rigid-body displacement is one consisting of a simultaneous translation and rotation which
produces a new configuration but causes no changes in the size or shape of the body; only
changes in its position and/or orientation. On the other hand, an arbitrary displacement
will usually include both a rigid-body displacement and a deformation which results in a
change in size, or shape, or possibly both.

A motion of body B is a continuous time sequence of displacements that carries the set
of particles X into various configurations in a stationary space. Such a motion may be
expressed by the equation

x = k(X, 1) (4.3)

103
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x.. X Reference

FIGURE 4.1
Position of typical particle in reference configuration X4 and current configuration x;.

which gives the position x for each particle X for all times t, where t ranges from —oco to
oo. As with configuration mappings, we assume the motion function in Eq 4.3 is uniquely
invertible and differentiable, so that we may write the inverse

X=«k""(x1) (4.4)

which identifies the particle X located at position x at time t.

We give special meaning to certain configurations of the body. In particular, we single
out a reference configuration from which all displacements are reckoned. For the purpose
it serves, the reference configuration needs not be one the body ever actually occupies.
Often however, the initial configuration, that is, the one which the body occupies at time
t =0, is chosen as the reference configuration, and the ensuing deformations and motions
related to it. The current configuration is that one which the body occupies at the current
time t.

In developing the concepts of strain we confine attention to two specific configurations
without any regard for the sequence by which the second configuration is reached from
the first. It is customary to call the first (reference) state the undeformed configuration, and
the second state the deformed configuration. Additionally, time is not a factor in deriving
the various strain tensors so that both configurations are considered independent of time.

In fluid mechanics the idea of specific configurations has very little meaning since fluids
do not possess a natural geometry, and because of this it is the velocity field of a fluid that
assumes the fundamental kinematic role.

4.2 Material and Spatial Coordinates

Consider now the reference configuration prescribed by some mapping function @ such
that the position vector X of particle X relative to the axes OX;X,X3 of Fig. 4.1 is given by
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X = ®(X) 4.5)

In this case we may express X in terms of the base vectors 1;,1,,1; shown in Fig. 4.1 by
the equation

X =Xala, (4.6)

and we call the components XA the material coordinates, or sometimes the referential co-
ordinates, of the particle X. Uppercase letters which are used as subscripts on material
coordinates, or on any quantity expressed in terms of material coordinates, obey all the
rules of indicial notation. It is customary to designate the material coordinates (that is,
the position vector X) of each particle as the name, or label of that particle, so that in all
subsequent configurations every particle can be identified by the position X it occupied
in the reference configuration. As usual, we assume an inverse mapping

X=0 (X)), 4.7)
so that upon substitution of Eq 4.7 into Eq 4.3 we obtain

x =k [0 (X),t] =x(X,t) (4.8)

which defines the motion of the body in physical space relative to the reference configu-
ration prescribed by the mapping function ®@.

Notice that Eq 4.8 maps the particle at X in the reference configuration onto the point
x in the current configuration at time t as indicated in Fig. 4.1. With respect to the usual
Cartesian axes Ox1x2x3 the current position vector is

X =X éi (49)

where the components x; are called the spatial coordinates of the particle. Although it is
not necessary to superpose the material and spatial coordinate axes as we have done in
Fig. 4.1, it is convenient to do so, and there are no serious restrictions from this practice
in the derivations which follow. We emphasize, however, that the material coordinates
are used in conjunction with the reference configuration only, and the spatial coordi-
nates serve for all other configurations. As already remarked the material coordinates are
therefore time independent.

We may express Eq 4.8 in either a Cartesian component or a coordinate-free notation
by the equivalent equations

Xi = Xi(XA) t) or X = X(X)t) . (410)

It is common practice in continuum mechanics to write these equations in the alternative
forms
xi = X{(Xa, 1) or x =x(X,t) (4.11)

with the understanding that the symbol x; (or x) on the right hand side of the equation
represents the function whose arguments are X and t, while the same symbol on the left-
hand side represents the value of the function, that is, a point in space. We shall use this
notation frequently in the text that follows.

Notice that as X ranges over its assigned values corresponding to the reference config-
uration, while t simultaneously varies over some designated interval of time, the vector
function x gives the spatial position x occupied at any instant of time for every particle
of the body. At a specific time, say at t = t;, the function x defines the configuration
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x1 =x(X,t1) . (4.12)
In particular, at t = 0, Eq 4.10 defines the initial configuration which is often adopted

as the reference configuration, and this results in the initial spatial coordinates being
identical in value with the material coordinates, so that in this case

x=x(X,0) =X (4.13)
at time t = 0.
If we focus attention on a specific particle X” having the material position vector X",
Eq 4.10 takes the form
x" =x(XP 1) (4.14)
and describes the path, or trajectory of that particle as a function of time. The velocity v’
of the particle along its path is defined as the time rate of change of position, or

dxP ox
p = —— = ¥ P = —_— 4.15
¥ a X < ot ) X=XP (19

where the notation in the last form indicates that the variable X is held constant in taking
the partial derivative of x. Also, as is standard practice, the super-positioned dot has been
introduced to denote differentiation with respect to time. In an obvious generalization
we may define the velocity field of the total body as the derivative

o dxox(X,t)  ox(X,t)

v=X=_="5 Fra (4.16)
Similarly, the acceleration field is given by
2 2
avox= SX XXy 4.17)

dt? ot?
and the acceleration of any particular particle determined by substituting its material
coordinates into Eq 4.17.

Of course, the individual particles of a body cannot execute arbitrary motions inde-
pendent of one another. In particular, no two particles can occupy the same location in
space at a given time (the axiom of impenetrability), and furthermore, in the smooth mo-
tions we consider here, any two particles arbitrarily close in the reference configuration
remain arbitrarily close in all other configurations. For these reasons, the function x in
Eq 4.10 must be single-valued and continuous, and must possess continuous derivatives
with respect to space and time to whatever order is required; usually to the second or
third. Moreover, we require the inverse function x ' in the equation

X=x"(x,1) (4.18)

to be endowed with the same properties as x. Conceptually, Eq 4.18 allows us to “reverse”
the motion and trace backwards to discover where the particle, now at x, was located in
the reference configuration. The mathematical condition that guarantees the existence of
such an inverse function is the non-vanishing of the Jacobian determinant J. That is, for
the equation

0Xi
0Xa

to be valid. This determinant may also be written as

] =

£0 (4.19)

aXi
XA

J= ‘ . (4.20)
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I Example 4.1

Let the motion of a body be given by Eq 4.10 in component form as

x1 = X3 +t2X2 ,
x2 = Xz +t2X;
X3 = X3 .
Determine
(a) the path of the particle originally at X = (1,2,1) and

(b) the velocity and acceleration components of the same particle when
t=2s.

Solution
(a) For the particle X = (1,2,1) the motion equations are
x1=142t% xa=2+1t% x3=1

which upon elimination of the variable t gives x; — 2x2 = —3 as well

as x3 = 1 so that the particle under consideration moves on a straight
line path in the plane x3 = 1.

(b) By Eqs 4.16 and 4.17 the velocity and acceleration fields are given in
component form, respectively, by

v = 2tXy a; = 2X3
vy = 2tXj and a; = 2X;
V3 = 0 asz = 0 ,
so that for the particle X = (1,2,1)att =2
v = 8 a; = 4
v, = 4 and a = 2
v3= 0 az= 0.
——
I Example 4.2

Invert the motion equations of Example 4.1 to obtain X = x~'(x,t) and de-

termine the velocity and acceleration components of the particle at x = (1,0, 1)
when t = 2s.

Solution
By inverting the motion equations directly we obtain

X1 — tZXZ X2 — t2X1
Xi1=——737 Xo= ;

; =—— X3=x
1—t4 T—t4 3T

107
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which upon substitution into the velocity and acceleration expressions of Exam-
ple 4.1 yields

- 2t(x2 — t2X1 ) @ — 2(xy — t2X1 )
' T—t T

v, — 2t(x1 — tZXZ) and @ — 2(xq — t2X2)
2 T—t SR B

V3 = 0 az = 0.

For the particle at x = (1,0,1) when t = 2s

T 5 T 5
4 2
vy, = 5 and a = 15
V3 = 0 az = 0.
——
— Example 4.3

Determine the Jacobian ] for the motion of a continuum be given by

x7 = Xi+f(t)coskX3 ,
x; = Xy +f(t)sinkX3
X3 = X3 .

Solution
Form and compute the determinant of Eq 4.20

K L)
0X; 090X, 0X;3 f(t)ksin kX3

aXZ aX2 aXZ 1.0
det|xj aAl=det| — —= —= |=det| 0 1 —f(t)kcoskX3 |=1.
' 0X; 90Xy 03X 0 0 ]
aX3 aX3 aX3

Xy Xy Xy

4.3 Langrangian and Eulerian Descriptions

If a physical property of the body B such as its density p, or a kinematic property of its
motion such as the velocity v, is expressed in terms of the material coordinates X, and
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the time t, we say that property is given by the referential or material description. When the
referential configuration is taken as the actual configuration at time t = 0, this description
is usually called the Lagrangian description. Thus, the equations

p=pXa,t) or p=p(X,t), (4.21a)

and
vi =vi(Xa,t) or v =v(X,t) (4.21b)

chronicle a time history of these properties for each particle of the body. In contrast, if
the properties p and v are given as functions of the spatial coordinates x and time t, we
say that those properties are expressed by a spatial description, or as it is sometimes called,
by the Eulerian description. In view of Eq 4.18 it is clear that Eq 4.21 may be converted to
express the same properties in the spatial description. Accordingly, we write

p=p(X,t)=p[x " (x,t),t] =p(x,t) (4.22a)

and
v=v(X,t)=v[x ' (x,t),t] =V (x,1) (4.22b)

where the tilde is added solely for the purpose of emphasizing that different functional
forms result from the switch in variables. We note that in the material description at-
tention is focused on what is happening to the individual particles during the motion,
whereas in the spatial description the emphasis is directed to the events taking place at
specific points in space.

I Example 4.4

Let the motion equations be given in component form by the Lagrangian de-
scription

x1 =Xjet +Xz(et =1),

x2 =X+ Xz(et—e™ "),
X3 :X3 .

Determine the Eulerian description of this motion.

Solution

Notice first that for the given motion x; = X7 , x2 = X3 and x3 = X3 at t =0,
so that the initial configuration has been taken as the reference configuration.
Because of the simplicity of these Lagrangian equations of the motion, we may
substitute x3 for X3 into the first two equations and solve these directly to obtain
the inverse equations

X =X1€7t+X3(€7t—1) ,
X2 =x2+x3(e"t—e'),

X3 =X3 .
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I Example 4.5

For the motion of Example 4.4 determine the velocity and acceleration fields,
and express these in both Lagrangian and Eulerian forms.

Solution
From the given motion equations and the velocity definition Eq 4.16 we obtain
the Lagrangian velocity components,

v = X]Ct + Xget ,

va=Xz(et +e7"),

V3 = 0 N

and from Eq 4.17 the acceleration components

a; = (X7 +Xz)e*,
a =Xz(et—e™),
as =0.

Therefore, by introducing the inverse mapping equations determined in Example
4.4 we obtain the velocity and acceleration equations in Eulerian form,

Vi = X1+X3 a; = X1+Xx3
v, = x3(et+e Y and a; = x3(et—e Y
vy = 0 ay = 0.
——
|

4.4 The Displacement Field
As may be seen from Fig. 4.1, the typical particle of body B undergoes a displacement

u=x—X (4.23)

in the transition from the reference configuration to the current configuration. Because
this relationship holds for all particles it is often useful to analyze deformation or motion
in terms of the displacement field of the body. We may write the displacement vector u in
component form by either of the equivalent expressions

u= U.iéi = U.A/I\A . (424)

Additionally with regard to the material and spatial descriptions we may interpret Eq 4.23
in either the material form
u(X,t) =x(X,t) — X, (4.25)

or the spatial form
u(x,t) =x—X(x,t) . (4.26)
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In the first of this pair of equations we are describing the displacement that will occur to
the particle that starts at X, and in the second equation we present the displacement that
the particle now at x has undergone. Recalling that since the material coordinates relate
to positions in the reference configuration only, and hence are independent of time, we
may take the time rate of change of displacement as an alternative definition for velocity.
Thus

du d(x—X) dx

@ (4.27)

I Example 4.6

Obtain the displacement field for the motion of Example 4.4 in both material
and spatial descriptions.

Solution
From the motion equations of Example 4.4, namely,

x1 =Xre' +Xz(e* —1),
x2=Xo+Xz(et —e™t),
x3 =Xz,
we may compute the displacement field in material form directly as
up=x1 — X3 = (X3 +X3)(et = 1),
w=x2— Xz =Xz(e"—e "),
uz =x3—X3 =0,
and by using the inverse equations from Example 4.4, namely,
Xi=x1e t+x3(e7t=1),
Xa=x2+x3(e " —e'),
X3=x3,

in Eq 4.26 we obtain the spatial description of the displacement field in compo-

nent form
up = (x1 +x3)(1—e "),
u =x3(et —et),
us =0.
I
|

4.5 The Material Derivative

In this section let us consider any physical or kinematic property of a continuum body. It
may be a scalar, vector or tensor property, and so we represent it by the general symbol
Pi;... with the understanding that it may be expressed in either the material description

Pij_“ = Pij_.(X,t) , (428&1)
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or in the spatial description
Pi]'_“ = Pij“_(x,t) , (428b)

The material derivative of any such property is the time rate of change of that property for
a specific collection of particles (one or more) of the continuum body. This derivative can
be thought of as the rate at which Py, changes when measured by an observer attached
to, and traveling with, the particle, or group of particles. We use the differential operator
d/dt, or the superpositioned dot, to denote a material derivative, and note that velocity
and acceleration as we have previously defined them are material derivatives.

When Pj;_. is given in the material description of Eq 4.28a, the material derivative is
simply the partial derivative with respect to time,

d 0
a[Pij...(X»t)] = a[Pi)’...(X»t)] , (4.29)

since, as explained earlier, the material coordinates X are labels and do not change with
time. If, however, Py . is given in the spatial form of Eq 4.28b we recognize that the
specific collection of particles of interest will be changing position in space, and we must
use the chain rule of differentiation of the calculus to obtain

d

0

d
—I[Py..(x,t)] = m

= Py...(x, 1]

S (4.30)

In this equation the first term on the right hand side gives the change occurring in the
property at position x, known as the local rate of change; the second term results from the
particles changing position in space and is referred to as the convective rate of change. Since
by Eq 4.16 the velocity is defined as v = dx/dt (or vk = dxy/dt), Eq 4.30 may be written

as
d 0
E[Pi]‘...(X,t)] =%

[Pyj...(x, )] + [Pij... (%, )] vk (4.31)

axic
from which we deduce the material derivative operator for properties expressed in the spatial
description

d 0 0 d 0

L _ Y — — = V. 4.32

a ot Ve O @wa VY (4.32)
The first form of Eq 4.32 is for rectangular Cartesian coordinates, while the second form is
coordinate-free. The del operator (V) will always indicate partial derivatives with respect
to the spatial variables unless specifically stated.

I Example 4.7
Let a certain motion of a continuum be given by the component equations,
x1=Xie Tt xp =Xze', x3=Xz+Xz(et—1),
and let the temperature field of the body be given by the spatial description,
B =e"Y(x7 —2x2 +3x3) ,

Determine the velocity field in spatial form, and using that, compute the mate-
rial derivative d0/dt of the temperature field.
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Solution

Note again here that the initial configuration serves as the reference configura-
tion so that Eq 4.13 is satisfied. When Eq 4.30 is used, the velocity components
in material form are readily determined to be

v = 7X1€7t, vy = Xzet, V3 = *Xzeit .

Also, the motion equations can be inverted directly to give,

X1 =xret, Xa=xe Y, Xz=x3—x(e?t—et)

which upon substitution into the above velocity expressions yields the spatial

components,

—2t
v = —X1, V2 =X2, V3 =-—X2€ .

Therefore, we may now calculate d6/dt in spatial form using Eq 4.31,

do
dt

t t t

—e Y (%7 —2x2 +3x3) —x7e " —2x2e" ' — 3xze”

which may be converted to its material form using the original motion equations,
resulting in
de

T —2Xje 2t —3X,(2e 2t —e ) —3Xze 7t .

An interesting and rather unique situation arises when we wish to determine the ve-
locity field in spatial form by a direct application of Eq 4.31 to the displacement field in
its spatial form. The following example illustrates the point.

I Example 4.8

Verify the spatial velocity components determined in Example 4.7 by applying
Eq 4.31 directly to the displacement components in spatial form for the motion
in that example.

Solution
We may determine the displacement components in material form directly from
the motion equations given in Example 4.7,

w o= x3—X;=Xi(et=1),
w = x2— Xz =Xz(et—1),
uz = x3—Xz=Xzlet—1),

and, using the inverse equations X = x~'(x,t) computed in Example 4.7, we
obtain the spatial displacements

u = x(1—e"),
u = x(l—et),

uz; = xle?t—e Y.
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Therefore, substituting u; for Py; . in Eq 4.31 yields

o dui _ 6ui Ty aui ’
an

ViT T T ot

so that by differentiating the above displacement components

vy = —x1et—|—v1(1—et) ,
vy = xe t4va(l—e Y,
v = —x(2e Mt —e Y Hvyett—e),

which results in a set of equations having the desired velocity components on
both sides of the equations. In general, this set of equations must be solved
simultaneously. In this case the solution is quite easily obtained, yielding

—2t
V1 = —X1, V2 = X2, V3 = —X;z¢€

to confirm the results of Example 4.7.

I Example 4.9

Cilia are motile cells that are responsible for locomotion of single-cell bodies,
hearing, and moving fluid in the body. The cilia beat in a manner that propels
the surrounding fluid. The motion of the cilia is complex. A model for the cilia
motion is to enclose the tips by a flexible envelope that moves in a fashion similar
to the tips of the cilia. This is reasonable given that in many biological processes
fluid motions are slow. T'wo possible descriptions of the envelope motion are !

Case 1:
x1 = X%+ eacos(x; —ct) ,
x2 = XS+ ePsin(x; —ct) ,
Case 2:
x1 =X{ + eacos (X§ —ct) ,
x2 =X +eBsin(X{—ct) .

Envelope

Cilia

Envelope containing the tips of the beating cilia.

Here x is the position of the envelope and X° is an initial position of the particles.

(a) Show that the both descriptions indicate that particles move in an
elliptical path centered about (X?, X(z)).

1see T.J. Lardner and W. J. Shack (1972) Cilia transport, Bulletin of Mathematical Biophysics, 34 (3) 325-335.
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(b) Fluid mechanics has a no-slip condition that requires the velocity of
the fluid be the same as the velocity of the envelope. Determine the
velocity of the particles in the two descriptions.

Solution
(a) For description 1, the particle paths are
2 2
b =X (X))
(eB)? (ea)?

For description 2, the particle paths are

=sin? (x; —ct) +cos? (x; —ct) =1.

(a =X9)° | (2 —x9)°*

(eB)? + (ca)? — sin® (X —ct) + cos? (XS —ct) = 1.

These are both descriptions of ellipses centered at (X{,X9).
(b) For description 1, the velocity vy is

d 0 0 0
v1:%= at+ 1a —I—vza [X?—I—eoccos(x]—ct)]
0
=3 [X1 + excos (x1 — ct)] + vy o [X? + excos (x1 — ct)]
=ceasin(x; —ct) —vieasin (x; —ct) ,
and

vi [1 + easin (x; — ct)] = ceasin (x7 —ct)
ceasin (x7 — ct)
1+ easin(x; —ct)

v =
The velocity v is

d 0 0 0
2 FVvig— +Vva— [Xg + ePsin(x7 — ct)]

V2= T et T e 0%

0 0
=3 (X9 + eBsin (x1 —ct)] +vi— o,

= —cencos (x1 —ct) + viep cos (x1 — ct)

[X9 + eBsin (x1 —ct)]

ceasin (x7 — ct)
1+ easin (x1 — ct)

= —cexcos (x; —ct) + ep cos (x1 — ct)

)

or
—ceP cos (x7 —ct)

1+ exsin(x; —ct)

vy =

For description 2, the velocity vy is

dxi g +vi=— 9 +vy— 0 [X{ + eaccos (X —ct)]

A T T 0%

aat (X9 + eaxcos (X —ct)] = ceasin (X§ —ct) .



116 Continuum Mechanics for Engineers

X, X Reference
S

FIGURE 4.2

Vector dXa, between points P and Q in reference configuration, becomes dx;, between
points p and g, in the current configuration. Displacement vector u is the vector between
points p and P.

The velocity v, is

dx; [0 2 3 71 rwo o
V== a+\;1E+v2% (X9 + eBsin (X§ —ct)]

= % [X9 + eBsin (X§ —ct)] = —cePcos (X§ —ct) .

4.6 Deformation Gradients, Finite Strain Tensors

In deformation analysis we confine our attention to two stationary configurations and
disregard any consideration for the particular sequence by which the final deformed con-
figuration is reached from the initial undeformed configuration. Accordingly, the mapping
function is not dependent upon time as a variable, so that Eq 4.10 takes the form

xi = Xi(X) or x =x(X) . (4.33)

Consider, therefore, two neighboring particles of the body situated at the points P and Q
in the undeformed configuration such that Q is located with respect to P by the relative
differential position vector

dX = dXaTla (4.34)

as shown in Fig. 4.2. The magnitude squared of dX is

(dX)? = dX - dX = dXadXa . (4.35)
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Under the displacement field prescribed by the function x of Eq 4.35 the particles origi-
nally at P and Q move to the positions p and ¢, respectively, in the deformed configura-
tion such that their relative position vector is now

dx = dx:&; (4.36)
having a magnitude squared
(dx)? = dx - dx = dx;dx; . (4.37)
We assume the mapping function x; of Eq 4.33 is continuous so that

Oxi

dx; = XA dXa , (4.38)
or as it is more often written,
v
dxi = X 4Xa = xi AdXa (4.39)
0Xa ’
where
X{,A = FiA (440)

is called the deformation gradient tensor or simply the deformation gradient. The tensor F
characterizes the local deformation at X, and may depend explicitly upon X, in which
case the deformation is termed inhomogeneous. 1f F is independent of X, the deformation
is called homogeneous. In symbolic notation Eq 4.39 appears in either of the forms

dx =F.-dX or dx = FdX (4.41)

where, as indicated by the second equation, the dot is often omitted for convenience. In
view of the smoothness conditions we have imposed on the mapping function x we know
that F is invertible so that the inverse F~! exists such that

dXa =Xaidxi or dX=F'.dx. (4.42)

In describing motions and deformations, several measures of deformation are com-
monly used. Let us consider first one based upon the change during the deformation
in the magnitude squared of the distance between the particles originally at P and Q.
Namely,

(dx)? — (dX)? = dxidxi — dXadXa

which from Eq 4.39 and the substitution property of the Kronecker delta, 55 may be
developed as follows,

(dx)? — (dX)? = (xi,AdXa)(xi dXp) — 5apdXadXp
= (xi,AXi,8 — 0aB)dXadXp
= (Cap — 0aB)dXadXp (4.43)

where the symmetric tensor
CAB = Xi{,AX{,B or C= FT -F (444)

is called the Green’s deformation tensor. From this we immediately define the Lagrangian
finite strain tensor Eap as

ZEAB = CAB — 5AB or 2E=C-1 (445)
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where the factor of two is introduced for convenience in later calculations. Finally we can
write,
(dx)? — (dX)? = 2EapdXadXp = dX - 2E - dX . (4.46)

The difference (dx)? — (dX)? may also be developed in terms of the spatial variables in
a similar way as

(dX)z — (dX)z = 61]' dXide — (XA,idXi)(XA,jde)
= (6i]‘ — XA,iXA‘j)dXide
= (84 — cij)dxidx (4.47)

where the symmetric tensor
cij=XaiXa; or c=(FNHT-(FN (4.48)

is called the Cauchy deformation tensor. From Eq 4.48 we define the Eulerian finite strain
tensor e as
Zeij = (51]' — Cij) or 2e = (I — C) N (449)

so that now
(dx)? — (dX)? = 2ejdxidx; = dx - 2e - dx . (4.50)

Both Eag and ey; are, of course, symmetric second-order tensors, as can be observed from
their definitions.

For any two arbitrary differential vectors dX!!) and dX(?) which deform into dx") and
dx?), respectively, we have from Eq 4.41 together with Eqs 4.44 and 4.45,

dxM . dx® =F.axM . F.ax® = ax . F".F. ax?
=dX'".C.ax? =ax" . (1+2E)-dx?
=dXM . ax® +axM . 2E . ax'?. (4.51)
If E is identically zero (no strain), Eq 4.51 asserts that the lengths of all line elements are
unchanged [we may choose dX!") = dX(?) = dX so that (dx)? = (dX)?], and in view of
the definition dx(!) - dx(?) = dx(Vdx(?) cos 0, the angle between any two elements will
also be unchanged. Thus in the absence of strain, only a rigid body displacement can
occur.
The Lagrangian and Eulerian finite strain tensors expressed by Eqs 4.45 and 4.49, re-
spectively, are given in terms of the appropriate deformation gradients. These same ten-
sors may also be developed in terms of displacement gradients. For this purpose we begin

by writing Eq 4.25 in its time-independent form consistent with deformation analysis. In
component notation, the material description is

ui(Xa) =xi(Xa) = Xi (4.52)
and the spatial description is
ua(xi) =xa — Xalxi) . (4.53)
From the first of these, Eq 4.45 becomes
2EAB = Xxi,AXi,B — 0AB = (Ui, A +8ia)(ui,B + 0ig) — daB (4.54)

which reduces to
2EAB =ua B +UB A T U AU B, (4.55)
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and from the second, Eq 4.49 becomes

2eij = 85 — Xa,iXa j = 81 — (a1 —ua i)(0A; —ua ;) (4.56)
which reduces to
2ei; =Uij tUji —UAUA; - (4.57)
I Example 4.10

Let the simple shear deformation x; = Xy; x2 = X2 +kX3; x3 = X3+kX;, where
k is a constant, be applied to the small cube of edge dimensions dL shown in the
figure below. Draw the deformed shape of face ABGH of the cube and determine
the difference (dx)? — (dX)? for the diagonals AG, BH and OG of the cube.

3773 x.. X

3 3
g(dL,(1+k)dL,(1+k)dL)

h(dL,kdL,dL)

dL
A
. X/ - N b(dL,dL kdL)
™M Xz, X2 a Xz) X2
Reference position of cube
undergoing simple shear. Small cube geometry.
Solution

From the mapping equations directly, the origin O is seen to remain in place,
and the particles originally at points A, B, G and H are displaced to the points
a(dL, 0,0), b(dL, dL, kdL), g(dL, (1 +k)dL, (1 +k)dL) and h(dL, kdL, dL), re-
spectively, so that particles in planes parallel to the X;X3 remain in those planes,
and the square face ABGH becomes the diamond shaped parallelogram abgh
shown above. Also from the mapping equations and Eq 4.40, we see that the
deformation gradient F has the matrix form

1 0 0
[FiA] =10 1 k )
0 k 1
and since C=F' - F
1 0 0

[Cagl= [0 1+K? 2k
0 2k 1+%2

from which we determine 2E = C — 1,

00 o0
REagl = |0 kK2 2k
0 2k k2
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In general, (dx)? — (dX)? = dX - 2E - dX so that for diagonal AG,

0 o0 0 0
(dx)? — (dX)? = [0,dL,dL] |0 kZ 2k| |dL
0 2k k2 dL

2(2k + k2)(dL)? .

For diagonal BH,

0 0 0 0
[0,—dL,dL] |0 k2 2k| |—dL
0 2k k2| | dL

(dx)? — (dX)?

= 2(—=2k+k?)(dL)?,
and for diagonal OG,

0 0 0] [dL
[dL,dL,dL] [0 k? 2k| |dL
0 2k k%| |dL

(dx)? — (dX)?

= 2(2k+k?)(dL)?,

Note: All of these results may be calculated directly from the geometry of the
deformed cube for this simple deformation.

4.7 Infinitesimal Deformation Theory

If the numerical values of all the components of the displacement and the displacement
gradient tensors are very small we may neglect the squares and products of these quan-
tities in comparison to the gradients themselves so that Egs 4.55 and 4.57 reduce to

2EAB =UA B +UB A, (4.58)

and
Zeyj = uij + Ui (4.59)

These expressions are known as the linearized Lagrangian and Eulerian strain tensors,
respectively. Furthermore, to the same order of approximation,

duiy  duy Oxk  dug (6uk Sin (4.60)

- - XA

= — = ) R
6XA an aXA an + kA)

an

where we have used the relationship
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obtained by differentiating Eq 4.52. Therefore, to the first order of approximation for
the case of small displacement gradients, it is unimportant whether we differentiate the
displacement components with respect to the material or spatial coordinates. In view of
this, we may display the equivalent relative displacement gradients for small deformation
theory as either u; Ao or u; ;. Similarly, it can be shown that in the linear theory ua g and
Ua,j are equivalent. It follows that to the same order of approximation, from Eqs 4.58 and
4.59,

EAB ~ eijéiAéjB , (461)

and it is customary to define a single infinitesimal strain tensor for which we introduce
the symbol ej; as

ou; ou;
6 . -~ 6 . =
Xn Aj T Xp Bi

aui 6u,-
an aXi

2eyj = =Wij+ U (4.62)

Because the strain tensors Eag, eij, and €yj are all symmetric, second-order tensors, the
entire development for principal strains, strain invariants and principal strain directions
may be carried out exactly as was done for the stress tensor in Chapter 3. Thus, taking,
€i; as the typical tensor of the group, we summarize these results by displaying its matrix
relative to principal axes in the alternative forms,

eq7 0 O egr O 0
[efl=]0 e 0|=|0 ex O (4.63)
0 0 €3 0 0 €111

together with the strain invariants

[e =€y =tre=er+ex+em, (4.64a)

1
IIe = 5 (eii€j5 — €ij€eij) = €r€rr + €rr€nn + €€, (4.64b)
[le = eijke€1i€25€3k = €1€11€IIT - (4.64¢)

The components of e have specific physical interpretations which we now consider.
Within the context of small deformation theory we express Eq 4.46 in the modified form

(dx)? — (dX)? = 2ei;dXidX; = dX - 2e - dX (4.65)

which, upon factoring the left hand side and dividing by (dX)?, becomes

dx —dX dx+dX e,.dxi%
dx dx TV dX dX °
But dX;/dX = N;, a unit vector in the direction of dX, and for small deformations we
may assume (dx + dX)/dX ~ 2, so that

dx —dX

o = coNiN; =N-e-N. (4.66)

The scalar ratio on the left-hand side of this equation is clearly the change in length per
unit original length for the element in the direction of N . It is known as the longitudinal
strain, or the normal strain and we denote it by e If, for example, N is taken in the X1

direction so that N = ?1 , then

pay pay
em):I] -€~I1 = €11 .
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dx®
dX® %
/2

P dxm A

FIGURE 4.3
The right angle between line segments AP and BP in the reference configuration becomes
0, the angle between segments ap and bp, in the deformed configuration.

Likewise, for N = fz , or N = ?3 the normal strains are found to be €,, and €33, re-
spectively. Thus the diagonal elements of the small (infinitesimal) strain tensor represent
normal strains in the coordinate directions.

To gain an insight into the physical meaning of the off-diagonal elements of the in-
finitesimal strain tensor we consider differential vectors dX(!) and dX(?) at position P
which are deformed into vectors dx!!) and dx(?), respectively. In this case, Eq 4.51 may
be written,

dx1 . dx? = ax(M . ax@ 4+ ax . 2e . ax@ (4.67)

which, if we choose dX!") and dX(?) perpendicular to one another, reduces to

dxM . dx?) = dxMdx? cos 0 = dX1) . 2¢ - dX? (4.68)

where 0 is the angle between the deformed vectors as shown in Fig. 4.3. If we let, 0 = %—y
, the angle ¥ measures the small change in the original right angle between dX!) and
dX(?). Also

T .
cos O = cos (5 —y) =siny ~vy
since vy is very small for infinitesimal deformations. Therefore, assuming as before that

dx(M ~ dX" and dx(?) ~ dX?) because of small deformations

axm ax)

Y~ cosf = ) - 2e - xD ~N1)-2e-Ny . (4.69)
Here, if we take IQI“) = f1 and IQI( 2) = fz and designate the angle v as v, , we obtain
€11 €12 €13| |0
Y12 =201,0,0] |e12 €22 €3] |T1| =2e12, (4.70)

€13 €23 €33] |0

so that by choosing the undeformed vector pairs in Eq 4.68 in coordinate directions we
may generalize Eq 4.70 to obtain
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Yij = 2645 (i#7). (4.71)

This establishes the relationship between the off-diagonal components of €i; and the so-
called engineering shear strain components yi;j, which represent the changes in the original
right angles between the coordinate axes in the undeformed configuration. Note that
since € can be defined with respect to any set of Cartesian axes at P, this result holds
for any pair of perpendicular vectors at that point. In engineering texts, the infinitesimal
strain tensor is frequently written in matrix form as

€11 %Yu %YB
le] = |3v12 €2 3va3) - (4.72)
%YlS %Yz3 €33
If IQT(” and IQT(Z) are chosen in principal strain directions, Eq 4.69 becomes
‘)/Zl/\\](]]~2€*-1/\\](2)20 (473)

from which we may generalize to conclude that principal strain directions remain or-
thogonal under infinitesimal deformation. Therefore, a small rectangular parallelpiped
of undeformed edge dimensions dX(!), dX(?) and dX(3) taken in the principal strain di-
rections will be deformed into another rectangular parallelpiped having edge lengths

dxV = (1 +eq))dxV, (i=1,2,3) (4.74)

as shown in Fig. 4.4, where € ;) are the normal strains in principal directions. The change
in volume per unit original volume of the parallelpiped is

AV [+ emn]dXT + e2)]dXP1 + €(3)]dX®) — axMax2 ax3)

v dX(Max)ax)
~en)t e tea) (4.75)

where terms involving products of the principal strains have been neglected. The ratio
AV/V, being the first invariant of e, is called the cubical dilatation. We shall denote it by
the symbol e, and write

e = AV/V = €i{i = Ie . (476)

Because € is a symmetrical second-order tensor the development of Mohr’s circles for
small strain, as well as the decomposition of e into its spherical and deviator component
tensors follows in much the same way as the analogous concepts for stress in Chapter 3.
One distinct difference is that for the Mohr’s circles, the shear strain axis (ordinate) has
units of 1y as shown by the typical diagram of Fig. 4.5. The infinitesimal spherical strain
tensor is represented by a diagonal matrix having equal elements denoted by epm = e =
%e, known as the mean normal strain. The infinitesimal deviator strain tensor, n is defined by

1
Ny = €45 — §51j€kk = €y — dijem (4.77)
and in matrix form
M1 M2 M3 €11 — €M €12 €13
M21 M22 M23| = €12 €20 — €M €23 . (4.78)

N31 MN32 N33 €13 €23 €33 — €33



124 Continuum Mechanics for Engineers

X

FIGURE 4.4

A rectangular parallelpiped with edge lengths dX!", dX(?) and dX®) in the reference
configuration becomes a skewed parallelpiped with edge lengths dx'!), dx(?) and dx(®)
in the deformed configuration.

Note that as with its stress counterpart, the first invariant of the deviator strain is zero, or
Niu=0, 4.79)

and the principal deviator strains are given by
N(q) = €(q) — €M, (@=1,2,3) (4.80)

where € () is a principal value of the infinitesimal strain tensor.
A state of plane strain parallel to the X;X; plane exists at P if

€33 =Y13 =731 =Y23 =Y32=0 (4.81)

at that point. Also, plane strain relative to the X; X, plane in the continuum body as a
whole exists if Eq 4.81 is satisfied everywhere in the body, and if in addition, the remain-
ing non-zero components are independent of X3. With respect to axes OX}X5X} rotated
about X3 by the angle 0 relative to OX;X,X3 as shown by Fig. 4.6, the transformation
equations for plane strain (analogous to Eq 3.75 for plane stress) follow the tensor trans-
formation formula, Eq 2.64. In conjunction with the table of direction cosines of Table 4.1
the results are

ey = ST S ©22 0520 + M2 sind0, (4.82a)
gy = ST - S22 0520 — V12 sind0, (4.82b)

Y12 = —(€11 — €22)8in 20 +y12 cos 20 . (4.82¢)
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Y
2

€111 €11 €1 €

FIGURE 4.5
Typical Moht’s circle for strain.

30773

FIGURE 4.6
Rotation of axes for plane strain.

Also, the non-zero principal strain values for plane strain are given by

2
e texn €11 — €22 Y122
€(]), €(2) = 72 + \/(2 ) + (72 ) . (483)

Because shear strains are very difficult to measure experimentally, the state of strain at
a point is usually determined by recording three separate longitudinal strains at the point
(using a strain gauge rosette) and substituting these values into Eqs 4.82 to calculate y;,.

I Example 4.11

A delta rosette has the shape of an equilateral triangle, and records longitudinal
strains in the directions x7, x} and x{ shown in the sketch. If the measured
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TABLE 4.1
Transformation table for general plane strain.
Xi X2 X3
Xi cos © sin © 0
X5 —sin® cos © 0
X4 0 0 1
strains in these directions are €17 = —3 x 1074, €}; =4 x 1074, and €, =

2 x 10~* where the units are m/m (dimensionless), determine €2, y12 and €5,.
Show that €11 + €22 = €7 + €}, as the first strain invariant requires.

30° 30°

Solution

We need only Eq 4.82 here, which we write for x{ and x{ in turn (omitting
the common factor 1074 for convenience). Thus, for 8 = 60°, and 8 = 120°,
respectively, we have

3 +exn  3—en( 1 Y12 V3
H <2>+zz‘
2_—3+€zz+—3—€zz 1\ vz V3
N 2 2 2 2 2

Adding these two equations to eliminate y12 we determine €, = 5; subtracting
the second from the first to eliminate €, we determine yi, = 4/v/3 . Next,
using 6 = 150° we determine e}, from Eq 4.82

—-3+5 —-3-5 2 3
€£2 = + + + — _£
2 2 i\ 2

and by the first invariant of the small strain tensor we check that

:—2)

€11 +622:—3+5:€{1 +€£2:4—2:2.
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Consider once more the two neighboring particles which were at positions P and Q
in the undeformed configuration, and are now at positions p and ¢, respectively, in the
deformed configuration (see Fig. 4.2). In general, an arbitrary displacement will include
both deformation (strain) and rigid body displacements. To separate these we consider
the differential displacement vector du. Assuming conditions on the displacement field
that guarantee the existence of a derivative, the displacement differential du; is written

du; = (a“) dX; (4.84)
P

where the derivative is evaluated at P as indicated by the notation. From this we may
define the unit relative displacement of the particle at Q with respect to the one at P by the
equation
dui o dui% . dLHL )
dX — dX; dx  dX;

(4.85)

where Nj is the unit vector in the direction from P toward Q. By decomposing the
displacement gradient in Eq 4.84 into its symmetric and skew-symmetric parts we obtain
1

aui auj 1 aui auj
2 (axj +axi>+z(axj axiﬂ j

= (€yj + wi;)dX; (4.86)

d‘LLi:|:

in which ey; is recognized as the infinitesimal strain tensor, and wj; is called the infinitesimal
rotation tensor.

If ei; happens to be identically zero, there is no strain, and the displacement is a rigid
body displacement. For this case we define the rotation vector

wi = %Eijkwkj (4.87)
which may be readily inverted since wy; = —wji to yield
Wij = Ekjilx - (4.88)
Therefore, Eq 4.86 with ei; = 0 becomes
duy = g1 dX; = eixgwidX; or du=w x dX, (4.89)

so that the relative differential displacement is seen to be the result of a rigid body rotation
about the axis of the rotation vector w. On the other hand, if wi; = 0, the relative
displacement will be the result of pure strain.

A comment is appropriate about the notation wj; for the skew—symmetric part of the
displacement gradient in the linear theory. It might have been convenient to denote this
quantity as W = w;;€; ® €;; however, this notation has been reserved to represent the
spin tensor in Section 4.11. The spin tensor is the skew—symmetric part of the velocity
gradient. It is a bit awkward to have the tensor w;; and its axial vector wj denoted with
w, but this is not as bad as having the same symbol representing the infinitesimal rotation
and spin tensors.
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4.8 Compatibility Equations

The compatibility equations merit a section because of the important role played in linear
elasticity problems. Very often, solving a linear elasticity problem (see Chapter 6) involves
solving the compatibility equations discussed below.

If we consider the six independent strain-displacement relations, Eq 4.62

aui 6u,-
an aXi

as a system of partial differential equations for determining the three displacement com-
ponents u; (assuming the €i; are known as functions of x;), the system is over-determined,
and we cannot in general find three single-valued functions u; = u;(x;) satisfying the six
partial differential equations. Therefore, some restrictive conditions must be imposed
upon the strain components (actually upon derivatives of the strain components) if the
equations above are to be satisfied by a single-valued displacement field. Such conditions
are expressed by the strain compatibility equations

€ij,km F €km,ij — €ik,jm — €jm,ik = 0. (4.90)

There are 3* = 81 equations in all (four free indices) in Eq 4.90 but only six of these are
distinct

€11,23 + €2311 —€12,13 —€13,12 = 0,

€2231 +€31,220 —€2321 —€2123 =0,

€33,12 + €12,33 —€31,32 —€32,31 =0,
(4.91)

2e1212 —€11,22 — €211 =0,
2€73,23 —€2233 —€3322 =0,
2e31,31 —€33,11 —€11,33 =0.

For plane strain in the x-x, plane, the six unique equations in Eq 4.90 reduce to a
single equation,
€1122+ €211 =2€12,12, (4.92)

which may be easily verified as a necessary condition by a simple differentiation of Eq 4.62
for a range of two on the indices i and j.

It may be shown that the compatibility equations, either Eq 4.90 or Eq 4.91, are both
necessary and sufficient for a single-valued displacement field of a body occupying a
simply connected domain. The compatibility equations seem daunting, but it is not too
difficult to demonstrate the necessity and sufficiency.

For the necessity, given the strain €;; = ¥ (1 ; +uj,;) with continuously differentiable
displacements we write that

curlcurle =0. (4.93)

This equation is a more compact way of writing Eqs 4.90 and 4.91. By the definition of
linear strain and the continuity of the displacements, we see

Eyjk€lmn€jm kn = E{jk€lmn (uj,mkn + um,jkn) =0

where the first displacement term, symmetric in mn, cancels with skew—symmetric eimn,
and the second displacement term, symmetric in jk, cancels with skew—symmetric ;.
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As with many proofs, sufficiency is more difficult to demonstrate. Here it must be
shown that starting from curlcurl e = 0 that the linear strain e;; = % (ui; +u4,1) can be
constructed. To start, let

A =curle (4.94)

from which compatibility in the form of Eq 4.93 gives
curlA =0. (4.95)

Since € is symmetric,
trA=0 (4.96)

based on the identity Eq 2.91 from Example 2.17. From Eqs 4.95 and 4.96 there exists a
skew-symmetric tensor w such that 2

A=—curlw. (4.97)
Equating Eqs 4.97 and 4.94 on A gives
curl (e + w) =0 (4.98)

from which 3
e+w=Vu. (4.99)

Taking the symmetric part of this equation gives us the strain

1

e=3(Vutvu'), (4.100a)
or :
ey = 5 (Ui +uji) - (4.100b)

The compatibility equations give a convenient way to compute the displacements from
the strain components. A line integral form of the compatibility equations gives

ui(§) = J:o {611(2) + (Ek — Ek) {Eﬁ,k(z) - €5k,i(§.)} } d/(t:j

(4.101)
uj (E0) +wys (£0) (& — £9) -

The last two terms represent an infinitesimal rigid motion and are often omitted.

I Example 4.12

For a given state of strain, eij, the compatibility equations are necessary and
sufficient conditions for unique displacements.

(a) The compatibility condition may be written as €xmn€pqr€mgmnr = 0
where epqr is the alternating tensor. Show that the compatibility
equation in this form is symmetric in k and p. This means that there
are only six independent conditions.

2This is not a difficult step, however, it is best to refer to ME Gurtin, "The Linear Theory of Elasticty”, in
Mechanics of Solids, Volume II, Editor C Truesdell, Springer-Verlag, c. 1973, pp17-18 and p 40.

3ibid, p 17
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(b) For displacements to be path independent the integrand of Eq 4.101
must be exact. If

Uy = €ij(€) + <5k — /E\»k) [eij,k(/z\v) — ejk,i(g) ,
a necessary and sufficient condition for the integral to be exact is
Uij,m +Uim,; =0
Show this condition leads to
€ij,km T €km,ij — €jk,im — €im,jk =0 .

(¢) If the displacement field has three continuous derivatives, show that

Exmnépgr€mqg,nr = 0.

Solution

(a) This can be shown through index manipulation. Noting strain is symmetric
and twice continuously differentiable and m, n, q and r are dummy indices:

Ekmnépgr€mgnr = Ekmné€pgr€qm,m = Ekgrépmn€mgnr -

This expression is a symmetric, second-order tensor having six independent
terms.

(b) Differentiation and substitution leads to

€ij,m — Oxm (€ijx — €jk,i) — €im,j + Okj (€im,k — €Emk,i)

+ (Ek - E»k) [eij,km — €jkim — €im.kj + €Emk.ij] =0 .
Since strain is symmetric and & and /E\k can be chosen arbitrarily
€ij,km + €km,ij — €jk,im — €im,jk =0 .
(¢) Substitute the strain-displacement relations into the compatibility equation
Ekmne‘pqremq,nr = %Skmnﬁ'pqr (um,an ‘l'uq,mn'r) .
The alternating tensors are skew-symmetric in mn and qr. Additionally,
the displacement is assumed to be continuously differentiable and so order
of differentiation is immaterial. Thus, the parenthetical term is symmetric

in mn and qr. The product of skew-symmetric and symmetric tensors is
zero. So,

_1 _
Exmnépgr€mqg,nr = jskmngpqr (um,an + uq,mnr) =0.
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4.9 Stretch Ratios

Referring again to Fig. 4.2, define the ratio of the magnitudes of dx and dX to be the
stretch ratio, A (or simply the stretch). In particular, for the differential element in the

direction of the unit vector N at P, we write
dx

Ay = 7x (4.102)

where dx is the deformed magnitude of dX = dXN. As a matter of convenience we often
prefer to work with stretch-squared values,

Az () 4103
(R) — \ax : (4.103)
Thus, from Eqs 4.41 and 4.44,
(dx)? =dx-dx =F-dX-F-dX =dX C-dX, (4.104)
so that after dividing by (dX)?,
dX aX ~
ARy = X C X N-C-N (4.105)

for the element originally in the direction of N.
In an analogous way, we define the stretch ratio, A(4) in the direction of fi = dx/dx at
p by the equation,

1 dX

=—. 4.106
)\(ﬁ) dx ( )

Here, recalling from Eq 4.42 that dX = F~' - dx and by using Eq 4.48, we obtain
(dX)2=dX-dX=F'.dx-F'.dx=dx-c-dx (4.107)

which upon dividing by (dx)? becomes
1

P P (4.108)

= — .Cc. —
A(zﬁ] dx dx

In general, A g, # A(a). However if fi is a unit vector in the direction that N assumes in

the deformed configuration, the two stretches are the same. For N = f] ,

/\(zfl):f1'c'f1:C11:1+2En, (4.109)

b=>
o>

and for

=& -c-& =ci=1-2en (4.110)

. . < . . . .
with analogous expressions for N and fi in the other coordinate directions.



132 Continuum Mechanics for Engineers

Consider next the unit extension (longitudinal strain) in any direction N at P. This may
be expressed in terms of the stretch as

dx — dX = =
e(m:T:/\(m—1:vN-C-N—1. (4.111)

Notice that the unit extension is zero when the stretch is unity, as occurs with a rigid
body displacement. If N =1,

e(fn:\/m—‘:vcn—1= T4+2E —1, (4.112)

or, solving for Eq1,

—_

(4.113)

o 22
E]] —6(11) +2€(f1) .

For small deformation theory where E17 — €11, and for which e(leJ may be neglected in

)
comparison to e (R) 7 the above equation asserts that E11 = €17 = ey

The change in angle between any two line elements may also be given in terms of
stretch. Let dX") and dX(?) be arbitrary vectors which become dx(!) and dx(?), respec-
tively, during a deformation. By the dot product, dx(") - dx(?) = dx(" dx(?) cos 8, we may
compute the angle 8 between dx!!) and dx(?) from its cosine, which, with the help of
Eq 4.104, takes the form,

axM ax? F.dx(" F.dX(?
dx(M dx) — /gXx(M . C.axX(" Vax2 .cC.ax2 '

or upon dividing the numerator and denominator by the scalar product dX'"dX(?) and
making use of Eqs 4.105 and 4.44 we obtain

cos 0 =

N;.C-N
Cose = # . (4114)
(N1 NNy

Thus, for elements originally in the f1 and /I\z directions, the angle between them in the
deformed configuration may be determined from
Ci2 Ci2
cosBq12 = = . (4.115)
Aiphi,)  vVEiCa
In a similar fashion, from dX(1) . dX(?) = dX(1dX(?) cos ®, where @ is the angle between
dXM and dX(?), we obtain from Eqs 4.107 and 4.108,

dX[” dX(z) ﬁ] -C~ﬁ2
cos® = v = = ——— —
dXx dax VAg e fyvAL e
=Aan Ay (i - e fiz)

which gives the original angle between elements in the directions fi; and fi, of the current
configuration.

I Example 4.13

A homogeneous deformation is given by the mapping equations, x; = X; — X2+
X3, x2 =X — X3+ X; and x3 = X3 — X7 + X;3. Determine
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(a) the stretch ratio in the direction of N = (I +1,)/v2, and
(b) the angle 01, in the deformed configuration between elements that
were originally in the directions of N, and N, = I.

Solution
For the given deformation (as the student should verify),
1T =1 1 3 -1 -1
[Fial=|1 1 -1 and [Cagl=|[—-1 3 -1
-1 1 1 -1 -1 3

(a) Therefore, from Eq 4.105,

1
3 -1 -1 7
2 — | 1 1 _
Mao=l5 & o1 3 1l |H| =2
-1 -1 3 0
and
AR, =V2.
(b) For 1/\\|2 = fz , A(ziz) = fz -C. fz = Cy2 = 3 so that from Eq 4.114,

using the result in part (a),

(I +1)/v2-C- 1, _ 2/V2
V2V3 Ve
and 072 = 54.7°. Thus, the original 45° angle is enlarged by 9.7°.

cosBq2 =

It is evident from Eq 4.115 that if the coordinate axes are chosen in the principal di-
rections of C the deformed angle 01, is a right angle (Cy2 = 0 in this case) and there
has been no change in the angle between elements in the X; and X, directions. By the
same argument, any three mutually perpendicular principal axes of C at P are deformed
into three mutually perpendicular axes at p. Consider, therefore, the volume element of
a rectangular parallelepiped whose edges are in the principal directions of C (and thus
also of E). Since there is no shear strain between any two of these edges the new volume
is still a rectangular parallelopiped, and in the edge directions Ni (i = 1,2,3) the unit
strains are

eRy) = AR, 1 (i=1,2,3), (4.116)
so that _ . . .
dx = ax® + dx(l)[/\(mi) —1] = dx(l)/\(ﬂi] . (i=1,2,3) (4.117)
and the ratio of the deformed volume to the original becomes
vV dx(Max@ax®
0 = XTax@ax® — Mo Ay Aws) (4.118a)

which, when Eq 4.105 is used, becomes,
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av
v =V CmC2Ci = Ve (4.118b)

The importance of the second form of Eq 4.118b is that it is an invariant expression and
can be calculated without reference to the principal axes of C.

I Example 4.14

Determine the volume ratio dV/dV° for the deformation of Example 4.13 using
Eq 4.118a, and verify using Eq 4.118b.

Solution
As the student s/lgould Sll\OW, a setAof princip\al axes/\for tAhe C tensor oAf Ex-
ample 4.13 are Ny = (I} + I, + I3)/v3, N, = (I} — 1,)/v2, and N3 =

(T + 1, — 213)/V/6. Thus from Eq 4.105 the principal stretches are Ay =T
AR,y =2, and A, = 2, respectively. Using these results, Eq 4.118a gives
dV/dV°® =4. By Eq 4.118b,
3 -1 -
[llc =detC=|-1 3 —1|=16.
-1 -1 3

and dV/dV° = V16 = 4.

4.10 Rotation Tensor, Stretch Tensors

In Chapter 2 we noted that an arbitrary second-order tensor may be resolved by an addi-
tive decomposition into its symmetric and skew-symmetric parts. Here, we introduce a
multiplicative decomposition known as the polar decomposition by which any non-singular
tensor can be decomposed into a product of two component tensors. Recall that the de-
formation gradient F is a non-singular (invertible) tensor. Because of this nonsingularity,
the deformation gradient can be decomposed into either of the two products

F=R-U=V-R (4.119)

where R is the orthogonal rotation tensor, and U and V are symmetric, positive-definite
tensors called the right and left stretch tensors, respectively. Moreover, U and V have the
same eigenvalues (see Problem 4.32).

The deformation gradient can be thought of as a mapping of the infinitesimal vector dX
of the reference configuration into the infinitesimal vector dx of the current configuration.
Note that the first decomposition in Eq 4.119 replaces the linear transformation dx = F-dX
of Eq 4.41 by two sequential transformations,
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dx’ = U-dX (4.120a)

followed by
dx =R-dx’. (4.120b)

The tensor U has three positive eigenvalues, Uy, U,y and Uz called the principal
stretches, and associated with each is a principal stretch direction, N;, N, and N3, respec-
tively. These unit vectors form an orthogonal triad known as the right principal directions of
stretch. By the transformation Eq 4.120a, line elements along the directions lqi, i=1,2,3)
are stretched by an amount U, (i = 1,2,3), respectively, with no change in direction.
This is followed by a rigid body rotation given by Eq 4.120b. The second decomposition
of Eq 4.120b reverses the sequence; first a rotation by R, then the stretching by V. In a
general deformation, a rigid body translation may also be involved as well as the rotation
and stretching described here.

As a preliminary to determining the rotation and stretch tensors, we note that an ar-
bitrary tensor T is positive definite if v- T -v > 0 for all vectors v # 0. A necessary and
sufficient condition for T to be positive definite is for all its eigenvalues to be positive. In
this regard, consider the tensor C = F' - F. Inasmuch as F is non-singular (det F # 0) and
F-v # 0if v # 0, we see that (F-v) - (F-v) is a sum of squares and hence greater than
zero. Thus

(F-v)-(Fv)=v-Fl.F-v=v-C-v>0, (4.121)

and C is positive definite. Furthermore,
FI-FHT=F - (FO)T=¥F".F (4.122)

which proves that C is also symmetric. By the same arguments we may show that
c=(F )T (F ") is also symmetric and positive definite.
Now let C be given in principal axes form by the matrix

Cay 0 0
[Casl=1] 0 Co O
0 0 Cq

(4.123)

and let [apn] be the orthogonal transformation that relates the components of C* to the
components of C in any other set of axes through the equation expressed here in both
indicial and matrix form

Chp =aaqaepCqp or C*=ACA'. (4.124)

We define U as the square root of C, thatis, U = V/CorU-U = C, and since the principal
values C(y), (i = 1,2,3) are all positive we may write

VG 0 0
[\/C*AB}: 0 /Ca 0 |=[Urgl, (4.125)
0 0 Ci3)

and, as is obvious, the inverse (U*)~! by

1//Co) 0 0
[(Urg) '] =] 0 1/V/C2) 0 :
0 0 1/y/Ci3).

(4.126)
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Note that both U and U~ are symmetric positive definite tensors given by
Uap = agaapsUgp or Uu=A"uAa, (4.127)

and
Unp = agaaps(Uhp)™'  or U =AT(U)'A (4.128)

respectively.
Therefore, from the first decomposition in Eq 4.119,

R=F-Uu', (4.129)

so that
RT.R=F-UNH". FuH=Uu"H"rF.F.u' (4.130)
=u'-cu'=ul-uuu'l=r1 (4.131)

which shows that R is proper orthogonal.
The second decomposition in Eq 4.119 may be confirmed by a similar development
using C~' =F-FT = V2,

I Example 4.15

A homogeneous deformation is given by the equations; x; = 2X; — 2X3, x2 =
X1 + X2 and x3 = X3. Determine the polar decomposition F =R - U for this
deformation.

Solution

The matrix form of the tensor Fia = xi A is easily determined to be,

2 -2 0
[Fial = |1 1 0
0 0 1

from which we calculate C =F'" - F,

5 =3 0
Cagl=| 3 5 0
0 0 1

In principal axes form this matrix becomes

8 0 0
Cigl=10 2 0
o 0 1

with an orthogonal transformation matrix found to be
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This is found by calculating the eigenvectors of C. Therefore, from Eqs 4.125
and 4.126

2V2 0 0 - 0 0
[Uagl=| 0 V2 0| and [(Uhg) 1=—2|0 2 0|,
" 0 0 1 e W2l o 22

and by use of the transformation equations Eqs 4.127 and 4.128 (as the student
should verify), we determine

3/V2 —V2 0]
Uagl=|—V2 3V2 0] ,
0 0 1]
and
1 BT o0
U;ll=——1[1 3 o0
RN 0 0 4v2]

Finally, from Eq 4.129,

[Rapl = |1 1 ol |1 3 0 | —

= 1/V2 1/V2 0
0 0 1

:1/ﬁ -1/V2 o]

It is readily confirmed using these results that F = RU and that RT - R =1L

411 Velocity Gradient, Rate of Deformation, Vorticity

Let the velocity field of a continuum be given in some region of space by vi = vi(x,t).
The spatial velocity gradient is defined by

a\)i

Lij = o
)

(4.132)

An additive decomposition of this tensor into its symmetric and skew-symmetric parts is
written as
Li]' = dij + Wij (4133)

1 /0vy 0v;
i == 4.134
dU 2 (an + 6X1> ( 3 )

where the symmetric portion
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FIGURE 4.7
Differential velocity field at point p.

is the rate of deformation tensor, and the skew-symmetric portion

1 /9vy 0V
== - 4.1
Wi 2 (an aXi> ( 35)

is the vorticity, or spin tensor. This decomposition makes no assumption on the velocity
gradient components being small, and is valid for finite components dv;/0x;.

Consider the velocity components at two neighboring points p and . Let the particle
currently at p have a velocity vi, and the particle at q a velocity vi + dv; as shown in
Fig. 4.7. Thus the particle at g has a velocity relative to the particle at p of

vy
dvi = —tdx;  or dv=L-dx. (4.136)
an
Note that
a\)i avi aXA d aXi 6XA
= = — 4.137
an aXA an dt (aXA> an ( )
or in symbolic notation
L=F F' (4.138)

where we have used the fact that material time derivatives and material gradients com-
mute. Therefore,
F=L-F. (4.139)

Consider next the stretch ratio A = dx/dX where A is as defined in Eq 4.105, that is, the
stretch of the line element dX initially along N and currently along fi. By the definition
of the deformation gradient, dx; = x; A dXa, along with the unit vectors n; = dx;/dx and
Na = dXa/dX we may write

dXTL;L = Xi‘AdX NA
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which becomes (after dividing both sides by the scalar dX)
nA=xaNa  or  AA=F-N. (4.140)

If we take the material derivative of this equation (using the symbolic notation for conve-
nience), ) R R
AA+AA=F N=L-F-N=L-AA,

so that . .
n+AA/A=L-1. (4.141)
By forming the inner product of this equation with fi we obtain
f-n4+i-AA/A=f-L-fi
Butfi-fi = 1 and so fi - i = 0, resulting in
A/A=f-L-Ai  or  A/A=vimn; (4.142)

which represents the rate of stretching per unit stretch of the element that originated in the

direction of N, and is in the direction of fi of the current configuration. Note further that
Eq 4.142 may be simplified since W is skew-symmetric which means that

Lijnin; = (dij —I—wij)nin]- =dymin; ,

and so
/\//\ =fi-D-fi or /\//\ = di]-ninj . (4143)

For example, for the element in the x; direction, i = &; and

' dir di2 diz| |1
AN/ = [1 0 O} diy dyx dis 0| =dq1 .
diz dp3 dzz| |0

Likewise, for fi = &, A/A = d;; and for fi = &3, A/A = d33. Thus the diagonal elements
of the rate of deformation tensor represent rates of extension, or rates of stretching in the
coordinate (spatial) directions.

In order to interpret the off-diagonal elements of the rate of deformation tensor we con-
sider two arbitrary differential vectors dxg) and dxgz) at p. The material derivative of the
inner product of these two vectors is (using the superposed dot to indicate differentiation
with respect to time,

dxiz)
dv:

dxi )+ dx

2) 1)

+ dx;

1)

(
1
(1) 4. (2)
1

) dx! —I—dx

dx?
Xq
(2) (
i i
R ’vw- dx)!z)
1 2
= (Vi,j ‘I’Vj,i) dXE )dX]( )

= 2dydx| " dx;* . (4.144)

But dx|" dx(?) = dx(dx(?) cos 6, and

dx(Mdx(2) cos 6 = dx!'

X dx@ .
— ; (M g~ (2)
= ( ] + EIE) }cose 651n9> dx'Vdx'<) . (4.145)

Jax(?) cos 0 + dx(Mdx(?) cos 0 — dx(" dx?§sin o
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Equating Eqs 4.144 and 4.145 gives

x( dx@ ,
2dy dxi”dxgz) = ({dz(” + di(z)} cos 0 — Gsine) dxMax (4.146)

If dxi” = dxgz) = dxi, then® =0, and cos 0 = 1, sin® = 0 and dx") = dx(?) = dx so that
Eq 4.146 reduces to

dx; dx; a
ijdixldixl =dynin; = ™ (4.147)

which is seen to be the rate of extension per unit length of the element currently in the

1) 2)

direction of n; (compare with Eq 4.143). If, however, dx£ is perpendicular to dx& , SO

that 8 = 7, cos 0 =0, sin0 = 1, then Eq 4.146 becomes

2!l =f;-2D A, = 6. (4.148)
This rate of decrease in the angle 0 is a measure of the shear rate between the elements
in the directions of fi; and fi,. In the engineering literature it is customary to define the
rate of shear as half the change (increase or decrease) between two material line elements
instantaneously at right angles to one another. Thus for fi; = €; and fi, = €,

—%912261 ‘D-&=di2,
and, in general, the off-diagonal elements of the rate of deformation tensor are seen to
represent shear rates for the three pairs of coordinate axes.

Because D is a symmetric, second-order tensor, the derivation of principal values, prin-
cipal directions, a Mohr’s circles representation, a rate of deformation deviator tensor,
etc., may be carried out as with all such tensors. Also, it is useful to develop the relation-
ship between D and the material derivative of the strain tensor E. Recall that

2E=C—-I=F -F-1I,
so that, using Eq 4.139
2E=F" F+F - F=(L-F)" - F+F'-(L-F)
=F".L"-F+F -L-F=F" - (L"+L)-F=F"-(2D) - F,

or
E=F .-D-F. (4.149)

Note also that from u; + X; = x; we have u; o + 8i,4 = x4, A and if the displacement
gradients u; A are very small, u; o < 1 and may be neglected, then 6; o = x; A (I = F),
and of course, FT = IT = 1. At the same time for u; o very small in magnitude, by
Eq 4.61, E =~ € and Eq 4.74 reduces to

¢e=1-D-I=D (4.150)
for the infinitesimal theory. Finally, taking the material derivative of the difference (dx)2—
(dX)? = dX - 2E - dX, and noting that (dx)2 — (dX)2 = (dx)?2 since (dX)2 = 0, we obtain

(dx)2 =dX-2E-dX =dX-F'-2D -F-dX = dx- 2D - dx (4.151)
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which shows that the local motion at some point x is a rigid body motion if and only if
D =0atx.
Solving Eq 4.141 for 1 and using Eq 4.143 we may write

g =vijny — A/A = (diy +wyy)ny — dgrngneen; .

If now, n; is chosen along a principal direction of D so that dijngp) =Dpmny (p =

1,2,3) where D, represents a principal value of D, then

ny = D(p)ﬂgp) ‘I’Wijﬁ;p) - D(p)ngf)ngp)ngp] = wijn;p) (4152)
since ng‘”nﬁf’) = 1. Because a unit vector can change only in direction, Eq 4.152 indicates

that wy; gives the rate of change in direction of the principal axes of D. Hence the names,
vorticity, or spin given to W. Additionally, we associate with W the vector

1 1
Wi = Eeijkvk,j or wW = E curlv (4153)

called the vorticity vector, by the following calculation,

1
EpaiWi = 5 EpaifijkVi = 5(0pidak — Spkdaj)Vi,;
1
= i(Vq»v —Vp,q) =Wgqp - (4.154)
Thus if D = 0 so that Li; = wy;, it follows that dvi = Li;dx; = wijdx; = g5ucwrdx; and
since ;i = —€ijk = Eikj,

dvi = eqjw;dx or dv=w x dx (4.155)

according to which the relative velocity in the vicinity of p corresponds to a rigid body
rotation about an axis through p. The vector w indicates the angular velocity, the direction
and the sense of this rotation.

To summarize the physical interpretation of the velocity gradient L, we note that it
effects a separation of the local instantaneous motion into two parts:

1. The so-called logarithmic rates of stretching, D), (p = 1,2, 3), that is the eigenval-
ues of D along the mutually orthogonal principal axes of D,

. d(InA
AJN = % = dyn"'n” ="' D =Dy

and

2. A rigid body rotation of the principal axes of D with angular velocity w.

I Example 4.16

Consider a continuum having a shearing motion defined by the mapping

X1 X1 +kXz,
x2 = Xz,
X3 = X3 .
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a) Invert the mapping to find XA in terms of x;

(a)

(b) Determine x; g and Xa j

(C) Compute XA,ij,B and Xj‘BXBj
)

(d) Use the result of (¢) to determine the indicial expression for X,.\,i for
all general motions (not just this pure shear case).

Solution

(a) The mapping can be inverted, find X in terms of x;, by inspection to

get
X] = X1 —KX2,
X2 = x2,
X3 = X3.

(b) Partial differentiation of the two forms of the motion give us F = x;

and F-! = XA)]'
1 k O 1 —k 0
XjB = 01 0 and XA)]' = |0 1 0
0 0 1 0o 0 1

(¢) Multiplying these two expressions will solidify that Xa jxj p is equiv-
alent to F~'F and x; 5Xp ; is equivalent to FF~!. In indicial notation
this fact is sometimes not obvious when so many new symbols have
been introduced.

1 —x 0| |1 k O 1 k—«k O
XAJ'X)',B: 0 0 01 0f=|0 1 0 :5}\3
1/ o 0 1 o 0 1
1T x O] 1 —x 0 1 —k+k 0
Xj,BXB,i: 0 1 0 0 1 0l =10 1 0 :51)'
0 0 1]]0 0 1 0 0 1

(d) Take the material derivative of the first form noting that Sap is a
constant, and use Eq 4.138

XA % B = —XAi%,B = —XAjLimXmB -
Multiply both sides by Xg i which is the inverse of x; g to get X;.\)j:

XA %, BXB,i = XA 1051 =Xa,i = —XajLimxm BXsi
= Xajlimdmi = —Xa Lt .

Thus,

Xai=—XaiLji = —Xajvji -
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dx(z) as

& dx®
0 £
dS A Q‘v

dx@

axo

FIGURE 4.8
Area dS° between vectors dX!') and dX(?) in the reference configuration becomes d8
between dx'!) and dx(?) in the deformed configuration.

4.12 Material Derivative of Line Elements, Areas, Volumes

Consider first the material derivative of the differential line element dx = F - dX. Clearly,
dx = F- dX and by Eq 4.139,

dx=F-dX=L-F-dX=L-dx or dx; =vi;dx;. (4.156)
Note further, that from Eq 4.156 the material derivative of the dot product dx - dx is
dx:dx:de-a:dle-dx:dx-Z(D+W)~dx:dx-2D-dx

in agreement with Eq 4.151.
It remains to develop expressions for the material derivatives of area and volume ele-
ments. Consider the plane area defined in the reference configuration by the differential

line elements dXE\” and dXE\z) as shown in Fig. 4.8. The parallelogram area d$° may be
represented by the vector

a8 = eapcdxyax? . (4.157)

As a result of the motion x = x(X, t) this area is carried into the current area dS; shown
in Fig. 4.8 and is given by

dSi = sijkdxlu ) dXLz) = &€i{jkXj,B ng ]xk,ch(Cz) (4158)
which upon multiplication by x; A results in
Xi‘AdSi = ai,-kxi,ij,BxkychQ)dX(Cz) = &iijiAFjBchng)dX(Cz) .
Recall that detF = ] (the Jacobian) and from Eq 2.43

eijkFiaFjsFre = eapcdetF =eagc] .
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Therefore, by inserting this result into the above equation for x; A d$; and multiplying
both sides by X 4, we obtain,

Xi.AXA.qdSi = eapcldXy dXPXa 4

But xi AXA g = 8iq so that
8iqd8i = dSq = Xa 4JdSQ (4.159)

which expresses the current area in terms of the original area.
To determine the material derivative of d8;, we need the following identity

detA = tr (A : A‘> detA (4.160)

where A is an arbitrary tensor. Substituting F for A we obtain

detF=j = (detF) tr(F-F ') =] tr(L) ,

or
J=Tvii=]divv. (4.161)

Noting that Eq 4.159 may be written
dSq = JXa,qdS%
and using symbolic notation to take advantage of Eq 4.160 we obtain
as=J(F")"-das8°=7das® - F ',

and so
dS-F=7ds°

which upon differentiating becomes

d$ - F+dS-F=jds® =J(trL)dS°® ,

d8+dS-F-F ' =7J(trL)d8° - F! = (trL)dS ,

and finally
d8 = (trL)d8 —dS L or d8; =wvy dS; —dSjvj (4.162)

which gives the rate of change of the current element of area in terms of the current area,
the trace of the velocity gradient, and of the components of L.

Consider next the volume element defined in the referential configuration by the box
product,

av® = ax" - ax? x X = expcdxy axiax@! = [ax, ax@), ax?]

and pictured in Fig. 4.9, and let the deformed volume element, also shown in Fig. 4.9 be
given by

dv = dx" - dax'?) x ax®) = sijkdxgndxgz)dxf) = {dx(”,dx(z),dxm} .
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N

dx®

ax
]

dxo

dX®

FIGURE 4.9

Volume of parallelpiped defined by vectors dX(!), dX(?) and dX(®) in the reference con-
figuration deforms into volume defined by parallelpiped defined by vectors dx'!), dx(?)
and dx®) in the deformed configuration.

For the motion x = x(X, t), dx = F - dX so the current volume is the box product

dV = [F . dX(”,F . dX(z),F . dX(a)} = eiikxi,ij,Bkach(A])dX{gz]dX(g)

— det(F) [dx(”, ax), dx(ﬂ — Jdv° (4.163)

which gives the current volume element in terms of its original size. Since ] # 0 (F is
invertible), we have either ] < 0 or ] > 0. Mathematically, ] < 0 is possible, but physically
it corresponds to a negative volume, so we reject it. Henceforth, we assume ] > 0. If ] =1,
then dV = dV° and the volume magnitude is preserved. If ] is equal to unity for all X we
say the motion is isochoric.

To determine the time rate of change of dV we take the material derivative as follows,

AV =JavO = Jtr (L)dV° = Jvy 1dV° = v; :dV . (4.164)

Thus a necessary and sufficient condition for a motion to be isochoric is that
vii =divv=0. (4.165)
In summary, we observe that the deformation gradient F governs the stretch of a line

element, the change of an area element, and the change of a volume element. But it is the
velocity gradient L that determines the rate at which these changes occur.
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I Example 4.17

To derive the material derivative of the Jacobian, J, the identity Eq 4.160 was
used in the text. As an alternative derivation, use

1
] = EEAB(:&iijiAFjBFkC
to derive Eq 4.161.

Solution
Differentiate and use Eq 4.139, Eq 2.43 and Eq 2.7b

J = zeasceijk (FiaFsFre + FiaFjsFrc + FiaFjsFic)

eaBcEijk (LimFmaFjsFre + FialjmFmeFrc + FiaFjLkmFmc)
€4jk (Lim&mjk] + Lim€imk] + Liem€ijm]J)

(28imLim + 26m;Lim + 26kmLim) J

= JLi=Jvii.

A= A= = q=
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Problems

Problem 4.1
The motion of a continuous medium is specified by the component equations

x1 = J(Xi+Xp)et+ 31X = Xzle
x2 = F(Xg+Xp)et—3(Xg —Xple
X3 = X3 .

(a) Show that the Jacobian determinant J does not vanish, and solve for the inverse
equations X = X(x, t).

(b) Calculate the velocity and acceleration components in terms of the material
coordinates.

(¢) Using the inverse equations developed in part (a), express the velocity and ac-
celeration components in terms of spatial coordinates.

Answer
(a) J =cosh? t —sinh? t = 1
Xp =30 +x2)et 4+ F(x1 —x2)et
Xa = 3(x1 +x2)e t = (x1 —xz)e!
X3 =x3
(b) vi = $(X7 +Xz)et — J(Xy — Xz)e ™t
va = 3(X1 + Xz)et + 3 (Xg — Xz)e
V3 =0
= 7(X1 +Xa)et + J(Xy — Xz)e
az = 3(X5 +Xz)et — 3 (X; = Xz)e
az = 0
(C) V1 =X2, V2 =X1, V3 =0
a; =X1, A =Xz, a3 =0
Problem 4.2

Let the motion of a continuum be given in component form by the equations

x7 = X3 +X2t+X3t2 ,
x2 = Xo + X3t + X2,
x3 = X3 4+ Xit+ X t? .

(a) Show that J # 0, and solve for the inverse equations.
(b) Determine the velocity and acceleration

(1) at time t = 1 s for the particle which was at point (2.75,3.75,4.00) when
t=0.5s.

(2) at time t =2 s for the particle which was at point (1,2, —1) when t = 0.
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Answer
(a) J=(1—1t3)?
X7 = (x1 —x2t)/(1 —t3)
Xo = (x2 —x3t)/(1 —t3)
Xz = (x3 —x1t)/(1 —t3)
(b) (1) v=28€; +5€, +5€3, a==6€e; +2€&, +4¢€3
(2) v=-2€; +3€,+9€5, a=—-2€; +2&, +4¢€;
Problem 4.3

A continuum body has a motion defined by the equations

x1 = Xq +2Xat?
x2 = Xz +2X3t%
X3 = X3 .
(a) Determine the velocity components at t = 1.5 s of the particle which occupied
the point (2,3,4) when t =1.0 s.

(b) Determine the equation of the path along which the particle designated in part
(a) moves.

(c¢) Calculate the acceleration components of the same particle at time t =2 s.

Answer
(a) %! 22,\12:8,\)3 =0
(b) 4x7 —x2 =5 in the plane x3 =4
(¢) a1 =4/3,a;,,=16/3, a3 =0.
Problem 4.4

If the motion x = x(X, t) is given in component form by the equations
X1 :X1(1 —I_t)’ X2:X2(1+t)2a X3:X3(1+t2) )

determine expressions for the velocity and acceleration components in terms of both La-
grangian and Eulerian coordinates.

Answer

vi =Xy =x1/(1+1)

vy =2Xo(14t) =2x2/(1 + t)
vy = 2X3t = 2x3t/(1 + t2)

a; =0

a =2Xo = 2x2/(1 4+ 1)?

az = 2X3 = 2x3/(1 +t2)
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Problem 4.5
The Lagrangian description of a continuum motion is given by

X1 =X1€_t+X3(e_t—1),
X2=X2€t—X3(1 —e_t),

X3 = Xget .

Show that these equations are invertible and determine the Eulerian description of the
motion.

Answer

X7 =xjet —x3(et —1)

X2 =xe v+ Xg(eizt — 673t)

X3 =x3 et

Problem 4.6
A velocity field is given in Lagrangian form by

vy =2t + Xy, VzZXZQt, vy =X3—t.

Integrate these equations to obtain x = x(X,t) with x = X at t = 0, and using that result
compute the velocity and acceleration components in the Eulerian (spatial) form.

Answer

vi=(x1 +2t+t2)/(1+1t)

V) = X2

vy = (2x3 — 2t —t%)/2(1 + t)

aq :2, a =Xz, as =—1
Problem 4.7

If the motion of a continuous medium is given by

X1 :X1et7X3(etf1) y
X2 :Xze’t+X3(1 —e’t) ,
X3 =Xz,

determine the displacement field in both material and spatial descriptions.

Answer

w = (X3 —Xz)(e' =1) = (x1 —x3)(1 —e™ ")
uy = (X2 —Xz)(e7t —1) = (x2 —x3)(1 —e")

u3:0



150 Continuum Mechanics for Engineers

Problem 4.8
The temperature field in a continuum is given by the expression

2 2 2 2
= X3 ‘|‘X2 ‘|‘X3 .

0 =e3t/x*> where x
The velocity field of the medium has components
Vi =%2 +2Xx3, V2 =%X3—X1, V3=%X1+3x2.
Determine the material derivative d0/dt of the temperature field.

Answer

do/dt = —e3(3x? + 6x1x3 + 8x2%x3)/x*

Problem 4.9
In a certain region of a fluid the flow velocity has components

vi = A3 +xixd)e ™, vy =A(xixa +x3)e ™, v3=0

where A and k are constants. Use the (spatial) material derivative operator to determine
the acceleration components at the point (1,1,0) when t = 0.

Answer

a; = —2A(k—5A), as = —A(k—5A), a3 = 0

Problem 4.10
A displacement field is given in terms of the spatial variables and time by the equations

up = thz, u; =x3t, uz =x1t.
Using the (spatial) material derivative operator, determine the velocity components.
Answer

vi = (2%t +x3t2 +x1t3) /(1 — t*)
vy = (x3 +x1t+ 2x2t3) /(1 — t4)
v3 = (x1 + 2x2t2 +x3t3) /(1 — t*)

Problem 4.11
For the motion given by the equations

x1 = X cos wt + X, sin wt ,
X2 = —Xj sin wt + X, cos wt
x3 = (1 +kt)X3 ,

where w and k are constants, determine the displacement field in Eulerian form.
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Answer

ur; = x1(1 — cos wt) + x, sin wt
uy; = —x7 sinwt + x,(1 — cos wt)

uz = x3kt/(1 + kt)

Problem 4.12
Show that the displacement field for the motion analyzed in Problem 4.1 has the Eulerian
form

wp =x1 — (x1 +x2)e /2 — (x1 —x2)e'/2,
Uy = —x2 — (x1 +x2)e" /24 (x1 —x2)e'/2

and by using the material derivative operator (du;/dt = 9u;/0t + v;0u;/0x;), verify the
velocity and acceleration components calculated in Problem 4.1.

Problem 4.13
The Lagrangian description of a deformation is given by
x1 =Xy +Xz(e? —e?),
x2 =X —Xz(e = 1),
X3 = X3ez .
Determine the components of the deformation matrix Fiao and from it show that the Jaco-

bian ] does not vanish. Invert the mapping equations to obtain the Eulerian description of
the deformation.

Answer
J=e?
Xi=x1 —x3(1—e?)
X =x2+x3(1—e?)

X3 = X3 e 2

Problem 4.14

A homogeneous deformation has been described as one for which all of the deformation
and strain tensors are independent of the coordinates, and may therefore be expressed in
general by the displacement field u; = A4;X; where the Aji; are constants (or in the case
of a motion, functions of time). Show that for a homogeneous deformation with the Aj;
constant:

(a) plane material surfaces remain plane,

(b) straight line particle elements remain straight,

(¢) material surfaces which are spherical in the reference configuration become ellip-
soidal surfaces in the deformed configuration.
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Problem 4.15

An infinitesimal homogeneous deformation u; = A4;Xj is one for which the constants A;; are
so small that their products may be neglected. Show that for two sequential infinitesimal
deformations the total displacement is the sum of the individual displacements regardless
of the order in which the deformations are applied.

Problem 4.16

For the homogeneous deformation defined by

x1 = aXy +pXz,
X2 = —PX1 + aXz
x3 = X3,

where «, 3 and p are constants, calculate the Lagrangian finite strain tensor E. Show that
if x =cos0, B =sin@ and u =1 the strain is zero and the mapping corresponds to a rigid
body rotation of magnitude 8 about the X3 axis.

Answer
o + B2 -1 0 0
Eap =1 0 o +p2—1 0
0 0 2 —1

Problem 4.17
Given the deformation defined by

1
x1 = Xq, X2=Xz+§X§, x3 = X3

(a) Sketch the deformed shape of the unit square OABC in the plane X; = 0.
(b) Determine the differential vectors dx(?) and dx(3) whi/c\h are the deformed vectors
resulting from dX(?) = dX(?)T, and dX3) = dX3)T;3, respectively, that were

originally at corner C.

(¢) Calculate the dot product dx(?) - dx(3), and from it determine the change in the
original right angle between dX(?) and dX(®) at C due to the deformation.

(d) Compute the stretch A at B in the direction of the unit normal

N = (Tz +T3) /V2.
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X

3

X

1

Unit square OABC in the reference configuration.

Answer

Problem 4.18
Given the deformation expressed by

x7 = X3 -‘rAX%, x2 = X2, x3=X3 —AX%

where A is a constant (not necessarily small), determine the finite strain tensors E and e,
and show that if the displacements are small so that x ~ X, and if squares of A may be
neglected, both tensors reduce to the infinitesimal strain tensor €.

Answer

0 AXZ 0
[€i)’] = AXZ 0 7AX2
0 —AXZ 0

Problem 4.19
For the infinitesimal homogeneous deformation x; = X;j + Ay;X; where the constants Aj;
are very small, determine the small strain tensor €, and from it the longitudinal (normal)

strain in the direction of the unit vector N = <T1 —T3) /V2.
Answer

Ze(m =A11 — A3 —A31 +A3z3

Problem 4.20
A deformation is defined by

x1=X1/ (X3 +X3), x2=Xo/ (X2 +X3), x3=X3.
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Determine the deformation tensor C together with its principal values.

Answer

-2
C=Ca=(Xj+X3) °, Cpz=1

Problem 4.21
For the deformation field given by

x1 =X +aXy, x2=Xy—aX;, x3=X3

where « is a constant, determine the matrix form of the tensors E and e, and show that
the circle of particles X% + X3 =1 deforms into the circle x% + x% =1+a?.

Answer
2 0 0
Eyl = 3] 0 o O
0 0 0
: —a2 0 0
leii] = 0 —a? 0
Y 2(1-1—0(2)2 0 0 0

Problem 4.22
Let the deformation of a continuum be given by the equations

x1 =X +kX3, x2=Xo—kX:, x3=X3

where k is a constant. Determine the Lagrangian finite strain tensor E, and from it, assuming
k is very small, deduce the infinitesimal strain tensor e. Verify this by calculating the
displacement field and using the definition 2e;; = w4 ; 4+ u;,1 for the infinitesimal theory.

Problem 4.23
Given the displacement field

u; =AXX3, u; =AX3 u3=AX?
where A is a very small constant, determine

(a) the components of the infinitesimal strain tensor €, and the infinitesimal rotation
tensor w.

(b) the principal values of €, at the point (1,1,0).

Answer

(a) e11 =€22=€33=0,€12 =AX3, €13 = %A(Xz +2X;) and €33 = AX3
Wi =Wy = w33 =0, Wiz = —wz1 = 3AX3,
Wiz = —W3] = %AX1 — AX7 and w3 = —w32 = AX3

(b) e = 3A, e =0, eqm) = —3A
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Problem 4.24
A 45° strain rosette measures longitudinal strains along the X;, X3, and X} axes shown
below. At point O the strains recorded are

€11 =6x10% epn=4x10"* and ¢€};=8x10""*

Determine the shear strain v, at O, together with €5,, and verify that e114+¢€22 = €}, +¢5,.
See Eq 4.82.

X

2

Problem 4.25
By a direct expansion of Eq 4.87, 2w; = €45k Wy;j, show that wy = w3, = —w;3, ete. Also,
show that only if A is a very small constant does the mapping
x; = X7 —AX2 +AXs3
x2 = X2 —AX3 +AXy,
x3 = X3 — AX7 +AX;, ,
represent a rigid body rotation (E = 0). Additionally, determine the infinitesimal rotation

tensor wy; in this case; from it, using the result proven above, deduce the rotation vector
wi.

Answer

w=A(é +&,+e3)

Problem 4.26
For the displacement field

u; =kX1Xz, uy; =kX3Xz, uz=2k(X;+X3)X3

where k is a very small constant, determine the rotation tensor w, and show that it has
only one real principal value at the point (0,0,1).
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Answer

W) = 0, W) = —Wi3) = 1kﬁ, where 1 = \/—1

Problem 4.27

Let the deformation
x1 = X7 +AX2X3 ,
x2 = Xz + AX3 ,
x3 = X3 + AX?

where A is a constant be applied to a continuum body. For the unit square of material line
elements OBCD as shown, calculate at point C

(a) the stretch and unit elongation for the element in the direction of diagonal OC,
(b) the change in the right angle at C if A =1;if A =0.1.

X
pl C

— 1 X

X

1

Unit square OBCD in the reference configuration.

Answer

(a) Afoc) =T1+2A+4A% eoc) = V1 +2A +4A2 —1
(b) AB(a—1) = 60°, ABA—o.1) = 11.77°

Problem 4.28
For the homogeneous deformation expressed by the equations

32

X1=\f2X1+TX2,
3 V2
X2 1+4 2+ VAR
3 V2
= X1 — 2Xy + 25X
X3 U 2+4 3,

determine
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(a) the unit normal fi for the line element originally in the direction of
N = (f1 ~1, +f3) /V/3.
(b) the stretch /\(]Q) of this element.

(¢) the maximum and minimum stretches at the point X; =1, X; =0, X3 =—2in
the reference configuration.

Answer

Problem 4.29
Let the deformation

x1 =a1(Xy +2X3), x2=axXz, x3=a3X3

where ay, a2, and a3 are constants be applied to the unit cube of material shown in the
sketch. Determine
(a) the deformed length 1 of diagonal OC,
(b) the angle between edges OA and OG after deformation,
(¢) the conditions which the constants must satisfy for the deformation to be possible
if
(1) the material is incompressible,
(2) the angle between elements OC and OB is to remain unchanged.

Unit cube having diagonal OC.
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Answer
(a) 1> =9a% + a3 + a3

2
(b) cos® = S B
\/4a? + a3

(¢) (1) ajazaz =1,
(2) 9a% + a3 =2a3

Problem 4.30
A homogeneous deformation is defined by

x1 = oaXy + BXz, x2=—-aX;+PXz, x3=pX3

where o, 3 and @ are constants. Determine

(a) the magnitudes and directions of the principal stretches,

(b) the matrix representation of the rotation tensor R,

(¢) the direction of the axis of the rotation vector, and the magnitude of the angle
of rotation.

Answer
2 A2 _ 2 2 A2 _ 2 2 A2 2
(a) Al =Ale,) =205 Al =Ale,) =285 Al =Afe,) =1
1 1 9
i 2
. 1 1
b) Ryl=| -1 L o
0 0 1

Problem 4.31
Consider the deformation field
x1 = X7 —AX2 +AX;s ,
x2 = X2 —AX3 + AXy
x3 = X3 — AX; +AX,,
where A is a constant. Show that the principal values of the right stretch tensor have a

multiplicity of two, and that the axis of the rotation tensor is along N = (f1 +1, + fg) /V/3.

Determine the matrix of the rotation vector together with the angle of rotation ¢.

Answer
Ay =1 A2 =Az=VI+3Ac=
1 B+2 p—1-3A p—1+3A
[Rﬁ]:3 p—1+3A B+2 p—1—-3A
Bl p_1-3a p—143A B+2

¢ =cos ' (1/B)
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Problem 4.32
For the deformation field

X1 =\/§X1+Xz,
X2 =2Xz ,
X3 :X3 .

determine

(a) the matrix representation of the rotation tensor R,

(b) the right stretch tensor U and the left stretch tensor V, then show that the
principal values of U and V are equal,

(c) the direction of the axis of rotation and the magnitude of the angle of rotation.

Answer

V341 V31 0

=—— | —V3+1 3+1 0
zﬁ \/’ \/’

0 0 2V/2

(b) Ay = V6, Ay =v2, Az =1
(c) N=13; ¢ =15°

Problem 4.33
Let a displacement field be given by

1 1
ur = - (X3 —Xz), uZZZ(X1—X3), usZZ(Xz—Xﬂ-

=

Determine

(a) the volume ratio dV/dV°,

(b) the change in the right angle between line elements originally along the unit
vectors 1Q1 = (3/1\1 — Z/I\z — fg) /V/14 and ]le = (f1 —|—4f2 — ng) /V/42. Explain

your answer.

Answer

(a) dV/dV° =1.1875
(b) A® =0°

Problem 4.34
Consider again the deformation given in Example 4.15, namely

x1 =2(X1 —X2), x2=X1 + X2, x3=X3 .
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Determine

(a) the left stretch tensor V,
(b) the direction normals of the principal stretches of V.

Answer
2V2 0 0
(a) [Vagl = 0 V2 0
0 0 1
b)) Ny =1;, N, =1,,R; =13

Problem 4.35
A deformation field is expressed by

x1 = p(Xj7 cos X3 + Xz sin X3)
x2 = p(—Xj sin X3 + Xz cos pX3) ,
X3 = ‘VX3 y

where u, 3, and v are constants.

(a) Determine the relationship between these constants if the deformation is to be a
possible one for an incompressible medium.

(b) If the above deformation is applied to the circular cylinder shown by the sketch,
determine

(1) the deformed length 1 in terms of L, the dimension a, and the constants u,
B, and v of an element of the lateral surface which has unit length and is
parallel to the cylinder axis in the reference configuration, and

(2) the initial length L of a line element on the lateral surface which has unit
length and is parallel to the cylinder axis after deformation.
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Answer
(a) prv=1
(b) (1) L= ViZBZaZ £
(2) L:% pZa’ +1

Problem 4.36
A velocity field is defined in terms of the spatial coordinates and time by the equations,

vy = 2txysinxz, vy =2txpcosxz, v3=0.
At the point (1,—1,0) at time t = 1, determine

(a) the rate of deformation tensor and the vorticity tensor,

(b) the stretch rate per unit length in the direction of the normal
fi=(& +&+8)/V3,
(¢) the maximum stretch rate per unit length and the direction in which it occurs,

(d) the maximum shear strain rate.

Answer
0 01 0 01
(a) [dizl=10 2 0, wyl= 0 00
100 -1 0 0
(b) /\//\:4/3
() (A/A), ., =2, =&
(d) Ymax =1.5

Problem 4.37
Let Na and n; denote direction cosines of a material line element in the reference and
current configurations, respectively. Beginning with Eq 4.140, nyA = x; AN, and using
the indicial notation throughout, show that

(a) /\//\ = DijTLile,

(b) A/A = Qimin; +1in; where Qi = 3(a;;+a;,;) with a; being the components
of acceleration.

Problem 4.38
In a certain region of flow the velocity components are

kt kt

vi= (G +xix3)e ™ v =03 —xix2) e vy =0
where k is a constant, and t is time in s. Determine at the point (1,1,1) when t =0,

(a) the components of acceleration,

(b) the principal values of the rate of deformation tensor,
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(¢) the maximum shear rate of deformation.

Answer
(a) aq :2(4—k),a2:—47 (1320
(C) Ymax =42

Problem 4.39
For the motion
x1 =Xy,
x2 = Xzet + Xy(et = 1),
x3=Xi(et—e ")+ Xz,
determine the velocity field vi = vi(x), and show that for this motion
(a) L=F-F1,
(b) D=¢att=0.

Problem 4.40
Determine an expression for the material derivative d (Indx) /dt in terms of the rate of
deformation tensor D and the unit normal fi = dx/dx.

Answer

d(lndx)/dt=fi-D-f

Problem 4.41
A velocity field is given in spatial form by

V] =X1X3, V2 = x%t, vy =x2x3t .

(a) Determine the vorticity tensor W and the vorticity vector w.
(b) Verify the equation €p,qiWi = wqyp for the results of part (a).

(¢) Show that at the point (1,0,1) when t = 1, the vorticity tensor has only one real
root.

Answer

(a) wy = Ix3t, wp = Ix7, w3 =0
(c) Wiy =0, Wa) = —W(3) = 1/V2, where i = v/—1

Problem 4.42
Consider the velocity field

vi = e Cteoswt, v, =¥ Fsinwt, vy=c

where ¢ and w are constants.
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(a) Show that the speed of every particle is constant.
(b) Determine the acceleration components a;.
(c) Calculate the logarithmic stretching, A/A = d (InA) /dt, for the element in the

current configuration in the direction of A = (&; 4+ &,) /v2 at x = 0.
Answer

(b) a1 = —wvy, az = wvy,az =0
(c) Te °tcoswt

Problem 4.43
Show that the velocity field

vi =1.5%x3 —3%x2, Vv2=3x1 —x3, Vv3=x2— 1.5%9
corresponds to a rigid body rotation, and determine the axis of spin (the vorticity vector).
Answer

w=@&; +1.58é, + 3€é3

Problem 4.44
For the steady velocity field

vy = X%Xz, vy = 2x§X3, v3 = 3X1X2X3
determine the rate of extension at (2,0, 1) in the direction of the unit vector (4&; — 3€3) /5.

Answer

. 48
AN =—5

Problem 4.45
Prove that d(InJ) /dt = divv and, in particular, verify that this relationship is satisfied
for the motion

x1 = X7 +ktX3, x2 =Xz +ktX3, x3=X3—kt(X;+X3)
where k is a constant.

Answer

J/T =divv = 4k2t/(1 + 2k2t2)

Problem 4.46
Prove the identity

(Xi],A) =0, J=det(x;A)

)
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Problem 4.47
Equation 4.151 gives the material derivative of dx? in terms of di; . Using that equation
as the starting point, show that d?(dx?)/dt? is given in terms of di; and its time derivative
by

dz(dxz)/dtz = Z(dij + Vi, idij + Vi j dik)dxide .

Problem 4.48
A continuum body in the form of the unit cube shown by the sketch undergoes the homo-

geneous deformation
x1 =MX1, x2=AXz, x3=2A3X3

where A1, A2, and A3 are constants.
Determine the relationships among A7, A2, and Az if
(a) the length of diagonal OC remains unchanged,
(b) the rectangular area ABFE remains unchanged,

(c) the triangular area ACE remains unchanged.
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Answer
(a) M +A3+A3=3
(b) A3 (A +23) =2
(c) M2A3 + AN+ AN =3

Problem 4.49
Let the unit cube shown in Problem 4.47 be given the motion

1 1
x1 = X1+ EtZXz, X = X2 + itZX], x3 = X3

Determine, at time t,

(a) the rate-of-change of area ABFE,
(b) the volume of the body.

Answer

(a) a5 = t31/(1— 1t4) —té; —t38;
(b) V=(1— "

Problem 4.50
For the homogeneous deformation

x1 = X7 + Xy + apXs
x2 = afXq + X2 + B*X3 ,
x3 =X7 + X2+ X3,
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where o and 3 are constants, determine the relationship between these constants if the

deformation is isochoric.
Answer

B=(x?*+a)/(a®>+x+1)

Problem 4.51

Show that for any velocity field v derived from a vector potential \p by v = curli, the

flow is isochoric. Also, for the velocity field

V] = ax1X3 — 2X3, V) = —bX2X3, V3 = 2X1X2

determine the relationship between the constants a and b if the flow is isochoric.

Answer

a=Db
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5

Fundamental Laws and Equations

A number of the fundamental laws of continuum mechanics are expressions of the con-
servation of some physical quantity. These balance laws, as they are often called, are
applicable to all material continua and result in equations that must always be satisfied.
In this introductory text, we consider only the conservation laws dealing with mass, lin-
ear and angular momentum, and energy. With respect to energy, we shall first develop a
purely mechanical energy balance and follow that by an energy balance that includes both
mechanical and thermal energies, that is, a statement of the first law of thermodynamics.
In addition to that, the Clausius-Duhem form of the second law of thermodynamics is
covered.

The balance laws are usually formulated in the context of global (integral) relationships
derived by a consideration of the conservation of some property of the body as a whole.
As explained in Chapter 1, the global equations may then be used to develop associated
field equations which are valid at all points within the body and on its boundary. For
example, we shall derive the local equations of motion from a global statement of the
conservation of linear momentum.

Constitutive equations, which reflect the internal constitution of a material, define specific
types of material behavior. They are fundamental in the sense that they serve as the
starting point for studies in the disciplines of elasticity, plasticity and various idealized
fluids. Constitutive equations establish the relationship between kinematics and stresses
for a material. These equations are the topic of the final section of this chapter.

Before we begin a discussion of the global conservation laws, it is useful to develop
expressions for the material derivatives of certain integrals.

5.1 Material Derivatives of Line, Surface and Volume Integrals

Let any scalar, vector or tensor property of the collection of particles occupying the current
volume V be represented by the integral

Py (1) = Jv P (x,1)dV (5.1)

where Pj; represents the distribution of the property per unit volume and has continu-
ous derivatives as necessary. The ellipsis in the subscript indicate that P}; could be any
order tensor. The material derivative of this property is given in both spatial and material

form, using Eq 4.163, by

_d
Cdt

d

Pi)‘...(t) T

J P::j,,,(x»t) dav J Pfj___[X(X,t),t]]dVO .
v Vo

Since V° is a fixed volume in the referential configuration, the differentiation and inte-
gration commute and the differentiation can be performed inside the integral sign. Thus,
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from Eq 4.161, using the notation [-] to indicate differentiation with respect to time,

J {Pi*].“_(X,t)]]d\?O:J (b5 J+P5_J) av®
Vo Vo

_ J (5. + ViP5, ) V0,
Vo
and converting back to the spatial formulation
P (0 = [ (PG 000+ vkl (e0)] av. 52)
v

With the help of the material derivative operator given in Eq 4.32, this equation may be
written (we omit listing the independent variables x and t for convenience),

NN T L U
1)..‘( )_JV ot + v o + Vi x ...

= JV |: at + (Vkpij“.k)‘k:| dV

which upon application of the divergence theorem becomes

*

. ) 8
Pi;. () :J %d\uj VPl nicds . (5.3)
v 8

This equation gives the time rate of change of the property Pyj... as the sum of the amount
created in the volume V, plus the amount entering through the bounding surface 8, and
is often spoken of as the transport theorem.

Time derivatives of integrals over material surfaces and material curves may also be
derived in an analogous fashion. First, we consider a tensorial property Qij... of the
particles which make up the current surface S, as given by

Qi () = L Qt. (x,1)dS, = L Q% (x,t)ny dS (5.4)

where Q7 (x,t) is the distribution of the property over the surface. From Eq 4.162, we
have in Eulerian form (again omitting the variables x and t),

Quy.. (1) = L (Q% v Qi) dSp — L Q% v dS,

= L [(Qf] + ik Q5. ) 8pg — Q. va.p) d8q . (5.5)

Similarly, for properties of particles lying on the spatial curve € and expressed by the line
integral

Ri]'m(t) = J-e R{jm(x, t) pr (56)
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we have, using Eq 4.156,

- L (R;...8pq +vp,qR}...) dxq - (5.7)

5.2 Conservation of Mass, Continuity Equation

Every material body, as well as every portion of such a body, is endowed with a non-
negative, scalar measure, called the mass of the body, or of the portion under consider-
ation. Physically, the mass is associated with the inertia property of the body, that is,
its tendency to resist a change in motion. The measure of mass may be a function of
the space variables and time. If Am is the mass of a small volume AV in the current
configuration, and if we assume that Am is absolutely continuous, the limit

. Am
P= A1\17130 AV (58)
defines the scalar field p = p(x, t) called the mass density of the body for that configuration
at time t. Therefore, the mass m of the entire body is given by

m= J p(x,t)dV. (5.9)
%

In the same way, we define the mass of the body in the referential (initial) configuration
in terms of the density field pp = po(X, t) by the integral

m:J po(X,t) dV° . (5.10)
Vo

The law of conservation of mass asserts that the mass of a body, or of any portion of the
body, is invariant under motion, that is, remains constant in every configuration. Thus,
the material derivative of Eq 5.9 is zero,

. d _
™= o Jv p(x,t)dV =0 (5.11)

which upon application of Eq 5.2 with P}; = p becomes,

mzj (b+pviy)dV =0, (5.12)
v

and since V is an arbitrary part of the continuum, the integrand here must vanish, result-
ing in

P+ pvii = 0 (5.13)
which is known as the continuity equation in Eulerian form. But the material derivative of

p can be written as
. 0p ap
= — Vi N
P=3t TV
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so that Eq 5.13 may be rewritten in the alternative forms,

op ap _
3t +v; o +pvii =0, (5.14a)
or d
P _
ot T (pvi)i=0. (5.14b)

If the density of the individual particles is constant so that ¢ = 0, the material is said to
be incompressible, and thus it follows from Eq 5.13 that

vii=0 or divv=20 (5.15)

for incompressible media.

Since the law of conservation of mass requires the mass to be the same in all configu-
rations, we may derive the continuity equation from a comparison of the expressions for
m in the referential and current configurations. Therefore, if we equate Eqs 5.9 and 5.10,

m= J p(x,t)dV = J po(X,t) dV° , (5.16)
v Vo
and, noting that for the motion x = x(X, t), we have

J px(X,t),1] dvzf p(X,t)]dV° .
A% Vo

The tilde in Eq 5.16 is there because the functional form may be different when written
as a function of x and t than the functional form written in terms of X and t. Now if we
substitute the right-hand side of this equation for the left-hand side of Eq 5.16 and collect
terms,

|| o 07— potx,tirave <o
v
But V° is arbitrary, and so in the material description

pJ =po, (5.17a)

and, furthermore, po = 0, from which we conclude that

(p])=0. (5.17b)

Equations 5.17 are called the Lagrangian, or material, form of the continuity equation.

I Example 5.1

Show that the spatial form of the continuity equation follows from the material
form.

Solution
Carrying out the indicated differentiation in Eq 5.17b,

(o) = 6] + 0 =0

and by Eq 4.161, .
J=vii]
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SO Now

(p)) =T (p+pvii) =0.

But J = detF # 0 (an invertible tensor), which requires p + pvi ; = 0 the spatial
continuity equation.

As a consequence of the continuity equation, we are able to derive a useful result for
the material derivative of the integral in Eq 5.1 when Pj; is equal to the product pAj; ,
where Aj; is the distribution of any property per unit mass. Accordingly, let

_d
Tdt

d

Py (1) JAfj.._(x,t)pdvsz A% (X, 1)p] dV°
v Vo

dt
= [ A o0+ ag o] ave
which, because of Eq 5.17b, reduces to
Pfj...(t) ZJ Afj..‘PdVO :J Afj...PdV ,
vo v

and so
d

dt

We shall have numerous occasions to make use of this very important equation.

J Ai*j...(xat)pdV:J Af padv. (5.18)
v v

5.3 Linear Momentum Principle, Equations of Motion

Let a material continuum body having a current volume V and bounding surface 8 be
subjected to surface traction tgﬁ) and distributed body forces pb; as shown in Fig. 5.1.
In addition, let the body be in motion under the velocity field vi = vi(x,t). The linear

momentum of the body is defined by the vector
Pi(t) = J pv; dV , (5.19)
v

and the principle of linear momentum states that the time rate of change of the linear mo-
mentum is equal to the resultant force acting on the body. Therefore, in global form, with
reference to Fig. 5.1,

d J ovi dV = J £ gs ¢ J oby dV | (5.20)
dt Jy s v

and because t&ﬁ) = tjin;, we can convert the surface integral to a volume integral having
the integrand t;; ;. By the use of Eq 5.18 on the left-hand side of Eq 5.20 we have, after
collecting terms,

J (pvi —tji; — pby) AV =0 (5.21)
v
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t.
} ! av
ni
ds—
x/ A bb,
0
X

FIGURE 5.1
Material body in motion subjected to body and surface forces.

where V; is the acceleration field of the body. Again, V is arbitrary and so the integrand
must vanish, and we obtain,
ti,5 + pbi = pvi (5.22)

which are known as the local equations of motion in Eulerian form.
When the velocity field is zero, or constant so that v; = 0, the equations of motion
reduce to the equilibrium equations,

tji,; +pbi =0 (5.23)

which are important in solid mechanics, especially elastostatics.

5.4 Piola-Kirchhoff Stress Tensors, Lagrangian Equations of Motion

As mentioned in the previous section, the equations of motion Eq 5.22 are in Eulerian
form. These equations may also be cast in the referential form based upon the Piola-
Kirchhoff tensor, which we now introduce.

Recall that in Section 3.3 we defined the stress components t;; of the Cauchy stress ten-
sor T as the i" component of the stress vector tgei) acting on the material surface having
the unit normal fi = €;. Notice that this unit normal is defined in the current configura-
tion. It is also possible to define a stress vector that is referred to a material surface in the
reference configuration and from it construct a stress tensor that is associated with that
configuration. In doing this, we parallel the development in Section 3.3 for the Cauchy
stress tensor associated with the current configuration.

Let the vector po(mbe defined as the stress vector £eferred to the area element AS° in
the plane perpendicular to the unit normal N = Nala. Just as we defined the Cauchy
stress vector in Eq 3.5, we write

AN ASO T 380 (5:24)
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where Af is the resultant force acting on the material surface which in the reference
configuration was A8°.

The principle of linear momentum can also be written in terms of quantities which are
referred to in the referential configuration as

L,o pONI(X, 1) dsO + JVO pob® (X, t) dV° = JVO poa’(X,t) dV° (5.25)

where 8°, V0 and p, are the material surface, volume and density, respectively, referred to

the reference configuration. The superscript zero after the variable is used to emphasize
the fact that the function is written in terms of the reference configuration. For example,

ai(x,t) = a; [x(X,1),t)] = ag(X,t) .

Notice that, since all quantities are in terms of material coordinates, we have moved the
differential operator d/dt of Eq 3.8 inside the integral to give rise to the acceleration a®.
In a similar procedure to that carried out in Section 3.2, we apply Eq 5.25 to portions I
and II of the body (as defined in Fig. 3.2(a)) and to the body as a whole to arrive at the

equation
J [po(m +p°(*ﬁ”} as® = 0. (5.26)
80

This equation must hold for arbitrary portions of the body surface, and so

which is the analog of Eq 3.10.

The stress vector p°N) can be written out in components associated with the referential
coordinate planes as

poia) — podare, (A=1,2,3). (5.28)

This describes the components of the stress vector po™N) with respect to the referential
coordinate planes, and to determine its components with respect to an arbitrary plane
defined by the unit vector N, we apply a force balance to an infinitesimal tetrahedron of
the body. As we let the tetrahedron shrink to the point, we have

p{ ™) = pIANA (5.29)
and defining
Pai=p{tA) (5.30)
we obtain R
P?(N) =PaiNa (5.31)

where Pa; are the components of the first Piola-Kirchhoff stress tensor. These represent the
x{ components of the force per unit area of a surface whose referential normal is N.

Using the first Piola-Kirchhoff stress tensor, we can derive the equations of motion, and
hence the equilibrium equations in the referential formulation. Starting with Eq 5.25, we
introduce Eq 5.31 to obtain

Lo PAiNA dS° + LO pob? dV° = JVO poad dV° , (5.32)
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and using the divergence theorem on the surface integral, we consolidate Eq 5.32 as
J . (Paia + pob) —poad)dV® =0.
v

This equation must hold for arbitrary portions of the body so that the integrand is equal
to zero, or
PaiA + Pobf = poad (5.33a)

which are the equations of motion in referential form. If the acceleration field is zero, these
equations reduce to the equilibrium equations in referential form

PAi,A + pob? =0. (533b)

We note that the partial derivatives of the Piola-Kirchhoff stress components are with
respect to the material coordinates because this stress tensor is referred to a surface in the
reference configuration.

Equilibrium also requires a balance of moments about every point. Summing moments
about the origin (Fig. 5.1 may be useful in visualizing this operation) gives us

J eexsph N ds? +J £451%; pob0 dV° =0 (5.34)
80 Vo
which reduces to
J | Ek [(XjPAk),A -I-ijobﬁ] dv® =0
v

where we have used Eq 5.31 and the divergence theorem. Carrying out the indicated
partial differentiation we obtain

J eijk [%5,APAK %5 (Par,a + pobR)] dVO =0

Vo

and by Eq 5.33b this reduces to
J (e3jkx5,APAK) VO =0 (5.35)
Vo

since the term in parentheses is zero on account of the balance of momentum. Again, this
equation must hold for all portions V° of the body, so the integrand must vanish, giving

€ijkX;,APAx =0 (5.36)
Following a similar argument to that presented in Section 3.4, we conclude that Eq 5.36
implies
xj,APak =X APA;j . (5.37)
If we now introduce the definition for sag
Pai =XiBSBA , (5.38)
and substitute into Eq 5.37 we observe that

SAB = SBA (5-39)

which is called the second Piola-Kirchhoff stress tensor, or sometimes the symmetric Piola-
Kirchhoff stress tensor.
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The Piola-Kirchhoff stresses can be related to the Cauchy stress by considering the
differential force exerted on an element of deformed surface d8 as

dfi = tjinj ds. (540)

This force can also be written in terms of the first Piola-Kirchhoff stress tensor as

df; =PaiNa dS° . (5.41)

Recall from Eq 4.159 that the surface element in the deformed configuration is related to
the surface element in the reference configuration by

Nq dS =Xa qJNa dS°.
Using this, along with Eqs 5.40 and 5.41, we obtain
df; = t5in; dS = t;;Xa jJNA dS® = Pa;NA dS° (5.42)
which can be rewritten as
(tjiXa ;] —Pai)NA dS® =0. (5.43)

From this we see that the Cauchy stress and the first Piola-Kirchhoff stress are related
through
Jtji = Paixj A . (5.44)

Also, from Eq 5.38 we can write

Jtji = Xj AXi,BSAB (5.45)

which relates the Cauchy stress to the second Piola-Kirchhoff stress.

In Chapter 4 we showed that the difference between Eulerian and Lagrangian strains
disappears when linear deformations are considered. Here, we will show that in lin-
ear theories the distinction between Cauchy and Piola-Kirchhoff stress measures is not
necessary.

To show the equivalence of Cauchy and Piola-Kirchhoff stresses in linear theories, we
have to recall some kinematic results from Section 4.7 and also derive a few more. In-
troducing a positive number ¢ that is a measure of smallness such that the displacement
gradients u; A are of the same order of magnitude as ¢, we may write

uja=0(e) as €—0. (5.46)

As we discovered in Section 4.7, the Eulerian and Lagrangian strains are equivalent as
e — 0, so from Eqs 4.58 and 4.59 we have

EaBdiadjp = ey = O(e) .

Examination of Eqs 5.44 and 5.45 relates stress measures tj;, Pai, and sag. To discuss
this relationship in the linear case, we must find an expression for the Jacobian as we let
¢ — 0. Starting with the definition of ] in the form

1
] = zeijkeaschiaFiFce
6

we substitute Fiao = uj A + 014, etc., to get

1
] = gﬁijkEABc(ui,A +0i,A)(uy,8 + 858) (uk,c + dxc) -
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Carrying out the algebra and after some manipulation of the indices

1
] = gEiikEABC [8iA8588kc + 3ux,cdiadis + 0(52)]
where terms on the order of ¢? and higher have not been written out explicitly. Since
€ijk€ijk = 6 and €45k €ijc = 20kc,
J=T4wex +0(e?). (5.47)
Now we can evaluate Eqs 5.44 and 5.45 as ¢ — 0, that is, for the case of a linear theory.
Since uy  is Of(e).

tj1 + O(e) = Paidaj + Ofe) . (5.48)
With a similar argument for Eq 5.45, we find
tji = Sagdaidp; as e—0. (5.49)

Equations 5.48 and 5.49 demonstrate that, in linear theory, Cauchy, Piola-Kirchhoff and
symmetric Piola-Kirchhoff stress measures are all equivalent.

5.5 Moment of Momentum (Angular Momentum) Principle

Moment of momentum is the phrase used to designate the moment of the linear momentum
with respect to some point. This vector quantity is also frequently called the angular
momentum of the body. The principle of angular momentum states that the time rate of
change of the moment of momentum of a body with respect to a given point is equal
to the moment of the surface and body forces with respect to that point. For the body
shown in Fig 5.1, if we take the origin as the point of reference, the angular momentum
principle has the mathematical form

d
dt
Making use of Eq 5.18 in taking the derivative on the left-hand side of the equation and

applying the divergence theorem to the surface integral, after introducing the identity

t1(<ﬁ) = tqxng, results in

J' E{jk X5 PVK dv = J- Siijthﬁ) ds + J- €1k X5 pbk av. (550)
A% 8 Vv

J eijk X (PVi — tqr,q — PbK) — tj] AV =0
v

which reduces to
J Eijktkj dv=0 (551)
v

because of Eq 5.22 (the equations of motion) and the sign-change property of the permu-
tation symbol. Again, with V arbitrary, the integrand must vanish so that

Eijktyy =0 (5.52)

which by direct expansion demonstrates that ty; = tji, and the stress tensor is symmetric.
Note that in formulating the angular momentum principle by Eq 5.50 we have assumed
that no body or surface couples act on the body. If any such concentrated moments do
act, the material is said to be a polar material, and the symmetry property of T no longer
holds. But as mentioned in Chapter 3, this is a rather specialized situation and we shall
not consider it here.
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5.6 Law of Conservation of Energy, The Energy Equation

The statement we adopt for the law of conservation of energy is the following: the mate-
rial time derivative of the kinetic plus internal energies is equal to the sum of the rate of
work of the surface and body forces, plus all other energies that enter or leave the body
per unit time. Other energies may include, for example, thermal, electrical, magnetic or
chemical energies. In this text we consider only mechanical and thermal energies, and
also, we require the continuum material to be non-polar (free of body or traction couples).
If only mechanical energy is considered, the energy balance can be derived from the
equations of motion, (Eq 5.22). Here we take a different approach and proceed as follows.
By definition, the kinetic energy of the material occupying an arbitrary volume V of the
body in Fig. 5.1 is
K(t) = 1 J pv-vdV = ! J pvivi dV . (5.53)
2y 2y
Also, the mechanical power, or rate of work of the body and surface forces shown in the
figure is defined by the scalar

Pu)zzj-gﬁkqu+-J pbivi AV . (5.54)
8 A%

Consider now, the material derivative of the kinetic energy integral

. d 1 1 :
K= & Jv Epvivi dv = 3 ,[v p(vivy) dV

= J p(vivy) dV :J Vi (tji; + pby) dV
v v

where Eq 5.22 has been used to obtain the final form of the integrand. But vitji; =
(Vitji),j — Vi‘jtji and so

K = Jv {pbivi + (Vitij) j— vi)jtij] dv

which, if we convert the middle term by the divergence theorem and make use of the
decomposition v; ; = dij + wij, may be written

K= J pbiv; dV + J tgﬁ)vi ds — J ty5di; dV . (5.55)
v 8 v
By the definition Eq 5.54 this may be expressed as

K+S=pP (5.56)

where the integral

v A%

is known as the stress work, and its integrand ti;di; as the stress power. The balance of
mechanical energy given by Eq 5.56 shows that, of the total work done by the external
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forces, a portion goes toward increasing the kinetic energy, and the remainder appears as
work done by the internal stresses.

In general, S cannot be expressed as the material derivative of a volume integral, that
is,

d
S#EL(”')W (5.58)

because there is no known function we could insert as the integrand of this equation.
However, in the special situation when

S:U:—J pudV:J' putdV (5.59)
v v

where U is called the internal energy and u the specific internal energy, or energy density (per
unit mass), Eq 5.56 becomes

1 N
% L 0 (zvm + u) av = JV pbivi dV = L t v ds (5.60a)

or, briefly,
K+U=P. (5.60b)

Note that Eq 5.60 indicates that part of the external work P causes an increase in kinetic
energy, and the remainder is stored as internal energy. As we shall see in Chapter 6, ideal
elastic materials respond to forces in this fashion. !

For a thermomechanical continuum, we represent the rate at which thermal energy is
added to a body by

Q= J prdV — J giny ds . (5.61)
v s

The scalar field 1 specifies the rate at which heat per unit mass is produced by internal
sources and is known as the heat supply. The vector qi, called the heat flux vector, is a
measure of the rate at which heat is conducted into the body per unit area per unit time
across the element of surface d§ whose outward normal is n; (hence the minus sign in
Eq 5.61). The heat flux q; is often assumed to obey Fourier’s law of heat conduction;

qi =—k0; or q=—kVo (5.62)

where « is the thermal conductivity and 6 ; is the temperature gradient. But, since not all
materials obey this conduction “law,” it is not universally valid.

With the addition of the thermal energy consideration, the complete energy balance
requires modification of Eq 5.60 which now takes the form

K+U=P+Q, (5.63a)
or, when written out in detail,
d 1 B (A1)
- pl=zvivi+u| dV= p(byvi+1)dV+ [ti vi —qiny| dS. (563b)
dt v 2 A% S

IThe symbol u is used for specific internal energy because of its widespread acceptance in the literature.
There appears to be very little chance that it might be misinterpreted in this context as the magnitude of the
displacement vector u.
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If we convert the surface integral to a volume integral and make use of the equations of
motion (Eq 5.22), the reduced form of Eq 5.63b is readily seen to be

J (pll*tijdij*pT‘Fqi‘i) dV=0 or J (pllfTZDpr-f—V'CI) dV, (564a)
v v

or, briefly,
S=U-Q (5.64b)

which is sometimes referred to as the thermal energy balance, in analogy with Eq 5.56 that
relates to the mechanical energy balance. Thus, we observe that the rate of work of the
internal forces equals the rate at which internal energy is increasing minus the rate at
which heat enters the body. As usual for an arbitrary volume V, by the argument which
is standard now, upon setting the integrand of Eq 5.64a equal to zero, we obtain the field
equation,

pu—tydy —pr+qgii =0 or pu—T:D—pr+divg=0 (5.65)

which is called the energy equation.

In summary, then, the mechanical energy balance Eq 5.55 is derivable directly from the
equations of motion (linear momentum principle) and is but one part of the complete en-
ergy picture. When thermal energy is included, the global balance Eq 5.63 is a statement
of the first law of thermodynamics.

5.7 Entropy and the Clausius-Duhem Equation

The conservation of energy as formulated in Section 5.6 is a statement of the intercon-
vertibility of heat and work. However, there is not total interconvertibility for irreversible
processes. For instance, the case of mechanical work being converted to heat via friction
is understood, but the converse does not hold. That is, heat cannot be utilized to directly
generate work. This, of course, is the motivation for the second law of thermodynamics.

Continuum mechanics uses the second law in a different way than classical thermody-
namics. In that discipline, the second law is used to draw restrictions on the direction of
the flow of heat and energy. In the Kelvin-Plank statement, a device cannot be constructed
to operate in a cycle and produce no other effect besides mechanical work through the
exchange of heat with a single reservoir. Alternatively, in the Clausius statement, it is
impossible to construct a device operating in a cycle and producing no effect other than
the transfer of heat from a cooler body to a hotter body (van Wylen and Sonntag, 1965).
In continuum mechanics, a statement of the Second Law is made to place restrictions on
continua. However, in the case of continuum mechanics the restrictions are placed on the
material response functions called constitutive responses.

In this section, a thermodynamic parameter called entropy is introduced as a way to
link mechanical and thermal responses. Using this parameter the second law of thermo-
dynamics is stated in the form of the Clausius-Duhem equation. This equation is used
in later sections to place functional restrictions on postulated constitutive responses for
various materials.

At any given state for the continuum there are various quantities that effect the internal
energy. These might be the volume of an ideal gas or the components of the deformation
gradient of a solid. In the case of the deformation gradient, the nine components represent
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a deformation in the body that is storing energy. The collection of these parameters is
called the thermodynamic substate and will be denoted by v1, v, -+ vn. 2

While the thermodynamic substate influences the internal energy of the body it does
not completely define it. Assume that the substate plus an additional independent scalar
parameter, 1, is sufficient to define the internal energy. This definition may be made in
the form of

u:f(ﬂ»Vlsz,"' )Vn) (566)

which is often referred to as the caloric equation of state. Parameter 1 is called the specific

entropy. Since the internal energy is unambiguously defined once entropy is adjoined to

the substate, the combination n plus v, v2,--- vy, constitutes the thermodynamic state.
Temperature is the result of the change in internal energy with respect to entropy

e_au

= (5.67)

Furthermore, partial differentiation of the internal energy with respect to the thermody-
namic substate variables results in thermodynamic tensions

ou

(5.68)

Ta = .
A

The preceding equations can be used to write a differential form of the internal energy as
follows:

du=0dn+ ) Tadva. (5.69)

From Egs 5.66 and 5.67 we see that both temperature and thermodynamic tensions are
functions of entropy and the substate parameters.

Assuming that all the functions defined in this section are continuously differentiable
as many times as necessary, it is possible to solve for entropy in terms of temperature

n=n(6,va) . (5.70)

This result may be substituted into the caloric equation of state to yield internal energy
as a function of temperature and substate parameters

u=u(6,vq) . (5.71)
Using this result in Eq 5.68 allows the definition of the thermal equations of state

Ta = Ta (0,Va) (5.72)
which inverts to give the substate parameters

Va =Va(0,Tq) . (5.73)

2Notation warning: Do not confuse these thermodynamic substate parameters with particle velocity
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The principles of thermodynamics are often posed in terms of thermodynamic poten-
tials which may be defined as follows:

internal energy u, (5.74a)
free energy P=u—mo, (5.74b)
enthalpy X=U—2 TaVa, (5.74c)
free enthalpy (=x-mo=u-—mod— % TaVa - (5.74d)

These potentials are related through the relationship

u—P+i—x=0. (5.75)

All of the energy potentials may be written in terms of any one of the following indepen-
dent variable sets

MVe; 0,Va; M,Ta; 0,Ta . (5.76)

In order to describe the motion of a purely mechanical continuum the function x; =
xi(Xa,t) is needed. Adding the thermodynamic response requires the addition of tem-
perature, 6, or, equivalently, entropy, 1, both being a function of position and time

0=0(Xa,t) or n=n(Xa,t) (5.77)
When considered for a portion P of the body, the total entropy is given as

H= J pndV , (5.78)
P

and the entropy production in the portion P is given by

= J py dVv (5.79)
P

where the scalar v is the specific entropy production. The second law can be stated as
follows: the time rate-of-change in the entropy equals the change in entropy due to heat
supply, heat flux entering the portion, plus the internal entropy production. For a portion
P of the body, this is written as

d J pr qinyg
— pndV:J de—J dS+J pydV. 5.80
dt Jo » 0 ap © P (580

The entropy production is always positive which leads to a statement of the second law
in the form of the Clausius-Duhem inequality

d pr qing
— > | —dv-— _— . .81
dt J{P o 4V J(P 0 d L? 0 a8 (581)

This global form can easily be posed locally by the now-familiar procedures. Applying
the divergence theorem to the heat flux term yields

J'a?%dS:J'?(%)idV.

)
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Furthermore, the differentiation of the entropy term is simplified by the fact that it is a
specific quantity (see Section 5.2, Eq 5.18). Thus, we write

L» o= pg + (%) } v =0, (5.82)

and since this must hold for all arbitrary portions of the body, and the integrand is
continuous, then

) T qi . T dii 1
M—p=z+ (=) =mM—pz+———=5qi0:>0.
0 pe (6),1 P pe ) equ *

Thus, the local form of the Clausius-Duhem equation is

1
PO — pr+ di i — éqie,i =>0. (5.83a)
Often, the gradient of the temperature is written as g; = 6 ; in which case Eq 5.83a
becomes

1
PO — pr+ i i — gdidi > 0. (5.83b)

Combining this result with Eq 5.65 brings the stress power and internal energy into the
expression giving a reduced form of the Clausius-Duhem

1
pOM — pu + dijtyy — 5 digi =0. (5.84)
One final form of the Clausius-Duhem equation is obtained by using Eq 5.74b to obtain
the local dissipation inequality

—p (b +nb) + dyjty; — %qigi 20. (5.85)

Finally, the fundamental laws are summarized in a Table 5.1. This table shows the
global and local forms of conservation of mass, linear momentum, angular momentum,
energy and the Clausius-Duhem equation. Details on these fundamental equations dis-
cussed in preceding sections provide the foundation from which engineering problems
are solved. All that is needed in addition to these fundamental equations is a constitutive
response.

5.8 The General Balance Law

The above discussion leads to a general expression for the balance law.> The balance law
is an integral expression that applies to the body as a whole or some part of the body.
The expression for the balance law is

% L\y (x,t) dV = LT I(x,t) dS+ L T (x,t) dV. (5.86)

3In the literature, some authors use master balance law rather than general balance law.



TABLE 5.1
Fundamental equations in global and local forms.
Global Form
Conservation of Mass m= J p(x,t)dV =0
v
: d ()
Linear Momentum — | pvidV =] t; 'dS+ | pbidV
dt)y 8 v

d
Angular Momentum —J g5k X (pvi)dV = J €ijkx)'tl(<ﬁ) ds + J €15k (pbi)dV
s v

dt )y
d 1
EJV <2vivi —I—u) dv =

Conservation of Energy
J (pbi\)i + T) dv + J' (tgﬁ)vi — qini> ds
v 8

Clausius-Duhem Equation EJ pndV > J pIdV — J 2in.ds

Local Form
p+viip=0

ap

it + (pvi)yi =0

PJ =po
PVi = tji,; + pbs

Eijktij =0or tij = tji

pu—tyjdiy —pr+4i,i =0

pn—pe + (qel),i >0

1
pOM — pit + tiydyy — 6qie,i >0
1
q) +T19 tl] ij 6(1'19,1 P 0

suo;;nnhg puv smvT [pjuomvpung

€81
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TABLE 5.2
Identification of quantities in the balance laws.
Balance Law Property Flux Source
Mass P 0 0
Momentum pv ™ (x, t,) ob
Angular Momentum | X x pv x x tM) (x, 1) X X pb
Energy Tov-v+u | t®(xt)-v—q-n|pb+r
Entropy PN —qé—n %

Physically this expression states that the time rate of change of the field V¥ is equal to the
flux of T' through the boundary 9P plus the rate of increase or generation, X, of ¥ within
the volume V. ¥ is the source of ¥ within the volume. Similarly, by changing the equality
in Eq 5.86, the balance law can be recast as an inequality with a similar interpretation.

d

EL‘P(X,‘LJ av >J I (x,t) dS+J X (x,t) dV. (5.87)

oP P

These expressions are in the current or deformed configuration.

If the flux depends on the normal to the boundary, fi, the flux, I" (x, t, ), will be a tensor
one order higher than the field quantity ¥ or the source term X. The surface integral in
Eq 5.86 can be converted to a volume integral by using the divergence theorem Eq 2.93.
This leads through the localization principle to a partial differential equation that applies
pointwise to determine the field V¥ (x, t).

%—I—‘Pdivv:divl“—l—z. (5.88)

Table 5.2 shows the relationship of the quantities in the various balance laws to the master
balance law.

The discussion to this point focused on a continuum body with a fixed set of material
points. This gives rise to the balance of mass that has no mass flux or source terms.
One very important class of materials that is gaining increasing importance is biological
materials. In biological systems, mass increases by the growth of additional material. This
requires a recasting of the continuum balance equations to accommodate the addition of
mass through the growth of new material.

Growth can occur in biological systems through either volumetric growth as in soft
tissue or by surface growth as in bone. The focus in the following will be on materials
that exhibit volumetric growth. The mass balance equation requires an added source term
to model the volumetric growth

d

— dv = dv 5.89
o L P L pc (5.89)

where c is the mass growth per unit density. This results in a local balance of mass
equation

d d
Prpve=pc or P pdivy=pc. (5.90)
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The balance of linear momentum requires an additional source term to accommodate
the momentum that the added mass brings to the system

EJ pvidV:J () d8+J pby dV—i—J pcvi AV, (5.91)
dt Jo 0P P P
or

ij pvdV:J t(ﬁ)dS—i—J pbd\?—i—J pcvdV .
dt Jp 2P P P

To determine the local form of the balance of linear momentum, it is necessary to deter-
mine the derivative of an integral quantity per unit mass

d J pf dV = J (pf + pcf) AV . (5.92)

The last result follows from Eq 5.90 and is equivalent to Eq 5.18 when c is zero. This
result together with tiﬁ) = t;in; yields the local balance of linear momentum

dv;
p(T; =tji,j +pbi . (5.93)
The local form for the balance of linear momentum is unchanged by the addition of the
mass. Balance of angular momentum also requires an additional source term for the
added system mass. That is

d
_— J Eijk X5 PVK dVv = J EijkXj t]iﬁ) ds + J €4k X5 P (bk + CVk) dv , (594)
dt Jo P P

or
d

—L(x—O)xpvd\?:J

T (x—O)xt(ﬁ)dS—l—J (x—0)x p(b+cv)dV.

0P P

This results in a symmetric stress tensor upon using the balance of mass and linear mo-
mentum. This is the case since the volumetric growth is not coupled to other mechanisms
like species diffusion or micromolecular processes.

The energy and entropy equations must be modified for the body as growing mass
is added. The added mass brings with it an associated kinetic energy and internal en-
ergy. The assumption that the added material is mechanically equivalent to the existing
material at the point gives

d 1 (1)
— =ViVi dv = bivi dv t. i —qing ) d8
dtva(Zvv +u> Lp( vi + 1) —I—LT(1 v qn)

1 _
+ J pc (vivi + u> dv + J pchdV . (5.95)
P 2 P

The final term represents a rate of growth energy needed to account for any additional en-
ergy required to create material with the same internal and kinetic energy as the original
material. The local form of the energy equation is

pi—tyjdij —pr+dii—pch=0 or pu—T:D—pr+divqg—pch=0, (5.96)

where balance of mass, linear momentum and symmetry of the stress tensor were used
in arriving at this result.
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The entropy inequality is

| =

EJ pndV}J ﬂd\?—J q””ds+J oc|n+= | av.
P P

The added mass brings additional entropy and an additional entropy production, }:1, like
that in the energy equation. Using the standard procedure, the local form of the entropy
inequality is

=l

. 1
PO — pr+dii — 5qi9,i —pcy >0. (5.97)

The specific free energy, 1 = u—n6, allows the entropy production rate to be eliminated
from 5.97 with Eq 5.96 giving the energy rate 1t. This yields an entropy production
inequality of

. . 1
—(pb —m6) — tijdij — éqie,i +pch>0.
The value of the variable h is h = i — h. The reduced entropy equation can be used to
restrict constitutive equations for this special class of biologically growing material.

5.9 Restrictions on Elastic Materials by the Second Law of Thermody-
namics

In general, the thermomechanical continuum body must be specified by response func-
tions that involve mechanical and thermodynamic quantities. To completely specify the
continuum, a thermodynamic process must be defined. For a continuum body B having
material points X a thermodynamic process is described by eight functions of the material
point and time. These functions would be as follows:
1. Spatial position  x; = xi(X,t),
. Stress tensor  ti; = ty;(X, t),
. Body force per unit mass b; = b;(X,t),

. Specific internal energy u =u(X,t),

. Heat supply per unit mass r=r1(X,1),

2
3
4
5. Heat flux vector q; = qi(X, 1),
6
7. Specific entropy 71 =n(X,t),

8

. Temperature (always positive) 0 = 0(X, t).

A set of these eight functions which are compatible with the balance of linear momentum
and the conservation of energy makes up a thermodynamic process. These two balance
laws are given in their local form in Eqgs 5.22 and 5.65 and are repeated below in a slightly
different form:

ti,; — pvi = —pby ,

5.98
pu —tyjdiy + qii = pr. (599)
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In writing the balance laws this way, the external influences on the body, heat supply and
body force, have been placed on the right-hand side of the equal signs. From this it is
noted that it is sufficient to specify xi, ti;,u, qi,n,and 6 and the remaining two process
functions r and b; are determined from Eqs 5.98.

One of the uses for the Clausius-Duhem form of the second law is to infer restrictions on
the constitutive responses. Taking Eq 5.85 as the form of the Clausius-Duhem equation
we see that functions for stress, free energy, entropy, and heat flux must be specified.
The starting point for a constitutive response for a particular material is the principle of
equipresence (Coleman and Mizel, 1963):

An independent variable present in one constitutive equation of a material
should be so present in all, unless its presence is in direct contradiction with
the assumed symmetry of the material, the principle of material objectivity, or
the laws of thermodynamics.

For an elastic material, it is assumed that the response functions will depend on the
deformation gradient, the temperature, and the temperature gradient. Thus, we assume

ty; =ty (Fia, 0, 01), P =10 (Fia,0,0i),
(5.99)
n =1 (Fia,0,9i), q=14(Fia,0,91).

These response functions are written to distinguish between the functions and their value.
A superposed tilde is used to designate the response function rather than the response
value. If an independent variable of one of the response functions is shown to contradict
material symmetry, material frame indifference, or the Clausius-Duhem inequality it is
removed from that function’s list.

In using Eq 5.85, the derivative of {» must be formed in terms of its independent vari-

ables _
. P . 0, 611)
Y=o A T30 T o
This equation is simplified by using Eq 4.139 to replace the time derivative of the defor-
mation gradient in terms of the velocity gradient and deformation gradient

(5.100)

alb 0, P
1])— I_UF]A+ aee+a di . (5.101)
Substitution of Eq 5.100 into 5.85 and factoring common terms results in
o . o op . 1.
— 04+ (ty—pz=—Fa |Lij—pz—0i—=0igi = 0. 102
(ae +n) +( T P3EA ;A) 1P i g il (5.102)

Note that in writing Eq 5.102 the stress power has been written as t;;Lij rather than t;;ds;.
This can be done because stress is symmetric and adding the skew—-symmetric part of Ly;
is essentially adding zero to the inequality. The velocity gradient is used because the
partial derivative of the free energy with respect to the deformation gradient times the
transposed deformation gradient is not, in general, symmetric.

The second law must hold for every thermodynamic process, which means a special
case may be chosen which might result in further restrictions placed on the response
functions. That this is the case may be demonstrated by constructing displacement and
temperature fields as such a special case. Define the deformation and temperature field
as follows:

=X (Xa,t) =Ya +Aia () [Xa — YAl ,
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0=0(Xa,t)=a(t)+[Aari(t)ai ()] XA —Yal . (5.103)

Here, XA and YA are the positions in the reference configuration of material points X and
Y, and function A (t) is an invertible tensor, a;(t) is a time dependent vector, and x(t)
is a scalar function of time. At the spatial position Y, the following is readily computed

0(Ya,t) =«l(t), (5.104)
Fia (Ya,t) = Aia (t) . (5.105)

Note that Eq 5.103 may be written in terms of the current configuration as
0 (yi,t) = o (t) +ai (t) bxi —yil - (5.106)
Thus, the gradient of the temperature at material point Y is written as
0i=gi=ai(t). (5.107)

From Eqs 5.104, 5.105, and 5.106 it is clear that quantities 6, gi, and Fia can be inde-
pendently chosen. Furthermore, the time derivatives of these quantities may also be
arbitrarily chosen. Because of the assumed continuity on the response functions, it is
possible to arbitrarily specify functions u, gi, and Fia and their time derivatives.

Returning to an elastic material and Eq 5.101, for a given material point in the con-
tinuum, consider the case where the velocity gradient, Li;, is identically zero and the
temperature is constant. This means L;; = 0 and 0 = 0. Furthermore, assume the temper-
ature gradient to be some arbitrary constant g; = g¢. Eq 5.102 becomes

alI) (FiAan)gi(_)) 1 0
—p————— "0 — 70i (Fia,00,07) gi =2 0.
20, 91— 5 (Fia,00,97) 9
Again, take advantage of the fact that the second law must hold for all processes. Since
g; is arbitrary it may be chosen to violate the inequality. Thus, the temperature gradient
time derivative coefficient must be zero

o (Fia, 00,0Y)

=0. (5.108)
09

Since g? was taken to be an arbitrary temperature gradient, Eq 5.108 implies that the free
energy is not a function of the temperature gradient. That is,

oY (Fia, 00, 91)

=0
0gi

which immediately leads to { =\ (Fia, 0). This fact eliminates the third term of Eq 5.102.

Further information about the constitutive assumptions can be deduced by applying
additional special cases to the now reduced Eq 5.102. For the next special process, con-
sider an arbitrary material point at an arbitrary time in which L;j; = 0 and ¢ = 0, but the
temperature gradient is an arbitrary constant g; = g°. For this case, the Clausius-Duhem
inequality is written as

o (Fis, 0 N .1
o (P rn (0o )0 gai (Fs bR a? 20 6109)

which must hold for all temperature rates, 8. Thus, the entropy response function may
be solved in terms of the free energy

o (Fig, 0)

- 0y _
n (FkBae) gk) - 30 ’
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and since the free energy is only a function of the deformation gradient and temperature
the entropy must be a function of only those two as well. That is,

o

=1 (Fxg,0) = —== . 5.110
n =1 (Fxg, 6) 20 ( )

One more application of the Clausius-Duhem inequality for a special process will lead
to an expression for the Cauchy stress in terms of the free energy. For this process, select
the temperature gradient to be an arbitrary constant and the time rate-of-change of the

temperature gradient to be identically zero. Eq 5.102 becomes

- 0 1.
(tij (Fxe,0,9v) — PaFl.I)AFjA> Lij — ol (Fks,0,0%) g >0 (5.111)
1

which must hold for all velocity gradients Li;. Picking a Li; that would violate the in-
equality unless the coefficient of Li; vanishes implies

P

tij = i (Fs, 0) = piaF-A
1

Fia . (5.112)
In arriving at Eq 5.111 it was noted that the free energy had already been shown to be
independent of the temperature gradient by virtue of Eq 5.108. Thus, gx was dropped
from the independent variable list in Eq 5.111.

Finally, substituting the results of Eqs 5.112, 5.110, and 5.108 into 5.102 a last restriction
for an elastic material is found to be

4igi <0. (5.113)

5.10 Invariance

The concept of invariance has been discussed in Section 2.5 with respect to tensors. A ten-
sor quantity is one which remains invariant under admissible coordinate transformations.
For example, all the different stress components represented by Mohr’s circle refer to a
single stress state. This invariance is crucial for consolidating different stress components
into a yield criterion such as the maximum shearing stress (or Tresca criterion).

Invariance plays another important role in continuum mechanics. Requiring a contin-
uum to be invariant with regards to reference frame, or have unchanged response when
a superposed rigid body motion is applied to all material points, has significant results
associated with them. The most important of these consequences might be restrictions
placed on constitutive models as discussed in the next section.

There are two basic methods for examining invariance of constitutive response func-
tions: material frame indifference and superposed rigid body motion. In the first, a continuum
body’s response to applied forces or prescribed motion must be the same as observed
from two different reference frames. The body and the applied forces remain the same;
only the observers reference frame changes. In superposing a rigid body motion to the
body the observer maintains the same reference frame. Here, each material point has
a superposed motion added to it. The forces applied to the body are rotated with the
superposed motion.
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Both of these methods produce the same restrictions on constitutive responses within
the context of this book. In this text, the method of superposed rigid body motion will be
presented as the means for enforcing invariance.

The superposition of a rigid motion along with a time shift can be applied to the basic
definition of the motion

Xi = Xi(XA,t) . (5114)

From this state a superposed rigid body motion is applied maintaining all relative dis-
tances between material points. Also, since the motion is a function of time, a time shift
is imposed on the motion. After the application of the superposed motion, the position of
the material point becomes x;" at time t* = t+ a where a is a constant. A superscript “+”
is used for quantities having the superposed motion. Some literature uses a superscript
“x” to denote this, but since we use this to represent principal stress quantities the “+” is
used. The motion in terms of the superposed motion is written as

xi =x{ (Xa,t) . (5.115)

Assuming sufficient continuity, the motion can be written in terms of the current config-
uration since XA = X' (xi,t). That is to say

=X (X, t) = %5 (xo,t) (5.116)

where ¥ is written because the substitution of X5 = x " (xi,t) results in a different
function than x;".

To represent the relative distance between two particles, a second material point is
selected. In an analogous manner, it is straight-forward to determine

vl =xi (Ya,t) =% (v, t) . (5.117)
Relative distance between material particles XA and Ya is written as

which is the dot product of the vector between positions x; and y;. Since the material
points X5 and Ya were arbitrarily chosen, quantities x; and y; are independent. Subse-
quent differentiation of Eq 5.118 with respect to x; then y; results in

aX{ (x5, 1) 3% (yj,t)
0xp 0yq

=8pq - (5.119)

Since this must hold for all pairs of material points, it is possible to set

0xyp oYy

= Qup (1) - (5.120)

Use of Eq 5.120 in Eq 5.119 shows that the matrix Qi (t) is orthogonal. Furthermore, since
the special case of the superposed motion as a null motion, that is X (xi,t) = x;, then
matrix Qip, (t) must be proper orthogonal having Qip (t)Qiq(t) = dpq and det(Qip) = +1.
To come up with a particular form for the superposed motion, Eq 5.120 may be spatially

integrated to obtain
X (xi,t) = a(t) + Qim () X (5.121a)

or
x{ = ai + Qimxm - (5.121b)
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FIGURE 5.2
Reference frames Ox1x2x3 and O*x{x3 x3 differing by a superposed rigid body motion.

Vector a; may be written in the alternative form

ai (1) =cf (t7) — Qim () em (1) (5.122)
yielding
Xi = ¢ + Qimlxm — cm (5.123)
where
QimQin = QmiQni =8mn and det(Qy)=1. (5.124)
A similar development of the superposed motion can be obtained by assuming two

Cartesian reference frames Ox1x>x3 and Otx{x$x$ which are separated by vector c;(t
3 1%2%3 y

and rotated by an admissible coordinate transformation defined by Qi (Malvern, 1969).
Rather than integrating differential Eq 5.120, the superposed motion can be written as

P =ci (t) + Qim (1) Pm (5.125)

where vectors p;{ and p., are defined as shown in Fig. 5.2. Here, Qi is simply the matrix
of the direction cosines between Ox1x,x3 and OFx]x3x].

I Example 5.2

Show that the superposed rigid body motion defined by Eq 5.123 is distance
and angle preserving.

Solution
Consider the distance squared between material points X4 and Ya in terms of
the superposed motion

(er 7yi+) (Xj *U?) = Qim (Xm 7Um) Qin (Xn 71;)71)

= QimQin (Xxm —Ym) (Xn —yn) .
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Since Qim is orthogonal

(XT _y?) (Xj _Uzr) =80nm (Xm —Ym) (Xn —Yn)

= (Xm —Ym) (Xm —Ym)

where the delta substitution property has been used. Thus, distance is preserved
in the superposed motion.

Three material points, Xa, Ya, and Za, are used to show that angles are
preserved in the superposed rigid body motion. Let 81 be the angle included
between vectors xi+ — y;’ and xi+ — Zi+ . Use of the definition of the dot product
gives a convenient way to represent the angle 0%

+ + 4+ +
cos@t — Xi TYip X %

= ¥ ot -
|Xn_yn||xn_zn|

Note the “n” indices in the denominator do not participate in the summation
since they are inside the vector magnitude operator. Direct substitution for
Eq 5.121 followed by utilizing the orthogonality of Qin, and use of results from
the first part of this example gives

Qim (Xm - ym) Qin (Xn - Zn)
Xn — Ynllxn — znl

cos0t =

_ QimQin (Xxm —ym) (xn —zn)
|Xn 7UnHXn - Zn‘

dmn (Xm 7ym) (Xn - Zn)
Xn — Ynllxn — znl

_ (Xm —Ym) (Xxm — zm)
Pn —Ynllxn — zn|

=cos9 .

Next, consider how superposed rigid body motion affects the continuum’s velocity.
Define the velocity in the superposed configuration as the time derivative with respect to
tt+

] dx;
Vi =X =g (5.126)
By the result of Eq 5.121 along with the chain rule, the velocity is given by

v = -0 () + Qum (8) xm]

LAt
d dt
= a [Cli (t) + Qim (t) Xm] dti .
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Recall the definition t* = t + a from which it is obvious that dt/dt™ = 1. As a result of
this, an expression for the velocity under a superposed rigid body motion is obtained by
taking the time derivatives of the bracketed term of the preceding equation:

ViJr = (t) + Qim (t) Xm + Qimkm

= i (t) + Qim (1) Xm + QimVm - (5.127)
Define )
Q35 (1) = Qim (t) Qjm (1) (5.128)
or, written an alternative way by post-multiplying by Qji
Qi (1) Qjic () = Qim () Qjm (1) Qjic (1) = Quxc (1) (5.129)

Substituting Eq 5.129 into the second of Eq 5.127 yields an expression for the velocity field
of a continuum undergoing a superposed rigid body rotation

vi = ai + Q4 Qjxk + QimVim - (5.130)

Note that Q; is skew—symmetric by taking the time derivative of the orthogonality
condition for Qij. That is,

d d
E[Qiinn} = aﬂ] =0.

When the derivatives are taken
QimQin + QimQin =0,
and the definition of Qi used from Eq 5.129 substituted into this expression yields
Qim[Qj1 + Q45]1Qjm = 0.
This is true only if the bracketed term is zero, thus
Q45 = -0y . (5.131)
The fact that Q;; is skew—symmetric means that it has an axial vector defined by

1
wy = _Eeiijij (5.132)
which may be inverted to give

Qij = —E&{jk Wik . (5133)

In the case of rigid body dynamics, the axial vector wy can be shown to be the angular
velocity of the body (see Problem 5.37).

For later use in constitutive modeling, various kinematic quantities’ properties under
superposed rigid body motions will be needed. Here, a derivation of the superposed rigid
body motion’s effect on vorticity and rate-of-deformation tensors will be demonstrated.

Start with the velocity given in Eq 5.130 and substitute for x; using Eq 5.121b to write

vi = ai + Qylx" —ajl + Qyvs (5.134)
= Qij + Qimxm + @i — Qy50; (5.135)

= QijVj + QimxXm + ¢ (5.136)
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where Eq 5.128 has been used in going from Eq 5.134 to 5.135, and ¢; = a — Qj;a; has
been used in going from Eq 5.135 to 5.136. Writing the velocity in this form allows for a
more convenient computation of the velocity gradient in the superposed reference frame

vl ox; ov;
_ 0.5 v 5.137
oxh Yoaxt +Qy oxh ( )
Note that

6x].+

ﬁ = Om,
and

ov; ov; OXn ov; 0
axn{ - ﬁ ik ﬁ oxh [Qun (i — )]

where the last substitution comes from solving for x; in Eq 5.121b. Use of these in
Eq 5.137 followed by the delta substitution property yields

ovi
ﬁ = Qim + Qiijan,n = Qim + Qiijn[d)‘n + an] (5138)

where dj, and wj, are the rate-of-deformation and vorticity, respectively. In the su-
perposed motion the velocity gradient may be decomposed into symmetric and skew-
symmetric parts

vy + +
aXTtL = dim + Wim
which are the rate-of-deformation and vorticity in the superposed rigid body frame. From
Egs 5.138 and 5.131 it is clear that

dj; = QimQjndmn (5.139)

and
Wi = Q4 + QimQinWmn - (5.140)

Recalling the general transformation equations introduced in Chapter 2 it would be ex-
pected that vectors and second-order tensors transform according to the generic formulae

LL?_ = QimUm, Uj; = Qiinnumn .

But preceding results show us that this is not the case. Velocity and vorticity transform in
more complex ways. All that is left to ready ourselves for the study of constitutive equa-
tion theory is to determine how stress transforms under superposed rigid body motion.

The transformation of the stress vector and the stress components is not as clear cut as
the kinematic quantities demonstrated above. This is a result of starting with the stress
vector which is a force. It is assumed that forces transform as a generic vector in the form
of

T — 0.t
7 = Quty .
Since stress is a measure of force per unit area, a regression back to kinematic results is

necessary to determine how a differential area transforms under superposed rigid body
motion. A differential element of area in the current configuration may be written as

d(lk = IaxinAK .
an

Under the superposed rigid body motion the differential area element is written as
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0X
da} = da™n} Tt 2N dAg (5.141)
Xy,
where reference quantities do not change, da™ is the infinitesimal area, and n,f is the unit
normal vector to the area all in the superposed rigid body motion state. This expression
will be further reduced in several steps.

First, the Jacobian can be shown to transform according to J© = J (see Problem 5.33).
Next, the quantity dXk/9x;  is the inverse of the deformation gradient as represented in
the superposed rigid body rotated frame. Application of the chain rule yields

6XK 6XK %

_ _ 142
Xy 0x5 Oxy (5.142)

The last term of this equation is evaluated by referring to Eq 5.121b and solving for xy by
pre-multiplying by Qix. Differentiation of the result shows that the last term of Eq 5.142
is Qik‘ Thus

Xk Xk
x ijij )

or
(Fex) ' = F5 Qu - (5.143)

Substitution of the results from the preceding paragraph into Eq 5.141 results in
da) =da™n{ = Quda; = Quj (da)n; . (5.144)

Squaring the second and fourth terms of the above equation and equating them leads to
(dat)? = (da)?, and since area is always a positive number

da* =da. (5.145)
With the use of Eqs 5.144 and 5.145, it is evident that

= Qin . (5.146)

All that remains is to determine how the stress components transform under super-
posed rigid body motion. All the results are now in place to find this transformation. In
the superposed rigid body motion frame, the stress vector t;" can be written as

where Eq 5.146 has been used. The assumed transformation for the stress vector yields
t] = Qijt; = Quytjrnk (5.148)

where, as in Eq 5.147, Cauchy’s stress formula has been used. Equating the stress vector
in the superposed rigid body reference frame leads to

(tiJSij — Qijt]’k) n =0
which holds for all ny. Thus, the terms in parenthesis must equal zero. Multiplying

the remaining terms by Qmx results in the following expression for stress component
transformation under superposed rigid body motion:

t?; = QimQ)’ntmn . (5149)
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In plasticity, as well as explicit finite element formulations, the stress constitutive re-
sponse is usually formulated in an incremental form. This means that the stress rate is
used. The stress rate must be objective meaning

tj] = Qimantmn + QimQ)’ntmn + Qiinn{mn . (5150)

It is clear from this equation that the stress rate is not objective even though the stress is
objective. This result is serious since the stress rate as shown in Eq 5.150 could not be
used as a response function or in the independent variable list of a response function.
Luckily, there are several ways to express a form of the stress rate in an invariant manner.

One way to obtain an objective stress rate is found from using the spin tensor wy;.
Using Eqs 5.140 and 5.128 to solve for Qj; in terms of the spin

Qip = Wngjp - Qimwmp (5.151)
which is then substituted into Eq 5.150 to give
t; = qu Qq?mtanjn + QimtanqnW;rq (5.152)
+Qim[tmn - qutmq - qutqn]an .

Placing all quantities referred to the superposed rigid body motion to the left-hand side
of the equal sign and using Eq 5.149 results in

£ —with —tiywiq = Qimltmn = Wmgtan — tmgWnqlQjn - (5.153)

It is clear that the quantity tmn — Wnqtmg — Wmqtqn is objective which leads to the
definition of the so called Jaumann stress rate
v .
There are several other stress rate definitions satisfying objectivity. For example, the
Green-Naghdi stress rate is given as
A .
ty =ty + Qiqlgj + tiqQjq (5.155)
where Q4 is defined in Eq 5.128.

5.11 Restrictions on Constitutive Equations from Invariance

It was seen in Section 5.9 that the second law of thermodynamics places restrictions on the
form of constitutive response functions. Material frame indifference, or superposed rigid
body motion, may also place restrictions on the independent variables of the response
function as was stated in the principle of equipresence. In Section 5.10, the behavior
of many of the quantities used in continuum mechanics undergoing a superposed rigid
body motion was presented. This section will examine the response functions of bodies
undergoing a superposed rigid body motion. In particular, what restrictions are placed
on the constitutive independent variables given in Eq 5.99.

Under a superposed rigid body motion, scalars are unaffected allowing the following
to be written
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ut =, nt =n, 0t =9. (5.156)

This being the case, it is clear from Eq 5.74a through 5.74d that 1, x, and ¢ would be un-
affected by the superposed rigid body motion. The remaining quantities of the response
functions of Eq 5.99 and their independent variables are affected in different ways from
the superposed rigid body motion. Under a superposed rigid body motion, these func-
tions transform as follows (some of these are repeated from Section 5.10 or repeated in
slightly different form):

Ffa = QiiFja (5.157)
Fix = QuFja + QyQjiFra (5.158)
Lin = QiiLinQnm + Qim (5.159)
5 = QuetiaQyy (5.160)
ai = Quaj, (5.161)
97 = Qy95 (5.162)

where Q);; is a skew—symmetric tensor defined by Eq 5.128.
Constitutive equations are objective if and only if they transform under a superposed
rigid body motion as follows:

ut () =um,Fia), (5.163a)
0" (n",Ffy) =0 (n,Fia) , (5.163b)
tf (", Fha) = Quetir (M, Fina) Quic (5.163¢)
ai” (", Fias 07, L) = Qimdm (M, Fia, g1, Lit) - (5.163d)

In writing these equations it is noted that the roles of 1 and 8 can be interchanged be-
cause of assumed continuity. Also, restricting the independent variable list of Eqs 5.163a
through 5.163c to the entropy (or temperature) and the deformation gradient has been
shown to be a general case (Coleman and Mizel, 1964). Finally, the set of constitutive
functions may be in terms of different response functions. That is, the elastic material
considered in Section 5.9 had response functions 1, tij, 1, and 0; postulated. However, it
could have just as easily been postulated as a function of u, 6, tij, and qj.

As an example of how Eqs 5.163 could restrict the independent variables consider a
fluid whose stress response function is assumed to be a function of density, p, velocity, v,
and velocity gradient, Li;. With these assumptions, the restrictions of Eq 5.163c would be

tiJrj (eraV]lLv diﬂvwan) = Qi‘ptpl (p,Vk, dmn)wmn) Qlj (5164)

where the velocity gradient has been decomposed into its symmetric and skew-symmetric
parts, dmn and wmn, respectively. Using the results of Problem 5.34, Eqs 5.136, 5.139, and
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5.140 results in

{ij (p, Vi + Cx, QmpdpqQqn, QmpWpqQqn + Qmn) = Qip{pl (P, Vi, dmn, Wimn) Qy -
(5.165)
Since Eq 5.165 must hold for all motions, a specific rigid body rotation may be chosen to
reduce the constitutive assumption of Eq 5.164. For this purpose, suppose that Qi; = 8y
and thus Qi = 0 . Using this motion and Eq 5.165 implies

{ij (p,\’k + Cx, dmnywmn) = {ii (P,Vk, dmnawmn) (5166)

where it is noted that Eq 5.128 has been used. In this case, vector cy is simply equal
to ax the time derivative of the superposed rigid body motion integration factor (see
Eq 5.121). This arbitrary nature would allow for Eq 5.166 to be violated if the stress
function has velocity as an independent variable. Thus, velocity must be removed from
the independent variable list for stress leaving

ty = {ii (P, dmn, Wmn) - (5.167)

Again, with the modified response function Eq 5.167, the invariance condition under
superposed rigid body motion may be written as

{ij (p, Qmpdquq'm Qmpwquqn +Qmn) = Qip{pl (p, dmn, Wmn) Qlj (5.168)

which must hold for all motions. Select a motion such that Qi; = 8i; as before, but now
require Qi; # 0 . Substitution of this into Eq 5.168 leaves

{ij (P, dmn, Wmn + Qmn) = {ij (p, dmn, Wmn) (5.169)

as the invariance requirement on the stress. For this to be true for all motions, the skew—
symmetric part of the velocity gradient must not be an independent variable.

Applying the superposed rigid body motion to the twice reduced response function
will yield further information. In this case,

{ij (Py Qmpdpq Qqn) = Qip{pl (p» dmn) Qlj . (5170)

Since Qi is a proper orthogonal tensor, and this equation would hold if Qi; were replaced
by its negative, so the stress must be an isotropic function of dmn. The most general form
of a second-order, isotropic tensor function of dnn may now represent the stress response

ty; = —p (p) 035 + A (p) dixdij + 21 (p) dij (5.171)

where p, A, and p are functions of density and would represent the viscosity coefficients.

512 Constitutive Equations

The global balance laws and resulting field equations developed earlier in this chapter are
applicable to all continuous media, but say nothing about the response of specific mate-
rials to force or temperature loadings. To fill this need, we introduce constitutive equations
which specify the mechanical and thermal properties of particular materials based upon
their internal constitution. Mathematically, the usefulness of these constitutive equations
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is to describe the relationships among the kinematic, mechanical, and thermal field equa-
tions and to permit the formulations of well-posed problems in continuum mechanics.
Physically, the constitutive equations define various idealized materials which serve as
models for the behavior of real materials. However, it is not possible to write down one
equation which is capable of representing a given material over its entire range of appli-
cation, since many materials behave quite differently under changing levels of loading,
such as, elastic-plastic response due to increasing stress. And so in this sense it is perhaps
better to think of constitutive equations as being representative of a particular behavior
rather than of a particular material.

In previous sections of this Chapter, the foundations of constitutive assumptions have
been addressed. On that fundamental level, it is not possible to discuss in detail the
fundamental derivation of all the constitutive models that an engineer would want to be
familiar with. Instead, the theoretical background and definitions were given along with
a few specific cases examined. This allows the inductive student to grasp the concepts
presented.

Since only a few constitutive models were considered from a fundamental basis, this
section is devoted to a brief survey of constitutive equations. This acts as an introduction
for subsequent chapters when various constitutive models are discussed as applications
of continuum mechanics.

A brief listing of some well-known constitutive equations is as follows:

(a) the stress-strain equations for a linear elastic solid assuming infinitesimal strains,

tij = Cijkm€xm (5.172)

where the Cijxm are the elastic constants representing the properties of the
body. For isotropic behavior, Eq 5.172 takes the special form

ty = 7\51]‘ €xk + 2}161)' (5.173)

in which A and p are coefficients that express the elastic properties of the ma-
terial.

(b) the linear viscous fluid,

Ty = Kijmndmn (5174)
where Tj; is the shearing stress in the fluid and the constants Kijmn represents
its viscous properties. For a Newtonian fluid,

Ty = A*éij dyx + 2}1* dij (5175)
where A* and p* are viscosity coefficients.

(c) plastic stress-strain equation,

de; = Sy;dA (5.176)

where def; is the plastic strain increment, Si; the deviator stress, and dA a pro-
portionality constant.

(d) linear viscoelastic differential-operator equations
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{P1Si; = 2{QJm; (5.177a)

tii = 3K€ii (5177b)

where {P} and {Q] are differential time operators of the form

N ot
(P} = ; Pigg (5.178a)
M i
Q=) qi% (5.178b)
i=0

and in which the coefficients p; and q; (not necessarily constants) represent
the viscoelastic properties. Also, K is the bulk modulus. Note further that this
pair of equations specifies separately the deviatoric and volumetric responses.

(e) linear viscoelastic integral equations

t ;0555
¢ L0ty
€ii = Jo Py(t—t )—at, dt (5.179b)

where the properties are represented by 15 and 1,,, the shear and volumetric
creep functions, respectively.

In formulating a well-posed problem in continuum mechanics, we need the field equa-
tions together with whatever equations of state are necessary, plus the appropriate con-
stitutive equations and boundary conditions. As a point of reference we list again, as a
group, the important field equations in both indicial and symbolic notation:

(a) the continuity equation (Eq 5.14)

op - op B
3¢ TPk =0 or ==+ V- (pv) =0 (5.180)
(b) the equations of motion (Eq 5.22)
tji; +pbi=pvy or V.-T+pb=pv (5.181)

(c) the energy equation (Eq 5.65)

pu—tydyy —pr+qii =0 or pu—T:D—pr4+V.q=0 (5.182)
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If we assume the body forces b; and distributed heat sources r are prescribed, the above
collection consists of five independent equations involving fourteen unknowns, namely,
p,vi, tij, gi and u. In addition, in a non-isothermal situation, the entropy n and tempera-
ture field 8 = 6(x, t) have to be taken into consideration. For the isothermal theory, eleven
equations are needed in conjunction with the five field equations listed above. Of these,
six are constitutive equations, three are temperature-heat conduction equations (Fourier’s
law), and two are equations of state.

If the mechanical and thermal fields are uncoupled and isothermal conditions pre-
vail, the continuity equation along with the equations of motion and the six constitutive
equations provide a determinate set of ten kinematic-mechanical equations for the ten
unknowns p,v; and ty. It is with such rather simple continuum problems that we shall
concern ourselves in subsequent chapters.
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Problems

Problem 5.1
Determine the material derivative of the flux of any vector property Q; through the spatial
area 8. Specifically, show that

d .
pm J QinidS = J (Qf + Qivi,x — Qivik) ni dS
tls 8

in agreement with Eq 5.5.

Problem 5.2
Let the property P{; in Eq 5.1 be the scalar 1 so that the integral in that equation
represents the instantaneous volume V. Show that in this case

. d
Pij... = a JV dVv = vai,i dv.

Problem 5.3
Verify the identity

Eijkai,j = 2 (Wi +wWiwjj —Wjvij) ,
and by using this identity as well as the result of Problem 5.1, prove that the material
derivative of the vorticity flux equals one half the flux of the curl of the acceleration; that
is, show that

1
EJ win; ds = EJ €ijkak Ny ds .
s s

dt
Problem 5.4
Making use of the divergence theorem of Gauss together with the identity
aWi 1
Py 5 Eijk k) — EijkEkma (Wqu),)-
show that 3 |
a JV w; dV = Jg <2£ijkak + Wjvi Wﬂ)j) n; ds.

Problem 5.5
Show that the material derivative of the vorticity of the material contained in a volume V
is given by

d 1

T VWi dv = s Esﬁkak +wjv; | n; dS.
Problem 5.6

Given the velocity field

vi =ax; —bxy, v2=Dbx;+axy, vz =cy/x§+x3
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where a, b, and ¢ are constants, determine

(a) whether or not the continuity equation is satisfied,

(b) whether the motion is isochoric.

Answer

(a) only when p = ppe=29t (b) only if a =0

Problem 5.7
For a certain continuum at rest, the stress is given by

tyy = —Pody

where po is a constant. Use the continuity equation to show that for this case the stress
power may be expressed as

0P
ti]‘di)‘ = L .

Problem 5.8
Consider the motion x; = (1 + t/k)X; where k is a constant. From the conservation of
mass and the initial condition p = po at t =0, determine p as a function of pg, t, and k.

Answer
pok3
(k+1)°
Problem 5.9

By combining Eqs 5.17b and 5.13, verify the result presented in Eq 4.161.

Problem 5.10
Using the identity
Eijklk,j = 2 (Wi + WiVjj — WjVi,j)

as well as the continuity equation, show that

i & _ €4jk Ak j +2W]‘Vi>j
dt \ p 2p ’

Problem 5.11
State the equations of motion and from them show by the use of the material derivative

) ov;
Vi = == T VjVij,

ot

and the continuity equation that
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Problem 5.12
Determine the form which the equations of motion take if the stress components are given
by tij = —pbij where p =p(x,t).

Answer

pai =—p i+ pby

Problem 5.13
Let a material continuum have the constitutive equation

tij = 066,',]' dkk + Zﬁdij

where o and 3 are constants. Determine the form which the equations of motion take in
terms of the velocity gradients for this material.

Answer

pVi = pby + (ot + B)vj 15 + BVi,jj

Problem 5.14

Assume that distributed body moments m; act throughout a continuum in motion. Show
that the equations of motion are still valid in the form of Eq 5.22, but that the angular
momentum principle now requires

gijktik +miy =0

implying that the stress tensor can no longer be taken as symmetric.

Problem 5.15

For a rigid body rotation about the origin, the velocity field may be expressed by vi =
€ijkW;Xxi where wj is the angular velocity vector. Show that for this situation the angular
momentum principle is given by

Mi = (wjl;)
where M is the total moment about the origin of all surface and body forces, and Ijj is the

moment of inertia of the body defined by the tensor

Iij = J' P (Si]-xkxk — Xin) dv.
A%

Problem 5.16
Determine expressions for the stress power tijd;; in terms of

(a) the first Piola-Kirchoff stress tensor,

(b) the second Piola-Kirchoff stress tensor.



Fundamental Laws and Equations 205

Answer

(a) tijdij = pFiaPia/po  (b) tijdi; = psasCas/2p0

Problem 5.17
Show that, for a rigid body rotation about the origin, the kinetic energy integral Eq 5.53
reduces to the form given in rigid body dynamics, that is,

1
K= Ewiw]- Iij

where Ij; is the inertia tensor defined in Problem 5.15.

Problem 5.18
Show that one way to express the rate of change of kinetic energy of the material currently
occupying the volume V is by the equation

K = J PbiVi dv —J' tijvi,j av +J Vitgﬁ) das
v hY s

and give an interpretation of each of the above integrals.

Problem 5.19
Consider a continuum for which the stress is tij = —podi; and which obeys the heat
conduction law i = —k0 ;. Show that for this medium the energy equation takes the form

pu = —PpoVvii + PT + KO ;i .

Problem 5.20

If mechanical energy only is considered, the energy balance can be derived from the equa-
tions of motion. Thus, by forming the scalar product of each term of Eq 5.22 with the
velocity vi and integrating the resulting equation term-by-term over the volume V, we
obtain the energy equation. Verify that one form of the result is

—p(v-v)+tr(T-D)—pb-v—div(T-v)=0.

N| —

Problem 5.21
Show that for a continuum body experiencing volumetric growth

EJ pde:J (pf + pcf) AV .
dt Jp p

Problem 5.22
Using the local form of the balance of mass, Eq 5.90, show that the balance of linear
momentum for a material with volumetric growth is Eq 5.93

d\)i

P = bt pbi .
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Problem 5.23
Using the local form of the balance of mass, Eq 5.90, and linear momentum, Eq 5.93, show
that the stress in a volumetrically growing body is symmetric.

Problem 5.24
If a continuum has the constitutive equation

ty; = —pdij + adiy + Pdixdi;
where p, « and 3 are constants, and if the material is incompressible (d;; = 0), show that
tiy = —3p — 2B1Ip

where IIp is the second invariant of the rate of deformation tensor.

Problem 5.25
Starting with Eq 5.173 for isotropic elastic behavior, show that

tis = BA+2p)eyy

and using this result, deduce that
ij — ZPL ij 3}\+2H ijlkk | -

Problem 5.26
For a Newtonian fluid, the constitutive equation is given by

tyy = —Pdij + Ty
= —péij + ?\*6” dgx +2u* dij (see Eq 5175) .

By substituting this constitutive equation into the equations of motion, derive the equation

PV = pby — P i + (A" + W)vj i + Ui -

Problem 5.27
Combine Eqgs 5.177a and Eq 5.177b into a single viscoelastic constitutive equation having
the form

tij = Oij{Rlexx +{Stey;

where the linear time operators {R} and {S} are given, respectively,

3K{P}—2{Q} ~ 2{Q}

= )

Problem 5.28

Assume a viscoelastic medium is governed by the constitutive equations Eq 5.177. Let a
slender bar of such material be subjected to the axial tension stress t17 = oof(t) where o9 is
a constant and f(t) some function of time. Assuming that to; = t33 = t13 = ta3 =t12 =0,
determine €11, €22, and €33 as functions of {P}, {Q}, and f(t).
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Answer
\
€11 = Wﬁof(t)
€2 =€33= Z{Qé]z{sQK}{P}Gof(t)

Problem 5.29

Use the definition of the free energy along with the reduced form of the Clausius-Duhem
equation to derive the local dissipation inequality.

Problem 5.30

The constitutive model for a compressible, viscous, and heat-conducting material is defined
by

(9 gk, Fia, 1A) )
7 (6, 9k, Fia, Fia)
tij =y (0, 9k, Fia, Fia)
qi = a1 (0, 9x, Fia, Fia) -

Deduce the following restrictions on these constitutive response functions:

o (8, gk, Fis, Fre)
001
oY (6, gk, Fis, Frp)

(a) =0,

(b) =0,

a.J) (ea FkB)
00 ’

o0 (0, Fyp)
GIZPN ’

(C) ﬁ (evFiA) = -
(d) tj = pFja

1
(e) —gqi (6,9x,Fia,0) gi > 0.

Problem 5.31
Assume the constitutive relationships

u="1a(Cas,m ,
0=0(Cag,m) ,
tij =ty (Cas,m)
di = di (Cas,M,9x) ,
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for an elastic material. Use the Clausius-Duhem inequality to show

.3
on
u:ﬂ(CAB,TI) )
1 ot ott
ty = = pF F
ij ZP iA (aCAB aCBA) iB
digi =2 0.

Problem 5.32
Use the basic kinematic result of superposed rigid body motion given in Eq 5.121b to show
the following;:

o _
(a) an - Qik7
( ) ‘LA = Qu JA-

Problem 5.33
Show that the Jacobian transforms as follows under a superposed rigid body motion:

Jh=7.

Problem 5.34
Utilize the result of Problem 5.33 along with the law of conservation of mass to show that
pt=op.

Problem 5.35
Show that the gradient of the stress components transforms under superposed rigid body
motion as follows:

at+ dtmn
le .

ax] Xn

Problem 5.36
Use the superposed rigid body motion definitions to show the following relationships:

(a) C B = Cas,

(b) U B = Uas,

(c) R:_A QijRja,
(d) Bfj = QimBmxQx;-

Problem 5.37
In the context of rigid body dynamics, consider the motion defined by

x (X, t) =X



Fundamental Laws and Equations 209

along with
x=Q"(t) [x" —a(t)]
show that
vi=at)+w(t) x [x" —a(t)]

where w is the angular velocity of the body.
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6

Linear Elasticity

Elastic behavior is characterized by the following two conditions: (1) where the stress in
a material is a unique function of the strain, and (2) where the material has the property
for complete recovery to a “natural” shape upon removal of the applied forces. If the
behavior of a material is not elastic, we say that it is inelastic. Also, we acknowledge that
elastic behavior may be linear or non-linear.

6.1 Elasticity, Hooke’s Law, Strain Energy

Figure 6.1 shows geometrically these behavior patterns by simple stress-strain curves,
with the relevant loading and unloading paths indicated. For many engineering appli-
cations, especially those involving structural materials such as metals and concrete, the
conditions for elastic behavior are realized, and for these cases the theory of elasticity of-
fers a very useful and reliable model for design. Symbolically, we write the constitutive
equation for elastic behavior in its most general form as

T=G(e) (6.1)

where G is a symmetric tensor-valued function and e is any one of the various strain
tensors we introduced earlier. However, for the response function G in this text we con-
sider only that case of Eq 6.1 for which the stress is a linear function of strain. Also, we
assume that, in the deformed material, the displacement gradients are everywhere small
compared with unity. Thus, the distinction between the Lagrangian and Eulerian descrip-
tions is negligible, and following the argument of Eq 4.60 we make use of the infinitesimal

O
™
%) %) \,0

: : g A
5 ® 5 Ay

95) -+ wn i

@ S

N

Strain Strain

(a) Linear elastic (b) Nonlinear elastic (c) Inelastic

FIGURE 6.1
Uniaxial loading-unloading stress-strain curves for various material behaviors.
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strain tensor defined in Eq 4.62, which we repeat here:

1 /0w = Ouy 1
= == (ui ) . 6.2
€4 2<axj+axi> 7 Wi T Ui (62)

Within the context of the above assumptions, we write the constitutive equation for linear
elastic behavior as
tij = Cijkmekm or T=Ce (63)

where the tensor of elastic coefficients Cijxm has 34 =81 components. However, due to
the symmetry of both the stress and strain tensors, it is clear that

Cijkm = Gjikxm = Cijmx (6.4)

which reduces the 81 possibilities to 36 distinct coefficients at most.

We may demonstrate the tensor character of C by a consideration of the elastic consti-
tutive equation when expressed in a rotated (primed) coordinate system in which it has
the form

t5 = CijkmEkm - (6.5)
But by the transformation laws for second-order tensors, along with Eq 6.3,

!
tiy = QiqQjstqs = AiqjsCqskm€xm
/
= QiqQjs Cqskmapkanmepn
which by a direct comparison with Eq 6.5 provides the result
!
ijkm — Qigq ajsapkanmcqskm , (6.6)

that is, the transformation rule for a fourth-order Cartesian tensor.

In general, the Cijim coefficients may depend upon temperature, but here we assume
adiabatic (no heat gain or loss) and isothermal (constant temperature) conditions. We also
ignore strain-rate effects and consider the components Cijim to be at most a function of
position. If the elastic coefficients are constants, the material is said to be homogeneous.
These constants are those describing the elastic properties of the material. The constitutive
law given by Eq 6.3 is known as the generalized Hooke’s law.

For certain purposes it is convenient to write Hooke’s law using a single subscript on
the stress and strain components and double subscripts on the elastic constants. To this
end, we define

th=t, taz=t32=14,
t =12, t13 =131 =15, (6.7a)
t3z =13, ti2 =121 =16,
and
€11 =¢€71, 2e33 = 2€33 = €4,
€2 =¢€2, 2e13 = 2€31 = €5, (6.7b)
€33 = €3, 2e12 =2e21 = €5,

where the factor of two on the shear strain components is introduced in keeping with
Eq 4.71. From these definitions, Hooke’s law is now written

to =Cxpep or T=2~Ce (6.8)
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with Greek subscripts having a range of six. Note the font change in C4p to that of
a matrix. This is done to account for the fact that the reduced representation stiffness
matrix does not transform as a tensor. In matrix form Eq 6.8 appears as

t Ci1 €2 Ci3 Cis €5 Cis €1

t2 C21 €2 €23 Ca4 €5 Cp6 €2

ts | _ | €1 €32 C33 G4 C35 Cz6 €3 (6.9)
ta Ca1 Ca2 Csa3 Casa Css Cue €4 | '
15 Cs1 Cs2 Cs3 Cs4 Css5 Cse €5

ts Ce1 Cs2 Cs3 Cos Cs5 Cos €6

We repeat that the array of the 36 constants C,p does not constitute a tensor.
In view of our assumption to neglect thermal effects at this point, the energy balance
Eq 5.65 is reduced to the form

1
u= Btij dij (6103)

which for small-deformation theory, by Eq 4.150, becomes
o
u = Etij €ij (610b)

The internal energy u in these equations is purely mechanical and is called the strain
energy (per unit mass). Recall now that, by the continuity equation in Lagrangian form,
po = pJ and also that to the first order of approximation

aui aui

Therefore, from our assumption of small displacement gradients, namely ou;/0XA < 1,
we may take ] = 1 in the continuity equation to give p = po a constant in Eqs 6.10a and
6.10b.

For elastic behavior under the assumptions we have imposed, the strain energy is a
function of the strain components only, and we write

u=1u(ey) (6.12)
so that ;
. u

and by a direct comparison with Eq 6.10b we obtain

1 ou
—ty = . 6.14
P ) aeij ( )
The strain energy density, W (strain energy per unit volume) is defined by
W =pou, (6.15)

and since p = po, a constant, under the assumptions we have made, it follows from
Eq 6.14 that

ou oW
aeij o 6eij ’

tyy=op (6.16)
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It is worthwhile noting at this point that elastic behavior is sometimes defined on the
basis of the existence of a strain energy function from which the stresses may be de-
termined by the differentiation in Eq 6.16. A material defined in this way is called a
hyperelastic material. The stress is still a unique function of strain so that this energy ap-
proach is compatible with our earlier definition of elastic behavior. Thus, in keeping with
our basic restriction to infinitesimal deformations, we shall develop the linearized form
of Eq 6.16. Expanding W about the origin, we have

oW (0) 1 92W(0)

ij) = ——€jt+t 55— €ij€km + ", 17
W (ey;) =WI(0) + den €ij > aei)-aekme 5€km + (6.17)
and, from Eq 6.16,
oW OW(0)  3ZW(0)
o= - NI 1
t] ae-u- aei,- aeijaekmek + (6 8)

It is customary to assume that there are no residual stresses in the unstrained state of the
material so that ti; = 0 when ei; = 0. Thus, by retaining only the linear term of the above
expansion, we may express the linear elastic constitutive equation as

32W (0)

= aeﬁTkmflkm = CijkmEkm (6.19)

i

based on the strain energy function. This equation appears to be identical to Eq 6.3,
but there is one very important difference between the two — not only do we have the
symmetries expressed by Eq 6.4, but now we also have

Cijkm = Cimij (6.20)

due to the fact that
92W (0) B %W (0)

aeﬁaekm a aekmaeﬁ )

Thus, the existence of a strain energy function reduces the number of distinct components
of Cijkm from 36 to 21. Further reductions for special types of elastic behavior are ob-
tained from material symmetry properties in the next section. Note that by substituting
Eq 6.19 into Eq 6.17 and assuming a linear stress-strain relation, we may now write

1 1
W (ey) = Eci)'kmei)'ekm = ztij €ij (6.21a)

which in the notation of Eq 6.8 becomes
1 1
Wey) = Eemﬁemeﬁ = 5tata, (6.21b)

and by the symmetry condition we have only 21 distinct constants out of the 36 possible.

6.2 Hooke’s Law for Isotropic Media, Elastic Constants

If the behavior of a material is elastic under a given set of circumstances, it is custom-
arily spoken of as an elastic material when discussing that situation even though under
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a different set of circumstances its behavior may not be elastic. Furthermore, if a body’s
elastic properties as described by the coefficients Cijxm are the same in every set of ref-
erence axes at any point for a given situation, we call it an isotropic elastic material. For
such materials, the constitutive equation has only two elastic constants. A material that
is not isotropic is called anisotropic; we shall define some of these based upon the degree
of elastic symmetry each possesses.

In general, an isotropic tensor is defined as one whose components are unchanged
by any orthogonal transformation from one set of Cartesian axes to another. Zero-order
tensors of any order — and all zeroth-order tensors (scalars) — are isotropic, but there are
no first-order isotropic tensors (vectors). The unit tensor I, having Kronecker deltas as
components, and any scalar multiple of I are the only second-order isotropic tensors (see
Problem 6.5). The only nontrivial third-order isotropic tensor is the permutation symbol.
The most general fourth-order isotropic tensor may be shown to have a form in terms of
Kronecker deltas which we now introduce as the prototype for C, namely,

Cijkem = A0450km + K (81k0jm + dimdjr) + B (Oikdjm — dimdjk) (6.22)

where A, i, and (3 are scalars. But by Eq 6.4, Cijxm = Cjikm = Cijmk. This implies that 3
must be zero for the stated symmetries since by interchanging i and j in the expression

B(011d5m — 0imdjk) = P(Ojkdim — Ojmdik)

we see that B = —f and, consequently, 3 = 0. Therefore, inserting the reduced Eq 6.22
into Eq 6.3, we have

ti; = (A0ij0km + HOikOjm + HOimdjk) €xm -
But by the substitution property of 3;;, this reduces to
ty; = Adyjexk + 21ey; (6.23)
which is Hooke’s law for isotropic elastic behavior. As mentioned earlier, we see that for
isotropic elastic behavior the 21 constants of the generalized law have been reduced to

two, A and u, known as the Lamé constants. Note that for an isotropic elastic material
Cijkm = Ckmij; that is, an isotropic elastic material is necessarily hyperelastic.

I Example 6.1

Show that for an isotropic linear elastic solid the principal axes of the stress
and strain tensors coincide, and develop an expression for the relationship among
their principal values.

Solution

Let fi'9) (q = 1,2,3) be unit normals in the principal directions of €5, and
associated with these normals the corresponding principal values are €(q) where
(g=1,2,3). From Eq 6.23 we form the dot products

tijngq) = (Aéijekk + Zueﬁ)ngq)

= Aniq] €xk + Zueijn;q)
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But ngq) and €(q) satisfy the fundamental equation for the eigenvalue problem,

namely, €ijTL(q) = €(q)5ijn§q)

; , so that now

tijn§q) = ?\ekkngq] + Zue(q)ngq)
= [Nexx + 2pe(q)] ngq) ,
and because €y = €(1)+€(2) + €(3) is the first invariant of strain, it is constant

for all niq) so that

tijn](q) = {(?\ [e(” +eo+ 6(3)] +2H€(q))}n§q) .

This indicates that ngq) (g =1,2,3) are principal directions of stress also, with
principal stress values

tig =Aleq e te)] +2ueq (a=123).

We may easily invert Eq 6.23 to express the strain components in terms of the stresses.
To this end, we first determine e;; in terms of ti; from Eq 6.23 by setting i = j to yield

tii = 3Aexk + 2uey = (37\ + Zu)eﬁ . (624:)

Now, by solving Eq 6.23 for €;; and substituting from Eq 6.24, we obtain the inverse form
of the isotropic constitutive equation,

1 A
i =5 | W T 575704 - 2
€ij 2},L <t j + 3)\_1_2”6 )tkk) (6 5)
By a formal — although admittedly not obvious — rearrangement of this equation, we may
write
A A A
{j= 5T 1 ty; — Oiit 6.26
= u(3?\+2u){{ +2(7\+u)} 20+ ) ’kk} (6.26)
from which, if we define,
(3N + 2p)
E=——— 6.27
N (6.27a)
and
V= M (6.27b)
2N+’ '

we obtain the following form of Hooke’s law for isotropic behavior in terms of the engi-
neering constants E and v,

1
€ = ¢ (T+v) Ty — vy Tiad - (6.28)
Here E is called Young’s modulus, or simply the modulus of elasticity, and v is known
as Poisson’s ratio. By suitable combinations of these two constants, we may define two
additional constants of importance in engineering elasticity. First, the shear modulus, or

modulus of rigidity, is defined as
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FIGURE 6.2
Simple stress states.

E
—_— — .2
G 1) n (6.29a)
which, as noted, is identical to the Lamé constant p. Second, the bulk modulus is defined

as E

For isotropic elastic materials, any two elastic constants completely define the material’s
response. In addition to that, any elastic constant can be determined in terms of any two
other constants. A listing of all elastic constants in terms of other pairs of constants is
given in Table 6.1.

The physical interpretations of the constants E, v, G, and K introduced above can be
determined from a consideration of the special states of stress displayed in Fig. 6.2. In
the case of a uniaxial state of stress (tension or compression), say in the x; direction
with t17 = %09, and all other stress components zero (Fig. 6.2(a)), Eq 6.28 yields (since
tiy = £00),

. m . +0p ..
en=p =g for (i=j=1), (6.30a)
€22 = —VeEy = $é00 for (i=j=2), (6.30b)
€33 = —ver1 = 2% for (i=j=3), (6.30¢)

as well as zero shear strains for i # j. Thus, E is the proportionality factor between
axial (normal) stresses and strains. Geometrically, it is the slope of the one-dimensional
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TABLE 6.1
Relations between elastic constants.
A v E v K
M uOAT 2 T i
1 1 1
A\ E (E-20+ (E—3A)” + 8AE —(E-2)+ 5 (E—3A)° + 8A2 (BA+E)+ ¢ (3A+E)> —4AE
A(1—2v) AT +v)(1—2v) A(1+v)
AV ey AL
2v v 3v
A K 3(K—=2A) 9K (K —A) A
’ 2 3K—A 3K—A
£ u(2p—E) E—2p HE
H E-3p 2 33u—F)
2pv 2u(1+v)
i T—2v 2u(T+v) 3(1-2v)
K 3K —2p IKn 3K —2p
b 3 3K+ 203K+ )
vE E E
Ev|— - -
(1T+~v)(1—=2v) 2(1+4v) 3(1—=2v)
£ K 3K (3K —E) 3KE 3K—E
’ (9K —E) IK—E 6K
3Kv
3K (1—2v)
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linear stress-strain diagram (Fig. 6.1(a)). Note that E > 0; a specimen will elongate under
tension, shorten in compression. From the second and third part of Eq 6.30 above, v is
seen to be the ratio of the unit lateral contraction to unit longitudinal extension for tension,
and vice versa for compression. For the simple shear case shown in Fig. 6.2(b) where, say,
t12 = To, all other stresses zero, we have, from Eq 6.28,

. 14+v _To
€12=—¢ ti2 = TR (6.31a)

or for engineering strains, using Eq 4.71,

by _To

Yi2= =5 (6.31b)

which casts G into the same role for simple shear as E assumes for axial tension (or
compression). Hence, the name shear modulus for G. Finally, for the case of uniform
triaxial tension (or hydrostatic compression) of Fig. 6.2(c), we take ti; = £pdi; with p > 0.
For this, Eq 6.28 indicates that

e = 1 _2%. 31 —-2v) +p
mn — E 1 E p - K
by which we infer that the bulk modulus K relates the pressure p to the volume change
given by the cubical dilation €i; (see Eq 4.76).
It should also be pointed out that, by use of the constants G and K, Hooke’s law may
be expressed in terms of the spherical and deviator components of the stress and strain
tensors. Thus, the pair of equations

(6.32)

Sy =2Gny , (6.33a)

tii = 3K€ii y (633b)

may be shown to be equivalent to Eq 6.28 (see Problem 6.6).

6.3 Elastic Symmetry; Hooke’s Law for Anisotropic Media

Hooke’s law for isotropic behavior was established in Section 6.2 on the basis of C being
a fourth-order isotropic tensor. The same result may be achieved from the concepts of
elastic symmetry. To do so, we first define equivalent elastic directions as those specified
by Cartesian axes Oxix2x3 and Ox)x5x5 at a point such that the elastic constants Cqp
are unchanged by a transformation between the two sets of axes. If the transformation
represents a rotation about an axis, we say the material has axial elastic symmetry with
respect to that axis. If the transformation is a reflection of the axes with respect to some
plane, we say the material has a plane of elastic symmetry. Figure 6.3(a) shows the case
for x3 being the axis of elastic symmetry, whereas Fig. 6.3(b) shows the case for the x1x;
plane as the plane of elastic symmetry. The fact that the transformation for the reflection
in Fig. 6.3(b) is an improper one (resulting in the axes being a left-handed coordinate
system) does not invalidate the symmetry considerations to be used. Also, the x3 axis in
Fig. 6.3(a) is said to be of order N where N = 271/6. It is also noteworthy that a point of



220 Continuum Mechanics for Engineers

X

(a) Rotation through angle 6 about x3 axis. (b) Reflection in the x1x, plane.

FIGURE 6.3
Axes rotations for plane stress.

elastic symmetry would imply isotropic behavior, since the elastic constants would remain
unchanged for any two sets of Cartesian axes at the point.

Let us consider the consequences of the x;-x, plane being a plane of elastic symmetry
as shown in Fig. 6.3(b). The transformation matrix for this is clearly

1 0 0
[(11]'] = 0 ] O , (634)
0 0 —1

so, in the single subscript notation for stress and strain components, the transformations
in matrix form are

tll t/6 t/5 1 0 0 t1 te¢ ts5 1 0 0
tg th t, | =101 0 te t2 ta 01 0 (6.35a)
th ot t) [0 0 —1 ts ta t3 0 0 —I
i t te —t5
= te t, —t4 ;
| —ts —ts t3
and
6/1 %62/6 %6’5 _1 0 0 €1 %66 1?65 1 0 0
%e’é e 3, | =101 0 %ee €2 3€4 01 0 (6.35Db)
Jeb le) € | 0 0 -1 J€5 €4 €3 0 0 -1
[ €1 %66 —%65
= %eg €2 *264
L —2€5 —%€4 €3

Therefore, assuming all 36 constants in Eq 6.8 are distinct, we note that for axes Ox1x;x3
t1 =Crre1 +Cr2e2 + Cr3e3 + Craeq + Crses + Crges (6.36)

whereas for axes Ox)x5x5, under the condition that x1x; is a plane of symmetry such
that the Cyp are unchanged in this system, we have

t/1 = 81]€/1 + (‘3126/2 + 613€g + 814€£‘ + 615€/5 + 8166’6 . (6.37)
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But from Eq 6.35a, t|, =t (a = 1,2,3,6) and t, = —ty (x = 4,5). Likewise, €, = €4
(x=1,2,3,6) and €}, = e« (x =4,5), so that Eq 6.37 becomes

th =t =Crie1 +Cr2e2 + Cr3e3 — Craes — Cis5€5 + Crpee - (6.38)

Comparing Eq 6.36 with Eq 6.38, we see that, for these expressions (each representing
t1) to be equal, we must have €14 = €y5 = 0. Following the same procedure, we learn
that, if we compare expressions for t,, =t (x = 2,3,6) and for t, = —t, (x =4,5), the
additional elastic constants G4, C25, C34, C35, Ca1, Cs2, Cs3, Ca6, Cs51, Cs2, Cs3, Cs6, Coa,
and C¢5 must also be zero for the x1x; plane to be one of elastic symmetry. Accordingly,
the elastic constant matrix for this case has the form

Ci1 Ci2 CG3 O 0 Gy

C1 €2 Gz O 0 G

| €31 €G3z C33 0 0 Gz
Capl=| 5 0" 0 Cu s 0 | (6.39)

0 0 0 GCs4 Cs5 O

Ce1 Cs2 Cg3 O 0 Cee

and the original 36 constants are reduced to 20. Also, if a strain energy functions exists,
Cxp = Cp« and these 20 nonzero constants would be further reduced to 13.

If the x,-x3 plane is also one of elastic symmetry at the same time as the x;-x, plane at
a point and we repeat the procedure outlined above, we find that Cy¢, C26, €36, C45, Cs4,
Ce61, Cs2, and Cg3 must also be zero, and the € matrix is further reduced to

Ci1 G2 G5 O 0 0

Cz1 € Gz O 0 0

Cop] = C31 C32 C33 O 0
& 0 0 0 G4 O
0 0 0 0 Css

0 0 0 0 0 Cgs

(6.40)

o O O

having 12 nonzero coefficients, or 9 if a strain energy function exists. Interestingly
enough, if x1x;3 is also a plane of elastic symmetry along with the two considered above,
no further reduction in the Cp matrix occurs. A material possessing three mutually
perpendicular planes of elastic symmetry is called an orthotropic material, and its elastic
constants matrix is that given in Eq 6.40.

The reduction of the orthotropic elastic matrix to that of the isotropic matrix may be
completed by successive consideration of the three axes of elastic symmetry shown in
Fig. 6.4 as well as their respective transformation matrices. By the rotation of 90° about
the x7 axis (Flg 6.4(&)), we find that G2, = €G3, €21 = €37, € = C33, C23 = €33, and
Cs5 = Cg. For the rotation of 90° about the x3 axis (Fig. 6.4(b)), we see that C;, = €y,
C11 = Cp2, C12 = €23, C31 = €33, and €44 = Cs5. Finally, by a rotation of 45° about
the x3 axis (Fig. 6.4(c)), we obtain 2C44 = C17 — Cy,. Therefore, by setting C44 = p and
€12 = A, we may identify these remaining three C4p’s with the Lamé constants and write
the elastic coefficient matrix for isotropic behavior as

A+2n A A0 0 0

A A+2 A 0 0 0

B A A A+2p 0 0 0
[Cap] = 0 0 o w0 0 (6.41)

0 0 0 0 u 0

0 0 0 0 0 p
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(c) 45° rotation about x3 axis
FIGURE 6.4

Geometry and transformation tables for reducing the elastic stiffness to the isotropic
case.
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From the definitions given in Eqs 6.27a and 6.27b, this matrix may be expressed in
terms of the engineering constants E and v so that Hooke’s law for an isotropic body
appears in matrix form as

t 1—v v v

0 0 0 €

t v 1—v v 0 0 0 €2

t3 | E v v o 1—v 0 0 0 €3

ts | (O+v)d=2v)| 0 0 0 3(1-2v) 0 0 €4

ts 0 0 0 0 1(1-2v) 0 €5

te 0 0 0 0 0 F(1=2v) €6
(6.42)

6.4 Isotropic Elastostatics and Elastodynamics, Superposition Principle

The formulation and solution of the basic problems of linear elasticity comprise the sub-
jects we call elastostatics and elastodynamics. Elastostatics is restricted to those situations in
which inertia forces may be neglected. In both elastostatics and elastodynamics, certain
field equations have to be satisfied at all interior points of the elastic body under consid-
eration, and at the same time the field variables must satisfy specific conditions on the
boundary. In the case of elastodynamics problems, initial conditions on velocities and
displacements must also be satisfied.

We begin our discussion with elastostatics for which the appropriate field equations
are:

(a) Equilibrium equations

i +pbi =0, (6.43)
(b) Strain-displacement relation
Zey =uij + Uy, (6.44)
(c) Hooke’s law
tij = Adijexk + 2peyj (6.45a)
or :
€y = £ (T +v) ty; — vdijtr] - (6.45b)

It is usually assumed that the body forces b; are known so that the solution we seek from
the fifteen equations listed here is for the six stresses tij, the six strains €y, and the three
displacements u;. The conditions to be satisfied on the boundary surface § will appear in
one of the following statements:

1. displacements prescribed everywhere,

u=uj(x) on 8§ (6.46)

where the asterisk denotes a prescribed quantity,
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2. tractions prescribed everywhere,

tW =™ on 8, (6.47)

1 1

3. displacements prescribed on portion 8; of §,

u=uj(x) on 8§, (6.48a)
with tractions prescribed on the remainder §,,

™

W —g®™ on s,. (6.48b)

A most important feature of the field Eqs 6.43 through Eq 6.45a is that they are linear

(1, u!" are a solution for body forces b}

in the unknowns. Consequently, if tg ), and €, W4

and surface tractions 't ™) whereas tg’, egjz) ,and u?J are a solution for body forces *b}
and surface tractions %t ™) then
(1 (2) (1 ( )

2)
ij

tij:tij)'f'tij, eij:eij)—i—e and ui:ui”—f—uiz

offer a solution for the situation where b; = 'b*+ 2b7 and t\™ = 1¢;™ 4 2¢:™) This is a
statement of the principle of superposition, which is extremely useful for the development
of solutions in linear elasticity.

For those problems in which the boundary conditions are given in terms of displace-
ments by Eq 6.46, it is convenient for us to eliminate the stress and strain unknowns from
the field equations so as to state the problem solely in terms of the unknown displace-
ment components. Thus, by substituting Eq 6.44 into Hooke’s law (Eq 6.45a) and that
result into the equilibrium equations (Eq 6.43), we obtain the three second-order partial
differential equations

Hui 55+ (A + puy 5i + pbi =0 (6.49)

which are known as the Navier equations. If a solution can be determined for these equa-
tions that also satisfies the boundary condition Eq 6.46, that result may be substituted
into Eq 6.44 to generate the strains and those in turn substituted into Eq 6.45a to obtain
the stresses.

When the boundary conditions are given in terms of surface tractions (Eq 6.47), the
equations of compatibility for infinitesimal strains (Eq 4.90) may be combined with Hooke’s
law (Eq 6.45b) and the equilibrium equations to arrive, after a certain number of algebraic
manipulations, at the equations

kK + ﬁtkkjj +p(bij+bji)+ &6ij pbik =0 (6.50)
which are known as the Beltrami-Michell stress equations of compatibility. In combination
with the equilibrium equations, these equations comprise a system for the solution of the
stress components, but it is not an especially easy system to solve. As was the case with
the infinitesimal strain equation of compatibility, the body must be simply connected.
The solution for elastostatics problems is unique. Suppose that there exists two solu-
tions to the governing equations Eq 6.43-6.45a with boundary conditions Eq 6.46-6.48b.
The solutions will be denoted TV, ¢V ul1) and T2, e(2) (2 corresponding to the
same body forces and the appropriate boundary conditions. The difference of these solu-
tions, T=T" —T) e = eV — e, u=ul") —ul?) is also a solution to the governing
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equations with b = 0 since the system of equations is linear and superposition applies.
The solution T, €, u satisfies the boundary conditions

u=0 on 8 or t=0 ons$,.

Integrating over the boundary 8 of the body gives

J u-tds=0.

8
Substituting t = T - n for a symmetric stress tensor, we have
J u-T-nd8s=0

8

and applying the divergence theorem yields
J- div(u-T) dV=0. (6.51)
v

Writing the integrand in Cartesian tensor notation gives
div (U . T) = (uitij)y). = ui,jtij + uitij‘j .

The last term is zero from the equilibrium equations ti; j = 0 since b = 0. The first term
can be written as

ui ity =ty (€4 + wij) = tijeq (6.52)
since ti; is symmetric and wj; is skew-symmetric. From Eq 6.21a and 6.52, Eq 6.51
becomes

J 2W (e) dV =0.
v

This integral is zero when e = 0 provided that W (e) is positive definite in Eq 6.21a. For
a linear, isotropic body this requires that E > 0 and —1 < v < 1. Since € = 0, we have
e =¢el? and T = T(?) from Hooke’s law. There cannot be two different solutions to
the linear equations of elastostatics for the same body forces and boundary conditions. A
solution that satisfies the governing equations and boundary conditions is unique.

In elastodynamics, the equilibrium equations must be replaced by the equations of
motion (Eq 5.27) in the system of basic field equations. Therefore, all field quantities
are now considered functions of time as well as of the coordinates, so that a solution for
the displacement field, for example, appears in the form u; = u;(x,t). In addition, the
solution must satisfy not only boundary conditions which may be functions of time as in

u=uj(x,t) on § (6.53a)
or
tW =t/ (xt) on 8, (6.53b)
but also initial conditions, which usually are taken as
u =uf (x,0) (6.54a)
and
w =1ui (x,0) . (6.54b)

Analogous to Eq 6.49 for elastostatics, it is easily shown that the governing equations for
displacements in elastodynamics theory are

Hugj; + (A4 puy 5+ pbi = plly (6.55)

which are also called Navier’s equations.



226 Continuum Mechanics for Engineers

(1)

| /e
L v

~—

X2

(fi) X1
t; B,
//

X3 Gz

FIGURE 6.5
Beam geometry for the Saint-Venant problem.

6.5 Saint-Venant Problem

Solving an elasticity problem by satisfying Eqs 6.43, 6.44 and 6.45a along with the bound-
ary conditions is a daunting task. This is even before the boundary conditions are con-
sidered. In the 1800s Saint-Venant studied long beams that were loaded in a variety of
ways: extension, torsion, pure bending and flexure. Rather than satisfy exact bound-
ary conditions on the lateral surface and the ends, Saint-Venant solved the problems by
considering relaxed boundary conditions on the beam ends. If one considers statically
equivalent force and moment systems, the solution sufficiently far away from the applica-
tion of the load will be the same. This is known as the Saint-Venant principle. The relaxed
boundary conditions on the beam ends requires that the resultant force and moment be
considered rather than the exact traction distribution over the end.

To demonstrate Saint-Venant’s solution consider a beam that is represented by a right
cylinder extending in the x3 direction as shown in Fig. 6.5. The lateral surface of the
cylinder, By, will be stress free. This condition is called the lateral boundary condition
and can be written as

(A1)

t, =ty +tony; =0 on Br. (6.56)

Let the cylinder be generated by a simply connected cross section € which is perpen-
dicular to the x3 axis. For the different problems (extension, torsion, pure bending and
flexure) the ends, €1 and C,, will have relaxed boundary conditions. The sum of the stress
over the end’s area will give a force vector T;

J t3;dS =T, . (6.57)
Cy
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Bending moments on the ends are expressed in terms of the axial stress t33 as follows:

J t33x2dS =My, J t33%x1 dS = —M, . (658)
C] e1

Finally, the torque on the beam’s end may be written as
J (t32x7 —t31%2) dS = M3 = M, . (6.59)
G

Similar equations hold for end C;.

Saint-Venant used a semi-inverse method in solving these problems. A reasonable as-
sumption was made regarding the stress components, strain or displacements. From
this assumption the equilibrium and compatibility equations were shown to be satisfied.
Boundary conditions, exact and relaxed, were checked. Because solutions to elasticity
problems are unique the solution obtained was, of course, the only solution.

In the following subsections Saint-Venant solutions for extension, torsion, pure bending
and flexure are developed. The different problems are solved by setting the components
of the end force T; and moment M; to different values:

(I) Th=T,=0, T3=T, My=0 Pure Extension
(II) T;=0, Mj =M, =0, M3 =M, Pure Torsion
(III) Ty =0, My =M3=0, M, =M  Pure Bending
(IV) Th =T, h=T3=0, M; =0 Pure Flexure

More complex elasticity problems can be obtained by superposing the basic solutions.

6.5.1 Extension

For the case of pure extension the nonzero stress components are assumed to be

T
th =+ (6.60)
where the area is given by
A= J ds§,
e

and all other components are zero. These stress components clearly satisfy the equilib-
rium conditions without body forces, Eq 6.43. Also, the relaxed boundary conditions are
satisfied.

The strains can be easily found from Eq 6.28 to be

T vT
€33 = - 61126222*5

.61
— (661)

with all other strain components being zero. Clearly the compatibility condition, Eq 4.90
is satisfied since the strains are constant. Using the strain-displacement relationship,
Eq 6.44, the displacements can be found to be

T vT vT
Uz = %3, W =X, Uy = —==X2 (6.62)

by direct integration.
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6.5.2 Torsion

We begin with a brief review of the solution to the simplest of torsion problems, the
case of a shaft having a constant circular cross section when subjected to equilibrating
end couples, M as shown in Fig. 6.6(a). Let the end face at x3 = 0 be fixed while the
face at x3 = L is allowed to rotate about the axis of the shaft. It is assumed that plane
sections perpendicular to the axis remain plane under the twisting, and that each rotates
through an angle proportional to its distance from the fixed end. Accordingly, a point in
the cross section at coordinate x3 will rotate an angle of 8x3where 0 is the angle of twist
per unit length. Each point, say point P, in the cross section travels a distance 6x3R which
is proportional to the distance R from the x3 axis as shown in Fig. 6.6(b). The distance
squared to point P is the square of the x; and x, coordinates (Fig. 6.6(c)). Using this
distance, it is easy to define the cosine and sine of angle (3. It is straightforward to write
out displacements u; and u; in terms of 6 since cos (90 — ) = x2/R and sin (90 — ) =
x1/R. Thus,

u; = —9X2X3 , U = 6X1X3 , U3 = 0 N (6.63)

where 0 is the angle of twist per unit length of the shaft.

Recall from Eq 4.62 that 2ei; = uy,; + u;,; by which we may calculate the strains from
Eq 6.63. The resulting strains are then inserted into Eq 6.23 to obtain the stress compo-
nents (since p = G by Eq 6.29a)

t23 =GOx1, t13=-GOx2, t11=tnn=t33=t12=0. (6.64)

Because these stress components, as well as the strains from which they were derived,
are either linear functions of the coordinates or zero, the compatibility equations Eq 4.90
are satisfied. Likewise, for zero body forces, the equilibrium equations Eq 6.43 are clearly
satisfied. The lateral surface of the shaft is stress free. To verify this, consider the stress
components in the direction of the normal at a point on the cross-section perimeter des-
ignated in Fig. 6.6(b). At a radius R = a,

X X Go
t13% 4+ tr3-= = — (—xax1 +x1%2) = 0. (6.65)
a a a

At the same time, the total shearing stress at any point of the cross section is the resultant

T=/t3; + 135 = GO\ /x? + x5 = GOR (6.66)

which indicates that the shear is proportional to the radius at the point, and perpendicular
to that radius.

By summing the moments of the shear forces on either end face of the shaft, we find
that

M = JJ (x1t23 +x2t13) dxydxz = GGJJRZd’ﬂ dx, = GOIp (6.67)

where Ip is the polar moment of inertia of the cross section.

For a prismatic shaft of any cross section other than circular, shown by the schematic
contour of Fig. 6.7, plane sections do not remain plane under twisting, and warping will
occur. For such cases we must modify Eq 6.63 by expressing the displacements in the
form

u; = —0x2x3, Uz =0x1x3, uz =0V (x7,x2), (6.68)

where \(x1,x2) is called the warping function. Note that the warping is independent of x3
and therefore the same for all cross sections. Also, we assume that x3 is a centroidal axis
although this condition is not absolutely necessary.
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(a) Cylinder with self-equilibrating moments M.

(b) Displacement of point P to P* in (c) Detail of cross section twist 3.
cross section.

FIGURE 6.6
Geometry and kinematic definitions for torsion of a circular shaft.
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(a) Prismatic cylinder with self-equilibrating moments M.

(b) Displacement of point P to P* in cross sec-
tion.

FIGURE 6.7
The more general torsion case of a prismatic beam loaded by self equilibrating moments.
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As in the analysis of the circular shaft we may again use Eq 4.62 along with Eq 6.23 to
calculate the stress components from Eq 6.68. Thus

t11 =t =t33=t12=0, t13=G9(l])y1*X2) , t23=Ge(ll))z*X]) . (6.69)

It is clear from these stress components that there are no normal stresses between the
longitudinal elements of the shaft. The first two of the equilibrium equations, Eq 6.43,
are satisfied identically by Eq 6.69 in the absence of body forces, and substitution into the
third equilibrium equation yields

t13,1 +t232 1333 =GO (P11 +1 22) =0 (6.70)
which indicates that 1p must be harmonic,
Vi =0, (6.71)

on the cross section of the shaft.
Boundary conditions on the surfaces of the shaft must also be satisfied. On the lateral
surface, which is stress free, the following conditions based upon Eq 3.32, must prevail

thimg +tione =0, tamg +tpne =0, tzmg +t3ma=0, (6.72)

noting that here n3 = 0. The first two of these equations are satisfied identically while
the third requires

GO 1 —x2)n1 +GO (P2 —x1)n2 =0 (6.73a)
which reduces immediately to
dy
P +Pomy = In Xong +x1M2 . (6.73b)

Therefore, \ (x1,x2) must be harmonic in the cross section of the shaft shown in Fig. 6.7,
and its derivative with respect to the normal of the lateral surface must satisfy Eq 6.73b
on the perimeter C of the cross section.

We note further that in order for all cross sections to be force free, that is, in simple
shear over those cross sections

J'J't13dX1 dx, = JJtzg,d)ﬂ dx; = JJt33dX1 dx, =0. (6.74)

Since t33 = 0, the third integral here is trivial. Considering the first integral we may write

GGJJ(IPJ —x2) dx1dx; = GGJJ {6 b (W1 —x2)] + 92 1 (W2 —x )]} dxqdx;

aX1 aXZ
(6.75)
where the condition V21 = 0 has been used. Green’s theorem allows us to convert to the
line integral taken around the perimeter C

GGL X1 {1 —x2) My + (2 — x1)ma}ds = 0 (6.76)

which by Eq 6.73b is clearly satisfied. By an analogous calculation we find that the second
integral of Eq 6.74 is also satisfied.

On the end faces of the shaft, x3 = 0 or x3 = L, the following conditions must be
satisfied

JJthgg, dxidx; = JJX]'tg,g,dX] dx, =0, JJ (X]tzg, — th]g) dxjdx; = My . (677)
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Again, since t33 = 0, the first two of these are trivial. The third leads to
M, :Ge”(x%+x5+x1¢,z—xzxp,1)dx1 dx; . (6.78)

Defining the torsional rigidity as

K= G” (xT + %3 +x19 2 — x2 1) dxydxz (6.79)

which can be evaluated once 1 (x1,x;) is known, we express the angle of twist as

i
A second approach to the general torsion problem rests upon the introduction of a

torsion stress function, designated here by @ and defined so that the non-zero stresses
are related to it by the definitions

0 (6.80)

oD oD
t3= o |ty = 81
33,0 @3 s (6.81)
Thus, 5
oD ()
—=6G0(b1—x%x2), z—=-GO(P2—x1). (6.82)
0x2 0x1

By eliminating 1 from this pair of equations we obtain
V20 =-2G6 . (6.83)

As already noted, the lateral surface of the shaft parallel to the axis must remain stress
free, that is, the third of Eq 6.72 must be satisfied. However, it is advantageous to write
this condition in terms of the unit vector § along the boundary rather than unit nor-
mal fi as shown in Fig. 6.6(b). It follows directly from geometry that n; = dx,/ds and

n,; = —dx;/ds. In terms of ds, the differential distance along the perimeter €, the stress
components in the normal direction will be given by
dXz dX]
t13— —t)3— =0 .84
135, 23y, (6.84)

which in terms of ® becomes
00 dx | 20 dx, 4O _

= = 6.85
0x1 ds 0x, ds ds ( )

Thus, @ is a constant along the perimeter of the cross section and will be assigned the
value of zero here.

Finally, conditions on the end faces of the shaft must be satisfied. Beginning with the
first of Eq 6.74, we have in terms of ©

) [0}
” a—dm dx; = ” a—dxz dxq = J @|° dx; =0 (6.86)
x> 0x2

since @ is constant on the perimeter. Likewise, by the same reasoning, the second of
Eq 6.74 is satisfied, while the third is satisfied since t33 = 0. The first two conditions in
Eq 6.77 are also satisfied identically and the third becomes

) )
JJ (—X1 27 —Xza) dX] dXz = Mt . (6.87)
X1 aXZ
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Integrating by parts and using the fact that @ is assumed zero on the perimeter € yields
M, = ZJJ Odxqdx; . (6.88)

Thus, the solution by this approach consists of determining the stress function ® which

is zero on the cross-section perimeter, and satisfies Eq 6.83. Based upon that result we
may determine 6 from Eq 6.88.

I Example 6.2

Determine the stresses and the angle of twist for a solid elliptical shaft of the
dimensions shown when subjected to end couples My.

Solution
The equation of this ellipse is given by

2 2
X X
714_72:]_

Therefore, take the stress function @ in the form

2 XZ
o= A( +B%_ > (6.89)

where A is a constant. Thus, @ is zero on the cross-section perimeter. From
Eq 6.83

so that
A= LY (6.90)

Now from Eq 6.88

2a%b%Go X7 X5
Mt—wjj( + = >dX]dX2,

and noting that

1
JJ-x%dm dx; =1, = ZTrba3 ,

1
Jx%dm dx; =1L, = ZT[(le ,
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and
JJ dx;dx; = mab

(the area of the cross section) we may solve for My which is

na’b3Go
Me=-—5"7
ac+b

From this result,
_a?+b?
T madb3G ot
which when substituted into Eq 6.90 and that into Eq 6.89 gives

(D:_Mt ﬁ+é_
mab \ a2 b2 '

Now, by definition

t —ag——ithx t ——ag——ithx
13_6xz_ mab3 2’ BT ox;  ma3b L

The maximum stress occurs at the ends of the minor axis, and equals

2M¢

Tmax = iw )

and the torsional rigidity is easily calculated to be

M, na*b3G  G(A)

0 aZ+b?2 42l

K =

Note also that for a = b (circular cross section), the resultant stress at any point

. M
_ /g2 _ M

T=/t3; +t3 =T
P

in agreement with elementary theory.

It should be pointed out that for shafts having perimeters that are not expressible by
simple equations, solutions may be obtained by using stress functions in the form of
infinite series. Such analyses are beyond the scope of this introductory section.

6.5.3 Pure Bending

Consider the beam to be subject to end conditions

T.=0, Mi=M3=0, M, =M, (6.91)

and assume the stresses to be

_Mxy

: (6.92)

t33
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with all other components zero. The compatibility equations are satisfied since the
nonzero stresses are linear in the coordinates. The equilibrium equations, tji; = 0,
only have one equation which is not identically satisfied, and the remaining equation,
t33,3 =0, is satisfied from the assumed stress Eq 6.92.

The end boundary conditions can be shown as satisfied. First, Ty = T, = 0 is trivially
satisfied by considering Eq 6.92. Considering the torque on the end, Eq 6.59, it is clear
that M3 = M = 0 since t31 = t32 = 0. The axial force on the ends is given by Eq 6.57 as

M M
TFJ _ X1d8:——J x1d§ =0 (6.93)
o 1 I e,

provided that the axes origin is chosen at the centroid of the cross section €. A similar
calculation for My gives

M, :J _ M xzdSZ—MJ x1x2d 8 =0 (6.94)
e I [e,
as long as the principal axes are used. Finally,
M M
MZ:—J ;qx]dS:%J x2d8 =M (6.95)
81 e'l

where

I:J x3ds$ .
Cy

Strain components are found from Eq 6.28 giving three nonzero components

vMx Mx
= Loegy=—il, (6.96)

€11 = €22 = El

Displacements can be found using Eq 4.101. The term u;(&°) + wy;(&°) (Ej — 6]9) rep-

resents a rigid displacement and will be set to zero. Taking the component u; as an
example for finding the displacements yields

X
w = J[€11d51+€12d52+€13d53
0

+(xk — &) €11 kd&r + (xk — &) €12,kdE2 + (xc — Ex) €13 kdE3
—(xk — &k) ex11dEr — (% — &x) €x2,1dE2 — (% — Ex) €x3,1dE3]

rx

= 0[611(151 +(x1 —&1) e11,1d&s

—(x1 =& e dér — (x2 —&2) €22,1dEr — (x3 — &3) €33,1d&3] (6.97)

X

M M M
= . VE—Iald& — (x2 — &2) %diz + (x3 — £3) £y dés

vM vM M
EX% TR (x3 — 3%3) T (x3 = 3%3)
2

M
= TEI(VX] —vx%—l—x%) .



236 Continuum Mechanics for Engineers

Similar calculations for u, and us give the displacements for pure bending as

M
w = Z—El(vx% —vx3 +%3),
vM
uz = ﬁxﬂz ) (6.98)
uz = —Mx X
30T TR

to within an infinitesimal rigid displacement.
In the pure bending problem, x; = 0 represents the neutral surface, and the centerline
displacements match elementary beam theory.

6.5.4 Flexure

As the final Saint-Venant problem, consider the beam to have end €; fixed and a flexure
load of T acting on C;. The relaxed boundary conditions are

=T, T,=T3=0, Mj=0.

Assume the stresses to be

T
tn =t =t2=0; ts3=—7(L—x)x (6.99)
with no assumption made on the components t37 and t3;. Equilibrium equations are
Tx
ti33 =0, t233=0, t311+t322= —T1 (6.100)
which implies
tiz = tiz(x1,%2); taz =taz(x1,%2) . (6.101)

The strain may be calculated from Eq 6.28 to obtain
vT T
enn =en = r(l—x3)x, e33 =~ (L—x3)x
(6.102)
€23 = t23/21; €31 =1t31/21; €12=0

The compatibility equations must be satistied since the problem is posed in terms of
stresses. Eq 4.91 results in two nontrivial conditions

0

P (€231 —€132) =0, (6.103a)
X1
0 vT
o (e312—€23,1) = R (6.103b)
Integration of Eq 6.103a gives
vT
€231 — €312 =& — ﬁxz (6.104)

where « is taken as a constant by virtue of Eq 6.103a. Equation 6.104 may be written as

1 1 1T ,
(eza - 20061)‘1 = (631 + 70%2 — ZEIXZ) N (6.105)
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from which the shear strains may be found in terms of a potential function f

1 1 1 1 VT 1
€32 — z(XX] = Ef’Z) €31 + E(XXZ 2 EI EfJ (6.106)

The shear stresses may be written using Hooke’s Law and Eq 6.106

t31 =2pe *focx-i——Tx—i—f
31 = £l€31 = —HKXX2 EL 2 urq, (6.107)

t32 = 2pneszz = poxy +pf .
The remaining equilibrium condition, Eq 6.100 is

2
V2 (x7,%2) = —% = —%m on C (6.108)

subject to the lateral boundary condition tixny = 0 in the form

of vT ,
P a(xany —xiny) — i —x3n; on dC. (6.109)
To solve the boundary value problem given by Eqs 6.108 and 6.109, define a function

F(x1,%x2) by

v v )
f— oah— {F+ - —|—(1—|—2)x1x2} (6.110)
where 1 is the warping function from torsion
) o
V“YP =0 on G o XoMm; —xjMny on 0C . (6.111)

Stress components may be written in terms of 1\, c and F as

T vx3 v
t31 = pox(YP g XZ)M{F1 + = (1+)XZ} )

2 272
T 6.112
taz = (2 x1) = g P + (24 vixia) (6.112)
t33 = ——(L—x3)x1,

I

subject to the lateral boundary condition

aF__<W?

v
> + (1 + E) x%) n; —(2+v)xixan, on 9C. (6.113)

P
Since { and F are harmonic it is possible to show the stresses in Eq 6.112 satisfy the
equilibrium equations. Substituting the stresses from 6.112 into Eq 6.57 and using Eq 6.101
it can be shown that T3 = T, = 0 and T; = T. Bending moments M; = M, = 0 since
t33 (x3 = L) =0, and the torque, M3 = My, is set to zero by expressing « in terms of F:

T v v
S — Fa—xiFo+ (4304204 2} dA 6.114
= FTPIIR o, DR P+ (150 - 20+ T (6114)
where K is the torsional rigidity. The constant « may be shown to be the average rate of
rotation over a cross section.
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In general, there is a twist accompanying the bending when the load T is applied at the
centroid of C;. By superposing an appropriate torsion solution with equal and opposite
« it is possible to determine a line of action parallel to T; such that there is not twist.

The displacements are determined from the line integral Eq 4.101

T
u = —0(X2X3+ﬁ{%(L—X3)’V(X%—X%)+%LX§—%X%},
T
u, = MX1X3+%(L—X3)X1X2, (6.115)
T 1 2
uz = oal)(X1,Xz)fﬁ{X1X3(LfzX3)+X1x2+F(X1,Xz)},

to within an infinitesimal rigid displacement. The centerline deflection is the same as that
obtained in beam theory, but the cross-sections do not remain plane in the Saint-Venant
solution.

6.6 Plane Elasticity

In a number of engineering applications, specific body geometry and loading patterns
lead to a reduced, essentially two-dimensional form of the equations of elasticity, and the
study of these situations is referred to as plane elasticity. Although the two basic types of
problems constituting the core of this plane analysis may be defined formally by stating
certain assumptions on the stresses and displacements, we introduce them here in terms
of their typical physical prototypes. In plane stress problems, the geometry of the body
is that of a thin plate with one dimension very much smaller than the other two. The
loading in this case is in the plane of the plate and is assumed to be uniform across
the thickness, as shown in Fig. 6.8(a). In plane strain problems, the geometry is that of a
prismatic cylinder having one dimension very much larger than the other two and having
the loads perpendicular to and distributed uniformly with respect to this large dimension
(Fig. 6.8(b)). In this case, because conditions are the same at all cross sections, the analysis
may be focused on a thin slice of the cylinder.

For the plane stress situation, Fig. 6.8(a), the stress components t33, t31, and t3; are
taken as zero everywhere and the remaining components considered functions of only x4
and x,. Thus,

ti]' = t'l]' (X] ,Xz) (l,) =1 ,2) y (6116)

and as a result, the equilibrium equations, Eq 6.43, reduce to the specific equations
t111 +ti22 +pby =0, (6.117a)

t211+t22+pb2=0. (6.117b)

The strain-displacement relations, Eq 6.44, become
€11 =U1,1; €2 =Up2; 2e12=uUj2+Uz1, (6.118)

and at the same time the strain compatibility equations, Eqs 4.90, take on the form given
by Eq 4.92 and repeated here for convenience,

€11,22 + €22,11 = 2€12,12 . (6.119)
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(a) Plane stress problems generally involve bodies that are thin
in dimensions with loads perpendicular to that dimension.

(b) Plane strain problems involve bodies that are long in on di-
mension with loads applied along that dimension.

FIGURE 6.8
Representative figures for plane stress and plain strain.
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Hooke’s law equations, Eq 6.45b, for plane stress are written

1
en =g (t11 —vta2) (6.120a)
1
€2 =¢ (tzz —vti1) (6.120b)
14Vt v
€12 = Ttlz =56~ 2 (6.120¢)
along with
v —v
€33 = —— (t11 +t22) = (e11 +e€22) . (6.121)
E 1—v

By inverting Eq 6.120a, we express the stress components in terms of the strains as

E
t11=— .
n =gz len tven), (6.122a)
E
tr=1—"3 (€22 +ven) , (6.122b)
t1, = € *L =G (6.122¢)
12 To~ 12—2(1+V)Y12— Y12 . .

These equations may be conveniently cast into the matrix formulation

t11 E 1 v 0 €11
t22 - ]_72 v 1 0 €22 y (6123)
t12 YOLo 0 1=v ] [ en

In terms of the displacement components, u; (i = 1,2), the plane stress field equations
may be combined to develop a Navier-type equation for elastostatics, namely,

Ui + Wi +pbi=0 (1,j=1,2). (6.124)

E E
2(1+v) 2(1—v)

For the plane strain situation (Fig. 6.8(b)) we assume that u3 = 0 and that the remaining
two displacement components are functions of only x; and x,,

u; = U,i(X1 ,Xz) (i = 1,2) . (6.125)

In this case, the equilibrium equations, the strain-displacement relations, and the strain
compatibility equations all retain the same form as for plane stress, that is, Eqs 6.117a,
6.117b, 6.118, and 6.119, respectively. Here, Hooke’s law (Eq 6.45a) may be written in



Linear Elasticity 241

terms of engineering constants as

E
tir = T+v(=-2v) [(1—v)en +vexl, (6.126a)
t —;[(17V) +verq] (6.126b)
2T 0+ (1-2v) c2zrvend, :
P SN AP I
tiz =7 2Ty T Gviz, (6.126¢)
along with
Ev
(e11 +€22) =v(t17 +t22) . (6.127)

B = A= 2v)

The first three of these equations may be expressed in matrix form by

t1 E 1—v v 0 €11
t | =——F7—7— % 1—v 0 €22 . (6.128)
to | VO =2v1 5 o v || e

Furthermore, by inverting the same three equations, we may express Hooke’s law for
plane strain by the equations

14+v
€11 = ( 3 ) (1T =) t11 —vtz2l (6.129a)
1+4+v)
€7 = 3 (1 —v)tr +vti1] , (6.129b)
71‘|"V 72(]+’\/)t127t]2
€12 = E ti2 = 3 T (6.129¢)

By combining the field equations with Hooke’s law for elastostatic plane strain, we obtain
the appropriate Navier equation as

E
2(0+v) (1—2v)

Ui jj + Wi +pbi =0 (i,j=1,2). (6.130)

E
2(1+v)

It is noteworthy that Eqs 6.120a and 6.122a for plane stress become identical with the
plane strain equations, Eqs 6.129 and 6.126, respectively, if in the plane stress equations
we replace E with E/(1 — v?) and v by v/(1 —~v). Note that, if the forces applied to the
edge of the plate in Fig. 6.8(a) are not uniform across the thickness but are symmetrical
with respect to the middle plane of the plate, the situation is sometimes described as a
state of generalized plane stress. In such a case, we consider the stress and strain variables to
be averaged values over the thickness. Also, a case of generalized plane strain is sometimes
referred to in elasticity textbooks if the strain component €33 in Fig. 6.8(b) is taken as
some constant other that zero.
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6.7 Airy Stress Function

As stated in Section 6.6, the underlying equations for two-dimensional problems in isotropic
elasticity consist of the equilibrium relations, Eq 6.117, the compatibility condition, Eq 6.119
and Hooke’s law, either in the form of Eq 6.120a (plane stress), or as Eq 6.129 (plane
strain). When body forces in Eq 6.117 are conservative with a potential function V =
V(x1,x2) such that by = —V;, we may introduce the Airy stress function, ¢ = $(x1,x2) in
terms of which the stresses are given by

tn=d2+tpV; t2=¢11+pV, tiz=—d12. (6.131)

Note that by using this definition the equilibrium equations are satisfied identically.
For the case of plane stress we insert Eq 6.120a into Eq 6.119 to obtain

11,220 Fto2 01 — vt +Ft22,22) =2(1 +v)tiz12 (6.132)
which in terms of ¢ becomes

G111 201212 F P 2220 =—(1=v)p(V11 +V322). (6.133)

Similarly, for the case of plane strain, when Eq 6.129 is introduced into Eq 6.119 the result
is

(T—=v)(t11 22+ to211) —v(ti,11 +t22,22) =2t1212, (6.134)

or in terms of ¢

b1 +20 1212+ P 2220 =—(1—=2v)p(V11 — V22)/(1 —v) . (6.135)

If the body forces consist of gravitational forces only, or if they are constant forces, the
right-hand sides of both Eqs 6.133 and 6.135 reduce to zero and ¢ must then satisfy the
bi-harmonic equation

1111 +2¢ 1212+ G 2222 =V G =0. (6.136)

In each case, of course, boundary conditions on the stresses must be satisfied to complete
the solution to a particular problem. For bodies having a rectangular geometry, stress
functions in the form of polynomials in x; and x, are especially useful as shown by the
examples that follow.

I Example 6.3

For a thin rectangular plate of the dimensions shown, consider the general
polynomial of the third degree as the Airy stress function and from it determine
the stresses. Assume body forces are zero.
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Solution

Select a polynomial stress function of the form ¢3 = Agx? + ng%xz + C3x1 x% +
D3x3. Choosing this particular polynomial form for the stress function is not
arbitrary; the choice is based on many trials of different order polynomials.
After a certain amount of experience in observing a polynomial’s effect on the
stress components computed using Eq 6.131, an educated guess can be made
as to what terms should be considered for a specific problem. For this reason,
problems like this are often called semi-inverse problems.

By direct substitution into Eq 6.136 we confirm that ¢3 is bi-harmonic.
Further, the stresses are given as

t11 =2C3x7 + 6D3x> ,

t2r = 6A3x1 +2B3xy ,

t12 = —2B3x7 —2C3x2 .
By selecting different constants to be zero and nonzero, different physical prob-
lems may be solved. Here, two specific cases will be considered.

(a) Assume all coefficients in ¢3 are zero except D3. This may be shown
to solve the case of pure bending of a beam by equilibrating moments
on the ends as shown by Fig. (b). Stress in the fiber direction of the
beam varies linearly with the distance from the x; axis

t11 =6D3xz; t2=t12=0

as is the case for simple bending. Similarly, by taking only A3z as
nonzero, the solution is for bending moments applied to a beam whose
lengthwise direction is taken to be x; rather than x; direction.
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(b) If only B3 (or C3) is non-zero, both shear and normal stresses are
present. Fig. (¢) shows the stress pattern for B3 # 0.

I Example 6.4

Consider a special stress function having the form
¢* =Boxixs + D4X1X§ .

Show that this stress function may be adapted to solve for the stresses in an
end-loaded cantilever beam shown in the sketch. Assume the body forces are
zero for this problem.

-
N
N
=1 |« | L

TRTEEEEE RS S
x

Vector v with respect to Ox}x5x5 and Ox1x2x3.

Solution
It is easily verified, by direct substitution, that V4¢$* = 0. The stress compo-
nents are directly computed from Eq 6.131

t11 =6D4x1x2 ,
t22 =0,
ti2 = —B> —3D4X% .

These stress components are consistent with an end-loaded cantilever beam,
and the constants B, and D4 can be determined by considering the boundary
conditions. In order for the top and bottom surfaces of the beam to be stress-
free, t12 must be zero at x, = +c. Using this condition B, is determined in
terms of D4 as B = —3D4c?. The shear stress is thus given in terms of single
constant B

BzX%

c2

ti2 =—-Bx +

The concentrated load is modeled as the totality of the shear stress t1, on the
free end of the beam. Thus, the result of integrating this stress over the free
end of the beam at x; = 0 yields the applied force P. In equation form

c XZ
PZ*J |:Bz+82§:| dxo
e c
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FIGURE 6.9
Differential stress element in polar coordinates.

where the minus sign is required due to the sign convention on shear stress.
Carrying out the integration we have B, = 3P/4c so that stress components
may now be written as

But for this beam the plane moment of inertia of the cross section is I = 2¢3/3
so that now

tnz—?ﬂxz; t22 =0; t1z=—ﬁ( —x3)

in agreement with the results of elementary beam bending theory.

Several important solutions in plane elasticity are obtained by the Airy stress function
approach when expressed in terms of polar coordinates. To this end we introduce here
the basic material element together with the relevant stress components in terms of the
coordinates r and 6 as shown on Fig. 6.9. Using this element and summing forces in the
radial direction results in the equilibrium equation

atrr + 1 atr(—) + tir — too

R = 137
or T 00 T + 0, (6.137a)
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and summing forces tangentially yields

10tge | Otro tro

Z 20 = A1

30 T ar T2 +0=0 (6.137b)
in which R and © represent body forces. In the absence of such forces Eq 6.137a and

6.137b are satisfied by

19 1 9%

T ™ T AL 9 An 1

t TOr 712002 (6.138a)
2¢
teo = proa (6.138b)
1ap 103%¢ d (13

0= o — =—— (-, 1

b0 =330 roroe  ar <r o (6-138¢)

in which ¢ = ¢(r,0). To qualify as an Airy stress function ¢ must once again satisfy the
condition V*¢ = 0 which in polar form is obtained from Eq 6.136 as

2 2 2 2
V4¢:(a +1a+1a)<a¢+1a¢+1a¢)zo' (6.139)

or2 " ror 12002 \or2 " ror ' 12002

For stress fields symmetrical to the polar axis Eq 6.139 reduces to

2 193\ [ 103
4 — PR — — — — =
v ¢_<arz+rar> <ar2 t3 ar> 0, (6.1402)
or 4 3 2
r4aid) + 21~3ai¢ _ Tzaid) + raﬁ =0. (6140b)

ort or3 or2 or
It may be shown that the general solution to this differential equation is given by

¢ =Alnr+Br’Inr+Cr’+D, (6.141)

so that for the symmetrical case the stress components take the form

w=10 A LB (14 2mnm 4 2C, (6.142a)
T or T

t faid’——5+3(3+21m)+2c (6.142b)
072 T 32 ’ .

tre :O . (6142C)

When there is no hole at the origin in the elastic body under consideration, A and B
must be zero since otherwise infinite stresses would result at that point. Thus, for a plate
without a hole only uniform tension or compression can exist as a symmetrical case.

A geometry that does qualify as a case with a hole (absence of material) at the origin is
that of a curved beam subjected to end moments as discussed in the following example.

I Example 6.5

Determine the stresses in a curved beam of the dimensions shown in the figure
when subjected to constant equilibrating moments.
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X1
Solution
From symmetry, the stresses are as given by Eq 6.142. Boundary conditions
require

(1) tiy=0atr=a,andatr="0,

b
2) J tgodr = 0 on the end faces ,

a

b
3) J T t,rdr = —M on the end faces ,

(4) tro =0 everywhere on the boundary .

These conditions result in the following equations which are used to evaluate
the constants A, B, and C. The inner and outer radii are free of normal stress
which can be written in terms of boundary condition (1) as

A/a? +B(142lna)+2C =0,

A/b%? +B(1+2Inb)+2C=0.

No transverse loading is present on the ends of the curved beam which may be
written in terms of boundary condition (2) as

b b 52
J- teedTZJ. Y d)d :aﬁ

b
—-dr =0.
a o O or

a

Evaluation of this integral at the limits is automatically satisfied as a conse-
quence of boundary condition (1). Finally, the applied moments on the ends
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may be written in terms of boundary condition (3)

Jb Taz—(bdr = [Tad)r —Jb a—d)dr =—M.

o Oor? or o OT

Because of condition (1) the bracketed term here is zero and from the integral
term

cbb_d)a:Mv

or
Alnb/a+B(b?Inb—a’lna) + C(b* —a?) =M.

This expression, together with the two stress equations arising from condition
(1) may be solved for the constants A, B, and C, which are

_ M o b
A= Nablna,
2M
B (0" —a%)
C:%[bz—a2+2(bzlnb—azlna)] ,

where N = (b? — a?)? — 4a?b?[In(b/a)]?. Finally, the stress components may
be written in terms of the radii and applied moment by substitution of the
constants into Eq 6.142

AM [ a?*b?. b T a

trr:—N( T‘z lna+bzlnb+azlnr> y
4M 2b2 b

tgg = ——— e lrl—erzlnlJrazlnEwLbz—a2 ,
N T2 a b T

tro =0

Verification of these results can be made by reference to numerous strength of
materials textbooks.

If ¢ is taken as a function of both r and 6, it is useful to assume
¢(r,0) = f(r)e® (6.143)

in order to obtain a function periodic in 8. For n = 0, the general solution is, as expected,
the same as given in Eq 6.141. As an example of the case where n = 1 we consider ¢(r,0)
in the form

¢ = (Ar? +B/r+ Cr+Drinr)sin® . (6.144)

I Example 6.6

Show that the stress function given by Eq 6.144 may be used to solve the
quarter-circle beam shown under an end load P.
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Joo222s S

Solution
From Eq 6.138 the stress components are

2B D
trr = (ZAr— = —|—> sin@
T T
2B D
too = <6AT+ 3 + ) sin@ ,
T T
2B D
trg = — <2Ar3+> cosf .
T T

The inner and outer radii of the beam are stress-free surfaces leading to boundary
conditions of t, = t,g = 0 at r = a, and at r = b. Also, the applied force P

may be taken to be the summation of the shear stress acting over the free end
6 =0:

b
J tr9|9:o dr=—-P.

a

These conditions lead to the three equations from which constants A, B, and D
may be determined

2B D
2Aa — -3 + — = 0 y
a a
2B D
2Ab— —+ — =0
b3 + b '
2 2
2 2 (b*—a?) b_
Solving these three equations in three unknowns, the constants are determined
to be
Al Pyl PR (e
2N 2N N

where N = a? — b? + (a? + b?)In(b/a). Finally, use of these constants in the
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stress component equations gives

P a’b?  a?+b%)\ .
ter = N T+ e - sin@ ,
P a?b?  a?+b?2\ .
tge = N <3r— 3 + . ) sin® ,
P ZbZ 2 2
tro =—2 T-I-L—a o cos 0 .
N T3 T

Note that, when 8 =0

P 2b2 2 b2
trr =tpe =0 and tre—N(T-i-a e >

T3 T

And when 0 = 7t/2, t,¢ = 0 while

e P a’b?  a’+b?
TN = T '
P a’b?  a’+b?
tgg = — | 31— .
RN ( At >

We close this section with an example of the case when n = 2 in Eq 6.143.

I Example 6.7

Use the stress function
¢ = (Ar? +Br* 4+ C/r* + D) cos 20

to solve the stress problem of a large flat plate under a uniform axial stress T,
and having a small circular hole at the origin as shown in the figure.

-~ —= = —_—
~
< N
’ \/E
-~ / X2 N\ —
7
// | oY
D b i 0 \ —_—
T ! T
a / X1
-~ \ —_—
\ /
-~ \ // —_
N P
-~ = ==  —
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Solution
From Eq 6.138 the stress components have the form

D
trr:—(ZA—l—6S+42>cose,
T T
tge = <2A—|— 12Br? + 6;) cos O ,

tyo = <2A—|— 6B — iﬁ — 2TD> sin20 .

Assume the width of the plate b is large compared to the radius of the hole.
From consideration of the small triangular element at a distance b from the
origin, the following boundary conditions must hold

1. typ =Tcos?’B at r =D,

T
2. tyg = -5 sin20 at r = b,

and the inner surface of the hole is stress free, which may be written as
3. t,w=0atr=aq,
4. t,g=0atr=a.

These conditions, when combined with the stress expressions, yield

6C 4D T
A+ — 4+ —=—=
At 7+ 2 5
6C 2D T
2 2 ==
A+6Bb? — 7 — 13 5
2+ 68410 g,
a a
2D
ZA—I—GBaZ—%——Z:O.
a a

Letting b — oo, the above equations may be solved to determine

T atT a’T
A 4 ) 0 ) C 4 ) 2 )

so that now the stresses are given by

t fI 17(172 _|_I ]+E+ﬁ 0
=5 2 2 4 r2 cosb,

T a? T 3a?
tGGZE 1+T7 ) 1+TT cos 9 ,

T 3a*  2a?)\ .
tTG = *E (1 — T‘T + T‘2> stG .

Note that as r tends towards infinity and at 8 = 0 the stresses are given by
tr = T; tgg = trg = O (simple tension). At v = a, t; = ty¢ = 0 and
tgg = T — 2T cos 20, which indicates that when 6 = 7/2, or 8 = 37/2, the
stresses become tg = T —2T(—1) = 3T, a well-known stress concentration factor

251
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used in design. Also, when 8 = 0, or 8 = 71, tg¢ = —T a compression factor at
the centerline of the hole.

It should be pointed out that in this brief section only stresses have been determined.
These, together with Hooke’s law, can be used to determine the displacements for the
problems considered.

6.8 Linear Thermoelasticity

When we give consideration to the effects of temperature as well as to mechanical forces
on the behavior of elastic bodies, we become involved with thermoelasticity. Here, we ad-
dress only the relatively simple uncoupled theory for which temperature changes brought
about by elastic straining are neglected. Also, within the context of linearity we assume
that the total strain is the sum
ey = e el (6.145)
where egv[ ) is the contribution from the mechanical forces and eg) are the temperature-
induced strains. If 8y is taken as a reference temperature and 0 as an arbitrary tem-
perature, the thermal strains resulting from a change in temperature of a completely
unconstrained isotropic volume are given by
ell) =« (8 —60) 5y (6.146)
j
where « is the linear coefficient of thermal expansion, having units of meters per meter per
degree Celsius (m/m/°C). The presence of the Kronecker delta in Eq 6.146 indicates that
shear strains are not induced by a temperature change in an unconstrained, homogenous,
isotropic body.
By inserting Eq 6.146 into Eq 6.145 and using Hooke’s law for the mechanical strains in
that equation, we arrive at the thermoelastic constitutive equation

v
ti; — =dijtik + o (8 —00) 045 . (6.147)

WETE R

This equation may be easily inverted to express the stresses in terms of the strains as

E

IR

[’Véij ek + (1 —2v) €ij — (1 +V) (0 —0,) 51j] . (6148)

Also, in terms of the deviatoric and spherical components of stress and strain, the ther-
moelastic constitutive relations appear as the pair of equations

E

iy = mmj ) (6.149a)
E

tit = ———— [eii — 3 (6 —0o)] . (6.149b)

(1—2v)
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If the heat conduction in an elastic solid is governed by the Fourier law, Eq 5.62, which
we write here as
qi = —k0 ¢ (6.150)

where « is the thermal conductivity of the body (a positive constant), and if we introduce
the specific heat constant ¢ through the equation

—qi,i = pcd (6.151)
the heat conduction equation for the uncoupled theory becomes
k0 11 = pcO . (6.152)

This equation, along with the thermoelastic stress-strain equations Eq 6.147 or Eq 6.148,
the equilibrium equations Eq 6.43, and the strain-displacement relations Eq 6.44, consti-
tute the basic set of field equations for uncoupled, quasi-static, thermoelastic problems.
Of course, boundary conditions and the strain compatibility equations must also be sat-
isfied.

6.9 Three-Dimensional Elasticity

Solutions of three-dimensional elasticity problems traditionally focus on two distinct for-
mulations. First, the displacement formulation is based upon solutions of the Navier equa-
tions which were presented in Section 6.4, and which are developed again in the follow-
ing paragraph. The second formulation, called the stress formulation, utilizes solutions of
the equilibrium equations in association with the Beltrami-Michell stress equations pre-
viously derived in Section 6.4 and based upon the compatibility equations in terms of
strains. These equations are also reviewed in the following paragraph.

Starting with the fundamental equations of elastostatics as listed in Section 6.4 and
repeated here under revised numbering, we have:

Equilibrium equations, Eq 6.43

ti5 Fpbi =0, (6.153)

Strain-displacement equations, Eq 6.44

2eyy =ity (6.154)

Hooke’s law, Eq 6.45a, or Eq 6.45b
ty = Aéijekk + Zpeij s (6155a)
or

1

€y = E (1T =)ty —vditial . (6.155b)
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By substituting Eq 6.154 into Hooke’s law, Eq 6.155a, and that result in turn into Eq 6.153,
we obtain

Hui 55+ (A + ) wj 50 + pbi = 0 (6.156)

which comprise three second-order partial differential equations known as the Navier
equations. For the stress formulation we convert the strain equations of compatibility
introduced in Section 4.7 as Eq 4.90 and repeated here as

€ij km + €km,ij — €ik,jm — €jm,ik =0 (6.157)

into the equivalent expression in terms of stresses using Eq 6.155a, and combine that
result with Eq 6.153 to obtain

tis
1],kk+ 1 T

tkk,i3 + 0 (bi,j + bj,i) + %515 pbk‘k =0 (6.158)
+v

which are the Beltrami-Michell equations of compatibility. In seeking solutions by either the

displacement or stress formulation, we consider only the cases for which body forces are

zero. The contribution of such forces, often either gravitational or centrifugal in nature,

can be appended to the homogeneous solution, usually in the form of a particular integral

based upon the boundary conditions.

Let us first consider solutions developed through the displacement formulation. Rather
than attempt to solve the Navier equations directly, we express the displacement field in
terms of scalar and vector potentials and derive equations whose solutions result in the
required potentials. Thus, by inserting an expression for u; in terms of the proposed
potentials into the Navier equations we obtain the governing equations for the appropri-
ate potentials. Often such potentials are harmonic, or bi-harmonic functions. We shall
present three separate methods for arriving at solutions of the Navier equations.

The method used in the first approach rests upon the well-known theorem of Helmholtz
which states that any vector function that is continuous and finite, and which vanishes at
infinity, may be resolved into a pair of components: one a rotational vector, the other an
irrotational vector. Thus, if the curl of an arbitrary vector a is zero, then a is the gradient
of a scalar ¢, and a is irrotational, or as it is sometimes called, solenoidal. At the same time,
if the divergence of the vector a is zero, then a is the curl of another vector 1, and is a
rotational vector. Accordingly, in keeping with the Helmholtz theorem, we assume that
the displacement field is given by

wi =i+ €ipglq,p (6.159)

where ¢ ; is representative of the irrotational portion, and curl the rotational portion.
Substituting this displacement vector into Eq 6.156 with b; in that equation taken as zero,
namely

Hug 5+ A+ 5 =0, (6.160)
we obtain
HP 155 + HEipqWa,pij + (A + 1) a5 + (A + 1) €pqa,pji =0 (6.161)
which reduces to
(A +21) § 55 + KeipaWa,pij =0, (6.162)

since &jpqWPq,pji = 0. In coordinate-free notation Eq 6.162 becomes

A+20) VV2h+uV x V2 =0. (6.163)
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Any set of ¢ and 1 which satisfies Eq 6.162 provides (when substituted into Eq 6.159)
a displacement field satisfying the Navier equation, Eq 6.160. Clearly, one such set is
obtained by requiring ¢ and 1 to be harmonic:
V2 =0, (6.164a)
Vi) =0. (6.164b)
It should be pointed out that while Eq 6.164 is a solution of Eq 6.160, it is not the general
solution of the Navier equations. If we choose VZ¢ = constant, and ¢ = 0 in Eq 6.164,

the scalar function ¢ is known as the Lamé strain potential. By taking the divergence of
Eq 6.162, and remembering that the divergence of a curl vanishes, we see that

Vip =0 (6.165)

is a solution of the resulting equation so that a bi-harmonic function as ¢ also yields a
solution for u;. Similarly, by taking the curl of Eq 6.162 we find that

Vip =0 (6.166)

also provides for a solution u;.

The second approach for solving the Navier equations is based on the premise of ex-
pressing the displacement field in terms of the second derivatives of a vector known as
the Galerkin vector, and designated here by F = F;€;. In this approach we assume the
displacement u; is given in terms of the Galerkin vector specifically by the equation

uy = 2 (] — ’V) Fi,jj — Fj‘ji (6167)

which is substituted directly into Eq 6.160. Carrying out the indicated differentiation and
reducing the resulting equations with the help of the identity A = 2vp/ (1 — 2v) we find
that the Navier equations are satisfied if

VF=0. (6.168)

Thus, any bi-harmonic vector is suitable as a Galerkin vector. As should be expected,
because they are solutions to the same equation, there is a relationship between ¢ and
with F. It has been shown that

b=—Fi1, (6.169a)

and
kWi, =2 (1 —v) Fijj . (6.169b)

If F; is not only bi-harmonic, but harmonic as well, Eq 6.169b reduces to

ey, =0, (6.170a)
and the relationship between ¢ and F; becomes

¢ 1 = —Fijji - (6.170b)

In this case ¢ is called the Lamé strain potential.

I Example 6.8

Consider a Galerkin vector of the form F = F;€; where F3 is a function of the
coordinates, that is F3 = F3 (x1,%2,x3). Apply this vector to obtain the solution
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to the problem of a concentrated force acting at the origin of coordinates in the
direction of the positive x3 axis of a very large elastic body. This is called the
Kelvin problem.

Solution
Let u; =2 (1 —~v) Fy ;3 —Fj 51 as given by Eq 6.167. Accordingly,
w =—F3371,
u; =—F3 32,
u3 =2(1—~v)(F311 +F3220 +F333) —F333.
Take F3 to be proportional to the distance squared from the origin as defined by

F3 = BR where B is a constant and R = x% + x% + x%. Thus, the displacements
are

BX3X]
u; = R3 )
Bxsxz
Uz = R3 y
=B 4(1—v) _x%—i—x% ‘
R R3

From these displacement components the stresses may be computed using Hooke’s
law. In particular, it may be shown that

0 02 0?2 0?2 02

t3s=—|2-v)| 5+ +—5 ) — == | BR

3 s [( ) (ax% 0x3 axﬁ) axg]
which upon carrying out the indicated differentiation and combining terms be-
comes
22—v)x3  3(xF+x3)x3

t33=-B l =3 — 5

This equation may be written in a more suitable form for the integration that
follows by noting that R? =12 + x% where 12 = x% +x3. The modified equation
is

_ 3
t33 =—B {(] V)% + 3x3]

R3 RS
Summing forces in the x3 direction over the plane x3 = constant allows us to
determine B in terms of the applied force P. The required integral is

o0
P= J (—t33) 2mtrdr .
0

But rdr = RdR and so
*d * dR
P =27B [(1 —Z’V)X_),J' — +3X3J' }
o R2 3]y R?
from which we find p

R
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The third approach for solving the Navier equations is called the Papkovich-Neuber so-
Iution which results in equations in terms of harmonic functions of a scalar, and a vector
potential. For this we take the displacement vector to be represented by a scalar potential
B, the vector potential V, and the position vector x; in the form

(Viexx) i
4(1—v)

which when substituted into the homogeneous Navier equations and simplified using the
identity A = 2vp/ (1 — 2v) we obtain

uy = Vi — B)i — (6171)

1
},Lvi‘jj — (A4 2u) B i5 — 3 A+ ) (Vk,ijj + Vi,jj) =0. (6.172)

These equations are clearly satisfied when
VV=0, (6.173a)

and
V2B =0 (6.173b)

which indicates that any four harmonic functions, V; with i =1,2,3 and B, will serve to
provide a displacement vector u; from Eq 6.171 that satisfies the Navier equations. Since
the displacement vector has only three components, the four scalar functions, V;, and B
are not completely independent and may be reduced to three. It can be shown that these
potentials are related to the Galerkin vector through the expressions

V=2(1-v)V?F, (6.174a)

and v
X
B=V-F— ———.
4(1—v)
Whereas it is not usually possible to solve the Navier equations directly for problems
involving a body of arbitrary geometry, in certain cases of spherical symmetry an ele-
mentary solution is available. Consider the case of a hollow spherical geometry of inner
radius 17 and outer radius r; that is subjected to an internal pressure p; and an external
pressure p;. Due to the symmetry condition here we assume a displacement field

(6.174b)

u = (r)x4 (6.175)

where 12 = x;x; and ¢ depends solely upon r. By direct substitution of Eq 6.175 into
Eq 6.160 we arrive at the ordinary differential equation

¢ 4dp
for which the general solution may be written as
A
o) =A+ 5 (6.177)

where A; and A; are constants of integration depending on the boundary conditions.
Eq 6.155 written in terms of displacement derivatives has the form

tiy = Adyjuie ke + 1 (Wi + i) - (6.178)
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It follows by making use of Eqs 6.175 and 6.177 that

A 3A2%%;
ty; = 3AA15y + 20 [(m + Tj) 515 — i;‘x’} . (6.179)

Recall that the traction vector in the radial direction (see Eq 3.51) is on = ti5nyn; which

upon substitution of Eq 6.177 becomes

4|,LA2
r3

on = (BA+2p) Ay + (6.180)

where the identity x; = ™; has been used. Similarly, the tangential traction can be

calculated using os = tijviv; where the unit vectors v; are perpendicular to n;. The

result is

2pA;
13

os = (3A+2u) Ay + (6.181)

since vix; = 0.
The constants A; and A, are determined from boundary conditions on the tractions.

Clearly,

onN=-—P1 at r=m1y,
OoN =—Pp2 at r=rT17.

Carrying out the indicated algebra, we have the well-known formulas

3 3 3.3
_ PiTy —P2m; T P1 P2

; 6.182a
13 o3 ( )
3 3 3.3
P11y — P21y | Ty P1— P2
= . 6.182b
s 13 2r3 3 —13 ( )

These equations may be easily modified to cover the case where p; = 0, or the case where
P2 =0.

We conclude this section with a brief discussion of three dimensional stress functions.
These functions are designed to provide solutions of the equilibrium equations. Addi-
tionally, in order for the solution to be complete it must be compatible with the Beltrami-
Michell equations. Beginning with the equilibrium equations in the absence of body
forces

tij; =0 (6.183)
we propose the stress field
ty = €ipq&ikm Par,pm (6.184)

where @y is a symmetric tensor function of the coordinates. By a direct expansion of
this equation the stress components may be expressed in terms of the potential @ 4x. For
example,

t11 = €1pg€1emPqr,pm (6.185)

which when summed over the repeated indices, keeping in mind the properties of the
permutation symbol, becomes

t11 =203 23 — 2233 — 033,22 . (6.186a)
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Similarly,
12 =201313 — O11,33 — D33.11, (6.186b)
t33 =201212 — D112 — D211, (6.186¢)
t12 = @233 + 33,12 — P23,31 — 13,32, (6.186d)
t23 = D301+ D123 — D213 — Diz iz, (6.186e)
t31 = D3122 + D231 — D223 — D32.21 - (6.186f)

It may be shown by direct substitution that the equilibrium equations are satisfied by
these stress components.

Upon setting the off-diagonal terms of @4y to zero, that is, if ®1, = @3 = 037 =0,
we obtain the solution proposed by Maxwell. By setting the diagonal terms of @i to
zero, namely, @17 = ©,, = @33 = 0 we obtain the solution proposed by Morera which
is known by that name. It is interesting to note that if all the components of @4 except
®33 are zero, that component is the Airy stress function introduced in Section 6.7 as
can be verified by Eq 6.186. Although the potential @4 provides us with a solution
of the equilibrium equations, that solution is not compatible with the Beltrami-Michell
equations except under certain conditions.
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Problems

Problem 6.1
In general, the strain energy density W may be expressed in the form

W =Cpeap (,p=1,...,6)

where €75 is not necessarily symmetric. Show that this equation may be rearranged to
appear in the form

1
W = 78045 €Ex€Ep
2
where Cyp is symmetric, so that now

ow

—— =C4pep =t
66[3 aBEp B

in agreement with Eq 6.8.

Problem 6.2

Let the stress and strain tensors be decomposed into their respective spherical and deviator
components. Determine an expression for the strain energy density W as the sum of a
dilatation energy density W) and a distortion energy density W,,.

Answer

1 1
W =Wy, +W;, = gtiiejj + Esijﬂij

Problem 6.3
If the strain energy density W is generalized in the sense that it is assumed to be a function
of the deformation gradient components instead of the small strain components, that is, if
W = W(F;a), make use of the energy equation and the continuity equation to show that in
this case Eq 6.16 is replaced by

ow

o= —
Tty oFia

FjA .

Problem 6.4
For an isotropic elastic medium as defined by Eq 6.23, express the strain energy density in
terms of

(a) the components of €j;,

(b) the components of tij,

(c) the invariants of ey;.
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Answer
1
(a) W= 5 (Aeiiejj + 2peijeqs),
(b) W= (3N + 2p) ti5ti; — Atiity;
4 (3N + 2p) ’
(0) W= (3A+1) (1)* = 2ull,
Problem 6.5

Let ti; be any second-order isotropic tensor such that
t/ij = aimajntmn = tij

for any proper orthogonal transformation ai;. Show that by successive applications of the
transformations

0 0 -1 0 0 1
l[al=| =1 0 0 and [ayl=| -1 0
0 1 0 0 -1 0

every second-order isotropic tensor is a scalar multiple of the Kronecker delta, &;;.

Problem 6.6
Verify that Eqs 6.33a and 6.33b when combined result in Eq 6.28 when Eqgs 6.29 are used.

Problem 6.7
For an elastic medium, use Eq 6.33 to express the result obtained in Problem 6.2 in terms
of the engineering elastic constants K and G.

Answer

1 1
W = 3Keiiej; + G (eijeij — 3€iiej))

Problem 6.8

Show that the distortion energy density W(,) (see Problem 6.2) for a linear elastic medium
may be expressed in terms of (a) the principal stresses, (1, 0(2), 0(3) and (b) the principal
strains, €(1), €(2)s €(3) in the form

2
(0(1) = 02))" + (02) — 0(3))
12G

Problem 6.9

Beginning with the definition for W (Eq 6.21a), show for a linear elastic material represented
by Eq 6.23 or by Eq 6.28 that aW/aeﬁ =ty and 6W/6tﬁ = €ij (Note that aeij/aemn =
dimdin.)
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Problem 6.10
For an isotropic, linear elastic solid, the principal axes of stress and strain coincide, as was
shown in Example 6.1. Show that, in terms of engineering constants E and v this result is
given by

(1 +v)o(q) = [o0) +002) +0(3)]

€(q) = E ) (q:]a2)3)

Thus, let E = 10° psi and v = 0.25, and determine the principal strains for a body subjected
to the stress field (in ksi)

12 0 4
[tsl=| 0 0 0
4 0 6

Answer

€1) = —4.5 x 1076, €(2) =0.5x 1076, €3) = 13 x 107°

Problem 6.11
Show for an isotropic elastic medium that

T 2A 4y v oA 2uv - 3Kv
S v T G pruvil w, RS U pa vl gl

(d) 2u(1 +v) = 3K(1 — 2v).

Problem 6.12
Let the x1x3 plane be a plane of elastic symmetry such that the transformation matrix
between Ox1x2x3 and Ox}x5%5 is

1 0 0
[ai]-] = 0 —1 0
0 0 1

Show that, as the text asserts, this additional symmetry does not result in a further reduc-
tion in the elastic constant matrix, Eq 6.40.

Problem 6.13
Let the x; axis be an axis of elastic symmetry of order N = 2. Determine the form of the
elastic constant matrix Cyp, assuming Cop = Cp«.

Answer

Ci1 Ci2 Ci3 Cig
Ci2 G2 €23 C34
Cop] = Ciz €G3 C33 Ca4
* Cia Ca €34 Cag O 0
0 0 0 0 GCs5 Cs6
0 0 0 0 Cs6 0Cge

o O O
o O O
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Problem 6.14
Assume that, by the arguments of elastic symmetry, the elastic constant matrix for an
isotropic body has been reduced to the form

Ci1 Ci2 G2 O 0 0
Ciz2 Ci1 G2 O 0 0
(€.n] = Ciz G2 €1 O 0 0
“BIZH 0 0 0 G 0 0
0 0 0 0 Cy4 0
0 0 0 0 0 Cy4

Show that, if the x; axis is taken as an axis of elastic symmetry of any order (0 is arbitrary),
C11 = Ci12 4+ 2C44. (Hint: Expand th; = azqazmtqm and €53 = a2qazmeqm.)

Problem 6.15

If the axis which makes equal angles with the coordinate axes is an axis of elastic symmetry
of order N = 3, show that there are twelve independent elastic constants and that the elastic
matrix has the form

Ci1 Ci2 Ci3 Cis Ci5 Cye
Ciz C11 Ci2 Ci6 Cis Cis
Ci2 Ci3 Ci1 €5 Cig Cig
Ca1 Csp Csa3 Cas Cus5 Cue
Ca3 Cs1 Cs2 Cs6 Cas Css
Caz Cs3 Cs1 Css Cs6 Cag

Problem 6.16

For an elastic body whose x3 axis is an axis of elastic symmetry of order N = 6, show
that the nonzero elastic constants are G117 = €22, C33, Cs5 = Cy44, Ces = % (€17 —Cq2), and
Ci3 = Cas.

Problem 6.17
Develop a formula in terms of the strain components for the strain energy density W for
the case of an orthotropic elastic medium.

Answer

W =1 (Ci1e1 +2C12e2 +2C13€3) €1 + S (Caze2 +2Ca3€3) €2

+% (633(—2% + 644642‘ + 655(5% + 666(‘:%)

Problem 6.18

Show that, for an elastic continuum having x; as an axis of elastic symmetry of order
N = 2, the strain energy density has the same form as for a continuum which has an x,x3
plane of elastic symmetry.

Answer
2W = (Cy1e1 +2C12€2 +2Cq13€3 + 2C14€4) €1 + (Cooex + 2C23€3 + 2C4€4) €2
+ (C33€3 + 2C34¢€4) €3 + Case] + (Cs5€5 + 2C56€6) €5 + Cop€d
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Problem 6.19
Let the stress field for a continuum be given by

X1 + %2 ti2 0
[ty] = ti2 x;—x2 0
0 0 X2

where ty2 is a function of x; and x,. If the equilibrium equations are satisfied in the
absence of body forces and if the stress vector on the plane x; = 1 is given by t(¢1) =
(1+x2)€7 + (6 —x2) &;, determine t1> as a function of x7 and x».

Answer

tio=x1—%x2+5

Problem 6.20
Invert Eq 6.45b to obtain Hooke’s law in the form

v
ti]- =2G <€ij + ]Zvekkéij>

which, upon combination with Eqs 6.44 and 6.43, leads to the Navier equation
1
G Ui jj + muuj +pb; =0.

This equation is clearly indeterminate for v = 0.5. However, show that in this case Hooke’s
law and the equilibrium equations yield the result

1
Guij; + §tj"'i +pb; =0.

Problem 6.21
Let the displacement field be given in terms of some vector q; by the equation

2(1—v)di;j — djji
G )

Uy =

Show that the Navier equation (Eq 6.49) is satisfied providing b; = 0 and g; is bi-harmonic
so that dijjkk = 0. If gy =x2/7r and q2 = —x1 /7 where 2= XiXi, determine the resulting
stress field.

Answer

tin =—t22 =6QGx1x2/1°; t33=0

t12 =t21 =3QG (X% *X%) /T5

t13 = t31 = 3QGxax3/1%5t23 = t32 = —3QGx1x2/1°;
where Q =4(1 —v)/G
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Problem 6.22
If body forces are zero, show that the elastodynamic Navier equation (Eq 6.55) will be
satisfied by the displacement field

ui = ¢ i + ey ;

provided the potential functions ¢ and Uy satisfy the three-dimensional wave equation.

Problem 6.23
Show that, for plane stress, Hooke’s law Eq 6.120a and Eq 6.121 may be expressed in terms
of the Lamé constants A and p by

1 A
= ij — ij 'v‘ak:‘lvz )
2 (t TR Jt“k> (L )

A
——tii i=1,2).
MGy )

€ij

Exk =

Problem 6.24
For the case of plane stress, let the stress components be defined in terms of the function
® = b(x1,x2), known as the Airy stress function, by the relationships,

tii=d¢22, ta=d¢11, tiz=—dq12.

Show that ¢ must satisfy the biharmonic equation V*¢ = 0 and that, in the absence of
body forces, the equilibrium equations are satisfied identically by these stress components.
If o = Ax?x% — Bx? where A and B are constants, determine the relationship between A
and B for this to be a valid stress function.

Answer

A =5B

Problem 6.25
Develop an expression for the strain energy density, W, for an elastic medium in (a) plane
stress and (b) plane strain.

Answer

(a) W= [t3, +t3, — 2vtiitaa +2(1 +v)t3,] /2E
(b) W= (n+3)) (e +€3,) +Nerrear + 2ued,

Problem 6.26
Show that ¢ = xfxz + 4x%x§ — xg is a valid Airy stress function, that is, that V*4¢p = 0,
and compute the stress tensor for this case assuming a state of plane strain with v = 0.25.

Answer
24x%xz — ZOxg 74x? — 24x,4 x% 0
[ti;] = —4x3 — 24x1x% 12X%Xz + 8x3 0
0 0 1 (9x3x2 — 3x3)
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Problem 6.27
Verify the inversion of Eq 6.147 into Eq 6.148. Also, show that the two equations of

Eq 6.149 may be combined to produce Eq 6.148.

Problem 6.28
Develop appropriate constitutive equations for thermoelasticity in the case of (a) plane

stress and (b) plane strain.

Answer
(a) ey = [(T+v)tyy — vditial /E+045(0 —00)x (1,5, k=1,2)
€33 = Vvtii/E+a(0—0p) (i1=1,2)
(b) tij = )\61j€kk + Zuei]- — 611' (3)\ + 2}1)0((6 — 90) (1, J,k = 1,2)
t33 = vty — &E(0 —0p) = Aeyy — BA+2u)x (60 —09) (i=1,2)

Problem 6.29
Consider the Airy stress function

b5 = D5X%X§ + F5X3 .
(a) Show that for this to be valid stress function, F5 = —D5/5.
(b) Construct the composite stress function

b =0¢s5+ d3+ b2

where
2

1 1 1
G =Ds [ x§x3 — =x3 | + 3B3xixa + s AT .
5 2 2
For this stress function show that the stress components are
t11 = Ds (6X%X2 —4X§) ,
ty = 2D5X3 + B3x2 + Az,

ti = —6D5X1X% —B3xq1 .

Problem 6.30
A rectangular beam of width unity and length 2L carries a uniformly distributed load of

g 1b/ft as shown. Shear forces V support the beam at both ends. List the six boundary
conditions for this beam the stresses must satisfy using stresses determined in Problem 6.29.

2

q [lb/ft]

Y'Y

— O |— —
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Answer

to = —q at x = +c

trp =0at xo =—c

ti2 =0at x = +c

jjg tipdxo = qL at x; = £L

J"fi typdxo =0 atx; ==L
jfztandXzZO at x; = L

A T o e

Problem 6.31
Using boundary conditions 1, 2, and 3 listed in Problem 6.30, show that the stresses in
Problem 6.29 require that

t12 :—% (X]X% —CZX]) ,

where [ = %03 is the plane moment of inertia of the beam cross section.

Problem 6.32
Show that, using the stresses calculated in Problem 6.31, the boundary conditions 4 and 5
are satisfied, but boundary condition 6 is not satisfied.

Problem 6.33
Continuing Problems 6.31 and 6.32, in order for boundary condition 6 to be satisfied an
additional term is added to the stress function, namely

$3 =D3x3 .

Show that, from boundary condition 6,
3q (1 L2
D3=—(+—=—-—
3T 4 (15 6c2) ’

2 6
t1 :i [x%—3x§+cz—l_z} X2 .

so that finally

Problem 6.34
Show that for the shaft having a cross section in the form of an equilateral triangle the
warping function is
VP (x1,%2) =A (x5 — 3x%xz) )
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Determine

(a) the constant A in terms of the shaft dimension,
(b) the torsional rigidity K,

(¢) the maximum shearing stress.

X,

<——2a—>(-(l->|

d
N

Answer
1
A= ——
(a) Za
9Gv3a*
(b) K = #
3M;a
(C) t23/max = le at x1=a,x =0

Problem 6.35
Consider the Galerkin vector that is the sum of three double forces, that is, let
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X1 X2 X3
F=B (—61 + %26, + —é3)
T T T

where B is a constant and 1% = x;x;. Show that the displacement components are given by
2B (1 —2v) x4
uy=——-—.
3

Using the sketch above, (spherical coordinates) observe that the radial displacement wu,
(subscript T not a summed indice, rather indicating the radial component of displacement)

UiXi
Uy = —
T

and show that u, = —2B (1 — 2v) 2. Also, show that 1y, = ug = 0. Thus

% _4B(1—2v)
or r3

2B (1-2v)

and ey =€g = 3

€r = )
so that the cubical dilatation is €, + €y, + €9 = 0. From Hooke’s law
tiy = Adijui ke + 21 (Wi j + u5,1)

which reduces here to tij; = 2pei; so that

~ 8BG (1—2v)
S T3
and
4BG (1 —2v)
tyy =top = ———————— .

r3
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7
Classical Fluids

Often, continuum mechanics is taken to gain a foundation for solid mechanics like elas-
ticity discussed in the last chapter. However, the foundation of continuum mechanics
allows for the study of fluids. A fundamental characteristic of any fluid - be it a liquid or
a gas — is that the action of shear stresses, no matter how small they may be, will cause
the fluid to deform continuously as long as the stresses act.

7.1 Viscous Stress Tensor, Stokesian, and Newtonian Fluids

A fluid at rest (or in a state of rigid body motion) is incapable of sustaining any shear
stress whatsoever. This implies that the stress vector on an arbitrary element of surface at
any point in a fluid at rest is proportional to the normal n; of that element, but indepen-
dent of its direction. Thus, we write

)

1

=tyn; = —poni (7.1)

where the (positive) proportionality constant po is the thermostatic pressure or, as it is
frequently called, the hydrostatic pressure. We note from Eq 7.1 that

tij = —Podij (7.2)

which indicates that for a fluid at rest the stress is everywhere compressive, that every
direction is a principal stress direction at any point, and that the hydrostatic pressure is
equal to the mean normal stress,

Po = *gtu . (7.3)

This pressure is related to the temperature 8 and density p by an equation of state having
the form

For a fluid in motion the shear stresses are not usually zero, and in this case we write

ty = —péij + Tij (7.5)

where T;; is called the viscous stress tensor, which is a function of the motion and vanishes
when the fluid is at rest. In this equation, the pressure p is called the thermodynamic
pressure and is given by the same functional relationship with respect to 6 and p as that
for the static pressure po in the equilibrium state, that is, by

F(p,p,0)=0. (7.6)
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Note from Eq 7.5 that, for a fluid in motion, p is not equal to the mean normal stress, but
instead is given by

1
P = 3 (tis —Tii) (7.7)

so that, for a fluid at rest (ti; = 0), p equates to po.

In developing constitutive equations for viscous fluids, we first remind ourselves that
this viscous stress tensor must vanish for fluids at rest, and following the usual practice,
we assume that Ti; is a function of the rate of deformation tensor dij. Expressing this
symbolically, we write

Ty = fij (D) . (78)

If the functional relationship in this equation is nonlinear, the fluid is called a Stokesian
fluid. When f;; defines Ti; as a linear function of dij, the fluid is known as a Newtonian
fluid, and we represent it by the equation

Tij = Kijpqdpqg (7.9)

in which the coefficients Ki;,, 4 reflect the viscous properties of the fluid.

As may be verified experimentally, most fluids are isotropic. Therefore, Kijpq in Eq 7.9
is an isotropic tensor; this, along with the symmetry properties of di; and Ti;, allow us
to reduce the 81 coefficients Kijpq to 2. We conclude that, for a homogeneous, isotropic
Newtonian fluid, the constitutive equation is

tiy = —pdij + A"0ijdik + 2n" dyj (7.10)

where A* and p* are viscosity coefficients which denote the viscous properties of the fluid.
From this equation we see that the mean normal stress for a Newtonian fluid is

1 1
gtii =—p+ 3 (BA* +2u*) diy = —p + k"dis (7.11)

where k* = I (3" + 2p*) is known as the coefficient of bulk viscosity. The condition

K = % (3A™ +2p™) (7.12a)
or, equivalently,
A= —%p* (7.12b)

is known as Stokes condition, and we see from Eq 7.11 that this condition assures us that,
for a Newtonian fluid at rest, the mean normal stress equals the (negative) pressure p.
If we introduce the deviator tensors

1
Sij =ty — géi]‘tkk (7.13a)

for stress and |
Bi; = dij — géij dik (7.13b)

for rate of deformation into Eq 7.10, we obtain

1 1
Sy + g‘sijtkk = —pdy; + 3 (3A" +2p™) 8y5dix + 21" By (7.14)
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which may be conveniently split into the pair of constitutive equations

Sy =2u" By , (7.15a)

tii = -3 (p — k" dkk) . (715b)

The first of this pair relates the shear effect of the motion with the stress deviator, and the
second associates the mean normal stress with the thermodynamic pressure and the bulk
viscosity.

7.2 Basic Equations of Viscous Flow, Navier-Stokes Equations

Inasmuch as fluids do not possess a “natural state” to which they return upon removal
of applied forces, and because the viscous forces are related directly to the velocity field,
it is customary to employ the Eulerian description in writing the governing equations
for boundary value problems in viscous fluid theory. Thus, for the thermomechanical
behavior of a Newtonian fluid, the following field equations must be satisfied:

(a) the continuity equation (Eq 5.13)
p+pvii=0, (7.16)
(b) the equations of motion (Eq 5.22)
tij,; + pbi = pvy (7.17)
(c) the constitutive equations (Eq 7.10)
tij = —poij + A"dydwxk + 21 dyj (7.18)
(d) the energy equation (Eq 5.65)
pu =tydy — i1 + o7, (7.19)
(e) the kinetic equation of state (Eq 7.6)
p=p(p,0), (7.20)
(f) the caloric equation of state (Eq 5.66)
u=u(p,0), (7.21)
(g) the heat conduction equation (Eq 5.62)

gi=—k0 . (7.22)

This system, Eqs 7.16 through 7.22, together with the definition of the rate of deforma-
tion tensor,

1
di]' = E (Vi)j +Vj,i) (723)
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represents 22 equations in the 22 unknowns, tij, p, vi, dij, u, qi, p, and 6. If thermal
effects are neglected and a purely mechanical problem is proposed, we need only Eqs 7.16
through 7.18 as well as Eq 7.23 and a temperature independent form of Eq 7.20, which
we state as

p=7p(p) . (7.24)

This provides a system of 17 equations in the 17 unknowns, tij, p, vi, dij, and p.

Certain of the above field equations may be combined to offer a more compact formu-
lation of viscous fluid problems. Thus, by substituting Eq 7.18 into Eq 7.17 and making
use of the definition Eq 7.23, we obtain

PV = pbi —p i+ (A" 4+ 1) vj 5i + v (7.25)

which are known as the Navier-Stokes equations for fluids. These equations, along with
Egs 7.19, 7.20, and 7.21, provide a system of seven equations for the seven unknowns,
vi, p, P, u, and 0. Notice that even though Eq 7.18 is a linear constitutive equation, the
Navier-Stokes equations are nonlinear because in the Eulerian formulation

. vy
Vi = ﬁ +Vj\)i)j .
If Stokes condition (7\* = ,%u*) is assumed, Eq 7.25 reduces to the form
1
pVi = pbi —p i + gu* (V51 + 3visi) - (7.26)

Also, if the kinetic equation of state has the form of Eq 7.24, the Navier-Stokes equations
along with the continuity equation form a complete set of four equations in the four
unknowns, v; and p.

In all of the various formulations for viscous fluid problems stated above, the solutions
must satisfy the appropriate field equations as well as boundary and initial conditions on
both traction and velocity components. The boundary conditions at a fixed surface require
not only the normal, but also the tangential component of velocity to vanish because of
the “boundary layer” effect of viscous fluids. The initial and boundary conditions are

1. The velocity must be specified
vi =i (x,0)
throughout the volume V. For problems where the density and temperature are
changing the initial conditions at t = 0 are

*

p=0p"(

x,0) ,
0=0"(x

,0) .

2. The boundary conditions on the surface of the body V for t > 0 are

vi =i (x,1) on §,,
tijnj = T{k (X,t) on ST N

on those parts of the boundary §, and 8t where the velocity and traction are speci-
fied. In addition, the temperature and heat flux must also be specified for problems
involving temperature changes.

0 =0* (x,t) on S8g.
0.ini =q* (x,1) on §q.
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The boundary conditions on traction and velocity at solid and free surfaces occur fre-
quently in problems and deserve special comment. On a solid surface, the velocity as-
sumes the velocity of the surface. This is known as the no-slip condition for viscous fluids.
The condition changes if the fluid is inviscid. Since the viscosity is zero, the shear stress
is everywhere zero, and the component along the boundary will be non-zero. The normal
component of the velocity will be that of the body if the surface is impermeable. Also, at
free surfaces the normal traction is equal to the ambient pressure when surface tension
effects are negligible. Additionally the shear stress is zero at this surface. It should also
be pointed out that the formulations posed in this section are relevant only for laminar
flows. Turbulent flows require additional considerations.

7.3 Specialized Fluids

Although the study of viscous fluids in the context of the equations presented in Section
7.2 occupies a major role in fluid mechanics, there is also a number of specialized situa-
tions resulting from simplifying assumptions that provide us with problems of practical
interest. Here, we list some of the assumptions that are commonly made and consider
briefly their meaning with respect to specific fluids.

(a) Barotropic fluids — If the equation of state happens to be independent of temper-
ature as expressed by Eq 7.24, the changes of state are termed barotropic, and
fluids which obey these conditions are called barotropic fluids. In particular,
we may cite both isothermal changes (in which the temperature is constant) and
adiabatic changes (for which no heat enters or leaves the fluid) as barotropic
changes.

(b) Incompressible fluids — If the density of a fluid particle is constant, the equation
of state becomes
p = constant (7.27)

which describes incompressibility. This implies ¢ = 0 and, by the continuity
equation, v; ; = 0 for incompressible flows. Physically, incompressibility means
that the elements of a fluid undergo no change in density (or volume) when
subjected to a change in pressure. For incompressible flows, the Navier-Stokes
equations become

PVi = pbi — P i + HVi 55 (7.28)
due to the vi; = 0 condition. Water and oil, among others, are generally
assumed to be incompressible, whereas most gases are highly compressible.

(c) Inviscid (frictionless) fluids — A fluid that cannot sustain shear stresses even when
in motion is called an inviscid, or sometimes a perfect fluid. Clearly, if the
coefficients A* and p* in Eq 7.10 are equal to zero, that equation describes a
perfect fluid and the Navier-Stokes equations reduce to

pvi = pby —p (7.29)

which are often referred to as the Euler equation of motion. An ideal gas is a
perfect fluid that obeys the gas law

p = pRO (7.30)
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where R is the gas constant for the particular gas under consideration. It should
be pointed out that all real fluids are compressible and viscous to some degree.

7.4 Steady Flow, Irrotational Flow, Potential Flow

If the velocity components of a fluid are independent of time, the motion is called a steady
flow. In such cases, the material derivative of the velocity,

0
Vi = 5 TViVL

reduces to the simpler form
V=VjVij .

Thus, for a steady flow, the Euler equation is modified to read
PViVij = pbi —pi . (7.31)

Furthermore, if the velocity field is constant and equal to zero everywhere, the fluid is
at rest, and the theory for this condition is called hydrostatics. For this, the Navier-Stokes
equations are simply

pbi —Pi= 0. (7.32)

Assuming a barotropic condition between p and p, it is possible to define a pressure
function in the form

P - L. (739)
Po

In addition, if the body forces are conservative, we may express them in terms of a scalar
potential function Q) by the relationship

bi=—Q . (7.34)
From the definition Eq 7.34, it follows that

1
Piz i or VP=P, (735)

so that now Eq 7.32 may be written
(Q+P);=0 (7.36)

as the governing equation for steady flow of a barotropic fluid with conservative body
forces.

I Example 7.1

An incompressible, Newtonian fluid maintains a steady flow under the action
of gravity down an inclined plane of slope (3. If the thickness of the fluid per-
pendicular to the plane is h and the pressure on the free surface is p = po (a
constant), determine the pressure and velocity fields for this flow.
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Solution

Assume vi = v3 =0, v = v (x2,x3). By the continuity equation for incom-
pressible flow, vi i = 0. Hence, v, = 0 and v, = v(x3). Thus, the rate of
deformation tensor has components d,3 = d3; = %(avz/ 0x3) and all others
equal to zero. The Newtonian constitutive equation is given in this case by

ty = —pdi; +2u7dy

from which we calculate

—p 0 0
% a\)z
[ty] = 0 P %
0 w2z
[ a%s P

The equations of motion having the steady flow form
tij,j + Pbi = pvjvi;

result in component equations

(fori=1) —p;1=0, (7.37a)
. * azvz .
(fori=2) —po+p 52 + pgsinp =0, (7.37b)
3
(fori=3) —p3—pgcosPp =0, (7.37¢)

since gravity is the only body force,
b = g (sin €, — cos p€3)

From Eq 7.37a it is easy to see that the pressure is only a function of x,. Namely,
p = —f(x2). Integrating the Eq 7.37¢c gives

p =—(pgcosB)x3 +f(x2)
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where f(x;) is an arbitrary function of integration. At the free surface (x3 = h),
P = Po, and so
f(x2) =po + pghcos

and thus
P =Po + (pgcos B) (h —x3)

which describes the pressure in the fluid.
Next, by integrating Eq 7.37b twice with respect to x3, we obtain

_ —pgsinf

e x5 +ax3+b

A\
with a and b constants of integration. But from the boundary conditions,
1. v2 =0 when x3 = 0, therefore b =0,
pgh
*
Fin}&:lly7 therefore, from the equation for v, we have by the substitution of a =
P9

*

2. t23 = 0 when x3 = h, therefore a = sin 3.

sin f3,

vy — pgsin 3
2= 2
having the profile shown in the figure.

(Zh —x3) x3

If the velocity field of a fluid is one for which the tensor W vanishes identically, we
say the flow is irrotational. In this case the vorticity vector w, which is related to W by
Eq 4.154, is also zero everywhere, so that for irrotational flow

1 1 1
wizisijkvk,j =0 or WZEV XV = Ecurlv:O. (7.38)
Finally, from the identity curl(grad ¢) = 0, we conclude that, for a flow satisfying Eq 7.38,
the velocity field may be given in terms of a velocity potential, which we write as

vi=¢; or v=Vo. (7.39)

Indeed, it may be shown that the condition curlv = 0 is a necessary and sufficient condi-
tion for irrotational flow and the consequence expressed in Eq 7.39 accounts for the name
potential flow often associated with this situation.

For a compressible irrotational flow, the Euler equation and the continuity equation
may be linearized and combined to yield the wave equation

b=cdu (7.40)

where c is the velocity of sound in the fluid. For a steady irrotational flow of a compress-
ible barotropic fluid, the Euler equation and the continuity equation may be combined to
give

(c?8i5 — vivj) vy =0 (7.41)
which is called the gas dynamics equation. For incompressible potential flow the continuity
equation reduces to a Laplace equation,

b1 =0 or V=0 (7.42)
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solutions of which may then be used to generate the velocity field using Eq 7.39. It is
worthwhile to mention here that the Laplace equation is linear, so that superposition of
solutions is available.

I Example 7.2

Peristaltic pumping is a form of fluid transport resulting from a wave pass-
ing along a distensible fluid containing tube. This form of transport is com-
mon in biological systems. The figure below shows a two-dimensional repre-
sentation of the tube. The shape of the wall is described by x; = h(x1,t) =
a+bsin 27“ (x1 — ct). In the x1-x2 frame shown, the fluid flow is unsteady. How-
ever, in a frame traveling with the wave, X1-X2, the problem becomes steady.
The two frames are related by x; = X7 +ct, x; = X2 and vi = 97 +c¢. The

R7-momentum equation for flows with negligible fluid inertia is

dp 6261
B W o2 0
dX] axz
with the boundary conditions
ov
V1 =—c onX; =h and %:O onX;=0.
aXZ

L h(x,t) a

X

|<—], —
Two-dimensional figure modeling peristaltic pumping.

Determine the velocity profile vy (x,t) in the x7-x; frame. !

Solution

Integrating the governing equation twice gives
1 dp

91 =—-2224CR+D .

VT2 dRy 2 2

From the symmetry condition,

v 1
Pl pc@a=0 and  ClRa)=o0.
0%y  wdXy

On X2 = h, we have

o =—c=> P2 DRy and DRY=-—c— o Pp2,
ZudX]

Isee A. H. Shapiro, M. Y. Jaffrin, and S. L. Weinberg (1969) Peristaltic pumping with long wavelengths at low
Reynolds number, Journal of Fluid Mechanics, 37 (4), 799-825.
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The velocity profile is

° 1 dp

Y o e2 12
= aR (83 —h%) —c,

which is transformed to the stationary frame giving

T dp  , 2
v (x,t) = —— (x5 —
100t =50 (=)
since vi = 91 + ¢ and dx; = dX;. The velocity profile is a simple parabolic

distribution.

7.5 The Bernoulli Equation, Kelvin’s Theorem

If a fluid is barotropic with conservative body forces, Eq 7.36 may be substituted on the
right-hand side of Euler’s equation (Eq 7.29), giving

Vvi=—(Q+P); . (7.43)

As a step in obtaining a solution to this differential equation, we define a streamline as
that space curve of which the tangent vector, at each point, has the direction of the fluid
velocity (vector). For a steady flow, the fluid particle paths are along streamlines. By
integrating Eq 7.43 along a streamline (see Problem 7.15), we can show that

X2 i 2
J M+ Q4P =G () (7.44)
Lot 2

where dx; is a differential tangent vector along the streamline. This is the well-known
Bernoulli equation. If the motion is steady, the time function G(t) resulting from the in-
tegration reduces to a constant G, which may vary from one streamline to another. Fur-
thermore, if the flow is also irrotational, a unique constant Gy is valid throughout the
flow.

When gravity is the only force acting on the body, we write QO = gh where g = 9.81
m/s? is the gravitational constant and h is a measure of the height above a reference level
in the fluid. If h, = P/g is defined as the pressure head and h, = v?/2g as the velocity head,
Bernoulli’s equation for incompressible fluids becomes

p Vv
h+hp+h,=h+—+-—=0Gg (7.45)
pg 29

Recall that by Eq 2.97 in Chapter 2 we introduced Stoke’s theorem, which relates the
line integral around a closed curve to the surface integral over its cap. By this theorem
we define the velocity circulation e around a closed path in the fluid as

F@ = %vidxi = J £ijkvk,jnid8 (746)
8
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where n; is the unit normal to the surface 8 bounded by € and dx; is the differential
tangent element to the curve C. Note that, when the flow is irrotational, curlv = 0 and
the circulation vanishes. If we take the material derivative of the circulation by applying
Eq 5.7 to Eq 7.46 we obtain

I"@ = SF (Vvidxi +vidvi) . (747)

For a barotropic, inviscid fluid with conservative body forces, this integral may be shown
to vanish, leading to what is known as Kelvin’s theorem of constant circulation.
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Problems

Problem 7.1
Introduce the stress deviator Si; and the viscous stress deviator Ti"kj = Tij — %Sikak into
Eq 7.5 to prove that Sy = T3;.

Problem 7.2
Determine an expression for the stress power (a) tijdi; and (b) Ti;di; for a Newtonian
fluid. First, show that

2 * *
Ty = (K* — gu ) éijdkk‘i’zll dij .

Answer

(a) tijdij = —pdis + k*diidj; + 207 B By
(b) Tydij = k* (tr D) + 21 B5 B

Problem 7.3
Determine the constitutive equation for a Newtonian fluid for which Stokes condition holds,
that is, for k* = 0.

Answer

tyy = —pdij + 21" By

Problem 7.4
Develop an expression of the energy equation for a Newtonian fluid assuming the heat
conduction follows Fourier’s law.

Answer

pu=—pvi i+ A*Vi‘i\)j‘j + %H* (Viyj + Vj)i) + K*e‘ii + pr

Problem 7.5
The dissipation potential ¥ for a Newtonian fluid is defined as a function of D and f by
] * * * * 2 *
Y= EK djjdis + 1 ByjBij, where k¥ =A" + gu .

Show that a‘{’/adu = Tyj.

Problem 7.6
Verify the derivation of the Navier-Stokes equations for a Newtonian fluid as given by
Eq 7.25.
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Problem 7.7

Consider a two-dimensional flow parallel to the x,x3 plane so that vi = 0 throughout the
fluid. Assuming that an incompressible, Newtonian fluid undergoes this flow, develop a
Navier-Stokes equation and a continuity equation for the fluid.

Answer

(Navier-Stokes) pv; = pb; — i+ WV (1,7 =2,3)
(Continuity) vii =0 (i=2,3)

Problem 7.8
Consider a barotropic, inviscid fluid under the action of conservative body forces. Show
that the material derivative of the vorticity of the fluid in the current volume V is

d

a JV WldV = JS ViWw;mn; ds .

Problem 7.9
Show that for an incompressible, inviscid fluid the stress power vanishes identically as one
would expect.

Problem 7.10

Show that the vorticity and velocity of a barotropic fluid of constant density moving under
conservative body forces are related through the equation Wi = wjv; j. Deduce that for a
steady flow of this fluid vyw; ; = wjvy ;.

Problem 7.11
In terms of the vorticity vector w, the Navier-Stokes equations for an incompressible fluid
may be written as

pVi = pbi — i — 2u" w5 -

Show that, for an irrotational motion, this equation reduces to the Euler equation

PV =pbi —p i .

Problem 7.12
Carry out the derivation of Eq 7.41 by combining the Euler equation with the continuity
equation, as suggested in the text.

Problem 7.13

Consider the velocity potential ¢ = x,x3/1% where 12 = x% + x3. Show that this satisfies
the Laplace equation ¢ j; = 0. Derive the velocity field and show that this flow is both
incompressible and irrotational.

Problem 7.14
If the equation of state of a barotropic fluid has the form p = Ap* where k and A are
constants, the flow is termed isentropic. Show that the Bernoulli equation for a steady
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motion in this case becomes

kp 1,

Q+ —— - + -v° = constant .
(k+T)p 2

Also, show that for isothermal flow the Bernoulli equation takes the form

plnp 1,

Q-+ + Ev = constant .

Problem 7.15
Derive Eq 7.44 by taking the scalar product of dx; (the differential displacement along a
streamline) with Eq 7.43 and integrating along the streamline, that is, by the integration of

X2
J (Vi + Q)i + P‘i) dx; .

X1

Problem 7.16
Verify that Eq 7.47 is the material derivative of Eq 7.46. Also, show that for a barotropic,

inviscid fluid subjected to conservative body forces the rate of change of the circulation is
zero (See Eq 7.47).

Problem 7.17
Determine the circulation I'e around the square in the x;x3 plane shown in the figure if
the velocity field is given by

v=(x3—x3) €+ (x3+x2) €3 .

X

1,1 (1,1

1,-1 (1.-1

Answer

e

Il
o
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Nonlinear Elasticity

Many of today’s challenging design problems involve materials such as butadiene rubber
(BR), natural rubber (NR), or elastomers. Rubber materials might be most easily character-
ized by the stretching and relaxing of a rubber band. The resilience of rubber, the ability
to recover initial dimensions after large strain, was not possible with natural latex until
Charles Goodyear discovered vulcanization in 1939. Vulcanization is a chemical reaction
known as cross-linking which turned liquid latex into a non-meltable solid (thermoset) .
Cross-linked rubber would also allow considerable stretching with low damping; strong
and stiff at full extension, it would then retract rapidly (rebound). One of the first applica-
tions was rubber-impregnated cloth, which was used to make the sailor’s “mackintosh.”
Tires continue to be the largest single product of rubber although there are many, many
other applications. These applications exhibit some or all of rubber’s four characteristics,
viz. damping in motor mounts, rebound/resilience in golf ball cores, or simple stretching
in a glove or bladder. While thermoset rubber remains dominant in rubber production,
processing difficulties have led to the development and application of thermoplastic elas-
tomers (TPEs). These materials are easier to process and are directly recyclable. While
TPEs are not as rubberlike as the thermosets, they have found wide application in auto-
motive fascia and as energy-absorbing materials.

There are several reasons why designing with plastic and rubber materials is more
difficult than with metals. For starters, the stress-strain response, that is, the constitutive
response, is quite different. Figure 8.1(a) shows the stress-strain curves for a mild steel
specimen along with the response of a natural rubber used in an engine mount. Note
that the rubber specimen strain achieves a much higher stretch value than the steel. The
dashed vertical line in Fig. 8.1(b) represents the strain value of the mild steel at failure.
This value is much less than the 200% strain the rubber underwent without failing. In
fact, many rubber and elastomer materials can obtain 300 to 500% strain. Highly cross-
linked and filled rubbers can result in materials not intended for such large strains. Golf
ball cores are much stiffer than a rubber band, for instance. Each of these products is
designed for different strain regimes. A golf ball’s maximum strain would be on the
order of 30 to 40%. Its highly crosslinked constitution is made for resilience, not for large
strain. The rubber stress-strain curve exhibits nonlinear behavior from the very beginning
of its deformation, whereas steel has a linear regime below the yield stress.

The reason rubber materials exhibit drastically different behavior than metals results
from their sub-microscopic characteristics. Metals are crystalline lattices of atoms all be-
ing, more or less, well ordered: in contrast, rubber material molecules are made up of
carbon atoms bonded into a long chain resembling a tangled collection of yarn scraps.
Since the carbon-carbon (C—C) bond can rotate, it is possible for these entangled long
chain polymers to rearrange themselves into an infinite number of different conforma-
tions. While the random coil can be treated as a spring, true resilience requires a cross-
link to stop viscous flow. In a thermoset rubber, a chemical bond, often with sulfur,
affords the tie while physical entanglements effect the same function in a TPE material.
The degree of cross-linking is used to control the rubber’s stiffness.
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(a) Steel and rubber on strain scale appropriate for steel. The rubber stress is low
and nearly coinciding with the abscissa.
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(b) Steel and rubber on strain scale appropriate for rubber. The strain values for
the steel are small making the curve to be nearly coincides with the ordinate.

FIGURE 8.1
Nominal stress-stretch curves for rubber and steel. Note the same data is plotted in
each figure, however, the stress axes have different scale and a different strain range is
represented.



Nonlinear Elasticity 287

In the context of this book’s coverage of continuum mechanics, material make-up on the
micro-scale is inconsistent with the continuum assumption discussed in Chapter 1. How-
ever, a rubber elasticity model can be derived from the molecular level which somewhat
represents material behavior at the macroscopic level. In this chapter, rubber elasticity
will be developed from a first-principle basis. Following that, the traditional continuum
approach is developed by assuming a form of the strain energy density and using re-
strictions on the constitutive response imposed by the second law of thermodynamics to
obtain stress-stretch response.

8.1 Molecular Approach to Rubber Elasticity

One of the major differences between a crystalline metal and an amorphous polymer is
that the polymer chains have the freedom to rearrange themselves. The term conforma-
tion is used to describe the different spatial orientations of the chain. Physically, the ease
at which different conformations are achieved results from the bonding between carbon
atoms. As the carbon atoms join to form the polymer chain , the bonding angle is 109.5°,
but there is also a rotational degree of freedom around the bond axis. For most macro-
molecules, the number of carbon atoms can range from 1,000 to 100,000. With each
bond having a certain degree of freedom to orient itself, the number of conformations
becomes quite large. Because of this substantial amount, the use of statistical thermo-
dynamics may be used to arrive at rubber elasticity equations from first principles. In
addition to the large number of conformations for a single chain, there is another reason
the statistical approach is appropriate: the actual polymer has a large number of different
individual chains making up the bulk of the material. For instance, a cubic meter of an
amorphous polymer having 10,000 carbon atoms per molecule would have on the order
of 10%* molecules (McCrum et al., 1997). Clearly, the sample is large enough to justify a
statistical approach.

At this point, consider one particular molecule, or polymer chain, and its conforma-
tions. The number of different conformations the chain can obtain depends on the dis-
tance separating the chain’s ends. If a molecule is formed of n segments each having
length 1, the total length would be L = nl. Separating the molecule’s ends, the length
L would mean there is only one possible conformation keeping the chain intact. As the
molecule’s ends get closer together, there are more possible conformations that can be
obtained. Thus, a Gaussian distribution of conformations as a function of the distance
between chain ends is appropriate. Figure 8.2 demonstrates how more conformations are
possible as the distance between the molecule’s ends is reduced.

Molecule end-to-end distance, 7, is found by adding up all the segment lengths, 1, as is
shown in Fig. 8.3. Adding the segment lengths algebraically gives distance r from end-to-
end, but it does not give an indication of the length of the chain. If the ends are relatively
close and the molecule is long there will be the possibility of many conformations. Form-
ing the magnitude squared of the end-to-end vector, 1, in terms of the vector addition of
individual segments

re=rr=L+L+ - +L) (h+h++1) (8.1)

where 1; is the vector defining the i'"* segment of the molecule chain. Multiplying out the
right-hand side of Eq 8.1 leads to

P=nlP4+l L4+l L1 (8.2)
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FIGURE 8.2
A schematic comparison of molecular conformations as the distance between molecule’s
ends varies. Dashed lines indicate other possible conformations.
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FIGURE 8.3
A freely connected chain with end-to-end vector r.
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This would be the square of the end-to-end vectors for one molecule of the polymer. In
a representative volume of the material there would be many chains from which we may
form the mean square end-to-end distance

N

(r*) = %Z MU+ L+l A+l L) . (8.3)
1

The bracketed term in Eq 8.3 is argued to be zero from the following logic. Since a large
number of molecules is taken in the sample, it is reasonable that, for every individual
product 1; - 1,, there will be another segment pair product which will equal its negative.
The canceling segment pair does not necessarily have to come from the same molecule.
Thus, the bracketed term in Eq 8.3 is deemed to sum to zero, leaving a simple expression
for the mean end-to-end distance

(r*) =n1* (8.4)

The mean end-to-end distance indicates how many segments, or carbon atoms, are in
a specific chain. To address the issue of how the end-to-end distances are distributed
throughout the polymer, a Gaussian distribution is assumed. Pick the coordinate’s origin
to be at one end of a representative chain. Figure 8.3 shows this for a single chain, with
the other end of the chain in an infinitesimal volume dV located by the vector r. The
probability of the chain’s end lying in the volume dV is given by

ef(%)z
(v7p)®

where p is a parameter of the distribution. Using this assumed distribution of mean
end-to-end distances, it is straightforward to find

P(r)dr = dr (8.5)

(1) = J 2P (r) dr = %pz 8.6)
0

where the subscript 0 denotes that this is an intrinsic property of the chain since it was
considered alone. When the chain is placed back into a crosslinked network of chains, the
mean end-to-end distance is written as (r?).. This latter designation takes into account
the fact the chain has restrictions placed upon it by being packed into a volume with
other chains. Equating Eqs 8.4 and 8.6 the distribution parameter p is found to be

n
p= \/?1 ) (8.7)

Similar to the results of Section 5.9, the force created by stretching a uniaxial specimen
is given in terms of the Helmholtz free energy

o

F= o0 (8.8)

0,V

where T is the force, L is the length, and subscripts 8 and V designate that the change
in length occurs at constant temperature and volume. Substitution of Eq 5.74b yields the
force in terms of the internal energy and entropy

0 )
_u_ g0

F=3r %L

(8.9)
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where the constant temperature and volume subscripts have not been written for conve-
nience.

Examination of Eq 8.9 offers an informative comparison between metals and ideal rub-
bers. In metals, the crystalline structure remains intact as the material is deformed. Atoms
are moved closer, or further, from adjacent atoms creating a restoring force, but the rel-
ative order among the atoms remains the same. The last term of Eq 8.9 has no force
contribution since the relative order of the atoms stays unchanged. For an ideal rub-
ber, a change in length has no effect on the internal energy. Thus, the first derivative
term of Eq 8.9 is zero. However, stretching of the specimen increases the mean end-to-
end distance, thus reducing the possible conformations for the chains. This reduction in
conformations gives rise to a negative change in entropy as the length is increased.

The entropy for a single chain will be related to the conformation through the mean
end-to-end length. Noting the number of configurations is proportional to the probability
per unit volume, P(r), and using Boltzmann's equation, the entropy may be written as

n=mno+klnP(r) =no +k

31In (v/7ip) + (;)2] (8.10)

where k is Boltzmann’s constant. Use of this in Eq 8.9 for an ideal rubber gives a single
chain retractive force given by

F="042 (8.11)

Consider a polymer having forces applied resulting in stretch ratios A1, A2, and A3. The
work done on each chain of the material is the sum of the work done in each coordinate
direction x;

AL x. AL x.

: i 2k0 i ko A\ 2

w :J fidx; = p—zj xidxq = 5l {()\“)) — 1] x} (nosumoni).
Xi

Xi

Taking into consideration the work done on all of the chains gives total work in each
coordinate direction

3wl = g {(;\m)z _ 1} Y x} (nosumon i) (8.12)

where the last summed term is the number of chains, n, times the initial mean end-to-end
distance in the x; direction. Assuming the rubber is initially isotropic yields

n

fo = “<Xiz>i =3 <r2>i (nosumon i) .

Substituting this and p from Eq 8.6 into Eq 8.12 and adding all three coordinate work
terms gives

nkd ()i 1o 2 g2
For convenience, this equation may be written as
v
W= TG AT +A3+A3-3] (8.14)

where V is the volume and G is the shear modulus which are given by

n
N=-
’\7‘
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FIGURE 8.4
Rubber specimen having original length Lo and cross-section area Ao stretched into de-
formed shape of length L and cross section area A.

and

2.
G = NKo §r2>>; .

Next, considering a uniaxial tension of a specimen (Fig. 8.4) the stretching ratios reduce
to

1
M=A A=A=—7 8.15
1 2=M= 5 (8.15)
where the nearly incompressible nature has been used in the form A1A;A; = 1. The total
work done is
VG [,, 2
== Z_3|. 1

w 5 {7\ +3 3] (8.16)
This is the work done on the polymer chains, but it is the same work done by external
forces since an ideal rubber is assumed. Thus, the work shown in Eq 8.16 is equal to
the change in Helmholtz free energy. Recalling the force from deformation as defined by
Eq 8.8, the force resulting from a stretch A is given by

_ 0 AW dWdA

9L dL drdL’
The deformation is volume preserving, having V = AoLy = AL where the subscript 0

denotes the initial area and length. Since the stretch ratio in this case is A = L/Ly, it is
clear that dA/dL = 1/L,. Using this result and differentiating Eq 8.16 results in

VG 1 1
F= T ] =08 - ]
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which may be written as
F 1
= — = - 15 . ° 7
f s [)\ }\2} (8.17)

Materials satisfying this equation are called neo-Hookean.

8.2 A Strain Energy Theory for Nonlinear Elasticity

The theory developed in the previous section does not represent most experimental data
well at large strains. A better approach to modeling the response of rubbers comes from
assuming the existence of a strain energy which is a function of the deformation gradient
in the form of the left deformation tensor By; = F; AFj a. This approach, first published by
Mooney (1940) and furthered by Rivlin (1948), actually predates the molecular approach
discussed in Section 8.1. The basis of Mooney’s and subsequent theories is the initially
isotropic material has to obey certain symmetries with regards to the functional form of
the strain energy function.

Assume the strain energy per unit volume to be an isotropic function of the strain in
the form of the right deformation tensor invariants Iy, I, and I3

W =W (1,1, 13) (8.18)
where

I1 =Caa,
1

I, = 5 (CaaCge —CaBCag) , (8.19)

I3 = emNnoCiMmCanC30 =det[Cas] .

Note that if principal axes of Cap are chosen the invariants of Eq 8.19 are written in terms
of the stretch ratios A1, A;, and A3 as follows:

I} =AT+ A3 +2A3,
I = AA3 4+ A3A3 +A9AS, (8.20)

I3 = ATA9A3 .

Also, it is easy to show that Iy = Caa = Bii =1g =1¢, [ =1Ig =1Ilc and I3 = IlIg =
IIIc by using the definitions of the right and left deformation tensors.

An expression for the Cauchy stress in terms of the strain energy density comes from
the local energy equation in the form

1
= Btij dij . (8.21)

Since pou = W and W is a function of the right deformation tensor the derivative of u

may be written as

1 W .
Cas - (8.22)

= —
po Cas

Noting that .
Cag = djj (FjaFig + FiaFjB)
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allows us to write

2 ow
e 2P W an 8.23
ST A P 6.5)
Equating Eqgs 8.21 and 8.23 for 1t and factoring out d;; leaves
dij ( ti; — z]—‘FiAainjB =0 (8.24)
0CaB

which must hold for all motions. Thus, the stress in a compressible material may be
written in terms of the strain energy density as
ow

ti]- = ZI_1FiAijB . (825)

Differentiation of the strain energy, along with the chain rule, gives stress components

- dW 3I; AW 3, AW 9l;
=27 TR | — — — F; 8.26
bty =2] Fia dl; 0Cap | 01, 0Cap | 013 0Cap| '° (8.26)

where the invariants Iy, I, and I3 are as given in Eq 8.19. Partial derivatives of the
invariants I, I; and I3 may be completed by noting the components are independent

quantities. Thus,
0Cas

= 8.27
3Chmn dAMOBN , (8.27)
and the partial derivatives of the invariants may be written as
oI, 0Cmm
3Crs 3Crn MAOMB AB (8.28a)
0L s, 5Can + 2 CunBas — SmaBNEC
aCas  2°ABENN T 2ENNOAB —OMAONBEMN
= Lidag —Cas (8.28b)
ol 1
> = eamnesrCMQCng = I3CRL - (8.28¢)
0Cas 2

These terms are further simplified when put into Eq 8.26 since they are multiplied by
FiAFjBZ
FiadasFjs = FiaFja = By
FiaCaFjB = FiaFkaFksFjB = BiByj -
1

Noting that ]~! = 1,7, the stress components may be written as
tij = %0dij + a1 Byj + a2 Bix By (8.29)
where
10W
oag = 217 a0 (8.30a)
(oW W )
o = 2 (ah +han ) (8.30b)
—10W
oy = 2137 ——. (8.30c)

ol
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A second form for the Cauchy stress can be found by use of the Cayley-Hamilton theorem:

tiy = Bodij + B1Bij + p—1By’ (8.31)
where
_1 ow ow
- ot (L2 O 32

Bo 3 (2612+ 3613)' (8.32a)

_10W
Bi = 20,7 —, (8.32b)

0l4
B, = W (8.320)

ol

When a specific material model is chosen defining the specific form of the strain energy
density (Eq 8.18), Eq 8.31 can be interpreted. The material parameters are represented by
Bo, B1 and B_1, and the deformation is represented by b;;, Bi; and B{j].

Many rubber or elastomeric materials have a mechanical response that is often nearly
incompressible. Even though a perfectly incompressible material is not possible, a variety
of problems can be solved by assuming incompressibility. The incompressible response of
the material can be thought of as a constraint on the deformation gradient. That is, the
incompressible nature of the material is modeled by an addition functional dependence
between the deformation gradient components. For an incompressible material the den-
sity remains constant. This was expressed in Section 5.2 by v; ; = 0 (Eq 5.15) or p] = po
(Eq 5.17a). With the density remaining constant and Eq 5.17a as the expression of the
continuity equation it is clear that

J=det[Fial =1. (8.33)

At this point, we digress from specific incompressibility conditions to a more general
case of a continuum with an internal constraint. Assume a general constraint of the form

¢ (Fia) =0, (8.34)

or, since Cap = FiaFis,

$(Cag) =0. (8.35)
This second form of the internal constraint has the advantage that it is invariant under
superposed rigid body motions. Differentiation of ¢ results in
o A

3C s Cap = 3Cra (FiaFig + FiaFis) (8.36)

where it is understood partial differentiation with respect to a symmetric tensor results
in a symmetric tensor. That is,

b 1/ b 0d
3C s 2( + )

= 37
0Cap  9Cga (8.37)

Note that Cap is essentially the same as Eap which is given in Eq 4.149. Thus, Eq 8.36
may be written as

$ijdi; =0 (8.38)
where ¢yj is defined by

1 b
i = 7 hi <acAB * aCBA> Fie - (659
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Assume the stress is formed by adding stress components t;;, derivable from a con-
stitutive response, to components of an arbitrary stress t;; resulting from the internal
constraint:

tij =ty + by . (8.40)
The added arbitrary stress components t;; are assumed to be workless, that is,
tyydy =0. (8.41)

Comparing Eqs 8.38 and 8.41 shows that both ¢i; and ty; are orthogonal to di;, so ti; may
be written as
ty = Adyj . (8.42)

For an incompressible material, di; = 0 which may be written as

dy5di; =0, (8.43)
or equivalently by choosing ¢i; = 045 in Eq 8.38. Substituting this into Eq 8.42 yields

tyy = —pdy (8.44)

where the scalar has been changed to reflect the pressure term it represents.
The stress in an incompressible material may now be written as

ty = —pdy; + 1y (8.45)

where the second term in Eq 8.45 is determined from the constitutive response for Cauchy
stress. For an incompressible material ] = 1, hence I3 = 1, and Eq 8.18 may be written as

W=W(,1,) . (8.46)

With the use of Eqs 8.29, the Cauchy stress components for an isotropic, incompressible
material are found to be

tyy = —pdij + x1Bij + 2Bk By (8.47)
where
ow ow
x = 2 (611 +I1612) , (8.48a)
ow
x = —2——. (8.48b)
oI,

From Eq 8.31, the stress for an isotropic, incompressible material may be written in the
alternative form

tiy = —pdij + B1By; + 1By’ (8.49)
where
ow
1 = Zﬁ , (8.50a)
ow
1 = —2—. (8.50b)
oI,

At this point, the strain energy has been assumed to be a function of I; and I, but the
exact functional form has not been specified. Rivlin (1948) postulated the strain energy
should be represented as a general polynomial in Iy and I,

W=D Cup(li —=3)*(L—3)" . (8.51)
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It is noted that the strain energy is written in terms of Iy —3 and I, — 3 rather than I; and
I, to ensure zero strain corresponds to zero strain energy.

Depending on the type of material and deformation, that is, experimental test data,
the number of terms used in Eq 8.51 is chosen. For instance, choosing C1o = G and all
other coefficients zero results in a neo-Hookean response where G is the shear modulus.
Stresses are evaluated with Eq 8.49 and used in the equations of motion, Eq 5.22. This
results in a set of differential equations solved with the use of the problem’s appropriate
boundary conditions. The indeterminate pressure is coupled with the equations of motion
and is found by satisfying the boundary conditions.

8.3 Specific Forms of the Strain Energy

When confronted with the design of a specific part made of a rubber-like material, say the
jacket or lumbar of an automotive impact dummy or a golf ball core, testing must be done
to evaluate the various constants of the strain energy function. But before the testing can
be analyzed, the specific form of the strain energy must be chosen. This is tantamount to
choosing how many terms of the Mooney-Rivlin strain energy, Eq 8.51, will be assumed
nonzero to effectively represent the material response. There are other common forms of
the strain energy which are all somewhat equivalent to the form put forward by Mooney
(see Rivlin, 1976). Since constants C4p of Eq 8.51 do not represent physical quantities
like, for example, modulus of elasticity, the constants are essentially curve fit parameters.
The simplest form of the strain energy for a rubber-like material is a one parameter
model called a neo-Hookean material. The single parameter is taken to be the shear modu-
lus, G, and the strain energy depends only on the first invariant of the deformation tensor,
W=G(I-3). (8.52)
Assuming principal axes for the left deformation tensor, By, for a motion having principal
stretches Ay, Az, and A3 means Eq 8.52 is written as

W=G(M+A+A5-3). (8.53)

For the case of uniaxial tension the stretches are A3 = A%, A3 =A% = A~ and furthermore,
if the material is incompressible 7\%7\%7\% = 1. Thus,

2
sz<>\2+3> .
A
Using this expression in Eq 8.47 for the case of uniaxial tension yields the stress per unit

undeformed area as SW ]
f=P1=—=2G(A—— 8.54
=y =26 (A ;) 859
where Py; is the 11-component of the first Piola-Kirchhoff stress.

The neo-Hookean material is the simplest form of the strain energy function and makes
exact solutions much more tractable. A slightly more general model is a simple, or two-
term, Mooney-Rivlin model. In this case, the strain energy function is assumed to be
linear in the first and second invariants of the left deformation tensor. Again, assuming
the material is isotropic and incompressible, the strain energy may be written as

11
wzc1(x%+>\§ﬂ§—3)+cz<2+2+2—3> : (8.55)
AN N
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For a uniaxial test, the principal stretches are A? = A2, A3 = A2 = A~!. Substitution of
these stretches into Eq 8.55 and differentiating with respect to A gives the uniaxial stress
per unit undeformed area

. 1 C,
f=Pi; 2(7\ >\2> (C1+ }\) . (8.56)

The Cauchy stress is easily formed by noting the area in the deformed configuration
would be found by scaling dimensions in the x, and x3 direction by A, and A3, respec-
tively. For the uniaxial case, this means that multiplying the force per undeformed area
by stretch A results in the uniaxial Cauchy stress

ty =2 <7\2 — ;\) <C1 + C}\Z) . (8.57)

Making use of Eq 4.109 while noting A in that equation is A in Eq 8.57, a formula for
stress in terms of strain is obtained
(8.58)

t11 =2C, <1+2E]1+ +2C2< 142847 +

1 1
Series expansion of the last three terms of Eq 8.58 followed by assuming E;; is small

results in
t11 =6(Cy +C2) Eq7 . (8.59)

Hence, for small strain the modulus of elasticity may be written as E = 6(C; + C3).
Furthermore, since an incompressible material is assumed, Poisson’s ratio is equal to 0.5.
This means, by virtue of Eq 6.29a, that the shear modulus is given by G = 3(C; + C;) for
small strain.

The simple, two-term Mooney-Rivlin model represents material response well for small
to moderate stretch values, but for large stretch higher order terms are needed. Some of
these different forms for the strain energy function are associated with specific names.
For instance, an Ogden material (Ogden, 1972) assumes a strain energy in the form

w=Y % (A& £ A 4 A —3] (8.60)
n

This form reduces to the Mooney-Rivlin material if n takes on values of 1 and 2 with
X1 = 2, Xy = —2, W = ZC], and W2 = —ZCZ.

8.4 Exact Solution for an Incompressible, Neo-Hookean Material

Exact solutions for nonlinear elasticity problems come from using the equations of mo-
tion, Eq 5.22, or for equilibrium, Eq 5.23, along with appropriate boundary conditions. A
neo-Hookean material is one whose uniaxial stress response is proportional to the combi-
nation of stretch A — 1/A? as was stated in Section 8.1. The proportionality constant is the
shear modulus, G. The strain energy function in the neo-Hookean case is proportional to
I; — 3 where I; is the first invariant of the left deformation tensor. A strain energy of this
form leads to stress components given by

ty = —péi)‘ + GBij (8.61)
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where p is the indeterminate pressure term, G is the shear modulus, and Byj is the left
deformation tensor.
The stress components must satisfy the equilibrium equations which, in the absence of
body forces, are given as
tijyj =0. (862)

Substitution of Eqs 4.48 and 8.61 into Eq 8.62 gives a differential equation governing
equilibrium

oty Op %xi  O0Xp\ 0x 0% oXp) Oxi |
oG 0x +GKaxAGXB ox; ) X T\ oXnoxs s Joxa )~ B9
This simplifies to
op %xy 5
g~ Caxaax, VX (8.64)
where
aXB an o
ox; 0Xa P
and
62xj OXB -0
aXAaXB an B

have been used. Eq 8.64 may be made more convenient by writing the pressure term as a
function of the reference configuration and using the chain rule

0P _ 0

- = 2 .
XA axAV Xq (8.65)

where P is a function of X5 and t.
Consider the case of plane strain defined by

x=x(X,Y); y=y(X)Y); z=Z (8.66)

from which the deformation gradient follows as

O
0X oY

[Fial=| 9y 0y 0 (8.67)
0X oY
0 0 1

Note that we have departed from the strict continuum summation convention for clarity in
solving this specific problem. Substitution of the deformation gradient into the definition
for the left deformation tensor and use of Eq 8.61 yields

ax\? ax\?
dy 2 dy 2
oo (2 ()], s
_ 0x 0y  Ox 0y
by =6 {ax oX ' dy aY] ’ (8.68¢)
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where again it is noted that strict continuum notation is not used for clarity in this par-
ticular solution. The incompressibility condition, ] = det[Fia] = 1 may be written as

ox 0y Ox0dy

The inverse of the deformation gradient can be directly calculated from Eq 8.67 to be

oX 09X oX

- 2 22 0 0x

x dy 0z % —3y
Fil=| N gy o _ (8.70)
A ox 0dy 0z X ax 0

0Z 0d0Z 0dZ

= £ Z= 0 0 1

ox 0y o0z

Thus, in the case of incompressible material undergoing a plane strain motion the follow-
ing relationships must hold:

oo _av e X ay_ oy X -
oX dy’ dY 3y’ ox  ox’ oY ox '

An alternate form of the stress components may be written by factoring out the quantity
IT = (txx + tyy) /2 for future convenience

(2;(>2 ! (21\4()2 - (22:)2 N (ZI)Z] ) (8.72a)
oo 3o () ()] e

o _ g [Xox  avoy
e ox 0y Oox Ox |’
where the results of Eq 8.71 have also been utilized. The nontrivial equilibrium equations

are associated with the x and y directions. Using the stress components as defined in
Eq 8.72, the equilibrium conditions are

1
txx—n+§G

(8.72¢)

Tl X oY
— =G VX 4+ —V2X]| , (8.73a)
ox ox ox

oM Xy, 0¥,

— = — 7
5 G{ayv x+ayv x] (8.73b)

The incompressibility condition may also be written as

0XaY _0XdY _.

oy 2y ox (8.74)

Egs 8.73 and 8.74 are three nonlinear partial differential equations that must be satisfied
to ensure equilibrium and the constraint of incompressibility. To actually solve a problem,
a solution must be found that satisfies the appropriate boundary conditions. Often the
way this is done is by assuming a specific form for X(x,y) and Y(x,y) and demonstrating
that the aforementioned equations are satisfied. Following that, the boundary conditions
are defined and demonstrated, completing the solution. In a sense, this is similar to
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the semi-inverse method discussed in Chapter 6. The assumed “guess” of the functional
form of X(x,y) and Y(x,y) requires some experience and or familiarity with the problem
at hand. Here, a function form will be assumed in pursuit of the solution of a rectangular
rubber specimen being compressed in the x direction. The faces of the specimen are
perfectly attached to rigid platens. In this case, assume that X = f(x). After a modest
amount of work, this will be shown to lead to a solution of a neo-Hookean material
compressed between rigid platens.

Substituting the assumed form of X into the incompressibility equation, Eq 8.74, yields

the ordinary differential equation
oY
— =1 7
f oy (8.75)
where the prime following f represents differentiation with respect to x. Defining q(x) =
[f'(x)]~', Eq 8.75 may be integrated to obtain

Y=q(x)y+gl(x) (8.76)

where function g(x) is an arbitrary function of integration.
Use of the given functions X and Y, the incompressibility condition is satisfied, and the
equilibrium equations may be written as follows:

orT

% = C [(ff" + (ya' +¢') (yq” +¢")] , (8.77a)
orT
3y — Clalva”+g"), (8.77b)

where, again, primes after a symbol represent differentiation with respect to x. The
second equation, 8.77b, is easily integrated to obtain an expression for IT

m 1

c = 399"" +ag"y + M(x) (8.78)
where M(x) is a function of integration. Differentiation of Eq 8.78 with respect to x results
in an equation that must be consistent with Eq 8.77a. This comparison gives rise to the
following three ordinary differential equations:

1d "y 11
> I (aq”) =d'q", (8.79a)
d 1 /i) 11
a(qq):gq +4q'g", (8.79b)
M’ (x) ="+ ¢'g" . (8.79¢)

Eq 8.79a may be expanded and integrated to obtain q” = k?q from which the function
g(x) is determined to within the constants A and B:

q(x) = Ae** 4 Be ** . (8.80)

Egs 8.79a and 8.79b may be combined along with the fact that q” = k?q to obtain the
function g(x)
g(x) = Ce* + De ™ (8.81)

where C and D are constants. With functions q(x) and g(x) found it is now possible to
write functions X(x,y) and Y(x,y) as

dx
- | g (8.822)
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(a) Rubber specimen in reference config- (b) Rubber specimen in deformed config-
uration. uration. The dashed line represents the

undeformed shape.

FIGURE 8.5
Rhomboid rubber specimen compressed by platens.

Y = (Ae"* +Be *)y + Ce* + De . (8.82b)

In pursuit of the compressed rectangular rubber solution, constants C and D are taken
to be identically zero and constants A and B are set equal. Thus,

X =(kA)" [tan”! (e¥) +C] , (8.83a)

Y = 2Ay cosh kx , (8.83b)

where k, A, and C’ are constants that must be determined. The deformation considered
here has the rubber rhomboid deforming symmetrically about the origin of both the ref-
erential and deformed coordinate system (Fig. 8.5(a) and 8.5(b)). Thus, set X = 0 when
x = 0 to obtain constant C’, of Eq 8.83a, to have the value 0.257. Since the platens are fixed
to the specimen, Y =y on planes x = %1 the constant A is found to be % [cosh (kl)]_1 . Fi-
nally, the constant k may be evaluated in terms of the deformed and undeformed lengths
land L by
KL = 2 cosh (k1) [tarr1 (k) — Zﬂ . (8.84)
To obtain an exact solution it must be shown that the barreled surfaces initially at
Y = £H are stress free in the deformed configuration. Unfortunately, this is not possible
for this problem. Instead, a relaxed boundary condition may be satisfied by enforcing the
resultant force on the boundary to be zero rather than have zero traction at every point.
With all the constants of Eq 8.84 determined, the stress components may be written as

1 _cosh? (kx)
tex = —p + G YT 8.85a
PT3 cosh? (k1) ( )
inh? (k h? (kl
tyy = —p + G 122 S (o) cosh™ (kL) |- (8.85b)

sinh? (k1) cosh? (kx)

1 sinh? (2kx)
tyy = —=Gky—————. 8.85¢
Y 27 cosh? (k1) ( )
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FIGURE 8.6
Rhomboid rubber specimen compressed by platens.

At this point, the stresses are known to within the additive pressure term p. A solution
is sought by picking p such that the average force over the barreled edge is zero.

Symmetry of the deformation allows for considering the top half, y > 0, in determining
the condition for zero resultant stress on the barreled top edge (Fig. 8.6). Integrating the
stresses yields

1 H
L tyyly_o dx = L tayly dy, (8.86)

or

_ 1GkH?sinh (2kl) 4G
4 1 cosh?(kl) k
Knowing the pressure term, the compressive force may be determined from

cosh? (k1) tanh (k1) . (8.87)

H
F= J tly_y dy . (8.88)
0

Bibliography

[1] Carroll, M. M. (1988), “Finite strain solutions in compressible isotropic elasticity,” J.
Elas., Vol. 20, No. 1, pp. 65-92

[2] Kao, B. G. and L. Razgunas (1986), “On the Determination of Strain Energy Func-
tions of Rubbers,” Proceedings of the Sixth Intl. Conference on Vehicle Structural Dynam-
ics P-178, Society of Automotive Engineering, Warrendale, PA

[3] McCrum, N. G., C. P. Buckley, and C. B. Bucknall (1997), Principles of Polymer Engi-
neering, Second Edition, Oxford University Press, Oxford, UK

[4] Mooney, M. (1940), “A Theory of Large Elastic Deformation,” J. Appl. Phys., Vol. 11,
pp. 582-592

[5] Rivlin, R.S. (1948), “Large Elastic Deformations of Isotropic Materials: IV. Further
Developments of the General Theory,” Phil. Trans. Roy. Soc., A241, pp. 379-397

[6] Rivlin, R.S. (1949), “Large Elastic Deformations of Isotropic Materials: VI. Further
Results in the Theory of Torsion, Shear and Flexure,” Phil. Trans. Roy. Soc., A242, pp.
173-195



Nonlinear Elasticity 303
[7] Rivlin, R.S. and K.N. Sawyers (1976), “The Strain-Energy Function for Elastomers,”
Trans. of the Society of Rheology, 20:4, pp. 545-557

[8] Sperling, L. H. (1992), Introduction to Physical Polymer Science, Second Edition, Wiley
& Sons, Inc., New York

[9] Ward, I. M. and D. W. Hadley (1993), An Introduction to the Mechanical Properties of
Solid Polymers, Wiley & Sons, Inc., Chichester, UK



304 Continuum Mechanics for Engineers

Problems

Problem 8.1
Referred to principal axes, the invariants of the Green deformation tensor Cap are

L =Af +A3+A3,
I, = AJA3 + APAZ 4+ A3A%
I3 = AMAJAS .
For an isotropic, incompressible material, show that
h=ﬁ+ﬁ+ﬁ%,
1 1

+— +A3A%.

L=—
NN

Problem 8.2
Derive the following relationships between invariants 17, I, and I3, and the deformation
gradient, Cap:

ol4
=
(a) 3Crs AB)
ol
(b) aciB = Cas — Lidas,
ol3 3
=1 .
(c) 3Cas 3CaB
Problem 8.3
Use the definitions of I; and I, in terms of the principal stretches A7, A2, and A3 to show
ow 2 ow ow
= (M =A==+ N
(@) 3x =% M 3)(ah + Zah)’
ow 2 ., 5 [OW 5 0W
( ) a)\z - }\2 (}\2 }\3) <aI] +)\1 aIz '
Problem 8.4

Let W(I;,1,,13) be the strain energy per unit volume for a homogeneous, isotropic material.
Show that the first Piola-Kirchhoff stress components may be written as follows:

ow ow ow ow
= =2——Fia+2— (Byj — I1645) Fja + 2I3—F .
aFiA 611 iA + 612 ( ij 1 1)) JA + 3 613 iA

Pia

Problem 8.5
The Cauchy stress is given by

tyy = TFaPia .
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Start with the result of Problem 8.4 to show that

2 [oW ow ow
dij

tij:T A, ij'i’aiIz(Bik_Iléik)Bjk‘i‘I.%i ij

ol3

Problem 8.6
Assuming a strain energy of the form

WZW()\])+W()\2)+W()\11)\2>

for an isotropic, incompressible material, show that

3w A%

A —A :
ToAZon,  PoaaZoa,

Problem 8.7
For biaxial loading of a thin vulcanized rubber sheet the strain energy may be written as

W=Ci(l1 —3)+Ca (I —3)+ C3 (I, — 3)*

(Rivlin and Saunders, 1951).

(a) Use the definitions of invariants Iy, I, and I3 in terms of stretches Ay, A2, and

A3 to show ] : 1
= — 4+ =+ —+2I; -6, +9.
AT A

(I, — 3)?
Ad

(b) Substitute the results from (a) into the strain energy above to obtain
w (A1) = (Cy +2C3) AT 4 (C2 — 6C3) A% + C3A3% — (Cq + C2 — 3C3)
1

W—W(?\])+W(7\2)+W<

where
A2 >

Problem 8.8
Consider a material having reference configuration coordinates (R,©®, Z) and current con-

figuration coordinates (r,0,z). Assume a motion defined by

T:m, G:f(®), Z:Z.

Determine Fio and Byj in terms of g, ¢/, and f'.

Answer

1 g/ 1 ( g/ )2 f/g/

- —= 0 —+ | = — 0

g 2 9> \g? g°
!

FIA - 0 i 0 5 Bl] = _f/g/ (f’)z 0

9 g° 9

0 0 1 0 0 1
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Problem 8.9
Show
5. OW _ ow
=208 N S 2050 3
ow ow
ta =2 (A3 —A7%A.%) B —2(A\2—=MA3) 30

are the nonzero Cauchy stress components for biaxial tensile loading of a homogeneous,
isotropic, incompressible rubber-like material by solving for the indeterminant pressure p
from the fact that t33 = 0 condition.

Problem 8.10
The following compression force-deflection data was obtained for a highly filled, polybuta-

diene rubber having initial gauge length of 0.490 in and an undeformed cross-section area
of 1in?

Displ. (in) Force (Ibs)

-8.95E-04 -7.33E+00
-5.45E-03 —4.15E+01
-8.06E-03 —7.57E+01
-1.13E-02 -1.29E+02
-1.44E-02 -1.83E+02
-1.80E-02 -2.52E+02
—2.55E-02  -3.93E+02
—2.94E-02 —4.62E+02
-3.28E-02 -5.35E+02
—4.00E-02 —6.72E+02
—4.39E-02 -7.40E+02
—4.75E-02  -8.13E+02
-5.46E-02 -9.45E+02
-5.80E-02 -1.01E+03
-6.58E-02 -1.15E+03
—7.30E-02 -1.28E+03
—7.69E-02 -1.35E+03
-8.05E-02 -1.42E+03
-8.80E-02 -1.56E+03
—9.19E-02 -1.63E+03
—9.55E-02 -1.70E+03
-1.03E-01 -1.86E+03
-1.06E-01 -1.93E+03
-1.17E-01 -2.20E+03
-1.28E-01 —-2.50E+03
-1.38E-01 —2.85E+03
-1.50E-01 -3.26E+03
-1.60E-01 -3.73E+03
-1.71E-01 —4.22E+03
-1.77E-01 —4.42E+03
-1.83E-01 —4.48E+03

(a) Generate a stress-stretch plot.

(b) Using a spreadsheet, or other appropriate tool, show that simple Mooney-Rivlin
constants C; = 1,550 and C, = —500 represent the material for the range and
type of loading given.
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(¢) Generate a set of significantly different constants C; and C, which might equally
well model the material for this range and type of loading, showing that C; and
C, are not unique.
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9

Linear Viscoelasticity

The previous chapters have considered constitutive equations that deal primarily with
two different types of material behavior: elastic response of solids and viscous flow of
fluids. Examples of materials that behave elastically under modest loading, and at mod-
erate temperatures, are metals such as steel, aluminum, and copper, certain polymers,
and even cortical bone. Examples of viscous flow may involve a variety of fluids ranging
from water to polymers under certain conditions of temperature and loading.

Polymers are especially interesting because they may behave (respond) in either elastic,
viscous, or combined manners. At a relative moderate temperature and loading, a poly-
mer such as polymethylmethacrylate (PMMA), may be effectively modeled by a linear
elastic constitutive equation. However, at a somewhat elevated temperature, the same
material may have to be modeled as a viscous fluid.

Polymers are by no means the only materials that exhibit different behavior under
altered temperature/frequency conditions. Steel, as well as aluminum, copper, and other
metals, becomes molten at high temperatures and can be poured into molds to form
ingots. Additionally, at a high enough deformation rate, for example, at the 48 km/hr
rate of a vehicle crash, steel will exhibit considerably altered stiffness properties.

Just as continuum mechanics is the basis for constitutive models as distinct as elastic
solids (stress/strain laws) and viscous fluids (stress/strain-rate laws), it also serves as the
basis for constitutive relations that describe material behavior over a range of tempera-
ture/frequency and time. One of the simplest models for this combined behavior is that
of linear viscoelasticity.

9.1 Viscoelastic Constitutive Equations in Linear Differential Operator
Form

One of the principal features of elastic behavior is the capacity for materials to store
mechanical energy when deformed by loading, and to release this energy totally upon
removal of the loads. Conversely, in viscous flow, mechanical energy is continuously dis-
sipated with none stored. A number of important engineering materials simultaneously
store and dissipate mechanical energy when subjected to applied forces. In fact, all ac-
tual materials store and dissipate energy in varying degrees during a loading/unloading
cycle. This behavior is referred to as viscoelastic. In general, viscoelastic behavior may be
imagined as a spectrum with elastic deformation as one limiting case and viscous flow the
other extreme case, with varying combinations of the two spread over the range between.
Thus, valid constitutive equations for viscoelastic behavior embody elastic deformation
and viscous flow as special cases, and at the same time provide for response patterns that
characterize behavior blends of the two. Intrinsically, such equations will involve not only
stress and strain, but time-rates of both stress and strain as well.

309
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In developing the linear differential operator form of constitutive equations for viscoelas-
tic behavior as presented in Eq 5.177 we draw upon the pair of constitutive equations for
elastic behavior, Eq 6.33, repeated here,

Sij = ZGnij , (91a)

tii = 3K€ii y (91b)
together with those for viscous flow, Eq 7.15,

Sy =2u" By, (9.2a)

tii=—-3(p—«"di) , (9.2b)

each expressed in terms of their deviatoric and dilatational responses. These equations
are valid for isotropic media only. For linear viscoelastic theory we assume that displace-
ment gradients, u; A, are small, and as shown by Eq 4.150, this results in

€5 ~ dyj (9.3a)
from which we immediately conclude that
€ii = dy (9.3b)
so that now, from Eq 4.77 and Eq 7.13
Mij =~ Byj - (9.4)

If the pressure p in Eq 9.2b is relatively small and may be neglected, or if we consider
the pressure as a uniform dilatational body force that may be added as required to the
dilatational effect of the rate of deformation term di; when circumstances require, Eq 9.2
may be modified in view of Eq 9.3 and Eq 9.4 to read

Sij =205, (9.5a)
tii = 3k* éii . (95b)

A comparison of Eqgs 9.5 and Eq 9.1 indicates that they differ primarily in the physical
constants listed and in the fact that in Eq 9.5 the stress tensors are expressed in terms of
strain rates. Therefore, a generalization of both sets of equations is provided by intro-
ducing linear differential operators of the form given by Eq 5.178 in place of the physical
constants G, K, p*, and «*. In order to make the generalization complete we add similar
differential operators to the left-hand side of the equations to obtain

{P}Si; =2{Q}ny , (9.6a)

{M}tis = 3{N}ei, (9.6b)

where the numerical factors have been retained for convenience in relating to traditional
elasticity and viscous flow equations. As noted, the linear differential time operators, {P},
{Q}, {M}, and {N}, are of the same form as in Eq 5.178 with the associated coefficients p;,
gi, my, and ny representing the physical properties of the material under consideration.
Although these coefficients may in general be functions of temperature or other parame-
ters, in the simple linear theory described here they are taken as constants. As stated at
the outset, we verify that for the specific choices of operators {P} =1, {Q} =G, (M} =1,
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FIGURE 9.1
Simple shear element representing a material cube undergoing pure shear loading.

and {N} = K, Egs 9.6 define elastic behavior, whereas for {P} =1, {Q} = u*0/0t, (M} =1,
and {N} = k*0/0t, linear viscous behavior is indicated.

Extensive experimental evidence has shown that practically all engineering materials
behave elastically in dilatation so without serious loss of generality we may assume the
fundamental constitutive equations for linear viscoelastic behavior in differential operator
form to be

{P}Si5 = 2{Qiny , (9.7a)
tii = 3K€ii y (97b)

for isotropic media. For anisotropic behavior, the operators {P} and {Q} must be aug-
mented by additional operators up to a total of as many as twelve as indicated by {P;}
and {Q;} with the index i ranging from 1 to 6, and Eq 9.7a expanded to six separate
equations.

9.2 One-Dimensional Theory, Mechanical Models

Many of the basic ideas of viscoelasticity can be introduced within the context of a one-
dimensional state of stress. For this reason, and because the viscoelastic response of a
material is associated directly with the deviatoric response as was pointed out in arriving
at Eq 9.7, we choose the simple shear state of stress as the logical one for explaining
fundamental concepts. Thus, taking a material cube subjected to simple shear, as shown
by Fig. 9.1, we note that for this case Eq 9.7 reduces to the single equation

{Pit12 =2{Q}m2=2{Q}e12 ={Q}v12 9.8)

where v1; is the engineering shear strain as shown in Fig. 9.1. If the deformational
response of the material cube is linearly elastic, the operators {P} and {Q} in Eq 9.8 are
constants (P =1, Q = G) and that equation becomes the familiar

t12 = Gy12 9.9)



312 Continuum Mechanics for Engineers

’c]2 — tu
G
1
Y2 t, —
(a) (b)
F d
k

(©) (d)

FIGURE 9.2
Mechanical analogy for simple shear.

where G is the elastic shear modulus. This equation has the same form as the one which
relates the elongation (or shortening) & of a linear mechanical spring to the applied force
F as given by the equation

F=kd (9.10)

where k is the spring constant. Because Eqs 9.9 and 9.10 are identical in form, the linear
spring is adopted as the mechanical analog of simple elastic shearing with k assuming
the role of G. The analogy is depicted graphically by the plots shown in Fig. 9.2.

In similar fashion, if the response of the material cube is viscous flow, Eq 9.8 is written

tiz = puvi2 (9.11a)

where p* is the coefficient of viscosity. In viscoelastic theory it is a longstanding practice
that the coefficient of viscosity be represented by the symbol 1, and it is in keeping
with this practice that we hereafter use the scalar 1 for the coefficient of viscosity. Thus,
Eq 9.11a becomes

tiz =nv12 (9.11b)

in all subsequent sections of this chapter. The mechanical analog for this situation is the
dashpot (a loose fitting piston sliding in a cylinder filled with a viscous fluid) subjected to
an axial force F. Here

F=mnb (9.12)

where & is the time-rate of extension. This analogy is illustrated in Fig. 9.3.
Based upon the two fundamental elements described above, it is easy to construct
viscoelastic models by suitable combinations of this pair of elements. Two especially
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FIGURE 9.3
Viscous flow analogy.

simple combinations immediately come to mind. The first, that of the spring and dashpot
in parallel, Fig. 9.4(a), portrays the Kelvin solid for which Eq 9.8 becomes

T=1t12={G+n0¢}vi2 (9.13)

where the partial derivative with respect to time is denoted by 0 = 9/9t. The second,
the spring and the dashpot connected in series, Fig. 9.4(b), represents the Maxwell fluid
having the constitutive equation

{at + ‘T}m — (GaU Y12 9.14)

where T = 1/G. In this chapter, the uppercase T is used to designate the stress applied
to the model. Using this notation makes the differential equations that arise from the
models easier to write than if t;, were used. Viscoelastic materials exhibit time dependent
behavior and designating stress with a lowercase t creates confusion. Throughout this
chapter T, or T(t), are used interchangeably with t;, to denote the stress.

Models composed of more than two elements are readily constructed. When a Kelvin
unit is combined in series with the linear spring element, Fig. 9.5(a), the resulting model is
said to represent the standard linear solid. If the same Kelvin unit is joined in series with
a dashpot, Fig. 9.5(b), the model represents a three-parameter fluid. In general, the model
of a fluid has a “free dashpot” as one of its elements. Other three-parameter models are
easily imagined, for example, a Maxwell unit in parallel with a spring, or a Maxwell unit
in parallel with a dashpot.

Four-parameter and higher order models may also be constructed. There are two basic
patterns for systematically designing higher order models. One, leading to the generalized
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FIGURE 9.4
Representations of Kelvin and Maxwell models for a viscoelastic solid and fluid, respec-
tively.
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FIGURE 9.5
Three parameter standard linear solid and fluid models.
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FIGURE 9.6

Generalized Kelvin and Maxwell models constructed by combining basic models.

Kelvin model, has n-Kelvin units in series, Fig. 9.6(a). The second consists of n-Maxwell
units in parallel and is called the generalized Maxwell model, Fig. 9.6(b).
For these models the constitutive equations (Eq 9.8) in operator form are

. ti2 ti2 ti2
Kelvin = +o e, 9.15a
Y27 G A moe | Go+mads G + s 0.152)
G1v G2y Gn?
Maxwell t = —E 22N g el (9.15b)
T T2 Tn

In these generalized model equations, one or more of the constants G; and n; may be
assigned the values 0 or co in order to represent behavior for a particular material. Thus,
with 12 and all of the constants which follow it in Eq 9.15a set equal to zero, the consti-
tutive equation for the standard solid, Fig. 9.5(a), will be given.

9.3 Creep and Relaxation

Further insight into the viscoelastic nature of the material making up the cube shown
in Fig. 9.1 is provided by two basic experiments, the creep test and the stress relaxation
test. The creep test consists of instantaneously subjecting the material cube to a simple
shear stress ti, of magnitude Tp and maintaining that stress constant thereafter while
measuring the shear strain as a function of time. The resulting strain y1,(t), is called the
creep. In the stress relaxation test, an instantaneous shear strain yi, of magnitude vy is
imposed on the cube and maintained at that value while the resulting stress, ti2(t), is
recorded as a function of time. The decrease in the stress values over the duration of the
test is referred to as the stress relaxation. Expressing these test loadings mathematically
is accomplished by use of the unit step function, U(t — t1), defined by the equation

1 t>t
U(t—t1):{ 0 tgtl (9.16)
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FIGURE 9.7
Graphic representation of the unit step function (often called the Heaviside step function).

which is shown by the diagram in Fig. 9.7. If the creep loading is applied at time t =0,
the stress is written as
t1o =ToU (L) . (9.17)

By inserting this stress into the constitutive equation for a Kelvin material model, Eq 9.13,
the resulting differential equation

ToU (t) = Gy12 + V12 (9.18)
may be integrated to yield the creep response

Y12 (t) = To (1 _ e*t/T> %

where e is the base of the natural logarithm system. It is interesting to note that as
t — oo, the strain approaches a terminal value of To/G. Also, when t = 0, the strain rate
Y12 equals To/1 and if the creep were to continue at this rate it would reach its terminal
value at time t = 7. For this reason, T is called the retardation time. Eq9.19, as well as any
creep response, may always be written in the general form

Yiz2 (8) =T (t) ToU () (9.20)

(9.19)

in which J(t) is called the creep function.1 Thus, for the Kelvin solid, the creep function is
seen to be

1— e—t/T

Tt =—c—=] (1 - e_t/T) (9.21)
where the constant J, the reciprocal of the shear modulus G, is called the shear compliance.
As a general rule, the creep function of any viscoelastic model is the sum of the creep
functions of its series-connected units. Thus, for the standard linear solid of Fig. 9.5(a),

=T (1=e V") 42, 9.22)
and for the generalized Kelvin model of Fig. 9.6(a)
=) s (1-evm). (9.23)
i=1

INote: The creep function, J(t), is different from the Jacobian defined earlier.



Linear Viscoelasticity 317

With respect to creep loading for the Maxwell model, Eq 9.17 is substituted into the
constitutive equation, Eq 9.14, resulting in the differential equation

5 (t) u(t)

712 :TOT ‘|'T0

(9.24)

where 6(t) is the Dirac delta function, the time derivative of the unit step function. In
general,

du (t —t4)
)= —— 2
5(t—t1) T (9.25)
and is defined by the equations
S(t—t) =0, t#+t;, (9.26a)
t]
J dt—ty)dt=1, (9.26b)
t
from which it may be shown that
t
J fANo(t —ty)dt =f(t1)U(t—1t;) for t>ty (9.27)

for any continuous function, f(t). Accordingly, Eq 9.24 integrates to yield the Maxwell
creep response as

Y12 = To (1 + i) U (9.28)

from which the Maxwell creep function is

J(t) =] <1 + i) ) (9.29)

Development of details relative to the stress relaxation test follows closely that of the
creep test. With an imposed strain at time t = 0

Y12 =voU(t) (9.30)

the resulting stress associated with Kelvin behavior is given directly by inserting y1, =
Yoo (t) into Eq 9.13 resulting in

t12 = v0 [GU (1) + 1 (1)] . (9.31)

The delta function in this equation indicates that it would require an infinite stress at time
t = 0 to produce the instantaneous strain yo. For Maxwell behavior, when the instanta-
neous strain, Eq 9.30, is substituted into Eq 9.14, the stress relaxation is the solution to the
differential equation

. 1
ti2 + ;hz = Gyod (t) (9.32)
which upon integration using Eq 9.27 yields
t12 (t) =voGe Y TU(t) . (9.33)

The initial time-rate of decay of this stress is seen to be 'y, G /T, which if it were to continue
would reduce the stress to zero at time t = 1. Thus, 7 is called the relaxation time for the
Maxwell model.
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Analogous to the creep function J(t) associated with the creep test we define the stress
relaxation function, G(t), for any material by expressing t1,(t) in its most general form

ti2 (t) = G (1) volU (t) (9.34)
From Eq 9.33, the stress relaxation function for the Maxwell model is
G(t)=Ge V" (9.35)

and for the generalized Maxwell model it is
G(t)=) Gie /™. (9.36)
i=1

Creep compliance and relaxation modulus for several simple viscoelastic models are
given in Table B.1. The differential equations governing the various models are also given
in this table.

9.4 Superposition Principle, Hereditary Integrals

For linear viscoelasticity, the principle of superposition is valid just as in elasticity. In the
context of stress/strain relationships under discussion here, the principle asserts that the
total strain (stress) resulting from the application of a sequence of stresses (strains) is
equal to the sum of the strains (stresses) caused by the individual stresses (strains). Thus,
for the stepped stress history in simple shear displayed in Fig. 9.8(a) when applied to a
material having a creep function J(t), the resulting strain will be

2
Y12 () =ATJ () + AT (t — t1) + AToJ (t—t2) = ) ATJ(t—t:) , (9.37)
i=0

and by an obvious generalization to the arbitrary stress loading considered as an infinity
of infinitesimal step loadings, Fig. 9.8(b), the strain is given by

dtqo ()

vt =[ Je-1 [ ] av 938)

which is called a hereditary integral since it expresses the strain at time t as a function of
the entire stress history from time t = —oo. If there is an initial discontinuity in the stress
at time t = 0, and if the stress is zero up until that time (Fig. 9.9), the strain becomes

dtqo ()
dt’

Upon integrating the integral in this equation by parts and inserting the assigned limits
of integration, the alternative form

Y12 (t) = ToJ (t) +L J(t—t) [ ]dt’. (9.39)

t

dj (t—t')

[hz (t") at—1)

Yiz2 (1) =TJoti2 (1) +J } dt’ (9.40)

0

is obtained where Jo = J(0).
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(a) Stepped Stress (b) Arbitrary Stress
FIGURE 9.8

Different types of applied stress histories.

dt
dt

FIGURE 9.9
Stress history with an initial discontinuity.
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In a completely analogous way, we may develop hereditary integrals expressing stress
as the result of arbitrary strains. The basic forms are as follows:

t12 (t) = Jt G(t—t) {dy:izt,(t/)] dat’, (9.41a)

t12 (t) = v0G (t) +J G(t—t) [dylft,(t')} dt’, (9.41b)
0

t12 (t) = Goviz (1) + Jo Yiz2 (t) [M} at’, (9.41¢c)

where Gy = G(0).

The hereditary integral Eq 9.38, derived on the basis of simple shear, is a special case
of the general viscoelastic constitutive equations in hereditary integral form, as given by
the pair below expressed in terms of the distortional and dilatational responses

2y 0= [ gse-v) [0l av (9.420)
3exk (t) = Jt Jv(t—t") {dtt;,(t/)] at’, (9.42b)

where Js is the shear compliance and ]y the volumetric compliance. Likewise, Eq 9.41a
is the simple shear form of the general equations

Sy (1) = E 2Gs (t—t) [dngtEt’)] dt’ (9.43a)
trk (1) = Jt 3Gy (t—t)) [W} at’, (9.43b)

where Gg is the relaxation modulus in shear and G+ the relaxation modulus in dilatation.
Because we have assumed elastic behavior in dilatation, Jy = 1/Gy = K and both Eq 9.42b
and Eq 9.43b reduce to the form ty, = 3Keyy in keeping with Eq 9.7b.

9.5 Harmonic Loadings, Complex Modulus, and Complex Compliance

The behavior of viscoelastic bodies when subjected to harmonic stress or strain is another
important part of the theory of viscoelasticity. To investigate this aspect of the theory, we
consider the response of the material cube shown in Fig. 9.1 under an applied harmonic
shear strain of frequency w as expressed by

Y12 (t) = yosinwt , (9.44a)

or by
Y12 (t) =vocoswt . (9.44b)

Mathematically, it is advantageous to combine these two by assuming the strain in the
complex form .
Y12 (t) = vo (cos wt + isin wt) = yoe' " (9.45)
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where i = +/—1. It is understood that physically the real part of the resulting stress
corresponds to the real part of the applied strain, and likewise, the imaginary parts of
each are directly related. The stress resulting from the excitation prescribed by Eq 9.45
will have the same frequency, w, as the imposed strain. Therefore, expressing the stress
as

12 (t) = Tre't (9.46)

where T* is complex, the response will consist of two parts: a steady-state response which
will be a function of the frequency w, and a transient response that decays exponentially
with time. It is solely with the steady-state response that we concern ourselves in the
remainder of this section.

Substituting Eq 9.45 and Eq 9.46 into the fundamental viscoelastic constitutive equation
given by Eq 9.8, and keeping in mind the form of the operators {P} and {Q} as listed by
Eq 5.178 we obtain

N M
D Tpe(iw) et =) yoqu (lw) et (947)
k=0 k=0

Canceling the common factor e*®* we solve for the ratio

T Yo a iw)®

= - (9.48)
Yo ZQA: o Pk (lw)k
which we define as the complex modulus, G*(iw), and write it in the form
; _ G (iw) = G (iw) +1G” (iw) . (9.49)
0

The real part, G'(iw), of this modulus is associated with the amount of energy stored in
the cube during a complete loading cycle and is called the storage modulus. The imaginary
part, G”(iw), relates to the energy dissipated per cycle and is called the loss modulus.
In terms of the complex modulus, the stress t1, as assumed in Eq 9.46 may now be
written
t12 = G (iw) yoe' =[G’ (w) +1G" (w)] yoe™* (9.50)

and by defining the absolute modulus, G (w) as the magnitude of G*(iw) according to

G (w) = /16" (@) + 6 (w))? ©.51)

together with the loss angle, 5 between G (w) and G/(w) as given by its tangent

tand = A (9.52)
the stress t1, (Eq 9.50), may now be written
t12 = G (w) ePyeet®t = G (w) yoetwtHd) | (9.53)
From this equation we see that the peak value of the stress is
To =G (w)vo, (9.54)

and that the strain lags behind the stress by the loss angle 6. Figure 9.10 provides a
graphical interpretation of this phenomenon. In Fig. 9.10(a), the two constant magnitude
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To sin wt

Yo sin (wt — 6)
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€
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FIGURE 9.10
Different types of applied stress histories.

stress and strain vectors, separated by the constant angle §, rotate about a fixed origin
with a constant angular velocity w. The vertical projections of these vectors, representing
the physical values of the stress and strain, are plotted against time in Fig. 9.10(b). From
Fig. 9.10(a), the portion of the stress in phase with the strain is Tp cos 6 and by Eq 9.54
together with Eq 9.52, the storage modulus may be expressed as

G = T°§°Sé . (9.55a)
0
Similarly, the loss modulus is written as
Tosi
G = %ﬂé (9.55b)
0

Consistent with the duality present in all of viscoelastic theory we reverse the roles of
stress and strain in the preceding portion of this section to define the complex compliance,
J*(iw) along with its associated real and imaginary parts. Briefly, we assume an applied
stress

t12 = Toe'®t (9.56)
together with the resulting strain .
Yiz =vy'ett (9.57)
which when substituted into Eq 9.8 leads to
% =T (iw) = J' (w) — i (w) (9.58)

where the minus sign reflects the fact that the strain lags the stress by the loss angle o,
defined in this case by

J" (w)
J/ (w)
In analogy with the complex modulus components, J'(w) is called the storage compliance,
J”(w) the loss compliance, and

tand = (9.59)

T(w) = IV (W) + 7 (@) = 32 (9.60)
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the absolute compliance, in which vy, is the peak value of the strain as given by
Yo =T (w)To (9.61)

Based upon the definitions of G* and J*, it is clear that these complex quantities are
reciprocals of one another. Thus

G* (iw) J* (iw) =1 . (9.62)

A simple procedure for calculating G* (or J*) of a specific model or material is to replace
the partial differential operator 9 in the material’s constitutive equation by iw and solve
the resulting algebraic equation for the ratio t12/v12 = G*, (or yi12/t12 = J* if that is
the quantity required). Accordingly, from Eq 9.13 for the Kelvin solid, the constitutive
equation t12 = {G 4+ Nn0¢}y12 becomes t12 = (G + inw)y12 which yields ti,/v12 = G(1 +
itw) = G*. Likewise, from Eq 9.14 for the Maxwell fluid, {0y + 1/t}t;2 = {GO¢}y12
becomes (iw+1/T)t12 = (Giw)y12 from which t12/v12 = G(T?w?+itw)/(1+T2w?) = G*.

In developing the formulas for the complex modulus and the complex compliance
we have used the differential operator form of the fundamental viscoelastic constitutive
equations. Equivalent expressions for these complex quantities may also be derived using
the hereditary integral form of constitutive equations. To this end we substitute Eq 9.45
into Eq 9.41a. However, before making this substitution it is necessary to decompose the
stress relaxation function G(t) into two parts as follows,

G(t) = Goll — ¢(t)] (9.63)

where Gy = G(0), the value of G(t) at time t = 0. Following this decomposition and the
indicated substitution, Eq 9.41a becomes

t
t12 () = iwyoGo J eV [1— ¢ (t—t)]at’ . (9.64)

In this equation, let t —t’ = & so that dt’ = —d§ and such that when t' = t, £ =0, and
when t’' = —o0, § = co. Now

iwt 00
t12 (1) = lwyoGo {e. - [Cetetetpre) da} (9.65)
1w 0
which reduces to
t12 (t) =vo {Go — Gy Joo (iw cos wE + wsin wé) ¢ (&) dé} et (9.66)
0

But by Eq 9.50, t12(t) = vo[G'(w) +1G” (w)]e*** so that from Eq 9.66

o0

G (w) :GowaoJ sin w& ¢ (&) dE, (9.67a)
0

G" (w) =—-wGy J:O coswé& P (&) d§, . (9.67b)

For a Kelvin material, G(t) = G[1 + t5(t)] so that Go = G and ¢(t) = —td(t). Thus, for
a Kelvin solid, Eqs 9.67 yield

G (w)=G-— GwJ00 —18(&) sin wédE =G
0
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G’ (w) = —GwJ —18(&) cos wEAE = Gwt = wn .
0
For a Maxwell material, G(t) = G[1 — (1 — e %7)] so that Gp = G and ¢p(t) =1 —e V7.
Thus, for a Maxwell fluid, Egs 9.67 yield

G (w)=G— Gme (1 — e"i/T) sin w&déE,

0

1 2 2,2
G Gw |l T _ Gw“t ’
w T+ T2w? 1+ 12w?
G’ (w) = —Gwro (1 — e*‘i/T) cos wEAE = _Gar .
0 ]‘|‘T2w2

These values for G’ and G” for the Kelvin and Maxwell models agree with those calcu-
lated in the previous paragraph.

In a completely analogous fashion, if we adopt the hereditary form Eq 9.38 as the
constitutive equation of choice, and substitute into that equation ti, = To etwt together
with the decomposition of J(t) in the form J(t) = Jo[1 + P (t)], we obtain

t
viz2 (1) = J Jol = (t—t)]iwTeet at’ . (9.68)
Upon making the same change in variable of integration, t—t’ = &, this equation becomes

Y12 (t) =To {Io+lowL sinw& P (&) d£+ilowL cosw&P (&) d§ | et (9.69)

from which we extract

P () =Io+lowL sin wE  (£) dE,, (9.70a)
J" (w) :_IOwL cos wé&P (&) dE, . (9.70b)

These expressions may be specialized to obtain J'(w) and J”(w) for any particular model
for which the creep function J(t) is known.

9.6 Three-Dimensional Problems, The Correspondence Principle

The fundamental viscoelastic constitutive equations in differential operator form as ex-
pressed by Egs 9.6 distinguish between the distortional response (a change in shape at
constant volume due to the deviatoric portion of the applied stress, Eq 9.6a), and the
dilatational response (a change in volume without a change in shape due to the spherical
portion of the applied stress, Eq 9.6b). Extensive experimental evidence indicates that
practically all materials of engineering importance behave elastically in the dilatational
mode, and for this reason the reduced form of Eq 9.6 as given by Eq 9.7 is used in this
book. In expanded component notation these equations appear as

{P}(t11 — $ti) =2{Q} (en1 — Tewr) , (9.71a)
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{P} (t2z — $tw) =2{Q} (€22 — Jeur) , (9.71b)
{P} (ts3 — $tit) =2{Q} (e33 — Jeui) (9.71¢)
{P}ti2 =2{Q}e12, (9.71d)

{Ptt23 =2{Q}e23, (9.71e)

{Pits1 =2{Ql}es1, (9.71f)

tii = 3Keyi .« (9.71g)

Depending upon the particular state of applied stress, some of Eq 9.71 may be satisfied
identically. For example, the state of simple shear in the x;-x, plane, introduced earlier
to develop the basic concepts of viscoelastic behavior, results in Eq 9.71 being reduced
to a single equation, Eq 9.71d as expressed by Eq 9.8. Similarly, for a hydrostatic state
of stress with t17 = t22 = t33 = po, and t12 = tz3 = t37 = 0 (or for a uniform triaxial
tension having t17 = t2; = t33 = To, with t;2 = t23 = t37 = 0), the behavior is simply
elastic. On the other hand, for a simple one-dimensional tension or compression in one
of the coordinate directions, several of Eq 9.71 enter into the analysis as discussed in the
following paragraph.

Let an instantaneously applied constant stress Ty be imposed uniformly in the x; direc-
tion on a member having a constant cross section perpendicular to that direction. Thus,
let t11 = ToU(t) with all other components zero which results in t;; = ToLL(t) so that from
Eq 9.71g, ey = ToU(t)/3K. For this situation the first three of Eq 9.71 become

(P} (1o (1)~ 70U (1) =200} (e~ 2 ) (0.722)
(P} (~1ToU (1) = 2(Q) (622— TO;}”) , 9.72b)
P) (3700 (1) =26Q) (e - 257 ) | (9729

and the next three of the set indicate zero shear strains. Clearly, from Eq 9.72b and
Eq 9.72c we see that €, = €33. Furthermore, Eq 9.72a may be solved directly for e;; to
yield
3K{PI+{Q} _ ToU(t)
7K{Q} {E}

where {E} = 9K{Q}/(3K{P} + {Q}) is the operator form of E, Young’s modulus. Similarly,
from Eq 9.72 using €2, = €33 we find that

€2 _ €33 _ 3K{P}—2{Q} _

€11 =TolU (t)

(9.73)

enn e 6K{P}+2{Q} v (9.74)

which designates the operator form of Poisson’s ratio, v.
In order to compute a detailed solution for a particular material we need the specific
form of the operators {P} and {Q} for that material as illustrated by the following example.

I Example 9.1

Let the stress t1;7 = ToU(t) be applied uniformly to a bar of constant cross
section made of a Kelvin material and situated along the x; axis. Determine
€17 and €37 as functions of time.
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Solution

From the constitutive relation for a Kelvin material, Eq 9.13, we note that
{P} =1 and {Q} = {G + 10}, which when inserted into Eq 9.72a results (after
some algebraic manipulations) in the differential equation

(9.75)

. €11 o 3K+G T06 (t)
€11 + - —ToU(t){ OKG } oK

This differential equation may be solved by standard procedures to yield the

solution
K —t/T
e (t) =ToU (t) {3 +G (1 - e*t/T) + € } . (9.76)

9KG 9K

When t = 0, €17 = ToU(t)/9K which is the result of elastic behavior in bulk.
As t — 00, €11 — Tol(3K + G)/9KG] = Ty /E, the terminal elastic response.

From Eq 9.72b the governing differential equation for determining e, is
(when expressed in its standard form)

, €29 G 111 Tod(t)
2o ToU() | — = | - 77
ent+ 2Ty ()[9]( Jn* o ©.77)
which upon integration and simplification yields
e (1) = —ToU (1) 2K =26 (1 _ e’t/T) Crume” (9.78)
20 18KG 0 9K '

When t =0, €25 = Tp/9K which, due to the elastic dilatation effect, is identical
with the initial value of €17. As t — oo, €22 — (2G — 3K)/18KG.

Up until now in this section we have discussed three-dimensional problems from the
point of view of constitutive equations in differential operator form, but our analysis can
be developed equally well on the basis of the hereditary integral form of constitutive
equations as given by Eq 9.42 or Eq 9.43. With respect to the uniaxial stress loading
analyzed above, Eq 9.42a (assuming elastic behavior in dilatation with tyx = 3Key and
eiy = ToU(t)/3K, along with zero stress at time t = 0) results in the equations

2 {en — TOSK(J()} = E (T — T3°> () Js (t—t)at’, (9.79a)

2 [ezz — TOSK(U] = Jt (—?) S(t)Js (t—t)at', (9.79b)
0

2 [e33 — TO};K(U] = E <—2°) S(t)Js (t—t)at . (9.79¢)

From these equations it is again apparent that €;, = €33, and that in order to develop
the solution details for a particular material we need the expression for Js, the shear
compliance of that material as shown by the example that follows.



Linear Viscoelasticity 327

I Example 9.2

Develop the solution for the problem of Example 9.7-1 using the hereditary
integral form of constitutive equations for a bar that is Kelvin in distortion,
elastic in dilatation.

Solution
For a Kelvin material, the shear (creep) compliance, Eq 9.21, is Js = (1 —
e t/7)/G so that Eq 9.79a becomes for t17 = ToU(t)

5 [en B Tou(t)} - r 2Tod ()

il (1—e—t2")dt’ (9.80)

which may be integrated directly using Eq 9.27 to yield

T—e v 1
or by a simple rearrangement
3K+G e
e (t) =ToU(t) TOKG 3G ]

in agreement with Eq 9.76. Likewise, from Eq 9.79b we obtain for this loading

ToU (t) b Tod (1) EEETA N
2{622— o }:L— e (1—e T>dt (9.82)

which also integrates directly using Eq 9.27 to yield

lT—e = 1

in agreement with Eq 9.78.

The number of problems in viscoelasticity that may be solved by direct integration as
in the examples above is certainly quite limited. For situations involving more general
stress fields, or for bodies of a more complicated geometry, the correspondence principle
may be used to advantage. This approach rests upon the analogy between the basic
equations of an associated problem in elasticity and those of the Laplace transforms of
the fundamental equations of the viscoelastic problem under consideration. For the case
of quasi-static viscoelastic problems in which inertia forces due to displacements may be
neglected, and for which the elastic and viscoelastic bodies have the same geometry, the
correspondence method is relatively straightforward as described below. In an elastic
body under constant load, the stresses, strains, and displacements are independent of
time, whereas in the associated viscoelastic problem, even though the loading is constant
or a slowly varying function of time, the governing equations are time dependent and
may be subjected to the Laplace transformation. By definition, the Laplace transform of
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an arbitrary continuous time-dependent function, say the stress tij(x,t) for example, is
given by

t
tij (x,8) = J ty5 (x, t) e Stdt (9.84)
0

in which s is the transform variable, and barred quantities indicate transform. Standard
textbooks on the Laplace transform list tables giving the transforms of a wide variety
of time-dependent functions. Of primary importance to the following discussion, the
Laplace transforms of the derivatives of a given function are essential. Thus, for the first
two derivatives of stress

t
dty (x,t -
J %e’“dt = —ty (O) + sty (x, S) R (985a)
0
t g2
d<ty; (x,t) _ _
JO Z—Te Stat = —ty (0) — sty (0) + Szti]' (x,s) , (9.85b)
and so on for higher derivatives. Note that in these equations the values of the stress and
its derivatives at time t = 0 become part of the transform so that initial conditions are
built into the solution.
We may now examine the details of the correspondence method by considering the
correspondence between the basic elasticity equations (as listed in Chapter 6 and repeated
here)

Equilibrium (Eq 6.43) tij j(x) + pbi(x) =0,

Strain — displacement (Eq 6.44) 2ei5(x) =uy (%) +uj4(x)

Constitutive relations (Eq 6.33a) Sij(x) = 2Gny;(x)
(Eq 6.33b) tii(x) = 3Keii(x)

and the Laplace transforms of the associated time-dependent viscoelastic equations

Equilibrium Tij5(x,8) + pbi(x,s) =0, (9.86a)
Strain — displacement 28&i5(x,s) =1y j(x,s) +15.i(x,s), (9.86b)
Constitutive relations P (s)Sij(x,8) =2Q (s)7y5(x, s) , (9.86¢)

tii(x, s) = 3K&ii(x, s) (9.86d)

where barred quantities are transforms, and in which P(s) and Q(s) are polynomials in
the transform variable s in accordance with Eq 9.85. A comparison of Eqs 9.86, which
are algebraic, time-independent relations, with the elasticity equations above indicates a
complete analogy between the barred and unbarred entities if we assign the equivalency
of the ratio Q(s)/P(s) to the shear modulus G. This allows us to state the correspondence
principle as follows:

If the solution of a problem in elasticity is known, the Laplace transform of the
solution of the associated viscoelastic problem is constructed by substituting
the quotient Q(s)/P(s) of the transformed operator polynomials in place of
the shear modulus G, and the actual time-dependent loads by their Laplace
transforms.

Since many elasticity solutions are written in terms of Young’s modulus, E and Poisson’s
ratio, v, it is useful to extract from Eqs 9.73 and 9.74 the transform replacements for these
constants which are -

_ 9KQ
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3KP —2Q

V)2 GF a0

(9.88)

As an illustration of how the correspondence method works, we consider the following
problem.

—— Example 9.3

The radial stress t,, in an elastic half-space under the action of a concentrated
constant force Fo acting at the origin as shown in the figure below is

ter (1,2) = ;—:t [(1T—2v)A(r,z) —B(r,z)]

where A(r,z) and B(r,z) are known functions of the coordinates. Determine
the time-dependent viscoelastic stress t,(r,z,t) for a half-space that is Kelvin
in shear and elastic in dilatation if the force at the origin is given by the step
loading F(t) = FoU(t).

z

Solution

From Eq 9.88 for v(s) we may directly calculate the Laplace transform of the
expression for 1 — 2v appearing in the elastic solution as 3Q/ (3KP + Q). The
Laplace transform of the load function FolU(t) is given by Fo/s. Thus, the
Laplace transform of the associated viscoelastic solution is

Fo[ 3Q

trnzs) =2 1351 0

Al(r,z) — B(T,Z)] .

From the Kelvin model constitutive equation, Eq 9.13, we have {Q}/{P} ={G +
1n0¢} for which Q(s)/P(s) = G +ns so that

J('r'r (ﬁr Z, S)

Fo 3(G+ns)
2ms 3K+ G +1n

A(r,z)—B (r,z)} .

This expression may be inverted with the help of a table of transforms from any
standard text on Laplace transforms to give the time-dependent viscoelastic
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solution
3G ~ (3K+G)t
27 3K+ G

ter (1,2,1) = A(r,z) —B(r,z)

Notice that when t =0
Fo
t‘r‘r‘ (Ta z, O) = 5 [3A (T»Z) —B (T) Z)] )
27

and as t — oo

Fo 3G
tTT(T‘,Z,t—)OO):Z 3K+ G

A(r,z) —B(r,z)

which is the elastic solution.
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Problems

Problem 9.1
By substituting Si; = ti; — %615 txx and iy = €45 — %fnjekk into Eq 9.7 and combining
those two equations, determine expressions in operator form for

(a) the Lamé constant, A,

(b) Young’s modulus, E,

(c) Poisson’s ratio, v.

Answer

(a) {A}=K-2{Q}/3{P}

(b) {E} = 9K{Q}/(3K{P} +{Q})

(c) {v}= (BK{P}—2{Q})/(6K{P} + 2{Q})
Problem 9.2

Compliances are reciprocals of moduli. Thus, in elasticity theory D = 1/E, ] = 1/G, and
B = 1/K. Show from the stress-strain equations of a simple one-dimensional tension that

11
D=7+ 'p.
305

Problem 9.3

The four-parameter model shown consists of a Kelvin unit in series with a Maxwell unit.
Knowing that YmMODEL = YKELVIN +YMAXWELL, together with the operator equations Eqs 9.13
and 9.14, determine the constitutive equation for this model.

G, G -
T 2 ]2_- T
m,
Answer

GamV+ GGy =mT+ (G +Ga+m1/12) T+ (Gr1/12) T

Problem 9.4
Develop the constitutive equations for the three-parameter models shown.

Mo T —wWW—F— 7
-] . _]]__, ~] I
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G2 m,
T _‘VVVV—”_ T
1
,
(c)
Answer
(a) ¥+v/m1 = +m2) /M2 T+ (1/Tim2) T
(b) T+T/12=(G24+ G1)V+ (G1/12) Y
() T+T/m2 =mV+ (G2 +m/12) ¥
Problem 9.5

A proposed model consists of a Kelvin unit in parallel with a Maxwell unit. Determine the
constitutive equation for this model.

G, s
—MA—]|
T T
~—o— G] —o —>
—AAAA—
T

1|
m
Answer

T+T/T2a=mV+(G1 +Ga+m/12) v+ (Gi/t2)y

Problem 9.6
For the four-parameter model shown, determine

(a) the constitutive equation,

(b) the relaxation function, G(t). [Note that G(t) is the sum of the G(t)’s of the
parallel joined units.]

Answer

(a) T+ T/t =n3V + (G1 + G2 +n3/12)V + (G1/T12) ¥
(b) G(t) =Gy + Gae /72 + 1358 (t)
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Problem 9.7
For the model shown the stress history is given by the accompanying diagram. Determine
the strain y(t) for this loading during the intervals

(a) 0 <t/T<2,

(b) 0 < t/T <4

Use superposition to obtain answer (b).

G t
T G T
—~—o— —_ To |
—] :
n o 1 2 3 4 5 t/1
Answer
(a) Y(t) =ToJ 2—e YT) U(t)
(d) y(t) =To] 2—e ") U(t) = ToJ (2— e 29/7) U (t — 271)
Problem 9.8

For the model shown determine

(a) the constitutive equation,
(b) the relaxation function, G(t),

(c) the stress, T(t) for 0 < t < ty, when the strain is given by the accompanying
graph.

G Y

Answer
(b) G(t)=md(t) +G (1 + e—t/Tz)
() T(t)=A (21’] — Ze_t/TGt) u(t)

Problem 9.9
For the model shown in Problem 9.8, determine T(t) when y(t) is given by the diagram
shown here.

Y
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Answer

Tt =vomd () +G(1+e V)] Ut)+An(2—e 7))+ Gt] U(t)

Problem 9.10
The three-parameter model shown is subjected to the strain history pictured in the graph.
Use superposition to obtain T(t) for the t > t7, from T(t) for t < t7. Let yo/t1 = A.

GZ
YAAAAY
L LT
G] n1 t

Answer

For t <t T(t) =A[m (1—e ¥/™) 4+ Gat] U(t)
For t > t1; T(t) [ (1—e /7)) + Gat] U(t)
—7\[‘!’]1 (1—6 (t=t1)/m )+Gz(t—t1)]U(t—t1)

Problem 9.11
For the model shown determine the stress, T(t) at (a) t =t3; (b) t =2t;; and (c) t = 3t,
if the applied strain is given by the diagram. Use superposition for (b) and (c).

G n Y
T ] | T Y,
i
L 0 T 3t

Answer
(a) T(t1) = (yon/t1) [2— e "1/7]

T(2t1) = (yon/t1) [-2+2e 1/T — e 201/7]
(¢) T(3t1) = (yon/t1) [—e /7 4 2e21/T —3e-301/7]

—~
o
~

Problem 9.12
If the model shown in the sketch is subjected to the strain history y (t) = (00/2G) [2 - e*t/ZT] U (t),
as pictured in the time diagram, determine the stress, T(t).




Linear Viscoelasticity 335

Answer

T(t) =To (e"T+ U(1))

Problem 9.13
For the hereditary integral, Eq 9.38

t
v(thL J(t— ) (dT (t') /dt') at

assume T(t) = et where s is a constant. Let T =t —t’ be the “elapsed time” of the load
application and show that y(t) = se®tJ (s) where J (s) is the Laplace transform of J(t).

Problem 9.14
Using T(t) = e®t as in Problem 9.13, together with the hereditary integral Eq 9.41a

T(t) = r Gt—t)(dy)/at)dt ,

and the result of Problem 9.13 show that G (s)J(s) = 1/s where G (s) is the Laplace
transform of G(t). Assume s is real.

Problem 9.15
Taking the hereditary integrals for viscoelastic behavior in the form Eq 9.40
t

Y6 =ToT (6) + L TI)[d] (t—t) /d (t— V)] a

and Eq 9.41c

t

T(1) = Goy (1) + Lv (1) [dG (t— t/) /d (t— t')] dt’ |

show that for the stress loading T(t) = e%t and with T =t — t/, the expression
GoA(s)+JoB(s)+A(s)B(s)=0
results, where here

A(s) = JOO e 57 (dJ/dT) dT

and -
B(s) = J. e %7 (dG/dT) dt .

Problem 9.16

Let the stress relaxation function be given as G(t) = a(b/t)™ where a, b, and m
are constants and t is time. Show that the creep function for this material is J(t) =
1 sinmx (£)™ with m < 1. Use the identity G (s)J(s) = 1/s? where barred quantities
are Laplace transforms.

Problem 9.17

A three-parameter solid has the model shown. Derive the constitutive equation for this
model and from it determine (a) the relaxation function, and (b) the creep function for the
model.
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G, ]]m
-L—o— —0—>T
—— ANWW———

Answer

(a) G(t) =G2+ G1e_t/T‘

() T(t) =(1/(G1 + G2)) e VT +(1/G) (1 — e ¥/™)
where T3 =(G1 4+ G2)11/G2

Problem 9.18

A material is modeled as shown by the sketch. (a) For this model determine the relaxation
function, G(t). (b) If a ramp function strain as shown by the diagram is imposed on the
model, determine the stress, using the appropriate hereditary integral involving G(t).

A Y(®)

1—(

2G T

G 2n 0 t

Answer

(a) G(t) = G +2Ge 2t/ 4 Ge /27
(b) T(t) = GA [t + 31 — te~2/T — 2te~t/27] U(t)

Problem 9.19

Determine the complex modulus, G*(iw) for the model shown using the substitution iw
for 9¢ in the constitutive equation.

G, m,
U | T
A —
G

Answer

G* (iw) = [G2 + (G + G2) Tfw? +iGiTiw] / (1 + TTw?)

Problem 9.20

Show that, in general, ] = 1/G’(1 4 tan 26) and verify that G’ and ]’ for the Kelvin model
satisfies this identity. (Hint: Begin with G*J* =1.)
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Problem 9.21

Let the complex viscosity (denoted here by n*(iw)) be defined through the equation

iwt] .

Toe'®t =n* [iwyoe

Determine n* (iw) in terms of G*(iw) (see Eq 9.49) and calculate n* (iw) for the model
shown below.

G n
r PwWwW—T—
T
1l
n

—o —>

Answer

1" (iw) = 1 (24 w?t?) —imw] / (1 + w?T?)

Problem 9.22
From Eq 9.55a in which G’ = Ty cos §/vo and 9.55b in which G” = (Tysin 8) /v, show that
J' = (yocosd)/Ty and that J” = (yosind)/Ty. Use G*J* = 1.

Problem 9.23

Show that the energy dissipated per cycle is related directly to the loss compliance, J”
by evaluating the integral [ Tdy over one complete cycle assuming T(t) = T sinwt. (See
Fig. 9.10.)

Answer

ﬁm:ﬁﬂ’

Problem 9.24
For the rather complicated model shown here, determine the constitutive equation and
from it G*(iw). Sketch a few points on the curve G” vs. In(wT).

G
D) 2G ]r]n T
G 2N

Answer
T+(5/20)T+ (1/12) T=4Gy + (116/21)v + (G/T%) v
G*(iw) = G’ +1G"” where
G' =G [1+(35/4)P?w? +4t*w?] / [1+ (17/4) T w? + T*w?]
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G" =G [3tw+ (9/2) B3w3] /[1 + (17/4) T? w? + T*w?]
For In(wt) =0, G” =1.2G
For In(wT) =1, G” =1.13G
For In(wT) =2, G” =0.572G
(wT)

For In(wT) =00, G”" =0

Problem 9.25

A block of viscoelastic material in the shape of a cube fits snugly into a rigid container.
A uniformly distributed load p = —poU(t) is applied to the top surface of the cube. If the
material is Maxwell in shear and elastic in dilatation determine the stress component tq1(t)
using Eq 9.71. Evaluate t17(0) and t77(c0).

X BT —Ppoll (t)

RN

Answer

t11(t) = —poll — (6G/(3K +4G))]e 3K/ BK+4G) Tt (¢)
t11(0) = —pol(3K —2G)/(3K +4G)]
t11(00) = —Ppo

Problem 9.26

A slender viscoelastic bar is loaded in simple tension with the stress T(t) = t17(t) = ToU(t).
The material may be modeled as a standard linear solid in shear having the model shown,
and as elastic in dilatation. Using the hereditary integrals, Eq 9.42, determine the axial
strain €71(t) and the lateral strain €5 (t).

G
T G T

Answer

e11(t) = Tofl(6K + G)/3K — e~/ 7]/3G)U(t)
e22(t) = To[(1/9K) — (2 — e~*/7) /6G)IU(t)
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Problem 9.27

A cylinder of viscoelastic material fits snugly into a rigid container so that €17 = €2 =
€rr = 0 (no radial strain). The body is elastic in dilatation and has a creep compliance
Js =Jo(1+t) with Jo a constant. Determine t33(t) if €33 = A (a constant).

Xs

Answer

taz(t) = {AKt+4(1 —e)/3]olJU(t)

Problem 9.28

A viscoelastic body in the form of a block is elastic in dilatation and obeys the Maxwell
law in distortion. The block is subjected to a pressure impulse t17 = —pd(t) distributed
uniformly over the x; face. If the block is constrained so that €;» = €33 = 0, determine
€11(t) and t52(t).

t33

22

4 —p_5(t)

t22(t) = pol(2G — 3K)6(1) /(3K +4G) — (6G /(3K + 4G))el3K/(BK+4G) Tt (¢)
€11(t) = pol38(t)/(3K +4G) — [4G /(3K + 4G)K]el 3K/ BK+4G) Tl ()

Answer

Problem 9.29
A viscoelastic cylinder is inserted into a snug fitting cavity of a rigid container. A flat,
smooth plunger is applied to the surface x; = 0 of the cylinder and forced downward at
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a constant strain rate €77 = €p. If the material is modeled as the three-parameter solid
shown in shear and as elastic in dilatation, determine t17(t) and t;>(t) during the downward
motion of the plunger.

L \\GVQ T Xz
G X,

X

Answer

t11(t) = —eol(4GT/3)(1 — e ¥7) + (K +4G/3)tIU(t)
t22(t) = €0l(2GT/3)(1 — e ¥/ 7) + (=K + 2G/3)tIU(t)

Problem 9.30

For a thick-walled elastic cylinder under internal pressure po, the stresses are t,, = A—B/r2;
tge = A+B/r? and the radial displacement is given by u, = 1%[AU —2v)r+B/v] where A
and B are constants involving po, E is Young’s modulus, and v is Poisson’s ratio. Determine
tyr, toe , and u, for a viscoelastic cylinder of the same dimensions that is Kelvin in shear
and elastic dilatation if p = poU(t).

t
T t

Answer

t,+ = same as elastic solution but with pg now pol(t)
tgg = same as elastic solution but with pg now poU(t)
ur(t) = (3Ar/(6K 4+ 2G))(1 — e~ BKAGIV/GTN(t) + (B/2GT)(1 — e Y T)U(1)

Problem 9.31

A viscoelastic half-space is modeled as Kelvin in shear, elastic in dilatation. If the point
force P = Pge ! is applied at the origin of a stress free material at time t = 0, determine
t,+(t) knowing that for an elastic half-space the radial stress is

tyr = Pol(1— 2v)A — Bl /2m

where A and B are functions of the coordinates only.
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Answer

ter = (Po/2mM)[(3(G —n)e t + 9Ke BK+GIV/NIA /(3K 4+ G —n) —e 'B

Problem 9.32

The deflection at x = L for an end-loaded cantilever elastic beam is w = PyL3/3EL
Determine the deflection w(L,t) for a viscoelastic beam of the same dimensions if P =
PoU(t) assuming (a) one-dimensional analysis based on Kelvin material, and (b) three-
dimensional analysis with the beam material Kelvin in shear, elastic in dilatation. Check
w(L, 00) in each case.

L I
Answer
(a) w(L,t) = (PoL3/3ED)(1 — e ¥/T5)U(t), Te =n/E
w(L, 00) = (PoL3/3EI), the elastic deflection.
(b) W(L,t) = (PoL3/3ED[(1 — e /) + (1/9K)e ¥/ TIU(t)
w(L, 00) = (PoL3/3EI), the elastic deflection.

Problem 9.33

A simply-supported viscoelastic beam is subjected to the time-dependent loading f(x,t) =
got where qg is a constant and t is time. Determine the beam deflection w(x,t) in terms
of the elastic beam shape X(x) if the beam material is assumed to be (a) one-dimensional
Kelvin, and (b) three-dimensional Kelvin in shear, and elastic in dilatation. Compare the
results.
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Answer

(a) w =X(x) [t —7e(1 —e /T5) U(t)

(b) w =X( )[ — (3tg/ 3K—|—G))(1—e*t/TE)} u(t)
WhereT n/E



Appendix A: General Tensors

The balance laws and the constitutive relations describing the behavior of continuous
media were formulated using direct or coordinate free notation. This is a recognition of
the invariance of the physical principles. These laws were written using indicial notation
in a rectangular-Cartesian coordinate frame. The study of tensors in other coordinate
systems may be better suited for solving particular boundary value problems. These
coordinate frames might provide ways to describe vectors and tensors that better describe
the geometry of the body. The study of general tensors also aids in understanding much
of the literature that uses general tensors.

It would be convenient if there was a way to convert the Cartesian equations to general
coordinate systems without a great deal of effort. It is the purpose of this appendix to
give such a scheme. The following section begins by developing ideas about the general
representation of vectors. Next methods are given for taking derivatives in general coor-
dinate systems. Then a set of rules is introduced that will allow one to take an expression
in Cartesian coordinates and convert it to an expression in a general coordinate system.

A.1 Representation of Vectors in General Bases

Vectors are quantities that do not depend on a coordinate system. The representation of
vectors does depend on the basis for computing the components of a vector. Any set of
three non-coplanar vectors can be used to represent a vector v. For a Cartesian coordinate
system {€;, €, €3} forms a basis that allows the vector v to be written as

Vv =v1€] +v2€; +Vv3€3 =v;€; .

The basis {€;,€,,€3} is the same for every point in the space defined in the Cartesian
coordinate system. The coordinate system is said to be homogenous. It is also possible to
choose a set of base vectors {g1, 92, g3} that is not orthonormal, Fig A.1. The vectors g,
and g; lie in a plane, and the vector g3 is out of the plane. These base vectors may also
vary from point to point in the space. Such a system is called nonhomogeneous.

A vector can be represented by

v=y' g1 +v292 -|-ng3 :Vigi .
The summation is over a subscript and superscript. The superscripts are indices not ex-

ponents. An exponent would be represented by vt x vt = (vi)z. The components of the
vector v are found by projecting the vector onto the planes formed by g1-g», 92-g3, and
g1-g3. This gives the unique scalar components v!, vZ, and v with respect to the basis
{g1}. The calculation of the components v' are not as straight forward as in the Cartesian
system. The basis vectors are not orthonormal and

o 0 fori#j
gl'QJ#{ 1 fOI‘i:j

as in the Cartesian system.
343
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9;
9,
9,
FIGURE A.1
A set of non-orthonormal base vectors.
I Example A.1

Given the set of base vectors {g;} with Cartesian components
g1 =3¢ +2e,+¢e3
g2 =€ —2¢;
g3 =2 +€3
and a vector
v=4¢e;+¢e,+8¢e3.
Find v', v2, and v3.

Solution
We know that

v=v'g; +vig, +Vv’g;3 .

Taking the dot product v - €;, gives
v e 4 =30 +v2 +v3
v-8, 1=2v1 +43
v.€3 §=v -2
Solving yields
v =2, vi=1, vi=-3

The vector is
v=201+92—393.

Determining whether a set of vectors forms a basis is not a simple task. A simple test

for linear independence is to form a matrix, G, from the basis vectors expressed in the
Cartesian components.

G =191,92,93]

The determinate of G being non-zero assures that the basis is linearly independent. The
mathematical condition for this is

detG #0
and is called the Jacobian matrix of the basis {g:}.
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I Example A.2

From the previous example, show that the basis g; is linearly independent.

Solution
The matrix G is
31 1
G=12 0 1
1 0 -2
and
31 1
detG=|2 0 1 1=5#0.
1 0 -2

The basis is linearly independent. Note that the determinate of G being non-zero
is just the condition that the equations for the components v' has a solution.

A.2 The Dot Product and the Reciprocal Basis

The dot product between two vectors u and v is
u-v=ulg; -vVigi=uvgi gj.

If the basis is Cartesian, the dot product g; - g; is just the Kronecker delta. However, since
the basis vectors are not orthonormal, the dot product becomes

u-v=u'vlg;-gi +uvigr g2 +u'vigy - gz +---
+uvlgs- g1 +uvigs- g2 +uivigs g3
The dot product of the base vectors is a set of scalars and possesses the symmetry
9i-95 =94 = 95 - 9i = Gji -
The dot product would be simplified considerably if the dot product of the basis vectors
were orthogonal. This can be accomplished by computing a reciprocal or dual basis. The

reciprocal vectors can be computed in a number of ways but have the property that

S 1 ifi=j
. = J:
9i-9’ =95 {o if i

6{ is the Kronecker delta. One method for the computation of the reciprocal basis is given
in Problem 2.2. The reciprocal basis allows us to write a vector as

v=vigi=vig .



346 Continuum Mechanics for Engineers

Note that the implied summation is always across a subscript and superscript pair. With
the reciprocal basis, the dot product becomes

S SRS R A R A
u-v=uvjgi-g’ =uv;d; =u'v; .

It is also possible to form the dot product of the base vectors with themselves. The dot
products of the basis vectors give

9i-05 = 0ij
9t g =gY
g9i-9' =g/ =9
9" 95 =94 =25

These equations give the metric tensors of the space.
The metric tensor is associated with distances or lengths in the space. For a vector
v =v'g;, we have
— |? =iy - )
v-v =T =vVgi- g5 =giyv'y
or ) o -
v-v=W" =vivig'-g =gvv; .
The magnitude of the vector is related to the metric tensors gi; and gV.
The products
9" =g g
are the dual, reciprocal or inverse metric tensor. This latter designation is seen from the
following calculation. The bases are related by

9i=gy9' and g'=g'g;.

Now, this gives
9i-0' =8 =gug" 9’ gx = 9ug’* 8} = gug"
and . . .
gug’' = gug" = 511 .
Hence the designation inverse metric.
The components of a vector are related by
Vi =V-0i= ngk g = gkin = gika

from the symmetry of the metric tensor. This can also be repeated for the g* base vectors.
The results are ' . -

Vi = gi;V’ and Vvi=g"v;.
This is termed raising and lowering the indices and will be useful when we describe the
rules for generating general tensor expressions from Cartesian tensor expression.

A.3 Components of a Tensor

The components of a tensor in an orthonormal basis are defined by the operation of the
tensor on the base vectors €;. The components are

Tij:/e\i-T-@j.
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This process can be extended to the general basis. However, unlike the orthonormal
basis, the general basis gives four different component representations. Two of these
tensor components are

Ty=9i-T-9j
TV=g'.T-¢g.

The components are formed in the standard way. In addition, there are two sets of mixed
components. These are?

Tij =g T 9;
Thus, the four representations of a tensor are
T=TYg:ig; =Tyj0'0’ =T40:9’ = T/g'g; .

The mixed components of a tensor are not related. In general

T #ATY.

However, for a symmetric tensor
T=T"

the result is

Ty =T

Tij _ T]I

=T

le = T]i .

Just as with orthonormal bases, transformation rules exist between two sets of general
basis vectors {gi} and {g}}. The transformation follows the same patterns established pre-
viously. The only change being that summation occurs over subscripts and superscripts.
The transformation of a vector is .

vi = alvj
and )
v= (@)

A second order tensor transforms as
! Pk
T-l]. = qaj qj Tok .

For the other components, we need to have the transformation rules for the reciprocal
basis )
) i
g/1 — ( a 1)j g]
and
9" =ajg” .

These can be used to determine the transformation laws for the other tensor components.

2Sometimes dots are used to hold the positions of the indices, Tij = Ti‘j. This is most commonly done when
writing the mixed components. Typesetting offers the opportunity to clearly separate the superscript and
subscript.
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A.4 Determination of the Base Vectors

We have seen that vectors can be represented in terms of two sets of base vectors {gi} or
{o'}- ‘ .
v=v'gi =vig".
The base vectors {g;} are called the covariant basis vectors, and {gi} is called a set of
contravariant basis vectors. The covariant basis vectors are defined by the derivatives of a
coordinate transformation . o
x=%(W)=x"(u)e.

The vectors {€;} are the orthonormal base vectors of the rectangular system. The functions
%' (W) are the coordinate functions relating the rectangular coordinates, x', to the new
coordinate variables, . The covariant base vectors are

ox  oxt
=_—=_—6€.

ow 0w
The base vectors are the derivatives along the coordinate curves. They vary along the
coordinate curves. The dual or reciprocal basis is the contravariant basis vectors. These
vectors have the property that

9;

(1 ifie]
.q = J:
919’ =3 {o i1

§) is the Kronecker delta.

I Example A.3

Determine the base vectors for the circular-cylindrical coordinate system.

Solution
Figure A.3 shows the circular-cylindrical coordinate system for x> = 0. The
position of the point p is

x =x'e; +x?é, +x3e;

=1cos0€; +1sin0eé; + z€3 .

This shows that x =% (1,0,z). Now

ox
gr = — = COs 9@1 + sin 6/6\2

or
0%
go = x _ —rsin0€; + rcos 0€,
00
and
_x_,
gz = 0z 3.

The basis vectors {gi} can be shown to be a basis by forming the Jacobian,
S(9+,90,92). This gives

cos 0 sin® 0
G=det| —rsin® rtcos® O |=r1(cos’0+sin’0)=r.
0 0 1
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2
X A

O—curve

FIGURE A.2
Circular-cylindrical coordinate system for x> = 0.

The vectors form a basis except for the point r = 0. The vector

oxX
gr = P cos 0€; + sin0é;

lies along the r-coordinate. Similarly, gg is a vector that is perpendicular to g;.
The basis vectors form a non-homogeneous basis. The two vectors are tangent
to the r and © curves. This is consistent with the definition of the covariant
basis vectors.

The dual basis is found from the computation in Problem 2.2. These vectors
are

g" = cos0€; + sin e,

1
g° = . (—sin@@; + cos 0€,)

and

Q
I

o
w

The properties of the bases can be verified.
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A.5 Derivatives of Vectors
A.5.1 Time Derivative of a Vector

Suppose that in the circular cylindrical system of the above example that r = r (t), 6 =
0 (t), and z =z (t). This gives

x=1(t)cosO(t)e; +r(t)sind(t)é; +z(t) €5 .
The time derivative of x (t) is the velocity v (t) and is

b X0 _oxdr dxdo | axds

dt ordt 00dt o0zdt
using the chain rule. From the previous section, the partial derivatives of x are the base
vectors g; and

vy = & _drg 1 49y, &2
T Tar o @t T % &

9z :Vrgr +Vege +Vzgz .

The result is q 40 d
T T 0 z z
= — = — d = — .

| T T R
The first and third terms have the dimensions of a velocity. However, the second term
does not. It only has units of s~'. This raises the need to develop the physical components
of a vector.

The physical components of a vector w in the direction u are

P

w-1i.
Here 1i is a unit vector in the direction of u.

a=
lul

The physical components of v denoted by v='> are the components of the vector along
the covariant unit vectors. The unit vectors §; are

N gi .
0i = nosumonti.
Vv 9ii

Now for a vector v =vigs,

v :Vigi = V91101 +v2\/922ﬁ2 +V3\/933§3 .

The physical components of v are

v<t> = /guv' nosumoni
and
v= v<k> @\k
For the circular cylindrical system
dr
<r> AT
v =v.-g"'=—
ST
and 40
<0> ~0 0
v =v.-g'=v.-1g° =1— .
[¢] 9 at

These are the familiar components of the velocity that appear in elementary dynamics.
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A.5.2 Covariant Derivative of a Vector

The spatial derivative of a vector field frequently arises in applications. This is the case
for gradients of displacement fields defining strain fields or the divergence of a velocity
field in a fluid. The derivative of a vector v with respect to a curvilinear coordinate u* is

o o
ow  ouw”t ow

The latter term arises because the base vectors, gi, can vary from point to point in the
space.

It is desirable to express the derivative of the base vector in terms of components along
the base vector. This allows the writing of an expression analogous to that in a Cartesian
coordinate system.

ov oVi .
6x,— N an

Here, the comma notation denotes partial differentiation.
The derivative of the base vector is

00 2 (as&a) o%xk
k

oW ow \au %) T dwout ¢

The Cartesian base vectors are expressible in terms of the covariant base vectors.

T,
e = %g] .

This is the inverse of the original expression defining g;. Inserting this expression for €;
gives

0gi  0%x* ou!

oW duiow axk Ot
The coefficients in the above expression are known as the Christoffel symbols of the second
kind. These are given a special notation

0%k AT B
duitouw agk Y | i

agi _ 1 _ l,

The different notations for the Christoffel symbols appear in the literature and are pre-
sented to aid in understanding the literature on general tensors.

This expression gives one way to compute the Christoffel symbols. Taking the dot
product of both sides with gPgives

Using this notation gives,

091
p_ 99t
5 w9

after rearranging the indices. The process for computing the Christoffel symbols is

1. From the coordinate transformation x = %' (w) &;, find gix = 2% @; and compute
o2xk

0i,j = dw out €x .



352 Continuum Mechanics for Engineers

2. Determine the contravariant base vectors g~.
3. Form the dot product to find the Christoffel symbol.

09

L_99i 1

Fij =30 g .

Another method is available for finding the Christoffel symbols that is not dependent on
the coordinate transformation. It will be presented subsequently.

I Example A.4

Compute the Christoffel symbols for the circular cylindrical coordinate system.

Solution
The covariant base vectors are

ox
gr = — = COs 9/6\1 + sin 6@2

or
0%
go = x _ —1sin €7 + 1cos 0€,
00
and
o,
g: = dz — €3

The computation is not as daunting as it might first appear. Many of the
Christoffel symbols are zero. Differentiating the base vectors we have

0 0 0 0
9r _99r _p 9r _ 990 = —sin0@; + cos 0€;

or 9z 00  or
0go 0go A A
32 =0, 30 rcos0€; — rsinde,

and
09 09 09,

or 0 0z
The reciprocal base vectors are

g" = cos0€; +sin0e;

1
g% = . (—sin@@é; + cos 0€,)

and
gz = /6\3 .
The Christoffel symbols found from l"ilj =295 . gl give

ou

rrrr:r?r:r‘rZT:r:z:rrez:rfz:O
1
rrezrgrzrrzezrezr:o r?ezrgr:;

reeezo r(;e:—T.

The remaining components are zero.
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The derivative of the vector can now be written as
v ovt .0gi oVt 1
W w v oW ow VT
This can be rearranged to give
v _
ow 0w

i

ﬁ +Vkr]i)-) gi .

The last form is the result of changing the dummy indices. The coefficients of the covari-
ant base vectors are

: ov
gi +V*T0i = <

ovt
ouw
This is the covariant derivative of the contravariant components of a vector. It is a natural
generalization of the result for partial differentiation in Cartesian systems.

To this point, all calculation was done using the contravariant components of the vector.
If v=v;g! represents the vector, then

Vi = + VT

v _ow o 0

ow 0w ouw
This presents the problem of computing the derivative of the second term. To do this,
note that

gi- 9j = 51
and . ;
0 0gi og’ 1Y
qur (90797 =gk 9/ F 9 Gk = gk O
This gives
og’ 00i - ) )
uk 9T —au; g =-Thoi-g =-T), .

The right hand side is the covariant component of a vector and

og’ C
Juk = _ri]kgl '
This result gives
ov vy .
o = (g —wrs) o'

The covariant derivative of the covariant components is

Vi k
— — w5
ow K

vilj =

Compare this to the previous result.

A.6 Christoffel Symbols
A.6.1 Types of Christoffel Symbols

The definition of the Christoffel symbols of the second kind indicates that there is sym-
metry in the indices 1 and j.

e ot okt aul
outow oxk  ouwout 9%k
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Ul l _ l
== b=

The Christoffel symbols of the second kind are the partial derivatives of the basis vectors
in a curvilinear coordinate system with respect to the coordinate variables. Also, it is
useful to look at the placement of the indices. The indices are all free indices. The upper
index corresponds to the term in the numerator and the lower indices correspond to the
terms in the denominator.

The above discussion indicates that the Christoffel symbols are of two types. The
Christoffel symbols of the first kind are denoted by [ij, 1. These are computed from the
following formula

[, U = gum [}

Similarly, using the metric g, we find
5 =9" U .

The Christoffel symbols of the first kind have a representation similar to those of the
second kind. To find this representation, note that

oxa . oxk ox9 oxk
glm:gl'gm:meq'auimekzmauim qk -
The Christoffel symbols of the first kind are
ox9 oxk 92%P oum

11 — m = —
5,10 =9l = 5 1 5w %% 3 w0 3

out oxk qum 9%k
™ 9w 9w dkp  and  Okpdgqk = Opq -
This gives
92%P OxP
5, = Surow aut -

Notice that all the indices are in the denominator. Also, the grouping appears in a logical
sequence.

A.6.2 Calculation of the Christoffel Symbols

From the above discussion, it would appear that the Christoffel symbols are connected to
a particular rectangular Cartesian coordinate system. However, the Christoffel symbols
can be computed directly from the metric and the inverse metric for the space. This is
shown in the following.

The metric of the space is

945 = 9i-9; -
We differentiate this with respect to the coordinate u* and obtain

0gij _ 00 09;

auk_auk.gj+gilﬁ'

This can be written as

09i;
ouk

=01 95 + 91 - 9pl = Ty + gip Ty -
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This is
99ij
ouk

Cyclically permuting the indices generates two more formulae.

= [ik,jl + [k, 1] .

a .
L
ow
a .
Ik _ [j, k] + ki,
ou

Adding the first 2 expressions and subtracting the last expression gives

0gij . Ogki 0g;

ouk ow out

The symmetry of the Christoffel symbols was exploited in obtaining this result.
The Christoffel symbols of the second kind can be obtained from the above expression
and the relation Fjpk = g*? [jk, i]. The result is

ik = H=3 - )

ouk ow out

This demonstrates that the Christoffel symbols are not dependent on the Cartesian basis
that was used to motivate their introduction.

The use of the metric tensor is especially useful in determining the Christoffel symbols
when the general coordinate bases are orthogonal. In this case, we have gmn = 0 if
m # n. This immediately shows that many of the Christoffel symbols will be zero in an
orthogonal basis. If 1, j, and k are all distinct, then I"g; = 0. The only non-zero values will
occur when two of the indices are equal in a general, orthogonal coordinate system.

A.7 Covariant Derivatives of Tensors

In a manner similar to that used to find the covariant derivative of a vector, the covariant
derivative of a tensor can be found. To calculate k , begin with the representation of a
tensor in the basis {gi}, T = TYg;g;. Then

oT 0
S0k = g (179:95)
oTY 00 0g;
= 3ux 9195 —i—T”a <9 +Tg giz k-

Using the Christoffel symbols, this can be written as

oT  oTY
K ngg) + T 09y + T Jrkg g -
Rearranging the dummy indices gives
oT oTY
ok = (a — + T, —|—T”F1k) 9i9;

=T 919; -
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The term in parentheses is the covariant derivative of the contravariant components of
the tensor.

1j oTY i il
The= g+ T+ TN
Other covariant derivatives can be formed. These are
0Ty;
Tijhe = aul'i — Tyl — Tilrjlk

i My i 1ip
Tj|k:m+Tjr1k—T1rjk-

They are computed using the same techniques as were employed previously.

A.8 General Tensor Equations

Tensors and tensor equations describing physical phenomena are invariant with respect
to coordinate systems. A number of relations in direct and Cartesian tensor notation
were developed. These relations span the spectrum from inner products of vectors to
local forms of the First Law of Thermodynamics.

The following presents a way to convert these relations from Cartesian tensor notation
to general tensor notation. Vectors and tensors are represented in terms of covariant and
contravariant base vectors. The techniques presented allow us to compute the derivatives
of vector fields and tensor fields. Three rules allow the conversion of Cartesian tensor
expressions to expressions in general coordinate systems.

Rule 1: Rewrite summations over dummy indices in Cartesian expressions so that the summation
is only over raised and lowered indices.

This rule is a direct consequence of the way that summation was introduced for vector
and tensor representation in a general coordinate system. We defined vectors and tensors
in terms of covariant and contravariant bases. This led to the convention that implied
summation occurs only over a subscript and a superscript pair.

Summation across pairs of indices may be accomplished in a number of ways. We may
simply change an index in the Cartesian expression from a subscript to a superscript. This
is possible since we have Kronecker deltas §V and 8;; in the Cartesian system. We may
raise or lower indices by noting that the metric or inverse metric acts as a generalized Kro-
necker delta. Table A.1 gives examples of Cartesian expressions and the corresponding
general tensor expressions.

Rule 2: Replace partial differentiation in Cartesian tensor expressions with covariant differentia-
tion.

This rule is useful in converting derivatives and differential operators. An example is
the divergence of a vector field. In Cartesian tensor notation, we have

divv = Vii-

This becomes
divv =+* i
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TABLE A.1
Converting from Cartesian tensor notation to general tensor
notation. Summation over only subscript and superscript pairs.

Cartesian Tensor Expression General Tensor Expression
k _ km _ .k
dyx di = gemd"™ = g"™dim
aibi (libi = gik(lkbi = 1"k(libk
didi did1 = 0ij dtd’ = g” did]'
_ U km _ -k
Vi = Wikk Vi =Wy = gkemWi™ = 0 M Wikm

in general tensor notation. Note that the summation is over a raised and lowered index.
Another example is the equilibrium equations. In Cartesian notation, they read

Tij‘j +b; = pa; .
In general tensor notation, this becomes
TY; +b' = pa'.

Are there other forms that could be used to represent these equations?

These general tensor forms appear to be quite simple. However, it must be remembered
that the covariant derivative involves Christoffel symbols. For general coordinate systems,
these are quite complicated. In orthogonal systems, things improve since the non-zero
Christoffel symbols have a pair of matching indices. The distinction disappears in a
Cartesian system where the Christoffel symbols are all zero. Things are not always as
simple as they first appear!

Rule 3: Replace the Cartesian tensor permutation symbol, €15y, by the general tensor permutation
symbol, ey or eV and rewrite summations over raised and lowered indices.

This rule is useful when considering the cross product of vectors or vector operators.
The cross product of two vectors in a general coordinate system is

UXV:uingiX gj

but
gi X g5 = eijkgk .
This gives
uxv= ei,-kuingk .

Also note that

eijk = (91 X 9j) - 9k = &ijxV/9
where

g = det|gi;/ .

These three rules allow one to conveniently change Cartesian tensor expressions into
general tensor expressions. Now the laws and equations that are valid in Cartesian refer-
ence frames can be rewritten so that they have forms appropriate for general coordinate
systems. This gives us a very powerful methodology for exploring the mechanics of
continuous media.
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A9 General Tensors and Physical Components
A tensor has the following representations

<ij>a
T .

T=T"gi9; =Ty;0'0’ =T770:9; .

The equilibrium equations are given by the derivatives of the physical components T<1>.
For cylindrical-polar coordinates, these are

~ :/e\r
g1 oT<rr> N 1aT<r6> oT<rz> N T<rr> _T<ee> o
or r 90 0z T B

92 =€

120 (r2T<eT>) 1 aT<ee> aT<Gz>

+ = + =0

T2 or T 00 0z
/9\3 = /e\z

19 (T.T<zr>) 1 aT<6z> oT<zz>

- - - =0.

+
T or T 00 0z
The covariant derivative of the tensors for computing the equilibrium equation can be
written in two forms.

Form 1:

Tt
out
This is an acceptable form for the equilibrium equations since the tensor components are
the contravariant components. These are similar to the contravariant physical components
used above.

g1 G=1)

T, = T + T, =0

oT™

out
This equation contains many terms. However, all but two of the Christoffel symbols are
zero. The non-zero Christoffel symbols are

+TUrL +THRL =0

1
F122:F221:; rzlzz—r-
This gives
o 2, f22ry, —o;
out 12 22 ;
aTH aT12 aT13 +1T”_rT22:O
ou! ou? oud r ’

The contravariant components in this expression are not the physical components of the
tensor. What is the relationship between the two? The representation of a tensor above
gives
Tiigigj — T<i)‘>g\ig\j — T<ij>&& .
9t 9j
gi and g; are the magnitudes of the vectors. These are

0i =+v0i-0i =+/0ii nhosumoni.
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gij is the metric tensor. For cylindrical coordinates, this is
1.0 0
[gij] =020
0 0 1

The connection between the components are

T<Y> = /g11/0;; TV nosumoniorj.

T<rv> T<r9> T<rz> TH TT]Z T13
T<9T> T<99> T<Gz> — TTZ] T2T22 T.T23
T<zr> T<z6> T<zz> T31 TT32 T33
This gives
oT=""" 0 1 <ro> oT="=~ 1 <rr> 1 <00>\| _

This is the &, equilibrium equation where (u',u?,u?) is (r,0,z).

92 (=2 .
oT-t . .
s H T AT =0
> LA | A T
aui +T r~|2+T r]z+T rz]: aui +;T :O

This leads to . . 3
oT
LICL sy,
oul ou? oud r

Writing this in terms of the physical components and the coordinates (r,0,z) gives

E 1<er> i l <00> 3 1<ez> § 1<er> _
ar<TT T2 TZT oz rT t3 rT =0

and 10 0 (1 0

== (T2T<er>) +— 7-|-<99> + (T<Bz>) -0

T2 or 00 \ r 0z
g3 (j=3)

T3t 3lpi U3
or - .
S T TR+ T (0) =0,

This yields

T3 9732 AT |
oul! ou? oud r

Converting to physical components gives

aT<ZZ>
0z

13 (rT<zr>) i 1
T or 00
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Form 2:

This form uses the covariant tensor components

_ 0Ty
W
This is not an acceptable form for the equilibrium equations for the physical components
since the tensor components are the covariant components rather than the contravariant
components. These are not the same as the contravariant physical components used in
the equilibrium equations. While these expressions will give partial differential equations
for the covariant components, they will not give an equivalent set of equations to those
already presented. The contravariant and covariant components and associated equations
become equivalent in an orthonormal rectangular coordinate system.

Tij|i — ij F{}l + —|—im|—‘£rL =0
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TABLE B.1: Creep and relaxation responses for various viscoelastic models.

Model/Name Constitutive Equation Creep Compliance, J(t) Relaxation Modulus, G(t)
Elastic Solid
G T—Gy T_y_um G(t) = GU(Y)
ANV ¢ ¢
Viscous Eluld T=ny ¢ ¢
- = e nd(t)
. T .
Maxwell (Fluid) T+ -T=Gy
T 1 t T+t 4
.A/\G/\A/\_|n 1 E+;]: | Ge ™/
{6t + ¥} T={Go:}vy
Kelvin (Solid) T=Gy+ny
G T={G+no 1
={G +n0}y ha (] _ eft/”r) G +1d(t)
1 1 G
-T= {* + at} Y
n T
e G:1G; e
t/T _ ot/
Three Parameter Solid e VT G+ G, o Gre + G+ G, (] € )
. — = (1 — T2
G1 G Gi1Gay + Gimay = G, GGz ( ¢ ) G, /
A ; or ———— (Gy+ Gye V™)
(G1 4+ G2)T+naT 1 1 i/ G+ G2
or — 4 — (1—et/72)
m G G where T/ = M2
Gi + G2
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TABLE B.1 - continued from previous page

Model/Name Constitutive Equation Creep Compliance, J(t) Relaxation Modulus, G(t)
e v/ 1 ,
———t — (1—e V"
Gi+G2 Gy ( )
- T G G
M+ — = v 1 or — — ———2 e t/7 Gy + Gyet/m2
m T+T2 (G +G2)y+ o G Gi(G1 +Gy) ] 2
G, ,_ Gi+Ga
where 7/ = ——1,
Gy
Gomy+mmay = MMz G2 ( nin2 ) /
; —(t) + + e’
G n GaT+ (M +m2)T 1 , t m+1n2 e N TR
2 . 7(]767t/"r)+n7
' . 1 2
V+l:mT+— WhereT,:m'f'ﬂz
T2 nimn2 T2 G,
t 1 M2 ?
G n . T 4+ ( ) 1—e At
: T+ —= m+nz Gz \m+m2 ( )
T ni8(t) + Gae /2
(Gﬁm)wm where 1 G2 +12)
m, 2 mn2
L, v T
+=—
Oy G n 1 ' T12 Gll
B 2 . 1 t 1
T — +— )T+ — =+ — (1—e V™2
_W 2 GiT2 T]l) G m G (1—e )
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TABLE B.1 - continued from previous page

Model/Name Constitutive Equation

Creep Compliance, J(t)

Relaxation Modulus, G(t)

G G .
! v M +12)T+ (G +G2)T =

G1Gay + M2Gy +
MmG2)y +mimz¥
n] 2

1 5 et/
t p—
™t mimz | 8(t) - +

G1GoT/ (1—e V™)
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Index

€ - & identity, 10 creep, 318

MaAtLAB® shear, 316, 320
invariants, 35 volumetric, 320
symbolic concentrated moment, 55

invariants, 36 configuration, 103
current, 104, 105, 116
acceleration field, 106, 172 initial, 106
adiabatic, 212, 275 reference, 104-106

angular momentum, 176
axiom of impenetrability, 106

conservation of
angular momentum, 167, 182

balance laws, see conservation of energy, 167, 177,179, 186

barotropic, 278, 280 linear momentum, 167, 182, 186
fluid, 275 mass, 167, 169, 182
. constitutive equations, 167, 179, 196, 198,

base vectors, 7
basis
orthogonal, 7
Bernoulli equation, 280
bi-harmonic equation, 242, 255
polar form, 246
box product, see triple scalar product

272
continuity equation, 169, 213, 278
contraction, 17
convective rate of change, 112
covariant
base vectors, 353
derivative, 353

caloric equation of state, 180 derivative of tensors, 355
Cartesian axes, 7 creep, 315
Cauchy deformation tensor, 118, 208 function, 316

left, 292 response

right, 133, 136, 292 Kelvin, 316
Cayley-Hamilton theorem, 294 Maxwell, 317
characteristic equation, 31 cross product, 11, 15
Christoffel symbols cubical dilatation, 123

of the first kind, 354 curl, 38

of the second kind, 351
circulation, 41, 281 decomposition
Clausius-Duhem equation, 167, 179, 181, additive, 134

182 multiplicative, 134

local form, 182 deformation, 103, 117
coefficient of gradient, 116, 117, 134

bulk viscosity, 272 homogeneous/inhomogeneous, 117

thermal expansion, 252 del operator, 38, 112
compatibility density, 53, 54, 109

Beltrami-Michell, 224, 253, 254, 258 determinant

equations, 254 cofactor, 21

strain, 128 deviatoric response, 310, 311
compliance dilatational response, 310, 320

365
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Dirac delta function, 317 internal, 178
direction cosines, 25 specific internal, 178
displacement, 103, 110, 120 entropy, 179
differential, 127 equation of state
field, 110 fluid, 271
displacement gradient, 120 equations of motion, 174
distortional response, 320 Eulerian, 172
divergence, 38 Lagrangian, 172
theorem of Gauss, 40, 62 local, 172
dot product, 11 equilibrium, 61
double dot product, 14 force and moment, 61
dual basis, 345 balance of moments, 62
dummy index, 8 equation, 174, 253
dyad, see tensor product local equations, 61
dyad-dyad product, 13 Euclidian space, 7
Euler equation, 275, 276, 278, 280
eigen problem, 216 Eulerian
characteristic equation, 31 description, 109, 273
eigenvalue, 30 strain, 118
eigenvector, 30
normalized, 34 field equations, 167
elastic materials, 178 first law of thermodynamics, 167, 179
elasticity, 211 fluid, 271
Airy stress function, 242, 246, 259 linear viscous, 199
constants Newtonian, 271, 272
Cijr, 212 Stokesian, 271, 272
anisotropic, 215, 219 force
bulk modulus, 217 body, 53, 223
isotropic, 215, 223 contact, 53
Lamé, 215, 217, 221 surface, 53
modulus of elasticity, 216 Fourier’s law, 178, 253
orthotropic, 221
Poisson’s ratio, 216 Galerkin vector, 255, 256
shear modulus, 216, 219 gas dynamics equation, 278
elastodynamics, 223, 225 gradient, 38
elastostatics, 223 scalar, 38
linear, 211 vector, 38
linear solid, 199 Green’s deformation tensor, 117
nonlinear, 211, 285 Green’s second identity, 51
plane, 238
semi-inverse, 243 harmonic, 231
symmetry, 219, 220 heat, 179
three dimensional, 253 conduction, 253
displacement formulation, 253 flux, 178
stress formulation, 253 supply, 178
energy Helmholtz, theorem of, 254
balance, 213 homogeneous, 212
mechanical, 179 body, 54
thermal, 179 deformation, 117
density, 178 Hooke’s law, 211, 214-216, 219, 240, 241,

equation, 179 253
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isotropic body, 223

plane strain, 241
hydrostatics, 276
hyperelastic material, 214

incompressible

fluid, 275

material, 294
indices

raising and lowering, 346
indicial notation, 5, 16

free index, 16
inelastic, 211
infinitesimal

deformation theory, 120

rotation tensor, 127

strain tensor, 127
inner product, 17
internal

constraint, 294

energy, 213
invariance, 189
invariants, 31, 35
inverse mapping, 105
inviscid fluid, 275
irrotational, 254, 280

flow, 278
isochoric, 145
isothermal, 212, 275

Jacobian
determinant, 106
matrix, 344

Kelvin problem, 256
Kelvin’s theorem, 280, 281
kinematics, 103

kinetic energy, 177
Kronecker delta, 9, 19

Lagrange multiplier
stress, 72

Lagrangian
description, 109

equations of motion, see equations

of motion
Lamé strain potential, 255
laminar flows, 275
Laplace equation, 279
left stretch tensor, 134
linear

367

independence, 344
momentum, 171
transformation, 5, 30
antecedent, 30
image, 30
local rate of change, 112

mapping, 103
mass, 169
density, 169
material
body, 103
coordinates, 105, 109, 121
derivative, 111, 112
of a line element, 143
of a line segment, 143
of a volume, 145
of an area, 144
of Jacobian, 144
operator, 112
description, 109, see referential de-
scription, 110, 118
material frame indifference, 189
matrix, 19
column matrix, 19
addition, 19
adjoint, 23
decomposition, 20
determinant
diagonal matrix, 22
expansion by cofactors, 22
minor, 21
signed minor, 21
determinant of square matrix, 21
diagonal, 19
exponent rule, 20
identity, 19
inverse, 23
multiplication, 20
associative, 20
communitive, 20
null, 19
orthogonal, 24
prefactor/postfactor, 20
row matrix, 19
scalar multiplication, 20
singular, 22
skew-symmetric, 19
square, 19
square of, 20
square root, 20
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symmetric, 19
trace, 31
transpose, 19
vector-tensor product, 24
zero, 19
mechanical power, 177
Mohr’s circle, 189
for stress, 76
moment
of momentum, 176
vector, 55
Mooney-Rivlin material, 292, 296
motion, 103, 117
multiplication
cross product, 15
double dot product, 16
dyad product, 15
dyad-dyad product, 16
tensor-tensor product, 16
triple cross product, 15
triple scalar product, 15
vector by scalar, 15
vector by vector, 15
vector-dyad product, 15
vector-tensor products, 16

Navier equation, 224, 225, 240, 253, 254,
257
plane strain, 241
Navier-Stokes equations, 273-275
neo-Hookean material, 292, 296
Newton’s laws, 55
nonion form, 12

Ogden material, 297
orthonormal, 7
orthotropic, 221
outer product, 17

Papkovich-Neuber, 257

partial differentiation
subscript comma notation, 37

particles, 103

path, 106

permutation symbol, 9, 10

plane strain, 124, 238
generalized, 241

plane stress, 80, 238
generalized, 241

plastic material, 199

polar

Continuum Mechanics for Engineers

coordinates, 245
decomposition, 134
material, 176
polymer, 309
chain, 287
conformation, 287
positive/negative definite, 37, 134
potential flow, 278
pressure
function, 276
head, 280
hydrostatic, 271
thermostatic, 271
principle of linear momentum, 55

rate of
deformation, 137, 138
extension, 139
shear, 140
stretching, 139
reciprocal vectors, 345
referential
coordinates, 105
description, see material description
relaxation, 315
function, 318
residual stress, 214
resilience, 285
retardation time, 316
right
principal direction of stretch, 135
stretch tensor, 134
rigid body, 103
displacement, 132
translation, 135
rotation
tensor, 134
vector, 127
rubber
butadiene, 285
molecular approach, 287
natural, 285

Saint-Venant
extension, 227
flexure, 236
pure bending, 234
torsion, 228

scalar, 6
field, 37
product, 11
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second law of thermodynamics, 179, 186
simple shear deformation, 119
solenoidal, 254
spatial
coordinates, 105, 121
description, 110, 118
position, 105
velocity gradient, 137
specific
entropy, 180
entropy production, 181
free energy, 186
heat, 253
internal energy, 178
steady flow, 276
Stokes’
condition, 272
theorem, 41
strain, 104
axial, 217
deviator tensor, 123
energy, 211, 213
energy density, 213
engineering shear, 123
Eulerian, 118, 175
linearized, 120
finite strain tensor, 116
gauge rosette, 125
infinitesimal, 123
invariants, 121
Lagrangian, 117, 118, 175
linearized, 120
linear, 120
longitudinal, 121, 132
mean normal, 123
normal, 121
principal, 121
deviator, 124
directions, 121, 123
pure, 127
rate of, 140
shear, 125
strain rate, see strain, rate of, 310
strain-displacement equation, 253
streamline, 280
stress, 53
as a tensor, 58
axial, 217
Cauchy
formula, 58, 59, 61
principle, 54, 56

characteristic equation, 67
components, 59
compressive, 59
deviatoric, 85, 252
principal values, 86
extremal values, 72
first Piola-Kirchhoff, 173
hydrostatic, 85
invariants, 67
maximum
and minimum values, 71
shear, 76
mean, 85, 271
Mohr’s circle, 74
normal, 59, 71
octahedral, 87
normal, 87
shear, 87
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orthogonal principal directions, 68

Piola-Kirchhoff, 172
plane, 80
power, 178
principal
directions, 66
real values, 67
stresses, 66
values, 66
rate, 196
Green-Naghdi, 196
Jaumann, 196
second Piola-Kirchhoff, 174
shear, 59
magnitude, 72
spherical, 85, 252
symmetry, 61
tensor, 56

three dimensional stress function, 258

transformation, 63, 69

units, 59

vector, 55, 57, 66
stretch

ratio, 131

tensor, 134
summation convention, 8
superposed rigid body motion, 189
superposition principle, 223, 224
symbolic notation, 5, 11

temperature
reference, 252
tensor, 5
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-tensor products, 13
anti-symmetric, 17
Cartesian, 5
component, 7
curl, 38
definition of, 5
divergence, 38
field, 37
metric, 346
order, 6
physical components, 358
positive/negative definite, 37
product, 12
skew-symmetric, 17
spin, 138, 141
symmetric, 17
trace, 31
transformation, 25, 27
thermodynamic state, 180
thermoelasticity, 252
thermomechanical continuum, 178
thermoplastic elastomers, 285
thermoset, 285
traction vector, 55
trajectory, 106
transformation, 25
fourth-order tensor, 212
arbitrary Cartesian tensor, 28
improper orthogonal, 28
law, 27
orthogonality condition, 26
tensor, 25, 212
vectors, 25
transport theorem, 168
triple
cross product, 11, 15
scalar product, 11, 15

undeformed configuration, 104
unit

base vectors, 7

extension, 132

vector, 6
-dyad product, 13
-tensor product, 24
-tensor products, 13
addition, 11, 15
axial, 18, 44
axial or pseudo, 28
components, 7
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curl, 38
divergence, 38
field, 37
multiplication, 11
physical components, 350
transformation, 25, 27
triangle rule, 6
true or polar, 28
velocity, 106
field, 55, 104, 106
gradient, 137
head, 280
viscoelastic, 309
absolute compliance, 323
complex
compliance, 320
modulus, 320
correspondence principle, 324, 327
creep function, 318
dashpot, 312
harmonic loading, 320
hereditary integral, 318, 323
Kelvin model, 313, 323
generalized, 315
linear
integral equations, 200
material, 199
linear differential operator, 310
loss
compliance, 322
modulus, 321
Maxwell model, 313, 323, 324
generalized, 315
mechanical models, 311
relaxation modulus, 320
retardation time, 316
shear compliance, 320
standard linear solid, 313
storage
compliance, 322
modulus, 321
superposition principle, 318
three-dimensional problems, 324
volumetric compliance, 320
viscosity coefficients, 272
viscous stress tensor, 271
vorticity, 137, 283
tensor, 138, 141
vector, 141

work, 179



