1 Differential Equations
for Solid Mechanics

Simple problems involving homogeneous stress states have been considered so far,
wherein the stress is the same throughout the component under study. An exception to
this was the varying stress field in the loaded beam, but there a simplified set of elasticity
equations was used. Here the question of varying stress and strain fields in materials is
considered. In order to solve such problems, a differential formulation is required. In this
Chapter, a number of differential equations will be derived, relating the stresses and body
forces (equations of motion), the strains and displacements (strain-displacement
relations) and the strains with each other (compatibility relations). These equations are
derived from physical principles and so apply to any type of material, although the latter
two are derived under the assumption of small strain.
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1.1 The Equations of Motion

In Part I, balance of forces and moments acting on any component was enforced in order
to ensure that the component was in equilibrium. Here, allowance is made for stresses
which vary continuously throughout a material, and force equilibrium of any portion of
material is enforced.

One-Dimensional Equation

Consider a one-dimensional differential element of length AX and cross sectional area A,
Fig. 1.1.1. Let the average body force per unit volume acting on the element be b and the
average acceleration and density of the element be a and p. Stresses o act on the

element.

......... 9’ e O'(X + Ax)
D A —
o(X)
X X+ AX
AX

Figure 1.1.1: a differential element under the action of surface and body forces

The net surface force acting is o(X+ AX)A—o(X)A. If the element is small, then the

body force and velocity can be assumed to vary linearly over the element and the average
will act at the centre of the element. Then the body force acting on the element is AbAX
and the inertial force is pAAxa. Applying Newton’s second law leads to

o(X+ AX)A— o (X)A+bAXA = paAxA
— 1.1.1
_)o-(X+AAx)2 a(x)er:pa (1.1.1)

so that, by the definition of the derivative, in the limit as AX — 0,

EJF b = pa| 1-d Equation of Motion (1.1.2)

which is the one-dimensional equation of motion. Note that this equation was derived
on the basis of a physical law and must therefore be satisfied for all materials, whatever
they be composed of.

The derivative do/dx is the stress gradient — physically, it is a measure of how rapidly
the stresses are changing.

Example

Consider a bar of length | which hangs from a ceiling, as shown in Fig. 1.1.2.
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i

Figure 1.1.2: a hanging bar

The gravitational force is F = mg downward and the body force per unit volume is thus
b= pg. There are no accelerating material particles. Taking the z axis positive down, an
integration of the equation of motion gives

c:}I—U+,og=0 — o=-pgz+c (1.1.3)
z

where C is an arbitrary constant. The lower end of the bar is free and so the stress there is
zero, and so

o=pg(l-2) (1.1.4)
|
Two-Dimensional Equations

Consider now a two dimensional infinitesimal element of width and height Ax and Ay
and unit depth (into the page).

Looking at the normal stress components acting in the X —direction, and allowing for
variations in stress over the element surfaces, the stresses are as shown in Fig. 1.1.3.

O (X, Y +Ay) o, (X+AX, Y+ Ay)
— AX —
o (X,Y) O (X+AX,Y)

Figure 1.1.3: varying stresses acting on a differential element

Using a (two dimensional) Taylor series and dropping higher order terms then leads to the
linearly varying stresses illustrated in Fig. 1.1.4. (where o, =0, (X, y) and the partial

derivatives are evaluated at (X, y)), which is a reasonable approximation when the
element is small.
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Figure 1.1.4: linearly varying stresses acting on a differential element

For the left and right sides, one has, respectively,

The effect (resultant force) of this linear variation of stress on the plane can be replicated
by a constant stress acting over the whole plane, the size of which is the average stress.

O+ l Ay 00

, aXX+AxaG—XX+lAy86XX (1.1.5)
ox 2 oy
One can take away the stress (1/2)Aydo,, /0y from both sides without affecting the net

force acting on the element so one finally has the representation shown in Fig. 1.1.5.

Tu(XY) =

——— 0, +AX

XX

OX

Figure 1.1.5: net stresses acting on a differential element

Carrying out the same procedure for the shear stresses contributing to a force in the
X —direction leads to the stresses shown in Fig. 1.1.6.

0o,
Oyt Ay
—
b,,v,
RN o a o .
O'XX(X,y) -~ sz — > O T a—XAX
L AX,
¥
—
O,y (X, Y)
Take a,, b,

Figure 1.1.6: normal and shear stresses acting on a differential element

to be the average acceleration and body force, and p to be the average
density. Newton’s law then yields

Solid Mechanics Part IT
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0o,,

oo,
-0 Ay +| oy + AXF Ay —o, AX+| o,, + Ay

jAy +b, AXAy = pa, AXAy

(1.1.6)
which, dividing through by AXAy and taking the limit, gives
oo
aG—XXJF—Xerbxz,oax (1.1.7)
OX oy

A similar analysis for force components in the y —direction yields another equation and
one then has the two-dimensional equations of motion:

ao-xx ao_Xy
x oy T
2-D Equations of Motion (1.1.8)
00, N oo, h -
OX oy Py

Three-Dimensional Equations

Similarly, one can consider a three-dimensional element, and one finds that

6O-xx aO-Xy 6O-xz
+ + +b, = pa,
OX oy 0z
do, 0o, Jdo, _ _
P + Y + pe +b, =pa,| 3-D Equations of Motion (1.1.9)
ao-zx 862}’ ao-zz
+ + +b, = pa,
OX oy 0z

These three equations express force-balance in, respectively, the X, y, z directions.
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(294 )
signant par oG, &, L les projections algébriques de la force accélératrice qui scrait

capable de produire 2 ello seule s mouvement effoctif d’une parlicule, et prenant z,

y. &, t pour variables indépendantes, on obtiendra, 2 la place des équations (1), celles
qui suivent

dd | dF _ dE
= Tt teX=rx.

dF dB dD
(2) ?:+}-;+7;'-+sz?3.

dE aD dac
o= vt Tt teZ=rt.

Eufin, si I'on nomme &, », { les déplacements de la particule qui, au bout d’un
temps ¢, coincide avec le point (z,y.2), mesurés paralltlement aux axes coor-
donnés, on trouvera, en supposant ces déplacements trés-petits,

Figure 1.1.7: from Cauchy’s Exercices de Mathematiques (1829)

The Equations of Equlibrium

If the material is not moving (or is moving at constant velocity) and is in static

equilibrium, then the equations of motion reduce to the equations of equilibrium,

0
00y, + Ty | 9% +b =0
OX oy oz
oo, do, 0o, . _—
+ + +b, =0 3-D Equations of Equilibrium (1.1.10)
OX oy 0z
0
0o, N o, Oo, +b =0
OX oy 0z

These equations express the force balance between surface forces and body forces in a
material. The equations of equilibrium may also be used as a good approximation in the

analysis of materials which have relatively small accelerations.

1.1.2 Problems

1. What does the one-dimensional equation of motion say about the stresses in a bar in
the absence of any body force or acceleration?

2. Does equilibrium exist for the following two dimensional stress distribution in the

absence of body forces?

Solid Mechanics Part IT

o, =3X> +4xy -8y’
O, =0, =X /2-6xy—-2y?

o, =2x> +xy+3y’
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3. The elementary beam theory predicts that the stresses in a circular beam due to
bending are

o, =My/l, axy:ayX=V(R2—y2)/3l (I =2R*/4)
and all the other stress components are zero. Do these equations satisfy the equations
of equilibrium?

4. With respect to axes 0Xyz the stress state is given in terms of the coordinates by the

matrix
2
O Oy Oy Xy 'y 0
2 2
[O'ij]: Ow Oy Oy |=|Y YZ I
o o o 0 z° xz

X 7y pad

Determine the body force acting on the material if it is at rest.

5. What is the acceleration of a material particle of density p = 0.3kgm™, subjected to

the stress
2x> —x* 2Xy 2Xz
[Uij]: 2xy 2y’ —y* 2yz
2X2 2yz 27°-171*

and gravity (the z axis is directed vertically upwards from the ground).

6. A fluid at rest is subjected to a hydrostatic pressure p and the force of gravity only.

(a) Write out the equations of motion for this case.

(b) A very basic formula of hydrostatics, to be found in any elementary book on fluid
mechanics, is that giving the pressure variation in a static fluid,

Ap = pgh

where p is the density of the fluid, g is the acceleration due to gravity, and h is
the vertical distance between the two points in the fluid (the relative depth).
Show that this formula is but a special case of the equations of motion.
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1.2 The Strain-Displacement Relations
The strain was introduced in Part I: §3.6. Expressions which relate the displacements of

material particles to the strains for a continuously varying strain field are derived in what
follows.

1.2.1 The Strain-Displacement Relations
Normal Strain
Consider a line element of length AX emanating from position (X, Y) and lying in the X -

direction, denoted by AB in Fig. 1.2.1. After deformation the line element occupies
A'B’, having undergone a translation, extension and rotation.

y U, (X+AX,Y)
u, (X, Y)
¢
A B:
E . X
X X+ AX

Figure 1.2.1: deformation of a line element

The particle that was originally at X has undergone a displacement u, (X, y) and the other
end of the line element has undergone a displacement U, (X + AX,y) . By the definition of

(small) normal strain,

_AB -AB U (X+AX,y)—u,(X,y)

1.2.1
h AB . (1.2.1)

g

In the limit AX = 0 one has

ou
=X 1.2.2
Ery ax ( )

This partial derivative is a displacement gradient, a measure of how rapid the
displacement changes through the material, and is the strain at (X, y). Physically, it

represents the (approximate) unit change in length of a line element, as indicated in Fig.
1.2.2.
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<>
A B AX
<> u, AX
AX OX

Figure 1.2.2: unit change in length of a line element

Similarly, by considering a line element initially lying in the y direction, the strain in the y
direction can be expressed as

£, =—r (1.2.3)

Shear Strain

The particles A and B in Fig. 1.2.1 also undergo displacements in the y direction and this
is shown in Fig. 1.2.3. In this case, one has

. ou
B'B'=—LAx (1.2.4)
OX
y
u, (X+AX,y) !
B
u, (X, y)
T ¢
Al B:
E . X
X X+ AX

Figure 1.2.3: deformation of a line element

A similar relation can be derived by considering a line element initially lying in the y
direction. A summary is given in Fig. 1.2.4. Form the figure,

ou, / ox ou
0 ~tand = Y ~—7
1+ou,/ox  ox

provided that (i) € is small and (ii) the displacement gradient ou, /0x is small. A similar

expression for the angle A4 can be derived, and hence the shear strain can be written in
terms of displacement gradients.
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Figure 1.2.4: strains in terms of displacement gradients

The Small-Strain Stress-Strain Relations

In summary, one has

1(ou, ou,
£y =—| —2+—=
Vo2l oy ox

1.2.2 Geometrical Interpretation of Small Strain

ou,
gXX =
OX
ou, N .
£y = a_y 2-D Strain-Displacement relations

Section 1.2

(1.2.5)

A geometric interpretation of the strain was given in Part I: §3.6.4. This interpretation is

repeated here, only now in terms of displacement gradients.

Positive Normal Strain

Fig. 1.2.5a,
ou ou ou
g =—2>0, £, =—"=0, &, o ¥
OX 2\ oy oX
Negative Normal Strain
Fig 1.2.5b,
ou ou ou ou
Ey =—<0, ng—y:O, Xy:l 4+ Y1=0
OX 2l oy  oX
Solid Mechanics Part II 11
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Y u,(x) U, (x+AXx) u,(y)
X / - _/
— . e o
—> —> I |—>
> — > I |
|:: —> :—> :
[ X —> —
(a) (b) (c)

Figure 1.2.5: some simple deformations; (a) positive normal strain, (b) negative
normal strain, (c) simple shear

Simple Shear
Fig. 1.2.5¢,
ou ou
T N TE | el L CP ¥ 5
OX 2l oy  oX 2 oy
Pure Shear
Fig 1.2.6a,
ou ou ou
w0 e, =T 0 g, = B T M)
OX oy 2 oy  oX oy  oX
Pure Rotation
Fig 1.2.6b,
ou
ey =1 M, M) (1.2.10)
2\ oy  oX
1
=1
I
u,(y) I
~u,(y) LUy (%)
X Yy
— () 1
(a) (b)

Figure 1.2.6: (a) pure shear, (c) pure rotation
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1.2.3 The Rotation

Form Fig. 1.2.6b and Eqn. 1.2.10, a rigid body rotation of an element occurs when

ou, _ au,

oy  ox

(1.2.11)

This leads one to define the rotation of a material particle, w,, the “z” signifying the axis
about which the element is rotating:

ou
o, = L[ Xy e (12.12)
20 ox oy

The rotation will in general vary throughout a material. When the rotation is everywhere
zero, the material is said to be irrotational.

Note that any shear strain can be decomposed into a pure shear and a rotation, as
illustrated in Fig. 1.2.7.

y
P ou, 0= ou,
Y ’ T oox arbitrary shear strain
X ':
» :1(/“0):1(8% +GUVJ ' rotation
2 20 oy ox // pure i (no strain)
/ shear !
/I v
| 4
Exy o, "
u T wz
ou ou
%:4_1(“9):% o, = L(g—2)=L] My _ 2
oy ox 2 2\ Ox oy

Figure 1.2.7: decomposition of a shear strain into a pure shear and a rotation

1.2.4 Fixing Displacements

The strains give information about the deformation of material particles but, since they do
not encompass translations and rotations, they do not give information about the precise
location in space of particles. To determine this, one must specify three displacement
components (in two-dimensional problems). Mathematically, this is equivalent to saying

Solid Mechanics Part IT
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that one cannot uniquely determine the displacements from the strain-displacement
relations 1.2.5.

Example

Consider the strain field ¢,, =0.01, &, = ¢&,, =0. The displacements can be obtained by

integrating the strain-displacement relations:

U, = [£,dx=0.01x+ f(y)

(1.2.13)
u, = J'gwdy =g(Xx)
where f and g are unknown functions of y and X respectively. Substituting the
displacement expressions into the shear strain relation gives
f'(y)=-0'(x). (1.2.14)

Any expression of the form F(x) = G(y) which holds for all x and y implies that F and G
are constant'. Since f’, g’ are constant, one can integrate to get
f(y)=A+Dy, g(X)=B+Cx. From 1.2.14, C=-D, and

0.0Ix+ A-Cy
B + Cx (1.2.15)

u
uy

There are three arbitrary constants of integration, which can be determined by specifying
three displacement components. For example, suppose that it is known that

u,(0,0)=0,u,(0,0)=0,u,(0,a)=b. (1.2.16)
In that case, A=0,B =0,C =-b/a, and, finally,

u, =0.01x+(b/a)y
U = —(b/a)x (1.2.17)

which corresponds to Fig. 1.2.8, with (b/a) being the (tan of the small) angle by which
the element has rotated.

! since, if this was not so, a change in x would change the left hand side of this expression but would not
change the right hand side and so the equality cannot hold
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Figure 1.2.8: an element undergoing a normal strain and a rotation

[
In general, the displacement field will be of the form

U, = <eeeee +A-C

U= oo +B+C¥( (1.2.18)

and indeed Eqn. 1.2.15 is of this form. Physically, A, B and C represent the possible rigid
body motions of the material as a whole, since they are the same for all material particles.
A corresponds to a translation in the X direction, B corresponds to a translation in the X
direction, and C corresponds to a positive (counterclockwise) rotation.

1.2.5 Three Dimensional Strain

The three-dimensional stress-strain relations analogous to Eqns. 1.2.5 are

ou 0

g, = , Ey =) &

ou

z

u, ~
oy " &

1{ou, ou, 1(ou, ou, 1{ou, au,
Ey = t—— € =7 t— b T = T
Vo2l oy ox 2\ 0z ox 210z oy

3-D Stress-Strain relations  (1.2.19)

The rotations are
ou ou
PPN BB [P Y L R [ 0
2\ ox oy 2\ 0z oX 2\ 0oy oz

1.2.6 Problems

1. The displacement field in a material is given by
u,=AQBx-y) u, =Axy’

where A is a small constant.

Solid Mechanics Part 11 15 Kelly



Section 1.2

(a) Evaluate the strains. What is the rotation @,? Sketch the deformation and any
rigid body motions of a differential element at the point (1, 1)

(b) Sketch the deformation and rigid body motions at the point (0, 2) , by using a pure
shear strain superimposed on the rotation.

2. The strains in a material are given by
Ex =0X, &,=0, &, =a

Evaluate the displacements in terms of three arbitrary constants of integration, in the
form of Eqn. 1.2.15,

What is the rotation?

3. The strains in a material are given by
gu = AXY, &, =AYy, &, =AX
where A is a small constant. Evaluate the displacements in terms of three arbitrary
constants of integration. What is the rotation?

4. Show that, in a state of plane strain ( &,, = 0) with zero body force,
de ,00, _ o’u,  ou

/4
N 2 T
OX oy OX oy
where € is the volumetric strain or dilatation, the sum of the normal strains:
e=&,+E,+tE,.

X
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1.3 Compatibility of Strain

As seen in the previous section, the displacements can be determined from the strains
through integration, to within a rigid body motion. In the two-dimensional case, there are
three strain-displacement relations but only two displacement components. This implies
that the strains are not independent but are related in some way. The relations between
the strains are called compatibility conditions.

1.3.1 The Compatibility Relations

Differentiating the first of 1.2.5 twice with respect to y, the second twice with respect to
x and the third once each with respectto x and y yields

oy oxoy:'  ox®  oxPoy'  oxoy 2

628“ _ a3ux azg)’y _ 63“)’ 628)‘)’ _ 1 63UX + 63u)’
oxoy?  ox*oy

It follows that

82‘("><>< aZgyy 82‘("xy T .
o L :28x8y 2-D Compatibility Equation (1.3.1)

This compatibility condition is an equation which must be satisfied by the strains at all
material particles.

Physical Meaning of the Compatibility Condition
When all material particles in a component deform, translate and rotate, they need to meet
up again very much like the pieces of a jigsaw puzzle must fit together. Fig. 1.3.1

illustrates possible deformations and rigid body motions for three line elements in a
material. Compatibility ensures that they stay together after the deformation.

deformed
Q A - compatibility ensured

deformed

undeformed - compatibility not satisfied

Figure 1.3.1: Deformation and Compatibility
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The Three Dimensional Case

There are six compatibility relations to be satisfied in the three dimensional case :

_ ~ agyz . o0&, . os

+ '
oz oy® oyor = oyoz ox oy oz

d’s, 0%, 0%, o, O
ox
@2822+528XX_26282X d’e,, 0 08, ds, 0Ogy
oy
9

— Xy

+ - + (1.3.2)
OX oy oz
os Og os

X Xy

ox> 072 ozox = ozoX
82‘c"xx 82(c"yy aZgXY 82‘922

yz

o Coxay' oy al ex 5
y XOy z X oy z

By inspection, it will be seen that these are satisfied by Eqgns. 1.2.19.

1.3.2 Problems

1. The displacement field in a material is given by
u, = Axy, u, = Ay?
where A is a small constant. Determine
(a) the components of small strain
(b) the rotation
(c) the principal strains
(d) whether the compatibility condition is satisfied

Solid Mechanics Part |1 18 Kelly



2 One-Dimensional
Elasticity

There are two types of one-dimensional problems, the elastostatic problem and the
elastodynamic problem. The elastostatic problem gives rise to a second order
differential equation in displacement which may be solved using elementary
integration. The elastodynamic problem gives rise to the one-dimensional wave

equation, whose solution predicts the propagation of stress waves and vibrations of
material particles

19
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2.1 One-dimensional Elastostatics

Consider a bar or rod made of linearly elastic material subjected to some load. Static
problems will be considered here, by which is meant it is not necessary to know how the
load was applied, or how the material particles moved to reach the stressed state; it is
necessary only that the load was applied slowly enough so that the accelerations are zero,
or that it was applied sufficiently long ago that any vibrations have died away and
movement has ceased.

The equations governing the static response of the rod are:

?j—a+b =0 Equation of Equilibrium (2.1.1a)
X
£= c(j_u Strain-Displacement Relation (2.1.1b)
X
o=Ee¢ Constitutive Equation (2.1.1c)

where E is the Young’s modulus, p is the density and b is a body force (per unit
volume). The unknowns of the problem are the stress o, strain & and displacement u.

These equations can be combined to give a second order differential equation in u, called
Navier’s Equation:

d?u
dx?

+% =0 1-D Navier’s Equation  (2.1.2)

One requires two boundary conditions to obtain a solution. Let the length of the rod be
L and the x axis be positioned as in Fig. 2.1.1. The possible boundary conditions are then

1. displacement specified at both ends (“fixed-fixed”)
u(0) =0, u(b)=u,

stress specified at both ends (“free-free”)
o(0)=0,, o(l)=0,

displacement specified at left-end, stress specified at right-end (“fixed-free”):
u@0)=u,, o(L)=0o,

stress specified at left-end, displacement specified at right-end (“free-fixed”):
o(0) =0y, u(b)=u,

o

w

>

L

Figure 2.1.1: an elastic rod
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Note that, from 2.1.1b-c, a stress boundary condition is a condition on the first derivative
of u.

Example

Consider a rod in the absence of any body forces subjected to an applied stress o, Fig.

o, <—€> >_’ O,

Figure 2.1.2: an elastic rod subjected to stress

The equation to solve is

du
=0 2.1.3
dx? 213)
subject to the boundary conditions
o _g M (2.1.4)
dx|,, E' dx|_, E

Integrating twice and applying the conditions gives the solution
u=%x+B (2.1.5)

The stress is thus a constant o, and the strainis o,/ E . There is still an arbitrary

constant B and this physically represents a possible rigid body translation of the rod. To
remove this arbitrariness, one must specify the displacement at some point in the rod. For
example, if u(L/2) =0, the complete solution is

u=—°(x—£j, 6‘:&, o=0 (2.1.6)

2.1.1 Problems

1. What are the displacements of material particles in an elastic bar of length L and
density o which hangs from a ceiling (see Fig. 1.1.2).

2. Consider a steel rod (E = 210 GPa, p =7.85 g/cm?®) of length 30 cm, fixed at one

end and subjected to a displacement u = 1mmat the other. Solve for the stress, strain
and displacement for the case of gravity acting along the rod. What is the solution in
the absence of gravity. How significant is the effect of gravity on the stress?
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2.2 One-dimensional Elastodynamics

In rigid body dynamics, it is assumed that when a force is applied to one point of an
object, every other point in the object is set in motion simultaneously. On the other hand,
in static elasticity, it is assumed that the object is at rest and is in equilibrium under the
action of the applied forces; the material may well have undergone considerable changes
in deformation when first struck, but one is only concerned with the final static
equilibrium state of the object.

Elastostatics and rigid body dynamics are sufficiently accurate for many problems but
when one is considering the effects of forces which are applied rapidly, or for very short

periods of time, the effects must be considered in terms of the propagation of stress
waves.

2.2.1 The Wave Equation

Consider now the dynamic problem. In this case one considers the equation of motion:

Z—G +b=pa Equation of Motion (2.2.1a)
X
£= j—u Strain-Displacement Relation (2.2.1b)
X
o=Ee Constitutive Equation (2.2.1¢)

where a is the acceleration. Expressing the acceleration in terms of the displacement, one
then obtains the dynamic version of Navier’s equation,

u u . .
0 +b=p 0 1-D Navier’s Equation (2.2.2)

E
ox? ot?

In most situations, the body forces will be negligible, and so consider the partial
differential equation

2 1 2 .
2)(3 = c_2 gtl; 1-D Wave Equation (2.2.3)

c= \/E (2.2.4)
yo,

Equation 2.2.3 is the standard one-dimensional wave equation with wave speed C; note
from 2.2.4 that ¢ has dimensions of velocity.

where

The solution to 2.2.3 (see below) shows that a stress wave travels at speed c through the
material from the point of disturbance, e.g. applied load. When the stress wave reaches a
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given material particle, the particle vibrates about an equilibrium position, Fig. 2.2.1.
Since the material is elastic, no energy is lost, and the solution predicts that the particles
vibrate indefinitely, without damping or decay.

vibration of
stressed particle

stress wave stress free
at speed €

Figure 2.2.1: stress wave travelling at speed ¢ through an elastic rod

This type of wave, where the disturbance (particle vibration) is in the same direction as
the direction of wave propagation, is called a longitudinal wave.

2.2.2 Particle Velocities and Wave Speed
Before examining the wave equation 2.2.3 directly, first re-express it as

oo ov
—=p— 2.2.5
OX p ot ( )

where V is the velocity. Consider an element of material which has just been reached by
the stress wave, Fig. 2.2.2. The length of material passed by the stress wave in a time
interval At is CAt. During this time interval, the stressed material at the left-hand side of
the element moves at (average) velocity vV and so moves an amount VAt. The strain of the
element is then the change in length divided by the original length:

\Y

= (2.2.6)

Under the small strain assumption, this implies that v << ¢ .

Let the stress acting on the element be Ao ; the stress on the free side of the element is
zero. Then 2.2.5 leads to

Ao Y
—=p— 2.2.7
CAt P At ( )
and so
Ao = pcv (2.2.8)

This is the discontinuity in stress across the wave front.

" note also that the density of the element will change as it is compressed, but again this change in density is
small and can be neglected in the linear elastic theory
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wave front CAL
) <>
attimet ~— ———— |
VAL \
<> |
Ao €+

wave front .

at time t+ At

Figure 2.2.2: stress wave passing through a material element

Since Ao = E¢,onehas c=,/E/p,asin2.2.4. The wave speeds for some materials

are given in Table 2.2.1. As can be seen, the wave speeds for typical engineering
materials are of the order km/s and so particle velocities will be in the range 0 —50m/s .

Material P (kg/rn3 ) E (GPa) ¢ (m/s)
Aluminium Alloy 2700 70 5092
Brass 8300 95 3383
Copper 8500 114 3662
Lead 11300 17.5 1244
Steel 7800 210 5189
Glass 1870 55 5300
Granite 2700 3120
Limestone 2600 4920
Perspex 2260

Table 2.2.1: Elastic Wave Speeds for Several Materials

2.2.3 Solution of the Wave Equation

The one-dimensional wave equation 2.2.3 has the general solution

u(x,t) = f(x—ct)+g(x+ct) (2.2.9)

where f and g are any functions?; for example, one solutionis f =e*®, g = sin(x + Ct),

which can be verified by substitution and carrying out the differentiation. The actual
forms of the functions f and g can be determined from the initial conditions of the
problem.

% provided they possess second derivatives
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Waves due to Initial Displacement
Consider the initial conditions

u(x,0) =U(x)
vV(X,0)=0

Then
u(x,0) = f(x)+g(x)=U(x)

S ==t ()-g ()=

(x,0)

so that, from the second condition, f(x)= g(X) and, from the first, these must equal
U(x)/2. It follows that f(x—ct)=U(x—ct)/2 and g(x+ct)=U(x+ct)/2, so that the
solution is

u(x,t) =1[U(x—ct) + U (x +ct)]

Suppose for example that the initial displacement profile was triangular, with maximum
displacement U =U at X =0, extending to x = £L, Fig. 2.2.3.

u(x,O)T /\ X

\
\
u==~0

Figure 2.2.3: an initial triangular displacement
Then

u(x’t)z%[A +AX+Ct]

x—ct

where A .., means “a triangular displacement with centre at X = ct and length 2L . At

xxct

time zero, the displacement at X =0 is u(0,0) = A, as required. Attime 2L/c, however,

U(Xat) = %[AX—ZL +A><+2L:|
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which corresponds to two triangular displacement profiles of half the magnitude of the
original profile; one is to the left and the other is to the right of the original profile, Fig.
224.

/ / \\ \ \
/ x=0 \
x=-2L (u=0) x=2L

Figure 2.2.4: displacements at time 2L/c

As the wave passes, particles displace from their equilibrium point, up to the maximum
position and then back again. It can be seen that the solution corresponds to a wave of
disturbed material propagating through the material from the source, half in one direction
and half in the other.

2.2.4 Vibration Analysis

Consider now an alternative solution to the wave equation (see the Appendix to this
section, §2.2.6, for details)

u(x,t) = f‘,(An cos A, x+ B, sin 4, x)(C, coscA t+ D, sincA,t), (2.2.10)

n=l1

The constants A, B, C, D and eigenvalues3 A can be obtained from the initial and
boundary conditions (see later).

The terms cos A, X and sin A X are called modes or mode shapes. At any given time t,

the displacements are a linear combination of these modes. Example modes are shown in
Fig. 2.2.5. Some modes will dominate over others, for example perhaps only the first few
modes (terms in the series 2.2.10) are significant and need be considered.

A vibration analysis is one in which the eigenvalues (or, equivalently, the natural
frequencies @ = cA) and modes are evaluated without regard to which of them might be
important in an application. The boundary conditions alone determine the modes and
natural frequencies. Thus a vibration analysis is carried out without regard to how the
vibration is initiated. The exact combination of the modes for a particular problem is
determined from the initial conditions; the initial conditions will determine the constants
A, B, C, D in the above equations and hence the actual amplitude of vibration.

3 note that some authors use the term “eigenvalue” to mean the quantity (Cin ) in this expression
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The vibration is termed free if the load is zero or constant; forced vibration occurs when
the load itself oscillates.

1* mode 3" mode

0.5

-0.5

Figure 2.2.5: mode shapes for a vibrating elastic rod

Even though a vibration analysis does not completely solve the problem of a material
model loaded in a certain way, for example solving for the propagation paths of stress
waves, the amplitudes of vibration, and so on, the natural frequencies and modes are very
useful information in themselves, for design and other purposes.

Dynamic response analysis or transient response analysis is the calculation of the
complete response to any arbitrary boundary and initial conditions. This is more difficult
than the vibration analysis, since it is a time-dependent problem.

Natural Frequencies

The natural frequencies depend on the boundary conditions. There are four possible
cases, the same as for the static elasticity problem:

fixed-fixed - u(0,t)=0, u(L,t)=0
free-free - ou/ox| o =0, 0u/ oX
fixed-free - u(0,t)=0, ou/ox
free-fixed -  du/ox|

wo =0

o =0 (2.2.11)

=0, u(L,t)=0

A W~

0.0
The natural frequencies and modes for each of these boundary conditions are solved for

and given in the Appendix to this section, §2.2.6 (in the boxes). For example, considering
the “fixed-fixed” case, the solution is

u(x,t) = Zw:[An cos(A,ct) + B, sin(4,ct)]sin(4, x,) (2.2.12)

n=0
with

. NncC
Frequencies: @, = 4,C = _ n=0,1,...
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Modes: sin(4,x), n=0,1,... (2.2.13)

One can plot these sine functions over [0, L] to see the displacement profile of each mode

(the first three are those plotted in Fig. 2.2.5 — it can be seen that the higher the mode, the
higher the frequency).

The boundary conditions in 2.2.11 are all homogeneous (i.e. = 0). In practice, the
boundary conditions will not be homogeneous, but one only needs homogeneous
boundary conditions to obtain the natural frequencies (see below).
Non-Homogeneous Boundary Conditions

Consider the following non-homogeneous boundary conditions:

BC’s: u(0,t)=0, u(L,t)=0 (2.2.14)

Since the wave equation is linear, the solution can be written as the superposition of two
separate solutions,

u(x,t) =u, (X,t)+u, (x,t) (2.2.15)

The u,, is the homogeneous solution, and is chosen to satisfy the wave equation with
homogeneous boundary conditions; U, is some particular solution and accounts for the

non-homogeneous boundary condition:

BC’s: u,(0,t)=0, u,(Lt)=0
u,(0,)=u, u,(Lt)=0 (2.2.16)

Substituting 2.2.15 into the wave equation 2.2.3 gives

2 2 2 2
Ou, 10w, _ fOU, 10, 2.2.17)
o ¢ o o ot

The left hand side is zero. The right hand side can be made zero by choosing U, to be

any particular solution of the wave equation. For a simple constant displacement
boundary condition, one can choose the linear function

u,(x) = 0(1—8 (2.2.18)

which can be seen to satisfy 2.2.16b. The complete solution u is illustrated in Fig. 2.2.6.
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u(x,0)
a u, (%)

Figure 2.2.6: displacements as a superposition of two separate solutions

Suppose now that the initial conditions are

o MO =T (2.2.19)
V(X,0) = V(X)

The initial conditions can be split between u, and u, according to

(s, OO =TOI=U; (90, U, (x0)=0,09 (2220
Vi (X,0) =V(X) =V, (X), V,(X,0)=V,(X)

Thus, the complete solution is obtained by adding together:

(1) the function u, which satisfies the wave equation with homogeneous boundary

conditions on displacement, and initial conditions
U, (X,0) = U(x) —u,(X)
Vi (X,0) = V(X) -V, (X)

up(x):ﬁ(l—%j

Thus, using the “fixed-fixed” homogeneous solution from the Appendix,

1C’s

(1) the function

u(x,t) = 0(1 - %) + i [A, cos(4,ct) + B, sin(4, ct)]sin(4, x) (2.2.21)

n=0

and the natural frequencies are given by 2.2.13. The constants A,, B, can be obtained
from the initial conditions, as outlined in the Appendix.

An important point to be made here is that the modes and natural frequencies are
determined from (i), i.e. the problem involving the homogeneous boundary conditions,
and so, as stated earlier, the non-homogeneous boundary condition does not affect the
modes and natural frequencies.

Forced Vibration

Suppose now that the boundary conditions and initial conditions are given by
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, u,t)= a cos(Qt)

. u(x,0)=dcos(xz/2L)
S: .
u(L,t)=0

S X0)=0 (2.2.22)

b

Again, let u(x,t) =u (X, t)+u, (x,t) and substitute into the wave equation. In this case,

the particular solution will be of the general form 2.2.12,

= (Acos Ax + Bsin Ax)(C coscAt + Dsin cAt) (2.2.23)

Applying the boundary conditions, one finds that { A Problem 1}

u,(X,t) = a{cos[%j — cot[ !iL j s1n[gz )} cos(Qt) (2.2.24)

As with the constant non-homogeneous boundary condition, the initial conditions can
now be split appropriately between the homogeneous and particular solutions. Again, the
complete solution is obtained by adding together:

(1) the function u, which satisfies the wave equation with homogeneous boundary
conditions on displacement, and initial conditions

- X7 QX QL QX
u,(x,0)=u cos(—j -a cos(—j — cot( jsm( j
IC’s: 2L c Cc c

v, (X,0)=0
(i1) the function 2.2.24

The complete solution is

u(x,t) = a{cos(%j - cot( jsin(%]} cos(Qt)

+ i [A, cos(A ct)+ B, sin(A, ct)]sin(4, x)

(2.2.25)

Resonance occurs when the displacements become “infinite”, which from 2.2.24 occurs
when

sin%=0—>Q:n£.
c L

These are precisely the natural frequencies of the system, i.e. the natural frequencies of

(1). Thus the problem of resonance becomes more prominent when the forcing frequency
Q) approaches any of the natural frequencies 4, .
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2.2.5 Problems

1. Consider the case of forced vibration. Use the boundary conditions 2.2.22 to
evaluate the constants in the particular solution 2.2.23 and hence derive the particular
solution 2.2.24.

2. Consider a fixed-free problem, with the end X =0 subjected to a forced displacement
U=asinQt and the end x =L free.
(a) Find the vibration of the material. What are the natural frequencies?
(b) When does resonance occur?
[note: the appropriate homogeneous solution and natural frequencies are given in the
Appendix to this section, §2.2.6]

3. Consider a vibrating bar with an oscillatory stress applied to one end,
G(O)Z acosQt. Theend x =L is fixed, u(L)=0.
(a) Find the vibration of the material. What are the natural frequencies?
(b) When does resonance occur?
[note: the appropriate homogeneous solution and natural frequencies are given in the
Appendix to this section, §2.2.6]

2.2.6 Appendix to Section 2.2

Method of Separation of Variables Solution to the Wave Equation

Assuming a separable solution, write u(x,t) = X (x)T (t) so that 6%u/at* = X (x)T (t) and
0*u/ox* = X"(x)T(t). Inserting these into the wave equation gives

2 2
X d I =c’ d XT
dlt 1d2T dxl d2x (2.2.26)

%__
c?T dt? X dX

This relation states that a function of t equals a function of X and it must hold for all t and
X. It follows that both sides of this expression must be equal to a constant, say k (if the
left hand side were not constant it would change in value as t is changed, but then the
equality would no longer hold because the right hand side does not change when t is
changed — it is a function of X only). Thus there are two second order ordinary
differential equations:

2 2
IX =0, 9T cxr=0 (2.2.27)
dx dt
which have solutions
X =Ae™ +Be ™ =0, T =cCe 4+ De™ (2.2.28)
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Modes and Natural Frequencies for Homogeneous Boundary Conditions

Suppose first that k is positive. Consider homogeneous boundary conditions, that is,
U =0 and/or ou/ox =0 at the end points x =0,L. Suppose first that u(0,t) =0. Then

u(0,t)= X(0)T(t)=0—> X(0)=0 andso A+B=0. Ifalso u(L,t) =0, then

Ae' " + Be " =0 which implies that A=B =0, and u(x,t)=0. Similarly, if one uses
the conditions ou/0x(0,t) =0 or ou/ox(L,t) =0, or a combination of zero U and first
derivative, one arrives at the same conclusion: a trivial zero solution. Therefore, to obtain

a non-zero solution, one must have k negative, and
X (X) = A cos(AX) + B sin(Ax), k =-A (2.2.29)
The solution for T (t) must then be
T(t) = C cos(Act) + D sin(Act) (2.2.30)
and the full solution is
u(x,t) = (K cos(Ax)+ §sin(/1X)X(_Z cos(Act)+ ﬁsin(/ICt)) (2.2.31)
There are four possible combinations of boundary conditions.

1. Fixed-Fixed

Here, u(0,t) =u(L,t)=0. Thus X(0)=A =0 and X(L)=Bsin(AL)=0. For non-zero
B one must have sin(AL)=0—> A ==xnz/L,n=0,1,.... Thus one has the infinite
number of solutions X, (X) = B, sin(4,X) , and the complete general solution is
(A=BC,B=BD)

u(x,t) =Y [A, cos(4,ct) + B, sin(4,ct)]sin(1, X) (2.2.32)
n=1
with
. Nzc B
Frequencies: |@, = 4,C = _/ n=12,... Modes: sm(/InX), n=1L2,...
(2.2.33)

It can be proved that the series 2.2.32 converges and that it is indeed a solution of the
wave equation, provided some fairly weak conditions are fulfilled (see a text on
Advanced Calculus).

* the solutions corresponding to negative values of n,i.e. A = -nz/L, n=1, 2, ..., can be subsumed into

2.2.32 through the constants A, B, ; the solution for n = 0 is zero
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The first three modes are plotted in Fig. 2.2.7.

0.5

0 0.2

Figure 2.2.7: first three mode shapes for fixed-fixed

Case 2. Free-Free

Here, du/ox(0,t) = éu/ox(L,t)=0. Thus X'(0)=AB =0 and
X'(L) = —AAsin(AL) = 0. Thus the general solution is (A= AC, B=AD)

u(x,t) = A, + i[An cos(A,ct) + B, sin(4,ct)]cos(4,X) (2.2.34)

n=1

with the A, as for fixed-fixed.

nzc
Frequencies: (@, = 4,C = T, n=12,... Modes: cos(/inx), n=12,...

(2.2.35)

The displacement profiles of the first three modes are shown in Fig. 2.2.8.

0.5

Figure 2.2.8: first three mode shapes for free-free
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Case 3. Fixed-Free

Here, u(0,t) =o6u/ox(L,t)=0. Thus X(0)=A =0 and X (L) = AB cos(AL)=0. For
non-zero B one must have cos(AL)=0>A=2n-Dx/2L,n=...-2,-1,0,1,2, ....
The solution is again given by 2.2.32, which is repeated here,

u(x,t) =Y [A, cos(4,ct) + B, sin(4,ct)]sin(1, X) (2.2.36)
n=1
only now
2n-1)nc .
Frequencies: @, = 4,C = %, =12,... Modes: sm(/lnx), n=12,...
(2.2.37)

The displacement profiles of the first three modes are shown in Fig. 2.2.9.

0.5

-0.5

Figure 2.2.9: first three mode shapes for fixed-free

Case 4. Free-Fixed

Here, du/dx(0,t) =u(L,t)=0. Thus X'(0)=AB =0 and X(L)= Acos(AL)=0. For
non-zero A one must have cos(AL) = 0so the general solution is as for free-free, Eqn.
2.2.34, but with A, =0:

u(x,t) = i[An cos(4,ct) + B, sin(/inct)]cos(/in X) (2.2.38)

n=1

with the A as for fixed-free.

_ (2n—-1)zc

=12,... Modes: cos(/inx), n=12,...
2L

Frequencies: (@, = 4,C

(2.2.39)
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The displacement profiles of the first three modes are shown in Fig. 2.2.10.

0.5

Figure 2.2.10: first three mode shapes for free-fixed

Full Solution (incorporating Initial Conditions)
(a) Initial Condition on Displacement
The initial condition on displacement is
u(x,0) =u,(x) (2.2.40)

which give, from 2.2.32, 2.2.34, 2.2.36, 2.2.38,

u(x,0) = D" A, sin(4,X) = Uy(X) fixed-fixed/fixed-free
n=l1
u(x,0) = A+ D_ A, cos(4,X) = Uy (X) free-free (2.2.41)
n=1
U(x,0) = D" A, cos(4,X) = U, (X) free-fixed
n=1

These can be solved by using the orthogonality condition of the trigonometric functions:

0, m=#n

(2.2.42)
L/2, m=n

jOL sin(4, X)sin(4, x)dx = jOL cos(A, X) cos(A, X)dx = {

for either of 4, =nx/L, (2n—-1)x/2L. Thus multiplying both sides of 2.2.41a by
sin(4,,X) and 2.2.41b-c by cos(4,X) and integrating over [0, L] gives

L
A = %j U, (X)sin(A4,x)dx fixed-fixed/fixed-free
0

L L
A = %Iuo(x)dx, A, = %J.UO(X) cos(4,X)dx,n=1,2,... free-free (2.2.43)
0 0
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L
A, = Uy (9 cos(2, 90 free-fixed
0

(b) Initial Condition on Velocity

The initial condition on velocity, U(X,O) =V, (X), gives

U(x,0) = > 4,6B, sin(4,X) =V,(x) fixed-fixed/fixed-free

n=1

U(x,0) = D" 4,6B, cos(4,X) =V, (x) free-fixed/free-free (2.2.42)

n=1

Using the orthogonality conditions again gives

B, = i j V, (X)sin(A, X)dx fixed-fixed/fixed-free
B, = Lol J V, (X) cos(4, X)dx free-fixed/free-free (2.2.43)
Example

Consider the fixed-free case with initial conditions U, (X) =0, v,(X) = 2x/L. Thus
A, =0 and

L _ 2, 0+l
B, -8 J.Xsin[—(zn Dz xjdx= 8 4!‘ =D 5
(2n—Dzrlcy 2L 2n—-1zaLc 7z (2n-1)
B 32(_1)n+1 E
2n-1°7z ¢
so that
© n+1 _
u(x.t) = 32"2 CD Gn(a,0sin(4ct), @, =4,0= 20T q_yo
¢ @n-1’ 2L

The period for the first (dominant) mode is T, =27/ A4,c =4L/c. The solution is plotted
in Fig. 2.2.11 for ¢ =5000m/s, L =0.1m, for the five times iT, /16, i =0...4 (up to the

quarter-period). Thereafter, the solution decreases back to zero, down through negative
displacements, back to zero and then repeats.
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x 10°
25"

t=L/c

t=L/2c

| | | | | | | | | | t:O

0
0 0.01 002 003 004 005 0.06 007 008 009 0.1
X

Figure 2.2.11: displacements for fixed-free example

Example

Consider the free-free case with initial conditions u,(X) =UXx, V,(X)=0. Thus B, =0
and

L _

1] uL
=—|xdx=—
A L-O[ 2

_ L _
A =2 o 2o 2L ) nn

so that

u(x,t) = ULB+%Z£(_I)—2_I)cos(znct)cos(ﬂn x)} A, = ”T” (2.2.34)
T n=l n

The period for the first (dominant) mode is T, =2z /A,c =2L/c. The solution is plotted
in Fig. 2.2.12 again for ¢ =5000m/s, L = 0.1m, for the nine times iT, /16, i =0...8 (up

to the half-period). Thereafter, the solution returns back to the initial position and then
repeats.
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Figure 2.2.12: displacements for free-free example
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t=L/4c

t=L/2c

t=3L/4c

t=L/c
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3 2D Elastostatic
Problems in Cartesian
Coordinates

Two dimensional elastostatic problems are discussed in this Chapter, that is, static
problems of either plane stress or plane strain. Cartesian coordinates are used, which are
appropriate for geometries which are have straight boundaries. The two-dimensional
Navier equations are derived and the Airy stress function technique is used to solved
exactly some important problems.

41



42



Section 3.1

3.1 Plane Problems

What follows is to be applicable to any two dimensional problem, so it is taken that
o,, =0, =0, which is true of both plane stress and plane strain.

3.1.1 Governing Equations for Plane Problems

To recall, the equations governing the elastostatic problem are the elastic stress-strain law
(Part I, Egns. 4.2.11-14), the strain-displacement relations (Eqgns. 1.2.5) and the equations
of equilibrium (1.1.10)

Ex = l[O-xx VO ]’ Eyy = l[O-yy VO« ]’ Exy = 1+_VO_XV
E E E Plane Stress (3.1.1a)
En = _%(O-xx + O-yy)
Ey = 1—;]/ [(1—V)O'xx —Voy, ]’ Ey = H?V[_ VO, + (l—V)O'yy ]’ Ey = 1—:;/ Oy

o, = V(O'XX + O'yy)
Plane Strain  (3.1.1b)

ou

X

E =

W= Strain-displacement relations (3.1.2)

OX

8uy

oy
1(éu, ou,
Ey =—| —+—
Y oo2loy  ox

0

oX oy g

do,, 0o, : A
—+—>+4Db, =0 Equations of Equilibrium  (3.1.3)

OX oy y
80'_22+bz =0
0z

One way of solving these equations is to re-write the stresses in 3.1.3 in terms of strains

by using 3.1.1, and then using 3.1.2 to re-write the resulting equations in terms of
displacements only. For example in the case of plane strain one arrives at
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2 52 2
S = TS A W N 9 A8
2L +v)1-2v) x*  oxoy oy

(3.1.4)

o 2 o
___E 2(1—v)—u;+ﬂ+(1—2v) u; +b, =0
20+v)1-2v) oy?  oxoy ox g

These are the 2D Navier’s equations, analogous to the 1D version, Eqn. 2.1.2. This set of
partial differential equations can be solved subject to boundary conditions on the
displacement. Obviously, in the absence of body forces, any linear displacement field
satisfies 3.1.4, for example the field

Vo,

sz%X—FA—Cy, u, =— y+B+Cy (3.1.5)

y

with A, B, C representing the possible rigid body motions; this corresponds to a simple
tension o, = o, .

Solving Egns. 3.1.4 directly for more complex cases is not an easy task. An alternative
solution strategy for the plane elastostatic problem is the Airy stress function method
described in the next section.

3.1.2 Problems

1. Derive the plane stress Navier equations analogous to 3.1.4.

2. Show that the displacement field u, = Ax*, u, = —4Axy/(1+v), in the absence of

body forces, satisfies the plane stress governing equations derived in Problem 1 (this
solution does not satisfy 3.1.4). Determine the corresponding stress field and verify
that it satisfies the equilibrium equations.

3. Consider the thin plate shown below subjected to a uniform pressure p on the top and
its own body weight. The plate is perfectly bonded to the base plate.
(a) Does the stress distribution
O'yy(X, y) :_p+pg(y_h)’ Ow =0y =0

satisfy the equations of equilibrium?

(b) Does it satisfy the boundary conditions at the upper surface, and at the two free
surfaces?

(c) Suppose now that the plate was made out of elastic material. Show that, in that
case, the stresses given above are actually not a correct solution to the problem.
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3.2 The Stress Function Method

An effective way of dealing with many two dimensional problems is to introduce a new
“unknown”, the Airy stress function ¢, an idea brought to us by George Airy in 1862.

The stresses are written in terms of this new function and a new differential equation is
obtained, one which can be solved more easily than Navier’s equations.

3.2.1 The Airy Stress Function

The stress components are written in the form

2
Oy :M
oy’
2
o, = fo (3.2.1)
2
Oy =— ¢
Y oxoy

Note that, unlike stress and displacement, the Airy stress function has no obvious physical
meaning.

The reason for writing the stresses in the form 3.2.1 is that, provided the body forces are
zero, the equilibrium equations are automatically satisfied, which can be seen by
substituting Eqns. 3.2.1 into Eqns. 2.2.3 { AProblem 1}. On this point, the body forces,
for example gravitational forces, are generally very small compared to the effect of
typical surface forces in elastic materials and may be safely ignored (see Problem 2 of
§2.1). When body forces are significant, Eqns. 3.2.1 can be amended and a solution
obtained using the Airy stress function, but this approach will not be followed here. A
number of examples including non-zero body forces are examined later on, using a
different solution method.

3.2.2 The Biharmonic Equation
The Compatability Condition and Stress-Strain Law

In the previous section, it was shown how one needs to solve the equilibrium equations,
the stress-strain constitutive law, and the strain-displacement relations, resulting in the
differential equation for displacements, Eqn. 3.1.4. An alternative approach is to ignore
the displacements and attempt to solve for the stresses and strains only. In other words,
the strain-displacement equations 3.1.2 are ignored. However, if one is solving for the
strains but not the displacements, one must ensure that the compatibility equation 1.3.1 is
satisfied.

Eqns. 3.2.1 already ensures that the equilibrium equations are satisfied, so combine now

the two dimensional compatibility relation and the stress-strain relations 3.1.1 to get
{ AProblem 2}
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o', ' 39
ox’ axzayz 8y4

4 4 4
plane strain : 8?+2 82¢2+8? (1-v)=0
OX ox“oy” oy

plane stress : (
(3.2.2)

Thus one has what is known as the biharmonic equation:

4 4 4
6¢+2 0é +a¢:O
8X4 8X28y2 ay4

The biharmonic equation  (3.2.3)

The biharmonic equation is often written using the short-hand notation V*¢=0.

By using the Airy stress function representation, the problem of determining the stresses
in an elastic body is reduced to that of finding a solution to the biharmonic partial
differential equation 3.2.3 whose derivatives satisfy certain boundary conditions.

Note that the biharmonic equation is independent of elastic constants, Young’s modulus E
and Poisson’s ratiov. Thus for bodies in a state of plane stress or plane strain, the stress
field is independent of the material properties, provided the boundary conditions are
expressed in terms of tractions (stress) '; boundary conditions on displacement will bring
the elastic constants in through the stress-strain law. Further, the plane stress and plane
strain stress fields are identical.

3.2.3 Some Simple Solutions

Clearly, any polynomial of degree 3 or less will satisfy the biharmonic equation. Here
follow some elementary examples.

(1) ¢ = Ay’
¢ e .
onec has o, =—=2A, o, =0, =0, astate if uniaxial tension
XX ayz yy Xy
(i1) ¢ = Bxy
here, o, =0, =0, o, =-B,astate of pure shear

(iii) ¢ = Ay’ +Bxy
here, o,, =2A, o, =0, o, =-B,asuperposition of (i) and (ii)

! technically speaking, this is true only in simply connected bodies, i.e. ones without any “holes”, since
problems involving bodies with holes have an implied displacement condition (see, for example, Barber
(1992), §2.2).
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3.2.4 Pure Bending of a Beam

Consider the bending of a rectangular beam by a moment M, as shown in Fig. 3.2.1.
The elementary beam theory predicts that the stress o,, varies linearly with y, Fig. 3.2.1,
with the y =0 axis along the beam-centre, so a good place to start would be to choose, or
guess, as a stress function ¢ = Cy”’, where C is some constant to be determined. Then
o, =6Cy, o, =0, o, =0, and the boundary conditions along the top and bottom of

the beam are clearly satisfied.

Figure 3.2.1: a beam in pure bending

The moment and stress distribution are related through
+b +b
M, = [ o, ydy = 6C [ y*dy = 4Cb’ (3.2.4)
-b -b

andso C =M, /4b’ and o, =3M,y/2b’. The fact that this last expression agrees with

the elementary beam theory (o = —My/1 with | =2b*h/3, where h is the depth “into
the page”) shows that that the beam theory is exact in this simple loading case.

Assume now plane strain conditions. In that case, there is another non-zero stress
component, acting “perpendicular to the page”, o,, =v(o, +0o,)=3Mwy/ 2b’. Using
Eqns. 3.1.1b,

1+v 1-v? 3M
gxxz—E [(l—v)axx—vayy]: £ _2b3 y = ay, say
(3.2.5)
1+v v(l+v) 3M
£y Z—[—VO'XX+(1—V)O'W]=(— (E )ij:ﬂy,say

and the other four strains are zero.

As in §1.2.4, once the strains have been found, the displacements can be found by
integrating the strain-displacement relations. Thus
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ou,
Ex = =
OX
—>u, =axy+ f(y)
au, By
& = — =
Ty (3.2.6)
U, =3/ +9(0)
1{ou, du,) 1
=—| —=+—|==(aex+ f'(y)+9'(x))=0

—>g'X)+ax=-1'(y)

Therefore f'(y) must be some constant, —C say, so f(y)=-Cy+ A, and
g(x) =Cx—1ax® + B. Finally,

u, =axy—-Cy+A

u, =—sox’ +5By° +Cx+B

(3.2.7)

which are of the form 1.2.18. For the case when the mid-point of the beam is fixed, so
has no translation, u, (0,0) =u,(0,0) =0, and if it has no rotation there, ®,(0,0) =0, then

the three arbitrary constants are zero, and

iaxy (3.2.8)

uX
u, =—sox> + 5By’
3.2.5 A Cantilevered Beam

Consider now the cantilevered beam shown in Fig. 3.2.2. The beam is subjected to a
uniform shear stress o, =7 over its free end, Fig. 3.2.2a. The boundary conditions are

0,(0,Y)=0, 0,(0,y)=7, o, ,(Xth)=0, (Xxh)=0 (3.2.9)

It is difficult, if not impossible, to obtain concise expressions for stress and strain for
problems even as simple as this’>. However, a concise solution can be obtained by
relaxing one of the above conditions. To this end, consider the similar problem of Fig.
3.2.2b — this beam is subjected to a shear force F, the resultant of the shear stresses. The
applied force of Fig. 3.2.2b is equivalent to that in Fig. 3.2.2a if

+b
[0, 0, y)dy=F (3.2.10)
—b

% an exact solution will usually require an infinite series of terms for the stress and strain
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This is known as a weak boundary condition, since the stress is not specified in a point-
wise sense along the boundary — only the resultant is. However, from Saint-Venant’s
principle (Part I, §3.3.2), the stress field in both beams will be the same except for in a
region close to the applied load.

y y

Lx Fl%x

N
-~ «— <«

(a) (b)

Figure 3.2.2: A cantilevered beam subjected to; (a) a uniform distribution of shear
stresses along its free end, (b) a shear force along its free end

The elementary beam theory predicts a stress o,, =—My/| = Fxy/1. Thus a good place

to start is to choose the stress function ¢ = axy’, where « is a constant to be determined.
The stresses are then

oy =6axy, o, =0, o,=-3a’ (3.2.11)

However, it can be seen that o, (X,2b) = -3ab* # 0. To offset this, one can superimpose

a constant shear stress 3ab?, in other words amend the stress function to
¢ =axy’ —3ab’xy (3.2.12)

The boundary conditions are now satisfied and, from Eqn. 3.2.10,
o=—: (3.2.13)
and so

(3.2.14)

3.2.6 Problems

1. Verify that the relations 3.2.1 satisfy the equilibrium equations 2.2.3.
2. Derive Eqn. 3.2.2.

3. A large thin plate is subjected to certain boundary conditions on its thin edges (with
its large faces free of stress), leading to the stress function
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¢ =Ax'y> —Bx’
(1) use the biharmonic equation to express A in terms of B
(11) calculate all stress components
(i11))  calculate all strain components (in terms of B, E, v)
(iv)  derive an expression for the volumetric strain, in terms of B, E, v, X and y.
(V) check that the compatibility equation is satisfied
(vi)  check that the equilibrium equations are satisfied

4. A very thick component has the same boundary conditions on any given cross-
section, leading to the following stress function:
p=x'y+4x’y’ -y’
(1) is this a valid stress function, i.e. does it satisfy the biharmonic equation?
(i1) calculate all stress components (with v =1/4)
(i11))  calculate all strain components
(iv)  find the displacements
(v) specify any three displacement components which will render the arbitrary
constant displacements of (iv) zero

5. For the cantilevered beam discussed in §3.2.5, evaluate the resultant shear force and
moment on an arbitrary cross-section X = X. Are they as you expect? (You will find
that the beam is in equilibrium, as expected, since the equilibrium equations have
been satisfied.)

6. For the cantilevered beam discussed in §3.2.5, evaluate the strains and displacements,
assuming plane stress conditions.
Note: to evaluate the three arbitrary constants of integration, one would be tempted to
apply the obvious u, =u, =0 all along the built-in end. However, since only weak

boundary conditions were imposed, one cannot enforce these strong conditions (try
it). Instead, apply the following weaker conditions: (i) the displacement at the built-in
end at y =0 is zero (u, =u, =0), (ii) the slope there, du, /0x, is zero.

7. Show that the stress function
¢ = 20213 [— 20y3(L2 — xz)—4y5 —15h°x*y +2h%y’ —5h3x2]
satisfies the boundary conditions for the simply supported beam subjected to a
uniform pressure p shown below. Check the boundary conditions in the weak (Saint-
Venant) sense on the shorter left and right hand sides (for both normal and shear
stress). Since the normal stress o,, is not zero at the ends, but only its resultant,

check also that the moment is zero at each end.

EERRERSERR RN L
ol e
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Note that the elementary beam theory predicts an approximate flexural stress but an

exact shear stress:
6p 6p [ h?
=g ) =, ey

8. Consider the dam shown in the figure below. Assume first a general cubic stress
function

¢ = éclﬁ +%C2x2y +%C3xy2 +%C4y3
Apply the boundary conditions to determine the constants and hence the stresses in

the dam, in terms of p, the density of water. (Use the stress transformation equations

for the sloped boundary and ignore the weight of the dam.)
[Just consider the effect of the water; to these must be added the stresses resulting
from the weight of the dam itself, which are given by

1
o, =0, o,=p, X-y| o,=0
XX yy IO g|:tan/8 y:| y
where p, is the density of the dam material.]
X
s
e,
y
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4 2D Elastostatic
Problems in Polar
Coordinates

Many problems are most conveniently cast in terms of polar coordinates. To this end,
first the governing differential equations discussed in Chapter 1 are expressed in terms of
polar coordinates. Then a number of important problems involving polar coordinates are
solved.
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4.1 Cylindrical and Polar Coordinates

4.1.1 Geometrical Axisymmetry

A large number of practical engineering problems involve geometrical features which
have a natural axis of symmetry, such as the solid cylinder, shown in Fig. 4.1.1. The
axis of symmetry is an axis of revolution; the feature which possesses axisymmetry
(axial symmetry) can be generated by revolving a surface (or line) about this axis.

TN

] o
| create cylinder by
i revolving a surface
: about the axis of
E / symmetry
N

~——" axis of —

symmetry '

Figure 4.1.1: a cylinder

Some other axisymmetric geometries are illustrated Fig. 4.1.2; a frustum, a disk on a shaft
and a sphere.

Figure 4.1.2: axisymmetric geometries
Some features are not only axisymmetric — they can be represented by a plane, which is

similar to other planes right through the axis of symmetry. The hollow cylinder shown in
Fig. 4.1.3 is an example of this plane axisymmetry.
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| axisymmetric plane
representative of
feature

Figure 4.1.3: a plane axisymmetric geometries

Axially Non-Symmetric Geometries

Axially non-symmetric geometries are ones which have a natural axis associated with
them, but which are not completely symmetric. Some examples of this type of feature,
the curved beam and the half-space, are shown in Fig. 4.1.4; the half-space extends to
“infinity” in the axial direction and in the radial direction “below” the surface — it can be
thought of as a solid half-cylinder of infinite radius. One can also have plane axially non-
symmetric features; in fact, both of these are examples of such features; a slice through
the objects perpendicular to the axis of symmetry will be representative of the whole
object.

Figure 4.1.4: a plane axisymmetric geometries

4.1.2 Cylindrical and Polar Coordinates

The above features are best described using cylindrical coordinates, and the plane
versions can be described using polar coordinates. These coordinates systems are
described next.

Stresses and Strains in Cylindrical Coordinates

Using cylindrical coordinates, any point on a feature will have specific (r, 8, z)
coordinates, Fig. 4.1.5:
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r —the radial direction (“out” from the axis)

¢ —the circumferential or tangential direction (“around” the axis —
counterclockwise when viewed from the positive z side of the z =0 plane)

z —the axial direction (“along” the axis)

z=0 plane
Figure 4.1.5: cylindrical coordinates

The displacement of a material point can be described by the three components in the
radial, tangential and axial directions. These are often denoted by

u=su,v=u, and w=u,

respectively; they are shown in Fig. 4.1.6. Note that the displacement v is positive in the
positive @ direction, i.e. the direction of increasing 4.

Figure 4.1.6: displacements in cylindrical coordinates

The stresses acting on a small element of material in the cylindrical coordinate system are
as shown in Fig. 4.1.7 (the normal stresses on the left, the shear stresses on the right).
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Figure 4.1.7: stresses in cylindrical coordinates

The normal strains ¢,,, ¢,, and &,, are a measure of the elongation/shortening of

material, per unit length, in the radial, tangential and axial directions respectively; the
shear strains ¢,,, ¢,, and ¢,, represent (half) the change in the right angles between line

elements along the coordinate directions. The physical meaning of these strains is
illustrated in Fig. 4.1.8.

Z strain at point o

g, = unit elongation of 0A
g, = uUnit elongation of oB

£, = unit elongation of oC
g, = Y2change in angle ZAoB
g, = Y2change inangle ZBoC
g, = Y2change in angle ZAoC

Figure 4.1.8: strains in cylindrical coordinates
Plane Problems and Polar Coordinates

The stresses in any particular plane of an axisymmetric body can be described using the
two-dimensional polar coordinates (r,&) shown in Fig. 4.1.9.
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Figure 4.1.9: polar coordinates

There are three stress components acting in the plane z = 0: the radial stress o, , the
circumferential (tangential) stress o, and the shear stress o,,, as shown in Fig. 4.1.10.

Note the direction of the (positive) shear stress — it is conventional to take the z axis out of
the page and so the @ direction is counterclockwise. The three stress components which
do not act in this plane, but which act on this plane (¢,,, o,, and o,, ), may or may not

be zero, depending on the particular problem (see later).

Figure 4.1.10: stresses in polar coordinates
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4.2 Differential Equations in Polar Coordinates

Here, the two-dimensional Cartesian relations of Chapter 1 are re-cast in polar
coordinates.

4.2.1 Equilibrium equations in Polar Coordinates

One way of expressing the equations of equilibrium in polar coordinates is to apply a
change of coordinates directly to the 2D Cartesian version, Eqns. 1.1.8, as outlined in the
Appendix to this section, §4.2.6. Alternatively, the equations can be derived from first
principles by considering an element of material subjected to stresses o,,, o,, and o,,,

o
as shown in Fig. 4.2.1. The dimensions of the element are Ar in the radial direction, and
rA@ (inner surface) and (r + Ar)A0 (outer surface) in the tangential direction.

Figure 4.2.1: an element of material

Summing the forces in the radial direction leads to

> F = (O'” +aa—"Arj(r +Ar)A@—c, rAO

or
AN oo Y,
- s1n7(0'9g + 8(906 AGJAI’ - SIHT(O'% AT (4.2.1)
- cos%e(am + 60'6,;9 AH]AF — cos%e(am JAr =0

For a small element, sin@ = 6, cos@ =1 and so, dividing through by ArAé&,

oo AQ( 0o oo
" (r+ Ar)+ _ DI | L2 00 422
or ( ) On ~Op 2 ( o6 j 06 ( )

A similar calculation can be carried out for forces in the tangential direction { A Problem
1}. In the limit as Ar, A@ — 0, one then has the two-dimensional equilibrium equations

in polar coordinates:
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ag-rr l aao-erﬁ l(O-rr _096): 0
rr r Equilibrium Equations (4.2.3)
00, lao'ee +2O'r9 _
or r 00 r

4.2.2 Strain Displacement Relations and Hooke's Law

The two-dimensional strain-displacement relations can be derived from first principles by
considering line elements initially lying in the r and @ directions. Alternatively, as
detailed in the Appendix to this section, §4.2.6, they can be derived directly from the
Cartesian version, Eqns. 1.2.5,

ou,
gl’l’:
or
o LUy U
“ roeo  r
2\r 00 or r

?)

2-D Strain-Displacement Expressions (4.2.4)

The stress-strain relations in polar coordinates are completely analogous to those in
Cartesian coordinates — the axes through a small material element are simply labelled

with different letters.

Thus Hooke’s law is now

1 1 I+v
Enr ZE[O-rr _Vaee]a Eoo ZE[G% _Vo-rrl Erp =?Gr9
|4
&y = _E( + 0-59)
Hooke’s Law (Plane Stress) (4.2.5a)
1+v 1+v 1+v
Ey = E [(1 V)G VGHH] Eoo —[_ Vo, + (1 - V)GHH ]’ o = ?Gré’
Hooke’s Law (Plane Strain) (4.2.5b)

4.2.3 Stress Function Relations

In order to solve problems in polar coordinates using the stress function method, Eqns.
3.2.1 relating the stress components to the Airy stress function can be transformed using
the relations in the Appendix to this section, §4.2.6:

1

2 892

1o,
r or

rr

0’¢

o’

s Opp =

or?

9

1 0¢
00

1a¢ 1 0%

r’ o0 rorod

4.2

ré

6)

arlrao)

It can be verified that these equations automatically satisfy the equilibrium equations

4.2.3 { AProblem 2}.
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The biharmonic equation 3.2.3 becomes

> 10 1Y

4.2.4 The Compatibility Relation

The compatibility relation expressed in polar coordinates is (see the Appendix to this
section, §4.2.6)

2 2 2
%8 g;, 0 559 207, 10e, +285% _%86‘“9 _0 (4.2.8)
r- o0 or rorog r or r or r° 00

4.2.5 Problems
1. Derive the equilibrium equation 4.2.3b
2. Verify that the stress function relations 4.2.6 satisfy the equilibrium equations 4.2.3.

3. Verify that the strains as given by 4.2.4 satisfy the compatibility relations 4.2.8.

4.2.6 Appendix to 84.2
From Cartesian Coordinates to Polar Coordinates
To transform equations from Cartesian to polar coordinates, first note the relations

X=rcosf, Yy=rsind

(4.2.9)
r=4x>+y>, 6@=arctan(y/X)
Then the Cartesian partial derivatives become
0 _ 0,000 .0 sindd
OX oOxor oOx o6 or r o6
0 oro 06 0 . .0 cos@ O (4.2.10)
—=——+——=sinf—+ —
oy oyor oy ol or r oé

The second partial derivatives are then
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ﬁ—(COSHE—Sineij(COSHa _sin@ij

x> a r 90 a r 00
0 0 0 (sin@ 0 sin@ 0O 0 sin@ 0 (sin@ 0O
=cosf@—| cos@— |—cos@— — |- —| cos@— |+ — —
or or or\. r 00 r 060 or r o0\ r 06

2 2 2

= cos’ Ha—ersin2 l£+% 0 ~ | +sin26 in_l 0
or ror r- o6 r- o6 rorof
(4.2.11)

Similarly,

2 2 2 2
a—zzsinzﬁa—z—kcoszﬁ l2+L2 0 _ | -sin26 izi_l 0
oy or ror r-o0 r-o6 rorod

0’ . o’ 10 1 0° 1o 190
=-sinfcosl| ——5+——+—5—5 |—€0820| - ———
OXoy or- ror r- o0 r-o06 rorod

(4.2.12)

Equilibrium Equations

The Cartesian stress components can be expressed in terms of polar components using the
stress transformation formulae, Part I, Eqns. 3.4.7. Using a negative rotation (see Fig.
4.2.2), one has

o, =0,c08 0+0,sin’0—ac,,sin26
_ .2 2 .
O, =0,sin" 0+0,cos” 0+0,,sin20 (4.2.13)

o,y =sinfcos 0(0‘rr -0y )+ o,,c0s20

Applying these and 4.2.10 to the 2D Cartesian equilibrium equations 3.1.3a-b lead to

2
cos 6 00 +l_80,5 +l(arr ~0,)|-siné 00+ +18699 + 2% ¢
or r o0 r or r 00 r

2
sin 6 60_—”—1-180-—“9+1(6rr—0'99) +cos 6 00 +180'99 + 290 g
o r o008 r or r o6 r

(4.2.14)

which then give Eqns. 4.2.3.

X

Figure 4.2.2: rotation of axes
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The Strain-Displacement Relations

Noting that
u, =u, cosd—u,siné 4215
U, =U, siné+u,cosd’ (4.2.15)
the strains in polar coordinates can be obtained directly from Eqns. 1.2.5:
ou,
Exx =
OX
= cosﬁi—smgi (u, cos@—u,sind) (4.2.16)
or r oo

:cos29%+sin20 lai+u—r —sin2t9l l%Jrau—H—u—e
or roe r 2\r o6 or r

One obtains similar expressions for the strains ¢, and &, . Substituting the results into
the strain transformation equations Part I, Eqns. 3.8.1,

£y =&, €O8” O+ Eyy sin’ 6 + £,y SIN26

Egp = Ex SIN° O+, cos’ @ -, sin20 (4.2.17)

&, =sinfcos G(gyy — &y )+ &,y €020

then leads to the equations given above, Eqns. 4.2.4.
The Stress — Stress Function Relations
The stresses in polar coordinates are related to the stresses in Cartesian coordinates

through the stress transformation equations (this time a positive rotation; compare with
Eqns. 4.2.13 and Fig. 4.2.2)

o, =0,c08’0+0, sin’0+0,, sin20
Opp = Oy SiN° O+ 0, cos’ -0, sin20 (4.2.18)

o,, =sinfcos H(ny — 0y )+ o,, c0s260

Using the Cartesian stress — stress function relations 3.2.1, one has

GI’I’

2 2 2
zgy_fcosze+2—fsinze—%sinze (42.19)
X

and similarly for o, 0,,. Using 4.2.11-12 then leads to 4.2.6.
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The Compatibility Relation

Beginning with the Cartesian relation 1.3.1, each term can be transformed using 4.2.11-12
and the strain transformation relations, for example

2 P 5 5
% o o502y wsin o -0+ L O asinag] 210
OX or ror r-o6 r-o06 rorod (4.2.20)

(5” cos’ @ +¢&,,sin> @—¢&,,sin 2(9)

After some lengthy calculations, one arrives at 4.2.8.
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4.3 Plane Axisymmetric Problems

In this section are considered plane axisymmetric problems. These are problems in
which both the geometry and loading are axisymmetric.

4.3.1 Plane Axisymmetric Problems

Some three dimensional (not necessarily plane) examples of axisymmetric problems
would be the thick-walled (hollow) cylinder under internal pressure, a disk rotating about
its axis', and the two examples shown in Fig. 4.3.1; the first is a complex component
loaded in a complex way, but exhibits axisymmetry in both geometry and loading; the
second is a sphere loaded by concentrated forces along a diameter.

W
\\

'
—»

X
%

A/
<

Figure 4.3.1: axisymmetric problems

A two-dimensional (plane) example would be one plane of the thick-walled cylinder
under internal pressure, illustrated in Fig. 4.3.2%

Figure 4.3.2: a cross section of an internally pressurised cylinder

It should be noted that many problems involve axisymmetric geometries but non-
axisymmetric loadings, and vice versa. These problems are not axisymmetric. An
example is shown in Fig. 4.3.3 (the problem involves a plane axisymmetric geometry).

! the rotation induces a stress in the disk
% the rest of the cylinder is coming out of, and into, the page
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: axisymmetric plane
AN representative of
feature

Figure 4.3.3: An axially symmetric geometry but with a non-axisymmetric loading

The important characteristic of these axisymmetric problems is that all quantities, be they
stress, displacement, strain, or anything else associated with the problem, must be
independent of the circumferential variable 8. As a consequence, any term in the

differential equations of §4.2 involving the derivatives 6/06, 8° /90, etc. can be
immediately set to zero.

4.3.2 Governing Equations for Plane Axisymmetric Problems

The two-dimensional strain-displacement relations are given by Eqns. 4.2.4 and these
simplify in the axisymmetric case to

ou,
8”, =
or
u
Epp = T’ (4.3.1)

ou, u
g =i[ Mo Yo
200r r
Here, it will be assumed that the displacement u, = 0. Cases where u, # 0 but where the

stresses and strains are still independent of & are termed quasi-axisymmetric problems;
these will be examined in a later section. Then 4.3.1 reduces to

Ep =—, Epp=—, &4=0 (4.3.2)

It follows from Hooke’s law that o, = 0. The non-zero stresses are illustrated in Fig.
4.3.4.
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Figure 4.3.4: stress components in plane axisymmetric problems

4.3.3 Plane Stress and Plane Strain

Two cases arise with plane axisymmetric problems: in the plane stress problem, the
feature is very thin and unloaded on its larger free-surfaces, for example a thin disk under
external pressure, as shown in Fig. 4.3.5. Only two stress components remain, and
Hooke’s law 4.2.5a reads

Ey = _[Grr - VO_H@] Oy = —2[8”’ + Vgea]
E or v (4.3.3)
[859 + Vgrr ]

1
Sop = E[Gea — VO, Opo = 2

. 1%
with ¢,, = ?(G” + 0, ), Ep=&p,=0and o, =0.

_> 4_
g»%@

Figure 4.3.5: plane stress axisymmetric problem

In the plane strain case, the strains ¢,,, €,, and ¢, are zero. This will occur, for

7z

example, in a hollow cylinder under internal pressure, with the ends fixed between
immovable platens, Fig. 4.3.6.

-/

Figure 4.3.6: plane strain axisymmetric problem
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Hooke’s law 4.2.5b reads

E
v ) Oy = e, + 1=V, ]
—[1-vio —voy,] N (I+v)i-2v) (4.3.4)

E
T g :m[‘/grr +(1=v)ey]

r

1+v
Eop = ? [(1 - V)O-BG —VO

with o, = V(O'rr + 0'99).

Shown in Fig. 4.3.7 are the stresses acting in the axisymmetric plane body (with o,, zero
in the plane stress case).

Figure 4.3.7: stress components in plane axisymmetric problems

4.3.4 Solution of Plane Axisymmetric Problems

The equations governing the plane axisymmetric problem are the equations of
equilibrium 4.2.3 which reduce to the single equation

oo, 1
arrr + F(Grr — Oy ) =0 A (435)

the strain-displacement relations 4.3.2 and the stress-strain law 4.3.3-4.

Taking the plane stress case, substituting 4.3.2 into the second of 4.3.3 and then
substituting the result into 4.3.5 leads to (with a similar result for plane strain)

d’u 1du 1
dr2 +Fa—r—zu =0 (436)

This is Navier’s equation for plane axisymmetry. It is an “Euler-type” ordinary
differential equation which can be solved exactly to get (see Appendix to this section,
§4.3.8)

u :C1r+C2l (4.3.7)
r
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With the displacement known, the stresses and strains can be evaluated, and the full
solution is

u:C1r+C2l
r
1 1
£ =Ci=Crs 89 =Ci+C, 4.3.8)
E E 1 E E 1
6 == C-—C,—~, g,=—C +—C,—
" 1y ' 14y r? O T A

For problems involving stress boundary conditions, it is best to have simpler expressions
for the stress so, introducing new constants A=—EC, /(1+v) and C = EC, /2(1-v), the
solution can be re-written as

o, = +Ai2+2C, O = —ArLz+2C

"
(1+V)AL+2(1—V)C __(1+V)Ai+2(1—v)C ; 4C

TR TR T E T E = ="g | 439
__(l+v)Al+2(1—v)Cr
 E v E

Plane stress axisymmetric solution

Similarly, the plane strain solution turns out to be again 4.3.8a-b only the stresses are now
{ AProblem 1}

:%[_(1—21/)C2%2+C1} O :%{+(l—2v)C2r%+Cl}

o T e vYi-2v T+v)1-2v
(4.3.10)

Then, with A=—EC, /(1+v) and C = EC, /2(1+v)1—-2v), the solution can be written
as

o :+AL2+2C, Oy :—ALZ+2C, o, =4hC
r r

g”:1+Ev[+AL2+2(1_2V)C} 80€:1JI;V{_AL2+2(1—2V)C} (4.3.11)
r r

u= IEV{— A%+2(l—2v)Cr}

Plane strain axisymmetric solution

The solutions 4.3.9, 4.3.11 involve two constants. When there is a solid body with one
boundary, A must be zero in order to ensure finite-valued stresses and strains; C can be
determined from the boundary condition. When there are two boundaries, both A and C
are determined from the boundary conditions.
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4.3.5 Example: Expansion of athick circular cylinder under
internal pressure

Consider the problem of Fig. 4.3.8. The two unknown constants A and C are obtained
from the boundary conditions

a)=-—
T (8)=-p (4.3.12)
o,(b)=0
which lead to
A A
Grr(a)=—2+2C:—p, O'rr(b):b—2+2C:0 (4.3.13)
a
so that
b2/r? -1 b?/r?+1
O'rr:—pm, O'gg:+pm, O-zz:V(O-rr_'_O-B&) (4314)

Cylinder under Internal Pressure

Figure 4.3.8: an internally pressurised cylinder

The stresses through the thickness of the cylinder walls are shown in Fig. 4.3.9a. The
maximum principal stress is the o, stress and this attains a maximum at the inner face.

For this reason, internally pressurized vessels often fail there first, with microcracks
perpendicular to the inner edge been driven by the tangential stress, as illustrated in Fig.
4.3.9D.

Note that by setting b = a +t and taking the wall thickness to be very small, t,t*> << a,
and letting a = r, the solution 4.3.14 reduces to:

S 0-99:+p£, JZZ:Vp£ (4.3.15)

which is equivalent to the thin-walled pressure-vessel solution, Part I, §4.5.2 (if v =1/2,
i.e. incompressible).
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b?/a*+1
Iobz/az—l &

2 O-ZZ
p 2 2
b-/a” -1 .

/ P
O g0
r=a f=b
(a) (b)

Figure 4.3.9: (a) stresses in the thick-walled cylinder, (b) microcracks driven by
tangential stress

Generalised Plane Strain Solution

Another useful solution is that for a cylinder which is free to expand in the axial direction.
In this case, ¢,, is not forced to zero as in plane strain, but allowed to be a constant along

the length of the cylinder. The o, stress is zero, as in plane stress. This situation is
called generalized plane strain.

Returning to the full three-dimensional stress-strain equations (Part I, Eqns. 4.2.9), set

&, =&,,aconstant, and ¢,, =&, =0. Re-labelling X, y,z with r,0,z, and again with

7z

o,, =0, one has

E _

Oy =m[(1—‘/)€n +V(Egy +2,,)]
E _

O oo :m[(l_v)gw +V(grr +é, )] (4.3.16)
E

0, = m[(l - V)Ezz + V(gfr + 8'9‘9 )] =0

Substituting the strain-displacement relations 4.3.2 into 4.3.16a-b leads to

o, :aaaur +ﬂu—r+v(05+ﬂ)§ZZ
aur ur (4.3.17)

= Ct+a—+via+ fp)e

0-490 ﬂ 8" r ( ﬂ) 7z

where
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__Ed-v») ___ Ev (4.3.18)
(1 +v)1-2v) (1 +v)1-2v)

Substituting 4.3.16 into the axisymmetric equilibrium equation 4.3.5 again leads to the
differential equation 4.3.6. The solution for displacement and strain is thus again 4.3.8a-
b. The constant axial strain is obtained from 4.3.16¢ and is &, = -2C, /(1-v). The
axial displacement is then u, = zg,, (to within a constant). The stresses are again given
by the plane strain relations 4.3.10 only with the additional term

-2Ev’C, /(1 -v? Xl —2v). As for plane strain, let A= —EC, /(1+v) and

C =EC, /2(1+v)1-2v), and the full solution is

2 2
o, =tAt - ¢ o, =-Alic ¢
1+v 1 1+v 1
= —Z s A4 20-20)C |, &, = ~A—+2(1-2v)C (4.3.19)

E r E r

1+v 1
u="- —~A=+2(1-2v)Cr

r

Generalised plane strain axisymmetric solution

A Transversely isotropic Cylinder

Consider now a transversely isotropic cylinder. The strain-displacement relations 4.3.2
and the equilibrium equation 4.3.5 are applicable to any type of material. The stress-
strain law can be expressed as (see Part [, Eqn. 6.2.14)

O-rr = Cll‘c"rr + Clzgee + C13‘6"22

Op =Cpéy +C 184 +Caey, (4.3.20)
0, =Cphé, +C6y +Ciie,

Here, take ¢,, = &,,, a constant. Then, using the strain-displacement relations and the

equilibrium equation, one again arrives at the differential equation 4.3.6 so the solution
for displacement and strain is again 4.3.8a-b. WithA=C, /(C,, —-C,,) and

C=C,/2(C,, +C,,), the stresses can be expressed as

o, = +AL2 +2C+C¢,
r

1

G4 =—A—+2C+C,,E, 4321
r
C
o, =4C B +C,¢z,
Cll +C12

The plane strain solution then follows from &,, = 0 and the generalized plane strain
solution from o,, =0. These solutions reduce to 4.3.11, 4.3.19 in the isotropic case.
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4.3.6 Stress Function Solution

An alternative solution procedure for axisymmetric problems is the stress function
approach. To this end, first specialise equations 4.2.6 to the axisymmetric case:

1 0¢ 0
Oy =——", Ogp=">, 0,,=0 4.3.22
rr r ar 06 arz 0 ( )

One can check that these equations satisfy the axisymmetric equilibrium equation 4.3.4.

The biharmonic equation in polar coordinates is given by Eqn. 4.2.7. Specialising this to
the axisymmetric case, that is, setting 0/06 =0, leads to

2 2 2 2
O Loy, (O 1Yo 10d) (4.3.23)
or ror or ror \ or r or

or

d'gp 2d°¢ 1d°¢ 1 dg
R L I 4.3.24
ar* rdr® r*dr* r’dr ( )

Alternatively, one could have started with the compatibility relation 4.2.8, specialised that
to the axisymmetric case:

0’ &4y _10e, +26599

=0 4.3.25
or* ror roor ( )
and then combine with Hooke’s law 4.3.3 or 4.3.4, and 4.3.22, to again get 4.3.24.

Eqn. 4.3.24 is an Euler-type ODE and has solution (see Appendix to this section, §4.3.8)
¢=Alnr+Br’lnr+Cr>+D (4.3.26)

The stresses then follow from 4.3.22:

o, = +A2+ B(1+2Inr)+2C
r (4.3.27)

Co =—rﬁz+ B(3+2Inr)+2C

The strains are obtained from the stress-strain relations. For plane strain, one has, from
434,
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£, = H?V{-i-iz-i- B[l —4v +2(1-2v)Inr]+2C(1 - 2v)}
r
. A (4.3.28)
£y = %{——2+ B[3—4v+2(1-2v)Inr]+2C(1 - 21/)}
r
Comparing these with the strain-displacement relations 4.3.2, and integrating &,,, one has
I+v| A
Uy = J&ndr =——1-—+ Br[-1+2(1-2v)Inr]+2C(1-2v)r{ +F
r
(4.3.27)

c
|

= ey =1+?V{—é+ Brl+1+2(1-2v)Inr]+ 2c(1—2v)r}

To ensure that one has a unique displacement U, , one must have B = 0 and the constant
of integration F =0, and so one again has the solution 4.3.11°,

4.3.7 Problems
1. Derive the solution equations 4.3.11 for axisymmetric plane strain.

2. A cylindrical rock specimen is subjected to a pressure p over its cylindrical face and is
constrained in the axial direction. What are the stresses, including the axial stress, in
the specimen? What are the displacements?

3. A long hollow tube is subjected to internal pressure p; and external pressures p, and

constrained in the axial direction. What is the stress state in the walls of the tube?
What if p, =p,=p?

4. A long mine tunnel of radius a is cut in deep rock. Before the mine is constructed the
rock is under a uniform pressure p. Considering the rock to be an infinite,
homogeneous elastic medium with elastic constants E and v, determine the radial
displacement at the surface of the tunnel due to the excavation. What radial stress
o, (@) = —P should be applied to the wall of the tunnel to prevent any such

displacement?

5. A long hollow elastic tube is fitted to an inner rigid (immovable) shaft. The tube is
perfectly bonded to the shaft. An external pressure p is applied to the tube. What are
the stresses and strains in the tube?

3 the biharmonic equation was derived using the expression for compatibility of strains (4.3.23 being the
axisymmetric version). In simply connected domains, i.e. bodies without holes, compatibility is assured
(and indeed A and B must be zero in 4.3.26 to ensure finite strains). In multiply connected domains,
however, for example the hollow cylinder, the compatibility condition is necessary but not sufficient to
ensure compatible strains (see, for example, Shames and Cozzarelli (1997)), and this is why compatibility
of strains must be explicitly enforced as in 4.3.25
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6. Repeat Problem 3 for the case when the tube is free to expand in the axial direction.
How much does the tube expand in the axial direction (take u, =0 at z=0)?

4.3.8 Appendix
Solution to Eqgn. 4.3.6

The differential equation 4.3.6 can be solved by a change of variable r = €', so that

r=e', logr=t, l:ﬂ (4.3.28)
rdr
and, using the chain rule,
du_dudt _1du
dr dtdr rdt
4.3.29
y_S(dud) Cudd wat 1o ) )
dr* dr{dtdr) dt> drdr dtdr® r*>dt*> r?dt
The differential equation becomes
d’u
dt’ ( )

which is an ordinary differential equation with constant coefficients. With u=e*, one
has the characteristic equation 2> —1=0 and hence the solution

u=Ce" +C,e™

(4.3.31)
=Cr+C, 1
r

Solution to Eqn. 4.3.24

The solution procedure for 4.3.24 is similar to that given above for 4.3.6. Using the
substitution r = €' leads to the differential equation with constant coefficients

d4¢ d3¢ d2¢
dt* dt? dt? ( )

which, with ¢ = e™, has the characteristic equation A’ (ﬂ — 2)2 =0. This gives the
repeated roots solution

¢ =At+Bte* +Ce* +D (4.3.33)

and hence 4.3.24.
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4.4 Rotating Discs

4.4.1 The Rotating Disc

Consider a thin disc rotating with constant angular velocity @, Fig. 4.4.1. Material
particles are subjected to a centripetal acceleration a, = —ro”. The subscript I indicates

an acceleration in the radial direction and the minus sign indicates that the particles are
accelerating towards the centre of the disc.

Figure 4.4.1: the rotating disc

The accelerations lead to an inertial force (per unit volume) F, = —pr@’ which in turn

leads to stresses in the disc. The inertial force is an axisymmetric “loading” and so this is
an axisymmetric problem. The axisymmetric equation of equilibrium is given by 4.3.5.
Adding in the acceleration term gives the corresponding equation of motion:

oo 1 )
"t (o, —0y)=—pro’, 4.4.1
ar r( rr 66) ,0 ( )

This equation can be expressed as

oo, 1
i Lo,
or r

=0, )tDh, =0, (4.4.2)
where b, = prew”. Thus the dynamic rotating disc problem has been converted into an
equivalent static problem of a disc subjected to a known body force. Note that, in a
general dynamic problem, and unlike here, one does not know what the accelerations are
— they have to be found as part of the solution procedure.

Using the strain-displacement relations 4.3.2 and the plane stress Hooke’s law 4.3.3 then
leads to the differential equation

2 2
du Idu 1, 1 EV or e’ (4.4.3)

This is Eqn. 4.3.6 with a non-homogeneous term. The solution is derived in the
Appendix to this section, §4.4.3:
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11-v? 3 2

1
U=C,r+C,——— 444
4Gy (4.4.4)

Asin §4.3.4,let A=—EC,/(1+v)and C = EC, /2(1-v), and the full general solution is,
using 4.3.2 and 4.3.3, { AProblem 1}

+Ai2+20 —%(3 +v)pa’r?
r

Q
I

O = —ArLz+ 2C —%(l+3v)pa)2r2

En =% +(l+v)rAZ+2(l—v)C—%(l—vz)pa)zrz} (4.4.5)
Epo =l —(1+V)A2+2(1—V)C—l(l—vz)pa)zrz}
El r 8
u=é —(1+V)$+2(1—V)CI’—%(l—vz)pa)ZI'S}

which reduce to 4.3.9 when w =0.

A Solid Disc

For a solid disc, A in 4.4.5 must be zero to ensure finite stresses and strains at r =0. Cis
then obtained from the boundary condition o, (b) = 0, where b is the disc radius:

A=0, C =%(3+V)pa)2b2 (4.4.6)

The stresses and displacements are

o, (= 3;Vpco2[b2—r2]
(1) = 3;"pwz{b2—%r2} (4.4.7)
3+V 21_V 2 1+V 2
u(r) = @ rbs———r
® 8 P E { 3+v }

Note that the displacement is zero at the disc centre, as it must be, but the strains (and
hence stresses) do not have to be, and are not, zero there.

Dimensionless stress and displacement are plotted in Fig. 4.4.2 for the case of v =0.3.
The maximum stress occurs at r = 0, where

3+v

0, (0)=0,4(0) = pa)zbz (4.4.8)
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The disc expands by an amount

1-v
b) = — pw’b’ 4.4.9
u(b) 1E P° (4.4.9)

1 T T T T

0.9 + e

8 08 O o ]
———50
(3+v)pw’™’ 07 | 1

8E 0.6 - =
(3 + v)(l — 1/),0(02b3 Uooes) i

04 - B

0.3 B

0.2 e

0.1 - B

0 | | | I | I I | I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

r/’b

Figure 4.4.2: stresses and displacements in the solid rotating disc

A Hollow Disc
The boundary conditions for the hollow disc are
o,(@)=0, o,(b)=0 (4.4.10)

where a and b are the inner and outer radii respectively. It follows from 4.4.5 that
1 2. 212 1 2 2 2
A=—§(3+v)pa) a‘b, C=E(3+v)pa) (a +b ) (4.4.11)

and the stresses and displacement are

r
2182
%(r):“Tpr{az+b2—13++3:r2+ar5’ } (4.4.12)
2IW2
u(r):3+v , 1 Vra2+b2—1+v 5 1+vaE)
8 3+v l-v r
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which reduce to 4.4.7 when a=0.

Dimensionless stress and displacement are plotted in Fig. 4.4.3 for the case of v =0.3
and a/b =0.2. The maximum stress occurs at the inner surface, where

3+v

&, (0) = pa)zbz[l 1= (a/bz)} (4.4.13)

3+v

which is approximately twice the solid-disc maximum stress.

25

8
(3+v)pa’d’ ¢
15 | 4
8E u O o
B+v)1-v)pa’d’

1L -

05 |

r/b

Figure 4.4.3: stresses and displacements in the hollow rotating disc

442 Problems

1. Derive the full solution equations 4.4.5 for the thin rotating disc, from the
displacement solution 4.4.4.

4.4.3 Appendix: Solution to Eqn. 4.4.3
As in §4.3.8, transform Eqn. 4.4.3 using r =e' into

d2U 1_‘/2 3t 2
-u=- ®
dt’ e~

(4.4.14)
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The homogeneous solution is given by 4.3.31. Assume a particular solution of the form
u, = Ae™ which, from 4.4.14, gives

1—v?
po'e®

(4.4.15)

u =1
T8 E

Adding together the homogeneous and particular solutions and transforming back to r’s
then gives 4.4.4.
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6.1 Plate Theory

6.1.1 Plates
A plate is a flat structural element for which the thickness is small compared with the

surface dimensions. The thickness is usually constant but may be variable and is
measured normal to the middle surface of the plate, Fig. 6.1.1

lateral load

middle surface of plate

Fig. 6.1.1: A plate

6.1.2 Plate Theory

Plates subjected only to in-plane loading can be solved using two-dimensional plane
stress theory®. On the other hand, plate theory is concerned mainly with lateral loading.

One of the differences between plane stress and plate theory is that in the plate theory the
stress components are allowed to vary through the thickness of the plate, so that there can
be bending moments, Fig. 6.1.2.

L, M
R 4

Fig. 6.1.2: Stress distribution through the thickness of a plate and resultant bending
moment
Plate Theory and Beam Theory

Plate theory is an approximate theory; assumptions are made and the general three
dimensional equations of elasticity are reduced. It is very like the beam theory — only

! although if the in-plane loads are compressive and sufficiently large, they can buckle (see §6.7)
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with an extra dimension. It turns out to be an accurate theory provided the plate is
relatively thin (as in the beam theory) but also that the deflections are small relative to the
thickness. This last point will be discussed further in §6.10.

Things are more complicated for plates than for the beams. For one, the plate not only
bends, but torsion may occur (it can twist), as shown in Fig. 6.1.3

Fig. 6.1.3: torsion of a plate

Assumptions of Plate Theory

Let the plate mid-surface lie in the x —y plane and the z — axis be along the thickness
direction, forming a right handed set, Fig. 6.1.4.

!
& /y

Fig. 6.1.4: Cartesian axes

The stress components acting on a typical element of the plate are shown in Fig. 6.1.5.

Fig. 6.1.5: stresses acting on a material element
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The following assumptions are made:

(i) The mid-plane is a “neutral plane”

The middle plane of the plate remains free of in-plane stress/strain. Bending of the plate
will cause material above and below this mid-plane to deform in-plane. The mid-plane
plays the same role in plate theory as the neutral axis does in the beam theory.

(if) Line elements remain normal to the mid-plane

Line elements lying perpendicular to the middle surface of the plate remain perpendicular

to the middle surface during deformation, Fig. 6.1.6; this is similar the “plane sections
remain plane” assumption of the beam theory.

undeformed

line element remains
perpendicular to mid-surface

Fig. 6.1.6: deformed line elements remain perpendicular to the mid-plane

(iii) Vertical strain is ignored

Line elements lying perpendicular to the mid-surface do not change length during
deformation, so that ¢,, =0 throughout the plate. Again, this is similar to an assumption
of the beam theory.

These three assumptions are the basis of the Classical Plate Theory or the Kirchhoff
Plate Theory. The second assumption can be relaxed to develop a more exact theory (see
86.10).

6.1.3 Notation and Stress Resultants

The stress resultants are obtained by integrating the stresses through the thickness of the
plate. In general there will be

moments M: 2 bending moments and 1 twisting moment
out-of-plane forces V: 2 shearing forces
in-plane forces N: 2 normal forces and 1 shear force
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They are defined as follows:

In-plane normal forces and bending moments, Fig. 6.1.7:

+h/2

+h/2

N, = jaxxdz, N, = J-nydZ
-h/2 -h/2
+h/2 +h/2
M, =- '[ZO'XXdZ, M, =- J.Zayde
—h/2 ~h/2
N
e
y
My
A/()-)(X
N,™ M

X

Fig. 6.1.7: in-plane normal forces and bending moments

In-plane shear force and twisting moment, Fig. 6.1.8:

+h/2 +h/2
N,, = J‘axydz, M,, = IZGXde
—hi2 —h/2
| e
T o7/
M, ’ Oy :
/ : N,,

X

Fig. 6.1.8: in-plane shear force and twisting moment

Out-of-plane shearing forces, Fig. 6.1.9:

+h/2

V, =- J.O'ZXdZ,

-h/2

Solid Mechanics Part 11
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V, =- J.UyZdZ
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(6.1.2)

(6.1.3)
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X/ VV

Fig. 6.1.9: out of plane shearing forces
Note that the above “forces” and “moments” are actually forces and moments per unit
length. This allows one to have moments varying across any section — unlike in the beam

theory, where the moments are for the complete beam cross-section. If one considers an
element with dimensions Ax and Ay, the actual moments acting on the element are

M,Ay, M Ax, M Ax, M, Ay (6.1.4)
and the forces acting on the element are
V. Ay, V,Ax, N,Ay, N Ax, N, AX N, Ay (6.1.5)

The in-plane forces, which are analogous to the axial forces of the beam theory, do not
play a role in most of what follows. They are useful in the analysis of buckling of plates
and it is necessary to consider them in more exact theories of plate bending (see later).
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6.2 The Moment-Curvature Equations

6.2.1 From Beam Theory to Plate Theory

In the beam theory, based on the assumptions of plane sections remaining plane and that
one can neglect the transverse strain, the strain varies linearly through the thickness. In
the notation of the beam, with y positive up, ¢, =—Yy/R, where R is the radius of
curvature, R positive when the beam bends “up” (see Part I, Eqn. 4.6.16). In terms of the
curvature 0°v/ox> =1/R, where v is the deflection (see Part I, Eqn. 4.6.35), one has

£, =Y (6.2.1)

ox?

The beam theory assumptions are essentially the same for the plate, leading to strains
which are proportional to distance from the neutral (mid-plane) surface, z, and expressions
similar to 6.2.1. This leads again to linearly varying stresses o,, and o, (o, is also

taken to be zero, as in the beam theory).

6.2.2 Curvature and Twist

The plate is initially undeformed and flat with the mid-surface lying in the X —y plane.
When deformed, the mid-surface occupies the surface w = w(x,y) and w is the elevation
above the X -y plane, Fig. 6.2.1.

W
/ | initial y
position

X
Fig. 6.2.1: Deformed Plate

The slopes of the plate along the X and y directions are ow/0x and ow/ oy .

Curvature

Recall from Part I, §4.6.10, that the curvature in the X direction, «x,, is the rate of change

of the slope angle i with respect to arc length s, Fig. 6.2.2, xk, =dw /ds. One finds that
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2 2
g = T (6.2.2)

© i+ @eraxy]”

Also, the radius of curvature R, Fig. 6.2.2, is the reciprocal of the curvature, R, =1/x, .

W

Fig. 6.2.2: Angle and arc-length used in the definition of curvature

As with the beam, when the slope is small, one can take w ~ tany = ow/0ox and
dy/ds~ 0w /0x and Eqn. 6.2.2 reduces to (and similarly for the curvature in the y
direction)

1
K, =—= , K, =—= (6.2.3)
Y R, oy’

This important assumption of small curvature, or equivalently of assuming that the slope
Ow/0X << 1, means that the theory to be developed will be valid when the deflections are
small compared to the overall dimensions of the plate.

The curvatures 6.2.3 can be interpreted as in Fig. 6.2.3, as the unit increase in slope along
the X and y directions.

2
ow 8_a2) Ax
oX  OX
NX
X y

Figure 6.2.3: Physical meaning of the curvatures
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Twist

Not only does a plate curve up or down, it can also twist (see Fig. 6.1.3). The twist is
defined analogously to the curvature and is denoted by 1/T,,:

2
1 _ow (6.2.4)
T, Oxoy
The physical meaning of the twist is illustrated in Fig. 6.2.4.
W
A B
y
X
2
b a_a)+8a)Ay W W oo Gza)AX D
~ T
C /
=P (= B
X X % y

Figure 6.2.4: Physical meaning of the twist

Principal Curvatures

Consider the two Cartesian coordinate systems shown in Fig. 6.2.5, the second (t —n)
obtained from the first (X — Yy ) by a positive rotation 8. The partial derivatives arising in

the curvature expressions can be expressed in terms of derivatives with respect to t and n
as follows: with w=w(X, y), an increment in W is

AW=@AX+@Ay (6.2.5)
OX oy

Also, referring to Fig. 6.2.5, with An=0,

AX = Atcosé, Ay = Atsin @ (6.2.6)
Thus
w =@cose+@sin9 (6.2.7)
ot oOx oy
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Similarly, for an increment An, one finds that

ow oW . ow
— =——sinf@+—cos@
on OX oy

Equations 6.2.7-8 can be inverted to get the inverse relations

%=@cosﬁ—@sin0
oX ot on
%:@sinﬁ—k@cosﬁ
oy ot on
n y
t
At
4 $Ay
0 X
<>
AX

Figure 6.2.5: Two different Cartesian coordinate systems
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(6.2.8)

(6.2.9)

The relationship between second derivatives can be found in the same way. For example,

ox? ot on n
2 2 2
= cos’ 498 \2N+sin26?a \iv—sin2¢96 w
ot on oton
In summary, one has
2 2 2 2
aa\iv:coszegt?+sin26’ ——S Hgtaar)]
X
2 2 2 2
0 W sin? 02?1 cos? 0 +s1n26’a @
ayZ 2 2 an
2 2 2 2
0w = —sinfcos 0 az)_a 20 + 0529a @
oxoy on ot oto

and the inverse relations
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(6.2.11)
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2 2 2 2
0 \ZN: coszt9a 620+sin29a ?+sin29 0w
ot OX oy oxoy
2 2 2 2
0 \ivzsinzﬁa 620—1-cos249a Czo—sinZHa @ (6.2.12)
on OX oy oxoy
2 2 2 2
ow =sinfcosd 0 (20—8 Z) +cos 26 O
oton OX OXoy
or'
1 = cos’ Qi%rsin2 ¢9L+sin20L
R, R, R, X
1 sin’ (9L+cos2 6’L—sin2(9L (6.2.13)
Rn F\)x Ry Xy

1 = sin @ cos H[L—LJ + cos 20L
Ttn Fay Rx Xy
These are the same as the transformation equations for stress and strain and there will be
some angle @ for which the twist is zero; at this angle, one of the curvatures will be the
minimum and one will be the maximum at that point in the plate. These are called the
principal curvatures. Similarly, just as the sum of the normal stresses is an invariant,
the sum of the curvatures is an invariant™:

—t—=—+— (6.2.14)

If the principal curvatures are equal, the curvatures are the same at all angles, the twist is
always zero and so the plate deforms locally into the surface of a sphere.

6.2.3 Strains in a Plate

The strains arising in a plate are next examined. Consider a line element parallel to the y
axis, of length Ax. Let the element displace as shown in Fig. 6.2.6. Whereas w was used
in the previous section on curvatures to denote displacement of the mid-surface, here, for
the moment, let W(X, Y,z) be the general vertical displacement of any particle in the plate.
Let u and v be the corresponding displacements in the X and y directions. Denote the
original and deformed length of the element by dS and ds respectively.

The unit change in length of the element is, using Pythagoras’ theorem’,

! these equations are valid for any continuous surface; Eqns. 6.2.12 are restricted to nearly-flat surfaces.
? this is known as Euler’s theorem for curvatures

* multiplying this expression by (ds + dS)/ 2dS gives the Green-Lagrange strain E
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g —95=dS _[paf-lpd :\/(Ha—”] +(@) +(@j 1 (6.2.15)
ds | pq oy oy oy

q

— : w
ow p/ ox

“ZA @

L W(X)+ o X q T
w(y)
he 4 Uu(X) +— AX |
u(y) | !
mid-surface ----------mmm e
AX

Figure 6.2.6: deformation of a material fibre in the x direction
In the plate theory, it will be assumed that the displacement gradients

o v waw
ox’ oy ox oy oz

3 2

are small, of order € << 1 say, so that squares and products of these terms may be
neglected.

However, the squares and products of the slopes,

[@T ow)  owow
ox)  \ey) oxoy

might be significant (of the same order as the displacement gradients, ¢) if there are
moderate rotations of the plate.

Eqn. 6.2.15 now reduces to

2
g, = 1+26—“+[@j . (6.2.16)
ox \oXx

With v1+ X =14 X/2 for X <<1, one has (and similarly for the other normal strains)
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2
g, = %%(%j (6.2.17)
ow
Ey =
0z

Consider next the angle change for line elements initially lying parallel to the axes, Fig.
6.2.7. Let 0 be the angle Zr'p'q’, so that » = 7/2 — @ is the change in the initial right
angle Zrpq.

AZ +%Az
0z

Az

Figure 6.2.7: the deformation of Fig. 6.2.6, showing shear strains

Taking the dot product of the of the vector elements W and W :

| prq n”r!r !!| + |qﬂq m”rnr m| + |qrq n” prrw|

cosf = — (6.2.18)
p'q’|p'r|
With displacement gradients of order € <<1, take
|p!qr — p!qrr :|p!qﬂ — AX
|p!rr :|p!rﬂ — |prrw| = A7
SO
Ax(gu Azj+(gvij(gvAzj+(?NijAz U oW oV e
cos = —% X : X _ A W N (6.2.19)

AXAZ 07 OX 6x5
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For small y, y =siny =cos @, so (and similarly for the other shear strains)

e —1[Ou oV owow

Y 2loy ox ox oy

£y =t o (6.2.20)
2\ oz 0oX
1(ov ow

Ep=—| —+—
2\0z oy

The normal strains 6.2.17 and the shear strains 6.2.20 are non-linear. They are the starting
point for the various different plate theories.

Von Karman Strains

Introduce now the assumptions of the classical plate theory. The assumption that line
elements normal to the mid-plane remain inextensible implies that

ow

£,="—7=0 6.2.21
w = ( )

This implies that w = W(X, y) so that all particles at a given (X, y) through the thickness of
the plate experinece the same vertical displacement. The assumption that line elements
perpendicular to the mid-plane remain normal to the mid-plane after deformation then
implies that &, =&, =0.

The strains now read

ou 1(owY
Ex =T —
oX 2\ 0ox

ov 1[aw ’
Ey=—+—| —
oy 2\ oy
£, =0 (6.2.22)
o _Llfou ov owow
Y 2loy ox ox oy
£, =0
g, =0

yz
These are known as the Von Karman strains.
Membrane Strains and Bending Strains

Since ¢,, =0 and W =W(X,Y), one has from 6.2.20,
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ou ow oW

— == = uX,y,2)=—z—+U,(X, 6.2.23

- (X,Y,2) x o (X, Y) ( )
It can be seen that the function U, (X, Y) is the displacement in the mid-plane. In terms of

the mid-surface displacements u,,Vv,,W,, then,

ow, ow,
u=u, —z—-2, v:vo—zﬁ, W= W, (6.2.24)

and the strains 6.2.22 may be expressed as

_au, +1(aw0j2 0w,

Exo T A
ox 2\ ox ox*
2 2
gw=%+l[a"vﬂj P (6.2.25)
a 2( oy oy
5, = Qo Ko | L[ OW, Oy |, O Wy
2\ 0y  Ox 2\ ox oy OXoy

The first terms are the usual small-strains, for the mid-surface. The second terms,
involving squares of displacement gradients, are non-linear, and need to be considered
when the plate bending is fairly large. These first two terms together are called the
membrane strains. The last terms, involving second derivatives, are the flexural
(bending) strains. They involve the curvatures.

When the bending is not too large, one has (dropping the subscript “0” from w)

ou, _o’w
£y =———1
OX ox*
2
g, =20 _,0W (6.2.26)
o o
1(ou, ov, o’w
£y = + -z
2L 0y  Ox oxoy

Some of these strains are illustrated in Figs. 6.2.8 and 6.2.9; the physical meaning of &,

is shown in Fig. 6.2.8 and some terms from ¢,, are shown in Fig. 6.2.9.

Finally, when the mid-surface strains are neglected, according to the final assumption of
the classical plate theory, one has

2 2 2
£, = —ng‘f’, g, =1 Zy‘f’ ow (6.2.27)
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oW
W+ — AX
p q x
Iuo Lﬁ
mid-surface

a b
u0+%Ax

AX

Figure 6.2.8: deformation of material fibres in the x direction

b!
_-® I 3
_-=" ow _ o*w
’,’ ZE—I—Z@XayAX
A de” q JV
— oV,
: V, +—> AX
p - ox
v, ;o —_ .
vO—zE
A 4 @ ° R
a, p b,q

Figure 6.2.9: the deformation of 6.2.8 viewed “from above”; a’, b’ are the deformed
positions of the mid-surface points a, b

Compatibility

The strain field arising in the plate is two-dimensional, &,,, ¢,,, &,,, and so the 2D
compatibility relation 1.3.1 must be satisfied:
02 0%e o’e,
Nl /R Rl (6.2.28)
oy OX OXoy

It can be seen that Eqns. 6.2.26 (6.2.27) indeed satisfy this condition.
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6.2.4 The Moment-Curvature equations

Now that the strains have been related to the curvatures, the moment-curvature relations,
which play a central role in plate theory, can be derived.

Stresses and the Curvatures/Twist

From Hooke’s law, taking o,, =0,

£, =— Vo (6.2.29)

XX XX s - XX 2 X X
E E yy yy yy E y E y

so, from 6.2.27, and solving 6.2.29a-b for the normal stresses,

E o’w  o°w
Op=—— 57— +V—
I-v OX oy
2 2
o, = TW O (6.2.30)
I-v oy OX
E _o'w
= z

a —_——
Y l+v oxoy

The Moment-Curvature Equations

Substituting Eqns. 6.2.30 into the definitions of the moments, Eqns. 6.1.1, 6.1.2, and
integrating, one has

2 2
M =D o°w Va w
ox’ oy’
2 2
M, = D(gy‘f’ng‘f’j (6.2.31)
2
M, =-D(1-v) oY
OXoy
where
Eh’

Equations 6.2.31 are the moment-curvature equations for a plate. The moment-
curvature equations are analogous to the beam moment-deflection equation

0>v/0x* =M /EIl . The factor D is called the plate stiffness or flexural rigidity and
plays the same role in the plate theory as does the flexural rigidity term El in the beam
theory.
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The signs of the moments, radii of curvature and curvatures are illustrated in Fig. 6.2.11.
Note that the deflection W may or may not be of the same sign as the curvature. Note

also that when M, >0, 0’w/x*> >0, when M, >0, 0°w/dy* >0 but, with the sign

convention being used, when M, >0, 0’w/oxoy <0.

M >0 R>0

(5 I S TZ
Ow/ x> >0

M <0 O’/ x* <0 TZ

Figure 6.2.11: sign convention for curvatures and moments

Stresses and Moments
From 6.30-6.31, the stresses and moments are related through

M.z MyZ MXyZ
oy =—"""—, O, =— , Oy =+ 6.2.33
. h*/12 » h/12 Y h*/12 ( )

Note the similarity of these relations to the beam formula o = —My/1 with | =h*/12
times the width of the beam.

6.2.5 Principal Moments

It was seen how the curvatures in different directions are related, through Eqns. 6.2.11-12.
It comes as no surprise, examining 6.2.31, that the moments are related in the same way.

Consider a small differential element of a plate, Fig. 6.2.12a, subjected to stresses o,, ,

o, 0, and corresponding moments M,, M , M, given by 6.1.1-2. On any

vy ?
perpendicular planes rotated from the orginal X —y axes by an angle €, one can find the

Xy *
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new stresses oy, 0,,, Oy, , Fig. 6.2.12b (see Fig. 6.2.5), through the stress

transformatrion equations (Part I, Eqns. 3.4.7). Then

nn?>

M, = —IZattdz = cos’ Gl—jZaxdeJ+ sin’ el—J.ZO'ydeJ-f- sin20l—IZJXydzJ

(6.2.34)
= cos’ M, +sin’ M, —sin26M

and similarly for the other moments, leading to

M, =cos’ &M, +sin’ OM, —sin20M
M, =sin’ M, +cos’ &M y Fsin20M (6.2.35)
M :—cosﬁsinH(My - MX)—i-cos219MXy

tn
Also, there exist principal planes, upon which the shear stress is zero (right through the
thickness). The moments acting on these planes, M, and M, , are called the principal

moments, and are the greatest and least bending moments which occur at the element.
On these planes, the twisting moment is zero.

+_l T_G. __________
T A

Figure 6.2.12: Plate Element; (a) stresses acting on element, (b) rotated element

Moments in Different Coordinate Systems

From the moment-curvature equations 6.2.31, { AProblem 1}

2 2
M, :D[a ®. 0 “’j

ot? on’
’w 0w
M, = D[ v J (6.2.36)
0w
M, =-D(1-v
Y ( )atén
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showing that the moment-curvature relations 6.2.31 hold in all Cartesian coordinate
systems.

6.2.6 Problems

1. Use the curvature transformation relations 6.2.11 and the moment transformation
relations 6.2.35 to derive the moment-curvature relations 6.2.36.
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6.3 Plates subjected to Pure Bending and Twisting

6.3.1 Pure Bending of an Elastic Plate

Consider a plate subjected to bending moments M, =M, and M, =M, , with no other
loading, as shown in Fig. 6.3.1.

Ml

DA

N9
%y
MZ
MZ
el sl ac
A
/ M,

X

Figure 6.3.1: A plate under Pure Bending

From equilibrium considerations, these moments act at all points within the plate — they
are constant throughout the plate. Thus, from the moment-curvature equations 6.2.31, one
has the set of coupled partial differential equations

2 2 2 2 2
M, _ow, ow M, 0w, ow o 0w (63.1)
D ox oy D oy OX OXxoy
Solving for the derivatives,
2 _ 2 _ 2
ow M, -wW, o'w M,-wM, 8W:O (6.3.2)

ox2  D@L-v?)' oy? D@-v?) ' oxoy
Integrating the first two equations twice gives'

1M, -,

1M, — M
=Dy © RO RO WSy a0y e, (0 (639

D(-v?)
and integrating the third shows that two of these four unknown functions are constants:

M_6e, YoFy) > h()=A 6(X)=B (6.3.4)

OX oy

L this analysis is similar to that used to evaluate displacements in plane elastostatic problems, §1.2.4
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Equating both expressions for w in 6.3.3 gives

1M, -wW, , 1M, -WM, ,
= S X°+ Ax— X)=——-——=y +By—f 6.3.5
2 D(l—VZ) gZ( ) 2 D(l—l/z) y y Z(y) ( )

For this to hold, both sides here must be a constant, —C say. It follows that

WZEI\/I:L_—V‘\/ZIZX2 +£N|2;Vi\£ll y2 + AX + By+C (636)
2 DA—v?) 2 DA-v?)

The three unknown constants represent an arbitrary rigid body motion. To obtain values
for these one must fix three degrees of freedom in the plate. If one supposes that the
deflection w and slopes ow/ox, ow/ oy are zero at the origin X =y =0 (so the origin of
the axes are at the plate-centre), then A =B =C =0; all deformation will be measured
relative to this reference. It follows that

MZ

W:m[[(Ml/Mz)—v]xz+[1—v(M1/M2)]y2] (6.3.7)

Once the deflection w is known, all other quantities in the plate can be evaluated — the
strain from 6.2.20, the stress from Hooke’s law or directly from 6.2.30, and moments and
forces from 6.1.1-3.

In the special case of equal bending moments, with M, =M, = M say, one has

Mo 2 2
W= m(x +y ) (6.3.8)

This is the equation of a sphere. In fact, from the relationship between the curvatures and
the radius of curvature R,

o'w _o'w M, r_ Dd+v)

pvc Y = S — v = constant (6.3.9)
14 o]

and so the mid-surface of the plate in this case deforms into the surface of a sphere with
radius given by 6.3.9, as illustrated in Fig. 6.3.2.

SRKLKLS
SRR
SSRSKKKKIKELAL77 7
S osoonecrrrrr77 g
D o etoetocrsrse7” 4
NS
SO0 255

Figure 6.3.2: Deformed plate under Pure Bending with equal moments
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The character of the deformed plate is plotted in Fig. 6.3.3 for various ratios M, /M, (for
v =0.3).

7777
27T

) s
Z

Figure 6.3.3: Bending of a Plate

When the curvatures 9w/ ax? and 62w/ dy? are of the same sign?, the deformation is

called synclastic. When the curvatures are of opposite sign, as in the lower plots of Fig.
6.3.3, the deformation is said to be anticlastic.

Note that when there is only one moment, M, =0 say, there is still curvature in both
directions. In this case, one can solve the moment-curvature equations to get

o’'w M o'w  o*w

X

M, 2 2
' 1D’ oy oy Wzm(x W) (6310)

which is an anticlastic deformation.

In order to get a pure cylindrical deformation, w = f (x) say, one needs to apply moments
M, and M, =wM,, in which case, from 6.3.6,

2 or principal curvatures in the case of a more complex general loading
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W=—XX (6.3.11)

The deformation for M, /M, =3 in Fig. 6.3.3 is very close to cylindrical, since there
M, =M

X y*

6.3.2 Pure Torsion of an Elastic Plate

In pure torsion, one has the twisting moment M, =M with no other loading, Fig. 6.3.4.
From the moment-curvature equations,

2 2 2 2 2
0=9W, oW o 0w ow M _0w (6.3.12)
OX oy oy OX D@-v) oxoy
so that
2 2 2
OW_o CW_o SW___M (6.3.13)
OX oy OXoy D(1-v)
M
o e e Wi y
~ A~ A~
L+ £+ {
/ T X
X
Figure 6.3.4: Twisting of a Plate
Using the same arguments as before, integrating these equations leads to
M
W=— X 6.3.14
D1-v) y ( )

The middle surface is deformed as shown in Fig. 6.3.5, for a negative M, . Note that
there is no deflection along the lines x=0 or y=0.

The principal curvatures will occur at 45° to the axes (see Eqns. 6.2.12):
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1 LM (6.3.15)

Figure 6.3.5: Deformation for a (negative) twisting moment
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6.4 Equilibrium and Lateral Loading

In this section, lateral loads are considered and these lead to shearing forces V,, Vy , in the

plate.

6.4.1 The Governing Differential Equation for Lateral Loads

In general, a plate will at any location be subjected to a lateral pressure q, bending
moments M, M yo M Xy and out-of-plane shear forces V, and Vy; q is the normal pressure

on the upper surface of the plate:

0, z=-h/2

o, (%)= {_ axy). z=+h/2 (6.4.1)

These quantities are related to each other through force equilibrium.
Force Equilibrium

Consider a differential plate element with one corner at (X, y) = (0,0), Fig. 6.4.1,
subjected to moments, pressure and shear force. Taking force equilibrium in the vertical
direction (neglecting a possible small variation in , since this will only introduce higher
order terms):

oV
DR =+ Ax—(v +a—yAy]Ax +V Ay — (v 4 ag/x ijAy—qAxAy =0 (64.2)
y X

bl
1 1 1 M (y+AY) y
BRRRYL
X+ AX y+Ay)
. ) ?')C VA ax) LA (y+ ay)
M, (x+Ax)

Fig. 6.4.1: a plate element subjected to moments, pressure and shear forces
Eqn. 6.4.2 gives the vertical equilibrium equation

vV, oV
Ny [ Ty —q (6.4.3)

ox oy
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Next, taking moments about the X axis:

M, M,
D M| =M Ay —| M, +—LAx [Ay - M AX+| M, + Ay |AX
. ox oy

v,
—yV,Ax—(y +Ay) V, +EAy AX+(y + Ay /2N, Ay (6.4.4)

—(y+Ay/ 2)(VX + a(;/x ijAy —(y+Ay/2)gAxAy =0
X

Using 6.4.3, this reduces to (and similarly for moments about the x-axis),

oM
VX = + ag/l X - ayxy
X
oM oM (6.4.5)
__ Y L y
g OX oy

These are analogous to the beam equation V = dM /dx.
Relations directly from the Equations of Equilibrium

The equilibrium relations 6.4.3, 6.4.5 can also be derived directly from the equations of
equilibrium, Egns. 1.1.9, which encompass the force balances:

oo 5O'yx oo

XX + + X — 0
OX oy 0z
oo oo oo
Y Y, Y9 (6.4.6)
OX oy oz
0
aO-xz + O-VZ + 8622 =0
OX oy 0z

Taking the first of these (which ensures equilibrium of forces in the X direction),
multiplying by zZ and integrating over the plate thickness, gives
h/2

+h/2 + ao_
'[ zaa—xxdz+ '[ z—2dz+
v, OX 0

_h/2 ~h/2 y ~h/2

+h/2

I z—daJZX z=0
oz
(6.4.7)

0 +h/2 0 +h/2 +h/2
_{ Izaxxdz}rg[ .[ZUVXdz}r[ZUZX]f:Z— Iazxdz:o

8X -h/2 -h/2 -h/2

and, since the shear stress o,, must be zero over the top and bottom surfaces, one has

Eqn. 6.4.5a. Applying a similar procedure to the second equilibrium equation gives Eqn.
6.4.5b. Finally, integrating directly the third equilibrium equation without multiplying
across by z, one arrives at Eqn. 6.4.3.
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Eliminating the shear forces from 6.4.3, 6.4.5 leads to the differential equation
M, _O’M, M,
X — +
ox’ oxoy oy’

= —q (6.4.8)

This equation is analogous to the equation M /dx> = p in the beam theory. Finally,
substituting in the moment-curvature equations 6.2.31 leads to'

o*w o'w  o'w g
T2t TS
x' ooy oyt D

(6.4.9)

This is sometimes called the equation of Sophie Germain after the French investigator
who first obtained it in 1815°. This partial differential equation is solved subject to the
boundary conditions of the problem, i.e. the fixing conditions of the plate (see below).
Again, when once an expression for o(X,Y) is obtained, the strains, stresses, forces and

moments follow.

Note that the differential equation 6.4.7 with q = 0 is trivially satisfied in the simple pure
bending and torsion problems considered earlier.

Eqn. 6.4.9 can be succinctly expressed as
viw=-3 (6.4.10)

where V' is the Laplacian, or “del” operator:

0* 0’
Vz =ax—2+ay2

(6.4.11)

Note that the Laplacian operator (on W) gives the sum of the curvatures in two
perpendicular directions and so it is independent of the directions chosen (see Eqn.
6.2.14).

Shear Forces in terms of Deflection

From 6.4.5 and the moment-curvature equations, one has the useful relations

" note that the moment curvature relations were derived for the case of pure bending; here, as in the beam
theory, the possible effect of the shearing forces on the curvature is neglected. This is a valid assumption
provided the thickness of the plate is small in comparison with its other dimensions. A more exact theory
taking into account the effect of the shear forces on deflection can be developed

? Germain submitted her work to the French Academy, which was awarding a prize for anyone who could
solve the problem of the vibration of plates; Lagrange was on the Academy awarding committee and
corrected some of her work, deriving Eqn. 6.4.9 in its final form
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2 2 2 2
V,=Dp [ W, OW)| y _plfow oW (6.4.12)
OX oy OX oy

6.4.2 Stresses in the Plate

The normal and in-plane shear stresses have been expressed in terms of the moments,
Eqns. 6.2.33. Note that these stresses are zero over the mid-surface and attain a maximum
at the outer surfaces.

Expressions for the remaining stress components can be obtained from the equations of
equilibrium as follows: the first of Eqns. 6.4.6 leads, with 6.4.5a, to

aO-xx ao_Xy aO-zx
0= + +
OX oy oz

:g[_lz_jMx:|+i|:12_3zMxy}+ao-zx
oX| h oyl h 0z
_12z( oM, M, +80'ZX
h® { ox oy
_12_3ZVX + 80_2)‘
h 0z

(6.4.13)

Integrating now gives (note that V, is independent of 2)

o, = 6 V.z2°+C (6.4.14)

X 3

This shear stress must be zero at the upper and lower (free -) surfaces, at z=+h/2. This
condition can be used to determine the arbitrary constant C and one finds that (see Fig.

6.1.9)
2
S (6.4.15)
2h h/2
The other shear stress, o, , can be evaluated in a similar manner: { A Problem 1}
M2 (6.4.16)
o, =——"—|1-| — 4.
i 2h h/2

In some analyses, these shear stresses are taken to be zero, although they can be quite
significant.

The only remaining stress component is o,,. This will never exceed the intensity of the
external load on the plate; the lateral load itself, however, is negligibly small in
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comparison with the in-plane stresses set up by the bending of the plate, and for this
reason it is acceptable to disregard o, , as has been done, in the plate theory.

6.4.3 Problems

1. Derive the expression for shear stress 6.4.16.
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6.5 Plate Problems in Rectangular Coordinates

In this section, a number of important plate problems will be examined using Cartesian
coordinates.

6.5.1 Uniform Pressure producing Bending in One Direction

Consider first the case of a plate which bends in one direction only. From 6.3.11 the
deflection and moments are

d*w d’w

w=f(x), M,X)=D——, M (X)=-D— (6.5.1)
X X
The differential equation 6.4.9 reads
d'w  q(x)
— = 6.5.2
dx* D ( )

The corresponding equation for a beam is d*w/dx* = p(x)/El . If p(x)/b=—-q(x),

with b the depth of the beam, with | =bh’ /12, the plate will respond more stiffly than
the beam by a factor of 1/(1—v?), a factor of about 10% for v = 0.3, since

Eh’ 1 El
D= _ = 6.5.3
121-v*) 1-v* b (65

The extra stiffness is due to the constraining effect of M, which is not present in the

beam.

6.5.2 Deflection of a Circular Plate by a Uniform Lateral Load

A solution for a circular plate problem is presented next. This problem will be examined
again in the section which follows using the more natural polar coordinates.

Consider a circular plate with boundary
x> +y>=a’, (6.5.4)

clamped at its edges and subjected to a uniform lateral load g, Fig. 6.5.1.
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Figure 6.5.1: a clamped circular plate subjected to a uniform lateral load

The differential equation for the problem is given by 6.4.9. The boundary conditions are
that the slope and deflection are zero at the boundary:

w=0, ﬂzo, @:0 along Xx*+y*=a’ (6.5.5)
OX oy

It will be shown that the deflection
w=c(x*+y>—-a’)’ (6.5.6)
is a solution to the problem. First, this function certainly satisfies 6.5.5. Further, letting
f(x,y)=x>+y’>-a’, (6.5.7)

the relevant partial derivatives are

w = 4cxf, w = 4cyf
OX oy
2 2 2
d V2V=4C(2X2 + 1) ow = 8CXY, a—vzvz4c(2y2 1)
OX OXoy
, X , , (6.5.8)
o'w o'w o'w o'w
T = 24cX, = , > =8CX, — =24cy
OX ox oy oxoy oy
4 4 4
8?224@ _82W2 =8c, a\1\':24(;
OX ox oy oy
Substituting these into the differential equation now yields
q
C=——— 6.5.9
64D ( )
so the deflection is
W:—L(x2 +y’—a?)’ (6.5.10)

64D
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This is plotted in Fig. 6.5.2. The maximum deflection occurs at the plate centre, where

S 6.5.11)

Figure 6.5.2: mid-plane deflection of the clamped circular plate

The curvature 0°w/ox” along a radial line y =0 is displayed in Fig. 6.5.3. The

curvature is positive toward the centre of the plate (the plate curves upward) and is
negative towards the edge of the plate (the plate curves downward).

o°w
x>

) )

(X, y)=(0,0) (X, y)=(a,0)

Figure 6.5.3: curvature in the clamped circular plate

The moments occurring in the plate are, from the moment-curvature equations 6.2.31 and
6.5.8,

M, = —%[(3+v)x2 +@v+Dy? —(1+v)a’]
M, = —%[(31/+1)x2 +(B+v)y? —(1+v)a’] (6.5.12)

q
M, = +§(l - V)XY

The moment M, along a radial line y =0 is of the same character as the curvature
displayed in Fig. 6.5.3.
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The out-of-plane shear forces are, from 6.4.5,

At the plate centre, the expressions become

X Xy

M =My=%(1+v)a2, M, =V, =V

Stresses in the Plate

From 6.5.12-13 and 6.2.33, 6.4.15-16, the stresses in the plate are

o _3qz (1-v)xy

3gx z Y
Oy =—1— -] —
4h h/2

3qy yA :
Oy =—1" 1-| —
4h h/2

Converting to polar coordinates (r,d) through
X=rcosd,y=rsind

and using a stress transformation,

_ 2 ) .
o, =cos” 0o, +sin” 6o, +sin200,,
_ 2 ) .
O gy =C08" b0, +sin” 0o, —sin 200,
o,, =cosfsin H(Jyy — 0, )+ cos 20o,,

leads to the axisymmetric stress field { A Problem 1}

o, = 3qz [(3+v)r ~(1+v)a* ]
Gy = 3q§ [Gv+Dr2 —a+vya?]
4h
Gr@ = O
Solid Mechanics Part IT 152

_3_q§[(3+v)xz +@Bv+1)y’ —(H‘/)az]

o 3qz (B + DX + (3 +1)y> —(1+v)a’]
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(6.5.13)

(6.5.14)

(6.5.15)

(6.5.16)

(6.5.17)

(6.5.18)
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At the plate centre,

Gy =0 =T (11) (6.5.19)
4h
At the plate edge r =a,
3qza’ 3qza’
O, = TSR O = TE (6.5.20)

For the shear stress, the traction acting on a surface parallel to the X — Yy plane can be
expressed as (see Fig. 6.5.4)

t= O-zrer + Uzeee
=0,8,t0,0, (6.5.21)

= azx(cosﬁer —sin 699)+ O'Zy(sin Gk, + coséég)

where e, is a unit vector in the direction i. Thus

2
o, = cosbo, +sinbo, = %{1 - [h_j2j } (65.22)

0,y =—sinbo, +cosbo, =0

/ ®0> T20

N "
e.,o

ro>~zr

€.o

X2 X

Figure 6.5.4: stress components acting on a surface

Note that the maximum stress in the plate is

2
o =o.(ah/2)= %Tq(%j (6.5.23)

The maximum shear stress, on the other hand, is o, (a,0) =3q/4 x (a/ h). Thus the shear
stress is of an order h/a smaller than the normal stress.
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6.5.3 An Infinite Plate with Sinusoidal Deflection

Consider next the classic plate problem addressed by Navier in 1820. It consists of an
infinite plate with an undulating “up/down” sinusoidal deflection, Fig. 6.5.5,

W(X, ) = W, sin@sin% (6.5.24)
a

X
Figure 6.5.5: A plate with sinusoidal deflection
Differentiation of the deflection leads to the curvatures
2 2
0 \;V =-W, ﬂ—zsinzsinﬂ
OX a a b
2 2
gy\;v =-W, ﬂ—zsinzsin% (6.5.25)
2 2
ow =W, ”—cosﬁcosﬂ
OXy ab a b
and hence the pressure
4 2 2 2
oW, ,0w, 0 ‘;"=7z4(i2+i2j w(x, y) = - 3% Y) (6.5.26)
OX oxXy oy b D

The pressure thus varies like the deflection. There is no need for supports for the plate
since the “up” loads balance the “down” loads.

From the moment-curvature relations,
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M, ——WODﬂz(LZ+L2)smﬁsinﬂ

a- b a b

B o v 1Y, =x . ny
My ——W0D7Z' (?+b—2jsm;SInF (6527)

V, =-w,D 3l£%+i2jcos—sinﬂ

ala” b b

0 o (6.5.28)
Vy —_W()D 36(?+b—2jSiH—COSF

Note that both q/w and M, /M are constant throughout the plate.

6.5.4 A Simply Supported Plate with Sinusoidal Deflection

Following on from the previous example, consider now a finite plate of dimensions a and
b with the same sinusoidal deflection 6.5.24, simply supported along the edges X =0,
x=a, y=0, y=Db. In what follows, take W, in 6.5.24 to be negative, so that the plate

is pushed down towards the centre.

According to 6.5.24 and 6.5.27, the deflection and slope is zero along the supported
edges, as required. The vertical reactions at the supports are given by 6.5.28. However,
according to Eqn. 6.5.27c, there are varying non-zero twisting moments over the ends of
the plate. Thus the solution given by 6.5.24-28 is not quite the solution to the simply
supported finite-plate problem, unless one can somehow apply the exact required twisting
moments over the edges of the plate.

It turns out, however, that the solution 6.5.24-28 is a correct solution, except in a region
close to the edges of the plate. This is explained in what follows.

Twisting Moments over “Free” Surfaces

Consider an element of material of width dy , Fig. 6.5.6. The element is subjected to a
twisting moment M, dy, Fig. 6.5.6a. This twisting moment is due to shear stresses
acting parallel to the plate surface (see Fig. 6.1.8). This system of horizontal forces can
be replaced by the statically equivalent system of vertical forces shown in Fig. 6.5.6b —
two forces of magnitude M, separate by a distance dy . Recalling Saint-Venant’s

principle, the difference between the statically equivalent systems of forces of Fig. 6.5.6a
and 6.5.6b will lead to differences in the stress field within the plate only in a small region
very close to the plate-edges.
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dy
4_/_, A M G M vy
/(.\,\/I Xy dy ’ /
(a) (b)

Figure 6.5.6: Equivalent systems of forces leading to the same twisting moment; (a)
horizontal forces, (b) vertical forces

Consider next a distribution of twisting moment along the plate edge, Fig. 6.5.7. As can
be seen, this distribution is equivalent to a distribution of shearing forces (per unit length)
of magnitude

Vo(y)=—7" (6.5.29)

III 4 aM .
(“ dy g v oy >
M d M
v (M § F— de
oy

Figure 6.5.7: A distribution of twisting moments along a plate edge

The total vertical reaction along the edges can now be taken to be

V, - (6.5.30)

(and V|, —0OM, /0x along the other edges) and this gives a correct solution to the

problem. From 6.5.27-28, these reactions are
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M i ]
Fro=|V, ——2 _—M%Dnﬁl[3;+37-+l;/smfx
¥ o, alla> b)) b | b
oM i ]
Fo=|V, ——2 =H%Dflf%+% LY sin
Y )y aj\a~ b b | b
. j - (6.5.31)
Flo=|V, ——2 _sw%Dnﬁl(J7+;§ 1V G
X )o b|la® b a®~ | a
M i ]
Fp=|V, ——2 =+%Dnﬂ-&%+é-+lfsm@5
X ) h) bjla® b a® | a

Corner Forces

Integrating 6.5.31 over the four edges, the resultant upward forces on the four edges (with
w, <0, they are all four upward) are

= = bi(1 1 l-v
+ FXO = —an = —2W0D7Z'2 _|:(¥+b_2) + b2 i|
(6.5.32)
= = alf(1 1 1-v
+ FyO = _Fyb = —2W0D7Z'2 B|:(a—2+b—2j + a2 :|
and the resultant of these may be expressed as
1 1Y) 20-v)
The resultant downward force is, using 6.5.26,
ba 1 1 2ba X 7y
Fiown = ”q(x, y)dxdy = —w, D7[4(? + b—zj ”sin?sianxdy
00 00
(6.5.34)

b*

2
:—4W0D7r2ab[iz+ ! j
a

The difference between F, and F,,  is due to the re-distributed twisting moment, and is

explained a follows: consider again Fig. 6.5.7, where the edge twisting moments have
been replaced with a statically equivalent distribution of shear forces. It can be seen that
there results shear forces at the ends of the plate-edge (the “corners”), where the shear
forces M, have no neighbouring shear force of opposite sign with which to “cancel out”.

down

There are concentrated forces (per unit length) at the plate-corners of magnitude M, .
Examining Fig. 6.5.7, which shows the edge x = a, the force M (a,0) is positive up

whereas the force M, (a,b) is positive down. There are also contributions to the corner
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forces at (2,0) and (a,b) from the adjacent edges, shown in Fig. 6.5.8. One finds that the
downward concentrated forces at the corner are

2
T

Py =+2M,(0,0) = —2w,D(1 - v)E

2
T

P,, =—2M,,(a,0) = —2w,D(1 - v)—b
a (6.5.35)

2
T

P, =+2M ,(a,b) = 2w, D(1- v)g

2
T

Py, =—2M,,(0,b) = 2w, D(1 - v)E

Adding these to F,, of Eqn. 6.5.34 now gives the F of Eqn. 6.5.33.

Physically, if one applies a pressure to a simply supported plate, the plate will tend to rise
at the four corners, in a twisting action. The corner forces 6.5.35 are necessary to keep
the corners down and so produce the deflection 6.5.24.

| ta

(0,0) —> Y

Xy

¥¥1(0,b)

f
|I

/ MXy

X

M
(a,0) ¥l(a,b)

Figure 6.5.8: corner forces in the simply supported plate

The ratio of the resultant downward corner force to the downward force due to the applied
pressure, F, S

owni‘1

2(1- v)ﬁ (6.5.36)

For a square plate, this is (1-v)/2; with v = 0.3, this is 35%.
6.5.5 A Rectangular Plate Simply Supported at the Edges

The above solution can be used to solve the problem of a simply supported plate loaded
by any arbitrary pressure distribution, through the use of Fourier series.
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Consider again this plate, whose displacement boundary conditions are
w(0,y)=w(a,y)=w(x,0)=w(x,b)=0
o’w| 0w o’w o’w
2 - 2 2
) OX o)

= O,
(a,y)

oy*
Assume the deflection to be of the form

wixy) =3 S A, sin%sin%
a

m=1 n=l

Section 6.5

(6.5.37)

(6.5.38)

with A, coefficients to be determined. It can be seen that this function satisfies the

boundary conditions. Taking the derivatives of this function,

2 © 2
0 W=ZZ(——m 72[ jAmn sin—maﬂx sinM

b

This can be written compactly in the form
>3 Consin 2 sin Y~ _g(x, )
a b

where

(6.5.39)

(6.5.40)

(6.5.41)

(6.5.42)

It remains to choose the coefficients of the series so as to satisfy the equation identically

over the whole area of the plate.

One can evaluate the coefficients as one does for ordinary Fourier series, although here
one has a double series and so one proceeds as follows: first, multiply both sides of
(6.5.40) by sin(kﬂy / b) where K is an integer, and integrate over y between the limits

[0,b], so that

b b

N . Mmaxe . nzy . kay . kny
C d = — X’

ZZ mn SIN _l‘sm . sin b y !q( y)sm—db y

Using the orthogonality condition
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b 0 k
Jsin "2 sin <Dt ={ U (6.5.44)
S b b/2, n=k
leads to
© b
EZka sin X _ _ Jac, ysin <Yy (6.5.45)
203 a 0 b

Now there are functions of X only so, multiplying both sides by sin( jzx/a) and following
the same procedure, one has

alb i
%gc i = —[{Iq(x, y)sinkT”ydy} sin%dx (6.5.46)
0L0

and hence the coefficients C . are (replacing the dummy subscripts j, k with m, n)

ab
c -_*% [Tacx.y) sin % gin 2 dxdy (6.5.47)
abyy a b

Thus the coefficients A, of the original expression for the deflection w(X,Y), 6.5.38, are
p - L 4fm n° _ ﬁq(x Vsin % inaxdy  (6.5.48)
" z'Dabla* b>) {7 a b o

It is now possible to solve for the coefficients given any loading q(X,Y) over the plate,

and hence evaluate the deflection, moments and stresses in the plate, by taking the
derivatives of the infinite series for w.

This solution is due to Navier and is called Navier’s solution to the rectangular plate
problem. A similar solution method has been used by Lévy to solve a more general
problem — that of a rectangular plate simply supported on two opposite sides, and any one
of the conditions free, simply-supported, or clamped, along the other two opposite sides.

For example, considering a square plate, this involves using a trial function for the
deflection of the form (compare with 6.5.38)

wix,y) = S () sin% (6.5.49)

and then attempting to determine the functions F,(y).

A Uniform Load

In the case of a uniform load q(x,y) =(, one has
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S omax
A == o Dab( 2] !)‘sm—da x£s1n—dy
2 | a b
T Dab(_ b_zj [mﬁl COS(mﬁ))}{E(l—COS(M))} (6.5.50)

169 (m?
- — mn=13,5,-
[a +b2J (m )

0

=1 7°Dmn
(m,n=0,24,--)

The resulting series in 6.5.50 converges rapidly.

The deflection at the centre of the plate is then

W= i ZOO: Amnsin%sinnf

_ _16CIb4 i i 1 m* +n? _2(_ 1)(m+n)/2—1 (6.3:51)
7[6D m=1,3,5n=1,3 Smn (a/b)
For a square plate,
4 = 0
v S S e
7 m=1.3,5n=1,3,5 MN 65.52)

_% « 0.0040624

Denoting the area a’ by A, this is @ = —0.0041gA* /D . This can be compared with the

clamped circular plate; denoting the area there, za”, by A, the maximum deflection, Eqn.
6.5.11, gives @ =—0.00160A* /D.

Corner Forces

The twisting moment is

M., (x,y) = ~D(1 -} 22 - —D(l—v)ii[mnﬂz jAmn cos ™ cos L (6.5.53)

and the four corner forces required to hold the plate down are now
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o0 2
P, =—2M (a,0) = +2D(1-v)}" ng A, cosmz
S 2 (6.5.54)
Py =—2M,(0,b) = +2D(1-v)> >’ ng Ay cOSNT
m=1 n=1
© 2
Ps =+2M, (a,b) = -2D(1-v) Z m;s A, cosmzcosnz
m=1 n=1
For a uniform load over a square plate, using 6.5.50, the corner forces reduce to
1P 432q(1—v)a2 i i 1
z* m=1,3,5n=135(m2 +n2)
32q(1-v)a® & & 1
=4
z* gfnz::' ((2m ~17 +(2n-1) )2 (6.5.55)
2
<2200V e
V4
~0.26F,

for v =0.3) where F, = qga’ is the resultant applied force.
0

6.5.6 Problems

1. Derive the expressions for the stress components in polar form, for the clamped
circular plate under uniform lateral load, Eqn. 6.5.18.
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6.6 Plate Problems in Polar Coordinates

6.6.1 Plate Equations in Polar Coordinates

To examine directly plate problems in polar coordinates, one can first transform the
Cartesian plate equations considered in the previous sections into ones in terms of polar
coordinates.

First, the definitions of the moments and forces are now

+h/2 +h/2 +h/2
M, =- J.ZO',rdZ, M, =- IZUQHdZ, M, = J.ZO-redz (6.6.1)

-h/2 -h/2 -h/2

and

+h/2 +h/2
Vi==[o,dz, V,=- [o,d (6.6.2)

r
-h/2 -h/2

The strain-curvature relations, Eqns. 6.2.27, can be transformed to polar coordinates using
the transformations from Cartesian to polar coordinates detailed in §4.2 (in particular,
§4.2.6). One finds that { A Problem 1}

o*w
Ep = —Z

or?

low 1 o*w
&y = —I| ——+— 6.6.3
o (r or r? 802] (6:6.3)

1 ow 1 o*w
Eg =" ——F—+—
r- o6 rorod

The moment-curvature relations 6.2.31 become { A Problem 2}

A2 2
M. =D a\iv+v l@JrLzavzv
_ar ror r°oé
(1ow 1 d*w) o&*w
M,=D|| —+— + 6.6.4
¢ _(r or r? aazj Varz} 664
2
M,, = -Df1—y) - L W, 1 OW
r- o6 rorod

The governing differential equation 6.4.9 now reads

# 10 1Y q
(:5;?;'+';:;§F'+']:E'69692 j W=—— (6.6.5)
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The shear forces in terms of deflection, Eqn 6.4.12, now read { A Problem 3}

2 2 2 2
V- Di{a W+(l@+ia Wﬂ v, = Dli{a W+[1@+iza Wﬂ (6.6.6)
r

orlorr (ror r?o6? roolorr \ror 06>

Finally, the stresses are { A Problem 4}
o =——= Cp=——-M,, oc,=—M, (6.6.7)

and

2 2
o _ 1_(i) R _ Ve 1_(Lj (6.6.8)
2h h/2 2h h/2

The differential equation 6.6.5 can be solved using a method similar to the Airy stress
function method for problems in polar coordinates (the Mitchell solution), that is, a
solution is sought in the form of a Fourier series. Here, however, only axisymmetric
problems will be considered in detail.

6.6.2 Plate Equations for Axisymmetric Problems

When the loading and geometry of the plate are axisymmetric, the plate equations given
above reduce to

2
M, = D{d W+vld—w}

' dr? rdr
ldw d*w
M, =D W, 6.6.9
¢ {r ar dr? } (6.69)
M,, =0
2 2
d- ,1dy),_1djd li(rd_""j __a0) (6.6.10)
dr® rdr rdr| dr|rdr\ dr D
2
v —pd|dw 1aw) 6.6.11)
dr| dr* rdr

and
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2
S U (L [ (6.6.13)
2h | \h/2

Note that there is no twisting moment, so the problem of dealing with non-zero twisting
moments on free boundaries seen with rectangular plate does not arise here.

6.6.3 Axisymmetric Plate Problems

For uniform q, direct integration of 6.6.10 leads to

4
w=_1" +lKr2(lnr—1)+l§r2+(_31nr+5 (6.6.14)
64D 4 4
with
3
W 1 K@mr-1)+ LEr+ct
dr 16D 2 r
d’w  3qr’ lo =1
= —AQInr+1)+-B-C — 6.6.15
dr> 16D ( ) 2 r’ ( :
3
dw_ 3ar 1xl,c1
dr’ 8D 2 r r’
and
3 2 N
v,—p/dw, ldw_ 1dw _ar A (6.6.16)
dr rdr r= dr 2

There are two classes of problem to consider, plates with a central hole and plates with no
hole. For a plate with no hole in it, the condition that the stresses remain finite at the plate

centre requires that d*w/dr” remains finite, so A =C =0. Thus immediately one has
V, =—qr/2. The boundary conditions at the outer edge r = a give B and D .

1. Solid Plate — Uniform Bending

The simplest case is pure bending of a plate, M, = M, with no transverse pressure,

q=0. The plate is solid so A=C =0 and one has W= Br”/4+ D . The applied
moment is

BD[l +v] (6.6.17)

SV
dr r dr

d’e 1 da)}

1
M0=D|: E

so B =2M,/D(1+v). Taking the deflection to be zero at the plate-centre, the solution is
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0 g (6.6.18)

2. Solid Plate Clamped — Uniform Load

Consider next the case of clamped plate under uniform loading. The boundary conditions
are that w=dw/dr =0 at r = a, leading to

- p-_® (6.6.19)
8D 64D
and hence
w=-——1(r2-a2f (6.6.20)
64D

which is the same as 6.5.10.

The reaction force at the outer rim is V, (a) = —ga/2. This is a force per unit length; the
force acting on an element of the outer rim is —ga(aA@)/2 and the total reaction force

around the outer rim is —qa’z , which balances the same applied force.

3. Solid Plate Simply Supported — Uniform Load

For a simply supported plate, w=0 and M, =0 at r =a. Using 6.6.9a, one then has
{ AProblem 5}

2 4
§:3+vqa ’ 5:_5+v ga (6.621)
1+v 8D 1+v 64D
and hence
w4 [>TV 2 (a>-r?) (6.6.22)
64D\ 1+v

The deflection for the clamped and simply supported cases are plotted in Fig. 6.6.1 (for
v=0.3).
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r/a
0.2 04 0.6 0.8 ]

0

-11
clamped
64D
q -2

5t simply
i supported
4t

Figure 6.6.1: deflection for a circular plate under uniform loading

4. Solid Plate with a Central Concentrated Force

Consider now the case of a plate subjected to a single concentrated force F at r =0. The
resultant shear force acting on any cylindrical portion of the plate with radius r about the
plate-centre is 221V, (r). As r — 0, one must have an infinite V, so that this resultant is

finite and equal to the applied force F. An infinite shear force implies infinite stresses. It
is possible for the stresses at the centre of the plate to be infinite. However, although the
stresses and strain might be infinite, the displacements, which are obtained from the
strains through integration, can remain, and should remain, finite. Although the solution
will be “unreal” at the plate-centre, one can again use Saint-Venant’s principle to argue
that the solution obtained will be valid everywhere except in a small region near where
the force is applied.

Thus, seek a solution which has finite displacement in which case, by symmetry, the slope
at r =0 will be zero. From the general axisymmetric solution 6.6.15a,

‘j'j_"r" - 6% B (6.6.23)
so C =0.
From 6.6.16
2mV,|  =27AD=F (6.6.24)

Thus A = F /22D and the moments and shear force become infinite at the plate-centre.

The other two constants can be obtained from the boundary conditions. For a clamped
plate, w=dw/dr =0, and one finds that { A Problem 7}
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F
W=
167D

(@ =r?)+2r2In(r/a)| (6.6.25)

This solution results in In(r/a) terms in the expressions for moments, giving
logarithmically infinite in-plane stresses at the plate-centre.

5. Plate with a Hole

For a plate with a hole in it, there will be four boundary conditions to determine the four
constants in Eqn. 6.6.14. For example, for a plate which is simply supported around the
outer edge r =b and free on the inner surface r = a, one has

M, (@)=0, F.(a)=0 (6.6.26)
wb)=0, M, (b)=0

6.6.4 Problems

1. Use the expressions 4.2.11-12, which relate second partial derivatives in the Cartesian
and polar coordinate systems, together with the strain transformation relations 4.2.17,
to derive the strain-curvature relations in polar coordinates, Eqn. 6.6.3.

2. Use the definitions of the moments, 6.6.1, and again relations 4.2.11-12, together with
the stress transformation relations 4.2.18, to derive the moment-curvature relations in
polar coordinates, Eqn. 6.6.4.

3. Derive Eqgns. 6.6.6.

4. Use 6.2.33, 6.4.15-16 to derive the stresses in terms of moments and shear forces,
Eqns. 6.6.7-8.

5. Solve the simply supported solid plate problem and hence derive the constants 6.6.21.
6. Show that the solution for a simply supported plate (with no hole), Eqn. 6.6.22, can be
considered a superposition of the clamped solution, Eqn. 6.6.20, and a pure bending,

by taking an appropriate deflection at the plate-centre in the pure bending case.

7. Solve for the deflection in the case of a clamped solid circular plate loaded by a single
concentrated force, Eqn. 6.6.25.
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6.7 In-Plane Forces and Plate Buckling

In the previous sections, only bending and twisting moments and out-of-plane shear
forces were considered. In this section, in-plane forces are considered also. The in-plane
forces will give rise to in-plane membrane strains, but here it is assumed that these are
uncoupled from the bending strains. In other words, the membrane strains can be found
from a separate plane stress analysis of the mid-surface and the bending of the plate does
not affect these membrane strains. The possible effect of the in-plane forces on the
bending strains is the main concern here.

6.7.1 Equilibrium for In-plane Forces
Start again with the equations of equilibrium, Eqns. 6.4.6. Integrating the first and second

through the thickness of the plate (this time without multiplying first by z), and using the
definitions of the in-plane forces 6.1.1-6.1.2, leads to

ON, ON,
OX B
o (6.7.1)
any aNy 0
+ — =
OX oy

6.7.2 The Governing Differential Equation

Consider an element of the deflected plate, Fig. 6.7.1. Only a deflection in the y direction,
owl oy , is considered for clarity. Resolving the components of the in-plane forces into

horizontal and vertical components:

oN, ON,y
> Fy =-N,Ax+| N, + By Ay [AX—=N, Ay +| N, + ™ AX |Ay

ow ow 0 ow
ZFV :—NyEAX-F[NyE'FE(NyEJAXJAX (672)
_ ny@Ay+(ny@+i[ny %jAXJAy
oy ay X oy

These reduce to
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> F —[aNH—@NXVJA AX
b= pvall

oy
oy aw), ofy ow
DR = _W(Ny 8yj+ aX(NXy ayﬂAxAy (6.7.3)
- [aNy +8N_Wj@+(Ny 82\2v+NXy aZWJ:IAXAy
Loy ox Joy oy X3y

Using 6.7.1, one has

o*w 0*w
> Fy =0, YR = (Ny v +N,, axay]AxAy (6.7.4)

Considering also a deflection dw/ox , one has for the resultant vertical force :

2 2 2
SF =[N, 2N, SN, T W akay (6.7.5)
OX OXoy oy

ON
[N , +—yAyJAx
oy

o+ Aw

Figure 6.7.1: In-plane forces acting on a plate element

When the in-plane forces were neglected, the vertical stress resisted by bending and shear
force was o,, =—q. Here, one has an additional stress given by 6.7.5, and so the
governing differential equation 6.4.7 becomes

A o o 1 o°w o°w 0w
+2 =—|-g+N,

+ +2N +N 6.7.6
ox*t oxPoy? oyt D ox’ Y oxoy yasz (670)
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When compressive in-plane forces are applied to a plate, the plate will at first remain flat
and simply be compressed. However, when the in-plane forces reach a critical level, the
plate will bend and the deflection will be given by the solution to 6.7.6. For example,
consider the case of a simply supported plate subjected to a uniform in-plane compression

N, only, Fig. 6.7.2, in which case 6.7.6 reduces to

84a)+2 M) Ga) N, o*w
ox*  oxPoy® 8y Dax2

Following Navier’s method from 8§6.5.5, assume a buckled shape

w(x,y) = zz A sm—smnT/Zy

m=1 n=1

so that 6.7.7 becomes

w0 @ 2 22 2 2
ZZAm{” ( 2—2] + ’\||3X m 72[ },in M sin 2% _ o

m=1 n-1 a

Disregarding the trivial A, =0, this can be satisfied by taking

2 2 2 23\?
N :_Daﬂ' [m_+n_j

X m?> | a* b?
a
_> 4—
_> 4_
—> ‘_

Figure 6.7.2: In-plane compression of a plate

(6.7.7)

(6.7.8)

(6.7.9)

(6.7.10)

The lowest in-plane force N, which will deflect the plate is sought. Clearly, the smallest
value on the right hand side of 6.7.10 will be when n =1. This means that the buckling

modes as given by 6.7.8 will be of the form

(6.7.11)

. Max .
sin M gjn &
a b
so that the plate will only ever buckle with one half-wave in the direction perpendicular to
loading.
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When a < b, the smallest value occurs when m =1, in which case the critical in-plane
force is

Dz2(b a)’
(N,), =- b’zz (E+Ej (6.7.12)

When a/b is very small, the plate is loaded along the relatively long edges and the
critical load is much higher than for a square plate.

The deflection (buckling mode) corresponding to this critical load is
w(x,y) = A;sin %sin% (6.7.13)

Note that the amplitude A, cannot be determined from the analysis™.

As a/b increases above unity, the value of m at which the applied load is a minimum

increases. When a/b reaches just over V2, the critical buckling load occurs for m =2,
for which

Dz’ (2b a)’
(N === (g+%j (6.7.14)

and corresponding buckling more

w(x,y) =A,, sinz?ﬂxsin% (6.7.15)

The plate now buckles in two half-waves, as if the centre-line were simply supported and
there were two smaller separate plates buckling similarly.

As a/b increases further, so too does m. For a very long, thin, plate, m~a/b, and so
the plate subdivides approximately into squares, each buckling in a half-wave.

! this is a consequence of assuming small deflections; it can be determined when the deflections are not
assumed to be small
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6.8 Plate Vibrations

In this section, the problem of a vibrating circular plate will be considered. Vibrating
plates will be re-examined again in the next section, using a strain energy formulation.
6.8.1 Vibrations of a Clamped Circular Plate

When a plate vibrates with velocity o/ ot the third equation of equilibrium, Eqgn. 6.6.2¢
becomes the equation of motion

oo, 0o, Jdo, o*w
+ + =p—
OX oy oz ot

(6.8.1)
With this adjustment, the term q is replaced with g+ pho*w/t? in the relevant
equations; the acceleration term is treated as a transverse load of intensity pho*w/ot?.

Regarding the circular plate, one has from the axisymmetric governing equation 6.6.10
(with g=0),

2 2 2
d_2+li w:-ﬂa‘f (6.8.2)
dr rdr D ot

Assume a solution of the form

w(r,t) =W (r)cos(wt + ¢) (6.8.3)

d> 1d)Y

Substituting into 6.8.2 gives

where
h
k? = o[22 6.8.5
25 (6.8.5)
Eqn. 6.8.4 gives the two differential equations

2 2
L YV IS SRR VY (6.8.6)
dr r dr dr rdr

The solution to these equations are
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W =C,J,(kr)+C,Y,(kr), W =C,l,(kr)+C,K,(kr) (6.8.7)

where J, and Y, are, respectively, the Bessel functions of order zero of the first kind and
of the second kind; 1, and K, are, respectively, the Modified Bessel functions of order

zero of the first kind and of the second kind®. These functions are plotted in Fig. 6.8.1
below. For a solid plate with no hole at r =0, one requires that C, =C, =0, since Y,

and K, become unbounded as r — 0. The general solution is thus

W (r) = AJ, (kr)+ Bl (kr) (6.8.8)

Figure 6.8.1: Bessel Functions

For a clamped plate, the boundary conditions give

W(a) =AJ,(ka)+Bl,(ka)=0

dw (6.8.9)

where the dash means J;(x) =dJ,(x)/dx and I;(x)=dl,(x)/dx. Using the relations
Jo(X)==3,(x), lo(x)=+1,(x) (6.8.10)

where J,, |, are Bessel functions of order one, one has

- (6.8.11)

! by definition, these Bessel functions are the solution of the differential equations 6.8.6.
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The roots ka give the frequencies of vibration of the plate. The function
Jo(ka)l,(ka)+ 1,(ka)d, (ka) (6.8.12)

is plotted in Fig. 6.8.2 below. The smallest root is found to be 3.1962. Eqgn. 6.8.5 then
gives for the frequency,

w=a— |— (6.8.13)

where o =10.2158.

0,5 1 15 Z 25 3 3.5 4

ka

Figure 6.8.2: The Function 6.8.12

Further roots ka of 6.8.12 are given in Table 6.8.1. For each of these roots there is a
corresponding frequency @ given by Eqn. 6.8.13, for which the value of « is also
tabulated.

ka a nodal circle
1 3.1962 | 10.2158
2 6.3064 | 39.7711 0.3790
3 9.4395 | 89.1041 | 0.2548, 0.5833

Table 6.8.1: Roots of Eqn. 6.8.11, frequency factors and nodal circle roots

From 6.8.3, 6.8.8-9, the solution for the deflection is

w(r,t) = Al J,(kr)— Jo(ka) I, (kr)|cos(at + ¢) (6.8.14)

l,(ka)
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These are an infinite number of deflections, each one corresponding to a root ka. The
actual deflection will be a superposition of these individual solutions.

The term inside the square brackets gives the mode shape of the plate during the vibration.
The first three (normalized) mode shapes, corresponding to the first three roots, are shown
in Fig. 6.8.3.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

r/a

Figure 6.8.3: Mode shapes for the Clamped Circular Plate

The point r/a where these mode-shapes change sign are the positions of the so-called
nodal circles. These roots of the mode shapes are given in the last column of Table 6.8.1

The General Problem

For circular plates not constrained to an axisymmetric response, one must use the more
general differential equation 6.6.5

2 2 \?2 2
0 10,10 |y oW (6.8.15)
or ror r-° o6 D ot

This time, instead of 6.8.3, assume a solution of the form

w(r,8,t) = > W, (r)cos(ng)sin(at + ¢) (6.8.16)

2 1d n2)
Z oy T —k*W=0 6.8.17
[{arz ror rz] }W ( )

Then 6.8.4-6 become
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where k is again given by 6.8.5, and 6.8.6 becomes

2 2 2 2
oM elw=o [ 410 M elwoo (6.8.18)
or: ror r o ror r
The solution to these equations are
W =C,J, (kr)+C,Y,(kr), W =C,lI, (kr)+C,K, (kr) (6.8.19)

where one now has Bessel functions of order n. Proceeding as before, one now needs to
find roots of the equation

J,(ka)l,,,(ka)+1,(ka)d, ,(ka)=0 (6.8.20)
and the deflection is
— J,(ka) .
w(r,t)=> Al J, (kr)- (k) I, (kr) [cos(n@)sin(wt + ¢) (6.8.21)

The solution for n =0 has been given already. For other values of n, there are n so-called
nodal diameters. For example, for n =1 there is one nodal diameter along 6 =+7/2,
along which the deflection is zero. The roots of 6.8.20 for this case are given in Table
6.8.2, together with the nodal circle locations.

ka a nodal circle
1 46109 | 21.2604
2 7.7993 | 60.8287 0.4897
3 | 10.9581 | 120.0792 | 0.3497, 0.6390

Table 6.8.2: Roots of Eqgn. 6.8.20 (n=1), frequency factors and nodal circle roots

The mode shapes for half the plate for this case of one nodal diameter are shown in Fig.
6.8.4, corresponding to the first two roots in Table 6.8.2. The frequencies corresponding
to these solutions are again given by 6.8.13 with the frequency factor « given in the
table.

Solid Mechanics Part 11 177 Kelly



Section 6.8

————

=—=

<>
_.“-‘

——=

—=

<>
s

S —

<>
-.—s‘“‘

W

—=

_““‘

!“““‘-“

e

Figure 6.8.4: Mode shapes for the case of one nodal diameter
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6.9 Strain Energy in Plates

6.9.1 Strain Energy due to Plate Bending and Torsion
Here, the elastic strain energy due to plate bending and twisting is considered.

Consider a plate element bending in the X direction, Fig. 6.9.1. The radius of curvature is

R =0w/0x>. The strain energy due to bending through an angle A@ by a moment
M Ay is

1 o’w
AU =—(M,A AX 6.9.1
S (M, Ay) = (69.1)
Considering also contributions from M, and M, one has
2 2 2
AU =M 2Y oM SV m T W Ay (6.9.2)
2 OX oxoy oy
AG™,
R

Figure 6.9.1: a bending plate element

Using the moment-curvature relations, one has

D|(o*w) . o*waw orw) (owY
AU =—||—| +2v——+2(1-v +— | |[AxAy
2 ox OX~ oy OXoy oy

. (6.9.3)

D|(o*w o*w) o'wow [o*w)
=—||=—F+—| —200-v) —F—- AXAY
2 ox oy OX~ oy oxoy

This can now be integrated over the complete plate surface to obtain the total elastic strain
energy.
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6.9.2 The Principle of Minimum Potential Energy

Plate problems can be solved using the principle of minimum potential energy (see Part I,
§5.6). Let V =-W,_, be the potential energy of the loads, equivalent to the negative of the

work done by those loads, and so the potential energy of the system is
TI(w)=U(w)+V(w). The solution is then the deflection which minimizes TT(w).

ext

When the load is a uniform lateral pressure ¢, one has
AV =AW, = +qW(X, y)AXAX (6.9.4)

and

2 2. \2 2 2 2., \?
A =42 a‘:"ﬁ‘;" Cofloy) SWOW FOWH L qwlaxay  (6.9.5)
2L ox" oy oxX~ oy oxoy

As an example, consider again the simply supported rectangular plate subjected to a
uniform load g. Use the same trial function 6.5.21 which satisfies the boundary
conditions:

W(X,Y) = zz A, sm—sm% (6.9.6)

m=1 n=1

Substituting into 6.9.5 and integrating over the plate gives

b a 2

D& 0| 4/ M n .o mMax ., Ny
IT= — 7| —+—| sin" ——sin” —
_([_([ {ZZZAmn[ ( 2 bZ] a b
2.2 4
—Z(I—V{m nrz (sin2 M7 sin ngy —cos®> M o2 nTﬂyjﬂ (6.9.7)
a

+ qz Z A,, sin M2 in nTﬂy}dxdy

m=1 n=1 a

a m=1,3,5n=1,3,5

H—%iiAﬁm[ [m_+E—J x—ab]+qz ZAmn dab (6.9.8)
7[

To minimize the total potential energy, one sets
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(6.9.9)

which is the same result as 6.5.50.

6.9.3 Strain Energy in Polar Coordinates

For circular plates, one can transform the strain energy expression 6.9.3 into polar
coordinates, giving { A Problem 1}

2 20\
AU :%{(a wylow, 19 Wj —2(1-v)x

o rorr oo

ow(low 10w) (1oaw 10°w)
Tt e | T e T AxAy

or-(ror r°o6 r-o6 roroo

For an axisymmetric problem, the strain energy is

AU _%Kazw+1an —2l-v )a (lawj]AxAy (6.9.11)

(6.9.10)

or’ ror or? or

6.9.4 Vibration of Plates

For vibrating plates, one needs to include the kinetic energy of the plate. The kinetic
energy of a plate element of dimensions AX, Ay and moving with velocity dw/ ot is

1 ow :
AK == ph| =— | AXA 6.9.12
2ph[ atj y ( )

According to Hamilton’s principle, then, the quantity to be minimized is now
U (w)+V (w)— K(w).

Consider again the problem of a circular plate undergoing axisymmetric vibrations. The
potential energy function is

2(o*w  1ow o*w( 1 ow ?
D;TM ot aJ —2(1-v) . (r ~ j]rdr;zphj[ j rdr  (6.9.13)

Assume a solution of the form
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w(r,t) =W (r)cos(at + ¢) (6.9.14)

Substituting this into 6.9.13 leads to

Dj[[ d"w ldwj 2(1—v)OI [ldwj]drﬂpha)jw rdr  (6.9.15)

r dr dr? \r dr

Examining the clamped plate, assume a solution, an assumption based on the known static
solution 6.6.20, of the form

W(r)= Ala* —r*f (6.9.16)
Substituting this into 6.9.15 leads to
32DﬂA2I[2(a4 —4a’r? +4r')-(1-v)a* —4a’r® +3r* )jdr
0 . (6.9.17)
- ﬂpa)hAZJ- r(a>—r>)'dr
Evaluating the integrals leads to

;zA{% Da’ ——Opha)aloj (6.9.18)

Minimising this function, setting 0/ 6A{ }: 0, then gives

=ai2 R, azwfﬁz10.328 (6.9.19)
a~\ ph 3

This simple one-term solution is very close to the exact result given in Table 6.8.1,
10.2158. The result 6.9.15 is of course greater than the actual frequency.

6.9.5 Problems

1. Derive the strain energy expression in polar coordinates, Eqn. 6.9.10.
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6.10 Limitations of Classical Plate Theory

The validity of the classical plate theory depends on a number of factors:
1. the curvatures are small
2. the in-plane plate dimensions are large compared to the thickness
3. membrane strains can be neglected

The second and third of these points are discussed briefly in what follows.

6.10.1 Moderately Thick Plates

As with beam theory, and as mentioned already, it turns out that the solutions based on
the classical theory agree well with the full elasticity solutions (away from the edges of
the plate), provided the plate thickness is small relative to its other linear dimensions.
When the plate is relatively thick, one is advised to use a more exact theory, for example
one of the shear deformation theories:

Shear deformation Theories

The Mindlin plate theory (or moderately thick plate theory or shear deformation
theory) was developed in the early-to-mid 1900s to allow for possible transverse shear
strains. In this theory, there is the added complication that vertical line elements before
deformation do not have to remain perpendicular to the mid-surface after deformation,
although they do remain straight. Thus shear strains ¢, and ¢, are generated, constant

through the thickness of the plate.

The classical plate theory is inconsistent in the sense that elements are assumed to remain
perpendicular to the mid-plane, yet equilibrium requires that stress components o,,, o,

still arise (which would cause these elements to deform). The theory of thick plates is
more consistent, but it still makes the assumption that o,, =0. Note that both are
approximations of the exact three-dimensional equations of elasticity.

As an indication of the error involved in using the classical plate theory, consider the
problem of a simply supported square plate subjected to a uniform pressure. According to
Eqn. 6.5.52, the central deflection is w/(ga“ /1000D) = 4.062. The shear deformation
theory predicts 4.060 (for a/h =100), 4.070 (for a/h=50), 4.111 (for a/h=20) and
4.259 (for a/h =10). This trend holds in general; the classical theory is good for thin
plates but under-predicts deflections (and over-predicts buckling loads and natural
frequencies) in relatively thick plates.

An important difference between the thin plate and thick plate theories is that in the
former the moments are related to the curvatures through (using M, for illustration)

2 2
M, = D[Z Yy Zy‘g"j (6.10.1)
X
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This is only an approximate relation (although it turns out to be exact in the case of pure
bending). The thick plate theory predicts that, in the case of a uniform lateral load g, the
relationship is given by

2 2 2
M. = D(a L W]+h2 8+vav (6.10.2)

e —
x> dy 20(1-v)

The thin plate expression will be approximately equal to the thick plate expression when

the thickness h is very small, since in that case h®> — 0, or when the ratio of load to
stiffness, q/ D, is small.

Some solutions for circular plates using the various theories are presented next for
comparison.

Comparison of Solutions for Circular Plates
1. Uniform load g, clamped:

Both thin and thick plate theories give

w=——3 (a?—r?f (6.10.3)

0 thin
w=——3_ (az—r2{5+va2—r2+nj, n= (6.10.4)
64D L+v g8V Ve .
3. Concentrated central load, clamped (Eqn. 6.6.25):
o= —%((a2 -~ r2)+ 2r? log(r/ a) +77)
(6.10.5)
0 thin
7= 0 thick
2—v
—4= ——h%In(r/a) exact
1-v

4. Concentrated central load Q, simply supported:
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- _é(i’i: (a2 - r2)+ 2r? log(r/a) +77j
(6.10.6)
0 thin
7= +%ir_:2_i(a2 —r2) thick
_%i:_l‘:hz |n(r/a)_%1i_vv2—z(a2 —r2) exact

Higher-order deformation Theories

A further theory known as third-order plate theory has also been developed. This
allows for the displacements to vary not only linearly (the previously described Mindlin
theory is also called the first order shear deformation theory), but as cubic functions;
the in-plane strains are cubic (~ z*) and the shear strains are quadratic. This allows the
line elements normal to the mid-surface not only to rotate, but also to deform and not
necessarily remain straight.

6.10.2 Large Deflections
Consider now the assumption that the membrane stresses may be neglected. To

investigate the validity of this, consider an initially circular plate of diameter d, clamped
at the edges, and deformed into a spherically shaped surface, Fig. 6.10.1.

, \

’

Figure 6.10.1: a deformed circular plate

Considering a beam, the length of the neutral axis before and after deformation can safely
be taken to be equal, even when the beam deforms as in Fig. 6.10.1, i.e. one can take

d =d’. The reason for this is that the “supports” are assumed to move slightly to
accommodate any small deflection; thus the neutral axis of a beam remains strain-free and
hence stress-free.
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Consider next the plate. Suppose that the supports could move slightly to accommodate
the deformation of the plate so that the curved length in Fig. 6.10.1 was equal in length to
the original diameter. One then sees that a compressive circumferential strain is set up in
the plate mid-surface, of magnitude (d —d’)/d . To quantify this, note that # = d /2R

and sin@=d'/2R. Thus d'/2R=d/2R—(d/2R)*/3+(d/2R)’ /5! —---. Then

s 1 djz 1 [djz
SN I 0 6.10.7
“oo 24[R 1920\ R (6.10.7

With cos@ =1-w/R and cos@ =1—6?/2'+---, one also has

2 4
- ld__iid_2+... (6.10.8)
8w 384wR
so that, approximately,
8w’
839 = 3d_2 (6109)
The maximum bending strain occurs at z=h/2, where ¢, = (h./2)(1/R), so
4hw
g, = e (6.10.10)

One can conclude from this rough analysis that, in order that the membrane strains can be
safely ignored, the deflection w must be small when compared to the thickness h of the
plate'. The corollary of this is that when there are large deflections, the middle surface
will strain and take up the load as in a stretching membrane. For the bending of circular
plates, one usually requires that w < 0.5h in order that the membrane strains can be safely
ignored without introducing considerable error. For example, a uniformly loaded
clamped plate deflected to w = h experiences a maximum membrane stress of
approximately 20% of the maximum bending stress.

When the deflections are large, the membrane strains need to be considered. This means
that the von Karman strains, Eqns. 6.2.22, 6.2.25, must be used in the analysis. Further,
the in-plane forces, for example in the bending Eqgn. 6.7.6, are now an unknown of the
problem. Some approximate solutions of the resulting equations have been worked out,
for example for uniformly loaded circular and rectangular plates.

! except in some special cases, for example when a plate deforms into the surface of a cylinder
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7.1 Vectors, Tensors and the Index Notation
The equations governing three dimensional mechanics problems can be quite lengthy.

For this reason, it is essential to use a short-hand notation called the index notation'.
Consider first the notation used for vectors.

7.1.1 Vectors

Vectors are used to describe physical quantities which have both a magnitude and a
direction associated with them. Geometrically, a vector is represented by an arrow; the
arrow defines the direction of the vector and the magnitude of the vector is represented by
the length of the arrow. Analytically, in what follows, vectors will be represented by
lowercase bold-face Latin letters, e.g. a, b.

The dot product of two vectors a and b is denoted by a-b and is a scalar defined by
a-b =|alb|cosé. (7.1.1)

0 here is the angle between the vectors when their initial points coincide and is restricted
totherange 0<O<r.

Cartesian Coordinate System

So far the short discussion has been in symbolic notation’, that is, no reference to ‘axes’
or ‘components’ or ‘coordinates’ is made, implied or required. Vectors exist
independently of any coordinate system. The symbolic notation is very useful, but there

are many circumstances in which use of the component forms of vectors is more helpful
—or essential. To this end, introduce the vectors e, e,, e, having the properties

e e, =e,-e; =e;-¢ =0, (7.1.2)
so that they are mutually perpendicular, and
e e =e,-e,=e,-€, =1, (7.1.3)

so that they are unit vectors. Such a set of orthogonal unit vectors is called an
orthonormal set, Fig. 7.1.1. This set of vectors forms a basis, by which is meant that any
other vector can be written as a linear combination of these vectors, i.e. in the form

a=ae, +a,e, +a,e, (7.1.4)

where @,, @, and a, are scalars, called the Cartesian components or coordinates of a
along the given three directions. The unit vectors are called base vectors when used for

" or indicial or subscript or suffix notation
2 or absolute or invariant or direct or vector notation
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this purpose. The components a,, a, and a, are measured along lines called the X,, X,

and X, axes, drawn through the base vectors.

Figure 7.1.1: an orthonormal set of base vectors and Cartesian coordinates

Note further that this orthonormal system {e,,e, e, } is right-handed, by which is meant

e xe, =e, (or e, xe, =e, or e;xe, =e,).

In the index notation, the expression for the vector a in terms of the components a,, a,,a,

and the corresponding basis vectors e,,e,,e; is written as

3
a=ae, +a,e, +a,e, :Z:aiei (7.1.5)
i=1

This can be simplified further by using Einstein’s summation convention, whereby the
summation sign is dropped and it is understood that for a repeated index (i in this case) a
summation over the range of the index (3 in this case®) is implied. Thus one writes

a = a;e;. This can be further shortened to, simply, a;.

The dot product of two vectors u and v, referred to this coordinate system, is

u-v=_(ue, +u,e, +ue;)-(ve, +Vv,e, +V.e,)
=uV, (el -e1)+U1V2 (el 'e2)+u1V3 (el 'e3)
+u2v1(e2 'e1)+ u2vz(e2 ‘e2)+ u2v3(e2 ~e3) (7.1.6)
+Usv, (ea 'e1)+u3V2 (ea 'ez)+u3V3 (e3 'ea)
=u\Vv, +u,v, +U,v,

The dot product of two vectors written in the index notation reads

Dot Product (7.1.7)

32 in the case of a two-dimensional space/analysis
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The repeated index i is called a dummy index, because it can be replaced with any other
letter and the sum is the same; for example, this could equally well be written as
u-v=U,v; or UyV,.

Introduce next the Kronecker delta symbol 6. , defined by

j?

0, i#]
&y = L (7.1.8)
I, 1=]

Note that 0,, =1 but, using the index notation, o; = 3. The Kronecker delta allows one

to write the expressions defining the orthonormal basis vectors (7.1.2, 7.1.3) in the
compact form

-e. =0;| Orthonormal Basis Rule (7.1.9)

Example

Recall the equations of motion, Eqns. 1.1.9, which in full read

ooy, N 0o, N 0o, N
oX,  OX,  OX
00, N 0o,, N 00,,
oX,  OX,  OX,
0oy, N 0o, N 0oy, N
oX,  OX,  OX

+b, = pa, (7.1.10)

The index notation for these equations is

0o;;
—'+bi = pa, (7.1.11)
OX ;

J
Note the dummy index j. The index i is called a free index; if one term has a fee index i,

then, to be consistent, all terms must have it. One free index, as here, indicates three
separate equations.

7.1.2 Matrix Notation

The symbolic notation v and index notation Vv,e, (or simply V; ) can be used to denote a

vector. Another notation is the matrix notation: the vector v can be represented by a
3x1 matrix (a column vector):
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Matrices will be denoted by square brackets, so a shorthand notation for this matrix/vector
would be [v]. The elements of the matrix [v] can be written in the index notation v, .

Note the distinction between a vector and a 3 x1 matrix: the former is a mathematical
object independent of any coordinate system, the latter is a representation of the vector in
a particular coordinate system — matrix notation, as with the index notation, relies on a
particular coordinate system.

As an example, the dot product can be written in the matrix notation as

v,

[uTIV]:[ul u, us}Vv,

T XW

“short”
matrix notation “full”
matrix notation

Here, the notation [uT] denotes the 1x3 matrix (the row vector). The resultisa 1x1
matrix, U,V .

The matrix notation for the Kronecker delta ¢; is the identity matrix

S = O
- o O

1
[1]=]0
0

Then, for example, in both index and matrix notation:

1 0 Ofuy u,
siu;=u;  [Hu]=f] {0 1 0fu,|=|u, (7.1.12)
0 0 1]u, u,

Matrix — Matrix Multiplication
When discussing vector transformation equations further below, it will be necessary to

multiply various matrices with each other (of sizes 3x1, 1x3 and 3x3). It will be
helpful to write these matrix multiplications in the short-hand notation.
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First, it has been seen that the dot product of two vectors can be represented by [uT Iv] or
U;V; . Similarly, the matrix multiplication [ll][VT] gives a 3 x 3 matrix with element form
u;v; or, in full,

Uyv, Uy, uyvs
UV UV, ULV,
U;Vp UV, U5V,

This operation is called the tensor product of two vectors, written in symbolic notation
as u® v (or simply uv).

Next, the matrix multiplication

Qi Qu Qs|uy
[Q][u] =1Q, Qp Qullu,
Qi Qs Qs us

is a 3x1 matrix with elements ([Q]u]), =Q jU;- The elements of [Q]u] are the same as

those of [uT IQT], which can be expressed as ([u IQ ])i =u,Q; -

The expression [u][Q] is meaningless, but [uT IQ] { AProblem 4} is a 1x3 matrix with
elements ([uT]:Q])i =u,Q;.

This leads to the following rule:

1. if a vector pre-multiplies a matrix [Q] — the vector is the transpose [uT]
2. if a matrix [Q] pre-multiplies the vector — the vector is [u]
3. if summed indices are “beside each other”, as the j in u;Q;; or Q,u;

— the matrix is [Q]

4. if summed indices are not beside each other, as the j in uU;Q;

— the matrix is the transpose, [QT]

Finally, consider the multiplication of 3x3 matrices. Again, this follows the “beside
each other” rule for the summed index. For example, [A [B] gives the 3x 3 matrix

{ AProblem 8} ([A]B]), = A, B, and the multiplication |AT[B] is written as
([AT IB])U- = A;B,;. There is also the important identity

(aIB])" =[B"Ja"] (7.1.13)

Note also the following:
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(1) if there is no free index, as in u,V,, there is one element

1712

(i1) if there is one free index, as in U;Q;, itisa 3x1 (or 1x3) matrix

ji?
(iii)  if there are two free indices, as in A;B,;, itis a 3x3 matrix
7.1.3 Vector Transformation Rule

Introduce two Cartesian coordinate systems with base vectors e; and e; and common
origin 0, Fig. 7.1.2. The vector u can then be expressed in two ways:

Figure 7.1.2: a vector represented using two different coordinate systems

Note that the X; coordinate system is obtained from the X; system by a rotation of the
base vectors. Fig. 7.1.2 shows a rotation & about the X, axis (the sign convention for
rotations is positive counterclockwise).

Concentrating for the moment on the two dimensions X, — X, , from trigonometry (refer to
Fig. 7.1.3),

u=ue, +U,e,
= [oB|-|AB[k, +[BD|+ [CP|k, (7.1.15)
=[cos@u! —sinQu! Je, + [sinOu] + cosOu, Je,

and so

u, =cosfu; —sinfu, (7.1.16)
u, =sin@u; +coséu, o

/S N/

vector components in vector components in
first coordinate system second coordinate system
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Figure 7.1.3: geometry of the 2D coordinate transformation

In matrix form, these transformation equations can be written as
u, cos@ —sind || u,
= . , (7.1.17)
u, sinf cosd | U,
The 2x2 matrix is called the transformation matrix or rotation matrix [Q] . By pre-

multiplying both sides of these equations by the inverse of [Q], [Q'1 ], one obtains the

transformation equations transforming from [u, u,]" to [u/ u.]:

u; cos@ sind || u,
I il B (7.1.18)
u; —sind cosd | u,

It can be seen that the components of [Q] are the directions cosines, i.e. the cosines of
the angles between the coordinate directions:

Q, =cos(x, x| )=¢, e, (7.1.19)

L J

It is straight forward to show that, in the full three dimensions, Fig. 7.1.4, the components
in the two coordinate systems are also related through

U; =QijU} [u]z[Q][u']

. , Vector Transformation Rule (7.1.20)
ui =Q;u; [u]:[QTIu]
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X

Figure 7.1.4: two different coordinate systems in a 3D space

Orthogonality of the Transformation Matrix [Q]

From 7.1.20, it follows that

U; = QU] o u]=[Q]w]
:Qiijjuk = [Q][QT]_“] (7.121)
and so
Q;Qq = i [Q][QT]Z [I] (7.1.22)

A matrix such as this for which [Q" |=[Q '] is called an orthogonal matrix.

Example

Consider a Cartesian coordinate system with base vectors e;. A coordinate

transformation is carried out with the new basis given by
e, =ae +ale, +ale,

e, =aVe, +al’e, +ale,

e, =a"e +al’e, +ale,

What is the transformation matrix?
Solution

The transformation matrix consists of the direction cosines Q; = cos(X;,X|) =¢; -€/, s0
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al(l) a1(2) a1(3)

— 1 2) 3
[Q]=|a a? a”
agl) a;Z) a§3)

7.1.4 Tensors

The concept of the tensor is discussed in detail in Part III, where it is indispensable for
the description of large-strain deformations. For small deformations, it is not so
necessary; the main purpose for introducing the tensor here (in a rather non-rigorous way)
is that it helps to deepen one’s understanding of the concept of stress.

A second-order tensor’ A may be defined as an operator that acts on a vector u
generating another vector v, so that T(u) = v, or

Tu=v Second-order Tensor (7.1.23)
The second-order tensor T is a linear operator, by which is meant

T(a+b)=Ta+Tb ... distributive
T(ca) = a(Ta) ... associative

for scalar ¢ . In a Cartesian coordinate system, the tensor T has nine components and can
be represented in the matrix form

T, T, T;
[T] =Ty Ty Ty
T Ty Ty

The rule 7.1.23, which is expressed in symbolic notation, can be expressed in the index
and matrix notation when T is referred to particular axes:

U =T,V; u, |= T21 T22 T23 vy [u]z[T][V] (7.1.24)

Again, one should be careful to distinguish between a tensor such as T and particular
matrix representations of that tensor. The relation 7.1.23 is a tensor relation, relating
vectors and a tensor and is valid in all coordinate systems; the matrix representation of
this tensor relation, Eqn. 7.1.24, is to be sure valid in all coordinate systems, but the
entries in the matrices of 7.1.24 depend on the coordinate system chosen.

#to be called simply a tensor in what follows
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Note also that the transformation formulae for vectors, Eqn. 7.1.20, is not a tensor
relation; although 7.1.20 looks similar to the tensor relation 7.1.24, the former relates the
components of a vector to the components of the same vector in different coordinate
systems, whereas (by definition of a tensor) the relation 7.1.24 relates the components of a
vector to those of a different vector in the same coordinate system.

For these reasons, the notation u; =Q,u" in Eqn. 7.1.20 is more formally called element
form, the Q; being elements of a matrix rather than components of a tensor. This

distinction between element form and index notation should be noted, but the term “index
notation” is used for both tensor and matrix-specific manipulations in these notes.

Example

Recall the strain-displacement relations, Eqns. 1.2.19, which in full read

ou, ou, ou,
En =0 En T Eyn T
0X, 0X, 0X,4
(7.1.25)
1{ou, ou, 1{0ou, ou, 1{ou, ou,
=S50 T P TS0 Tar P TSl A T A
2 ox, 0OX 2\ ox;  ox, 2{ 0%, 0OX,
The index notation for these equations is
ou; 0u;
&; _L — (7.1.26)
2\ 0x;  ox

This expression has two free indices and as such indicates nine separate equations.

Further, with its two subscripts, Eijs the strain, is a tensor. It can be expressed in the

matrix notation

au, / ox, 1(0u, /ox, +8u, /ox,) L(du, /ox, +adu, /ox,)
[e]=1]1(bu, /ox, +ou, /x,) au, / ox, 1(0u, /ox, +du, /x,)
1(8u, /0%, +0u, /0%,) L(0u,/ox, +du, /dx,) au, / dx,

7.1.5 Tensor Transformation Rule
Consider now the tensor definition 7.1.23 expressed in two different coordinate systems:

u =Ty, fu]=[TIv]in {x)

it

ul =T,V [u'] = [T'][V’] in {X-'}

ijo] i

(7.1.27)

From the vector transformation rule 7.1.20,
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ur — U - T
=y ] [QT I (7.1.28)
Vi =Q;v; [v]= [Q IV]
Combining 7.1.27-28,
Quu; =TjQuv  [@"Jul=[T]Q"]+] (7.1.29)
and so
Qminiuj = QmiTij’ijVk [u] = [Q][T'][QT IV] (7.1.30)
(Note that Q_;Q;u; =9,;u; =u, .) Comparing with 7.1.24, it follows that
T.=Q,Q.,T, T|=|Q|T'|Q"
”’ O [ ’] [Q]T[ ][Q ] Tensor Transformation Rule (7.1.31)
T =QuQq Ty [T ]: [Q IT][Q]
7.1.6 Problems
1. Write the following in index notation: |v , V-e, vV-e,.
2. Show that ;ab; is equivalentto a-b.
Evaluate or simplify the following expressions:
(@ oy (b) 5ij5ij () 5ij5jk
4. Show that [uT IQ] isa 1x3 matrix with elements u;Q; (write the matrices out in
full)
5. Show that ([QJu])’ = [uT][QT]
6.  Are the three elements of [Q]u] the same as those of [uT IQ]?
7. What is the index notation for (a-b)e ?
8. Write out the3x 3 matrices [A] and [B] in full, i.e. in terms of A, A,,, etc. and
verify that [AB], = A,B,; for i=2, j=1.
9. What is the index notation for
@ [A]B"]
(b) [VT IA][V] (there is no ambiguity here, since ([VT IA]IV] = [VT k[A][V]))
© [B7[A]B]
10. The angles between the axes in two coordinate systems are given in the table below.
XI X2 X3
X{ 135° 60° 120°
X, 90° 45° 45°
X; 45° 60° 120°
Construct the corresponding transformation matrix [Q] and verify that it is
orthogonal.
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11. Consider a two-dimensional problem. If the components of a vector u in one
coordinate system are
2
3

what are they in a second coordinate system, obtained from the first by a positive
rotation of 30°? Sketch the two coordinate systems and the vector to see if your
answer makes sense.

12. Consider again a two-dimensional problem with the same change in coordinates as
in Problem 11. The components of a 2D tensor in the first system are

5o

What are they in the second coordinate system?
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7.2 Analysis of Three Dimensional Stress and Strain

The concept of traction and stress was introduced and discussed in Part I, §3.1-3.5. For
the most part, the discussion was confined to two-dimensional states of stress. Here, the
fully three dimensional stress state is examined. There will be some repetition of the
earlier analyses.

7.2.1 The Traction Vector and Stress Components

Consider a traction vector t acting on a surface element, Fig. 7.2.1. Introduce a Cartesian
coordinate system with base vectors e, so that one of the base vectors is a normal to the

surface and the origin of the coordinate system is positioned at the point at which the
traction acts. For example, in Fig. 7.1.1, the e, direction is taken to be normal to the

plane, and a superscript on t denotes this normal:
t©) =te, +te, +te, (7.2.1)

Each of these components t; is represented by o;; where the first subscript denotes the

direction of the normal and the second denotes the direction of the component to the
plane. Thus the three components of the traction vector shown in Fig. 7.2.1 are

04,,04,05 !
(e3) _
t™ =o0,e +o,e, +oy,e, (7.2.2)

The first two stresses, the components acting tangential to the surface, are shear stresses
whereas o, , acting normal to the plane, is a normal stress.

Figure 7.2.1: components of the traction vector

Consider the three traction vectors t” ¢’ ) acting on the surface elements whose
outward normals are aligned with the three base vectors e;, Fig. 7.2.2a. The three (or six)

surfaces can be amalgamated into one diagram as in Fig. 7.2.2b.

In terms of stresses, the traction vectors are

Solid Mechanics Part 1T 201 Kelly



Section 7.2

(er) _

t( ‘) =0, +0,e, +0;e, o
€ € _

t( 2) =0,€, +to,e, +opze, or t=o0e. (7.2.3)
e

t" =o0,e, +0,e, +05,e,

X t(ez)ﬁ X
il Rl 1 t(el) . nel 'Ie
| 2
(a) :e1 t X2 W X2
AU x &L
X, !
X, =0 =0
X3
e3

() AL
ﬂ)
e f--- R

X

Figure 7.2.2: the three traction vectors acting at a point; (a) on mutually orthogonal
planes, (b) the traction vectors illustrated on a box element

The components of the three traction vectors, i.e. the stress components, can now be
displayed on a box element as in Fig. 7.2.3. Note that the stress components will vary
slightly over the surfaces of an elemental box of finite size. However, it is assumed that
the element in Fig. 7.2.3 is small enough that the stresses can be treated as constant, so
that they are the stresses acting at the origin.

Xy A
O3
g,
A
(o2
0-13 23
>
Oy
Ohla -
O = t = X,

X

Figure 7.2.3: the nine stress components with respect to a Cartesian coordinate
system

The nine stresses can be conveniently displayed in 3 x 3 matrix form:
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O, O Oyp
[O-ij]: Oy Oxn On (7.2.4)

O3 O3 O3

It is important to realise that, if one were to take an element at some different orientation
to the element in Fig. 7.2.3, but at the same material particle, for example aligned with
the axes X, X;,X; shown in Fig. 7.2.4, one would then have different tractions acting and

the nine stresses would be different also. The stresses acting in this new orientation can
be represented by a new matrix:

loi]=| ot o ol (7.2.5)

Figure 7.2.4: the stress components with respect to a Cartesian coordinate system
different to that in Fig. 7.2.3

7.2.2 Cauchy’s Law

Cauchy’s Law, which will be proved below, states that the normal to a surface, n = ne;,

is related to the traction vector t™

=t,e, acting on that surface, according to
t =o.n. (7.2.6)

Writing the traction and normal in vector form and the stress in 3 x 3 matrix form,

t(n)
() l( | O, Op Oy n
n n
[ti ]= o [Gij]z Oy Opn On) [ni]= n, (7.2.7)
t3(n) O3 O3 O3 n,

and Cauchy’s law in matrix notation reads
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(m)
tl( ) O,y Oy Oy || N

n
Lol=lon 0n on |l (7.2.8)
t3(n) O3 Oy Oy

Note that it is the transpose stress matrix which is used in Cauchy’s law. Since the stress
matrix is symmetric, one can express Cauchy’s law in the form

Cauchy’s Law (7.2.9)

Cauchy’s law is illustrated in Fig. 7.2.5; in this figure, positive stresses o;; are shown.

X

Figure 7.2.5: Cauchy’s Law; given the stresses and the normal to a plane, the
traction vector acting on the plane can be determined
Normal and Shear Stress

It is useful to be able to evaluate the normal stress o and shear stress o acting on any
plane, Fig. 7.2.6. For this purpose, note that the stress acting normal to a plane is the
projection of t™ in the direction of n,

oy, =n-t" (7.2.10)
The magnitude of the shear stress acting on the surface can then be obtained from

" — 52 (7.2.11)

Og =
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X

Figure 7.2.6: the normal and shear stress acting on an arbitrary plane through a
point

Example

The state of stress at a point with respect to a Cartesian coordinates system 0X, X, X; is

given by:
2 1 3
b=t 2 2
3 -2 1

Determine:

(a) the traction vector acting on a plane through the point whose unit normal is
n=(1/3)e, +(2/3)e, —(2/3)e,

(b) the component of this traction acting perpendicular to the plane

(©) the shear component of traction on the plane

Solution

(a) From Cauchy’s law,
tfn)

Oy Oy Oy | Ny 112 1 3 1 11=2
t" |=|o, 0, Omnl|N, =§1 2 -2 2 =3 9
t3(n) O3 Oy Ox |y 3 -2 1 ]-2 -3
so that t™ = (-2/3)e, +3e, —¢,.

(b) The component normal to the plane is
oy =t™ -n=(=2/3)1/3)+3(2/3)+(2/3)=22/9~2.4.

(c) The shearing component of traction is

A e (RO () REN
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Proof of Cauchy’s Law

Cauchy’s law can be proved using force equilibrium of material elements. First, consider
a tetrahedral free-body, with vertex at the origin, Fig. 7.2.7. It is required to determine the
traction t in terms of the nine stress components (which are all shown positive in the
diagram).

Figure 7.2.7: proof of Cauchy’s Law

The components of the unit normal, n,, are the direction cosines of the normal vector, i.e.
the cosines of the angles between the normal and each of the coordinate directions:

cos(n,ei)zn-e- =n (7.2.12)

Let the area of the base of the tetrahedran, with normal n, be AS. The area AS, is then
AS cos a , where « is the angle between the planes, as shown to the right of Fig. 7.2.7;
this angle is the same as that between the vectors n and e,, so AS, =n,AS , and similarly
for the other surfaces:

AS; =n,AS (7.2.13)
The resultant surface force on the body, acting in the X; direction, is then
D F =t,AS -0 ;AS; =t,AS —o;n;AS (7.2.14)

For equilibrium, this expression must be zero, and one arrives at Cauchy’s law.

Note:
As proved in Part III, this result holds also in the general case of accelerating material
elements in the presences of body forces.
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7.2.3 The Stress Tensor

Cauchy’s law 7.2.9 is of the same form as 7.1.24 and so by definition the stress is a
tensor. Denote the stress tensor in symbolic notation by 6. Cauchy’s law in symbolic
form then reads

t=on (7.2.15)

Further, the transformation rule for stress follows the general tensor transformation rule
7.1.31:

0 =QpQi4Tq [5]: [Q][G'][QT]

, , Stress Transformation Rule (7.2.16)
0 = QpiQq pq . le']= [QTIG][Q]

As with the normal and traction vectors, the components and hence matrix representation
of the stress changes with coordinate system, as with the two different matrix
representations 7.2.4 and 7.2.5. However, there is only one stress tensor ¢ at a point.
Another way of looking at this is to note that an infinite number of planes pass through a
point, and on each of these planes acts a traction vector, and each of these traction vectors
has three (stress) components. All of these traction vectors taken together define the
complete state of stress at a point.

Example

The state of stress at a point with respect to an 0X,X,X, coordinate system is given by
2 1 0
[O' i ]= 13 -2
0 -2 1
(a) What are the stress components with respect to axes 0x;X;X; which are obtained

from the first by a 45° rotation (positive counterclockwise) about the X, axis, Fig.
7.2.8?
(b) Use Cauchy’s law to evaluate the normal and shear stress on a plane with normal

n= (1 /2 )el + (1 /2 )e3 and relate your result with that from (a)
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Figure 7.2.8: two different coordinate systems at a point

Solution
(a) The transformation matrix is
cos(x,,x]) cos(x,,x;) cos(x,,x}) + 0 %
[Qij ]: cos(X,,Xx]) cos(x,,x;) cos(x,,x})[=| 0 1 0
cos(x,,X]) cos(X;, X)) cos(xy,x})| |- 5 0 %

and QQ" =1 as expected. The rotated stress components are therefore

o, 0, O 5 0 -%12 1 0} 5% 0
0

1
—
ol o oll=l0 1 0|1 3 -2 10
oy oy ou| |z 0 F 0 -2 1]-% 0 5
S 1
> 7
| 3 _
V2 V2
T T
2 2 2

and the new stress matrix is symmetric as expected.
(b) From Cauchy’s law, the traction vector is

t] 2 1 o0& [V2

2

g =(1 3 2| 0|=|-%
tm 0 -2 1]+ +
so that t™ = (\/E)el —(1/\/5)32 +(1/\/5)é3. The normal and shear stress on the
plane are
oy =t"™ -n=3/2
and

os =t —o2 =3-(3/2)? =43/2

The normal to the plane is equal to e} and so o should be the same as o}, and it

is. The stress o should be equal to +/(c,)* +(o%,)" and it is. The results are
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displayed in Fig. 7.2.9, in which the traction is represented in different ways, with
components (tf“),té“),tg")) and (0},,0%,,0%).

= X2
Figure 7.2.9: traction and stresses acting on a plane
Isotropic State of Stress
Suppose the state of stress in a body is
o, 0 0
oy =0,0; [6]=| 0 o, © (7.2.17)
0 0 o

One finds that the application of the stress tensor transformation rule yields the very same
components no matter what the new coordinate system{ A Problem 3}. In other words, no
shear stresses act, no matter what the orientation of the plane through the point. This is
termed an isotropic state of stress, or a spherical state of stress. One example of
isotropic stress is the stress arising in a fluid at rest, which cannot support shear stress, in
which case

[6]=—plI] (7.2.18)
where the scalar p is the fluid hydrostatic pressure. For this reason, an isotropic state of

stress is also referred to as a hydrostatic state of stress.

7.2.4 Principal Stresses
For certain planes through a material particle, there are traction vectors which act normal

to the plane, as in Fig. 7.2.10. In this case the traction can be expressed as a scalar
multiple of the normal vector, t™ =on.
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t™ =on

n

“N

no shear stress — only a normal
component to the traction

Figure 7.2.10: a purely normal traction vector

From Cauchy’s law then, for these planes,

Oy Op O |0y n
en=on, o;N;=oN, |0, Oy Oy|N,|=0|N, (7.2.19)
O3 O3 O3 | N n,

This is a standard eigenvalue problem from Linear Algebra: given a matrix [aij J, find

the eigenvalues o and associated eigenvectors n such that Eqn. 7.2.19 holds.
To solve the problem, first re-write the equation in the form

o, O, O I 0 Offfn 0
(6—cI)n=0, (O'ij - 00; )nj =0, |0, 0, 0y|—0c|/0 1 0f;n,|=]0](7.2.20)
0, Oy Oy 0 0 I}||n 0
or
0, -0 O, O3 n, 0
o 0, —0C Oy n, =0 (7.2.21)
O3 O3 Oy —0 | N 0

This is a set of three homogeneous equations in three unknowns (if one treats o as
known). From basic linear algebra, this system has a solution (apart from n, =0) if and

only if the determinant of the coefficient matrix is zero, i.e. if

o, —0 O, O3
det(o —ol) =det| o, 0,,—0 0, |=0 (7.2.22)
O3 O3 033, =0

Evaluating the determinant, one has the following cubic characteristic equation of the
stress tensor o,

o’ =16 +1,0-1,=0  Characteristic Equation  (7.2.23)

and the principal scalar invariants of the stress tensor are
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I, =0,+0y,+0y, , , s
|, =00y +0,05 "'2‘7330-11 _2612 - 0'232 — 03 (7.2.24)
|3 =0,10,033 =003 —05,03 —0330, + 20—12(7230-31

(1, is the determinant of the stress matrix.) The characteristic equation 7.2.23 can now be

solved for the eigenvalues o and then Eqn. 7.2.21 can be used to solve for the
eigenvectors n.

Now another theorem of linear algebra states that the eigenvalues of a real (that is, the
components are real), symmetric matrix (such as the stress matrix) are all real and further
that the associated eigenvectors are mutually orthogonal. This means that the three roots
of the characteristic equation are real and that the three associated eigenvectors form a
mutually orthogonal system. This is illustrated in Fig. 7.2.11; the eigenvalues are called
principal stresses and are labelled o, ,, o, and the three corresponding eigenvectors
are called principal directions, the directions in which the principal stresses act. The

planes on which the principal stresses act (to which the principal directions are normal)
are called the principal planes.

Figure 7.2.11: the three principal stresses acting at a point and the three associated
principal directions 1, 2 and 3

Once the principal stresses are found, as mentioned, the principal directions can be found
by solving Eqn. 7.2.21, which can be expressed as

(o, —o)n +o,n, +o,,n;, =0
o, N + (o, —o)n, +0,,n; =0 (7.2.25)
o3 N, +0o5,N, +(03; —o)n; =0

Each principal stress value in this equation gives rise to the three components of the
associated principal direction vector, n;,Nn,,Nn,. The solution also requires that the

magnitude of the normal be specified: for a unit vector, n-n =1. The directions of the
normals are also chosen so that they form a right-handed set.
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Example

The stress at a point is given with respect to the axes OX,X,X; by the values

EAE F) S —?2} .

0 -12 1

Determine (a) the principal values, (b) the principal directions (and sketch them).

Solution:
(a)
The principal values are the solution to the characteristic equation
5-o0 0 0
0 -6-0 -12|{=(-10+0)5-0)15+0)=0
0 -12 1-o
which yields the three principal values o, =10, 0, =5, 0, =-15.
(b)

The eigenvectors are now obtained from Eqn. 7.2.25. First, for o, =10,
=5n,+0n, +0n, =0
On, —16n, -12n, =0
On, —12n,-9n, =0
and using also the equation n} +n; +n; =1 leads to n, =—(3/5)e, +(4/5)e,. Similarly,
for o0, =5 and o, =—15, one has, respectively,
0n, +0n, +0n, =0 20n, +0n, +0n; =0
On, —11n, —=12n; =0 and On, +9n, -12n, =0
On, —12n, —4n, =0 on, —12n, +16n, =0
which yield n, =e, and n, =(4/5)e, + (3/5)e,. The principal directions are sketched in
Fig. 7.2.12. Note that the three components of each principal direction, n,,n,,n;, are the

direction cosines: the cosines of the angles between that principal direction and the three
coordinate axes. For example, for o, with n, =0, n, =-3/5,n, =4/5, the angles made

with the coordinate axes X,,X,, X, are, respectively, 0, 127° and 37°.

Figure 7.2.12: principal directions
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Invariants

The principal stresses o, 0,, o, are independent of any coordinate system; the 0X;X, X,

axes to which the stress matrix in Eqn. 7.2.19 is referred can have any orientation — the
same principal stresses will be found from the eigenvalue analysis. This is expressed by
using the symbolic notation for the problem: on = o n, which is independent of any
coordinate system. Thus the principal stresses are intrinsic properties of the stress state at
a point. It follows that the functions 1,,1,,1; in the characteristic equation Eqn. 7.2.23
are also independent of any coordinate system, and hence the name principal scalar
invariants (or simply invariants) of the stress.

The stress invariants can also be written neatly in terms of the principal stresses:
|, =0, +0, +0,
|, =00, +0,0,+0,0, (7.2.26)

I, =0,0,0,

Also, if one chooses a coordinate system to coincide with the principal directions, Fig.
7.2.12, the stress matrix takes the simple form

o 0 0
loi]=10 &, 0 (7.2.27)
0 0 o

Note that when two of the principal stresses are equal, one of the principal directions will
be unique, but the other two will be arbitrary — one can choose any two principal
directions in the plane perpendicular to the uniquely determined direction, so that the
three form an orthonormal set. This stress state is called axi-symmetric. When all three
principal stresses are equal, one has an isotropic state of stress, and all directions are
principal directions — the stress matrix has the form 7.2.27 no matter what orientation the
planes through the point.

Example

The two stress matrices from the Example of §7.2.3, describing the stress state at a point
with respect to different coordinate systems, are

2. 1 0 3/2 32 12
i ]=11 3 -2, loi]=|3v2 3 —142
0 -2 1 /2 142 3/2

The first invariant is the sum of the normal stresses, the diagonal terms, and is the same
for both as expected:
I, =243+1=3+3+3=6
The other invariants can also be obtained from either matrix, and are
l,=6, 1,=-3
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7.25 Maximum and Minimum Stress Values
Normal Stresses

The three principal stresses include the maximum and minimum normal stress
components acting at a point. To prove this, first let e,,e,, e, be unit vectors in the

principal directions. Consider next an arbitrary unit normal vector n = n.e;. From

Cauchy’s law (see Fig. 7.2.13 — the stress matrix in Cauchy’s law is now with respect to
the principal directions 1, 2 and 3), the normal stress acting on the plane with normal n is

oy =t" -n=(on)n, o, =0,nn (7.2.28)

principal
1 directions

Figure 7.2.13: normal stress acting on a plane defined by the unit normal n
Thus
o 0 0|n(|n
on=110 o, 0]n,[In, |=0on+0o,n; +0o,n; (7.2.29)
0 0 oyfn|l|n
Since N} +n; +n; =1 and, without loss of generality, taking o, > &, > o, one has
o, =O'1(”12 +n; +n32)2 o\N} +0,N; +0o,n; =0, (7.2.30)
Similarly,

oy =oN +o,n; +o,n; 203(n12 +n; +n32)2 o (7.2.31)

Thus the maximum normal stress acting at a point is the maximum principal stress and the
minimum normal stress acting at a point is the minimum principal stress.
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Shear Stresses

Next, it will be shown that the maximum shearing stresses at a point act on planes
oriented at 45° to the principal planes and that they have magnitude equal to half the
difference between the principal stresses. First, again, let e,,e,,e, be unit vectors in the

principal directions and consider an arbitrary unit normal vector n = n,e;. The normal
stress is given by Eqn. 7.2.29,

oy =0 N +0o,n; +o,n; (7.2.32)

Cauchy’s law gives the components of the traction vector as

t™ | [o, 0 o7nT7 [on,
t™ =10 o, 0]|n,|=|0o,n, (7.2.33)
™ 0 0 o,]n o,n,

and so the shear stress on the plane is, from Eqn. 7.2.11,
2 _ (2.2 2.2 2.2 2 2 2 \?
o = (0'1 n, +o,n;, +o;Nn; )— (cfln1 +0,N; +0;N; ) (7.2.34)
Using the condition n} +n +n; =1 to eliminate N, leads to

o5 = (012 _0-32%12 +(O-22 —032)[]22 +0; _[(0-1 —0; )nl2 +(O'2 _0'3)n22 +O—3]2 (7.2.35)

The stationary points are now obtained by equating the partial derivatives with respect to
the two variables n, and n, to zero:

oloz)
on,
8(0'32
on,

=n, (0'1 _(73){0'1 —0; _2[(0—1 — 03 )nl2 + (O'z _0'3)n22]}= 0

) (7.2.36)
= n2(02 —0; ){02 —0; _2[(0-1 _Gs)nlz +(02 —0; )n; }: 0

One sees immediately that n, =n, =0 (so that n, = £1) is a solution; this is the principal
direction e, and the shear stress is by definition zero on the plane with this normal. In
this calculation, the component n, was eliminated and & was treated as a function of the
variables (n;,n,). Similarly, n, can be eliminated with (n,,n;) treated as the variables,
leading to the solution n = e, and n, can be eliminated with (n;,n;) treated as the
variables, leading to the solution n = e, . Thus these solutions lead to the minimum shear

2
stress value o5 =0.

A second solution to Eqn. 7.2.36 can be seento be n, =0, n, = +1/~/2 (so that

n, =x1/ \/2)) with corresponding shear stress values o= %(0'2 ~0,). Two other
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solutions can be obtained as described earlier, by eliminating n, and by eliminating n, .

The full solution is listed below, and these are evidently the maximum (absolute value of
the) shear stresses acting at a point:

1 1 1
n=|0,r—,+t—| o,=—|0,—-0O
\/E \/5 S 2| 2 3|
1 1 1
n= iﬁ,o,iﬁ , Og =E|(73—(71| (7237)
1 1
n= iﬁjiﬁ,o} Os o, — 0|

Taking o, > 0, = o, the maximum shear stress at a point is

2 =%(al -0,) (7.2.38)

max

and acts on a plane with normal oriented at 45° to the 1 and 3 principal directions. This is
illustrated in Fig. 7.2.14.

" principal

directions
"IN/

1
\ /T max

Figure 7.2.14: maximum shear stress at a point

Example

Consider the stress state examined in the Example of §7.2.4:
5.0 0
lo.]=10 -6 -12
0 -12 1
The principal stresses were found to be o, =10, o, =5, o, =15 and so the maximum

shear stress 1s
1 25
Tmax = 5(61 _0-3): 7

One of the planes upon which they act is shown in Fig. 7.2.15 (see Fig. 7.2.12)
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Figure 7.2.15: maximum shear stress

7.2.6  Mohr’s Circles of Stress

Section 7.2

The Mohr’s circle for 2D stress states was discussed in Part I, §3.5.4. For the 3D case,

following on from section 7.2.5, one has the conditions

O'N —oln +0'2n +O'3n3
GS +0'N =o/n’ +oin +oin;

n’+n;+n; =1

Solving these equations gives

2 (UN O-ZXO-N 03)"'0-52
1

n.= =
(O' 0'2)((71 0'3) ,
nzz(a _0-3)(O-N 0'1)""75
2
(0'2_0'3)(0'2_(71) s
nZZ(UN_O-l)(O-N _52)"'55
3

(0'3 ! )(0'3 - O'z)

(7.2.39)

(7.2.40)

Taking o, > 0, > 0;, and noting that the squares of the normal components must be

positive, one has that

2
Oy —azggO'N —0'3)+O'25 20
oy — o3 \oy — 0, +0'82S0
oy -0, \oy—0,)+o5 =20

and these can be re-written as

Gsz‘*‘[O_N %02+03 ]222[% 3)]22
O-sz+[O-N _% 0, t+0; ]2 S[% ]2
O-S+[O-N_% 0-1"‘0_2] 2%0'1 O-z]
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If one takes coordinates (o, 0 ), the equality signs here represent circles in (o, o7 )
stress space, Fig. 7.2.16. Each point (O‘N ,Og ) in this stress space represents the stress on
a particular plane through the material particle in question. Admissible (O‘N ,Og ) pairs are
given by the conditions Eqns. 7.2.42; they must lie inside a circle of centre (% (01 +0, ),O)
and radius 1 (o, — o). This is the large circle in Fig. 7.2.16. The points must lie outside
the circle with centre (% (o, + 0, ),O) and radius (o, — ;) and also outside the circle
with centre (% (0, +0, ),O) and radius 1 (o, — o, ); these are the two smaller circles in the
figure. Thus the admissible points in stress space lie in the shaded region of Fig. 7.2.16.

Os

Figure 7.2.16: admissible points in stress space

7.2.7 Three Dimensional Strain

The strain ¢, , in symbolic form €, is a tensor and as such it follows the same rules as for

ij >
the stress tensor. In particular, it follows the general tensor transformation rule 7.2.16; it
has principal values & which satisfy the characteristic equation 7.2.23 and these include
the maximum and minimum normal strain at a point. There are three principal strain
invariants given by 7.2.24 or 7.2.26 and the maximum shear strain occurs on planes
oriented at 45° to the principal directions.

7.2.8 Problems

1. The state of stress at a point with respect to a 0X,X, X, coordinate system is given by
2 1 2
-1t 0
2 -1 -2
Use Cauchy’s law to determine the traction vector acting on a plane trough this

point whose unit normal is n = (e, +e, +e;)/ 3. What is the normal stress acting
on the plane? What is the shear stress acting on the plane?

2. The state of stress at a point with respect to a 0X;X, X, coordinate system is given by

[ai,l:[é ? %}

0 -2
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What are the stress components with respect to axes 0x;X;X; which are obtained

from the first by a 45° rotation (positive counterclockwise) about the X, axis

3. Show, in both the index and matrix notation, that the components of an isotropic
stress state remain unchanged under a coordinate transformation.

4.  Consider a two-dimensional problem. The stress transformation formulae are then,
in full,
o/, o], cos@ sinf | o, o, |cosd —sinf
ol o | |-sin@ cos@| o, o, |sind cosd
Multiply the right hand side out and use the fact that the stress tensor is symmetric
(o,, = 0,, - not true for all tensors). What do you get? Look familiar?

5. The state of stress at a point with respect to a 0X,X, X, coordinate system is given by
5/2 -1/2 0
loy]=|-1/2 5/2 0
0 0 1

Evaluate the principal stresses and the principal directions. What is the maximum
shear stress acting at the point?

Solid Mechanics Part 1T 219 Kelly



Section 7.3

7.3 Governing Equations of Three Dimensional
Elasticity

7.3.1 Hooke's Law and Lamé’s Constants

Linear elasticity was introduced in Part I, §4.2. The three-dimensional Hooke’s law for
isotropic linear elastic solids (Part I, Eqns. 4.2.9) can be expressed in index notation as

0 = A6 +2ug; (7.3.1)

where (see also Part I, Eqns. 6.2.21)

Ev E
A=, =— 7.3.2
(1+V)(1—2v) # 2(l+v) ( )
are the Lamé constants ( z is the Shear Modulus). Eqns. 7.3.1 can be inverted to obtain

{ AProblem 1}

P O — (7.33)
2u 2u(3A+2u)

7.3.2 Navier’'s Equations

The governing equations of elasticity are Hooke’s law (Eqn. 7.3.1), the equations of
motion, Eqn. 1.1.9 (see Eqns. 7.1.10-11),

0o;;
! +b, = pa, (7.3.4)
OX ;

|

and the strain-displacement relations, Eqn. 1.2.19 (see Eqns. 7.1.25-26),

.o,
& = l %‘*‘_J (7.3.5)
210X OX

] I

Substituting 7.3.5 into 7.3.1 and then into 7.3.4 leads to the 3D Navier’s equations
{ AProblem 2}

(2+ )82uj + oy, +b, = pa;|  Navier’s Equations (7.3.6)
”axjaxi ”axjaxj i ! d =

These reduce to the 2D plane strain Navier’s equations, Eqns. 3.1.4, by setting u, =0 and
0/0%, =0. They do not reduce to the plane stress equations since the latter are only an
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approximate solution to the equations of elasticity which are valid only in the limit as the
thickness of the thin plate of plane stress tends to zero.

7.3.3 Problems
1. Invert Eqns. 7.3.1 to get 7.3.3.

2. Derive the 3D Navier’s equations from 7.3.6 from 7.3.1, 7.3.4 and 7.3.5
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7.4 Elastodynamics

7.4.1 Propagation of Waves in Elastic Solids

When a stress wave travels through a material, it causes material particles to displace by
u. It can be shown that any vector u can be written in the form*

u=Vg-+curla (7.4.1)

where ¢ is a scalar potential and a is a vector. These two terms in the displacement

field can be examined separately. The most general displacement field can be obtained by
adding both solutions together.

Irrotational Waves

First looking at the scalar potential term, suppose that the displacement is given by
u=Vg. If one can find a scalar ¢ such that u=V¢, then it follows that curlu=0, or

e1 e2 eS
curlu=|0/0x, 0o/ox, 0O10x,
u, u, Uy (7.4.2)

= %_% el+ %_% e2+ %_% e3:0
OX, OXq4 OX;  OX, 0%, OX,

Thus each of the terms inside the brackets is zero. But these terms represent rotations of
material particles (see Eqns. 1.1.20). For example, as illustrated in Fig. 7.4.1,

2\ ox, 0Ox,
X,
(U
CUS 1 2
Xy
23

Figure 7.4.1: a rotation

! from the Helmholtz theory
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Thus curlu =0 can be interpreted as no rotation of material particles. A small element of
material can still undergo normal and shear strain, but the element will not rotate as a
rigid body in space.

Taking the displacement field u= V¢, writing it in index notation, u; = d¢/0x;, and
substituting into Navier’s equations, leads to the three-dimensional wave equation:

o', _ 1 2%, o [At2u _ EQ-v) (7.4.4)
x.ox, ¢l at?’ : P pll+v)i-2v) o

This displacement field thus corresponds to stress waves travelling at speed c, , causing

material to strain but not to rotate. These irrotational waves are also called waves of
dilatation.

Equivoluminal Waves

Consider now the displacement field u = curla. If one can find a vector a such that
u = curla, then it follows that V-u =0, or

V.U ou, du, Oug
0%, OX, OX,
=&, +Ep +Ex (7.4.5)
= 7

Thus the condition that the displacement field be divergence-free implies that there is no
volume change. There can be normal strains only so long as their sum is zero.

Taking &, =0u, /0x, and substituting into Navier’s equations then leads immediately to

o°u. o%u.
i ' 7.4.6
Hoxox, “ ot (7:4.6)

or the three-dimensional wave equation:

2 2
o2, :iz@lii, ¢ = Ko | B (7.4.7)
X%, ¢’ ot p \2p(+v)

This displacement field thus corresponds to stress waves travelling at speed c, , causing

material to shear. These equivoluminal waves are also called shear waves or waves of
distortion.

In summary, when an event such as an explosion occurs, two different types of wave
emerge, irrotational waves which result in irrotational displacement fields, and
equivoluminal waves which result in equivoluminal displacements. These waves travel at
different speeds.
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7.4.2 Plane Waves

At a sufficient distance from any initial disturbance, a stress wave will travel in a plane. It
can be assumed that all material particles will displace either parallel to the direction of
wave propagation (longitudinal waves) or perpendicular to this direction (transverse
waves).

Let the wave travel in the x; direction.

Irrotational (p / longitudinal) Plane Waves

Consider particles which displace in the direction of wave propagation according to
u=u,(x;,t)e;. Thisis an irrotational wave since curlu =0, and the stress wave is

governed by the one-dimensional wave equation

_1 (7.4.8)

These longitudinal plane waves are also called p-waves?.

I,
E:I compression /
X —-  rarefaction
I
wavefront

Figure 7.4.2: a longitudinal wave

Equivoluminal (s / transverse / shear) Plane Waves

Consider particles which displace according to u =u,(x,,t)e,. This is an equivoluminal

wave since V -u =0, and the stress wave is governed by the one-dimensional wave
equation

2 2
oy, _ 194, (7.4.9)
OX;, C; ot

2 p stands for “primary”
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These transverse/shear waves are also called s-waves®.

Figure 7.4.3: a transverse wave

7.4.3 Vibration Analysis

A vibration analysis can be carried out in exactly the same way as in Chapter 2, only the
wave speeds in the 1D wave equations 7.4.8 and 7.4.9 are now different from the 1D

speed /E/p. The particular solutions, forced vibration and resonance theory of Chapter

2 can again be applied here. The analysis here is appropriate for thin plates “infinitely
wide” in the x,, x, directions, Fig. 7.4.4. The figure shows longitudinal vibration, but

one can also have transverse vibration where the particles displace perpendicular to the x;
axis.

4

Figure 7.4.4: stretch vibration of a plate

7.4.4 Waves at Boundaries

Plane waves exist in unbounded elastic continua. In a finite body, a plane wave will be
reflected when it hits a free surface. In this case, one needs to solve Navier’s equations

% s stands for “secondary”
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subject to the boundary conditions of zero normal and shear stress at the free surface.
Waves of both types will in general be reflected for any single type of incident wave.

Similarly, when a wave meets an interface between two different materials, there will be
reflection and refraction. The boundary conditions are that the displacements are
continuous and the normal and shear stresses are continuous, Fig. 7.4.5

u® =u@, u® =y®

X

(2)

Figure 7.4.5: reflection and refraction of a wave at an interface

7.45 Waves at Boundaries

The waves discussed thus far are body waves. When a free surface exists, for example
the surface of the earth, another type of wave motion is possible; these are the Rayleigh
waves and travel along the surface very much like water waves. It can be shown that the
speed of Rayleigh waves is between 90% and 95% of c; , depending on the value of

Poisson’s ratio. Similar types of waves can propagate along the interface between two
different materials.

7.4.6 Problems

1. Consider the motion
u, :LTsinZI—”(x1 —ct)u, =0,u, =0,

What are the strains in the material? What are the corresponding stresses? What is
the volume change in the material? What is the name (or names) given to the type of
wave which causes this kind of motion?

2. Consider the motion
.2
u,=0,u, =0 sml—”(x1 —ct) u, =0,

What are the strains in the material? What are the corresponding stresses? What is
the volume change in the material? What is the name (or names) given to the type of
wave which causes this kind of motion?

3. Derive an expression for the ratio ¢, /c; in terms of the material’s Poisson’s ratio
only. Which is the faster, the longitudinal or transverse wave?
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4. Show that the motion
u,=0,u, =0,u, = Ucos(pxz)coszl—”(x1 —ct),

is equivoluminal.

5. Consider the motion
u, = Ulsin B(x, —ct)+asin g(x, +ct) u, =0,u, =0

(i) what kind of elastic stress wave does this involve ? (Sketch the plane of the wave
and its direction of propagation.)

(if) what are the strains and stresses.

(iii) use the equations of motion to determine the wave speed. Is it what you
expected?

(iv) Suppose that the plane x, =0 is a free surface. Determine « .

(v) Suppose also that x, = h is a free surface. Determine f.

6. Consider a plate with left face (x, = 0) subjected to a forced displacement
u = arsin Qte, and the right face (x, =1) free.

(i) find the “thickness-stretch” vibration of the plate. What are the natural
frequencies?
(i) When does resonance occur?

7. Consider a plate with left face (x, = 0) subjected to a traction t = —a cosQte, and
the right face (x, = 1) fixed, as shown in the figure below.

(i) find the “thickness-shear” vibration of the plate. What are the natural
frequencies?
(i) When does resonance occur?

X,
K
fixed
X
Oy
\ —’
I |
4—

[note: assume a displacement u =u, (x,,t)e,; as with transverse waves, this will

satisfy the 1-d wave equation with ¢ being the transverse wave speed. Use the traction
to obtain an expression for the shear stress o, over the left hand face. When

applying the stress boundary condition, you will need the strain-displacement
expression and stress-strain law,

Solid Mechanics Part 11 227 Kelly



Section 7.4

1(ou, ou, 1
Ep =7 + o b = Oy,
2\ 0x, 0x 2u

8. Consider the case of u = a(cosQte, +sinQte, ) over the left face (x, = 0) with the
right face (x1 = I) fixed. Derive an expression for the particular solution and show
that it represents circular motion of the particles in the x, — x; plane.

[hint: evaluate the particular solutions for u, and u, separately and then show that
us +u? =r? for some r (independent of time)]
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8.1 Introduction to Plasticity

8.1.1 Introduction

The theory of linear elasticity is useful for modelling materials which undergo small
deformations and which return to their original configuration upon removal of load.
Almost all real materials will undergo some permanent deformation, which remains after
removal of load. With metals, significant permanent deformations will usually occur
when the stress reaches some critical value, called the yield stress, a material property.

Elastic deformations are termed reversible; the energy expended in deformation is stored
as elastic strain energy and is completely recovered upon load removal. Permanent
deformations involve the dissipation of energy; such processes are termed irreversible, in
the sense that the original state can be achieved only by the expenditure of more energy.

The classical theory of plasticity grew out of the study of metals in the late nineteenth
century. Itis concerned with materials which initially deform elastically, but which
deform plastically upon reaching a yield stress. In metals and other crystalline materials
the occurrence of plastic deformations at the micro-scale level is due to the motion of
dislocations and the migration of grain boundaries on the micro-level. In sands and other
granular materials plastic flow is due both to the irreversible rearrangement of individual
particles and to the irreversible crushing of individual particles. Similarly, compression
of bone to high stress levels will lead to particle crushing. The deformation of micro-
voids and the development of micro-cracks is also an important cause of plastic
deformations in materials such as rocks.

A good part of the discussion in what follows is concerned with the plasticity of metals;
this is the ‘simplest’ type of plasticity and it serves as a good background and
introduction to the modelling of plasticity in other material-types. There are two broad
groups of metal plasticity problem which are of interest to the engineer and analyst. The
first involves relatively small plastic strains, often of the same order as the elastic strains
which occur. Analysis of problems involving small plastic strains allows one to design
structures optimally, so that they will not fail when in service, but at the same time are not
stronger than they really need to be. In this sense, plasticity is seen as a material failure®.

The second type of problem involves very large strains and deformations, so large that the
elastic strains can be disregarded. These problems occur in the analysis of metals
manufacturing and forming processes, which can involve extrusion, drawing, forging,
rolling and so on. In these latter-type problems, a simplified model known as perfect
plasticity is usually employed (see below), and use is made of special limit theorems
which hold for such models.

Plastic deformations are normally rate independent, that is, the stresses induced are
independent of the rate of deformation (or rate of loading). This is in marked

' two other types of failure, brittle fracture, due to dynamic crack growth, and the buckling of some

structural components, can be modelled reasonably accurately using elasticity theory (see, for example, Part
L, §6.1, Part II, §5.3)
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contrast to classical Newtonian fluids for example, where the stress levels are
governed by the rate of deformation through the viscosity of the fluid.

Materials commonly known as “plastics” are not plastic in the sense described here.
They, like other polymeric materials, exhibit viscoelastic behaviour where, as the
name suggests, the material response has both elastic and viscous components. Due
to their viscosity, their response is, unlike the plastic materials, rate-dependent.
Further, although the viscoelastic materials can suffer irrecoverable deformation,
they do not have any critical yield or threshold stress, which is the characteristic
property of plastic behaviour. When a material undergoes plastic deformations, i.e.
irrecoverable and at a critical yield stress, and these effects are rate dependent, the
material is referred to as being viscoplastic.

Plasticity theory began with Tresca in 1864, when he undertook an experimental program
into the extrusion of metals and published his famous yield criterion discussed later on.
Further advances with yield criteria and plastic flow rules were made in the years which
followed by Saint-Venant, Levy, Von Mises, Hencky and Prandtl. The 1940s saw the
advent of the classical theory; Prager, Hill, Drucker and Koiter amongst others brought
together many fundamental aspects of the theory into a single framework. The arrival of
powerful computers in the 1980s and 1990s provided the impetus to develop the theory
further, giving it a more rigorous foundation based on thermodynamics principles, and
brought with it the need to consider many numerical and computational aspects to the
plasticity problem.

8.1.2 Observations from Standard Tests

In this section, a number of phenomena observed in the material testing of metals will be
noted. Some of these phenomena are simplified or ignored in some of the standard
plasticity models discussed later on.

At issue here is the fact that any model of a component with complex geometry, loaded in
a complex way and undergoing plastic deformation, must involve material parameters
which can be obtained in a straight forward manner from simple laboratory tests, such as
the tension test described next.

The Tension Test

Consider the following key experiment, the tensile test, in which a small, usually
cylindrical, specimen is gripped and stretched, usually at some given rate of stretching.
The force required to hold the specimen at a given stretch is recorded, Fig. 8.1.1. If the
material is a metal, the deformation remains elastic up to a certain force level, the yield
point of the material. Beyond this point, permanent plastic deformations are induced. On
unloading only the elastic deformation is recovered and the specimen will have
undergone a permanent elongation (and consequent lateral contraction).

In the elastic range the force-displacement behaviour for most engineering materials
(metals, rocks, plastics, but not soils) is linear. After passing the elastic limit (point A in
Fig. 8.1.1), further increases in load are usually required to maintain an increase in
displacement; this phenomenon is known as work-hardening or strain-hardening. In
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some cases the force-displacement curve decreases, as in some soils; the material is said
to be softening. If the specimen is unloaded from a plastic state (B) it will return along
the path BC shown, parallel to the original elastic line. This is elastic recovery. What
remains is the permanent plastic deformation. If the material is now loaded again, the
force-displacement curve will re-trace the unloading path CB until it again reaches the
plastic state. Further increases in stress will cause the curve to follow BD.

Two important observations concerning the above tension test are the following:

(1) after the onset of plastic deformation, the material will be seen to undergo negligible
volume change, that is, it is incompressible.

(2) the force-displacement curve is more or less the same regardless of the rate at which
the specimen is stretched (at least at moderate temperatures).

hardening D

force
B —m
Yield point
elastic
loading
0 C displacement
plastic elastic

deformation deformation

Figure 8.1.1: force/displacement curve for the tension test

Nominal and True Stress and Strain
There are two different ways of describing the force F which acts in a tension test. First,

normalising with respect to the original cross sectional area of the tension test specimen
A, , one has the nominal stress or engineering stress,

o, = (8.1.1)

Alternatively, one can normalise with respect to the current cross-sectional area A,
leading to the true stress,

O =

F
" (8.1.2)
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in which F and A are both changing with time. For very small elongations, within the
elastic range say, the cross-sectional area of the material undergoes negligible change and
both definitions of stress are more or less equivalent.

Similarly, one can describe the deformation in two alternative ways. Denoting the
original specimen length by |, and the current length by |, one has the engineering strain

1=,

€ (8.1.3)

IO

Alternatively, the true strain accounts for the fact that the “original length” is continually
changing; a small change in length dl leads to a strain increment de = dl /I and the
total strain is defined as the accumulation of these increments:

£ = Ij ? = h{ll] (8.1.4)

0

The true strain is also called the logarithmic strain or Hencky strain. Again, at small
deformations, the difference between these two strain measures is negligible. The true
strain and engineering strain are related through

g =In(l+¢) (8.1.5)

Using the assumption of constant volume for plastic deformation and ignoring the very
small elastic volume changes, one has also { A Problem 3}

azanL. (8.1.6)
IO

The stress-strain diagram for a tension test can now be described using the true
stress/strain or nominal stress/strain definitions, as in Fig. 8.1.2. The shape of the
nominal stress/strain diagram, Fig. 8.1.2a, is of course the same as the graph of force
versus displacement (change in length) in Fig. 8.1.1. A here denotes the point at which
the maximum force the specimen can withstand has been reached. The nominal stress at
A is called the Ultimate Tensile Strength (UTS) of the material. After this point, the
specimen “necks”, with a very rapid reduction in cross-sectional area somewhere about
the centre of the specimen until the specimen ruptures, as indicated by the asterisk.

Note that, during loading into the plastic region, the yield stress increases. For example,
if one unloads and re-loads (as in Fig. 8.1.1), the material stays elastic up until a stress
higher than the original yield stress Y. In this respect, the stress-strain curve can be
regarded as a yield stress versus strain curve.
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(a) (b)

Figure 8.1.2: typical stress/strain curves; (a) engineering stress and strain, (b) true
stress and strain

Compression Test

A compression test will lead to similar results as the tensile stress. The yield stress in
compression will be approximately the same as (the negative of) the yield stress in
tension. If one plots the true stress versus true strain curve for both tension and
compression (absolute values for the compression), the two curves will more or less
coincide. This would indicate that the behaviour of the material under compression is
broadly similar to that under tension. If one were to use the nominal stress and strain,
then the two curves would not coincide; this is one of a number of good reasons for using
the true definitions.

The Bauschinger Effect

If one takes a virgin sample and loads it in tension into the plastic range, and then unloads
it and continues on into compression, one finds that the yield stress in compression is not
the same as the yield strength in tension, as it would have been if the specimen had not
first been loaded in tension. In fact the yield point in this case will be significantly less
than the corresponding yield stress in tension. This reduction in yield stress is known as
the Bauschinger effect. The effect is illustrated in Fig. 8.1.3. The solid line depicts the
response of a real material. The dotted lines are two extreme cases which are used in
plasticity models; the first is the isotropic hardening model, in which the yield stress in
tension and compression are maintained equal, the second being kinematic hardening, in
which the total elastic range is maintained constant throughout the deformation.
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2Y,

isotropic hardening

Figure 8.1.3: The Bauschinger effect

The presence of the Bauschinger effect complicates any plasticity theory. However, it is
not an issue provided there are no reversals of stress in the problem under study.

Hydrostatic Pressure

Careful experiments show that, for metals, the yield behaviour is independent of
hydrostatic pressure. That is, a stress state o, = o, =0, =—p has negligible effect on

the yield stress of a material, right up to very high pressures. Note however that this is
not true for soils or rocks.

8.1.3 Assumptions of Plasticity Theory

Regarding the above test results then, in formulating a basic plasticity theory with which
to begin, the following assumptions are usually made:

(1) the response is independent of rate effects

(2) the material is incompressible in the plastic range

(3) there is no Bauschinger effect

(4) the yield stress is independent of hydrostatic pressure
(5) the material is isotropic

The first two of these will usually be very good approximations, the other three may or
may not be, depending on the material and circumstances. For example, most metals can
be regarded as isotropic. After large plastic deformation however, for example in rolling,
the material will have become anisotropic: there will be distinct material directions and
asymmetries.

Together with these, assumptions can be made on the type of hardening and on whether
elastic deformations are significant. For example, consider the hierarchy of models
illustrated in Fig. 8.1.4 below, commonly used in theoretical analyses. In (a) both the
elastic and plastic curves are assumed linear. In (b) work-hardening is neglected and the
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yield stress is constant after initial yield. Such perfectly-plastic models are particularly
appropriate for studying processes where the metal is worked at a high temperature — such
as hot rolling — where work hardening is small. In many areas of applications the strains
involved are large, e.g. in metal working processes such as extrusion, rolling or drawing,
where up to 50% reduction ratios are common. In such cases the elastic strains can be
neglected altogether as in the two models (¢) and (d). The rigid/perfectly-plastic model
(d) is the crudest of all — and hence in many ways the most useful. It is widely used in
analysing metal forming processes, in the design of steel and concrete structures and in
the analysis of soil and rock stability.

A A

Y — Y- —
0 > 0 %
(a) Linear Elastic-Plastic (b) Elastic/Perfectly-Plastic
c S A
0 > 0 >
(c) Rigid/Linear Hardening (d) Rigid-Perfectly-Plastic

Figure 8.1.4: Simple models of elastic and plastic deformation

8.1.4 The Tangent and Plastic Modulus

Stress and strain are related through o = E¢ in the elastic region, E being the Young’s
modulus, Fig. 8.1.5. The tangent modulus K is the slope of the stress-strain curve in the
plastic region and will in general change during a deformation. At any instant of strain,
the increment in stress do is related to the increment in strain de through?

do =Kde (8.1.7)

% the symbol & here represents the true strain (the subscript t has been dropped for clarity); as mentioned,
when the strains are small, it is not necessary to specify which strain is in use since all strain measures are
then equivalent
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Figure 8.1.5: The tangent modulus
After yield, the strain increment consists of both elastic, ¢°, and plastic, de”, strains:
de =de’ +degP (8.1.8)

The stress and plastic strain increments are related by the plastic modulus H:

do=Hde’ (8.1.9)
and it follows that { AProblem 4}

111 (8.1.10)

K E H

8.1.5 Friction Block Models

Some additional insight into the way plastic materials respond can be obtained from
friction block models. The rigid perfectly plastic model can be simulated by a Coulomb
friction block, Fig. 8.1.6. No strain occurs until o reaches the yield stress Y. Then there
is movement — although the amount of movement or plastic strain cannot be determined
without more information being available. The stress cannot exceed the yield stress in
this model:

o] <Y (8.1.11)

If unloaded, the block stops moving and the stress returns to zero, leaving a permanent
strain, Fig. 8.1.6b.
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o
unload
s~
g2
<>
Y permanent
deformation
(a) (b)

Figure 8.1.6: (a) Friction block model for the rigid perfectly plastic material, (b)
response of the rigid-perfectly plastic model

The linear elastic perfectly plastic model incorporates a free spring with modulus E in
series with a friction block, Fig. 8.1.7. The spring stretches when loaded and the block
also begins to move when the stress reaches Y, at which time the spring stops stretching,
the maximum possible stress again being Y. Upon unloading, the block stops moving and
the spring contracts.

Y
Figure 8.1.7: Friction block model for the elastic perfectly plastic material

The linear elastic plastic model with linear strain hardening incorporates a second,
hardening, spring with stiffness H, in parallel with the friction block, Fig. 8.1.8. Once the
yield stress is reached, an ever increasing stress needs to be applied in order to keep the
block moving — and elastic strain continues to occur due to further elongation of the free
spring. The stress is then split into the yield stress, which is carried by the moving block,
and an overstress o —Y carried by the hardening spring.

Upon unloading, the block “locks” — the stress in the hardening spring remains constant
whilst the free spring contracts. At zero stress, there is a negative stress taken up by the
friction block, equal and opposite to the stress in the hardening spring.

The slope of the elastic loading line is E. For the plastic hardening line,

o-Y do EH
- K=—=
H d¢e E+H

(8.1.12)

It can be seen that H is the plastic modulus.
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(a)

(b)

(©)

(d)

Figure 8.1.8: Friction block model for a linear elastic-plastic material with linear
strain hardening; (@) stress-free, (b) elastic strain, (c) elastic and plastic strain, (d)
unloading

8.1.6 Problems

1. Give two differences between plastic and viscoelastic materials.

2. A test specimen of initial length 0.01 m is extended to length 0.0101 m. What is the
percentage difference between the engineering and true strains? What is this
difference when the specimen is extended to length 0.015m?

3. Derive the relation 8.1.6, o/c, =1/1,.

4. Derive Eqn. 8.1.10.
5. Which is larger, H or K? In the case of a perfectly-plastic material?

6. The Ramberg-Osgood model of plasticity is given by
el

e=e"+el =—+| —
E (b

where E is the Young’s modulus and b and n are model constants (material
parameters) obtained from a curve-fitting of the uniaxial stress-strain curve.

(1) Find the tangent and plastic moduli in terms of plastic strain &° (and the
material constants).
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(i1) Which of the simple models of Fig. 8.1.4 does the model reduce to in the case
of n=17?
(iii) A material with model parameters n =4, E = 70GPa and b =800 MPa is

strained in tension to " =0.02 and is subsequently unloaded and put into
compression. Find the stress at the initiation of compressive yield assuming
isotropic hardening

[Note that the yield stress is actually zero in this model]

7. Consider the plasticity model shown below.
(1) What is the elastic modulus?
(i)  What is the yield stress?
(iii)) ~ What are the tangent and plastic moduli?
Draw a typical loading and unloading curve.

8. Draw the stress-strain diagram for a cycle of loading and unloading to the rigid -
plastic model shown here. Take the maximum load reached to be o, =4Y, and
Y, =2Y,. What is the permanent deformation after complete removal of the load?
[Hint: split the cycle into the following regions: (a) 0 <o <Y,,(b) Y, <o <3Y,, (¢)
3Y, <o <4Y,, then unload, (d) 4Y, <o <3Y,,(e) 3Y, <o <2Y,,(f) 2Y,<0<0.]
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8.2 Stress Analysis for Plasticity

This section follows on from the analysis of three dimensional stress carried out in §7.2.
The plastic behaviour of materials is often independent of a hydrostatic stress and this
feature necessitates the study of the deviatoric stress.

8.2.1 Deviatoric Stress

Any state of stress can be decomposed into a hydrostatic (or mean) stress o, I and a
deviatoric stress s, according to

Oy Op Op o, 0 0 St S S5
Oy Opn 0y|=| 0 o, 048, Sy Sy (8.2.1)
O3 O3 Oy 0 0 o, S31 Sy Sy
where
O, 10, +05
Opn = (8.2.2)
3
and
S, S, S 120, -0, —0y) o o
1o S S 3 11 2 33 12 13
_ 1
Sy Sy, Sy | = O, ?(20_22_0_11_0_33) Op
S35 Sy, Sy O3 On %(2633_611 ‘722)
(8.2.3)
In index notation,
O = 0pn0; +5; (8.2.4)

In a completely analogous manner to the derivation of the principal stresses and the

principal scalar invariants of the stress matrix, §7.2.4, one can determine the principal
stresses and principal scalar invariants of the deviatoric stress matrix. The former are
denoted s,,S,,s; and the latter are denoted by J,,J,,J,. The characteristic equation

analogous to Eqn. 7.2.23 is
$-Js°-J,5-J,=0 (8.2.5)

and the deviatoric invariants are (compare with 7.2.24, 7.2.26)'

! unfortunately, there is a convention (adhered to by most authors) to write the characteristic equation for
stress with a + 1,0 term and that for deviatoric stress witha — J,S term; this means that the formulae for

J, in Eqn. 8.2.5 are the negative of those for I, in Eqn. 7.2.24
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‘J] =38, TS5, +355
=§ +S,+5S;

3, = (5,5, +5,)8, +5,,5,, — 5 — 54 — 52 )

2 11°22 22°33 3911 12 23 31
—\S;S, +5,8S; +s3slj
2 2 2

‘]3 = 51152,833 = 51553 —5,,8;5; =S558, + 2312323331

=5,5,8;

(8.2.6)

Since the hydrostatic stress remains unchanged with a change of coordinate system, the
principal directions of stress coincide with the principal directions of the deviatoric stress,
and the decomposition can be expressed with respect to the principal directions as

o, 0 0 c, 0 0 s, 0
0 o, 0|=|{0 o, O0[+/0 s, O (8.2.7)
0 0 o, 0 0 o, 0 0 s,

Note that, from the definition Eqn. 8.2.3, the first invariant of the deviatoric stress, the
sum of the normal stresses, is zero:

J, =0 (8.2.8)
The second invariant can also be expressed in the useful forms { A Problem 3}
3, =1(s? +s2+5s?), (8.2.9)

and, in terms of the principal stresses, { A Problem 4}
1 [ 2 2 2]
Jo=lloy-0) +(0: 0. ) +(oy -] (8.2.10)

Further, the deviatoric invariants are related to the stress tensor invariants through
{ AProblem 5}

3,=402-31,) 3, ==(217 91,1, +271,) (8.2.11)
A State of Pure Shear

The stress state at a point is one of pure shear if for any one coordinate axes through the
point one has only shear stress acting, i.e. the stress matrix is of the form

0 o, o

[Gij]: O, 0 Oy (8212)
o 0, 0
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Applying the stress transformation rule 7.2.16 to this stress matrix and using the fact that
the transformation matrix Q is orthogonal, i.e. QQ" = Q"Q =1, one finds that the first
invariant is zero, o|, + 05, + 03; = 0. Hence the deviatoric stress is one of pure shear.

8.2.2 The Octahedral Stresses

Examine now a material element subjected to principal stresses o, o,, o; as shown in
Fig. 8.2.1. By definition, no shear stresses act on the planes shown.

Figure 8.2.1: stresses acting on a material element

Consider next the octahedral plane; this is the plane shown shaded in Fig. 8.2.2, whose
normal n, makes equal angles with the principal directions. It is so-called because it cuts

a cubic material element (with faces perpendicular to the principal directions) into a
triangular plane and eight of these triangles around the origin form an octahedron.

/

1
Figure 8.2.2: the octahedral plane

Next, a new Cartesian coordinate system is constructed with axes parallel and
perpendicular to the octahedral plane, Fig. 8.2.3. One axis runs along the unit normal n_;
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this normal has components (1 /3 1/ NE) 1/ NE) ) with respect to the principal axes. The
angle 6, the normal direction makes with the 1 direction can be obtained from
n, -e, =cosé,, where e, =(1,0,0) is a unit vector in the 1 direction, Fig. 8.2.3. To

complete the new coordinate system, any two perpendicular unit vectors which lie in
(parallel to) the octahedral plane can be chosen. Choose one which is along the
projection of the 1 axis down onto the octahedral plane. The components of this vector

are { AProblem 6} n_ = (\/2/3, ~1/+/6, —1/\/3). The final unit vector n, is chosen so
that it forms a right hand Cartesian coordinate system with n, and n_,1.e. n, xn, =n_.
In summary,

1_ | 1_ X 1_ ’ 8.2.13
n, 3 l, n, AR , N - ( )

1
-1

Figure 8.2.3: a new Cartesian coordinate system

To express the stress state in terms of components in the a,b,c directions, construct the
stress transformation matrix:

e-n, e -n, e -n 1/43 0 2/46
Q=le, n, e,-n, e,-n,|=[1/"3 -1/42 -1/6 (8.2.14)
e;-n, e;-n, e,-ng /3 142 -1/46

a

and the new stress components are

Oaa Oa Oy 0, 0 0
T Ow On [=Q'|0 o, 01Q
Oca O O¢c 0 0 O3
%(0-14'0'2‘*‘0'3) _ﬁ(az_oﬁ) ﬁ(zoﬁ_O—z_OE)
= _ﬁ(az_as) %(62""73) ﬁ(az_oﬁ)
ﬁ(zo_l_o_z_o_s) ﬁ(o_z_OE) %(40_1"'0_2"'0_3)

(8.2.15)
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Now consider the stress components acting on the octahedral plane, o,,,0,,,0,.,

Fig. 8.2.4. Recall from Cauchy’s law, Eqn. 7.2.9, that these are the components of
the traction vector t™ acting on the octahedral plane, with respect to the (a,b,c)
axes:

t(na)

=00, +o,n, +o,.n, (8.2.16)

Figure 8.2.4: the stress vector ¢ and its components

The magnitudes of the normal and shear stresses acting on the octahedral plane are called
the octahedral normal stress o, and the octahedral shear stress 7. Referring to

Fig. 8.2.4, these can be expressed as { A Problem 7}

1 1
Oot = Oaa :_(O-l +o, +63):§|1

wt =\ Oo +OL, (8.2.17)
5 2],

1 2 2
=§\/(O'l—02) +(O_2_63) +(63_61) = 3

T

The octahedral normal and shear stresses on all 8 octahedral planes around the origin are
the same.

Note that the octahedral normal stress is simply the hydrostatic stress. This implies that
the deviatoric stress has no normal component in the direction n, and only contributes to

shearing on the octahedral plane. Indeed, from Eqn. 8.2.15,

Saa  Sab Sac 0 - ﬁ(az -o;) ﬁ(zal -0,-0,)

Sk Sob She [T _ﬁ(o'z_oﬁ) _%(201_0'2_03) ﬁ(o'z_ga)

Sca Sen  Se ﬁ(ZO'1 ~-0,-0,) ﬁ(az ~0,) 1(20, -0, ~0,)
(8.2.18)
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The o ’s on the right here can be replaced with s’s since o; —o; =5; —§;.

8.2.3 Problems

1. What are the hydrostatic and deviatoric stresses for the uniaxial stress o, = o, ?
What are the hydrostatic and deviatoric stresses for the state of pure shear o, =7 ?
In both cases, verify that the first invariant of the deviatoric stress is zero: J, =0.

Oy Op Op 1 2 4
2. Forthestress state | 0,, 0, 0, |=[2 2 1], calculate
03 O3 O3 413

(a) the hydrostatic stress

(b) the deviatoric stresses
(c) the deviatoric invariants

3. The second invariant of the deviatoric stress is given by Eqn. 8.2.6,
J, = _(5132 5,5 + S331)
By squaring the relation J, =S, +5s, +s; =0, derive Eqn. 8.2.9,
J, :5(312 +5s; +s32)

4. Use Eqns. 8.2.9 (and your work from Problem 3) and the fact that o, —o, =S, —5,,
etc. to derive 8.2.10,
J, = [(0'1 _02)2 +(O-2 _‘73)2 +(‘73 _‘71)2J

5. Use the fact that J, =s, +5s, +S; =0 to show that
I, =30,
I, =(S,S, +5,8; +5,8,)+30,
I, =5,S,8; +0,(S,S, +5,5; +5,5,) + o
Hence derive Eqns. 8.2.11,
3, =107-31,) 3, =+(217 91,1, +271,)

6. Show that a unit normal n_ in the octahedral plane in the direction of the projection

of the 1 axis down onto the octahedral plane has coordinates (\/g ,—ﬁ,— ﬁ), Fig.

8.2.3. To do this, note the geometry shown below and the fact that when the 1 axis is
projected down, it remains at equal angles to the 2 and 3 axes.

na
X,
0 =L i -
sty =51 |6, v project
down
/ )
Octahedral plane
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7. Use Eqns. 8.2.15 to derive Eqns. 8.2.17.

8. For the stress state of problem 2, calculate the octahedral normal stress and the
octahedral shear stress
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8.3 Yield Criteria in Three Dimensional Plasticity

The question now arises: a material yields at a stress level Y in a uniaxial tension test, but
when does it yield when subjected to a complex three-dimensional stress state? It can be
assumed that yield will occur at a particle when some combination of the stress
components reaches some critical value, when

F(0,,,01,,013,05,,043,05;) =K (8.3.1)

say. Here, F is some function of the 6 independent components of the stress tensor and k
is some material property which can be determined experimentally.

Alternatively, since the stress state at a point is characterised by the principal stresses, one
could say that

F(o,,0,,0,,n;)=k (8.3.2)
where n; represent the principal directions.

If the material is isotropic, the response is independent of any material direction —
independent of any “direction” the stress acts in, and so the yield criterion can be
expressed in the simple form

F(o,,0,,0,)=Kk (8.3.3)

Further, since it should not matter which direction is labelled ‘1°, which ‘2’ and which
‘3’, F must be a symmetric function of the three principal stresses.

Alternatively, since the three principal invariants of stress are independent of material
orientation, one can write

Fd,1,,1,) =k (8.3.4)
or, more usually,

Fd,,3,,3;)=Kk (8.3.5)

where J,,J, are the non-zero principal invariants of the deviatoric stress. With the
further restriction that the yield stress is independent of the hydrostatic stress, one has

F@J,,d,) =k (8.3.6)

8.3.1 The Tresca and Von Mises Yield Conditions

The two most commonly used and successful yield criteria for isotropic metallic materials
are the Tresca and Von Mises criteria.
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The Tresca Yield Condition

The Tresca yield criterion states that a material will yield if the maximum shear stress
reaches some critical value, that is, Eqn. 8.3.3 takes the form

max{l|a oo, -0
2 1 2’2 2 3

1
,5|03 —al|} =k (8.3.7)

The value of k can be obtained from a simple experiment. For example, in a tension test,
o, =0,,0, =0, =0, and failure occurs when o, reaches Y, the yield stress in tension.

It follows that

Kk =

Y
= (8.3.8)

In a shear test, o, =7, 0, =0, 0, = —7, and failure occurs when 7 reaches 7, , the yield

stress of a material in pure shear, so that k =7, .

The Von Mises Yield Condition

The Von Mises criterion states that yield occurs when the principal stresses satisfy the
relation

\/(01 -0,) +(o, —603)2 o -a) _, (8.3.9)

Again, from a uniaxial tension test, one finds that the k in Eqn. 8.3.9 is

K=, (8.3.10)

NE)

Writing the Von Mises condition in terms of Y, one has

%\/(Gl_0_2)2"‘(0-2_0'3)2"‘(0'3_0'1)2 =Y (8.3.11)

The quantity on the left is called the Von Mises Stress, sometimes denoted by o, .

When it reaches the yield stress in pure tension, the material begins to deform plastically.
In the shear test, one again finds that k = 7, , the yield stress in pure shear.

Sometimes it is preferable to work with arbitrary stress components; for this purpose, the
Von Mises condition can be expressed as { A Problem 2}

(0-11 0 )2 + (0-22 — 03 )2 + (0-33 0y )2 + 6(0-122 + 0-223 + (7321)2 6k (8.3.12)
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The piecewise linear nature of the Tresca yield condition is sometimes a theoretical
advantage over the quadratic Mises condition. However, the fact that in many problems
one often does not know which principal stress is the maximum and which is the
minimum causes difficulties when working with the Tresca criterion.

The Tresca and Von Mises Yield Criteria in terms of Invariants

From Eqn. 8.2.10 and 8.3.9, the Von Mises criterion can be expressed as
f(3,)=J,-k>=0 (8.3.13)

Note the relationship between ,/J, and the octahedral shear stress, Eqn. 8.2.17; the Von

Mises criterion can be interpreted as predicting yield when the octahedral shear stress
reaches a critical value.

With o, > 0, = o,, the Tresca condition can be expressed as
f(J,,d,)=43; —27J7 -36k*J; +96k*J, —64k° =0 (8.3.14)
but this expression is too cumbersome to be of much use.

Experiments of Taylor and Quinney

In order to test whether the Von Mises or Tresca criteria best modelled the real behaviour
of metals, G I Taylor & Quinney (1931), in a series of classic experiments, subjected a
number of thin-walled cylinders made of copper and steel to combined tension and

torsion, Fig. 8.3.1.
—1
=i
T-—

Figure 8.3.1: combined tension and torsion of a thin-walled tube

The cylinder wall is in a state of plane stress, with o,, = o, 0,, =7 and all other stress

components zero. The principal stresses corresponding to such a stress-state are (zero
and) { A Problem 3}

lot Jlo?+7° (8.3.15)
and so Tresca's condition reduces to
o\ r Y
o’ +4r =4k* or |=| +|— | =1 (8.3.16)
Y Y/2
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The Mises condition reduces to { A Problem 4}

2 2
o +3c2 =3k? or (Ej +( ¢ j —1 83.17
Y Y /3 ( )

Thus both models predict an elliptical yield locus in (a, r) stress space, but with

different ratios of principal axes, Fig. 8.3.2. The origin in Fig. 8.3.2 corresponds to an
unstressed state. The horizontal axes refer to uniaxial tension in the absence of shear,
whereas the vertical axis refers to pure torsion in the absence of tension. When there is a
combination of o and 7, one is off-axes. If the combination remains “inside” the yield
locus, the material remains elastic; if the combination is such that one reaches anywhere
along the locus, then plasticity ensues.

T

7y =Y/ \/g Mises

7, =Y/2
Tresca

Y

Figure 8.3.2: the yield locus for a thin-walled tube in combined tension and torsion

Taylor and Quinney, by varying the amount of tension and torsion, found that their
measurements were closer to the Mises ellipse than the Tresca locus, a result which has
been repeatedly confirmed by other workers'.

2D Principal Stress Space

Fig. 8.3.2 gives a geometric interpretation of the Tresca and Von Mises yield criteria in
(a, 7) space. It is more usual to interpret yield criteria geometrically in a principal stress

space. The Taylor and Quinney tests are an example of plane stress, where one principal
stress is zero. Following the convention for plane stress, label now the two non-zero

principal stresses o, and o, , so that o, =0 (even if it is not the minimum principal
stress). The criteria can then be displayed in (o,,, ) 2D principal stress space. With
o, =0, one has

Tresca: max ﬂal -0, o, |} =Y

0,

b b

(8.3.18)
Von Mises: o, —0,0,+0, =Y’

! the maximum difference between the predicted stresses from the two criteria is about 15%. The two
criteria can therefore be made to agree to within £ 7.5% by choosing k to be half-way between Y / 2 and

Y /3
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These are plotted in Fig. 8.3.3. The Tresca criterion is a hexagon and the Von Mises
criterion is an ellipse with axes inclined at 45° to the principal axes. Some stress states
are shown in the stress space: point A corresponds to a uniaxial tension, B to a equi-
biaxial tension and C to a pure shear 7.

%,
,
Y R
. ,
. ,
. >
B.¥
. g
~ d
,
\\ /,
\\ /,/
AN ,’ A/ o,
¢ p”
%Y
eSS Ko
’ 1
E . . A\74
P D¢ N '
d ~
, .
.
) .
// \\_
,
,

Figure 8.3.3: yield loci in 2D principal stress space

Again, points inside these loci represent an elastic stress state. Any combination of
principal stresses which push the point out to the yield loci results in plastic deformation.

8.3.2 Three Dimensional Principal Stress Space

The 2D principal stress space has limited use. For example, a stress state that might start
out two dimensional can develop into a fully three dimensional stress state as deformation
proceeds.

In three dimensional principal stress space, one has a yield surface f (al ,0,,0, ) =0,

Fig. 8.3.4 %, In this case, one can draw a line at equal angles to all three principal stress
axes, the space diagonal. Along the space diagonal o, = o, = o, and so points on it are

in a state of hydrostatic stress.

Assume now, for the moment, that hydrostatic stress does not affect yield and consider
some arbitrary point A, (0'1 ,0,,0, ) = (a,b,c), on the yield surface, Fig. 8.3.4. A pure

hydrostatic stress o, can be superimposed on this stress state without affecting yield, so
any other point (¢,,0,,0,)=(a+0c,,b+0c,,c+0o,) will also be on the yield surface.

Examples of such points are shown at B, C and D, which are obtained from A by moving
along a line parallel to the space diagonal. The yield behaviour of the material is
therefore specified by a yield locus on a plane perpendicular to the space diagonal, and
the yield surface is generated by sliding this locus up and down the space diagonal.

as mentioned, one has a six dimensional stress space for an anisotropic material and this cannot be
visualised
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O;
hydrostatic stress .-

the & - plane

yield
locus

o . .
! deXiatoric stress

Figure 8.3.4: Yield locus/surface in three dimensional stress-space

The n-plane
Any surface in stress space can be described by an equation of the form

f(o,,0,,0,)= const (8.3.19)

and a normal to this surface is the gradient vector

o e + o e, + o e, (8.3.20)

oo, oo, oo,

where e, ,e,,e, are unit vectors along the stress space axes. In particular, any plane
perpendicular to the space diagonal is described by the equation

o, +0, + 0, =const (8.3.21)

Without loss of generality, one can choose as a representative plane the « — plane, which
is defined by o, + o, + o, =0. For example, the point (o,,5,,0;)=(1,-1,0) is on the n
— plane and, with yielding independent of hydrostatic stress, is equivalent to points in
principal stress space which differ by a hydrostatic stress, e.g. the points

(2,0,1), (0,-2,-1), etc.

The stress state at any point A represented by the vector ¢ = (01 N 03) can be regarded
as the sum of the stress state at the corresponding point on the  — plane, D, represented
by the vector s = (S, ,Ss, 33) together with a hydrostatic stress represented by the vector

pZ(O'm,O'm,O'm)I

(0-1’0-2903):(0-1 “ 00, =0n,0; _O-m)+(0m70m>am) (8322)
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The components of the first term/vector on the right here sum to zero since it lies on the «
— plane, and this is the deviatoric stress, whilst the hydrostatic stress is
o, =(o,+o,+0,)/3.

Projected view of the n-plane

Fig. 8.3.5a shows principal stress space and Fig. 8.3.5b shows the m — plane. The heavy
lines o, 05, o; in Fig. 8.3.5b represent the projections of the principal axes down onto
the 7 —plane (so one is “looking down” the space diagonal). Some points, A, B, C in
stress space and their projections onto the 7 —plane are also shown. Also shown is some
point D on the 7 —plane. It should be kept in mind that the deviatoric stress vector s in

the projected view of Fig. 8.3.5b is in reality a three dimensional vector (see the
corresponding vector in Fig. 8.3.5a).

oy
O;
ﬂ\
space
D, diagonal
S\ A
- >0,
()_!
B C ?
0,
(a) (b)

Figure 8.3.5: Stress space; (a) principal stress space, (b) the & — plane

Consider the more detailed Fig. 8.3.6 below. Point A here represents the stress state
(2,—1,0), as indicated by the arrows in the figure. It can also be “reached” in different
ways, for example it represents (3,0,1) and (1,—2,—1). These three stress states of course
differ by a hydrostatic stress. The actual 7 —plane value for A is the one for which
o,+0,+0,=0,ie (0,,0,,0,)=(5,.5,,5; )= (£,~%,—1). Points B and C also
represent multiple stress states { A Problem 7}.
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Figure 8.3.6: the n-plane

The bisectors of the principal plane projections, such as the dotted line in Fig. 8.3.6,
represent states of pure shear. For example, the 7 —plane value for point D is (0,2,—2),

corresponding to a pure shear in the o, — o, plane.

The dashed lines in Fig. 8.3.6 are helpful in that they allow us to plot and visualise stress
states easily. The distance between each dashed line along the directions of the projected
axes represents one unit of principal stress. Note, however, that these “units” are not
consistent with the actual magnitudes of the deviatoric vectors in the 7 —plane. To
create a more complete picture, note first that a unit vector along the space diagonal is

TR . s .
n, = [ 5 ﬁJ, Fig. 8.3.7. The components of this normal are the direction cosines; for

example, a unit normal along the ‘1’ principal axis is e, = [1,0,0] and so the angle 6,
between the ‘17 axis and the space diagonal is given by n , -e, =cos6, = % From Fig.

8.3.7, the angle @ between the ‘1’ axis and the 7 —plane is given by cosé = \/% , and so
a length of o, units gets projected down to a length s = |s| = \/%0', .

For example, point E in Fig. 8.3.6 represents a pure shear (al ,0,,0, ) = (2,—2,0), which is
on the 7 —plane. The length of the vector out to E in Fig. 8.3.6 is 2+/3 “units”. To
convert to actual magnitudes, multiply by \/é to get s = 242 , which agrees with

s=|s|=4/s2+52 +52 =427 +2% =2J2.
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space
diagonal

n-plane

|S|=\/%O'1

Figure 8.3.7: principal stress projected onto the m-plane

Typical n-plane Yield Loci

Consider next an arbitrary point (a,b,c) on the 7 —plane yield locus. If the material is
isotropic, the points (a,c,b), (b,a,c), (b,c,a), (c,a,b) and (c,b,a) are also on the yield
locus. If one assumes the same yield behaviour in tension as in compression, e.g.
neglecting the Bauschinger effect, then so also are the points (—a,—b,—c), (-a,—c,—b),
etc. Thus 1 point becomes 12 and one need only consider the yield locus in one 30°
sector of the 7 —plane, the rest of the locus being generated through symmetry. One such
sector is shown in Fig. 8.3.8, the axes of symmetry being the three projected principal
axes and their (pure shear) bisectors.

yield locus —

Figure 8.3.8: A typical sector of the yield locus

The Tresca and Von Mises Yield Loci in the n-plane

The Tresca criterion, Eqn. 8.3.7, is a regular hexagon in the 7 —plane as illustrated in Fig.
8.3.9. Which of the six sides of the locus is relevant depends on which of &, 7,, o, is

the maximum and which is the minimum, and whether they are tensile or compressive.
For example, yield at the pure shear o, =Y /2,0, =0,0, =Y /2 is indicated by point A

in the figure.
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Point B represents yield under uniaxial tension, o, =Y . The distance 0B, the

“magnitude” of the hexagon, is therefore \/gY ; the corresponding point on the 7 — plane
is (51,3253)= (%Y,_%Ya_% )

A criticism of the Tresca criterion is that there is a sudden change in the planes upon
which failure occurs upon a small change in stress at the sharp corners of the hexagon.

!
O3

(o)

Figure 8.3.9: The Tresca criterion in the n-plane

Consider now the Von Mises criterion. From Eqns. 8.3.10, 8.3.13, the criterion is
VI, =Y //3. From Eqn. 8.2.9, this can be re-written as

\S] +S)+s] = \EY (8.3.23)

Thus, the magnitude of the deviatoric stress vector is constant and one has a circular yield
locus with radius \/gY =2k , which transcribes the Tresca hexagon, as illustrated in Fig.
8.3.10.
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(o)

Figure 8.3.10: The Von Mises criterion in the nt-plane

The yield surface is a circular cylinder with axis along the space diagonal, Fig. 8.3.11.
The Tresca surface is a similar hexagonal cylinder.

O,

Tresca yield

s plane stress .
. yield locus (0;=0)

T - plane

yield locus (01+0,+0,=0)

0,

Figure 8.3.11: The Von Mises and Tresca yield surfaces

8.3.3 Haigh-Westergaard Stress Space

Thus far, yield criteria have been described in terms of principal stresses (o,,0,,0;). It

is often convenient to work with (p, S, 9) coordinates, Fig. 8.3.12; these cylindrical

coordinates are called Haigh-Westergaard coordinates. They are particularly useful for
describing and visualising geometrically pressure-dependent yield-criteria.
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The coordinates (p, s) are simply the magnitudes of, respectively, the hydrostatic stress
vector p =(o,,,0,,,0, ) and the deviatoric stress vector s = (s,,S,,5,). These are given

by (|s| can be obtained from Eqn. 8.2.9)
p=lp|=v30, =1,/\3, s=|§=42J, (8.3.24)

!
O,

() (b)
Figure 8.3.12: A point in stress space

6 is measured from the o] (S,) axis in the 7 —plane. To express € in terms of
invariants, consider a unit vector e in the 7 —plane in the direction of the o] axis; this is
the same vector n_ considered in Fig. 8.2.3 in connection with the octahedral shear
stress, and it has coordinates (c,,0,,0,)= (\/g,—ﬁ,—ﬁ), Fig. 8.3.12. The angle & can

now be obtained from s-e =Scosé {AProblem 9}:

3s
cosf = d (8.3.25)
243,
Further manipulation leads to the relation { A Problem 10}
J
cos36 = ﬁ 3 (8.3.26)

2 37

Since J, and J, are invariant, it follows that cos36@ is also. Note that J, enters
through cos36, and does not appear in p ors; itis J, which makes the yield locus
in the 7 -plane non-circular.

From Eqn. 8.3.25 and Fig. 8.3.12b, the deviatoric stresses can be expressed in terms
of the Haigh-Westergaard coordinates through
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% Jrf_km?ﬁm ed (8.3.27)

S, cos(2z/3+6

The principal stresses and the Haigh-Westergaard coordinates can then be related
through { A Problem 12}

o, 1P 5 cos®
o, |=—F=|p +\/:S cosl@—27/3 (8.3.28)
o, V3 P 3 |cos(6+27/3

In terms of the Haigh-Westergaard coordinates, the yield criteria are

Von Mises:  f(s)=1s>-k=0
(8.3.29)
Tresca f(s,0) =25 sin(6 + %)—Y =0

8.3.4 Pressure Dependent Yield Criteria

The Tresca and Von Mises criteria are independent of hydrostatic pressure and are
suitable for the modelling of plasticity in metals. For materials such as rock, soils and
concrete, however, there is a strong dependence on the hydrostatic pressure.

The Drucker-Prager Criteria

The Drucker-Prager criterion is a simple modification of the Von Mises criterion,
whereby the hydrostatic-dependent first invariant |, is introduced to the Von Mises Eqn.

8.3.13:

f(1,,d,)=al, +,/3, -k=0 (8.3.30)
with o is a new material parameter. On the 7 — plane, |, =0, and so the yield locus

there is as for the Von Mises criterion, a circle of radius J2k , Fig. 8.3.13a. Offthe 7 —
plane, the yield locus remains circular but the radius changes. When there is a state of
pure hydrostatic stress, the magnitude of the hydrostatic stress vector is { A Problem 13}

= |p| —k/3a, with s = |s| =0. For large pressures, o, =0, =0, <0, the |, term in

Eqn. 8.3.30 allows for large deviatoric stresses. This effect is shown in the meridian
plane in Fig. 8.3.13b, that is, the (p,s) plane which includes the o, axis.
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S
o;
7 - plane
-
ﬁki
meridian
plane k p
o, 0, Va
(a) (b)

Figure 8.3.13: The Drucker-Prager criterion; (a) the m-plane, (b) the Meridian
Plane

The Drucker-Prager surface is a right-circular cone with apex at p =k/ NEY , Fig. 8.3.14.
Note that the plane stress locus, where the cone intersects the o, =0 plane, is an ellipse,

but whose centre is off-axis, at some (o, < 0,0, <0).

_0-3

Figure 8.3.14: The Drucker-Prager yield surface

In terms of the Haigh-Westergaard coordinates, the yield criterion is

f(p,5)=~6ap+s—+2k=0 (8.3.31)

The Mohr Coulomb Criteria

The Mohr-Coulomb criterion is based on Coulomb’s 1773 friction equation, which can be
expressed in the form

lf|=c-o, tang (8.3.32)
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where ¢, ¢ are material constants; ¢ is called the cohesion® and ¢ is called the angle of
internal friction. 7 and o, are the shear and normal stresses acting on the plane where
failure occurs (through a shearing effect), Fig. 8.3.15, with tan ¢ playing the role of a
coefficient of friction. The criterion states that the larger the pressure — o, the more

shear the material can sustain. Note that the Mohr-Coulomb criterion can be considered
to be a generalised version of the Tresca criterion, since it reduces to Tresca’s when
$=0 with c =K.

Figure 8.3.15: Coulomb friction over a plane

This criterion not only includes a hydrostatic pressure effect, but also allows for different
yield behaviours in tension and in compression. Maintaining isotropy, there will now be
three lines of symmetry in any deviatoric plane, and a typical sector of the yield locus is
as shown in Fig. 8.3.16 (compare with Fig. 8.3.8)

yield locus —

Figure 8.3.16: A typical sector of the yield locus for an isotropic material with
different yield behaviour in tension and compression

Given values of ¢ and ¢, one can draw the failure locus (lines) of the Mohr-Coulomb
criterion in (o,,7) stress space, with intercepts 7 = +C and slopes + tan ¢, Fig. 8.3.17.
Given some stress state o, > o, > o, , a Mohr stress circle can be drawn also in (o,,7)

space (see §7.2.6). When the stress state is such that this circle reaches out and touches
the failure lines, yield occurs.

3 ¢ =0 corresponds to a cohesionless material such as sand or gravel, which has no strength in tension
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failure line

Figure 8.3.17: Mohr-Coulomb failure criterion

From Fig. 8.3.17, and noting that the large Mohr circle has centre (% (01 + 0, ),0) and

radius L(o, — o, ), one has

o, —

T= 3 cos¢
o t+o, o-0, . (8.3.33)
o, = + sin ¢
2 2
Thus the Mohr-Coulomb criterion in terms of principal stresses is
(o, -0;)=2ccosp— (o, + o, )sin g (8.3.34)

The strength of the Mohr-Coulomb material in uniaxial tension, f,,, and in uniaxial

compression, f,., are thus

_ 2Ccos¢ _ 2Ccos¢
" 1+sing’ e 1-sing

(8.3.35)

In terms of the Haigh-Westergaard coordinates, the yield criterion is
f(0,5,0) =2psing+~3ssin(0+Z)+scos(@+ Z)sing—/6ccosg =0  (8.3.36)

The Mohr-Coulomb yield surface in the 7 — plane and meridian plane are displayed
in Fig. 8.3.18. In the 7 — plane one has an irregular hexagon which can be
constructed from two lengths: the magnitude of the deviatoric stress in uniaxial
tension at yield, s,,, and the corresponding (larger) value in compression, S, ; these

are given by:

\/_fYc( Sln ¢), S \/_fYc( SIH ¢)

8.3.37
3+sing <0 3—sing ( )

to

Solid Mechanics Part I 274 Kelly



Section 8.3

In the meridian plane, the failure surface cuts the s =0 axis at p = J3ccot o

{ AProblem 14}.
S
oy
7 - plane
\ e
meridian

plane P

c0
o] o, MCcotqﬁ

(a) (b)
Figure 8.3.18: The Mohr-Coulomb criterion; (a) the m-plane, (b) the Meridian Plane
The Mohr-Coulomb surface is thus an irregular hexagonal pyramid, Fig. 8.3.19.

_0-3

Figure 8.3.19: The Mohr-Coulomb yield surface

By adjusting the material parameters «,K, C, ¢, the Drucker-Prager cone can be

made to match the Mohr-Coulomb hexagon, either inscribing it at the minor vertices,
or circumscribing it at the major vertices, Fig. 8.3.20.
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Figure 8.3.20: The Mohr-Coulomb and Drucker-Prager criteria matched in the -
plane

Capped Yield Surfaces

The Mohr-Coulomb and Drucker-Prager surfaces are open in that a pure hydrostatic
pressure can be applied without affecting yield. For many geomaterials, however, for
example soils, a large enough hydrostatic pressure will induce permanent deformation. In
these cases, a closed (capped) yield surface is more appropriate, for example the one
illustrated in Fig. 8.3.21.

Figure 8.3.21: a capped yield surface

An example is the modified Cam-Clay criterion:

33, ==L 1,M?(2p, +11,) or s=\/—%pM2(2pc+fp), p<0 (8.3.38)

with M and p, material constants. In terms of the standard geomechanics notation, it
reads

9> =M>p(2p, - p) (8.3.39)

where

1 1 3
R NI £ 8.3.40
PR RES TR RR 8240

The modified Cam-Clay locus in the meridian plane is shown in Fig. 8.3.22. Since S
is constant for any given p, the locus in planes parallel to the & - plane are circles.

The material parameter p, is called the critical state pressure, and is the pressure

which carries the maximum deviatoric stress. M is the slope of the dotted line
shown in Fig. 8.3.22, known as the critical state line.
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T - plane

’
, 7 Critical state line

p.M

2p,

Figure 8.3.22: The modified Cam-Clay criterion in the Meridian Plane

8.3.5 Anisotropy

Many materials will display anisotropy. For example metals which have been processed
by rolling will have characteristic material directions, the tensile yield stress in the
direction of rolling being typically 15% greater than that in the transverse direction. The
form of anisotropy exhibited by rolled sheets is such that the material properties are
symmetric about three mutually orthogonal planes. The lines of intersection of these
planes form an orthogonal set of axes known as the principal axes of anisotropy. The
axes are (a) in the rolling direction, (b) normal to the sheet, (c) in the plane of the sheet
but normal to rolling direction. This form of anisotropy is called orthotropy (see Part I,
§6.2.2). Hill (1948) proposed a yield condition for such a material which is a natural
generalisation of the Mises condition:

2f(‘7ij) = F(O'zz _633)2 +G(G33 _0-11)2 + H(O'n _0-22)2

(8.3.41)
+2Lol +2Mo’, +2No), —1=0

where F, G, H, L, M, N are material constants. It reduces to the Mises condition 8.3.12
when

3

3 6k

(8.3.42)

M _N_ 1
3

The 1, 2, 3 axes of reference in 8.3.41 are the principal axes of anisotropy. The form
appropriate for a general choice of axes can be derived by using the usual stress
transformation formulae. It is complicated and involves cross-terms such as o,,0,,, etc.

8.3.6 Problems

1. A material is to be loaded to a stress state

50 —-30 0
loy]=|-30 90 0| MPa
0 0 0
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What should be the minimum uniaxial yield stress of the material so that it does not
fail, according to the

(a) Tresca criterian

(b) Von Mises criterion

What do the theories predict when the yield stress of the material is S0OMPa?

Use Eqn. 8.2.6, J, =2 + 5% +52, — (8,55, + 51,55 +5535,, ) to derive Eqn. 8.3.12,
(0,,-0y,) +(0yp —0,) +(0y -0, ) + 6((7122 +05 +05 )= 6k, for the Von
Mises criterion.

2
. + -
Use the plane stress principal stress formula o, = 1% \/ [ 91" % j +o),
’ 2 2
to derive Eqn. 8.3.15 for the Taylor-Quinney tests.
Derive Eqn. 8.3.17 for the Taylor-Quinney tests.

Describe the states of stress represented by the points D and E in Fig. 8.3.3. (the
complete stress states can be visualised with the help of Mohr’s circles of stress, Fig.
7.2.16.)

Suppose that, in the Taylor and Quinney tension-torsion tests, one has o =Y /2 and

7 =+/3Y /4. Plot this stress state in the 2D principal stress state, Fig. 8.3.3. (Use
Eqn. 8.3.15 to evaluate the principal stresses.) Keeping now the normal stress at

o =Y /2, what value can the shear stress be increased to before the material yields,
according to the von Mises criterion?

What are the 7 —plane principal stress values for the points B and C in Fig. 8.3.6?

Sketch on the 7 —plane Fig. 8.3.6 a line corresponding to o, = o, and also a region
corresponding to o, > o, >0> o,

V3s,
2

Using the relation s-e=scos@ and s, +S, =—S,, derive Eqn. 8.3.25, cos@ =

Using the trigonometric relation cos36 = 4cos® #—3cos@ and Eqn. 8.3.25,

3\/gsl (Sz

3s
cosf = 3 L, show that cos36 = T =J, ) Then using the relations 8.2.6,

23, 27"
343 J,

J, = —(Sls2 +5,8; +5,5, ), with J, =0, derive Eqn. 8.3.26, cos360 = ENEEE
2

Consider the following stress states. For each one, evaluate the space coordinates
(0,8,0) and plot in the 7 —plane (see Fig. 8.3.12b):

(a) triaxial tension: o, =T, >0, =0, =T, >0
(b) triaxial compression: o; =—p, <o, =0, =—pP, <0 (this is an important test for
geomaterials, which are dependent on the hydrostatic pressure)
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(c) apure shear o,, =7: 0, =47, 0,=0, 0y, =-7
(d) a pure shear o,, =7 in the presence of hydrostatic pressure p:

o, =—p+r, 0,=-p, 0,=—pP-7,1e. 0,0, =0, — O,
12. Use relations 8.3.24, p =1, /3,5 = \J2J, and Eqns. 8.3.27 to derive Eqns. 8.3.28.

13. Show that the magnitude of the hydrostatic stress vector is p = |p| =k /3 for the

Drucker-Prager yield criterion when the deviatoric stress is zero

14. Show that the magnitude of the hydrostatic stress vector is p = J3cceot ¢ for the
Mohr-Coulomb yield criterion when the deviatoric stress is zero

15. Show that, for a Mohr-Coulomb material, sing = (r —1)/(r +1), where r = f, / f,, is
the compressive to tensile strength ratio

16. A sample of concrete is subjected to a stress o, =0,, =—p, 0;; =—Ap where the

constant A > 1. Using the Mohr-Coulomb criterion and the result of Problem 15,
show that the material will not fail provided A< f,./p+r
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8.4 Elastic Perfectly Plastic Materials

Once yield occurs, a material will deform plastically. Predicting and modelling this
plastic deformation is the topic of this section. For the most part, in this section, the
material will be assumed to be perfectly plastic, that is, there is no work hardening.

8.4.1 Plastic Strain Increments

When examining the strains in a plastic material, it should be emphasised that one works
with increments in strain rather than a total accumulated strain. One reason for this is
that when a material is subjected to a certain stress state, the corresponding strain state
could be one of many. Similarly, the strain state could correspond to many different
stress states. Examples of this state of affairs are shown in Fig. 8.4.1.

Figure 8.4.1: stress-strain curve; (a) different strains at a certain stress, (b) different
stress at a certain strain

One cannot therefore make use of stress-strain relations in plastic regions (except in some
special cases), since there is no unique relationship between the current stress and the
current strain. However, one can relate the current stress to the current increment in
strain, and these are the “stress-strain” laws which are used in plasticity theory. The total
strain can be obtained by summing up, or integrating, the strain increments.

8.4.2 The Prandtl-Reuss Equations

An increment in strain de can be decomposed into an elastic part de® and a plastic part
deP. If the material is isotropic, it is reasonable to suppose that the principal plastic
strain increments dg,” are proportional to the principal deviatoric stresses S, :

p p p
da _dey 927 459 (8.4.1)
sl SZ S3

This relation only gives the ratios of the plastic strain increments to the deviatoric
stresses. To determine the precise relationship, one must specify the positive scalar dA4
(see later). Note that the plastic volume constancy is inherent in this relation:

def +de) +def =0.
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Eqns. 8.4.1 are in terms of the principal deviatoric stresses and principal plastic strain
increments. In terms of Cartesian coordinates, one has

del

p p p p p
XX dé‘yy — dgzz — dé‘xy — dgxz _ dgyl

S S s S s s

XX yy 2z Xy Xz yz

=dA (8.4.2)

or, succinctly,

P _
dey =504 (8.4.3)
These equations are often expressed in the alternative forms
dep —de), _ de), —de) _ def —de, _ de), —de), o —di (844
SXX—Syy Syy—SZZ Ow — Oy O, —0,
or, dividing by dt to get the rate equations,
s P L P s P s P
Eo —E En —E .
S Oy O Ty ) (8.4.5)
SXX—Syy Ow — Oy
In terms of actual stresses, one has, from 8.2.3,
dep =2di|o,, —%(O'yy + O'ZZ)
dg)?y = %dﬂ' ny _%(O-ZZ + O-xx
de) =2dilo, —%(Gxx +o, (8.4.6)

def =dio,,
dey, =dio,,
deb =dio,,

This plastic stress-strain law is known as a flow rule. Other flow rules will be considered
later on. Note that one cannot propose a flow rule which gives the plastic strain
increments as explicit functions of the stress, otherwise the yield criterion might not be
met (in particular, when there is strain hardening); one must include the to-be-determined
scalar plastic multiplier 4. The plastic multiplier is determined by ensuring the stress-
state lies on the yield surface during plastic flow.

The full elastic-plastic stress-strain relations are now, using Hooke’s law,
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de, = é[do*XX —v(dayy +do,, )]Jr%d/i_axx —%(O'W +0, )—
dgyy = é[dayy —V(dGXX +do,, )]+§d/1 o, —%(GZZ + O'XX)
de,, = é[dazz —v(dO'XX + dO'yy )]+§d/1_0'zz —%(O‘XX + O'yy) (8.4.7)

1+v

dgxy = ?do-xy + dﬂ,O'xy

1+v

de, = ?dayz +dio,,

de, = Vdo +dic,
E
or
1+v v
deij = ?daij _E5ijd0'kk +d/13ij

These expressions are called the Prandtl-Reuss equations. If the first, elastic, terms are
neglected, they are known as the Lévy-Mises equations.

8.4.3 Application: Plane Strain Compression of a Block

Consider the plane strain compression of a thick block, Fig. 8.4.2. The block is subjected
to an increasing pressure o,, =—p, is constrained in the z direction, so ¢,, =0, and is

free to move in the y direction, so o, =0.

\ YA

\ Rigid Walls

Figure 8.4.2: Plane strain compression of a thick block

The solution to the elastic problem is obtained from 8.4.7 (disregarding the plastic terms).
One finds that { A Problem 1}

O =P, 0, =W, &y :__(l_vz)ﬂ €y =+EV(1+V) (848)
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and all other stress and strain components are zero. In this elastic phase, the principal
stresses are clearly

o,=0,=0>0,=0, >0,=0, (8.4.9)

The Prandtl-Reuss equations are

dgxx = i[do-xx _Vdo-zz]—i_gd/l O _lo-zz:|
E 3 2

dgyy :_%(do-xx +do—zz)_%dﬂ'(6xx +O—zz) (8410)

de,, =i[dc)'ZZ —vd(fxx]+gd/1 —laxx +0'ZZ}
E 3 1 2

The magnitude of the plastic straining is determined by the multiplier dA4. This can be
evaluated by noting that plastic deformation proceeds so long as the stress state remains
on the yield surface, the so-called consistency condition. By definition, a perfectly
plastic material is one whose yield surface remains unchanged during deformation.

A Tresca Material

Take now the Tresca yield criterion, which states that yield occurs when o, =—Y , where

Y is the uniaxial yield stress (in compression). Assume further perfect plasticity, so that
o, =—Y holds during all subsequent plastic flow. Thus, with do,, =0, and since

de, =0, 8.4.10 reduce to

de, = ——do,, —gdz[v +lazz}
E 3 2

de :—%dozz +%d/1(Y—0'ZZ) (8.4.11)

yy
1

0=—do, +Edﬂ,[lY +GZZ:|
E 3 2

Thus
di=—> 9% (8.4.12)
E20,+Y
and, eliminating d4 from Eqns. 8.4.11 { AProblem 2},
1 1 o,
Edgxx :_Vdo-zz +Y —Y/2do-zz +5—Y/2d0'zz
e *1 17 ; (8.4.13)
Bd¢,, =-wWdo, -————F——do, + - ———do,
20,+Y/2 20,+Y/2

Using the relation
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J' X_dx=x-aln(x+a) (8.4.14)
X+a

and the initial (yield point) conditions, i.e. Eqns. 8.4.8 with p =Y , one can integrate
8.4.13 to get { AProblem 2}

- (o2
R W EE 720 TR A T
Y 4 \1+20,/Y ) 2 Y 2 o,
§ , <-v  (84.15)
E 3 1-2v 1 o, 3 Y
— &y =+—In ——— +—(1—2V)—+—v
Y 4 1+20,/Y ) 2 Y

The stress-strain curves are shown in Fig. 8.4.3 below for v = 0.3. Note that, for a typical

metal, E/Y ~10°, and so the strains are very small right through the plastic compression;
the plastic strains are of comparable size to the elastic strains. There is a rapid change of
stress and then little change once o,, has approached close to its limiting value of —Y /2.

The above plastic analysis was based on o,, remaining the minimum principal stress.
This assumption has proved to be valid, since o,, remains between 0 and —Y in the
plastic region.

—v
%z s -0.4 -0.3 -0.2 -0.1
Yy TR0
"""" 1os é—v(l+v)
-~ elastic -
L, < -(-v?)
—& -
yy
115 E
—¢
8XX 2
125

Figure 8.4.3: Stress-strain results for plane strain compression of a thick block for
v=03

A Von Mises Material

Slightly different results are obtained with the Von Mises yield criterion, Eqn. 8.4.11,
which for this problem reads
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o, —-0,0,+0., =Y (8.4.16)

XX 7z

The Prandtl-Reuss equations can be solved by making the substitution

O = —ﬁcose (8.4.17)
V3
in the plastic region. In what follows, use is made of the trigonometric relations
sin(Z - 0) = lcos9 —ﬁsiné’
6 2 2 (8.4.18)

cos| £ -0 £0059+lsin9
6 2 2
From Eqn. 8.4.16,
o, = —ﬁsin(f - 6) (8.4.19)
J3 o \6

Substituting into 8.4.10 then leads to

E 2 T 1 T
—deg,, =—=<|sinf@—-vcos] ——0 ||d0 ——=EdAcos| — -0
Y % 3 { £6 H V3 (6 j}

gdgyy _ % - v(sin 0+ cos(% - QDde —% Ed){— cos 6 — sin(% - HD} (8.4.20)
E 2 Vs 1

—deg,, =—=1|cos| ——@ |-vsin@ |[df +—=EdAsind

e, = gyl eo{ 0] vamo oo }

Using de,, =0 leads to

\/5 COS[Z - 6’) —vsin@

di=- . do (8.4.21)
E sind
and
E de,, = 2 (1- 21/)cos(Z - 6’) + 3 cosecd :dd (8.4.22)
Y 3 6 4
An integration gives
ngx = —i(1—2v)sin(£—9j+£ln tang +C (8.4.23)
Y 3 6 2 2
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To determine the constant of integration, consider again the conditions at first yield.
Suppose the block first yields when &, reaches o,. Then o) =vo) and

ot e Y (8.4.24)

XX P
Vl—-v+v

Note that in this case it is predicted that first yield occurs when o,, <—Y . From Eqn.
8.4.17, the value of @ at first yield is

J3

1-2v

cos@’ =————— or tanf’ = (8.4.25)
2Vl —v+v? 3
Thus, with &, = o (1-v?)/E at yield,
Y
C=—l-v+v? —glntemT (8.4.26)

and so

0
tan —cot —

—Eg =i(l—2v)sin(£—9]+£ln
Y 6 2

Y
" 0 +Nl-v+v?  (8.4.27)
V3 2

This leads to a similar stress-strain curve as for the Tresca criterion, only now the limiting
value of o,, 1s =Y /3 ~—0.58Y .

8.4.4 Application: Combined Tension/Torsion of a thin walled
tube

Consider now the combined tension/torsion of a thin-walled tube as in the
Taylor/Quinney tests. The only stresses in the tube are o,, = o due to the tension along

the axial direction and o,, =7 due to the torsion. The Prandtl-Reuss equations reduce to

de, = Ldo, +2dio,
E 3

de,, =ds, = —%daxx —%dxlaxx (8.4.28)

1+v

de,, = £ do, +dioc,,

Consider the case where the tube is twisted up to the yield point. Torsion is then halted
and tension is applied, holding the angle of twist constant. In that case, during the
tension, de,, =0 and so { A Problem 3}
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=—do-————o0 (8.4.29)

If one takes the Von Mises criterion, then o> +37> =Y ? (see Eqn. 8.3.17). Assuming
perfect plasticity, one has { A Problem 4},

2
de,, = L do+ 21TV 0749 (8.4.30)
E 3 E Y -0
Using the relation
2
[ 2dx=—x+iln(a+xj, (8431)
a’ —x 2 \a-xX
an integration leads to { A Problem 5}
LR (W LAy v)h{l i J/Yj (8.4.32)
Y 3 Y l1-o/Y

This result is plotted in Fig. 8.4.4. Note that, with o> +37> =Y ?, as o increases
(rapidly) to its limiting value Y , 7 decreases from its yield value of Y / V3 to zero.

0 0.2 0.4 0.6 0.8 1y

Figure 8.4.4: Stress-strain results for combined tension/torsion of a thin walled tube
for v=03

8.45 The Tresca Flow Rule

The flow rule used in the preceding applications was the Prandtl-Reuss rule 8.4.7. Many
other flow rules have been proposed. For example, the Tresca flow rule is simply (for
o, >0, >0,)
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de =+dA
def =0 (8.4.33)
def =-dA

This flow rule will be used in the next section, which details the classic solution for the
plastic deformation and failure of a thick cylinder under internal pressure.

A unifying theory of flow rules will be presented in a later section, in which the reason
for the name “Treca flow rule” will become clear.

8.4.6 Problems

1. Derive the elastic strains for the plane strain compression of a thick block, Eqns.
8.4.8.

2. Derive Eqns. 8.4.13 and 8.4.15

3. Derive Eqn. 8.4.29

4. Use Eqn. 8.3.17 to show that odz /7 = —O'sz/(Y 2 - 02) and hence derive Eqn.
8.4.30

5. Derive Eqns. 8.4.32

6. Does the axial stress-stress curve of Fig. 8.4.4 differ when the Tresca criterion is
used?

7. Consider the uniaxial straining of a perfectly plastic isotropic Von Mises metallic
block. There is only one non-zero strain, ¢,,. One only need consider two stresses,

o

w0y, Since o, = o, by isotropy.
(i)  Write down the two relevant Prandtl-Reuss equations
(i) Evaluate the stresses and strains at first yield

(iii) For plastic flow, show that do,, = do, and that the plastic modulus is
do E

XX

de, 3(1-2v)

8. Consider the combined tension-torsion of a thin-walled cylindrical tube. The tube is
made of a perfectly plastic Von Mises metal and Y is the uniaxial yield strength in
tension. The only stresses are o,, = o and o,, =7 and the Prandtl-Reuss equations

reduce to
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de, = ldO'XX + gdxltrxX
E 3

de,, =de, =L do, —~dio,,
E 3

1+v

de,, = E do,, +dio,,

The axial strain is increased from zero until yielding occurs (with &,, =0). From first

yield, the axial strain is held constant and the shear strain is increased up to its final
value of (1+v)Y /+3E

(i) Write down the yield criterion in terms of ¢ and 7 only and sketch the yield
locus in o — 7 space

(i1) Evaluate the stresses and strains at first yield

(iii)Evaluate dA in terms of o, do

(iv)Relate o, do to 7, dz and hence derive a differential equation for shear strain in

terms of 7 only
(v) Solve the differential equation and evaluate any constant of integration

(vi)Evaluate the shear stress when &,, reaches its final value of (1+v)Y /\3E.

Taking v=1/2, put in the form 7 = oY with « to 3 d.p.
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8.5 The Internally Pressurised Cylinder

8.5.1 Elastic Solution

Consider the problem of a long thick hollow cylinder, with internal and external radii a
and b, subjected to an internal pressure p. This can be regarded as a plane problem, with
stress and strain independent of the axial direction z. The solution to the axisymmetric
elastic problem is (see §4.3.5)

e
" b*/a* -1
G%Zerbz/errl
b*/a* -1 (8.5.1)
o, =v(0'rr +0'99)+ Ee,,
S

There are no shear stresses and these are the principal stresses.

Axial Force
The axial force in the tube is the resultant of the o, stress:
27hb 27h
P=[[o,rdrdo = [[[Es, +v(o, +o,,)lrdrde (8.5.2)
0 a 0a

Assuming the strain &,, to be constant over any cross section,

27b

P= Egir +v c,+0 rdrdH
“ w) (8.5.3)

= Eeuiz(b2 —-a )+ 2vapa’
Axial Strain and End Conditions

There are three possible end-conditions, assuming &,, to be constant (from which it
follows that o,, is constant):

(1) open-ended: the resultant axial force is zero and so, since o, is constant,

o,, =0. This is equivalent to plane stress.

(2) closed-ended: the resultant axial force is o,, times the cylinder’s cross-sectional
area 7z(b2 - az) and this is balanced by the internal pressure p acting over the end
area 7a’, so that o, = p/(b2 /a* - 1): (o, +0,). Thisis a strain state known
as generalised plane strain, where ¢,, is constant but non-zero.
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(3) plane strain: it is assumed that &,, =0, so that
o, =2 /(b2 /a’ —1)= vio, +0,)

The end-conditions can be summarised as

alE
Ep=Pp—7F— 8.5.4
“Tprat -1 (8:34)
where
1-2v closed end
a=<5 0 plane strain (8.5.5)
-2v open end

8.5.2 Plastic Solution

The pressure is now increased so that the cylinder begins to deform plastically. It will be
assumed that the material is isotropic and elastic perfectly-plastic and that it satisfies the
Tresca criterion.

First Yield

It can be seen from 8.5.1, 8.5.4-5, that o, > o,, > 0> o, and so the Tresca criterion
reads

b2 /r?

—_— = 8.5.6
b?/a’ -1 ( )

Oy 0| =0p —On =2p

This expression has its maximum value at the inner surface, r = a, and hence it is here
that plastic flow first begins. From the above, plastic deformation begins when

2

a
Piow = k[l - b_zj (857)

irrespective of the end conditions.
Confined Plastic Flow and Collapse

As the pressure increases above Py, , the plastic region spreads out from the inner face;

suppose that it reaches out to r = c. With the material perfectly plastic, the material in
the annulus a < r < c satisfies the yield condition 8.5.6 at all times. Consider now the
equilibrium of this plastic material. Since this is an axi-symmetric problem, there is only
one equilibrium equation:
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do 1
dr r (Grr 09'9) ( )
It follows that
d(;‘rr Sk o, =2klnr+C,. (8.5.9)
r r

The constant of integration can be obtained from the pressure boundary condition at
r =a, leading to

o, =—-p+2kin(r/a) (a<r<c) (8.5.10)

The stresses in the elastic region are again given by the elastic stress solution 8.5.1, only
with a replaced by ¢ and the pressure p is now replaced by the pressure exerted by the
plastic region at r =c, i.e. p—2k ln(c/a).

The precise location of the boundary ¢ can be obtained by noting that the elastic stresses
must satisfy the yield criterion at r =c. Since in the elastic region,

2 2
G- =2p—2KkIn(e/a) 2T (c<r<b) (8.5.11)
b*/c” -1
one has from (o, —o,,),_. =2k that
p=2kIn(c/a)+k(1—-c*/b*) (8.5.12)
Fig. 8.5.1 shows a plot of Eqn. 8.5.12.
p/k=2In(b/a)
P
k
p/k=1-a’/b?
c=a C c=b

Figure 8.5.1: Extent of the plastic region r = ¢ during confined plastic flow

The complete cylinder will become plastic when € reaches b, or when the pressure
reaches the collapse pressure (or ultimate pressure)

p, =2kIn(b/a). (8.5.13)
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This problem illustrates a number of features of elastic-plastic problems in general. First,
confined plastic flow occurs. This is where the plastic region is surrounded by an elastic
region, and so the plastic strains are of the same order as the elastic strains. It is only
when the pressure reaches the collapse pressure does catastrophic failure occur.

Stress Field

Using 8.5.12, the stresses in the elastic region can be shown to be

C2 bZ
099=+kb_2£_2+1] , C€<r<b (8.5.14)
o, :+2kv;—2+ Ee,

For the plastic region, the radial and hoop stresses can be obtained from 8.5.10 and 8.5.6.
The Tresca flow rule, 8.4.33, implies that &” =0 and ¢,, is purely elastic. Thus the
elastic relation o, =v(o,, + o, )+ Ee,, holds also in the plastic region, and

2
O, = —k(l—c—2+2ln£j
b r

c? C

O'ge=+k(l+b—2—2ln—j , asrsc (8.5.13)
r

2
o, = +2kv(c—2—21n£j+ Ee,

b r

To determine the axial strain, consider again the axial force. First, using the equation of
equilibrium 8.5.8,
(Grr + 0-190 )r = r(o'ae ~— Oy )+ 2rGrr

- r2%+2r0" (8.5.16)
r

d
= E(I’ZO'”)
Then, from 8.5.2,

P= Egzziz(b2 - a2)+ v2iz[r20'rr ]Z

(8.5.17)
= Egzziz(b2 -a’ )+ 2vapa’

This axial force is the same as Eqn. 8.5.3. In other words, although o,, in general varies

in the plastic zone, the axial force is independent of the plastic zone size ¢. Eqns. 8.5.3-4
are therefore again valid here and
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a c’? c
Egzz :km(l——'f—ZlngJ (8518)

From the third of 8.5.15, o,, > 0 for the closed-end and plane strain conditions. For the

open-end condition, the axial stress is tensile in some parts and negative in other parts (so
that the resultant force is P = 0) — note that this is not now a condition of plane stress.

As an example, consider the case of a=1, b =2, with ¢ =1.5. The stresses for this case
are plotted in Fig. 8.5.2.

closed

/, plane strain

elastic

plastic

Figure 8.5.2: Stress field in the cylinder for the caseof a=1,b=2,c=1.5

Displacement

In the elastic region, the strains are given by Hooke’s law

1
Ey = % (1 - V)O-rr —VOygy ]_ Ve,
! (8.5.19)
Egp = % [(1 - V)O-HG —VOo, ]_ Ve,
From the definition of strain
du,
grr = d
' (8.5.20)
ul’
€0 = "

and 8.5.14,
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1+vc?

:k—

b2
u, = b—z((l—zv)r+TJ—vreu, c<r<b (8.5.21)

Now, from 8.4.33,

_ e e
grr + 890 - grr + ‘96’0

= 2l1-v)o + o)~ 200,

- 1w, +0)-20(Es, ko, sou)]
_ (14 V)I(_:l ~2v) (0. +0,)-2ve,
Using 8.5.16 and 8.5.19, one has
%(rur )= (Lv)i-2v) V)(El - ZV)%(rZO'” )-2ure, (8.5.23)
which integrates to
u, ZWW” -Ue, +% (8.5.24)

Equations 8.5.22-24 are valid in both the elastic and plastic regions. The constant of
integration can be obtained from the condition o,, =0 at r =b, when u, equals the

elastic displacement 8.5.21, and so C = 2k(1 - v2)02 /E and

2 2
u =wra +2k 1_V)C -

. " »» @=sr<c (8.5.25)
E Er

8.5.3 Unloading
Residual Stress

Suppose that the cylinder is loaded beyond py,, but not up to the collapse pressure, to a

pressure p, say. Itis then unloaded completely. After unloading the cylinder is still

subjected to a stress field — these stresses which are locked into the cylinder are called
residual stresses. If the unloading process is fully elastic, the new stresses are obtained
by subtracting 8.5.1 from 8.5.14-15. Using Eqn. 8.5.7 { AProblem 1},
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2 2 2
o,y =+k C_z_& (a_+3_} c<r<h (8.5.26)
a pﬂow r b
2 2
o, =+2kv C—z— Po 12
a pﬂow b
2
o, =—k| P12 |_am !
pﬂow r a
2
o, =k _Po 1+a_2 —2-2mnt|, a<r<c (8.5.27)
pflow r a
o, =—2kv| P _1_om!
pflow a

Again consider as an example the case a=1, b =2, with ¢ =1.5, for which

Prow 375, Po_g 624 (8.5.28)
2k
The residual stresses are as shown in Fig. 8.5.3.
0.2]
. 1 12 l4—" 18 8 2 1/a
v o, /2k
0205 /2K i
-0.47 E
o,/ 2K E
-0.67 , i )
plastic ' elastic

Figure 8.5.3: Residual stresses in the unloaded cylinder for the case of
a=1,b=2,¢c=1.5

Note that the axial strain, being purely elastic, is completely removed, and the axial stress
is independent of the end condition.
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There is the possibility that if the original pressure p, is very large, the unloading will
lead to compressive yield. The maximum value of |009 - arr| occurs at I = a, where it
equals 2k(p0 ! Piow — 1) and so, neglecting any Bauschinger effect, yield will occur if

Py = 2P Yielding will not occur right up to the collapse pressure p, if the wall ratio

b/a is such that p, = p, <2Pgo- From 8.5.7 and 8.5.13, this reads as

2
1n§ < 2(1 - Z—ZJ (8.5.29)

The largest wall ratio for which the unloading is completely elastic is b/a ~ 2.22. For
larger wall ratios, a new plastic zone will develop at the inner wall in which
Oy — 0, =—2K.

Shakedown

When the cylinder is initially loaded, plasticity begins at a pressure p = p Ifitis

flow *

loaded to some pressure p,,with P, < Py < 2P 40w > then unloading will be completely

elastic. When the cylinder is reloaded again it will remain elastic up to pressure p,. In

this way, it is possible to strengthen the cylinder by an initial loading; theoretically it is
possible to increase the flow pressure by a factor of 2. This maximum possible new flow
pressure is called the shakedown pressure p, = min(Z P fiows Pu ) Shakedown is said to

have occurred when any subsequent loading/unloading cycles are purely elastic. The
strengthening of the cylinder is due to the compressive residual hoop stresses at the inner
wall — similar to the way a barrel can be strengthened with hoops. This method of
strengthening is termed autofrettage, a French term meaning “self-hooping”.

8.5.4 Validity of the Solution

One needs to check whether the assumption of the ordering of the principal stresses,
Oy > 0, > O, ,holds through the deformation. It can be confirmed that the inequality

>

o, 20, alwaysholds. For the inequality o,, > o

7 —

consider the inequality

7z

04 — 0, 2 0. The quantity on the left is a minimum when r = a, where it equals

c’ c a c’ c
k|:(1—21/{1+b—2—21HEJ+2V—m(1—b—2+2lng):| (8530)

This quantity must be positive for all values of ¢ up to the maximum value b, where it
takes its minimum value, and so one must have

b a b
2(1—2v)(1—1n—J+2v—m(21n—Jzo (8.5.31)

a a
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The solution is thus valid only for limited values of b/a. For v =0.3, one must have
b/a<5.43 (closed ends), b/a <5.75 (plane strain), b/a < 6.19 (open ends). For higher
wall ratios, the axial stress becomes equal to the hoop stress. In this case, a solution
based on large changes in geometry is necessary for higher pressures.

8.5.5 Problems

1. Derive Eqgns. 8.5.26-27.
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Hardening

In the applications discussed in the preceding two sections, the material was assumed
to be perfectly plastic. The issue of hardening (softening) materials is addressed in
this section.

8.6.1 Hardening

In the one-dimensional (uniaxial test) case, a specimen will deform up to yield and
then generally harden, Fig. 8.6.1. Also shown in the figure is the perfectly-plastic
idealisation. In the perfectly plastic case, once the stress reaches the yield point (A),
plastic deformation ensues, so long as the stress is maintained at Y. If the stress is
reduced, elastic unloading occurs. In the hardening case, once yield occurs, the stress
needs to be continually increased in order to drive the plastic deformation. If the
stress is held constant, for example at B, no further plastic deformation will occur; at
the same time, no elastic unloading will occur. Note that this condition cannot occur
in the perfectly-plastic case, where there is one of plastic deformation or elastic
unloading.

stress hardening

perfectly-plastic

Yield point Y |----

elastic
unload

0 strain

Figure 8.6.1: uniaxial stress-strain curve (for a typical metal)

These ideas can be extended to the multiaxial case, where the initial yield surface will
be of the form

fo(0,) =0 (8.6.1)

In the perfectly plastic case, the yield surface remains unchanged.. In the more
general case, the yield surface may change size, shape and position, and can be
described by

f(oy.K;)=0 (8.6.2)

ij>

Here, K, represents one or more hardening parameters, which change during plastic
deformation and determine the evolution of the yield surface. They may be scalars or

Solid Mechanics Part I1 299 Kelly



Section 8.6

higher-order tensors. At first yield, the hardening parameters are zero,
and f(0;;,0) = f,(oy).

ij

The description of how the yield surface changes with plastic deformation, Eqn. 8.6.2,
is called the hardening rule.

Strain Softening
Materials can also strain soften, for example soils. In this case, the stress-strain

curve “turns down”, as in Fig. 8.6.2. The yield surface for such a material will in
general decrease in size with further straining.

stress

strain
0

Figure 8.6.2: uniaxial stress-strain curve for a strain-softening material

8.6.2 Hardening Rules
A number of different hardening rules are discussed in this section.
Isotropic Hardening

Isotropic hardening is where the yield surface remains the same shape but expands
with increasing stress, Fig. 8.6.3.

In particular, the yield function takes the form

f(o,,K) = f,(0,)-K =0 (8.6.3)

]2

The shape of the yield function is specified by the initial yield function and its size
changes as the hardening parameter K changes.

Solid Mechanics Part I1 300 Kelly



Section 8.6

elastic
0, unloading

plastic
deformation
(hardening)
stress at
initial yield

subsequent
yield surfac

elastic
loading

initial yield
surface

Figure 8.6.3: isotropic hardening

For example, consider the Von Mises yield surface. At initial yield, one has

fo(aij):%\/(al _0-2)2 +(‘72 _63)2 +(G3 _61)2 =Y
=33, -Y (8.6.4)

— 3
= /35S -Y

where Y is the yield stress in uniaxial tension. Subsequently, one has

f(oy.K,)=4/33, -Y =K =0 (8.6.5)

ij°

The initial cylindrical yield surface in stress-space with radius \/gY (see Fig. 8.3.11)
develops with radius \/g (Y + K) The details of how the hardening parameter K

actually changes with plastic deformation have not yet been specified.

As another example, consider the Drucker-Prager criterion, Eqn. 8.3.30,
fo(aij)z al, +4/J, —k=0. In uniaxial tension, |, =Y, \/I =Y /43,50
k= (a +1/43 )Y . Isotropic hardening can then be expressed as

f(aij,Ki)zm(allJr\/I)—Y—K:O (8.6.6)

Kinematic Hardening

The isotropic model implies that, if the yield strength in tension and compression are
initially the same, i.e. the yield surface is symmetric about the stress axes, they remain
equal as the yield surface develops with plastic strain. In order to model the
Bauschinger effect, and similar responses, where a hardening in tension will lead to a
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softening in a subsequent compression, one can use the kinematic hardening rule.
This is where the yield surface remains the same shape and size but merely translates
in stress space, Fig. 8.6.4.

elastic plastic
. ) unloading deformation
elas.tlc (hardening)
loading

stress at
initial yield
initial yield
surface subsequent
yield surface
Figure 8.6.4: kinematic hardening
The yield function now takes the general form
f(oy.Ki) = fo(oy —a;) =0 (8.6.7)

The hardening parameter here is the stress «;; , known as the back-stress or shift-

ij?

stress; the yield surface is shifted relative to the stress-space axes by «;;, Fig. 8.6.5.
0,
initial yield i
surface
subsequent
o, loading
surface

Figure 8.6.5: kinematic hardening; a shift by the back-stress

For example, again considering the Von Mises material, one has, from 8.6.4, and
using the deviatoric part of 6 — a rather than the deviatoric part of o,

f(o-ij’Ki): \/%(sij _ai(jj )(S; _ai?) —Y =0 (8.6.8)

where a® is the deviatoric part of . Again, the details of how the hardening
parameter «; might change with deformation will be discussed later.
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Other Hardening Rules

More complex hardening rules can be used. For example, the mixed hardening rule
combines features of both the isotropic and kinematic hardening models, and the
loading function takes the general form

floy. K, )= foloy —a;) K =0 (8.6.9)

The hardening parameters are now the scalar K and the tensor ¢

8.6.3 The Flow Curve

In order to model plastic deformation and hardening in a complex three-dimensional
geometry, one will generally have to use but the data from a simple test. For
example, in the uniaxial tension test, one will have the data shown in Fig. 8.6.6a, with
stress plotted against plastic strain. The idea now is to define a scalar effective stress
6 and a scalar effective plastic strain £°, functions respectively of the stresses and
plastic strains in the loaded body. The following hypothesis is then introduced: a plot
of effective stress against effective plastic strain follows the same universal plastic
stress-strain curve as in the uniaxial case. This assumed universal curve is known as
the flow curve.

The question now is: how should one define the effective stress and the effective
plastic strain?

- o =h(s?) s 6 =h(z?)
Y Y
0 (a) g 0 (b) i

Figure 8.6.6: the flow curve; (a) uniaxial stress — plastic strain curve, (b) effective
stress — effective plastic strain curve

8.6.4 A Von Mises Material with Isotropic Hardening

Consider a Von Mises material. Here, it is appropriate to define the effective stress to
be

(o, )=133, (8.6.10)
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This has the essential property that, in the uniaxial case, &(Uij ): Y . (In the same

way, for example, the effective stress for the Drucker-Prager material, Eqn. 8.6.6,

would be &{c; )= (e, ++/3, )@ +1/4/3) )

For the effective plastic strain, one possibility is to define it in the following rather
intuitive, non-rigorous, way. The deviatoric stress s and plastic strain (increment)

tensor dg® are of a similar character. In particular, their traces are zero, albeit for
different physical reasons; J, =0 because of independence of hydrostatic pressure,

del =0 because of material incompressibility in the plastic range. For this reason,
one chooses the effective plastic strain (increment) d£® to be a similar function of

de) as & is of the s;. Thus, in lieu of & = /3s;S; , one chooses

2 °ij2ij »
dé? =C,/dede . One can determine the constant C by ensuring that the

expression reduces to dé” =deg P in the uniaxial case. Considering this uniaxial case,

defl =deP, de), =def, =—1deg”, one finds that

dé? = \3dglde)

(8.6.11)
\/_\/ dgl d52 (dgzp —de? )2 +(d53p —degf )2

Let the hardening in the uniaxial tension case be described using a relationship of the
form (see Fig. 8.6.6)

o=h(e?) (8.6.12)
The slope of this flow curve is the plastic modulus, Eqn. 8.1.9,

do

The effective stress and effective plastic strain for any conditions are now assumed to
be related through

6 =h(z®) (8.6.14)

(8.6.15)

Isotropic Hardening

Assuming isotropic hardening, the yield surface is given by Eqn. 8.6.5, and with the
definition of the effective stress, Eqn. 8.6.10,
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flo,,K;)=6-Y-K=0 (8.6.16)

ij o I>j
Differentiating with respect to the effective plastic strain,

06 K

H=—=—
oe?  og’

(8.6.17)

One can now see how the hardening parameter evolves with deformation: K here is a
function of the effective plastic strain, and its functional dependence on the effective
plastic strain is given by the plastic modulus H of the universal flow curve.

Loading Histories

Each material particle undergoes a plastic strain history. One such path is shown in
Fig. 8.6.7. At point g, the plastic strain is &”(q). The effective plastic strain at q
must be evaluated through an integration over the complete history of deformation:

J2dePdef (8.6.18)

Note that the effective plastic strain at ¢ is not simply /2 & (q)& (q) , hence the
definition of an effective plastic strain increment in Eqn. 8.6.11.

q
E°(a)=[dé’ =
0

O O

p strain path

% g

&’
Figure 8.6.7: plastic strain space

Prandtl-Reuss Relations in terms of Effective Parameters
Using the Prandtl-Reuss (Levy-Mises) flow rule 8.4.1, and the definitions 8.6.10-11

for effective stress and effective plastic strain, one can now express the plastic
multiplier as{ A Problem 1}
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AP
dr=398" (8.6.19)
2 o

and the plastic strain increments, Eqn. 8.4.6, now read

o (8.6.20)
def =5\dé” /a)oxy
de? =3(de* /6 )0,
de? =3(d2" /6o,
or
del = 3 dé’ 8.6.21
8”-—5 6— Sij' ( )

Knowledge of the plastic modulus, Eqn. 8.6.15, now makes equations 8.6.21
complete.

Note here that the plastic modulus in the Prandtl-Reuss equations is conveniently
expressible in a simple way in terms of the effective stress and plastic strain
increment, Eqn. 8.6.19. It will be shown in the next section that this is no
coincidence, and that the Prandtl-Reuss flow-rule is indeed naturally associated with
the Von-Mises criterion.

8.6.5 Application: Combined Tension/Torsion of a thin
walled tube with Isotropic Hardening

Consider again the thin-walled tube under combined tension and torsion. The Von
Mises yield function in terms of the axial stress o and the shear stress 7 is, as in

§8.3.1, f,(0, )=vo? +3¢> =Y =0. This defines the ellipse of Fig. 8.3.2.
Subsequent yield surfaces are defined by

f(aij,Ki)z Vo’ +3r7 —Y —K

= fyloy)-K (8.6.22)
=6-(Y +K)
0

Whereas the initial yield surface is the ellipse with major and minor axes Y and
Y /A3, subsequent yield ellipses have axes Y + K and (Y + K)/ V3, Fig. 8.6.8.
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Y +K)/3
Y /3

Y Y+K ©

Figure 8.6.8: expansion of the yield locus (ellipse) for a thin-walled tube under
isotropic hardening

The Prandtl-Reuss equations in terms of effective stress and effective plastic strain,
8.6.20-21, reduce to

~P
d szld0'+d‘i o
o)
v 1déP
de, =d¢, =——do—— o 8.6.23
yy 7z E 6' ( )
AP
dgxy:1+vdr+édf T
E 2 o

Consider the case where the material is brought to first yield through tension only, in
which case the Von Mises condition reducesto o =Y . Let the material then be
subjected to a twist whilst maintaining the axial stress constant. The expansion of the

yield surface is then as shown in Fig. 8.6.9.
T

plastic
loading

Figure 8.6.9: expansion of the yield locus for a thin-walled tube under constant
axial loading

Introducing the plastic modulus, then, one has
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de, =%y
H o
de,, = de,, ——%% daf’ (8.6.24)
dgxy——1+vdr éid?r
E 2H o
Using 6 =vY* +37%,
Y dr
dey =——=—5
Hz=+Y~"/3
1Y dr
dé'yy de,'zz z_Eﬁm (8625)
2
de,, vy, 31 Tde
E 2Hz2+Y*/3

These equations can now be integrated. If the material is linear hardening, so H is
constant, then they can be integrated exactly using

2

2

J- X dx = %ln(x2 + a2)7 J dx =x-— aarctan(gj (8.6.26)

x> +a’ x?+a

leading to { A Problem 2}

2
B 1 B3t
Y 2 H y?
2
ggyy :YEgu :—%ln(l+3$—2] (8.6.27)
0
E

—&y = 1+ v)[éj + %E{Yl — %arctan[ﬁ%ﬂ

Results are presented in Fig. 8.6.10 for the case of v =0.3, E/H =10. The axial
strain grows logarithmically and is eventually dominated by the faster-growing shear
strain.

=<
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r
Y

0 0.2 0.4 0.6 0.8 1

Figure 8.6.10: Stress-strain curves for thin-walled tube with isotropic linear
strain hardening

8.6.6 Kinematic Hardening Rules

A typical uniaxial kinematic hardening curve is shown in Fig. 8.6.11a (see Fig. 8.1.3).
During cyclic loading, the elastic zone always remains at 2Y . Depending on the
stress history, one can even have the situation shown in Fig. 8.6.11b, where yielding
occurs upon unloading, even though the stress is still tensile.

first oON PN \ o
yield \$ begin unload

2Y

& Ai e
// ...................... J yield

yield in
compression

(a) (b)

Figure 8.6.11: Kinematic Hardening; (a) load-unload, (b) cyclic loading

The multiaxial yield function for a kinematic hardening Von Mises is given by Eqn.
8.6.8,

flog. K, )= 2 (s —af sy —ad) ~Y =0

The deviatoric shift stress ai? describes the shift in the centre of the Von Mises

cylinder, as viewed in the 7 -plane, Fig. 8.6.12. This is a generalisation of the
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uniaxial case, in that the radius of the Von Mises cylinder remains constant, just as the
elastic zone in the uniaxial case remains constant (at 2Y ).

Figure 8.6.12: The Von Mises cylinder shifted in the n-plane

One needs to specify, by specifying the evolution of the hardening paremter a, how
the yield surface shifts with deformation. In the multiaxial case, one has the added
complication that the direction in which the yield surface shifts in stress space needs
to be specified. The simplest model is the linear kinematic (or Prager’s) hardening
rule. Here, the back stress is assumed to depend on the plastic strain according to

oy zcgijp or do; :Cdgi}’ (8.6.28)

where C is a material parameter, which might change with deformation. Thus the
yield surface is translated in the same direction as the plastic strain increment. This is

illustrated in Fig. 8.6.13, where the principal directions of stress and plastic strain are
superimposed.

Figure 8.6.13: Linear kinematic hardening rule
One can use the uniaxial (possibly cyclic) curve to again define a universal plastic
modulus H. Using the effective plastic strain, one can relate the constant ¢ to H. This
will be discussed in §8.8, where a more general formulation will be used.

Ziegler’s hardening rule is

da; = da(e"XGij - aij) (8.6.29)

ij ij
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where a is some scalar function of the plastic strain. Here, then, the loading function
translates in the direction of o, — «;;, Fig. 8.6.14.

Figure 8.6.14: Ziegler’s kinematic hardening rule

8.6.7 Strain Hardening and Work Hardening

In the models considered above, the hardening parameters have been functions of the
plastic strains. For example, in the Von Mises isotropic hardening model, the

hardening parameter K is a function of the effective plastic strain, £°. Hardening
expressed in this way is called strain hardening.

Another means of generalising the uniaxial results to multiaxial conditions is to use
the plastic work (per unit volume), also known as the plastic dissipation,

dW? = o dey (8.6.30)
The total plastic work is the area under the stress — plastic strain curve of Fig. 8.6.6a,
WP = [o,def (8.6.31)

A plot of stress against the plastic work can therefore easily be generated, as in Fig.
8.6.15.

o
o=wiw®)
Y
do
dw ®
0 WpZIGdSp

Figure 8.6.15: uniaxial stress — plastic work curve (for a typical metal)
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The stress is now expressed in the form (compare with Eqn. 8.6.12)
o=wiw?)=w([ods?) (8.6.32)

Again defining an effective stress &, the universal flow curve to be used for arbitrary
loading conditions is then (compare with Eqn. 8.6.14)

& =ww"®) (8.6.33)

where now W ” is the plastic work during the multiaxial deformation. This is known
as a work hardening formulation.

Equivalence of Strain and Work Hardening for the Isotropic Hardening
Von Mises Material

Consider the Prandtl-Reuss flow rule, Eqn. 8.4.1, d&” = s,d1 (other flow rules will
be examined more generally in §8.7). In this case, working with principal stresses,

the plastic work increment is (see Eqns. 8.2.7-10)
dW? =o,dg
= 0,5,d2 (8.6.34)

:%[(0'1 -0,) +(0,-0,) +(o, _0_1)2}1/1

Using the Von Mises effective stress 8.6.10, and Eqn. 8.6.19,

dW P =262dA
(8.6.35)
dé’

Qb

where £° is the very same effective plastic strain as used in the strain hardening
isotropic model, Eqn. 8.6.11. Although true for the Von Mises yield condition, this
will not be so in general.

8.6.8 Problems

1. Staring with the definition of the effective plastic strain, Eqn. 8.6.11, and using

o . 3déP
Eqn. 8.4.1, dg = dAs;, derive Eqns. 8.6.19, dA = 5

A

o

2. Integrate Eqns. 8.6.25 and use the initial (first yield) conditions to get Eqns.
8.6.27.
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3. Consider the combined tension-torsion of a thin-walled cylindrical tube. The tube
is made of an isotropic hardening Von Mises metal with uniaxial yield stress Y .
The strain-hardening is linear with plastic modulus H. The tube is loaded,
keeping the ratio o /7 = /3 atall times throughout the elasto-plastic deformation,
until o =Y.

(1) Show that the stresses and strains at first yield are given by
Y 1 v 1 y 1y v l+vY
o Y, t \/EY, Epy RE Exy 7o E

(ii) The Prandtl-Reuss equations in terms of the effective stress and effective

plastic strain are given by Eqns. 8.6.23. Eliminate ¢ from these equations

(using o/7 =+/3).
(iii))  Eliminate the effective plastioc strain using the plastic modulus.

(iv)  The effective stress is defined as 6 =+ o + 37> (see Eqn. 8.6.22).
Eliminate the effective stress to obtain

de

" =ld0'+Ld0'
E H

1 1+ 1

de,, =—=——do (B Ly,

J3 E 2 H

v) Integrate the differential equations and evaluate any constants of
integration

(vi)  Hence, show that the strains at the final stress values o =Y, 7=Y/ NE)

are given by
E E 1
—&,=l+—|1-—
Cou=t+E (1)

E__l+v BE( 1
YT 3 2 HU 2
(vii))  Sketch the initial yield (elliptical) locus and the final yield locus in (O‘,T)

space and the loading path.
(viii)) Plot o against ¢, .
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8.7 Associated and Non-associated Flow Rules
Recall the Levy-Mises flow rule, Eqgn. 8.4.3,
del = dJs; (8.7.1)

The plastic multiplier can be determined from the hardening rule. Given the
hardening rule one can more generally, instead of the particular flow rule 8.7.1, write

de! = dAG,, (8.7.2)

where G; is some function of the stresses and perhaps other quantities, for example
the hardening parameters. It is symmetric because the strains are symmetric.

A wide class of material behaviour (perhaps all that one would realistically be
interested in) can be modelled using the general form

de? =di-9 (8.7.3)

ooy

Here, g is a scalar function which, when differentiated with respect to the stresses,
gives the plastic strains. It is called the plastic potential. The flow rule 8.7.3 is
called a non-associated flow rule.

Consider now the sub-class of materials whose plastic potential is the yield function,
g="f:

dep =d2- (8.7.4)
80ij

This flow rule is called an associated flow-rule, because the flow rule is associated
with a particular yield criterion.

8.7.1 Associated Flow Rules

The yield surface f(aij )= 0 is displayed in Fig 8.7.1. The axes of principal stress

and principal plastic strain are also shown; the material being isotropic, these are
taken to be coincident. The normal to the yield surface is in the direction of / o;; and

so the associated flow rule 8.7.4 can be interpreted as saying that the plastic strain
increment vector is normal to the yield surface, as indicated in the figure. This is
called the normality rule.
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Figure 8.7.1: Yield surface

The normality rule has been confirmed by many experiments on metals. However, it
is found to be seriously in error for soils and rocks, where, for example, it
overestimates plastic volume expansion. For these materials, one must use a non-
associative flow-rule.

Next, the Tresca and Von Mises yield criteria will be discussed. First note that, to
make the differentiation easier, the associated flow-rule 8.7.4 can be expressed in
terms of principal stresses as

de? =i (8.7.5)

oo,

Tresca

Taking o, > o, > g,, the Tresca yield criterion is

f=1"% (8.7.6)
2
One has
o 1ot g, o 1 8.7.7)
oo, 2 Oo, oo, 2

so, from 8.7.5, the flow-rule associated with the Tresca criterion is

def +3
de) |=di| 0 |. (8.7.8)
def -3

This is the flow-rule of Eqns. 8.4.33. The plastic strain increment is illustrated in Fig.
8.7.2 (see Fig. 8.3.9). All plastic deformation occurs in the 1—3 plane. Note that
8.7.8 is independent of stress.
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,
-

f=%“3—k=o de”

Figure 8.7.2: The plastic strain increment vector and the Tresca criterion in the
ni-plane (for the associated flow-rule)

Von Mises

The VVon Mises yield criterionis f =J, —k? =0. With

0J 01 2 1
8_0'21 = 8_0'18 (0 _02)2 +(o, _0_3)2 +(oy _01)2]: 5[01 _5(02 + 03)} (8.7.9)
one has
def %(O_l_%(az +0,))
def |=dA| 2(o, —L(o, +03))|. (8.7.10)
des %(0_3 _%(0-1 t0, ))

This are none other than the Levy-Mises flow rule 8.4.6".

The associative flow-rule is very appealing, connecting as it does the yield surface to
the flow-rule. Many attempts have been made over the years to justify this rule, both
mathematically and physically. However, it should be noted that the associative flow-
rule is not a law of nature by any means. It is simply very convenient. That said, it

! note that if one were to use the alternative but equivalent expression f = ./J , —k =0, onewould

havea 1/ 2@ term common to all three principal strain increments, which could be “absorbed” into
the dA giving the same flow-rule 8.7.10
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does agree with experimental observations of many plastically deforming materials,
particularly metals.

In order to put the notion of associative flow-rules on a sounder footing, one can
define more clearly the type of material for which the associative flow-rule applies;
this is tied closely to the notion of stable and unstable materials.

8.7.2 Drucker’s Postulate
Stress Cycles

First, consider the one-dimensional loading of a hardening material. The material
may have undergone any type of deformation (e.g. elastic or plastic) and is now
subjected to the stress o, point A in Fig. 8.7.3. An additional load is now applied to
the material, bringing it to the current yield stress o at point B (if o is below the
yield stress) and then plastically (greatly exaggerated in the figure) through the
infinitesimal increment do to point C. It is conventional to call these additional
loads the external agency. The external agency is then removed, bringing the stress
back to o~ and point D. The material is said to have undergone a stress cycle.

Figure 8.7.3: A stress cycle for a hardening material

Consider now a softening material, Fig. 8.7.4. The external agency first brings the
material to the current yield stress o at point B. To reach point C, the loads must be
reduced. This cannot be achieved with a stress (force) control experiment, since a
reduction in stress at B will induce elastic unloading towards A. A strain
(displacement) control must be used, in which case the stress required to induce the
(plastic) strain will be seen to dropto o +do (do <0) at C. The stress cycle is
completed by unloading from C to D.
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Figure 8.7.4: A stress cycle for a softening material

Suppose now that o = ¢, so the material is at point B, on the yield surface, before
action by the external agency. It is now not possible for the material to undergo a
stress cycle, since the stress cannot be increased. This provides a means of
distinguishing between strain hardening and softening materials:

Strain-hardening ... Material can always undergo a stress-cycle
Strain-softening ... Material cannot always undergo a stress-cycle

Drucker’s Postulate

The following statements define a stable material: (these statements are also known
as Drucker’s postulate):

(1) Positive work is done by the external agency during the application of the loads
(2) The net work performed by the external agency over a stress cycle is
nonnegative

By this definition, it is clear that a strain hardening material is stable (and satisfies
Drucker’s postulates). For example, considering plastic deformation (o = ¢ in the
above), the work done during an increment in stress is dode . The work done by the

external agency is the area shaded in Fig. 8.7.5a and is clearly positive (note that the
c+de

work referred to here is not the total work, J ode, but only that part which is done

by the external agency?). Similarly, the net work over a stress cycle will be positive.

On the other hand, note that plastic loading of a softening (or perfectly plastic)
material results in a non-positive work, Fig. 8.7.5b.

2 the laws of thermodynamics insist that the total work is positive (or zero) in a complete cycle.
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do po
<> @
de de
dode >0

(a) (b)

Figure 8.7.5: Stable (a) and unstable (b) stress-strain curves

The work done (per unit volume) by the additional loads during a stress cycle A-B-C-
D is given by:

W = J(O'(g)—a*)dg (8.7.11)

A-B-C-D
This is the shaded work in Fig. 8.7.6. Writing de =d&® +de® and noting that the

elastic work is recovered, i.e. the net work due to the elastic strains is zero, this work
is due to the plastic strains,

W= [(o(s)-0 e® (8.7.12)

B-C
With do infinitesimal, this equals

W =(o -0 e’ +1dode® (8.7.13)

Figure 8.7.6: Work W done during a stress cycle of a strain-hardening material

The requirement (2) of a stable material is that this work be non-negative,

W =(o -0 Je” +1dode® >0 (8.7.14)
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Making o — o~ >> do, this reads
(c-o"Me? >0 (8.7.15)
On the other hand, making o = o, it reads
dode® >0 (8.7.16)
The three dimensional case is illustrated in Fig. 8.7.7, for which one has

(gij _gg)dg? >0, do,ds? >0 (8.7.17)

U U

" new yield
surface

initial yield
surface

Figure 8.7.7: Stresses during a loading/unloading cycle

8.7.3 Consequences of the Drucker’s Postulate
The criteria that a material be stable have very interesting consequences.
Normality

In terms of vectors in principal stress (plastic strain increment) space, Fig. 8.7.8, Eqn.
8.7.17 reads

(6-0¢")-de” >0 (8.7.18)

These vectors are shown with the solid lines in Fig. 8.7.8. Since the dot product is
non-negative, the angle between the vectors 6 —6  and de® (with their starting points
coincident) must be less than 90°. This implies that the plastic strain increment vector
must be normal to the yield surface since, if it were not, an initial stress state ¢~ could
be found for which the angle was greater than 90° (as with the dotted vectors in Fig.
8.7.8). Thus a consequence of a material satisfying the stability requirements is that
the normality rule holds, i.e. the flow rule is associative, Eqn. 8.7.4.
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Figure 8.7.8: Normality of the plastic strain increment vector

When the yield surface has sharp corners, as with the Tresca criterion, it can be shown
that the plastic strain increment vector must lie within the cone bounded by the
normals on either side of the corner, as illustrated in Fig. 8.7.9.

s

Figure 8.7.9: The plastic strain increment vector for sharp corners

Convexity

Using the same arguments, one cannot have a yield surface like the one shown in Fig.
8.7.10. In other words, the yield surface is convex: the entire elastic region lies to one
side of the tangent plane to the yield surface®.

tangent T \
plane convex

surface

Figure 8.7.10: A non-convex surface

® note that when the plastic deformation affects the elastic response of the material, it can be shown that
the stability postulate again ensures normality, but that the convexity does not necessarily hold
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In summary then, Drucker’s Postulate, which is satisfied by a stable, strain-hardening
material, implies normality (associative flow rule) and convexity”.

8.7.4 The Principle of Maximum Plastic Dissipation

The rate form of Egn. 8.7.18 is

(o, -0 e =0 (8.7.19)

ij =

The quantity o & is called the plastic dissipation, and is a measure of the rate at
which energy is being dissipated as deformation proceeds.

Eqgn. 8.7.19 can be written as

&P or 68" >0 -£° (8.7.20)

- p
O € > O

i
and in this form is known as the principle of maximum plastic dissipation: of all
possible stress states a; (within or on the yield surface), the one which arises is that

which requires the maximum plastic work.

Although the principle of maximum plastic dissipation was “derived” from Drucker’s
postulate in the above, it is more general, holding also for the case of perfectly plastic
and softening materials. To see this, disregard stress cycles and consider a stress state
o~ which is at or below the current (yield) stress o, and apply a strain de >0. For a
perfectly plastic material, c — o~ >0 and de =de® > 0. For a softening material,
again c—o >0 and de® <0, de® >de>0.

It follows that the normality rule and convexity hold also for the perfectly plastic and
softening materials which satisfy the principle of maximum plastic dissipation.

In summary:

Drucker’s postulate leads to the Principle of maximum plastic dissipation
For hardening materials
Principle of maximum plastic dissipation leads to Drucker’s postulate
For softening materials
Principle of maximum plastic dissipation does not lead to Drucker’s postulate

Finally, note that, for many materials, hardening and softening, a non-associative flow
rule is required, as in Egn. 8.7.3. Here, the plastic strain increment is no longer
normal to the yield surface and the principle of maximum plastic dissipation does not
hold in general. In this case, when there is hardening, i.e. the stress increment is

directed out from the yield surface, it is easy to see that one can have dode;y <0,
Fig. 8.7.11, contradicting the stability postulate (1),. With hardening, there is no

* it also ensures the uniqueness of solution to the boundary value elastoplastic problem

Solid Mechanics Part |1 322 Kelly



Section 8.7

obvious instability, and so it could be argued that the use of the term “stability” in
Drucker’s postulate is inappropriate.

Figure 8.7.11: plastic strain increment vector not normal to the yield surface;
non-associated flow-rule

8.7.5 Problems

1. Derive the flow-rule associated with the Drucker-Prager yield criterion

f=al,+J, -k

2. Derive the flow-rule associated with the Mohr-Coulomb yield criterion, i.e. with
o, >0, > 03,

oo, — 0o,

=k
2
Here,
a=1+3!n¢>1, 0<¢<Z
1-sing 2
Evaluate the volumetric plastic strain increment, that is
AV’

W = d&'lp + d€2p + d83p s

and hence show that the model predicts dilatancy (expansion).

3. Consider the plastic potential
g= ﬂo-l — 03 —k
2
Derive the non-associative flow-rule corresponding to this potential. Hence show
that compaction of material can be modelled by choosing an appropriate value of

B.
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Answers to Selected Problems: Part Il, Chapter 1

1.1
2. Yes
3. One of the equations of equilibrium is not satisfied.
-3X,
4. b=| —Xx,
L%
[ 4_30)(1(2_)(12
5 a=| 9x,(2-x5)
| 2%, (2-x;)—-9.81
1.2
1. £y =3A, &, =2AXy, &, :%A(—1+ y?) o, =1 A(y? +1)
2. u,=tax* +A-Cy, u, =2ax+B+Cx, w,=a+C
3 u, =+ Ax*y+C,-C,y, u, =3Ay’+Ax* -1 AX’ +C, +C,x,
o, = Ax—1AxX* +C,
1.3

1. e =AY, &, =2AY, &,=3AX o,=3AX %[3yi /X2+y_2J

Al



Answers to Selected Problems: Part Il, Chapter 2

2.1

1. Ay (L- 12

u=x[3.3x10?)+ (1.83x107 (L - x)|
2. £=(33x10")+{1.83x107(L-x)
o =(7.0x10° )+ (3.85x10* L - x)

2.2
u(x,t) = a(cosgx +tan Q Lsin ngsin Ot +
c c c
2. B
> [A, cos(4,ct) + B, sin(4,ct)]sin(4,x)
n=1
o, =AC= (2n—1)7zC’ n=12,
2L
u(x,t) _ o —tanQLcosgx+sin9x cosQt +
EQ c c c
3l 0
>"[A, cos(4,ct) + B, sin(4,ct)]cos(4, x)
n=1
w, =AC= (2n—1)7zc1 n=12,...
2L

A2



Answers to Selected Problems: Part Il, Chapter 3

3.1

3.2

E o%u o%u o%u
2 ~+(1 S .
20-v?) "o HU) oyt
E | o 02U o%u
2 Y +(1 L+(1- Y
20-v?)| " oy * +V)axay +i-v) ox?
2AE 2AE
= Ty, =T 24w, o, =
i @+v) (1+v)2( VI o

inconsistent with u, =0 along base)

AV

A=5B,

XX

X

u, :L 3X y
4AEb| b?
2
uy :L _3‘/%_
4EDb b
O, =—pP9Y, O-yy =

B[l 2v)(30xy? —10x° )|

= s psxty-17y¢| &, =
:E[5x y-17y x]+Cy+B

S
b_2+3b_2X

A9

== [3x y+11ly ]g

A3

2AE

T

(a) Yes, (b) Yes, (c) u,, u, non-zero along the base (¢,

is non-zero which in itself is

[— 4x° — 24xy2]

=—[—§x +3x%y? +1741y4]+Cx+A

—(2+ v)y—+ 6(L+v)y -3~ y}
b? b?

L3

2L

_ X + , v ==
tanzﬂ( tan yj O tan’ A




Answers to Selected Problems: Part Il, Chapter 4

4.3
1+v
2. O'rr:—p, 099:—p, O'ZZ:—ZVp, u:_?( _Zv)pr
o _b2/r2—b2/a2p _b2/r2—1p
i b?/a?-1 '° b?/a?-1""
—b?/r?-b?/a? b2/r?+1
3. Opp =

b%/a? -1 Po Tb2/al _1IDi

b?/a’ 1
o, =2V p P,

- +
b’/a’-1"° b%*/a’-1

2
4, u:—plgv{(l—2v)+?—2}r, P=2p{-v)

1+(1-2v)a®/r?

Oy =—
" p1+(1—2v)a2/b2
1-(1-2v)a®/r?
Opg =—P BT
c 1+(@-2v)a®/b
' 2v
c,=-0P

1+(1-2v)a’®/b?

u:—p1+—v(1—2v L-a’/r’ |\
E 1+(1-2v)a?/b?

A4



Answers to Selected Problems: Part Il, Chapter 7

7.1

1. NUATARVARYS

3. 3 3, &,

6. No

7. a;bc;

9. AjBy, ViAV;, BiABy
12 0 142

10. 1/2  1/42 1/2
~1/2 12 -1/2
I \/§+3/2

11.
_—1+3\/§/2
1/5+243 +3-6

12. =
413+10 7-24/3

7.2

1. NATATANRVARRYA

3
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1. o, =4/3, o, ~262

4 0 2
2. 0 -2 -2
V2 -2 -2
4. The 2D stress transformation equations
5. o, =123
nlziel—ie , N :ie +ie , N, =e
\/E \/E 2 2 \/E 1 \/E 2 3 3
Toax =1
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