
 1

1 Vectors & Tensors 
 
 
This chapter is divided into three parts.  The first part covers vectors (§1.1-1.7).  The 
second part is concerned with second, and higher-order, tensors (§1.8-1.15).  The second 
part covers much of the same ground as done in the first part, mainly generalizing the 
vector concepts and expressions to tensors.  The final part (§1.16-1.19) is concerned with 
generalizing the earlier work to curvilinear coordinate systems.  
 
The first part comprises basic vector algebra, such as the dot product and the cross 
product; the mathematics of how the components of a vector transform between different 
coordinate systems; the symbolic, index and matrix notations for vectors; the 
differentiation of vectors, including the gradient, the divergence and the curl; the 
integration of vectors, including line, double, surface and volume integrals, and the 
integral theorems. 
 
The second part comprises the definition of the tensor (and a re-definition of the vector); 
dyads and dyadics; the manipulation of tensors; properties of tensors, such as the trace, 
transpose, norm, determinant and principal values; special tensors, such as the spherical, 
identity and orthogonal tensors; the transformation of tensor components between 
different coordinate systems; the calculus of tensors, including the gradient of vectors and 
higher order tensors and the divergence of higher order tensors and special fourth order 
tensors. 
 
In the first two parts, attention is restricted to rectangular Cartesian coordinates.  In the 
third part, curvilinear coordinates are introduced, including covariant and contravariant 
vectors and tensors, the metric coefficients, the physical components of vectors and 
tensors, the metric, coordinate transformation rules, tensor calculus, including the 
Christoffel symbols and covariant differentiation, and curvilinear coordinates for curved 
surfaces. 



 2

 



Section 1.1 

Solid Mechanics Part III                                                                                Kelly 3

1.1 Vector Algebra 
 
 
1.1.1 Scalars 
 
A physical quantity which is completely described by a single real number is called a 
scalar.  Physically, it is something which has a magnitude, and is completely described 
by this magnitude.  Examples are temperature, density and mass.  In the following, 
lowercase (usually Greek) letters, e.g. γβα ,, , will be used to represent scalars. 
 
 
1.1.2 Vectors 
 
The concept of the vector is used to describe physical quantities which have both a 
magnitude and a direction associated with them.  Examples are force, velocity, 
displacement and acceleration. 
 
Geometrically, a vector is represented by an arrow; the arrow defines the direction of the 
vector and the magnitude of the vector is represented by the length of the arrow, Fig. 
1.1.1a. 
 
Analytically, vectors will be represented by lowercase bold-face Latin letters, e.g. a, r, q. 
 
The magnitude (or length) of a vector is denoted by a  or a.  It is a scalar and must be 
non-negative.  Any vector whose length is 1 is called a unit vector; unit vectors will 
usually be denoted by e. 
 

 
 

Figure 1.1.1: (a) a vector; (b) addition of vectors 
 
 
1.1.3 Vector Algebra 
 
The operations of addition, subtraction and multiplication familiar in the algebra of 
numbers (or scalars) can be extended to an algebra of vectors. 
 
 
 
 

a b

c

(a) (b) 
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The following definitions and properties fundamentally define the vector: 
1. Sum of Vectors: 

The addition of vectors a and b is a vector c formed by placing the initial point of 
b on the terminal point of a and then joining the initial point of a to the terminal 
point of b.  The sum is written bac += .  This definition is called the 
parallelogram law for vector addition because, in a geometrical interpretation of 
vector addition, c is the diagonal of a parallelogram formed by the two vectors a 
and b, Fig. 1.1.1b.  The following properties hold for vector addition: 

a+b=b+a   … commutative law 
 a+(b+c)= (a+b)+c … associative law 
 

2. The Negative Vector: 
For each vector a there exists a negative vector .  This vector has direction 
opposite to that of vector a but has the same magnitude; it is denoted by a− .  A 
geometrical interpretation of the negative vector is shown in Fig. 1.1.2a. 
 

3. Subtraction of Vectors and the Zero Vector: 
The subtraction of two vectors a and b is defined by )( baba −+=− , Fig. 
1.1.2b.  If ba =  then ba −  is defined as the zero vector (or null vector) and is 
represented by the symbol o.  It has zero magnitude and unspecified direction.  A 
proper vector is any vector other than the null vector.  Thus the following 
properties hold: 

( ) oaa
aoa
=−+

=+
 

 
4. Scalar Multiplication: 

The product of a vector a by a scalar α  is a vector aα  with magnitude α  times 
the magnitude of a and with direction the same as or opposite to that of a, 
according as α  is positive or negative.  If 0=α , aα  is the null vector.  The 
following properties hold for scalar multiplication: 
( ) aaa βαβα +=+   … distributive law, over addition of scalars 
( ) baba ααα +=+   … distributive law, over addition of vectors 

aa )()( αββα =   … associative law for scalar multiplication 
 

 
 

Figure 1.1.2: (a) negative of a vector; (b) subtraction of vectors 
 

(a) (b) 

a
a−

a

b−
ba −

ba
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Note that when two vectors a and b are equal, they have the same direction and 
magnitude, regardless of the position of their initial points.  Thus a=b in Fig. 1.1.3.  A 
particular position in space is not assigned here to a vector – it just has a magnitude and a 
direction.  Such vectors are called free, to distinguish them from certain special vectors to 
which a particular position in space is actually assigned. 
 

 
 

Figure 1.1.3: equal vectors 
 
The vector as something with “magnitude and direction” and defined by the above rules is 
an element of one case of the mathematical structure, the vector space.  The vector space 
will be discussed in the next section. 
 
 
1.1.4 The Dot Product 
 
The dot product of two vectors a and b (also called the scalar product) is denoted by 

ba ⋅ .  It is a scalar defined by 
 

θcosbaba =⋅ .             (1.1.1) 
 
θ  here is the angle between the vectors when their initial points coincide and is restricted 
to the range πθ ≤≤0 , Fig. 1.1.4. 
 

 
 

Figure 1.1.4: the dot product 
 
An important property of the dot product is that if for two (proper) vectors a and b, the 
relation 0=⋅ba , then a and b are perpendicular.  The two vectors are said to be 
orthogonal.  Also, )0cos(aaaa =⋅ , so that the length of a vector is aaa ⋅= . 
 
Another important property is that the projection of a vector u along the direction of a 
unit vector e is given by eu ⋅ .  This can be interpreted geometrically as in Fig. 1.1.5. 
 
 

a

b

a

b

θ

a
b
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Figure 1.1.5: the projection of a vector along the direction of a unit vector 
 
It follows that any vector u can be decomposed into a component parallel to a (unit) 
vector e and another component perpendicular to e, according to 
 

( ) ( )[ ]eeuueeuu ⋅−+⋅=                                              (1.1.2) 
 
The dot product possesses the following properties (which can be proved using the above 
definition) {▲Problem 6}: 

(1) abba ⋅=⋅   (commutative)       
(2) ( ) cabacba ⋅+⋅=+⋅  (distributive) 
(3) ( ) ( )baba αα ⋅=⋅  
(4) 0≥⋅aa ; and 0=⋅aa  if and only if oa =  

 
 
1.1.5 The Cross Product 
 
The cross product of two vectors a and b (also called the vector product) is denoted by 

ba× .  It is a vector with magnitude 
 

θsinbaba =×                            (1.1.3) 
 
with θ  defined as for the dot product.  It can be seen from the figure that the magnitude 
of ba×  is equivalent to the area of the parallelogram determined by the two vectors a 
and b. 
 

 
 

Figure 1.1.6: the magnitude of the cross product 
 
The direction of this new vector is perpendicular to both a and b.  Whether ba×  points 
“up” or “down” is determined from the fact that the three vectors a, b and ba×  form a 
right handed system.  This means that if the thumb of the right hand is pointed in the 

a

b

θ

ba×

u

e

u

θ

θcosueu =⋅
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direction of ba× , and the open hand is directed in the direction of a, then the curling of 
the fingers of the right hand so that it closes should move the fingers through the angle θ , 

πθ ≤≤0 , bringing them to b.  Some examples are shown in Fig. 1.1.7. 
 

 
 

Figure 1.1.7: examples of the cross product 
 
The cross product possesses the following properties (which can be proved using the 
above definition): 

(1) abba ×−=×   (not commutative) 
(2) ( ) cabacba ×+×=+×  (distributive) 
(3) ( ) ( )baba αα ×=×  
(4) oba =×  if and only if a and b ( )o≠  are parallel (“linearly dependent”) 

 
 
The Triple Scalar Product 
 
The triple scalar product, or box product, of three vectors wvu ,,  is defined by 
 

( ) ( ) ( ) vuwuwvwvu ⋅×=⋅×=⋅×  Triple Scalar Product         (1.1.4) 
 
Its importance lies in the fact that, if the three vectors form a right-handed triad, then the 
volume V of a parallelepiped spanned by the three vectors is equal to the box product. 
 
To see this, let e be a unit vector in the direction of vu× , Fig. 1.1.8.  Then the projection 
of w on vu×  is ew ⋅=h , and 
 

( ) ( )

V
h

=

×=

×⋅=×⋅

vu

evuwvuw

      (1.1.5) 
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Figure 1.1.8: the triple scalar product 
 
Note: 
• if the three vectors do not form a right handed triad, then the triple scalar product yields the 

negative of the volume.  For example, using the vectors above, ( ) V−=⋅× uvw  
 
 
1.1.6 Vectors and Points 
 
Vectors are objects which have magnitude and direction, but they do not have any 
specific location in space.  On the other hand, a point  has a certain position in space, and 
the only characteristic that distinguishes one point from another is its position.  Points 
cannot be “added” together like vectors.  On the other hand, a vector v can be added to a 
point p to give a new point q, pvq += , Fig. 1.1.9.  Similarly, the “difference” between 
two points gives a vector, vpq =− .  Note that the notion of point as defined here is 
slightly different to the familiar point in space with axes and origin – the  concept of 
origin is not necessary for these points and their simple operations with vectors. 
 

 
 

Figure 1.1.9: adding vectors to points 
 
 
1.1.7 Problems 
 
1. Which of the following are scalars and which are vectors? 

(i) weight 
(ii) specific heat 
(iii) momentum 
(iv) energy 
(v) volume 

2. Find the magnitude of the sum of three unit vectors drawn from a common vertex of 
a cube along three of its sides. 

3. Consider two non-collinear (not parallel) vectors a and b.  Show that a vector r 
lying in the same plane as these vectors can be written in the form bar qp += , 

w

u
v e h

•

•

p

q

v
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where p and q are scalars. [Note: one says that all the vectors r in the plane are 
specified by the base vectors a and b.] 

4. Show that the dot product of two vectors u and v can be interpreted as the 
magnitude of u times the component of v in the direction of u. 

5. The work done by a force, represented by a vector F, in moving an object a given 
distance is the product of the component of force in the given direction times the 
distance moved.  If the vector s represents the direction and magnitude (distance) 
the object is moved, show that the work done is equivalent to sF ⋅ . 

6. Prove that the dot product is commutative, abba ⋅=⋅ .  [Note: this is equivalent to 
saying, for example, that the work done in problem 5 is also equal to the component 
of s in the direction of the force, times the magnitude of the force.] 

7. Sketch ab×  if a and b are as shown below. 

 
8. Show that 2222 bababa =⋅+× . 
9. Suppose that a rigid body rotates about an axis O with angular speed w, as shown 

below.  Consider a point p in the body with position vector r.  Show that the 
velocity v of p is given by rωv ×= , where ω  is the vector with magnitude ω  and 
whose direction is that in which a right-handed screw would advance under the 
rotation.  [Note: let s be the arc-length traced out by the particle as it rotates through 
an angle θ  on a circle of radius r , then ωrv == v  (since 

)/(/, dtdrdtdsrs θθ == ).] 

 
10. Show, geometrically, that the dot and cross in the triple scalar product can be 

interchanged: ( ) ( )cbacba ×⋅=⋅× . 
11. Show that the triple vector product ( ) cba ××  lies in the plane spanned by the 

vectors a and b. 
 

ω

v

r
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O
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1.2 Vector Spaces 
 
The notion of the vector presented in the previous section is here re-cast in a more formal 
and abstract way.  This might seem at first to be unnecessarily complicating matters, but 
this approach turns out to be helpful in unifying and bringing clarity to much of the theory 
which follows. 
 
Some background theory which complements this material is given in Appendix A to this 
Chapter, §1.A. 
 
 
1.2.1 The Vector Space 
 
The vectors introduced in the previous section obey certain rules, those listed in §1.1.3.  It 
turns out that many other mathematical objects obey the same list of rules.  For that 
reason, the mathematical structure defined by these rules is given a special name, the 
linear space or vector space. 
 
First, a set is any well-defined list, collection, or class of objects, which could be finite or 
infinite.  An example of a set might be 
 

{ }3| ≤= xxB                                                            (1.2.1) 
 
which reads “B is the set of objects x such that x satisfies the property 3≤x ”.  Members 
of a set are referred to as elements. 
 
Consider now the field1 of real numbers R.  The elements of R are referred to as scalars.  
Let V be a non-empty set of elements K,,, cba  with rules of addition and scalar 
multiplication, that is there is a sum V∈+ ba  for any V∈ba,  and a product V∈aα  
for any V∈a , R∈α .  Then V is called a (real)2 vector space over R if the following 
eight axioms hold: 
1. associative law for addition: for any V∈cba ,, , one has )()( cbacba ++=++  
2. zero element: there exists an element V∈o , called the zero element, such that 

aaooa =+=+  for every V∈a  
3. negative (or inverse): for each V∈a  there exists an element V∈− a , called the 

negative of a, such that 0)()( =+−=−+ aaaa  
4. commutative law for addition: for any V∈ba, , one has abba +=+  
5. distributive law, over addition of elements of V: for any V∈ba,  and scalar R∈α , 

baba ααα +=+ )(    
6. distributive law, over addition of scalars: for any V∈a  and scalars R∈βα , , 

aaa βαβα +=+ )(  

                                                 
1 A field is another mathematical structure (see Appendix A to this Chapter, §1.A).  For example, the set of 
complex numbers is a field.  In what follows, the only field which will be used is the familiar set of real 
numbers with the usual operations of addition and multiplication.  
2 “real”, since the associated field is the reals.  The word real will usually be omitted in what follows for 
brevity. 
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7. associative law for multiplication: for any V∈a  and scalars R∈βα , , 
aa )()( αββα =  

8. unit multiplication: for the unit scalar R∈1 , aa =1  for any V∈a . 
 
The set of vectors as objects with “magnitude and direction” discussed in the previous 
section satisfy these rules and therefore form a vector space over R.  However, despite the 
name “vector” space, other objects, which are not the familiar geometric vectors, can also 
form a vector space over R, as will be seen in a later section. 
 
 
1.2.2 Inner Product Space 
 
Just as the vector of the previous section is an element of a vector space, next is 
introduced the notion that the vector dot product is one example of the more general 
inner product. 
 
First, a function (or mapping) is an assignment which assigns to each element of a set A 
a unique element of a set B, and is denoted by 
 

BAf →:                                                           (1.2.2) 
 
An ordered pair ( )ba,  consists of two elements a and b in which one of them is 
designated the first element and the other is designated the second element   The product 
set (or Cartesian product) BA×  consists of all ordered pairs ( )ba,  where Aa∈  and 

Bb∈ : 
 

( ){ }BbAabaBA ∈∈=× ,|,                                          (1.2.3) 
 
Now let V be a real vector space.  An inner product (or scalar product) on V is a 
mapping that associates to each ordered pair of elements x, y, a scalar, denoted by yx, , 
 

RVV →×⋅⋅ :,                                                 (1.2.4) 
 

that satisfies the following properties, for V∈zyx ,, , R∈α : 
 
1. additivity: zyzxzyx ,,, +=+  

2. homogeneity: yxyx ,, αα =  

3. symmetry: xyyx ,, =  

4. positive definiteness: 0, >xx  when ox ≠  
 
From these properties, it follows that, if 0, =yx  for all V∈y , then 0=x  
 
A vector space with an associated inner product is called an inner product space.  
 
Two elements of an inner product space are said to be orthogonal if 
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0, =yx                                                         (1.2.5) 

 
and a set of elements of V, { }K,,, zyx , are said to form an orthogonal set if every 
element in the set is orthogonal to every other element: 
 

,0,,0,,0, === zyzxyx etc.                          (1.2.6) 
 
The above properties are those listed in §1.1.4, and so the set of vectors with the 
associated dot product forms an inner product space.  Inner products other than the dot 
product will be introduced later. 
 
Euclidean Vector Space 
 
The set of real triplets ( )321 ,, xxx  under the usual rules of addition and multiplication 
forms a vector space 3R .  With the inner product defined by 
 

332211, yxyxyx ++=yx  
 
one has the inner product space known as (three dimensional) Euclidean vector space, 
and denoted by E.  This inner product allows one to take distances (and angles) between 
elements of E through the norm (length) and metric (distance) concepts discussed next. 
 
 
1.2.3 Normed Space 
 
Let V be a real vector space.  A norm on V is a real-valued function, 
 

RV →:                                                           (1.2.7) 
 

that satisfies the following properties, for V∈yx, , R∈α : 
 
1. positivity: 0≥x  

2. triangle inequality: yxyx +≤+  

3. homogeneity: xx αα =  

4. positive definiteness: 0=x  if and only if ox =  
 
A vector space with an associated norm is called a normed vector space.  Many different 
norms can be defined on a given vector space, each one giving a different normed linear 
space.  A natural norm for the inner product space is 
 

xxx ,≡                                                      (1.2.8) 
 
It can be seen that this norm indeed satisfies the defining properties.  When the inner  
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product is the vector dot product, the norm defined by 1.2.8 is the familiar vector 
“length”. 
 
One important consequence of the definitions of inner product and norm is the Schwarz 
inequality, which states that 
 

yxyx ≤,                                                      (1.2.9) 
 
One can now define the angle between two elements of V to be 
 

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
≡→× −

yx
yx

yx
,

cos,,: 1θθ RVV                            (1.2.10) 

 
The quantity inside the curved brackets here is necessarily between 1−  and 1+ , by the 
Schwarz inequality, and hence the angle θ  is indeed a real number. 
 
 
1.2.4 Metric Spaces 
 
Metric spaces are built on the concept of “distance” between objects.  This is a 
generalization of the familiar distance between two points on the real line.  
 
Consider a set X.  A metric is a real valued function,   
 

( ) RXXd →×⋅⋅ :,                                                 (1.2.11) 
 

that satisfies the following properties, for X∈yx, : 
 
1. positive: 0),( ≥yxd  and 0),( =xxd , for all X∈yx,  
2. strictly positive: if 0),( =yxd  then yx = , for all X∈yx,  
3. symmetry: ),(),( xyyx dd = , for all X∈yx,  
4. triangle inequality: ),(),(),( yzzxyx ddd +≤ , for all X∈zyx ,,  
 
A set X with an associated metric is called a metric space.  The set X can have more than 
one metric defined on it, with different metrics producing different metric spaces. 
 
Consider now a normed vector space.  This space naturally has a metric defined on it: 
 

( ) yxyx −=,d                                                    (1.2.12) 
 
and thus the normed vector space is a metric space.  For the set of vectors with the dot 
product, this gives the “distance” between two vectors yx, . 
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1.2.5 The Affine Space 
 
Consider a set P, the elements of which are called points.  Consider also an associated 
vector space V.  An affine space consists of the set P, the set V, and two operations which 
connect P and V: 
 
(i)  given two points P∈qp, , one can define a difference, pq −  which is a unique 

element v of V, i.e. V∈−= pqv  
(ii) given a point P∈p  and V∈v , one can define the sum pv +  which is a unique point 

q of P, i.e. P∈+= pvq   
 
and for which the following property holds, for P∈rqp ,,  : ( ) ( ) ( )pqprrq −=−+− . 
 
From the above, one has for the affine space that opp =−  and ( )qppq −−=− , for all 

P∈qp, . 
 
Note that one can take the sum of vectors, according to the structure of the vector space, 
but one cannot take the sum of points, only the difference between two points.  Further, 
there is no notion of origin in the affine space.  One can choose some fixed P∈o  to be 
an origin.  In that case, opv −=  is called the position vector of p relative to o.  
 
Suppose now that the associated vector space is a Euclidean vector space, i.e. an inner 
product space.  Define the distance between two points through the inner product 
associated with V, 
 

( ) pqpqpqqp −−=−= ,,d                                   (1.2.13) 
 
It can be shown that this mapping RPPd →×:  is a metric, i.e. it satisfies the metric 
properties, and thus P is a metric space (although it is not a vector space).  In this case, P 
is referred to as Euclidean point space, Euclidean affine space or, simply, Euclidean 
space.  Whereas in Euclidean vector space there is a zero element, the origin )0,0,0( , in 
Euclidean point space there is none – apart from that, the two spaces are the same and, 
apart from certain special cases, one does not need to distinguish between them. 
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1.3 Cartesian Vectors 
 
So far the discussion has been in symbolic notation1, that is, no reference to ‘axes’ or 
‘components’ or ‘coordinates’ is made, implied or required.  The vectors exist 
independently of any coordinate system.  It turns out that much of vector (tensor) 
mathematics is more concise and easier to manipulate in such notation than in terms of 
corresponding component notations.  However, there are many circumstances in which 
use of the component forms of vectors (and tensors) is more helpful – or essential.  In this 
section, vectors are discussed in terms of components – component form. 
 
 
1.3.1 The Cartesian Basis 
 
Consider three dimensional (Euclidean) space.  In this space, consider the three unit 
vectors 321 ,, eee  having the properties 
 

0133221 =⋅=⋅=⋅ eeeeee ,    (1.3.1) 
 
so that they are mutually perpendicular (mutually orthogonal), and 
 

1332211 =⋅=⋅=⋅ eeeeee ,    (1.3.2) 
 
so that they are unit vectors.  Such a set of orthogonal unit vectors is called an 
orthonormal set, Fig. 1.3.1.  Note further that this orthonormal system { }321 ,, eee  is 
right-handed, by which is meant 321 eee =×  (or 132 eee =×  or 213 eee =× ). 
 
This set of vectors { }321 ,, eee  forms a basis, by which is meant that any other vector can 
be written as a linear combination of these vectors, i.e. in the form 
 

332211 eeea aaa ++=                                          (1.3.3) 
          

 
 

Figure 1.3.1: an orthonormal set of base vectors and Cartesian components 
 

                                                 
1 or absolute or invariant or direct or vector notation 

1e
2e

3e

33 ea ⋅≡a
a

22 ea ⋅≡a

11 ea ⋅≡a
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By repeated application of Eqn. 1.1.2 to a vector a, and using 1.3.2, the scalars in 1.3.3 
can be expressed as (see Fig. 1.3.1) 
 

322211 ,, eaeaea ⋅=⋅=⋅= aaa                                   (1.3.4)  
 
The scalars 21, aa  and 3a  are called the Cartesian components of a in the given basis 
{ }321 ,, eee .  The unit vectors are called base vectors when used for this purpose. 
 
Note that it is not necessary to have three mutually orthogonal vectors, or vectors of unit 
size, or a right-handed system, to form a basis – only that the three vectors are not co-
planar.  The right-handed orthonormal set is often the easiest basis to use in practice, but 
this is not always the case – for example, when one wants to describe a body with curved 
boundaries (see later). 
 
The dot product of two vectors u and v, referred to the above basis, can be written as 
 

( ) ( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

332211

333323231313

323222221212

313121211111

332211332211

vuvuvu
vuvuvu

vuvuvu
vuvuvu

vvvuuu

++=
⋅+⋅+⋅+

⋅+⋅+⋅+
⋅+⋅+⋅=

++⋅++=⋅

eeeeee
eeeeee

eeeeee
eeeeeevu

  (1.3.5) 

 
Similarly, the cross product is 

 
( ) ( )

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( ) 312212133112332

333323231313

323222221212

313121211111

332211332211

eee
eeeeee

eeeeee
eeeeee
eeeeeevu

vuvuvuvuvuvu
vuvuvu

vuvuvu
vuvuvu

vvvuuu

−+−−−=
×+×+×+

×+×+×+
×+×+×=

++×++=×

  (1.3.6) 

 
This is often written in the form 
 

321

321

321

vvv
uuu
eee

vu =× ,     (1.3.7) 

 
that is, the cross product is equal to the determinant of the 33×  matrix 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

321

321

321

vvv
uuu
eee
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1.3.2 The Index Notation 
 
The expression for the cross product in terms of components, Eqn. 1.3.6, is quite lengthy 
– for more complicated quantities things get unmanageably long.  Thus a short-hand 
notation is used for these component equations, and this index notation2 is described 
here. 
 
In the index notation, the expression for the vector a in terms of the components 

321 ,, aaa  and the corresponding basis vectors 321 ,, eee  is written as 
 

∑
=

=++=
3

1
332211

i
iiaaaa eeeea        (1.3.8) 

 
This can be simplified further by using Einstein’s summation convention, whereby the 
summation sign is dropped and it is understood that for a repeated index (i in this case) a 
summation over the range of the index (3 in this case3) is implied.  Thus one writes 

iia ea = .  This can be further shortened to, simply, ia . 
 
The dot product of two vectors written in the index notation reads  
 

iivu=⋅ vu  Dot Product        (1.3.9) 
 
The repeated index i is called a dummy index, because it can be replaced with any other 
letter and the sum is the same;  for example, this could equally well be written as 

jj vu=⋅ vu  or kk vu . 
 
For the purpose of writing the vector cross product in index notation, the permutation 
symbol (or alternating symbol) ijkε  can be introduced defined by 
 

⎪
⎩

⎪
⎨

⎧
−
+

=
equal are indices moreor   twoif0

)3,2,1( ofn permutatio oddan  is ),,( if1
)3,2,1( ofn permutatioeven an  is ),,( if1

kji
kji

ijkε      (1.3.10) 

 
For example (see Fig. 1.3.2), 
 

    
0

1
1

122

132

123

=
−=
+=

ε
ε
ε

 

 

                                                 
2 or indicial or subscript or suffix notation 
3 2 in the case of a two-dimensional space/analysis 
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Figure 1.3.2: schematic for the permutation symbol (clockwise gives +1) 
 
Note that 
 

ikjkjijikkijjkiijk εεεεεε −=−=−===                 (1.3.11) 
 
and that, in terms of the base vectors {▲Problem 7},  
 

                               kijkji eee ε=×             (1.3.12) 
 
and {▲Problem 7} 
 

( ) kjiijk eee ⋅×=ε .                   (1.3.13) 
 
The cross product can now be written concisely as {▲Problem 8} 
 

kjiijk vu evu ε=×  Cross Product     (1.3.14) 
 
Introduce next the Kronecker delta symbol ijδ , defined by 
 

⎩
⎨
⎧

=
≠

=
ji
ji

ij ,1
,0

δ      (1.3.15) 

 
Note that 111 =δ  but, using the index notation, 3=iiδ .  The Kronecker delta  allows one 
to write the expressions defining the orthonormal basis vectors (1.3.1, 1.3.2) in the 
compact form 
 

ijji δ=⋅ee      Orthonormal Basis Rule          (1.3.16) 
 
The triple scalar product (1.1.4) can now be written as 
 

( ) ( )

321

321

321

www
vvv
uuu

wvu

wvu

wvu

kjiijk

kmmjiijk

mmkjiijk

=

=

=

⋅=⋅×

ε

δε

ε eewvu

          (1.3.17) 

1

23
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Note that, since the determinant of a matrix is equal to the determinant of the transpose of 
a matrix,  this is equivalent to 
 

( )
333

222

111

wvu
wvu
wvu

=⋅× wvu        (1.3.18) 

 
Here follow some useful formulae involving the permutation and Kronecker delta symbol 
{▲Problem 13}: 
 

pkijpijk

jpiqjqipkpqijk

δεε

δδδδεε

2=

−=
                   (1.3.19) 

 
Finally, here are some other important identities involving vectors; the third of these is 
called Lagrange’s identity: 
 

( ) ( ) ( )
( ) ( ) ( )

( ) ( )

( ) ( ) ( )[ ] ( )[ ]
( )[ ] ( )[ ] ( )[ ] ( )[ ]cdbabcdaacbddcba

dcbacdbadcba
dbda
cbca

dcba

cbabcacba
babababa

×⋅+×⋅+×⋅=×⋅
×⋅−×⋅=×××

⋅⋅
⋅⋅

=×⋅×

⋅−⋅=××

⋅−=×⋅× 222

    (1.3.20) 

 
 
1.3.3 Matrix Notation for Vectors 
 
The symbolic notation v  and index notation iiv e  (or simply iv ) can be used to denote a 
vector.  Another notation is the matrix notation: the vector v can be represented by a 

13×  matrix (a column vector): 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

3

2

1

v
v
v

 
 
Matrices will be denoted by square brackets, so a shorthand notation for this 
matrix/vector would be [ ]v .  The elements of the matrix [ ]v  can be written in the element 
form iv .  The element form for a matrix is essentially the same as the index notation for 
the vector it represents. 
 
Formally, a vector can be represented by the ordered triplet of real numbers, ( )321 ,, vvv .  
The set of all vectors can be represented by 3R , the set of all ordered triplets of real 
numbers: 
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( ){ }RvvvvvvR ∈= 321321
3 ,,|,,                                 (1.3.21) 

 
It is important to note the distinction between a vector and a matrix: the former is a 
mathematical object independent of any basis, the latter is a representation of the vector 
with respect to a particular basis – use a different set of basis vectors and the elements of 
the matrix will change, but the matrix is still describing the same vector.  Said another 
way, there is a difference between an element (vector) v of Euclidean vector space and an 
ordered triplet 3Rvi ∈ .  This notion will be discussed more fully in the next section. 
 
As an example, the dot product can be written in the matrix notation as 

 
 
Here, the notation [ ]Tu  denotes the 31×  matrix (the row vector).  The result is a 11×  
matrix, i.e. a scalar, in element form iivu . 
 
 
1.3.4 Cartesian Coordinates 
 
Thus far, the notion of an origin has not been used.  Choose a point o in Euclidean (point) 
space, to be called the origin.  An origin together with a right-handed orthonormal basis 
{ }ie  constitutes a (rectangular) Cartesian coordinate system, Fig. 1.3.3. 
          

 
 

Figure 1.3.3: a Cartesian coordinate system 
 
A second point v then defines a position vector ov − , Fig. 1.3.3.  The components of the 
vector ov −  are called the (rectangular) Cartesian coordinates of the point v 4.  For 
brevity, the vector ov −  is simply labelled v, that is, one uses the same symbol for both 
the position vector and associated point. 
 
                                                 
4 That is, “components” are used for vectors and “coordinates” are used for points 

o

v (point) 

ovv −= (vector) 

1e
2e

3e

(point) 

“short” 
matrix notation 

“full” 
matrix notation

[ ][ ] [ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

3

2

1

321
T

v
v
v

uuuvu
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1.3.5 Problems 
 
1. Evaluate vu ⋅  where 321 23 eeeu −+= , 321 424 eeev +−= . 
2. Prove that for any vector u, 332211 )()()( eeueeueeuu ⋅+⋅+⋅= .  [Hint: write u in 

component form.] 
3. Find the projection of the vector 321 2 eeeu +−=  on the vector 

321 744 eeev +−= . 
4. Find the angle between 321 623 eeeu −+=  and 321 34 eeev +−= . 
5. Write down an expression for a unit vector parallel to the resultant of two vectors u 

and v (in symbolic notation).  Find this vector when 321 542 eeeu −+= , 

321 32 eeev ++=  (in component form).  Check that your final vector is indeed a 
unit vector. 

6. Evaluate vu× , where 321 22 eeeu +−−= , 321 22 eeev +−= . 
7. Verify that mijmji eee ε=× .  Hence, by dotting each side with ke , show that 

( ) kjiijk eee ⋅×=ε . 
8. Show that kjiijk vu evu ε=× . 
9. The triple scalar product is given by ( ) kjiijk wvuε=⋅× wvu .  Expand this equation 

and simplify, so as to express the triple scalar product in full (non-index) component 
form. 

10. Write the following in index notation: v , 1ev ⋅ , kev ⋅ . 
11. Show that jiij baδ  is equivalent to ba ⋅ . 
12. Verify that 6=ijkijkεε . 
13. Verify that jpiqjqipkpqijk δδδδεε −=  and hence show that pkijpijk δεε 2= . 
14. Evaluate or simplify the following expressions: 

(a) kkδ     (b) ijijδδ     (c) jkijδδ     (d) kjjk v31 δε  
15. Prove Lagrange’s identity 1.3.20b. 
16. If e is a unit vector and a an arbitrary vector, show that 

( ) ( )eaeeeaa ××+⋅=  
which is another representation of Eqn. 1.1.2, where a can be resolved into 
components parallel and perpendicular to e.  
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1.4 Matrices and Element Form 
 
 
1.4.1 Matrix – Matrix Multiplication 
 
In the next section, §1.5, regarding vector transformation equations, it will be necessary 
to multiply various matrices with each other (of sizes 13× , 31×  and 33× ).  It will be 
helpful to write these matrix multiplications in a short-hand element form. 
 
First, it has been seen that the dot product of two vectors can be represented by [ ][ ]vuT , or 

iivu .  Similarly, the matrix multiplication [ ][ ]Tvu  gives a 33×  matrix with element form 

jivu  or, in full, 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

332313

322212

312111

vuvuvu
vuvuvu
vuvuvu

 

 
This type of matrix represents the tensor product of two vectors, written in symbolic 
notation as vu⊗  (or simply uv).  Tensor products will be discussed in detail in a later 
section. 
 
Next, the matrix multiplication 
 

[ ][ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
≡

3

2

1

333231

232221

131211

u
u
u

QQQ
QQQ
QQQ

uQ  

 
is a 13×  matrix with elements [ ][ ]( ) jiji uQ≡uQ .  The elements of [ ][ ]uQ  are the same as 

those of [ ][ ]TT Qu , which in element form reads [ ][ ]( ) ijji Qu≡TT Qu . 
 
The expression [ ][ ]Qu  is meaningless, but [ ][ ]QuT  {▲Problem 1} is a 31×  matrix with 
elements [ ][ ]( ) jiji Qu≡QuT . 
 
This leads to the following rule: 
 
 

1. if a vector pre-multiplies a matrix [ ]Q  →  it is the transpose [ ]Tu  
2. if a matrix [ ]Q  pre-multiplies the vector →  it is [ ]u  
3. if summed indices are “beside each other”, as the j in jijQu  or jijuQ  

 →  the matrix is [ ]Q  
4. if summed indices are not beside each other, as the j in ijjQu  

→  the matrix is the transpose, [ ]TQ  
 



Section 1.4 

Solid Mechanics Part III                                                                                Kelly 23

 
Finally, consider the multiplication of 33×  matrices.  Again, this follows the “beside 
each other” rule for the summed index.  For example, [ ][ ]BA  gives the 33×  matrix 
{▲Problem 5} [ ][ ]( ) kjikij BA=BA , and the multiplication [ ][ ]BAT  is written as 

[ ][ ]( ) kjkiij BA=BAT .  There is also the important identity 
 

[ ][ ]( ) [ ][ ]TTT ABBA =        (1.4.1) 
 
Note also the following (which applies to both the index notation and element form): 

(i) if there is no free index, as in iivu , there is one element (representing a scalar) 
(ii) if there is one free index, as in jijQu , it is a 13×  (or 31× ) matrix 

(representing a vector) 
(iii) if there are two free indices, as in kjki BA , it is a 33×  matrix (representing, as 

will be seen later, a second-order tensor) 
 
 
1.4.2 The Trace of a Matrix 
 
Another important notation involving matrices is the trace of a matrix, defined to be the 
sum of the diagonal terms, and denoted by 
 

[ ] iiAAAA ≡++= 332211tr A      The Trace    (1.4.2) 
 

 
1.4.3 Problems 
 
1. Show that [ ][ ]QuT  is a 31×  matrix with elements jijQu  (write the matrices out in 

full) 
2. Show that [ ][ ]( ) [ ][ ]TTT QuuQ =  
3. Are the three elements of [ ][ ]uQ  the same as those of [ ][ ]QuT ? 
4. What is the element form for the matrix representation of ( )cba ⋅ ? 
5. Write out the 33×  matrices A and B in full, i.e. in terms of ,, 1211 AA etc. and verify 

that [ ] kjikij BA=AB  for 1,2 == ji . 
6. What is the element form for 

(i) [ ][ ]TBA  
(ii) [ ][ ][ ]vAvT  (there is no ambiguity here, since [ ][ ]( )[ ] [ ] [ ][ ]( )vAvvAv TT = ) 
(iii) [ ][ ][ ]BABT  

7. Show that [ ]Atr=ijij Aδ . 
8. Show that 321321]det[ kjiijkkjiijk AAAAAA εε ==A . 
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1.5 Coordinate Transformation of Vector Components 
 
Very often in practical problems, the components of a vector are known in one coordinate 
system but it is necessary to find them in some other coordinate system.   
 
For example, one might know that the force f acting “in the 1x  direction” has a certain 
value, Fig. 1.5.1 – this is equivalent to knowing the 1x  component of the force, in an 

21 xx −  coordinate system.  One might then want to know what force is “acting” in some 
other direction – for example in the 1x′  direction shown – this is equivalent to asking what 
the 1x′  component of the force is in a new 21 xx ′−′  coordinate system. 
 

 
 

Figure 1.5.1: a vector represented using two different coordinate systems 
 
The relationship between the components in one coordinate system and the components 
in a second coordinate system are called the transformation equations.  These 
transformation equations are derived and discussed in what follows.  
 
 
1.5.1 Rotations and Translations 
 
Any change of Cartesian coordinate systems can be split up into a translation of the base 
vectors and a rotation of the base vectors.  A translation of the base vectors does not 
change the components of a vector.  Mathematically, this can be expressed by saying that 
the components of a vector a are ae ⋅i , and these three quantities do not change under a 
translation of base vectors. 
 
 
1.5.2 Components of a Vector in Different Systems 
 
Vectors are mathematical objects which exist independently of any coordinate system.  
Introducing a coordinate system for the purpose of analysis, one could choose, for 
example, a certain Cartesian coordinate system with base vectors ie  and origin o, Fig. 
1.5.2.  In that case the vector can be written as 332211 eeeu uuu ++= , and 321 ,, uuu  are 
its components. 

1x  component 
of force 

1x

2x

f
1x′

2x′
1x′  component 

of force 
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Now a second coordinate system can be introduced (with the same origin), this time with 
base vectors ie′ .  In that case, the vector can be written as 332211 eeeu ′′+′′+′′= uuu , where 

321 ,, uuu ′′′  are its components in this second coordinate system, as shown in the figure.  
Thus the same vector can be written in more than one way: 
 

332211332211 eeeeeeu ′′+′′+′′=++= uuuuuu  
 
The first coordinate system is often referred to as “the 321 xxox  system” and the second as 
“the 321 xxxo ′′′  system”. 
 

 
 

Figure 1.5.2: a vector represented using two different coordinate systems 
 
Note that the new coordinate system is obtained from the first one by a rotation of the 
base vectors.  The figure shows a rotation θ  about the 3x  axis (the sign convention for 
rotations is positive counterclockwise). 
 
Two Dimensions 
 
Concentrating for the moment on the two dimensions 21 xx − , from trigonometry (refer to 
Fig. 1.5.3), 
 

[ ] [ ]
[ ] [ ] 221121

21

2211

cossinsincos ee
ee

eeu

uuuu
CPBDABOB

uu

′+′+′−′=

++−=

+=

θθθθ
 

 
and so 

 
 

 
 
 
 
 

2x′
2x

1x

1x′

1u

2u′

1u′

2u

θ

θ

o

1e′2e′

vector components in 
second coordinate system 

vector components in 
first coordinate system 

212

211

cossin
sincos

uuu
uuu
′+′=

′−′=
θθ
θθ
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In matrix form, these transformation equations can be written as 
 

⎥
⎦

⎤
⎢
⎣

⎡
′
′

⎥
⎦

⎤
⎢
⎣

⎡ −
=⎥

⎦

⎤
⎢
⎣

⎡

2

1

2

1

cossin
sincos

u
u

u
u

θθ
θθ

  

 
 

Figure 1.5.3: geometry of the 2D coordinate transformation 
 
The 22×  matrix is called the transformation or rotation matrix [ ]Q .  By pre-
multiplying both sides of these equations by the inverse of [ ]Q , [ ]1−Q , one obtains the 
transformation equations transforming from [ ]T21 uu  to [ ]T21 uu ′′ : 
 

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
−

=⎥
⎦

⎤
⎢
⎣

⎡
′
′

2

1

2

1

cossin
sincos

u
u

u
u

θθ
θθ

  
An important property of the transformation matrix is that it is orthogonal, by which is 
meant that 
 

[ ] [ ]T1 QQ =−  Orthogonality of Transformation/Rotation Matrix     (1.5.1) 
 
Three Dimensions 
 
It is straight forward to show that, in the full three dimensions, Fig. 1.5.4, the components 
in the two coordinate systems are related through 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

′
′
′

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

′′′
′′′
′′′

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

3

2

1

332313

322212

312111

3

2

1

),cos(),cos(),cos(
),cos(),cos(),cos(
),cos(),cos(),cos(

u
u
u

xxxxxx
xxxxxx
xxxxxx

u
u
u

 

 
where ),cos( ji xx ′  is the cosine of the angle between the ix  and jx′  axes.  These nine 
quantities are called the direction cosines of the coordinate transformation.  Again 
denoting these by the letter Q, ),cos(),,cos( 21121111 xxQxxQ ′=′= , etc., so that 
 

),cos( jiij xxQ ′= ,       (1.5.2) 

2x′
2x

1x

1x′

1u

2u′

1u′

2u

θ

θ

θ

A B

P

D

o

C
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one has the matrix equations 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

′
′
′

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

3

2

1

333231

232221

131211

3

2

1

u
u
u

QQQ
QQQ
QQQ

u
u
u

 

 
or, in element form and short-hand matrix notation, 

 
[ ] [ ][ ]uQu ′=′= Kjiji uQu           (1.5.3) 

 

 
 

Figure 1.5.4: two different coordinate systems in a 3D space 
 
Note: 
• some authors define the matrix of direction cosines to consist of the components 

),cos( jiij xxQ ′= , so that the subscript i refers to the new coordinate system and the j to the old 
coordinate system, rather than the other way around as used here 

 
Transformation of Cartesian Base Vectors 
 
The direction cosines introduced above also relate the base vectors in any two Cartesian 
coordinate systems.  It can be seen that 
 

ijji Q=′⋅ee           (1.5.4) 
 
This relationship is illustrated in Fig. 1.5.5 for 1=i . 
 
 

1x

2x

1x′

2x′

3x
3x′

u
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Figure 1.5.5: direction cosines 
 
Formal Derivation of the Transformation Equations 
 
In the above, the transformation equations jiji uQu ′=  were derived geometrically.  They 
can also be derived algebraically using the index notation as follows: start with the 
relations jjkk uu eeu ′′==  and post-multiply both sides by ie  to get (the corresponding 
matrix representation is to the right (also, see Problem 2 in §1.4.3)): 
 

[ ] [ ][ ]
[ ] [ ][ ]uQu

Quu

eeee

′=′=→

′=′=→

′=→

⋅′′=⋅

K

K

jiji

ijji

ijjkik

ijjikk

uQu

Quu

Quu

uu

TTT

δ
 

 
The inverse equations are {▲Problem 3} 
 

[ ] [ ][ ]uQu T=′=′ Kjjii uQu     (1.5.5) 
 
Orthogonality of the Transformation Matrix [ ]Q  
 
As in the two dimensional case, the transformation matrix is orthogonal, [ ] [ ]1T −= QQ .  
This follows from 1.5.3, 1.5.5. 
 
Example 
 
Consider a Cartesian coordinate system with base vectors ie .  A coordinate 
transformation is carried out with the new basis given by 
 

3
)3(
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32
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nnn

nnn

nnn
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What is the transformation matrix? 

1e′

2e′

1e

3e′

2121 ),cos( ee ′⋅=′xx

3131 ),cos( ee ′⋅=′xx

1111 ),cos( ee ′⋅=′xx
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Solution 
 
The transformation matrix consists of the direction cosines jijiij xxQ ee ′⋅=′= ),cos( , so 
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■  

 
 
1.5.3 Problems 
 
1. The angles between the axes in two coordinate systems are given in the tables 

below. 
 1x  2x  3x  

1x′  o135  o60  o120  
2x′  o90  o45  o45  
3x′  o45  o60  o120  

Construct the corresponding transformation matrix [ ]Q  and verify that it is 
orthogonal. 

2. The 321 xxxo ′′′  coordinate system is obtained from the 321 xxox  coordinate system by a 
positive (counterclockwise) rotation of θ  about the 3x  axis.  Find the (full three 
dimensional) transformation matrix [ ]Q .  A further positive rotation β  about the 

2x  axis is then made to give the 321 xxxo ′′′′′′  coordinate system.  Find the 
corresponding transformation matrix [ ]P .  Then construct the transformation matrix 
[ ]R  for the complete transformation from the 321 xxox  to the 321 xxxo ′′′′′′  coordinate 
system. 

3. Beginning with the expression ikkijj uu eeee ′⋅′′=′⋅ , formally derive the relation 

jjii uQu =′  ( [ ] [ ][ ]uQu T=′ ). 
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1.6 Vector Calculus 1 - Differentiation 
 
Calculus involving vectors is discussed in this section, rather intuitively at first and more 
formally toward the end of this section.  
 
 
1.6.1 The Ordinary Calculus 
 
Consider a scalar-valued function of a scalar, for example the time-dependent density 
of a material )(tρρ = .  The calculus of scalar valued functions of scalars is just the 
ordinary calculus.  Some of the important concepts of the ordinary calculus are reviewed 
in Appendix B to this Chapter, §1.B.2. 
 
 
1.6.2 Vector-valued Functions of a scalar 
 
Consider a vector-valued function of a scalar, for example the time-dependent 
displacement of a particle )(tuu = .  In this case, the derivative is defined in the usual 
way, 
 

t
ttt

dt
d

t Δ
−Δ+

= →Δ
)()(lim 0

uuu , 

 
which turns out to be simply the derivative of the coefficients1, 
 

i
i

dt
du

dt
du

dt
du

dt
du

dt
d eeeeu

≡++= 3
3

2
2

1
1  

 
Partial derivatives can also be defined in the usual way.  For example, if u is a function of 
the coordinates, ),,( 321 xxxu , then 
 

1

3213211
0

1

),,(),,(
lim

1 x
xxxxxxx

x x Δ
−Δ+

=
∂
∂

→Δ

uuu  

 
Differentials of vectors are also defined in the usual way, so that when 321 ,, uuu  undergo 
increments 332211 ,, uduuduudu Δ=Δ=Δ= , the differential of u is 
 

332211 eeeu dududud ++=  
 
and the differential and actual increment uΔ  approach one another as 

0,, 321 →ΔΔΔ uuu . 
 
 
 

                                                 
1 assuming that the base vectors do not depend on t 
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Space Curves 
 
The derivative of a vector can be interpreted geometrically as shown in Fig. 1.6.1: uΔ  is 
the increment in u consequent upon an increment tΔ  in t.  As t changes, the end-point of 
the vector )(tu  traces out the dotted curve Γ  shown – it is clear that as 0→Δt , uΔ  
approaches the tangent to Γ , so that dtd /u  is tangential to Γ .  The unit vector tangent to 
the curve is denoted by τ : 
 

dtd
dtd

/
/

u
uτ =        (1.6.1) 

 

 
 

Figure 1.6.1: a space curve; (a) the tangent vector, (b) increment in arc length 
 
Let s be a measure of the length of the curve Γ , measured from some fixed point on Γ .  
Let sΔ  be the increment in arc-length corresponding to increments in the coordinates, 

[ ]T321 ,, uuu ΔΔΔ=Δu , Fig. 1.6.1b.  Then, from the ordinary calculus (see  Appendix 
1.A.2),  
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so that 

 

dt
ds

dt
d

=
u                 (1.6.2) 

)(tu )( tt Δ+u
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Thus the unit vector tangent to the curve can be written as 
 

ds
d

dtds
dtd uuτ ==

/
/      (1.6.3) 

 
If u is interpreted as the position vector of a particle and t is interpreted as time, then 

dtd /uv =  is the velocity vector of the particle as it moves with speed dtds /  along Γ . 
 
Example (of particle motion) 
 
A particle moves along a curve whose parametric equations are 2

1 2tx = , ttx 42
2 −= , 

533 −= tx  where t is time.  Find the component of the velocity at time 1=t  in the 
direction 321 23 eeea +−= . 
 
Solution 
 
The velocity is 
 

( ) ( ){ }
1at324

5342

321

32
2

1
2

=+−=

−+−+==

t

tttt
dt
d

dt
d

eee

eeerv
 

 
The component in the given direction is av ˆ⋅ , where â  is a unit vector in the direction of 
a, giving 7/148 . 

■  
 
Curvature 
 
The curvature )(sκ  of a space curve is defined to be the length of the rate of change of 
the unit tangent vector: 
 

2

2

)(
ds
d

ds
ds uτ

==κ  

 
Note that τΔ  is in a direction perpendicular to τ , Fig. 1.6.2.  In fact, this can be proved 
as follows: since τ  is a unit vector, ττ ⋅  is a constant ( 1= ), and so ( ) 0/ =⋅ dsd ττ , but 
also,  
 

( )
ds
d

ds
d ττττ ⋅=⋅ 2  

 
and so τ  and dsd /τ  are perpendicular.  The unit vector defined in this way is called the 
principal normal vector: 
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ds
dτν

κ
1

=  

 
 

 
 

Figure 1.6.2: the curvature 
 
This can be seen geometrically in Fig. 1.6.2: from the small triangle, τΔ  is a vector of 
magnitude sΔκ  in the direction of the vector normal to τ .  The radius of curvature R is 
defined as the reciprocal of the curvature; it is the radius of the circle which just touches 
the curve at s, Fig. 1.6.2. 
 
Finally, the unit vector perpendicular to both the tangent vector and the principal normal 
vector is called the unit binormal vector: 
 

ντb ×=  
 
The planes defined by these vectors are shown in Fig. 1.6.3; they are called the rectifying 
plane, the normal plane and the osculating plane. 
 

 
 
Figure 1.6.3: the unit tangent, principal normal and binormal vectors and associated 

planes 
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Rules of Differentiation 
 
The derivative of a vector is also a vector and the usual rules of differentiation apply, 
 

( )

( )
dt
d

dt
dt

dt
d

dt
d

dt
d

dt
d

ααα vvv

vuvu

+=

+=+

)(
    (1.6.4) 

 
Also, it is straight forward to show that {▲Problem 2} 
 

( ) ( ) avavavavavav ×+×=×⋅+⋅=⋅
dt
d

dt
d

dt
d

dt
d

dt
d

dt
d         (1.6.5) 

 
(The order of the terms in the cross-product expression is important here.) 
 
 
1.6.3 Fields 
 
In many applications of vector calculus, a scalar or vector can be associated with each 
point in space x.  In this case they are called scalar or vector fields.  For example 
 

)(xθ  temperature a scalar field (a scalar-valued function of position) 
)(xv  velocity a vector field (a vector valued function of position) 

 
These quantities will in general depend also on time, so that one writes ),( txθ  or ),( txv .  
Partial differentiation of scalar and vector fields with respect to the variable t is 
symbolised by t∂∂ / .  On the other hand, partial differentiation with respect to the 
coordinates is symbolised by ix∂∂ / .  The notation can be made more compact by 
introducing the subscript comma to denote partial differentiation with respect to the 
coordinate variables, in which case ii x∂∂= /, φφ , kjijki xxuu ∂∂∂= /2

, , and so on. 
 
 
1.6.4 The Gradient of a Scalar Field 
 
Let )(xφ  be a scalar field.  The gradient of φ  is a vector field defined by (see Fig. 1.6.4) 
 

x
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∂
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∂
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∂
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i
ix

xxx 3
3

2
2

1
1

     Gradient of a Scalar Field (1.6.6) 

 
The gradient φ∇  is of considerable importance because if one takes the dot product of 
φ∇  with xd , it gives the increment in φ : 
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φ

φφ

−+=
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=

⋅
∂
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=⋅∇

                              (1.6.7) 

  

 
 

Figure 1.6.4: the gradient of a vector 
 
If one writes xd  as eex dxd = , where e is a unit vector in the direction of dx, then 
 

n
e

e d
d

dx
d φφφ ≡⎟

⎠
⎞

⎜
⎝
⎛=⋅∇

direction in  

                (1.6.8) 

 
This quantity is called the directional derivative of φ , in the direction of e, and will be 
discussed further in §1.6.11. 
 
The gradient of a scalar field is also called the scalar gradient, to distinguish it from the 
vector gradient (see later)2, and is also denoted by 
 

φφ ∇≡grad      (1.6.9) 
 
Example (of the Gradient of a Scalar Field) 
 
Consider a two-dimensional temperature field 2

2
2
1 xx +=θ .  Then 

 
2211 22 ee xx +=∇θ
  

For example, at )0,1( , 1=θ , 12e=∇θ  and at  )1,1( , 2=θ , 21 22 ee +=∇θ , Fig. 1.6.5.  
Note the following: 

(i) θ∇  points in the direction normal to the curve const.=θ  
(ii) the direction of maximum rate of change of θ  is in the direction of θ∇  

                                                 
2 in this context, a gradient is a derivative with respect to a position vector, but the term gradient is used 
more generally than this, e.g. see §1.12 

• •

x

xd

φ∇
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(iii) the direction of zero θd  is in the direction perpendicular to θ∇  
 

 
 

Figure 1.6.5: gradient of a temperature field 
 
The curves ( ) const., 21 =xxθ  are called isotherms (curves of constant temperature).  In 
general, they are called iso-curves (or iso-surfaces in three dimensions).  

■  
 
Many physical laws are given in terms of the gradient of a scalar field.  For example, 
Fourier’s law of heat conduction relates the heat flux q (the rate at which heat flows 
through a surface of unit area3) to the temperature gradient through 
 

θ∇−= kq      (1.6.10) 
 
where k is the thermal conductivity of the material, so that heat flows along the direction 
normal to the isotherms. 
 
The Normal to a Surface 
 
In the above example, it was seen that θ∇  points in the direction normal to the curve  

const.=θ   Here it will be seen generally how and why the gradient can be used to obtain 
a normal vector to a surface. 
 
Consider a surface represented by the scalar function cxxxf =),,( 321 , c a constant4, and 
also a space curve C lying on the surface, defined by the position vector 

332211 )()()( eeer txtxtx ++= .  The components of r must satisfy the equation of the 
surface, so ctxtxtxf =))(),(),(( 321 .  Differentiation gives 
 

03

3

2

2

1

1

=
∂
∂

+
∂
∂

+
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=
dt

dx
x
f
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x
f
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x
f
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df  

 

                                                 
3 the flux is the rate of flow of fluid, particles or energy through a given surface; the flux density is the flux 
per unit area but, as here, this is more commonly referred to simply as the flux 
4 a surface can be represented by the equation cxxxf =),,( 321 ; for example, the expression 

42
3

2
2

2
1 =++ xxx  is the equation for a sphere of radius 2 (with centre at the origin).  Alternatively, the 

surface can be written in the form ),( 213 xxgx = , for example 2
2

2
13 4 xxx −−=  

1=θ

2=θ

)0,1(θ∇

)1,1(θ∇
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which is equivalent to the equation ( ) 0/grad =⋅ dtdf r  and, as seen in §1.6.2, dtd /r  is a 
vector tangential to the surface. Thus fgrad  is normal to the tangent vector; fgrad  must 
be normal to all the tangents to all the curves through p, so it must be normal to the plane 
tangent to the surface. 
 
Taylor’s Series 
 
Writing φ  as a function of three variables (omitting time t), so that ),,( 321 xxxφφ = , then 
φ  can be expanded in a three-dimensional Taylor’s series: 
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Neglecting the higher order terms, this can be written as 
 

x
x

xxx dd ⋅
∂
∂

+=+
φφφ )()(  

 
which is equivalent to 1.6.6, 1.6.7. 
 
 
1.6.5 The Nabla Operator 
 
The symbolic vector operator ∇  is called the Nabla operator5.  One can write this in 
component form as 

 

i
i xxxx ∂
∂

=
∂
∂

+
∂
∂

+
∂
∂

=∇ eeee
3

3
2

2
1

1       (1.6.11) 

 
One can generalise the idea of the gradient of a scalar field by defining the dot product 
and the cross product of the vector operator ∇  with a vector field ( )• , according to the 
rules 
 

( ) ( ) ( ) ( )•×
∂
∂

=•×∇•⋅
∂
∂

=•⋅∇
i

i
i

i xx
ee ,      (1.6.12) 

 
The following terminology is used: 
 

uu
uu
×∇=
⋅∇=

∇=

curl
div

grad φφ
     (1.6.13) 

                                                 
5 or del or the Gradient operator 
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These latter two are discussed in the following sections. 
 
 
1.6.6 The Divergence of a Vector Field 
 
From the definition (1.6.12), the divergence of a vector field )(xa  is the scalar field 
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   Divergence of a Vector Field    (1.6.14) 

 
Differential Elements & Physical interpretations of the Divergence 
 
Consider a flowing compressible6 material with velocity field ),,( 321 xxxv .  Consider 
now a differential element of this material, with dimensions 321 ,, xxx ΔΔΔ , with bottom 
left-hand corner at ),,( 321 xxx , fixed in space and through which the material flows7, Fig. 
1.6.6. 
 
The component of the velocity in the 1x  direction, 1v , will vary over a face of the element 
but, if the element is small, the velocities will vary linearly as shown; only the 
components at the four corners of the face are shown for clarity. 
 
Since [distance = time ×  velocity], the volume of material flowing through the right-hand 
face in time tΔ  is tΔ  times the “volume” bounded by the four corner velocities (between 
the right-hand face and the plane surface denoted by the dotted lines); it is straightforward 
to show that this volume is equal to the volume shown to the right, Fig. 1.6.6b, with 
constant velocity equal to the average velocity avev , which occurs at the centre of the face.  
Thus the volume of material flowing out is8 tvxx aveΔΔΔ 32  and the volume flux, i.e. the 
rate of volume flow, is avevxx 32ΔΔ .  Now 
 

),,( 32
1

322
1

2111 xxxxxxvvave Δ+Δ+Δ+=  
 
Using a Taylor’s series expansion, and neglecting higher order terms, 
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6 that is, it can be compressed or expanded 
7 this type of fixed volume in space, used in analysis, is called a control volume 
8 the velocity will change by a small amount during the time interval tΔ .  One could use the average 
velocity in the calculation, i.e. ( )),(),( 112

1 ttvtv Δ++ xx , but in the limit as 0→Δt , this will reduce to 

),(1 tv x  
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with the partial derivatives evaluated at ),,( 321 xxx , so the volume flux out is 
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Figure 1.6.6: a differential element; (a) flow through a face, (b) volume of material 
flowing through the face 

 
The net volume flux out (rate of volume flow out through the right-hand face minus the 
rate of volume flow in through the left-hand face) is then ( )11321 / xvxxx ∂∂ΔΔΔ  and the net 
volume flux per unit volume is 11 / xv ∂∂ .  Carrying out a similar calculation for the other 
two coordinate directions leads to 
 

net unit volume flux out of an elemental volume:   vdiv
3

3

2

2

1

1 ≡
∂
∂

+
∂
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+
∂
∂

x
v

x
v

x
v        (1.6.15) 

 
which is the physical meaning of the divergence of the velocity field. 
 
If 0div >v , there is a net flow out and the density of material is decreasing.  On the other 
hand, if 0div =v , the inflow equals the outflow and the density remains constant – such a 
material is called incompressible9.  A flow which is divergence free is said to be 
isochoric.  A vector v for which 0div =v  is said to be solenoidal. 
 
Notes: 
• The above result holds only in the limit when the element shrinks to zero size – so that the extra 

terms in the Taylor series tend to zero and the velocity field varies in a linear fashion over a face 
• consider the velocity at a fixed point in space, ),( txv .  The velocity at a later time, ),( tt Δ+xv , 

actually gives the velocity of a different material particle.  This is shown in Fig. 1.6.7 below: the 
material particles 3,2,1  are moving through space and whereas ),( txv  represents the velocity 
of particle 2, ),( tt Δ+xv  now represents the velocity of particle 1, which has moved into 
position x.  This point is important in the consideration of the kinematics of materials, to be 
discussed in Chapter 2 

 

                                                 
9 a liquid, such as water, is a material which is very incompressible 

),,( 32111 xxxxv Δ+),,( 321 xxx
1xΔ

2xΔ
),,( 332111 xxxxxv Δ+Δ+

),,( 3322111 xxxxxxv Δ+Δ+Δ+

),,( 322111 xxxxxv Δ+Δ+

3xΔ

avev

(a) (b) 
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Figure 1.6.7: moving material particles 
 
Another example would be the divergence of the heat flux vector q.  This time suppose 
also that there is some generator of heat inside the element (a source), generating at a rate 
of r per unit volume, r being a scalar field.  Again, assuming the element to be small, one 
takes r to be acting at the mid-point of the element, and one considers ),( 12

1
1 Lxxr Δ+ .  

Assume a steady-state heat flow, so that the (heat) energy within the elemental volume 
remains constant with time - the law of balance of (heat) energy then requires that the net 
flow of heat out must equal the heat generated within, so 
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Dividing through by 321 xxx ΔΔΔ  and taking the limit as 0,, 321 →ΔΔΔ xxx , one obtains 
 

r=qdiv      (1.6.16) 
 

Here, the divergence of the heat flux vector field can be interpreted as the heat generated 
(or absorbed) per unit volume per unit time in a temperature field.  If the divergence is 
zero, there is no heat being generated (or absorbed) and the heat leaving the element is 
equal to the heat entering it. 
 
 
1.6.7 The Laplacian 
 
Combining Fourier’s law of heat conduction (1.6.10), θ∇−= kq , with the energy 
balance equation (1.6.16), r=qdiv , and assuming the conductivity is constant, leads to 

rk =∇⋅∇− θ .  Now 
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  (1.6.17) 

 
This expression is called the Laplacian of θ .  By introducing the Laplacian 
operator ∇⋅∇≡∇ 2 , one has 

1 2 3

xx Δ− x xx Δ+

1 2 3

ttime

tt Δ+time

),( txv

),( tt Δ+xv
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k
r

−=∇ θ2       (1.6.18) 

 
This equation governs the steady state heat flow for constant conductivity.  In general, the 
equation a=∇ φ2  is called Poisson’s equation.  When there are no heat sources (or 
sinks), one has Laplace’s equation, 02 =∇ θ .  Laplace’s and Poisson’s equation arise in 
many other mathematical models in fluid mechanics, electromagnetism, etc. 
 
 
1.6.8 The Curl of a Vector Field 
 
From the definition 1.6.12 and 1.6.11, the curl of a vector field )(xa  is the vector field 
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    Curl of a Vector Field     (1.6.19) 

 
It can also be expressed in the form 
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    (1.6.20) 

 
Note: 
• the divergence and curl of a vector field are independent of any coordinate system (for example, 

the divergence of a vector and the length and direction of acurl  are independent of a coordinate 
system) – these will be re-defined without reference to any particular coordinate system when 
discussing tensors (see §1.14) 

 
Physical interpretation of the Curl 
 
Consider a particle with position vector r and moving with velocity rωv ×= , that is, 
with an angular velocity ω  about an axis in the direction of ω .  Then {▲Problem 7} 
 

( ) ωrωv 2curl =××∇=                       (1.6.21) 
 
Thus the curl of a vector field is associated with rotational properties.  In fact, if v is the 
velocity of a moving fluid, then a small paddle wheel placed in the fluid would tend to 
rotate in regions where 0curl ≠v , in which case the velocity field v is called a vortex 
field.  The paddle wheel would remain stationary in regions where 0curl =v , in which 
case the velocity field v is called irrotational. 
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1.6.9 Identities 
 
Here are some important identities of vector calculus {▲Problem 8}: 
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1.6.10 Cylindrical and Spherical Coordinates 
 
Cartesian coordinates have been used exclusively up to this point.  In many practical 
problems, it is easier to carry out an analysis in terms of cylindrical or spherical 
coordinates.  Differentiation in these coordinate systems is discussed in what follows10. 
 
Cylindrical Coordinates 
 
Cartesian and cylindrical coordinates are related through (see Fig. 1.6.8) 
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Then the Cartesian partial derivatives become 
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10 this section also serves as an introduction to the more general topic of Curvilinear Coordinates covered 
in §1.14-§1.17 
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Figure 1.6.8: cylindrical coordinates 
 
The base vectors are related through 
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        (1.6.26) 

 
so that from Eqn. 1.6.11, after some algebra, the Nabla operator in cylindrical coordinates 
reads as {▲Problem 9} 
 

zrr zr ∂
∂

+
∂
∂

+
∂
∂

=∇ eee
θθ

1                        (1.6.27) 

 
which allows one to take the gradient of a scalar field in cylindrical coordinates: 
 

zr zrr
eee

∂
∂

+
∂
∂

+
∂
∂

=∇
φ

θ
φφφ θ

1              (1.6.28) 

 
Cartesian base vectors are independent of position.  However, the cylindrical base 
vectors, although they are always of unit magnitude, change direction with position.  In 
particular, the directions of the base vectors θee ,r  depend on θ , and so these base 
vectors have derivatives with respect to θ : from Eqn. 1.6.26, 
 

r

r

ee

ee

−=
∂
∂

=
∂
∂

θ

θ

θ

θ               (1.6.29) 

 
with all other derivatives of the base vectors with respect to zr ,,θ  equal to zero. 
 
The divergence can now be evaluated: 
 

xx ≡1

yx ≡2

zx ≡3

•
( ) ( )zrzyx ,,,, θ≡

θ r
xe

•
ze

ye

ze

re

θe
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Similarly the curl of a vector and the Laplacian of a scalar are {▲Problem 10} 
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        (1.6.31) 

 
 
Spherical Coordinates 
 
Cartesian and spherical coordinates are related through (see Fig. 1.6.9) 
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and the base vectors are related through 
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   (1.6.33) 

 

 
 

Figure 1.6.9: spherical coordinates 
 
In this case the non-zero derivatives of the base vectors are 
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•
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x
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•
( ) ( )φθ ,,,, rzyx ≡

φ

r
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and it can then be shown that {▲Problem 11} 
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  (1.6.35) 

  
 
1.6.11 The Directional Derivative 
 
Consider a function ( )xφ .  The difference between its values at position x and at position 

wx + , where w is some vector, Fig. 1.6.10, is 
 

( ) ( )xwx φφφ −+=d      (1.6.36) 
 

 
 

Figure 1.6.10: the directional derivative 
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An approximation to φd  can be obtained by introducing a parameter ε  and by 
considering the function ( )wx εφ + ; one has ( ) ( )xwx φεφ ε =+ =0  and 
( ) ( )wxwx +=+ = φεφ ε 1 . 

 
If one treats φ  as a function of ε , a Taylor’s series about 0=ε  gives 
 

( ) ( )
L+++=

== 0
2

22

0 2
)0()(

εε ε
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εφεφεφ

d
d

d
d  

 
or, writing it as a function of wx ε+ , 
 

( ) L+++=+
=

wxxwx εφ
ε

εφεφ
ε 0

)()(
d
d  

 
By setting 1=ε , the derivative here can be seen to be a linear approximation to the 
increment φd , Eqn. 1.6.36.  This is defined as the directional derivative of the function 

)(xφ  at the point x in the direction of w, and is denoted by 
 

( )wxwx εφ
ε

φ
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+=∂
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d

    The Directional Derivative        (1.6.37) 

 
The directional derivative is also written as ( )xwφD . 
 
The power of the directional derivative as defined by Eqn. 1.6.37 is its generality, as seen 
in the following example. 
 
Example (the Directional Derivative of the Determinant) 
 
Consider the directional derivative of the determinant of the 22×  matrix A, in the 
direction of a second matrix T (the word “direction” is obviously used loosely in this 
context).  One has 
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■  
 
The Directional Derivative and The Gradient 
 
Consider a scalar-valued function φ  of a vector z.  Let z be a function of a parameter ε , 

( ) ( ) ( )( )εεεφφ 321 ,, zzz≡ .  Then 
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Thus, with wxz ε+= , 
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which can be compared with Eqn. 1.6.8.  Note that for Eqns. 1.6.8 and 1.6.38 to be 
consistent definitions of the directional derivative, w here should be a unit vector. 
 
 
1.6.12 Formal Treatment of Vector Calculus 
 
Consider a vector h, an element of the Euclidean vector space E, E∈h .  In order to be 
able to speak of limits as elements become “small” or “close” to each other in this space, 
one requires a norm.  Here, take the standard Euclidean norm on E, Eqn. 1.2.8, 
 

hhhhh ⋅=≡ ,                                              (1.6.39) 
 
Consider next a scalar function REf →: .  If there is a constant 0>M  such that 
( ) hh Mf ≤  as oh → , then one writes 

 
( ) ( )hh Of =    as   oh →                                           (1.6.40) 

 
This is called the Big Oh (or Landau) notation.  Eqn. 1.6.40 states that ( )hf  goes to 

zero at least as fast as h .  An expression such as  
 

( ) ( ) ( )hhh Ogf +=                                               (1.6.41) 
 
then means that ( ) ( )hh gf −  is smaller than h  for h  sufficiently close to o. 
 
Similarly, if  
 

( ) 0→
h
hf    as   oh →                                          (1.6.42) 

 
 then one writes ( ) ( )hh of =  as oh → .  This implies that ( )hf  goes to zero faster than 

h . 
 
A field is a function which is defined in a Euclidean (point) space 3E .  A scalar field is 
then a function REf →3: .  A scalar field is differentiable at a point 3E∈x  if there 
exists a vector ( ) EDf ∈x  such that 
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( ) ( ) ( ) ( )hhxxhx oDfff +⋅+=+    for all   E∈h                     (1.6.43) 

 
In that case, the vector ( )xDf  is called the derivative (or gradient) of f at x (and is given 
the symbol ( )xf∇ ). 
 
Now setting wh ε=  in 1.6.43, where E∈w  is a unit vector, dividing through by ε  and 
taking the limit as 0→ε , one has the equivalent statement  
 

( ) ( )wxwx ε
ε ε

+=⋅∇
=

f
d
df

0

   for all   E∈w                     (1.6.44) 

 
which is 1.6.38.  In other words, for the derivative to exist, the scalar field must have a 
directional derivative in all directions at x. 
 
Using the chain rule as in §1.6.11, Eqn. 1.6.44 can be expressed in terms of the Cartesian 
basis { }ie , 
 

( ) jji
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x
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x
ff eewx ⋅
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=
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∂

=⋅∇                                 (1.6.45) 

 
This must be true for all w and so, in a Cartesian basis,  
 

( ) i
ix

ff ex
∂
∂

=∇                                                    (1.6.46) 

 
which is Eqn. 1.6.6. 
 
 
1.6.13 Problems 
 
1. A particle moves along a curve in space defined by 

( ) ( ) ( ) 3
32

2
2

1
3 3844 eeer tttttt −+++−=  

Here, t is time.  Find 
(i) a unit tangent vector at 2=t  
(ii) the magnitudes of the tangential and normal components of acceleration at 2=t  

2. Use the index notation (1.3.12) to show that ( ) avavav ×+×=×
dt
d

dt
d

dt
d .  Verify this 

result for 21
2

3
2

1 ,3 eeaeev tttt +=−= .  [Note: the permutation symbol and the unit 
vectors are independent of t; the components of the vectors are scalar functions of t 
which can be differentiated in the usual way, for example by using the product rule of 
differentiation.] 

3. The density distribution throughout a material is given by xx ⋅+=1ρ . 
(i) what sort of function is this? 
(ii) the density is given in symbolic notation - write it in index notation  
(iii) evaluate the gradient of ρ  
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(iv) give a unit vector in the direction in which the density is increasing the most 
(v) give a unit vector in any direction in which the density is not increasing 
(vi) take any unit vector other than the base vectors and the other vectors you used 

above and calculate dxd /ρ  in the direction of this unit vector 
(vii) evaluate and sketch all these quantities for the point (2,1). 
In parts (iii-iv), give your answer in (a) symbolic, (b) index, and (c) full notation. 

4. Consider the scalar field defined by zyxx 232 ++=φ . 
(i) find the unit normal to the surface of constant φ  at the origin (0,0,0) 
(ii) what is the maximum value of the directional derivative of φ  at the origin? 
(iii) evaluate dxd /φ  at the origin if )( 31 eex += dsd . 

5. If 312211321 eeeu xxxxxx ++= , determine udiv  and ucurl .  
6. Determine the constant a so that the vector 

( ) ( ) ( ) 331232121 23 eeev axxxxxx ++−++=  
is solenoidal. 

7. Show that ωv 2curl = . 
8. Verify the identities (1.6.23). 
9. Use (1.6.11) to derive the Nabla operator in cylindrical coordinates (1.6.27). 
10. Derive Eqn. (1.6.31), the curl of a vector and the Laplacian of a scalar in the 

cylindrical coordinates. 
11. Derive (1.6.35), the gradient, divergence and Laplacian in spherical coordinates. 
12. Show that the directional derivative )(D uvφ  of the scalar-valued function of a vector 

uuu ⋅=)(φ , in the direction v, is vu ⋅2 . 
13. Show that the directional derivative of the functional 
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1.7 Vector Calculus 2 - Integration 
 
 
1.7.1 Ordinary Integrals of a Vector 
 
A vector can be integrated in the ordinary way to produce another vector, for example 
 

( ){ } 321

2

1
32

2
1

2 3
2

15
6
532 eeeeee −+−=−+−∫ dtttt  

 
 
1.7.2 Line Integrals 
 
Discussed here is the notion of a definite integral involving a vector function that 
generates a scalar. 
 
Let 332211 eeex xxx ++=  be a position vector tracing out the curve C between the points 

1p  and 2p .  Let f be a vector field.  Then  
 

{ }∫∫∫ ++=⋅=⋅
CC

p

p

dxfdxfdxfdd 332211

2

1

xfxf  

 
is an example of a line integral. 
 
Example (of a Line Integral) 
 
A particle moves along a path C from the point )0,0,0(  to )1,1,1( , where C is the straight 
line joining the points, Fig. 1.7.1.  The particle moves in a force field given by 
 

( ) 3
2
3123212

2
1 201463 eeef xxxxxx +−+=  

 
What is the work done on the particle? 
 

 
 

Figure 1.7.1: a particle moving in a force field 
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•
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Solution 
The work done is 

 
( ){ }∫∫ +−+=⋅=

CC

dxxxdxxxdxxxdW 3
2
3123212

2
1 201463xf  

 
The straight line can be written in the parametric form txtxtx === 321 ,, , so that 

 

( )
3

1361120
1

0

23 =+−= ∫ dttttW      or     ( )
3

13
321 =++⋅=⋅= ∫∫

CC

dtdt
dt
dW eeefxf  

■  
 
If C is a closed curve, i.e. a loop, the line integral is often denoted ∫ ⋅

C
dxv . 

 
Note: 
• in fluid mechanics and aerodynamics, when v is the velocity field, this integral ∫ ⋅C dxv  is called 

the circulation of v about C 
 
 
1.7.3 Conservative Fields 
 
If for a vector f one can find a scalar φ  such that 
 

φ∇=f      (1.7.1) 
 
then 
 

(1) ∫ ⋅
2

1

p

p

dxf   is independent of the path C joining 1p  and 2p  

(2) 0=⋅∫
C

dxf  around any closed curve C 

 
In such a case, f is called a conservative vector field and φ  is its scalar potential1.  For 
example, the work done by a conservative force field f is 
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ppddx
x
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p

p
i

i

p

p

p

p

φφφφφ −==
∂
∂

=⋅∇=⋅ ∫∫∫∫ xxf  

 
which clearly depends only on the values at the end-points 1p  and 2p , and not on the 
path taken between them. 
 
It can be shown that a vector f is conservative if and only if of =curl   {▲Problem 3}. 

                                                 
1 in general, of course, there does not exist a scalar field φ  such that φ∇=f ; this is not surprising since a 
vector field has three scalar components whereas φ∇  is determined from just one 
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Example (of a Conservative Force Field) 
 
The gravitational force field 3ef mg−=  is an example of a conservative vector field.  
Clearly, of =curl , and the gravitational scalar potential is 3mgx−=φ .  Also, 
 

[ ] ( ) ( )12132333 )()(
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2

1

pppxpxmgdxmgdmgW
p

p
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■  
 
 
Example (of a Conservative Force Field) 
 
Consider the force field 
 

3
2
312

2
11

3
321 3)2( eeef xxxxxx +++=  

 
Show that it is a conservative force field, find its scalar potential and find the work done 
in moving a particle in this field from )1,2,1( −  to )4,1,3( . 
 
Solution 
 
One has 
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eee
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so the field is conservative. 
 
To determine the scalar potential, let 
 

3
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2
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1
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Equating coefficients and integrating leads to 
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+=
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which agree if one chooses 2

2
1

3
31 ,,0 xxrxxqp === , so that 3

312
2
1 xxxx +=φ , to which 

may be added a constant. 
 
The work done is simply 
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202)1,2,1()4,1,3( =−−= φφW  

■  
 
Helmholtz Theory 
 
As mentioned, a conservative vector field which is irrotational, i.e. φ∇=f , implies 

of =×∇ , and vice versa.  Similarly, it can be shown that if one can find a vector a such 
that af ×∇= , where a is called the vector potential, then f is solenoidal, i.e. 0=⋅∇ f  
{▲Problem 4}.  
 
Helmholtz showed that a vector can always be represented in terms of a scalar potential 
φ  and a vector potential a:2 
 

Type of Vector Condition Representation 
General  af ×∇+∇= φ  

Irrotational (conservative) of =×∇  φ∇=f  
Solenoidal 0=⋅∇ f  af ×∇=  

 
 
1.7.4 Double Integrals 
 
The most elementary type of two-dimensional integral is that over a plane region.  For 
example, consider the integral over a region R in the 21 xx −  plane, Fig. 1.7.2.  The 
integral  
 

∫∫
R

dxdx 21  

 
then gives the area of R and, just as the one dimensional integral of a function gives the 
area under the curve, the integral 
 

∫∫
R

dxdxxxf 2121 ),(  

 
gives the volume under the (in general, curved) surface ),( 213 xxfx = .  These integrals 
are called double integrals.  
 
 

                                                 
2 this decomposition can be made unique by requiring that 0f →  as ∞→x ; in general, if one is given f, 
then φ  and a can be obtained by solving a number of differential equations 
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Figure 1.7.2: integration over a region 
 
 
Change of variables in Double Integrals  
 
To evaluate integrals of the type ∫∫R dxdxxxf 2121 ),( , it is often convenient to make a 

change of variable.  To do this, one must find an elemental surface area in terms of the 
new variables, 21 , tt  say, equivalent to that in the 21 , xx  coordinate system,  21dxdxdS = . 
 
The region R over which the integration takes place is the plane surface 0),( 21 =xxg .  
Just as a curve can be represented by a position vector of one single parameter t (cf. 
§1.6.2), this surface can be represented by a position vector with two parameters3, 1t  and 

2t : 
 

22121211 ),(),( eex ttxttx +=  
 
Parameterising the plane surface in this way, one can calculate the element of surface dS  
in terms of 21 , tt  by considering curves of constant 21 , tt , as shown in Fig. 1.7.3.  The 
vectors bounding the element are 
 

2
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1
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12
, dt

t
dddt

t
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tt ∂
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==
∂
∂

==
xxxxxx        (1.7.2) 

 
so the area of the element is given by  
 

dtdtJdtdt
tt

dddS 121
21

)2()1( =
∂
∂

×
∂
∂

=×=
xxxx   (1.7.3) 

 
where J is the Jacobian of the transformation, 
 

                                                 
3 for example, the unit circle 012

2
2
1 =−+ xx  can be represented by 221121 sincos eex tttt += , 10 1≤<t , 

π20 2 ≤< t  ( 21 , tt  being in this case the polar coordinates r, θ , respectively) 
 

1x
2x

3x

R

),( 213 xxfx =
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The Jacobian is also often written using the notation 
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tt
xx
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∂
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The integral can now be written as 
 

∫∫
R

dtJdtttf 2121 ),(  

 

 
 

Figure 1.7.3: a surface element 
 
Example 
 
Consider a region R, the quarter unit-circle in the first quadrant, 2

12 10 xx −≤≤ ,  
10 1 ≤≤ x .  The moment of inertia about the 1x  – axis is defined by 

 

∫∫≡
R

x dxdxxI 21
2
21

 

  
Transform the integral into the new coordinate system 21, tt  by making the substitutions4 

212211 sin,cos ttxttx == .  Then 
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4 these are the polar coordinates, 21 , tt  equal to r, θ , respectively 
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22 tt Δ+
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so 
 

16
sin 21

2/

0
2

2
1

0

3
11

ππ

== ∫ ∫ dtdtttI x  

■  
 
 
1.7.5 Surface Integrals 
 
Up to now, double integrals over a plane region have been considered.  In what follows, 
consideration is given to integrals over more complex, curved, surfaces in space, such as 
the surface of a sphere.   
 
Surfaces 
 
Again, a curved surface can be parameterized by 21, tt , now by the position vector 
 

321322121211 ),(),(),( eeex ttxttxttx ++=  
 
One can generate a curve C on the surface S by taking )(11 stt = , )(22 stt =  so that C has 
position vector, Fig. 1.7.4,  
 

( ) ( ))(),( 21 ststs xx =  
  
A vector tangent to C at a point p on S is, from Eqn. 1.6.3, 

 

ds
dt

tds
dt

tds
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xxx  

 

 
 

Figure 1.7.4: a curved surface 
 
Many different curves C pass through p, and hence there are many different tangents, 
with different corresponding values of dsdtdsdt /,/ 21 .  Thus the partial derivatives 

21 /,/ tt ∂∂∂∂ xx  must also both be tangential to C and so a normal to the surface at p is 
given by their cross-product, and a unit normal is 

1x

2x

3x

),( 21 ttx
)(sx

C

S
s
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2121

/
tttt ∂
∂

×
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

×
∂
∂

=
xxxxn     (1.7.5) 

 
In some cases, it is possible to use a non-parametric form for the surface, for example 

cxxxg =),,( 321 , in which case the normal can be obtained simply from 
gg grad/grad=n . 

 
Example (Parametric Representation and the Normal to a Sphere) 
 
The surface of a sphere of radius a can be parameterised as5 
  

{ }31221121 cossinsincossin eeex ttttta ++= ,        ππ 20,0 21 ≤≤≤≤ tt  
 
Here, lines of const1 =t  are parallel to the 21 xx −  plane (“parallels”), whereas lines of 

const2 =t  are “meridian” lines, Fig. 1.7.5.  If one takes the simple expressions 
stst −== 2/, 21 π , over 2/0 π≤≤ s , one obtains a curve 1C  joining )1,0,0(  and )0,0,1( , 

and passing through )2/1,2/1,2/1( , as shown. 
 

 
 

Figure 1.7.5: a sphere 
 
The partial derivatives with respect to the parameters are 
 

{ }

{ }221121
2

31221121
1

cossinsinsin

sinsincoscoscos

eex

eeex

tttta
t

ttttta
t

+−=
∂
∂

−+=
∂
∂

 

 
so that  

{ }311221
2

121
22

21

cossinsinsincossin eeexx tttttta
tt

++=
∂
∂

×
∂
∂  

                                                 
5 these are the spherical coordinates (see §1.6.10); φθ == 21 , tt  

1x
2x

3x

1C

2/1 π=t

n
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and a unit normal to the spherical surface is 
 

31221121 cossinsincossin eeen ttttt ++=  
 
For example, at 4/21 π== tt  (this is on the curve 1C ), one has 
 

( ) 32
1

22
1

12
14/,4/ eeen ++=ππ  

 
and, as expected, it is in the same direction as r. 

■  
 
Surface Integrals 
 
Consider now the integral dS

S∫∫ f  where f is a vector function and S is some curved  

surface.  As for the integral over the plane region, 
 

21
21

const const 12
dtdt

tt
dddS

tt ∂
∂

×
∂
∂

=×=
xxxx , 

 
only now dS  is not “flat” and x is three dimensional.  The integral can be evaluated if 
one parameterises the surface with 21 , tt  and then writes 
 

21
21

dtdt
ttS ∂
∂

×
∂
∂

∫∫
xxf  

 
One way to evaluate this cross product is to use the relation (Lagrange’s identity, 
Problem 15, §1.3) 
 

( ) ( ) ( )( ) ( )( )cbdadbcadcba ⋅⋅−⋅⋅=×⋅×    (1.7.6) 
 
so that 
 

2

2122112121

2

21
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⋅
∂
∂

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⋅
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⋅
∂
∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

×
∂
∂

⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

×
∂
∂

=
∂
∂

×
∂
∂

tttttttttttt
xxxxxxxxxxxx    (1.7.7) 

 
Example (Surface Area of a Sphere) 
 
Using the parametric form for a sphere given above, one obtains  
 

1
24

2

21

sin ta
tt

=
∂
∂

×
∂
∂ xx  

 
so that 
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2
21

2

0 0
1

2 4sinarea adtdttadS
S

π
π π

=== ∫ ∫∫∫  

■  
 
Flux Integrals 
 
Surface integrals often involve the normal to the surface, as in the following example. 
 
Example 
 
If 3322

2
21314 eeef xxxxx +−= , evaluate dS

S
∫∫ ⋅nf , where S is the surface of the cube 

bounded by 1,0;1,0;1,0 321 === xxx , and n is the unit outward normal, Fig. 1.7.6. 
 

 
 

Figure 1.7.6: the unit cube 
 
Solution 
 
The integral needs to be evaluated over the six faces.  For the face with 1en += , 11 =x  
and 
 

( ) 244 32

1

0

1

0
332

1

0

1

0
13322

2
213 ==⋅+−=⋅ ∫ ∫∫ ∫∫∫ dxdxxdxdxxxxxdS

S

eeeenf  

 
Similarly for the other five sides, whence 2

3=⋅∫∫ dS
S

nf . 

■  
 
Integrals of the form dS

S∫∫ ⋅nf  are known as flux integrals and arise quite often in 

applications.  For example, consider a material flowing with velocity v, in particular the 
flow through a small surface element dS  with outward unit normal n, Fig. 1.7.7.  The 
volume of material flowing through the surface in time dt  is equal to the volume of the 
slanted cylinder shown, which is the base dS  times the height.  The slanted height is (= 

1x

2x

3x

2en =

3en =

1en =
2en −=
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velocity × time) is dtv , and the vertical height is then dtnv ⋅ .  Thus the rate of flow is 
the volume flux (volume per unit time) through the surface element: dSnv ⋅ . 
 

 
 

Figure 1.7.7: flow through a surface element 
 
The total (volume) flux out of a surface S is then6 
 

volume flux:    dS
S
∫∫ ⋅nv     (1.7.8) 

 
Similarly, the mass flux is given by 
 

mass flux:    dS
S
∫∫ ⋅nvρ     (1.7.9) 

 
For more complex surfaces, one can write using Eqn. 1.7.3, 1.7.5, 
 

21
21

dtdt
tt

dS
S

S ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

×
∂
∂

⋅=⋅ ∫∫∫∫
xxfnf  

 
Example (of a Flux Integral) 
 
Compute the flux integral dS

S∫∫ ⋅nf , where S is the parabolic cylinder represented by 

 
30,20, 31

2
12 ≤≤≤≤= xxxx  

 
and 331212 2 eeef xxx ++= , Fig. 1.7.8. 
 
Solution 
 
Making the substitutions 2311 , txtx == , so that 2

12 tx = , the surface can be represented 
by the position vector 
 

                                                 
6 if v acts in the same direction as n, i.e. pointing outward, the dot product is positive and this integral is 
positive; if, on the other hand, material is flowing in through the surface, v and n are in opposite directions 
and the dot product is negative, so the integral is negative 

n

v

dtnv ⋅ dtv
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322
2
111 eeex ttt ++= ,        30,20 21 ≤≤≤≤ tt  

 
Then 322111 /,2/ exeex =∂∂+=∂∂ ttt  and  
 

211
21

2 eexx
−=

∂
∂

×
∂
∂ t

tt
 

 
so the integral becomes 
 

( ) ( ) 1222
3

0

2

0
2121132121

2
1 =−⋅++∫ ∫ dtdttttt eeeee  

 

 
 

Figure 1.7.8: flux through a parabolic cylinder 
■  

 
Note: 
• in the above example, the value of the integral depends on the choice of n.  If one chooses n−  

instead of n, one would obtain 12− .  The normal in the opposite direction (on the “other side” 
of the surface) can be obtained by simply switching 1t  and 2t , since 

1221 //// tttt ∂∂×∂−∂=∂∂×∂∂ xxxx . 
 
Surface flux integrals can also be evaluated by first converting them into double integrals 
over a plane region.  For example, if a surface S has a projection R on the 21 xx −  plane, 
then an element of surface dS  is related to the projected element 21dxdx  through (see 
Fig. 1.7.9) 
 

( ) 213cos dxdxdSdS =⋅= enθ  
 
and so 
 

∫∫∫∫ ⋅
⋅=⋅

RS
dxdxdS 21

3

1
en

nfnf  

1x
2x

3x

n f
•
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Figure 1.7.9: projection of a surface element onto a plane region 
 
 
The Normal and Surface Area Elements 
 
It is sometimes convenient to associate a special vector Sd  with a differential element of 
surface area dS , where 
 

dSd nS =  
 
so that Sd  is the vector with magnitude dS  and direction of the unit normal to the 
surface.  Flux integrals can then be written as 
 

∫∫∫∫ ⋅=⋅
SS

ddS Sfnf  

 
 
1.7.6 Volume Integrals 
 
The volume integral, or triple integral, is a generalisation of the double integral. 
 
Change of Variable in Volume Integrals 
 
For a volume integral, it is often convenient to make the change of variables 

),,(),,( 321321 tttxxx → .  The volume of an element dV  is given by the triple scalar 
product (Eqns. 1.1.5, 1.3.17) 
 

321321
321

dtdtJdtdtdtdt
ttt

dV =
∂
∂

⋅⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

×
∂
∂

=
xxx    (1.7.10) 

 
where the Jacobian is now 
 

n3e

2x

1x

θ



Section 1.7 

Solid Mechanics Part III                                                                                Kelly 63

3

3

2

3

1

3

3

2

2

2

1

2

3

1

2

1

1

1

3

3

3

2

3

1

2

3

2

2

2

1

1

3

1

2

1

1

or

t
x

t
x

t
x

t
x

t
x

t
x

t
x

t
x

t
x

J

t
x

t
x

t
x

t
x

t
x

t
x

t
x

t
x

t
x

J

∂
∂

∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂
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∂

∂
∂

∂
∂
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=                   (1.7.11) 

 
so that 
 

( ) ( ) ( ) ( )( )∫∫∫∫∫∫ =
VV

dtdtdtJtttxtttxtttxdxdydzxxx 321321332123211321 ,,,,,,,,,, ff  

 
 
1.7.7 Integral Theorems 
 
A number of integral theorems and relations are presented here (without proof), the most 
important of which is the divergence theorem.  These theorems can be used to simplify 
the evaluation of line, double, surface and triple integrals.  They can also be used in 
various proofs of other important results. 
 
The Divergence Theorem 
 
Consider an arbitrary differentiable vector field ),( txv  defined in some finite region of 
physical space.  Let V be a volume in this space with a closed surface S bounding the 
volume, and let the outward normal to this bounding surface be n.  The divergence 
theorem of Gauss states that (in symbolic and index notation) 
 

∫∫∫∫ ∂
∂

==⋅
V i

i

S
ii

VS

dV
x
v

dSnvdVdS vnv div      Divergence Theorem    (1.7.12) 

 
and one has the following useful identities {▲Problem 10} 
 

∫∫

∫∫

∫∫

=×

=

=⋅

VS

VS

VS

dVdS

dVdS

dVdS

uun

n

unu

curl

grad

)(div

φφ

φφ

    (1.7.13) 

 
By applying the divergence theorem to a very small volume, one finds that 
 

V

dS
S

V

∫ ⋅
=

→

nv
v

0
limdiv  

 
that is, the divergence is equal to the outward flux per unit volume, the result 1.6.15. 
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Stoke’s Theorem 
 
Stoke’s theorem transforms line integrals into surface integrals and vice versa.  It states 
that 
 

( ) ∫∫∫ ⋅=⋅
CS

dsdS τfnfcurl     (1.7.14) 

 
Here C is the boundary of the surface S, n is the unit outward normal and dsd /rτ =  is 
the unit tangent vector. 
 
As has been seen, Eqn. 1.6.21, the curl of the velocity field is a measure of how much a 
fluid is rotating.  The direction of this vector is along the direction of the local axis of 
rotation and its magnitude measures the local angular velocity of the fluid.  Stoke’s 
theorem then states that the amount of rotation of a fluid can be measured by integrating 
the tangential velocity around a curve (the line integral), or by integrating the amount of 
vorticity “moving through” a surface bounded by the same curve. 
 
Green’s Theorem and Related Identities 
 
Green’s theorem relates a line integral to a double integral, and states that 
 

{ } ∫∫∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

=+
RC

dxdx
xx

dxdx 21
2

1

1

2
2211

ψψ
ψψ ,   (1.7.15) 

 
where R is a region in the 21 xx −  plane bounded by the curve C.  In vector form, Green’s 
theorem reads as 
 

∫∫∫ ⋅=⋅
RC

dxdxd 213curl efxf     where    2211 eef ψψ +=       (1.7.16) 

 
from which it can be seen that Green’s theorem is a special case of Stoke’s theorem, for 
the case of a plane surface (region) in the 21 xx −  plane. 
 
It can also be shown that (this is Green’s first identity) 
 

( ) { }dVdS
VS
∫∫∫∫∫ ⋅+∇=⋅ φψφψφψ gradgradgrad 2n         (1.7.17) 

 
Note that the term φgrad⋅n  is the directional derivative of φ  in the direction of the 
outward unit normal.  This is often denoted as n∂∂ /φ .  Green’s first identity can be 
regarded as a multi-dimensional “integration by parts” – compare the rule 

∫∫ −= vduuvudv  with the identity re-written as 
 

( ) ( ) ( ) ( )dVdSdV
VSV
∫∫∫∫∫∫∫∫ ∇⋅∇−⋅∇=∇⋅∇ φψφψφψ n        (1.7.18) 
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or 
 

( ) ( ) ( ) dVdSdV
VSV
∫∫∫∫∫∫∫∫ ⋅∇−⋅=⋅∇ unuu ψψψ              (1.7.18) 

 
One also has the relation (this is Green’s second identity) 
 

( ) ( ){ } { }dVdS
VS
∫∫∫∫∫ ∇−∇=⋅−⋅ ψφφψψφφψ 22gradgrad nn   (1.7.19) 

 
 
1.7.8 Problems 
  
1. Find the work done in moving a particle in a force field given by 

1123121 1053 eeef xxxx +−=  along the curve 12
1 += tx , 2

2 2tx = , 3
3 tx = , from 1=t  

to 2=t .  (Plot the curve.) 
2. Show that the following vectors are conservative and find their scalar potentials: 

(i) 332211 eeex xxx ++=  
(ii) ( )2112

21 eev xxe xx +=  
(iii) 332

2
2112 )/()/1( eeeu xxxx +−=  

3. Show that if  φ∇=f  then of =curl . 
4. Show that if af ×∇=  then 0=⋅∇ f . 
5. Find the volume beneath the surface 03

2
2

2
1 =−+ xxx  and above the square with 

vertices )0,0( , )0,1( , )1,1(  and )1,0(  in the 21 xx − plane. 
6. Find the Jacobian (and sketch lines of constant 21, tt ) for the rotation  

θθ
θθ

cossin
sincos

212

211

ttx
ttx

+=
−=

 

7. Find a unit normal to the circular cylinder with parametric representation 
10,20,sincos),( 1132211121 ≤≤≤≤++= ttttatatt πeeex  

8. Evaluate dS
S∫ ψ  where 321 xxx ++=ψ  and S is the plane surface 213 xxx += , 

120 xx ≤≤ , 10 1 ≤≤ x . 
9. Evaluate the flux integral dS

S∫ ⋅nf  where 321 22 eeef ++=  and S is the cone 

( ) axxxax ≤+= 3
2
2

2
13 ,  [Hint: first parameterise the surface with 21, tt .] 

10. Prove the relations in (1.7.13).  [Hint: first write the expressions in index notation.] 
11. Use the divergence theorem to show that 

VdS
S

3=⋅∫ nx
, 

where V is the volume enclosed by S (and x is the position vector). 
12. Verify the divergence theorem for 3

3
32

3
21

3
1 eeev xxx ++=  where S is the surface of the 

sphere 22
3

2
2

2
1 axxx =++ . 

13. Interpret the divergence theorem (1.7.12) for the case when v is the velocity field.  
See (1.6.15, 1.7.8).  Interpret also the case of 0div =v . 



Section 1.7 

Solid Mechanics Part III                                                                                Kelly 66

14. Verify Stoke’s theorem for 312312 eeef xxx ++=  where S is 01 2
2

2
13 ≥−−= xxx  (so 

that C is the circle of radius 1 in the 21 xx −  plane). 
15. Verify Green’s theorem for the case of 2122

2
11 ,2 xxxx +=−= ψψ , with C the unit 

circle 12
2

2
1 =+ xx .  The following relations might be useful: 

0cossincossin,cossin
2

0

22

0

2

0

22

0

2 ==== ∫∫∫∫
ππππ

θθθθθθπθθθθ dddd  

16. Evaluate ∫ ⋅
C

dxf  using Green’s theorem, where 2
3
11

3
2 eef xx +−=  and C is the circle 

42
2

2
1 =+ xx . 

17. Use Green’s theorem to show that the double integral of the Laplacian of p over a 
region R is equivalent to the integral of n⋅=∂∂ pnp grad/  around the curve C 
bounding the region: 

ds
n
pdxdxp

CR
∫∫∫ ∂
∂

=∇ 21
2  

[Hint: Let 1221 /,/ xpxp ∂+∂=∂−∂= ψψ . Also, show that 

2
1

1
2 een

ds
dx

ds
dx

−=  

is a unit normal to C, Fig. 1.7.10] 
 

 
 

Figure 1.7.10: projection of a surface element onto a plane region 
 

 

ds

1dx
2dx

C
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1.8 Tensors 
 
Here the concept of the tensor is introduced.  Tensors can be of different orders – zeroth-
order tensors, first-order tensors, second-order tensors, and so on.  Apart from the zeroth 
and first order tensors (see below), the second-order tensors are the most important 
tensors from a practical point of view, being important quantities in, amongst other topics, 
continuum mechanics, relativity, electromagnetism and quantum theory. 
 
 
1.8.1 Zeroth and First Order Tensors 
 
A tensor of order zero is simply another name for a scalar α . 
 
A first-order tensor is simply another name for a vector u. 
 
 
1.8.2 Second Order Tensors 
 
Notation 
 
 Vectors:  lowercase bold-face Latin letters, e.g. a, r, q 
 2nd order Tensors: uppercase bold-face Latin letters, e.g. F, T, S 
 
Tensors as Linear Operators 
 
A second-order tensor T may be defined as an operator that acts on a vector u generating 
another vector v, so that vuT =)( , or1 
 

vTuvuT ==⋅ or  Second-order Tensor (1.8.1) 
 
The second-order tensor T is a linear operator (or linear transformation)2, which 
means that 
 

( ) TbTabaT +=+  …  distributive 
( ) ( )TaaT αα =  …   associative  

 
This linearity can be viewed geometrically as in Fig. 1.8.1. 

 
Note: 
• the vector may also be defined in this way, as a mapping u that acts on a vector v, this time 

generating a scalar α, α=⋅ vu .  This transformation (the dot product) is linear (see properties 
(2,3) in §1.1.4).  Thus a first-order tensor (vector) maps a first-order tensor into a zeroth-order 
tensor (scalar), whereas a second-order tensor maps a first-order tensor into a first-order tensor.  
It will be seen that a third-order tensor maps a first-order tensor into a second-order tensor, and 
so on 

                                                 
1 both these notations for the tensor operation are used; here, the convention of omitting the “dot” will be 
used 
2 An operator or transformation is a special function which maps elements of one type into elements of a 
similar type; here, vectors into vectors 
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Figure 1.8.1: Linearity of the second order tensor 
 
 
Further, two tensors T and S are said to be equal if and only if 
 

TvSv =  
 
for all vectors v. 
 
Example (of a Tensor) 
 
Suppose that F is an operator which transforms every vector into its mirror-image with 
respect to a given plane, Fig. 1.8.2.  F transforms a vector into another vector and the 
transformation is linear, as can be seen geometrically from the figure.  Thus F is a 
second-order tensor. 
 

 
 

Figure 1.8.2: Mirror-imaging of vectors as a second order tensor mapping 
 

■  
 
 
Example (of a Tensor) 
 
The combination ×u  linearly transforms a vector into another vector and is thus a 
second-order tensor3.  For example, consider a force f applied to a spanner at a distance r 
from the centre of the nut, Fig. 1.8.3.  Then it can be said that the tensor ( )×r  maps the 
force f into the (moment/torque) vector fr × . 
 
 
                                                 
3 Some authors use the notation u~  to denote ×u  

a

b

ba +
Ta

Tb
( )baT +

u

v

uα

vu +

vF ⋅

Fu

( )uF α

( )vuF +
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Figure 1.8.3: the force on a spanner 
■  

 
 
1.8.3 The Dyad (the tensor product) 
 
The vector dot product and vector cross product have been considered in previous 
sections.  A third vector product, the tensor product (or dyadic product), is important in 
the analysis of tensors of order 2 or more.  The tensor product of two vectors u and v is 
written as4 
 

vu⊗   Tensor Product  (1.8.2) 
 
This tensor product is itself a tensor of order two, and is called dyad: 
 
  vu ⋅  is a scalar (a zeroth order tensor) 
  vu×  is a vector (a first order tensor) 
  vu⊗  is a dyad (a second order tensor) 
 
It is best to define this dyad by what it does: it transforms a vector w into another vector 
with the direction of u according to the rule5 
 

)()( wvuwvu ⋅=⊗      The Dyad Transformation (1.8.3) 
 
This relation defines the symbol “⊗ ”. 
 
The length of the new vector is u  times wv ⋅ , and the new vector has the same direction 
as u , Fig. 1.8.4.  It can be seen that the dyad is a second order tensor, because it operates 
linearly on a vector to give another vector {▲Problem 2}. 
 
Note that the dyad is not commutative, uvvu ⊗≠⊗ .  Indeed it can be seen clearly from 
the figure that ( ) ( )wuvwvu ⊗≠⊗ . 
 

                                                 
4 many authors omit the ⊗  and write simply uv 
5 note that it is the two vectors that are beside each other (separated by a bracket) that get “dotted” together 

f

r
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Figure 1.8.4: the dyad transformation 
 
The following important relations follow from the above definition {▲Problem 4}, 

 
( )( ) ( )( )

( ) ( )wvuwvu
xuwvxwvu

⋅=⊗
⊗⋅=⊗⊗

         (1.8.4) 

 
It can be seen from these that the operation of the dyad on a vector is not commutative: 
 

( ) ( )uwvwvu ⊗≠⊗                (1.8.5) 
 
 
Example (The Projection Tensor) 
 
Consider the dyad ee⊗ .  From the definition 1.8.3, ( ) ( )eueuee ⋅=⊗ .  But ue ⋅  is the 
projection of u onto a line through the unit vector e.  Thus ( )eue ⋅  is the vector projection 
of u on e.  For this reason ee⊗  is called the projection tensor.  It is usually denoted by 
P. 
 

 
 

Figure 1.8.5: the projection tensor 
 

■  
 
 
 

u

v

ePu Pv

wvu )( ⊗

u

w

v
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1.8.4 Dyadics 
 
A dyadic is a linear combination of these dyads (with scalar coefficients).  An example 
might be 

 
( ) ( ) ( )fedcba ⊗−⊗+⊗ 235  

 
This is clearly a second-order tensor.  It will be seen in §1.9 that every second-order 
tensor can be represented by a dyadic, that is 

 
( ) ( ) ( ) L+⊗+⊗+⊗= fedcbaT γβα     (1.8.6) 

 
Note: 
• second-order tensors cannot, in general, be written as a dyad, baT ⊗=  – when they can, they 

are called simple tensors 
 
 
Example (Angular Momentum and the Moment of Inertia Tensor) 
 
Suppose a rigid body is rotating so that every particle in the body is instantaneously 
moving in a circle about some axis fixed in space, Fig. 1.8.6. 
 

 
 

Figure 1.8.6: a particle in motion about an axis 
 
The body’s angular velocity ω  is defined as the vector whose magnitude is the angular 
speed ω  and whose direction is along the axis of rotation.  Then a particle’s linear 
velocity is  

 
rωv ×=  

 
where wdv =  is the linear speed, d is the distance between the axis and the particle, and r 
is the position vector of the particle from a fixed point O on the axis.  The particle’s 
angular momentum (or moment of momentum) h about the point O is defined to be  

 
vrh ×= m  

 
where m is the mass of the particle.  The angular momentum can be written as  

 

d

r

ω

v

θ
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ωIh ˆ=           (1.8.8) 
 
where Î , a second-order tensor, is the moment of inertia of the particle about the point 
O, given by 

 
( )rrIrI ⊗−= 2ˆ m      (1.8.9) 

 
where I is the identity tensor, i.e. aIa =  for all vectors a. 
 
To show this, it must be shown that ( )ωrrIrvr ⊗−=× 2 .  First examine vr× .  It is 
evidently a vector perpendicular to both r and v and in the plane of r and ω ; its 
magnitude is 

 
θsin2 ωrvrvr ==×  

 
Now (see Fig. 1.8.7) 

 
( ) ( )

( )reeωr

ωrrωrωrrIr

θω cos2

22

−=

⋅−=⊗−
 

 
where ωe  and re  are unit vectors in the directions of ω  and r respectively.  From the 

diagram, this is equal to heωr θsin2 .  Thus both expressions are equivalent, and one 

can indeed write ωIh ˆ=  with Î  defined by Eqn. 1.8.9: the second-order tensor Î  maps 
the angular velocity vector ω  into the angular momentum vector h of the particle. 

 

 
 

Figure 1.8.7: geometry of unit vectors for angular momentum calculation 
 

■  
 
 
1.8.5 The Vector Space of Second Order Tensors 
 
The vector space of vectors and associated spaces were discussed in §1.2.  Here, spaces of 
second order tensors are discussed. 
 
As mentioned above, the second order tensor is a mapping on the vector space V, 

ωe

reθ

reθcos−

θcos

he

θsin
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VV →:T                                                         (1.8.10) 

 
and follows the rules 
 

( )
( ) ( )TaaT

TbTabaT
αα =

+=+
                                             (1.8.11) 

 
for all V∈ba,  and R∈α .  
 
Denote the set of all second order tensors by 2V .  Define then the sum of two tensors 

2, V∈TS  through the relation 
 

( ) TvSvvTS +=+                                                 (1.8.12) 
 
and the product of a scalar R∈α  and a tensor 2V∈T  through 
 

( ) TvvT αα =                                                     (1.8.13) 
 
Define an identity tensor 2V∈I  through 
 

vIv = ,    for all V∈v                                              (1.8.14) 
 
and a zero tensor 2V∈O  through 
 

oOv = ,    for all V∈v                                            (1.8.15)  
 
It follows from the definition 1.8.11 that 2V  has the structure of a real vector space, that 
is, the sum 2V∈+ TS , the product 2V∈Tα , and the following 8 axioms hold:  
 
1. for any 2,, V∈CBA , one has )()( CBACBA ++=++  
2. there exists an element 2V∈O  such that TTOOT =+=+  for every 2V∈T  
3. for each 2V∈T  there exists an element 2V∈−T , called the negative of T, such that 

0)()( =+−=−+ TTTT  
4. for any 2, V∈TS , one has STTS +=+  
5. for any 2, V∈TS  and scalar R∈α , TSTS ααα +=+ )(    
6. for any 2V∈T  and scalars R∈βα , , TTT βαβα +=+ )(  
7. for any 2V∈T  and scalars R∈βα , , TT )()( αββα =  
8. for the unit scalar R∈1 , TT =1  for any 2V∈T . 
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1.8.6 Problems 
 
1. Consider the function f which transforms a vector v into β+⋅ va .  Is f a tensor (of 

order one)? [Hint: test to see whether the transformation is linear, by examining 
( )vuf +α .] 

2. Show that the dyad is a linear operator, in other words, show that 
( ) xvuwvuxwvu )()()( ⊗+⊗=+⊗ βαβα  

3. When is abba ⊗=⊗ ? 
4. Prove that 

(i) ( )( ) ( )( )xuwvxwvu ⊗⋅=⊗⊗  [Hint: post-“multiply” both sides of the definition 
(1.8.3) by x⊗ ; then show that ( )( ) ( )( )xwvuxwvu ⊗⊗=⊗⊗ .] 

(ii) ( ) ( )wvuwvu ⋅=⊗  [hint: pre “multiply” both sides by ⊗x  and use the result of 
(i)] 

5. Consider the dyadic (tensor) bbaa ⊗+⊗ .  Show that this tensor orthogonally 
projects every vector v onto the plane formed by a and b (sketch a diagram). 

6. Draw a sketch to show the meaning of ( )Pvu ⋅ , where P is the projection tensor.  
What is the order of the resulting tensor? 

7. Prove that ( )××=⊗−⊗ ababba . 
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1.9 Cartesian Tensors 
 
As with the vector, a (higher order) tensor is a mathematical object which represents 
many physical phenomena and which exists independently of any coordinate system.  In 
what follows, a Cartesian coordinate system is used to describe tensors. 
 
 
1.9.1 Cartesian Tensors 
 
A second order tensor and the vector it operates on can be described in terms of Cartesian 
components.  For example, cba )( ⊗ , with 3212 eeea −+= , 321 2 eeeb ++=  and 

321 eeec ++−= , is 
 

321 224)()( eeecbacba −+=⋅=⊗  
 
Example (The Unit Dyadic or Identity Tensor) 
 
The identity tensor, or unit tensor, I, which maps every vector onto itself, has been 
introduced in the previous section.  The Cartesian representation of I is 

 
ii eeeeeeee ⊗≡⊗+⊗+⊗ 332211        (1.9.1) 

 
This follows from 

 
( ) ( ) ( ) ( )

( ) ( ) ( )

u
eee

ueeueeuee
ueeueeueeueeeeee

=
++=

⋅+⋅+⋅=
⊗+⊗+⊗=⊗+⊗+⊗

332211

332211

332211332211

uuu
 

 
Note also that the identity tensor can be written as ( )jiij eeI ⊗= δ , in other words the 
Kronecker delta gives the components of the identity tensor in a Cartesian coordinate 
system. 

■  
 
 
Second Order Tensor as a Dyadic 
 
In what follows, it will be shown that a second order tensor can always be written as a 
dyadic involving the Cartesian base vectors ei 

1. 
 
Consider an arbitrary second-order tensor T which operates on a to produce b, baT =)( , 
or beT =)( iia .  From the linearity of T, 
 

                                                 
1 this can be generalised to the case of non-Cartesian base vectors, which might not be orthogonal nor of 
unit magnitude (see §1.14) 
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beTeTeT =++ )()()( 332211 aaa  
 
Just as T transforms a into b, it transforms the base vectors ei into some other vectors; 
suppose that weTveTueT === )(,)(,)( 321 , then 

 

( ) ( ) ( )
( ) ( ) ( )
[ ]aeweveu

aewaevaeu
weaveauea

wvub

321

321

321

321

⊗+⊗+⊗=
⊗+⊗+⊗=

⋅+⋅+⋅=
++= aaa

 

 
and so 
 

321 eweveuT ⊗+⊗+⊗=     (1.9.2) 
 
which is indeed a dyadic. 
 
Cartesian components of a Second Order Tensor 
 
The second order tensor T can be written in terms of components and base vectors as 
follows: write the vectors u, v and w in (1.9.2) in component form, so that 
 

( ) ( ) ( )
L

LL

+⊗+⊗+⊗=
⊗+⊗+⊗++=

133122111

321332211

eeeeee
eeeeeeT

uuu
uuu

 
 
Introduce nine scalars ijT  by letting 321 ,, iiiiii TwTvTu === , so that 
 

333323321331

322322221221

311321121111

eeeeee
eeeeee

eeeeeeT

⊗+⊗+⊗+
⊗+⊗+⊗+

⊗+⊗+⊗=

TTT
TTT

TTT
 Second-order Cartesian Tensor (1.9.3) 

 
These nine scalars ijT  are the components of the second order tensor T in the Cartesian 
coordinate system.  In index notation, 
 

( )jiijT eeT ⊗=  
 
Thus whereas a vector has three components, a second order tensor has nine components.  
Similarly, whereas the three vectors { }ie  form a basis for the space of vectors, the nine 
dyads { }ji ee ⊗  from a basis for the space of tensors, i.e. all second order tensors can be 
expressed as a linear combination of these basis tensors. 
 
It can be shown that the components of a second-order tensor can be obtained directly 
from {▲Problem 1} 
 

jiijT Tee=        Components of a Tensor         (1.9.4) 
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which is the tensor expression analogous to the vector expression ue ⋅= iiu .  Note that, 
in Eqn. 1.9.4, the components can be written simply as  jiTee , since jiji eTeTee ⋅=⋅ . 
 
Example (The Stress Tensor) 
 
Define the traction vector t acting on a surface element within a material to be the force 
acting on that element2 divided by the area of the element, Fig. 1.9.1.  Let n  be a vector 
normal to the surface.  The stress σ  is defined to be that second order tensor which maps 
n onto t, according to 
 

σnt =   The Stress Tensor  (1.9.5) 
 

 
 

Figure 1.9.1: stress acting on a plane 
 
If one now considers a coordinate system with base vectors ie , then jiij eeσ ⊗=σ  and, 
for example, 
 

3312211111 eeeσe σσσ ++=  
 
Thus the components 11σ , 21σ  and 31σ  of the stress tensor are the three components of 
the traction vector which acts on the plane with normal 1e . 

■  
 
Higher Order Tensors 
 
The above can be generalised to tensors of order three and higher.  The following notation 
will be used: 
 

α, β, γ  …  0th-order tensors (“scalars”) 
a, b, c  … 1st-order tensors (“vectors”) 
A, B, C … 2nd-order tensors (“dyadics”) 
A, B, C … 3rd-order tensors (“triadics”) 

                                                 
2 this force would be due, for example, to intermolecular forces within the material: the particles on one side 
of the surface element exert a force on the particles on the other side 

1x

3x

2x

1e

t
11σ

21σ

31σn

t
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A, B, C  … 4th-order tensors (“tetradics”) 
 
An important third-order tensor is the permutation tensor, defined by 
 

kjiijk eee ⊗⊗= εE          (1.9.6) 
 
whose components are those of the permutation symbol, Eqns. 1.3.10-1.3.13. 
 
A fourth-order tensor can be written as 
 

lkjiijklA eeee ⊗⊗⊗=A      (1.9.7) 
 
It can be seen that a zeroth-order tensor (scalar) has 130 =  component, a first-order tensor 
has 331 =  components, a second-order tensor has 932 =  components, so A  has 2733 =  
components and A has 81 components. 
 
 
1.9.2 Simple Contraction 
 
Tensor/vector operations can be written in component form, for example, 
 

( )
( )[ ]

ijij

ijkkij

kjikij

kkjiij

aT

aT

aT

aT

e

e

eee

eeeTa

=

=

⊗=

⊗=

δ
    (1.9.8) 

 
This operation is called simple contraction, because the order of the tensors is contracted 
– to begin there was a tensor of order 2 and a tensor of order 1, and to end there is a 
tensor of order 1 (it’s called “simple” to distinguish it from “double” contraction – see 
below).  This is always the case – when a tensor operates on another in this way, the order 
of the result will be two less than the sum of the original orders. 
 
An example of simple contraction of two second order tensors has already been seen in 
Eqn. 1.8.4a; the tensors there were simple tensors (dyads).  Here is another example: 
 

( ) ( )
( )( )[ ]
( )

( )lijlij

lijkklij

lkjiklij

lkkljiij

ST

ST

ST

ST

ee

ee

eeee

eeeeTS

⊗=

⊗=

⊗⊗=

⊗⊗=

δ
               (1.9.9) 

 
From the above, the simple contraction of two second order tensors results in another 
second order tensor.  If one writes TSA = , then the components of the new tensor are 
related to those of the original tensors through kjikij STA = . 
 
Note that, in general, 
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         BAAB ≠   
    ( ) ( )BCACAB =   … associative 
( ) ACABCBA +=+   … distributive 

 
The associative and distributive properties follow from the fact that a tensor is by 
definition a linear operator, §1.8.2; they apply to tensors of any order, for example,  
 

( ) ( )BvAvAB =  
 
To deal with tensors of any order, all one has to remember is how simple tensors operate 
on each other – the two vectors which are beside each other are the ones which are 
“dotted” together: 
 

( ) ( )
( )( ) ( )( )

( )( ) ( )( )
( )( ) ( )( )febadcfedcba

edacbedcba
dacbdcba

acbcba

⊗⊗⊗⋅=⊗⊗⊗⊗
⊗⊗⋅=⊗⊗⊗

⊗⋅=⊗⊗
⋅=⊗

               (1.9.10) 

 
An example involving a higher order tensor is  
 

( )( )
( )nkjinlijkl

nmlkjimnijkl

EA

EA

eeee

eeeeeeE

⊗⊗⊗=

⊗⊗⊗⊗=⋅A
 

 
and  
 

CA =

=
=
=
=⋅

B
Cb
vAu
CAB

vu

A

α

 

 
Note the relation 
 

( ) ( ) ( )CDABDCBA ⊗=⊗                                        (1.9.11) 
         
Powers of Tensors 
 
Integral powers of tensors are defined inductively by IT =0 , TTT 1−= nn , so, for 
example, 
 

TTT =2  The Square of a Tensor  (1.9.12) 
 

TTTT =3 , etc. 
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1.9.3 Double Contraction 
 
Double contraction, as the name implies, contracts the tensors twice as much a simple 
contraction.  Thus, where the sum of the orders of two tensors is reduced by two in the 
simple contraction, the sum of the orders is reduced by four in double contraction.  The 
double contraction is denoted by a colon (:), e.g. ST : . 
 
First, define the double contraction of simple tensors (dyads) through 
 

( ) ( ) ( )( )dbcadcba ⋅⋅=⊗⊗ :     (1.9.13) 
 
So in double contraction, one takes the scalar product of four vectors which are adjacent 
to each other, according to the following rule: 

For example, 
 

( ) ( )
( )( )[ ]

ijij

ljkiklij

lkkljiij

ST

ST
ST

=

⋅⋅=

⊗⊗=

eeee
eeeeST ::

   (1.9.14) 

 
which is, as expected, a scalar. 
 
Here is another example, the contraction of the two second order tensors I (see Eqn. 
1.9.1) and vu⊗ ,  
 

( ) ( )
( )( )

vu

veue
vueevuI

⋅=
=

⋅⋅=
⊗⊗=⊗

ii

ii

ii

vu

::

    (1.9.15) 

 
so that the scalar product of two vectors can be written in the form of a double 
contraction. 
 
An example of double contraction involving the permutation tensor 1.9.6 is {▲Problem 
10} 
 

( ) uvvu ×=⊗:E      (1.9.16) 
 
It can be shown that the components of a fourth order tensor are given by (compare with 
Eqn. 1.9.4) 
 

( ) ( ) ( )( )( )faecdbfedcba ⊗⋅⋅=⊗⊗⊗⊗ :
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( ) ( )lkjiijklA eeee ⊗⊗= :: A     (1.9.17) 
 
In summary then, 
 

    β=BA :        
     γ=b:A  

    cB =:A  
     CB =:A  
 
Note the following identities: 
 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )( ) ( )( )CBDADACBDCBA
CBABACCBA
ACBCBACBA

:::
:::
:::

⊗=⊗=⊗⊗
==⊗
==⊗

                 (1.9.18) 

 
Note: 
• There are many operations that can be defined and performed with tensors.  The two most 

important operations, the ones which arise most in practice, are the simple and double 
contractions defined above.  Other possibilities are: 
(a) double contraction with two “horizontal” dots, ST ⋅⋅ , b⋅⋅A , etc., which is based on the 

definition of the following operation as applied to simple tensors: 
( ) ( ) ( )( )( )fadcebfedcba ⊗⋅⋅≡⊗⊗⋅⋅⊗⊗  

(b) operations involving one cross ( )× : ( ) ( ) ( ) ( )cbdadcba ×⊗⊗≡⊗×⊗  
(c) “double” operations involving the cross ( )×  and dot: 

( ) ( ) ( ) ( )

( ) ( ) ( )( )

( ) ( ) ( )( )dbcadcba

dbcadcba

dbcadcba

×⋅≡⊗⋅
×⊗

⋅×≡⊗×
⋅⊗

×⊗×≡⊗×
×⊗

 

 
 
1.9.4 Index Notation 
 
The index notation for single and double contraction of tensors of any order can easily be 
remembered.  From the above, a single contraction of two tensors implies that the indices 
“beside each other” are the same3, and a double contraction implies that a pair of indices 
are repeated.  Thus, for example, in both symbolic and index notation: 
 

ijkijk

ijkmkijm

cBA
CBA

==

==

cB
B

:A
CA

                  (1.9.19) 

 
 
 
 

                                                 
3 compare with the “beside each other rule” for matrix multiplication given in §1.4.1 
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1.9.5 Matrix Notation 
 
Here the matrix notation of §1.4 is extended to include second-order tensors4.  The 
Cartesian components of a second-order tensor can conveniently be written as a 33×  
matrix,  
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

333231

132221

131211

TTT
TTT
TTT

T

 
 
The operations involving vectors and second-order tensors can now be written in terms of 
matrices, for example, 
 
 

 
 

 
 
 
 
 
 
 
 
 

 
The tensor product can be written as (see §1.4.1) 
 

[ ][ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
==⊗

332313

322212

312111
T

vuvuvu
vuvuvu
vuvuvu

vuvu                               (1.9.20) 

 
which is consistent with the definition of the dyadic transformation, Eqn. 1.8.3. 
 
 
1.9.6 Problems 
 
1. Use Eqn. 1.9.3 to show that the component 11T  of a tensor T can be evaluated from 

11Tee , and that 2112 Tee=T  (and so on, so that jiijT Tee= ). 
2. Evaluate aT  using the index notation (for a Cartesian basis).  What is this operation 

called?  Is your result equal to Ta , in other words is this operation commutative?  
Now carry out this operation for two vectors, i.e. ba ⋅ .  Is it commutative in this case? 

3. Evaluate the simple contractions bA  and BA , with respect to a Cartesian coordinate 
system (use index notation). 

4. Evaluate the double contraction B:A  (use index notation). 

                                                 
4 the matrix notation cannot be used for higher-order tensors 

[ ][ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

++
++
++

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
==

333232131

323222121

313212111

3

2

1

333231

132221

131211

TTT
TTT
TTT

uTuTuT
uTuTuT
uTuTuT

u
u
u

uTTu

symbolic 
notation 

“short” 
matrix 

notation 
“full” 
matrix 

notation 
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5. Show that, using a Cartesian coordinate system and the index notation, that the double 
contraction b:A  is a scalar.  Write this scalar out in full in terms of the components 
of A  and b. 

6. Consider the second-order tensors 

33232231

33322211

364
523

eeeeeeeeF
eeeeeeeeD

⊗+⊗−⊗+⊗=
⊗+⊗−⊗+⊗=

 

Compute DF  and DF : . 
7. Consider the second-order tensor  

3322122111 243 eeeeeeeeeeD ⊗+⊗+⊗+⊗−⊗= . 
Determine the image of the vector 321 524 eeer ++=  when D operates on it. 

8. Write the following out in full – are these the components of scalars, vectors or 
second order tensors?: 

(a) iiB  
(b) kkjC  
(c) mnB  
(d) ijji Aba  

9. Write ( ) ( )dcba ⊗⊗ :  in terms of the components of the four vectors.  What is the 
order of the resulting tensor? 

10. Show that ( ) uvvu ×=⊗:E  – see (1.9.6, 1.9.16).  [Hint: use the definition of the 
cross product in terms of the permutation symbol, (1.3.14), and the fact that 

kjiijk εε −= .] 
 



Section 1.10 

Solid Mechanics Part III                                                                                Kelly 84

1.10 Special Second Order Tensors & Properties of 
Second Order Tensors 

 
In this section will be examined a number of special second order tensors, and special 
properties of second order tensors, which play important roles in tensor analysis.  The 
following will be discussed: 
 
• The Identity tensor 
• Transpose of a tensor 
• Trace of a tensor 
• Norm of a tensor 
• Determinant of a tensor 
• Inverse of a tensor 
• Orthogonal tensors 
• Rotation Tensors 
• Change of Basis Tensors 
• Symmetric and Skew-symmetric tensors 
• Axial vectors 
• Spherical and Deviatoric tensors 
• Positive Definite tensors 
 
 
1.10.1 The Identity Tensor 
 
The linear transformation which transforms every tensor into itself is called the identity 
tensor.  This special tensor is denoted by I so that, for example, 
 

aIa =   for any vector a 
 
In particular, 332211 ,, eIeeIeeIe === , from which it follows that, for a Cartesian 
coordinate system, ijijI δ= .  In matrix form, 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

100
010
001

I         (1.10.1) 

 
 
1.10.2 The Transpose of a Tensor 
 
The transpose of a second order tensor A with components ijA  is the tensor TA  with 
components jiA ; so the transpose swaps the indices, 
 

jijijiij AA eeAeeA ⊗=⊗= T,   Transpose of a Second-Order Tensor   (1.10.2) 
 
In matrix notation, 
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[ ] [ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

332313

322212

312111
T

333231

232221

131211

,
AAA
AAA
AAA

AAA
AAA
AAA

AA  

 
Some useful properties and relations involving the transpose are  {▲Problem 2}: 
 

( )
( )

( )

( )

( ) ( ) ( ) BACCABBCA
vAuAvu

BABA
ABAB

uTuTuTTu
uvvu

BABA

AA

:::
)()(

::

,

TT

T

TT

TTT

TT

T

TTT

TT

==

⊗=⊗

=

=

==

⊗=⊗

+=+

=

βαβα

         (1.10.3) 

 
A formal definition of the transpose which does not rely on any particular coordinate 
system is as follows: the transpose of a second-order tensor is that tensor which satisfies 
the identity1 
 

uAvAvu T⋅=⋅         (1.10.4) 
 
for all vectors u and v.  To see that Eqn. 1.10.4 implies 1.10.2, first note that, for the 
present purposes, a convenient way of writing the components ijA  of the second-order 
tensor A is ( )ijA .  From Eqn. 1.9.4, ( ) jiij AeeA ⋅=  and the components of the transpose 

can be written as ( ) jiij eAeA TT ⋅= .  Then, from 1.10.4, 

( ) ( ) jijiijjiij A==⋅=⋅= AAeeeAeA TT . 
 
 
1.10.3 The Trace of a Tensor 
 
The trace of a second order tensor A, denoted by Atr , is a scalar equal to the sum of the 
diagonal elements of its matrix representation.  Thus (see Eqn. 1.4.2) 
 

iiA=Atr  Trace         (1.10.5) 
 
A more formal definition, again not relying on any particular coordinate system, is 
 

AIA :tr =  Trace       (1.10.6) 
 

                                                 
1 note that, from the linearity of tensors, AvuvuA ⋅=⋅ ; for this reason, this expression is usually written 
simply as uAv  
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and Eqn. 1.10.5 follows from 1.10.6 {▲Problem 4}.  For the dyad vu⊗  {▲Problem 5},  
 

( ) vuvu ⋅=⊗tr              (1.10.7) 
 
Another example is 
 

( ) ( )
qiiq

rpqrpqjiij

EE

EE

=

⊗⊗=
=

eeee
EIE

:
:)tr( 22

δ   (1.10.8) 

 
This and other important traces, and functions of the trace are listed here {▲Problem 6}: 
 

( )
( ) kkjjii

jjii

kijkij

jiij

ii

AAA

AA

AAA

AA

A

=

=

=

=

=

3

2

3

2

tr

tr

tr

tr

tr

A

A

A

A

A

                (1.10.9) 

 
Some useful properties and relations involving the trace are {▲Problem 7}: 
 

( ) ( )
( )
( )

( ) ( ) ( ) ( )TTTT

T

trtrtrtr:
trtr

trtrtr
trtr
trtr

BAABABBABA
AA

BABA
BAAB

AA

====

=
+=+

=
=

αα
      (1.10.10) 

 
The double contraction of two tensors was earlier defined with respect to Cartesian 
coordinates, Eqn. 1.9.14.  This last expression allows one to re-define the double 
contraction in terms of the trace, independent of any coordinate system. 
 
Consider again the real vector space of second order tensors 2V  introduced in §1.8.5.  
The double contraction of two tensors as defined by 1.10.10e clearly satisfies the 
requirements of an inner product listed in §1.2.2.  Thus this scalar quantity serves as an 
inner product for the space 2V : 
 

( )BABABA Ttr:, =≡                                       (1.10.11) 
  
and generates an inner product space. 
 
Just as the base vectors { }ie  form an orthonormal set in the inner product (vector dot 
product) of the space of vectors V, so the base dyads { }ji ee ⊗  form an orthonormal set in 

the inner product 1.10.11 of the space of second order tensors 2V .  For example, 
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( ) ( ) 1:, 11111111 =⊗⊗=⊗⊗ eeeeeeee                       (1.10.12) 
 
Similarly, just as the dot product is zero for orthogonal vectors, when the double 
contraction of two tensors A and B is zero, one says that the tensors are orthogonal, 
  

( ) 0tr: T == BABA ,     BA,  orthogonal                     (1.10.13) 
 
 
1.10.4 The Norm of a Tensor 
 
Using 1.2.8 and 1.9.10, the norm of a second order tensor A, denoted by A  (or A ), is 
defined by 
 

AAA :=               (1.10.14) 
 
This is analogous to the norm a  of a vector a, aa ⋅ . 
 
 
1.10.5 The Determinant of a Tensor 
 
The determinant of a second order tensor A is defined to be the determinant of the 
matrix [ ]A  of components of the tensor: 
 

kjiijk

kjiijk

AAA

AAA
AAA
AAA
AAA

321

321

333231

232221

131211

detdet

ε

ε

=

=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=A

      (1.10.15) 

 
Some useful properties of the determinant are {▲Problem 8} 
 

( )
( )

( ) ( ) ( )[ ]cbaTTcTbTa

A
vu

AA
AA

BAAB

⋅×=⋅×

=
=⊗
=

=

=

det

det
0det

det)det(
detdet

detdet)det(

3

T

krjqipijkpqr AAAεε

αα
       (1.10.16) 

 
Note that Adet , like Atr , is independent of the choice of coordinate system / basis. 
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1.10.6 The Inverse of a Tensor 
 
The inverse of a second order tensor A, denoted by 1−A , is defined by 
 

AAIAA 11 −− ==      (1.10.17) 
 
The inverse of a tensor exists only if it is non-singular (a singular tensor is one for 
which 0det =A ), in which case it is said to be invertible. 
 
Some useful properties and relations involving the inverse are: 
 

11

111

11

11

)(det)det(
)(

)/1()(
)(

−−

−−−

−−

−−

=

=

=

=

AA
ABAB

AA
AA

αα
                  (1.10.18) 

 
Since the inverse of the transpose is equivalent to the transpose of the inverse, the 
following notation is used: 
 

1TT1T )()( −−− =≡ AAA           (1.10.19) 
 
 

1.10.7 Orthogonal Tensors 
 
An orthogonal tensor Q is a linear vector transformation satisfying the condition 
 

vuQvQu ⋅=⋅          (1.10.20) 
 
for all vectors u and v.  Thus u is transformed to Qu , v is transformed to Qv  and the dot 
product vu ⋅  is invariant under the transformation.  Thus the magnitude of the vectors 
and the angle between the vectors is preserved, Fig. 1.10.1.  
 

 
 

Figure 1.10.1: An orthogonal tensor 
 
Since  
 

( ) vQQuQvuQQvQu ⋅⋅⋅=⋅=⋅ TT                            (1.10.21) 
 

θ
v

u

θ

Q

Qv

Qu
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it follows that for vu ⋅  to be preserved under the transformation, IQQ =T , which is also 
used as the definition of an orthogonal tensor.  Some useful properties of orthogonal 
tensors are{▲Problem 10}: 
 

1det

,
T1

TT

±=
=

====
−

Q
QQ

QQIQQ kjkiijjkik QQQQ δ

               (1.10.22) 

 
 
1.10.8 Rotation Tensors 
 
If for an orthogonal tensor, 1det +=Q , Q is said to be a proper orthogonal tensor, 
corresponding to a rotation.  If 1det −=Q , Q is said to be an improper orthogonal 
tensor, corresponding to a reflection.  Proper orthogonal tensors are also called rotation 
tensors. 
 
 
1.10.9 Change of Basis Tensors 
 
Consider a rotation tensor Q which rotates the base vectors 321 ,, eee  into a second set, 

321 ,, eee ′′′ , Fig. 1.10.2.   
 

3,2,1==′ iii Qee        (1.10.23) 
 
Such a tensor can be termed a change of basis tensor from { }ie  to { }ie′ .  The transpose  
QT rotates the base vectors ie′  back to ie  and is thus change of basis tensor from { }ie′  to 
{ }ie .  The components of Q in the ie  coordinate system are, from 1.10.4, jiijQ Qee=  
and so 
 

jiijjiij QQ eeeeQ ′⋅=⊗= , ,      (1.10.24) 
 
which are the direction cosines between the axes (see Fig. 1.5.5). 
 

 
 

Figure 1.10.2: Rotation of a set of base vectors 
 
The change of basis tensor can also be written in the explicit form 

2e Q

3e

1e

1e′

2e′

3e′
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ii eeQ ⊗′=      (1.10.25) 

 
from which the above relations can easily be derived, for example ii Qee =′ , IQQ =T , 
etc. 
 
Consider now the operation of the change of basis tensor on a vector: 
 

( ) iiii vv eQeQv ′==                                        (1.10.26) 
 
Thus Q transforms v into a second vector v′ , but this new vector has the same 
components with respect to the basis ie′ , as v has with respect to the basis ie , ii vv =′ . 
 
Example 
 
Consider the two-dimensional rotation tensor  
 

( ) iiji eeeeQ ⊗′≡⊗⎥
⎦

⎤
⎢
⎣

⎡
+

−
=

01
10

 

 
which corresponds to a rotation of the base vectors through 2/π .  The vector [ ]T11=v  
then transforms into (see Fig. 1.10.3) 
 

ii eeQv ′⎥
⎦

⎤
⎢
⎣

⎡
+
+

=⎥
⎦

⎤
⎢
⎣

⎡
+
−

=
1
1

1
1

 

 

 
 

Figure 1.10.3: a rotated vector 
 

■  
 
Similarly, for a second order tensor A, the operation 
 

( ) ( ) ( ) jiijjiijjiijjiij AAAA eeQeQeQeQeQeeQQAQ ′⊗′=⊗=⊗=⊗= TTT  
(1.10.27) 

 
results in a new tensor which has the same components with respect to the ie′ , as A has 
with respect to the ie , ijij AA =′ . 
 
 

vQv

1e

2e1e′

2e′
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1.10.10 Symmetric and Skew Tensors 
 
A tensor T is said to be symmetric if it is identical to the transposed tensor, TTT = , and 
skew (antisymmetric) if TTT −= . 
 
Any tensor A can be (uniquely) decomposed into a symmetric tensor S and a skew tensor 
W, where 
 

( )

( )T

T

2
1skew

2
1sym

AAWA

AASA

−=≡

+=≡
       (1.10.28) 

 
and 
 

TT , WWSS −==     (1.10.29) 
 
In matrix notation one has 
 

[ ] [ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

0
0

0
,

2313

2312

1312

332313

232212

131211

WW
WW
WW

W
SSS
SSS
SSS

S   (1.10.30) 

 
Some useful properties of symmetric and skew tensors are {▲Problem 13}: 
 

( )
( )

( )

( )inverse no has0det
0
0tr

0:
:::

:::
T

2
1T

T
2
1T

=
=⋅
=

=

−=−=

+==

W
Wvv
SW
WS

BWBWBW

BBSBSBS

   (1.10.31) 

 
where v and B denote any arbitrary vector and second-order tensor respectively. 
 
Note that symmetry and skew-symmetry are tensor properties, independent of coordinate 
system. 
 
 
1.10.11 Axial Vectors 
 
A skew tensor W has only three independent coefficients, so it behaves “like a vector” 
with three components.  Indeed, a skew tensor can always be written in the form 
 

uωWu ×=       (1.10.32) 
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where u is any vector and ω  characterises the axial (or dual) vector of the skew tensor 
W.  The components of W can be obtained from the components of ω  through 
 

( ) ( )
( )

kijk

kkjipkjpki

jkkijijiijW

ωε

ωεεω

ω

−=

=⋅=

×⋅=×⋅=⋅=

ee

eeeeωeWee
  (1.10.33) 

 
If one knows the components of W, one can find the components of ω  by inverting this 
equation, whence {▲Problem 14} 
 

312213123 eeeω WWW −+−=     (1.10.34) 
 
Example (of an Axial Vector) 
 
Decompose the tensor 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
==

111
124
321

ijTT

 
 
into its symmetric and skew parts.  Also find the axial vector for the skew part.  Verify 
that aωWa ×=  for 21 eea += . 
 
Solution 
 
One has  
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=+=

112
123
231

113
122
141

111
124
321

2
1

2
1 TTTS

 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
=

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=−=

001
001
110

113
122
141

111
124
321

2
1

2
1 TTTW

 
 
The axial vector is 
 

32312213123 eeeeeω +=−+−= WWW  
 
and it can be seen that 
 

321

333312232111311

313131

)()()(

)()())((

eee
eee

eeeeeeWa

−+=
+++++=

+=+=+⊗=

WWWWWW

WWWW iiiijjijjiij δδ
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and 
 

321

321

101
110 eee
eee

aω −+==×

 
■  

 
 
The Spin Tensor 
 
The velocity of a particle rotating in a rigid body motion is given by xωv ×= , where ω  
is the angular velocity vector and x is the position vector relative to the origin on the axis 
of rotation (see Problem 9, §1.1).  If the velocity can be written in terms of a skew-
symmetric second order tensor w , such that vwx = , then it follows from xωwx ×=  
that the angular velocity vector ω  is the axial vector of w .  In this context, w  is called 
the spin tensor. 
 
 
1.10.12 Spherical and Deviatoric Tensors 
 
Every tensor A can be decomposed into its so-called spherical part and its deviatoric 
part, i.e. 
 

AAA devsph +=        (1.10.35) 
 
where 
 

( )
( )

( )
( )

( )
( )

( )⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

++−
++−

++−
=

−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

++
++

++
=

=

3322113
1

333231

233322113
1

2221

13123322113
1

11

3322113
1

3322113
1

3322113
1

3
1

sphdev

00
00
00

trsph

AAAAAA
AAAAAA
AAAAAA

AAA
AAA

AAA

AAA

IAA

 

      (1.10.36) 
 
Any tensor of the form Iα  is known as a spherical tensor, while Adev  is known as a 
deviator of A, or a deviatoric tensor. 
 
Some important properties of the spherical and deviatoric tensors are 
 

0sph:dev
0)dev(sph
0)dev(tr

=
=
=

BA
A
A

         (1.10.37) 
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1.10.13 Positive Definite Tensors 
 
A positive definite tensor A is one which satisfies the relation 
 

0>vAv ,      ov ≠∀                   (1.10.38)  
 
The tensor is called positive semi-definite if 0≥vAv . 
 
In component form, 
 

L+++++= 2
222122131132112

2
111 vAvvAvvAvvAvAvAv jiji                (1.10.39) 

 
and so the diagonal elements of the matrix representation of a positive definite tensor 
must always be positive. 
 
It can be shown that the following conditions are necessary for a tensor A to be positive 
definite (although they are not sufficient): 
 
(i)  the diagonal elements of [ ]A  are positive 
(ii)  the largest element of [ ]A  lies along the diagonal 
(iii) 0det >A  
(iv)  ijjjii AAA 2>+  for ji ≠  (no sum over ji, ) 
 
These conditions are seen to hold for the following matrix representation of a positive 
definite tensor: 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

100
041
022

A  

 
A necessary and sufficient condition for a tensor to be positive definite is given in the 
next section, during the discussion of the eigenvalue problem. 
 
One of the key properties of a positive definite tensor is that, since 0det >A , positive 
definite tensors are always invertible. 
 
An alternative definition of positive definiteness is the equivalent expression 
 

 0: >⊗ vvA                                               )40.10.1(  
 
 
1.10.14 Problems 
 
1. Show that the components of the (second-order) identity tensor are given by ijijI δ= . 
2. Show that 
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(a) )()( T vAuAvu ⊗=⊗  
(b) ( ) ( ) ( ) BACCABBCA ::: TT ==  

3. Use (1.10.4) to show that II =T . 
4. Show that (1.10.6) implies (1.10.5) for the trace of a tensor. 
5. Show that ( ) vuvu ⋅=⊗tr . 
6. Formally derive the index notation for the functions  

3232 )tr(,)tr(,tr,tr AAAA  
7. Show that )(tr: TBABA = .  
8. Prove (1.10.16f), ( ) ( ) ( )[ ]cbaTTcTbTa ⋅×=⋅× det . 
9. Show that 3:)( T1 =− AA .  [Hint: one way of doing this is using the result from 

Problem 7.] 
10. Use 1.10.16b and 1.10.18d to prove 1.10.22c, 1det ±=Q . 
11. Use the explicit dyadic representation of the rotation tensor, ii eeQ ⊗′= , to show that 

the components of Q in the “second”, 321 xxxo ′′′ , coordinate system are the same as 
those in the first system [hint: use the rule jiijQ eQe ′⋅′=′ ] 

12. Consider the tensor D with components (in a certain coordinate system) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

2/12/12/1
2/12/10
2/12/12/1

 

Show that D is a rotation tensor (just show that D is proper orthogonal).  
13. Show that ( ) 0tr =SW . 
14. Multiply across (1.10.32), kijkijW ωε−= , by ijpε  to show that kijijkW eω ε2

1−= .  [Hint: 
use the relation 1.3.19b, pkijkijp δεε 2= .] 

15. Show that ( )abba ⊗−⊗2
1  is a skew tensor W.  Show that its axial vector is 

( )abω ×= 2
1 .  [Hint: first prove that ( ) ( ) ( ) ( ) uabbaubuaaub ××=××=⋅−⋅ .] 

16. Find the spherical and deviatoric parts of the tensor A for which 1=ijA . 
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1.11 The Eigenvalue Problem and Polar Decomposition 
 
 
1.11.1 Eigenvalues, Eigenvectors and Invariants of a Tensor 
 
Consider a second-order tensor A.  Suppose that one can find a scalar λ  and a (non-zero) 
normalised, i.e. unit, vector n̂  such that 
 

nnA ˆˆ λ=        (1.11.1) 
 
In other words, A transforms the vector n̂  into a vector parallel to itself, Fig. 1.11.1.  If 
this transformation is possible, the scalars are called the eigenvalues (or principal 
values) of the tensor, and the vectors are called the eigenvectors (or principal directions 
or principal axes) of the tensor.  It will be seen that there are three vectors n̂  (to each of 
which corresponds some scalar λ ) for which the above holds. 
 

 
 

Figure 1.11.1: the action of a tensor A on a unit vector 
 
Equation 1.11.1 can be solved for the eigenvalues and eigenvectors by rewriting it as 
 

( ) 0ˆ =− nIA λ            (1.11.2) 
 
or, in terms of a Cartesian coordinate system, 
 

( ) ( )

( ) 0ˆˆ
0ˆˆ

0ˆˆ

=−→

=−→

=⊗−⊗

iijij

rrijij

rrqppqkkjiij

nnA

nnA

nnA

e

ee

eeeeee

λ

λ

λδ

 

 
In full,  
 

[ ]
[ ]
[ ] 0ˆ)(ˆˆ

0ˆˆ)(ˆ
0ˆˆˆ)(

3333232131

2323222121

1313212111

=−++
=+−+
=++−

e
e
e

nAnAnA
nAnAnA
nAnAnA

λ
λ

λ
       (1.11.3) 

 
Dividing out the base vectors, this is a set of three homogeneous equations in three 
unknowns (if one treats λ  as known).  From basic linear algebra, this system has a 
solution (apart from 0ˆ =in ) if and only if the determinant of the coefficient matrix is 
zero, i.e. if  
 

An̂ n̂λ
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0det)det(

333231

232221

131211

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−
=−

λ
λ

λ
λ

AAA
AAA
AAA

IA                   (1.11.4) 

 
Evaluating the determinant, one has the following cubic characteristic equation of A, 
 

0IIIIII 23 =−+− AAA λλλ  Tensor Characteristic Equation  (1.11.5) 
 
where 
 

( )
[ ]

A

AA

A

A

A

A

det

III
)tr()(tr

II
tr

I

321

22
2
1

2
1

=

=

−=

−=
=
=

kjiijk

ijjijjii

ii

AAA

AAAA

A

ε

                 (1.11.6) 

 
It can be seen that there are three roots 321 ,, λλλ , to the characteristic equation.  Solving 
for λ , one finds that 
 

321

133221

321

III
II
I

λλλ
λλλλλλ

λλλ

=
++=

++=

A

A

A

                   (1.1.7) 

 
The eigenvalues (principal values) iλ  must be independent of any coordinate system and, 
from Eqn. 1.11.5, it follows that the functions AAA III,II,I  are also independent of any 
coordinate system.  They are called the principal scalar invariants (or simply 
invariants) of the tensor. 
 
Once the eigenvalues are found, the eigenvectors (principal directions) can be found by 
solving 
 

0ˆ)(ˆˆ
0ˆˆ)(ˆ
0ˆˆˆ)(

333232131

323222121

313212111

=−++
=+−+
=++−

nAnAnA
nAnAnA
nAnAnA

λ
λ

λ
   (1.11.8) 

 
for the three components of the principal direction vector 321 ˆ,ˆ,ˆ nnn , in addition to the 
condition that  1ˆˆˆˆ ==⋅ ii nnnn .  There will be three vectors iin en ˆˆ = , one corresponding to 
each of the three principal values. 
 
Note: 
• a unit eigenvector n̂  has been used in the above discussion, but any vector parallel to n̂ , for 

example n̂α , is also an eigenvector (with the same eigenvalue λ ): 



Section 1.11 

Solid Mechanics Part III                                                                                Kelly 98

( ) ( ) ( ) ( )nnnAnA ˆˆˆˆ αλλααα ===  
 
Example (of Eigenvalues and Eigenvectors of a Tensor) 
 
A second order tensor T is given with respect to the axes 321 xxOx  by the values 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−−==

1120
1260
005

ijTT . 

 
Determine (a) the principal values, (b) the principal directions (and sketch them). 
  
Solution: 
(a) 
The principal values are the solution to the characteristic equation 
 

0)15)(5)(10(
1120

1260
005

=+−+−=
−−
−−−

−
λλλ

λ
λ

λ

 
 
which yields the three principal values 15,5,10 321 −=== λλλ . 
(b) 
The eigenvectors are now obtained from ( ) 0=− jijij nT λδ .  First, for 101 =λ , 

 

09120
012160
0005

321

321

321

=−−
=−−
=++−

nnn
nnn
nnn

 
 
and using also the equation 1=ii nn  leads to 321 )5/4()5/3(ˆ een +−= .  Similarly, for 

52 =λ  and 153 −=λ , one has, respectively, 
 

04120
012110
0000

321

321

321

=−−
=−−
=++

nnn
nnn
nnn

    and    
016120
01290
00020

321

321

321

=+−
=−+
=++

nnn
nnn
nnn

 

 
which yield 12ˆ en =  and 323 )5/3()5/4(ˆ een += .  The principal directions are sketched in 
Fig. 1.11.2. 
 
Note: 
• the three components of a principal direction, 321 ,, nnn , are the direction cosines between that 

direction and the three coordinate axes respectively.  For example, for 1λ  with  
5/4,5/3,01 32 =−== nnn , the angles made with the coordinate axes 321 ,, xxx , are 0, 127o 

and 37o 
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Figure 1.11.2: eigenvectors of the tensor T 
■  

 
 
1.11.2 Real Symmetric Tensors 
 
Suppose now that A is a real symmetric tensor (real meaning that its components are 
real).  In that case it can be proved (see below) that1 

(i) the eigenvalues are real 
(ii) the three eigenvectors form an orthonormal basis { }in̂ . 

 
In that case, the components of A can be written relative to the basis of principal 
directions as (see Fig. 1.11.3) 
 

( )jiijA nnA ˆˆ ⊗=                                                   (1.11.9) 
 

 
 

Figure 1.11.3: eigenvectors forming an orthonormal set 
 
The components of A in this new basis can be obtained from Eqn. 1.9.4, 
 

( )

⎩
⎨
⎧

≠
=

=

⋅=

⋅=

ji
ji

A

i

jji

jiij

,0
,

ˆˆ

ˆˆ

λ

λ nn

nAn
      (no summation over j)                  (1.11.10) 

 

                                                 
1 this was the case in the previous example – the tensor is real symmetric and the principal directions are 
orthogonal 

1n̂

2n̂
3n̂

1e

2e

3e

3x

1x

2x

3n̂1n̂

2n̂
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where iλ  is the eigenvalue corresponding to the basis vector in̂ .  Thus2  
 

∑
=

⊗=
3

1

ˆˆ
i

iii nnA λ  Spectral Decomposition   (1.11.11) 

 
This is called the spectral decomposition (or spectral representation) of A.  In matrix 
form, 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

3

2

1

00
00
00

λ
λ

λ
A      (1.11.12) 

 
For example, the tensor used in the previous example can be written in terms of the basis 
vectors in the principal directions as 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

1500
050
0010

T ,         basis: ji nn ˆˆ ⊗  

 
To prove that real symmetric tensors have real eigenvalues and orthonormal eigenvectors, 
take 321 ˆ,ˆ,ˆ nnn  to be the eigenvectors of an arbitrary tensor A, with components 

iii nnn 321 ˆ,ˆ,ˆ , which are solutions of (the 9 equations – see Eqn. 1.11.2) 
 

( )
( )
( ) 0ˆ

0ˆ
0ˆ

33

22

11

=−
=−
=−

nIA
nIA
nIA

λ
λ
λ

    (1.9.13) 

 
Dotting the first of these by 1n̂  and the second by 1n̂ , leads to 
 

( )
( ) 0ˆˆ

0ˆˆ

21212

21121

=⋅−⋅
=⋅−⋅

nnnAn
nnnAn

λ
λ

 

 
Using the fact that TAA = , subtracting these equations leads to 
 

( ) 0ˆˆ 2112 =⋅− nnλλ               (1.11.14) 
 
Assume now that the eigenvalues are not all real.  Since the coefficients of the 
characteristic equation are all real, this implies that the eigenvalues come in a complex 
conjugate pair, say 1λ  and 2λ , and one real eigenvalue 3λ .  It follows from Eqn. 1.11.13 
that the components of 1n̂  and 2n̂  are conjugates of each other, say iban +=1ˆ , 

iban −=2ˆ , and so 

                                                 
2 it is necessary to introduce the summation sign here, because the summation convention is only used when 
two indices are the same – it cannot be used when there are more than two indices the same 
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( ) ( ) 0ˆˆ 22

21 >+=−⋅+=⋅ bababann ii  
 
It follows from 1.11.14 that 012 =− λλ  which is a contradiction, since this cannot be true 
for conjugate pairs.  Thus the original assumption regarding complex roots must be false 
and the eigenvalues are all real.  With three distinct eigenvalues, Eqn. 1.11.14 (and 
similar) show that the eigenvectors form an orthonormal set.  When the eigenvalues are 
not distinct, more than one set of eigenvectors may be taken to form an orthonormal set 
(see the next subsection). 
 
Equal Eigenvalues 
 
There are some special tensors for which two or three of the principal directions are 
equal.  When all three are equal, λλλλ === 321 , one has IA λ= , and the tensor is 
spherical: every direction is a principal direction, since nnInA ˆˆˆ λλ ==  for all n̂ .   When 
two of the eigenvalues are equal, one of the eigenvectors will be unique but the other two 
directions will be arbitrary – one can choose any two principal directions in the plane 
perpendicular to the uniquely determined direction, so that the three form an orthonormal 
set. 
 
Eigenvalues and Positive Definite Tensors 
 
Since nnA ˆˆ λ= , then λλ =⋅=⋅ nnnAn ˆˆˆˆ .  Thus if A is positive definite, Eqn. 1.10.38, the 
eigenvalues are all positive. 
 
In fact, it can be shown that a tensor is positive definite if and only if its symmetric part 
has all positive eigenvalues. 
 
Note: 
• if there exists a non-zero eigenvector corresponding to a zero eigenvalue, then the tensor is 

singular.  This is the case for the skew tensor W, which is singular.  Since 
ωoωωWω 0==×=  (see , §1.10.11), the axial vector ω  is an eigenvector corresponding to 

a zero eigenvalue of W 
 
 
1.11.3 Maximum and Minimum Values 
 
The diagonal components of a tensor A, 332211, AAA , have different values in different 
coordinate systems.  However, the three eigenvalues include the extreme (maximum and 
minimum) possible values that any of these three components can take, in any coordinate 
system.  To prove this, consider an arbitrary set of unit base vectors 321 ,, eee , other than 
the eigenvectors.  From Eqn. 1.9.4, the components of A in a new coordinate system with 
these base vectors are jiijA Aee=′   Express 1e  using the eigenvectors as a basis, 
 

3211 ˆˆˆ nnne γβα ++=  
 
Then 
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[ ] 3
2

2
2

1
2

3

2

1

11

00
00
00

λγλβλα
γ
β
α

λ
λ

λ
γβα ++=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=′A  

 
Without loss of generality, let 321 λλλ ≥≥ .  Then, with 1222 =++ γβα , one has 
 

( )
( ) 113

2
2

2
1

2222
33

113
2

2
2

1
2222

11

A

A
′=++≤++=

′=++≥++=

λγλβλαγβαλλ

λγλβλαγβαλλ
 

 
which proves that the eigenvalues include the largest and smallest possible diagonal 
element of A. 
 
 
1.11.4 The Cayley-Hamilton Theorem 
 
The Cayley-Hamilton theorem states that a tensor A (not necessarily symmetric) 
satisfies its own characteristic equation 1.11.5: 
 

0IAAA AAA =−+− IIIIII 23    (1.11.15) 
 
This can be proved as follows: one has nnA ˆˆ λ= , where λ  is an eigenvalue of A and n̂  
is the corresponding eigenvector.  A repeated application of A to this equation leads to 

nnA ˆˆ nn λ= .  Multiplying 1.11.1 by n̂  then leads to 1.11.15. 
 
The third invariant in Eqn. 1.11.6 can now be written in terms of traces by a double 
contraction of the Cayley-Hamilton equation with I, and by using the definition of the 
trace, Eqn.1.10.6: 
 

[ ]
[ ]3

2
12

2
33

3
1

22
2
123

23

23

)tr(trtrtrIII

0III3trtr)tr(trtrtr
0III3trIItrItr

0:III:II:I:

AAAA

AAAAAA
AAA

IIIAIAIA

A

A

AAA

AAA

+−=→

=−−+−→

=−+−→

=−+−

             (1.11.16) 

 
The three invariants of a tensor can now be listed as 
 

[ ]
[ ]3

2
12

2
33

3
1

22
2
1

)tr(trtrtrIII

)tr()(trII

trI

AAAA

AA

A

A

A

A

+−=

−=

=

     Invariants of a Tensor  (1.11.17) 

 
The Deviatoric Tensor 
 
Denote the eigenvalues of the deviatoric tensor devA, Eqn. 1.10.36, 321 ,, sss  and the 
principal scalar invariants by 321 ,, JJJ .  The characteristic equation analogous to Eqn. 
1.11.5 is then 
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032

2
1

3 =−−− JsJsJs           (1.11.18) 
 
and the deviatoric invariants are3 
 

( )( ) ( )( )[ ] ( )
( ) 3213

133221
22

2
1

2

3211

devdet
devtrdevtr

)dev(tr

sssJ
ssssssJ

sssJ

==

++−=−−=

++==

A
AA

A

            (1.11.19) 

 
From Eqn. 1.10.37,  
 

01 =J            (1.11.20) 
 

The second invariant can also be expressed in the useful forms {▲Problem 4} 
 

( )2
3

2
2

2
12

1
2 sssJ ++= ,        (1.11.21) 

 
and, in terms of the eigenvalues of A, {▲Problem 5} 

 

( ) ( ) ( )[ ]2
13

2
32

2
212 6

1 λλλλλλ −+−+−=J .     (1.11.22) 

 
Further, the deviatoric invariants are related to the tensor invariants through {▲Problem 
6} 
 

( ) ( )AAAAAA III27III9I2,II3I 3
27
1

3
2

3
1

2 +−=−= JJ   (1.11.23) 
 
 
1.11.5 Coaxial Tensors 
 
Two tensors are coaxial if they have the same eigenvectors.  It can be shown that a 
necessary and sufficient condition that two tensors A and B be coaxial is that their simple 
contraction is commutative, BAAB = . 
 
Since for a tensor T, TTTT 11 −− = , a tensor and its inverse are coaxial and have the same 
eigenvectors. 
 
 
 
 

                                                 
3 there is a convention (adhered to by most authors) to write the characteristic equation for a general tensor 
with a λAII+  term and that for a deviatoric tensor with a sJ 2−  term (which ensures that 02 >J  - see 

1.11.18 below)  ; this means that the formulae for J2 in Eqn. 1.11.19 are the negative of those for AII  in 
Eqn. 1.11.6 
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1.11.6 Fractional Powers of Tensors 
 
Integer powers of tensors were defined in §1.9.2.  Fractional powers of tensors can be 
defined provided the tensor is real, symmetric and positive definite (so that the 
eigenvalues are all positive). 
 
Contracting both sides of nnT ˆˆ λ=  with T gives nnT ˆˆ 22 λ= .  It follows that, if T has 
eigenvectors in̂  and corresponding eigenvalues iλ , then nT  is coaxial, having the same 
eigenvectors, but corresponding eigenvalues n

iλ .  Because of this, fractional powers of 
tensors  are defined as follows: mT , where m is any real number, is that tensor which has 
the same eigenvectors as T but which has corresponding eigenvalues m

iλ .  For example, 

the square root of the positive definite tensor ∑
=

⊗=
3

1

ˆˆ
i

iii nnT λ  is 

 

∑
=

⊗=
3

1

2/1 ˆˆ
i

iii nnT λ                                          (1.11.24) 

 
and the inverse is 
 

∑
=

− ⊗=
3

1

1 ˆˆ)/1(
i

iii nnT λ                                         (1.11.25) 

 
These new tensors are also positive definite. 
 
 
1.11.7 Polar Decomposition of Tensors 
 
Any (non-singular second-order) tensor F can be split up multiplicatively into an arbitrary 
proper orthogonal tensor R ( IRR =T , 1det =R ) and a tensor U as follows: 
 

RUF =  Polar Decomposition     (1.11.26) 
 
The consequence of this is that any transformation of a vector a according to Fa  can be 
decomposed into two transformations, one involving a transformation U, followed by a 
rotation R. 
 
The decomposition is not, in general, unique; one can often find more than one 
orthogonal tensor R which will satisfy the above relation.  In practice, R is chosen such 
that U is symmetric.  To this end, consider FFT .  Since 
 

02T >=⋅=⋅ FvFvFvFvFv , 
 

FFT  is positive definite.  Further, jkji FF≡FFT  is clearly symmetric, i.e. the same result 

is obtained upon an interchange of i and k.  Thus the square-root of FFT  can be taken: let 
U in 1.11.26 be given by 
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( ) 2/1TFFU =            (1.11.27) 

 
and U is also symmetric positive definite.  Then, with 1.9.3e, 1.9.19, 
 

( ) ( )

I
UUUU

FUFU
FUFURR

=
=

=

=

−−

−−

−−

1T

1TT

1T1T

                                     (1.11.28) 

 
Thus if U is symmetric, R is orthogonal.  Further, from (1.9.16a,b) and (1.9.18d), 

FU detdet =  and 1det/detdet == UFR  so that R is proper orthogonal.  It can also be 
proved that this decomposition is unique. 
 
An alternative decomposition is given by 
 

VRF =           (1.11.29) 
 
Again, this decomposition is unique and R is proper orthogonal, this time with 
 

( ) 2/1TFFV =              (1.11.30) 
 
 
1.11.8 Problems 
 
1. Find the eigenvalues, (normalised) eigenvectors and principal invariants of  

1221 eeeeIT ⊗+⊗+=  
2. Derive the spectral decomposition 1.11.11 by writing the identity tensor as 

ii nnI ˆˆ ⊗= , and writing AIA = .  [Hint: in̂  is an eigenvector.] 
3. Derive the characteristic equation and Cayley-Hamilton equation for a 2-D space.  Let 

A be a second order tensor with square root AS = .  By using the Cayley-Hamilton 
equation for S, and relating SS tr,det  to AA tr,det  through the corresponding 

eigenvalues, show that 
AA

IAAA
det2tr

det

+

+
= . 

4. The second invariant of a deviatoric tensor is given by Eqn. 1.11.19b,  
( )1332212 ssssssJ ++−=  

By squaring the relation 03211 =++= sssJ , derive Eqn. 1.11.21, 
( )2

3
2
2

2
12

1
2 sssJ ++=  

5. Use Eqns. 1.11.21 (and your work from Problem 4) and the fact that 2121 ss −=− λλ , 
etc. to derive Eqn. 1.11.22. 

6. Use the fact that 0321 =++ sss  to show that 
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3
133221321

2
133221

)(III

3)(II

3I

mm

m

m

sssssssss

ssssss

λσ

λ

λ

++++=

+++=

=

A

A

A

 

where iim A3
1=λ .  Hence derive Eqns. 1.11.23. 

7. Consider the tensor 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
011
022

F  

(a) Verify that the polar decomposition for F is RUF =  where 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
02/12/1
02/12/1

R ,      
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

=
100
02/32/1
02/12/3

U  

(verify that R is proper orthogonal). 
(b) Evaluate FbFa, , where T]0,1,1[=a , T]0,1,0[=b  by evaluating the individual 

transformations UbUa,  followed by ( ) ( )UbRUaR , .  Sketch the vectors and their 
images.  Note how R rotates the vectors into their final positions.  Why does U 
only stretch a but stretches and rotates b? 

(c) Evaluate the eigenvalues iλ  and eigenvectors in̂  of the tensor FFT .  Hence 
determine the spectral decomposition (diagonal matrix representation) of FFT .  
Hence evaluate FFU T=  with respect to the basis { }in̂  – again, this will be a 
diagonal matrix. 
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1.12 Higher Order Tensors 
 
In this section are discussed some important higher (third and fourth) order tensors. 
 
 
1.12.1 Fourth Order Tensors 
 
After second-order tensors, the most commonly encountered tensors are the fourth order 
tensors A , which have 81 components.  Some properties and relations involving these 
tensors are listed here. 
 
 
Transpose 
 
The transpose of a fourth-order tensor A , denoted by TA , by analogy with the definition 
for the transpose of a second order tensor 1.10.4, is defined by 
 

BCCB :::: T AA =      (1.12.1) 
 
for all second-order tensors B and C.  It has the property ( ) AA =

TT  and its components 
are klijijkl )()( T AA = .  It also follows that 
 

( ) ABBA ⊗=⊗ T        (1.12.2) 
 
Identity Tensors 
 
There are two fourth-order identity tensors.  They are defined as follows: 
 

T:

:

AA

AA

=

=

I

I
     (1.12.3) 

 
and, from 1.9.7, they have components 
 

ijjilkjijkil

jijilkjijlik

eeeeeeee

eeeeeeee

⊗⊗⊗=⊗⊗⊗≡

⊗⊗⊗=⊗⊗⊗≡

δδ

δδ

I

I
  (1.12.4) 

 
For a symmetric second order tensor S, SSS == :: II . 
 
Another important fourth-order tensor is II ⊗ , 
 

jjiilkjiklij eeeeeeeeII ⊗⊗⊗=⊗⊗⊗=⊗ δδ     (1.12.5) 
 
Functions of the trace can be written in terms of these tensors {▲Problem 1}: 
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( )
( )

2

T

2

tr::

tr::
tr::

)tr(:

AAA

AAAA
AAAII

IAAII

=

=

=⊗

=⊗

I

I
       (1.12.6) 

 
Projection Tensors 
 
The symmetric and skew-symmetric parts of a second order tensor A can be written in 
terms of the identity tensors: 
 

( )
( ) AA

AA

:
2
1skew

:
2
1sym

II

II

−=

+=
              (1.12.7) 

 
The deviator of A, 1.9.30, can be written as 
 

AAIIIAIAIAAA :ˆ:)(
3
1):(

3
1)tr(

3
1dev PI ≡⎟

⎠
⎞

⎜
⎝
⎛ ⊗−=−=−=        (1.12.8) 

 
which defines P̂ , the so-called fourth-order projection tensor.  From Eqns. 1.10.6, 
1.10.37a, it has the property that 0::ˆ =IAP .  Note also that it has the property 

PPPPP ˆˆ::ˆ:ˆˆ == Ln .   For example, 
 

PII

IIPPP

ˆ)(:)(
9
1

3
1

3
1:

3
1:

3
1ˆ:ˆˆ 2

=⊗⊗+⊗−⊗−=

⎟
⎠
⎞

⎜
⎝
⎛ ⊗−⎟

⎠
⎞

⎜
⎝
⎛ ⊗−==

IIIIIIII

IIII
                       (1.12.9) 

 
The tensors ( ) ( ) 2//2, IIII −+  in Eqn. 1.12.7 are also projection tensors, projecting the 
tensor A onto its symmetric and skew-symmetric parts. 
 
 
1.12.2 Higher-Order Tensors and Symmetry 
 
A higher order tensor possesses complete symmetry if the interchange of any indices is 
immaterial, for example if 
 

L=⊗⊗=⊗⊗=⊗⊗= )()()( kjijikkjiikjkjiijk AAA eeeeeeeeeA  
 
It is symmetric in two of its indices if the interchange of these indices is immaterial.  For 
example the above tensor A  is symmetric in j and k if 
 

)()( kjiikjkjiijk AA eeeeee ⊗⊗=⊗⊗=A  
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This applies also to antisymmetry.  For example, the permutation tensor  

( )kjiijk eee ⊗⊗= εE  is completely antisymmetric, since L==−= kijikjijk εεε . 
 
A fourth-order tensor C  possesses the minor symmetries if 
 

ijlkijkljiklijkl CCCC == ,                     (1.12.10) 
 
in which case it has only 36 independent components.  The first equality here is for left 
minor symmetry, the second is for right minor symmetry. 
 
 
It possesses the major symmetries if it also satisfies 
 

klijijkl CC =                 (1.12.11) 
 
in which case it has only 21 independent components.  From 1.12.1, this can also be 
expressed as 
 

ABBA :::: CC =          (1.12.12) 
 
for arbitrary second-order tensors A, B.  Note that II ⊗,, II  posses the major symmetries 
{▲Problem 2}. 
 
 
1.12.3 Problems 
 
1. Derive the relations 1.12.6. 
2. Use 1.12.12 to show that II ⊗,, II  possess the major symmetries. 
 



Section 1.13 

Solid Mechanics Part III                                                                                Kelly 110

1.13 Coordinate Transformation of Tensor Components 
 
It has been seen in §1.5.2 that the transformation equations for the components of a vector 
are jiji uQu ′= , where [ ]Q  is the transformation matrix.  Note that these ijQ ’s are not the 
components of a tensor – these sQij '  are mapping the components of a vector onto the 
components of the same vector in a second coordinate system – a (second-order) tensor, 
in general, maps one vector onto a different vector.  The equation jiji uQu ′=  is in matrix 
element form, and is not to be confused with the index notation for vectors and tensors. 
 
 
1.13.1 Relationship between Base Vectors 
 
Consider two coordinate systems with base vectors ie  and ie′ .  It has been seen in the 
context of vectors that, Eqn. 1.5.4, 
 

),cos( jiijji xxQ ′≡=′⋅ee .                                      (1.13.1) 
 
Recal that the i’s and j’s here are not referring to the three different components of a 
vector, but to different vectors (nine different vectors in all). 
 
It is interesting that the relationship 1.13.1 can also be derived as follows: 
 

jij

jij

ijjii

Q e

eee

eeeIee

′=

′⋅′=

′⊗′==

)(

)(

                                           (1.13.2) 

 
Dotting each side here with ke′  then gives 1.13.1.  Eqn. 1.13.2, together with the 
corresponding inverse relations, read 
 

jiji Q ee ′= ,     jjii Q ee =′                        (1.13.3) 
 
Note that the components of the transformation matrix [ ]Q  are the components of the 
change of basis tensor 1.10.24-25. 
 
 
1.13.2 Tensor Transformation Rule 
 
As with vectors, the components of a (second-order) tensor will change under a change of 
coordinate system.  In this case, using 1.13.3, 
 

nmpqnqmp

nnqmmppq

qppqjiij

TQQ

QQT
TT

ee

ee
eeee

⊗′=

⊗′=

′⊗′′≡⊗

   (1.13.4) 
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so that (and the inverse relationship) 
 

pqqjpiijpqjqipij TQQTTQQT =′′= ,    Tensor Transformation Formulae   (1.13.5) 
 
or, in matrix form, 
 

[ ] [ ][ ][ ] [ ] [ ][ ][ ]QTQTQTQT TT , =′′=            (1.13.6) 
 
Note: 
• as with vectors, second-order tensors are often defined as mathematical entities whose 

components transform according to the rule 1.13.5 
• the transformation rule for higher order tensors can be established in the same way, for example, 

pqrrkqjpiijk TQQQT =′ , and so on 

 
Example (Mohr Transformation) 
 
Consider a two-dimensional space with base vectors 21 , ee .  The second order tensor S 
can be written in component form as 
 

2222122121121111 eeeeeeeeS ⊗+⊗+⊗+⊗= SSSS  
 
Consider now a second coordinate system, with base vectors 21 , ee ′′ , obtained from the 
first by a rotation θ .  The components of the transformation matrix are 
 

⎥
⎦

⎤
⎢
⎣

⎡ −
=⎥

⎦

⎤
⎢
⎣

⎡
−

+
=⎥

⎦

⎤
⎢
⎣

⎡
′⋅′⋅

′⋅′⋅
=′⋅=

θθ
θθ

θθ
θθ

cossin
sincos

cos)90cos(
)90cos(cos

2212

2111

eeee
eeee

ee jiijQ
 

 
and the components of S in the second coordinate system are [ ] [ ][ ][ ]QSQS T=′ , so 
 

⎥
⎦

⎤
⎢
⎣

⎡ −
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
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⎣

⎡
−

=⎥
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⎤
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⎡
′′
′′

θθ
θθ

θθ
θθ

cossin
sincos

cossin
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2221

1211

2221

1211

SS
SS

SS
SS

 
 
For S symmetric, 2112 SS = , and this simplifies to 
 

θθθ
θθθ

θθθ

2coscossin)(
2sincossin

2sinsincos

12112212

12
2

22
2

1122

12
2

22
2

1111

SSSS
SSSS

SSSS

+−=′
−+=′

++=′

    The Mohr Transformation    (1.13.7) 

■  
 
 
1.13.3 Isotropic Tensors 
 
An isotropic tensor is one whose components are the same under arbitrary rotation of the 
basis vectors, i.e. in any coordinate system. 
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All scalars are isotropic. 
 
There is no isotropic vector (first-order tensor), i.e. there is no vector u such that 

jiji uQu =  for all orthogonal [ ]Q  (except for the zero vector o).  To see this, consider the 
particular orthogonal transformation matrix 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

100
001
010

Q ,                                              (1.13.8) 

 
which corresponds to a rotation of 2/π  about 3e .  This implies that  
 

[ ] [ ]T312
T

321 uuuuuu −=  
 

 or 021 == uu .  The matrix corresponding to a rotation of 2/π  about 1e  is 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
=

010
100
001

Q ,                                              (1.13.9) 

 
which implies that 03 =u . 
 
The only isotropic second-order tensor is ijαδα ≡I , where α  is a constant, that is, the 
spherical tensor, §1.10.12.  To see this, first note that, by substituting Iα  into 1.13.6, it 
can be seen that it is indeed isotropic.  To see that it is the only isotropic second order 
tensor, first use 1.13.8 in 1.13.6 to get 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−

−−
=′

333231

232221

131211

333132

131112

232122

TTT
TTT
TTT

TTT
TTT
TTT

T            (1.13.10) 

 
which implies that 0,, 3231231321122211 ====−== TTTTTTTT .  Repeating this for 
1.13.9 implies that 0, 123311 == TTT , so 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

11

11

11

00
00
00

T
T

T
T  

 
or IT 11T= .  Multiplying by a scalar does not affect 1.13.6, so one has Iα . 
 
The only third-order isotropic tensors are scalar multiples of the permutation tensor, 

( )kjiijk eee ⊗⊗= εE .  Using the third order transformation rule, pqrrkqjpiijk TQQQT =′ , 
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one has pqrrkqjpiijk QQQ εε =′ .  From 1.10.16e this reads ( ) ijkijk εε Qdet=′ , where Q is the 

change of basis tensor, with components ijQ .  When Q is proper orthogonal, i.e. a rotation tensor, 

one has indeed, ijkijk εε =′ .  That it is the only isotropic tensor can be established by carrying out 
specific rotations as done above for the first and second order tensors. 
 
Note that orthogonal tensors in general, i.e. having the possibility of being reflection tensors, with 

1det −=Q  are not used in the definition of isotropy, otherwise one would have the less desirable 

ijkijk εε −=′ .  Note also that this issue does not arise with the second order tensor (or the fourth 
order tensor –see below), since the above result, that Iα  is the only isotropic second order tensor, 
holds regardless of whether Q is proper orthogonal or not. 
 
There are three independent fourth-order isotropic tensors – these are the tensors 
encountered in §1.12.1, Eqns. 1.12.4-5, 
 

II ⊗,, II  
 
For example, 
 

( ) ( )( ) ( )ijklklijlrkrjpiprspqlskrjqippqrslskrjqip QQQQQQQQQQQQ IIII ⊗====⊗ δδδδ  
 
The most general isotropic fourth order tensor is then a linear combination of these 
tensors: 
 

IIC γμλ ++⊗= II  Most General Isotropic Fourth-Order Tensor    (1.13.11) 
 
 
1.13.4 Invariance of Tensor Components 
 
The components of (non-isotropic) tensors will change upon a rotation of base vectors.  
However, certain combinations of these components are the same in every coordinate 
system.  Such quantities are called invariants.  For example, the following are examples 
of scalar invariants  {▲Problem 2} 
 

ii

jiij

ii

A

aaT
aa

=

=⋅
=⋅

A

aTa
aa

tr

    (1.13.12) 

 
The first of these is the only independent scalar invariant of a vector.  A second-order 
tensor has three independent scalar invariants, the first, second and third principal scalar 
invariants, defined by Eqn. 1.11.17 (or linear combinations of these). 
 
Example (of Invariance) 
 
Consider a tensor A with eigenvector n̂  and corresponding eigenvalue λ .  Then 

nnA ˆˆ λ= , or ijij nnA ˆˆ λ= .  The components of A and n̂  in a second coordinate system are 

pqqjpiij TQQA =′  and mmjj nQn ˆˆ =′ .  Thus 
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ippimpmpimmjpqqjpijij nnQnAQnQAQQnA ′====′′ ˆˆˆˆˆ λλ  

 
Thus λ  is an eigenvalue and nQn ˆˆ =′  is an eigenvector, showing that the eigenvalue is 
invariant, but a new eigenvector is obtained, the original eigenvector rotated by Q. 

 
■  

 
 
1.13.5 Problems 
 
1. Consider a coordinate system 321 xxox  with base vectors ie .  Let a second coordinate 

system be represented by the set { }ie′  with the transformation law 

33

212 cossin
ee

eee
=′

+−=′ θθ
 

(a) find 1e′  in terms of the old set { }ie  of basis vectors 
(b) find the orthogonal matrix [ ]Q  and express the old coordinates in terms of the new 

ones 
(c) express the vector 321 36 eeeu +−−=  in terms of the new set { }ie′  of basis 
vectors.  

2. Show that 
(a) the trace of a tensor A, iiA=Atr , is an invariant. 
(b) jiij aaT=⋅ aTa  is an invariant. 

3. Consider Problem 7 in §1.11.  Take the tensor FFU T=  with respect to the basis 
{ }in̂  and carry out a coordinate transformation of its tensor components so that it is 
given with respect to the original { }ie  basis – in which case the matrix representation 
for U given in Problem 7, §1.11, should be obtained. 
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1.14 Tensor Calculus I: Tensor Fields 
 
In this section, the concepts from the calculus of vectors are generalised to the calculus of 
higher-order tensors. 
 
 
1.14.1 Tensor-valued Functions 
 
Tensor-valued functions of a scalar 
 
The most basic type of calculus is that of tensor-valued functions of a scalar, for example 
the time-dependent stress at a point, )(tSS = .  If a tensor T depends on a scalar t, then 
the derivative is defined in the usual way, 
 

t
ttt

dt
d

t Δ
−Δ+

= →Δ
)()(lim 0

TTT , 

 
which turns out to be 
 

ji
ij

dt
dT

dt
d eeT

⊗=     (1.14.1) 

 
The derivative is also a tensor and the usual rules of differentiation apply, 
 

( )

( )

( )

( )

( )
T

T

)(

⎟
⎠
⎞

⎜
⎝
⎛=

+=

+=

+=

+=+

dt
d

dt
d

dt
d

dt
d

dt
d

dt
d

dt
d

dt
d

dt
d

dt
dt

dt
d

dt
d

dt
d

dt
d

TT

BTBTTB

aTaTTa

TTT

BTBT

ααα

 

 
For example, consider the time derivative of TQQ , where Q is orthogonal.  By the 
product rule, using IQQ =T , 
 

( ) 0QQQQQQQQQQ =⎟
⎠
⎞

⎜
⎝
⎛+=+=

T
T

T
TT

dt
d

dt
d

dt
d

dt
d

dt
d  

 
Thus, using Eqn. 1.10.3e 
 

( )TTTT QQQQQQ &&& −=−=       (1.14.2) 
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which shows that TQQ&  is a skew-symmetric tensor. 
 
 
1.14.2 Vector Fields 
 
The gradient of a scalar field and the divergence and curl of vector fields have been  seen 
in §1.6.  Other important quantities are the gradient of vectors and higher order tensors 
and the divergence of higher order tensors.  First, the gradient of a vector field is 
introduced.  
 
The Gradient of a Vector Field 
 
The gradient of a vector field is defined to be the second-order tensor 
 

ji
j

i
j

j x
a

x
eeeaa ⊗

∂
∂

=⊗
∂
∂

≡grad    Gradient of a Vector Field      (1.14.3) 

 
In matrix notation, 
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⎥
⎥
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⎥
⎥

⎦

⎤

⎢
⎢
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⎣

⎡
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∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=

3

3

2

3

1

3

3

2

2

2

1

2

3

1

2

1

1

1

grad

x
a

x
a

x
a

x
a

x
a

x
a

x
a

x
a

x
a

a                             (1.14.4) 

 
One then has 
 

( )

)()(

grad

xaxxa
a

e

eeexa

dd
d

dx
x
a

dx
x
a

d

ij
j

i

kkji
j

i

−+=
=

∂
∂

=

⊗
∂
∂

=

   (1.14.5) 

 
which is analogous to Eqn 1.6.7 for the gradient of a scalar field.  As with the gradient of 
a scalar field, if one writes xd  as exd , where e is a unit vector, then 
 

direction in  

grad
e

aea ⎟
⎠
⎞

⎜
⎝
⎛=

dx
d       (1.14.6) 

 
Thus the gradient of a vector field a is a second-order tensor which transforms a unit 
vector into a vector describing the gradient of a in that direction. 
 
For a space curve parameterised by s, one has 
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( ) τaτeaeτaaa grad=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⊗

∂
∂

=⋅
∂
∂

=
∂
∂

= i
i

i
i

i

i xxds
dx

xds
d  

 
where τ  is a tangent vector to C (see §1.6.2). 
 
Although for a scalar field φgrad  is equivalent to φ∇ , note that the gradient defined in 
1.14.3 is not the same as a⊗∇ .  In fact, 
 

( ) aa gradT =⊗∇     (1.14.7) 
 

since 
 

ji
i

j
jj

i
i x

a
a

x
eeeea ⊗

∂

∂
=⊗

∂
∂

=⊗∇    (1.14.8) 

 
These two different definitions of the gradient of a vector, jiji xa ee ⊗∂∂ /  and 

jiij xa ee ⊗∂∂ / , are both commonly used.  In what follows, they will be distinguished by 
labeling the former as agrad  (which will be called the gradient of a) and the latter as 

a⊗∇ . 
 
Note: 
• in much of the literature, a⊗∇  is written in the contracted form a∇ , but the more explicit 

version is used here 
• some authors define the operation of ⊗∇  on a vector or tensor ( )•  not as in 1.14.8, but through 

( ) ( )( ) iix e⊗∂•∂≡•⊗∇ /  so that ( ) jiji xa eeaa ⊗∂∂==⊗∇ /grad  
 
Example (The Displacement Gradient) 
 
Consider a particle 0p  of a deforming body at position X (a vector) and a neighbouring 
point 0q  at position Xd  relative to 0p , Fig. 1.14.1.  As the material deforms, these two 
particles undergo displacements of, respectively, )(Xu  and )( XXu d+ .  The final 
positions of the particles are fp  and fq .  Then 
 

XuX
XuX

XuXXuXx

dd
dd

ddd

grad
)(

)()(

+=
+=

−++=
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Figure 1.14.1: displacement of material particles 
 
Thus the gradient of the displacement field u encompasses the mapping of (infinitesimal) 
line elements in the undeformed body into line elements in the deformed body.  For 
example, suppose that 0, 32

2
21 === uukXu .  Then 

 

212

2

2
000
000
020

grad eeu ⊗=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

∂
∂

= kX
kX

X
u

j

i  

 
A line element iidXd eX =  at iiX eX =  maps onto 
 

( )( )
122

332211212

2
2

eX
eeeeeXx

dXkXd
dXdXdXkXdd

+=
++⊗+=

 

 
The deformation of a box is as shown in Fig. 1.14.2.  For example, the vector 2eX αdd =  
(defining the left-hand side of the box) maps onto 212 eex ααα += dkd . 
 

 
 

Figure 1.14.2: deformation of a box 
 
Note that the map xX dd →  does not specify where in space the line element moves to.  
It translates too according to uXx += . 

 ■  
 
 
The Divergence and Curl of a Vector Field 
 
The divergence and curl of vectors have been defined in §1.6.6, §1.6.8.  Now that the 
gradient of a vector has been introduced, one can re-define the divergence of a 
independent of any coordinate system: it is the scalar field given by the trace of the 
gradient of a {▲Problem 4},  

1X

2X
final

X

Xd

xd

)( XXu d+

)(Xu
final 

initial 

0p

0q

fp

fq



Section 1.14 

Solid Mechanics Part III                                                                                Kelly 119

 
aIaaa ⋅∇=== :grad)grad(trdiv  Divergence of a Vector Field   (1.14.9) 

 
Similarly, the curl of a can be defined to be the vector field given by twice the axial 
vector of the antisymmetric part of agrad . 
 
 
1.14.3 Tensor Fields 
 
A tensor-valued function of the position vector is called a tensor field, )(xkijT L .  
 
 
The Gradient of a Tensor Field 
 
The gradient of a second order tensor field T is defined in a manner analogous to that of 
the gradient of a vector, Eqn. 1.14.2.  It is the third-order tensor 
 

kji
k

ij
k

k x
T

x
eeeeTT ⊗⊗

∂

∂
=⊗

∂
∂

=grad    Gradient of a Tensor Field   (1.14.10) 

 
This differs from the quantity 
 

( ) kji
i

jk
kjjk

i
i x

T
T

x
eeeeeeT ⊗⊗

∂

∂
=⊗⊗

∂
∂

=⊗∇               (1.14.11) 

 
The Divergence of a Tensor Field 
 
Analogous to the definition 1.14.9, the divergence of a second order tensor T is defined to 
be the vector 
 

i
j

ij

i
i

kjjk
i

i

x
T

x
T

x

e

e
ee

eTITT

∂

∂
=

∂

⊗∂
=

∂
∂

==
)(

:graddiv
  Divergence of a Tensor  (1.14.12) 

 
The divergence of a tensor can also be equivalently defined as that vector field which 
satisfies the relation 
 

( ) ( )vTvT Tdivdiv =⋅  
 
for all constant vectors v. 
 
One also has 
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i
j

ji
kjjk

i
i x

T
T

x
eeeeT

∂

∂
=⊗⋅

∂
∂

=⋅∇ )(               (1.14.13) 

 
so that 
 

Tdiv TT ⋅∇=               (1.14.14) 
 
As with the gradient of a vector, both ( ) ijij xT e∂∂ /  and ( ) ijji xT e∂∂ /  are commonly used 
as definitions of the divergence of a tensor,.  They are distinguished here by labelling the 
former as Tdiv  (called here the divergence of T) and the latter as T⋅∇ .  Note that the 
operations Tdiv  and T⋅∇  are equivalent for the case of T symmetric. 
 
Note: 
• some authors define the operation of ⋅∇  on a vector or tensor ( )•  not as in (1.14.13), but 

through ( ) ( )( ) iix e⋅∂•∂≡•⋅∇ /  so that ( ) ijij xT eTT ∂∂==⋅∇ /div . 
• using the convention that the “dot” is omitted in the contraction of tensors, one should write 

T∇  for T⋅∇ , but the “dot” is retained here because of the familiarity of this latter notation 
from vector calculus. 

• another operator is the Hessian, ( ) jiji xx ee ⊗∂∂∂=∇⊗∇ /2 . 

 
Identities 
 
Here are some important identities involving the gradient, divergence and curl 
{▲Problem 5}: 
 

( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )uvvuuvvuvu

uvvuvu
uvvuvu

vvv

gradgraddivdivcurl
)div(graddiv

gradgradgrad

gradgradgrad
TT
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+=⋅

⊗+= φφφ

               (1.14.15) 

 
( )
( ) ( )
( )
( )( ) ( ) ( )
( ) φφφ

φφφ

φφφ

gradgradgrad
graddivdiv
:graddivdiv
gradtrdivdiv

divgraddiv
T

⊗+=
+=

+=
+⋅=

+=

AAA
BAABBA

BABAAB
vAAvAv

AAA

                            (1.11.16) 

 
Note also the following identities, which involve the Laplacian of both vectors and 
scalars: 
 

( )
( ) uuu

vuvuvuvu
2

222

divgradcurlcurl
grad:grad2

∇−=

∇⋅++⋅∇=⋅∇
                         (1.14.17) 
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1.14.4 Cylindrical and Spherical Coordinates 
 
Cylindrical and spherical coordinates were introduced in §1.6.10 and the gradient and 
Laplacian of a scalar field and the divergence and curl of vector fields were derived in 
terms of these coordinates.  The calculus of higher order tensors can also be cast in terms 
of these coordinates. 
 
For example, from 1.6.27, the gradient of a vector in cylindrical coordinates is 

( )Tgrad uu ⊗∇=  with 
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         (1.14.18) 

 
and from 1.6.27, 1.14.12, the divergence of a tensor in cylindrical coordinates is 
{▲Problem 6} 
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         (1.14.19) 

 
 
1.14.5 The Divergence Theorem 
 
The divergence theorem 1.6.12 can be extended to the case of higher-order tensors.  
Consider an arbitrary differentiable tensor field ),( tT kij xL  defined in some finite region of 
physical space.  Let S be a closed surface bounding a volume V in this space, and let the 
outward normal to S be n.  The divergence theorem of Gauss then states that 
 

∫∫ ∂

∂
=

V k

kij

S
kkij dV

x
T

dSnT L

L     (1.14.20) 

 
For a second order tensor, 
 

∫∫∫∫ ∂

∂
==

V j

ij

S
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dV
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dSnTdVdS ,div TTn       (1.14.21) 
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One then has the important identities {▲Problem 7} 
 

( )

∫∫

∫∫

∫∫

=⋅

=⊗

=
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VS

VS

dVdS

dVdS

dVdS

)(div

grad

)(div

TuTTnu

unu

TnT φφ

    (1.14.22) 

 
 
1.14.6 Formal Treatment of Tensor Calculus 
 
As in §1.6.12, here a more formal treatment of the tensor calculus of fields is briefly 
presented. 
 
Vector Gradient 
 
What follows is completely analogous to Eqns. 1.6.43-46. 
 
A vector field VE →3:v  is differentiable at a point 3E∈x  if there exists a scond 
order tensor ( ) ED ∈xv  such that 
 

( ) ( ) ( ) ( )hhxvxvhxv oD ++=+    for all   E∈h                     (1.14.23) 
 
In that case, the tensor ( )xvD  is called the derivative (or gradient) of v at x (and is given 
the symbol ( )xv∇ ). 
 
Setting wh ε=  in 1.14.23, where E∈w  is a unit vector, dividing through by ε  and 
taking the limit as 0→ε , one has the equivalent statement  
 

( ) ( )wxvwxv ε
ε ε

+=∇
=0d

d    for all   E∈w                     (1.14.24) 

 
Using the chain rule as in §1.6.11, Eqn. 1.14.24 can be expressed in terms of the 
Cartesian basis { }ie , 
 

( ) ( ) kkji
j

i
ik

k

i w
x
v

w
x
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eeeewxv ⊗
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∂

=
∂
∂

=∇                      (1.14.25) 

 
This must be true for all w and so, in a Cartesian basis,  
 

( ) ji
j

i

x
v

eexv ⊗
∂
∂

=∇                                        (1.14.26) 

 
which is Eqn. 1.14.3. 
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1.14.7 Problems 
 
1. Consider the vector field 3

2
22

2
31

2
1 eeev xxx ++= . (a) find the matrix representation of 

the gradient of v, (b) find the vector ( )vvgrad . 
2. If 312211321 eeeu xxxxxx ++= , determine u2∇ . 
3. Suppose that the displacement field is given by 1321 ,1,0 Xuuu === .  By using 

ugrad , sketch a few (undeformed) line elements of material and their positions in the 
deformed configuration. 

4. Use the matrix form of ugrad  and u⊗∇  to show that the definitions 
(i)  )grad(trdiv aa =                  

 (ii) ωa 2curl = , where ω  is the axial vector of the skew part of agrad  
agree with the definitions 1.6.14, 1.6.19 given for Cartesian coordinates. 

5. Prove the following: 
(i) ( ) φφφ gradgradgrad ⊗+= vvv  
(ii) ( ) ( ) ( ) uvvuvu TT gradgradgrad +=⋅  
(iii) ( ) ( ) uvvuvu )div(graddiv +=⊗  
(iv) ( ) ( ) ( )uvvuuvvuvu gradgraddivdivcurl −+−=×  
(v) ( ) AAA divgraddiv φφφ +=  
(vi) ( ) ( )vAAvAv gradtrdivdiv T +⋅=  
(vii) ( ) BABAAB :graddivdiv +=  
(viii) ( )( ) ( ) ( )φφφ graddivdiv BAABBA +=  
(ix) ( ) φφφ gradgradgrad ⊗+= AAA  

6. Derive Eqn. 1.14.19, the divergence of a tensor in cylindrical coordinates. 
7. Deduce the Divergence Theorem identities in 1.14.22 [Hint: write them in index 

notation.] 
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1.15 Tensor Calculus 2: Tensor Functions 
 
 
1.15.1 Vector-valued functions of a vector 
 
Consider a vector-valued function of a vector 
 

)(),( jii baa == baa  
 
This is a function of three independent variables 321 ,, bbb , and there are nine partial 
derivatives ji ba ∂∂ / .  The partial derivative of the vector  a with respect to b is defined to 
be a second-order tensor with these partial derivatives as its components: 
 

ji
j

i

b
a

ee
b
ba

⊗
∂
∂

≡
∂

∂ )(              (1.15.1) 

 
It follows from this that   
 

1−

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=
∂
∂

a
b

b
a    or   ij

j

m

m

i

a
b

b
a

δ=
∂
∂

∂
∂

=
∂
∂

∂
∂ ,I

a
b

b
a      (1.15.2) 

 
To show this, with )(),( jiijii abbbaa == , note that the differential can be written as 
 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂

∂
∂

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂

∂
∂

+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂

∂
∂

=
∂

∂

∂
∂

=
∂
∂

=
3

1
3

2

1
2

1

1
1

11
1 a

b
b
a

da
a
b

b
a

da
a
b

b
a

dada
a
b

b
a

db
b
a

da j

j

j

j

j

j
i

i

j

j
j

j

 

 
Since 321 ,, dadada  are independent, one may set 032 == dada , so that 
 

1
1

1 =
∂

∂

∂
∂

a
b

b
a j

j

 

 
Similarly, the terms inside the other brackets are zero and, in this way, one finds Eqn. 
1.15.2. 
  
 
1.15.2 Scalar-valued functions of a tensor 
 
Consider a scalar valued function of a (second-order) tensor 
 

jiijT eeTT ⊗== ),(φφ . 
This is a function of nine independent variables, )( ijTφφ = , so there are nine different 
partial derivatives: 
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333231232221131211

,,,,,,,,
TTTTTTTTT ∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂ φφφφφφφφφ  

 
The partial derivative of φ  with respect to T is defined to be a second-order tensor with 
these partial derivatives as its components: 
 

ji
ijT

ee
T

⊗
∂
∂

≡
∂
∂ φφ

   Partial Derivative with respect to a Tensor    (1.15.3) 

 
The quantity TT ∂∂ /)(φ  is also called the gradient of φ  with respect to T. 
 
Thus differentiation with respect to a second-order tensor raises the order by 2.  This 
agrees with the idea of the gradient of a scalar field where differentiation with respect to a 
vector raises the order by 1. 
 
Derivatives of the Trace and Invariants 
 
Consider now the trace: the derivative of Atr , with respect to A can be evaluated as 
follows:  
 

I
eeeeee

eeeeee

AAA
A

A

=
⊗+⊗+⊗=

⊗
∂
∂

+⊗
∂
∂

+⊗
∂
∂

=

∂
∂

+
∂
∂

+
∂
∂

=
∂
∂

332211

332211

332211tr

ji
ij

ji
ij

ji
ij A

A
A
A

A
A

AAA

           (1.15.4) 

 
Similarly, one finds that {▲Problem 1} 
 

( ) ( ) ( ) ( )
( ) ( ) IA

A
AIA

A
A

A
A
AA

A
AI

A
A

2
32

T2
3

T
2

)tr(3)tr()tr(2)tr(

3tr2trtr

=
∂

∂
=

∂
∂

=
∂

∂
=

∂
∂

=
∂

∂

             (1.15.5) 

Derivatives of Trace Functions 
 

From these and 1.10.17, one can evaluate the derivatives of the invariants {▲Problem 2}: 
 

( ) TT2T

T

IIIIIIIII

III

I

−=+−=
∂
∂

−=
∂
∂

=
∂
∂

AIAA
A

AI
A

I
A

AAA
A

A
A

A

   Derivatives of the Invariants   (1.15.6) 
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Derivative of the Determinant 
 
An important relation is 
 

( ) ( ) Tdetdet −=
∂
∂ AAA
A

        (1.15.7) 

 
which follows directly from 1.15.6c.  
 
Other Relations 
 
The total differential can be written as 
 

T
T

d

dT
T

dT
T

dT
T

d

:

13
13

12
12

11
11

∂
∂

≡

+
∂
∂

+
∂
∂

+
∂
∂

=

φ

φφφφ L

       (1.15.8) 

 
This total differential gives a good approximation to the total increment in φ  when the 
increments of the independent variables L,11T  are small. 
 
The second partial derivative is defined similarly: 
 

qpji
pqij TT

eeee
TT

⊗⊗⊗
∂∂
∂

≡
∂∂

∂ φφ2    (1.15.9) 

 
the result being in this case a fourth-order tensor. 
 
Consider a scalar-valued function of a tensor, )(Aφ , but now suppose that the 
components of A depend upon some scalar parameter t: ))(( tAφφ = .  By means of the 
chain rule of differentiation, 
 

dt
dA

A
ij

ij∂
∂

=
φφ&             (1.15.10) 

 
which in symbolic notation reads (see Eqn. 1.10.10e) 
 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=
∂
∂

=
dt
d

dt
d

dt
d A

A
A

A

T

tr: φφφ      (1.15.11) 

 
 
Identities for Scalar-valued functions of Symmetric Tensor Functions 
 
Let C be a symmetric tensor, TCC = .  Then the partial derivative of ( ))(TCφφ =  with 
respect to T can be written as {▲Problem 3} 
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(1)  
C

T
T ∂

∂
=

∂
∂ φφ 2  for TTC T=  

 

(2)  C
TT ∂
∂

=
∂
∂ φφ 2  for TTTC =                (1.15.12) 

 

(3)  T
CC

TT
CC

T
T ∂

∂
+

∂
∂

=
∂
∂

=
∂
∂

=
∂
∂ φφφφφ 22  for TTC =  and symmetric T 

 
Scalar-valued functions of a Symmetric Tensor 
 
Consider the expression 
 

( ) ( )
ij

ij
ij A

A
B

∂

∂
=

∂
∂

=
φφ

A
AB             (1.15.13) 

 
If A is a symmetric tensor, there are a number of ways to consider this expression: two 
possibilities are that φ  can be considered to be 

(i) a symmetric function of the 9 variables ijA  

(ii) a function of 6 independent variables: ( )332322131211 ,,,,, AAAAAAφφ =  
where 

( )

( )

( ) 3223322323

3113311313

2112211212

2
1
2
1
2
1

AAAAA

AAAAA

AAAAA

==+=

==+=

==+=

 

 
Looking at (i) and writing ( ) ( )( )LL ,,,, 1221121211 AAAAAφφ = , one has, for example,  
 

12211212

21

2112

12

1212

2
AAAA

A
AA

A
AA ∂

∂
=

∂
∂

+
∂
∂

=
∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂ φφφφφφ , 

 
the last equality following from the fact that φ  is a symmetrical function of the ijA . 
 
Thus, depending on how the scalar function is presented, one could write 
 

(i)  etc.,,,
13

13
12

12
11

11 A
B

A
B

A
B

∂
∂

=
∂
∂

=
∂
∂

=
φφφ  

(ii)  etc.,
2
1,

2
1,

13
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12
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11
11 A

B
A

B
A

B
∂
∂

=
∂
∂

=
∂
∂

=
φφφ  
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1.15.3 Tensor-valued functions of a tensor 
 
The derivative of a (second-order) tensor A with respect to another tensor B is defined as 
 

qpji
pq

ij

B
A

eeee
B
A

⊗⊗⊗
∂

∂
≡

∂
∂         (1.15.14) 

 
and forms therefore a fourth-order tensor.  The total differential Ad  can in this case be 
written as 
 

B
B
AA dd :
∂
∂

=          (1.15.15) 

 
Consider now  
 

lkji
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ij

A
A

eeee
A
A
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∂

∂
=

∂
∂  

 
The components of the tensor are independent, so 
 

.etc,0,1
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11
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11 L=
∂
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=
∂
∂

A
A

A
A  nqmp

pq

mn

A
A

δδ=
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     (1.15.16) 

 
and so 
 

I=⊗⊗⊗=
∂
∂

jiji eeee
A
A ,        (1.15.17) 

 
the fourth-order identity tensor of Eqn. 1.12.4. 
 
Example 
 
Consider the scalar-valued function φ  of the tensor A and vector v (the “dot” can be 
omitted from the following and similar expression), 
 

( ) AvvvA ⋅=,φ  
 
The gradient of φ  with respect to v is 
 

( )vAAvAAv
v
vAvAv

v
v

v
T+=+=

∂
∂

⋅+⋅
∂
∂

=
∂
∂φ  

 
On the other hand, the gradient of φ  with respect to A is 
 

vvvvv
A
Av

A
⊗=⋅=

∂
∂
⋅=

∂
∂

I
φ  
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■  
 
Consider now the derivative of the inverse, AA ∂∂ − /1 .  One can differentiate 0AA =−1  
using the product rule to arrive at 
 

A
AAA

A
A

∂
∂

−=
∂
∂ −

−
1

1

 

 
One needs to be careful with derivatives because of the position of the indices in 1.15.14); 
it looks like a post-operation of both sides with the inverse leads to 

( ) lkjijlik AA eeeeAAAAAA ⊗⊗⊗−=∂∂−=∂∂ −−−−− 11111 // .  However, this is not correct 
(unless A is symmetric).  Using the index notation (there is no clear symbolic notation), 
one has 
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  (1.15.18) 

■  
 
 
1.15.4 The Directional Derivative 
 
The directional derivative was introduced in §1.6.11.  The ideas introduced there can be 
extended to tensors.  For example, the directional derivative of the trace of a tensor A, in 
the direction of a tensor T, is 
 

( ) ( ) ( ) TTATATAA trtrtrtr][tr
00

=+=+=∂
==

ε
ε

ε
ε εε d

d
d
d            (1.15.19) 

 
As a further example, consider the scalar function AvuA ⋅=)(φ , where u and v are 
constant vectors.  Then 
 

 ( ) ( )[ ] TvuvTAuTvuAA ⋅=+⋅=∂
=

ε
ε

φ
ε 0

][,,
d
d                  (1.15.20) 

 
Also, the gradient of φ  with respect to A is 
 

( ) vuAvu
AA

⊗=⋅
∂
∂

=
∂
∂φ                                   (1.1.5.21) 
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and it can be seen that this is an example of the more general relation 
 

T
A

TA :][
∂
∂

=∂
φφ                                          (1.15.22) 

 
which is analogous to 1.6.38.  Indeed,  
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φφ
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          (1.15.23) 

 
Example (the Directional Derivative of the Determinant) 
 
It was shown in §1.6.11 that the directional derivative of the determinant of the 22×  
matrix A, in the direction of a second matrix T, is  
 

( )[ ] 1221211211222211det TATATATA −−+=∂ TAA  
 
This can be seen to be equal to ( )TAA :det T− , which will now be proved more generally 
for tensors A and T: 
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The last line here follows from (1.9.16a).  Now the characteristic equation for a tensor B 
is given by (1.11.4, 1.11.5), 
 

( )( )( ) ( )IB λλλλλλλ −==−−− det0321  
 
where iλ  are the three eigenvalues of B.  Thus, setting 1−=λ  and TAB 1−= ε , 
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and, from (1.10.10e),  
 

( ) ( )TAATAA :det][det T−=∂           (1.15.24) 
■  

 
Example (the Directional Derivative of a vector function) 
 
Consider the n homogeneous algebraic equations ( ) oxf = : 
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The directional derivative of f in the direction of some vector u is 
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    (1.15.25) 

 
where K, called the tangent matrix of the system, is 
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which can be compared to (1.15.23c). 

■  
 
Properties of the Directional Derivative 
 
The directional derivative is a linear operator and so one can apply the usual product rule.  
For example, consider the directional derivative of 1−A  in the direction of T: 
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( ) ( ) 1

0

1 ][ −

=

− +=∂ TATAA ε
ε εd
d  

 
To evaluate this, note that ( ) ( ) 0TITAA AA =∂=∂ − ][][1 , since I is independent of A.  The 
product rule then gives ( ) ( ) ][][ 11 TAAATA AA ∂−=∂ −− , so that 
 

( ) 11111 ][][ −−−−− −=∂−=∂ TAAATAATA AA      (1.15.26) 
 
Another important property of the directional derivative is the chain rule, which can be 
applied when the function is of the form ( )( )xBfxf ˆ)( = .  To derive this rule, consider (see 
§1.6.11) 
 

][)()( ufxfuxf x∂+≈+ ,      (1.15.27) 
 
where terms of order )(uo  have been neglected, i.e. 
 

0)(lim 0 =→ u
u

u
o . 

 
The left-hand side of the previous expression can also be written as 
 

( )( ) ( )
( ) ( ) ]][[ˆ)(ˆ

][)(ˆˆ

uBBfxBf

uBxBfuxBf

xB

x

∂∂+≈

∂+≈+
 

 
Comparing these expressions, one arrives at the chain rule, 
 

( ) ]][[ˆ][ uBBfuf xBx ∂∂=∂    Chain Rule             (1.15.28) 
 
As an application of this rule, consider the directional derivative of 1det −A  in the 
direction T; here, f is 1det −A  and ( ))(ˆˆ ABff = .  Let 1−= AB  and Bf detˆ = .  Then, from 
Eqns. 1.15.24, 1.15.25, 1.10.3h, f, 
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TAAAA
TAABB

TABTA ABA
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∂∂=∂

        (1.15.29) 

 
 
1.15.5 Formal Treatment of Tensor Calculus 
 
As in §1.6.12, derivatives can be defined formally as follows: 
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A scalar function RVf →2:  is differentiable at 2V∈A  if there exists a second order 
tensor ( ) 2VDf ∈A  such that 
 

( ) ( ) ( ) ( )HHAAHA oDfff ++=+ :    for all   2V∈H                (1.15.30) 
 
In that case, the tensor ( )ADf  is called the derivative of f at A.  It follows from this that 

( )ADf  is that tensor for which 
 

[ ] ( ) ( )BABABA ε
ε ε

+==∂
=

f
d
dDff

0

:     for all   2V∈B                    (1.15.31) 

 
For example, from 1.15.24, 
 

( ) ( ) ( ) TAATAATAA :det:det][det TT −− ==∂                   (1.15.32) 
 
from which it follows, from 1.15.31, that 

 
Tdetdet −=

∂
∂ AAA
A

                                            (1.15.33) 

 
which is 1.1.5.7. 
 
Similarly, a tensor-valued function 22: VV →T  is differentiable at 2V∈A  if there 
exists a fourth order tensor ( ) 4VD ∈AT  such that 
 

( ) ( ) ( ) ( )HHATATHAT oD ++=+    for all   2V∈H                (1.15.34) 
 
In that case, the tensor ( )ATD  is called the derivative of T at A.  It follows from this that 

( )ATD  is that tensor for which 
 

[ ] ( ) ( )BATBATBTA ε
ε ε

+==∂
=0

:
d
dD     for all   2V∈B              (1.15.35) 

 
 
1.15.6 Problems 
 
1. Evaluate the derivatives (use the chain rule for the last two of these) 

( ) ( ) ( ) ( )
A
A

A
A

A
A

A
A

∂
∂

∂
∂

∂
∂

∂
∂ 2232 )tr(,)tr(,tr,tr  

2. Derive the derivatives of the invariants, Eqn. 1.15.5.  [Hint: use the Cayley-Hamilton 
theorem, Eqn. 1.11.15, to express the derivative of the third invariant in terms of the 
third invariant.] 

3. (a) Consider the scalar valued function ( )( )FCφφ = , where FFC T= .  Use the chain 
rule 
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ji
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∂
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=
∂
∂ φφ  

to show that 

kj
ik

ij C
F

F ∂
∂

=
∂
∂

∂
∂

=
∂
∂ φφφφ 2,2

C
F

F
 

(b) Show also that 

U
CC

U
U ∂

∂
=

∂
∂

=
∂
∂ φφφ 22  

for UUC =  with U symmetric. 
[Hint: for (a), use the index notation: first evaluate ijmn FC ∂∂ /  using the product rule, 
then evaluate ijF∂∂ /φ  using the fact that C is symmetric.] 

4. Show that 

     (a) 11
1

: −−
−

−=
∂
∂ BAAB

A
A ,      (b) 111

1

: −−−
−

⊗−=⊗
∂
∂ AAAA

A
A  

5. Show that 
T

T

: BB
A

A
=

∂
∂  

6. By writing the norm of a tensor A , 1.10.13, where A is symmetric, in terms of the 
trace (see 1.10.10), show that 

A
A

A
A

=
∂

∂
 

7. Evaluate 
(i) ( ) ][2 TAA∂  
(ii) ( ) ][tr 2 TAA∂  (see 1.10.10e) 

8. Derive 1.15.29 by using the definition of the directional derivative and the relation 
1.15.7, ( ) ( ) Tdet/det −=∂∂ AAAA . 
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1.16 Curvilinear Coordinates 
 
Up until now, a rectangular Cartesian coordinate system has been used, and a set of 
orthogonal unit base vectors ie  has been employed as the basis for representation of 
vectors and tensors.  This basis is independent of position and provides a simple 
formulation.  Two exceptions were in §1.6.10 and §1.14.4, where cylindrical and 
spherical coordinate systems were used.  These differ from the Cartesian system in that 
the cylindrical and spherical base vectors do depend on position.  However, although the 
directions of these base vectors may change with position, they are always orthogonal to 
each other.  In this section, arbitrary bases, with base vectors not necessarily orthogonal 
nor of unit length, are considered.  It will be seen how these systems reduce to the special 
cases of orthogonal (e.g. cylindrical and spherical systems) and Cartesian systems. 
 
 
1.16.1 Curvilinear Coordinates 
 
A Cartesian coordinate system is defined by the fixed base vectors 321 ,, eee  and the 
coordinates ),,( 321 xxx , and any point p in space is then determined by the position 
vector i

ix ex =  (see Fig. 1.16.11).  This can be expressed in terms of curvilinear 
coordinates ),,( 321 ΘΘΘ  by the transformation (and inverse transformation) 
 

( )
),,(

,,
321

321

ΘΘΘ=

Θ=Θ
ii

ii

xx
xxx

    (1.16.1) 

 
In order to be able to solve for the iΘ  given the ix , and to solve for the ix  given the iΘ , 
it is necessary and sufficient that the following determinants are non-zero – see Appendix 
1.A.2 (the first here is termed the Jacobian J of the transformation): 
 

Jxx
xxJ j

i

j

i

j

i

j

i 1det,det =
∂
Θ∂

=⎥
⎦

⎤
⎢
⎣

⎡
∂
Θ∂

Θ∂
∂

=⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

≡ ,              (1.16.2) 

 
the last equality following from (1.15.2, 1.10.18d).  If 1Θ  is varied while holding 2Θ  and 

3Θ  constant, a space curve is generated called a 1Θ  coordinate curve.  Similarly, 2Θ  
and 3Θ  coordinate curves may be generated.  Three coordinate surfaces intersect in 
pairs along the coordinate curves.  On each surface, one of the curvilinear coordinates is 
constant. 
 
Note: 
• This Jacobian is the same as that used in changing the variable of integration in a volume 

integral, §1.7; from Cartesian coordinates to curvilinear coordinates, one has 

∫∫ ΘΘΘ→
VV

ddJddxdxdx 321321  

 

                                                 
1 superscripts are used here and in much of what follows for notational consistency (see later) 



Section 1.16 

Solid Mechanics Part III                                                                                Kelly 136

 
 

Figure 1.16.1: curvilinear coordinate system and coordinate curves 
 
 
1.16.2 Base Vectors in the Moving Frame 
 
Covariant Base Vectors 
 
From §1.6.2, writing ( )iΘ= xx , tangent vectors to the coordinate curves at x are given 
by2 
 

mi

m

ii
x exg
Θ∂
∂

=
Θ∂
∂

=      Covariant Base Vectors    (1.16.3) 

 
with inverse ( ) m

im
i x ge ∂Θ∂= / .  The ig  emanate from the point p and are directed 

towards the site of increasing coordinate iΘ .  They are called covariant base vectors. 
 
Increments in the two coordinate systems are related through 
 

i
i

i
i dddd Θ=Θ

Θ∂
= gxx  

  
Note that the triple scalar product ( )321 ggg ×⋅ , Eqns. 1.2.15-16, is equivalent to the 
determinant in 1.16.2, 
 

                                                 
2 in the Cartesian system, with the coordinate curves parallel to the coordinate axes, these equations reduce 
trivially to ( ) mmim

im
i xx eee δ=∂∂= /  

x

1x

2x

3x
const3 =Θ

1g

2g

3g

1e 2e

3e curve1 −Θ

curve2 −Θ

curve3 −Θ

p

1g
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( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

===×⋅ j

ixJ det

332313

322212

312111

321

ggg
ggg
ggg

ggg         (1.16.4) 

 
so that the condition that the determinant does not vanish is equivalent to the condition 
that the vectors ig  are linearly independent, and so the ig  can form a basis.   
 
Contravariant Base Vectors 
 
Unlike in Cartesian coordinates, where ijji δ=⋅ee , the covariant base vectors do not 
necessarily form an orthonormal basis, and ijji δ≠⋅gg .  In order to deal with this 
complication, a second set of base vectors are introduced, which are defined as follows: 
introduce three contravariant base vectors ig  such that each vector is normal to one of 
the three coordinate surfaces through the point p.  From §1.6.4, the normal to the 
coordinate surface const1 =Θ  is given by the gradient vector 1gradΘ , with Cartesian 
representation 
 

m
mx

e
∂
Θ∂

=Θ
1

1grad  

 
and, in general, one may define the contravariant base vectors through 
 

m
m

i
i

x
eg

∂
Θ∂

=      Contravariant Base Vectors        (1.16.5) 

 
The contravariant base vector 1g  is shown in Fig. 1.16.1. 
 
As with the covariant base vectors, the triple scalar product ( )321 ggg ×⋅  is equivalent to 
the determinant in 1.16.2, 
 

( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

⎥
⎦

⎤
⎢
⎣

⎡
∂
Θ∂

===×⋅ i

j

xJ
det1

3
3

2
3

1
3

3
2

2
2

1
2

3
1

2
1

1
1

321

ggg
ggg
ggg

ggg         (1.16.6) 

 
and again the condition that the determinant does not vanish is equivalent to the condition 
that the vectors ig  are linearly independent, and so the contravariant vectors also form a 
basis. 
 
 
1.16.3 Metric Coefficients 
 
It follows from the definitions of the covariant and contravariant vectors that {▲Problem 
1} 
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i
jj

i δ=⋅gg      (1.16.7) 
 
which is the defining relationship between reciprocal pairs of general bases.  Of course 
the ig  were chosen precisely because they satisfy this relation.  Here, j

iδ  is again the 
Kronecker delta3, with a value of 1 when ji =  and zero otherwise. 
 
One needs to be careful to distinguish between subscripts and superscripts when dealing 
with arbitrary bases, but the rules to follow are straightforward.  For example, each free 
index which is not summed over, such as i or j in 1.16.7, must be either a subscript or 
superscript on both sides of an equation.  Hence the new notation for the Kronecker delta 
symbol. 
 
The relation i

jj
i δ=⋅gg  implies that each base vector ig  is orthogonal to two of the 

reciprocal base vectors ig .  For example, 1g  is orthogonal to both 2g  and 3g . 
 
Unlike the orthogonal base vectors, the dot product of a covariant/contravariant base 
vector with another base vector is not necessarily one or zero.  Because of their 
importance in curvilinear coordinate systems, the dot products are given a special symbol: 
define the metric coefficients to be 
 

jiij

jiij

g

g

gg

gg

⋅=

⋅=
     Metric Coefficients  (1.16.8) 

 
The following important and useful relations may be derived by manipulating the 
equations already introduced: {▲Problem 2} 
 

j
iji

j
iji

g

g

gg

gg

=

=
     (1.16.9) 

 
and {▲Problem 3} 

 
i
k

i
kkj

ij ggg ≡= δ     (1.16.10) 
 
Note here another rule about indices in equations involving general bases: summation can 
only take place over a dummy index if one is a subscript and the other is a superscript – 
they are paired off as with the j’s in these equations. 
 
The metric coefficients can be written explicitly in terms of the curvilinear components: 
 

k

j

k

i
jiij

j

k

i

k

jiij xx
gxxg

∂
Θ∂

∂
Θ∂

=⋅=
Θ∂
∂

Θ∂
∂

=⋅= gggg ,     (1.16.11) 

 
Note here also a rule regarding derivatives with general bases: the index i on the right 
hand side of 1.16.11a is a superscript of Θ  but it is in the denominator of a quotient and 
                                                 
3 although in this context it is called the mixed Kronecker delta 
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so is regarded as a subscript to the entire symbol, matching the subscript i on the g on the 
left hand side4. 
 
One can also write 1.16.11 in the matrix form 
 

[ ] [ ]
TT

, ⎥
⎦

⎤
⎢
⎣

⎡
∂
Θ∂

⎥
⎦

⎤
⎢
⎣

⎡
∂
Θ∂

=⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

= k

j

k

i
ij

j

k

i

k

ij xx
gxxg  

 
and, from 1.9.13a,b, 
 

[ ] [ ] 2

2

2

2
1detdet,detdet

Jx
gJxg j

i
ij

j

i

ij =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
∂
Θ∂

==⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

=  (1.16.12) 

 
These determinants play an important role, and are denoted by g: 
 

[ ] [ ]ijij g
gg

det
1det ==     (1.16.13) 

 
Note: 
• The matrix [ ]ikx Θ∂∂ /  is called the Jacobian matrix J, so [ ]ijg=JJ T  

 
Scale Factors 
 
The covariant and contravariant base vectors are not unit vectors: in particular, consider 
the covariant base vectors and introduce the unit triad iĝ , with iii ggg ⋅= : 
  

ii

i

i

i
i g

g
g
g

g ==ˆ      (no sum)               (1.16.14) 

 
The lengths of the covariant base vectors are denoted by h and are called the scale 
factors: 
 

iiii gh == g      (no sum)              (1.16.15) 
 
 
1.16.4 The Covariant and Contravariant Components of a 

Vector 
 
A vector can now be represented in terms of either basis: 
 

( ) ( ) i
ii

i uu ggu 321321 ,,,, ΘΘΘ=ΘΘΘ=       (1.16.16) 
 
                                                 
4 the rule for pairing off indices has been broken in (1.12.11) for clarity; more precisely, these equations 
should be written as ( )( ) mn

jnim
ij xxg δΘ∂∂Θ∂∂= //  and ( )( ) mnnjmiij xxg δ∂Θ∂∂Θ∂= //  
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The iu  are the covariant components of u and iu  are the contravariant components of 
u.  Thus the covariant components are the coefficients of the contravariant base vectors 
and vice versa – subscripts denote covariance while superscripts denote contravariance. 
 
When u is written with covariant components, i

iu gu = , it is called a covariant vector.  
When u is written with contravariant components, i

iu gu = , it is called a contravariant 
vector. 
 
Analogous to the orthonormal case, where ii u=⋅eu  {▲Problem 4}: 
 

ii
ii uu =⋅=⋅ gugu ,      (1.16.17) 

 
Note the following useful formula involving the metric coefficients, for raising or 
lowering the index on a vector component, relating the covariant and contravariant 
components, {▲Problem 5} 
 

j
ijij

iji uguugu == ,    (1.16.18) 
 
Physical Components of a Vector 
 
The contravariant and covariant components of a vector do not have the same physical 
significance in a curvilinear coordinate system as they do in a rectangular Cartesian 
system; in fact, they often have different dimensions.  For example, the differential xd  of 
the position vector has in cylindrical coordinates the contravariant components 

),,( dzddr θ , that is, 3
3

2
2

1
1 gggx Θ+Θ+Θ= dddd  with r=Θ1 , θ=Θ2 , z=Θ3  (this 

will be discussed in detail below).  Here, θd  does not have the same dimensions as the 
others.  The physical components in this example are ),,( dzrddr θ . 
 
The physical components iu  of a vector u are defined to be the components along the 
covariant base vectors (and hence are obtained from the contravariant components), 
referred to unit vectors.  Thus, 
 

i
i

i
ii

i

i
i

uhu

u

gg

gu

ˆˆ
3

1
≡=

=

∑
=

                                  (1.16.19) 

 
and 
 

ii
ii guu =    (no sum)   Physical Components of a Vector   (1.16.20) 

 
The Dot Product 
 
The dot product of two vectors can be written in one of two ways: {▲Problem 6} 
 

i
ii

i vuvu ==⋅ vu      Dot Product of Two Vectors      (1.16.21) 
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1.16.5 The Vector Cross Product 
 
The triple scalar product is an important quantity in analysis with general bases, 
particularly when evaluating cross products.  From Eqns. 1.16.4, 1.16.6 and 1.16.12-13,  
 

[ ] [ ]

[ ] [ ]ij

ij

g

gg

det
11

det

2321

2
321

=
×⋅

=

=×⋅=

ggg

ggg
          (1.16.22) 

 
Introducing permutation symbols ijk

ijk ee , , one can in general write5 
 

g
ege ijkkjiijk

ijkkjiijk
1, εε =×⋅≡=×⋅≡ gggggg  

 
where ijk

ijk εε =  is the Cartesian permutation symbol (Eqn. 1.3.8).  The cross product of 
the base vectors can now be written in terms of the reciprocal base vectors as (note the 
similarity to the Cartesian relation 1.3.11) {▲Problem 7} 
 

k
ijkji

k
ijkji

e

e

ggg

ggg

=×

=×
     Cross Products of Base Vectors  (1.16.23) 

 
Further, from 1.3.17, 
 

i
q

j
p

j
q

i
ppqk

ijk
pqr

ijk
pqr

ijk eeee δδδδεε −== ,         (1.16.24) 
 
The Cross Product 
 
The cross product of vectors can be written as {▲Problem 8} 
 

321

321

321

321

321

321

1

vvv
uuu

g
vue

vvv
uuugvue

kji
ijk

kji
ijk

ggg
g

ggg
gvu

==

==×

   Cross Product of Two Vectors    (1.16.25) 

 
 

                                                 
5 assuming the base vectors form a right handed set, otherwise a negative sign needs to be included 
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1.16.6 The Covariant, Contravariant and Mixed Components of 
a Tensor 

 
Tensors can be represented in any of four ways, depending on which combination of base 
vectors is being utilised: 
 

j
ij

i
j

i
i
j

ji
ijji

ij AAAA ggggggggA ⊗=⊗=⊗=⊗= ⋅
⋅           (1.16.26) 

 
Here, ijA  are the contravariant components, ijA  are the covariant components, i

jA⋅  

and j
iA⋅  are the mixed components of the tensor A.  On the mixed components, the 

subscript is a covariant index, whereas the superscript is called a contravariant index.  
Note that the “first” index always refers to the first base vector in the tensor product. 
 
An “index switching” rule for tensors is 
 

ikk
j

ij
ik

j
kij AAAA == δδ ,         (1.16.27) 

 
and the rule for obtaining the components of a tensor A is (compare with 1.9.4), 
{▲Problem 9} 
 

( )
( )
( )
( ) j

i
j

i
j

i

j
ii

j
i
j

jiijij

jiijij

A

A

A
A

AggA

AggA

AggA
AggA

⋅=≡

⋅=≡

⋅=≡
⋅=≡

⋅⋅

⋅⋅

               (1.16.28) 

 
As with the vectors, the metric coefficients can be used to lower and raise the indices on 
tensors: 
 

kj
ik

j
i

kl
jlikij

TgT

TggT

=

=
⋅

        (1.16.29) 

 
In matrix form, these expressions can be conveniently used to evaluate tensor 
components, e.g. (note that the matrix of metric coefficients is symmetric) 
 

[ ] [ ][ ][ ]lj
kl

ikij gTgT = . 
 
An example of a higher order tensor is the permutation tensor E, whose components are 
the permutation symbols introduced earlier:  
 

kji
ijkkji

ijk ee ggggggE ⊗⊗=⊗⊗= . 
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Physical Components of a Tensor 
 
Physical components of tensors can also be defined.  For example, if two vectors a and b 
have physical components as defined earlier, then the physical components of a tensor T 
are obtained through6 
 

jiji bTa = .     (1.16.30) 
 
As mentioned, physical components are defined with respect to the covariant base 
vectors, and so the mixed components of a tensor are used, since 
 

( ) i
i

i
ji

jk
kj

i
i
j abTbT gggggTb ≡=⊗= ⋅⋅  

 
as required.  It follows from 1.16.22 that 
 

ii

i

jj

j
i
j g

a
g

bT =⋅      (no sum on the g) 

 
and so from 1.16.30, 
 

i
j

jj

iiij T
g
g

T ⋅=      (no sum) Physical Components of a Tensor   (1.16.31) 

 
The Identity Tensor 
 
The components of the identity tensor I in a general basis can be obtained as follows: 
 

Iu

ugg

ggu

g

gu

≡

⊗=

⋅=

=

=

)(

)(

ji
ij

ij
ij

ij
ij

i
i

g

g

ug

u

 

 
Thus the contravariant components of the identity tensor are the metric coefficients ijg  
and, similarly, the covariant components are ijg .  For this reason the identity tensor is 
also called the metric tensor.  On the other hand, the mixed components are the 
Kronecker delta, i

jδ  (also denoted by i
jg ).  In summary7, 

 

                                                 
 
6 these are called right physical components; left physical components are defined through bTa =  
7 there is no distinction between i

j
j

i δδ , ;  they are often written as i
j

j
i gg ,  and there is no need to specify 

which index comes first, for example by j
ig ⋅  
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i
j

i
j
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ji
ijijij
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ijijij
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ggggII
ggggII
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⊗==
⊗==

⋅
⋅

δδ
δδ

           (1.16.32) 

 
Symmetric Tensors 
 
A tensor S is symmetric if SS =T , i.e. if vSuuSv = .  If S is symmetric, then 
 

k
m

im
jk

i
j

i
jjiij

jiij SggSSSSSS ⋅
⋅

⋅ ==== ,,  
 
In terms of matrices, 
 

[ ] [ ] [ ] [ ] [ ] [ ]T,, i
j

i
j

T
ijij

Tijij SSSSSS ⋅⋅ ≠==  
 
 
1.16.7 Generalising Cartesian Relations to the Case of General 

Bases 
 
The tensor relations and definitions already derived for Cartesian vectors and tensors in 
previous sections, for example in §1.10, are valid also in curvilinear coordinates, for 
example IAA =−1 , AIA :tr =  and so on.  Formulae involving the index notation may 
be generalised to arbitrary components by: 
 
(1) raising or lowering the indices appropriately  
(2) replacing the (ordinary) Kronecker delta ijδ  with the metric coefficients ijg  
(3) replacing the Cartesian permutation symbol ijkε  with ijke  in vector cross products 
 
Some examples of this are given in Table 1.16.1 below. 
 
Note that there is only one way of representing a scalar, there are two ways of 
representing a vector (in terms of its covariant or contravariant components), and there 
are four ways of representing a (second-order) tensor (in terms of its covariant, 
contravariant and both types of mixed components). 
 

 Cartesian General Bases 
ba ⋅  iiba  i
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i baba =  
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⋅
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j

iji

bAbA

bAbA

⋅

⋅

==

==

)(

)(
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Ab
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Table 1.16.1: Tensor relations in Cartesian and general curvilinear coordinates 
 
 
1.16.8 Line, Surface and Volume Elements 
 
In order to carry out integration along curves, over regions, or throughout volumes, it is 
necessary to have expressions for the length of a line element sΔ , the area of a surface 
element SΔ  and the volume of a volume element VΔ , in terms of the increments in the 
curvilinear coordinates 321 ,, ΔΘΔΘΔΘ .  
 
The Metric 
 
Consider a differential line element, Fig. 1.16.2, 
 

i
i

i
i ddxd gex Θ==          (1.16.33) 

 
The square of the length of this line element, denoted by ( )2sΔ  and called the metric of 
the space, is then 
 

( ) ( ) ( ) ji
ijj

j
i

i ddgdddds ΘΘ=Θ⋅Θ=⋅=Δ ggxx2   (1.16.34) 
 
This relation ( ) ji

ij ddgs ΘΘ=Δ 2  is called the fundamental differential quadratic form.  

The sgij '  can be regarded as a set of scale factors for converting increments in iΘ  to 
changes in length. 
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Figure 1.16.2: a line element in space 
 

 
Surface Area and Volume Elements 
 
The surface area 1SΔ  of a face of the elemental parallelepiped on which 1Θ  is constant 
(to which 1g  is normal) is, using 1.7.6, 
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32
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ΔΘΔΘ×=

ΔΘ×ΔΘ=Δ

gg

ggg

S

gggggggg

gggg

gg

gg

       (1.16.35) 

 
and similarly for the other surfaces. 
 
The volume VΔ  of the parallelepiped is 
 

321321
321 ΔΘΔΘΔΘ=ΔΘΔΘΔΘ×⋅=Δ gV ggg            (1.16.36) 

 
 
1.16.9 Orthogonal Curvilinear Coordinates 
 
Orthogonal curvilinear coordinates are considered in this section).  In this case, 
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⎥
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ghhg ijjiijjiijjiij δδ gggg   (1.16.37) 
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The contravariant base vectors are collinear with the covariant, but the vectors are of 
different magnitudes: 
 

i
i

i
iii h

h gggg ˆ1,ˆ ==                  (1.16.38) 

 
It follows that 
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321321
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hhS
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       (1.16.39) 

 
Examples 
 
1. Cylindrical Coordinates 
 
Consider the cylindrical coordinates, ( ) ( )321 ,,,, ΘΘΘ=zr θ , cf. §1.6.10, Fig. 1.16.3: 
 

33

212

211

sin
cos

Θ=

ΘΘ=

ΘΘ=

x
x
x

, 

( ) ( )
( )

33

1212

22211

/tan
x

xx

xx

=Θ

=Θ

+=Θ
−  

 
with  
 

∞<Θ<∞−<Θ≤≥Θ 321 ,20,0 π  
 
which give 
 

1det Θ=⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

= j

ixJ  

 
so that there is a one-to-one correspondence between the Cartesian and cylindrical 
coordinates at all point except for 01 =Θ  (which corresponds to the axis of the cylinder).  
These points are called singular points of the transformation. 
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Figure 1.16.3: Cylindrical Coordinates 
 
The unit vectors and scale factors are {▲Problem 11} 
 

( ) ( )
( ) ( )
( ) ( )z

r

h

rh

h

eggg

eggg

eggg

=====

=
Θ

==Θ==

=====

3333

1
2

2
1

22

1111

ˆ11

ˆ

ˆ11

θ  

 
The physical components of a vector v are 3211 ,, vvv Θ  and one has 
 
Metric:   ( ) ( ) ( ) ( ) ( )( )22223222212 dzrddrddds ++=Θ+ΘΘ+Θ=Δ θ  

Surface Element: 
211

3

13
2

321
1

ΔΘΔΘΘ=Δ

ΔΘΔΘ=Δ

ΔΘΔΘΘ=Δ

S

S

S

 

Volume Element: ( )zrrV ΔΔΔ=ΔΘΔΘΔΘΘ=Δ θ3211  
 
2. Spherical Coordinates 
 
Consider the spherical coordinates, ( ) ( )321 ,,,, ΘΘΘ=φθr , cf. §1.6.10, Fig. 1.16.4: 
 

213

3212

3211

cos
sinsin
cossin

ΘΘ=

ΘΘΘ=

ΘΘΘ=

x
x
x

, 

( ) ( ) ( )
( ) ( ) ( )

( ) ( )( )21221
3

2322211
2

232221
1

/tan

/tan

xx

xxx

xxx

−

−

=Θ

⎟
⎠
⎞

⎜
⎝
⎛ +=Θ

++=Θ

 

 
with  
 

ππ 20,0,0 32
1 <Θ≤≤Θ≤≥Θ  

 
which give 
 

( ) 221 sindet ΘΘ=⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

= j

ixJ      

 

1x

2x

3x

•

1Θ
1e

•
3e

2e

3g

1g

2g

2Θ

3Θ
curve1 −Θ

curve2 −Θ

curve3 −Θ
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so that there is a one-to-one correspondence between the Cartesian and spherical 
coordinates at all point except for the singular points along the 3x  axis. 
 

 
 

Figure 1.16.4: Spherical Coordinates 
 
The unit vectors and scale factors are {▲Problem 11} 
 

( ) ( )
( ) ( )

( ) ( )φ

θ

θ e
g

gg

eggg

eggg

=
ΘΘ

==ΘΘ==

=
Θ

==Θ==

=====

21
3

3
21

33

1
2

2
1

22

1111

sin
ˆsinsin

ˆ

ˆ11

rh

rh

h r

 

 
The physical components of a vector v are 321211 sin,, vv ΘΘΘΘ , and one has 
 

Metric:   
( ) ( ) ( ) ( )

( ) ( )( )222

2321221212

sin

sin

φθθ drrddr

ddds

++=

ΘΘΘ+ΘΘ+Θ=Δ
 

Surface Element: 

( )

211
3

1321
2

32221
1

sin

sin

ΔΘΔΘΘ=Δ

ΔΘΔΘΘΘ=Δ

ΔΘΔΘΘΘ=Δ

S

S

S

 

Volume Element: ( ) ( )φθθ ΔΔΔ=ΔΘΔΘΔΘΘΘ=Δ rrV sinsin 2321221  
 
 
1.16.10 Rectangular Cartesian (Orthonormal) Coordinate System 
 
In an orthonormal Cartesian coordinate system, i

i
i egg == , ijijg δ= , 1=g , 1=ih  and 

)( ijk
ijkijke εε == . 

 
 
1.16.11 Problems 
 
1. Derive the fundamental relation i

jj
i δ=⋅gg . 

2. Show that j
iji g gg =  [Hint: assume that one can write k

iki a gg =  and then dot both 
sides with jg .] 

•

1g

1x

2x

3x

•

3Θ

1Θ

2Θ

curve1 −Θ

curve2 −Θ

curve3 −Θ

1e

3e

2e

3g

2g
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3. Use the relations 1.16.9 to show that i
kkj

ij gg δ= .  Write these equations in matrix 
form. 

4. Show that ii u=⋅gu . 
5. Show that j

iji ugu = . 

6. Show that i
ii

i vuvu ==⋅ vu  

7. Use the relation ge ijkkjiijk ε=×⋅≡ ggg  to derive the cross product relation 
k

ijkji e ggg =× .  [Hint: show that ( ) k
kjiji gggggg ⋅×=× .] 

8. Derive equation 1.16.25 for the cross product of vectors 
9. Show that ( ) jiij AggA ⋅= . 

10. Given 3132211 ,, eegegeg +=== , 321 eeev ++= .  Find j
iijkij

i vveg ,,,,g  (write 
the metric coefficients in matrix form). 

11. Derive the scale factors for the (a) cylindrical and (b) spherical coordinate systems. 
12. Parabolic Cylindrical (orthogonal) coordinates are given by 

( ) ( )( ) 332122221
2
11 ,, Θ=ΘΘ=Θ−Θ= xxx  

with 
∞<Θ<∞−≥Θ∞<Θ<∞− 321 ,0,  

Evaluate: 
(i) the scale factors 
(ii) the Jacobian – are there any singular points? 
(iii) the metric, surface elements, and volume element 

Verify that the base vectors ig  are mutually orthogonal. 
[These are intersecting parabolas in the 21 xx −  plane, all with the same axis] 

13. Repeat Problem 7 for the Elliptical Cylindrical (orthogonal) coordinates: 
33212211 ,sinsinh,coscosh Θ=ΘΘ=ΘΘ= xaxax  

with 
∞<Θ<∞−<Θ≤≥Θ 321 ,20,0 π  

[These are intersecting ellipses and hyperbolas in the 21 xx −  plane with foci at 
ax ±=1 .] 

14. Consider the non-orthogonal curvilinear system illustrated in Fig. 1.16.5, with 
transformation equations 

33

22

211

3
2

3
1

x

x

xx

=Θ

=Θ

−=Θ

 

Derive the inverse transformation equations, i.e. ),,( 321 ΘΘΘ= ii xx , 
the Jacobian matrices 

⎥
⎦

⎤
⎢
⎣

⎡
∂
Θ∂

=⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
∂

= −
j

i

j

i

x
x 1, JJ , 

the covariant and contravariant base vectors, the matrix representation of the metric 
coefficients [ ] [ ]ij

ij gg ,  from 1.16.8, verify that [ ] [ ]ij
ij gg == −− T1T , JJJJ  and evaluate 

g. 
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Figure 1.16.5: non-orthogoanl curvilinear coordinate system 

 
15. Consider a (two dimensional) curvilinear coordinate system with covariant base 

vectors  
21211 , eegeg +==  

(a) Evaluate the contravariant base vectors and the metric coefficients ij
ij gg ,  

(b) Consider the vectors  
2121 2,3 ggvggu +−=+=  

Evaluate the corresponding covariant vectors.  Evaluate vu ⋅  (this can be done in 
a number of different ways – by using the relations i

ii
i vuvu , , or by directly 

dotting the vectors in terms of the base vectors i
i gg ,  and using the metric 

coefficients ) 
(c) Evaluate the contravariant vector Auw = , given that the mixed components i

jA⋅  
are 

⎥
⎦

⎤
⎢
⎣

⎡
− 11

01
 

Evaluate the contravariant components ijA  using the index lowering/raising rule 
1.16.28.  Re-evaluate the contravariant vector w using these components. 

16. Consider i
ji

jA ggA ⊗= ⋅ .  Verify that any of the four versions of I in 1.16.32 results 
in IIA = . 

17. Use the definitions 1.16.3-5 to convert ji
ijA gg ⊗ , ji

ijA gg ⊗  and j
i

i
jA gg ⊗⋅  to the 

Cartesian bases.  Hence show that Adet  is given by the determinant of the matrix of 
mixed components, [ ]i

jA⋅det , and not by [ ]ijAdet  or [ ]ijAdet . 

1x

2x •
1g

2g

1e

2e

curve1 −Θ

curve2 −Θ

O60

01 =Θ
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1.17 Curvilinear Coordinates: Transformation Laws 
 
 
1.17.1 Coordinate Transformation Rules 
 
Suppose that one has a second set of curvilinear coordinates ),,( 321 ΘΘΘ , with 
 

),,(),,,( 321321 ΘΘΘΘ=ΘΘΘΘΘ=Θ iiii            (1.17.1) 
 

By the chain rule, the covariant base vectors in the second coordinate system are given by 
 

ji

j

ji

j

ii gxxg
Θ∂
Θ∂

=
Θ∂
∂

Θ∂
Θ∂

=
Θ∂
∂

=  

 
A similar calculation can be carried out for the inverse relation and for the contravariant 
base vectors, giving 
 

j
j

i
ij

j

i
i

ji

j

iji

j

i

gggg

gggg

Θ∂
Θ∂

=
Θ∂
Θ∂

=

Θ∂
Θ∂

=
Θ∂
Θ∂

=

,

,
          (1.17.2) 

 
The coordinate transformation formulae for vectors u can be obtained from 

i
i

i
i uu ggu ==  and i

i
i

i uu ggu == : 
 

ji

j

iji

j

i

j
j

i
ij

j

i
i

uuuu

uuuu

Θ∂
Θ∂

=
Θ∂
Θ∂

=

Θ∂
Θ∂

=
Θ∂
Θ∂

=

,

,
     Vector Transformation Rule   (1.17.3) 

 
These transformation laws have a simple structure and pattern – the 
subscripts/superscripts on the transformed coordinates Θ  quantities match those on the 
transformed quantities, g,u , and similarly for the first coordinate system. 
 
Note: 
• Covariant and contravariant vectors (and other quantities) are often defined in terms of the 

transformation rules which they obey.  For example, a covariant vector can be defined as one 
whose components transform according to the rules in the second line of the box Eqn. 1.17.3  

 
The transformation laws can be extended to higher-order tensors, 
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n
mi

m

n

j
j

i
n

mi

m

n

j
j

i

m
nj

n

m

i
i
j

m
nj

n

m

i
i
j

mn
n

j

m

i
ijmn

n

j

m

i
ij

mnj

n

i

m

ijmnj

n

i

m

ij

AAAA

AAAA

AAAA

AAAA

⋅⋅⋅⋅

⋅⋅⋅⋅

Θ∂
Θ∂

Θ∂
Θ∂

=
Θ∂
Θ∂

Θ∂
Θ∂

=

Θ∂
Θ∂

Θ∂
Θ∂

=
Θ∂
Θ∂

Θ∂
Θ∂

=

Θ∂
Θ∂

Θ∂
Θ∂

=
Θ∂
Θ∂

Θ∂
Θ∂

=

Θ∂
Θ∂

Θ∂
Θ∂

=
Θ∂
Θ∂

Θ∂
Θ∂

=

,

,

,

,

 Tensor Transformation Rule (1.17.4) 

 
From these transformation expressions, the following important theorem can be deduced: 
 

If the tensor components are zero in any one coordinate system, they also 
vanish in any other coordinate system 

 
Reduction to Cartesian Coordinates 
 
For the Cartesian system, let i

ii
i

ii ggegge ==′== ,  and 
 

j

i
j

i

ij x
x

Q
′∂

∂
=

Θ∂
Θ∂

=                                            (1.17.5) 

 
It follows from 1.17.2 that 
 

1−=→
Θ∂
Θ∂

=
Θ∂
Θ∂

ijjij

i

i

j

QQ                                   (1.17.6) 

 
so the transformation is orthogonal, as expected.  Also, as in Eqns. 1.5.3 and 1.5.5. 
 

jjijiji
j

j

i
i

jiji
j

j

i
i

uQuQuuu

uQuuu

==′→
Θ∂
Θ∂

=

′=→
Θ∂
Θ∂

=

−1

                     (1.17.7) 

 
Transformation Matrix 
 
Transforming coordinates from ii gg → , one can write 
 

( ) j
j

ij
j

ii M ggggg ⋅== ⋅                                            (1.17.8) 
 
The transformation for a vector can then be expressed, in index notation and matrix 
notation, as 
 

[ ] [ ][ ]j
j

iij
j

ii vMvvMv ⋅⋅ == ,                                            (1.17.9) 
 
and the transformation matrix is 
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[ ] [ ]j
ii

j
j

iM gg ⋅=⎥
⎦

⎤
⎢
⎣

⎡
Θ∂
Θ∂

=⋅      Transformation Matrix       (1.17.10) 

 
The rule for contravariant components is then, from 1.17.4, 

 
[ ] [ ] [ ][ ]j

n
mni

m
ijmnj

n
i

m
ij MAMAAMMA ⋅⋅⋅⋅ ==

T,                    (1.17.11) 
 
 
The Identity Tensor 
 
The identity tensor transforms as  
 

i
i

k
j

j
k

k
jk

i

i

j
i

i
j

i
i
j ggggggggggI ⊗=⊗=⊗

Θ∂
Θ∂

Θ∂
Θ∂

=⊗=⊗= δδ       (1.17.12) 

 
Note that 
 

mnj

n

i

m

nmj

n

i

m

jiij

mnj

n

i

m

nmj

n

i

m

jiij

gg

gg

Θ∂
Θ∂

Θ∂
Θ∂

=⋅
Θ∂
Θ∂

Θ∂
Θ∂

=⋅=

Θ∂
Θ∂

Θ∂
Θ∂

=⋅
Θ∂
Θ∂

Θ∂
Θ∂

=⋅=

gggg

gggg
                   (1.17.13) 

 
so that, for example, 
 

nm
mn

n
n

j
m

m

i

mnj

n

i

m
ji

ij ggg ggggggI ⊗=⊗
Θ∂
Θ∂

Θ∂
Θ∂

Θ∂
Θ∂

Θ∂
Θ∂

=⊗=        (1.17.14) 

 
 
1.17.2 The Metric of the Space 
 
In a second coordinate system, the metric 1.16.34 transforms to 
 

( )

( )2

2)(

s

g

gs

qp
pq

qp
mk

m
q

k
p

q
q

j
p

p

i

mj

m

ki

k

ji

ji

ji
ij

Δ=

ΔΘΔΘ=

ΔΘΔΘ⋅=

ΔΘ
Θ∂
Θ∂

ΔΘ
Θ∂
Θ∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Θ∂
Θ∂

⋅
Θ∂
Θ∂

=

ΔΘΔΘ⋅=

ΔΘΔΘ=Δ

gg

gg

gg

δδ

              (1.17.15) 

 
confirming that the metric is a scalar invariant. 
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1.17.3 Problems 
 
1 Show that nm

mn vug  is an invariant. 

2 How does g  transform between different coordinate systems (in terms of the 
Jacobian of the transformation, [ ]pmJ Θ∂Θ∂= /det )?  [Note that g, although a scalar, 
is not invariant; it is thus called a pseudoscalar.] 

3 The components ijA  of a tensor A are 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−

210
010
121

 

in cylindrical coordinates, at the point 3,4/,1 === zr πθ .  Find the contravariant 
components of A at this point in spherical coordinates. [Hint: use matrix 
multiplication.] 
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1.18 Curvilinear Coordinates: Tensor Calculus 
 
 
1.18.1 Differentiation of the Base Vectors 
 
Differentiation in curvilinear coordinates is more involved than that in Cartesian 
coordinates because the base vectors are no longer constant and their derivatives need to 
be taken into account, for example the partial derivative of a vector with respect to the 
Cartesian coordinates is 
 

i
j

i

j x
v

x
ev

∂
∂

=
∂
∂      but1     j

ii
ij

i

j vv
Θ∂
∂

+
Θ∂
∂

=
Θ∂
∂ g

gv  

 
The Christoffel Symbols of the Second Kind 
 
First, from Eqn. 1.16.3 – and using the inverse relation, 
 

km

k

ji

m

mi

m

jj
i

x
xx ge

g
∂
Θ∂

ΘΘ∂
∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Θ∂
∂

Θ∂
∂

=
Θ∂
∂ 2

     (1.18.1) 

 
this can be written as 
 

k
k
ijj

i g
g

Γ=
Θ∂
∂

   Partial Derivatives of Covariant Base Vectors   (1.18.2) 

 
where 
 

m

k

ji

m
k
ij x

x
∂
Θ∂

ΘΘ∂
∂

=Γ
2

,              (1.18.3) 

 
and k

ijΓ  is called the Christoffel symbol of the second kind; it can be seen to be  

equivalent to the kth contravariant component of the vector j
i Θ∂∂ /g .  One then has 

{▲Problem 1} 
 

k
i
jk

j
ik

ji
k
ij g

g
g

g
⋅

Θ∂

∂
=⋅

Θ∂
∂

=Γ=Γ    Christoffel Symbols of the 2nd kind  (1.18.4) 

 
and the symmetry in the indices i and j is evident2.  Looking now at the derivatives of the 
contravariant base vectors ig : differentiating the relation k

i
k

i δ=⋅gg  leads to  
 

k
ij

k
m

m
ij

k
j

i
ij

k

Γ=⋅Γ=⋅
Θ∂
∂

=⋅
Θ∂
∂

− ggg
g

gg  

                                                 
1 of course, one could express the ig  in terms of the ie , and use only the first of these expressions 
2 note that, in non-Euclidean space, this symmetry in the indices is not necessarily valid 
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and so 
 

ki
jkj

i

gg
Γ−=

Θ∂
∂

   Partial Derivatives of Contravariant Base Vectors   (1.18.5) 

 
Transformation formulae for the Christoffel Symbols 
 
The Christoffel symbols are not the components of a (third order) tensor.  This follows 
from the fact that these components do not transform according to the tensor 
transformation rules given in §1.17.  In fact, 
 

s

k

ji

s
r
pqr

k

j

q

i

p
k

ij Θ∂
Θ∂

ΘΘ∂
Θ∂

+Γ
Θ∂
Θ∂

Θ∂
Θ∂

Θ∂
Θ∂

=Γ
2

 

 
The Christoffel Symbols of the First Kind 
 
The Christoffel symbols of the second kind relate derivatives of covariant (contravariant) 
base vectors to the covariant (contravariant) base vectors.  A second set of symbols can be 
introduced relating the base vectors to the derivatives of the reciprocal base vectors, 
called the Christoffel symbols of the first kind: 
 

ki
j

kj
i

jikijk g
g

g
g

⋅
Θ∂

∂
=⋅

Θ∂
∂

=Γ=Γ    Christoffel Symbols of the 1st kind  (1.18.6) 

 
so that the partial derivatives of the covariant base vectors can be written in the 
alternative form 
 

k
ijkj

i g
g

Γ=
Θ∂
∂

,     (1.18.7) 

 
and it also follows from Eqn. 1.18.2 that 
 

mk
ijm

k
ijmk

m
ijijk gg Γ=ΓΓ=Γ ,     (1.18.8) 

 
showing that the index k here can be raised or lowered using the metric coefficients as for 
a third order tensor (but the first two indexes, i and j, cannot and, as stated, the Christoffel 
symbols are not the components of a third order tensor). 
 
Example: Newton’s Second Law 
 
The position vector can be expressed in terms of curvilinear coordinates, ( )iΘ= xx .  The 
velocity is then 
 

i

ii

i dt
d

dt
d

dt
d gxxv Θ

=
Θ

Θ∂
∂

==  
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and the acceleration is 
 

i

kj
i
jk

ik

k
j

j

i

i

dt
d

dt
d

dt
d

dt
d

dt
d

dt
d

dt
d g

g
gva ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ ΘΘ
Γ+

Θ
=

Θ
Θ∂

∂Θ
+

Θ
== 2

2

2

2

 

 
Equating the contravariant components of Newton’s second law af m=  then gives the 
general curvilinear expression 
 

( )kji
jk

ii mf ΘΘΓ+Θ= &&&&  
■  

 
 
Partial Differentiation of the Metric Coefficients 
 
The metric coefficients can be differentiated with the aid of the Christoffel symbols of the 
first kind {▲Problem 3}: 
 

jkiikjk
ijg

Γ+Γ=
Θ∂

∂
             (1.18.9) 

 
Using the symmetry of the metric coefficients and the Christoffel symbols, this equation 
can be written in a number of different ways: 
 

jkikijkijg Γ+Γ=, ,     kijijkijkg Γ+Γ=, ,     ijkjkijkig Γ+Γ=,  
 
Subtracting the first of these from the sum of the second and third then leads to the useful 
relations (using also 1.18.8) 
 

( )

( )mijjmiijm
mkk

ij

kijjkiijkijk

gggg

ggg

,,,

,,,

2
1
2
1

−+=Γ

−+=Γ
              (1.18.10) 

 
which show that the Christoffel symbols depend on the metric coefficients only.    
 
Alternatively, one can write the derivatives of the metric coefficients in the form (the first 
of these is 1.18.9) 
 

i
km

jmj
km

im
k

ij

jkiikjkij

ggg

g

Γ−Γ−=

Γ+Γ=

,

,                  (1.18.11) 

 
Also, directly from 1.15.7, one has the relations 
 

ijij
ij

ij

gg
g
ggg

g
g

=
∂
∂

=
∂
∂ ,           (1.18.12) 
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and from these follow other useful relations, for example {▲Problem 4} 
 

( )
jjj

i
ij

JJ
g

g
g

Θ∂
∂

=
Θ∂

∂
=
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=Γ −11log
       (1.18.13) 

 
and 
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∂
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εε
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1.18.2 Partial Differentiation of Tensors 
 
The Partial Derivative of a Vector 
 
The derivative of a vector in curvilinear coordinates can be written as 
 

ij

i

k
k
ij

i
ij

i

j
ii

ij

i

j

v

vv

vv

g

gg

g
gv

≡

Γ+
Θ∂
∂

=

Θ∂
∂

+
Θ∂
∂

=
Θ∂
∂

     or     

i
ji

ki
jki

i
j

i

j

i

i
i

j
i

j

v

v
v

v
v

g

gg

ggv

≡

Γ−
Θ∂
∂

=

Θ∂
∂

+
Θ∂
∂

=
Θ∂
∂

     (1.18.15) 

 
where 
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|
  Covariant Derivative of Vector Components  (1.18.16) 

 
The first term here is the ordinary partial derivative of the vector components.  The 
second term enters the expression due to the fact that the curvilinear base vectors are 
changing.  The complete quantity is defined to be the covariant derivative of the vector 
components.  The covariant derivative reduces to the ordinary partial derivative in the 
case of rectangular Cartesian coordinates. 
 
The jiv |  is the ith component of the j – derivative of v.  The jiv |  are also the 
components of a second order covariant tensor, transforming under a change of 
coordinate system according to the tensor transformation rule 1.17.4 (see the gradient of a 
vector below). 
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The covariant derivative of vector components is given by 1.18.10.  In the same way, the 
covariant derivative of a vector is defined to be the complete expression in 1.18.9, j,v , 

with ij
i

j v gv |, = . 
 
The Partial Derivative of a Tensor 
 
The rules for covariant differentiation of vectors can be extended to higher order tensors.  
The various partial derivatives of a second-order tensor 
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are indicated using the following notation: 
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Thus, for example, 
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and, in summary, 
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                     (1.18.18) 

Covariant Derivative of Tensor Components   
 
The covariant derivative formulas can be remembered as follows: the formula contains 
the usual partial derivative plus 
• for each contravariant index a term containing a Christoffel symbol in which that index 

has been inserted on the upper level, multiplied by the tensor component with that index 
replaced by a dummy summation index which also appears in the Christoffel symbol 

• for each covariant index a term prefixed by a minus sign and containing a Christoffel 
symbol in which that index has been inserted on the lower level, multiplied by the 
tensor with that index replaced by a dummy which also appears in the Christoffel 
symbol. 

• the remaining symbol in all of the Christoffel symbols is the index of the variable with 
respect to which the covariant derivative is taken. 

 
For example,  
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Note that the covariant derivative of a product obeys the same rules as the ordinary 
differentiation, e.g. 
 

( ) m
jk

i
jk

mim
jk

i AuAuAu ||| | +=  
 
Covariantly Constant Coefficients 
 
It can be shown that the metric coefficients are covariantly constant3 {▲Problem 5}, 
 

0|| == k
ij

kij gg , 
 
This implies that the metric (identity) tensor I is constant, 0, =kI  (see Eqn. 1.16.32) – 
although its components ijg  are not constant.  Similarly, the components of the 
permutation tensor, are covariantly constant 
 

0|| == m
ijk

mijk ee . 
 
In fact, specialising the identity tensor I and the permutation tensor E to Cartesian 
coordinates, one has ij

ij
ij gg δ→= , ijk

ijk
ijk ee ε→= , which are clearly constant.  

Specialising the derivatives, kijkijg ,| δ→ , mijkmijke ,| ε→ , and these are clearly zero.  
From §1.17, since if the components of a tensor vanish in one coordinate system, they 
vanish in all coordinate systems, the curvilinear coordinate versions vanish also, as stated 
above. 
 
The above implies that any time any of these factors appears in a covariant derivative, 
they may be extracted, as in ( ) ( ) k

i
ijk

i
ij ugug || = . 

 
The Riemann-Christoffel Curvature Tensor 
 
Higher-order covariant derivatives are defined by repeated application of the first-order 
derivative.  This is straight-forward but can lead to algebraically lengthy expressions.  For 
example, to evaluate mniv | , first write the first covariant derivative in the form of a second 
order covariant tensor B, 
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so that 
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3  
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The covariant derivative nmiv |  is obtained by interchaning m and n in this expression.  
Now investigate the difference 
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The last two terms cancel here because of the symmetry of the Christoffel symbol, 
leaving 
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The order on the ordinary partial differentiation is interchangeable and so the second 
order partial derivative terms cancel, 
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After further cancellation one arrives at 
 

j
j
imnnmimni vRvv ⋅=− ||                                        (1.18.20) 

 
where R is the fourth-order Riemann-Christoffel curvature tensor, with (mixed) 
components 
 

j
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j
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k
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j
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j
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j
imnR ΓΓ−ΓΓ+Γ−Γ=⋅ ,,    (1.18.21) 

 
Since the Christoffel symbols vanish in a Cartesian coordinate system, then so does j

imnR⋅ .  
Again, any tensor that vanishes in one coordinate system must be zero in all coordinate 
systems, and so 0=⋅

j
imnR , implying that the order of covariant differentiation is 

immaterial, nmimni vv || = . 
 
From 1.18.10, it follows that 
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=−=−=

iljkikljijkl

klijijlkjiklijkl

RRR

RRRR
 

 
The latter of these known as the Bianchi identities.  In fact, only six components of the 
Riemann-Christoffel tensor are independent; the expression 0=⋅

j
imnR  then represents 6 

equations in the 6 independent components ijg . 
 
This analysis is for a Euclidean space – the usual three-dimensional space in which 
quantities can be expressed in terms of a Cartesian reference system – such a space is 
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called a flat space.  These ideas can be extended to other, curved spaces, so-called 
Riemannian spaces (Riemannian manifolds), for which the Riemann-Christoffel tensor 
is non-zero (see §1.19). 
 
 
1.18.3 Differential Operators and Tensors 
 
In this section, the concepts of the gradient, divergence and curl from §1.6 and §1.14 are 
generalized to the case of curvilinear components. 
 
Space Curves and the Gradient 
 
Consider first a scalar function ( )xf , where i

ix ex =  is the position vector, with 
( )jii xx Θ= .  Let the curvilinear coordinates depend on some parameter s, ( )sjj Θ=Θ , 

so that )(sx  traces out a space curve C. 
 
For example, the cylindrical coordinates ( )sjj Θ=Θ , with ar =  , cs /=θ , csbz /= , 

cs π20 ≤≤ , generate a helix. 
 
From §1.6.2, a tangent to C is 
 

i
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==  

 
so that dsd i /Θ  are the contravariant components of τ .  Thus 
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For Cartesian coordinates, τ⋅∇= fdsdf /  (see the discussion on normals to surfaces in 
§1.6.4).  For curvilinear coordinates, therefore, the Nabla operator of 1.6.11 now reads  
 

i
i

Θ∂
∂

=∇ g          (1.18.22) 

 
so that again the directional derivative is 

 

τ⋅∇= f
ds
df  

 
The Gradient of a Scalar 
 
In general then, the gradient of a scalar valued function Φ  is defined to be 
 

i
i g

Θ∂
Φ∂

=Φ≡Φ∇ grad     Gradient of a Scalar     (1.18.23) 
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and, with i
i

i
i ddxd gex Θ== , one has 

 

xddd i
i ⋅Φ∇=Θ
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≡Φ           (1.18.24) 

 
The Gradient of a Vector 
 
Analogous to Eqn. 1.14.3, the gradient of a vector is defined to be the tensor product of 
the derivative jΘ∂ /u  with the contravariant base vector jg : 
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Note that 
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so that again one arrives at Eqn. 1.14.7, ( ) uu gradT =⊗∇ . 
 
Again, one has for a space curve parameterised by s, 
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Similarly, from 1.18.18, the gradient of a second-order tensor is 
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 Gradient of a Tensor     (1.18.26) 

 
The Divergence 
 
From 1.14.9, the divergence of a vector is {▲Problem 6} 
 

⎟
⎠
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⎜
⎝
⎛ ⋅
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=== j
ji

iu guIuu |:graddiv      Divergence of a Vector    (1.18.27) 

 
This is equivalent to the divergence operation involving the Nabla operator, .div uu ⋅∇=   
An alternative expression can be obtained from 1.18.13 {▲Problem 7}, 
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Similarly, using 1.14.12, the divergence of a second-order tensor is 
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Here, one has the alternative definition, 
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so that again one arrives at Eqn. 1.14.14, Tdiv AA ⋅∇= . 
 
The Curl 
 
The curl of a vector is defined by {▲Problem 8} 
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×=×∇= |curl    Curl of a Vector     (1.18.29) 

 
the last equality following from the fact that all the Christoffel symbols cancel out. 
 
Covariant derivatives as Tensor Components 
 
Equation 1.18.25 shows clearly that the covariant derivatives of vector components are 
themselves the components of second order tensors.  It follows that they can be 
manipulated as other tensors, for example, 
 

j
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im uug || =  

 
and it is also helpful to introduce the following notation: 
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j
i guuguu ||,|| == . 

 
The divergence and curl can then be written as {▲Problem 10} 
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Generalising Tensor Calculus from Cartesian to Curvilinear Coordinates 
 
It was seen in §1.16.7 how formulae could be generalised from the Cartesian system to 
the corresponding formulae in curvilinear coordinates.  In addition, formulae for the 
gradient, divergence and curl of tensor fields may be generalised to curvilinear 
components simply by replacing the partial derivatives with the covariant derivatives.  
Thus: 
 
  Cartesian Curvilinear 

Of a scalar field ix∂∂=∇ /,grad φφφ  i
ii Θ∂∂≡= /|, φφφ  

of a vector field ji xu ∂∂= /gradu  j
iu |  

Gradient 

of a tensor field kij xT ∂∂= /gradT  k
ijT |  

of a vector field ii xu ∂∂=⋅∇ /,div uu  i
iu |  Divergence 

of a tensor field jij xT ∂∂= /divT  j
ijT |  

Curl of a vector field ijijk xu ∂∂=×∇ /,curl εuu  ij
ijk ue |  

Table 1.18.1: generalising formulae from Cartesian to General Curvilinear 
Coordinates 

 
All the tensor identities derived for Cartesian bases (§1.6.9, §1.14.3) hold also for 
curvilinear coordinates, for example {▲Problem 11} 
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1.18.4 Partial Derivatives with respect to a Tensor 
 
The notion of differentiation of one tensor with respect to another can be generalised from 
the Cartesian differentiation discussed in §1.15.  For example: 
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1.18.5 Orthogonal Curvilinear Coordinates 
 
This section is based on the groundwork carried out in §1.16.9.  In orthogonal curvilinear 
systems, it is best to write all equations in terms of the covariant base vectors, or in terms 
of the corresponding physical components, using the identities (see Eqn. 1.16.38) 
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2 ==      (no sum)      (1.18.30) 

  
The Gradient of a Scalar Field 
 
From the definition 1.18.23 for the gradient of a scalar field, and Eqn. 1.18.30, one has 
for an orthogonal curvilinear coordinate system, 
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The Christoffel Symbols 
 
The Christoffel symbols simplify considerably in orthogonal coordinate systems.  First, 
from the definition 1.18.4, 
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Note that the introduction of the scale factors h into this and the following equations 
disrupts the summation and index notation convention used hitherto.  To remain 
consistent, one should use the metric coefficients and leave this equation in the form 
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and 2

iii h=⋅gg  so, in terms of the derivatives of the scale factors, 
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Similarly, it can be shown that {▲Problem 14}  
 

i
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j
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i
jki

k
ijk hhhh Γ=Γ−=Γ−=Γ 2222  when kji ≠≠         (1.18.34) 

 
so that the Christoffel symbols are zero when the indices are distinct, so that there are 
only 21 non-zero symbols of the 27.  Further, {▲Problem 15} 
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From the symmetry condition (see Eqn. 1.18.4), only 15 of the 21 non-zero symbols are 
distinct: 
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Note also that these are related to each other through the relation between (1.18.33, 
1.18.35), i.e. 
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The Gradient of a Vector 
 
From the definition 1.18.25, the gradient of a vector is 
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In terms of physical components, 
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The Divergence of a Vector 
 
From the definition 1.18.27, the divergence of a vector is 

i

iv=vdiv  or {▲Problem 16} 
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The Curl of a Vector 
 
From §1.16.5 and 1.16.37, the permutation symbol in orthogonal curvilinear coordinates 
reducec to 
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where ijk

ijk εε =  is the Cartesian permutation symbol.  From the definition 1.18.29, the 
curl of a vector is then 
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1

11curl

g

g

ggv

hhvhv
hhh

hvhv
hhh

vv
hhh

v
hhh ki

j
ijkε

     (1.18.41) 

 
or 
 

3
3

2
2

1
1

321

332211

321

ˆˆˆ
1curl

vhvhvh

hhh

hhh Θ∂
∂

Θ∂
∂

Θ∂
∂

=

ggg

v         (1.18.42) 

 
The Laplacian 
 
From the above results, the Laplacian is given by 
 

⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Θ∂
Φ∂

Θ∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Θ∂
Φ∂

Θ∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
Θ∂
Φ∂

Θ∂
∂

=Φ∇⋅∇=Φ∇ 3
3

21
32

2

31
21

1

32
1

321

2 1
h
hh

h
hh

h
hh

hhh
 

 
 
Divergence of a Tensor 
 
From the definition 1.18.28, and using 1.16.31, 1.16.29 {▲Problem 17} 
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i
mjm

ij
ji

mimj
mj

m

ij

j

i
j

i

ij
m

m
ij

m
i

j
mjj

j
ii

j
j

i

A
hh

h
A

h
A

h
h

h

AA
A

A

g

ggA

ˆ11

|div

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Γ−Γ+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

Θ∂
∂

=

⎭
⎬
⎫

⎩
⎨
⎧

Γ−Γ+
Θ∂
∂

== ⋅⋅
⋅

⋅

  (1.18.43) 

 
Examples 
 
1. Cylindrical Coordinates 
 
Gradient of a Scalar Field (see 1.6.28): 

332
2

211
ˆˆ1ˆ ggg

Θ∂
Φ∂

+
Θ∂
Φ∂

Θ
+

Θ∂
Φ∂

=Φ∇    

 
Christoffel symbols: 

With 1,,1 3
1

21 =Θ== hhh , there are two distinct non-zero symbols: 

1
2
21

2
12

11
22

1
Θ

=Γ=Γ

Θ−=Γ
 

 
Derivatives of the base vectors: 

The non-zero derivatives are 

 1
1

2
2

211
2

2
1 ,1 ggggg

Θ−=
Θ∂
∂

Θ
=

Θ∂
∂

=
Θ∂
∂  

and in terms of physical components, the non-zero derivatives are 

12
2

22
1 ˆ

ˆ
,ˆ

ˆ
gggg

−=
Θ∂
∂

=
Θ∂
∂  

which agree with 1.5.29. 
 

The Divergence (see 1.6.30), Curl (see 1.6.31) and Gradient {▲Problem 18} (see 
1.14.18) of a vector: 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

Θ∂

∂
+

Θ∂

∂

Θ
+

Θ
+

Θ∂

∂
= 3

3

2

2

11

1

1

1 1div
vvvv

v  

3211

321

32
1

1

1

ˆˆˆ
1curl

vvv Θ
Θ∂
∂

Θ∂
∂

Θ∂
∂

Θ

Θ
=

ggg

v  
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333
3

323
2

313
1

232
3

1

2212

2

12122

1

1
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3
121

2
111

1

ˆˆˆˆˆˆˆˆ1

ˆˆ1ˆˆ1

ˆˆˆˆˆˆgrad

gggggggg

gggg

ggggggv

⊗
Θ∂

∂
+⊗

Θ∂

∂
+⊗

Θ∂

∂
+⊗⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

Θ∂

∂

Θ
+

⊗⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+

Θ∂

∂

Θ
+⊗⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

Θ∂

∂

Θ
+

⊗
Θ∂

∂
+⊗

Θ∂

∂
+⊗

Θ∂

∂
=

vvvv

v
v

v
v

vvv

 

 
The Divergence of a tensor {▲Problem 19} (see 1.15.16): 

33

33

2

32

11

31

1

31

21

1221

3

23

2

22

11

21

11

2211

3

13

2

12

11

11

ˆ1

ˆ1

ˆ1div

g

g
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⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧
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∂

+
Θ∂

∂
Θ

+
Θ

+
Θ∂

∂
+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Θ
+

+
Θ∂

∂
+

Θ∂
∂

Θ
+

Θ∂
∂

+

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Θ
−

+
Θ∂

∂
+

Θ∂
∂

Θ
+

Θ∂
∂

=

AAAA

AAAAA

AAAAA

 

 
2. Spherical Coordinates 
 
Gradient of a Scalar Field (see 1.6.35): 

332122111
ˆ

sin
1ˆ1ˆ ggg

Θ∂
Φ∂

ΘΘ
+

Θ∂
Φ∂

Θ
+

Θ∂
Φ∂

=Φ∇    

 
Christoffel symbols: 

With 21
3

1
21 sin,,1 ΘΘ=Θ== hhh , there are six distinct non-zero symbols: 

23
32

3
231

3
31

3
13

222
331

2
21

2
12

2211
33

11
22

cot,1

cossin,1
sin,

Θ=Γ=Γ
Θ

=Γ=Γ

ΘΘ−=Γ
Θ

=Γ=Γ

ΘΘ−=ΓΘ−=Γ

 

 
Derivatives of the base vectors: 

The non-zero derivatives are 

 
2

22
1

221

3

3
3

2

2

3

3

2

1
1

2
2

311
3

3
1

211
2

2
1

cossinsin,cot

,1,1

gg
g

g
gg

ggg
ggggg

ΘΘ−ΘΘ−=
Θ∂
∂

Θ=
Θ∂
∂

=
Θ∂
∂

Θ−=
Θ∂
∂

Θ
=

Θ∂
∂

=
Θ∂
∂

Θ
=

Θ∂
∂

=
Θ∂
∂

 

and in terms of physical components, the non-zero derivatives are 

2
2

1
2

3
3

3
2

3
2

12
2

3
2

3
1

22
1

ˆcosˆsin
ˆ

,ˆcos
ˆ

ˆˆ
,ˆsin

ˆ
,ˆˆ

gg
g

gg

gggggg

Θ−Θ−=
Θ∂
∂

Θ=
Θ∂
∂

−=
Θ∂
∂

Θ=
Θ∂
∂

=
Θ∂
∂

 

which agree with 1.6.34. 
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The Divergence (see 1.6.35), Curl and Gradient of a Vector: 

( )
( )( ) ( )

3
3

212
2

2

211
1

21

21 sin
1sin

sin
11div

Θ∂

∂

ΘΘ
+

Θ∂

Θ∂

ΘΘ
+

Θ∂

Θ∂
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=
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⎛

Θ
−
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∂

Θ
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∂
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vvv
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The Divergence of a tensor {▲Problem 20} 

( )

( )
31

322323113

3

33
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32

211

31

21

332222112

3

23

212

22
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332212211
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ˆcot2
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∂
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∂
+
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Θ
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+
Θ∂

∂
ΘΘ

+
Θ∂

∂
Θ

+
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∂
+

⎪⎭

⎪
⎬
⎫

⎪⎩
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⎨
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Θ
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+
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∂
ΘΘ

+
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∂
Θ

+
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∂
=

AAAAAAA
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1.18.6 Problems 
 
1 Show that the Christoffel symbol of the second kind is symmetric, i.e. k

ji
k
ij Γ=Γ , and 

that it is explicitly given by k
j

ik
ij g

g
⋅

Θ∂
∂

=Γ . 

2 Consider the scalar-valued function ( ) ji
ij vuA=⋅=Φ vAu .  By taking the gradient of 

this function, and using the relation for the covariant derivative of A, i.e. 
im

m
jkmj

m
ikkijkij AAAA Γ−Γ−= ,| , show that 

( ) ( ) k
ji

ijk

ji
ij vuA

vuA
|=

Θ∂

∂
, 
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i.e. the partial derivative and covariant derivative are equivalent for a scalar-valued 
function. 

3 Prove 1.18.9: 

(i) jkiikjk
ijg

Γ+Γ=
Θ∂

∂
,        (ii) i

km
jmj

km
im

k

ij

ggg
Γ−Γ−=

Θ∂
∂  

[Hint: for (ii), first differentiate Eqn. 1.16.10, i
kkj

ij gg δ= .] 

4 Derive 1.18.13, relating the Christoffel symbols to the partial derivatives of g  and 

( )glog .  [Hint: begin by using the chain rule j
mn

mn
j

g
g
gg

Θ∂
∂

∂
∂

=
Θ∂
∂ .] 

5 Use the definition of the covariant derivative of second order tensor components, Eqn. 
1.18.18, to show that (i) 0| =kijg  and (ii) 0| =k

ijg . 
6 Use the definition of the gradient of a vector, 1.18.25, to show that 

i
iu |:graddiv == Iuu . 

7 Derive the expression ( ) ( ) iiugg Θ∂∂= //1divu  
8 Use 1.16.23 to show that ( ) kij

ijkkk ue gug |/ =Θ∂∂× . 

9 Use the relation j
n

k
m

k
n

j
mimn

ijk δδδδεε −=  (see Eqn. 1.3.17) to show that 

( )
( ) ( ) ( )122113312332

332211

321

curl

vuvuvuvuvuvu

k
k

k
k

k
k

−−−−

Γ+
Θ∂
∂

Γ+
Θ∂
∂

Γ+
Θ∂
∂

=×

ggg

vu . 

10 Show that (i) i
ii

i uu || = , (ii) kij
ijkkij

ijk ueue gg || =  
11 Show that 

(i) ( ) ααα gradgradgrad ⊗+= vvv ,    (ii) ( ) vAAvvA grad:divdiv +⋅=  
[Hint: you might want to use the relation ( )baTbaT ⊗=⋅ :  for the second of these.] 

12 Derive the relation ( ) IAA =∂∂ /tr  in curvilinear coordinates. 
13 Consider a (two dimensional) curvilinear coordinate system with covariant base 

vectors 1
1

221
2

1 ,2 egeeg Θ=−Θ= . 
(a) Evaluate the transformation equations )( jii xx Θ=  and the Jacobian J. 
(b) Evaluate the inverse transformation equations ( )jii xΘ=Θ  and the contravariant 

base vectors ig . 
(c) Evaluate the metric coefficients ij

ij gg ,  and the function g: 
(d) Evaluate the Christoffel symbols (only 2 are non-zero 
(e) Consider the scalar field 21 Θ+Θ=Φ .  Evaluate Φgrad . 

(f) Consider the vector fields ( ) 21
21

2
2

1 2, ggvggu +Θ−=Θ+= : 
(i) Evaluate the covariant components of the vectors u and v 
(ii) Evaluate vu div,div  
(iii)Evaluate vu curl,curl  
(iv) Evaluate vu grad,grad  

(g) Verify the vector identities 
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( )
( )

( )
( )
( ) 0curldiv
gradcurl

curlcurldiv
gradcurlcurl
graddivdiv

=
=Φ

⋅−⋅=×
×Φ+Φ=Φ
⋅Φ+Φ=Φ

u
o

vuuvvu
uuu

uuu

 

(h) Verify the identities 
( )
( ) ( ) ( )

( ) ( )
( ) ( ) ( )uvvuuvvuvu

uvvuvu
uvvuvu

vvv

gradgraddivdivcurl
)div(graddiv

gradgradgrad

gradgradgrad
TT

−+−=×
+=⊗
+=⋅

Φ⊗+Φ=Φ

 

(i) Consider the tensor field 

  ( )ji ggA ⊗⎥
⎦

⎤
⎢
⎣

⎡
Θ−

= 22
01

 

Evaluate all contravariant and mixed components of the tensor A 
14 Use the fact that 0=⋅ ik gg , ik ≠  to show that k

ij
i
jki

k
ijk hh Γ−=Γ 22 .  Then permutate the 

indices to show that i
jki

j
kij

i
jki

k
ijk hhhh Γ=Γ−=Γ−=Γ 2222  when kji ≠≠ . 

15 Use the relation 

( ) jijii ≠=⋅
Θ∂
∂ ,0gg  

to derive i
ij

j

ij
ii h

h
Γ−=Γ 2

2

.  

16 Derive the expression 1.18.39 for the divergence of a vector field v. 
17 Derive 1.18.43 for the divergence of a tensor in orthogonal coordinate systems. 
18 Use the expression 1.18.38 to derive the expression for the gradient of a vector field 

in cylindrical coordinates. 
19 Use the expression 1.18.43 to derive the expression for the divergence of a tensor 

field in cylindrical coordinates. 
20 Use the expression 1.18.43 to derive the expression for the divergence of a tensor 

field in spherical coordinates. 
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1.19 Curvilinear Coordinates: Curved Geometries 
 
In this section is examined the special case of a two-dimensional curved surface. 
 
 
1.19.1 Monoclinic Coordinate Systems 
 
Base Vectors 
 
A curved surface can be defined using two covariant base vectors 21 , aa , with the third 
base vector, 3a , everywhere of unit size and normal to the other two, Fig. 1.19.1  These 
base vectors form a monoclinic reference frame, that is, only one of the angles between 
the base vectors is not necessarily a right angle. 
 

 
 

Figure 1.19.1: Geometry of the Curved Surface 
 
In what follows, in the index notation, Greek letters such as βα ,  take values 1 and  2; as 
before, Latin letters take values from 1..3. 
 
Since 3

3 aa =  and 
 

033 =⋅= aaααa ,      033 =⋅= aaααa    (1.19.1) 
 
the determinant of metric coefficients is 
 

100
0
0

2221

1211
2 gg

gg
J = ,           

100
0
0

1 2221

1211

2 gg
gg

J
=   (1.19.2) 

 
The Cross Product 
 
Particularising the results of §1.16.5, define the surface permutation symbol to be the 
triple scalar product 
 
 

1a

2a

3a

1Θ

2Θ
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g
ege 1, 3

3
αββααβ

αββααβ εε =×⋅≡=×⋅≡ aaaaaa           (1.19.3) 

where αβ
αβ εε =  is the Cartesian permutation symbol, 112 +=ε , 121 −=ε , and zero 

otherwise, with 
 

ημ
βαα

η
β
μ

β
η

α
μμη

αβ
μη

αβ
μη

αβ δδδδεε eeeeee =−== ,         (1.19.4) 
 
From 1.19.3, 
 

3

3

aaa

aaa
αββα

αββα

e

e

=×

=×
                                                   (1.19.5) 

 
and so 
 

g
21

3
aa

a
×

=      (1.19.6) 

 
The cross product of surface vectors, that is, vectors with component in the normal ( 3g ) 
direction zero, can be written as 
 

3
21

21
3

3
21

21
3

1 aa

aavu

vv
uu

g
vue

vv
uu

gvue

==

==×

βα
αβ

βα
αβ

                                  (1.19.7) 

 
The Metric and Surface elements 
 
Considering a line element lying within the surface, so that 03 =Θ , the metric for the 
surface is 
 

( ) ( ) ( ) βα
αββ

β
α

α ΘΘ=Θ⋅Θ=⋅=Δ ddgdddds aass2   (1.19.8) 
 
which is in this context known as the first fundamental form of the surface. 
 
Similarly, from 1.16.35, a surface element is given by 
 

21ΔΘΔΘ=Δ gS          (1.5.9) 
 
Christoffel Symbols 
 
The Christoffel symbols can be simplified as follows.  A differentiation of 133 =⋅aa  
leads to 
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3,33,3 aaaa ⋅−=⋅ αα                            (1.19.10) 
 
so that, from Eqn 1.18.6, 
 

03333 =Γ=Γ αα           (1.19.11) 
 
Further, since 0/ 3

3 =Θ∂∂a , 
 

0,0 33333 =Γ=Γ α            (1.19.12) 
 
These last two equations imply that the ijkΓ  vanish whenever two or more of the 
subscripts are 3.   
 
Next, differentiate 1.19.1 to get 
 

αββα aaaa ⋅−=⋅ ,33, ,     α
ββ

α aaaa ⋅−=⋅ ,
33

,                   (1.19.13) 
 
and Eqns. 1.18.6 now lead to 
 

αββαβααβ 3333 Γ−=Γ−=Γ=Γ           (1.19.14) 
 
From 1.18.8, using 1.19.11, 
 

033
33

33
3

3
3
3

3
33

3
33

=Γ=Γ+Γ=Γ

Γ=Γ+Γ=Γ

αα
β

αβα

αβαβ
γ

αβγαβ

gg

gg
               (1.19.15) 

 
and, similarly {▲Problem 1} 
 

03
3333

3
3 =Γ=Γ=Γ α

α                        (1.19.16) 
 
 
1.19.2 The Curvature Tensor 
 
In this section is introduced a tensor which, with the metric coefficients, completely 
describes the surface.   
 
First, although the base vector 3a  maintains unit length, its direction changes as a 
function of the coordinates 21 ,ΘΘ , and its derivative is, from 1.18.2 or 1.18.5 (and using 
1.19.15) 
 

β
β
ααα aa

a
33

3 Γ=Γ=
Θ∂
∂

k
k ,     β

αβαα aaa 33
3

Γ−=Γ−=
Θ∂
∂ k

k               (1.19.17) 

 
Define now the curvature tensor K to have the covariant components αβK , through 
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β
αβα a

a
K−=

Θ∂
∂ 3                (1.19.18) 

 
and it follows from 1.19.13, 1.19.15a and 1.19.14, 
 

βααβαβαβ 33
3 Γ−=Γ=Γ=K                                         (1.19.19) 

 
and, since these Christoffel symbols are symmetric in the βα , , the curvature tensor is 
symmetric. 
 
The mixed and contravariant components of the curvature tensor follows from 1.16.28-9: 
 

γ
γ
αγ

γβ
αβ

β
αβα

γλ
βλαγαβγβ

αγαγ
γββ

α

aaa
a

KgKK

KggKKgKgK

−=−=−≡
Θ∂
∂

===

3

,
                 (1.19.20) 

 
and the “dot” is not necessary in the mixed notation because of the symmetry property.  
From these and 1.18.8, it follows that 
 

α
β

α
ββγ

γα
γβ

γαα
β 333 Γ−=Γ−=Γ−== gKgK                               (1.19.21) 

 
Also, 
 

( ) ( )
( ) ( )

βα
αβ

β
βγα

αγ

β
βα

α

ΘΘ−=

Θ⋅Θ−=

Θ⋅Θ=⋅

ddK

ddK

dddd

aa

aasa ,33

             (1.19.22) 

 
which is known as the second fundamental form of the surface. 
 
From 1.19.19 and the definitions of the Christoffel symbols, 1.18.4, 1.18.6, the curvature 
can be expressed as 
 

αββ
α

αβ a
a

a
a

⋅
Θ∂
∂

−=⋅
Θ∂
∂

= 3
3K           (1.19.23) 

 
showing that the curvature is a measure of the change of the base vector αa  along the βΘ  
curve, in the direction of the normal vector; alternatively, the rate of change of the normal 
vector along βΘ , in the direction αa− .  Looking at this in more detail, consider now the 
change in the normal vector 3a  in the 1Θ  direction, Fig. 1.19.2.  Then 
 

γ
γ aaa 1
1

1
1,33 Θ−=Θ= dKdd               (1.19.24) 
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Figure 1.19.2: Curvature of the Surface 
 
Taking the case of 0,0 2

1
1
1 =≠ KK , one has 1

11
13 aa Θ−= dKd .  From Fig. 1.19.2, and 

since the normal vector is of unit length, the magnitude 3ad  equals φd , the small angle 

through which the normal vector rotates as one travels along the 1Θ  coordinate curve.  
The curvature of the surface is defined to be the rate of change of the angle φ :1 
 

1
1

1
1

1
11

1 K
d

dK

ds
d

=
Θ

Θ−
=

a

aφ                                  (1.19.25) 

 
and so the mixed component 1

1K  is the curvature in the 1Θ  direction.  Similarly, 2
2K  is 

the curvature in the 2Θ  direction. 
 
Assume now that 0,0 2

1
1
1 ≠= KK .  Eqn. 1.19.24 now reads 2

12
13 aa Θ−= dKd  and, 

referring Fig. 1.19.3, the twist of the surface with respect to the coordinates is  
 

1

22
1

1
1

2
12

1

a
a

a

a
K

d

dK

ds
d

=
Θ

Θ−
=

ϕ                        (1.5.26) 

 

 
 

Figure 1.19.3: Twisting over the Surface 
 
When 21 aa = , 2

1K  is the twist; when they are not equal, 2
1K  is closely related to the 

twist. 
 
                                                 
1 this is essentially the same definition as for the space curve of §1.5.2; there, the angle sΔ= κφ  

1
1aΘd

3a

1Θ

33 aa d+
3ad

ϕd

2Θ

1
1aΘd

3a

1Θ

33 aa d+

3ad

φd

1a
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Two important quantities are often used to describe the curvature of a surface.  These are 
the first and the third principal scalar invariants: 
 

βα
αβε 21

2
1

1
2

2
2

1
12

2
2

1

1
2

1
1

2
2

1
1

detIII

I

KKKKKK
KK
KK

K

KKK

i
j

i
i

=−===

+==

⋅

⋅

K

K

          (1.19.27) 

 
The first invariant is twice the mean curvature MK  whilst the third invariant is called 
the Gaussian curvature (or Total curvature) GK  of the surface. 
 
Example (Curvature of a Sphere) 
 
The surface of a sphere of radius a can be described by the coordinates ( )21 ,ΘΘ , Fig. 
1.19.4, where 
 

13212211 cos,sinsin,cossin Θ=ΘΘ=ΘΘ= axaxax  
 

 
 

Figure 1.19.4: a spherical surface 
 
Then, from the definitions 1.16.3, 1.16.8-9, 1.16.13, {▲Problem 2} 
 

2122
2

12
1

2
21

1
21

2

3
1

2
21

1
21

1

sin
1

1
cossinsinsin

sinsincoscoscos

aa

aa

eea

eeea

Θ
=

=

ΘΘ+ΘΘ−=

Θ−ΘΘ+ΘΘ+=

a

a

aa

aaa

           (1.19.28) 

           124
122

2

sin,
sin0

0
Θ=

Θ
= ag

a
a

gαβ      

 
From 1.19.6, 
 

3
1

2
21

1
21

3 cossinsincossin eeea Θ+ΘΘ+ΘΘ=              (1.19.29) 
 

2a

1x

2x
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•

2Θ

a
1Θ

1Θ

2Θ 2a
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and this is clearly an orthogonal coordinate system with scale factors (see 1.16.15) 
 

1,sin, 3
1

21 =Θ== hahah            (1.19.30) 
 
The surface Christoffel symbols are, from 1.18.33, 1.18.36, 

 
111

2212

1
2
21

2
12

2
22

2
11

1
21

1
12

1
11 cossin,

sin
cos,0 ΘΘ−=Γ

Θ
Θ

=Γ=Γ=Γ=Γ=Γ=Γ=Γ  

(1.19.31) 
 
Using the definitions 1.18.4, {▲Problem 3} 
 

123
22

3
21

3
12

3
11

2
32

2
23

2
31

2
13

1
32

1
23

1
31

1
13

sin,0,

1,0

0,1

Θ−=Γ=Γ=Γ−=Γ

=Γ=Γ=Γ=Γ

=Γ=Γ=Γ=Γ

aa
a

a

       (1.19.32) 

 
with the remaining symbols 03

3333
3
3

3
3 =Γ=Γ=Γ=Γ α

αα . 
 
The components of the curvature tensor are then, from 1.19.21, 1.19.19, 
 

[ ] [ ] ⎥
⎦

⎤
⎢
⎣

⎡
Θ−

−
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−

−
= 12sin0

0
,10

01

a
a

K

a

aK αβ
α
β                (1.19.33) 

 
The mean and Gaussian curvature of a sphere are then 
 

2

1

2

a
K

a
K

G

M

=

−=
             (1.19.34) 

 
The principal curvatures are evidently 1

1K  and 2
2K .  As expected, they are simply the 

reciprocal of the radius of curvature a. 
■  

 
 
1.19.3 Covariant Derivatives 
 
Vectors 
 
Consider a vector v, which is not necessarily a surface vector, that is, it might have a 
normal component 3

3 vv = .  The covariant derivative is 
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3
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33,33
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3
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3
3

,

|

|

|

Γ−=

Γ−Γ−=

Γ−=

Γ−Γ−=

Γ−Γ−=

      (1.19.35) 

 
Define now a two-dimensional analogue of the three-dimensional covariant derivative 
through 
 

γ
γ
αββαβα

γα
γββ

α
β

α

vvv

vvv

Γ−=

Γ+=

,

,

||

||
    (1.19.36) 

 
so that, using 1.19.19, 1.19.21, the covariant derivative can be expressed as 
 

3

3

|||
|||

vKvv
vKvv

αββαβα

α
ββ

α
β

α

−=

−=
    (1.19.37) 

 
In the special case when the vector is a plane vector, then 03

3 == vv , and there is no 
difference between the three-dimensional and two-dimensional covariant derivatives.  In 
the general case, the covariant derivatives can now be expressed as 
 

( )

( ) 3
33

,

3
33

,

|||

|

|||

|

aa

av

aa

av

β
α

αββα

ββ

βα
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ββ

α
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vvKv

v

vvKv

v

i
i

i
i

+−=

=

+−=

=

    (1.19.38) 

 
From 1.18.25, the gradient of a surface vector is (using 1.19.21) 
 

( ) 3
3||grad aaaav ⊗+⊗−= α

γ
γ
α

βα
αββα vKvKv   (1.19.39) 

 
Tensors 
 
The covariant derivatives of second order tensor components are given by 1.18.18.  For 
example, 
 

3
3

3
3,

,|
ijijjijiij

imj
m

mji
m

ijij

AAAAA

AAAA

γ
λ

λγγ
λ

λγγ

γγγγ

Γ+Γ+Γ+Γ+=

Γ+Γ+=
              (1.19.40) 

 
Here, only surface tensors will  be examined, that is, all components with an index 3 are 
zero.  The two dimensional (plane) covariant derivative is 
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αλβ
λγ

λβα
λγγ

αβ
γ

αβ AAAA Γ+Γ+≡ ,||                        (1.19.41) 
 
Although 033 == αα AA  for plane tensors, one still has non-zero 
 

λβ
λγ

λβ
λγ

λβ
λγ

λβ
λγγ

β
γ

β

αλ
λγ

αλ
λγ

αλ
λγ

λα
λγγ

α
γ

α

AK

A

AAAA

AK

A

AAAA

=

Γ=

Γ+Γ+=

=

Γ=

Γ+Γ+=

3

33
,

33

3

33
,

33

|

|

                   (1.19.42) 

 
with 0|33 =γA . 
 
From 1.18.28, the divergence of a surface tensor is 
 

3||div aaA βγ
βγαβ

αβ AKA +=        (1.19.43)  
 
 
1.19.4 The Gauss-Codazzi Equations 
 
Some useful equations can be derived by considering the second derivatives of the base 
vectors.  First, from 1.18.2, 
 

3

3
3

,

aa

aaa

αβλ
λ
αβ

αβλ
λ
αββα

K+Γ=

Γ+Γ=
                 (1.19.44) 

 
A second derivative is 
 

γαβγαβγλ
λ
αβλ

λ
γαββγα ,33,,,, aaaaa KK ++Γ+Γ=            (1.19.45) 

 
Eliminating the base vectors derivatives using 1.19.44 and 1.19.20b leads to {▲Problem 
4} 
 

( ) ( ) 3,,, aaa γαβλγ
λ
αβλ

λ
γαβ

λ
ηγ

η
αβ

λ
γαββγα KKKK +Γ+−ΓΓ+Γ=            (1.19.46) 

 
This equals the partial derivative γβα ,a .  Comparison of the coefficient of 3a  for these 
alternative expressions for the second partial derivative leads to 
 

λγ
λ
αββαγλβ

λ
αγγαβ KKKK Γ−=Γ− ,,                        (1.19.47) 

 
From Eqn. 1.18.18, 
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αλ
λ
βγλβ

λ
αγγαβγαβ KKKK Γ−Γ−= ,||              (1.19.48) 

 
and so 
 

βαγγαβ |||| KK =                                  (1.19.49) 
 
These are the Codazzi equations, in which there are only two independent non-trivial 
relations: 
 

212122112211 ||||,|||| KKKK ==    (1.19.50) 
 
Raising indices using the metric coefficients leads to the similar equations 
 

β
α
γγ

α
β |||| KK =                                  (1.19.51) 

 
The Riemann-Christoffel Curvature Tensor 
 
Comparing the coefficients of λa  in 1.19.46 and the similar expression for the second 
partial derivative shows that 
 

λ
γαβ

λ
βαγ

λ
ηγ

η
αβ

λ
ηβ

η
αγ

λ
γαβ

λ
βαγ KKKK −=ΓΓ−ΓΓ+Γ−Γ ,,                   (1.19.52) 

 
The terms on the left are the two-dimensional Riemann-Christoffel, Eqn. 1.18.21, and so 
 

λ
γαβ

λ
βαγ

λ
αβγ KKKKR −=⋅       (1.19.53) 

 
Further,   
 

γλαββλαγ
η
γληαβ

η
βληαγ

η
αβγληλαβγ KKKKKgKKgKRgR −=−== ⋅     (1.19.54) 

 
These are the Gauss equations.  From 1.18.21 et seq., only 4 of the Riemann-Christoffel 
symbols are non-zero, and they are related through 
 

2121122121121212 RRRR =−=−=           (1.19.55) 
 

so that there is in fact only one independent non-trivial Gauss relation.  Further, 
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μ
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γηβμβηγμ
η
λ

μ
α

γλαββλαγλαβγ

δδδδ ggKK

ggggKK

KKKKR
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−=

−=

                               (1.19.56) 

 
Using 1.19.4b, 1.19.3, 
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η
λ

μ
αημβγ

ημβγ
η
λ

μ
α

γνβρημ
ρνη

λ
μ
αλαβγ

εε KKg

eeKK

ggeeKKR

=

=

=

                               (1.19.57) 

 
and so the Gauss relation can be expressed succinctly as 
 

g
R

KG
1212=              (1.19.58) 

 
where GK  is the Gaussian curvature, 1.19.27b.  Thus the Riemann-Christoffel tensor is 
zero if and only if the Gaussian curvature is zero, and in this case only can the order of 
the two covariant differentiations be interchanged. 
 
The Gauss-Codazzi equations, 1.19.50 and 1.19.58, are equivalent to a set of two first 
order and one second order differential equations that must be satisfied by the three 
independent metric coefficients αβg  and the three independent curvature tensor 
coefficients αβK . 
 
Intrinsic Surface Properties 
 
An intrinsic property of a surface is any quantity that remains unchanged when the 
surface is bent into another shape without stretching or shrinking.  Some examples of 
intrinsic properties are the length of a curve on the surface, surface area, the components 
of the surface metric tensor αβg  (and hence the components of the Riemann-Christoffel 
tensor) and the Guassian curvature (which follows from the Gauss equation 1.19.58). 
 
A developable surface is one which can be obtained by bending a plane, for example a 
piece of paper.  Examples of developable surfaces are the cylindrical surface and the 
surface of a cone.  Since the Riemann-Christoffel tensor and hence the Gaussian 
curvature vanish for the plane, they vanish for all developable surfaces.  
 
 
1.19.5 Geodesics 
 
The Geodesic Curvature and Normal Curvature 
 
Consider a curve C  lying on the surface, with arc length s measured from some fixed 
point.  As for the space curve, §1.6.2, one can define the unit tangent vector τ , principal 
normal ν  and binormal vector b (Eqn. 1.5.3 et seq.): 
 

α

α

axτ
ds

d
ds
d Θ

== ,     
ds
dτν

κ
1

= ,     ντb ×=    (1.19.59) 

 
so that the curve passes along the intersection of the osculating plane containing τ and ν  
(see Fig. 1.6.3), and the surface These vectors form an orthonormal set but, although ν  is 
normal to the tangent, it is not necessarily normal to the surface, as illustrated in Fig. 
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1.19.5.  For this reason, form the new orthonormal triad ( )32 ,, aττ , so that the unit vector 

2τ  lies in the plane tangent to the surface.  From 1.19.59, 1.19.3, 
 

β
α

αβα

α

aaaτaτ
ds

de
ds

d Θ
=×

Θ
=×= 332                     (1.19.60) 

 

 
 

Figure 1.19.5: a curve lying on a surface 
 
Next, the vector dsd /τ  will be decomposed into components along 2τ  and the normal 

3a .  First, differentiate 1.19.59a and use 1.19.44b to get {▲Problem 5} 
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Then 
 

32 aττ
ngds

d κκ +=                                     (1.19.62) 

 
where 
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                (1.19.63) 

 
These are formulae for the geodesic curvature gκ  and the normal curvature nκ .  Many 

different curves with representations )(sαΘ  can pass through a certain point with a given 
tangent vector τ .  Form 1.19.59, these will all have the same value of dsd /αΘ  and so, 
from 1.19.63,  these curves will have the same normal curvature but, in general, different 
geodesic curvatures. 
 

ν

C
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τ

x 1Θ
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A curve passing through a normal section, that is, along the intersection of a plane 
containing τ and 3a , and the surface, will have zero geodesic curvature. 
 
The normal curvature can be expressed as 
 

τKτ=nκ                                        (1.19.64) 
 
If the tangent is along an eigenvector of K, then  nκ  is an eigenvalue, and hence a 
maximum or minimum normal curvature.  Surface curves with the property that an 
eigenvector of the curvature tensor is tangent to it at every point is called a line of 
curvature.  A convenient coordinate system for a surface is one in which the coordinate 
curves are lines of curvature.  Such a system, with 1Θ  containing the maximum values of 

nκ , has at every point a curvature tensor of the form 
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nj
i K
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κ
κ

                        (1.19.65) 

 
This was the case with the spherical surface example discussed in §1.19.2. 
 
The Geodesic 
 
A geodesic is defined to be a curve which has zero geodesic curvature at every point 
along the curve.  Form 1.19.63, parametric equations for the geodesics over a surface are 
 

02

2

=
ΘΘ

Γ+
Θ

ds
d

ds
d

ds
d βα

γ
αβ

γ

                            (1.19.64) 

 
It can be proved that the geodesic is the curve of shortest distance joining two points on 
the surface.  Thus the geodesic curvature is a measure of the deviance of the curve from 
the shortest-path curve. 
 
The Geodesic Coordinate System 
 
If the Gaussian curvature of a surface is not zero, then it is not possible to find a surface 
coordinate system for which the metric tensor components αβg  equal the Kronecker delta 

αβδ  everywhere.  Such a geometry is called Riemannian.  However, it is always possible 
to construct a coordinate system in which αβαβ δ=g  , and the derivatives of the metric 
coefficients are zero, at a particular point on the surface.  This is the geodesic 
coordinate system. 
 
 
1.19.6 Problems 
 
1 Derive Eqns. 1.19.16, 03

3333
3

3 =Γ=Γ=Γ α
α . 

2 Derive the Cartesian components of the curvilinear base vectors for the spherical 
surface, Eqn. 1.19.28. 
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3 Derive the Christoffel symbols for the spherical surface, Eqn. 1.19.32. 
4 Use Eqns. 1.19.44-5 and 1.19.20b to derive 1.19.46. 
5 Use Eqns. 1.19.59a and 1.19.44b to derive 1.19.61. 
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1.A Appendix to Chapter 1 
 
 
1.A.1 The Algebraic Structures of Groups, Fields and Rings 
 
Definition: 
The nonempty set G with a binary operation, that is, to each pair of elements Gba ∈,  
there is assigned an element Gab∈ , is called a group if the following axioms hold: 
1. associative law: )()( bcacab =  for any Gcba ∈,,  
2. identity element: there exists an element Ge∈ , called the identity element, such that 

aeaae ==  
3. inverse: for each Ga∈ , there exists an element Ga ∈−1 , called the inverse of a, 

such that eaaaa == −− 11  
 
Examples: 
(a) An example of a group is the set of integers under addition.  In this case the binary 

operation is denoted by +, as in ba + ; one has (1) addition is associative, cba ++ )(  
equals )( cba ++ , (2) the identity element is denoted by 0, aaa =+=+ 00 , (3) the 
inverse of a is denoted by -a, called the negative of a, and 0)()( =+−=−+ aaaa  

 
Definition: 
An abelian group is one for which the commutative law holds, that is, if baab =  for 
every Gba ∈, . 
 
Examples: 
(a) The above group, the set of integers under addition, is commutative, abba +=+ , 

and so is an abelian group. 
 
Definition: 
A mapping f of a group G to another group G′ , GGf ′→: , is called a homomorphism 
if )()()( bfafabf =  for every Gba ∈, ; if f is bijective (one-one and onto), then it is 
called an isomorphism and G and G′  re said to be isomorphic 
 
Definition: 
If GGf ′→:  is a homomorphism, then the kernel of f is the set of elements of G which 
map into the identity element of G′ , { }eafGak ′=∈= )(|  
 
Examples 
(a) Let G be the group of non-zero complex numbers under multiplication, and let G′  

be the non-zero real numbers under multiplication.  The mapping GGf ′→:  
defined by zzf =)(  is a homomorphism, because 

)()()( 21212121 zfzfzzzzzzf ===  
The kernel of f is the set of elements which map into 1, that is, the complex numbers 
on the unit circle 
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Definition: 
The non-empty set A with the two binary operations of addition (denoted by +) and 
multiplication (denoted by juxtaposition) is called a ring if the following are satisfied: 
1. associative law for addition: for any Acba ∈,, , )()( cbacba ++=++  
2.  zero element (additive identity): there exists an element A∈0 , called the zero 

element, such that aaa =+=+ 00  for every Aa∈  
3. negative (additive inverse): for each Aa∈  there exists an element Aa∈− , called 

the negative of a, such that 0)()( =+−=−+ aaaa  
4. commutative law for addition: for any Aba ∈, , abba +=+  
5. associative law for multiplication: for any Acba ∈,, , )()( bcacab =  
6. distributive law of multiplication over addition (both left and right distributive): for 

any Acba ∈,, , (i) acabcba +=+ )( , (ii) cabaacb +=+ )(  
 
Remarks:  
(i) the axioms 1-4 may be summarized by saying that A is an abelian group under 

addition 
(ii) the operation of subtraction in a ring is defined through )( baba −+≡−  
(iii) using these axioms, it can be shown that 000 == aa , abbaba −=−=− )()( , 

abba =−− ))((  for all Aba ∈,  
 
Definition: 
A commutative ring is a ring with the additional property: 
7. commutative law for multiplication: for any Aba ∈, , baab =   
 
Definition: 
A ring with a unit element is a ring with the additional property: 
8. unit element (multiplicative identity): there exists a nonzero element A∈1  such that 

aaa == 11  for every Aa∈  
 
Definition: 
A commutative ring with a unit element is an integral domain if it has no zero divisors, 
that is, if 0=ab , then 0=a  or 0=b   
 
Examples: 
(a) the set of integers Z is an integral domain 
 
Definition: 
A commutative ring with a unit element is a field if it has the additional property: 
9. multiplicative inverse: there exists an element Aa ∈−1  such that 111 == −− aaaa  
 
Remarks:  
(i) note that the number 0 has no multiplicative inverse.  When constructing the real 

numbers R, 0 is a special element which is not allowed have a multiplicative inverse.  
For this reason, division by 0 in R is indeterminate 
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Examples: 
(a) The set of real numbers R with the usual operations of addition and multiplication 

forms a field  
(b) The set of ordered pairs of real numbers with addition and multiplication defined by 

),(),)(,(
),(),(),(
bcadbdacdcba

dbcadcba
+−=

++=+
 

is also a field - this is just the set of complex numbers C 
 
 
1.A.2 The Linear (Vector) Space 
 
Definition: 
Let F be a given field whose elements are called scalars.  Let V be a non-empty set with 
rules of addition and scalar multiplication, that is there is a sum ba +  for any Vba ∈,  
and a product aα  for any Va∈ , F∈α .  Then V is called a linear space over F if the 
following eight axioms hold: 
1. associative law for addition: for any Vcba ∈,, , one has )()( cbacba ++=++  
2. zero element: there exists an element V∈0 , called the zero element, or origin, such 

that aaa =+=+ 00  for every Va∈  
3. negative: for each Va∈  there exists an element Va∈− , called the negative of a, 

such that 0)()( =+−=−+ aaaa  
4. commutative law for addition: for any Vba ∈, , we have abba +=+  
5. distributive law, over addition of elements of V: for any Vba ∈,  and scalar F∈α , 

baba ααα +=+ )(    
6. distributive law, over addition of scalars: for any Va∈  and scalars F∈βα , , 

aaa βαβα +=+ )(  
7. associative law for multiplication: for any Va∈  and scalars F∈βα , , 

aa )()( αββα =  
8. unit multiplication: for the unit scalar F∈1 , aa =1  for any Va∈ . 
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1.B Appendix to Chapter 1 
 
 
1.B.1 The Ordinary Calculus 
 
Here are listed some important concepts from the ordinary calculus. 
 
The Derivative 
 
Consider u, a function f of one independent variable x.  The derivative of u at x is defined 
by 
 

( ) ( )
x

xfxxf
x
uxf

dx
du

xx Δ
−Δ+

=
Δ
Δ

=′≡ →Δ→Δ 00 limlim)(                  (1.B.1) 

 
where uΔ  is the increment in u due to an increment xΔ  in x. 
 
The Differential 
 
The differential of u is defined by 
 

xxfdu Δ′= )(                                                  (1.B.2) 
 
By considering the special case of xxfu == )( , one has xdxdu Δ== , so the 
differential of the independent variable is equivalent to the increment. xdx Δ= .  Thus, in 
general, the differential can be written as dxxfdu )(′= .  The differential of u and 
increment in u are only approximately equal, udu Δ≈ , and approach one another as 

0→Δx .  This is illustrated in Fig. 1.B.1. 
 

 
 

Figure 1.B.1: the differential 
 
If x is itself a function of another variable, t say, ( )( )txu , then the chain rule of 
differentiation gives 
 

differential
slope 

xdx Δ+

xdx Δ=

x

)()( xfxxfu −Δ+=Δ

)(xf ′ du
u

increment
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dt
dxxf

dt
du )(′=                                                    (1.B.3) 

 
Arc Length 
 
The length of an arc, measured from a fixed point a on the arc, to x, is, from the definition 
of the integral, 
 

( ) dxdxdydxdss
x

a

x

a

x

a
∫∫∫ +=== 2/1secψ                            (1.B.4) 

 
where ψ  is the angle the tangent to the arc makes with the x axis, Fig 1.B.2, with 

ψtan)/( =dxdy  and ( ) ( ) ( )222 dydxds +=  ( ds  is the length of the dotted line in Fig. 
1.B.2b).  Also, it can be seen that 
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                            (1.B.5) 

 
so that, if the increment sΔ  is small, ( ) ( ) ( )222 yxs Δ+Δ≈Δ . 
 

 
 

Figure 1.B.2: arc length 
 
The Calculus of Two or More Variables 
 
Consider now two independent variables, ),( yxfu = .  We can define partial 
derivatives so that, for example, 
 

x

ψ

a

s

(a) (b) 

sΔ

ds

xdx Δ=

dy

yΔ

p

q
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x
yxfyxxf

x
u

x
u

x
y

x Δ
−Δ+

=
Δ
Δ

=
∂
∂

→Δ→Δ
),(),(limlim 0

constant 
0             (1.B.6) 

 
The total differential du  due to increments in both x and y can in this case be shown to 
be 
 

y
y
ux

x
udu Δ

∂
∂

+Δ
∂
∂

=                                      (1.B.7) 

 
which is written as ( ) ( )dyyudxxudu ∂∂+∂∂= // , by setting ydyxdx Δ=Δ= , .   Again, 
the differential du  is only an approximation to the actual increment uΔ  (the increment 
and differential are shown in Fig. 1.B.3 for the case 0=Δ= ydy ). 
 
It can be shown that this expression for the differential du  holds whether x and y are 
independent, or whether they are functions themselves of an independent variable t, 

( ))(),( tytxuu ≡ , in which case one has the total derivative of u with respect to t, 
 

dt
dy

y
u

dt
dx

x
u

dt
du

∂
∂

+
∂
∂

=                                     (1.B.8) 

 

 
 

Figure 1.B.3: the partial derivative 
 
 
The Chain rule for Two or More Variables 
 
Consider the case where u is a function of the two variables yx, , ),( yxfu = , but also 
that x and y are functions of the two independent variables s and t, ( ) ( )( )tsytsxfu ,,,= .  
Then 
 

x

y

u

•

xdx Δ=

differential 

uΔ

x
u
∂
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du

increment
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But, also, 
 

dt
t
uds

s
udu

∂
∂

+
∂
∂

=                                    (1.B.10) 

 
Comparing the two, and since dtds,  are independent and arbitrary, one obtains the chain 
rule 
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In the special case when x and y are functions of only one variable, t say, so that 

[ ])(),( tytxfu = , the above reduces to the total derivative given earlier. 
 
One can further specialise:  In the case when u is a function of x and t, with )(txx = , 

[ ]ttxfu ),(= , one has 
 

t
u

dt
dx

x
u

dt
du

∂
∂

+
∂
∂

=                                    (1.B.12) 

 
When u is a function of one variable only, x say, so that [ ])(txfu = , the above reduces to 
the chain rule for ordinary differentiation. 
 
Taylor’s Theorem 
 
Suppose the value of a function ),( yxf  is known at ),( 00 yx .  Its value at a neighbouring 
point ),( 00 yyxx Δ+Δ+  is then given by 
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The Mean Value Theorem 
 
If )(xf  is continuous over an interval bxa << , then 
 

ab
afbff

−
−

=′ )()()(ξ                                         (1.B.14) 

 
Geometrically, this is equivalent to saying that there exists at least one point in the 
interval for which the tangent line is parallel to the line joining )(af  and )(bf .  This 
result is known as the mean value theorem. 
 

  
 

Figure 1.B.4: the mean value theorem 
 
The law of the mean can also be written in terms of an integral: there is at least one point 
ξ  in the interval [ ]ba,  such that 
 

dxxf
l

f
b

a
∫= )(1)(ξ                                         (1.B.15) 

 
where l is the length of the interval, abl −= .  The right hand side here can be interpreted 
as the average value of f over the interval.  The theorem therefore states that the average 
value of the function lies somewhere in the interval.  The equivalent expression for a 
double integral is that there is at least one point ( )21 ,ξξ  in a region R such that 
 

212121 ),(1),( dxdxxxf
A

f
R
∫∫=ξξ                            (1.B.16) 

 
where A is the area of the region of integration R, and similarly for a triple/volume 
integral. 
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1.B.2 Transformation of Coordinate System 
 
Let the coordinates of a point in space be ( )321 ,, xxx .  Introduce a second set of 
coordinates ( )321 ,, ΘΘΘ , related to the first set through the transformation equations 
 

( )321 ,, xxxfii =Θ     (1.B.17) 
 
with the inverse equations 
 

( )321 ,, ΘΘΘ= ii gx     (1.B.18) 
  
A transformation is termed an admissible transformation if the inverse transformation 
exists and is in one-to-one correspondence in a certain region of the variables ( )321 ,, xxx , 
that is,  each set of numbers ( )321 ,, ΘΘΘ  defines a unique set ( )321 ,, xxx  in the region, 
and vice versa.   
 
Now suppose that one has a point with coordinates 0

ix , 0
iΘ  which satisfy 1.B.17.  Eqn. 

1.B.17 will be in general non-linear, but differentiating leads to 
 

j
j

i
i dx

x
f

d
∂
∂

=Θ ,                                           (1.B.19) 

 
which is a system of three linear equations.  From basic linear algebra, this system can be 
solved for the jdx  if and only if the determinant of the coefficients does not vanish, i.e 
 

0det ≠
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

=
j

i

x
f

J ,                                        (1.B.20) 

 
with the partial derivatives evaluated at 0

ix  (the one dimensional situation is shown in 
Fig. 1.B.5).  If 0≠J , one can solve for the idx : 
 

jiji dAdx Θ= ,                                            (1.B.21) 
 
say.  This is a linear approximation of the inverse equations 1.B.18 and so the inverse 
exists in a small region near ( )0

3
0
2

0
1 ,, xxx .  This argument can be extended to other 

neighbouring points and the region in which 0≠J  will be the region for which the 
transformation will be admissible.  
 
f the Jacobian is positive everywhere, then a right handed set will be transformed into 
another right handed set, and the transformation is said to be proper. 



Section 1.B 

Solid Mechanics Part III                                                                                Kelly 198

 
 

Figure 1.B.5: linear approximation 
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2 Kinematics 
 
Kinematics is concerned with characterising movement.  The goal is to express in 
mathematical form the deformation and motion of materials.  In what follows, a number of 
important quantities, mainly vectors and second-order tensors, are introduced.  Each of these 
quantities, for example the velocity, deformation gradient or rate of deformation tensor, 
allows one to describe a particular aspect of a deforming material. 
 
No consideration is given to what is causing the deformation and movement – the cause is the 
action of forces on the material, and these will be discussed in the next chapter. 
 
The first section introduces the material and spatial coordinates and descriptions.  The second 
and third sections discuss the strain tensors.  The fourth, fifth and sixth sections deal with 
rates of deformation and rates of change of kinematic quantities.  The theory is specialised to 
small strain deformations in section 7.  The notion of objectivity is discussed in section 8 and 
the final sections, 9-13, deal with kinematics using the convected coordinate system, and 
include the important notions of push-forward, pull-back and the Lie time derivative. 
 



 

 200
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2.1 Motion 
 
 
2.1.1 The Material Body and Motion 
 
Physical materials in the real world are modeled using an abstract mathematical entity 
called a body.  This body consists of an infinite number of material particles1.  Shown in 
Fig. 2.1.1a is a body B with material particle X .  One distinguishes between this body 
and the space in which it resides and through which it travels.  Shown in Fig. 2.1.1b is a 
certain place x  in familiar Euclidean space E.  
 

 
 
Figure 2.1.1: (a) a material particle in a body, (b) a place in space, (c) a configuration 

of the body 
 
By fixing the material particles of the body to places in space, one has a configuration of 
the body χ , Fig. 2.1.1c.  A configuration can be expressed as a mapping of the particles 
X  to the places x , 
 

( )Xχx =                                                        (2.1.1) 
 
A motion of the body is a family of configurations parameterised by time t,  
 

( )t,Xχx =                                                      (2.1.2) 
 
At any time t, Eqn. 2.1.2 gives the location in space x  of the material particle X , Fig. 
2.1.2. 
 
There are a number of different ways in which the motion can be described.  Eqn. 2.1.2 is 
the material description, in which the motion is described in terms of the material 
particles which make up the body. 

                                                 
1 these particles are not the discrete mass particles of Newtonian mechanics, rather they are very small 
portions of continuous matter; the meaning of particle is made precise in the definitions which follow 

B

X
• •

x

(a) (b)

E

(c)

χ
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Figure 2.1.2: a motion of material 
 
 
The Reference and Current Configurations 
 
Choose now some reference configuration, Fig. 2.1.3.  The motion can then be 
measured relative to this configuration.  The reference configuration might be the 
configuration occupied by the material at time 0=t , in which case it is often called the 
initial configuration.  For a solid, it might be natural to choose a configuration for which 
the material is stress-free, in which case it is often called the undeformed configuration.  
However, the choice of reference configuration is completely arbitrary. 
 
Introduce a Cartesian coordinate system with base vectors iE  for the reference 
configuration.  A material particle (point) X  in the reference configuration can then be  
assigned a unique position vector iiX EX =  relative to the origin of the axes.  The 
coordinates ( )321 ,, XXX  of the particle are called material coordinates (or Lagrangian 
coordinates or referential coordinates). 
 
Some time later, say at time t, the material occupies a different configuration, which will 
be called the current configuration (or deformed configuration).  Introduce a second 
Cartesian coordinate system with base vectors ie  for the current configuration, Fig. 2.1.3.  
In the current configuration, the same particle X  now occupies the location (point) x , 
which can now also be assigned a position vector iix ex = .  The coordinates ( )321 ,, xxx  
are called spatial coordinates (or Eulerian coordinates). 
 
Each particle thus has two sets of coordinates associated with it.  The particle’s material 
coordinates stay with it throughout its motion.  The particle’s spatial coordinates change 
as it moves. 
 

1t 2t

X
•

X
•
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Figure 2.1.3: reference and current configurations 
 
In practice, the material and spatial axes are usually taken to be coincident so that the base 
vectors iE  and ie  are the same, as in Fig. 2.1.4.  Nevertheless, the use of different base 
vectors E and e for the reference and current configurations is useful even when the 
material and spatial axes are coincident, since it helps distinguish between quantities 
associated with the reference configuration and those associated with the spatial 
configuration (see later). 
 

 
 

Figure 2.1.4: reference and current configurations with coincident axes 
 
In terms of the position vectors, the motion 2.1.2 can be expressed as a relationship 
between the material and spatial coordinates,  
 

( )tXXXxt ii ,,,),,( 321χ== Xχx      Material description             (2.1.3) 
 
or the inverse relation 
 

( )txxxXt ii ,,,),,( 321
11 −− == χxχX      Spatial description               (2.1.4) 

 
If one knows the material coordinates of a particle then its position in the current 
configuration can be determined from 2.1.3.  Alternatively, if one focuses on some 
location in space, in the current configuration, then the material particle occupying that  
position can be determined from 2.1.4.  This is illustrated in the following example. 
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Example (Extension of a Bar) 
 
Consider the motion 
 

3322111 ,,3 XxXxtXtXx ==++=                              (2.1.5) 
 

These equations are of the form 2.1.3 and say that “the particle that was originally at 
position X is now, at time t, at position x”.  They represent a simple translation and 
uniaxial extension of material as shown in Fig. 2.1.5.  Note that xX =  at 0=t . 
 

 
 

Figure 2.1.5: translation and extension of material 
 
Relations of the form 2.1.4 can be obtained by inverting 2.1.5: 
 

3322
1

1 ,,
31

xXxX
t
txX ==

+
−

=  

 
These equations say that “the particle that is now, at time t, at position x was originally at 
position X”. 

■  
 
 
Convected Coordinates 
 
The material and spatial coordinate systems used here are fixed Cartesian systems.  An 
alternative method of describing a motion is to attach the material coordinate system to 
the material and let it deform with the material.  The motion is then described by defining 
how this coordinate system changes.  This is the convected coordinate system.  In 
general, the axes of a convected system will not remain mutually orthogonal and a 
curvilinear system is required.  Convected coordinates will be examined in §2.10. 
 
 
2.1.2 The Material and Spatial Descriptions 
 
Any physical property (such as density, temperature, etc.) or kinematic property (such as 
displacement or velocity) of a body can be described in terms of either the material 
coordinates X or the spatial coordinates x, since they can be transformed into each other 
using 2.1.3-4.  A material (or Lagrangian) description of events is one where the 

1x

2x

1X

2X

configuration at 
0=t

configurations at 
0>t  

•X •x

χ
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material coordinates are the independent variables.  A spatial (or Eulerian) description of 
events is one where the spatial coordinates are used. 
 
Example (Temperature of a Body) 
 
Suppose the temperature θ  of a body is, in material coordinates, 
 

313),( XXt −=Xθ             (2.1.6) 
 
but, in the spatial description, 
 

3
1 1),( x
t
xt −−=xθ .           (2.1.7) 

 
According to the material description 2.1.6, the temperature is different for different 
particles, but the temperature of each particle remains constant over time.  The spatial 
description 2.1.7 describes the time-dependent temperature at a specific location in space, 
x, Fig. 2.1.6.  Different material particles are flowing through this location over time. 
 

 
 

Figure 2.1.6: particles flowing through space 
 

■  
 
In the material description, then, attention is focused on specific material.  The piece of 
matter under consideration may change shape, density, velocity, and so on, but it is 
always the same piece of material.  On the other hand, in the spatial description, attention 
is focused on a fixed location in space.  Material may pass through this location during 
the motion, so different material is under consideration at different times. 
 
The spatial description is the one most often used in Fluid Mechanics since there is no 
natural reference configuration of the material as it is continuously moving.  However, 
both the material and spatial descriptions are used in Solid Mechanics, where the 
reference configuration is usually the stress-free configuration. 
 
 
2.1.3 Small Perturbations 
 
A large number of important problems involve materials which deform only by a 
relatively small amount.  An example would be the steel structural columns in a building 
under modest loading.  In this type of problem there is virtually no distinction to be made 

x motion of individual  
material particles 
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between the two viewpoints taken above and the analysis is simplified greatly (see later, 
on Small Strain Theory, §2.7). 
 
 
2.1.4 Problems 
 
1. The density of a material is given by 213 XX +=ρ  and the motion is given by the 

equations txXtxXxX −=−== 332211 ,, . 
(a) what kind of description is this for the density, and what kind of description is 

this for the motion? 
(b) re-write the density in terms of x – what is the name given to this description of 

the density? 
(c) is the density of any given material particle changing with time? 
(d) invert the motion equations so that X is the independent variable – what is the 

name given to this description of the motion? 
(e) draw the line element joining the origin to )0,1,1(  and sketch the position of this 

element of material at times 1=t  and 2=t . 
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2.2 Deformation and Strain 
 
A number of useful ways of describing the deformation of a material are discussed in this 
section.   
 
Attention is restricted to the reference and current configurations.  No consideration is 
given to the particular sequence by which the current configuration is reached from the 
reference configuration and so the deformation can be considered to be independent of 
time.  In what follows, particles in the reference configuration will often be termed 
“undeformed” and those in the current configuration “deformed”.  
 
In a change from Chapter 1, lower case letters will now be reserved for both vector- and 
tensor- functions of the spatial coordinates x, whereas upper-case letters will be reserved 
for functions of material coordinates X.  There will be exceptions to this, but it should be 
clear from the context what is implied. 
 
 
2.2.1 The Deformation Gradient 
 
The deformation gradient F is the fundamental measure of deformation in continuum 
mechanics.  It is the second order tensor which maps line elements in the reference 
configuration into line elements (consisting of the same material particles) in the current 
configuration. 
 
Consider a line element Xd  emanating from position X in the reference configuration 
which becomes xd  in the current configuration, Fig. 2.2.1.  Then, using 2.1.3, 
 

( ) ( )
( ) Xχ

XχXXχx
d

dd
Grad=

−+=
                 (2.2.1) 

 
A capital G is used on “Grad” to emphasise that this is a gradient with respect to the 
material coordinates1, the material gradient, Xχ ∂∂ / . 
 

 
 

Figure 2.2.1: the Deformation Gradient acting on a line element 
 
 

                                                 
1 one can have material gradients and spatial gradients of material or spatial fields – see later 

X x

F

Xd
xd
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It is customary to denote the motion vector-function χ  in 2.1.3 simply by x, i.e. 
( )t,Xxx = , so that 

 

J

i
iJ X

x
F

∂
∂

==
∂
∂

= ,Grad x
X
xF      Deformation Gradient          (2.2.2) 

 
with 
 

JiJi dXFdxdd == ,XFx      action of F                             (2.2.3) 
 

Lower case indices are used in the index notation to denote quantities associated with the 
spatial basis { }ie  whereas upper case indices are used for quantities associated with the 
material basis { }IE . 
 
Note that  
 

X
X
xx dd

∂
∂

=  

 
is a differential quantity and this expression has some error associated with it; the error 
(due to terms of order 2)( Xd  and higher, neglected from a Taylor series) tends to zero as 
the differential 0→Xd .  The deformation gradient (whose components are finite) thus 
characterises the deformation in the neighbourhood of a point X, mapping infinitesimal 
line elements Xd  emanating from X in the reference configuration to the infinitesimal 
line elements xd  emanating from x in the current configuration, Fig. 2.2.2. 
 

 
 

Figure 2.2.2: deformation of a material particle 
 
Example 
 
Consider the cube of material with sides of unit length illustrated by dotted lines in Fig. 
2.2.3.  It is deformed into the rectangular prism illustrated (this could be achieved, for 
example, by a continuous rotation and stretching motion).  The material and spatial 
coordinate axes are coincident.  The material description of the deformation is 

 

332112 3
1

2
16)( eeeXfx XXX ++−==  

 
and the spatial description is 

before after 
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332112
1 3

6
12)( EEExfX xxx +−== −  

 
 

 
 

Figure 2.2.3: a deforming cube 
 
Then 
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Once F is known, the position of any element can be determined with ease. For example, 
taking a line element T]0,0,[dad =X , T]0,2/,0[ dadd == XFx . 

■  
 
Homogeneous Deformations 
 
A homogeneous deformation is one where the deformation gradient is uniform, i.e. 
independent of the coordinates, and the associated motion is termed affine.  Every part of 
the material deforms as the whole does, and straight parallel lines in the reference 
configuration map to straight parallel lines in the current configuration, as in the above 
example.  Most examples to be considered in what follows will be of homogeneous 
deformations; this keeps the algebra to a minimum, but homogeneous deformation 
analysis is very useful in itself since most of the basic experimental testing of materials, 
e.g. the uniaxial tensile test, involve homogeneous deformations. 
 
Rigid Body Rotations and Translations 
 
One can add a constant vector c to the motion, cxx += , without changing the 
deformation,  ( ) xcx GradGrad =+ .  Thus the deformation gradient does not take into 
account rigid-body translations of bodies in space.  If a body only translates as a rigid 
body in space, then IF = , and cXx += .  If there is no motion, then not only is IF = , 
but Xx = . 
 

11, xX

22 , xX

33 , xX

D

A
B

C

E

E ′

D′
B′

C ′
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If the body rotates as a rigid body (with no translation), then RF = , a rotation tensor 
(§1.10.8). 
 
The Inverse of the Deformation Gradient 
 
The inverse deformation gradient 1−F  carries the spatial line element dx to the material 
line element dX.  It is defined as 
 

j

I
jI x

X
F

∂
∂

==
∂
∂

= −− 11 ,grad X
x
XF      Inverse Deformation Gradient       (2.2.4) 

 
so that 

 
jIjI dxFdXdd 11 , −− == xFX      action of 1−F                        (2.2.5) 

 
with (see Eqn. 1.15.2) 
 

IFFFF == −− 11           ijjMiM FF δ=−1                                      (2.2.6) 
 
Cartesian Base Vectors 
 
Explicitly, in terms of the material and spatial base vectors (see 1.14.3), 
 

jI
j

I
j

j

Ji
J

i
J

J

x
X

x

X
x

X

eEeXF

EeExF

⊗
∂
∂

=⊗
∂
∂

=

⊗
∂
∂

=⊗
∂
∂

=

−1
     (2.2.7) 

 
so that ( ) ( ) ( ) xeEEeXF ddXXxdXXxd iJJiMMJiJi =∂∂=⊗∂∂= //  and XxF dd =−1 . 
 
Because F and 1−F  act on vectors in one configuration to produce vectors in the other 
configuration, they are termed two-point tensors.  They are defined in both 
configurations.  This is highlighted by their having both reference and current base 
vectors E and e in their Cartesian representation 2.2.7. 
 
Here follow some important relations which relate scalar-, vector- and second-order 
tensor-valued functions in the material and spatial descriptions {▲Problem 1}. 
 

T

1

1

:Graddiv
Gradgrad
Gradgrad

−

−

−

=

=

=

FAa
FVv
Fφφ

               (2.2.8) 

 
Here, φ  is a scalar; V and v are the same vector, the former being a function of the 
material coordinates, the material description, the latter a function of the spatial 
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coordinates, the spatial description.  Similarly, A is a second order tensor in the material 
form and a is the equivalent spatial form. 
 
 
Example 
 
Consider the deformation 
 

( ) ( ) ( )
( ) ( ) ( ) 321221321

332122132

25
32

EEEX
eeex

xxxxxx
XXXXXX

−−+−+++=
+++−+−=

 

 
so that 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
= −

021
010
151

,
131
010
120

1FF  

 
Consider the vector ( ) ( ) ( ) 33123

2
2121 32)( eeexv xxxxxx +++−+−=  which, in the 

material description, is 
 

( ) ( ) ( ) 3212
2
2321132 53325)( EEEXV XXXXXXXX ++−+++−=  

 
The material and spatial gradients are 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
=

101
160
012

grad,
051
1631
250

Grad 22 xX vV  

 
and it can be seen that 
 

vFV grad
101
160
012

101
160
012

Grad 22
1 =

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=− xX  

■  
 
 
2.2.2 The Cauchy-Green Strain Tensors 
 
The deformation gradient describes how a line element in the reference configuration 
maps into a line element in the current configuration.  Other useful measures of 
deformation are the Left Cauchy-Green Strain and Right Cauchy-Green Strain 
tensors.  They give a measure of how the lengths of line elements and angles between line 
elements (through the vector dot product) change between configurations. 
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The Right Cauchy-Green Strain 
 
Consider two line elements in the reference configuration )2()1( , XX dd  which are mapped 
into the line elements )2()1( , xx dd  in the current configuration.  Then, using 1.10.3d, 
 

( ) ( )
( )

)2()1(

)2(T)1(

)2()1()2()1(

XCX
XFFX
XFXFxx

dd
dd
dddd

=
=

⋅=⋅
     action of C                     (2.2.9) 

 
where, by definition, C is the right Cauchy-Green Strain2 
 

J

k

I

k
JkIkIJ X

x
X
x

FFC
∂
∂

∂
∂

=== ,TFFC      Right Cauchy-Green Strain     (2.2.10) 

 
It is a symmetric, positive definite (cf. §1.11.2), tensor (see Eqn. 2.2.17 below), which 
implies that it has real positive eigenvalues, and this has important consequences (see 
later).  Explicitly in terms of the base vectors, 
 

JI
J

k

I

k
Jm

J

m
kI

i

k

X
x

X
x

X
x

X
x

EEEeeEC ⊗
∂
∂

∂
∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⊗

∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⊗

∂
∂

= .    (2.2.11) 

 
Just as the line element Xd  is a vector defined in and associated with the reference 
configuration, C is defined in and associated with the reference configuration, acting on 
vectors in the reference configuration, and so is called a material tensor. 
 
The inverse of C, C-1, is called the Piola deformation tensor. 
 
The Left Cauchy-Green Strain 
 
Consider now the following, using Eqn. 1.10.18c: 

 
( ) ( )

( )
)2(1)1(

)2(1T)1(

)2(1)1(1)2()1(

xbx
xFFx

xFxFXX

dd
dd

dddd

−

−−

−−

=

=

⋅=⋅

     action of 1b−              (2.2.12) 

 
where, by definition, b is the left Cauchy-Green Strain, also known as the Finger tensor: 
 

K

j

K

i
KjKiij X

x
X
x

FFb
∂

∂

∂
∂

=== ,TFFb      Left Cauchy-Green Strain       (2.2.13) 

 
Again, this is a symmetric, positive definite tensor, only here, b is defined in the current 
configuration and so is called a spatial tensor. 
 
The inverse of b, b-1, is called the Cauchy deformation tensor. 
                                                 
2 “right” because F is on the right of the formula 
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It can be seen that the right and left Cauchy-Green tensors are related through 
 

-1-1 , FCFbbFFC ==     (2.2.14) 
 
Note that tensors can be material (e.g. C), two-point (e.g. F) or spatial (e.g. b).  Whatever 
type they are, they can always be described using material or spatial coordinates through 
the motion mapping 2.1.3, that is, using the material or spatial descriptions.  Thus one 
distinguishes between, for example, a spatial tensor, which is an intrinsic property of a 
tensor, and the spatial description of a tensor. 
 
The Principal Scalar Invariants of the Cauchy-Green Tensors 
 
Using 1.10.10b, 
 

( ) ( ) bFFFFC trtrtrtr TT ===     (2.2.15) 
 
This holds also for arbitrary powers of these tensors, nn bC trtr = , and therefore, from 
Eqn. 1.11.17, the invariants of C and b are equal. 
 
 
2.2.3 The Stretch 
 
The stretch (or the stretch ratio) λ  is defined as the ratio of the length of a deformed 
line element to the length of the corresponding undeformed line element: 
 

X
x

d
d

=λ  The Stretch    (2.2.16) 

 
From the relations involving the Cauchy-Green Strains, letting XXX ddd ≡= )2()1( , 

xxx ddd ≡= )2()1( , and dividing across by the square of the length of Xd  or xd , 
 

xbx
x
X

XCX
X
x

ˆˆ,ˆˆ 1

2

2

2

2 dd
d
d

dd
d
d −− =⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
==⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
= λλ                     (2.2.17) 

 
Here, the quantities XXX ddd /ˆ =  and xxx ddd /ˆ =  are unit vectors in the directions of 

Xd  and xd .  Thus, through these relations, C and b determine how much a line element 
stretches (and, from 2.2.17, C and b can be seen to be indeed positive definite). 
 
One says that a line element is extended, unstretched or compressed according to 1>λ , 

1=λ  or 1<λ . 
 
 
 
 
 



Section 2.2 

Solid Mechanics Part III                                                                                Kelly 214

 Stretching along the Coordinate Axes 
 
Consider now three line elements lying along the three coordinate axes3.  Suppose that the 
material deforms in a special way, such that these line elements undergo a pure stretch, 
that is, they change length with no change in the right angles between them.  If the 
stretches in these directions are 1λ , 2λ  and 3λ , then  
 

333222111 ,, XxXxXx λλλ ===         (2.2.18) 
 
and the deformation gradient has only diagonal elements in its matrix form: 
 

JiiJiF δλ
λ

λ
λ

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
= ,

00
00
00

3

2

1

F    (no sum)   (2.2.19) 

 
The axes are in this case called the principal axes of the material and the stretches are 
called the principal stretches.  Line elements not on these three axes will in general 
stretch/contract and rotate relative to each other.  A spherical element of material will 
deform into an ellipsoid, with the axes of the ellipsoid coincident with the base vectors.  

For example, a line element T]0,,[ αα=Xd  stretches by ( ) 2/ˆˆ 2
2

2
1

T λλλ +== XFFX dd  
with T

21 ]0,,[ αλαλ=xd , and rotates if 21 λλ ≠ . 
 
The Case of F Real and Symmetric 
 
Consider now another special deformation, where F is a real symmetric tensor, in which 
case the eigenvalues are real and the eigenvectors form an orthonormal basis (cf. §1.11.2).  
In any given coordinate system, F will in general result in the stretching of line elements 
and the changing of the angles between line elements.  However, if one chooses a 
coordinate set to be the eigenvectors of F, then from Eqn. 1.10.11-12 one can write 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=⊗= ∑

=
3

2

13

1 00
00
00

,ˆˆ
λ

λ
λ

λ FNnF
i

iii     (2.2.20) 

 
where 321 ,, λλλ  are the eigenvalues of F  – the eigenvectors4 are the principal axes and 
the eigenvalues are the principal stretches.  This indicates that as long as F is real and 
symmetric, one can always find a coordinate system along whose axes the material 
undergoes a pure stretch, with no rotation.  Again a spherical element of material will 
deform into an ellipsoid, but now the axes of the ellipsoid coincide with the principal axes 
of F. 
 

                                                 
3 with the material and spatial basis vectors coincident 
4 in̂  are the eigenvectors of ie , IN̂  of iÊ , with in̂ , IN̂  coincident; when the bases are not coincident, the 
notion of rotating line elements becomes ambiguous – this topic will be examined later in the context of 
objectivity 
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2.2.4 The Green-Lagrange and Euler-Almansi Strain Tensors 
 
Whereas the left and right Cauchy-Green tensors give information about the change in 
angle between line elements and the stretch of line elements, the Green-Lagrange strain 
and the Euler-Almansi strain tensors directly give information about the change in the 
squared length of elements. 
 
Specifically, when the Green-Lagrange strain E operates on a line element dX, it gives 
(half) the change in the squares of the undeformed and deformed lengths: 
 

{ }

( ){ }

XXE

XICX

XXXXC
Xx

dd

dd

dddd
dd

≡

−=

⋅−=
−

2
1
2
1

2

22

      action of E         (2.2.21) 

 
where 
 

( ) ( ) ( )JIJIJI CE δ−=−=−=
2
1,

2
1

2
1 T IFFICE      Green-Lagrange Strain      (2.2.22) 

 
It is a symmetric positive definite material tensor.  Similarly, the (symmetric spatial) 
Euler-Almansi strain tensor is defined through 
 

xex
Xx

dd
dd

=
−

2

22

     action of e                          (2.2.23) 

 
and 
 

( ) ( )1T1

2
1

2
1 −−− −=−= FFIbIe      Euler-Almansi Strain           (2.2.24) 

 
Physical Meaning of the Components of E 
 
Take a line element in the 1-direction, [ ]T1)1( 0,0,dXd =X , so that [ ]T)1( 0,0,1ˆ =Xd .  The 
square of the stretch of this element is 
 

( ) ( )1
2
11

2
1ˆˆ 2

)1(111111)1()1(
2

)1( −=−=→== λλ CECdd XCX  

 
The unit extension is ( ) 1/ −=− λXXx ddd .  Denoting the unit extension of )1(Xd  by 

)1(E , one has 
 

2
)1()1(11 2

1 EE +=E      (2.2.25) 
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and similarly for the other diagonal elements 3322 , EE . 
 
When the deformation is small, 2

)1(E  is small in comparison to )1(E , so that )1(11 E=E .  
For small deformations then, the diagonal terms are equivalent to the unit extensions. 
 
Let 12θ  denote the angle between the deformed elements which were initially parallel to 
the 1X  and 2X  axes.  Then 
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x

 (2.2.26) 

 
and similarly for the other off-diagonal elements.  Note that if 2/12 πθ = , so that there is 
no angle change, then 012 =E .  Again, if the deformation is small, then 2211, EE  are 
small, and  
 

12121212 2cos
2

sin
2

E≈=⎟
⎠
⎞

⎜
⎝
⎛ −≈− θθπθπ               (2.2.27) 

 
In words: for small deformations, the component 12E  gives half the change in the original 
right angle. 
 
 
2.2.5 Stretch and Rotation Tensors 
 
The deformation gradient can always be decomposed into the product of two tensors, a 
stretch tensor and a rotation tensor (in one of two different ways, material or spatial 
versions).  This is known as the polar decomposition, and is discussed in §1.11.7.  One 
has 
 

RUF =  Polar Decomposition  (Material)             (2.2.28) 
 
Here, R is a proper orthogonal tensor, i.e. IRR =T  with 1det =R , called the rotation 
tensor.  It is a measure of the local rotation at X. 
 
U is a unique symmetric tensor, called the right stretch tensor.  It is a measure of the 
local stretching (or contraction) of material at X.  Consider a line element dX.  Then  
 

XRUXFx ˆˆˆ ddd ==λ      (2.2.29) 
 
and so {▲Problem 1} 
 

XUUX ˆˆ2 dd ⋅=λ      (2.2.30) 
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Thus (this is a definition of U) 
 

( )UUCCU ==  The Right Stretch Tensor     (2.2.31) 
 
From 2.2.30, the right Cauchy-Green strain C (and by consequence the Euler-Lagrange 
strain E) only give information about the stretch of line elements; it does not give 
information about the rotation that is experienced by a particle during motion.  The 
deformation gradient F, however, contains information about both the stretch and rotation.  
It can also be seen from 2.2.30-1 that U is a material tensor. 
 
Note that, since 
 

( )XURx dd = , 
 
the undeformed line element is first stretched by U and is then rotated by R into the 
deformed element xd  (the element may also undergo a rigid body translation c), Fig. 
2.2.4.  R is a two-point tensor. 
 

 
 

Figure 2.2.4: the polar decomposition 
 
Evaluation of U 
 
In order to evaluate U, it is necessary to evaluate C .  To evaluate the square-root, C 
must first be obtained in relation to its principal axes, so that it is diagonal, and then the 
square root can be taken of the diagonal elements (see §1.11.6).  Then the tensor needs to 
be transformed back to the original coordinate system. 
 
Example 
 
Consider the motion 
 

33212211 ,,22 XxXXxXXx =+=−=  
 
The (homogeneous) deformation of a unit square in the 21 xx −  plane is as shown in Fig. 
2.2.5. 
 

undeformed 

stretched 

final 
configuration 

principal 
material 

axes 
R
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Figure 2.2.5: deformation of a square 
 
One has 
 

[ ] ( ) [ ] [ ] ( )jiji EEFFCEeF ⊗
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
==⊗

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
= :basis

100
053
035

,:basis
100
011
022

T  

 
Note that F is not symmetric, so that it might have only one real eigenvalue (in fact here it 
does have complex eigenvalues), and the eigenvectors may not be orthonormal.  C, on the 
other hand, by its very definition, is symmetric; it is in fact positive definite and so has 
positive real eigenvalues forming an orthonormal set. 
 
To determine the principal axes of C, it is necessary to evaluate the 
eigenvalues/eigenvectors of the tensor.  The eigenvalues are the roots of the characteristic 
equation 1.9.34, 
 

0IIIIII 23 =−+− CCC ααα  
 
and the first, second and third invariants of the tensor are given by 1.9.37 so that 

0162611 23 =−+− ααα , with roots 1,2,8=α .  The three corresponding eigenvectors 
are found from 1.9.40, 
 

0ˆ)1(
0ˆ)5(ˆ3
0ˆ3ˆ)5(

0ˆ)(ˆˆ
0ˆˆ)(ˆ
0ˆˆˆ)(

3

21

21

333232131

323222121

313212111

=−
=−+−
=−−

→
=−++
=+−+
=++−

N
NN
NN

NCNCNC
NCNCNC
NCNCNC

α
α

α

α
α

α
 

 
Thus (normalizing the eigenvectors so that they are unit vectors, and form a right-handed 
set, Fig. 2.2.6): 
 
(i)  for 8=α , 0ˆ7,0ˆ3ˆ3,0ˆ3ˆ3 32121 =−=−−=−− NNNNN ,  22

1
12

1
1

ˆ EEN −=  

(ii)  for 2=α , 0ˆ,0ˆ3ˆ3,0ˆ3ˆ3 32121 =−=+−=− NNNNN ,  22
1

12
1

2
ˆ EEN +=  

(iii) for 1=α , 0ˆ0,0ˆ4ˆ3,0ˆ3ˆ4 32121 ==+−=− NNNNN ,  33
ˆ EN =   

 

11, xX

32 , xX
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Figure 2.2.6: deformation of a square 
 
Thus the right Cauchy-Green strain tensor C, with respect to coordinates with base 
vectors 11 N̂E =′ , 22 N̂E =′  and 33 N̂E =′ , that is, in terms of principal coordinates, is 
 

[ ] ji NNC ˆˆ:basis
100
020
008

⊗
⎥
⎥
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⎢
⎢
⎣

⎡
=  

 
This result can be checked using the tensor transformation formulae 1.10.3b, 
[ ] [ ] [ ][ ]QCQC T=′ , where Q is the transformation matrix of direction cosines (see also the 
example at the end of §1.4.2), 
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eeeeee
eeeeee
eeeeee
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The stretch tensor U, with respect to the principal directions is 
 

[ ] [ ] ji NNCU ˆˆ:basis
00

00
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100
020
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1
⊗

⎥
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==
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These eigenvalues of U (which are the square root of those of C) are the principal 
stretches and, as before, they are labeled 321 ,, λλλ . 
 
In the original coordinate system, using the inverse tensor transformation rule 1.10.3a, 
[ ] [ ][ ][ ]TQUQU ′= , 
 

[ ] ji EEU ⊗
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
= :basis
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so that 
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material 
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1N̂
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[ ] [ ] ji EeFUR ⊗
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
== − :basis

100
02/12/1
02/12/1

1  

 
and it can be verified that R is a rotation tensor, i.e. is proper orthogonal. 
 
Returning to the deformation of the unit square, the stretch and rotation are as illustrated 
in Fig. 2.2.7 – the action of U is indicated by the arrows, deforming the unit square to the 
dotted parallelogram, whereas R rotates the parallelogram through o45  as a rigid body to 
its final position; note that the line element along the diagonal (indicated by the heavy 
line) lies along a principal direction of U and therefore undergoes a  pure stretch. 
 
 

 
 

Figure 2.2.7: stretch and rotation of a square 
■  

 
Spatial Description 
 
A polar decomposition can be made in the spatial description.  In that case, 
 

vRF =   Polar Decomposition  (Spatial)            (2.2.32) 
 
Here v is a symmetric, positive definite second order tensor called the left stretch tensor, 
and bvv = , where b is the left Cauchy-Green tensor.  R is the same rotation tensor as 
appears in the material description.  Thus an elemental sphere can be regarded as first 
stretching into an ellipsoid, whose axes are the principal material axes (the principal axes 
of U), and then rotating; or first rotating, and then stretching into an ellipsoid whose axes 
are the principal spatial axes (the principal axes of v).  The end result is the same. 
 
The development in the spatial description is similar to that given above for the material 
description, and one finds by analogy with 2.2.30, 
 

xvvx ˆˆ 112 dd −−− ⋅=λ                                                     (2.2.33) 
 
In the above example, it turns out that v takes the simple diagonal form 
 

11, xX
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so the unit square rotates first and then undergoes a pure stretch along the coordinate axes, 
which are the principal spatial axes, and the sequence is now as shown in Fig. 2.2.9. 
 

 
 

Figure 2.2.8: stretch and rotation of a square in spatial description 
 
 
Relationship between the Material and Spatial Decompositions 
 
Comparing the two decompositions, one sees that the material and spatial tensors 
involved are related through 
 

TRURv = ,    TRCRb =       (2.2.34) 
 
Further, suppose that U has an eigenvalue λ  and an eigenvector N̂ .  Then NNU ˆˆ λ= , so 
that RNRUN λ= .  But vRRU = , so ( ) ( )NRNRv ˆˆ λ= .  Thus v also has an eigenvalue 
λ , but an eigenvector NRn ˆˆ = .  From this, it is seen that the rotation tensor R maps the 
principal material axes into the principal spatial axes.  It also follows that R and F can be 
written explicitly in terms of the material and spatial principal axes (compare the first of 
these with 1.10.25)5: 
 

ii NnR ˆˆ ⊗= ,          ∑∑
==

⊗=⊗==
3

1

3

1

ˆˆˆˆ
i

iii
i

iii NnNNRRUF λλ                (2.2.35) 

 
and the deformation gradient acts on the principal axes base vectors according to 
{▲Problem 4} 
 

iiii
i

ii
i

iiii NnFNnFnNFnNF ˆˆ,ˆ1ˆ,ˆ1ˆ,ˆˆ T1T λ
λλ

λ ==== −−             (2.2.36) 

                                                 
5 this is not a spectral decomposition of F (unless F happens to be symmetric, which it must be in order to 
have a spectral decomposition) 
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The representation of F and R in terms of both material and spatial principal base vectors 
in 2.3.35 highlights their two-point character. 
 
Other Strain Measures 
 
Some other useful measures of strain are 

 
The Hencky strain measure: UH ln≡  (material)   or    vh ln= (spatial) 
 
The Biot strain measure: IUB −=  (material) or  Ivb −=   (spatial) 

 
The Hencky strain is evaluated by first evaluating U along the principal axes, so that the 
logarithm can be taken of the diagonal elements. 
 
The material tensors H, B , C, U and E are coaxial tensors, with the same eigenvectors 

iN̂ .  Similarly, the spatial tensors h, b , b, v and e are coaxial with the same eigenvectors 

in̂ .  From the definitions, the spectral decompositions of these tensors are 
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                   (2.2.37) 

 
 
2.2.6 Some Simple Deformations 
 
In this section, some elementary deformations are considered. 
 
Pure Stretch 
 
This deformation has already been seen, but now it can be viewed as a special case of the 
polar decomposition.  The motion is 
 

333222111 ,, XxXxXx λλλ ===       Pure Stretch            (2.2.38) 
 
and the deformation gradient is 
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Here, IR =  and there is no rotation.  FU =  and the principal material axes are 
coincident with the material coordinate axes.  321 ,, λλλ , the eigenvalues of U, are the 
principal stretches. 
 
Stretch with rotation 
 
Consider the motion 
 

33212211 ,, XxXkXxkXXx =+=−=  
 
so that 
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where θtan=k .  This decomposition shows that the deformation consists of material 
stretching by )1(sec 2k+=θ , the principal stretches, along each of the axes, followed 
by a rigid body rotation through an angle θ  about the 03 =X  axis, Fig. 2.2.9.  The 
deformation is relatively simple because the principal material axes are aligned with the 
material coordinate axes (so that U is diagonal).  The deformation of the unit square is as 
shown in Fig. 2.2.9. 
 

 
 

Figure 2.2.9: stretch with rotation 
 
Pure Shear 
 
Consider the motion 
 

33212211 ,, XxXkXxkXXx =+=+=      Pure Shear           (2.2.39) 
 

11, xX
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so that 
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where, since F is symmetric, there is no rotation, and UF = .  Since the rotation is zero, 
one can work directly with U and not have to consider C.  The eigenvalues of U, the 
principal stretches, are 1,1,1 kk −+ , with corresponding principal directions 

22
1

12
1

1
ˆ EEN += , 22

1
12

1
2

ˆ EEN +−=  and 33
ˆ EN = .  

 
The deformation of the unit square is as shown in Fig. 2.2.10.  The diagonal indicated by 
the heavy line stretches by an amount k+1  whereas the other diagonal contracts by an 
amount k−1 .  An element of material along the diagonal will undergo a pure stretch as 
indicated by the stretching of the dotted box. 
 

 
 

Figure 2.2.10: pure shear 
 
 
Simple Shear 
 
Consider the motion 
 

3322211 ,, XxXxkXXx ==+=      Simple Shear            (2.2.40) 
 
so that 
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The invariants of C are 1III,3II,3I 22 =+=+= CCC kk  and the characteristic equation 
is 

01)1()3( 23 =−−++ λλλ k , so the principal values of C are 1,41 2
2
12

2
1 kkk +±+=λ .  

The principal values of U are the (positive) square-roots of these: 1,4 2
12

2
1 kk ±+=λ .  
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k
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These can be written as 1,tansec θθλ ±=  by letting k2
1tan =θ .  Three corresponding 

eigenvectors of C are 
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or, normalizing so that they are of unit size, and writing in terms of θ , 
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The transformation matrix of direction cosines is then 
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so that, using the inverse transformation formula, [ ] [ ][ ][ ]TQUQU ′= , one obtains U in 
terms of the original coordinates, and hence 
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The deformation of the unit square is shown in Fig. 2.2.11 (for o7.5,2.0 == θk ).  The 
square first undergoes a pure stretch/contraction along the principal axes, and is then 
brought to its final position by a negative (clockwise) rotation of θ . 
 
For this deformation, 1det =F  and, as will be shown below, this means that the simple 
shear deformation is volume-preserving. 
 

 
 

Figure 2.2.11: simple shear 
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2.2.7 Displacement & Displacement Gradients 
 
The displacement of a material particle6 is the movement it undergoes in the transition 
from the reference configuration to the current configuration.  Thus, Fig. 2.2.12,7 
 

XXxXU −= ),(),( tt      Displacement (Material Description)              (2.2.41) 
 

),(),( tt xXxxu −=      Displacement (Spatial Description)                  (2.2.42) 
 
Note that U and u have the same values, they just have different arguments. 
 

 
 

Figure 2.2.12: the displacement 
 
 
Displacement Gradients 
 
The displacement gradient in the material and spatial descriptions, XXU ∂∂ /),( t  and 

xxu ∂∂ /),( t , are related to the deformation gradient and the inverse deformation gradient 
through 
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                 (2.2.43) 

 
and it is clear that the displacement gradients are related through (see Eqn. 2.2.8) 
 

1Gradgrad −= FUu           (2.2.44) 
 
The deformation can now be written in terms of either the material or spatial displacement 
gradients: 
 
                                                 
6 In solid mechanics, the motion and deformation are often described in terms of the displacement u.  In 
fluid mechanics, however, the primary field quantity describing the kinematic properties is the velocity v 
(and the acceleration va &= ) – see later.   
7 The material displacement U here is not to be confused with the right stretch tensor discussed earlier. 

X x

uU =
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grad)(
Grad)(
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            (2.2.45) 

 
Strains in terms of Displacement Gradients 
 
The strains can be written in terms of the displacement gradients.  Using 1.10.3b, 
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(2.2.46a) 
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(2.2.46b) 
 
Small Strain 
 
If the displacement gradients are small, then the quadratic terms, their products, are small 
relative to the gradients themselves, and may be neglected.  With this assumption, the 
Green-Lagrange strain E (and the Euler-Almansi strain) reduces to the small-strain 
tensor, 
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Since in this case the displacement gradients are small, it does not matter whether one 
refers the strains to the reference or current configurations – the error is of the same order 
as the quadratic terms already neglected8, so the small strain tensor can equally well be 
written as 
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8 although large rigid body rotations must not be allowed – see §2.7  
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2.2.8 The Deformation of Area and Volume Elements 
 
Line elements transform between the reference and current configurations through the 
deformation gradient.  Here, the transformation of area and volume elements is examined. 
 
The Jacobian Determinant 
 
The Jacobian determinant of the deformation is defined as the determinant of the 
deformation gradient, 
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=F      The Jacobian Determinant    (2.2.49) 

 
Equivalently, it can be considered to be the Jacobian of the transformation from material 
to spatial coordinates (see Appendix 1.B.2). 
 
From Eqn. 1.3.17, the Jacobian can also be written in the form of the triple scalar product 
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Consider now a volume element in the reference configuration, a parallelepiped bounded 
by the three line-elements )1(Xd , )2(Xd  and )3(Xd .  The volume of the parallelepiped9 is 
given by the triple scalar product (Eqns. 1.1.4): 
 

( ))3()2()1( XXX ddddV ×⋅=          (2.2.51) 
 
After deformation, the volume element is bounded by the three vectors )(idx , so that the 
volume of the deformed element is, using 1.9.16f, 
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        (2.2.52) 

 
Thus the scalar J is a measure of how the volume of a material element has changed with 
the deformation and for this reason is often called the volume ratio. 
 

dVJdv =  Volume Ratio       (2.2.53) 
 
                                                 
9 The vectors should form a right-handed set so that the volume is positive. 
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Since volumes cannot be negative, one must insist on physical grounds that 0>J .  Also, 
since F has an inverse, 0≠J .  Thus one has the restriction 
 

0>J        (2.2.54) 
 
Note that a rigid body rotation does not alter the volume, so the volume change is 
completely characterised by the stretching tensor U.  Three line elements lying along the 
principal directions of U form an element with volume dV , and then undergo pure stretch 
into new line elements defining an element of volume dVdv 321 λλλ= , where iλ  are the 
principal stretches, Fig. 2.2.13.  The unit change in volume is therefore also 
 

1321 −=
− λλλ
dV

dVdv      (2.2.55) 

 

 
 

Figure 2.2.13: change in volume 
 
For example, the volume change for pure shear is 2k−  (volume decreasing) and, for 
simple shear, is zero (cf. Eqn. 2.2.39 et seq., 01)1)(tan)(sectan(sec =−−+ θθθθ ). 
 
An incompressible material is one for which the volume change is zero, i.e. the 
deformation is isochoric.  For such a material, 1=J , and the three principal stretches are 
not independent, but are constrained by 
 

1321 =λλλ  Incompressibility Constraint                   (2.2.56) 
 
 
Nanson’s Formula 
 
Consider an area element in the reference configuration, with area dS , unit normal N̂ , 
and bounded by the vectors )2()1( , XX dd , Fig. 2.2.14.  Then 
 

)2()1(ˆ XXN dddS ×=        (2.2.57) 
 
The volume of the element bounded by the vectors )2()1( , XX dd  and some arbitrary line 
element Xd  is XN ddSdV ⋅= ˆ .  The area element is now deformed into an element of 

current 
configuration 

reference 
configuration 

principal material 
axes 

dV dVdv 321 λλλ=
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area ds  with normal n̂  and bounded by the line elements )2()1( , xx dd .  The volume of the 
new element bounded by the area element and XFx dd =  is then 
 

XNXFnxn ddSJddsddsdv ⋅≡⋅=⋅= ˆˆˆ       (2.2.58) 
 

 
 

Figure 2.2.14: change of surface area 
 
Thus, since dX is arbitrary, and using 1.10.3d, 
 

dSJds NFn ˆˆ T−=  Nanson’s Formula   (2.2.59) 
 
Nanson’s formula shows how the vector element of area dsn̂  in the current 
configuration is related to the vector element of area dSN̂  in the reference configuration. 
 
 
2.2.9 Inextensibility and Orientation Constraints 
 
A constraint on the principal stretches was introduced for an incompressible material, 
2.2.56.  Other constraints arise in practice.  For example, consider a material which is 
inextensible in a certain direction, defined by a unit vector Â  in the reference 
configuration.  It follows that 1ˆ =AF  and the constraint can be expressed as 2.2.17,  

 
1ˆˆ =ACA      Inextensibility Constraint               (2.2.60) 

 
If there are two such directions in a plane, defined by Â  and B̂ , making angles θ  and φ  
respectively with the principal material axes 21

ˆ,ˆ NN , then 
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1 cos1cos −=−=− .  It follows that θφ = , πθφ += , 
πφθ =+  or πφθ 2=+  (or 121 == λλ , i.e. no deformation). 
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Similarly, one can have orientation constraints.  For example, suppose that the direction 
associated with the vector Â  maintains that direction.  Then 
 

AAF ˆˆ μ=      Orientation Constraint                 (2.2.61) 
 
for some scalar 0>μ . 
 
 
2.2.10 Problems 
 
1. In equations 2.2.8, one has from the chain rule 
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Derive the other two relations. 
2. Use IRR =T , UU =T , and 1.10.3e to show that 

X
XUU

X
X

d
d

d
d

⋅=2λ  

3. For the deformation 
3213322311 22,2,2 XXXxXXxXXx ++−=−=+=  

(a) Determine the Deformation Gradient and the Right Cauchy-Green tensors 
(b) Consider the two line elements 2

)2(
1

)1( , eXeX == dd  (emanating from (0,0,0)).  
Use the Right Cauchy Green tensor to determine whether these elements in the 
current configuration ( )2()1( , xx dd ) are perpendicular. 

(c) Use the right Cauchy Green tensor to evaluate the stretch of the line element 
21 eeX +=d , and hence determine whether the element contracts, stretches, or 

stays the same length after deformation. 
(d) Determine the Green-Lagrange and Eulerian strain tensors 
(e) Decompose the deformation into a stretching and rotation (check that U is 

symmetric and R is orthogonal).  What are the principal stretches? 
4. Derive Equations 2.2.36. 
5. For the deformation 

32332211 ,, XaXxXXxXx +=+==  
(a) Determine the displacement vector in both the material and spatial forms 
(b) Determine the displaced location of the particles in the undeformed state which 

originally comprise 
(i) the plane circular surface )1/(1,0 22

3
2
21 aXXX −=+=  

(ii) the infinitesimal cube with edges along the coordinate axes of length 
ε=idX  

Sketch the displaced configurations if 2/1=a  
6. For the deformation 

313322211 ,, XaXxaXXxaXXx +=+=+=  
(a) Determine the displacement vector in both the material and spatial forms 
(b) Calculate the full material strain tensor and the full spatial strain tensor 
(c) Calculate the infinitesimal strain tensor as derived from the material and spatial 

tensors, and compare them for the case of very small a. 
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7. In the example given above on the polar decomposition, §2.2.5, check that the 
relations 3,2,1, == iii nCn λ  are satisfied (with respect to the original axes).  Check 
also that the relations 3,2,1, =′=′ iii nnC λ  are satisfied (here, the eigenvectors are the 
unit vectors in the second coordinate system, the principal directions of C, and C is 
with respect to these axes, i.e. it is diagonal). 



Section 2.3 

Solid Mechanics Part III                                                                                Kelly 233

2.3 Deformation and Strain: Further Topics 
 
 
2.3.1 Volumetric and Isochoric Deformations 
 
When analysing materials which are only slightly incompressible, it is useful to 
decompose the deformation gradient multiplicatively, according to 
 

( ) FFIF 3/13/1 JJ ==             (2.3.1) 
 
From this definition {▲Problem 1}, 
 

1det =F             (2.3.2) 
 
and so F  characterises a volume preserving (distortional or isochoric) deformation.  The 
tensor I3/1J  characterises the volume-changing (dilational or volumetric) component of 
the deformation, with ( ) JJ == FI detdet 3/1 . 
 
This concept can be carried on to other kinematic tensors.  For example, with FFC T= ,  
 

CFFC 3/2T3/2 JJ ≡= .    (2.3.3) 
 
F  and C  are called the modified deformation gradient and the modified right 
Cauchy-Green tensor, respectively.  The square of the stretch is given by 
 

{ }XCXXCX ˆˆˆˆ 3/22 ddJdd ==λ     (2.3.4) 
 
so that λλ 3/1J= , where λ  is the modified stretch, due to the action of C .  Similarly, 
the modified principal stretches are 
 

ii J λλ 3/1−= ,     3,2,1=i               (2.3.5) 
 
with 
 

1det 321 == λλλF                                                (2.3.6) 
 
The case of simple shear discussed earlier is an example of an isochoric deformation, in 
which  the deformation gradient and the modified deformation gradient coincide,  

II =3/1J . 
 
 
2.3.2 Relative Deformation 
 
It is usual to use the configuration at )0,( =tX  as the reference configuration, and define 
quantities such as the deformation gradient relative to this reference configuration.  As 
mentioned, any configuration can be taken to be the reference configuration, and a new 
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deformation gradient can be constructed with respect to this new reference configuration.  
Further, the reference configuration does not have to be fixed, but could be moving also. 
 
In many cases, it is useful to choose the current configuration ),( tx  to be the reference 
configuration, for example when evaluating rates of change of kinematic quantities (see 
later).  To this end, introduce a third configuration: this is the configuration at some time 

τ=t  and the position of a material particle X here is denoted by ),(ˆ τXχx = , where χ  is 
the motion function.  The deformation at this time τ  relative to the current configuration 
is called the relative deformation, and is denoted by ),(ˆ )( τxχx t= , as illustrated in Fig. 
2.3.1. 
 

 
 

Figure 2.3.1: the relative deformation 
 
 
The relative deformation gradient tF  is defined through 
 

xxFx dd t ),(ˆ τ= ,       
x
xF
∂
∂

=
ˆ

t           (2.3.7) 

 
Also, since XXFx dtd ),(=  and XXFx dd ),(ˆ τ= , one has the relation 
 

),(),(),( tt XFxFXF ττ =     (2.3.8) 
 
Similarly, relative strain measures can be defined, for example the relative right Cauchy-
Green strain tensor is 
 

( ) ( ) ( )τττ ttt FFC T=      (2.3.9) 
 
Example 
 
Consider the two-dimensional motion 
 

initial 
configuration 

current 
configuration 

configuration 
at τ=t  

t,X

),( tXχ

),( τXχ

),()( τxχ t

),(
),(ˆ

)( τ
τ
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=
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),(

)( t
t

t xχ
Xχx

=
=

tF

F

relative 
deformation 
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)1(, 2211 +== tXxeXx t  
 
Inverting these gives the spatial description )1/(, 2211 +== − txXexX t , and the relative 
deformation is 
 

)1/()1()1(),(ˆ
),(ˆ

222

111

++=+=
== −

txXx
exeXx t

τττ
τ ττ

x
x

 

 
The deformation gradients are 
 

2211

2211

)1/()1(
ˆ

),(

)1(),(

eeeeeexF

EeEeEeXF

⊗+++⊗=⊗
∂
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∂
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=

− te
x
x

te
X
x

t

t
ji

j

i
t

t
ji

j

i

ττ τ
 

■ 
 
 
2.3.3 Derivatives of the Stretch 
 
In this section, some useful formulae involving the derivatives of the stretches with 
respect to the Cauchy-Green strain tensors are derived. 
  
Derivatives with respect to b 
 
First, take the stretches to be functions of the left Cauchy-Green strain b.  Write b using 
the spatial principal directions in̂  as a basis, 2.2.37, so that the total differential can be 
expressed as 
 

[ ]∑
=

⊗+⊗+⊗=
3

1

2 ˆˆˆˆˆˆ2
i

iiiiiiiii dddd nnnnnnb λλλ              (2.3.10) 

 
Since ijji δ=⋅nn ˆˆ , then 
 

[ ] iiiiiiiiiii ddddd λλλλλ 2ˆˆˆˆ2ˆˆ 2 =⋅+⋅+= nnnnnbn  (no sum over i)          (2.3.11) 
 
This last follows since the change in a vector of constant length is always orthogonal to 
the vector itself (as in the curvature analysis of §1.6.2).  Using the property 

)(: vuTuTv ⊗= , one has (summing over the k but not over the i; here ikik dd δλλ =/ ) 
 

1)ˆˆ(:
2
12)ˆˆ(:)ˆˆ(: =⊗

∂
∂

→=⊗
∂
∂

≡⊗ ii
ii

iiiik
k

ii ddd nnbnnbnnb
λλ

λλλ
λ

    (2.3.12) 

 
Then, since bb ∂∂∂∂ /:/ ii λλ  is also equal to 1, one has 
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)ˆˆ(
2
1:)ˆˆ(:

2
1

ii
i

ii

i
ii

ii

nn
bb

bnnb
⊗=

∂
∂

→
∂
∂

∂
∂

=⊗
∂
∂

λ
λλ

λλλ
                 (2.3.13) 

 
The chain rule then gives the second derivative. 
 
The above analysis is for distinct principal stretches.  When λλλλ ≡== 321 , then 

Ib 2λ= , Ib λλdd 2= .  Also, ( ) λλ dd ∂∂= /3 bb , so ( ) Ib λλ 2/3 =∂∂ , or  
 

b
I

b
b

∂
∂

=
∂
∂

∂
∂ λλλ
λ

:2:3              (2.3.14) 

 
But 1/:/ =∂∂∂∂ bb λλ  and II :3 = , and so in this case, λλ 2// Ib =∂∂ . 
 
A similar calculation can be carried out for two equal eigenvalues 321 λλλλ ≠== .  In 
summary, 
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          (2.3.15) 

 
Derivatives with respect to C 
 
The stretch can also be considered to be a function of the right Cauchy-Green strain C.  
The derivatives of the stretches with respect to C can be found in exactly the same way as 
for the left Cauchy-Green strain.  The results are the same as given in 2.3.15 except that, 
referring to 2.2.37, b is replaced by C and n̂  is replaced by N̂ . 
 
 
2.3.4 The Directional Derivative of Kinematic Quantities 
 
The directional derivative of vectors and tensors was introduced in §1.6.11 and §1.15.4.  
Taking directional derivatives of kinematic quantities is often very useful, for example in 
linearising equations in order to apply numerical solution algorithms 
 
The Deformation Gradient 
 
First, consider the deformation gradient as a function of the current position x (or motion 
χ ) and examine its value at ax + : 
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[ ] ( )aaFxFaxF x o+∂+=+ )()(                                             (2.3.16) 

 
The directional derivative [ ] ( )axFaFx ∂∂=∂ /  can be expressed as 
 

[ ] ( )

( )

( )Fa
a

X
ax

axFaFx

grad
Grad

0

0

=
=

∂
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=

+=∂

=

=

ε
ε

ε
ε

ε

ε

d
d
d
d

                                              (2.3.17) 

 
the last line resulting from 2.2.8b.  It follows that the directional derivative of the 
deformation gradient in the direction of a displacement vector u from the current 
configuration is 
 

 [ ] ( )FuuFx grad=∂                                                     (2.3.18) 
 
On the other hand, consider the deformation gradient as a function of X and examine its 
value at AX + : 
 

[ ]AFXFAXF X∂+=+ )()(                                             (2.3.19) 
 
and now 
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+=∂
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=

=
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ε

ε

ε

ε

d
d
d
d
d
d

                                         (2.3.20) 

 
where FAa = . 
 
Other Kinematic Quantities 
 
The directional derivative of the Green-Lagrange strain, the right and left Cauchy-Green 
tensors and the Jacobian in the direction of a displacement u from the current 
configuration are  {▲Problem 2} 
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( ) ( )
uu

ubbuub

εFFuC

εFFuE

x

x

x

x

div][
gradgrad][

2][

][

T

T

T

JJ =∂
+=∂

=∂

=∂

                                (2.3.21) 

 
where ε  is the small-strain tensor, 2.2.48. 
 
The directional derivative is also useful for deriving various relations between the 
kinematic variables.  For example, for an arbitrary vector a, using the chain rule 1.15.28, 
2.3.20, 1.15.24, the trace relations 1.10.10e and 1.10.10b, and 2.2.8b, 1.14.9,   
 

( ) [ ]
[ ][ ]
( )[ ]
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( )( )

( )( )
( )( )

( )Fa
Fa

FFa
FaF
FaF

Fa
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aa

F
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div
gradtr
Gradtr
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Grad:

Grad

Grad

1

1
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J
J
J
J
J

J
J
JJ

=
=
=

=

=

∂=
∂∂=

∂=⋅

−

−

−

                                            (2.3.22) 

 
so that, from 1.14.16b with a constant, 
 

TdivGrad FJJ =                                             (2.3.23) 
 
 
2.3.5 Problems 
 
1. Use 1.10.16c to show that 1det =F . 
2. (a) use the relation ( )IFFE −= T

2
1 , Eqn. 2.3.18, ( )FuuFx grad][ =∂ , and the product 

rule of differentiation to derive 2.3.21a, εFFuEx
T][ =∂ , where ε  is the small 

strain tensor. 
(b) evaluate [ ]uCx∂  (in terms of F and ε , the small strain tensor) 
(c) evaluate [ ]ubx∂  (in terms of ugrad  and b) 
(d) evaluate [ ]ux J∂  (in terms of J and udiv ; use the chain rule [ ] [ ][ ]uFu xFx ∂∂=∂ JJ ˆ , 

with FF det)(ˆ =J , [ ] uuFx Grad=∂ ) 
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2.4 Material Time Derivatives 
 
The motion is now allowed to be a function of time, ( )t,Xχx = , and attention is given to 
time derivatives, both the material time derivative and the local time derivative. 
 
 
2.4.1 Velocity & Acceleration 
 
The velocity of a moving particle is the time rate of change of the position of the particle.  
From 2.1.3, by definition,  
 

dt
tdt ),(),( XχXV ≡                                                    (2.4.1) 

 
In the motion expression ( )t,Xχx = , X and t are independent variables and so X is 
independent of time, denoting the particle for which the velocity is being calculated.  The 
velocity can thus be written as tt ∂∂ /),(Xχ  or, denoting the motion by ),( tXx , as 

dttd /),(Xx  or tt ∂∂ /),(Xx . 
 
The spatial description of the velocity field may be obtained from the material description 
by simply replacing X with x, i.e. 
 

( )ttt ),,(),( 1 xχVxv −=                                                  (2.4.2) 
 
As with displacements in both descriptions, there is only one velocity, ),(),( tt xvXV =  –  
they are just given in terms of different coordinates. 
 
The velocity is most often expressed in the spatial description, as 
 

dt
dt xxxv == &),(        velocity                                    (2.4.3) 

 
To be precise, the right hand side here involves x which is a function of the material 
coordinates, but it is understood that the substitution back to spatial coordinates, as in 
2.4.2, is made. 
 
Similarly, the acceleration is defined to be 
 

2

2

2

2

2

2 ),(),(),(
t

t
dt
d

dt
d

dt
tdt

∂
∂

====
XχVxXχXA                              (2.4.4) 

 
The Local Rate of Change 
 
Note that the derivative dtd /V  in 2.4.4 (with X fixed) is not the same as the derivative 

t∂∂ /v  (with x fixed).  The former is the acceleration of a material particle X.  The latter 
is the time rate of change of the velocity of particles at a fixed location in space – this is 
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called the local rate of change of v; in general, different material particles will occupy 
position x at different times. 
 
 
2.4.2 The Material Derivative 
 
Suppose that the velocity in terms of spatial coordinates, ),( txvv =  is known; for 
example, one could have a measuring instrument which records the velocity at a specific 
location, but the motion χ  itself is unknown.  In that case, to evaluate the acceleration, the 
chain rule of differentiation must be applied: 
 

( )
dt
d

t
tt

dt
d x

x
vvxvv
∂
∂

+
∂
∂

=≡ ),(&    

 
or 
 

( )vvva grad+
∂
∂

=
t

       acceleration (spatial description)      (2.4.5) 

 
The acceleration can now be determined, because the derivatives can be determined 
(measured) without knowing the motion. 
 
In the above, the material derivative, or total derivative, of the particle’s velocity was 
taken to obtain the acceleration.  In general, one can take the time derivative of any 
physical or kinematic property ( )•  expressed in the spatial description: 
 

( ) ( ) ( )v•+•
∂
∂

=• grad
tdt

d
       Material Time Derivative     (2.4.6) 

 
For example, the rate of change of the density ),( txρρ =  of a particle instantaneously at 
x is 

 

v⋅+
∂
∂

=≡ ρρρρ grad
tdt

d
&     (2.4.7) 

 
The first term, t∂∂ /ρ , gives the local rate of change of density at x whereas the second 
term ρgrad⋅v  gives the change due to the particle’s motion, and is called the convective 
rate of change. 
 
The material derivative dtd /  can be applied to any scalar, vector or tensor: 
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grad
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d
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& αααα

      (2.4.8) 
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Another notation often used for the material derivative is DtD / : 
 

fixedX
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

≡≡≡
t
ff

dt
df

Dt
Df &      (2.4.9) 

 
Steady and Uniform Flows 
 
In a steady flow, quantities are independent of time, so the local rate of change is zero 
and, for example, v⋅= ρρ grad& .  In a uniform flow, quantities are independent of 
position so that, for example, t∂∂= /ρρ&  
 
Example 
 
Consider the motion 
 

331
2

222
2

11 ,, XxXtXxXtXx =+=+=  
 
The velocity and acceleration can be evaluated through 
 

21122

2

2112 22),(,22),( eexXAeexXV XX
dt
dttXtX

dt
dt +==+==  

 
One can write the motion in the spatial description by inverting the material description: 
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2
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Substituting in these equations then gives the spatial description of the velocity and 
acceleration: 
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Alternatively, the acceleration can be obtained directly from the spatial velocity field: 
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as before. 

■  
 
 
The Relationship between the Displacement and Velocity 
 
The velocity can be derived directly from the displacement 2.2.42: 

 

dt
d

dt
d

dt
d uXuxv =

+
==

)( ,         (2.4.10) 

 
or 
 

( )vuuuv grad+
∂
∂

==
tdt

d         (2.4.11) 

 
When the displacement field is given in material form one has 
 

dt
dUV =           (2.4.12) 

 
 
2.4.3 Problems 
 
1. The density of a material is given by  

xx ⋅
=

− te 2

ρ  

The velocity field is given by 
213132321 2,2,2 xxvxxvxxv +=−=+=  

Determine the time derivative of the density  (a) at a certain position x  in space, 
and (b) of a material particle instantaneously occupying position x. 
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2.5 Deformation Rates 
 
In this section, rates of change of the deformation tensors introduced earlier, F, C, E, etc., 
are evaluated, and special tensors used to measure deformation rates are discussed, for 
example the velocity gradient l, the rate of deformation d and the spin tensor w.  
 
 
2.5.1 The Velocity Gradient 
 
The velocity gradient is used as a measure of the rate at which a material is deforming.   
 
Consider two fixed neighbouring points, x and xx d+ , Fig. 2.5.1.  The velocities of the 
material particles at these points at any given time instant are )(xv  and )( xxv d+ , and 
 

x
x
vxvxxv dd
∂
∂

+=+ )()( , 

 
The relative velocity between the points is 
 

xlx
x
vv ddd ≡
∂
∂

=      (2.5.1) 

 
with l defined to be the (spatial) velocity gradient, 
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i
ij x

v
l

∂
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==
∂
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= ,grad v
x
vl  Spatial Velocity Gradient  (2.5.2) 

 

 
 

Figure 2.5.1: velocity gradient 
 
The spatial velocity gradient is commonly used in both solid and fluid mechanics.  Less 
commonly used is the material velocity gradient, which is related to the rate of change of 
the deformation gradient: 
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and use has been made of the fact that, since X and t are independent variables, material 
time derivatives and material gradients commute. 
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2.5.2 Material Derivatives of the Deformation Gradient 
 
The spatial velocity gradient may be written as 
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or 1−= FFl &  so that the material derivative of F can be expressed as 
 

FlF =&     Material Time Derivative of the Deformation Gradient     (2.5.4) 
 
Also, it can be shown that {▲Problem 1} 
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                                                       (2.5.5) 

 
 
2.5.3 The Rate of Deformation and Spin Tensors 
 
The velocity gradient can be decomposed into a symmetric tensor and a skew-symmetric 
tensor as follows (see §1.10.10): 
 

wdl +=         (2.5.6) 
 
where d is the rate of deformation tensor (or rate of stretching tensor) and w is the 
spin tensor (or rate of rotation, or vorticity tensor), defined by 
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   Rate of Deformation and Spin Tensors  

(2.5.7) 
 
The physical meaning of these tensors is next examined. 
 
The Rate of Deformation 
 
Consider first the rate of deformation tensor d and note that 
 

( )xvxl d
dt
ddd ==                                                (2.5.8) 
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The rate at which the square of the length of xd  is changing is then 
 

( ) ( )

( ) ( ) ( ) xdxxlxxxxxx
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ddddd
dt
dddd

dt
dd

dt
d

d
dt
ddd

dt
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222
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==⋅=⋅=

=
     (2.5.9) 

 
the last equality following from 2.5.6 and 1.10.31e.  Dividing across by 22 xd , then leads 
to 
 

ndn ˆˆ=
λ
λ&

 Rate of stretching per unit stretch in the direction n̂        (2.5.10) 

 
where Xx dd /=λ  is the stretch and xxn dd /ˆ =  is a unit normal in the direction of xd .  
Thus the rate of deformation d gives the rate of stretching of line elements.  The diagonal 
components of d, for example  
 

1111 dee=d , 
 
represent unit rates of extension in the coordinate directions. 
 
Note: 
• Eqn. 2.5.10 can also be derived as follows: let N̂  be a unit normal in the direction of Xd , and 

n̂  be the corresponding unit normal in the direction of xd .  Then XNFxn dd ˆˆ = , or NFn ˆˆ =λ . 

Differentiating gives NlFNFnn ˆˆˆˆ ==+ &&& λλ  or λλλ nlnn ˆˆˆ =+ && .  Contracting both sides with n̂  
leads to ( ) nlnnnnn ˆˆ/ˆˆˆˆ =⋅+⋅ λλ&& .  But 0)ˆˆ(1ˆˆ =⋅→=⋅ dtd nnnn  so, by the chain rule, 0ˆˆ =⋅nn &  
(confirming that a vector n̂  of constant length is orthogonal to a change in that vector n̂d ), and 
the result follows 

 
Consider now the rate of change of the angle θ  between two vectors )2()1( , xx dd .  Using 
2.5.8 and 1.10.3d, 
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                       (2.5.11) 

 
which reduces to 2.5.9 when )2()1( xx dd = .  An alternative expression for this dot product 
is 
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(2.5.12) 
 
Equating 2.5.11 and 2.5.12 leads to 
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where )()( / ii

i dd Xx=λ  is the stretch and )()( /ˆ ii
i dd xxn =  is a unit normal in the 

direction of )(idx . 
 
It follows from 2.5.13 that the off-diagonal terms of the rate of deformation tensor 
represent shear rates: the rate of change of the right angle between line elements aligned 
with the coordinate directions.  For example, taking the base vectors 11 n̂e = , 22 n̂e = , 
2.5.13 reduces to 

 

1212 2
1θ&−=d                               (2.5.14) 

 
where 12θ  is the original right angle between the axes.  
 
The Spin 
 
Consider now the spin tensor w; since it is skew-symmetric, it can be written in terms of 
its axial vector ω  (Eqn. 1.10.34), called the angular velocity vector: 
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       (2.5.15) 

 
(The vector ω2  is called the vorticity (or spin) vector.).  Thus when d is zero, the 
motion consists of a rotation about some axis at angular velocity ω=ω  (cf. the end of 
§1.10.11), with rωv ×= , r measured from a point on the axis, and vrωwr =×= . 
 
On the other hand, when dl = , 0w = , one has oω = , and the motion is called 
irrotational. 
 



Section 2.5 

Solid Mechanics Part III                                                                                Kelly 247

Example (Shear Flow) 
 
Consider a simple shear flow in which the velocity profile is “triangular” as shown in 
Fig. 2.5.2.  This type of flow can be generated (at least approximately) in many fluids by 
confining the fluid between plates a distance h apart, and by sliding the upper plate over 
the lower one at constant velocity V .  If the material particles adjacent to the upper plate 
have velocity 1eV , then the velocity field is 12ev xγ&= , where hV /=γ& .  Then 21 eel ⊗= γ&  
and 
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and, from 2.5.14, 12θγ && −= , the rate of change of the angle shown in Fig. 2.5.2. 
 

 
 

Figure 2.4.2: shear flow 
 
The eigenvalues of d are 2/,0 γλ &±=  ( 0det =d ) and the principal invariants, Eqn. 
1.11.17, are 0III,II,0I 2

4
1 =−== ddd γ& .  For 2/γλ &+= , the eigenvector is 

[ ]T0111 =n  and for 2/γλ &−= , it is [ ]T0112 −=n  (for 0=λ  it is 3e ).  (The 
eigenvalues and eigenvectors of w are complex.)  Relative to the basis of eigenvectors, 
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so at o45  there is an instantaneous pure rate of stretching/contraction of material. 
 
Choose the undeformed state to be the reference configuration, so 
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and 1212 Eev Xx γγ && == .  Then 
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This is a simple shear with tk γ&=  in Eqn. 2.2.40. 

■  
 
 
2.5.4 Other Rates of Strain Tensors 
 
From 2.2.9, 2.2.22, 
 

( ) XEXXCXxx dddddd
dt
d && ==⋅

2
1

2
1          (2.5.16) 

 
This can also be written in terms of spatial line elements: 
 

[ ] xFEFxXEX dddd 1T −−= &&                          (2.5.17) 
 
But from 2.5.9, these also equal xxddd , which leads to expressions for the material time 
derivatives of the right Cauchy-Green and Green-Lagrange strain tensors (also given here 
are expressions for the time derivatives of the left Cauchy-Green and Euler-Almansi 
tensors {▲Problem 3}) 
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        (2.5.18) 

 
Note that  
 

∫∫ = EE ddt&  
 
so that the integral of the rate of Green-Lagrange strain is path independent and, in 
particular, the integral of E&  around any closed loop (so that the final configuration is the 
same as the initial configuration) is zero.  However, in general, the integral of the rate of 
deformation, 
 

dt∫d  
 
is not independent of the path – there is no universal function h such that dtd /hd =  with 

∫∫ = hd ddt .  Thus the integral dt∫d  over a closed path may be non-zero, and hence the 
integral of the rate of deformation is not a good measure of the total strain. 
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The Hencky Strain 
 
The Hencky strain is, Eqn. 2.2.37, ( )∑ =

⊗=
3

1
ˆˆln

i iii nnh λ , where in  are the principal 
spatial axes.  Thus, if the principal spatial axes do not change with time, 

( )∑ =
⊗=

3

1
ˆˆ/

i iiii nnh λλ&& .  With the left stretch ∑ =
⊗=

3

1
ˆˆ

i iii nnv λ , it follows that (and 

similarly for the corresponding material tensors), 11 ln,ln −
⋅

−
⋅

=≡=≡ vvvhUUUH &&&& . 
 
For example, consider an extension in the coordinate directions, so 

∑ ∑= =
⊗=⊗===

3

1

3

1
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i i iiiiii NNnnvUF λλ .  The motion and velocity are 
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iiiiii xXxXx

λ
λ

λλ
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&& ===  

 
so iiid λλ /&=  (no sum), and hd &= .  Further, dt∫= dh .  Note that, as mentioned above, 
this expression does not hold in general, but does in this case of uniform extension. 
 
 
2.5.5 Material Derivatives of Line, Area and Volume Elements 
 
The material derivative of a line element dtdd /)( x  has been derived (defined) through 
2.4.8.  For area and volume elements, it is necessary first to evaluate the material 
derivative of the Jacobian determinant J.  From the chain rule, one has (see Eqns 1.15.11, 
1.15.7) 
 

( ) FFF
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== JJJ
dt
dJ          (2.5.19) 

 
Hence {▲Problem 4} 
 

v
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JJ

=
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=&

      (2.5.20) 

 
Since wdl +=  and 0tr =w , it also follows that dtrJJ =& . 
 
As mentioned earlier, an isochoric motion is one for which the volume is constant – thus 
any of the following statements characterise the necessary and sufficient conditions for an 
isochoric motion: 
 

0:,0tr,0div,0,1 T ===== − FFdv &&JJ         (2.5.21) 
 
Applying Nanson’s formula 2.2.59, the material derivative of an area vector element is 
{▲Problem 6} 
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( ) ( ) dsds
dt
d nlvn ˆdivˆ T−=      (2.5.22) 

 
Finally, from 2.2.53, the material time derivative of a volume element is 
 

( ) ( ) dvdVJJdV
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ddv
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d vdiv=== &         (2.5.23) 

 
 
Example (Shear and Stretch) 
 
Consider a sample of material undergoing the following motion, Fig. 2.4.3. 
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Figure 2.4.3: shear and stretch 
 
The deformation gradient and material strain tensors are 
 

( ) ( )( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−+=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

000
011
00

,
100
01
01

,
100
00
01

22
2
1

2
1

2
1

22 kk
k

kk
kk

λλ
λ

λλ
λ

λ
λ

ECF , 

 
the Jacobian λ== FdetJ , and the spatial strain tensors are 
 

( )

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡
−−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ +
=

000

011
00

,
100
0
01

2

22

2
1

2
1

2
1

22

222

λ
λλλ

λλ
kk

k

k
kk

eb  

11, xX

22 , xX

δ

k

γ
λ

λk



Section 2.5 

Solid Mechanics Part III                                                                                Kelly 251

This deformation can also be expressed as a stretch followed by a simple shear: 
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The velocity is 
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The velocity gradient is 
 

( )

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ +
==

000
0/0
0/0

λλ
λλ

&

&& kk

d
d

x
vl  

 
and the rate of deformation and spin are 
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Also 
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As expected, from 2.5.20, 
 

( ) λλλ &&& === /)(tr JJJ d  
■  

 
 
2.5.6 Problems 
 
1. (a) Differentiate the relation 1−= FFI  and use 2.5.4, FlF =& , to derive 2.5.5b, 

lFF 1
.

1 −− −= . 



Section 2.5 

Solid Mechanics Part III                                                                                Kelly 252

(b) Differentiate the relation TT −= FFI  and use 2.5.4, FlF =& , and 1.10.3e to derive 

2.5.5c, TT
.

T −− −= FlF . 
2. For the velocity field 

32133
2
222

2
11 3,2, xxxvxxvxxv ===  

determine the rate of stretching per unit stretch at (2,0,1) in the direction of the unit 
vector 

 ( ) 5/34 21 ee −  
And in the direction of 1e ? 

3. (a)   Derive the relation 2.5.18a, dFFC T2=&  directly from FFC T=  
(b) Use the definitions TFFb =  and 2/)( 1−−= bIe  to derive the relations 

2.5.18c,d: eleldebllbb −−=+= TT , &&  
4. Use 2.5.4, 2.5.19, 1.10.3h, 1.10.6, to derive 2.5.20.  
5. For the motion 33212

2
11 ,,3 tXxtXXxttXx =+=−= , verify that lFF =& .  What is 

the ratio of the volume element currently occupying )1,1,1(  to its volume in the 
undeformed configuration?  And what is the rate of change of this volume element, 
per unit current volume? 

6. Use Nanson’s formula 2.2.59, the product rule of differentiation, and 2.5.20, 2.5.5c, 
to derive the material time derivative of a vector area element, 2.5.22 (note that N̂ , 
a unit normal in the undeformed configuration, is constant). 
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2.6 Deformation Rates: Further Topics 
 
 
2.6.1 Relationship between l, d, w and the rate of change of R 

and U 
 
Consider the polar decomposition RUF = .  Since R is orthogonal, IRR =T , and a 
differentiation of this equation leads to 
 

TT RRRRΩR
&& −=≡              (2.6.1) 

 
with RΩ  skew-symmetric (see Eqn. 1.14.2).  Using this relation, the expression 1−= FFl & , 
and the definitions of d and w, Eqn. 2.5.7, one finds that {▲Problem 1} 
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Note that RΩ  being skew-symmetric is consistent with w being skew-symmetric, and that 
both w and d involve R, and the rate of change of U. 
 
When the motion is a rigid body rotation, then 0U =& , and 
 

TRRΩw R
&==         (2.6.3) 

 
 
2.6.2 Deformation Rate Tensors and the Principal Material and 

Spatial Bases 
 
The rate of change of the stretch tensor in terms of the principal material base vectors is 
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Consider the case when the principal material axes stay constant, as can happen in some 
simple deformations.  In that case, U&  and 1−U  are coaxial (see §1.11.5): 
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with UUUU && 11 −− =  and, as expected, from 2.5.25b, TRRΩw R
&== , that is, any spin is 

due to rigid body rotation. 
 
Similarly, from 2.2.37, and differentiating INN =⊗ ii

ˆˆ , 
 

{ }∑
=

⊗+⊗+⊗=
3

1

2
2
12

2
1 ˆˆˆˆˆˆ

i
iiiiiiiiii NNNNNNE &&&& λλλλ .         (2.6.6) 

 

Also, differentiating ijji δ=⋅NN ˆˆ  leads to jiji NNNN && ˆˆˆˆ ⋅−=⋅  and so the expression 
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is valid provided ijW  are the components of a skew-symmetric tensor, jiij WW −= .  This 
leads to an alternative expression for the Green-Lagrange tensor: 
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Similarly, from 2.2.37, the left Cauchy-Green tensor can be expressed in terms of the 
principal spatial base vectors: 
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Then, from inspection of 2.5.18c, Tbllbb +=& , the velocity gradient can be expressed as  
{▲Problem 2} 
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     (2.6.7) 

 
 
2.6.3 Rates of Change and the Relative Deformation 
 
Just as the material time derivative of the deformation gradient is defined as  
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one can define the material time derivative of the relative deformation gradient, cf. §2.3.2, 
the rate of change relative to the current configuration: 
 

ttt t
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τ
),(),( xFxF&             (2.6.8) 
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From 2.3.8, 1),(),(),( −= tt XFXFxF ττ , so taking the derivative with respect to τ  (t is 
now fixed) and setting t=τ  gives  
 

1),(),(),( −= tttt XFXFxF &&  
 
Then, from 2.5.4, 
 

),( tt xFl &=      (2.6.9) 
 
as expected – the velocity gradient is the rate of change of deformation relative to the 
current configuration.  Further, using the polar decomposition, 
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Differentiating with respect to τ  and setting t=τ  then gives 
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Relative to the current configuration, IxUxR == ),(),( tt tt , so, from 2.4.34, 
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With U symmetric and R skew-symmetric, ),(),,( tt tt xRxU &&  are, respectively, symmetric 
and skew-symmetric, and it follows that 
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again, as expected – the rate of deformation is the instantaneous rate of stretching and the 
spin is the instantaneous rate of rotation. 
 
The Corotational Derivative 

The corotational derivative of a vector a is waaa −≡ &
o

.  Formally, it is defined through 
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The definition shows that the corotational derivative involves taking a vector a in the 
current configuration and rotating it with the rigid body rotation part of the motion, Fig. 
2.6.1.  It is this new, rotated, vector which is compared with the vector )( tt Δ+a , which 
has undergone rotation and stretch. 
 

 
 

Figure 2.6.1: rotation and stretch of a vector 
 
 
2.6.4 Rivlin-Ericksen Tensors 
 
The n-th Rivlin-Ericksen tensor is defined as 
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where ( )τtC  is the relative right Cauchy-Green strain.  Since ( ) IC =

=tt τ
τ , IA =0 .  To 

evaluate the next Rivlin-Ericksen tensor, one needs the derivatives of the relative 
deformation gradient; from 2.5.4, 2.3.8,  
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Then, with 2.5.5a, ( )( ) ( ) ( )TTT / ττττ lFF tt dd = ,  and 
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Thus the tensor 1A  gives a measure of the rate of stretching of material line elements (see 
Eqn. 2.5.10).  Similarly, higher Rivlin-Ericksen tensors give a measure of higher order 
stretch rates, λλ &&&&& , , and so on. 
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2.6.5 The Directional Derivative and the Material Time 
Derivative 

 
The directional derivative of a function )(tT  in the direction of an increment in t is, by 
definition (see, for example, Eqn. 1.15.27), 
 

)()(][ ttttt TTT −Δ+=Δ∂                (2.6.15) 
 
or 
 

t
dt
dtt Δ=Δ∂
TT ][         (2.6.16) 

 
Setting 1=Δt , and using the chain rule 1.15.28, 
 

[ ][ ]
[ ]vT

xT
TT

x

x

∂=
∂∂=

∂=
1

]1[

t

t
&

                 (2.6.17) 

 
The material time derivative is thus equivalent to the directional derivative in the direction 
of the velocity vector. 
 
 
2.6.6 Problems 
 
1. Derive the relations 2.6.2. 
2. Use 2.6.9 to verify 2.5.18, Tbllbb +=& . 



Section 2.7 

Solid Mechanics Part III                                                                                Kelly 258

2.7 Small Strain Theory 
 
When the deformation is small, from 2.2.43-4, 
 

( )
uI

FuI
UIF

grad
grad

Grad

+≈
+=
+=

              (2.7.1) 

 
neglecting the product of ugrad  with UGrad , since these are small quantities.  Thus one 
can take uU gradGrad =  and there is no distinction to be made between the undeformed 
and deformed configurations.  The deformation gradient is of the form αIF += , where 
α  is small. 
 
 
2.7.1 Decomposition of Strain 
 
Any second order tensor can be decomposed into its symmetric and antisymmetric part 
according to 1.10.28, so that 
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     (2.7.2) 

 
where ε  is the small strain tensor 2.2.48 and Ω , the anti-symmetric part of the 
displacement gradient, is the small rotation tensor, so that F can be written as 
 

ΩεIF ++=    Small Strain Decomposition of the Deformation Gradient   (2.7.3) 
 
It follows that (for the calculation of e, one can use the relation ( ) δIδI −≈+ −1  for small 
δ ) 
 

εeE
εIbC

==
+== 2

                                                  (2.7.4) 

 
Rotation 
 
Since Ω  is antisymmetric, it can be written in terms of an axial vectorω , cf. §1.10.11, so 
that for any vector a, 
 

312113123, eeeωaωΩa Ω−Ω+Ω−=×=                              (2.7.5) 
 

The relative displacement can now be written as 
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( )
XωXε

Xuu
dd

dd
×+=

= grad                          (2.7.6) 

 
The component of relative displacement given by Xω d×  is perpendicular to Xd , and so 
represents a pure rotation of the material line element, Fig. 2.7.1. 
 

 
 

Figure 2.7.1: a pure rotation 
 
 
Principal Strains 
 
Since ε  is symmetric, it must have three mutually orthogonal eigenvectors, the principal 
axes of strain, and three corresponding real eigenvalues, the principal strains, 

321 ,, eee ), which can be positive or negative, cf. §1.11.  The effect of ε  is therefore to 
deform an elemental unit sphere into an elemental ellipsoid, whose axes are the principal 
axes, and whose lengths are 321 1,1,1 eee +++ .  Material fibres in these principal 
directions are stretched only, in which case the deformation is called a pure deformation; 
fibres in other directions will be stretched and rotated. 
 
The term Xεd  in 2.7.6 therefore corresponds to a pure stretch along the principal axes.  
The total deformation is the sum of a pure deformation, represented by ε , and a rigid 
body rotation, represented by Ω .  This result is similar to that obtained for the exact finite 
strain theory, but here the decomposition is additive rather than multiplicative.  Indeed, 
here the corresponding small strain stretch and rotation tensors are εIU +=  and 

ΩIR += , so that 
 

ΩεIRUF ++==      (2.7.7) 
 
Example 
 
Consider the simple shear (c.f. Eqn. 2.2.40) 
 

3322211 ,, XxXxkXXx ==+=  
 
where k is small.  The displacement vector is 12eu kx=  so that 
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The deformation can be written as the additive decomposition 
 

XΩXεu ddd +=      or     XωXεu ddd ×+=  
 
with 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

000
002/
02/0

,
000
002/
02/0

k
k

k
k

Ωε  

 
and 3)2/( eω k−= .  For the rotation component, one can write  
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which, since for small θ , θθθ ≈≈ sin,1cos , can be seen to be a rotation through an 
angle 2/k−=θ  (a clockwise rotation). 
 
The principal values of ε  are 0,2/k±  with corresponding principal directions 

211 )2/1()2/1( een += , 212 )2/1()2/1( een +−=  and 33 en = . 
 
Thus the simple shear with small displacements consists of a rotation through an angle 

2/k  superimposed upon a pure shear with angle 2/k , Fig. 2.6.2. 
 

 
 

Figure 2.6.2: simple shear 
 

■  
 
 
2.7.2 Rotations and Small Strain 
 
Consider now a pure rotation about the 3X  axis (within the exact finite strain theory), 

XRx dd = , with  

2n 1n

θ+ =
2/k=θ
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This rotation does not change the length of line elements Xd .  According to the small 
strain theory, however,  
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which does predict line element length changes, but which can be neglected if θ  is small.  
For example, if the rotation is of the order rad10 2− , then 4

2211 10−== εε .  However, if 
the rotation is large, the errors will be appreciable; in that case, rigid body rotation 
introduces geometrical non-linearities which must be dealt with using the finite 
deformation theory. 
 
Thus the small strain theory is restricted to not only the case of small displacement 
gradients, but also small rigid body rotations. 
 
 
2.7.3 Volume Change 
 
An elemental cube with edges of unit length in the directions of the principal axes 
deforms into a cube with edges of lengths 321 1,1,1 eee +++ , so the unit change in 
volume of the cube is 
 

( )( )( ) )2(1111 321321 Oeeeeee
dV

dVdv
+++=−+++=

−                    (2.7.9) 

 
Since second order quantities have already been neglected in introducing the small strain 
tensor, they must be neglected here.  Hence the increase in volume per unit volume, called 
the dilatation (or dilation) is 
 

uε divtr321 ===++= iieeee
V
Vδ

     Dilatation              (2.7.10) 

 
Since any elemental volume can be constructed out of an infinite number of such 
elemental cubes, this result holds for any elemental volume irrespective of shape. 
 
 
2.7.4 Rate of Deformation, Strain Rate and Spin Tensors 
 
Take now the expressions 2.4.7 for the rate of deformation and spin tensors.  Replacing v 
in these expressions by u& , one has 
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For small strains, one can take the time derivative outside (by considering the ix  to be 
material coordinates independent of time): 
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The rate of deformation in this context is seen to be the rate of strain, εd &= , and the spin 
is seen to be the rate of rotation, Ωw &= . 
 
The instantaneous motion of a material particle can hence be regarded as the sum of three 
effects: 

(i) a translation given by u&  (so in the time interval tΔ  the particle has been 
displaced by tΔu& ) 

(ii) a pure deformation given by ε&  
(iii) a rigid body rotation given by Ω&  

 
 
2.7.5 Compatibility Conditions 
 
Suppose that the strains ijε  in a body are known.  If the displacements are to be 
determined, then the strain-displacement partial differential equations 
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need to be integrated.  However, there are six independent strain components but only 
three displacement components.  This implies that the strains are not independent but are 
related in some way.  The relations between the strains are called compatibility 
conditions, and it can be shown that they are given by 
 

0,,,, =−−+ ikjmjmikijkmkmij εεεε          (2.7.14) 
 
These are 81 equations, but only six of them are distinct, and these six equations are 
necessary and sufficient to evaluate the displacement field. 
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2.8 Objectivity and Objective Tensors 
 
 
2.8.1 Dependence on Observer 
 
Consider a rectangular block of material resting on a circular table.  A person stands and 
observes the material deform, Fig. 2.8.1a.  The dashed lines indicate the undeformed 
material whereas the solid line indicates the current state.  A second observer is standing 
just behind the first, but on a step ladder – this observer sees the material as in 2.8.1b.  A 
third observer is standing around the table, o45  from the first, and sees the material as in 
Fig. 2.8.1c. 
 
The deformation can be described by each observer using concepts like displacement, 
velocity, strain and so on..  However, it is clear that the three observers will in general 
record different values for these measures, since their perspectives differ.   
 
The goal in what follows is to determine which of the kinematical tensors are in fact 
independent of observer.  Since the laws of physics describing the response of a 
deforming material must be independent of any observer, it is these particular tensors 
which will be more readily used in expressions to describe material response. 
 

 
 

Figure 2.8.1: a deforming material as seen by different observers 
 
Note that Fig. 2.8.1 can be interpreted in another, equivalent, way.  One can imagine one 
static observer, but this time with the material moved into three different positions.  This 
viewpoint will be returned to in the next section. 
 
 
2.8.2 Change of Reference Frame 
 
Consider two frames of reference, the first consisting of the origin o and the basis { }ie , 
the second consisting of the origin *o  and the basis { }*

ie , Fig. 2.8.2.  A point x in space is 
then identified as having position vector iix ex =  in the first frame and position vector 

***
iix ex =  in the second frame. 

 
When the origins o and *o  coincide, *xx =  and the vector components ix  and *

ix  are 
related through Eqn. 1.5.3, *

jiji xQx = , or ijijii xQx eex *== , where [ ]Q  is the 

(a) (b) (c)
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transformation matrix 1.5.4, *
jiijQ ee ⋅= .  Alternatively, one has Eqn. 1.5.5, jjii xQx =* , 

or ****
ijjiii xQx eex == . 

 

 
 

Figure 2.8.2: two frames of reference 
 
With the shift in origin *ooa −= , one has 
 

******
iiijjiii axQx eeex +==                                       (2.8.1) 

 
where **

iia ea = .  Alternatively, 
 

iiijijii axQx eeex −== *                                        (2.8.2) 
 
where iia ea = , with jjii aQa =* . 
 
Formulae 2.8.1-2 relate the coordinates of the position vector to a point in space as 
observed from one frame of reference to the coordinates of the position vector to the same 
point as observed from a different frame of reference. 
 
Finally, consider the position vector x, which is defined relative to the frame ( )ieo, .  To 

an observer in the frame ( )** , ieo , the same position vector would appear as ( )*x , Fig. 

2.8.3.  Rotating this vector ( )*x  through TQ  (the tensor which rotates the basis { }*
ie  into 

the basis { }ie ) and adding the vector a then produces *x : 
 

( ) axQx += *T*                                                   (2.8.3) 
 
This relation will be discussed further below. 
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Figure 2.8.3: Relation between vectors in Eqn. 2.8.3 

 
 
2.8.3 Change of Observer 
 
The change of frame encompassed by Eqns. 2.8.1-2 is more precisely called a passive 
change of frame, and merely involves a transformation between vector components.  One 
would say that there is one observer but that this observer is using two frames of 
reference.  Here follows a different concept, an active change of frame, also called a 
change in observer, in which there are two observers, each with their own frame of 
reference. 
 
An observer is someone who can measure relative positions in space (with a ruler) and 
instants of time (with a clock).  An event in the physical world (for example a material 
particle) is perceived by an observer as occurring at a particular point in space and at a 
particular time.  One can regard an observer O to be a map of an event E in the physical 
world to a point x in point space (cf. §1.2.5) and a real number t.  A single event E is 
recorded as the pair ( )t,x  by an observer O and, in general, by a different pair ( )*t,*x  by a 
second observer *O , Fig. 2.8.4. 
 

 
 

Figure 2.8.4: recordings by two observers of the same event 
 
Let the two observers record three points corresponding to three events, Fig. 2.8.5.  These 
points define vectors in space, as the difference between the points (cf. §1.2.5).  It is 
assumed that both observers “see” the same Euclidean geometry, that is, if one observer 
sees an ellipse, then the other observer will see the same ellipse, but perhaps positioned 
differently in space.  To ensure that this is so, observed vectors must be related through 
some orthogonal tensor Q, for example, 
 

( )0
*
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* xxQxx −=−                                                 (2.8.4) 
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since this transformation will automatically preserve distances between points, and angles 
between vectors (see §1.10.7), for example, 
 

( ) ( ) ( ) ( ) ( ) ( )001001
*
0

**
0

*
1 xxxxxxQxxQxxxx −⋅−=−⋅−=−⋅−             (2.8.5) 

 

 
 

Figure 2.8.5: recordings of two observers of three separate events 
 
Although all orthogonal tensors Q do indeed preserve length and angles, it is taken that 
the Q in 2.8.4-5 is proper orthogonal, i.e. a rotation tensor (cf. §1.10.8), so that orientation 
is also preserved.  Further, it is assumed that )(tQQ = , which expresses the fact that the 
observers can move relative to each other over time. 
 
Observers must also agree on time intervals between events.  Let an observer O record a 
certain event at time t and a second observer *O  record the same event as occurring at 
time *t .  Then the times must be related through 
 

α+= tt *     Observer Time Transformation        (2.8.6) 
 
where α  is a constant.  If now the observers record a second event as occurring at 1t  and 

*
1t  say, one has tttt −=− 1

**
1  as required. 

 
The observer transformation 2.8.4 involves the vectors 0xx − and *

0
* xx −   and as such 

does not require the notion of origin or coordinate system; it is an abstract symbolic 
notation for an observer transformation.  However, an origin o for O  and *o  for *O  can 
be introduced and then the points **

00 ,,, xxxx  can be regarded as position vectors in 
space, Fig. 2.8.6. 
  
The transformation 2.8.4 can now be expressed in the oft-used format 
 

xQcx )()(* tt +=     Observer (Spatial) Transformation   (2.8.7) 
 
where 
 

0
*
0 )()( xQxc tt −=                                                    (2.8.8) 

 
The transformation 2.8.7 is called a Euclidean transformation, since it preserves the 
Euclidean geometry. 
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Figure 2.8.6: position vectors for two observers of the same events 
 
 
Coordinate Systems 
 
Each observer can introduce any Cartesian coordinate system, with basis vectors { }ie  and 
{ }*

ie  say.  They can then resolve the position vectors into vector components.  These basis 
vectors can be oriented with respect to each other in any way, that is, they will be related 
through ii Ree =* , where R is any rotation tensor.  Indeed, each observer can change their 
basis, effecting a coordinate transformation.  No attempt to introduce specific coordinate 
systems will be made here since they are completely unnecessary to the notion of observer 
transformation and would only greatly confuse the issue. 
 
Relationship to Passive Change of Frame 
 
Recall the passive change of frame encompassed in Eqns. 2.8.1-2.  If one substitutes the 
actual x for ( )*x  in Eqn. 2.8.3, one has: 
 

axQx += T*                                                    (2.8.9) 
 
This is clearly an observer transformation, relating the position vector as seen by one 
observer to the position vector as seen by a second observer, through an orthogonal tensor 
and a vector, as in Eqn. 2.8.7.  In the passive change of frame, ijQ  are the components of 

the orthogonal tensor ii eeQ ⊗= * , Eqn. 1.10.25, which maps the bases onto each other: 

ii Qee =* .  Thus the transformation 2.8.1-2 can be defined uniquely by the pair Q and a.  
In that sense, the passive change of frame does indeed define an active change of frame, 
i.e. a change of observer, through Eqn. 2.8.9.  However, the concept of observer discussed 
above is the preferred way of defining an observer transformation. 
 
 
2.8.4 Objective Vectors and Tensors 
 
The observer transformation 2.8.7 encapsulates the different viewpoints observers have of 
the physical world.  They will see the same objects, but in general they will see these 
objects oriented differently and located at different positions.  The goal now is to see 
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which of the kinematical tensors are independent of these different viewpoints.  As a first 
step, next is introduced the concept of an objective tensor. 
 
Suppose that different observers are examining a deforming material.  In order to describe 
the material, the observers take measurements.  This will involve measurements of spatial 
objects associated with the current configuration, for example the velocity or spin.  It will 
also involve material objects associated with the reference configuration, for example line 
elements in that configuration.  It will also involve two-point tensors such as the rotation 
or deformation gradient, which are associated with both the current and reference 
configurations. 
 
It is assumed that all observers observe the reference configuration to be the same, that is, 
they record the same set of points for the material particles in the reference configuration1.  
The observers then move relative to each other and their measurements of objects 
associated with the current configuration will in general differ.  One would expect (want) 
different observers to make the same measurement of material objects despite this relative 
movement; thus one says that material vectors and tensors are objective (material) 
vectors and objective (material) tensors if they remain unchanged under the observer 
transformation 2.8.6-7. 
 
A spatial vector u on the other hand is said to be an objective (spatial) vector if it 
satisfies the observer transformation (see 2.8.4):2 
 

Quu =*      Objectivity Requirement for a Spatial Vector    (2.8.10) 
 
for all rotation tensors Q.  An objective (spatial) tensor is defined to be one which 
transforms an objective vector into an objective vector.  Consider a tensor observed as 
T and *T  by two different observers.  Take an objective vector which is observed as v 
and *v , and let Tvu =  and *** vTu = .  Then, for u to be objective, 
 

*T* vQTQQTvQuu ===                                           (2.8.11) 
 
and so the tensor is objective provided 
 

T* QTQT =  Objectivity Requirement for a Spatial Tensor   (2.8.12) 
 
Various identities can be derived; for example, for objective vectors a and b, and 
objective tensors A and B, {▲Problem 1} 
 

                                                 
1 this does not affect the generality of what follows; the notion of objective tensor is independent of the 
chosen reference configuration 
2 the time transformation 2.8.6 is trivial and does not affect the relations to be derived 
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For a scalar, 
 

φφ =*       Objectivity Requirement for a Scalar       (2.8.14) 
 
In other words, an objective scalar is one which has the same value to all observers. 
 
Finally, consider a two-point tensor.  Such a tensor is said to be objective if it maps an 
objective material vector into an objective spatial vector.  Consider then a two-point 
tensor observed as T and *T .  Take an objective material vector which is observed as v 
and *v , and let Tvu =  and *** vTu = .  A material vector is objective if it is unaffected 
by an observer transformation, so 
 

** QTvQTvQuu ===                                           (2.8.15) 
 
and so the tensor is objective provided 
 

QTT =*  Objectivity Requirement for a Two-point Tensor   (2.8.16) 
 
Thus the objectivity requirement for a two-point tensor is the same as that for a spatial 
vector. 
 
 
2.8.5 Objective Kinematics 
 
Next are examined the various kinematic vectors and tensors introduced in the earlier 
sections, and their objectivity status is determined. 
 
The motion is observed by one observer as ),( tXχx =  and by a second observer as 

),( ** tXχx = .  The observer transformation gives 
 

)(),()(),( ** tttt cXχQXχ += ,     α+= tt *                            (2.8.17) 
 
and so the motion is not an objective vector, i.e. Qχχ ≠* . 
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The Velocity and Acceleration 
 
Differentiating 2.8.17 (and using the notation x&  instead of ( )t,Xχ&  for brevity), the 
velocity under the observer transformation is 
 

cxQxQx &&&& ++=*          (2.8.18) 
 
which does not comply with the objectivity requirement for spatial vectors, 2.8.10.  In 
other words, different observers will measure different magnitudes for the velocity.  The 
velocity expression can be put in a form similar to that of elementary mechanics (the 
“non-objective” terms are on the right), 
 

( ) ccxΩxQx Q &&& +−=− **            (2.8.19) 
 
where 
 

TQQΩQ
&=             (2.8.20) 

 
is skew-symmetric (see Eqn. 1.14.2); this tensor represents the rigid body angular velocity 
between the observers (see Eqn. 2.6.1).  Note that the velocity is objective provided 

oc0Q == && , , for which 00
* cxQx += , which is called a time-independent rigid 

transformation. 
 
Similarly, for the acceleration, it can be shown that 
 

( ) ( ) ( ) ccxΩcxΩcxΩxQx QQQ &&&&&&&&& +−+−−−=− 2*2**         (2.8.21) 
 
The first three terms on the right-hand side are called the Euler acceleration, the 
centrifugal acceleration and the Coriolis acceleration respectively.  The acceleration is 
objective provided c&  and Q are constant, for which )(0

* tcxQx +=  with oc =&& , which is 
called a Galilean transformation – where the two configurations are related by a rigid 
rotation and a translational motion with constant velocity. 
 
The Deformation Gradient 
 
Consider the motion ),( tXχx = .  As mentioned, observers observe the reference 
configuration to be the same: XX =* .  The deformation is then observed as XFx dd =  
and XFx dd ** = , so that 
 

XQFXQFxQx dddd ===*                                        (2.8.22) 
 
and 
 

QFF =*                                                         (2.8.23) 
 
and so, according to 2.8.16, the deformation gradient is objective. 
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The Cauchy-Green Strain Tensors 
 
For the right and left Cauchy-Green tensors,  
 

TTT*T**

TT*T**

QbQQQFFFFb
CQFQFFFC

===

===
                               (2.8.24) 

 
Thus the material tensor C and the spatial tensor b are objective3. 
 
The Jacobian Determinant 
 
For the Jacobian determinant, using 1.10.16a, 
 

( ) JJ ===== FFQQFF detdetdetdetdet **           (2.8.25) 
 
and4 so is objective according to 2.8.14. 
 
The Rotation and Stretch Tensors 
 
The polar decomposition is RUF = , where R is the orthogonal rotation tensor and U is 
the right stretch tensor.  Then *** URQRUQFF ≡== .  Since QR  is orthogonal, the 
expression **URQRU =  is valid provided  
 

UUQRR == ** ,     (2.8.26) 
 
Thus the two-point tensor R and the material tensor U are objective. 
 
The Velocity Gradient 
 
Allowing Q to be a function of time, for the velocity gradient, using 2.5.4, 1.9.18c,  
 

QΩQlQQFFQFQFFl +=+== −−
⋅

TT11*** )()( &&    (2.8.27) 
 
where QΩ  is the angular velocity tensor 2.8.20.  On the other hand, with wdl += , and 
separating out the symmetric and skew-symmetric parts, 
 

QΩQwQwQdQd +== T*T* ,       (2.8.28) 
 
Thus the velocity gradient is not objective.  This is not surprising given that the velocity is 
not objective.  However, significantly, the rate of deformation, a measure of the rate of 
stretching of material, is objective. 
 

                                                 
3 Some authors define a second order tensor to be objective only if 2.8.12 is satisfied, regardless of whether 
it is spatial, two-point or material; with this definition, F and C would be defined as non-objective 
4 Note that Q must be a rotation tensor, not just an orthogonal tensor, here 
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The Spatial Gradient 
 
Consider the spatial gradient of an objective vector t: 
 

x
tt

∂
∂

=grad ,     ( ) *

*
*grad

x
tt

∂
∂

=      (2.8.29) 

 
Since Qtt =* , the chain rule gives 
 

( )
x
tQ

x
Qt

x
x

x
t

x
t

∂
∂

=
∂

∂
≡

∂
∂

∂
∂

=
∂
∂ *

*

**

    (2.8.30) 

 
It follows that  

 

( ) T*grad Q
x
tQt

∂
∂

=        (2.8.31) 

 
Thus the spatial gradient is objective.  In general, it can be shown that the spatial gradient 
of a tensor field of order n is objective, for example the gradient of a scalar φ , 
{▲Problem 2} φgrad  .  Further, for a vector v, {▲Problem 3} vdiv  is objective. 
 
Objective Rates 
 
Consider an objective vector field u.  The material derivative u&  is not objective.  

However, the co-rotational derivative, Eqn. 2.6.12, wuuu −= &
o

 is objective.  To show 
this, contract 2.8.28b, TT* QQQwQw &+= , to the right with Q  to get an expression for 
Q& : 
 

QwQwQ −= *&        (2.8.32) 
 
 and then 
 

o

&&& uQQuwwuuQQuwuQuQuQuu +=−+=+=→=
⋅

**** )(             (2.8.33) 
 

Then 
o

uQuwu =−
⋅

*** , or 
oo

uQu =*)( , so that the co-rotational derivative of a vector is an 
objective vector. 
 
Rates of spatial tensors can also be modified in order to construct objective rates.  For 
example,  consider an objective spatial tensor T, so T* QTQT = .  Then 
 

TTT* QQTTQQQTQT &&& ++=
⋅

                                   (2.8.34) 
 
which is clearly not objective.  However, this can be re-arranged using 2.8.32 into 
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( ) T***** QTwwTTQwTTwT +−=+−
⋅

&                                    (2.8.35) 
 
and so the quantity 
 

TwwTT +−&                                                  (2.8.36) 
 
is an objective rate, called the Jaumann rate.  Other objective rates of tensors can be 
constructed in a similar fashion, for example the Cotter-Rivlin rate, defined by 
{▲Problem 4} 
 

TlTlT ++ T&                                                  (2.8.37) 
 
Summary of Objective Kinematic Objects 
 
Table 2.8.1 summarises the objectivity of some important kinematic objects: 
 
 objective definition Type Transformation 
Jacobian determinant   Scalar JJ =*  
Deformation gradient   2-point QFF =*  
Rotation  FvFUR 11 −− ==  2-point QRR =*  
Right Cauchy-Green 
strain  

 FFC T=  Material CC =*  

Green-Lagrange 
strain  

 ( )ICE −= 2
1  Material EE =*  

Rate of Green-
Lagrange strain 

  Material 
EE &=

⋅
*  

Right Stretch   CU =  Material UU =*  
Left Cauchy-Green 
strain  

 TFFb =  Spatial T* QbQb =  

Euler-Almansi strain   ( )1
2
1 −−= bIe  Spatial T* QeQe =  

Left Stretch   bv =  Spatial T* QvQv =  
Spatial Velocity 
Gradient 

× vl grad=  Spatial TT* QQQQll &+=  

Rate of Deformation  ( )T
2
1 lld +=  Spatial T* QdQd =  

Spin × ( )T
2
1 llw −=  Spatial TT* QQQQww &+=  

Table 2.8.1: Objective kinematic objects 
 
 
2.8.6 Objective Functions 
 
In a similar way, functions are defined to be objective as follows: 
 
• A scalar-valued function φ  of, for example, a tensor A, is objective if it 

transforms in the same way as an objective scalar, 
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( ) ( )AA φφ =*          (2.8.38) 
 
• A (spatial) vector-valued function a of a tensor A is objective if it transforms in 

the same way as an objective vector 
 

)()(* AQvAv =           (2.8.39) 
 
• A (spatial) tensor-valued function f of a tensor A is objective if it transforms 

according to 
 

T* )()( QAQfAf =            (2.8.40) 
 
Objective functions of the Deformation Gradient 
 
Consider an objective scalar-valued function φ  of the deformation gradient F, )(Fφ .  The 
function is objective if )(* Fφφ = .  But also, 
 

( ) ( )QFF φφφ == **                       (2.8.41) 
 
Using the polar decomposition theorem, ( ) ( )QRURU φφ = .  Choosing the particular 
rigid-body rotation TRQ =  then leads to 
 

( ) ( )URU φφ =                   (2.8.42) 
 
which leads to the reduced form 
 

( ) ( )UF φφ =                (2.8.43)   
 
Thus for the scalar function φ  to be objective, it must be independent of the rotational 
part of F, and depends only on the stretching part; it cannot be a function of the nine 
independent components of the deformation gradient, but only of the six independent 
components of the right stretch tensor. 
 
Consider next an objective (spatial) tensor-valued function f of the deformation gradient 
F, )(Ff .  According to the definition of objectivity of a second order tensor, 2.8.12: 
 

( ) T* QFQff =                 (2.8.44) 
 
But also, 
 

( ) ( )QFfFff == **                    (2.8.45) 
 
Again, using the polar decomposition theorem and choosing the particular rigid-body 
rotation TRQ =  leads to 
 

( ) ( )RRUfRUf T=        (2.8.46) 
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which leads to the reduced form 
 

( ) ( ) TRURfFf =      (2.8.47) 
 
Thus for f to be objective, its dependence on F must be through an arbitrary function of U 
together with a more explicit dependence on R, the rotation tensor 
 
Example 
 
Consider the tensor function ( )2T)( FFFf α= .  Then 
 

[ ] [ ] ( ) TT2T2T))(()( QFQfQFFQQFQFQFf === αα  
 
and so the objectivity requirement is satisfied.  According to the above, then, one can 
evaluate ( ) ( ) ( )2TT UURRUfRUf α== , and the reduced form is 
 

( ) T4T2T RRURUURf αα ==  
 

Also, since 2UC =  and ( )ICE −= 2
1 , alternative reduced forms are 

 
( ) ( ) T

3
T

2 , RERffRCRff ==  
■ 

 
Finally, consider a spatial tensor function f of a material tensor T.  Then 
 

)()()(,)()( **T* TfTfTfQTQfTf ===                         (2.8.48) 
 
It follows that 
 

TQfQf =                                                         (2.8.49) 
 
This is true only in the special case IQ =  and so is not true in general.  It follows that the 
function f is not objective. 
 
 
2.8.7 Problems 
 
1. Derive the relations 2.8.13 
2. Show that the spatial gradient of a scalar φ  is objective. 
3. Show that the divergence of a spatial vector v is objective.  [Hint: use the definition 

1.11.9 and identity 1.9.10e] 
4. Verify that the Rivlin-Cotter rate of a tensor T, TlTlT ++ T , is objective. 
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2.9 Rigid Body Rotations of Configurations 
 
In this section are discussed rigid body rotations to the current and reference 
configurations. 
 
 
2.9.1 A Rigid Body Rotation of the Current Configuration 
 
As mentioned in §2.8.1, the circumstance of two observers, moving relative to each other 
and examining a fixed configuration (the current configuration) is equivalent to one 
observer taking measurements of two different configurations, moving relative to each 
other1.  The objectivity requirements of the various kinematic objects discussed in the 
previous section can thus also be examined by considering rigid body rotations and 
translations of the current configuration. 
 
Any rigid body rotation and translation of the current configuration can be expressed in 
the form 
 

( ) ( ) )(,)(,* tttt cXxQXx +=                                       (2.9.1) 
 
where Q is a rotation tensor.  This is illustrated in Fig. 2.9.5.  The current configuration is 
denoted by S  and the rotated configuration by *S . 
 
Just as XFx dd = , the deformation gradient for the configuration *S  relative to the 
reference configuration 0S  is defined through XFx dd ** = .  From 2.9.1, as in §2.8.5 (see 
Eqn. 2.8.23),  and similarly for the right and left Cauchy-Green tensors, 
 

TT***

*T**

*

QbQFFb
CFFC

QFF

==

==

=

            (2.9.2) 

 
Thus in the deformations SS →0:F  and *

0
* : SS →F , the right Cauchy Green tensors, 

C and *C , are the same, but the left Cauchy Green tensors are different, and related 
through T* QbQb = . 
 
All the other results obtained in the last section in the context of observer transformations, 
for example for the Jacobian, stretch tensors, etc., hold also for the case of rotations to the 
current configuration. 
 

                                                 
1 Although equivalent, there is a difference: in one, there are two observers who record one event (a material 
particle say) as at two different points, in the other there is one observer who records two different events 
(the place where the one material particle is in two different configurations) 
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Figure 2.9.1: a rigid body rotation and translation of the current configuration 
 
 
2.9.2 A Rigid Body Rotation of the Reference Configuration 
 
Consider now a rigid-body rotation to the reference configuration.  Such rotations play an 
important role in the notion of material symmetry (see Chapter 5). 
 
The reference configuration is denoted by 0S  and the rotated/translated configuration by 

◊S , Fig. 2.9.2.  The deformation gradient for the current configuration S relative to ◊S  is 
defined through XQFXFx ddd ◊◊◊ == .  But XFx dd =  and so (and similarly for the 
right and left Cauchy-Green tensors) 
 

bFFb
QCQFFC

FQF

==

==

=

◊◊◊

◊◊◊

◊

T

TT

T

           (2.9.3) 

 
Thus the change to the right (left) Cauchy-Green strain tensor under a rotation to the 
reference configuration is the same as the change to the left (right) Cauchy-Green strain 
tensor under a rotation of the current configuration.  
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Figure 2.9.2: a rigid body rotation of the reference configuration 
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2.10 Convected Coordinates 
 
In this section, the deformation and strain tensors described in §2.2-3 are now described 
using convected coordinates (see §1.16).  Note that all the tensor relations expressed in 
symbolic notation already discussed, such as CU = , iii nNF λ=ˆ , lFF =& , are independent 
of coordinate system, and hold also for convected coordinates. 
 
 
2.10.1 Convected Coordinates 
 
Introduce the curvilinear coordinates iΘ .  The material coordinates can then be written as 
 

),,( 321 ΘΘΘ= XX      (2.10.1) 
 
so i

iX EX =  and 
 

i
i

i
i ddXd GEX Θ==  ,    (2.10.2) 

 
where iG  are the covariant base vectors in the reference configuration, with corresponding 
contravariant base vectors iG , Fig. 2.10.1, with 
 

i
jj

i δ=⋅GG           (2.10.3) 
 

 
 

Figure 2.10.1: Curvilinear Coordinates 
 
The coordinate curves, curves of constant iΘ , form a net in the undeformed configuration.  
One says that the curvilinear coordinates are convected or embedded, that is, the coordinate 
curves are attached to material particles and deform with the body, so that each material 
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particle has the same values of the coordinates iΘ  in both the reference and current 
configurations. 
 
In the current configuration, the spatial coordinates can be expressed in terms of a new, 
“current”, set of curvilinear coordinates 
 

),,,( 321 tΘΘΘ= xx ,     (2.10.4) 
 
with corresponding covariant base vectors ig  and contravariant base vectors ig , with 
 

i
i

i
i ddxd gex Θ==  ,    (2.10.5) 

 
Example 
 
Consider a motion whereby a cube of material, with sides of length 0L , is transformed into a 
cylinder of radius R  and height H , Fig. 2.10.2. 
 

 
 

Figure 2.10.2: a cube deformed into a cylinder 
 
A plane view of one quarter of the cube and cylinder are shown in Fig. 2.10.3. 
 

 
 

Figure 2.10.3: a cube deformed into a cylinder 
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The motion and inverse motion are given by 
 

)(Xχx = ,          

( )
( ) ( )

( ) ( )
3

0

3

2221

21

0

2

2221

21

0

1

2

2

X
L
Hx

XX

XX
L
Rx

XX

X
L
Rx

=

+
=

+
=

       (basis: ie ) 

 
and 
 

)(1 xχX −= ,          

( ) ( )

( ) ( )
303

2221
1

2
02

222101

2

2

x
H
L

X

xx
x
x

R
L

X

xx
R

L
X

=

+=

+=

       (basis: iE ) 

 
Introducing a set of convected coordinates, Fig. 2.10.4, the material and spatial coordinates 
are 
 

),,( 321 ΘΘΘ= XX ,          

303

2102

101

tan
2

2

Θ=

ΘΘ⎟
⎠
⎞

⎜
⎝
⎛=

Θ⎟
⎠
⎞

⎜
⎝
⎛=

H
L

X

R
L

X

R
L

X

 

 
and (these are simply cylindrical coordinates) 
 

),,( 321 ΘΘΘ= xx ,          
33

212

211

sin
cos

Θ=

ΘΘ=

ΘΘ=

x
x
x

 

 
A typical material particle (denoted by p) is shown in Fig. 2.10.4.  Note that the position 
vectors for p have the same iΘ  values, since they represent the same material particle. 
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Figure 2.10.4: curvilinear coordinate curves 
■  

 
 
2.10.2 The Deformation Gradient 
 
With convected curvilinear coordinates, the deformation gradient is 
 

i
i GgF ⊗= ,     (2.10.6) 

 
which is consistent with 
 

( ) XFGGggx dddd j
i

i
j

j
j =⊗Θ=Θ=          (2.10.7) 

 
The deformation gradient F, the transpose TF  and the inverses T1, −− FF , map the base 
vectors in one configuration onto the base vectors in the other configuration: 
 

i
i

i
i

i
i

i
i

gGF

GgF

gGF

GgF

⊗=

⊗=

⊗=

⊗=

−

−

T

T

1

            

ii

ii
ii

ii

GgF
gGF

GgF

gFG

=

=

=

=

−

−

T

T

1

     Deformation Gradient    (2.10.8) 

 
Thus the tensors F  and 1−F  map the covariant base vectors into each other, whereas the 
tensors T−F  and TF  map the contravariant base vectors into each other, as illustrated in Fig. 
2.10.5. 
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Figure 2.10.5: the deformation gradient, its transpose and the inverses 
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(2.10.9) 

 
The components of F with respect to the reference bases { } { }ii GG ,  are 
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                  (2.10.10) 

 
and similarly for the components with respect to the current bases. 
 
Components of the Base Vectors in different Bases 
 
Now 
 

( ) ( )

m
m
i

m
mi

j
im

m
j

j
i

m
mj

i
j

m
m
ji

jm
mjii

FF

FF

FF

GG

GG

GGGGGGFGg

⋅

⋅

⋅

==

==

⊗=⊗==

δδ     (2.10.11) 

 
showing that some of the components of the deformation gradient can be viewed also as  
components of the base vectors.  Similarly, 
 

( ) ( ) m
m
i

m
miii ff gggFG ⋅

−−− === 111      (2.10.12) 
 
For the contravariant base vectors, one has 
 

( ) ( ) ( ) ( )
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TT
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δδ        (2.10.13) 

 
and 
 

( ) ( ) mi
mm

miii ff gggFG ⋅
=== TTT                       (2.10.14) 

 
 
2.10.3 Reduction to Material and Spatial Coordinates 
 
Material Coordinates 
 
Suppose that the material coordinates iX  with Cartesian basis are used (rather than the 
convected coordinates with curvilinear basis iG ), Fig. 2.10.6.  Then 
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and 
 

XeEgEgGF

xEeEgGgF

grad

Grad

1 =⊗
∂
∂

=⊗=⊗=

=⊗
∂
∂

=⊗=⊗=

− j
ij

i
i

i
i

i

i
ji

j
i

i
i

i

x
X
X
x

                      (2.10.16) 

 
which are Eqns. 2.2.2, 2.2.4.  Thus xGrad  is the notation for F to be used when the material 
coordinates iX  are used to describe the deformation. 
 

 
 

Figure 2.10.6: Material coordinates and deformed basis 
 
 
Spatial Coordinates 
 
Similarly, when the spatial coordinates ix  are to be used as independent variables, then 
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and 
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                     (2.10.18) 

 
The descriptions are illustrated in Fig. 2.10.7.  Note that the base vectors iG , ig  are not the 
same in each of these cases (curvilinear, material and spatial). 
 

 
 

Figure 2.10.7: deformation described using different independent variables 
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2.10.4 Strain Tensors 
 
The Cauchy-Green tensors 
 
The right Cauchy-Green tensor C and the left Cauchy-Green tensor b are defined by Eqns. 
2.2.10, 2.2.13, 
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    (2.10.19) 

 
Thus the covariant components of the right Cauchy-Green tensor are the metric coefficients 

ijg , the covariant components of the identity tensor with respect to the convected bases in the 

current configuration, ji
ijg gggI ⊗=≡ .  It is possible to evaluate other components of C, 

e.g. ijC , and also its components with respect to the current basis through 2.10.14, but only 
the components ijC  with respect to the reference basis will be used in the analysis.  Similarly, 

for 1−b , the components ( )ijb 1−  with respect to the current configuration will be used. 
 
The Stretch 
 
Now, analogous to 2.2.9, 2.2.12, 
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so that the stretches are, analogous to 2.2.17, 
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                     (2.10.21) 

 
The Green-Lagrange and Euler-Almansi Tensors 
 
The Green-Lagrange strain tensor E and the Euler-Almansi strain tensor e are defined 
through 2.2.22, 2.2.24, 
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( )
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The components of E and e can be evaluated through (writing IG ≡ , the identity tensor 
expressed in terms of the base vectors in the reference configuration, and Ig ≡ , the identity 
tensor expressed in terms of the base vectors in the current configuration) 
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(2.10.23) 
 
Note that the components of E and e with respect to their bases are equal, ijij eE =  (although 

this is not true regarding their other components, e.g. ijij eE ≠ ). 
 
 
2.10.5 Intermediate Configurations 
 
Stretch and Rotation Tensors 
 
The polar decompositions vRRUF ==  have been described in §2.2.5.  The decompositions 
are illustrated in Fig. 2.10.8.  In the material decomposition, the material is first stretched by 
U and then rotated by R.  Let the base vectors in the associated intermediate configuration be 
{ }iĝ .  Similarly, in the spatial decomposition, the material is first rotated by R and then 
stretched by v.  Let the base vectors in the associated intermediate configuration in this case 
be { }iG .  Then, analogous to Eqn. 2.10.8, {▲Problem 1} 
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Note that U and v symmetric, TUU = , Tvv = , so 
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Similarly, for the rotation tensor, with R orthogonal, T1 RR =− , 
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The above relations can be checked using Eqns. 2.10.8 and RUF = , vRF = , 11 −− = RFv , 
etc. 
 

 
 

Figure 2.10.8: the material and spatial polar decompositions 
 
Various relations between the base vectors can be derived, for example, 
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Deformation Gradient Relationship between Bases 
 
The various base vectors are related above through the stretch and rotation tensors.  The 
intermediate bases are related directly through the deformation gradient.  For example, from 
2.10.26a, 2.10.28b, 
 

iiii GFGURUGg ˆˆˆ TT ===                                     (2.10.31) 
 
In the same way, 
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Tensor Components 
 
The stretch and rotation tensors can be decomposed along any of the bases.  For U the most 
natural bases would be { }iG  and { }iG , for example, 
 

j
i

j
i

j
ij

ij
i

j
i

j
ii

j
j

i
i
j

m
jimjiij

ji
ij

jijiij
ji

ij

UU

UU

GUU

UU

GgUGGGGU

gGUGGGGU

gGUGGGGU

gGUGGGGU

⋅==⊗=

⋅==⊗=

⋅==⊗=

⋅==⊗=

⋅⋅

⋅⋅

ˆ,

ˆ,

ˆ,

ˆ,

                      (2.10.33) 
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with similar symmetry.  Also, 
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and 
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with similar symmetry.  Note that, comparing 2.10.33a, 2.10.34a, 2.10.35a, 2.10.36a and 
using 2.10.30, 
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Now note that rotations preserve vectors lengths and, in particular, preserve the metric, i.e., 
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Thus, again using 2.10.30, and 2.10.33-2.10.36, the contravariant components of the above 
tensors are also equal, ( ) ( )ijijijij vvUU 11 −− === . 
 
As mentioned, the tensors can be decomposed along other bases, for example, 
 

jijiij
ji

ij vv gGvggggv ⋅==⊗= ˆ,                                (2.10.39) 
 
 
2.10.6 Eigenvectors and Eigenvalues 
 
Analogous to §2.2.5, the eigenvalues of C are determined from the eigenvalue problem 
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( ) 0det =− IC Cλ                                                  (2.10.40) 
 
leading to the characteristic equation 1.11.5 
 

0IIIIII 23 =−+− CCCCCC λλλ                                     (2.10.41) 
 
with principal scalar invariants 1.11.6-7 
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The eigenvectors are the principal material directions iN̂ , with 
 

( ) 0NIC =− ii
ˆλ                                                  (2.10.43) 

 
The spectral decomposition is then 
 

∑
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where 2

ii λλ =C  and the iλ  are the stretches.  The remaining spectral decompositions in 
2.2.37 hold also.  Note also that the rotation tensor in terms of principal directions is (see 
2.2.35) 
 

i
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where in̂  are the spatial principal directions. 
 
 
2.10.7 Displacement and Displacement Gradients 
 
Consider the displacement u of a material particle.  This can be written in terms of covariant 
components iU  and iu : 
 

i
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i
i uU gGXxu =≡−= .               (2.10.46) 

 
The covariant derivative of u can be expressed as 
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The single line refers to covariant differentiation with respect to the undeformed basis, i.e. 
the Christoffel symbols to use are functions of the ijG .  The double line refers to covariant 
differentiation with respect to the deformed basis, i.e. the Christoffel symbols to use are 
functions of the ijg . 
 
Alternatively, the covariant derivative can be expressed as 
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and so 
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The last equalities following from 2.10.11-12. 
 
The components of the Green-Lagrange and Euler-Almansi strain tensors 2.10.23 can be 
written in terms of displacements using relations 2.10.49 {▲Problem 2}: 
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In terms of spatial coordinates, ( ) j
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iii

ii XxX egEG ∂∂===Θ /,, , j
iji XUU ∂∂= / , the 

components of the Euler-Lagrange strain tensor are 
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which is 2.2.46.  
 
 
2.10.8 The Deformation of Area and Volume Elements 
 
Differential Volume Element 
 
Consider a differential volume element formed by the elements i

id GΘ in the undeformed 
configuration, Eqn. 1.16.36: 
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321 ΘΘΘ= dddGdV         (2.10.52) 

 
where, Eqn. 1.16.13, 
 

[ ] jiijij GGG GG ⋅== ,det    (2.10.53) 
 

The same volume element in the deformed configuration is determined by the elements 
i

id gΘ : 
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where 
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From 1.16.22 et seq., 2.10.11, 
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where ijkε  is the Cartesian permutation symbol, and so the Jacobian determinant is (see 
2.2.53) 
 

Fdet===
G
g

dV
dvJ           (2.10.57) 

 
and Fdet  is the determinant of the matrix with components i

jF⋅ . 
 
Differential Area Element 
 
Consider a differential surface (parallelogram) element in the undeformed configuration, 
bounded by two vector elements )1(Xd  and )2(Xd , and with unit normal N̂ .  Then the vector 
normal to the surface element and with magnitude equal to the area of the surface is, using 
1.16.23, given by 
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where ( )G
ijke  is the permutation symbol associated with the basis iG , i.e.  

 
( ) Ge ijkkjiijkijk εε =×⋅= GGGG .                              (2.10.59) 

 
Using kk gFG T= , one has 
 

kji
ijk ddGdS gFN T)2()1(ˆ ΘΘ= ε                                (2.10.60) 

 
Similarly, the surface vector in the deformed configuration with unit normal n̂  is 
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where ( )g

ijke  is the permutation symbol associated with the basis ig , i.e.  
 

( ) ge ijkkjiijkijk εε =×⋅= gggg .                                   (2.10.62) 
 
Comparing the two expressions for the areas in the undeformed and deformed configurations, 
2.10.60-61, one finds that 
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G
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which is Nanson’s relation, Eqn. 2.2.59. 
 
 
2.10.9 Problems 
 
1. Derive the relations 2.10.24. 
2. Use relations 2.10.49, with jiijg gg ⋅=  and jiijG GG ⋅= , to derive 2.10.50 

( ) ( )
( ) ( )

j

n
inijjiijijij

j

n
inijjiijijij

uuuuGge

UUUUGgE

−+=−=

++=−=

2
1

2
1

2
1

2
1

 



Section 2.11 

Solid Mechanics Part III                                                                                Kelly 296

Convected Coordinates: Time Rates of Change 
 
In this section, the time derivatives of kinematic tensors described in §2.4-2.6 are now 
described using convected coordinates. 
 
 
2.11.1 Deformation Rates 
 
Time Derivatives of the Base Vectors and the Deformation Gradient 
 
First, the material time derivatives of the deformed base vectors are, from 2.10.8, 
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with, again from 2.10.8, 
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The Velocity Gradient 
 
The velocity gradient is defined by 2.5.2, vl grad= , so that, using 1.16.5, 
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Also, from 1.16.3, 
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so that, as an alternative to 2.11.3,  
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This is consistent with Eqn. 2.5.4, lFF =& , which gives, with 1.11.2a and 2.10.8b, 
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The components of the spatial velocity gradient are 
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Further, from 2.11.1, 2.11.2 and 2.11.5, 
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Contracting the first of these with idΘ  leads to 
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which is equivalent to 2.5.1, xlv dd = . 
 
The Rate of Deformation and Spin Tensors 
 
From 2.5.6, wdl += .  The covariant components of the rate of deformation and spin are 
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2.12 Pull Back, Push Forward and Lie Time Derivatives 
 
 
2.12.1 Push-Forward and Pull-Back 
 
The concepts of pull-back and push-forward have a number of uses, in particular they will be 
used to define the Lie derivative further below. 
 
Vectors 
 
Consider a vector V given in terms of the reference configuration base vectors: 
 

i
ii

i VV GGV ==        (2.12.1) 
 
The push-forward of V, ( )V*χ , is defined to be the vector with the same components, but 
with respect to the current configuration base vectors.  The push-forward of a vector depends 
on the type of components; the symbol b  is used for covariant components iV  and the 
symbol # for contravariant components iV .  Thus, using 2.10.8, 
 

( )
( ) FVFGgV

VFGFgV

===

=== −−

i
i

i
i

i
i

i
i

b

VV

VV
#

*

TT
*

χ

χ
.                               (2.12.2) 

 
A special case is the push forward of a line element in the reference configuration, Eqn. 
2.10.7, 

 
( ) xgX ddd i

i =Θ=#
*χ .                                      (2.12.3) 

 
which is consistent with the fact that, with convected coordinates, the line element Xd  has 
the same coordinates with respect to the reference configuration basis as does xd  with 
respect to the current configuration basis. 
 
Similarly, consider a vector v given in terms of the current configuration basis: 
 

i
ii

i vv ggv ==       (2.12.4) 
 
The pull-back of v, ( )v1

*
−χ , is defined to be the vector with components iv  (or iv ) with 

respect to the reference configuration base vectors iG  (or iG ).  Thus, using 2.10.8, 
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( ) vFgFGv
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i
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i
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χ
.                (2.12.5) 
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and, for a line element in the current configuration, 
 

( ) XxFGx dddxd i
i === −− 1#1

*χ .                                 (2.12.6) 
 
Note that a push-forward and pull-back applied successively to a vector with the same 
component type will result in the initial vector. 
 
From the above, for two material vectors U and V and two spatial vectors u and v, 
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )bb

bb
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*
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⋅=⋅=⋅

χχχχ
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                        (2.12.7) 

 
Tensors 
 
Consider a material tensor A: 
 

j
ij

i
j

i
i
jji

ijji
ij AAAA GGGGGGGGA ⊗=⊗=⊗=⊗= ⋅

⋅          (2.12.8) 
 
As for the vector, the push-forward of A, ( )A*χ , is defined to be the tensor with the same 
components, but with respect to the deformed base vectors.  Thus, using 2.10.8, 
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.                (2.12.9) 

 
Similarly, consider a spatial tensor a: 
 

j
ij

i
j

i
i
jji

ijji
ij aaaa gggggggga ⊗=⊗=⊗=⊗= ⋅

⋅           (2.12.10) 
 
The pull-back is 
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                  (2.12.11) 
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Push-Forward and Pull-Back relations for Vectors and Tensors 
 
For two material tensors A and B and two spatial tensors a and b, the scalar product is 
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j
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j
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i
jij

ijij
ij

i
j

j
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j
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⋅

⋅
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:

:
                         (2.12.12) 

 
This scalar product then push-forwards and pull-backs as {▲Problem 1} 
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                        (2.12.13) 

 
For material tensor A and material vectors VU, , and spatial tensor a and spatial vectors 

vu, , 
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Then 
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               (2.12.15) 

 
For material tensor A and material vector V, and spatial tensor a and spatial vector v, the 
contractions AV  and av  are 
 

j
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i
j

ij

j
ijji

jj
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                              (2.12.16) 

 
and so transform as  
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                     (2.12.17) 

 
Finally, for material tensors A, B and spatial tensors a, b,  
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and so  
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Push-Forward and Pull-Back operations for Strain Tensors 
 
The push-forward of the covariant right Cauchy-Green strain and its contravariant inverse are 

 
( )

( ) ( ) T1#1
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=⊗=
−−

−−
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χ

χ
.                                    (2.12.20) 

 
From 2.10.19, ijij gC = , the covariant components of the identity tensor expressed in terms 
of the convected base vectors in the current configuration, i.e. the spatial metric tensor, 

ii
ijg ggg ⊗= , and ( ) ijij gC =−1 , the contravariant components of g, so the push-forward of 

covariant C is g and the pull-back of covariant g is C, and the push-forward of contravariant 
1−C  is g and the pull-back of contravariant g is 1−C : 
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Similarly, the pull-back of covariant 1−b  is G and the push-forward of covariant G is 1−b , 
and the pull-back of contravariant b is G and the push-forward of contravariant G is b. 
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( ) ( ) GbbG
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−−−

#1
*

#
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,

,
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For the covariant Green-Lagrange strain, the push-forward is 

 
( ) 1T

*
−−=⊗= EFFggE ji

ij
b Eχ .                                (2.12.23) 

 
From 2.10.23, ijij eE = , the covariant components of the Euler-Almansi strain tensor, and so 
the push-forward of covariant E is e and the pull-back of covariant e is E. 

 
( ) ( ) EeeE == − bb 1

** , χχ .                                    (2.12.24) 
 
 
2.12.2 Push-Forward and Pull-Back with Polar Decomposition 

Intermediate Configurations 
 
Pull backs and push-forwards can be defined relative to any two configurations.  Consider 
the polar decomposition and the intermediate configurations discussed in §2.10.  Pushing 
forward a material tensor A from the reference configuration { }iG  to the configuration { }iĜ  
leads naturally to (see Fig. 2.10.8) 
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and the pull back of a tensor Â  from the intermediate configuration { }iĜ  to the reference 
configuration { }iG  is 
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Similarly, the push-forward of a tensor â  from { }iĝ  to { }g  and the corresponding pull-back 
of a spatial tensor a is 
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The push-forwards and pull-backs due to the stretch tensors are 
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and 
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     (2.12.30) 

 
Push-forwards and pull-backs can also be defined using TF  (in the place of F) and these 
move between the intermediate configurations, gG ˆˆ ⇔ . 
 
Recall Eqn. 2.10.37, which state that the covariant components of 11,,, −− vUvU  with respect 
to the bases iiii ggGG ,ˆ,ˆ,  respectively, are equal.  This can be explained also in terms of 
push-forwards and pull-backs.  For example, with TRURv =  and T11 RRUv −− = , one can 
write (in fact these relations are valid for all component types) 
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( ) ( ) ( ) ( )gRGR UvUv ˆ
1

*
1

* , −− == χχ                              (2.12.31) 
 
The first of these shows that the components of U with respect to G  are the same as those of 
v with respect to Ĝ  (for all component types).  The second shows that the components of 

1−U  with respect to ĝ  are the same as those of 1−v  with respect to g. 
 
As another example, with 2UC = , (compare with Eqn. 2.10.19) 
 

 ( ) ( ) ( ) ( )gUgU gCgC ˆ
#1

*
1

ˆ
1

* ˆ,ˆ −−− == χχ b                              (2.12.32) 
 
 
2.12.3 The Lie Time Derivative 
 
Vectors 
 
The material time derivative of a spatial vector u is  
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                                                   (2.12.33) 

 
The Lie (time) derivative avL  is the material derivative holding the deformed basis 
constant, that is, the first terms on the right hand side of 2.12.33: 
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In terms of the pull-back and push-forward, 
 

( )[ ]⎟
⎠
⎞

⎜
⎝
⎛= − uu 1

**L χχ
dt
d

v        The Lie Time Derivative     (2.12.35) 

 
This is illustrated in the Fig. 2.12.1.  The spatial vector is first pulled back to the reference 
configuration, there the differentiation is carried out, where the base vectors are constant, 
then the vector is pushed forward again to the spatial description. 
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Figure 2.12.1: The Lie Derivative 
 
For covariant components, one first pulls back the vector i

iu g  to i
iu G , the derivative is 

taken, i
iu G& , and then it is pushed forward to i

iu g& , which is consistent with the definition 
2.12.34a.  The definition 2.12.35 allows one to calculate the Lie derivative in absolute 
notation: using 2.4.4-5, 
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      (2.12.36) 

 
The Lie derivative for the contravariant components can be calculated in a similar way, and 
in summary: {▲Problem 3} 
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Tensors 
 
The material time derivative of a spatial tensor a is  
 

j
ij

ij
ij

ij
ij

i

j
i

i
j

j
i

i
j

j
i

i
j

ji
ij

ji
ij

ji
ij

ji
ij

ji
ij

ji
ij

aaa

aaa

aaa

aaa

gggggg

gggggg

gggggg

gggggga

&&&

&&&

&&&

&&&&

⊗+⊗+⊗=

⊗+⊗+⊗=

⊗+⊗+⊗=

⊗+⊗+⊗=

⋅⋅⋅

⋅⋅⋅

                            (2.12.38) 

 
The Lie (time) derivative avL  is then 
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For covariant components, one first pulls back the tensor ji

ija gg ⊗  to ji
ija GG ⊗ , the 

derivative is taken, ji
ija GG ⊗& , and then it is pushed forward to ji

ija gg ⊗& .  With 2.4.4-5, 
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The Lie derivative for the other components can be calculated in a similar way, and in 
summary: {▲Problem 4} 
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     Lie Derivatives of Tensors       (2.12.41) 

 
 
Lie Derivatives of Strain Tensors 
 
From 2.5.18,  
 

0bllbb
eleled
=−−

++=
T

T

&

&
                                                 (2.12.42) 

 
and so the Lie derivative of the covariant Euler-Almansi strain is the rate of deformation and 
the Lie derivative of the contravariant left Cauchy-Green tensor is zero.  Further, from 
2.12.21, 2.12.41, 

 
( )bb

v Cg &
*L χ= ,     dllglglgg 2L TT =+=++= &b

v                   (2.12.43) 
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Lie Derivatives and Objective Rates 
 
One of the most important uses of the Lie derivative is that Lie derivatives of objective 
spatial tensors are objective spatial tensors.  Thus the rates given in 2.12.41 are all objective.  
Further, any linear combination of them is objective, for example, 
 

( ) ( )[ ] ( ) ( )[ ] awwaallaallaallaaalala +−=−+−−+=−−+++ &&&& TTTT

2
1

2
1      (2.12.44) 

 
is objective, provided a is.  This is the Jaumann rate introduced in Eqn. 2.8.36.  The Cotter-
Rivlin rate of Eqn. 2.8.37 is equivalent to Tb

vL . 
 
The Lie Derivative and the Directional Derivative 
 
Recall that the material time derivative of a tensor can be written in terms of the directional 
derivative, §2.6.5.  Hence the Lie derivative can also be expressed as 
 

( )( )[ ]( )vTT f
1

**L −∂= χχv                    (2.12.45) 
 
and hence the subscript v on the L.  Thus one can say that the Lie derivative is the push 
forward of the directional derivative of the material field ( )T1

*
−χ  in the direction of the 

velocity vector. 
 
 
2.12.4 Problems 
 
1. Eqns. 2.12.13 follow immediately from 2.12.12.  However, use Eqns. 2.12.9, 2.12.11, 

i.e. ( ) 1T
*

−−= AFFA bχ , etc., directly, and 1.10.3h, to verify relations 2.12.13. 
2. Derive the Lie derivatives of a vector u, Eqns. 2.12.37. 
3. Derive the Lie derivatives of a tensor a, Eqns. 2.12.41. 
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Variation and Linearisation of Kinematic Tensors 
 
 
2.13.1 The Variation of Kinematic Tensors 
 
The Variation 
 
In this section is reviewed the concept of the variation, introduced in Part I, §5.5. 
 
The variation is defined as follows:  consider a function )(xu , with )(xu*  a second function 
which is at most infinitesimally different from )(xu  at every point x, Fig. 2.13.1 
 

 
 

Figure 2.13.1: the variation 
 
Then define 

 
)()( xuxuu −= *δ  The Variation                        (2.13.1) 

 
The operator δ  is called the variation symbol and uδ  is called the variation of )(xu . 
 
The variation of )(xu  is understood to represent an infinitesimal change in the function at x.  
Note from the figure that a variation uδ  of a function u is different to a differential ud .  The 
ordinary differentiation gives a measure of the change of a function resulting from a specified 
change in the independent variable (in this case x).  Also, note that the independent variable 
does not participate in the variation process; the variation operator imparts an infinitesimal 
change to the function u at some fixed x – formally, one can write this as 0=xδ . 
 
The Commutative Properties of the variation operator 
 

(1) 
x
uu

x d
d

d
d δδ =         (2.13.2) 

 
 

)(xuδ

)(xu xd
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x

)(* xu
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Proof: 
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dd xxuxxu δδ       (2.13.3) 

 
Proof: 
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Variation of a Function 
 
Consider A, a scalar-, vector-, or tensor-valued function of u .  The value of A at uu δ+ , 
where uδ  is a variation of u  is, as in, for example, 1.15.27, 
 

][)()( uAuAuuA u δδ ∂+≈+                 (2.13.4) 
 
The directional derivative in this context is also denoted by ( )uuA δδ ,  and is called the 
variation of A: 
 

( ) ( )uuAuAuuA u εδ
ε

δδδ
ε

+=∂≡
=0

][,
d
d           (2.13.5) 

 
The variation of A is thus the directional derivative of A in the direction of the variation uδ . 
 
For example, consider the scalar function EP :=φ , where P and E are second order tensors.  
Then 
 

( ) ( ) EPEEPEEE E δεδ
ε

δφδδφ
ε

::][,
0

=+=∂≡
=d

d                     (2.13.6) 

 
The second variation is defined as  
 

( ) ( )uuAuAAA u εδδ
ε

δδδδδ
ε

+=∂==
=0

2 ][
d
d                      (2.13.7) 

 
For example, for a scalar function ( )uφ  of a vector u, 
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            (2.13.8) 

 
 
Variation of Functions of the Displacement 
 
In what follows is discussed the change (variation) in functions )(uA  when the displacement 
(or velocity) fields undergo a variation.  These ideas are useful in formulating variational 
prionciples of mechanics (see, for example, §3.8). 
 
Shown in Fig. 2.13.2 is the current configuration frozen at some instant in time.  The 
displacement field is then allowed to undergo a variation uδ .  This change to the 
displacement field evidently changes kinematic tensors, and these changes are now 
investigated.  Note that this variation to the displacement induces a variation to x, xδ , but X 
remains unchanged, 0=Xδ . 
 

 
 

Figure 2.13.2: a variation of the displacement 
 
To evaluate the variation of the deformation gradient F, ( )uuF δδ , , where u is the 
displacement field, note that Xxu −=  and Eqn. 2.2.43, ( ) IuuF += Grad .  One has, from 
2.13.5, 
 

( ) [ ] ( )

( ) ( )

( )u

uuF

uuFuFuuF u
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δε
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εδ
ε

δδδ

ε

ε
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=

+=
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=

=

d
d
d
d

   (2.13.9) 

 
Noting the first commutative property of the variation, 2.13.2, this can also be expressed as 
 

reference 
configuration current 

configuration

uδ

)(xu

X x
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( ) uuuF Grad, δδδ =                     (2.13.10) 
 
Note that uδ  is completely independent of the function u. 
 
Here are some other examples, involving the inverse deformation gradient, the Green-
Lagrange strain, the inverse right Cauchy-Green strain and the spatial line element:  
{▲Problem 1-3} 
 

T11

T

11

2

grad

−−−

−−

−=

=

−=

εFFC
εFFE

uFF

δ

δδ

δδ

         (2.13.11) 

 
where ε  is the small strain tensor, Eqn. 2.2.48. 
 
One also has, using the chain rule for the directional derivative, Eqn. 1.15.28, the directional 
derivative for the determinant, Eqn. 1.15.32, the trace relation 1.10.10e, Eqn. 2.2.8b,  
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The Lie Variation 
 
The Lie-variation is defined for spatial vectors and tensors as a variation holding the 
deformed basis constant.  For example, analogous to 2.12.33a, 
 

ji
ija gga ⊗= δδ b

L                              (2.13.13) 
 
The object is first pulled-back, the variation is then taken and finally a push-forward is 
carried out.  For example, analogous to 2.12.40, 
 

( ) ( )( )[ ]( )uauua u δχχδδ 1
**L , −∂≡                (2.13.14) 

 
For example, consider the Lie-variation of the Euler-Almansi strain e.  First, from 2.12.24, 

( ) Ee =−
b*

1χ .  Then 2.13.11b gives ( )( )[ ] εFFEueu δδδχ T*
1 ==∂ −

b .  From 2.12.9a, 
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( ) ( )( )[ ]( ) ( ) εεFFueuue u δδχδχχδδ ==∂= −

bbb T
*

*
1*L ,                      (2.13.15) 

 
 
2.13.2 Linearisation of Kinematic Functions 
 
Linearisation of a Function 
 
As for the variation, consider A, a scalar-, vector-, or tensor-valued function of u .  If u 
undergoes an increment uΔ , then, analogous to 2.13.4,  
 

( ) ( ) ][ uAuAuuA u Δ∂+≈Δ+             (1.13.16) 
 
The directional derivative ][ uAu Δ∂  in this context is also denoted by ( )uuA ΔΔ , .  The 
linearization of A with respect to u is defined to be 
 

( ) ( ) ( )uuAuAuuA ΔΔ+=Δ ,,L           (1.13.17) 
 
Using exactly the same method of calculation as was used for the variations above, the 
linearization of F and E, for example, are  
 

( ) ( ) [ ]
( ) ( ) [ ] εFFEuEuEuuE

uFuFuFuuF

u

u

Δ+=Δ∂+=Δ

Δ+=Δ∂+=Δ
T,L

Grad,L
        (2.13.18) 

 
where ( ) ( )( )uuε Δ+Δ=Δ gradgrad T

2
1  is the linearised small strain tensor ε . 

 
Linearisation of Variations of a Function 
 
One can also linearise the variation of a function.  For example, 
 

( ) ( ) ( )uuAuuAuuA ΔΔ+=Δ ,,,L δδδδ                               (2.13.19) 
 
The second term here is the directional derivative 
 

( )uuA

uAuuA u

Δ+=

Δ∂=ΔΔ

=

εδ
ε

δδ

ε 0

][],[

d
d                                 (2.13.20) 

 
This leads to an expression similar to A2δ .  For example, for a scalar function ( )uφ  of a 
vector u, 
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u
uu

uu
u

δφδφδφ
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∂
Δ=Δ⋅

∂
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                                    (2.13.21) 

 
Consider now the virtual Green-Lagrange strain, 2.13.11b, εFFE δδ T= .  To carry out the 
linearization of Eδ , it is convenient to first write it in the form 
 

( )[ ]
( )[ ]uFFu

FuuF

εFFE

δδ

δδ

δδ

GradGrad

gradgrad
TT

2
1

TT
2
1

T

+=

+=

=

        (2.13.22) 

 
Then 
 

[ ] ( )[ ]{ }[ ]uuFFuuEE uu Δ+∂=Δ∂=Δ δδδδ GradGrad TT
2
1         (2.13.23) 

 
Recall that the variation uδ  is independent of u; this equation is being linearised with respect 
to u, and uδ  is unaffected by the linearization (see Fig. 2.13.3 below).  However, the motion, 
and in particular F, are affected by the increment in u.  Thus {▲Problem 4} 
 

( )( )uuE δδ GradGradsym TΔ=Δ           (2.13.24) 
 

 
 

Figure 2.13.3: linearisation 
 
As with the variational operator, one can define the linearization of a spatial tensor as 
involving a pull back, followed by the directional derivative, and finally the push forward 
operation.  Thus 
 

( ) ( )( )[ ]( )uauua u Δ∂≡ΔΔ −1
**, χχ              (2.13.25) 
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2.13.3 Problems 
 
1. Use Eqn. 2.2.22, ( )IFFE −= T

2
1 , Eqn. 2.13.9, ( ) ( )uuuF δδδ Grad, = , and Eqn. 2.2.8b, 

( ) 1Gradgrad −= Fvv , to show that εFFE δδ T= , where ε  is the small strain tensor, Eqn. 
2.2.48. 

2. Use 2.13.9 to show that the variation of the inverse deformation gradient 1−F  is 
uFF δδ grad11 −− −= .  [Hint: differente the relation IFF =−1  by the product rule and then 

use the relation ( ) 1Gradgrad −= Fvv  for vector v.] 
3. Use the definition FFC T=  to show that T11 2 −−− −= εFFCδ . 
4. Use the relation ( )AAA += T

2
1sym  to show that  

( )[ ]{ }[ ] ( )( )uuuuFFuE u δδδδ GradGradsymGradGrad TTT
2
1 Δ=Δ+∂=Δ  

5. Use ( )[ ]uuεe δδδδ gradgrad T
2
1 +==  and Eqn. 2.7.21 to show that the  

( )( )[ ]( ) ( )( )
( )[ ]uu

uuuee u

δ

δχδχχδ

gradgradsym

GradGradsym
T

T
*

1
**

⋅Δ=

Δ=Δ∂=Δ −
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3 Stress and the 
Balance Principles 

 
Three basic laws of physics are discussed in this Chapter: 
 

(1) The Law of Conservation of Mass 
(2) The Balance of Linear Momentum 
(3) The Balance of Angular Momentum 

 
together with the conservation of mechanical energy and the principle of virtual work, 
which are different versions of (2). 
  
(2) and (3) involve the concept of stress, which allows one to describe the action of 
forces in materials. 
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3.1 Conservation of Mass 
 
 
3.1.1 Mass and Density 
 
Mass is a non-negative scalar measure of a body’s tendency to resist a change in motion. 
 
Consider a small volume element vΔ  whose mass is mΔ .  Define the average density of 
this volume element by the ratio 
 

v
m
Δ
Δ

=AVEρ               (3.1.1) 

 
If p is some point within the volume element, then define the spatial mass density at p to 
be the limiting value of this ratio as the volume shrinks down to the point, 
 

v
mt v Δ

Δ
= →Δ 0lim),(xρ      Spatial Density                 (3.1.2) 

 
In a real material, the incremental volume element vΔ  must not actually get too small 
since then the limit ρ  would depend on the atomistic structure of the material; the 
volume is only allowed to decrease to some minimum value which contains a large 
number of molecules.  The spatial mass density is a representative average obtained by 
having vΔ  large compared to the atomic scale, but small compared to a typical length 
scale of the problem under consideration. 
 
The density, as with displacement, velocity, and other quantities, is defined for specific 
particles of a continuum, and is a continuous function of coordinates and time, 

),( txρρ = .  However, the mass is not defined this way – one writes for the mass of an 
infinitesimal volume of material – a mass element, 
 

dvtdm ),(xρ=        (3.1.3) 
 
or, for the mass of a volume v of material at time t, 
 

( )∫=
v

dvtm ,xρ                   (3.1.4) 

 
 
3.1.2 Conservation of Mass 
 
The law of conservation of mass states that mass can neither be created nor destroyed.   
 
Consider a collection of matter located somewhere in space.  This quantity of matter with 
well-defined boundaries is termed a system.  The law of conservation of mass then 
implies that the mass of this given system remains constant,  
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0=
Dt
Dm

          Conservation of Mass               (3.1.5) 

 
The volume occupied by the matter may be changing and the density of the matter within 
the system may be changing, but the mass remains constant. 
 
Considering a differential mass element at position X in the reference configuration and 
at x in the current configuration, Eqn. 3.1.5 can be rewritten as 
 

),()( tdmdm xX =          (3.1.6) 
 
The conservation of mass equation can be expressed in terms of densities.  First, 
introduce 0ρ , the reference mass density (or simply the density), defined through 
 

V
m

V Δ
Δ

= →Δ 00 lim)(Xρ       Density             (3.1.7) 

 
Note that the density 0ρ  and the spatial mass density ρ  are not the same quantities1.   
 
Thus the local (or differential) form of the conservation of mass can be expressed as (see 
Fig. 3.1.1) 
 

const),()(0 === dvtdVdm xX ρρ        (3.1.8) 
 

 
 

Figure 3.1.1: Conservation of Mass for a deforming mass element 
 
Integration over a finite region of material gives the global (or integral) form, 

 
const),()(0 === ∫∫

vV

dvtdVm xX ρρ        (3.1.9) 

or 
 

0),( === ∫
v

dvt
dt
d

dt
dmm xρ&            (3.1.10) 

                                                 
1 they not only are functions of different variables, but also have different values; they are not different 
representations of the same thing, as were, for example, the velocities v and V.  One could introduce a 
material mass density, )),,((),( ttXxtX ρ=Ρ , but such a quantity is not useful in analysis 

reference 
configuration 

X
x

0, ρdV ρ,dv

•
•

current 
configuration 
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3.1.3 Control Mass and Control Volume 
 
A control mass is a fixed mass of material whose volume and density may change, and 
which may move through space, Fig. 3.1.2.  There is no mass transport through the 
moving surface of the control mass.  For such a system, Eqn. 3.1.10 holds. 
 

 
 

Figure 3.1.2: Control Mass 
 
By definition, the derivative in 3.1.10 is the time derivative of a property (in this case 
mass) of a collection of material particles as they move through space, and when they 
instantaneously occupy the volume v, Fig. 3.1.3, or 
 

0),(),(1lim
)( )(

0 =
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−Δ+
Δ

= ∫ ∫∫
Δ+

→Δ
ttv tv

t
dv

dvtdvtt
t

dv
dt
d xx ρρρ    (3.1.11) 

 
Alternatively, one can take the material derivative inside the integral sign: 
 

[ ] 0),( == ∫
v

dvt
dt
d

dt
dm xρ        (3.1.12) 

 
This is now equivalent to the sum of the rates of change of mass of the mass elements 
occupying the volume v. 
 

 
 

Figure 3.1.3: Control Mass occupying different volumes at different times 
 
 
A control volume, on the other hand, is a fixed volume (region) of space through which 
material may flow, Fig. 3.1.4, and for which the mass may change.  For such a system, 
one has 
 

)(),),((, 111 tvttm xρ )(),),((, 222 tvttm xρ

time t  

time tt Δ+  
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[ ] 0),(),( ≠
∂
∂

=
∂
∂

=
∂
∂

∫∫ dvt
t

dvt
tt

m

vv

xx ρρ                          (3.1.13) 

 

 
 

Figure 3.1.4: Control Volume 
 
 
3.1.4 The Continuity Equation (Spatial Form) 
 
A consequence of the law of conservation of mass is the continuity equation, which (in 
the spatial form) relates the density and velocity of any material particle during motion.  
This equation can be derived in a number of ways: 
 
Derivation of the Continuity Equation using a Control Volume (Global Form) 
 
The continuity equation can be derived directly by considering a control volume - this is 
the derivation appropriate to fluid mechanics.  Mass inside this fixed volume cannot be 
created or destroyed, so that the rate of increase of mass in the volume must equal the rate 
at which mass is flowing into the volume through its bounding surface. 
 
The rate of increase of mass inside the fixed volume v is 
 

∫∫ ∂
∂

=
∂
∂

=
∂
∂

vv

dv
t

dvt
tt

m ρρ ),(x              (3.1.14) 

 
The mass flux (rate of flow of mass) out through the surface is given by Eqn. 1.7.9,  
 

∫∫ ⋅
s

ii
s

dsnvds ρρ ,nv  

 
where n is the unit outward normal to the surface and v is the velocity.  It follows that 
 

0,0 =+
∂
∂

=⋅+
∂
∂

∫∫∫∫
s

ii
vsv

dsnvdv
t

dsdv
t

ρρρρ nv           (3.1.15) 

 
Use of the divergence theorem 1.7.12 leads to 
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leading to the continuity equation, 
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v
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    Continuity Equation 

(3.1.17) 
 
This is (these are) the continuity equation in spatial form.  The second and third forms of 
the equation are obtained by re-writing the local derivative in terms of the material 
derivative 2.4.7 (see also 1.6.23b). 
 
If the material is incompressible, so the density remains constant in the neighbourhood of 
a particle as it moves, then the continuity equation reduces to 
 

0,0div =
∂
∂

=
i

i

x
v

v   Continuity Eqn. for Incompressible Material   (3.1.18) 

 
Derivation of the Continuity Equation using a Control Mass 
 
Here follow two ways to derive the continuity equation using a control mass. 
 
1. Derivation using the Formal Definition 
 
From 3.1.11, adding and subtracting a term: 
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    (3.1.19) 

 
The terms in the second square bracket correspond to holding the volume v fixed and 
evidently equals the local rate of change: 
 

∫∫∫
−Δ+

→Δ
Δ+

Δ
+

∂
∂

=
)()(

0
),(1lim

tvttv
t

vdv

dvtt
t

dv
t

dv
dt
d xρρρ                     (3.1.20) 

 
The region )()( tvttv −Δ+  is swept out in time tΔ .  Superimposing the volumes )(tv  and 

)( ttv Δ+ , Fig. 3.1.5, it can be seen that a small element vΔ  of )()( tvttv −Δ+  is given by 
(see the example associated with Fig. 1.7.7) 
 

stv Δ⋅Δ=Δ nv                                                 (3.1.21) 
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where s is the surface.  Thus 
 

∫∫∫ ⋅=⋅Δ+Δ
Δ

=Δ+
Δ →Δ

−Δ+
→Δ

ss
t

tvttv
t

dstdsttt
t

dvtt
t

nvxnvxx ),(),(1lim),(1lim
0

)()(
0

ρρρ    (3.1.22) 

 
and 3.1.15 is again obtained, from which the continuity equation results from use of the 
divergence theorem.  
 

 
 

Figure 3.1.5: Evaluation of Eqn. 3.1.22 
 
 
2. Derivation by Converting to Mass Elements 
 
This derivation requires the kinematic relation for the material time derivative of a 
volume element, 2.5.23: dvdtdvd vdiv/)( = .  One has 
 

( ) ( ) 0div),(
.

≡+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+=== ∫∫∫∫

vvvv

dvdvdvdv
dt
ddvt

dt
d

dt
dm ρρρρρρ vx &&       (3.1.23) 

 
The continuity equation then follows, since this must hold for any arbitrary region of the 
volume v.  
 
Derivation of the Continuity Equation using a Control Volume (Local Form) 
 
The continuity equation can also be derived using a differential control volume element.  
This calculation is similar to that given in §1.6.6, with the velocity v replaced by vρ . 
 
 
3.1.5 The Continuity Equation (Material Form) 
 
From 3.1.9, and using 2.2.53, JdVdv = ,  
 

[ ] 0),()),,(()(0 =−∫
V

dVtJtt XXχX ρρ                    (3.1.24) 
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Since V  is an arbitrary region, the integrand must vanish everywhere, so that 
 

),()),,(()(0 tJtt XXχX ρρ =   Continuity Equation (Material Form)   (3.1.25) 
 

This is known as the continuity (mass) equation in the material description.  Since 
00 =ρ& , the rate form of this equation is simply 

 

0)( =J
dt
d ρ              (3.1.26) 

 
The material form of the continuity equation, Jρρ =0 , is an algebraic equation, unlike 
the partial differential equation in the spatial form.  However, the two must be equivalent, 
and indeed the spatial form can be derived directly from this material form: using 2.5.20, 

vdiv/ JdtdJ = , 
 

( )vdiv

)(

ρρ

ρρρ

+=

+=

&

&&

J

JJJ
dt
d

        (3.1.27) 

 
This is zero, and 0>J , and the spatial continuity equation follows. 
 
Example (of Conservation of Mass) 
 
Consider a bar of material of length 0l , with density in the undeformed configuration 0ρ  
and spatial mass density ),( txρ , undergoing the 1-D motion )1/( At+= xX , 

XXx At+= .  The volume ratio (taking unit cross-sectional area) is AtJ += 1 .  The 
continuity equation in the material form 3.1.25 specifies that 
 

)1(0 At+= ρρ  
 
Suppose now that  
 

XX 2
0

2)(
l
m

o =ρ  

 

so that the total mass of the bar is ∫ =ol md
0 0 )( XXρ .  It follows that the spatial mass 

density is 
 

22
0

2
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)1(
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Evaluating the total mass of the bar at time t leads to 
 

∫∫
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+
=

)1(

022
0

)1(

0 )1(
12),(

AtlAtl oo d
Atl

mdt xxxxρ  



Section 3.1 

Solid Mechanics Part III  Kelly 324

 
which is again m, as required. 

 
 

 
 

Figure 3.1.6: a stretching bar 
 
 
The density could have been derived from the equation of continuity in the spatial form: 
since the velocity is  
 

At
AtttA

dt
tdt

+
==== −

1
)),,((),(,),(),( 1 xxχVxvXXxXV  

 
one has 
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Without attempting to solve this first order partial differential equation, it can be seen by 
substitution that the value for ρ  obtained previously satisfies the equation. 

■  
 
 
3.1.6 Material Derivatives of Integrals 
 
Reynold’s Transport Theorem 
 
In the above, the material derivative of the total mass carried by a control mass, 
 

∫
v

dvt
dt
d ),(xρ , 

 
was considered.  It is quite often that one needs to evaluate material time derivatives of 
similar volume (and line and surface) integrals, involving other properties, for example 
momentum or energy.  Thus, suppose that ),( txA  is the distribution of some property 
(per unit volume) throughout a volume v (A is taken to be a second order tensor, but what 
follows applies also to vectors and scalars).  Then the rate of change of the total amount 
of the property carried by the mass system is 
 

end of bar ( 0l== Xx ) 
at 0=t  

end of bar ( 00 ),1( lAtl =+= Xx ) 
at time t
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∫
v

dvt
dt
d ),(xA  

 
Again, this integral can be evaluated in a number of ways.  For example, one could 
evaluate it using the formal definition of the material derivative, as done above for 

ρ=A .  Alternatively, one can evaluate it using the relation 2.5.23,  dvdtdvd vdiv/)( = , 
through 
 

[ ] [ ]∫∫∫∫ +=⎥
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⎡
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d AvAAAxAxA div),(),(

.
&&        (3.1.28) 

 
Thus one arrives at Reynold’s transport theorem 
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 Reynold’s Transport Theorem    (3.1.29) 

 
The index notation is shown for the case when A is a second order tensor.  In the last of 
these forms2 (obtained by application of the divergence theorem), the first term represents 
the amount (of A) created within the volume v whereas the second term (the flux term) 
represents the (volume) rate of flow of the property through the surface.  In the last three 
versions, Reynold’s transport theorem gives the material derivative of the moving control 
mass in terms of the derivative of the instantaneous fixed volume in space (the first term). 
 
Of course when ρ=A , the continuity equation is recovered. 
 
Another way to derive this result is to first convert to the reference configuration, so that 
integration and differentiation commute (since dV  is independent of time): 
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2 also known as the Leibniz formula 
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Reynold’s Transport Theorem for Specific Properties  
 
A property that is given per unit mass is called a specific property.  For example, 
specific heat is the heat per unit mass.  Consider then a property B, a scalar, vector or 
tensor, which is defined per unit mass through a volume.  Then the rate of change of the 
total amount of the property carried by the mass system is simply 
 

[ ] [ ] ∫∫∫∫∫ ====
vvvvv

dv
dt
ddm

dt
ddm

dt
ddv

dt
ddvt

dt
d BBBBxB ρρρ ),(         (3.1.31) 

 
Material Derivatives of Line and Surface Integrals  
 
Material derivatives of line and surface integrals can also be evaluated.  From 2.5.8, 

xlx ddtdd =/)( , 
 

[ ]∫∫ += xAlAxxA ddt
dt
d &),(                  (3.1.32) 

 
and, using 2.5.22, ( ) ( ) dsdtdsd nlvn ˆdiv/ˆ T−= , 
 

( )[ ]∫∫ −+=
ss

dsdst
dt
d nlvAAnxA ˆdivˆ),( T&             (3.1.33) 

 
 
3.1.7 Problems 
 
1. A motion is given by the equations 

332
2

12211 ),1(,3 XxtXtXxtXXx =++−=+=  
(a) Calculate the spatial mass density ρ  in terms of the density 0ρ  
(b) Derive a first order ordinary differential equation for the density ρ  (in terms of 

x and t only) assuming that it is independent of position x 
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3.2 The Momentum Principles 
 
In Parts I and II, the basic dynamics principles used were Newton’s Laws, and these are 
equivalent to force equilibrium and moment equilibrium.  For example, they were used to 
derive the stress transformation equations in Part I, §3.4 and the Equations of Motion in 
Part II, §1.1.  Newton’s laws there were applied to differential material elements. 
 
An alternative but completely equivalent set of dynamics laws are Euler’s Laws; these 
are more appropriate for finite-sized collections of moving particles, and can be used to 
express the force and moment equilibrium in terms of integrals.  Euler’s Laws are also 
called the Momentum Principles: the principle of linear momentum (Euler’s first law) 
and the principle of angular momentum (Euler’s second law). 
 
 
3.2.1 The Principle of Linear Momentum 
 
Momentum is a measure of the tendency of an object to keep moving once it is set in 
motion.  Consider first the particle of rigid body dynamics: the (linear) momentum p is 
defined to be its mass times velocity, vp m= .  The rate of change of momentum p&  is 
 

avvp m
dt
dm

dt
md

dt
d

===
)(     (3.2.1) 

 
and use has been made of the fact that 0/ =dtdm .  Thus Newton’s second law, aF m= , 
can be rewritten as 
 

)( vF m
dt
d

=      (3.2.2) 

 
This equation, formulated by Euler, states that the rate of change of momentum is equal to 
the applied force.  It is called the principle of linear momentum, or balance of linear 
momentum.  If there are no forces applied to a system, the total momentum of the system 
remains constant; the law in this case is known as the law of conservation of (linear) 
momentum. 
 
Eqn. 3.2.2 as applied to a particle can be generalized to the mechanics of a continuum in 
one of two ways.  One could consider a differential element of material, of mass dm  and 
velocity v.  Alternatively, one can consider a finite portion of material, a control mass in 
the current configuration with spatial mass density ),( txρ  and spatial velocity field 

),( txv .  The total linear momentum of this mass of material is 
 

( )∫=
v

dvttt ,),()( xvxL ρ     Linear Momentum    (3.2.3) 

 
The principle of linear momentum states that 
 

( ) )(,),()( tdvtt
dt
dt

v

FxvxL == ∫ ρ&          (3.2.4) 
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where )(tF  is the resultant of the forces acting on the portion of material. 
 
Note that the volume over which the integration in Eqn. 3.2.4 takes place is not fixed; the 
integral is taken over a fixed portion of material particles, and the space occupied by this 
matter may change over time. 
 
By virtue of the Transport theorem relation 3.1.31, this can be written as 
 

( ) )(,),()( tdvttt
v

FxvxL == ∫ && ρ           (3.2.5) 

 
The resultant force acting on a body is due to the surface tractions t acting over surface 
elements and body forces b acting on volume elements, Fig. 3.2.1: 
 

dvbdstFdvdst
v

i
s

ii
vs

∫∫∫∫ +=+= ,)( btF        Resultant Force     (3.2.6) 

 
and so the principle of linear momentum can be expressed as 
 

∫∫∫ =+
vvs

dvdvds vbt &ρ      Principle of Linear Momentum      (3.2.7) 

 
 

 
 

Figure 3.2.1: surface and body forces acting on a finite volume of material 
 
The principle of linear momentum, Eqns. 3.2.7, will be used to prove Cauchy’s Lemma 
and Cauchy’s Law in the next section and, in §3.6, to derive the Equations of Motion. 
 
 
3.2.2 The Principle of Angular Momentum 
 
Considering again the mechanics of a single particle: the angular momentum is the 
moment of momentum about an axis, in other words, it is the product of the linear 
momentum of the particle and the perpendicular distance from the axis of its line of 
action.  In the notation of Fig. 3.2.2, the angular momentum h is 
 

vrh m×=                                                           (3.2.8) 
 
which is the vector with magnitude vmd ×  and perpendicular to the plane shown. 
 

tn

ds

b

dv
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Figure 3.2.2: surface and body forces acting on a finite volume of material 

 
Consider now a collection of particles.  The principle of angular momentum states that 
the resultant moment of the external forces acting on the system of particles, M , equals 
the rate of change of the total angular momentum of the particles: 
 

dt
dhFrM =×=                                                (3.2.9) 

 
Generalising to a continuum, the angular momentum is 
 

∫ ×=
v

dvvrH ρ      Angular Momentum           (3.2.10) 

 
and the principle of angular momentum is 
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   Principle of Angular Momentum      

(3.2.11) 
 
The principle of angular momentum, 3.2.11, will be used, in §3.6, to deduce the 
symmetry of the Cauchy stress. 

•
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3.3 The Cauchy Stress Tensor 
 
 
3.3.1 The Traction Vector 
 
The traction vector was introduced in Part I, §3.3.  To recall, it is the limiting value of 
the ratio of force over area; for Force FΔ  acting on a surface element of area SΔ , it is 
 

S
F

S Δ
Δ

=
→Δ 0

)( limnt                                                       (3.3.1) 

 
and n denotes the normal to the surface element.  An infinite number of traction vectors 
act at a point, each acting on different surfaces through the point, defined by different 
normals. 
 
 
3.3.2 Cauchy’s Lemma 
 
Cauchy’s lemma states that traction vectors acting on opposite sides of a surface are 
equal and opposite1.  This can be expressed in vector form: 
 

)()( nn tt −−=  Cauchy’s Lemma      (3.3.2) 
 
This can be proved by applying the principle of linear momentum to a collection of 
particles of mass mΔ  instantaneously occupying a small box with parallel surfaces of 
area sΔ , thickness δ  and volume sv Δ=Δ δ , Fig. 3.3.1.  The resultant surface force 
acting on this matter is ss Δ+Δ − )()( nn tt . 
 

 
 

Figure 3.3.1: traction acting on a small portion of material particles 
 
The total linear momentum of the matter is ∫∫ ΔΔ

=
mV

dmdv vvρ .  By the mean value 

theorem (see Appendix A to Chapter 1, §1.B.1), this equals mΔv , where v  is the velocity 
at some interior point.  Similarly, the body force acting on the matter is vdv

V
Δ=∫Δ bb , 

where b  is the body force (per unit volume) acting at some interior point.  The total mass 

                                                 
1 this is equivalent to Newton’s (third) law of action and reaction – it seems like a lot of work to prove this 
seemingly obvious result but, to be consistent, it is supposed that the only fundamental dynamic laws 
available here are the principles of linear and angular momentum, and not any of Newton’s laws 

)(nt

)( nt −

n

n−

sΔ

thickness δ  
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can also be written as vdvm
V

Δ==Δ ∫Δ ρρ .  From the principle of linear momentum, 

Eqn. 3.2.7, and since mΔ  does not change with time, 
 

[ ]
dt
ds

dt
dv

dt
dmm

dt
dvss vvvvbtt nn Δ=Δ=Δ=Δ=Δ+Δ+Δ − δρρ)()(              (3.3.3) 

 
Dividing through by sΔ  and taking the limit as 0→δ , one finds that )()( nn tt −−= . 
Note that the values of )()( , nn tt −  acting on the box with finite thickness are not the same 
as the final values, but approach the final values at the surface as 0→δ . 
 
 
3.3.3 Stress 
 
In Part I, the components of the traction vector were called stress components, and it was 
illustrated how there were nine stress components associated with each material particle.  
Here, the stress is defined more formally, 
 
Cauchy’s Law 
 
Cauchy’s Law states that there exists a Cauchy stress tensor σ  which maps the normal 
to a surface to the traction vector acting on that surface, according to 
 

jiji nt σ== ,nσt        Cauchy’s Law                   (3.3.4) 
 
or, in full, 
 

3332321313

3232221212

3132121111

nnnt
nnnt

nnnt

σσσ
σσσ
σσσ

++=
++=
++=

       (3.3.5) 

 
Note: 
• many authors define the stress tensor as σnt = .  This amounts to the definition used here 

since, as mentioned in Part I, and as will be (re-)proved below, the stress tensor is symmetric, 

jiij σσ == ,Tσσ  
• the Cauchy stress refers to the current configuration, that is, it is a measure of force per unit 

area acting on a surface in the current configuration. 
 
Stress Components 
 
Taking Cauchy’s law to be true (it is proved below), the components of the stress tensor 
with respect to a Cartesian coordinate system are, from 1.9.4 and 3.3.4, 
 

( )j
ijiij

eteeσe ⋅==σ                                                (3.3.6) 
 
which is the ith component of the traction vector acting on a surface with normal je .  
Note that this definition is inconsistent with that given in Part I, §3.2 – there, the first 
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subscript denoted the direction of the normal – but, again, the two definitions are 
equivalent because of the symmetry of the stress tensor.  
 
The three traction vectors acting on the surface elements whose outward normals point in 
the directions of the three base vectors je  are 
 

j
j eσt e =)( ,           

( )

( )

( )
33322313

33222212

33122111

3

2

eeet

eeet

eeet

1
e

1
e

1
e1

σσσ

σσσ

σσσ

++=

++=

++=

      (3.3.7) 

 
Eqns. 3.3.6-7 are illustrated in Fig. 3.3.2. 
 

 
 
Figure 3.3.2: traction acting on surfaces with normals in the coordinate directions; 

(a) traction vectors, (b) stress components 
 
 
Proof of Cauchy’s Law 
 
The proof of Cauchy’s law essentially follows the same method as used in the proof of 
Cauchy’s lemma. 
 
Consider a small tetrahedral free-body, with vertex at the origin, Fig. 3.3.3.  It is required 
to determine the traction t in terms of the nine stress components (which are all shown 
positive in the diagram). 
 
Let the area of the base of the tetrahedran, with normal n, be sΔ .  The area 1ds  is then 

αcossΔ , where α  is the angle between the planes, as shown in Fig. 3.3.3b; this angle is 
the same as that between the vectors n and 1e , so ( ) snss Δ=Δ⋅=Δ 111 en , and similarly 
for the other surfaces: sns Δ=Δ 22  and sns Δ=Δ 33 . 
 

3x

2x

2e

3e

1e
( )1et

( )2et

( )3et

1x

21σ
11σ

31σ

12σ
22σ

32σ
23σ

33σ

13σ

3x

2x

1x

(a) (b) 



Section 3.3 

Solid Mechanics Part III            Kelly 333

 
 

Figure 3.3.3: free body diagram of a tetrahedral portion of material; (a) traction 
acting on the material, (b) relationship between surface areas and normal 

components 
 
The resultant surface force on the body, acting in the 1x  direction, is 
 

snsnsnst Δ−Δ−Δ−Δ 3132121111 σσσ  
 
Again, the momentum is MΔv , the body force is vΔb  and the  mass is 

shvm Δ=Δ=Δ )3/(ρρ , where h is the perpendicular distance from the origin (vertex) to 
the base.  The principle of linear momentum then states that 
 

dt
vd

shshbsnsnsnst 1
13132121111 )3/()3/( Δ=Δ+Δ−Δ−Δ−Δ ρσσσ  

 
Again, the values of the traction and stress components on the faces will in general vary 
over the faces, so the values used in this equation are average values over the faces. 
 
Dividing through by sΔ , and taking the limit as 0→h , one finds that  
 

3132121111 nnnt σσσ ++=  
 
and now these quantities, 1312111 ,,, σσσt , are the values at the origin.  The equations for 
the other two traction components can be derived in a similar way. 
 
Normal and Shear Stress 
 
The stress acting normal to a surface is given by 
 

)(ntn ⋅=Nσ                                                      (3.3.8) 
 
The shear stress acting on the surface can then be obtained from 
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22)(
NS σσ −= nt                                                  (3.3.9) 

 
Example 
 
The state of stress at a point is given in the matrix form 
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Determine 
(a) the traction vector acting on a plane through the point whose unit normal is 

321 ˆ)3/2(ˆ)3/2(ˆ)3/1(ˆ eeen −+=  
(b) the component of this traction acting perpendicular to the plane 
(c) the shear component of traction. 
 
Solution 
 
(a) The traction is 
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or 321

)ˆ( ˆˆ3ˆ)3/2( eeet n −+−= . 
 
(b) The component normal to the plane is the projection of )ˆ(nt  in the direction of n̂ , i.e. 

 
.4.29/22)3/2()3/2(3)3/1)(3/2(ˆ)ˆ( ≈=++−=⋅= nt n

Nσ  
 

(c) The shearing component of traction is  
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      i.e. of magnitude 1.2)27/17()27/37()27/40( 222 ≈++− , which equals  

      22)ˆ(ˆ
Nσ−nt . 
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3.4 Properties of the Stress Tensor 
 
 
3.4.1 Stress Transformation 
 
Let the components of the Cauchy stress tensor in a coordinate system with base vectors 

ie  be ijσ .  The components in a second coordinate system with base vectors je′ , ijσ ′ , are 
given by the tensor transformation rule 1.10.5: 
 

pqqjpiij QQ σσ =′                                                     (3.4.1) 
 
where ijQ  are the direction cosines, jiijQ ee ′⋅= . 
 
Isotropic State of Stress 
 
Suppose the state of stress in a body is 
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⎡
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0
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00
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σ
σ

σ
σ  

 
One finds that the application of the tensor transformation rule yields the very same 
components no matter what the coordinate system.  This is termed an isotropic state of 
stress, or a spherical state of stress (see §1.13.3).  One example of isotropic stress is the 
stress arising in fluid at rest, which cannot support shear stress, in which case 
 

Iσ p−=                                                            (3.4.2) 
 
where the scalar p is the fluid hydrostatic pressure.  For this reason, an isotropic state of 
stress is also referred to as a hydrostatic state of stress. 
 
A note on the Transformation Formula 
 
Using the vector transformation rule 1.5.5, the traction and normal transform according to 
[ ] [ ][ ] [ ] [ ][ ]nQntQt TT , =′=′ .  Also, Cauchy’s law transforms according to [ ] [ ][ ]nσt ′′=′  
which can be written as [ ][ ] [ ][ ][ ]nQσtQ TT ′= , so that, pre-multiplying by [ ]Q , and since 
[ ]Q  is orthogonal, [ ] [ ][ ][ ]{ }[ ]nQσQt T′= , so [ ] [ ][ ][ ]TQσQσ ′= , which is the inverse tensor 
transformation rule 1.13.6a, showing the internal consistency of the theory. 
 
In Part I, Newton’s law was applied to a material element to derive the two-dimensional 
stress transformation equations, Eqn. 3.4.7 of Part I.  Cauchy’s law was proved in a 
similar way, using the principle of momentum.  In fact, Cauchy’s law and the stress 
transformation equations are equivalent.  Given the stress components in one coordinate 
system, the stress transformation equations give the components in a new coordinate 
system; particularising this, they give the stress components, and thus the traction vector, 
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acting on new surfaces, oriented in some way with respect to the original axes, which is 
what Cauchy’s law does. 
 
 
3.4.2 Principal Stresses 
 
Since the stress σ  is a symmetric tensor, it has three real eigenvalues 321 ,, σσσ , called 
principal stresses, and three corresponding orthonormal eigenvectors called principal 
directions.  The eigenvalue problem can be written as 
 

nnσt n σ==)(                (3.4.3) 
 
where n is a principal direction and σ  is a scalar principal stress.  Since the traction 
vector is a multiple of the unit normal, σ  is a normal stress component.  Thus a principal 
stress is a stress which acts on a plane of zero shear stress, Fig. 3.4.1. 

 
 

Figure 3.4.1: traction acting on a plane of zero shear stress 
 
The principal stresses are the roots of the characteristic equation 1.11.5, 
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1
3 =−+− III σσσ         (3.4.4) 

 
where, Eqn. 1.11.6-7, 1.11.17, 
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no shear stress – only a normal 
component to the traction 
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The principal stresses and principal directions are properties of the stress tensor, and do 
not depend on the particular axes chosen to describe the state of stress., and the stress 
invariants 321 ,, III  are invariant under coordinate transformation. c.f. §1.11.1.   
 
If one chooses a coordinate system to coincide with the three eigenvectors, one has the 
spectral decomposition 1.11.11 and the stress matrix takes the simple form 1.11.12, 
 

[ ]
⎥
⎥
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⎦

⎤

⎢
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⎢

⎣

⎡
=⊗= ∑

=
3

2

13

1 00
00
00

,ˆˆ
σ

σ
σ

σ σnnσ
i

iii            (3.4.6) 

 
Note that when two of the principal stresses are equal, one of the principal directions will 
be unique, but the other two will be arbitrary – one can choose any two principal 
directions in the plane perpendicular to the uniquely determined direction, so that the 
three form an orthonormal set.  This stress state is called axi-symmetric.  When all three 
principal stresses are equal, one has an isotropic state of stress, and all directions are 
principal directions. 
 
 
3.4.3 Maximum Stresses 
 
Directly from §1.11.3, the three principal stresses include the maximum and minimum 
normal stress components acting at a point.  This result is re-derived here, together with 
results for the maximum shear stress 
 
Normal Stresses 
 
Let 321 ,, eee  be unit vectors in the principal directions and consider an arbitrary unit 
normal vector 332211 eeen nnn ++= , Fig. 3.4.2.  From 3.3.8 and Cauchy’s law,  the 
normal stress acting on the plane with normal n is 
 

( ) nnσnt n ⋅=⋅= )(
Nσ            (3.4.7) 

 

 
 

Figure 3.4.2: normal stress acting on a plane defined by the unit normal n 
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With respect to the principal stresses, using 3.4.6, 
  

333222111
)( eeenσt n nnn σσσ ++==                     (3.4.8) 

 
and the normal stress is 
 

2
33

2
22

2
11 nnnN σσσσ ++=                                   (3.4.9) 

 
Since 12

3
2
2

2
1 =++ nnn  and, without loss of generality, taking 321 σσσ ≥≥ , one has 

 
( ) Nnnnnnn σσσσσσ =++≥++= 2
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Similarly, 
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11 σσσσσσ ≥++≥++= nnnnnnN      (3.4.11) 

 
Thus the maximum normal stress acting at a point is the maximum principal stress and 
the minimum normal stress acting at a point is the minimum principal stress. 
 
Shear Stresses 
 
Next, it will be shown that the maximum shearing stresses at a point act on planes 
oriented at 45o to the principal planes and that they have magnitude equal to half the 
difference between the principal stresses. 
 
From 3.3.39, 3.4.8 and 3.4.9, the shear stress on the plane is 
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Using the condition 12

3
2
2

2
1 =++ nnn  to eliminate 3n  leads to 
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The stationary points are now obtained by equating the partial derivatives with respect to 
the two variables 1n  and 2n  to zero: 
 

( ) ( ) ( ) ( )[ ]{ }
( ) ( ) ( ) ( )[ ]{ } 02

02

2
232

2
13132322

2

2

2
232

2
13131311

1

2

=−+−−−−=
∂
∂

=−+−−−−=
∂
∂

nnn
n

nnn
n

S

S

σσσσσσσσ
σ

σσσσσσσσ
σ

      (3.4.14) 

 
One sees immediately that 021 == nn  (so that 13 ±=n ) is a solution; this is the principal 
direction 3e  and the shear stress is by definition zero on the plane with this normal.  In 
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this calculation, the component 3n  was eliminated and 2
Sσ  was treated as a function of 

the variables ),( 21 nn .  Similarly, 1n  can be eliminated with ),( 32 nn  treated as the 
variables, leading to the solution 1en = , and 2n  can be eliminated with ),( 31 nn  treated as 
the variables, leading to the solution 2en = .  Thus these solutions lead to the minimum 
shear stress value 02 =Sσ . 
 
A second solution to Eqn. 3.4.14 can be seen to be 2/1,0 21 ±== nn  (so that 

2/13 ±=n ) with corresponding shear stress values ( )2
324

12 σσσ −=S .  Two other 
solutions can be obtained as described earlier, by eliminating 1n  and by eliminating 2n .  
The full solution is listed below, and these are evidently the maximum (absolute value of 
the) shear stresses acting at a point: 
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          (3.4.15) 

 
Taking 321 σσσ ≥≥ , the maximum shear stress at a point is 
 

( )31max 2
1 σστ −=     (3.4.16) 

 
and acts on a plane with normal oriented at 45o to the 1 and 3 principal directions.  This is 
illustrated in Fig. 3.4.3. 
 

 
 

Figure 3.4.3: maximum shear stress at  apoint 
 
 
Example (maximum shear stress) 
 
Consider the stress state  
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[ ]
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This is the same tensor considered in the example of §1.11.1.  Using the results of that 
example, the principal stresses are 15,5,10 321 −=== σσσ  and so the maximum shear 
stress at that point is 

( )
2
25

2
1

31max =−= σστ  

 
The planes and direction upon which they act are shown in Fig. 3.4.4. 
 

 
 

Figure 3.4.4: maximum shear stress 
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3.5 Stress Measures for Large Deformations 
 
Thus far, the surface forces acting within a material have been described in terms of the 
Cauchy stress tensor σ .  The Cauchy stress is also called the true stress, to distinguish it 
from other stress tensors, some of which will be discussed below.  It is called the true 
stress because it is a true measure of the force per unit area in the current, deformed, 
configuration.  When the deformations are small, there is no distinction to be made 
between this deformed configuration and some reference, or undeformed, configuration, 
and the Cauchy stress is the sensible way of describing the action of surface forces.  
When the deformations are large, however, one needs to refer to some reference 
configuration.  In this case, there are a number of different possible ways of defining the 
action of surface forces; some of these stress measures often do not have as clear a 
physical meaning as the Cauchy stress, but are useful nonetheless. 
 
 
3.5.1 The First Piola – Kirchhoff Stress Tensor 
 
Consider two configurations of a material, the reference and current configurations.  
Consider now a vector element of surface in the reference configuration, dSN , where dS  
is the area of the element and N is the unit normal.  After deformation, the material 
particles making up this area element now occupy the element defined by dsn , where ds  
is the area and n is the normal in the current configuration.  Suppose that a force fd  acts 
on the surface element (in the current configuration).  Then by definition of the Cauchy 
stress 
 

dsd nσf =       (3.5.1) 
 
The first Piola-Kirchhoff stress tensor P (which will be called the PK1 stress for 
brevity) is defined by 
 

dSd NPf =         (3.5.2) 
 
The PK1 stress relates the force acting in the current configuration to the surface element 
in the reference configuration.  Since it relates to both configurations, it is a two-point 
tensor. 
 
The (Cauchy) traction vector was defined as 
 

ds
dft = ,     nσt =                                                 (3.5.3) 

 
Similarly, one can introduce a PK1 traction vector T such that 
 

dS
dfT = ,     NPT =                                              (3.5.4) 

 
Whereas the Cauchy traction is the actual physical force per area on the element in the 
current configuration, the PK1 traction is a fictitious quantity – the force acting on an 
element in the current configuration divided by the area of the corresponding element in 
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the reference configuration.  Note that, since dSdsd Ttf == , it follows that T and t act 
in the same direction (but have different magnitudes), Fig. 3.5.1.  
 

 
 

Figure 3.5.1: Traction vectors 
 
 
Uniaxial Tension 
 
Consider a uniaxial tensile test whereby a specimen is stretched uniformly by a constant 
force f, Fig. 3.5.2.  The initial cross-sectional area of the specimen is 0A  and the cross-
sectional area of the specimen at time t is )(tA .  The Cauchy (true) stress is  
 

)(
)(

tA
t fσ =                                                       (3.5.5) 

 
and the PK1 stress is  
 

0A
fP =                                                          (3.5.6) 

 
This stress measure, force over area of the undeformed specimen, as used in the uniaxial 
tensile test, is also called the engineering stress. 
 
 

 
 

Figure 3.5.2: Uniaxial tension of a bar 
 
 
The Nominal Stress 
 
The PK1 stress tensor is also called the nominal stress tensor.  Note that many authors  
use a different definition for the nominal stress, namely PNT = , and then define the 
PK1 stress to be the transpose of this P.  Thus all authors use the same definition for the 
PK1 stress, but a slightly different definition for the nominal stress. 

current 
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configuration 

dS ds
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Relation between the Cauchy and PK1 Stresses 
 
From the above definitions,  
 

dSds NPnσ =         (3.5.7) 
 
Using Nanson’s formula, 2.2.59, dSJds NFn T−= , 
 

T1

T

FPσ
FσP

−

−

=

=

J
J

     PK1 stress      (3.5.8) 

 
The Cauchy stress is symmetric, but the deformation gradient is not.  Hence the PK1 
stress tensor is not symmetric, and this restricts its use as an alternative stress measure to 
the Cauchy stress measure.  In fact, this lack of symmetry and lack of a clear physical 
meaning makes it uncommon for the PK1 stress to be used in the modeling of materials.  
It is, however, useful in the description of the momentum balance laws in the material 
description, where P plays an analogous role to that played by the Cauchy stress σ  in the 
equations of motion (see later). 
 
 
3.5.2 The Second Piola – Kirchhoff Stress Tensor 
 
The second Piola – Kirchhoff stress tensor, or the PK2 stress, S, is defined by 
 

T1 −−= FσFS J      PK2 stress         (3.5.9) 
 
Even though the PK2 does not admit a physical interpretation (except in the simplest of 
cases, but see the interpretation below), there are three good reasons for using it as a 
measure of the forces acting in a material.  First, one can see that 
 

( ) ( ) ( ) TT1T1TTTT1 −−−−−− == FσFFσFσFF  
 
and since the Cauchy stress is symmetric, so is the PK2 stress: 
 

TSS =            (3.5.10) 
 
A second reason for using the PK2 stress is that, together with the Euler-Lagrange strain 
E, it gives the power of a deforming material (see later).  Third, it is parameterized by 
material coordinates only, that is, it is a material tensor field, in the same way as the 
Cauchy stress is a spatial tensor field. 
 
Note that the PK1 and PK2 stresses are related through 
 

PFSFSP 1, −==                                           (3.5.11) 
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The PK2 stress can be interpreted as follows: take the force vector in the current 
configuration fd  and locate a corresponding vector in the undeformed configuration 
according to fFf dd 1−= .  The PK2 stress tensor is this fictitious force divided by the 
corresponding  area element in the reference configuration: dSd SNf = , and 3.5.9 follows 
from 3.5.2, 3.5.8: 
 

dSJdSd NFσNPf T−==  
 
 
3.5.3 Alternative Stress Tensors 
 
Some other useful stress measures are described here. 
 
The Kirchhoff Stress 
 
The Kirchhoff stress tensor τ  is defined as 
 

στ J=         Kirchhoff Stress                    (3.5.12) 
 
It is a spatial tensor field parameterized by spatial coordinates.  One reason for its use is 
that, in many equations, the Cauchy stress appears together with the Jacobian and the use 
of τ  simplifies formulae. 
 
Note that the Kirchhoff stress is the push forward of the PK2 stress; from 2.12.9b, 
2.12.11b, 
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T#
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τFFτS
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χ

χ
                                         (3.5.13) 

 
The Corotational Cauchy Stress 
 
The corotational stress σ̂  is defined as 
 

σRRσ Tˆ =         Corotational Stress                (3.5.14) 
 
where R is the orthogonal rotation tensor.  Whereas the Cauchy stress is related to the 
PK2 stress through T1 SFFσ −= J , the corotational stress is related to the PK2 stress 
through (with F replaced by the right (symmetric) stretch tensor U): 
 

( ) ( ) ( ) σRRUFσFUUσFFUSUUσ TT1T11T1ˆ ==== −−−−−− JJJ         (3.5.15) 
 
The corotational stress is defined on the intermediate configuration of Fig. 2.10.8.  It can 
be regarded as the push forward of the PK2 stress from the reference configuration 
through the stretch U, scaled by 1−J  (Eqn. 2.12.28b): 
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or as the pull-back of the Cauchy stress with respect to R (Eqn. 2.12.27f): 
 

( ) ( ) σRRggσσ gR
T#1

* ˆˆˆ =⊗== −
ji

ijσχ                               (3.5.17) 
 
The Biot Stress 
 
The Biot (or Jaumann) stress tensor BT  is defined as 
 

USPRT == T
B         Biot Stress                    (3.5.18) 

 
From 3.5.11, it is similar to the PK1 stress, only with F replaced by U. 
 
Example 
 
Consider a pre-stressed thin plate with 0

111 σσ = , 0
222 σσ = , that is, it has a non-zero 

stress although no forces are acting1, Fig. 3.5.3.  In this initial state, IF =  and, 
considering a two-dimensional state of stress, 
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The material is now rotated as a rigid body o45  counterclockwise – the stress-state is 
“frozen” within the material and rotates with it.  Then  
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The stress components with respect to the rotated *

ix  axes shown in Fig. 3.5.3b are 
0
1

*
11 σσ = , etc.; the components with respect to the spatial axes ix  can be found from the 

stress transformation rule [ ] [ ][ ][ ] [ ][ ][ ]T**T RσRQσQσ == , and so 
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Note that the Cauchy stress changes with this rigid body rotation.  Further, with 1=J , 
 

⎥
⎦

⎤
⎢
⎣

⎡
===⎥

⎦

⎤
⎢
⎣

⎡ −
== 0

2

0
1

B0
2

0
1

0
2

0
1

0
0ˆ,

2/2/
2/2/,

σ
σ

σσ
σσ TσSPστ  

 
Note that the PK1 stress is not symmetric.  Now attach axes *x  to the material and rotate 
these axes with the specimen as it rotates, as in Fig. 3.5.3b.  The components with respect 

                                                 
1 for example a piece of metal can be deformed; when the load is removed it is often pre-stressed –  there is 
a non-zero state of stress in the material 
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to these rotated axes give the corotational stress; the corotational stress is the stress in a 
body, taking out the stress changes caused by rigid body rotations – one says that the 
corotational stress (and PK2 stress) “rotate” with the body. 
 

 
 

Figure 3.5.3: Pre-stressed material; (a) original position, (b) rotated configuration 
 

■  
 
 
3.5.4 Small deformations 
 
From §2.7, when the deformations are small, neglecting terms involving products of 
displacement gradients, 
 

)grad(O)grad(Ograd 2 uIuuIF +=++=                             (3.5.19) 
 
Here, )grad(O u  means terms of the order of displacement gradients (and higher) have 
been neglected and 2)grad(O u  means terms of the order of products of displacement 
gradients (and higher) have been neglected.  Also, 
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From 3.5.8 and 3.5.9, using 3.5.19-20, one has 
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In the linear theory then, with 0)grad(O →u , the stress measures encountered in this 
section are all equivalent. 
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3.5.5 Objective Stress Tensors 
 
In order to ascertain the objectivity of the stress tensors, first note that, by definition, force 
is an objective vector, and therefore so also is the traction vector.  Similarly for the 
normal vector.  The normal and traction vectors transform under an observer 
transformation according to 2.8.10, Qnn =*  and Qtt =* .  Then 
 

( ) *T**T*T nQQσtnσQtQσnt =→=→=                      (3.5.22) 
 
and so T* QQσσ = ; according to 2.8.12, the Cauchy stress is objective.  The PK2 stress S 
is objective, since it is a material tensor unaffected by an observer transformation.  For 
the PK1 stress, using 2.8.23, 
 

( ) ( ) ( )TTTT**** −−−
=== σFQQFQQσFσP JJJ                     (3.5.23) 

 
and so, according to 2.8.16, P is objective (transforming like a vector, being a two-point 
tensor).  
 
 
3.5.6 Objective Stress Rates 
 
One needs to incorporate stress rates in models of materials where the response depends 
on the rate of stressing, for example with viscoelastic materials.  As discussed in §2.8.5, 
the rates of objective tensors are not necessarily objective.  As discussed in §2.12.3, the 
Lie derivative of a spatial second order tensor is objective.  For the Cauchy stress, there 
are a number of different objective rates one can use, based on the Lie derivative (see 
Eqns. 2.8.35-36, 2.12.41, 2.12.44): 
 
 Cotter-Rivlin stress rate σlσlσ ++ T&   σb

vL=  
 Jaumann stress rate  σwwσσ +−&   ( )σσ #

v
b
v2

1 LL +=           (3.5.24) 
 Oldroyd stress rate2  Tσllσσ −−&   σ#

vL=  
   
Stress rates of other spatial stress tensors can be defined in the same way, for example the 
Oldroyd rate of the Kirchhoff stress tensor is Tτllττ −−& . 
 
The material derivative of the material PK2 stress tensor, S& , is objective.  The push 
forward of S&  is, from 2.12.9b, 
 

( ) T#
* FSFS && =χ                                                (3.5.25) 

 

                                                 
2 this is sometimes called the contravariant Oldroyd stress rate, to distinguish it from the Cotter-Rivlin rate, 
which is also sometimes called the covariant Oldroyd stress rate  
 



Section 3.5 
 

Solid Mechanics Part III            Kelly 348

This push forward, scaled by the inverse of the Jacobian, T1 FSF &−J  is called the 
Truesdell stress rate.  This can be expressed in terms of the Cauchy stress by using 
3.5.9, and then 2.5.20, 2.5.5: 
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(3.5.26) 
 
Thus far, objective rates have been constructed by pulling back, taking derivatives and 
pushing forward.  One can construct objective rates also by pulling back and pushing 
forward with the rotation tensor R only, since it is the rotation which causes the stress 
rates to be non-objective.  For example, σ#

vL , setting RF = , is, from 3.5.17 and 
2.12.27b, 
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              (3.5.27) 

 
where TRRΩ &=R  is the skew-symmetric angular velocity tensor 2.6.3.  The stress rate 
3.5.27 is called the Green-Naghdi stress rate.  From the above, the Green-Naghdi rate is 
the push forward of the time derivative of the corotational stress. 
 
Example 
 
Consider again the example discussed at the end of §3.5.3, only let the plate rotate at 
constant angular velocity ω , so  
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Again, using the stress transformation rule [ ] [ ][ ][ ] [ ][ ][ ]T**T RσRQσQσ == ,  
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and, with 1=J , 
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Also, 
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Then 
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and 
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For a rigid body rotation, it can be seen that the definitions of the Cotter-Rivlin, Jaumann, 
Oldroyd, Truesdell and Green-Naghdi rates are equivalent, and they are all zero: 
 

0σwwσσ =+−&  
 

This is as expected since objective stress rates for two configurations which differ by a 
rigid body rotation will, by definition, be equal (the stress components will not change); 
they are zero in the reference configuration and so will be zero in the rotated 
configuration.  

■  
 
 
3.5.7 Problems 
 
1.  Consider the case of uniaxial stress, where a material with initial dimensions length 

0l , breadth 0w  and height 0h  deforms into a component with dimensions length l , 
breadth w  and height h .  The only non-zero Cauchy stress component is 11σ , 
acting in the direction of the length of the component. 
(a) write down the motion equations in the material description, )(Xx χ=  
(b) calculate the deformation gradient F and confirm that Fdet=J  is the ratio of 

the volume in the current configuration to that in the initial configuration 
(c) Calculate the PK1 stress.  How is it related to the Cauchy stress for this uniaxial 

stress-state? 
(d) calculate the PK2 stress 

2. A material undergoes the deformation 
3321211 ,,3 XxXtXxtXx =+==  

 The Cauchy stress at a point in the material is 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

−
=

000
02
02

tt
tt

σ  

(a) Calculate the PK1 and PK2 stresses at the point (check that PK2 is symmetric) 
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(b) Calculate the expressions ESdσFP && :,:,: J  (for E& , use the expression 
2.5.18b, dFFE T=& ).  In these expressions, d is the rate of deformation tensor.  
(You should get the same result for all three cases, since they all give the rate of 
internal work done by the stresses during the deformation, per unit reference 
volume – see later) 

3.  Show that the Oldroyd rate of the Kirchhoff stress, Tτllττ −−& , is equal to the 
Jacobian times the Truesdell stress rate of the Cauchy stress, 3.5.26. 
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3.6 The Equations of Motion and Symmetry of Stress 
 
In Part II, §1.1, the Equations of Motion were derived using Newton’s Law applied to a 
differential material element.  Here, they are derived using the principle of linear 
momentum. 
 
 
3.6.1 The Equations of Motion (Spatial Form) 
 
Application of Cauchy’s law σnt =  and the divergence theorem 1.14.21 to 3.2.7 leads 
directly to the global form of the equations of motion 
 

[ ] ∫∫∫∫ =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

∂

∂
=+

v
i

v
i

j

ij

vv

dvvdvb
x

dvdv && ρ
σ

ρ ,div vbσ             (3.6.1) 

 
The corresponding local form is then 
 

dt
dv

b
xdt

d i
i

j

ij ρ
σ

ρ =+
∂

∂
=+ ,div vbσ    Equations of Motion    (3.6.2) 

 
The term on the right is called the inertial, or kinetic, term, representing the change in 
momentum.  The material time derivative of the spatial velocity field is 
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∂
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v
x
v

t
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dt
dv , etc. 

 
and it can be seen that the equations of motion are non-linear in the velocities. 
 
Equations of Equilibrium 
 
When the acceleration is zero, the equations reduce to the equations of equilibrium, 
 

0div =+ bσ      Equations of Equilibrium        (3.6.3) 
 
Flows 
 
A flow is a set of quantities associated with the system of forces t and b, for example the 
quantities ρ,,σv .  A flow is steady if the associated spatial quantities are independent of 
time.  A potential flow is one for which the velocity field can be written as the gradient 
of a scalar function, φgrad=v .  An irrotational flow is one for which 0curl =v . 
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3.6.2 The Equations of Motion (Material Form) 
 
In the spatial form, the linear momentum of a mass element is dvvρ .  In the material 
form it is dVV0ρ .  Here, V is the same velocity as v, only it is now expressed in terms of 
the material coordinates X, and dVdv 0ρρ = .  The linear momentum of a collection of 
material particles occupying the volume v in the current configuration can thus be 
expressed in terms of an integral over the corresponding volume V in the reference 
configuration: 
 

( ) ( )∫=
V

dVtt ,)( 0 XVXL ρ     Linear Momentum (Material Form)    (3.6.4) 

 
and the principle of linear momentum is now, using 3.1.31, 
 

( ) ( ) )(, 00 tdV
dt
ddVt

dt
d

VV

FVXVX ≡= ∫∫ ρρ                        (3.6.5) 

 
The external forces F to be considered are those acting on the current configuration.  
Suppose that the surface force acting on a surface element ds  in the current configuration 
is dSdsd Ttf ==surf , where t and T are, respectively, the Cauchy traction vector and the 
PK1 traction vector (Eqns. 3.5.3-4).  Also, just as the PK1 stress measures the actual force 
in the current configuration, but per unit surface area in the reference configuration, one 
can introduce the reference body force B: this is the actual body force acting in the 
current configuration, per unit volume in the reference configuration.  Thus if the body 
force acting on a volume element dv  in the current configuration is bodyfd , then  

 
dVdvd Bbf ==body                       (3.6.6) 

 
The resultant force acting on the body is then 

 
dVBdSTFdVdSt

V
i

S
ii

VS
∫∫∫∫ +=+= ,)( BTF                  (3.6.7) 

 
Using Cauchy’s law, PNT = , where P is the PK1 stress, and the divergence theorem 
1.12.21, 3.6.5 and 3.6.7 lead to 
 

[ ] ∫∫ =+
VV

dV
dt
ddV VBP 0Div ρ                 (3.6.8) 

 
and the corresponding local form is 
 

dt
dV

B
X
P

dt
d i

i
j

ij
00 ,Div ρρ =+

∂

∂
=+

VBP  

Equations of Motion (Material Form)     (3.6.9) 
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Derivation from the Spatial Form 
 
The equations of motion can also be derived directly from the spatial equations.  In order 
to do this, one must first show that ( )TDiv −FJ  is zero.  One finds that (using the 
divergence theorem, Nanson’s formula 2.2.59 and the fact that 0div =I ) 
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( )
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s
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V j
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δ
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           (3.6.10) 

 
This result is known as the Piola identity.  Thus, with the PK1 stress related to the 
Cauchy stress through 3.5.8, T−= σFP J , and using identity 1.14.16c, 
 

( )( )
( ) ( )

T

TT

T

:Grad
:GradDiv

DivDiv

−

−−

−

=

+=

=

Fσ
FσFσ

FσP

J
JJ

J
             (3.6.11) 

 
From 2.2.8c, 
 

σP divDiv J=                  (3.6.12) 
 
Then, with JdVdv =  and 3.6.6, the equations of motion in the spatial form can now be 
transformed according to 
 

[ ] [ ] ∫∫∫∫ =+→=+
VVvv

dVdVdvdv VBPvbσ && 0Divdiv ρρ  

 
as before.  
 
 
3.6.3 Symmetry of the Cauchy Stress 
 
It will now be shown that the principle of angular momentum leads to the requirement 
that the Cauchy stress tensor is symmetric.  Applying Cauchy’s law to 3.2.11,  
 

( )

dvvx
dt
ddvbxdSnx

dv
dt
ddvds

v
kjijk

v
kjijk

s
lkljijk

vvs

∫∫∫

∫∫∫

=+

×=×+×

ρεεσε

ρvrbrσnr
                  (3.6.13) 

 
The surface integral can be converted into a volume integral using the divergence 
theorem.  Using the index notation, and concentrating on the integrand of the resulting 
volume integral, one has, using 1.3.14 (the permutation symbol is a constant here, 

0/ =∂∂ lijk xε ), 
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( ) Tdiv σσr :E+×≡
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where E  is the third-order permutation tensor, Eqn. 1.9.6, ( )kjiijk eee ⊗⊗= εE .  Thus, 
with the Reynold’s transport identity 3.1.31, 
 

{ } ( )∫∫∫ ×=×++×
vvv

dv
dt
ddvdv vrbrσσr ρTdiv :E                (3.6.15) 

 
The material derivative of this cross product is  
 

( )
dt
d

dt
d

dt
d

dt
d

dt
d vrvvvrvrvrvr ×=×+×=×+×=×                   (3.6.16) 

 
and so 
 

0divT =
⎭
⎬
⎫

⎩
⎨
⎧ −+×+ ∫∫

vv

dv
dt
ddv vbσrσ ρ:E                   (3.6.17) 

 
From the equations of motion 2.6.2, the term inside the brackets is zero, so that 

 
0,0T == kjijkσεσ:E                    (3.6.18) 

 
It follows, from expansion of this relation, that the matrix of stress components must be 
symmetric: 

 
jiij σσ == ,Tσσ      Symmetry of Stress                  (3.6.19) 

 
 
3.6.4 Consequences in the Material Form 
 
Here, the consequences of 3.6.19 on the PK1 and PK2 stresses is examined.  Using the 
result Tσσ =  and 3.5.8, T1PFσ −= J , 
 

( ) T1TT1T1 FPPFPF −−− == JJJ                           (3.6.20) 
 
so that 
 

jkikjkik PFFP == ,TT FPPF               (3.6.21) 
 
These equations are trivial when ji = , not providing any constraint on P.  On the other 
hand, when ji ≠  one has the three equations 
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332332223121332332223121

331332123111331332123111

231322122111231322122111

PFPFPFFPFPFP
PFPFPFFPFPFP
PFPFPFFPFPFP

++=++
++=++
++=++

                  (3.6.22) 

 
Thus angular momentum considerations imposes these three constraints on the PK1 stress 
(as they imposed the three constraints 2112 σσ = , 3113 σσ = , 3223 σσ =  on the Cauchy 
stress). 
 
It has already been seen that a consequence of the symmetry of the Cauchy stress is the 
symmetry of the PK2 stress S; thus, formally, the symmetry of S is the result of the 
angular momentum principle. 
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3.7 Boundary Conditions and The Boundary Value 
Problem 

 
In order to solve a mechanics problem, one must specify certain conditions around the 
boundary of the material under consideration.  Such boundary conditions will be 
discussed here, together with the resulting boundary value problem (BVP).  (see Part I, 
3.5.1, for a discussion of stress boundary conditions.) 
 
 
3.7.1 Boundary Conditions 
 
There are two types of boundary condition, those on displacement and those on traction.  
Denote the body in the reference condition by 0B  and in the current configuration by B.  
Denote the boundary of the body in the reference configuration by S  and in the current 
configuration by s, Fig. 3.7.1. 
 
Displacement Boundary Conditions 
 
The position of particles may be specified over some portion of the boundary in the 
current configuration.  That is, ( )Xχx =  is specified to be x  say, over some portion us  of 
s, Fig. 3.7.1, which corresponds to the portion uS  of S .  With )()( xXxxu −= , or 

XXxXU −= )()( , this can be expressed as 
 

u

u

XXUXU
xxuxu

S
s

∈=

∈=

),()(
),()(

                                            (3.7.1) 

 
These are called displacement boundary conditions.  The most commonly encountered 
displacement boundary condition is where some portion of the boundary is fixed, in 
which case ( ) oxu = . 
 

 
 

Figure 3.7.1: Boundary conditions 
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Traction Boundary Conditions 
 
Traction tt =  can be specified over a portion σs  of the boundary, Fig. 3.7.1.  These 
traction boundary conditions are related to the PK1 traction TT =  over the 
corresponding surface σS  in the reference configuration, through Eqns. 3.5.1-4, 
 

dsdsdSdS σntPNT ===                                           (3.7.2) 
 
One usually knows the position of the boundary S  and the normal )(XN  in the reference 
configuration.  As deformation proceeds, the PK1 traction develops according to PNT =  
with, from 3.5.8, T−= σFP J .  The PK1 stress will in general depend on the motion x  and 
the deformation gradient F , so the traction boundary condition can be expressed in the 
general form 
 

( )FxXTT ,,=                                                      (3.7.3) 
 
Example: Fluid Pressure 
 
Consider the case of fluid pressure p around the boundary, nt p−= , Fig. 3.7.2.  The 
Cauchy traction t  depends through the normal n  on the new position and geometry of 
the surface σs .  Also, NFT T−−= pJ , which is of the general form 3.7.3. 
 

 
 

Figure 3.7.2: Fluid pressure on deforming material 
 
Consider a material under water with part of its surface deforming as shown in Fig. 3.7.2.  
Referring to the figure, 1EN −= , 21 sincos een θθ +−= , Iσ p−= , ( )2xhgp −= ρ  and 
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The traction vectors and PK1 stress are  
 

θ

T

h
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with (note that θcos/ =dsdS ) p=t  and θcos/p=T .  The traction vectors clearly 
depend on both position, and the deformation through θ .  In this example, 

21
1 tanGradgrad eeFIUIFu ⊗=−==−= − θ  and 

 
( ) uuuu grad:gradarctangradarctangrad ==θ  

■  
 
 
Dead Loading 
 
A special case of loading is that of dead loading, where 
 

( )XTT =                                                         (3.7.4) 
 
Here, the PK1 stress on the boundary does not change with the deformation and an 
initially normal traction will not remain so as deformation proceeds. 
 
For example, if one considers again the geometry of Fig. 3.7.2, this time take 
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3.7.2 The Boundary Value Problem 
 
The equations of motion 3.6.2, 3.6.9, are a set of three differential equations.  In the 
solution of any problem, one would have to supplement these equations with others, for 
example a constitutive equation expressing a relationship between the stress and the 
kinematic variables (see Part IV).  This constitutive relation will typically relate the stress 
to the strains, or rates of strain, for example ),( deσ f= .  Suppose then that the stresses 
are known in terms of the strains and hence the displacements u.  The equations of 
motion are then a set of three second order differential equations in the three unknowns 

iu  (assuming that the body force b is a prescribed function of the problem).  They need to 
be subjected to certain boundary and initial conditions. 
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Assume that the boundary conditions are such that the displacements are specified over 
that part of the surface us  and tractions are specified over that part σs , with the total 
surface σu sss += , with 0=∩ σu ss  1.  Thus 
 

us
s

on,
on,

uu
tnσt

=
== σ        Boundary Conditions            (3.7.5) 

 
where the overbar signifies quantities which are prescribed.  Initial conditions are also 
required for the displacement and velocity, so that 
 

0at),(),(
0at),(),(

0

0

==
==

t
t

xutxu
xutxu

&&
     Initial Conditions             (3.7.6) 

 
and it is usually taken that Xx =  at 0=t .  Comparing 3.7.5 and 3.7.6, one also requires 

that uu =0 , 
⋅

= uu0&  over us , so that the boundary and initial conditions are compatible. 
 
These equations together, the differential equations of motion and the boundary and 
initial conditions, are called the strong form of the initial boundary value problem 
(BVP): 
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     Strong form of the Initial BVP       (3.7.7) 

 
 
When the problem is quasi-static, so the accelerations can be neglected, the equations of 
motion reduce to the equations of equilibrium 3.6.3.  In that case one does not need initial 
conditions and one has a boundary value problem involving 3.7.5 only. 
 
It is only in certain special cases and in certain simple problems that an exact solution can 
be obtained to these equations.  An alternative solution strategy is to convert these 
equations into what is known as the weak form.  The weak form, which is in the form of 
integrals rather than differential equations, can then be solved approximately using a 
numerical technique, for example the Finite Element Method2.  The weak form is 
discussed in §3.9. 
 
                                                 
1 It is possible to specify both traction and displacement over the same portion of the boundary, but not the 
same components.  For example, if one specified 11et t=  on a boundary, one could also specify 22eu u= , 

but not 11eu u= .  In that case, one could imagine the boundary to consist of two separate boundaries, one 

with conditions with respect to 1e  and one with respect to 2e , and still write 0=∩ σu ss . 
2 Further, it is often easier to prove results regarding the uniqueness and stability of solutions to the problem 
when it is cast in the weak form 
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In the material form, the boundary conditions are 
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and the initial conditions are 
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and the initial vale problem is 
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     Strong form of the Initial BVP       (3.7.10) 
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3.8 Balance of Mechanical Energy 
 
 
3.8.1 The Balance of Mechanical Energy 
  
First, from Part I, Chapter 5, recall work and kinetic energy are related through 

 
KWW Δ=+ intext                  (3.8.1) 

 
where extW  is the work of the external forces and intW  is the work of the internal forces.  
The rate form is  
 

KPP &=+ intext               (3.8.2) 
 
where the external and internal powers and rate of change of kinetic energy are 
 

K
dt
dKW

dt
dPW

dt
dP Δ=== &,, intintextext        (3.8.3) 

 
This expresses the mechanical energy balance for a material.  Eqn. 3.8.2 is equivalent to 
the equations of motion (see below). 
 
The total external force acting on the material is given by 3.2.6: 
 

dvds
vs
∫∫ += btFext     (3.8.4) 

 
The increment in work done dW  when an element subjected to a body force (per unit 
volume) b undergoes a displacement ud  is dvdub ⋅ .  The rate of working is 

( )dvdtddP /ub ⋅= .  Thus, and similarly for the traction, the power of the external forces 
is 
 

dvdsP
vs
∫∫ ⋅+⋅= vbvtext           (3.8.5) 

 
where v is the velocity.  Also, the total kinetic energy of the matter in the volume is 
 

∫ ⋅=
v

dvK vvρ2
1            (3.8.6) 

 
Using Reynold’s transport theorem, 
 

( ) ∫∫ ⋅=⋅=
vv

dv
dt
ddv

dt
dK

dt
d vvvv ρρ2

1   (3.8.7) 

 
Thus the expression 3.8.2 becomes 
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∫∫∫ ⋅=+⋅+⋅
vvs

dv
dt
dPdvds vvvbvt ρint             (3.8.8) 

 
 
 
 
 
 
It can be seen that some of the power exerted by the external forces alters the kinetic 
energy of the material and the remainder changes its internal energy state. 
 
Conservative Force System 
 
In the special case where the internal forces are conservative, that is, no energy is 
dissipated as heat, but all energy is stored as internal energy, one can express the power of 
the internal forces in terms of a potential function u (see Part I, §5.1), and rewrite this 
equation as 
 

∫∫∫∫ ⋅+=⋅+⋅
vvvs

dv
dt
ddv

dt
dudvds vvvbvt ρρ                 (3.8.9) 

 
 
 
 
 
Here, the rate of change of the internal energy has been written in the form 
 

dv
dt
dudvu

dt
dU

dt
d

vv
∫∫ == ρρ             (3.8.10) 

 
where u is the internal energy per unit mass, or the specific internal energy.  
 
 
3.8.2 The Stress Power 
 
To express the power of the internal forces intP  in terms of stresses and strain-rates, first 
re-write the rate of change of kinetic energy using the equations of motion,  

 

( )∫∫ +⋅=⋅=
vv

dvdv
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d bσvvv divρ                 (3.8.11) 

 
Also, using the product rule of differentiation, 
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where l is the spatial velocity gradient, jiij xvl ∂∂= / .  Decomposing l into its symmetric 
part d, the rate of deformation, and its antisymmetric part w, the spin tensor, gives 
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since the double contraction of any symmetric tensor (σ ) with any skew-symmetric 
tensor (w) is zero, 1.10.31c.  Also, using Cauchy’s law and the divergence theorem 
1.14.21, 
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Thus, finally, from Eqn. 3.8.8, 
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The term dσ :  is called the stress power; the stress power is the (negative of the) rate of 
working of the internal forces, per unit volume.  The complete equation for the 
conservation of mechanical energy is then 
 

∫∫∫∫ ⋅+=⋅+⋅
vvvs

dv
dt
ddvdvds vvdσvbvt ρ:  Mechanical Energy Balance   (3.8.16) 

 
The stress power is that part of the externally supplied power which is not converted into 
kinetic energy; it is converted into heat and a change in internal energy. 
 
Note that, as with the law of conservation of mechanical energy for a particle, this 
equation does not express a separate law of continuum mechanics; it is merely a re-
arrangement of the equations of motion (see below), which themselves follows from the 
principle of linear momentum (Newtons second law). 
 
Conservative Force System 
 
If the internal forces are conservative, one has 
 

dv
dt
duU

dt
ddv

vv
∫∫ == ρdσ :           (3.8.17) 

 
or, in local form, 
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dt
duρ=dσ :  Mechanical Energy Balance (Conservative System)   (3.8.18) 

 
This is the local form of the energy equation for the case of a purely mechanical 
conservative process. 
 
 
3.8.3 Derivation from the Equations of Motion 
 
As mentioned, the conservation of mechanical energy equation can be derived directly 
from the equations of motion.  The derivation is similar to that used above (where the 
mechanical energy equations were used to derive an expression for the stress power using 
the equations of motion).  One has, multiplying the equations of motion by v and 
integrating, 
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        (3.8.19) 

 
 
3.8.4 Stress Power and the Continuum Element 
 
In the above, the stress power was derived using a global (integral) form of the equations.  
The stress power can also be deduced by considering a differential mass element.  For 
example, consider such an element whose boundary particles are moving with velocity v 
and whose boundary is subjected to stresses σ , Fig. 3.8.1. 
 
Consider first the components of force and velocity acting in the 1x  direction.  The 
external forces act on the six sides.  On three of them (the ones that can be seen in the 
illustration) the stress and velocity act in the same direction, so the power is positive; on 
the other three they act in opposite directions, so there the power is negative. 
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Figure 3.8.1: A differential mass element subjected to stresses 
 
As usual (see §1.6.6), the element is assumed to be small enough so that the product of 
stress and velocity varies linearly over the element, so that the average of this product 
over an element face can be taken to be representative of the power of the surface forces 
on that element.  The power of the external surface forces acting on the three faces to the 
front is then 
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(3.8.20) 
 
Using a Taylor’s series expansion, and neglecting higher order terms, then leads to 
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(3.8.21) 
 
The net power per unit volume (subtracting the power of the stresses on the other three 
surfaces and dividing through by the volume) is then 
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Assume the body force b to act at the centre of the element.  Neglecting higher order 
terms which vanish as the element size is allowed to shrink towards zero, the power of the 
body force in the 1x  direction, per unit volume, is simply 11vb . 
 
The total power of the external forces is then (including the other two components of 
stress and velocity), using the equations of motion, 
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which again equals the stress power term plus the change in kinetic energy. 
 
The power of the internal forces is dσ :− , a result of the forces acting inside the 
differential element, reacting to the applied forces σ  and b. 
 
 
3.8.5 The Balance of Mechanical Energy (Material form) 
  
The material form of the power of the external forces is written as a function of the PK1 
traction T and the reference body force B, 3.6.7, and the kinetic energy as a function of 
the velocity )(XV : 
 

∫∫∫ ⋅=+⋅+⋅
VVS

dV
dt
dPdVdS VVVBVT 0int ρ                  (3.8.24) 

 
Next, using the identities 2.5.4, lFF =&  and 1.10.3h, ( ) BACBCA :)(: T= , gives 
 

( ) ( ) FσFFFσlσwσlσdσ && :::::: T1 −− ===−= ,                    (3.8.25) 
 
and so 
 

( ) ( )

∫
∫∫∫

=

== −−

V

Vvv

dV

JdVdvdv

FP

FσFFσFdσ

&

&&

:

::: TT

               (3.8.26) 

 
and  
 

∫∫∫∫ ⋅+=⋅+⋅
VVVS

dV
dt
ddVdVdS VVFPVBVT 0: ρ&   Mechanical Energy Balance 

(Material Form)   (3.8.27) 
 
For a conservative system, this can be written in terms of the internal energy 
 

∫∫∫∫ ⋅+=⋅+⋅
VVVS

dV
dt
ddV

dt
dudVdS VVVBVT 00 ρρ          (3.8.28) 

 
 
3.8.6 Work Conjugate Variables 
 
Since the stress power is the double contraction of the Cauchy stress and rate-of-
deformation, one says that the Cauchy stress and rate of deformation are work conjugate 
(or power conjugate or energy conjugate).  Similarly, from 3.8.26, the PK1 stress P is 
power conjugate to F& .  It can also be shown that the PK2 stress S is power conjugate to 
the rate of Euler-Lagrange strain, E&  (and hence also the right Cauchy-Green strain) 
{▲Problem 1} : 



Section 3.8 

Solid Mechanics Part III  Kelly 367

 
CSESFPdσ &&&

2
1:::: ===J        (3.8.29) 

 
Note that, for conservative systems, these quantities represent the rate of change of 
internal energy per unit reference volume. 
 
Using the polar decomposition and the relation IRR =T , 
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where RΩ  is the angular velocity tensor 2.6.1.  Then, using 1.11.3h, 1.10.31c,  and the 
definitions 3.5.8, 3.5.12 and 3.5.18, 
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so that the Biot stress is power conjugate to the right stretch tensor.  Since U is 
symmetric, UTFP && :sym: B= .  Also, the Biot stress is conjugate to the Biot strain tensor 

IUB −=  introduced in  §2.2.5. 
 
From 3.5.14 and 1.11.3h, 
 

dσdRσRdσ ˆ:ˆ:ˆ: T ==               (3.8.32) 
 
so that the corotational stress is power conjugate to the rotated deformation rate, 
defined by 
 

dRRd Tˆ =                           (3.8.33) 
 
Pull Back and Push Forward 
 
From 2.12.12-13, the double contraction of two tensors can be expressed as push-
forwards and pull-backs of those tensors.  For example, the stress power (per unit 
reference volume) in the material description is ES &: .  Then, using 3.5.13, 2.12.9a and 
2.5.18b, dFFE T=& , 
 

( ) ( ) dσdτESES :::: *
#

* Jb
=== && χχ                                 (3.8.34) 

 
This means that the material and spatial descriptions of the internal power can be 
transformed into each other using push-forward and pull-back operations.  
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Similarly, pulling back the corotational stress and rotated deformation rate to the 
intermediate configuration of Fig. 2.10.8, using 2.12.13, 2.12.27, 

 
( ) ( ) ( ) ( ) dσdσdσ gRgR ˆ:ˆ:: 1

*
#1

* == −− bχχ                              (3.8.35) 
 
The stress power in terms of spatial tensors can also be expressed as a derivative of a 
tensor, using the Lie derivative.  From 2.12.42, the Lie derivative of the Euler-Almansi 
strain is the rate of deformation and hence (note that there is no universal function whose 
derivative is d), so 
 

eσdσ bJJ vL:: =                   (3.8.36) 
 
 
3.8.7 Problems 
 
1.  Show that the rate of internal energy per unit reference volume dσ :J  is equivalent 

to  ES &: (without using push-forwards/pull-backs). 
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3.9 The Principles of Virtual Work and Power 
 
The principle of virtual work was introduced and discussed in Part I, §5.5.  As mentioned 
there, it is yet another re-statement of the work – energy principle, only it is couched in 
terms of virtual displacements, and the principle of virtual power to be introduced below 
is an equivalent statement based on virtual velocities.   
 
On the one hand, the principle of virtual work/power can be regarded as the fundamental 
law of dynamics for a continuum, and from it can be derived the equations of motion.  On 
the other hand, one can regard the principle of linear momentum as the fundamental law, 
derive the equations of motion, and hence derive the principle of virtual work. 
 
 
3.9.1 Overview of The Principle of Virtual Work 
 
Consider a material under the action of external forces: body forces b and tractions t.  The 
body undergoes a displacement )(xu  due to these forces and now occupies its current 
configuration, Fig. 3.9.1.  The problem is to find this displacement function u . 
 

 
 

Figure 3.9.1: a material displacing to its current configuration under the action of 
body forces and surface forces 

 
Imagine the material to undergo a small displacement uδ  from the current configuration, 
Fig. 3.9.2, uδ  not necessarily constant throughout the body; uδ  is a virtual displacement, 
meaning that it is an imaginary displacement, and in no way is it related to the applied 
external forces – it does not actually occur physically. 
 
As each material particle moves through these virtual displacements, the external forces 
do virtual work Wδ .  If the force b  acts at position x  and this point undergoes a virtual 
displacement )(xuδ , the virtual work is vW Δ⋅= ub δδ .  Similarly for the surface 
tractions, and the total external virtual work is 
 

0ext =⋅+⋅= ∫∫
sv

dsdvW utub δδδ      External Virtual Work        (3.9.1) 
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Figure 3.9.2: a virtual displacement field applied to a material in the current 
configuration 

 
There is also an internal virtual work intW  due to the internal forces as they move through 
virtual displacements and a virtual kinetic energy Kδ .  The principle of virtual work then 
says that 
 

  KWW δδδ =+ intext                                                  (3.9.2) 
 
And this equation is then solved for the actual displacement u.  Expressions for the 
internal virtual work and virtual kinetic energy will be derived below. 
 
 
3.9.2 Derivation of The Principle of Virtual Work 
 
As mentioned above, one can simply write down the principle of virtual work, regarding 
it as the fundamental principle of mechanics, and then from it derive the equations of 
motion.  This will be done further below.  To begin, though, the starting point will be the 
equations of motion, and from it will be derived the principle of virtual work. 
 
Kinematically and Statically Admissible Fields 
 
A kinematically admissible displacement field is defined to be one which satisfies the 
displacement boundary condition 3.7.7c, usonuu =  (see Part I, §5.5.1).  Such a 
displacement field would induce some stress field within the body, but this resulting 
stress field might not satisfy the equations of motion 3.7.7a.  In other words, it might not 
be the actual displacement field, but it does not violate the boundary conditions. 
 
A statically admissible stress field is one which satisfies the equations of motion 3.7.7a 
and the traction boundary conditions 3.7.7b, σson,tσnt == .  Again, it might not be the 
actual stress field, since it is not specified how this stress field should be related to the 
actual displacement field. 
 
Derivation from the Equations of Motion (Spatial Form) 
 

material moved an amount δu  

true position/solution u

1b

3b

1t
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Let σ  be a statically admissible stress field corresponding to a kinematically admissible 
displacement field u , so σsontσn = , usonuu =  and ubσ &&ρ=+div .  Multiplying the 
equations of motion by u  and integrating leads to 

 
( )∫∫ ⋅+=⋅

vv

dvdv ubσuu div&&ρ                      (3.9.3) 

 
Using the identity 1.14.16b, )grad(trdiv)(div T vAAvAv +⋅= , 1.10.10e, 

BABA :)(tr T = , and the symmetry of stress,  
 

( ){ }∫∫ ⋅+−=⋅
vv

dvdv ubuσσuuu )(grad:div&&ρ                       (3.9.4) 

 
and the divergence theorem 1.14.22c and Cauchy’s law lead to 

 

∫∫∫∫ ⋅+=⋅+⋅
vvvs

dvdvdvds uuuσubut &&ρgrad:                                 (3.9.5) 

 
Splitting the surface integral into one over us  and one over σs  gives 
 

∫∫∫∫∫ ⋅+=⋅+⋅+⋅
vvvss

dvdvdvdsds uuuσubutut
σu

&&ρgrad:                        (3.9.6) 

 
Next, consider a second kinematically admissible displacement field *u , so uson* uu = , 
which is completely arbitrary, in the sense that it is unrelated to either σ  or u .  This time 
multiplying ubσ &&ρ=+div  across by *u , and following the same procedure, one arrives 
at 
 

∫∫∫∫∫ ⋅+=⋅+⋅+⋅
vvvss

dvdvdvdsds **** grad: uuuσubutut
σu

&&ρ                    (3.9.7) 

 
Let uuu −= *δ , so the difference between *u  and u is infinitesimal, then subtracting 
3.9.6 from 3.9.7 gives the principle of virtual work, 

 
( ) ∫∫∫∫ ⋅+=⋅+⋅

vvvs

dvdvdvds uuuσubut
σ

δρδδδ &&grad:  

Principle of Virtual Work (spatial form) (3.9.8) 
 
Note that since *, uu , are kinematically admissible, uson* ouuu =−=δ .   
 
If one considers the u in 3.9.8 to be the actual displacement of the body, then uδ  can be 
considered to be a virtual displacement from the current configuration, Fig. 3.9.2.  Again, 
it is emphasized that this virtual displacement leaves the stress, body force and applied 
traction unchanged. 
 
One also has the transformed initial conditions: from 3.7.7d-e, 
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Eqns. 3.9.8 and 3.9.9 together constitute the weak form of the initial BVP 3.7.7. 
 
The principle of virtual work can be grouped into three separate terms: the external virtual 
work:  
 

  ∫∫ ⋅+⋅=
vs

dvdsW ubut
σ

δδδ ext    External Virtual Work    (3.9.10) 

 
the internal virtual work, 
 

  ∫−=
v

dvW )(grad:int uσ δδ    Internal Virtual Work      (3.9.11) 

 
and the virtual kinetic energy, 
 

  ∫ ⋅=
v

dvK uu δρδ &&      Virtual Kinetic Energy      (3.9.12) 

 
corresponding to the statement 3.9.2. 
 
Derivation from the Equations of Motion (Material Form) 
 
The derivation in the spatial form follows exactly the same lines as for the spatial form. 
 
This time, let P  be a statically admissible stress field corresponding to a kinematically 
admissible displacement field U , so PTPN Son= , uUU Son=  and UBP &&

0div ρ=+ .  
This time one arrives at 
 

( ) ∫∫∫∫ ⋅+=⋅+⋅
VVVS

dVdVdVdS UUUPUBUT
P

δρδδδ &&
0Grad:                  (3.9.13) 

 
Again, one can consider U to be the actual displacement of the body, so that Uδ  
represents a virtual displacement from the current configuration.  With 
 

xXxU
XxU

δδδδ =−=
−=

                                                 (3.9.14) 

 
the virtual work equation can be expressed in terms of the motion )(Xχx = , 
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( ) ∫∫∫∫ ⋅+=⋅+⋅
VVVS

dVdVdVdS χUχPχBχT
P

δρδδδ &&
0Grad:  

Principle of Virtual Work (material form) (3.9.15) 
 
 
3.9.3 Principle of Virtual Work in terms of Strain Tensors 
 
The principle of virtual work, in particular the internal virtual work term, can be 
expressed in terms of strain tensors. 
 
Spatial Form 
 
Using the commutative property of the variation 2.13.2, the term ( )uδgrad  in the internal 
virtual work expression 3.9.8 can be written as 
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  (3.9.16) 

 
where ε  is the (symmetric) small strain tensor and Ω  is the (skew-symmetric) small 
rotation tensor, Eqn 2.7.2.  Using the fact that the double contraction of a symmetric 
tensor (σ ) and a skew-symmetric one (Ω ) is zero, 1.10.31c, one has 
 

  ∫∫ −=−=
vv

dvdvW εσuσ δδδ :)(grad:int                              (3.9.17) 

 
Thus the stresses do internal virtual work along the virtual strains εδ .  One has 
 

∫∫∫∫ ⋅+=⋅+⋅
vvvs

dvdvdvds uuεσubut
σ

δρδδδ &&:                       (3.9.18) 

 
Note that, although the small strain has been introduced here, this formulation is not 
restricted to small-strain theory.  It is only the virtual strains that must be infinitesimal – 
there is no restriction on the magnitude of the actual strains. 
 
From 2.13.15, the Lie-variation of the Euler-Almansi strain e is εe δδ =L , so the internal; 
virtual work can be expressed as 
 

  ∫−=
v

dvW eσ Lint :δδ                                              (3.9.19) 

 
Material Form 
 
From Eqn. 3.9.15 and Eqn. 2.13.9, 
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∫−=
V

dVW FP δδ :int                                              (3.9.20) 

 
so 
 

∫∫∫∫ ⋅+=⋅+⋅
VVVS

dVdVdVdS χUFPχBχT
P

δρδδδ &&
0:                  (3.9.21) 

 
Derivation of the Material Form directly from the Spatial Form 
 
To transform the spatial form of the virtual work equation into the material form, first 
note that, with 3.9.14b,  
 

)grad(:)grad(: xσuσ δδ =                                         (3.9.22) 
 
Then, using 2.2.8b, 1Gradgrad −= FVv , 2.13.9, ( )uF δδ Grad= , 1.10.3h, 

( ) BACBCA :)(: T= , and 3.5.10, T−= FσP J , 
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                                        (3.9.23) 

 
which converts 3.9.17 into 3.9.120. 
 
Also, again comparing 3.9.17 and 3.9.120, using the trace properties 1.10.10, and Eqns. 
3.5.9 and 2.13.11b, 
 

( ) ( ) ( ) ( ) ESεFFσFFεFσFεσεσFP δδδδδδ ::trtr:: TT11 ===== −−− JJJJ       (3.9.24) 
 
and so the internal work can also be expressed as an integral of ES δ:  over the reference 
volume. 
 
The Internal Virtual Work and Work Conjugate Tensors 
 
The expressions for stress power 3.8.15, 3.8.29, and internal virtual work are very similar.  
For the material description, the time derivatives in the former are simply replaced with 
the variation to get the latter: 
 

ESFPESFP δδ :::: =→= &&                                  (3.9.25) 
 
For spatial tensors, the rate of strain tensor, e.g. d, is replaced with a Lie variation 
2.13.14.  For example, eσdσ bJJ vL:: =  (see 2.12.41-42) becomes: 
 

eσeσdσ Lv :L:: δJJJ b →=                                     (3.9.26) 
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3.9.4 Derivation of the Strong Form from the Weak Form 
 
Just as the strong form (equations of motion and boundary conditions) was converted into 
the weak form (principle of virtual work), the weak form can be converted back into the 
strong form.  For example, 
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uuuσuuεσ

σ

δρδ

δρδ

δρδ

δρδδρδ

&&

&&

&&

&&&&

div

div

divdiv

grad::

                  (3.9.27) 

 
and the last line follows from the fact that ou =δ  on us .  Thus the weak form now reads 
 

( ) ( ) 0div =⋅−+−⋅− ∫∫
vs

dvds uubσutt
σ

δρδ &&             (3.9.28) 

 
and, since uδ  is arbitrary, one finds that the expressions in the parentheses are zero, and 
so 3.7.7 is recovered. 
 
 
3.9.5 Conservative Systems 
 
Thus far, no assumption has been made about the nature of the internal forces acting in 
the material.  Indeed, the principle of virtual work applies to all types of materials. 
 
Now, however, attention is restricted to the special case where the system is conservative, 
in the sense that the work done by the external loads and the internal forces can be written 
in terms of potential energy functions1.  Further, for brevity, assume also that the material 
is in static equilibrium, i.e. the kinetic energy term is zero. 
 
In other words, it is assumed that the internal virtual work term can be expressed in the 
form of a virtual potential energy function: 
 

∫∫ =
vv

Udvdv δδ )(grad: uσ                        (3.9.29) 

 
Here, U is considered to be a function of u, and the variation is to be understood as in 
Eqn. 2.13.5, ( ) ][, uuu u δδδ UU ∂≡ . 
 
If the loads can be regarded as functions of u only then, since they are conservative, they 
may be written as the gradient of a scalar potential: 
                                                 
1 The external loads being conservative would exclude, for example, cases of frictional loading 
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u
t

u
b

∂
∂
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∂
∂

−= tb UU
,            (3.9.30) 

 
Then, with 
 

u
u

u
u

δδδδ ⋅
∂
∂

=⋅
∂
∂
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t

b
b

U
U

U
U ,         (3.9.31) 

 
and using the commutative property 2.13.3 of the variational operator, one arrives at  
 

( ) 0==
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

++ ∫∫∫ u
σ

UdvUdsUUdv
v

b
s

t
v

δδ          (3.9.32) 

 
The quantity inside the brackets is the total potential energy of the system.  This statement 
is the principle of stationary potential energy: the value of the quantity inside the 
parentheses, i.e. ( )uU , is stationary at the true solution u. 
 
Eqn. 3.9.32 is an example of a Variational Principle, that is, a principle expressed in the 
form of a variation of a functional.  Note that the principle of virtual work in the form 
3.9.8 is not a variational principle, since it is not expressed as the variation of one 
functional. 
 
Body Forces 
 
Body forces can usually be expressed in the form 3.9.30.  For example, with gravity 
loading, gb ρ= , where g is the constant acceleration due to gravity.  Then ug ⋅−= ρbU   

( ogb == δδ  and ( )ubub ⋅=⋅ δδ , so dvdv ∫∫ ⋅=⋅ ubub δδ ). 
 
Material Form 
 
In the material form, one again has a stationary principle if one can write 

( ) UUB ∂−∂= /BU , ( ) UUT ∂−∂= /TU  (or, equivalently, replacing U with the motion χ ).  
In the case of dead loading, §3.7.1, ( )XTT =  is independent of the motion so (similar to 
the case of gravity loading above) uT ⋅−=TU  with oT =δ  and dVdV ∫∫ ⋅=⋅ χTχT δδ . 
 
Deformation Dependent Traction 
 
In many practical cases, the traction will depend on not only the motion, but also the 
strain.  In that case, one can write 
 

( ) ( )∫∫∫∫∫ +⋅===⋅=⋅
vvsss

dvdvdsdsds uσuσuσuσnunσut
σ

δδδδδδ grad:divdiv  

 
One might be able to then introduce a scalar function φ  such that 
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( ) ε
ε

u
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εu δφδφφ :,
∂
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+⋅
∂
∂

=   with  σ
ε

σ
u

=
∂
∂

=
∂
∂ φφ ,div                   (3.9.33) 

 
In the material form, one would have NPT =  with 

 
( )∫∫ +⋅=⋅

VS

dVdS FPχPχT
P

:Div δδ  

 
and then one might be able to introduce a scalar function ( )Fχ,φ  such that 
 

F
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χ
χ

δφδφδφ :
∂
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+⋅
∂
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=   with  P
F

P
χ

=
∂
∂

=
∂
∂ φφ ,Div                   (3.9.34) 

 
For example, considering again the fluid pressure example of §3.7.1, one can let pJ−=φ  
so that, using 1.15.7, T/ −−=∂∂ FF pJφ .  Then 

1
T /

=
− ∂∂=−=

J
p FFP φ , 2Div EP gρ=  

and ∫∫ −=⋅ pJdVdS δδχT . 
 
 
3.9.6 The Principle of Virtual Power 
 
The principle of virtual power is similar to the principle of virtual work, the only 
difference between them being that a virtual velocity vδ  is used in the former rather than 
a virtual displacement.  To derive the virtual power equation, multiply the equations of 
motion by the virtual velocity function, and integrate over the current configuration, 
giving 
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         (3.9.35) 

 
These equations are identical to the mechanical balance equations 3.8.16, except that the 
actual velocity is replaced with a virtual velocity.  The term ∫− v

dvdσ δ:  is called the 

internal virtual power. 
 
Note that here, unlike the virtual displacement function in the work equation, the virtual 
velocity does not have to be infinitesimal.  This can be seen more clearly if one derives 
this equation directly from the virtual work equation.  If the infinitesimal virtual 
displacement uδ  occurs over an infinitesimal time interval tδ , the virtual velocity is the 
finite quantity tδδ /u , which here is labelled vδ .  The virtual power equation can thus be 
obtained by dividing the virtual work equation through by tδ .  
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Again, supposing that the velocities are specified over that part of the surface vs  and 
tractions over σs , the principle of virtual power can be written for the case of a 
kinematically admissible virtual velocity field: 
 

∫∫∫∫ ⋅+=⋅+⋅
vvvs

dv
dt
ddvdvds vvdσvbvt

σ

δρδδδ :   Principle of Virtual Power  (3.9.36) 

  
In words, the principle of virtual power states that at any time t, the total virtual power of 
the external, internal and inertia forces is zero in any admissible virtual state of motion. 
 
 
3.9.7 Linearisation of the Internal Virtual Work 
 
In order to solve the virtual work equations in anything but the most simple cases, one 
must apply some approximate numerical method.  This will usually involve linearising 
the non-linear virtual work equations.  To this end, the internal virtual work term will be 
linearised in what follows. 
 
Material Description 
 
In the material description, one has 
 

( )( ) ( )∫=
V

dVW uEuES δδ :int                                           (3.9.37) 

 
in which the Green-Lagrange strain is considered to be a function of the displacement, 
Eqn. 2.2.46, and the PK2 stress is a function of the Green-Lagrange strain; the precise 
functional dependence of S on E will depend on the material under study (see Part IV). 
 
The linearisation of the variation of a function is given by (see §2.13.2) 
 

( ) ( ) ( )uuuuu ΔΔ+=Δ ,,L intintint WWW δδδ                                (3.9.38) 
 
where 
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(3.9.39) 
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The linearization of the variation of the Green-Lagrange strain is given by 2.13.24, 
( )( )uuE δδ GradGradsym TΔ=Δ .  With the PK2 stress symmetric, one has, with 1.10.3h, 

1.10.31c, 
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T

T

δ
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                (3.9.40) 

 
For the second term in 3.9.39, from 2.13.22, the variation of E is 
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                                      (3.9.41) 

 
What remains is the calculation of the linearisation of the PK2 stress.  One has using the 
chain rule, 
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                                (3.9.42) 

 
Denote the fourth order tensor ( ) EES ∂∂ /  by C and assume that it has the minor 
symmetries1.12.10.  Then (see 3.9.41), with 
 

( )uFE Δ=Δ Gradsym T                                               (3.9.43) 
 
the linear increments in 3.9.38 become 
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The first term is due to the current stress and is called the (initial) stress contribution.  
The second term depends on the material properties and is called the material 
contribution.  Solution formulations based on 3.9.44 are called total Lagrangian. 
 
Spatial Description 
 
The spatial description can be obtained by pushing forward the material description.  First 
note that the linearization of the Kirchhoff stress is, from 3.5.13, 
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                               (3.9.45) 

 
so that, as in the derivation of the material term in 3.9.44, and using 2.4.8, 
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                                     (3.9.46) 

 
Define the fourth-order spatial tensor c  through 
 

abcdldkcjbiaijkl CFFFFJc 1−=                                         (3.9.47)   
 
so that 

( ) uuuτ Δ=ΔΔ grad:, cJ                                           (3.9.48) 
 
Then, from 3.9.39, 
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Solution formulations based on 3.9.49 are called updated-Lagrangian. 
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3.10 Convected Coordinates 
 
Some of the important results from sections 3.1-3.9 are now re-expressed in terms of 
convected coordinates.  As before, any relations expressed in symbolic form hold also in 
the convected coordinate system. 
 
 
3.10.1 The Stress Tensors 
 
Traction and Stress Components 
 
Consider a differential parallelepiped element in the current configuration bounded by the 
coordinate curves as in Fig. 3.10.1 (see Fig. 1.16.2).  The bounding vectors are 

2
2

1
1 , gg ΘΘ dd  and 3

3gΘd .  The surface area 1Sd  of a face of the elemental parallelepiped 
on which 1Θ  is constant, to which 1g  is normal, is then given by Eqn. 1.16.35, 
 

3211
1 ΘΘ= ddggSd                                                 (3.10.1) 

 
and similarly for the other surfaces. 
 

 
 

Figure 3.10.1: vector elements bounding surface elements 
 

The positive side of a face is defined as that whose outward normal is in the direction of 
the associated contravariant base vector.  The unit normal in  to a positive side is the same 
as the unit contravariant base vector; as in Eqn. 1.16.14, 
 

( )sum noˆ
ii

i
ii

g
ggn ==                                      (3.10.2) 

 
Let the force idF  acting on the surface element with normal in  be i

iSd t  (no sum over 

i), Fig. 3.10.2, so that it  is the traction (force per unit area). 
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Figure 3.10.2: traction acting on a surface element 
 
The components of it  along the unit covariant base vectors are denoted by jiσ : 
 

                           j
jj

ji
j

jii

g
ggt 1ˆ σσ ==                                               (3.10.3) 

 
with no sum over the j in the jjg  term;  jiσ  are called the physical stress 
components, Fig. 3.10.3. 
 

 
 

Figure 3.10.3: physical stress components 
 
Introduce now a new vector it  defined by 

 
    iiii g tt =      (no sum over i)                          (3.10.4) 

 
It will be shown that this vector is contravariant, that is, transforms between coordinate 
systems according to 1.17.3a (and so it  does not satisfy the vector transformation rule, 
hence the superscript in pointed brackets).  The components of it  along the covariant base 
vectors are denoted by jiσ : 
 

                           j
jii gt σ=                                                        (3.10.5) 

 
Comparing 3.10.3-5, 
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                           ji
ii
jjji

g
g

σσ =      (no sum)                                       (3.10.6) 

 
Cauchy’s Law and the Cauchy Stress Tensor 
 
Cauchy’s law can now be derived in the same way as in §3.3, by considering a small 
tetrahedral free-body, Fig. 3.10.4.  The physical stress components ijσ  shown act on the 
negative sides of the surfaces and so act in directions opposite that of the corresponding 
components on the positive sides (a consequence of Cauchy’s Lemma).  It is required to 
determine the traction t in terms of the physical stress components and the unit normal n 
to the base area. 
 

 
 

Figure 3.10.4: free body diagram of a tetrahedral portion of material 
 
The normal to the base has components 
 

i
ii

i nn ggn ==                                                   (3.10.7) 
 

Consider the vector elements ad  and bd  shown in Fig. 3.10.5.  Define the surface area 
element Sd to be the vector with magnitude equal to twice the area of the tetrahedron base 
and in the direction of the normal to the base, so 
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where 321 ,, SSS ddd  are the surface element areas of the three coordinate sides of the 
parallelepiped of Fig. 3.10.1 (twice the area of the coordinate sides of the tetrahedron); 
from 3.10.2, 
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                                                  (3.10.9) 

 
with no sum over the i in the iig  term, or 
 

i
i

iii
i SdgndS gg =                                                   (3.10.10) 

 
 

 
 

Figure 3.10.5: vector element of area for the base of the tetrahedron 
 
The principle of linear momentum, in vector form, is then (cancelling out a factor of ½) 
 

0=− i
i SddS tt                                                   (3.10.11) 

 
From 3.10.4, 
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and so 
 

ji
ji

i
i nn gtt σ==                                              (3.10.13) 

 
Defining the (symmetric) Cauchy stress tensor σ  through 

 
ji

ij ggσ ⊗= σ      Cauchy Stress Tensor         (3.10.14) 
 
one arrives at Cauchy’s law nσt = . 
 
The Cauchy stress is naturally a contravariant tensor because the normal vector upon 
which it operates to produce the traction is naturally represented in the form of a covariant 
vector (see 3.10.2). 
 
Note that the stress can also be expressed in the form 
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j
i gtσ ⊗=                                                   (3.10.15) 

 
 
Other Stress Tensors 
 
The PK1, PK2 and Kirchhoff stress tensors are  
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By definition, στ J= , and so ijij Jστ = .  By definition, T1 −−= σFFS J , and so, from 
2.9.8, 
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Thus, as seen already, the Kirchhoff stress is the push-forward of the PK2 stress. 
 
Similarly, by definition T−= σFP J  and so 
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3.10.2 The Equations of Motion 
 
The Equations of motion have been given in the symbolic form by 3.6.2 and 3.6.9.  To 
express these in curvilinear coordinates, recall the definition of the divergence of a tensor, 
1.18.28, 
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The spatial and material descriptions of the equations of motion are then 
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4 Fundamentals of 
Continuum 
Thermomechanics 

 
In this Chapter, the laws of thermodynamics are reviewed and formulated for a 
continuum.  The classical theory of thermodynamics, which is concerned with simple 
compressible systems, is discussed in sections 4.1-4.5, wherein are discussed the concepts 
of entropy, entropy production and entropy supply, the second law, the notions of 
reversibility and irreversibility, the thermodynamic potential functions (internal energy, 
enthalpy and the Gibbs and Helmholtz free energies).  Continuum thermomechanics is 
discussed in section 4.6. 
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4.1 Classical Thermodynamics: The First Law 
 
As an introduction to the thermomechanics of continua, in this section particularly simple 
materials undergoing simple deformation and/or heat-transfer processes are considered. 
 
 
4.1.1 Properties and States 
 
First, here is some essential terminology used to describe thermodynamic processes. 
 
A property of a substance is a macroscopic characteristic to which a numerical value can 
be assigned at a given time, without knowledge of the history of the substance.  Thus, for 
example, the mass, volume and energy of a material, or the stress acting on a material, are 
properties.  Work, on the other hand, is not a property, since it is in general history 
dependent and a material does not “have a certain amount of work”. 
 
The state of a material is the condition of the material as described by its properties.  For 
example a material which has properties volume 1V  and temperature 1θ  could be said to 
be in state ‘1’ whereas if at some later time it has different properties 2V  and 2θ , it could 
be said to be in a different state, state ‘2’. 
 
 
4.1.2 Thermal Equilibrium and Adiabatic Processes 
 
For the present purposes, a system can be defined to be a certain amount of matter which 
has fixed or movable boundaries.  The state of a system can then be defined by assigning 
to it properties such as temperature, volume and so on.  As will be seen, there are then 
two ways in which the state of the system can be changed, by interactions with its 
surroundings through heat or through work.  The notion of heat, although familiar to us, 
will be defined precisely when the first law of thermodynamics is introduced below.  
Before getting to the first law, it is helpful to consider the notions of thermal 
equilibrium and adiabatic processes. 
 
Thermal Equilibrium 
 
Consider the following experiment: two blocks of copper, one of which our senses tell us 
is “warmer than” the other, are brought into contact and isolated from their surroundings, 
Fig. 4.1.1a.  A number of observations would be made, for example: 
(1) the volume of the warmer body decreases with time whereas the volume of the 

colder body increases, until no further changes take place and the bodies feel 
equally warm 

(2) the electrical resistance of the warmer block decreases with time whereas that of the 
colder block increases, until the electrical resistances would become constant also. 

When these and all such changes in observable properties cease, the interaction is at an 
end.  One says that the two blocks are then in thermal equilibrium.  In everyday language, 
one would say that the two blocks have the same temperature1. 

                                                 
1 formally, temperature is defined through the zeroth law of thermodynamics, which states that if two 
systems are separately in thermal equilibrium with a third system, then they must be in thermal equilibrium 
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Figure 4.1.1: two blocks of copper brought into contact; (a) no insulating wall, (b) 
insulating wall 

 
Adiabatic Conditions 
 
Suppose now that, before the blocks are brought together, an insulating wall is put in 
place to separate them, Fig. 4.1.1b.  By this is meant that the volume, electrical resistance, 
etc. of one block does not affect those of the other block.  Again, in everyday language, 
one would simply say that the temperature of one block does not affect the temperature of 
the other.  The term adiabatic is used to describe this situation. 
 
 
4.1.3 The First Law of Thermodynamics 
 
The Experiments of Joule 
 
Joule carried out experiments into the nature of work and heat transfer in materials in the 
1840s.  The essential features of his experiments were the following: 
(1) work was done on a known mass of fluid, changing the material from state “1” to 

state “2" 
(2) the fluid was thermally insulated so the process was adiabatic. 
(3) the work was performed in a variety of different ways (e.g. electrically or by 

stirring) 
(4) the same amount of work was required to go from state 1 to state 2, regardless of the 

method of work used 
 
The work done in taking a material from state 1 to state 2 by adiabatic processes therefore 
depends only on the initial and final states, and is completely path independent, Fig. 
4.1.2.  Thus one can introduce a function U, a property of the system, such that 
 

12 UUUW −=Δ=       (adiabatic process)                (4.1.1) 
 
U is the internal energy, and the difference in internal energy between state 2 and state 1 
is defined as equal to the work done in going from 1 to 2 by adiabatic means. 
 

                                                                                                                                                  
with one another.  This statement is tacitly assumed in every measurement of temperature – the third system 
being the thermometer 

(a)

insulating 
wall 

(b)
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As an ideal example, one can think of a stiff metal spring.  This “system” can be 
described by the property x, the extension of the spring from its equilibrium position.   
The work done in extending the spring depends only on its current “state”, that is x.  It 
does not depend on how the spring may have been extended and contracted in the past, 
assuming there has not been even the minutest temperature change in the metal spring.  In 
this example, the internal energy U is seen to be an elastic potential energy. 
 

 
 

Figure 4.1.2: a thermally insulated material taken from state 1 to state 2 through 
different “work paths” 

 
The First Law 
 
One can imagine now a careful experiment in which a material is thermally insulated 
from its surroundings and deformed through the work of a set of forces.  The material can 
be deformed into different states, Fig. 4.1.3.  The internal energy U will in general be 
different in each state.  U could be measured by carefully recording the work done on the 
material to reach a given state. 
 

 
 

Figure 4.1.3: a thermally insulated material in three different states 
 
Suppose that the internal energy of a material is known at various different states, through 
the conduction of the aforementioned experiment, in particular one knows the internal 
energy for the material at two given states, 1 and 2.  Relax now the condition that the 
changes are adiabatic.  What this means is that if one now brings the material into contact 
with another body, the properties of the material can be affected.  Work is again done to 
take the material from state 1 to state 2 but it will now be found that, in general,  
 

12 UUUW −=Δ≠         (4.1.2) 
 

State 1 
1U  

State 2 
2U  

State 3 
3U  

thermally 
insulating wall State 1 

State 2 W

W
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The difference between UΔ  and W is defined as a measure of the heat Q which has 
entered the system in the change.  Thus 
 

UQW Δ=+      First Law of Thermodynamics    (4.1.3) 
 
This is the first law of thermodynamics.  In words, the change in the internal energy is 
the sum of the work done plus the heat supplied. 
 
Note that  the concept of heat Q (and internal energy) is introduced and defined with the 
first law.  Like work, heat is a form of energy transfer; a body does not contain heat.  
Work is any means of changing the energy of a system other than heat. 
 
Sign Convention for Work and Energy 
 
The following sign convention will be used2 
  

0>Q  - heat enters the system      
 0<Q  - heat leaves the system                   (4.1.4) 
 0>W  - work done on the system     
 0<W  - work done by the system     

 
Other types of Energy 
 
When there are other energies involved, the first law must be amended.  For a material 
moving with a certain velocity, one must also consider its kinetic energy, and the first law 
reads 
 

KUQW Δ+Δ=+                       (4.1.5) 
 
Other types of energy can be incorporated, for example gravitational potential energy  and 
chemical energy3.  All the different types of energy are often denoted simply by E, so the 
first law in general reads EQW Δ=+ . 
 
Inside the Black Box 
 
In this continuum treatment of thermodynamics (or phenomenological 
thermodynamics), it is not necessary to look inside and consider the billions of 
molecules inside the “black box” of a system.  However, it is helpful to think of the 
molecules of a material as having certain micro-velocities and it is the mean velocity of 
these micro-velocities which manifests itself as the macroscopic velocity property, and 
the statistical fluctuations of the micro-velocities from the mean velocity are assumed to 
cancel out, Fig. 4.1.4.   
 
The micro-velocity fluctuations give rise to an internal kinetic energy which manifests 
itself as the macroscopic temperature.  Thus the internal energy will in general consist of 
both potential and kinetic energies.  The interaction between the elementary particles and 

                                                 
2 many authors use the exact opposite sign convention for work as used here 
3 a potential energy which can be accessed when molecular bonds are broken  
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the surroundings of the element causes energy to be transferred to the surroundings.  This 
is the heat flow through the boundary of the system.  This energy exchange can occur 
even when the shape of the element does not change, whereas a change in potential 
energy implies a deformation which will induce a re-arrangement of the molecules and 
change in shape or volume of the system. 
 

 
 

Figure 4.1.4: a system moving with velocity v 
 
Further, the property of pressure or stress of the system is by definition determined by the 
forces exerted by the elementary particles around the boundary.  The fluctuations and 
micro-movement of the elementary particles will cause stress fluctuations but again these 
are assumed to cancel out. 
 
 
4.1.4 Simple Compressible Systems 
 
In order to demonstrate the meaning and use of the first law with examples and simple 
calculations, only simple systems will be considered.  A simple system is one where 
there is only one possible work interaction.  The classic example of a simple compressible 
system is that of a substance contained within a piston-cylinder apparatus, Fig. 4.1.5.  The 
state of the material can be changed either by heat transfer or by the application of work, 
and the only work interaction possible is the application of a force to the piston head, 
compressing or expanding the material.  More complex systems might include, for 
example, the possibility of doing work through electrical means – so here any effects due 
to surface, magnetic or electrical effects, or due to motion or gravity, are ignored. 
 

 
 

Figure 4.1.5: A simple piston-cylinder system 
 

v
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A pure substance is one which has a uniform and invariable chemical composition.  In 
theory this could include different phases of the same substance (e.g. water and steam for 
H2O).   
 
In what follows, only pure substances in the context of simple compressible systems will 
be considered. 
 
Now a general rule known as the state principle, based on experimental evidence, says 
that there is one independent property for each way a system’s energy can be varied 
independently.  For a simple compressible system, there are two ways of varying the 
energy and so the material has two independent properties.  One can take any two of, for 
example, the temperature4 θ , pressure p, volume V or internal energy U. 
 
If p is the pressure at the piston face, and dV  is a small change in volume of the material, 
then the work done in compressing/expanding the material is 
 

dVpW −=δ ,     (4.1.6) 
 
the minus sign because a positive work is done when the volume gets smaller.  The total 
work done during a compression/expansion of the material is then 
 

∫∫ −== 22

11

,

,

Vp

Vp
dVpWW δ             (4.1.7) 

 
The symbol δ  is used here to indicate that the small amount of work Wδ  is not a true 
differential5, ),(),( 1122 VpWVpWdWW −=≠ ∫ , since the work done is process/path 
dependent. 
 
The first law states that QWdU δδ +=  which can now be re-written as 
 

QpdVdU δ+−=     First Law for a Simple Compressible System   (4.1.8) 
 
 
4.1.5 Quasi-Static Processes 
 
A system is said to be in equilibrium when it experiences no change over time – it is in a 
steady state.  Full thermodynamic equilibrium of a system requires thermal 
equilibrium with any surroundings and also mechanical equilibrium6. 
 
Much of the theory developed here requires that the system be in a certain state with 
certain properties.  If a property such as temperature is varying throughout the material, 
one cannot easily speak of its “state”.  Thus when a material is undergoing some process, 
for example it is being deformed or heated, it is often necessary to assume that it is a 
quasi-static (or quasi-equilibrium) process.  This means that the process takes place so 

                                                 
4 the symbol θ  denotes the absolute temperature, with 0>θ  
5 but not to be confused with the use of this symbol to represent a variation, as in the context of the principle 
of virtual work 
6 and also chemical equilibrium, where there are no net reactions taking place 
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slowly that the rate of change of the process is slow relative to the time taken for the 
properties to reach equilibrium.  For example, if one heats water in the piston-cylinder 
arrangement of Fig. 4.1.5 by putting it directly over a hot flame, the water near the base 
will heat up first and cause convection currents and the water will not be anywhere near 
an equilibrium state.  On the other hand, one could imagine heating the water extremely 
slowly with a low flame, so that at any time instant the water temperature is very nearly 
constant throughout. 
 
To examine what this might mean in the case of the work performed, consider Fig. 4.1.6, 
which shows the system pressure p and the external pressure extp  - the pressure exerted 
by the surroundings.  Assuming thermal equilibrium, if extpp =  then there is full 
equilibrium.  If, however, there is an appreciable difference between the two, for example 
if a large external pressure is suddenly applied, the piston head will depress rapidly and 
pressure will not remain uniform throughout the system.  However, if the pressures differ 
by an amount dp , the work done by the system is 
 

( ) dVpdVdpdVpdVdppdVpW extextext ∫∫∫∫∫ −=−=±−=−= m        (4.1.9) 
 
provided dp  is extremely small.  The smaller dp , the closer the system will be to 
mechanical equilibrium.  As with the heat transfer, this implies that quasi-equilibrium is 
maintained provided the piston is moved extremely slowly by incrementally increasing 
the pressure by very small amounts.  (It is often suggested that this might be achieved by 
repeatedly placing individual grains of sand on the piston head.) 
 

 
 

Figure 4.1.6: pressures exerted on a piston head 
 
Unless otherwise stated, it will be assumed that the material at any instance is in quasi-
equilibrium.  If the system is not in equilibrium, Eqn. 4.1.8, QpdVdU δ+−= , does not 
make much sense, and one would have to use the more general version QWdU δδ += . 
 
Example 
 
A gas is contained in a rigid thermally insulated container.  It is then allowed to expand 
into a similar container initially evacuated, Fig. 4.1.7.  There is no heat transfer and so 

0=Q .  Since a vacuum provides no resistance to an expanding gas, there is no pressure 
and hence no work done.  Therefore there is no change in the internal energy of the gas.  
This is not a quasi-static process.  
 

p

extp
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Figure 4.1.7: a thermally insulated gas expanding in an evacuated container 
■ 

 
Example 
 
To illustrate that work is path dependent, consider the Vp −  graph in Fig. 4.1.8, which 
shows three different process paths between states 1 ( 11 ,Vp ) and 2 ( 22 ,Vp ).  For path 
ABC, the work done is )( 122 VVp − .  For path CBA ′ , the work done is )( 121 VVp − .  The 
work for the third, curved, path requires an integration along AC and will in general be 
different from both the other results. 
 

 
 

Figure 4.1.8: a p-V diagram 
■ 

 
Example 
 
Consider the cylinder arrangement of Fig. 4.1.9, which shows a gas contained by a 
weight.  The gas is heated and this causes the weight to rise.  The pressure is constant and 
so the work done is ( )12 VVpVp −=Δ .  This example shows a system taking heat as 
input and performing work as output, with no necessary internal energy change. 
 
 

2p

1p A

CB

p

V

B′

1V 2V
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Figure 4.1.9: a heated gas causing a weight to move 
■ 

 
The opposite process, whereby work is converted purely into heat is called dissipation 
(for example, as can occur in a frictional brake). 
 
 
4.1.6 Equations of State 
 
The materials under consideration have two independent properties.  The remaining 
relations between the various properties are called equations of state.  For example, 
suppose that one takes the temperature and volume to be the independent properties.  
Then the relations 
 

( ) ( )VUUVpp ,,, θθ ==                      (4.1.10) 
 
are equations of state.  The first of these, relating force variables (in this simple case, the 
pressure p) to kinematic variables (in this simple case, the volume V) and temperature, is 
called a thermal equation of state.  The second, relating the internal energy to a thermal 
variable (here temperature) and a kinematic variable, is called a caloric equation of 
state. 
 
Beginning with the general caloric equation of state ),( θVUU = , one can write the 
increment in internal energy as (the subscripts here indicate a variable which is held 
constant) 
 

dV
V
UdUdU

V θ

θ
θ

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=              (4.1.11) 

 
This mathematical relation recognizes that U is a state function which depends only on 
the initial and final states and not on the path; thus one can first change θ  with V constant 
and then change V with θ  constant, and this will describe any arbitrary change dU . 
 
The internal energy and the other state variables can be expressed in many different ways.  
For example, taking p and θ  to be the independent variables, the internal energy can be 
expressed as 

p

weight 

p

weight 



Section 4.1 

Solid Mechanics Part III                                                                                Kelly 398

 

θ
θθ

dUdp
p
UdU

p
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

=                          (4.1.12) 

 
 
4.1.7 Specific Properties 
 
Specific properties are properties per unit mass.  They are usually denoted by lower case 
letters.  For example, the specific volume (reciprocal of the density) and specific internal 
energy are 
 

m
Uu

m
Vv == ,               (4.1.13) 

 
where m is the mass of the system.  The properties V and U are extensive properties, 
meaning they depend on the amount of substance in the system.  The specific properties 
on the other hand are intensive properties, meaning they do not depend on the amount of 
substance.  Other intensive properties are the temperature θ  and pressure p. 
 
One can also express the heat and work as per unit mass: 
 

m
Ww

m
Qq δδδδ == ,                                       (4.1.14) 

 
 
4.1.8 Heat Capacity and Internal Energy Measurements 
 
The internal energy of a material can seem quite an abstract concept.  To help quantify 
internal energy, the heat capacity is next introduced. 
 
Specific Heat and the Enthalpy 
 
The heat capacity is defined as the amount of heat required to raise the system by one unit 
of temperature.  The higher the heat capacity, the more the heat required to increase the 
temperature. 
 
From Eqn. 4.1.8, the heat capacity at constant volume is then by definition  
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In this case, all the supplied thermal energy goes into raising the temperature of the body. 
 
The heat capacity at constant pressure is by definition 
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where H is the enthalpy, defined by 
 

pVUH +=             (4.1.17) 
 
In this case, some of the thermal energy is converted into work, and so Vp CC ≥ . 
 
The enthalpy is a property, since U, p and V are.  The heat capacities ( )VV UC θ∂∂= /  
and ( )pp HC θ∂∂= /  involve only properties and so themselves must be properties.  
These expressions are thus valid for any quasi-static process, whether it be constant 
volume, constant pressure or neither. 
 
For example, consider a substance held at constant volume, heated using thermal energy 
Q so as to increase the internal energy by UΔ .  The resulting temperature change is θΔ  
and θΔ= /QCV .  Consider, alternatively, the case where the same substance, again held 
at constant volume, is imparted a similar amount of energy W through work (e.g. by 
stirring).  The internal energy change must again be UΔ .  With ( )VUU ,θ= , the 
temperature must again increase by θΔ  and so now θΔ= /WCV .  Note how 

( )VV UC θ∂∂= /  is valid for both cases, even in the second case where no heat was  
actually supplied. 
 
Internal Energy Measurements 
 
Suppose now that the heat capacity at constant volume has been carefully measured over 
a given temperature range, by recording the heat required to effect increments in 
temperature.  The internal energy changes within that range are then 
 

θ
θ

θ

dCUUU V∫=−=Δ
2

1

12  (constant volume)        (4.1.18) 

 
Although this measurement technique requires constant volume processes, since internal 
energy is a property the results apply to all processes. 
 
Some values for the specific internal energy and enthalpy of steam for a range of 
temperatures, pressures and specific volumes are given in Table 4.1.1 below.  The 
reference state for internal energy (where u is chosen to be zero) is for saturated water at 
0.01oC.  The corresponding reference state for the enthalpy is obtained from 4.1.177. 
 

θ   ( C0 ) v    (m3/kg) u    (kJ/kg) h    (kJ/kg) 
120 1.793 2537.3 2716.6 
200 2.172 2658.1 2875.3 
280 2.546 2779.6 3034.2 
360 2.917 2904.2 3195.9 

Table 4.1.1a: Properties for steam at pressure MPa1.0=p  

                                                 
7 note that u and h can take on negative values, depending on the reference state chosen 
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MPa)(p  v    (m3/kg) u    (kJ/kg) h    (kJ/kg) 

0.035 6.228 2660.4 2878.4 
0.100 2.172 2658.1 2875.3 
0.300 0.716 2650.7 2865.5 
0.500 0.425 2642.9 2855.4 

Table 4.1.1b: Properties for steam at temperature C2000=θ  
 
 
4.1.9 The Ideal Gas 
 
A thermally perfect gas is one for which the thermal equation of state is 
 

θmRpV =     or    θRpv =                        (4.1.19) 
 
where R is the universal gas constant.  Further, an ideal gas is a thermally perfect gas 
whose internal energy depends on the temperature only, that is, its caloric equation of 
state is of the form 
 

)(θUU =       (4.1.20) 
 
To see what this might mean from a physical point of view, consider a gas at the 
microscopic level.  Internal energy and pressure are related through intermolecular forces.  
If the pressure is very low, the internal energy is no longer affected by these forces, since 
the molecules are so far apart, but only by their kinetic energy of motion, i.e. the 
temperature.  Moderate changes in volume will not bring the molecules of gas close 
enough together to alter this sole dependence on temperature. 
 
When the internal energy is a function of θ  and V, one has 
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Thus for an ideal gas 
 

θdCdU V=             (4.1.22) 
 
and this is valid for any process, not necessarily constant volume (although VC  is 
measured at constant volume). 
 
Example 
 
Consider an ideal gas undergoing a volume change under isothermal, i.e. constant 
temperature, conditions.  From 4.1.19, the quantity 2211 VpVppV ==  is a constant 

θmR .  This constrains the process to lie on one particular path in a Vp −  diagram.  
Also, from 4.1.22, 0=dU  and so WQ δδ −= .  If an ideal gas expands at constant 
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temperature then the heat input exactly equals the work done against an incrementally 
changing external pressure. 

■ 
 
Consider now a process involving work and heat transfer.  One has pdVdCQ V += θδ  
and the total heat input is 
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θθδ           (4.1.23) 

 
The second integral here clearly depends on the exact combination of pressure and 
volume during the process, so the heat input Q is path dependent, as expected.  However, 
consider the following: 
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            (4.1.24) 

 
The quantity on the right is now path independent.  In fact, for the simple case where VC  
is independent of θ , a good approximation for many “near-ideal” gases, one has 
 

( ) ( )1212 /ln/ln VVmRCQ
V +=∫ θθ

θ
δ           (4.1.25) 

 
This expression means that, for an ideal gas undergoing a quasi-static process, although 
the quantity Q depends on the process, θδ /Q∫  does not and so is a property.  It will be 
seen in the next section that this property is the entropy of the gas. 
 
 
4.1.10 Problems 
 
1. A gas is contained in a thermally insulated cylinder.  It is quickly compressed so that 

its temperature rises sharply.  Has there been a transfer of heat to the gas?  Has work 
been done?  Is the process quasi-static? 

 
2. A gas expands from an initial state where kPa5001 =p  and 3

1 m1.0=V  to a final 
state where kPa1002 =p .  The relationship between pressure and volume during the 
particular process is kpV = , a constant.  Sketch the process on a Vp −  diagram and 
determine the work, in kJ.  Interpret the + or – sign on your result. 

 
3. A system, whose equation of state depends only on the pressure p, volume V and 

temperature θ , is taken quasi-statically from state A to state B in the figure below 
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along the path ACB  at the pressures indicated.  In this process 50J of heat enter the 
system and 20J of work are done by the system. 

(a) evaluate UΔ  
(b) how much heat enters the system along the path ADB ? 
(c) if the system goes from B to A by the curved path indicated schematically on the 

figure, the work done on the system is 25J.  How much heat enters or leaves the 
system? 

(d) If the internal energy at A is denoted by AU , etc., suppose that JUU AD 25=− .  
What then is the heat transfer involved in the processes AD and DB? 

 

 
 
 
4. Air is contained in a vertical piston-cylinder assembly by a piston of mass kg50  and 

having a face area of 2m01.0 .  The mass of the air is 4 g, and initially the air 
occupies a volume of 0.005 m3.  The atmosphere exerts a pressure of kPa100  on the 
top of the piston.  Heat transfer of magnitude kJ1.41  occurs slowly from the air to the 
surroundings, and the volume of the air decreases to 3m0025.0 .  Neglecting friction 
between the piston and the cylinder wall, determine the change in specific internal 
energy of the air, in kg/kJ .  [Note that the force is constant on the piston-head.] 

 
5. A closed system, i.e. a single mass of a substance, undergoes a thermodynamic 

cycle8 consisting of the following processes: 
Process 1-2: adiabatic compression with const.4.1 =pV  from kPa74.3441 =p , 

3
1 m084951.0=V  to 3/12 VV =  

Process 2-3: constant volume 
Process 3-1: constant pressure, kJ27317.4931 =−UU  

There are no significant changes in kinetic or gravitational potential energy. 
(a) sketch the cycle on a Vp −  diagram 
(b) calculate the net work for the cycle 
(c) calculate the heat transfer for process 32 −  

 
6. How could you use the definition of the specific heat capacity at constant pressure to 

evaluate the internal energy of a material? 
 
7. Show that for a system (not necessarily an ideal gas) undergoing a constant pressure 

process, the heat input is equal to the enthalpy. 
                                                 
8 meaning the substance is brought back to its initial state at the end of the process; state variables resume 
their initial values 

1p
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8. Show that, for an ideal gas, Vp CCR −=  

 
9. Use the result of problem 8 to show that, when an ideal gas undergoes an adiabatic 

quasi-static change, const.=γpV  where Vp CC /=γ . 
 
10. In Table 4.1.1: 

(a) Does the steam behave like an ideal gas?  Nearly? (Note the internal energies in 
Table 4.1.1b) 

(b) The internal energy decreases as the steam is compressed.  Is this what you would 
expect?  Comment. 
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4.2 Classical Thermodynamics: The Second Law 
 
 
4.2.1 A Qualitative Sketch of the Second Law and Entropy 
 
The first law of thermodynamics is concerned with the conservation of energy.  The 
second law of thermodynamics is concerned with how that energy is transferred between 
systems.  Its relevance to everyday experience can be seen from the following examples:  
 
• Ice is placed in a glass of water.  It melts. 
• A hot metal tray is taken out of the oven and placed on a bench top.  It cools. 
• A brittle plate is dropped from a height onto a hard floor.  It smashes into small pieces. 
• A piece of iron is left outside.  It rusts. 
• A bicycle tyre is pumped to high pressure and punctured.  The air rushes out. 
 
The common factor in all these examples is that energy is spreading out in a certain 
direction. 
 
• The energy in more rapidly moving warm air molecules disperses to the ice and breaks 

the intermolecular hydrogen bonds, allowing the water molecules in the ice to move 
more freely. 

• The hot metal contains a relatively large amount of energy due to its vibrating atoms 
and this energy is transferred to the surrounding air molecules and thereby dispersed. 

• The potential energy in the plate disperses through a heating of the surrounding air, the 
ground and the plate as it smashes. 

• The iron atoms and oxygen molecules in the air have chemical (potential) energy 
stored in their bonds.  When iron and oxygen react, lower energy iron oxide bonds are 
formed and the energy difference is dispersed as heat1. 

• The relatively large energy of the pressurized air in the tyre disperses when the tyre is 
punctured. 

 
Very qualitatively, the second law says that energy tends to spontaneously disperse unless 
hindered from doing so. 
 
If any of these processes were filmed and the tape accidentally played backwards, the 
mistake would immediately be evident.  However, no physical law (apart from the second 
law) would be broken if the events happened in reverse.  For example, the plate falls 
because there is a gravitational force pulling it down.  However, beginning at the end and 
working back, it is theoretically possible for the dispersed heat to flow back towards the 
broken pieces and so provide enough energy for the pieces to fly together and gain a 
kinetic energy to lift off the ground, rise up and eventually slow until it reaches its precise 
original position off the ground.  The probability of this happening is to all intents and 
purposes zero.  The second law says that energy simply does not spontaneously, that is 
without outside interference, gather together and concentrate in a small locality. 
 
Entropy is closely associated with the second law.  Again, qualitatively, entropy is a 
measure of how dispersed energy is.  Each system has a certain entropy and as energy 
                                                 
1 most spontaneous reactions of this type require a certain energy to get started, the activation energy, and 
this hinders the second law from wreaking havoc  
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disperses, the entropy increases.  When the air rushes out of the tyre, the entropy of the air 
and its surroundings increases.  When the hot tray cools, the entropy of the tray and 
surrounding air increases.  When the iron and oxygen react, entropy increases. 
 
The second Law and Maximum work 
 
When heat is supplied to the confined gas of Fig. 4.1.9, work is done when the gas 
expands and raises the weight.  However, if the flame is not placed under the apparatus 
but simply left to burn, the heat energy, according to the second law, will disperse into the 
air.  It will not ever spontaneously gather back again in a small locality where it could 
again be used to do some work.  The only way to get it back into a small locality again is 
to input even more energy.  In this sense the second law tells us that if we want to 
maximize the amount of work we can do, we need to use heat energy productively, and if 
any heat energy escapes it is not possible to use it again without expending more energy. 
 
A more formal and quantitative treatment of the second law will now be given. 
 
 
4.2.2 Entropy and the Second Law 
 
Entropy 
 
The entropy S of a system is a property of that system.  The change in entropy dS  is due 
to two quantities.  First, define the entropy supply )(rSδ  (an increment) through 
 

θ
δδ QS r =)(             (4.2.1) 

 
where Q is the heat supply.  Define also the entropy production )(iSδ  (also an 
increment) to be the difference between the increment of entropy and the entropy supply: 
 

)()( ir SSdS δδ +=      (4.2.2) 
 
Thus the entropy change in a material is due to two components: the entropy supply, 
“carried” into the material with the heat supply, and the entropy production, which is 
produced within the material.  (The reason for the “r” and “i” superscripts is given further 
below.) 
 
Note that, whereas the entropy S is a state function (a property), the entropy supply and 
entropy production are not, since they depend on the particular process by which the state 
has changed, and hence the use of the symbol “δ ” for these functions.  (Compare 4.2.2 
with the first law, QWdU δδ += .) 
 
The Second Law 
 
The second law of thermodynamics states that the entropy production is a non-negative 
quantity, 
 

0)( ≥iSδ      The Second Law                    (4.2.3) 
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In terms of the entropy, the first law can be written as 
 

)(

)(

i

r

SdSW
SWdU

θδθδ

θδδ

−+=

+=        (4.2.4) 

 
or, including the second law, 
 

)(iSdSdUW θδθδ +−=        with        0)( ≥iSδ .   (4.2.5) 
 
A process is termed reversible if the equality holds, 0)( =iSδ , so that there is no entropy 
production, in which case )(rSdS δ= .  Otherwise it is termed an irreversible process, in 
which case )()( ir SSdS δδ += .  The superscript “r” on the entropy supply is to indicate 
that the entropy supply is equivalent to the change of entropy in a reversible process.  The 
superscript “i” on the entropy production is to indicate that entropy production is 
associated with irreversible processes. 
 
Alternative Statements of the Second Law 
 
There are many different statements of the second law and each can be “derived” from 
the others (there is no one agreed version).  Another useful definition is that the heat input 
to the system in transforming from state A to state B is bounded from above, according to 
 

dSQ θδ ≤          (4.2.6) 
 
The maximum possible heat input is dSθ , in which case the entropy change is due 
entirely to entropy supply, with no entropy production – a reversible process.  It can be 
seen that the statement dSQ θδ ≤  is equivalent to the statement 0)( ≥iSδ . 
 
A re-arrangement of Eqn. 4.2.6 gives the classic Clausius’s inequality: 
 

θ
δQdS ≥        (4.2.7) 

 
 
4.2.3 Reversibility 
 
Pure Heating 
 
As an example of a reversible process, consider a pure heating (or cooling) process,  
where the volume is held constant and so the work increment is zero, Fig. 4.2.1.  Taking 
the two independent variables to be θ  and V , it follows from 4.2.5 that the work 
increment can be expressed as 
 

)(iSdSUdV
V
S

V
UW θδθ

θ
θ

θ
θδ +⎟

⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂

=             (4.2.8) 
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Figure 4.2.1: Pure heating 
 
With 0== dVWδ , this reduces to 
 

0)( =+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂ iSdSU θδθ

θ
θ

θ
         (4.2.9) 

 
Now 0)( ≥iSδ , 0>θ , and θd  can be positive, negative or zero. Thus the equality in 
Eqn. 4.2.9 can only be satisfied in general if both 
 

0and0 )( ==⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
∂ i

V

SSU δ
θ

θ
θ

                 (4.2.10) 

 
The second equality shows that a quasi-static pure heating process is always reversible.  
The first equality is a relation between state functions and hence holds for all processes, 
not just for pure heating. 
 
In reality there is never any such thing as a completely reversible process – in the case of 
pure heating, it is assumed that the temperature at any instant is uniform throughout the 
material, which will never be exactly true.  It will be shown below that if there is any 
appreciably temperature gradient within a material then there will be entropy production. 
 
Reversible Processes  
 
To be precise, a process is reversible when both the system and its surroundings can be 
returned to their original states.  For example, if the material in a piston-cylinder 
arrangement is compressed quasi-statically and there is no friction between the piston and 
cylinder walls, then the process is reversible – the load can be reduced by very small 
amounts and the material will “push back” on the piston returning it to its original 
configuration, with no net work done or heat supplied to the system. 
 
Irreversible Processes 
 
An irreversible process is one for which there is entropy production, 0)( >iSδ .  In 
practice, irreversibilities are introduced into systems whenever there is spontaneity: 
 

 unrestrained expansion of a gas/liquid to a lower pressure – for example when the 
lid is taken off a gas at high pressure, and is allowed to escape into the atmosphere 

 heat transfer from one part of a material to another part at a lower temperature 
(except in the ideal case where the temperature difference is infinitesimal) 

 friction (both the sliding friction of solid on solid and the friction that occurs 
between molecules in the flow of fluids) 

 

V
SU

,
,

θ

Qδ
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The common factor amongst all these is that the system and its surroundings cannot be 
returned to their original configurations.  For example, with the piston-cylinder 
arrangement, friction between the piston head and cylinder walls means that further work 
needs to be expended on the return stroke so that, although the piston-cylinder is returned 
to its original state, a net amount of work needs to be done and so the “surroundings”, or 
whatever is producing the work, is not back at its original state.  Similarly, if the piston 
was compressed very quickly to its final position, the temperature, momentarily, might 
well be higher at the piston head than further down in the material.  This would produce a 
spontaneous heat transfer from the upper part of the material to the lower part and it 
would not be possible to return the system and its surroundings to their original states. 
 
Irreversible Heat Transfer 
 
In the processes studied so far, it has been assumed that all the state functions were 
uniform throughout the material.  In particular, it has been assumed that the temperature 
is uniform throughout.  What if one now has a system whose parts are at different 
temperatures?  
 
Suppose that a quantity of heat Qδ  flows from a body at temperature 1θ  to a body at 
temperature 2θ , Fig. 4.2.2.  One can imagine for the sake of argument that the heat 
capacities of both bodies are sufficiently large that their temperatures are effectively 
unchanged by the heat flow.  The two bodies are insulated from their surroundings. 
 

 
 

Figure 4.2.2: Heat flow from one body to another 
 
This is pure heating and the entropy change due to this heat transfer are the entropy 
supplies 0/ 1

)(
1 <= θδδ QS r  and 0/ 2

)(
2 >= θδδ QS r .  Considering now the complete 

system (both bodies), there is no entropy supply, so any entropy change must be an 
entropy production 

 

12

)(

θ
δ

θ
δδ QQS i −=                       (4.2.11) 

 
Since 0)( ≥iSδ , it follows that 21 θθ > , that is, heat flows from the warmer body to the 
colder body. 
 
In this example there is no work done, no heat transfer and no internal energy change, but 
there is an entropy change. 
 
If one wants the heat transfer to be very nearly reversible, one can make the entropy 
production very small.  This can be achieved by making the temperature difference 
between the two bodies very small: by letting θθθθθ Δ+== 21 , , one has 

22 , Sθ11, Sθ

Qδ
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( )( )θθθδδ //)( Δ−≈ QS i .  Keeping the entropy supply constant, this means that one must 
make θθ /Δ  as small as possible.  Thus heat transfer is reversible only if there is an 
“infinitely small” temperature difference between the two bodies.  If, on the other hand, 
there is heat flow between bodies with an appreciable temperature difference, the process 
is irreversible, and a net amount of energy will be required to return the bodies and 
environment to their original states. 
 
Entropy supply is due to heat transfer, but the entropy production here is due to an 
adiabatic irreversible change. 
 
Entropy Measurements 
 
The entropy of a material can be measured as follows.  First, since )(/ iSQdS δθδ += , 
one has ( ) )(/ iSdCdS δθθ +=  where C is the specific heat capacity.  A re-arrangement 
shows that, for a reversible process, C is related to state variables through ( )θθ ddSC /=  
(and in particular, ( )VV ddSC θθ /= , ( )pp ddSC θθ /= ). 
 
One can now use the expression 
 

∫=Δ 2

1

/
θ

θ
θθdCS        (reversible)                         (4.2.12) 

 
but one must ensure that the entropy production is zero.  In practice, what one does is 
keep θθ /d  small enough so that the entropy production is sufficiently small for the 
accuracy required.  Once the entropy change is found, it of course applies to all processes, 
not just the reversible process used in the experiment. 
 
Thermodynamic Equilibrium 
 
Thermodynamic equilibrium has already been mentioned – it occurs when no changes of 
the state variables can occur.  Thus, one requires that 0=== dUQW δδ .  With 0=Qδ , 
one has 0)( =rSδ  and )(idSdS = .  For full thermal equilibrium, one requires that 

0)( =idS  but, since entropy production tends always to increase the entropy, thermal 
equilibrium can only occur if the entropy has reached its maximum possible value. 
 
 
4.2.4 Free Expansion of an Ideal Gas 
 
It was seen that, for an ideal gas undergoing a quasi-static process, (see Eqn. 4.1.25) 
 

( ) ( )121212 /ln/ln VVmRCSSS V +=−=Δ θθ                  (4.2.13) 
 
and the entropy production is zero.  In other words, any quasi-static process involving an 
ideal gas is reversible. 
 
Consider now a thermally insulated container divided by a partition into two parts each of 
volume V.  One of these contains an ideal gas and the other is evacuated.  The partition is 
taken away, so that the gas completely fills the container (see Fig. 4.1.7).  There is no heat 
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supply and there is no work done and so the internal energy of the gas does not change.  
Since the internal energy is a function of temperature only, the temperature must be 
constant.  Therefore the entropy change is 2lnmRS =Δ .  Since there is no entropy 
supply, this must be entropy production. 
 
This example again illustrates that entropy production occurs during spontaneous 
processes.  During the spontaneous expansion, there is a complex non-equilibrium 
turbulence.  The gas eventually settles down and a new equilibrium position is reached. 
 
 
4.2.5 Problems 
 
1. A system undergoes a process in which work is done on the system and the heat 

transfer Q  occurs at a constant temperature bθ .  For each case, determine whether 
the entropy change of the system is positive, negative, zero or indeterminate: 
(a) reversible process, 0>Q  
(b) reversible process, 0=Q  
(c) reversible process, 0<Q  
(d) irreversible process, 0>Q  
(e) irreversible process, 0=Q  
(f) irreversible process, 0<Q  

 
2. A block of lead at temperature K200  has heat capacity 1KJ1000 −=C , which is 

independent of temperature in the range K200100 − .  It is to be cooled to K100  in 
liquid baths, which are large enough that their temperatures do not change.  What is 
the entropy supply for the lead and the liquid bath(s), and the net entropy production, 
during the following processes: the lead is 
(a) plunged straight into a liquid bath at K100  
(b) first cooled in a bath at K150  and then in a second bath at K100  
(c) cooled using four baths at temperatures K175 , K150 , K125  and K100  
(d) cooled in an infinite number of temperature baths with a continuous range from 

K200  to K100  
[hint: no work is done; use the lead’s heat capacity to evaluate Q] 

 
3. Consider the freely expanded gas discussed in section 4.2.4.  Suppose the gas is now 

quasi-statically (reversibly) compressed at constant temperature back to it original 
volume V.  Is the gas back in its original state?  Are the surroundings? 

 
4. Consider an insulated piston-cylinder assembly which initially contains water as a 

saturated liquid at C100 , as illustrated below.  A paddle wheel acts on the water, 
which undergoes a process to the corresponding saturated vapour state at the same 
temperature, during which the piston moves freely in the cylinder (no friction).  Using 
the data below, determine 
(a) the net work per unit mass done – which is greater, the work done by the paddle 

wheel or that done by the expanding water? 
(b) the specific entropy supply; the specific entropy production – why do you think it 

is non-zero? 
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Next, consider the case where the initial and final states are the same as before, but 
the change is now brought about by the supply of heat only (with no paddle wheel).  
Determine 
(c) the work done per unit mass2 
(d) the heat transfer per unit mass 
(e) the specific entropy supply and the specific entropy production – is this a 

surprise? 
   

 
 

 u (kJ / kg) v (m3 / kg) s (kJ / kg.K) p (MPa) 
Liquid 418.94 0.0010435 1.3069 0.1014 

Gas 2506.50 1.673 7.3549 0.1014 
 
 
5. A certain mass of an ideal gas for which 2/3RCV = , independent of temperature, is 

taken reversibly from Pa10K,100 5== pθ  to Pa108K,400 5×== pθ  by two 
different paths (1) and (2): 
(1) consisting of (a) at constant volume from K400100 →=θ , (b) isothermally to 

the final pressure 
(2) consisting of (a) at constant pressure from K400100 →=θ , (b) isothermally to 

the final volume 
Calculate the entropy changes and show that the total entropy change is the same for 
both paths.  Compare this with the heat absorbed or given out for each of paths (1) 
and (2) – they even turn out to be of opposite sign. 
[hint: use the ideal gas law and the fact that for a constant volume process, 

θδ dCQ V= ; also, use Eqn. 4.2.13, the fact that dSQ
S

S∫=
2

1
rev θ , and the result of Q.8 

from section 1.1] 
 

                                                 
2 the initial and final temperatures and pressures are C100  and  0.1014 MPa – these are the “end-points” 
for the initial and final states – in general, they may not necessarily be constant throughout the process – we 
do not know (and don’t have to know here) how the temperature and pressure changed during the process in 
parts (a-b); with the paddle wheel, the temperature and pressure are unlikely to be uniform throughout the 
material.  For parts (c-e), it is reasonable to assume that they are constant throughout 
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4.3 Thermodynamic Functions 
 
Four important and useful thermodynamic functions will be considered in this section 
(two of them have been encountered in the previous sections).  These are the internal 
energy U, the enthalpy H, the Helmholtz free energy (or simply the free energy) Ψ  
and the Gibbs free energy (or simply the Gibbs function) G.  These functions will be 
defined and examined below for both reversible and irreversible processes. 
 
 
4.3.1 Reversible Processes 
 
Consider first a reversible process. 
 
The Internal Energy 
 
The internal energy is 
 

dSpdV
QWdU
θ

δδ
+−=

+=
        (4.3.1) 

 
the second line being valid for quasi-static processes.  The state variables for the pure 
compressible substance include SV ,,θ  and p.  From 4.3.1, it is natural to take V and S as 
the independent variables: 
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so that  
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⎝
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∂
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−= θ,             (4.3.3) 

 
Thus ),( SVU  contains all the thermodynamic information about the system; given V and 
S one has an expression for U and can evaluate p and θ  through differentiation.  U is a 
thermodynamic potential, meaning that it provides information through a 
differentiation. 
 
V and S are said to be the canonical (natural) state variables for U.  By contrast, 
expressing the internal energy as a function of the volume and temperature, for example, 

),( θVUU = , is not so useful, since this cannot provide all the necessary information 
regarding the state of the material.  A new state function will be introduced below which 
has V and θ  as canonical state variables. 
 
Similarly, the equation of state ),( pVθ  does not contain all the thermodynamic 
information.  For example, there is no information about U or S, and the equation of state 
must be supplemented by another, just as the ideal gas law is supplemented by the caloric 
equation of state )(θUU = . 
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Returning to the internal energy function, and taking the differential relations between 

θ,p  and U, Eqns. 4.3.3, and differentiating them again, and using the fact that 
VSUSVU ∂∂∂=∂∂∂ // 22 , one arrives at the Maxwell relation  

 

SV VS
p
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−
θ      (4.3.4) 

 
The Helmholtz Free Energy 
 
If one wants to work with V and θ , one can use the (Helmholtz) free energy function, 
defined by 
 

 SU θ−=Ψ             (4.3.5) 
 
One has, again for a reversible process, θδ /QS = , 
 

θ
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                (4.3.6) 

 
Now V and θ  have emerged as the natural independent variables.  Writing ),( θVΨ=Ψ , 
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so that  
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The Enthalpy and Gibbs Free Energy 
 
The enthalpy is defined by Eqn. 4.1.17, 
 

pVUH +=           (4.3.9) 
 
To determine the canonical state variables, evaluate the increment: 

 

VdppdVQW
VdppdVdUdH

+++=
++=

δδ                            (4.3.10) 

 
 For a quasi-static process, pdVW −=δ  and so 

 
VdpdSdH += θ                                 (4.3.11) 
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and the natural variables are p and S .  Finally, the Gibbs free energy function is defined 
by 
 

pVSUG +−= θ                       (4.3.12) 
 
and the canonical state variables are p and θ . 
 
The definitions, canonical state variables and Maxwell relations for all four functions are 
summarised in Table 4.3.1 below. 
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potential 
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Definition Differential 
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Table 4.3.1: Thermodynamic Potential Functions and Maxwell relations 
 
Mechanical variables: whereas the internal energy and the Helmholtz free energy are 
functions of a kinematic variable (V), the enthalpy and the Gibbs function are functions of 
a force variable (p). 
 
Thermal variables: whereas the internal energy and the enthalpy are functions of the 
entropy, the Helmholtz and Gibbs free energy functions are functions of the temperature. 
 
If one is analyzing a process with, for example, constant temperature, it makes sense to 
use either the Helmholtz or Gibbs free energy functions, so that there is only one variable 
to consider. 
 
Note that the temperature is an observable state variable and can be controlled to some 
extent.  Values for the entropy, on the other hand, cannot be assigned arbitrary values in 
experiments.  For this reason a description in terms of the free energy, for example, is 
often more useful than a description in terms of the internal energy. 
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4.3.2 Irreversible Processes 
 
Consider now an irreversible process. 
 
The Internal Energy 
 
One has )(iSdSdUW θδθδ +−=  and, with the internal energy again a function of the 
entropy and volume, 
 

)(i

SV

SdV
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=        (4.3.13) 

 
Consider the case of pure heating 0)( === iSdVW δδ , so  
 

VS
U
⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=θ        (4.3.14) 

 
as in the reversible case.  This relation is of course valid for any process, not necessarily a 
pure heating one.  Then 
 

)(i

S

SdV
V
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⎝
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=                             (4.3.15) 

 
Express the work in the form 
 

dVAdVA
WdWW

dq

dq

)()(

)()(

+=
+= δδ     (4.3.16) 

 
such that the quasi-conservative force )(qA  is that associated with the work )(qW   which 
is recoverable, whilst the dissipative force dA  produces the work )(dW  which is 
dissipated, i.e. associated with irreversibilities. 
 
From 4.3.15,  
 

S

q

V
UA ⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

=)(          (4.3.17) 

 
and the dissipative work )(dWδ  is 
 

0)()()( ≥== idd SdVAW θδδ        (4.3.18) 
 
The name quasi-conservative force for the )(qA  (here, actually a force per area) is in 
recognition that the internal energy plays the role of a potential in 4.3.17, but it is also a 
function of the entropy.  It can be seen from Eqn. 4.3.17 that the quasi-conservative force 
is a state function, and equals p−  in a fully reversible process. 
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In the isentropic case, 0=dS , one has  
 

)(iSdUW θδδ +=            (4.3.19) 
 
This shows that, in the isentropic case, the internal energy is that part of the work which 
is recoverable. 
 
The Free Energy 
 
Directly from SU θ−=Ψ , with θ  and V the independent variables, 
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Ψ∂ θ     (4.3.20) 

 
From the pure heating analysis given earlier, Eqn. 4.2.9-10, the term θθθ ∂∂−∂∂ // SU  
is zero, so 
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                                  (4.3.21) 

 
as in the reversible case and  
 

θ
θ

SddV
V

d −⎟
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∂
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=Ψ        (4.3.22) 

 
The work can now be written again as Eqn. 4.3.16, but now with the quasi-conservative 
force given by {▲Problem 3} 
 

θ
⎟
⎠
⎞

⎜
⎝
⎛
∂
Ψ∂

=
V

A q)(             (4.3.23) 

 
The dissipative work is again given by 4.3.18.  Also, pA q −=)(  for a reversible process. 
 
In the isothermal case, 0=θd , 
 

)(iSdW θδδ +Ψ=               (4.3.24) 
 
This shows that, in the isothermal case, the free energy is that part of the work which is 
recoverable. 
 
The quasi-conservative forces for the internal energy and free energy are listed in Table 
4.3.2.  Note that expressions for quasi-conservative forces are not available in the case of 
the Enthalpy and Gibbs free energy since they do not permit in their expression 
increments in volume dV , which are required for expressions of work increment. 
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Thermo-dynamic potential Differential relationship Relations 
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Table 4.3.2: Quasi-Conservative Forces for Irreversible Processes,  
pdVSdVAW iq −=+= )()( θδδ  

 
 
4.3.3 The Legendre Transformation 
 
The thermodynamic functions can be transformed into one another using a mathematical 
technique called the Legendre Transformation.  The Legendre Transformation is 
discussed in detail in the Appendix to this Chapter, §4.A.  For the present purposes, note 
that the Legendre transformation of a function ),( yxf  is the function ),( βαg  where 
 

),(),( yxfyxg −+= βαβα              (4.3.25) 
 
and 
 

y
f

x
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=
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When only one of the two variables is switched, the transform reads 
 

),(),( yxfxyg −= αα         (4.3.27) 
 
where 
 

x
f
∂
∂

=α ,      
α∂
∂

=
gx                             (4.3.28) 

 
For example, if one has the function ),( VSU  and wants to switch the independent 
variable from S to θ , Eqn. 4.3.27 leads one to consider the new function 
 

),(),( VSUSVg −= θθ       (4.3.29) 
 
and Eqns. 4.3.28 give 
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   (4.3.30) 

 
It can be seen that ),( Vg θ  is the negative of the Helmholtz free energy and the two 
differential relations in 4.3.30 are contained in Table 4.3.1. 
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4.3.4 Problems 
 
1. By considering reversible processes, derive the differential relationships and the 

Maxwell relations given in Table 4.3.1 for (a) the enthalpy, (b) the Gibbs free energy 
 
2. Let the two independent variables be V and θ .  Consider the internal energy, 

),( θVUU = .  Use the pure heating example considered in §1.2 to show that the 
quasi-conservative force of Eqn. 4.3.17 can also be expressed as 

θ

θ ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−
∂
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=
V
S

V
UA q)(  

 
3. Show that Eqn. 4.3.22 leads to Eqn. 4.3.23. 
 
4. Use the Legendre Transformation rule to transform the Helmholtz free energy 

),( VθΨ  into a function of the variables θ  and σ .  Derive also the two differential 
relations analogous to Eqns. 4.3.30.  Show that this new function is the negative of the 
Gibbs energy (use the relation SU θ−=Ψ ), where p−=σ , and that the two 
differential relations correspond to two of the relations in Table 4.3.1. 

 
5. Use the Legendre Transformation rule to transform the enthalpy ),( pSH  into a 

function of the variables S  and V .  Show that this new function is the negative of the 
internal energy, and that the two differential relations correspond to two of the 
relations in Table 4.3.1. 
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4.4 Generalised Variables 
 
Here, the ideas of the last three section are generalised to the case of more complex 
processes.   
 
 
4.4.1 Kinematical and Force Variables 
 
Consider an arbitrary continuum element, small enough so that, within it, the state 
variables are uniform (although they differ from element to element).  Let the state of the 
element, or system, be described by a set of independent kinematical variables ka , 

nk L,2,1= , and by its temperature θ .  For a simple compressible system, there is only 
one kinematical variable, and one usually takes this to be the volume V; for a more 
complex deforming element, the kinematical variables might include the six independent 
components of a strain tensor. 
 
If the system undergoes a change corresponding to infinitesimal increments kda , the 
corresponding work done is of the form 
 

kk daAW =δ               (4.4.1) 
 
The coefficients kA  are called the force variables corresponding to the kinematical 
variables ka  (they are work-conjugate to the ka ).  For the simple compressible system, 
there is only one force variable, pA −= , the pressure.  In a more complex system, they 
might include the 6 independent components of a stress tensor. 
 
This work expression can include magnetic effects, chemical effects, and so on.  For 
example, if an amount of electrical charge dq  flows into the system, then the work done 
is dqEW =δ , where E is the electrical potential difference driving the charge.  In this 
context, E is regarded as a force variable which drives the corresponding kinematical 
variable dq . 
 
The first law can now be written as 
 

QdaAdU kk δ+=       (4.4.2) 
 
The results obtained thus far can be generalised by replacing the (negative of the) 
pressure with the more general force variables, and by replacing the volume with the 
more general kinematical variables. 
 
The simple compressible system was completely described using two state variables. 
There are now 1+n  independent variables; any of the sets, with nk L,2,1= ,  ( )kaS ,  - 
internal energy description, ( )kAS ,  - enthalpy description, ( )ka,θ  - Helmholtz free 
energy description or ( )kA,θ  - Gibbs free energy, can be used.   
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4.4.2 The Internal Energy 
 
Taking ( )kaS ,  to be the independent state variables, the results for the internal energy of 
the last section can be re-written and summarised as 
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and in a reversible process, k

q
k AA =)( . 

 
 
4.4.3 The Free Energy 
 
Taking ( )ka,θ  to be the independent state variables, the results for the internal energy of 
the last section can be re-written and summarised as 
 

SUak θθ −=Ψ ),(        (4.4.6) 
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and in a reversible process, k

q
k AA =)( . 
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4.5 The Rate Equations 
 
The incremental equations of thermodynamics derived thus far can be written in rate 
form by dividing them through by dt .  Thus for example the work increment Wδ  
becomes the rate of working or power *W  - the superscript “*” is used here and in what 
follows to indicate rates of change of quantities which are not state functions. 
 
The rate form of the first law is 
 

*** QaAQWU kk +=+= &&           (4.5.1) 
 
and the rate form of the second law is 
 

0)*( ≥iSθ      or     *QS ≥&θ           (4.5.2) 
 
where 
 

)*()*( ir SSS +=&      and     
θ

*
)*( QS r =      (4.5.3) 

 
*Q  is called the thermal power, the non-mechanical power, or the rate of thermal 

work. 
 
 
4.5.1 The Dissipation Function 
 
The rate of working can be expressed as 
 

)*()(* i
k

q
k SaAW θ+= &                             (4.5.4) 

 
with )(q

kA  expressed in any of a number of different ways (e.g. see Eqns. 4.4.5, 4.4.9).  
The quantity )*(iSθ  is called the dissipation (or dissipation rate) and is denoted by Φ .  
It is equivalent to the rate of working of the dissipative forces: 
 

0)*()()*( ≥===Φ d
k

d
k

i WaAS &θ .              (4.5.5) 
 
As with *Q , the dissipation is not a state function. 
 
The first law can now be written in the rate form 
 

*)( QaAU k
q

k +Φ+= &&               (4.5.6) 
 

The isentropic case (see Eqn. 4.3.19) can be expressed as 
 

Φ+=UW &*                     (4.5.7) 
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and the isothermal case (see Eqn. 4.3.24) can be expressed as 
 

Φ+Ψ= &*W                     (4.5.8) 
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4.6 Continuum Thermomechanics 
 
The classical thermodynamics is now extended to the thermomechanics of a continuum.  
The state variables are allowed to vary throughout a material and processes are allowed to 
be irreversible and move far from thermal and mechanical equilibrium.  Some schools of 
thought would question whether entropy is a state function at all under these conditions.  
Here, we simply accept the fact that it is.  This approach is known as the rational 
thermodynamics and is generally accepted in the solid mechanics community. 
 
 
4.6.1 The First Law 
 
The first law of thermodynamics is, in rate form,   
 

KUQPext
&& +=+ *           (4.6.1) 

 
where extP  is the power of the external forces, *Q  is the rate at which heat is supplied, U&  
is the rate of change of the internal energy and K&  is the rate of change of kinetic energy. 
 
Recall from Part III, Eqn 3.7.2, the mechanical energy balance, 
 

KPP &=+ intext                                            (4.6.2) 
 
Eliminating extP  and K&  from these equations leads to 
 

UQP &=+− *
int           (4.6.3) 

 
Heat supply 
 
It is convenient to write the total heat supply to a finite volume of material as an integral 
over the volume.  This is done by defining the heat flux q to be the rate at which heat is 
conducted from interior to exterior per unit area, Fig. 4.6.1.  The rate of heat entering is 
thus dv

s∫ ⋅− nq .   Let there also be a source of heat supply inside the material, for 

example a radiator of heat.  Let dvr
v∫  be the rate of such heat supply, where the scalar r is 

the heat source, the rate of heat generated per unit volume.  Thus, with the divergence 
theorem, 
 

dvrdvQ
vv
∫∫ +−= qdiv*             (4.6.4) 

 

 
 

q

n

ds
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Figure 4.6.1: heat flux vector and normal vector to a surface element 
 
Recall also from Part III, Eqns. 3.7.15, the stress power 
 

∫−=
v

dvP dσ :int                                                  (4.6.5) 

 
Combining Eqns. 4.6.3-5, and expressing the strain energy rate in the form of an integral 
(see Part III, Eqn. 3.7.15) leads to 
 

∫∫∫ ∫ =+−
vvv v

dvdvrdvdv udiv: &ρqdσ         (4.6.6) 

 
Since this holds for all volumes v, one has the local form  
 

udiv: &ρ=+− rqdσ       The First Law                  (4.6.7) 
 
 
4.6.2 The Second Law 
 
Entropy 
 
The entropy ),( tS x  is defined as the scalar property 
 

dvsS
v
∫= ρ      (4.6.8) 

 
where s is the specific entropy or entropy density.  The change in entropy is due to two 
quantities.  First, very like the heat transferred into a body, Eqn. 4.6.4, define the entropy 
supply )*(rS  to be the rate of entropy input, 
 

dvsdsS
v

r
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r ∫∫ +⋅−= nsq
)*(          (4.6.9) 

 
where qs  is the entropy flux through the element surface and rs  is entropy supply due to 
sources within the element .  Further, the entropy flux is assumed to be proportional to the 
heat flux, and the proportionality factor is the reciprocal of the non-negative scalar 
absolute temperature θ  (and similarly for the density rs  and the heat supply density r) 
so that, using the divergence theorem, 
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                (4.6.10) 

 
Define the entropy production )*(iS  to be the difference between the rate of change of 
entropy and the entropy supply: 
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)*()*( ri SSS −= &     (4.6.11) 

 
The second law of thermodynamics states that the entropy production is a non-negative 
quantity,  
 

0)*( ≥iS                                   (4.6.12) 
 
The Clausius-Duhem Inequality 
 
Thus one has the Clausius-Duhem inequality: 
 

0div)*( ≥−⎟
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⎜
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vvv
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In local form, the Clausius-Duhem inequality reads as (introducing a specific entropy 
production, *)(is ) 
 

0div1*)( ≥−⎟
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ρθθρ
rss i q

&              (4.6.14) 

 
or, equivalently {▲Problem 1}, 
 
 

0)(1div1
2

*)( ≥∇⋅−+−= θ
ρθρθρθ

qqrss i &       The Second Law      (4.6.15) 

 
This is the continuum statement of the Second Law. 
 
Note that, in the classical theory, the temperature is assumed to be constant throughout, so 
that 0=∇θ , which leads to θρ /)(div*)( q−=rs  which corresponds to the classical 
expression θδ /)( QdS r = . 
 
 
4.6.3 The Dissipation Inequality 
 
Eliminating qdiv  (and r) from both the first and second laws leads to the dissipation 
inequality 
 

( ) 0)(1:1*)( ≥∇⋅−+−= θ
ρθρ

θθ qdσuss i &&  Dissipation Inequality      (4.6.16) 

 
The term *)(isθ  is the specific dissipation (or internal dissipation) and is denoted by the 
symbol φ .  The Clausius-Duhem inequality can simply be written as 
 

0)*( ≥≡ isθφ                   (4.6.17) 
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Multiplying Eqn. 4.6.16 across by the density leads to 

 

        [ ] 0)(1:*)( ≥⎥⎦
⎤

⎢⎣
⎡ ∇⋅−++−= θ

θ
ρρθρθ qdσuss i &&             (4.6.18) 

 
Each term here has units of power per unit (current) volume.  The term inside the first 
bracket is called the mechanical dissipation (per unit volume).  The term inside the 
second bracket is the dissipation due to temperature gradients, i.e. heat flow, and is called 
the thermal dissipation (per unit volume).  Note that the thermal dissipation is always 
positive since q and θ∇  are of opposite sign.  Integrating over a volume v leads to 
 

{ } ( ) dvdvsudvs
vvv

i ∫∫∫ ⎭
⎬
⎫

⎩
⎨
⎧ ⋅∇−++−= qdσ θ

θ
ρθρρθ 1:)*( &&                    (4.6.19) 

 
 
 
 
 
The term *)(isρθ  in Eqn. 4.6.18 is often denoted by the symbol γ  and also termed the 
dissipation.  This is a dissipation per unit volume.  When the deformations are small, the 
volume changes are negligible.   When the deformations are appreciable, however, the 
volume and density change, and it is better to work with specific quantities such as φ .  
 
The dissipation inequality 4.6.16 is in terms of the internal energy.  In terms of the 
specific free energy θψ su −= , one has 
 

( ) 0)(1:1*)( ≥∇⋅−+−−== θ
ρθρ

ψθθφ qdσ&&ss i                (4.6.20) 

 
 
4.6.4 Special Thermodynamic Processes 
 
Reversible Processes 
 
In a reversible process, 0)*( == isφ  and there are no temperature gradients (although the 
temperature may change), so 
 

( )dσ :1
ρ

θ += su &&      or     ( )dσ :1
ρ

θψ +−= && s                      (4.6.21) 

 
Isentropic Conditions 
 
For an isentropic process, the entropy is constant and remains constant, so 0=s& .  In this 
case, the dissipation is 
 

mechanical 
dissipation 

thermal 
dissipation 

dissipation 



Section 4.6 

Solid Mechanics Part III                                                                                Kelly 427

( ) 0)(1:1
≥∇⋅−+−= θ

ρθρ
φ qdσu&                 (4.6.22) 

 
Isothermal Conditions 
 
In an isothermal process, the absolute temperature is constant, 0=∇θ , and remains 
constant, 0=θ& .  This can be achieved, for example, by keeping the material’s 
surroundings at constant temperature, and loading the material very slowly, so that any 
temperature differences which arise between the material and surroundings are allowed to 
disappear. 
 
One then has 
 

( ) 0:1
≥+−= dσ

ρ
θφ us &&    or   ( ) 0:1

≥+−= dσ
ρ

ψφ &                (4.6.23) 

The second of these can be written as 

Φ+Ψ=

+=
&

& ρφψρdσ :
     with      0≥Φ              (4.6.24) 

where Ψ&  is now the rate of change of the free energy per unit (current) volume, and Φ  is 
the rate of dissipation per unit (current) volume.  This equation is the most useful starting 
point for many applications.  The free energy Ψ  represents the energy that is stored and 
“free” to do more work or be recovered, whilst Φ  is the rate at which energy is being 
dissipated and irreversibly lost from the “macro-world”.  The isothermal behaviour of 
different types of materials can be modeled by choosing different free energy and 
dissipation functions. 
 
Equilibrium Conditions 
 
As mentioned in §4.2.3, a material which is unaffected by external conditions has no 
work done to it or heat supplied and the first law then states that the internal energy is 
constant.  In that case, when the entropy has reached a maximum and the dissipation is 
zero, there is no more change in any of the state variables, and equilibrium has been 
reached. 
 
Adiabatic Conditions 
 
In an adiabatic process, oq = .  This can be achieved, for example, by very rapid loading, 
so that there is no time for heat exchange with the surroundings. 
 
Under these conditions (and taking also 0=r ), the first law reads u: &ρ=dσ  (recall that 
the internal energy change is equal to the work done in an adiabatic process).  The 
dissipation is thus due solely to thermal effects.  The dissipation inequality reduces to 
 

0*)( ≥= ss i &           (4.6.25) 
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or 
 

0≥= s&θφ                     (4.6.26) 
 
If the process is both adiabatic and isentropic, then 0== s&φ .  An adiabatic reversible 
process is equivalent to an isentropic reversible process. 
 
 
4.6.5 The Clausius-Plank Inequality 
 
In many applications the thermal dissipation is very much smaller than the mechanical 
dissipation.  If this is the case then the thermal dissipation rate can be ignored, and one 
has the stronger form of the second law, in terms of internal energy and free energy, 
 

( )

( ) 0:1

0:1

≥+−−=
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dσ

ρ
ψθφ

ρ
θφ

&&

&&

s

us

   Clausius-Plank inequality    (4.6.27) 

 
which is known as the Clausius-Plank inequality.  Note that the thermal dissipation is 
indeed zero under two of the commonest conditions, adiabatic and isothermal.  
Equivalently, one can argue that the processes of mechanical dissipation and heat flow are 
independent, so that each are separately required to be non-negative, again leading to 
Eqn. 4.6.27. 
 
Using the first law, Eqn. 4.6.27 can be rewritten in the alternative form 
 

qdiv11
ρρ

φθ −+= rs&                                                (4.6.28) 

 
which is an evolution equation for s (showing how it evolves over time). 
 
 
4.6.6 Small Strains 
 
When the strains are small, the rate of deformation is equivalent to the time rate of change 
of the small strain tensor: 
 

 εd &= ,             ijijd ε&=         (4.6.29) 
 
The dissipation inequalities are then 
 

011
, ≥−+−= iiijij qus θ
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ρ
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                                                                      or 
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011
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(4.6.30) 
 
Reversible processes must involve vanishing temperature gradients and lead to 
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ψθ &&&                     (4.6.31) 

 
With ),( ijsuu ε=  and ),( ijεθψψ = , one has 
 

ij
ij

us
s
uu ε

ε
&&&

∂
∂

+
∂
∂

=      and     ij
ij

ε
ε
ψθ

θ
ψψ &&&

∂
∂

+
∂
∂

=                     (4.6.32) 

 
Comparing with Eqn. 4.6.31 then leads to the relations (compare these with 4.3.3 and 
4.3.8) 
 

ij
ij

u
s
u

ε
ρσθ
∂
∂

=
∂
∂

= ,      and     
ij

ijs
ε
ψρσ

θ
ψ

∂
∂

=
∂
∂

−= ,               (4.6.33) 

Constitutive Relations for Small-strain Reversible Processes 
 
Note that the density (and volume) changes for small strains may be neglected, so that the 
density in 4.6.33 can be taken to be the current density or the density in the undeformed 
configuration, 0ρ . 
 
 
4.6.7 Thermomechanics in the Material Form 
 
The First Law 
 
In order to rewrite the energy balance equations in material form, first introduce the 
scalars (what follows is analogous to the definitions of traction and stress with respect to 
the current and reference configurations) 
 

NQ
nq

N

n

⋅−=

⋅−=
)(

)(

Q
q

               (4.6.34) 

 
Here q is the Cauchy heat flux of Eqn. 4.6.4, defined per unit current surface area ds  
with outward normal n, and Q the Piola-Kirchhoff heat flux, defined per unit reference 
surface area dS  and outward normal N. 
 
The rate of heat transfer into the material can now be written as either of 
 

dSds
Ss
∫∫ ⋅−=⋅− NQnq        (4.6.35) 
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Using Nanson’s formula, Part III, Eqn. 2.2.59, dSJds NFn T−= , the Cauchy and Piola-
Kirchhoff heat flux vectors are related through qFQ 1−= J . 
 
The combination of the mechanical energy balance with the first law, i.e. Eqn. 4.6.3, then 
reads (see also Part III, Eqn. 3.7.26) 
 

∫∫ ∫ ∫ =+−
VV V V

dVdVRdVdV uDiv: 0 &
& ρQFP             (4.6.36) 

 
where dvrdVR

vV ∫∫ = , or, in local form, 

 
uDiv: 0 &

& ρ=+− RQFP     (4.6.37) 
 
or 
 

uDiv: 0 &
& ρ=+− RQES     (4.6.38) 

 
Note that, comparing the spatial and material forms,  
 

qQqQqQ div1Div1,divDiv,divDiv
0 ρρ

=== ∫∫ JdvdV
vV

             (4.6.39) 

 
 
The Second Law 
 
Analogous to Eqn. 4.6.13, the second law can be expressed in material form as 
 

0Div0 ≥−⎟
⎠
⎞

⎜
⎝
⎛+ ∫∫∫

VVV

dVRdVdVs
dt
d

θθ
ρ Q          (4.6.40) 

 
or, analogous to 4.6.16, one has the dissipation inequality  
 

( ) 0)Grad(1:1

00

*)( ≥⋅−+−= θ
θρρ

θθ QFP &&& uss i              (4.6.41) 

 
Isothermal Conditions 
 
In an isothermal process,  
 

( ) 0:1

0

≥+−= FP &&&
ρ

θφ us    or   ( ) 0:1

0

≥+−= FP &&
ρ

ψφ              (4.6.42) 

 
The second of these can be written as 
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Φ+Ψ=

+=
&

&& φρψρ 00: FP
     with      0≥Φ              (4.6.43) 

where Ψ&  is now the rate of change of the free energy per unit (reference) volume, and Φ  
is the rate of dissipation per unit (reference) volume. 
 
 
4.6.8 Objectivity 
 
By definition, the scalars heat Q, internal energy U, entropy S and temperature θ  are 
objective, that is they remain unchanged under an observer transformation 2.8.7.  It 
follows that the heat flux vector q is also objective, transforming according to 2.8.10.  By 
definition, the vector entropy flux qs  is objective, that is it transforms according to 
2.8.10.   
 
 
4.6.9 Problems 
 

1. Show that )(1div1div 2 θ
θθθ

∇⋅−=⎟
⎠
⎞

⎜
⎝
⎛ qqq  

 
2. Show that the relation qFQ 1−= J  is consistent with the relation 4.6.39, 

qQ divDiv J= . 
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4.A Appendix to Chapter 1: The Legendre 
Transformation 

 
4.A.1 One Dimensional Legendre Transformation 
 
Consider the curve Γ  plotted in Fig. 4.A.1.  This curve can be described in a number of 
different ways.  For example it can be expressed in the conventional form, as a function 
of x: )(xf .  One can also express it as a function of Y, where Y is the distance from the 
origin to the point where the tangent to the curve intersects the vertical axis, as illustrated.  
Only one independent variable is needed to describe the curve so x and Y are related.  
First, the slope of the curve is 
 

dx
dfm =                                                          (4.A.1) 

 
From the construction of Fig. 4.A.1, the slope is also given by  
 

( )
x

xfYm +
== θtan                                              (4.A.2) 

and so 
 

( )xfxmY −=                                              (4.A.3) 
 
Differentiating 4.A.3 with respect to m (considering x now to be a function of m) leads to 

 

dm
dx

dx
dfm

dm
dxx

dm
dY

−+=                                         (4.A.4) 

 

 
 

Figure 4.A.1: A curve represented as a function of x or Y 
 
 
 

•p θ

Y

)(xfY +

x

Γ

o

q θ
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Using 4.A.1, 
 

dm
dYx =                                                        (4.A.5) 

 
Equations 4.A.3, 4.A.1 and 4.A.5, constitute a Legendre transformation between the 
function ( )xf  and the function ( )mY :1 
 

( ) ( ) ( )( ) ( ) ( )
dm

mdYx
dx

xdfmmxfmmxmY ==−= ,,   Legendre Transformation (4.A.6) 

 
One says that Y is the Legendre dual of f and vice versa. 
 
Example 
 
To find the Legendre dual of ( ) 23xxf = , note that xm 6=  and so 
 

( ) ( ) ( )( )
126

3
6

22 mmmmmxfmmxmY =⎟
⎠
⎞

⎜
⎝
⎛−=−=  

 
and, as expected, 
 

xm
dm
dY

==
6

 

 
More generally, it can be shown that {▲Problem 2} the Legendre dual of nx  is 
 

( ) ( ) 1
1

−
⎟
⎠
⎞

⎜
⎝
⎛−=

n
n

n
mnmY  

 
 
Degenerate Case 
 
An interesting case is the function ( ) xxf = .  The tangents at all points on this line go 
through the origin.  Given x, one can determine m – it is always 1tan == θm  –  and 
( ) xxf =  determines the complete curve.  However, given 1=m , one cannot uniquely 

determine x; for the one value of m there are an infinite number of points x.  This is a 
degenerate case of the Legendre transform, called a singular transformation.  In this 
case, again 1/ == dxdfm  and the Legendre transform of ( )xf  is identically zero: 
( ) 0=mY .  Since the transform can only be determined to within an arbitrary constant, 

instead of 4.A.3, introduce a new function Y  such that 
 

( ) ( ) 0=−== fxmmYmY λ                                        (4.A.7) 

                                                 
1 some authors use the definition xmfY −= , i.e. the negative of this 
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where λ  is an arbitrary scalar.  Then 

 

x
dm
Yd

dm
dY

== λ                                                     (4.A.8) 

 
Now for a given function ( )mY , Eqn. 4.A.8 generates all values of x by assigning 
different values to λ .  In summary 
 

( ) ( ) ( ) ( )( ) ( ) ( )
dm

mYdx
dx

xdfmmxfmmxmYmY λλ ==−== ,,)  

 Singular Legendre Transformation (4.A.9) 
 
As an example, consider the function ( ) 012 =−= mmY .  Then (taking the positive root) 

1=m , ( ) xxf =  and the  Legendre transform is λ2=x . 
 
Properties of the Legendre Transform 
 
Some useful properties of the Legendre transform follow: 
 
Let ( )mY  be the Legendre transform of )(xf . 
Let ( )qZ  be the Legendre transform of )( pg . 
 
Then 
 
1) ( ) ( )xagxf =  ⇒  ( )amaZY /=   scaling 1 
2) ( ) ( )axgxf =  ⇒  ( )amZY /=   scaling 2 
3) ( ) ( ) axgxf +=  ⇒  ( ) amZY −=   translation 1                       (4.A.10) 
4) ( ) ( )axgxf +=  ⇒  ( ) ammZY −=  translation 2 
5) ( ) ( )xgxf 1−=  ⇒  ( )mmZY /1−=  inversion 
 
 
4.A.2 Multi-dimensional Legendre Transform 
 
Referring to Fig. 4.A.2, consider a function of two variables ( )yxfz ,=  and denote the 
partial derivatives by 
 

y
f

x
f

∂
∂

=
∂
∂

= βα ,                                                 (4.A.11) 

 
The normal to the surface ( ) 0, =−=Γ zyxf  is  
 

321 eeen −+=Γ∇= βα                                        (4.A.12) 
 
Let v be the vector joining q and p in the figure, so that  
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( ) 321 eeev Yfyx +++=                                         (4.A.13) 
 
Since 0=⋅ vn , one finds that 
 

( ) ( )yxfyxY ,, −+= βαβα                                         (4.A.14)  
 
Differentiating with respect to α  and β  (with ( )βα ,xx = , ( )βα ,yy = ) leads to 
 

βββ
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−
∂
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+
∂
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+=
∂
∂

y
y
fx

x
fyyxY

y
y
fx

x
fyxxY

                           (4.A.15) 

 
From 4.A.11, one has 
 

βα ∂
∂

=
∂
∂

=
YyYx ,                                              (4.A.16) 

 
 

 
 

Figure 4.A.2: A surface 
 
This can be generalised to higher dimensions.  In summary, for vectors [ ]Txx K,, 21=x  
and [ ]Tww K,, 21=w , 
 

( ) ( ) ( ) ( )
i

i
i

i

i
iiiii w

wY
x

x
xf

wxfxwwY
∂

∂
=

∂
∂

=−= ,,   Legendre Transformation (4.A.17) 

 
 
Example 
 
Consider the quadratic form jijii xAxxf 2

1)( =  where A is symmetric; the two-
dimensional version is 

•p

Y

Γ

o

q

x

y

n

•

•

v



Section 4.A 

Solid Mechanics Part III                                                                                Kelly 436

 

[ ] ( )2
2222112
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1 2)( aaxxaxa
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xxxf i ++=⎥
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Then ( ) ninmimninii xAAxxAxfw =+=∂∂= 2

1/ , so mimi wAx 1−=  and 
 

( ) ( ) ( )

jiji

mpmpmimiqmqpmpmimi
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wAw
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2
111
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11
2
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2
1)(

−
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−−−

=
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δ  

 
 
 
4.A.3 Problems 
 
1. Show that xexf =)(  and mmmmY −= ln)(  are Legendre duals 

2. Show that ( ) nxxf =  and ( ) ( ) 1
1

−
⎟
⎠
⎞

⎜
⎝
⎛−=

n
n

n
mnmY  are Legendre duals 
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8. (a)  a scalar, equals the trace of a second-order tensor 
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(c)  9 components of a second-order tensor 
(d) scalar 

9. jiji dcba  

 
1.10 
 
1.11 
 
1.  The principal invariants are 

[ ]
0detIII

2)tr()(trII

3trI
22

2
1

==

=−=

==

T
TT

T

T

T

T

 
and the eigenvalues are 2,1,0  

7. (c) Spectral decomposition is 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

100
020
008

 

Eigenvectors are 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

1
0
0

,
0

2/1
2/1

,
0

2/1
2/1

 

U is the square root of this. 
 
1.12 
 
 
1.13 
 

1. (b) [ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
0cossin
0sincos

θθ
θθ

Q  

(c)  ( ) ( ) 321 cos3sin6sin3cos6 eeeu ′+′−+′−−= θθθθ  
 
1.14 
 

1. (a) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

020
200
002

grad

2

3

1

x
x

x
v  

(b) ( )
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

=⊗∇
2
32

2
23

3
1

2
2
2

xx
xx

x
vv  

 
2. ou =∇ 2  



 A3
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