1 Vectors & Tensors

This chapter is divided into three parts. The first part covers vectors (81.1-1.7). The
second part is concerned with second, and higher-order, tensors (81.8-1.15). The second
part covers much of the same ground as done in the first part, mainly generalizing the
vector concepts and expressions to tensors. The final part (§1.16-1.19) is concerned with
generalizing the earlier work to curvilinear coordinate systems.

The first part comprises basic vector algebra, such as the dot product and the cross
product; the mathematics of how the components of a vector transform between different
coordinate systems; the symbolic, index and matrix notations for vectors; the
differentiation of vectors, including the gradient, the divergence and the curl; the
integration of vectors, including line, double, surface and volume integrals, and the
integral theorems.

The second part comprises the definition of the tensor (and a re-definition of the vector);
dyads and dyadics; the manipulation of tensors; properties of tensors, such as the trace,
transpose, norm, determinant and principal values; special tensors, such as the spherical,
identity and orthogonal tensors; the transformation of tensor components between
different coordinate systems; the calculus of tensors, including the gradient of vectors and
higher order tensors and the divergence of higher order tensors and special fourth order
tensors.

In the first two parts, attention is restricted to rectangular Cartesian coordinates. In the
third part, curvilinear coordinates are introduced, including covariant and contravariant
vectors and tensors, the metric coefficients, the physical components of vectors and
tensors, the metric, coordinate transformation rules, tensor calculus, including the
Christoffel symbols and covariant differentiation, and curvilinear coordinates for curved
surfaces.






Section 1.1

1.1 Vector Algebra

1.1.1 Scalars
A physical quantity which is completely described by a single real number is called a
scalar. Physically, it is something which has a magnitude, and is completely described

by this magnitude. Examples are temperature, density and mass. In the following,
lowercase (usually Greek) letters, e.g. a, 3, v , will be used to represent scalars.

1.1.2 Vectors

The concept of the vector is used to describe physical quantities which have both a
magnitude and a direction associated with them. Examples are force, velocity,
displacement and acceleration.

Geometrically, a vector is represented by an arrow; the arrow defines the direction of the
vector and the magnitude of the vector is represented by the length of the arrow, Fig.

l1.1.1a.

Analytically, vectors will be represented by lowercase bold-face Latin letters, e.g. a, r, q.

The magnitude (or length) of a vector is denoted by |a| or a. Itis a scalar and must be

non-negative. Any vector whose length is 1 is called a unit vector; unit vectors will
usually be denoted by e.

N

... c

(2) (b)

Figure 1.1.1: (a) a vector; (b) addition of vectors

1.1.3  Vector Algebra

The operations of addition, subtraction and multiplication familiar in the algebra of
numbers (or scalars) can be extended to an algebra of vectors.
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The following definitions and properties fundamentally define the vector:

1. Sum of Vectors:
The addition of vectors a and b is a vector ¢ formed by placing the initial point of
b on the terminal point of a and then joining the initial point of a to the terminal
point of b. The sum is written ¢ =a+b. This definition is called the
parallelogram law for vector addition because, in a geometrical interpretation of
vector addition, ¢ is the diagonal of a parallelogram formed by the two vectors a
and b, Fig. 1.1.1b. The following properties hold for vector addition:

a+b=Db+a ... commutative law

at(b+c)=(a+b)+c ... associative law

2. The Negative Vector:
For each vector a there exists a negative vector . This vector has direction
opposite to that of vector a but has the same magnitude; it is denoted by —a. A
geometrical interpretation of the negative vector is shown in Fig. 1.1.2a.

3. Subtraction of Vectors and the Zero Vector:
The subtraction of two vectors a and b is defined by a—b =a+ (-b), Fig.
1.1.2b. If a=Db then a—b is defined as the zero vector (or null vector) and is
represented by the symbol 0. It has zero magnitude and unspecified direction. A
proper vector is any vector other than the null vector. Thus the following
properties hold:
ato=a

a+(-a)=o

4. Scalar Multiplication:
The product of a vector a by a scalar & is a vector ca with magnitude |a| times

the magnitude of a and with direction the same as or opposite to that of a,
according as « is positive or negative. If & =0, ca is the null vector. The
following properties hold for scalar multiplication:

(@+pa=ca+pa ... distributive law, over addition of scalars
a(a + b) =ca+ab ... distributive law, over addition of vectors
a(fa)=(af)a ... associative law for scalar multiplication

4 /- a_b\vti

(a) (b)

Figure 1.1.2: (a) negative of a vector; (b) subtraction of vectors
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Note that when two vectors a and b are equal, they have the same direction and
magnitude, regardless of the position of their initial points. Thus a=b in Fig. 1.1.3. A

particular position in space is not assigned here to a vector — it just has a magnitude and a
direction. Such vectors are called free, to distinguish them from certain special vectors to
which a particular position in space is actually assigned.

a /
b
Figure 1.1.3: equal vectors
The vector as something with “magnitude and direction” and defined by the above rules is

an element of one case of the mathematical structure, the vector space. The vector space
will be discussed in the next section.

1.1.4 The Dot Product

The dot product of two vectors a and b (also called the scalar product) is denoted by
a-b. Itis ascalar defined by

a-b=|a||b|c0s6’. (1.1.1)

0 here is the angle between the vectors when their initial points coincide and is restricted
to the range 0 <@ <, Fig. 1.1.4.

Figure 1.1.4: the dot product

An important property of the dot product is that if for two (proper) vectors a and b, the
relation a-b =0, then a and b are perpendicular. The two vectors are said to be

orthogonal. Also, a-a= |a||a| cos(0), so that the length of a vector is |a| =+a-a.

Another important property is that the projection of a vector u along the direction of a
unit vector e is given by u-e. This can be interpreted geometrically as in Fig. 1.1.5.
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0

¢
<>

u-e=|u|cost9

Figure 1.1.5: the projection of a vector along the direction of a unit vector

It follows that any vector u can be decomposed into a component parallel to a (unit)
vector e and another component perpendicular to e, according to

u=(u-ele+[u—(u-ee] (1.1.2)

The dot product possesses the following properties (which can be proved using the above
definition) { A Problem 6}:

(1) a-b=b-a (commutative)

(2) a- (b + c) =a-b+a-c  (distributive)

3) ala- b) =a-(ab)

(4) a-a>0;and a-a=0 ifandonlyif a=0

1.1.5 The Cross Product

The cross product of two vectors a and b (also called the vector product) is denoted by
axb. Itis a vector with magnitude

|a><b| =|a||b|sin9 (1.1.3)
with @ defined as for the dot product. It can be seen from the figure that the magnitude

of axb is equivalent to the area of the parallelogram determined by the two vectors a
and b.

Figure 1.1.6: the magnitude of the cross product
The direction of this new vector is perpendicular to both a and b. Whether axb points

“up” or “down” is determined from the fact that the three vectors a, b and axb form a
right handed system. This means that if the thumb of the right hand is pointed in the
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direction of axb, and the open hand is directed in the direction of a, then the curling of
the fingers of the right hand so that it closes should move the fingers through the angle &,
0 <60 < x, bringing them to b. Some examples are shown in Fig. 1.1.7.

axb

Do

Figure 1.1.7: examples of the cross product

The cross product possesses the following properties (which can be proved using the
above definition):

(1) axb=-bxa (not commutative)

(2) ax(b+c)=axb+axc (distributive)

(3) a(axb)=ax(ab)

(4) axb=o0 ifand only ifaand b (;t 0) are parallel (“linearly dependent”)

The Triple Scalar Product

The triple scalar product, or box product, of three vectors u, v, w is defined by

‘(ux v)~ W= (vxw)'u = (wxu)' V‘ Triple Scalar Product (1.1.4)

Its importance lies in the fact that, if the three vectors form a right-handed triad, then the
volume V of a parallelepiped spanned by the three vectors is equal to the box product.

To see this, let e be a unit vector in the direction of ux v, Fig. 1.1.8. Then the projection
ofwon uxvis h=w-e, and

w-(uxv)=w-(|u><v|e)
=|u><v|h (1.1.5)
=V
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Figure 1.1.8: the triple scalar product

Note:
o if the three vectors do not form a right handed triad, then the triple scalar product yields the
negative of the volume. For example, using the vectors above, (w X v)‘ u=-V

1.1.6 Vectors and Points

Vectors are objects which have magnitude and direction, but they do not have any
specific location in space. On the other hand, a point has a certain position in space, and
the only characteristic that distinguishes one point from another is its position. Points
cannot be “added” together like vectors. On the other hand, a vector v can be added to a
point p to give a new point q, q = v+p, Fig. 1.1.9. Similarly, the “difference” between
two points gives a vector, q —p = v. Note that the notion of point as defined here is

slightly different to the familiar point in space with axes and origin — the concept of
origin is not necessary for these points and their simple operations with vectors.

q

Y

Figure 1.1.9: adding vectors to points

1.1.7 Problems

1. Which of the following are scalars and which are vectors?
(i) weight
(i) specific heat
(iii) momentum
(iv) energy
(v) volume
2. Find the magnitude of the sum of three unit vectors drawn from a common vertex of
a cube along three of its sides.
3. Consider two non-collinear (not parallel) vectors a and b. Show that a vector r
lying in the same plane as these vectors can be written in the form r = pa+gb,
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where p and q are scalars. [Note: one says that all the vectors r in the plane are
specified by the base vectors a and b.]

4.  Show that the dot product of two vectors u and v can be interpreted as the
magnitude of u times the component of v in the direction of u.

5. The work done by a force, represented by a vector F, in moving an object a given
distance is the product of the component of force in the given direction times the
distance moved. If the vector s represents the direction and magnitude (distance)
the object is moved, show that the work done is equivalent to F -s.

6.  Prove that the dot product is commutative, a-b =b-a. [Note: this is equivalent to
saying, for example, that the work done in problem 5 is also equal to the component
of's in the direction of the force, times the magnitude of the force.]

7.  Sketch bxa if a and b are as shown below.

Show that |a><b|2 +|a-b|2 = |a|2|b|2.

Suppose that a rigid body rotates about an axis O with angular speed w, as shown
below. Consider a point p in the body with position vector r. Show that the
velocity v of p is given by v=wmxr, where ® is the vector with magnitude @ and
whose direction is that in which a right-handed screw would advance under the
rotation. [Note: let S be the arc-length traced out by the particle as it rotates through
an angle @ on a circle of radius T, then v = |v| =Tw (since

s=T6,ds/dt=r(d6/dt)).]

10. Show, geometrically, that the dot and cross in the triple scalar product can be
interchanged: (axb)-c=a-(bxc).

11. Show that the triple vector product (a X b)x ¢ lies in the plane spanned by the
vectors a and b.
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Section 1.2

1.2 Vector Spaces

The notion of the vector presented in the previous section is here re-cast in a more formal
and abstract way. This might seem at first to be unnecessarily complicating matters, but
this approach turns out to be helpful in unifying and bringing clarity to much of the theory
which follows.

Some background theory which complements this material is given in Appendix A to this
Chapter, §1.A.

1.2.1 The Vector Space

The vectors introduced in the previous section obey certain rules, those listed in §1.1.3. It
turns out that many other mathematical objects obey the same list of rules. For that
reason, the mathematical structure defined by these rules is given a special name, the
linear space or vector space.

First, a set is any well-defined list, collection, or class of objects, which could be finite or
infinite. An example of a set might be

B={x|x<3} (1.2.1)

which reads “B is the set of objects x such that x satisfies the property x <3”. Members
of a set are referred to as elements.

Consider now the field® of real numbers R. The elements of R are referred to as scalars.
Let V be a non-empty set of elements a, b, c, ... with rules of addition and scalar

multiplication, that is there isasum a+b eV forany a,b eV and a product ca eV

forany aeV, a € R. Then Vis called a (real)? vector space over R if the following
eight axioms hold:
1. associative law for addition: for any a,b,ceV ,one has (a+b)+c=a+(b+c)

2. zero element: there exists an element o €V , called the zero element, such that
a+o=o0+a=a forevery aeV

3. negative (or inverse): for each a eV there exists an element —a €V , called the
negative of a, such that a+ (-a) = (-a)+a=0

4. commutative law for addition: forany a,beV ,onehas a+b=b+a

5. distributive law, over addition of elements of V: forany a,b eV and scalar « e R,
a(@+b)=ca+ab

6. distributive law, over addition of scalars: for any a eV and scalars a, f R,
(a+pPa=caa+ pa

1 A field is another mathematical structure (see Appendix A to this Chapter, 81.A). For example, the set of
complex numbers is a field. In what follows, the only field which will be used is the familiar set of real
numbers with the usual operations of addition and multiplication.

2 «real”, since the associated field is the reals. The word real will usually be omitted in what follows for
brevity.
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7. associative law for multiplication: for any a €V and scalars «, f € R,

a(pe) = (af)a

8. unit multiplication: for the unitscalar 1e R, la=a forany aeV .
The set of vectors as objects with “magnitude and direction” discussed in the previous
section satisfy these rules and therefore form a vector space over R. However, despite the

name “vector” space, other objects, which are not the familiar geometric vectors, can also
form a vector space over R, as will be seen in a later section.

1.2.2 Inner Product Space

Just as the vector of the previous section is an element of a vector space, next is
introduced the notion that the vector dot product is one example of the more general
inner product.

First, a function (or mapping) is an assignment which assigns to each element of a set A
a unique element of a set B, and is denoted by

f:A>B (1.2.2)

An ordered pair (a,b) consists of two elements a and b in which one of them is
designated the first element and the other is designated the second element The product
set (or Cartesian product) Ax B consists of all ordered pairs (a,b) where a € A and
beB:

AxB={(ab)lacAbeB} (1.2.3)

Now let V be a real vector space. An inner product (or scalar product) on V is a
mapping that associates to each ordered pair of elements X, y, a scalar, denoted by <x, y>,

<-,->:V xV — R (1.2.4)
that satisfies the following properties, for X,y,zeV, a eR:

1. additivity: (x+y,z)=(x,z)+(y,z)

2. homogeneity: (ax,y) = a(x,y)

3. symmetry: (X,y)=(y,x)

4. positive definiteness: (x,x) >0 when x =0

From these properties, it follows that, if (x,y)=0 forall y eV , then x =0

A vector space with an associated inner product is called an inner product space.

Two elements of an inner product space are said to be orthogonal if
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(x,y)=0 (1.2.5)

and a set of elements of V, {x,y, z} are said to form an orthogonal set if every
element in the set is orthogonal to every other element:

(x,y)=0, (x,2)=0, (y,z)=0, etc. (1.2.6)

The above properties are those listed in §1.1.4, and so the set of vectors with the
associated dot product forms an inner product space. Inner products other than the dot
product will be introduced later.

Euclidean Vector Space

The set of real triplets (x,, X,, X, ) under the usual rules of addition and multiplication
forms a vector space R®. With the inner product defined by

<X’y> =X Y XY, XY,

one has the inner product space known as (three dimensional) Euclidean vector space,
and denoted by E. This inner product allows one to take distances (and angles) between
elements of E through the norm (length) and metric (distance) concepts discussed next.

1.2.3 Normed Space

Let V be a real vector space. A norm onV is a real-valued function,
|| || V>R (1.2.7)
that satisfies the following properties, for x,y eV, ¢ e R:

1. positivity: [x|>0

2. triangle inequality: |x +y| < x|+ y]
3. homogeneity: [ax| = |a]|X|
4

positive definiteness: [x| =0 if and only if x =0

A vector space with an associated norm is called a normed vector space. Many different
norms can be defined on a given vector space, each one giving a different normed linear
space. A natural norm for the inner product space is

X[ = A/{x, %) (1.2.8)

It can be seen that this norm indeed satisfies the defining properties. When the inner
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product is the vector dot product, the norm defined by 1.2.8 is the familiar vector
“length”.

One important consequence of the definitions of inner product and norm is the Schwarz
inequality, which states that

(. y)[< (v (1.2.9)

One can now define the angle between two elements of V to be

0:V xV >R, O(x,y)= cosl(<x’y>J (1.2.10)

[Iv

The quantity inside the curved brackets here is necessarily between —1 and +1, by the
Schwarz inequality, and hence the angle & is indeed a real number.

1.2.4  Metric Spaces

Metric spaces are built on the concept of “distance” between objects. This is a
generalization of the familiar distance between two points on the real line.

Consider a set X. A metric is a real valued function,
d(-,-): XxX >R (1.2.11)
that satisfies the following properties, for x,y € X :

positive: d(x,y) >0 and d(x,x) =0, forall x,y € X

strictly positive: if d(x,y) =0 then x=y, forall x,y € X
symmetry: d(x,y) =d(y,x), forall x,y € X

triangle inequality: d(x,y) <d(x,z)+d(z,y), forall x,y,ze X

Ao RE

A set X with an associated metric is called a metric space. The set X can have more than
one metric defined on it, with different metrics producing different metric spaces.

Consider now a normed vector space. This space naturally has a metric defined on it:
d(x,y)=|x-y]| (1.2.12)

and thus the normed vector space is a metric space. For the set of vectors with the dot
product, this gives the “distance” between two vectors X,y .
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1.2.5 The Affine Space

Consider a set P, the elements of which are called points. Consider also an associated
vector space V. An affine space consists of the set P, the set V, and two operations which
connect P and V:

(1) given two points p,q € P, one can define a difference, q—p which is a unique
elementvofV,ie. v=gq-peV

(i) given a point p € P and v €V , one can define the sum v +p which is a unique point
gofP,ie.g=v+peP

and for which the following property holds, for p,q,r e P : (q—r)+(r—p)=(q-p).

From the above, one has for the affine space that p—p=0 and g—p = —(p - q), for all
p,qeP.

Note that one can take the sum of vectors, according to the structure of the vector space,
but one cannot take the sum of points, only the difference between two points. Further,
there is no notion of origin in the affine space. One can choose some fixed o € P to be
an origin. Inthat case, v =p—o is called the position vector of p relative to o.

Suppose now that the associated vector space is a Euclidean vector space, i.e. an inner
product space. Define the distance between two points through the inner product
associated with V,

d(p.a)=[a-p|=y(a-p.a-p) (1.2.13)

It can be shown that this mapping d : P x P — R is a metric, i.e. it satisfies the metric
properties, and thus P is a metric space (although it is not a vector space). In this case, P
is referred to as Euclidean point space, Euclidean affine space or, simply, Euclidean
space. Whereas in Euclidean vector space there is a zero element, the origin (0,0,0), in
Euclidean point space there is none — apart from that, the two spaces are the same and,
apart from certain special cases, one does not need to distinguish between them.

Solid Mechanics Part 111 14 Kelly



Section 1.3

1.3 Cartesian Vectors

So far the discussion has been in symbolic notation', that is, no reference to ‘axes’ or
‘components’ or ‘coordinates’ is made, implied or required. The vectors exist
independently of any coordinate system. It turns out that much of vector (tensor)
mathematics is more concise and easier to manipulate in such notation than in terms of
corresponding component notations. However, there are many circumstances in which
use of the component forms of vectors (and tensors) is more helpful — or essential. In this
section, vectors are discussed in terms of components — component form.

1.3.1 The Cartesian Basis

Consider three dimensional (Euclidean) space. In this space, consider the three unit
vectors €, €,, €; having the properties

e -e,=e,-e,=¢,-¢ =0, (1.3.1)

e e =e,-e,=e,-€; =1, (1.3.2)

so that they are unit vectors. Such a set of orthogonal unit vectors is called an
orthonormal set, Fig. 1.3.1. Note further that this orthonormal system {el ,€, ,83} is

right-handed, by which is meant e, xe, =e, (or €, xe, =e, or €, xe, =e,).

This set of vectors {e,,€,,e, | forms a basis, by which is meant that any other vector can
be written as a linear combination of these vectors, i.e. in the form

a=ae, +ae, +a,e, (1.3.3)

Figure 1.3.1: an orthonormal set of base vectors and Cartesian components

! or absolute or invariant or direct or vector notation
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By repeated application of Eqn. 1.1.2 to a vector a, and using 1.3.2, the scalars in 1.3.3
can be expressed as (see Fig. 1.3.1)

a=a-e, a,=a-e,, a =a-e, (1.3.4)

The scalars a,, a, and a, are called the Cartesian components of a in the given basis
{e,.e,.e,}. The unit vectors are called base vectors when used for this purpose.

Note that it is not necessary to have three mutually orthogonal vectors, or vectors of unit
size, or a right-handed system, to form a basis — only that the three vectors are not co-
planar. The right-handed orthonormal set is often the easiest basis to use in practice, but
this is not always the case — for example, when one wants to describe a body with curved
boundaries (see later).

The dot product of two vectors U and v, referred to the above basis, can be written as

u-v=_(ue, +u,e, +ue,) (v, +v,e, +Vv.e,)
= ulvl(el 'e1)+U1V2(e1 'ez)+u1V3(el -63)
+u,v, (e, -e,)+u,v,(e, -e,)+u,v,(e, -e;) (1.3.5)
UV, (e3 'el)+u3vz(e3 ‘e2)+u3v3(e3 '93)
=u,v, +U,v, +U,V,

Similarly, the cross product is

UxV=(ue, +U,e, +U,e;)x(v,e, +V,e, +V.e,)
=uV, (el Xel)+ uVv, (el Xez)"’ U,V (el Xes)
+U,Vv, (e, xe,)+u,v, (e, xe, )+u,v,(e, xe,) (1.3.6)
+U,v, (e xe, )+ U,V, (e; xe, )+ U,v, (e, xe,)

= (U2V3 —u;V, )el _(U1V3 _usvl)ez +(U1V2 _uzvl)e3

This is often written in the form

, (1.3.7)

el e2 e3
ul u2 3
Vl V2 V3
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1.3.2 The Index Notation

The expression for the cross product in terms of components, Eqn. 1.3.6, is quite lengthy
— for more complicated quantities things get unmanageably long. Thus a short-hand
notation is used for these component equations, and this index notation” is described
here.

In the index notation, the expression for the vector a in terms of the components
a,, a,,a, and the corresponding basis vectors €,,€,,€, 1s written as

3
a=ag +a,e, +ae; =y ae (1.3.8)
i=1

This can be simplified further by using Einstein’s summation convention, whereby the
summation sign is dropped and it is understood that for a repeated index (i in this case) a
summation over the range of the index (3 in this case’) is implied. Thus one writes
a=a,e;. This can be further shortened to, simply, a,.

The dot product of two vectors written in the index notation reads

u-v=uyv,| Dot Product (1.3.9)

The repeated index i is called a dummy index, because it can be replaced with any other
letter and the sum is the same; for example, this could equally well be written as
U-v=u,v, or uyV,.

For the purpose of writing the vector cross product in index notation, the permutation
symbol (or alternating symbol) &;, can be introduced defined by

+1 if (i, J,k)is an even permutation of (1,2,3)
gy =1~ 1 if (i, j,k) is an odd permutation of (1,2,3) (1.3.10)

0  if two or moreindices are equal

For example (see Fig. 1.3.2),

&y =+l
& =1
£y =0

% or indicial or subscript or suffix notation
3 2 in the case of a two-dimensional space/analysis
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2

~_ 7

a8

Figure 1.3.2: schematic for the permutation symbol (clockwise gives +1)

Note that
Eix = Eji =& = —E€jik = i = —Ei (1.3.11)
and that, in terms of the base vectors { A Problem 7},
€, X8, = &,8, (1.3.12)
and { AProblem 7}

gy = & %€, )-e,. (1.3.13)

The cross product can now be written concisely as { A Problem 8}

UxV =gy UV,e, Cross Product (1.3.14)

Introduce next the Kronecker delta symbol 6. , defined by

J 2

0, 1#]
5”_ :{ o (1.3.15)
I, 1=]

Note that 0,, =1 but, using the index notation, 6; =3. The Kronecker delta allows one

to write the expressions defining the orthonormal basis vectors (1.3.1, 1.3.2) in the
compact form

-e;. =0, | Orthonormal Basis Rule (1.3.16)

The triple scalar product (1.1.4) can now be written as

(u x V)'W = ( ijkuivjek)'wmem

= UiV Wi Oy

SIJkUiVjWk
ul u2 u3

vy v, v, (1.3.17)
Wl W2 W3
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Note that, since the determinant of a matrix is equal to the determinant of the transpose of
a matrix, this is equivalent to

u v, w
L, W, (13.18)
3 W3

\Y
\Y

Here follow some useful formulae involving the permutation and Kronecker delta symbol
{ AProblem 13}:

Cijk€xpqg = 5ip5jq _5iq5ip (1.3.19)

Eikijp = 25pk

Finally, here are some other important identities involving vectors; the third of these is
called Lagrange’s identity:

(axb)-(axb)=a’|b|" - (a-by’

ax(bxc)=(a-c)o—(a-bl
(axb)-xd)=| | E:; (13.20)
(a><b)><(c><d):[a-(bxd)]c—[a-(bxc)]d

[a-(oxc)ld=[d-(bxc)a+[a:-(dxc)b+[a-(bxd)k

1.3.3 Matrix Notation for Vectors

The symbolic notation v and index notation V,e; (or simply Vv, ) can be used to denote a

vector. Another notation is the matrix notation: the vector v can be represented by a
3x1 matrix (a column vector):

Matrices will be denoted by square brackets, so a shorthand notation for this
matrix/vector would be [v]. The elements of the matrix [v] can be written in the element

form v;. The element form for a matrix is essentially the same as the index notation for
the vector it represents.

Formally, a vector can be represented by the ordered triplet of real numbers, (v,,V,,V,).

The set of all vectors can be represented by R’, the set of all ordered triplets of real
numbers:
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R ={(v,,V,,V,)|V,,V,,V, € R} (1.3.21)

It is important to note the distinction between a vector and a matrix: the former is a
mathematical object independent of any basis, the latter is a representation of the vector
with respect to a particular basis — use a different set of basis vectors and the elements of
the matrix will change, but the matrix is still describing the same vector. Said another
way, there is a difference between an element (vector) vV of Euclidean vector space and an

ordered triplet v, € R*. This notion will be discussed more fully in the next section.

As an example, the dot product can be written in the matrix notation as
Vl

[UTIV]:[Ul U, U]V,

T )
“short” “ull”
matrix notation matrix notation

Here, the notation [UT] denotes the 1x3 matrix (the row vector). The resultisa 1x1
matrix, i.e. a scalar, in element form u,v; .

1.3.4 Cartesian Coordinates

Thus far, the notion of an origin has not been used. Choose a point 0 in Euclidean (point)
space, to be called the origin. An origin together with a right-handed orthonormal basis
{ei} constitutes a (rectangular) Cartesian coordinate system, Fig. 1.3.3.

V (point)

e, 4
V=V-0 (vector)
£,

L (point)'

Figure 1.3.3: a Cartesian coordinate system

A second point V then defines a position vector v—o, Fig. 1.3.3. The components of the
vector v—o0 are called the (rectangular) Cartesian coordinates of the point v *. For
brevity, the vector Vv —0 is simply labelled v, that is, one uses the same symbol for both
the position vector and associated point.

* That is, “components” are used for vectors and “coordinates” are used for points
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1.3.5 Problems

10.
11.
12.
13.
14.

15.
16.

Evaluate u-v where u=e, +3e, —2e;, v=4e, —2e, +4e,.

Prove that for any vector u, u=(u-e,)e, +(u-e,)e, +(u-e;)e,. [Hint: write U in
component form. ]

Find the projection of the vector u =€, —2e, +e, on the vector

v=4e —4e, +7e,.
Find the angle between u =3e, +2e, —6e, and v =4e, —3e, +e€,.

Write down an expression for a unit vector parallel to the resultant of two vectors u
and V (in symbolic notation). Find this vector when u = 2e, +4e, —5e,,

V =g, +2e, +3e, (in component form). Check that your final vector is indeed a
unit vector.

Evaluate ux v, where u=-e, —2e, +2e,, Vv=2¢, —2e, +€,.

Verify that e; xe; = ¢;,€, . Hence, by dotting each side with e, , show that

Show that uxv =g, u,v;e, .

The triple scalar product is given by (u X V) "W = &, U;v;W, . Expand this equation
and simplify, so as to express the triple scalar product in full (non-index) component
form.

Write the following in index notation: |V

, Ve, V-e,.

Show that 5;ab; is equivalentto a-b.

Verify that ¢, &, =6.

Verify that &, &,,, = 6,0, — 9,0, and hence show that & &;,

Evaluate or simplify the following expressions:
(@) oy (b) 5ij5ij (c) 5ij5jk (d) 51jk53jvk
Prove Lagrange’s identity 1.3.20b.
If e is a unit vector and a an arbitrary vector, show that
a=(a-ee+ex(axe)
which is another representation of Eqn. 1.1.2, where a can be resolved into
components parallel and perpendicular to €.

=20

pk *
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1.4 Matrices and Element Form

1.4.1  Matrix — Matrix Multiplication

In the next section, §1.5, regarding vector transformation equations, it will be necessary
to multiply various matrices with each other (of sizes 3x1, 1x3 and 3x3). It will be
helpful to write these matrix multiplications in a short-hand element form.

First, it has been seen that the dot product of two vectors can be represented by [uT IV] , or
u;v,. Similarly, the matrix multiplication [u ][VT] gives a 3 x3 matrix with element form

u;v; or, in full,

ulvl u1V2 ulv3
u,v, Uu,v, Uu,v,
u3vl u3v2 u3v3

This type of matrix represents the tensor product of two vectors, written in symbolic
notation as U® Vv (or simply uv). Tensor products will be discussed in detail in a later
section.

Next, the matrix multiplication

Qi Qn Quuy
[Q][U] =1Q; Qn Quu,
Qy Qun Qulus

is a 3x1 matrix with elements ([Q]u]), = Q;u;. The elements of [Q]u] are the same as
those of [uT IQT ], which in element form reads ([UT IQT ])i =u,Q;.

The expression [u]Q] is meaningless, but [UTIQ] { AProblem 1} is a 1x3 matrix with
elements ([UTIQ])i u,Q; -

This leads to the following rule:

1. if a vector pre-multiplies a matrix [Q] — it is the transpose [UT]

2. if a matrix [Q] pre-multiplies the vector — it is [u]

3. if summed indices are “beside each other”, as the j in u;Q;; or Q;u;
— the matrix is [Q]

4. if summed indices are not beside each other, as the j in u;Q;

— the matrix is the transpose, [QT]
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Finally, consider the multiplication of 3 x3 matrices. Again, this follows the “beside
each other” rule for the summed index. For example, [A[B] gives the 3x 3 matrix

{ AProblem 5} ([A]B]), = AB, , and the multiplication |A" [B] is written as
([AT IB])U. = A;B,; . There is also the important identity

(AIe)" =[6"]A"] (14.1)
Note also the following (which applies to both the index notation and element form):
(1) if there is no free index, as in U,V,, there is one element (representing a scalar)

(i1) if there is one free index, as in U;Q;;, itisa 3x1 (or Ix3) matrix

ji?
(representing a vector)
(i)  if there are two free indices, as in A;B,;, it is a 3x3 matrix (representing, as

will be seen later, a second-order tensor)

1.4.2 The Trace of a Matrix

Another important notation involving matrices is the trace of a matrix, defined to be the
sum of the diagonal terms, and denoted by

tr[A]=A,+A, +A,=A,| The Trace (1.4.2)

1.4.3 Problems

1.  Show that [UT IQ] is a 1x3 matrix with elements U;Q;; (write the matrices out in
full)

Show that ([QJu])" =[u"]Q"]

Are the three elements of [Q]u] the same as those of [uT IQ]?

What is the element form for the matrix representation of (a . b)c ?

A A

Write out the 3 x 3 matrices A and B in full, i.e. in terms of A, , A ,, etc. and verify
that [AB]; = A,B, fori=2, j=1.
6.  What is the element form for
i [Ale"]
(i1) [VT IA][V] (there is no ambiguity here, since ([VT IAHV] = [VT k[A][V]))
Giiy [B"JA]B]
7. Show that 6; A; = tr[A].
Show that det[A]= &y A; A Ay = €3 A AR A -
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1.5 Coordinate Transformation of Vector Components

Very often in practical problems, the components of a vector are known in one coordinate
system but it is necessary to find them in some other coordinate system.

For example, one might know that the force f acting “in the X, direction” has a certain
value, Fig. 1.5.1 — this is equivalent to knowing the X, component of the force, in an

X, — X, coordinate system. One might then want to know what force is “acting” in some
other direction — for example in the X; direction shown — this is equivalent to asking what
the X; component of the force is in a new X; — X, coordinate system.

X X; component
2
of force

X! A
2
(8
14
Xl
X

s

<> !
X, component

of force

Figure 1.5.1: a vector represented using two different coordinate systems

The relationship between the components in one coordinate system and the components
in a second coordinate system are called the transformation equations. These
transformation equations are derived and discussed in what follows.

151 Rotations and Translations

Any change of Cartesian coordinate systems can be split up into a translation of the base
vectors and a rotation of the base vectors. A translation of the base vectors does not
change the components of a vector. Mathematically, this can be expressed by saying that
the components of a vector a are e, -a, and these three quantities do not change under a

translation of base vectors.

1.5.2 Components of a Vector in Different Systems

Vectors are mathematical objects which exist independently of any coordinate system.
Introducing a coordinate system for the purpose of analysis, one could choose, for
example, a certain Cartesian coordinate system with base vectors e; and origin 0, Fig.

1.5.2. In that case the vector can be written as U = U,e, +U,€, +U,€;, and U, U,, U, are

its components.
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Now a second coordinate system can be introduced (with the same origin) this time with
base vectors e;. In that case, the vector can be written as U = u;e] +u’e} +U;e}, where

u;, Uy, u; are its components in this second coordinate system, as shown in the figure.
Thus the same vector can be written in more than one way:

u=ue, +U,e, +U,e; =Ue] +Use, +Uje;

The first coordinate system is often referred to as “the 0X,X,X, system” and the second as
“the 0X;X)X; system”.

Figure 1.5.2: a vector represented using two different coordinate systems

Note that the new coordinate system is obtained from the first one by a rotation of the
base vectors. The figure shows a rotation € about the X, axis (the sign convention for

rotations is positive counterclockwise).

Two Dimensions

Concentrating for the moment on the two dimensions X, — X, , from trigonometry (refer to
Fig. 1.5.3),

U=ug, +Uue,
=[oB|~|ABJk, + [BD| +[CP[E,
=[cos@u —sindu. e, + [sinOu; + cosOu. e,

and so u, =cos@u/ —sindu}

=sinfu; +cosf U,

/N

vector components in vector components in
first coordinate system second coordinate system
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In matrix form, these transformation equations can be written as

U | |cos® —sind | u
u,| |[sin@ cosé |ul

Figure 1.5.3: geometry of the 2D coordinate transformation

The 2x2 matrix is called the transformation or rotation matrix [Q]. By pre-
multiplying both sides of these equations by the inverse of [Q], [Q‘1 ], one obtains the

transformation equations transforming from [u, u, ] to [u/ u}]":

uy cos@ siné | u,

u,| |-sin@ cosé | u,
An important property of the transformation matrix is that it is orthogonal, by which is
meant that

Q7' [=]|Q"| Orthogonality of Transformation/Rotation Matrix  (1.5.1)

Three Dimensions

It is straight forward to show that, in the full three dimensions, Fig. 1.5.4, the components
in the two coordinate systems are related through

ul COS(XI > Xl') COS(XI > X; ) COS(XI > X; ) U;
'

u2 = COS(szxll) COS(Xz,X;) COS(X29X;) u2

!

u3 COS(X37 Xll) COS(X3>X;) COS(X3>X;) u3
where cos(X;,X]) is the cosine of the angle between the x; and x| axes. These nine
quantities are called the direction cosines of the coordinate transformation. Again

denoting these by the letter Q, Q,, = cos(X,, X;), Q,, = cos(X,,X;), etc., so that

Q; = cos(X;,X]), (1.5.2)
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one has the matrix equations

u, Qi Qn Qully
u, | = Q21 sz Q23 u;
u, Q31 Q32 Q33 U;

or, in element form and short-hand matrix notation,

u=Qui ... [u]=[Q]u] (15.3)
D &
X, \
u !
< X|
.. Xl

X3
Figure 1.5.4: two different coordinate systems in a 3D space
Note:

e some authors define the matrix of direction cosines to consist of the components
Q;; = cos(X;,X;), so that the subscript i refers to the new coordinate system and the j to the old

coordinate system, rather than the other way around as used here
Transformation of Cartesian Base Vectors

The direction cosines introduced above also relate the base vectors in any two Cartesian
coordinate systems. It can be seen that

This relationship is illustrated in Fig. 1.5.5 for i =1.
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COS(X;,X;) =€, - €

Figure 1.5.5: direction cosines
Formal Derivation of the Transformation Equations

In the above, the transformation equations u; = Q;u were derived geometrically. They

can also be derived algebraically using the index notation as follows: start with the
relations U =u,e, = U’ and post-multiply both sides by e, to get (the corresponding

matrix representation is to the right (also, see Problem 2 in §1.4.3)):

U, € =ujej e

= U6 =U;Qy

- U =UjQy [UT]:[U’TIQT]
- u=Quj .. [u]l=[Q]u]

The inverse equations are { A Problem 3}
' ’ T
w=Qu, .. [u]=Q"]u] (1.5.5)
Orthogonality of the Transformation Matrix [Q]

As in the two dimensional case, the transformation matrix is orthogonal, [QT ] = [Q*1 ]
This follows from 1.5.3, 1.5.5.

Example

Consider a Cartesian coordinate system with base vectors €;. A coordinate
transformation is carried out with the new basis given by

e, =n"e, +ne, +n{e,
e, =nPe, +n{’e, +n{’e,

r_n® (3) (3)
e, =n"e +n,’e, +n;7e,

What is the transformation matrix?
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Solution

The transformation matrix consists of the direction cosines Q; = cos(X;,X,) =€, -€/, s0

o] [0 @
!

u, |=n’ n® ndjluf

!

uy ][ on? g lug

1.5.3 Problems

1.  The angles between the axes in two coordinate systems are given in the tables

below.
Xl X2 X3
X, 135° 60° 120°
X5 90° 45° 45°
X} 45° 60° 120°
Construct the corresponding transformation matrix [Q] and verify that it is
orthogonal.

2. The ox/x;X; coordinate system is obtained from the 0X,X,X, coordinate system by a
positive (counterclockwise) rotation of @ about the X, axis. Find the (full three
dimensional) transformation matrix [Q]. A further positive rotation 4 about the
X, axis is then made to give the 0X/X;X; coordinate system. Find the
corresponding transformation matrix [P]. Then construct the transformation matrix
[R] for the complete transformation from the 0x,X,X, to the 0x/X?x! coordinate
system.

3. Beginning with the expression U,€; -€{ = U, -e;, formally derive the relation

ui, = jSuj ([U'] = [QTIU])

Solid Mechanics Part 111 29 Kelly



Section 1.6

1.6 Vector Calculus 1 - Differentiation

Calculus involving vectors is discussed in this section, rather intuitively at first and more
formally toward the end of this section.

1.6.1 The Ordinary Calculus

Consider a scalar-valued function of a scalar, for example the time-dependent density
of a material p = p(t). The calculus of scalar valued functions of scalars is just the

ordinary calculus. Some of the important concepts of the ordinary calculus are reviewed
in Appendix B to this Chapter, §1.B.2.

1.6.2 Vector-valued Functions of a scalar

Consider a vector-valued function of a scalar, for example the time-dependent
displacement of a particle u =u(t). In this case, the derivative is defined in the usual

way,
du . u(t+ At) —u(t)

— =1lim
dt At—0 At

which turns out to be simply the derivative of the coefficients',

du du, du, du,  duy;

=—e +——e,+——e, =—"¢,
dt dt dt dt dt

Partial derivatives can also be defined in the usual way. For example, if u is a function of
the coordinates, u(X,,X,,X;), then

ou u(X, +AX;, X,, X;) —u(X;, X,,X;)

— =lim
0
X, M AX

1

Differentials of vectors are also defined in the usual way, so that when u,, U,, U, undergo
increments du, = Au,, du, = Au,, du, = Au,, the differential of u is

du =du,e, +du,e, +du,e,

and the differential and actual increment Au approach one another as
Au;, Au,, Au; = 0.

! assuming that the base vectors do not depend on t
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Space Curves

The derivative of a vector can be interpreted geometrically as shown in Fig. 1.6.1: Au is
the increment in u consequent upon an increment At int. Ast changes, the end-point of
the vector u(t) traces out the dotted curve I' shown — it is clear that as At —> 0, Au
approaches the tangent to I", so that du/dt is tangential to I'. The unit vector tangent to
the curve is denoted by 7:

_ du/dt

_ du/dt 16.1
7 /] (161

(b)

Figure 1.6.1: a space curve; (a) the tangent vector, (b) increment in arc length

Let s be a measure of the length of the curve I' , measured from some fixed point on T'.
Let As be the increment in arc-length corresponding to increments in the coordinates,

Au =[Au,, Au,, Au,|", Fig. 1.6.1b. Then, from the ordinary calculus (see Appendix
1.A.2),

(ds)” = (du, )* +(du, | +(du, )

so that
ds du, ’ du, ? du, ?
dt dt dt dt
But
du du, du, du,
—=——e,+—e, +—e,
dt dt dt dt
so that
du| ds
—=— 1.6.2
dt| dt ( )
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Thus the unit vector tangent to the curve can be written as

e du/dt _d_u
ds/dt ds

(1.6.3)

If u is interpreted as the position vector of a particle and t is interpreted as time, then
v =du/dt is the velocity vector of the particle as it moves with speed ds/dt along I".

Example (of particle motion)

A particle moves along a curve whose parametric equations are X, = 2t>, x, =t> —4t,
X, =3t —5 where t is time. Find the component of the velocity at time t =1 in the

direction a =e, —3e, +2e;.
Solution

The velocity is

v I G hte v (2 —ath, + (3t -5k, )
dt dt
=4e, —2e, +3e, att=1
The component in the given direction is v-a, where a is a unit vector in the direction of
a, giving 814/7.

Curvature

The curvature x(S) of a space curve is defined to be the length of the rate of change of
the unit tangent vector:

d’u

ds?

E
ds

x(s) =

Note that At is in a direction perpendicular to T, Fig. 1.6.2. In fact, this can be proved
as follows: since T is a unit vector, -t is a constant (=1), and so d (1,' . 1,')/ ds =0, but
also,

d dt
—(r-1)=27 —
ds(T T) T ds

and so T and dt/ds are perpendicular. The unit vector defined in this way is called the
principal normal vector:
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Figure 1.6.2: the curvature

This can be seen geometrically in Fig. 1.6.2: from the small triangle, At is a vector of
magnitude xAS in the direction of the vector normal to T. The radius of curvature R is
defined as the reciprocal of the curvature; it is the radius of the circle which just touches
the curve at s, Fig. 1.6.2.

Finally, the unit vector perpendicular to both the tangent vector and the principal normal
vector is called the unit binormal vector:

b=1txv

The planes defined by these vectors are shown in Fig. 1.6.3; they are called the rectifying
plane, the normal plane and the osculating plane.

v

Osculating

Normal plane plane

-
-

Rectifying
plane

b

Figure 1.6.3: the unit tangent, principal normal and binormal vectors and associated
planes
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Rules of Differentiation

The derivative of a vector is also a vector and the usual rules of differentiation apply,

du dv
d—(u + V) = d_ + d_
t tod (1.6.4)
i(a(t)v)z ad—v+ Vd—a
dt dt dt
Also, it is straight forward to show that { A Problem 2}
d(v~a)=v~E+d—V a d(vxa):vx%er—vxa (1.6.5)

dt dt | dt dt dt | dt

(The order of the terms in the cross-product expression is important here.)

1.6.3 Fields

In many applications of vector calculus, a scalar or vector can be associated with each
point in space X. In this case they are called scalar or vector fields. For example

f(x) temperature a scalar field (a scalar-valued function of position)
v(x) velocity a vector field (a vector valued function of position)

These quantities will in general depend also on time, so that one writes #(x,t) or v(x,t).

Partial differentiation of scalar and vector fields with respect to the variable t is
symbolised by 0/0t. On the other hand, partial differentiation with respect to the
coordinates is symbolised by 0/0x;. The notation can be made more compact by

introducing the subscript comma to denote partial differentiation with respect to the
coordinate variables, in which case ¢; = 04/0x;, U j = o’u; / 0x;0X, , and so on.

1.6.4 The Gradient of a Scalar Field

Let ¢(x) be a scalar field. The gradient of ¢ is a vector field defined by (see Fig. 1.6.4)

W, W, 0,
0%, OX, OX,

_ %,
0X;

_99

 Ox

Ve

Gradient of a Scalar Field (1.6.6)

The gradient V¢ is of considerable importance because if one takes the dot product of
V¢ with dx, it gives the increment in ¢:
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V¢'dx=?ei -dx;e;

= % dx;
oX;
= dg
= @(x + dx) — ¢(dx)

v¢f

o——po

dx

(1.6.7)

Figure 1.6.4: the gradient of a vector

If one writes dx as |dx|e = dxe, where e is a unit vector in the direction of dx, then

wm:(ﬁj _d¢ (1.6.8)
dX in e direction dn

This quantity is called the directional derivative of ¢, in the direction of e, and will be
discussed further in §1.6.11.

The gradient of a scalar field is also called the scalar gradient, to distinguish it from the
vector gradient (see later)”, and is also denoted by

grad g =V¢ (1.6.9)
Example (of the Gradient of a Scalar Field)
Consider a two-dimensional temperature field € = X, + X; . Then
VO =2xXe, +2Xx,e,
For example, at (1,0), =1, VO =2e, andat (1,1), =2, VO =2e, +2e,, Fig. 1.6.5.
Note the following:

(i) V@ points in the direction normal to the curve € = const.
(i1) the direction of maximum rate of change of @ is in the direction of V&

% in this context, a gradient is a derivative with respect to a position vector, but the term gradient is used
more generally than this, e.g. see §1.12
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(iii) the direction of zero d@ is in the direction perpendicular to V&

,/gegn

»

-1 Vo(1,0)

0=2
Figure 1.6.5: gradient of a temperature field

The curves 49(X1 , X, ) = const. are called isotherms (curves of constant temperature). In

general, they are called iso-curves (or iso-surfaces in three dimensions).
[

Many physical laws are given in terms of the gradient of a scalar field. For example,
Fourier’s law of heat conduction relates the heat flux q (the rate at which heat flows
through a surface of unit area’) to the temperature gradient through

q=-kveo (1.6.10)

where K is the thermal conductivity of the material, so that heat flows along the direction
normal to the isotherms.

The Normal to a Surface

In the above example, it was seen that V& points in the direction normal to the curve
6 = const. Here it will be seen generally how and why the gradient can be used to obtain
a normal vector to a surface.

Consider a surface represented by the scalar function f(x,,X,,X;)=c,Ca constant®, and

also a space curve C lying on the surface, defined by the position vector
r =X (t)e, +X,(t)e, + X;(t)e;. The components of r must satisfy the equation of the

surface, so f (X, (t), X, (), X, (t)) = c. Differentiation gives

df _of dx, of dx, of dx,
—=——t——=+——=0
dt  ox, dt  oOx, dt Ox, dt

3 the flux is the rate of flow of fluid, particles or energy through a given surface; the flux density is the flux
per unit area but, as here, this is more commonly referred to simply as the flux

* a surface can be represented by the equation f (X, X5, X5) = c; for example, the expression

X12 + x22 + X32 = 4 is the equation for a sphere of radius 2 (with centre at the origin). Alternatively, the

surface can be written in the form X; = g(X;, X, ), for example x; = A4 - X12 - xg
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which is equivalent to the equation grad f - (dr/dt)= 0 and, as seen in §1.6.2, dr/dt is a
vector tangential to the surface. Thus grad f is normal to the tangent vector; grad f must

be normal to all the tangents to all the curves through p, so it must be normal to the plane
tangent to the surface.

Taylor’s Series
Writing ¢ as a function of three variables (omitting time t), so that ¢ = ¢(X,, X,,X;) , then

¢ can be expanded in a three-dimensional Taylor’s series:

0 0 0
#(X, +dX,, X, +dX,, X, +dx;) =¢(xl,x2,x3)+{a—zdxl +67¢dx2 +a_¢dx3}

2 3
1{0°¢
+E{E(dxl )2 +}

Neglecting the higher order terms, this can be written as

of dx

d(x + dx) = §(x) +&-

which is equivalent to 1.6.6, 1.6.7.

1.6.5 The Nabla Operator

The symbolic vector operator V is called the Nabla operator’. One can write this in
component form as

V:e1i+e2£+e3£:eii (1.6.11)
0X, 0oX, 0X, OX

One can generalise the idea of the gradient of a scalar field by defining the dot product
and the cross product of the vector operator V with a vector field (o), according to the
rules

Vo(o)=e, 2 (o) vX(.)zegx(.) (16.12)

The following terminology is used:

grad g =V¢
divu=V-u (1.6.13)

curlu =V xu

> or del or the Gradient operator
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These latter two are discussed in the following sections.

1.6.6 The Divergence of a Vector Field

From the definition (1.6.12), the divergence of a vector field a(x) is the scalar field

%j.(ajej)zﬁ

divazv-az(ei
oX;

Divergence of a Vector Field (1.6.14)

_a_x1 OX, OX,

Differential Elements & Physical interpretations of the Divergence

Consider a flowing compressible® material with velocity field v(X,,X,,X;). Consider
now a differential element of this material, with dimensions AX,,AX,,AX,, with bottom

left-hand corner at (X,,X,,X,), fixed in space and through which the material flows’, Fig.
1.6.6.

The component of the velocity in the X, direction, v,, will vary over a face of the element

but, if the element is small, the velocities will vary linearly as shown; only the
components at the four corners of the face are shown for clarity.

Since [distance = time x velocity], the volume of material flowing through the right-hand
face in time At is At times the “volume” bounded by the four corner velocities (between
the right-hand face and the plane surface denoted by the dotted lines); it is straightforward
to show that this volume is equal to the volume shown to the right, Fig. 1.6.6b, with

constant velocity equal to the average velocity v, , which occurs at the centre of the face.

ave ?

Thus the volume of material flowing out is® Ax,Ax,v, At and the volume flux, i.e. the

ave

rate of volume flow, is AX,AX,v,,. Now

ave *
Vae =V, (X, +AX, X, +2AX,, Xy + T AX;)
Using a Taylor’s series expansion, and neglecting higher order terms,

ov ov ov
Vave z\/1()(]’)(2,)(3)4'AX1 _l+%AX2 —1+%AX3 L
0X, oX, OX,

8 that is, it can be compressed or expanded
7 this type of fixed volume in space, used in analysis, is called a control volume
¥ the velocity will change by a small amount during the time interval At. One could use the average

velocity in the calculation, i.e. %(V1 xt)+v (x,t+ At)), but in the limit as At — 0, this will reduce to

v, (x,1)
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with the partial derivatives evaluated at (X, X,,X;), so the volume flux out is

ov ov ov
AX,AX AV, (X, X, X )+ AX — +LAX, —L + LAx, —L
2 3{ 1( 1 2 3) 16X1 2 2 axz 2 3 8X3}

PV, (X + AXL X, + AX,y, X + AXy)
Ax% PR -
i =

- 1
—P '
f V(X 47 AX, X, + AX,, Xy)
!

2
1
1
:
' 1
[ ! 1
] I’ 1
1
AXZ II I’ ]
' 1
' e Vl(X1+AX17X2aX3+AX3) ]
ll,” 2
(X5 %55 %3) T V) (X, + AX;, Xy, X3)

1

(2) (b)

Figure 1.6.6: a differential element; (a) flow through a face, (b) volume of material
flowing through the face

The net volume flux out (rate of volume flow out through the right-hand face minus the
rate of volume flow in through the left-hand face) is then Ax,Ax,Ax, (v, /X, ) and the net
volume flux per unit volume is 0v, /0X,. Cartrying out a similar calculation for the other
two coordinate directions leads to

v, oV,

N N N iy (16.15)
X, OX, OX,

net unit volume flux out of an elemental volume:

which is the physical meaning of the divergence of the velocity field.

If divv > 0, there is a net flow out and the density of material is decreasing. On the other
hand, if divv =0, the inflow equals the outflow and the density remains constant — such a

material is called incompressible’. A flow which is divergence free is said to be
isochoric. A vector v for which divv =0 is said to be solenoidal.

Notes:

e The above result holds only in the limit when the element shrinks to zero size — so that the extra
terms in the Taylor series tend to zero and the velocity field varies in a linear fashion over a face

e consider the velocity at a fixed point in space, v(x,t). The velocity at a later time, v(x,t + At),
actually gives the velocity of a different material particle. This is shown in Fig. 1.6.7 below: the
material particles 1,2,3 are moving through space and whereas v(x,t) represents the velocity

of particle 2, v(x,t+ At) now represents the velocity of particle 1, which has moved into

position x. This point is important in the consideration of the kinematics of materials, to be
discussed in Chapter 2

’a liquid, such as water, is a material which is very incompressible
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v(x,t)
time t @ @—> @
v(x,t+At)
timet + At ®—> @ @
X —Ax X X +Ax

Figure 1.6.7: moving material particles

Another example would be the divergence of the heat flux vector q. This time suppose
also that there is some generator of heat inside the element (a source), generating at a rate
of r per unit volume, r being a scalar field. Again, assuming the element to be small, one
takes r to be acting at the mid-point of the element, and one considers r(X, ++AX,,---).
Assume a steady-state heat flow, so that the (heat) energy within the elemental volume
remains constant with time - the law of balance of (heat) energy then requires that the net
flow of heat out must equal the heat generated within, so

0 0 0
AX,AX, AX, a—q' + AX,AX, AX, % + AX,AX, AX, 8_q3
X X X

1 2 3

or or or
= AX, AX,AX S (X, Xy, X, ) + L AX, — + L AX, — + L AX, —
1 2 3{ ( 1 2 3) 2 laxl 2 2 8X2 2 3 8X3}

Dividing through by AX,AX,AX, and taking the limit as AX,,AX,,AX; — 0, one obtains
divq=r (1.6.16)

Here, the divergence of the heat flux vector field can be interpreted as the heat generated
(or absorbed) per unit volume per unit time in a temperature field. If the divergence is
zero, there is no heat being generated (or absorbed) and the heat leaving the element is
equal to the heat entering it.

1.6.7 The Laplacian

Combining Fourier’s law of heat conduction (1.6.10), q = -k V8, with the energy
balance equation (1.6.16), divq = r, and assuming the conductivity is constant, leads to
-kV-Vé=r. Now

o | o0 0| 00 0’0
VVO=e — | Lo |=—| L5, =22
o (ox, M) ooxlox; ) ox;
(1.6.17)
0’0 0’6 0°0
=t
ox; O, ox;

This expression is called the Laplacian of #. By introducing the Laplacian
operator V> =V -V, one has
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Vi =—— (1.6.18)

This equation governs the steady state heat flow for constant conductivity. In general, the
equation V’¢ = a is called Poisson’s equation. When there are no heat sources (or

sinks), one has Laplace’s equation, V°0 = 0. Laplace’s and Poisson’s equation arise in
many other mathematical models in fluid mechanics, electromagnetism, etc.

1.6.8 The Curl of a Vector Field

From the definition 1.6.12 and 1.6.11, the curl of a vector field a(x) is the vector field

curlanxazeia%x(ajej)

i
aaj 8aj
=—e Xe; =& —¢€
OX: OX

Curl of a Vector Field (1.6.19)

It can also be expressed in the form

€ €, €;
curla=Vxa= i i ﬂ
X, OX, OX,
a a a (1.6.20)
ijk aXi k ijk 8xj i ijk an ]

Note:
o the divergence and curl of a vector field are independent of any coordinate system (for example,
the divergence of a vector and the length and direction of curla are independent of a coordinate

system) — these will be re-defined without reference to any particular coordinate system when
discussing tensors (see §1.14)

Physical interpretation of the Curl

Consider a particle with position vector r and moving with velocity v = @ xr, that is,
with an angular velocity @ about an axis in the direction of @. Then { A Problem 7}

curlv = Vx (0 xr)= 20 (1.6.21)

Thus the curl of a vector field is associated with rotational properties. In fact, if v is the
velocity of a moving fluid, then a small paddle wheel placed in the fluid would tend to
rotate in regions where curlv # 0, in which case the velocity field v is called a vortex

field. The paddle wheel would remain stationary in regions where curlv = 0, in which
case the velocity field v is called irrotational.
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1.6.9 Identities

Here are some important identities of vector calculus { A Problem 8} :

grad(¢ + 1//) = grad¢ + grady
div(u+v) = divu +divv (1.6.22)
curl(u + v) = curlu + curlv

grad(¢y) = ggrady +y gradg
div(¢u) = gdivu + grad¢ - u

curl (gu) = gecurlu + grad g x u
div(uxv)=v-curlu —u-curlv (1.6.23)
curl(gradg) = o
div(curlu) = 0
div(4 gradg) = AV?¢ + grad - grad¢

1.6.10 Cylindrical and Spherical Coordinates
Cartesian coordinates have been used exclusively up to this point. In many practical
problems, it is easier to carry out an analysis in terms of cylindrical or spherical
coordinates. Differentiation in these coordinate systems is discussed in what follows'.
Cylindrical Coordinates
Cartesian and cylindrical coordinates are related through (see Fig. 1.6.8)

X =rcosé r=yx*+y’

y=rsin@, O=tan"(y/x) (1.6.24)
L=1 1=1

Then the Cartesian partial derivatives become

o oro 00 0 0 sin@ 0
> axor Taxae % e
0 oro 08 0 . 0 cosé 0 (1.6.25)
—=——+——=sinf—+ —
oy oyor oy oo o r 00

1% this section also serves as an introduction to the more general topic of Curvilinear Coordinates covered
in §1.14-§1.17
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Figure 1.6.8: cylindrical coordinates

The base vectors are related through

e, =e cosd—e,sind e =e, cosf+e sind
e, =e sinf+e,cos6, e, =—¢,sind+e cosd (1.6.26)

z z z z

so that from Eqn. 1.6.11, after some algebra, the Nabla operator in cylindrical coordinates
reads as { A Problem 9}

V:er£+eeli+ezE (1.6.27)
or r oo lo/4

which allows one to take the gradient of a scalar field in cylindrical coordinates:

vp0, (100, 0P, (1.6.28)

Cartesian base vectors are independent of position. However, the cylindrical base
vectors, although they are always of unit magnitude, change direction with position. In
particular, the directions of the base vectors e, , e, depend on @, and so these base

vectors have derivatives with respect to €: from Eqn. 1.6.26,

0
ﬁe, =€,

1.6.29
b (1.6.29)
89 [ r

with all other derivatives of the base vectors with respect to r, 8,z equal to zero.

The divergence can now be evaluated:
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0 10 8j
Vev=|e, —+e,——+e, — -(vrer+vgeg+vzez)
or roo 0z (1.6.30)
_ov, +V—r lov, ov,

o r roo oz
Similarly the curl of a vector and the Laplacian of a scalar are { A Problem 10}
S
' ‘ ‘ ' e (1.6.31)

% 104 1 8¢ 0%
Vig=""T 42— +
¢ or* ror r*oe* ozt

Spherical Coordinates

Cartesian and spherical coordinates are related through (see Fig. 1.6.9)

X = I sin 6 cos ¢ =X +y* +2°
y=rsindsing, 0= tan'l( x* +y? /Z) (1.6.32)
Z=rcosd ¢ =tan"'(y/x)

and the base vectors are related through

e, =e sinfcosg+e,cosfcosg—e,sing
e, =e sindsing+e,cosfsing+e,cosg
e, =e cosd—e,sinf
(1.6.33)
e, =e,sinfcosg+e sindsing+e,cosd
e, =e,cosfcosg+e, cosfsing—e,sind

e, =—e, sing+e, cosg

(x.y.2)=(r.0.9)
g

Figure 1.6.9: spherical coordinates

In this case the non-zero derivatives of the base vectors are
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ier =sinte,
0 0
.6 =€
00 . e, =cost, (1.6.34)
0 o¢
%ee =€ P
——e, =—sinte, —coste,
o¢

and it can then be shown that { A Problem 11}

V¢=a—¢er+la—(pe L

o T . _e¢
or r oo rsiné o¢
ov
V-V=i2i(rzvr)+ - i(sin@\/g)Jr_;—"j
r-or rsinf o6 rsind og¢
0’9 20¢p 1 0°¢p cotfdp 1 0’p
+——+— —+
or* ror r*of> r* 00 r’sin’6og’

(1.6.35)

Vip =

1.6.11 The Directional Derivative

Consider a function ¢(X). The difference between its values at position x and at position
X + w , where w is some vector, Fig. 1.6.10, is

dg = g(x +w)— g(x) (1.6.36)
k ¢

D, (x) —— g 1(X)

Figure 1.6.10: the directional derivative
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An approximation to d¢ can be obtained by introducing a parameter & and by
considering the function ¢(x +&w); one has @(x +ew),_, = #(x) and

Px+aw), =g(x+w).

If one treats ¢ as a function of &, a Taylor’s series about ¢ =0 gives

dg(e)| |, &* d’4(e)
= 0 — — DY
$0)=pO+e=g |+ T
or, writing it as a function of x + ew,
d
P(X+ew) = ¢(x)+gd— ¢(x+gw)+---
& =0

By setting ¢ =1, the derivative here can be seen to be a linear approximation to the
increment d¢, Eqn. 1.6.36. This is defined as the directional derivative of the function

#(x) at the point x in the direction of w, and is denoted by

0,4[w] P(x +ew) The Directional Derivative (1.6.37)

del,.,

The directional derivative is also written as D ¢(x).

The power of the directional derivative as defined by Eqn. 1.6.37 is its generality, as seen
in the following example.

Example (the Directional Derivative of the Determinant)

Consider the directional derivative of the determinant of the 2x 2 matrix A, in the
direction of a second matrix T (the word “direction” is obviously used loosely in this
context). One has

0, (detA)T]= L
de

d

det(A + £T)

=0

[(All +el, )(Azz +ely, )_ (A12 +el, )(Azl +eTy, )]

=0

= A11T22 + A22T11 - A12T21 - A21T12

The Directional Derivative and The Gradient

Consider a scalar-valued function ¢ of a vector z. Let z be a function of a parameter ¢,

¢=¢(z,(¢),2,(¢),2,(¢)). Then
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dp_opd _0¢ b

de oz, de oz de
Thus, with z = x+ ew,

d

T de

0
fIW] oz de ox

¢(z(g))=(%-d—zj _9 . (1.6.38)

£=0

which can be compared with Eqn. 1.6.8. Note that for Eqns. 1.6.8 and 1.6.38 to be
consistent definitions of the directional derivative, w here should be a unit vector.

1.6.12 Formal Treatment of Vector Calculus

Consider a vector h, an element of the Euclidean vector space E, h € E. In order to be
able to speak of limits as elements become “small” or “close” to each other in this space,
one requires a norm. Here, take the standard Euclidean norm on E, Eqn. 1.2.8,

Ih| = \/(h,h) =vh-h (1.6.39)

Consider next a scalar function f : E — R. If there is a constant M > 0 such that
|f (h) < M|h| as h — o, then one writes

f(h)=O(h|) as h—o (1.6.40)

This is called the Big Oh (or Landau) notation. Eqn. 1.6.40 states that | f (h)| goes to

zero at least as fast as [h|. An expression such as

f(h)=g(h)+O(]) (1.6.41)
then means that |f (h)— g(h) is smaller than ||| for h sufficiently close to o.
Similarly, if

@—)O as h—-o (1.6.42)

then one writes f(h)= 0(||h||) as h —» o. This implies that | f(h} goes to zero faster than
[n]

A field is a function which is defined in a Euclidean (point) space E’. A scalar field is
then a function f :E’ — R. A scalar field is differentiable at a point x € E’ if there
exists a vector Df (x) € E such that
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f(x+h)= f(x)+ Df (x)-h + 0(||h||) forall heE (1.6.43)

In that case, the vector Df (x) is called the derivative (or gradient) of f at x (and is given
the symbol Vf (x)).

Now setting h = ew in 1.6.43, where w € E is a unit vector, dividing through by & and
taking the limit as & — 0, one has the equivalent statement

Vi (x)-w f(x+ew) forall weE (1.6.44)

d&' &=0

which is 1.6.38. In other words, for the derivative to exist, the scalar field must have a
directional derivative in all directions at X.

Using the chain rule as in §1.6.11, Eqn. 1.6.44 can be expressed in terms of the Cartesian
basis fe, },

of of
Vi(x) w=—w. =—e. -W.e. 1.6.45
(X) ox. oX; € Wi ( )

I
This must be true for all w and so, in a Cartesian basis,

Vi(x)= S—Lei (1.6.46)

which is Eqn. 1.6.6.

1.6.13 Problems

1. A particle moves along a curve in space defined b
r=(t —4tle, +(t* +4tle, + (8t =3t e,
Here, t is time. Find
(i) aunit tangent vector at t =2
(i) the magnitudes of the tangential and normal components of acceleration at t =2

2. Use the index notation (1.3.12) to show that %(v X a) = VX % + ((jj—: xa . Verify this

result for v =3te, —t’e,,a =t’e, +te,. [Note: the permutation symbol and the unit

vectors are independent of t; the components of the vectors are scalar functions of t
which can be differentiated in the usual way, for example by using the product rule of
differentiation. |

3. The density distribution throughout a material is given by p=1+x-x.

(i)  what sort of function is this?
(i) the density is given in symbolic notation - write it in index notation
(i) evaluate the gradient of p
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(iv) give a unit vector in the direction in which the density is increasing the most

(v) give a unit vector in any direction in which the density is not increasing

(vi) take any unit vector other than the base vectors and the other vectors you used
above and calculate dp/dx in the direction of this unit vector

(vii) evaluate and sketch all these quantities for the point (2,1).

In parts (iii-iv), give your answer in (a) symbolic, (b) index, and (c) full notation.
Consider the scalar field defined by ¢ = x> +3yx+2z.

(i)  find the unit normal to the surface of constant ¢ at the origin (0,0,0)

(i) what is the maximum value of the directional derivative of ¢ at the origin?
(iii) evaluate d¢/dx at the origin if dx = ds(e, +e,).

If u =X X,X,e, + X X,e, + Xe,, determine divu and curlu.

. Determine the constant a so that the vector

V= (X1 +3X, )el + (Xz — 2%, )ez + (X1 + ax, )e3
1s solenoidal.

Show that curlv =2 .

Verify the identities (1.6.23).
Use (1.6.11) to derive the Nabla operator in cylindrical coordinates (1.6.27).

. Derive Eqn. (1.6.31), the curl of a vector and the Laplacian of a scalar in the

cylindrical coordinates.

Derive (1.6.35), the gradient, divergence and Laplacian in spherical coordinates.
Show that the directional derivative D ¢(u) of the scalar-valued function of a vector
#(u) =u-u, in the direction v, is 2u-v.

Show that the directional derivative of the functional

d-v
U(v(x))= JEI(dx J dx — jp(x)v(x)dx

in the direction of a)(X) is given by

'[EI d \)/((x) d’ a)(x)

dx — J p(X)aw(X)dX .
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1.7 Vector Calculus 2 - Integration

1.7.1  Ordinary Integrals of a Vector

A vector can be integrated in the ordinary way to produce another vector, for example

{(t tz)e +2t%e, — 3e3}dt— 6e1+125e2—3e3

—_——

1.7.2 Line Integrals

Discussed here is the notion of a definite integral involving a vector function that
generates a scalar.

Let x = X,e, + X,e, + X;e, be a position vector tracing out the curve C between the points

p, and p,. Letfbe a vector field. Then
jf dx = jf dx = [ {f,dx, + f,dx, + f,dx;}
P C

is an example of a line integral.

Example (of a Line Integral)

A particle moves along a path C from the point (0,0,0) to (1,1,1), where C is the straight
line joining the points, Fig. 1.7.1. The particle moves in a force field given by

f = (3% +6X, Je, —14x,X,e, +20x,X’e,

k
NP

\/
e

What is the work done on the particle?

Figure 1.7.1: a particle moving in a force field
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Solution
The work done is

W = J'f-dx = I{(3x12 +6X, )dx1 — 14x,X,dX, +20x1x§dx3}
C

C

The straight line can be written in the parametric form X, =t, X, =t, X; =t so that

1 13 d 13
w :£(20t3 —11t? +6t)dt:? or W Zif-d—fdtzif-(e1+e2+e3)dt=?

If C is a closed curve, i.e. a loop, the line integral is often denoted it;cv -dx.

Note:
e in fluid mechanics and aerodynamics, when v is the velocity field, this integral ¢. v - dx is called
the circulation of v about C

1.7.3  Conservative Fields
If for a vector f one can find a scalar ¢ such that
f=V¢ (1.7.1)
then
(1) Tf -dx is independent of the path C joining p, and p,

Py

(2) iff -dx = 0 around any closed curve C

C

In such a case, f is called a conservative vector field and ¢ is its scalar potential'. For
example, the work done by a conservative force field f is

Py ) pza¢ P,
[fodx=[Vg-dx=[Z"de = [dg=4(p,) - 4(p))

which clearly depends only on the values at the end-points p, and p,, and not on the
path taken between them.

It can be shown that a vector f is conservative if and only if curlf =0 {AProblem 3}.

"in general, of course, there does not exist a scalar field ¢ such that f = V¢ ; this is not surprising since a
vector field has three scalar components whereas V¢ is determined from just one

Solid Mechanics Part 111 51 Kelly



Section 1.7

Example (of a Conservative Force Field)

The gravitational force field f = —mge; is an example of a conservative vector field.

Clearly, curlf =0, and the gravitational scalar potential is ¢ = —-mgx,. Also,

w =_J-2mge3 -dX=—mg.|ZdX3 =—mg[X3(p2)—X3(p1)]=¢(p2)—¢(p1)

Py P

Example (of a Conservative Force Field)

Consider the force field
f =(2xX, +X;)e, + X'e, +3X X,

Show that it is a conservative force field, find its scalar potential and find the work done
in moving a particle in this field from (1,-2,1) to (3,1,4).

Solution
One has
€ € €,
curlf =| 0/0X, 0/0X, 0/0X;|=0
2X %, + X5 XP 3%}

so the field is conservative.

To determine the scalar potential, let

fe, + f,e, + f.e, :g—(ée1 +§—¢e2 +§—¢e3.
Xl X2 X3

Equating coefficients and integrating leads to

¢ = Xlzxz +Xlxs3 + p(Xz,X3)
2

¢:X1 X, +q(xl’x3)

¢ = X X3 + (X, X,)

which agree if one chooses p =0, g = X,X;, I = X/ X, , so that ¢ = X’ X, + X,X; , to which
may be added a constant.

The work done is simply
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W =¢(3,1,4) - ¢(1,-2,1) = 202

Helmholtz Theory

As mentioned, a conservative vector field which is irrotational, i.e. f = V¢, implies

V xf =0, and vice versa. Similarly, it can be shown that if one can find a vector a such
that f =V xa, where a is called the vector potential, then f is solenoidal, i.e. V-f =0

{ AProblem 4}.

Helmbholtz showed that a vector can always be represented in terms of a scalar potential
¢ and a vector potential a:>

Type of Vector Condition Representation
General f=Vgp+Vxa
Irrotational (conservative) Vxf=o0 f=Vg
Solenoidal V£=0 f=Vxa

1.7.4 Double Integrals

The most elementary type of two-dimensional integral is that over a plane region. For
example, consider the integral over a region R in the X, — X, plane, Fig. 1.7.2. The

integral

I J. dx,dx,

R

then gives the area of R and, just as the one dimensional integral of a function gives the
area under the curve, the integral

” f(x,,X,)dx,dx,

R

gives the volume under the (in general, curved) surface X, = f(X,,X,). These integrals
are called double integrals.

2 this decomposition can be made unique by requiring that f — 0 as x — oo ; in general, if one is given f,
then ¢ and a can be obtained by solving a number of differential equations
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rdanh

Figure 1.7.2: integration over a region

Change of variables in Double Integrals

To evaluate integrals of the type I J.R f(x,,X,)dx,dx, , it is often convenient to make a

change of variable. To do this, one must find an elemental surface area in terms of the
new variables, t,,t, say, equivalent to that in the X, X, coordinate system, dS = dx,dx,.

The region R over which the integration takes place is the plane surface g(x,,X,)=0.
Just as a curve can be represented by a position vector of one single parameter t (cf.
§1.6.2), this surface can be represented by a position vector with two parameters’, t, and

t,:
x =X (,t,)e, + X, (1,1, )e,
Parameterising the plane surface in this way, one can calculate the element of surface dS

in terms of t,,t, by considering curves of constant t,,t,, as shown in Fig. 1.7.3. The
vectors bounding the element are

i@ —dx =, @ =d =Xt (1.72)
t, const atl t; const 5’[2
so the area of the element is given by
S =[x x ax®| = | 2« Xlgt dt, = It (1.7.3)
atl 2

where J is the Jacobian of the transformation,

3 for example, the unit circle X12 + Xg —1=0 can be represented by X =t cost,e; +1t, sint,e,, O<t,<I,

0<t, <27 (t,,t, being in this case the polar coordinates r, &, respectively)
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o o o
_lot, ot _|ot, ot

J= ox ox, or J= ox, 0% (1.7.4)
ot, oat, ot, ot

The Jacobian is also often written using the notation

0%, %, )

dx,dx, = Jdt dt,, J=
1972 ) ‘8(t1,t2)

The integral can now be written as

[[ £ t,.t,)dt,dt,

R

Figure 1.7.3: a surface element

Example

Consider a region R, the quarter unit-circle in the first quadrant, 0 < X, < 1-X. ,
0 < x, <1. The moment of inertia about the X, — axis is defined by

l, = ” X; dx, dx,
R

Transform the integral into the new coordinate system t,,t, by making the substitutions”

X, =t, cost,, X, =t,sint,. Then

oX, OX

3= o, oty | _ cost, -t sint, _
X, OX,| |sint, t,cost,|
ot, o,

* these are the polar coordinates, t,,t, equaltor, &, respectively
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SO

/21

1, = [ [t sin® t,dtdt, =%
0 0

1.7.5 Surface Integrals

Up to now, double integrals over a plane region have been considered. In what follows,
consideration is given to integrals over more complex, curved, surfaces in space, such as
the surface of a sphere.

Surfaces

Again, a curved surface can be parameterized by t,,t,, now by the position vector
X=X (t,1,)e, + X, (t,1,)e, + X (1., )e,

One can generate a curve C on the surface S by taking t, =t,(s), t, =t,(S) so that C has
position vector, Fig. 1.7.4,

x(s)=x(t,(s).t,(5))
A vector tangent to C at a point p on S is, from Eqn. 1.6.3,

ds ot ds ot, ds

X

Figure 1.7.4: a curved surface

Many different curves C pass through p, and hence there are many different tangents,
with different corresponding values of dt, /ds, dt, /ds. Thus the partial derivatives

0x/ot,, 0x/ot, must also both be tangential to C and so a normal to the surface at p is
given by their cross-product, and a unit normal is
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Ox Ox

XX 1.7.5
ot at, (17.3)

Ox Ox
n=|—x—17»|
22

In some cases, it is possible to use a non-parametric form for the surface, for example
g(X,,X,,X;) =C, in which case the normal can be obtained simply from

n = gradg /|gradg|.
Example (Parametric Representation and the Normal to a Sphere)
The surface of a sphere of radius a can be parameterised as’

X = a{sintl cost,e, +sint, sint,e, + costle3}, 0<t, <=z, 0<t,<2x

Here, lines of t; = const are parallel to the X, — X, plane (“parallels”), whereas lines of

t, = const are “meridian” lines, Fig. 1.7.5. If one takes the simple expressions
t,=s,t,=n/2-s,over 0<s<x/2,one obtains a curve C, joining (0,0,1) and (1,0,0),
and passing through (1/2,1/2,1/ V2 ), as shown.

X3

Figure 1.7.5: a sphere

The partial derivatives with respect to the parameters are

X . .
— = a{costl cost,e, +cost, sint,e, —s1nt1e3}
1

[8)' . . .
—= a{— sint, sint,e, +sint, costzez}
o,
so that
ox 0Ox . . . .
—x—=a’ {sm2 t, cost,e, +sin’t, sint,e, +sint, cost1e3}
o, o,

° these are the spherical coordinates (see §1.6.10); t, = 0,t, = ¢

Solid Mechanics Part 111 57 Kelly



Section 1.7

and a unit normal to the spherical surface is
n =sint, cost,e, +sint, sint,e, + cost,e,
For example, at t, =t, = 7 /4 (this is on the curve C,), one has
n(z/4,7/4)="1e, +1e, +se,

and, as expected, it is in the same direction as r.

Surface Integrals

Consider now the integral I J.S fdS where f is a vector function and S is some curved

surface. As for the integral over the plane region,

B 6x ox
o, 6t2

Pt dt, ,

t, const t; const

ds =|dx|,

only now dS is not “flat” and x is three dimensional. The integral can be evaluated if
one parameterises the surface with t,,t, and then writes

I

One way to evaluate this cross product is to use the relation (Lagrange’s identity,
Problem 15, §1.3)

ax

dt dt,

(axb)-(cxd)=(a-c)b-d)-(a-d)b-c) (1.7.6)

so that
ox ox| (ox ox)(ox ox) (ox oxYox ox @a_xz(lﬂ)
ot, o, o, at2 ot at,) \at, ot fat, o, ) \at, at, o

Example (Surface Area of a Sphere)

Using the parametric form for a sphere given above, one obtains

2
Ox Ox

—_— X —

ot at,

4 -2
=a sin’ft,

so that
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27

area = ”dS =a’ I Isintldtldtz =4’
S 00

Flux Integrals

Surface integrals often involve the normal to the surface, as in the following example.

Example

If f =4x,X,e, — X;e, + X, X,e,, evaluate ”f -ndS , where S is the surface of the cube
S

bounded by X, =0,1; X, =0,1; X, = 0,1, and n is the unit outward normal, Fig. 1.7.6.

X3
n=e,
—>n=e,
n=-e,
n=e L sy
rd ’
Xl

Figure 1.7.6: the unit cube
Solution

The integral needs to be evaluated over the six faces. For the face with n = +e,, X, =1
and

J.f-ndS:

S

S S

j.(4x3el —XJe, + X,X;e, )-eldxzdx3 = 4“ x,dx,dx, =2
0 00

Similarly for the other five sides, whence J.J.f -ndS =3
S

Integrals of the form .[ L f-ndS are known as flux integrals and arise quite often in

applications. For example, consider a material flowing with velocity v, in particular the
flow through a small surface element dS with outward unit normal n, Fig. 1.7.7. The

volume of material flowing through the surface in time dt is equal to the volume of the
slanted cylinder shown, which is the base dS times the height. The slanted height is (=

Solid Mechanics Part 111 59 Kelly



Section 1.7

velocity X time) is |V|dt , and the vertical height is then v-ndt. Thus the rate of flow is

the volume flux (volume per unit time) through the surface element: v-ndS .

\%

Figure 1.7.7: flow through a surface element

The total (volume) flux out of a surface S is then®

volume flux: ”v-nds (1.7.8)
S

Similarly, the mass flux is given by

mass flux: ”pv-ndS (1.7.9)
S

For more complex surfaces, one can write using Eqn. 1.7.3, 1.7.5,

[[.f-nds = ”f [@X—Jdt dt,

Example (of a Flux Integral)

Compute the flux integral J. L f -ndS , where S is the parabolic cylinder represented by

X, =X/, 0<x <2, 0<x,<3
and f = x,e, +2e, + X, X,e,, Fig. 1.7.8.
Solution

Making the substitutions X, =t,, X, =t,, so that X, =t, the surface can be represented
by the position vector

%if v acts in the same direction as n, i.e. pointing outward, the dot product is positive and this integral is
positive; if, on the other hand, material is flowing in through the surface, v and n are in opposite directions
and the dot product is negative, so the integral is negative
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x=te +t’e, +t,e;, 0<t <2, 0<t, <3
Then Ox/ot, =e, +2te,, 0x/0t, =e, and

ﬁ><8—X: 2te, —e,
ot, ot

so the integral becomes

(t7e, +2¢, +tt,e, )2t e, —e, )dt,dt, =12

O C—y
Oty O

X

X

Figure 1.7.8: flux through a parabolic cylinder

Note:
e in the above example, the value of the integral depends on the choice of n. If one chooses —n
instead of n, one would obtain —12. The normal in the opposite direction (on the “other side”

of the surface) can be obtained by simply switching t, and t,, since

Ox/0t, x Ox/ ot, = —0x/ ot, x Ox/ &, .

Surface flux integrals can also be evaluated by first converting them into double integrals
over a plane region. For example, if a surface S has a projection R on the X, — X, plane,

then an element of surface dS is related to the projected element dx,dx, through (see
Fig. 1.7.9)

cos @S = (n e, )dS = dx,dx,

and so

1
[[.f-nds =”Rf-nmdxldx2
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i X,

X

Figure 1.7.9: projection of a surface element onto a plane region

The Normal and Surface Area Elements

It is sometimes convenient to associate a special vector dS with a differential element of
surface area dS , where

dS =ndS

so that dS is the vector with magnitude dS and direction of the unit normal to the
surface. Flux integrals can then be written as

[[t-nds = [[t-ds

S S
1.7.6  Volume Integrals
The volume integral, or triple integral, is a generalisation of the double integral.
Change of Variable in Volume Integrals

For a volume integral, it is often convenient to make the change of variables
(X;, X5, %;) = (t;,1,,t;). The volume of an element dV is given by the triple scalar

product (Eqns. 1.1.5, 1.3.17)
dv =| X XX gt gt dt, = Jdt,dt,dt, (1.7.10)
ot, ot, ) o,

where the Jacobian is now
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OX;  OX, OX oX, OX  OX
o, o o R
3= X,  OX, OX or Jo OX, OX, OX, (1.7.11)
ot, ot, ot ot, o, o,
OX;  OX, OX OX;  OXy  OX,
ot, ot, ot ot, o, o,

so that

[J180¢ %, Jxdydz = [[£0x (66,1, )% (81,803 (81 1)) dt d it
\Y \

1.7.7 Integral Theorems

A number of integral theorems and relations are presented here (without proof), the most
important of which is the divergence theorem. These theorems can be used to simplify
the evaluation of line, double, surface and triple integrals. They can also be used in
various proofs of other important results.

The Divergence Theorem

Consider an arbitrary differentiable vector field v(x,t) defined in some finite region of
physical space. Let V be a volume in this space with a closed surface S bounding the
volume, and let the outward normal to this bounding surface be n. The divergence
theorem of Gauss states that (in symbolic and index notation)

: ov,
Iv-ndS = jleVdV jvinidS = J‘a—X'dV Divergence Theorem (1.7.12)
S \ S \ i

and one has the following useful identities { A Problem 10}
[#u-nds = [div(guydv
S \
j¢ndS = jgrad(ﬁdV (1.7.13)
S \Y

jnxudS = jcurludV
S \

By applying the divergence theorem to a very small volume, one finds that

.[v-ndS
divv = lim=
V-0 V

that is, the divergence is equal to the outward flux per unit volume, the result 1.6.15.
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Stoke’'s Theorem

Stoke’s theorem transforms line integrals into surface integrals and vice versa. It states
that

(curlf)-ndS = ¢f - tds (1.7.14)
I j

S

Here C is the boundary of the surface S, n is the unit outward normal and T = dr/ds is
the unit tangent vector.

As has been seen, Eqn. 1.6.21, the curl of the velocity field is a measure of how much a
fluid is rotating. The direction of this vector is along the direction of the local axis of
rotation and its magnitude measures the local angular velocity of the fluid. Stoke’s
theorem then states that the amount of rotation of a fluid can be measured by integrating
the tangential velocity around a curve (the line integral), or by integrating the amount of
vorticity “moving through” a surface bounded by the same curve.

Green’s Theorem and Related Identities

Green’s theorem relates a line integral to a double integral, and states that

w,dX, + @ dX 8% _51//1 dx,dx, , (1.7.15)
1 1 2
C

2

where R is a region in the X, — X, plane bounded by the curve C. In vector form, Green’s
theorem reads as

§f -dx = J.J.curlf-e3dxldxz where f=y.e +y,e, (1.7.16)
C R

from which it can be seen that Green’s theorem is a special case of Stoke’s theorem, for
the case of a plane surface (region) in the X, — X, plane.

It can also be shown that (this is Green’s first identity)

Ht//(n . grad¢ﬂ5 = J“”{W% + grady - grad¢}dV (1.7.17)

Note that the term n - grad¢ is the directional derivative of ¢ in the direction of the
outward unit normal. This is often denoted as 0¢/on. Green’s first identity can be
regarded as a multi-dimensional “integration by parts” — compare the rule

judv =Uuv— '[ vdu with the identity re-written as

J]Jv(v-vouv = [[y(Vé-npis - [[[(Vy)-(vouv (1.7.18)
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J[Jw(v-upv = [[y(a-n)s - [[[(vy)-udv (1.7.18)

One also has the relation (this is Green’s second identity)

H n- gradg) - g(n - grady )ids = [[[ Vg - gv2y v (1.7.19)

1.7.8 Problems

1. Find the work done in moving a particle in a force field given by
f = 3X,x,e, —5x,e, +10x,e, along the curve X, =t* +1, X, =2t*, x, =t°, from t =1
to t =2. (Plot the curve.)
2. Show that the following vectors are conservative and find their scalar potentials:
(1) x=Xe +X,e, +X,e,
(i) v=e""(x,e, +Xe,)
(i) u = (1/X,)e, — (X, /X3 )e, + X e,
3. Show thatif f=V¢ then curlf =o.
4. Show thatif f =V xa then V-f =0.
5. Find the volume beneath the surface X; +X; — X, = 0 and above the square with
vertices (0,0), (1,0),(1,1) and (0,1) in the X, — X, plane.
6. Find the Jacobian (and sketch lines of constant t, t, ) for the rotation
X, =t,cos@—t,sinf
X, =t sin@+t, cosd
7. Find a unit normal to the circular cylinder with parametric representation
x(t,,t,) =acoste, +asinte, +t,e;, 0<t <27, 0<t <I
8. Evaluate J.S wdS where y = X, + X, + X; and S is the plane surface X, = X, +X,,
0<x,<Xx,0<x <1.
9. Evaluate the flux integral Lf -ndS where f =e, +2e, +2e, and S is the cone

X, = a(xf + X ), X, <a [Hint: first parameterise the surface with t,, t, ]
10. Prove the relations in (1.7.13). [Hint: first write the expressions in index notation. ]
11. Use the divergence theorem to show that

[x-nds =3v
S >
where V is the volume enclosed by S (and x is the position vector).
12. Verify the divergence theorem for v = X’e, + Xje, + X;e, where S is the surface of the
sphere X} +X; +Xx; =a’.
13. Interpret the divergence theorem (1.7.12) for the case when v is the velocity field.
See (1.6.15, 1.7.8). Interpret also the case of divv =0.
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14. Verify Stoke’s theorem for f = X,e, + X;e, + X,e; where Sis X, =1—X/ =X >0 (so
that C is the circle of radius 1 in the X, — X, plane).

15. Verify Green’s theorem for the case of v, = X7 —2X,, ¥, = X, + X,, with C the unit
circle X{ +x; =1. The following relations might be useful:

2z, 2 27 2 2z, 2z, 2
J. sin 6Ut9=.[ cos” (MO = r, I sm6’cos€d6’=.[ sin@cos” G =0
0 0 0 0
16. Evaluate fﬁcf -dx using Green’s theorem, where f = —X;e, + X’e, and C is the circle

X, + X =4,

17. Use Green’s theorem to show that the double integral of the Laplacian of p over a
region R is equivalent to the integral of op/on = gradp-n around the curve C
bounding the region:

2 op
[[V? pdx,dx, = §==ds
o = on

[Hint: Let w, = —0p/0X,, v, = +0p/0X,. Also, show that

dx, dx,
n=—>e ——e,
ds ds
is a unit normal to C, Fig. 1.7.10]
g dx,
¢ dx,

Figure 1.7.10: projection of a surface element onto a plane region
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1.8 Tensors

Here the concept of the tensor is introduced. Tensors can be of different orders — zeroth-
order tensors, first-order tensors, second-order tensors, and so on. Apart from the zeroth
and first order tensors (see below), the second-order tensors are the most important
tensors from a practical point of view, being important quantities in, amongst other topics,
continuum mechanics, relativity, electromagnetism and quantum theory.

1.8.1 Zeroth and First Order Tensors

A tensor of order zero is simply another name for a scalar « .

A first-order tensor is simply another name for a vector u.

1.8.2 Second Order Tensors

Notation
Vectors: lowercase bold-face Latin letters, e.g. a, r, q
2" order Tensors: uppercase bold-face Latin letters, e.g. F, T, S

Tensors as Linear Operators

A second-order tensor T may be defined as an operator that acts on a vector u generating
another vector v, so that T(u) = v, or'

‘T ‘u=v or Tu= V‘ Second-order Tensor (1.8.1)

The second-order tensor T is a linear operator (or linear transformation)”, which
means that

T(a+b)=Ta+Tb ... distributive
T(ca) = a(Ta) ... associative

This linearity can be viewed geometrically as in Fig. 1.8.1.

Note:

e the vector may also be defined in this way, as a mapping u that acts on a vector v, this time
generating a scalar o, u-v =« . This transformation (the dot product) is linear (see properties
(2,3)in §1.1.4). Thus a first-order tensor (vector) maps a first-order tensor into a zeroth-order
tensor (scalar), whereas a second-order tensor maps a first-order tensor into a first-order tensor.
It will be seen that a third-order tensor maps a first-order tensor into a second-order tensor, and
so on

! both these notations for the tensor operation are used; here, the convention of omitting the “dot” will be
used

% An operator or transformation is a special function which maps elements of one type into elements of a
similar type; here, vectors into vectors
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Figure 1.8.1: Linearity of the second order tensor

Further, two tensors T and S are said to be equal if and only if
Sv=Tv
for all vectors v.
Example (of a Tensor)
Suppose that F is an operator which transforms every vector into its mirror-image with
respect to a given plane, Fig. 1.8.2. F transforms a vector into another vector and the

transformation is linear, as can be seen geometrically from the figure. Thus F is a
second-order tensor.

Figure 1.8.2: Mirror-imaging of vectors as a second order tensor mapping

Example (of a Tensor)

The combination u x linearly transforms a vector into another vector and is thus a
second-order tensor’. For example, consider a force f applied to a spanner at a distance r
from the centre of the nut, Fig. 1.8.3. Then it can be said that the tensor (r x) maps the

force f into the (moment/torque) vector r xf .

3 Some authors use the notation @ to denote u x
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Figure 1.8.3: the force on a spanner

1.8.3 The Dyad (the tensor product)

The vector dot product and vector cross product have been considered in previous
sections. A third vector product, the tensor product (or dyadic product), is important in
the analysis of tensors of order 2 or more. The tensor product of two vectors u and v is
written as”

Tensor Product (1.8.2)

This tensor product is itself a tensor of order two, and is called dyad:

u-v isascalar (a zeroth order tensor)
uxv isavector (a first order tensor)
u®v isadyad (a second order tensor)

It is best to define this dyad by what it does: it transforms a vector w into another vector
with the direction of u according to the rule’

‘(u ®Vv)w=u(v- w)‘ The Dyad Transformation (1.8.3)

This relation defines the symbol “® .

The length of the new vector is |u| times v-w, and the new vector has the same direction

as u, Fig. 1.8.4. It can be seen that the dyad is a second order tensor, because it operates
linearly on a vector to give another vector { A Problem 2}.

Note that the dyad is not commutative, u®@ v # v ®u. Indeed it can be seen clearly from
the figure that (u® v)w # (v @u)w.

* many authors omit the ® and write simply uv
> note that it is the two vectors that are beside each other (separated by a bracket) that get “dotted” together
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e

(u®v)w

Figure 1.8.4: the dyad transformation
The following important relations follow from the above definition { A Problem 4},

(u®v)(w®x)=(v -w)(u@x)

u(v®w):(u-v)w

It can be seen from these that the operation of the dyad on a vector is not commutative:

(1.8.4)

u(vew)=(vew (1.8.5)

Example (The Projection Tensor)

Consider the dyad e®e. From the definition 1.8.3, (e®e)u = (e- u)e. But e-u is the
projection of u onto a line through the unit vector e. Thus (e . u)e is the vector projection

of u on e. For this reason e ®e is called the projection tensor. It is usually denoted by
P.

Figure 1.8.5: the projection tensor
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1.8.4 Dyadics

A dyadic is a linear combination of these dyads (with scalar coefficients). An example
might be

5(a®b)+3(c®d)-2(e®f)

This is clearly a second-order tensor. It will be seen in §1.9 that every second-order
tensor can be represented by a dyadic, that is

T=a(a®b)+ flc®@d)+y(e®f)+--- (1.8.6)

Note:
¢ second-order tensors cannot, in general, be written as a dyad, T = a ®b — when they can, they
are called simple tensors

Example (Angular Momentum and the Moment of Inertia Tensor)

Suppose a rigid body is rotating so that every particle in the body is instantaneously
moving in a circle about some axis fixed in space, Fig. 1.8.6.

Figure 1.8.6: a particle in motion about an axis
The body’s angular velocity @ is defined as the vector whose magnitude is the angular
speed @ and whose direction is along the axis of rotation. Then a particle’s linear
velocity is

V=0Xr

where v =wd is the linear speed, d is the distance between the axis and the particle, and r
is the position vector of the particle from a fixed point O on the axis. The particle’s
angular momentum (or moment of momentum) h about the point O is defined to be

h=mrxv

where m is the mass of the particle. The angular momentum can be written as
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h=1io (1.8.8)

where 1 , a second-order tensor, is the moment of inertia of the particle about the point
O, given by

i=m('1-rer) (1.8.9)
where I is the identity tensor, i.e. Ia =a for all vectors a.

To show this, it must be shown that rx v = (|r|2 I-r® r)m . First examine rxv. Itis

evidently a vector perpendicular to both r and v and in the plane of r and ®; its
magnitude is

ex v]=1r|v|= |r|2 lo[sin &
Now (see Fig. 1.8.7)

([r|21—r®r)m =|r|2(o—r(r-m)

:|r|2|co| (e, —cosée, )

where e, and e, are unit vectors in the directions of ® and r respectively. From the
diagram, this is equal to |r|2 |0)| sin 6e, . Thus both expressions are equivalent, and one

can indeed write h = Io with I defined by Eqn. 1.8.9: the second-order tensor I maps
the angular velocity vector @ into the angular momentum vector h of the particle.

Figure 1.8.7: geometry of unit vectors for angular momentum calculation

1.8.5 The Vector Space of Second Order Tensors

The vector space of vectors and associated spaces were discussed in §1.2. Here, spaces of
second order tensors are discussed.

As mentioned above, the second order tensor is a mapping on the vector space V,
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T:V >V (1.8.10)
and follows the rules

T(a+b)=Ta+Tb

T{em) = a(Ta) (1.8.11)

forall a,beV and x eR.

Denote the set of all second order tensors by V >. Define then the sum of two tensors
S, T eV’ through the relation

(S+T)v=Sv+Ty (1.8.12)
and the product of a scalar & € R and a tensor T €V * through
(aT)v = aTv (1.8.13)
Define an identity tensor I €V ? through
Iv=v, forall veV (1.8.14)

and a zero tensor O €V ? through

Ov=0, forall veV (1.8.15)

It follows from the definition 1.8.11 that V * has the structure of a real vector space, that
is, the sum S+ T eV ?, the product oT €V *, and the following 8 axioms hold:

1. forany A,B,CeV?*, onechas (A+B)+C=A+(B+C)

2. there exists an element O €V > such that T+0O=0+T =T forevery TeV>

3. foreach T €V ? there exists an element — T €V 2, called the negative of T, such that
T+(-T)=(-T)+T=0

4. foranyS,TeVz,onehas S+T=T+S

5. forany S, TeV”® andscalar @ € R, a(S+T)=aS +aT

6. forany T eV’ andscalars a, S €R, (a+ S)T =aT + fT

7. forany T eV’ and scalars a, f € R, a(fT) = (af)T

8. for the unit scalar 1e R, IT=T forany TeV~.
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1.8.6 Problems

1. Consider the function f which transforms a vector v into a-v+ . Is f a tensor (of
order one)? [Hint: test to see whether the transformation is linear, by examining
f (au + V) N

2. Show that the dyad is a linear operator, in other words, show that

(u® V)(aw + ﬂx) =a(u® v)w+ f(u®v)x

Whenis a®b=b®a?

4. Prove that
(i) (u®v)w®x)=(v-w)u®x) [Hint: post-“multiply” both sides of the definition

(1.8.3) by ®x ; then show that (0@ v)w)®@x = (u®v)w ®x).]
(i1) u(v ® w) = (u -V)w [hint: pre “multiply” both sides by x ® and use the result of
i

5. Con(si)(]ler the dyadic (tensor) a®a+b ®b. Show that this tensor orthogonally
projects every vector v onto the plane formed by a and b (sketch a diagram).

6. Draw a sketch to show the meaning of u - (Pv), where P is the projection tensor.

(98]

What is the order of the resulting tensor?
7. Prove that a®b-b®a=(bxa)x.
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1.9 Cartesian Tensors

As with the vector, a (higher order) tensor is a mathematical object which represents
many physical phenomena and which exists independently of any coordinate system. In
what follows, a Cartesian coordinate system is used to describe tensors.

1.9.1 Cartesian Tensors

A second order tensor and the vector it operates on can be described in terms of Cartesian
components. For example, (a®Db)c, with a =2e, +e, —e,, b=e, +2e, +e, and

c=-e +e,+e,,Is
(a®b)c=a(b-c)=4e, +2e, —2e,

Example (The Unit Dyadic or Identity Tensor)

The identity tensor, or unit tensor, I, which maps every vector onto itself, has been
introduced in the previous section. The Cartesian representation of I is

e, Pe +e,Ve, +e, Ve, =e, Qe, (1.9.1)
This follows from

(e1 e, +e, Ve, +e, ®e3)u:(e1 ®e1)u+(e2 ®e2)u+(e3 ®e3)u
=e,(e,-u)+e, (e, -u)+ee, -u)
=ue +u,e, +Use,

=u

Note also that the identity tensor can be written as I = J;; (ei ®e; ), in other words the

Kronecker delta gives the components of the identity tensor in a Cartesian coordinate
system.
[

Second Order Tensor as a Dyadic

In what follows, it will be shown that a second order tensor can always be written as a
dyadic involving the Cartesian base vectors e; .

Consider an arbitrary second-order tensor T which operates on a to produce b, T(a) = b,
or T(a,e;) =b. From the linearity of T,

! this can be generalised to the case of non-Cartesian base vectors, which might not be orthogonal nor of
unit magnitude (see §1.14)
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a,T(e,)+a,T(e,)+a,T(e;)=b

Just as T transforms a into b, it transforms the base vectors e; into some other vectors;
suppose that T(e,) =u, T(e,) = v, T(e,) = w, then

b=au+a,v+a,w

=(a-e Ju+(a-e,)v+(a-e)w
—(u®e Ja+(v®e,Ja+(WQe;)a
:[u®e1 +v@e, +w®e3]a

and so

T=u®e +vQe, +we, (1.9.2)

which is indeed a dyadic.
Cartesian components of a Second Order Tensor

The second order tensor T can be written in terms of components and base vectors as
follows: write the vectors u, v and w in (1.9.2) in component form, so that

T:(ulel +uye, +U3e3)®e1 +(---)®e2 +(“')®e3
=ue ®e +Ue, e, +U,e, De, +--

Introduce nine scalars T;; by letting u; =T, v, =T,,, w; =T;;, so that

T=T,e ®e +T,e e, +T e e,
+T,e,®e +T,e,®e, +T,;e, ®e, |Second-order Cartesian Tensor (1.9.3)
+T,e, Qe +T,,e, e, +T,,e, Qe,

These nine scalars T;; are the components of the second order tensor T in the Cartesian

coordinate system. In index notation,
T:Tij(ei ®ej)

Thus whereas a vector has three components, a second order tensor has nine components.
Similarly, whereas the three vectors {e; } form a basis for the space of vectors, the nine

dyads {ei ®e; }‘ from a basis for the space of tensors, i.e. all second order tensors can be

expressed as a linear combination of these basis tensors.

It can be shown that the components of a second-order tensor can be obtained directly
from { A Problem 1}

T; =¢Te, Components of a Tensor (1.9.4)
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which is the tensor expression analogous to the vector expression U, =e; -u. Note that,

in Eqn. 1.9.4, the components can be written simply as e;Te;, since e; -Te; =¢,T-e;.

Example (The Stress Tensor)

Define the traction vector t acting on a surface element within a material to be the force
acting on that element” divided by the area of the element, Fig. 1.9.1. Let n be a vector
normal to the surface. The stress ¢ is defined to be that second order tensor which maps
n onto t, according to

The Stress Tensor (1.9.5)
X,
d

11

X

On ¢
"
'el
d

X;

Figure 1.9.1: stress acting on a plane

If one now considers a coordinate system with base vectors e, , then ¢ = o e; ®e; and,

for example,
ce, =0, +0,€,+0,e€,

Thus the components o,,, 0,, and o, of the stress tensor are the three components of

the traction vector which acts on the plane with normal e, .

Higher Order Tensors

The above can be generalised to tensors of order three and higher. The following notation
will be used:

o, B,y . Oth-order tensors (“scalars”)

a, b, c .. Ist-order tensors (“vectors”)
A, B, C 2nd-order tensors (“dyadics”)
A B C 3rd-order tensors (“triadics™)

? this force would be due, for example, to intermolecular forces within the material: the particles on one side
of the surface element exert a force on the particles on the other side
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A B,C 4th-order tensors (“tetradics™)
An important third-order tensor is the permutation tensor, defined by

E=¢,¢ ®e; Qe (1.9.6)

whose components are those of the permutation symbol, Eqns. 1.3.10-1.3.13.
A fourth-order tensor can be written as

A=Aye ®e; e, e, (1.9.7)

It can be seen that a zeroth-order tensor (scalar) has 3° =1 component, a first-order tensor
has 3' =3 components, a second-order tensor has 3> =9 components, so A has 3’ =27
components and A has 81 components.

1.9.2 Simple Contraction
Tensor/vector operations can be written in component form, for example,

Ta =T, (ei ®e; )akek

:Tijak[(ei ®ej)ek]

:Tijaké‘jkei

(1.9.8)

:Tijajei

This operation is called simple contraction, because the order of the tensors is contracted
—to begin there was a tensor of order 2 and a tensor of order 1, and to end there is a
tensor of order 1 (it’s called “simple” to distinguish it from “double” contraction — see
below). This is always the case — when a tensor operates on another in this way, the order
of the result will be two less than the sum of the original orders.

An example of simple contraction of two second order tensors has already been seen in
Eqn. 1.8.4a; the tensors there were simple tensors (dyads). Here is another example:

TS =T, (ei ®ej)Sk, (ek ®el)
=TSy (ei ®erek ®e|)]
=T;Suo (ei ®e|)
:Tijsjl(ei ®e|)

(1.9.9)

From the above, the simple contraction of two second order tensors results in another
second order tensor. If one writes A =TS, then the components of the new tensor are
related to those of the original tensors through A; =T, S;.

Note that, in general,
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AB # BA
(AB)C = A(BC) ... associative
A(B+C)=AB+AC ... distributive

The associative and distributive properties follow from the fact that a tensor is by
definition a linear operator, §1.8.2; they apply to tensors of any order, for example,

(AB)v = A(Bv)
To deal with tensors of any order, all one has to remember is how simple tensors operate

on each other — the two vectors which are beside each other are the ones which are
“dotted” together:

(a®ble

(b-cha

(a@b)(c@d)=(b-c)(a®d) (1.9.10)
(a®b)c®d®e)=(b-ca®d®e) o
(a®b®c)d®e®f)=(c-dfa®b®e®f)
An example involving a higher order tensor is
A-E= Ay E e, ®e; e, ®e, e, ®e,)
= Ay Eln(ei Qe; Ve, ®en)
and
u-v=a
AB=C
Au=v
Ab=C
AB=C
Note the relation
A(B®C)D =(AB)®(CD) (1.9.11)
Powers of Tensors
Integral powers of tensors are defined inductively by T =1, T"=T"'T, so, for
example,
The Square of a Tensor (1.9.12)

T’ =TTT, etc.
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1.9.3 Double Contraction

Double contraction, as the name implies, contracts the tensors twice as much a simple
contraction. Thus, where the sum of the orders of two tensors is reduced by two in the
simple contraction, the sum of the orders is reduced by four in double contraction. The
double contraction is denoted by a colon (:), e.g. T:S.

First, define the double contraction of simple tensors (dyads) through
(a®b):(c®d)=(a-c)b-d) (1.9.13)

So in double contraction, one takes the scalar product of four vectors which are adjacent
to each other, according to the following rule:

Y

(a®b®c):(d®e®f)=(b-d)c-e)a®f)

For example,

T:S=Tij(ei ®ej):5k,(ek ®el)
=Tijsk| (ei ~ek)(ej -el)] (1.9.14)

ij ~ij
which is, as expected, a scalar.

Here is another example, the contraction of the two second order tensors I (see Eqn.
1.9.1)and u®v,

I:u®v=(ei ®ei):(u®v)

=(e; -u)e; - v)

=UuV;

(1.9.15)
=u-v

so that the scalar product of two vectors can be written in the form of a double
contraction.

An example of double contraction involving the permutation tensor 1.9.6 is { A Problem
10}

E:(u®v)=vxu (1.9.16)

It can be shown that the components of a fourth order tensor are given by (compare with
Eqn. 1.9.4)
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A =le;®e;): A (e, ®e,) (1.9.17)

In summary then,

o
OOVQ

> > >
Udc:&cb
Il

Note the following identities:

(A®B):C=A(B:C)=(B:C)A
A:(B®C)=C(A:B)=(A:B)C (1.9.18)
(A®B):(C®D)=(B:CA®D)=(A®D)B:C)

Note:
¢ There are many operations that can be defined and performed with tensors. The two most
important operations, the ones which arise most in practice, are the simple and double
contractions defined above. Other possibilities are:
(a) double contraction with two “horizontal” dots, T--S, A--b, etc., which is based on the
definition of the following operation as applied to simple tensors:
(a®b®c)-(d®e®f)=(b-e)c-dfa®f)
(b) operations involving one cross (x): (a ® b) X (c ® d) = (a ® d) ® (b X c)

(c) “double” operations involving the cross (x) and dot:

(a®b)i(c®d)=(axc)®(bxa)
(axc)b-d)
(a c)(bxd)

)
(a®b)(c®d)
)

(a®b), (c®d

1.9.4 Index Notation

The index notation for single and double contraction of tensors of any order can easily be
remembered. From the above, a single contraction of two tensors implies that the indices
“beside each other” are the same”, and a double contraction implies that a pair of indices
are repeated. Thus, for example, in both symbolic and index notation:

AB=C Aijm B = Ci'k

(1.9.19)
A:B=c AyBjy =¢

3 compare with the “beside each other rule” for matrix multiplication given in §1.4.1
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1.95 Matrix Notation

Here the matrix notation of §1.4 is extended to include second-order tensors®. The
Cartesian components of a second-order tensor can conveniently be written as a 3x3
matrix,

T, T, T,
[T] =T, T, T;
T, T, Ty

The operations involving vectors and second-order tensors can now be written in terms of
matrices, for example,

:'—]
;H
;H
k=

Tllul +T12u2 +T13u3

Tu = [T][“]: T, T, Ts|u,|[=]THu +Tyu, +T,u,
/ [ T31 T32 T33 u3 T31ul +T32u2 +T33u3
symbolic “short” X
notation matrix “full‘”
notation matrix

notation

The tensor product can be written as (see §1.4.1)

Uy, Uuv, Uy,
u®v=[ulv']=|uy, uy, wy, (1.9.20)
u3vl u3v2 u3v3

which is consistent with the definition of the dyadic transformation, Eqn. 1.8.3.

1.9.6 Problems

1. Use Eqn. 1.9.3 to show that the component T,, of a tensor T can be evaluated from
e, Te , and that T,, = e, Te, (and so on, so that T;, =e;Te;).

2. Evaluate aT using the index notation (for a Cartesian basis). What is this operation
called? Is your result equal to Ta, in other words is this operation commutative?
Now carry out this operation for two vectors, i.e. a-b. Is it commutative in this case?

3. Evaluate the simple contractions Ab and AB, with respect to a Cartesian coordinate
system (use index notation).

4. Evaluate the double contraction A : B (use index notation).

* the matrix notation cannot be used for higher-order tensors

Solid Mechanics Part 111 82 Kelly



Section 1.9

5. Show that, using a Cartesian coordinate system and the index notation, that the double
contraction A :b is a scalar. Write this scalar out in full in terms of the components
of A andb.

6. Consider the second-order tensors

D =3e, Qe, +2¢, Ve, —e, Ve, +5¢, De,
F =4e Qe, +6e, e, —3e, Qe, +e, e,
Compute DF and F:D.
7. Consider the second-order tensor
D =3e, e, —4e, Qe, +2¢, e, +e, Ve, +e,De,.
Determine the image of the vector r = 4e, + 2e, + 5e, when D operates on it.
8. Write the following out in full — are these the components of scalars, vectors or
second order tensors?:
(a) By
(b) Ckkj
(¢) B,
(@ ab;A,
9. Write (a®b): (c ®d) in terms of the components of the four vectors. What is the

order of the resulting tensor?
10. Show that E : (u ® V) =vxu —see (1.9.6, 1.9.16). [Hint: use the definition of the
cross product in terms of the permutation symbol, (1.3.14), and the fact that

Eik = —Exi -]
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1.10 Special Second Order Tensors & Properties of
Second Order Tensors

In this section will be examined a number of special second order tensors, and special
properties of second order tensors, which play important roles in tensor analysis. The
following will be discussed:

The Identity tensor

Transpose of a tensor

Trace of a tensor

Norm of a tensor

Determinant of a tensor

Inverse of a tensor

Orthogonal tensors

Rotation Tensors

Change of Basis Tensors
Symmetric and Skew-symmetric tensors
Axial vectors

Spherical and Deviatoric tensors
Positive Definite tensors

1.10.1 The Identity Tensor

The linear transformation which transforms every tensor into itself is called the identity
tensor. This special tensor is denoted by I so that, for example,

Ia=a for any vector a

In particular, Ie, =e,, Ie, =e,, le; =e;, from which it follows that, for a Cartesian

coordinate system, |; =J;. In matrix form,
100
[f]=]0 10 (1.10.1)
001

1.10.2 The Transpose of a Tensor

The transpose of a second order tensor A with components A; is the tensor A" with

components A;;; so the transpose swaps the indices,

A =Aje, e, A" = A;e; ®e;| Transpose of a Second-Order Tensor (1.10.2)

In matrix notation,
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A Ay A A A A
[A]: A, Ay, A23 > [AT]: A, Ay, A32
Ay Ay Ay Ay Ay Ay

Some useful properties and relations involving the transpose are { A Problem 2} :

(A7) =A
(aA+pB) =aA" + fB"
W®v) =v®u
Tu=uT’, uT=T"u (1.10.3)
(AB)' =B"A"
A:B=A":B'

U®VA=u®(A"v)
A:(BC)=(B"A):C=(AC"):B
A formal definition of the transpose which does not rely on any particular coordinate

system is as follows: the transpose of a second-order tensor is that tensor which satisfies
the identity'

u-Av=v-A'u (1.10.4)

for all vectors u and v. To see that Eqn. 1.10.4 implies 1.10.2, first note that, for the
present purposes, a convenient way of writing the components A; of the second-order

tensor A is (A)ij. From Eqn. 1.9.4, (A)ij
can be written as (AT )ij =e, -ATeJ— . Then, from 1.10.4,
(AT)” =e -Ae; =¢;-Ae :(A)ji =A;.

= e; - Ae; and the components of the transpose

1.10.3 The Trace of a Tensor

The trace of a second order tensor A, denoted by trA , is a scalar equal to the sum of the
diagonal elements of its matrix representation. Thus (see Eqn. 1.4.2)

trA = A, Trace (1.10.5)

A more formal definition, again not relying on any particular coordinate system, is

Trace (1.10.6)

! note that, from the linearity of tensors, uA - v = u- Av ; for this reason, this expression is usually written
simply as uAv
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and Eqn. 1.10.5 follows from 1.10.6 { AProblem 4}. For the dyad u® v { AProblem 5},

tflu®v)=u-v (1.10.7)
Another example is
tr(E*) =1:E’
= 5,(e, ®e,):EE, e, ®e,) (1.10.8)
=B, Ey

This and other important traces, and functions of the trace are listed here { A Problem 6}:

trA = A,
trA? = Aij Aji
trA® = Aj A A, (1.10.9)
(rA)’ = AjA;

(U’A)3 = A A A

Some useful properties and relations involving the trace are { A Problem 7}:

= trA + trB (1.10.10)

The double contraction of two tensors was earlier defined with respect to Cartesian
coordinates, Eqn. 1.9.14. This last expression allows one to re-define the double
contraction in terms of the trace, independent of any coordinate system.

Consider again the real vector space of second order tensors V * introduced in §1.8.5.
The double contraction of two tensors as defined by 1.10.10e clearly satisfies the
requirements of an inner product listed in §1.2.2. Thus this scalar quantity serves as an

inner product for the space V *:

(A,B)=A:B=tr(A"B) (1.10.11)

and generates an inner product space.

Just as the base vectors {e, } form an orthonormal set in the inner product (vector dot

product) of the space of vectors V, so the base dyads {ei ®e; } form an orthonormal set in

the inner product 1.10.11 of the space of second order tensors V >. For example,

Solid Mechanics Part IIT 86 Kelly



Section 1.10

(e, ®e e, ®e )=(e, D¢, ): (e, De )=1 (1.10.12)

Similarly, just as the dot product is zero for orthogonal vectors, when the double
contraction of two tensors A and B is zero, one says that the tensors are orthogonal,

A:B= tr(ATB)z 0, A,B orthogonal (1.10.13)

1.10.4 The Norm of a Tensor

Using 1.2.8 and 1.9.10, the norm of a second order tensor A, denoted by |A| (or ||A
defined by

), s

A|=vA:A (1.10.14)
This is analogous to the norm |a| of'a vector a, +/a-a .

1.10.5 The Determinant of a Tensor

The determinant of a second order tensor A is defined to be the determinant of the
matrix [A] of components of the tensor:

A Ay A
detA =det| A,, A, A,
Ay Ay Ay
= &3 AALAG (1.10.15)
= gijkAliAsz3k

Some useful properties of the determinant are { A Problem 8}

det(AB) =det AdetB

det AT =detA
t(axA) = o det A
det(aA) = a” de (1.10.16)
det(u®v)=0

€ par (det A) = € Ap Ajg A
(TaxTh)-Te = (det T)[(axb)-c]

Note that det A, like trA , is independent of the choice of coordinate system / basis.
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1.10.6 The Inverse of a Tensor
The inverse of a second order tensor A, denoted by A™', is defined by
AAT =1=A""A (1.10.17)

The inverse of a tensor exists only if it is non-singular (a singular tensor is one for
which det A =0), in which case it is said to be invertible.

Some useful properties and relations involving the inverse are:

A=A
((Zii_l Zi/li‘)?_ (1.10.18)

det(A™) = (det A)™

Since the inverse of the transpose is equivalent to the transpose of the inverse, the
following notation is used:

A=A =(A")" (1.10.19)

1.10.7 Orthogonal Tensors
An orthogonal tensor Q is a linear vector transformation satisfying the condition
Qu-Qv=u-v (1.10.20)

for all vectors u and v. Thus u is transformed to Qu, v is transformed to Qv and the dot
product u-v is invariant under the transformation. Thus the magnitude of the vectors
and the angle between the vectors is preserved, Fig. 1.10.1.

u

Q Qu
—>
P lf o
N v
Qv
Figure 1.10.1: An orthogonal tensor

Since

Qu-Qv=uQ"-Qv=u-(Q"-Q)-v (1.10.21)
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it follows that for u- v to be preserved under the transformation, Q' Q = I, which is also
used as the definition of an orthogonal tensor. Some useful properties of orthogonal
tensors are { A Problem 10}:

QQT =I=QTQ, Qiijk :§ij :Qkiij
Q‘1 :QT (1.10.22)
detQ =+1

1.10.8 Rotation Tensors

If for an orthogonal tensor, detQ = +1, Q is said to be a proper orthogonal tensor,
corresponding to a rotation. If detQ =—1, Q is said to be an improper orthogonal
tensor, corresponding to a reflection. Proper orthogonal tensors are also called rotation
tensors.

1.10.9 Change of Basis Tensors

Consider a rotation tensor Q which rotates the base vectors e,,e,,e; into a second set,
e e, e, Fig. 1.10.2.

e/ =Qe, =123 (1.10.23)

Such a tensor can be termed a change of basis tensor from {e, } to {e]}. The transpose
Q' rotates the base vectors e/ back to e; and is thus change of basis tensor from {eg} to
le, } The components of Q in the e; coordinate system are, from 1.10.4, Q; = ¢,Qe;

and so
Q=Q,¢ ®e,, Q;=e ¢, (1.10.24)
which are the direction cosines between the axes (see Fig. 1.5.5).

!

€, €;
—>
e, Q
e
Figure 1.10.2: Rotation of a set of base vectors

The change of basis tensor can also be written in the explicit form
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Q=¢ Qe (1.10.25)

from which the above relations can easily be derived, for example e; = Qe QQ' =1,

etc.
Consider now the operation of the change of basis tensor on a vector:

Qv =V, (Qei):Vie; (1.10.26)

Thus Q transforms v into a second vector v', but this new vector has the same
components with respect to the basis e, as v has with respect to the basis e;, v{ =V, .

Example

Consider the two-dimensional rotation tensor

Q= 0 _1(e.®e.)sef®e.
+1 0 ' ! ' '

which corresponds to a rotation of the base vectors through 7 /2. The vector v=[1 1]’
then transforms into (see Fig. 1.10.3)

Figure 1.10.3: a rotated vector

Similarly, for a second order tensor A, the operation

QAQ" =Q(Ae, ®¢; Q" = A, (Qe, ®¢,Q")= A, (Qe, ® Qe )= Aje] ®¢]
(1.10.27)

results in a new tensor which has the same components with respect to the e}, as A has
with respect to the e;, Aj = A;.
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1.10.10 Symmetric and Skew Tensors

A tensor T is said to be symmetric if it is identical to the transposed tensor, T=T" , and
skew (antisymmetric) if T=-T" .

Any tensor A can be (uniquely) decomposed into a symmetric tensor S and a skew tensor
W, where

symAzSz%(AnLAT)

(1.10.28)
1 T
skewA =W :E(A_A )
and
S=S", W=-W' (1.10.29)
In matrix notation one has
Sll S12 Sl3 0 W12 W13
[S] =S S» Sy [W]_ W, 0 Wy (1.10.30)
813 Szz S33 _W13 W23 0
Some useful properties of symmetric and skew tensors are { A Problem 13}:
S:B=S:B"=S:4(B+B")
W:B=-W:B"=W:l(-B")
S:W=0 (1.10.31)
tr(SW)=0
v-Wv=0

detW =0 (has noinverse)

where v and B denote any arbitrary vector and second-order tensor respectively.
Note that symmetry and skew-symmetry are tensor properties, independent of coordinate
system.

1.10.11 Axial Vectors

A skew tensor W has only three independent coefficients, so it behaves “like a vector”
with three components. Indeed, a skew tensor can always be written in the form

Wu=0xu (1.10.32)
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where u is any vector and @ characterises the axial (or dual) vector of the skew tensor
W. The components of W can be obtained from the components of @ through

W =e; - We; =e¢, '((;)xej)zei «(a)kek xej)
—e, (g€, )= 40, (1.10.33)

= —Eijk W

If one knows the components of W, one can find the components of @ by inverting this
equation, whence { A Problem 14}

o=-W,e +W;,e, -W,e, (1.10.34)

Example (of an Axial Vector)

Decompose the tensor

Ll \C T \S ]
p— (YD

1
T:[Tij]: 4
1

into its symmetric and skew parts. Also find the axial vector for the skew part. Verify
that Wa=mwxa for a=e, +e,.

Solution
One has
12 3] 1 41 132
S=%[T+TT]=%421+221 =13 2 1
L1 3o 21
| 1"123141 0 -1 1
W:—[T—TT]:E421+221 =1 0 0
11 31 |1 0 o

The axial vector is

0= _W23e1 +W13e2 _W12e3 =€, +¢€,;

and it can be seen that

Wa=W;(e; ®e;)(e, +e;)=W; (5 +I;;,)e; =W, +W,;)e,
=W, +W;;)e, + (W, +Wy5)e, +(W;, + W5 )e,
=e +e,—e,
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and

The Spin Tensor

The velocity of a particle rotating in a rigid body motion is given by v = ® x x, where ®
is the angular velocity vector and x is the position vector relative to the origin on the axis
of rotation (see Problem 9, §1.1). If the velocity can be written in terms of a skew-
symmetric second order tensor w, such that wx = v, then it follows from wx = @ x x
that the angular velocity vector @ is the axial vector of w . In this context, w is called
the spin tensor.

1.10.12 Spherical and Deviatoric Tensors

Every tensor A can be decomposed into its so-called spherical part and its deviatoric
part, i.e.

A =sphA + devA (1.10.35)
where
sphA = L (trA )l
(A +A, +A,) 0 0
= 0 %(All +A, + A33) 0
L 0 0 %(A11+A22+A33)
devA = A —sphA
_All _%(All + A22 + A33) A12 A13
= A21 Azz_%(An +A22+A33) A23
L A, A, A33_%(A11+A22+A33)
(1.10.36)

Any tensor of the form ol is known as a spherical tensor, while devA is known as a
deviator of A, or a deviatoric tensor.

Some important properties of the spherical and deviatoric tensors are

tr(devA) =0
sph(devA) =0 (1.10.37)
devA :sphB =0
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1.10.13 Positive Definite Tensors
A positive definite tensor A is one which satisfies the relation

VAv>0, Vv=#o (1.10.38)

The tensor is called positive semi-definite if vAv >0.

In component form,
VIAV = ALV ALV, + ALV ALY+ ALY (1.10.39)

and so the diagonal elements of the matrix representation of a positive definite tensor
must always be positive.

It can be shown that the following conditions are necessary for a tensor A to be positive
definite (although they are not sufficient):

(i) the diagonal elements of [A] are positive

(i) the largest element of [A] lies along the diagonal
(iii) detA >0

(iv) A +A; >2A, fori=# j (nosumover i, j)

These conditions are seen to hold for the following matrix representation of a positive
definite tensor:

2
[A]=]|-1 4
0 0

A necessary and sufficient condition for a tensor to be positive definite is given in the
next section, during the discussion of the eigenvalue problem.

One of the key properties of a positive definite tensor is that, since det A > 0, positive
definite tensors are always invertible.

An alternative definition of positive definiteness is the equivalent expression

AvOV>0 (1.10.40)

1.10.14 Problems

1. Show that the components of the (second-order) identity tensor are given by I, =3;.
2. Show that
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(@ U®V)A =u®(A'v)
(b) A:(BC)=(B"A):C=(AC"):B
Use (1.10.4) to show that I" =1.
Show that (1.10.6) implies (1.10.5) for the trace of a tensor.
Show that trfu® v)=u-v.
Formally derive the index notation for the functions
trA’, trA’, (trA)’, (trA)’
Show that A :B =tr(A'B).

8. Prove (1.10.16f), (Tax Th)- Te = (det T)|(axb)-c].

Show that (A™)" : A =3. [Hint: one way of doing this is using the result from

Problem 7.]

10.

11

12.

13.
14.

15.

16.

Use 1.10.16b and 1.10.18d to prove 1.10.22¢, detQ ==+1.

. Use the explicit dyadic representation of the rotation tensor, Q =e; ®e,, to show that

the components of Q in the “second”, 0X;X;X;, coordinate system are the same as
those in the first system [hint: use the rule Q; =e; - Qe/,]
Consider the tensor D with components (in a certain coordinate system)

142 1/2 -1/2

0 1/42 1/42

142 -1/2 12
Show that D is a rotation tensor (just show that D is proper orthogonal).
Show that tr(SW) =0.
Multiply across (1.10.32), W;; = —¢;, @, , by &;, to show that @ = -5 ¢, W;e, . [Hint:
use the relation 1.3.19b, & &5, =26, -]
Show that 1(a®b —b ®a) is a skew tensor W. Show that its axial vector is
o =1(bxa). [Hint: first prove that (b-u)a—(a-u)b =ux(axb)=(bxa)xu.]
Find the spherical and deviatoric parts of the tensor A for which A; =1.
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1.11 The Eigenvalue Problem and Polar Decomposition

1.11.1 Eigenvalues, Eigenvectors and Invariants of a Tensor

Consider a second-order tensor A. Suppose that one can find a scalar A and a (non-zero)
normalised, i.e. unit, vector n such that

Af = A (1.11.1)

In other words, A transforms the vector n into a vector parallel to itself, Fig. 1.11.1. If
this transformation is possible, the scalars are called the eigenvalues (or principal
values) of the tensor, and the vectors are called the eigenvectors (or principal directions
or principal axes) of the tensor. It will be seen that there are three vectors n (to each of
which corresponds some scalar A ) for which the above holds.

Figure 1.11.1: the action of a tensor A on a unit vector

Equation 1.11.1 can be solved for the eigenvalues and eigenvectors by rewriting it as
(A-21a=0 (1.11.2)
or, in terms of a Cartesian coordinate system,

A (ei ®ej)ﬁkek —Ad,, (ep ®eq)ﬁrer =0
—> Ajnje —Ane =0
- (Aijﬁj _/mi)ei =0
In full,
[(A“ — DA+ AR, + ARy ]el =0

[A21ﬁ1+(A22—i)ﬁ2+A23ﬁ3]e2 =0 (1.11.3)
[A31ﬁ1 + AN, + (A — AN, ]63 =0

Dividing out the base vectors, this is a set of three homogeneous equations in three
unknowns (if one treats A as known). From basic linear algebra, this system has a
solution (apart from A, = 0) if and only if the determinant of the coefficient matrix is

zero, i.e. if
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All_/1 Alz A|3
det(A-Al)=detf A, A,-4 A, |=0 (1.11.4)

A31 A32 A33 -4

Evaluating the determinant, one has the following cubic characteristic equation of A,

A -1, +1[,A-1I, =0| Tensor Characteristic Equation (1.11.5)

where
I, = Aii
= trA
I, = %(AiiAjj - Aji Au)
= 1trA)? — tr(A?)]
I, =&y AIiAZjAﬁk
=det A

(1.11.6)

It can be seen that there are three roots 4,, 4,, 4,, to the characteristic equation. Solving
for A, one finds that

I, =4 +4, + 4,
I, =44, + LA, + 4,4, (1.1.7)
I, = 44,4,

The eigenvalues (principal values) A, must be independent of any coordinate system and,

from Eqn. 1.11.5, it follows that the functions I,, II,, III, are also independent of any

coordinate system. They are called the principal scalar invariants (or simply
invariants) of the tensor.

Once the eigenvalues are found, the eigenvectors (principal directions) can be found by
solving

(All _ﬂ')ﬁl + Alzﬁz + A13ﬁ3 =0
A21ﬁ1+(A22—/1)ﬁ2+A23ﬁ3 =0 (1.11.8)
ASlﬁl + Aszﬁz +(A33 _i)ﬁ3 =0

for the three components of the principal direction vector i, ,, A, , in addition to the
condition that n-n=nANA, =1. There will be three vectors i = fi.e;, one corresponding to
each of the three principal values.

Note:
e a unit eigenvector N has been used in the above discussion, but any vector parallel to 1, for
example am , is also an eigenvector (with the same eigenvalue A ):
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Alod) = a(Ad) = a(2h) = A(ca)
Example (of Eigenvalues and Eigenvectors of a Tensor)

A second order tensor T is given with respect to the axes OX, X, X, by the values

50 0
T=[T],=|0 -6 -12/.
0 -12 1

Determine (a) the principal values, (b) the principal directions (and sketch them).

Solution:
(2)
The principal values are the solution to the characteristic equation
5-4 0 0
0 —-6-4 -12|=(-10+A)5-1)(15+4)=0
0 -12 1-4

which yields the three principal values 4, =10, 4, =5, 4, =-15.
(b)

The eigenvectors are now obtained from (Tij - 5iji)n ; =0. First, for 4, =10,

-5n,+0n, +0n;, =0
On, —16n,—-12n, =0
On, —12n, -9n, =0

and using also the equation n,n, =1 leads to n, =—(3/5)e, +(4/5)e,. Similarly, for

A, =5 and A, =—15, one has, respectively,

On, +0n, +0n, =0 20n, +0n, +0n, =0
On, -11n, -12n; =0 and  On,+9n, -12n, =0
On, —=12n, —4n, =0 On, —=12n, +16n, =0

which yield n, =e, and n, =(4/5)e, +(3/5)e,. The principal directions are sketched in
Fig. 1.11.2.

Note:
e the three components of a principal direction, n,, n,, n,, are the direction cosines between that

direction and the three coordinate axes respectively. For example, for A, with
n = 0,n, =-3/5,n, =4/5, the angles made with the coordinate axes X, X,, X,, are 0, 127°
and 37°
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X

Figure 1.11.2: eigenvectors of the tensor T

1.11.2 Real Symmetric Tensors

Suppose now that A is a real symmetric tensor (real meaning that its components are
real). In that case it can be proved (see below) that'

(1) the eigenvalues are real

(i) the three eigenvectors form an orthonormal basis {ﬁi }

In that case, the components of A can be written relative to the basis of principal
directions as (see Fig. 1.11.3)

(1.11.9)
ﬁ3
Figure 1.11.3: eigenvectors forming an orthonormal set
The components of A in this new basis can be obtained from Eqn. 1.9.4,
Ay =1, AA j
= ﬁ (no summation over j) (1.11.10)

n, -
=]
(e

! this was the case in the previous example — the tensor is real symmetric and the principal directions are
orthogonal
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where A, is the eigenvalue corresponding to the basis vector n;. Thus®

3
A= Z An, ®n, Spectral Decomposition (1.11.11)

This is called the spectral decomposition (or spectral representation) of A. In matrix
form,

2 0 0
[A]=] 0 4, © (1.11.12)
0 0 A

For example, the tensor used in the previous example can be written in terms of the basis
vectors in the principal directions as

10 0 O
T=|0 5 0 |, basis: n; ®n
0 0 -15

To prove that real symmetric tensors have real eigenvalues and orthonormal eigenvectors,
take n,, n,, N, to be the eigenvectors of an arbitrary tensor A, with components

A

A, Ny, Ay, which are solutions of (the 9 equations — see Eqn. 1.11.2)

(A _ﬂ’ll)ﬁl =0
(A-A,I)h, =0 (1.9.13)
(A-A4Ih, =0

Dotting the first of these by n, and the second by n,, leads to

(An,)-n, =2, -fi, =0
(An,)-n, = A,h, -h, =0

Using the fact that A = A", subtracting these equations leads to
(4, =A,)h, -A, =0 (1.11.14)

Assume now that the eigenvalues are not all real. Since the coefficients of the
characteristic equation are all real, this implies that the eigenvalues come in a complex
conjugate pair, say 4, and A,, and one real eigenvalue A,. It follows from Eqn. 1.11.13
that the components of n, and n, are conjugates of each other, say n, =a+bi,

n, =a—bi, and so

% it is necessary to introduce the summation sign here, because the summation convention is only used when
two indices are the same — it cannot be used when there are more than two indices the same
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n -n, :(a+bi)~(a—bi):|a|2 +|b|2 >0

It follows from 1.11.14 that A, — A, = 0 which is a contradiction, since this cannot be true
for conjugate pairs. Thus the original assumption regarding complex roots must be false
and the eigenvalues are all real. With three distinct eigenvalues, Eqn. 1.11.14 (and
similar) show that the eigenvectors form an orthonormal set. When the eigenvalues are
not distinct, more than one set of eigenvectors may be taken to form an orthonormal set
(see the next subsection).

Equal Eigenvalues

There are some special tensors for which two or three of the principal directions are
equal. When all three are equal, 4, =4, =4, =1, one has A = I, and the tensor is
spherical: every direction is a principal direction, since An = AIn = An forall n. When
two of the eigenvalues are equal, one of the eigenvectors will be unique but the other two
directions will be arbitrary — one can choose any two principal directions in the plane
perpendicular to the uniquely determined direction, so that the three form an orthonormal
set.

Eigenvalues and Positive Definite Tensors

Since An = /n,then n-An=n-An=A. Thus if A is positive definite, Eqn. 1.10.38, the
eigenvalues are all positive.

In fact, it can be shown that a tensor is positive definite if and only if its symmetric part
has all positive eigenvalues.

Note:

o if there exists a non-zero eigenvector corresponding to a zero eigenvalue, then the tensor is
singular. This is the case for the skew tensor W, which is singular. Since
Wo=0x0=0=00 (see, §1.10.11), the axial vector @ is an eigenvector corresponding to
a zero eigenvalue of W

1.11.3 Maximum and Minimum Values

The diagonal components of a tensor A, A, A,, A,;, have different values in different

coordinate systems. However, the three eigenvalues include the extreme (maximum and
minimum) possible values that any of these three components can take, in any coordinate
system. To prove this, consider an arbitrary set of unit base vectors e,,e,,e,, other than

the eigenvectors. From Eqn. 1.9.4, the components of A in a new coordinate system with
these base vectors are A; =e;Ae; Express e, using the eigenvectors as a basis,

¢, =an, +:Bn2+7ns

Then
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A 0 0fa
A=l B y]0 2, 0|B|=c’4+B2+7 2,
0 0 A4y

Without loss of generality, let A4, > A, > A,. Then, with a® + > + y* =1, one has
W=Al@?+ By )z A+ B, 47 = A
A=ala® + B )<’ + B, + 70 = A

which proves that the eigenvalues include the largest and smallest possible diagonal
element of A.

1.11.4 The Cayley-Hamilton Theorem

The Cayley-Hamilton theorem states that a tensor A (not necessarily symmetric)
satisfies its own characteristic equation 1.11.5:

AT, A +1,A-TII,I=0 (1.11.15)

This can be proved as follows: one has An = An, where A is an eigenvalue of A and n
is the corresponding eigenvector. A repeated application of A to this equation leads to

A"n = A"i. Multiplying 1.11.1 by n then leads to 1.11.15.

The third invariant in Eqn. 1.11.6 can now be written in terms of traces by a double
contraction of the Cayley-Hamilton equation with I, and by using the definition of the
trace, Eqn.1.10.6:

AVT-T, A T+, A:T-TI,I:1=0
— trA’ —I,trA* +1I,trA-3III, =0

, s s (1.11.16)
> A’ —trArA’ +L[(trA)? —w A’ frA 30, =0
- I, = %[trA3 —3trAtrA’ +%(trA)3]
The three invariants of a tensor can now be listed as
I, =trA
II, = %[(trA)2 - tr(Az)] Invariants of a Tensor (1.11.17)
I, =L[trA’ —3trAtrA? +1(rA)’]

The Deviatoric Tensor

Denote the eigenvalues of the deviatoric tensor devA, Eqn. 1.10.36, s, S,,S, and the
principal scalar invariants by J,,J,,J;. The characteristic equation analogous to Eqn.
1.11.5 is then
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$-Js*-J,5-J,=0 (1.11.18)
and the deviatoric invariants are’

J, =tr(devA) =5, +5s, + 5,
3, = —4|(tr(deva) —tr((devA ) )|= (5,5, + 5,5, +5,8)  (L.11.19)
J, = det(devA) =ss,s,

From Eqn. 1.10.37,
J, =0 (1.11.20)
The second invariant can also be expressed in the useful forms { A Problem 4}
J, =L(s? +s2 +s?), (1.11.21)

and, in terms of the eigenvalues of A, { AProblem 5}
1
Jz=g[(il—/12)2+(/12—/13)2+(13—11)2]. (1.11.22)

Further, the deviatoric invariants are related to the tensor invariants through { A Problem
6}

3, =1 =31, ) 3, =+ (21} —91,11, + 27101, ) (1.11.23)

1.11.5 Coaxial Tensors

Two tensors are coaxial if they have the same eigenvectors. It can be shown that a
necessary and sufficient condition that two tensors A and B be coaxial is that their simple
contraction is commutative, AB = BA .

Since for a tensor T, TT™' = T™'T, a tensor and its inverse are coaxial and have the same
eigenvectors.

3 there is a convention (adhered to by most authors) to write the characteristic equation for a general tensor
witha + 1l , A term and that for a deviatoric tensor with a — J,s term (which ensures that J, > 0 - see

1.11.18 below) ; this means that the formulae for J, in Eqn. 1.11.19 are the negative of those for Il, in
Eqn. 1.11.6

Solid Mechanics Part 111 103 Kelly



Section 1.11

1.11.6 Fractional Powers of Tensors

Integer powers of tensors were defined in §1.9.2. Fractional powers of tensors can be
defined provided the tensor is real, symmetric and positive definite (so that the
eigenvalues are all positive).

Contracting both sides of Th = Ah with T gives T°h = A*fi. It follows that, if T has
eigenvectors i, and corresponding eigenvalues A, , then T" is coaxial, having the same

eigenvectors, but corresponding eigenvalues A'. Because of this, fractional powers of

tensors are defined as follows: T™, where m is any real number, is that tensor which has
the same eigenvectors as T but which has corresponding eigenvalues A" . For example,

3
the square root of the positive definite tensor T = Zﬁ,iﬁi ®n; is
i=1

3
T2 =3 4k, ®h, (1.11.24)
i=1
and the inverse is
3
T =) (1/2)h; ®#, (1.11.25)

i=1

These new tensors are also positive definite.

1.11.7 Polar Decomposition of Tensors

Any (non-singular second-order) tensor F can be split up multiplicatively into an arbitrary
proper orthogonal tensor R (R'R =1, detR =1) and a tensor U as follows:

F =RU Polar Decomposition (1.11.26)
The consequence of this is that any transformation of a vector a according to Fa can be
decomposed into two transformations, one involving a transformation U, followed by a

rotation R.

The decomposition is not, in general, unique; one can often find more than one
orthogonal tensor R which will satisfy the above relation. In practice, R is chosen such

that U is symmetric. To this end, consider F'F . Since

v-F'Fv=Fv-Fv=[Fv >0,

F'F is positive definite. Further, F'F=F ;i 18 clearly symmetric, i.e. the same result

is obtained upon an interchange of i and k. Thus the square-root of F'F can be taken: let
Uin 1.11.26 be given by
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U=(F"F)" (1.11.27)
and U is also symmetric positive definite. Then, with 1.9.3e, 1.9.19,
R'R=(FU"') (FU")
=UF'FU"

=yU'uuu™
=1

(1.11.28)

Thus if U is symmetric, R is orthogonal. Further, from (1.9.16a,b) and (1.9.18d),
detU =detF and detR =detF/det U =1 so that R is proper orthogonal. It can also be
proved that this decomposition is unique.

An alternative decomposition is given by
F=VR (1.11.29)

Again, this decomposition is unique and R is proper orthogonal, this time with

v=(FF")" (1.11.30)

1.11.8 Problems

1. Find the eigenvalues, (normalised) eigenvectors and principal invariants of
T=1+e ®e, +e, e
2. Derive the spectral decomposition 1.11.11 by writing the identity tensor as
I=n, ®n,, and writing A = AI. [Hint: n, is an eigenvector.]
3. Derive the characteristic equation and Cayley-Hamilton equation for a 2-D space. Let

A be a second order tensor with square root S = JA. By using the Cayley-Hamilton
equation for S, and relating detS, trS to det A, trA through the corresponding

A ++/det Al
VIrA + 2+/det A

4. The second invariant of a deviatoric tensor is given by Eqn. 1.11.19b,
J, = _(5132 +3S,8; + s351)

eigenvalues, show that JA =

By squaring the relation J, =s, +5S, +S, =0, derive Eqn. 1.11.21,
J, =§(sf +5; +s32)
5. Use Eqns. 1.11.21 (and your work from Problem 4) and the fact that 4, -4, =s, —5,,

etc. to derive Eqn. 1.11.22.
6. Use the fact that s, +s, +s; =0 to show that
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I, =34,
I, =(5,S,+5,S; +5,5,) +34,
I, =5,5,S; +7,(S,S, +5,5; +5,8,) + 4,
where A, =1 A;. Hence derive Eqns. 1.11.23.
7. Consider the tensor

2 -2 0
F=|1 1 0
0 0 1

(a) Verify that the polar decomposition for F is F = RU where

1/42 =1/42 0 (302 —1/42 0
R=[1/V2 1/42 0|, U=|-1/4/2 3/42 0

0 0 1 0 0 1

(verify that R is proper orthogonal).
(b) Evaluate Fa, Fb, where a=[1,1,0]", b =[0,1,0]" by evaluating the individual
transformations Ua, Ub followed by R(Ua), R(Ub). Sketch the vectors and their

images. Note how R rotates the vectors into their final positions. Why does U
only stretch a but stretches and rotates b?

(c) Evaluate the eigenvalues A, and eigenvectors i, of the tensor F'F. Hence
determine the spectral decomposition (diagonal matrix representation) of F'F .

Hence evaluate U =+F'F with respect to the basis {fi, } — again, this will be a
diagonal matrix.
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1.12 Higher Order Tensors

In this section are discussed some important higher (third and fourth) order tensors.

1.12.1 Fourth Order Tensors

After second-order tensors, the most commonly encountered tensors are the fourth order
tensors A, which have 81 components. Some properties and relations involving these
tensors are listed here.

Transpose

The transpose of a fourth-order tensor A, denoted by A", by analogy with the definition
for the transpose of a second order tensor 1.10.4, is defined by

B:A":C=C:A:B (1.12.1)

for all second-order tensors B and C. It has the property (AT )T = A and its components
are (AT)ijkI =(A)y;; - It also follows that

(A®B) =B®A (1.12.2)

Identity Tensors

There are two fourth-order identity tensors. They are defined as follows:

A=A
- (1.12.3)
l:A=A"
and, from 1.9.7, they have components
I=0,0,e, ®e; ®e, ®e, =¢, Qe,; V¢, ®e,
- (1.12.4)
I=05,0,¢ ®e; ®e, Ve =¢, Ve, Ve, V¢,
For a symmetric second order tensor S, 1:S=1:5=8S.
Another important fourth-order tensoris | ® I,
I®1=0;6,e Qe; Ve, Ve, =¢;, Ve, Ve, Ve, (1.12.5)

Functions of the trace can be written in terms of these tensors { A Problem 1}:
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1Q1:A = (trA)l
IQ1:A:A =(trA)
g (1.12.6)
I:A:A =tr(ATA)
1:A:A = trA?

Projection Tensors

The symmetric and skew-symmetric parts of a second order tensor A can be written in
terms of the identity tensors:

symA=%(|+i):A

(1.12.7)
1 —
skewA:E(l—l):A
The deviator of A, 1.9.30, can be written as
1 1 1 -
deVA:A—E(trA)I :A—E(I A :(I_E(I ® I)j:AE P:A (1.12.8)

which defines P , the so-called fourth-order projection tensor. From Eqns. 1.10.6,
1.10.37a, it has the property that P:A:1=0. Note also that it has the property
P"=P:P:...:P=P. For example,

p2 =ﬁ>:ﬁ>=(l—l|®|j:[|—l|®|j
3 3

1 1

1 (1.12.9)
=LI-S181-J181+ (18D):(181)=P

The tensors (I + W2, (I — T)/ 2 in Eqn. 1.12.7 are also projection tensors, projecting the
tensor A onto its symmetric and skew-symmetric parts.
1.12.2 Higher-Order Tensors and Symmetry

A higher order tensor possesses complete symmetry if the interchange of any indices is
immaterial, for example if

A= Aijk(ei ®ej ®e,) = Aikj(ei ®ej ®e,) = Ajik(ei ®ej e )=

It is symmetric in two of its indices if the interchange of these indices is immaterial. For
example the above tensor A is symmetric in j and K if

A= Aijk(ei ®ej ®e,) = Aikj(ei ®ej ®e,)
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This applies also to antisymmetry. For example, the permutation tensor
E =g (ei ®e; ®ek) is completely antisymmetric, since &y, = —&y; = & ="

A fourth-order tensor C possesses the minor symmetries if
Ci =Ciivs Ciu =C (1.12.10)

in which case it has only 36 independent components. The first equality here is for left
minor symmetry, the second is for right minor symmetry.

It possesses the major symmetries if it also satisfies
Ci = Cuij (1.12.11)

in which case it has only 21 independent components. From 1.12.1, this can also be
expressed as

A:C:B=B:C:A (1.12.12)

for arbitrary second-order tensors A, B. Note that I,T, I ® 1 posses the major symmetries
{ AProblem 2}.

1.12.3 Problems

1. Derive the relations 1.12.6.
2. Use 1.12.12 to show that I,1,1 ® | possess the major symmetries.
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1.13 Coordinate Transformation of Tensor Components

It has been seen in §1.5.2 that the transformation equations for the components of a vector

are U; = Q U, where [Q] is the transformation matrix. Note that these Q; ’s are not the
components of a tensor — these Q;;'s are mapping the components of a vector onto the
components of the same vector in a second coordinate system — a (second- order) tensor,

in general, maps one vector onto a different vector. The equation u; = Q; U] is in matrix

element form, and is not to be confused with the index notation for vectors and tensors.
1.13.1 Relationship between Base Vectors

Consider two coordinate systems with base vectors €; and e;. It has been seen in the
context of vectors that, Eqn. 1.5.4,

e, -e; =Q; =cos(x,X)). (1.13.1)

Recal that the i’s and j’s here are not referring to the three different components of a
vector, but to different vectors (nine different vectors in all).

It is interesting that the relationship 1.13.1 can also be derived as follows:

=le; = (¢, ®e) e,
:(e’. -ei)e'j (1.13.2)
QIJ ]

Dotting each side here with e, then gives 1.13.1. Eqn. 1.13.2, together with the

corresponding inverse relations, read
e; =Q;e}, e =Q;e; (1.13.3)

Note that the components of the transformation matrix [Q] are the components of the
change of basis tensor 1.10.24-25.

1.13.2 Tensor Transformation Rule

As with vectors, the components of a (second-order) tensor will change under a change of
coordinate system. In this case, using 1.13.3,

T e, ®e, —quep®e
=T Qmpen ®Qpgey (1.13.4)
= Qmeanqum ®e
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so that (and the inverse relationship)

Ty =Qu,Q;Toy» Ty =QuQyT,| Tensor Transformation Formulae (1.13.5)

or, in matrix form,

Tl=RITle’}  [T=l"[T]x] (1.13.6)

Note:

e as with vectors, second-order tensors are often defined as mathematical entities whose
components transform according to the rule 1.13.5

e the transformation rule for higher order tensors can be established in the same way, for example,

Tij'k = QpiQ qurkqur , and so on
Example (Mohr Transformation)

Consider a two-dimensional space with base vectors €, €,. The second order tensor S
can be written in component form as

S=S,e ®e, +S,e, ®e, +S,e,®e, +S,e, e,

Consider now a second coordinate system, with base vectors e}, €}, obtained from the
first by a rotation 8. The components of the transformation matrix are

[ cosd cos(90 + 9)} B [cos 6 —sin 9}

L= @, ~e’. =
Q=8 €] { cos(90 — 0) cosd

€ 'e; €, erz}

! ! .
e, e €,-€ sind cosd

and the components of S in the second coordinate system are [S']= [QT IS][Q], SO
S, S| | cos® sin@|S, S| cosf —sind
S:, S.L| |-sin@ cos@|S, S, |sin@ cosd

For S symmetric, S, = S,,, and this simplifies to

S/, =S, cos’@+S,,sin” @ +8S,,sin 20
S, =S, sin’@+8S,, cos’@—S,,sin20| The Mohr Transformation (1.13.7)
S, =(S,,—S,,)sinfcosO+S,, cos20

1.13.3 Isotropic Tensors

An isotropic tensor is one whose components are the same under arbitrary rotation of the
basis vectors, i.e. in any coordinate system.
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All scalars are isotropic.

There is no isotropic vector (first-order tensor), i.e. there is no vector U such that
u; =Qyu; for all orthogonal [Q] (except for the zero vector 0). To see this, consider the

particular orthogonal transformation matrix

0
[@]=-1 0 o], (1.13.8)
0 0

which corresponds to a rotation of 7 /2 about e,. This implies that

0
1, (1.13.9)
0

which implies that u, =0.

The only isotropic second-order tensor is ol = a0, , where « is a constant, that is, the

ij?
spherical tensor, §1.10.12. To see this, first note that, by substituting ol into 1.13.6, it
can be seen that it is indeed isotropic. To see that it is the only isotropic second order
tensor, first use 1.13.8 in 1.13.6 to get

Tzz - T21 _T23 T11 T12 T13
[T’] =-T, T, Ts |=|Ty T, Ty (1.13.10)
- T32 T31 T33 T31 T32 T33

which implies that T, =T,,, T, =-T,,,T;; =T,; =T,, =T,, = 0. Repeating this for
1.13.9 implies that T,, =T,;,T,, =0, so

T, 0 0
[T]l=l0o T, 0
0 T,

or T=T,,|. Multiplying by a scalar does not affect 1.13.6, so one has al .

The only third-order isotropic tensors are scalar multiples of the permutation tensor,
E =g (ei ®e; ®e, ) Using the third order transformation rule, Ty, =Q;Q;Qu T »
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one has &fy, =Q;Qy Q& - From 1.10.16e this reads &, = (detQ)&‘ijk , where Q is the
change of basis tensor, with components Qij . When Q is proper orthogonal, i.e. a rotation tensor,

one has indeed, 8i'jk = &; - That it is the only isotropic tensor can be established by carrying out

specific rotations as done above for the first and second order tensors.

Note that orthogonal tensors in general, i.e. having the possibility of being reflection tensors, with
det Q = —1 are not used in the definition of isotropy, otherwise one would have the less desirable

& = —&; - Note also that this issue does not arise with the second order tensor (or the fourth

order tensor —see below), since the above result, that &l is the only isotropic second order tensor,
holds regardless of whether Q is proper orthogonal or not.

There are three independent fourth-order isotropic tensors — these are the tensors
encountered in §1.12.1, Eqns. 1.12.4-5,

For example,
Qinijerls (I ® I)pqrs = Qinijerlsapqars = (QinJ'p Xrier ) = 5ij 5k| = (I ® I)ijkl

The most general isotropic fourth order tensor is then a linear combination of these
tensors:

C=AU1+ul+ yi Most General Isotropic Fourth-Order Tensor (1.13.11)

1.13.4 Invariance of Tensor Components

The components of (non-isotropic) tensors will change upon a rotation of base vectors.
However, certain combinations of these components are the same in every coordinate
system. Such quantities are called invariants. For example, the following are examples
of scalar invariants { A Problem 2}

a-a=a;a,
a-Ta=T;aa, (1.13.12)
trA=A,

The first of these is the only independent scalar invariant of a vector. A second-order
tensor has three independent scalar invariants, the first, second and third principal scalar
invariants, defined by Eqn. 1.11.17 (or linear combinations of these).

Example (of Invariance)

Consider a tensor A with eigenvector N and corresponding eigenvalue 4. Then
AN =An,or AjA; = An,. The components of A and N in a second coordinate system are

Aj =QuiQqTyq and Aj =Qyn,, . Thus

Solid Mechanics Part 111 113 Kelly



Section 1.13

r Al A A A A
'jnj _QpqujquQmjnm _QpiApmnm _Qpiﬂ“np _ﬂ'ni

Thus A is an eigenvalue and A" = QA is an eigenvector, showing that the eigenvalue is
invariant, but a new eigenvector is obtained, the original eigenvector rotated by Q.

1.13.5 Problems

1.

Consider a coordinate system 0X,X,X, with base vectors €;. Let a second coordinate
system be represented by the set {e;} with the transformation law
e, =—sinék, +cosék,
e; =¢,
(a) find e in terms of the old set {ei } of basis vectors
(b) find the orthogonal matrix [Q] and express the old coordinates in terms of the new
ones
(c) express the vector U =—6¢, —3e, +€, in terms of the new set {e/} of basis

vectors.
Show that
(a) the trace of a tensor A, trA = A, is an invariant.

(b) a-Ta=T;a;a; is an invariant.

Consider Problem 7 in §1.11. Take the tensor U =+F'F with respect to the basis
{A,} and carry out a coordinate transformation of its tensor components so that it is
given with respect to the original {ei } basis — in which case the matrix representation
for U given in Problem 7, §1.11, should be obtained.
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1.14 Tensor Calculus I: Tensor Fields

In this section, the concepts from the calculus of vectors are generalised to the calculus of
higher-order tensors.

1.14.1 Tensor-valued Functions

Tensor-valued functions of a scalar

The most basic type of calculus is that of tensor-valued functions of a scalar, for example
the time-dependent stress at a point, S = S(t) . If a tensor T depends on a scalar t, then

the derivative is defined in the usual way,

d_T _lim, , T(t + At) - T(t) ,
dt At
which turns out to be
dT.
ar _ 9% —¢ ®e, (1.14.1)
dt dt

The derivative is also a tensor and the usual rules of differentiation apply,

d(T B) dT dB

dt o dt

d dT da

“(a(®T)=

g @OT)=a g+
i(Ta)=T%+d—Ta
dt dt dt
i(T )=Td—B+d—TB
dt dt d

For example, consider the time derivative of QQ", where Q is orthogonal. By the

product rule, using QQ" =1,
Llee)-Tor+e2 Q -Rqrs Q( Qj

Thus, using Eqn. 1.10.3¢

QQ" =-QQ" =—{(QQ")' (1.14.2)
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which shows that QQ" is a skew-symmetric tensor.

1.14.2 Vector Fields

The gradient of a scalar field and the divergence and curl of vector fields have been seen
in §1.6. Other important quantities are the gradient of vectors and higher order tensors
and the divergence of higher order tensors. First, the gradient of a vector field is
introduced.

The Gradient of a Vector Field

The gradient of a vector field is defined to be the second-order tensor

0 0a,

grada = 8_a ®e; = a—'ei ®e;| Gradient of a Vector Field (1.14.3)
X X

J J

In matrix notation,

da, 0Oa, 0a,
OX, OX, OX,
grada = a, o8, o (1.14.4)
X, OX, OX,
da, oa, o0a,
| OX,  OX, OX; |
One then has
gradadx=—"e¢, ®e (dx.e,)
i
= %dx e 1.14.5
o e (1.14.5)
=da

= a(x + dx) —a(dx)

which is analogous to Eqn 1.6.7 for the gradient of a scalar field. As with the gradient of
a scalar field, if one writes dx as |dx

e, where e is a unit vector, then

gradae = (%j (1.14.6)
in e direction

Thus the gradient of a vector field a is a second-order tensor which transforms a unit
vector into a vector describing the gradient of a in that direction.

For a space curve parameterised by S, one has
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%:@%:@(T.ei): @Cygei T =gradat
ds ox; ds  ox X

where T is a tangent vector to C (see §1.6.2).

Although for a scalar field grad¢ is equivalent to V¢, note that the gradient defined in
1.14.3 is not the same as V ®a. In fact,

(V ® a)T = grada (1.14.7)

since

0 oa;
V®a=e, —®ae; =—e Qe; (1.14.8)
OX; OX;

These two different definitions of the gradient of a vector, 0a; /0X;e; ® e; and
oa; /oxe; ®e;, are both commonly used. In what follows, they will be distinguished by

labeling the former as grada (which will be called the gradient of a) and the latter as
V®a.

Note:
e in much of the literature, V ® a is written in the contracted form Va, but the more explicit
version is used here

e some authors define the operation of V ® on a vector or tensor (0) not as in 1.14.8, but through
V®(e)=(a(s)/ox,)®e, sothat V®a = grada = (da; /o, Je, ®e,

Example (The Displacement Gradient)

Consider a particle p, of a deforming body at position X (a vector) and a neighbouring
point g, at position dX relative to p,, Fig. 1.14.1. As the material deforms, these two
particles undergo displacements of, respectively, u(X) and u(X+ dX). The final
positions of the particles are p, and ¢,. Then

dx = dX + u(X +dX) —u(X)
= dX + du(X)
= dX + gradu dX
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final

Figure 1.14.1: displacement of material particles

Thus the gradient of the displacement field u encompasses the mapping of (infinitesimal)
line elements in the undeformed body into line elements in the deformed body. For

example, suppose that u, =kX;,u, =u, =0. Then

o [0 2w 0
gradu="=|0 0 0|=2kX,e, ®e,

X

o 0 o

A line element dX = dX e, at X = X e, maps onto

dx = dX + (2kX e, ®e, YdX e, + dX,e, + dX e, )
= dX +2kX,dX ,e,

The deformation of a box is as shown in Fig. 1.14.2. For example, the vector dX = dee,
(defining the left-hand side of the box) maps onto dx = 2ka dee, + ce, .

X,

P final

[«

Figure 1.14.2: deformation of a box

Note that the map dX — dx does not specify where in space the line element moves to.
It translates too according to x = X +u.
[

The Divergence and Curl of a Vector Field
The divergence and curl of vectors have been defined in §1.6.6, §1.6.8. Now that the
gradient of a vector has been introduced, one can re-define the divergence of a

independent of any coordinate system: it is the scalar field given by the trace of the
gradient of a { A Problem 4},
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|diva = tr(grada) = grada: 1=V -a| Divergence of a Vector Field (1.14.9)

Similarly, the curl of a can be defined to be the vector field given by twice the axial
vector of the antisymmetric part of grada.

1.14.3 Tensor Fields

A tensor-valued function of the position vector is called a tensor field, Tiju-k (x).

The Gradient of a Tensor Field

The gradient of a second order tensor field T is defined in a manner analogous to that of
the gradient of a vector, Eqn. 1.14.2. It is the third-order tensor

oT Ty
grad T =87®ek =aT'ei ®e; ®e,| Gradient of a Tensor Field (1.14.10)
k k

This differs from the quantity

0 OT
V®T:eig®(Tjkej®ek)= L ®¢, ®e, (1.14.11)

The Divergence of a Tensor Field

Analogous to the definition 1.14.9, the divergence of a second order tensor T is defined to
be the vector

o(T,e ®e
diVT:gradT:Iza—Tei =Mei
OX OX;

Divergence of a Tensor (1.14.12)

The divergence of a tensor can also be equivalently defined as that vector field which
satisfies the relation

(divT)-v = diV(TTV)
for all constant vectors v.

One also has
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0 8Tji
V-Tzeia-(Tjkej@)ek):aTe- (11413)

so that
divl=V-T' (1.14.14)

As with the gradient of a vector, both (8Tij / OX; )e

and (6T i/ OX; )ei are commonly used

as definitions of the divergence of a tensor,. They are distinguished here by labelling the
former as divT (called here the divergence of T) and the latter as V- T . Note that the
operations divT and V- T are equivalent for the case of T symmetric.

Note:

¢ some authors define the operation of V- on a vector or tensor (0) not as in (1.14.13), but
through V-(s) = (8(s)/x, )-€, so that VT = divT = (3T, /x; Je;

e using the convention that the “dot” is omitted in the contraction of tensors, one should write

VT for V- T, but the “dot” is retained here because of the familiarity of this latter notation
from vector calculus.

e another operator is the Hessian, V®V = (62 / OX;0X )ei ®e;.

Identities

Here are some important identities involving the gradient, divergence and curl
{ AProblem 5}:

grad(¢v) = ggradv + v ® grad¢

grad(u-v) = (gradu)' v + (gradv)' u (1.14.15)
div(u ® v) = (gradu)v + (div v)u o
curl(ux v) = udivv — vdivu + (gradu )v — (gradv Ju
div(gA) = Agradg + gdivA
div(Av)=v-divA" + tr(Agradv)
div(AB) = AdivB + gradA : B (1.11.16)
div(A(¢B)) = 4div(AB)+ A(Bgradg)
grad(¢A) = ggradA + A ® grad¢g

Note also the following identities, which involve the Laplacian of both vectors and
scalars:

V2(u-v)=V?u-v+2gradu : gradv + u-V2v
(1.14.17)
curl curlu = grad(divu)-V’u
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1.14.4 Cylindrical and Spherical Coordinates

Cylindrical and spherical coordinates were introduced in §1.6.10 and the gradient and
Laplacian of a scalar field and the divergence and curl of vector fields were derived in
terms of these coordinates. The calculus of higher order tensors can also be cast in terms
of these coordinates.

For example, from 1.6.27, the gradient of a vector in cylindrical coordinates is
gradu = (V®u)" with

T
0 1 o0 0
radu=||e, —+e,—+e,— |®(u.e. +U.e, +U.e
g |:(r8r Hrae ZaZj (rr ove zz):|
= ou, e, ®e, + lou 4y e, ®e€+8ur e ®e,
or r 06 r 0z (11418)
0
+—2e,®e, (li+u—rjeg®eg+—"e€®eZ
r r
+auz ez®er+lauzez®e9+auz e, ®e,
or r 06 0z

and from 1.6.27, 1.14.12, the divergence of a tensor in cylindrical coordinates is
{ AProblem 6}

aArr 1 6Ar@ aArz Arr B AHH
— + + e,
or r 06 0z r

+(8A9, LLOA, OA, A, Amj

divA=V- A" :(

1.14.19
or r oo a Co ( )

6Azr Azr 1 aAzH aAzz
+ + +— + e,
or r r oé 0z

1.14.5 The Divergence Theorem

The divergence theorem 1.6.12 can be extended to the case of higher-order tensors.
Consider an arbitrary differentiable tensor field T;_, (x,t) defined in some finite region of

physical space. Let S be a closed surface bounding a volume V in this space, and let the
outward normal to S be n. The divergence theorem of Gauss then states that

aTij...k
J.Tij---knkds = _f dv (1.14.20)
OX
S \Y k
For a second order tensor,
oT,
[Tnds = [divTdv,  [Tynds=[_—"dv (1.14.21)
s v s v OX;
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One then has the important identities { A Problem 7}

[(T)nds = [div(gT)dv

ju@nds =jgradudv (1.14.22)
\%

S

Iu-TndS :J.diV(TTu)dV
S \%
1.14.6 Formal Treatment of Tensor Calculus

As in §1.6.12, here a more formal treatment of the tensor calculus of fields is briefly
presented.

Vector Gradient

What follows is completely analogous to Eqns. 1.6.43-46.

A vector field v: E’ -V is differentiable at a point x € E”* if there exists a scond
order tensor Dv(x) e E such that

v(x+h)=v(x)+ Dv(x)h + 0(“h||) forall heE (1.14.23)

In that case, the tensor DV(X) is called the derivative (or gradient) of v at x (and is given
the symbol Vv(x)).

Setting h = ¢w in 1.14.23, where w € E is a unit vector, dividing through by & and
taking the limit as £ — 0, one has the equivalent statement

Vv(x)w = di V(x+ gw) forall wekE (1.14.24)
2 =0

Using the chain rule as in §1.6.11, Eqn. 1.14.24 can be expressed in terms of the
Cartesian basis {e, },

Vi e, :2"—‘(ei ®e, e, (1.14.25)
X .

\V4 =
v(x) w %, |

This must be true for all w and so, in a Cartesian basis,

v(x)= Ve @, (1.14.26)

OX j

which is Eqn. 1.14.3.
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1.14.7 Problems

1. Consider the vector field v = Xe, + X;e, + X;e, . (a) find the matrix representation of
the gradient of v, (b) find the vector (gradv)v.

2. If u=XX,X;€, + X X,€, + X,€,, determine V’u.
Suppose that the displacement field is given by u, =0,u, =1,u, = X,. By using
gradu , sketch a few (undeformed) line elements of material and their positions in the

deformed configuration.
4. Use the matrix form of gradu and V ® u to show that the definitions

(1) diva = tr(grada)
(i1) curla = 2@, where ® is the axial vector of the skew part of grada

agree with the definitions 1.6.14, 1.6.19 given for Cartesian coordinates.
5. Prove the following:

(1) grad(¢v) = ggradv + v ® gradg
(i)  grad(u-v)=(gradu)’ v +(gradv) u
(i)  div (u ® v) = (grad u)v + (divv)u
(iv)  curl(uxv)=udivv - vdivu + (gradu)v — (gradv u
(v)  div(¢A)= Agradg + gdivA
(vi) diV(AV) =v-divA" +tr (Agradv)
(vii)  div(AB)= AdivB + gradA : B
(viii) div(A(gB)) = ¢div(AB)+ A(Bgradg)
(ix) grad(¢A) = ggradA + A ® grad¢g
6. Derive Eqn. 1.14.19, the divergence of a tensor in cylindrical coordinates.

7. Deduce the Divergence Theorem identities in 1.14.22 [Hint: write them in index
notation. ]
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1.15 Tensor Calculus 2: Tensor Functions

1.15.1 Vector-valued functions of a vector
Consider a vector-valued function of a vector

a=a(b), a, =2a;(b;)

This is a function of three independent variables b,, b,, b, , and there are nine partial
derivatives 0a; /db;. The partial derivative of the vector a with respect to b is defined to

be a second-order tensor with these partial derivatives as its components:

cab) _ % ge (1.15.1)
ob  ob, !
It follows from this that
-1
@{@] o BD_ by s (1.15.2)
ob \oa ob éa ob, oa,

To show this, with a; = a;(b;), b, =b;(a@;), note that the differential can be written as
ob; ob; ob; ob.
da, = b, = P Diga —ga | BB P |, ga | B P, g | PP
ab ab aa ob; da, ob; oa, ob; oa,

Since da,,da,,da, are independent, one may set da, =da, =0, so that

da, 9; _
ob; oa,

Similarly, the terms inside the other brackets are zero and, in this way, one finds Eqn.
1.15.2.
1.15.2 Scalar-valued functions of a tensor

Consider a scalar valued function of a (second-order) tensor

¢ =¢(T), T=T,e, ®e

ij=i
This is a function of nine independent variables, ¢ = @(T;;), so there are nine different

partial derivatives:
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op 0p Op Op Op Op Op Op Of
oT, 0T, oT, oT, oT, oT, 0T, 0T, 0T,

The partial derivative of ¢ with respect to T is defined to be a second-order tensor with
these partial derivatives as its components:

W _% ¢ g
oT 8T J

Partial Derivative with respect to a Tensor (1.15.3)

The quantity 0¢(T)/0T is also called the gradient of ¢ with respect to T.

Thus differentiation with respect to a second-order tensor raises the order by 2. This
agrees with the idea of the gradient of a scalar field where differentiation with respect to a
vector raises the order by 1.

Derivatives of the Trace and Invariants

Consider now the trace: the derivative of trA, with respect to A can be evaluated as
follows:

0 OA OA, OA,

OA oA OA OA
aAHe e, + A”e e, +—= A” ®e, (1.15.4)
on; oA oA,
=e ®e, +e,®e, +e, ®e,
=1
Similarly, one finds that { A Problem 1}
2 3
otrA) _ | AouA?) ) ps orA’) ()
oA oA oA
8((t A)Z) 6((t A)3) (1.15.5)
ANV ) _owea) A T 3(trA)21
oA oA

Derivatives of Trace Functions

From these and 1.10.17, one can evaluate the derivatives of the invariants { A Problem 2}:

L,
oA
oll — .
A=T,1-A" Derivatives of the Invariants (1.15.6)
ag% =(ATf I, AT +11,1 =, A"
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Derivative of the Determinant
An important relation is

aiA(detA) =(det A)A" (1.15.7)

which follows directly from 1.15.6c.
Other Relations

The total differential can be written as

d¢=%dT11 + of dT, + of dT; +--
oT,, T, T, (1.15.8)

E%:dT
oT

This total differential gives a good approximation to the total increment in ¢ when the

increments of the independent variables T,,,--- are small.

The second partial derivative is defined similarly:

2
o9 = of e, ®e, e, ®e, (1.15.9)
oToT  oTaT,,

the result being in this case a fourth-order tensor.

Consider a scalar-valued function of a tensor, ¢(A), but now suppose that the
components of A depend upon some scalar parameter t: ¢ = #(A(t)). By means of the
chain rule of differentiation,

. dA.
_ 9 % (1.15.10)
oA dt
which in symbolic notation reads (see Eqn. 1.10.10¢)
T
9 _0ot A _, (%j 9A (115.11)
dt oA dt OA ) dt

Identities for Scalar-valued functions of Symmetric Tensor Functions

Let C be a symmetric tensor, C = C". Then the partial derivative of ¢ = ¢(C(T)) with
respect to T can be written as { A Problem 3}
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0y 979 1T
oT oC

) %: 2—$c for C=TT" (1.15.12)

(3) %ZZTﬁzzﬁT:Tﬁﬁ'%T for C=TT and symmetric T
oT oC oC oC oC

Scalar-valued functions of a Symmetric Tensor

Consider the expression

g - 99(A) B :5¢(/¥,—) (1.15.13)

oA ToA

If A is a symmetric tensor, there are a number of ways to consider this expression: two
possibilities are that ¢ can be considered to be

(1) a symmetric function of the 9 variables A;
(i)  a function of 6 independent variables: ¢ = gé(A11 JALLALALLA, A33)
where
1

Rz :E(Alz + A21): A12 = A21

1
Ajs :E(Aw + A31): As = A,

Kza :%(AB +A32):A23 = A,

Looking at (1) and writing ¢ = gé(A11 A, ('Kn ), - A, ('Kn l - -), one has, for example,

0p _0p oM, 09 A, _0p 0p _, 09

aKlZ - aAlZ aAlZ aAZl aAlZ a'6\12 a'A\Zl aAlZ

3

the last equality following from the fact that ¢ is a symmetrical function of the A; .

Thus, depending on how the scalar function is presented, one could write

. 0 0 0

(1) Bl] :_¢> 12 :_¢7 Bl3 :_¢, etC.
aAll aAIZ 6A13

(i1) B, _99 B, = L o9 _19% etc.

" PTaa, B Taay
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1.15.3 Tensor-valued functions of a tensor

The derivative of a (second-order) tensor A with respect to another tensor B is defined as

oA _ N
B B,

6, ®e, ®e, e, (1.15.14)

and forms therefore a fourth-order tensor. The total differential dA can in this case be
written as

da=2. 48 (1.15.15)
oB

Consider now

OA.
oA 0A,

The components of the tensor are independent, so

d
A B e att = 80 00ng (1.15.16)
a'A‘ll 8A12 aqu
and so
2_i=ei®ej®ei®ejzl, (1.15.17)

the fourth-order identity tensor of Eqn. 1.12.4.
Example

Consider the scalar-valued function ¢ of the tensor A and vector V (the “dot” can be
omitted from the following and similar expression),

(A, v)=V-Av

The gradient of ¢ with respect to v is

9_ N aviv-AY o aviva=(A+ATN
N ov ov

On the other hand, the gradient of ¢ with respect to A is

o

_:V.g_AVzv.|Vzv®V
oA oA
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Consider now the derivative of the inverse, 6A™" /8A. One can differentiate A"A =0
using the product rule to arrive at

-1
oA A=-A" %

oA 0A

One needs to be careful with derivatives because of the position of the indices in 1.15.14);
it looks like a post-operation of both sides with the inverse leads to

OAT /OA=-AT(0A/OA)AT =—-A/A,'e, ®e, ®e, ®e,. However, this is not correct

jl i
(unless A is symmetric). Using the index notation (there is no clear symbolic notation),
one has

! oA,
P Amj:_Ai:nl - (ei®ej®ek®el)
Ay Ay
! OA;
S Ny .
aA\kl a'Akl
Al (1.15.18)
- ;Ifé‘mn :_Ai;nlé‘mké‘le;rml
1
oAy’ g
8Ai, =-A/A} (ei®ej®ek®e,)
|

1.15.4 The Directional Derivative

The directional derivative was introduced in §1.6.11. The ideas introduced there can be
extended to tensors. For example, the directional derivative of the trace of a tensor A, in
the direction of a tensor T, is

On(trA)YT] = L
de

tr(A + gT) = i

(trA + &trT) = T (1.15.19)
=0 dE

=0

As a further example, consider the scalar function ¢(A) =u-Av, where U and Vv are
constant vectors. Then

d,0(A,u,VT]= di [u-(A+T)v]=u-Tv (1.15.20)
& &=0
Also, the gradient of ¢ with respect to A is
%=i(u.Av)=u®v (1.1.5.21)
OA OA
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and it can be seen that this is an example of the more general relation

00T Sﬁ (1.15.22)
which is analogous to 1.6.38. Indeed,
01wl = w
0,0[T] = ¢ (1.15.23)
oA’
o,V[W]=—

Example (the Directional Derivative of the Determinant)

It was shown in §1.6.11 that the directional derivative of the determinant of the 2 x 2
matrix A, in the direction of a second matrix T, is

aA (det A)[T] = A11T22 + A22T11 - A12T21 - A21T12

This can be seen to be equal to det A (A_T : T), which will now be proved more generally
for tensors A and T:

det(A +£T)

e=0

det|A(l + A7 T)|

=0

0, (det AYT] = di

d

de

:detAi

- det(l + A" T)

=0

The last line here follows from (1.9.16a). Now the characteristic equation for a tensor B
is given by (1.11.4, 1.11.5),

(4, =A)A, = A4, —2)=0=det(B-Al)

where A, are the three eigenvalues of B. Thus, setting A =—1 and B =A™'T,
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(1 + ﬁ“l |gA"T Xl + 12 |gA"T Xl + 23 |gA’1T)

=0

(1 + &4, |A,IT Xl + &4, |A,IT Xl + 5/13|A,1T)

=0

—det A (4], + 2| + A0
= det A tr(AT)

9, (det A T]=detA a4
de

=detA i
de

and, from (1.10.10e),

0,(det AYT]=detA(A ™" : T) (1.15.24)
|

Example (the Directional Derivative of a vector function)

Consider the n homogeneous algebraic equations f(X) =0:

fl(xlaxz""axn)zo
fz(Xl,Xz,--',Xn)=O
fn(Xlaxza"'axn)ZO

The directional derivative of f in the direction of some vector U is

f(z(e)) (z=x+eu)

e=0

0 F(0)[u] = (f'—g

_ [Md_zj (1.15.25)
0z dg ),

=Ku

where K, called the tangent matrix of the system, is

of /ox, of /ox, - of /o,
of, /ox, of, /ox of, / ox
K:q: SR 2, 8, f[u]=(gradf)u
OX :
of, /0x, o Of /OX,

which can be compared to (1.15.23c¢).

Properties of the Directional Derivative

The directional derivative is a linear operator and so one can apply the usual product rule.
For example, consider the directional derivative of A~ in the direction of T:
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o (A T=L

To evaluate this, note that 0, (A"lAlT] =0, (I IT] =0, since | is independent of A. The
product rule then gives 0, (A‘l lT]A =-A"0,(A)T], so that

(A+eT)!

OA(ATTI=-A"0,AITIA =—A'TA"! (1.15.26)

Another important property of the directional derivative is the chain rule, which can be

applied when the function is of the form f(X) = f(B(X)) To derive this rule, consider (see
§1.6.11)

f(x+u)~f(x)+0,f[u], (1.15.27)
where terms of order 0(U) have been neglected, i.e.

tim,, 2 g,

ul—0 -
|u|—> |u|

The left-hand side of the previous expression can also be written as

f(B(x+u))~ f(B(x)+8,B[u])
~f(B(x)+05f(B)o,Bul]

Comparing these expressions, one arrives at the chain rule,

d,flu] = 8,f(B)a,B[ul] Chain Rule (1.15.28)

As an application of this rule, consider the directional derivative of det A~ in the
direction T; here, fis det A and f = f(B(A)). Let B= A~ and f = detB. Then, from
Eqns. 1.15.24, 1.15.25, 1.10.3h, f,

0 (det A" T = 0, (det BYO A [T]]
:(detB)(B (~ATTA))
=—detA"(AT:(A"TAY))
——detA" (AT :T)

(1.15.29)

1.15.5 Formal Treatment of Tensor Calculus

As in §1.6.12, derivatives can be defined formally as follows:
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A scalar function f :V? — R is differentiable at A eV ? if there exists a second order
tensor Df (A)eV ? such that

f(A+H)=f(A)+Df(A):H+o(H|) forall HeV? (1.15.30)

In that case, the tensor Df (A) is called the derivative of f at A. It follows from this that
Df (A) is that tensor for which

aAf[B]:Df(A):B:di f(A+&B) forall BeV? (1.15.31)
2 e=0
For example, from 1.15.24,

0n(det AYT]=det A(A ™" :T)=(det A AT): T (1.15.32)

from which it follows, from 1.15.31, that
0 T
—detA=detA A (1.15.33)
O0A

whichis 1.1.5.7.

Similarly, a tensor-valued function T:V?> —V? is differentiable at A eV’ if there
exists a fourth order tensor DT(A)eV * such that

T(A+H)=T(A)+ DT(AH +o(H]|) forall HeV? (1.15.34)

In that case, the tensor DT(A) is called the derivative of T at A. It follows from this that
DT(A) is that tensor for which

9,T[B]=DT(A):B :di T(A+&B) forall BeV? (1.15.35)
& =0

1.15.6 Problems

1. Evaluate the derivatives (use the chain rule for the last two of these)
orA*) a(rA*)  a(A)?)  al(trA)?)
oA T oA T OA oA
2. Derive the derivatives of the invariants, Eqn. 1.15.5. [Hint: use the Cayley-Hamilton
theorem, Eqn. 1.11.15, to express the derivative of the third invariant in terms of the
third invariant.]
3. (a) Consider the scalar valued function ¢ = ¢(C(F)), where C = F'F . Use the chain

rule

2
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3 _ 3 L oo

oF oc,, oF;
to show that
W g W
oF oC oF, oC,

(b) Show also that
9P _ 0 _, 99
ouU oC oC
for C = UU with U symmetric.
[Hint: for (a), use the index notation: first evaluate 0C,,, /0F; using the product rule,

then evaluate 0¢/0F; using the fact that C is symmetric. ]

4. Show that
-1 -1
(a) agA :B=-A"BA, (b) a:;A CARAT =—ATRA™T
5. Show that
T
oA :B=B"
OA

6. By writing the norm of a tensor |A , 1.10.13, where A is symmetric, in terms of the

trace (see 1.10.10), show that
Al _ A
N
7. Evaluate
@ aalAIT
Gi)  0,(trA’)T] (see 1.10.10¢)
8. Derive 1.15.29 by using the definition of the directional derivative and the relation
1.15.7, 6(det A)/6A = (det A)A™" .
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1.16 Curvilinear Coordinates

Up until now, a rectangular Cartesian coordinate system has been used, and a set of
orthogonal unit base vectors €; has been employed as the basis for representation of

vectors and tensors. This basis is independent of position and provides a simple
formulation. Two exceptions were in §1.6.10 and §1.14.4, where cylindrical and
spherical coordinate systems were used. These differ from the Cartesian system in that
the cylindrical and spherical base vectors do depend on position. However, although the
directions of these base vectors may change with position, they are always orthogonal to
each other. In this section, arbitrary bases, with base vectors not necessarily orthogonal
nor of unit length, are considered. It will be seen how these systems reduce to the special
cases of orthogonal (e.g. cylindrical and spherical systems) and Cartesian systems.

1.16.1 Curvilinear Coordinates

A Cartesian coordinate system is defined by the fixed base vectors €,,€,,e, and the
coordinates (x',x*,x’), and any point p in space is then determined by the position
vector X = x'e; (see Fig. 1.16.1"). This can be expressed in terms of curvilinear
coordinates (®',0°,0°) by the transformation (and inverse transformation)

@ =0'(x',x*,x°)
T (1.16.1)
x' =x'(0',0°,0%

In order to be able to solve for the @' given the X', and to solve for the x' given the @',
it is necessary and sufficient that the following determinants are non-zero — see Appendix
1.A.2 (the first here is termed the Jacobian J of the transformation):

J=det| P21 e 92|
00! ox!

the last equality following from (1.15.2, 1.10.18d). If ®' is varied while holding ®* and
®® constant, a space curve is generated called a ®' coordinate curve. Similarly, ©°

and ©° coordinate curves may be generated. Three coordinate surfaces intersect in
pairs along the coordinate curves. On each surface, one of the curvilinear coordinates is
constant.

00"

ox?

ox'
00!

(1.16.2)

L
J b

Note:
e This Jacobian is the same as that used in changing the variable of integration in a volume
integral, §1.7; from Cartesian coordinates to curvilinear coordinates, one has

[ dx,dx, dx, — [ 3d®,d®,de,
\% \%

! superscripts are used here and in much of what follows for notational consistency (see later)
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®% —curve

Figure 1.16.1: curvilinear coordinate system and coordinate curves

1.16.2 Base Vectors in the Moving Frame

Covariant Base Vectors

From §1.6.2, writing X = X(@i ), tangent vectors to the coordinate curves at X are given
by?

ox  ox"
0 =—==<%n
00" 00'

Covariant Base Vectors (1.16.3)

with inverse €; = (6@)”‘ / ox' )gm . The g; emanate from the point p and are directed
towards the site of increasing coordinate ®' . They are called covariant base vectors.

Increments in the two coordinate systems are related through

dx =2 go' —g.do'
00'
Note that the triple scalar product g, o(gz X0, ), Eqns. 1.2.15-16, is equivalent to the
determinant in 1.16.2,

% in the Cartesian system, with the coordinate curves parallel to the coordinate axes, these equations reduce

trivially to e; = (8Xm / ox' )ém =0ninm
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9, '(gz ng)z (92)1 (gz)z (92)3 =J zdet[%} (1.16.4)

so that the condition that the determinant does not vanish is equivalent to the condition
that the vectors g; are linearly independent, and so the g, can form a basis.

Contravariant Base Vectors

Unlike in Cartesian coordinates, where €; -€; = &;, the covariant base vectors do not

ij >
necessarily form an orthonormal basis, and g, -g; # J;;. In order to deal with this
complication, a second set of base vectors are introduced, which are defined as follows:
introduce three contravariant base vectors g' such that each vector is normal to one of
the three coordinate surfaces through the point p. From §1.6.4, the normal to the
coordinate surface ®' = const is given by the gradient vector grad®', with Cartesian
representation
1
grad®' = Ziem

m

and, in general, one may define the contravariant base vectors through

i 8®| m
= e
ox"™

g Contravariant Base Vectors (1.16.5)

The contravariant base vector g' is shown in Fig. 1.16.1.

As with the covariant base vectors, the triple scalar product g' - (g2 X g3) is equivalent to
the determinant in 1.16.2,

O) ) @@L
g'-(0°x0’)=|l>), (0*), (gz)3=j=det{y} (1.16.6)
@) @) @)

and again the condition that the determinant does not vanish is equivalent to the condition
that the vectors @' are linearly independent, and so the contravariant vectors also form a
basis.

1.16.3 Metric Coefficients

It follows from the definitions of the covariant and contravariant vectors that { A Problem

1}
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9'-9;, =0 (1.16.7)

which is the defining relationship between reciprocal pairs of general bases. Of course
the g' were chosen precisely because they satisfy this relation. Here, &' is again the
Kronecker delta’, with a value of 1 when i = j and zero otherwise.

One needs to be careful to distinguish between subscripts and superscripts when dealing
with arbitrary bases, but the rules to follow are straightforward. For example, each free
index which is not summed over, such as i or j in 1.16.7, must be either a subscript or
superscript on both sides of an equation. Hence the new notation for the Kronecker delta
symbol.

The relation g' - g ;=0 J' implies that each base vector g' is orthogonal to two of the

reciprocal base vectors g,. For example, g' is orthogonal to both g, and g,.

Unlike the orthogonal base vectors, the dot product of a covariant/contravariant base
vector with another base vector is not necessarily one or zero. Because of their
importance in curvilinear coordinate systems, the dot products are given a special symbol:
define the metric coefficients to be

gij =0;-0;

P Metric Coefficients (1.16.8)
9°=9 -9

The following important and useful relations may be derived by manipulating the
equations already introduced: { A Problem 2}

—qa.ql
g; g'i’_g (1.16.9)
9'=9"g;
and { A Problem 3}
9"9 =5, =0, (1.16.10)

Note here another rule about indices in equations involving general bases: summation can
only take place over a dummy index if one is a subscript and the other is a superscript —
they are paired off as with the j’s in these equations.

The metric coefficients can be written explicitly in terms of the curvilinear components:

ox* ox" i i ;0000

o X i_gi.gl =2 1.16.11
00' 00! 9" =99 ox* oxX ( )

gij zgi'gj =

Note here also a rule regarding derivatives with general bases: the index i on the right
hand side of 1.16.11a is a superscript of ® but it is in the denominator of a quotient and

3 although in this context it is called the mixed Kronecker delta
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so is regarded as a subscript to the entire symbol, matching the subscript i on the g on the
left hand side*.

One can also write 1.16.11 in the matrix form

bl o] W]

and, from 1.9.13a,b,

det[gij]:(de{%D _ 32, det[gii]z(det[gﬂ =Ji2 (1.16.12)

These determinants play an important role, and are denoted by g:

1

gzdet[gij]zm (1.16.13)

Note:
e The matrix [6xk /8®i] is called the Jacobian matrix J, so J'J = [gij]

Scale Factors

The covariant and contravariant base vectors are not unit vectors: in particular, consider
the covariant base vectors and introduce the unit triad §,, with |gi| =.0;0; :

o] 9 9 (no sum) (1.16.14)

9| \/g—u

The lengths of the covariant base vectors are denoted by h and are called the scale
factors:

h =lg]=+g; (nosum) (1.16.15)

1.16.4 The Covariant and Contravariant Components of a
Vector

A vector can now be represented in terms of either basis:

u=y,(0.,0%,0') =u'(e'.,0>,0°), (1.16.16)

* the rule for pairing off indices has been broken in (1.12.11) for clarity; more precisely, these equations
should be written as g;; = (ax”‘ /a@')(ax” /60’ )Jmn and g" = 00" /axm)(a®' /ax")a"‘"
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The u, are the covariant components of u and u' are the contravariant components of

u. Thus the covariant components are the coefficients of the contravariant base vectors
and vice versa — subscripts denote covariance while superscripts denote contravariance.

When u is written with covariant components, U =u.g', it is called a covariant vector.

When u is written with contravariant components, U = U igi , it is called a contravariant
vector.

Analogous to the orthonormal case, where u-€; =u, {AProblem4}:
u-g, =u, u.gi =y (1.16.17)

Note the following useful formula involving the metric coefficients, for raising or
lowering the index on a vector component, relating the covariant and contravariant
components, { AProblem 5}

i

u'=g"u;, u; =g,u’ (1.16.18)

Physical Components of a Vector

The contravariant and covariant components of a vector do not have the same physical
significance in a curvilinear coordinate system as they do in a rectangular Cartesian
system; in fact, they often have different dimensions. For example, the differential dx of
the position vector has in cylindrical coordinates the contravariant components
(dr,d@,dz), thatis, dx =d@'g, +d®’g, +dO°g, with @' =r, ®* =0, ©° =z (this
will be discussed in detail below). Here, d& does not have the same dimensions as the
others. The physical components in this example are (dr,rdéd,dz).

The physical components u'" of a vector u are defined to be the components along the
covariant base vectors (and hence are obtained from the contravariant components),
referred to unit vectors. Thus,

i

u=u

g;

3 . 1.16.19
:Zulhigi Eu<l>gi ( )
i1

and

u = u‘\/g_ii (no sum) Physical Components of a Vector (1.16.20)

The Dot Product

The dot product of two vectors can be written in one of two ways: { A Problem 6}

u-v=uyV' =u'v,| DotProduct of Two Vectors (1.16.21)
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1.16.5 The Vector Cross Product

The triple scalar product is an important quantity in analysis with general bases,
particularly when evaluating cross products. From Eqns. 1.16.4, 1.16.6 and 1.16.12-13,

g= [91 ‘0, ><93]2 =det[gij]
1 1 (1.16.22)
[gl .92 xg3:|2 - det[g”J

Introducing permutation symbols €, e’ one can in general write’

Cik =0i -0 x0¢ =&Y, eijkEgi'gjxgk25”"L

Jo

where &, =¢&" is the Cartesian permutation symbol (Eqn. 1.3.8). The cross product of

the base vectors can now be written in terms of the reciprocal base vectors as (note the
similarity to the Cartesian relation 1.3.11) { A Problem 7}

0ixg; = eijkgk
L Cross Products of Base Vectors (1.16.23)
g xg' =€"0g,
Further, from 1.3.17,
eve , =e"e,, eYe, =06,5)-516, (1.16.24)

The Cross Product

The cross product of vectors can be written as { A Problem 8}

gl g2 3
uxv=eyu'vigh =g’ u* u
VAR VARNRVA
Cross Product of Two Vectors (1.16.25)
1 gl gZ gS
=e™uv.g, =—|Uu, u, u
ivjIk 1 2 3
\/a Vl V2 V3

> assuming the base vectors form a right handed set, otherwise a negative sign needs to be included
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1.16.6 The Covariant, Contravariant and Mixed Components of

a Tensor

Tensors can be represented in any of four ways, depending on which combination of base
vectors is being utilised:

A=A'g,®g, =Ag' ®g' =Ajg,®g’ = Alg' ®g; (1.16.26)

Here, A are the contravariant components, A; are the covariant components, A

and A’ are the mixed components of the tensor A. On the mixed components, the

subscript is a covariant index, whereas the superscript is called a contravariant index.
Note that the “first” index always refers to the first base vector in the tensor product.

An “index switching” rule for tensors is
A=A, A'S =A" (1.16.27)

and the rule for obtaining the components of a tensor A is (compare with 1.9.4),
{ AProblem 9}

(A) = AV =g Ag’
(A)ij EAI] :g| Agj 11628
(A)ijA.J:gi,AgJ (1.16.28)
(A) =A' =g, -Ag’

As with the vectors, the metric coefficients can be used to lower and raise the indices on
tensors:

TV =g"%g jITkl

| | (1.16.29)
T =g,T"

In matrix form, these expressions can be conveniently used to evaluate tensor
components, e.g. (note that the matrix of metric coefficients is symmetric)

[ ]=lo* [ 1o |

An example of a higher order tensor is the permutation tensor E, whose components are
the permutation symbols introduced earlier:

E=e,0 ®g' ®g"=eg, ®q, ®g,.
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Physical Components of a Tensor
Physical components of tensors can also be defined. For example, if two vectors a and b

have physical components as defined earlier, then the physical components of a tensor T
are obtained through®

) _ i) (1.16.30)

As mentioned, physical components are defined with respect to the covariant base
vectors, and so the mixed components of a tensor are used, since

Tb=T}(g, ®9’b"g, =Tb'g, =a'g,
as required. It follows from 1.16.22 that

Cplh (i)
T b _a_ (no sum on the g)

and so from 1.16.30,

T<ij> :@T'i
Jo;

The Identity Tensor

(no sum) Physical Components of a Tensor (1.16.31)

The components of the identity tensor | in a general basis can be obtained as follows:

u=u'g
=g"u;g,
=g"(u-g))g,
=9"(9, ®g;)u
=lu

Thus the contravariant components of the identity tensor are the metric coefficients ¢
and, similarly, the covariant components are g; . For this reason the identity tensor is

also called the metric tensor. On the other hand, the mixed components are the
Kronecker delta, o ; (also denoted by g 'J ). In summary’,

8 these are called right physical components; left physical components are defined through a = bT

" there is no distinction between 5ij , 0 ; ; they are often written as ¢ iJ R g'j and there is no need to specify

which index comes first, for example by g :
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(1.16.32)

Symmetric Tensors
A tensor S is symmetric if ST =S, i.e. if uSv = vSu. IfS is symmetric, then

si=si s.,=5;, si=5"=g,9™sK

i jir 2

In terms of matrices,

[Sij]:[sij]Ta [Sij]z[Sij]T, [Sij];t[sij]T

1.16.7 Generalising Cartesian Relations to the Case of General
Bases

The tensor relations and definitions already derived for Cartesian vectors and tensors in
previous sections, for example in §1.10, are valid also in curvilinear coordinates, for
example AA™ =1, trA=1:A and so on. Formulae involving the index notation may
be generalised to arbitrary components by:

(1) raising or lowering the indices appropriately
(2) replacing the (ordinary) Kronecker delta &; with the metric coefficients g;;

(3) replacing the Cartesian permutation symbol &, with e;, in vector cross products

Some examples of this are given in Table 1.16.1 below.

Note that there is only one way of representing a scalar, there are two ways of
representing a vector (in terms of its covariant or contravariant components), and there
are four ways of representing a (second-order) tensor (in terms of its covariant,
contravariant and both types of mixed components).

Cartesian General Bases
a-b a;b, a,b' =a'b,
(aB); =a,B|, =a'B;
aB a, B, i N o
! (@B)! =a,B" =a'B;’

(Ab), = Ajb’ = A'lb,

Ab b, o
Ay (Ab)' = Alb, = Alb
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AB)ij = Aik B-I} = AiAkBkj
AB)' = A*B/ = A BY

(
(

AB Ay By (AB)! = A*B; = A, B"
(

AB), = A*B, = A\ B

-]

(axb), =eya'b’

axb ab i}
X guk a-|bJ (a>< b)k — e”k albj
(a®b), =ab,
a®b a;b, (a®b)"‘=a'b‘
(a®b)' =ab’
(@®b), =a'b
A:B A;B; A;B" =A'B, = A'B/ = A'B!
trA=1:A A, A=Al
det A Ep A AR AG Eijk ALALA;
A’ (AT )ij = A (AT)iJ' = Aji> (AT )ij = A’

AT) =AT Al (AT) = A) 2 A
( )J ] i ( )I i j

Table 1.16.1: Tensor relations in Cartesian and general curvilinear coordinates

1.16.8 Line, Surface and Volume Elements
In order to carry out integration along curves, over regions, or throughout volumes, it is

necessary to have expressions for the length of a line element As, the area of a surface
element AS and the volume of a volume element AV , in terms of the increments in the

curvilinear coordinates A®', A®*, A®°.

The Metric

Consider a differential line element, Fig. 1.16.2,

dx = dx'e, =d@'g, (1.16.33)

The square of the length of this line element, denoted by (AS)2 and called the metric of
the space, is then

(As)’ =dx-dx = (d@igi )~(d®jgj)= g,;00'de®’ (1.16.34)

This relation (As)” = g,,d®'d®’ is called the fundamental differential quadratic form.

The g;'s can be regarded as a set of scale factors for converting increments in 0' to

changes in length.
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Figure 1.16.2: a line element in space

Surface Area and Volume Elements

The surface area AS, of a face of the elemental parallelepiped on which ®, is constant

(to which g' is normal) is, using 1.7.6,
AS, =[(20°g,)x (40’g,)
= |92 X 93|A®2A®3
= /9, x9,)-(0, x9,)A0°40°

(1.16.35)
= \/(gz '92)(93 '93)_(92 '93)(92 '93)A®2A®3
=v92»0:; _(923)2A®2A®3
=409'"'A0°AG°
and similarly for the other surfaces.
The volume AV of the parallelepiped is
AV = |g1 ‘g, ><g3|A®1A®2A®3 = \/EAGIA(OZA@S (1.16.36)
1.16.9 Orthogonal Curvilinear Coordinates
Orthogonal curvilinear coordinates are considered in this section). In this case,
h 0 0
9y =0;-9; = lailo;| = 5;hih;. [gi,-]: 0 hy 0 (1.16.37)
0 0 h;
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The contravariant base vectors are collinear with the covariant, but the vectors are of
different magnitudes:

. S
g =hg;, 9 :h_gi (1.16.38)

It follows that

(As)’ =h’d®; +h}d@®: + h}de?

AS, =h,h,A0,A0,

AS, =h,hAO®,AB, (1.16.39)

AS, =hh,A0,A0,

AV =hh,h,A® AG,AB,
Examples

1. Cylindrical Coordinates

Consider the cylindrical coordinates, (r,&, Z) = (@1 ,0%,0° ), cf. §1.6.10, Fig. 1.16.3:

X' =0@' cos®* 0= (X')2 +(X2)2

x> =0'sin®?, ®’ =tan™ (X2 /Xl)

X3 — ®3 ®3 — X3
with

®'>0, 050’ <27, —0<B®’<w
which give
J=def| X |—@
00’

so that there is a one-to-one correspondence between the Cartesian and cylindrical

coordinates at all point except for ®' =0 (which corresponds to the axis of the cylinder).
These points are called singular points of the transformation.
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X ®® —curve

®% —curve
s @'—curve

Figure 1.16.3: Cylindrical Coordinates

The unit vectors and scale factors are { AProblem 11}

h1:|gl|:1 (:1) glzgl (:er)
h2:|gz|=®l(: I’) gzz%(zee)

h3=|93|:1 ( 1) Q3=g3 (:ez)

The physical components of a vector V are V', ®'v*, v’ and one has

Metric: (as) =(do') +(©2d0* ) +(de° ) (= dr? +(rdo) +dz?)
AS, = 0'A®°AG’

Surface Element: AS, = AG®’AG@'
AS, =0@'AG'A®’

Volume Element: AV = @'A@'AO°A®° (= rArAdAz)

2. Spherical Coordinates

Consider the spherical coordinates, (r,@, ¢) = (®l,®2,®3 ), cf. §1.6.10, Fig. 1.16.4:

X' =0 5in©” cos®’ 0, =< f + e f +(cf
X =0'sin@’sin@°, O, = t( (] + () /(xs)zj
KOs 0, —tan(6c 1(x'Y)
with
0,20, 0<0°<z, 0<0O’<2rx
which give
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so that there is a one-to-one correspondence between the Cartesian and spherical
coordinates at all point except for the singular points along the x* axis.

1
® —curve

®° —curve

2
®° —curve

Figure 1.16.4: Spherical Coordinates

The unit vectors and scale factors are { A Problem 11}

h1 :|g1|:1 (:1) gl =0, (:er)

hz :|gz|=®1 (= r) gz :% (=e9)
_ Al 2 (s A 9, _

h3—|g3|—® sin ® (—rs1n0) g _—G)lsinG)z ( e¢)

The physical components of a vector v are @', ©'v*, ®'sin®>v’, and one has

Metric (as)? =(d®') +(©'de*f +(©'sin@*de’ |
(: dr’ +(rdg)’ +(rsin<9d¢)2)
AS, = (0') sin@*A0°A0°
Surface Element: AS, = 0O'sin®’A®’AG'
AS, = 0'A0'A®?
Volume Element: AV =(0'  sin©°A0'A®°A0° (=1’ sin GArAGAg)

1.16.10 Rectangular Cartesian (Orthonormal) Coordinate System

In an orthonormal Cartesian coordinate system, g, =g' =¢€,, g; =0, 9g=1,h =1and

”
& =&k (= e™).

1.16.11 Problems

1. Derive the fundamental relation g' - ¢ ;=0 J' .
2. Show that g, = gijgj [Hint: assume that one can write g, = a, 9" and then dot both
sides with g, .]
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Use the relations 1.16.9 to show that g"g,, = &,. Write these equations in matrix
form.

Show that u-g; =u;.
Show that u; = g;u’.

Show that u-v=u\V' =u'y,

Use the relation e, =0;-9; xg, = &;+/9 to derive the cross product relation

g, xg; = eijkgk. [Hint: show that g; xg; :(gi X9 -gk)gk.]

Derive equation 1.16.25 for the cross product of vectors

Show that (A); =g, -Ag;.

Given g, =e,,9, =€,,0; =€, +&,, V=e +e, +e,. Find g',0;. e, V,, v’ (write

the metric coefficients in matrix form).

. Derive the scale factors for the (a) cylindrical and (b) spherical coordinate systems.
12.

Parabolic Cylindrical (orthogonal) coordinates are given by
x=ifeV-@)] =00’ x-=0

with
—0<®' <, @20, —0<® <o
Evaluate:
(1) the scale factors

(i)  the Jacobian — are there any singular points?
(iii))  the metric, surface elements, and volume element
Verify that the base vectors g, are mutually orthogonal.

[These are intersecting parabolas in the X' — X plane, all with the same axis]
Repeat Problem 7 for the Elliptical Cylindrical (orthogonal) coordinates:

X' =acosh®' cos®?, x> =asinh@®'sin®>, x°’=06°
with

@' >0, 0<0*<27, —0<® <w

[These are intersecting ellipses and hyperbolas in the x' — x> plane with foci at
x' =+a.]
Consider the non-orthogonal curvilinear system illustrated in Fig. 1.16.5, with
transformation equations

1
0 =x' -2
NE)
2
Q> ==X’
NE)
e =x’

Derive the inverse transformation equations, i.e. X' = x'(®',07,0°%),

the Jacobian matrices
NP .S I RS
00! ox!

the covariant and contravariant base vectors, the matrix representation of the metric
coefficients [g ijl [g ”] from 1.16.8, verify that J'J = [g i ], JT = [g ij] and evaluate

g.
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2
/ ®° —curve

-- ®'—curve
9,

Figure 1.16.5: non-orthogoanl curvilinear coordinate system

15. Consider a (two dimensional) curvilinear coordinate system with covariant base
vectors

9, =€, §,=€ +€,
(a) Evaluate the contravariant base vectors and the metric coefficients g;, g !
(b) Consider the vectors
u=g,+39,, v=-0,+29,
Evaluate the corresponding covariant vectors. Evaluate u-v (this can be done in
a number of different ways — by using the relations u,v', u'v, , or by directly

dotting the vectors in terms of the base vectors g;, g' and using the metric

coefficients )
(c) Evaluate the contravariant vector w = Au, given that the mixed components A,

1 0
S
Evaluate the contravariant components A’ using the index lowering/raising rule
1.16.28. Re-evaluate the contravariant vector W using these components.
16. Consider A = A/g’ ®g;. Verify that any of the four versions of | in 1.16.32 results
in lIA=1.
17. Use the definitions 1.16.3-5 to convert A'g, ®g;, Aijgi ®g’' and Aijgi ®g’ tothe
Cartesian bases. Hence show that det A is given by the determinant of the matrix of

mixed components, det[Aij ], and not by det[A”] or detl/—\ij J

are
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1.17 Curvilinear Coordinates: Transformation Laws

1.17.1 Coordinate Transformation Rules
Suppose that one has a second set of curvilinear coordinates (©',®2,®3), with

0 =0'(0',0%,0°), 0'=0'(0",020°% (1.17.1)
By the chain rule, the covariant base vectors in the second coordinate system are given by

5 = ox 00 ox _a@ﬂg
' 00" 00' e’ 00' !

A similar calculation can be carried out for the inverse relation and for the contravariant
base vectors, giving

-2, -2

i T A~ 9] i T A Y
© © (1.17.2)
- a®1 g ' g - a@l g

The coordinate transformation formulae for vectors u can be obtained from
u=u'g,=0'g,andu=u,g' =0_g":

00" . 00"
- Y- T
_ . Vector Transformation Rule (1.17.3)
00’ 00! _
Ui :Tiuj, Ui :—iuj
00 00

These transformation laws have a simple structure and pattern — the

subscripts/superscripts on the transformed coordinates ® quantities match those on the
transformed quantities, U, g, and similarly for the first coordinate system.

Note:

¢ Covariant and contravariant vectors (and other quantities) are often defined in terms of the
transformation rules which they obey. For example, a covariant vector can be defined as one
whose components transform according to the rules in the second line of the box Egn. 1.17.3

The transformation laws can be extended to higher-order tensors,

Solid Mechanics Part 111 152 Kelly



Section 1.17

— 00" 00" 00" 00" —

e — — — A y . — —— n
A 00' 061 ™ A 00" 00’ Ao
L Yo u! Yo ¥ - i j_
A1 000! gy 20 00! gy

Zgi SG)” ;G). 88_6: Tensor Transformation Rule (1.17.4)
A =00 00 pm o p o000 gm

00" 00 00" 00!
—. 00! 0" .00 0™ ~

A'J = — 'n, :J = — - n
A 00" 00 e A 00" 00’ Ao

From these transformation expressions, the following important theorem can be deduced:

If the tensor components are zero in any one coordinate system, they also
vanish in any other coordinate system

Reduction to Cartesian Coordinates

For the Cartesian system, lete, =g, =g',e/ =g, =g' and

00' X,

== = 1.17.5
%=Go7 (117.5)
It follows from 1.17.2 that
00! 00! 4
— = =00 1.17.6
o "~ U=9 (L176)
so the transformation is orthogonal, as expected. Also, as in Eqns. 1.5.3 and 1.5.5.
u' :@U" - u; =Qu;
5@% (L17.7)
u' :@u‘ — uj=Q;'u; =Q,u,
Transformation Matrix
Transforming coordinates from g, — @,, one can write
g, =M/qg, :(gi 'gj)gj (1.17.8)

The transformation for a vector can then be expressed, in index notation and matrix
notation, as

vi=MIv, []=M]v] (1.17.9)

]

and the transformation matrix is
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M/i]= [22: } =lo,-9']] Transformation Matrix

The rule for contravariant components is then, from 1.17.4,

AT=mMimJA™, (AT ]=[mi] (A M)

The Identity Tensor

The identity tensor transforms as

- | . 00! 00" _ e
=59, ®g9’ =g, ®¢g' = ®7* =0/ ®7'
9 ®0° =089 =— 570, g‘ =6/7,®9" =7, ®7
Note that
0 =g g oo 5@“5 3 e a@”g
TR e se! T T 6@t a@) T™
_ 00" 50" 00" 60"

9;=9-9; = Pl ﬁgm “On _ﬁﬁgmn

so that, for example,

= m ASn i j
00" 00" _ 00 _, 00 25"

l=0.0' ®q’' =— : — —
g;9 ©g Py 8®ngna®mg 6"

1.17.2 The Metric of the Space

In a second coordinate system, the metric 1.16.34 transforms to

(As)? = G, A0 AG’

=0, -ng® A®
k m i Yo ¥
_| % gk.a(z. d, 0 A@,,@@ AG1
00’ 00’ 00’ 001
=6567(9, 9, )A® A"
= §,,A0°AO"
= (As)’

confirming that the metric is a scalar invariant.
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(1.17.10)

(1.17.11)

(1.17.12)

(1.17.13)

(1.17.14)

(1.17.15)
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1.17.3 Problems

1 Showthat g,,u™" isan invariant.
2 How does \/5 transform between different coordinate systems (in terms of the

Jacobian of the transformation, J = det[@@m /8@"])? [Note that g, although a scalar,

is not invariant; it is thus called a pseudoscalar.]
3 The components A; of a tensor A are

1 2 -1
01 O
0 -1 2

in cylindrical coordinates, at the point r =1,0 =7/4,z = /3. Find the contravariant

components of A at this point in spherical coordinates. [Hint: use matrix
multiplication.]
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1.18 Curvilinear Coordinates: Tensor Calculus

1.18.1 Differentiation of the Base Vectors

Differentiation in curvilinear coordinates is more involved than that in Cartesian
coordinates because the base vectors are no longer constant and their derivatives need to
be taken into account, for example the partial derivative of a vector with respect to the
Cartesian coordinates is

v _ e. but!

ov oy ov _ o  0g;
ox;  ox;

— = —- 0. + -
00! a@)lg' 00!

The Christoffel Symbols of the Second Kind

First, from Eqn. 1.16.3 — and using the inverse relation,

m 2,m k
og, 0 (6x jem o*x™ 90 o (L18.1)

0 00100 )" 000 ox"

this can be written as

0g.
_6Gg)lj =l"i:-(gk Partial Derivatives of Covariant Base Vectors (1.18.2)
where
2,,m k
Ko OX 0O (1.18.3)
00'e’ ox"

and Fi}‘ is called the Christoffel symbol of the second kind; it can be seen to be

equivalent to the kth contravariant component of the vector g, /6@’ . One then has
{ AProblem 1}

%8

kK _ og, _ _
00'

" o0

=~

Fijk = g g | Christoffel Symbols of the 2" kind (1.18.4)

and the symmetry in the indices i and j is evident®. Looking now at the derivatives of the
contravariant base vectors g': differentiating the relation g, -g* = 5 leads to

agk 0g; k m k K
_8®j 8 :@'g =Iign-g =1

" of course, one could express the g, in terms of the e, , and use only the first of these expressions

? note that, in non-Euclidean space, this symmetry in the indices is not necessarily valid
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and so

o8

ol -T} g“| Partial Derivatives of Contravariant Base Vectors (1.18.5)

Transformation formulae for the Christoffel Symbols

The Christoffel symbols are not the components of a (third order) tensor. This follows
from the fact that these components do not transform according to the tensor
transformation rules given in §1.17. In fact,

T d0° 907 00 _, . 0’0° 00k
" 00 00! 60" M 00'0’ 00°

The Christoffel Symbols of the First Kind

The Christoffel symbols of the second kind relate derivatives of covariant (contravariant)
base vectors to the covariant (contravariant) base vectors. A second set of symbols can be
introduced relating the base vectors to the derivatives of the reciprocal base vectors,
called the Christoffel symbols of the first kind:

0gi 0g;
= j : gk = i
00 00

-g,| Christoffel Symbols of the 1* kind (1.18.6)

ik — 1 jik

so that the partial derivatives of the covariant base vectors can be written in the
alternative form

0g;

0] =T, (1.18.7)
and it also follows from Eqn. 1.18.2 that
Cipe =I5 Gt Fi;'( :Fijmgmk (1.18.8)

showing that the index k here can be raised or lowered using the metric coefficients as for
a third order tensor (but the first two indexes, i and j, cannot and, as stated, the Christoffel
symbols are not the components of a third order tensor).

Example: Newton’s Second Law

The position vector can be expressed in terms of curvilinear coordinates, x = x(@i ) The
velocity is then

_dx  ox doe' _d@i

VSu e dt dt P
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and the acceleration is

L dv_d'e'  de’dg; do" _(d’e' . do’de"
at dt’ o dt 00" dt a  *at dt

Equating the contravariant components of Newton’s second law f = ma then gives the
general curvilinear expression

fl=m@® +T,6'6")

Partial Differentiation of the Metric Coefficients

The metric coefficients can be differentiated with the aid of the Christoffel symbols of the
first kind { A Problem 3}:

LT 4T, (1.18.9)

Using the symmetry of the metric coefficients and the Christoffel symbols, this equation
can be written in a number of different ways:

O« = Fkij +iji > Qi = rijk +1 Ouij = iji +rijk

Kij 2

Subtracting the first of these from the sum of the second and third then leads to the useful
relations (using also 1.18.8)

1
Ly :E(gjk,i + 0~ gij,k)
(1.18.10)

I m
Fi:'( = Eg k(g jmi T G9mij — gij,m)
which show that the Christoffel symbols depend on the metric coefficients only.

Alternatively, one can write the derivatives of the metric coefficients in the form (the first
of these is 1.18.9)

i =L 1
G =t T (1.18.11)
g”’k =-0 Iml—‘kjm -0 Jrnl—‘I:m
Also, directly from 1.15.7, one has the relations
a9 i ag
— = , —— =00, 1.18.12
o9, g9 og" 99; ( )
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and from these follow other useful relations, for example { A Problem 4}

L ologlfg) 1 oYy

b _ = 1.18.13
' e [g 00 a®1 ( )
and
oe..
= Eijk \/_ k\/_rn _ekrn
oon kg i !
” (1.18.14)
oe’ ijk (1/\/5) ijk I ijkn
—— =" ———=—" —=I,, =—e"T,
o0" 00" Jo
1.18.2 Partial Differentiation of Tensors
The Partial Derivative of a Vector
The derivative of a vector in curvilinear coordinates can be written as
ov o' ; 0g; ov v, og'
o’ 00’ 00’ 00! 0! 00’
! i ov,
=T &tV Iig, or =a®—1g -V, g" (1.18.15)
=3 ‘ & =Vil, g'

where

V' [ =V + v
Covariant Derivative of Vector Components (1.18.16)

_ k
Vi li=Vi; - v

The first term here is the ordinary partial derivative of the vector components. The
second term enters the expression due to the fact that the curvilinear base vectors are
changing. The complete quantity is defined to be the covariant derivative of the vector
components. The covariant derivative reduces to the ordinary partial derivative in the
case of rectangular Cartesian coordinates.

The v, |; is the ith component of the j — derivative of v. The v, |; are also the

components of a second order covariant tensor, transforming under a change of

coordinate system according to the tensor transformation rule 1.17.4 (see the gradient of a
vector below).
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The covariant derivative of vector components is given by 1.18.10. In the same way, the
covariant derivative of a vector is defined to be the complete expression in 1.18.9, v ;,

with v, =Vv'|, g;.
The Partial Derivative of a Tensor

The rules for covariant differentiation of vectors can be extended to higher order tensors.
The various partial derivatives of a second-order tensor

A=Alg ®g; =Ag' ®g' =A'g' ®g;=Ajg, ®g’
are indicated using the following notation:

OA
o0k

=A"|, g @g; =Ayl g ®g! =A]| ¢ Qg :A~ij|k g ®g (1.18.17)

Thus, for example,

A=A, g ®g +Ag ®gl +A,g' ®gli
:Aij,kgi ®gj _Aij Fr:akgm ®gj _Aijgi ®ijmgm

= [Aij,k —T Amj _F;E Ain ki ® gj

and, in summary,

Ayl =Ai T Ay —TR AL
A=Al +TL AY 4T AT
Alle= Al AT AT -TRA)
Alle= Al + T AT —TRA]

Covariant Derivative of Tensor Components

(1.18.18)

The covariant derivative formulas can be remembered as follows: the formula contains

the usual partial derivative plus

« for each contravariant index a term containing a Christoffel symbol in which that index
has been inserted on the upper level, multiplied by the tensor component with that index
replaced by a dummy summation index which also appears in the Christoffel symbol

« for each covariant index a term prefixed by a minus sign and containing a Christoffel
symbol in which that index has been inserted on the lower level, multiplied by the
tensor with that index replaced by a dummy which also appears in the Christoffel
symbol.

e the remaining symbol in all of the Christoffel symbols is the index of the variable with
respect to which the covariant derivative is taken.

For example,

A-ijk = A-ijk,l +T, Al -Ty AL —Ti A,

jm
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Note that the covariant derivative of a product obeys the same rules as the ordinary
differentiation, e.g.

(uiAjk)|m: ui\ |m Ajk +uiAjk |m
Covariantly Constant Coefficients

It can be shown that the metric coefficients are covariantly constant’ { A Problem 5},
gij|k:gij|k: 0,

This implies that the metric (identity) tensor I is constant, I, =0 (see Eqn. 1.16.32) —
although its components g; are not constant. Similarly, the components of the

permutation tensor, are covariantly constant
—_alk _—
ikln=e"[,=0.

In fact, specialising the identity tensor I and the permutation tensor E to Cartesian

coordinates, one has g; =@ (R Ojj» € = e > & » which are clearly constant.

Specialising the derivatives, g; [ —> ;> € In = Eijem »
From §1.17, since if the components of a tensor vanish in one coordinate system, they
vanish in all coordinate systems, the curvilinear coordinate versions vanish also, as stated

above.

and these are clearly zero.

The above implies that any time any of these factors appears in a covariant derivative,
they may be extracted, as in (g iJ-ui)|k = (g i )Ji Iy -

The Riemann-Christoffel Curvature Tensor

Higher-order covariant derivatives are defined by repeated application of the first-order
derivative. This is straight-forward but can lead to algebraically lengthy expressions. For

example, to evaluate V,|,,,, first write the first covariant derivative in the form of a second

order covariant tensor B,
_ k —
Vi ln=Vim ~LinVk = By
so that

=B

mn~— =im |n
= By~ inBy — o B (1.18.19)
= (Vi,m _ril:nvk ),n _Fiiri (Vk,m _Fl:mvl )_Frﬁn (Vi,k _rilkvl)

Vi |
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The covariant derivative V, |, is obtained by interchaning m and n in this expression.
Now investigate the difference
k k k | k |
Vil =Vi lam= (Vi,m —TinV ),n - (Vi,n =TV ),m - (Vk,m —TinV, )+ Lim (Vk,n —TuVi )

mn

-T, (Vi,k _Filkvl)"'r:m (Vi,k _Filkv')

mn

The last two terms cancel here because of the symmetry of the Christoffel symbol,
leaving

k
in,m

- 1"limV| )+ riﬁw (Vk,n - rl:nvl )

Vi |mn -V |nm:Vi

k k
mn -I; Vk _rimvk,n _Vi,nm +1

im,n

- 1Hilrj (V

k
Vk + 1_‘invk,m

k,m

The order on the ordinary partial differentiation is interchangeable and so the second
order partial derivative terms cancel,
Vil v | =v. —T& v, -T¥v, —v. +T¥ v, +Tv
i i i,mn i k imYk,n i k in“k,m

im,n i,nm in,m

- Fiir: (V - FI:mVI )"' Fiﬁw (Vk,n - Fl:nvl )

mn nm

k,m
After further cancellation one arrives at

~V,|,, =R} v (1.18.20)

Aimn Y j

Vil

mn

where R is the fourth-order Riemann-Christoffel curvature tensor, with (mixed)
components

RI =T} -T) +r*r) —-Tvr} (1.18.21)

-imn in,m im,n

Since the Christoffel symbols vanish in a Cartesian coordinate system, then so does R} .
Again, any tensor that vanishes in one coordinate system must be zero in all coordinate
systems, and so R} =0, implying that the order of covariant differentiation is

immaterial, V,|,=V,| -
From 1.18.10, it follows that

Rijkl = _Rjikl = _Rijlk =R

Rijkl + Riklj + Riljk =0

Klij

The latter of these known as the Bianchi identities. In fact, only six components of the
Riemann-Christoffel tensor are independent; the expression R}~ =0 then represents 6

equations in the 6 independent components g;; .

This analysis is for a Euclidean space — the usual three-dimensional space in which
quantities can be expressed in terms of a Cartesian reference system — such a space is
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called a flat space. These ideas can be extended to other, curved spaces, so-called
Riemannian spaces (Riemannian manifolds), for which the Riemann-Christoffel tensor
is non-zero (see §1.19).

1.18.3 Differential Operators and Tensors

In this section, the concepts of the gradient, divergence and curl from §1.6 and §1.14 are
generalized to the case of curvilinear components.

Space Curves and the Gradient

Consider first a scalar function f(x), where x = x'e; is the position vector, with

X' =x' (@j ) Let the curvilinear coordinates depend on some parameter s, @' = ®(s),
so that x(S) traces out a space curve C.

For example, the cylindrical coordinates e = @j(s), with r=a ,6=s/c, z=sb/c,
0 <'s <2xcC, generate a helix.

From §1.6.2, a tangent to C is

dx ox dO' i
T=—=—+—=7'g,
ds o00' ds

so that d®' /ds are the contravariant components of T. Thus

df o Ti:[af ij,(fj )
ds o0 lee® )V B/

For Cartesian coordinates, df /ds = Vf -1 (see the discussion on normals to surfaces in
§1.6.4). For curvilinear coordinates, therefore, the Nabla operator of 1.6.11 now reads

V=g — 1.18.22
e ( )
so that again the directional derivative is
ar =Vf.1
ds

The Gradient of a Scalar

In general then, the gradient of a scalar valued function @ is defined to be

oD
VO = grad® = Tg' Gradient of a Scalar  (1.18.23)
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and, with dx = dx'e, = d®'g;, one has

dcpzai).d(a‘ =V -dx (1.18.24)
00"

The Gradient of a Vector

Analogous to Eqn. 1.14.3, the gradient of a vector is defined to be the tensor product of
the derivative du/®’ with the contravariant base vector g’ :

graduzﬁ—u.@gj =U; [ g Qg
00’ Gradient of a Vector  (1.18.25)
=u' |j g ®g’

Note that

D . Au : : 4 .
VQu=g8'—Qu=¢g ® —=U.| ¢ ®s'=u'| g ®g
g o g8 i lig ®g i g ®g;

so that again one arrives at Eqn. 1.14.7, (V ® u)T = gradu .

Again, one has for a space curve parameterised by S,

du Ou ; Ou (‘r-gi)

T
— = =" :(gi®a—u.j -T=gradu-t
ds 00 00" 00"

Similarly, from 1.18.18, the gradient of a second-order tensor is

gradA = oA

@k

®gt=A"|, g ®g, ®g"

_ i j k

=Al g ®g ®g Gradient of a Tensor (1.18.26)
=A'|, g ®g; ®¢g"
= A-ij lk & ®gj ®gk

The Divergence

From 1.14.9, the divergence of a vector is { A Problem 6}

K

. i 0 i
diva =gradu:I=u | ( 4 ‘g’J Divergence of a Vector (1.18.27)

This is equivalent to the divergence operation involving the Nabla operator, divu =V -u.
An alternative expression can be obtained from 1.18.13 { A Problem 7},
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18(“) —1()

divu =u' = —— SWIL)_ 5 AU
s e 00

Similarly, using 1.14.12, the divergence of a second-order tensor is

diVA:gradA:I:Aijhgi (— A gjj

00! Divergence of a Tensor (1.18.28)

:Ai'j |j gi

Here, one has the alternative definition,

) . OA .
V- A=g' — . A=g . 2= _All| o
ga®' 5 00 i &

so that again one arrives at Eqn. 1.14.14, divA=V-A".
The Curl

The curl of a vector is defined by { A Problem 8}

ijk auj
" ——g.| CurlofaVector (1.18.29)

Ijk
u; =€
& 00’

curlu =V xu =g*x Ou
o0

the last equality following from the fact that all the Christoffel symbols cancel out.
Covariant derivatives as Tensor Components
Equation 1.18.25 shows clearly that the covariant derivatives of vector components are
themselves the components of second order tensors. It follows that they can be
manipulated as other tensors, for example,
glmum |j:ui |j

and it is also helpful to introduce the following notation:

u I'=u; [, g™, u''=u'|, g"
The divergence and curl can then be written as { A Problem 10}

divu=u'|,=u, |

ijkuj i 8« :eijkuj ' g*

curlu =e
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Generalising Tensor Calculus from Cartesian to Curvilinear Coordinates

It was seen in §1.16.7 how formulae could be generalised from the Cartesian system to
the corresponding formulae in curvilinear coordinates. In addition, formulae for the
gradient, divergence and curl of tensor fields may be generalised to curvilinear
components simply by replacing the partial derivatives with the covariant derivatives.
Thus:

Cartesian Curvilinear
Gradient Of a scalar field gradg, V¢ = 0¢/ 0X, ¢, =¢=0p/00'
of a vector field gradu = du; / 0 u' 5
of a tensor field gradT = 0T / 0%, T,
Divergence of a vector field diva, V-u = ou, /ox, u'l,
of a tensor field divT = JT;; / 0x; T i
Curl of a vector field curlu, Vxu = g 0U; / 0X; e”kuj l;

Table 1.18.1: generalising formulae from Cartesian to General Curvilinear
Coordinates

All the tensor identities derived for Cartesian bases (§1.6.9, §1.14.3) hold also for
curvilinear coordinates, for example { A Problem 11}

grad(av) = qgradv + v ® grada
div(vA) = v-divA + A : gradv

1.18.4 Partial Derivatives with respect to a Tensor

The notion of differentiation of one tensor with respect to another can be generalised from
the Cartesian differentiation discussed in §1.15. For example:

oD oD oD -
o=, % ®g =_—5g0®g =
OA  OA oA

oB. . )
B_ Dy egieg, g, =
0A  OA,,
oA _ N

= Re' R ®e =6"6"e' Rg! ®e ®
A 8Amng g ®g,®g, =008 Wg' ®g, Vg,

=g"®g"Qg, g,

1.18.5 Orthogonal Curvilinear Coordinates
This section is based on the groundwork carried out in §1.16.9. In orthogonal curvilinear

systems, it is best to write all equations in terms of the covariant base vectors, or in terms
of the corresponding physical components, using the identities (see Eqn. 1.16.38)
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g’ =hizgi =hi§i (no sum) (1.18.30)

The Gradient of a Scalar Field

From the definition 1.18.23 for the gradient of a scalar field, and Eqn. 1.18.30, one has
for an orthogonal curvilinear coordinate system,

1 00 1 od 1 00
:ngl +Eﬁg2 +Eﬁg3
1 0D . 1 00 . 1 00 ,
:h_l@gl+gﬁg2 +h_3@g3

(1.18.31)

The Christoffel Symbols

The Christoffel symbols simplify considerably in orthogonal coordinate systems. First,
from the definition 1.18.4,

e 1 0g;
ij _Ea(aj.gk

(1.18.32)

Note that the introduction of the scale factors h into this and the following equations
disrupts the summation and index notation convention used hitherto. To remain
consistent, one should use the metric coefficients and leave this equation in the form

k08 km

i :6®j ‘g8,

Now

0 og. i
(g -g)=2 Bi.g |=onr
o7 & 2) [8(9, g.j T

and g, -g, = h’ so, in terms of the derivatives of the scale factors,

i Kk _ 1 ahl
I =T} \k:i “t 0T (no sum) (1.18.33)
Similarly, it can be shown that { A Problem 14}
heTy = —h’T} =—hiT\} =h?T}, when i = j =k (1.18.34)

so that the Christoffel symbols are zero when the indices are distinct, so that there are
only 21 non-zero symbols of the 27. Further, { AProblem 15}
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h. oh, .
k _ 1k I | i
i =T ‘i:j = —hk2 _6 =, 1 kK  (nosum) (1.18.35)

From the symmetry condition (see Eqn. 1.18.4), only 15 of the 21 non-zero symbols are
distinct:

1 1 1 1 1 1 1
LTy =1, Iy =15, T, 1y
2 2 2 2 2 2 2
LD =15, 15, T =15, 15
3 3 3
Iy =15, 15

3 3 3 3
I, I =15, T

22°

Note also that these are related to each other through the relation between (1.18.33,
1.18.35), i.e.

h2

Ik = _h_izriik’ izk (nosum)
k
so that
Fllla 1—‘222= 1—‘333
h2 h2 h2
F]lz = lel = _h_zzrlzla Flla = 1—‘311 = _h_32F1315 F122 = Fzzl = _h_lzr212 (1.18.36)
1 1 2
h2 h2 h2
F223 = F322 = _h_szrjza 1—‘133 = 1—‘331 = _h_121—~313’ 1—‘233 = 1—‘332 - _h_22F323
2 3 3

The Gradient of a Vector

From the definition 1.18.25, the gradient of a vector is

Ly ;8 ®g;  (nosum over h;) (1.18.37)

gradv =V' & ®g’ :E

In terms of physical components,

1( oV ;
gradv = F(@@)—J + Vkaj jgl ® gl
: (1.18.38)

1 (3V<i> i () h. i k) |a ,\
=—| —-TWwWw"V/+-LT\v Rg.
hj(a@)l ! h 9 818

The Divergence of a Vector

From the definition 1.18.27, the divergence of a vector is divv = V' L or { AProblem 16}
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1 [alnn ) olv®nh,) olvnh,)

1.18.39
hhh,| 0@ 00’ 00’ ( )

divy =Yyl =
20’

The Curl of a Vector

From §1.16.5 and 1.16.37, the permutation symbol in orthogonal curvilinear coordinates
reducec to

el =1 ik (1.18.40)

where &% = &y 18 the Cartesian permutation symbol. From the definition 1.18.29, the

curl of a vector is then

1 8VJ' 1 aVz 8V1
curlv = S —8¢ = ———L g+
h,h,h, “* 60 hh,h, || 00 60

| {a(vzhi)_a(vlhf)}& +} (1.18.41)

“hhh || 0 00
1 a(v<2>h2) a(v<1>hl) .
= 1 —_ 2 h3g3 + cee
hhh, || 00 00

or

hlgl h2g2 h3g3
curlv = ! 0 0 0 (1.18.42)

hh,h, 6@ 00° 00°
1 2 3
h1V<> h2V< ) h3v< )

The Laplacian

From the above results, the Laplacian is given by
V2P V.V — 1 0 (h,h, o® N 0 (hh, o N o (hh, o®
hhh,| @' h 60" ) 60’ h, 60°) 0’| h, 66’

Divergence of a Tensor

From the definition 1.18.28, and using 1.16.31, 1.16.29 { A Problem 17}
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divA = A’ |j g :{8AI- +Fnj1in'm —FiTM}g'

00’
(1.18.43)
L O i |y L pm P i L
h, 0®' { h; h, ™ hh, '
Examples
1. Cylindrical Coordinates
Gradient of a Scalar Field (see 1.6.28):
VcD_c’id)A +L6CDA +8CDA
0 e o0, 827500 &
Christoftfel symbols:
With h, =1, h, =@', h, =1, there are two distinct non-zero symbols:
r), =-0'
1
Flzz = rzzl = @

Derivatives of the base vectors:
The non-zero derivatives are
og og 1 og
e o0y
0e° 00 6 00
and in terms of physical components, the non-zero derivatives are
g _, 08 _

e % e ©
which agree with 1.5.29.

The Divergence (see 1.6.30), Curl (see 1.6.31) and Gradient { A Problem 18} (see
1.14.18) of a vector:

ov v ov ov
divv = —<11>+<—11>+L1—<22>+—<33>
0 6 06 /" 00

g 0'g, g,

1|0 0 0

curlv =— - > 5
® 0O 15.0) 150

V<l> ®lv<2> V<3>
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Ny a"< 2 4 N
gradv = a®1 g ®g + g, 08 + ey —8,09g,
6v< > . A
1 ov . 0V3 . A
+®1[%§ ]g ®g, + a®<3> g ®g, + a(;f&@gﬁ&éﬁ g, ®g,

The Divergence of a tensor { A Problem 19} (see 1.15.16):
. oA 1 oA™ oA AN _ AP
divA = mt St ] g
e 06 00 00 C
oA 1 oA oA AU L A1)
o e e e | e |
oAl AR oAl Al |
+ Tt T or >t 3 (83
00 ® ® 00 00

2. Spherical Coordinates

Gradient of a Scalar Field (see 1.6.35):
oD 1 00 ., 1 oD .

v @y Lo, 1 0P
0 ° T e 00’ 9 sine? 00" O

Christoftfel symbols:
With h, =1,h, =@', h, = ®'sin ®”, there are six distinct non-zero symbols:

I, =-0'TI), =-0'sin’®’

1 .

I} =TI} =—,T3 =-sin®’cos®’
e
1

IE =5 Iy =I5 =cot®’

Derivatives of the base vectors:
The non-zero derivatives are

og, _0g, 1 og, _0g, 1 8 __g
00> ' 0'°"7 e e 0"’ e’ 1
0 0
%8 _ %8 _ cot®’g,, 8 _ _@'sin? ®’g, —sin®’ cosO’g,
00, 00, 00,
and in terms of physical components, the non-zero derivatives are
og, . og . og .
07 B Gor TR Zov=d
0g 2y 08
8@23 =cos@®°g,, ﬁ— sin®’g, —cos®°§,

which agree with 1.6.34.
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The Divergence (see 1.6.35), Curl and Gradient of a Vector:
1)? : 2

1 5((@ ) V<1>)+ 1 5(51n® V<2>)+ 1 8V<3>
(@1)2 20" @'sin®>  90° 0'sin®? 960°
g 0Og, 0O'sinO’g,

0 0 0
00'  00° 00’
Ve @'sinev®

ov Vv
1 9y <z>]A1®g2

divv =

1
(@1)2 sin ®*

curlv =

Ny

1) A A
grad v :@g1 ®g, +[

1 My Vg o Mgy
+ _ 9l @p +—2g ®
(@‘ sin@’ 00" @ B g B TR

1 Vg Vi ) 1 Ny Vo) s s
+| — +—1g,®¢g, + —cot®@"—1g, ®
[@1 0 o [ 8T 9sne’ 6’ o 728
) La"<3>g ¢
00! ' 00> %2

1 Ny V) C R P
+ +——+cot®" —~ ®
[@‘ sin®2 00° O' e [P 8

o’ o f

T8 ®g +

The Divergence of a tensor { A Problem 20}

divA = oA +L3A<”> L] oAl N AT 4 cot@2 Al _ A _ A :
00" 0' 00> 0'sin®° 00’ Y X
Ay +L6A<22> . 1 A N A2 9 Al +cot®2(A<2z> —A<33>) ;
0®' 0' 08 0'sin®° /e’ o s
+ oA™ + 1 oA N 1 oAl N A 42 ABY +cot®2(A<23> + A<32>) .
00'  ©'sin®’ 00’ O'sin®’ 90’ o &

1.18.6 Problems

1 Show that the Christoffel symbol of the second kind is symmetric, i.e. Fi}‘ = l"jki , and

Os.
that it is explicitly given by Fi;-( = % g*.
2 Consider the scalar-valued function @ = (Au)~ v=~AU 'v1. By taking the gradient of
this function, and using the relation for the covariant derivative of A, i.e.
Aili=Ajx —Tik Ay —Ti A, » show that
0 (Aiju v)

a®—k=(AuUiVj)|k,
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i.e. the partial derivative and covariant derivative are equivalent for a scalar-valued
function.

Prove 1.18.9:
g, L
(1) 8®L =L + T, (i1) agk =-9"Ty, — 9"y,

[Hint: for (ii), first differentiate Eqn. 1.16.10, g"g,, = &, .]

Derive 1.18.13, relating the Christoffel symbols to the partial derivatives of \/a and
09 _ 09 O9m,

00! o6y, 00! ]

Use the definition of the covariant derivative of second order tensor components, Eqn.
1.18.18, to show that (i) g;|,=0 and (ii) 9",=0.

Use the definition of the gradient of a vector, 1.18.25, to show that

divu = gradu:I=u'|,.

Derive the expression divu = (1/ \/a )6(\/5 u' )/ 00

Use 1.16.23 to show that g* x (ou/00* )=e™u, | g, .

Use the relation &g, =565 —555) (see Eqn. 1.3.17) to show that

g g g;
0 0
—+T5, ?+szk ﬁ—kr;k

log(\/g ) [Hint: begin by using the chain rule

curl(lux v)=
(U2V3 _ usvz) e _USVI) (u1v2 !
Show that (i) u' [;=u; ', (i) e™u; |; g, =eyu’ | g*
Show that
(1) grad(av) =agradv+ v®grada, (ii) diV(VA) =v-divA + A : gradv
[Hint: you might want to use the relation aT-b=T:(a®b) for the second of these.]
Derive the relation 8(trA)/ OA =1 in curvilinear coordinates.
Consider a (two dimensional) curvilinear coordinate system with covariant base
vectors g, = @’e, —2e,, g, =0e,.
(a) Evaluate the transformation equations x' = x'(®') and the Jacobian J.
(b) Evaluate the inverse transformation equations ®' = @' (Xj ) and the contravariant
base vectors g' .
(c) Evaluate the metric coefficients g, g U and the function g:

(d) Evaluate the Christoffel symbols (only 2 are non-zero
(e) Consider the scalar field ® =®' + ®*. Evaluate grad®d.

(f) Consider the vector fields u=g, +©°g,, v= —(@1 )zgl +2g,:
(1) Evaluate the covariant components of the vectors u and v
(i1) Evaluate divu, divv
(i11)Evaluate curlu, curlv
(iv)Evaluate gradu, gradv

(g) Verify the vector identities
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div(®u) = ®divu + grad® -u
curl(®u) = ®curlu + grad ® x u
div(uxv)=v-curlu —u-curlv
curl (grad®) = o
div(curlu) =0

(h) Verify the identities
grad((DV) = dgradv + v ® grad®

grad(u - v) = (gradu)" v + (gradv)' u

div(u® v) = (gradu)v + (div v)u

curl(ux v) = udivv — vdivu + (gradu)v — (gradv u
(1) Consider the tensor field

1 0 . :
A= '®g!
Evaluate all contravariant and mixed components of the tensor A

Use the fact that g, -g, =0, kK # 1 to show that hkzl“i;‘ = _hiZF}k; . Then permutate the
indices to show that hiT}f = —h’T'} =—hT}} =h’T}, when i = j=k.
Use the relation
Y g-g)=0 i=]

2

to derive I')) = ——T .
ii h2 ij

J
Derive the expression 1.18.39 for the divergence of a vector field v.
Derive 1.18.43 for the divergence of a tensor in orthogonal coordinate systems.
Use the expression 1.18.38 to derive the expression for the gradient of a vector field
in cylindrical coordinates.
Use the expression 1.18.43 to derive the expression for the divergence of a tensor
field in cylindrical coordinates.
Use the expression 1.18.43 to derive the expression for the divergence of a tensor
field in spherical coordinates.
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1.19 Curvilinear Coordinates: Curved Geometries

Section 1.19

In this section is examined the special case of a two-dimensional curved surface.

1.19.1 Monoclinic Coordinate Systems

Base Vectors

A curved surface can be defined using two covariant base vectors a,, a,, with the third

base vector, a,, everywhere of unit size and normal to the other two, Fig. 1.19.1 These

base vectors form a monoclinic reference frame, that is, only one of the angles between

the base vectors is not necessarily a right angle.

Figure 1.19.1: Geometry of the Curved Surface

In what follows, in the index notation, Greek letters such as «, f take values 1 and 2; as

before, Latin letters take values from 1..3.

Since a’ =a, and

a,=a,a, =0, a“”=a"a=0
the determinant of metric coefficients is
gy 9, O g"
2 1 21
J° = U, 9» 0, J—Z: g
0 0 1 0

The Cross Product

12

22

0

(1.19.1)

(1.19.2)

Particularising the results of §1.16.5, define the surface permutation symbol to be the

triple scalar product
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1
a a 3 o
e, =4, -a,xa,=¢,,0, e7=a"-a’xa’=¢%— (1.19.3)
where ¢, = £ is the Cartesian permutation symbol, &,, = +1, &,, =—1, and zero
otherwise, with
af N7 af —Ssaesh _ sPS5e — aba
e“e,=%¢,, e”e, =0,6, 6,0, =e"e,, (1.19.4)
From 1.19.3,
a,xa,=¢€,a
o h (1.19.5)
a”xa’ =e“a,
and so
a xa
=12 (1.19.6)

a, =
]

The cross product of surface vectors, that is, vectors with component in the normal (g, )
direction zero, can be written as

1

u u

_ ay a3 _ 3

wxv=e,uv’a’ =g " a
Vv Y

(1.19.7)
1 |u, u,
=e”’u v,a, =— a
a' pe3 \/EVI V2 3

The Metric and Surface elements

Considering a line element lying within the surface, so that ®° = 0, the metric for the
surface is

(As)? = ds-ds = (d®“a, )-(d©”a , )= g,,dO"dO” (1.19.8)

which is in this context known as the first fundamental form of the surface.

Similarly, from 1.16.35, a surface element is given by
AS =,/gAB'AG? (1.5.9)
Christoffel Symbols

The Christoffel symbols can be simplified as follows. A differentiation of a, -a, =1
leads to
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a;,-a; =-a,, -a, (1.19.10)
so that, from Eqn 1.18.6,
[ =1 =0 (1.19.11)
Further, since da, /00’ =0,
[, =0, T,=0 (1.19.12)

These last two equations imply that the I, vanish whenever two or more of the

subscripts are 3.

Next, differentiate 1.19.1 to get
a,,°8;=-2a;,-a a“s-a’ =-a’s-a” (1.19.13)

a,p a

and Eqns. 1.18.6 now lead to

Uy =145 =T =T, (1.19.14)
From 1.18.8, using 1.19.11,
Lo =Ly 87 L0 =T (1.19.15)
T, = 3aﬂ9m + 15,307 =T, =0
and, similarly { AProblem 1}
I, =T%=r,=0 (1.19.16)

1.19.2 The Curvature Tensor

In this section is introduced a tensor which, with the metric coefficients, completely
describes the surface.

First, although the base vector a, maintains unit length, its direction changes as a

function of the coordinates ®',®°, and its derivative is, from 1.18.2 or 1.18.5 (and using
1.19.15)

8a k ﬂ 633 3 k 3 ﬂ
o =T =Tha,, o =-Tia' =T (1.19.17)

Define now the curvature tensor K to have the covariant components K ., through

af >
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oa,
=-K .a’ 1.19.18
o0 i ( )
and it follows from 1.19.13, 1.19.15a and 1.19.14,

K.z =Fjﬁ =T 5 =T34, (1.19.19)

and, since these Christoffel symbols are symmetric in the «, £, the curvature tensor is
symmetric.

The mixed and contravariant components of the curvature tensor follows from 1.16.28-9:

K/ =97K, =9,K”, K?=9g7g"K,

oa , , (1.19.20)
8@)3“ =-K,a" =-K_,g”%a, =-K’a,

and the “dot” is not necessary in the mixed notation because of the symmetry property.
From these and 1.18.8, it follows that

Ké =9 K, =-9"T,, =-Tt, =T (1.19.21)

Also,

da, -ds = (alad@”‘ ) (d@ﬂaﬂ)
= (-K,,do"a”)-(d0”a ,) (1.19.22)
=—K,,d0°de”

which is known as the second fundamental form of the surface.

From 1.19.19 and the definitions of the Christoffel symbols, 1.18.4, 1.18.6, the curvature
can be expressed as

oa oa

a

——ae)—;-aa (1.19.23)

showing that the curvature is a measure of the change of the base vector a_, along the ®”

curve, in the direction of the normal vector; alternatively, the rate of change of the normal
vector along ®” , in the direction —a_. Looking at this in more detail, consider now the

change in the normal vector a, inthe ®' direction, Fig. 1.19.2. Then

da, =a,,d®' =-K/dO'a, (1.19.24)
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‘d@lal‘

d¢

Figure 1.19.2: Curvature of the Surface

Taking the case of K| # 0, K/ =0, one has da, =—K/d®'a,. From Fig. 1.19.2, and
since the normal vector is of unit length, the magnitude |da3| equals d¢, the small angle

through which the normal vector rotates as one travels along the ®' coordinate curve.
The curvature of the surface is defined to be the rate of change of the angle ¢:'

% ‘ Kd®a‘

‘d® al\ _\K;\ (1.19.25)

and so the mixed component K| is the curvature in the ®' direction. Similarly, K; is

the curvature in the ®* direction.

Assume now that K| =0, K #0. Eqn. 1.19.24 now reads da, = —K’d®'a, and,
referring Fig. 1.19.3, the twist of the surface with respect to the coordinates is

dgo ‘Kd@az‘_‘ ‘
‘d@a‘ a,|

(1.5.26)

@1

Figure 1.19.3: Twisting over the Surface

Z| is closely related to the

When |a1| =

twist.

Kf‘ is the twist; when they are not equal,

" this is essentially the same definition as for the space curve of §1.5.2; there, the angle ¢ = xAs
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Two important quantities are often used to describe the curvature of a surface. These are
the first and the third principal scalar invariants:

I, =K! =K/ +K;

Ki K,
K? K3

(1.19.27)

Il =detK/ = = K/K; —K3K} =¢,,K K/

The first invariant is twice the mean curvature K,, whilst the third invariant is called
the Gaussian curvature (or Total curvature) K, of the surface.

Example (Curvature of a Sphere)

The surface of a sphere of radius a can be described by the coordinates (@1 ,0° ), Fig.
1.19.4, where

x' =asin®' cos®?, x> =asin®'sin®*, X’ =acos®'

Figure 1.19.4: a spherical surface

Then, from the definitions 1.16.3, 1.16.8-9, 1.16.13, { A Problem 2}

a, =+acos®' cos@’e, +acos®'sin®@’e, —asinO'e,

a, =-asin®'sin®’e, +asin®' cosO’e,

al=La (1.19.28)
a
2
From 1.19.6,
a, =sin®' cos®’e, +sin@'sin®’e, +cosO'e, (1.19.29)
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and this is clearly an orthogonal coordinate system with scale factors (see 1.16.15)
h =a, h,=asin®', h, =1 (1.19.30)

The surface Christoffel symbols are, from 1.18.33, 1.18.36,

1
I =T, =T =I2=r%=0, [2=T%= %, T, =—-sin®' cos®'
sin
(1.19.31)
Using the definitions 1.18.4, { A Problem 3}
1 1 1 1 1
Ly =15 _ga Iy, =T, =0
1
Ik=r;=0, I,,=T, =2 (1.19.32)
I[=-a, I),=T,=0, T, =-asin’0@
with the remaining symbols [}, =T, =T3 =T3, =0.
The components of the curvature tensor are then, from 1.19.21, 1.19.19,
1
-—— 0
-a 0
Kel=| @ . Ky,l=E 1.19.33
[ ﬁ] 0 _l [ aﬂ] {0 —asin2®1} ( )
a
The mean and Gaussian curvature of a sphere are then
!
1a (1.19.34)
KG = ;

The principal curvatures are evidently K| and K;. As expected, they are simply the
reciprocal of the radius of curvature a.

||
1.19.3 Covariant Derivatives

Vectors

Consider a vector v, which is not necessarily a surface vector, that is, it might have a
normal component v, =V°. The covariant derivative is
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a _ gy av,r a3
VELp=VE ATV TG, V, =V, —Tlv, TV

apVy T LapVs
ve |3=Va’3 +F;Z3Vy +F30;V3 Va |3: Vo _F;/SV}/ _F;3V3

= v“,3 + r;’}vy , =V,; —Fagvy (1.19.35)
V=V ATV AT Vo |, = Vs, —TLv, —T5,v,

= V3,a +F;aV7 =V, _FSyaV}/

Define now a two-dimensional analogue of the three-dimensional covariant derivative
through

vall,=ve +T 5V
R (1.19.36)
Va ||ﬂ:Va,ﬂ _Fo}z/ﬂvy
so that, using 1.19.19, 1.19.21, the covariant derivative can be expressed as
Va — Va _K sz3
o=V lls =K (1.19.37)

Va |ﬂ:Va ”ﬂ _Kaﬂv3

In the special case when the vector is a plane vector, then v, =V’ =0, and there is no

difference between the three-dimensional and two-dimensional covariant derivatives. In
the general case, the covariant derivatives can now be expressed as

Vi =Vilsa
=\, KoV h, +Vv'|, a
( Y b /e (1.19.38)
Vy=Vi|,a
:(Va ”ﬂ _Kaﬁv3)aa +V; ’ﬂ a’
From 1.18.25, the gradient of a surface vector is (using 1.19.21)
gradv = (v, ||, —K,,v, ]a* ®a” + K’V a® ®a’ (1.19.39)

Tensors

The covariant derivatives of second order tensor components are given by 1.18.18. For
example,

AT = AT, 4TI A" 4T AT

m

Al i A i 3j INNZ IRNE (11940)
=AY, +1, A+, A+, A7 +15 A

Here, only surface tensors will be examined, that is, all components with an index 3 are
zero. The two dimensional (plane) covariant derivative is
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A? |, =AY, +T; AY +T7 A (1.19.41)
Although A** = A’* =0 for plane tensors, one still has non-zero
g p

A“ | =A%, +T7 A% +T; A%
=T, A*
=K, A%

AV | =AY, +T3 A 4T/ AY
=T; AY
=K, AY

(1.19.42)

with A* |,=0.
From 1.18.28, the divergence of a surface tensor is

divA=A" |, a, +K,A"a, (1.19.43)

1.19.4 The Gauss-Codazzi Equations

Some useful equations can be derived by considering the second derivatives of the base
vectors. First, from 1.18.2,

a ,=T"a, +a
o (1.19.44)
=I'za, +K sa,

A second derivative is

a . =I"

A
. py b +Faﬂaw +K

a, +K a, (1.19.45)

af.y

Eliminating the base vectors derivatives using 1.19.44 and 1.19.20b leads to { A Problem
4}

a,, =00, +TLTL - KKk, +([[LK,, +K (1.19.46)

ap.y af ™ ny of.y )73

This equals the partial derivative a Comparison of the coefficient of a, for these

a B
alternative expressions for the second partial derivative leads to

A A
Kagy Ty Kip =Koy ~TisKy, (1.19.47)

From Eqn. 1.18.18,
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! 2
Kaﬂ HV: Kaﬂ,y _rayK/w _FﬁyK,u (11948)
and so

Kaﬂ H}/: Ka;/ H (1.1949)

B

These are the Codazzi equations, in which there are only two independent non-trivial
relations:

K lL=Kull, Ky lli=Ky (1.19.50)
Raising indices using the metric coefficients leads to the similar equations
KZ =K, (1.19.51)
The Riemann-Christoffel Curvature Tensor

Comparing the coefficients of a, in 1.19.46 and the similar expression for the second
partial derivative shows that

l—wl

ay.p

A A 2 2 2
-T,,, +F;’7Fqﬁ —FZﬂFW =K, Kz =K K’ (1.19.52)
The terms on the left are the two-dimensional Riemann-Christoffel, Eqn. 1.18.21, and so
A A A
R-aﬂy = Ka;/ Kﬁ - KaﬂK;/ (11953)
Further,

Ris =9.,R0, =K, 0,K; K09, K=K, K, -K K, (1.19.54)

These are the Gauss equations. From 1.18.21 et seq., only 4 of the Riemann-Christoffel
symbols are non-zero, and they are related through

Rizin = =Ry = =Ry = Ry (1.19.55)
so that there is in fact only one independent non-trivial Gauss relation. Further,

Rugy = Ko K =K, K,

Aafy
= KK!(9,,9, —9,.9,,) (1.19.56)
= KUK (5057 -508))3,,9,

Using 1.19.4b, 1.19.3,
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R = K;‘Kje”ewgﬁpgw
=K K7e, e (1.19.57)

By “nu

Aafy

= ggﬁygnﬂKgKZ
and so the Gauss relation can be expressed succinctly as

K, :% (1.19.58)

where K; is the Gaussian curvature, 1.19.27b. Thus the Riemann-Christoffel tensor is

zero if and only if the Gaussian curvature is zero, and in this case only can the order of
the two covariant differentiations be interchanged.

The Gauss-Codazzi equations, 1.19.50 and 1.19.58, are equivalent to a set of two first
order and one second order differential equations that must be satisfied by the three
independent metric coefficients g,, and the three independent curvature tensor

coefficients K.

Intrinsic Surface Properties

An intrinsic property of a surface is any quantity that remains unchanged when the
surface is bent into another shape without stretching or shrinking. Some examples of
intrinsic properties are the length of a curve on the surface, surface area, the components
of the surface metric tensor g, (and hence the components of the Riemann-Christoffel

tensor) and the Guassian curvature (which follows from the Gauss equation 1.19.58).

A developable surface is one which can be obtained by bending a plane, for example a
piece of paper. Examples of developable surfaces are the cylindrical surface and the
surface of a cone. Since the Riemann-Christoffel tensor and hence the Gaussian
curvature vanish for the plane, they vanish for all developable surfaces.

1.19.5 Geodesics
The Geodesic Curvature and Normal Curvature
Consider a curve C lying on the surface, with arc length s measured from some fixed

point. As for the space curve, §1.6.2, one can define the unit tangent vector T, principal
normal v and binormal vector b (Eqn. 1.5.3 et seq.):

dx de°“ 1 dt
T=—2>= a,, v=———rmor,
ds ds “ x ds

b=1xv (1.19.59)

so that the curve passes along the intersection of the osculating plane containing T and v
(see Fig. 1.6.3), and the surface These vectors form an orthonormal set but, although v is
normal to the tangent, it is not necessarily normal to the surface, as illustrated in Fig.

Solid Mechanics Part 111 185 Kelly



Section 1.19

1.19.5. For this reason, form the new orthonormal triad (17, T,,a, ), so that the unit vector

T, lies in the plane tangent to the surface. From 1.19.59, 1.19.3,

do* do”
T, =a3 X‘r=?a3xaa =eaﬁ,?a (11960)
X3
33\/ v
----------- ®’
coo >
/’/,®1 C
2

s

X

Figure 1.19.5: a curve lying on a surface

Next, the vector dt/ds will be decomposed into components along T, and the normal
a,. First, differentiate 1.19.59a and use 1.19.44b to get { A Problem 5}

dr (d’@’ de* de’ de* de’
E:[v-}-r‘;ﬂ ds Fjay + Kaﬁ' F?% (11961)
Then
dt
kTR, (1.19.62)
where
de* (d*e’ de“* de”’
Ky=8,, r s +F§ﬂ q q
S L0 s ® (1.19.63)

., dO“ de”
" ds ds

These are formulae for the geodesic curvature «, and the normal curvature . Many

different curves with representations ®“(S) can pass through a certain point with a given

tangent vector T. Form 1.19.59, these will all have the same value of d®“ /ds and so,
from 1.19.63, these curves will have the same normal curvature but, in general, different
geodesic curvatures.
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A curve passing through a normal section, that is, along the intersection of a plane
containing T and a,, and the surface, will have zero geodesic curvature.

The normal curvature can be expressed as

Kk, =tK7 (1.19.64)

If the tangent is along an eigenvector of K, then «, is an eigenvalue, and hence a

maximum or minimum normal curvature. Surface curves with the property that an
eigenvector of the curvature tensor is tangent to it at every point is called a line of
curvature. A convenient coordinate system for a surface is one in which the coordinate

curves are lines of curvature. Such a system, with @' containing the maximum values of
K, , has at every point a curvature tensor of the form

1 K0 K, 0

I:Kil]= : , 1= ( )max (11965)
0 K2 0 (Kn )min

This was the case with the spherical surface example discussed in §1.19.2.

The Geodesic

A geodesic is defined to be a curve which has zero geodesic curvature at every point
along the curve. Form 1.19.63, parametric equations for the geodesics over a surface are

d’e’ de* de”’
o7 +I7, is ?zo (1.19.64)

It can be proved that the geodesic is the curve of shortest distance joining two points on
the surface. Thus the geodesic curvature is a measure of the deviance of the curve from
the shortest-path curve.

The Geodesic Coordinate System

If the Gaussian curvature of a surface is not zero, then it is not possible to find a surface
coordinate system for which the metric tensor components g,, equal the Kronecker delta

0,5 everywhere. Such a geometry is called Riemannian. However, it is always possible

to construct a coordinate system in which g,, =3,, , and the derivatives of the metric

aff
coefficients are zero, at a particular point on the surface. This is the geodesic
coordinate system.

1.19.6 Problems
1 Derive Eqns. 1.19.16, T}, =T% =T, =0.

2 Derive the Cartesian components of the curvilinear base vectors for the spherical
surface, Eqn. 1.19.28.
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3 Derive the Christoffel symbols for the spherical surface, Eqn. 1.19.32.
4 Use Eqns. 1.19.44-5 and 1.19.20b to derive 1.19.46.
5 Use Eqgns. 1.19.59a and 1.19.44b to derive 1.19.61.
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1.A Appendix to Chapter 1

1.A.1 The Algebraic Structures of Groups, Fields and Rings

Definition:

The nonempty set G with a binary operation, that is, to each pair of elements a,b e G

there is assigned an element ab € G, is called a group if the following axioms hold:

1. associative law: (ab)c =a(bc) forany a,b,ceG

2. identity element: there exists an element e € G, called the identity element, such that
ae=ea=a

3. inverse: for each a € G, there exists an element a™* € G, called the inverse of a,
suchthat aa' =a'a=e

Examples:
(@) Anexample of a group is the set of integers under addition. In this case the binary

operation is denoted by +, as in a+b; one has (1) addition is associative, (a+b)+c
equals a+ (b +c), (2) the identity element is denoted by 0, a+0=0+a=a, (3) the

inverse of a is denoted by — a, called the negative of a, and a+(-a)=(-a)+a=0

Definition:
An abelian group is one for which the commutative law holds, that is, if ab =ba for
every a,beG.

Examples:
(@) The above group, the set of integers under addition, is commutative, a+b=b+a,

and so is an abelian group.

Definition:

A mapping f of a group G to another group G', f :G — G’, is called a homomorphism
if f(ab)= f(a)f(b) forevery a,b e G; if fis bijective (one-one and onto), then it is
called an isomorphism and G and G’ re said to be isomorphic

Definition:
If f:G — G’ isahomomorphism, then the kernel of f is the set of elements of G which
map into the identity elementof G', k ={ae G| f(a)=¢'}

Examples
(@) Let G be the group of non-zero complex numbers under multiplication, and let G’

be the non-zero real numbers under multiplication. The mapping f :G - G’
defined by f(z) =|z| is a homomorphism, because
f (2122) = |lez| = |21||Zz| = f(zl) f (Zz)

The kernel of f is the set of elements which map into 1, that is, the complex numbers
on the unit circle
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Definition:

The non-empty set A with the two binary operations of addition (denoted by +) and

multiplication (denoted by juxtaposition) is called a ring if the following are satisfied:

1. associative law for addition: forany a,b,ce A, (a+b)+c=a+(b+c)

2. zero element (additive identity): there exists an element 0 € A, called the zero
element, suchthat a+0=0+a=a forevery ac A

3. negative (additive inverse): for each a € A there exists an element —a € A, called
the negative of a, such that a+(-a) =(-a)+a=0

4. commutative law for addition: forany a,be A, a+b=b+a

associative law for multiplication: for any a, b, c € A, (ab)c = a(bc)

6. distributive law of multiplication over addition (both left and right distributive): for
any a,b,ce A, (i) a(b+c)=ab+ac, (ii) (b+c)a=ba+ca

o

Remarks:
(i) the axioms 1-4 may be summarized by saying that A is an abelian group under
addition

(if) the operation of subtraction in a ring is defined through a—b =a+ (-b)
(iii) using these axioms, it can be shown that a0 = 0a =0, a(-b) = (-a)b =-ab,
(-a)(-b)=ab forall a,be A

Definition:
A commutative ring is a ring with the additional property:
7. commutative law for multiplication: for any a,b e A, ab=ba

Definition:

A ring with a unit element is a ring with the additional property:

8. unit element (multiplicative identity): there exists a nonzero element 1 A such that
al=1la=a forevery ac A

Definition:
A commutative ring with a unit element is an integral domain if it has no zero divisors,
thatis, if ab=0,thena=0or b=0

Examples:
(@) the set of integers Z is an integral domain

Definition:
A commutative ring with a unit element is a field if it has the additional property:
9. multiplicative inverse: there exists an element a™ € A suchthat aa™ =a*a=1

Remarks:

(i) note that the number 0 has no multiplicative inverse. When constructing the real
numbers R, 0 is a special element which is not allowed have a multiplicative inverse.
For this reason, division by 0 in R is indeterminate
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Examples:
(@) The set of real numbers R with the usual operations of addition and multiplication

forms a field
(b) The set of ordered pairs of real numbers with addition and multiplication defined by
(a,b)+(c,d)=(a+c,b+d)
(a,b)(c,d) = (ac—hd,ad +bc)
is also a field - this is just the set of complex numbers C

1.A.2 The Linear (Vector) Space

Definition:
Let F be a given field whose elements are called scalars. Let V be a non-empty set with
rules of addition and scalar multiplication, that is there isa sum a+b forany a,beV

and a product ca forany aeV, a € F. Then Vs called a linear space over F if the
following eight axioms hold:
1. associative law for addition: for any a,b,ceV ,onehas (a+b)+c=a+(b+c)

2. zero element: there exists an element 0 €V , called the zero element, or origin, such
that a+0=0+a=a forevery aeV

3. negative: for each a eV there exists an element —a €V , called the negative of a,
suchthat a+(-a)=(-a)+a=0

4. commutative law for addition: forany a,beV ,we have a+b=b+a

5. distributive law, over addition of elements of V: for any a,b eV and scalar a € F,
a(@a+b)=ca+ab

6. distributive law, over addition of scalars: for any a €V and scalars «, S € F,
(a+pPa=ca+ pfa

7. associative law for multiplication: for any a eV and scalars «, g € F,
a(pa) = (ap)a

8. unit multiplication: for the unitscalar 1e F, la=a forany aeV.
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1.B Appendix to Chapter 1

1.B.1 The Ordinary Calculus
Here are listed some important concepts from the ordinary calculus.
The Derivative

Consider u, a function f of one independent variable x. The derivative of u at x is defined
by

‘;—;‘(s f’(x):limAHO%:limAHo f(“AAX)z_ fx) (LB.1)
where Au is the increment in u due to an increment AX in X.
The Differential
The differential of u is defined by
du = f'(x)Ax (1.B.2)

By considering the special case of u = f(x) = x, one has du = dx = Ax, so the
differential of the independent variable is equivalent to the increment. dx = Ax. Thus, in
general, the differential can be written as du = f'(x)dx. The differential of u and

increment in u are only approximately equal, du = Au, and approach one another as
Ax — 0. This is illustrated in Fig. 1.B.1.

u | ’
y stope T7(x) = differential du
increment Au = f (X + Ax) — f(X)
dx = Ax
X dx + Ax ]

Figure 1.B.1: the differential

If x iis itself a function of another variable, t say, u(x(t)), then the chain rule of
differentiation gives
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du dx
— =f'"(x)— 1.B.3
m ( )Olt ( )

Arc Length

The length of an arc, measured from a fixed point a on the arc, to x, is, from the definition
of the integral,

S :Jx.ds =isecwdx=iw/l+(dy/dx)2dx (1.B.4)

where  is the angle the tangent to the arc makes with the x axis, Fig 1.B.2, with

(dy/dx) =tany and (ds)’ = (dx)* +(dy)’ (ds is the length of the dotted line in Fig.
1.B.2b). Also, it can be seen that

2 2
||m |pq|chord — ||m (AX) +(Ay)
As—0 |pq|arC As—0 AS

(1.B.5)

Ay

dx = Ax
(a) (b)

Figure 1.B.2: arc length
The Calculus of Two or More Variables

Consider now two independent variables, u = f (x,y). We can define partial
derivatives so that, for example,
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a—u_llm & =i f(X+AX1y)_f(va)
- Ax—0 - Ax—0
OX y constant AX

(1.B.6)

The total differential du due to increments in both x and y can in this case be shown to
be

du :a—qu+a—uAy (1.B.7)
OX oy

which is written as du = (6u/éx)dx + (éu/dy)dy , by setting dx = Ax,dy = Ay . Again,
the differential du is only an approximation to the actual increment Au (the increment
and differential are shown in Fig. 1.B.3 for the case dy = Ay =0).

It can be shown that this expression for the differential du holds whether x and y are
independent, or whether they are functions themselves of an independent variable t,
u= u(x(t), y(t)), in which case one has the total derivative of u with respect to t,

du _udx, oudy

— = + (1.B.8)
dt oxdt oy dt

u ou
slope —

differential du
OX

Figure 1.B.3: the partial derivative

The Chain rule for Two or More Variables

Consider the case where u is a function of the two variables x,y, u= f(x,y), but also

that x and y are functions of the two independent variables s and t, u = f (x(s,t), y(s,t)).
Then
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du :@dx+a—udy

OX oy

:a_u(%ds+%dt]+a_u(ﬂds +@dt) (1.B.9)
ox \ 0s ot oy \ 0s ot

_ a_ug+a_u@ ds + é’—u%+a—u@ dt
OX 0S 0y 0s ox ot oy ot

But, also,
du =M gs+ Mgt (1.B.10)
0s ot

Comparing the two, and since ds,dt are independent and arbitrary, one obtains the chain
rule

u_oudx oudy
oS OX0s oy os
u_odudx oudy
ot oxot oy ot

(1.B.11)

In the special case when x and y are functions of only one variable, t say, so that
u=f [x(t), y(t)], the above reduces to the total derivative given earlier.

One can further specialise: In the case when u is a function of x and t, with x = x(t),
u= f[x(t),t], one has

du _oud , ou

== + (1.8.12)
dt  ox dt ot

When u is a function of one variable only, x say, so that u = f [x(t)], the above reduces to
the chain rule for ordinary differentiation.

Taylor’'s Theorem

Suppose the value of a function f(x,y) is known at (x,,Y,). Its value at a neighbouring
point (X, + AX, Yy, + Ay) is then given by

f (X +AX, Y, +AY) = (X5, Y,) +(Axi +Ayi J
Klogy) Ny
2 2 2
jtl[(Ax)28 Z +AxAya f +(Ax)28 I J-F
2 X (XOvYO) ax (XOvyo) ay (XOvyo)

(1.B.13)
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The Mean Value Theorem

If f(x) is continuous over an interval a < x <b, then

f'(¢) = w (1.B.14)

Geometrically, this is equivalent to saying that there exists at least one point in the

interval for which the tangent line is parallel to the line joining f(a) and f(b). This
result is known as the mean value theorem.

f(b)

Figure 1.B.4: the mean value theorem

The law of the mean can also be written in terms of an integral: there is at least one point
& in the interval [a,b] such that

b
f(£) = % j f (x)dx (1.B.15)
where | is the length of the interval, | =b—a. The right hand side here can be interpreted

as the average value of f over the interval. The theorem therefore states that the average
value of the function lies somewhere in the interval. The equivalent expression for a
double integral is that there is at least one point (£,,&,) in a region R such that

(G =[] F 0, (L.B.16)

where A is the area of the region of integration R, and similarly for a triple/volume
integral.
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1.B.2 Transformation of Coordinate System

Let the coordinates of a point in space be (x,,,,X,). Introduce a second set of
coordinates (®,,0,,0, ), related to the first set through the transformation equations

0, = f,(X,X,, X;) (1.B.17)
with the inverse equations
Xi = gi(®1’®2’®3) (1.B.18)

A transformation is termed an admissible transformation if the inverse transformation
exists and is in one-to-one correspondence in a certain region of the variables (x,, X,, X, ),

that is, each set of numbers (©,,0,,0,) defines a unique set (x,,X,, X, ) in the region,
and vice versa.

Now suppose that one has a point with coordinates x’, ®’ which satisfy 1.B.17. Eqn.
1.B.17 will be in general non-linear, but differentiating leads to
of

de, =~ dx;. (1.B.19)
X

which is a system of three linear equations. From basic linear algebra, this system can be
solved for the dx; if and only if the determinant of the coefficients does not vanish, i.e

J= det{ﬁ} 20, (1.B.20)

OX i

with the partial derivatives evaluated at x (the one dimensional situation is shown in
Fig. 1.B.5). If J =0, one can solve for the dx; :

dx; = A,dO |, (1B.22)

say. This is a linear approximation of the inverse equations 1.B.18 and so the inverse
exists in a small region near (x?,x?,x? ). This argument can be extended to other

neighbouring points and the region in which J = 0 will be the region for which the
transformation will be admissible.

f the Jacobian is positive everywhere, then a right handed set will be transformed into
another right handed set, and the transformation is said to be proper.
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linear

/ approximation
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X

Figure 1.B.5: linear approximation
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2 Kinematics

Kinematics is concerned with characterising movement. The goal is to express in
mathematical form the deformation and motion of materials. In what follows, a number of
important quantities, mainly vectors and second-order tensors, are introduced. Each of these
quantities, for example the velocity, deformation gradient or rate of deformation tensor,
allows one to describe a particular aspect of a deforming material.

No consideration is given to what is causing the deformation and movement — the cause is the
action of forces on the material, and these will be discussed in the next chapter.

The first section introduces the material and spatial coordinates and descriptions. The second
and third sections discuss the strain tensors. The fourth, fifth and sixth sections deal with
rates of deformation and rates of change of kinematic quantities. The theory is specialised to
small strain deformations in section 7. The notion of objectivity is discussed in section 8 and
the final sections, 9-13, deal with kinematics using the convected coordinate system, and
include the important notions of push-forward, pull-back and the Lie time derivative.
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Section 2.1

2.1 Motion

2.1.1 The Material Body and Motion

Physical materials in the real world are modeled using an abstract mathematical entity
called a body. This body consists of an infinite number of material particles'. Shown in
Fig. 2.1.1a is a body B with material particle X . One distinguishes between this body
and the space in which it resides and through which it travels. Shown in Fig. 2.1.1bis a
certain place X in familiar Euclidean space E.

>

(2) (b) (©)

Figure 2.1.1: (a) a material particle in a body, (b) a place in space, (¢) a configuration
of the body

By fixing the material particles of the body to places in space, one has a configuration of
the body y , Fig. 2.1.1c. A configuration can be expressed as a mapping of the particles

X to the places X,

x=x(X) (2.1.1)
A motion of the body is a family of configurations parameterised by time t,

x=x(Xt) (2.1.2)

At any time t, Eqn. 2.1.2 gives the location in space X of the material particle X, Fig.
2.1.2.

There are a number of different ways in which the motion can be described. Eqn. 2.1.2 is
the material description, in which the motion is described in terms of the material
particles which make up the body.

! these particles are not the discrete mass particles of Newtonian mechanics, rather they are very small
portions of continuous matter; the meaning of particle is made precise in the definitions which follow
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Figure 2.1.2: a motion of material

The Reference and Current Configurations

Choose now some reference configuration, Fig. 2.1.3. The motion can then be
measured relative to this configuration. The reference configuration might be the
configuration occupied by the material at time t = 0, in which case it is often called the
initial configuration. For a solid, it might be natural to choose a configuration for which
the material is stress-free, in which case it is often called the undeformed configuration.
However, the choice of reference configuration is completely arbitrary.

Introduce a Cartesian coordinate system with base vectors E; for the reference
configuration. A material particle (point) X in the reference configuration can then be
assigned a unique position vector X = X,E; relative to the origin of the axes. The
coordinates (X X5, X 3) of the particle are called material coordinates (or Lagrangian
coordinates or referential coordinates).

Some time later, say at time t, the material occupies a different configuration, which will
be called the current configuration (or deformed configuration). Introduce a second
Cartesian coordinate system with base vectors e, for the current configuration, Fig. 2.1.3.

In the current configuration, the same particle X now occupies the location (point) X,
which can now also be assigned a position vector x = x,e,. The coordinates (X,,X,,X;)

are called spatial coordinates (or Eulerian coordinates).
Each particle thus has two sets of coordinates associated with it. The particle’s material

coordinates stay with it throughout its motion. The particle’s spatial coordinates change
as it moves.
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reference
configuration current
configuration

Figure 2.1.3: reference and current configurations

In practice, the material and spatial axes are usually taken to be coincident so that the base
vectors E; and e, are the same, as in Fig. 2.1.4. Nevertheless, the use of different base

vectors E and e for the reference and current configurations is useful even when the
material and spatial axes are coincident, since it helps distinguish between quantities
associated with the reference configuration and those associated with the spatial
configuration (see later).

Figure 2.1.4: reference and current configurations with coincident axes

In terms of the position vectors, the motion 2.1.2 can be expressed as a relationship
between the material and spatial coordinates,

x = y(X,1), X, =%, (Xl, X,, X3,t) Material description (2.1.3)

or the inverse relation

X=y"(x1), X, =2"(x,%,%,t)| Spatial description (2.1.4)

If one knows the material coordinates of a particle then its position in the current
configuration can be determined from 2.1.3. Alternatively, if one focuses on some
location in space, in the current configuration, then the material particle occupying that
position can be determined from 2.1.4. This is illustrated in the following example.
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Example (Extension of a Bar)
Consider the motion

X, =3Xt+ X, +t, X, =X,, X;=X, (2.1.5)
These equations are of the form 2.1.3 and say that “the particle that was originally at

position X is now, at time t, at position x”. They represent a simple translation and
uniaxial extension of material as shown in Fig. 2.1.5. Note that X=x at t=0.

configuration at configurations at
t=0 t>0

Figure 2.1.5: translation and extension of material
Relations of the form 2.1.4 can be obtained by inverting 2.1.5:

X, —t
X, =1,
1+ 3t

These equations say that “the particle that is now, at time t, at position x was originally at
position X”.
[

Convected Coordinates

The material and spatial coordinate systems used here are fixed Cartesian systems. An
alternative method of describing a motion is to attach the material coordinate system to
the material and let it deform with the material. The motion is then described by defining
how this coordinate system changes. This is the convected coordinate system. In
general, the axes of a convected system will not remain mutually orthogonal and a
curvilinear system is required. Convected coordinates will be examined in §2.10.

2.1.2 The Material and Spatial Descriptions
Any physical property (such as density, temperature, etc.) or kinematic property (such as
displacement or velocity) of a body can be described in terms of either the material

coordinates X or the spatial coordinates x, since they can be transformed into each other
using 2.1.3-4. A material (or Lagrangian) description of events is one where the
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material coordinates are the independent variables. A spatial (or Eulerian) description of
events is one where the spatial coordinates are used.

Example (Temperature of a Body)

Suppose the temperature & of a body is, in material coordinates,

o(X,t) =3X, = X, (2.1.6)
but, in the spatial description,
Xl
G(X,t):T—l—X3. (2.1.7)

According to the material description 2.1.6, the temperature is different for different
particles, but the temperature of each particle remains constant over time. The spatial
description 2.1.7 describes the time-dependent temperature at a specific location in space,
x, Fig. 2.1.6. Different material particles are flowing through this location over time.

motion of individual
material particles

Figure 2.1.6: particles flowing through space
]

In the material description, then, attention is focused on specific material. The piece of
matter under consideration may change shape, density, velocity, and so on, but it is
always the same piece of material. On the other hand, in the spatial description, attention
is focused on a fixed location in space. Material may pass through this location during
the motion, so different material is under consideration at different times.

The spatial description is the one most often used in Fluid Mechanics since there is no
natural reference configuration of the material as it is continuously moving. However,
both the material and spatial descriptions are used in Solid Mechanics, where the
reference configuration is usually the stress-free configuration.

2.1.3 Small Perturbations

A large number of important problems involve materials which deform only by a
relatively small amount. An example would be the steel structural columns in a building
under modest loading. In this type of problem there is virtually no distinction to be made
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between the two viewpoints taken above and the analysis is simplified greatly (see later,
on Small Strain Theory, §2.7).

2.1.4 Problems

1. The density of a material is given by p =3X, + X, and the motion is given by the
equations X, =X,, X, =X, =t, X, =X, —t.
(a) what kind of description is this for the density, and what kind of description is
this for the motion?

(b) re-write the density in terms of x — what is the name given to this description of
the density?

(c) is the density of any given material particle changing with time?

(d) invert the motion equations so that X is the independent variable — what is the
name given to this description of the motion?

(e) draw the line element joining the origin to (1,1,0) and sketch the position of this
element of material attimes t=1 and t =2.
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2.2 Deformation and Strain

A number of useful ways of describing the deformation of a material are discussed in this
section.

Attention is restricted to the reference and current configurations. No consideration is
given to the particular sequence by which the current configuration is reached from the
reference configuration and so the deformation can be considered to be independent of
time. In what follows, particles in the reference configuration will often be termed
“undeformed” and those in the current configuration “deformed”.

In a change from Chapter 1, lower case letters will now be reserved for both vector- and

tensor- functions of the spatial coordinates x, whereas upper-case letters will be reserved
for functions of material coordinates X. There will be exceptions to this, but it should be
clear from the context what is implied.

2.2.1 The Deformation Gradient

The deformation gradient F is the fundamental measure of deformation in continuum
mechanics. It is the second order tensor which maps line elements in the reference
configuration into line elements (consisting of the same material particles) in the current
configuration.

Consider a line element dX emanating from position X in the reference configuration
which becomes dx in the current configuration, Fig. 2.2.1. Then, using 2.1.3,

dx = y(X +dX)-x(X)

= (Grady )dX (@21

A capital G is used on “Grad” to emphasise that this is a gradient with respect to the
material coordinates', the material gradient, dy /06X .

F

SRS

Figure 2.2.1: the Deformation Gradient acting on a line element

! one can have material gradients and spatial gradients of material or spatial fields — see later
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It is customary to denote the motion vector-function y in 2.1.3 simply by x, i.e.
X = X(X,t), so that

0 OX;
F= = Grad x, F;=— Deformation Gradient (2.2.2)
oX oX;
with
‘dx =FdX, dx; = F,dX,;| action of F (2.2.3)

Lower case indices are used in the index notation to denote quantities associated with the
spatial basis {ei } whereas upper case indices are used for quantities associated with the

material basis {E, }.

Note that

dx = édX
oX

is a differential quantity and this expression has some error associated with it; the error
(due to terms of order (dX)’ and higher, neglected from a Taylor series) tends to zero as

the differential dX — 0. The deformation gradient (whose components are finite) thus
characterises the deformation in the neighbourhood of a point X, mapping infinitesimal
line elements dX emanating from X in the reference configuration to the infinitesimal
line elements dx emanating from x in the current configuration, Fig. 2.2.2.

before after

Figure 2.2.2: deformation of a material particle
Example
Consider the cube of material with sides of unit length illustrated by dotted lines in Fig.
2.2.3. Itis deformed into the rectangular prism illustrated (this could be achieved, for

example, by a continuous rotation and stretching motion). The material and spatial
coordinate axes are coincident. The material description of the deformation is

x=1(X) = -6X,e, +%X1e2 +%X3e3

and the spatial description is
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X =f"(x) =2x,E, —éxlEz +3X%,E,

X5, X,
. D
D’ E B
Bl
A X, X
E’ N\ e
/C \ ,
C

X5, Xy
Figure 2.2.3: a deforming cube
Then

0 -6 0
F=—"=[1/2 0 0
J 0 0 1/3

Once F is known, the position of any element can be determined with ease. For example,
taking a line element dX =[da,0,0]", dx = FdX =[0,da/2,0]".

Homogeneous Deformations

A homogeneous deformation is one where the deformation gradient is uniform, i.e.
independent of the coordinates, and the associated motion is termed affine. Every part of
the material deforms as the whole does, and straight parallel lines in the reference
configuration map to straight parallel lines in the current configuration, as in the above
example. Most examples to be considered in what follows will be of homogeneous
deformations; this keeps the algebra to a minimum, but homogeneous deformation
analysis is very useful in itself since most of the basic experimental testing of materials,
e.g. the uniaxial tensile test, involve homogeneous deformations.

Rigid Body Rotations and Translations

One can add a constant vector ¢ to the motion, x = x + ¢, without changing the
deformation, Grad(x + ¢)= Gradx. Thus the deformation gradient does not take into
account rigid-body translations of bodies in space. If a body only translates as a rigid
body in space, then F =1, and x = X+ ¢. Ifthere is N0 motion, then not only is F =1,
but x =X.
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If the body rotates as a rigid body (with no translation), then F = R, a rotation tensor
(§1.10.8).

The Inverse of the Deformation Gradient

The inverse deformation gradient F~' carries the spatial line element dx to the material
line element dX. It is defined as

F' = X _ gradX, F' = X, Inverse Deformation Gradient  (2.2.4)
ox OX;
so that
dX=F"'dx, dX, =F; dx;| actionof F”' (2.2.5)
with (see Eqn. 1.15.2)
F'F=FF"'=1 Fa Fui =65 (2.2.6)

Cartesian Base Vectors

Explicitly, in terms of the material and spatial base vectors (see 1.14.3),

F=-" oK, - % ¢ ok,
X oX |
x ~ 2.2.7)
F'=—Qe;, =—'E, ®c¢,
OX; OX

J
so that FdX = (0, /X, Je, ® E, (dX ,,E,, ) = (0%, /X, )dX ,e, = dx and F' dx = dX.

Because F and F~' act on vectors in one configuration to produce vectors in the other
configuration, they are termed two-point tensors. They are defined in both
configurations. This is highlighted by their having both reference and current base
vectors E and e in their Cartesian representation 2.2.7.

Here follow some important relations which relate scalar-, vector- and second-order
tensor-valued functions in the material and spatial descriptions { A Problem 1}.

gradg = Gradg F ™'
gradv = GradVF ™' (2.2.8)
diva = GradA : F~"

Here, ¢ is a scalar; V and v are the same vector, the former being a function of the
material coordinates, the material description, the latter a function of the spatial
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coordinates, the spatial description. Similarly, A is a second order tensor in the material
form and a is the equivalent spatial form.
Example

Consider the deformation

=(2X2 _X3)el +(_ xz)ez +(X1 +3X2 +X3)es

X
X = (X, +5%, + X, )E, + (=X, )E, + (= X, —2x, JE,

so that
0o 2 -1 1 5 1
F=|0 -1 0|, F'={0 -1 0
1 3 1 -1 -2 0

Consider the vector v(x) = (2x, =X, Je, + (=3XZ + X, e, + (X, + X, Je; which, in the
material description, is

V(X) = (5X, —2X, )E, + (X, +3X, + X; =3X2 ), + (X, +5X, )E,

The material and spatial gradients are

0 5 -2 2 -1 0
GradV=|1 3-6X, 1 | gradv=|0 -6x, 1
1 5 0 1 0 1
and it can be seen that
2 -1 0 2 -1 0
GradVF' =|0 6X, 1|={0 —-6x, 1|=gradv
0 1 1 0 1

2.2.2 The Cauchy-Green Strain Tensors

The deformation gradient describes how a line element in the reference configuration
maps into a line element in the current configuration. Other useful measures of
deformation are the Left Cauchy-Green Strain and Right Cauchy-Green Strain
tensors. They give a measure of how the lengths of line elements and angles between line
elements (through the vector dot product) change between configurations.
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The Right Cauchy-Green Strain

Consider two line elements in the reference configuration dX, dX® which are mapped

into the line elements dx”, dx'® in the current configuration. Then, using 1.10.3d,

dx® -dx® = (FdX " )r (Fdx®)
=dX"(F'FdX® '| action of C (2.2.9)
—dX"CdXx®

where, by definition, C is the right Cauchy-Green Strain®

OX, OX,

CZFTF: CIJszIFkJZRaXJ

Right Cauchy-Green Strain (2.2.10)

It is a symmetric, positive definite (cf. §1.11.2), tensor (see Eqn. 2.2.17 below), which
implies that it has real positive eigenvalues, and this has important consequences (see
later). Explicitly in terms of the base vectors,

C= %En e, % e, QF, |= X 0% E, QF,. (2.2.11)
oX, oX; oX, oX,

Just as the line element dX is a vector defined in and associated with the reference
configuration, C is defined in and associated with the reference configuration, acting on
vectors in the reference configuration, and so is called a material tensor.

The inverse of C, C™', is called the Piola deformation tensor.

The Left Cauchy-Green Strain

Consider now the following, using Eqn. 1.10.18c:

dX®.dXx® =(F'dx®)-(F'dx?)
—dx"(F"F')dx® | action of b (2.2.12)

=dx"b'dx"?

where, by definition, b is the left Cauchy-Green Strain, also known as the Finger tensor:

T aXi aXJ' .
b=FF , b, =F«Fy =—— Left Cauchy-Green Strain ~ (2.2.13)
: BaX . Xy

Again, this is a symmetric, positive definite tensor, only here, b is defined in the current
configuration and so is called a spatial tensor.

The inverse of b, b, is called the Cauchy deformation tensor.

? “right” because F is on the right of the formula
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It can be seen that the right and left Cauchy-Green tensors are related through

C=F'bF, b=FCF" (2.2.14)
Note that tensors can be material (e.g. C), two-point (e.g. F) or spatial (e.g. b). Whatever
type they are, they can always be described using material or spatial coordinates through
the motion mapping 2.1.3, that is, using the material or spatial descriptions. Thus one
distinguishes between, for example, a spatial tensor, which is an intrinsic property of a
tensor, and the spatial description of a tensor.

The Principal Scalar Invariants of the Cauchy-Green Tensors

Using 1.10.10b,

trC = tr{F"F) = tr(FF" ) = trb (2.2.15)
This holds also for arbitrary powers of these tensors, trC" = trb", and therefore, from
Eqn. 1.11.17, the invariants of C and b are equal.

2.2.3 The Stretch

The stretch (or the stretch ratio) A is defined as the ratio of the length of a deformed
line element to the length of the corresponding undeformed line element:

B |dx|

= The Stretch 2.2.16

From the relations involving the Cauchy-Green Strains, letting dX = dX® =dX,
dx® = dx® =dx, and dividing across by the square of the length of dX or dx,

A= X =dXcdX, A= =dxb 'dx (2.2.17)

Here, the quantities dX = dX/ |dX| and dx = dx/ |dx| are unit vectors in the directions of

dX and dx. Thus, through these relations, C and b determine how much a line element
stretches (and, from 2.2.17, C and b can be seen to be indeed positive definite).

One says that a line element is extended, unstretched or compressed accordingto 4 >1,
A=1or A<1.
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Stretching along the Coordinate Axes

Consider now three line elements lying along the three coordinate axes®. Suppose that the
material deforms in a special way, such that these line elements undergo a pure stretch,
that is, they change length with no change in the right angles between them. If the
stretches in these directions are 4,, 4, and A,, then

X, =4 X, X, =4,X,, X; = A4, X, (2.2.18)

and the deformation gradient has only diagonal elements in its matrix form:
A4 0 O
A, 0
0 A

F = , F, =4, (nosum) (2.2.19)

[

oS O

The axes are in this case called the principal axes of the material and the stretches are
called the principal stretches. Line elements not on these three axes will in general
stretch/contract and rotate relative to each other. A spherical element of material will
deform into an ellipsoid, with the axes of the ellipsoid coincident with the base vectors.

For example, a line element dX = [, ,0]" stretches by A = VAXFFTdX = /112 + /‘ti /2
with dx =[4,a,4,a,0]", and rotates if A, # A,.

The Case of F Real and Symmetric

Consider now another special deformation, where F is a real symmetric tensor, in which
case the eigenvalues are real and the eigenvectors form an orthonormal basis (cf. §1.11.2).
In any given coordinate system, F will in general result in the stretching of line elements
and the changing of the angles between line elements. However, if one chooses a
coordinate set to be the eigenvectors of F, then from Eqn. 1.10.11-12 one can write

. 24 0 0
F=> 18, ®N,, [F]=[0 4, 0 (2.2.20)
= 0 0 4

where 4,, 4,, A, are the eigenvalues of F — the eigenvectors® are the principal axes and

the eigenvalues are the principal stretches. This indicates that as long as F is real and
symmetric, one can always find a coordinate system along whose axes the material
undergoes a pure stretch, with no rotation. Again a spherical element of material will
deform into an ellipsoid, but now the axes of the ellipsoid coincide with the principal axes
of F.

3 with the material and spatial basis vectors coincident

4 n, are the eigenvectors of e, , N , of Ei , with fi, N , coincident; when the bases are not coincident, the

notion of rotating line elements becomes ambiguous — this topic will be examined later in the context of
objectivity

Solid Mechanics Part IIT 214 Kelly



Section 2.2

2.2.4 The Green-Lagrange and Euler-Almansi Strain Tensors

Whereas the left and right Cauchy-Green tensors give information about the change in
angle between line elements and the stretch of line elements, the Green-Lagrange strain
and the Euler-Almansi strain tensors directly give information about the change in the
squared length of elements.

Specifically, when the Green-Lagrange strain E operates on a line element dX, it gives
(half) the change in the squares of the undeformed and deformed lengths:

ax” —[ax” 1
= —{dXCdX - dX - dX|
2 2
= %{dX(C ~T)dX} action of E (2.2.21)
= dXEdX

where

E :%(C—I):%(FTF—Il E,; :%(C,J —5,J) Green-Lagrange Strain  (2.2.22)

It is a symmetric positive definite material tensor. Similarly, the (symmetric spatial)
Euler-Almansi strain tensor is defined through

dx|” —[dX]’
Jox|” —Jdx]” =dxedx| action of e (2.2.23)

and

1 1
e= E(I —b)= 5(1 ~F'F"') Euler-AlmansiStrain  (2.2.24)

Physical Meaning of the Components of E

Take a line element in the 1-direction, dX, = [dX] , 0, 0]T , so that df(m = [1, 0, O]T. The

square of the stretch of this element is

L. 1 |
2 =dX,cdX, =C, — E11=5(C“—1)=5( 2 —1)

The unit extension is (]dx| - |dX|)/ |dX| = A —1. Denoting the unit extension of dX, by

E ., one has

(O

1
E,=E,+ EE(ZI) (2.2.25)
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and similarly for the other diagonal elements E,,, E.; .

When the deformation is small, E(zl) is small in comparison to E ,, so that E;, =E .

For small deformations then, the diagonal terms are equivalent to the unit extensions.

Let 6,, denote the angle between the deformed elements which were initially parallel to
the X, and X, axes. Then

_ dx,, . dx _
‘dxm‘ ‘dx(z)‘ ‘dx(l)udx(z)‘

~ 2E,,

- J2E, +12E,, +1

w080 X, [dXo || Ao

<2>‘ 7 (2.2.26)

@ _ ‘dX<1>HdX<2>‘{dX<1> , dX(Z)} Cp
ol

and similarly for the other off-diagonal elements. Note that if 8,, = 7 /2, so that there is
no angle change, then E, = 0. Again, if the deformation is small, then E, ,E,, are
small, and

%— 0, ~ sin(% - lej = cosf,, ~2E,, (2.2.27)

In words: for small deformations, the component E,, gives half the change in the original
right angle.

2.2.5 Stretch and Rotation Tensors

The deformation gradient can always be decomposed into the product of two tensors, a
stretch tensor and a rotation tensor (in one of two different ways, material or spatial
versions). This is known as the polar decomposition, and is discussed in §1.11.7. One
has

F=RU Polar Decomposition (Material) (2.2.28)

Here, R is a proper orthogonal tensor, i.e. R'R =1 with detR =1, called the rotation
tensor. It is a measure of the local rotation at X.

U is a unique symmetric tensor, called the right stretch tensor. It is a measure of the
local stretching (or contraction) of material at X. Consider a line element dX. Then

Adk = FdX = RUdX (2.2.29)
and so { AProblem 1}

A2 =dXU - UdX (2.2.30)
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Thus (this is a definition of U)

U=+C (C = UU) The Right Stretch Tensor (2.2.31)

From 2.2.30, the right Cauchy-Green strain C (and by consequence the Euler-Lagrange
strain E) only give information about the stretch of line elements; it does not give
information about the rotation that is experienced by a particle during motion. The
deformation gradient F, however, contains information about both the stretch and rotation.
It can also be seen from 2.2.30-1 that U is a material tensor.

Note that, since
dx = R(UdX),
the undeformed line element is first stretched by U and is then rotated by R into the

deformed element dx (the element may also undergo a rigid body translation c¢), Fig.
2.2.4. R is a two-point tensor.

principal
material final
axes configuration

‘? \
_stretched
ndeformed

Figure 2.2.4: the polar decomposition

Evaluation of U

In order to evaluate U, it is necessary to evaluate JC . To evaluate the square-root, C
must first be obtained in relation to its principal axes, so that it is diagonal, and then the
square root can be taken of the diagonal elements (see §1.11.6). Then the tensor needs to
be transformed back to the original coordinate system.

Example

Consider the motion

X, =2X,=2X,, X=X +X,, X=X,

The (homogeneous) deformation of a unit square in the X, — X, plane is as shown in Fig.
2.2.5.
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X, X,
,—””énl . \\\\\\\
\\\é:: ............... ///:’/ﬁl
T X17X1
Figure 2.2.5: deformation of a square
One has
2 -2 0 5 =30
[F]=[1 1 o0 basis:(ei@)Ej)> [C]z[FTF]z -3 5 0 basis:(Ei®Ej)
0 0 1 0 0 1

Note that F is not symmetric, so that it might have only one real eigenvalue (in fact here it
does have complex eigenvalues), and the eigenvectors may not be orthonormal. C, on the
other hand, by its very definition, is symmetric; it is in fact positive definite and so has
positive real eigenvalues forming an orthonormal set.

To determine the principal axes of C, it is necessary to evaluate the
eigenvalues/eigenvectors of the tensor. The eigenvalues are the roots of the characteristic
equation 1.9.34,

o’ —le.a’ +1l.a-1, =0

and the first, second and third invariants of the tensor are given by 1.9.37 so that
a’ —1la’ +26a -16 =0, with roots a =8, 2,1. The three corresponding eigenvectors
are found from 1.9.40,

(o% _a)Nl +C12N2 +C13N3
CyN, +(C,, —a)N, +C;N,
CyN, +C;,N, +(Cy; —a)N; =

0 (5-a)N,-3N, =0
0 - -3N,+G-a)N,=0
0 (1-a)N, =0

Thus (normalizing the eigenvectors so that they are unit vectors, and form a right-handed
set, Fig. 2.2.6):

(i) for =8, -3N,-3N,=0,-3N,-3N,=0,-7N; =0, N,=LE --LE,
(i) for@=2,3N,-3N,=0,-3N,+3N,=0,-N, =0,  N,=-LE +LE,
(iii)y for @ =1, 4N, =3N, =0, -3N, +4N, =0,0N, =0, N, =E,
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principal
material
directions

Figure 2.2.6: deformation of a square

Thus the right Cauchy-Green strain tensor C, with respect to coordinates with base
vectors E| = Nl, E) = NZ and E!, = N,, that is, in terms of principal coordinates, is

8 0 0 o
[c]=|0 2 0] basis:N, ®N,
00 1

This result can be checked using the tensor transformation formulae 1.10.3b,
[C']=[Q]'[C]Q], where Q is the transformation matrix of direction cosines (see also the
example at the end of §1.4.2),

e e e e, e e S 1/42 1/42 0
Q,=|e,e e,-¢, e,-e|=|N N, N |=[-1/2 1/42 0]
€ 'e; €, 'elz €; 'e’3 : : : 0 0 1

The stretch tensor U, with respect to the principal directions is

22 0 ol [4 0 o -
ul=cl=| o 2 o|=|0 4 0] basis:N, ®K,
0 0 1 |0 0 4

These eigenvalues of U (which are the square root of those of C) are the principal
stretches and, as before, they are labeled 4,, 4,, 4,.

In the original coordinate system, using the inverse tensor transformation rule 1.10.3a,

[u]=[e]u]el",

3/42 -1/42 0
[U]=|-1/¥2 3/42 0| basis:E, ®FE,
0 0 1

so that
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N2 -1/42 0
[R]:[FU’I]z /N2 1/42 0] basis:e; ®F,
0 0 1

and it can be verified that R is a rotation tensor, i.e. is proper orthogonal.

Returning to the deformation of the unit square, the stretch and rotation are as illustrated
in Fig. 2.2.7 — the action of U is indicated by the arrows, deforming the unit square to the
dotted parallelogram, whereas R rotates the parallelogram through 45° as a rigid body to
its final position; note that the line element along the diagonal (indicated by the heavy
line) lies along a principal direction of U and therefore undergoes a pure stretch.

~o \\
~
~Pl\\

Figure 2.2.7: stretch and rotation of a square

Spatial Description
A polar decomposition can be made in the spatial description. In that case,

F=vR Polar Decomposition (Spatial) (2.2.32)
Here v is a symmetric, positive definite second order tensor called the left stretch tensor,
and vv =b, where b is the left Cauchy-Green tensor. R is the same rotation tensor as
appears in the material description. Thus an elemental sphere can be regarded as first
stretching into an ellipsoid, whose axes are the principal material axes (the principal axes
of U), and then rotating; or first rotating, and then stretching into an ellipsoid whose axes

are the principal spatial axes (the principal axes of v). The end result is the same.

The development in the spatial description is similar to that given above for the material
description, and one finds by analogy with 2.2.30,

A7 =div vk (2.2.33)

In the above example, it turns out that v takes the simple diagonal form
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242 0
[v]=] o0 V2
0 0

—o O

basis:e; ®e;.

so the unit square rotates first and then undergoes a pure stretch along the coordinate axes,
which are the principal spatial axes, and the sequence is now as shown in Fig. 2.2.9.

Figure 2.2.8: stretch and rotation of a square in spatial description

Relationship between the Material and Spatial Decompositions

Comparing the two decompositions, one sees that the material and spatial tensors
involved are related through

v=RUR", b=RCR" (2.2.34)

Further, suppose that U has an eigenvalue 4 and an eigenvector N. Then UN = AN, so
that RUN = ARN. But RU =vVR, so V(RN)z A(RN) Thus v also has an eigenvalue

A, but an eigenvector n = RN . From this, it is seen that the rotation tensor R maps the
principal material axes into the principal spatial axes. It also follows that R and F can be
written explicitly in terms of the material and spatial principal axes (compare the first of
these with 1.10.25)°:

A A A 3 A
R=h, ®N,, F=RU=R) AN, ®N,; => 4h, ®N, (2.2.35)
i=1 i=1
and the deformation gradient acts on the principal axes base vectors according to
{ AProblem 4}
FN, = ih,, F'N, = %ﬁi, F i, = %Ni, F'i, = AN, (2.2.36)

> this is not a spectral decomposition of F (unless F happens to be symmetric, which it must be in order to
have a spectral decomposition)
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The representation of F and R in terms of both material and spatial principal base vectors
in 2.3.35 highlights their two-point character.

Other Strain Measures

Some other useful measures of strain are
The Hencky strain measure: H =InU (material) or h = In v (spatial)
The Biot strain measure: B = U-1I (material) or b=v—1I (spatial)

The Hencky strain is evaluated by first evaluating U along the principal axes, so that the
logarithm can be taken of the diagonal elements.

The material tensors H, B, C, U and E are coaxial tensors, with the same eigenvectors
Ni . Similarly, the spatial tensors h, b, b, v and e are coaxial with the same eigenvectors

n,. From the definitions, the spectral decompositions of these tensors are

U=iziNi®Ni v:iziﬁ@ﬁi
i=1 i=1
czi/’tfﬁ, ®N, bzi/lfﬁ, ®n,
i=1 i=1
E:i%(ﬂf—l \, ®N, e:i%(l—l//liz i, ®, (2.2.37)
i=l i=1
H:i(lnﬂ,)ﬁl, ®N, h=i(1n,1,)n,®n,

2.2.6 Some Simple Deformations
In this section, some elementary deformations are considered.
Pure Stretch

This deformation has already been seen, but now it can be viewed as a special case of the
polar decomposition. The motion is

X, =4 X,, X, =4X,, X =4,X,;| PureStretch (2.2.38)

1

and the deformation gradient is
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A 0 0 1 0 04 0 0
F=|0 4, 0|=RU=/0 1 0[0 4, 0
0 0 2, 00 1]0 0 4

Here, R =1 and there is no rotation. U =F and the principal material axes are
coincident with the material coordinate axes. A4,,4,,4,, the eigenvalues of U, are the

principal stretches.
Stretch with rotation
Consider the motion

X, =X, —kX,, X, =kX,+X,, X=X,

so that
1 -k 0 cos@ —sin@ 0| secld 0 0
F=|k 1 O0[=RU=|sin@ <cos¢ 0| O secd O
0O 0 1 0 0 1 0 0 1

where k = tan@. This decomposition shows that the deformation consists of material

stretching by sec@(=+/1+k?), the principal stretches, along each of the axes, followed
by a rigid body rotation through an angle & about the X, =0 axis, Fig. 2.2.9. The

deformation is relatively simple because the principal material axes are aligned with the
material coordinate axes (so that U is diagonal). The deformation of the unit square is as
shown in Fig. 2.2.9.

X5, X,

Figure 2.2.9: stretch with rotation
Pure Shear

Consider the motion

X, =X, +kX,, x,=kX,+X,, X,=X,| PureShear (2.2.39)
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so that

where, since F is symmetric, there is no rotation, and F = U. Since the rotation is zero,
one can work directly with U and not have to consider C. The eigenvalues of U, the
principal stretches, are 1+ k, 1—k, 1, with corresponding principal directions

N, :%El +%E2, N, :—%El +%E2 and N, =E;.

The deformation of the unit square is as shown in Fig. 2.2.10. The diagonal indicated by
the heavy line stretches by an amount 1+ k whereas the other diagonal contracts by an
amount 1 —k . An element of material along the diagonal will undergo a pure stretch as
indicated by the stretching of the dotted box.

X,,

Figure 2.2.10: pure shear

Simple Shear

Consider the motion

X, =X, +kX,, X,=X,, X;=X;| Simple Shear (2.2.40)
so that
1 k 0 1 k 0
F=|/0 1 0} C=|k 1+k*> 0
0 0 1 0 0 1

The invariants of C are 1, =3+k?, Il =3+k?, IlI. =1 and the characteristic equation
is

A +B+k*)A(1-21)-1=0, so the principal values of C are 1 :1+%k2 Tikv4+ k*,1.
The principal values of U are the (positive) square-roots of these: 4 =1+/4+k* +1k,1.
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These can be written as A =secf £tan@, 1 by letting tan& = Lk . Three corresponding
eigenvectors of C are

N, = K E +E,, N, = K E +E,, N,=E,

LK+ 1ky4 4K LK = 1ky4 4K

or, normalizing so that they are of unit size, and writing in terms of &,

N1=\/1_Szln9El+\/1+szln9E2, Nz=—\/1+82m0E1+\/1_52m0E2a N3=E3

The transformation matrix of direction cosines is then

J(-sing)/2 —/(1+sin@)/2 0
[Q]=|/(1+sind)/2 J(1-sinB)/2 0
0 0 1

so that, using the inverse transformation formula, [U]=[Q]U'JQ]", one obtains U in
terms of the original coordinates, and hence

1 k 0O cos@ sind 0| cosd sin @ 0
F=|0 1 0|=RU=|-sinf cos@ O0|sind (1+sin’@)/cosd 0
0 0 1 0 0 1 0 0 1

The deformation of the unit square is shown in Fig. 2.2.11 (for k =0.2,0 =5.7°). The

square first undergoes a pure stretch/contraction along the principal axes, and is then
brought to its final position by a negative (clockwise) rotation of 4.

For this deformation, detF =1 and, as will be shown below, this means that the simple
shear deformation is volume-preserving.

Figure 2.2.11: simple shear
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2.2.7 Displacement & Displacement Gradients

The displacement of a material particle® is the movement it undergoes in the transition
from the reference configuration to the current configuration. Thus, Fig. 2.2.12,7

‘U(X,t) =x(X,1)— X‘ Displacement (Material Description) (2.2.41)

|u(x,t) =X- X(x,t)‘ Displacement (Spatial Description) (2.2.42)

Note that U and u have the same values, they just have different arguments.

Figure 2.2.12: the displacement

Displacement Gradients

The displacement gradient in the material and spatial descriptions, oU(X,t)/0X and
ou(x,t)/0x, are related to the deformation gradient and the inverse deformation gradient

through
- ou, ox
GradUza—UzwzF—I K:y_é‘ij
PR aXX 5 ‘ Jax (2.2.43)
gradu =—u=b=I—F" ﬂzgi___i
ox ox ox; 'oox
and it is clear that the displacement gradients are related through (see Eqn. 2.2.8)
gradu = GradU F™' (2.2.44)

The deformation can now be written in terms of either the material or spatial displacement
gradients:

6 In solid mechanics, the motion and deformation are often described in terms of the displacement u. In
fluid mechanics, however, the primary field quantity describing the kinematic properties is the velocity v
(and the acceleration a = v ) — see later.

7 The material displacement U here is not to be confused with the right stretch tensor discussed earlier.
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dx = dX + dU(X) = dX + GradU dX

2.2.45
dx = dX +du(x) = dX+ gradudx ( )

Strains in terms of Displacement Gradients

The strains can be written in terms of the displacement gradients. Using 1.10.3b,
L
E:EQ?F—ﬂ

= % ((GradU + I)T (GradU + I) - I)

= %(GradU + (GradU)T + (GradU)T GradU)> E, = l{

U, ouU, ouU, GUK}
2

+ +
oX, oX, oX, oX,
(2.2.46a)

ezéﬁ—F”F*)

= %(I — (1 - gradu)" (1 - gradu))

ou;, ou; ou, ou,
_+____
ox; 0X; 0X; OX

= %(gradu + (gradu)T _ (gradu)T gradUl g = —{
] i
(2.2.46b)

Small Strain

If the displacement gradients are small, then the quadratic terms, their products, are small
relative to the gradients themselves, and may be neglected. With this assumption, the
Green-Lagrange strain E (and the Euler-Almansi strain) reduces to the small-strain
tensor,

g= l(GradU + (GradU)T), &y = 112y, + Ny (2.2.47)
2 2\ax, " ax,

Since in this case the displacement gradients are small, it does not matter whether one
refers the strains to the reference or current configurations — the error is of the same order
as the quadratic terms already neglected®, so the small strain tensor can equally well be
written as

ou; Ou;
€= %(gradu + (gradu)T) & = —(—' + —Jj Small Strain Tensor (2.2.48)

¥ although large rigid body rotations must not be allowed — see §2.7
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2.2.8 The Deformation of Area and Volume Elements

Line elements transform between the reference and current configurations through the
deformation gradient. Here, the transformation of area and volume elements is examined.

The Jacobian Determinant

The Jacobian determinant of the deformation is defined as the determinant of the
deformation gradient,

oX, OX,  0OX
oX, X, X,
J(X,t)=detF| detF = x X %X The Jacobian Determinant (2.2.49)
oX, X, X,
OX;  OX;  OX
oX, X, oX,

Equivalently, it can be considered to be the Jacobian of the transformation from material
to spatial coordinates (see Appendix 1.B.2).

From Eqn. 1.3.17, the Jacobian can also be written in the form of the triple scalar product

jo X [ox ox (2.2.50)
oX, \ox, ox,

Consider now a volume element in the reference configuration, a parallelepiped bounded
by the three line-elements dX®, dX® and dX®. The volume of the parallelepiped’ is
given by the triple scalar product (Eqns. 1.1.4):

dv = dX® - (dX® x dX®) (2.2.51)

After deformation, the volume element is bounded by the three vectors dx”, so that the
volume of the deformed element is, using 1.9.16f,

dv = dx" ~(dx(2) X dx(3))
= FdX" - (FdX® x FdX®)
— det F (dX” - dX® xdX®)
=detF dV

(2.2.52)

Thus the scalar J is a measure of how the volume of a material element has changed with
the deformation and for this reason is often called the volume ratio.

dv=JdVv Volume Ratio (2.2.53)

? The vectors should form a right-handed set so that the volume is positive.
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Since volumes cannot be negative, one must insist on physical grounds that J > 0. Also,
since F has an inverse, J # 0. Thus one has the restriction

>0 (2.2.54)

Note that a rigid body rotation does not alter the volume, so the volume change is
completely characterised by the stretching tensor U. Three line elements lying along the
principal directions of U form an element with volume dV , and then undergo pure stretch
into new line elements defining an element of volume dv = 4,4,4,dV , where A, are the

principal stretches, Fig. 2.2.13. The unit change in volume is therefore also

% = A2 1 (2.2.55)
reference current
configuration /]\— | configuration
dv dv=44,4,dV b

principal material
axes

Figure 2.2.13: change in volume

For example, the volume change for pure shear is —k* (volume decreasing) and, for
simple shear, is zero (cf. Eqn. 2.2.39 et seq., (sec@ + tan#)(secd — tanH)(1) —1=0).

An incompressible material is one for which the volume change is zero, i.e. the
deformation is isochoric. For such a material, J =1, and the three principal stretches are
not independent, but are constrained by

A A, A4, =1|  Incompressibility Constraint (2.2.56)

Nanson’s Formula

Consider an area element in the reference configuration, with area dS , unit normal N ,
and bounded by the vectors dX, dX?, Fig. 2.2.14. Then

NdS = dX® xdXx® (2.2.57)

The volume of the element bounded by the vectors dX", dX‘” and some arbitrary line

element dX is dV = NdS -dX . The area element is now deformed into an element of
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area ds with normal fi and bounded by the line elements dx"”, dx‘*. The volume of the
new element bounded by the area element and dx = FdX is then

dv = fids - dx = Ads - FdX = JNdS - dX (2.2.58)

Figure 2.2.14: change of surface area

Thus, since dX is arbitrary, and using 1.10.3d,

fds = J F"'NdS Nanson’s Formula (2.2.59)

Nanson’s formula shows how the vector element of area nds in the current
configuration is related to the vector element of area NdS in the reference configuration.

2.2.9 Inextensibility and Orientation Constraints

A constraint on the principal stretches was introduced for an incompressible material,
2.2.56. Other constraints arise in practice. For example, consider a material which is

inextensible in a certain direction, defined by a unit vector A in the reference

configuration. It follows that ‘FA‘ =1 and the constraint can be expressed as 2.2.17,

ACA =1 Inextensibility Constraint (2.2.60)

If there are two such directions in a plane, defined by A and B, making angles 6 and ¢

respectively with the principal material axes Nl , N2 , then

A 0 0 [cos@
1=[cos® sin@ 0] 0 22 0 |sing
0 0 A o

and (/112 —ﬂ;)coszﬁzl—/ﬁ =(/112 —ﬂ;)cosz¢. It follows that ¢ =60, ¢ =60+,
O+¢=mn or O+¢=2x (or 4, =4, =1, i.e. no deformation).
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Similarly, one can have orientation constraints. For example, suppose that the direction
associated with the vector A maintains that direction. Then

FA = ,uA Orientation Constraint (2.2.61)

for some scalar x> 0.

2.2.10 Problems

1. Inequations 2.2.8, one has from the chain rule

grad¢=%e- _ 09 X, e, —( o E-](axm | O ®eiJ=Grad¢5F‘1

ox, X, ax o ax; T\ ax
Derive the other two relations.
2. Use R'TR=1I, U" =U, and 1.10.3e to show that
2= d_X U-U d_X
|oX| |dX|
3. For the deformation
X, =X, +2X;, X, =X,-2X;, X =-2X,+2X,+X,
(a) Determine the Deformation Gradient and the Right Cauchy-Green tensors
(b) Consider the two line elements dX =e,, dX” =e, (emanating from (0,0,0)).
Use the Right Cauchy Green tensor to determine whether these elements in the
current configuration (dx", dx*) are perpendicular.
(c) Use the right Cauchy Green tensor to evaluate the stretch of the line element
dX =e, +e,, and hence determine whether the element contracts, stretches, or
stays the same length after deformation.
(d) Determine the Green-Lagrange and Eulerian strain tensors
(e) Decompose the deformation into a stretching and rotation (check that U is
symmetric and R is orthogonal). What are the principal stretches?
4. Derive Equations 2.2.36.
For the deformation
X, =X, X =X,+X,, Xy=aX,+ X,

e

(a) Determine the displacement vector in both the material and spatial forms
(b) Determine the displaced location of the particles in the undeformed state which
originally comprise
(i) the plane circular surface X, =0, X;+X; =1/(1-a°)
(i1) the infinitesimal cube with edges along the coordinate axes of length
dX; =¢
Sketch the displaced configurations if a =1/2
6. For the deformation
X, =X, +aX,, X,=X,+aX,, X, =aX, +X,
(a) Determine the displacement vector in both the material and spatial forms
(b) Calculate the full material strain tensor and the full spatial strain tensor
(c) Calculate the infinitesimal strain tensor as derived from the material and spatial
tensors, and compare them for the case of very small a.
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7. In the example given above on the polar decomposition, §2.2.5, check that the
relations Cn, = An,, i =1,2,3 are satisfied (with respect to the original axes). Check

also that the relations Cn; = An, i =1,2,3 are satisfied (here, the eigenvectors are the

unit vectors in the second coordinate system, the principal directions of C, and C is
with respect to these axes, i.e. it is diagonal).
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2.3 Deformation and Strain: Further Topics

2.3.1 Volumetric and Isochoric Deformations

When analysing materials which are only slightly incompressible, it is useful to
decompose the deformation gradient multiplicatively, according to

F=(0"1F=J'""F (2.3.1)
From this definition { AProblem 1},
detF =1 (2.3.2)

and so F characterises a volume preserving (distortional or isochoric) deformation. The
tensor J'°I characterises the volume-changing (dilational or volumetric) component of
the deformation, with det(J 13 I) =detF=1.

This concept can be carried on to other kinematic tensors. For example, with C=F'F,
C=J""F'F=J"°C. (2.3.3)

F and C are called the modified deformation gradient and the modified right
Cauchy-Green tensor, respectively. The square of the stretch is given by

2 =dXCdX = 32" [dXCdX | (2.3.4)

sothat 1 =J"°1 , where 4 is the modified stretch, due to the action of C. Similarly,
the modified principal stretches are

A, =32, =123 (2.3.5)
with
detF = 1, 1,4, =1 (2.3.6)
The case of simple shear discussed earlier is an example of an isochoric deformation, in

which the deformation gradient and the modified deformation gradient coincide,
J'PI=1.

2.3.2 Relative Deformation
It is usual to use the configuration at (X,t = 0) as the reference configuration, and define

quantities such as the deformation gradient relative to this reference configuration. As
mentioned, any configuration can be taken to be the reference configuration, and a new
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deformation gradient can be constructed with respect to this new reference configuration.
Further, the reference configuration does not have to be fixed, but could be moving also.

In many cases, it is useful to choose the current configuration (x,t) to be the reference
configuration, for example when evaluating rates of change of kinematic quantities (see
later). To this end, introduce a third configuration: this is the configuration at some time
t =7 and the position of a material particle X here is denoted by x = y(X,7), where y is

the motion function. The deformation at this time 7 relative to the current configuration
is called the relative deformation, and is denoted by X =y, (X,7), as illustrated in Fig.

2.3.1.

configuration
att=r

relative
X(t) (x,7) deformation
initial
configuration (X t)
current

configuration

Figure 2.3.1: the relative deformation

The relative deformation gradient F, is defined through

dx =F, (x,7)dx, F, = x (2.3.7)
ox

Also, since dx = F(X,t)dX and dx = F(X,7)dX, one has the relation
F(X,7) =F,(x,7) F(X,t) (2.3.8)

Similarly, relative strain measures can be defined, for example the relative right Cauchy-
Green strain tensor is

C,(r)=F,(r) F.(r) (2.3.9)
Example

Consider the two-dimensional motion
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X, =X, X, =X,(t+1)

Inverting these gives the spatial description X, = x,e”', X, = X, /(t +1), and the relative
deformation 1s

X (x,7)= X" =x,e""
X, (x,7)= X, (r+ ) =x,(r+ D) /(t+1)

The deformation gradients are

OX:
F(X,t) :Yei ®E; = ete1 QE, +(t+1)e, ®F,

]

A

oX,
F,(x,7) =a—'ei e, =e"'e,®e +(r+1)/(t+])e, Ve,
j

u
2.3.3  Derivatives of the Stretch
In this section, some useful formulae involving the derivatives of the stretches with
respect to the Cauchy-Green strain tensors are derived.
Derivatives with respect to b
First, take the stretches to be functions of the left Cauchy-Green strain b. Write b using
the spatial principal directions n; as a basis, 2.2.37, so that the total differential can be
expressed as
3
db=>"24dAh; ®h, + A [dh; ®h, +h; @ dh,] (2.3.10)

i=l

Since n; -n; = J;, then

n.dbn, =24dA + A2[h, -di, +dA, -A,]=24,d4  (no sum over i) (2.3.11)
This last follows since the change in a vector of constant length is always orthogonal to

the vector itself (as in the curvature analysis of §1.6.2). Using the property
uTv =T :(u®v), one has (summing over the k but not over the i; here d4, /d4, =J; )

A ob A 1 ob . _ .
db:(n, ®n,)=—dA4, :(n. ®n,)=24d4 — ——:(n.®n )=1 (2.3.12
(nl n|) 821( k (nl n|) i i 22‘ 8/1, (nl n|) ( )

Then, since db/0A4, : 04, /0b is also equal to 1, one has
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A i A A
La—b:(ni@)ni):a—b:% - L:L(ni@)ni) (2.3.13)
22, 04, 04, b ob 24,

The chain rule then gives the second derivative.

The above analysis is for distinct principal stretches. When 4, =4, =4, = 4, then
b= A1, db=24dAI. Also, db =3(b/d4)dA,so 3(6b/6A)=2AI, or

: i (2.3.14)
04 b ob

But db/0A:04/0b =1 and 3=1:1, and so in this case, 0A/db =1/21.

A similar calculation can be carried out for two equal eigenvalues 4, =4, =4 # 4,. In

summary,
%:Lﬁi ®n, (nosumoveri) A, #4, #4, # 4,
ob 24
9 _ L @n +i,®n,)
aib 211 A=A =A# 1,
_3:_(A3 ®ﬁ3)
b 24,
a—ﬂv:L iﬁi®ﬁi=LI =k =2=2
ob 21+ 24
(2.3.15)
0’4, | A ,
P :——i3ni ®n; ®n, ®n; (nosumoveri) A #A, #A, #4,

Derivatives with respect to C
The stretch can also be considered to be a function of the right Cauchy-Green strain C.

The derivatives of the stretches with respect to C can be found in exactly the same way as
for the left Cauchy-Green strain. The results are the same as given in 2.3.15 except that,

referring to 2.2.37, b is replaced by C and n is replaced by N.

2.3.4  The Directional Derivative of Kinematic Quantities

The directional derivative of vectors and tensors was introduced in §1.6.11 and §1.15.4.
Taking directional derivatives of kinematic quantities is often very useful, for example in
linearising equations in order to apply numerical solution algorithms

The Deformation Gradient

First, consider the deformation gradient as a function of the current position x (or motion
¥ ) and examine its value at x +a:
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F(x +a) = F(x) + 8,F[a]+o(a]) (2.3.16)

The directional derivative 6 _F[a]=(0F/0x)a can be expressed as

0 Fla]= a4 F(x +a)
d€ =0
_d| dx+ea) 2.3.17)
de|,., 00X
= Grada
= (grada)F
the last line resulting from 2.2.8b. It follows that the directional derivative of the
deformation gradient in the direction of a displacement vector u from the current
configuration is
0, Flu]= (gradu)F (2.3.18)

On the other hand, consider the deformation gradient as a function of X and examine its
value at X+ A:

F(X+A)=F(X)+0,F[A] (2.3.19)

and now

o F[A]= = F(X +:£A)
=0

= i iX(X + gA)
del,_, 0X

d 0
=—| —(x+FeA 2.3.20
dggzoaX(XJr ¢A) (2.3.20)
= Grad(FA)
= Grada

where a = FA .
Other Kinematic Quantities
The directional derivative of the Green-Lagrange strain, the right and left Cauchy-Green

tensors and the Jacobian in the direction of a displacement u from the current
configuration are { A Problem 2}
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0,E[u] =F"¢F

0,Clu] = 2F"¢F

d.b[u] = (gradu )b + b(gradu )"
0,J[u] = Jdivu

(2.3.21)

where ¢ is the small-strain tensor, 2.2.48.

The directional derivative is also useful for deriving various relations between the
kinematic variables. For example, for an arbitrary vector a, using the chain rule 1.15.28,
2.3.20, 1.15.24, the trace relations 1.10.10e and 1.10.10b, and 2.2.8b, 1.14.9,

(GradJ)-a=0,J]a]
= 0 J[0xFla]
=0, J[Grad(Fa))
= JF " : Grad(Fa)
= Jtr(F_1 Grad(Fa)
= Jtr(Grad(Fa)F‘l)
= Jtr(grad(Fa))
= J div(Fa)

(2.3.22)
)

so that, from 1.14.16b with a constant,

GradJ = JdivF"| (2.3.23)

2.35 Problems

1. Use 1.10.16¢ to show that detF =1.
2. (a) use the relation E = %(FTF - I), Eqn. 2.3.18, 0 ,F[u] = (gradu)F , and the product

rule of differentiation to derive 2.3.21a, 0 _E[u] = F"&F, where ¢ is the small
strain tensor.
(b) evaluate axC[u] (in terms of F and ¢, the small strain tensor)

(c) evaluate 8xb[u] (in terms of gradu and b)
(d) evaluate & _J[u] (in terms of J and divu ; use the chain rule 8 J [u]=0,J[0 F[u]],
with J(F) = detF, 0 F[u]= Gradu)
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2.4 Material Time Derivatives

The motion is now allowed to be a function of time, x = x(X,t), and attention is given to
time derivatives, both the material time derivative and the local time derivative.

2.4.1 Velocity & Acceleration

The velocity of a moving particle is the time rate of change of the position of the particle.
From 2.1.3, by definition,

V(X,t) = % (2.4.1)

In the motion expression x = y(X,t), X and t are independent variables and so X is

independent of time, denoting the particle for which the velocity is being calculated. The
velocity can thus be written as oy(X,t)/ ot or, denoting the motion by x(X,t), as

dx(X,t)/dt or ox(X,t)/ot.

The spatial description of the velocity field may be obtained from the material description
by simply replacing X with x, i.e.

vx.t) = V(3" (x.0),t) (2.4.2)

As with displacements in both descriptions, there is only one velocity, V(X,t) = v(x,t) —
they are just given in terms of different coordinates.

The velocity is most often expressed in the spatial description, as

4
v(x,t) = x = d—’t‘ velocity (2.4.3)

To be precise, the right hand side here involves x which is a function of the material
coordinates, but it is understood that the substitution back to spatial coordinates, as in
2.4.2, is made.

Similarly, the acceleration is defined to be

d?x(X,t) _ d’x _dv _ o (X, 1)
dt’ dt*>  dt ot

AX, 1) = (2.4.4)

The Local Rate of Change
Note that the derivative dV /dt in 2.4.4 (with X fixed) is not the same as the derivative

ov/ot (with x fixed). The former is the acceleration of a material particle X. The latter
is the time rate of change of the velocity of particles at a fixed location in space — this is
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called the local rate of change of v; in general, different material particles will occupy
position x at different times.

2.4.2 The Material Derivative

Suppose that the velocity in terms of spatial coordinates, v = v(x,t) is known; for

example, one could have a measuring instrument which records the velocity at a specific
location, but the motion y itself is unknown. In that case, to evaluate the acceleration, the

chain rule of differentiation must be applied:

\% Eiv(x(t),t):@+@%
dt ot oOx dt

or

ov
a= > + (grad V)V acceleration (spatial description) (2.4.5)

The acceleration can now be determined, because the derivatives can be determined
(measured) without knowing the motion.

In the above, the material derivative, or total derivative, of the particle’s velocity was
taken to obtain the acceleration. In general, one can take the time derivative of any
physical or kinematic property (0) expressed in the spatial description:

%(0) = %(0) + grad (O)V Material Time Derivative (2.4.6)

For example, the rate of change of the density p = p(x,t) of a particle instantaneously at
X 1S

pz?j—/to=%o+gradp~v (2.4.7)

The first term, dp/ ot gives the local rate of change of density at x whereas the second
term v-grad p gives the change due to the particle’s motion, and is called the convective
rate of change.

The material derivative d /dt can be applied to any scalar, vector or tensor:

da O«
=—=—+grada v
dt
a= % = % +(grada)v (2.4.8)
dA OA
=—=— dA
i a +(grad A v
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Another notation often used for the material derivative is D/ Dt ;

Df _df _ =(ﬂj (2.4.9)
Dt dt ot )xpe o

Steady and Uniform Flows

In a steady flow, quantities are independent of time, so the local rate of change is zero
and, for example, p =grad p-v. In a uniform flow, quantities are independent of

position so that, for example, p =0dp /ot
Example
Consider the motion
X, =X, +t?X,, X, =X, +t’X,, X =X,
The velocity and acceleration can be evaluated through

dx d’x
V(X,t) = i 2tX,e, +2tX e,, A(Xt) = prEy =2X,e, +2X,e,

One can write the motion in the spatial description by inverting the material description:

_ Xty szz—tle
-t 7 1=t

1 , 3 = X5

Substituting in these equations then gives the spatial description of the velocity and
acceleration:

. X, —t*X X, —t?X
v(x,t) = V({7 (x,t),t) =2t e AT e

_ X, —t*X X, —t*X
a(x,t) = Af ' (x,1).t)=2 et

Alternatively, the acceleration can be obtained directly from the spatial velocity field:
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a(x,t) = % +(gradv)v

2t° 2t X, —t*x
- 0 2t==2 L
X i 1-t* 1t 1—t24
O [ 4, %, —t°x X, —t°Xx 2t 2t* X, —t*X
=—|2t—=2—le +2t——2e, |+ — 0l 2t—=
6’[( 1-t* 1-t 2] -t 1=t 1-t
0 0 0 0
X, —t°X, X, —t°X,
B O L ©
as before.
[
The Relationship between the Displacement and Velocity
The velocity can be derived directly from the displacement 2.2.42:
_dx_du+X) _du (2.4.10)
dt dt dt
or
du Ou
v=— =—+(gradu)v 2.4.11
T =g+ leradu) (2:4.11)
When the displacement field is given in material form one has
y=3du (2.4.12)
dt
243 Problems
1.  The density of a material is given by
e—2t
p =
X-X

The velocity field is given by

V=X, +2X;, V, =Xy —2X,, V; =X +2X,
Determine the time derivative of the density (a) at a certain position X in space,
and (b) of a material particle instantaneously occupying position x.
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2.5 Deformation Rates

In this section, rates of change of the deformation tensors introduced earlier, F, C, E, etc.,
are evaluated, and special tensors used to measure deformation rates are discussed, for
example the velocity gradient 1, the rate of deformation d and the spin tensor w.

2.5.1 The Velocity Gradient
The velocity gradient is used as a measure of the rate at which a material is deforming.

Consider two fixed neighbouring points, x and x + dx, Fig. 2.5.1. The velocities of the
material particles at these points at any given time instant are v(x) and v(x+dx), and

v(x +dx) = v(x) + @dx ,
)¢
The relative velocity between the points is
dv:&dledx (2.5.1)
10)'¢

with 1 defined to be the (spatial) velocity gradient,

E
1= — grady, l. ===  Spatial Velocity Gradient (2.5.2)
Ox OX

Figure 2.5.1: velocity gradient
The spatial velocity gradient is commonly used in both solid and fluid mechanics. Less

commonly used is the material velocity gradient, which is related to the rate of change of
the deformation gradient:

Gradvzm:i(wjzﬁ(wjzp (2.5.3)
oX oX ot o\ oX

and use has been made of the fact that, since X and t are independent variables, material
time derivatives and material gradients commute.
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The spatial velocity gradient may be written as

ov _ov oX a(axjax a(ax)ax

ox oXox oxlat)ox atlox)ox

or I=FF' so that the material derivative of F can be expressed as

F =1F| Material Time Derivative of the Deformation Gradient

Also, it can be shown that { A Problem 1}

FT g
F' =—F
FTT =_1TF—T

2.5.3 The Rate of Deformation and Spin Tensors

Section 2.5

(2.5.4)

(2.5.5)

The velocity gradient can be decomposed into a symmetric tensor and a skew-symmetric

tensor as follows (see §1.10.10):

(2.5.6)

where d is the rate of deformation tensor (or rate of stretching tensor) and w is the

spin tensor (or rate of rotation, or vorticity tensor), defined by

. OV,
a=Lerr) g =LY
2 2{ 0x;  ox
o Rate of Deformation and Spin Tensors
w:l(l_lT), uzl %_ ]
2{ 0x;  ox
(2.5.7)
The physical meaning of these tensors is next examined.
The Rate of Deformation
Consider first the rate of deformation tensor d and note that
d
ldx = dv = —(dx) (2.5.8)
dt
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The rate at which the square of the length of dx is changing is then

d d

o) 2 (o)

d d d (2.5.9)
—de|2 ): —(dx . dx) =2dx- —(dx) =2dx1dx = 2dxddx

dt dt dt

? , then leads

the last equality following from 2.5.6 and 1.10.31e. Dividing across by 2|dx

to

A a ~
7 =ndn Rate of stretching per unit stretch in the direction n (2.5.10)

where A = |dx| / |dX| is the stretch and n = dx/ |dx| is a unit normal in the direction of dx.

Thus the rate of deformation d gives the rate of stretching of line elements. The diagonal
components of d, for example

d,, =ede,,
represent unit rates of extension in the coordinate directions.

Note:
e Eqn. 2.5.10 can also be derived as follows: let N be a unit normal in the direction of dX, and
n be the corresponding unit normal in the direction of dx. Then ﬁ|dx| = FN|dX| ,or il =FN.

Differentiating gives nd+nA = FN =IFN or nA+aA =1i1 . Contracting both sides with f
leads to ﬁ-ﬁ+ﬁ-ﬁ(2//t):ﬁlﬁ. But A-fi=1-—> d(fi-A)dt =0 so, by the chainrule, fi-n =0
(confirming that a vector n of constant length is orthogonal to a change in that vector dn ), and
the result follows

Consider now the rate of change of the angle 6 between two vectors dx"”, dx'”. Using
2.5.8 and 1.10.3d,

9 (e ax) = 9 a0 1 a0 o)
dt dt dt
=1dx" -dx® +dx® -1dx? (2.5.11)
= (l +1" )dx(” -dx?
=2 dx"ddx®?
which reduces to 2.5.9 when dx”’ = dx®. An alternative expression for this dot product

1S
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%de“) "dx(z) | oS 9)= %de(”udx(z) | cosd + %(Idx(z) |]dx(”| cosd —sin 6’9|dxm ||dx(2)|

quxmp iqump

1A eos+ AU eoso-sindd |dx(”||dx(2)|
x| x|
(2.5.12)
Equating 2.5.11 and 2.5.12 leads to
N ) s
2n,dn, =(—1+—2jcosé’—sm90 (2.5.13)
1 2

where 4, = |dx(i)|/|dX(i)| is the stretch and f, = dx /|dx(i)| is a unit normal in the

direction of dx™ .

It follows from 2.5.13 that the off-diagonal terms of the rate of deformation tensor
represent shear rates: the rate of change of the right angle between line elements aligned

with the coordinate directions. For example, taking the base vectors ¢, =n,, e, =n,,
2.5.13 reduces to

d,=—=6, (2.5.14)

where 6,, is the original right angle between the axes.
The Spin

Consider now the spin tensor w; since it is skew-symmetric, it can be written in terms of
its axial vector @ (Eqn. 1.10.34), called the angular velocity vector:

O =-Wye +W;;e, —W,€,

_1fov; _ov, el+l oM oV e2+l N, v e, (2.5.15)
2(ox, ox 2\ 0%, 0X 2\ 0%, 0X,

:lcurlv
2

(The vector 2 is called the vorticity (or spin) vector.). Thus when d is zero, the
motion consists of a rotation about some axis at angular velocity @ = |(D| (cf. the end of

§1.10.11), with v = @ xr, r measured from a point on the axis, and wr =@xr=v.

On the other hand, when 1 =d, w =0, one has ® = 0, and the motion is called
irrotational.
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Example (Shear Flow)

Consider a simple shear flow in which the velocity profile is “triangular” as shown in
Fig. 2.5.2. This type of flow can be generated (at least approximately) in many fluids by
confining the fluid between plates a distance h apart, and by sliding the upper plate over
the lower one at constant velocity V . If the material particles adjacent to the upper plate
have velocity Ve, , then the velocity field is v = jx,e,, where =V /h. Then 1= je, e,

and

Jo7o Jo 70

d==|y 0 0, w==|-y 0 0
2|7 2|77
00 0 0 0 0

and, from 2.5.14, y = —912 , the rate of change of the angle shown in Fig. 2.5.2.

\Y
—_
—>
—»

h —/ V=V(X)e

Figure 2.4.2: shear flow

The eigenvalues of d are 4 =0,+ y/2 (detd = 0) and the principal invariants, Eqn.
1.11.17,are 1, =0, 11, =—1 7,111, =0. For A =+y/2, the eigenvector is

n, =[1 1 0] andfor A=—y/2,itisn, =[-1 1 0] (for A=0 itis e,). (The
eigenvalues and eigenvectors of w are complex.) Relative to the basis of eigenvectors,

720 0
d=| 0 —7/2 0
0 0 0

so at 45° there is an instantaneous pure rate of stretching/contraction of material.
Choose the undeformed state to be the reference configuration, so

X1=X1+7}X2t, X2=X2, X3=X3
X1:X1_7}X2t’ X2=X2a X3=X3

and v = yx,e, = X, E,. Then
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1 7t 0 1 to0
F=|0 1 0, C=|p 1+()
0 0 0 0 0 0

This is a simple shear with k = st in Eqn. 2.2.40.

[
2.5.4  Other Rates of Strain Tensors
From 2.2.9,2.2.22,
d 1. .

——(dx-dx) = dX—CdX = dXEdX (2.5.16)

2 dt 2
This can also be written in terms of spatial line elements:

dXEdX = dx|[F "EF " [dx (2.5.17)

But from 2.5.9, these also equal dxddx, which leads to expressions for the material time
derivatives of the right Cauchy-Green and Green-Lagrange strain tensors (also given here
are expressions for the time derivatives of the left Cauchy-Green and Euler-Almansi
tensors { A Problem 3})

C =2F"dF

E=F"dF

. (2.5.18)
b=Ib+bl"

e=d-1"e—cel

Note that

[Edt=[dE
so that the integral of the rate of Green-Lagrange strain is path independent and, in
particular, the integral of E around any closed loop (so that the final configuration is the

same as the initial configuration) is zero. However, in general, the integral of the rate of
deformation,

j ddt

is not independent of the path — there is no universal function h such that d = dh/dt with
I ddt = I dh. Thus the integral I ddt over a closed path may be non-zero, and hence the

integral of the rate of deformation is not a good measure of the total strain.
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The Hencky Strain

The Hencky strain is, Eqn. 2.2.37, h = Z; (ln A )ﬁi ®n, , where n, are the principal
spatial axes. Thus, if the principal spatial axes do not change with time,

h=3" (i/4 ) ®4,. Withthe left stretch v=>"" 1, ®A, , it follows that (and

similarly for the corresponding material tensors), H = nU=UU" h=lnv=vw".

For example, consider an extension in the coordinate directions, so
F=U=v= 23 AR, ®n; = Z;ﬂiNi ®N, . The motion and velocity are

=1 i

X, =A4X,, )'(i:/iiXi:/i—'xi (no sum)
so d, = /ii /A4, (no sum), and d = h. Further, h = J.ddt . Note that, as mentioned above,

this expression does not hold in general, but does in this case of uniform extension.

255 Material Derivatives of Line, Area and Volume Elements

The material derivative of a line element d(dx)/dt has been derived (defined) through

2.4.8. For area and volume elements, it is necessary first to evaluate the material
derivative of the Jacobian determinant J. From the chain rule, one has (see Eqns 1.15.11,
1.15.7)

. d o .- .
J=—J(F)=—:F=JF":F 2.5.19
S OE)=— (2.5.19)
Hence { AProblem 4}
J=Jtr(l)
= Jtr(gradv) (2.5.20)
= Jdivv

Since 1=d +w and trw = 0, it also follows that J = Jtrd.

As mentioned earlier, an isochoric motion is one for which the volume is constant — thus
any of the following statements characterise the necessary and sufficient conditions for an
isochoric motion:

J=1, J=0, divv=0, trd=0, F":F=0 (2.5.21)

Applying Nanson’s formula 2.2.59, the material derivative of an area vector element is
{ AProblem 6}
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< (ids) = (ivv—1" Jics (2.522)

Finally, from 2.2.53, the material time derivative of a volume element is

%(dv) = %(Jdv )=JdV =divvdv (2.5.23)

Example (Shear and Stretch)

Consider a sample of material undergoing the following motion, Fig. 2.4.3.

X, = X, +kiX, Xlz?_kxz
X, =X, , X2=ZX2
Xy = X, X, =,
XaXel 4
<>
) /
K
A
4
X, X

Figure 2.4.3: shear and stretch

The deformation gradient and material strain tensors are

1 ki1 0 1 kA 0 0 1kA 0
F=[0 2 0| Cc=|ki (I+K* )& 0| E=|iki 1(2(1+k*)-1) o,
0 0 1 0 0 1 0 0 0
the Jacobian J =detF = A, and the spatial strain tensors are
1+K22 k2 0 0 ( Ezk)zz 0
b=| k& 2 0|, e=|ik 11° 2_10
A
0 0 1 0 0 0
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This deformation can also be expressed as a stretch followed by a simple shear:

I k 0ff1 0 O
F=|0 1 00 4 O
0 0 110 0 1
The velocity is
(k2 +Kki)X, (k+ k(47 2)K,
dx . .
v=2o x| ve| o (Arak,
dt
0 0
The velocity gradient is
0 k+k(i/4) 0
=%_lo a2 o
dx
0 0 0
and the rate of deformation and spin are
0 tk+k(ira) o 0 tk+k(ira) o
d=[1[k+k(isa)] A2 o w=|-t[k+k(isa) 0 0
0 0 0 0 0 0
Also
0 K +kA 0
C=2F"dF =| K+ki 24(kik+ (K> +1)i) 0
0 0 0

As expected, from 2.5.20,

J=3tr(d)=3(i/4)=4

2.5.6 Problems

1. (a) Differentiate the relation I = FF ' and use 2.5.4, F =1F, to derive 2.5.5b,

F'=-Fl.
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(b) Differentiate the relation I=F'F " and use 2.5.4, F =1F, and 1.10.3¢ to derive

255¢, F' =-1"F".
2. For the velocity field
V= XXy, V, =2X3Xy, Vs =3X%X,X,
determine the rate of stretching per unit stretch at (2,0,1) in the direction of the unit
vector
(4e, —3e,)/5
And in the direction of e, ?
3. (a) Derive the relation 2.5.18a, C = 2F"dF directly from C=F'F
(b) Use the definitions b=FF" and e =(I—-b™")/2 to derive the relations
2.5.18¢,d: b=1b+bl", é=d-1"e—el
4. Use2.5.4,2.5.19,1.10.3h, 1.10.6, to derive 2.5.20.
5. For the motion X, =3X,t—t*, X, = X, + X,t, X, =tX,, verify that F =1F . What is
the ratio of the volume element currently occupying (1,1,1) to its volume in the

undeformed configuration? And what is the rate of change of this volume element,
per unit current volume?
6.  Use Nanson’s formula 2.2.59, the product rule of differentiation, and 2.5.20, 2.5.5¢,

to derive the material time derivative of a vector area element, 2.5.22 (note that N ,
a unit normal in the undeformed configuration, is constant).
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2.6 Deformation Rates: Further Topics

2.6.1 Relationship between I, d, w and the rate of change of R
and U

Consider the polar decomposition F = RU . Since R is orthogonal, RR" =1, and a
differentiation of this equation leads to

Q, =RR" =-RR" (2.6.1)

with Q, skew-symmetric (see Eqn. 1.14.2). Using this relation, the expression 1=FF ',
and the definitions of d and w, Eqn. 2.5.7, one finds that { AProblem 1}

1=RUU'R" +Q,
w= %R(UU‘ ~UTUR"+Q,
= Rskew[UU' R" +Q, (2.6.2)
d= %R(UU‘I +U'UR"
= Rsym[UU" R

Note that , being skew-symmetric is consistent with w being skew-symmetric, and that
both w and d involve R, and the rate of change of U.

When the motion is a rigid body rotation, then U =0, and
w=Q, =RR" (2.6.3)

2.6.2 Deformation Rate Tensors and the Principal Material and
Spatial Bases

The rate of change of the stretch tensor in terms of the principal material base vectors is
3 . .
U:Z{AiNi ®N, + AN, ®N, + 4N, ®Ni} (2.6.4)
i=1

Consider the case when the principal material axes stay constant, as can happen in some
simple deformations. In that case, U and U™ are coaxial (see §1.11.5):

23: AN;®N; and U‘1=Z3: N; ® (2.6.5)

1R
i=1 i=1 ﬂ’
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with UU™" = U™'U and, as expected, from 2.5.25b, w = Q, = RR", that is, any spin is
due to rigid body rotation.

Similarly, from 2.2.37, and differentiating N, ® N, =1,
. 3 A A A A A A
E:Z{miNi ®N, +L AN, ®N; +1 N, ®Ni}. (2.6.6)
i=1

Also, differentiating Ni N ; =0, leads to N i N | = N i N ; and so the expression

. 3
N, =>W,N, (2.6.7)
m=1
is valid provided W;; are the components of a skew-symmetric tensor, W;; =-W,;. This

leads to an alternative expression for the Green-Lagrange tensor:

= i/miﬁi ®N, + igwmn(z; - 2N, ®N, (2.6.8)
i=1 m,n=1

Similarly, from 2.2.37, the left Cauchy-Green tensor can be expressed in terms of the
principal spatial base vectors:

b= iz?ﬁi ®n,, b= Z{Mi/iiﬁi ®h, + A0, ®h, + AR, ®ﬁi} (2.6.9)

3
i=1 i=1

Then, from inspection of 2.5.18c, b =1b +bl", the velocity gradient can be expressed as
{ AProblem 2}

3 [ 4 , s (4 :
1=> /1—'ﬁicx)ﬁi+ﬁi®ﬁi =y /1—'ﬁi®ﬁi—ﬁi®ﬁi (2.6.7)
i=1 i i=1 i

2.6.3 Rates of Change and the Relative Deformation

Just as the material time derivative of the deformation gradient is defined as

F= gF(X,t) = 3(%}
ot ot oX

one can define the material time derivative of the relative deformation gradient, cf. §2.3.2,
the rate of change relative to the current configuration:

(2.6.8)

7=t

. 0
F (x,t) = EFt (x,7)
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From 2.3.8, F,(x,7) = F(X,7)F(X,t)", so taking the derivative with respect to 7 (t is
now fixed) and setting 7 =t gives

F, (x,t) = F(X,H)F(X,t)"
Then, from 2.5 .4,
1=F (x,t) (2.6.9)

as expected — the velocity gradient is the rate of change of deformation relative to the
current configuration. Further, using the polar decomposition,

F.(x,7) =R, (x,7)U,(x,7)
Differentiating with respect to 7 and setting 7 =t then gives
F,(x,t) = R,(x,)U, (x,t) + R (X, 1)U, (x,1)
Relative to the current configuration, R, (x,t) = U, (x,t) =1, so, from 2.4.34,
1=U,(x,t) + R, (x,t) (2.6.10)

With U symmetric and R skew-symmetric, U, (x,t), R,(x,t) are, respectively, symmetric
and skew-symmetric, and it follows that

d="U,(x1)

2.6.11
w = Rt(x,t) ( )

again, as expected — the rate of deformation is the instantaneous rate of stretching and the
spin is the instantaneous rate of rotation.

The Corotational Derivative

The corotational derivative of a vector a is a =a —wa . Formally, it is defined through
o .1
a= E_rgﬁ{a(t +At) - R, (t+ Ad)a(t)}

= lim i {a(t +At) - [Rt (t) + AR, (t) +-- ')]a(t)}

= 1imi{a(t +At) - [T+ Atw(t) +--) fa(t)} (2.6.12)

At—0 At
- gn%)ﬁ {a(t + At) —a(t)} - w(b)a(t)

=a—wa
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The definition shows that the corotational derivative involves taking a vector a in the
current configuration and rotating it with the rigid body rotation part of the motion, Fig.
2.6.1. It is this new, rotated, vector which is compared with the vector a(t + At) , which

has undergone rotation and stretch.

at+At)=F| _ a(t)

R, a(t)

r=t+At a(t)

Figure 2.6.1: rotation and stretch of a vector

2.6.4 Rivlin-Ericksen Tensors

The n-th Rivlin-Ericksen tensor is defined as

An(t)zddTCt(r , n=0,1,2,-- (2.6.13)

=t

where C,(z) is the relative right Cauchy-Green strain. Since C, (Tl:t =I,A,=1I. To

evaluate the next Rivlin-Ericksen tensor, one needs the derivatives of the relative
deformation gradient; from 2.5.4, 2.3.8,

d

K (r)= di [FOF®) =1 Rt =1(c)F,(7) (2.6.14)
T T

Then, with 2.5.5a, d(F,(r)")/dz = F(z)'I(r)", and

A =[F ) 1) 1) ()]
~(10)+1)")

=2d

Thus the tensor A, gives a measure of the rate of stretching of material line elements (see
Eqn. 2.5.10). Similarly, higher Rivlin-Ericksen tensors give a measure of higher order

stretch rates, A, A , and so on.
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2.6.5 The Directional Derivative and the Material Time
Derivative

The directional derivative of a function T(t) in the direction of an increment in t is, by
definition (see, for example, Eqn. 1.15.27),

0, T[At] = T(t + At) — T(t) (2.6.15)
or
dT
O.TIA =~ At (2.6.16)

Setting At =1, and using the chain rule 1.15.28,

T =0,T[1]
=0 T[o.x[1]] (2.6.17)
=2 T[v]

The material time derivative is thus equivalent to the directional derivative in the direction
of the velocity vector.

2.6.6 Problems

1. Derive the relations 2.6.2.
2. Use2.6.9 to verify 2.5.18, b=1b +bl".
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2.7 Small Strain Theory
When the deformation is small, from 2.2.43-4,

F =1+ GradU
=1+ (gradu)F (2.7.1)
~ I+ gradu

neglecting the product of gradu with GradU, since these are small quantities. Thus one
can take GradU = gradu and there is no distinction to be made between the undeformed

and deformed configurations. The deformation gradient is of the form F =1+ a, where
a is small.

2.7.1 Decomposition of Strain

Any second order tensor can be decomposed into its symmetric and antisymmetric part
according to 1.10.28, so that

ou 1| ou (8u]T 1{ Ou (auJT
— = — 4| = +—| —=] = =g+ Q
ox 2| ox 15). 2| ox 15).9

ou; 1{du, Ou;| 1(du, Ou;
== + | -1 =5 +Q,
ox; 2\ ox;  ox 2\ ox;  ox ! !

j i i

(2.7.2)

where € is the small strain tensor 2.2.48 and €, the anti-symmetric part of the
displacement gradient, is the small rotation tensor, so that F can be written as

Small Strain Decomposition of the Deformation Gradient (2.7.3)

It follows that (for the calculation of e, one can use the relation (I+8)™ ~1-8 for small
d)

C=b=1+2¢

2.7.4
E=e=c¢ ( )

Rotation

Since Q is antisymmetric, it can be written in terms of an axial vector®, cf. §1.10.11, so
that for any vector a,

Qa=omxa, o=-Q, e +Q.e —-Q e, (2.7.5)

The relative displacement can now be written as
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du = (gradu )JdX

(2.7.6)
=edX +oxdX

The component of relative displacement given by @ x dX is perpendicular to dX, and so
represents a pure rotation of the material line element, Fig. 2.7.1.

w
dx

dX
Figure 2.7.1: a pure rotation

Principal Strains

Since € is symmetric, it must have three mutually orthogonal eigenvectors, the principal
axes of strain, and three corresponding real eigenvalues, the principal strains,
e, e,, e,), which can be positive or negative, cf. §1.11. The effect of ¢ is therefore to

deform an elemental unit sphere into an elemental ellipsoid, whose axes are the principal
axes, and whose lengths are 1+¢,,1+¢,,1+e,. Material fibres in these principal

directions are stretched only, in which case the deformation is called a pure deformation;
fibres in other directions will be stretched and rotated.

The term €dX in 2.7.6 therefore corresponds to a pure stretch along the principal axes.
The total deformation is the sum of a pure deformation, represented by €, and a rigid
body rotation, represented by €. This result is similar to that obtained for the exact finite
strain theory, but here the decomposition is additive rather than multiplicative. Indeed,
here the corresponding small strain stretch and rotation tensors are U =1+¢ and
R =1+, so that

F=RU=1+&g+Q (2.7.7)
Example
Consider the simple shear (c.f. Eqn. 2.2.40)

X, =X, +kX,, X,=X,, X3 =X,

where K is small. The displacement vector is u = kX, e, so that

gradu =

S O O
oS O K
oS o O

Solid Mechanics Part 111 259 Kelly



Section 2.7

The deformation can be written as the additive decomposition

du=edX+QdX or du=sgdX+mxdX

with
0 k/2 0 0 k/2 0
e=|k/2 0 0f Q=|-k/2 0O O
0 0 0 0 0 0

and o =—(k/2)e,. For the rotation component, one can write

1 k/2 0
R=1+Q=|-k/2 1 0
0 0 1

which, since for small 8, cosé@ = 1, sin& = @, can be seen to be a rotation through an
angle @ =—k /2 (a clockwise rotation).

The principal values of € are +k/2,0 with corresponding principal directions

n, =(1/72)e, +(1/+/2)e,, n, = —(1/+/2)e, + (1/~/2)e, and n, =e,

Thus the simple shear with small displacements consists of a rotation through an angle
k /2 superimposed upon a pure shear with angle k/2, Fig. 2.6.2.

Figure 2.6.2: simple shear

2.7.2 Rotations and Small Strain

Consider now a pure rotation about the X, axis (within the exact finite strain theory),

dx = RdX, with
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cos@ —sind O
R=|sind cosd O (2.7.8)
0 0 1

This rotation does not change the length of line elements dX . According to the small
strain theory, however,

cosf@—1 0 0 0 —sind 0
€= 0 cosd-1 0], Q=|sinf 0 0
0 0 0 0 0 0

which does predict line element length changes, but which can be neglected if 8 is small.
For example, if the rotation is of the order 10~ rad, then ¢,, = &,, =107*. However, if

the rotation is large, the errors will be appreciable; in that case, rigid body rotation
introduces geometrical non-linearities which must be dealt with using the finite
deformation theory.

Thus the small strain theory is restricted to not only the case of small displacement
gradients, but also small rigid body rotations.

2.7.3 Volume Change

An elemental cube with edges of unit length in the directions of the principal axes
deforms into a cube with edges of lengths 1+e¢,,1+¢e,,1+¢,, so the unit change in

volume of the cube is

dv—-dV
dv

=(1+e)i+e,fl+e)-1=¢ +e, +&, +0(2) (2.7.9)

Since second order quantities have already been neglected in introducing the small strain
tensor, they must be neglected here. Hence the increase in volume per unit volume, called
the dilatation (or dilation) is

oV .
v e +e,+e, =¢, =tre=divu| Dilatation (2.7.10)

Since any elemental volume can be constructed out of an infinite number of such
elemental cubes, this result holds for any elemental volume irrespective of shape.

2.7.4 Rate of Deformation, Strain Rate and Spin Tensors

Take now the expressions 2.4.7 for the rate of deformation and spin tensors. Replacing v
in these expressions by u, one has
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. Ou;
d=l(1+1T), dijzl %+_J
2 2 6xj OX:

i ou.
w:l(l—lT) W, :l %__1
2 AN S

For small strains, one can take the time derivative outside (by considering the X; to be

(2.7.11)

material coordinates independent of time):

d |1 8ui auj
di' =—<—| —+ —
bodt|2(ox;  ox

W o 91 ou ouy
Todt|2lox; o,

The rate of deformation in this context is seen to be the rate of strain, d = ¢, and the spin
is seen to be the rate of rotation, w = Q.

(2.7.12)

The instantaneous motion of a material particle can hence be regarded as the sum of three
effects:
(1) a translation given by u (so in the time interval At the particle has been
displaced by uAt)
(i)  apure deformation given by &
(iii)  arigid body rotation given by Q

2.7.5 Compatibility Conditions

Suppose that the strains &;; in a body are known. If the displacements are to be

determined, then the strain-displacement partial differential equations

- ou,
&y = 1hou (2.7.13)
2\ 0x; o

need to be integrated. However, there are six independent strain components but only
three displacement components. This implies that the strains are not independent but are
related in some way. The relations between the strains are called compatibility
conditions, and it can be shown that they are given by

-&

Eijjm T Emjj —€ =0 (2.7.14)

ik, jm im,ik

These are 81 equations, but only six of them are distinct, and these six equations are
necessary and sufficient to evaluate the displacement field.
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2.8 Objectivity and Objective Tensors

2.8.1 Dependence on Observer

Consider a rectangular block of material resting on a circular table. A person stands and
observes the material deform, Fig. 2.8.1a. The dashed lines indicate the undeformed
material whereas the solid line indicates the current state. A second observer is standing
just behind the first, but on a step ladder — this observer sees the material as in 2.8.1b. A
third observer is standing around the table, 45° from the first, and sees the material as in
Fig. 2.8.1c.

The deformation can be described by each observer using concepts like displacement,
velocity, strain and so on.. However, it is clear that the three observers will in general
record different values for these measures, since their perspectives differ.

The goal in what follows is to determine which of the kinematical tensors are in fact
independent of observer. Since the laws of physics describing the response of a
deforming material must be independent of any observer, it is these particular tensors
which will be more readily used in expressions to describe material response.

________

(a) (b) (c)
Figure 2.8.1: a deforming material as seen by different observers

Note that Fig. 2.8.1 can be interpreted in another, equivalent, way. One can imagine one
static observer, but this time with the material moved into three different positions. This
viewpoint will be returned to in the next section.

2.8.2 Change of Reference Frame

Consider two frames of reference, the first consisting of the origin o and the basis {e, },
the second consisting of the origin o~ and the basis {e? }, Fig. 2.8.2. A point x in space is
then identified as having position vector x = X;e; in the first frame and position vector

x =X e, in the second frame.

When the origins 0 and 0" coincide, x = x" and the vector components X, and X; are

related through Eqn. 1.5.3, X, = Q;X], or x = X;e; = Q; X e;, where [Q] is the
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transformation matrix 1.5.4, Q; =e, -e? . Alternatively, one has Eqn. 1.5.5, X; =Q iXjs

* * ok *
or x =X;€ =Q;X;e;.

Figure 2.8.2: two frames of reference
With the shift in origin a=0—-0", one has
x*:xi*eszjixje?+ai*eT (2.8.1)
where a =a/e;. Alternatively,
X = X;e; =Q;Xje; —ae, (2.8.2)

where a = ae;, with a; =Q;a;.

171

Formulae 2.8.1-2 relate the coordinates of the position vector to a point in space as
observed from one frame of reference to the coordinates of the position vector to the same
point as observed from a different frame of reference.

Finally, consider the position vector x, which is defined relative to the frame (o,e;). To

an observer in the frame (0*,e:‘ ), the same position vector would appear as (x)* , Fig.
i

2.8.3. Rotating this vector (x) through Q" (the tensor which rotates the basis {e } nto

the basis {ei }) and adding the vector a then produces x " :

x =Q"(x) +a (2.8.3)

This relation will be discussed further below.
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Figure 2.8.3: Relation between vectors in Eqn. 2.8.3

2.8.3 Change of Observer

The change of frame encompassed by Eqns. 2.8.1-2 is more precisely called a passive
change of frame, and merely involves a transformation between vector components. One
would say that there is one observer but that this observer is using two frames of
reference. Here follows a different concept, an active change of frame, also called a
change in observer, in which there are two observers, each with their own frame of
reference.

An observer is someone who can measure relative positions in space (with a ruler) and
instants of time (with a clock). An event in the physical world (for example a material
particle) is perceived by an observer as occurring at a particular point in space and at a
particular time. One can regard an observer O to be a map of an event E in the physical
world to a point x in point space (cf. §1.2.5) and a real number t. A single event E is

recorded as the pair (x,t) by an observer O and, in general, by a different pair (x* ,t*) by a
second observer O, Fig. 2.8.4.

E

t @) O* o

Figure 2.8.4: recordings by two observers of the same event

Let the two observers record three points corresponding to three events, Fig. 2.8.5. These
points define vectors in space, as the difference between the points (cf. §1.2.5). Itis
assumed that both observers “see” the same Euclidean geometry, that is, if one observer
sees an ellipse, then the other observer will see the same ellipse, but perhaps positioned
differently in space. To ensure that this is so, observed vectors must be related through
some orthogonal tensor Q, for example,

x —x;, =Q(x-x,) (2.8.4)
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since this transformation will automatically preserve distances between points, and angles
between vectors (see §1.10.7), for example,

(Xr _X:;)'(X* _X:;): Q(Xl _Xo)'Q(X_Xo):(X1 _Xo)'(x_xo) (2.8.5)

* * *

XO %
®_*
* * Xl

X —X °
0 *
X

) o
Figure 2.8.5: recordings of two observers of three separate events

Although all orthogonal tensors Q do indeed preserve length and angles, it is taken that
the Q in 2.8.4-5 is proper orthogonal, i.e. a rotation tensor (cf. §1.10.8), so that orientation
is also preserved. Further, it is assumed that Q = Q(t), which expresses the fact that the

observers can move relative to each other over time.

Observers must also agree on time intervals between events. Let an observer O record a
certain event at time t and a second observer O record the same event as occurring at
time t*. Then the times must be related through

Observer Time Transformation (2.8.6)

where « is a constant. If now the observers record a second event as occurring at t; and
t, say,onehas t, —t" =t, —t as required.

The observer transformation 2.8.4 involves the vectors x —x,and x” —x; and as such
does not require the notion of origin or coordinate system; it is an abstract symbolic
notation for an observer transformation. However, an origin o for O and 0" for O” can
be introduced and then the points x,, X, X,, X can be regarded as position vectors in
space, Fig. 2.8.6.

The transformation 2.8.4 can now be expressed in the oft-used format

x =c(t)+Q(t)x| Observer (Spatial) Transformation (2.8.7)

where
c(t) = x, —Q(b)x, (2.8.8)

The transformation 2.8.7 is called a Euclidean transformation, since it preserves the
Euclidean geometry.
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Figure 2.8.6: position vectors for two observers of the same events

Coordinate Systems

Each observer can introduce any Cartesian coordinate system, with basis vectors {ei } and

{e:‘} say. They can then resolve the position vectors into vector components. These basis
vectors can be oriented with respect to each other in any way, that is, they will be related
through e; = Re,, where R is any rotation tensor. Indeed, each observer can change their

basis, effecting a coordinate transformation. No attempt to introduce specific coordinate
systems will be made here since they are completely unnecessary to the notion of observer
transformation and would only greatly confuse the issue.

Relationship to Passive Change of Frame

Recall the passive change of frame encompassed in Eqns. 2.8.1-2. If one substitutes the
actual x for (x) in Eqn. 2.8.3, one has:

X =Q'x+a (2.8.9)

This is clearly an observer transformation, relating the position vector as seen by one
observer to the position vector as seen by a second observer, through an orthogonal tensor
and a vector, as in Eqn. 2.8.7. In the passive change of frame, Q; are the components of

the orthogonal tensor Q =e; ® e, , Eqn. 1.10.25, which maps the bases onto each other:

e; = Qe,. Thus the transformation 2.8.1-2 can be defined uniquely by the pair Q and a.

In that sense, the passive change of frame does indeed define an active change of frame,
i.e. a change of observer, through Eqn. 2.8.9. However, the concept of observer discussed
above is the preferred way of defining an observer transformation.

2.8.4  Objective Vectors and Tensors
The observer transformation 2.8.7 encapsulates the different viewpoints observers have of

the physical world. They will see the same objects, but in general they will see these
objects oriented differently and located at different positions. The goal now is to see
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which of the kinematical tensors are independent of these different viewpoints. As a first
step, next is introduced the concept of an objective tensor.

Suppose that different observers are examining a deforming material. In order to describe
the material, the observers take measurements. This will involve measurements of spatial
objects associated with the current configuration, for example the velocity or spin. It will
also involve material objects associated with the reference configuration, for example line
elements in that configuration. It will also involve two-point tensors such as the rotation
or deformation gradient, which are associated with both the current and reference
configurations.

It is assumed that all observers observe the reference configuration to be the same, that is,
they record the same set of points for the material particles in the reference configuration'.
The observers then move relative to each other and their measurements of objects
associated with the current configuration will in general differ. One would expect (want)
different observers to make the same measurement of material objects despite this relative
movement; thus one says that material vectors and tensors are objective (material)
vectors and objective (material) tensors if they remain unchanged under the observer
transformation 2.8.6-7.

A spatial vector u on the other hand is said to be an objective (spatial) vector if it
satisfies the observer transformation (see 2.8.4):>

*

u =Qu| Objectivity Requirement for a Spatial Vector (2.8.10)

for all rotation tensors Q. An objective (spatial) tensor is defined to be one which
transforms an objective vector into an objective vector. Consider a tensor observed as

Tand T" by two different observers. Take an objective vector which is observed as v
and v',andlet u=Tv and u" =T v". Then, for u to be objective,

u =Qu=QTv=QTQ"v’ (2.8.11)

and so the tensor is objective provided

T' =QTQ"| Objectivity Requirement for a Spatial Tensor (2.8.12)

Various identities can be derived; for example, for objective vectors a and b, and
objective tensors A and B, { A Problem 1}

! this does not affect the generality of what follows; the notion of objective tensor is independent of the
chosen reference configuration
? the time transformation 2.8.6 is trivial and does not affect the relations to be derived
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(a- =a -b

(Ab) =AD"

(AB) - A'B' (2.8.13)
(a) =)

(AB) =A'B’

(A:B) =A":B’

For a scalar,

*

¢ =¢| Objectivity Requirement for a Scalar  (2.8.14)

In other words, an objective scalar is one which has the same value to all observers.

Finally, consider a two-point tensor. Such a tensor is said to be objective if it maps an
objective material vector into an objective spatial vector. Consider then a two-point

tensor observed as T and T . Take an objective material vector which is observed as v

and v ,andlet u=Tv and u" =T v'. A material vector is objective if it is unaffected
by an observer transformation, so

u =Qu=QTv=QTv’ (2.8.15)

and so the tensor is objective provided

*

T =QT Objectivity Requirement for a Two-point Tensor (2.8.16)

Thus the objectivity requirement for a two-point tensor is the same as that for a spatial
vector.

2.8.5 Objective Kinematics

Next are examined the various kinematic vectors and tensors introduced in the earlier
sections, and their objectivity status is determined.

The motion is observed by one observer as x = %(X,t) and by a second observer as

x =y(X,t"). The observer transformation gives
Y (X)) =Q)y(X,t)+e(t), t =t+a (2.8.17)

and so the motion is not an objective vector, i.e. 3 # Qy.
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The Velocity and Acceleration

Differentiating 2.8.17 (and using the notation x instead of )'((X,t) for brevity), the
velocity under the observer transformation is

X =Qx+Qx+¢ (2.8.18)
which does not comply with the objectivity requirement for spatial vectors, 2.8.10. In
other words, different observers will measure different magnitudes for the velocity. The

velocity expression can be put in a form similar to that of elementary mechanics (the
“non-objective” terms are on the right),

£ —Qx=0,(x —c)+é (2.8.19)
where
Q,=QQ" (2.8.20)

is skew-symmetric (see Eqn. 1.14.2); this tensor represents the rigid body angular velocity
between the observers (see Eqn. 2.6.1). Note that the velocity is objective provided

Q =0, ¢ =0, for which x" = Q,x+c¢,, which is called a time-independent rigid
transformation.

Similarly, for the acceleration, it can be shown that
£ —Qx =0, (x —¢)-Q2 (x" —¢)+ 29, (x—¢&)+¢ (2.8.21)

The first three terms on the right-hand side are called the Euler acceleration, the
centrifugal acceleration and the Coriolis acceleration respectively. The acceleration is

objective provided ¢ and Q are constant, for which x” = Q x +¢(t) with & =0, which is

called a Galilean transformation — where the two configurations are related by a rigid
rotation and a translational motion with constant velocity.

The Deformation Gradient

Consider the motion x = y(X,t). As mentioned, observers observe the reference

configuration to be the same: X = X. The deformation is then observed as dx = FdX
and dx = F dX, so that

dx" = Qdx = QFdX = QFdX (2.8.22)
and

F' =QF (2.8.23)

and so, according to 2.8.16, the deformation gradient is objective.
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The Cauchy-Green Strain Tensors

For the right and left Cauchy-Green tensors,

C'=F"'F =F'Q'QF=C

(2.8.24)
b"=FF"=QFF'Q" =QbQ"
Thus the material tensor C and the spatial tensor b are objective”.
The Jacobian Determinant
For the Jacobian determinant, using 1.10.16a,
J" =detF’" = det(QF)=detQdetF = detF = J (2.8.25)

and* so is objective according to 2.8.14.
The Rotation and Stretch Tensors

The polar decomposition is F = RU, where R is the orthogonal rotation tensor and U is
the right stretch tensor. Then F* = QF =QRU =R 'U". Since QR is orthogonal, the
expression QRU = R"U" is valid provided

R"=QR, U =U (2.8.26)
Thus the two-point tensor R and the material tensor U are objective.

The Velocity Gradient

Allowing Q to be a function of time, for the velocity gradient, using 2.5.4, 1.9.18c,

1" = F(F*)-l =(QF+QF)F'Q" =QIQ" +Q,, (2.8.27)

where Q,, is the angular velocity tensor 2.8.20. On the other hand, with 1 =d +w, and

separating out the symmetric and skew-symmetric parts,
d'=QdQ", w =QwQ'+Q, (2.8.28)
Thus the velocity gradient is not objective. This is not surprising given that the velocity is

not objective. However, significantly, the rate of deformation, a measure of the rate of
stretching of material, iS objective.

3 Some authors define a second order tensor to be objective only if 2.8.12 is satisfied, regardless of whether
it is spatial, two-point or material; with this definition, F and C would be defined as non-objective
* Note that Q must be a rotation tensor, not just an orthogonal tensor, here
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The Spatial Gradient

Consider the spatial gradient of an objective vector t:

*

gradt :ﬂ, (gradt)* = at* (2.8.29)
ox 0
Since t~ = Qt, the chain rule gives
o _oa o Qg oo (2.830)
0x Ox Ox 10).¢ ox
It follows that
(gradt) = Q?QT (2.8.31)
X

Thus the spatial gradient is objective. In general, it can be shown that the spatial gradient
of a tensor field of order n is objective, for example the gradient of a scalar ¢,

{ AProblem 2} grad¢ . Further, for a vector v, { AProblem 3} divv is objective.

Objective Rates

Consider an objective vector field u. The material derivative u is not objective.

However, the co-rotational derivative, Eqn. 2.6.12, u = —wu iS objective. To show
this, contract 2.8.28b, w* = QwQ" +QQ", to the right with Q to get an expression for

Q:
Q=wQ-Qw (2.8.32)

and then
u'=Qu —> u =Qu+Qui=wQu+Qi—wu)=wQu+Qu (2.8.33)
Then u"—=w'u" =Qu, or (u)” =Qu, so that the co-rotational derivative of a vector is an

objective vector.

Rates of spatial tensors can also be modified in order to construct objective rates. For
example, consider an objective spatial tensor T, so T" = QTQ". Then

T =QTQ" +QTQ" +QTQ" (2.8.34)

which is clearly not objective. However, this can be re-arranged using 2.8.32 into
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(2.8.35)

(2.8.36)

is an objective rate, called the Jaumann rate. Other objective rates of tensors can be
constructed in a similar fashion, for example the Cotter-Rivlin rate, defined by

{ AProblem 4}
T+1"T+TI (2.8.37)
Summary of Objective Kinematic Objects
Table 2.8.1 summarises the objectivity of some important kinematic objects:
objective | definition Type Transformation
Jacobian determinant v Scalar J' =1
Deformation gradient 4 2-point F =QF
Rotation v R=FU'=v''F 2-point R" =QR
Right Cauchy-Green v C=F"F Material | C* =C
strain
Green-Lagrange v E = %(C - 1) Material E' =E
strain
Rate of Green- v Material -
Lagrange strain E =E
Right Stretch v U=+C Material U =U
Left Cauchy-Green v b=FF" Spatial b* =QbQ"
strain
Euler-Almansi strain v e= %(1 - b*l) Spatial e =QeQ’
Left Stretch v v=4+b Spatial v =QvQ"
Spatial Velocity X 1 =gradv Spatial 1"=QIQ" +QQ"
Gradient
Rate of Deformation v d= %(1 + ]T) Spatial d =QdQ"
Spin X w :%(1_1T) Spatial w =QwQ" +QQ"
Table 2.8.1: Objective kinematic objects
2.8.6  Objective Functions

In a similar way, functions are defined to be objective as follows:

e A scalar-valued function ¢ of, for example, a tensor A, is objective if it

transforms in the same way as an objective scalar,
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' (A)=g(A) (2.8.38)

e A (spatial) vector-valued function a of a tensor A is objective if it transforms in
the same way as an objective vector

v (A) = Qv(A) (2.8.39)

e A (spatial) tensor-valued function f of a tensor A is objective if it transforms
according to

f'(A) = Qf(A)Q" (2.8.40)
Objective functions of the Deformation Gradient

Consider an objective scalar-valued function ¢ of the deformation gradient F, ¢(F). The
function is objective if ¢ = ¢(F). But also,

4 = ¢(F")=¢(QF) (2.8.41)

Using the polar decomposition theorem, ¢(RU) = ¢(QRU). Choosing the particular
rigid-body rotation Q = R" then leads to

#(RU)=¢(U) (2.8.42)
which leads to the reduced form
#(F)=¢(U) (2.8.43)

Thus for the scalar function ¢ to be objective, it must be independent of the rotational

part of F, and depends only on the stretching part; it cannot be a function of the nine
independent components of the deformation gradient, but only of the six independent
components of the right stretch tensor.

Consider next an objective (spatial) tensor-valued function f of the deformation gradient
F, f(F). According to the definition of objectivity of a second order tensor, 2.8.12:

f" =Qf (F)Q" (2.8.44)

But also,

*

' =f(F")=f(QF) (2.8.45)

Again, using the polar decomposition theorem and choosing the particular rigid-body
rotation Q = R" leads to

f(U)=R"f(RU)R (2.8.46)
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which leads to the reduced form
f(F)=Rf(U)R" (2.8.47)

Thus for f to be objective, its dependence on F must be through an arbitrary function of U
together with a more explicit dependence on R, the rotation tensor

Example
Consider the tensor function f(F) = oz(FFT )2 . Then

£(QF) = a[(QF)QF)' [ = Qa[FF' [ Q" = Qf(F)Q"

and so the objectivity requirement is satisfied. According to the above, then, one can
evaluate f(U)=R"f(RU)R = ()((UUT )2 , and the reduced form is

f =Ra(UUTfR" = aRU*R”
Also, since C = U’ and E = 1(C-1I), alternative reduced forms are

f =Rf,(C)R", f=Rf,(ER"

]
Finally, consider a spatial tensor function f of a material tensor T. Then
f(T)=Qf(T)Q", f (T)=1f(T")=1(T) (2.8.48)
It follows that
f=QfQ" (2.8.49)

This is true only in the special case Q =1 and so is not true in general. It follows that the
function f is not objective.

2.8.7 Problems

1. Derive the relations 2.8.13
Show that the spatial gradient of a scalar ¢ is objective.

3. Show that the divergence of a spatial vector v is objective. [Hint: use the definition
1.11.9 and identity 1.9.10¢]

4. Verify that the Rivlin-Cotter rate of a tensor T, T+1"T + T1, is objective.
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2.9 Rigid Body Rotations of Configurations

In this section are discussed rigid body rotations to the current and reference
configurations.

2.9.1 A Rigid Body Rotation of the Current Configuration

As mentioned in 82.8.1, the circumstance of two observers, moving relative to each other
and examining a fixed configuration (the current configuration) is equivalent to one
observer taking measurements of two different configurations, moving relative to each
other’. The objectivity requirements of the various kinematic objects discussed in the
previous section can thus also be examined by considering rigid body rotations and
translations of the current configuration.

Any rigid body rotation and translation of the current configuration can be expressed in
the form

X" (X,t) = Q(t)x(X,t)+c(t) (2.9.1)

where Q is a rotation tensor. This is illustrated in Fig. 2.9.5. The current configuration is
denoted by S and the rotated configuration by S”.

Just as dx = FdX , the deformation gradient for the configuration S relative to the
reference configuration S, is defined through dx™ = F dX. From 2.9.1, as in §2.8.5 (see
Egn. 2.8.23), and similarly for the right and left Cauchy-Green tensors,

F' =QF
C'=F'F =C (2.9.2)
b"=FF T =QbQ’

Thus in the deformations F:S, — S and F :S, — S, the right Cauchy Green tensors,

C and C’, are the same, but the left Cauchy Green tensors are different, and related
through b" =QbQ".

All the other results obtained in the last section in the context of observer transformations,
for example for the Jacobian, stretch tensors, etc., hold also for the case of rotations to the
current configuration.

! Although equivalent, there is a difference: in one, there are two observers who record one event (a material
particle say) as at two different points, in the other there is one observer who records two different events
(the place where the one material particle is in two different configurations)
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reference
/ configuration

Figure 2.9.1: a rigid body rotation and translation of the current configuration

2.9.2 A Rigid Body Rotation of the Reference Configuration

Consider now a rigid-body rotation to the reference configuration. Such rotations play an
important role in the notion of material symmetry (see Chapter 5).

The reference configuration is denoted by S, and the rotated/translated configuration by

S?, Fig. 2.9.2. The deformation gradient for the current configuration S relative to S° is
defined through dx = F°dX® = F°QdX. But dx = FdX and so (and similarly for the
right and left Cauchy-Green tensors)

F'=FQ’
C’=F°TF’ =QCQ’ (2.9.3)
b =F°F°T =b

Thus the change to the right (left) Cauchy-Green strain tensor under a rotation to the
reference configuration is the same as the change to the left (right) Cauchy-Green strain
tensor under a rotation of the current configuration.
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N - reference
N - configuration

Figure 2.9.2: a rigid body rotation of the reference configuration
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2.10 Convected Coordinates

In this section, the deformation and strain tensors described in §2.2-3 are now described
using convected coordinates (see §1.16). Note that all the tensor relations expressed in

symbolic notation already discussed, such as U =+/C, FN, = An,, F =IF, are independent
of coordinate system, and hold also for convected coordinates.

2.10.1 Convected Coordinates
Introduce the curvilinear coordinates ®' . The material coordinates can then be written as

X =X(0'0%,0°%) (2.10.1)
so X = X'E, and

dX =dX'E, =dO'G,, (2.10.2)

where G, are the covariant base vectors in the reference configuration, with corresponding

contravariant base vectors G', Fig. 2.10.1, with

G'-G; =5 (2.10.3)
reference current
configuration configuration

Figure 2.10.1: Curvilinear Coordinates

The coordinate curves, curves of constant ®', form a net in the undeformed configuration.
One says that the curvilinear coordinates are convected or embedded, that is, the coordinate
curves are attached to material particles and deform with the body, so that each material
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particle has the same values of the coordinates ®' in both the reference and current
configurations.

In the current configuration, the spatial coordinates can be expressed in terms of a new,
“current”, set of curvilinear coordinates

x=x(0',0°,0°,1), (2.10.4)
with corresponding covariant base vectors g, and contravariant base vectors g', with

dx =dx'e, =d@®'g, , (2.10.5)
Example

Consider a motion whereby a cube of material, with sides of length L, is transformed into a
cylinder of radius R and height H , Fig. 2.10.2.

H
LO

2L

Figure 2.10.2: a cube deformed into a cylinder

A plane view of one quarter of the cube and cylinder are shown in Fig. 2.10.3.

X2

XZ

Figure 2.10.3: a cube deformed into a cylinder
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The motion and inverse motion are given by

o 2R (xl)2

x = 1(X), - 2R X'X* (basis: e;)
(X'f +(x>)
x3:—X
LO
and
2
= 5 [T o)
X=y"(x), X? = ;_RX (X1)2+(X2)2 (basis: E,)
X3_ix3
H

arc

X =X(0',0%,0%), x?=[ L o' tan@?
2R
X3 = bog
H

and (these are simply cylindrical coordinates)

X' =@'cos®?
x=x(0',0%,0°), X =0'sino’
X} =0°

A typical material particle (denoted by p) is shown in Fig. 2.10.4. Note that the position
vectors for p have the same ®' values, since they represent the same material particle
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1
1
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1
® =R

Figure 2.10.4: curvilinear coordinate curves

n
2.10.2 The Deformation Gradient
With convected curvilinear coordinates, the deformation gradient is
F=g ®G', (2.10.6)
which is consistent with
dx=d®'g, =d®'(g, ®G' )G, = FdX (2.10.7)

The deformation gradient F, the transpose F' and the inverses F~', F~", map the base
vectors in one configuration onto the base vectors in the other configuration:

F:gi®Gi FG, =g,
F'=G,®g¢g F'g =G,
. > o , Deformation Gradient (2.10.8)
F'=g ®G, F'G'=¢g
FT:Gi®gi FTgi:Gi

Thus the tensors F and F~' map the covariant base vectors into each other, whereas the

tensors F~' and F' map the contravariant base vectors into each other, as illustrated in Fig.
2.10.5.
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contravariant basis

covariant basis \F\%

F—l

Figure 2.10.5: the deformation gradient, its transpose and the inverses

Components of F

F has different components with respect to the different bases:

F=F,G ®G'=F'G,®G,=F’'G'®G,=F/G,®G/
=f,g' ®g' =1'g; ®g; =f'g' ®g; =1jg ®¢g’

F'=(F')¢'eG' =(F'fG,®G,=(F')'¢'®G,=(F ') G, ®G’

:(f_l)ijgi®gj :(f_l)ijgi®gj :(f_l);jgi@)gj :(f_l):ijgi®gj

F'=(F"),6'®6' =(F')6,0G,-(F") ¢'®G, =(F');G,®G!

:(fT)ijgi®gj :(fT)ijgi@)gj :(fT)}jgi@)gj :(fT):ijgi®gj

F—T

F"),6' oG =F")G oG, =(F') ¢ ®c, =(F')G,®G
(g e =(f")gog =(f7)gog =(7)g o
(2.10.9)

The components of F with respect to the reference bases {G, }, {Gi } are
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F,=GFG, =G, g =22 X
00 00’

F'=G'FG' =G"G'-g,

: _ _ (2.10.10)
F'=GFG'=G"G, g,
Fl=G'FG, =G .g, =22 X
oxX"™ 00’
and similarly for the components with respect to the current bases.
Components of the Base Vectors in different Bases
Now
g =FG, = ij(Gm ®ij;i = F?(Gm ®ij;i
=F,G"5/ =F'G,5; (2.10.11)

=F.G" =F"G,,

showing that some of the components of the deformation gradient can be viewed also as
components of the base vectors. Similarly,

m

G =F'g =(t"),e"=(f" g, (2.10.12)

For the contravariant base vectors, one has

g -F'G¢' =(F""(G,®G )6'=(F").(c"®G, )G’

-F")c,s —(F")lG"s! (2.10.13)
I R
and
G =F'g =(f""g, =(f").g" (2.10.14)

2.10.3 Reduction to Material and Spatial Coordinates

Material Coordinates

Suppose that the material coordinates X' with Cartesian basis are used (rather than the
convected coordinates with curvilinear basis G,), Fig. 2.10.6. Then
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i i i i
G =X g X g g g X
o R e G o
oX oX OX OX
and
. . j .
F=g ®G =g ®F = ¢ ®F' = Gradx
X (2.10.16)
F1=Gi®gi=Ei®gi=%Ei®e1=gradX
X

which are Eqns. 2.2.2, 2.2.4. Thus Gradx is the notation for F to be used when the material
coordinates X, are used to describe the deformation.

reference current
configuration configuration

5

L

X, X E,
T |~
X
X3 / 1

Figure 2.10.6: Material coordinates and deformed basis

Spatial Coordinates

Similarly, when the spatial coordinates X' are to be used as independent variables, then

ox ! ox ! ox ox?
, , G =——E =—K, 8= i€ T i€ ~€
0 X, ggi gii , ggi gﬁ‘ (2.10.17)
Gi:—.Ej: .Ej i=—.ej=—.ej:ei
ox! oxX! 5 ox! ox!

and
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—g, ®G =, ®G' =‘3Ljei ®E = Gradx
% (2.10.18)

- i i 6XJ i
=G, ®g =G, ®e' =——E ®e' =gradX
1 I ax| ]

The descriptions are illustrated in Fig. 2.10.7. Note that the base vectors G;, g; are not the

same in each of these cases (curvilinear, material and spatial).

ox'
8X

F'= ZXJ E, ®e’ =gradX ' |
X

Figure 2.10.7: deformation described using different independent variables

= QGradx

db
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2.10.4 Strain Tensors
The Cauchy-Green tensors

The right Cauchy-Green tensor C and the left Cauchy-Green tensor b are defined by Eqns.
2.2.10,2.2.13,

C=F'F

(G'®g, g, ®G')=g,G'®G' =C,G' ®G'
“F'F"=(G,®¢')g' ®G,)=9¢"G,®G, =(C")'G,®G
b=FF' =(g,®G')G'®g,)-G'g ®g, =blg ®g,
T-F'F'=(g'®G,)G, ®g')=G,g' ®g’ =(b"),g' ®¢g’

1 (2.10.19)

Thus the covariant components of the right Cauchy-Green tensor are the metric coefficients
g; » the covariant components of the identity tensor with respect to the convected bases in the

current configuration, [ =g = gijgi ®g!. Itis possible to evaluate other components of C,

e.g. CY, and also its components with respect to the current basis through 2.10.14, but only
the components C;; with respect to the reference basis will be used in the analysis. Similarly,

for b, the components (b’l )ij with respect to the current configuration will be used.
The Stretch
Now, analogous to 2.2.9, 2.2.12,

ds? = dx - dx = dXCdX

(2.10.20)
dS? = dX-dX =dxb'dx
so that the stretches are, analogous to 2.2.17,

2

205 _ X X _gkcdk > dX'CdX
ds®  |dX]| ~[dX]

> 4 i (2.10.21)

L_05 0%y 0% gy > dx'(b), dt

2 ds? [N o
The Green-Lagrange and Euler-Almansi Tensors

The Green-Lagrange strain tensor E and the Euler-Almansi strain tensor e are defined
through 2.2.22,2.2.24,
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ds® —ds?
2

ds* —dS?
2

= dxl(c —1)dX = dXEdX
2 (2.10.22)
1 a

= de(I -b )dx = dxedx

The components of E and e can be evaluated through (writing G =1, the identity tensor
expressed in terms of the base vectors in the reference configuration, and g =1, the identity

tensor expressed in terms of the base vectors in the current configuration)
1 [ ' i i 1 i i i '
(C-G)= E(gijG ®G'-G,G ®G‘):E(gij ~G,)G'®G’' =E,G' ®G’

(g_bl):%(gijgi ®g! _Gijgi ®gj):%(gij _Gij)gi ®g! Eeijgi ®g!
(2.10.23)

Note that the components of E and e with respect to their bases are equal, E; =e; (although

this is not true regarding their other components, e.g. E" =e").

2.10.5 Intermediate Configurations
Stretch and Rotation Tensors

The polar decompositions F = RU = vR have been described in §2.2.5. The decompositions
are illustrated in Fig. 2.10.8. In the material decomposition, the material is first stretched by
U and then rotated by R. Let the base vectors in the associated intermediate configuration be
{gi } Similarly, in the spatial decomposition, the material is first rotated by R and then

stretched by v. Let the base vectors in the associated intermediate configuration in this case
be {Gi } Then, analogous to Eqn. 2.10.8, { AProblem 1}

U=¢ ®G' UG, =g
U'=G,®g U'g, =G,
N > B (2.10.24)
U'=¢'®G, U'G'=¢g
U'=G'®g, U'g' =G'
V=g, ®G' Véi =g
:C; ® g =G,
f; > vV ETE (2.10.25)
— g ® V—TGl — gl
:G' ®g ngi :éi
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Note that U and v symmetric, U=U", v=v', so

U=4®G'=G'®¢ UG =§. Ug =G
U'=G, ®g =§'®G, U'g. =G, U'G' =g

V:gi®éizéi®gi 9 Véi:gm Vgi:Gl

B =éi Rg' =g ®éi v'g, =Gi, vIiG =g

Similarly, for the rotation tensor, with R orthogonal, R =R",

R=G,®G' =G' ®G, 5 RG, =G,, RG' =G
R"=G, ®G' =G' ®G, R'G, =G,, R'G' =G’

R:gi®gi:gi®gi > Rg =g, Rg' =g

=g, ®gi :gi ®g,

The above relations can be checked using Eqns. 2.10.8 and F=RU, F=vR, v

/
\a

Figure 2.10.8: the material and spatial polar decompositions

etc.

Various relations between the base vectors can be derived, for example,
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(2.10.26)

(2.10.27)

(2.10.28)

(2.10.29)

=RF',

(2.10.30)
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Deformation Gradient Relationship between Bases

Section 2.10

The various base vectors are related above through the stretch and rotation tensors. The
intermediate bases are related directly through the deformation gradient. For example, from

2.10.26a, 2.10.28b,

In the same way,

Tensor Components

§ =UG, =UR'G, =F'G,

gi :FTéi
gi :F—léi
éi =F7T§i
éi :Fgl

The stretch and rotation tensors can be decomposed along any of the bases
natural bases would be {G,} and {Gi }, for example,

U=U,G'®G’, U, =G,UG, =G, g,
U=U'G,®G,, U'=G'UG'=G"G’ g,
U=U)G,®G’, Uj=G'UG;=G" g,
U=U'G'®G;, U'=G,UG' =g G’

with U, =U ;,U"

with similar symmetry. Also,
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i :Uj‘,U_ij:U‘ji,Ui‘j:U,ij. One also has

v =GvG, =G, g,

vi=G'vGI =G"G!.g_

Vi =GvG, =Gl g,

vi=GvGi=g -G
290

(2.10.31)

(2.10.32)

. For U the most

(2.10.33)

(2.10.34)
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Ul =U)g'eg’. U),=gU"g =G, g
v =g 8. U =gUg =G, &
4 N A s N mieeia N (2.10.35)
U =(U )»jgi®gja (U ).,-=g'U g,-=g' Gj
U= geg, L) =gU'e =G ¢
and
V_l =(V_1)'ng ®gj’ (V_l)ll =gV ng =GI gJ
v =(V_1 iJ'gI ®g,, (V_l)u _giv lgj :gmjém g.
_ (2.10.36)

with similar symmetry. Note that, comparing 2.10.33a, 2.10.34a, 2.10.35a, 2.10.36a and
using 2.10.30,

U=U,G'®G'
V=Vijéi ®G!
U= e
v :(Vil)ijgi ®g!

u, =), =v, =(v"), (2.1037)

Now note that rotations preserve vectors lengths and, in particular, preserve the metric, i.e.,

G,=G,'G, = G,=6G,G,
o (2.10.38)
;=88 = U; =8 "8

Thus, again using 2.10.30, and 2.10.33-2.10.36, the contravariant components of the above
tensors are also equal, U" = (U B )” =vi = (v’l )” .

As mentioned, the tensors can be decomposed along other bases, for example,

v=\lg ®g,, vi=g'vg'=G' g (2.10.39)

2.10.6 Eigenvectors and Eigenvalues

Analogous to §2.2.5, the eigenvalues of C are determined from the eigenvalue problem
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det(C—A.1)=0
leading to the characteristic equation 1.11.5
Ao =L Ag + A — I, =0
with principal scalar invariants 1.11.6-7

I.=ttC=A =iy + Ao + Aes
Il = %[(U'C)z - tr(Cz)]z %(Ciicjj - C}Cij ): Acrher T Acres + Acs e
Il =detC = gijkcliczjczlf = AcderAes

The eigenvectors are the principal material directions Ni , with
(C-AIN, =0

The spectral decomposition is then

Section 2.10

(2.10.40)

(2.10.41)

(2.10.42)

(2.10.43)

(2.10.44)

where A, = A7 and the A, are the stretches. The remaining spectral decompositions in

2.2.37 hold also. Note also that the rotation tensor in terms of principal directions is (see

2.2.35)
R=n, ®N' =i' ®N,

where n; are the spatial principal directions.

2.10.7 Displacement and Displacement Gradients

(2.10.45)

Consider the displacement u of a material particle. This can be written in terms of covariant

components U, and u;:
u=x-X=UG'=ug'.
The covariant derivative of u can be expressed as

ou
—=U_|G"=u_| g"
a@l m|| um”lg
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The single line refers to covariant differentiation with respect to the undeformed basis, i.e.
the Christoffel symbols to use are functions of the G;;. The double line refers to covariant

differentiation with respect to the deformed basis, i.e. the Christoffel symbols to use are
functions of the g .

Alternatively, the covariant derivative can be expressed as

u _ox X _, _g, (2.10.48)
0 0 00
and so
g, =G +U |[G"=[s"+u"| J6, =F"G,
' (2.10.49)

k=),

The last equalities following from 2.10.11-12.

The components of the Green-Lagrange and Euler-Almansi strain tensors 2.10.23 can be
written in terms of displacements using relations 2.10.49 { A Problem 2}:

1 1 n
Eij:E(gij_Gij):E(Uih+Ui‘i+U“|iU j)

: : (2.10.50)
& :E(gij _Gij):E(ui”j +ujHi _un”iun j)

In terms of spatial coordinates, ®' = X', G, =E,, g, =(8xj/8Xi)ej, Ui|j =0U,/oX 7, the

components of the Euler-Lagrange strain tensor are

moox" - 0U.
E; :l(gij _Gij):l X i X =0y — 0 21 (3U|- +— +8U'.‘ aUk. (2.10.51)
2 2{oX' ox! 2{oX! oxX' oX' oX!

which is 2.2.46.

2.10.8 The Deformation of Area and Volume Elements

Differential Volume Element

Consider a differential volume element formed by the elements d®'G; in the undeformed
configuration, Eqn. 1.16.36:
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dV =+/Gde'de*de’ (2.10.52)
where, Eqn. 1.16.13,
VG = [det|G, | G, =G, G, (2.10.53)

The same volume element in the deformed configuration is determined by the elements
de'g, :

dv=,/gde'de’de’ (2.10.54)

where

\/a=w¢det|9i,- » Ui =8 "8 (2.8.55)

From 1.16.22 et seq., 2.10.11,
\/5 =g,'8,%X8;
=F/'FJF!G, -G xG,
=FiFJFfe, G
:\/EdetF

where &;, is the Cartesian permutation symbol, and so the Jacobian determinant is (see
2.2.53)

(2.10.56)

J =ﬂ=ﬂ=detr« (2.10.57)
v G

and detF is the determinant of the matrix with components F; .

Differential Area Element

Consider a differential surface (parallelogram) element in the undeformed configuration,

bounded by two vector elements dX and dX®, and with unit normal N . Then the vector

normal to the surface element and with magnitude equal to the area of the surface is, using
1.16.23, given by

NdS = dX? xdX® = d®V'G, xde?'G, =e{{'de"de™IG*  (2.10.58)
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where ei(jf) is the permutation symbol associated with the basis G, i.e.
ei(jf) =£3G; -G xG, =g NG.
Using G¥ =F"g", one has
NdS = &, V/GdO"'dO?IF"g"
Similarly, the surface vector in the deformed configuration with unit normal n is

iids = dx® xdx® = dO"'g, xdO?g, =edo " dO®ig"

ij

where ei(jgk) is the permutation symbol associated with the basis g, , i.e.

ei(ji) = &iik8i "8 X 8« :gijk\/g'

Section 2.10

(2.10.59)

(2.10.60)

(2.10.61)

(2.10.62)

Comparing the two expressions for the areas in the undeformed and deformed configurations,

2.10.60-61, one finds that
nds = \/gF‘TNdS = (det F)F"NdS

which is Nanson’s relation, Eqn. 2.2.59.

2.10.9 Problems

1. Derive the relations 2.10.24.
2. Userelations 2.10.49, with g; =g; -g; and G;; =G, -G, to derive 2.10.50

)

= :%(gij _Gij):%(uih +Uj‘i +Un|iUn

)

€ =%(gij _Gij):%(ui"j +ujHi —u,[,u”
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Section 2.11

Convected Coordinates: Time Rates of Change

In this section, the time derivatives of kinematic tensors described in §2.4-2.6 are now
described using convected coordinates.

2.11.1 Deformation Rates

Time Derivatives of the Base Vectors and the Deformation Gradient

First, the material time derivatives of the deformed base vectors are, from 2.10.8,

9 = IiGi = I':F_lgi :_FF_lgi

o o : S (2.11.1)
gI — FfTGI — FfTFTgI :_FfTFTgI
with, again from 2.10.8,
F=9,®G'
F'=G,®¢'
. . (2.11.2)
FT=¢'®G,
F'=G'®g;
The Velocity Gradient
The velocity gradient is defined by 2.5.2, | =grad v, so that, using 1.16.5,
. j . .
1=V N el o N O i N gy (2.11.3)
oX  Ox' 00’ ox' 00’
Also, from 1.16.3,
ox oV
] == 2.11.4
9=~ " 20 ( )
so that, as an alternative to 2.11.3,
=g, ®¢g' (2.11.5)
This is consistent with Eqn. 2.5.4, F = IF , which gives, with 1.11.2a and 2.10.8b,
I=FF'=(9,®G' )G, ®g')=g, ®¢’ (2.11.6)

Solid Mechanics Part 111 296 Kelly



Section 2.11

The components of the spatial velocity gradient are

lij :gilgj =0;-9;
Ii-: iI = i_-_
) J g'_ J _g‘ . . (2.11.7)
I’ =919’ =9™9;-9,, =9; -9’
I"=g'lg’ =g'-¢’
Further, from 2.11.1, 2.11.2 and 2.11.5,
1. =|g. 2 — IT i
g; =19, g _g (2.11.8)
=g’ =-g'l
Contracting the first of these with d®' leads to
9,d®' =1g,do' (2.11.9)

which is equivalent to 2.5.1, dv = ldx.
The Rate of Deformation and Spin Tensors

From 2.5.6, | =d +w. The covariant components of the rate of deformation and spin are

0,(9, ®9" +9" ®4, )y, = @ 0,+6,°9,)=9,-9;

9,00, ®9" -g" ®4, )y, = @.91 -4,-9,)

l\)II—‘ NII—‘

(2.11.10)
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2.12 Pull Back, Push Forward and Lie Time Derivatives

2.12.1 Push-Forward and Pull-Back

The concepts of pull-back and push-forward have a number of uses, in particular they will be
used to define the Lie derivative further below.

Vectors

Consider a vector V given in terms of the reference configuration base vectors:
V=VG' =V'G, (2.12.1)

The push-forward of V, y. (V) , 1s defined to be the vector with the same components, but
with respect to the current configuration base vectors. The push-forward of a vector depends
on the type of components; the symbol b is used for covariant components V, and the

symbol # for contravariant components V'. Thus, using 2.10.8,

2.(V) =vg' =VF'G' =F "V

. . (2.12.2)
7.(V) =Vig, =V'FG, =FV

A special case is the push forward of a line element in the reference configuration, Eqn.
2.10.7,

7.(dX)" =d@'g, = dx. (2.12.3)
which is consistent with the fact that, with convected coordinates, the line element dX has
the same coordinates with respect to the reference configuration basis as does dx with
respect to the current configuration basis.

Similarly, consider a vector v given in terms of the current configuration basis:

v=vg' =V'g, (2.12.4)

The pull-back of v, z." (V), is defined to be the vector with components v, (or v') with
respect to the reference configuration base vectors G' (or G,). Thus, using 2.10.8,
2'(v)’ =v,G' =v,F'g' =FTv

_ _ . (2.12.5)
7 (V) =V'G, =ViF'g, =F v
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and, for a line element in the current configuration,
7:-(dx) =dx'G, =F'dx = dX. (2.12.6)

Note that a push-forward and pull-back applied successively to a vector with the same
component type will result in the initial vector.

From the above, for two material vectors U and V and two spatial vectors U and v,

U-V=2.0) 7.(V) =2.0) - 2(V)

(2.12.7)
u-v= 2t )t (V) = W) (V)
Tensors
Consider a material tensor A:
A=AG' ®G’'=A'G,®G,=AG,®G’'=A'G'®G; (2.12.8)

As for the vector, the push-forward of A, . (A) , 1s defined to be the tensor with the same
components, but with respect to the deformed base vectors. Thus, using 2.10.8,

2(AY =Ag ®g =AF'G'®F'G!)=F TAF"
7.(A) = Alg, ®g, = A(FG, ®FG,) =FAF’

(2.12.9)
7.(A) =Ag ®g' = A (FG, ®F 'G!) =FAF"
2.(AY =Alg'®g, = AI(F'G' ®FG,) =F "AF"
Similarly, consider a spatial tensor a:
=a,0' ®g’' =a’g, ®g, =a,g,®g’ =a/'g' ®g, (2.12.10)
The pull-back is
7'(a) =a,G'®G! =a,(F'g' ®F'g’) =F'aF
7'(a) =a'G, ®G, =a,(F'g, ®F'g,) =F 'aF " o
7:'(a) =a' G, ®G! =a' (F'g, ®F"g') =F 'aF o
7)) =3)G'®G, =al(F'g' ®F'g,) =F'aF "
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Push-Forward and Pull-Back relations for Vectors and Tensors

For two material tensors A and B and two spatial tensors a and b, the scalar product is

A:B=AB"=A'B; =A'B’ = A'B]

, . o . (2.12.12)
a:b=a;b’ =a’b; =a'b’ =a/’b),
This scalar product then push-forwards and pull-backs as { A Problem 1}
A:B=7.(A):2.(B) =2.(A) : z.(B)
= 7.(A) : 2.(B) = 2.(A) : .(B)
f) 2-(B) = 7.(A) : 1.(B) 2.12.13)

For material tensor A and material vectors U,V , and spatial tensor a and spatial vectors
uv,

UAV:UiAijVj =UiAijVj :UiA.ijVj =UiA{jVi

. (2.12.14)
uav =ua’v; =u'a;v’ =u;av’ =u'a’v,
Then
UAV = 7.(U) 2. (A) 2.(V) = 2.(U) 2.(A) 2.(V)’
=7 (U)bz*(A) #Z*(V) =7 (%) Ji*(A) Jcb*(V) # 2.12.15)
vav = 7' (u) 7' @) ' (v) = 7' () 2 @) 2" (v)
= 7' 2 @) 7' (v) = 2 ) @) 2 (v)

For material tensor A and material vector V, and spatial tensor a and spatial vector v, the
contractions AV and av are

AV = AV = AV = AV T = Al (2.12.16)

—avi—aly —alyi—gl
av=a,v' =a'v, =ajv! =a'y,

and so transform as
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(2.12.17)
t@v) = @) (v) = @) v (v)
z:'@v) = 2 @) 2 (v) = 2 @) 2 (v)
Finally, for material tensors A, B and spatial tensors @, b,
AB=ABYG'®G, =A“B/G'®G, =A"B,G' ®G’ =A,BG' ®G' =--. 212.18)
ab=a,b"g' ®g, =ab)g' ®g, =4/ b9’ ®g’ =a,blg' ®g’ =--- o
and so
7-(AB) = 2.(A) 2.(B)" = 2-(A) 2.(B)
7.(AB)’ = 7.(A) 7.(B) = 7.(A) 2.(B)
(2.12.19)

Push-Forward and Pull-Back operations for Strain Tensors

The push-forward of the covariant right Cauchy-Green strain and its contravariant inverse are

r(C) =C,0'®g’ =F'CF"'

i : 2.12.20
)(*(C*I)#:(Cf1)ugi®gj — ECE" ( )

From 2.10.19, C; = g;;, the covariant components of the identity tensor expressed in terms
of the convected base vectors in the current configuration, i.e. the spatial metric tensor,

g= gijgi ®g', and (C - )ij = g", the contravariant components of g, so the push-forward of
covariant C is g and the pull-back of covariant g is C, and the push-forward of contravariant
C™' is g and the pull-back of contravariant g is C™':

7€) =9 x'(@f=C

X
. (2.12.21)
') =9, 1@ =c’
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Similarly, the pull-back of covariant b™" is G and the push-forward of covariant G is b™",
and the pull-back of contravariant b is G and the push-forward of contravariant G is b.

.Gy =b", £'b"'f =0
20 . 2'b") (2.12.22)
2.G)' =b, ') =G
For the covariant Green-Lagrange strain, the push-forward is
7.(E) =E;0' ®g’ =F"EF . (2.12.23)

From 2.10.23, Eij =€, the covariant components of the Euler-Almansi strain tensor, and so
the push-forward of covariant E is e and the pull-back of covariant e is E.

7.E) =e  x'() =E. (2.12.24)

2.12.2 Push-Forward and Pull-Back with Polar Decomposition
Intermediate Configurations

Pull backs and push-forwards can be defined relative to any two configurations. Consider
the polar decomposition and the intermediate configurations discussed in §2.10. Pushing

forward a material tensor A from the reference configuration {G, } to the configuration {é,
leads naturally to (see Fig. 2.10.8)

7.(APre) = AG' ®G1=A(R'G'®R G )=R"AR ' =RAR"

2.(AYre) = A6, ®6, = A'(RG, ®RG,) =RAR' 01225)
2.(A)rc)=AIG, ®G1 = A (RG, ®R'G!) =RAR" =RAR” o
7.(AYre) = A6'®6, = AIR'G' ®RG,) =R TAR" =RAR"

and the pull back of a tensor A from the intermediate configuration {A i } to the reference
configuration {G, | is

zgl(A)bR(c) =A,G'®G’ =R"AR
77(A)wie) = AiG, ®G, =RTAR

() (2.12.26)
(

rle) = A\G, ® G’ =R"AR
A)we) = AIG' ®G, =RTAR
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Similarly, the push-forward of a tensor & from {
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A

.} to {g} and the corresponding pull-back

of a spatial tensor a is
7.(8)fre) =4,0' ®9’ =RaR"  z.'(a)r) =a,§' ®G’ =R"aR
7.(8)'re) =8"0, ®g; =R&R"  z.'(a)'re) =2"§, ®4; =R"aR (2.12.27)
7.(8)re) =49, ®9' =RaAR" z'(a)re =a g, ®§’ =R"aR
7.(8)re) =479'®g, =RAR"  z.'(a)re) =23,'4' ®F, =R"aR
The push-forwards and pull-backs due to the stretch tensors are
7(A) ue) Ajg ®§' =A (UG ®U'G!)=UTAU" =U" AU
2.(AYue) = A'g, ®4, = A'(UG, ®UG,)  =UAU" = UAU o128)
2.(A)ue = Alg, ®§' = A (UG, ®UTG!) =UAU" R
7.(AYue) = A'g'®4, = A (UTG' ®UG,) =UAUT =U"'AU
7' (8) v =4,G' ®G' =Uau
—1(a\# Al _yy-lag -l
. ug =a'G, ®G. =U"au
“ ()\ v : (2.12.29)
7-'(8) v =4'G, ®G' =uau
7' (8) ve) =4/G' ®G, =Uau™
and
(A)bA_A i iyl Ayt “1{\b Aj A
2-\AJve) = A9 ®g' =V Av x'(@)vie) =2,G' ®G’ =vav
2(A) o) = Alg @9, =vAv  z'(a)we =26, ®G, =vav" (2.12.30)
Z*(A)\V(G) = Aijgi ®g' = vAv™ 7-'(@) v :aAijéi ®G’ =vav
2(A) e = Alg @g, =viAy (@) w) =aG'®G, = vav”

Push-forwards and pull-backs can also be defined using F" (in the place of F) and these
move between the intermediate configurations, Ge g.

Recall Eqn. 2.10.37, which state that the covariant components of U,v, U™

,v~' with respect

to the bases G',G',§',g’ respectively, are equal. This can be explained also in terms of

push-forwards and pull-backs. For example, with v=RUR" and v

=RU'R", one can

write (in fact these relations are valid for all component types)

Solid Mechanics Part III

303

Kelly



Section 2.12

V=2.Ukep V=20 (2.12.31)

The first of these shows that the components of U with respect to G are the same as those of
v with respect to G (for all component types). The second shows that the components of
U™ with respect to § are the same as those of v~ with respect to .

As another example, with C = U?, (compare with Eqn. 2.10.19)

C=7"'0)ve), C'=x"(6)ve (2.12.32)

2.12.3 The Lie Time Derivative
Vectors

The material time derivative of a spatial vector U is

H=tg o (2.12.33)
=u'g, +u'g,

The Lie (time) derivative L a is the material derivative holding the deformed basis
constant, that is, the first terms on the right hand side of 2.12.33:

va u= uigi
, (2.12.34)
L,u=u'g,
In terms of the pull-back and push-forward,
Lu= z(% [z (u)]j The Lie Time Derivative (2.12.35)

This is illustrated in the Fig. 2.12.1. The spatial vector is first pulled back to the reference
configuration, there the differentiation is carried out, where the base vectors are constant,
then the vector is pushed forward again to the spatial description.
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Figure 2.12.1: The Lie Derivative

For covariant components, one first pulls back the vector u,g' to u,G', the derivative is

taken, U.G ', and then it is pushed forward to L]igi , which is consistent with the definition

2.12.34a. The definition 2.12.35 allows one to calculate the Lie derivative in absolute
notation: using 2.4.4-5,

b
Lu= 1(% [}(;1 (u)’ D = FT(%[FTUU
=F"(E"u+F"u) (2.12.36)
—F"(F"1"u+F"u)
=u+I1"u

The Lie derivative for the contravariant components can be calculated in a similar way, and
in summary: { AProblem 3}

Lu=ug' =u+l"u , o
Lie Derivatives of Vectors  (2.12.37)

# “i .
Lu=u'g,=u-lu

Tensors

The material time derivative of a spatial tensor a is

a:aijgi ®gj +aijgi ®gj +aijgi ®gj

=a'g, ®g,+a’g, ®g; +a'g, ®9,

qg ) i? . ig o (2.12.38)
=4aj9;®g’ +a;0; ®g’ +a;g9, ®¢’

=4/g'®g; +a/g' ®g; +a'g' ®g,

The Lie (time) derivative L a is then
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b s i j
L,a=a9 ®g’
Lia=a"g, ®g,

o ’J_ (2.12.39)
L,a=a,9; ®g

/ syl
Lvaza‘ijg ®gJ

For covariant components, one first pulls back the tensor a;g '®g’ to aijGi QG the
derivative is taken, 6’1ijGi ® G, and then it is pushed forward to aijgi ®g'. With 2.4.4-5,

b
La=r| gl @] =F (Gl
—F"(F"aF +F'aF + FTaFF (2.12.40)
—F"(F"1"aF + FTaF + FalF JF
=I"a+a+al

The Lie derivative for the other components can be calculated in a similar way, and in
summary: { AProblem 4}

La=4,0'®g' =a+I"a+al

Lia=a"g,®g, =a-la-al’ _ o
. _ o Lie Derivatives of Tensors (2.12.41)
La=a\g, ®g’'=a-la+al

/m A A T T
La=a'g'®g;=a+la-al

Lie Derivatives of Strain Tensors

From 2.5.18,

d=é+1"e+el

. (2.12.42)
b-lb-bl" =0

and so the Lie derivative of the covariant Euler-Almansi strain is the rate of deformation and
the Lie derivative of the contravariant left Cauchy-Green tensor is zero. Further, from
2.12.21,2.12.41,

2g=7(Cf., Lg=g+I"g+gl=1"+I=2d (2.12.43)
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Lie Derivatives and Objective Rates
One of the most important uses of the Lie derivative is that Lie derivatives of objective

spatial tensors are objective spatial tensors. Thus the rates given in 2.12.41 are all objective.
Further, any linear combination of them is objective, for example,

%[(éwITa+aI)+(a—Ia—aIT)]:a+%[—(l —IT)a+a(I —IT)]:a—Wa+aW (2.12.44)

is objective, provided a is. This is the Jaumann rate introduced in Eqn. 2.8.36. The Cotter-
Rivlin rate of Eqn. 2.8.37 is equivalent to L’ T .

The Lie Derivative and the Directional Derivative

Recall that the material time derivative of a tensor can be written in terms of the directional
derivative, §2.6.5. Hence the Lie derivative can also be expressed as

LT =76 (z" (M) (2.12.45)

and hence the subscript v on the L. Thus one can say that the Lie derivative is the push
forward of the directional derivative of the material field z.'(T) in the direction of the
velocity vector.

2.12.4 Problems

1. Eqgns. 2.12.13 follow immediately from 2.12.12. However, use Eqns. 2.12.9, 2.12.11,
1e. y. (A)b =F TAF™, etc., directly, and 1.10.3h, to verify relations 2.12.13.

2. Derive the Lie derivatives of a vector u, Eqns. 2.12.37.
3. Derive the Lie derivatives of a tensor a, Eqns. 2.12.41.
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Variation and Linearisation of Kinematic Tensors

2.13.1 The Variation of Kinematic Tensors
The Variation
In this section is reviewed the concept of the variation, introduced in Part I, §5.5.

The variation is defined as follows: consider a function u(x), with u*(x) a second function
which is at most infinitesimally different from u(x) at every point X, Fig. 2.13.1

ou(x)

u*(x) \

Figure 2.13.1: the variation

Then define

‘5u =u*(x)-— u(x)‘ The Variation (2.13.1)

The operator ¢ is called the variation symbol and ou is called the variation of u(x).

The variation of u(x) is understood to represent an infinitesimal change in the function at X.

Note from the figure that a variation du of a function u is different to a differential du. The
ordinary differentiation gives a measure of the change of a function resulting from a specified
change in the independent variable (in this case x). Also, note that the independent variable
does not participate in the variation process; the variation operator imparts an infinitesimal
change to the function u at some fixed x — formally, one can write thisas 6 x=0.

The Commutative Properties of the variation operator

(1) i§u:§d—u (2.13.2)
dx dx
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Proof:
ES % * _
5d_u=(d_uJ _d_“:d“ _d_“:M:i(&l(x))
dx dx dx dx dx dx dx
2 5 j u(x)dx = jcsu(x)dx (2.13.3)

Proof:
5Tu(x)dx = Tu *(x)dx — Tu(x)dx = T[[u *(x)— u(x)]dx = T5u(x)dx

Variation of a Function

Consider A, a scalar-, vector-, or tensor-valued function of u. The value of A at u + du,
where ou is a variation of u is, as in, for example, 1.15.27,

A(u+du) ~ A(u)+0,A[u] (2.13.4)

The directional derivative in this context is also denoted by SA(u,du) and is called the
variation of A:

SA(u,du)=0,A[ou] = di A(u+ gdu) (2.13.5)
&

e=0
The variation of A is thus the directional derivative of A in the direction of the variation ou .

For example, consider the scalar function ¢ = P : E, where P and E are second order tensors.
Then

SH(E, ) = 0, ¢ 0F] = %

P:(E+&0E)=P:JE (2.13.6)

=0

The second variation is defined as

SA(u + gdu) (2.13.7)

=0

5’A =5(0A)=0,0A[ou] = di
&

For example, for a scalar function ¢(u) of a vector u,
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5p=22 5
ou
069 o6 04 04 (2.13.8)
5p= —-&z(é—jﬁu: ——du |-ou=du——>=7u
ou Ju Oudu Judu

Variation of Functions of the Displacement

In what follows is discussed the change (variation) in functions A(u) when the displacement

(or velocity) fields undergo a variation. These ideas are useful in formulating variational
prionciples of mechanics (see, for example, §3.8).

Shown in Fig. 2.13.2 is the current configuration frozen at some instant in time. The
displacement field is then allowed to undergo a variation ou. This change to the
displacement field evidently changes kinematic tensors, and these changes are now
investigated. Note that this variation to the displacement induces a variation to x, ox, but X
remains unchanged, 06X =0.

reference
configuration current
configuration
i

Figure 2.13.2: a variation of the displacement

To evaluate the variation of the deformation gradient F, oF (u, 5u) , where u is the
displacement field, note that u = x — X and Eqn. 2.2.43, F(u)= Gradu +I. One has, from
2.13.5,

aF(u,au):auF[au]:di Flu+ sou)

&=0

_ di F(u)+ £Grad(su) (2.13.9)
& &=0

= Grad(u)

Noting the first commutative property of the variation, 2.13.2, this can also be expressed as
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OF(u,6u) = SGradu (2.13.10)
Note that du is completely independent of the function u.

Here are some other examples, involving the inverse deformation gradient, the Green-
Lagrange strain, the inverse right Cauchy-Green strain and the spatial line element:
{ AProblem 1-3}

OF~' =—F 'graddu
OE =F'"%F (2.13.11)
SC' =-2F'eF "

where ¢ is the small strain tensor, Eqn. 2.2.48.

One also has, using the chain rule for the directional derivative, Eqn. 1.15.28, the directional
derivative for the determinant, Eqn. 1.15.32, the trace relation 1.10.10e, Eqn. 2.2.8b,

5J(u,0u)= 5detF(u,du)
= 0, det F[ou]
= 0, detF[,F[ou]]
= Op detF [Grad(&u)]
= detF[F’T :Grad(&u)]
= Jtr(Grad(&u)F’l)
= Jtr(grad(cu))
= Jdiv(du)

(2.13.12)

The Lie Variation

The Lie-variation is defined for spatial vectors and tensors as a variation holding the
deformed basis constant. For example, analogous to 2.12.33a,

Sra=da,g ®g (2.13.13)

The object is first pulled-back, the variation is then taken and finally a push-forward is
carried out. For example, analogous to 2.12.40,

s.a(u,ou)= 7.(0, (" (a)[ou)) (2.13.14)

For example, consider the Lie-variation of the Euler-Almansi strain e. First, from 2.12.24,
2°(e)> =E. Then2.13.11b gives 8, (;(: (e)’ Ié‘u] =O0E=F"&F. From 2.12.9a,
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s,e(w.an)= 7.0, (7 ) Joulf = z.(FTeF) =& (2.13.15)

2.13.2 Linearisation of Kinematic Functions
Linearisation of a Function

As for the variation, consider A, a scalar-, vector-, or tensor-valued function of u. Ifu
undergoes an increment Au, then, analogous to 2.13.4,

Au+Au)= A(u)+0,A[Au] (1.13.16)

The directional derivative 0,A[Au] in this context is also denoted by AA(u,Au). The
linearization of A with respect to u is defined to be

L A(u,Au)= A(u)+ AA(u,Au) (1.13.17)

Using exactly the same method of calculation as was used for the variations above, the
linearization of F and E, for example, are

LF(u,Au) = F(u)+0,F[Au] = F + GradAu

LE(u,Au)=E(u)+8,E[Au]= E+F"A¢F (213.18)
where Ag = %((gradAu)T + (gradAu)) is the linearised small strain tensor €.
Linearisation of Variations of a Function
One can also linearise the variation of a function. For example,
L 6A(u, Au) = 5A(u,5u)+ ASA(u, Au) (2.13.19)
The second term here is the directional derivative
ASA[u,Au] = 0 ,0A[Au]
(2.13.20)

= a4 SA(u + sAu)
dg e=0

This leads to an expression similar to 5°A . For example, for a scalar function ¢(u) ofa
vector u,
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2
A5¢=@-Au=AuM5u (2.13.21)
ou oudu

Consider now the virtual Green-Lagrange strain, 2.13.11b, SE = F'%F . To carry out the
linearization of OE, it is convenient to first write it in the form

OE = F" 6&F
— 1F"|(gradéu)" + gradsu (2.13.22)
=1 [(Grad5u)T F+ FTGrad§u]

Then
AJE = 0,0E[Au] = 8, {} |(Gradsu)" F + F" Gradsu [ Au] (2.13.23)

Recall that the variation ou is independent of u; this equation is being linearised with respect
to u, and du is unaffected by the linearization (see Fig. 2.13.3 below). However, the motion,
and in particular F, are affected by the increment in u. Thus { A Problem 4}

ASE = sym((GradAu)" Gradsu) (2.13.24)
u
reference current
configuration configuration

Figure 2.13.3: linearisation
As with the variational operator, one can define the linearization of a spatial tensor as

involving a pull back, followed by the directional derivative, and finally the push forward
operation. Thus

Aa(u,Au) = 7.(8, (7" (a)[Au)) (2.13.25)
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2.13.3 Problems

1. UseEqn. 2222, E=1(F"F-1), Eqn. 2.13.9, 5F(u,ou) = Grad(du), and Eqn. 2.2.8b,

gradv = (Gradv)F’1 , to show that JE = F' %F , where ¢ is the small strain tensor, Eqn.
2.2.48.

2. Use 2.13.9 to show that the variation of the inverse deformation gradient F~' is
OF ' =—F 'graddu. [Hint: differente the relation F'F =1 by the product rule and then

use the relation gradv = (Gradv)F ™' for vector v.]

3. Use the definition C = F'F to show that 6C™' = —2F 'eF " .
4. Use the relation symA = %(AT + A) to show that

ASE =0, {%l(Grad&u)T F + FTGrad&J}[Au] = sym((GradAu)T Grad5u)
5. Use oe=0e= %l(gradﬁu)T + grad§uJ and Eqn. 2.7.21 to show that the
Ade = y. (8“ (}(Q : (&)lAu]) = ;(*sym((GradAu)T Grad§u)
= sym[(gradAu)T : grad5u]
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3 Stress and the
Balance Principles

Three basic laws of physics are discussed in this Chapter:
(1) The Law of Conservation of Mass
(2) The Balance of Linear Momentum
(3) The Balance of Angular Momentum

together with the conservation of mechanical energy and the principle of virtual work,
which are different versions of (2).

(2) and (3) involve the concept of stress, which allows one to describe the action of
forces in materials.
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3.1 Conservation of Mass

3.1.1 Mass and Density
Mass is a non-negative scalar measure of a body’s tendency to resist a change in motion.

Consider a small volume element Av whose mass is Am. Define the average density of
this volume element by the ratio

Am

PAvE ZE (3.1.1)

If p is some point within the volume element, then define the spatial mass density at p to
be the limiting value of this ratio as the volume shrinks down to the point,

: Am
px,t)=1lim,, . Spatial Density (3.1.2)
v

In a real material, the incremental volume element Av must not actually get too small
since then the limit p would depend on the atomistic structure of the material; the

volume is only allowed to decrease to some minimum value which contains a large
number of molecules. The spatial mass density is a representative average obtained by
having Av large compared to the atomic scale, but small compared to a typical length
scale of the problem under consideration.

The density, as with displacement, velocity, and other quantities, is defined for specific

particles of a continuum, and is a continuous function of coordinates and time,
p = p(x,t). However, the mass is not defined this way — one writes for the mass of an

infinitesimal volume of material — a mass element,
dm = p(x,t)dv (3.1.3)

or, for the mass of a volume v of material at time t,

m = [ p(x,t)dv (3.1.4)

3.1.2 Conservation of Mass
The law of conservation of mass states that mass can neither be created nor destroyed.
Consider a collection of matter located somewhere in space. This quantity of matter with

well-defined boundaries is termed a system. The law of conservation of mass then
implies that the mass of this given system remains constant,
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Dm

ot 0 Conservation of Mass (3.1.5)

The volume occupied by the matter may be changing and the density of the matter within
the system may be changing, but the mass remains constant.

Considering a differential mass element at position X in the reference configuration and
at x in the current configuration, Eqn. 3.1.5 can be rewritten as

dm(X) = dm(x,t) (3.1.6)

The conservation of mass equation can be expressed in terms of densities. First,
introduce p,, the reference mass density (or simply the density), defined through

. Am
Py (X)=1lim,, ,, AV Density (3.1.7)

Note that the density p, and the spatial mass density p are not the same quantities'.

Thus the local (or differential) form of the conservation of mass can be expressed as (see
Fig. 3.1.1)

dm = p,(X)dV = p(x,t)dv = const (3.1.8)

—

av, p, dv, p
reference current
configuration configuration

Figure 3.1.1: Conservation of Mass for a deforming mass element

Integration over a finite region of material gives the global (or integral) form,

m = [ p,(X)dV = [ p(x,t)dv = const (3.1.9)
\Y v
or
dn d
Mm=—=—[p(x,t)dv=0 3.1.10
" dt{p("” (3.1.10)

! they not only are functions of different variables, but also have different values; they are not different
representations of the same thing, as were, for example, the velocities v and V. One could introduce a
material mass density, P(X,t) = p(x(X,1),t), but such a quantity is not useful in analysis
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3.1.3 Control Mass and Control Volume

A control mass is a fixed mass of material whose volume and density may change, and
which may move through space, Fig. 3.1.2. There is no mass transport through the
moving surface of the control mass. For such a system, Eqn. 3.1.10 holds.

m, p(x(t,),t,), v(t,) m, p(x(t,),t,), v(t,)

Figure 3.1.2: Control Mass

By definition, the derivative in 3.1.10 is the time derivative of a property (in this case
mass) of a collection of material particles as they move through space, and when they
instantaneously occupy the volume v, Fig. 3.1.3, or

%jpdv =lim,,_, i{ j o(x,t+ At)dv — Ip(x,t)dv} =0 (3.1.11)
dv V(t+At) v(t)
Alternatively, one can take the material derivative inside the integral sign:

Z—T:j%[p(x,t)dv]zo (3.1.12)

This is now equivalent to the sum of the rates of change of mass of the mass elements
occupying the volume V.

Figure 3.1.3: Control Mass occupying different volumes at different times

A control volume, on the other hand, is a fixed volume (region) of space through which
material may flow, Fig. 3.1.4, and for which the mass may change. For such a system,
one has
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%”:%jp(x,t)dv=j§[p(x,t)]dv¢o (3.1.13)

m(t), p(x,1), v
Figure 3.1.4: Control Volume

3.1.4 The Continuity Equation (Spatial Form)

A consequence of the law of conservation of mass is the continuity equation, which (in
the spatial form) relates the density and velocity of any material particle during motion.
This equation can be derived in a number of ways:

Derivation of the Continuity Equation using a Control Volume (Global Form)
The continuity equation can be derived directly by considering a control volume - this is
the derivation appropriate to fluid mechanics. Mass inside this fixed volume cannot be
created or destroyed, so that the rate of increase of mass in the volume must equal the rate
at which mass is flowing into the volume through its bounding surface.

The rate of increase of mass inside the fixed volume Vv is

om0 0
Ezajp(x,t)d\,:jaf’dv (3.1.14)

The mass flux (rate of flow of mass) out through the surface is given by Eqn. 1.7.9,
jpv -nds, J-pvi n, ds
where n is the unit outward normal to the surface and v is the velocity. It follows that

J‘%Odvﬂ.pv-nds:o, J%—/:dv+_fpvinids:0 (3.1.15)

Use of the divergence theorem 1.7.12 leads to

J{%+div(pv)}dv=0, I{%+%}dv=0 (3.1.16)

\ v 1
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leading to the continuity equation,

ap  a(pv,)
%0 +div(pv)=0 2t + FY 0
OV.
(jj_/to + pdivv =0 (il_/to + pa—x' =0| Continuity Equation
8—’0+grad,0‘v+pdivv=0 8_p+8_pv_+p%:()
ot o ox o,

(3.1.17)

This is (these are) the continuity equation in spatial form. The second and third forms of
the equation are obtained by re-writing the local derivative in terms of the material
derivative 2.4.7 (see also 1.6.23b).

If the material is incompressible, so the density remains constant in the neighbourhood of
a particle as it moves, then the continuity equation reduces to

. ov;
divv =0, a—' = 0| Continuity Eqn. for Incompressible Material (3.1.18)
X

Derivation of the Continuity Equation using a Control Mass
Here follow two ways to derive the continuity equation using a control mass.
1. Derivation using the Formal Definition

From 3.1.11, adding and subtracting a term:

%a[p dv = lim L{{ .[ p(x,t+ At)dv — J-p(x,t + At)dv}

A0 At V(t+At) v(t)

(3.1.19)
+|:I p(x,t+ At)dv - J-p(x,t)dv}

v(t) v(t)

The terms in the second square bracket correspond to holding the volume v fixed and
evidently equals the local rate of change:

d op .1
ad'[pdv:Jv‘Edv+hm— Ip(x,t+At)dv (3.1.20)

At—0
V(t+At)—v(t)

The region V(t + At) —v(t) is swept out in time At. Superimposing the volumes v(t) and
V(t+ At), Fig. 3.1.5, it can be seen that a small element Av of v(t + At)—v(t) is given by
(see the example associated with Fig. 1.7.7)

AV = Atv -nAs (3.1.21)
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where S is the surface. Thus

.1
ltl_rgA—t J‘p(x t+At)dv = l1m—J‘Atp(x t+At)v-nds = jp(x t)v-nds (3.1.22)

V(t+At)—v(t)

and 3.1.15 is again obtained, from which the continuity equation results from use of the
divergence theorem.

SO s(t + At)

Figure 3.1.5: Evaluation of Eqn. 3.1.22

2. Derivation by Converting to Mass Elements

This derivation requires the kinematic relation for the material time derivative of a
volume element, 2.5.23: d(dv)/dt = divvdv. One has

j p(x,t)dv = j (pdv)= j(pdwpﬁ} [(p+divvp)v=0  (3.123)

\

dt

The continuity equation then follows, since this must hold for any arbitrary region of the
volume V.

Derivation of the Continuity Equation using a Control Volume (Local Form)

The continuity equation can also be derived using a differential control volume element.
This calculation is similar to that given in §1.6.6, with the velocity v replaced by pv .

3.1.5 The Continuity Equation (Material Form)

From 3.1.9, and using 2.2.53, dv = JdV,

[y (X) = p((X,1,DI(X, D]V =0 (3.1.24)
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Since V is an arbitrary region, the integrand must vanish everywhere, so that

£o(X) = p(x(X,1),1)I(X,t)| Continuity Equation (Material Form) (3.1.25)

This is known as the continuity (mass) equation in the material description. Since
P, =0, the rate form of this equation is simply

d —
(=0 (3.1.26)

The material form of the continuity equation, p, = pJ , is an algebraic equation, unlike

the partial differential equation in the spatial form. However, the two must be equivalent,
and indeed the spatial form can be derived directly from this material form: using 2.5.20,
dJ /dt = Jdivv,

d . -
a(pd)—pJ +pJ

= J(p+ pdivv)

(3.1.27)

This is zero, and J > 0, and the spatial continuity equation follows.
Example (of Conservation of Mass)

Consider a bar of material of length |,, with density in the undeformed configuration p,
and spatial mass density p(X,t), undergoing the 1-D motion X = x/(1+ At),

x = X+ AtX . The volume ratio (taking unit cross-sectional area) is J =1+ At. The
continuity equation in the material form 3.1.25 specifies that

po = p(1+ At)
Suppose now that
2m
Po(X) = e X
0

lo .
so that the total mass of the bar is J.O £,(X)dX =m. It follows that the spatial mass

density is

__ Py _2m X _2m x
(1+At) 12 1+At 17 (1+At)°

P

Evaluating the total mass of the bar at time t leads to

2m 1 I, (1+At)

I, (1+At) dx = q
J;) p(X,t) X—FWL X 0Xx
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which is again m, as required.

end of bar (x =1,(1+ At), X =1,)

end of bar (x=X=1,) ¢ fime t
at time

att=0

Figure 3.1.6: a stretching bar

The density could have been derived from the equation of continuity in the spatial form:
since the velocity is

dx(X,t) 4 Ax
V(X,t) = ——= = AX| =V RNE
(X,1) o v(x, 1) =V(x (x,0),1) T+ AL
one has
8—’0+va—’0+p@:6—’D+ Ax 6_p+p A =0
ot Ox Oox ot 1+ Atox 1+ At

Without attempting to solve this first order partial differential equation, it can be seen by
substitution that the value for p obtained previously satisfies the equation.
[

3.1.6  Material Derivatives of Integrals
Reynold’s Transport Theorem

In the above, the material derivative of the total mass carried by a control mass,
d
— | p(x,t)dv,
" j p(x.1)

was considered. It is quite often that one needs to evaluate material time derivatives of
similar volume (and line and surface) integrals, involving other properties, for example
momentum or energy. Thus, suppose that A(x,t) is the distribution of some property

(per unit volume) throughout a volume Vv (A is taken to be a second order tensor, but what
follows applies also to vectors and scalars). Then the rate of change of the total amount
of the property carried by the mass system is
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d
m J’ A(x,t)dv

Again, this integral can be evaluated in a number of ways. For example, one could
evaluate it using the formal definition of the material derivative, as done above for
A = p. Alternatively, one can evaluate it using the relation 2.5.23, d(dv)/dt =divvdv,

through

% j A(x,tydv = j %[A(x,t)dv] = | {Adv ¥ AE} = j [A+divwAly  (3.1.28)

\

Thus one arrives at Reynold’s transport theorem

i [ dA.
'[ d—A+diva}dv _f i+%Ai,}dv
L L dt VL dt ox,
i [OA.  OA,
a—A+gradA-v+diva dv A : A v, + o A; |dv
ijA(xt)dv— | ot Lot ox, o,
dt oA | oA 8(Aijvk)
v f[ 2 antaovo %, ARy,
v Lot VL ot OX,
0A on,
'V[Edv+.!'A(v-n)ds gﬁ'dw!pﬁjvknkds

Reynold’s Transport Theorem (3.1.29)

The index notation is shown for the case when A is a second order tensor. In the last of
these forms® (obtained by application of the divergence theorem), the first term represents
the amount (of A) created within the volume v whereas the second term (the flux term)
represents the (volume) rate of flow of the property through the surface. In the last three
versions, Reynold’s transport theorem gives the material derivative of the moving control
mass in terms of the derivative of the instantaneous fixed volume in space (the first term).

Of course when A = p, the continuity equation is recovered.

Another way to derive this result is to first convert to the reference configuration, so that
integration and differentiation commute (since dV is independent of time):

d

JE(A(X,t)J )dv

= [(AJ+ ATV = [(A+divvA )IdV (3.1.30)
J kv = )

\

d d
— A, t)dv=— | A(X,1)JdV =
dt{ (x,1) dtJ (X,1)

= [(Acx.t) +divwA(.t) Jav

2 also known as the Leibniz formula
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Reynold’s Transport Theorem for Specific Properties
A property that is given per unit mass is called a specific property. For example,
specific heat is the heat per unit mass. Consider then a property B, a scalar, vector or

tensor, which is defined per unit mass through a volume. Then the rate of change of the
total amount of the property carried by the mass system is simply

%.V[pB(x,t)dV:-\!. dev]j [Bdm]= !%Bdm jp—dv (3.1.31)

Material Derivatives of Line and Surface Integrals

Material derivatives of line and surface integrals can also be evaluated. From 2.5.8,
d(dx)/dt =1ldx,

% [Acxtydx = [[A + Atjix (3.1.32)
and, using 2.5.22, d(ﬁds)/ dt = (divv—lT )ﬁds ,

%IA(x,t)ﬁds = [[A + Algivy—1" )jacs (3.1.33)

S

3.1.7 Problems

1. A motion is given by the equations
X, =X, +3X,t, X, ==X 7+ X,(t+1), X, =X,
(a) Calculate the spatial mass density p in terms of the density p,
(b) Derive a first order ordinary differential equation for the density p (in terms of
x and t only) assuming that it is independent of position x
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3.2 The Momentum Principles

In Parts | and I, the basic dynamics principles used were Newton’s Laws, and these are
equivalent to force equilibrium and moment equilibrium. For example, they were used to
derive the stress transformation equations in Part I, §3.4 and the Equations of Motion in
Part 11, 81.1. Newton’s laws there were applied to differential material elements.

An alternative but completely equivalent set of dynamics laws are Euler’s Laws; these
are more appropriate for finite-sized collections of moving particles, and can be used to
express the force and moment equilibrium in terms of integrals. Euler’s Laws are also
called the Momentum Principles: the principle of linear momentum (Euler’s first law)
and the principle of angular momentum (Euler’s second law).

3.2.1 The Principle of Linear Momentum
Momentum is a measure of the tendency of an object to keep moving once it is set in

motion. Consider first the particle of rigid body dynamics: the (linear) momentum p is
defined to be its mass times velocity, p = mv. The rate of change of momentum p is

dp _d(mv) _ _dv _
dt dt

ma (3.2.1)

and use has been made of the fact that dm/dt =0. Thus Newton’s second law, F =ma,
can be rewritten as

d
F= E(mv) (3.2.2)

This equation, formulated by Euler, states that the rate of change of momentum is equal to
the applied force. It is called the principle of linear momentum, or balance of linear
momentum. If there are no forces applied to a system, the total momentum of the system
remains constant; the law in this case is known as the law of conservation of (linear)
momentum.

Eqgn. 3.2.2 as applied to a particle can be generalized to the mechanics of a continuum in
one of two ways. One could consider a differential element of material, of mass dm and
velocity v. Alternatively, one can consider a finite portion of material, a control mass in
the current configuration with spatial mass density p(x,t) and spatial velocity field

v(Xx,t). The total linear momentum of this mass of material is

L(t) = J.p(x,t)v(x,t)dv Linear Momentum (3.2.3)

The principle of linear momentum states that

L(t) = % j o, t)V(X,t)dv = F(t) (3.2.4)
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where F(t) is the resultant of the forces acting on the portion of material.

Note that the volume over which the integration in Egn. 3.2.4 takes place is not fixed; the
integral is taken over a fixed portion of material particles, and the space occupied by this
matter may change over time.

By virtue of the Transport theorem relation 3.1.31, this can be written as

L(t) = j (X, )V(x,t)dv = F(t) (3.2.5)

The resultant force acting on a body is due to the surface tractions t acting over surface
elements and body forces b acting on volume elements, Fig. 3.2.1:

F(t) = Itds+fbdv, F = Iti ds+J'bi dv Resultant Force (3.2.6)

and so the principle of linear momentum can be expressed as

Itds +.fbdv = _fp\'/dv Principle of Linear Momentum  (3.2.7)

2
dv ds
O—»

b

Figure 3.2.1: surface and body forces acting on a finite volume of material
The principle of linear momentum, Eqgns. 3.2.7, will be used to prove Cauchy’s Lemma
and Cauchy’s Law in the next section and, in §3.6, to derive the Equations of Motion.
3.2.2 The Principle of Angular Momentum
Considering again the mechanics of a single particle: the angular momentum is the
moment of momentum about an axis, in other words, it is the product of the linear
momentum of the particle and the perpendicular distance from the axis of its line of

action. In the notation of Fig. 3.2.2, the angular momentum h is

h=rxmv (3.2.8)

which is the vector with magnitude d x m|v| and perpendicular to the plane shown.
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Figure 3.2.2: surface and body forces acting on a finite volume of material

Consider now a collection of particles. The principle of angular momentum states that
the resultant moment of the external forces acting on the system of particles, M, equals
the rate of change of the total angular momentum of the particles:

M=er=@ (3.2.9)
dt
Generalising to a continuum, the angular momentum is
H= jrx pvdv|  Angular Momentum (3.2.10)

and the principle of angular momentum is

.!'rxt‘”)dsﬂv‘rxbdv:%_!l’XﬂVdV

Principle of Angular Momentum

n d
Igijkxjt,ﬁ ’ds+J.gijkijk dV=aI€iijjPVk dv
\Y \%

S

(3.2.11)

The principle of angular momentum, 3.2.11, will be used, in 83.6, to deduce the
symmetry of the Cauchy stress.
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3.3 The Cauchy Stress Tensor

3.31 The Traction Vector

The traction vector was introduced in Part I, §3.3. To recall, it is the limiting value of
the ratio of force over area; for Force AF acting on a surface element of area AS , it is

t™ = lim — (3.3.1)

and n denotes the normal to the surface element. An infinite number of traction vectors
act at a point, each acting on different surfaces through the point, defined by different
normals.

3.3.2 Cauchy’s Lemma

Cauchy’s lemma states that traction vectors acting on opposite sides of a surface are
equal and opposite’. This can be expressed in vector form:

Cauchy’s Lemma (3.3.2)

This can be proved by applying the principle of linear momentum to a collection of
particles of mass Am instantaneously occupying a small box with parallel surfaces of
area AS, thickness 0 and volume Av = 0As, Fig. 3.3.1. The resultant surface force

acting on this matter is t™As +t™As.

t(ﬂ)

thickness o

t(—")

Figure 3.3.1: traction acting on a small portion of material particles

The total linear momentum of the matter is LV pvav = J.A vdm. By the mean value
m

theorem (see Appendix A to Chapter 1, §1.B.1), this equals VAm, where V is the velocity
at some interior point. Similarly, the body force acting on the matter is J.AV bdv = bAv,

where b is the body force (per unit volume) acting at some interior point. The total mass

" this is equivalent to Newton’s (third) law of action and reaction — it seems like a lot of work to prove this
seemingly obvious result but, to be consistent, it is supposed that the only fundamental dynamic laws
available here are the principles of linear and angular momentum, and not any of Newton’s laws
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can also be written as Am = LV pdv = pAv . From the principle of linear momentum,
Eqn. 3.2.7, and since Am does not change with time,
dv dv

t™As+tWAs + bAv = i[VAm] = AM— = pAV— = pSAS
dt dt dt

av

" (3.3.3)

Dividing through by As and taking the limit as & — 0, one finds that t™ = —t‘™
Note that the values of t™, t"™ acting on the box with finite thickness are not the same
as the final values, but approach the final values at the surface as 0 — 0.

3.3.3 Stress

In Part I, the components of the traction vector were called stress components, and it was
illustrated how there were nine stress components associated with each material particle.
Here, the stress is defined more formally,

Cauchy’s Law

Cauchy’s Law states that there exists a Cauchy stress tensor ¢ which maps the normal
to a surface to the traction vector acting on that surface, according to

t=on, t, =oyn; Cauchy’s Law (3.3.4)
or, in full,
t,=o,n +o,N, +o;N;
t, =0, N +0,N, +0,N, (3.3.5)
t,=0yN +0o3,N, + o33N,
Note:

e many authors define the stress tensor as t =no . This amounts to the definition used here
since, as mentioned in Part I, and as will be (re-)proved below, the stress tensor is symmetric,

— T —

e the Cauchy stress refers to the current configuration, that is, it is a measure of force per unit
area acting on a surface in the current configuration.

Stress Components

Taking Cauchy’s law to be true (it is proved below), the components of the stress tensor
with respect to a Cartesian coordinate system are, from 1.9.4 and 3.3.4,

ce —e -t (3.3.6)

which is the ith component of the traction vector acting on a surface with normal e; .
Note that this definition is inconsistent with that given in Part [, §3.2 — there, the first
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subscript denoted the direction of the normal — but, again, the two definitions are
equivalent because of the symmetry of the stress tensor.

The three traction vectors acting on the surface elements whose outward normals point in
the directions of the three base vectors e; are

(er) _
t" =0, +0,¢€,+0;6€,

t =ce,, ) = o e, + o€, + o8, (3.3.7)

(93) _
t' =o0,e +0,e,+0,€,

Eqns. 3.3.6-7 are illustrated in Fig. 3.3.2.

X3 X3
€3
033
¢ |
23
! tlk) e -
| 32
: '\-—>e 031
ﬂ) : >0y
e o ol s, "
4 X,
X
(a) (b)

Figure 3.3.2: traction acting on surfaces with normals in the coordinate directions;
(a) traction vectors, (b) stress components

Proof of Cauchy’s Law

The proof of Cauchy’s law essentially follows the same method as used in the proof of
Cauchy’s lemma.

Consider a small tetrahedral free-body, with vertex at the origin, Fig. 3.3.3. It is required
to determine the traction t in terms of the nine stress components (which are all shown
positive in the diagram).

Let the area of the base of the tetrahedran, with normal n, be As. The area ds, is then
Ascosa , where « is the angle between the planes, as shown in Fig. 3.3.3b; this angle is
the same as that between the vectors n and e,, so As, = (n-e, )As = n,As, and similarly

for the other surfaces: As, =n,As and As, =n,As.
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(a) (b)

Figure 3.3.3: free body diagram of a tetrahedral portion of material; (a) traction
acting on the material, (b) relationship between surface areas and normal
components

The resultant surface force on the body, acting in the X, direction, is
t,As —o,,n,AS —o,N,AS — o ;N AS
Again, the momentum is VAM , the body force is bAv and the mass is

Am = pAv = p(h/3)As, where h is the perpendicular distance from the origin (vertex) to
the base. The principle of linear momentum then states that

= dv,
t,As —o,,n,As — 5,,N,AS — ;N As + b, (h/3)As = ,5(h/3)Asd—t1

Again, the values of the traction and stress components on the faces will in general vary
over the faces, so the values used in this equation are average values over the faces.

Dividing through by As, and taking the limit as h — 0, one finds that
L, =o,n +o,n, +o;n,

and now these quantities, t,, o,,, 0,,, 05, are the values at the origin. The equations for
the other two traction components can be derived in a similar way.

Normal and Shear Stress

The stress acting normal to a surface is given by
oy, =n-t" (3.3.8)

The shear stress acting on the surface can then be obtained from
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t(n)

oy = [t™] - o2 (3.3.9)

Example

The state of stress at a point is given in the matrix form

Determine

(a) the traction vector acting on a plane through the point whose unit normal is
n=(1/3)e, +(2/3)e, —(2/3)e,

(b) the component of this traction acting perpendicular to the plane

(c) the shear component of traction.

Solution

(a) The traction is

t" | [o, o, osln 12 1 371 1—2
t" =0, 0, O,|N =§1 2 -2 2 =3 9
t"| |oy, oy, oy|n 3 -2 1 (-2 -3

or t™ =(-2/3)e, +3¢, —¢&,.
(b) The component normal to the plane is the projection of t™ in the direction of n, i.e.
oy =t h=(=2/3)1/3)+3(2/3)+(2/3)=22/9 = 2.4.
(c) The shearing component of traction is

os =t™ —(22/9)h
=[[(=2/3)=(22/27)F, +[3—(44/27)k, + [~ 1+ 44/27), ]
=[(=40/27)e, +(37/27)&, + (17/27)&, ]

i.e. of magnitude \/(—40/27)2 +(37/27)> +(17/27)* = 2.1, which equals

Aoy |2
(n) 2
t —0oy -
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3.4 Properties of the Stress Tensor

34.1 Stress Transformation

Let the components of the Cauchy stress tensor in a coordinate system with base vectors

e; be o;;. The components in a second coordinate system with base vectors e/, oy, are
given by the tensor transformation rule 1.10.5:
o = QuQy0 5 G41)

where Q; are the direction cosines, Q; =e; -¢€’;.

Isotropic State of Stress

Suppose the state of stress in a body is

o, 0 O
[0] =0 o, O
0 0 o,

One finds that the application of the tensor transformation rule yields the very same
components no matter what the coordinate system. This is termed an isotropic state of
stress, or a spherical state of stress (see §1.13.3). One example of isotropic stress is the
stress arising in fluid at rest, which cannot support shear stress, in which case

6 =—pI (3.4.2)

where the scalar p is the fluid hydrostatic pressure. For this reason, an isotropic state of
stress is also referred to as a hydrostatic state of stress.

A note on the Transformation Formula

Using the vector transformation rule 1.5.5, the traction and normal transform according to
[t']= [QT It], [n']= [QT In] Also, Cauchy’s law transforms according to [t'] = [6']n’]
which can be written as [QT It] = [c'][QT In] , so that, pre-multiplying by [Q], and since
[Q] is orthogonal, [t]= {[Q][c'][QT ]}[n], so [6]= [Q][c'][QT ], which is the inverse tensor

transformation rule 1.13.6a, showing the internal consistency of the theory.

In Part I, Newton’s law was applied to a material element to derive the two-dimensional
stress transformation equations, Eqn. 3.4.7 of Part I. Cauchy’s law was proved in a
similar way, using the principle of momentum. In fact, Cauchy’s law and the stress
transformation equations are equivalent. Given the stress components in one coordinate
system, the stress transformation equations give the components in a new coordinate
system; particularising this, they give the stress components, and thus the traction vector,
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acting on new surfaces, oriented in some way with respect to the original axes, which is
what Cauchy’s law does.

3.4.2 Principal Stresses

Since the stress ¢ is a symmetric tensor, it has three real eigenvalues o,,0,,0,, called

principal stresses, and three corresponding orthonormal eigenvectors called principal
directions. The eigenvalue problem can be written as

t™ =on=o0on (3.4.3)

where n is a principal direction and o is a scalar principal stress. Since the traction
vector is a multiple of the unit normal, o is a normal stress component. Thus a principal
stress is a stress which acts on a plane of zero shear stress, Fig. 3.4.1.

t™ =te, +t,e, +t.e,

n

SN

no shear stress — only a normal
component to the traction

Figure 3.4.1: traction acting on a plane of zero shear stress

The principal stresses are the roots of the characteristic equation 1.11.5,
o’ -lo’+L,o-1,=0 (3.4.4)
where, Eqn. 1.11.6-7, 1.11.17,

|, =tro
=0, t0y, +03;
:O-l +O-2 +O-3
_ 1 2 2
I, —3[(trc) —tro ]
_ 22 2
=00, +0,043 +0330,, —0);, —0,; — 05 (3.4.5)
=JIO-2 “1‘020-3 +O-361
_1 3_3 2 1 3
l, —g[trc 5 trotre +3(trc) ]
=deto
_ _ 2 2 29
= 010,03 =010, —0,03 — 0330, 01,0303,

=0,0,0;
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The principal stresses and principal directions are properties of the stress tensor, and do
not depend on the particular axes chosen to describe the state of stress., and the stress
invariants |, |,, |, are invariant under coordinate transformation. c.f. §1.11.1.

If one chooses a coordinate system to coincide with the three eigenvectors, one has the
spectral decomposition 1.11.11 and the stress matrix takes the simple form 1.11.12,

, o, 0 0
=Y ofi,®h;, [6]=|0 o, 0 (3.4.6)
- 0 0 o

Note that when two of the principal stresses are equal, one of the principal directions will
be unique, but the other two will be arbitrary — one can choose any two principal
directions in the plane perpendicular to the uniquely determined direction, so that the
three form an orthonormal set. This stress state is called axi-symmetric. When all three
principal stresses are equal, one has an isotropic state of stress, and all directions are
principal directions.

3.4.3 Maximum Stresses

Directly from §1.11.3, the three principal stresses include the maximum and minimum
normal stress components acting at a point. This result is re-derived here, together with
results for the maximum shear stress

Normal Stresses

Let e,,e,,e, be unit vectors in the principal directions and consider an arbitrary unit
normal vector n = n,e, +n,e, +n,e,, Fig. 3.4.2. From 3.3.8 and Cauchy’s law, the
normal stress acting on the plane with normal n is

oy =t™ -n=(on)-n (3.4.7)

principal
1 directions

Figure 3.4.2: normal stress acting on a plane defined by the unit normal n
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With respect to the principal stresses, using 3.4.6,
t™ =on=o0,ne, +0,ne, +0,n,e, (3.4.8)
and the normal stress is
oy =0oN +0,n; +o,n; (3.4.9)
Since n’ +n; +n; =1 and, without loss of generality, taking o, > o, > &,, one has
o, =Gl(n12+n22+n32)2 oN; +0o,N; + 0o, =0y (3.4.10)
Similarly,
oy = 0N} +0,n; +o,n; 203(n12+n§+n32)203 (3.4.11)

Thus the maximum normal stress acting at a point is the maximum principal stress and
the minimum normal stress acting at a point is the minimum principal stress.

Shear Stresses
Next, it will be shown that the maximum shearing stresses at a point act on planes
oriented at 45° to the principal planes and that they have magnitude equal to half the

difference between the principal stresses.

From 3.3.39, 3.4.8 and 3.4.9, the shear stress on the plane is
2 (2.2 2,2 2.2 2 2 2 \?
o5 = (0'1 n, +o,n; +o;n; )—(aln1 +o,n; +o;N; ) (3.4.12)
Using the condition n} +n; +n; =1 to eliminate n, leads to
2 2 2).2 2 2).2 2 2 2 2
o5 = (61 -0, )”1 +(62 -0, )n2 +0; —[(al —63)n1 +(a2 —03)n2 +a3] (3.4.13)

The stationary points are now obtained by equating the partial derivatives with respect to
the two variables n, and n, to zero:

a(isz): n1(0'1 _0_3){0-1 —0; _2[(0_1 —03)nf +(O-2 _0-3)n22]}: 0
8?2-152)_ (3.4.14)

on. n, (‘72 —0; ){0-2 —0; — 2[((71 —0; )n12 + (‘72 —0; )n22 ]}: 0
2

One sees immediately that n, =n, =0 (so that n, ==£1) is a solution; this is the principal

direction e; and the shear stress is by definition zero on the plane with this normal. In
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this calculation, the component n, was eliminated and o was treated as a function of
the variables (n,,n,). Similarly, n, can be eliminated with (n,,n,) treated as the
variables, leading to the solution n =e,, and n, can be eliminated with (n,,n,) treated as
the variables, leading to the solution n =e,. Thus these solutions lead to the minimum

shear stress value o2 =0.

A second solution to Eqn. 3.4.14 can be seento be n, =0, n, = +1/4/2 (so that
n, = +1/+/2 ) with corresponding shear stress values ol =1(0, ~0,)’. Two other

solutions can be obtained as described earlier, by eliminating n, and by eliminating n, .

The full solution is listed below, and these are evidently the maximum (absolute value of
the) shear stresses acting at a point:

1 1
n= iT iT , Oy 50'2—0'3|
1 1
n= i—,O,i— , O, =—|l0,—0O (3.4.15)
\/5 \/5 s 3 1|
n= +L+L0j o} |a —G|
_\/E’_\/E’ ’ S 1 2
Taking o, = 0, > 0,, the maximum shear stress at a point is
1
T e :5(0'1 ~0,) (3.4.16)

and acts on a plane with normal oriented at 45° to the 1 and 3 principal directions. This is
illustrated in Fig. 3.4.3.

————_ principal

directions
N/

1
\ /l' max

Figure 3.4.3: maximum shear stress at apoint

Example (maximum shear stress)

Consider the stress state
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o 1= F) h —?2}

0 —-12 1

This is the same tensor considered in the example of §1.11.1. Using the results of that
example, the principal stresses are o, =10, o, =5, o, = —15 and so the maximum shear

stress at that point is

1 25
Tmax 25(01 _0-3):?

The planes and direction upon which they act are shown in Fig. 3.4.4.

Figure 3.4.4: maximum shear stress
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3.5 Stress Measures for Large Deformations

Thus far, the surface forces acting within a material have been described in terms of the
Cauchy stress tensor 6. The Cauchy stress is also called the true stress, to distinguish it
from other stress tensors, some of which will be discussed below. It is called the true
stress because it is a true measure of the force per unit area in the current, deformed,
configuration. When the deformations are small, there is no distinction to be made
between this deformed configuration and some reference, or undeformed, configuration,
and the Cauchy stress is the sensible way of describing the action of surface forces.
When the deformations are large, however, one needs to refer to some reference
configuration. In this case, there are a number of different possible ways of defining the
action of surface forces; some of these stress measures often do not have as clear a
physical meaning as the Cauchy stress, but are useful nonetheless.

351 The First Piola — Kirchhoff Stress Tensor

Consider two configurations of a material, the reference and current configurations.
Consider now a vector element of surface in the reference configuration, NdS , where dS
is the area of the element and N is the unit normal. After deformation, the material
particles making up this area element now occupy the element defined by nds, where ds
is the area and n is the normal in the current configuration. Suppose that a force df acts
on the surface element (in the current configuration). Then by definition of the Cauchy
stress

df =onds (3.5.1)

The first Piola-Kirchhoff stress tensor P (which will be called the PK1 stress for
brevity) is defined by

df = PNdS (3.5.2)

The PK1 stress relates the force acting in the current configuration to the surface element
in the reference configuration. Since it relates to both configurations, it is a two-point
tensor.

The (Cauchy) traction vector was defined as

t=£, t=on (3.5.3)
ds

Similarly, one can introduce a PK1 traction vector T such that

-9 1_pN (3.5.4)
ds

Whereas the Cauchy traction is the actual physical force per area on the element in the
current configuration, the PK1 traction is a fictitious quantity — the force acting on an
element in the current configuration divided by the area of the corresponding element in
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the reference configuration. Note that, since df = tds = TdS , it follows that T and t act
in the same direction (but have different magnitudes), Fig. 3.5.1.

df =tds =TdS
reference cfllrrent.
configuration configuration

Figure 3.5.1: Traction vectors

Uniaxial Tension

Consider a uniaxial tensile test whereby a specimen is stretched uniformly by a constant
force f, Fig. 3.5.2. The initial cross-sectional area of the specimen is A, and the cross-

sectional area of the specimen at time tis A(t). The Cauchy (true) stress is

f
() =—— 3.5.5
(9] AD (3.5.5)
and the PK1 stress is
P= i (3.5.6)
A

This stress measure, force over area of the undeformed specimen, as used in the uniaxial
tensile test, is also called the engineering stress.

\ current

configuration

Figure 3.5.2: Uniaxial tension of a bar

The Nominal Stress

The PK1 stress tensor is also called the nominal stress tensor. Note that many authors
use a different definition for the nominal stress, namely T = NP, and then define the

PK1 stress to be the transpose of this P. Thus all authors use the same definition for the
PK1 stress, but a slightly different definition for the nominal stress.
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Relation between the Cauchy and PK1 Stresses
From the above definitions,

onds = PNdS (3.5.7)

Using Nanson’s formula, 2.2.59, nds = JF " NdS,

P=J6F"

PK1 stress 3.5.8
J'PF’
G =

The Cauchy stress is symmetric, but the deformation gradient is not. Hence the PK1
stress tensor is NOt symmetric, and this restricts its use as an alternative stress measure to
the Cauchy stress measure. In fact, this lack of symmetry and lack of a clear physical
meaning makes it uncommon for the PK1 stress to be used in the modeling of materials.
It is, however, useful in the description of the momentum balance laws in the material
description, where P plays an analogous role to that played by the Cauchy stress ¢ in the
equations of motion (see later).

35.2 The Second Piola — Kirchhoff Stress Tensor

The second Piola — Kirchhoff stress tensor, or the PK2 stress, S, is defined by

S=JF'6F"| PK2 stress (3.5.9)

Even though the PK2 does not admit a physical interpretation (except in the simplest of
cases, but see the interpretation below), there are three good reasons for using it as a
measure of the forces acting in a material. First, one can see that

(F'eF ") =(cF ") (F') =F'6"F"
and since the Cauchy stress is symmetric, so is the PK2 stress:
S=8" (3.5.10)
A second reason for using the PK2 stress is that, together with the Euler-Lagrange strain
E, it gives the power of a deforming material (see later). Third, it is parameterized by
material coordinates only, that is, it is a material tensor field, in the same way as the

Cauchy stress is a spatial tensor field.

Note that the PK1 and PK2 stresses are related through

P =FS, S=F'P (3.5.11)
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The PK2 stress can be interpreted as follows: take the force vector in the current
configuration df and locate a corresponding vector in the undeformed configuration

according to df = F~'df . The PK2 stress tensor is this fictitious force divided by the

corresponding area element in the reference configuration: df = SNdS, and 3.5.9 follows
from 3.5.2, 3.5.8:

df = PNdS = J6 F " NdS

3.5.3 Alternative Stress Tensors
Some other useful stress measures are described here.
The Kirchhoff Stress

The Kirchhoff stress tensor t is defined as

Kirchhoff Stress (3.5.12)

It is a spatial tensor field parameterized by spatial coordinates. One reason for its use is
that, in many equations, the Cauchy stress appears together with the Jacobian and the use
of T simplifies formulae.

Note that the Kirchhoff stress is the push forward of the PK2 stress; from 2.12.9b,
2.12.11b,

T=2.(S) =FSF"

) (3.5.13)
S=y(t) =F'1F"
The Corotational Cauchy Stress

The corotational stress 6 is defined as

Corotational Stress (3.5.14)

where R is the orthogonal rotation tensor. Whereas the Cauchy stress is related to the
PK2 stress through 6 = J'"FSF ", the corotational stress is related to the PK2 stress
through (with F replaced by the right (symmetric) stretch tensor U):

6=J"USU" = J"U(JF '6F " )U = (UF ' Js(F "U)=R"oR (3.5.15)

The corotational stress is defined on the intermediate configuration of Fig. 2.10.8. It can
be regarded as the push forward of the PK2 stress from the reference configuration

through the stretch U, scaled by J ™' (Eqn. 2.12.28b):

6=3"2.(8)vc) = 378", ®g, =3 's" (UG, ® UG, )= 'USU" = J'USU (3.5.16)
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or as the pull-back of the Cauchy stress with respect to R (Eqn. 2.12.27f):
6=72."(0)re =0"8, ®8, =R"oR (3.5.17)
The Biot Stress

The Biot (or Jaumann) stress tensor T, is defined as

T, =R'P=US Biot Stress (3.5.18)

From 3.5.11, it is similar to the PK1 stress, only with F replaced by U.
Example

Consider a pre-stressed thin plate with o,, = o/, &,, = 0}, that is, it has a non-zero

stress although no forces are actingl, Fig. 3.5.3. In this initial state, F =1 and,
considering a two-dimensional state of stress,

The material is now rotated as a rigid body 45° counterclockwise — the stress-state is
“frozen” within the material and rotates with it. Then

o U2 -2
F_R_L/\/E 1/\/5}

The stress components with respect to the rotated X; axes shown in Fig. 3.5.3b are
o,, = o, , etc.; the components with respect to the spatial axes X, can be found from the
stress transformation rule [6]= [QT Ic* IQ] = [R][G* ][RT ], and so

(-0 0 1(0 o
7(0'1 +O'2) 3(0'1 _0'2)
i o) e

20, —0,) 3\oy 0,

Note that the Cauchy stress changes with this rigid body rotation. Further, withd =1,

0 _ 0 0 0
1T=0, P= Glo/\/a 002/\/5, S=6=T, = G ;
o’/N2 etN2 0 o

Note that the PK1 stress is not symmetric. Now attach axes X~ to the material and rotate
these axes with the specimen as it rotates, as in Fig. 3.5.3b. The components with respect

! for example a piece of metal can be deformed; when the load is removed it is often pre-stressed — there is
a non-zero state of stress in the material
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to these rotated axes give the corotational stress; the corotational stress is the stress in a
body, taking out the stress changes caused by rigid body rotations — one says that the
corotational stress (and PK2 stress) “rotate” with the body.

X, X,

o)
—>
X
03 1
reference rotated
configuration configuration
(a) (b)

Figure 3.5.3: Pre-stressed material; (a) original position, (b) rotated configuration

354 Small deformations

From §2.7, when the deformations are small, neglecting terms involving products of
displacement gradients,

F =1+ gradu + O(gradu)’ = I + O(gradu) (3.5.19)

Here, O(gradu) means terms of the order of displacement gradients (and higher) have

been neglected and O(gradu)’ means terms of the order of products of displacement
gradients (and higher) have been neglected. Also,

J =detF
) ) 5 (3.5.20)
= det(I + gradu + O(gradu) )= 1+ divu + O(gradu)” =1+ O(gradu)
From 3.5.8 and 3.5.9, using 3.5.19-20, one has
Jo =PF" — ¢ +O(gradu) =P + O(gradu) (3.521)

Jo =FSF' —» ¢ +0(gradu) =S + O(gradu)

In the linear theory then, with O(gradu) — 0, the stress measures encountered in this
section are all equivalent.
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3.5.5 Objective Stress Tensors

In order to ascertain the objectivity of the stress tensors, first note that, by definition, force
is an objective vector, and therefore so also is the traction vector. Similarly for the
normal vector. The normal and traction vectors transform under an observer

transformation according to 2.8.10, n" =Qn and t = Qt. Then
t=on > Q't'=6Q™n" > t =(QoQ"h’ (3.5.22)

andso 6 =QoQ"; according to 2.8.12, the Cauchy stress is objective. The PK2 stress S

is objective, since it is a material tensor unaffected by an observer transformation. For
the PK1 stress, using 2.8.23,

* * *

P =36 (F) =JQoQ"(QF)" =Q(JeF ") (3.5.23)

and so, according to 2.8.16, P is objective (transforming like a vector, being a two-point
tensor).

3.5.6 Objective Stress Rates

One needs to incorporate stress rates in models of materials where the response depends
on the rate of stressing, for example with viscoelastic materials. As discussed in §2.8.5,
the rates of objective tensors are not necessarily objective. As discussed in §2.12.3, the
Lie derivative of a spatial second order tensor is objective. For the Cauchy stress, there
are a number of different objective rates one can use, based on the Lie derivative (see
Eqns. 2.8.35-36, 2.12.41, 2.12.44):

b
v

Hhe+1%6)  (35.24)

#
v

Il
g
a

Cotter-Rivlin stress rate  6+1'6 + ol

Jaumann stress rate G — WG + GW

Il
-
Q

Oldroyd stress rate’ 6-lo—ol"

Stress rates of other spatial stress tensors can be defined in the same way, for example the
Oldroyd rate of the Kirchhoff stress tensor is ¢ —lt — 11" .

The material derivative of the material PK2 stress tensor, S, is objective. The push
forward of S is, from 2.12.9b,

7.(8) =FSF” (3.5.25)

? this is sometimes called the contravariant Oldroyd stress rate, to distinguish it from the Cotter-Rivlin rate,
which is also sometimes called the covariant Oldroyd stress rate
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This push forward, scaled by the inverse of the Jacobian, J 'FSF" is called the
Truesdell stress rate. This can be expressed in terms of the Cauchy stress by using
3.5.9, and then 2.5.20, 2.5.5:

J *F%(JF%F‘T T=J _IF[JF_loF_T +JF 6F T +JF'6F T + JF‘IGFJFT
=6-1lo —ol" +tr(d)o
(3.5.26)
Thus far, objective rates have been constructed by pulling back, taking derivatives and

pushing forward. One can construct objective rates also by pulling back and pushing
forward with the rotation tensor R only, since it is the rotation which causes the stress

rates to be non-objective. For example, L#Vc , setting F =R, is, from 3.5.17 and
2.12.27b,

d iy _(dq)
z( " P2 (G)R(g)DR(g) —z{ " [6]) R(@)

=R(R"6R+R"6R+R"6RR" (3.5.27)
=6+0Q;-Q.0

where Q. = RR" is the skew-symmetric angular velocity tensor 2.6.3. The stress rate

3.5.27 is called the Green-Naghdi stress rate. From the above, the Green-Naghdi rate is
the push forward of the time derivative of the corotational stress.

Example

Consider again the example discussed at the end of §3.5.3, only let the plate rotate at
constant angular velocity o, so

— {cos(a)t) - sin(a)t)} PR a{— sin(wt) - cos(a)t)}

sin(a)t) cos(a)t) cos(a)t) - sin(a)t)
Again, using the stress transformation rule [¢]=[Q" |¢" [Q]=[R]s" [R"],

.o o! cos’(wt)+ o) sin’® (wt) cos(a)t)sin(a)t)(O'l0 - O'S)
cos(a)t)sin(a)t)(alo —~ 0'20) o) sin?(wt)+ o cos®(awt)

and, withJ =1,

0 0 0
t=0, P= [cos(a)t)o] sin(awt)o? } S—6=T, - {0'1 0 }

sin(a)t )010 cos(a)t )0'2

Also,
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s o1
l=w=FF'=RR" =0, =0/ =

Then

. 0 0 )
Pew sm(a)t)O'1 - Cf)S(a)t)O'z e T, =0
cos(at)o?  —sin(wt)o?

and

6o a){ -2 sin(a)t)cos(a)t)(O'I0 — 0'20) (cos2 (eot)—sin’ (a)t)XO'IO —~ 0'3)
(cos2 (eot)—sin’ (Ct)t)XO'IO - 020) +2sin(ot)cos(wt )(010 -0 )

For a rigid body rotation, it can be seen that the definitions of the Cotter-Rivlin, Jaumann,
Oldroyd, Truesdell and Green-Naghdi rates are equivalent, and they are all zero:

6—-wo+ow =0

This is as expected since objective stress rates for two configurations which differ by a
rigid body rotation will, by definition, be equal (the stress components will not change);
they are zero in the reference configuration and so will be zero in the rotated
configuration.

3.5.7 Problems

1. Consider the case of uniaxial stress, where a material with initial dimensions length
l,, breadth w, and height h, deforms into a component with dimensions length I,

breadth w and height h. The only non-zero Cauchy stress component is o,

acting in the direction of the length of the component.

(a) write down the motion equations in the material description, x = y(X)

(b) calculate the deformation gradient F and confirm that J = detF is the ratio of
the volume in the current configuration to that in the initial configuration

(c) Calculate the PK1 stress. How is it related to the Cauchy stress for this uniaxial
stress-state?

(d) calculate the PK2 stress

2. A material undergoes the deformation
X, =3X,t, X, =Xt+X,, X;=X,
The Cauchy stress at a point in the material is

t -2t 0
[6]=|-2t t 0
0 0 0

(a) Calculate the PK1 and PK2 stresses at the point (check that PK2 is symmetric)
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(b) Calculate the expressions P:F, Jo:d, S:E (for E, use the expression

2.5.18b, E=F"dF). In these expressions, d is the rate of deformation tensor.
(You should get the same result for all three cases, since they all give the rate of
internal work done by the stresses during the deformation, per unit reference
volume — see later)
3. Show that the Oldroyd rate of the Kirchhoff stress, T —lt — 71", is equal to the
Jacobian times the Truesdell stress rate of the Cauchy stress, 3.5.26.
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3.6 The Equations of Motion and Symmetry of Stress

In Part Il, 81.1, the Equations of Motion were derived using Newton’s Law applied to a
differential material element. Here, they are derived using the principle of linear
momentum.

3.6.1 The Equations of Motion (Spatial Form)

Application of Cauchy’s law t = en and the divergence theorem 1.14.21 to 3.2.7 leads
directly to the global form of the equations of motion

0o
dive +bldv = | pvdy, —2 4D, |dv=|pv.dv 3.6.1
Jldive +blav= p¥ ﬂ@xj } Jov (361)
The corresponding local form is then
dive+b = av aGij+b M Equations of Motion (3.6.2)
Pa T, P o

The term on the right is called the inertial, or kinetic, term, representing the change in
momentum. The material time derivative of the spatial velocity field is

8Vl

dV—@+(gradv)v S0 %=—+(avl N,

ov,
—V, +—V, +—V, |, etC.
OX, OX, OX,

dt ot dt ot
and it can be seen that the equations of motion are non-linear in the velocities.
Equations of Equilibrium

When the acceleration is zero, the equations reduce to the equations of equilibrium,

dive+b =0| Equations of Equilibrium (3.6.3)

Flows

A flow is a set of quantities associated with the system of forces t and b, for example the
quantities v,6, o. A flow is steady if the associated spatial quantities are independent of

time. A potential flow is one for which the velocity field can be written as the gradient
of a scalar function, v =grad¢. An irrotational flow is one for which curlv=0.
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3.6.2 The Equations of Motion (Material Form)

In the spatial form, the linear momentum of a mass element is pvdv. In the material
formitis p,VdV . Here, V is the same velocity as v, only it is now expressed in terms of
the material coordinates X, and pdv = p,dV . The linear momentum of a collection of

material particles occupying the volume v in the current configuration can thus be
expressed in terms of an integral over the corresponding volume V in the reference
configuration:

L(t) = '[ Lo (X)V(X, t)dV Linear Momentum (Material Form) (3.6.4)
\Y

and the principle of linear momentum is now, using 3.1.31,
i) j 2,(X)V(X,t)dV = j oy Vv =F@) (3.6.5)

The external forces F to be considered are those acting on the current configuration.
Suppose that the surface force acting on a surface element ds in the current configuration
is df_ . =tds = TdS, where t and T are, respectively, the Cauchy traction vector and the

surf
PK1 traction vector (Egns. 3.5.3-4). Also, just as the PK1 stress measures the actual force
in the current configuration, but per unit surface area in the reference configuration, one
can introduce the reference body force B: this is the actual body force acting in the
current configuration, per unit volume in the reference configuration. Thus if the body
force acting on a volume element dv in the current configuration is df,, , then

df, , =bdv=BdV (3.6.6)

body

The resultant force acting on the body is then

F(t) = [TdS + [BdV, F = [T,ds+[Bdv (36.7)
S Vv S \Y

Using Cauchy’s law, T = PN, where P is the PK1 stress, and the divergence theorem
1.12.21, 3.6.5 and 3.6.7 lead to

[[Dive+Blv = [ p, &Y av (36.8)
\Y \Y d
and the corresponding local form is
: dv oP; av,
DivP+B = p,—, +B, =
TR A X | BT

Equations of Motion (Material Form) (3.6.9)
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Derivation from the Spatial Form

The equations of motion can also be derived directly from the spatial equations. In order
to do this, one must first show that Div(JF‘T) is zero. One finds that (using the
divergence theorem, Nanson’s formula 2.2.59 and the fact that divi=0)

j-DIV JFTHY = .[JF‘TNdS .[nds _jlnds _jdlvldv 0

3.6.10
dev [N < o= [angs [ b0

[/

This result is known as the Piola identity. Thus, with the PK1 stress related to the
Cauchy stress through 3.5.8, P = JoF ", and using identity 1.14.16c,

DivP = Div(e(JF 7))

= 6Div(JF ")+ Grade : (JF ) (3.6.11)
= JGrade : F'

From 2.2.8c,
DivP = Jdive (3.6.12)

Then, with dv =JdV and 3.6.6, the equations of motion in the spatial form can now be
transformed according to

j[diVG+b]dv:Idev - I[DivP+B]dV=jp0VdV
v \ \

v

as before.

3.6.3 Symmetry of the Cauchy Stress

It will now be shown that the principle of angular momentum leads to the requirement
that the Cauchy stress tensor is symmetric. Applying Cauchy’s law to 3.2.11,

Irx (on)ds +Ir xbdv = %Irxpvdv

° ) d ! (3.6.13)
j Eip XjouN dS+jg,kaJb dv = dt-[ ik X OV, dv

The surface integral can be converted into a volume integral using the divergence
theorem. Using the index notation, and concentrating on the integrand of the resulting
volume integral, one has, using 1.3.14 (the permutation symbol is a constant here,
Ogy 0%, =0),
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Nes
Eije—— k')=gijk{x.%Jrakﬁj,}:gijk{xj%+ij}zrxdch+E:cT (3.6.14)
X X

where E is the third-order permutation tensor, Eqn. 1.9.6, E = &, (ei ®e; ®ek). Thus,
with the Reynold’s transport identity 3.1.31,

J.{rxdiV6+E : GT}dV+:|:rxde: .v[p%(rxv)dv (3.6.15)

\'

The material derivative of this cross product is

—(r><v):r><—v+—r><v:r><d—v+v><V:r><ﬁ (3.6.16)
dt dt dt dt dt
and so
[E: onv+Irx{diVG+b—p3—:}dv =0 (3.6.17)

From the equations of motion 2.6.2, the term inside the brackets is zero, so that
E:o' =0, 40 =0 (3.6.18)

It follows, from expansion of this relation, that the matrix of stress components must be
symmetric:

6=0, o; =0;| Symmetry of Stress (3.6.19)

3.6.4 Consequences in the Material Form

Here, the consequences of 3.6.19 on the PK1 and PK2 stresses is examined. Using the
result 6 =¢' and 3.5.8, 6 =J 'PF ",

JPFT =(3PFT) = J'FPT (3.6.20)
so that
PF' =FP', PF, =FP, (3.6.21)

These equations are trivial when i = j, not providing any constraint on P. On the other
hand, when i j one has the three equations
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Pll FZl + P12 F22 + P13 F23 = Fll P21 + F12 P22 + I:13 P23
Pll F31 + I:)12 F32 + I:)13 F33 = Fll P31 + I:12 P32 + I:13 P33 (3622)
I:>21 F3l + P22 F32 + P23 F33 = I:21 P31 + F22 P32 + F23 P33

Thus angular momentum considerations imposes these three constraints on the PK1 stress
(as they imposed the three constraints o,, = 0,,, 0,3 = 04, 0, = 04, onthe Cauchy

stress).
It has already been seen that a consequence of the symmetry of the Cauchy stress is the

symmetry of the PK2 stress S; thus, formally, the symmetry of S is the result of the
angular momentum principle.
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3.7 Boundary Conditions and The Boundary Value
Problem

In order to solve a mechanics problem, one must specify certain conditions around the
boundary of the material under consideration. Such boundary conditions will be
discussed here, together with the resulting boundary value problem (BVP). (see Part I,
3.5.1, for a discussion of stress boundary conditions.)

3.7.1 Boundary Conditions

There are two types of boundary condition, those on displacement and those on traction.
Denote the body in the reference condition by B, and in the current configuration by B.

Denote the boundary of the body in the reference configuration by S and in the current
configuration by s, Fig. 3.7.1.

Displacement Boundary Conditions

The position of particles may be specified over some portion of the boundary in the
current configuration. That is, x = x(X) is specified to be X say, over some portion S, of

s, Fig. 3.7.1, which corresponds to the portion S, of S. With u(x) = x - X(x), or
U(X) = x(X) — X, this can be expressed as

u(x) = u(x), X€ES,

- (3.7.1)
UX)=U(X), XeS,

These are called displacement boundary conditions. The most commonly encountered
displacement boundary condition is where some portion of the boundary is fixed, in
which case u(x)=o.

S

— _°
—
—
=T

cl =l

T

Figure 3.7.1: Boundary conditions
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Traction Boundary Conditions

Traction t =t can be specified over a portion S, of the boundary, Fig. 3.7.1. These
traction boundary conditions are related to the PK1 traction T =T over the
corresponding surface S_ in the reference configuration, through Eqns. 3.5.1-4,

c

TdS = PNdS = tds = onds (3.7.2)

One usually knows the position of the boundary S and the normal N(X) in the reference

configuration. As deformation proceeds, the PK1 traction develops according to T = PN

with, from 3.5.8, P = JoF ' . The PK1 stress will in general depend on the motion x and
the deformation gradient F, so the traction boundary condition can be expressed in the
general form

T=T(X,x,F) (3.7.3)
Example: Fluid Pressure

Consider the case of fluid pressure p around the boundary, t = —pn, Fig. 3.7.2. The
Cauchy traction t depends through the normal n on the new position and geometry of
the surface s,. Also, T =—pJF "N, which is of the general form 3.7.3.

E27e2
a
T—» El,e1

Figure 3.7.2: Fluid pressure on deforming material

Consider a material under water with part of its surface deforming as shown in Fig. 3.7.2.
Referring to the figure, N=-E,, n=—cosée, +sinée,, 6 =—pl, p= pg(h - Xz) and

X, =X, +a+ X, tan6 1 tan6 O
X, = X, , F=|{0 1 0|, J=detF=1
X; = X, 0 0 1

The traction vectors and PK1 stress are
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—cosf -1 1 0 0
f:—pg(h—x2 sin@ |, T:—pg(h—X2 tané@ |, P:—,og(h—x2 —tand 1 0
0 0 0 0 1

with (note that dS/ds =cos@) ‘f‘ = p and ‘T‘ = p/cos@. The traction vectors clearly

depend on both position, and the deformation through . In this example,
gradu =F -1 =GradU =1-F ' =tanfe, ®e, and

H(gradu) = arctan” gradu” = arctan ,/gradu : gradu

Dead Loading
A special case of loading is that of dead loading, where
T = T(X) (3.7.4)

Here, the PK1 stress on the boundary does not change with the deformation and an
initially normal traction will not remain so as deformation proceeds.

For example, if one considers again the geometry of Fig. 3.7.2, this time take

T(X)=PN=-pN=pgh-X,)0[ P(X)=-pgh—X,)

0
Then
1 1 0 0
t(x,0)=cosdpg(h-x,) 0|, o(x,0)=—pg(h—x,) tand® 1 0
0 0 01

3.7.2 The Boundary Value Problem

The equations of motion 3.6.2, 3.6.9, are a set of three differential equations. In the
solution of any problem, one would have to supplement these equations with others, for
example a constitutive equation expressing a relationship between the stress and the
kinematic variables (see Part IV). This constitutive relation will typically relate the stress
to the strains, or rates of strain, for example ¢ = f (e,d). Suppose then that the stresses
are known in terms of the strains and hence the displacements u. The equations of
motion are then a set of three second order differential equations in the three unknowns

U; (assuming that the body force b is a prescribed function of the problem). They need to

be subjected to certain boundary and initial conditions.
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Assume that the boundary conditions are such that the displacements are specified over
that part of the surface S, and tractions are specified over that part s_, with the total

surface s=5, +S_, with s, ns, =0 '. Thus

t=on=t, ons, .
_ Boundary Conditions (3.7.5)
u=mu, on s,

where the overbar signifies quantities which are prescribed. Initial conditions are also
required for the displacement and velocity, so that

u(x,t) =u,(x), att=0

) ) Initial Conditions (3.7.6)
u(x,t) =u,(x), att=0

and it is usually taken that x = X at t =0. Comparing 3.7.5 and 3.7.6, one also requires
that u, =wu, u, = ﬁ over S, so that the boundary and initial conditions are compatible.
These equations together, the differential equations of motion and the boundary and

initial conditions, are called the strong form of the initial boundary value problem
(BVP):

dive +b = pv = pii
t=on=t, ons,
u=u, ons, Strong form of the Initial BVP  (3.7.7)
u(x,t) =u,(x), att=0
u(x,t) =u,(x), att=0

When the problem is quasi-static, so the accelerations can be neglected, the equations of
motion reduce to the equations of equilibrium 3.6.3. In that case one does not need initial
conditions and one has a boundary value problem involving 3.7.5 only.

It is only in certain special cases and in certain simple problems that an exact solution can
be obtained to these equations. An alternative solution strategy is to convert these
equations into what is known as the weak form. The weak form, which is in the form of
integrals rather than differential equations, can then be solved approximately using a
numerical technique, for example the Finite Element Method”. The weak form is
discussed in §3.9.

"It is possible to specify both traction and displacement over the same portion of the boundary, but not the
same components. For example, if one specified t =t e, on a boundary, one could also specify u = u.e,,

but not u = u,e,. In that case, one could imagine the boundary to consist of two separate boundaries, one

with conditions with respect to e, and one with respect to e, , and still write s, N's_ =0.

? Further, it is often easier to prove results regarding the uniqueness and stability of solutions to the problem
when it is cast in the weak form
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In the material form, the boundary conditions are

T=PN=T, onS,

Boundary Conditions
U=1U, on S

u
and the initial conditions are

UX,6)=U,(X), att=0

) ) Initial Conditions
U(X,t) = U, (X), att=0

and the initial vale problem is

DivP +B = p,V = pU
T=PN=T, onS,

UX,t)=U,(X), att=0
UX,t)=U,(X), att=0

Solid Mechanics Part III 360

U=0, onS, Strong form of the Initial BVP

Section 3.7

(3.7.8)

(3.7.9)

(3.7.10)

Kelly



Section 3.8

3.8 Balance of Mechanical Energy

3.8.1 The Balance of Mechanical Energy

First, from Part I, Chapter 5, recall work and kinetic energy are related through
W, +W, =AK (3.8.1)

is the work of the external forces and W. , is the work of the internal forces.

nt

where W,
The rate form is

P +P =K (3.8.2)

ext int
where the external and internal powers and rate of change of kinetic energy are

Pext = iWext b Pint = iWint b K = EAK (383)
dt dt dt

This expresses the mechanical energy balance for a material. Eqn. 3.8.2 is equivalent to
the equations of motion (see below).

The total external force acting on the material is given by 3.2.6:

F,, =[tds+[bdv (3.8.4)

The increment in work done dW when an element subjected to a body force (per unit
volume) b undergoes a displacement du is b-dudv. The rate of working is

dP =b-(du/dt)dv. Thus, and similarly for the traction, the power of the external forces
is

P. :Jt-vds+_[b-vdv (3.8.5)

where v is the velocity. Also, the total kinetic energy of the matter in the volume is

K =jgpv-vdv (3.8.6)

Using Reynold’s transport theorem,

d dv
K :I%pa(v-v)dV:{pv-adv (3.8.7)

\

d
dt

Thus the expression 3.8.2 becomes
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dv
t-vds+ |b-vdv+P_ = -—dv 3.8.8
J. .[ nt .\l: pv dt ( )
power of power of power of rate of change of
surface forces  body forces  internal forces kinetic energy

It can be seen that some of the power exerted by the external forces alters the kinetic
energy of the material and the remainder changes its internal energy state.

Conservative Force System
In the special case where the internal forces are conservative, that is, no energy is
dissipated as heat, but all energy is stored as internal energy, one can express the power of

the internal forces in terms of a potential function u (see Part I, §5.1), and rewrite this
equation as

jt-vds+jb-vdv:jpz—‘t‘dwjpv-?j—:dv (3.8.9)

/

rate of change of
internal energy

Here, the rate of change of the internal energy has been written in the form

d - d du
—U =—|pudv=|p—dv 3.8.10
dt dt I - j e (3.8.10)

where U is the internal energy per unit mass, or the specific internal energy.

3.8.2 The Stress Power

To express the power of the internal forces P,

mt

in terms of stresses and strain-rates, first
re-write the rate of change of kinetic energy using the equations of motion,

— j dvj -(dive +b)d (3.8.11)

Also, using the product rule of differentiation,

oo, oo, |
v-dive = div(ve)—e:1, v, = (V'G”)—aij% (3.8.12)
OX; OX OX..
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where 1 is the spatial velocity gradient, I; = dv; /0X;. Decomposing I into its symmetric

part d, the rate of deformation, and its antisymmetric part w, the spin tensor, gives

c:l=6:d+0:w=o0:d, aij%=aijl N Ny (3.8.13)
OX; 2\ 0x;  OX

since the double contraction of any symmetric tensor (6 ) with any skew-symmetric
tensor (w) is zero, 1.10.31c. Also, using Cauchy’s law and the divergence theorem
1.14.21,

J-t-vds = Ion-vds = I(VG)-ndS = jdiv(vo)ﬂv

) ) (3.8.14)
J'tv ds_Ia,kn v, ds—j Ty )

Thus, finally, from Eqn. 3.8.8,

1[ov, v,
P =—[o:ddv, P, =—[o;{=| —-+—L|idv| StressPower (3.8.15)
d 2\ ox;  OX

v

The term o : d is called the stress power; the stress power is the (negative of the) rate of
working of the internal forces, per unit volume. The complete equation for the
conservation of mechanical energy is then

It -vds+ J-b -vdv = J-c ddv + Ipv : Z—:’dv Mechanical Energy Balance (3.8.16)

The stress power is that part of the externally supplied power which is not converted into
kinetic energys; it is converted into heat and a change in internal energy.

Note that, as with the law of conservation of mechanical energy for a particle, this
equation does not express a separate law of continuum mechanics; it is merely a re-
arrangement of the equations of motion (see below), which themselves follows from the
principle of linear momentum (Newtons second law).

Conservative Force System

If the internal forces are conservative, one has

d du
:ddv=—U = | p—dv 3.8.17
Jo dt I - G.817)

v

or, in local form,
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c:d= pa Mechanical Energy Balance (Conservative System) (3.8.18)

This is the local form of the energy equation for the case of a purely mechanical
conservative process.

3.8.3 Derivation from the Equations of Motion

As mentioned, the conservation of mechanical energy equation can be derived directly
from the equations of motion. The derivation is similar to that used above (where the
mechanical energy equations were used to derive an expression for the stress power using
the equations of motion). One has, multiplying the equations of motion by v and
integrating,

.[pv-((jj—‘t]dv=J-V-(divc+b)dv:I{div(v-c)—c 1+ v-bjdv

\

= |{div(v-6)-6:d+v-bldv (3.8.19)

:j—c:ddv+jt-vds+jv-bdv

3.84 Stress Power and the Continuum Element

In the above, the stress power was derived using a global (integral) form of the equations.
The stress power can also be deduced by considering a differential mass element. For
example, consider such an element whose boundary particles are moving with velocity v
and whose boundary is subjected to stresses o, Fig. 3.8.1.

Consider first the components of force and velocity acting in the X, direction. The

external forces act on the six sides. On three of them (the ones that can be seen in the
illustration) the stress and velocity act in the same direction, so the power is positive; on
the other three they act in opposite directions, so there the power is negative.

AV Oy
—

A v,
< fem = -
o < o Oy
AX,
(X)5 Xy, X;
AX,

Solid Mechanics Part II1 364 Kelly



Section 3.8

Figure 3.8.1: A differential mass element subjected to stresses

As usual (see §1.6.6), the element is assumed to be small enough so that the product of
stress and velocity varies linearly over the element, so that the average of this product
over an element face can be taken to be representative of the power of the surface forces
on that element. The power of the external surface forces acting on the three faces to the
front is then

P

surf

= AX, A (0,,v,) +AX, A, (0,V, )

1 1 1 1
X+ Xy +3 A% Xy +3 A% X+ AKXy +A% Xy +5 A%

+AX,AX, (0),V,)

1 1
X+ AKX+ A%y X3 + A%

(3.8.20)

Using a Taylor’s series expansion, and neglecting higher order terms, then leads to

~ AX,AX, {(o‘llv1 )XI’XZ’X3 +AX, 5(0'—11\/1) +1 AX, a(0_11\/1 )}

P Lax, 2900 1
o, ox, ox,

surf

+AX1AX3{(012V1)x1,x2,x3 +%AX1 5(08-)1(2V1)+AX2 8(2-)1(2V1)+%AX3 a(g)l(zvl )}
1 2 3

=

AX 6(0-13V1)+lAX 8(013V1)+AX 6(0‘13V1)
booax, T ox, >oax,
(3.8.21)

+ AX, AX, {(0-13\/1 )xl,xz,x3 +

The net power per unit volume (subtracting the power of the stresses on the other three
surfaces and dividing through by the volume) is then

P - 8(011V1)+ 8((712V1)+ 8(013\/1) _ a(alivl) (3.8.22)

X X, X, oX,

Assume the body force b to act at the centre of the element. Neglecting higher order
terms which vanish as the element size is allowed to shrink towards zero, the power of the
body force in the X, direction, per unit volume, is simply b,v, .

The total power of the external forces is then (including the other two components of
stress and velocity), using the equations of motion,

_ a(O-uvl ) Lhv. Pext = diV(GTV)-i- b-v
ext 8XJ 171
_GUSV_iJF%ViJFbiVi =c:l+divc-v+db-v
X % =0c:1+ —b—i—,o—V ‘V+b-v
aVi dv; dt
=0 —+i-b +p—-v;, +hy,
OX. dt Ld(v-v)
oV, V. =6:d+p———-+
oF L[ ov, —+— |+ l_d(v,v,) -o p2 dt
i X, Ox 2 dt

(3.8.23)
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which again equals the stress power term plus the change in kinetic energy.

The power of the internal forces is — ¢ : d , a result of the forces acting inside the
differential element, reacting to the applied forces ¢ and b.

3.8.5 The Balance of Mechanical Energy (Material form)

The material form of the power of the external forces is written as a function of the PK1
traction T and the reference body force B, 3.6.7, and the kinetic energy as a function of
the velocity V(X):

t j AR —dV (3.8.24)

ini

jT-VdS+jB-VdV+
S \%

Next, using the identities 2.5.4, F =1F and 1.10.3h, A : (BC) = (ACT): B, gives

Gid=GZl—GZWIGZIZGZ(FF_I)Z(GF_T)ZF, (3.8.25)
and so
jo:ddv=j oF "): Fdv = j oF " ): FJdV
f (3.8.26)
—J-P Fdv
and
dv

JT -VdS + JB vV = ‘[P :FaV +J.p0V d—dV Mechanical Energy Balance
S \ \ \

(Material Form) (3.8.27)
For a conservative system, this can be written in terms of the internal energy

T- VdS+ B-VdV = p0 Mav + PV - d—VdV (3.8.28)
dt dt

Y

3.8.6 Work Conjugate Variables

Since the stress power is the double contraction of the Cauchy stress and rate-of-
deformation, one says that the Cauchy stress and rate of deformation are work conjugate
(or power conjugate or energy conjugate). Similarly, from 3.8.26, the PK1 stress P is

power conjugate to F. It can also be shown that the PK2 stress S is power conjugate to

the rate of Euler-Lagrange strain, E (and hence also the right Cauchy-Green strain)
{ AProblem 1} :
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Jo:d=P:F=S:E=S:1C (3.8.29)

Note that, for conservative systems, these quantities represent the rate of change of
internal energy per unit reference volume.

Using the polar decomposition and the relation R'R =1,

F =RU +RU
=RR"'RU +RU (3.8.30)
=Q,F+RU

where Q is the angular velocity tensor 2.6.1. Then, using 1.11.3h, 1.10.31c, and the
definitions 3.5.8, 3.5.12 and 3.5.18,

P:F=P:Q.F+P:RU
=PF":Q +R"P:U
=1:Q, +R"P:U
=TB:U

(3.8.31)

so that the Biot stress is power conjugate to the right stretch tensor. Since U is
symmetric, P :F =symT, : U. Also, the Biot stress is conjugate to the Biot strain tensor

B =U-I introduced in §2.2.5.
From 3.5.14 and 1.11.3h,
6:d=R6R":d=6:d (3.8.32)

so that the corotational stress is power conjugate to the rotated deformation rate,
defined by

d=R"dR (3.8.33)
Pull Back and Push Forward

From 2.12.12-13, the double contraction of two tensors can be expressed as push-
forwards and pull-backs of those tensors. For example, the stress power (per unit

reference volume) in the material description is S : E. Then, using 3.5.13, 2.12.9a and
2.5.18b, E=F"dF,
. # . \b
S:E=4.(8): z.(Ef =v:d=Jo:d (3.8.34)

This means that the material and spatial descriptions of the internal power can be
transformed into each other using push-forward and pull-back operations.
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Similarly, pulling back the corotational stress and rotated deformation rate to the
intermediate configuration of Fig. 2.10.8, using 2.12.13, 2.12.27,

6:d= ;(;1(6)#R(g) cys (d)bR(g) =6:d (3.8.35)
The stress power in terms of spatial tensors can also be expressed as a derivative of a
tensor, using the Lie derivative. From 2.12.42, the Lie derivative of the Euler-Almansi
strain is the rate of deformation and hence (note that there is no universal function whose

derivative is d), so

Jo:d=Jo:L’e (3.8.36)

3.8.7 Problems

1. Show that the rate of internal energy per unit reference volume Jo :d is equivalent
to S:E (without using push-forwards/pull-backs).
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3.9 The Principles of Virtual Work and Power

The principle of virtual work was introduced and discussed in Part I, 85.5. As mentioned
there, it is yet another re-statement of the work — energy principle, only it is couched in
terms of virtual displacements, and the principle of virtual power to be introduced below
is an equivalent statement based on virtual velocities.

On the one hand, the principle of virtual work/power can be regarded as the fundamental
law of dynamics for a continuum, and from it can be derived the equations of motion. On
the other hand, one can regard the principle of linear momentum as the fundamental law,
derive the equations of motion, and hence derive the principle of virtual work.

3.9.1 Overview of The Principle of Virtual Work

Consider a material under the action of external forces: body forces b and tractions t. The
body undergoes a displacement u(x) due to these forces and now occupies its current

configuration, Fig. 3.9.1. The problem is to find this displacement function u.

b,

reference configuration current configuration

Figure 3.9.1: a material displacing to its current configuration under the action of
body forces and surface forces

Imagine the material to undergo a small displacement su from the current configuration,
Fig. 3.9.2, du not necessarily constant throughout the body; ou is a virtual displacement,
meaning that it is an imaginary displacement, and in no way is it related to the applied
external forces — it does not actually occur physically.

As each material particle moves through these virtual displacements, the external forces
do virtual work oW . If the force b acts at position x and this point undergoes a virtual
displacement du(x), the virtual work is W =b-ouAv. Similarly for the surface

tractions, and the total external virtual work is

W, = Ib -oudv + J-t -ou ds=0| External Virtual Work (3.9.1)
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true position/solution u

material moved an amount su

Figure 3.9.2: a virtual displacement field applied to a material in the current
configuration

There is also an internal virtual work W, due to the internal forces as they move through

virtual displacements and a virtual kinetic energy oK. The principle of virtual work then
says that

MW, + W, =K (3.9.2)

ext

And this equation is then solved for the actual displacement u. Expressions for the
internal virtual work and virtual kinetic energy will be derived below.

3.9.2 Derivation of The Principle of Virtual Work

As mentioned above, one can simply write down the principle of virtual work, regarding
it as the fundamental principle of mechanics, and then from it derive the equations of
motion. This will be done further below. To begin, though, the starting point will be the
equations of motion, and from it will be derived the principle of virtual work.

Kinematically and Statically Admissible Fields

A kinematically admissible displacement field is defined to be one which satisfies the
displacement boundary condition 3.7.7c, u=uon s, (see Part I, 85.5.1). Sucha

displacement field would induce some stress field within the body, but this resulting
stress field might not satisfy the equations of motion 3.7.7a. In other words, it might not
be the actual displacement field, but it does not violate the boundary conditions.

A statically admissible stress field is one which satisfies the equations of motion 3.7.7a
and the traction boundary conditions 3.7.7b, t =6n = t, on s_. Again, it might not be the

actual stress field, since it is not specified how this stress field should be related to the
actual displacement field.

Derivation from the Equations of Motion (Spatial Form)
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Let 6 be a statically admissible stress field corresponding to a kinematically admissible
displacement field u,so on=tons_, u=uon s, and dive +b = pii. Multiplying the
equations of motion by u and integrating leads to

j pii -udv = j (dive +b)- udv (3.9.3)

Using the identity 1.14.16b, div(Av) = v-divAT +tr(Agradv), 1.10.10e,
tr(A"B) = A : B, and the symmetry of stress,

Ipii-udv :J-{div(cu)—c :grad(u) + b -ujdv (3.9.4)

\

and the divergence theorem 1.14.22c and Cauchy’s law lead to

t-uds+ |b-udv = |e:gradudv + | pii - udv (3.9.5)
Joouds[o-udv] !

Splitting the surface integral into one over s, and one over s_ gives

J't-ﬁds + jf.uds +Ib.udv = Ic ; gradudv+jpii -udv (3.9.6)

Next, consider a second kinematically admissible displacement field u™,so u” =uon's,,
which is completely arbitrary, in the sense that it is unrelated to either ¢ or u. This time
multiplying dive +b = pii across by u”, and following the same procedure, one arrives
at

It-ﬁds + Iiu*ds + J'b~u*dv = Ic :gradu dv + J'pii udv (3.9.7)

Let su=u" —u, so the difference between u” and u is infinitesimal, then subtracting
3.9.6 from 3.9.7 gives the principle of virtual work,

[t-ouds + [b- sudv = [ o : grad(su)dv + [ pii - Sudv

Principle of Virtual Work (spatial form) (3.9.8)
Note that since u, u’, are kinematically admissible, su=u" —u=o00ns,.

If one considers the u in 3.9.8 to be the actual displacement of the body, then éu can be
considered to be a virtual displacement from the current configuration, Fig. 3.9.2. Again,
it is emphasized that this virtual displacement leaves the stress, body force and applied
traction unchanged.

One also has the transformed initial conditions: from 3.7.7d-e,
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ju(x t),, -oudv = Iuo(x) oudv

(3.9.9)
J-u(x t),, - oudv = .[uo(x) oudv

Egns. 3.9.8 and 3.9.9 together constitute the weak form of the initial BVP 3.7.7.

The principle of virtual work can be grouped into three separate terms: the external virtual
work:

W, = jf-éuds + _[ b-oudv| External Virtual Work (3.9.10)

the internal virtual work,

MW, = —jc :grad(du)dv| Internal Virtual Work  (3.9.11)

and the virtual kinetic energy,

K = I pii-oudv| Virtual Kinetic Energy  (3.9.12)

corresponding to the statement 3.9.2.
Derivation from the Equations of Motion (Material Form)
The derivation in the spatial form follows exactly the same lines as for the spatial form.

This time, let P be a statically admissible stress field corresponding to a kinematically
admissible displacement field U,so PN=TonS,, U=Uon S, and divP +B = p,U.

This time one arrives at

j T - 5UdS + j B-oUdV = j P : Grad(8U)dV + [ p, U - oUdV (3.9.13)
\Y

P

Again, one can consider U to be the actual displacement of the body, so that U
represents a virtual displacement from the current configuration. With

U=x-X

(3.9.14)
OU =X —o0X = &

the virtual work equation can be expressed in terms of the motion x = x(X),
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[T-5yds + [B-ydV = [P Grad(d)aV + [ p, U - srdv

Principle of Virtual Work (material form) (3.9.15)

3.9.3  Principle of Virtual Work in terms of Strain Tensors

The principle of virtual work, in particular the internal virtual work term, can be
expressed in terms of strain tensors.

Spatial Form

Using the commutative property of the variation 2.13.2, the term grad(&u) in the internal
virtual work expression 3.9.8 can be written as

grad(su) = %(grad(éu) + (grad(su))" )+ %(grad(c?u) — (grad(su))")
= 5%(gradu +(gradu)’ )+ 5%(gradu - (gradu)T) (3.9.16)
=0g+ Q2
where ¢ is the (symmetric) small strain tensor and  is the (skew-symmetric) small

rotation tensor, Eqn 2.7.2. Using the fact that the double contraction of a symmetric
tensor (o) and a skew-symmetric one (Q) is zero, 1.10.31c, one has

W, = —jc :grad(ou)dv = —jc s oedv (3.9.17)

Thus the stresses do internal virtual work along the virtual strains . One has

t-ouds+ |b-dudv = |o:ddv+ | pii - Sudv (3.9.18)
o o v

Note that, although the small strain has been introduced here, this formulation is not
restricted to small-strain theory. It is only the virtual strains that must be infinitesimal —
there is no restriction on the magnitude of the actual strains.

From 2.13.15, the Lie-variation of the Euler-Almansi strain e is o, e = d, so the internal,
virtual work can be expressed as

MW, =[5 edv (3.9.19)

Material Form

From Eqgn. 3.9.15 and Eqn. 2.13.9,
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W, =—[P: oFdV (3.9.20)
\Y

SO

jT-&de+IB-5XdV=jP:éFdV+jp0ﬁ-5de (3.9.21)

Derivation of the Material Form directly from the Spatial Form

To transform the spatial form of the virtual work equation into the material form, first
note that, with 3.9.14b,

¢ : grad(ou) = o : grad(ox) (3.9.22)

Then, using 2.2.8b, gradv = GradVF™, 2.13.9, &F = Grad(su), 1.10.3h,
A:(BC)=(AC"):B,and 35.10, P= JoF ",

G! (Grad(cix)F )
G: (éFF’l)
(oF " ):oF

(1P): oF

6 : grad(ox)

(3.9.23)

which converts 3.9.17 into 3.9.120.

Also, again comparing 3.9.17 and 3.9.120, using the trace properties 1.10.10, and Eqgns.
3.5.9 and 2.13.11b,

P oF = Jo: & = Jtr(ock) = Jtr(F "o cF)= J(F "oF 7 ): (FT5%F)=S:0E  (3.9.24)

and so the internal work can also be expressed as an integral of S: SE over the reference
volume.

The Internal Virtual Work and Work Conjugate Tensors
The expressions for stress power 3.8.15, 3.8.29, and internal virtual work are very similar.

For the material description, the time derivatives in the former are simply replaced with
the variation to get the latter:

P:F=S:E > P:F=S:6E (3.9.25)

For spatial tensors, the rate of strain tensor, e.g. d, is replaced with a Lie variation
2.13.14. For example, Jo:d = Jo: L e (see 2.12.41-42) becomes:

Jo:d=Jo: e — Jo:5e (3.9.26)
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3.9.4  Derivation of the Strong Form from the Weak Form

Just as the strong form (equations of motion and boundary conditions) was converted into
the weak form (principle of virtual work), the weak form can be converted back into the
strong form. For example,

jo:5adv+jpii-§udv:J.o:o"gradudv+'[pii-§udv

= [{div(c - 5u) - (dive — pii)- sujdv

<

(3.9.27)

Il
O C—y

t- Suds — [ {(dive — pii)- Sujdv

= [t-ouds - [ {(dive — pii)- Gujdv

\

and the last line follows from the fact that ou =o on s,. Thus the weak form now reads

[(t=1)- Suds — [ (dive +b — pii)- Gudv = 0 (3.9.28)

Sq

and, since ou is arbitrary, one finds that the expressions in the parentheses are zero, and
so 3.7.7 is recovered.

3.9.5 Conservative Systems

Thus far, no assumption has been made about the nature of the internal forces acting in
the material. Indeed, the principle of virtual work applies to all types of materials.

Now, however, attention is restricted to the special case where the system is conservative,
in the sense that the work done by the external loads and the internal forces can be written
in terms of potential energy functions®. Further, for brevity, assume also that the material
Is in static equilibrium, i.e. the kinetic energy term is zero.

In other words, it is assumed that the internal virtual work term can be expressed in the
form of a virtual potential energy function:

j o : grad(u)dv = j SUdv (3.9.29)

\

Here, U is considered to be a function of u, and the variation is to be understood as in
Egn. 2.13.5, U (u,du) =8 ,U[ou].

If the loads can be regarded as functions of u only then, since they are conservative, they
may be written as the gradient of a scalar potential:

! The external loads being conservative would exclude, for example, cases of frictional loading
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b=- U, . t= Y, (3.9.30)
ou Ju
Then, with
oU, = U, -ou, oU, = oy, -ou (3.9.31)
ou ou

and using the commutative property 2.13.3 of the variational operator, one arrives at
5{jUdv+jutds+jubdv}=éﬁ(u):o (3.9.32)

The quantity inside the brackets is the total potential energy of the system. This statement
is the principle of stationary potential energy: the value of the quantity inside the

parentheses, i.e. U (u), is stationary at the true solution u.

Eqgn. 3.9.32 is an example of a Variational Principle, that is, a principle expressed in the
form of a variation of a functional. Note that the principle of virtual work in the form
3.9.8 is not a variational principle, since it is not expressed as the variation of one
functional.

Body Forces

Body forces can usually be expressed in the form 3.9.30. For example, with gravity
loading, b = pg, where g is the constant acceleration due to gravity. Then U, =—pg-u

(b=cg=0and b-su=35(b-u),so J'b-ﬁudv:dj'b-udv).
Material Form

In the material form, one again has a stationary principle if one can write

B =-0U,(U)/0U, T =-0U,(U)/aU (or, equivalently, replacing U with the motion y ).
In the case of dead loading, §3.7.1, T = T(X) is independent of the motion so (similar to

the case of gravity loading above) U, = —T -u with 6T = o and J.T-ﬁxdv = 5IT-de :

Deformation Dependent Traction

In many practical cases, the traction will depend on not only the motion, but also the
strain. In that case, one can write

jf -Suds = J'En -ouds = _[n&&uds = jdiv(&&u)dv = I(div6~5u +o :gradsu )dv

S S v

One might be able to then introduce a scalar function ¢ such that
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¢(u,s):%-§u+%:5€ with 22— dive, 2 -5 (3.9.33)
ou oe ou oe

In the material form, one would have T = PN with

J.T-ﬁxds = I(DivF-5x+F:F)dV
Sp v
and then one might be able to introduce a scalar function ¢(x,F) such that

%5098 with ¢ pive, 2
o0p = . §x+ :oF with 6X_DIVP’ F P (3.9.34)

For example, considering again the fluid pressure example of 83.7.1, one can let ¢ = —pJ
so that, using 1.15.7, 0¢/0F = —pJF~'. Then P =—pF " =0¢4/0F| _, DivP = pgE,

and jTaxds =—5j pJdV .

3.9.6 The Principle of Virtual Power

The principle of virtual power is similar to the principle of virtual work, the only
difference between them being that a virtual velocity ov is used in the former rather than
a virtual displacement. To derive the virtual power equation, multiply the equations of
motion by the virtual velocity function, and integrate over the current configuration,

giving

dv - ovav = _[lec+b) svav {dlv(oﬁv) 6: N . §v}dv
v dt v aX
= j {div(s&v) 52—V+b 5v}dv (3.9.35)
:j‘t ovds — Io 5ddv+jb ovdv

These equations are identical to the mechanical balance equations 3.8.16, except that the
actual velocity is replaced with a virtual velocity. The term —J.c :oddv is called the

internal virtual power.

Note that here, unlike the virtual displacement function in the work equation, the virtual
velocity does not have to be infinitesimal. This can be seen more clearly if one derives
this equation directly from the virtual work equation. If the infinitesimal virtual
displacement ou occurs over an infinitesimal time interval ot , the virtual velocity is the
finite quantity ou/at, which here is labelled 6év. The virtual power equation can thus be
obtained by dividing the virtual work equation through by ot .
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Again, supposing that the velocities are specified over that part of the surface s, and
tractions over s_, the principle of virtual power can be written for the case of a
kinematically admissible virtual velocity field:

J‘f -ovds + _[ b - ovdv = Jc > oddv + jpi—: -6vdv| Principle of Virtual Power (3.9.36)

In words, the principle of virtual power states that at any time t, the total virtual power of
the external, internal and inertia forces is zero in any admissible virtual state of motion.

3.9.7 Linearisation of the Internal Virtual Work

In order to solve the virtual work equations in anything but the most simple cases, one
must apply some approximate numerical method. This will usually involve linearising
the non-linear virtual work equations. To this end, the internal virtual work term will be
linearised in what follows.

Material Description

In the material description, one has

MW,y = [S(E(u)): OE(u)dV (3.9.37)

in which the Green-Lagrange strain is considered to be a function of the displacement,
Eqgn. 2.2.46, and the PK2 stress is a function of the Green-Lagrange strain; the precise
functional dependence of S on E will depend on the material under study (see Part V).

The linearisation of the variation of a function is given by (see §2.13.2)

L oW,

int

(u, Au)= W, (u)+ AW,

int

(u, Au) (3.9.38)
where

AW, (u,Au)=8,6W,,
d
T de
d

T de

[Au]

oW, (u + gAu)

=0

J-S(E(u +&Au)): OB (u + gAu )dV

e=0V

_ Hs(E(u)) g

= J‘ {S(E(u)) : AéE(u, Au) + AS(E(u, Au)) : éE(u)}dV

ufu--ctu)+ 2| S(Bu -+ cau): éE(u)}dV

=0 € =0

(3.9.39)

Solid Mechanics Part 111 378 Kelly



Section 3.9

The linearization of the variation of the Green-Lagrange strain is given by 2.13.24,
ASE = sym((GradAu)TGradéu). With the PK2 stress symmetric, one has, with 1.10.3h,
1.10.31c,

S(E(u)): AGE(u, Au) = S(E(u)): sym((GradAu)' Gradsu)
=S(E(u)): (GradAu)' Gradsu (3.9.40)
= Graddu : (GradAu )S(E(u))

For the second term in 3.9.39, from 2.13.22, the variation of E is

OE = 1|(Gradsu)' F + F" Gradsu|
:%[(FTGrad5u)T +FTGrad§u] (3.9.41)
= sym(F " Gradsu)
What remains is the calculation of the linearisation of the PK2 stress. One has using the
chain rule,
AS(E(u, Au)) = 8,S[Au]
d

S(E(u + Au))

€lim0
_os(E) o

~ OE de|,
_3S(E)
T OE

E((u + eAu)) (3942

: AE(u, Au)

Denote the fourth order tensor 4S(E)/ 9E by C and assume that it has the minor
symmetries1.12.10. Then (see 3.9.41), with

AE = sym(F"GradAu) (3.9.43)

the linear increments in 3.9.38 become

AW, (u,Au) = J‘{Grad5u : (GradAu )S(E(u))

\Y

+F'Gradéu:C: FTGradAu}dV
(3.9.44)

S, +F —X*C
8Xb 8Xd bd a abcd JC ax

:ja& 6,50 + FuF,.C }aAu"dv
\Y

ia’ jc~abcd
X, oX

OAU .
85u , } dv
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The first term is due to the current stress and is called the (initial) stress contribution.
The second term depends on the material properties and is called the material
contribution. Solution formulations based on 3.9.44 are called total Lagrangian.

Spatial Description

The spatial description can be obtained by pushing forward the material description. First
note that the linearization of the Kirchhoff stress is, from 3.5.13,

L t(u,Au)= z.(L S(u,A ))#
7.(S(u, Au))* + z.(A S(u, Au))’ (3.9.45)
= 1(u)+ FAS(u, Au)F"

so that, as in the derivation of the material term in 3.9.44, and using 2.4.8,

At(u,Au)= F(C: FgradAuF )F"

(3.9.46)
A
At(,Au) = FyFy Fy Fy Cg ot
|
Define the fourth-order spatial tensor ¢ through
Cija = J‘lF,aFJbF Fa Cabe (3.9.47)
so that
At(u,Au)= J c:gradAu (3.9.48)

Then, from 3.9.39,

|nt All = J.
v

. 7.(ASE) + 7.(AS)’ }dV

sym((gradAu) gradéu)+ Jc:gradAu: sym(grad5u)}dv

<~—.

(s
- [l
{o : (gradAu)" gradsu +c : gradAu : gradéu}dv

Il
<

= J'{gradéu : gradAu o + graddu :c : gradAu jdv

o, OA odu OA
Aé\Nint (u,All) = j{ b : Aabd : Cabcd uc }dV
v 0%, OXy OX,, OXq
odu OAU
=|—2+10,.0,4 + ¢ dv
'\': 6Xb { ac ™~ bd abcd} 6Xd

(3.9.49)
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Solution formulations based on 3.9.49 are called updated-Lagrangian.
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3.10 Convected Coordinates

Some of the important results from sections 3.1-3.9 are now re-expressed in terms of
convected coordinates. As before, any relations expressed in symbolic form hold also in
the convected coordinate system.

3.10.1 The Stress Tensors

Traction and Stress Components

Consider a differential parallelepiped element in the current configuration bounded by the

coordinate curves as in Fig. 3.10.1 (see Fig. 1.16.2). The bounding vectors are
dO'g,, d®%g, and d®%g,. The surface area dS, of a face of the elemental parallelepiped

on which @, is constant, to which g* is normal, is then given by Eqn. 1.16.35,

dS, =+/ggde2de’ (3.10.1)
and similarly for the other surfaces.

®° —curve

X3 \ de’g,

@' —curve

Figure 3.10.1: vector elements bounding surface elements

The positive side of a face is defined as that whose outward normal is in the direction of

the associated contravariant base vector. The unit normal n' to a positive side is the same
as the unit contravariant base vector; as in Eqn. 1.16.14,

n'=g'=—2_  (nosum) (3.10.2)

Let the force dF' acting on the surface element with normal @' be dS.t" (no sum over

i), Fig. 3.10.2, so that t" is the traction (force per unit area).
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de’g,
Figure 3.10.2: traction acting on a surface element

The components of ¢t along the unit covariant base vectors are denoted by ot

) gl ol 1 (3.10.3)

i \/97”1

with no sum over the j in the /g term; o' are called the physical stress

1

components, Fig. 3.10.3.

Figure 3.10.3: physical stress components

Introduce now a new vector t' defined by
t' =g "t (nosum overi) (3.10.4)

It will be shown that this vector is contravariant, that is, transforms between coordinate

systems according to 1.17.3a (and so t" does not satisfy the vector transformation rule,
hence the superscript in pointed brackets). The components of t' along the covariant base
vectors are denoted by o' :

t'=c'g. (3.10.5)

]

Comparing 3.10.3-5,
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ot = fg—ﬂa“ (no sum) (3.10.6)
g

Cauchy’s Law and the Cauchy Stress Tensor

Cauchy’s law can now be derived in the same way as in §3.3, by considering a small

tetrahedral free-body, Fig. 3.10.4. The physical stress components " shown act on the
negative sides of the surfaces and so act in directions opposite that of the corresponding
components on the positive sides (a consequence of Cauchy’s Lemma). It is required to
determine the traction t in terms of the physical stress components and the unit normal n
to the base area.

Figure 3.10.4: free body diagram of a tetrahedral portion of material

The normal to the base has components
Consider the vector elements da and db shown in Fig. 3.10.5. Define the surface area

element dS to be the vector with magnitude equal to twice the area of the tetrahedron base
and in the direction of the normal to the base, so

1dS=1dSn=1(daxdb)
= 1((do'g, - do’g, )x(d’g, - dO°g, ) 5.108)
= 1(d0'de’g, x g, + dO’dO%g, x g, + dO°dO'g, x g, ) o
= 1(dS, + dS, +dS,)

where dS,, dS,, dS, are the surface element areas of the three coordinate sides of the

parallelepiped of Fig. 3.10.1 (twice the area of the coordinate sides of the tetrahedron);
from 3.10.2,
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dS =ds, +dS, +dS,
dSn=dS, n' (3.10.9)

1
——8
I

:ds_i

with no sum over the i in the 4/g" term, or

ds n4/g"g =dS,g (3.10.10)

Figure 3.10.5: vector element of area for the base of the tetrahedron

The principle of linear momentum, in vector form, is then (cancelling out a factor of %2)
tds—¢"dS, =0 (3.10.11)

From 3.10.4,

tdS =t L_,ds_i =t'dSn, (3.10.12)

Jor

and so
t=t'n, =c’'ng, (3.10.13)

Defining the (symmetric) Cauchy stress tensor ¢ through

c=0'g ® g;| Cauchy Stress Tensor (3.10.14)

one arrives at Cauchy’s law t=on.

The Cauchy stress is naturally a contravariant tensor because the normal vector upon
which it operates to produce the traction is naturally represented in the form of a covariant
vector (see 3.10.2).

Note that the stress can also be expressed in the form

Solid Mechanics Part 111 385 Kelly



Section 3.10

c=t'®g. (3.10.15)
J

Other Stress Tensors

The PK1, PK2 and Kirchhoff stress tensors are
P=P'G, ®G,
S=5"G, ®G, (3.10.16)
T= rijgi ®g;

By definition, T = Jo, and so 7' = Jo". By definition, S = JF '6F ', and so, from
2.9.8,

S'G,®G; =J0"F'g, ®F'g; =J0"'G,®G,; =7"G, ®G, (3.10.17)
Thus, as seen already, the Kirchhoff stress is the push-forward of the PK2 stress.
Similarly, by definition P = JoF " and so

P'G, ®G, =Jo'g, ®g F™*
=Jo¥g, ®G;
= Jo“FG, ®G; (3.10.18)
- J6Y(FIG,®G" )G, ®G,
= Jo“F,G, ®G,

3.10.2 The Equations of Motion

The Equations of motion have been given in the symbolic form by 3.6.2 and 3.6.9. To
express these in curvilinear coordinates, recall the definition of the divergence of a tensor,
1.18.28,

- 86 i' |
dive = o g“=0"| (gi ®gj)gk =o' |; g (3.10.19)

The spatial and material descriptions of the equations of motion are then

ij i dlv'g,
o' g +b'g :P(Tg)

iy Equations of Motion (3.10.20)
P'|, G, +B'G, =P Gi
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4 Fundamentals of
Continuum
Thermomechanics

In this Chapter, the laws of thermodynamics are reviewed and formulated for a
continuum. The classical theory of thermodynamics, which is concerned with simple
compressible systems, is discussed in sections 4.1-4.5, wherein are discussed the concepts
of entropy, entropy production and entropy supply, the second law, the notions of
reversibility and irreversibility, the thermodynamic potential functions (internal energy,
enthalpy and the Gibbs and Helmholtz free energies). Continuum thermomechanics is
discussed in section 4.6.
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Section 4.1

4.1 Classical Thermodynamics: The First Law

As an introduction to the thermomechanics of continua, in this section particularly simple
materials undergoing simple deformation and/or heat-transfer processes are considered.

4.1.1 Properties and States
First, here is some essential terminology used to describe thermodynamic processes.

A property of a substance is a macroscopic characteristic to which a numerical value can
be assigned at a given time, without knowledge of the history of the substance. Thus, for
example, the mass, volume and energy of a material, or the stress acting on a material, are
properties. Work, on the other hand, is not a property, since it is in general history
dependent and a material does not “have a certain amount of work”.

The state of a material is the condition of the material as described by its properties. For
example a material which has properties volume V, and temperature 6, could be said to

be in state ‘1’ whereas if at some later time it has different properties V, and 6, , it could
be said to be in a different state, state ‘2°.

4.1.2 Thermal Equilibrium and Adiabatic Processes

For the present purposes, a System can be defined to be a certain amount of matter which
has fixed or movable boundaries. The state of a system can then be defined by assigning
to it properties such as temperature, volume and so on. As will be seen, there are then
two ways in which the state of the system can be changed, by interactions with its
surroundings through heat or through work. The notion of heat, although familiar to us,
will be defined precisely when the first law of thermodynamics is introduced below.
Before getting to the first law, it is helpful to consider the notions of thermal
equilibrium and adiabatic processes.

Thermal Equilibrium

Consider the following experiment: two blocks of copper, one of which our senses tell us
is “warmer than” the other, are brought into contact and isolated from their surroundings,
Fig. 4.1.1a. A number of observations would be made, for example:

(1) the volume of the warmer body decreases with time whereas the volume of the
colder body increases, until no further changes take place and the bodies feel
equally warm

(2) the electrical resistance of the warmer block decreases with time whereas that of the
colder block increases, until the electrical resistances would become constant also.

When these and all such changes in observable properties cease, the interaction is at an

end. One says that the two blocks are then in thermal equilibrium. In everyday language,

one would say that the two blocks have the same temperature’.

! formally, temperature is defined through the zeroth law of thermodynamics, which states that if two
systems are separately in thermal equilibrium with a third system, then they must be in thermal equilibrium
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\ \
— — ]
insulating
wall
(a) (b)

Figure 4.1.1: two blocks of copper brought into contact; (a) no insulating wall, (b)
insulating wall

Adiabatic Conditions

Suppose now that, before the blocks are brought together, an insulating wall is put in
place to separate them, Fig. 4.1.1b. By this is meant that the volume, electrical resistance,
etc. of one block does not affect those of the other block. Again, in everyday language,
one would simply say that the temperature of one block does not affect the temperature of
the other. The term adiabatic is used to describe this situation.

4.1.3 The First Law of Thermodynamics
The Experiments of Joule

Joule carried out experiments into the nature of work and heat transfer in materials in the

1840s. The essential features of his experiments were the following:

(1) work was done on a known mass of fluid, changing the material from state “1” to
state “2"

(2) the fluid was thermally insulated so the process was adiabatic.

(3) the work was performed in a variety of different ways (e.g. electrically or by
stirring)

(4) the same amount of work was required to go from state 1 to state 2, regardless of the
method of work used

The work done in taking a material from state 1 to state 2 by adiabatic processes therefore

depends only on the initial and final states, and is completely path independent, Fig.
4.1.2. Thus one can introduce a function U, a property of the system, such that

W =AU =U, -U, (adiabatic process) (4.1.1)

U is the internal energy, and the difference in internal energy between state 2 and state 1
is defined as equal to the work done in going from 1 to 2 by adiabatic means.

with one another. This statement is tacitly assumed in every measurement of temperature — the third system
being the thermometer
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As an ideal example, one can think of a stiff metal spring. This “system” can be
described by the property X, the extension of the spring from its equilibrium position.

The work done in extending the spring depends only on its current “state”, that is X. It
does not depend on how the spring may have been extended and contracted in the past,
assuming there has not been even the minutest temperature change in the metal spring. In
this example, the internal energy U is seen to be an elastic potential energy.

W

— s

thermally W State 2
insulating wall State 1

Figure 4.1.2: a thermally insulated material taken from state 1 to state 2 through
different “work paths”

The First Law

One can imagine now a careful experiment in which a material is thermally insulated
from its surroundings and deformed through the work of a set of forces. The material can
be deformed into different states, Fig. 4.1.3. The internal energy U will in general be
different in each state. U could be measured by carefully recording the work done on the
material to reach a given state.

O DO

State 1 State 2 State 3
U 1 U 2 U 3

Figure 4.1.3: a thermally insulated material in three different states

Suppose that the internal energy of a material is known at various different states, through
the conduction of the aforementioned experiment, in particular one knows the internal
energy for the material at two given states, 1 and 2. Relax now the condition that the
changes are adiabatic. What this means is that if one now brings the material into contact
with another body, the properties of the material can be affected. Work is again done to
take the material from state 1 to state 2 but it will now be found that, in general,

W =AU =U, - U, (4.12)
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The difference between AU and W is defined as a measure of the heat Q which has
entered the system in the change. Thus

W +Q =AU First Law of Thermodynamics (4.1.3)

This is the first law of thermodynamics. In words, the change in the internal energy is
the sum of the work done plus the heat supplied.

Note that the concept of heat Q (and internal energy) is introduced and defined with the
first law. Like work, heat is a form of energy transfer; a body does not contain heat.
Work is any means of changing the energy of a system other than heat.

Sign Convention for Work and Energy

The following sign convention will be used®

Q>0 - heat enters the system

Q<0 - heat leaves the system (4.1.4)
W >0 - work done on the system

W <0 - work done by the system

Other types of Energy

When there are other energies involved, the first law must be amended. For a material
moving with a certain velocity, one must also consider its kinetic energy, and the first law
reads

W +Q =AU + AK (4.1.5)

Other types of energy can be incorporated, for example gravitational potential energy and
chemical energy’. All the different types of energy are often denoted simply by E, so the
first law in general reads W + Q = AE .

Inside the Black Box

In this continuum treatment of thermodynamics (or phenomenological
thermodynamics), it is not necessary to look inside and consider the billions of
molecules inside the “black box” of a system. However, it is helpful to think of the
molecules of a material as having certain micro-velocities and it is the mean velocity of
these micro-velocities which manifests itself as the macroscopic velocity property, and
the statistical fluctuations of the micro-velocities from the mean velocity are assumed to
cancel out, Fig. 4.1.4.

The micro-velocity fluctuations give rise to an internal kinetic energy which manifests
itself as the macroscopic temperature. Thus the internal energy will in general consist of
both potential and kinetic energies. The interaction between the elementary particles and

% many authors use the exact opposite sign convention for work as used here
3 a potential energy which can be accessed when molecular bonds are broken

Solid Mechanics Part 111 392 Kelly



Section 4.1

the surroundings of the element causes energy to be transferred to the surroundings. This
is the heat flow through the boundary of the system. This energy exchange can occur
even when the shape of the element does not change, whereas a change in potential
energy implies a deformation which will induce a re-arrangement of the molecules and
change in shape or volume of the system.

f’.&.ﬁw.él
» Y ¢ b

SV

Figure 4.1.4: a system moving with velocity v

Further, the property of pressure or stress of the system is by definition determined by the
forces exerted by the elementary particles around the boundary. The fluctuations and
micro-movement of the elementary particles will cause stress fluctuations but again these
are assumed to cancel out.

4.1.4 Simple Compressible Systems

In order to demonstrate the meaning and use of the first law with examples and simple
calculations, only simple systems will be considered. A simple system is one where
there is only one possible work interaction. The classic example of a simple compressible
system is that of a substance contained within a piston-cylinder apparatus, Fig. 4.1.5. The
state of the material can be changed either by heat transfer or by the application of work,
and the only work interaction possible is the application of a force to the piston head,
compressing or expanding the material. More complex systems might include, for
example, the possibility of doing work through electrical means — so here any effects due
to surface, magnetic or electrical effects, or due to motion or gravity, are ignored.

}

0

Figure 4.1.5: A simple piston-cylinder system
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A pure substance is one which has a uniform and invariable chemical composition. In
theory this could include different phases of the same substance (e.g. water and steam for
H,0).

In what follows, only pure substances in the context of simple compressible systems will
be considered.

Now a general rule known as the state principle, based on experimental evidence, says
that there is one independent property for each way a system’s energy can be varied
independently. For a simple compressible system, there are two ways of varying the
energy and so the material has two independent properties. One can take any two of, for
example, the temperature’ @, pressure p, volume V or internal energy U.

If p is the pressure at the piston face, and dV is a small change in volume of the material,
then the work done in compressing/expanding the material is

W =—pdV, (4.1.6)

the minus sign because a positive work is done when the volume gets smaller. The total
work done during a compression/expansion of the material is then

W= [ow =~["" pav 4.1.7)

PV

The symbol & is used here to indicate that the small amount of work 6W is not a true
differential’, W # IdW =W(p,,V,)-W(p,,V,), since the work done is process/path

dependent.

The first law states that dU = 6W + Q which can now be re-written as

|dU =—pdV + §Q\ First Law for a Simple Compressible System (4.1.8)

4.1.5 Quasi-Static Processes

A system is said to be in equilibrium when it experiences no change over time — it is in a
steady state. Full thermodynamic equilibrium of a system requires thermal

equilibrium with any surroundings and also mechanical equilibrium®.

Much of the theory developed here requires that the system be in a certain state with
certain properties. If a property such as temperature is varying throughout the material,
one cannot easily speak of its “state”. Thus when a material is undergoing some process,
for example it is being deformed or heated, it is often necessary to assume that it is a
quasi-static (or quasi-equilibrium) process. This means that the process takes place so

* the symbol & denotes the absolute temperature, with € > 0

> but not to be confused with the use of this symbol to represent a variation, as in the context of the principle
of virtual work
% and also chemical equilibrium, where there are no net reactions taking place
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slowly that the rate of change of the process is slow relative to the time taken for the
properties to reach equilibrium. For example, if one heats water in the piston-cylinder
arrangement of Fig. 4.1.5 by putting it directly over a hot flame, the water near the base
will heat up first and cause convection currents and the water will not be anywhere near
an equilibrium state. On the other hand, one could imagine heating the water extremely
slowly with a low flame, so that at any time instant the water temperature is very nearly
constant throughout.

To examine what this might mean in the case of the work performed, consider Fig. 4.1.6,
which shows the system pressure p and the external pressure p,, - the pressure exerted
by the surroundings. Assuming thermal equilibrium, if p = p,, then there is full

equilibrium. If, however, there is an appreciable difference between the two, for example
if a large external pressure is suddenly applied, the piston head will depress rapidly and
pressure will not remain uniform throughout the system. However, if the pressures differ
by an amount dp, the work done by the system is

W= __[ pdV = _I(pext * dpbv = _'[ pextdv 1J‘dpdv = _J‘ pextdv (419)

provided dp is extremely small. The smaller dp, the closer the system will be to

mechanical equilibrium. As with the heat transfer, this implies that quasi-equilibrium is
maintained provided the piston is moved extremely slowly by incrementally increasing
the pressure by very small amounts. (It is often suggested that this might be achieved by
repeatedly placing individual grains of sand on the piston head.)

pext

AAZ2A22
tittttty
Y

Figure 4.1.6: pressures exerted on a piston head

Unless otherwise stated, it will be assumed that the material at any instance is in quasi-
equilibrium. If the system is not in equilibrium, Eqn. 4.1.8, dU =—pdV + &Q, does not

make much sense, and one would have to use the more general version dU =W + Q).

Example

A gas is contained in a rigid thermally insulated container. It is then allowed to expand
into a similar container initially evacuated, Fig. 4.1.7. There is no heat transfer and so
Q =0. Since a vacuum provides no resistance to an expanding gas, there is no pressure
and hence no work done. Therefore there is no change in the internal energy of the gas.
This is not a quasi-static process.
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Figure 4.1.7: a thermally insulated gas expanding in an evacuated container

Example

To illustrate that work is path dependent, consider the p—V graph in Fig. 4.1.8, which
shows three different process paths between states 1 ( p,,V,) and 2 ( p,,V,). For path
ABC, the work done is p,(V, —V,). For path AB'C, the work done is p,(V, —V,). The
work for the third, curved, path requires an integration along AC and will in general be
different from both the other results.

p
A B’
Py [~
Sl B! :C
1 1 V
Vl V2

Figure 4.1.8: a p-V diagram

Example

Consider the cylinder arrangement of Fig. 4.1.9, which shows a gas contained by a
weight. The gas is heated and this causes the weight to rise. The pressure is constant and
so the work done is pAV = p(V2 -V, ) This example shows a system taking heat as

input and performing work as output, with no necessary internal energy change.

Solid Mechanics Part 111 396 Kelly



Section 4.1

weight

— weight — — ’—‘ —
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0

Figure 4.1.9: a heated gas causing a weight to move

The opposite process, whereby work is converted purely into heat is called dissipation
(for example, as can occur in a frictional brake).

4.1.6 Equations of State

The materials under consideration have two independent properties. The remaining
relations between the various properties are called equations of state. For example,
suppose that one takes the temperature and volume to be the independent properties.
Then the relations

p=p@BV) U=U(6\V) (4.1.10)

are equations of state. The first of these, relating force variables (in this simple case, the
pressure p) to kinematic variables (in this simple case, the volume V) and temperature, is
called a thermal equation of state. The second, relating the internal energy to a thermal
variable (here temperature) and a kinematic variable, is called a caloric equation of
state.

Beginning with the general caloric equation of state U =U (V,#), one can write the

increment in internal energy as (the subscripts here indicate a variable which is held
constant)

du =[Qj d@+[£) dv (4.1.11)
20 ), v ),

This mathematical relation recognizes that U is a state function which depends only on
the initial and final states and not on the path; thus one can first change € with V constant
and then change V with @ constant, and this will describe any arbitrary change dU .

The internal energy and the other state variables can be expressed in many different ways.

For example, taking p and & to be the independent variables, the internal energy can be
expressed as
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au =| 2 dp+(£j 40 (4.1.12)
p ), o0 ),

4.1.7  Specific Properties

Specific properties are properties per unit mass. They are usually denoted by lower case

letters. For example, the specific volume (reciprocal of the density) and specific internal
energy are

(4.1.13)

where m is the mass of the system. The properties V and U are extensive properties,
meaning they depend on the amount of substance in the system. The specific properties
on the other hand are intensive properties, meaning they do not depend on the amount of
substance. Other intensive properties are the temperature € and pressure p.

One can also express the heat and work as per unit mass:

=2, sw-W (4.1.14)
m m

4.1.8 Heat Capacity and Internal Energy Measurements

The internal energy of a material can seem quite an abstract concept. To help quantify
internal energy, the heat capacity is next introduced.

Specific Heat and the Enthalpy
The heat capacity is defined as the amount of heat required to raise the system by one unit
of temperature. The higher the heat capacity, the more the heat required to increase the

temperature.

From Eqn. 4.1.8, the heat capacity at constant volume is then by definition

C, E[ﬁ] =[Qj (4.1.15)
do ), a6 ),

In this case, all the supplied thermal energy goes into raising the temperature of the body.

The heat capacity at constant pressure is by definition

sz(ﬁj =[8—U+ pa_vj =(8—Hj (4.1.16)
do), oo "a0), \o6),
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where H is the enthalpy, defined by

H=U+pV (4.1.17)
In this case, some of the thermal energy is converted into work, and so C; >C, .

The enthalpy is a property, since U, p and V are. The heat capacities C, = (8U / 849)\,
and C = (8H /849)p involve only properties and so themselves must be properties.

These expressions are thus valid for any quasi-static process, whether it be constant
volume, constant pressure or neither.

For example, consider a substance held at constant volume, heated using thermal energy
Q so as to increase the internal energy by AU . The resulting temperature change is A@
and C, =Q/A@. Consider, alternatively, the case where the same substance, again held

at constant volume, is imparted a similar amount of energy W through work (e.g. by
stirring). The internal energy change must again be AU . With U =U (9,V ), the

temperature must again increase by A@ and so now C, =W /A& . Note how
C, =(6U /06), is valid for both cases, even in the second case where no heat was

actually supplied.
Internal Energy Measurements

Suppose now that the heat capacity at constant volume has been carefully measured over
a given temperature range, by recording the heat required to effect increments in
temperature. The internal energy changes within that range are then

0,
AU =U,-U, = ICV do (constant volume) (4.1.18)
6

Although this measurement technique requires constant volume processes, since internal
energy is a property the results apply to all processes.

Some values for the specific internal energy and enthalpy of steam for a range of
temperatures, pressures and specific volumes are given in Table 4.1.1 below. The
reference state for internal energy (where U is chosen to be zero) is for saturated water at
0.01°C. The corresponding reference state for the enthalpy is obtained from 4.1.17’.

0 (°C) v (m’/kg) u  (ki/kg) h (kl/kg)
120 1.793 2537.3 2716.6
200 2.172 2658.1 2875.3
280 2.546 2779.6 3034.2
360 2.917 2904.2 3195.9

Table 4.1.1a: Properties for steam at pressure p =0.1MPa

” note that u and h can take on negative values, depending on the reference state chosen
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p (MPa) v (m’/kg) u  (ki/kg) h (kl/kg)
0.035 6.228 2660.4 2878.4
0.100 2.172 2658.1 2875.3
0.300 0.716 2650.7 2865.5
0.500 0.425 2642.9 2855.4

Table 4.1.1b: Properties for steam at temperature 8 = 200°C

4.1.9 The ldeal Gas
A thermally perfect gas is one for which the thermal equation of state is
pvV =mRé& or pv=REO (4.1.19)

where R is the universal gas constant. Further, an ideal gas is a thermally perfect gas
whose internal energy depends on the temperature only, that is, its caloric equation of
state is of the form

U =U(0) (4.1.20)

To see what this might mean from a physical point of view, consider a gas at the
microscopic level. Internal energy and pressure are related through intermolecular forces.
If the pressure is very low, the internal energy is no longer affected by these forces, since
the molecules are so far apart, but only by their kinetic energy of motion, i.e. the
temperature. Moderate changes in volume will not bring the molecules of gas close
enough together to alter this sole dependence on temperature.

When the internal energy is a function of € and V, one has

du =(8—U) d9+[a—uj dv =cvde+(a—u) dv (4.1.21)
00 ), o ), ov ),
Thus for an ideal gas
du =C,dé (4.1.22)

and this is valid for any process, not necessarily constant volume (although C, is
measured at constant volume).

Example

Consider an ideal gas undergoing a volume change under isothermal, i.e. constant
temperature, conditions. From 4.1.19, the quantity pV = p,V, = p,V, is a constant

mR@ . This constrains the process to lie on one particular path ina p—-V diagram.
Also, from 4.1.22, dU =0 and so &Q =—0W . If an ideal gas expands at constant
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temperature then the heat input exactly equals the work done against an incrementally
changing external pressure.

[
Consider now a process involving work and heat transfer. One has &Q =C,,d& + pdV
and the total heat input is
py.Vy
Q= jaQ jc (0)do + jpdv (4.1.23)
p1.Vi

The second integral here clearly depends on the exact combination of pressure and
volume during the process, so the heat input Q is path dependent, as expected. However,
consider the following:

J'éQ J'C (H)de p]'zpdV
0

:C, © 4 Vv
j 0+ mRle7 (4.1.24)
jc (9)d6’+len(V2 V)

The quantity on the right is now path independent. In fact, for the simple case where C,

is independent of @, a good approximation for many “near-ideal” gases, one has
jﬁ—c In(6, /6, )+ mRIn(V, /V,) (4.1.25)
9 - ¥V 2 1 2 1 t

This expression means that, for an ideal gas undergoing a quasi-static process, although
the quantity Q depends on the process, J-é'Q /8 does not and so is a property. It will be

seen in the next section that this property is the entropy of the gas.

4.1.10 Problems

1. A gas is contained in a thermally insulated cylinder. It is quickly compressed so that
its temperature rises sharply. Has there been a transfer of heat to the gas? Has work
been done? Is the process quasi-static?

2. A gas expands from an initial state where p, =500kPa and V, = 0.Im" to a final
state where p, =100kPa . The relationship between pressure and volume during the
particular process is pV =k, a constant. Sketch the process ona p—V diagram and
determine the work, in kJ. Interpret the + or — sign on your result.

3. A system, whose equation of state depends only on the pressure p, volume V and
temperature @, is taken quasi-statically from state A to state B in the figure below
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along the path ACB at the pressures indicated. In this process 50J of heat enter the
system and 20J of work are done by the system.

(a) evaluate AU

(b) how much heat enters the system along the path ADB ?

(c) if the system goes from B to A by the curved path indicated schematically on the
figure, the work done on the system is 25J. How much heat enters or leaves the
system?

(d) If the internal energy at A is denoted by U ,, etc., suppose that U, —U , =25J .
What then is the heat transfer involved in the processes AD and DB?

P

5p1 """""

S A C

4. Air is contained in a vertical piston-cylinder assembly by a piston of mass 50kg and

having a face area of 0.01m”. The mass of the air is 4 g, and initially the air
occupies a volume of 0.005 m®. The atmosphere exerts a pressure of 100kPa on the
top of the piston. Heat transfer of magnitude 1.41kJ occurs slowly from the air to the

surroundings, and the volume of the air decreases to 0.0025m’ . Neglecting friction

between the piston and the cylinder wall, determine the change in specific internal
energy of the air, in kJ/kg. [Note that the force is constant on the piston-head.]

5. A closed system, i.e. a single mass of a substance, undergoes a thermodynamic
cycle® consisting of the following processes:

Process 1-2: adiabatic compression with pV'* = const. from p, = 344.74kPa
V, =0.084951m’ to V, =V, /3
Process 2-3:  constant volume
Process 3-1:  constant pressure, U, —U, =49.27317kJ
There are no significant changes in kinetic or gravitational potential energy.
(a) sketch the cycleona p—V diagram

(b) calculate the net work for the cycle
(c) calculate the heat transfer for process 2 —3

6. How could you use the definition of the specific heat capacity at constant pressure to
evaluate the internal energy of a material?

7. Show that for a system (not necessarily an ideal gas) undergoing a constant pressure
process, the heat input is equal to the enthalpy.

¥ meaning the substance is brought back to its initial state at the end of the process; state variables resume
their initial values
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8. Show that, for an ideal gas, R=C, -C,

9. Use the result of problem 8 to show that, when an ideal gas undergoes an adiabatic
quasi-static change, pV’ = const. where y =C_/C, .

10. In Table 4.1.1:
(a) Does the steam behave like an ideal gas? Nearly? (Note the internal energies in
Table 4.1.1b)
(b) The internal energy decreases as the steam is compressed. Is this what you would
expect? Comment.
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4.2 Classical Thermodynamics: The Second Law

4.2.1 A Qualitative Sketch of the Second Law and Entropy

The first law of thermodynamics is concerned with the conservation of energy. The
second law of thermodynamics is concerned with how that energy is transferred between
systems. Its relevance to everyday experience can be seen from the following examples:

e Iceis placed in a glass of water. It melts.

e A hot metal tray is taken out of the oven and placed on a bench top. It cools.

A brittle plate is dropped from a height onto a hard floor. It smashes into small pieces.
o A piece of iron is left outside. It rusts.

« A bicycle tyre is pumped to high pressure and punctured. The air rushes out.

The common factor in all these examples is that energy is spreading out in a certain
direction.

o The energy in more rapidly moving warm air molecules disperses to the ice and breaks
the intermolecular hydrogen bonds, allowing the water molecules in the ice to move
more freely.

« The hot metal contains a relatively large amount of energy due to its vibrating atoms
and this energy is transferred to the surrounding air molecules and thereby dispersed.

« The potential energy in the plate disperses through a heating of the surrounding air, the
ground and the plate as it smashes.

« The iron atoms and oxygen molecules in the air have chemical (potential) energy
stored in their bonds. When iron and oxygen react, lower energy iron oxide bonds are
formed and the energy difference is dispersed as heat™.

o The relatively large energy of the pressurized air in the tyre disperses when the tyre is
punctured.

Very qualitatively, the second law says that energy tends to spontaneously disperse unless
hindered from doing so.

If any of these processes were filmed and the tape accidentally played backwards, the
mistake would immediately be evident. However, no physical law (apart from the second
law) would be broken if the events happened in reverse. For example, the plate falls
because there is a gravitational force pulling it down. However, beginning at the end and
working back, it is theoretically possible for the dispersed heat to flow back towards the
broken pieces and so provide enough energy for the pieces to fly together and gain a
kinetic energy to lift off the ground, rise up and eventually slow until it reaches its precise
original position off the ground. The probability of this happening is to all intents and
purposes zero. The second law says that energy simply does not spontaneously, that is
without outside interference, gather together and concentrate in a small locality.

Entropy is closely associated with the second law. Again, qualitatively, entropy is a
measure of how dispersed energy is. Each system has a certain entropy and as energy

! most spontaneous reactions of this type require a certain energy to get started, the activation energy, and
this hinders the second law from wreaking havoc
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disperses, the entropy increases. When the air rushes out of the tyre, the entropy of the air
and its surroundings increases. When the hot tray cools, the entropy of the tray and
surrounding air increases. When the iron and oxygen react, entropy increases.

The second Law and Maximum work

When heat is supplied to the confined gas of Fig. 4.1.9, work is done when the gas
expands and raises the weight. However, if the flame is not placed under the apparatus
but simply left to burn, the heat energy, according to the second law, will disperse into the
air. It will not ever spontaneously gather back again in a small locality where it could
again be used to do some work. The only way to get it back into a small locality again is
to input even more energy. In this sense the second law tells us that if we want to
maximize the amount of work we can do, we need to use heat energy productively, and if
any heat energy escapes it is not possible to use it again without expending more energy.

A more formal and quantitative treatment of the second law will now be given.

4.2.2 Entropy and the Second Law
Entropy

The entropy S of a system is a property of that system. The change in entropy dS is due
to two quantities. First, define the entropy supply 65 (an increment) through

(r) _§
B = (4.2.1)

where Q is the heat supply. Define also the entropy production 65 (also an
increment) to be the difference between the increment of entropy and the entropy supply:

dS =68 + 5% (4.2.2)
Thus the entropy change in a material is due to two components: the entropy supply,
“carried” into the material with the heat supply, and the entropy production, which is
produced within the material. (The reason for the “r” and *“i” superscripts is given further
below.)
Note that, whereas the entropy S is a state function (a property), the entropy supply and
entropy production are not, since they depend on the particular process by which the state

has changed, and hence the use of the symbol “ ¢ ” for these functions. (Compare 4.2.2
with the first law, dU = oW + X .)

The Second Law

The second law of thermodynamics states that the entropy production is a non-negative
quantity,

8% >0| The Second Law (4.2.3)
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In terms of the entropy, the first law can be written as

_ ("
dU = oW + 655 | (4.2.4)
=W + &S — 655"
or, including the second law,
OW =dU -@adS +055®  with 559 >0. (4.2.5)

A process is termed reversible if the equality holds, 58© =0, so that there is no entropy
production, in which case dS =85 . Otherwise it is termed an irreversible process, in

which case dS = 5" + 5™ . The superscript “r” on the entropy supply is to indicate
that the entropy supply is equivalent to the change of entropy in a reversible process. The

superscript “i” on the entropy production is to indicate that entropy production is
associated with irreversible processes.

Alternative Statements of the Second Law

There are many different statements of the second law and each can be “derived” from
the others (there is no one agreed version). Another useful definition is that the heat input
to the system in transforming from state A to state B is bounded from above, according to

5 < @S (4.2.6)

The maximum possible heat input is &S , in which case the entropy change is due
entirely to entropy supply, with no entropy production — a reversible process. It can be

seen that the statement JQ < &dS is equivalent to the statement 55© >0.

A re-arrangement of Eqn. 4.2.6 gives the classic Clausius’s inequality:

dSS% (4.2.7)

4.2.3 Reversibility

Pure Heating

As an example of a reversible process, consider a pure heating (or cooling) process,
where the volume is held constant and so the work increment is zero, Fig. 4.2.1. Taking

the two independent variables to be @ and V , it follows from 4.2.5 that the work
increment can be expressed as

SW :(Q_gﬁjdv +(@_9§jd9+¢%s(” (4.2.8)
oV oV o0 oo
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Figure 4.2.1: Pure heating

With oW =dV =0, this reduces to

(8_U_9§jd9 +0589 =0 (4.2.9)
00 90

Now 85 >0, #>0,and d& can be positive, negative or zero. Thus the equality in
Eqgn. 4.2.9 can only be satisfied in general if both

(@_gﬁj 0 and &9 =0 (4.2.10)
00 00),

The second equality shows that a quasi-static pure heating process is always reversible.
The first equality is a relation between state functions and hence holds for all processes,
not just for pure heating.

In reality there is never any such thing as a completely reversible process — in the case of
pure heating, it is assumed that the temperature at any instant is uniform throughout the
material, which will never be exactly true. It will be shown below that if there is any
appreciably temperature gradient within a material then there will be entropy production.

Reversible Processes

To be precise, a process is reversible when both the system and its surroundings can be
returned to their original states. For example, if the material in a piston-cylinder
arrangement is compressed quasi-statically and there is no friction between the piston and
cylinder walls, then the process is reversible — the load can be reduced by very small
amounts and the material will “push back” on the piston returning it to its original
configuration, with no net work done or heat supplied to the system.

Irreversible Processes

An irreversible process is one for which there is entropy production, 8@ >0. In
practice, irreversibilities are introduced into systems whenever there is spontaneity:

= unrestrained expansion of a gas/liquid to a lower pressure — for example when the
lid is taken off a gas at high pressure, and is allowed to escape into the atmosphere

= heat transfer from one part of a material to another part at a lower temperature
(except in the ideal case where the temperature difference is infinitesimal)

= friction (both the sliding friction of solid on solid and the friction that occurs
between molecules in the flow of fluids)
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The common factor amongst all these is that the system and its surroundings cannot be
returned to their original configurations. For example, with the piston-cylinder
arrangement, friction between the piston head and cylinder walls means that further work
needs to be expended on the return stroke so that, although the piston-cylinder is returned
to its original state, a net amount of work needs to be done and so the “surroundings”, or
whatever is producing the work, is not back at its original state. Similarly, if the piston
was compressed very quickly to its final position, the temperature, momentarily, might
well be higher at the piston head than further down in the material. This would produce a
spontaneous heat transfer from the upper part of the material to the lower part and it
would not be possible to return the system and its surroundings to their original states.

Irreversible Heat Transfer

In the processes studied so far, it has been assumed that all the state functions were
uniform throughout the material. In particular, it has been assumed that the temperature
is uniform throughout. What if one now has a system whose parts are at different
temperatures?

Suppose that a quantity of heat 5Q flows from a body at temperature 6, to a body at
temperature 0, , Fig. 4.2.2. One can imagine for the sake of argument that the heat

capacities of both bodies are sufficiently large that their temperatures are effectively
unchanged by the heat flow. The two bodies are insulated from their surroundings.

R

et
0,,3, 0,.,5,

Figure 4.2.2: Heat flow from one body to another

This is pure heating and the entropy change due to this heat transfer are the entropy
supplies 55" =3Q/6, <0 and 55{" = &/, >0. Considering now the complete

system (both bodies), there is no entropy supply, so any entropy change must be an
entropy production

g0 -R_X (4.2.11)
92 01
Since 85 >0, it follows that 6, > @, , that is, heat flows from the warmer body to the

colder body.

In this example there is no work done, no heat transfer and no internal energy change, but
there is an entropy change.

If one wants the heat transfer to be very nearly reversible, one can make the entropy

production very small. This can be achieved by making the temperature difference
between the two bodies very small: by letting 6, =0, 8, =0 + A&, one has
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BV~ ~(RQ/6)A016). Keeping the entropy supply constant, this means that one must

make A& /6 as small as possible. Thus heat transfer is reversible only if there is an
“infinitely small” temperature difference between the two bodies. If, on the other hand,
there is heat flow between bodies with an appreciable temperature difference, the process
is irreversible, and a net amount of energy will be required to return the bodies and
environment to their original states.

Entropy supply is due to heat transfer, but the entropy production here is due to an
adiabatic irreversible change.

Entropy Measurements

The entropy of a material can be measured as follows. First, since dS =Q/0+ 55V,
one has dS = C(d@/8)+ 55" where C is the specific heat capacity. A re-arrangement
shows that, for a reversible process, C is related to state variables through C = #(dS /d#)
(and in particular, C, =0(dS/d@),, C, =0(dS/dg),).

One can now use the expression

AS=["Cdorg  (reversible) (4.2.12)

but one must ensure that the entropy production is zero. In practice, what one does is
keep d@/6 small enough so that the entropy production is sufficiently small for the
accuracy required. Once the entropy change is found, it of course applies to all processes,
not just the reversible process used in the experiment.

Thermodynamic Equilibrium

Thermodynamic equilibrium has already been mentioned — it occurs when no changes of
the state variables can occur. Thus, one requires that oW = dQ =dU =0. With &Q =0,

one has &8 =0 and dS =dS™. For full thermal equilibrium, one requires that

dS™ =0 but, since entropy production tends always to increase the entropy, thermal
equilibrium can only occur if the entropy has reached its maximum possible value.

4.2.4  Free Expansion of an Ideal Gas
It was seen that, for an ideal gas undergoing a quasi-static process, (see Eqn. 4.1.25)
AS=S,-S,=C,In6,/6,)+mRIn(V, /V,) (4.2.13)

and the entropy production is zero. In other words, any quasi-static process involving an
ideal gas is reversible.

Consider now a thermally insulated container divided by a partition into two parts each of

volume V. One of these contains an ideal gas and the other is evacuated. The partition is
taken away, so that the gas completely fills the container (see Fig. 4.1.7). There is no heat
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supply and there is no work done and so the internal energy of the gas does not change.
Since the internal energy is a function of temperature only, the temperature must be
constant. Therefore the entropy change is AS = mRIn2. Since there is no entropy
supply, this must be entropy production.

This example again illustrates that entropy production occurs during spontaneous
processes. During the spontaneous expansion, there is a complex non-equilibrium
turbulence. The gas eventually settles down and a new equilibrium position is reached.

4.2.5 Problems

1. A system undergoes a process in which work is done on the system and the heat
transfer Q occurs at a constant temperature &, . For each case, determine whether
the entropy change of the system is positive, negative, zero or indeterminate:

(a) reversible process, Q >0
(b) reversible process, Q =0
(c) reversible process, Q <0
(d) irreversible process, Q >0
(e) irreversible process, Q=0
(f) irreversible process, Q <0

2. A block of lead at temperature 200 K has heat capacity C =1000 JK™, which is
independent of temperature in the range 100 —200 K . Itis to be cooled to 100 K in
liquid baths, which are large enough that their temperatures do not change. What is
the entropy supply for the lead and the liquid bath(s), and the net entropy production,
during the following processes: the lead is
(@) plunged straight into a liquid bath at 100 K

(b) first cooled in a bath at 150 K and then in a second bath at 100 K
(c) cooled using four baths at temperatures 175 K, 150 K, 125 K and 100 K

(d) cooled in an infinite number of temperature baths with a continuous range from
200K to 100 K

[hint: no work is done; use the lead’s heat capacity to evaluate Q]

3. Consider the freely expanded gas discussed in section 4.2.4. Suppose the gas is now
quasi-statically (reversibly) compressed at constant temperature back to it original
volume V. Is the gas back in its original state? Are the surroundings?

4. Consider an insulated piston-cylinder assembly which initially contains water as a
saturated liquid at 100 C, as illustrated below. A paddle wheel acts on the water,

which undergoes a process to the corresponding saturated vapour state at the same

temperature, during which the piston moves freely in the cylinder (no friction). Using

the data below, determine

(@) the net work per unit mass done — which is greater, the work done by the paddle
wheel or that done by the expanding water?

(b) the specific entropy supply; the specific entropy production — why do you think it
IS non-zero?
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Next, consider the case where the initial and final states are the same as before, but

the change is now brought about by the supply of heat only (with no paddle wheel).

Determine

(c) the work done per unit mass®

(d) the heat transfer per unit mass

(e) the specific entropy supply and the specific entropy production — is this a
surprise?

\

Q D)
/
uki/kg) | v(m’/kg) | s(ki/kg.K) | p(MPa)
Liquid 418.94 0.0010435 1.3069 0.1014
Gas 2506.50 1.673 7.3549 0.1014

5. A certain mass of an ideal gas for which C, =3R/2, independent of temperature, is

taken reversibly from 6 =100 K, p =10° Pa to # =400 K, p =8x10° Pa by two
different paths (1) and (2):
(1) consisting of (a) at constant volume from ¢ =100 — 400 K, (b) isothermally to

the final pressure
(2) consisting of (a) at constant pressure from 8 =100 — 400 K , (b) isothermally to

the final volume
Calculate the entropy changes and show that the total entropy change is the same for
both paths. Compare this with the heat absorbed or given out for each of paths (1)

and (2) — they even turn out to be of opposite sign.
[hint: use the ideal gas law and the fact that for a constant volume process,

Q =C, da; also, use Eqgn. 4.2.13, the fact that Q,,, = J'SSZ 6dS , and the result of Q.8

from section 1.1]

2 the initial and final temperatures and pressures are 100 C and 0.1014 MPa — these are the “end-points”

for the initial and final states — in general, they may not necessarily be constant throughout the process — we
do not know (and don’t have to know here) how the temperature and pressure changed during the process in
parts (a-b); with the paddle wheel, the temperature and pressure are unlikely to be uniform throughout the
material. For parts (c-¢), it is reasonable to assume that they are constant throughout
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4.3 Thermodynamic Functions

Four important and useful thermodynamic functions will be considered in this section
(two of them have been encountered in the previous sections). These are the internal
energy U, the enthalpy H, the Helmholtz free energy (or simply the free energy) ¥
and the Gibbs free energy (or simply the Gibbs function) G. These functions will be
defined and examined below for both reversible and irreversible processes.

4.3.1 Reversible Processes
Consider first a reversible process.
The Internal Energy

The internal energy is

dU = oW + &

4.3.1
=—pdV + &S ( )

the second line being valid for quasi-static processes. The state variables for the pure
compressible substance include V, 8, S and p. From 4.3.1, it is natural to take V and S as

the independent variables:

du :[a_uj dv +[8—Uj ds (432)
™ ), 25 ),
so that
ou ou
= =1, Q=" 43.3
P [avjs (as j (333

Thus U (V,S) contains all the thermodynamic information about the system; given V and

S one has an expression for U and can evaluate p and & through differentiation. U is a
thermodynamic potential, meaning that it provides information through a
differentiation.

V and S are said to be the canonical (natural) state variables for U. By contrast,
expressing the internal energy as a function of the volume and temperature, for example,
U =U(V,#), is not so useful, since this cannot provide all the necessary information

regarding the state of the material. A new state function will be introduced below which
has V and @ as canonical state variables.

Similarly, the equation of state (V, p) does not contain all the thermodynamic

information. For example, there is no information about U or S, and the equation of state
must be supplemented by another, just as the ideal gas law is supplemented by the caloric
equation of state U =U (0).
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Returning to the internal energy function, and taking the differential relations between
p, @ and U, Eqns. 4.3.3, and differentiating them again, and using the fact that

0°U /6VES = 07U /8S6V , one arrives at the Maxwell relation

_[@j :[@j (43.4)
&s ), “\av ),

The Helmholtz Free Energy

If one wants to work with V and &, one can use the (Helmholtz) free energy function,
defined by

Y =U-6S (4.3.5)
One has, again for a reversible process, S =/,

d¥ =dU —6dS — Sdé
=dU -8Q-Sdo (4.3.6)
=—pdV —Sdé

Now V and € have emerged as the natural independent variables. Writing ¥ ='¥(V,60),

dw {5_‘1’] av {@_‘Pj 4o (43.7)
oV ), 00 ),
so that
p= _(6_‘1’) ’ S= _[8_‘1’) (4.3.8)
ov ), 00 ),
The Enthalpy and Gibbs Free Energy
The enthalpy is defined by Eqn. 4.1.17,
H=U+pV (4.3.9)

To determine the canonical state variables, evaluate the increment:

dH =dU + pdV +Vdp

=W + X + pdV +Vdp (4.3.10)
For a quasi-static process, oW =—pdV and so
dH = &S +Vdp (4.3.11)
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and the natural variables are p and S . Finally, the Gibbs free energy function is defined

by

G=U-6S+pV

and the canonical state variables are p and 6.

(4.3.12)

The definitions, canonical state variables and Maxwell relations for all four functions are
summarised in Table 4.3.1 below.

Thermo- Symbol . .
dynamic and. Definition D1ff§rent1g1 Maxwell relation
tential appropriate relationship
PO variables
ouU ouU
o~(%)r={F)
Intemal | 1 (g vy dU = —pdV +&dS v :
energy (59) :_(5pj
oV Jg oS )y
2]
oS ), op )
Enthalpy | H(S, p) H=U-+pV dH =Vdp + &S . .
5)(),
oY oY
Helmbholtz S = _(80 > P= _[6\/}
free Y(@4,V) Y=U-6 d¥Y =-pdV —-Sdé@ sy o 0
energy [ - (j
ov ), \06),
{13
Gibbs free | g9 ) | G=U—-0S+pV | dG=Vdp—Sdo 00),  \PJ
energy

5.15)

Table 4.3.1: Thermodynamic Potential Functions and Maxwell relations

Mechanical variables: whereas the internal energy and the Helmholtz free energy are
functions of a kinematic variable (V), the enthalpy and the Gibbs function are functions of
a force variable (p).

Thermal variables: whereas the internal energy and the enthalpy are functions of the
entropy, the Helmholtz and Gibbs free energy functions are functions of the temperature.

If one is analyzing a process with, for example, constant temperature, it makes sense to
use either the Helmholtz or Gibbs free energy functions, so that there is only one variable
to consider.

Note that the temperature is an observable state variable and can be controlled to some
extent. Values for the entropy, on the other hand, cannot be assigned arbitrary values in
experiments. For this reason a description in terms of the free energy, for example, is
often more useful than a description in terms of the internal energy.
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4.3.2 Irreversible Processes
Consider now an irreversible process.

The Internal Energy

One has oW =dU — @S + 855" and, with the internal energy again a function of the
entropy and volume,

W = (Qj —61ds +[ﬂj dVv + 655" (4.3.13)
&s ), v ),
Consider the case of pure heating W =dV =85 =0, so
0 = [a_u] (4.3.14)
s ),

as in the reversible case. This relation is of course valid for any process, not necessarily a
pure heating one. Then

W = (a_uj dV + 655" (4.3.15)
N s
Express the work in the form
MW =dW @ + W@
= A9dV + AgV (4.3.16)

such that the quasi-conservative force A® is that associated with the work W ® which

is recoverable, whilst the dissipative force A’ produces the work W ) which is
dissipated, i.e. associated with irreversibilities.

From 4.3.15,
A = (a_uj 4.3.17)
V ),
and the dissipative work oW @ is
WD = ADdy =959 >0 (4.3.18)

The name quasi-conservative force for the AW (here, actually a force per area) is in
recognition that the internal energy plays the role of a potential in 4.3.17, but it is also a
function of the entropy. It can be seen from Eqn. 4.3.17 that the quasi-conservative force
is a state function, and equals — p in a fully reversible process.
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In the isentropic case, dS =0, one has
OW =dU + 655" (4.3.19)

This shows that, in the isentropic case, the internal energy is that part of the work which
is recoverable.

The Free Energy

Directly from ¥ =U —8S, with @ and V the independent variables,

atp_(au easj_s, o _u 08 (43.20)

20 \oo o0 N Vv

From the pure heating analysis given earlier, Eqn. 4.2.9-10, the term oU /08 —60S /06
1S zero, SO

S= _(a_qu (4.3.21)
00 ),
as in the reversible case and
AP = (a_\yj dv — Sdo (4.322)
oV ),

The work can now be written again as Eqn. 4.3.16, but now with the quasi-conservative
force given by { A Problem 3}

A9 = [8_‘1’] (4.3.23)
ov ),
The dissipative work is again given by 4.3.18. Also, A” = —p for a reversible process.
In the isothermal case, d@ =0,
OW =d¥ +655" (4.3.24)

This shows that, in the isothermal case, the free energy is that part of the work which is
recoverable.

The quasi-conservative forces for the internal energy and free energy are listed in Table
4.3.2. Note that expressions for quasi-conservative forces are not available in the case of
the Enthalpy and Gibbs free energy since they do not permit in their expression
increments in volume dV , which are required for expressions of work increment.
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Thermo-dynamic potential Differential relationship Relations
: ou ouU
U(S,V __ _as® | g=[MY ’A(q):(_j
(S,V) dU =—pdV + &S - 655 (as jv ).
- oy oy
Y@O,V)=U -6S = _ _ (i __| oY ’A(q):(_j
@,v) 0 d¥ = —pdV — Sd@ — 655 ( - 91 ),
Table 4.3.2: Quasi-Conservative Forces for Irreversible Processes,
W = ADdV + 6557 = —pdV

4.3.3 The Legendre Transformation

The thermodynamic functions can be transformed into one another using a mathematical
technique called the Legendre Transformation. The Legendre Transformation is
discussed in detail in the Appendix to this Chapter, §4.A. For the present purposes, note
that the Legendre transformation of a function f(x,y) is the function g(«, ) where

g(a,p)=ax+ py—f(Xx,y) (4.3.25)
and
G S T
a_ax,ﬂ_ay, X aOt,y o5 (4.3.26)

When only one of the two variables is switched, the transform reads

d(a,y)=ax—f(xy) (4.3.27)
where
a =i, x=2 (4.3.28)
OX oa

For example, if one has the function U (S,V) and wants to switch the independent
variable from S to €, Eqn. 4.3.27 leads one to consider the new function

g(o.vV)=6S -U(S,V) (4.3.29)

and Eqns. 4.3.28 give

0= (a_uj and S= (a_gj (4.3.30)
35 ), 00 ),

It can be seen that g(6,V) is the negative of the Helmholtz free energy and the two
differential relations in 4.3.30 are contained in Table 4.3.1.
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434 Problems

1.

By considering reversible processes, derive the differential relationships and the
Maxwell relations given in Table 4.3.1 for (a) the enthalpy, (b) the Gibbs free energy

Let the two independent variables be V and €. Consider the internal energy,
U =U(,0). Use the pure heating example considered in §1.2 to show that the

quasi-conservative force of Eqn. 4.3.17 can also be expressed as

a@ (Y 505
N V),

Show that Eqn. 4.3.22 leads to Eqn. 4.3.23.

Use the Legendre Transformation rule to transform the Helmholtz free energy
Y (6,V) into a function of the variables 8 and o . Derive also the two differential

relations analogous to Eqns. 4.3.30. Show that this new function is the negative of the
Gibbs energy (use the relation ¥ =U —&5), where o = —p, and that the two

differential relations correspond to two of the relations in Table 4.3.1.

Use the Legendre Transformation rule to transform the enthalpy H (S, p) into a

function of the variables S and V . Show that this new function is the negative of the
internal energy, and that the two differential relations correspond to two of the
relations in Table 4.3.1.

Solid Mechanics Part 111 418 Kelly



Section 4.4

4.4 Generalised Variables

Here, the ideas of the last three section are generalised to the case of more complex
processes.

441 Kinematical and Force Variables

Consider an arbitrary continuum element, small enough so that, within it, the state
variables are uniform (although they differ from element to element). Let the state of the
element, or system, be described by a set of independent kinematical variables a,,

k=1 2,---n, and by its temperature 6. For a simple compressible system, there is only

one kinematical variable, and one usually takes this to be the volume V; for a more
complex deforming element, the kinematical variables might include the six independent
components of a strain tensor.

If the system undergoes a change corresponding to infinitesimal increments da, , the
corresponding work done is of the form

SW = A da, (4.4.1)

The coefficients A, are called the force variables corresponding to the kinematical
variables a, (they are work-conjugate to the a, ). For the simple compressible system,

there is only one force variable, A= —p, the pressure. In a more complex system, they
might include the 6 independent components of a stress tensor.

This work expression can include magnetic effects, chemical effects, and so on. For
example, if an amount of electrical charge dq flows into the system, then the work done

iIs oW = Edq, where E is the electrical potential difference driving the charge. In this

context, E is regarded as a force variable which drives the corresponding kinematical
variable dg.

The first law can now be written as
dUu = A da, +RQ (4.4.2)

The results obtained thus far can be generalised by replacing the (negative of the)
pressure with the more general force variables, and by replacing the volume with the
more general kinematical variables.

The simple compressible system was completely described using two state variables.
There are now n +1 independent variables; any of the sets, with k =1, 2,---n, (S,a,) -

internal energy description, (S, A, ) - enthalpy description, (6,a, ) - Helmholtz free
energy description or (49, Ak) - Gibbs free energy, can be used.
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4.4.2 The Internal Energy

Taking (S,ak) to be the independent state variables, the results for the internal energy of
the last section can be re-written and summarised as

du :a_udak +8—UdS (4.4.3)
oa, 0S
o- (Qj (4.4.4)
&S ),
W = oW (@) + oW (d)

= A®da, + A“da, (4.4.5)

~ A9da, +080, AD :(QJ

oa, )

and in a reversible process, A® = A, .

4.4.3 The Free Energy

Taking (9, ak) to be the independent state variables, the results for the internal energy of
the last section can be re-written and summarised as

¥(a,,0)=U —6S (4.4.6)
dv = Yo 1Py (4.4.7)
oa, 00
S = _[a_pr (4.4.8)
00 ),
W = é\N(q) +5\N(d)

= A%da, + Ada, (4.4.9)

_ (q)dak +050, Aéq) :(5_\?}

oa, ),

and in a reversible process, AW = A .
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4.5 The Rate Equations
The incremental equations of thermodynamics derived thus far can be written in rate

form by dividing them through by dt. Thus for example the work increment sW

becomes the rate of working or power W~ - the superscript “*” is used here and in what
follows to indicate rates of change of quantities which are not state functions.

The rate form of the first law is

U=W"+Q" =Aa +Q" (4.5.1)
and the rate form of the second law is

0S"">0 or 0S>Q" (4.5.2)

where

*

S=5"" 480" and S =% (4.5.3)

Q" is called the thermal power, the non-mechanical power, or the rate of thermal
work.

4.5.1 The Dissipation Function

The rate of working can be expressed as
W =Aa, +6" (4.5.4)

with A expressed in any of a number of different ways (e.g. see Eqns. 4.4.5, 4.4.9).

The quantity S"" is called the dissipation (or dissipation rate) and is denoted by @ .
It is equivalent to the rate of working of the dissipative forces:

®=0S"" = A%, =W >0, (4.5.5)
As with Q”, the dissipation is not a state function.
The first law can now be written in the rate form
U=A"3 +0+Q" (4.5.6)
The isentropic case (see Eqn. 4.3.19) can be expressed as

W =U+® (4.5.7)
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and the isothermal case (see Eqgn. 4.3.24) can be expressed as

W =¥ +d (4.5.8)
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4.6 Continuum Thermomechanics

The classical thermodynamics is now extended to the thermomechanics of a continuum.
The state variables are allowed to vary throughout a material and processes are allowed to
be irreversible and move far from thermal and mechanical equilibrium. Some schools of
thought would question whether entropy is a state function at all under these conditions.
Here, we simply accept the fact that it is. This approach is known as the rational
thermodynamics and is generally accepted in the solid mechanics community.

46.1 The First Law

The first law of thermodynamics is, in rate form,
P +Q'=U+K (4.6.1)

where P, is the power of the external forces, Q" is the rate at which heat is supplied, U

ext

is the rate of change of the internal energy and K is the rate of change of kinetic energy.

Recall from Part III, Eqn 3.7.2, the mechanical energy balance,

P.+P =K (4.6.2)

int
Eliminating P, and K from these equations leads to
-P, +Q"=U (4.6.3)

Heat supply

It is convenient to write the total heat supply to a finite volume of material as an integral
over the volume. This is done by defining the heat flux q to be the rate at which heat is
conducted from interior to exterior per unit area, Fig. 4.6.1. The rate of heat entering is

thus — I q-ndv. Let there also be a source of heat supply inside the material, for

example a radiator of heat. Let jrdv be the rate of such heat supply, where the scalar r is

the heat source, the rate of heat generated per unit volume. Thus, with the divergence
theorem,

Q'= —Idiquv+.[rdv (4.6.4)

)

ds
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Figure 4.6.1: heat flux vector and normal vector to a surface element

Recall also from Part III, Eqns. 3.7.15, the stress power

P, =—[o:ddv (4.6.5)

Combining Eqns. 4.6.3-5, and expressing the strain energy rate in the form of an integral
(see Part III, Eqn. 3.7.15) leads to

6 :ddv — | divqdv + | rdv = | pudv (4.6.6)
o o fo

\

Since this holds for all volumes v, one has the local form

l6:d—divq+r=pu| The First Law (4.6.7)

4.6.2 The Second Law
Entropy

The entropy S(x,t) is defined as the scalar property

S = j osav (4.6.8)

where S is the specific entropy or entropy density. The change in entropy is due to two
quantities. First, very like the heat transferred into a body, Eqn. 4.6.4, define the entropy

supply S to be the rate of entropy input,

s :—Isq ~nds+J'srdv (4.6.9)

S

where s is the entropy flux through the element surface and s, is entropy supply due to

sources within the element . Further, the entropy flux is assumed to be proportional to the
heat flux, and the proportionality factor is the reciprocal of the non-negative scalar
absolute temperature 6 (and similarly for the density s, and the heat supply density r)

so that, using the divergence theorem,
S = —.[ﬂ-nds + .[Ldv
S H \ 6
= —'[ div(gjdv + '[Ldv
\ 0 \ H

Define the entropy production S to be the difference between the rate of change of
entropy and the entropy supply:

(4.6.10)
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S =g g (4.6.11)

The second law of thermodynamics states that the entropy production is a non-negative
quantity,

S >0 (4.6.12)
The Clausius-Duhem Inequality

Thus one has the Clausius-Duhem inequality:

s0” :%jpsdv+jdiv(%jdv—jgdv >0 (4.6.13)

v

In local form, the Clausius-Duhem inequality reads as (introducing a specific entropy
production, s"")

SO _ S+Ldiv(gj_L2 0 (4.6.14)
P

or, equivalently { A Problem 1},

(i)* A r 1 . 1
sV =8-—+—divgq-—;
po  pl yolo}

(q-VO)=0| The Second Law  (4.6.15)

This 1s the continuum statement of the Second Law.

Note that, in the classical theory, the temperature is assumed to be constant throughout, so
that VO = 0, which leads to ps"" = —(divq)/@ which corresponds to the classical

expression dS"” =5Q /0.

4.6.3 The Dissipation Inequality

Eliminating divq (and r) from both the first and second laws leads to the dissipation
inequality

e 1 1
G =6-tu+—(o: d)——g(q -V0)>0| Dissipation Inequality  (4.6.16)
P P

The term 6" is the specific dissipation (or internal dissipation) and is denoted by the
symbol ¢. The Clausius-Duhem inequality can simply be written as

p=68"" >0 (4.6.17)
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Multiplying Eqn. 4.6.16 across by the density leads to
(iy* . . ) 1
oS =[p495—,0u+6.d]+[—5(q-v9)}20 (4.6.18)

Each term here has units of power per unit (current) volume. The term inside the first
bracket is called the mechanical dissipation (per unit volume). The term inside the
second bracket is the dissipation due to temperature gradients, i.e. heat flow, and is called
the thermal dissipation (per unit volume). Note that the thermal dissipation is always
positive since q and V@ are of opposite sign. Integrating over a volume Vv leads to

jpas(”*dv = j{o cd— pUi + pOS)dv + j{—%(ve : q)}dv (4.6.19)
dissipation mechanical thermal
dissipation dissipation

The term p&"" in Eqn. 4.6.18 is often denoted by the symbol » and also termed the

dissipation. This is a dissipation per unit volume. When the deformations are small, the
volume changes are negligible. When the deformations are appreciable, however, the
volume and density change, and it is better to work with specific quantities such as ¢.

The dissipation inequality 4.6.16 is in terms of the internal energy. In terms of the
specific free energy = U —S#@, one has

¢=6" :—Sé—y)+%(c:d)—$(q-V9)20 (4.6.20)

4.6.4  Special Thermodynamic Processes
Reversible Processes

In a reversible process, ¢ =s"" = 0 and there are no temperature gradients (although the
temperature may change), so

u:es'+l(o:d) or w‘:—sé+l(c:d) (4.6.21)
p P

Isentropic Conditions

For an isentropic process, the entropy is constant and remains constant, so $ = 0. In this
case, the dissipation is
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¢ =—U +l(o:d)—i(q-v9)zo (4.6.22)
p po

Isothermal Conditions

In an isothermal process, the absolute temperature is constant, V& = 0, and remains

constant, & = 0. This can be achieved, for example, by keeping the material’s
surroundings at constant temperature, and loading the material very slowly, so that any
temperature differences which arise between the material and surroundings are allowed to
disappear.

One then has
¢=9s-u+l(c:d)zo or ¢=—w+l(c:d)zo (4.6.23)
p p

The second of these can be written as

o:d f"“p‘” with  ®>0 (4.6.24)

=¥+
where W is now the rate of change of the free energy per unit (current) volume, and @ is
the rate of dissipation per unit (current) volume. This equation is the most useful starting
point for many applications. The free energy W represents the energy that is stored and
“free” to do more work or be recovered, whilst @ is the rate at which energy is being
dissipated and irreversibly lost from the “macro-world”. The isothermal behaviour of
different types of materials can be modeled by choosing different free energy and
dissipation functions.

Equilibrium Conditions

As mentioned in §4.2.3, a material which is unaffected by external conditions has no
work done to it or heat supplied and the first law then states that the internal energy is
constant. In that case, when the entropy has reached a maximum and the dissipation is
zero, there is no more change in any of the state variables, and equilibrium has been
reached.

Adiabatic Conditions

In an adiabatic process, q = 0. This can be achieved, for example, by very rapid loading,
so that there is no time for heat exchange with the surroundings.

Under these conditions (and taking also r = 0), the first law reads ¢ :d = pu (recall that
the internal energy change is equal to the work done in an adiabatic process). The
dissipation is thus due solely to thermal effects. The dissipation inequality reduces to

s =¢>0 (4.6.25)
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or
$=05>0 (4.6.26)

If the process is both adiabatic and isentropic, then ¢ =$=0. An adiabatic reversible
process is equivalent to an isentropic reversible process.

4.6.5 The Clausius-Plank Inequality

In many applications the thermal dissipation is very much smaller than the mechanical
dissipation. If this is the case then the thermal dissipation rate can be ignored, and one
has the stronger form of the second law, in terms of internal energy and free energy,

¢= 6§—U+l(62d)20
yo,
Clausius-Plank inequality (4.6.27)

$=—-s0—y+(c:d)>0
yo,

which is known as the Clausius-Plank inequality. Note that the thermal dissipation is
indeed zero under two of the commonest conditions, adiabatic and isothermal.
Equivalently, one can argue that the processes of mechanical dissipation and heat flow are
independent, so that each are separately required to be non-negative, again leading to

Eqn. 4.6.27.

Using the first law, Eqn. 4.6.27 can be rewritten in the alternative form
. 1 l .
0s=¢+—r——divq (4.6.28)
P P

which is an evolution equation for s (showing how it evolves over time).

4.6.6 Small Strains

When the strains are small, the rate of deformation is equivalent to the time rate of change
of the small strain tensor:

d=¢, d =é (4.6.29)

The dissipation inequalities are then

¢=95'—U+l0'ijéij—iqit9:i20, ¢=9§—u+lc:é—iq.vezo
p po p po
or
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¢=—sé—w‘+laijgij —Lqiai >0, ¢=—sé—y)+lc:s—iq-vezo
p po p po

(4.6.30)
Reversible processes must involve vanishing temperature gradients and lead to
A B S
B-U+—0;6; =0 or —sO-y+—0;&; =0 (4.6.31)
P P
With u=u(s,¢;) and w =y (6,¢;), one has
i=Mey Mg and p=Wo Wy (4.6.32)
0s og; 00 og;

Comparing with Eqn. 4.6.31 then leads to the relations (compare these with 4.3.3 and
4.3.8)

ou ou oy oy
- 5 - d |s=-Y o5 -, 4633
s> 1P| M 00" 717 Pae (4.6.33)

ij
Constltutlve Relations for Small-strain Reversible Processes

Note that the density (and volume) changes for small strains may be neglected, so that the
density in 4.6.33 can be taken to be the current density or the density in the undeformed
configuration, p,.

4.6.7 Thermomechanics in the Material Form
The First Law
In order to rewrite the energy balance equations in material form, first introduce the

scalars (what follows is analogous to the definitions of traction and stress with respect to
the current and reference configurations)

q™ =-q-n

4.6.34
0 — 0. N (4.634)

Here q is the Cauchy heat flux of Eqn. 4.6.4, defined per unit current surface area ds
with outward normal n, and Q the Piola-Kirchhoff heat flux, defined per unit reference
surface area dS and outward normal N.

The rate of heat transfer into the material can now be written as either of

~[q-nds = -[Q-Nds (4.6.35)
S S
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Using Nanson’s formula, Part I1I, Eqn. 2.2.59, nds = JF""NdS , the Cauchy and Piola-
Kirchhoff heat flux vectors are related through Q = JF'q.

The combination of the mechanical energy balance with the first law, i.e. Eqn. 4.6.3, then
reads (see also Part III, Eqn. 3.7.26)

J.P - FdV - j DivQdV + j RV = j pyudV (4.6.36)
\Y \ \Y \Y

where LRdV = Ivrdv, or, in local form,

P:F-DivQ+R = p,u (4.6.37)
or
S:E-DivQ+R = p,i (4.6.38)

Note that, comparing the spatial and material forms,

[DivQdv = [divqdv, DivQ = Jdivg, 1 pivg = Ldivg (4.6.39)
\% \Y p

0

The Second Law

Analogous to Eqn. 4.6.13, the second law can be expressed in material form as

dv >0 (4.6.40)

|

d . Qj
— dv —|dV -
pm Jpos -I-\!DlV[ ; J

or, analogous to 4.6.16, one has the dissipation inequality

&5 =05+ (P:F)-—(Q-Gradd) 2 0 (4.6.41)
Po P
Isothermal Conditions
In an isothermal process,
| - o1 .
p=0—-ti+—(P:F)20 or g=—y+—(P:F)20 (4.6.42)
Po Po

The second of these can be written as
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P2F=pol/]+,00¢

. with ©2>0 (4.6.43)
=Y+

where W is now the rate of change of the free energy per unit (reference) volume, and ®
is the rate of dissipation per unit (reference) volume.

4.6.8 Objectivity

By definition, the scalars heat Q, internal energy U, entropy S and temperature 6 are
objective, that is they remain unchanged under an observer transformation 2.8.7. It
follows that the heat flux vector q is also objective, transforming according to 2.8.10. By
definition, the vector entropy flux s, is objective, that is it transforms according to

2.8.10.

4.6.9 Problems

. (q 1 .. 1
1. Show that div| — |=—divq——(q-V¥&
ow tha 1V(9J P vq P (q )

2. Show that the relation Q = JF'q is consistent with the relation 4.6.39,
DivQ = Jdivq.
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4.A Appendix to Chapter 1: The Legendre
Transformation

4.A.1 One Dimensional Legendre Transformation

Consider the curve I' plotted in Fig. 4.A.1. This curve can be described in a number of
different ways. For example it can be expressed in the conventional form, as a function
of x: f(x). One can also express it as a function of Y, where Y is the distance from the

origin to the point where the tangent to the curve intersects the vertical axis, as illustrated.
Only one independent variable is needed to describe the curve so X and Y are related.
First, the slope of the curve is

_df

m=— 4.A.1
i (4.A.1)
From the construction of Fig. 4.A.1, the slope is also given by
m=tang =Y () (4.A2)
X
and so
Y =xm-— f(x) (4.A.3)

Differentiating 4.A.3 with respect to m (considering X now to be a function of m) leads to

dy  dx

= X4— (4.A.4)
dm dm

Figure 4.A.1: A curve represented as a function of x or Y
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Using 4.A.1,

dy
X =

- (4.A.5)

Equations 4.A.3, 4.A.1 and 4.A.5, constitute a Legendre transformation between the
function f(x) and the function Y (m):'

Y(m)= x(m)m - f(x(m)), m= dfdg(x), X= d\((jr(nm) Legendre Transformation (4.A.6)

One says that Y is the Legendre dual of f and vice versa.

Example

To find the Legendre dual of f(x)=3x”, note that m = 6x and so

Y (m) = x(m)m - f(x(m)):mm_3£mj2 _m

and, as expected,

& _m

dm 6

More generally, it can be shown that { A Problem 2} the Legendre dual of x" is

Degenerate Case

An interesting case is the function f (X) = X . The tangents at all points on this line go
through the origin. Given X, one can determine m — it is always m=tand =1 — and
f (X) = X determines the complete curve. However, given m =1, one cannot uniquely

determine X; for the one value of m there are an infinite number of points X. This is a
degenerate case of the Legendre transform, called a singular transformation. In this
case, again m =df /dx =1 and the Legendre transform of f (X) is identically zero:

Y(m)=0. Since the transform can only be determined to within an arbitrary constant,

instead of 4.A.3, introduce a new function Y such that

Y(m)=AY(m)=xm—-f =0 (4.A.7)

! some authors use the definition Y = f — xm, i.e. the negative of this
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where A is an arbitrary scalar. Then

d—Y:id—Y: X (4.A.8)
dm dm

Now for a given function Y (m), Eqn. 4.A.8 generates all values of X by assigning
different values to 4. In summary

()= 27(m)=(mim - £(x(m), m=EL - O¥(m)

Singular Legendre Transformation (4.A.9)

As an example, consider the function Y_(m) =m’ —1=0. Then (taking the positive root)
m=1, f(x)=x and the Legendre transform is x =24 .

Properties of the Legendre Transform
Some useful properties of the Legendre transform follow:

LetY (m) be the Legendre transform of f(X).
Let Z(q) be the Legendre transform of g(p).

Then

1) f(x)=ag(x) = Y =azZ(m/a) scaling 1

2) f(x)=g(ax) = Y=Z(m/a) scaling 2

3) f(x)=g(x)+ra = Y=Z(m)-a translation 1 (4.A.10)
4) f(x)=g(x+a) = Y =Z(m)-am translation 2

5 f(x)=g'(x) = Y=-mz(1/m) inversion

4.A.2 Multi-dimensional Legendre Transform

Referring to Fig. 4.A.2, consider a function of two variables z = f (X, y) and denote the
partial derivatives by

ot gl 4.A.11)
OX oy
The normal to the surface ' = f(x,y)—z =0 is
n=VI=qae +fe, —€, (4.A.12)

Let v be the vector joining q and p in the figure, so that
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v=1xe, +ye, +(f +Y), (4.A.13)
Since n-v =0, one finds that
Y(a, B)=ax+ py— f(xy) (4.A.14)

Differentiating with respect to & and £ (with X = X(a, ,B), y= y(a, ,B)) leads to

ﬂ: X+aﬁ+ﬂﬂ_ﬂﬁ_ﬂﬂ
o o oa OXoa 0Oy oa
oy 5 of ox of (4.A.15)
_=a_x+y+ﬂﬂ___x__ﬂ
op op op oxop oyop
From 4.A.11, one has
_ oY al (4.A.16)

X=—), =—
oa Y

e

This can be generalised to higher dimensions. In summary, for vectors X = [X1 3 Xy .]T

and W = [WI,WZ,...]T ,

Figure 4.A.2: A surface

Y(w)=wx, - f(x), w=—""2 x = 2| Legendre Transformation (4.A.17)

Example

Consider the quadratic form f(x;) =3 x;A;X; where A is symmetric; the two-

dimensional version is
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f(Xi):%[Xl Xz{ :%(auxl"'zallexz"'azzaz)

a12 a22 XZ

Then w, = of /0x, = L(A, X, + X, A, )= A, X,,s0 X, = Aw, and

Section 4.A

Y(Wi):WiXi - f(xi) =W X _%XmAman :WiAi?nlwm _%(An;;l)wp)Amn(An_qqu)

_ -1 1 -1 _ -1 1 -1
- WiAime _EAmpré‘ Wq - WiAi W, _EAmprWm

mq m

-1
:%WiAij W;

4.A.3 Problems

1.  Show that f(x)=e* and Y(m)=mInm—m are Legendre duals

m

2. Showthat f(x)=x"and Y(m)=(n —1{ -

jn_l are Legendre duals
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Answers to Selected Problems: Chapter 1

1.1
2. V3
1.3
1 -10
3. 19/9
4, 90°
6 2e, +5e, + 6e,
1.5
12 0 142
1. 1/2 12 1/2
~1/2 12 -1/2

1.6
2. 3t’e, —4t’e, +6bte,

(iii) 2x, (iv) x/|x|

X, Xs + X,

- (1_ X1X2 )ez + (Xz - X1X3)e3
1.7
1. 303
9 27
1.8
1. No
3. when a=b
1.9
2. No

4. A Bje; orsimply A, By .

D-F=12, ®e, +15, ®e, —e, ®e, —15¢, ®e, +5e, e,
F:D=17

7. 4e, +10e, + 5e,

Al



8. @) a scalar, equals the trace of a second-order tensor
(b) 3 functions of the 27 components of a third-order tensor
(c) 9 components of a second-order tensor

(d) scalar
9. a;b;c,d;
1.10
1.11
1. The principal invariants are
l; =trT =3
I, =L[@T)? —tr(T?)]=2
1, =detT=0
and the eigenvalues are 01,2
8 0 0]
7. (©) Spectral decompositionis |0 2 0
10 0 1]
142 | [1/42] o
Eigenvectors are | —1/+/2 |, |1/+/2 |,| 0
0 0 1

U is the square root of this.

1.12

1.13

cosgé -singd 0
1, () [Q]=|sin® cos® O
0 0 1

() u=(-6cosd-3sinde; +(6sin@ —3cosH)e, +¢,

1.14
2%, 0 0
1. (a) gradv=| 0 0 2x,
0 2x, O
2x;
) (VOVIv=|2xx2
2X, X2
2. Viu=o

A2



1.15

1.16

12.

13.

gradu =e, ®e,

(i) AT+ TA
(A TT+T:AT

E’_z;lrabolic Cylindrical Coordinates
|
h =/02+0, h,=,02+03, h,=1
(i)  The Jacobianis J = @7 + ©}
(i) (As) =(02 +©2)O? +(0? +©2 )02 + do?
AS, =,/0? + ©2A0,A0,
AS, =/0? + B2A0,A0,
AS, = (07 + 92 )n0,10,
AV = (07 +02)00,A0,A0,
Elliptical Cylindrical Coordinates:
()  h =.sinh?@, +sin?®,, h,=,/sinh?@, +sin?0®,, h, =1
(i)  The JacobianisJ = sinh® ®, +sin’*®,
(i)  (As) =(sinh? @, +sin’ @, Jd®? +(sinh? ©, +sin’ ©, O + dO?
AS, = \/sinhz @, +sin’ ©,A0,A0,

AS, =/sinh2 @, +sin? ©,A0,A0,
AS, = (sinh2 0, +sin? ®Z)A®1A®2
AV = (sinh? @, +5in? ©, ]A®,A0,A0,

A3



(b)

(©)

(d)
(e)

1

i 0o -=
P 1_ 2
ox! 1 e

o' 20

B {(@2)2 14 007
gij -

0'e?

Flll :Fllz :1“211 :1“212 :Flzl :1“222 =0, Flzz :F221 =7

grad® =g' +9g°

(©'f

A4

1 2
4 40"
o 1 (o)
o' (@) 4e'f
1
@1
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