4 Non-Linear Elasticity

Non-linear elastic materials, in particular elastic materials subjected to large strains, are
examined in this chapter. Most of the chapter is concerned with hyperelastic materials,

that is, elastic materials for which the stress can be derived from an elastic strain-energy
potential function.

Some of the different types of elastic material models are reviewed in 84.1. Hyperelastic
materials are studied in the sections which follow. General constitutive relations are
derived for both the material and spatial descriptions and for both compressible and
incompressible materials. It is shown how the principle of material frame-indifference
restricts the form a constitutive equation may take. The more commonly used isotropic
material models are discussed in 84.4 and material anisotropy is discussed in 84.5.

A de-coupled formulation of hyperelasticity is presented, which is useful for materials
which are nearly incompressible.

Finally, some of the equations for isotropic materials are linearised, showing how they are
consistent with the linear elastic model.
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Section 4.1

4.1 Elastic Solids

In this section is given an overview of the common elasticity models.

4.1.1 The Linear Elastic Solid

The classical Linear Elastic model, or Hookean model, has the following linear
relationship between stress and strain:

6=Cg 0 = CiimnEmn (4.1.1)
where € is the small strain tensor, §2.7.
Strain Energy
In this purely mechanical theory of elastic materials, there is no dissipation of energy — all
the energy of the loads is stored as elastic strain energy in the material as it deforms, and

can be recovered.

For the linear elastic material, the rate of deformation is equivalent to the rate of small-
strain, d = €, so the strain-energy function can be written as

dW =0 :dg (4.1.2)

and the total energy stored per unit volume over the complete history of straining is

W:jc:da (4.1.3)
nnd the stress can be written as
c= ﬂ (4.1.4)
oe

Reduction in the number of Independent Elastic Constants

Since the stress and strain are symmetric, o; = o ; and &, = &,,, the fourth-order

elasticity tensor of stiffness coefficients contains the minor symmetries 1.9.65,
Cijkl = Cjikl = Cijlk (4.1.5)

and so the 81 coefficients reduce to 36 independent coefficients. Further, since C is
independent of the strains,

W=Ic:d8=IC-:ada=%e:C:e (4.1.6)
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and so
oW
- 4.1.7
dede ( )
Now
ow = ow (4.1.8)
0808, 08,08
and it follows that C possesses the major symmetries:
Cijmn = Cmnij (419)

This reduces the number of independent elastic constants from 36 to 21.
Problems involving Elastic Materials

The six constitutive equations 4.1.1, together with the equations of motion and the 6
kinematic relations relating the strains to the displacements, Eqn. 2.7.2,
& = (uiﬂ j HU;; )/ 2, gives a set of 15 equations in the 15 unknowns: the six stress

components, the six strain components and the three displacement components.

To maintain a linear theory, the acceleration term in the equations of motion must be
linear; this is achieved by supposing the displacement gradients to be small:

du ou. du. ou. d?u.  o%u.
vV, ¥ —-, L ' 4.1.10
k dt2 atz ( )

When this acceleration term is included, the problem is dynamic. When the equations of
equilibrium are used, the problem is static.

Compatibility

An alternative method of solution is to remove the displacements from the above system
and solve only for the stresses and strains. In this case the strain-displacement relations
are replaced by three compatibility equations, and there are then 12 equations in 12
unknowns. Once the system is solved, the displacements can be obtained from the strains
by integration.

The Isotropic Linear Elastic Solid

When the material is isotropic, the constitutive equation holds in any coordinate system,

o =C, & (4.1.11)

ij ijmn“mn
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and so the tensor of elastic constants is isotropic. The most general fourth-order isotropic
tensor takes the form 1.10.7,

C=M®T+ull+1) Cyp = A5,5m + 1600, +5:0,)  (4.112)

ijmn ij“ mn im“ jn in® jm
with the fourth-order unit tensors given by 1.9.60,

I—55e®e e, Ve,

im® jn%i

1=65.6. e®e e, e,

in® jm%i

(4.1.13)

which has only two independent material constants. Since the strain is symmetric, one
has
C:e

/11®I+u( 1)) e (4.1.14)
(A®T+2u) e

and the constitutive equation reduces to { A Problem 1}
= Atre)l + 2 ¢, oy =840y + 218, (4.1.15)
and the two elastic constants A, ¢ are called Lamé’s constants.
Problems in Isotropic Elasticity
The 15 equations mentioned earlier can be reduced by eliminating the strains from the

constitutive equation and the kinematic equation, and then substituting the resultant
expression for stress into the equations of motion, giving Navier’s equations

o%u 0°u. o%u

A+ u)grad(divu)+ uViu+ pb = pii, (1 + u)—F+ L4 pb = p—

(2 + p)grad (divu)+ 4 pb = pii, ( W oo e TP =P
(4.1.16)

This set of three partial differential equations is appropriate for problems involving
displacement boundary conditions.

The Lame’s constants and the Young’s modulus and Poisson’s ratio are related through

E_,u(3/1+2,u) Y= A
A+u 2(A+ u)
Ev E

TUrvXi-2v) YT 204y

(4.1.17)

The linear elastic constitutive equations in terms of the engineering constants reads
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1% 1+v
& = _Eo-kké‘ij +?O-ij
(4.1.18)
o =i Lg O + &5
N T A
The Bulk Modulus
The tensor of elastic constants can be written in the alternative forms
C=2ul+I®I
1%
=2u|l+ I®I
,u[ 1-2v }
E v (4.1.19)

- (1+v)[|+1—2v1®1}

:K1®1+2;{|—%1®1}

where the new constant introduced is the bulk modulus x . This last expression then
leads to the alternative form of the constitutive relations,

o = k(tre)l + 2 udeve (4.1.20)

This expression shows that the stress can be decomposed into a spherical component and
a deviatoric component. For a pure volume change, deve =0, and there are no shear
stresses, 6 = (tro )l ; the bulk modulus is thus a measure of the resistance of the material
to volume changes.

4.1.2 Geometrically Non-Linear Elastic Materials

When the strains (displacement gradients) are not small, the behaviour of the material will
inevitably be non-linear. This is due to the geometric non-linearity of the kinematic
strain-displacement relations, for example using the Green-Lagrange strains and the
reference configuration,

E- %(GradU +(GradU)" + (GradU)' GradU)
@.1.21)

L= +
L2 ax,  aX, X, oX,

1{an U, aukauk}
= +

The Kirchhoff Material

The Kirchhoff material is an extension of the linear elastic model to the large strain range;
the constitutive relation is a linear tensor relation, but non-linearities enter through E(u):
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S=C:E, S; =C,,E

i =Cim (4.1.22)

mn

where S is the PK2 stress tensor and E is the Green-Lagrange strain. Since both S and E
are symmetric, the fourth-order tensor C has the minor symmetries, C. ~=C.  and

Ciimn = Cijom » and so has 36 independent coefficients. Following the same arguments as

ijnm »
before, one can define a strain energy function (per unit reference volume)

ijmn jimn

dw =S:dE, dW =S,dE, (4.1.23)

and the total energy stored per unit volume over the complete history of straining is

1

1
W = ['s,dE, =~ CimEyEm = E:C:E (4.1.24)

ijmn
and the stress can be written as

W oW

S="—, S =
OE I oK,

(4.1.25)

Again, the existence of the strain energy function implies that the matrix of elastic
coefficients only has 21 independent coefficients.

When the Kirchhoff material is isotropic, the constitutive relation reduces further to

S = A(trE)l + 24K, S; = AE Sy + 24E; (4.1.26)

As mentioned in §2.7.2, the linear elastic model can not be used when there are large
rigid body rotations, even if the displacement gradients are not large. The Kirchhoff
model can be used in these cases.

4.1.3 Materially Non-Linear Elastic Materials

An elastic material might also exhibit material non-linearity through a non-linear
constitutive equation, for example the Cauchy stress might be some non-linear function of
a strain measure, or of the deformation gradient:

o = f(F(1)) (4.1.27)

where f is some tensor function of the deformation gradient F. This constitutive equation
is called the Cauchy Elastic material model. As can be seen, the stress is dependent on
the current state only, and not on the path history, a requirement of elasticity. However,
the stress in the case of a Cauchy elastic material cannot in general be written in terms of
a strain-energy function. In other words, the work done might be path-dependent.
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Objectivity Requirements

The notion of objectivity was introduced in §2.8. When formulating constitutive relations
for materials, one must ensure that the principle of material objectivity(or the principle
of material frame indifference) be satisfied. This principle states that

A constitutive law must be independent of the location of the observer (or frame of
reference that is taken)

This implies that two observers, even if in relative motion with respect to each other,
observe the same stress in a given body. Consider the Cauchy elastic material 4.1.27.
The Cauchy stress is an objective tensor. Referring to the example of Eqns. 2.8.47-50 in
§2.8.4, objectivity requires that the constitutive relation be of the form

o =Rf(U)R" (4.1.28)

The constitutive relation can also be written in terms of other stress measures. For
example, using Jo = PF" = P(RU)" = PU'R", one has

P = JRf(U)U" (4.1.29)
For the PK2 stress, one has S = JF '6F ', so that
S =detUU'f(U)U" (4.1.30)
which does not depend on the rotation. This last relation can also be written in the form
S =detC'>C2f,(C?)c? = g(C) (4.131)
This is clearly objective, since S and C are unaffected by an observer transformation,

S"=Sand C =C.

4.1.4  Hypoelastic Materials

A hypoelastic material is one whose constitutive law relates the rate of stress to the rate
of deformation d. This can be written in terms of the Cauchy stress as 6 = f(6,d).

Consider a simple one-dimensional linear model,
o = Ed (4.1.32)

Since, in one-dimension, the stretch is 4 = dx/dX , the rate of deformation is equivalent
to the spatial velocity gradient | and the rate of change of a line element dx is

d(dx)/dt = Idx, dividing through by dX gives d = A/ (see Eqn. 2.5.10), so that

. A dA
6=E~ - 0=jda=EI7=Elnﬂ (4.1.33)
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This shows that the stress is clearly path-independent, depending only on the current
stretch. In fact, the stress can be written as the derivative of a strain energy function
according to o =dW /dA, where W =E/ 1.

In the three dimensional case, however, the rate of deformation can not in general be
written as the rate of change of some simple function, d = d(e)/dt, and so the above
calculation cannot be done, implying that the hypoelastic material cannot be written in
terms of a potential function, and the work done is path-dependent. The path-dependence
is, however, small when the strains are small.

4.1.5 Hyperelastic Materials

A hyperelastic material (or Green elastic material) is defined to be an elastic material for
which a strain-energy function W exists, a scalar function of one of the strain or
deformation tensors, whose derivative with respect to a strain component determines the
corresponding stress component. From the above, the linear elastic model, the Kirchhoff
model and the one-dimensional hypoelastic model are all examples of hyperelastic
materials. The hyperelastic material is a subset of the Cauchy-elastic material.
Hyperelastic material models for components under large strains will be the subject of the
following sections.

4.1.6 Problems

1. Show that
IQI:¢=(tre)l

(I+T):a=2a

Solid Mechanics Part II1 359 Kelly



Section 4.2

4.2 Hyperelasticity

The Hyperelastic material is examined in this section.

4.2.1 Constitutive Equations

The rate of change of internal energy W per unit reference volume is given by the stress
power, which can be expressed in a number of different ways (see §3.7.6):

W=J6:d=P:F=S:E=S:C (4.2.1)
The internal energy is regarded as a function of a deformation variable. For example,

The change in energy is due to the deformation which takes place, so take W to be a
function of, say, the deformation gradient F(t), W (F). It is assumed that in the reference

configuration the strain energy is zero, W (I) = 0, and that it grows with deformation,
W(F)>0".

The chain rule gives

_OW®E) o
oF

W (4.2.2)
From 4.2.1,

OF

P:F (4.2.3)

Since F and F can take on any value independent of the other, one must have

_ W (F)
~ OF

P (4.2.4)

This is a constitutive equation relating the kinematic variables to the force variables.
From 4.2.1, alternative forms are:

_OW(E)
~ 0E

_,W©
oC

S , S (4.2.5)

The procedure used in Eqns. 4.2.2-4 cannot be used for the stress power relation Jo : d
since there is no function whose derivative is the rate of deformation. Instead, use the

relation 3.5.6, 6 =J 'PF",4.2.4, P =0W /JF, to get

"and that it tends to infinity as the material is either compressed to a point, J = detF — 0 or expanded to
an infinite range, J = detF — .
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(4.2.6)

An alternative relation can be obtained by first deriving a relationship between the partial

derivatives of the strain energy function with respect to the deformation gradient,
and with respect to the right Cauchy-Green tensor, 0W /0C;; . Suppose first

oW / oF;

ij°
that the strain energy is a function of the deformation gradient:

The chain rule for W =W (C(F)) gives

oW oW oC,,,
= e, Qe
oF oC,, 6Fij !
With C=F'F,
oC,., OoF, oF,,
F = 8Fk Fkﬂ + ka aTk = 5ki 5mj Fkn + 5ki 5nj ka = 5mj I:in + 5nj I:im

ij ij ij
so that (and using the fact that C is symmetric),

2?Wei®ej=5 F oW e ®e +6.F oW

mj " in i j nj' im i j
ij mn mn
oW
in 6 ei ®em + I:im i n
mn mn

:Fin(jlei®em+|:im— i n

=F

or

w
oc’

oW oW

W _, W _
oF,

oF

Now 4.2.6 can be re-written as

6= 2J‘1Faﬂr«T
oC

Similarly, Eqn. 4.2.4 cab be re-written as

P=2Faﬂ
oC
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The Strain Energy and the Right Stretch Tensor

The right stretch tensor can be expressed as C = UU, where U is the right stretch, or,
since U is also symmetric, C = U U. One can see the similarity between this relation

and the relation C = F'F so, using the same arguments as given above, one has for
W =W (C(U)), (see 1.11.36)

W _ 0 oW

M) § el (4.2.14)
oU oC

Since U is symmetric,

T T T
ﬂ:[ﬂj zztuﬂj :2((&} v=2My 4.2.15)
ou L ou oC oC oC

showing that U and oW /0C are coaxial.

4.2.2  Objectivity of the Constitutive Equations

An observer transformation (see §2.8) results in F* = QF and C=C", so
OW (C")/0C" =W (C)/oC, and, so, from 4.2.12,

¢ :2J‘1QF%FTQT =QoQ’ (4.2.16)

which is the objectivity requirement for a spatial tensor and so this constitutive law
satisfies the requirement of material frame-indifference, when W is a function of C. This
evidently holds true also when W is a function of E. It does not, however, hold true in
general when W is a function of F, as in the constitutive law P = oW (F)/0F . However,

with W a function of C, the constitutive equation 4.2.13 can be seen to be objective.

The objective constitutive equations in this section are indicated by a box around them.

4.2.3 Elasticity Tensors

The total differential of the PK2 stress can be written as

dS=®:dC=( @j;(ldcjzc;ldc 4.2.17)
oC oc )2 P

where C is the fourth-order tensor
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_,38(0) _ ()
7 8C  OE

C (4.2.18)

and is a measure of the change in stress which occurs due to a change in strain. It is
called the elasticity tensor (in the material description) or the tangent modulus.

Since S and E are symmetric, C possesses the minor symmetries, C;y, = Cj, = Cy, , and

so has 36 independent components. However, if hyperelastic conditions hold, so that
S=0W(E)/JE =20W (C)/oC, then

2 2
c_ 4 OW(©) _OW(E) (4.2.19)
0CoC  OEQE

and so C possesses the major symmetries, C; = Cy;;, and only only 21 independent

components.

The rate form of the above equations is

2 2
S:g(zaw(c)jzza WO . e OWE) ¢ (4.2.20)
dtl” ac ocoC OEGE

or

S=C:1C=C:E (4.2.21)

4.2.4 A Note on the Strain Energy Function
Some confusion can arise in expressions such as

G W oW

= , .= 4.2.22
oE . OE; ( )
As mentioned at the end of §1.11.5, one can either
e use the energy function W* =W *(E,,,E,,,E;,E,,,E,,E,;), a function of 6
independent variables, in which case
oW * 1 oW * 1 oW *
Si= > P T o7 2 0 P T4 > (4.2.23)
oE,, 2 oE, 2 OE,,

e use the energy function W =W (E,,E,,,E;,E,,E,,,E,;, E; . Es,, Es3), a function of 9
variables, not all of them independent, in which case

ow ow ow

S,=2——, .. S, = .

S, ==,
oE, oE,,

. (4.2.24)
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and the symmetry of W with respect to the strains, which must be assumed here,
implies that the stress is also symmetric.

4.2.5 Hyperelasticity with Constraints

Consider a Hyperelastic material which is subject to the scalar constraint

p(F)=0 or ¢= Z—? F=0 (4.2.25)

Without the constraint, one has

_ OW(F)
~ 0F

W F=P:F (4.2.26)
The constitutive equation P = &W /dF can be derived from 4.2.26 when F is arbitrary.

However, for the material with the constraint, the F cannot be “cancelled” out from each
side; one has the conditions

(P—ﬂj:on, L (4.2.27)
OF OF
In general then,
W _ 90 (4.2.28)
OF OF

where o is some arbitrary scalar. The stress is therefore given by

_ W g0 (4.2.29)

P="
OF OF

and the rate of change of internal energy is

WE) 09 5 +af (4.2.30)
OF OF
The strain energy is
W (F) + aé(F) (4.2.31)

The second term here is evidently zero and so does not contribute to the strain energy.
However, the stress is the derivative of the strain energy with respect to a kinematic
quantity, and the derivative of this last term, the second term in 4.2.29, is not be zero.
The scalar « is, or determines the magnitude of, a workless reaction stress. It ensures
that the constraint is satisfied; it is not set a value in the constitutive equation, rather, it is
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determined by considering particular problems, through equilibrium and boundary
conditions.

For N constraints ¢, (F) =0,1=1...N , 4.2.29 generalises to

W N
s Z (4.2.32)

=1

Incompressible Materials

An incompressible material is one whose volume remains constant throughout a motion,
and so has the following constraint:

J=detF=1 or J=0 (4.2.33)

From 1.11.34, d(det A)/0A = (det A)A™", one has dJ /dF = JF", which equals F~" at
J =1. Thus the PK1 stresses can be written as

P2k W _ g (4.2.34)

oC

and the strain energy function is of the form
W (F) - p(J(F)-1) (4.2.35)
with p=-a

Using 3.5.9, S=F 'P, one also has

W
S = 2m —pC™ (4.2.36)
oC

Using 2.5.20 and 2.5.18b,

J = Jtrd = Ju(F"EF ' )= Jur(C'E)=JC " :E=1JC" : C (4.2.37)
and the stress power is
S:%C:—av(\géc):C—%pCI:C _ .
. OW(F) . =W - pJ (4.2.38)
P:F= :F—pF " :F
OF

consistent with 4.2.30.
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The strain energy of 4.2.35 is expressed in terms of F. This can be re-expressed in terms
of C. Since J =detF =+/detC = /Il , the incompressibility constraint can be

expressed as
p(C)=11I, -1=0 (4.2.39)

and the strain energy can be written as
W (C) —% p(Il1.(C)-1) (4.2.40)

The factor of 1/2 has been included so that the p in 4.2.35 is the same as the p in 4.2.40,
since, from 1.11.33,

ole _ c’' (4.2.41)
oC

leading to the same expression for the PK2 stress as befoe, Eqn.4.2.36.

Similarly, in terms of the Cauchy stress, one has{ A Problem 1}

W(C) v _

6 = OF pI (4.2.42)

Because of its role in this equation, the scalar p is called the hydrostatic pressure.

Inextensible Constraint

Consider a material which is inextensible in a direction defined by a unit vector A in the
reference configuration. The constraint for this material is given by Eqn. 2.2.60,

#(F)=AC(F)A-1=0 (4.2.43)
Then, from 4.2.11,
09 _ 500
oF oC
_rACA (4.2.44)
oC
=2FA®A
The stress is then
P-= 2Fg—v(\:/+2aFA®A (4.2.45)
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Post-contracting with F' (with J =1) then gives

o= 2F "V ET 4 20FA ® FA
aC

For inextensibility in two directions,

~ A

¢ (F) = AIC(F)AI -1=0, ¢, (F) = Azc(F)Az -1=0

one has the stress

=2k W g +a,FA, ®FA, +a,FA, ®FA,
aC

426 Problems

1.  Use the equation
p_ OWE) e
OF
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(4.2.46)

(4.2.47)

(4.2.48)

to show that the constitutive equation for an incompressible hyperelastic material

can be written in terms of the Cauchy stress as

c= WO pr pl
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4.3 Isotropic Elastic Materials

4.3.1 Constitutive Equations for Isotropic Elastic Materials
Cauchy Stress and Isotropy

A material is said to be isotropic if a rotation of a particle (in the undeformed state) has
no influence on the stress tensor. From §2.8.6, the condition of isotropy is then

6(F)=06(F) — o(FQ")=0(F) (4.3.1)

where the superscript ¢ refers to deformations relative to the rotated reference
configuration, Fig. 2.8.6. (This is often expressed in the equivalent form ¢(F) = 6(FQ) .)

A Cauchy elastic material automatically satisfies the isotropy condition when the Cauchy
stress is an arbitrary tensor-valued function of the left Cauchy-Green tensor:

6 =c(b) (4.3.2)
To see this, note that o(b(F)) =o(FF "), so

o(b(FQ"))=o((FQ")(FQ")")=6(FQ'QF")=6(FF")=o(b(F))  (4.3.3)

Note that the condition of isotropy 4.3.1 must be satisfied for the particular rotation
Q =R, so a condition to be satisfied by isotropic materials is

6(F)=o6(FR") =o(v) = c(bllz) =o(b) (4.3.4)
where v is the left stretch tensor, and again one has 4.3.2.

In addition to satisfying the condition of isotropy, the stress must satisfy the condition of
objectivity: 6" = o(b"), where the superscript * refers to objectivity transformations,

82.8.3. This requirement is automatically satisfied since both the Cauchy stress and the
left Cauchy-Green tensors are objective spatial tensors:

Qo(b)Q" =6(QbQ") Isotropy Condition for the
(objective) Cauchy Stress (4.3.5)

PK2 Stress and Isotropy

From 3.5.7 and 2.8.58, a rigid body rotation of the reference configuration alters the PK2
stress according to

S =J°F'6'F"T = J(FQT)6(FQ") " = QsQ" (4.3.6)
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On the other hand, S is objective when written as a function of the material tensor C.
Then, since C° =QCQ" (see Eqns. 2.8.58),

QS(C)Q" =S(QCQ")| Isotropy Condition for the
(objective) PK2 Stress (4.3.7)

Isotropic Tensor Functions

The constitutive relations 4.3.5 for the Cauchy stress and 4.3.7 for the PK2 stress are very
similar. In general, the second-order tensor-valued function T of the second-order tensor
variable B is an isotropic tensor functions if

T(QBQT ) = QT(B)QT Isotropic Tensor Function (4.3.8)

for all orthogonal tensors Q. Thus, o is an isotropic tensor function of the tensor variable
b and S is an isotropic tensor function of the tensor variable C . Isotropic functions are
discussed in the Appendix to this Chapter, 84.A, and there it is shown that, for symmetric
T and symmetric B, T must take t he form

T(B)= ool +,B+,B’|  Form for a symmetric isotropic tensor

function of a symmetric tensor (4.3.9)

where «,, «;, a, are scalar functions of the principal scalar invariants of B, 1.9.38,
1.9.46:

a, = o {ly, N, 1, } (4.3.10)

Since the set of principal scalar invariants, the set {trS, trs?, trS3} and the set of
eigenvalues {4,,4,,4,} uniquely determine one another, the coefficients ¢, can be taken
to be functions of any one of these three sets.

Equation 4.3.9 can be rewritten in various alternative forms using the Cayley-Hamilton
theorem, 1.9.45:

B°—1,B*+11,B-Ill,1=0, (4.3.11)
for example
T(B)= B,1+ B+ B~ (4.3.12)
where
Bo=0,-llga,, B =0 +la,, p[,=Ia,. (4.3.13)
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The Cauchy-Elastic Solid

Since for an isotropic Cauchy-elastic solid, the Cauchy stress is an isotropic tensor
function of the left Cauchy-Green strain, 6 = 6(b), Eqn. 4.3.5 (a consequence of isotropy

and objectivity) and since ¢ and b are symmetric, it follows from 4.3.9 that the Cauchy
stress takes the form

o=a,(l,, I, I, M +eo,(1,, 1,11, )b+a,(l,, 11,1, )b? (4.3.14)
or, alternatively, from 4.3.12, the form
o= 4, (1,, 1, )0+ A1, 10, 10,)b+ A,(,,1,,11,)b™ (4.3.15)
and these scalar functions are related through 4.3.13.

Similar forms hold for the PK2 stress as a function of the right Cauchy-Green strain.

4.3.2  Strain Energy and Isotropy

Consider the strain energy W =W (F) . From 82.8.4, objectivity requires that (see Eqn.
2.8.46),

W (F) =W (U) (4.3.16)

Also, the right stretch tensor is the square—root of the right Cauchy-Green tensor, so one
can write W =W (C), which is clearly objective, since W(C) =W (C") . In addition to the
objectivity requirement, isotropy requires that W (C) =W (C°), or, 2.8.58b

W (C) =W (QCQ")| Isotropy Condition for the
(objective) Strain Energy (4.3.17)

Isotropic Scalar Functions

The strain energy of Eqn. 4.3.17 is also an isotropic function; in general, the scalar
function ¢ of the second-order tensor variable B is an isotropic scalar functions if

¢5(QBQT ) =@(B)| Isotropic Scalar Function  (4.3.18)

for all orthogonal tensors Q. Thus, W is an isotropic scalar function of the tensor variable
C. Itis shown in the Appendix to this Chapter, 84.A, that, for symmetric B, ¢ must take

the form

¢(B) = ¢({IB, Iy, iy }) Form for an isotropic scalar
function of a symmetric tensor (4.3.19)
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Thus the strain energy for an isotropic elastic material must be a function only of the three
principal scalar invariants of the right Cauchy-Green strain (or of the three principal
values 4,). Since the invariants for the right- and left-Cauchy-Green strain tensors are
the same (see Eqn. 2.2.15), the strain energy can also be expressed as a function of the
invariants of b.
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4.4 Isotropic Hyperelasticity
Attention is now restricted to the case of isotropic hyperelastic materials.

4.4.1 Constitutive Equations in Material Form
Consider the general hyperelastic constitutive law 4.2.5:

oW (C)
oC

S=2 (4.4.1)

From §4.3.2, the strain energy for an isotropic hyperelastic material must be a function of
the principal invariants of C:

W =W(I.(C),II.(C),II.(C)) (4.4.2)

Then, using the relations 1.11.33 for the derivatives of the invariants (taking into account
that C is symmetric),

ow oW ol N ow ol N ow ol
oC o, oC odll. oC oll. oC
ow ow ow ow
=+ c C+

ol dll.

(4.4.3)

n.c™

Col. Al

Further, the C™' term can be replaced by a C* term using the Cayley-Hamilton theorem.
In summary then, expressing S in the form 4.3.9 (and 4.3.12),

5 2a,1 +2a,C +2a,C*
S 2$ _
28,1+2BC+2p.,C
ow ow ow ow ow
a, = + I + I By =—-+ c
ol. odll olll. ol. odll.
ow oW ow
a, =— - I¢ B=-
oll. olll. ol
ow ow
o, = ﬂ—l = C
olll. olll.

Constitutive Equation in material description (4.4.4)
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4.4.2  Constitutive Equations in Spatial Form

As mentioned at the end of §4.3.2, the invariants of C and b are the same and the strain
energy can be expressed in terms of the invariants of b, W = W(Ib (b), 11, (b), 11, (b)).

Then

a,J+ab+a,b’
ow(b) _

cb

(4.4.5)
Bl+pb+p b

and the coefficients «,, , are the same as in 4.4.4

Taking the expression for oW /0C in 4.4.4, pre-contracting with F, post-contracting with
F', using the definitions C=F"F, b=FF", and (pre- or post-) contracting the above
similar expression for 0W /0b in terms of the invariants of b with b, one finds that

oC

(4.4.6)

Therefore, using S = JF '6F ", the constitutive equation in the material formulation,
S =20W(C)/0C, can be transformed into a spatial constitutive equation:

_, OW(b) oW (b)

6=2J"'"—Zb=2J"b—= (4.4.7)
ob ob

It should be emphasised that this expression, unlike the relation S = 20W (C)/0C , holds
only for isotropic materials.

Differentiating the strain energy with respect to b (exactly as in Eqn. 4.4.3) and pre- or
post-contracting the result with 2J 'b then leads to

a,J+ab+a,b’
G = 2J—1bw =
B+ b+ b
a,=2J" ow 111, B,=2J" a—WHb +5—WIHb
| OlII, | all, oI,
a, =2J" ow W I, B =2J" aw
o1, all, | L,
a,=2J" _ow B, =2J" —a—WIIIb
| o, | o,
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Principal Directions of the Cauchy Stress and Left Cauchy-Green Tensor

Recall that the eigenvalues of the right stretch tensor U are the principal stretches 4, , and
that the eigenvalues of the right Cauchy-Green tensor C and the left Cauchy-Green tensor
b are the squares of the principal stretches, 4. (the eigenvectors of b are those of C
rotated with the rotation tensor R). Taking h to be an eigenvector of b and A* the
corresponding eigenvalue, and using the constitutive equation ¢ = et,I + ;b +a,b”, one
has

oh = g I +a,bh +a,b’h =(a0 +a, +a2/14)ﬁ (4.4.9)

Thus on = on where o is an eigenvalue of 6, the principal stress, given by term inside

the brackets, and so the eigenvectors, or principal directions, of the Cauchy stress and b
coincide.

If one takes a deformation for which b, =b,, =0, it follows from 4.4.8 that, for arbitrary
coefficient S ,, one also has o,; =o,; =0. The tensors b and ¢ are coaxial, that is,
be = 6b . From this relation, one finds that one must have

_ou” (4.4.10)

This relation holds for all compressible isotropic hyperelastic materials under the stress
and deformation conditions stated, regardless of the particular constitutive relation.

4.4.3 Constitutive Equations in terms of the Stretches

The derivatives of the stretch with respect to b are given in §2.3.3. Introducing the
principal stresses, and noting that ba, = A7f, (no sum over the i) it follows then that (no
sum over the i in what follows)

.0, =ch, =2J" lbaW(b)  =2J" lbaW(’D 8’1’“,.
o4, b
oy p A L (h, ® )i=2J-IWLbﬁi (4.4.11)
o4, 24, o1, 22,
_g ID wA i
or
=J74 aW(’D o,=J "4, aW(’D, o,=J7"2, W(4) (4.4.12)
o4, o4, 02,
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Similarly, for the Piola-Kirchhoff stresses, one has

p=" L (4.4.13)
o, A 02,

Example (Uniaxial Stretch)

Consider a specimen of isotropic hyperelastic material under a uniaxial tension o, , with

A 0 0
F=0 4, 0 (4.4.14)
0 0 4
Since ¢ and b are coaxial (see 4.4.9), the principal stresses are, from 4.4.8,
o, 00 1 00 A0 0 A7 0 0
0 0 0[=4]0 1 0|+8]0 A 0|+4,0 A° 0| (44.15)
0 0 O 0 0 1 0 0 A 0 0 A’
Subtracting the second of these equations from the first leads to
AV Ry A (4.4.16)
A2
Subtracting the third from the second leads to
0=(2 -4 { B - B, %} (4.4.17)
/12/13

which implies that A, = 4, (the terms inside the second bracket can also be zero, but not
if B, >0, B, <0,asis usually the case).

The material parameters S,, f,, f_, can be obtained from such a test by measuring

o,,» 4 and A,. On the other hand, if the constitutive relation, that is, the parameters, are
known, then one can obtain the stretches by specifying the uniaxial stress.

u
4.4.4 Incompressible Materials
When the material is incompressible, then
J=detF =11, =1II, =1 (4.4.18)
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and the strain energy function is only dependent on two invariants:
w=w(.1.)=w(,,II,), (4.4.19)

and the constitutive equations are the same as those given earlier for the compressible
material, with III, =1, J ~' =1. However, the derivative oW / oOlll. is an unknown and in

particular it is unknown at Il =1.

Returning to the more general constitutive equations for an incompressible material,
4.2.36, 4.2.39, one has

LA e )
oC oC

S —pl (4.4.20)

Carrying out the differentiation as before, one now has, directly from these equations,

S=pI+p3C-pC’

By =2 WL oW, Vi _ W
© Tear. em € : all .

Constitutive Equation for an Isotropic Incompressible
Hyperelastic Material (Material Form) (4.4.21)

and

c=ab+a_ b’ -pl

o, = 2ZTW o, = —221—?/
b b
Constitutive Equation for an Isotropic Incompressible
Hyperelastic Material (Spatial Form) (4.4.22)

Comparing these equations with the more general compressible equations: in the S
equation, 4.4.4, the hydrostatic pressure is equivalent to —20W /olll. (with I, =1); in

the 6 equation, 4.4.8, itis p = —2[6W /4lll, +11,0W /all, |.

Similarly, the equations can be written in terms of the principal stretches and principal
stresses (the incompressibility constraint is now A4,4,4, =1):

oW o 1 Low 1
o=, p= L, s L 4423
P P aon, 2P (4.4.23)
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Example (Strip Biaxial Tension)

Consider an incompressible isotropic hyperelastic material which is stretched in the e,
direction but its dimensions in the e, direction is held constant, with

A0 0
F=|0 1 0 (4.4.24)
00 1/4

With o, = 0,0ne finds that

ow 1 ow JE

=2——-2 4.4.25
P o, A all, ( )
and the stresses are
o, =2 a—W(/lf —iz)+a—W 7 —iz . i=12 (4.4.26)
ol, A oll, A
m

Example (Biaxial Stretch)

Consider the biaxial stretch of a thin sheet of incompressible isotropic hyperelastic
material, with

A0 0
F=|0 A4 0 (4.4.27)
0 0 1/44,
From 4.4.18:
c.=a A +a A —p, i=1,2,3 |a = Za—W,OL1 =-2 ow (4.4.28)
ol, oll,

Taking the stretches to be in-plane, with the larger faces stress-free, one has o, =0 so
that, with A, =1/4,4,, one can solve for p,
2

1 )
pP=q M"'Oﬁﬂll%

and the stresses in the sheet are
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1 1
o, =, —alﬂﬁ{/ﬁ —MJ, o, =(a, a2 (,13 _W] (4.4.29)

If the strain energy is given in terms of the stretches, one would use 4.4.23 rather than
4.4.22.

The PK1 stresses, P = JoF ', are, directly from these equations,

o 1 o 1
P =71= (o, —a 22 {/11 —m} P="= (e, —a_llf{iz _/zf—zj (4.4.30)

3
2 2
The total forces acting on the lateral surfaces are then, from 3.5.4,

I 1
F =PA, =4 —a_,zzf;t ——], F, =P A, = 4, —a_/lz{i ——J
1 170 0 1 1772 1 1132’5 2 2470 0 1 1771 2 /112]%

(4.4.31)
where 4, is the area in the reference configuration.

The material parameters «,, &, can be determined from such a test by measuring the
applied forces. This is helped by controlling the stretches A, and A, in such a way that
the invariant I, is held constant, or the invariant II, is held constant.

When the two applied forces are equal, F, = F,, one finds that

(4, -2, )((1 + B2 {1 + ﬁ,sz (a4 4, )ZJ =0  (4432)
(04 (04

1 1

The term inside the first brackets gives the expected symmetric solution 4, = 4, .
However, the term inside the second brackets can also be zero for 4, # 4, , but this will
only occur for fairly large stretches for typical values of the material parameters. The
symmetric equal-stretch solution holds up until this happens. For example, for the typical
value —a_, /a, = 0.1, the second term becomes zero when A, =4, =3.17. The
symmetric solution is unstable, in the sense that the forces must be precisely equal for it
to hold. If there is even the slightest imbalance between F, and F,, then A, = 4, up to
about a value of 3.17 but then the near-square will begin to deform into a rectangle, with
the response now keeping close to the asymmetric solution. The long side of the
rectangle will be along the direction of the slightly larger force and will keep lengthening
until the stretch in the other direction returns back to 4 =1.

This large strain problem differs from the problems of linear elasticity, which have unique

solutions.
m
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Example (Simple Shear)

The case of simple shear was discussed in detail in §2.2.6. In the equations following
2.2.40, let

cos2f =sinf, sin2f =cosf, tan2p = : = 2 (4.4.33)
tand k
Then the principal material directions can be expressed as
Nl =sin PE, +cos fE,, Nz =—cos fE, +sin fE, (4.4.34)
With n = RN, the principal spatial directions are (see figure 4.4.1 below)
n, =cos PE, +sin E,, 1, =—sin SE, +cos SE, (4.4.35)
The principal stretches are
A = M’ A, = I_.Cﬂ and 1 (4.4.36)
sin2f3 sin2f3
and the principal stresses are, from 4.4.18,
2 1
o= +ta——p
1
o, =20, +a_ %—p a, = a—W,a_l _ I (4.4.37)
A ol, oll,
o,=a,+a_—p
A, N
N,
ﬁl
B
B
el
Figure 4.4.1: principal directions for pure shear
The strain energy here is a function of the invariants of b, which are
I, =3+k>, II, =3+k> (I, =1) (4.4.38)

In the original Cartesian coordinates, the stresses are
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0, =0,cos’ B+c,sin’ f
0,, =0,sin’ B+, cos’ B (4.4.39)

o, =(o,—0,)sin fcos f
It follows that (this is a universal relation, independent of the constitutive relation)
o, —0, =(2/tan2p)o,, = ko, (4.4.40)
The fact that and o, # o,, is called the Poynting effect. The stress are now

o, :051(1+kz)+0571 -p

on=a e, (1+K)-p (4.4.41)

O, = (al —a )k
O =0, +a_—p

The proportionality factor between the shear stress and the shear strain measure £ is called
the shear modulus:

pu=of W, W (4.4.42)
oI,  oll,

In the case of plane stress, the hydrostatic pressure p can be evaluated, and one finds that
o,=ak’, o,=a k', o,=uk (4.4.43)

The stresses acting on the deformed material are shown in Fig. 4.4.2. The unit normal e
to the sloping surface (on the right hand side) is

1

VI+k?

and, from Cauchy’s law, the traction acting on that surface is

e= (e, —ke,) (4.4.44)

Oy — kalz
1
o, —ko,, (4.4.45)

V1+£k? 0

t =

The normal and shear traction are then (using the Poynting effect)

| k(2 + i k

Iy = m[(o-ll _ko-lz)_k(o_n _ko-zz)]: T _(l—i-—kz)o-12 SoeT L+k° o
) 1

ty = m[k(all _k0-12)+(o-12 —kos, )]: malz
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(4.4.46)

and tend to o, and o, as k > 0.

Figure 4.4.2: stresses acting on the material in simple shear
It is clear then that the pure shear of material discussed here can only occur when normal
stresses are applied to the faces. There is of course no volume change for an
incompressible material; for a compressible material, however, there will in general be a
volume change unless normal stresses are applied, a phenomenon known as the Kelvin
effect.
[

See also the shear problem using convected coordinates discussed in the Appendix to this
Chapter, §4.A.3.

4.45 Series Expansion of the Strain Energy Function

It is sometimes helpful when seeking specific constitutive laws for isotropic hyperelastic
materials to expand the strain energy function into an infinite power series of the form

w=w(Ig,II., 1) = Zapq, =3) (11, - 3)" (11, —1) (4.4.47)

P,q,r=0

In the undeformed configuration, 1. =II. =3, III, =1, and the strain energy is zero.
For incompressible materials, this reads as

W= Zapq 7 (1. -3)° (4.4.48)

The series can be written in terms of the principal stretches by noting that
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. =2 +4+4
M. =L+ B85+ LA (4.4.49)
U, =LA

Next are considered some particular forms of the strain energy function.

4.4.6 Incompressible Material Models
First, models of isotropic hyperelastic incompressible materials are examined.
The Ogden Model (Incompressible)

The strain energy for the Ogden model is defined to be

W (A Ay )= Y E i 4 % 4+ 22 -3} (4.4.50)

i=1 i

where the u,, o, are experimentally determined material constants. Note that this model

does not include terms involving the products of different stretches, which appear in the
most general power series 4.4.48. However, the Ogden model allows for fractional
powers of «,. Only three terms in the series are usually needed to correlate the model

with experimental data of incompressible rubber. Typical values are

a, =13 u, =6300kPa
a, =50 u,=12kPa
a,=-20 u,=-10kPa

The Mooney-Rivlin Model (Incompressible)
The Mooney-Rivlin model, applicable to incompressible materials, is
W =c (I —3)+c, (. -3) (4.4.51)
And, from 4.4.22, the stresses are then
6 =2cb-2c,b”" - plI (4.4.52)

From the simple shear example discussed in §4.4.4, the shear modulus for the Mooney-
Rivlin material is 2(c1 +c, ), implying that the shear stress to shear strain measure & is
linear.

The Mooney-Rivlin model is often used to model rubber-like materials and the numerical
value of ¢, is usually much smaller than ¢, .
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Note that the Mooney-Rivlin model can be viewed as a special case of the Ogden model,
since setting n =2, o, =2, a, = -2 in that 4.4.50, and using the incompressibility

constraint A; 4345 =1 gives

W =%{/1§ R+ R —3}—%{/1;2 + A+ A5 -3
(4.4.53)

The Neo-Hookean Model (Incompressible)

The Neo-Hookean is a special case of the Mooney-Rivlin model, wherein ¢, =0, giving
W=c (. -3) (4.4.54)

It is useful as a model of non-linear elasticity within the small-strain range.

The Varga Model (Incompressible)

The Varga model is another special case of the Ogden model:

W=c(A+4+2-3) (4.4.55)

The Yeoh Model (Incompressible)

The Yeoh model was motivated by the problem of predicting the behaviour of rubbers
containing reinforcing fillers such as carbon black, for which the Mooney-Rivlin model
does not succeed too well. The strain energy here takes the form

W=c(.-3)+c,(Io =3)* +c;(I. = 3)° (4.4.56)

As usual, W(I) =0 in the reference configuration and the strain energy is a convex
function, increasing monotonically with I (and attains a minimum in the reference
configuration, so that 0W /0l = 0 must contain no real roots, which places restrictions

on the values that the constants ¢,,c,,c, can take).

The Arruda-Boyce Model (Incompressible)

The Arruda-Boyce model is based on a proposed molecular network structure to a
material, and the strain energy is

Y AR N LI (ERP YA I
W—,u{z(lc 1)+20n(1C 9)+1050712 (12 —27)+ } (4.4.57)
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The two parameters are u, the shear modulus, and », the number of segments in a
polymer chain.

4.4.7 Compressible Material Models

The Mooney-Rivlin Model (Compressible)

The compressible Mooney-Rivlin model reads as

W =c(J -1) =2(c, +¢,)InJ +¢, (I, =3)+c, (I, —3) (4.4.58)

The stresses are then, from 4.4.8, with J = /111, ,

G = ﬁ {[c(HIb - \/ﬁ)— 4(c, +c, )]I +[e, + ¢, (trb)]p — ¢,b’ } (4.4.59)

The Neo-Hookean Model (Compressible)

Neo-Hookean models are characterised by their dependence on the first (as in the
incompressible case) and third invariants, but not on the second invariant. There are quite
a number of Neo-Hookean models available, for example (the last term here is the
incompressible Neo-Hookean term)

W= %(mJ)2 —ulnJ +%,u(lb -3) (4.4.60)

With corresponding stresses

ow

6=2J" ow
0

HLI+2J"—b
111, al, (4.4.61)

=J ' [AInJL+ (b —-T)]

The A, 1 of this compressible Neo-Hookean model are the classical Lamé constants,
which can be seen by particularising the constitutive equation to the small strain range.

Another Neo-Hookean model is
1 2 1 -2/3
W= Ex(an) o w71, -3) (4.4.62)

with corresponding stresses
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4 ~2/3 _l
c=J [zcanﬂU [b 3(“")1D (4.4.63)

:J_I(Kan+,uJ_2/3deVb)
The Blatz and Ko Model (Compressible)

Blatz and Ko proposed a compressible model based on a combination of theoretical
arguments and experimental work on foamed materials:

_ B gy e AV R P T v
W= f 2{(Ib 3)+ﬂ(IHb 1)}(1 f)ZKHIb 3]+ﬂ(111b 1)} (4.4.64)

where

v
1-2v

B (4.4.65)

and y,v denote the shear modulus and Poisson’s ratio, and f €[0,1] is an interpolation

parameter. When the material is incompressible, III, =1, and the model reduces to the

Mooney-Rivlin model. Also, by letting f =1, and replacing III, with J*, the Blatz and

Ko model reduces to the Neo-Hookean model

W =

(SRR

(1, -3)+ g%(ﬂﬁ ~1) (4.4.66)

4.4.8 Problems

1. Evaluate the PK2 stress for the Mooney-Rivlin material (incompressible)
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4.5 Material Anisotropy

45.1 Material Symmetry

The isotropic material was defined as one whose material response was unaffected by
rigid body rotations of the reference configuration. Other material symmetries are
possible; to generalise the notion, instead of considering orthogonal transformations,
consider an arbitrary deformation F of the reference configuration S, bringing it to a

new configuration S°, Fig. 4.5.1 (compare with the isotropic case, Fig. 2.8.6).

reference
~ - configuration

Figure 4.5.1: a deformation of the reference configuration

Considering the Cauchy-elastic material, if the deformation F, has no effect on the
response of the material, then

o(F')=6(F) — o(FF,")=0c(F) 4.5.1)

When F, = Q, one has the isotropic material. Setting G =F,", 4.5.1 can be cast in
the most usual form:

o(F) = 6(FG) (4.5.2)

Note that the restriction detG = 1 is assumed, since otherwise arbitrary dilatations
could occur with no change in material response, which seems physically
unreasonable.

Note that the set of all tensors G which satisfy 4.5.2 forms a group (see the Appendix

to this Chapter, §4.A.2) and hence is called the symmetry group of the material (with
respect to the configuration S).

Apart from isotropy, the two most important practical cases of material symmetry are
transverse isotropy and orthotropy.
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4.5.2 Transverse Isotropy

Consider first the transversely isotropic material. Such a material has a single
preferred direction, defined by a unit vector a, in the reference configuration. Such a

vector is illustrated in Fig. 4.5.2, showing also the unit vectors n,, n, completing an

orthonormal set. The symmetry group of the transversely isotropic material is the set
of orthogonal tensors Q which transform the set {ao,n2 , n3} into the new orthonormal

set {+a,,n},n}}. In particular,
Qa, =*a, (4.5.3)

In order to ensure that the sense of Qa, is immaterial, it is best to introduce the

structural tensor a, ® a,, which transforms as the axes change according to
Qa, ®Qa, =+a, ®=*a, (4.5.4)
or

Q(a, ®a,)Q" =a, ®a, (4.5.5)

Figure 4.5.2: an orthonormal set of vectors

The strain energy can now be taken to be a function of C, as in the isotropic case, and
a, ®a,, which characterises the structure of the material:

W =W(C,a,®a,) (4.5.6)
Allowing for transformations of the undeformed configuration,
W(C,a,®a,) = S(QCQTaan ®30QT) (4.5.7)

with Q here restricted to the symmetry group defined by 4.5.3. Then W is an isotropic
scalar function of two symmetric tensors and so, from Table 4.A.1, takes the form
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W =W (trC, rC?, rC*, tr(a, ®a, ), tr(a, ®a, ), tr(a, ®a, )

2 | (4538)
trC(a, ®a, ), trC*(a, ®a, ), trC(a, ®a,)’, trC*(a, ®a, ) )
Since { AProblem 1}

tr(a®a)=1, tr(C(a®a))=aCa, tr(C2 (a® a)) =aC’a

(4.5.9)
a®a=(a®a) =(a®a)

one arrives at the representation
W =W(1,(C),1,(C), I,(C), 1,(C,a, ), 1,(C,a,)) (4.5.10)
where the fourth and fifth scalar (pseudo-) invariants 1,, | are defined by
|, =aCa, |,=aC’a (4.5.11)
Note also that, from the definition of the stretch, Eqn. 2.2.17,
|, =a,Ca, = 1 (4.5.12)
where A, is the stretch of the unit line element a, .

If the preferred direction is e, , then the fourth and fifth invariants in terms of

components are

l,=a,Ca, =C,,

(4.5.13
I, =a,C’a, =C} +C;, +CJ, )

in which case the five invariants can be taken as {I s, 1,,Cl, CL+C }

Using the relations { A Problem 2}

ol ol
a—é:a()@ao, a—cs:aO®Ca0+aOC®a0 (4.5.14)

the PK2 stresses for a hyperelastic material are then

aW(c a,) ;.
S = 22 0 ~C

_ 2{( W W JI oW oW

+1, C+l,2~C" (4.5.15)
o, o, ) al, ol

+8W a,da,+ 8W(

®Ca, +a,C®a
a|4 8|5 0 0 0 0)
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Let a be a unit vector in the current configuration, in the direction of Fa, that is,
A,a=Fa, (4.5.16)
Then, using Eqn. 3.5.7, 6 = J 'FSF", with FIF' =b, FCF' = b’ (see Eqn.2.2.14),

FC'F' =1 and noting that C and b have the same principal invariants, 4.5.13
becomes

c=2J"[I3aWI+(8W +1 aWJb—‘?W b’

ol al, al, 4517
+I4Ma®a+l4M(a®ba+ab®a)
ol, ol

Using the Cayley-Hamilton theorem allows one to re-write the Cauchy stress as

czzJ“Hl W 6le+6Wb_|36ﬂb_l

2 3
ol ol ol ol
? ’ ! ? (4.5.18)
+ I4%a®a+ I4%(a®ba+ab®a)
ol, ol

Expressing the scalar invariants in terms of b rather than C, the coefficients of the
tensors in 4.5.17-18 are functions of the set

{trb, trb?, trb®, 22a ® a, A2aba} (4.5.19)

Transversely Isotropic Materials with Constraints

For an incompressible material, |, =1, and, analogous to 4.2.40, the strain energy
takes the form

W1, 1, (C) 1,(C.a ) 15(C.a, )= p(l, =1 (4.5.20)

For a material which is inextensible in the direction of a, from 4.5.13, I, =0, and
the strain energy takes the form

W(L(O1(C) 1(C)1(C.a) - S a(t -1 @521
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45.3 Orthotropy

Consider now a material which is dependent on two characteristic directions, a, and
b, ; again the sense of these directions is immaterial. The strain energy is now of the
form

W =W(C,a, ®a,,b, ®b,) (4.5.22)

As isotropic scalar function of three symmetric tensors depends on the following
traces (see Table 4.A.1)

trC, trC*, trC’
tr(a, ®a, ), tr(a, ®a,)’, tr(a, ®a,)’, tr(b, ®b,), tr(b, ®b,)’, tr(b, ®b, )’
trC(a, ®a, ), trC*(a, ®a, ), rC(a, ®a, ), trC*(a, ®a, )’
trC(b, ®b, ), trC*(b, ®b, ), trC(b, ®b, ), trC*(b, @b, )’
tr(ao ®ao)(b0 ®b0), tr(ao ®ao)2(b0 ®b0),
tr(a, ®a, (b, ®b,)’, tr(a, ®a,)’(b, ®b, )’
trC(a, ®a, (b, ®b,)
(4.5.23)

Using 4.5.9 (see Eqn. 1.9.10e) this reduces to the set of nine invariants

trC, trC?, trC’

(4.5.24)
a,Ca,,a,C’a,,b,Cb,,b,C’b,,(a,-b,), (a,-b,)a,Cb,

with a,Cb, =b,Ca . The term a  -b, is the cosine of the angle between the two

characteristic directions; this does not change during the deformation and so this term
can be omitted, leaving

trC, trC?, trC’, a,Ca,,a,C’a,,b,Cb,,b,C’b,, (a, -b,)a,Cb, (4.5.25)

An orthotropic material is one for which a, and b, are perpendicular, a,-b, =0,
making the last term here zero. This also then defines a third preferred direction, ¢,

orthogonal to both a, and b,,, which introduces extra terms ¢,Cc,, ¢,C’¢,,. But

trC=a,Ca, +b,Cb, +¢,Cc,

(4.5.26)
trC*> = a,C’a, +b,C’b, +¢,C’¢,
so that ¢,Cc,, ¢,C’¢c, are redundant. Finally, the strain energy is of the form
W =W (trC, trC?, trC*, a,Ca,, a,C’a,, b,Cb,, b,C’b, ) (4.5.27)
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As before, the stresses in a hyperelastic material can now be obtained by
differentiation.

454 Problems

1. Show that, for unit vector a,
() (a®a) =a®a, (i) tr(a®a)=1
(i) tr(C(a®a))=aCa (iv) tr(C2 (a® a)) =aC’a
2. Show that
al,

ol
E=ao®a0, a—CS=aO®CaO+aOC®a0

3. Show that
(i) F(a,®a,)F" = a®a
(i)  F(a,®Ca,)F" =22a®ba
For (ii), it might help to note the following relations (for vector b and second-order
tensors A, B):
(Ab)B = A(bB)
(AB)b = -A(Bb)
(ATb)AT = (AAT b
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4.A Appendix to Chapter 4

4.A.1 Isotropic Functions

The scalar-, vector- and tensor-valued functions @, a and T of the scalar variable ¢,
vector variable v and second-order tensor variable B are isotropic functions if

HQv)=¢(v)  4QBQ")=¢(B)
a(p)=Qalg)  a(Qv)=Qa(v)  alQBQ')-Qa(B)
T(4)=QT(»)Q" T(Qv)=QT(v}Q" T(QBQ')=QT(B)Q’

Isotropic Functions (4.A.1)

for all orthogonal tensors Q.
Isotropic functions are also called isotropic invariants. Here follow some examples.
Examples (of Isotropic Functions)

1. The scalar-valued function of a second order tensor ¢(T) = detT is an isotropic
function since

HQTQ" )= det(QTQ" )= det T

2. The scalar-valued function of two second order tensors ¢(A,B) = tr(AB) is an
isotropic function of its two tensor variables since

#QAQ",QBQ" )= tr(QAQ"QBQ" )= tr(QABQ" )= tr(AB)
More generally, the function tr(AmBm ), m an integer, is isotropic

3. The vector-valued function a of a vector v and a second order tensor T, a(v,T) = Av
is an isotropic function since

a(Qv,QT"Q")=QT"Q'Qv = QTv = Qa(v,T)
Indeed the function a(v,T) =T"v, m an integer is an isotropic function.

4. The tensor-valued function of a second order tensor: A(T) =T? is an isotropic
function since

A(QTQ")=(QTQ") = (QTQ"JQTQ" )= QT*Q" = QA(T)Q"

Indeed the function A(T)=T", m an integer is an isotropic function.
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Restrictions on the form that isotropic functions can take is next examined.

Isotropic Scalar-valued Functions

Consider first an isotropic scalar-valued function of a vector u, @(u), so that
#(u)=#(Qu). Since only the magnitude of u is invariant under an orthogonal tensor
transformation, it follows that ¢ depends on u only through |u| =u-u,so ¢= ¢(u -u).

Here, u-u is called the integrity basis of ¢.
Similarly, an isotropic scalar-valued function of two arguments is defined through

#(u,v) = ¢(Qu,Qv) (4.A.2)
for every orthogonal Q, and its integrity basis consists of the three scalar invariants

u-u, u-v, v-v (4.A.3)

since only the lengths of the two vectors and the angle between them are preserved under
a rotation.

Consider next a scalar-valued isotropic function ¢ of a symmetric second-order tensor S.
Since S is symnmeytric, it has the spectral decomposition representation S = z As, ®s, ,

where {1,,1,,1,} are the eigenvalues and {fi,,n,,f,} are the eigenvectors of S. Since S

is isotropic,
#(8)=4(QsQ")=glQ(T 4, ®4, Q" )=¢(> 4Qh, ®Qh,)  (“4A4)

Thus ¢ is independent of the orientation of the principal directions of S and so must
depend only on the three principal values,

#(S) = f(4,,4,.4,) (4.A.5)

Note also that f must be a symmetric function of the eigenvalues. For example, take Q to
be a positive rotation about fi,. Then Qn, =n,, Qn, =-n, andQn; =n,, so

#(S) = JQSQ" )= g(A,h, ® A, + A, @b, + A, ®h,) = (4, 4,4) (4.A.6)
and, similarly, the subscripts on any pair of eigenvalues in 4.A.5 can be interchanged.

Since the set {trS, trS?, trS’ }, the set of three principal scalar invariants {IS g, HIS} and
the set of eigenvalues {4,,4,,4, } uniquely determine one another, any of these sets can
be regarded as the integrity basis of ¢(S).
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Some important isotropic scalar-valued functions and their integrity bases are listed in
Table 4.A.1 below. The integrity basis consists of that entry together with appropriate
entries from higher up in the Table, for example the integrity basis for a tensor A and two
vectors u and v is

u-u, v-v, u-v, trA, trA’, trA’

uAu, uA’u, VAv, VA’v, uAv, uA’v

Isotropic Function Integrity Basis

Scalar- #(u) = ¢(Qu) u-u
valued #u,v) = $(Qu,Qv) u-v
functions

#(A) - 4(QAQ") trA, trA?, trA’
A.B,C are | ¢(u,A) ¢(Qu QAQ' ) uAu, uA’u
symmetric | ¢(A,B) - 4(QAQ",QBQ") | rAB, trA’B, rAB’, trA’B’
tensors #(u,A,v) :¢(Qu QAQ’ Qv) uAv, uA’v

#(A,B,C) trABC

Four or more tensors redundant

Table 4.A.1: Isotropic Scalar Functions and Integrity Bases

Isotropic Vector-valued Functions

Next, consider a vector-valued isotropic function a of a vector v, so Qa(v)=a(Qv). To
find the dependence of a on v, consider the scalar-valued function ¢ given by (note that
¢ here is linear in its first argument, u):

$u,v)=u-a(v) (4.A.7)
It follows that

¢(Qu,QV) =Qu- a( V) =Qu- Qa(v) =u- a(v) = ¢(u, V) (4.A.8)

and so ¢ is an isotropic function of its two vector arguments and must depend only on the
three invariants 4.A.3, and so takes the general form

gu-wu-v,v-v)=u-a(v-v)v (4.A.9)
Finally, a must take the form
a(v)=av (4.A.10)

where the coefficient « is a function of the scalar invariant of v, i.e. v-v.
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Note that the only isotropic vector function a of a tensor B is the null vector a=o.

Another important isotropic vector-valued functions is that of a vector and symmetric
tensor. This and their integrity bases are listed in Table 4.A.2 below.

Isotropic Function Integrity Basis
Vectgr—valued a(v) a(QV) = Qa(v) v
functions a(T) a(QTQT ) = Qa(T) 0

S is a symmetric a(V>S) a(QVa QSQT)= Qa(V,S) Sv, S’v
tensor

Table 4.A.2: Isotropic Vector Functions and Integrity Bases

Isotropic Tensor-valued Functions

Consider next a second-order tensor-valued function T of a tensor B. To find how T
depends on B, this time consider the scalar-valued function ¢ given by (again, note that

by definition ¢ is linear in its first argument, A)
#(A,B)=tr[AT(B)] (4.A.11)
It follows that
#(QAQ".QBQ")=r|QAQ " T(QBQ" )
- 1/QAQ"QT(B)Q]

- r[QAT(B)Q" | (4.A.12)
= tr[AT(B)]

= ¢(A,B)

Thus ¢ is an isotropic function of its two tensor arguments and so, if A and B are
symmetric, is a function of the ten invariants listed in Table 4.A.1. Since ¢ is linear in A,

it can only depend on six of these ten invariants, namely trA, trB, trB*, trB’,
trAB, trAB?, and so takes the form

¢ = | AT(B)] = tr|A (I + 2,B + o, B | (4.A.13)

and so T takes the form

T(B)= a0 +a,B+a,B’| Form for a symmetric isotropic tensor

function of a symmetric tensor (4.A.14)

where «,, a,, o, are scalar functions of the invariants of B. Equation 4.A.13 can be
rewritten in various alternative forms using the Cayley-Hamilton theorem, 1.9.45.
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Some important symmetric isotropic tensor-valued functions are listed in Table 4.A.3
below.

Isotropic Function Integrity Basis

Tensor- T(v) T(Qv)= QT(v)Q" I, vRv
valued T 2
functions T(A) T(QAQ ) QT A)Q 1, A A

T(u, V) T(Qu Qv) QT(u’ V)(;)T uX®v+v_eu
T,A,B arc | T(u,A) T(Qu.QAQ" )=QT(u,A)Q" | u®Au+Au®u, Au® Au
symmetric | (y,S,v) T(Qu QAQ' QV) u®Av+Av®u
tensors

=QT(H,A,V)QT VO Au+Au®v
T(A,B) AB+BA, ABA, BAB

Table 4.A.3: Isotropic (Symmetric) Tensor Functions and Integrity Bases

Some Results for Isotropic Functions
Here follow some other important results regarding isotropic functions.

1. The principal values of an isotropic tensor function T of a tensor B are scalar
invariants of B.

To show this, let t; (B) be the principal values of T(B) and let t, (QBQT) be the
principal values of T(QBQ"). Then

det(T(B)—t,(B)I)=0, det(T(QBQ")~t,(QBQ")I)=

Because of the isotropy, and using the relation 1.9.13a, det(AB) = det AdetB, the
second of these can be written as

det(QT(B)Q" —t,(QBQ")I)= det(QT(B)Q" —t,(QBQ")QIQ")
= det(T(B) —t,(QBQ™)I)

This holds for all orthogonal Q and hence
t;(B)=t,(QBQ") (4.A.15)

which is the definition of an isotropic scalar invariant of B.

2. Anisotropic tensor function T of a tensor B is coaxial with B.

This follows directly from 4.A.14, since B" has the same principal directions as B.
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3. Let T be a symmetric isotropic tensor function of the symmetric tensor B; if in
addition the function T is a linear function of B, then it has the representation

T(B)= a(tr B)I + B (4.A.16)
where «, [ are arbitrary constants (independent of B).

This follows directly from 4.A.14, noting that only the first invariant, trB, is linear
in B. It will be noted that this is the form of the (isotropic) linear elastic material
model, 4.1.15.

4.  Let C be a fourth-order isotropic function, that is
Ci = QinQ;nQupQisCrnpg (4.A.17)
with the minor symmetries 1.9.65, Cy; =C,, = C;y . Then it has the representation
Cipa = A6, + 1645, +8,6,) (4.A.18)
In terms of the identity tensors of §1.9.16 (compare with Eqn. 1.10.7),
C=AM®L+pl+1) (4.A.19)

To show this, consider a symmetric second-order tensor S and define A =C:S.
Then the index notation for A(S) is C;,S,,, and A is clearly symmetric. Then

A(QSQT) : Cijkl (kasanln )= QinijerlsCpqrstmSanln
=Q,Q.,0.,0,C S
leQJq rm®'sn ™~ pgrs = mn (4A20)
= QinqupqmnSmn
QA(S)QT : QimCmnkISlejn

from which it can be seen that A is a symmetric isotropic tensor function of the
tensor variable S. Further, A is linear in S, and for S symmetric, it follows that A
takes the representation 4.A.16,

A(S)= A(trS)I+248 (4.A21)
In component form, this is

A = A8 Sy +245;;
= 26,Sy + (S, +5;) (4.A.22)
= ﬂ“é‘ijé‘iklskl +/u(5ik5jl + 5i|5jk )Skl
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from which 4.A.18 follows.

4.A.2 The Symmetry Group

The nonempty set G with a binary operation, that is, to each pair of elements a,b e G

there is assigned an element ab € G, is called a group if the following axioms hold:

1. associative law: (ab)c = a(bc) forany a,b,ceG

2. identity element: there exists an element e € G, called the identity element, such
that ae=ea=a

3. inverse: for each a € G, there exists an element a™' € G, called the inverse of a,
such that aa™ =a'a=¢e

Consider the set of tensors G of 4.3.2. Since for two tensors G, and G, in G,
o6(FG,G,)=06(FG,)=0o(F) (4.A.23)

G,G, €G. The associative law clearly holds, the identity element is I and the inverse of

G is G™'. Thus the set of tensors G forms a group.

4.A.3 Shear of an Isotropic Square Block

Consider a combined stretch and simple shear of an isotropic hyperelastic material, Fig.
4.A.1. Relative to the Cartesian coordinate system

X, =4, X, +k4,X,, X, =4,X,, X =4X, (4.A.24)
Then
A ki, 0 1 k 04 O O
F = A, 0]={0 1 00 4, O (4.A.25)
0 A 0 0 1|0 0 A

and so can be considered to be a homogeneous stretch followed by a simple shear. The
left Cauchy-Green strain and inverse are

R+kC2 K2 0 1/ 22 —k/ 2 0
b=| ki 2 0| bl=|-k/Z UZX+K*/Z 0 | (4A26)
0 0 A 0 0 1/ 2

The compressible and incompressible isotropic relations are (4.4.8 and 4.4.22
respectively)
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¢ =pI+Bb+pB b

. (4.A.27)
6" =—pl+ab+a_b’
Substituting in the Cauchy-Green strains, one finds that o, = 0,;, =0 and
© 2 1 (i > 1
on =K B4 -pi— | op =Klad—a,— (4.A.28)
ﬂ’l ﬂ’l
Using this relation, it can then be seen that
2= +kA
O —0y =——2 2o, (4.A.29)

e

which holds for both compressible and incompressible materials, and is the universal
relation analogous to 4.4.40. Here, however, the stretches can be chosen so as to make
the normal stress-difference zero.

y

Ona

k4,
<> B — 05>

Figure 4.A.1: block under stretch and simple shear

Introduce now base vectors g,, g, along the edges of the deformed block, with

corresponding contravariant base vectors g' and g*, Fig. 4.A.1, so that

g =e, g, =ke +e,, g,=¢,

4.A.30
glzel—kez, gzzeza g3:e3 ( :

The metric coefficients are
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1 k 0 1+k> -k 0
g; =k 1+k*> 0| g"=| -k 1 0| g=1 (4.A.31)
0 0 1 0 0 1

From 3.9.2, the unit normals to the block surfaces are (see 4.4.44)

R 1 k . . 2
nl=g' G oml=g'=-f _e (4.A.32)

e e o

The stress components with respect to the curvilinear system can be obtained from the
transformation rule in §1.13.1:

1 0 0
=] lemIal AT =e g =k 1 0 (4.A33)
0 0 1
leading to
o, —2ko, +k’c,, o,-ko, 0
[E” ]_ oy —Koy, O 0 (4.A.34)

0 0 O

The normal and shear stresses acting on the surfaces of the block are (see Fig. 4.A.1) are
Ony =0y, 05y =0, Oy =0, 0g=0" (4.A.35)
In order that the normal stresses acting on the block are zero, then, one requires
o,, =0, o, —2ko, =0 (4.A.36)
From 4.A.29, this means that
=(1+Kk*)2 (4.A.37)

A physical interpretation of this results is that the lengths of the sides of the deformed
= |OB| in Fig. 4.A.1. In this case, 4.A.34 reduces to, using 4.A.28,

—IJ (c) (c)
{%_” %m} {a(.)}(gl ®g, +g,®g,)
AN
_kHal}sz {a_l}/llz}(&@gﬁgz@gl)

(4.A.38)
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Thus a state of pure shear is achieved, with only shear stresses acting on the faces, and a
square block deforms into a rhombic block.

Consider now the (incompressible) Neo-Hookean model, Eqn. 4.4.54, for which
c=-pl+2chb (4.A.39)
The stress components are then
' =-pg" +2c,b’ (4.A.39)

The metric components g" are given by 4.A.31. The contravariant components of the
left Cauchy-Green strain can be obtained from coordinate transformation equations
similar to 4.A.33 (with b; = b’ in the Cartesian system), leading to

I~k ofA22+k222 k22 o1 o0 0] [2 0 o0
bil=fo 1 o| k2 2 of-k 1 0|=]0 £ 0| (4A40)
0 0 1] 0 0 2[o o1 |0 o 2

with 4, 4,4, =1. Then, with the stress taking the representation 4.A.38, with «, = 2¢,,
a,=0,

0 2ke, 22 /(1+Kk>) 0 1+k> -k 0 20 0

2ke, 22 /(1+k?) 0 Ol=-p| =k 1 0|+2c|]0 2 0

0 0 0 0 0 1 0 0 A
(4.A.41)

Solving leads to

p=2c,(1+k*)"

4.A.42
PRI R e R

—1/6

The solution shows that 4, >1 and 4, <1 and so the block deforms as in Fig. 4.A.2.
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/11

Figure 4.A.2: simple shear of a Neo-Hookean block

Note that, in contrast to the decomposition
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5.2 Plasticity I: Hypoelastic-Plastic Models

The two main types of classical plasticity model for large strains are the hypoelastic-
plastic model and the hyperelastic-plastic model. The first of these is discussed in this
section.

5.2.1 Hypoelasticity

In the hypoelastic-plastic models of plasticity, the elastic response is assumed to be
hypoelastic. As discussed in §4.1.4, hypoelastic materials are characterised by
constitutive relations of the form

6= f(o,d) (5.2.1)

and, in mutiaxial problems, this implies that the response cannot be expressed in terms of
an elastic strain energy function. Thus the response is path-dependent and dissipation
may occur even though the material is supposed to be elastic. However, the idea with the
hypoelastic-plastic models is that the elastic strains are assumed to be relatively small so
that any error in the conservation of energy is very small, and so can be neglected.

The stress-rate 6 in the hypoelastic equation 5.2.1 must be objective. Thus the material
derivative of the Cauchy stress can not be used, but any of the many objective rates, for

example the Jaumann, Green-Naghdi, Truesdell, etc., can be used.

A large class of hypoelastic materials is encompassed in the linear relation between
objective stress-rate and the rate of deformation:

¢’ =C":d (5.2.2)
where 6" is an objective stress rate and C" is the corresponding fourth order tensor of
elastic moduli, which may itself depend on the stress, in which case it must be an
objective function of the stress. For a given finitely deformed state, the (small)

increments in stress and strain are linearly related and are recovered upon unloading.
However, for finite deformations, the work done in a closed path may not be zero.

The elastic modulus tensor C" is also called the tangent modulus. It possesses the

minor symmetries due to the symmetry of d and 6" . It is usually assumed to possess also
the major symmetries.

Example
Consider the following hypoelastic constitutive equation:
¢” =C”:d (5.2.3)

where 6"’ is the Jaumann stress-rate, Eqn. 3.5.20, 6 — wo +ow . The Truesdell stress-
rate 6", defined by Eqn. 3.5.22, 6-lo —ol” + tr(d)c , 1s then
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vT
(9

6" +wo—ow—lo —ol’ +tr(d)c
6" —do—od" +tr(d)o (5.2.4)
(C”J —é—i—G@I)Id

where C:d =do +6d. Thus 5.2.3 can be expressed as 6'' =C7 :d with the Truesdell
tangent modulus given by C® — C+o®1I.

It is interesting to note that, if C® is constant, then ¢"' is not. Further, if C* has the
major symmetries, then ¢ does not (since 6 ® I does not). For this reason one often
uses the Kirchhoff stress T = Jo rather than the Cauchy stress. For example, the Jaumann
rate of the Kirchhoff stress is T*” =t —wt+tw. Then, with J = Jtr(d),
¢ =J" (‘rw —Jdo - JGdT)
~(37c?-¢).a (5.2.5)
=C” :d

Now if C° has the major symmetries, then so does C” .

5.2.2 Hypoelastic — Plastic Model
Additive Decomposition of the Rate of deformation

The rate of deformation is now decomposed additively into elastic and plastic parts
according to

d=d°+d’ (5.2.6)
The elastic response is then
¢’ =C7:(d-a’) (5.2.7)
The yield condition is
f(o,a)=0 (5.2.8)

where a represents any other variable(s) besides ¢ upon which f depends.

The flow rule is

d’ = iG(s,a) (5.2.9)
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The tensor G is usually expressed in the form G = dg (6, (z)/ 0o , where g is the plastic
potential; A is the plastic multiplier. For associative flow-rules, f = g. The variables a
are assumed to follow an evolution law of the form

a=4A(o,a) (5.2.10)
The loading and unloading conditions may be expressed as
120, f<0, Af=0 (5.2.11)

These are known as the Kuhn-Tucker conditions. The first of these states that the

plastic multiplier rate is non-negative; for plastic loading, A > 0, otherwise 4 =0. The
second states that the stress must lie on or inside the yield surface. The last condition
assures that the stress state remains on the yield surface during plastic flow. This last

condition can also be expressed in rate form, f =0. This is known as the consistency
condition:

LI (5.2.12)

Isotropic Materials

From the objectivity requirement, the yield function f (o, (z) in Eqn. 5.2.8 must be an
objective scalar function of 6. This implies that f must be a function only of the
invariants of ¢. Thus the form f (c) necessarily represents the yield function of an
isotropic material. For anisotropic materials, one must use a different stress measure, for
example the yield function could be expressed in term of the PK2 stress, f(S) =0.

Consider then an isotropic material, with f = f(I,,1,,1,), where I, are the invariants of
6. Then it can be shown that { A Problem 1}

cﬂzﬂc (5.2.13)
o6 Ooc

that is, the tensors ¢ and of /06 are coaxial.

Consider now a formulation in terms of the Jaumann stress-rate. From 5.2.13, it follows
that { A Problem 2}

ﬂ:('rzﬂ'cVJ

: 5.2.14
15] 06 ( )

The consistency condition 5.2.12 can now be expressed in terms of the Jaumann stress
rate:
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_o w o (5.2.15)

f :

0o oo

The plastic multiplier can now be solved for, using the hypoelastic relation 5.2.7, the flow
rule 5.2.9, the evolution equation 5.2.10 and 5.2.15 { A Problem 3}:

gf:cgﬂ -d
A= Y (5.2.16)
—ﬂ:AJri:Cf G
oa 0o

Substituting this expression into the flow rule 5.2.9 and using the hypoelastic relation
5.2.7 then leads to { A Problem 4}

(c? :G)@[af:c;ﬂj

06

—ﬁ:A+ﬂ:C;’J :G
oa 06

¢’ =C":d, C”=C?- (5.2.17)

The tensor C? is the elasto-plastic tangent modulus. It consists of an elastic
component CZ and a component which results from plastic flow.

When the flow is associative, so that G = df /06 , the elasto-plastic modulus possesses

the major symmetries. The plasticity equations can also be based upon other stress-rates;
for example, the Truesdell stress-rate. For the same reasons as discussed earlier, although

C” has the major symmetries for associative flow rules, the Truesdell modulus will not.
If, however, the equations 5.2.6-17 are formulated in terms of the Kirchhoff stress, then
the Truesdell modulus will possess the major symmetries (in fact, all the relevant relations
above are valid for the Kirchhoff stress, with ¢ simply being replaced by t). Note that,
if the elastic strains are small and plastic deformations are isochoric (volume preserving),
then J =1 and T~o.

Small Strains

In the case of small strains, in the above relations one replaces d with ¢ and decomposes

the small strain rate according to ¢ =&° +&°. The stress rate is the time derivative of the
Cauchy stress, since objective stress-rates are not now a consideration. The hypoelastic

relationis 6 =C: (s -£ p) and the remaining relations follow, for example the elasto-
plastic tangent modulus is given by 5.2.17b with C{ replaced with the small-strain elastic
modulus tensor C. The small-strain formulation is valid for anisotropic elastic moduli.

5.2.3 J, Flow Theory

In the J; Flow Theory, one assumes the material is isotropic, plastic flow is independent
of the hydrostatic pressure, plastic flow is incompressible and the yield surface used is the
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Von Mises yield surface. An effective stress is used to generalise the uniaxial behaviour
to multiaxial stress states.

First to be examined is the isotropic hardening model.
Isotropic Hardening

It is useful to express the equations 5.2.6-17 now in terms of the Kirchhoff stress and the
Jaumann stress-rate. In that case, one again has Eqn. 5.2.6, d =d® +d", with the

hypoelastic Eqn. 5.2.7 now reading
Vi _ A, p
™ =C?:(d-a") (5.2.18)

The Von Mises yield function can be expressed as

f(r,0)=43J, -Y = 2s:s =Y =0 (5.2.19)

2

where J, is the second invariant of the deviatoric Kirchhoff stress and s = devr. The

term ,/3s:s acts as an effective stress & .

The (associative) flow rule 5.2.9 can be expressed as (see the Appendix to this section for
details of the differentiation involved here)

d® = iG(r), G(‘r)z%: 5 fs‘ (5.2.20)
ES.S

The only variable @ necessary in the model is the scalar accumulated effective plastic

strain:
a=g®, & =[de® = [éeat, dé“’:/%dsp:dsp (5.221)

The proposed evolution law for « is simply (Eqn. 5.2.10 with the function A=1)
a=i (=é°) (5.2.22)

With the definition of the plastic modulus being

H(g?)= av(e?) (5.2.23)

de?
the consistency condition 5.2.12 is, from 5.2.19,

f=%:t—H(§p)g*p=o (5.2.24)
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The plastic multiplier rate is now given by Eqn. 5.2.16,

?; :C? :d

A= 5.2.25
ap), Of o Of ( )

H( +—:CJ: —

ot ot

Finally, the elasto-plastic tangent modulus, Eqn. 5.2.17, is

(Cf :?j@(i:Cf)
W =C?:d, C°=C?- kd = ~ (5.2.26)
H(<§")+—:C;J ikl
ot ot

It is useful to decompose the response into volumetric and deviatoric components. First
express the elastic moduli as in Eqns. 4.1.19,

c? ZKI®I+2,U|:|—§I ®1} (5.2.27)

where 1=0;,0,,e,®e; ®e, ®e . Note then that { AProblem 5}

im™~ jn%i

of of of of
Cc?.—=2y—, —:.C7%:2—=3 5.2.28
e o Mo 5 e 1oy T ( )

so that the tangent modulus 5.2.26b can be expressed as

c? =,<1®1+2/,{|—h@l}—wic@i (5.2.29)
3 1+H/3uor ot
Kinematic Hardening

To accommodate kinematic hardening, one introduces as another hardening parameter the
back stress a. The yield condition 5.2.8 is now (in terms of the Kirchhoff stress)

f(r,@,8°)=2(5-0):(s—a)-Y(5")=0 (5.2.30)
The flow rule is

of _ 3s—a)
o 2i6-0):6-a)

d* = iG(r,a), G(r.a)= (5.2.31)

The evolution equation for the back-stress is, for example using a linear hardening rule
and the Jaumann stress-rate,
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a® =cd® (=ciG) (5.2.32)

Note that the use of the Jaumann rate in the back-stress evolution law can lead to
physically unreasonable stress oscillations in simple shear for large deformations
(Nagtegaal and DeJong, 1981). However, this behaviour is not significant provided the
elastic strains are not too large. A formulation based upon the Green-Naghdi strain can
eliminate such stress oscillations (Johnson and Bammann, 1984).

5.2.4  Drucker — Prager Model

The yield criterion for a Drucker-Prager material is a modification of the Von Mises
function so as to incorporate a plastic response due to a hydrostatic pressure:

f(o,0)=+3J, +al, Y =0 (5.2.33)
where |, =tro =6 :1. The associated flow rule is then
_of 3s

d* =1G(s), G(o) = +al (5.2.34)

_%_21/%828

where s = deve . A suitable non-associative flow-rule might be

0’ =iGle) Glo)=0 -3 g- 33, (5.2.35)

_5_2,/%s:s’

5.2.5 Elastic Moduli and Objectivity

It was mentioned above that objectivity requires that a yield function of the form f (o)
necessarily represents an isotropic material. Objectivity also places restrictions on the
elastic moduli. First, consider a constant modulus tensor CZ . Objectivity of a
constitutive equation requires that

(") =c?:(ae) (5.2.36)

) Qr"Q" =7 :(Qa*Q") (5.2.37)
50, using the index notation,

(t7); =10,Q4QuQu(c?) .. K@), (5.2.38)

In order that objectivity be satisfied, one must have
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(C;J )ijkl = QpqujQersl (C? )pqrs (5.2.39)
which shows that, if the modulus is constant, it must be isotropic.
If one requires an anisotropic elastic modulus, one must use a formulation based on a
configuration other than the spatial configuration, as discussed in the next sub-section.
5.2.6  Corotational Stress Formulation
The models discussed thus far have two drawbacks:
1. the yield function must be an isotropic function of the stress

2. if the elastic moduli are constant, then the moduli must be isotropic

To overcome these restrictions to isotropic materials, one can formulate a plasticity model
in terms of, for example, the corotational stress.

The corotational stress is defined by Eqn. 3.5.12,

¢, =R'6R (5.2.40)
Using a formulation based on the Kirchhoff stress, the corotational Kirchhoff stress is

1, =R"R (5.2.41)

Recall from §3.5.3 that the PK2 stress S is the pull-back of the Kirchhoff stress 7,
S=z.'(t)' =F 'tF"; the corotational stress T, is the pull-back of T but with respect

toRandnot F: 7, = 7. (t);s =R'TR".
Define now the corotational rate of deformation:

d, =R"dR (5.2.42)
with the decomposition

d, =dj +d], (5.2.43)

Note that the corotational stress and rate of deformation are insensitive to rigid body
rotations Q to the current configuration:

5

(QR)"(QQ"JQR)=1,

(5.2.44)
(QR)'(QdQ" JQR)=4,

(TU)* = (RTTR)
(dU)* = (RTdR)* =

The corotational stress-rate is
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T, :ﬁ: R"™TR+R"tR+R"TR (5.2.45)
A rigid body rotation Q to the current configuration also results in { A Problem 6}
(t,) =1, (5.2.46)
With the corotational stress-rate objective, the elastic response given by
1, =Cy, : d;, (5.2.47)

Note that rigid body rotations to the current configuration leave 1, and df, unchanged
and so Cj, remains unchanged also. Thus, unlike the isotropic restriction 5.2.39, there is

no objectivity restriction here on the form of Cy, and so Cj, can represent in general an
anisotropic response.

Another way of looking at this is as follows: for an anisotropic material and using a fixed
coordinate system, the components of an elastic modulus tensor C will in general change
as the material rotates. With the corotational formulation, however, the axes rotate with

the material, and so material rotation has no effect on Cy,.

The remainder of the formulation follows as before, for example the yield condition
would be f(t,,a,)=0 and the flow rule d, = AG(t,a, ). The evolution law for the
o, variable(s) is @, = 1A(r,,a, ). Again, the scalar yield function may now represent

in general anisotropic material behaviour. The loading and unloading conditions are
again given by 5.2.11.

The plastic multiplier rate is now (see 5.2.16)

i:CfJe dy
: ot
A= o y o (5.2.48)
-—A+ —:C,:G
oa oty
and
T
™ =C{:d,, C;=Cj, - = o Y (5.2.49)
-——1A+—:C[,.:G
oo, oty
5.2.7 Problems
1. The derivatives of the invariants of the stress tensor are (see Eqn. 1.11.33)
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ol ol ol
—=1, 2=[1-06, —2=¢"-lo+LI=L0c"
o6 06 06
Use these relations to show that, for the yield function f = f (I P N ), the tensors

¢ and of /do are coaxial.
2. Use the fact that 6 and of /06 are coaxial, and Eqn. 1.9.3h,
A:(BC)= (BTA) :C= (ACT): B, to show that
o 16 = a 6"
06 oo
where 6" =6 —wo +ow.
Derive Eqn. 5.2.16
4.  Use the index notation to verify that
C:(A:C:d):G=(C:G)®(A:C):d
where A,d,G are second order tensors and C is a fourth-order tensor. Hence

derive the elasto-plastic modulus 5.2.17b.
5. Use the relations 1.9.62 and 1.9.64 to show that, for an arbitrary tensor A,

CY:A= K(trA)I + 2 udevA
A:C? : A =k(trA)’ +2udevA : devA
with Cf given by 5.2.27. Hence, using 1.9.31, show that, for a deviatoric tensor A,
C2:A=2uA
A:CY:A=2uA:A

[98)

Finally, use 5.2.20,

o _ 3s
ot 2[3s:s
to derive Eqns. 5.2.28,
a. c?: a_ 3u
ot ot

6.  The application of a rigid body rotation Q to the current configuration results in a
change to the corotational stress rate 5.2.45,

(t,) =R"T'R"+R7t'R"+R"t'R’

) (QT{JT (QrQ" JQR)+ (QR)" (WJ(QR) +(QR)'(QQ" {@J

Use the relation Q"Q =Q"Q+Q"Q =0 to show that (t,) =R"tR =1,.

5.2.8 Appendix to 85.2

Differentiation of the Von Mises Yield Function

The Von Mises yield criterionis f =,/J, —k =0 where J, =3s;s;. Using the product

-2
rule of differentiation, in index notation:
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a ‘]2 a %Smnsmn _ l 1 lﬁ(smnsmn)
ooy oo 2 15,48, 2 00y
1 oS

15466

kj ~ mn

= = (5mi 6

nj

10,0,

nj — 3 Yij mn)

= [ = _(5mi§
Zququ

s. —15.8

ij — 3%ij°mm

stpqqu

- 5.2.50
25,450 2495 ( )

In tensor notation:

8\/3_8%818 1 1 1ds:s)

0o oo 2 %s;sz 0o
1 os
= S —
2\/1s:s Oo
s _5(6—%(&6)1)
2s:s de (5.2.51)
s
= A1-1I®I
V2s:s ( } )
_s—%(trs)l
2s:s
s s
2s:s  24/J,
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5.3 Plasticity II: The Multiplicative Decomposition of F
Whereas the hypoelastic-plastic formulation involved an additive decomposition (of the

deformation rate), the hyperelastic-plastic formulation involves a multiplicative
decomposition (of the deformation gradient).

5.3.1 The Multiplicative Decomposition of F

The key feature of the hyperelastic-plastic formulation is the multiplicative decomposition
of the deformation gradient according to

F=F°F’ (5.3.1)

where F°® and F” are, respectively, the elastic part of the deformation gradient and the
plastic part of the deformation gradient. F”, brings line elements dX from the

undeformed configuration to an intermediate configuration dx = F°dX and then F*
brings them to their current location, Fig. 5.3.1.

dx = F°dx = F°FPdX. (5.3.2)

FP

intermediate
‘ﬁguration
¥ J F¢
F

Figure 5.3.1: Decomposition of the deformation gradient

The idea now is to relate the current state of stress to the elastic part of the deformation:
o =f(F°) (5.3.3)

where

f(I)=0 (5.3.4)
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In other words, the intermediate configuration is stress-free. At any stage of the
deformation, one can imagine unloading the body instantaneously, arriving at the stress-
free intermediate configuration. Thus it appears that the intermediate configuration has a
clear physical interpretation — a configuration which encompasses any permanent
deformation after elastic unloading. Unfortunately, there are difficulties associated with
the intermediate configuration which makes it a more abstract concept than this. For
example, consider a stressed element in the current configuration. Unload the element so

that it is stress free. According to 5.3.3, this is accomplished through ( ¢ )_1 back to the

intermediate configuration. Since each element in the current configuration can undergo
this process independently, there is no reason that the individual elements will be
compatible in the intermediate configuration, and so the intermediate configuration is in
general an incompatible configuration. Thus, although mappings of line elements
between the various configurations are given by Eqn. 5.3.2, the F° and F” in 5.3.2
cannot necessarily be expressed as gradients of position vectors; they can be expressed as
gradients only in the special case where the deformation does lead to a compatible
intermediate configuration.

When the material is unloaded from the continuous current configuration (as in a thought
experiment), the body moves from a Euclidean space to the non-Euclidean space of the
intermediate configuration. The elastic part of the deformation gradient restores
compatibility, bringing the body back into the Euclidean space of the current
configuration.

It is thus best to consider the decomposition 5.3.1 as merely a mathematical means by
which the constitutive response of a material can be conveniently described. It is not to
say that a material actually does undergo a “plastic” deformation to the intermediate
configuration and then subsequently undergoes an “elastic”” deformation to reach the
current configuration. Rather, the intermediate configuration is a useful abstract
configuration.

Issues:
1. Conceptual de-straining
2. no unique intermediate configuration
3. if'the yield surface has shifted, unloading to zero stress might necessitate plastic
flow

The decomposition 5.3.1 was introduced into finite-strain elastoplasticity by Lee and Liu
in (1967). Since then has followed theory development, explanation and criticism. See,
for example, Lee (1969), Hahn (1974), Nemat-Nasser (1979), Lee and McMeeking
(1980), Lee (1981), Menat-Nasser (1982), Simon and Ortiz (1985),

5.3.2  Strain Tensors

In terms of the elastic and plastic parts of the deformation gradient, the Right Cauchy-
Green strain C and Left Cauchy-Green strain b are
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C=FF=(F") (F*) FF"

(5.3.5)
b=FF" =FF°(F") (F)
The Euler-Lagrange and Euler-Almansi strains are
E=(c-1)= l((Fp)T(Fe)TFeF” —1)
2 2 (5.3.6)

e=2i-n ) L) ) ) )

Define now elastic and plastic Right Cauchy-Green strains and elastic and plastic Left
Cauchy-Green strains:

e _ (e ) e e _pefpe )T
c=(F)F, b =F(F) 537
C

p:(Fp)TFp’ Bp:Fp(Fp)T

and elastic and plastic Green-Lagrange strains and elastic and plastic Euler-Almansi
strains:

Ee:%(ée_ll eeZ%(I—(be)_l)

: B (5.3.8)
-l e lw))

The overbars in Eqns. 5.3.7-8 are used to signify that the tensor is associated with the
intermediate configuration. The action of these twelve tensors on line elements in the
reference, intermediate and current configurations can be summarised as { A Problem 1}

dx® . dx@ = dXPCdx® dX® . dX® =dx"b'dx?
dx" - dx® =dX®C’dX®,  dX".dX? = dx?(b?) dx* (5.3.9)
dx¥ -dx® = dx"'Cedx® dx® - dx® = dx(b°) dx®

and { A Problem 2}

de|2 —|dX|2): dXEdX de|2 —|dX|2)= dxedx

1 1
2 2
%Qdir ~|0X|* )= dXE?dX. %Qdir ~|0X|* )= dxe’dx (5.3.10)
I ) e _ :

Eder —|dx|2): dxE°dx Eder —|dx|2): dxe®dx

They are illustrated in Fig. 5.3.2. Note that C # C°C", E = E°E".
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E°,C°

intermediate
/N conﬁguration

e’b ee’be
_e,Ee
E,C

Figure 5.3.2: Strain Tensors and associated configurations

Define now a new strain measure E , which can be called the intermediate strain,
associated with the intermediate configuration, through

E=(F")"E[F°)’ (5.3.11)

This is the push-forward for covariant components of the Green-Lagrange strain from the
reference configuration to the intermediate configuration (see Eqn. 2.10.18a):

E=y. ,(E) (5.3.12)

Using 5.3.7-8, this strain can be decomposed into an elastic component and a plastic
component according to { A Problem 3}

E=E°+e’ (5.3.13)
This compares with the push-forward of the Green-Lagrange strain from the reference
configuration to the current configuration, which equals the Euler-Almansi strain,

e= 7., (Ef =F"EF".

The push-forward of the strain E to the current configuration is the Euler-Almansi strain
(compare with 5.3.11):

— e VT =/ eme \1
e= 1. (E)=(F*)"E(F) (5.3.14)
which can be verified using Eqns. 5.3.11, 5.3.1 and the relation e = F "EF .

Finally, introduce the tensors
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(5.3.15)

In each configuration, there is now a set of elastic and plastic strain tensors, with their
sum equaling a total strain. These sets are related by push-forward/pull-back operations
{ AProblem 4}:

E=7.,E° =[F ) EF) E=z.(E) =(F)EF
E =y B =(F° ) EF) ., E =z (E)=(F)EF (5316
e =z, B =(FP)TEP(FP)"  EP =4 (") =(F7) PR
e=7. .(E)) =FTEF" E=z. (e =FTeF
e =z J(ES =FTEF' |, E° =y () =F'eF (5.3.16b)
e’ =z, (EP =FTE’F'  EP=j (") =FTe’F

e=zo(Bf =(F)EF)  E=gl()f =(F)eF
¢ =z (B =(F ) E(F)", B =l () =(F0) e F° (53.160)
e ) ] e’ =y ) =(Fe)TepFe

These nine strain tensors and their relationships through push-forward (pull-back)
operations are illustrated in Fig. 5.3.3.

intermediate
configuration

Figure 5.3.3: Push-Forward operations on strain tensors

The action of the three new tensors introduced above, E, E¢, e”, analogous to 5.3.10, is
given by
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%def —|di|2)= dXE*dX

1
2

1
2

Qdi|2 —|dX|2)= dxe”dx

(ax]” ~|dx|* )= dxEdx

dXEdX = dXEdx = dxedx
dXEPdX = dxePdx = dxe’dx
dXE®dX = dxE°dx = dxe®dx

The various tensors are summarised in Table 5.3.1.

Configuration | Green-Lagrange | Euler-Almansi Other
Reference E, E° E°=E-E’
Intermediate E® e’ E=E°+¢’
Current e e’ e’ =e—e°

Table 5.3.1: Strain Tensors for the Multiplicative Decomposition

5.3.3

The velocity gradient 1 is

Strain-Rate Tensors

1=FF"'

In terms of the elastic and plastic deformation gradients { A Problem 5},

1=k (F ) +F R (F°) " (F°)"

The rate of deformation and spin are

d=syml=%(l+lTl

w=skewl=%(l—lT)

Section 5.3

(5.3.17)

(5.3.18)

(5.3.19)

(5.3.20)

(5.3.21)

One can now define elastic and plastic velocity gradients, and decompose the total
velocity gradient according to

1=1°+1°

(5.3.22)

There are, however, a number of different possible definitions of 1° and 1°. The two
most prevalent definitions are discussed in what follows.
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Elastic and Plastic Velocity Gradients 1

The first term in Eqn. 5.3.20 is analogous to Eqn. 5.3.19, 1= FF". It only involves
elastic deformations and hence can be called the elastic part of the velocity gradient, 1°.

The second term is denoted by 1P and is called the plastic part of the velocity gradient
(although it involves both elastic and plastic deformations). Thus one has

1¢ :Fe( e)‘1

5.3.23
e erE () ) -

The rate of deformation and spin are then

d= syml_l'?e(l*“e)f1 J+ Sym[FeF P (F P )fl(Fe )71J

W= skew[Fe(F )71 ]+ Skew[FeF p (F p )71 (Fe )71] (5.3.24)

With the corresponding elastic and plastic parts:

a =20y ) W =gl ))

2

= atey) et

2

(5.3.25)

Elastic and Plastic Velocity Gradients 2

The rate of deformation is the Lie derivative of the Euler-Almansi strain,

b
L (e)= zw(% PO D = Zoso[E) =FTEF" =d (5.3.26)

In the same way, define the elastic and plastic rates of deformation to be the Lie
derivatives of the tensors e® and e respectively:

b
de = Lt:/(ee): Z*rac(di[l*_rlec (ee)bD _ Z*rﬁc(Ee)b —FTReF
' i (5.3.27)
0 =12fer)= 2, Sl e ] = i) e

One can also define rates of deformation in the intermediate configuration by taking Lie
derivatives of the strain tensors in the intermediate configuration:

A= 0) ol O] < =) o) 59

and
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b (5.3.29)
@ =1fe)- z*,ﬂ.(gt[m p)b]) o lB) <) ()
(5.3.30)
intermediate
configuration

Figure 5.3.4: Rate of Deformation and Lie Derivatives

Note also that the rates of deformations in the intermediate and current configurations are
related through the push-forward/pull-back operations { A Problem 6}

d= 7@ =) alF)’

a' = @) = () @) (5.331)
o @) )

Finally, note that direct relationships between d and ¢, and between d and E. From
2.5.18,

é=d—1"e—el (5.3.32)
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Similarly, analogous to 5.3.19, introduce a plastic velocity gradient,
1P = FP (F p )’1
so that { A Problem 7}
E-d-(I")E-EI°
Similarly { AProblem 8},

¢ =d° —17e* — ¢l E=d"-(")E -ET
e =d" —1"e" —e”l épzﬁp_(ip)

d=é+1"e+el d=E+(I°) E+EI"
d°=¢"+1"e"+el, d°=E°+(I") E°+ET°
d” =¢é” +1"e” +ef1 ar :§P+(IP)T5p+épip

Push forward now the plastic velocity gradient to the current configuration:

T =) ) ) ) )
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(5.3.33)

(5.3.34)

(5.3.35)

(5.3.36)

(5.3.33)
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Alternatively, introduce a velocity gradient 1 which is the pull-back for covariant
components of the spatial velocity gradient. For covariant components,

ot |

= 22 () = (F) 1R (5.3.26)

so that

dxldx = dx(F° ) IF°dx = F°dxIF°dx = dxldx (5.3.27)

Here, so the rate of change of a line element dX in the intermediate configuration is

(dx) =1°dx
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The velocity gradients 1,1°,1° are defined on the current configuration. These can be
pulled back to the intermediate configuration. The pull-backs to be used are for mixed

components I‘ij , (I ¢ )' i ,(I P )' ; (see the Appendix to this section, §5.3.3, which gives the

component forms of the tensors used in this section). These pull-backs are (see Eqn.
2.10.20c):

1° =z 0°) = (F ) 1eFe (5.3.20)

so0, using 5.3.19,

I=1°+1° (5.3.21)
where
Jje _ e Yl ge
: _(F) F (5.3.22)
1P sz(Fp)l

the second of these being 5.3.14.

The push-forwards for the velocity gradients defined on the intermediate configuration,
the inverse of the operations 5.3.20, are

Z*Hc (i)\ ( )
I° = 7., (01°) —Feie(Fe)*1 (5.3.23)
1° = 7, (1) =F1°(F°)"
and 5.3.18-19 are recovered.

These velocity gradients are summarised in Fig. 5.3.5.
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intermediate
configuration

Figure 5.3.5: Velocity Gradients
Rate of Deformation and Spin

The rate of deformation and spin are given by the symmetric and skew-symmetric parts of
the velocity gradient. From 5.3.17,

ol |ty )| oo
w= ()" +[Fel'?"(F")'l(Fe)‘1 (5.3.2)

The velocity gradients can be decomposed into their symmetric and skew-symmetric
parts, that is, the rate of deformation and spin:

a=2eetey) we= L))
R

(5.3.24)

If the velocity gradients have the mixed components I‘ij , (I ¢ )' j ,(I P )' j then, in order that the

rate of deformation and spin tensors have covariant components, one should include the
metric tensor g =1 in 5.3.24 as follows (see the Appendix to this section, §5.3.3):

a =t o)) w=llr ()

2 2

d’ =%(gl" +(l")Tg) wP Z%(glp —(lp)Tg)

(5.3.25)

For two tensors a, b, the push forward and pull-back (for covariant components) of their
contraction can be expressed as
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z.(ab)’ =F TabF ' =

( _
(FtaF [FbF ) . ( (5.3.26)
FTaF "\F'bF) = 7.'(a) "

x

7' (ab)’ = F"abF = (
— (F"aFJF'bF) = z'(a)’

Using the relations

7-'(g) =F'gF=C
7' (g) =F'gF =1 (5.3.27)
2'(g) =F'gF T =1

and Eqns. 5.3.20, the pull-back of the rate of deformation and spin tensors of 5.3.25 are

d= 7 @) =S (et 1'ef
= ref ) 2 07) 2l
:%(cen( ) e)‘TCE) (5.3.28)
—fetlm)yrE)e)
1 1 e
=§(c [+17C)
Similar calculations lead to, in summary,
H:%(cehiTce), W:%(Cel 1"'c?)
a _%(CEIe Lieyer]l  we :%(Ceie ) ) (5.3.29)
@ =tlerifel w=ller-@re)

The tensor C* plays the role of the metric tensor on the intermediate configuration and
appears here so as to ensure that the mixed components of the velocity gradients become
covariant components, consistent with the covariant components of d and w.

Note that

d=d*+d”, wW=w'+w°’ (5.3.30)
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534 Stress Tensors

The pull-back of the Kirchhoff stress T is the PK2 stress S:

S= o (1) =F'tF "

(5.3)

Introduce a new stress tensor S to be the analogous pull-back of T to the intermediate

configuration(see Eqn. 2.10.20b),
S= i) = (F) <)

or, equivalently, the push-forward of S to the intermediate configuration (see Eqn.
2.10.18b),

S=z..:8) =(F°B[F")

Stress Rates
Define § to be the material time derivative of S :

S=—S

Sl

This is equivalent to the pull-back of the Kirchhoff stress to the intermediate
configuration:

r=t-1r—1(1°)
= Lo (% i) D#

= Xrisse (g)#
=FS(F°)

L#

V,i<—C

Another useful Lie derivative is that of S, where the pull back is to the reference
configuration:

(5.3.)

(5.3.)

(5.3.)

(5.3.)

(5.3.)
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These are related through
Arisse (Lf/,reig)# = Li,r»cr = FSFT (53)

5.35 Problems

1. Use Eqns. 5.3.2 to show that the action of the Right Cauchy-Green strain tensors
C, C", C° and the Left Cauchy-Green strain tensors b, b”, b® on line elements in
the reference, intermediate and current configurations are given by Eqns. 5.3.9.

2. Show that the action of the Green-Lagrange strain tensors E, E”, E° and the Euler-

Almansi strain tensors e, €, e® on line elements in the reference, intermediate and
current configurations are given by Eqns. 5.3.10.

3. Derive the decomposition 5.3.13, E=E® +¢".

4.  Verify all nine push-forward/pull-back operations, 5.3.16a-c.

5. UseEqn.2.54, L=FF "', and 5.3.1, to show that 1 = F*(F* )" + F¥°(F° )" (F°)"
6.  Use relations 5.3.26-29 to verify relations 5.3.31.

7. Use the relation 5.3.11, E = (F P )_TE(F P )_1 ,and Eqns. 2.5.5, i.e.

F) —(F7)'(°) (7)== (F")", to show that E = d—(I*) E-EI°.

5.3.6 Appendix to 85.3: Convected Coordinates
Deformation Gradients

Using a convected coordinate formulation, the line elements can be expressed as
dX=d0'G;, dx=d@'g,, dx=dO'g, (5.3.5)
The deformation gradients are

F=g ®G', F’ =g ®G', F* =g,

®g' (5.3.6)

and the inverse deformation gradients are
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F'=G,9¢g, (") =G,®g., (F) =g o¢ (5.3.6)
Strain Tensors
From these, the Cauchy-Green tensors are
C:g”(_;i®Gj’ (_:p :q”..Gi®Gj’ ¢ ﬂ”gi@g] (5.3.6)
b=G'g ®g;, b =G'g ®g,, b*=7"g, ®g,

and their inverses are

C'=9¢'G,®G,, (c*)'=7"G,®G,, (C°)'=¢"g @7,

5.3.6)

with the metric coefficients given by

i =88, Gy T8 o (5.3.6)
¢'=g'-g!, gi=g-g. G'=G G

The Green-Lagrange and Euler-Almansi strains are

Ezé(gij —Gij)Gi ®G', E° =%(§ij _Gij)Gi ®G', E° :%(gij _gij)gi ®§j

| : . (5.3.6)
ezg(gu _Gij)gi ®g', e =5(qij —Gij)gi ®g', =E(gij _qii)gi ®g’

Also,

E:Euép:%(gij_eu)g‘@gi (5.3.6)
Strain-Rate Tensors

The time rates of change of the Green-Lagrange strain and the plastic Green-Lagrange
strain are

E:%gijGi@)Gj, Ep Z%@jGi(@Gj (536)

The spatial velocity gradient is

:%gi ®g! (5.3.6)

The rate of deformation is the symmetric part of I:

1= I~Ijgi ®g’
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1 T R Y THNT
d=5(1+l)> d‘j_2(| A1) (5.3.6)

]
For covariant components,
d; = g,,d" = (917 + gl ™)= 2, +1,) 5.3.6
i = Oim <j_Egim<j+gimj =5 i Tl (5.3.6)

When 1 is expressed in terms of mixed components, as in ???, one ends up with mixed
components for the rate of deformation, ???. One can obtain the covariant components
for d directly, by expressing d in the form

d =%(gl+ng)= %((gi ®g fI"g, @' )+("g' ®¢, g, ®2')
(5.3.6)

1 o
Zg(lij +|,-i)g ®g’

where g is the metric tensor.

Note that the rate of deformation and the plastic rate of deformation are the push-forwards

of the corresponding Green-Lagrange strains, so
- \b 1 . i i - . b = —j —j
d=z &) =Jgg'®g’.  d=p(0*) =Jg,g oF (53.6)

-1

ord=F"EF" and d=(F") " E°(F")
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2.2 Thermoelasticity

In this section, thermoelasticity is considered. By definition, the constitutive relations for
such a material depend only on the set of field variables {F, 0, Grad@}. This general case

will be considered toward the end of this section. Simpler cases, isothermal {F}, small-
strain {e}, one-dimensional {¢}, will be considered first.

In what follows, upper case letters will be used to denote the energy potentials per unit
volume. As before, lower case denotes per unit mass so, for example, U = pu for

internal energy.

2.2.1 Isothermal Small Strain Elasticity

For isothermal deformations, the basic thermodynamic statement can be written as (see
Eqn. 1.6.24)

c.&=py+
,O.W i (2.2.1)
=Y+ 0
where
¥ = py (rate of change of the free energy per unit volume)

® =pp>0 (dissipation per unit volume)
In isothermal elasticity', ® =0, and so one need only specify a free energy function.
One-Dimensional Analysis
Consider a simple one-dimensional extension of material. The free energy is a function

of kinematic state variables. The only state variable is the single strain & and the only
stress is o and hence

ot =¥(e) (2.2.2)
Le.
o¢ = Ma (2.2.3)
de
so that, since ¢ is arbitrary,
o= ) (2.2.4)
de

! this is discussed more rigorously in §2.2.2 below
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which agrees with the general relation 1.6.33d. This is the stress-strain (constitutive)
equation. In the context of elasticity theory, the Helmholtz free energy function is the
elastic strain energy function (Eqn. 2.2.4 is the same as Part I, Eqn. 5.4.9).

The classical linear elastic material corresponds to choosing a simple quadratic free
energy function:

¥(e)=—Ee’ (2.2.5)

SO
o =Ee, 6 = Eé (2.2.6)

A nonlinear example is

g’ g’ gt
T(8)2E08+E17+E2?+E37
o(e)=E,+Ee+E, e’ +E,;&’ (2.2.7)

6 =(00/0¢)é
—(E, +2E,6 +3E,6% ¢

One should ensure that (at least (1))

(1) o(0)=0 (zero strain at zero stress) which implies that £, =0

(2) (dO'/ dg)g=0 #0 (so one has a non-zero initial modulus)

3) (d ‘o/de’ )g:o =0 (so that, with (2), the origin is a point of inflection, ensuring
similar tensile and compressive strain behaviour)

Note that W has the dimensions of stress, so that the E; also have the dimensions of stress.

In the rate formulation: 6 = D&, D is the instantaneous elastic modulus (or stiffness)
do/de or d*¥/ds*. D is a constant in the linear model, but is, in general, a function of
strain, as in the above example, where D = E, + 2E, & +3E,&" .

Three-dimensional Analysis
Generalising the above to three dimensions, the free energy function is

Y(g;) Y(e) (2.2.8)
so that the basic thermomechanical identity becomes

: - oY . .y da¥ .
o6, =Y(¢;) :E‘g"f 6:¢=Y(e) :%:s (2.2.9)

y
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Since this again holds for all strain rates one can deduce that

S A (2.2.10)
7 O, de

Again, for the linear elastic material, the free energy function is assumed to be a quadratic
function of the strain:

\P:%Di/‘klgijgkl lP=%81D18 (2.2.11)
so that
oY
O-Inn =
aglﬂn
agi' o€
=3Dy, (%—Jgkz +3 D8, aekl (2.2.12)

1 |
=3D,,uéu +3D
=D

imn€ij

Eu

mnkl
provided the fourth order stiffness tensor D possesses the major symmetry:

Dy, =Dy, (2.2.13)
(D satisfies the minor symmetries D, = D, and D, = D,, by virtue of the symmetry

of the stress and strain.)

Eqn. 2.1.12 is the stress-strain equation for an anisotropic linear elastic material. The
rate form is formally

G, = Dyuéy (2.2.14)

q

For a nonlinear material ¥ is no longer quadratic, and the instantaneous modulus tensor
is a function of the strains.

If one starts by proposing the rate form of the elastic law, with a given modulus function
D(a) , then in general one cannot integrate Eqn. 2.2.14 to find a free energy function
(although one can achieve this in one-dimension). Such a model is termed hypoelastic.

A model in which ¥ does exist is called hyperelastic. Hyperelastic models
automatically satisfy the laws of thermomechanics, hypoelastic ones do not.
Note that the strain energy must be positive, ¥ > 0. From 2.2.11, this implies that

D &6, >0 €:D:e>0 (2.2.15)

for all strain tensors, that is, the stiffness tensor must be positive definite.
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Isotropic Elasticity

The theory of isotropic elasticity with small strains is a special case of that for large
strains discussed in Part III, §4.4. The theory discussed there applies here, only now with
the left Cauchy Green strain replaced by the small strain tensor. Thus, the free energy
function must be a function of a set of three invariants of the strain tensor €,
Y(E,,E,,E;), which here are taken to be

E =¢, =tre

E,=¢,¢, = tre’ (2.2.16)

_ _ 3
E, =¢,6,¢, =tE

The stress-strain relation is hence given by:

oY
Oy =5~
o,
(2.2.17)
_ oY OE, N oY OE, N oY OE,
OE, d¢; OE, 0¢; OF, O¢,
It is readily verified that { A Problem 1}
OE,/0¢; =0, OF,/0e =1
O, /0¢; =2¢, oF, /0e =2¢ (2.2.18)
OF, | 0¢,; =3¢, OE, /0 = 3¢’

so that

which is a quadratic polynomial in the strain tensor. If the free energy function does not
depend on the third strain invariant E;, the tensor relation is actually linear, though it

should be appreciated that the coefficients 0¥ /0E, , k=1,2,3, will in general depend in
a nonlinear manner on the strain invariants.

The classical linear model is recovered by choosing
Y =10E} + uE, ¥ =1A(tre) + putre? (2.2.20)
for then

o, =Ae, 5, +2ue;  o=Atre)l+2ue (2.2.21)
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The Gibbs Function and the Complementary Energy
From section 1.3, the Helmholtz free energy and the Gibbs energy functions are related

by a Legendre transformation. Formally, consider again the one-dimensional stress-strain
relation 2.2.4:

L _d¥@)

2222
1 ( )

To invert this expression and express the strain as a function of stress, first partially
integrate the equation with respect to strain to obtain

oe =Y¥(g)+C(0) (2.2.23)

where C(o) is an arbitrary function of integration, dependent only on stress.
Differentiating with respect to o leads to

__dC(o)

2.2.24
o ( )

which is the inverse of the original equation. From Table 1.3.1, it is clear that the
function C is the negative of the Gibbs energy function (per unit volume). In this context,
C is the complementary energy discussed in Part I, §5.4. One says that the free energy is
the dual of the complementary energy, and vice versa.
For example, if

Y =Ke’, o=3Ks’ (2.2.25)
then { A Problem 2}

C(o)=2K(c/3K)" . (2.2.26)

This theory readily extends to the general three dimensional situation. The original stress
strain equation is given by 2.2.10 so that

C;&; = ‘P(aij) + C(aij) 6:£=Y(g)+C(o) (2.2.27)
and the strains are now

dC(o;) dC(o)
gi' =, €=
/ do. do

y

(2.2.28)

For the linear material, ¥ =1¢:D:¢g, e=D"' : ¢ and the dual Complementary function
is C=16:D"':6. The fact that D in the linear case is positive definite ensures that it is

invertible. The inverse D' is called the elastic flexibility tensor C (see 2.2.11):

Solid Mechanics Part IV 61 Kelly



Section 2.2

C=3Cy,0,0, C=106:C:o (2.2.29)

2.2.2 Large Strain Thermoelasticity

In the general large strain thermoelastic case, the constitutive relations are of the form
c
q
u=u(F,0,V0) (2.2.30)
7

Here, for convenience, the material gradient of 2.1.13 has been replaced with the spatial
gradient V@ (through V& = F~' Grad®).

The dissipation inequality 1.6.20 is

¢=—s9—ay+%c:d—$q-vezo (2.2.31)

Using the relation Part I11, 3.7.25, 6 :d =oF " : F, this can be expressed as

psO+ pyr —cF " :F+%q-V€SO (2.2.32)
With
g= V5 W, OV Gy (2.2.33)
OF o0 = a(Vo)
one has

oy ) . 8wj : oy — 1
WV (eFT-pY ) ks p- Y _Taslq.ve<o (2234
p(s aej [ Por) Powe) U e (22.34)

For any given {F, 0, V@} , this inequality must hold for any arbitrary values of F,6 and

V@ . Thus the coefficients must be zero:

P L /2y (2.2.35)

00 OF a(ve)
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The third of these implies that the free energy is independent of the temperature gradient:
w =y(F,0) (2.2.36)

and so the entropy and stress are also; further, the internal energy is

u=y -0 (2.2.37)

Stress-Strain Relation

The stress-deformation relation 2.2.35b can be expressed in a number of different ways,
for example, in terms of the PK1 stress P = J6F " and the PK2 stress S = JF '¢F ™" (the
first of these follows from the symmetry of the Cauchy stress)

oy o1 oy !
6=p——F" = pF ==
P oF p(aFj
oy
P=p, — 2.2.38
Po oF ( )
s=pF' Y
OF

Introducing the free energy per unit reference volume, ¥, these read as

cs=J’la—lPFT P—a—T S:F,la_‘P

==, (2.2.39)
OF OF oF

In the case of material symmetries, they take reduced forms as discussed in Part II1,
Chapter 4. For example, for isotropic materials the Cauchy stress is a function of the left
Cauchy-Green strain only:

o=27"%p (2.2.40)
ob

Gibbs Relations

One also has the useful Gibbs relations { A Problem 3}
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y)—LP:F—sﬁ'
Po
.1 -
u=—~"P:F+6&
Po
. (2.2.41)
h=——F:P+&
Po
1 . .
g=——VF:P-s6
Po

Isothermal Elasticity

For isothermal materials, the free energy becomes the strain energy W per unit reference
volume, e.g. in terms of the PK1 stress, the stress and stress power can be expressed as

ow(E) L ow(E)

P=""
OF

F=P:F (2.2.42)
oF

Since there are no temperature gradients, the entropy inequality 2.2.34 becomes an
equality and any process is completely reversible. For a reversible process, the
dissipation is ¢ = 85 =0 and so, as mentioned in §1.6.4, such a process is also isentropic.

Adiabatic Elasticity
For adiabatic conditions, the heat flux is zero, so again the entropy inequality 2.2.34

becomes an equality and any process is reversible and isentropic. Working with the
internal energy, from 2.2.41b, with its canonical variables, u = u(F,s), one has

=) eF T Fe_p:F (2.2.43)

P Po
The internal energy thus becomes the strain energy and one again has 2.2.42.
Energy Potentials and Canonical Variables

Following on from §1.3, the thermodynamic potentials (per unit reference volume) in
terms of canonical variables take the form

¥ =¥(F0), U=UFs) G=G(P,0), H=H(P,s) (2.2.44)

The various relationships for these potentials are given in Table 2.2.1, which is a
reproduction of Table 1.3.1 for finite strain reversible processes.

The fourth column contains the Gibbs relations 2.2.41.

Thermo- Symbol

. Definition Rate-form relationship Maxwell relation
dynamic and
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potential | appropriate
variables
(%) &)
Internal . . . F s
F = .
energy U(S,F) U=P:F+6S (agj —(apj
oF ). \as ),
)
Enthalpy | H(S,P —U-P: T=—F:P+65 ! ’
oP ) oS Jp
(oY (oY
Helmholtz . . ) T 00 F’P_ £ P
free Y(b,F) Y=U-65 VY=P:F-S60
5
oF ), 00 )
A3
G=U-65-P:F 0 ®o
Gibbs free =U-65-P: . . .
onorey G(6,P) G=-F:P-56 (asj z(aFj
oP ), 00 )

Table 2.2.1: Thermodynamic Potentials (per unit reference volume)

The Gibbs Relation and Classical Thermodynamics

In increment form, the second of the Gibbs relations 2.2.41 can be expressed as

ds = é(du —icF"T . dFj

o,

(2.2.45)

Consider an elastic (inviscid) fluid, for which by definition the stress is a function of F
only through the density p:

G = —p(p,@)l

where p is the hydrostatic pressure. Using { A Problem 4}

)

o,

F':F,

relation 2.2.45 reduces to the classical thermodynamics Gibbs relation

Heat Flux
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ds :l[du—%dpj
o,

65

(2.2.46)

(2.2.47)

(2.2.48)
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The first law is

i =lP:F—iDiVQ
’130 1”0 (2.2.49)
=—oc:d—-—divq
P P

Recall that, in this expression, the divergence of the (Cauchy) heat flux represents the
heat entering a material element, Eqn. 1.6.4,

oQ :
— = —| divqdv 2.2.50
~ f q (2.2.50)

For a homogeneous material, (50 /dt)1/v)= —divq.

Using 2.2.41b, one has the useful relation between the rate of entropy and the heat flux
vector for a thermoelastic material:

05 = - DivQ = - divg (2.2.51)
)

Po
Heat Conduction
From 2.2.34, the dissipation inequality reads
q(F,0,v8)-vo<0 (2.2.52)

This is Fourier’s inequality and merely states that heat flows from a hot region to a cold
region. One usually assumes Fourier’s law of heat conduction:

q=-K(F,0)vVe (2.2.53)
where K is the thermal conductivity tensor. This constitutive law is sometimes referred
to as Duhamel’s law of heat conduction, to distinguish it from the case of a thermally
isotropic material, for which K = I, which is then referred to as Fourier’s law.

If one considers the left hand side of Eqn. 2.2.52 to be a function of V&, this function

attains a maximum (of zero) when V& =0. Thus

=q(F,6,0)=0 (2.2.54)

T
__Q__Gl.s76 ::(_Eﬁl_j ‘76)+_q
ove e ave

This implies that, without a temperature gradient, there is no heat flow. Since it is a
maximum,

V=0
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2 T
¢ ~(q-ve =( aqj .24 (2.2.55)
o(Vo) oy \OVO) 0OVE

must be negative semi-definite. This implies that the symmetric part of the thermal
conductivity tensor K in 2.2.53 must be positive semi-definite.

Consider next the quantity K:9°6/0x”. Since 8(80/8xi)/6xj = a(ae/axj )/ OX;,

0°0/0x” is symmetric. Further, the double contraction of a symmetric tensor and a skew
tensor is zero. Thus K :0°0/0x* =symK :6°0/0x”. The heat flux appears in the first
law only as divq . Evaluating this gives, with Fourier’s law,

0K, 2
divq:i -K; 00 |_ 2y 00 -K; o0 (2.2.56)
OX; " Ox, Ox; Ox; " Ox,0x;

For a homogeneous material, 0K i /0x, =0, and so

0%0
ox>

divq = —symK : (2.2.57)

Thus, for homogeneous materials, it is only the symmetric part of the thermal
conductivity tensor which enters the energy balance. In fact, it is almost universally
accepted that K is symmetric, whether the material is homogeneous or not.

Heat Capacity and Latent Heat

The specific heat capacity is the heat required to raise the temperature of a body by unit
temperature (per unit mass). From the first law, 2.2.49, when there is no deformation

(F =0), all the heat absorbed is transferred to internal energy. The specific heat
capacity at constant deformation is then by definition (see Eqn. 1.1.15)

_ ou(F,6)
00

Crp

(2.2.58)

The heat capacity can also be expressed in terms of the free energy { A Problem 5}:

2
¢y =0 os(F.0) _ —Hw (2.2.59)
00 06
From 2.2.51, one then has the equation of heat conduction { A Problem 6}
2 2
0%V 990V i_1pivg (2.2.60)
00060 0O0F Lo

Some of the heat energy results in a temperature change, the first term, which is the heat
capacity term. The second term represents a thermoelastic coupling effect whereby a
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deformation induces a temperature change; this term is often neglected as it is usually
small in applications. This second term can be interpreted as a latent heat term, whereby
heat can be absorbed without a change in temperature.

In terms of the enthalpy, the first law 2.2.49 can be expressed as

h:iF:P—iDin (2.2.61)

Po Po

At constant stress, the heat energy now results in an increase in enthalpy. The specific
heat capacity at constant stress is then by definition

¢, = %;9) (2.2.62)

The heat capacity can also be expressed in terms of the Gibbs energy (using the relations
in Table 2.2.1):

_ eaz g(P,0)
o0 06°

(2.2.63)

For isotropic engineering materials, e.g. metals, concrete, which undergo small strains,
cp =c,I,with ¢, *10°Nm/kgK and ¢, =c_I, with c_ being slightly greater than c,
(by a few percent).

2.2.3 Small Strain Thermoelasticity
The Free Energy and Thermal Strains

In the linear theory, the free energy is a function of the small-strain and the temperature,
1//(8, 9), and, as with the strains, temperature changes are assumed to be small. Assume

that in the reference state the temperature is 6, and the material is strain-free. Then,
expanding the free energy in a Taylor series and retaining only terms up to second order,

1% 1% 1 0w
) =w +Y Y (0-0)+ L
vie.0)=vl, + 5 ) Haeo( D) 5E o 0
N o (2.2.64)
v w ’
0-0 gt — 0-0
+ 0)8&386?0 YYD 0( )

where the notation | means that the quantity is evaluated at the reference state. Note

that the specific heat at constant deformation (strain) occurs in the last term here (see Eqn.
2.2.59).

The stress is now
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62
+p68y2/§

_ oy _ oy
6_/)68 '068|0

2
54 p(0-0,)° (2.2.65)
. 0506,

Assuming the material is stress-free in the reference state, € =0, 8 = ,, then
(8;///8810 =0, and 2.2.65 can be expressed as

o, =D&, B,(0-6,) c=D:e-p(0-6,) (2.2.66)

where the stiffness tensor is

o’y o'y
D, = D= 2.2.67
o p&egaek, r og’ ( )
and
o’y o’y
== =— 2.2.68
bi=Pogo0 P P00 (2:2.68)

It was seen earlier that D is positive definite and so is always invertible. Define then the
tensor a through D:a = (so a =C:p, where C is the flexibility tensor) so that

o; =Dy, [e,, -, (0-6,)] o=D:[e-a(60-6,)] (2.2.69)

The quantity a(6 —6,) is called the thermal strain and « is the tensor of thermal

expansion coefficients. For isotropic engineering materials, a = ol , with & * 10° K",
Note that, from 2.2.67-8, with the derivatives evaluated at the reference configuration, D

and a are constant tensors. One can generalize to a theory with temperature-dependent
properties, by expressing 2.2.64 in the form

w(e,0)= A+ B(H)(9—90)+%a : l1)(9):8
Yo

(2.2.70)
—(0-6,)(60): e+~ E(0)0-6,)
o 2

The Gibbs Energy

The temperature dependence of a thermoelastic material can be conveniently expressed
using the Gibbs free energy, g = g(c,@):

&, :—pa—g a:—pa—g (2.2.71)

Then, immediately,
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&, =Cp 6y +a,0 £=C:6+00 (2.2.72)
where now
o’g o'g
Cop=—p—2— C=-
W= g 00, ¥ 600
(2.2.73)
aZg aZg
A, =— o=-—
P 0,00 ¥ oa00

To complete the set of second derivatives of the Gibbs function, one also has the heat
capacity at constant stress (see Eqn. 2.2.63):

2
c. =—0 aagagg (2.2.74)

Heat Capacity

Just as the stress, Eqn. 2.2.65, was expressed in terms of the free energy 2.2.64, the
entropy can be expressed as the linear function

oy _ dy| 82w| R %
__ oy _ oy| e-(0-0,° Y 2275
P70 " a0, a0, 0-0)5: 0 (227)

The first term on the right represents the reference entropy, at the reference state, and can
be omitted. The last term involves the specific heat at constant strain. The second term
involves the tensor B (see Eqn. 2.2.68). Thus

s:lot:D:&He_e0
e,

c (2.2.76)

€

For an isotropic material, the stiffness tensor is given by Part III, Eqn. 4.1.12,

D=A®1+uli+1) D,, =15,5,, +us,5,+5,5,) 2.2.77)

i7" mn im~ jn in~ jm
in which case

o, Dyuey = 08,(A8, 6, +2pe, )= (32 + 2u)e, =3Kag,, (2.2.78)
where K is the bulk modulus. With (6-6,)/8 ~(6-8,)/ 6, , the entropy is now

s(e,0)= K% g 0= (2.2.79)
P 0,
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With Fourier’s law, q = —kgradé, the equation of heat conduction, 2.2.60, can be
expressed as (with 8 = 6,))

3K 1 = F div(erads) (2.2.80)
P P

c,0+06,

In order to express these relations in terms of stress, from 2.2.69, the isotropic stiffness
tensor 2.2.77 and Part 111, 4.1.20,

6 = 2udeve + K (tre)l —3aK (0 — 6, 1 (2.2.81)

Then, with the trace of a deviator zero,

tre = 3K (tre) —9aK (0 - 6, ) (2.2.82)
Thus 2.2.79 can be expressed as
: 0-6
5(6,0)=Z1re + 22 K (9_9,)+ L% . (2.2.83)
p p o,
The specific heat capacity at constant stress is then, from 2.2.63,
c. =0 o5(0.0) _ 0, ds5(o.6) (2.2.84)
00 00
leading to the relation
9a’K
¢, —¢, =0, (2.2.85)
P
In terms of stress, the equation of heat conduction 2.2.80 reads
. a, . k.
¢, 0+ 6, =tré = —div(gradé) (2.2.86)

P P

2.2.4 Problems

1.  Differentiate the invariants 2.2.16 to derive relations 2.2.18.
2. Derive the complementary function 2.2.26.

3.  Derive the Gibbs relations 2.2.41 for an elastic material.
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4. Use the conservation of mass relation p, = Jp and the relation Part III, 2.5.19,
J =JF " :F, to derive the relation 2.2.47, p/p=-F " :F.

5. Show that the heat capacity is proportional to the second derivative of the free
energy, Eqn. 2.2.59.

6. By taking the entropy s to be a function of the variables (F, 9), use the relation
2.2.51, p,0s =-DivQ, and the relation between entropy and free energy, Eqn.
2.2.35a, to derive the equation of heat conduction 2.2.60,

2 2
-0 Oy 0-0 Oy 2F=—LDiVQ
00060 0O0F Lo

7. Derive the equation of heat conduction 2.2.86.
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