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4 Non-Linear Elasticity 
 
Non-linear elastic materials, in particular elastic materials subjected to large strains, are 
examined in this chapter.  Most of the chapter is concerned with hyperelastic materials, 
that is, elastic materials for which the stress can be derived from an elastic strain-energy 
potential function. 
 
Some of the different types of elastic material models are reviewed in §4.1.  Hyperelastic 
materials are studied in the sections which follow.  General constitutive relations are 
derived for both the material and spatial descriptions and for both compressible and 
incompressible materials.  It is shown how the principle of material frame-indifference 
restricts the form a constitutive equation may take.  The more commonly used isotropic 
material models are discussed in §4.4 and material anisotropy is discussed in §4.5. 
 
A de-coupled formulation of hyperelasticity is presented, which is useful for materials 
which are nearly incompressible. 
  
Finally, some of the equations for isotropic materials are linearised, showing how they are 
consistent with the linear elastic model. 
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4.1 Elastic Solids 
 
In this section is given an overview of the common elasticity models.  
 
 
4.1.1 The Linear Elastic Solid 
 
The classical Linear Elastic model, or Hookean model, has the following linear 
relationship between stress and strain: 
 

mnijmnij C εσ =⋅= ,:εσ C                                     (4.1.1) 
 
where ε  is the small strain tensor, §2.7. 
 
Strain Energy 
 
In this purely mechanical theory of elastic materials, there is no dissipation of energy – all 
the energy of the loads is stored as elastic strain energy in the material as it deforms, and 
can be recovered. 
 
For the linear elastic material, the rate of deformation is equivalent to the rate of small-
strain, εd &= , so the strain-energy function can be written as 
 

εσ ddW :=                                                         (4.1.2) 
 
and the total energy stored per unit volume over the complete history of straining is 
 

∫= εσ dW :                                                         (4.1.3) 
 
nnd the stress can be written as 
 

ε
σ

∂
∂

=
W                                                             (4.1.4) 

 
Reduction in the number of Independent Elastic Constants 
 
Since the stress and strain are symmetric, jiij σσ =  and nmmn εε = , the fourth-order 
elasticity tensor of stiffness coefficients contains the minor symmetries 1.9.65, 
 

ijlkjiklijkl CCC ==                                                   (4.1.5) 
 
and so the 81 coefficients reduce to 36 independent coefficients.  Further, since C  is 
independent of the strains, 
 

eeεεεσ ::
2
1:: CC =⋅== ∫∫ ddW                                   (4.1.6) 
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and so 
 

ee∂∂
∂

=
W

C                                                           (4.1.7) 

 
Now 
 

ijmnmnij

WW
εεεε ∂∂

∂
=

∂∂
∂                                                 (4.1.8) 

 
and it follows that C  possesses the major symmetries: 
 

mnijijmn CC =                                                         (4.1.9) 
 
This reduces the number of independent elastic constants from 36 to 21.  
 
Problems involving Elastic Materials 
 
The six constitutive equations 4.1.1, together with the equations of motion and the 6 
kinematic relations relating the strains to the displacements, Eqn. 2.7.2, 

( ) 2/,, ijjiij uu +=ε , gives a set of 15 equations in the 15 unknowns: the six stress 
components, the six strain components and the three displacement components. 
 
To maintain a linear theory, the acceleration term in the equations of motion must be 
linear; this is achieved by supposing the displacement gradients to be small: 
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When this acceleration term is included, the problem is dynamic.  When the equations of 
equilibrium are used, the problem is static. 
 
Compatibility 
 
An alternative method of solution is to remove the displacements from the above system 
and solve only for the stresses and strains.  In this case the strain-displacement relations 
are replaced by  three compatibility equations, and there are then 12 equations in 12 
unknowns.  Once the system is solved, the displacements can be obtained from the strains 
by integration. 
 
The Isotropic Linear Elastic Solid 
 
When the material is isotropic, the constitutive equation holds in any coordinate system, 
 

mnijmnij C εσ ′=′                                                   (4.1.11) 
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and so the tensor of elastic constants is isotropic.  The most general fourth-order isotropic 
tensor takes the form 1.10.7, 
 

( ) ( )jminjnimmnijijmnC δδδδμδλδμλ ++=++⊗= ,IIC II            (4.1.12) 
 
with the fourth-order unit tensors given by 1.9.60, 
 

nmjijmin

nmjijnim
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eeee

⊗⊗⊗=
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δδ

I

I
                                    (4.1.13) 

 
which has only two independent material constants.  Since the strain is symmetric, one 
has 
 

( )( )
( ) εII

εII

εσ

:2
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⋅+⊗=
⋅++⊗=
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I

II

C

μλ
μλ                                        (4.1.14) 

 
and the constitutive equation reduces to {▲Problem 1} 
 

( ) ijijkkij ee μδλσμλ 2,2tr +=+= εIεσ                       (4.1.15) 
 
and the two elastic constants μλ,  are called Lamé’s constants. 
 
Problems in Isotropic Elasticity 
 
The 15 equations mentioned earlier can be reduced by eliminating the strains from the 
constitutive equation and the kinematic equation, and then substituting the resultant 
expression for stress into the equations of motion, giving Navier’s equations 
 

( ) ( ) ( ) 2

2

2

22
2 ,divgrad

t
ub

x
u

xx
u

i
k

i

ki

k

∂
∂

=+
∂
∂

+
∂∂

∂
+=+∇++ ρρμμλρρμμλ ubuu &&  

(4.1.16) 
 

This set of three partial differential equations is appropriate for problems involving 
displacement boundary conditions. 
 
The Lame’s constants and the Young’s modulus and Poisson’s ratio are related through 
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                                (4.1.17) 

 
The linear elastic constitutive equations in terms of the engineering constants reads 
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The Bulk Modulus 
 
The tensor of elastic constants can be written in the alternative forms 
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where the new constant introduced is the bulk modulus κ .  This last expression then 
leads to the alternative form of the constitutive relations, 
 

εIεσ dev2)tr( μκ +=                                         (4.1.20) 
 
This expression shows that the stress can be decomposed into a spherical component and 
a deviatoric component.  For a pure volume change, 0dev =ε , and there are no shear 
stresses, ( )Iσσ tr= ; the bulk modulus is thus a measure of the resistance of the material 
to volume changes.  
 
 
4.1.2 Geometrically Non-Linear Elastic Materials 
 
When the strains (displacement gradients) are not small, the behaviour of the material will 
inevitably be non-linear.  This is due to the geometric non-linearity of the kinematic 
strain-displacement relations, for example using the Green-Lagrange strains and the 
reference configuration, 
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The Kirchhoff Material 
 
The Kirchhoff material is an extension of the linear elastic model to the large strain range; 
the constitutive relation is a linear tensor relation, but non-linearities enter through ( )uE : 
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mnijmnij ECS == ,: ES C                                    (4.1.22) 

 
where S is the PK2 stress tensor and E is the Green-Lagrange strain.  Since both S and E 
are symmetric, the fourth-order tensor C  has the minor symmetries, jimnijmn CC =  and 

ijnmijmn CC = , and so has 36 independent coefficients.  Following the same arguments as 
before, one can define a strain energy function (per unit reference volume) 
 

ijij dESdWddW == ,: ES                                    (4.1.23) 
 
and the total energy stored per unit volume over the complete history of straining is 
 

EE ::
2
1

2
1

C=== ∫ mnijijmnijij EECdESW                        (4.1.24) 

 
and the stress can be written as 
 

ij
ij E

WSW
∂
∂

=
∂
∂

= ,
E

S                                        (4.1.25) 

 
Again, the existence of the strain energy function implies that the matrix of elastic 
coefficients only has 21 independent coefficients. 
 
When the Kirchhoff material is isotropic, the constitutive relation reduces further to 
 

( ) ijijkkij EES μδλμλ 2,2tr +=+= EIES                     (4.1.26) 
 
As mentioned in §2.7.2, the linear elastic model can not be used when there are large 
rigid body rotations, even if the displacement gradients are not large.  The Kirchhoff 
model can be used in these cases. 
 
 
4.1.3 Materially Non-Linear Elastic Materials 
 
An elastic material might also exhibit material non-linearity through a non-linear 
constitutive equation, for example the Cauchy stress might be some non-linear function of 
a strain measure, or of the deformation gradient: 
 

))(( tFfσ =                                                    (4.1.27) 
 
where f is some tensor function of the deformation gradient F.  This constitutive equation 
is called the Cauchy Elastic material model.  As can be seen, the stress is dependent on 
the current state only, and not on the path history, a requirement of elasticity.  However, 
the stress in the case of a Cauchy elastic material cannot in general be written in terms of 
a strain-energy function.  In other words, the work done might be path-dependent. 
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Objectivity Requirements 
 
The notion of objectivity was introduced in §2.8.  When formulating constitutive relations 
for materials, one must ensure that the principle of material objectivity(or the principle 
of material frame indifference) be satisfied.  This principle states that 
 

A constitutive law must be independent of the location of the observer (or frame of 
reference that is taken) 

 
This implies that two observers, even if in relative motion with respect to each other, 
observe the same stress in a given body.  Consider the Cauchy elastic material 4.1.27.  
The Cauchy stress is an objective tensor.  Referring to the example of Eqns. 2.8.47-50 in 
§2.8.4, objectivity requires that the constitutive relation be of the form 
 

( ) TRURfσ =                (4.1.28) 
 
The constitutive relation can also be written in terms of other stress measures.  For 
example, using ( ) TTTT RPURUPPFσ ===J , one has 
 

( ) 1-J UURfP =                                                (4.1.29) 
 
For the PK2 stress, one has T1 −−= σFFS J , so that 
 

( ) 11det -UUfUUS −=                                         (4.1.30) 
 
which does not depend on the rotation.  This last relation can also be written in the form  
 

( ) )(det 2/12/1
2

2/12/1 CgCCfCCS ≡= −−                             (4.1.31) 
 
This is clearly objective, since S and C are unaffected by an observer transformation,  

SS =*  and CC =* . 
 
 
4.1.4 Hypoelastic Materials 
 
A hypoelastic material is one whose constitutive law relates the rate of stress to the rate 
of deformation d.  This can be written in terms of the Cauchy stress as ),( dσσ f=& .  
Consider a simple one-dimensional linear model, 
 

dE=σ&                                                      (4.1.32) 
 
Since, in one-dimension, the stretch is dXdx /=λ , the rate of deformation is equivalent 
to the spatial velocity gradient l and the rate of change of a line element dx  is 

dxldtdxd =/)( , dividing through by dX  gives λλ /&=d  (see Eqn. 2.5.10), so that 
 

λ
λ
λσσ

λ
λσ lnEdEdE ===→= ∫∫
&

&                           (4.1.33) 
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This shows that the stress is clearly path-independent, depending only on the current 
stretch.  In fact, the stress can be written as the derivative of a strain energy function 
according to λσ ddW /= , where λ/EW = . 
 
In the three dimensional case, however, the rate of deformation can not in general be 
written as the rate of change of some simple function, dtd /)(•=d , and so the above 
calculation cannot be done, implying that the hypoelastic material cannot be written in 
terms of a potential function, and the work done is path-dependent.  The path-dependence 
is, however, small when the strains are small.  
 
 
4.1.5 Hyperelastic Materials 
 
A hyperelastic material (or Green elastic material) is defined to be an elastic material for 
which a strain-energy function W exists, a scalar function of one of the strain or 
deformation tensors, whose derivative with respect to a strain component determines the 
corresponding stress component.  From the above, the linear elastic model, the Kirchhoff 
model and the one-dimensional hypoelastic model are all examples of hyperelastic 
materials.  The hyperelastic material is a subset of the Cauchy-elastic material.  
Hyperelastic material models for components under large strains will be the subject of the 
following sections. 
 
 
4.1.6 Problems 
 
1. Show that 

( )
( ) εε

IεεII

2:

tr:

=+

=⊗

II
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4.2 Hyperelasticity 
 
The Hyperelastic material is examined in this section. 
 
 
4.2.1 Constitutive Equations 
 
The rate of change of internal energy W per unit reference volume is given by the stress 
power, which can be expressed in a number of different ways (see §3.7.6): 

 
CSESFPdσ &&&& :::: ==== JW         (4.2.1) 

 
The internal energy is regarded as a function of a deformation variable.  For example, 
 
The change in energy is due to the deformation which takes place, so take W to be a 
function of, say, the deformation gradient )(tF , )(FW .  It is assumed that in the reference 
configuration the strain energy is zero, 0)( =IW , and that it grows with deformation, 

0)( ≥FW 1. 
 
The chain rule gives 
 

F
F
F && :)(

∂
∂

=
WW                                                     (4.2.2) 

 
From 4.2.1, 
 

F
F
FFP && :)(:

∂
∂

=
W                                                   (4.2.3) 

 
Since F and F&  can take on any value independent of the other, one must have 
 

F
FP

∂
∂

=
)(W                                                         (4.2.4) 

 
This is a constitutive equation relating the kinematic variables to the force variables.  
From 4.2.1, alternative forms are: 
 

C
CS

E
ES

∂
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=
∂

∂
=

)(2,)( WW
                                         (4.2.5) 

 
The procedure used in Eqns. 4.2.2-4 cannot be used for the stress power relation dσ :J  
since there is no function whose derivative is the rate of deformation.  Instead, use the 
relation 3.5.6, T1PFσ −= J , 4.2.4, FP ∂∂= /W , to get 
 

                                                 
1 and that it tends to infinity as the material is either compressed to a point, 0det →= FJ  or expanded to 
an infinite range, ∞→= FdetJ . 
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An alternative relation can be obtained by first deriving a relationship between the partial 
derivatives of the strain energy function with respect to the deformation gradient, 

ijFW ∂∂ / , and with respect to the right Cauchy-Green tensor, ijCW ∂∂ / .  Suppose first 
that the strain energy is a function of the deformation gradient: 
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The chain rule for ( ))(FCWW =  gives 
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With FFC T= , 
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so that (and using the fact that C is symmetric), 
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or 
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Now 4.2.6 can be re-written as 
 

T12 F
C

Fσ
∂
∂

= − WJ                                                 (4.2.12) 

 
Similarly, Eqn. 4.2.4 cab be re-written as 
 

C
FP
∂
∂

=
W2                                                     (4.2.13) 
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The Strain Energy and the Right Stretch Tensor 
 
The right stretch tensor can be expressed as UUC = , where U is the right stretch, or, 
since U is also symmetric, UUC T= .  One can see the similarity between this relation 
and the relation FFC T=  so, using the same arguments as given above, one has for 

( ))(UCWW = , (see 1.11.36) 
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Since U is symmetric, 
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showing that U and C∂∂ /W  are coaxial. 
 
 
4.2.2 Objectivity of the Constitutive Equations 
 
An observer transformation (see §2.8) results in QFF =*  and *CC = , so 

CCCC ∂∂=∂∂ /)(/)( ** WW , and, so, from 4.2.12, 
 

TTT1* 2 QQσQF
C

QFσ =
∂
∂

= − WJ                                (4.2.16) 

 
which is the objectivity requirement for a spatial tensor and so this constitutive law 
satisfies the requirement of material frame-indifference, when W is a function of C.  This 
evidently holds true also when W is a function of E.  It does not, however, hold true in 
general when W is a function of F, as in the constitutive law  FFP ∂∂= /)(W .  However, 
with W a function of C, the constitutive equation 4.2.13 can be seen to be objective. 
 
The objective constitutive equations in this section are indicated by a box around them. 
 
 
4.2.3 Elasticity Tensors 
 
The total differential of the PK2 stress can be written as 
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where C  is the fourth-order tensor 
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and is a measure of the change in stress which occurs due to a change in strain.  It is 
called the elasticity tensor (in the material description) or the tangent modulus. 
 
Since S and E are symmetric, C  possesses the minor symmetries, ijlkjiklijkl CCC == , and 
so has 36 independent components.  However, if hyperelastic conditions hold, so that 
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and so C  possesses the major symmetries, klijijkl CC = , and only only 21 independent 
components. 
 
The rate form of the above equations is 
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or 
 

ECS &&& :: 2
1 CC ==                                             (4.2.21) 

 
 
4.2.4 A Note on the Strain Energy Function 
 
Some confusion can arise in expressions such as 
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As mentioned at the end of §1.11.5, one can either 
• use the energy function ),,,,,(** 332221131211 EEEEEEWW = , a function of 6 

independent variables, in which case 
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• use the energy function ),,,,,,,,( 333231232221131211 EEEEEEEEEWW = , a function of 9 

variables, not all of them independent, in which case  
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and the symmetry of W with respect to the strains, which must be assumed here, 
implies that the stress is also symmetric. 

 
 
4.2.5 Hyperelasticity with Constraints 
 
Consider a Hyperelastic material which is subject to the scalar constraint 
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Without the constraint, one has 
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The constitutive equation FP ∂∂= /W  can be derived from 4.2.26 when F&  is arbitrary.  
However, for the material with the constraint, the F&  cannot be “cancelled” out from each 
side; one has the conditions 
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In general then, 
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where α  is some arbitrary scalar.  The stress is therefore given by 
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and the rate of change of internal energy is 
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The strain energy is 
 

)()( FF αφ+W                                                (4.2.31) 
 
The second term here is evidently zero and so does not contribute to the strain energy.  
However, the stress is the derivative of the strain energy with respect to a kinematic 
quantity, and the derivative of this last term, the second term in 4.2.29, is not be zero.  
The scalar α  is, or determines the magnitude of, a workless reaction stress.  It ensures 
that the constraint is satisfied; it is not set a value in the constitutive equation, rather, it is 



Section 4.2 

Solid Mechanics Part III            Kelly 365

determined by  considering particular problems, through equilibrium and boundary 
conditions. 
 
For N constraints Nii K1,0)( ==Fφ , 4.2.29 generalises to 
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Incompressible Materials 
 
An incompressible material is one whose volume remains constant throughout a motion, 
and so has the following constraint: 
 

1det == FJ   or  0=J&                                        (4.2.33) 
 
From 1.11.34, T)(det/)(det −=∂∂ AAAA , one has T/ −= FF JddJ , which equals T−F  at 

1=J .  Thus the PK1 stresses can be written as 
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and the strain energy function is of the form 
 

( ) )1()( −− FF JpW                                             (4.2.35) 
 
with α−=p . 
 
Using 3.5.9, PFS 1−= , one also has 
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Using 2.5.20 and 2.5.18b, 
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2
1111T −−−−− ===== JJJJJJ             (4.2.37) 

 
and the stress power is 
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1
2
1

2
1

                           (4.2.38)  

 
consistent with 4.2.30. 
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The strain energy of 4.2.35 is expressed in terms of F.  This can be re-expressed in terms 
of C.  Since CCF IIIdetdet ===J , the incompressibility constraint can be 
expressed as 
 

( ) 01III =−= CCϕ                                            (4.2.39) 
 
and the strain energy can be written as 
 

( ) )1III(
2
1)( −− CC CpW                                             (4.2.40) 

 
The factor of 1/2 has been included so that the p in 4.2.35 is the same as the p in 4.2.40, 
since, from 1.11.33, 
 

1III −=
∂
∂

C
C

C                                                        (4.2.41) 

 
leading to the same expression for the PK2 stress as befoe, Eqn.4.2.36. 
 
Similarly, in terms of the Cauchy stress, one has{▲Problem 1} 

 

IF
C
CFσ pW

−
∂

∂
= T)(2                                           (4.2.42) 

 
Because of its role in this equation, the scalar  p is called the hydrostatic pressure. 
 
Inextensible Constraint 
 
Consider a material which is inextensible in a direction defined by a unit vector Â  in the 
reference configuration.  The constraint for this material is given by Eqn. 2.2.60, 
 

( ) ( ) 01ˆˆ =−= AFCAFφ                                                (4.2.43) 
 
Then, from 4.2.11, 
 

AAF

A
C
CAF

C
F

F

ˆˆ2

ˆˆ2

2

⊗=
∂
∂

=

∂
∂

=
∂
∂ φφ

                                               (4.2.44) 

 
The stress is then  
 

AAF
C

FP ˆˆ22 ⊗+
∂
∂

= αW
                                             (4.2.45) 
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Post-contracting with TF  (with 1=J ) then gives 
 

AFAFF
C

Fσ ˆˆ22 T ⊗+
∂
∂

= αW
                                         (4.2.46) 

 
For inextensibility in two directions, 
 

( ) ( ) ( ) ( ) 01ˆˆ,01ˆˆ
222111 =−==−= AFCAFAFCAF φφ                 (4.2.47) 

 
one has the stress 
 

222111
T ˆˆˆˆ2 AFAFAFAFF

C
Fσ ⊗+⊗+
∂
∂

= ααW
                           (4.2.48) 

 
 
4.2.6 Problems 
 
1. Use the equation  

T)( −−
∂

∂
= F

F
FP pW  

to show that the constitutive equation for an incompressible hyperelastic material 
can be written in terms of the Cauchy stress as 

IF
C
CFσ pW

−
∂

∂
= T)(2   
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4.3 Isotropic Elastic Materials 
 
 
4.3.1 Constitutive Equations for Isotropic Elastic Materials 
 
Cauchy Stress and Isotropy 
 
A material is said to be isotropic if a rotation of a particle (in the undeformed state) has 
no influence on the stress tensor.  From §2.8.6, the condition of isotropy is then 
 

)()()()( T FσFQσFσFσ =→=◊                                    (4.3.1) 
 
where the superscript ◊  refers to deformations relative to the rotated reference 
configuration, Fig. 2.8.6.  (This is often expressed in the equivalent form )()( FQσFσ = .) 
 
A Cauchy elastic material automatically satisfies the isotropy condition when the Cauchy 
stress is an arbitrary tensor-valued function of the left Cauchy-Green tensor: 
 

)(bσσ =                                                     (4.3.2) 
 
To see this, note that )())(( TFFσFbσ = , so  
 

( ) ( ) ( ) ( ) ( ))())(()( TTTTTTT FbσFFσQFFQσFQFQσFQbσ ====         (4.3.3) 
 
Note that the condition of isotropy 4.3.1 must be satisfied for the particular rotation 

RQ = , so a condition to be satisfied by isotropic materials is 
 

)()()()()( 2/1T bσbσvσFRσFσ ====                               (4.3.4) 
 
where v is the left stretch tensor, and again one has 4.3.2. 
 
In addition to satisfying the condition of isotropy, the stress must satisfy the condition of 
objectivity: )( ** bσσ = , where the superscript * refers to objectivity transformations, 
§2.8.3.  This requirement is automatically satisfied since both the Cauchy stress and the 
left Cauchy-Green tensors are objective spatial tensors: 
 

)()( TT QbQσQbQσ =            Isotropy Condition for the 
(objective) Cauchy Stress        (4.3.5)   

 
 
PK2 Stress and Isotropy 
 
From 3.5.7 and 2.8.58, a rigid body rotation of the reference configuration alters the PK2 
stress according to  
 

( ) ( ) TTT1TT1 QSQFQσFQFσFS ===
−−−◊◊−◊◊◊ JJ                     (4.3.6) 
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On the other hand, S is objective when written as a function of the material tensor C.   
Then, since TQCQC =◊  (see Eqns. 2.8.58), 
 

)()( TT QCQSQCQS =     Isotropy Condition for the 
(objective) PK2 Stress         (4.3.7) 

 
 
Isotropic Tensor Functions 
 
The constitutive relations 4.3.5 for the Cauchy stress and 4.3.7 for the PK2 stress are very 
similar.  In general, the second-order tensor-valued function T of the second-order tensor 
variable B is an isotropic tensor functions if 
 

( ) ( ) TT QBQTQBQT =       Isotropic Tensor Function       (4.3.8) 
 
for all orthogonal tensors Q.  Thus, σ  is an isotropic tensor function of the tensor variable 
b and S  is an isotropic tensor function of the tensor variableC .  Isotropic functions are 
discussed in the Appendix to this Chapter, §4.A, and there it is shown that, for symmetric 
T and symmetric B, T must take t he form 
 

( ) 2
210 BBIBT ααα ++=       Form for a symmetric isotropic tensor 

function of a symmetric tensor  (4.3.9) 
 
where 210 ,, ααα  are scalar functions of the principal scalar invariants of B, 1.9.38, 
1.9.46: 
 

  { }BBB III,II,Iii αα =                                           (4.3.10) 
  
Since the set of principal scalar invariants, the set { }32 tr,tr,tr SSS  and the set of 
eigenvalues { }321 ,, λλλ  uniquely determine one another, the coefficients iα  can be taken 
to be functions of any one of these three sets. 
 
Equation 4.3.9 can be rewritten in various alternative forms using the Cayley-Hamilton 
theorem, 1.9.45: 
 

0IBBB BBB =−+− IIIIII 23 ,                                      (4.3.11) 
 
for example 
 

( ) 1
110

−
−++= BBIBT βββ           (4.3.12) 

 
where 
 

21211200 III,I,II αβααβααβ BBB =+=−= − .                (4.3.13) 
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The Cauchy-Elastic Solid 
 
Since for an isotropic Cauchy-elastic solid, the Cauchy stress is an isotropic tensor 
function of the left Cauchy-Green strain, )(bσσ = , Eqn. 4.3.5 (a consequence of isotropy 
and objectivity) and since σ  and b are symmetric, it follows from 4.3.9 that the Cauchy 
stress takes the form 
 

( ) ( ) ( ) 2
210 III,II,IIII,II,IIII,II,I bbIσ bbbbbbbbb ααα ++=                  (4.3.14) 

 
or, alternatively, from 4.3.12, the form 
 

( ) ( ) ( ) 1
110 III,II,IIII,II,IIII,II,I −
−++= bbIσ bbbbbbbbb βββ                 (4.3.15) 

 
and these scalar functions are related through 4.3.13. 
 
Similar forms hold for the PK2 stress as a function of the right Cauchy-Green strain.  
 
 
4.3.2 Strain Energy and Isotropy 
 
Consider the strain energy )(FWW = .  From §2.8.4, objectivity requires that (see Eqn. 
2.8.46), 
 

)()( UF WW =                                                   (4.3.16) 
 
Also, the right stretch tensor is the square–root of the right Cauchy-Green tensor, so one 
can write )(CWW = , which is clearly objective, since )()( *CC WW = .  In addition to the 
objectivity requirement, isotropy requires that )()( ◊= CC WW , or, 2.8.58b 
 

)()( TQCQC WW =       Isotropy Condition for the 
(objective) Strain Energy          (4.3.17)   

 
 
Isotropic Scalar Functions 
 
The strain energy of Eqn. 4.3.17 is also an isotropic function; in general, the scalar 
function φ  of the second-order tensor variable B is an isotropic scalar functions if 
 

( ) ( )BQBQ φφ =T       Isotropic Scalar Function       (4.3.18) 
 
for all orthogonal tensors Q.  Thus, W is an isotropic scalar function of the tensor variable 
C .  It is shown in the Appendix to this Chapter, §4.A, that, for symmetric B, φ  must take 
the form 
 

( ) { }( )BBBB III,II,Iφφ =      Form for an isotropic scalar 
function of a symmetric tensor  (4.3.19) 

 



Section 4.3 

Solid Mechanics Part III            Kelly 371

Thus the strain energy for an isotropic elastic material must be a function only of the three 
principal scalar invariants of the right Cauchy-Green strain (or of the three principal 
values iλ ).  Since the invariants for the right- and left-Cauchy-Green strain tensors are 
the same (see Eqn. 2.2.15), the strain energy can also be expressed as a function of the 
invariants of b. 
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4.4 Isotropic Hyperelasticity 
 
 
Attention is now restricted to the case of isotropic hyperelastic materials. 
 
 
4.4.1 Constitutive Equations in Material Form 
 
Consider the general hyperelastic constitutive law 4.2.5: 
 

C
CS

∂
∂

=
)(2 W                                                (4.4.1) 

 
From §4.3.2, the strain energy for an isotropic hyperelastic material must be a function of 
the principal invariants of C: 
 

( ))(III),(II),(I CCC CCCWW =                              (4.4.2) 
 

Then, using the relations 1.11.33 for the derivatives of the invariants (taking into account 
that C is symmetric), 
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                 (4.4.3) 

 
Further, the 1−C  term can be replaced by a 2C  term using the Cayley-Hamilton theorem.  
In summary then, expressing S in the form 4.3.9 (and 4.3.12),  
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Constitutive Equation in material description   (4.4.4) 
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4.4.2 Constitutive Equations in Spatial Form 
 
As mentioned at the end of §4.3.2, the invariants of C and b are the same and the strain 
energy can be expressed in terms of the invariants of b, ( ))(III),(II),(I bbb bbbWW = .  
Then  
 

⎪
⎩

⎪
⎨

⎧

++

++
=

∂
∂

−
−

1
110

2
210)(

bbI

bbI

b
b

βββ

ααα
W                                      (4.4.5) 

 
and the coefficients ii βα ,  are the same as in 4.4.4 
 
Taking the expression for C∂∂ /W  in 4.4.4, pre-contracting with F, post-contracting with 

TF , using the definitions TT , FFbFFC == , and (pre- or post-) contracting the above 
similar expression for b∂∂ /W  in terms of the invariants of b with b, one finds that  
 

TF
C

F
b

bb
b ∂

∂
=

∂
∂

=
∂
∂ WWW                                      (4.4.6) 

 
Therefore, using T1 −−= σFFS J , the constitutive equation in the material formulation, 

CCS ∂∂= /)(2 W , can be transformed into a spatial constitutive equation: 
 

b
bbb

b
bσ

∂
∂

=
∂

∂
= −− )(2)(2 11 WJWJ                                (4.4.7) 

 
It should be emphasised that this expression, unlike the relation CCS ∂∂= /)(2 W , holds 
only for isotropic materials. 
 
Differentiating the strain energy with respect to b (exactly as in Eqn. 4.4.3) and pre- or 
post-contracting the result with b12 −J  then leads to  
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Constitutive Equation in spatial description   (4.4.8) 
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Principal Directions of the Cauchy Stress and Left Cauchy-Green Tensor 
 
Recall that the eigenvalues of the right stretch tensor U are the principal stretches iλ , and 
that the eigenvalues of the right Cauchy-Green tensor C and the left Cauchy-Green tensor 
b are the squares of the principal stretches, 2

iλ  (the eigenvectors of b are those of C 
rotated with the rotation tensor R).  Taking n̂  to be an eigenvector of b and 2λ  the 
corresponding eigenvalue, and using the constitutive equation 2

210 bbIσ ααα ++= , one 
has 
 

( )nnbnbnInσ ˆˆˆˆˆ 4
2

2
10

2
210 λαλααααα ++=++=              (4.4.9) 

 
Thus nnσ ˆˆ σ=  where σ  is an eigenvalue of σ , the principal stress, given by term inside 
the brackets, and so the eigenvectors, or principal directions, of the Cauchy stress and b 
coincide. 
 
If one takes a deformation for which 02313 == bb , it follows from 4.4.8 that, for arbitrary 
coefficient 1−β , one also has 02313 == σσ .  The tensors b and σ  are coaxial, that is, 

σbbσ = .  From this relation, one finds that one must have 
 

12

2211

12

2211

b
bb −

=
−
σ
σσ                                                (4.4.10) 

 
This relation holds for all compressible isotropic hyperelastic materials under the stress 
and deformation conditions stated, regardless of the particular constitutive relation. 
 
 
4.4.3 Constitutive Equations in terms of the Stretches 
 
The derivatives of the stretch with respect to b are given in §2.3.3.  Introducing the 
principal stresses, and noting that iii nnb ˆˆ 2λ=  (no sum over the i) it follows then that (no 
sum over the i in what follows) 
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or 
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Similarly, for the Piola-Kirchhoff stresses, one has 
 

ii
i

i
i

WSWP
λλλ ∂
∂

=
∂
∂

=
1,                                (4.4.13) 

 
 
Example (Uniaxial Stretch) 
 
Consider a specimen of isotropic hyperelastic material under a uniaxial tension 11σ , with 
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Since σ  and b are coaxial (see 4.4.9), the principal stresses are, from 4.4.8, 
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   (4.4.15) 

 
Subtracting the second of these equations from the first leads to 
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Subtracting the third from the second leads to 
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which implies that 32 λλ =  (the terms inside the second bracket can also be zero, but not 
if 0,0 11 ≤> −ββ , as is usually the case). 
 
The material parameters 110 ,, −βββ  can be obtained from such a test by measuring 

111 , λσ  and 2λ .  On the other hand, if the constitutive relation, that is, the parameters, are 
known, then one can obtain the stretches by specifying the uniaxial stress. 

 ■  
 
 
4.4.4 Incompressible Materials 
 
When the material is incompressible, then 
 

1IIIIIIdet ==== bCFJ                                  (4.4.18) 
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and the strain energy function is only dependent on two invariants: 
 

( ) ( )bbCC II,III,I WWW == ,                             (4.4.19) 
 
and the constitutive equations are the same as those given earlier for the compressible 
material, with 1,1III 1 == −Jb .  However, the derivative CIII/ ∂∂W  is an unknown and in 
particular it is unknown at 1III =C . 
 
Returning to the more general constitutive equations for an incompressible material, 
4.2.36, 4.2.39, one has 
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2          (4.4.20) 

 
Carrying out the differentiation as before, one now has, directly from these equations, 
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Constitutive Equation for an Isotropic Incompressible 
Hyperelastic Material (Material Form)  (4.4.21) 

and 
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Constitutive Equation for an Isotropic Incompressible 
Hyperelastic Material (Spatial Form)  (4.4.22) 

 
Comparing these equations with the more general compressible equations: in the S 
equation, 4.4.4, the hydrostatic pressure is equivalent to CIII/2 ∂∂− W  (with )1III =C ; in 
the σ  equation, 4.4.8, it is [ ]bbb II/IIIII/2 ∂∂+∂∂−= WWp . 
 
Similarly, the equations can be written in terms of the principal stretches and principal 
stresses (the incompressibility constraint is now 1321 =λλλ ): 
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Example (Strip Biaxial Tension) 
 
Consider an incompressible isotropic hyperelastic material which is stretched in the 1e  
direction but its dimensions in the 2e  direction is held constant, with 
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With 03 =σ ,one finds that 
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and the stresses are 
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               (4.4.26) 

■  
 
 
Example (Biaxial Stretch) 
 
Consider the biaxial stretch of a thin sheet of incompressible isotropic hyperelastic 
material, with 
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From 4.4.18: 
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Taking the stretches to be in-plane, with the larger faces stress-free, one has 03 =σ  so 
that, with 213 /1 λλλ = , one can solve for p, 
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and the stresses in the sheet are 
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If the strain energy is given in terms of the stretches, one would use 4.4.23 rather than 
4.4.22. 
 
The PK1 stresses, T−= σFP J , are, directly from these equations, 
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The total forces acting on the lateral surfaces are then, from 3.5.4, 
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(4.4.31) 
where 0A  is the area in the reference configuration. 
 
The material parameters 11 , −αα  can be determined from such a test by measuring the 
applied forces.  This is helped by controlling the stretches 1λ  and 2λ  in such a way that 
the invariant bI  is held constant, or the invariant bII  is held constant. 
 
When the two applied forces are equal, 21 FF = , one finds that 
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The term inside the first brackets gives the expected symmetric solution 21 λλ = .  
However, the term inside the second brackets can also be zero for 21 λλ ≠ , but this will 
only occur for fairly large stretches for typical values of the material parameters.  The 
symmetric equal-stretch solution holds up until this happens.  For example, for the typical 
value 1.0/ 11 =− − αα , the second term becomes zero when 17.321 ≈= λλ .  The 
symmetric solution is unstable, in the sense that the forces must be precisely equal for it 
to hold.  If there is even the slightest imbalance between 1F  and 2F , then  21 λλ ≈  up to 
about a value of 3.17 but then the near-square will begin to deform into a rectangle, with 
the response now keeping close to the asymmetric solution.  The long side of the 
rectangle will be along the direction of the slightly larger force and will keep lengthening 
until the stretch in the other direction returns back to 1=λ . 
 
This large strain problem differs from the problems of linear elasticity, which have unique 
solutions. 

■  
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Example (Simple Shear) 
 
The case of simple shear was discussed in detail in §2.2.6.  In the equations following 
2.2.40, let  
 

k
2

tan
12tan,cos2sin,sin2cos ====
θ

βθβθβ              (4.4.33) 

 
Then the principal material directions can be expressed as 
 

212211 sincosˆ,cossinˆ EENEEN ββββ +−=+=                (4.4.34) 
 
With RNn = , the principal spatial directions are (see figure 4.4.1 below) 
 

212211 cossinˆ,sincosˆ EEnEEn ββββ +−=+=                 (4.4.35) 
 
The principal stretches are  
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and the principal stresses are, from 4.4.18, 
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Figure 4.4.1: principal directions for pure shear 
 
The strain energy here is a function of the invariants of b, which are 
 

( )1III3II,3I 22 =+=+= bbb kk                    (4.4.38) 
 
In the original Cartesian coordinates, the stresses are 
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β
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It follows that (this is a universal relation, independent of the constitutive relation) 
 

( ) 12122211 2tan/2 σσβσσ k==−                         (4.4.40) 
 
The fact that and 2211 σσ ≠  is called the Poynting effect.  The stress are now 
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The proportionality factor between the shear stress and the shear strain measure k is called 
the shear modulus: 
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In the case of plane stress, the hydrostatic pressure p can be evaluated, and one finds that 
 

kσkσkσ μαα === − 12
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122
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The stresses acting on the deformed material are shown in Fig. 4.4.2.  The unit normal e 
to the sloping surface (on the right hand side) is  
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+
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and, from Cauchy’s law, the traction acting on that surface is  
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−
−

+
=

01
1

2212

1211

2
σσ
σσ

k
k

k
t                                (4.4.45) 

 
The normal and shear traction are then (using the Poynting effect) 
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(4.4.46) 
 
and tend to 11σ  and 12σ  as 0→k .  
 

 
 

Figure 4.4.2: stresses acting on the material in simple shear 
 
It is clear then that the pure shear of material discussed here can only occur when normal 
stresses are applied to the faces.  There is of course no volume change for an 
incompressible material; for a compressible material, however, there will in general be a 
volume change unless normal stresses are applied, a phenomenon known as the Kelvin 
effect. 

■  
 
See also the shear problem using convected coordinates discussed in the Appendix to this 
Chapter, §4.A.3. 
 
 
4.4.5 Series Expansion of the Strain Energy Function 
 
It is sometimes helpful when seeking specific constitutive laws for isotropic hyperelastic 
materials to expand the strain energy function into an infinite power series of the form 
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In the undeformed configuration, 1III,3III === CCC , and the strain energy is zero.  
For incompressible materials, this reads as 
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The series can be written in terms of the principal stretches by noting that 
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Next are considered some particular forms of the strain energy function. 
 
 
4.4.6 Incompressible Material Models 
 
First, models of isotropic hyperelastic incompressible materials are examined. 
 
The Ogden Model (Incompressible) 
 
The strain energy for the Ogden model is defined to be 
 

( ) { }∑
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where the ii αμ ,  are experimentally determined material constants.  Note that this model 
does not include terms involving the products of different stretches, which appear in the 
most general power series 4.4.48.  However, the Ogden model allows for fractional 
powers of iα .  Only three terms in the series are usually needed to correlate the model 
with experimental data of incompressible rubber.  Typical values  are  
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The Mooney-Rivlin Model (Incompressible) 
 
The Mooney-Rivlin model, applicable to incompressible materials, is 
 

( ) ( )3II3I 21 −+−= CC ccW                                   (4.4.51) 
 
And, from 4.4.22, the stresses are then 
 

Ibbσ pcc −−= −1
21 22                                      (4.4.52) 

 
From the simple shear example discussed in §4.4.4, the shear modulus for the Mooney-
Rivlin material is ( )212 cc + , implying that the shear stress to shear strain measure k is 
linear.  
 
The Mooney-Rivlin model is often used to model rubber-like materials and the numerical 
value of 2c  is usually much smaller than 1c . 
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Note that the Mooney-Rivlin model can be viewed as a special case of the Ogden model, 
since setting 2,2,2 21 −=== ααn  in that 4.4.50, and using the incompressibility 
constraint 12

3
2
2

2
1 =λλλ  gives 
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The Neo-Hookean Model (Incompressible) 
 
The Neo-Hookean is a special case of the Mooney-Rivlin model, wherein 02 =c , giving 
 

( )3I1 −= CcW                                                (4.4.54) 
 
It is useful as a model of non-linear elasticity within the small-strain range. 
 
The Varga Model (Incompressible) 
 
The Varga model is another special case of the Ogden model: 
 

)3( 3211 −++= λλλcW                                  (4.4.55) 
 
 
The Yeoh Model (Incompressible) 
 
The Yeoh model was motivated by the problem of predicting the behaviour of rubbers 
containing reinforcing fillers such as carbon black, for which the Mooney-Rivlin model 
does not succeed too well.  The strain energy here takes the form 
 

3
3

2
21 )3I()3I()3I( −+−+−= CCC cccW                              (4.4.56) 

 
As usual, 0)( =IW  in the reference configuration and the strain energy is a convex 
function, increasing monotonically with CI  (and attains a minimum in the reference 
configuration, so that 0I/ =∂∂ CW  must contain no real roots, which places restrictions 
on the values that the constants 321 ,, ccc  can take). 
 
The Arruda-Boyce Model (Incompressible) 
 
The Arruda-Boyce model is based on a proposed molecular network structure to a 
material, and the strain energy is 
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The two parameters are μ , the shear modulus, and n, the number of segments in a 
polymer chain. 
 
 
4.4.7 Compressible Material Models 
 
 
The Mooney-Rivlin Model (Compressible) 
 
The compressible Mooney-Rivlin model reads as 
 

( ) ( )3II3Iln)(2)1( 2121
2 −+−++−−= bb ccJccJcW            (4.4.58) 

 
The stresses are then, from 4.4.8, with bIII=J , 
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The Neo-Hookean Model (Compressible) 
 
Neo-Hookean models are characterised by their dependence on the first (as in the 
incompressible case) and third invariants, but not on the second invariant.  There are quite 
a number of Neo-Hookean models available, for example (the last term here is the 
incompressible Neo-Hookean term) 
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With corresponding stresses 
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The μλ,  of this compressible Neo-Hookean model are the classical Lamé constants, 
which can be seen by particularising the constitutive equation to the small strain range.   
 
Another Neo-Hookean model is 
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with corresponding stresses 
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The Blatz and Ko Model (Compressible) 
 
Blatz and Ko proposed a compressible model based on a combination of theoretical 
arguments and experimental work on foamed materials: 
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where 
 

ν
νβ

21−
=                                                     (4.4.65) 

 
and νμ ,  denote the shear modulus and Poisson’s ratio, and ]1,0[∈f  is an interpolation 
parameter.  When the material is incompressible, 1III =b , and the model reduces to the 
Mooney-Rivlin model.  Also, by letting 1=f , and replacing bIII  with 2J , the Blatz and 
Ko model reduces to the Neo-Hookean model 
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4.4.8 Problems 
 

 
1. Evaluate the PK2 stress for the Mooney-Rivlin material (incompressible) 
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4.5 Material Anisotropy 
 
 
4.5.1 Material Symmetry 
 
The isotropic material was defined as one whose material response was unaffected by 
rigid body rotations of the reference configuration.  Other material symmetries are 
possible; to generalise the notion, instead of considering orthogonal transformations, 
consider an arbitrary deformation 0F  of the reference configuration 0S  bringing it to a 
new configuration ◊S , Fig. 4.5.1 (compare with the isotropic case, Fig. 2.8.6). 
 

 
 

Figure 4.5.1: a deformation of the reference configuration 
 
Considering the Cauchy-elastic material, if the deformation 0F  has no effect on the 
response of the material, then 
 

)()()()( 1
0 FσFFσFσFσ =→= −◊                                 (4.5.1) 

 
When QF =0 , one has the isotropic material.  Setting 1

0
−= FG , 4.5.1 can be cast in 

the most usual form: 
 

)()( FGσFσ =                                                  (4.5.2) 
 
Note that the restriction 1det ±=G  is assumed, since otherwise arbitrary dilatations 
could occur with no change in material response, which seems physically 
unreasonable. 
 
Note that the set of all tensors G which satisfy 4.5.2 forms a group (see the Appendix 
to this Chapter, §4.A.2) and hence is called the symmetry group of the material (with 
respect to the configuration 0S ). 
 
Apart from isotropy, the two most important practical cases of material symmetry are 
transverse isotropy and orthotropy. 
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4.5.2 Transverse Isotropy 
 
Consider first the transversely isotropic material.  Such a material has a single 
preferred direction, defined by a unit vector 0a  in the reference configuration.  Such a 
vector is illustrated in Fig. 4.5.2, showing also the unit vectors 32 ˆ,ˆ nn  completing an 
orthonormal set.  The symmetry group of the transversely isotropic material is the set  
of orthogonal tensors Q which transform the set { }320 ,, nna  into the new orthonormal 
set { }320 ,, nna ′′± .  In particular, 
 

  00 aQa ±=                                                    (4.5.3) 
 
In order to ensure that the sense of 0Qa  is immaterial, it is best to introduce the 
structural tensor 00 aa ⊗ , which transforms as the axes change according to 
 

  0000 aaQaQa ±⊗±=⊗                                         (4.5.4) 
 
or 

 
  ( ) 00

T
00 aaQaaQ ⊗=⊗                                         (4.5.5) 

 

 
 

Figure 4.5.2: an orthonormal set of vectors 
 
The strain energy can now be taken to be a function of C, as in the isotropic case, and 

00 aa ⊗ , which characterises the structure of the material: 
 

),( 00 aaC ⊗=WW                                                (4.5.6) 
 
Allowing for transformations of the undeformed configuration, 
 

),(),( T
00

T
00 QaQaQCQSaaC ⊗=⊗W                           (4.5.7) 

 
with Q here restricted to the symmetry group defined by 4.5.3.  Then W is an isotropic 
scalar function of two symmetric tensors and so, from Table 4.A.1, takes the form 
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Since  {▲Problem 1} 
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one arrives at the representation 
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where the fourth and fifth scalar (pseudo-) invariants 54 , II  are defined by 
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Note also that, from the definition of the stretch, Eqn. 2.2.17, 
 

2
004 aCaa λ==I                                                 (4.5.12) 

 
where aλ  is the stretch of the unit line element 0a . 
 
If the preferred direction is 3e , then the fourth and fifth invariants in terms of 
components are 
 

2
33

2
23

2
130

2
05

33004

CCCI

CI

++==

==

aCa

Caa
                                   (4.5.13) 

 
in which case the five invariants can be taken as { }2

23
2

1333321 ,,,, CCCIII + . 
 
Using the relations {▲Problem 2} 
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the PK2 stresses for a hyperelastic material are then 
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Let a be a unit vector in the current configuration, in the direction of 0Fa , that is, 
 

0Faaa =λ                                                 (4.5.16) 
 
Then, using Eqn. 3.5.7, T1FSFσ −= J , with bFIF =T , 2T bFCF =  (see Eqn.2.2.14), 

IFFC =− T1  and noting that C and b have the same principal invariants, 4.5.13 
becomes 
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      (4.5.17) 

 
Using the Cayley-Hamilton theorem allows one to re-write the Cauchy stress as 
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       (4.5.18) 

 
Expressing the scalar invariants in terms of b rather than C, the coefficients of the 
tensors in 4.5.17-18 are functions of the set 
 

{ }abaaabbb aa
2232 ,,tr,tr,tr λλ ⊗                                  (4.5.19) 

 
 
Transversely Isotropic Materials with Constraints 
 
For an incompressible material, 13 =I , and, analogous to 4.2.40, the strain energy 
takes the form  
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2
1,,,,, 3050421 −− IpIIIIW aCaCCC                   (4.5.20) 

 
For a material which is inextensible in the direction of 0a , from 4.5.13, 04 =I , and 
the strain energy takes the form 
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4.5.3 Orthotropy 
 
Consider now a material which is dependent on two characteristic directions, 0a  and 

0b ; again the sense of these directions is immaterial.  The strain energy is now of the 
form 
 

),,( 0000 bbaaC ⊗⊗=WW                                      (4.5.22) 
 
As isotropic scalar function of three symmetric tensors depends on the following 
traces (see Table 4.A.1) 
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bbbbbbaaaaaa

CCC

⊗⊗
⊗⊗⊗⊗

⊗⊗⊗⊗

⊗⊗⊗⊗

⊗⊗⊗⊗

⊗⊗⊗⊗⊗⊗

           

(4.5.23) 
 
Using 4.5.9 (see Eqn. 1.9.10e) this reduces to the set of nine invariants 
 

( ) ( ) 0000
2

000
2

0000
2

000

32

,,,,,

tr,tr,tr

CbabababCbCbbaCaCaa

CCC

⋅⋅
          (4.5.24) 

 
with 0000 CabCba = .  The term 00 ba ⋅  is the cosine of the angle between the two 
characteristic directions; this does not change during the deformation and so this term 
can be omitted, leaving 
 

( ) 00000
2

0000
2

000
32 ,,,,,tr,tr,tr CbababCbCbbaCaCaaCCC ⋅     (4.5.25) 

 
An orthotropic material is one for which 0a  and 0b  are perpendicular, 000 =⋅ba , 
making the last term here zero.  This also then defines a third preferred direction, 0c , 
orthogonal to both 0a  and 0b , which introduces extra terms 00

2
000 , cCcCcc .  But 

 

0
2

00
2

00
2

0
2

000000

tr

tr

cCcbCbaCaC

CccCbbCaaC

++=

++=
                         (4.5.26) 

 
so that 0

2
000 , cCcCcc  are redundant.  Finally, the strain energy is of the form 

 
( )0

2
0000

2
000

32 ,,,,tr,tr,tr bCbCbbaCaCaaCCCWW =            (4.5.27) 
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As before, the stresses in a hyperelastic material can now be obtained by 
differentiation. 
 
 
4.5.4 Problems 
 
1. Show that, for unit vector a, 

(i)    ( ) aaaa ⊗=⊗ 2 ,  (ii) ( ) 1tr =⊗ aa  
(iii) ( )( ) aCaaaC =⊗tr  (iv) ( )( ) aaCaaC 22tr =⊗  

2. Show that 

0000
5

00
4 , aCaCaa

C
aa

C
⊗+⊗=

∂
∂

⊗=
∂
∂ II  

3. Show that 
  (i)  ( ) aaFaaF a ⊗=⊗ 2T

00 λ  
  (ii)  ( ) baaFCaaF a ⊗=⊗ 2T

00 λ  
For (ii), it might help to note the following relations (for vector b and second-order 
tensors A, B): 

( ) ( )
( ) ( )

( ) ( )bAAAbA
BbAbAB
bBABAb

TTT =

⋅=
≠
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4.A Appendix to Chapter 4 
 
 
4.A.1 Isotropic Functions 
 
The scalar-, vector- and tensor-valued functions a,φ  and T of the scalar variable φ , 
vector variable v and second-order tensor variable B are isotropic functions if 
 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) TTTT

T

T

QBQTQBQTQvQTQvTQQTT
BQaQBQavQaQvaQaa

BQBQvQv

===
===
==

φφ
φφ

φφφφ
 

Isotropic Functions  (4.A.1) 
 
for all orthogonal tensors Q. 
 
Isotropic functions are also called isotropic invariants.  Here follow some examples. 
 
Examples (of Isotropic Functions) 
 
1. The scalar-valued function of a second order tensor TT det)( =φ  is an isotropic 

function since 
 

( ) ( ) TQTQQTQ detdet TT ==φ  
 
2. The scalar-valued function of two second order tensors ( )ABBA tr),( =φ  is an 

isotropic function of its two tensor variables since 
 

( ) ( ) ( ) ( )ABQABQQBQQAQQBQQAQ trtrtr, TTTTT ===φ  
 

More generally, the function ( )mmBAtr , m an integer, is isotropic 
 
3. The vector-valued function a of a vector v and a second order tensor T, AvTva =),(  

is an isotropic function since 
 

( ) ( )TvQaQTvQvQQTQQTQva ,, TT === mm  
 

Indeed the function vTTva m=),( , m an integer is an isotropic function. 
 
4. The tensor-valued function of a second order tensor: 2)( TTA =  is an isotropic 

function since 
 

( ) ( ) ( )( ) ( ) TT2TT2TT QTQAQQTQTQQTQQTQQTQA ====  
 

Indeed the function mTTA =)( , m an integer is an isotropic function. 
■ 
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Restrictions on the form that isotropic functions can take is next examined. 
 
 
Isotropic Scalar-valued Functions 
 
Consider first an isotropic scalar-valued function of a vector u, ( )uφ , so that 
( ) ( )Quu φφ = .  Since only the magnitude of u is invariant under an orthogonal tensor 

transformation, it follows that φ  depends on u only through uuu ⋅= , so ( )uu ⋅≡ φφ .  
Here, uu ⋅  is called the integrity basis of φ . 
 
Similarly, an isotropic scalar-valued function of two arguments is defined through 
 

( ) ( )QvQuvu ,, φφ =                                              (4.A.2) 
 
for every orthogonal Q, and its integrity basis consists of the three scalar invariants 
 

vvvuuu ⋅⋅⋅ ,,                                               (4.A.3) 
 
since only the lengths of the two vectors and the angle between them are preserved under 
a rotation. 
 
Consider next a scalar-valued isotropic function φ  of a symmetric second-order tensor S. 
Since S is symnmeytric, it has the spectral decomposition representation ∑ ⊗= iii ssS λ , 
where { }321 ,, λλλ  are the eigenvalues and { }321 ˆ,ˆ,ˆ nnn  are the eigenvectors of S.  Since S 
is isotropic,  
 

( ) ( ) ( )( ) ( )∑∑ ⊗=⊗== iiiiii nQnQQnnQQSQS ˆˆˆˆ TT λφλφφφ           (4.A.4) 
 
Thus φ  is independent of the orientation of the principal directions of S and so must 
depend only on the three principal values, 
 

( )321 ,,)( λλλφ f=S                                              (4.A.5) 
  
Note also that f must be a symmetric function of the eigenvalues.  For example, take Q to 
be a positive rotation about 3n̂ .  Then 21 ˆˆ nnQ = , 12 ˆˆ nnQ −=  and 33 ˆˆ nnQ = , so 
 

( ) ( )312333221112
T ,,)ˆˆˆˆˆˆ()( λλλλλλφφφ f=⊗+⊗+⊗== nnnnnnQSQS      (4.A.6) 

 
and, similarly, the subscripts on any pair of eigenvalues in 4.A.5 can be interchanged. 
 
Since the set{ }32 tr,tr,tr SSS , the set of three principal scalar invariants { }SSS III,II,I  and 
the set of eigenvalues { }321 ,, λλλ  uniquely determine one another, any of these sets can 
be regarded as the integrity basis of )(Sφ . 
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Some important isotropic scalar-valued functions and their integrity bases are listed in 
Table 4.A.1 below.  The integrity basis consists of that entry together with appropriate 
entries from higher up in the Table, for example the integrity basis for a tensor A and two 
vectors u and v is 
 

vuAuAvvvAvAvuuAuAu
AAAvuvvuu

222

32

,,,,,
tr,tr,tr,,, ⋅⋅⋅

 

 
 Isotropic Function Integrity Basis 

( )uφ  ( )Quφ=  uu ⋅  
( )vu,φ  ( )QvQu,φ=  vu ⋅  
( )Aφ  ( )TQAQφ=  32 tr,tr,tr AAA  
( )Au,φ  ( )T,QAQQuφ=  uuAuAu 2,  
( )BA,φ  ( )TT ,QBQQAQφ=  2222 tr,tr,tr,tr BAABBAAB
( )vAu ,,φ  ( )QvQAQQu ,, Tφ=  vuAuAv 2,  
( )CBA ,,φ   ABCtr  

Scalar-
valued 
functions 
 

CBA ,,  are 
symmetric 
tensors 

Four or more tensors redundant 
Table 4.A.1: Isotropic Scalar Functions and Integrity Bases 

 
 
Isotropic Vector-valued Functions 
 
Next, consider a vector-valued isotropic function a of a vector v, so ( ) ( )QvavQa = .  To 
find the dependence of a on v, consider the scalar-valued function φ  given by (note that 
φ  here is linear in its first argument, u): 
 

( ) ( )vauvu ⋅=,φ       (4.A.7) 
 
It follows that 
 

( ) ( ) ( ) ( ) ( )vuvauvQaQuQvaQuQvQu ,, φφ =⋅=⋅=⋅=               (4.A.8) 
 
and so φ  is an isotropic function of its two vector arguments and must depend only on the 
three invariants 4.A.3, and so takes the general form 
 

( ) ( )vvvuvvvuuu ⋅⋅=⋅⋅⋅ αφ ,,                                     (4.A.9) 
 
Finally, a must take the form 
 

( ) vva α=                                                  (4.A.10) 
 
where the coefficient α  is a function of the scalar invariant of v, i.e. vv ⋅ . 
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Note that the only isotropic vector function a of a tensor B is the null vector oa = . 
 
Another important isotropic vector-valued functions is that of a vector and symmetric 
tensor.  This and their integrity bases are listed in Table 4.A.2 below. 
 
 Isotropic Function Integrity Basis 

( )va  ( ) ( )vQaQva =  v  
( )Ta  ( ) ( )TQaQTQa =T  o  

Vector-valued 
functions 
 
S  is a symmetric 
tensor 

( )Sva ,  ( ) ( )SvQaQSQQva ,, T =  vSSv 2,  

Table 4.A.2: Isotropic Vector Functions and Integrity Bases 
 
 
Isotropic Tensor-valued Functions 
 
Consider next a second-order tensor-valued function T of a tensor B.  To find how T 
depends on B, this time consider the scalar-valued function φ  given by (again, note that 
by definition φ  is linear in its first argument, A) 
 

( ) ( )[ ]BATBA tr, =φ          (4.A.11) 
 
It follows that  
 

( ) ( )[ ]
( )[ ]

( )[ ]
( )[ ]

( )BA
BAT

QBQAT
QBQTQAQ

QBQTQAQQBQQAQ

,
tr
tr
tr
tr,

T

TT

TTTT

φ

φ

=
=
=

=

=

                                (4.A.12) 

 
Thus φ  is an isotropic function of its two tensor arguments and so, if A and B are 
symmetric, is a function of the ten invariants listed in Table 4.A.1.  Since φ  is linear in A, 
it can only depend on six of these ten invariants, namely 32 tr,tr,tr,tr BBBA , 

2tr,tr ABAB , and so takes the form 
 

( )[ ] ( )[ ]2
210trtr BBIABAT αααφ ++==                           (4.A.13) 

 
and so T takes the form 
 

( ) 2
210 BBIBT ααα ++=       Form for a symmetric isotropic tensor 

function of a symmetric tensor  (4.A.14) 
 
where 210 ,, ααα  are scalar functions of the invariants of B.  Equation 4.A.13 can be 
rewritten in various alternative forms using the Cayley-Hamilton theorem, 1.9.45. 
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Some important symmetric isotropic tensor-valued functions are listed in Table 4.A.3 
below. 
 
 Isotropic Function Integrity Basis 

( )vT  ( ) ( ) TQvQTQvT =  vvI ⊗,  
( )AT  ( ) ( ) TT QAQTQAQT =  2,, AAI  
( )vuT ,  ( ) ( ) T,, QvuQTQvQuT =  uvvu ⊗+⊗  
( )AuT ,  ( ) ( ) TT ,, QAuQTQAQQuT = AuAuuAuAuu ⊗⊗+⊗ ,  
( )vSuT ,,  ( )

( ) T

T

,,
,,

QvAuQT
QvQAQQuT

=
 vAuAuv

uAvAvu
⊗+⊗
⊗+⊗

 

Tensor-
valued 
functions 
 

BAT ,,  are 
symmetric 
tensors 

( )BAT ,   BABABABAAB ,,+  
Table 4.A.3: Isotropic (Symmetric) Tensor Functions and Integrity Bases 

 
 
Some Results for Isotropic Functions 
 
Here follow some other important results regarding isotropic functions. 
 
1. The principal values of an isotropic tensor function T of a tensor B are scalar 

invariants of B. 
 

To show this, let ( )Bit  be the principal values of )(BT  and let ( )TQBQit  be the 
principal values of )( TQBQT .  Then 
 

( )( ) 0)(det =− IBBT it ,    ( ) 0)()(det TT =− IQBQQBQT it    
 

Because of the isotropy, and using the relation 1.9.13a, BAAB detdet)det( = , the 
second of these can be written as 
 

( ) ( )
( )IQBQBT

QIQQBQQBQTIQBQQBQT

)()(det

)()(det)()(det
T

TTTTT

i

ii

t

tt

−=

−=−
   

 
This holds for all orthogonal Q and hence 
 

)()( TQBQB ii tt =                                       (4.A.15) 
 
which is the definition of an isotropic scalar invariant of B. 

 
 
2. An isotropic tensor function T of a tensor B is coaxial with B. 
 

This follows directly from 4.A.14, since nB  has the same principal directions as B. 
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3. Let T be a symmetric isotropic tensor function of the symmetric tensor B; if in 
addition the function T is a linear function of B, then it has the representation 

 
( ) ( ) BIBBT βα += tr                                             (4.A.16) 

 
where βα ,  are arbitrary constants (independent of B). 
 
This follows directly from 4.A.14, noting that only the first invariant, Btr , is linear 
in B.  It will be noted that this is the form of the (isotropic) linear elastic material 
model, 4.1.15. 

 
 
4. Let C  be a fourth-order isotropic function, that is 
 

mnpqlqkpjnimijkl CQQQQC =                                     (4.A.17) 
 

with the minor symmetries 1.9.65, ijlkjiklijkl CCC == .  Then it has the representation 
 

( )jkiljlikklijijklC δδδδμδλδ ++=                              (4.A.18) 
 

In terms of the identity tensors of §1.9.16 (compare with Eqn. 1.10.7), 
 

( )IIC ++⊗= μλ II                                       (4.A.19) 
 
To show this, consider a symmetric second-order tensor S and define SA :C= .  
Then the index notation for )(SA  is klijkl SC , and A is clearly symmetric.  Then 
 

( )

jnklmnklim

mnpqmnjqip

mnpqrssnrmjqip

nlmnkmpqrslskrjqipnlmnkmijkl

QSCQ

SCQQ
SCQQ

QSQCQQQQQSQC

:)(

:)(

T

T

QSQA

QSQA

=

=

=

δδ
       (4.A.20) 

 
from which it can be seen that A is a symmetric isotropic tensor function of the 
tensor variable S.  Further, A is linear in S, and for S symmetric, it follows that A 
takes the representation 4.A.16, 
 

( ) ( ) SISSA μλ 2tr +=                                     (4.A.21) 
 

In component form, this is 
 

( )
( ) kljkiljlikkliklij

jiijkkij

ijkkijij

SS

SSS

SSA

δδδδμδλδ

μλδ

μλδ

++=

++=

+= 2

                         (4.A.22) 
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from which 4.A.18 follows. 
 
 
4.A.2 The Symmetry Group 
 
 
The nonempty set G with a binary operation, that is, to each pair of elements Gba ∈,  
there is assigned an element Gab∈ , is called a group if the following axioms hold: 
1. associative law: )()( bcacab =  for any Gcba ∈,,  
2. identity element: there exists an element Ge∈ , called the identity element, such 

that aeaae ==  
3. inverse: for each Ga∈ , there exists an element Ga ∈−1 , called the inverse of a, 

such that eaaaa == −− 11  
 
Consider the set of  tensors G of 4.3.2.  Since for two tensors 1G  and 2G  in G,   
 

)()()( 121 FσFGσGFGσ ==                                   (4.A.23) 
 

G∈21GG .  The associative law clearly holds, the identity element is I and the inverse of 
G is 1−G .  Thus the set of tensors G forms a group. 
 
 
4.A.3 Shear of an Isotropic Square Block 
 
Consider a combined stretch and simple shear of an isotropic hyperelastic material, Fig. 
4.A.1.  Relative to the Cartesian coordinate system 
 

33322222111 ,, XxXxXkXx λλλλ ==+=                              (4.A.24) 
 
Then 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

3

2

1

3

2

21

00
00
00

100
010
01

00
00
0

λ
λ

λ

λ
λ
λλ kk

F                               (4.A.25) 

 
and so can be considered to be a homogeneous stretch followed by a simple shear.  The 
left Cauchy-Green strain and inverse are 
 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+−
−

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ +
= −

2
3

2
1

22
2

2
1

2
1

2
1

1

2
3

2
2

2
2

2
2

2
2

22
1

/100
0//1/
0//1

,
00

0
0

λ
λλλ

λλ

λ
λλ
λλλ

kk
k

k
kk

bb     (4.A.26) 

 
The compressible and incompressible isotropic relations are (4.4.8 and 4.4.22 
respectively) 
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1
11

)(

1
110

)(

−
−

−
−

++−=

++=

bbIσ

bbIσ

αα

βββ

pi

c

                                             (4.A.27) 

 
Substituting in the Cauchy-Green strains, one finds that 02313 == σσ  and 
 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−= −− 2

1
1

2
21

)(
122

1
1

2
21

)(
12

1,1
λ

αλασ
λ

βλβσ kk ic                      (4.A.28) 

 
Using this relation, it can then be seen that 
 

122
2

2
2

22
2

2
1

2211 σ
λ

λλλ
σσ

k
k+−

=−                               (4.A.29) 

 
which holds for both compressible and incompressible materials, and is the universal 
relation analogous to 4.4.40.  Here, however, the stretches can be chosen so as to make 
the normal stress-difference zero. 
 

 
 

Figure 4.A.1: block under stretch and simple shear 
 
Introduce now base vectors 21 , gg  along the edges of the deformed block, with 
corresponding contravariant base vectors 1g  and 2g , Fig. 4.A.1, so that 
 

3
3

2
2

21
1

3321211

,,

,,

egegeeg

egeegeg

==−=

=+==

k

k
                                 (4.A.30) 

 
The metric coefficients are 
 

2λk
2Sσ

2Nσ

e2λ

1λ

x

y

1g

2g
2g

1g

1Nσ

1Sσ

o

B

A
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1,
100
01
01

,
100
01
01 2

2 =
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−+

=
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
+= gk

kk
gkk

k
g ij

ij                 (4.A.31) 

 
From 3.9.2, the unit normals to the block surfaces are (see 4.4.44) 
 

222

2
22

2

21

11

1
11 ˆ,

1
ˆ eggneeggn ===

+

−
===

gk

k

g
                   (4.A.32) 

 
The stress components with respect to the curvilinear system can be obtained from the 
transformation rule in §1.13.1: 
 

[ ] [ ] [ ][ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−=⋅== ⋅⋅⋅

100
01
001

, kAAA j
i

j
i

j
n

mnTi
m

ij geσσ                       (4.A.33)  

 
leading to 
 

[ ]
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−
−+−

=

33

222221

221222
2

1211

00
0
02

σ
σσσ

σσσσσ
σ k

kkk
ij                          (4.A.34)  

 
The normal and shear stresses acting on the surfaces of the block are (see Fig. 4.A.1) are  
 

12
1

11
1122222 ,,, σσσσσσσσ ==== SNSN                      (4.A.35) 

 
In order that the normal stresses acting on the block are zero, then, one requires 
 

02,0 121122 =−= σσσ k                                     (4.A.36) 
 
From 4.A.29, this means that 
 

( ) 2
2

22
1 1 λλ k+=                                         (4.A.37) 

 
A physical interpretation of this results is that the lengths of the sides of the deformed 
block are equal, oBoA =  in Fig. 4.A.1.  In this case, 4.A.34 reduces to, using 4.A.28, 
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( )12212
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                 (4.A.38)  
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Thus a state of pure shear is achieved, with only shear stresses acting on the faces, and a 
square block deforms into a rhombic block. 
 
Consider now the (incompressible) Neo-Hookean model, Eqn. 4.4.54, for which  
 

bIσ 12cp +−=                                                 (4.A.39) 
 
The stress components are then 
 

ijijij bcpg 12+−=σ                                             (4.A.39) 
 
The metric components ijg  are given by 4.A.31.  The contravariant components of the 
left Cauchy-Green strain can be obtained from coordinate transformation equations 
similar to 4.A.33 (with ij

ij bb =  in the Cartesian system), leading to 
 

[ ]
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2
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1
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0
0
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λ

λ

λ
λλ
λλλ

kk
kkk

bij        (4.A.40)  

 
with 1321 =λλλ .  Then, with the stress taking the representation 4.A.38, with 11 2c=α , 

01 =−α , 
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(4.A.41)  
 
Solving leads to 
 

( )
( ) ( ) 6/12

32
3/12

1

3/12
1

1,1

12
−

−

+==+=

+=

kk

kcp

λλλ
                            (4.A.42) 

 
The solution shows that 11 >λ  and 12 <λ  and so the block deforms as in Fig. 4.A.2. 
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Figure 4.A.2: simple shear of a Neo-Hookean block 
 
Note that, in contrast to the decomposition  

2λk

2λ

1λ

x

y

12σ

12σ
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5.2 Plasticity I: Hypoelastic-Plastic Models 
 
The two main types of classical plasticity model for large strains are the hypoelastic-
plastic model and the hyperelastic-plastic model.  The first of these is discussed in this 
section. 
 
 
5.2.1 Hypoelasticity 
 
In the hypoelastic-plastic models of plasticity, the elastic response is assumed to be 
hypoelastic.  As discussed in §4.1.4, hypoelastic materials are characterised by 
constitutive relations of the form  
 

),( dσσ f=&                                                      (5.2.1) 
 
and, in mutiaxial problems, this implies that the response cannot be expressed in terms of 
an elastic strain energy function.  Thus the response is path-dependent and dissipation 
may occur even though the material is supposed to be elastic.  However, the idea with the 
hypoelastic-plastic models is that the elastic strains are assumed to be relatively small so 
that any error in the conservation of energy is very small, and so can be neglected. 
 
The stress-rate σ&  in the hypoelastic equation 5.2.1 must be objective.  Thus the material 
derivative of the Cauchy stress can not be used, but any of the many objective rates, for 
example the Jaumann, Green-Naghdi, Truesdell, etc., can be used.   
 
A large class of hypoelastic materials is encompassed in the linear relation between  
objective stress-rate and the rate of deformation:  
 

dCσ :∇∇ =                                                      (5.2.2) 
 
where ∇σ  is an objective stress rate and ∇C  is the corresponding fourth order tensor of 
elastic moduli, which may itself depend on the stress, in which case it must be an 
objective function of the stress.  For a given finitely deformed state, the (small) 
increments in stress and strain are linearly related and are recovered upon unloading.  
However, for finite deformations, the work done in a closed path may not be zero. 
 
The elastic modulus tensor ∇C  is also called the tangent modulus.  It possesses the 
minor symmetries due to the symmetry of d and ∇σ .  It is usually assumed to possess also 
the major symmetries. 
 
Example 
 
Consider the following hypoelastic constitutive equation: 
 

dCσ :JJ σ=∇                                                      (5.2.3) 
 
where J∇σ  is the Jaumann stress-rate, Eqn. 3.5.20, σwwσσ +−& .  The Truesdell stress-
rate T∇σ , defined by Eqn. 3.5.22, ( )σdσllσσ trT +−−& , is then 
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( )

( )
( ) dIσCC

σdσddσσ
σdσllσσwwσσσ

:ˆ
tr

tr
T

T

⊗+−=

+−−=

+−−−+=
∇

∇∇

J

J

JT

σ

                               (5.2.4) 

 
where σddσdC +=:ˆ .  Thus 5.2.3 can be expressed as dCσ :TT σ=∇  with the Truesdell 
tangent modulus given by IσCC ⊗+− ˆJσ . 
 
It is interesting to note that, if JσC  is constant, then T∇σ  is not.  Further, if JσC  has the 
major symmetries, then T∇σ  does not (since Iσ⊗  does not).  For this reason one often 
uses the Kirchhoff stress στ J=  rather than the Cauchy stress.  For example, the Jaumann 
rate of the Kirchhoff stress is τwwτττ +−=∇ &J .  Then, with )(tr dJJ =& , 
 

( )
( )

dC
dCC

σddστσ

:
:ˆ1

T1

T

J

JT

J

JJJ

σ

τ

≡

−=

−−=
−

∇−∇

                                        (5.2.5) 

 
Now if  TσC  has the major symmetries, then so does JτC . 
 
 
5.2.2 Hypoelastic – Plastic Model 
 
Additive Decomposition of the Rate of deformation 
 
The rate of deformation is now decomposed additively into elastic and plastic parts 
according to 
 

pe ddd +=                                                       (5.2.6)  
 
The elastic response is then 
 

( )p
e ddCσ −=∇ :σ                                                  (5.2.7) 

 
The yield condition is 
 

( ) 0, =ασf                                                       (5.2.8) 
 
where α  represents any other variable(s) besides σ  upon which f depends.   
 
The flow rule is 
 

( )ασGd ,λ&=p                                                  (5.2.9) 
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The tensor G is usually expressed in the form ( ) σασG ∂∂= /,g , where g is the plastic 
potential; λ  is the plastic multiplier.  For associative flow-rules, gf = .  The variables α  
are assumed to follow an evolution law of the form 
 

 ( )ασAα ,λ&& =                                                (5.2.10) 
 
The loading and unloading conditions may be expressed as 
 

0,0,0 =≤≥ ff λλ &&                                         (5.2.11) 
 

These are known as the Kuhn-Tucker conditions.  The first of these states that the 
plastic multiplier rate is non-negative; for plastic loading, 0>λ& , otherwise 0=λ& .  The 
second states that the stress must lie on or inside the yield surface.  The last condition 
assures that the stress state remains on the yield surface during plastic flow.  This last 
condition can also be expressed in rate form, 0=f& .  This is known as the consistency 
condition: 
 

0:: =
∂
∂

+
∂
∂

= α
α

σ
σ

&&& fff                                              (5.2.12) 

 
 
Isotropic Materials 
 
From the objectivity requirement, the yield function ( )ασ,f  in Eqn. 5.2.8 must be an 
objective scalar function of σ .  This implies that f must be a function only of the 
invariants of σ .  Thus the form ( )σf  necessarily represents the yield function of an 
isotropic material.  For anisotropic materials, one must use a different stress measure, for 
example the yield function could be expressed in term of the PK2 stress, ( ) 0=Sf . 
 
Consider then an isotropic material, with ( )321 ,, IIIff = , where iI  are the invariants of 
σ .  Then it can be shown that {▲Problem 1} 
 

σ
σσ

σ
∂
∂

=
∂
∂ ff                                                  (5.2.13) 

 
that is, the tensors σ  and σ∂∂ /f  are coaxial. 
 
Consider now a formulation in terms of the Jaumann stress-rate.  From 5.2.13, it follows 
that {▲Problem 2} 
 

Jff ∇

∂
∂

=
∂
∂ σ

σ
σ

σ
:: &                                               (5.2.14) 

 
The consistency condition 5.2.12 can now be expressed in terms of the Jaumann stress 
rate: 
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0:: =
∂
∂

+
∂
∂

= ∇ α
α

σ
σ

&& fff J                                        (5.2.15) 

 
The plastic multiplier can now be solved for, using the hypoelastic relation 5.2.7, the flow 
rule 5.2.9, the evolution equation 5.2.10 and 5.2.15 {▲Problem 3}: 
 

GC
σ

A
α

dC
σ

:::

::

J
e

J
e

ff

f

σ

σ

λ

∂
∂

+
∂
∂

−

∂
∂

=&                                        (5.2.16) 

 
Substituting this expression into the flow rule 5.2.9 and using the hypoelastic relation 
5.2.7 then leads to {▲Problem 4} 
 

( )

GC
σ

A
α

C
σ

GC
CCdCσ

:::

::
,:

J
e

J
e

J
e

J
e

JJJ

ff

f

σ

σσ

σσσ

∂
∂

+
∂
∂

−

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

⊗
−==∇                   (5.2.17) 

 
The tensor JσC  is the elasto-plastic tangent modulus.  It consists of an elastic 
component J

e
σC  and a component which results from plastic flow. 

 
When the flow is associative, so that σG ∂∂= /f , the elasto-plastic modulus possesses 
the major symmetries.  The plasticity equations can also be based upon other stress-rates; 
for example, the Truesdell stress-rate.  For the same reasons as discussed earlier, although 

JσC  has the major symmetries for associative flow rules, the Truesdell modulus will not.  
If, however, the equations 5.2.6-17 are formulated in terms of the Kirchhoff stress, then 
the Truesdell modulus will possess the major symmetries (in fact, all the relevant relations 
above are valid for the Kirchhoff stress, with σ  simply being replaced by τ ).  Note that, 
if the elastic strains are small and plastic deformations are isochoric (volume preserving), 
then 1≈J  and στ ≈ . 
 
Small Strains 
 
In the case of small strains, in the above relations one replaces d with ε&  and decomposes 
the small strain rate according to pe εεε &&& += .  The stress rate is the time derivative of the 
Cauchy stress, since objective stress-rates are not now a consideration.  The hypoelastic 
relation is ( )pεεCσ &&& −= :  and the remaining relations follow, for example the elasto-
plastic tangent modulus is given by 5.2.17b with σ

eC  replaced with the small-strain elastic 
modulus tensor C.  The small-strain formulation is valid for anisotropic elastic moduli. 
 
 
5.2.3 J2 Flow Theory 
 
In the J2 Flow Theory, one assumes the material is isotropic, plastic flow is independent 
of the hydrostatic pressure, plastic flow is incompressible and the yield surface used is the 
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Von Mises yield surface.  An effective stress is used to generalise the uniaxial behaviour 
to multiaxial stress states. 
 
First to be examined is the isotropic hardening model. 
 
Isotropic Hardening 
 
It is useful to express the equations 5.2.6-17 now in terms of the Kirchhoff stress and the 
Jaumann stress-rate.  In that case, one again has Eqn. 5.2.6, pe ddd += , with the 
hypoelastic Eqn. 5.2.7 now reading 
 

( )pJ
e

J ddCτ −=∇ :τ                                           (5.2.18) 
 
The Von Mises yield function can be expressed as 
 

( ) 0:3, 2
3

2 =−=−= YYJf ssατ                                   (5.2.19) 
 
where 2J  is the second invariant of the deviatoric Kirchhoff stress and τs dev= .  The 

term ss :2
3  acts as an effective stress σ̂ . 

 
The (associative) flow rule 5.2.9 can be expressed as (see the Appendix to this section for 
details of the differentiation involved here) 
 

( ) ( )
ss

s
τ

τGτGd
:2

3,
2
3

=
∂
∂

==
fp λ&                              (5.2.20) 

 
The only variable α  necessary in the model is the scalar accumulated effective plastic 
strain: 
 

ppppppp ddddtd εε :
3
2ˆ,ˆˆˆ,ˆ ===≡ ∫∫ εεεεεα &              (5.2.21) 

 
The proposed evolution law for α  is simply (Eqn. 5.2.10 with the function 1=A ) 
 

( )pελα &&& ˆ==                                                    (5.2.22) 
 
With the definition of the plastic modulus being 
 

( ) ( )
p

p
p

d
dYH
ε
εε
ˆ
ˆˆ =                                                 (5.2.23) 

 
the consistency condition 5.2.12 is, from 5.2.19, 
 

( ) 0ˆˆ: =−
∂
∂

= ppHff εε &&& τ
τ

                                         (5.2.24) 
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The plastic multiplier rate is now given by Eqn. 5.2.16, 
 

( )
τ

C
τ

dC
τ

∂
∂

∂
∂

+

∂
∂

=
ffH

f

J
e

p

J
e

::ˆ

::

τ

τ

ε
λ&                                        (5.2.25) 

 
Finally, the elasto-plastic tangent modulus, Eqn. 5.2.17, is 
 

( )
τ

C
τ

C
ττ

C
CCdCτ

∂
∂

∂
∂

+

⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

⊗⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−==∇

ffH

ff

J
e

p

J
e

J
e

J
e

JJJ

::ˆ

::
,:

τ

ττ

τττ

ε
                     (5.2.26) 

 
It is useful to decompose the response into volumetric and deviatoric components.  First 
express the elastic moduli as in Eqns. 4.1.19, 
 

⎥⎦
⎤

⎢⎣
⎡ ⊗−+⊗= IIIIC

3
12 IμκτJ

e                                       (5.2.27) 

 
where nmjijnim eeee ⊗⊗⊗= δδI .  Note then that {▲Problem 5} 
 

μμ ττ 3::,2: =
∂
∂

∂
∂

∂
∂

=
∂
∂

τ
C

τττ
C ffff J

e
J

e                              (5.2.28) 

 
so that the tangent modulus 5.2.26b can be expressed as 
 

( )
ττ

IIIIC
∂
∂

⊗
∂
∂

+
−⎥⎦

⎤
⎢⎣
⎡ ⊗−+⊗=

ff
H

J

μ
μμκτ

3/1
3/4

3
12 I                       (5.2.29) 

 
 
Kinematic Hardening 
 
To accommodate kinematic hardening, one introduces as another hardening parameter the 
back stress α .  The yield condition 5.2.8 is now (in terms of the Kirchhoff stress) 
 

( ) ( ) ( ) ( ) 0ˆ:ˆ,, 2
3 =−−−= pp Yf εε αsαsατ                          (5.2.30) 

 
The flow rule is 
 

( ) ( ) ( )
( ) ( )αsαs

αs
τ

ατGατGd
−−

−
=

∂
∂

==
:2

3,,,
2
3

fp λ&                 (5.2.31) 

 
The evolution equation for the back-stress is, for example using a linear hardening rule 
and the Jaumann stress-rate, 
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( )Gdα λ&cc pJ ==∇                                             (5.2.32) 
 
Note that the use of the Jaumann rate in the back-stress evolution law can lead to 
physically unreasonable stress oscillations in simple shear for large deformations 
(Nagtegaal and DeJong, 1981).  However, this behaviour is not significant provided the 
elastic strains are not too large.  A formulation based upon the Green-Naghdi strain can 
eliminate such stress oscillations (Johnson and Bammann, 1984). 
 
 
5.2.4 Drucker – Prager Model 
 
The yield criterion for a Drucker-Prager material is a modification of the Von Mises 
function so as to incorporate a plastic response due to a hydrostatic pressure: 
 

( ) 03, 12 =−+= YIJf αασ                                     (5.2.33) 
 
where Iσσ :tr1 ==I .  The associated flow rule is then 
 

( ) ( ) I
ss

s
σ

σGσGd αλ +=
∂
∂

==
:2

3,
2
3

fp &                              (5.2.34) 

 
where σs dev= .  A suitable non-associative flow-rule might be 
 

( ) ( ) 2
2
3

3,
:2

3, Jggp ==
∂
∂

==
ss

s
σ

σGσGd λ&                      (5.2.35) 

 
 
5.2.5 Elastic Moduli and Objectivity 
 
It was mentioned above that objectivity requires that a yield function of the form ( )σf  
necessarily represents an isotropic material.  Objectivity also places restrictions on the 
elastic moduli.  First, consider a constant modulus tensor J

e
τC .  Objectivity of a 

constitutive equation requires that 
 

( ) ( )** : eJ
e

J dCτ τ=∇                                              (5.2.36) 
 
or 

( )TT : QQdCQQτ eJ
e

J τ=∇                                         (5.2.37) 
 
so, using the index notation, 

 
( ) ( )[ ] ( )( )kl

e
pqrs

J
elsrkqjpiij

J QQQQ dCτ τ=∇                               (5.2.38) 
 
In order that objectivity be satisfied, one must have 
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( ) ( )pqrs
J

elsrkqjpiijkl
J

e QQQQ ττ CC =                                       (5.2.39) 
 
which shows that, if the modulus is constant, it must be isotropic. 
 
If one requires an anisotropic elastic modulus, one must use a formulation based on a 
configuration other than the spatial configuration, as discussed in the next sub-section. 
 
 
5.2.6 Corotational Stress Formulation 
 
The models discussed thus far have two drawbacks: 

1. the yield function must be an isotropic function of the stress 
2. if the elastic moduli are constant, then the moduli must be isotropic 

 
To overcome these restrictions to isotropic materials, one can formulate a plasticity model 
in terms of, for example, the corotational stress. 
 
The corotational stress is defined by Eqn. 3.5.12, 
 

σRRσ T
U =                                                     (5.2.40) 

 
Using a formulation based on the Kirchhoff stress, the corotational Kirchhoff stress is 
 

τRRτ T
U =                                                     (5.2.41) 

 
Recall from  §3.5.3 that the PK2 stress S is the pull-back of the Kirchhoff stress τ , 

( ) T1#1
*

−−− == τFFτS χ ; the corotational stress Uτ  is the pull-back of τ  but with respect 

to R and not F: ( ) T1#1
*U

−−
=

− == τRRττ RFχ . 
 
Define now the corotational rate of deformation: 
 

dRRd T
U =                                                     (5.2.42) 

 
with the decomposition 
 

pe
UUU ddd +=                                                   (5.2.43)  

 
Note that the corotational stress and rate of deformation are insensitive to rigid body 
rotations Q to the current configuration: 
 

( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )( ) U

TT*T*
U

U
TT*T*

U

dQRQdQQRdRRd

τQRQQτQRτRRτ

===

===
                           (5.2.44) 

 
The corotational stress-rate is 
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RτRRτRτRRτRRτ &&&& TTTT
U ++==

⋅

                             (5.2.45) 
 
A rigid body rotation Q to the current configuration also results in {▲Problem 6} 
 

( ) U
*

U ττ && =                                                  (5.2.46) 
 
With the corotational stress-rate objective, the elastic response given by 
 

e
e UUU : dCτ τ=&                                                  (5.2.47) 

 
Note that rigid body rotations to the current configuration leave Uτ&  and e

Ud  unchanged 
and so τ

eUC  remains unchanged also.  Thus, unlike the isotropic restriction 5.2.39, there is 
no objectivity restriction here on the form of τ

eUC  and so τ
eUC  can represent in general an 

anisotropic response. 
 
Another way of looking at this is as follows: for an anisotropic material and using a fixed 
coordinate system, the components of an elastic modulus tensor C will in general change 
as the material rotates.  With the corotational formulation, however, the axes rotate with 
the material, and so material rotation has no effect on τ

eUC . 
 
The remainder of the formulation follows as before, for example the yield condition 
would be ( ) 0, UU =ατf  and the flow rule ( )UUU ,ατGd λ&=e .  The evolution law for the 

Uα  variable(s) is ( )UUU ,αAα τλ&& = .  Again, the scalar yield function may now represent 
in general anisotropic material behaviour.  The loading and unloading conditions are 
again given by 5.2.11. 
 
The plastic multiplier rate is now (see 5.2.16) 
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and  
 

( )
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τ

A
α

C
τ
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:::
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Ue
UU

Ue
U
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UeUUU
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+
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ff

f

J                   (5.2.49) 

 
 
5.2.7 Problems 
 
1. The derivatives of the invariants of the stress tensor are (see Eqn. 1.11.33) 
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1
321

23
1

21 III
I

,II,I −=+−=
∂
∂

−=
∂
∂

=
∂
∂ σIσσ

σ
σI

σ
I

σ
 

Use these relations to show that, for the yield function ( )321 ,, IIIff = , the tensors 
σ  and σ∂∂ /f  are coaxial. 

2. Use the fact that σ  and σ∂∂ /f  are coaxial, and Eqn. 1.9.3h, 
( ) ( ) ( ) BACCABBCA ::: TT == ,  to show that 

Jff ∇

∂
∂

=
∂
∂ σ

σ
σ

σ
:: &  

where σwwσσσ +−=∇ &J . 
3. Derive Eqn. 5.2.16 
4. Use the index notation to verify that 

( ) ( ) ( ) dCAGCGdCAC ::::::: ⊗=  
where GdA ,,  are second order tensors and C is a fourth-order tensor.  Hence 
derive the elasto-plastic modulus 5.2.17b. 

5. Use the relations 1.9.62 and 1.9.64 to show that, for an arbitrary tensor A, 
( )
( ) AAAACA

AIAAC

dev:dev2tr::

dev2tr:
2 μκ

μκ
τ

τ

+=

+=
J

e

J
e  

with J
e
τC  given by 5.2.27.  Hence, using 1.9.31, show that, for a deviatoric tensor A, 

AAACA

AAC

:2::

2:

μ

μ
τ

τ

=

=
J

e

J
e  

Finally, use 5.2.20, 

ss
s

τ :2
3

2
3

=
∂
∂f  

to derive Eqns. 5.2.28, 

μτ 3:: =
∂
∂

∂
∂

τ
C

τ
ff J

e  

 
6. The application of a rigid body rotation Q to the current configuration results in a 

change to the corotational stress rate 5.2.45, 
( )

( )( ) ( ) ( ) ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

++=
⋅⋅⋅

QRQQτQRQRQQτQRQRQQτQR

RτRRτRRτRτ

TTTTT
T

***T***T***T*
U

&&&&

 

Use the relation 0QQQQQQ =+=
⋅

&& TTT  to show that ( ) U
T*

U ττRRτ && ==
⋅

. 
 
 
5.2.8 Appendix to §5.2 
 
Differentiation of the Von Mises Yield Function 
 
The Von Mises yield criterion is 02 =−= kJf  where ijij ssJ 2

1
2 = .  Using the product 

rule of differentiation, in index  notation: 
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                          (5.2.50) 

 
In tensor notation: 
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5.3 Plasticity II: The Multiplicative Decomposition of F 
 
Whereas the hypoelastic-plastic formulation involved an additive decomposition (of the 
deformation rate), the hyperelastic-plastic formulation involves a multiplicative 
decomposition (of the deformation gradient). 
 
 
5.3.1 The Multiplicative Decomposition of F 
 
The key feature of the hyperelastic-plastic formulation is the multiplicative decomposition 
of the deformation gradient according to  
 

peFFF =                                                      (5.3.1) 
 
where eF  and pF  are, respectively, the elastic part of the deformation gradient and the 
plastic part of the deformation gradient.  pF , brings line elements Xd  from the 
undeformed configuration to an intermediate configuration XFx dd p=  and then eF  
brings them to their current location, Fig. 5.3.1. 
 

XFFxFx ddd pee == .                                                 (5.3.2) 
 

 
 

Figure 5.3.1: Decomposition of the deformation gradient 
 
The idea now is to relate the current state of stress to the elastic part of the deformation: 
 

( )eFfσ =                                                       (5.3.3) 
 
where 
 

 0)( =If                                                      (5.3.4) 
 

Xd

xd

pF

F

eF

intermediate 
configuration 

xd
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In other words, the intermediate configuration is stress-free.  At any stage of the 
deformation, one can imagine unloading the body instantaneously, arriving at the stress-
free intermediate configuration.  Thus it appears that the intermediate configuration has a 
clear physical interpretation – a configuration which encompasses any permanent 
deformation after elastic unloading.  Unfortunately,  there are difficulties associated with 
the intermediate configuration which makes it a more abstract concept than this.  For 
example, consider a stressed element in the current configuration.  Unload the element so 
that it is stress free.  According to 5.3.3, this is accomplished through ( ) 1−eF  back to the 
intermediate configuration.  Since each element in the current configuration can undergo 
this process independently, there is no reason that the individual elements will be 
compatible in the intermediate configuration, and so the intermediate configuration is in 
general an incompatible configuration.  Thus, although mappings of line elements 
between the various configurations are given by Eqn. 5.3.2, the eF  and pF  in 5.3.2 
cannot necessarily be expressed as gradients of position vectors; they can be expressed as 
gradients only in the special case where the deformation does lead to a compatible 
intermediate configuration. 
 
When the material is unloaded from the continuous current configuration (as in a thought 
experiment), the body moves from a Euclidean space to the non-Euclidean space of the 
intermediate configuration.  The elastic part of the deformation gradient restores 
compatibility, bringing the body back into the Euclidean space of the current 
configuration. 
 
It is thus best to consider the decomposition 5.3.1 as merely a mathematical means by 
which the constitutive response of a material can be conveniently described.  It is not to 
say that a material actually does undergo a “plastic” deformation to the intermediate 
configuration and then subsequently undergoes an “elastic” deformation to reach the 
current configuration.  Rather, the intermediate configuration is a useful abstract 
configuration. 
 
 
Issues: 

1. Conceptual de-straining 
2. no unique intermediate configuration 
3. if the yield surface has shifted, unloading to zero stress might necessitate plastic 

flow 
 
The decomposition 5.3.1 was introduced into finite-strain elastoplasticity by Lee and Liu 
in (1967).  Since then has followed theory development, explanation and criticism.  See, 
for example, Lee (1969), Hahn (1974), Nemat-Nasser (1979), Lee and McMeeking 
(1980), Lee (1981), Menat-Nasser (1982), Simon and Ortiz (1985),  
 
 
5.3.2 Strain Tensors 
 
In terms of the elastic and plastic parts of the deformation gradient, the Right Cauchy-
Green strain C and Left Cauchy-Green strain b are 
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The Euler-Lagrange and Euler-Almansi strains are 
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Define now elastic and plastic Right Cauchy-Green strains and elastic and plastic Left 
Cauchy-Green strains: 
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and elastic and plastic Green-Lagrange strains and elastic and plastic Euler-Almansi 
strains: 
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The overbars in Eqns. 5.3.7-8 are used to signify that the tensor is associated with the 
intermediate configuration.  The action of these twelve tensors on line elements in the 
reference, intermediate and current configurations can be summarised as {▲Problem 1} 
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and {▲Problem 2} 
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They are illustrated in Fig. 5.3.2.  Note that pepe EEECCC ≠≠ , . 
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Figure 5.3.2: Strain Tensors and associated configurations 
 
 
Define now a new strain measure E , which can be called the intermediate strain, 
associated with the intermediate configuration, through 

 
( ) ( ) 1T −−

= pp FEFE                                                  (5.3.11) 
 
This is the push-forward for covariant components of the Green-Lagrange strain from the 
reference configuration to the intermediate configuration (see Eqn. 2.10.18a): 
 

( )bir EE →= *χ                                                      (5.3.12) 
 
Using 5.3.7-8, this strain can be decomposed into an elastic component and a plastic 
component according to {▲Problem 3} 
 

pe eEE +=                                                 (5.3.13) 
 
This compares with the push-forward of the Green-Lagrange strain from the reference 
configuration to the current configuration, which equals the Euler-Almansi strain, 

( ) 1T
*

−−
→ == EFFEe b

crχ . 
 
The push-forward of the strain E  to the current configuration is the Euler-Almansi strain 
(compare with 5.3.11): 
 

( ) ( ) ( ) 1T
*

−−

→ == ee
ci FEFEe χ                                    (5.3.14) 

 
which can be verified using Eqns. 5.3.11, 5.3.1 and the relation 1T −−= EFFe .  
 
Finally, introduce the tensors 
 

Xd

xd

intermediate 
configuration 

pp CE ,

pp be ,

ee CE ,

ee be ,be,

CE,
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In each configuration, there is now a set of elastic and plastic strain tensors, with their 
sum equaling a total strain.  These sets are related by push-forward/pull-back operations  
{▲Problem 4}: 
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These nine strain tensors and their relationships through push-forward (pull-back) 
operations are illustrated in Fig. 5.3.3. 
 

 
 

Figure 5.3.3: Push-Forward operations on strain tensors 
 
The action of the three new tensors introduced above, pe eEE ,, , analogous to 5.3.10, is 
given by 
 

intermediate 
configuration 

pe EEE +=

pe eEE +=

pe eee +=

( ) 1T −− • FF

( ) ( )( ) 1T −−
• pp FF

( ) ( )( ) 1T −−
• ee FF
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and 
 
 

xxexExXXE
xxexexXXE

xxexExXXE

dddddd
dddddd

dddddd

eee

ppp

==

==

==

                                (5.3.18) 

 
The various tensors are summarised in Table 5.3.1. 
 

Configuration Green-Lagrange Euler-Almansi Other 
Reference pEE,   pe EEE −=  

Intermediate eE  pe  pe eEE +=  
Current  eee,  ep eee −=  

Table 5.3.1: Strain Tensors for the Multiplicative Decomposition 
 
 
5.3.3 Strain-Rate Tensors 
 
The velocity gradient l is  
 

1−= FFl &                                                    (5.3.19) 
 
In terms of the elastic and plastic deformation gradients {▲Problem 5}, 
 

( ) ( ) ( ) 111 −−−
+= eppeee FFFFFFl &&                                (5.3.20) 

 
The rate of deformation and spin are 
 

( ) ( )TT

2
1skew,

2
1sym lllwllld −==+==                       (5.3.21) 

 
One can now define elastic and plastic velocity gradients, and decompose the total 
velocity gradient according to 
 

pe lll +=                                                      (5.3.22) 
 
There are, however, a number of different possible definitions of el  and pl .  The two 
most prevalent definitions are discussed in what follows. 
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Elastic and Plastic Velocity Gradients 1 
 
The first term in Eqn. 5.3.20 is analogous to Eqn. 5.3.19, 1−= FFl & .  It only involves 
elastic deformations and hence can be called the elastic part of the velocity gradient, el .  
The second term is denoted by pl  and is called the plastic part of the velocity gradient 
(although it involves both elastic and plastic deformations).  Thus one has 
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The rate of deformation and spin are then 
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With the corresponding elastic and plastic parts: 
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Elastic and Plastic Velocity Gradients 2 
 
The rate of deformation is the Lie derivative of the Euler-Almansi strain, 
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In the same way, define the elastic and plastic rates of deformation to be the Lie 
derivatives of the tensors ee  and pe  respectively: 
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One can also define rates of deformation in the intermediate configuration by taking Lie 
derivatives of the strain tensors in the intermediate configuration: 
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and 
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Note that 
 

pe ddd +=                                                    (5.3.30) 
 
These rates of deformations as Lie derivatives are illustrated in Fig. 5.3.4. 
 

 
 

Figure 5.3.4: Rate of Deformation and Lie Derivatives 
 
Note also that the rates of deformations in the intermediate and current configurations are 
related through the push-forward/pull-back operations {▲Problem 6} 
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Finally, note that direct relationships between d  and e& , and between d  and E& .  From 
2.5.18, 
 

elelde −−= T&                                               (5.3.32) 
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Similarly, analogous to 5.3.19, introduce a plastic velocity gradient, 
 

( ) 1−
= ppp FFl &                                                 (5.3.33) 

 
so that {▲Problem 7} 
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Similarly {▲Problem 8}, 
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These can all be expressed as Cotter-Rivlin rates of the strains: 
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Push forward now the plastic velocity gradient to the current configuration: 
 

( ) ( ) ( ) ( ) ( ) ( ) 1T11T
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Alternatively, introduce a velocity gradient l  which is the pull-back for covariant 
components of the spatial velocity gradient.  For covariant components, 
 

( ) ( ) eeb
ci lFFll T1

* == −
←χ                                         (5.3.26) 

 
so that 
 

( ) xxlxlFxFxlFFxxlx dddddddd eeee ===
T                       (5.3.27) 

 
 
 
 
Here, so the rate of change of a line element xd  in the intermediate configuration is 
 

( ) xlx dd p=.  
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The velocity gradients pe lll ,,  are defined on the current configuration.  These can be 
pulled back to the intermediate configuration.  The pull-backs to be used are for mixed 
components ( ) ( )i j

pi
j

ei
j lll ⋅⋅⋅ ,,  (see the Appendix to this section, §5.3.3, which gives the 

component forms of the tensors used in this section).  These pull-backs are (see Eqn. 
2.10.20c): 
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so, using 5.3.19, 
 

pe lll +=                                                   (5.3.21) 
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the second of these being 5.3.14. 
 
The push-forwards for the velocity gradients defined on the intermediate configuration, 
the inverse of the operations 5.3.20, are 
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and 5.3.18-19 are recovered. 
 
These velocity gradients are summarised in Fig. 5.3.5. 
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Figure 5.3.5: Velocity Gradients 
 
Rate of Deformation and Spin 
 
The rate of deformation and spin are given by the symmetric and skew-symmetric parts of 
the velocity gradient.  From 5.3.17, 
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The velocity gradients can be decomposed into their symmetric and skew-symmetric 
parts, that is, the rate of deformation and spin: 
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If the velocity gradients have the mixed components ( ) ( )i j

pi
j

ei
j lll ⋅⋅⋅ ,,  then, in order that the 

rate of deformation and spin tensors have covariant components, one should include the 
metric tensor Ig =  in 5.3.24 as follows (see the Appendix to this section, §5.3.3): 
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For two tensors ba, , the push forward and pull-back (for covariant components) of their 
contraction can be expressed as 

intermediate 
configuration 
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Using the relations 
 

( )
( )
( ) IgFFg

IgFFg

CgFFg

==

==

==

−−

−−

−

TT/1
*

1\1
*

T1
*

χ

χ

χ b

                                             (5.3.27) 

 
and Eqns. 5.3.20, the pull-back of the rate of deformation and spin tensors of 5.3.25 are 
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Similar calculations lead to, in summary, 
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The tensor eC  plays the role of the metric tensor on the intermediate configuration and 
appears here so as to ensure that the mixed components of the velocity gradients become 
covariant components, consistent with the covariant components of d and w.  
 
Note that 
 

pepe wwwddd +=+= ,                                   (5.3.30) 
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5.3.4 Stress Tensors 
 
The pull-back of the Kirchhoff stress τ  is the PK2 stress S: 
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*
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← == τFFτS crχ                                           (5.3.) 

 
Introduce a new stress tensor S  to be the analogous pull-back of τ  to the intermediate 
configuration(see Eqn. 2.10.20b), 
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or, equivalently, the push-forward of S to the intermediate configuration (see Eqn. 
2.10.18b), 
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Stress Rates 
 
Define S&  to be the material time derivative of S : 
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This is equivalent to the pull-back of the Kirchhoff stress to the intermediate 
configuration: 
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Another useful Lie derivative is that of S , where the pull back is to the reference 
configuration: 
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These are related through 
 

( ) T#
,

##
,* LL FSFτS &== →←→ crvirvciχ                                        (5.3.)  

 
 
 
5.3.5 Problems 
 
1. Use Eqns. 5.3.2 to show that the action of the Right Cauchy-Green strain tensors 

ep CCC ,,  and the Left Cauchy-Green strain tensors ep bbb ,,  on line elements in 
the reference, intermediate and current configurations are given by Eqns. 5.3.9. 

 
2. Show that the action of the Green-Lagrange strain tensors ep EEE ,,  and the Euler-

Almansi strain tensors ep eee ,,  on line elements in the reference, intermediate and 
current configurations are given by Eqns. 5.3.10.  

 
3. Derive the decomposition 5.3.13, pe eEE += . 
 
4. Verify all nine push-forward/pull-back operations, 5.3.16a-c. 
 
5. Use Eqn. 2.5.4, 1−= FFL & , and 5.3.1, to show that ( ) ( ) ( ) 111 −−−

+= eppeee FFFFFFl &&  
 
6. Use relations 5.3.26-29 to verify relations 5.3.31. 
 
7. Use the relation 5.3.11, ( ) ( ) 1T −−

= pp FEFE , and Eqns. 2.5.5, i.e. 

( ) ( ) ( ) ( ) ( ) ( ) TT
.

T1
.

1 , −−−−
−=−= pppppp FlFlFF , to show that ( ) pp lEEldE −−=

T& . 
 
 
 
 
 
5.3.6 Appendix to §5.3: Convected Coordinates 
 
Deformation Gradients 
 
Using a convected coordinate formulation, the line elements can be expressed as 
 

i
i

i
i

i
i dddddd gxgxGX Θ=Θ=Θ= ,,                       (5.3.5) 

 
The deformation gradients are 
 

i
i

ei
i

pi
i ggFGgFGgF ⊗=⊗=⊗= ,,                    (5.3.6) 

 
and the inverse deformation gradients are 
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( ) ( ) i
i

ei
i

pi
i ggFgGFgGF ⊗=⊗=⊗=

−−− 111 ,,                    (5.3.6) 
 
Strain Tensors 
 
From these, the Cauchy-Green tensors are 
 

ji
ije

ji
ijp

ji
ij

ji
ij

eji
ij

pji
ij

gGG

ggg

ggbggbggb

ggCGGCGGC

⊗=⊗=⊗=
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,,

,,
            (5.3.6) 

 
and their inverses are 
 

( ) ( )
( ) ( ) ji

ij
eji

ij
pji

ij

ji
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ji
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ji
ij

gGG

ggg

ggbggbggb

ggCGGCGGC

⊗=⊗=⊗=

⊗=⊗=⊗=
−−−

−−−

111

111

,,

,,
            (5.3.6) 

 
with the metric coefficients given by 
 

jiijjiijjiij

jiijjiijjiij

Ggg

Ggg

GGgggg

GGgggg

⋅=⋅=⋅=

⋅=⋅=⋅=

,,

,,
                     (5.3.6) 

 
The Green-Lagrange and Euler-Almansi strains are 
 

( ) ( ) ( )

( ) ( ) ( ) ji
ijij

eji
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pji
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2
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2
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 (5.3.6) 

 
Also, 
 

( ) ji
ijij

pe Gg ggeEE ⊗−=+=
2
1                                     (5.3.6) 

 
Strain-Rate Tensors 
 
The time rates of change of the Green-Lagrange strain and the plastic Green-Lagrange 
strain are 
 

ji
ij

pji
ij gg GGEGGE ⊗=⊗= &&&&

2
1,

2
1                              (5.3.6) 

 
The spatial velocity gradient is 
 

j
ij

i
j

i
i
j x

vl ggggl ⊗
∂
∂

=⊗= ⋅                                        (5.3.6) 

 
The rate of deformation is the symmetric part of l: 
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( ) ( )i
j

i
j

i
j lld ⋅

⋅⋅ +=+=
2
1,

2
1 Tlld                                        (5.3.6) 

 
For covariant components, 
 

( ) ( )jiij
m
jim

m
jim

m
jimij lllglgdgd +=+== ⋅

⋅⋅ 2
1

2
1                          (5.3.6) 

 
When l is expressed in terms of mixed components, as in ???, one ends up with mixed 
components for the rate of deformation, ???.  One can obtain the covariant components 
for d directly, by expressing d in the form 
 

( ) ( )( ) ( )( )( )

( ) ji
jiij

i
im

jm
j

j
m

m
ji

i

ll

ll

gg

ggggggggglgld

⊗+=

⊗⊗+⊗⊗=+= ⋅
⋅

2
1
2
1

2
1 T

      (5.3.6) 

 
where g is the metric tensor. 
 
Note that the rate of deformation and the plastic rate of deformation are the push-forwards 
of the corresponding Green-Lagrange strains, so 

( ) ( ) ji
ij

bpji
ij

b gg ggEdggEd ⊗==⊗== &&&&
2
1,

2
1

** χχ                  (5.3.6) 

 
or 1T −−= FEFd &  and ( ) ( ) 1T −−

= ppp FEFd & . 
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2.2 Thermoelasticity 
 
In this section, thermoelasticity is considered.  By definition, the constitutive relations for 
such a material depend only on the set of field variables { }θθ Grad,,F .  This general case 
will be considered toward the end of this section.  Simpler cases, isothermal { }F , small-
strain { }ε , one-dimensional { }ε , will be considered first. 
 
In what follows, upper case letters will be used to denote the energy potentials per unit 
volume.  As before, lower case denotes per unit mass so, for example, uU ρ=  for 
internal energy. 
 
 
2.2.1 Isothermal Small Strain Elasticity 
 
For isothermal deformations, the basic thermodynamic statement can be written as (see 
Eqn. 1.6.24) 

                    
Φ+Ψ=

+=
&

&& ρφψρεσ :
      (2.2.1) 

 
where 
 
  ψρ && =Ψ  (rate of change of the free energy per unit volume) 

0≥=Φ ρφ  (dissipation per unit volume)   
 
In isothermal elasticity1, Φ= 0, and so one need only specify a free energy function.  
 
One-Dimensional Analysis 
 
Consider a simple one-dimensional extension of material.  The free energy is a function 
of kinematic state variables.  The only state variable is the single strain ε  and the only 
stress is σ  and hence 
 

)(εεσ Ψ= &&           (2.2.2) 
 
i.e. 
 

ε
ε
εεσ &&

d
d )(Ψ

=            (2.2.3) 

        
so that, since ε&  is arbitrary, 
 

ε
εσ

d
d )(Ψ

=                      (2.2.4) 

 
                                                 
1 this is discussed more rigorously in §2.2.2 below 
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which agrees with the general relation 1.6.33d.  This is the stress-strain (constitutive) 
equation.  In the context of elasticity theory, the Helmholtz free energy function is the 
elastic strain energy function (Eqn. 2.2.4 is the same as Part I, Eqn. 5.4.9). 
 
The classical linear elastic material corresponds to choosing a simple quadratic free 
energy function: 
 

( ) 2

2
1 εε E=Ψ                                                  (2.2.5) 

 
so 
 

εσ E= ,  εσ && E=          (2.2.6) 
 
A nonlinear example is 
 

( )
( )εεε

εεσσ
εεεεσ

εεεεε

&

&&
2

321

3
3

2
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3

3

2

2

10

32
/

)(
432

)(

EEE

EEEE

EEEE

++=

∂∂=
+++=

+++=Ψ

                           (2.2.7) 

 
One should ensure that (at least (1)) 
 
   (1) 0)0( =σ  (zero strain at zero stress) which implies that 00 =E  
   (2) ( ) 0/ 0 ≠=εεσ dd  (so one has a non-zero initial modulus) 
   (3) ( ) 0/ 0

22 ==εεσ dd    (so that, with (2), the origin is a point of inflection, ensuring 
similar tensile and compressive strain behaviour) 

 
Note that Ψ has the dimensions of stress, so that the Ei also have the dimensions of stress. 
 
In the rate formulation: εσ && D= , D is the instantaneous elastic modulus (or stiffness) 

ded /σ  or 22 / εdd Ψ .  D is a constant in the linear model, but is, in general, a function of 
strain, as in the above example, where 2

321 32 εε EEED ++= . 
 
Three-dimensional Analysis 
 
Generalising the above to three dimensions, the free energy function is 

 
)( ijεΨ    )(εΨ         (2.2.8) 

 
so that the basic thermomechanical identity becomes 
 

ij
ij

ijijij ε
ε

εεσ &&&
∂
Ψ∂

=Ψ= )(  ε
ε

εεσ &&& :)(:
d
dΨ

=Ψ=                  (2.2.9) 
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Since this again holds for all strain rates one can deduce that 
 

ij
ij ε

σ
∂
Ψ∂

=  
ε

σ
d
dΨ

=           (2.2.10) 

 
Again, for the linear elastic material, the free energy function is assumed to be a quadratic 
function of the strain: 
 

            klijijklD εε2
1=Ψ             εDε ::2

1=Ψ                   (2.2.11) 
 
so that 
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  (2.2.12) 

 
provided the fourth order stiffness tensor D possesses the major symmetry: 
 

      klijijkl DD =                 (2.2.13)    
 
(D satisfies the minor symmetries jiklijkl DD =  and ijlkijkl DD =  by virtue of the symmetry 
of the stress and strain.) 
 
Eqn. 2.1.12  is the stress-strain equation for an anisotropic linear elastic material.  The 
rate form is formally 
 

           klijklij D εσ && =        (2.2.14) 
 
For a nonlinear material Ψ is no longer quadratic, and the instantaneous modulus tensor 
is a function of the strains. 
 
If one starts by proposing the rate form of the elastic law, with a given modulus function 
( )εD , then in general one cannot integrate Eqn. 2.2.14 to find a free energy function 

(although one can achieve this in one-dimension).  Such a model is termed hypoelastic.  
A model in which Ψ does exist is called hyperelastic.  Hyperelastic models 
automatically satisfy the laws of thermomechanics, hypoelastic ones do not. 
 
Note that the strain energy must be positive, 0>Ψ .  From 2.2.11, this implies that 
 

            0>klijijklD εε             0:: >εDε                   (2.2.15) 
 
for all strain tensors, that is, the stiffness tensor must be positive definite. 
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Isotropic Elasticity 
 
The theory of isotropic elasticity with small strains is a special case of that for large 
strains discussed in Part III, §4.4.  The theory discussed there applies here, only now with 
the left Cauchy Green strain replaced by the small strain tensor.  Thus, the free energy 
function must be a function of a set of three invariants of the strain tensor ε , 

),,( 321 EEEΨ , which here are taken to be 
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==

==

==
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ε

      (2.2.16) 

 
The stress-strain relation is hence given by: 
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       (2.2.17) 

 
It is readily verified that {▲Problem 1} 
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so that 
 

2

321

32 εεIσ
EEE ∂
Ψ∂

+
∂
Ψ∂

+
∂
Ψ∂

=    (2.2.19) 

 
which is a quadratic polynomial in the strain tensor.  If the free energy function does not 
depend on the third strain invariant 3E , the tensor relation is actually linear, though it 
should be appreciated that the coefficients kE∂Ψ∂ / ,  k = 1,2,3, will in general depend in 
a nonlinear manner on the strain invariants. 
 
The classical linear model is recovered by choosing 
 

              2
2

12
1 EE μλ +=Ψ        ( ) 22

2
1 trtr εε μλ +=Ψ                   (2.2.20)        

 
for then  
 

ijijkkij μεδλεσ 2+=       ( ) εIε μλ 2trσ +=        (2.2.21) 
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The Gibbs Function and the Complementary Energy 
 
From section 1.3, the Helmholtz free energy and the Gibbs energy functions are related 
by a Legendre transformation.  Formally, consider again the one-dimensional stress-strain 
relation 2.2.4: 
 

ε
εσ

d
d )(Ψ

=                       (2.2.22) 

 
To invert this expression and express the strain as a function of stress, first partially 
integrate the equation with respect to strain to obtain 
 

)()( σεσε C+Ψ=              (2.2.23) 
 
where )(σC  is an arbitrary function of integration, dependent only on stress.  
Differentiating with respect to σ  leads to 
 

σ
σε

d
dC )(

=              (2.2.24) 

 
which is the inverse of the original equation.  From Table 1.3.1, it is clear that the 
function C is the negative of the Gibbs energy function (per unit volume).  In this context, 
C is the complementary energy discussed in Part I, §5.4.  One says that the free energy is 
the dual of the complementary energy, and vice versa. 
   
For example, if 
 

 3εK=Ψ ,  23 εσ K=         (2.2.25) 
 
then {▲Problem 2} 
 

2
3)3/(2)( KKC σσ = .                                      (2.2.26) 

 
This theory readily extends to the general three dimensional situation. The original stress 
strain equation is given by 2.2.10 so that 
 
             )()( ijijijij C σεεσ +Ψ=      )()(: σεεσ C+Ψ=                      (2.2.27)  

 
and the strains are now 
 

 
ij

ij
ij d

dC
σ
σ

ε
)(

=  , 
σ
σε

d
dC )(

=       (2.2.28) 

 
For the linear material, εDε ::2

1=Ψ , σDε :1−=  and the dual Complementary function 
is  C = σDσ :: 1

2
1 − .  The fact that D in the linear case is positive definite ensures that it is 

invertible.  The inverse 1−D  is called the elastic flexibility tensor C (see 2.2.11): 
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            klijijklCC σσ2
1=           σCσ ::2

1=C                            (2.2.29)  
 
 
2.2.2 Large Strain Thermoelasticity 
 
In the general large strain thermoelastic case, the constitutive relations are of the form 
 

( )
( )
( )
( )
( )θ

θψψ
θ
θ
θ

∇=
∇=
∇=
∇=
∇=

,θ,
,θ,
,θ,
,θ,
,θ,

F
F
F
Fqq
Fσσ

ss

uu                                                   (2.2.30) 

 
Here, for convenience, the material gradient of 2.1.13 has been replaced with the spatial 
gradient θ∇  (through θθ Grad1−=∇ F ).  
 
The dissipation inequality 1.6.20 is 
 

01:1
≥∇⋅−+−−= θ

ρθρ
ψθφ qdσ&&s                              (2.2.31) 

 
Using the relation Part III, 3.7.25, FσFdσ &:: T−= , this can be expressed as 
 

01:T ≤∇⋅+−+ − θ
θ

ψρθρ qFσF &&&s                                (2.2.32) 

 
With 
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one has 
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For any given { }θθ ∇,,F , this inequality must hold for any arbitrary values of θ&& ,F  and 

⋅

∇θ .  Thus the coefficients must be zero: 
 

( ) 0,, T =
∇∂
∂

∂
∂

=
∂
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−=
θ
ψψρ

θ
ψ F

F
σs                       (2.2.35) 
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The third of these implies that the free energy is independent of the temperature gradient: 
 

( )θψψ ,F=                                                 (2.2.36) 
 
and so the entropy and stress are also; further, the internal energy is 
 

θ
ψθψ
∂
∂

−=u                                               (2.2.37) 

 
 
Stress-Strain Relation 
 
The stress-deformation relation 2.2.35b can be expressed in a number of different ways, 
for example, in terms of the PK1 stress T−= σFP J  and the PK2 stress T1 −−= FσFS J  (the 
first of these follows from the symmetry of the Cauchy stress) 
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T

                                      (2.2.38) 

 
Introducing the free energy per unit reference volume, Ψ , these read as 

 

F
FS

F
PF

F
σ

∂
Ψ∂

=
∂
Ψ∂

=
∂
Ψ∂

= −− 1T1 ,,J                          (2.2.39) 

 
In the case of material symmetries, they take reduced forms as discussed in Part III, 
Chapter 4.  For example, for isotropic materials the Cauchy stress is a function of the left 
Cauchy-Green strain only: 

 

b
b

σ
∂
Ψ∂

= −12J                                                    (2.2.40) 

 
 
Gibbs Relations 
 
One also has the useful Gibbs relations {▲Problem 3} 
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                                          (2.2.41) 

 
 
Isothermal Elasticity 
 
For isothermal materials, the free energy becomes the strain energy W per unit reference 
volume, e.g. in terms of the PK1 stress, the stress and stress power can be expressed as 
 

( ) ( ) FPF
F
F

F
FP &&& ::, =

∂
∂

=
∂

∂
=

WWW                           (2.2.42) 

 
Since there are no temperature gradients, the entropy inequality 2.2.34 becomes an 
equality and any process is completely reversible.  For a reversible process, the 
dissipation is 0== s&θφ  and so, as mentioned in §1.6.4, such a process is also isentropic. 
 
Adiabatic Elasticity 
 
For adiabatic conditions, the heat flux is zero, so again the entropy inequality 2.2.34 
becomes an equality and any process is reversible and isentropic.  Working with the 
internal energy, from 2.2.41b, with its canonical variables, ),( suu F= , one has 

 

FPFσF &&& :1:1

0

T

ρρ
== −u                                             (2.2.43) 

 
The internal energy thus becomes the strain energy and one again has 2.2.42. 
 
Energy Potentials and Canonical Variables 
 
Following on from §1.3, the thermodynamic potentials (per unit reference volume) in 
terms of canonical variables take the form 
 

( ) ( ) ( ) ( )sHHGGsUU ,,,,,,, PPFF ===Ψ=Ψ θθ                 (2.2.44) 
 
The various relationships for these potentials are given in Table 2.2.1, which is a 
reproduction of Table 1.3.1 for finite strain reversible processes. 
 
The fourth column contains the Gibbs relations 2.2.41. 
 
Thermo-
dynamic 

Symbol 
and Definition Rate-form relationship Maxwell relation 



Section 2.2 

Solid Mechanics Part IV                                                                                Kelly 65

potential appropriate 
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Table 2.2.1: Thermodynamic Potentials (per unit reference volume) 

 
 
The Gibbs Relation and Classical Thermodynamics 
 
In increment form, the second of the Gibbs relations 2.2.41 can be expressed as  

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= − FσF dduds :11 T

ρθ
                                     (2.2.45) 

 
Consider an elastic (inviscid) fluid, for which by definition the stress is a function of F 
only through the density ρ :  
 

( )Iσ θρ,p−=                                                    (2.2.46) 
 
where p is the hydrostatic pressure.  Using {▲Problem 4} 
 

FF :T−−=
ρ
ρ& ,                                                  (2.2.47) 

 
relation 2.2.45 reduces to the classical thermodynamics Gibbs relation 

 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= ρ
ρθ

dpduds 2

1                                             (2.2.48) 

 
Heat Flux 
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The first law is 
 

qdσ

QFP

div1:1

Div1:1

00

ρρ

ρρ

−=

−= &&u
                                         (2.2.49) 

 
Recall that, in this expression, the divergence of the (Cauchy) heat flux represents the 
heat entering a material element, Eqn. 1.6.4, 
 

dv
dt
Q

v
∫−= qdivδ                                                  (2.2.50) 

 
For a homogeneous material, ( )( ) qdiv/1/ −=vdtQδ . 
 
Using 2.2.41b, one has the useful relation between the rate of entropy and the heat flux 
vector for a thermoelastic material: 
 

qQ div1Div1

0 ρρ
θ −=−=s&                                        (2.2.51) 

 
 
Heat Conduction 
 
From 2.2.34, the dissipation inequality reads 

 
( ) 0,, ≤∇⋅∇ θθθFq                                         (2.2.52) 

 
This is Fourier’s inequality and merely states that heat flows from a hot region to a cold 
region.  One usually assumes Fourier’s law of heat conduction: 

 
( ) θθ ∇−= ,FKq                                            (2.2.53) 

 
where K is the thermal conductivity tensor.  This constitutive law is sometimes referred 
to as Duhamel’s law of heat conduction, to distinguish it from the case of a thermally 
isotropic material, for which IK k= , which is then referred to as Fourier’s law. 
 
If one considers the left hand side of Eqn. 2.2.52 to be a function of θ∇ , this function 
attains a maximum (of zero) when 0=∇θ .  Thus 

 

( ) ( ) 00Fqqqq ==+∇⎟
⎠
⎞

⎜
⎝
⎛
∂∇
∂

=∇⋅
∂∇
∂

=∇=∇

,,
0

T

0

θθ
θ

θ
θ

θθ

                (2.2.54) 

 
This implies that, without a temperature gradient, there is no heat flow.  Since it is a 
maximum, 
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( )
( )

θθ
θ

θ θ
∂∇
∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂∇
∂

=∇⋅
∇∂
∂

=∇

qqq
T

0
2

2

                            (2.2.55) 

 
must be negative semi-definite.  This implies that the symmetric part of the thermal 
conductivity tensor K in 2.2.53 must be positive semi-definite.     
 
Consider next the quantity 22 /: xK ∂∂ θ .  Since ( ) ( ) ijji xxxx ∂∂∂∂=∂∂∂∂ //// θθ , 

22 / x∂∂ θ  is symmetric.  Further, the double contraction of a symmetric tensor and a skew 
tensor is zero.  Thus 2222 /:sym/: xKxK ∂∂=∂∂ θθ .  The heat flux appears in the first 
law only as qdiv .  Evaluating this gives, with Fourier’s law, 
 

ji
ij

ji

ij

j
ij

i xx
K

xx
K

x
K

x ∂∂
∂

−
∂
∂

∂

∂
−=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂
∂

−
∂
∂

=
θθθ 2

divq                  (2.2.56) 

 
For a homogeneous material, 0/ =∂∂ iij xK , and so 
 

2

2

:symdiv
x

Kq
∂
∂

−=
θ                                           (2.2.57) 

 
Thus, for homogeneous materials, it is only the symmetric part of the thermal 
conductivity tensor which enters the energy balance.  In fact, it is almost universally 
accepted that K is symmetric, whether the material is homogeneous or not. 
 
Heat Capacity and Latent Heat 
 
The specific heat capacity is the heat required to raise the temperature of a body by unit 
temperature (per unit mass).  From the first law, 2.2.49, when there is no deformation 
( 0F =& ), all the heat absorbed is transferred to internal energy.  The specific heat 
capacity at constant deformation is then by definition (see Eqn. 1.1.15) 
 

( )
θ
θ

∂
∂

=
,F

F
uc                                                 (2.2.58) 

 
The heat capacity can also be expressed in terms of the free energy {▲Problem 5}: 
 

( ) ( )
2

2 ,,
θ

θψθ
θ
θθ

∂
∂

−=
∂

∂
=

FF
F

sc                                  (2.2.59) 

 
From 2.2.51, one then has the equation of heat conduction {▲Problem 6} 
 

QF
F

Div1:
0

22

ρθ
ψθθ

θθ
ψθ −=

∂∂
∂

−
∂∂

∂
− &&                            (2.2.60) 

 
Some of the heat energy results in a temperature change, the first term, which is the heat 
capacity term.  The second term represents a thermoelastic coupling effect whereby a 
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deformation induces a temperature change; this term is often neglected as it is usually 
small in applications.  This second term can be interpreted as a latent heat term, whereby 
heat can be absorbed without a change in temperature.  
 
In terms of the enthalpy, the first law 2.2.49 can be expressed as 
 

QPF Div1:1

00 ρρ
−= &&h                                          (2.2.61) 

 
At constant stress, the heat energy now results in an increase in enthalpy.  The specific 
heat capacity at constant stress is then by definition 
 

( )
θ
θ

∂
∂

=
,P

p
hc                                                 (2.2.62) 

 
The heat capacity can also be expressed in terms of the Gibbs energy (using the relations 
in Table 2.2.1): 
 

( ) ( )
2

2 ,,
θ

θθ
θ
θθ

∂
∂

−=
∂

∂
=

PP
P

gsc                                  (2.2.63) 

 
For isotropic engineering materials, e.g. metals, concrete, which undergo small strains, 

IF εcc = , with Kkg/mN103≈εc  and IP σcc = , with σc  being slightly greater than εc  
(by a few percent). 
 
 
2.2.3 Small Strain Thermoelasticity 
 
The Free Energy and Thermal Strains 
 
In the linear theory, the free energy is a function of the small-strain and the temperature, 
( )θψ ,ε , and, as with the strains, temperature changes are assumed to be small.  Assume 

that in the reference state the temperature is 0θ  and the material is strain-free.  Then, 
expanding the free energy in a Taylor series and retaining only terms up to second order, 
 

( ) ( )

( ) ( )2
0

0
2

2

0

2

0

0
2

2

0
00

0

2
1:

::
2
1:,

θθ
θ
ψ

θ
ψθθ

ψθθ
θ
ψψψθψ

−
∂
∂

+
∂∂

∂
−+

∂
∂

+−
∂
∂

+
∂
∂

+=

ε
ε

ε
ε

εε
ε

ε

            (2.2.64) 

 
where the notation 

0
 means that the quantity is evaluated at the reference state.  Note 

that the specific heat at constant deformation (strain) occurs in the last term here (see Eqn. 
2.2.59). 
 
The stress is now 
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( )
0

2

0
0

2

2

0

:
θ
ψθθρψρψρψρ
∂∂

∂
−+

∂
∂

+
∂
∂

=
∂
∂

=
ε

ε
εεε

σ                       (2.2.65) 

 
Assuming the material is stress-free in the reference state, 0ε = , 0θθ = , then 
( ) 0ε =∂∂

0
/ψ , and 2.2.65 can be expressed as 

 
( ) ( )00 : θθθθβεσ −−=−−= βεDσijklijklij D                    (2.2.66) 

 
where the stiffness tensor is 
 

2

22

ε
D

∂
∂

=
∂∂

∂
=

ψρ
εε
ψρ

klij
ijklD                                     (2.2.67) 

 
and 
 

θ
ψρ

θε
ψρβ

∂∂
∂

−=
∂∂

∂
−=

ε
β

22

ij
ij                                   (2.2.68) 

 
It was seen earlier that D is positive definite and so is always invertible.  Define then the 
tensor α  through βαD =:  (so βCα := , where C is the flexibility tensor) so that 
 

( )[ ] ( )[ ]00 : θθθθαεσ −−=−−= αεDσklklijklij D                       (2.2.69) 
 
The quantity ( )0θθ −α  is called the thermal strain and α  is the tensor of thermal 
expansion coefficients.  For isotropic engineering materials, Iα α= , with 15 K10 −−≈α . 
 
Note that, from 2.2.67-8, with the derivatives evaluated at the reference configuration, D 
and α  are constant tensors.  One can generalize to a theory with temperature-dependent 
properties, by expressing 2.2.64 in the form 
 

( ) ( ) ( )

( ) ( ) ( )( )2
00

0

2
1:1

:1:
2
1)(,

θθθθ
ρ

θθ

θ
ρ

θθθθψ

−+−−

+−+=

E

BA

εβ

εDεε
              (2.2.70) 

 
The Gibbs Energy 
 
The temperature dependence of a thermoelastic material can be conveniently expressed 
using the Gibbs free energy, ( )θ,σgg = : 
 

σ
ε

∂
∂

−=
∂
∂

−=
gg

ij
ij ρ

σ
ρε               (2.2.71) 

 
Then, immediately, 
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θθασε &&&&&& ασCε +=+= :ijklijklij C           (2.2.72) 

 
where now 
 

θ
ρ

θσ
ρα

ρ
σσ

ρ

∂∂
∂

−=
∂∂

∂
−=

∂∂
∂

−=
∂∂

∂
−=

σ
α

σσ
C

gg

ggC

ij
ij

klij
ijkl

22

22

                     (2.2.73) 

 
To complete the set of second derivatives of the Gibbs function, one also has the heat 
capacity at constant stress (see Eqn. 2.2.63): 
 

θθ
θ

∂∂
∂

−=
gc

2

σ                                                   (2.2.74) 

 
 
Heat Capacity 
 
Just as the stress, Eqn. 2.2.65, was expressed in terms of the free energy 2.2.64, the 
entropy can be expressed as the linear function 
 

( )
0

2

2

0
0

2

0

:
θ
ψθθ

θ
ψ

θ
ψ

θ
ψ

∂
∂

−−
∂∂

∂
−

∂
∂

−=
∂
∂

−= ε
ε

s                       (2.2.75) 

 
The first term on the right represents the reference entropy, at the reference state, and can 
be omitted.  The last term involves the specific heat at constant strain.  The second term 
involves the tensor β  (see Eqn. 2.2.68).  Thus 
 

εεDα cs
θ
θθ

ρ
0::1 −

+=                                         (2.2.76) 

 
For an isotropic material, the stiffness tensor is given by Part III, Eqn. 4.1.12, 
 

( ) ( )jminjnimmnijijmnD δδδδμδλδμλ ++=++⊗= ,IIIID            (2.2.77) 
 
in which case  
 

( ) ( ) kkkkijkkijijklijklij KαεαεεαεDα εμλμλδδ 3232 =+=+=                    (2.2.78) 
 
where K is the bulk modulus.  With ( ) ( ) 000 // θθθθθθ −≈− , the entropy is now 
 

( ) εεε cKs
0

0tr3,
θ
θθ

ρ
αθ

−
+=                                         (2.2.79) 
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With Fourier’s law, θgradk−=q , the equation of heat conduction, 2.2.60, can be 
expressed as (with 0θθ ≈ ) 
 

( )θ
ρρ

αθθ graddivtr3
0

kKc =+ εε &&                                 (2.2.80) 

 
In order to express these relations in terms of stress, from 2.2.69, the isotropic stiffness 
tensor 2.2.77 and Part III, 4.1.20, 
 

( )IIεεσ 03)tr(dev2 θθαμ −−+= KK                           (2.2.81) 
 
Then, with the trace of a deviator zero, 
 

( )09)tr(3tr θθα −−= KK εσ                                 (2.2.82) 
 
Thus 2.2.79 can be expressed as 
 

( ) ( ) εσσ cKs
0

0
0

29tr,
θ
θθ

θθ
ρ
α

ρ
αθ

−
+−+=                       (2.2.83) 

 
The specific heat capacity at constant stress is then, from 2.2.63,  
 

( ) ( )
θ
θθ

θ
θθ

∂
∂

≈
∂

∂
=

,,
0

σσ
σ

ssc                                         (2.2.84) 

 
leading to the relation 
 

ρ
αθ Kcc

2

0
9

=− εσ                                             (2.2.85) 

 
In terms of stress, the equation of heat conduction 2.2.80 reads 
 

( )θ
ρρ

αθθ graddivtr0
kc =+ σσ &&                                    (2.2.86) 

 
 
2.2.4 Problems 
 
1. Differentiate the invariants 2.2.16 to derive relations 2.2.18. 
 
2. Derive the complementary function 2.2.26. 
 
3. Derive the Gibbs relations 2.2.41 for an elastic material. 
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4. Use the conservation of mass relation ρρ J=0  and the relation Part III, 2.5.19, 
FF && :T−= JJ , to derive the relation 2.2.47, FF :/ T−−=ρρ& . 

 
5. Show that the heat capacity is proportional to the second derivative of the free 

energy, Eqn. 2.2.59. 
 
6. By taking the entropy s to be a function of the variables ( )θ,F , use the relation 

2.2.51, QDiv0 −=s&θρ , and the relation between entropy and free energy, Eqn. 
2.2.35a, to derive the equation of heat conduction 2.2.60, 

QF
F

Div1:
0

22

ρθ
ψθθ

θθ
ψθ −=

∂∂
∂

−
∂∂

∂
− &&  

 
7. Derive the equation of heat conduction 2.2.86. 
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