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PREFACE

Heiurich Hertz’s great paper on the ‘‘Fundamental Equations of Electro-
dynamies for Bodies at Rest”’ has served as model for my lectures on elec-
trodynamics ever since my student days (see §1). Following this example
I proceed in Part I from Maxweli’s equations as an axiomatic basis, ex-
pressed not as with Hertz, in the coordinates and in differential form, but
in vectorial integral form. In Part II the several classes of phenomena, in
static, stationary, quasistationary, and rapidly variable fields, are derived
from these equations, as in Hertz's paper. After I had heard Hermann
Minkowski’s lecture on “Space and Time’’ in 1909 in Cologne, I carefully
developed the four-dimensicnal form of electrodynamics as an apotheosis
of Maxwell’s theory and at the same time as the simplest introduction to
the theory of relativity; in return, this has always met with an enthusi-
astic reception on the part of my audience. This four-dimensional electro-
dynamics is presented in Part III. Its title “Theory of Relativity and
Electron Theory” requires the comment that it is limited to the special
theory of relativity on the one hand and to the theory of the individual
electron on the other. The statistics of electrons in metals and electrons in
- insulators belong in Vols. IV* and V* of the Lectures. Schwarzschild’s prin-
ciple of action, which establishes the fundamental relationship between
Maxwell’s theory and the dynamics of the individual electron (or individual
electrons), is presented at the end of Part I1II with certain modifications
which appear necessary from our point of view. In Part IV is developed
the electrodynamics of moving media, again following Minkowski rather
closely. As the most important application the fields of unipolar induction
are discussed and are calculated as an exercise for a particularly simple
example.

Part II constitutes the main portion of the Lectures. I distinguish be-
tween summatior. and boundary-value problems in electrostatics and mag-
netostatics. The computation of the electric potential for given charge
distribution and the calculation of the magnetic potential for given magneti-
zation are examples of the first; the theory of the permanent magnet,
insofar as it falls within the competence of Maxwell’s theory rather than
atomic theory, becomes simple and clear from this standpoint. On the other
hand, the solution of the electric and magnetic boundary-value problems
properly belongs in Vol. VI; only the most important cases are treated in
the present volume. The calculation of stationary fields for a given distri-
bution of the current density, either by the method of the vector potential
in §15 or that of the magnetic shell in §16, is also a simple summation prob-

* See p. xii for list of Lectures on Theoretical Physics.
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lem. Among the rapidly variable fields those of the wire-wave type are
treated with some completeness. The principal wave on a single wire in §22
(symmetric electrical type) serves as primary example; however, because
of their recent practical applications (theory of wave guides in §24) and
their utilization in the theory of the Lecher system, the magnetic type and
the asymmetric secondary waves as well as wire waves on nonconductors
are also dealt with in §23. As conclusion of Part II the Lecher system is
treated fully for arbitrary separation and dimensions of the two parallel
wires, employing bipolar coordinates for the exterior of the wires and
ordinary polar coordinates for their interior. It is only assumed that the
two wires are rather good conductors.

The dimensional character of the field entities is taken seriously through-
out. We do not accept Planck’s position, according to which the question
of the real dimension of a physical entity is meaningless; Planck states in
§7 of his Lectures on Electrodynamics that this question has no more mean-
ing that that of the “real” name of an object. Instead, we derive from the
basic Maxwell equations the fundamental distinction between entities of
intensity and entities of quantity, which has heretofore been applied con-
sistently in the excellent textbooks of G. Mie. The Faraday-Maxwell indue-
tign equation ghows that the magnetic induction B is an entity of intensity
along with the electric field strength E; B, rather than H, deserves the
name magnetic field strength. H, like D, is best designated as “‘excitation.”
div H represents the magnetic density, just as div D represents the electric
charge density. Hertz’s distinction between “true” and ‘““free” electricity
becomes pointless, since div E is, dimensionally, not a charge, but a diver-
gence of lines of force. The same applies to the distinction between ‘“‘true”
and “free’” magnetism, particularly since div B is everywhere zero. The
current density J, the electric polarization P, and the magnetization M,
are entities of quantity like H and D. Energy quantities always take the
form of products of an entity of quantity and an entity of intensity, e.g.
iD-E, }H-B, J-E, E X H. The fact that B and E, and H and D, belong
together follows unambiguously from the theory of relativity, in which
the quantities ¢B and —iE, and H and —1cD, respectively, are coupled
together in a six-vector (antisymmetric tensor). We call the first the field
tensor F, the second, the excitation tensor f.

The introduction of a fourth eleciric unif, independent of the mechanical
units, is decisive for the fruitfulness of these dimensional considerations.
We choose for this the unit of charge Q, which, as a matter of convenience
we may identify with the coulomb if we wish. In this manner we avoid the
“bed of Procrustes’ of the cgs-units, in which the electromagnetic quanti-
ties are forced to take on the well known unnatural dimensions. Since we
must definitely give up the hope of a mechanical interpretation of electrical
quantities, we must regard the charge as a basic, irreducible entity which
can claim a Jdimension of its own. We shall refer to the “‘electrostatically”
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or ‘“‘electromagnetically’’ measured charge only in passing, and exclusively
for historical reasons. With the particular unit of charge Q = 1 coulomb
the electric current has the customary unit amperes = Q/sec.

As mechanical units, following the suggestion of G. Giorgi, we shall em-
ploy the units meter M, kilogram (mass) K, and second 8. The unit of
energy then becomes 1 joule (without a power of ten as factor!) and that
of power 1 joule S~' = 1 watt. Furthermore, the powers of ten disappear
also for the electric units volt, ohm, farad, and henry; we have 1 volt =
1 joule/Q, 1 ohm = 1 joule S/Q?, 1 farad = 1 Q?*/joule and 1 henry =
1 joule S2/Q2. ‘

On the other hand powers of ten must appear as factors when the units
of the magnetic field strength B and the magnetic excitation H are expressed
in terms of the gauss and the oersted, respectively, which as we shall see in
§8, have been adapted to the cgs-system. As expected, the unit Q auto-
matically drops out of the energy densities $D- E, $4H-B, and J- E referred
to above; their dimension becomes joule/M? directly, whereas that of the
energy flux E X H is joule/(M?S).

With our dimensional differentiation between entities of intensity and
entities of quantity the dielectric constant and the permeability evidently
become dimensional quantities and therefore cannot be set equal to 1 in
vacuum, Their choice, in which we accept electrical engineering practice,
happily permits us to meet the demand for ‘“‘rational units” without diffi-
culty. It is only necessary to set,

a3

in accord with international conventions, and to derive &, from the relation
como = 1/c? verified by Hertz’s experiments. With this choice the 4x's
disappear wherever they do not belong, as in Poisson’s equation and the
energy expressions in Poynting’s theorem, and appear where they belong,
as in Coulomb’s law and for the spherical condenser. We thus avoid the
desperate expedient by which Lorentz achieves rationalization in his articles
in the Enzyklopaedie, namely the introduction of the factor v/4x in the
definition of the charge and of magnetism.

At the same time, with this choice of &, and uq, the square root of the
ratio of po and &, evidently becomes a resistance, namely the so-called
“wave resistance of vacuum.” This quantity occurs in Part IT as a factor
wherever the wave fields E and H enter into formulas of the same dimen-
sions. Jt occurs again in the theory of relativity in the relation between the
excitation tensor f and the field tensor F, which in vacuum assumes the
simple form for all six components

f = E F'.
&
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These questions of units, dimensions, and rationalization, often discussed
to excess in recent years, are disposed of as briefly as possible in the lectures;
however, the reader is repeatedly urged in them to convince himself of the
dimensional logic of formulas. In numerical computations our MKSQ sys-
tem of units is faund convenient throughout since it is adapted to the
practical and legal units, volt, ampere, etc. We leave the question open as
to whether it is also appropriate for atomic physics. So as to permit an
effortless transition to the Gaussian system (& = wo = 1), which is custo-
mary in this case, we explain Cohn’s system in §9, which in our interpreta-
tion is based on the five units MKSQP (P = magnetic unit pole).

The wonderful simplicity and beauty of the Maxwell equations, which

is most striking in their relativistic formulation for vacuum, lead to the
conviction that these equations, along with the equations of gravitation
(§38), are the demonstration of an all-inclusive world geometry. Approaches
to this by no means resolved problem are summarily discussed in §37. The
amazingly simple representation of the general theory of relativity in §38
is based on a detivation of Schwarzschild’s line element kindly made avail-
able to me by W, Lenz. In this nianner the three tests of the theory open
to astronomical observation may be treated without tensor calculus.
+ This volume is based on lecture notes prepared by H. Welker in the
winter semester of 1933/34, at which time I first abandoned the cgs system
and passed over to the more general system of the four units. In the final
‘formulation of Parts I and II I have had the benefit of the constant advice
of Professor J. Jaumann, whose electrotechnical experience and point of
view have been of great advantage to this volume. I am grateful to Messrs.
P. Mann and E. Gora and to my colleague F. Bepp for critical remarks and
suggestions for improvements. Dr. W. Becker has kindly assisted me in
reading the proof of this, as of preceding volumes.

Munich, April 1948
Arnold Sommerfeld

TrANBLATOR'S NOTE

A minimum number of changes has been made in this translation of
Sommerfeld’s ‘‘Elektrodynamik” (the third volume of the Lectures on
Theoretical Physics) to adapt it for use in English-speaking countries. As
far as possible, the samé conventions regarding notation are employed as
in G. Kuerti’s translation of Volume II, “Mechanics of Deformable Bodies."”
Thus vectors are represented by bold-face letters, vector components and
scalars {as well as tensors and their components) by italics; this in spite of
the fact that the Gothic letters employed in the original text for both vec-
tors and vector components were used even in Maxwell’s Treatise. To avoid
confusion a few additional changes of symbols were required in consequence
of this major change.

E. G. R.
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Part I

FUNDAMENTALS AND BASIC PRINCIPLES OF MAXWELL’S
ELECTRODYNAMICS

‘§1. Historical Review. Action at a Distance and Action by a Field

I can best give you an idea of the sweeping changes in viewpoint brought
about by the theory of Faraday and Maxwell by telling you of the time I
spent as a student, 1887-1891.

My native city, Konigsberg, was the earliest fountainhead of mathe-
matical physics in Germany, thanks to the activity of the revered Franz
Neumann, 1798-1894. At the University of Konigsberg he taught, in addi-
tion to crystallography, theoretical physics which was not at the time
given elsewhere in Germany. His students, of whom Gustav Kirchhoff
of Konigsberg was the most prominent, spread the teachings of the master
to the other German universities. Through the seminar in mathematical
physics, founded by him and C. G. J. Jacobi, he also saw to it that the
East Prussian secondary-school teachers received a particularly thorough
preparation, This may bear some relation to the fact that the Gymnasium
'in the Altstadt graduated the mathematician Hermann Minkowski and the
physicists Max and Willy Wien shortly before my final examination,
while at the same time the enly slightly older David Hilbert and Emil
Wiechert were attending other Konigsberg schools. Neumann’s greatest
successes in research were achieved in the elastic theory of light and in the
physics of crystals; his mathematical formulation of the induction cur-
rents discovered by Faraday will be discussed in §15. Simultaneously
with Neumann and Jacobi, and almost outshining them, F. W. Bessel
taught in Konigsberg.

My time of study coincided with the period of Hertz’s experiments.
At first, however, electrodynamics was still presented to us in the old
manner—in addition to Coulomb and Biot-Savart, Ampere’s law of the
mutual action of two elements of current and its competitors, the laws of
Grassmann, Gauss, Riemann, and Clausius, and as a culmination the law
of Wilhelm Weber, all of which were based on the Newtonian concept of
action at a distance. The total picture of electrodynamics thus presented
to us was awkward, incoherent, and by no means self-contained. Teachers
and students made a great effort to familiarize themselves with Hertz's

1



2 FUNDAMENTALS OF MAXWELL'S ELECTRODYNAMICS 1

experiments step by step as they became known and to explain them with
the aid of the difficult original presentation' in Maxwell’s Treatise.

It was as though scales fell from my eyes when I read Hertz’s great
paper:’ “Uber die Grundgleichungen der Elektrodynamik fiir ruhende
Ixorper.” Here Maxwell’s equations, purified by Heaviside and Hertsz,
were made the axioms and the starting point of the theory. The totality
of electromagnetic phenomena is derived from them systematically by
deduction. Coulomb’s law, which formerly provided the basis, now appears
as a necessary consequence of the all-inclusive theory. Electric currents
are always closed. Current elements arise only as mathematical incre-
ments of line integrals. All effects are transmitted by the electromagnetic
field, which may be represented by force-line models. Action at a distance
gives way to field action,’ the “constructable representation” of a space-
time propagation postulated already by Gauss.'

I have held to the order of Hertz’s paper in all my lectures on Maxwell’s
theory. In this presentation, too, we shall not begin with electrostatics,
as is done so commonly and also in Maxwell’s Treatise, but treat it merely
as an extreme simplification of the general field theory. We shall deviate
from Hertz only insofar as we shall start not from Maxwell’s equations
in differentigl form, but in integral form. It goes without saying that we
'shall replace the rather extensive coordinate calculations of Hertz by vector
algebra, which is perfectly suited to the electromagnetic field. We shall
see that this algebra, extended to four dimensions, leads directly to the
special theory of relativity. The latter will provide an approach to the
electrodynamics of moving bodies, which Hertz unsuccessfully sought to
master in the second paper cited. In agreement with Hertz we see in Max-
well’s equations the essence of his theory. We need not discuss the mechan-
ical pictures, which guided Maxwell in the setting up of his equations. We
have discussed one such picture in Vol. II, §15 of these lectures.

1 The great student of electrolysis, Wilhelm Hittorf, who had heard muckh of the
new theory of electricity, in advanced years attempted to study the Treatise, but
was unable to find his way through the unfamiliar mase of equations and concepts.
He was thus led into a state of deep depression. His colleagues in Miinster persuaded
him to take a vacation trip to the Harz Mountains. However when just before
his departure they checked his luggage they found in it—the two volumes of the
Treatise on Electricity and Magunetiam by James Clerk Maxwell. (As told by A.
Heidweiller.)

' Gottinger Nachr. March 1890 and Ann. Physik, Vol. 40; continued in Ann.
Physik, Vol. 41: “Uber die Grundgleichungen der Elektrodynamik fiir bewegte
Koérper.”

"3 We avoid the alternative term ‘‘near action’’ which signifies merely action at a
small distance, and by our notation direct attention to the medium transmitting the
effect, namely the field. '

4 In a letter to Wilhelm Weber, of 1845. See Collected Works, Vol. V, p. 627.
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Biographical Notes

MicuaeL Farapar, 1791-1867

He was born as son of a blacksmith in impecunious circumstances. The
family belonged to the pious sect of the Sandemanians, to which Faraday
remained faithful to his death. His high ethical concept of life and human
kindness derived from the religious spirit of his family. He was first news-
paper carrier, then bookbinder. In science and letters he was entirely
self-taught. The lectures of Sir Humphry Davy at the Royal Institution
were decisive for his career; he wrote them up carefully and found ap
opportunity to present them to the great chemist. He became his labora-
tory assistant in the Royal Institution. His first important work was “the
rotation of a current about a magnet and the rotation of a magnet about a
curreut,” and also the liquefaction of chlorine. This work brought about
his election as Fellow of the Royal Society and later the indirect succes-
sion to Davy at the Royal Institution. In 1832 he began the publication
of the “Experimental Researches.” His discoveries recorded in these ex-
tend to the most diverse fields of physics, electrochemistry, and the study
of materials. We mention as most significant for us: The discoveries of the
law of electromagnetic induction in 1831, the dielectric constant, para-

.and diamagnetic behavior, and the picture of electric and magnetic lines

of force. His magneto-optical discoveries are discussed in Vol. IV. The
failing of his memory forced many pauses in his work, as well as the repeti-
tion of experiments made at an earlier date. It is uncertain whether this is
to be attributed to mental overexertion or, as is commonly assumed
today, to mercury poisoning in the poorly ventilated basement rooms of
the Royal Institution. Certainly his purely intuitive method of working,
devoid of any mathematical aid, required tremendous mental concen-
tration. In his last years a restful summer retreat in the royal palace,
Hampton Court, was made available to him at the suggestion of the Prince
Consort, Albert. At his death there were found ninety-five honorary
diplomas of learned societies, bound with his own hand.

James CLERE MaxweLL, 1831-1879

He came from a prominent Scottish family (the father’s name was Clerk,
the added name Maxwell being derived from his mother) and was given
the best in education that his time offered, both in the field of letters and
that of science and mathematics. Thus, at an early date, he could translate
Faraday’s pictures of lines of force into a mathematical form which could
be. generally understood. See his paper of 1855 “On Faraday's Lines of
Force” (translated into German by Boltzmann in Ostwald’s Klassiker
Nr. 69). In the preface to his Treatise he states: “Faraday, in his mind’s
eye, saw lines of force traversing all space where the mathematicians
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(from the preceding discussion it is apparent that he refers particularly
to Gauss, Wilhelm Weber, Riemann, Franz and Carl Neumann) saw
centres of force attracting at a distance: Faraday saw a medium where
they saw nothing but distance: Faraday sought the seat of the phenomena
in real actions going on in the medium, they were satisfied that they had
found it in a power of action at a distance impressed on the electric fluids.
When I had translated what I considered to be Faraday’s ideas into a
mathematical form, I found that in general the results of the two methods
coincided, . . . but that . . . several of the most fertile methods of research
discovered by the mathematicians could be expressed much better in terms
of ideas derived from Faraday than in their original form.”

The Treatise appeared in 1873. Its greatest achievement is the unifica-
tion of optics and electrodynamics. The simplified form of the Maxwell
equations, later rediscovered by Heaviside and Hertz, is to be found al-
ready in Part III of his paper for the Royal Society of 1864. Almost as
important as his electromagnetic papers are those on the kinetic theory of
gases (Maxwellian velocity distribution) and on general statistics, to
which belongs also his theory of the rings of Saturn. He is also the author
of purely mathematical papers (on cycloidal surfaces, the theory of the
top, and the,determination of magnitudes in Helmholtz’s color triangle)
and of an important paper on lattice structures (see Vol. II of these Lec-
tures, p. 310).

After a brief teaching engagement in Aberdeen he became the first
director of the newly founded Cavendish Laboratory in Cambridge; he
died there at an early age.

AnorE Marie Aurikre, 1775-1836

We shall add a biographical note on Ampére not on account of the fun-
damental law already mentioned, nor because of the classical experiments,
which enabled him to derive it with the simplest possible means, but for
his discovery of the general relationship between the magnetic field and
electric currents.

Born in Lyon, as a precocious boy he occupied himself with philological
and mathematical studies. His father was a victim of the Revolution.
Because of his mathematical papers he was named professor at the Ecole
Polytechnique in Paris in 1804. Here he soon directed his attention to
chemistry, where he was able to compete with Avogadro in the field of
atomism. There follow five years in which he is concerned primarily with
psychology and metaphysics, though accepted as a mathematician into
the Academy of Sciences of Paris. His interest in physics is not awakened
until 1820, when he hears of Oersted’s discovery. In a few weeks he verifies
his belief that electricity in motion, and not electricity at rest, has a mag-
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netic effect. The years 1820-1826 he spent elaborating his concept of the
connection between the magnetic field and the electric current, which is
equivalent to half of Maxwell’s equations provided that the concept of the
electric current is extended by the addition of Maxwell’s displacement cur-
rent. We shall hence denote this portion of the Maxwell equations (in
integral form) in §3 directly as Ampere’s law. From this point of departure
Ampere recognized the equivalence of a solenoid traversed by current to a
permanent magnet. The strengthening of the magnetic field by a soft-iron
core placed in the solenoid is also to be attributed to him. Ampére may thus
be regarded as the father of the “electromagnet.” We may mention in
addition Ampere’s molecular currents and the elegant method of the mag-
netic sheet.

When, in 1826, however, Ampére obtained a professorship in physics
at the College de France his interests changed once more: he returned to
philosophy and logic and devoted himself finally to biology and com-
parative anatomy. Altogether a scientific career of extraordinary breadth
and depth, of intensity and versatility! (This material has been taken from
an essay by Louis de Broglie in his book Continu et Discontinu, Paris,
1941.)

Heinrice Hertz, 1857-1804

He was born in Hamburg the son of a respected merchant family; his
father was in later years Senator of the Free City. Initially his great
modesty prevented Heinrich Hertz from entering upon the career of a
scholar; instead, he turned to engineering at the Technische Hochschule
in Munich. Soon, however, he begged his father to permit him to transfer
to pure physics. He studied first in Munich, then in Berlin, and became the
favorite student and assistani of Helmholtz. The relationship between
teacher and student was the closest imaginable and finds touching ex-
pression in the memorial addressed to him by Helmholtz (reprinted in
Vol. I of Hertz's Collected Works). A prize problem set up by Helmholtz
directed him to the testing of Maxwell’s theory. After a short term as
Privatdozent in Kiel he was called to the Technische Hochschule in Karls-
rube.

Even the earliest papers of Hertz show his mastery in relating theory
and experiment. Several of them received the warm recognition of his
colleagues, as his quantitative determination of hardness among engineers,
and his desecription of the condensation processes in rising air currents
among meteorologists. His years in Karlsruhe, from 1885 to 1889, repre-
sent, the high point in his creative activity. We mention in particular his
paper of 1888: ‘“Forces of electrical oscillations treated by Maxwell’s
theory.” It provides the characteristic solution now generally designated
as the Hertzian vector and shows the familiar force-line pictures of the



6 FUNDAMENTALS OF MAXWELL'S ELECTRODYNAMICS 1

Hertzian dipole. It is amazing how much of the later development of
radio telegraphy has been anticipated in this paper. We should aiso point
out the great paper on ‘“Rays of electric force.” The theoretical papers
(basic equations of electrodynamics) have already been discussed.

The discovery of the photoelectric effect also falls into this period. With
his last experimental paper of 1891 “On the passage of cathode rays through
thin metal films” he reached beyond the problems set by Maxwell’s theory
and without knowing it, blazed the path to the electron theory. The very
thin metal films later designated as “Lenard windows” are described al-
ready in this paper.

In 1889 he was called to Bonn. Here he prepared his last work, “Prin-
ciples of Mechanics,” which we have discussed in Vol. I, §39. The intro-
duction of non-holonomic auxiliary conditions, the polydimensional treat-
ment of mechanical systems of many degrees of freedom, the principle of
the straightest path attest the keen logic and the geometric intuition of
their author. Increasing illness prevented experimental work. He died on
January 1, 1894, 37 vears of age.

§2. Introduction to the Basic Concepts of the Electromagnetic Field

We regard the existence of electric charges as an established fact, whether
we produce them by rubbing a piece of amber, the godparent of electricity,
or recognize them from the spark when connecting the poles of a battery.
We interpret the observed attraction, repulsion, and heat generation as
the result of charges which have been produced. We take care not {o define
the charge verbally or to ascribe a derived dimension to it by some ar-
bitrary procedure. Instead we regard it as having its own dimension, as
an entity beyond the range of mechanics. We call this quantity Q. We
could choose as unit of charge, whether negative or positive, the familiar
universal charge of the electron. We prefer however to let Q stand for the
coulomb, the accepled unit in the practical system, in terms of which the
electron charge is expressed by ¢ = 1.60-107" coulomb. We assume that
electrometer apparatus is available with which we can compare different
charges with each other and with the coulomb as unit of charge. The
atomistic nature of charge is disregarded in the Maxwell theory proper.
The charge of the atoms and elementary particles is to a much higher
degree an absolute constant than the mass (see §27J).

In addition to the electric unit Q we normally employ as mechanical
units of length, mass, and time the Giorgi units M (meter), K (kilogram
mass), and S (second), which have been established internationally by the
decision of the appropriate commissions. As already pointed out in Vol.
I, p. 8, there is the advantage that in this system the units of energy and
power correspond exactly (without multiplying powers of ten) to the joule
and watt introduced previously in the cgs system. We designate them as



[3=]
b2

BASIC CONCEPTS OF ELECTROMAGNETIC FIELD 7

lLjoule = 1 M’KS™ = 107 em’-g-sec™ = 10" erg
1 joule/S = 1 M’KS™ = 10" em®-g-sec™ = 10 erg/sec = 1 watt
and define correspondingly
1 newton = 1 MKS™ = 10° em-g-sec™ = 10° dypes

This unit of force “‘newton” is seen to be conveniently comparable in sjze
with the practical unit of force, the “kilogram” = 9.81-10° dynes.

We will show presently that the annoying powers of ten vanish also for
the practical units of the volt and ohm when the MKSQ system is em-
ployed.

We now proceed to examine in sequence the basic electromagnetic con-
cepts. In most cases we shall be concerned with a dimensional description
rather than with a cornplete definition; the latter will be derived from their
interrelation through- the basic equations of the theory, which can be
tested by experiment. In the succeeding section we will follow directly the
present day enumeration of the basic concepts.

We begin with the eleciric fieldstrength, for which a true definition is
possible and is generally conventional. Let this quantity be denoted by
E.! We define it as the mechanical force exerted in an electric field on an
wnfinitesimally small) test body, divided by the charge of the test hody.
E is therefore s vector with the dimension’

Force _ newton
E= Charge  Q (1

within the field it varies from point to point in direction and magnitude.
In following everywhere the direction of E we describe an electric line of
force.

We now consider the line integral

EE.ds=fE-ds @)

between two points A and B. E, is the perpendicular projection of E on the
direction of the line element ds and ds is the line element regarded as
vector; E-ds denotes, as usual, the scalar product. We ecall this lice in-

! Maxwell employed gothic letters (rather than bold-face letters) for the vectors
of the electromagnetic field (see Vol. IT of the Treatise, art. 618). Except for this
distinction we use the symbols here given. J will denote the electric current density,
I the total current in a wire.

* Heré, and at many other points, we use the equality sign to indicate equality
of dimension. Where, as in Eq. 2a, we wish to distinguish between actual numerical
equality and mere dimensional equality, we write = . .., i.e., “‘equal except for a
numerical factor.”
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tegral the “voltage” V:
- dyne-cm
V = Eds = ... — "% — .. 10 220
A Q Q
= ... 100 =5,

(2a)

The conversion of the dimension from the MKSQ- to the cgs-system shows
that our unit of voltage is identical with

1 volt = 10° cgs units (2b)

if, as decided above, we fix Q at

1 coulomb = % egs unit. (2¢)

For the definition of the voltage it is necessary that in addition to the
terminal poinis A, B, the path between them be preseribed. Only in lamellar
fields (see Vol. I, Eq. 6.16, and Vol. II, p. 137) is the independence of the
line integral with respect to the path guaranteed by Stokes’ law (see
Vol. I, Eq. 3.6). In place of voltage we may then speak of difference of
potential between the two points A and B, designated by V5.

We introduce as companion to the fieldstrength E a second electric
vector D, We shall call this preferably electric “‘excitation,” but shall also
frequently employ, particularly in the first part of these Lectures, the
customary term “‘dielectric displacement’’ (Maxwell’s designation).

We make the introduction of D comprehensible by the following con-
sideration: Charge, in its historical origin, is a concept based on the notion
of action at a distance. To adapt it to the viewpoint of action by a field
it is necessary to imagine an excitation of the surrounding medium pro-
ceeding from the charge centers, which excitation will be described by the
vector D. For a single point charge ¢ we imagine “D lines” leaving e uni-
formly in all directions, with such density that the “D-flux” becomes

%D“ do = e. (3)

do is an element of an arbitrary surface surrounding e. If, in particular,
we choose a spherical surface of radius r, we find

4xr’D = e. (3a)

For. arbitrarily, including continuously, distributed charges, Eq. {3) is
replaoed by

?Q.D, do=¢, é= De (3b)
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where & indicates the total charge within ¢, the algebraic sum of positive
and negative charges. We will see in §4 that this description of D, for an
arbitrary choice of ¢, is selfconsistent, but does not suffice for a unique defi-
nition of D. We will also see there that in the simplest case (isotropic
medium, linear relation between D and E) the ‘“D-lines” are identical with
the lines of force defined by the E vector.

From the preceding equations the dimension of D is seen to be

. _ charge _ Q
D — =W . (4)
This dimension is entirely different from the dimension of the fieldstrength
E, given by Eq. (1). With regard to Maxwell’s designation “dielectric
displacement,” we note that it fits strictly not the vector D itself, but only
that fraction of D which arises from the presence of ponderable matter
and which will later ‘(see §11C) be designated as the polarization P. Thus
this portion P vanishes for vacuum, the medium which is of greatest im-
portance to us. Nevertheless the “displacement’” D retains its individual
meaning, distinet from E, in this case also.

We eompare Eq. (4) with the dimension of the electric current density
J. One knows that this is to be defined as the quantity of electricity trav-
ersing unit area in unit time in a conductor. Its dimension is therefore

_ _Charge _ Q
I= area-time M’S (4a)
Depending on whether the unit area is placed perpendicular to the direc-
tion of the current or at an angle thereto, the absolute magnitude of J
or a component of it is obtained. J is thus a vector similar in character to
D. Dimensionally, however, not D, but the time rate of change of D, the
socalled displacement current D, corresponds to J.

We have here assumed a sharp distinction between conductor and non-
conductor (dielectric medium). Actually, no perfect insulator exists since
even the best nonconductor conducts to some extent, e.g. under the influ-
ence of cosmic radiation. Maxwell therefore supplements the displacement
current to form the total current

C=D+]; (5)

the designation C (current) was introduced by Maxwell. This notion of the
equivalence of D and J is a basically new idea of Maxwell, which is a pre-
requisite for the unified representation of electromagnetic phenomena.
Similarly, he supplements in the metallic conductor the conduction cur-
rent J by the addition of a hypothetical displacement current D, although
here the first term completely outweighs the second.

We now pass to the magnetic field. This quantity exerts a mechanical
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force on a magnetic pole P, which, to begin with, may be thought of as
1solated. With the same letter P we designate also the strength of the mag-
netic pole and with P the as yet undetermined dimension “pole strength.”
The mechanical force divided by P we should most properly call the mag-
netic field sirength. We will however, at least in the beginning, adhere to
custom and call this quantity the magnetic induction B:

B = force _ mnewton

pole strength P ©

We shall even go a step further in our adherence to customary notions
and utilize the relation between current and magnetism elaborated by
Ampére, whose systematic description must however be postponed until
§17. Thus, for example, the magnetic field of a plane circulating current /
about the area F is, at a great distance from I, equal to the field of a bar
magnet placed normal to F at 7, with the moment

m = IF. (6a)

This relation, which in the conventional cgs system serves to measure the
current I “magnetically,” we shall here employ to define the pole strength
P in terms of our electric unit of charge Q. We set

m = pole strength - pole separation = Pl (6b)
and obtain from Eq. (6a)

. F QM M
P=I1=5gw %% @)
C;ur dimensional equation (6) thus becomes
newton S

A complete description of the magnetic field also requires in addition to
B a second vector which we shall designate with H. We cannot however
adhere to the customary notation “magnetic field strength,” whick, as
we have seen, rightfully belongs to the vector B, but will call H the mag-
netic exciiation. We follow here the carefully thought-out representation of
electrodynamics of Mie." With the name magnetic excitation we place
H in parallel with the “electric excitation” D. Corresponding to Eq. 4)
we therefore define H dimensionally by

- pole strength _ P

o area Mz’

(9)

t Gustav Mie, Lehrbuch der Elektrizitit und des Magnetismus, 2nd Fd., Enke,
Stuttgart, 1941, and Handbuch der Experimentalphysik Vol. XI, Part 1, Elektrod v-
namik.
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which, in view of Eq. (7), we may write

Q

H = I;_T'g {9&)
This representation also justifies a designation which is commonly employed
in engineering and which, though rather awkward, is more appropriate
than the unfortunate name “magnetic field strength,” namely, the desig-
nation “ampere turns per unit length.” For further detuils see the end
of §4. .

The direction of the field vector B, varying from point to point, is repre-
sented by the form of the magnetic lines of force. As is well known, these
are made evident by the automatic alignment of iron filings which are
brought into the neighborhood of the magnet and were known long before
the corresponding electric lines of force. Their expressive appearance still
contributes greatly to the understanding of the field concept. Because of
the equality of direction of H and B in air or any other isotropic medium
the line patterns corresponding to the H vector are identical with the lines
of force of the B vector.

We may indicate finally a subdivision of physical entities into entities of
intensity and entities of quantity. E and B belong to the first class, D
and H, to the second. The entities of the first class are answers to the ques-
tion ‘“how strong,” those of the second class, to the question “how much.”
In the theory of elasticity, for example, the stress is an entity of intensity,
the corresponding strain, one of quantity; in the theory of gases pressure
and volume form a corresponding pair of entities. In D the quantity
character is clearly evident as the quantity of electricity that has passed
through; in H the situation is slightly obscured by the fact that there are
no isolated magnetic poles (see §3). We are in general inclined to regard the
entities of intensity as cause, the corresponding entities of quantity as their
effect.

§3. Mazwell's Equaiions in Iniegral Form

After this very incomplete preparation we pass to the ariomatic founda-
tion of Mazxwell's theory. The axioms of electrodynamics, just as the New-
tonian axioms of mechanics, rest on experience—more exactly on the
ordering of the totality of experience into a simplified and idealized form.
Thus the law of inertia of mechanics appears very different from what is
observed in a particular case for terrestrial bodies. Similarly, our electro-
magnetic axioms are much more abstract and mathematically generalized
than what is measured with coils, wires, and pointer instruments, Never-
theless like the mechanical axioms, they ere simply 2 summaiy of diverse
observations.

To begin with we st up two principal zxioms which swe shall then supple-
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ment by secondary axioms. One of these we shall call Faraday’s law of
indubtton. We shall state it, as far as practicable, in Faraday’s own line-
df-force language. The other axiom we shall name after Ampere, gince he
was the first to formulate the relationship between current and magnetic
fields. The fact that Ampere’s law also rests on experience has been em-
phasized by its author." We shall, however, state both axioms in the uni-
versal form whose possibility was first realized by Maxwell.

For this purpose we consider an arbitrary surface ¢ with the boundary
curve 8. We provide the latter with a pointer indicating sense of travel
and shall define that direction of the normal to the surface as positive
which forms a right-handed screw with the s-pointer. We compute the sur-
face integrals

| f B.ds  and f C, do (1)

extended over ¢ and shall call them magnetic flux and electric curren? fluz.
Number of lines of force and number of lines of current is another common
designation. This notation is of course audacious since these bundles of
lines are not countable. It is first necessary to group them in ‘“‘tubes,”
just as in Vol. II (p. 136) the lines of turbulence were grouped in tubes
of turbulence. The tubes must be constructed so that their cross section
becomes inversely proportional to the magnitude of B and C, respectively,
at the point in question. The counting of the tubes of force or current
traversing our surface then amounts to the same as the evaluation of the
integrals (1).

Next we compute the following line integrals extended over the boundary

curve §:
fE-ds and %H-ds. (2)

We call these the electric and magnetic loop tension. The first has also for a
long {ime been called EM.F. or electromotive force; included in this
designation, it is true, are also other “electromotive” causes, such as differ-
ences in temperature and chemical effects. The word “force” is here used
in its antiquated meaning of energy.

The remarkable thing in Maxwell’s point of view is that the E.M.F.,
which to the experimenter had had meaning only for closed metallic cir-
cuits, is here defined for arbitrary loops, whether they pass through con-
ductors, nonconductors, or through parts of both. The same geometric
freedom then exists also for the magnetic loop tension or magnetomotive
force. 'We now write down the two principal axioms which relate the

! In the title of his comprehensive paper: La théorie analvtique des phénoménes
glectrodvnamiques, uniquement déduile de 'expérience.
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quantities defined in Eqs. (1) and (2) in this completely general sense.

They are:
d
Ethgdl? = _fE'dl; {3‘)

f&ﬁ=f&ﬁ @

In words: Every change in the number of magnetic lines of force which traverse
a given surface o produces in its boundary s an electric loop tension which 1is
numerically equal io the rale of change, but opposite in sign (Faraday’s
law of induction) and

The number of electric current lines, which traverse an arbitrary surface o
18 accompanied by a magnetic loop tension in the bounding curve s of o which
18 equal o 1t 11 both magnitude and direction (Ampere’s law relating mag-
netic field and electric current).

Let us convince ourselves first that this equating of electric and mag
netic quantities is dimensionally proper. The two surface integrals defined
in' (1) (in spite of their dimensionally incorrect designation as numbers
of force lines ar current lines) have, according to (2.8) and 2.4a), the
dimensions

néwtt&n MS = ]ullée S and g respectively.

According to (2.9a) the latter dimension agrees with the dimension of the
line integral in (4). The time rate of change of the first expression yields
joule/Q, i.e. the dimension of an electric tension (expressible in volts),
in agreement with the right side of Eq. (3). From this dimensional check
our fundamentally different conception of B and H becomes apparent,
and it is clear that our special introduction of the symbol Q for the dimen-
sion of charge is unavoidable.

Next we concern ourselves with the signs in Eqgs. (3) and (4). They
correspond to the rules of Lenz and Ampére. Ampere’s rule is simply
the right-handed screw rule, by which we correlated the positive normal
of the surface ¢ with the sense of travel along the boundary s. The various
rules of thumb commonly given in textbooks are merely specializations of
our righthanded screw convention. To check Lenz’s rule we imagine in
Eq. (3) the boundary curve s to be realized by a wire loop, and the magnetic
flux traversing the surface ¢ in the direction n as lines of force proceeding
from the positive pole P of a bar magnet, the negative pole being assumed
to be gufficiently far away. We bring (see Fig. 1) the bar magnet near to the
wire loop and thus increase the magnetic flux, so that the left side of (3)
becomes positive. Then, as shown by the equation, the line integral on the
right side must become negative. The E.M.F. and the corresponding cur-




14 FUNDAMENTALS OF MAXWELL'S ELECTRODYNAMICS 3.5

rent induced in the wire loop then form a left-handed screw with the direc-
tion of motion of the bar magnet. The magnetic field corresponding to the
induced current is, on the other hand, represented, according to our right-
hand screw rule, by the arrow P’ in Fig. 1. The positive pole of this mag-
netic field thus points in the direction from which the positive pole P
of the magnet approaches the loop: The two poles repel each other or the
induced current inhibits the motion of the inducing magnet. This is the
meaning of Lenz’s rule: The appearance of the induced current opposes
the disturbance of equilibrium produced by the motion of the bar magnet.

We emphasized above thal the bounding curve s may be fixed quite
arbitrarily; the same remark applies also for fixed boundary to the surface
o. If two different surfaces o, and o, are passed through the same curve s,
the left sides of Eqs. (3) and (4) computed for o, and ¢y, must turn out te

N
" V77777227

N

EMF
Fi1a. 1. Lenz’s rule.

be equal. This is equivalent to stating that they must vanish for the closed
surface formed by o, and o, if the positive normal (n always pointing out-
ward) is defined in a uniform manner. We realize this fact also from the
following: We consider a closed surface ¢ with a boundary curve which
has contracted to a point. This does not contribute to the line integrals
in Egs. (3) and (4). If we indicate the integration over the now unbounded

surface with jg , we thus obtain

%f&. de =0  and fﬂ, do = 0; (5)
by Eq. (2.5) the second equation may also be written
%J,dcr-l-:%fl),da'm 0. (5a)

More particularly, if the surface o lies entirely in nonconducting material
and i# hence traversed by no conduction currents,

P .
&1 f Du dtr = (. (5b}
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The first equation (5) and Eq. (5b) state, in integrated form,
%B. de = const., fﬂ. de = const., (6)

while the second Eq. (5) and Eq. (5a) show that the total electric current
is always closed in Maxwell’s theory: the quantities entering and leaving
just' compensate each other; the current lines traversing our surface ¢
form closed loops somewhere outside of it. Furthermore, the magnetic lines
of force also are always closed. If a magnet (or electromagnet) is subdivided,
north poles and south poles, which compensate each other as far as the
total magnetic flux is concerned, are formed anew on every part. It follows
that the constant in the first Eq. (6) must be zero, while in the second
equation this constant is the algebraic sum & of the charges ¢ enveloped
by the surface 0. According to the above this must be a constant in time
Jor a nonconductor: .

fB. de = 0, j{D,. do = &, g = D e = const. (6a)

The first Eq. (6a) is a supplementary axiom, an addition to our principsl
axioms required by experience. The sec nd Eq. (6a) agrees with our earlier
Eq. (2.3b) and states the constancy in time of the charge in nonconductors.
The D-lines and the E-lines coinciding with them geometricaily originate
at points of positive charge and end at points of negative charge. Eq.
(5a) generalizing the second Eq. (6a), may be designated in hydrodynamic
terminology as the conlinuily equation of electricity. If the definition of é
in Eq. (6a) is employed it takes on the form

dé
s Ldo = 0. b)
dt+}(,r do = 0 ®

This expresses the fact that the electricity within a surface ¢ may decrease
as the result of flowing off through metallically conducting portions of ¢.

The fist Eq. (6a) may be expressed, with Heriz, in the form: There
is no frue magnetism. In this statement one proceeds from the assumption,
formerly regarded as obvious, that B is the magnetic analogue of D. From
ou: standpoint, however, this analogue is H, and not B. We shall hence
have to relate the definition of ‘“magnetism,” in particular of the pole
strength P (see §7), not to B but to H.

We now apply the first Eq. (6a) to the neighborhood of the boundary
surface between two bodies of different magnetic properties such as iron and
air. Let the closed surface ¢ be the surface of a very flat prism (Fig. 2),
whose height Ah is very small compared to the base Af, and let this base
lie for example in iron, while the parallel top side is in air. Eq. (6a) then
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demands, with arbitrary accuracy in view of the arbitrary smallness of
Ah

?

(B'w + B,) Af = 0. (7)

Let B’ refer, for example, to iron, B, to air. The normal (n in iron, n in
air) points outward on both surfaces Af. Then, in view of Eq. (7),

B'. = — B, and hence also B’y = B,,

provided that now n denotes the same direction in both media. We have
thus obtained a first boundary condition for the magnetic field: At the tran-
sition between two magnetically different media the normal component of
the induction 1is confinuous.

Fra. 2. Derivation of the continuity of
B, at the boundary between two media

from the relation f B, doe = 0,

‘'We will show that the same applies to the tangential component of the
excilation H. For this purpose we consider a very small rectangular loop s
(Fig. 3), with the height Ah normal to the bhoundary surface and the
side length As parallel to it. Here we assume that Ak << As so that in the
limit Ak — O the area Ac = AhAs vanishes. With the assumption that the
current density parallel to the boundary surface, referred to in Eq. (4),
does not become infinitely large' we obtain from Eq. (4):

0 =(H, + H,) As (8)
so that

H, = —-H, and hence also H, = H', (8a)

where again s denotes the same direction in the two media.

From exactly the same figure and the same consideration for two elec-
trically different media we are led from Faraday’s law of induction to the
conclusion that the tangential componenis of the electric field strength E are
continuous along the boundary of the two media:

E', = E.. (9)

! This Ii't}xiting case is the normal one for good conductors at high frequencies. -
Then H, becomes discontinuous and B, vanishingly small.
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Nothing has been said regarding the normal component of E. Further-
more, the continuity of the normal component of D (unlike that of B)
is not required by Eq. (6a). For, if D, has a discontinuity at the boundary
of two electrically different media (e.g. glass and air) or at any other sur-
face, we say that a surface charge is present on the surface. If we call this
surface charge w (dimension Q/M"), the charge present in the prism in
Fig. 2 for the transition to the limit Ah — 0 is,

g = w Af, . (10)

thus by the consideration leading to Egs. (7) and (7a), the second Eq.
(6a) demands

(D' + D.) Af = w 4f, (10a)
or, employing the same direction of the normal n:
Dn - D.I" = . (l}.)

Discontinuous behavior of the normal component of D signifies that the bound-
ary surface considered carries a surface charge; the magnitude of the discon-
~ tinuily indicates the surface charge directly.

F1. 3. Derivation of the continuity of
H, at the boundary between two media

from the relation .% H:ds = 0.

Finally, we obtain from Eq. (6b) for the boundary surface between a
conductor and a nonconductor by utilizing Fig. 2 and Eq. (10),

dw

that is, a loss of surface charge if electric current is possible in the conduc-
tor. In electrostatics, where the interior of conductors is fieldfree (D =
0, J = 0), Eq. (12) is fulfilled identically and Eq. (11) takes on the special
form

w = D,. (12a)

In the static field conductors bear a surface charge varying from poinl to poini
and given by the normal component of D.
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§4. The Mazwell Equations in Differential Form and the Material Constants
of the Theory

We pass from the integral to the differential form by allowing the loops

s in the integral form, and hence also the surfaces ¢ passed through them,

to become arbitrarily small. If we call the latter Ac we can write in the limit:

f B.ds = AoB,, f Cudo = AcCh. (1)

Furthermore we recall the definition of the vector operation “curl” by the
transition to the limit of a loop integral (Vol. 1I, Eq. 2.21). For our in-
finitesimal loops this leads to

f E, ds = Ae curl, E, _tf H,ds = Ae curl, H. (2)

We must form the time derivative of the first Eq. (1). We will here imagine
the surface Ac to remain fixed, which obviously applies to media af rest,
to which we shall confine ourselves initially. We then obtain

d _ . - _dB
afB;dar—dmrB... B_EE' (3a)
At the same tin__le, using Eq. (2.5), we write Eq. (1) in the form
[Codo = a0t + D), B = 2. (3b)

With Egs. (2) and (3a, b), cancelling the factor As which is common to
all terms, as well as omitting the common index n, the principal axioms
(3.3) and (3.4) lead to the two vectorial differential equations:’

B= —curlE
i (4)
D+ J= curl H

The universal importance and impressive beauty of these equations lec.
Boltzmann® to quote: “Was it a god who wrote these lines...”

1 Qur second equation (4) is usually called the first set of Maxwell’s equations, ou-
firat Eq. (4), the second set. We prefer the sequence of the text since in our presen-
tation the intensity entities E and B were introduced first as being more readil)
interpreted. We can also point to §7, where electrostatics will result from the spe
cialization of the first, magnetostatics, from the specialization of the second Eg.
(4), in support of our order. Since it would be improper to treat magnetostatics ahead
of the simpler electrostatics the numbering of the Maxwell equations which differs
from, ours appears unsuitable.

* Motto of the second volume of his “Vorlesungen iiber Maxwells Theorie der
Elektrizitit und des Lichtes,”” Miinchen 1893. Our formulation, which deviates
slightly from Boltzmann’s (vector in place of coordinate notation), clearly only
serves to enhance the beauty and simplicity of the equations.



4 4e MAXWELL EQUATIONS iN DIFFERENTIAL FOHM i9

We complete them by the supplementary axiom (3.6a) ifor B, and the
relsiion between D and the charge, contained in the same equation. We
shall now regard the latter as contiauously distributed in accord with our
differential point of view. Thus, we shall not speak of poini charges e,
but of finite densities in space p, so that the infinitesimzal charge

Ae = p Ar

is contained in an element of volume Ar which approaches zero in magni-
tude. At the same time we recall the vector operation ‘“‘divergence’” and
its representation (in Vol. II, Eq. 2.20) by the limit of a volume integral.!
For our present purposes we write this representation

lim = ¢ B.de = div B, 111:.1}_%r f D, do = divD
and obtain for Egs. {3.'611, b), omitting the factor Ar, their differential form:
div B = 0, (4a)
divD = p, (4b)
g_': + div J = 0. (4c)

Our Egs. (4) and (4a, bs ¢) set up the framework into which the phe-
nomena of electrodynamics must be fitted. But this framework is still
too wide. Five vectors E, D, J, B, and H occur in our equations, or alto-
gether 15 unknown functions of time and space. (The scalar p 18 referred
back to the vectors D and J by the Egs. (4b) and (4¢) respectively.) For
their determination we have two vector equations (4), i.e., altogether only
six differential equations. We must narrow down the framework to be able
to fill it out with a unified electrodynamic model. The electromagnetic

! We contrast the volume divergence here introduced with the term surface diver-
gence. Referring to Fig. 2 and the integration there carried out over a prism with a
base Af and vanishing height, we understand by this the result of the integration
divided by Af. According to Eq. 3.7 and with the meaning of the normals n and n’
there given, the surface divergence of an arbitrary vector A is:

Anr + Aa; (4d)

Eqs. 3.7a and 3.10a then state simply: The surface divergence of B vanishes, that of
D equals the surface charge.

Similarly, we can contrast the volume curl with the surface curl. Referring te Fig.
3 and the integration over a rectangle of base As and vanishing height carried out in
Eq. 3.8, we understand by the surface curl the result of the integration divided by
As. Thesurface curl of an arbitrary vector A is hence, according to Eq. 3.8,

14—-" -+ Al; (4'5)
it represents the discontinuily of A at ths surface in question.
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malerial constants serve this purpose. We shall discuss them in the sequence
conductivity, dieleciric constant, permeability.

1. Conductivity and Ohm’s Law

The electric current density J depends on the electric field strength E
within the conductor. We assume a linear dependence

J = ¢E (5)

and call the real positive constant ¢ the electric conductivity. Eq. (5) ex-
presses Ohm’s law for unit length of a wire carrying a stationary current.
To recognize this, we replace J by the total current / = ¢J (¢ = cross
section of the wire) and multiply Eq. (5) with the length of the wire. We
obtain

R=1

RI = V-é: 90 (5a)

V=i - LlEds = voltage

The concept of voltage had been created already by Volta, while the con
cept of resistance was first introduced by Georg Simon Ohm in 1827
“For us Ohm’ law signifies the introduction of the material constant .
According to Eq. (5) its dimension is:

Q' Q' (5b)

7T M® newton  MS jnule'

According to Eq. (5a) ¢ may also be designated as the reciprocal of the
specific eleciric resislance, 1.e. the resistance of a prism of the length [ =
1 M and of the cross section ¢ = 1 M*. The dimension of the resistance is
by Eqs. (5a, b):

_joule S
alr
The unit of resistance in the practical system of units is the @ (pronounced
“ohm”) = 10° cgs units. It is identical with the unit in our MKSQ system
provided that we choose, according to our convention, Q equal to 1 cou-
lomb = ¢ cgs unit We then obtain

R (5¢)

joule S _ . erg sec

Q Q

Ohm’s law applies only to macrophysical events, not to Ampére’s moleeu-
lar currents, electron paths in atoms, Larmor precessions; cathode rays
in vacuum tubes are also resistance-free electric currents.

1 = 10' cgs units = 1Q. (5d)
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2. Drelectric Constant

The displacement D depends on the electric field strength E at the point
in question. We assume the dependence to be linear:;

D = ¢E (6)

and call the real positive constant ¢ the dielectric constant. Its dimension
" i8, by Eqs. (2.4) and (2.1),

-9 .
~ M joule (6a)

We denote the dielectric constant of vacuum by . It also is a definite
quantity of the dimension (6a). The relation
D = gE, (6b)

valid for vacuum, was pointed out already in §2. Invariably e > &,.

8. Permeability

A relation also exists between the two magnetic vectors H and B, which,
as a first approximation, we shall also assume to be linear. We would like
to write it in the form

H = u'B,
since we regard H as analogue of D and B as analogue of E. However, we
are unfortunately obliged to follow general usage and choose the form
) B = ,H. (7)

The material constant u is called permeability and has, according to Egs.
(2.8) and (2.9a), the dimension

_ joule §°
“ Q’ M'
This introduction of x, which is illogical in view of Eq. (6), leads to the

obvious consequence that in later formulas, such as Coulomb’s law, not g,
but its reciprocal u’ will take the place of . For vacuum we write

B = wH; (7b)

4o also obviously has the dimension given in Eq. (7a). For paramagnetic
bodies u > uo, for diamagnetic bodies, p < uo, Our formulas (5), (6), and
(7) do not have the same degree of certainty and general validity as Max-
well’s equations (4). This has long been known for the ferromagnetic mate
rials, where a general functional relationship

(7a)

= B(H, T), T = absolute temperature
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takes the place of the linear relation (7). Rochelle salts' show a dielectric
behavior similar to that of the ferromagnetic materials, exhibiting, like
the latter, both saturation and hysteresis phenomena.

For paramagnetic materials deviations from linearity occur only at ex-
tremely high field strengths or extremely low temperatures. Deviations
from the linearity of Ohm’s law have been expected at very high field
strengths; the failure of this law for superconductors is obvious. Further-
more the simple proportionality between corresponding vectors expressed
by Eqs. (5), (6), and (7) is true only for isotropic bodies. In crystals the
dependence is expressed instead quite generally by a linear vector function
(see Vol. II, Eq. 1.10). The varied and interesting phenomena of crystal
optics, which we shall treat in Vol. IV, rest on this fact.

On the other hand, the general field equations (4) apply also for aniso-
tropic bodies. Beyond this, they appear to hold true even in the face of all
new proposals of a generalized electrodynamics, proposals which are con-
cerned with extremely strong fields (such as must occur, for example,
close to an electron), but intrinsically amount merely to a replacement of
the linear relation (6) by a generalized variation of D with E (see the final
section of this volume). The deeper reason for the remarkable vitality of
the form of equation discovered by Maxwell will be found to rest in its
invariance 'properties, which will not, however, be taken up until Part III.

We can now undertake the required contraction of our electrodynamie
framework. If, in particular, we employ for this purpose our simple linear
relations and treat o, e, and u as quantities independent of ¢ (restriction
to media af resf), we obtain by substituting Eqs. (5), (6), and (7) in
Eq. (4):

m E = — curl E,

at
(8)

d
(aa+r)E = curl H,

i.e., six simultaneous differential equations of the first order for six un-
knowns, the 2 - 3 components of E and H. Thus we find ourselves pre-
sented with a well-defined mathematical problem.!

! Also known as Seignette salts. Seignette was the name of a pharmacist in the
French fortress La Rochelle. We are here concerned with hydrated sodium potassium
tartrate:

NaOOC-CHOH-CHOH-COOK + 24 H.0.

" *'We could of course also have written Eqs. (8) as relations between E and B, or
also between D and H. However, the form in the text is the customary one and, in
general, also the most convenient one.
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At the same time the conditions (4a, b, c) take on the form
div(uH) = 0, div(eE) = p, (8a, b)

div {(e ﬂ% + :r) E} = 0. (8¢)

Eq. (8a) is to be regarded as a restrictive supplementary condition on Max-
well’s equations, Eq. (8b), as defining equation for p. Eq. (8c) is obtained
by forming the divergence of the second equation (8). Its simplest solution
results from setting the parenthesis [} equal to zero; it is represented by
the exponential function

E = E exp (—- Et), E, = arbitrary function of space. (9)
We set
S= T (9a)
o

and call T the relazalion time of the conductor. Its dimension is the second
by Eq. (5a) and (6a), as must be the case, its magnitude for good con-
ductors a very small fraction of a second. The field decays within the con-
*ductor everywhere in accord with this relaxation timne and is known, pro-
vided that E, is given.

We might continue with the already discussed conditions at the bound-
ary between two electromagnetically different media. To use the differen-
tial form of the Maxwell equations, however, it would be necessary to

" regard the transition between the two media as continuous, i.e., to speak
of a “boundary layer” rather than a “boundary surface.” We will carry
out this procedure in problem 1.1, where we shall find that the derivation
becomes less straightforward than in the Eqs. 3.7 to 3.12, which followed
from the integral form of Maxwell’s equations.

The same conclusion is reached in other problems distinguished by &
particular symmetry: The general development of Mazwell’s theory must pro-
ceed from ils differential form; for special problems the inlegral form may,
however, be more advantageous.

The following two fundamental problems, which will be treated also by
the differential method in problem 1.2 and 1.3, are examples of this:

1. An infinitely long wire in the form of a circular cylinder is traversed
by current distributed uniformly over its cross section. The return of the
current may take place through a similarly traversed hollow cylinder
which is coaxial with the wire. The magnetic excitation is to be determined
within the wire, within the bollow cylinder, and in the region between
them.
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2. An infinitely long, tightly wound coil is traversed similarly by sta-
tionary current. The magnetic excitation is to be determined at any point
within the coil.

Regarding 1: Let a be the radius of the wire, b and ¢, the inner and outer
radius of the cylindrical return conductor. We introduce a right-handed
coordinate system about the center line of the wire as z-axis. Let the cur-
rent density have the direction of the positive z-axis in the wire, that of the
negative z-axis in the return conductor. Let the total current be I and
— I respectively: '

f = m’ J" - I = r(ﬂl - b’) J—g-

The symmetry of the problem indicates that H is independent of ¢ and
has the direction of increasing ¢. We write H, = H and carry out the line

F1a. 4. A straight wire carrying a stationary cur-
rent and a hollow cylinder surrounding it as return
conductor. The magnetic excitation H, = H within
the wire, in the air space between the two condue-
tors, and in the return conductor.

integral of H about any circle r = const in any cross-section plane of the
wire. Since the displacement current vanishes everywhere in view of the
assumed stationary condition, we obtain

2 r I

0<r<a: ZﬂHﬂ'ﬂ'?J,=t—=f, H=-—, (10)
a a 2xa
I
a<r<b 2xrH = I, H=2— (11)
T
7 = b
b{r{ﬂ: 2ﬂH=‘I+f{r "'b:)J_;=I(1—cT:"-B-:),
(12)
_ré-r
| 27r & — b
c<r : 2o0H =1 — 1, H = 0. (13)

The bounzlary conditions for H at the surface of the wire r = a and at the
cylinder surfaces r = b, ¢ are satisfied automatically by Eqgs. 10 to 13. The
variation of H is plotted in Fig. 4.



5.2 MAXWELL EQUATIONS IN DIFFERENTIAL FORM 5

Regarding 2: We use a right-handed system r, ¢, z which has the center
line of the coil as z-axis. For sufficient length of the coil and sufficiently
close winding no magnetic lines of force penetrate to the exterior of the
coil; the current I has the direction of increasing ¢, the excitation H that
of increasing z. We shall show that H, = H is constant within the coil.

For this purpose we consider the rectangular loop, of length [ in the z-
direction, shown in Fig. 5. Its plane intersects the coil in N, points, where
N, is the number of turns per unit length of the coil. Since H, = 0 both

| ]
®

'
i

F1a. 5. The mngnetlc excitation H within an in-
finitely long ecoil.

- —y
LY Sp—————

‘--—-----.-H-H

i -5
.*-oo..oo
!

within and outside of the coil and H, = 0 outside of the coil, only one side
of the loop contributes to the line integral. We find

Hl = N)I, H =N, (14)

The magnetic excitation within the coil is given by the ‘“number of ampere
turns per unit length” N,J. This explains the designation of H customary
in engineering practice which was introduced on p. 12. The value of H

given by Eq. 14 is independent of r, i.e. the same throughout the interior
of the coil.

§6. Law of Conservation of Energy and Poynting Vector

Starting from Eqs. (4.4) we carry out a scalar multiplication of the first
with H, a scalar multiplication of the second with E. We obtain as the
sum of the two:

HB+ED+E-J=E-curlH — H-curl E. (1)

On the right-hand side we apply the transformation, valid for arbitrary
vectors U, V:

Veeurl U — U.curl V = div(U X V).

We prove this relation most readily by utilizing the
operator”

d @ @
v=2,2 29
oxr’ ou’ 3z
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(see Vol. II, footnote 1 on p. 23) and interpreting the divergence as scalar
multiplieation, the curl as vector multiplication with this vector:

divlUX V)= V- (UXV)=Vo-(UXV)+ Vp-(UX V), (2)
curl U = Vv X U, curl V=V X V. (2b)

In Eq. (2a) the subscripts U, V indicate that the V-differentiations are to
be carried out only on the vectors U and V, respectively. Since the se-
quence of the vectors may be cyclically interchanged in the double prod
ucts, Eq. (2a) may also be written

divlUXV)=V- (VXD +UT(VXV
| =V(VX U - U(VXV).

Here the right side,.in view of Eq. (2b), is the same as the left side of Eq.
(2), so that Eqs. (2¢) and (2) become identical. This proof of Eq. (2) is
only an abbreviated form for the direct, but much more involved, calcula-
tion with rectangular coordinates z, y, z.

‘Let us nowset V = E and U = H in Eq. (2) and introduce the abbre-
viation

(2¢c)

S=E XH, (3)
Then Eq. (1) becomes
HB+ED+EJ+divS = 0. (4)

Eq. (4) is Poynting’s theorem, S, the Poynting vector. We shall show that
S is the energy flux vector.

We consider first the dimension of the individual terms of Eq. (4}
The first two terms have, according to Eqs. (2.9a) and (2.8), and (2.1)
and (2.4), respectively, the dimension

newton Juule
M M

The third term has, as must be the case, the same dimension (see Eqgs.
(2.1) and (2.4a)). The dimension of Eq. (3) is, by Eqs. (2.1) and (2.9a),
3—:{“— = energy per unit area and unit time. (4b)
8

The operation div, which indicates a differentiation with respect to the
space coordinates, yields for the dimension of the fourth term in Eq. (4)

the same result.
We see that our electrical unit Q does not oceur in (4a, b). It has dis-
creetly withdrawn from the company of the mechanical units MKS. The
same will be noted in many later dimensional considerations in which

= energy per unit volume and unit time.  (4a)
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we are dealing with purely mechanical quantities, which are independent
of the choice of the electrical unit.

We pass to the physical interpretation of the individual terms in Eq.
(4). It is simplest for the third term: this signifies the work done by the
electric field on moving electric charge per unit volume and per unit time.
It is generally converted into heat and is known as Joule heal. We desig-
nate it W,, transferring the symbol W (work), which Maxwell generally
employs for total energy, to energy density. Thus we obtain

W, = E-]J. (5)

We shall see right away that the two first terms of (4) are the time rate
of change of the magnetic and electric energy densities; the latter are defined,
in accord with Maxwell, by

W.=3H.-B, W, = }E-D. (6)

By this definition the energy is localized in the field; a definite electric
and magnetic energy content W, dr and W .. dr is ascribed to every element
of volume dr. This constitutes a first step in the adaptation of the energy
concept to the ideas of field theory.

The factor 1/2 in the two defining equation (8) evidently points to a con-
‘tinuous genera.tlon of energy, comparable with the stretching of a spring.
In accord with the pattern force X increase in path length = intensity
entity X change in quantity entity, we obtain

W, = fE-dD,

which, for a linear relationship between E and D, reverts, in fact, to (6).
The situation is slightly different for the magnetic energy. Here Poynting’s
theorem (4) directs us to start from

W, = fH«Bdt - fH-dB. (6a)

From the point of view of our general system (B = intensity entity, H =
quantity entity) it would have seemed more reasonable to represent the
energy density not by (6a), but by

W, = f B.dH. (6b)

For a linear relationship between H and B this of course leads again to
Eq. (6); for a nonlinear variation, on the other hand, it leads to a result
which differs from f H-dB, and is therefore incorrect by Poynting’s theo-

rem. From this we learn that work need not be expressible in the form
intensity entity X change in quantity entity.
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G. Mie, who takes the same standpoint throughout in respect to the
meaning of B and H as we do, on p. 467 of his excellent textbook cited
in §2, points to the following mechanical analogue: a moving body carries
with it, in unit volume, the momentum (intensity entity) p. For its ac-
celeration the force per unit volume dp/d! is required, and hence the work

% -ds = dp-v = v-dp;
"This is a product of the type H-dB, i.e. quantity entity X change in an in-
tensity entity.'

In this representation the magnetic energy parallels the kinelic energy of
mechanics. We shall meet the same correspondence in electron theory.
Also in Helmholtz's analogy between vortices in fluids and electric cur-
rents the magnetic energy corresponds to the kinetic energy of the fluid.
The same applies for our semielastic ether model in Vol. II, §15.

If we should refer to Maxwell in connection with Eqgs. (6), we would
find that in Maxwell’s work the factor 1/2 is replaced by 1/(8x), which
from Maxwell has passed over into the major portion of the literature.
It evidently lacks the simple logical basis of the factor 1/2 and has only
historical justification.

We must how belatedly give the proof that the quantities H-B and E- D
occurring in (4) are identical with the time rates of change of the energy
densities given by (6). For this purpose we deduce from (6)

W,=3ED+ }ED. (6c)

The two terms on the right are equal, to begin with, in an isofropic me-
dium, where D = eE. They are also equal in an anisotropic crystal, where
a “linear vector function” replaces the simple proportionality (see p. 22):

m-;mh
From this we calculate for the two expressions on the right side of (6)
YED = LEX ek, YEDi=XEY ek
A

! For the elementary relationship between p and v, i.e. p = Mv, and for constant
mass we have again dp-v = p-dv. However, for a mass varying with time, in partic-
ular, the velocity-dependent mass of relativity theory, this is not the case. Then
the form dp-v of the text expresses the energy change uniquely.
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The two expressions are equal to each other since, irrespective of the crys-
tal symmetry’

Eix = Epy (6d)
It follows from (6c) that for the anisotropic case, as for the isotropic case,
Wl = E'Il)- . (&)

The same applies for the magnetic energy density both for the isotropic
medium (proportionality between H and B) and for the magnetic crystal
(linear vector function with u; = ). Here also

Wa=4H-B+ 4H-B = H-B. (6f)
In view of (5) and (6e, f), (4) yields
W+divS = —W,, W=W,+W. )

In this form Poynting's theorem expresses the energy balance in the elec-
tromagnetic field. The Joule heat is recorded as a loss on the right side of
the equation. The left side corresponds to the energy exchange between the
volume element dr in question and neighboring elements. This becomes
even clearer if Eq. (7) is integrated over a given volume; then the a.pphca-
tion of Gaust’p theorem leads to

a[wa~:~+fs,dc=—fmdf. (7a)

The significance of S as energy flux through the surface of the volume con-
gidered is now evident.

With the introduction of this concept Poynting passes beyond Maxwell’s
localization of the energy. We now learn not merely how much energy
exists at any place, but also where it will go or (for the opposite sign of S)
from where it has come.

1 This restriction on the otherwise arbitrary coefficients e:; is necessary in order
that the work done on an element of volume, E-dD, may be a complete differential.
Otherwise the electric energy density would not be a characteristic function of the
state, as we poatulate for ideal solid bodies. (It is true that for certain known erystals
hysteresis phenomena occur which make the notion of a quantity characteristic of
this state illusory). Compare the quite analogous situation in the case of the elastic
body, Vol. II, p. 72 and p. 288.

In the erystal W, is a general positive form of the second order in the E;, not a
simple sum of squares as for the isotropic case. The notation in the text as scalar
product is in any ease conceptuslly preferable, particularly since it becomes necessary
for W, , where B and D need not have the same direction even in the isotropic case.

In contrast with W, and W, W is not a state function. The condition os = o
should hence apply, in the crystalline conductor, only for a particular crystal sym-
metry.
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In the ideal nonconductor the right side of (7) vanishes, so that (7)
takes on the form of the hydrodynamic equation of continuity (see Vol.
I1, Eq. (5.4)): W replaces the hydrodynamic density p, S replaces pv.
Continuing with this hydrodynamic analogy, we may say that even in the
insulator the energy flows not like an incompressible but like a compressible
fluid. In a conductor it is absorbed furthermore, in the measure in which
heat is generated in any element of volume.

In optics S plays a dominant role as ray vector; the emission and irradia-
tion of a given surface element do is distinguished by the positive and the
negative sign of S.

We know from mechanics that the law of conservation of energy is not
only of fundamental importance physically, but is also highly useful mathe-
matically as a first integral of the equations of motion. Something similar
applies for our electrodynamic law of conservation of energy: From it may
be derived the unigueness of the integration of the Maxwell equations for
Tiven initial condition and suitably prescribed boundary conditions on the
boundaries of the region considered.

" As usual, the proof is indirect: We assume the existence of two solutions,
form their differenee, and deduce therefrom a contradiction.

Let the two solutions be E,, H; and E,, H, (by §4 the corresponding vec-
tors D, B hre then also known).

We put

E=E -E, H=H—-H. (8)

In view of the linearity of Maxwell’s Eqs. (4.8), E and H are solutions as
well as E,, H; and E,, H,. Hence Poynting’s theorem, e.g. in the form
(7a), applies formally also for them. However, the quantities W, 8, W,,
because of their quadratic character, are composed not merely of the cor-
responding quantities of the individual fields 1 and 2, but also of mized
terms involving 1 and 2. We show this for the quantity W, as example,
assuming isotropy for the sake of brevity.

W, =3E-D = S E' = 2 (E, - B, ©)
or expanded
W, = ; B + EE: — ¢E;-E;. (9a)

The last expression on the right is the mixed term mentioned above,
while, the first two terms denote the electric energy of the individual fields
1 and 2. However, we shall not need this expanded form and shall refer
below to the representation in (9). Now, including the quantity W, and
the case of anisotropic media in our consideration, we can say: The quan-
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tity W in (7a) represents a definilely positive quadratic form, formed with
the components of the difference field E, H. The same applies for the quan-
tity W,. Finally the quantity S is (irrespective of the difference terms
arising in its calculation) the vector product E X H formed by the differ-
ence fields.

Let the domain over which (7a) is integrated be composed of partial
domains a, b,... j,...with, in general, different material constants e,
4, o. We indicate this by replacing W and W, by > ;W and D ;W ,, which,
according to the preceding, can, just like the individual W, never become
negative. Consider now the term

) f S, dey (10)

which arises from (7a&) in the same manner. Pairs of terms which refer to
the same inner boundary surface cancel here because for them the S,
are equal and opposite—opposite because of the opposite direction of the
normal n, equal because of the boundary conditions for the tangential
components of the fields E,, E; and H;, H,, from which follows the equality
of the tangential components of the difference fields E, H and of the com-
_ponent of S'normal to the boundary surface. The sum (10) becomes, there-
fore, simply equal to the surface integral over the outer boundary of the

region of integration
f 8. do. (10a)

Let the boundary condition to be prescribed for this outer boundary
simply consist in the tangential component of either the electric or the
magnetic field being given everywhere on it. For the difference field (8)
this signifies that the tangential components of either E or of H vanish.
In either case the vector product S formed with them and, hence, the in-
tegral (10a) vanish also.

Now (7a) applied to our case takes on the form

d > | w - — W, dr:
or, integrated with respect to :

;derj = — f d:;f.w_,drj. (11a)

Here the right side is less than or at most equal to zero. The left side van-
isties at the lower limit ¢ = 0, since for prescribed initial values of the fields
land 2 E = 0 and H = 0 in every one of the domains j, so- that W = 0
also. At the upper limit ¢, on the other hand, the left side of (11a) is, in
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view of the meaning of W, certainly not negative; its least value is zero.
Only then the inconsistency with the right side is resolved. For this value
we must have for all £ > 0

so that, by (8),
E, = E!, H, = H:.

This proof of uniqueness satisfies any demand for rigor. An unrigorous
proof may be deduced directly from the form of Eqgs. (4.8). For these equa-
tions permit the determination of the change with time of E and H if
their distribution in space is known at any one moment. This means in a
sense: the values of E and H at the time ¢ + di can be calculated from
their values at the time 7. This calculation is untgque since the Maxwell
equations are linear in E and H.

In the preceding we have confined ourselves to a finite closed domain.
Physically the unlimited domain is of course of greater interest. The unique-
ness of the integration problem can be proved here for the static case as
in §10D. We will consider the significance of the Poynting vector for the
unique formulation of the problem of waves along wires in §22.

" §6. The Role of the Velocity of Light in Elecirodynamics

It appears reasonable to eliminate H from Egs. (4.8) and to obtain in
this manner,a single vector equation for E. For this purpose the operation
curl is applied to the first Eq. (4.8), the operation pud/dt, to the second.
Adding the two equa.tiuns yields

- 'E JE

Eu FT + op — )
i.e., a linear differential equation of the second order in four coordinates of
space and time.

We will convert this expression to a form which is more familiar to the
mathematician. For this we utilize the general transformation (3.10) of
Vol. II:

= — curl curl E, (1)

curl curl E = grad div E — AE. (2)

As indicated there, this equation is to be applied with caution, since the
Laplace operator A can, by its definition as div grad, only be applied to
scalar, quantities. Incidentally, (2) may also be derived from the we]l-
known vector formula

AX(BXC)=B(A-C) - CA-B) (2a)
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by symbolic calculation with the nabla operator (see the beginning of
§5), where it takes the form

VX (VXE)=V(V-E) — (V-V)E. (2b)

This is identical with Eq. (2), term for term. We consider similar vector
formulas in Problem I1.4.

Equation (1) is valid in any coordinates, curvilinear as well as Cartesian.
On the other hand, Eq. (2), according to the above, is restricted to the
Cartesian coordinates z, y, z and the components E., E,, E,, since only
these may be treated as scalar quantities. With this restriction we find
from (1) and (2) -

m_‘%+«;%-m-manm 3)

This can be further simplified if we specify that E represents a solution
for a medium of uniform dielectric constant and free of charge. Then Eq.
(4.4b), with € = const and p = 0, becomes div D = e div E = 0. Thus the
last term on the righthand side of Eq. (3) vanishes and Eq. (3) assumes
the form of the wave equation:

'E oE
& oa + kA = AE. (4)

The same equation evidently applies, under similar restricting conditions,
also for H (as well as for D and B).

The first coefficient in (4) is, a8 can be read directly out of Eq. (4), the
reciprocal square of a velocity: Correspondingly, we find from Eqgs. (4.6a)
and (4.7a):

Q joule 8' _ (M)". 5)

“= Mijoule OM g

What is the meaning of this velocity? Maxwell’s answer is: I¢ is the velocity
of propagation of eleciromagnelic waves, which in vacuum 1is identical with
that of light:

(so)™ = ¢ = (29078  0.0002) 10' ¥ ~ 3. 105
Even at an early date the velocity of light ¢, then denoted as “critical
velocity,” maintained an elusive existence in electrodynamics, as in the
theorem of Wilhelm Weber and the numerous measurements of the ratio
of an “electromagnetically”’ and “electrostatically” determined charge on'a
condenser (§16D). However the role of ¢ in electrodynamics was first
clarified by Maxwell’s theory of light and Herts's experiments.

(6)
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If we pass from vacuum to an arbitrary electromagnetic medium, the
velotity (ex) ™ appearing in (5) signifies, according to Maxwell, the velocity
of light (more precisely, the “phase velocity of the light”’) in a ponderable
body characterized by & and u

(ew)™ = v, 5 = n = refractive index. 7

It is true that the statement (7) has by no means the same certainty as
statement (6). For it does not account for dispersion phenomena and
hence cannot even explain the prismatic colors. We will learn in Vol. IV
how these are to be fitted into electromagnetic optics.

Eq. (8) is evidently a supplementation of Maxwell’s theory derived from
experiment, which establishes a relationship between the two material
constants ey, ue of vacuum. In the following section we will discuss how
the constants are to be determined individually.

We now turn to the integration of Eq. (4) specialized for vacuum

19°E

e AE 8)
with the ayxiliary condition already made use of

divE = 0. (8a)

We seek, in particular, solutions of (8) which are independent of y and z.
For purely periodic time dependence these represent monochromatic plane
waves which advance along the z-axis. We shall show that they are neces-
sarily transverse. In view of the assumed independence of y and z of the
function Eq. (8a) reduces to

oE,
"'é? 0-
Equation (8) yields accordingly:
3Es _
57 = C (8b)

E. would thus be a linear function of t, which is inconsistent with the
periodic dependence on ¢. Hence E, = 0. Thus we already note a decided
advantage of electromagnetic optics over the old elastic optics. As we saw
in Vol. II, §45, the latter could never get rid of the longitudinal com-
.ponent of the plane wave: Even if it was originally absent, a reflection or
refraction would cause its appearance along with the transverse component.
In eontrast to this we have proved that the plane wave of the electromag-
netic theory of light is necessarily transverse. We can designate Eq. (8a)
as the condition of transversality.
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If the wave has a single electrical component or, in the usual terminol-
ogy, i8 plane polarized, we can take its direction of vibration' as the y-axis,
go that, in addition to E,; = 0, also E, = 0. Eq. (8) then becomes

10°E, d'E,
¢ e azt ®)

The solution which is purely periodic in time is
E, = a cos (kz — wi + a). (10)

According to (9) the wave number k introduced here and the angular
frequency w are related by .

: = ¢ (10a)
in terms of the wave length A and the period r we have

ke we (10b)

Omitting the sign Re, denoting “real part of,” we shall write (10) in a
formu which will prove more convenient for what folows:

E, = Ae™™™, A = q™. (11)
This is permissible as long as we are dealing with linear relations, such as
the Maxwell differential equations; in dealing with energetic quantities
which are quadratic in the field components we must obviously return to
real expressions such as (10).

We next investigate the magnetic component of the plane wave. It
may be derived from the first vector equation (4.8), specialized for vacuum:

mg" —curlE.

Since E, = E, = 0 and 2 = -2 = 0, this leads to
dy oz

H; = H' - 0
and furnishes the following equation for H,:

aH; aE. . ike—rtw i '
= — — = — tkAde™ ',
at ox (12)
! It should be noted that we are here dealing with the direction of vibration of the
electric field, not with the direction of any material displacement.

Mo
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For purely periodic time dependence its integration with respect to ¢
is carried out simply by dividing the right side by —iw. Accordingly,

¥

H, = 1/5 At (13)
Mo

The dimension of the coefficient (eo/mo)} is that of a reciprocal resistance,
i.e. 2. For, by (4.6a), (4.7a), and (4.5¢),

e _Q_ /iouleS (_;_“”" ¢ )= -1 (14)
u joule M/ Q@M joule S o

MHs - {‘:Agils—l'ul - ldsikz—i-l
w c

and, in view of (6),

(uo/ )} is designated as “wave resistance of vacuum.” We shall see in
§18D that this quantity actually assumes the role of a resistance (voltage/
current) in the telegraph equation.

¥
By H

- X

H,

%

E

F1G. 6. The relative orientation of E, H, and S for a plane wave progressing in the
z-direction.

Fig. 6 shows the orientation of E and H relative to each other and rela-
tive to the Poynting vector S at a given instant. In this sequence they form
a right-handed system. With increasing ¢ the figure is displaced with the
velocity of light in the direction of the positive z-axis. It may not be super-
fluous to point out that E and H become zero at the same point and attain
their maxima at the same point. The situation differs from that of pendu-
lum vibrations in mechanics, where the energy appears in turn in its kinetic
and in its potential form.

For the experiments of Hertz and many optical experiments air and our
vacuum are equivalent. A distinction between air and vacuum need only
be made in high-precision wave-length determinations.

We have continually employed the term vacuum in preference to the
term ‘“‘ether” (“light ether”), which is frequently used elsewhere. This
negative term appears to have more significance than the latter scholastic
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word, which gives rise to false notions that cannot be reconciled with the
theory of relativity.

We can indicate the material constants of ponderable bodies by their
relative values referred to vacuum instead of by e, u, setting

P = Erglfd}, = H rell- (15}

erel ANd ure1 then are pure numbers, which in general do not differ greatly
from 1. In a ponderable nonconductor Eq. (10a) must of course be replaced

by

S =y = - (186)
n

Hl —_ V__E_ Aeﬁt—ﬁll (17}

Plane transverse waves are possible also in an absorbing medium (¢ # 0).
The general wave equation (4) is satisfied by the form (11), for given w,
by subjecting k to the condition generalizing Eq. (16):

and Eq. (13) by

!

K = epw’ + topw, k=/Fpw, ¢ =¢+2. (18)
w

¢’ is the “complex dielectric constant” frequently employed in the optics
of absorbing media. If the relaxation time introduced in (4.9a) is employed,
we obtain

EF
_— = — = l — ——
- 1 —I— + 2' T’ (18a)
If T,> r the added imagina.ry term of k is merely a correction term;
if T, < 7 the real and imaginary parts of k become equal (because v/7 =
(I 4+ 9)/4/2). In both cases the wave is damped exponentially as it pro-
gresses along the positive x-axis.

§7. The Coulomb Field and the Fundamental Constants of Vacuum. Rational
and Conventional Units

On the basis of their time dependence we classify fields as static, station-

ary, quasistationary, and rapidly varying fields.
In static fields not only field and density variations, but also currents of
electricity and energy are to be zero. Hence we demand

B=0, D=0 =0 J=0 S=0.

According to Eqs. (4.4) and the succeeding equations these conditions are
fulfilled if we set:
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A. Electrostatics
curl E = 0, div D = p in nonconductors,
D = E = 0 in conductors, (1)
H = 0 in all cases.

B. Magnetostatics
curlH=0, divB =0always, buteventuallydivH = pn, (2)

E = 0 in all cases.

An explanation of the “magnetic density”” p. here introduced will be given
in connection with Eq. (9a) below

In stationary fields we retain tie conditions B = 0, D = 0, = 0, but
prescribe current fields J in the conductors, which according to Eq. (4.4¢)
must be free of sources. The electric field must still satisfy, both within
and outside the currents, curl E = 0; on the other hand, curl H = 0 only
outside the currents.

In quasistationary fields we shall determine the fields as in the stationary
case, but take account of their time dependence in the first approximation.

. The system of the Maxwell equations is fully utilized only for rapidly

varying fields.

A. Electrostatics

We defer all problems requiring the use of the theory of functions. These
are the boundary-velue problems with conductors or nonconductors of dif-
ferent dielectric constant present in the field. We shall therefore deal first
of all only with a uniform dielectric, so that we may set ¢ = const. In this
case we are faced with a simple summation problem instead of a boundary-
value problem.

Eqgs. (1) then take the simpler form

curl E = 0, (3) div E = g. (3a)

Eq. (3) states that E may be treated as gradient of a scalar pofential

E = — grad ¥, (4)

which evidently brings about a substantial simplification of the problem
of integration.
According to (3a) this potential must satisfy the Poisson equation

Ay = — 2, (4a)

E
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Lamellar field (curl E = 0) and potential field (E = — grad ¥) have the
game meaning; the surfaces ¥ = const. divide the field into layers (lamel-
lae), to which the lines of force are orthogonal. The line integral of the

field strength
B
f E.ds =V, — Vs (4b)
A

is independent of the path; carried out over any closed path (B = A) it
vanishes. The voltage V » is identical with the potential difference

‘I" - w;.

The summation problem mentioned above consists in the integration of
Eq. (4a) and can be carried out directly with the aid of Green’s theorem,
for which we refer to Vol. I, §20, Nr. 1a. We obtain

dxre¥ = fgdf, r = rpq. (5)

P is the point at which ¥ is to be calculated, @ is the point of integration.
The left side results from the integration over a small sphere surrounding
ithe point r =, 0, @ = P; the integral over the sphere bounding the region
of integration éxternally vanishes provided that the total charge enclosed
by this sphere is finite.

If the charge is not distributed in space, but concentrated on a surface
or on a line, the mathematical method employed in (5) leads to

dre¥ = f ® ds, (5a)

4re¥ = f ; ds; (6b)

w i8 the surface density, \ the line density (charge per unit length). A final
step in this series leads us to the charge e concéntrated in a point:

. _ € o €
4re¥ = = 6) E=E, = 5 = e’ (6a)
This is the Coulomb field. We could also have read it off directly from Eq.
(3a), which, using Gauss’s theorem, we could integrate over a sphere of
radius r described about the charge e. We obtain then directly

fE,.df-fEdfs': (6h)

~In view of the spherical symmetry we must put E, = E, = const. on the
left, whereupon (6b) becomes in fact identical with (6a).
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The Coulomb force F, with which.two equal charges e at the distance
r repel each other, follows from (6) according to our definition of field

strength:

L
drer’’
It has been customary in the past to write instead, for vacuum conditions,

F=F,EGE,* {T}

1
F-;-Fr-, with f = 1. 8)

Here F is supposed to be measured in dynes, r in centimeters. However,
in this manner the whole structure of our system of dimensions is cast
aside; we pass from our former system of dimensions to the socalled elec-
trostatic' system of cgs units. The charge ¢ would then, according to (8),
take on the unnatural and ungainly dimensions

e = ‘v‘. dyn cm? = em®? g"* sec™. (8a)

Furthermore the charge e would be 1 if two equal charges ¢ at a distance
of 1 em would repel each other in air with a force of 1 dyme.

. We must Yeject, on dimensional grounds, Hertz’s distinction between
“true charge density” expressed by div D and “free charge density” ex
pressed by div E. We shall designate the latter quantity correctly as “diver-
gence of the lines of force”; in the preceding we have avoided it by writing
p/ ¢ for it.

B. Magnetostatics

Although in most treatments the analogy between electrostatics and
magnetostatics is emphasized, our approach compels us to point out
clearly the differences as well.

As we saw in (2), it is not the intensity B, but the quantity H that is
lamellar. We again denote the corresponding scalar potential by ¥, dis-
tinguishing where necessary between ¥, and ¥.., and find

H = — grad ¥. (9)

We shall call the quantity pm defined above in Eq. (2) simply “magnetic
density”’; in view of the correspondence of H and D we can regard it as the
direct analog of the electric density p.

How can we reconcile its existence, i.e. the Eq. div H » 0 with the uni-
versally valid Eq. div B = 0? This is only possible at points of local varia-

| The term electrical system seems to us to be preferable in principle to the cus-
tomary term electrostatic system, since ite application is not limited to equilibrium
conditions, but may also be extended to electrodynamic processes. See §16D.
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tion of permeability, as is shown by the following lines:
divB = udivH+ H-grad u = 0

pm = div H = H-grad log (u/n).

We will give a physical interpretation of this rather formal explanation
of the concept of magnetic quantity and density by introducing the “mag-
netization” M in §12. We have no reason for a distinction between “true”
and “free” magnetism, such as was also given by Hertz. For, since we
have already interpreted div H as magnetic density, the differently dimen-
sioned quantity div B is not & magnetic density. Furthermore it is every-
where equal to zero.

We now return to (9) and form the divergence of the vectors on the left
and the right. We then obtain the Poisson equation of magnetostatics, 1.e.

If pm is given throughout this is integrated, in analogy to (5), by

(9a)

Pm
47V = f = dr, (10)
or, in analogy. to (5a), for given surface charge wa, by
4ry = f = dg. (10a)
If the density is concentrated on a point pole and if we call
P = f pm dT

the pole strength (an opposite pole is imagined to lie at infinity), (10)
leads to

42V = f, (10b)
: _ v _ P
H = H, il el (10¢)

This is the Coulomb field of the isolated magnetic pole. The Coulomb force,
with which two poles of equal magnitude and the same sign repel each other,
is, however, not pH, but, according to our definition of the intensity B

2
F=Fr=pB,'=pqu=£f_,- (IH

The fact that 4 appears here in the numerator, although ¢, in (7) appears
in the denominator, results evidently from the inconsistency, pointed out
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in connection with Eq. (4.7), in the introduction of u a8 compared with
that of . (We would have liked to define the reciprocal of u as the magnetic
constant at that point.) In (11) x evidently signifies the permeability of
the surroundings of the magnetic pole p; for air (vacuum) we put 4 = uo.

Just as in connection with (8) we took cognizance of an electrostatic
system of units and a unit of charge corresponding to this system, so we can
introduce, on the basis of (11), a magnetic system of units and a corre-
sponding unit of pole strength. To this end (11) is replaced, for vacuum
in particular, (we follow the pattern of Eq. (7) and what follows literally)
by:

4
F-f% (12)

and f is put equal to 1; F is supposed to be measured in dynes, r in centi-
meters. Our former.system of units is once more cast aside, and we pass
over to the Gaussian magnetic cgs system.! In this system the pole strength
p has, according to (12), the same unsatisfactory dimension as the charge ¢
in the electrical system (8a). Unity pole strength would correspond to a
repulsion with a force of 1 dyne of two poles of equal sign and magnitude
separated by 1 em (in air as surrounding medium).

C. Rational and Conventional Units

We must now deal with the factor 4x in Coulomb’s law. It is true that
this is much less fundamental than the question of dimensions and bears
to the latter only a historical relationship Historically the forms (8) and
(12) of Coulomb’s law result from an effort to approach as closely as pos-
gible the customary form of Newton’s law. We shall denote the suppression
of the numerical factor 4r in Coulomb’s law as conventional, our retention
of it as rational. It is in fact evident that in a problem with spherical sym-
metry, such as the Coulomb problem, the factor 4x is appropriate (this
follows in particular from our argument in (6b)). If we wish to avoid this
factor, we must rewrite Poisson’s equation (4a) as well as the second of
Eqgs. (1) as follows:

a¥ = —4x%,  divD = 4m. (13)
The factor 4r would thus be improperly introduced into the fundamental
equations of the Maxwell theory. Furthermore, the transparent expression
(5.6) for the energy density would be distorted into
1
W; = 8_]' E*D- _(Id‘)

1 The fact that Gauss employed mm instead of em as unit of length is a superficial
distinection.
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Heaviside fought a life-long battle for the rational units. In this con-
nection he pointed also to the expression for the capacity of a condenser
(for details see §10, where the relationship with the expression for the energy
density is also indicated): The plate condenser (area F, plate separation a)
has, in rational and conventional units respectively, the capacity

Fe Fe
K = ? and m, (15)
the spherical condenser (radius of sphere r, outer sphere imagined at in-
finity), the capacity

K = 4xer and er. (15a)

We see that, with rational units, the factor 4x appears for the sphere,
where it belongs; with conventional units it is missing for the sphere a.nd
appears for the plane condenser, where it does not belong.

Heaviside makes the following striking comparison: In passing from the
measurement of distance to the measurement of area one might define as
unit of area the area of a circle of radius 1. This would be logically possible.
It would however lead to the strange result that a square with the side 1
would have the area 1/x. Everyone would then say that » was at the wrong
‘place. We said the same of the factor 4x in the formulas to the right in
(15) and (15a).

D. Final Determination of the Fundamental Constants €, u in the MKSQ
System
The viewpoint of the rational units together with the requirement of
meaningful dimensions and adaptation to the legal units leads to a quite
definite choice of the fundamental constant ue of vacuum. For we can ob-
tain agreement between Eq. (11), which is dimensionally correct in our
sense, and Eq. (12) by requinng

[ ]iome S 1) can 16)

(f] is the numerical value of f in the cgs-system, which we wished to set
equal to 1. The brackets on the left are the numerical value of the quan-
tity uo/(4x) in our MKSQ-system; its dimension (see e.g. (4.7a)) is indi-
cated. The conversion of these dimensions into the cgs-system follows
from

Q = 1 Coulomb = g5 cgs, M = 10°cm, joule = 10 erg.

Accordingly
joule 8

M = 10’ cgs

1
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With [f] = 1 we thus obtain, after cancelling the dimensional factor cgs

on both sides of (16)
pol _ 07

We obtain hence, entering the dimensions:

Joule 8% _7 OS .

oM 4x10 M | (16a)
Regarding the unit of resistance, @ = ‘“ohm,” here employed, see Eq.
(4.5d). .

We have thus determined one of the two fundamental constants of
vacuum in such a manner that the demands stated above are satisfied.
The numerical value of uy so obtained, which is accurate to an arbitrary
number of digits, shows clearly that our determination is not established
by direct measurements, but by our choice of the unit of Q and is equiv-
alent to the latter. The other fundamental constani e, of vacuum follows then
from the relation (6.6) which is supported by the sum total of the Hertzian
experiments:

wo = 4x107

1 10 M
If we substitute for ¢ the approximate value ¢ = 3-10° M/S we find
107 8
We can also write (17) in the form
M
2, _ v ¥
4rc’ey = 10 % (18a)

Division of (16a) by (18) and taking the square root leads to the following
value for the “wave resistance of vacuum,” introduced with (6.14), in
terms of the unit Q:

,‘/E-: =~ 12050 = 3770 (19)

In the preceding we have disregarded the small differences between the
velocity of light ¢ and its approximate value 3-10° M/S, as well as the
difference between the “international”” and the ‘“‘absolute,” i.e., the ideal,
ohm. These differences, which concern only the higher decimals, are of
course of great importance in precision measurements and have called
forth, in the determination of the 2 in relation to the old Siemens unit,’

* Resistance of a mercury thread 1 m long and 1 mm? in cross section at 0° C =
0.937 Q. '
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the competitive efforts of the best experimenters (Kirchhoff, Lord Ray-
leigh, F. Kohlrausch etc.). They play no role, however, in the general
theory.

In summary: Our form of the Maxwell equations is adapted to the ra-
tional choice of the units MKSQ, with the value (16a) for uo taken over from
the conventional Gaussian magnetic units. Below we shall use the numerical
values (16a), (18), (19) only in specific numerical computations and not
introduce them, as often happens in engineering literature, into the general
theory. Instead we shall always take account of the dimensions of all quan-
tities, also those of e, we, and thus make ourselves independent of the
particular choice of Q@ = 1 Coulomb.

§8. Four, Five, or Three Fundamental Units?

A. Supplementary Note on Our System of Four Unils

Our four units MKSQ are simply intended to translate Giorgi’s idea
(introduction of a separate electrical unit) into a form which is particularly
convenient for the theory. It is basically indifferent whether the unit of
charge Q is employed or a standard resistance R, as Giorgi has occasionally
advocated, for reasons of convenience of measurement. In view of the re-
lationship Q = ampere-second we would of course also be content with
the ampere as fourth unit. We take less kindly to the designation of Giorgi’s
system by the units MKSVA. In view of

VA = watt = joule/sec

these units are not independent of each other. We can well understand
that the long-employed quantities V and A appear more convenient in use
than our unit of charge Q. Nevertheless, of the two dimensions

newton Volt
Q and E = M

the first appears to be the more natural one. Kalantaroff’s system of the
four units MSQO (magnetic flux) is selfconsistent, but seems, by the
elimination of the unit of mass, somewhat too artificial for general use in
physies.

It is to be welcomed, from our point of view, that, by international
agreement, separate designations gauss and oersted have been introduced
for the two magnetic vectors B and H. Historically, the name gauss also
seems proper for B, since Gauss’' methods of détermining magnetic mo-
ment rest on measurements of force and hence refer to B and not to H.
The unhappy term “magnetic field”’ for H should be avoided as far as pos-
gible. It seems to us that this term has led into error none less than Maxwell
himself, who, in art. 625 of the Treatise puts the force exerted by the field

on a magnetic pole m equal to mH.

E =
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We have repeatedly stressed as an advantage of our system that it
avoids the annoying powers of ten of the cgs-system. This applies to the
electrical as well as to the mechanical quantities. The converse is true,
however, for the magnetic quantities. The unit gauss of the magnetic
induction B in the cgs-system is, by definition, equal to the unit in the cgs-
system. Hence, transferred to our system of units, it acquires a power of
ten. We determine the latter as follows:

Let [B] be the numerical magnitude of a given field in our system of units,
so that

- newton S joule S
B = |B] — oM = |B] s o (1)

We substitute again
joule = 10'erg, M = 10'cm, Q = uga-umts.

If, in particular, we set [B] = 1, we find from (1) as corresponding value
of this quantity B in cgs-units:
10’ . ‘
B =1 —O-,cg&umts = 10 gauss, (2)
and conversely

10—4 ]011]-3 S 10-4 Vs (3)

1 gauss = QM' ik

It may be mentioned in favor of this choice of unit that the gauss is in-
conveniently small for practical purposes, so that not only in engineering,
but even in pure physics (except for terrestrial magnetism) the kilogauss
must generally be employed (e.g. in the Zeeman effect). Hence our 10,000
times greater unit i8 to be preferred in practice.

In order to express the oersted in our system of units as well, we proceed
from the relationship between H and B:

) (4)
Mo
We now set H = 1 oersted, B = 1 gauss, so that by (3)
| B=10" -“’é‘;‘f
and .i!l)" (7.16a)
0~ joule S*
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We then obtain from (4)

. . 2
1 oersted = 10~ ’—“&;;,8 / 4x-107" J—-—"é:;{s ; (5)
80 that
108 _ 1 a0
1 oersted o 10 M~ 10° M (5a)
Humpie = 47107 H serntod: (5b)

B. The Five Units MKSQP

It may be stated generally: A dimensional analysis will be more suc-
cessful' in the degreé in which more independent units are at its disposal.
Our four units are hence more informative than the three units of the “ab-
solute” system, in which the dimensional character of the fundamental
electromagnetic vectors is obscured. The five independent units consid-
ered below are of even greater value from a general theoretical point of
view.

We introduced the magnetic pole strength P as a dimension in §2, but
"expressed it immediately in (2.7) in terms of the charge Q, in accord with
Ampere’s hypothesis. Is this hypothesis binding even today, after the dis-
covery of the neutron, a nuclear particle as basic and universal as the pro-
ton? The neutron has a magnetic moment which is not associated with
any charge, unlike the electron and proton which, though endowed with
equal charge of opposite sign, have magnetic moments of entirely different
magnitude. Certainly an attempt to abandon Ampere’s hypothesis and to
introduce P as independent fifth dimension is justified and instructive. We
ghall, for the present, refrain from fixing the magnitude of P.

We write down the following sets of dimensional relations, which now
show a complete correspondence:

newton newton
E Q B P
Q : P
D = ﬁi H = m-l
(6)
E  joule M g B jouleM
) __ newton _ joule _ newton _ joule
ED == =" BH=—p ~w-

' E. Fues, Z. Phys. 107, 662, 1937, indieates an upper limit to the useful number of
dimensions.
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The entries for E, D, B, and H are identical with the original formulas in
(2.1) to (2.9.) In accord with the note accompanying Eq. (4.7) we have
entered the reciprocal of u as analog of € in our table.

The last line, which is independent of Q and P. has the dimension of
energy density. On the other hand the (scalar or vector) product of E and
H has a dimension which depends on P and Q:

_I_’ newton _ P S joule (7)
Q M QM M=’

The last factor of the last expression has the dimension of energy flux
(radiation vector). Let the factor multiplying it be 1/T. We thus put

EH =

r = %% ®)
and write (7) in thé form
I'EH = %‘S‘*. (8a)

This dimensional equation suggests that the energy flux S is now to be
defined as TE X H. We furthermore compute the product ex from (6) and

+find
ep = %: = I’ (%)! (9)

We suspect from this that the velocity of light ¢ is no longer given by
(eam) ™, but by T'(eom) .

The same factor T' occurs now also in Maxwell’s equations. We assert
that these should be written:

B=—TcullE, D+ J=TcurlH. (10)

If, as in §5, we proceed to Poynting’s theorem (scalar multiplication of the
first equation with H, of the second equation with E), we obtain
HB+ED+EJ+TdivEXH=0;

with the former definitions of the energy densities and of the Joule heat in
(5.6) and (5.5) and with the definition of the energy flux suggested by
(8a) this expresses the law of conservation of energy:

Wa+ W,+ W, + divS = 0. (11)

If, on the other hand, just as in §6, we integrate Eq. (10) for the case of
the plane wave in vacuum propagated in the z-direction, we obtain the
wave equation in the form

g B = —T? curl curl E = I AE. (12)



8.13a FOUR, FIVE, OR THREE FUNDAMENTAL UNITS? 49

Since this 1s supposed to represent a process with the velocity ot propaga-
tion ¢, our expectation suggested by (9) is confirmed:

T Vam=j (128)

The general form (10) of the Maxwell equations is not new. It was in-
troduced by Emil Cohn, the friend and fellow student of Heinrich Hertz,
and forms the basis of his important book' “Das elektromagnetische Feld.”
We have avoided Cohn’s notation V, taking the place of our I', since we
have otherwise disposed of V. It is true that Cohn does not work out the
relationship of this constant with our unit P of pole strength, nor does he
place dimensional considerations in the foreground as has been done here.
Students of Cohn, in_particular J. Zenneck, have used Cohn’s system by
preference. -

H. A. Lorentz clearly recognized the advantages of Cohn’s standpoint
when, in 1902, he wrote his two great articles on Maxwell’s theory and
electron theory for the Enzyklopidie der mathematischen Wissenschaften.
He wrote:’ “Cohn’s system has the advantage of easy transition to other
systems, by specific choice of the values of V, &, and po. Eventual later
advances in’the understanding of the phenomena could be utilized for the
ultimate determination of the units. On the other hand we could not
bring ourselves to introduce indeterminate guantities into the formulas
which are complex to begin with.”

The ‘“‘eventual later advances in the understanding of the phenomena”
contemplated by Lorentz can only be expected when we have a theory of
the elementary particles which now constitutes the greatest problem on the
program of atomic physics; this would have to explain not only the mag-
netic moments, but also the possible masses and charges of the elemen-
tary particles. However, we can even now benefit by the flexibility of
Cohn’s system.

C. The Gaussian System of Only Three Units

We evidently return to our system with the four units MKSQ and our
former form (4.4) of Maxwell’s equations if we set

. I'=1 (13)
Then P has, according to (8), the dimension
P = Q X velocity, (13a)

! First Edition, Leipzig 1900, Second Edition, 1927.
*Vol. V, second part, p. 87.
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in agreement with Ampére’s hypothesis in (2.7). Furthermore, our spe-
cific choice of uo and & in (7.16a) and (7.17) is evidently consistent with
Eq. (12a) for these values of I' and P.

We obtain another, also very simple, form of Maxwell’s equations if we
set

T'=c¢ (14)

Then, by (12a), the product equ must be a pure number. It is tempting
to make & and u, separately pure numbers and to set

w=1 &=Ll (148)

In this manner we pass over to the Gaussian system of uniis. In view of
(14) the Maxwell equations then become (we confine ourselves first to
nonconductors) :

ggn_mlg, §D=uu:lH- (15)

In view of (8) P and Q have now the same dimension. Hence, by Table
(6), the dimensions of E and B, as well as those of D and H, also become
anutually idéntical. (The same follows also from the form of Eqgs. (13).)
Furthermore the dimensions of the two pairs become the same, since now
e and u, just as e and u, in (14a), become pure numbers, equal to the pure
numbers €, and u.. introduced in (6.15). The Gaussian system obscures
the dimensional character of the four fundamental vectors E, D, B, H com-
pletely, while Cohn’s system expresses it most clearly. '

The two Coulomb laws (7.8) and (7.12) were written in the conveniional
form (with the factor 4= suppressed). This has the result that the 4» do
not occur in the Maxwell Eqs. (15) for nonconductors but arise once more
in their integration. For, taking the divergence and integrating Egs.
(15) with respect to ¢ leads to:

div B = const., div D = const.

The first constant is, of course, equal to zero; the second must now not
be set equal to p, but equal to 4xp:

divD = 4xp, (158)

in order that the factors 4x cancel each other on the two sides of the equa-
tion if it is applied to a point charge ¢ = [p dr and is integrated over a
sphere about e. Only in this manner is the field strength E, = e/(er’),
obtained corresponding to the conventional form of the Coulomb force
F. From this follows also as the expression for the corresponding electro-
static potential ¥ = e/(er), unlike Eq. (7.6), where the appropriate factor
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{x appears on the left. Hence also (7.5) and (7.4a) must now be replaced
yy the less appropriate expressions

eV = f Par,  A¥ = — dmp/e (15b)

The same follows from the form (7.12) of Coulomb’s law for the magnetic
jensity pm and the magnetic potential ¥,,:

div H = 4rp., Ve = f?d-r, AV, = —47pn. (15¢)

We now extend Eq. (15) to the case of a conductor. Here we must tem-
sorarily multiply the conduction current J, which is to be added to D,
vith a numerical factor ¥ which we shall determine in a moment. Hence
ve write in place of (15)

;;]:B = — curl E, ‘1? (D + v]) = curl H. (16)
aking the divergence of the second of these equations, as in (15a), and

itilizing the definition of p given there leads to
4:2_:’ + ydiv] = 0. (168)

We must set ¥ = 4= in order that this equation may express the conserva-
sion of charge, or in other words, the absence of sources of the total current
C; only then does (16a) become the analogue (4.4c) or (3.6b) of the hydro-
lynamic equation of continuity.

Having entered this value of ¥ in (16), we seek the éxpression for the
Poynting theorem by the procedure followed at the beginning of §5. Mul-
liplying the two equations (16) scalarly with H and E respectively, and
atilizing the transformation (5.2) we obtain

%H.'B+§E.ﬁ+4—:E-J+divE><H-=0. an)

We compare this with the earlier form (5.7) of the same theorem:
Wa+ W, +divS = — W,. (17a)

Since we cannot disturb Ohm’s law W is still given by the product E-J.
We must hence divide (17) by 4x/c in order that (17) may correspond
with (17a). Then a comparison of the terms of (17) and (17a) leads to

1 .1
W, = = HB W, = o E-D, (17B)
S = ~ EXH, and W, = E-J = oE?as before. (17¢)

ix
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Integration of (17b) with respect to ¢, as on p. 27, yields (for 1sutrup1c
and anisotropic media):
1 1
W = 8~-1';~.H-B, W, = = E-D; (17d)
They express the localization of energy in conventional units. Already in
connection with Eq. (7.14) we pointed out the unsuitable form of the
denominator 8, as compared with the denominator 2 in our rational
notation (5.6). The same applies for the factor ¢/(4x) in the present ex-
pression (17c) for the energy flux. Even in the Maxwell equations (16)
the suppression of 4, carried out at the wrong place, avenges itself: These
equations, in the form appropriate for both conductors and nonconductors,
become:

%]éé—curlE, 113+ ) = curl B (18)

with the supplementary conditions, applying specifically for isotropic
media

‘D =¢E, B=yuH J=E (18a)

We hope that by this summary we have facilitated for the reader the
laborious transition between vur two systems of units

MKSQ (rational) £ cgs (Gauss, conventional)

a8 far as possible. We have discussed the historical source of this annoy-
ance at the end of §7. It is unavoidable in view of the present status of
the question of units in electrical engineering, experimental physics, and
theoretical physics. The fullowmg remarks may serve to clarify the situa-
tion.

H. A. Lorentz, when writing his articles for the Enzyklopddie in 1902,
like Hertz, utilized the Gaussian system, postulating: Electrical gquan-
tities (including the electric current) are measured electrically (electrostat-
ically), magnetic quantities, magnetically. Contrary to his original inten-
tion he decided, in the course of composing the articles, to convert the
Gaussian system (unlike Gauss and Hertz) into rafional units. In this
manner the theoretical relationships became clearer and the 4x’s were
eliminated from the Maxwell equations. Lorentz set for vacuum e, =
e = 1, as in our Eqgs. (14a). In order to retain the rational form of the
Coulemb force law he then had to introduce the 4x’s appearing in it into
the definition of the unit charge and the unit pole strength, respectively.
This somewhat artificial conversion of units' has not found wide accept-
ance, in spite of the authority of Lorentz.

! Bee table on p. 87 of Vol. 5, part 2, of the Enzyklopadie.
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We have here—also against our original intention—arrived at the de-
cision to write the Gaussian system, insofar as we shall use it, in conven-
tionol units. The reason is the following: Since the year 1902 atomic physics
has come to be the most important branch of our science. It deals always
with conventional units, e.g. with the electron charge e = 4.80-107"
(electrostatic cgs-units) and with the electric potential, e.g. in the hydro-
gen atom, ¥ = e/r (not ¥ = e/(4xr)). We consider it inadvisable to over-
turn this whole formalism anew by passing over to the rational form of the
Gaussian system or even to our system of four units.

On the other hand Giorgi’s system of the units MKSQ, freed of 4x’s,
is most suitable for the macrophysical problems of this lecture. We are
here in agreement with the international conventions, with the practice
of engineering, and, in particular, with the textbooks of Mie (quoted on
p. 10) and Pohl.' Weé regard the dogma of the scientific superiority of the
three purely mechanical units ¢m, g, sec, which for example is supported
in Kohlrausch, Praktische Physik, as outmoded.

D. Supplement Regarding Other Systems of Unils

In the restriction to these two systems of units, the Gaussian system in
conventionab form and the MKSQ system, we follow the practice of the
excellent textbook of Joos.” The Gaussian system (whether in rational or
conventional form) is a mized system, consisting of electrical (electro-
static) and magnetic cgs-units. There are however, as is well known,
also a purely electrical and a purely magnetic system of units, of which the
latter is particularly important, since the legal units volt, ampere, ohm,
ete. are based on it.

The reason for setting up a separate electrical system of units rests on a
certain quantitative difference between electrostatics and electrokinetics:
Electrostatics deals with large voltages and small quantities of electricity,
alectrokinetics, with moderate voltages and large quuntities of electricity.
To give a comparison from hydrodynamics, the electric spark of a con-
denser discharge corresponds to a waterfall (great height, small quantity),
the electric current, to a river (small grade, great flow), as is indicated in
Fig. 7. Thus, for electrostatics, a small unit of charge and a large unit of
field strength are suitable. The electrostatic system based on the electrical
Coulomb law provides such units. In terms of this small unit of charge
the charge of the electron (see above) has the relatively large value 4.80-
107 cgs-unit. The unit of charge in the electromagnetic sysiem (equal to
10 .coulombs), on the other hand, is larger by the factor ¢; in terms of it,
the charge of the electron appears smaller by a factor ¢, i.e. equal to 1.60-
107 cgs = 1.60- 107" coulomb (see p. 43). On the other hand, the unit
of field strength in the electromagnetic system, according to the definition

1 R. W. Pohl, Elektrizitatslshre, Springer, 8th and 9th Edicion, 1943.
' G. Joos, Theoretical Physics, 2nd Ed., G. E. Stechert and Co., New York, 1950.
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of the volt, is 10™° volts/cm; that in the electrostatic system is ¢ times as
large, or 300 volts/cm. We shall return to this in §16D.

We have frightened generations of students with these two sets of
values for charge and field strength (their number would be increased
to 4 if, in addition to the usual conventional units, rational units would
also be considered). It is, in our opinion, a special advantage of the intro-
duction of our fourth unit of charge, Q, which is independent of all other
units, that we need deal only with quite definite charges, expressed as
multiples of Q. '

Voltage Voltage
4
Large voltage
F Em!lvolt?
—=ge—p=- Current | C t
Large current S8mall current e
River, stationary current Waterfall, condenser discharge

F1g. 7. Thq hydrodynamic representation of a stationary electric current and of
s condenser diacharge.

We quote finally an informative analog to the double (electrostatic
and electromagnetic) measure of charge which, like so many other clari-
fications in the question of units, we owe to J. Wallot:' Suppose that some-
one had decided to describe mechanical processes in terms of only fwo
independent units, cm and sec. He eliminates the gram as unit by setting
either the density & or the modulus of elasticity £ of some standard mate-
rial such as copper arbitrarily equal to 1. He can then express the mass m
of a given copper rod in two ways, either by a measurement of volume
according to the formula

8 -%,which,tmmaenfs= 1,leadsto:m = my = V

or by a vibration experiment with longitudinal waves according to the
formula

« E EV _,. .

¢ = - Tn—,whmh,beuaeofE = 1,leads to: m = my = V/c
If he now divides one of the two values of m so found by the other he ob-
tains—perhaps to his surprise—the square of the velocity of propagation
¢ of elastic waves in copper. The analogy to electrodynamics is striking
and requires no further explanation.

1 J. Wallot, Elektrotechn. Z., Vol. 43, Nr. 44 (1922), section 28 of the paper ‘‘Phys-
ical and Engineering Units.” The latest relevant publication is Phys, Z, {4, p. 17,
1043.



Parr II

DERIVATION OF THE PHENOMENA FROM THE
MAXWELL EQUATIONS

§9. The Simplest Boundary-Value Problems of Electrostatics

We have set up the fundamental equations of electrostatics in the begin-
ning of §7 and have dealt with the resulting summation problem for a uni-
form medium in Eq. (7.5). We now turn to the boundary-value problems
arising from the presence of conductors or nonconductors of different dielectric
constand.

We think of the simplest electrostatic experiments: Let a metallic
conductor of arbitrary shape, originally insulated, A, be connected to
a source of potential V' (with respect to ground) or B, be given a known
charge (e.g. by a piezoquartz, see p. 78). We wish to know the field out-
side of the conductor. We describe this field by the potential ¥ associated
with the field strength E = —grad ¥. Let ¥ be set equal to zero at infinity
in both cases; A and B. In both cases A¥ = 0 outside of the conductor;
on the surface, as well as in the interior of the conductor, we have
¥ = ¥, = const.

A. Charging Problems

In case A, ¥, = V is given, in case B, ¥, must be found. According to
(3.12a) the surface charge density at any point do of the surface of L is
given by

w=D, = eE, = —¢ (g%)ﬁ (1)

¢ is the dielectric constant outside of the conductor, n the outward normal
to the surface of L. According to (1) the total charge on L is
___[a¥
¢= [wde = e [ d. @)

In case A, g is sought: in case B, where ¢ is given, (2) determines ¥ .

For the case of a sphere, of radius @, the appropriate solution of the
differential equation A¥ = 0 may be written down immediately, in the
form -

v=12 V. (3)
r

55
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This yields for A, since ¥, = V,

v="2V. (38)
In case B, (2) and (3) lead to
q = 4xa 2 » Vi Toca’ 4xeV - (3b)

The charge g, uniformly distributed over the spherical surface, thus acts
at a distance like a point charge concentrated at the center.

It is also possible to guess the field of a conductor of the shape of a
prolate spheroid (ellipsoid of revolution with long axis as axis of sym-
metry). For this it is merely necessary to stretch, so to speak, the center of
the sphere, which appears in the last Eq. (3b) as locus of the total charge,
into the connecting line of the two focal points of the generating ellipse
and to distribute the charge ¢ uniformly over this line. If we call the
distance of the two focal points from the center of the ellipsoid ¢, the
linearly distributed charge density becomes ¢/(2c) and its potential be-
comes, by Eq. (7.5b):

if” a
2c L. \/a:’-i—y'—i-{z—j'}'

Elﬂgz+c+¢x’¥y’+{s+c)’ (4)
X Tz—ct+VE+ e+ (o)

In i.uolem II.1 we will show that this expression assumes a constant
value ¥ = ¥, on each of the confocal ellipsoids pertaining to the given
separation of foci and that therefore it solves our potential problem for
each one of these ellipsoids. Since only the separation ¢ of the focal points
occurs in (4), *is formula applies for all confocal ellipsoids of the family,
in the sense that all of the equipotential surfaces of the confocal ellipsoids
with the semiaxes a; > a;, b: > b; are included among the equipotential
surfaces of the ellipsoid with the semiaxes a;, b;. The ellipsod a = ¢,
b = 0, which degenerates to a straight line of length 2¢, also belongs to
this family. In I1.2 the limiting case of a paraboloid of revolution, and its
degeneration, the field of a semi-infinite glass rod uniformly charged by
friction, are studied from this point of view.

B. Induction Problems and Method of Reciprocal Radii

The “4nduction problem,” which we shall specialize to an inducing point
charge, is more complex than the ‘‘charging problem” treated thus far.
Here also we can distinguish between two cases: A. The (otherwise arbi-
trarily shaped) conductor is grounded and B,, it is insulated. The generally

4xeV =
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accepted meaning of “grounding” is a conducting connection with an
infinitely distant surface at the potential ¥ = 0. “Insulation” signifies,
for an originally uncharged conductor, that even after induction the total
charge g continues to be zero.

Problem A is solved by Green’s function G(P, Q)—more exactly, “Green’s
function of the potential equation for the exterior of the conductor L.”
Q is the “source point,” which will be assumed to represent a ‘“unit source,”
P, the “reference point.” @ is defined by the following conditions:

AG = 0 for all P # Q outside of L,
G — 1/(4wreq) for P — Q (definition of unit source), (5)
& = 0 on the surface of L,
G — 0 for P — oo,

Green’s function plays a central role not only in potential theory, but
generally in the theory of linear differential equations, to be treated in Vol.
V1. Here we shall merely point out its significance for our special problem.
If Q represents the position of the inducing charge e, the solution of problem
A is given by

¥(P,Q) = ZG(P, Q) (®)

and that of B by
¥(P,Q) = ; G(P, Q) + a¥; (6)
here ¥ is the solution of our “charging problem” A for the same conductor

L, a, a parameter which, according to Eq. (2), is determined by the con-
dition

av(P,Q) ,
f P 4y = 0. (6b)

As special case we consider once more a sphere of radius a. Its Green’s
function can be written down in closed form by the ingenious method of
the young William Thomson, later Lord Kelvin, which will be treated in
detail in Vol. VI, §23. With Q as source point and @’ as “electrical image
of Q with reference to the sphere of radius a” this solution is:

1 a 1
4xG(P,Q) = — — — —,
PQ =~ @)
p = 0Q is the separation of the source point @ from the center of the
sphere, p’ = 0Q’, that of its image point Q'. They are related by the con-
tion of “reciprocal radii”’;

pp’ = @, (8)
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from which Thomson’s procedure has been given the name “method of
reciprocal radii.”” It is immediately evident that our formula (7) satisfies
the first, second, and last condition (5); the fulfilment of the third condi-
tion (5) can be demonstrated by elementary geometry.
According to (6), Eq. (7) yields for induction on the grounded sphere:
e ¢

4xe¥ (P, Q) = ;ﬂ — r;;e’ = %e (8a)

and for the insulated sphere, by (6a, b) and (3b):

re¥(P,Q) = — — — + =, ¢ ="e. (8b)

rra TPe'  TPO p
The last term in this formula corresponds to the added term o¥ in (6a).
it has the effect of raising the potential of our insulated sphere to the

1
‘\

plz,y.e)

F16. 8. Two charges ¢ moving toward infinity anc their electric images at a
condueting sphere of radius a produce a uniform electric field and an electric dipole
at the center of the sphere.

value V = ¢'/(4rea) and of making the total charge on its surface ¢ = 0,
as it should be.

C. Conducting Sphere in a Uniform Field

For the practically unlimited possibilities of application of spherical
images in potential theory we refer to the portion of Vol. VI cited above.
Here we shall treat only the simple case of the sphere in a untform field,
whose lines of force may, for example, be parallel to the z-axis. In the
absence of the conducting sphere the uniform field is given by

¥=—FsB, = -3 =FE=E=0. 49)

We imagine this field as resulting from the superposition of two fields,
originating in the infinitely distant source points Q, Q (see Fig. 8) on the
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z-axis, with the charges +-¢; theifcoordinatesarex =dp(p—oo)y=2z=0.
The superposition leads to the potential
tme¥ = —— — =ol(p — '+ ' + )7
rr@ TRQ
—elo+ 2+ + 2 =+ 2+ S+ )T %)
pT pT 2ex
(1 -1+ )=
(+ﬁ+m +¢+~J*ﬁ
We have thus in fact a uniform field of the same form as (9) provided that
we let e become infinite as p’. To obtain quantitative agreement with
(9) we must put

% — —4xeF, (9b)

o

In Fig. 8 we have also shown the sphere of radius a and the appropriate
spherical images of the source points Q, Q constructed for it:

Q’ = P’p{]:na’nda’ = _P’, 0,0.

They approach each other as the charges +-¢ move apart and form in the
limit an electric dipole with the moment,
M = 2p'¢. (10)
Here we substitute from Eq. (8) o' = a*/p and from Eq. (82, b) ¢’ = ea/p.
In view of (9b), Eq. (10) then states that the moment M assumes in the
limit for p — « the finite value
2
M= 2%55-‘ = —d4weFa’. (10a)

We conclude therefore that the boundary value problem for the homo-
geneous field is solved by placing a virtual electric dipole of the finite
moment M at the center of the sphere. The homogeneous field (9) is then
replaced by the inhomogeneous field’

M a1l
¥ = —Fz +‘ 4—;;-6;;, (11)

which contains the distortion created by the dipole. Since, now, r represents
the distance from the center of the sphere,

= (4 D o1__z
r=("+y +a').sotha.t.axr 5
Eq. {}1) hence becomes
M 1
¥ = —FI(I-FWF).

1 The denominator 4x¢ is to be added here for the same reason as the factor 4x
on the left side of (9a). '

(11a)



60 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONS 9.11b
If we substitute here the value of M from (10a), we obtain

¥ = —Fz (1 - ‘:-,) (11b)

On the surface of the sphere, r = a, ¥ assumes the constant value ¥, = 0.
The value of M found in (10a) by the method of reciprocal radii is thus
confirmed for the conducling sphere.

D. Dieleciric Sphere in a Uniform Field |

We shall now show that the formula (11), with the value of M undeter-
mined, has a much greater range of validity, i.e. will also fulfill the boundary
conditions for a non-conducting sphere of arbitrary dielectric consiand.
If we distinguish the exterior and the interior of the sphere by the indices
1 and 2 (see Fig. 9), these conditions require that

o oV,
¥, q‘:, £ -'a-ﬁ- £a E‘t forr = a. (12)

The first of these guarantees the continuity of the fangential components
of E; the second indicates the continuity of the normal component of D,
which, for an originally uncharged, nonconducting sphere, is equivalent
to the absence of surface charge, @ = 0 (Eq. (3.11)). We assert that both
equations may be satisfied if for ¥, (exterior of sphere, r > a) we use
formula (11a) and for ¥, (interior of sphere, r < a) we assume a homo-
geneous field, in the same direction as, but differing in strength from, the
exterior primary field.

With z = r cos 8 (§ = geographic latitude on the sphere, measured from
the field direction) we write tentatively

M 1
¥, = -F(r + e ,—3) cos B, ¥g = —F,r cos @ (13)
and, according to (12), we must demand that for r = a (cos 8 cancels in

both Egs. (12)):
M 1
F(l + 4.'“_1.1?;,) = Flr

2M 1 (138)
| £
F(l dxe, F E) ol
From this we find, with ¢ = &/¢, as relative dielectric constant:
Fy - 3 M _ £~ 1,
F £+2‘41E1F £+2a' {54)

Thus our assumption of 8 homogeneous field within the sphere has proved
adequate. This field F, is weaker than the primary external field F if
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¢ > 1, as, for example, if the sphere is in air. The lines of force penetrate the
interior of the sphere (see Fig. 9); although they are curved outside by the
action of the (virtual) dipole moment they are straight and parallel to the
z-axis within the sphere.

To understand this figure properly it should be noted that it does not
represent the linss of force E, but the lines of induction D. The two systems
of lines have the same direction but different density both inside and out-
side of the sphere (see the remarks on magnetic lines of force or better
tubes of force on p. 11), and hence behave differently at the surface.
The D-lines are source-free not only within and outside of the sphere
but also at its surface, because of the vanishing surface divergence (D, is
continuous); this does not apply to the E-lines (E, is discontinuous).
The fact that Fig. 9 represents the D-lines is evident from the fact that
just one line passes through every point of the spherical surface. In the

D P— S
V1

____‘_._______..--"'_'-‘-q.__

F1¢. 9. A dielectric sphere in a uniform electric field. The excitation lines within
and outside of the sphere.

case of the E-lines, more lines would arrive at the surface on the outside
than leave it on the inside.

We consider two limiting cases, ¢ — « and ¢ — 0. The first proves to
be identical with that of the conducting sphere. Eqs. (14) yields then

M = —4xe,Fa’, F, =0,  (14a)

in agreement with Eq. (10a) and with the fact that the interior of the sphere
is field-free. This appears to contradict Fig. 9a, which shows a finite field
inside of the sphere. We must note again, however, that this figure, as
limiting case of Fig. 9, represents the D-field and that “D = ¢E = finite”
8 consistent with passing to the limit ¢ — «, E — 0.
The limiting case € — 0 cannot be realized electrostatically,' but only
1 Or only by assuming €3 << & , i.e. considering a spherical cavity in a medium-of

very high dielectric constant. Then indeed the interior of the sphere is relatively
free of D-lines, as is shown in Fig. 9b.
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by placing a nonconductor in the stationary current field of a conductor.
The magnetic analog would be a superconductor; hydrodynamically it
represents the case of a rigid sphere immersed in a liquid whose flow is
nonturbulent, incompressible and in parallel lines at infinity. In contrast
with. (14a) we have now

M = 2¢e.Fd, F, = gF. (14b)

In spite of the finite value of F; the magnetic induction lines in the case of
the superconductor and the hydrodynamic flow lines do not penetrate into

Fia. 9a. A conducting sphere in a
uniform electric field. Representation
of the excitation lines.

Fig. 9b. Stream lines about a rigid
sphere. At the same time, magnetic
lines of force about a superconducting

— A —
e —

the interior of the sphere, as shown in Fig. 9b; they are pushed out of the
interior since they must run tangential to the surface.

In the other limiting case, £ — =, the lines of force are perpendicular
to the surface,' as for a conductor. In Problem II.3 we shall indicate the
close relationship between Figs. 9 and 9a. We shall return to these im-
portant formulas and figures in §11.

t The force lines at the upper and lower pole of the sphere (in three dimensions at
the diametral plane passing through the poles) form an exception. They make an
angle of 45° with the surface of the sphere (see figure), an angle of 80° with each.other.
This may for example be seen from the fact that the Taylor expansion of ¥ (Eq.
(11b)) begins with a term of the second order. Maxwell calls such & point a “‘point of
equilibrium’’ (see art. 112 of the Treatise).
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E. Reflection and Refraction of Lines of Force at the Boundary of a Semi-
infinite Dielectric
For the sake of completeness a rather trivial problem will be dealt
with here, namely induction in a dielectric bounded by a plane (see Fig.
10): Let a unit electric charge Q be at the point z = a in the right half-
space, > 0; it brings about a state of induction in the left halfspace,
z < 0; € is the relative dielectric constant of the left halfspace referred to
the right halfspace. As in (12), the boundary conditions are
o _ ¥

=‘P’ —— e
T 2 Bz or

A solution may be obtained with the aid of the simple reflection method
familiar from optics: g virtual charge Q" of opposite sign is imagined at the
point z = —a, which has an effect in medium 1, but has no effect in medium

for z=0. (15)

Fig. 10. In the right-hand halfspace
(air) at point @ is a point charge producing
induction in t}m left halfspace (dielectrie).
Representation, of the excitation lines. In
the right halfspace they are curved; their
continuations (dotted in the figure) pass
through the image point Q" of Q. In the left
halfspace they are straight lines whose
(dotted) continuations pass through @.

2, in view of the finiteness of the field throughout this medium; here all
effects appear to proceed from the primary charge. Introducing the two
disposable parameters ¢’/e and ¢'’/e we write tentatively:

E! !

dreoV, = "+ %,  dmeo¥n = 2 (16)
roor r
In the boundary plane z = 0, r = rpg and r’ = req are identical; at the
same time
dl__z—a a1l _ z+a

T =
are equal and opposite, that is, are respectively equal to +a/r’. Hence
conditions (15) require
et e =¢’ 1

, = , 16
e — e = ge"’ 1+EG ‘ T+e (16a)
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Employing optical terminology, ¢’ might be called the “refracted” charge;
the “reflected’”’ charge ¢’ of course becomes zero for ¢ = 1 (uniform dielec-
tric, no discontinuity at z = 0). In the limiting case £ — « (conductor)
¢ = —e, &' = 0, 80 that ¥; = 0; this corresponds to the requirement of a
constant potential for z < 0. For £ — 0 the second condition (15) becomes
d¥,/dz = 0 and leads to ¢’ = +e. See in this connection Fig. 10 (arbitrary
e > 1), Fig. 10a (¢ — «), and Fig. 10b (¢ — 0, i.e. &right > Elent)-

Fi6. 10a. Limiting case £ — e«: the left
halfspace is a conductor.

F1e. 10b. Limitiug case £ — 0; dielec-
tric constant of the right halfspace very
large compared with that of the left half-

space.

§10. Capacity and its Connection with Field Energy

We consider two conductors of arbitrary shape L, and L; and give them
charges +¢ and —gq respectively. Such a system is called a condenser
because the field between them is concentrated and limited to their neigh-
borhood. The lines of force pass from L, to L, without diverging to infinity.
Let the potential ¥ have the constant values ¥, and ¥, on L, and L,.
The potential difference between them is then

Ly
V=¥g—yh= E-ds. (1)
Ly
In this line integral we are permitted to leave the shape of the patl;pin-
definite; every path from L; to Ly (it need by no means be a line of force)
yields, as we know, the same value of the potential difference for a lamellar
electrostatic field.
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The ratio g/V is called the capacity, i.e. the ability of the system to take
up charge. We employ for it the letter K (instead of the often-employed
symbol C, which we use so often with the meaning “constant”):

E
The unit of capacity is the “farad”’:
coulomb Q

F1c. 11. The pair of conductors L, , L,
with the charges +¢ and the potentials ¥, ,
¥ form an electric condenser.

which is thus defined in our system without the appearance of inconvenient
powers of ten. On the other hand, in electromagnetic cgs-units, according
to (3),

|

10 o
1 farad 1o o8 107" cgs; (3a)

thus the socalled absolute cgs-unit of capacity would be =10 farad.

The microfarad (=10"" farad) is employed more often than the farad.
According to (3) and (4.6a) the dielectric constant of vacuum has the

dimension farad/M and, according to (7.18), it has the magnitude

£ = 10~° farad _ 107 microfard
" 36xr M 36 M
However, if one chooses to give the capacity in “absolute electrostatic
units” not only is the numerical value of the capacity different but also

its dimensions (here cm!) are changed and a very confusing state of affairs
results,

We shall consider, as simplest example,

A. The Plate Condenser

This condenser is to consist of two conducting plates with (large) area
F, which are placed parallel and facing each other with (small) separation

(3b)
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a. We imagine their charges +¢ to be distributed over F with uniform
surface density ». Hence we have for z = +a/2

w= F ;g,, and also w = D, (Eq. /3.12a)). (4)

We regard the field between the plates as homogeneous, neglecting as we
already have in (4), the perturbation at the edge zones. The lines of force
are then normal to the plates throughout, and we find, with the value of D
given by (4)

=9_ 1
E. e Fg’ (4a)
It follows hence that
+al2
V= E,dz =18 (4b)
all F £
and thus, from (2)
K =L¢, (5)
a

Fia. 12. The plate condenser with
the field E, D between plates consid-
ered as uniform.

If, for example, we consider F = 20-20 cm’, ¢ = 1 mm, and ¢ = 2¢
(paraffin filling) we find, with the value (3b) of & in our system of units,

80 10~ farad = —2_; 1107 farad = 2 -10"* microfarad. (5a)

K= s+ 9 or

Thus, to obtain a capacity comparable with a microfarad, a very large
number of condensers of the type considered have to be added together.

The neglected edge correction and the resulting inhomogeneity of the
field will be treated in Problem II.4.

B. Spherical Condenser

~ This is to consist of an inner sphere of radius r; and an outer sphere
of radius ;. The spheres need not be conductors throughout; it suffices
if the outer surface of the inner sphere, and the inner surface of the-outer
sphere are “‘coated with tin foil.” (The same remark applies for the plate
condenser.) Let the inner sphere have the charge 4-g, the outer sphere,
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the charge —g. The field is spherically symmetrical—E and D depend only
on r and are directed radially. Hence for every r between r, and r

f D, do = 4x'D = g,

b (6)
= e— = —l—q-—
E, p Toet"
From E, we obtain
ra
- e (l1_N\_gmn=n
v rn E, dr 4xe (ﬁ I":) dxe nry @
This leads to
=92 _ T
K—T‘, 41‘5?':"‘1'1' (8)

Fia. 13. The spherical condenser with its ra-
dial field E, D and a voltage V = ¥, — ¥, .

If we allow r; to become infinite we obtain
K = 4rer,, (8a)

i.e. the value for the capacity for this limiting form of spherical condenser
which was designated as “rational” in Eq. (7.15a). If, on the other hand,
both radii in (8) are permitted to approach infinity while yet their difference
ry — r; = a remains finite, and if only a finite segment F of the two spherical
surfaces 4xr; and 4xr; is considered, the capacity of this segment becomes
according to (8) .

Fe

1.e., identical, as it should be, with that of the plate condenser in Eq. (5).
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The cylindrical condenser (Leyden jar') will be treated in Problem
IL.5.

C. Capacily of an Ellipsoid of Revolulion and of a Straight Piece of Wire

In Eq. (9.4) we have given the potential ¥ of an ellipsoid with the
charge g. If we substitute for z, y, z the coordinates of any point of its
surface, e.g. one of the two endpoints of its major axisz = y = 0,z = a, ¥
assumes the value V, where V is its potential relative to an infinitely
distant ground (¥ = 0). If, at the same time, we introduce the minor
axis b in place of half the focal separation ¢, we obtain ¢ = +/a? — b,
Eq. (9.4) thus becomes®

v_1._ 1 log 8T V@ — ¥
¢- K 8re/a*—b “a—+a - b
1 ¢ + Vat = b
= R : 9
Ireva = b ¢ b ©

For b — a, in the limit, the capacity (8a) of the sphere is obtained. In a
similar manner the capacity of the axially symmetric ellipsordal condenser,
consisting of an inner and an outer ellipsoid of the confocal family, may be
derived.

On the other hand, if we let b — 0, our ellipsoid degenerates into a
siraight segment of length I = 2¢ (focal separation). This may be thought
of as representing a straight wire?® of radius b — 0. Its capacity becomes,
according to (9)

K = 2xel/log 5"’ (9a)

We will obtain a similar logarithmic formula for the selfinduction of a
straight piece of wire (see §15).

D. Energetic Definition of Capacity

The nusual elementary definition (2) of capacity may appear rather
arbitrary and formal. We attain a physically more significant understand-
ing of it by considering the energy of the elecirostaiic field.

1 Also known as “Kleist jar,” since it was built by the pastor of Kleist in Cammin
(Pomerania) and first demonstrated at the Danzig Scientific Society in December
_1745. At the beginning of the next year it was demonstrated in Leyden and has hence
become internationally famous. In this manner it acquired its present customary
name, which is thus purely accidental in origin.

* Compare Kohlrausch, Praktische Physik, 12th Ed., p. 631. The factor 4x is missing
here (conventional system of units). Obviously the last formula in Eq. (9) results
" from the preceding one by rationalization of the denominator.

1 Not, it i# true, a cylindrical wire, but one getting thinner toward the ends.
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We utilize Green’s theorem in the form (3.16) of Vol. II:
_ v
fgmd U-gradVdr+fUﬂFdr-fUé~??dm (10)

U and V are two arbitrary continuous functions. The integration on the
left side is extended over an arbitrary region of space, the integration
on the right, over its surface; n is the normal to the surface of the space,
pointing outward. We put U = V = ¥ and obtain, because of A¥ = 0,
E = —grad ¥, from (10)

fgmd‘lf-grad\lrdr = fE’d-r = fﬂrggda. (10a)

Let the volume integration on the left be carried out through the region
exterior to the two conductors L, and L. in Fig. 11, the surface integration
on the right, over the two conductor surfaces and a sphere K with the
very large radius r = R. The integral over K vanishes.! (10a) then leads to

f B dr = ¥, g‘_: do+ v [ 2 do. (10b)

Ly Ly an

After multiplication with ¢/2 we can write instead
le'Dd"‘: "“1("1"1 D-dﬂ"i‘"'l':f Dndd)=2(‘l'a-‘l":)’=lﬂ’r.
2 2 L, Ls 2 2

At the left end of this multiple equation we have the total energy of the
volume considered, which we shall call W:

W= [W.a.
We then find, with the definition (2) of K,
1y Ky @
W=3qV =35V =% (11)

! We have, by Gauss’s theorem, for an arbitrary system of n conductors I, ,
Ly, L., since divD = 0,

u-fmm+fJmﬁ+m+f1ma=fm&—z¢.
K Ly Ly K =1

If ¥ on K is put equal to ¥, , it follows that

f v 4 - —-‘I—’ifﬂ.dcr= L

xr on e Jx £

In the present case this vanishes because of ¢, = g, g2 = —g. In general, with
Zg: # 0, it is only necessary to put ¥, = 0, i.e. to refer the potentials ¥; to the zero
level at infinity, to make it possible to carry over the following formulas also to
unneutral systems. This is to be remembered for section E.
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This fundamental relation is reminiscent of the expression for the kinetic
energy of a particle in rectilinear motion in terms of its velocity v and its
momenium p = my:
2
W= mw=L =2/ (11a)

In both cases the energy is factored (see p. 11) into the product of an
entity of quantity and one of intensity or expressed by the square of one
of these two quantities. The quantity is in one case ¢, in the other, v,
the intensity, V and p, respectively. Comparison of (11) and (11a) shows
that the capacity K corresponds to the reciprocal mass 1/m, which we
night call “compliance,” in contrast with the “inertia” m. However, the
analogy is not very profound and will have to be rodified in §33.

We can call (11) an energetic definition of capacity, just as (11a) may
serve as energetic definition of inertia.

E. The Capacities of an Arbitrary System of Conductors

If we pass from two conductors L, , L, with charges ¢ to an arbitrary
number of 'conductors L, Ly, -+ L, with charges g1, ¢z, ‘- gn, where
once more the total charge Zi.,¢;is assumed to be zero, Green’s theorem
(10a, b) shows directly that the total energy W of the system is the sum of
n terms, according to the formula

W = EJ; > ¥ (12)
]l

Here ¥, denotes the constant value of the potential on the conductor L; .
Now, however, ¥; depends not only on ¢;, but depends linearly on all the
g; a8 well. This follows from the general representation (7.5) of the po-
tential.

In order to perceive this, we rewrite (7.5) in terms of the surface charge
wj, whose distribution on every conductor L; we can assume as known,
in place of the volume charge p, and put w; = gw;, where w; is the dis-
tribution of unit charge on L; (in the presence of the remaining con-
ductors!). Then (7.5) becomes

¥i= 2 q;Hy. (13)
j=1
" The coefficients which appear here,
_ 1 m; _
H iy dxe EJ dﬂ', ] ‘-(133}

are purely geometrical quantities, which depend only on the location
of the L; relative to each other and relative to L, ; they are independent
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of the choice of the origin r;; = 0 on L., since ¥, has the same value for
every choice of this point. Eqs. (13) and (13a) thus confirm the linear rela-
tion between the ¥; and g¢; .

The solution of the system (13) of n equations for the n charges ¢; yields

0, = L Ky¥% with Ky=-2. (14)
i=1 A

A;j i8 the sub-determinant of the n-n row determinant A of the H; as-

sociated with the term ¢, j. Maxwell calls the H,; “potential coefficients”

of the system in art. 87 of his Treatise and the K:;, “‘capacity coefficients.”

Substituting the relations (13) and (14) in (12) yields the muliiple
equation

W = 42¥;q; = 4ZZH,;q:q; = }ZZK ¥, ¥;. (15)

which generalizes our earlier Eq. (11). Since W is a quantity determined by
the state of the system (the work done in charging the system must be in-
dependent of the “path,” i.e. the sequence of the individual processes),
the K and H fulfill the reciprocity relations

K.'jﬂKﬂ, H.‘_f'Hji; (15&)

Capacity and potential coefficients play a role in communications, where
complicated systems of interacting conductors are of frequent occurrence.
Their theoretical calculation is difficult since it presupposes the solution of
the potential problem of the multiconductor system in question. As we
have seen, even for two conductors the solution is possible only for partic-
ularly simple shapes of the conductors (plane, sphere, ellipsoid). In general
approximations are required.

In Problem I1.6 we shall discuss the (somewhat complicated) relation
between these coefficients and the elementary definition of capacity in

Eq. (2).
§11. General Considerations on the Electric Field
The following statements and concepts apply not only to electrostatic,
but also to arbitrarily varying fields. :
A. The Law of Refraction for the Lines of Force
The boundary conditions applying at the interface between two insulators
of different dielectric constant,
h Eang continuous and Dy continuous (1)

(the latter in the absence of surface charge, Eq. (3.11)) show directly that
the “angle of incidence” a; and the “angle of refraction” as , both measured
with respect to the normal to the interface and given by
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_ (Buane _ (B
tan ay = (Enwm)l, tan o (m)t,

are related by

tan o - tan a: (2)
o1 £y

This “law of refraction of the electric lines of force” deviates from the
optical law of refraction not only in the appearance of the tangent instead
of the sine, but also in the direction of refraction: In enfering into the elec-
trically denser medium a line of force 18 refracted away from the normal to the
inlerface. We here describe the medium with the higher dielectric constant
as “electrically denser.” If this is medium 2, then it follows from Eq. (2)
that

Examples of this phenomenon are shown in Figs. 10 (refraction at a plane)
and 9 (refraction at a sphere). The conductor (limiting case &/e; = =)
satisfies this law of refraction inasmuch as here generally «; = 0 (lines of
Jorce normal to surface of conductor).

B. On the Definition of the Vectors E and D

Now we do not accept the ‘positivistic’” standpoint, according to
which only observables may be employed in theoretical physics; but instead
are of the opinion that the introduction of not directly observable quantities
is justified whenever the resulting conclusions agree with experiment (as
in the kinetic theory of gases). Nevertheless we demand that the concepts
introduced in a hypothesis may be based at least on an imaginary experi-
ment, i.e. an observational method, even if it cannot be carried out in-
practice.

In §2 we defined the electric field strength dynamically as the force on a
unit test charge. This force can, however, only be measured in air (more
generally, in a fluid) by the motion produced by it. Thus the definition
fails in the solid body.

In order to define the component of E at a given point in a given direc-
tion & within the solid body we proceed as follows: We drill a {ube with the
direction s in the body at the point in question. The tube is so narrow and
so short that it does not appreciably disturb the field elsewhere; it remains
empty or is filled with air. Aerording to the boundary condition (1) the
field-strength component E, is the same within it as in the surrounding
solid body and as it was originally in the tube. Thus E, can be measured
within the tube on a test body which has been introduced, and by varying
the direction of the tube all three components of the vector E can be ob-
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tained. If the field is not stationary, but variable, we must measure more
rapidly than the field changes. '

Our definition of D in §2 requires supplementation in even greater degree.
We described, in Eq. (4), D as the quantity of electricity which, at a given
point, has passed through an area F during the excitation of the field,
divided by the magnitude of F. More precisely, we obtain in this manner
the component D, of D in the direction of the normal » to F. This explana-
tion is unsatisfying since it does not contain specific directions for measure-
ment. We can, however, obtain such directions by the following imaginary
experiment :

We place at the point in question a plate condenser,' whose surfaces F
are made normal to the n-direction; the space between the plates is to be
filled with the surrounding dielectric (if we are dealing with a solid body a
slit must be cut into it into which the condenser fits exactly). In view of
the boundary condition (1) the value of D, in the condenser is equal to
that in its surroundings and hence also equal to the value of D, which
prevailed before the introduction of the condenser at the point in question.
We can now measure D, on our condenser directly as the surface charge
w on that coating toward which the prescribed direction n points.

In this manner the displacement D also becomes, in a sense, an “observ-
able quantity.”

C. The Concept of Electric Polarization; the Clausius-Mossotti Formula

We give up temporarily the purely phenomenological point of view of
Maxwell’s theory and attempt to comstruct a molecular model of the
dielectric. A molecule consists of positive and negative charges (protons
and electrons), but acts as a neutral entity in the absence of a field. With
the application of the field the charges are separated and form a dipole.?
The induced moment m is proportional to the external field and is a char-
acteristic of the molecule.

Such a moment has the dimension charge-lever arm = QM. If we pass
from the single molecule to the sum of the molecular moments “per unit
volume” the dimension

M _ Q
ME M2

VIf the feld is inhomogeneous the condenser must be made adequately small.
Ite metallic coatings distort the field. but do not disturb the measurement of D,
between the plates.

? Wethink here of nonpolar molecules. The polar molecules, which have been studied
with great success, both experimentally and theoretically, by Debye, have a dipole
even in the absence of a field. The formulas of the text would have to be altered for
polar molecules and would show a dependence on temperature. For details see Debye:

Polar Molecules, Dover, New York, 1045. In anglogy to paramagnetiam, polar mole-
cules may be called paraeleciric.
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is nbtained. It corresponds to the dimension (2.4) of D. We shall designate
this sum Zm divided by the volume with P and ecall it the polarization.'

We ghall divide D into one part which is present even in the absence of
the molecules, and another part which is produced by the molecules. The
first corresponds to the case of vacuum and is Dy = &E, where E is the
applied, macroscopically measurable field; the second is our polarization
P. Hence we write

D=Dy+ P =¢gE <+ P. ' 3)

D is the macroscopically measurable excitation and is hence equal to ¢E.
Accordingly (3) leads to

P = (¢ — &)E. 4)

We also wish to determine P from the behavior of the molecules in the
electric field. In agreement with the notation of Eqs. (9.9)ff. we call this
field F and indicate by this that it differs from the macroscopic field E.
The difference between them results from the effect of the polarized mole-
cules according to the formula

F=E+.2 (8)
3 Ep
In order not to interrupt our train of thought we defer proof of this expres-

sion to section D. The moment m acquired by the individual molecule is
proportional to this F. We put

m = afy F, (ﬁ)

where « is a constant characteristic of the molecule. Here the molecule is
assumed to be isotropie; otherwise m and F would not have to have the
same direction.

If N is the number of molecules per unit volume, we obtain from (6)
and (5):

p=Em=NmF=Na(s.E+1P). )
unit 3
volume

If we substitute here expression (4) for P and cancel the common factor
E, we find

a-&-Nu(£.+E;&)-h—?(£+2a]

or, if we pass to the relative dielectric constant &/e,:

! Bvery individual moment has the direction of its lever arm as axis. Hence the
direction of P is obtained by the geometric addition of all the m in the volume con-
sidered and passing to the limit of a sufficiently small volume.
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i L ®)

£“1+2 3

This is the Clausius-Mossotti formula. In optics, where £, is the square of
the refractive index, it is known as the Lorenz-Lorentz formula.

To clarify the physical content of Eq. (8), we multiply numerator and
denominator with m, the mass of the individual molecule. Thus we obtain,
in the product N'm, the mass of unit volume of the dielectric or its densily
and, at the same time, in the quotient a/m, a new constant characteristic
of the molecule. Then in Eq. (8) the left side is proportional to the density.
This assertion can be tested directly on compressed gases for which &
differs appreciably from 1. For highly diluted gases, where &a ~ 1,
et + 2 ~ 3, Eq. (8) leads to

E"[—llNa=p£. (8a,)

Historically it may be mentioned that Mossotti, in his paper dating
as far back as 1850, treated the molecules as conducting spheres, which were
assumed to be distributed in some fashion in the imponderable “‘ether.”
We know frbm §9 that an external field F induces & moment M in such &
sphere whose magnitude is given by (Eq. (9.10a))

M = 4xea’F.

Qur molecular constant « has then, according to the definition (6), the
value

a = 4xd’. (%)
If this expression is substituted in (8) the right side becomes
44:;—' a'N. (9a)

This is simply the ratio of the volume of the spheres contained in unit
volume to unit volume (dimensionless, as it should be).

We summarize what we have learned about the concept of dielectric
displacement which was inadequately explained in §2. D is composed of
two parts, a vacuum portion Dy = &E and a portion arising from matter P:

D = D, + P. (10)

We call P the polarization of the matter; it is also the electric moment per
unit volume of the dielectric. Similarly, the dielectric constant is made up
of two parts, its vacuum component & and its component arising from
matter £

£ = &(l + 7). (11)
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The material constant n, which is defined as a pure number, is called the
electrio susceptibility. It is pleasant to note that in both Eqgs. (10) and (11)
the factor 4x, which otherwise occurs in P and #, is absent as the result
of the rational character of our MKSQ-system. In determining P and #
we had to differentiate between the field strength F acting on the molecule
and the macroscopically defined field strength E; the difference between
them arises from the field of the neighboring molecules.

As already noted on p. 9, the designation “dielectric displacement”
for D really fits only its polarization component P. In vacuum there is no
charge which can be displaced and D is nevertheless by no means equal
to zero. This is the reason why we have preferred (see p. 8) the term
“excitation” for D.

D. Supplement to the Calculation of the Polarization

We are here concerned with the proof of Eq. (5). We consider an arbitrary
molecule, surround it with a small sphere whose radius b is nevertheless
very great compared to the molecular radius, and remove from the sphere
all matter except the one molecule at the center; this molecule is therefore
in vacuum. It is thus acted upon by the field strength E, corresponding to
the first term on the right side of (5). The removal of the molecules from
the interior of the sphere does not result in a change of the field resulting
from the matter present, provided that the molecules were distributed
randomly, i.e. that they were not oriented in any way by the molecule
under consideration. If we limit ourselves to isotropic dielectrics we can
assume this."

After exclusion of this sphere we can treat the remaining dielectric as a
continuous medium, i.e. neglect its molecular structure and proceed
according to Maxwell’s phenomenological theory. Hence we shall replace
the action of the residual dielectric by charge densities w on the elements
de of the inner bounding sphere of the cavity of radius b; here we shall have
to determine w not from the complete D, but only from its molecular com-
ponent P in Eq. (3). Since P differs from zero only for r > b (in vacuum,
for r < b, P = 0), w is not given by the difference of two P-values (as in
(3.11) by that of two D-values), but directly by @ = P,. In view of the
fact that P has the same direction as the primary field E, which shall have
the z-direction, we find

w = P, = P, cos § with § = angle of n with respect toz.  (12)

According to Coulomb’s law (7.7) the contribution of w de to the field
strength acting on our molecule at »r = 0 in the direction of the radius
vector is

1H. A. Lorentz has proved this also for erystals of cubic structure; for other
symmetries, as well as for associating liquids, the assumption in the text is unproved.
gliq P
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w do Pccos @
aF = dxegd? Aweod? de (13)

and its z-component, with which alone we are concerned,

P, cos’ 6
dF, = W de. (13&)

Integration over the whole sphere, with do = b’ sin 8 d6 dy leads to

1P

T
F, = Ps -2:-}; cos’ fsin §df = = (14)
dweo 3 o

This corresponds to the second.term of the right side of Eq. (5), whieh is
proved herewith.

E. Permanent Polarizaiion

We have assumed so far that the polarization is caused by an external
field and vanishes with it. That is not the case in general. We have already
noted (p. 73, footnote 2) that permanent electric moments exist on a
molecular scale. It is true that they compensate each other, particularly
in the liquid pr gaseous state, because of the thermal disorder in any finite
volume, so that here also the resulting polarization vanishes with the
external field E. However, if a substance made up of such polar molecules
(a wax or resin) i8 liquefied by heating and exposed to a strong electric
field, the latter forces the molecular moments largely into its direction.
After solidification the substance retains its polarization for a time even
if the field is subsequently removed. If the environment could be made
completely insulating a substance would be obtained with a macroscopically
permanent electric field.

Heaviside has christened a substance treated in this manner with the
rather forced name “electret,” in view of its analogy to the permanent
magnet.

The assumption of a completely insulating environment is, however,
never satisfied. Even pure, highly diluted air is, because of radicactive
emanation and, in particular, because of cosmic radiation, always some-
what ionized and hence conducting. An electret hence tends to lose its
effectiveness to the outside in the course of hours or days.

There are however also natural substances with similar properties. We
find these among crystals which are asymmetric in structure (crystals
with a polar axis). The most familiar example i fourmalin. A crystal is
in genéral made up of positively and negatively charged ions which, if
there is an imperfect symmetry of structure, have an electric moment in
any elementary domain. Depending on the lattice of the crystal, the
elementary moments may combine to form a macroscopic moment, which
then produces an electric field in its neighborhood.



78 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONS 12

Such a field can in fact be detected on fresh fragments of tourmalin.
Since the environment, as noted above, never insulates perfectly, the field
decays in the course of a few hours. Surface charges are built up by the
conduction currents at the entrance and exit points of the lines of force
which then compensate the external field of the interior electric moment.
The difference between the electric and magnetic permanent moment
consists merely in the fact that there are no such conduction currents in
the magnetic field. Hence a steel magnet shows mo appreciable change in
its field in the course of decades. This difference between electret and
magnet is not fundamental, but only quantitative.

The polar asymmetry existing in tourmalin may be produced artificially
in other, less asym:_netric" crystals by subjecting them to a deformation.
This distorts the crystal lattice and impresses an electric moment pro-
portional to the deformation. The crystal thus becomes prezoeleciric.
Quarts is the typical representative of this class of substances. It was
used by Pierre Curie, as “piezo-quartz,” to produce well-defined quantities
of electric charge. It is true that here also, because of imperfect insulation,
the electric charge decays with a certain finite relaxation time. Of even
greater indportance in more recent times has been the role of the quartz
crystal when vibrating with its characteristic frequency and producing a
corresponding oscillatory electric field. Inversely, by applying an alter-
nating field of this frequency it is possible to maintain the characteristic
vibration of the quartsz at a constant amplitude. In this manner one obtains
(Cady) an ideal microscale of time, which plays its well known role in
present-day radio engineering.

In all these cases (electret, tourmalin, piezoquartz) the external electric
field may be calculated from the inner moment which is assumed to be
known. We will omit this, however, since the calculation is quite similar
to that of the external field of a permanent magnet, which is carried out
below.

§12. The Field of the Permaneni Bar Magnet

The forces which emanate from certain forms of iron have excited the
popular imagination since the earliest times. The Greeks called the carriers
of such effects magnets? The Chinese were the first to utilize their inter-
action with the great magnet “Earth” for geographic orientation on the

1 The degree of the required asymmetry may be predicted exactly by means of the

" general rules of Voigt. Bee Vol. II, §40.

* Apart from sieel the metals coball and nickel, which are related to iron, show
permanent magnetism, similarly the Heusler alloys, containing manganese, which
adjoins iron in the periodic systems The iron ore Fe;0;-FeO which, crystallizes in
a cubie lattice, is known as magnetite, the hexagonal FeS (with admixture of Fes3),
a8 pyrrhotin or magnetic gravel; both are characterized by permanent magnetism
and magnetic anisotropy.
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broad expanses of their country. In the 18th Century it was fashionable
to attribute all mysterious processes in the human body to “animal magnet-
ism” (Mesmer). Today the importance of the natural or permanent magnets
is outdistanced by that of the electromagnets. In spite of this we shall begin
with some consideration of permanent magnets; we shall then be in a
position to cover briefly the general properties of the magnetostatic field,
in analogy to those of the electrostatic field in §13.

It is true that the nature of the permanent magnets lies outside the range
of the Maxwell theory and can be understood only with the aid of atomic
physics. It is based on the spin of the electron and its magnetic momant,
of which the Maxwell theory is, of course, ignorant. The same remark
applies eventually to the electromagnet: the electric currents which produce
the electromagnet, unless they are generated electrodynamically by induc-
tion, have their origin in electrochemical processes, which are foreign to
the Maxwell theory; only the magnetic fields proceeding from the electro-
magnet are described by the latter. In similar manner, the fields proceeding
from permanent magnets fit into the framework of the Maxwell theory.

We commence with the magnetization, which we shall call M or, to begin
with, M*, as counterpart to the electric polarization P; the analog of our

~equa.1:mn of definition (11.3) for P,

D=gE+ P. (1)

would be, from our point of view,
H-%B+Mﬂ (1a)

(Here H and M* are “quantities’” like D and P, B is an “intensity’’ like E;
1/ corresponds to € , as emphasized in Eq. (4.7)). Solved for B, Eq.
(1a) yields

B = w(H — M) (1b)

The customary definition of magnetization is, on the other hand, contained
in the equation

B = w(H + M), (2)

which we shall utilize from here on. We shall return to Eq. (1b) in §13D,
in discussing diamagnetism. As defined by (2), M signifies the part of the
excitation derived from malter and i8 at the same time the sum, referred to
unit volume, of the moments of elementary magnets, just as P was a corre-
apondmg sum of electrical elementary moments. In the following we shall
imagine the distribution of M within the magnet to be given arbitrarily
and shall calculate from the Maxwell equations the corresponding fields of
the vectors B and H.
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We know from §7 that H is throughout lamellar, B throughout solenoidal
(free of sources). In view of the absence of sources of B Eq. (2) leads to
the condition .

divH = —div M. {3)

At a surface of discontinuity of M the Eq. div B = 0, which presupposes
that B is continuous and differentiable, is replaced by the condition that the
“surface divergence”’ of B vanishes; i.e.

B, + B. = 0, (3a)
where n and n’, asin (3.7), denote the normals of the surface of discontinuity
pointing toward opposite sides. Applied to the surface of a magnet, at

which M jumps from the external value M = 0 to a value of M which, in
general, differs from zero, (3a) yields in view of (2)

Hy+ H, = —M,. (3b)

If, now, H = —grad ¥ is substituted in Eqgs. (3) and (3b), the differential
equation of the problem

AVY = div M, (4)
and the. surface condition
¥ av
a_ﬂ- '+' E = M n (43-)

are obtained. We add, as boundary condition at infinity
¥ = 0. (4b)

Since, in the two Eqs. (4) and (4a), the right sides can be assumed to
be known, we are dealing here not with a boundary value problem, but, in
the sense of §7, Eqs. (10) and (10a), with a simple summation problem.

The solution is
ms—fd“’mdf-f%‘dm (5)

-

The first term sums all magnetic volume densities p» in the inferior of the
magnet, the second all surface densities w, on its boundary. The negative
signs result from the fact that, according to (4) and (4a)

pm = —divM, wm=—M,.

(If we had continued to employ M* = —M in our calculation, the signs
would have been positive, as in electrostatics.) We consider two special
cases: a. homogeneous magnetization parailel to the bar axis, b. magnetiza-
tion increasing from zero toward the center, also parallel to the bar axs.
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For a the first integral on the right in Eq. (5) vanishes because of
div M = 0, for b, the second one because of M, = 0.

a. Only the two end surfaces contribute to the surface integral in (5)
gince the normal component of M vanishes, by assumption, on the sides.
The pole strengths of the magnet are thus, in a sense, uniformly distributed
over the end surfaces; if the cross-section area is F' the two total pole
strengths are P = +FM.

Approximate integration of (5) for large distance of the reference point
from the magnet (see Fig. 14: p, ry , r; distance of reference point from bar
axis and from the centers of the end surfaces, respectively, z, coordinate

Ref. pt.
. 1
v
A s
| 4 /
o ,” i 1
1 ,, ,(r:!; ]
F1a. 14. Bar magnet, magnetized. longitudi- l I
nally. Point of reference on the outside. 1 1 T/ Y
M /
4

|.._...
—_— __-6‘;_‘__-

of the reference point parallel to the bar axis, measured from its center,
2l, length of bar) leads to

r’-(z—l}’-l— 2
M=—MF(-—L)with 11 N pl. (ﬁ)
non re=@+0+p
Series expansion yields
1 1 1220+ P
;,;—“(Hr§ o+ )
1 l 1220 4+ 12

with r, =*4/2% 4 p* = distance of reference point from center of bar. Hence,”
according to (6),
a 1

4x¥ = —2IP— = 2l 21 (6a)
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As was to be expected, the external action of the magnet for distances
921 is that of a dipole with the lever arm 2! and pole strength P = MF.
The same representation by the surface integral in Eq. (5) applies for
the interior of the bar, but this requires a more careful evaluation. For
the sake of brevity we limit ourselves to the center line of the bar and

L} Bf’.

HeuBfuy

gm=—l g=l

Fia. 15. D@umetisntlon of a uniformly magnetized bar. In the drawing it is
assumed _tha.t a = l/4

assume the cross section to be circular (¢ = radius, p = distance of the
point of integration from the center of the end surfaces). We then find

41‘1’=21‘M{fﬁp—@~f.m}
o N o 1)’ (7)

n'=0—-2"+0, re =+ 2+ 5.
The evaluation yields, since 0 < |z| S I:

@ - f;_f (G- +a) = [+ + ) + 2, (7a)

¥ M l—z 4 2
5 '2'[1(1 L S T | R 2] (7b)

Since ! is in any case many times larger than a, we obtain

H ~ 0, Ewl} for z=10
az

M oH M1
H"_'f’ el e s for z = +I;
as shown in Fig. 15, there is a sharp decrease of —H at the two ends of the

bar and a vanishing of a high order at the center of the bar. The sign of H



12.11 THE FIELD OF THE PERMANENT BAR MAGNET 83

is opposite to that of M; H has what is commonly expressed as a “de-
magnetizing action.” This is seen also in the pattern of B. Though B attains
almost the full magnitude uM at the center of the bar, it is only half as
large at the ends, the same of course, inside and outside of the bar.

b. Let M be constant in every cross section of the bar, but be dependent
on z in such fashion that M vanishes at the ends z = 4! and increases
parabolically toward the center:

F

As already mentioned, the surface integral in (5) vanishes here, and only
the volume integral remains to be calculated.

With {, p, ¥ for the coordinates of the point of integration, and z, p, ¢
for the cmrdma.tes of the reference point Eq. (5) yields:

= § [ Lo

=@=0'+p"+0 —2pcos(e— ), do=pdpady.

The field at a distance here, just as in case a, is that of a dipole. If the
average magnetization M is computed for the length of the bar and if
as in a, we put MF = P, the moment of the dipole field becomes, as in
(6a), 2IP.
Within the bar, in particular on the bar axis p = 0, we obtain from
(9), by carrying out the integrations with respect to p and ¢
C +i

V= ;dﬂ{(s—n’+a’:*- |z —¢]]

+7

C Cz

(10)

28 J_ 28 \3
and

+i
He S n [ g iic-0+a + S =D

sle-v+arr eyt + 275 an

C ¥ 2 24
e +ara

The symbol | | in the last integral indicates that the sign of this square-
root, just as that of the preceding ones, is to be positive.

We will show that, just as in the case of uniform magnetization, H is
nearly zero (of the order a/l) everywhere except at the ends of the bar. Ex-
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clusion of the bar ends signifies’a <[ ~ | z|. We may then neglect a in
(11) and obtain

H = g;[ —z4+1l4+z24+

i.e. zero (more exactly, vanishing to the order Ca/l). For 2z = =+l i.e. at
the bar ends, H is small to the same order of magnitude. This does not
apply, however, to dH/dz. This is given by'

di _
a

Thus H has positive values, nppreciably differing from zero, only in a
small region near the two ends of the bar. This is illustrated by Fig. 16.

z’ r z-i—i*]' (118)

"' ). (12)

maz  Biuy

H =By

g=—| I | =l

Fic. 16. Demagnetization of a bar magnetized according to the formula M =

c ') A
-1 = = -
2 B sin Fig. 15,a = /4.

Also here H has a “demagnetizing action,” i.e. is opposite to the im-
pressed moment M. B/u, approximates the full value ot M in thewhole
middle portion of the bar and deviates from it slightly only at the ends.

The fact that H always acts in the direction of demagnetization (for
arbitrary distribution of the magnetization and for any shape of the magnet)
may be recognized from the following: The lines of force (B-lines) are closed

! Differentiation of (11) leads to the exact elementary formula

dH {z(z ) + at 2(z 4+ 1) + at +2
) dz " 2\VGe=-D+at Ve+D+a }

from which (12) is readily derived. The dots in (12) indicate terms of the order a/L.
The upper positive sign in (12) refers to z = 41 and positive dz; the gradient of H
toward the interior of the bar (negative dz) is thus negative, just as at the other end
of the bar.
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because of div B = 0 and part of their path lies in the interior, and part
lies in the region outside of the magnet. We carry out a line integral of H
over such a closed line of force in the positive B-direction. Then we obtain,
because of the lamellar character of H, as for any closed path,

fﬂndﬂ = (). (123)

The part of the integral over the path oulside of the magnet, where the
directions of H and B coincide, is posttive; hence the part of the integral
over the path within the magnet must be negative:

H,ds <0 (12b)
inside
On the other hand, the integral of B over the same part is, by assumption,
positive. Eq. (2) shows that this applies even more to the integral of M:

inaide

m¢=lf B, ds — H.ds > 0. (12¢)
Ho o inside inalde

The two inequalities (12b, ¢) for H and M show together that H has within
'the magnet,>along any line of force, on the average the opposite di-
rection of M.~

We have dealt with the preceding rather arbitrarily selected problem
in such detail because most textbooks contain little of a quantitafive
nature regarding the vectors B, H, and M in the interior of a magnet. We
have seen that if M is known H may in principle be evaluated, in accord
with the rules of potential theory, by a simple summation, whereupon B
is also known. It is true that the assumption of a known distribution of M
i8 not fulfilled in practice. Bar magnets are therefore unsuited for a practical
study of ferromagnetism: we shall return to this later.

Although our calculation was limited to the center line of the bar magnet,
Figs. 17 and 18 give quantitative information' regarding the shape of the
Iines of force and lines of excitation throughout the interior of a uniformly
magnetized bar magnet: The B-lines are drawn into the interior, the H-lines
pushed out of it. On the outside the two sets of lines coincide, of course,
since B = yH,

The ring magnet, provided with a narrow gap, is both simpler and of
greater practical importance than the bar magnet. Because of the equiva-
lence of all cross sections the magnetization may here be regarded as uni-
form, so that div M = 0, and M is everywhere parallel to the center line.

! These figures were kindly prepared by Prof. J. Jaumann, by a graphical mathod
which was developed by Maxwell for the numerous line-of-force patterns at the end
of his Treatise and which is widely employed by electrical engineers; see also art.
123 of the Treatise. .
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A “magnetic coating” exists only on the gap faces; between them a mag-
netic field is formed which is similar in geometry to the electric field in &
plate condenser. This applies not only to & permanent ring magnet, but
almost identically to the ring-shaped electromagnet with an iron core.
Referring once more to Eq. (12a), we consider the line integral of the ex-
citation H carried out over the center line of the ring. It may be divided
into two parts, the short section through the air gap of thickness a, which
we shall traverse in the positive direction of the magnetic condenser field

|
e et

=

Fia. 17. Lines of force of a uniformly magnetized bar magnet; they are drawn

into thn lntannr

o i ...1,.-._..-—.-

Fia. 18. Lines of excitation of a uniformly magnetised bar magnet; they are
pushed out of the interior.

which exists there, and the long part through the ring-shaped iron core of
length [/, on which the integration is to be carried out in the same sense.
We put H = Hg in the gap and H = H, in the iron core, respectively.
Eq. (12a) yields
* E'H; = — G'Hg.

Thus a ‘“demagnetization” of the iron core goes with the magnetifation
of the air gap. We have here the same state of affairs as in Figs. 15 and 16,
only in a much simpler and more obvious form.
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We return once more to the bar magnet and to the definition of its pole
strength P. From our point of view it is a quantity of magnitude

P = fH. do, (13)

where the closed surface o envelops, starting from the center of the bar,
the one or the other half of the bar in arbitrary manner. This definition
of P corresponds to the definition (7.2) of the magnetic volume density
pm = div H and states that P is equal to the sum of all magnetic quantities
pwdr Which are present in the half of the bar in question.

In contrast to this the pole strength is often defined as iniensity in the
literature and described in terms of the magnetic flux. We shall call the
pole strength so defined P and write

P—f&& (14)

The surface ¢ cannot now be closed since otherwise, in view of div B = 0,
P = 0. Rather, the cross section ¢ passing through the center of the bar
must be ercluded from the integration; or, as an alternative, the integra-
tion is carried out only over this cross section with reversed sign of the
normal n:

P= [ B.dg. (148)

It may readily be shown with the aid of (13) and (14) that then, very
nearly,

P = wP (15)

where y, is the permeability of the surroundings.' In fact, we convinced
ourselves above that H very nearly vanishes in the central cross section,
so that the closed integration in (13) may be replaced by the open integra-
tion in (14), where we may put H, = B,/u . The definitions (13) and (14)
would thus be practically equivalent in the presence of a plane of symmetry
(which, incidentally, exists also for the horseshoe magnet). However, for
asymmetric shape or asymmetric magnetization relation (14) fails and
only definition (13) remains meaningful. It is also recommended by the
fact that it exactly corresponds to the definition of charge:

e=‘t£D,.dc.

. ! While P, according to (13), may be regarded as an internal property of the mag-
net, P also depends, according to (15), on its surroundings. This evidently arisés
from the fact that an environment differing from vacuum contains iteelf magnetic
moments which, quite understandably, are included in P. See in this respect Phys.
Z. 1935, p. 424,
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$13. General Considerations on Magnelostatics and Its Boundary-Value
Problems

While, in §12, we have considered only the proper field of permanent
magnets, we shall now approach the behavior of arbitrary bodies in an
oulside field, arising from either permanent magnets or electromagnets.
The laws which apply here closely parallel those of electrostatics; however,
contrary to our classification of the field vectors into entities of quantity
and intensity, H here corresponds to E, B to D. This follows from the
familiar fundamental equations, e.g. (7.2), (7.9), and (7.9a)

curl H = 0, H =—gady, )
divB =0, divH = pu @)

and the boundary conditions at an interface:
continuity of the tang. comp. of H and the normal comp. of B.  (3)

The line integral of the magnetic excitation, which, by (1), is independent
of the path, i.e. depends only on the endpoints A, B, we shall call magneto-
motive force and designate by U.s, in analogy to Vs in §2, U.s bears
following relation to the magnetic potential:

B
Uut"f H.ds = ¥, — ¥5. (‘1')
A
The “loop magnetomotive force” is given by
Upes = fﬂ. ds = 0, (5)
irrespective of the manner in which the closed path is traversed, whether
it passes through magnetized material or through air.
We designate the “induction” or the “flux” through an arbitrarily shaped
surface ¢ by the usual symbol &:
@ = [ Budo. (6)
In view of (2), ® depends only on the boundary curve of the surface o, i.e.
is identical for all surfaces passing through the same boundary curve. For
a closed surface it vanishes, of course:

@=fmﬁn& (6a)

We shall now discuss briefly the magnetic analogs of the topics dealt -
with in §§11, 10, and 9.
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A. TﬁaLawnfRefmdionafﬂeIdﬂﬂanagndicEMﬁu

The law of refraction (11.2) of the magnetic lines of force may be carried
over to the lines of magnetic excitation, but applies also to the magnetic
lines of force because of the identical direction of H and B. If the angles
a; and oy have the same meaning as before,

tan 451 - tan ﬂ:. (7)
(3 b2
We prefer to speak here of the lines of force becsuse they, unlike the lines
of excitation, are individually continued into the second medium. We may
therefore say: Every individual B-line is refracted away from the normal
in entering the more permeable medium (e.g. us > ).

B. Definstion of the Vectors H and B, Particularly in Solid Bodies

To measure the component of H in a given direction at a given point by
means of an imaginary experiment a short narrow tube must be drilled,
to measure B, a thin slit must be cut. Within the cavity (vacuum or filled
with air) so prepared a deflection experiment can be carried out and B or
H = B/uo , respectively, be determined from the force, so measured, acting
on a test body.'

C. The Mognetization M in Any Non-Ferromagnetic Subsiance
As in Eq. (12.2) we define M by
B = uH + M) (8)

and set
M = «H. (8a)

x is & material constant, the magnetic susceptibility of the substance. Physi-
cally more significant is the molar susceptibility

x = «M/p, (8b)

where M is the mass of a mole, the so-called molecular weight of the sub-
stance, and p is its density. (As we know, the proportionality between M
and H does not in general apply for ferromagnetic materials). B = uH
and Egs. (8) and (8a) lead to

.‘E'.-tl-[-g, x-#_m. (9)
Mo Ho

1A m;pmt needle, a wire traversed by current, or, eventually, a bismuth spiral?
from our standpoint such an experiment yields the intensity B directly: from it is
determined, in the tube experiment, the proportional quantity H. For details see
also §11B.
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The conventional form of Eqs. (8) and () is marred by the appearance
of 44 hs factor of M and « (see our cotresponding remark regarding P
and y in connection with Eq. (11.3)). We must hence note that in the use
of experimental data employing conventional notation the factor 4x must
be added. That is indicated in the small table in the following section D.

D. Dia- and Paramagnetism

Diamagnetism corresponds to dielectricity; like the latter it is a general
property of ponderable matter and independent of temperature. Both owe
their origin to the electronic (and nuclear) structure of matter. Paramag-
netism occurs only for magnetically polar molecules, i.e. molecules which
have a magnetic moment of their own. (Electrically polar molecules were
discussed on p. 73.) Paramagnetism is temperature-dependent and hence
has a statistical origin. This phenomenon, like ferromagnetism, lies outside
of Maxwell’s theory. The paramagnetic susceptibility obeys the law of
Curie and Langevin:

C C = Curie constant
X = & (1“)
T = absolute temperature
This dependence on the temperature indicates that increasing thermal
agitation interferes with the alignment of the magnetic moments in the
field direction, decreasing thermal agitation favors it.
In the diamagnetic case we have

B < Ko, k<0 (11)
This apparent difference from the dielectric case
e> &, 7>0 (11a)

is explained in the manner already indicated following Eq. (4.7): the true
analog of e is not u, but 1/u. The magnetic parallel of the statement € > &
is thus

!. } "]'.' 3 B { Lo K { 0

u Ho
corresponding to (11). The negative sign of M* in Eq. (12.1b) is also re-
lated to this. For, if we put M* = «* H, the susceptibility «* so defined
becomes, in view of M* = — M = — «H,

= —-x>0

in the diamagnetic case corresponding to n > 0 in (11a). The introduetion
of M*, which was suggested previously but immediately given up above,
thus corresponds in fact to the inner relationship of dielectricity and dia-
magnetism.
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For paramagnetism, we have, in contrast with (11),
w > o, x> 0. (11b)

The numerical value of « is very small for both paramagnetic and diamag-
netic materials. The following represent extreme values:

Paramagnetism Diamagnetism
x = + 4x-1.8-10"° for O, x = — 4x-0.007-107° for N,
x = + 4x-782:10"° for Pd x = — 4x-160-107° for Bi

The paramagnetic values refer here to 18°C.
The Clausius-Mossotti law, Eq. (11.8), with ¢ replaced by u, gives the
dependence on density.

E. Soft Iron as Analog to the Electric Conductor

With certain restrictions soft iron may be classified with the paramag-
netic substances. The initial value of the permeability (referred to the
value for vacuum) is several thousandfold, according to the variety of
iron; for increasing H, B approaches a saturation value in the neighborhood

. of 21,000 gauss. The equation B = uH must hence be replaced by the
functional relationship B = B(H), as was mentioned already on p. 21.

Just as we noted on p. 61, that the electric conductor corresponds, with
respect to the electrostatic boundary conditions and boundary-value
problems, to the limiting case ¢ — « of a dielectric, so we may regard soft
iron (u — =) as the magnetostatic analog of the electric conductor. Eq.
(7) shows, in fact, that the magnetic lines of force are perpendicular to
the surface of soft iron (a; — 0 follows from y, — ). If two such pieces
of soft iron Fe, and Fe, are placed at different magnetic potentials (e.g. if
they are placed on the poles of a horseshoe magnet), the H-lines be-
tween them are similar to the E-lines in Fig. 11. Thus, in a sense, a mag-
netic condenser is obtained.

In engineering applications it is also convenient to introduce the con-
cept of “magnetic resistance” and to employ a “magnetic Ohm’s law."”

F. Specific Boundary-Value Problems

The methods of solution developed in §9 may be taken over directly
into magnetostatics; an example is the imaging at & plane, where it makes
no difference whether the induction in halfspace 2 in Fig. 10 is produced
by a single pole or a dipole in halfspace 1. The same remark applies for
the method of reciprocal radii as applied to a sphere (previously regarded
as a conductor, here as consisting of soft iron). -

We refer in particular to the sphere in a uniform magnetic field. Within
there is a uniform field F;, while outside the field becomes nonuniform,
through the superposition on the original field F of the field of a virtual
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magnetic moment M at the center of the sphere, with its axis in the field
direction. (“Field” here denotes “excitation field”.) The values of F, and
M are, by (9.14),
3 p—1 3
F M= - a 4rpg F. 12
| b2 PR R (12
Here a = radius of sphere, 4 = ps/uo = relative permeability of the sphere
referred to its surroundings (air). F; is stronger than F for diamagnetic
substances, weaker for paramagnetic materials. In the interior of soft iron
H == 0, just as in the electric conductor.

G. The Uniform Field within an Ellipsoid of Revolution

The solution (9.13) for the sphere, translated into magnetic terms, be-
comes, after substitution of the values (12)

Fy =

_ w1 a’ __ 3 '
¥, = F’(r #+2§)cm&: ¥y #+2Frms&. (13)
This solution satisfied the boundary conditions
¥, = ¥,, %‘h=#% (13a)

because the factor cos 8, which varies over the sphere, factors out of these
equations. We will show that a solution of the same form is valid for the
ellipsoid.

In passing 1rom the sphere to the ellipsoid we must first replace the
spherical polar coordinates r, # by corresponding elliptical coordinates,
which we shall call u, v. We proceed here from the well-known parametric
representation of the ellipse (instructions for Problem II.1), in which we
write for the principal axes a and b

a = ¢ cosh u, b = ¢ sinh u,
¢ = v/a® — b = independent of u.

Rotation about the long axis (z-axis, angle of rotation ¢) produces a family
of elongated confocal ellipsoids of revolution, corresponding to Eq. (19.17a)
in Vol. II:

(14)

..?..": + I’ + y!
¢ cosh?u ~ ¢ sinh? u
Let the ellipsoid considered by us be one of these, namely that with the

parameter 4 = u . The relation between z, y, z and the elliptical coordi-
nates u, v, ¢ is the following:

= 1. (14a)
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2 = cﬂ&hucuav,
z = c ginh u 8in v cos ¢, (15)
y = ¢ sinh % sin v sin ¢.

The expression for the line element ds consequently is given by

‘%’ = (cosh® u — cos’ v)(du’ + dv") + sinh’ u sin_‘ vde. (15a)

According to the rule (3.9b) in Vol. II the potential equation in these
coordinates, becomes:

3 (.. . a¥\, d ¥
E(smhf;amug)+5—U(ainhusmu3u—-)-0 (16)

if the potential is in&epandent of the cyclic coordinate ¢.
One solution is the uniform field, parallel to the major axis,

*lfﬂ-:;—coshumav. (17)

We seek a second solution of such form that the factor cos v which varies
over the surface of the ellipsoid corresponding to the factor cos @ giving
geographic latitude on the sphere, is cancelled out in the boundary condi-
tions. We write for this second solution

¥ = f(u) cos v (17a)
and obtain from (16) for the differential equation

;;; (sinh u f'(w)) — 2 sinh u f(u) = 0 (17b)

which i8 evidently satisfied by the uniform field f = cosh u. Following a
general rule,' we place the desired second solution equal to the product
of the known first solution and an unknown function U(u):

f(u) = cosh u U(u). (18)
The resulting differential equation for U(u)

3sinh’u + 1
sinh u cosh u

can be integrated directly and yields, with A and B as integration constants,

Uu_l_ UF-D

t It corresponds to the method of solving an algebraic equation with one known
root. .
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, _ A - _A coshu — 1 A
U'w) sinh u cosh? u’ Ulw) :‘Z-logcoahu+1+coshu+3’
_ coshu, coshu —1

In the last formula we have omitted the term multiplied with B, since this
corresponds to our known solution representing a uniform field.

We now complete our expression (17) for the external field by the addi-
tion of (18a) and retain the uniform-field expression (17) for the internal
field:

v,

cosh u coshu — 1
*If.chuahumsu-i-A(l—i- 3 logcoahu+1) (19)

¥y = F:coah;lcoam

We regard the constant F of the external field, which has been added, as
known; the two constants A and F; are to be determined from the boundary
conditions. These are identical with (13a), with dr replaced by du (more
exactly, by ds., the line element in the direction of the normal to the
ellipsoid,

ds, = cv/cosht u — cos® vdu,

where, however, the square root cancels out in the second Eq. (13a)).
The boundary conditions demand hence for u = u

1 1 cosh uyg — 1
F+A(m+§l"5m) Fs, (192)

coshw , 1, coshuy —1
F+A(m+§ﬂsm) uls. (19b)

Subtraction yields the somewhat simpler relation
A = cosh % sinh® uo(uy — 1)Fy
and substitution thereof in (19a)

_ _ | 1 cosh uy — 1)} -
F,{l (u — 1) sinh u"(l+§EMhmlogc#—oshuu+l F. (20)
The field strength F, inside is thus expressed in terms of the known strength
of the original external, homogeneous field.

If we utilize Eqs. (14) and denote by a, b, ¢ the principal axes and focal
distance from the center of our ellipsoid ¥ = u,, we may write instead
of (20)

2
F,{1-(p—1}ii,(1+%glug“‘“)} = F (20a)

a-+c¢
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or, in terms of the numerical eccentricity ¢ = c¢/a and the magnetic sus-
ceptibility « = p — 1:

1
F,{1+:%E(-]-'lugl+g—e)}-ﬂ (21)

2 l1—e¢
We note here that:
a. for x = 0 we have of course

. Fy = F; ' (213}
b. for ¢ — 0 series expansion of (21) leads to

Fy = F/(l + ;) (21b)

The field inside is weaker than outside for paramagnetic bodies, stronger

for diamagnetic bodies.
¢. The same applies for e — 1. If we put n = 1 — ¢, (21) yields

Fy = F/{l + xy (1053 - 2)} (210)

In the limiting case b the ellipsoid becomes nearly spherical; in fact, (21b)
is identical with Eq. (12) for the sphere. In the limiting case ¢ the ellipsoid
degenerates to a thin rod.

The problem treated here is usually related to a famous formula of Di-
richlet for the gravitational potential of a triaxial ellipsoid uniformly filled
with matter. This procedure is mathematically more elegant than ours,
but is rather indirect. We have preferred the direct method of the mag-
netic boundary-value problem because it appears to give us more profound
insight into the physical conditions.

Our solution of the magnetic problem is of course transferable without
change to the corresponding electrostatic problem.

H. The So-Called Demagnetization Factor

The ellipsoid and its limiting forms (sphere, rod) is the standard shape
of the magnetic test body because it alone possesses a uniform and easily
calculable internal field when introduced into an originally uniform external
field. For other shapes the determination of the internal field leads to a
practically insoluble boundary-value problem; the internal field is by no
means uniform, but varies from point to point.

It is clear, however, that all questions corcerned with the magnetic
properties of the material depend on the internal field F; . This field inter-
acts with the molecular components of the material directly, while the
external field F has no direct effect on them. Accordingly we may express
our Eq. (8a) more precisely by

M = «F;. (22;
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Such questions become particularly important with ferromagnetic mate-
rials, where the differences between the external and the internal field
(F and F; in our present notation) are extremely large; for para- and dia-
magnetic materials they are negligible because of the smallness of x. Since
for ferromagnetic, as for paramagnetic, materials F; < F, we write, with
P denoting a numerical factor,

Fi=F - PM | (22a)

or, in view of (22),
F; = F — «PF, (22b)
F{(1+ «P) =F. (22¢)

The numerical factor P is a measure for the attenuation of the external
field by the presence of the magnetizable material and is hence called the
demagnelization factor. A comparison of (22¢) and (21) yields for its value

1—-¢€(1, 1+e )
P=12 Qg iEt—e). (23)

dt is purely geometric in character. For the two limiting cases of (21b) and
(21¢) we have'

P = 1/3 for € — 0, sphere,
P = y(]og;z—2)—10 for n — 0, rod.

Intermediate values are readily calculated from (23) (log always signifies
in this book the natural logarithm) and are tabulated for example, by
Kohlrausch.'

It is clear that this factor P has a legitimate meaning only for the ellip-
soid and its degenerate forms, since only here we are dealing with the ratio
of one uniform field to another. Clearly the boundary-value problem for
other body-shapes cannot be circumvented by the employment of a nu-
merical factor which is guessed in some manner. In practice the procedure
consists of measuring the value of B experimentally with an induction coil
at some characteristic points (e.g. the center of the test body).

§14. Some Remarks on Ferromagnetism

This section does not pretend to be an introduction to the broad field of
ferromagnetism, but merely intends to mention certain important features
1 F. Kohlrausch, Prakiische Physik, 12th Ed., p. 540. It should be noted that the

factor 4x, by which Kohlrausch’s Eq. (4) differs from our Eq. (23), is, with us, in-
cluded in the definition of x. S8ee the remark at Eq. (9) above.
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which, since they lie outside our subject, will be indicated rather than
logically derived. As has already been noted at the beginning of §12, ferro-
magnetism is not based on Maxwell’s phenomenological theory, but on
the more profound laws of atomic physics and on the statistical behavior
of electrons.

A. The Weiss Domains

The sign of the ferromagnetic susceptibility and its temperature de-
pendence indicate that it, like the paramagnetic susceptibility, results
from the alignment of elementary magnets in a magnetic field. The fact
that it differs from the paramagnetic susceptibility in order of magnitude
shows, however, that we are here dealing not with individual, freely mobile,
magnets, but with whole groups of them which, perfectly aligned within
the group, have diffefent preferential directions. The individual group is

“saturated” internally even in the absence of an external field, while in a
macroscopic block of ferromagnetic material saturation occurs only at a
field excitation of 10 to 1000 oersted.

This concept of the ferromagnetic state is illustrated by a model con-
structed by Ewing. Magnet needles are arranged in a lattice on a board.
With the ea.ﬂ.h 8 field compensated by a current loop, they arrange them-
selves i in grcupa or rows in which they are parallel. This state is stable
against external disturbances, such as shaking of the board. A weak ex-
ternal field produces only a slight deflection from the equilibrium position
since the internal aligning field is much stronger than the external field.
Complete alignment in the direction of the external field, i.e. saturation of
the entire system, takes place only at a very much higher field strength.

Pierre Weiss has elaborated this interpretation of ferromagnetism in all
directions, both experimentally and theoretically, and has, together with
Langevin, given it a thermodynamic basis. The individual groups are
known as Weiss domains. Their size is estimated at about 10~° cm in linear
dimension, corresponding to 5-10° Fe-atoms. The smallest ferromagneti-
cally active domains are however certainly very much smaller and contain
fewer than 100 Fe-atoms.' It is tempting to identify them with the single
crystals of which a polycrystal of the material is composed ou a microseopic
scale. However, it is necessary to assume such a subdivision into Weiss
domains even for the macroscopic single erystal, since its behavior is quali-
tatively similar to that of the polycrystal. (It is true that quantitatively
the shape of the hysteresis loop, discussed below, differs from that for the
polycrystal; it has a rectangular shape.)

' See H. Konig, Naturwiss. 1946, p. 1.



98 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONB 14

B. The Electron Spin as Elementary Magnet

All ferromagnetic materials are conductors of electricity, i.e. contain free
electrons." We have very definite reasons for regarding these electrons as
the elements whose alignment causes ferromagnetism. These are the so-
called “gyromagnetic effects” : magnetization by rotation of a bar of a mate-
rial of the iron group (J. 8. Barnett 1914) and rofation by magnetization
of a small ferromagnetic rod suspended on a torsion fiber (Einstein and de
Haas 1915). In both cases measurements gave as ratio of the mechanical
to the magnetic moment half the value to be expected if the effects resulted
from the electron orbits in the atom. It must therefore be concluded that
it is not the charge of the revolving electron and the maguetic field produced
by it that are responsible, but the inner structure of the electron itsel.
The electron possesses, apart from its charge, an inner mechanical moment,
a“mﬂ"mdamaMcmmmechmhmmhmmthemgnem
moment which would be assigned classically to its spin. This magnetic
anomaly of the electron is the general result which may be deduced from
the total observed data on the anomalous Zeeman effects (Goudsmit and
Uhlenbeck 1925). It explains directly the observed results of the two gyro-
magnetic effects and proves at the same time that the electron spin plays
the role of the magnetic needles in Ewing’s model.

On the basis of this discovery Heisenberg, in 1928, with the aid of modern
electron statistics, was able to proceed toward a true physical understanding
of ferromagnetism and to calculate qualitatively the extraordinary magni-
tude of the inner magnetic field in & Weiss domain. We see from this how
long the road is from the Maxwell theory to the actual theory of ferro-
magnetism and it becomes evident that we cannot travel this road.

C. Hysteresis Loop and Reversible M agnetizaiion

The figure which represents the magnetization M of a ferromagnetic
material as function of the excitation H with increasing and decreasing H
is well known. If the material is originally unmagnetized, the “virginal
curve’ is first traversed, beginning in the origin H = 0, M = 0 and passing
over into the horizontal asymptote M = M; of saturation for sufficiently
large H. If, from this point, H is permitted to decrease, the characteristic
lies above the virginal curve and cuts the ordinate axis in a point H = 0,
M = Mj, which indicates the remanent magnetization. If H is permitted
to decrease still further, i.e. is reversed in direction, a region is entered in
which B and H have opposite directions. The iron specimen has then be-

-come a “permanent magnet”. With further decrease of H the hysteresis
loop cuts the axis of abscissas in a point H = — He, M = 0, Whe,‘f the

! Atomic theory has not demonstrated fully why just the atoms of the iron group
are ferromagnetically active.
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remanent magnetization is just nullified. H. is called the “coercive force”.
If H is decreased further, the negative saturation M = — M is approached.
If, now, H 18 once more increased, the gradually rising characteristic remains
below the descending branch and below the virginal curve. It does not pass
through the origin, but cuts the axis of abscissas in a point H = 4 H,,
M = 0. The ascending branch is symmetrical through the origin to the
descending branch and approaches finally once more the positive saturation
M = +M 8- .

As a rule M is approximately 4M ;. In order that the magnet may retain
its remanence for all opposing fields which occur it is important that H,
may be as large as possible. This is the case for hard steel (tungsten steel
has H; ~ 70 oersteds).

The ascending and descending branches form together the hysteresis

loop; its area is the magnetic work f H-dB, which is performed on the ma-

terial in a complete cycle. If the increase of H is stopped, iu traversing the
virginal curve, before reaching saturation, e.g. for H; < Hg, and H is then
permitted to decrease to H = —H,, then to increase to H = +H,, a
smaller hysteresis loop is obtained, which lies inside of the one previously
.described. Por very small H, = 8H the loop degenerates into a twice tra-
versed line; its area becomes zero and the process is reversible. The ratio
M /6H defines the initial susceptibility x, . It is possible to carry out such
a reversible process not only at the origin, but at any arbitrary point of the
cycle and to define for every such point a reversible susceptibility srev -

With reversible magnetization the elementary magnets are deflected
only slightly out of their original position in the direction of the external
field. With irreversible magnetization some reorienfations take place as
well. In both cases changes occur in the boundaries of the Weiss domains,
which are described as wall displacements; they are small for reversible,
large for irreversible processes. In an induction coil with telephone connec-
tion they become acoustically noticeable by noises (clicks) and can be made
visible on an oscilloscope as Barkhausen jumps. In fact, for sufficient oscillo-
scopic magnification, the apparently continuous course of the hysteresis
loop resolves itself, particularly in the descending branch, into a sequence
of small steps.

The individual processes which go to make up the magnetization curves
are thus of varied nature. They depend on the composition of the iron speci-
men and on its microcrystalline structure; even for the single erystal they
depend on the orientation relative to the magnetic field. It is the problem
of the metallurgist to find the alloy (permalloy, perminvar, cobalt steel)
suited for each purpose (transformer laminations, communications engi-
neering).
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D. Thermodynamics

Ferromagnetism is even more dependent on temperature than para-
magnetism. Above a certain critical temperature ferromagnetism ceases
and passes over into ordinary paramagnetism. This critical temperature is
designated with @ and is called the Curie point. On the centigrade scale
(0 = BOoent + 273) we have:

for iron cobalt nickel
Beent = 770 1120 358

For T > 0 we have in place of Curie’s law (13.10) the Curie-Weiss law

X’=T__e- (1)

This suggests that there may be no difference in principle between para-
magnetism and ferromagnetism, that, in other words, the Curie point, in
the former case, lies close to absolute zero. With this assumption a region
of ferromagnetic behavior near ' = 0 is to be expected also for ordinary
paramagnetic materials. It then seems reasonable to transfer Langevin’s
statistical aﬂd. thermodynamic theory of paramagnetic materials to the
conditions of ferromagnetism.

In fact Weiss in this manner arrived at a representation of the whole
complex of ferromagnetic phenomena which, in its main features, is satis-
factory. However, this representation utilizes concepts with which we will
only be able to deal in Volume V. Also detailed questions of atomic physics
play here a role, such as the question of the atomic unit of magnetic moment
(Bohr’s magneton as compared with the Weiss magneton, which is smaller
by a factor of five) and the question to what extent, in addition to the spin
moment of the free electrons, the orbital moment of the electrons bound
in the atom, which is twice as large, must be considered. The standard
textbook’ of R. Becker and W. Déring gives complete information on all
relevant questions.

§15. Stationary Currents and Their Magnetic Field. Method
of the Vector Potential

Since the assumption of stationary fields demands d/8¢ = 0 throughout,
the Maxwell equations (4.4) reduce to

curl E = 0, J = curl H. (1)

1 Ferromagnetismus, Springer, Berlin 1939. For a less detailed treatment, see F.
Bitter, Introduction to Ferromagnetism, MeGraw-Hill, New York, 1937.



15.4a BTATIONARY CURRENTS AND THEIR MAGNETIC FIELD 101

The second of these leads to

div] = 0. (2)
For the surface of a conductor carrying current we have therefore
Jo = 0. (2a)

(2) states that the electricity within a conductor behaves like an incom-
pressible fluid (increase and decrease of current density for a narrowing
and broadening of the conductor, respectively). Also Kirchhoff’s branching
laws for linear conductors, which Kirchhofi worked out as solution to a
seminar problem given by F. Neumann (see p. 1), rest in the final analysis
on (2) and the existence of the electrical potential (see below).

Eqgs. (1) state that E has everywhere a potential, E = — grad ¥, , while
H bas a scalar potential, H = —grad ¥,. , only outside of the current-carry-
ing conductors. We will deal with this scalar potential in §16. Here we shall
give a representation of B (and hence also one of H) which is valid both
inside and outside of the conductors. We recall here Helmholtz’s representa-
tion of the velocity field v for given distribution of turbulence w in Vol.
II, Eq. (20.13). In Helmholtz’s analogy the electric current density J
eorraﬁponded',,tc the second, the magnetic excitation H to the ﬁrst Just,
ad there, we introduce a vector potential A, by setting:’

B = curl A. (3)
The second Eq. (1) then becomes

curl 1 curl A = J. (4)
7

For constant u we can write instead

curl curl A = uJ. (4a)

' But for a factor # whose suppression was justified in Vol. II, p. 15 by the require-
ments of electrodynamics.

* It is customary to write instead H = curl A, which, however, assumes the com-
plete absence of sources of H, a condition whmh 18 not fulfilled in regions of non-
vanishing magnetic density p.. Our formula (3) is more sntmfactury, since div B =
throughout; in addition, it will generally simplify our formulas, particularly in
Part III. Incidenta.lly, both formulas amount to much the same thmg if the assump-
tion is made that x is constant everywhere, which occurs already in Eq. (4a) of the
text. For nonconstant x the summation problem to be solved in (7) would have to

'be supplemented by a magnetostatic boundary-value problem (determination of the
discontinuity of Buuse st the boundary between media of different permeability for
our expression for A and determination of the magnetic surface densities appearing
there for the usual expression for A, respectively).
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We here employ the general transformation (6.2) with the restriction
to Cartesian coordinates which is there emphasized and obtain instead of
(4a) the form which is more convenient for integration:

AA ~ grad div A = — pJ. (4b)

This ﬁlay be simplified by the supplementary condition

div A = 0, (5)
which transforms (4b) into

AA = — u]. (6)

The condition (5) may be added since A, for given B, is determined by
Eq. (3) with the exception of the gradient of & scalar function. The latter
may be utilized to satisfy (5). For, if A, is any solution of (3),

A=A +gradf (6a)
is similarly a solution; if we now write
div grad f = Af = — div Ay, (6b)

which, according to the well-known integration procedure of Poisson’s
equation is always possible, we find div A = 0.
This method of integration yields at the same time as the solution of (6):

ik, = [Hlo%n0, @)
Trq

Here the point of integration @ = £, , { traverses the entire interior of the
conductors; P = z, y, z is the reference point for which the Cartesian com-
ponents 4, , A, , A, are to be calculated. It was shown in Vol. I1, §20, Nr.
2a that this representation satisfies (5) provided that J is solenoidal, in
accord with (2), and that u is constant. The integration in Eq. 7 is to be
extended over the closed current field J (just as in Vol. II over the closed
vortex rings).

The current density J appearing in (7) may be obtained as solution of &
potential problem. Since J = ¢E the potential equation applies, for constant
o, just as much for J as for E:

AJ = 0. (8)

.For varying ¢ Eq. (8) takes on a somewhat more complicated form. The
total current I is obtained from J by integration over any cross section
of the conductor:

I=IL&. ©)
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The familiar fact that I has a fixed value independent of position and
shape of the cross section follows from integration of Eq. (2) over a seg-
ment of the conductor bounded by two arbitrary cross sections as for the
analogous spatial law of conservation of vortex theory (see Vol. II, p. 136,
Fig. 24). :

We shall now give some applications of our representation (7).

A. The Law of Biot-Savart

We subdivide the three-dimensional conductor into current tubes with
the cross section dg , normal to the tube axis, and the element of length ds;
the current J, dg in such a tube element, which has the same dimension
as the total current 7, we shall also call I, for the present. We then can set

Fia. 19. The law of B-int-ﬂavart, derived from the vector
potential of an element of current.

J dr = I ds, where the direction of the current flow J is indicated by the
vectorial cha.ra.ut.er of ds. By (7) the contribution of our tube element to A
then becomes

4rdA = 2128

>

and, by (3), the corresponding contribution to B is,

4x dB = curl (10)

ul ds
—

"We shorten the remaining calculation by employing the symbolic vector V:
curl "Irds =V X Err—ds = (gra.d ;—)X ul ds. (11)

For I ds is dependent on z, y, z in direction, but not in magnitude; 1/r
depends on z, y, z in magnitude, but not in direction (being a scalar). We
see furthermore from Fig. 19 that

r e

1
gmd;s—p-——, (llal

rt

where r denotes the radius vector from the current element to the reference
point and e the corresponding unit vector. Substitution of (11) and (11a)
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in (10) yields

4rd3=%re>(dsj 4r1dB]=H{;fsin§. (12)
¢ signifies the angle between the vecters e and ds; the direction of dB,
in view of the negative sign in (12) and the meaning of the vector product,
is that of a left-hand screw for the direction of rotation e — ds. Let us
imagine a magnetic unit pole at the reference point and let the vector dB
act on it; dB then represents the Biot-Savart force exerted on the unit pole
by the current element I ds. The corresponding line of force then surrounds
the current element, in a right-hand screw direction, as shown in the figure
and a8 expected. Evidently the first Eq. (12) is the more complete one,
since it expresses the dependence on direction which is characteristic of
the magnetic field in the simplest and most appropriate manner; we have
added the second form merely because it is the historically more familiar
one.

B. The Magnetic Energy of the Field of Two Conductors

If we denqfe the energy integrated over space by W we obtain, for the
fnagnetic energy density W, irom Eq. (5.6)

oW = fH-B dr = fH-curIAdr. " (13)

For the evaluation we utilize the vector formula (5.2), previously derived
in connection with the Poynting theorem, which we rewrite in terms of
our present symbols (A, H in place of U, V) as follows:

H-curl A = A-curl H + div A X H. (14)

We assert that the second term on the right vanishes in the integration
over infinite space. According to Gauss’s theorem this term yields

fdivA-x H dr = fm X H), do, (14a)

where the integration on the right is to be carried out over a surface bound-
ing the region at a great distance, e.g. a sphere of radius E. Let the two
conductors, whose total magnetic energy is to be determined, be entirely
confined to a finite region. The distance of all their points from the infinitely
distant element of area do of the bounding sphere may then be set equal to
the constant value R. By Eq. (7) A approaches zero on do as 1/R and, by
the law of Biot-Savart, H approaches zero as 1/R*. Since do = R’ dQ(dQ =
solid angle intercepted by do), the right side of (14a) approaches zero as
R'/R.
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In view of (1), (14) and (13) lead to
2W = f&-curi Hdr = fA-J dr. (15)

The integration is now to be carried out only over the conductors 1 and 2,
since J is zero everywhere outside of them. If we designate the point of
integration in (15) by P (drp instead of dr) and if we substitute A = A,
from (7), the simple volume integral is replaced by a double volume in-
tegral:

T T o ff JeJo drp dfq (16)

In evaluating this integral we have to dlstmgulsh four cases, depending
on the position of P and Q on conductors 1 and 2:

a.Pa.ndanI, b. Pand Q on 2,
c. Pon1,Qon?2, d. Pon2,Qonl;

the cases ¢ and d are however alike in view of the symmetry of (16) with
respect to P and Q. We can write the result in the form

W = #(Ly I:+wa;+2f-rm I I,), (17)
‘ u .+ dry dry .+ drs d‘?‘g
Lu=2 [[ 5 L5 L =2 ] L (178)
m s dry drs
Lu=2 [[ i e (17b)

The factor 2 in the product term in (17) results from the equality of cases
¢ and d, which causes the coefficient Ly, also to be given by (17b), i.e. Ly =
Lyz. I, I, are the total currents in conductors 1 and 2, which, as noted
at (9), are independent of the place in the conductor. 1, 1’ are two points
on the conductor 1; 2, .’ two points on conductor 2. Division of the cur-
rent densities Jy, J. by I,, I. leads to the purely geometrically defined
“current-line density vectors”

oL )
h T’ ]2 T (17¢)

The L’s are called induction coefficients: Ly, Ly are the coefficients of
self-induction, Ly is the coefficient of mutual induction. Maxwell uses the
letter M in place of L.

The unit of the coefficients L (or M) is the henry." In accord with (17

! Joseph Henry, 1792-1878, American physicist, discovered almost simultaneously

with Faraday the appearance of an electromotive force in a coil when the magnetic
field in its interior is changed.
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this unit is fixed in value and dimension by the statement
I joule _ 1 joule 8

1 henry = 1= @ (18)
Converted into electromagnetic cgs-units we find, since
. ) 2 -2
= 107 1L':1:¢1gIr 1 joule = 10" cm'g Bec (18a)

1 henry = 10’ em = 1 quadrant of the earth.

From our standpoint we can, however, attach no significance to this appar-
ently so simple dimension and this relationship to the earth’s circumference,
since it rests on the arbitrary assumptions of the electromagnetic system
of units. At the same time we are glad to point out the following relation
between the henry and the permeability in vacuum given by (7.16a):

o = o107 100 ST o henry
| pe = 4x-10 oM 4r-10 N (18b)
Compare with this the analogous relation between the dielectric constant
of vacuum and the farad as given by Eq. (10.3b).

C. h’eumnn’s Potential as the Coefficient of Muiual Induction

In (17b) it is possible to pass to the limiting condition of linear con-
ductors, i.e. infinitely thin wires. In (17a) this is not permitted since m
(or r2;) would vanish as the two integration points approach each other
and the convergence of the integrals would be destroyed.

We write in (17b)

dry = dqds,, dry = dgads; (19)

and combine dg; and j, , dgs and js: . The products j; dg: and js dgs then have,
by (17¢), unit magnitude and their scalar product is equal to the cosine
of the angle 6,; between the two directions of flow ds, and ds, . Hence:

4rLu"fdhfd eoaﬁu f ds;dsg (20)

This amazingly simple and beautiful representation was discovered’ by
Franz Neumann as early as 1845. It is known as Neumann’s poiential;
according to (17) it represents that portion of the magnetic energy which
results from the interaction of the two ecircuits. A relative displacement
"or rotation of the two circuits with the currents I and I; left unaltered
hence is accompanied by a change in energy éW in the amount -

5W = I],I: ﬁLu. (m}

I Abhandl. Preuss. Akad., reprinted in Ostwald’s Klassiker, Nr. 10.
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The work which must be done in a displacement or rotation, as well as the
force or torque which one circuit exerts on the other, are related to this.
In spite of the simplicity of expression (20) the actual calculation of the
mutual induction coefficient is rather inconvenient. To begin with we work
out & formal mathematical example, i.e. two straight parallel wires of length
| separated by distance a. The condition of closed circuits stated in Eq.
(7) is temporarily not fulfilled here. We shall take due account of it only

Fre. 20. The coefficient of mutual induction of two -f
straight, parallel segments of wire of length I. The finite
cross section of the wires is indicated at the bottom of

the figure.
l l l
-HE:L- =»{ 2b bt

when we reach Eq. (24). Referring to Fig. 20, we have (&y,, dy, in place
of ds dalr co8 s = 1):

dye

i i d
%Lu- f; dlhj; \/aﬁ (21)

The formula of integration already employed in (9.4) yields for the second
integral
j“ dys

o Va + (yr — ) (22)

= log(l =1+ Va + U — ") — log(—1n + Va + 4.

A further formula, which may readily be checked by differentiation,

f logt + V& F ) dt = zloglz + V@ ¥ 2) — V@ + # + const
yields for the integration of the first term on the right of (22)

L
]; dylogl — o + V@ F 0 — g)Y)
= llogl+ Vo +8) —Va@+P+a
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and for the integration of the second term

!
- ‘/; dyr log( =y + Va + )

= —llog( -l +Va + B) — Va' + B +a

A sim.ple transformation under the logarithm. sign yields for the sum of
the two

: —_.
‘%’Lu=2nog”+‘/:+P-2\/a=+p+2a. (23)
We assume [ > a, and obtain as a first approximation
- Ly = 21 (]ug ?-I- — 1). (24)
I a
It is worth noting in this result that we have not obtained simple propor-
tionality to I, since the parenthesis depends on ! logarithmically. Accord-

ingly we can not speak of a mutual induction coefficient per unit length
of our wires.

"« The reason for this is the following: Our derivation assumes, as has been

stressed .repeatedly, two closed circuits, while our example deals with two
circuit segments. Our result (24) is nevertheless meaningful. For example,
it is possible to determine with its aid the mutual inductance of two par-
allel rectangles such as occur in Ampere’s basic experiments. For such
a pair of rectangles (the second rectangle is supposed to be obtained from
the first by a parallel displacement perpendicular to its plane) only par-
allel pairs of sides contribute; for mutually perpendicular sides the product
ds,-dss occurring in Eq. (20) is equal to zero. The mutual inductance of
two such rectangles becomes equal to the sum of four terms of the form
of (24).

D. The Coefficient of Selfinduction

As already noted we cannot in this case pass to the limit of the linear
conductor, but must return to the double volume integrals in (17a). We
can readily convince ourselves, however, that then any convergence diffi-
culty is avoided. For if, for an arbitrary position of 1, we employ polar
coordinates r, ¥, ¢ with this point as origin to locate the point 1/, dr,/ =
¥ dr sin & dd de and the denominator ry’ = r cancels one of the factors
r in dr’. However the carrying out of the integrations becomes now, in
general, even more awkward than in C. -

We therefore limit ourselves to a simple mathematical example, namely
a straight wire of the (great) length I and the (small, but finite) cross sec-
tion g. We consider two current filaments parallel to the axis of the wire
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(y-axis) and employ once again Fig. 20, where now the two linear currents
are assumed to refer to the same wire of cross section ¢. Let dg, , dg; be the
cross sections of the two current filaments; their separation, formerly
denoted by a, will now be called p since it is variable, depending on the
position of the two current filaments within ¢. The volume elements are
once again given by (19), with ds, = dy,, ds; = dy,, and the vectors
defined in (17¢) become

.:':1 = j! o= &.
The defining equation (17a) for the selfinductance then takes the form
4x dm dq: bt dyl dyl
— L = _ = . 25
oo ff e fi;j; Vo + (1 —0)? (25)

The second double iﬁt.egml has exactly the same form as (21). We can
utilize the approximate evaluation (24) here also and obtain

%L = gfqu;dq: (logi—l - 1)

= g{ff dqidg: (log 21 — 1) — f dq:dqa log p}.

In the first term on the right the integration with respect to dg, and dgs
can be carried out easily; the second term requires more detailed discussion
because of the variability of p = p;y = separation of our two current fila-
ments. We note the preliminary result

4 1
IL = 2l{log2l — 1 — logp}, logp= Equ; qu: log ;2. (26)

Maxwell calls the quantity 5 here introduced the mean geometric separation
of the elements dg, , dgs within the cross section ¢.' It can be determined
more elegantly by an electrostatic consideration than by direct calculation.
In terms of polar coordinates the two-dimensional potential equation

Lecomes
e  9® 1d dd , 1 0%

R TR Al - v

! Treatise, art. 691 ff. In explanation of the notation we remark: The integral to
be evaluated in (26) is the arithmetic mean of all values of log s occurring on our sur-
face g. Ip view of the relation

0. (27)

Z log pi = log g

this arithmetic mean of the logarithms is at the same time the logarithm of the
geomeiric mean of all the ;.
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Apart from a multiplying and an additive constant the solution which is
independent of ¢ i8 known to be the “logarithmic potential”

® = log p.

This signifies, in two dimensions, a negative charge concentrated at the
point p = 0. If the charge is distributed over the area g with a positive
surface density f, and with the surface element of g being designated with
dgs , Green’s theorem yields for its potential at the reference point 1.

2udy = —-f'fluwudq:- (28)

This is the two-dimensional analog to the familiar Eq. (7.5). If, in (28),
we put f = —2x, we obtain the inner integral in (26),

B = f log pus dgs (28a)
g
and our desired mean geometric separation may be written
1
lugﬁ-q—,f@:dq:. (28b)
The integral (28b) can be readily evaluated in the case that ¢ is a circle,
e.g. of radius b, and the point 1 coincides with the center of the circle. We

then have pys = p, i.e. equal to the polar coordinate employed previously,

and dg; = p dpdp. We denote by &, the corresponding specific value of &, .
Eq. (28a) then takes the form

@u-f_"dwf:losppdp. (29)

The integral with respect to p can readily be evaluated by integration by
parts; thus

1 _ip bl
b—j;§dp=§(logb-il.

b 2
f lﬂﬁﬂpdp-;—lﬂsp
1]

Hence (29) leads to
& = xb’(log b — $). (29a)

Furthermore &, , as the potential for a known surface distribution, ean
be calculated for arbitrary location of point 1 directly from Poisson’s
equation, which, in analogy to (7.42), in two dimensions takes the form

APy = _fr
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where f is the surface density. In our special case (f = —2r, circle ¢ of
radius b, &, a function of p only) it becomes

-—p— = 2x, (30)
Integrated twice this yields
d@[- ] =‘l'pl ‘
L w + 4, & ~2—+A1ﬁsp+3.

In order that this expression for , may pass over, for p = 0, into the expres-
gion (29a) for & , we must set

- - b’ 1 1l
A G,_ B = &, hence &; = »b (log b 9 + 55" (31)
If we substitute this expression for ®, in (28b) we obtain

1 1 o
l%l-aqulﬂﬂgb—i)'i'z—qfdfhﬁ
o (32)
~logb—4+ 3 [ Fdo = logh -1

For p itself we obtain from this the peculiar value
3 = b/v/e. (32a)

Here the proportionality with b is rather obvious in view of the definition
of the geometric mean (see last footnote); however the numerical factor is
to be found only by detailed analysis, which following Maxwell, we have
here based on potential theory. It may be mentioned that Maxwell carried
out these considerations even for cross sections of arbitrary shape.

To pursue our real goal, the calculation of the selfinductance L, we return
to (26). We then find, utilizing (32)

4x 3 2l 3

This formula confirms our original expectation that the transition to
the linear conductor (b — 0) is not permissible for the selfinductance.
. Regarding the dependence on [ we must make the same remark as at the
end of section C': We cannot, by division of [, obtain the selfinductance per
unit length of an infinitely long wire; however, we can, as for the mutual
inductance, piece together the selfinductance of any closed circuit, made
up of straight wires, by adding up terms of the form of (33).

We shall further answer a rather obvious objection which may be raised
against the somewhat indirect derivation of (33). The magnetic field of an
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infinitely long wire is known from Fig. 4 and the corresponding equations
(10) to (13) on p. 24. Cannot the energy and selfinduction of the atrmght
wire be calculated much more directly from them?

With I as current we found (writing now b, ¢ in place of the earlier a, b)

r I I
T{b-H—Em, r}b.le—!_;.
Hence the contribution of the interior of the wire to the energy per unit

length is

F2rfff’rdr——£fr'dr=if’ (33a)
4 b4 16x
and the contribution o_f' the exterior:

boe [(Hirar=21 [(F B p1ogt

§21rf; Hrdr= g1 [0S L I'log§. (33b)

From this we find for the selfinductance per unit length, from the energetic
formula of definition (17),

u 1 c

o ( y + log b)' (33c)
This expression becomes logarithmically infinite if we let ¢ — =, i.e. pass
over to the single wire without return conductor. Our intended simplified
derivation hence fails——quite understandably—as the result of the un--
physical assumptions of the problem, which must lead to an infinite energy

content of space for any unit length of the wire as we pass to the limit
c— ®,

E. Selfinductance of the Two-Wire Line

The system of two straight parallel wires traversed by current in op-
posite directions plays an important role in electric power transmission
and is known, in Hertz’s experiments with high frequency waves, as a
Lecher system. We shall determine the selfinductance per unit length of
such a system (with appropriate restriction to the direct-current case).

So as to be able to utilize Fig. 20, we shall call the (very great) length
of the wires [, their separation a, and their radius b. We proceed from the
energetic formula (17), where we put

) =1, Ii=—1, Ly=1In=L.
We then obtain
W = 3L,I", Lo = 2(L — Lu). (34)



15.36 STATIONARY CURRENTS AND THEIR MAGNETIC FIELD 113

We can designate Ly, introduced here, as inductance of the line, regarded
as a uniform system.' Substitution from (33) and (24) yields:

M 2 3 b
Lo ;I(th— i lng:+1).
In evaluating the logarithmic terms the two terms = log 2 ! drop out and

the following simple formula remains:

%-E(l@gg+é). (35)
L/l is the desired selfinductance per unit length of the two-wire line,
which evidently is independent of I. Hence the transition to [ — », which,
according to (33) and (24), was inappropriate in the expressions for L/l
and L/l because of the term log 2I, is now feasible. This is obviously re-
lated to the fact that the field of a two-wire line traversed by oppositely
directed currents corresponds to that of a circuit closed at infinity. On the
other hand the transition to the linear two-wire line (b — 0), which was
possible in the expression for the mutual inductance, cannot be carried
out even now.

F. General Tfisorem Regarding Energy Transmission by Stationary Currenis

We consider the section of an arbitrarily shaped wire between two cross
sections F, and F;. Let it contain a “load” in which electrical energy is
translated into work or some other form of energy, e.g. a light bulb. We ask
what power is supplied to the load (the Joule heat generated in our section
of wire to be counted as part of the load).

We extend the cross sections F; , F: to a closed surface F' and calculate
the power N as the inward-directed energy flux through this surface. Ac-
cording to Poynting’s theorem (5.7a) and the meaning of Joule heat (5.5)
we obtain under stationary conditions

N=LS.dF=fE-JdV. (36)
V is the volume enclosed by F. Under stationary conditions we have every-
where within V
curl E = 0, E = —grad ¥, hence E-J = —grad ¥-]J.
We transform this with the aid of the obvious and universally valid identity
) div(¥]) = grad ¥-J + Wdiv J .
1 A gimilar definition is employed in electrical engineering for multiple conductor

systems with the designation ‘“‘operating selfinductance,” if under the conditions of
operation all circuit currents are determined by one of them.
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where J is any vector, ¥, any scalar. For our meaning of J the last term
vanishes, We hence deduce from (36)

N = — [ div(ey) av 37)
and, by application of Gauss’s theorem
N = f' wJ, dF. (38)

This integral need only be carried out over the surfaces of entry and exit,
F, and Fy, of the current, since only here J, differs from zero. It is most
convenient to choose F; and F; as the equipotential surfaces ¥ = ¥, and
¥ = ¥, ., We then obtain from (38)

N=w L JadFi+ ¥ | JudFs. (39)
1 P
With the convention regarding the direction of n established above

f.r.dn - —fJ.dF. =1
and henoe, by (39),
N = (¥ — %)l = VI. (40)

V is the voltage drop between F, and F, (in volts) and I, the current en-
tering and leaving (in amperes).

This fundamental formula, which expresses the power directly in watts
(joules/S), has here been derived for stationary conditions; in §18 it will
be found applicable also to “‘quasistationary” states. To avoid misunder-
standings it should be noted that Eq. (40) makes no statement regarding
the brightness of the light bulb or the energy radiated by it. This phe-
nomenon lies outside of the domain of Maxwell’s theory and rests on atomic
processes which are made possible by the Joule heat supplied to the fila-
ment, but whose energy balance has nothing to do with Eq. (40). Our Eq.
(40) follows the energy conversion only up to the generation of the Joule
heat, not beyond it.

§16. Ampere’s Method of the Magnetic Double Layer

In the last paragraph we had to introduce the concept of the vector po-
tentialin order to arrive at a representation of the magnetic field without
and within the current-carrying conductor. If we content ourselves with a
representation which applies only ouiside of the conductor we can get along
with the ordinary scalar magnetic potential V.
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Qutside of the conductors we have, by (15.1),
0 = curl H, H = —grad ¥. (1)

If we add the condition div B = 0 and assume uniform permeability, e.g.
g = po, outside, we have furthermore

div grad ¥ = AV = 0. 2)

This potential ¥ is not, however, a unique function of position, as in the
magnetostatic case. For every closed loop about a conductor carrying
I it changes by the amount I, independently of the shape and length of
the path:

W, — Wy = f:H. ds = +1. (3)

Here ¥, and ¥; are the values of ¥ at the starting point 1 and the coinciding
endpoint 2 of the loop. The upper or lower sign of I applies depending on
whether the loop forms a right or left screw with the direction of the current.
On the uther; hand, for every closed path which does not link such a con-
ductor:

i’:*"‘;":=‘fH.d8=ﬁ. (3a)

The proof of both Egs. (3) and (3a) follows again from (15.1). An arbitrary
surface ¢ bounded by the path of integration cuts the conductor in question
in the first instance; in the second it can always be placed so that it cuts
no conductor. If the component of Eq. (15.1) normal to every surface ele-
ment de is formed and integrated over all de, we obtain

f'Judc = _[curl..Hda.

By (15.9) the left side is the total current traversing the surface o, i.e.
I for Eq. (3) and 0 for (3a). The right side may be transformed by Stokes’s
theorem into the line integral over s.

For multiple loops about the conductors in one or the other direction
a change in ¥ is obtained which is equal to the sum of the changes corre-
sponding to individual circuits:

* ‘Iﬁ — ¥, = Zﬂkf;- . e

Here n; denotes the number of circuits about the kth conductor. Thus ¥
18 infinitely multiplevalued. Any two “branches” of ¥ differ by a constant
which is a sum of the currents I, multiplied by integer coefficients n, .
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A. The Magnetic Shell for Linear Conductors

To give a prescription for the computation of ¥ which is unique in spite
of this multiplicity we must confine ourselves to the limiting case of linear
conductors (cross section — 0); furthermore, it will suffice for the present
to consider a single conductor. Let it be A. Through A as boundary we
place an otherwise arbitrarily shaped “branch cut” surface S and forbid
passage through S. In this manner we select, from the infinitely many-
valued potential, a “function branch.” Carrying over the already somewhat
daring language of the Riemannian surfaces into three dimensions, we
could also say: Of the ‘“‘Riemannian space,” whose infinite number of
“leaves” have the branch line A in common and are joined in the branch
cut S, we separate out one leaf as alone physically significant. This leaf has
become “‘singly connected.”

The calculation of ¥ may now be carried out by simple application of

(Green’s theorem:
dv dJu
j‘ (udv — vAu) dr f (u 3 Y 5;-1) do. (4)

Here we put,
u = Vv, u=;. r = Teg (4a)

and carry out the volume integral on the left over all points P of our physical
leaf, excluding a sphere of radius p — 0 about the source point @ and a
sphere of radius R — <« cutting off the infinite; the latter sphere may
have an arbitrary point O as center, which may for example be situated on
S. Correspondingly, the surface integral on the right is to be carried out
over the two spherical surfaces K, and K, as well as the two “sides” of
the branch cut S. Since on the sphere K, ,

w2 - —wq(gé)w - 5%
integration over do here yields evidently
4770, . (5)
The sphere K contributes

1 1 [ov
—ﬁ f L I‘.ftf E E dﬂ'-
Accoraing to the law of Biot-Savart H decreases with increasing K as

1/R’. Hence the second of the above integrals is finite and, with its factor,
vanishes as 1/R. The first integral becomes infinite only in proportion to



16.7a AMPERE'S METHOD OF THE MAGNETIC DOUBLE LAYER 117

R and yields similarly a vanishing contribution when ‘multiplied with
1/R’. Thus the contribution of Ky is zero. We could confirm this result
which is here based on the law of Biot-Savart, i.e. the method of the vector
potential, also by the method of this paragraph.

Finally, we must consider the two sides 1 and 2 of the branch cut. In
view of the opposite direction of n on the two sides we have

(2),--(2). | ©®)

Since
du oJv¥
— e— = —H
on  an "

is a physical quantity which has nothing to do with the mathematical fic-
tion of our branch cut we have, in addition to (6),

(), - -(2). (6a)

‘The sum of the contributions of the two sides of the branch cut to the
right side of (4) may hence be written

f {(u; — w) (3‘:1), — oy — o) (g-g)} do. (6b)

Here v, — v; vanishes because of the meaning of v = 1/r, but, by Egs. (3)
and (4a), w; — u, = +I. Hence (6b) takes the form

g 1
=1 o = de. ()

To fix the sign, consider Fig. 21. Here 1 is to denote that side of S on
which the normal n, directed toward S forms a right screw with the direction
of current flow. The loop from 1 to 2 shown in the figure then forms a left
screw with the direction of the current. Hence by prescription (3) we must
choose the negative sign in formula (7). If we now write n for n, and place
the factor 7, which is a constant for all pairs of points 1, 2, ahead of the
integral sign, this becomes

al

Together with (5) we then obtain as the value of the right side of (4):

4:%—-![«5—1&.
aadnr
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Since the left side of (4) vmhhm because Au = Av = 0, we obtain as the
final representation of ¥:

uﬁqﬂrf__da (8)

The integral on the right has a very simple geometrical significance:
It is the solid angle @ intercepted by the circuit A at the pomt Q. In fact the
integrand in Eq. (8)

_t?_ 1
anr

is the surface element df of the unit snhere about © cut out by the radii
directed toward thé boundary of do; do. is the corresponding surface ele-
ment of a sphere of radius ». Hence

= j;df (8a)

is the total area cut out on the unit sphere by the cone of radii directed
toward the boundary of §, i.e. the above mentioned solid angle.

do =—1—1~cus(ﬂ,r)dnr=€ff
T 7

F1a. 21. The magnetic line integral about the conductor A, ex
tended from side 1 to side 2 of the branch cut S.

The potential jump at the branch cut, ¥; — ¥, , now also acquires a cer-
tain simple meaning. For if we place our point @ on side 1 of S the cone
of radii degenerates into a flat fan and the solid angle Q to 2x; on the other
hand, if we place it on side 2, the solid angle becomes = —2#. If we form
the difference of Eq. (8) for the two cases we find

dnr(Wy — W) = I(2x — [—27]),

i.e. the potential jump demanded by (3).

We will supplement this geomeirical interpretation of the expression
(8) by a magnetic interpretation: We speak of a double layer on the branch
cut S with the magnetic surface densilies = wm , which we think of as dis-
tributed parallel to S at a distance dn from each other. We regard the cur-.
rent I as the moment per unit area of this magnetic double layer:

I = w,dn. (9)
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Eq. (8) may then be written
4ri=fu.dna-dc (9a)

If we designate by ry the distances of the point Q from the positive and
the negative layer respectively we have
a1 P 1 1 W dr.r f W Ao ‘

—_——dn = — — — and 4oa¥ =
anr ry T

Accordingly Eq. (8) is in fact the potential of a magnetic double layer whose
moment has the constant value I over its entire surface. Following Amp3re
we call the carrier of this double layer a magnetic shell; the linear con-
ductor A forms the boundary of this shell.

In this connection we state a generally valid law of potential theory for
gimple and double layers: A simple layer of the type (7.5a)

(9b)

hﬁ-fgdur

‘leaves the p&mﬁd‘l’ condinuous in passing through the carrier surface o,
but leads to a disconftnuous normal component of the potential gradient,

since
() ()
on an ’
on the other hand, a double layer of the type (8)

dr¥ = f!——d

makes the potential discontinuous, but leaves its gradient continuous. We
have here

‘I’],"i’:=1, b‘lltH1*—Hg=U'.

B. Magnetic Energy and Magnetic Flux

The calculation of the magnetic energy of a linear conductor in a medium
of uniform permeability, i.e. the carrying out of the integration in the
expression defining this energy:

W-—fHBdr—-fH'dr, (10)

becomes particularly simple by the above method. We utilize here the
so-called “second form of Green’s theorem” (Vol. II, Eq. 3.16) which
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becomes,
fuﬂudr+fgmdugmdudr fu—‘dar (11)

if the two functions u and v occurring there are set equal to each other.
We set u = ¥ and extend the integratiou on the left over the entire exterior
of our linear conductor, having made the potential ¥ unique with the
aid of the branch cut S. The integral on the right is then to be carried out
over the two sides 1 and 2 of S. We can omit the integration over the sur-
face bounding the space considered at infinity in view of our knowledge
regarding the behavior of ¥ at infinity.

The first term on the left of (11) vanishes since A¥ = (; the second is
identical with 2 W/u since grad ¥ = —H. Summing over sides 1 and 2
with due regard of the obposite signs of 3¥/dn, the right side of (11) becomes

f —Wg}uda IfHdcr, (11a)

where the established rule regarding the correlation of the sign of the
normal n and the direction of the current is to be observed. We thus obtain
from (11)
w=%1[n do = ~18; (12)
2 " 27
Here ® is ‘he flux of the magnetic induction through our conductor A.
A particularly simple definition of the coefficient of selfinduction L may
be deduced from (12). For, if we compare (12) with the equation of defini-
tion (15.17) specialized for a single conductor,

W = iLP (13)
we find directly
®=LI, L=2%/ (14)

We now pass from the single linear conductor considered so far to two
linear conductors A; and A; . We must then make space “singly connected”
by means of two branch cuts S; and S,, which are bounded by the cur-
rents I; and I . We shall call the normals correlated to I, and I; by the
right screw rule n; and n; . By superposition the magnetic fields of I; and
I, form the total field H = H, + H;. In the mtegra,tmn over S, and Ss,
to be carried out as in (11a), there appear the expressions

Il ; (H;—{—Hﬂ“dma.ndfg ; {HI'I'H!}n!dﬂ'i-
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Thus (12) is replaced by an energy expression of four terms, which we
shall write, as in (15.17),

W = HLuli + (Ls + La)LI: + Lal3), (15)

Ln = F—H Hln-l dﬂ'[, Ltz =5 H!u; dfrlj (153'}
Il a I! 8g

L]: = E-* H!ﬂ.t do':, L:l = E Hm, dﬂrz . (lﬁb}
I! -} Il g

If H is expressed by ¥, and ¥ by (8), it will be recognized that also with
this definition

Ly = Ly.
We then obtain

(18)

@ 1
411;11 = u j;l da"l -[!; df: 6?11 &n;'fn’
where 13 is the distance between any one point on S; and any second point
. on S, . Since the right side of (16) is symmetrical with respect to the indices
1 and 2 it represents also L, . _
By the representation in (15a, b) the magnetic fluxes &, and &, through
S; and S; may be written

‘1’1“‘#]; (Hy 4+ Ho)p, doy = Ly I; + Ly I,
‘ (17)
4’1"#[' (Hy + Hy)p,doy = Ly 1, + L I.

The magnetic flux is thus now expressed by two elements (for n linear con-
ductors by n elements) in terms of the two (or n) currents.

C. Application to the Selfinductance of a Two-Wire Line

As in §15E we regard conductor and return conductor as one closed
circuit and designate, just as there, the separation of the wires with a, the
radius with b. Since we cannot proceed to the limit b — 0 our method of the
scalar potential, which is restricted to linear conductors, is strictly inap-
plicable. However, we may regard Eq. (14), quite apart from its origin in
this method, as the definition of the selfinductance L, or, more exactly, of
that part of L which has its origin in the exterior of the wires (see Fig. 22).

The portion of the branch cut S which is of importance to us has here
been shaded. It extends in the zy-plane (the plane containing the two axes
of the wires) from the periphery of one wire to that of the other and is to

ve the length 1 in the y-direction. The magnetic field H results, in gen-
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eral, from the vectorial superposition of the magnetic fields H, and H, of
the two wires. On the plane area 8, H, and H; have, however, the same
direction, since [, = —I,, and are perpendicular to S. With z and a — z,

¥
|

Fia. 22. Selfinductance of a two—.wim line, com-
puted from the magnetic flux through the branch
cut S.

respectively, indicating the distance of the reference point on S from the
conductor and the return conductor we obtain

Ho= 2 (L4 L);
2 \z ﬂ—l‘.t

hence we find from (14) for unity length of the two-wire line
La -+ dz. (18)
L]

T 2r T a-—2zx
The subscript a of L indicates “‘external selfinductance”. The evaluation of
(18) yields:

n a—b b _ By G6—b u, @
La E—;(log 5 logu_b) ;_log 5 rlﬂgg, (19)

the last since b < a. If we compare this with (15.35), we see that the first
part of the earlier formula corresponds to our “ezternal” selfinductance and
conclude from this that the second part will signify the “inner” selfin-
ductance L;.

We confirm this in the following manner: Employing the energetic defini-
tion of selfinductance in (15.17) we put

W = 3L.J" (20)

W, is the magnetic energy within a unit segment of our two-wire line.
Within the individual wire the magnetic field is given, as in (15.33a); by

r I

H=3o
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if we neglect the magnetic field -nf the other single wire, which is weak in
comparison. Hence the energy content of unit length of the individual wire
becomes as in (15.33a)

%fffﬂdrdrdv=pr[(géé—b)lrdrmi-“ﬁ;fr'dr=?—Iﬂ—:_.

This is one half of the energy W in (20). It hence follows from (20) that
_—3
L; il (20a)

Together with (19) this confirms our earlier result (15.35).

D. Application to the Electromagnetic Current Measurement of Wilhelm Weber

We proceed from Eq. (8) and assume to begin with that the surface S
bounded by the current I is plane; the reference point for which ¥ is to be
computed is supposed to be at a great distance from S. Then the direction
of dn and the magnitude of 1/r become the same for all elements de of S.
The integration over de may be carried out directly and yields

g1
41“?—!85}1;. (21)
At the same time we recall Eq. (7.10b) for the potential of a single mag-
netic pole p. From it we obtain for the potential of a dipole of the very small
separation ! between poles and the direction n of the axis:

dx¥ = M ain} M = pl = moment of the dipole. (22

Comparison of (21) and (22) indicates: The magnetic field of a current I
bounding a surface S 1is, at large distance, equal to that of a dipole, we might
also say a short bar magnet, which 1s placed perpendicular to the surface S
and has the momend M = IS.

A non-plane current path may be projected on three mutually perpen-
dicular planes and the equivalent bar magnets may be arranged perpendicu-
larly to the resulting plane current paths. Vectorial addition of their
moments yields an obliquely oriented dipole, which at large distance again
produces the same magnetic field as the original current path.

This equivalence of current and magnetism is the basis of the famous
“electrodynamic determination of units” of Wilhelm Weber. Furthermore
the electromagnetic system of units, which hails back to Weber, is based
on it, i.e. on putting equal

I-§=M. (23)
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The eleciric quantity I thus becomes a magneti.- quantity. Or rather: For
the electric quantity I a quantity M /S, which appears different in char-
acter, is substituted. This is possible only if a definite relation is established
between the dimension of the magnetic .pole, which as before we shall
designate as P, and the dimension Q of charge. By (23) this relation is

area
Q‘m = P-length
or

Jength _ .
P=Q Fr— Q- velocity.

We thus arrive at Ampére’s hypothesis according to which magnetism is
merely electricity in motion. However, we mentioned already on p. 47 that
this hypothesis is today, after the discovery of the neutron as a basic ele-
ment of all nuclear matter, no longer as binding as a hundred years ago;
we also saw in §8B that Cohn’s system of units is independent of this hy-
pothesis and is recommended particularly by that fact.

. Our system of the four units MKSQ bears a peculiar relation to the elec-
tromagnetic cgs-system introduced by Weber. As we know, our unit Q = 1
coulomb = 1 ampere-second is defined as 1/10 of the electromagnetic unit
of charge. The fundamental constants of vacuum, with due regard for the
experimental fact ego = 1/¢*, were therefore found to be

. L 3
o = 4x-107" ’%ﬁf‘ = 4x-107 hﬁ%r—? , Eq. (15.18b) (24)

_ 1 _ 100 @M _ 107 farad
B= o drdijoule S 36r M

. 2
4/_2 = drel0” J";;f ~ 120+0, Eqs. (7.19) and (4.5¢). (26)

However, we know that, apart from the electromagnetic (more briefly
magnetic) system, also an electrostatic (more briefly eleciric) system is in
use. Here the arbitrary, and only historically justifiable, convention (7.8)
is made:

, Bgs. (7.17) and (10.3b) (25)

f=drey =1 @7)

and from this an electrostatic unit of charge e, is defined. We ask how Q is
to be expressed in this unit, i.e. what value Q/e.; may have, having fixed
the value of Q measured in terms of the eleciromagnelic unit of charge

Emagn b}'

= =, (28)
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From Eqgs. (25) and (27):

107 (Q/eq)’-10° om

=1 = -
dres ¢t 107 erg sec?

From this and (28) it follows that

2 'Emm —- ~ . 10 E
& (emllﬂ/eil) ] Ei" c 3-10 s . {29}

The unit of charge in the magnetic system is 3-10" times larger than the unit
of charge in the electric system. This corresponds to our metaphor of river
and waterfall on p. 53. The numerical values of a given physical charge
behave of course in inverse fashion. Thus the coulomb has, in the electric
cgs-system, the numerical value

1
Q=q5c= 3-10°;

see also our data on the charge of the electron in §8D:
4.80-107" electric and 1.60-10™™ magnetic units.

The conversion rule for the numerical value e of an arbitrary charge in
and MKSQ system to the corresponding numerical values eg.n and e is

10° (i )Mm = Clmagn = ol . (30)

drey
Since the quotient D/e on the one hand and the product Ee on the other
are independent of our fourth unit, the conversion of D and E may readily
be derived from Eq. (30); for the conversion of E (30) yields.

10 (4xg Eﬂ)unq = %Em;ui = .II- (31:!

Rules (30) and (31) replace the rule given by H. A. Lorentz on p. 87 of Vol.
V. of the Mathematische Enzyklopddie.

With this the unpleasant business of the electrical units may be regarded
as definitely disposed of. ‘

§17. Detailed Treatment of the Field of a Straight Wire and a Coil

We consider the apparently trivial case of an infinitely long straight wire
carrying a stationary current with & return path in a coaxial hollow cylinder
surrounding it. Let the radius of the wire be a, the inner radius of the
hollow cylinder b, and the outer radius ¢ — «. For ressons of symmetry
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the magnetic field is known directly, and similarly the current density. As
in §4, Egs. (10) to (13), we have

r I I

f{ﬂ, H=-u—27a Jt;—(-l_:’
a<r<b H= -, J=0, 1)

b{f{ﬂ’, H= ﬁg;j J-G.

The direction of H is everywhere azimuthal: H = H, .
In the interior the electric field is evarywhere axial in direction and has
by Ohm’s law the va.lue

E=g= =L ,<a )

¢ wxal’
Similarly by Ohm’s law we have within the hollow cylinder (conductivity
U'l)

En{-[l, b2r< o, 3)

a1

In the region between wire and hollow cylinder the field is yet to be deter-
mined, from the differential equations

E = —grad ¥, AY = 0 (4)
and the boundary conditions
r .
%E-__.- “m for r=4a, (5)
? 0 for r = b.

Since these conditions are independent of z and ¢ we can write for the
solution of A¥ = 0

¥ = ¥(r)z. (6)

We can omit an additive term ¥4(r) independent of z since we can satisfy
all the conditions of the problem with formula (6). We then obtain from (5)

%o =~ 2o W) =0, @

The differential Eq. (4) demands

d dv,

drrdr- Y ?1“11103?‘!'3,
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which yields, with (7)

_ _ﬁ.{_ r a
() = ot O 5/ log - ®

Now the field E is known also in the intermediate space a < r < b. Accord-
ing to (6) and (8) it is represented by

E,= —-¥ = L, log t/lu:tg%, _ 9)

rg_ﬁi /lu— (9a)

Thus the field is here by no means a.:ua.l in direction, as in the interior of
the wire; rather, its radial component is of the same order of magnitude
as its axial component.

In passing from the interior to the exterior of the wire there occurs a
jump in E, and hence also in the corresponding component of the excitation
D, which indicates the existence of a surface charge:

m-D-aE--———-/l (10)

This surface é]m.rge decreases linearly along the wire, from positive to nega-
tive values, in formal language from + « to — c«. It depends only slightly,
i.e. logarithmically, on the radius b of the outer return conductor. The sero
point of the charge remains undetermined since the point z = 0 can be
fixed arbitrarily. We may eventually identify it with the “center” of the
wire, which, for infinite length, also remains indefinite.

We can obtain an idea as to the magnitude of this charge in the following
manner: The dielectric constant in (10), which refers to the exterior of
the wire, does not differ materially from that in the interior of the wire
(though for metals it is rather hypothetical). Hence the quotient &/ does
not differ materially from the relaxation time 7', defined in (4.9a), for the
material of the wire; this is of the order of microseconds. The product
el /o occurring in (10), which represents a charge, is thus not of the order
of an ampere-second = Q, but of the order of a microampere-second = 10™°
Q. The peripheral charge of the wire and the radial field strength corre-
sponding to it are hence very small. This is the reason why they generally
remain unnoticed both in theory and in experiment although, as we shall
see, they are essential for an understanding of the current transport.

Implicit in the existence of a radial electric field is the appearance of &
potential difference between wire and return conductor. According-to
(9a) it is given by

Iz
f Eedr = — % (11)
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We compare it with the charge on unit length of the wire, ¢ = 2xaw, or
the equal and opposite charge on unit length of the return conductor. We
find

e 2re

V= (11a)
og

[
ﬁl':r'

This is the capacity per unit length of the cylindiical condenser formed
by the wire and the return conductor (see Problem II.5). We speak here
and in similar cases of a “distributed capacity.”

Fig. 23 shows the shape of the equipotential lines ¥ = const. in the z, r-
plane, given according to Egs. (6) and (8) by

z log? = (. (12)

ForC = 0,z = 0 and r = b, corresponding to the broken lines ABC and
ABD of the figure. The equipotential lines for C > 0 accommodate them-
selves within the area bounded by them. The angles under which they meet
the surface qf the wire deviate increasingly from a right angle with in-
¢reasing distance from A. The orthogonal trajectories to the equipotential
lines represent the lines of force; the arrows on them indicate the direction
from positive to negative surface charge w. Two bounding curves passing
through the ‘“‘equilibrium point” B (see footnote 2 after Eq. (9.14b))
belong to this family of curves. According to (12) the equipotential lines
satisfy the differential equation

log - dz-z%_r-ﬂ;

on the other hand, the lines of force, which are orthogonal thereto, (re-
placement of dz/dr by — dr/dz) are given by

zdz+rloggdr = ().

In the neighborhood of B we find, with p = b — 7,
zdz — pdp = 0.

Thus #woe lines of force, with tangent directions z = =p, pass through the
point B forming a right angle with each other. At a greater distance from
these bounding curves, above and below them, the lines of force pass more
or less radially from t.he wire surface to the outer conductor.

The equipotential lines represent at the same time the paths of the
energy flux S; the arrows marked on them indicate the direction of S. From
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the formula § = E X H, S is perpendicular to H and hence lies in the
plane of the drawing, since H is everywhere perpendicular thereto; in addi-
tion S is perpendicular to E and hence has everywhere the direction of the
family of curves ¥ = const. An application of the right-screw rule for the
three vectors E, H, S shows that the arrows are properly oriented.

1, -C

TN

Emustty t

b F

AR

e

Frc. 23. Energy flux about a straight wire carrying stationary current with co-
axial return conductor. Equipotential lines = stream lines of the energy drawn out
full, electrical lines of force = excitation lines drawn dotted. They form tubes of
constant charge starting and ending on the surface of the wire and the return con-
ductor, respectively. Their number per unit length of the wire indicates the surface
charge on the latter and its linear inorease with distance from A, positive for z < 0,
negative for z > 0.

Since E = J/o the lines of force within the wire (not drawn in the figure)
are axial in direction; hence the vector S is directed inward, perpendicular
to the surface of the wire; here also it lies in the equipotential surfaces
¥ = const. The energy flux is dissipated in the interior of the wire since it
becomes zero for r = 0, in view of H = 0. This is indicated in the figure by
the terminated arrows at A. Such arrows should be imagined along the
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entire surface r = a. The energy entering from the surface is converted into
Joule heat in the interior of the wire.
According to (9) and (1) the magnitude of the energy flux for r = a is

I I
| S| = EH, = o 5va’
the energy supply to unit length of the wire from all sides hence becomes
2xa|S|=I'R,, R = q—lg, g=1xa". (13)

R, is the ohmic resistance of unit length of the wire; (13) thus yields, in
fact, the Joule heat claimed by this unit length.

Accordingly we obtain the following total picture of the behavior of the
energy: Oulside of the wire the energy flows from the elecirodes z = =+
from all sides toward the surface of the wire. After entering it it flows radially
loward the axis of the wire, being converted at the same time inio heat. There i3
no energy flux parallel to the wire axis within the wire.

This picture is materially different from the popular concept of the
energy transfer in a wire carrying current. From the Maxwellian standpoint
there is no doubt, however, about the inner consistency and unique validity
of our picture. It indicates the fundamental change which Maxwell’s theory
has brought in the concepts conductor and nonconductor: The conduclors
are nonconduclors of energy. Eleciromagnelic energy is transported without
loss only in nonconductors; in conductors it is destroyed, or rather trans-
formed. The notation “conductor’” and ‘“nonconductor” refers only to the
behavior with respect to charge; it is misleading if applied to behavior with
regard to energy.

We thus come to the conclusion that our simple example is after all not
as trivial as it appeared.

The next-simplest case of the circular conductor is already beyond ele-
mentary treatment. Even in the limiting case of the linear conductor the
geometrical formula for the solid angle involves an elliptic integral. In fact,
if we use the polar coordinates r, ¢, z for the reference point and
p, @ + ¢ — =, 0 for the point of integration we find from Eq. (16.8), denoting
the distance between point of integration and reference point by R,

ainlaa fpdpfhda-—(r + 0 -l-211",|::~I[':1t1lﬂ¢3:+..1'.:J'_i
400 p dp g _
zdo Vir+ 0+ 22 o \/l—k‘sin’f
B =a/2
= 4rp

e+ 2
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The preceding integral with respect to 8 is a “complete elliptical integral
of the first kind in the Legendre standard form,” and & is the “modulus”
thereof. We cannot of course here delve further into the treatment of this
formula.

The exact treatment of a coil of wire of finite thickness with finite pitch
would be even more complex. We hence pass directly to the limiting case
of very small thickness and pitch, i.e. Ampére’s solenoid, whose magnetic
field was already discussed in Eq. (4.14), though only superficially. We now
wish to compare it with the field of a permanent uniformly magnetized bar
magnet of the same dimensions as the coil. We shall here assume the interior
of the coil and the coil wire to be unmagnetic (x = w). |

We shall show that the H-field of the coil corresponds to the B-field of
such a bar magnet. As proof we write down the boundary conditions and
differential equations for the two cases side by side:

Coil Bar Magnet
(Ha. - Hi): = NII: (B. - B.':]. = FG(HG - H; — M). = _NHi
(Hu - Hi)n = Op (Bi - Bi)l = 0;
AY = 0, divB = gpdivH = —wA¥ = 0.

" The first lin€ relates to the mantel surface. Its left half states simply, in the
terminology introduced at Eq. (4.4e), that the surface curl on the mantel
surface of the coil is equal to N/, where N, is the number of turns per unit
length. The right half of the first line follows from our equation
B = w(H; + M) for the interior of the bar magnet, which for the exterior
becomes B = uH, . It states that the surface curl of B on the mantel sur-
face of the bar is equal to —uM. A comparison of the two halves of the
first line shows that, in the bar magnet, the quantity —uM /N, corre-
sponds to the current I in the coil.

We apply the second line in particular to the two end surfaces. Here
both B and H are of course continuous for the solenoid, for the bar magnet
only B. Since we have assumed x = yu, the same equations apply also for
the mantel surface.

The third line applies in the two cases both for the interior and for the
exterior; here we must recall our assumption regarding the bar magnet that
its magnetization was supposed to be uniform, since otherwise the term
uo div M would have to be added to the term u; div H and this would spoil
the comparison of the two cases.

We see therefore that our earlier Fig. 17, which represented the B-field
of the bar magnet, reproduces simultaneously the H-field of the solenoid.
Accordingly the earlier Eq. (4.14), which applies only for an infinitely long
coil, is rounded out graphically by Fig. 17. This provides us now with a
complete picture of the spreading of the lines of excitation at the ends of
the coil and of their exit through the convex surface.
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With respect to the representation of the coil field by the potential ¥ we
wish ‘td point out expressly its familiar multivalued character; the branch
cut S, which makes it single valued, is a helical surface of infinitely small
pitch which follows the turns of the wire. It follows that the equation

ng-ds-O

which is universally valid for the bar magnet loses its validity for the
coil if the path of integration links one or several turns. Hence also the
conclusion with regard to the demagnetizing character of the H-field of the
bar magnet is not applicable to the coil. For to reach this conclusion, we
employed (see p. 85) a path which inside was along the axis of the bar and
on the outside led back to the bar axis. This same path, for the coil, inter-
sects the above-mentioned helical surface and therefore is not a permissible
path of integration.

We can also make the following statement: The H-field of the bar magnet
is lamellar throughout, that of the coil is not; instead it has the curl I con-
cenfrated at the turns of wire. The H-field of the coil is solenoidal through-
out, since everywhere B = uH, that of the bar magnet is not. For the uni-
- formly magnbtized bar the bar ends have a surface distribution of divergence.
In view of the proportionality of B and H for the coil, Fig. 17 evidently also
represents the B-field of the coil. The H-field of the bar magnet, Fig. 18, is
materially different from Fig. 17.

The near-uniformity of the internal field evident in Fig. 17 suggests the
computation of the magnetic energy W of the coil by the formula

W= %H’V, (14)

where V = =xa’l is the volume of the interior of the coil. In view of the
relation Hl = NI (Eq. (4.14)), where N is the number of turns along the
full length of the coil, (14) takes the form

2
Ta ] Iz
A comparison with our energetic definition of selfinductance in (15.17)
leads to the following value of the latter:

]
L= ‘I{‘- uN*, (15)
This formula applies, of course, as may also be seen from Fig. 17, only for
a very long coil and hence can scarcely be used for forms encountered in
practice. On the other hand, it retains its validity if the straight coil is bent
into a ring electromagnet, because of the close approach to field uniformity
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within the latter. Here the factor u in (15) also becomes significant if the
ring is provided with a soft-iron core. Eq. (15) shows that this arrangement,
first suggested by Ampére, has a much greater selfinductance and hence
realizes a much greater concentration of energy than the electromagnet
without iron for equal coil current.

This increase in energy concentration applies qualitatively also to the
straight coil with soft-iron core. The quantitative computation of field and
energy would, however, be mu.h more complex, since a boundary-value
problem, corresponding to the passage of the magnetic lines of force from
iron into air, would be added to the summation problem which we have
treated.

§18. Quasi-Stationary Currenis

Most of the problems of electrical engineering and of laboratory physics
lie within the domain: of the slowly variable fields. It is true that there is no
one-word answer to the question “slow compared with what?”. For vibra-
tions which are periodic in time or exhibit a damped periodicity the answer
may be identified with the demand that the light path corresponding to the
period r of the vibration be large compared to the dimensions ! of the
apparatus:

er > 1. (1)

It is then permissible to neglect the “retardation of the fields” to be intro-
duced in §19. At the end of this paragraph we shall, however, treat success-
fully also very long lines, which do not obey this condition, on a quasi-
stationary basis, by subdivision into differential segments.

In general terms the guasi-stationary approximation consists in caleu-
lating all fields as for stationary processes. In this manner it becomes pos-
sible to establish a linear relation between the expressions occurring in the
integral form of the Maxwell equations. We refer to the magnetic flux
$ through a closed curve, the current I through a cross section, and
the electromotive forces Va along segments of the path of integration,
which add up to the loop e.m.f. V for this path:

i*sz,dar, I=fJ.da, I»"u-fE.da,

V=Ev.~,=f3.da.

We know that, under stationary conditions, the following relations exist
between them:

® = Luly + Lyl + Lul; + -+ (magn. flux through circuit 1)

I = % (Ohm’s law), I = VK (condenser charge).
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The inductances L, resistances -R, and capacities K depend, apart from
the material constants, only on the geometry of the field and are the result
of an integration over the space coordinates. Hence only an integration with
respect to the time remains to be carried out. The mathematical simplifica-
tion achieved in this manner is considerable: While the exact treatment
of rapidly variable fields demands the integration of the Maxwell pariial
differential equations, the integration of ordsnary differential equations
with constant coefficients suffices for slowly varying fields; for periodic
processes these reduce even to algebraic equaitons.

This method was dewluped by Gustav Kirchhoff (see beg;lnnmg of §15)
and was applied to metal wire loops and networks composed of them. It is
in general appropriate to choose the closed path of integration along the
metal wires; an interruption of the metallic path by nonconducting gaps
(condensers) does not interfere with the method, however. The case of
thin wires is particularly convenient, since here the field within the wire is
practically uniform.

. The first Maxwell equation in integral form then yields for the chosen
closed path of integration

—& = V = loop e.m.f. (2)

The second Maxwell equation finds expression in the computation of the
coefficients of induction insofar as it represents the production of magnetic
fields by currents and in the computation of the resistances and capacities
insofar as it represents the origin of these currents from the electric field.

For a simple current loop without branching the two sides of (2) may be
expressed in terms of the current I which is the same for all croes sections:

~IZL=IZR+[1&}:%+E. @)

It is seen that here the selfinductance coefficients of all the magnetic fields
can be combined in 2 single expression, which may be represented by an
imaginary coil at an arbitrary point of the circuit. The same applies for the
resistances and the capacitances. E is the presumably known e.m.f. between
the terminals by which the current enters and leaves, i.e. the socalled fer-
minal e.m.f. The introduction of this e.m.f. £ conveniently avoids carrying
the path of integration through apparatus whose action is not covered by
the Maxwell theory (galvanic or thermoelements, photoelectric cells, elec-
tron tubes) or through ‘“machines” which, though they function fully
within the framework of the theory, would unduly complicate the problem.

If several loops are joined in a nelwork, the latter may be regarded as
made up of elements connecting the “junction points”. Let the nth element
carry & current I, from one junction point to another. Since we do not
as yet know its sign, we place a marker arrow on the element which is to
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indicate in what direction we shall reckon the current as positive. In view of
the absence of current sources we have for the junction points

21.=0 (4)

and for every circuit made up of arbitrary elements Eq. (2) applies again
in the form

Y2 IR+ Vo= —b (=emf). (5)

(4) and (5) are known as the “first” and “second” Kirchhoff equations
They date from the time preceding Maxwell’s theory. Hence Kirchhoff
places on the right side of (5) not —®, but the older concept of the electro-
motive force (e.m.f.) of all “current sources” which are inserted in the
closed circuit. If we are dealing with currents which result from Faraday
induction, e.g. in coils of machines, this e.m.f. becomes exactly identical
with —® and its concept is superfluous. It has, however, the advantage of
covering also the effect of other current sources (batteries ete.) without re-
quiring an examination of the physical processes taking place therein.

A. Energetic Interpretation of the Wave Equation

.We consider \in particular an unbranched circuit with selfinductance,
capacitance, and ohmic resistance, which we imagine connected in series
and, as in Eq. (3), concentratec at certain points of the circuit. Thus we
insert a resistance box in place of the resistance which is distributed over
the wire; a coil in place of the distributed selfinductance with which we
became familiar in connection with the two-wire line in §15E; and we shall
not consider distributed capacities in the circuit but assume instead the
presence of an electric plate condenser.

The law of conservation of energy offers a particularly convenient ap-
nroach to the treatment of such a system, just as to the treatment of ma-
terial vibrations in mechanics. We write it in the form of Eq. (5.7a):

v‘v,.+W.+Q=fs.da. (6)

W. is the magnetic energy concentrated in the coil, given according to
Eq. (17.14a) by

L

W, = 5 I (6a)

W, is the electric energy within the plate condenser, according to Eq.
(10.11) given by
1

W. = -2-—!2 Gl. (ﬁb)



136 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONS 18.6¢

Here e are the varying charges on the two condenser plates and

de
Q is the Joule heat generated within the resistance box:
Q = RI. (6d)

The energy flux S refers to the current source. By Eq. (15.40) we write for
the energy supplied by it in unit time

f Sada = El(volt-ampere = watt). (6e)
E is the terminal e.m.f. of the current source mentioned above.

From (6a, b) follows

. ,’= e _1 1
IWm LII, Wl - Efé 'KGI. (m

Substitution of (6d, e, f) in (6) leads to, after canceling of a factor I:
LI+ RI + 2 e=E, @)

and, after a seoond differentiation with respect to ¢, to the wave equation
LI+RI+%I=-E. | (7a)

In the terminology of point mechanics there corresponds thus
E to the exciting force,
L to the inertia, more particularly the mass of the vibrating particle,
R to the damping, and
K to the coefficient of the restoring force.
As in mechanics, we distinguish between free and forced vibrations.

a. Free Vibrations
We set E = 0 and ask for the solution of the homogeneous equation
LI+ RI+ 2T =0, ®)

We can assume a trigonometric form for I, but know from point mechanics
that it is definitely preferable to use instead the exponential form .t the
start and to pass to the real part of I only after the integration. We there-

fore set.
I = Ioﬂh“ (&,

! Temporarily we adhere to custom in employing the usual positive sign of i ia
the exponent, although we generally prefer the negative sign. See e.g. §6, Eq. (11).
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and obtain for the circular frequency ws = 2r/7, of the free vibration the
quadratic equation

— Leg® + iRy + % =0 (8b)
For no damping we find
w0 = KLL r = 2r VKL | ©)

This is the Kirchhoff-Thomson formula. If it is necessary to take account
of damping the solution of (8b) yields

iR 1 R?
o = A KL - i (0)
The process is aperiodic or periodic, depending on whether
R 1 R 1
—_—D> — o < —. od
2L +/KL 2L " A/KL (8d)

In the aperiodic case wo is purely imaginary and the current (8a) decreases
monotonically.,In the periodic case usually found with condenser discharges

the angular frequency is
1
% (%)

Since the ohmic damping occurs here only as a correction of the second order
as compared with the first term on the right of (9a), (9¢) can usually be
replaced by (9)—in analogy with the mathematical pendulum, where
the formula 7 = 2x+/1/g is not affected appreciably by air resistance etc;
hence it is generally permissible to write in place of (8a):

I — Iue--ﬂlfﬂl.] .s:l:lxilfrn (Qd)
where 1, now represents the value (9) with no damping. The double sign in
(9d) evidently becomes unimportant when finally passing to the real part,
but permits taking account of the phase of the oscillation which, like the

amplitude, may be prescribed arbitrarily, through superposition of the
two solutions.

b. Forced Vibrations
Here we proceed preferably from Eq. (7) and set

E =E ﬂhl;

@ is the angular frequency of the alternating current source: The circuit
oscillates with the same rhvthm as soon as its characteristie vibthtions,
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which are determined by an arbitrary initial state, have decayed. We have
therefore

[ =Ie™ 1=iol, e=L (see (6c).
W
We thus obtain from (7)
| . 1
for which we shall write more briefly

RI = E. (10)

(10) is Ohm’s law for alternating currents; the real ohmic resistance R is
here replaced by the. complex impedance

1

R-R+i( —J{). (10a)

If we put
R = |R|€“, (10b)

ave evidently .have

R| = 1/R’+(wL—ﬁ)=, mna-"”“';f(‘“m. (10¢)

We introduce the following designations:

R = resistance
wL — 1/(«K) = reactance
wL = inductive reactance
1/(wK) = capacitative reactance
| R| = impedance.’

We give an interpretation of Eq. (10) in the complex Gaussian plane of Fig.
24. The two-dimensional “vector” I lags by the constant angle « behind
the two-dimensional “vector” E. Of course only the real parts of E and I
have physical meaning.

The engineer calls this representation a rotating vector diagram; The
figure should in fact be thought of as rotating with the angular velocity «
as time progresses. The projections of the two-dimensional vectors E and
on.the real axis give the instantaneous values of these quantities.

We shall establish furthermore how the energy flowing into the system

! In electrical engineering this term, incidentally, is used not only for | R |, but
also for our impedance operator R itself.
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is used up. To this end we multiply Eq. (7) with I, where now I and E are
to represent their real parts. We find

Ld 1d s

If we average over a period r = 2x/w of the vibration, we obtain:

ll Rr’dt=.1_£ IE dt,
T T

I' + RI’ +

so that

RI* = IE, (11a)

The contributions derived from L and K vanish since they are given by
differentials. The average power IE introduced into the system is thus dis-

A

.Fm. 24. Representation of the complex E and [ in
the Gaussian plane. Lag of I with respect to E by the

angle a. E

-

sipated entirely in the obhmic resistance R. The imaginary part of our

impedance operator R has a purely wattless effect on the e.m.f., i.e. it does

not consume energy on a time average. We can calculate directly
ﬁ=}£ Iuiﬂﬂsl(wi-—n}dt=%

T

I (11b)

1 , 1
Iy = V3 I, and correspondingly E,;; = G Ey; (11c)

I,;; is called the “‘effective current”, E,;, the “effective voltage”. For the
average power we find

Enl“[ E,I, cos wt cos (wf — o) di
;

T T
-l EJ,{L cos’ wt co8 a di +£ coswtsinwisinadt (12)
T

= }Eoyco8 a = I.” E;f; Cos8 a.

Analog: Work = Path-Projection of the force on the path, where the pro-
jection must be carried out in the complex plane in the present example.
This analogy applies however only for the time average, in which the second
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integral of the middle line of (12) vanishes. The latter signifies an oacillation
of the energy between storage (K, L) and the current source (E).

B. The Wheaistone Bridge

We distinguish between the four bridge arras a, b, ¢, d and the arms
e and f, containing the current source and the galvanometer, respectively.
The disappearance of the current in the galvanometer arm is attained by
adjustment of the slide-wire contact S (or eventually the two sliding con-
tacts S and T). Thus a null method, viewed with such favor in physical

F1a. 25. Wheatstone bridge: a, b, ¢, d branches of
bridge with resistance boxes and induction coils con-
nected in series and, eventually, capacitances con-
nected in parallel; f and e, branches containing galvan-
ometer and voltage source; S and T slide contacts.

measurements, is realized. The geometrical structure of the bridge is best,
represented by a tetrahedron (Fig. 26), the six arms being transformed into
the six sidés without altering their relationship, as in analysis situs. The two
arms ¢ and f then become opposite sides, similarly the arms a, d and b,
¢, while the arms a, b etc. become “‘adjoining sides’.

F1G. 26. Space representation of Wheatstone bridge as
tetrahedron; adjoining and opposite branches.

From the great range of applications of the Wheatstone bridge we select
two characteristic special cases; the trivial case of the comparison of two
ohmic d.c. resistances will be a by-product:

a. Comparison of lwo selfinduclances
b. Comparison of a selfinductance and a capacitance

a. Let the two selfinductances L, and Iy be inserted in the adjoining arms
a and b, in series with the ohmic resistances a and b, as shown in Fig. 25.
In osder that there may be no current in the arm f, we adjust the sliding
contacts S and T so that there is no difference of potential between them.
Sta:ting from A we.have, from (10) and (10a),

(@ + wlo)l, = cl, (13)
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and starting from B:
(b + iwla)ly = dl,, (13a)
so that
(@ + twls) d = (b + iwlsy)e. (14)

If this equation is to be satisfied, the equality must exist mchvldually for
the real and for the imaginary parts. Thus:

ad = be, Ld = Lye.
a ¢ L (14a)

b d Ly
The first half of this double equation applies also for the equilibrium of an
inductance-free bridge, irrespective of whether it is traversed by direct
or by alternating current.

b. Let the selfinductance and the capacitance lie in two opposite arms of
the bridge, e.g. a and d, in such fashion that the selfinductance L and the
ohmic resistance a are connected in series, the capacitance K and the

‘ohmic resistance d, in parallel. According to Kirchhoff (see p. 101) the
potential drop‘across two parallel ohmic resistances R’ and R” with the
currents I’ and I” is given by

. ' 0 1 1 1
Rf with I=14+1T, E:‘}?'I'k'ﬁ-
The corresponding voltage drop for alternating current is evidently
. r " 1 1 l
RI  with I =141, i=ﬁ+-ﬁﬁ. (15)

For our bridge arm d the total current at its end points is I; (see Fig. 25);
we therefore set

I " 1 1 1 .
I'=I, R=d R =~%, g=5twk
and obtain in place of Eq. (13a)
I,
bfl =
$+ iwk (15a)

In combination with the unchanged Eq. (13) this leads to:

Loy wlob ik,
c 4

Il c
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which yielus, separating real and imaginary parts,
L
= = 16
ad = be % (16)

In the notation of p. 138 the last term of this doublz equation is the product
of inductive and capacitative reactance. Eq. (16) shows that the deter-
mination of a capacity from bridge equilibrium rests, apart from ohmic
resistances, on a known selfinductance (or vice versa).

In our examples we have restricted ourselves to cases in which the equi-
librium conditions, Eqs. (14a) and (16), do not depend on w. In such cases
the bridge equilibrium exists not only for the purely periodic alternating
current here assumed, but for an arbitrary time variation, e.g. excitation by
an interrupter. There are other cases in which the equilibrium conditions
depend on w; bridge equilibrium then exists only for sinusoidal alternating
current. '

C. Coupled Circusts

The law of conservation of energy sufficed to set up the oscillatory equa-
tion for one degree of freedom. For a system of two circuits (two degrees
of freedom I, and I,) the energy theorem no longer is adequate for setting
up the &iﬁemntia.l equations, just as in mechanics. On the other hand,
Kirchhoff’s law (5) yields directly

Lul, + L1y + R I, + % = K,
: an

Lul; + Lal, + R: I, + % = E,.
1

The generalization for more than two circuits is obvious.

From (17) we can calculate, on the one hand, the free vibrations of our
coupled system, on the other, the forced vibrations produced by an e.m.f.
In the first case we set E, = E; = 0 and reduce the resulting homogeneous
system of equations, with the assumption

I; = A1£h't, I-l = A:Gﬁ"‘

to a biquadratic equation for w, after elimination of the ratio Ay/A,. We
can be brief in discussing the conclusions derived therefrom since the same
problem has been treated in detail in Vol. I, §20 and the resuits are repre-
sented there in Figs. 34 and 36. The characteristic beal phenomena of the
‘coupled pendulums in the case of resonance occur, in terms of our present
notation, when the periods of the uncoupled circuits are equal, which leads
to KiLn = K,Ls, and when in addition the two “coupling coefficients”
L1a/Ly; and Ley/ Ly, are equal, which leads, in view of the universal equality
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of Ly and Ly, to Ly = Ly. These beat phenomena become particularly
impressive if we assume, as for the coupled pendulums, that damping is
slight, in our case B, =0, R, == 0.

Also for forced vibrations the treatment in Vol. I, §19 may serve as a
model. If the free and forced frequencies are identical, w = wy, damping
becomes essential and the amplitude maximum and phase lag represented
in Fig. 33 of Vol. I occur.

At the beginning of the §20 mentioned above it was pointed out that in
the early stages of wireless telegraphy coupled mechanical oscillations com-
monly served as model for the coupled electrical oscillations which occurred
in the open primary antenna circuit and the tuned secondary circuit intro-
duced by Ferdinand Braun. It is true that for these rapid oscillations the
quasistationary treatment is only a crude approximation; only the com-
plete integration of the Maxwell equations in §19 can yield a satisfactory
representation.

D. The Telegraph Equation

Quasistationary calculations may also be applied to short sections of a
long two-wire line, for which condition (1) is not fulfilled. If the length of
these sectiohs is permitted to approach zero the total differential equations
of the system become a partial differential equation. This was set up by W.
Thomson even before Maxwell in the treatment of the propagation of tele-
graph signals in marine cables. Between two oppositely located and oppo-
sitely charged points of the double line there is a charging current with a
change in voltage; Hence, in addition to the voltage V(z), also the current
I(z) varies continuously along the length of the line. According to Kirch-
hoff’s second law these two variables are related by

ol av
La—t-+RI+E=U, (18)

L and R relate to unit length of the double line. Furthermore, it follows
from the absence of current sources, i.e. Kirchhoff’s first law (4), that

aI -1
For the sake of completeness a conduction current GV through the even-
tually semiconducting dielectric has been added to the charging current
KaV /at. This term may also account for hysteresis losses in the dielectric.
G is known as the “leakage” per unit length of the double line; K also
refers' to this unit length. _
Elimination of V from (18) and (18a) leads to the partial differential
equation

o' 3 '
{LK-‘B‘—’+(RK+LG)&+RG—§;,}I= 0, (19)
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which applies also for V. If, in particular, the dissipative coefficients R
and G are set equal to zero, it assumes the simple form of the differential
equation of the vibrating string:
N
{LK i Q} I=0

and is integrated, for a phenomenon advancing in the positive z-direction,
by

I = af(z — of), "1/5%' (20)

According to (18) and (18a) the corresponding value of V is in this special
case

V= Lafle — ) = 4/ %1 (21)
The ratio of voltage V and current I is thus the quantity (L/K)!, which
is independent of z and ¢ and represents a resistance. It is known as the

wave resislance.

The follpwing practical conclusion may be drawn from (21): If a finite
double line is terminated by an ohmic resistance of the magnitude (L/K)},
no discontinuity occurs in the current and voltage variation at the end,
hence also no reflection.

Eq. (20) states that the current and hence also the voltage propagate
themselves along the line without distortion and without damping. We may
also ask for the condition for undistorted damped propagation along the
line, i.e. that

I=¢"fz—d) (22)

represents a solution of the differential equation (19). By substituting (22)
in (19) and setting the resulting factors of f”, f’, and f equal to zero we.

find
1 1 RK + LG —
c = VI%, a = E ‘\/I:R = '\J/RG- (23)

The velocity of propagation c is the same as in (20). The double equation
for a leads to )

. RK LG
RK + LG = 2VEKIG, e 1/ s o

and hence
1/%=1 or also

.

Q=

= % (23a)
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This signifies equal decay time for the pure displacement current KV +
GV = 0 (Eq. (18a) with dI/dz = 0) and of the pure conduction current
Ll + RI = 0 (Eq. (18) with 3V/az = 0). By (23) and(23a) our damping
coefficient « then becomes equal to R+/K/L.

In the general case the current variation changes with progress along
the line. It is then proper to analyze the process into component waves of
the form exp i(kz — wf) with complex, frequency-dependent k which are
periodic in time and damped spatially. The total phenomenon is now no
longer distortion-free.

The ideal case of undamped plane waves is approached if the two wires
are imagined flattened into wide bands, the intermediate space being vac-
uum and the band material a perfect conductor. Then, apart from the
marginal portions, the electric field in the intermediate space is uniform,
similarly the magnetic field. E is perpendicular to the bands in direction,
H, parallel thereto. The current becomes I = |H |b (b = band width),
the voltage V = [ E |d (d = separation of the bands). The charge per unit
length is ¢ = & | E |b and the capacity K = ¢/V = gb/d. The magnetic
flux per unit length, i.e. through a rectangle with the sides 1 and d, becomes
® = uo | H |d, so that the selfinductance L = &/I = ud/b. From K and
L we compute, by (20) and(21),

1 1
wave velocity ¢ = VKL = o
3

: V L _ o d
Wave remstnncef V% = 1/;6"

Herewith we have again come upon the quantity (u/e)!, which in §6 we
had described as the wave resistance of vacuum for the propagation of a
plane wave. (To obtain agreement we must refer it now to a quadratic
section of the wave surface, i.e. set b = d.)

We have inserted this sketchy note on the telegraph equation partly to
refer the concept of the wave resistance (more generally wave impedance
or surge impedance) to its historical origin, partly to prepare the way for
the transition to rapidly variable fields in the next section.

§19. Rapidly Variable Fields. The Electrodynamic Potentials

Only in this paragraph do we make full use of the unabbreviated Max-
well equations. We indicate a general method of integration, which how-
ever i8 limited to the case of a uniform medium, e.g. vacuum. Hence
throughout space we put € = &, 4 = u and in addition imagine the charge
density p and the current density J to be given in all of space and for all
t'mes ¢ < % (o = instant of observation). In this formulation of the prob-
lem we already take cognizance of the electron theory, which, however, we




146 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONS 19.1

shall take up only in the third part. We start from the Maxwell equations
in the form (4.4) with the auxiliary conditions (4.4a, b, ¢). In view of our
assumptions € = g = const, u = uy = const we can write instead

B = —curl E, (1)
SE+ ] = curlB, | @
. L
divE = o - 3)
div B = (, (4)
. dp

div J + ﬂ_t = (). (5}

We satisfy Eq. (4) by our earlier formulation (15.3)
| B = curl A. (6)

Substituting this in (1) we obtain
| curl (E + A) = 0.

This has the necessary consequence that the vector after the curl sign is a
gradient. 'I‘!h‘ua
E = —grad¥ — A @)

We call ¥ scalar poteniial, A vector potential.
We substitute expressions (6) and (7) in (2) and obtain

_%(ﬁ+gr&d¢}+ﬂj=eurluurlﬁ=—M-I—-graddivﬁ. (8)

We have here utilized the transformation of curl curl which has been
repeatedly employed before (e.g. in Eq. (6.2)), but applies only for Car-
tesian components of the vector A. We shall simplify Eq. (8) by splitting
it up into two vector equations, namely into
19°A
M - ? ﬁ = —ly J (9;‘

and
grad (div A+ :T,‘I') = (. (9a)

If we refrain from the inappropriate addition of a function depending on ¢
only, 1.e. of a kind of “integration constant”, the second of these becomes

diva+cl,¢ =0 (10)
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Our initial equations (1), (2), and (4) are thus satisfied; there remains,
apart from Eq. (5), Eq. (3). In view of (7) this takes the form

AV + divA = — 2
g

or, taking account of (10),

19'¥ p
AV 39 = e . (11)
Our two potentials A and ¥ thus satisfy two differential equations of the
same form. We call them “wave equations”. As noted above, their right
sides are given functions of z, y, z and of “past time,” ¢ < 4. The desired
solutions are related by condition (10).
We recognize that this condition is appropriate from the following: If
we call its left side X and if we form

div (9) + eosa 55 (11),
we obtain

2
ax—:-,%%=~ (divj+:—f). (12)
The right side of this equation vanishes however because of our Eq. (5),
which here at last is drawn into the consideration. Thus X also satisfies
the homogeneous wave equation, which represents a wave process without
external excitation, i.e. not a forced, but a free vibration. It can be fore-
seen from this that a suitable integration of the differential equations for
A and ¥, which excludes the appearance of free vibrations, not only leads
to Eq. (12) for X being satisfied, but also to X = 0, i.e. the satisfying of
Eq. (10). Nevertheless this equation is neither superfluous nor obvious,
since the splitting up of Eq. (8), i.e. the transition from (8) to (9) and (11),
rests expressly on condition (10).

A. The Relarded Polentials

With respect to the integration of our wave equations (9) and (11) we
shall be brief, since the next section will indicate the rational procedure.
We write down directly the result of the integration:

dre,V = ["}f’, (13a)
arla = [Uldr (13b)
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¥ and A refer to the reference point z, ¥, z and the “reference time” £, for
which we wish to calculate the values of ¥ and A. ¢, #, { is the point of
integration and dr is equivalent to df dn d. The integration is carried out
over all of infinite space and we have

P=(—0 4+ @G-+ (-

[e] and [J] are, however, not the values of charge and current density at
the time of observation ¢, but at the earlier time

¢ =t—rfe (13¢)

r/c is the time required by the “light” to travel from the point of integra-
tion to the reference point. Hence the expressions (13) are called retarded
polentials. They are calculated from charge and current density at & time
which is set back by r/c relative to the time of observation.

The method of integration (13) is mathematically unique if, for physical
reasons, the addition of advanced polentials, which correspond to the later
- time
" =t 4+ r/e, (13d)

is excluded. It should be noted, however, that such advanced potentials
have tentatively been introduced by Dirac into the theory of the electron
and play an important role in more recent investigations (see §37).

If we apply the same method of calculation (13) to our quantity X we
find directly

X=0

since the right side of (12) was equal to zero. This result is also mathe-
matically unique with the exclusion of “advanced” solutions, which alone,
in combination with the retarded solutions, could give rise to free vibra-
tions. This may be taken as confirmation of our earlier statement that
condition (10) is satisfied automatically in the integration of the differential
equations for A and ¥. We note finally that a full understanding of the
structure of the above formalism including the significance of our retarded
“and advanced potentials can be obtained only on the basis of the theory
of relativity. What up to now may have appeared arbitrary and asym-
metric will there assume an astonishingly unique and symmetrical form.

B. The Hertzian Dipole

_We will explain our method of integration (13) for a particular case,
the case of the Hertzian dipole. This is obtained if we combine a moving
charge +e with a neighboring stationary charge —e to form a moment
p(t) = el varying with time, where 1 signifies the separation of the two
tharges.
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We substitute J = pv in (13b), denoting the space density of the moving
charge by p and its velocity by v, and obtain on carrying out the integra-
tion, where r and v may be regarded as constant in space,

TER R N

We hence obtain from (13b), if we take due account of the meaning of
the bracket symbol as given by (13¢)

4xA = —_p( "). (14)

c

It is historically customary and convenient to introduce, in place of the
vector potential A, the Hertzian vecior Il by writing

' &II l r
With this notation we follow the great paper of Hertz, already discussed
in §1, p. 5:' “The Forces of Electrical Qscillations, Treated by Maxwell’s
Theory.”

* In all of space except at the origin of the coordinate system IT satisfies,
by (9), the differential equation
1M
Al 38 = (), (16)
which can also readily be verified from the explicit representation of IT
given in (15). By (10) the corresponding value of ¥ becomes

eV = — divIlL (16a)

From (6) and (7) we obtain then as the representation of the electro-
magnetic field
1d'm

H = curl I, eFE = graddivil — 338" (17)

As an example we assume that the path of the mobile charge e is recti-
linear and make its direction, which is also that of the vector I, the a.m
of a spherical coordinate system r, &, ¢. We then have'

1I, = cos ¢-1I, Iy = —siné-IO, 0, =0,

t Ann. d. Physik 36, p. 1, 1888; Gesammelte Werke, Vol. II, p. 147.

* The positive r-direction forms the angle ¢ with the direction of I, the positive -
?-direction, the angle ¢ + r/2; hence the factors cos ¢ at II, and cos (& + x/2) =
— sin @ at Iy,
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where, according te (15), IT depends only on { and r, i.e. is independent of
U and ¢. In these coordinates we obtain, by Problem 1.3 of Vol. II,

curl, I1 = —8in #(6(!‘11) — H) = — gin ﬂﬂ, curl, 11 = curl, I = 0,

r ar ar
. cosdd 3y 1 9 ..., - oIl
div I —r,-—-é;(rﬂ} ma&(ﬂlﬂt’n) ﬂﬂ'ﬁl"g,
2 .
grad, div Il = cos 0 2, grad, divil = —S0 0 4 v = 0.
ar? r or
__Henee, by (17):
Hyo=Hy=E, =0 (18)
and by (15) |
sind /9 1
4'H|l = - (E-fﬁ - ;#):
o/ 293 2 1
ﬁhEr-m"‘;*(gp";gp‘l';F‘;ﬁ), (19)

dxeo By = --———-(—--—p——p—-— )

We conclude from (18): The magnetic lines of force are circles about the
direction of p, while the electric lines of force lie in the meridional planes
through this direction.

Because of the argument ¢ — r/c of p it is possible, in Eqs. (19), to
transform the differentiation with respect to r into one with respect to t.
We have

o _ _ 1 ¥p 1

Then the term with g cancels that with § in the equation for E, in (19).

At the same time we will limit ourselves to the “distant zone” (large dis-

tances from the origin, i.e. set r — «. We will indicate the more precise

meaning of this in 8 moment, in discussing the periodically oscillating

dipole. Accordingly we neglect all terms in (19) which contain higher
powers of 1/r than the first. We then obtain

in &
4xH, = =" (z - E),
dxe, E, = 0, - (20)

dxeyEy = m—;Tﬂy)(t - E)
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The vectors H and E are perpendicular to each other and to the radius vector

r from the origin. Both H and E vanish on the axis ¢ = 0 and ¢ = ; the

H- and E-fields have their mazima in the equatorial plane ¢ = »/2,
From (20) we calculate

H, &gc¢ Bo 1)

This is the same ratio as that which was obtained from Eqs. (6.11) and
(6.13) for the ratio E,/H,. The siruciure of the radiated eleciromagnetic field
18 thus that of a plane light wave. It is customary to say instead, in both
cases, that E and H are equal, which however is dimensionally meaning-
less.

The amount of energy radiated per unit area and per unit time be-
comes .

_ 1 ain’aﬁ,
16xt e, rt '

The total energy radiated in unit time is obtained by integration over the
spherical surface of radius r:

S=EXH=EH, (22)

2
4 _ 2 ] - ﬂ
S dea'—?m‘ [ s 5inas I (23)
Since p = el (I = separation of the mobile and the stationary charge)
p = ev, p = ev, where, of course, in accord with the meaning of p, ¥ denotes
the value of the acceleration at the earlier time ¢t — r/c. We thus obtain
from (23)

'
breo

In atomic physics it is customary to write, in electric or magnetic cgs-
units,

8 = (24)

264
or
7 .
g =2€¢7 (24b)
3 ¢

which, according to (16.30), corresponds to (24). J. J. Larmor' first gave
this fundamental law of radiation in the form (24b).
Fig. 27 shows the radiation density S as function of #. It is simply tife

1 Phil. Mag. 1897, p. 512. Larmor points out the relationship to Hertz’s paper of
1888 in his book Aether and Matter, Cambridge, 1900, p. 225.
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polar diagran of sin’ ¢. In the theory of wireless telegraphy (see Vol. VI,
Chapter VI) it finds extensive application in the treatment of a linear
antenna radiating freely into space. In fact such an antenna does not
radiate energy in its own direction; the maximum of the radiation is
directed transversally.

In place of a single dipole p we may, of course, also consider a discrete
or continuous sequence of dipoles. In the latter case we write in place of
(15):

4xTl -f“l’(‘_:ﬂ'f?_ (25)

Here the integration is to be extended over a given curve C and the dif-
ference in direction of the vectors dp must be considered.

sin'd Fia. 27. Radiation of an electron acceler-
(1-Bcoedd* ated longitudinally in the direction ¢ = 0.
Lower pair of curves: Hertz’s formula (22),
v € ¢. Upper pair of curvea: corrected relativi-
— stically, v comparable with c.

A comparison of the preceding with Hertz’s calculation in Cartesian
coordinates, which is found in most textbooks,; demonstrates the superiority
of our vector representation of the problem or eventually, of our spherical
polar coordinates, which fit the symmetry of the problem. It seems even
more important that our presentation clearly indicates the dimensions of
all field quantities, while the Gaussian system of units employed by Herts
obscures them.

C. Specialization for Periodic Processes
We obtain the simplest model for a light source by assuming that the
electric moment p oscillates monochromatically with a certain circular
frequency w. For example we set
p(t) = A coswt = A Ree ™,
p(t — r/c) = A Re exp {—iw(t — r/c)}.

If, as in (6.10a, b), we introduce the wave number £k = w/c and omit the
sign indicating the real part, which is permissible for all field quantities
except the quadratic ones S, S, we find

(27)

ikr

Lot —r/e) =4 e, (278)



19.29b RAPIDLY VARIABLE FIELDS 153

We have thus arrived at the representation of the spherical wave in Vol.
II, Eq. (13.18) if we also suppress the time factor in (27a). This may and
will be done in the following. We then obtain from Eqs. (20) the following
representation of the electromagnetic field:
Ak e Akw . €™

E = E; = —ﬁﬂmﬂ?, H=H,= _ﬂmn'}T‘ (28)
This applies, as already noted above (20), for the “distant zone”; we are
now however in a position to define this term exactly. For, if we let the
wave-length

ngf.c
w

correspond to the a.ngular frequency w, the distant zone includes all dis-
tances for which .

>, (29)

i.e. excludes only the immediate neighborhood of the light source. For
aperiodic processes (29) is replaced by the inequalities

51, 11551805 12]
These statements justify precisely the approximations made in passing
from (19) to (20).

As compared with a natural light source our model is specialized both
with regard to its monochromatism and its intensity distribution. It radi-
ates no energy in the directions 4 = 0 and ¢ = =; for also now Fig. 27
and Eq. (22) apply to the radiation vector S. In (22) both the time factor
and the phase factor ¢* drop out in the time average. In fact, by (27),

P —“‘T"" cos (kr — al)

r
and the time average of the square thereof is
A% (2rYy = A%EY (2. (29b)

Since k = 2x/\ this is inversely proportional to the fourth power of the wave-
length.

If (29b) is substituted in (22) or (23) we obtain the famous law of Lord
Rayleigh, explaining the blue sky. The sun rays falling on the particles of
the air*generate in them electric moments which vibrate in harmony and
radiate light in turn. Their radiation is much stronger at the blue end of
the spectrum than at the red end. Since Ar.q = 2\u1ue their ratio is about 2°.
The same law explains also the red color of the sun and moon when rising
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and setting. In its path through the atmosphere, which is here particularly
long, the blue light is scattered much more strongly out of its direct path
than the red light; primarily red sun- or moonlight reaches our eyes. We
shall not inquire whether a certain selectivity of water vapor in the atmos-
phere plays an added role.

D. The Characteristic Vibrations of a Metallic Spherical Oscillator

The problem of eleciromagnetic characteristic vibrations became sig-
nificant as a result of Herts’s experiments. A metallic body consisting of
two oppositely charged halves (Hertzian oscillator) discharges with the
formation of a spark and radiates exponentially damped vibrations toward
infinity. How do we calculate their frequency and damping? In the case of
the sphere, which we imagine as subdivided into two closely adjoining
oppositely charged halves, the question is answered directly by formulas
which are already familiar to us. It is true that we must not start here
from Eq. (20) for the distant zone, but must employ the more general
formulas (19), since the wave length of the characteristic vibration gen-
erated will understandably be of the order of magnitude of the radius of
the sphere; the surface of the sphere thus belongs to the near zone. If the

+ sphere is assumed to be perfectly conducting we have on the surface, i.e.
Yor r = a = radius of sphere, E, = 0 for all 4. Hence, by (19), we have as

boundary condition
1

We let p take the same form as in (27), treating k not as a real number

as up to now, but as an unknown complex number. The same applies then
also for w = ck. To determine k (30) yields

tk 1 2
- + k 0. (31)
The solution of this equation, which is quadratic in ka, is

ka = ﬂ (31a

The imaginary part is negative, as we must demand, since we are dealing
with a vibration which decreases with time. In the real part the positive
gign is to be chosen in order that wave-length and frequency be positive
We thus obtain

2va /3

A 2’ V3
i.e. in fact A of the order of magnitude of the radius of the sphere. Damp-
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ing is very great; as follows frénm (31a), the amplitude decreases by a
factor
M) _ o2i/g

in the course of a single vibration.

Herewith the nature of the fundamental vibration of our spherical oscil-
lator is described. There is however also an infinite number of harmonics
for which the sphere is not divided into two oppositely charged halves,
but into 4, 6, - - - alternately charged zones. While the fundamental vibra-
tion corresponds to the Hertzian dipole, these harmonics cannot be derived
from the Hertzian vector II. For them we must refer to Vol. VI and more
particularly to Appendix II of Chapter V of that volume.

The case of the prolate spheroid, which comes closer to the Hertz oscil-
Jator than the spherical shape, was treated by Max Abraham,' after the
problem of the spherical oscillator had been solved generally by J. J.
Thomson as early as 1884.

E. Application to the Theory of X-Rays

The primary x-rays are produced by the incidence of cathode rays on
“the a.nticathode Classically the initial velocity v of the incident electrons
is reduced to a low value; the electrons experience a retardation —v. From
Fig. 27 we expect that no radiation occurs in the direction of the cathode
rays, insofar as this coincides with the direction of v. The proof of this is
possible with extremely thin anticathodes (films a few microns in thick-
ness), if the transmitted x-rays are observed; this has been shown by
Kulenkampff and his students. For solid metal anticathodes the retarda-
tion takes place along a zigzag path; hence the variation with direction is
smoothed out. We will show relativistically in §30, at Eq. (11), that the
maximum of the radiation does not lie, as indicated by the pair of curves
in Fig. 27, at 4 = =/2, but that it advances, instead, with increasing hard-
ness of the cathode rays (increasing magnitude of v) more and more toward
= 0. The fact that the continuous or “brems’-spectrum discussed here
has a short-wave limit is a consequence of the quantum theory, with which
we shall not deal here. The same applies for the regular increase in hard-
ness and intensity of the x-rays with the hardness of the cathode rays.
Here we shall only discuss the proof of the fransversal nature of x-rays,
which was given by Barkla in 1905, ten years after Rontgen’s discovery.
In planning his experiment Barkla assumed this transversality, drew the
consequences of this assumption, and confirmed them by the experiment.
We consider, in Fig. 28, a broken line consisting of three mutually per-
pendicular segments, the “primary”, “‘secondary’’, and “tertiary’’ segment.
The primary z-rays, regarding whose polarization we shall make no assump-

! See Enzykl. d. mathem. Wiss., Vol. V,, section 18, p. 488.
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tion, travel along the first segment (for a very thin anticathode even these
would be partly polarized). We imagine their electric field strength to be
analyzed into its ccmponents along the directions 2 and 3 of the two other
segments. They fall on a first scatterer Z,, whose electrons they set into
vibrations. Those parallel to 2 have no effect along the secondary segment,
while those parallel to 3 produce on it secondary z-rays, which vibrate
parallel to 3 and are tolally polarized. They fall on a scatterer Z, and set
its electrons into vibrations in direction 3. In this fashion lertiary z-rays
are produced which, however, have the iniensity zero along the tertiary
segment. They have maximum intensity in the direction of the primary
segment. This behavior of the tertiary x-rays proves both the transversal
nature of the primary and the total polarization of the secondary x-rays.

2

X, __ Primary
g O
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Fia. 28. Barkla's arrangement for demon-
strating the transversal nature of x-rays. Z, ,
Zy scatterers (spheres of paraffin).

L

The scatterers Z, and Z; were spheres of paraffine; for heavier materials
the “characteristic radiation’ might have falsified the result.

§20. General Considerations on the Siruclure of Wave Fields of Cylindrical
Symmetry. Applications lo Alternating Current Impedance and Skin Effect

In the following section we will concern ourselves almost exclusively
with surface waves which are guided along bodies of cylindrical shape. Let
the excitation be such that the process is periodic in time with the circular
frequency w. The calculation of the propagation and damping of the waves
as they progress in the direction of the cylinder axis, which we shall choose
as the direction of the z-coordinate axis, then becomes of primary interest.
We leave the cross section of the cylindrical conductor (or also noncon-
ductor) temporarily indeterminate. We express propagation and damping
by a siagle complex wave number h, which differs from the real wave num-
ber k = w/c in vacuum. We consider thus a wave type with the dependence
on z and ¢

exp {i(hz — wt)};
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for the assumed cylindrical structure of the wave field, A has necessarily
the same value outside of and inside of the guiding surfaces; the same
applies of course to w.

We define, in the plane perpendicular to the z-axis, an orthogonal
coordinate system u, v; dz, du, dv, in this order, are to form a right-handed
coordinate system. For the line element in space we write, in accord with
(2.22) of Vol. II:

ds’ = dz* + g} du’ + ¢.} dv". (1)

g« and g, are here given functions of u and v. The cross section (which is
constant, i.e. independent of z, for every conductor) may differ for different
conductors. The coordinates u, v are to be fitted, in each particular case,
to the shape of the cross section: polar coordinates for the single wire,
bipolar coordinates for the two-wire line, Cartesian coordinates for semi-
infinite space (limiting case of the single wire of infinitely great radius).
We set ourselves the problem of computing the transversal components
E.,E,,H,, H, from the longitudinal components E; , H, . This is possible
without making any special assumptions regarding the cross sections of
the cylindrical conductors guiding the wave, without discussing the corre-
" sponding bolipdary conditions, and also without assuming that the wave
equation is separable in the coordinates u, v. The general structure of the
wave field so obtained applies not only for the exterior of the conductors,
but also, with altered choice of the material constants, to their interior.

A. Longitudinal and Transversal Components

The longitudinal components E, and H,, which we shall designate by
the single symbol X, satisfy, as Cartesian components, the simple wave
equation

9 3
@-uﬁ-mﬁxna @)
It has been written in this form for the interior of the conductors, but
applies also to the exterior, where ¢ = 0, & = &, p = w. We put

al
A E’ + ﬂ-v:

where A,, is the two-dimensional Laplace operator transformed to the
curvilinear coordinates u, v. In view of the dependence of the phase factor
on 2 afid ¢ we can write in place of (2) o~

(Awe + E=M)X =0, ¥ = eu’ + tpow. (3)
In the exterior of the conductors k is real { = +/equow= w/c), in the interior
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it is complex. However, by introducing the complex dielectric constant e’
from Eq. (6.18) we can employ the same formula

k = YV Euw (33)
in both cases, if we set

e = g, 4 = we in the exterior, _
' (3b)
e=¢, wu=pu intheinterior.

Actually to integrate Eq. (2) it would of course be necessary to pass to
specific coordinates u, v, which are adapted to the shape of the conductor;
we shall avoid this for the present, however. Nevertheless we may regard,
for what follows, the longitudinal components E; and H. as known func-

tions of space. .
To calculate from .them the transversal components we utilize the
definition of the curl of an arbitrary vector A in any curvilinear coordinates

P, P2, s contained in Eq. (2.26) of Vol. II:

1 (afg.Ao _ ﬂ(w‘lﬂ> @)

curl; A =
' G193\ Op P

and set in accord with (1),

pl:z; P = U, Py =V, gl-ls g2 = Ju gs = G-

By cyclic interchange of the indices 1, 2, 3 and the coordinates z, u, v we
obtain from (4) all the components of the curl occurring in the Maxwell
equations.

We thus calculate from the first and second group of three Maxwell
equations, taking account at the same time of the z, ¢ dependence of the
phase factor,

1 o,

iwuH, = curl, E = {hE, — — =
gu U

—tweE, = curl, H = —hH, + L ?E'.
e dv
On the basis of our convention (3a, b) we substitute on the left w = k/+/eu

and obtain °
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From these equations E, and H, are obtained by simple elimination:
ik — BE, = — ;LLE' -k 1/*‘__“3__}1'

;‘(k'_},’),‘/%ﬂ, - k3B b JudH,

Thus our objective regarding the two transversal components E, and H,
‘has been attained, since on the right there occur only the longitudinal
components which are assumed to be known.

The calculation for E, and H, is carried out similarly. Here the Max-

well enuationr

(5)

iwuH. = —ihE, + L "f’
e Lo
fu Ju

are employed, and w substituted in them once more in accord with the
convention (3a, b). After eliminating one of the two unknowns H, or E,
' we obtain

F‘B E 'ﬂ'ﬂ-
(6)
k ok, h I aH .
— kY - = .
ge OV Fu £ du

We will be able to make good use of these rather brief and abstract
considerations in the following §21-25, where we shall replace our general
coordinates u, v partly by polar, partly by bipolar coordinates. Thus, they
show directly, e.g., that for polar coordinates r, ¢ and non-dependence of
the field on ¢, the pairs of equations (5) and (6), which in general are
coupled, separate into one pair which contains only E., E,, i, and another
which contains only H., H,, E,. This simplification corresponds to the
symmetry of the single wire. In the present paragraph we shall deal with
the still simpler case of rectangular coordinates u = y, v = z for non-
dependence of the field on z. This corresponds to the transition to the
limit: radius of wire —e in Fig. 30. In all these special cases the pre-
ceding general relations take on a readily understood form and may, as
we shall see, be verified directly.

Independently of the choice of u and v a further conclusion may be
drawn which applies for all cylindrical perfect conductors: The velocity j of
propagation on them is always equal lo the velocity of light. We note first
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that the electric lines of force must be perpendicular to the surface of the
conductor and conclude hence E. = 0. Since, furthermore, the energy flux
can have no component in a direction toward the conductor, we must also
have H. = 0. To begin with this applies only to the surface of the con-
ductors. We shall assume however that both longitudinal components
vanish everywhere in the nonconductor without coming into conflict with
the Maxwell equations. It then follows from (5) and (6) (excluding the
trivial solution E, = E, = H, = H, = [I), that we must have h = k.
The wave equation (3) which applies for every Cartesian component of
the electric and magnetic field then passes over into the potential equation.
We shall make use of this conclusion in a specific example (§25A).

B. The Wave Field of Semiinfinite Space and ils Skin Effect

Let the metallic semiinfinite space be bounded by the plane y = 0. Let
the positive y-axis point upwards into the empty space (eventually filled
with air) y > 0 and the wave progress toward the right (poitive z-axis).

Of the two possible solutions (5) and (6) we choose the first, since it corre-
sponds to the wire traversed by alternating current. We hence make the
reasonable assumption

E. = E(y) E,
E, = F(y)rﬂp [ithe — wi)}; Hyp =0 (7
H: = G(y)J Hll'
The differential equation (3) for E, then takes the form
g + (& — KM)E =0, with k' = guw’ + ipw. (8)
Its solution is
E(y) = Ae'Vitiiy + Beiviiiiy, (8a)

For y < 0 k' is complex, for y > 0 it is real. However, wehall, for the
present, assume a very small ¢ > 0 even for y > 0 and pas over to the
limit ¢ — 0 at a later stage.'
We shall choose the sign of 4/k* — h? once and for all sothat it has a
positive imaginary part. _
Since the stete must remain finite for y — =+« we must « in (8a)
for y>0:B =0,
for y<0:4 =0

! In this manner we circumvent some basic questions regarding lis exterior of
the wire which will be deferred until §22,
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Furthermore, since E, must be continuous at y = 0, B must be set equal
to 4 in the two resulting expressions.

In the following we shall reserve the letter k for the real wave number
for y > 0 in the limiting case ¢ — 0. For the sake of distinction the value
of k within the conductor will be denoted by k.. Then (8a) assumes the
final form:

E =
() Lr{ Vi, y <o (9)

Withy = y,v = 2, g, =g, = I’Mda% = 0 we obtain from (5)

r

hA
— ——-—m gfmi ¥y > 0,

F(y) = A4 | (9a)
Vig- g v <0
3
Ko (_ ﬁ e Vit aty y> 0,
» 2lag) = iy (9b)
F ViRV v <o

The factors of @, on the left, denote “reciprocal wave impedances”’, the
upper one the real reciprocal impedance of vacuum as on p. 36, the lower
one the correspondingly defined complex quantity for our conductor. There
we learned already that the dimensions of H and E must differ by a fac-
tor with this dimension.

We now take account of the continuity of H, at y = 0. In view of (3a, b)
this demands

wVk = B _ sVl - R (10)
From this we derive
sk _ o K

1M E g
LTI TR

This value depends in a symmetrical fashion on the constants o, k and u, k,
of the two media air and metal. We find, in particular, for g = u, _

1 1 1
an=nptis (10b)

(10a)
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For a well conducting metal the conduction current (the o-term in k)
exceeds the displacement current (the e-term). We may thus assume

ki 22 v ipow = V21 ?=(l+i}x, & =2 1)

We have then simultaneously
x>k, ie. by (10b) h =k (11a)
In this case one obtains as phase velocity simply:

w

h

as has already been pc:inted out at the end of section A.
From (9) and (9a) there follows with assumption (11a)

in the exterior of the conductor: | E | K | F |,
in the interior of the conductor: | E | > | F |.

EE#
=% c,

' The electric Jines of force thus have essentially the direction of the y-axis
outside of the'conductor, that of the z-axis inside of the conductor.

We will now determine that value of the y-coordinate within the metal
for which E, and hence also J, have decreased to a fraction 1/e of the
value at the surface. We call this value of y, —d. According to our assump-
tions (11) and (11a):

kd=1 d=1«1i. (12)

x k

Since k = 2x/A this is small compared to the wave-length A corresponding
to the frequency w. The current is confined lo a thin skin at the periphery of
the conductor, while the whole tnierior 18 practically free of curreni, We speak
of a skin effect which is known to play an important role in alternating cur-
rent practice. The thickness of the skin is smaller in the degree that the
frequency is higher (by (11) « increases in proportion to 4/w). The follow-
ing table gives some values of d for Cu (¢ = 57.5-10°0"'M ™, 4 = po =
4x-107'QM'S).

Alternating Current Telephone Wireless Telegraphy | Hertxian Oscillations
== 60/sec 1000/sec 3-10%/sec 10%/sec =
L
A= 5:10* km 300 km 1 km 30 em
K = 116 m™! 4.7-10* m™! 8.15-10* m™ 4.7-10* m™!
d = 8.6 mm 2.1 mm 0.13 mm 2.1-107* mm
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We illustrate this by Fig. 29, which, however, does not indicate the cir-
cumstances of a semiinfinite space, but the practically more interestiug
ones for a wire of circular cross section. The straight line 00 for direct
current or commercial alternating current (60/sec) passes over into the
slightly concave curve 11 for telephone frequencies (1000/sec); curve 22
applies for high frequencies proper (e.g. 1 km wave-length) and shows a

01 2
Fie. 29. Variation of alternating-current ampli- 3
tude in cross section of wire: 00, direct current; 11, — g
telephone current; 22 high-frequency current.
01 2

Fia. 30. Transition to the limit from the circular cross
section of the wire (coordinates z, r, ¢) to semi-infinite
space (coordinates z, y, z).

pronounced skin effect. The three curves 00, 11, 22 have been drawn for
the same total current I.
We also illustrate, by Fig. 30, the transition from the coordinates z, r, ¢
of the wire to the coordinates z, y, z of the semiinfinite space.

C. The Alternating-Current Impedance of a Semiinfinite Space

We cut out of the metallic semiinfinite space a rectangular parallelepiped
which is infinitely long in the y-direction and whose upper end surface lies
in the plane y = 0. Let the length of the side parallel to the z-direction be
unity, that parallel to the z-direction be equal to the wave-length \ of the
wave propagating itself in this direction. If, in the following, we neglect
the imaginary part of h (the slight damping of the wave in the z-direction)
we have A = 2x/h. The total current flowing through the parallelepiped is:

[ = f_r J.dz dy. (13)

We define the resistance of the parallelepiped energetically with the aid of
the heat generated within it, which is given by the Joule heat @ integrated
over the parallelepiped and averaged over the time. By Poynting’s theorem
we have for the parallelepiped: #

W.+ Wa+Q = —j's,.da. (13a)

Here the first two terms on the left drop out on taking the time average
because of the periodicity of the process. The Poynting vector on the right
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is onl'y that across the zz-surface (shaded in Fig. 31); the contributions of
the zy-surfaces are gero since H, = H, = 0 and the contributions of the
ys-surfaces cancel because of the periodicity with respect to z. Hence

[ 8udo = -—fdzfs,dx= fE.H.d:c.

If, for E, and H,, we use the values within the metal (which, as we know,
agree with those in air at y = 0 and may be simplified because | h | K | ke |),
we find from (9) and (9b), utilizing the representation (7)

fS. do = A’ j: Refe ™™ Re{1/§ e"‘“*“’} dz.

If, as a sufficient approximation, we substitute here io/w for ¢ and write
for v/i its value (1 + 1)/+/2, we can place the factor («/(2uw))! ahead of

F1c. 31. A block is cut out of the metallic semi-
infinite space y < 0 by the two pairs of planesz = 0,
z = \;z =0,z = 1. Computation of its resistance for
a surface wave progressing in the z-direction.

the integral sign, while the factor 1 + 7 remains in the argument of Re. If
we make the further substitution

1#=h.‘c—wt, dz-%=lﬂ; U = —uwl,

the preceding equation passes over into

A’ v
f Su de —2-;-* m
Since this value has become independent of ¢, it represents at the same
time the time average of Q, which we require for the definition of the
resistance. Taking a time average of the energetic definition of R in (18.6d)
and thus extending it for alternating current we write

6 g+2r 2
f cos u(cos u — sin u) du = :-\-A-; 2 . (13b)
uo 2 2uw

2
A 2. (14)

RP_=Q=-—§~ o

i

In order to compute the value of I* which occurs here we make use of
the loop integral of H about the parallelepiped, e.g. in the plane z = 0
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(indicated in Fig. 31 by heavy arrows). In view of the direction of H
only the edge y = 0,0 < z < 1 of the parallelepiped yields a contribution.
We thus obtain

1
I = f H,dz = H, = G(0)e™"
0

= 1/E Ae™F = z A(l + 1')3_*"
m l/ 2pw :

Before taking the mean square of this we must pass to the real part:

I= ,‘/i A(cos wl + sin wi).
2w

(14a)

We then obtain
=21 4% (14b)
Substitution in (14) yields

R=2X\ 1/"—7" = ?-Lf, referring to (11). (15)

20 g

The meaning of this formula becomes clear if we substitute the skin
thickness d from Eq. (12). It then becomes

A
R = Ir‘ (15&)

A is the “length” of our conductor segment measured in the direction of
propagation of the waves. If we compare (15a) with the elementary formula
for direct current

Ry = L (15b)

go’

we see that the cross section ¢ becomes, in our alternating-current case,

the rectangle
d-1 (d in the y-direction, 1 in the z-direction). (15¢)

In place of the infinite cross section (the yz-surface of our parallelepiped)
available to it the alternating current utilizes, in a sense, only the rectangle
(15¢); expressed differently: the alternating current, which drops off ex-
ponentially within the conductor, behaves, with respect to its resistance,
just as a direct current which is distributed uniformly over the skin thick-
ness d.
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D. The Raylewgh Resistance of a Wire

We now pass from the resistance formula (15) for a conductor with
plane boundary to that for a circularly cylindrical wire of radius a. We
assume here

a>d,

8o that the skin effect may develop freely at the surface of the wire and
its interior remains free of current. We must now, however, consider a
width 2xa of the parallelepiped, rather than the width 1, and imagine its
current-carrying layer to be bent into the current-carrying surface layer

Fia. 32. Resistance and inner inductive reac-
tance for alternating current as function of fre-
quency. The abscissa is proportional to the square
root of the frequency. OA = bisector of the angle
between the two axes. The inductive reactance curve
approaches it asymptotically, whereas the resistance
curve runs parallel to it in the limit.

of the wire. Herewith we have changed the cross section ¢ = d-1 defined
in (150) to ¢ = d-2xa and the resistance R found in (15a) to Ra:

R A
B 2xa 2xasd’ (16)
If, furthermore, we introduce the direct current resistance of the wire
7@’ o

which, like R,, we refer to the same length A and the same conductivity «
as our R, we obtain simply:

R. _la _a
R 24 2"
This is Rayleigh’s resistance formula for high-frequency alternating
current. Fig. 32 indicates its limits of validity. For small « (stationary and
quasistationary currents) R. = R,, in contradiction with (17): Our plotted
curve at @ = 0 is tangent to the horizontal at a distance 1 from the axis
of abscissas (to a higher order of tangency). The approximate representa-
tiom (17) applies only for sufficiently large w. Because of our choice of the
scale of abscissas the direction of the curve for increasing w follows the
asymptote OA, which is inclined by 45° to the axes. The intermediate

17
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region between small and large « requires a more detailed analytical
treatment (see end of this section).

E. The Alternating Current Inductance

The method given so far could yield only the resistance. To obtain in
similar manner the reactance we would have to compute the magnetic
energy W as a function of the current I:

L
W.ﬁi-f’

and this not only for the conductor (inner selfinductance L; , see p. 122),
but also for the surrounding air space (outer selfinductance L,). On the
other hand our analysis of the external field, as carried out up to this
point, would not be adequate for application to the wire, so that in the
following we shall confine ourselves to the interior field and the inner
selfinductance L; .

For this however, we have a more general and also simpler method
available, namely that of the impedance operator of Eq. (18.10):

RI=E R=R-iul,.

‘We put E equal to the field strength E. (voltage per unit length of our
conductor) at its surface y = 0, so that, suppressing the phase factor, we
have by Eq. (9) E = A, where now both R and L have to be referred to
unit length. We obtain I from (14a), where we again suppress the time

factor:
o o

We find as the ratio of the two

E K
7 = (1 — i) pt
so that, by (18),
R=2_01-9% R=-w=" (19)
I o o

With respect to R this agrees with (15) if X is replaced by our present unit
of length, and shows at the same time that the inner inductive reactance

! We have changed the sign of the imaginary unit as compared with §18 in order
to be able to employ the preceding formulas for I and E directly. In them the time
factor was written in the form exp(—iwt), while in §18 exp(+iwt) occurred in the
corresponding formulaa.
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wL; is equal to the resmistance R. This applies generally for a conductor
bounded by a plane, but applies also to the circularly cylindrical wire in

Rayleigh’s limiting case of sufficiently high frequency.

F. Further Treatment of the Alternating Current Field of a
Circularly Cylindrical Wire

In order to close the subject of this section it is necessary to utilize
some formulas which will not be derived systematically until §22. We are
concerned first of all with the longitudinal alternating current field in a
wire of radius a:

E: = CJH('::T)' (m)

Jo denotes the Bessel function of order 0 which is continuous at r = 0.
(Just as previously, the phase factor should be imagined to be added.) In
the following k is to signify the compler wave number in the interior of the
wire, not, as before, the wave number in air. The coefficient C in (20) is
determined from the current density J = ¢KE, in the wire and the total
current / by the later Eq. (22.3d):

kI 1

C = = e Tilka); (200)
From (20) and' (20a) we obtain for the current density J

-f__ JE_{I Jolkr) .

Jo 2 Jolka)’ (21)

Jo = I/(xa®) is the direct-current value of J

Eq. (21) may serve to check our Fig. 29. For low frequencies the argu-
ments kr and ka are small in absolute value. Then the expansion (22.3c)
and its derivative may be employed:

s = 1= (8 +5(8) -6 (8) =

(21a)
=41 40+ 0= )
o= T g 3\3/ T12\2
substituted in (21) this leads, with due regard of (11), to
kr : 1 k?‘)‘ _1- 2 _ 1 4
J_ 1‘(5)*“3(5 BRI RoCin LA
Jo 1_1(“2)2.{__.{(’55)‘_ I_E{x{;}*__l.{m)‘
B 2\ 2 12\ 2 4 48

! We employ here and in the following (unlike Vol. VI) the symbol J. in accord
with the practice followed in Vol. I of these lectures and in American physics and
engineering literature generally.
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From this follows

1
R e

—

J

T (21¢)

1
18

1+ = (xa)!
As compared to the direct-current straight line 00 in Fig. 29 there occurs
thus a dip, which on the axis of the wire (r = 0) has the depth (xa)'/48,
and a rise at the periphery of the wire (r = a) to a height which is five
times as great.

At high frequencies we obtain asymptotically, according to (22.7) and
(22.6a):

Jolkr) = (wkr/2)™ cos (kr — x/4) (22)
J _ka a\! cos (kr — =/4) £]=ﬁ a\! s
L 2 (F) sin (ka — x/4) ol V2 (r) ™ (220)

In view of the sharp decrease for r < a the whole interior of the wire is
practically free of current; the magnitude at the edge is xa/+/2 times as
.great as in the direct-current case.

. The same formulas also yield a closed expression for the operator R in
Eq. (18).- By (20) and (20a) we have

E, _k_ Jo(ka) ka Jo(ka)
BT T " e Tl T T 2 ) B

where R, is once more the direct-current resistance per unit length, 1.e.
1/(wa’c). Hence we have for low frequencies (by (21a), expanding in powers
of xa):

R el _iqoe 1o

E E 1 i (Kﬂ) + 4.8 (:a.) .

The separation of the real and imaginary parts yields:

E=ldgla, %= (238)

Ro

On the other hand, we obtain, from (22) and (22a), for very high frequencies
simply:

(23b)



170 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONSB 21.1

This agrees with our earlier results (17) and (19), obtained for the con-
ductor with the plane boundary.

Our approximations (23a, b) permit us to check also Fig. 32 and to
interpolate for the intermediate region between low and high frequencies.
At low frequencies, by (23a), the resistance curve approaches the straight
line R = R, as a parabola of the fourth order and at high frequencies it
approaches the straight line OA in Fig. 32 from above. The curve for the
inner inductive reactance starts at low frequencies as a parabola of the
second order' and approaches’ at high frequencies the same straight line
from below.

§21. The Coil Carrying Allernating Current

Inasmuch as in §17 we had to defer the treatment of the direct-current
field of the circular wire as mathematically too complicated, the rigorous
treatment of the alternating-current field of a long coil appears to be out
of the question. We hence make the same approximation as on p. 25,
i.e. replace the coil, which we assume to consist of a single closely-wound
layer, by an infinitely long hollow cylinder of uniform metal. Let its axis
(z-axis) be vertical and let it be traversed by horizontal circular currents
‘whose intensity distribution we shall determine. Let the inner radius of
the hollow cylinder be a, the outer radius a + d.

A. The Field of the Coil

As in the direct-current case we assume that the magnetic excitation is
zero outside of the coil, uniform?® within it and parallel to the coil axis, so
that we may write

H=0forr2a+d H=H,=He"forr g a. (N
We must then assume the H-field to be parallel to the cylinder axis also
in the metallic conductor, i.e.
H=H,=H{r)e ™ fora <r <a+d

1 This statement applies to the product «L plotted in the figure; L itself has for
w = 0, in accord with the meaning of «* = wrw/2, the non-vanishing value

L= Ropoa® _ »
4 2 8r’

in agreement with §16C.

* This approach is a true tangency for w — = ; on the other hand, the curve for
the resistance remains even for @ — « a finite ::.maunt Ro/4 above the straight line
OA, as‘would be shown by a more precise formulation of the approximation (23b).

* This customary and practically unavoidable assumption for infinite length of
the coil is, strictly speaking, not permissible in Maxwell’s theory. It contradicts the
equation, applying for the nonconducting interior space, D = curl H and is, in view
of curl H = 0 equivalent to the neglect of the displacement current D.



21.5 THE COIL CARRYING ALTERNATING CURRENT 171

H. must satisfy the general wave equation (20.2), which yields, for H(r),
the differential equation

AH(r) + K'H(r) = 0, k' = epw’ + tuow. (2)

Transformed to polar coordinates z, r, ¢ it is integrated in terms of Bessel
functions. We do not require here, however, the particular solution Jo(kr)
as in (20.20), but the general solution containing two constants, which
we write preferably in the form

C,Hq(kr) + CsH(kr). (22)

H' H* are the two Hankel cylinder functions, about which we shall give
some information in the next section. In particular we shall familiarize
ourselves there with their asymptotic behavior for large values of the
argument p = kr — o

Hlu(.P) — 1/2 ei(-—ﬂl}, H:(p) —_ 1/2 e—i(p—-ru}‘ (21))
p xp

Since for high-frequency alternating current invariably | k | a >> 1, we can
limit ourselves in the integration of (2) to these asymptotic values and
~ can write
wkr
From Eqs. (1) we have the boundary conditions
H@+d) =0 and H(a) = H,.

They are satisfied if, by special choice of C;, C:, expression (3) is trans-
formed into

H(r) = / 2 (CL M0 4 e r19), 3)

sin [k(a 4+ d — r)]
sin (kd) '
Having found in this manner H. as function of r (we may also say as a
function of the polar coordinates z, r, ¢) we can now utilize §20 A. It is true
‘that now we are not dealing, as there, with a wave advancing along the
z-axis, but with ordinary (stationary) alternating current, for which the
wave number h given there vanishes. In fact our present Eq. (2) passes over
into the earlier (20.3) for X = H,, h = 0. Furthermore we must not employ,
as in the preceding paragraph, Eq. (20.5) (electric type), but Eq. (20.6)
(magnetic type). This yields the transversal components H, , E, expressed
in terms of the longitudinal component H, . We are particularly interested
in E, *Withg, = 1,9, = r, H = 0, (20.6) yields:
i M dH(r) et J

Bo=—3 e dr v

(4)

Hir) = 4/%H,
T

&)
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If we carry out the differentiation with respect to r only in the factor
sin{kiea + d — r)} (the square-root factor is “slowly variable”) and if
we denote the value of J on the inner surface of the coil by J,, we ob-
tain

_ acos {k(a+d — 1)} o g €08 (kd) —iue
J J,,_ ; —— (.‘:d} ' J‘ ‘MFV; Ifﬂ m [ . {ﬁ)

Passing to the discussion of the field, we distinguish two cases:
a.|k|d>1 and b.|k|dK1;

we of course continue to adhere to the original assumption | k| a >> 1.
a. High-Frequency Allernating Current with not too Small Coil Thickness.
Since we take the imaginary part of k to be positive we have then

| a—-iﬂ [ >> I Eihi I

and, more particularly near the inner coil boundary also:
| a——i'HaM--l'] 1 > 1 e'ikfl-l-d—ﬂ |

Hence (4) yields, forr = a,
H (r) o Hﬂgikl{r—n}’ {7)

which signifies a steep exponential falling off at the inner boundary of the
coil. By (6) the currerit density shows a similar steep exponential decline:

J o2 Je*r, (7a)

Jo = io 1/35 Hoe™ (7b)

We thus have a pronounced skin effect at the inner surface of the coil.

b. Small Coil Thickness and Relatively Low-Frequency Allernaiing Current.
We may then expand Eqs. (4) and (6) in powers of kd and, particularly
in the neighborhood of r = a, also in powers of k(a 4+ d — r). We indicate
only the first term of these expansions: :

H(r)=~ H, ated—r r
d
Fig. 33 illustrates this graphically: At the left is shown the behavior of
H(r), at the right that of J. The curves 0 correspond to the limiting case b,
the curves 2 to case a, and the curves 1 to an intermediate case. All three
pairs of curves refer to the same H within the coil and hence also to the
same total current I in the coil.

J=J,. (8)
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B. Resisiance and Inner Inductive Reactance of the Coil

We wish to compute these quantities per unit length of the coil and must
first know the total current passing through this unit length. It is obtained
by integration of (5) with respect to r:

+b
f Jdr = C{H(a +d) — H(a)}e ™ = —CH, e,
in view of the meaning of k and ¢’ wehave
9

a 4+d+ a cd

. ria. 33. etic field and current distribution in a single-layer coil: At the
left, magnetic field H(r) = H, , at the right current density J(r) = J, . The curves
0 and 2 correspond to the limiting cases of direct current and high- -frequency alter-
nating current, curves 1 to intermediate frequencies with the same total current as
in the two limiting cases.

To refer this total current to the current I flowing in a single wire of the
coil we set it equal to N7, where N is the number of turns per unit length:

I = E-TH _h‘ (93.)

With this value of I we write the equation
(R — wL) = E

where we must set the voltage £ equal to the field strength on the inner
surface of the coil, i.e. equal to J./s. We thus obtain from (6) and (9)

Nkcm(hd} Nkc + ™
o sm(kd) o ek _ gad’

For a discussion of this expression we write, as in (20.11), k = (1 + )«.
The demominator of (10) then becomes

(IO -0

R — wlL =

(10)

i
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We multiply numerator and denominator with the complex conjugate of
this quantity, whereupon they can be expressed in terms of the trigono-
metric and hyperbolic functions of 2kd. We obtain

N« sinh (2¢d) + 14 sin (2xd)
‘o cosh (2xd) — cos (2xd)

R — iwLl = (1 — 1) (11)

so that, separating real and imaginary parts,
N« sinh (2xd) + sin (2xd)

R = Coeh (@) — cos (2ed)’ (11a)
N« sinh (2xkd) — sin (2xd)
ol = = oeh (2xd) = cos (2xd)’ (11b)
For direct current (xd — 0) (11a) yields
N
Ry = ot (12)

corresponding to the direct-current resistance per unit length of a wire of
rectangular cross section with the width d of the coil (not to be confused
with the layer thickness d of p. 162) and the height 1/N, We have therefore

R _ 8ok (2xd) + sin (2«d)

Ro cosh (2xd) — cos (2xd)’
wL _ o sinh (2«d) — sin (2xd)
R, cosh (2xd) — cos (2xd)
. More particularly we consider the two limiting cases a and b of p. 172:
a. xd >> 1. Then sinh(2xd) = cosh(2xd) — «, s0 that

R wL
—= e == 1
7= T xd, (13a)
b. xd < 1. By expansion in powers of 2«d, and retaining only the first

nonvanishing term we find from (12a, b)

R 4 ‘ wlL 2
= 1+I§(Ed):

(12a)

(12b)

2

oA E = 3 (xd)". (13b)

These results (13a, b) are represented qualitatively once more by Fig.
32. Also now the direct-current straight line B/R, = 1 is approximated at
- low frequencies to the fourth order and the axis of abscissas is parabolically
tangent to the curve wL/R, at the origin. At high frequencies both_gurves
again approach the 45° line asymptotically. Only the scale of abscissas,
now given by «d, differs from that given before since the skin effect occurs
here unilaterally, on the inner surface of the coil.
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However much more important than the inner selfinductance, to which
we have limited ourselves, is of course the external selfinductance of the coil
In the discussion of the coil traversed by direct current (§17, Eq. (15))
we were exclusively interested in the latter. With the limitation mentioned
in footnote 3, p. 170 (neglect of the displacement current) we can transfer
the value found there directly to the alternating-current case.

With our idealization of the problem (closed ring currents in horizontal
planes) we could circumvent the determination of the electric field within
the coil and leave the boundary conditions for this field out of consideration.
Actually the currents are, in view of the finite pitch of the coil, not exactly
horizontal and there exists, from turn to turn, an external electric field of
complex character which is predominantly axial in direction. Our elemen-
tary treatment evidently does not suffice to determine this field.

C. The Multilayer Coil

We imagine the several layers, n in number, to be placed one over the
other without intervening space, idealized as hollow cylinders of thickness
d/n, and traversed in series by alternating current I of uniform magnitude.
Let the insulation of the successive layers be perfect, though by assumption
infinitely bhin'f;i_the same is to apply for the insulation of successive turns in
any single layer.

In view of the magnitude of the loop integral of H about a single layer,
i.e. over a rectangle of height 1 and width d/n, the magnetic field decreases
by NI for each layer (N = number of turns per unit length along the axis
of the coil). Hence we find at the boundaries of successive layers, from the
inside outward:

Hy=H, H,=H-NI, Hy=H-2NI, .- ,H,=
H —nNI = 0.

The factor exp(—iwt) must be thought of as added here, and in the follow-
ing. In the »th layer the magnetic field satisfies the differential equation
and the boundary conditions:

(14)

H, r=a+{w—lJ§,
AH + RH =0, H = ; (15)
H; T=ﬂ+r;-

The differential equation is again integrated by the superposition of the two
Hankel functions, for which we can substitute their asymptotic values from
Eq. (2b) since kr is very large; furthermore we can treat the denominator
A/kr as slowly variable in comparison with the exponential functions and
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include it along with the remaining constants (exp{—ir/4} and 1/2/x)
in the amplitudes C,, Cs. Eq. (3) is then simplified to
H = Ce™ + Cee™™.

The following expression, which at the same time satisfies the boundary
conditions (15) and hence represents the magnetic field in the »th layer,
is of this form:

. thcua{k(r—a— r—4%) g)}
nm(k%) ”
)
ain{k(r —a—-(»—1) g)}
— NI
ain(kg)

In particular we obtain for the first layer,a < r < a + d/n,» = 1

"“’{"("“‘5)} in (£ (r - a);
H=H n/) . Np3REN T Y (16a)

I

We need consider only this formula if now we wish to determine the elec-
tric field E, at the inner surface of the coil and from this theimpedance
operator R = R — iwL of the multilayer coil.

To begin with we obtain for the current density J, , for which we shall
consider right away the value for r = a, from (5) (see also (9)):

. d
gin (k --)
J.=c(£f) - — Hb— 2 4 oNpp— L
dr /a d ) d
COoS (k —) sin (.'c -)
2n n

We here set H = nNI (see last of Eqs. (14)) and obtain after simple trigo-
nometric transformation,

ncna(kﬁ)— (n — 1)
Ja - ka n .

sin (k :)
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Hence we obtain

d
nms(k-)H (n — 1)
EnE,n%J. and R=Z Nk n

I .
’ sin (k E)
n

which, for n = 1, is identical with Eq. (10).
We divide R by the direct-current value B; of R, obtained by passing
to the limit w — 0, i.e. k — 0:

and find

R nua(k {-i)-—-(l-l)
Ry . d
sin (k E)

. The separatjon of (17) into real and complex parts is rather complicated.
If-as before weiset k = (1 + %)k, it yields

sinh (2:: ‘-i-) = 8in (2: ‘f) -2 (1 — 1)
n n n
. (ainh(x c—i) . ma(x 93) =+ cosh (x é) . ain(x g))
L/ -
uk/Bs omh(zxif)-cm(zuf)
n n

Thus, thanks to our extensive (possibly excessive) idealization of the prob-
lem, we have obtained a quite simple final formula. The frequency band
for which our formula is valid has an upper limit determined by the char-
acteristic frequency of the coil; as we approach the latter our notion of
equal current in all turns obviously becomes invalid. It should also be
emphasized that our formula presumes the regular superposition of the
layers and does not cover the spiral interweaving of the turns (Dolezalek,

litz wire) which is preferred for practical reasons (suppression of the skin
effect).

§22. The Problem of Waves on Wires

As is well known, the experiments of Heinrich Herts dealt with “surface
waves’’ progressing along wires as well as with “‘space waves” propagated
freely through the air. Hertz expected their velocity also to be equal to c,
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but could confirm this result neither experimentally nor theoretically. The
reason for his experimental failure was the influence of the walls of the
laboratory; the reason for his theoretical failure, an excessive idealization
of the problem. He treated the wire as infinitely thin and hence could not
set up electromagnetic boundary conditions. This was first accomplished
in .a paper by the author' which yielded for the velocity of propagation a
value nearly equal to—more precisely, slightly less than—c. It was here
essential that a phase velocity exceeding ¢ could be excluded by a condition
at infinity., The experimental difficulties were overcome by E. Lecher
(see §25) by using & fwo-wire line. In the present section we shall confine
ourselves to Herts’s problem of the single wire.

A. The Field within and outside of the Wire

While in the preceding section the Maxwell equations were utilized
only in part, inasmuch as not only was the displacement current within
the conductor neglected, but to some extent also that in free space, we must
‘now adhere strictly to these equations. The problem is symmetrical about
the axis of the wire. We make it the z-axis of a cylindrical coordinate system
~z, r, ¢. Then for all components 3/d¢ = 0 and only the components

E.,E, H, (1

differ from zero. As in §20 we set them equal to products of the common
factor

E—iﬂ I+ dhz ( 1 n)

with a funection of r only. Let the time variation be purely periodic, i.e. w be
real, and the phase propagation take place along the positive z-axis; k
must then have a positive real part.

We deal first with the Cartesian longitudinal component E. . It satisfies
the wave equation (20.3), in which we put u = r, v = ¢. If, in place of r,
we introduce the dimensionless vsariable

o= VE—Rr (1b)
and set
E: - F{ﬂ)ﬂ-i“H'; (2)
we obtain for F the differential equation
1d ( dF)
1a( N p=
s H\2 5 + 0 (3)

' Ann. d. Physik, Vol. 67, pp. 233-290, 1899.
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or, with the differentiation carried out,

d'F _|. -— .|. F o= 0. (3a)
dp*
This, as well as the more general equation
d'F ldF ( ')
F=0
a7 + p | (3b)

is known as Bessel's differential equation. We have dealt with it already
in Vol. II, §27. The solution which is continuous for p = 0 was represented
there, in (27.7), by the series

=1 o\ __ .1 (e\M, 1 ")‘H_...
Ja(p) Il(i) _11-(n+1)1(§) +21{n+2]!(§ (3¢)

For all that follows n may be assumed to be an integer. For n = 0 we obtain
the representation (21a) for Jy(p) employed in §20, from which we see
directly

Ie) = = 2 0o, [elele) do = W) (3d)

Within the wire, r < a (a = radius of wire), where E, must nowhere
become infinite, our function F is thus determined but for a constant by
its differential equation (3):

F=CJo(p) for 0<r<a. (4)

Outside of the wire (in air) ¢ = 0, & = &, p = u, 80 that k = w/c is
real. For the sake of differentiation we shall denote the complex value of k,
which applies within the wire, by k; as in §20. Since the condition of con-
tinuity at r = 0 plays no role outside of the wire, Eq. (3) has to be integrated
generally. This is done by the two “Hankel functions of order 0”, already
mentioned on p. 171:

Hyp) and  Hilp).

We shall deal in detail with these and the general Hankel functions of
order n in Vol. VI, §19. It must here suffice to enumerate some of their
principal properties:

a. The functions H and Hj become logarithmically infinite for p = 0,
sincé we have, for small p:

s

21 2
Hi'p) =1 Zlog Tt -oo = kT log oo 5)
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v i8 related, to the Euler-Mascheroni constant

(+ +3+ - +§-logn)=o.5772m,

D

For |
logy = 0.5772 -+ ,v = 1.781 -+ (58)

(log here denotes, as always, the natural logarithm.)

b. The Hankel functions are branched in the complex p-plane, just as
the logarithm. To make them single-valued we must provide a branch eut
in the p-plane, e.g. along the negative imaginary axis. If we set p = | p |€”,
we thus limit the angle ¢ to the values —x/2 < ¢ < 3x/2. In this sense we
speak of the principal branch of the Hankel functions, just as we speak of
the principal branch-of the Io?n

¢. The Hankel functions H,(p) a.nd H(p) of order n are defined as solu-
tions of Eq. (3b) in such fashion that also their representation contains a
logarithmic term for p — 0, i.e. that the branching mentioned in b applies
also to them. However, the determining factor for their singularity is not
this loga.rit.h'mic term, but the term which becomes most strongly infinite:

" (n — 1)1 /2\" . (n — D1 /2\"
PRATRUELA L) N R e B

The logarithmic singularity and the branching disappear for the sum of
the two functions H,. The regular solution of the differential equation
(3b) is obtained in the form

Talp) = $HWp) + H(p)). (6a)

d. For p — = we have as asymptotic representation of the two principal
branches:

HI,'.{F) - Vz ‘ib-{ﬂilﬂﬂl | H: (ﬂ) = ﬁ a—i(r—(-ﬂir!!}‘ (cn
Tp Tp

Thus H", vanishes for large p in the positively-imaginary p-halfplane, H%,
in the negatively imaginary p-halfplane. The two together vanish for
large p only on the real axis. J. becomes, by (6a), infinite everywhere at
infinity except on the real axis. In view of (6a) and (7) we have at infinity
in the positively imaginary p-halfplane

7o+ @

e

After these insertions, which unfortunsately were necessary for what
follows, we return to our actual problem. We make the convention that the
sign of the square root in (1b) is always to be chosen so that its imaginary
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part 18 positive. This covers the case that the root is itself complex. We
must however also take into account the possibility that the root is real
and that b < k.

In the first case the only possible formula for the exterior of the wire is

F(p) = AHip), a<r< o, A = const, (8)
since, by (7), Hi(p) becomes infinitely great for r — w.
In the second case
F(p) = AHy(p) + BHYp), a<r < w. (9)

i8 & possible formula since now, for real o, both H vanish, by (7), as p~*.
A and B are for the present arbitrarily disposable constants,

What is the meaning of this case? Since according to (2) the phase
velocity of the wave is equal to w/h and since w/k is equal to ¢, it implies

phase velocity > velocity of light.

We supplement our representation of K, by that of the transversal com-
ponents K, and H, , which is obtained most readily with the aid of the gen-
eral rule (20.5) (where however the terms with H, are of course omitted).
If for the pregent we designate the functions of p appearing in E, and H,
with G(p) and E(p) this yields

a |
G(P) - k: _ fi’ aﬁ‘;f-p) = ‘\/;;':F F ’(.P)‘ {10}

%k aF(p) '17 :
ViR -p - pmre. W

B. The Boundary Condition at Infinity
As for the surface wave in §20 we are also now dealing with a process
which draws its energy from the end of the wire at 2 = — ». We hence shall
demand that the total energy flux through a cylindrical surface r = R coaxial
with the wire vanishes:
S == 2‘.'{"8;-},—. = 0. (12}

If as an abbreviation we designate the phase hz — wf by $ we obtain
=tk dF(p) }
i® £ Pl i
Sr = E,H.p RE{F(p)E } RE{ ; m dﬂ e ;
We consider the second case, in which 4, V'k* — h?, and p were real. Eq. (9)
then applies for F(p) and we obtain, indicating all immaterial constant fac-
tors by . .. and utilizing the asymptotic expressions (7) with n = 0:

S = ---E{Alﬂﬂﬂlf‘f"i‘#—r/i} — B'cos' (@ - p + x/4)}. (128)
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It is significant here that the factor r/p remains finite for arbitrarily large
r = R and that the phase ® may take on any real values. Our requirement
(12) can then be satisfied only by

A=B=0

This signifies: In the second case wire waves cannot occur; they would have
to be fed by an artificial arrangement of energy sources al infinity, which
contradicts the physical meaning of the process.

Conditions are different in the first case, where p has a positive imaginary
part. According to Eqgs. (8) and (7) the field outside of the wire decreases
here exponentially as r — « ; the energy flux § vanishes in similar manner.
Only this case is relevant for us. By Eqs. (2), (4), (8), (10), and (11) we
caleulate the corresponding field within and outside of the wire, and dis-
tinguish the complex k. within from the real k outside, as well as the com-
plex e’/ within from the real &0/ 1o outside as in (20.9a, b). Furthermore
it is convenient to redefine the constants C and A so that all components

are multiplied with Y- inside and with VE =¥ outside of the

wire. We thus obtain the following tabulation:

0{r<u:n p= k% — Rhir a<r < o, F=mf

E, = @ CJo(p) E.= -———"'”:.‘,""" AHq(p)
13
E, = CJolo) E, = AHyp) (18)

k k /
//‘E’?Ht"‘fc'!;(ﬂ) Aﬂysiﬁﬂu(ﬂ}

H, is identical with Hj ; the prime at Jo and H, indicates differentiation
with respect to the argument p.

C. The Boundary Condition at the Surface of the Wire

E. and H, must be continuous for 7 = a. Hence we must require

01 Clo(ps) = pAH), 4/ ® L CTApD) = ﬁmff:w
u o (14)

oo = VEL — kg, p=+k - ha
By eliminating the amplitude factors A and C we obtain the transcendenial

equason Hy k pudol
- pHo(p) gop K prdolpL)
Hye) = 1/;;&; ToeD) (14a)

We regard this as the determining equation for the as yet unknown wave
number h. However, Eq. (14a) can be greatly simplified by taking account
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of the fact that if the material of the wire is a good conductor p, is a large
complex number with positive imaginary part so that Eq. (7a) is applicable.
With its aid the right side of {143. may be transformed into

1/ km_ ‘*““ka (14b)
L

Since | €' | > g its absolute value is small compared with 1. Furthermore
the left side may also be simplified. Since it must be small we may use
Eq. (5). We then obtain for the left side of (14a)

21

Comparison with (14b) then yields as the final form of our transcendental
equation

2
10g2 = —%ulegu with u = (Ip-) . (14¢)

L

ulogu =v with v=— 'L ¢/ (15)
2 € o

For its solution it is possible to employ a peculiar method reminiscent of

‘the continued fraction. This rests on the fact that log u varies slowly in

campa.nson with u. Hence if an nth approximation %, has been found, an

n -4 1* approximation may be obtained from
Uns1 1OE Up = 0. (15a)
We may begin, for example with % = v and put, in accord with (15a),

U = — (15]))

the exact initial value is of little importance since it is corrected step by
step in the subsequent approximations. Furthermore, by (15a):
v v v
= = = — . 15
Tog ) Us ete (15¢)

v
lﬂg EE; lﬂg

log ——
o8 log v

Consider, for example, a copper wire with radius a = 1 mm and the fre-
quency given farthest to the right on the table on p. 162, which corresponds

to a wave-length of 30 cm and a value ka = 2.1-107", For the corresponding
value 01_" x taken from the same table, (15) yields

v = —(1 +1)-7.2-107".
We begin with
uy = (1 + 4)-3.6-107"°, (16)



184 DERIVATION OF PHENOMENA FROM MAXWELL EQUATIONS 22.16a

where log v, occurring in (15b), has been approximated by —20. We then
find from (15a)

up = (4.1 4+ 4.50)-107°,  u; = (4.2 + 4.61)-107%; (16a)

We thus have already arrived at the limit of convergence of our “continued
fraction.”
From this value of u we find by (14¢)

p = -; = —(53 +58)-10% (16b)
and by (1b)
B o=k 5‘; (53 + 58)-10™, h = k{1 + (60 + 6.60-107}. (17)
We form |

p = (1= (60 +66)-107) (17a)

, and conclude from this, since w/k = ¢, that the phase propagation lags behind
"¢ by only 6-107° ¢. On the other hand we see from our field factor exp(ihz)
that the amplitude is reduced by a factor 1/e only after traversal of a dis-
tance z given by

k66-10°z=1 z=720m. (17b)

This corresponds completely to what is expected : Nearly undamped propaga-
tion with ¢ as phase velocity.

There are however also conditions for which this expectation proves to
be erroneous. Consider, for example, a Wollaston wire of platinum with a
radius @ = 2-107" em; the conductivity of platinum is 8 times less than
that of copper. Let the wave-length in air be 1 meter. Then

x = 9.2-10° em™, ,‘/zlf_i =1 —1)-034-107", .= (1 + 9)-02.

The argument of Jo in (14) is then no longer large, so that we must use
Eq. (3c) in place of (7a). It yields

J a(PL}
Jolpr)

a.nd for the ng,ht side of (15), with the meaning of ¥ unchanged, the valuu
v = —1:7.0-10"". Our transcendental equation thus becomes

= —(1 — 1):-5.0

ulogu = v, v= —4.7.0-10"
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If, once again, we put u, = —ﬂ/ﬁ'), we obtain by (15¢),
w = (—0.29 4+ 3.50)-107° ¢ u,
and

p == -%u = (0.36 — 4.44)-107",

a value of the same order of magnitude as that found before in (16b).
However the further calculation becomes quite different because of the
smallness of @ = 2-10™ em. In place of (17) we find in om™

h* = k' — 0.0009 + 0.011 %

It 18 now no longer adequate to retain a first term in a binomial expansion,
since here k* = (2x/)\)' = 0.0039. Instead we obtain |

h = 0.085 + 0.065:.

From this follows for the length of wire‘nloug which the wave amplitude has
been reduced by a factor 1/e:

1
| o065 ~ 1o em
and for the phase velocity «/0.085. Division by the veloeity of light w/k
yields

k =
0.085
as the ratio of the velocity of wave propagation and the velocity of light.
The former lags behind the latier by 26 per cend.

The reason for this abnormal behavior evidently lies in the extreme thin-
ness of the wire, which increases the alternating current impedance and
prevents the development of a normal skin effect. The interior of the wire
is then no longer free of current; the current distribution no longer has the
character of curve 22 of Fig. 29, but that of curve 11. The field is then no
longer “immunized” against Joule heat loss. Damping and propagation
become anomalous.

§23. General Solution of the Wire-Wave Problem

In the preceding section we have derived that particular solution which
is related to Herts’s original problem of wire waves. The question arises
as to whéther there is a more general solution. This question was proposed-
to D. Hondros as subject for his Munich thesis." At the time it seemed of

' Ann. d. Phys. 30, p. 905, 1909.

0.74
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purely theoretical interest, remote from any practical application. It
has been found since that it possesses close analogies with the theory of
cavity conductors (§24), at present a favored field of communications en-
gineering. Furthermore, it may be utilized advantageously for the theory
of the Lecher two-wire line which first. converted Hertz’s single wire into a
functioning system. Also the “wire waves in nonconductors” which fit
into Hondros’s formulation of the problem have found practical application

A. Primary Wave and Eleciricol Secondary Waves

We call the solution in §22 the principal wave; for it | p | was small and
hence | o, | large. In the converse case that | p| is large we speak of a
secondary wave, Then, by (22.7), the left side of (22.14a) becomes equal
to —ip, i.e. also large, in absolute value. The denominator on the right side
of (22.14a) must then become very small. p, must hence approximate one
of the infinitely many and frequently tabulated roots of

J;(p)=0, F=w;r wrlr"': (1)
generally w, , where we shall note in particular
w, = 3.83. (1a)

By Eq. (22.3d) these w, are identical with the roots of Ji(p) = 0. (We want
to reserve the symbol w, for the roots of Jo(p) = 0.) In view of the meaning
of p. given by Eq. (22.14) we have then approximately

Al e R — (E:)’. @
a

For & well-conducting wire h, is thus approximately equal to k. and we can
write, for all moderate values of » (see (20.11)):

hy =2 (1 + 9)x. (2a)

From the formula for phase and damping exp(—iwt + thz), which is to be
interpreted as before, we find: All secondary waves are exceedingly strongly
damped in their progress along the wire; their amplitude decreases by the
factor 1/e in the short distance 1/x. Thesr phase velocity w/x 18 small com-
pared to the velocity of light ¢ = w/k, the ratio of the two being equal to k/«x.
The secondary waves also behave oppositely to the principal wave with
respect to the character of the field. By (2a) we have outside of the wire

- p =K — hir= (=14 O«
and by (22.7) | -
Hiyp) ~ ™™  for a<r<=.

By (22.8) this signifies a skin effsci outside of the wire. In its interior, on
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the other hand, the argument of Jo(p) is real since
p=kI —hr= wi%(w’, real)

and hence J(p) is of the order of magnitude 1 for0 < r < a.

The entire interior is filled by current. Considerable Joule heat is generated
here, which explains the rapid damping of the wave in its progress along
the wire and makes any observation of the secondary waves tllusory.

B. Magnetic Waves

While we derived the electrical principal and secondary waves from
the general Eq. (20.5), we obtain the magnetic waves from (20.6). We
here set E. = 0, H, equal but for a constant to the Bessel function J,
inside, and equal to the first Hankel function H, outside of the wire. If
we take the corresponding transversal components from (20.6) we obtain,
withu =r v =9 9. = 1,9, = r:

Of-:rc:a, p=k} —hr a <r< o p=kK—hr
'4/£H - ._.._\MDJ,(,) 1/@;; - V¥ =B ey
e’ " T\ ik N th

1/;1, H, = DJ}(p) 1/;5: H, = BH)p) @

~ B, = %"DJE(p) —E, = %BH;(p).

From the requirement of continuity of H, and E, we now obtain the bound-
ary conditions

p.DJo(ps) = 1/ z';—:upBHo(p), k. DJo(pr) = kBHy(p).  (4)

Here we have put p = v/k? — h* a, p, = k% — I a, asin (22.14). The
reader may prove to his own satisfaction that the second of these condi-
tions assures at the same time the continuity of B, , taking account of the
relation &’ = eouw’, which we shall also use in the following.
Elimination of B and D in (4) leads to the transcendental equation

Ho(p) _ e k prJolpL)
"Te) N anks 7 olo) ’ (6)

whose right side differs materially, even in order of magnitude, from that
of (22.14a). We ask whether (5) has a solution of the type of the principat
wave h = k, i.e. p < 1. Then the left side would, by (22.5), be of the order
of p log p, i.e. in absolute value « 1, while the right side, by (22.7a) and
since p, = k.a, would be approximately equal to {&’uo/(eou)'ka, i.e. in ab-
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solute value >> 1 since | €’ | >> & . This applies even for soft iron where
u i8 much larger than o . The assumption h == k thus leads to a contradic-
tion. There 18 no magnetic principal wave; the magnetic waves all have the
character of secondary waves:

"2
p1>1, S0, Kk —(;:),

as in (1). The earlier comments on the eleciric secondary waves may be
transferred without change to the magnelic secondary waves. Their field
also shows a skin effect outside of the wire and is rapidly damped in the
interior by Joule heat.

C. Asymmetric Waves of the Electromagnetic Type

We now consider processes without rotational symmetry about the axis
of the wire and empley for the representation of E, the more general solu-
tions of the Bessel differential equation

Ja(p) cos (ng) or  H.(p) cos (ng) (6)

in place of the functions Jo(p) and Hy(p). We readily convince ourselves
then that the former three-component solutions E, , E, , H,and H, , H, , E,
are no longer sufficient, but that all six components of E and H must occur
in the solution. We must now combine with the formula (6) for E, the
formula

Jn(P}
H . (p)

for H., so as to give all terms in (20.5) the common factor cos (ng), all
terms in (20.6) the common factor sin (ng). We thus obtain from (20.5, 6)
for the interior of the wire, with p = 4/k1 — h?r

E, = —-———""jf“ CJ () cos (ng)

] sin (ng) (6a)

E, = {CJ a(p) + — k"ﬂ DJ {p)} cos (ng)

—E, = {E CJa(p) + %"DJ '.(p)} sin (ng)

! —
EH. = __"k:h"’ DJ. (o) sin (ne)

(7)

EH = {: ? CJ.(p) + DJ.{p)} gin (ng)

h =2 ¢J(p) + % DpJ, {p)} cos (ne).
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The phase factor exp(—iwé + _ihx) is again to be thought as included.
The constant coefficients in £, and H, have been so chosen that (7) passes
over into (22.13) for D = 0 and n = 0 and (after the permissible inter-
change of cos and sin) into (3) for C = 0 and n = 0.
Proceeding likewise for the exterior of the wire we obtain, with
p= v‘tl i h’r
E, = —-—""k;_"" AH (p) cos (ny)
' kn
B, = {45.0) + 5 B} con ()
n | .
—E, = <- AH,.(p) + EBH‘{‘D} gin (ny)
1/_H = Yl k’;k % BH,(p) sin (ng)

g/, = {2 % 4.G) + BH.(p) sin (ne)
1/7 H, {AH.(F) + - BH-(F)}GN (ne).

We now tum to the boundary conditions between interior and exterior
atr = a. With p = v/i* — h*a and p, = v/k% — h? a we obtain from the
continuity of E, and H,

pCJ n(FL)' = pAH -{P): (9)

PL DJ:(PL} = QFBHn(F): g = z{i- {gﬂ-}

and from the continuity of E, and H, the two conditions
€2 Juon) + D FIWo) = ATH) + BLHWp, (10

®)

¢ ki Tiod + D2 Julor) = 4 LH,G) + B T HiG).  (10)

The constants A, B, C, and D are to be eliminated from these four equa-
tions (9), (9a), (10), and (10a), most simply in the form of a four-row
determinant. We divide their columns immediately by H, and J, and find:

P 0 PL 0
0 ae 0 PL
n kH, n kl.ao an
p hH, PL h Ja
kHy gn kaJy n
WH, , h®T. o
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This transcendental equation is to be regarded as the equm'im determining
the wave number h, which occurs not only explicitly, but also implicitly in
p, pr, H'/H, and J'/J. The electric and magnetic components of the
wave are coupled by it. An uncoupling occurs only in the symmetrical case
n = 0, for which (11) may be separated:

Jo _ H, Hy . Jg
{PELJ pr gk Hq} {Pr.k Hu - pgke. ‘Tu’} = (. (11a)

When set individually equal to zero the two parentheses correspond ex-
actly with the transcendental equations for the symmetric magnetic and the
symmetric electrical case, i.e. with the earlier Eqs. (5) and (22.14a).

We utilize (11) below only to answer the question whether in the unsym-
metrical case a state of the character of the principal wave is possible.
We thus assume °

o J'n . H, n
hEk, Pgnr l.PLl>>1, J_‘_’-"! ﬁ:_b_;;

the last two statements follow from Eqgs, (22.6) and (22.7a). We then can
neglect, in the first two rows of (11), not only gp, but also p in comparison
with py, . ’Ihm the determinant (11) breaks up into the product of the two
subdeterminants

y -k
pr O . a\? h qn’
0 po = an q(;) k 1 Tt (1%
h
The product of the two yields
2
# — k1) 5

Set equal to zero this leads, for n = 0, to h = =k, , which contradicts our
requirement h =< k. There is hence no asymmetric principal wave. We must
refer to Hondros’s thesis for the rather complicated solution of the tran-
scendental equation for the secondary waves.

D. Wire Waves on a Nonconductor

The dissipation of the secondary waves on the metallic wire by Joule heat
raises the question as to whether secondary waves on a dieleciric wire
might be observable. According ta Hondros and Debye this question_is to
be a.nswered in the affirmative.!

1 D. Hondros and P. Debye, Ann, d. Fhys. 32, p. 485, 1910.
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We shall consider a “water wire”’ (which may be imagined surrounded
by an infinitely thin-walled glass cylinder). In view of the absence of ab-
sorption A is real, so that 4/k* — h? is either real or purely imaginary. The
first possibility (h < k, propagation with a velocity exceeding that of light)
is excluded by the prohibition of radiation, in accord with §22B. Hence
v'k®* — h? and our former p = 4/k* — h? a become purely imaginary. On
the other hand, p, = 4/k? — h? a is real. For we have now, since ¢ = 0

k; = gpm’ = L Eommz = ﬂ,zkzr
€o Ko
where n 1s now to denote the refractive indez, in accord with Maxwell’s law
in Eq. (6.7) (not, as up to now, the order of the Bessel functions!). For
water we have in the high-frequency range (decimeter waves) n = 9.

We introduce the two real quantities
t=VRH-—Fa n=+nk-Ra, (13)

which will serve as rectangular coordinates for a graphical representation.

All our earlier formulas, in particular those for symmetrical waves,
remain valid for our present case of real £, 3 insofar as they do not contain
approximations. Eq. (22.14a) now takes the form

it Ho(i%) 2 Jo(n)
Ho(ig)  n'Joln)
For ¢ — 0 and { — « its left side varies, according to (22.5) and (22.7) as
it log X8 |
—.2— = E’lngE and as t—% = ¢, respectively.
1/i¢ 23 v
It thus becomes equal to zero and infinity along with ¢. Hence the right
gide of (14) must also vanish for { = 0; this is not the case when 5 = 0
(since J4(0) = 0), but only when

(14)

Jo(n) = 0. (15)
On the other hand, the right side of (14) becomes infinite for
Jo(n) = —Ji(n) = 0. (15a)

We shall represent the variation given by (14) graphically in the £n-
plane. On the ordinate axis we mark the roots of (15) and (15a), which al-
ternate with each other. As on p. 186 we call the sequence of points

¢ '] ¥
Wy, Wy, Wy, *** and Wy, Wy, Wy, - "

and noteg in particular
w, = 2.40. (15b)
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We draw lines parallel to the axis of abscissas through the points = w;,
¢ = 0. The points y = w,, £ = 0 are initial points of curve branches of
the desired representation, which must approach the horizontal straight
lines = w; asymptotically for f = .

There exists however, according to (13), also the relation

E o= — DR = (0 — 1) (2_?)’ (16)

between £ and n. This means that the desired solutions of (14) must also
lie on circles about the origin of the ¢y-plane with radius

n=2xvVn — 12, (16a)

A

where ) is the “wave-length in air” corresponding to our state of vibration.
Hence we must lgt. the curve branches intersect with the circles (16).

ﬂ':'

F1c. 34. Wire waves on & nonconductor. Plane of

the real coordinates f = v/h* — k*a,n = vVl —~ Rt

a. Construction of the roots of Eq. (14) with the aid

55 of the roots wy , wy , --- of Eq. (15), Jo(n) = 0, and

S, \ the roots w, , w,, --- of Eq. (15a), Ji(y) = 0.

Depending on the magnitude of A there are zero, one, two, or even more
intersections. Our figure shows directly:

iry

'w
L ]

Ty

For rn. < w, there 18 no intersection.
For vy < n. < w, there is one intersection.
For ws < n < w; there are two intersections etc.

According to (15b) the first root of Jo(n) = 0 is wy = 2.40. The mazimum
permissible value of A which corresponds to this least value of r for which
a wire wave is just still possible is, according to (16a):

For our “water wire” with radius @ = 1 cm this is

274/80

80
Amax 540 23.4 cm.
Lionger wave-lengths than this cannot be propagated along it. Thus we find
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ourselves in the range of the ‘“‘decimeter waves” which is of such great
interest at present. _

As ) is reduced there is one possibility of propagation, represented by
the first intersection S, in the figure; as X is reduced still further, corre-
sponding to r, > 5.52 being increased, there are two possibilities, given by
the two intersections S; , S; in the figure. The first, at small §, yields h =2 k
(velocity along the wire nearly equzl to ¢), the second at larger ¢ (h mate-
rially larger than k, velocity of propagation appreciably less than ¢) corre-
sponds to an n which is nearly equal to the first root of J,(n) = 0, which
according to Eq. (23.1a) is w; = 3.83. In the first of these two cases the
electric lines of force are nearly perpendicular to the surface of the wire and
the decrease of the field outward is slow (the asymptotic decrease e *
is attained only for large r). In the second case, where £ is quite large, we
have a skin effect outwards, as for our auzriliary waves for the metallic wire.
The first case has the character of the principal wave on the outside, with
the difference that the interior of the dielectric is filled by current (y real
and of moderate magnitude). Similarly, for still smaller ), the large number
of vibration states then possible are arranged between the limiting cases of
principal ahd auxiliary waves. At the same time the phase velocity of the
wave varies between the velocity ¢ in vacuum and that “in water.”

The above results predicted by Hondros and Debye were verified most
successfully by G. Southworth in the Bell Laboratories. Also in Germany
such dielectric wire waves have been profitably applied in communications.

§24. On the Theory of Wave Guides

In the preceding section we have seen that electromagnetic fields may be
held together and guided by the surface of a non-conducting rod and that
they protect themselves against outward radiation by a skin effect. This pro-
tection will be complete if we embed the non-conductor in a metallic tube,
whereupon the condition of a sufficiently high dielectric constant may be
omitted and the dielectric within the tube may also be air. We thus arrive
at the configuration of the wave guides, which have become important in
high frequency practice.

We consider in particular the cylindrical wave guide, since its treatment
may be deduced directly from the preceding formulas. Let e be the radius
of the metallic envelope, which for the present will be assumed to be a
perfect conductor, and h the wave number of the propagation. It is real
since the wave is damped neither by Joule heat nor by radiation. There are
electric and magnetic waves of symmetrie type and also of asymmetric type.

We write for the symmelric electric waves, a8 in (22.13), omitting the ampli-
tude coefficient C' and the phase factor exp(—iwt + thz):

E, = k’—dl—h’ Jﬂ(P)r E, = J;(F)r V%HF = EJ'I(PJ {1)
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For known E, these formulas also follow directly from the relationship of
transversal and longitudinal components in (20.5). The boundary conditions
reduce to the single equation E, = 0 for r = a, since for H, the required
condition of continuity is satisfied by a surface current induced in the
envelope. Thus, with p = 4/k* — h? @ we have

Jo(p) = 0, p=w,ws, W - with w, = 2.40. (2)
From the definition of p it follows that
2
] 2 w, w w _
» ] — —_— 1 h’ » —_— —_— = .
hy = k (a) <k R i (22)

The phase velocity w/h, along the tube thus exceeds the velocity of light.
As for our dielectric wire there is a lower limit for the wave number £,
i.e. an upper limit for the corresponding “primary’ wave-length” A = 2x/k.
It corresponds to h = h; = 0 (phase velocity infinite) and yields by (2a)
o wy 2r 2% 2%

J‘;.|:|:|dn"".:';r", hmﬂk—-;—aﬂﬂmﬂ. (3)
Since a is of the order of magnitude of centimeters all the following con-
siderations apply to the centimeter-wave region. The number of possible
states (or “modes”) of type (1) depends on the frequency w or, what is
the same, on the primary wave number k = w/c. According to (2a) this
number is equal to the number of roots w, which are less than ka.

The magnetic symmelrical waves are represented, according to (23.3),

1/511, - VBB ,‘/EH, = Iie), —E, = 5T, @
£ th £ h

corresponding to the general scheme of Eq. (20.6). The single boundary con-
dition which must here be fulfilled is B, = 0 for p = 4/k* — h* a. It demands

Jo(p) = 0, p=m;,w;,---w:,---withw;=3.83 (5)

and yields, as in (2a), values of h, which are < k. The upper limit for the
primary wave-length lies somewhat lower than for the electric type. It is

2r 2r
lm=;{a-=3.83a. (5a)

To pass over to the asymmetric types we start from Eqgs. (23.7). In view
of the reduced number of boundary conditions we may now however set

! By the “primary’’ wave-length we understand that of the exciting oscillation,
which of course has the same frequency w as the wave guide oscillation excited by it.
This'primary wave-length is actually simply a measure of the frequency w which is
familiar to the engineer and convenient in dimension. The wave-length in the wave-
guide can be determined uniquely only in the axial direction and is A\ = 2x/h, whereas
the primary wave-length is 2x/k = 2x¢/w. FOF Aprim ™ Ames, Aex = ® gince b = 0.
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one of the two amplitudes C and D equal to zero, the other equal to 1. This
simplifies the formulas considerably and leads to an asymmetric electric
(D = 0) and an asymmetric magnetic case (C' = 0).

For the asymmetric electric type we obtain:

E, = %"’ Jalp) cos (ng), He=0
E, = J'\(s) cos (ny), ﬁ H =527 sin(ne) (6
£o hp .
E, = - Ja(p) 8in (ne), ,‘/EH.. = EJ:(F‘) cos (ng)
p € h

and for the asymmetric magnetic case, if, for convenience, ne is exchanged
for ng + =/2,

E: = D, V%H: = g"‘k%h:“f‘fl(.p) cos I:”"P)
B= kP0G sin (), g/ H, = i) cos (ue) @)
L Be= —f 0 eostu),  g/2H, = =2 1.()sin ()

For n = 0 (6) and (7) pass over into (1) and (4).
The boundary conditions for r = a, p = v/k*¥ — h? a require

for (6): E,=E, =0, i.e. Ja(p) = 0,
for (7) E,=0, ie. Jalp) =0.

As in (2) and (5) we call the roots of these two equations again w, and w,
and distinguish them when necessary from the former by the addition of
the argument n, writing thus w,(n) in place of w,(0), w,(n) in place of w,(0).

The following table indicates the relative position of the smallest roots
in the doubly-indexed twofold system w, w':

Ji =0 Jo =0 Jo=Ji =0
wi(l) = 1.84 wy(0) = 2.40 w1(0) = 3.83 = wy(1),
we(1) = 5.33 wy(0) = 5.52 wa(0) = 7.02 = wy(1).

It shows, contrary to expectation, that the magnetic asymmetric wave with
n = 1, and not the eleciric symmetric wave with n = 0, possesses the smallest
root. Also for the second root » = 2, in the second row of the table, the
sequence of these two waves is the same as for the root » = 1. The thifd
column shows finally that the electric symmetric wave is succeeded by the
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magneltic symmeiric wave with n = 0, which yields the same root as the
electric asymmetric wave for n = 1 since Jy = —J;.

In view of this the wave-length Awax given by (3) is not the absolute
upper limit for all waves that can be propagated in the guide, but rather
the wave-length

Mmax = —— @. (8)

Are=

iy

F1a. 35. Transversal fields of cylindrical-guide waves, ordered according to the
limiting wave-length Amax/a. Full lines, electric; broken lines, magnetic lines of force,
both represented in the cross section of their antinodes. Open beginnings or ends of
the lines of force indicate their being bent out of or into the direction of the axis.
Customary engineering notation: TM magnetic, TE electric type; first subscript,
azimuthal number of nodal lines; second subscript, radial number of nodal lines
within the guide.

Thus, if the frequency is increased continuously (continuous reduction of
the primary wave-length) and if the exciting elements are suitably disposed
in space, the electric symmetric wave is not the first to appear, but instead
the magnetic asymmetric wave with n = 1. The electric symmetric wave
follows and, after it, the magnetic symmetric wave simultaneously with
the first asymmetric electric wave n = 1, as illustrated in the series of pic-
tures in Fig. 35. -

So far we have discussed only exactly circularly cylindrical tubes. Every
deviation from circular symmetry occurring along the tube is equivalent
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to a disturbance in the symmetry of the excitation and hence occasions
the appearance of new secondary waves of different symmetry, which leads
to difficulties in the practical application of the desired modes of oscillation.

Also a tube of elliptical crosssection may be treated directly by the general
method of §20A, since the wave equation is separable in the elliptical
coordinates u, v (see Vol. II, Problem IV 3). It is only necessary to put
E., H, equal to a Mathieu function (function of the elliptical cylinder)
F(iu) or equal to the product of two such functions F(su)- F(v); the trans-
versal components E, , H, ; H, , E, may then be written down immediately
with the aid of Eqgs. (20.5) and (20.6).

We shall still glance briefly at tubes with rectangular cross section. Since
there can be no question of a symmetrical wave in view of the shape of the
rectangle (sides b and ¢ in the y- and z-directions) we give right away the
general formulas (n apd m arbitrary integers) corresponding to Eqs. (6)
and (7); the amplitudes of E, in (9) and H, in (10) have, just as in (6) and
(7), been chosen in a manner convenient for what follows. As before, the
phase factor exp i(hx — wi) must be imagined as included.

1
E.-:r'(g-l-l-%—')sin(nrg)sin(mrg), H, = 0,

'B, = t'h%-'n:m(nr %)ain(mrz), 1/%3, - -;: E,, (9)
. mr . v z Mo k

yam -5+ o)) m-o

1/:::}{, = —ﬁ%’sin(nrg)cus(mr:), E, = ;Véﬂn (10)

ﬁﬂ.--—iﬁ—m-fcm(nry)ain(mrf), E,-—EVEH,.
€ ¢ b ¢ h €

The wave number h is determined in both cases by the differential equation
AX + kX = 0, which must be satisfied for every one of the Cartesian
components of E and H. Substitution of either (9) or (10) readily leads to

1
h'+r’(%+'—';—')=k’=(%), A\ = primary wave-length.

The maximum value of A for given n and m, below which the tube is capable
of oscillations, occurs for h = 0 and is

Anax =
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If, as we may assume, b > ¢ the-absolute maximum is attained for n = 1,
m = 0 and is

Amax = 2b.

As Leon Brillornin has noted, these and similar oscillations in guides can
be constructed elegantly and instructively by the superposition of ordinary
plane space waves which interfere at the tube walls.

The same idea leads also directly from the progressive waves derived
above to characteristic standing waves in e.g. a rectangular parallelepiped
or & circular eylinder of finite length. Essentially, the wave number h must
simply be replaced by an integer multiple of »/a where a is the length of the
third side of the parallelepiped or the length of the cylinder, respectively.
‘We will discuss this in greater detail in Problems II 7 and II 8 and treat, in
Problem II 9, the radially symmetric characteristic vibrations of the sphere
as well. The characteristic vibrations of the rectangular parallelepiped, in
particular, find a useful application in microwave practice for the deter-
mination of the frequency of the primary excitation by the resonance
principle.

More difficult questions arise in the practical application of wave guides,
where, instead of perfectly conducting walls, the finite conduetivity of real

" smetals and the heat loss in them must be considered; the latter has, up to

the present, prevented the propagation of waves in guides over great
distances. Also the shaping of the ends of the guides into conical or horn-
shaped openings raises questions upon which we shall not enter here.!

§25. The Lecher Two-Wire Line

Mathematically this is the generalization for high-frequency alternating
currents of the quasistationary two-wire line tr2ated in §18. Its advantage,
compared with the single wire traversed by alternating current, rests in the
fact that the field outside of the wires decreases more rapidly than for the
single wire, so that the disturbances by the surroundings discussed on p. 178
are avoided.

The phase of the alternating current in the two wires advances in the
same direction, say in the positive z-direction; the direction of the current
itself, on the ether hand, as in §15E, is opposite in the two wires. We might
say: For the same z positive charge flows in one wire through a given cross
section, negative charge in the other. Also the charge accumulated on the
surface has at any moment, for equal z, the opposite sign in the two wires.

! We refer to the comprehensive textbook of S. A. Schelkunoff, ““Electromagnetic
Waves,”” Van Nostrand, New York, 1943, which was published as a Bell Monograph
and is widely employed in the United States, as well as to the lectures of L. de Brﬂ;‘f&.
“Problémes de propagation guidée des ondes électromaegnetioues.” Paris. Gauthier-
Villars, 1341.
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We call this a push-pull excitation. However, the mode in which charge of
equal sign flows in both wires (and is accumulated at their surface) may also
be realized. We then speak of parallel excitation. The conditions of excitation
determine which of the two states occurs. Any asymmetry of excitation
results in the appearance of both wave types. However, we only call the
push-pull arrangement a ‘‘Lecher system.” For parallel excitation the situa-
tion is quite similar to that for the single wire (§22) and is fraught with the
same experimental drawbacks.

G. Mie' succeeded in giving a complete theoretical treatment of the
Lecher problem as early as 1900. The following representation,’ which is
both simplified and rounded out to some extent, deviates from that of Mie
more in form than in substance. Like Mie, we introduce a system of bi-
polar coordinaies, to which the circumferences of the two cross sections,
assumed circular, belong. These coordinates would be the ideal mathemati-
cal medium if the wave equation were separable in them. Unfortunately
this i1s not the case (see Vol. II, Problem IV.1). We hence must employ
methods of approximation which rest on the replacement of the wave equa-
tion by the potential equation in the yz-plane. However, this approximation
is valid only for sufficiently good conductivity of the material of the wire
and in the extenur of the wires. Inside we must caleulate with ordinary
eylindrical pular coordinates. The comparison of the two formulas at the
surface of the wires leads to a clear-cut equation for the determination of h,
the wave number, which in the push-pull case becomes even simpler than
for the single wire, being algebraic in place of transcendental. In the parallel
case it is practically identical with that for the single wire.

G. Gentile Jr. has proposed a procedure which differs from ours and from
Mie’s.’ In accord with the general methods of perturbation theory he super-
poses on the symmetric wave propagated along the first wire the totality
of asymmetric Hondros waves from §23, each multiplied by a disposable
coefficient. He seeks to fit these coefficients to the boundary conditions
on the first and second wires, in which process he has to utilize the gen-
eralized addition theorems of the Bessel and Hankel functions. This leads
him to an infinite system of simultaneous linear equations for the co-
efficients. However he and his collaborator T. Magri failed to obtain an

- approximate solution of it. On the other hand, our procedure leads to a

direct and explicit determination of the infinite number of coefficients
which must be introduced.

! Ann. d. Phys. 2, 201, 1900,
1 It rests on a detailed study of the problem by Mr. J. Jaumann; he also has made
availabl® to me the elegant treatment of the limiting case ¢ — = given in the sus-

ceeding section A, which we owe his late father, the wellknown physicist G. Jau-
mann of Briinn.

* Nuovo Cimento, Vol. I, pp. 161 and 190, 1943.
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A. The Limiting Case of Infinite Conductivity

For ¢ — = the waves propagate themselves with the velocity of light ¢,
so that h = k, as has already been pointed out at the end of §20A and
follows directly for the single wire from Eq. (22.15). Then the three-dimen-
sional wave equation for each Cartesian field component becomes the
two-dimensional potential equation, in accord with Eq. (20.3). This may
be solved by the method of conformal mapping for arbitrary cross-section
peripheries (which need not be circular, nor even the same for the two
wires). The method can also be applied when the excitation is not purely
periodic and monochromatic, i.e., when our phase factor exp(i(hz — wf)}
is replaced by an arbitrary function f(z ~ ¢f).

It is true that the longitudinal components E,, H., which were con-
gidered first in Eq. (20.3), vanish in the limit A — k, since for infinite con-
ductivity the electric lines of force are perpendicular to the surface of the
two conductors, and the magnetic lines of force also lie in the planes z =
const. Hence we have for the longitudinal components, in a first ap-
proximation

E# = 0, H: = (). (2)
On the other hand, the Cartesian transversal components E, , E,, H, , H,
may be detérmined almost directly from the fact that as solutions of the
two-dimensional potential equation they form an electrostatic and a corre-
Erpondanig magnetostatic field. They are most simply combined in the vector
formula

E+{1/§;H-mdw, w = u -+ w (2a)

w = w({) is a function of the complex variable { = y 4 1z, which may be
constructed by conformal mapping; the transversal E- and H-components
are obtained as gradients of the real and imaginary parts, » and v, of this
complex function.

The conformal mapping for our two identical circular cross sections is
known to us from §19 of Vol. II. Fig. 26 given there is reproduced in the
following figure with the notation to be employed here. Both systems of
lines of force are circles. The electrical lines of force v = const. proceed from
the fixed points @, , @, of the family of circles; the magnetic lines u = const.
have their centers on the real axis of the {-plane, on which §, and @ also lie.
Let the center of the system M be the origin { = 0. Our function w is given
by Eq. (19. 10) of Vol. IT which in the present notation (u, #, {, {o in place
of p, ¢, 2, ¢) and with a convenient choice of the constant A takes the form

el

Sl O 3)

1 As before, the factor (ue/es)'/* must be applied to H for dimensional reasons.
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+ &o are the (real) values of { corresponding to Q. and Q,, respectively.
u and v, as real and imaginary parts of w, have the same meaning as the
parameters p and ¢ of the bipolar coordinate system defined in Eq.(19.10b)
of Vol. II. Of the magnetic lines of force, those have been drawn heavy in
Fig. 36 which are supposed to correspond to the cross sections of the wires
(radius a@). Their centers 0,, Oy do not coincide with the points Q,, Q: .
We call the latter, as sources of the electric lines of force, source points
(three-dimensionally they are source lines parallel to the axes of the wires).

vetde e +02r
Ddr
0.8
L]
- b
2 'k =af=[p= "
_;ﬁ ' ...-.:l' pml) —
|
’ 1
+iy=+ - o= =04
=04
»oe —0dr
tm=01s ra =3¢

F1a. 38. The families of circles of the bipolar coordinates u = const, v = const
with the fixed points (source pointz) @ , Q. The peripheries of the two wire cross
sections u = +u, are indicated by heavier lines; 0, , O, are their centers, a their
radius. The center M of the figure is the origin of the complex variable { = z + 1y.

In the sense of Eq. (9.8) Q, and @, are their mutual elecirical ymages with
reference to the fwo circular eross sections, i.e. are transformed into each
other by the “transformation of reciprocal radii.” With the designations

0Qi=0:0:=f, O0Q=0&=F, OM=0M-=1%
we have hence

Y ff=d, [+F=B, F-f=2. 32y
Solution of a simple quadratic equation then leads to
F=b+vbi—-a, f=b-vVb-a& fu=+vb-d (@b
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B. The Exterior of the Wires

According to Problem IV.1 of Vol. II the line element of the bipolar co-
ordinates may be written

2 2 1 coshu — cosv
ds’ = g'(dv’ + dv®), R (Y (4)

As compared with the general orthogonal line element in Eq. (20.1) we
thus have here the special (isometric) case g. = g, = g¢.

The electric lines of force, represented in Fig. 36 by the family of circles
v = const, have the direction of increasing u, the magnetic lines of force,
represented by the orthogonal family of circles u = const, have the direction
of increasing v. For the particular line elements ds, , ds, of the two systems
of lines of force we obtain from (4)

ds., ds,
iﬂa’“ﬂ. (43-}

Wé write Eq. (2a) separately for the u- and v-directions:

. owdu 1

E. PH, = —— = -
+11/;H ouds, ¢’

i

y m —.Eﬁ@i:—
E'+'1/=;uﬂ' dvds, ¢

Separation of real and imaginary parts leads to

- é __1=cﬂahu-—matr _ Ho -
E. 1/&3, =~ —pa B 1/;3,. 0. (5

The last is obvious since the electrie lines of force have the u-direction, the
magnetic, the v-direction. Furthermore, in spite of the vanishing of the
longitudinal components E, and H, noted in Eq. (2), we wish to obtain a
somewhat closer approximation for them as solutions of the two-dimen-
sional potential equation. This is, in terms of » and v,
g , @
Bys = 5’;“, + E’J! = 0.

It is integrated by particular solutions of the form

:ﬁ E:g} cos (nv), :::]l: E::;} sin (nv). (5a)

Here 7 is a positive integer, For n = 0 these functions are replaced by the
linear function

au. (5b)
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The addition of a term by is not permissible since E, and H. must be unique
functions of space, whereas the coordinate v changes by 42 after revolv-
ing once about one of the wires, i.e. is multivalent. Furthermore, the
addition of a constant ¢ to (5b) is excluded since E, and H. must vanish
at infinity (¥ = v = 0). In view of the symmetry of our problem we write
E, as.an odd function of v and as an even function of v, H, , vice versa, as
sn even function of u and an odd function of v:

=Eﬂu+ Elﬂlﬂhﬂﬂmp+Egﬂmh(2'u)m(2u)+
6)
J‘/ H, H; cosh u sin v + H, cosh (2u) sin (2v) + - - - (

In justification we consider two symmetrically placed points u, v and
—u, v to the right and to the left in the figure. In the push-pull case,
which alone interests us to begin with, the currents flow in opposite direc-
tions in the two wires; the same applies to the z-components of the dis-
placement currents outside of the wires. Hence E. is, in our two points,
equal and opposite. On the other hand H, has the same sign in the two
points in view of their position to the left and to the right of the two wires.
, Consider now two pumts u, v and u, —v in the figure, above and below
the straight hne v = {2} . In them E, has the same sign and H, opposite
signs. The formulation (6) is hence justified.

We already know of the coefficients E;, E;, -+, Hy, -++, from (2),
that they vanish in the first order for A — k. To obtain more detaiied
information we best turn back to the general relations (20.5) and (20.6)
which before served for the calculation of the transversal components
from the longitudinal ones, and which we shall now employ to determine
the longitudinal components to the first order from the transversal com-
ponents known to the zero order of approximation. Since g, = g, = g, sub-
stitution of (5) and (6) in (20.5) and (20.6) leads to

i(k* — h*) = —hEy — (hE, + kH,) cosh u cos v - - .
i“‘:! - hi) = —kE; — (kEy, + hH,) cosh u cos v - - from (20.5)
0= (hE, + kH,) sinh usiny - --
0= — (kE, + hH,) sinh usiny ...  rom (20.6)
We conclude therefore:
" 2 2 sy 2
By LB i = B) o gy, ™
h k
He-t'Be-Yp~-5 ®

The sign =< signifies here “equal but for higher terms in A — k”. It is
readily seen that the same applies for H,, H;, --- as for H,. We have
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thus determined E, and H,, Hs, H;, - -+ H.. The E,, E;, - -+ E, remain
indefinite from this point on and are disposable for what follows.

To conclude the consideration of the exterior of the wires we write down
the expression for H, on the periphery of the first wire as we approach
the latter from the outside: Since this periphery is a magnetic line of
force, we have here 4 = const, say = +u, . We utilize the abbreviation

p=2¢e" (9)
and obtain from (5)

o o 1 1_ ) -
;‘/&H. F—f( +p 2 cos v for u = +u. (9a)

C. The Interior of the Wires
Since, as in the preceding sections, we have within the wire

kv = Vew? + tpow = Vepw

in place of k and since | k. | > h, we do not attain our goal with solutions
of the potential equation in bipolar coordinates, but must employ actual
solutions of the wave equation in ordinary cylindrical coordinates. Hence
« we introduce at the center e.g. of the first wire a new complex variable
‘n = re” with'the origin O, and we must deal with the mutual transforma-
tion of our two systems, polar and bipolar coordinates, particularly at the
periphery of the wires. This is furnished by Eq. (3) if there we express {
in terms of the new variable 5. Referring to Fig. 36 and Eqgs. (3a, b) we set

n—F
n—1f

ftb=n (Fnma-bF VI =

and obtain from (3)

) utir f — & n = F
. ¢ ‘ t+8 a2—f (10)
inversion leads to
wir
n = rgi" = 'f—-—-----‘ﬂ —F (103)

estv — 17

The coordinates r, ¢ are thus expressed in terms of the coordinates u, v
and vice versa. '

Thus by forming the absolute value of (10) and squaring it we find for
the periphery of the first wire, where we should have ¥ = 4w and r = q,

e _ 2 _0" —f e —f d+f —2fcoe
¢ P =0 —F aew—F &+ F—2Fcose
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Since p is independent of ¢ this equation is satisfied only if, after multiply-
ing through with the denominator, the factors of cos ¢ on the two sides
are equal, i.e.

~2ap'F = —2of, p=4/L

7
or, in greater detail, in view of the reciprocity relation in Eq. (3a),
.o !
P $=F= 3 | (11)

From the same Eq. (10) we find for r = a since p < 1:
iv — F/a -1 ~io —ip 4 2 ey
€ p@"—f‘{ﬂ-_ ﬂ" P € )(1+FE +pﬂ +" }

=p+ @ —-1De” + (@' — pe* + ... (11a)
and hence

cosv = p+ (p’ — 1) cos ¢ + p(p’ — 1) cos (2¢)
+ p'(p" — 1) cos (3p) + --°
On the other hand we find from (10a) for r = a, making use of (11):

(12)

e* - f’__—:::_, e™ = (p— )"0 —pe™™  (13)
The real part of this equation is, forn = 1, 2, 3,
co8p =p — (1 — p’) cosv — (p — p') cos (2v)
—(p" — p*) cos (3v) + ---
cos (2¢) = p’ — 2(p — p) cos v + (1 — 4p* + 3p*) cos (20) + --
cos (3p) = p' — 3(p" — p*) cosv + (3p — 9p’ + 6p°) cos (20) +

As the general expression for the field inside of the first wire we use the
superposition of the system of partial waves in (23.7), where however we
need write down only the expressions for E, and H, :

B= YEZF 3 0.7.6) oon ()

V_Hf { CaJ n{P} + - Dan(ﬂ)} co8 (“‘F’)

By superposing here all possible asymmetric Hondros waves we implicitly
and in the most general fashion take account of the unilateral effect of the
“second wire”’ on the interior of the “first”.

(15)
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D. The Boundary Condition H, = H,

Preiviously the amplitudes C, D could be chosen arbitrarily for the
individual partial wave. Here we do not consider the individual partial
wave, but the superposition of all of them, and must fix the amplitudes
Ca, D, of each partial wave by the requirement of continuity in passing
over to the exterior field.

To this end we compare the expression (9a) for H, , after having replaced
in it cos v with the series (12), with the representation of H, in (15). Tak-
ing account also of (11) we obtain as factor of cos (ne) in (9a)

4/; 21' - p) = [ (16)

We write for the cumespondmg factor in (15):

& v ks h  mn  D,J
—Ca=2J% {1 ——-—-'!—,“}. 16
XA TARHE ey (168)
Here J./J» has the order of magnitude unity, as was noted at (22.7a). Of
the multiplying factors the first two are very small quantities; the same

applies for D,/C,, a8 we shall confirm later on. A comparison of (16) and
1(16a) thus yi¢lds directly

e 4/B0onh 290"
R Ty An) o

The case n = 0 requires special consideration because of the constant
term appearing in the expression (12) for cos v. We here obtain in place of
(16) and (16a)

1 £ k
,1/%};.—_}-("? + -5) = Eé and —1/: * CoJo(p), respectively

and hence
h 1
_ M —_— 7 .
Co “ &' o k. aJ o(p) (172)

With these expressions for C, and C; the continuity condition H, = H,
is satisfied.
E. The Boundary Condition for E. and the Law of Phase Propagation
Substitution of (17) and (17a) in (15) leads to the expression for E.
e £ — i (Jolo) J..

e 1o d:;,a o{P)
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which, in view of | k| > | k| amd J./J» = 7, may be simplified to

—&f(l-{d Ep eus(nw)) (18a)

Here we imagine the Fourier series (14) substituted for cos (ne) and com-
pare then (18a) with the representaiion (6) for the exterior of the wires,
where we put v = +u :

Eywuo + E, sinh u cos v 4+ Es sinh (2u) cos (2v) + --- (18b)
Equating of the factors of cos v, cos (2v), cos (3v) on the two sides yields
E, sinh

_2p € p 201 4ot 2
== Em{ -9 +20°(0 - p)+3p' (1 —-2)+ -},

o (19)
2
E,ginh (2u) = 21’ /!/3‘:;{1— pP— (1 —4p" +3p) + -},

. P
E,; sinh (3u,) = 2P 1/5?& {1 -9+ -}
a e’ g

+ Thus the cogfficients E, of the exterior field, left indefinite up to this
point, are detérmined for n > 0; their values may be further simplified by
utilizing

. 1 . : 1,

sinh %4 E’ (1 D), sinh (2u) = ﬁ;‘ (1 —p),

What, however, is the status of the coefficient E, , which was fixed already
by Eq. (7) and hence is not disposable for satisfying the boundary condi-
tion? Fortunately it contains the as yet undetermined quantity k. The
remaining condition, containing E; , thus serves for the final defermination
of the propagation constant h, which here as for the single wire is of primary
interest. The equation in question is obtained by comparison of the terms
in (18a, b) which are independent of v and is

—Eyup = 1/5”3_1(14.2 E1ph)'

If here we substitute values from (7) and (9) for E, and u, and carry out
the summation on the right we obtain:

k-—k-}- E*”‘““’/1 (20)

We see that h is given directly mdbyuneimmtaryezprﬂm, not, as for
the single wire, by a transcendental equation. Furtherraore for a perfectly
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conducting material, e,/e’ —» 0, & = k, as should be the case. For finite
conductivity ¢’ is essentially positive imaginary, 4/¢’ hence of the type
exp(ir/4) and (eo/ e’)! of the type

—ir 4 1 —1
V2

Hence the correction term in (20) is of the type 1 + 1. The real part of A
thus becomes greater than k; this signifies a propagation velocity less than c.
At the same time the real part of ih becomes negative. For our form
exp{i(hz — wi)} this means damping for propagaiion along the positive
z-axis. The correction term thus indicates a reasonable physical bebavior
in both its real and its imaginary parts.

Finally, to test the dependence of the correction term on the geometrical
data of the Lecher system, i.e. the wire radius ¢ and the wire separation
2b, we may, for 2b >> a, replace F by 2b. We then find from formula (11)

2b

The correction term then has only a logarithmic dependence on the sep-
aration of the wires and is inversely proportional to the wire radius.

+ If, conversely, b is only slightly greater than g, i.e. b = a(1 + a) with
a <« 1, we obtain from (3b) and (11)

Fe=all++2a), p=1-+2a mg},n/z:.

and hence

1149/ 1_1( 1 11
al —p lugp - u(\/ﬁ; B 1)/m = 2a  2(b—a) (20D)
We have carried out this short calculation to show that our final formula

(20) also covers the case of slightly separated wires, where the mutual

influence of the wires is very great and their skin effect must be enhanced

unilaterally. We thus make it clear that our treatment is quite general

with respect to the geometric circumstances. On the other hand, the limi-

tation to wires of high conductivity already introduced in section A applies

throughout.

F. Supplement Regarding the Remaining Boundary Conditions

To demonstrate the completeness of our solution and its freedom from
contradiction we shall survey briefly the remaining boundary conditions.
These are the continuity conditions for H, on the one hand, for E, = &,
on the other.

The representation of the interior field to be obtained from (23.7) by

_a 1+£/ 1 2b
p=g <L [/l =1/l T (20a)
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summation over n contained, in ‘H, , the coefficients D, which till now we
have suppressed. The boundary condition relates them to the constants
H, of the external field which occur in (6) and which, according to (8), are
equal and opposite to the already known constants E,.. The boundary
condition for H. thus serves the determination of the constanis D, of the in-
ternal field. Without entering into the caleulation, we find

| Du| €| Cal,

which we have already used in (17). Finally, no disposable coefficients are
left over for the fulfilment of the boundary condition :

E, (inside) = E, (outside).

On the other hand we know from our approximate calculation that every-
where outside, and in-particular at the surfaces of the wires, E, = 0. It is
thus necessary to show that according to our representation (23.7) also
the sum of all the E, (inside) is much smaller than that of the other field
components. This is in fact so, by several orders of magnitude. The proof
must however be omitted here.

G. Parallel and Push-Pull Operation

The appruach already described is entirely adapted to push-pull excita-
tion. In the parallel case the transversal components must be derived not
from the potential (3), but from

w = log ({ — {o) + log (¢ + o), (21)

and this only for sufficiently thin wires (a << b; otherwise the equipotential
lines of (21) are not approximated by circles!). The bipolar coordinates
then lose their usefulness, since they no longer coincide with the system
of equipotentials of (21). In particular the electric lines of force no longer
pass, a8 in Fig. 36, from @, to Q., but repel each other and pass from Q,
and Q: separately to infinity. We hence are now obliged to use ordinary
cylindrical coordinates at the centers of the first and second wires, r, ¢
and 7, @, respectively, for the exterior of the wires as well. The field is now
to be constructed by the superposition of the contributions of the two
wires with equal sign. Furthermore, it is now necessary' to formulate these
representations directly as solutions of the wave equation, which formerly,
because of the limited range of the field, could be avoided. We thus return
also Ior*the exterior to Hondros’ formulation (23.8) where, restricting our-
selves to thin wires, we can limit our attention to the zero-order terms. I

! For the radiation condition for r — «, which now becomes essential, see the
discussion for the single wire in §22.
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the representation of E. we then obtain for the superposition of the two
wires the sum:

-4 / — h2
—k"-ﬁﬂ—h{ﬂo('\f B — ktr) + Ho(/k* — h’f)}- (22)
On the periphery of the first wire r = a, # = 2b we obtain by (22.5), be-
cause of the smallness of 4/%* — h? (we of course continue to assume high
conductivity), '

VE = B 2{( [L-n/ B — B } VE=T
Yoot o log o + log TT% ) (22a)

This much about the exterior of the wires. Inside it is necessary to use the
earlier perfectly general formulation (15) for E, . The coefficient Cy appear-
ing here is determined with the aid of the continuity condition for H, .
Herewith the longitudinal field E, inside of the wire, more particularly its
zero-order partial wave, is also determined. This must agree with the
term (22) of the external field for r = a. We thus obtain an equation of
the form

(k* — }l’) (log {T__ﬂ___M a} + log {-r____.,k;t-h' 26}) = const,

2t

whose right side is known. It must be fulfilled by proper choice of A and is
transcendental in character, as with the single wire. (It evidently can be
made to correspond to the single-wire equation (22.15) by combining the
two logarithms.) We now see the reason why the corresponding equation
for h becomes elementary instead of transcendental in the Lecher case:
The two logarithms are here superposed with the — sign in place of the
+ sign; in combining them the factor yA/k* — h*/(2:) under the log-sign
cancels and only log {a/(2b)} remains, as in Eq. (20a). We also see that
the calculation here outlined, without bipolar coordinates, would have
been successful also in the Lecher case, but that it would have been much
more involved than the earlier method, particularly without restriction to
extremely thin wires.

Not only in mathematical formulation but also in physical structure the
parallel wave resembles the single-wire wave. It decreases much more
slowly outwards than the push-pull wave and is hence much more dis-
turbed by the surroundings. It is obvious that at large distance the two
similarly directed currents of the parallel wave must produce the same
field as the alternating current of the single wire.

" Experimentally a pure excitation of the push-pull wave is always desir-
able to avoid disturbances from the surroundings. However if the arrange-
ment is not quite symmetrical parallel waves are also occasionally excited,
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which make the position of the nodal points, on which the wave-length
determination rests, unsharp.

Hence even from a purely experimental standpoint it is important to
keep in mind the possibility of the parallel processes and to take account
of the theory of the single wire, which we have treated before the rest in

§22, although as compared with the theory of the Lecher system it is of
secondary practical importance.



Part III

THEORY OF RELATIVITY AND ELECTRON THEORY

§26. The Invariance of the Maxwell Equations in the
Four-Dimensional World

The path taken by Einstein in 1905 in the discovery of the special
theory of relativity was steep and difficult. It led through the analysis of
the concepts of time and space and some ingenious imaginary experi-
ments. The path which we shall take is wide and effortless. It proceeds
from the universal valldity of the Mazwell equations and the tremendous
accumulation of experimental material on which they are based. It ends
almost inadvertently at the Lorentz fransformation and all its relativistic
consequences.

A. The Four-Polential

~ We refer tp the electrodynamic potentials in §19, which at that point
still remained \in the fog of an unsatisfactory formalism. I wish to create
the impression in my readers that the true mathematical structure of
these entities will appear only now, as in a mountain landscape when the
fog lifts.

In the two differential equations (19.9) and (19.11), satisfied by A and
V¥, we had on the left the operator

19

b—;a—ﬁ. | (1)

We now introduce in place of z, y, z, { the new coordinates
n=z T=yY H=3z =i (2)

where the proper remarks regarding the imaginary unit in z, will be made
later. We call these z; world coordinates since all events in the world are
determined in space-time. The operator (1) then becomes the four-dimen-
sional generalization of the Laplace operator and may be designated by'
Ny
O=2, 77 (3)

2.
=1 0

1 Certain more advanced theories of Einstein and Kaluza employ also the five-
1 el
at
dimensional symbaol 0 = E —
- =1 02

212
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Like the independent coordinates z; we combine the potentials A, ¥ in
a four-dimensional entity, the four-potential Q. Let its four components be

h=A4,, 0 =4,, U = A,, R‘=E‘P (4)

The factor 7 in { is reasonable in view of the definition of z, ; the factor 1/¢
gives the four components of @ the same dimension and will be justified
below (7). The differential equations (19.9) and (19.11) then take the form

0Q = — . (5)

The quantity I' here introduced may be called the four-current density. It
follows from (4), (19.9), and (19.11) that its four components are

rl’- lpr. P:'= J', I‘] = J.._. I‘iﬂ iﬂp} (6)

they all have the dimension Q/M"S of a current density.
We now turn to the Eq. (19.10) relating the potentials A and ¥. The
second term on its left is, in view of (4),

é ic ot oxe
Eq. (19.10) thus becomes

0, | d{l; ofl,
Ers + 0T + E?_a T x
We write this more briefly
4
Div@ =0, Div=y —. @)
=1 0z
We shall call the operator Div the four-dimensional divergence. Its four-
dimensional symmetry indicates tsofropy in space and time of world
events. Our operator [J shows the same isotropy.

Thus we see the reason that we may regard our four-potential @ and our
four-current density I' as vecfors in four-dimensional space, more briefly,
as four-vectors. This notation contains a statement regarding the behavior
of the quantities @ and I' when the coordinates ; are changed. As was
shown in Vol. II, §2, an ordinary “‘three-vector’ is a quantity which, for
orthogonal transformation of the z, y, z, behaves just as the radius vector
r = (z, y, z). Thus the four-vector attains a meaning in the four-dimen-
sional world which is independent of the choice of the coordinate system.
At the same point in Vol. II we defined a scalar as a quantity which is
invariant with respect to orthogonal transformations; in particular, we
showed by a simple calculation that the divergence of a three-vector
possesses this property. This calculation may be transferred directly to
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four dimensions and shows that the divergence defined in (7), applied to
any four-vector, yields a scalar, i.e. a four-dimensional invariant.

By reducing the Maxwell equations to the four-vector Q and the invariant-
operators (J, Div we have demonstrated at the same time their general
validity, independent of the coordinate system. The isotropy of three-
dimensional space found adequate expression in the vector calculus of
parts I and II. It is now replaced, in view of the world isotropy, by the
four-dimensional vector calculus. This states that, for a transition to a
“primed” coordinate system z;; the Maxwell equations remain invariant,
i.e. have the same form in the primed field components and coordinates as
in the original “unprimed” ones. This invariance is simply the principle of
relativity in ils elecirodynamic formulation. The Maxwell equations satisfy
the relativity postulate from the very beginnihg. They need not be sub-
sequently adapted to it, like the equations of mechanics (see §32).

'B. The Siz-Veciors of Field and Excitation

-We now turn to thé representation of the field component E. By Eq.
(19.7) we have e.g.

- ¥ 94
* dax al
According to Eqs: (2) and (4) this is equivalent to
- (@ _ o
E, = (axl &z;)' ®)

This relation suggests the introduction of the four-dimensional curl

Curl,, @ = 2= _ 90 )

 0Zn  OZm
As a two-indices quantity it has siz components (according to Vol. II,
Eq. (2.17) it was preferable to give the three-dimensional curl as well two
indices instead of one index). Evidently

Curl,, = 0, Curlyy = —Curl,a. (98)

CurlQ is called a siz-veclor or, preferably, in view of the symmetry proper-
ties indicated by (9a), an antisymmetric siz-tenstf. The term “surface
tensor” is also applied to it. The six components which differ from zero
and from each other may beé divided into three space-time and three space-
space forms, corresponding to the arrangement of the indices

14,24,34 and 23,31,12 (9b)

Aceording to (8) the first three belong to the electric vector, the last three
to the magnetic vector. However, we must not couple the entity of quan-
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tity H with the entity of iutensif.}r E to form a four-dimensional unit, but
must employ for this the entity of intensity B or rather the quantity ¢B,
which has the same dimension as E. We therefore write for example,
_ _ (9 _ o
¢B: = ccurl, A = ¢ (&mz &_:E:)

(10)

Combining (8) and (10) and extending them cyeclically to the remaining
field components we obtain the following representation of the siz-com-
ponent field vector, where ( ) is to indicate merely the combination of the
two three-dimensional vectors into one four-dimensional quantity:

F = (cB, —E) = ¢ CurlQ. (11)

This field vector F is to be given two indices in accord with the sequence
(9b), like the six-vector Curl Q.

We next ask about the excifation vector, which we shall denote by f. We
form it from the two equally dimensioned quantities H and ¢D. To pass
from H and D to B and E we employ the constants for vacuum u and e, ,
since our part III will be limited throughout to space free from matter
(e.g. a vacuum tube). Since

L
H=’§=1/§“.~:B and ¢D = cE = 4/ 2E

we obtain from (11) simply

f=(H, — icD) = ﬁc(}uﬂ Q. (12)
Hence
f=4/2F, (13)
Ko

To our satisfaction the geometric mean of the two three-dimensional con-
stants of vacuum &, and p’ = 1/, appears here. Already at the introdue-
tion of the permeability in §4, p. 21 we emphasized that the true magnetic
analog of the dielectric constant € is not u, but its reciprocal 4’. In any
case, Eq. (13) combines the three-dimensional relations between excita-
tions and fields symmetrically, with a single constant of vacuum. At the
same time our formulation (11) and (12) translates the earlier, highly
heterogeneous representations (19.7) and (19.6) of E and H into an cntirely
symmetric and harmonious form.

To create a clear visual image of the structure of the antisymmetric”™
tensor we write down the array of all the components of f in matrix form;
the arrangement of the components of F is obtained herefrom by multipii-
cation with 4/ /e, and simultaneous exchange of H with ¢B and of ¢D
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with E. We distinguish the components of H and D in the customary
three-dimensional fashion by the indices z, y, z; from our present stand-
point it would be preferable to designate them by the double indices (9b),
as in the matrix at the left. We point out specifically the order 12, 13, 14
in the first row, 21, 23, 24 in the second row, etc. as well as the change in
sign for the converse order:

0 fi fu fu 0 H. —H, -—iD,
_[{fn 0 fa fu m - H, 0 H, —icD,

/ Ja fu 0 fu H, —H, 0 —ucD, (14)
f'“ fﬂ f-ﬂ 0 ED: l-CD, ich 0

C. The Maxwell Equations in Four-Dimensional Form
We also want to write the original Maxwell equations with double
indices. Proceeding from the equation
oH, oH,
oy oz

we obtain from the first row of the array (14), making use of the definition
of T in (6),

= —J,

.f)'_

_ Ofu _ dfu _ 9fu

= =T
dzs 9zs 0T !

and corresponding equations for the second and third of this triplet of
Maxwell equations. We hence have in general form form = 1, 2, 3

Z &f-n (15}

az,

If we extend this form to m = 4, we obtain by (14) and (6)

W(GD; .+ )=£CP"'"= Iy.
ox

Our original definiiion of the charge densily p in (4.4b) thus proves to be the
four-dimensional completion of the second Mazwell triplet (4.4).

The operation 2 % carried out in (15) bears the name “reduction” or

“divergence” in general tensor analysis (see Vol. II, p. 60); it reduces a
four-dimensional tensor to a four-vector. We symbolize it by Div, placing
it parallel to the operation Div defined in (7), which reduces a four-vector
to a scalar. We thus write in place of (15)

Divaf= > = _ 1. (16)

nm=] axu
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Generally for any antisymmetric tensor T
Div Div Tpe = 0, (16a)
which follows directly from Tnm = — T, . We conclude therefore that the
dwergence of the four-current vanishes:
. DivrI = 0; (16b)
this is simply the continusty equation (4.4c) in a refined, four-dimensional
form.

What of the first triplet of the Maxwell equations (4.4)? Its z-com-
ponent is

: 3E, _ 9K, = 0
T 9y oz '
In view of the meaning of our field tensor F, which is analogous to (14):
0 Fu Fy Fy 0 c¢B, —c¢B, —iE,
F = Fﬂ 0 Fz Fﬂ - —l.'.B. 0 CB,,- —'IE, (1?]
Fu Fﬂ 0‘ Fﬂ, OB, "'"'CB; 'D —'l‘:E.
Fy Fa Fg 0 iE. 1E, iE, 0
it, may be rewtitten in the form
M BF,; BF'u aFﬂ) —
! (6.1:; + 03 + dzs/) 0. (17a)

This somewhat confusing distribution of subscripts becomes quite plain if
we introduce the ““dual” six-vector of F,

F* = (—1E, ¢B), (17b)

which is obtained from F by an exchange of the real and the imaginary
constituents. The determination of the individual components of F* is
fixed by the rule

F*pn = Fy (17¢)
with the prescription that the sequence of subsecripts
kilmn arisesfrom 1234 (17d)
by an even number of ezchanges. By this requirement we have uniquely
Fu=F*, Fy=Fty, Fg=F*, (17e)
so that Eq. (17a) becomes »
AF*y, + aF*y, + OF %y =0 (17£)

0xs 0z, az,



218 THEORY OF RELATIVITY AND ELECTRON THEORY 26.18

It has thus become the first component of
Div F* = 0. (18)

The other two components of the Maxwell triplet in question take on
similar forms.
But what is the meaning of the fourth component of (18)? It is

aF*y , OF%, , aF*,
d1; + o0x3 + 023

and, by (17b) and (17) may be transformed into
e (aB aB,, 49 ) =0

=0

ox

It is thus identical with the familiar a.bsence of sources of the magnetic field
intensity B. This appears now, from the four-dimensional relativistic stand-
point, as a formally necessary completion of our first Maxwell triplet, while
originally, in Eq. (4.4a), it had to be postulated separately as an empirical
fact.

We have thus a complete representation of Maxwell’s theory for vacuum
in the statements

Divf=T, DivF* = F = 1/—%:3', (19)

which parallel and are equivalent to the potential relations
0@ = —ul, DivQ=0, F=cCurlQ, 4 = CurlQ. (20)

All quantities and operations appearing in both formulations have proper
citizenship in the four-dimensional world and hence satisfy the principle
of relativity.

It should be emphasized on this occasion that the theory of relativity
leaves no doubt that the vectors E and B on the one hand, and D and H
on the other, belong together, as parts of the higher entities F and f. This
seemed clear to us from the beginning, partly for dimensional reasons,
partly because of their different significance as entities of intensity and
quantity. In particular, the theory of relativity leaves no doubt that this
distinction is as necessary in vacuum as in any ponderable medium, i.e.
that here also both six-vectors F and f (the four three-vectors E, B, D, H)
have to be employed side by side.

*D. On the Geometric Character of the Six-Vector and its Invarianis

The four-vector is represented, as a matter of course, by a straighl line
segment in four-dimensionsal space (by an R, with sense of direction). It
might appear appropriate to represent the siz-vecior by a two-dimensional -



26.21 INVARIANCE OF MAXWELL EQUATIONS 219

segment of a plane, i.e. by its magnitude and position in four-dimensional
space (an R, , one of whose sides is designated as positive). However, this
representation is too specialized. Such a segment of area has only 5 inde-
pendent parameters, not 6, as a six-vector, i.e. one parameter indicating
its size (shape is to be indifferent) and four' indicating its orientation
(parallel displacements do not count). To obtain a geometrical interpreta-
tion of the general six-vector we note that every R, in four-dimensional
space has uniquely correlated with it a second R, perpendicular® to it. If a
segment of area is also prescribed in the second, a single further parameter
is obtained (since the orientation in space is already determined by the
orientation of the first segment of area), leading to the desired total num-
ber of six independent parameters. The geometric picture of the six-vector
i8 thus not one segment of area, but two mutually perpendicular seqments of
area of arbitrary size."The components of the six-vector are equal to the
sums of the projections of the fwo segments of area on the six coordinate
planes (2., z.). If the sizes of the two segments are interchanged, the
original six-vector F' passes over into the dual six-vector F'*; this confirms
the relation (17¢) between the components of F and F*.
The four-vector has only one invariant, the square of its length, equal to
‘the sum of the squares of its four components (the fourth of them taken,
of course, with negative sign, in view of its imaginary character). On the
other hand, every six-vector F has {wo tnvariants

F-F and F-F*

both given, in accord with the rule for the scalar product, by summation
over the six components with equal indices. We carry this out for the
electrodynamic case. By (17) and (17a)

F-F =Fu + Fp' + Fy' + P! + Fol + Fy ! = ¢'B* — E?

(21)
F-F* = FHFH -l" F:;Fu ‘I" FnFu + -+ = —2icB-E.

Here - - - signifies repetition of the three preceding products with reversal
of the sequence of the factors, i.e. simply the doubling of the sum. For the

vacuum light wave both invariants (21) are zero. In fact, by §6, B | E
and ¢|B| = |E|. In view of our statement regarding invariance the

! If its orientation is thought of as defined by two four-vectors proceeding from
the same point and lying in B, , these are given by 3 quantities, e.g. the ratios of their
four components. Both may however be rotated arbitrarily within R, , so that the
number 23 is reduced to 2:3 — 2 = 4.

* One R; may be designated as the ““axis’’ of the other, since one can be rotatéd
about the other arbitrarily within itself. The relation of the two is of course mutual
or ““dual”. The axis of an R, in R, is thus a two-dimensional, not as in R; & one-di-
mensional manifold.
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light wave retains this property in all reference systems of the four-dimen-
siorial world.

The excitation vector has of course the corresponding invariants
fif =H - D
| f-f* = —2icH-D.
The following mixed invariants differ from (21) and (21a) only by a factor:
f-F = fuFu + fuFs + fuFa + fuFu + fuFu + fulfu

(21a)

= ¢H+B — ¢D-E, @)
[-F* = qu*n + an*n + qu*u + an'u + fHF'ﬂ + fHF*u {23)
= —iH-E — i¢'D-B = —2E-H.
We define
n-.zic;-p'a%mn—%n-n (24)

as the Lagrange density (Lagrange function of the moving electron perunit
volume of the field). On the other hand the energy density W, given by

JH-B + 4D-E, will prove to be a component of a world tensor; By itself
it has no meaning independent of the frame of reference.

Our invariants may be expressed as follows in terms of the areas a and
b which are correlated in the six-vector:

F-F=a+b, F.F*=2ab A= %“(a’ +b).  (25)

It follows from this that a particular six-vector (b = 0) is distinguished
from the general one by the condition F-F* = C.

E. Relativistically Invariant Three-Vectors

We now ask what properties a three-vector must have in order that it
may exist legitimately in the four-dimensional world. For this purpose we
consider a siz-vector which is dual to itself. We may write it in the form

F=Fm.+F*nn=an+FH {26)

This six-vector has in fact only three independent components. We can
define them by

a: = Fu = F!: == Fu+Fa,
a,= Fy = Py = Fy + Fu, (26a)-
ﬂt=Fu= F1:=FM+F1:,

and obtain as specific tensor arrangement for the three-vector a by (17):
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0 - ﬂ- -"ﬂy ag

—a, 0 a a
F= ’ (26b)
g, —a. 0 ua

-a; —ay, —a, 0)

.9

In the special case of the electrodynamic tensor F we obtain as correspond-
ing three-vector

a; = —i(E, + icB.), @, = —i(E, + icB,), a, = —i(E. + icB,).
Thus the complex three-vector
E + icB = ia : (27)

may be regarded as a four-dimensional tensor of the form (26), which is
dual to itself. _
On the other hand, we may also write, in place of (26),

F-qupna=an_Fll*

This six-vector is oppositely dual to itself and leads to the three-vector
E — icB = —ib. (27a)

Even before the theory of relativity it was often noted that the complex
combinations E + #¢B and the analogous H + D have certain character-
istic advantages for the integration of the Maxwell equations.

We can now also give tlie Hertzian vector I its proper place in the
four-dimensional world. It appeared in §19 as a three-vector, but it is in
fact a disguised siz-vector, with the structure of an electrostatic field vector
Fotat . For it By = 0, Eyet equals a three-vector which, temporarily, we
will denote by P., P,, P,. By (17) we then have
(0 0 0 —iP,)
et 0 '0' 0 '-iP' |
<P, iP, 1P, 0

Reduction of this tensor leads to a four-vector which for the present will
be denoted by Q, like our four-potential:

Q = Div F,,.. (28a)

o

It has the components

has = —l:i&-'!-"'- -}P, 2 = ¢div P.
x4 c
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1f, by Eq. (4), we pass from this ;3 to the electrodynamic potential A
and ¥, we find

A-:-—"P ¥ = ¢ div P. (28b)

If, finally, we set P = — uxcII, our Eqs. (28b) pass over exactly into Eqgs.
(19.15) and (19.16a), by which we had otiginally defined the Hertzian
vector. Thus, like P, the three-vector IT has been reduced to the six-vector
(28). This six-vector is here referred to a coordinate system in which the
Hertzian dipole rests. The transition from this “system at rest” to an arbi-
trary reference system can be carried out by the rules of the next section.

§27. The Group of the Lorentz Transformations and the Kinematics of the
Theory of Relativity

In his “Erlangen Program” Felix Klein' has classified the several geo-
metric disciplines on the basis of the group of transformations permitted
in them. Projective geomelry regards all figures as the same, which pass
over into each other by central projections in three-dimensional space.
A ffine geometry keeps the infinitely distant plane fixed, and hence permits
only parallel projections. For elementary geometry also the shapes of figures,
their angles and ratios of linear dimensions, are of importance. Its group
is that of the orthogonal transformalions wn three-dimensional space, ex-
tended by the similarity transformations. Here the imaginary sphere circle
contained in the infinitely distant plane is kept fixed in addition to this
plane itself. The geometry of the general point iransformaiions can trans-
form any surface into any other, but subjects any small region of space
only to linear (projective) nhangea The group of the contact transforma-
tions dissolves even the content of surfaces in space and leaves only the
combined position of surface point and tangential plane untouched.

The fact that we have spoken here not of individual transformations,
but only of transformation groups evidently derives from the necessity of
regarding transformations resulting from a sequence or combination of
transformations as equally valid. If attention is focused on the unaltered
properties, rather than the changes of geometric structures, we speak of
the theory of tnvariants belonging to the transformation group in question.

The transformation group of classical mechanics is that of the Galiles
transformations (see Vol. I, p. 10). It may be divided into the group of
the orthogonal transformations of space and the displacements of the
time scale, corresponding to Newton’s idea of absolute space and absolute
time= Its invariants are the square of the separation in space and the time
difference. The group of Mazwell’s electrodynamics is, as we saw in the last

1 Comparative Btudy of More Recent Researches in Geometry, Erlangen, 1872.
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section, that of the orthogonal iransformations in space-time. In honor of
the great Dutch physicist Hendrick Antoon Lorentz, Poincaré has called
them the Lorentz transformations. Just as the nature of the several geome-
tries is characterized by their particular group, the essence of Maxwell’s
theory rests in its invariance within the Lorentz group. Its fundamental
invariant is the separation of two world poinis, in particular the four-dimen-
stonal line element, i.e. the separation of two neighboring points in space-
time.

A. The General and the Special Loreniz Transformalion
We have recorded the general pattern of the Lorentz transformation
already in (2.10) of Vol. I. It is contained in the formulas

T = . o, T = ) aaZi, ;}=1,2,3,4, (1)

4 4 k .
5 aus = By == (TEE L @
Je=1 F=1 =1

The orthogonal transformations of three-dimensional space, or its rotations
- wvithin itself, form a subgroup. Correspondingly the general Lorentz trans-
formation may be designated as a rotation in space-lime. We have also
already derived, in Vol. I, Eq. (2.14), the special Loreniz transformation in
which two coordinates remain unchanged. If we choose for the latter the
y- and z-coordinates, the transformation matrix reduces to

I Ty I T4
1 an 0 0 oy
Zs 0 1 0 0 (2a)
3 0 0 1 0
z4 o 0 0 o
According to conditions (2) we must have
ah + ok =adh +ak=ah +ah=autak=1 (3
so that
o = au, o= - (4)
we' puk
ay = oy = « ?«;!)

and find from (2)
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anay + aaou = ﬂ(ﬂu + du) = (. {ﬁ}
We thus may write, introducing a new constant §:
ay = —ay = mﬁ (7)

The added factor i is necessary bceause of the imaginary character of z,
and z, if real values are to be obtained for z; and z, in the equations of
our system

7, = oz, + oz and % = az + aud.
Substitution of (5) and (7) in (3) finally leads to

1
3 —————————
n{lﬁ g = 1, a = Viop (8)
Thus our system (2a) -becomes
1 ' ’
n= e m i), m=n as-n
9
' 1 .
H= g (= iBzy + z4)
‘or, in real terme,
1
g - (z — Bet), v =y, 7 =gz
1 —
VI-# . . (10)
¢ = 7= (- 57)
If, in (10), we carry out the transition to the limit
c—w, f—0, but pc=yv = finite,
we obtain ‘
¥ =z — o, y =y, Z =z =1t (10a)

We follow Ph. Frank in calling these equations the Galilei iransformation.
From the standpoint of this transformation group time and space have
become “absolute”. It takes the place of the Lorentz group only when

v L e, 1.e. L E<G (10b)

The universally accepted notation 4 = v/c may recall the S-rays, which
have a velocity comparable with ¢, so that the Galilei group is not appli-
cable to them.

Eqs. (10) signify that the two systems (z, t) and (', t') move ‘with
respect to each other with the velocity v = Sc. If we consider a particular
point 2’ = const, we find for it from (10)

z — fet = z — vi = const.
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The primed system thus progresses along the positive z-axis, which coin-
cides with the z’-axis, with the velocity v. The two other axes y’ and 2’
displace themselves, in space, with the same velocity v, remaining parallel
to the axes y and z. For { = 0 the “moving system’ and the “system at
rest” coincide.’

Problem III.1 will treat the somewhat more general case that the rela-
tive motion of the two systems will not be along the z-axis, but for exam-
ple in some other direction lying in the ry-plane.

B. The Relative Nature of Time

From Egs. (10) and (10a) we see that the course of time is absolute only
in the limit ¢ — o, whereas for finite ¢ it depends on the frame of reference
of the observer: The “primed” observer measures a ditferent time than the
“unprimed”’ cohserver.

This becomes obvious if we return from the real representation (10) to
the complex representation (9), but nevertheless plot the entities occurring

 Fie. 37. The system z,, z, is transformed into the
‘system z, , z, by theimaginary angle of rotation y. The
two events &, Q which are simultaneous in ¢ then re-
ceive different coordinates z, , just as the two events
P, Q with the same z-coordinatehave different coor-
dinates z,

there as real quantities (Fig. 37). We may then write, as in plane analytic
geometry,

z:=:1cos'r+msin'f, :r:==-"z;sin-r+:r.uos—r (11)
with

1 : 8
cm'r=\"7'i——_-'——§;, Em""‘.\_/_lu“'f'_?‘? tan v = ¢8. (1la)

The first Eq. (11};, as 18 well known, signifies the projection of the broken
line OPQ on the z,-axis, the second that on the z;-axis. However, the rela-
tive angle of rotation of the systems is here tmaginary and similarly also
sin v and tan v; cos v is actually a hyperbolic ¢osine and hence >1, since
<1 . .
Fig. 37 also shows directly that two “events’ (points in space-time) Q

! It is of course equally permissible to regard the primed system as ‘“‘system at
rest,” relative to which the unprimed system moves with the velocity v in the direc-
tion of the negative z-axis. This will oceur occasionally in §§28 and 33.
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and R, which are simultaneous in the unprimed system, are no longer
simultaneous in the primed system. This removal of the sameness in time
(simultaneity) now surprises us no more than the removal of the sameness
of the z-value of the events Q and P,

Our pseudo-real representation in Fig. 37 will also prove useful in the
future and can scarcely lead to misunderstandings. It is true that we
deviate herein from the great example of Hermann Minkowski. In his
classic lecture “Space and Time” before the Kélner Naturforscher-Gesell-
schaft in 1908 he talculates throughout with real quantities. What we
would call the unit circle z; + z; = 1 is for him the hyperbola z* — ¢'f' = 1;
two straight lines which, to us, are perpendicular to each other, then be-
come conjugate diameters of this hyperbola. It need scarcely be emphasized
that, in spite of thia (only superficial) difference, we have stood on Min-
kowski’s shoulders even in the preceding paragraph and will continue to
follow his conception of the theory of relativity.

C. The Lorentz Contraction

This was proposed by H. A. Lorentz even before the theory of relativity

as an ad hoe hypothesis to explain the negative result of the Michelson

* experiment. Deferring discussion of this experiment to Vol. IV, we state

Lorentz’s hypothesis in the following manner: To an observer at rest a rod

of “intrinsic length” l, appears, if moving with uniform velocity v in the
direction of ils length, shortened to | = In/l — .

Let the rod rest in the mohng system z’, ¢’ and let its endpoints in this
sysbem have the coordinates z, , z; ; their difference is the intrinsic length
=2, — za. We are here not concerned with the times #, , ¢, of the meas-
urements. The situation is different for the observer at rest. He must ar-
range the measurements of the two ends of the rod so that, from his stand-
point, they occur simulianeously, i.e. at the same instant {, = & . He thus
finds the points z, and z, and regards their difference, z, — z., as the
length of the rod I. From the first equation (10) it follows that

\/1 5 (7 — Betd), 7 = v;——l"-;——?(n — Beb),

and hence, since ¢, = h,xa—xa=3,$:—$;=fh

1 S
b= Jr=p l=51-p. (12)

The hypothetical Lorents contraction is thus a direct consequence of the
Lorents transformation.

It is not superfluous to interpret this result graphigally. The location of
the rod in the moving system is represented in Fig. 38 by the strip which
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is shaded parallel to the zj-axis. The observer at rest makes a cut of this
strip parallel to the z,-axis. From the figure its length is

lo
cos v
In our pseudo-real representation it appears longer than the intrinsic
length o, although in fact it is shorter since cos y = (1 — 8).

As a result of this contraction a moving sphere of radius a is flattened
into an oblate spheroid with the small axis b = a4/1 — g and with the
large axis a. Lorentz based on this his hypothesis of the deformable electron,
first stated in 1903 as final result of his great paper on electron theory.'

The frequently raised question whether the Lorentz contraction is ‘““real”
or “apparent” is of course just as idle as the question whether a body
“actually’”” moves, The distinction between a moving system and a system

. ) Ty

l =

Fia. 38. A rod at reet in the primed
system, moving with respect to the un-
primed system,"is represented by the
shaded strip. Its' length [ in the un-

\\\\\\\\\\\\W&m

primed system appears longer than its ==
intrinsic length l; in the figure, but is in i

fact shorter, in view of the fact that +
is imaginary: Loreniz coniraction.

at rest, which we permitted in the preceding for the sake of simplicity of
expression, is equally meaningless and arbitrary.

D. The Einstein Dilatation of Time

Let a clock’ rest in the primed system and mark, by its pendulum swings,
the times and successive time differences

Bota by, oo da—t=ty—to=-- =7,
They project themselves in the unprimed system into

byla, s, -, b—li=lh—b= - =r
In Fig. 39 r seems shortened as compared with r/, but is actually ex-
panded in view of B

! Enzyklopaedie der Math. Wiss., Vol. V, . Pages 277-279 of this article are fore-
runners of the theory of relativity.

? Instead of speaking, with Einstein, of a clock we may adhere to electromagnetic
patterns by thinking of a tuned circuit and its natural period.
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"f’

r=r’cua1r=-=\/—f~_=ﬁ‘-. (13)

This is realized most simply analytically if Eq. (10) 1s inverted, in which
v simply changes sign, as may be verified by calculation. Thus

=; d = 1 4 ﬁxf

Furthermore, since z' = const, the second of these equations yields for
the successive differences ty — &, th — s, --- ;s — &y, -~

T’

v
Such a clock is réalized in a rapidly moving atom which emits a mono-

chromatic speetral line, e.g. a hydrogen canal ray. Einstein regarded the
expected red shift of the spectral line as the crucial experiment of the

Fra. 80. The period of oscillation of the
moving clock ' appears shortened in the
figure for an observer at rest in the z; , z,-
system to r, is however actually lengthened
in view of the imaginary character of +:
Einstein's time dilatation.

theory of relativity and spoke of a ““transversal Doppler effect,” consider-
ing observation at 90° relative to the canal rays. Ives has shown, however,
that the observation may as well be carried out at an arbitrary angle,
preferably a small angle, where the primary light of the canal rays can he
compared with light reflected by a mirror from the (oppositely directed)
canal rays. We then observe, e.g. for the H, line of the hydrogen canal
rays, in addition to the primary light, which is shifted toward the blue,
the reflected light, which is shifted toward the red. The arithmetic mean
of the two wave-lengths does not, however, coincide with the spectral line
H. of the atom at rest, but is displaced from it by the relativistic red shift
independently of the direction of viewing. The experiment' fully confirms
Einstein’s expectation.

e

1 H. E. Ives and G. R. Stillwell, J. Optical Soc. Am. 28, 215, 1938; H. E. Ives, J.
Optical Soc. Am. #9, 183 and 204, 1839. G. Otting, Munich thesis, Phyn Z. 40, 681,
1039. There is a difference in the theoretical interpretation of the American papers
and the simultaneous German thesis which is notable in view of the times (19390):
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A radioactive sample also has an intrinsic time ' in the form of its mean
life. Hence, observed in the canal ray, it should have a longer life than at
rest. This experiment is realized under the most favorable circumstance:c
(8 nearly equal to 1) in the meson disintegration of cosmic rays. Rasetti
found for the life of mesons which had become trapped in an absorber
and hence were practically at rest the value 7’ = 1.5-10° sec, determining
the time difference between the incidence of the meson and the appearance
of the secondary electron produced in the disintegration. On the other
hand, absorption measurements on the mesons of cosmic rays lead to a
most, probable range of the order of 20 km. In the (unprimed) time measure
of the terrestrial observer this corresponds to a mean life r =2 20 km/c =
7-107° sec. The time expansion thus has here the enormous value'

T 7107
'~ 1.5-10°¢
We hence find for the velocity of the mesons, by (13),
. . y )
m = 50, v==c (I - m .
This consideration is confirmed by the experimental determination of the
energy of the mesons; for the moét commonly occurring mesons approxi-

mately 50 times the rest energy is found, which fully agrees with the
dependence of the kinetic energy on the velocity (see §32).

E. The Addition Theorem for the Velocity

Two velocities v; and vy having the same direction do not combine rela-
tivistically according to the rule

v=u+ vs.

= 50.

We have instead
" + s

Uty
L+ 22

U =

(15)

Here v, is the velocity with which a point 2 moves relative to a body 1,
which itself moves in the same direction with the velocity v, . When Ein-
stein in 1905 proposed this formula, it naturally aroused surprise. It be-
comes entirely reasonable, however, when we note that we are here dealing
with the composition of two Lorentz transformations, and that each of
them, according to Fig. 37, denotes a rotation.’ Let v, be the angle of rota- _

the American papers seek to retain the concept of the absolute ether, while the
German paper assumes the relativistic standpoint from the very beginning.

! W. Heisenberg, Vortriige iiber kosmische Strahlen, Springer, 1943, pp. 78 fi.

* The two rotations y; and v: as well as their resultant + take place about thesame
“‘axis”, i.e. the Ry perpendicular to the z,z,-plane (see p. 219, footnote 2).
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tion which, by Eq. (11a), pertains to v. , and v, that pertaining to v; . The
resalt of the composition of the two rotations is a rotation through the
angle

Y=m+". (15a)
Thus the angles of rotation are added, not their tangenis. For the latter we
have instead

tan v; + tan v,

tan y = 1 — tan v, tan vs

By (11a) this leads to

ﬁ ﬁl+ﬁl )
1+ 818’

which agrees with (15). The addition theorem for the velocities is hence
in essence merely the addition formula for the tangent function.

The same formula may be obtained quite readily, though more in-
directly, by superposing the two Lorentz transformations. They may be
written, e.g., in the form of Eqs. (14):

Vi-piz=a+bch, VI-§in=1n+poh,
VicRt=6+8,  VTTRu=u+Bs (O

Elimination of z, , 4, then yields for the direct transition from z, ftozs, ta :
VI-BVI—g, _, o kth

(15b)

1 + B1Bs 1 + B1B2
(15¢)
V1 = BVl = 2t—h+ﬁ+ﬁ2£’
1 4+ BB U+ BB ¢

This is again a Lorentz transformation of the form (14) if we put

Bt B V1 — 8141 — g}
- = . 15d
B=itan VI F [+ Bifs (15d)
The first of these formulas agrees with (15a); the second follows from it,
as may be verified by a simple calculation.

For small velocities (1, < ¢ and v, < ¢) (15) of course passes over into
the elementary superposition formula.

F. ¢ as Upper Limit for All Velocilies

" If by repeated superposition of velocities the resultant approaches the
velocity of light, the further addition of any arbitrary velocity is without
efféct. In fact we have, by (15b), for 8, =< 1:

1-|-ﬂt2
L4+ 6~

IR

B8
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The velocity of light ¢ can only be approached, never exceeded. Even a cyclo-
tron or betatron, which operates with continuous increases in velocity,
cannot yield velocities greater than that of light.

We shall define our statement more precisely. To begin with, we obviously
mean by “velocity” “relative velocity”. But that does not suffice. Consider
a sample of radium. It emits electrons with almost the velocity of light. Two
electrons which fly off simultaneously in opposite directions have very
nearly the relative velocity 2¢, viewed from the laboratory in which the
sample of radium is at rest. However, in order to properly define relative
velocity as used in our statement we must view one electron from the
other. Then and then only the seemingly paradoxical equation ¢ + ¢ = ¢
.applies. We are thus concerned, in our statement, with the relative velocity
of a moving point with respect to a reference a-ystem which 18 transformed lo a
state of rest. :

The moving point need not be a material point; it may also be a process
resulting in malerial changes. Such a process is called a signal and we then
speak of the signal velocily. If this should ever exceed ¢, the whole time
sequence would be disturbed (see below). In wireless telegraphy and radar
& bundle of electrmmgnetm waves serves as signal; a monochromatic wave,
on the other hand, constitutes no signal, since a purely periodic wave has
neither beginning nor end. Its velocity of propagation is hence not governed
by our statement. In fact, we found for wave guides, in §24, phase velocities
w/h which were greater than c¢. Similarly, we will see in Vol. IV that phase
velocities greater than ¢ may occur in the anomalous dispersion of light
waves. There are also quite trivial processes with velocities exceeding that
of light, which, then, obviously cannot serve as signals. An example is the
intersection of the edge of a ruler with a straight line with a very acute
angle. If we displace the ruler at right angles to itself even with only moder-
ate velocity, the intersection will move along the straight line with a velocity
exceeding that of light, provided only that the angle has been chosen small
enough.

A formal indication of the prohibition of v > ¢ is evidently given already
by the Lorentz transformation in the form (10), since here 4/1 — g% and
consequently also z’ and ¢’ would become imaginary,

G. Light Cone; Space-Like Vectors and Time-Like Veciors; Intrinsic Time
The four-dimensional form
i
B g;,a-.s =0, in real terms s’ — ¢’ = 0, (16)~

is characteristic for the metric of the Lorentz transformations. It repre-
sents, in three dimensions, a sphere expanding with the velocity of light,
in four dimensions, a conic R; with rotational symmetry about the {-axis.
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We call it, with Minkowski, the light cone. The interior is called the forecone
and the aftercone, depending on whether t < 0 or ¢t > 0.

All four-vectors leaving the origin which lie outside of the light cone
are called space-like, those which lie inside of it, t¢me-ltke. Thus the vector r
in the equatorial plane of the light cone is space-like, whereas all permitted
velocities leaving the origin are time-like.

The sequence of all four-dimensional positions assumed by a moving
material point is called its world line. The world line of a point at rest is
parallel to the {-axis. All world lines passing through the origin lie in the
aftercone for ¢ > 0, in the forecone for ¢ < 0.

We consider the element of a world line

4
= 1,! Ed:}-
=1

As the distance between two neighboring world points, it is Lorentz-in-
variant (see p. 213). The same applies to Minkowski’s inlrinsic time

dr = 2 = dP—-{dx‘+dy’+da’)

9’ —
=d¢1/1—§=dt\/1—ﬁ’

We will now define the four-vector of the velocity along a world line. The
form

(17)

dxr dy dz

E: E! a‘Ei i = {vl“c‘}

would not be a permissible definition, since df has no invariant mea.mng
This does not apply, however, to

dze dy dz . dt _di

v“d—fs ' 3 WR‘;=E;(V:WJ- (18)
The square of its length is
2 2 2 2 2
V»'U'=dx +dy +dz2” — ¢ di -3 (18a)

dr*

ie. in fact an invariant which, furthermore, has the same value for all
velocity*vectors V. The four-vector of the acceleration should be defined corre-
spondingly by

dv d'z dy dz . dt

W:a;..=a—.-rl' t?r.-!. ‘;!’ wa-z, (18[‘)
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It is, in the fwr—ciimenaional sense, perpendicular to the four-vector of the
velocity; differentiation of (18a) with respect to r leads to:

V-W=0 (18c)

H. The Addition Theorem for Velocities of Different Directions

Velocities of the same direction were to be combined in such fashion that
their angles were added. Since in their elementary meaning angles denote
arcs on the unit circle, their addition is equivalent to the joining of arcs
on a circle which in our case, it is true, has the radius ¢ instead of 1. The
formulas of plane trigonometry could be applied to the joining of these
ares.

In order to combine velocities with different directions it is necessary
to pass from the circle fo the sphere, i.e. from the formulas of plane to those
of spherical trigonometry, and for a sphere of radius ¢, not of radius 1.
Combination of the velocities v, and v; to form the resultant v is therefore
equivalent to the combination of the angles v, and v, to the resultant angle
v, i.e. the construction of a spherical triangle with the sides v, , v:, and ¥.
If « is the angle of inclination of v relative to v, , then a appears as the
‘external anglé between the sides v, and v, in the spherical triangle. We then
have by the codine law (see Problem 1.4):

CO8 ¥ = COS v, CO8 73 — 8in 7; 8in v CO8 a. (19)

This is the desired generalized addition theorem. For a = 0 we obtain cos y
= cos8(v1 + 72);Y = 71 + 71, 1.e. the earlier Eq. (15a). In view of the rela-
tion cosy = (1 — 8% ete. (19) is equivalent with the rather untransparent
formula

ﬁl + ﬁ: + 28:5; cos a — 131.31 Bln ﬂ!
g = (1 + B1B2 cos a)? (198)

which was given already by Einstein. In Problem III.2 it will be proved
analytically by application of the Lorentz transformation.

The introduction of our sphere of radius 1 may seem an arbitrary trick;
actually, it is merely an expression of the fact that the arcs v,, v, which
we must combine are imaginary, according to (11a).

We shall mention one more interesting result, which may be read off
directly on Fig. 40: In the theory of relativity the sequence of differently
oriented velocities is not exchangeable; the result of the combination of
v, and u; differs from that of the combination of v, and v, . Though the
magnitude of the resultant is the same, the direction differs. The difference
in the two directions increases as the velocities increase; in fact, as we
shall know, it is equal to the spherical excess of the spherical triangle formed
in vur construction.

In Fig. 40 the angle o between v, and v, has been chosen equal to »/2
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to simplify the drawing and the arc v, corresponding to v, has been placed
on the equator of the sphere. The extension of the arc vy, then passes through
the northpole N. If, on the ut,her hand, starting from the same point A4,

we first record v, (denoted by 2 on the figure), perpendicular to the equator
and with its exl;ensmn also passing through ¥, we must draw through the
endpoint B’ of v: a great circle perpendmular to the meridian AB’ and
measure off on it y; = v, = AB. The point A’ located i in this manner does
not coincide with C; instead, the connecting arcs AC and C’A’ enclose a
certain angle e. In view of the equality of the two triangles A BC and A'B'C’
we have here X BAC = X B'A’C" and XACB = X A'C'B’. If we call

FiG. 40. Combination of two differently
directed velocities », and »; to form the re-
sultant v, corresponding to the circular arca
1, ¥:,and y on a sphere of radius 1. For
convenience in representation the angle be-
tween » and p; has been set equal to /2.
The figure shows the non-commutative
eharacter of the components: v, vy = ABC
# vy, = C'B’A; the angle e between AC
and C'A’ ia equal to the spherical excess
of the triangle ABC (and that of the tri-
angle A'B'C’' which is congruent to it).

these two angles 5 and ¢, we see that the right angle at 4 is formed by
n, ¥, and € in the following manner:

=940 —¢

0013

Hence
=9+ —x/2=n+0+x/2 - (20)

e thus is in fact the spherical excess of our right spherical triangle 4 BC
and the congruent triangle A'B’C”. (The same applies for a general spherical
triangle.)

The limiting case y; = v2 = =/2, where the two triangles ABC and
A'B’C’ become equal to the same spherical octant, is particularly simple.
Here the resultants are evidently perpendicular to each other and, in view
of n = & = /2, the spherical excess is also x/2.

J. The Principles of the Constancy of the Velocity of Light and of Charge

Einstein in 1905 expressly added the first of these principles to the
principle of relativity as an empirical postulate. It states that the velocity
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of propagation of light is independent of the state of rest or motion of the
emitting body. This principle is already included in the original formulation
of our world geometry insofar as we have demanded the universal validity
of the Maxwell equations. Like the velocity, the spherical propagation of
the light is invariant in the transition from z, --- 2, to zy -+ z;. The
Lorentz transformation does not change the light sphere into a light el-
lipsoid, but leaves it a light sphere. (This does not apply to the wave-length
of the light, which is not invariant but is known to depend on the frame of
reference of the observer: Doppler effect.)

In the earlier but long since discarded theory of the universal ether, the
independence of the light wave from the state of motion of the emitting
body was readily understood: once transferred to the ether, it propagates
itself in accord with, the (elastic or electromagnetic) properties of this
medium. Constancy of the velocity of light was here equivalent with field
action. The same does not apply for a mechanical emission theory such as
that surmised by Newton. Here a transfer of the velocity of the emitting
‘body to the emitted light particles seems almost unavoidable.' We may say:
The constancy of the velocity of light is today the only valid remnant of
the ether concept. If at present we should speak of an ether, we would have
to assign a separate ether to every frame of reference, i.e. speak e.g. of a
primed and an unprimed ether. We now regard Lenard’s ‘“‘absolute ether
(Uréither)” merely as a freak and the Aristotelian and scholastic “quintes-
sence” (the fifth element, added to fire, water, air, and earth) as an historical
curiosity. Thus in parts I and II, we have almost never spoken of the
“‘ether”, but used instead the not readily misinterpreted word “vacuum”.

The principle of constant charge is as important as that of the constancy
of the velocity of light. The charge is the same for every frame of reference.
This is not obvious, but follows from the Maxwell equations if we can claim
their universal validity for all frames of reference. On the other hand the
principle of the constancy of mass with change of the system of reference,
formerly regarded as obvious, cannot be upheld, as we shall see presently.
The charge is an absolule invariant with respect to Lorentz transformations;
mass and, as we shall also see, energy, are not.

Summarizing the content of this and the preceding section we may say:
From the standpoint of the Maxwell equations the theory of relativity is
obvious. A mathematician whose eyes had been trained by Klein’s Erlangen
program could have read from the form of the Maxwell equations its trans-
formation group along with all its kinematic and optical consequences.

1 The fact that Newton’s emission theory could in a sense, experience a resurrss-
tion in the present theory of the light quanta rests solely on the addition theorem of
the theory of relativity according to which effectively ¢ 4+-v = ¢ (¢ = velocity of light
quanta, v = velocity of the emitting body).
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§28. Preparation for the Electron Theory

Maxwell had directed attention away from the charges and toward the
lines of force. Since the discovery of the electron and Helmholtz’s earlier
remarks' on the atomism of electricity, interest has once more returned
to the sources of the lines of force, the electrons and ions. H. A. Lorentz’
has created the secure mathematical basis for this new electrodynamies
(which might be called electron dynamics). The judgment exhibited by him
here is remarkable; he introduced only concepts which retained their
substance in the later theory of relativity. We will abbreviate our treat-
ment by inverting the historical development and basing the electron
theory on the theory of relativity.

Unlike Maxwell, Lorentz does not recognize a host of media differing
electrically and magnetically; all events take place in a single uniform
medium, the vacuum. The different properties of matter arise simply from
the varied binding and state of motion of the electrons and ions. In di-
electrics the electrons are bound to ions, in conductors they are more or
less freely mobile, and in magnetic materials we are dealing with electrons
which, as the result of their spin, are aligned in the magnetic field.

In this eXplanation of the electromagnetic properties of matter we have
the simultaneous action of great numbers of electrons, i.e. a statistics of
electrons. We shall treat this subject in greater detail in Vol. V. In the
present volume we must limit ourselves to the theory of the individual
electron. It is true that the basic question regarding the nature of the electron
will remain unclarified. The electron ts a siranger in elecirodynamics, as
Einstein has said on occasion. We cannot comprehend, from the electro-
dynamic standpoint, how the finite electron charge e, concentrated in a
point or in a very small volume, can cohere stably in spite of the Coulomb
forces between parts of the charge. For a solution of this problem we must
look to a general theory of the elemenlary particles, the electron, proton,
neutron, neutrino, positron, meson (and other elementary particles which
are yet to be discovered). It is clear, however, that such a theory is at the
moment still remote.

! In his Faraday Lecture in 1881: "'If we accept atoms for the chemical elements
we cannot avoid concluding that also both positive and negative electricity is sub-
divided into certain elementary quanta which behave like atoms of electricity.”

* In his book “Versuch einer Theorie der elektrischen und optischen Erschein-
ungen in bewegten Kirpern,” Leyden, 1895; unaltered reprinting, Teubner, 1906.
See also the later “Theory of Electrons,” Teubner, 1909, Emil Wiechert reached the
same conclusions and formulas independently of Lorentz at almost the same time in
“The Theory of Electrodynamics and Réntgen’s Discovery,”” Abh. der Physikalisch-
okonomischen Gesellschaft zu Konigsberg.
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A. The Transformation of the Eleciric Field. Introduction to The Lorentz Force

In order to calculate in the most elementary fashion, i.e. only with four-
vectors, we return to the four-potential Q, which transforms itself like the
coordinate vector. We employ Eqs. (27.11) which, applied to Q, take the
form -

O =cosyQ+sinyQ, %=0k, =0,
0% = —sinyQ + cosy . (1)
The same equations (27.11), solved for z, yield

F M r r r
Ty = COSYZX — sinvyz;, =T, Iy = Iy,

. , 2
"Xy = Sl Y I + cO8Y .
We concern ourselves first with E, and corresponding to (26.9), form
o
Cll!‘ln = 3£; ﬂzi' (3)
From (1) and (2) we obtain
o _ o - %
Fril gin Tt?_m+cmTﬂ_::=’ (3a)
0y _ 0% 07y |, 30y 074 L M,
EE 3?16_1:: 3_5;553 SIIITEE;'FGDETE {31))
and as the difference of the right sides of (3a, b)
O _ 00\ | p (¥ _ ¥
= (a_z: 6m)+ = T(&-T'l a::) (4)
= cos vy Curly Q + sin v Curl;; Q.
This is at the same time the right side of (3). We hence have
Curls Q' = cos y Curly Q + sin v Curlys Q. (5)
By Eq. (26.11) we conclude therefore
—iEy = cos y (—1iE,) + sin y (¢B,). (6)
In view of (27.11a) we may write instead
J Er - ﬁCB.
E, = m . (‘Bﬂ)
A corresponding calculation yields

i E: <+ ﬁc‘Bl
E ="t (6b)
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The calculation for the z-component is somewhat more complicated insofar
as it leads first to 8 terms, of which 4 are multiplied with sin v cos v, and
two each with sin* v and cos® v, respectively. The first cancel each other,
whereas the remaining ones may be reduced to

o0 _ a0,
x4 0z
and yield simply .
E,: = E’ . (7)

So as to remove the distinctive treatment of the z-axis we indicate
by the subscripts || and L the direction parallel and perpendicular to the
relative motion of the two systems. The Egs. (7) and (6a, b) then become

‘ E B
R = IR .

Since (v X B);; = 0 we may write instead

E+v><B). (8a)

E\, = (E+ v X B)y, E:L=(_1\/_T"F-L

The qr.m.nt.ii;:&r E 4 v X B, which appears here automatically, when multi-
plied with e, has the dimension “newton’ and is called the Loreniz force

K = ¢E + v X B). 9

Through its formulation (more precisely, the formulation of the force
density k to be introduced presently) Lorentz put an end to the fruitless
discussions of the older theory with regard-to the ponderomotive forces on
moving charges. In spite of its amazing simplicity Eq. (9) represents the
sum total of the forces acting in arbitrary electromagnetic fields. An ex-
periment of W. Wien on hydrogen canal rays confirms this directly.! After
J. Stark had demonstrated the splitting of the Balmer lines in an electric
field, Wien could produce qualitatively the same effect by letting a mag-
netic field corresponding to the electric field act on the rays. He thus
replaced E by the v X B which is equivalent to it.

It may incidentally be noted that v X H is commonly written in place
of v X B in (9); from our dimensional standpoint this is an absurdity.

B. The Magnetic Analog to the Lorentz Force

‘We_must now calculate B, i.e. the space-space components of the curl
of Q’, instead of the preceding space-time components. Thisbecomesvery

! Preuss. Akad., January 1914.
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simple for the component in the direction of motion. In view of (1) and (2)
it becomes

FA an’ 30 o
I’ Q' = ' e ' 2= .
Curl’y, Al il P Curly; Q

By Eq. (26.11) this leads directly to . _
B; = B.. (10)
For B, we proceed as before for E, , noting that

331 o _ a
3,1»' 3 aﬁl 6‘

Q
{cos ¥  + siny Q) — o

Curl'y Q" = ,
dri

o _ d
a—h—{cus'ral—{-am'r }ﬂn so that

a0 . Y, I
1’ = —_— - — - —
Curlu @ = cosy{> — 7 ) T sy (aa:, a.n)
= (08 7Y C‘I.ll']:l 0 -!‘ sin ¥ Curly Q.
From this we obtain by Eqgs. (26.11) and (27.11a):

B, + ﬁE./c

B, = \/1 (10a)

Similarly we find

) Bl"'ﬂE:rfﬂ
B, = —— 10b
V1 - g (10b)

These formulas (10) may be generalized vectorially to

B = (B - v XE/), B.= (B HM); (Y

The quantity B — v X E/¢’ appearing in (11) is at the same time the
ponderomotive force on a magnetic pole of strength I, i.e. the magnetic
analog of the Lorentz force exerted by the field on the charge 1.

C. The Inirinsic Field of an Electron in Uniform Motion

In a frame of reference z, y, z which moves with the electron
the infrinsic field of the electron is electrostatic in character. Thus;
forr = v/2* 4 1 4 2%

E=— % gadl and B =0. (12)
4rey T
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For an observer at rest, with respect to whom the electron moves in the
direction of the negative z-axis (see footnote at the end of §27A), we then
have in view of (6a, b), (7), (10), and (10a, b)

' ’ I Y —._.1
E: = E: Ey = mE,, E, = v,—l—:—E’E;.

’ ! v ’ _ v
B=0 B=syiph B-oaioet
We express these primed fields in terms of the primed coordinates z’, i/, 2’
of the point of the field considered, which, like the z, y, z, we shall measure

from the momentary position of the electron and consider the Lorentz
contraction along the z-coordinate:

(12a)

¥ =+1-pz, Y=y =z (13)
Simultaneously we set s(z’, v, /) = r(z, y, 2) or
| 8 = ,‘/ 2 + 3 + 2" (13a)
1-8 )
We then ebtain from (12) and (12a) |
! I I € I’l y’! z’
Ez: E‘Il! E: = 4150” 3' H {14)
’ ’ ev 0, zr, _yr
B., B;: B, = h&ﬂlm e . (14a)

Thus our primed observer, unlike one moving with the electron, is aware
of a magnetic field in addition to the electric field. By (14a) its lines of
force are circles about the direction of motion; its intensity is, if we re-
place e’ in the denominator of (14a) by mo in the numerator and pass
over from the field strength B to the excitation H = B/pu,,

ev gin ¢ : V't + 2"
This expression should be compared with the expression (15.12) for the
Biot-Savart force, from which (14b) differs only by relativistic corrections
of the second order in 8. Thus in a sense a moving electron in a cathode
ray realizes the commonly mentioned, but unreal, current element of the
earlier theory; ev here takes the place of I ds.

The electric lines of force, on the other hand, are according to (44)
straight lines diverging from the instantaneous position of the electron in
the primed system (in view of the proportionality of the components of E’
in (14) with z’, ¢/, 2’) as well as in the unprimed system; however, they do
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not have the same density in all directions in the former as in the latter
case. Rather, they are squeezed together in the equatorial plane z' = 0.
Because of the meaning of s in (13a), s —  and E’ — 0 for 8 — 1 unless
z’ = 0. In this limiting case the electri¢ field would be concentrated entirely
in the equatorial plane. Thus the electron is flattened in the limit ¥ — ¢ not
only in respect to its shape (with which we are not concerned here), but
also in respect to its field. :

In the preceding we have convinced ourselves that the determination of
the field for uniform motion is merely a matter of algebraic transformation,
while in the older electrodynamics it involved at least some integration.!
§30 will deal with the field of accelerated motion.

We emphasize in general: The electric and magnetic fields form a single
unit and can be distinguished only with reference to the particular refer-
ence system employed. Together they form a six-vector. In changing the
frame of reference its electric components contribute to the magnetic ones
and vice-versa. We are here dealing with an effect of perspective in four
dimensions. The aspect of & cube furnishes the three-dimensional analog:
For a particular choice of the viewing direction we see only the (“electric’)

‘front face, for other, oblique, directions the (“magnetic”) lateral faces
as well. A

D. An Invariant Approach {o the Lorentz Force; the Four-Vector of the
Force Density

From the four-vector z, - - - z, we obtain as the difference in position of
two neighboring world points the four-vector

dz, , dxy , dz; , 1c di. (15)
Furthermore the four-dimensional volume element
dz, dxy dzy-1c dt (15a)

is also independent of the choice of coordinates, just like the volume ele-
ment dr,dz.dz; in three dimensions. Since the corresponding charge Ae
(the number of electrons contained in the element of volume), just
like e itself, is also tnvariant, division of Ae by (15a) leads to another in-
variant scalar and multiplication of this scalar by (15) to another four-vector.
As in (26.6) we call it the four-current density I':

Ae (d.’h dz, dz;

M=o EF’E"JE"“)=’°{?’”}' (18)

1drsdz,

p is the usual three-dimensional charge density. A comparison of the pre-
ceding definition of I with that in (26.6) shows that the current density J

! Bee Oliver Heaviside, Phil. Mag. 1889. The surface s = const (Eq. (13a)) is known
as the Heaviside ellipsoid; see Problem III.3.

e
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of electrodynamics passes over into the convection current density pv in the
electron theory and, furthermore, that the four-vector I' has the same
direction as the velocity four-vector V defined in (27.18), in view of the
relation

r:;%vunﬁiﬁt (168)

We now multiply the four-vector I"' with the six-vector F of the field.,
This results, by the process of “reduction”, again in a four-vector, just as
for the operation Div in (26.16). After having divided it by ¢, for dimen-
sional reasons, we call it force density and denote it by k, its nth component
by ka :

* [
k-grr, k= S TuFumy, n=1234 (17)
=1

Written term by term this becomes

cky, = I2Fy + DiFy + TWFy,
cky = I'Fy + I'ify 4+ T,

_ (17a)
cky = T'WFy + I'iFn + Tl u,

cky = TWFy 4+ ToFe + TiFn
or, in three-dimensional coordinates,
ky = k. = p(v,Bs — v.By + E.)
ky = ky = p(v.B; — v.B, + E,)p = p(E 4+ v X B). (17b)
ks = k, = p(v:By — v,B: + Ei)

In his original theory Lorentz operates primarily with the three-dimen-
sional vector on the right.

We are of course also interested in the fourth component. It is, by
(17a),

cky = ip(v.E: + v,Ey + v,B,) = 1pv-E = 1pL. (17¢)

L is here the power expended by the electric field strength on a unit charge
moving with velocity v.

It may be shown readily from the representation (17a) that the four-
vector'k is perpendicular to the world line of the charge. In view of the
proportionality of I' and V in (16a) and the antisymmetric character of F
we obtain for the scalar product of k and V:

V-k=0. (17d)
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We pass from the force density to the force itself. It is not permissible
here, however, to simply change p into the electronic charge e by integra-
tion over space, since the three-dimensional volume element is not a
relativistic invariant, but an arbitrary section through the “world tube”
described by the electron (perpendicular to the also arbitrarily chosen time
axis). It 18 much more appropriate to place the section perpendicular to
the world line of the electron, which is independent of the orientation of
the t-axis, or, what is the same thing, perpendicular to the generatrices of
the mantel surface of the world tube. If we denote the angle between the
world line and ¢-axis by v, the three-dimensional dx dy dz projects itself into
the “world tube cross section”

dx dy dz
dx dy dz cos y = \“/Tj—_} (18)
with the general meaning of v given by Eq. (27.11a). By integration over
this cross section we obtain

€
dz dy d = = 18a
f pdzdydzeosy = =g (18a)
+ From the representation (17b) for the force density we thus find directly
’ k dz dy dz e

K is the Lorentz force of Eq. (9). It is not directly a part of a four-veclor, bul
becomes one after division by \/1 — 8.

The corresponding fourth energetic component of this four-vector is
according to (17¢)

kdedyds e el 1o0)
V1 -8 VI-F" " elI-g ?

We call the four-veclor of the force, completed in this manner, F; Its four
components may be expressed collectively by

K et
F = {( —F——, . 19b)
v 7 <
In view of its derivation from the Lorentz force density k and of the
relation (17d) it is perpendicular to the world line of the electron:

V-F = 0. (19¢)

"E.*The General Orthogonal Transformation of a Tensor of the
Second Rank

As generalization of the antisymmetric field tensor F we now consider
an arbitrary (symmetric or asymmetric) tensor of the second rank Tam,
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whose components T,, need not vanish and for which we do not neces-
sarily have Thm = Tmn. Here we define as tensor a quantity whose com-
ponents T',, and T'.. behave like the squares and products zs and ZoTm of
the four-dimensional coordinates in the orthogonal transformation (27.1).
The formula which, by (27.1), applies for the product z,z :

4 4
I;h: = E E Otni Otmk Ti Tk
=] k=l
may be transferred to T in the following manner:

Tho =22 cnictmi T . (20)

=1 k=1

We shall encounter g symmetric tensor in §31. It remains symmetric in
the transformation. -
For an antisymmelric tensor (20) may be written

T, = Y (aniome = amiane)Ta = 2. 2

ik =k

Kni CEnk

Tik . (20.&)

Omi Omk

Here the components Ty = —Ta are already accounted for with the
‘components T, . Hence the double sum in (20a) must be carried out in
such fashion that, whereas 7 traverses all values from 1 to 4, k only assumes
the values k < 1. The value k = i evidently need not be considered since
T = 0 and, in addition, since all the determinants in (20a) vanish in this
case. An antisymmetric tensor remains antisymmetric in the transforma-
cion since the interchange of n and m reverses the sign of all the deter-
minants.

After these general considerations we return once more to the behavior
of the six-vector in the special Lorentz transformation (27.2a). We con-
vince ourselves that all the subdeterminants of this matrix vanish with
the exception of

i [ |
ay o ag1 ﬂful Qo Qg4 | oss au 1
= = = = ———m————
\ | \/1 _ ﬁgi
an  on as Q| T oz oua |
g Qg @11 o
= = ],
ge 033 Loy Caa
ay O apy Qi ag1 O an  an —18
N = _— = =— = e
an  an as  ax e i ous V1 g

in view of the values of the a; given by Eqs. (27.5, 7, 8). On this basis the
sums of six terms in (20a) are reduced to one or two terms. We find spe-
cifically
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- 1 . "
1 g = T riu-—-:—ﬁ-i (Tu — ‘l-,sT:{}- Tﬂ = Tﬂ ]

’ 1 .
Ty = Vi@ (T + 18T),

' 1 :
Twu=Tu, Tu= Vies (Tw + #Tw),

Ty = \/i—l*“"-_'“—; (Tw — BTw).
If here we substitute for the Ty the electromagnetic equivalent of the Fyu
given by the matrix arrangement (26.17) we see readily that the preceding
transformation formulas correspond to Eqs. (8) and (11). The present
procedure for the derivation of these equations may be slower than the
earlier one, but it-is fundamentally more elementary and certainly more
general, since it covers any tensors of the second rank.

'§29. Integration of the Differential Equation of the Four-Potential
We now turn to the differential equation (26.5),
oQ = — o, (1}

where we are dealing with a problem of four-dimensional potential theory.
The three-dimensional potential theory, Eqs. (7.4a) and (7 5), may serve
us as example. To begin with, we require the four-dimensional analog to
Newtfon’s potential 1/r. It is given by

u=$, R= -2+ (-2 + & — o)+ -2 (2

As proof we calculate _
a 1 _ E— i 1 _ 2 8 R A
From this we deduce
LI | 8 8R?

which is valid for all points except the “source point” §; = z;,¢ =1, --- 4,
It may be proved similarly that in a space of p + 2 dimensions the cen-
trally symmetric potential is represented by U = R if the meaning of
R’ is generalized correspondingly.

Furthermore, as a preliminary, we shall determine the “surface’ of the
sphere B = const, i.e. a three-dimensional structure in four-dimensional
space. If w signifies the surface area of the unit sphere, it is
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wR® with o = 2x". 4)
In proof we consider the integral
J -fff_[“axp{*;ﬂ}d& dtx dts dbs. (48)

By carrying out the integral for each coordinate separately and utilizing
the familiar value of the Laplace integral we obtain the fourth power of
/= or x*. On the other hand, if we introduce polar coordinates, with
P = D £}, we find

Jmmj; e rtdr =3, (4b)

A comparison of (4a) and (4b) proves Eq. (4). Similarly, for space with
P+ 2 dimensiona_
w = 2¢"""/T(p/2 + 1). (4c)
(The reader may check the validity of this formula in the three-dimen-
sional and two dimensional cases, p = 1 and p = 0).
’ A Four-Dimensional Form of the Polential Q
We now apply Green’s theorem to our two potentialsQ and U:

I(QDU—Ul:ln)da--da=f(ngn—u—ug$)dm (5)

The integration at the left is to be extended over infinite four-dimensional
space, with the exclusion of the source point z; = £; by means of a sphere
K of radius R — 0. The integration on the right is to be carried out over
this sphere K and a sphere R — «, which however, as in the three-dimen-
sional case (see p. 39), does not contribute to the integral. Substitution
from the differential equations (1) and (3) then yields for (5) (I' now de-
notes the four-current, not the I'-function):

dby -+ dEd _ 81, _ [dQde
w[r RS- an gt - aw (6e)

Since by Eq. (4) f do = 2¢'R’, the second integral on the right vanishes

for R — 0. Since furthermore dn = —dR (the normal is to be taken poai-
tive if i} points outward from the space of integration, i.e. inward into the
sphere K),

2 .
Lnﬁw=ha
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Q here denotes the value of our potential at R = 0, i.e. for {; = z;. Hence
we find from (5a)

40, 31, 22, 20/ = [ 0 BB (6)
in perfect analogy to (7.5). (6) represents the four-potential in an arbitrary
world point z, - - - z, by a four-dimensional inlegration over the four-current
density T, which is assumed to be known.

However, I'" is known to us only for the real times v < {, which precede
the time of observation t; we might also say, for the times r < 0, if, without
loss of generality, we put the time of observation ¢ temporarily equal to 0.

1
t-plane
e Pt
Real axis
L

F1c. 41. Integration of the four-dimensional potential equation (Q = wI". Defor-
mation of the original path of integration along the real £-axis into a loop sbout
the “light point’’ L on the negative imaginary axis.

Accordingly I' is not known to us along the real § axis, as we have im-
plicitly assumed till now, but only for the negative imaginary values

=1t = —ic|7]. (6a)

Accordingly we shall distort the path of integration for £ along the real
axis, —® < § < = into a loop-about the negative imaginary half-axis,
which leads from —i«w by way of the neighborhood of the origin of the
complex -plane back to —i=, as shown in Fig. 41. This does not alter
our representation (6) or the fact that (6) satisfies our differential equa-
tion (1).

We still want to convince ourselves that (6) satisfies also the auxiliary
condition (26.7), DivQ = 0. This follows from the fact that I' satisfies
the continuity equation (26.16b) Div I' = 0. In fact, if we indicate the
differentiation with respect to z; and £, by subscripts, and carry it out under
the fourfold integral sign we find
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dx’ Div G/ u = f (r Grad, %)'ds, .+ dbe
1 (7)
= —-f.(l" Grn.d;-m—)d& s 8 d&.,

i.e., after carrying out an integration by parts,

4=’ Div @/u = [ Div,r & = % _ o, (7a)
which was to be proved.
For the further treatment of the representation (6) we can carry out
first either the integration with respect to £ or that with respect to &,
&, and & . For the present we shall follow the first course.

B. Retarded Potentials

With reference to Fig. 41, we look for those points of the compiex &-
plane at which the denominator R’ vanishes. We write

R =7 + (x4 — &}a’ (8)

where r signifies the three-dimensional distance between the point of
‘iptegration £, &, & and the reference point zt, 73, 23, and where we
have dropped our temporary convention z, = 0, which merely served the
more convenient description of Fig. 41.

There are two points at which R = 0, i.e.

T — &= i (8a)
and

Te = &= —ir. (8b)
We call the first, with Minkowski, the “light point” L; the second' is
designated with L’ in the figure.

In the neighborhood of L we have according to (8) and (8a)
R' = (2 — & — ir)(#a — & + ir) = 2r(z — & — ir).  (8c)

By Cauchy’s theorem we can now distort the path of integration in Fig.
41 into a circuit about L, yielding by the method of residues

5{%-& A Ty oo =™ ©)
2ir '

R 2ur ] xf— & — ir r
I'; 18 the value of I' at the light point. The factor (42#%) results from the
fact that, on the one hand, —£ oceurs in the denominator, oft the other;

1 The distortion of the original real path of integration into a loop about L' would
lead to the "“advanced’ instead of the retarded potentials (see p. 148).
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the integration path is traversed clockwise about L, i.e. in the negative
direction from a function-theoretical standpoint.
Substituting (9) in (6) we find

470/u = [ Tt dgy dis dia (10)
Resolved into components this yields, by (26.4) and (26.6)
s/ = [Lagagan,  arev = [%agdnde. (00

These are, however, exactly the representations of the retarded potentials
in Eq. (19.13). In fact our preseht J, and p, have the same meaning as
our earlier [J] and [p].in §19. For if we designate the time of the light
point, which precedes that of the observation, by r, as in (6a), we find
from (8a) '

wel = ier + ir, T =0 —r/ec. (10b)

This is however exactly the time defined in (19.13c), for which [J] and [p]
were to be calculated. In this manner the formerly suppressed proof of
'(J9.13) has Been brought in a mathematically particularly appropriate
fashion. It should be noted that G. Herglotz had devised the method given
here even before the theory of relativity, just on the basis of mathematical

symmetry and elegance.'
C. The Lienard-Wiecheri Approzimation

We now take the second course mentioned above and carry out the
integration over & , &, & . We here imagine current and charge to be con-
centrated in a single point, the electron, rather than spacially distributed
as up to now. We use for I its electron-theory value (28.16), by which the
conduction current J was interpreted as convection current, and with e as
electron charge, obtain from it

fr dty dis ds = e(v, ic) = —eR. (11)

R is the radius vector from the electron to the reference point, R its deriv-
ative with respect to ¢ for fixed reference point:

> _ (48 d& ds. ) .
R (dl: = ,tc — v, 1c). (11a)
We thent obtain from (6), carrying out the first three integrations, -
'/ = —e 56%45.. (12)

1 Bee Gottinger Nachr., 1004.
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As in (9), the integration is to be carried out about the light point in Fig.
41. However, the locus of the electron & , &, & is not an independent
point of integration, as up to now, but itself depends on the integration
variable £ . We must therefore consider the world line of the eleciron in the
neighborhood of the light poini L and expand R?® as follows:

BB+ G-t %y (13)
so as to be able to apply the method of residues.
Here we have
:r _ dR’ _ 1 d(R-R) _2

The expansion of R* becomes hence

R' = (§ — h;)?-ER-R-{---- (13a)
and Eq. (12) passes over into
4’0/ = & R b 13b)
/i 2R-RJ & — tu (

In view of the sign of ¢ in the denominator, which is opposite to that in
(9), the integral is now equal to —2xi. We thus obtain
ecR _
4Q/py = ———. (14)
/o AR
According to (8a) the vector R has the time component ir, whereas its
space component (light point to reference point) is r; by (11a) the time
and space components of R are —ic and —v. Hence

R-R-m—v-rnrc(l—ﬂ)=rc(l-—i'), (14a)
re ¢

where v, denotes the projection of v on the direction of r. Substitution in
(14) and separation into real and imaginary parts yields the remarkably
gimple formulas of Lienard (1898) and Wiechert (1900):

e v e 1
SdnialalS wrw i eyl
Our derivation shows that, like r, v and v, must be taken for the earlier
time of the light point. It is interesting to note that the denominator
1 — v,/¢ will recur in Vol. IV in connection with the Doppler effect.
Actually the original integral form (6) of the four-potential will prove

(15)
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more useful for what follows than the formulas (15) or (10a), where the
integration has been carried out.

§30. The Field of the Accelerated Electron

The advantage of Eq. (29.6) rests in the fact that the variables z; - - - z,
of the reference point occur here only in the denominator R*, We have to
differentiate only the latter if we wish to calculate the field of an electron
in any stale of motion. In this manner we obtain from (29.6) first:

4r’Curl“ﬂ-mf(I‘.§i—$—I‘ a}lp)d&--dh. (1)

na

Since
0 1 _ —g¥n = & _ _2R,
T, R? R R’

the parenthesis in (1) becomes
2 L2
- R"‘(FHRH- — TI'wBRn) = + -E(I‘ X R)um-

Here we have'transferred the usual symbol (X) of the three-dimensional
vector product to the product of our two four-vectors, which evidently is
a quantity with six components. The same applies for the left side of
Eq. (1), where by (26.12) Curl,. @ is the nm-component of the six-vector
uof. We thus obtain from (1)

20 fum = [ 2 (F X Ram dts - . (1a)
We now carry out the integration with respect to £ , &, and £, in which

process, by Eq. (29.11), I' transforms itself into —eR, and £ refers, from
this point on, to the point electron. We find

2 = —o f R XR) 0 @)

R¢

The integration is here to be carried out over a circuit about the light point,
as in Fig. 41. The difference from the previous calculations consists only in
the fact that the denominator now vanishes to the second order, so that
we have to carry the expansion in denominator and numerator one term
further. If we abbreviate

£ - E

w =

we write in place of (20.13a)
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R'=2uR-R+ w'{R-R+R-R} + -

R' = 44*(R-R)? (1 + uﬁ'RR‘*.‘Rﬁ'R + )

and, since R X R = 0,
RXR=RXR).,+uRXR),+ -.

Thus, if at this point we transfer the denominator in part to the numerator
and suppress the subscript L (2) becomes:

2r’f-~—-f-—ic~——f@{R><R+ufR)<ﬁ})(l - uR'R+n‘R).
u? R-R

Here we need write out only the term multiplied with u™, since only this
is involved in determining the residue, and can omit the terms with u™,
w, u' - . We thus obtain

’ du n . R-R+ R-R
O 5{ Y (R R-—RXR )
"= E&Re S a \}X X R-R

Bince the integration indicated in Fig. 41 amounts simply to the addition
of the factor —2x¢, we find finally ,
5 R" R + R . R ) { 3}

4xf R X R
= - R XR-—>—
e¢c (R-R)? (R-R)?

According to (29.8a) and (29.11a) the expreasions on the right must be
formulated specifically for

R=(rir), R=—=(v1i), R=/(-v%0). (3a)
We examine this general representation first for the special case of the

A. Electron in Uniform Motion
Here, since R = 0,
4xf . R-R : ¢ — v

— =R XR—-——-=R XR . 4
ec (R-R)? ¢r'(l — v,/¢) )

According to (3a) the six-vector R X R is given, in matrix notation, by

. Ts Ty Ts T
R)(R=—[ ]. (5)

v: Uy U, I

We calculate its space-space and space-time components as subdeter-
minants of the matrix. In the notation of ordinary three-dimensional
vector calculus we obtain
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) vXr for the space-space components,
RXR= . (5a)
i(rv — cr) for the space-time components.

If this is substituted on the right side of (4) and f is separated into its
space-space portion H and its space-time portion —icD on the left as
well, we find
. 1 -/

(1 — v./c)¥’
gD () 1o

e ¢ (1 — v/e)
These expressions appear basically different from the expressions (28.14)

and (28.14a), with which we represented previously the field of the elec-
tron in uniform motion (there designated by H', E'), but can actually be

4'_......H:u7><

(6)

A

F1o. 42. The field of an electron in P
uniform motion. The electron moves
‘along the z-axis with the velocity v; O is
the location of the electron which is si-
multaneous with the observation at P, L
L the light point, so that LO = vr, where v
r is the retarded time of the light sigmal
emitted from L to P.

d"

L0 =%

‘-_V_“"‘

transformed into each other by elementary geometrical considerations. We
will show this in Problem III.3. We will then make use of Fig. 42, which
pictures at the same time the different viewpoint of the present and the
earlier formulas: In the present formulas r and r refer to the light point L,
in which the electron was at the time t — r/¢, ¢ being the time coordinate
of the reference point P. The earlier formulas, on the other hand, con-
cerned the position of the electron simultaneous with ¢, which is designated
in the figure by O; the coordinates of the reference point with respect to O
are given by 2/, ¢/, 2’ as in (28.14).

B. The Accelerated Eleciron
If in (3) we omit the part (4) we obtain the pure “acceleration field”

4of _RXR_RXRBRR)

ec (R-R)? (R-R)* @
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To analyze this, we calculate from (3a)

Rx R = —r X ¥, the space-space portion, 7a)
1rv,  the space-time portion
as well_ as
R-R=—rv. (7b)
We then obtain from (7) with due regard to (5a) and (29.14a)
4xH =~ XV _ (e X )W)
ec il — v /e) (1 — v /e)¥’ ®
4D _ rv + (ecx — rv)(r-¥)
e . (1 — v/e)r (1 — v /e)Y
From this we concludé directly
rH/ic =1r XD and r-D = 0. (8a)

H, D, and r or, as we might also say, H, E, and r are mutually perpendicu-
lar to each other. Furthermore, taking the absolute value in the first Eq.
'(8a) in view of the second Eq. (8a), leads to

§1H|-]Dl (8b)

or, expressed in other terms, to

(H|=4/%E].

We thus have a typical transversal field, as for the plane light wave in Eqs.
(6.11) and (6.13). Its strength decreases with increasing r as 1/r; for the
denominators in (8a) have each one factor r more than the numerators,
not {wo a8 for the electron in uniform motion (Eq. (6)). Hence at great
distances (6) may be neglected as compared to (7), and (7) represents the
entire field of the accelerated electron.

C. The Longitudinally Accelerated Electron

Let us assume specifically that v and ¥ have the same direction (recti-
linear motion, longitudinally accelerated electron); we then see readily
that

v(r-v) = v(r-¥)
and hence also
(r X ¥)(r-v) = (r X v)(r-¥).
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If, now, the denominators of the right sides of Eqs. (8) are made the
same, two terms cancel each other in each case. These Eqs. (8) then re-
duce to

4H _ X 4D _  —rv + 1,
ec (1l — v /c)t’ e c’r’{l - v/e)d’

Ifwemakethecommondlrectmnufv and v the axis ¢ = 0 of a spherical
polar coordinate system r, ¢, ¢, we have

(9)

v, =vco8d, vp= —vsind, v, =0,
v = vcosd, Uy = —9Bsind, vy = 0,
!')(‘i’f‘(f)(?)‘,, H=H,, D = Dy

and we obtain from (9)

ev sin ¢ ev gin ¢

er (1 — Becosd)’ th‘:Er(l—ﬁﬁﬂﬂl’)' (10)

These are the same expressions as (19.20), with the addition of the rela-
tivistic denominator (1 — B cos ¢)’, which of course was lacking in the
honrelativistic ¢alculation (8 — 0). In fact our earlier factor p(¢ — r/c) is
the same as our present factor e’, computed for the light point. Corre-
spondingly we find in place of the radiation S in (19.22

4fH' b

e’ sin’ ¢
8 16x%ec*r* (1 — B cos 9)* (11)
Accordingly the maximum of the radiation no longer lies at ¢ = »/2, but
advances, as 8 approaches 1, from ¢ = »/2 toward ¢ = 0.' We already
referred on p. 155 to this phenomenon, which is characteristic for x-ray
theory.

§31. The Maxwell Stresses and the Stress-Energy Tensor

So far we have only dealt with the kinematics of the electron, prescribing
its motion and inquiring regarding the accompanying field. We now turn
to the stafics and then to the dynamics of the electron. With respect to the

! By differentiation of (11) with respect to ¢ we obtain as condition for Smx & quad-
ratic equation for cos &, which, for small 4, yields

cos & = 35, d -g-—aﬂ.

and for # nearly equal to 1,
& 1-p

s mle—, gm= /1B

16 5
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statics of the electron we have familiarized ourselves till now only with
the Lorentz force, acting at the locus of the electron. A field concept
cannot be satisfied herewith, however, but must follow up the transfer of
force actions in vacuum, where there are no charges. This was Faraday’s
intimation when he spoke of lines of force as of elastic bands which trans-
rnit tension and compression. Maxwell was also here able to place Faraday’s
notions into clear mathematical focus. This was the origin of Maxwell’s
stress tensor, which may be expanded relativistically into a siress-energy
lensor.

We proceed from the Lorentz force density in Eq. (28. 17),

4
k = i IF, cky = 3 T,Fu, (1)

o =1

and replace T, in accord with Maxwell’s equations (26.16), by the six-
vector of the excitation f. We then obtain from (1)

'l 4 4 ﬂf
ckn = 2 Div, f-Fpe = 2 2 = For. (2)
rel re=]l mem] 6:-'....
We will show that k may be expressed as the four-dimensional divergence
©of a tensor T,vi:e. that

i
0
ke = _}; 5o Tom (3)
and
4

where A denotes the Lagrange density in (26.24).

Since we here enter the domain of tensor quantities the following rather
abstract computations with double indices cannot be avoided.

To transform the right side of (2) we utilize the identity

oF
ATm
Change of the order of summation yields for the first term on the right of
(5), summed as indicated in (2),
a d
2 gz TP = =K g ZufecFr &

The second term on the right side of (5) becomes, after carrying out the
summation over r and m (including the negative sign)

TEREE

O0Tm

fm 0 3
iz Fo = rre. (frmFnr) = frm (5)
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We write this expression once more, reversing both the symbols for the
summation subscripts r, m and the sequence of the subscripts of f and F':

F
; gf"" 0z,
and form half the sum of these equai expressions:

E Z fur (aﬁ'.. aF..) _ @

oz, OTm

Now we make use of Maxwell’s Eq. (26.18). According to it (the three
terms are formed by the cyclic interchange of the subscripts m, n, r)

aF“ aFnr
) + 3}: ‘+‘ E: = ).
Taking care of the negative sign by changing the sequence of subscripts
of F, we then can write instead of (7)

!Z % for ?-F:' . (7a)

*This is the result of the summation of the second term on the right side of
(5), whereas that for the first term was given by (6). Hence we obtain,
finally, from (2), (6), and (7a),

0Zn

Here the first term is already identical with the first half of the repre-
sentation of the tensor T in (3) and (4). To prove fully the correctness of
the representation we must still demonstrate that the second term on the
right of (8) is equal to

&A dA
_§ bum 5 et

By (26.24) this is actually the case. The statement (3) is thus proved.

Our expression (4) for 1" represents a symmelric tensor of the second rank.
Its symmetry follows directly from the proportionality of f and F and
from the meaning of 3., ; the tensor character in the sense of p. 244 follows
from the behavior of the six-vectors f and F in a Lorentz transformation.
This calculation, overloaded with indices and formal as it may seem,
leads to far-reaching physical consequences.

From (4) we compute the components of T individually, beginning with
the diagonal terms of the matrix, all of whjch have the term with A in
common. We find
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Tu = = = fuFu+ fuFu + fuFu) + A

= - H,B,— H,B, + D.E,+ $H-B — {D-E
= — H'-B+ HyB, + D.,E. + $H-B — 4D-E
: = HyB. + D,E. — W,
where W denotes the energy density. Similarly,
Tw = HB, 4+ D,E, — W,
Tw = HB,+ D,E, — W.
On the other hand

Tu = — % (fuFa + feFe + fuFu) + A

= D,E. + DyE, + D,E, + 3H-B — }D-E
= 4D-E + 4H-B = W.
We now turn to the nondiagonal elements, beginning with those having
the subscript 4, such as
Ty = Tn = - %(fupu +quuJ _
= it(D,B, — D,B,) = — icesu(E X H)s = — 1 5.,
Similarly:
Toe = Teg = -—ES,, Ty = T = —Es..

The remaining nondiagonal elements are

H,B. + D.E, = H,B, + D,E.,
Ty=Ty= — l(.}"1:1"‘*11+fuﬁ"l'ﬂ =1 ’ ’
c H’B, + D‘E' o H‘Bv + D-'E;’
where the equality of the last four expressions again follows from the
proportionality of D and E, and similarly

H ] D LN ] H L DI'EI ]
m=n={£+df h=h={£+
H,B, + D,E., H,B, + D,E, .

Thus the complete T matrix becomes, in abbreviated notation

7
o ‘-——S
¢

T = ;
s w
c
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Here o is the three-dimensional m;i.trix of the socalled Maxwell stresses:

HrBa‘ + DnE: - Wa HyB# + DUE: H H.B: + DIEI ’
HrBr + D"El' ' Her + D,E, - W, H-Br + D-En (10)
HaBt + DaEl; H,B; + DrE. ’ H-B: + DnEs - W.

The electrical portion of o represents a tension of the magnitude W in the
direction of the lines of force and a compression of the same magnitude in
the directions perpendicular thereto. This is seen immediately if the z-axis
is placed in the direction of E and B is put equal to 0. Then

0e: =4D'E, 0y = 0 = —3D-E, a4 = 0.

The same may be shown for the magnetic lines of force if the z-axis is
placed in their direction and E is put equal to 0. We have thus returned
to the model which Faraday had constructed purely on the basis of in-
tuition.

This stress tensor o, by itself, is however not a legitimate physical
quantity in the sense of the theory of relativity. It becomes one only by
its extension with the energy quantities S and W, forming the “stress-
energy tensor” T. This has the characteristic property that its “trace”
(sum of all the four terms on the principal diagonal) vanishes. We have in
fact:

T11+T3+TH+T“=HB+DE—3W+W=U

We now return to the relationship between T and the Lorentsz force
density k as given by (3), and consider first the fourth line of (3). In view
of (9)itis

oW
0y
If we replace k, by its value 2pL/c from (28.17¢c), we find, since z; = 1ict,

W 4+ divS+pL =0, L=vE (1)

fq=-—"§divs+

This is Poynting’s theorem, Eq. (5.7), where the former energy loss by
Joule heat is replaced by the work done on the moving charge ».
Consider now one of the space components of Eq. (3), e.g. the first line:

ki =k, = div, o — 2 25
¢ 014
which, written out in detail, becomes
Wor o Oy Qo _ 100 _ (12)

ox ay 9z ¢ at



260 THEORY OF RELATIVITY AND ELECTRON THEORY 31.13

If we omit the last term on the left, i.e. confine ourselves to a stationary
state, we obtain the characteristic equation (8.11) of elastic equilibrium in
Vol.'II. Just as there the volume force F. is absorbed and balanced by the
stresses o, , insofar as they point in the z-direction. The Lorentz force
density may be completely replaced by these stresses in our case. They
are defined throughout the field by the tensor array (10), even where, in
view of the absence of charge density, the Lorentz force is nonexistent.
We have thus attained the goal set at the beginning of this section, of
following up the transmission of the force through vacuum (without the
use of a test body).

However, wnat do we know of the nonstationary state and the term
with aS/af which is then added in (12)? The answer is given by Eq. 14.1
in Vol. II, where the corresponding term, there designated by —pd*s/at’,
represented the inertial resistance of unit volume of the elastic body or,
with positive sign, it8 change in momenium. We learn from this that there
exists & momentum per unit volume G also in the electromagnetic field,
and that it is to be defined, in direction and magnitude, by

1
G = 3 S. (13)
We already know that the electromagnetic field possesses energy and how
this is to be localized in space. We now see that we must also attribute to
the field momentum, continuously distributed through space wherever
there is an energy flux S and of the same direction with the latter.
Correspondingly a light wave carries momentum and exerts a pressure on &
nonreflecting (black) body on which it is incident—the light pressure dis-
covered by Maxwell. Similarly, if a light wave is emitted by a body, it
imparts to it a recoil which is equal and opposite to the momentum carried
by it. We call the latter body the “transmitter,” the former the “receiver,”
and assume that both were at rest for { < 0. At { = 0, when the wave is
emitted by the transmitter, the latter receives a recoil. The center of
gravity of the transmitter and receiver is then set into raotion and remains
in motion for the duration 0 < { < T. At the time { = T the light wave
is absorbed by the receiver (without reflection, as we shall assume for the
sake of brevity). The wave then imparts to the receiver an equal impulse
forward. From this point on the center of gravity of the two bodies is
once more at rest, though it has been displaced a certain distance during
the interim T, corresponding to the backward motion of the transmitter.
This contradiction with the law governing the center of gravity vanishes
only if We assign a momentum to the light wave itself during its lifetime 7.
Then momentum is neither created nor destroyed, both in emission and in
absorption, and the center of gravity remains permanently at rest.
As is well known, it is difficult to demonstirate the pressure of light in
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the laboratory. The radiometers constructed for this purpose indicate
generally convection currents of residual gases, caused by the thermal
effect of the radiation. The proof of the pressure of light in the heavens is
much grander. The tails of the comets, pointed away from the sun, show
it (Lebedew), also the solar corona, where luminous particles are balanced
by the pressure of light or radiation at a height equal to as much as the
radius of the sun. The inner congtitution of the sun and the bright fixed
stars generally is also controlled by the common action of the pressure of
radiation and the thermodynamic gas pressure (Karl Schwarzschild, 11916,
for the surface of the sun; quite generally, A. S. Eddington, 11944). We
must here content ourselves with pointing out some general relationships
between momentum, energy, and light pressure.

From the definition of S we obtain for a transversal plane wave

(H_LE,|H| -',/%;m;):
|S| = |EXH| = |E||H| = = cW.

From this follows, in view of the definition (13) of G

4
iGl -=?.

(14)
The momentum incident on a screen is hence equal in absolute magnitude,
but for the factor 1/c, to the energy density in front of the screen (this applies
not only for vacuum, but for any non-absorbing medium).

We consider a bundle of parallel rays, a “wave packet”, of length [ and
cross section g. Let W be the energy contained in it, G the momentum
contained in it:

W=qW, G =dg@-=ygl

v.-x (15)
c c
the last follows from (14). We speak of a “photon” or a “light quantum”
if the energy W of the bundle is equal to h» (A = Planck’s constant,
» = number of vibrations per second). By (15) the momentum of this
bundﬁe is

G="

c

(15a)

In the theory of light quanta the light pressure is thus identified with a
“hail of photons”, to which every photon contributes the quantity A»/c.
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We test this statement once again with the aid of the representation (10)
of the,stress tensor o. Let the light wave, assumed plane, be incident per-
pendicularly, in the positive z-direction, on a plate. Because of the trans-
versal nature of light E, , D, , B: , and H, are zero and the first row of (10)
reduces to

oz = —W, 05 =0ua=0
If we are dealing with the light bundle described by (15), the force
—0:.q = Wq

acts on the plate during the time T = l/¢; its time integral yields the
impulse imparted to the plate. We calculate:
T 1 Wql W
G=[ Wwoar=: | woar = "L =7,
which agrees with (15).
If the light wave is not incident perpendicularly on the plate, but at an
angle a with respect to the normal, the quadratic character of the coefhi-
cients in the tensor transformation formula (28.20) leads to

0ee = W cos’ a.

This dependence on angle is reasonable since the area bombarded by the
light pencil is now g/cos o and only the component in the z-direction of
the momentum of the light rays is effective as light pressure.

§32. Relativistic Mechanics

Unlike electrodynamics, which fits the requirements of the theory of
relativity from the very start so that we covld actually base this theory
on it, classical mechanics must undergo fundamental revision to harmonize
it with the theory of relativity. This revision even affects, for the individual
particle, the definition of its momentum (its “quantitas motus”) as a four-
vector. In agreement with Vol. I, §2 we assume it to be proportional to the
four-vector V of the velocity in Eq. (27.18) and call it again G:

dx; dzy dzs dz,

G=mV, V=== 5% T & ()

The coefficient m, is the rest mass of the particle, dr = 4/1 — g df is the
differential of the intrinsic time. We can also write in place of (1)

- (v, i & Ay &
C=Vi—g®® "=m @ @
The quantity

Mo
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is called the mass in motion. It is not constant, as in classical mechanics,
but increases for § — 1, v — ¢ toward infinity; accordingly it depends on
the frame of reference and is hence not a legitimate world entity. This
applies not only for the electron, but for every mass—though a large mass
cannot be accelerated to velocities close to ¢ in the same manner as an
electron. (However, in cosmic rays with their tremendous energies the
variation of mass finds expression also for the heavy and semi-heavy
particles, the protons and mesons.)

The law of inertia, Newton’s first law, now becomes in relativistic
formulation

G = const. (3)

Correspondingly the setond law may be written as four-dimensional vector
equation as follows:

E; = F. (4}
Here F is the external force, extended to a four-vector. We know that for
the individual, electron the Lorentz force density k is such a four-vector,
bit not the Lorentz force K itself. The latter becomes one only after it
has been divided by /1 — § and has thus been placed into the invariant
relationship with k which is expressed by Eqs. (28.19) and (28.19a). This
leads to the following definition of the four-vector F for the individual
electron in terms of K:

K e(E + v X B) et
FL:': = m = v;‘—l-—-::--E’ ’ F{ =cm v-E. (4&}

When this is substituted in (4) the factor 4/1 — @ on the right cancels
the factor v/1 — 8 contained in dr. We thus obtain instead of the first
three components of (4)

d
a(mﬂwa\—/-l———-f——-=ﬂ (5)

This is the equation of motion (4.6) in Vol. I. As was first pointed out by
Planck,' the Lorentz force K here takes the place of the classical New-
lonian faroe. For the sake of distinction the four-force F in (4) is designated
as Minkowsks: force.

As was already shown in Vol. I, §4, (5) becomes, for longitudinal and
transverstl direction of the force (K[| v and K 1 v),

mg dv _ mg  dv
T—pma -~ ™ T gra
! Verhandl. d. deutach. phys. Ges. 4, p. 136, 1906.

= K, respectively.
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The designations longitudinal and transversal mass for me(1 — )™ and

mo(1 — B°)™* were discussed and criticized at the same place in Vol. I.
We supplement Eq. (5) by the fourth energetic component, which fol- -

lows from (4) and (4a):

4 _mc
avi-p- TETVE ©

The equality of ev-E and v-K postulated here follows in the electrodynamie
case simply from the fact that v-(v X B) = 0. Applied to an arbitrary
force law it signifies that the four-force F must be perpendicular to the
world line of the particle (see p. 243).

v-K is the work done on the moving particle by the force K in unit
time, i.e. it is equal tq dA/dt. Accordingly the left side of Eq. (6) is simply
the change in the kinetic energy T effected by the force K. We hence have

M
T = ‘/i*“:'—"‘s‘l + const. {ﬁﬂ-}

In Exercise 1I1.4 we shall convince ourselves of the fact that Eq. (6)
may be derived from the equation of motion (5) also by the formalism
customary ih, the derivation of the energy theorem in elementary me-
chanics, namely scalar multiplication with v. Since, by deﬁmt.mn T must
vanish for v — 0, the constant in (6a) must be put aqua.lto —mec’. Henee,
in viéw of (2),

Y AR S ) _ :
i”—rm.uz:(\/i—-_—ﬁ,I 1) = (m — mg)c. (7
The classical expression T = my'/2 follows from this by passing to the
limit ¢ — «, as was already noted at the end of §4 in Vol. L.

A. The Equivalence of Energy and Mass

Just as we considered the rest mass m, apart from the mass in motion m,
we introduce apart from the energy in motion E the rest energy E, , where
"then T = E — E,. We can hence write in place of (7)

E — Ey = (m — mg)c’. (7a)
We render this equation more specific by the statement
E = mc' (8)
and the consequent relation
Ey = mqoc’. (8a)

This is the theorem of the tnertia of energy, which according to Einstein
is the most important result of the (special) theory of relativity. We
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quote Einstein literally: “The mass of a body is a measure of its energy
content; if theenergychangen by AE, the mass changes in the same direc-
tion by AE/c’. It is not out of question that for bodies whose energy con-
tent is variable in a high degree (e.g. for radium salts) a test of the theory
may be successful.”"

This test has since been carried out on a huge scale: The atomic trans-
formations which have been discovered in the meantime and been studied
in detail for most of the light elements have led, by the use of the equiv-
alence theorem, to an undreamed of increase in the precision of the chemical
atomic weighis’ and the fission of the heaviest element, uranium—more
precisely, the uranium isotope of atomic weight 235—which was discovered
by Otto Hahn only toward the end of 1938 has, in accord with the loss of
mass occurring in it, had a terrifying effect in the destruction caused by the
uranium bomb. We shall concern ourselves here only with the second
example and this only briefly and superficially.

The uranium 235 atom, after capture of a neutron (atomic weight 1)
has assumed the atomic weight M = 236, but retained the atomic number
Z = 92 of the original uranium atom. It may, e.g., split into krypton,
Z = 36, and barium, Z = 56, or into xenon, Z = 54, and strontium,

= 38. Both- fission puamhilltmu are ubaerved The conservation of the
nuél’aar charge eZ"is here assured, since

92 = 36 + 56 = 54 + 38.

However, the mass is nol conserved. Instead, the mass excess of the atomic
weight over the integer 235 (the so-called “packing fraction”) is set free,
i.e. transformed into energy. If we assume that it amounts to one unit in
the first decimal (for the heavier isotopes the atomic weights are not yet
precisely known), we obtain for the energy available from one gram-atom

0.1 ¢ = 9-10" g-em®-sec™® = 9.10" joules.

Computed for a kilogram of fissioned uranium 235 it is 1000/235 times as
much, or 38-10" joules. We transform this into heat units (one large
calorie = 4.2-10" joules) and obtain

38
=
YR + 10" cal = 10" cal.

! A. Einstein, “Does the inertia of a body depend on its energy content?’’, Aun.
Physik, Vol. 17, 1905. Einstein here explains the specialization of Eq. (7a) to the
equivalence theorem (8) by an imaginary experiment : 8 moving body emits radiation
and is observed from a system at rest.

1 H. Betha, Phys. Rev. 47, 633, 1935; Oliphant, Kempton, and Rutherford, Proc.
Roy. Boc. London 149, 408, 1935. The almost simultaneous publication of these two
papers on the two sides of the Atlantic shows once more the inevitable course of
development of the understanding of physica as prescribed by the experimental
material available at the time.
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I[f we note that the energy transfers of ordinary molecular processes lie in
the range from 100 to 1000 calories, we see that our uranium process sup-
plies many million times as mach energy. On this basis we may understand
both the terrible effect of the uranium bomb and the beneficial effect of the
uranium engine, i.e. a controllable, continuously operating uranium process,
which could remove all economic ills of the times. The fact that the prac-
tical realization of the uranium process differs from that here considered,
i.e. that it is carried out by way of a transuranium element (plutonium),
does not require mention. The validity of the proof indicated by our
simplified process is not affected thereby.

B. Relationship between Momentum and Energy

In classical mechanics the components of momentum are derivaiives of
the kinetic energy with respect to the velocity components, e.g. for an
individual pa.rticle in Cartesian coordinates:

- aT
&:r
This no longer applies in relativistic mechanics. It may readily be verified
however that the relativistic momentum components (1a) are derivatives of

ihe follounng gumﬂy

Ge = mdy = T = g{if + i3 4 #3) with m = const. (9)

K = — myc’/1 — B + const. (9a)

with respect to the #; . Following Helmholtz,' a function which accom-

plishes this is called a “kinetic potential”. If, again, K is normalized so

that it vanishes for 8 = 0, the constant must be chosen equal to mec’,

yielding

K = moc’(1 — v/1 — B). (9b)

Hence the definition of the momentum of an individual point mass replac-
ing (9) becomes

G ﬂK mn:i:;,

3—"'«:: \/1 -

in agreement with the definition (1a). For ¢ — o K evidently passes over
into T and (10) into (9).

C. The Principles of D’Alembert and Hamilton

What are the consequences of this changed meaning (10) of the momen-
tum coordinates for the general principles of mechanics? We shall first
diséusss D’Alembert’s principle. The inertial reaction forces introduced by
D’Alembert (see Vol. I, Eq. (10.1)) are also now given by —Gy. (The

(10)

! In his general studies on the principle of least action.
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usual definition as mass X acceleration is of course now invalid). The
statements of D’Alembert’s principle in Vol. I, §10 then continue to apply
literally: “The inertial reaction forces balance themselves against the
physically impressed forces” (Vol. I, p. 57). “The sumtotal of the lost
forces is in equilibrium on the system.” (Vol. I, p. 58). The condition on
p- 49 of Vol. I serves as definition of the word “mechanical system:"
“The virtual work of the reactions within the system is equal to zero.”

Hamaillon’s principle is derived from D’Alembert’s principle in the
manner of §33 of Vol. I. Here T is to be replaced by K and, for forces
possessing a potential, (33.12) of Vol. I is replaced by

P ‘h (K — V) dt = 0. (11)

Here the variation is to be carried out as in the earlier example: The space
eoordinates are varied, whereas the endpoints of the path and the time for
its transversal remain fixed.

Application to a single point mass yields

) Ilet = Bf‘lmut:'(l -1 =) di = —af“mac’a/l — gtdi. (11a)

Here we have already taken account of the fact that the times & and &
arenot to be varied, i.e. that 8(ty — &) = 0. Hence (11) becomes

] flh (mec®/1 = @ 4V) dt = 0. (12)

We can readily convince ourselves that this variational prescription
agrees with our equation of motion (5), and this not only for the Lorentz
force K, to which (5) was limited, but for any given potential energy and
an arbitrary force K = —grad V derived from it.

In the variation we must replace z, y, z by z + éz, y + oy, z + 82, ob-
taining

:f djf, e, W= ifax+ - —K.bz— -,

where the - - - represent corresponding expressions in y and z. Similarly we
must form

W= =3 i-;ﬁ{@*@ﬁ@
2\/1':"[ ][$§:+ ]

and henee

h __my  drdiz
af moc'\/1 — B dt = f{ Ji—Fa d ...}ds.. (12a)
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An integration by parts, in which the terms without integral sign vanish
(because éxz = 0 fort = { and¢ = ;) according to our original assumption,
transforms this into

id my dz
J. {&E [m ?.E?] ot -}d‘* (12b)
Thus (12) yields altogether

[ T P

Since éz, &y, and 6z are independent of each other the factor of éz must
vanish, as well as those of dy and éz. We thus obtain in fact our earlier
equation of motion (5) for arbitrary K; it is valid, incidentally, even if K
cannot be derived from a potential energy.

If there are no external forces (V' = const) (12) may be abbreviated to

afl:lx/T"—‘E'dtnafr:ldr=n. (13)

This is Fermat’s principle of least lime, which now however does not
relate to the conventional time ¢, but to the Lorentz-invariant intrinsic
time. Since dr corresponds to the four-dimensional line element ds but for
the factor ic, we can also write in place of (13)

afm-o. (13a)

This is the principle of the shortest path for given starting point A and end
point E, or, as we called it in Vol. I, Eq. (37.14), the principle of the geo-
detic line, extended to four dimensions and made Lorentz-invariant. We
shall therefore call it more precisely the principle of the shortest world line.

D. Lagrange Function and Lagrange Equations
In our formulation (11) of Hamilton’s principle the relativistic Lagrange
function
La=K-=V (14)

replaces the classical Lagrange function Ly, = T — ¥V in Vol. I, Eq. (33.13).
The general Lagrange equations for arbitrary position and velocity coor-
dinates are derived from L., by carrying out the variation prescribed in
(11), just.as they are derived from Ly in §34 of Vol. I:

d 3L _ L
dt 9q o

0. (14a)
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In spite of their similarity with those of classical mechanics, these equa-
tions, when applied to specific cases, yield results which differ decidedly
from those of the latter. For example, in the Kepler problem of the hydro-
gen atom they lead to an ellipse with precessing perihelion instead of to &
closed ellipse as a consequence of the relativistic variation of mass; see

also §38 regarding the perihelion of mercury.
E. Schwarzschild’s Principle of Least Action
In his fundamental papers “On Electrodynamics” Schwarzschild' intro-
duced with the designation “electrokinetic potential” the quantity
L=%¥—v-A (15)

We shall show that when multiplied with the charge density p this is a
relativistic invariant. To this end we form the scalar product of the four-
vector I" of current density (Eq. (28.16)) and the four-potential Q (Eq.
(26.4)). We obtain

r-Q=p(v-A-—¥).
We call —I' Q the Schwarzachild invariant. In view of (15)
r-Q = —plL. (16)

Schwarzschild adds to this invariant the Lagrange density A from
(26.24) which, we know, is also Lorentz-invariant, and forms, with T =
kinetic energy,

T — A — pL. (17)
We shall replace (17) by
K =T —-2L—-pL=T'—-2A4T-Q (17a)

Here T” represents the relativistic value of the kinetic energy from (7),
where, however, the rest mass my is to be replaced by the rest-mass density
o . (Also the remaining terms in (17a) are densities, referring to unit
volume.) Hence

T = ue((1 — 857 = 1) (17b)

The factor 2 of A in (17a), on the other hand, derives from our basic dis-
tinction between the entities of quantity f and of intensity F; Schwarz-
schild, who puts D = E and B = H and hence writes in our Eq. (26.24)

1 K. Schwarzschild, Gottinger Nachr. 1903, See in particular the first of the three
papers. The notation L is the same as Schwarzschild’s; Schwarzschild uses ¢ in place
of our ¥. Note the date of publication 1903! Thus Schwarzschild arrived intuitively
at the correct postulate of the theory of invariants six vears ahead of Minkowski.
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H* — E’ instead of H-B — D-E, gains a factor 2 in the variation, which
we fnast supply in (17a). In detail our formula (17a) becomes

K =p(1 -8t~ 1) -2+ 1 0. (18)

From this point on we follow Schwarzschild’s procedure. He integrates
(17) over an arbitrary region of space-time and constructs in this manner
an action function W, which he subjects to the requirement W = 0. We

form correspondingly
W= [[[[ K dzayaz a | (19)

- oW = 0. (19a)

According to Schwarzschild this variation is to be carried out in following
fashion : -

a. The components @,, 0, &, and , of the potential and

b, the coordinates z;, 72, z;, and z, of the electrons are subjected to
arbitrary small variations; these variations are to vanish on the boundaries
of the region. The variations a and b are independent of each other' and
may be carrigd out individually, e.g. also for each component of Q. If
‘several electrons are present we can limit ourselves to one of them since
the effects of the rest on it are contained in the potential @. The fact that
we use the four-potential Q, originally introduced for convenience of cal-
culation, rather than the six-vector F as fundamental field quantity repre-
sents a new departure, to which we shall return in §37.

a. Since the first term on the right of Eq. (18) is independent of Q we
are only concerned with A and I'-Q. If the variation is limited to 8@, we
find

and also set

E{F*ﬂ) = I‘lml . (20)

In the expression (26.24) for A we must imagine F as expressed (by (26.11))
by ¢ Curl Q, whereas f is to be regarded as an unknown. Hence, for the
specific variation mentioned above, (—2A) reduces to the following three
terms (the remaining terms of the Curl, to be formed with 9, ,, and
2, , drop out):

=20) = fa T2+ fu G0+ fu S0 = -[:L;+jf—;+§%‘]m,+

* Schwarsschild does not take account of the auxiliary condition Div Q = 0 which
was satisfied automatically in our method of integration in §29. We adhere to Schwars-..
schild’s prescription also in this respect.
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The dots refer to partial derivatives with respect to the coordinates which
vanish in the later integration over our world region (since 4Q = 0 on its
boundary). Together with (20) we thus find for the factor of &2, in the

integrand of (19)
_[0f  fu %]
[E -+ 3z, + 32, + I').

It must vanish since §W = 0. If we substitute for fy the values in the
array (26.14) and for I' its value from (28.16) we find
dH, , 8H, , oD,

-ﬂy+ 32 + 31 + pv: = 0. {21}
This is exactly the first component of the three Maxwell equations
D + J = curl H, where here, for vacuum, the convection current density
pv represents J. The second and third component are evidently obtained
similarly by the variation of Q3 and Q; and the condition div D = p from
that of @ . We cannot, of course, expect to derive the other set of Maxwell
equations and the condition div B = 0 in the same manner, since these
are already implicit in the existence of the potential.

This clarifies also the basis for our earlier name “Lagrange density” for

‘A (see p. 220): In our electrodynamical variation principle A takes the
place of the earlier Lagrange function L or L., (Eq. (32.14)).

b. The potential Q is not varied; hence §A = 0.

On the other hand, the world line of the electron is to be compared with
neighboring world lines, so that the first term on the right of (18) and the
Schwarzschild invariant I'-Q are to be varied. We shall first deal with the
term I'-Q. It is here convenient to replace the world volume element
dzdydz dt = dV di in (19) by dV. dr, where dV, represents its three-
dimensional cross section perpendicular to the world line. Since the charge
density p occurring in I' is concentrated on the world line of the electron
we obtain in the integration over dV, (not in that over dV!) the electron
charge e.

At the same time, in the expressions for I' and Q, we pass from the
coordinates z, - - - 74, used so far to the coordinates §, - - - § of the world
line element considered at the moment (d¢; = i¢ dr, dr = element of the
intrinsic time). Then df;/dr replaces dz;/dt and we obtain

fff rQdv.dr=e f Zj)j-.%'_n,- dr. (22)

We must note that in the variation not only ¢, is changed by 8¢, , but also
Q;is ctﬂmged by

8y = Q(ky -+ 88, - b+ 08 — Yk, -, 8) = E‘:;‘:%t‘&
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(the charge e is of course conserved). Hence (22) leads to

affff r-Qdv.dr = e[(EdﬁE’nﬁ szf’ﬂ“‘ az,) (22a)

dr 9k

The first of the two terms on the right is transformed by integration by
parts and yields (since 5¢; = O on the boundary of the world region)

D D P 3 Y. 1.
Ny A P -5

3F; dr
Thus (22a), after interchange of the subscripts ¢, j in the double sum,
becomes
dt; [an. a&] )
J(STEE -7l @

Here we have in the. parenthea:s Curl;, Q, i.e. except for the factor ¢ the
component F;; of the field (see (26.11)). On the other hand, we have, by
(28.17)

I''F=ck (k= force density) (24)
and by (28.19)

K
' fden = 'V/l_“’_ﬁ' (K = Lorents fﬂl'ﬂﬂ}-

Hence our expression (23), which was obtained by carrying out the inte-
gration over V, , signifies simply

dr
[ 3 Rats 7= - [EEiaga (25)

We must add to this from the first term of the right side of (18), if we
again put dV dt = dV,. dr and integrate over the world line cross section
dV,:

m.,c‘af({l—,3’)"‘—1)dr=mc’af(1-\/1 —,ea")dt-aflcd:.

We have already carried out the variation of this integral over K in Eq.
(11a) and the succeeding equations. We found there, translated into the
present notation £; of the world line coordinates (see (12b)):

[y i (me ﬁs)
f;d:(\/l—ﬁ'dt 3% dt 20
Together with (25) we obtain as variation of the action integral

W = ‘f{‘?%[v’:ﬂi—a'%] _ K,}.az,- dt 7
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We require that this integral should vanish for arbitrary displacements.
This is only ‘possible if the { | vanishes for j = 1, 2, 3, 4. In this manner
we have derived our earlier Eq. (5) including the corresponding fourth
component, and this in more explicit form: Qur present derivation yields
not only this equation of motion, but also the Lorentz force impressed on
the electron by the field. Schwarzschild’s principle of least action thus com-
bines Maxwell’s elecirodynamics and the Lorentz electron tkeory in a single
four-dimensionally invariant formulation.

From a historical point of view it may be noted that Schwarzschild,
starting with the kinetic potential (17), also obtains the Maxwell equations
and the equation of motion of the electron including the expression for the
Lorentz force. Only the variation of mass of the electron escapes him, since,
in (17), he employs the classical value of the kinetic energy. It is true that
his derivation of the Maxwell equations is not quite correct from our
point of view because of the missing factor 2 in A, which is compensated
in Schwarzschild’s treatment by putting f and F (D = E, H = B) equal.
In our representation the proportionality of f and F is also contained in
the Schwarzschild principle. It is only necessary to eliminate I' from the
Eqgs. (21) and (26.5), which we can write

Divf=Tr and Div F = cuT.

Schwarzschild’s action principle is very suggestive. It could be made
the starting point of the theory and the Maxwell equations be regarded as
its consequences. There would be at the same time the inviting possibility
of refining the Maxwell equations by extending the kinetic potential (18)
(addition of other field invariants, taking aceount of interactions between
the electrons, their magnetic moment and spin). We will enter upon such
questions in §37.

§33. Electromagnetic Theory of the Electron

At the turn of the century interest was focused on the variable mass of
the electron. The assumption of the rigid electron, which appeared appro-
priate in the theory of the absolute ether, led to a different, much more
complicated law of transformation (Max Abraham) than Lorentz’s assump-
tion of the deformable electron, which soon afterwards attained an assured
basis in the theory of relativity. The experiments of Kaufmann, Bucherer,
Neumann and many others were concerned with this law of transformation.

The theoretical treatment of the problem (also for the rigid electron)
rested on the definition (31.13) of the electromagnetic momentum. Without
detaining ourselves with the rigid electron we shall show that the same™
8tarting point, with the relativistic treatment of the momentum, leads to
the same law (32.2) of the variation of the mass as the theory of rela-
tivity, which however extends it immediately to any arbitrary mass m.
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We shall obtain as a by—pmducir an interesting formula for the rest mass

my of the electron.
Below we understand by G the total momentum of the field in infinite

space; we shall call the momentum per unit volume, designated by G in
(31.13), g. With dV as three-dimensional volume element we then have

G-fngtlngdV. | (1)

To be able to carry out the indicated integration we utilize the ideas and
symbols of Eqs. (28.12). Let z, y, z be the frame of reference moving with
the electron, z’, y/, 2/ a coordinate system at rest, with respect to which
the electron has the instantaneous velocity » in the positive z’-direction.
In the z, y, z system we t.hen have of course G = 0; the field is electrostatic
so that H = 0 and S = 0. We are interested in the momentum G’ a.nd
more particularly in its z-component :

¢.=5[siav =] f(EH E.H)) dV". ()

We express the primed quantities in terms of the unprimed ones in accord
with Eq. (28.12a), in which however, in view of the opposite direction of
motion, the sign of » must be changed:

1 1

E. = E, , = 7—=2E,, E,=_—7—=E.,
E, T ﬁﬂE' T ﬁ,E o0
r r -V _ B’
H; =0, H'_NG’ME" S _\/-1‘-‘_*“5, E,,
dV’' = dV4/1 - g2 (Lorentz mntmctmn). (2b)
Thus we obtain from (2)
! v 2
G:- MG‘\/I—:—E'!‘(E’+E:)W‘ {3)
In the zyz-system the E-field is spherically symmetrical, so that
2 _ 2 _ 2 - 1 2
[Biav = [EBiav = [Blav =5 [Fav. (38)

The same applies for the charge distribution. It seems most, natural to
spread the charge e uniformly over a sphere of radius a (“radius of the
electran”). Then, as follows e.g. from (7.6a),

0 for r<a

E - Er = é (3b)
for ra
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and hence
2 o0 2
= trge = & [ O _ e
fE'atﬂ" 4rfEff dr I'EE»’; 7= el (3¢)
(3) and (3a) then lead to
, 2 e ¢ v
G = ot \/1 — B 34xeia  6breic’ar/l — B 4)
We may also readily convince ourselves that,
G,=G.=0 (4a)

as must be expected for the spherical symmetry in the zyz-system.
For if we form

' _1 ’ ' 1 4 ' 4 ! ¢
G, = ;,fs,aw - E,_[ (ELH. — E.H)) dV
in analogy to (2) and again make use of Eqgs. (2a, b),
’ v
G, -me,E,dV =0

since for a spherically symmetrical field E, and E, are proportional to z
and y, and zy integrated over the sphere vanishes.
Eqs. (4) and (4a) can be combined to

’ - M i
G = MV, m ‘\/I—ﬁ:l (5’}

The mass factor m here introduced has thus the dependence on veloeity
familiar to us from §32. For the rest mass m, we find from (4):

(6)

=ﬁrc’m'

The reader may check the dimensional correctness of this formula, i.e.
the independence of the choice of the unit of charge Q and the unit of
length M. The factor e, which in the Gaussian system is set equal to 1
is from our point of view indispensable. If it is suppressed the formula
becomes dimensionally meaningless.

With the value of the rest mass computed by (6) Eq. (5) states: The
mechanical momentum of the electron is equal to the momentum contained in
the electrdmagnetic field as defined by Eq. (2): -

quﬂ'i.ran = Grit]d . (7)

We read directly in Eq. (6) that the transition to the limit a — 0 is
unfortunately impossible; it would lead to my — « and e¢/me — 0. To
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determine the numerical valué of a, we must know the experimental
values of ¢ and e/m, . In MKSQ units, with Q = 1 coulomb, these are:

e = 1.60-107"Q, e/ms = 1.76-10"Q/K. (8)
From this we compute
| me = 0.9-107K. (8a)
Eq. (6) then yields, with (7.18a),
2 & 2 ¢ MK _ 20160-107°)" . _ . o1
T 3irecim 3100m G 3 00-103 M=2210" em (9)

This is a subatomic dimension, of the same order of magnitude as nuclear
dimensions. _

It is of course quite arbitrary that we have here assumed a surface charge.
We might equally well have distributed the electron charge ¢ uniformly
over the electron volume.

'If we then call its radius once more a, we find' instead of (3b)

[ er
141&4' for rSa
E=E, = (10)

L‘lf:nf" for r= a

and instead of (3¢)

[rar- ol [ 2 [£)- fird o

The factor 6/5 is thus to be added to the formula for G’ in (4) so that we
obtain in place of (6)

3
e

Mo = e ea (10b)

The order of magnitude of the value of a found in (9) is not affected.
The following remark is of greater importance: Who can guarantee that
the Maxwell equations can be extrapolated right up to the surface or into
the interior of the electron? May not their simplicity and linearity be a
consequence of the fact that they are exactly valid only for weak fields
and that they must be corrected, in the immediate neighborhood of con-
centrated charges, by higher terms, in some such manner as the theory of

1 The first line of (10) evidently follows from the fact that elements of charge
whose distance from the center is less than r may be thought of as concentrated at
the center of the sphere, while those distant by more than r from the center do not
contribute to the field strength.
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dilute solutions in thermochemistry? We shall return to this question in
§37. It will here merely be emphasized that the derivation of the law
governing the variation of mass with velocity is not subject to this criti-
cism, since, in §32, it could be derived from the general principles of rela-
tivistic mechanics, whereas our present computation of m is affected; the
latter is anyhow beyond experimental verification, in view of the hypo-
thetical character of the electron radius. The derivation of the mass-veloc-
ity law in §32 is, like all considerations of the special theory of relativity,
only tied to the condition that the occurring relative motions should be
nearly uniform. We express this here by the demand that the electron
motion be quasistationary. We mean hereby that its velocity change in
the time taken by a light wave to sweep over the electron (i.e. the time
2a/c) be small compared to ». We thug demand only;

*%«m (11)

All processes in vacuum tubes satisfy this requirement.

With respect to formula (6) for the rest mass we note furthermore that
it may be derived in the following very elementary manner: We consider
a slowly moving electron. Its mass is equal to the rest mass m, and its
Kinetic energy '

mo '
T"'—ﬁ-l". (12'}

If this is of electromagnetic origin we must set it equal to the magnetic
energy of the field since the electric energy is constant for small fields, i.e.
not proportional to »>. We hence put

Mo 2
=4 [=tav. (12a)
Here we can substitute for H the value (15.12) from the law of Biot-Savart
ev sin ¢
H=_— '-;.—

We then obtain for surface charge

=3() 4 oo [
The three integrals are, in sequence,

1 4
a3
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Hence
2 2
r=tet é . (13)
Comparison with (12) yields
pe 1
Mo = Br a

which is identical with (6) since equec’ = 1.

Since the kinetic energy of the electron computed wmh (6) proved to
be equal to the magnetic energy of the surrounding field we may suspect
that its rest energy will correspond to the electrostatic energy of the Coulomb
field. In the simple case of surface charge we find that this is equal to

E.m-—fn:*rnf -4—;] E'rdr

and obtain in view of (3¢)

2
€

8reoa

In contrast to this Eq. (6) yields for the rest energy of our electron by
Pinstein’s law of equivalence of mass and energy:

(14)

Euas =

Ey = mpc’ = (15)

Br&,a
Thus only § of this resi energy is explained eleciromagnetically by our pre-
ceding (admittedly primitive) considerations. The program indicated by
the title of this section is as yet incapable of realization.

As was already said on p. 236, the electron is a stranger in electro-
dynamics. The forces which, opposing the Coulomb forces, prevent its
explosion are unknown to us, just like the theory of the elementary particles
in general. Poincaré introduced (as early as 1906, in the Rendiconti di
Palermo) a cohesion pressure of unknown origin which was supposed to
envelop the electron at rest like a membrane under uniform tension; the
missing quarter of the rest energy was supposed to be hidden herein. The
hypothesis of rigidity of the absolute theory could transfer this cohesion
pressure to the electron in motion. It did not suffice, however, for a purely
electromagnetic description of the electron. Even the assumption of rigidity
contradicts the group-theoretical nature of Maxwell’s electrodynamiecs
which, as we know, demands the deformable electron of Lorents.

Altogether, we should face the fact that our electrodynamic theory of.-
the electron is as yet very incomplete. We have known for 20 years that
the electron possesses in addition to its charge a quite definite spin and 8
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quite definite magnetic moment. Both can only be defined on the basis
of the quantum theory and are inaccessible to Maxwell’s electrodynamics.
The secret of the spin was first discovered in the more precise analysis of
the Zeeman effect; the secret of the magnetic moment was actually, as we
know now, clearly and tangibly demonstrated in ferromagnetism. It is
strange that practical electronics remained untouched by these fundamental
facts and could get along with the notion of the charged pomt mass or the
minute charged sphere.

Our Problems I11.5 to III.10 deal with this application of electron theory.
The varied electron trajectories which occur in vacuum tubes and which,
in the e/m experiments, first served to clarify the nature of the electron
are at the same time in a way the simplest and best defined examples of
the mechanics of an isolated point mass.



Parr IV

MAXWELL'S THEORY FOR MOVING BODIES AND-
OTHER ADDENDA

§34. Minkowski’s Equations for Moving Media
The extension of Maxwell’s theory from media at rest to those in motion
was a favorite problem of the older electrodynamics. Heinrich Hertz had
failed in this effort (see his paper cited in footnote 2 on p. 2) because he
adhered consistently to classical theory (the “Galiler transformation”).
His friend Emil Cohn' came closer to the goal, but was not yet (in 1902!)
in possession of the necessary tools, the Lorentz transformation. Even
H. A. Lorentz did not quite attain the final form in his papers in the
Enzyklopidie (1903), particularly not for magnetizable bodies. Einstein
called his paper of 1905 “On the electrodynamics of moving bodies’ and
indicated in this manner a principal goal of his theory of relativity; how-
ever he does not enter upon the general structure of the equations for
ponderable bodies but confines himself instead to the questions arising for
the isolated electron. Minkowski, in 1908, at long last in full possession of
the principle of relativity, was the first to solve the problem completely.”
Minkowski's logic was simple: The Maxwell equations for a state of
rest apply within the laboratory. Consider a point of space-time P of a
body moving’® with respect to the laboratory at the laboratory time ¢; let
it have the velocity v. Let P be transformed to rest by the introduction of
the coordinates z’; y’, 2, ¢ for the description of the processes in the
neighborhood of P, t. In this system Maxwell’s equations for a state of
rest apply to the quantities E’, B’, D', H', J', o":
! r
g—.BT = —curl E, gr—? + J' = curl H', )
divD' = p, divB =0,
with material constants differing from those for vacuum:
D'=¢E, B =uH, J =E. (2)

1 Gottinger Nachr. 1901, p. 74; Ann. Physik 7, 29, 1902.

* Gottinger Nachr. 1908, p. 53; Gesammelte Werke II, p. 352.

1 The motion may be variable in space and time and must merely be eapable of
quasistationary treatment in the sense of Eq. (33.11). Thus v need not be a pure
trang)ation and the body need not be rigid. Only the fixed value of v in the space-time
point P, ! enters in the following Lorentz transformations.

280
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These constants have the same values as if the body were at rest with
respect to the laboratory, since it knows nothing of its motion. The opera-
tions curl and div in (1) refer of course, just like the time ¢, to the primed
system. Now the inverse Lorentz transformation is to be carried out, which
transforms the primed system back into the original one of the laboratory.
In the latter Egs. (1) apply once more if all primes are omitted, in view of
the basic property of covariance of the Maxwell equations with respect to
the Lorentz transformations. However, Eqs. (2), transformed to the un-
primed system, take on a new form.

We know the relationship of the E’, B’ and the E, B from Eqs. (28.8a)
and (28.11):

E4+vXB

Ef;=(E+FXB);|, Ei-[_‘\/l_-‘=ﬁ'—

1 B-~v X E ®)
1m=(3—?vxn) BL={"_ &
. e Vi-§ J.
|| and . signify as before “parallel” a. d “perpendicular to the velocity v”.
We shall supplement this by the corresponding relations between D’, H’
and D, H. In view of the definition of the six-vectors
' f=(H,—iD), F = (B, —iE)
‘they are obtained from (3) by replacing E by ¢D and B by H/c. We thus
obtain
1
, 1 , D+ = H
Dr|=(D+;:v><H) D¢=|: tavx ’
Il o f! — g {4}

! ] H-"XD
Hy=H-vXD), H.= I:_\'/"f”_'ﬂ:_l_f

Substitution of (3) and (4) in (2) yields, for both the parallel and the
perpendicular components for which the denominator cancels on the two
sides,
D+ S vXH=eE+vXB)
. (6)
B—;YXE=F(H"VXD)

Here B may, for example, be eliminated in the first equation by means of
the second, so that D is expressed only in terms of E and H;' similarly

! Here we make use of the transformation A X (P X C) = B(A:-C) — C(A-B)
and of the relation eqec? = 1. It should be noted that according to (5a, b) the identity
in direction of D and E as well as that of B and H bas ceased to apply even for the
1sotropic medium.
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elimination of D leads to an expression of B in terms of E and H. The
resulting equations become simpler if they are written separately for the
components || and .. They then become

Dy = ¢Ey, By = pH| (5a)

’ D.L = - E_L -_
[ ﬁ,:H e(l — 8 (en — som)v X H (5b)

By = u(l — BHL + (eopo — e,u)v X E.

Having taken care of the first two Eqgs. (2) we now turn to the third
Eq. (2), “Ohm’s law for moving conductors”. What is the relationship of
J' and J? We know from Eq. (26.6) that J is the space component of a
four-vector I', whose time component is icp. We also know that every
four-vector transforms itself like the coordinate vector z;, z2, x3, s . We
therefore have for the specialized Lorentz transformation (v || z):

L—w g s=d, g=fa
- L v = Y, s = Ja, p=__~ -
'Vl 1= @

For an arbitrary direction of v this becomes

" J

1
p—av]

’ J — pv ] ’
J =[_ L Jl=l., - . ®
= Viz el p iy
where we may also write the middle equation in the form
Ji=(J - ¥, (6a)

since by definition v.. = 0.
With this meaning of J’ and the meaning (3) of E’ our Ohm’s law be-
comes

(\/l-.—-ﬂHir ) = o(E + v X B)y,
E4+vXB
om0

These two equations can also be combined into a single one, though only
in a somewhat artificial manner. We here make use of the following nota-
tion, which is customary also elsewhere in the literature and will be useful
later on:'

(7)

E* = E 4+ v X B, H*=H - v X D. 18)

! The * here employed of course bears no relation te the earlier * of the dual six-
veclor.



34.9a MINKOWBKI'S EQUATIONS FOR MOVING MEDIA 283

We can then write in place of (7)

«_ Y ( v. E‘)
J-w=as o\ ©)
vVi-pg
Since v. = 0 the perpendicular component of this is identical with the

second Eq. (7). Furthermore, since v-E* = vE|, the parallel component
of (9) is

J = = 7= ./:Tﬂi[ETi —ZT' EE?I] = .,__/1—“_‘5:]?"(1 - 8),
which agrees with the first Eq. (7). We call
Ji=J—pv (9a)

the “conduction current”.

Eq. (9) expresses the fact that the conveciton current pv and the conduc-
tion curreni J; are superposed and that their differentiation depends on the
frame of reference of the observer. The reason for this evidently rests in the
four-dimensional combination of J and pv in the four-vector I'. Just as for
the six-vector F the distinction between its electric and magnetic aspect
depended on the reference frame of the observer (see p. 241), a change in
the reference frame now adds the time component icp of the I'" vector and
the corresponding convection current pv to the conduection current J;.
The former, like the latter, produces a magnetic field.

This conclusion was contained already in the Rowland effect discovered
in 1878. Since we are here dealing exclusively with charge in motion and
since therefore the conduction term in (9) is lacking, the convection cur-
rent pv alone is magnetically active and takes the place of J in the ap-
propriate Maxwell equation.

The question naturally arises whether also the so-called “free charge”,’
which occurs at the surface of a homogeneous dielectric in an electric
field, is magnetically active when the dielectric is set into motion. This led
Roentgen to his fundamental experiment:* A dielectric plate is placed in a

' We have avoided this notation elsewhere (like Rintgen, who expressly desig-
nated his dielectric plate as uncharged) since the “free charge’ is not a charge dimen-
sionally, but a divergence of field strength (see p. 40), in our case a surface di-
vergence of the electric field strength.

1 W. C. Roentgen, Ann. Physik Vol. 35, p. 264, 1888. In a supplement to this paper
Roentgen reports the negative result of an experiment with a rotatably suspended
condenser so oriented with respect to the motion of the earth that the “ether wind"
passed through the condenser plates. Does this ether wind generate a magnetic field
and, as a result, a deflection of the condenser? From our present relativistic point
of view the negative result of the experiment is a foregone conclusion. A similar,
refined, arrangement became famous at s later date in the Trouton-Noble
experiment,
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plate condenser, parallel to the plate electrodes, and is moved perpendicu-
larly to the lines of force in the condenser (it was rotated about an axis
normal to the condenser plates in the experiment). Does this motion pro-
duce a magnetic field? Roentgen could answer this affirmatively and
Lorentz, as a result, named the current equivalent to the motion the
Roenlgen current. In agreement with later experiments and considerations
of Eichenwald! the magnitude of this current for the expenmental arrange-
ment in question is:

BV{E—Eo)IEnI=‘F[Pu|- (10)

The plate is here assumed to be unmagnetic (u = ), its motion a parallel
displacement v; E, is the field strength in the charged condenser and P,
the corresponding polarization of the plate, both referring to the plate at
rest, as indicated by the subscript 0. Since the “free charge” is concen-

Condenser electrode Fic. 43. Explanation of the Réntgen cur-
rent. Section perpendicular to the direction

of motion of the dieleetric plate and the
& condenser electrode. The location of the
Réntgen current is the surface of the plate.
777 ; The portion linked by a rectangular loop a,
LI 5% % 7 b, a, b is indicated by & heavy line.

Dielectric plate

trated on the surface of the dielectric plate, the Roentgen current is also
a pure surface current: It is absent both from the air gap and from the
interior of the plate and occurs only at their irterface; its direction is that
of v, just as for the Rowland current.

We shall show that (10) follows from (5a, b) if 8 = (| v|/¢)’ is neg-
lected (which is of course fully justified under the conditions of the experi-
ment) &and if furthermore 4 = u,, and on the right the values of E and H
for the plate at rest are substituted, namely £. = Ey , E;) =0, H = H, = 0.
We then find

Dy=By=0, D=Di=c¢E, B=B.=puen—-evXE.

Fig. 43 represents a section normal to v (v is directed into the plane of
the paper) in which the shaded portion below indicates the dielectric
plate, the upper portion, the air gap of the condenser. We compute the
line integral of H = B/u, about the rectangular loop which has been
drawn,the direction of the integration being related to the direction of v
by a right-handed screw motion. In view of the direction of v X E,, H
has the direction of the arrow on the upper side of the rectangle a, but

' A. Eichenwald, Ann. Physik, Vol. 11, pp. 1 and 241, 1903.
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vanishes on it since € = g ; the same applies for the sides b of the rectangle.
Thus there remains only the lower side a of the rectangle, which is trav-
ersed in a direction opposite to a. It yields

fH-ds = —a(e, — e)v X E,.

This magnetic circuit is equal to the surface current flowing through its
interior, which in the figure is indicated by the heavy line through the
middle of the rectangle. It is a-R if we call the surface current per unit
length R. We thus obtain

fn-ds - —aR, R=(e—e)v|E|=v|P|, (108

where by the vectorial symbol v we also indicate the positive direction of
R (pointing into the plane of the paper like v). Thus Eq. (10) is verified-

The experiments of Eichenwald in which the dielectric plate and the
two condenser plates were rotated about their common normal as a unit,
so that the convection currents v |D | of the condenser plates (surface
‘density w =-|D|) are added to the Roentgen currents v|P,| on the
dielectric plate, are of special interest. Since D and P differ, a residual
magnetic field arises here also, contrary to Herta’s earlier theory and in
spite of the opposite signs of the Rowland and Roentgen currents. (The
sign of the condenser charge is opposite to that of the charge on the plate
induced by it.) Eichenwald (on p. 831) states expressly regarding this
residual field: “The magnetic effect is independent of the material of the
dielectric.” In fact, D — P = &E is the vacuum component of D, for
which the term “dielectric displacement” iz not particularly appropriate,
but which is very characteristic for Maxwell’s theory and its optical
application.

We finally want to mention a kind of inversion of Roentgen’s experi-
ment, the experiment of H. A. Wilson': A hollow dielectric cylinder is
placed between the electrodes of an uncharged cylindrical condenser in a
uniform magnetic field parallel to the cylinder axis. If the cylinder 1s
rolated the condenser 13 charged.

We have followed Minkowski closely so far and believe to have thus
even improved on the clarity of the otherwise insurpassable representation
in W. Pauli’s article in the Enzyklopédie. We shall now establish contact
with H. A. Lorentz’s article in the Enzyklopédie which, in its mathematical
formulation, follows the paper of H. Hertz (1891) and older papers of
Helmholtz. To this end we introduce for the quantities referred to the

! Phil, Trans. Vol. 204, p. 121, 1904; see also H. A. Wilson and M. Wilson, Proe.
Roy. Boe., Vol. 88, p. 99, 1913.
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laboratory (i.e. the unprimed quantities) on the right of Eq. (1) in place
of E and H the quantities E* and H* from (8):

g.t-B. = —ourl E* + curl (v X B),
(11)

22+ = curl B* + curl (v X D).
We shift the last terms on the right over onto the left and take account of
the auxiliary conditions in (1):
divB=0, divD = p. (11a)
We then can write instead of (11)
‘% + vdivB — curl (v X B) = —curl E¥,
b (11b)
22+ vdivD — curl (" X D) + J — pv = curl H*

We have encountered the aggregates on the left already in Vol. IL
(18.7c). There we computed for an arbitrary vector A and a surface ele-
‘ment do which moves with the velocity v, varying from point to point,
and in the process changes size and shape itself, the “A-flux through do”

2 (A do) = [‘%f-:‘+ vdiv A — curl (v X A)] do.
Here we employ the abbreviation introduced by Lorentz'

A=20+vdivA - crl (v X A). (12)
The preceding equation then passes into
$, (Ande) = Avdo (120)
or, for a finite surface o,
d .
& [ 4ando = [ hude. (12b)

We then obtain in place of (11b) the basic form of the Mazwell-Minkowsk:

equations in moving bodies (viewed from our laboratory) given by Lorents
and Pauli:

B, = —curl B, “3)
E{—J - pv = curl H*.
! Bee Enzyklopaedie, Vol. V, part 2, p. 75, Eq. (5).
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Their advantage rests in the fact that they lead directly to the iniegral

form:
[ Bode = -f E*-ds,

(14)
(X -fﬂ*-ds, C=D+]—pm

At the left we integrate over a surface moving with the velocity v, on the
right, over its boundary s, the direction of traversal of s and the normal n
of ¢ being correlated by the right-screw rule. We here recall footnote 3 on
p. 280, according to which v can be arbitrary, i.e. ¢ and s be attached to
an arbitrarily moving and deformed body. In this manner we have arrived
at a formulation whichr is closely related to our original axioms, Eqs. (3)
and (4) of §3, and generalizes them greatly. Only in the present generalized
form do they do justice to the facts, already mentioned in §3, of the in-
duction for moving conductors and moving magnets.

The boundary conditions for moving bodies also follow from Egs. (14),
in the same manner as those for media at rest in §3. They require the con-
tanuity of the tangential components of E* and H* as well as of the normal
éo?npanem! of B Here we must note that the velocity v occurring in E*
and H* is to be regarded as a constant of the Lorentz transformation, by
which the point P of the moving body is transformed to rest. Thus v has
the same value on the two sides of the boundary surface, namely that in
the point P, or is at least continuous in passing through the boundary.

The situation is different if v jumps discontinuously from the value 0
(laboratory) to the value v (moving solid body). We consider in particular
the case, important for unipolar induction, that the field is stationary
(3/ot = 0) and the surface of the body is displaced with the velocity
V (v = ving). We shall show that then not the tangential components of
E*, H*, but the tangential components (as seen from the laboratory) of E,
H must be continuous along the boundary layer.

We note in preparation that the two conditions which are here com-
pared signify the same for a tangential direction of E or H parallel to v
(because of the meaning of the vector products in (8)), but that they are
actually contradictory for every other tangential direction, in particular
that at right angles to v.

Let us consider now, just as in Fig. 3, a rectangular loop As Ak, which
is initially placed normal to the boundary surface; this is now distorted, ..
since the side As parallel to the boundary within the body is displaced,
whereas the opposite side, in vacuum, remains fixed. Then, since dB/dt = 0
and div B = 0, B is, by (12), equal to —curl (v X B); the integral on the
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left of the first Eq. (14) becomes, making use of Stokes’ theorem,
—fcurl..{v X B) do = —f‘ (v X B)-ds,

i.e. in general not equal to 0 as for constant or continuously varying v.
On the other hand, the integral on the right of the same equation, car-
ried out over the same distorted loop, becomes in view of the meaning

of E*
—fn-ds-f(vxm-aa

Equating the two expressions leads to the requirement
} E-ds = 0, i.e. continuity of Eung,
in accord with our earlier conclusion (3.9).
The same consideration applied to the second Eq. (14) yields (since
dD/dt = 0 and div D = p)
C=vp—curl(vXD)+]J—pv= —curl (v X D) + ]
and for the integrals on the left and right sides of the second Eq. (14)

"-f (v X D)-ds + fJ.dc andfﬁ-ds - f (v X D) -ds, respectively.

Equating of the two leads to

fLﬁ=fEﬁ

If in the limit Ah — O the surface integral over J is put equal to zero as in
Eq. (3.8) (see also footnote 1 at that point) we obtain

fﬂ-ds = 0, i.e. continuity of Huanx (158)

This closes our consideration of the boundary conditions in the special
case of a moving interface between two different media.

The existence of the Rowland and Roenigen currenis attests the fact that
the preceding theory is not only of importance for the large velocities of
the theory of relativity. The same follows from the problem of unipolar
induction which has been famous since the days of Arago and Faraday.
The literature on this subject is voluminous end by no means free of
contradictions, since this problem is concerned with the exact laws of the
electrodynamies of moving bodies. We shall disouss this problem only
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qualitatively here and defer quantitative considerations to Problem IV.1.
Furthermore, we are primarily interested in the fields which occur here;
hence we pass over the phenomena of motion, which are realized in appa-
ratus of many typcs and have claimed most attention in experimental
work.

If, for example a bar magnet, suitably supported, is rotated about its
axis, induction currents arise in a wire of which one end glides, for exam-
ple, on the middle of the magnet while the other is connected to the bear-
ing at one of the ends of the axis of the magnet. Since here only the magnet
pole adjoining this end is effective, we speak of “unipolar induction”. This
arrangement has been employed not only in laboratory experiments, but
at times also on a large scale in electric generators.

We simplify the statement of the problem if we separate the conductor
from the bolly generating the magnetic field. Let us consider for example
a copper disk between the pole pieces of an electromagnet. It is known that
such a “Faraday disk” is raised to incandescence if maintained in rotation
and that alternatively an initial rotational momentum ot the disk is rapidly
damped by the magnetic field.

This occurs, however, only for an inhomogeneous field, such as is nor-
mally realized expenmentally, where the disk extends beyond the inner-
most homogeneous portion of the field of the pole pieces. In order to deal
with a well-defined and easily solvable problem we assume that the mag-
netic field is uniform throughout and introduce into it a metal rod with
its axis perpendicular to the magnetic field B, which we set into uniform
translatory motion along its axis. Its surface is charged hereby. No Joule
heat arises in the interior since the conduction current is everywhere zero;
the total charge is of course also zero. Interior and exterior field join con-
tinuously, but with discontinuous normal gradient, corresponding to the
presence of surface charge. The interior field is perpendicular both to the
axis of the rod and to B and can be given immediately for any form of the
cross section.

In contrast with the interior field, the exferior field cannot be given
immediately but requires the solution of a boundary-value problem: the
continuous fitting of the potential in the exterior to the surface values of
the potential known from the interior field. In the special case of the cir-
cular cross section this boundary-value prnblem is readily solved; see
Problem IV.1.

Along with the interior field the potential difference between two surface
points is determined. If, by means of sliding contacts on a connecting
wire, it is to be used for the generation of current, the interior is no longer-
free of current. The present description of the interior field then hecomes
invalid.

A static magnetic field, arising from the Rowland currents at the sur-
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face of the rod, occurs along with the electric field. It is, however, evi-
dently very small 6émpared to the original inducing field and can hence
be neglected.

Our description applies throughout for an observer at rest in the lab-
oratory; for an observer moving with the rod the electric field within the
rod is zero.

‘In the actual realization of the experiment the rod is of course replaced
by a metallic body of revolution and the translation by a rotation about
the axis of symmetry of the latter. A mathematical difficulty which arises
here is also indicated in Problem IV.1.

§38. The Ponderomotive Forces and the Stress-Energy Tensor

We return to §31 and generalize the concepts introduced there from
vacuum to a body of arbitrary e, u, which, however, we shall assume to

be both homogeneous and isoiropic, although the anisotropic body would be
of special interest in connection with electro- and magnetostriction. We
“shall, furthermore, regard the body as at rest, since, for the questions at
issue, we can place our frame of reference on this body.
Our earlier definitions of §26
F = (CB, ‘—'I.E), f = {Hr “@)r = Ut Iﬂp} (1)
as well as the Maxwell equations in the differential form given there
DivF*=0, Divf=T (1a)
retain their validity; it can be readily demonstrated that the factors ¢
arising in (1) are not derived from the vacuum constants &, ue , but from
the time measurement z, = tcf, which, in the special theory of relativity,
applies quite generally for all ponderable media. However, the relation

1= 4/2r @

between excitation and field is to be changed to

po/
{ 14/_ F, (28)
e/e
where the upper line refers to the space-space, the lower to the space-time
cumponenta of fand F.

A comparison of (1) and {2&) shows that this change leads in fact to the
requlred relations between excitation and field:

Eﬁm, ie. H = B/y,

BV pe

—icD-EV;—'(—iE), ie. D = ¢E.
eV m
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We see from (2a) that the simple proportionality (2) between f and F
which was characteristic for vacuum passes over, for the ponderable body,
into a type of linear vector function with two different proportionality con-
stants for the space-space and the space-time components. In the aniso-
tropic body this is replaced by a much more general vector function (see
p. 28) with in general 12 different material constants.

Starting from the universally valid representation of the Lorentz force
density in (31.1) we convince ourselves, by a critical consideration of the
individual steps, that the transformations up to Eq. (31.8) remain un-
altered, and are not influenced by the different proportionality factors for
the electric and magnetic quantities in (2a). The same statement applies
also for the diagonal elements of the tensor T, so that the diagonal sum of
the latter retains its earlier value

g Tean = 0. (3)

The same holds for the nondiagonal elemem;a Tam, provided only that
n and m differ from 4. On the other hand we compute from (31.4) e.g.

| :’I:u = —E {F;:fu + Fufa) Ta = —% (Fafin 4+ Fafu)
= "'MB:Dj - By D:) = "'% (Ey Hl - El' Hy) {4:'

= —icen(E X H), = —Ejﬂ—f‘usﬂ = —f-: (E X H), = —Es,.

If the subscript 1 is here replaced by 2 or 3 the result remains the same

except that the subscript z of S is replaced by y and 2z, respectively.
This different behavior of the two groups of the T',,, (n and m = 4 as

against n.or m = 4) has the result that whereas the three-dimensional

stress tensor can still be written in the form (31.10), the complete four-

dimensional tensor T' takes on the asymmeiric form

( 1 &

o — i
€ Eo o
T - ® (5)
s W

. ¢ #

This gsymmetry has questionable consequences. We know from hydro-.
dynamics and the theory of elasticity that an asymmetric stress tensor
leads to torques which do not correspond to observation (see e.g. Vol. II,
§10 and §8). Also in electrodynamics torques may be deduced from the
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asymmetric character of our tensor T with respect to its principal diagonal;
these' tbrques are very small and scarcely observable, but are even so im-
probable. M. Abraham has hence proposed a symmetric form of the tensor
T, differing from Minkowski’s, and M. von Laue has followed Abraham’s
suggestion.' The two points of view are compared with respect to their
physical consequences by W. Pauli in his oft-quoted article in the Enzyklo-
piidie, p. 665.

Following once again Minkowski, we deduce from the matrix (5) that
the fourth component of our earlier Eq. (31.3) remains unchanged and
corresponds to Poynting’s theorem also in a ponderable body. The first
three components of the same equation, which are affected by the changed
upper portion of our matrix (5) on the other hand, lead to a definition of
the electromagnetic momentum density differing from (31.13). Whereas
we found for vacuum

1 1
we now obtain the different (though, of course, dimensionally equal)
expression

G=$—EiS=DXB. (6a)

€o Mo

This conclusion of Minkowski’s theory is also not universally accepted.

As noted initially, we have been able to confine ourselves to bodies at
rest in this section. In view of the behavior of the world tensor 7 in a
Lorentz transformation, known to us from (28.20), our formulas can be
transferred directly to bodies in motion. The problem of the punderomotive
forces would be solved for them also as soon as the ultimate form of our
tensor T for bodies at rest had been determined. The fact that this has
not been accomplished in a unique fashion signifies physically really only
an esthetic defect and is certainly no serious objection to the theory of
relativity. In fact from our present electron-theoretical standpoint all
processes take place in vacuum, for which the question of the stress-energy
tensor has received a satisfying and generally recognized solution in §31.
From this point of view the ponderable bodies with their continuous mate-
rial constants €, u are simply convenient abstractions and are not physical
realities.

“1 In his excellent textbook ‘“Die Relativititstheorie,” Vol. I: “Das Relativitits-
prinzip der Lorentztransformation,’” and Vol. II: “Die allgemeine Relativitiits-
theorie und Einsteing Lehre von der Schwerkraft.” which have been published as
Nrs. 38 and 58 of the series ““Wissenschaft”” by Vieweg.
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§36. The Energy Loss of an Accelerated Eleciron by Radiation and Its
Reaction on the Motion

We know that, unlike the electron in uniform motion, the accelerated
electron radiates. According to (19.24) the energy radiated per unit time
is, for a velocity small compared with ¢,

e
8 " frecc’

(1)

This energy loss must of course find expression in the equation of motion
of the electron. To take account of it we will replace it by an equivalent
force. Consider the effect of a short acceleration interval from ¢ to ¢, .
Before and after the interval, as well as at its limits, the motion is to be
regarded as uniform, i.e. ¢ as equal to zero. In view of the briefness of the
interval the velocity is changed but little, so that we may put 8, = 8y = 8.
We call the desired force the “reaction force of the radiation’’ and denote
it by R. (Please excuse the use of the same symbol R as for the Roentgen
current and, before that, for the impedance operator!) It must satisfy the
condition that the work done by it on the electron in the interval from ¢,
to t: be equal to the negative radiation loss of the electron, i.e.

]
fR'ds-—thdt. - 2)
From the identity

i = d W) — i
v Et {IL) vy

and our sssumption ¢(4) = ¢(la) = 0 we find

(1]
K R _ - — -
fudt Wn fﬁudt fuda,
so that, by (1) and (2),
2
e "
fn-ds - ﬁmc,fuds. 3)
We thus obtain as the simplest formulation
e
|R| = m, (4)

furthermore, it may be shown that other expressions consistent with (3)
deviate from (4) only by terms of a smaller order of magnitude (see the
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discussion after Eq. (27)). In the magnetic cgs-system this becomes, by
(16.30),
26D,
|R| = 375 (4a)
this may be compared with Larmor’s formula (19.24b).

We shall study the effect of the reaction force for the very simple case of
an electron vibrating about its position of rest, which, as in §19¢, may
serve as an idealized model of a light source. Let the vibration be recti-
linear; in view of the reaction force it is damped. We call the distance of
the electron from its position of rest ¢ and set

E=5e™,  w=uw(l+a). (5)

wo = 2/t is the angular frequency in the absence of damping, r the corre-
sponding period, @ a complex number; it is8 very small in absolute value
and, for our expression for ¢, must have a negative imaginary part. We
shall demonstrate both facts.

The equation of motion of the electron is

mo £ + ft = R. (6)

The restoring force, which may arise in some fashion from the atomic
binding, has been set equal to —f and been transferred to the left. We
divide (6) by m, and put .

= ws, (7)

3 (7a)

= F=

(7) follows from Eq. (5), according to which we is the characteristic fre-
quency of the oscillation for R = 0; in (72) a signifies, by (4), a length of
the same order of magnitude as the electron radius in (33.6). Eq. (6) then
becomes

E+ wot =-E. (8)

ole

Substitution from (5) yields, after cancellation of w,

—-{1+a)’+1mz'gu.(l+a)’==2ﬂ§(1+a)'. 9)

il

X is the wave-length of the emitted light; even in the x-ray region it is very
large compared to the radius a of the electron. We may hence neglect « as
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compared with 1 on the right- side of the equation and «’ as compared
with 2a on the left side. We thus find from (9)

.
ax = i i . (10)

The sign of our result agrees with the expectation expressed at (5). The
fact that, in our approximate calculation, « has become purely imaginary
indicates that the period of the oscillation is not changed appreciably by
the reaction force, just as in (18.9d), where the period of the quasista-
tionary current oscillation did not depend materially on the resistance.
Substitution of (10) in (5) yields

£|.. (_ 2 ont) = (_ ’E’:)

'Eo = exp rhmq! exp 2:-}” . (11)
The amplitude is hence reduced by a factor 1/e in a time, measured in
perieds of the oscillation,

A

. 2x%a’
The correspanding light path measured in wave-lengths, z/A, has the same
value. For A '= 4-10" cm, a = 2-107" cm (12) yields

(12)

41~

% - ](_fj z = 400 cm = 4M. (12a)

The “‘distance of coherence” of light waves, measured for particularly
sharp (i.e. particularly monochromatic) spectral lines, is of the same order
of magnitude. There are no absolutely sharp spectral lines. Every broken
or damped wave train, when subjected to Fourier analysis (see Vol. VI,
Exercise 1.4), yields a finite spectral width (more precisely, half-value
width). The Doppler effect, which is the result of the thermal motion of
the emitting particles and is hence temperature-dependent, has the same
consequence. The reciprocal of the damping time ¢ given by (12) is defined
as the nafural classical line width. With the notation D = 1/t and with
r = A/c we obtain

D=2"%

TN
or, with the value of a given by (33.6),
’ s
T € 1
b= 3 gomoc A
This classical line width is the lower limit of the observable line width, at
" the lowest possible temperatures (elimination of the Doppler effect) and

(12b)
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the lowest possible pressures (elimination of so-called collision damping).
We specialize the expression for the cgs-units customary in spectroscopy
(/80 = 4xC'emuea’ by Eq. (16.30)) and find

dn® Ceman /e magn = 1.60-107°, ¢ = 3.10°,
D - mAgn

(12¢)
[ }
3 A Congn/ M0 = 1.76-10.
If in particular we set A = 4-10™° cm as before, we obtain
D = 7-10" sec”. (12d)

This is very small, even compared with the minute frequency separation
of the hydrogen doublet of the first Balmer line:

Rea Rec¢ = Rydberg frequency
2‘

Avg = =~ 10" sec™’

a = fine-structure constant

The reaction force R plays an important role in Planck’s theory of
black-body radiation (see Vol. V). It determines the amplitude to which
a linear oscillator is raised in equilibrium with thermal radiation, from
which it then accomplishes its emission of quanta.

So far we have considered only the slowly moving electron insofar as we
have determined the force of reaction only from the standpoint of an
observer moving with the electron. The theory of relativity makes it
possible, however, to change the frame of reference and to determine then
the reaction force for an electron moving with arbitrary velocity. The
fact that a result differing materially from (4) will be obtained follows from
the fact that Eq. (1) then ceases to be valid and, instead, (30.11) yields
for the energy radiated per unit area and per unit time at an angle ¢ with
respect to the direction of motion

S = e’ gin® ¢
167,02 (1 — B cos 9)%’

The acceleration is here assumed to be longitudinal, i.e. in the direction
of motion. It should furthermore be noted that (13) refers to the time
scale of the observer at rest, whereas we must know for the determination
of R the radiation per unit time in the system of the moving electron. The
retardation relation (29.10b) exists between the two time scales (¢, time of
the<observer, r, time of the electron as well as “intrinsic time” of the
latter): -

(13)

r=l—", dr=dt+2dr, F=1-T=1-fcosd
c C c
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Thus to refer S to the time scale of the moving electron we must multiply
(13) by

g-t-:-l-ﬂmao. (14)

T

Furthermore, to pass from S to the total radiation S of the electron we
must integrate over the sphere of radius r and with the element of angle
dw = 2x sin ¢ d¥. With the abbreviation ¥« = 1 — g cos ¢ we thus obtain

f' sin’dsinddd _ 2x [ { (1 —~ u) du
27 - = 1 — —_
o (1 —fBcosd)* B Jip g u*

This integral may be evaluated in an elementary manner and yields

2 4
3 (1 -7

Hence
g = Y 1
6reec® (1 — B

. The value 6f R which is now sought—we shall call it R’—must (for longi-
tudinal acceleration) be implicitly related to (15) by (2). However, it is
not determined uniquely hereby; for this it would be necessary, following
Abraham, to add conservation of momentum to conservation of energy.
We hence prefer to proceed from the relativistic equation of motion of the
electron, which will yield an explicit value for R’; at the same time we
need no longer limit onrselves to the longitudinal case.

In accord with Eq. (32.4) etc. and adding the desired reaction force R’
we write the equation of motion in the form:

meW = F 4+ R'. (16)

W is the four-vector of the acceleration introduced in (27.18b), F, the

four-force acting at any moment, which in the electrodynamic case is
related to the Lorentz force K by Eq. (28.19b):

F=qK, g5=(01-8)" (17)

W and F are perpendicular to the world line of the electron in the four-
dimensional meaning of the term, i.e. (see (27.18¢) and (28.19¢))

] VW=0_ ad V-F=0. (18)..

Accordingly (16) leads to the requirement that R’ also be perpendicular to
the world line:

(15)

V-R = 0. (18a)
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It would seem most reasonable, following (4), to define R’ by
2
e : dW

= Breccd’ V=

(dots will indicate differentiation with respect to the intrinsic time also in
what follows). This would, in fact, be a Lorentz-invariant definition of R’
which, specialized to the frame of reference of the electron, would agree
directly in its space components with (4). However, this definition would
contradict the requirement (18a). We hence modify it to

R= W, b (19)

"R’ = b(W + aV) (19a)
and determine the constant a here introduced from the condition
— . V-W
VW-I—::V-V—U, ﬂ=;‘w. {2{}]

Like (19) this definition of R’ satisfies the requirement of being identical
with (4) in the frame of reference of the electron, since the first three
components of V vanish here; furthermore if, as in (4), correction terms of
a smaller order of magnitude are neglected the definition is also unique.

The value (20) of « can be further simplified: First, by (27.18a),
V-V = —¢’; second, we may deduce from V-W = 0 by differentiation with
respect to 7:

VW+VW=0 VW=-V.W=-WW.

Hence we may write

a = .lc.,w-w  (20u)
and
R’-b( —%‘-,Ev). 1)

This 18 the very concise formulation of the reaction force, valid in every
frame of reference. The conciseness is lost when we pass over to three dimen-
sions, to permit comparison with the formulations known from the litera-
ture. We proceed from Eqs. (27.18) and (27.18b):

V=(nv,icn), W=V=(v+qv,ich) (22)
and compute with the aid of the definition (17) of »

p 1 _ 1 vy '
"Ti-er MTa-gr ¢ &'V g
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We then obtain from (22)

2 .
W = q(:’; (v-¥)v + i,i,;'v-t),

(22b)
W-W = n’{:‘(v i»)”+ (7'&)’—[—?’— —{v i)}.
The first and last term of the { } can be combined to yield
i 2 2
T (vt (L = 1) = =T (v.9)?
5{77) (c, 1) c,("i'):
which combines with the second term. We thus obtain
* 2
WW = u’{l’é (v-9)" + *’} (23)
VW ot iy r iy ...
3 V—E{g (v-¥) +72}T: . (23a)

In the last equation we have written down only the three space components
'nf the four-dimensional vector. We do the same in the computation of W,
ie. the differentiation of (22b) with respect to r:

W= ? T (v-¥)v + 5 (0 + (v-9)v + (v-9)¥) + v + ¥,
If we take account of (22a) we find
w==2 (v W)v 42 G {v’v + (v-¥)v + 2(v- )V} + v (24)

We obtain for the dlﬂ'erence of (24) and (23a)

%. -2 e +1 (V- H)Y + 2000 4 o (25)
Finally we pass from the intrinsic time of the electron, to which ¥ and ¥
are referred, to the time scale ¢ of the observer, in which we shall denote
the corresponding quantities by v’ and v’. We set

&

dv d‘i"= =1 .
v d'_'f E' ‘lf?’, 70 cz'?'r'

4
- V= &ti (qv) = 47 + 9V = "3 (v-v)V + 'V,
-

Thus we obtain from (25)

R%-———(vv*}v+q‘{?7')?+3ﬂ (v-¥v)V + o'V’ (25a)
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This value of R’ is to be employed in the equation of motion (16). If we
transform the latter into the customary form of the momentum equation
(32.5), i.e. replace meW by dG/dt = meW/n and F by K = F/n, R" must
also be replaced by R* = R’/y4. We thus obtain for R* from (25a) after
substituting the values of b and :

¢ 1
R¥* = et = F | o
» 3v-v v o 3(v-v)? ])
(' tVaaom Tar- &)[" VYaa—ml)

For small velocities (8 — 0) we obtain, of course, R* = R, i.e. the value
from Eq. (4). Eq. (26) was derived first by Abraham from electrodynamics
and by v. Laue from the theory of relativity. Our procedure follows the
suggestions of Pauli.!

We must still establish the limits of validity of the formulas derived
here. By using the relativity transformation for uniform motion we have
assumed the acceleration to be “small” without otherwise restricting the
magnitude of the velocity. We are hence dealing with a process of approxi-
mation or a series expansion which is broken off. H. A. Lorentz’ carries
out this process, representing the retarded potentials as power series of
the relaxation time { — r/¢ and computing the mechanical force of the
intrinsic field. The first term of this expansion is the inerifial reaction of
the electron, which, for small velocities,’ is given by

. v
eV = "Brauc’a 27)
The reaction force R of Eq. (4) appears as second term:
eV
" frecc (27a)

Lorentz emphasizes that R is the only term of the expansion which does
not depend on a (“on the shape of the electron’). The higher terms, which
are not computed, are of the form

- (‘:)’ v, m (E)'v " (27b)

Here a/c is the time required by the light to traverse the “radius of the
elecfron”. The term (27a) can be brought into the same form; in view of

! Enzykl. d. Math. Wiss. Vol. V,, p. 654.
1 ““The Theory of Electrons,” Teubner, 1908, Note 18, p. 251.
ty', v ... are then identical with,v# .- .



37 MAXWELL’S EQUATIONS AND ELEMENTARY PARTICLES THEORY 301
the meaning of my it can be written
Mg T
;v

The terms of the series must decrease in order that the series may con-
verge, i.e. be practically useful. Hence we must have

- c c
Ii’l{ali’lr lvl{al?!:“ (28)

It is clear however that in processes involving very large energies, such as
the flight of an electron close to an atomic nucleus, not only very great
accelerations, but also very great changes in acceleration can occur. The
termination of the series with the term R would then be no longer per-
missible. The same applies for the acceleration process in the betatron (see
Problem I11.10) and synchrotron. The formulation of the radiation resist-
ance in such extreme cases constitutes an as yet unsolved prublem which
has led to many discussions (Wessel, Dirac, Bopp, Stiickelberg).!

§3‘?’ Approaches to the Generalization of Maxwell’s Equations and to the

. - Theory of the Elemeniary Particles

Gustav Mie took the first step in this direction in 1912 in his famous
papers’ “Foundations of & Theory of Matter.” Their goal is no'less than
the generalization of the Maxwell equations so that they include the
existence of the electron. In order that the generalization may not lose itself
in limitless possibilities it is subjected from the start to the principle of
relativity and derived from a “world function” which may depend only on
Lorentz-invariant quantities. Here a distinction is made—possibly for the
first time in a consistent fashion—between entities of intensity and entities
of quantity, i.e. written in our notation and units, between

F = (B, —iE), Q= (A,%?)

on the one hand and

f=(H, —iD), T = (pv,ipc)

* The most recent contributions to this question are given by the papers of W.
Heitler and H. W. Peng, Proc. Cambridge Phil. Boc. 88, 206 (1942) and, from the
standpoint of Einstein’s latest methods, N. Hu, Proc. R. Irish Academy, 67, 87
(1947). = .

*Ann. d. Phys: First communication, Vol. 37, p. 511; second communication,
Vol. 38, p. 1. The third communication (Vol. 40, p. 1, 1913} deals with the theory of
gravitation and is of course outduted, having been originated before the general
theory of relativity.
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on the other. Mie tests the invariants which may be set up with the entities
of intensity and the entities of quantity respectively. We record three' of
the former (see (26.24), (26.21), and (26.4)), suppressing constant factors
insofar as they are dimensionally superfluous:

A= 3 (c’B’ - E?), (1)
M = ¢E-B, | (2)
lQ|? = A" - ¥/ (3)

He finds that only the invariants (1) and (3) need be considered for the
description of quasistationary processes and constructs a world function?
W such that at large distance from the electron the ordinary Maxwell
equations apply, wheréas the equations are modified at the electron and in
its immediate neighborhood. Like Schwarzschild’s function, the world
function is to be integrated over an arbitrary region of the four-dimen-
sional world and to be varied in suitable manner.

What must be the form of the world funetion if it is to yield the ordinary
Maxwell equations at an adequate distance from the electron? According
'to our experience with Schwarzschild’s principle of action we must then
have W = A.'In fact, in pure vacuum (I' = 0 and no kinetic energy of
matter) the kinetic potential K’ in Eq. (32.18) reduces to the middle term,
proportional to A and when subjected to the variation, yields the Maxwell
equations of vacuum. At the same time the change in the world function
in the neighborhood of the electron is to be such that from it a definite
‘value e of the electron charge (or, at least, of the specific charge e/m of
the electron) may be computed. This is certainly not so if the two invari-
ants A and | Q[® are superposed linearly, since then also the resulting
differential equations would be linear in the field and potential components
respectively and their integrals would consequently involve coefficients
which could be chosen arbitrarily. On the other hand, both requirements
might be satisfied by the formula

W=a+alal (4)

where n is a sufficiently large number. Actually, the second term may
then be neglected at sufficiently large distance from the electron since it

1 Weyl, in §28 of his book to be quoted on p. 321, points out a fourth field invariant,
constructed from F and Q.

! Mie himself calls the function constructed with entities of intensity ‘‘Hamil-
tonian function H' and designates as ‘‘world function’ that eonstructed with en-
tities of quantity. We have taken the liberty of reversing the nomenclature so as fo
establish correspondence with Schwarzachild’s action function. The entities of in-
tensity are then obtained from Mie’s world function by differentiation with respect
to the entities of quantivy.
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vanishes as r ™", whereas a singularity of high order occurs at the location
of the electron. For mathematical reasons Mie puts specifically n = 6; in
this manner he obtains a spatially highly concentrated charge distribution,
which, however, is not stable in the field of another electron.

It would, after all, have been indeed surprising if the fundamental
problem of the elementary particles could have been solved by clever
guessing. Today we are convinced that much experimental preparation
will be required instead. Nevertheless, blazing the path to the problem was
an act of great merit, as is evident from the fact that all later workers in
the field have followed in Mie’s tracks.

Pauli, in Nr. 64 of his paper in the Enzyklopédie, had already emphasized
that dependence on the absolute values of the electrodynamic potentials
led to serious difficulties in Mie’s theory. Hence we shall avoid use of
invariant (3) in the formulations to be discussed below. Born and Infeld"
in particular utilize in their theory a world function which depends only
on invariants (1) and (2). The nonlinearity of the electromagnetic field,
which is required here also, follows from the choice of W as nonlinear
function of A and M. The conjugate four-current I' drops out along with
the potential Q and, just as in Lorentz's electron theory, must be brought
irt as a foreign element.

W is chosen so that an infinity of the field at the location of the electron
is avoided. In this manner a finite value for the self-energy of the electron
is obtained and a difficulty of classical theory, which yields infinite energy
for the point electron (a = 0), is circumvented. For quasistationary prob-
lems, in which the above invariant (2) does not enter, the formulation of

Born and Infeld is .
W o= el 1/ 2\ _
w &b{ 1+ o5 1}. (5)

The universal constant b here introduced has the dimension of an electric
field strength since, by (1), A has the dimension eE’.

This formulation follows the pattern of the action function of classical
and relativistic mechanics. In the classical mechanics of the point mass
not acted upon by forces we have as the integrand of the Hamiltonian
principle the kinetic energy

m =
T-:-f-ﬂ' (ﬁ)

In relativistic mechanics this js replaced by the" “kinetic potential” in
Eq. (32:9b)

e

K=ﬂuc‘{1— 1;'5. (Be)

1 M. Born, Proc. Roy. Soc. London (A) 143, 410, 1938/34; M. Born and L, Infeld,
loc. cit. 144, 425, 1034. M. Born, Ann. de I'Inst. Hepri Poincaré, Tome VII.
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which passes over into (6) for v < ¢ and then becomes independent of c.
Similarly (5) passes for A < eob® over into the value W = A, which corre-
sponds to Maxwell’s theory, and becomes independent of b. Wherea.s (6a)
sets an upper limit ¢ to v, (6) imposes no restriction on v. Similarly (5) sets
an upper limit b to the ﬁeld strength E in the elec’rostatic case (B = 0,
A = —g,E’/2), whereas the formula W = A permits an unlimited increase
in the field strength.

The Maxwell equations in vacuum for E, B and D, H are retained in
the theory of Born and Infeld. In the electrostatic case, to which we shall
limit ourselves in the following, we obtain for a centrally symmetric field
and a point charge e at r = 0, just as for the conventional theory

e 1
D, g (7)
Dy may also be determined from the world function by the general rule of

Mie’s theory:

oW

D, = — E (73}

Atcording to (5) this yields, with B = 0 and W = eb’{+/1 — E¥/b* — 1}
o £y

Dr . ‘\/W . (3}

It follows that
— D'
/1 + D¥/(e}b?)’

If (7) is substituted in (9) we obtain

B, = ¢ (10)
Camvare N

The quantity r, may be regarded as the electron radius. E, is now every-
where finite, since for r = 0 we have E, = b = ¢/(4xeyy’). D, on the other
hand, becomes infinitely large at the same place. For r > ry, E, differs
little from the Coulomb field e/(4xesr”). The electrostatic potential is

we[reegisl) o

ek, (9)

with

L dy
1@ = [ S
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At the origin we have

hhr‘f(ﬂ), f(0) = 1.854.

¥(0) =

The Hamiltonian function H is related to our world function W by the
general formula

H=W+ E-D — B-H.
Thus we find in the electrostatic case

H = eb’(\/1 = E/b* — 1) + E,D,. (12)
If E, is eliminated with the aid of (9) this contracts to
H = &b'(\/1 + D¥/(elb®) — 1), (13)

We obtain therefore for the total energy
W = 4r f Hr'dr.
. ]
Substitution of D, from (7) yields finally

W= [ WTFE-Day (14)

TEeTo Jo

The numerical value of the integral is 1.236. If (14) is put equal to the
selfenergy of the electron mec’ we obtain
2

[}
o = 1.236 m,

i.e. very nearly the classical radius a of the electron from (33.9). Then (10)
yields for b the value

(15)

¢ e
= o ’
4xeyry ~ dreeat

very nearly equal to the classical field strength E at the “edge of the
electron”. _

In this manner an electron radius of the proper order of magnitude and
a very high critical field strength b are obtained. The field of several point
charges, also, can be determined in unique fashion. Within these limits
the theory of Born and Infeld thus leads to sensible results, although its
fundamental formula (5) can claim only heuristic validity.

We shall finally discuss the problem of the “scafiering of light by light”.
This problem arose from Dirac’s theoretical discovery of the positron and
pair production. (Pair production, i.e. the simultaneous generation of an
electron and a positron from hard gamma radiation, was realized experi-
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mentally soon afterwards by Irene and Frederic Joliot-Curie, whereas the
positron was observed in cosmic radiation by Anderson and Blackett and
Occhialini.) It is clear that this problem also involves a change in the
Maxwell equations for vacuum which is equivalent to a “non-linear theory
of the electromagnetic field”.' The linear Maxwell equations could not
account for such scattering, but would imply that the fields of two inter-
penetrating light waves are simply to be superposed.

The problem has been treated quantum -mechanically by Euler and
" Kockel under the direction of Heisenberg® and hence lies entirely outside
of the framework of our presentation. We can merely indicate the pro-
cedure for its solution.

The world function is here chosen so that for weak fields it reduces, as
before, to the Lagrange density A. In the second approximation it is
written as a funétion of the second degree in A and M. Only even powers
of M may occur here, however, since for a transition from a right-handed
to a left-handed coordinate system B and hence M change their sign (in
the terminology of Euler M is not “mirror-invariant’’). The next term of
the expansion must hence have the form

A’ + BeaM”, (17)

In order that a and 8 may be pure numbers and this second term have
the same dimension as the first term A, we divide (17) by & X the square
of a critical field strength, which, as before, we shall call b. It i8 here defined
as the field strength “at the edge of the electron’, i.e. at a distance r = a
from its “center” (a = classical electron radius, multiplied by the fine-
structure constant 1/137).

We obtain thus the formula

W=A+${aﬂ’+ﬂdM')+-” (18)

As in Mie’s theory the components of the entities of quantity D and H
are obtained from this world function as partial derivatives with respect
to the corresponding components of E and B:

oW GW
= e —

! This is the title of the paper of Born mentioned in the last footnote.

* H. Euler and B. Kockel, Naturwiss, £3, 1935; Euler, Leipzig thesis, Ann. d. Phys.
26, 1036 Heisenberg and Euler, Z. Physik 98, 1936. See also the simplified representa-
tion in the paper of M. Born cited at the end of footnote 1 on p. 303. The problem of...
pair production was approached simultaneously from a different angle by R. Serber
and E. A. Uhling, Phys. Rev. 48, 1933.
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Since, by (1) and (2),

dA oM dA
3 -~ ~%E g =B g5 = wcB =B,
oM
5B = F

we nbtain from (19)

D= E:u{E-’rE;zp(aﬁE — BeaMcB) + }
(20)
H -:;{B+$(aﬁ3+ﬂ&MEfc) + }

The most difficult part i8 the determination of the numerical coefficients
a and 8 from Dirac’s theory of pair produetion, for which we refer to the
original papers.

The final result is the following: Maxwell’s equations for vacuum, relat-
ing B, E and D, H retain their form. However, just as in the theory of
Born and Infeld, D is no longer proportional to E; a correction term occurs
in the expressions for D and H which depends on E, B, A, and M and is
ne'gl.igible compared with the principal term for weak fields. No arbitrary
assumptions of any kind are made here; it is merely presumed that an
expansion in ascending powers of the field strength is possible, this being
indicated in Eqgs. (18) and (20) by :-- . In the paper of Heisenberg and
Euler the expansion has been extended by an additional term and has
even been expressed in closed form. In any case, this work demonstrates
the necessity of modifying Maxwell’s equations for extremely strong fields
even in vacuum.

§38. General Theory of Relativity; Unified Theory of Gravitation
and Electrodynamics

In this paragraph also we must limit ourselves to a mere outline. A full
presentation of the subject would require a separate textbook; it would be
premature to write such a one at this time since many pertinent questions
are as yet undecided.

For the present we shall follow the original presentation of Einstein as
recorded particularly effectively in his Princeton lectures." He proceeds
entirely in the spirit of Klein’s Erlangen program: Classical physics belongs
to the group of elementary geometry (isotropy of space within itself),

i The four lectures on the theory of relativity, held at Princeton in May 1921,

have been reprinted in A. Einstein, The Meaning of Relativity, 3rd Ed., Princeton
University Preas, 1950.
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extended by the displacement of the time axis along itself. The special theory
of relativity is founded on the group of the linear orthogonal transformations
of the four world coordinates z,, z:, =3, and z, = ict (isotropy of the
four-dimensional world, Lorentz transformations). We are led to the
general theory of relativity if we start from the broader group of point
transformations which, in Vol. I, p. 16 we have characterized by the
formulas

z’* _f*(xl:z'lj 3311’4)1 k = 1: 2: 3: 4. “-J

In this manner all possible frames of reference become legitimate, not only
those which move with a constant velocity v < c relative to each other.
“Space and time lose the last vestige of their absolute character postulated
by Newton and become merely means for the description of physical
phenomena.” Such ‘a program had already been set up by Ernst Mach.
However, he gave up with a negative point of view (which, strangely
enough, he denoted as positivism) and remained an opponent of Einstein’s
theory of relativity to the end of his days. The latter, on the other hand,
assumed a positive attitude by inquiring into those space time relations
which are conserved in all point transformations. The general theory of
relativity signifies the invariant or covariant theory of this group of trans-
formations.

The basis for this had been created in part by Gauss' in his theory of
surfaces and by Riemann® in his initiation lecture.

Gauss studied the inner properties of a surface, apart from its external
shape and position in three-dimensional space. For this purpose he repre-
sents the line element ds, i.e. the separation of two neighboring points of
the surface, by the formula

ds' = E dp' + 2Fdp dq + G dg". (2)

p and ¢ are parameters of two families of (in general not orthogonal) curves
on the surface, and E, F, and G particular functions of p and g. For a pure
bending of the surface (without dilatation or shearing) the totality of line
elements and hence also the system of the coefficients E, F, and G is con-
served.

Gauss shows that the measure of curvalure

1

K= _—-— 3
R R (3)

" 1 Pisquisitiones generales circs superficies curvas 1827, Ges. Werke, Vol. IV, trans-

ted into German in Ostwalds Klassiker Nr. 5. -

2 Uber die Hypothesen, welche der Geometrie zugrunde liegen, 1854, Ges. Werke
9nd Edition, p. 212.
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introduced by him (R, and R, are the two *‘principal radii of curvature”
of the surface) may be expressed by the E, F, G and their first and second
derivatives with respect to p and ¢. In this manner he arrives at his “The-
orema egregium’’: If a curved surface is bent into another shape (without
dilatation!) the measure of curvature remains invariant in all points. The
measure of curvature hence expresses an inner properly of the surface,
whereas the definition 1/(R,R;) (just like that by the “spherical image’”)
appears to depend on the external shape of the surface and does not in-
dicate its invariance.

Gauss commends his method of fixing attention on the inner properties
of surfaces as “most worthy of being diligently exploited by geometers”.
We shall see that this challenge was heeded by Riemann and Einstein.

The character of the geodetic, or shortest, lines is, of course, also conserved
in the bending since it rest solely on the extremal property of the inte-
grated line element. We also mention the approximation of the surface by
one of its tangential planes, although it does not belong to the inner rela-
tions of the surface; locations will here be indicated not in the curvilinear
coordinates p, ¢, but in ordinary Cartesian coordinates.

We now consider, with Riemann, an n-dimensional manifold of very
general structure. As the generalization of (2) and already written in
Einstein’s notation, its line elemant is

= #E Z Gnr %, dz, Gur = Guulipr = 1,2 --- m), . (4)

The g,, are given functions of the quite arbitrarily chosen parameters
Zy, Zy --* I, . Riemann studies the inner, invariant (in more general
térms, covariant or contravariant) properties of such a manifold.

To begin with, however, we shall answer the simple question: What
must be the dimension N of an Euclidean space in order that the n-fold
manifold may be embedded in it? We shall employ Cartesian coordinates
X, -+ Xy in this Euclidean space. On the n-fold manifold they may be
represeﬂbed as functions of the n parameters z,, - - z. :

Xi=Fix, - x); - Xn=Fy(zy, - z). (5)
If we form the Euclidean line element

dX} + dX3 + --- + dX}

this contains the first derivatives of the functions Fy, -+ Fy. In order
that it may assume the form (4) on the embedded n-fold manifold with
arbitrarily prescribed g,, , the number N of the arbitrarily prescribable F
must suffice for the determination of the also arbitrarily prescribable g,.
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and }itenoe be equal to the number of the g,, , which is n(n 4+ 1)/2. We thus
have

y=2otl (6)
In the case of Einstein’s four-dimensional world we have
N =222 10, (68)
2 :
in the Gaussian case of the two-parameter surface we have of course
N=23_3 (6b)

For every point of the n-fold manifold a “plane” (Euclidean) manifold
may be constructed which, departing from the n-fold manifold, plays the
same role as the tangential plane in three-dimensional Euclidean space.

One of the inner properties of the n-fold manifold is, in particular, the
minimal property of the geodetic (shortest or straightest) lines. Ason the
two-parameter surface, they are at the same time the paths of a point
mass not subjected to forces. We demonstrate this with the aid of an
example: Let a plane table top be covered with a cloth under which there
may lie a stone. The geodetic paths are in general straight, but curved
close to the stone. The mass point, which is assumed not to be acted
upon by forces, including gravity, will here be deflected out of its straight
path, in accord with the prevailing surface curvature. This is the simplest
example of Einstein’s theory of gravitation (stone = sun, point mass =
planet).

Riemann investigates the generalization of the Gaussian concept of
curvature to the n-dimensional manifold. Following Riemann, Christoffel
has defined his three-indices symbols and Einstein his I';, which are iden-
tical with them (see Appendix I, Eq. (3) in Vol. II of these Lectures).
They depend only on the components g, of the “fundamental tensor”
and its derivatives with respect to the coordinates and are hence inner
properties of the manifold. The “Riemannian curvature tensor” is formed
from the g, T', and their derivatives; its vanishing is the condition for the
manifold being “plane” (Euclidean). The Riemannian “symmetric curva-
ture tensor” R,. is derived from it by “reduction” (summation with respect
to one of the pairs of indices). The “Riemannian scalar” R is derived from
the curvature tensor R,, in similar fashion; it is the generalization of the
Gaussian measure of curvature K.

1 See 6.g. H. Lang, Ann. Physik, Vol. 61, 1919 (Munich thesis). I am informed
that theorem (6) was stated by Bchlafli as early as 1871 (Ann, Mat. pura appl. &, P.
190), and has been proved by E. Cartan and M. Janet (E. Cartan, La géométrie
riemannienne et ses généralizations. Encycl. Frangaise, t.1, 1937).
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As we saw from our primitive example of the table top, the curvature
properties find expression in the paths of mass points subjected to no other
forces; they act on them like forces of physical origin. Einstein recognized
herein the origin of gravitation, giving quantitative content to an idea of
Mach As the most general force action, superseding all other physical
agencies, it is attributed by Einstein solely to the eurvature conditions of
the space-time continuum.

However, how are these curvature conditions determined? They are
determined by the energies distribuled in space and time. Space and time
exist only by virtue of the physical processes which occur in them. Their
structure is derived from the latter. We are inclined to recall Goethe’s
grand vision of the “Mothers” in Faust II (corresponding, in a sense, to
the Platonic ideas which existed before the creation of the world):

Géttinen thronen hehr in Einsamkeit,

Um sie kein Raum, noch wen’ger eine Zeit.

Von ihnen sprechen ist Verlegenheit.

Nichts wirst du sehn in ewig leerer Ferne,

Den Schritt nicht héren, den du tust,

Nichts Festes finden, wo du ruhst. _

JThe approach to the curvature conditions of Einstein’s world which will
now be described may seem as disconcerting to the reader as the voyage to
the Mothers seemed to Faust; we shall guide the reader along a less for-
bidding path presently.

The curvature tensor R,, is to be related to the stress-energy tensor y
of material and electromagnetic phenomena by the system of 10 equations
(w, v = 1:213:'4)

Ry — 39w R = —«Ty, )

a8 i8 shown by Einstein. The factor of proportionality « here introduced is
in essence the constant G of Newton’s law of gravitation. Since the R,,
and B may be expressed by the I'”s and g’s, and the s, in turn, by the
g’s and their derivatives, Eqs. (7) are in effect a system of differential
equations for the g,, . A general solution of this system would of course be
extremely involved. Einstein could show however that they lead in a first
approximation to the statements of Newton’s theory of gravitation for
weak fields or g,, which differ only little from the Euclidean ones of the
special theory of relativity (or, more exactly, the pseudo-Euclidean ones,
in view of the negative sign of dz,").!
! Einstein wrote the author November 28, 1915:
“Last month I passed through one of the most exciting, absorbing and,
! the same time, most productive periods of my life. I could not think of
writing.
I recognized that my former field equations of gravitation were quite

without basis. This is indicated by the following factors . . .
Having lost all confidence in the earlier theory, I saw clearly that a satis- )
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Even the first approximation, i.e. the mere fact of Newtonian attraction,
reveals the non-Euclidean structure of the scale determination. In the
second approximation there occur deviations from the Newtonian law,
which are of course greatest in the neighborhood of large concentrations
of energy. Hence the anomaly in the path of Mercury, the planet closest
to the sun, the deflections (observable only during solar eclipses) of light
rays passing very close to the edge of the sun, and the red shift of the
spectral lines of the white dwarfs resulting from their extraordinarily high
densities.

Gravitational and Inertial Mass

These are the abstract mathematical foundations of Einstein’s theory of
gravitation. At a much earlier date,’ almost immediately after the dis-
covery of the special .theory of relativity, Einstein recognized a concrete
physical basis in the equivalence of gravilation and acceleration. The phe-
nomena observed in an elevator which is imagined to be freed from the
influence of gravitation and is moving upward with the constant accelera-
tion g are exactly the same as in the same system at rest or in uniform mo-
tion when it is subject to the influence of gravity. In both cases a thrown
body describes a parabola, a body at rest on the floor presses against it
«vith the foree mg, and a pendulum of equal length has the same period of
oscillation. Conversely, an elevator falling freely in a gravitational field is
not subject to the influence of gravitation: The pressure on the floor ceases,
the period of oscillation of a pendulum becomes infinite, and a thrown body
describes a straight line. Such a freely falling system realizes a world free
from gravitation and curvature, in which pseudo-Euclidean measure is
valid, and hence corresponds to the tangential plane to the Riemannian
space which was discuseed before.

The prerequisite for this is the tdentical character of gravilational and

factory solution ecould be attained only on the basis of general covariant

theory, i.e. of Riemann’s covariant R,, . Unfortunately I have immortalized
the last errors of this conflict in the Academy papera which I shall send you

soon. The final result is the following: . . . The Christoffel symbols (": ) are

to be regarded as the natural representation of the ‘‘components” of the
gravitational field . . .

The splendid thing which I experienced was not only that now Newton's
theory was obtained as first approximation, but that in addition, the preces-
sion of the perihelion of Mercury (43" per century) followed as second ap-
proximation. The magnitude of the deflection of light at the sun became
. twice as large as before.”

And'on February 8 he remarks on a post eard:

“You will be convinced by the general theory of relativity when you have ~
studied it. Hence I do not lose & word to defend it to you.”

1 Jahrbuch f. Radioakt. und Elektronik, Vol. 4, 1907, further elaborated in Ann,
d. Phys., Vel. 35, 1911.
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inertial mass, which was expressed in Vol. I, §3 hy: fae equation
m, = m;. (BJ

Only if this is satisfied is the “weight” m,..» g equal to the “inertial reac-
tion” Minert ¢ and only then is the period of oscillation the same for all
pendulums of equal length. In detail the formula for this period is

r = on g/ Bl (8a)
M grav
Already Newton saw that a profound physical problem was hidden herein
and Bessel pursued the problem by making extremely careful measure-
ments on pendulums of different materials.' R. Eotvos increased the pre-
cision of such measurements by powers of ten with his torsion balance.
However, Einstein was the first to interpret Kq. (8) in the final form

gravitation = inertia (= world curvature).

We shall show that this equivalence principle suffices for the elementary
caleilation of the g,, in a specific case,” i.e. Lo solve a problem which was
formulated generally in Eq. (7), but was postponed as being too difficult.

Consider a centrally symmetric gravitational field, e.g. that of the sun,
of mass M, which may be regarded as at rest. Let a box K fall in a radial
direction toward M. Since it falls freely, K, is not aware of gravitation
and therefore carries continuously with itself the Euclidean metric valid
at infinity. Let the coordinates measured within it be z,, (longitudinal, i.e.
in the direetion of motion), ¥, , 2, (transversal), and {,. K, arrives at
the distance r from the sun with the velocity v. v and r are to be measured
in the system K of the sun, which is subject to gravitation. In it we use
as coordinates r, ¥, ¢, and {. Between K_ and K there exist the relations
of the special Lorentz transformation, where K, plays the role of the
system ‘‘moving” with the velocity v = B¢, K that of the system “at rest”.
The relations are

dz, = dr/A/1 — 8 (Lorentz contraction),
dt, = dt-4/1 — B (Einstein dilatation),
dy,, = rdd

(1. variance of the transversal lengths)
dz, = rsin ¢ df de

["

t F. W. Bessel, “Experiments on the Force, with which the Earth Attracts Differ-
ent Kinds of Bodies."" Abhandlgen d. Preuss. Akad. 1830; “Studies on the Length
of the Second Pendulum", loe. eit. 1826—reprinted in Ostwald’s Klassiker Nr. 7.

* On the basis of an unpublished paper of W. Lanz. which he kindly communicated
to the author in 1044. In the planned publication he will render the argument given
in the text more rigorous. He also intends, fol'uwing Sehwarzschild (see below),
to extend the consideration to the interior of a sphere filled with an incompressible
fluid.
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Hegce the Euclidean world line element
ds' = dza + dye + des — ¢ dis (9)

paases over into

¢ = P e 0de) — CA— ). (ow)

The factor 1 — g°, which occurs here twice, is meaningful so far only in
~connection with our specific box experiment. In order to determine its
meaning in the system of the sun we write down the energy equation for
K, , as interpreted by an observer on K. Let m be the mass of K_ , m, its
rest mass. The equation then is:

(m — mo)c’ — -——:rl = 0. (10)

At the left we have the sum of the kinetic energy in accord with Eq. (32.7)
and of the (negative) potential energy of gravitation. The energy constant
on the right was to be put equal to zero since at infinity m = meand r = «.
We have computed the potential energy from the Newtonian law, which
we shall consider as a first approximation. We dmde (10) by mc’ and
obtain then, since m = mo/1 — B,

1-vi=F=2 a=Z-Heerq ). 0w

With M = 3.3:10° Moy and ¢ = G Moun/R?, R = radius of earth =
(2/x) 107 meter we obtain

s (2 100 \*
a =3310°g( -z~ ) = 146-10" meter = 1 km.
It follows from (108) that
VIi—F=1-2, 1-gx1-%2 (11)
and hence, from (9a),
3
ds' = 1_‘"”_.2_“7} + F(do" + sin’ 9ds") — (1 — 2a/r) d*.  (12)

This is the line element derived by K. Schwarzschild' from Einstein’s
Egs. (7). In Eddington’s presentation’ the 40 components I}, of the gravi-
! Preuss. Akad., Sitzungsber. 1916, p. 189.

1 See his excellent book: “The Mathematical Theory of Relativity,” Cambridge,
1923.
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tational field are computed and (12) is shown to be the exact solution of
the ten equations contaired in (7). Our derivation claims only to yield an
approximation, since it utilises the Newtonian law as first approximation
and ‘neglects, in the second Eq. (11), the term (a/r)"; nevertheless, our
resull is, as shown by Schwarzschild and Eddington, exact in the sense of
Einstein’s theory.

It might be asked at this point: What is the relativistically exact formu-
lation of the Newtonian law? The question is wrongly put if a vector law
is meant hereby. The gravitational field is not a vector field, but has a
much more complex tensor character. For the single point mass it is com-
pletely described by the four coefficients g of the lme element (12) and
the vanishing of the remaining g,,.

B. Observable Deductions from the General Theory of Relativity

We shall first deduce the anomaly of the perihelion of Mercury from the
line element (12); the genera.l formalism of tensor calculus will not be
required here.

The law of the geodetic paths demands

5 f ds = 0. (13)

Of the four coordinates r, ¢, ¢, t in (12) we choose ¢ as “independent vari-
able” and hence write in place of (13)

5 f vdp = 0, (138)

' = = ;ﬂ'/ + (& + sin’ ¢) — & (1 — 2a/7), (14)
. dr . dd . dt

T = E‘i;p d = 5; { = @- (143)

We designate the “dependent variables” r, #, ¢ collectively by ¢. The method
of the caleulus of variation, which we utilized in Vol. I, §34 for the proof
of the Lagrange equations, leads to the ‘“Euler equation” (see the first
footnote in the section referred to)

— === (15)

For ¢ = ¢ (14) yields

av r‘_r} v _ ** 8in ¢ cos ¢
a0 v’ o v ’
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and hence, by (15),

d r'8 _ r'sindcosd

de v v )
The last equation is fulfilled for # = const = x/2; the other possibility
0 = const = 0 represents no planetary orbit, but a meteor falling centrally
straight into the sun. Our denoting the plane of the planetary orbit by ¢ =
x/2 is obviously simply a convenient choice of our system of polar co-
ordinates  _ '

For ¢ = t (14) yields
d {1 = 2a/r) _ 0
v

v ci(l — 2a/r) v
Bi - " ¥ é‘f = 0, BO thata

From this we conclude

t(1 = 2a/r) _
v

const. (16)

Since ¢ is real and v (as well as ds) is purely imaginary, the constant also
is purely imaginary. We put it equal to 7k and find from (16)

. ikv -
{ =1—2afr' (17)
k is a first integration constant of the path of the planet.

For ¢ = r (15) would yield a differential equation for #, whose integration
would provide a second integration constant of the problem. It is simpler,
however, to employ a general theorem, which we have established in
Vol. I for an arbitrary variation problem and which corresponds in me-
chanics to the law of conservation of energy, i.e. Eq. (41.18a). We replace
L in this equation by v in our present problem and the constant on the
right side by th (numerical value of the Hamiltonian function H in Eq.
(41.18) of Vol. T and, at the same time, second integration constant of our
problem). We thus find

ol -y =1 1
- 3% ¢ — v =1h (18)

or, after multiplication with v,
&' . PR
— 4 = = thy. {183}
i 5; 3,

We evalnate the left side with the aid of (14), whereby all terms with 7, d
and ¢ cancel. It then reduces to

—r'sin’ 9 = --r'gince & = /2.
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Hence (18a) yields

r
v = _?ﬁ' {19)
(17) thus becomes
. k r
i gy o (20)
and (14) yields, with ¢ = /2,
r e . ck
[l oy A EL e+ b g oy @1

This is a differential equation for r which takes the place of the (on;:e
integrated Euler) equation for the dependent variable ¢ = r in Eq. (15).
It is simplified if u = 1/r is introduced as a new variable and if it is multi-
plied with 1 — 2a/r = 1 — 2au:

-k — 2au
= B

w4 w1 —2au)+1 0,

for which we may also write
1 -k
R

We differentiate with respect to the independent variable and cancel
out 4 = du/dp. We thus obtain

WP 4w = 2{}‘ + 2a4' — (22)

ﬁ+u=%+3oru’, (23)

For comparison we treat the same problem by Newton’s theory. We start
with the energy equation (W = sum of kinetic and potential energy):

1 {far)’ 2(a¢)’}_GM=W
ﬁ{(a)“ W) T Tm (24)

According to the law of equal areas we have, with the area constant de-
noted by he:

10¢ _

T he. (24a)

On the left side of (24) we factor out (de/dt)* = h’c*/r*, put once more u =
1/r, and obtain after division by A’¢’

GM w

TRt T mhte

1.2 2
g b+ w) =
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Also here we differentiate again with respect to ¢, whereupon % cancels
out, and find in view of (10a)

ﬂ+uu%-a

WET (25)

~ The relativistic equation (23) differs from (25) only in the correction
term 3 « u*. This has no appreciable influence on the size or shape of the
urbit, but affects merely the position of the perihelion. To recognize this
we place the direction ¢ = 0 at the perihelion, which may be defined by
% = Upa and hence # = 0. Then u becomes an even funection of ¢. We
may then, beginning with the solution of (25), expand this in a Fourier
cosine series:

u=A+Bcosp+ (26)

it is then found that the higher terms, indicated by - -+, vanish. In (23)
we substitute’

u = A 4+ Bcos (ye) + C cos(2yy) - -- (26a)

and find for the determination of the constant v here introduced from (23)
the equation

A+ (1 —9)Becos (yg) + (1 — 44")C cos (2y¢) + - -

= % + 3a(4 + B cos (vg))*

= % + 3ad’ + 6aAB 08 (r¢) +ga3’(1 + cos (27¢)).

Here we have already dropped the higher terms of the series in the correc-
tion term. A comparison of the coefficients yields

o 2 341 2
(1 — v)B = 6a4B 27
(1—47’)6’-%&3’.

! In & manner similar as for the fine structure of the hydrogen atom; the following
calculation may be clearer than the customary astonomical one (Eddington). It should
be noted that every deviation from Newton’s or Coulomb’s law effects a motion of
the perihelion of the Kepler ellipse. The motion brought about by the variation of
mass is, however, much smaller (by a factor {) than that arising from the gravita-
tional correction.
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Since B drops out of the middle equation, it serves to determine v:
1— 9" =6ad, y=1-3ad, 1—7v=3aA. (28)

A may be determined geometrically in terms of the perihelion and aphelion
distances (a and ¢ denote the major axis and the numerical eccentricity
of the ellipse):

1 1

b Tai—g T AT B e =0,
U - 1 = 1 =A—B+... f -
™0 rmae a(l + €) o TwE®D
so that
1
A=ci—o
Hence we find from (28)
Y Tar=e

‘The precession 3@ of the perihelion in the course of one revolution is also
determined geometrically, namely by the formula

+v(2x + 6&) = 2, 5&-2-:1_7 b

ol TS (29)

if a term with o’ is neglected. For Mercury the secular displacement of the
perihelion is hence found to be 43", in agreement with observation.

With the aid of the preceding calculations the second test of the general
theory of relativity, the light deflection at the edge of the sun, can also be
readily treated. Light paths are geodetic lines, for which ds = 0. In the
special theory of rela.tmty they were the generatrices of the light cone
2dz;" = 0; now they are given by Zga dz; dz: = 0, i.e. in our case, accord-
ing to Eq. (14), by v = 0. Hence we must set h = « in Eq. (19). Eq (23)
then becomes

@+ u = 3au’.

In the integration it is permissible, as an approximation, to let y approach 1.
Then (27) leads to ad — 0,C — — 4 a B', A — § a B’ (the last in view of
h = =), Hence, by (26a)

el

u-sgs’wmp—gs'mw. (30)
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It

For ¢ = 0 the light is to be tangent to the edge of the sun (r = R). We

must hence have

2 =B+ B-2B =B +aB,

W POS B SRpes
Ri+aB~ R1+a/RT R’
cos

~ since a 22 1 km is very small in comparison with B. With z =
y = r 8in ¢ (30) then yields, after multiplication with rR:

la 2 — ¥
2RVZ +

The light path comes to resemble a hyperbola, just as the path of the
planet resembled an ellipse. With the assumption ly| > > | x| we obtain

R :|:§E +I:!:1—

IZ

B =

IIZ

@y

3 —
R:nﬁ)%\/xl_!_y!.l—z_

2a

3RY sRVTT=TRY 1)
The angle between the two asymptotes, which is equal to the deflection
of the light from its original path, is 4a/R = 1.75" and agrees well with
the results of the solar eclipse expeditions. It is twice as large as the value
obtained by an earlier more primitive calculation (Soldner as well as Ein-
stein before 1915; see footnote on p. 311).

We note furthermore in this connection that in addition to the direction,
the velocity of the light is changed by the gravitational field. In a radial
direction, e.g. along the radius & = 0, taking account of ds = 0, it is

z_: = (1 — 2a/r)¢ by (12). (31a)

Finally, the last of the enumerated tests of the theory, the red shift of the
spectral lines in the gravitational field, can be understood without any caleu-
lation. Consider & point of the curved world and construct there the (grav-
ity-free, Euclidean) tangential plane. Let the coordinate changes in the
latter, dX,, ---, dX¢ = tcdT coincide in direction with the coordinate
changes dr, --- ,dz = icdf in the gravitational field. In view of the equal-
ity of the two line elements we then have for a particle at rest which is
radiating light

— &dT* = — (1 — 2a/r)df’. (32)

The measures of time df and dT are hence different; the same applies to
the frequencies » and » (in absence of gravity), which are inversely propor-
tional to these times. According tn (32) we have
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¥ =1 - 2a/rn = (1 — a/r)n

v = —

(33)
. ,

2R

The frequency is reduced by the gravitational field. In view of the meaning
of a, given by Eq. (10a), the magnitude of the red shift is

16M _ |V
A r e’

where ¥ (Eq. (10)) is the gravitational potential. The spectrum of Sirius
B and of other white dwarfs provides the experimental confirmation.

C. Unified Theory of Gravitation and Electrodynamics

Following Gauss and Riemann, Einstein put metric first, i.e., required
the invariance of ds’ and the tensor character of the g,,. “Balance, rod,
and clock” were the basic elements which he manipulated in the general,
just as in the special theory of relativity. With them he was able to geo-
melrize gravilalion.

However, Maxwell’s electrodynamics of vacuum also constitutes a com-
plex of phenomena overshadowing material processes. The amazingly
sjmple form which it assumes in the special theory of relativity and which
may be transferred without appreciable changes to the realm of the general
theory of relativity, covering arbitrary frames of reference, suggests simi-
larly geometrization. However, the metric proves too restricted for this.
Einstein attempted to broaden it by demanding, instead of the invariance
of ds’, merely that of ds* = 0 (i.e. that of the line elements of the light cone).
We are then concerned only with the ratios of the g,,, rather than with
th& Jur themselm.

Hermann Weyl had recognized even a short time before this that it was
simpler and more natural to drop the metric departure and to begin directly
with Einstein’s Iy, . The resulting system is known as affine world geometry.
It provides a rule for “parallelism at a distance”, i.e. a prescription for
proceeding along & world line without departing from the initial direction.
Both gravitation and electrodynamics fit into this system quite naturally.
The T}, were here assumed symmetric in the x and ». The result of this
theory is recorded in his classic book “Raum -Zeit- Materie”, Springer,
Berlin, 1918}

However the system can be generalized even further: I, and I'%, can

(34)

' *On a reasonable extension of the basis of the general theory of relativity’’,
Preuss. Akad. 1921, p. 281, as well as the following notes on the unified field theory:
loe. cit. 1925, p. 414; 1028, p. 3; and 1929, p. 3.

* English edition: H. Weyl, ‘‘Space-Time-Matter,"” Methuen, London, 1922,

e
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be chosen to be different. There results an asymmeiric affine theory, which
gives rise to a new antisymmetric tensor. It has been sketched by Erwin
Schrodinger' and is being developed by him in friendly competition with

The incentive was provided by the following: Nuclear physics has joined
atomic physics as a younger sister science. Whereas atomic physics from
the corpuscular standpoint rests on the electrodynamic interactions be-
tween electrons and protons, the forces of nuclear physics must be ascribed
to the mesons, which, in the meantime, have come to. be demanded by
theory and have been discovered experimentally. (The name meson derives
from the fact that these elementary particles have a mass intermediate
between those of the electron and the proton). Nuclear physics hence is
meson theory. It demands an antisymmetric tensor differing from that of
electrodynamics. Such a tensor is furnished by the asymmetric affine world
geometry, which thus would create a triple bond between gravitation,
electrodynamics, and nuclear theory. Its detailed structure has not yet
been determined, however. When at last it has been fully elaborated Max-
well’s theory, too, will be revealed in its full beauty and symmetry.

! Bee his note in Nature, May 13, 1944, and, following it, several papers in the
Proceedings of the Irish Academy for the years 104446, the last, with the title “The
general affine field laws”, in Vol. 51, p. 41. )



SYMBOLS EMPLOYED THROUGHOUT THE TEXT AND THEIR
DIMENSIONS

Note: As a matter of course all equations in this volume are written in a
dimensionally consistent manner and hence not tied to any particular
choice of units (e.g. M = meter, Q = coulomb). They are, to use a pre-
* ferred current expression, “equations of quantities”. The “numerical
equations”, which are correct only for a specific choic of units, are fortu-
nately falling more and more into disuse even in engineering.

e,q charge

p charge density

w surface charge density

p, P magnetic pole strength

pm magnetic density
w» magnetic surface density
E electric field strength

D electric
ment)
J conduction current density

excitation (displace-

I total conduction current

D displacement current density
C total current density = J + D
V electric potential difference

= [B-as
B magnetic field strength (induec-
tion)

H m.gnetic excitation (ampere-
turns per meter)

U mag 2tic potential difference
. .
—3 ) H - ds

1 a

$® magnetic flux = fB, do

Q, praa.ctical unit: 1 coulomb

-

QMS™ (in §8 P serves as fifth inde-
pendent unit)

QM™'g™!

QM™'s™

newton/Q = MKS™Q™’, 1 newton
= 10° dynes

QM divD = p, D, — D', = o,
Eq. (3.11)

QM™8™ = AM™* A = ampere

QS ' =A,I = fJ.dor
QM 8! = AM™

QM8 = AM™
joule Q" = volt = V;

newton/P = KS™'Q™' = VSM™
div B = 0; 1 gauss = 10~
VSM™*

PM™? = QM7 = AM™, divH
= pm, A, — H'\, = Wm ,
1 oersted = 10°/(4x) AM™

Q8™ = A
M’KS™'Q™' = V8
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E = —grad ¥,
¥, magnetic potential
H= —grad ¥,,
A vector potential, B = curl A

{i-. electric potential
v

SYMBOLS AND THEIR DIMENEIONB

joule/Q = V

QS =A .
MKS™Q~ = VSM™

S radiation vector = Poynting joule M8 ' = watt M~

vector = energy flux density

W energy density, joule M™*
W=W,+Wn, W.=14D-E Wa.=4H-B

W, Joule heat per unit volume joule M™S™

=E-J
W energy in given volume joule
e dielectric constant Q'/Goule M) = SM7g7 =

farad -M™

i permeability
£ , Mo Vacuum constants

¢ conductivity

g’ = e + to/w = complex dielectric
constant

'resistance of a wire
selfinductance

impedance = R 4+ Ll
capacitance

dielectric polarization
magnetization

electric susceptibility

m .

L
R
K
P
M
n

magnetic susceptibility
« angular frequency

t

k wave number in vacuum

k, wave number in conductor

h wave number of surface waves
on cylindrical guide

k in §20 to 26 = 4/uow/2 for al-
ternating currents

MEKQ™ = 0SM™ = henry-M™

(eao) ¥ = velocity of light, MS™
(no/2)! = wave resistance, ©

MK8Q* = M'g™

MKT8'Q* = sMo™

volt/ampere = M'KS™'Q™ = @

S = henry

Q

Q*/joule = 97’8 = farad

QM™, D = &E + P, see p. 74

QM™'S™ B = w(H + M), see p. 91

pure number, P = 38E, ¢ =
(1 + )

pure number, M = «H, u = po(1 + x)

S w = 2x/r, = = period of
vibration

M™ k = 2x/\, A\ = wave-length

M kf = Ep.r.uz + tpow = 8'_um’

M-—I

M™, 1/x = d = layer thickness in
skin effect

Additional Symbols in Parts III and TV

T4 maglmr} time coordinate

ds world line element

Iy = ‘lzﬂi
ds* = ) dx}
=i
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dr element of intrinsic time =
ds/(ic)

v imaginary angle of rotation in
the Lorentz transformation

R four-dimensional radius vector

V, W four-vectors of velocity and
acceleration

Q four-potential = A, 1¥/c

. I' four-current = J, 1cp

F six-vector of the field

J six-vector of the excitation
F* f* dual six-vectors
A Lagrange density

M second invariant of the field

k force density = é rF
K  Lorentz force, three-dimensional
F fdur-force, F-V = 0

T stress-energy tensor

G momentum of point mass

E, rest energy

K kinetic potential

—TI-Q Schwarzschild invariant
E*} Abbreviations in the equations
H*

for moving media
A Lorentz symbol
J: conduction current density

R in §36: reaction force of radia-
tion

i
rQ= 2 r.Q,

F‘F.. i i I‘m -an
foF = % g T fanFr
= 2 2 famFum

L4 W

325
dr = /1 - gt di, 8 = v/ec

fany = 18

R=x1,z,,.r;,:r¢
V=dR/dr, W = dV/dr

VSM™ .
QM™87, in vacuum = p(v, ic)
VM™, F = ¢B, — iE = ¢ Curl @

AM™ f = H, —icD = iCurl Q
F* = —iE, B, f* = —icD, H
1 1 1
4 = ﬁEI'F = EH'B _ED'E

M =%F-F*ncB-E

ki2a = p(E 4+ v X B), ks = 1-;?-1?.
K = ¢(E + v X B)
Fl.].l=

Ky . *YE
‘Vl:—ﬁ“ ¢ E\/l—ﬁz
Tﬂm = "'EI‘ZIwanr_['anuh

G = m(v,ic), m = me/+/1 — @
a\Ellli‘-'=‘m|)¢32

K = mec’ (1 — /1 = 8)
Q= p(v-A—V¥)
E*=E+vXB

=

H* H—-—vXD

dA ,
Et-+vde—curl{v>(A}
Li=J—pv

depending on the frame of reference
also denoted by R’ or R*

scalar product of two four-vectors
yields & scalar

scalar product of a four- and a six-
vector yields a four-vector

scalar product of two six-vectors
yields a scalar
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(RX V)pm = BV — RV, “vector product of two four-vectors
yields a six-vector
4 . .
. 00, divergence of a four-vector yields a
Diva = 2, 0T scalar
CurlonQ = 00 _ 30, curl of a four-vector yields a six-
. 0rn  OTm vector
4 N
. 0T mn vector divergence of a (general or
Div T g_:'l 0n also  antisymmetric) tensor
. oF m ields a four-vector
* - . * mn }I"]
Div, F = Diva F HE_I AZn dual vector divergence of a six-
vector
Div*F =0 results in F = Curl Q
DivDivF =0 applies for every six-vector
- 4 2
Div Curl Q = Grad Diva — O Q Elﬂ..-}"..aa;"
- i | &

 Numerical Values, Results of Measurements, and Definitions

¢ = velocity of light in vacuum = 3.00-10° MS™ (measurement)
uo = permeability of vacuum = 4r-1070SM™" (definition)
go+= dielectric tonstant of vacuum = 10"/ (4=c®) M7'SQ7!
< 107°/(36.00#)M™'SQ™" (consequence)
(ue/€)! = wave resistance of vacuum = 120.0xQ (consequence)
e = electronic charge = 1.60-107" Q (measurement)
e/mo = specific charge of the electron = 1.76-10" Q/K (measurement)
me = rest mass of the electron = 0.90-10™" K (consequence)
oV = electron volt = 1.60-107" joule (consequence)
mec: = rest energy of the electron = % million eV = 0.81- 107" joule (con-
sequence)



PROBLEMS FOR PART I

I.1. The Boundary Conditions of Maxwell's Theory. Derive Eqs. (3.7a)
to (3.12) for E, B, H, and D by the differential method. The transition
from medium 1 to 2 must then be assumed to be continuous (“boundary
layer”” instead of “boundary surface”). Use a rectangular coordinate sys-
tem z, y, z and let z be perpendicular to the boundary surface which, in
the limit of infinite smallness, may be regarded as plane. In the boundary
layer (h — 0) the derivatives with respect to z occurring in the differential
equations (4.8) must be continuous in order that these equations may be
meaningful. .

1.2. The Magnetic Eicitation Inside and Outside of an Infinitely Long
Wire. Proof of Eqs. (4.10) to (4.13) from the differential equations.

1.8. The Magnetic Ezxcitation within an Infinitely Long Solenoid. Proof
of Eq. (4.14) from Maxwell’s equations.

F1a. 44,

I.4. The Cosine Law of Spherical Trigonometry as Special Case of a General
Vector Formula. Prove the vector formula:

(A X B)-(C X D) = (A-C)(B-D) — (A-D)(B-C)

and deduce from it, for the special case D = A and with reference to Fig.
44, the cosine law

cosa = cos b cos ¢ 4 sin b sin ¢ cos a.
PROBLEMS FOR PART II

I1.1. The Charging Potential of a Conducting Ellipsoid of Revolution. Let
a be the major axis, b the minor axis, and ¢ = 4/a? — b? the linear eccen-
tricity. Forfixed ¢ and variable a

:l:'+y= 7
a'—c’+c?’-1
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1epresents the family of confocal ellipsoids with the separation of focal
points 2c. Show that on each of them the expression for ¥ given in Eq.
(9.4) is constant (independent of z, y, 2).

I1.2. The Infinitely Long Rubbed Glass Rod and its Comparison with the
Conducting Paraboloid of Revolution. Calculate the potential of an infinitely
long uniformly charged straight line terminated at one end, and show that
its equipotential surfaces are the same as those for the conducting parab-
oloid of revolution which is obtained from (9.4) by transition to the limit
c— ®w, @ — o,

11.3. Comparison of the Dielectric and the Conducting Sphere. For a dielec-
tric sphere r = a placed in an originally uniform electric field there always
exists a concentric conducting sphere r = b < @, whose exterior field agrees,
for r > a, with the exterior field of the dielectric sphere. Fig. 45 shows, for
r > a, the field of the dielectric sphere, for @ > r > b, not the (uniform)
field within this sphere, but the analytical continuation of the exterior
field, which is identical with the field of the conducting sphere of radius b.

Prove that
3
g — 1
b=a 1/5‘. + 2°

The figure shows how the singularity of the equilibrium point of the con-
ductor (see footnote concerning Fig. 9a) develops continuously from the
regular behavior of the force lines for the nonconductor.

I1.4. Edge Correction for the Plate Condenser According to Kirchhoff. Con-
vince yourself that the relation

_a _ 2wl 2xif z2=1z4 1y

represents the fringe field of the unilaterally terminated condenser in
Fig. 46. ¥ = const are the equipotential lines in the z, y-plane, ® = const,
the lines of force. Show that the two families of curves correspond qualita-
tively to the dotted lines in the figure, and that the line of force ® = 0
(drawn as full line in the figure) is an are of a cycloid which joins the two
edge pointsz = 0,y = 0and z = 0,y = a.

I1.5. The Capacitance of a Leyden Flask (Cylindrical Condenser). Let the
dimensions be: height A = 20 ¢m, inner radius r; = 5 cm, wall thickness
d = 1 mm. Let the dielectric constant of the glass be 6 & . Boundary cor-
rections are to be neglected. The capacity is to be expressed in microfarads.

I1.6. On the Definition of the Capacitance of Two Conductors with Equal
and Opposite Charges. If in (10.15) weput B, = —Ey = Eand v = ¥; — ¥,
we obtain

= Ky¥i + Ku¥; + 2K W%, .

(1)
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! I"Point of equilibrium
I v oy

Fic. 45. The field of the dielectric sphere of radius r = a, which is produced by a
urfiform ficld on the outside, yields, when continued analytically into the interior,
at the same time the field in the exterior of a conducting sphere of radiusr = b < a
which is produced by the same uniform field.
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Fic. 46. 3hape of the equipotentiale ¥ = const and lines of force ® = const at
the edge of a plate condenser.

Show by comparison with (10.11) that the foliowing relation existe between
the elementary definition of capacitance K and the coefficients H;; and
K ij s

1 _ A . _ | KuKn
K Hy + Hn — 2Hi:  Ku + Kn + 2Ks’ A= | K Ka @
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11.7. Characleristic Oscillations and Characteristic Frequencies of a Com-
pletely Conducting Cavity Bounded by a Rectangular Parallelepiped. Using
Eqs. (24.9) and (24.10), represent the completely continuous field within
a rectangular parallelepiped with the sides &, b, ¢, with the condition Eiwne =
0 on the three pairs of bounding surfaces

In{o ={o , = [0
u'l y b! G"

I1.8. Characleristic Oscillations and Characteristic Frequencies of the
Interior of a Perfectly Conducting Circular Cylinder of Finite Length. Using
Eqs. (24.6) and (24.7), represent the continuous field within a circular
cylinder of radius @ and length I, with the condition Eiae = 0 both on the

mantel surface r = 4 dnd on the two end surfaces z = ? .

I1.9. Characteristic Oscillations within a Cavity Bounded by e Metal
Sphere. As in §19, start with a Hertsian vector » which is directed along a

diameter of the sphere (ﬂ = {2), is periodic in ¢, and otherwise depends

only on r. In contrast with §19 » must now be continuous also at the
center of the sphere. The state then corresponds not to a spherical wave
emtited from this: point, but to a superposition of a spherical wave radialed
outward and a spherical wave (reflected by the spherical surface) radiafed
inward. Determine the characteristic wave numbers k¥ and the corre-
sponding characteristic frequencies w = ke from the boundary condition
Eiang = 0 at the surface of the sphere r = a.

I1.10. Determination of the Propagation Constants of Wire Waves from
Kelvin’s Telegraph Egquation and from Rayleigh’s Allernating Current Re-
ststance a. for a Lecher two-wire line, b. for return conduction through the
ground (let conduction in the forward direction be perfect).

PROBLEMS FOR PARTS III AND IV

II1.1. The Lorentz Transformation for a Relative Motion Deviating from
the z-Azis. -

Let a be the angle between the relative motion v and the z-axis of the
“gystem at rest”. Let the zy-plane of the latter coincide with the plane
through z and v. We consider an “intermediate system” z,, y1, 21, &
whos z; axis is to coincide with the v-direction and whose z,y;-plane coin-
cides with the zv-plane. The trahsformation

mlvlslt—’xl!yllslitl:l £ = 2, =1 (1)

is t'har: mford}imiy rotation through « in the :cy-]ela.ne. Let a moving sys<
tem zy, Y1, 21, &1 be 80 placed that its zi- and y;-axes agree with the z-
and y;-axes of the intermediate system for ¢ = 0, ¢' = 0. The transformation
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:llyllzljll_’z,l:yi!zijt;.: y;=y11 2;*31 (2)

is then a special Lorentz transformation and is hence represented by Eq.
(27.10).

If, finally, z1, ¥1, 21, &1 is rotated again through the angle —a in the
z1y1-plane, corresponding to the transformation

2,0, a,0—,y,2,0, =2 =" (3)
the system of coefficients of the resulting total transition
z, ¥zt 9,2, 0 (4)

is simplified. Convince yourself of the obvious fact that this transformation
is orthogonal in four dimensions and of the not obvious fact that it may
be represented by a three-dimensional vector formula.

IIT.2. On the Addition Theorem for Two Differently Directed Velocilies.
Prove Einstein’s formula (27.19a) by the method of the Lorentz trans-
formation.

II1.3. The Field of an Electron in Uniform Motion. Transform the
representation (30.6) by means of considerations of elementary geometry
applied to Fig. 42 into the representation (28.14), (28.14a).

"II1.4. On the ‘Relativistic Energy Theorem for the Eleclron. Derive the
expression (32.7) for the kinetic energy and the energy theorem (32.6)
from the equation of motion (32.5) of the electron by the usual method
(scalar multiplication with the velocity).

II1.5. The Electron in the Uniform Electrostatic Field. An electrou enters
a (vacuum) condenser with a transparent upper plate with the velocity v
at an angle . Let the plate separation be d, the potential difference of the
upper with respect to the lower plate, V volts.

What curve does the electron describe in a non-relativistic treatment?
How closely does it approach the lower plate?

For what velocity does it reach the lower plate?

(Example: v = 5-10° meter/sec; d = 10~° meter; V = 110 volts.)

What potential field must an electron which is initially at rest traverse
to attain the velocity v = 5-10° M/S?

How do the conditions change for & relativistic treatment?

ITI1.6. The Electron tn a Uniform Magnetostatic Field. If the initial veloc-
ity of the electron is perpendicular to the lines of force a circular path is
described. Determine its radius. If a component parallel to the lines of
force is present, the path becomes a helix with circular projection. This
applies in the relativistic just as in the non-relativistic case.

II1.7. The Electron in a Uniform Eleciric Field and a Uniform Magnetic
Field which is Parallel thereto. In Kaufmann'’s arrangement for the measure-
ment of e/m the g-rays emitted by a radium sample pass first through a
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narrow aperture D and then cross a uniform electric field + £ and magnetic
field B parallel thereto (% E signifies reversal of polarity of the condenser).
Assume that both fields begin at the aperture D and reach to the photo-
graphic plate, mounted perpendicular to the beam direction at a distance
a from D What curve is recorded on the plate if the S-rays are emitted
with all possible velocities »? Neglect the change in the total velocity as
compared with the large v, and represent the coordinates of the points of
incidence as function of t.he parameter v.

II1 8. The Electron in a Uniform Electric Field and a U mfaﬁn Magnetic
field Perpendicular therelo. The path is a trochoid. Under the influence of

o

110 volts

1
d
J - 0 volts

Fic. 47. The eleciron describes a ballistic parabola in the uniform econdenser
field. ¢

S T E T

Fia. 48. Kaufmann’s arrangement for the measurement of e/m. At the left: Lat-
eral view. On the right: The pattern observed on the plate for g-rays with a eon-
tinuous veloeity spectrum emitted by the radium sample.

the electric field the circular motion preduced by the magnetic field is con-
verted into the motion of a point on a rolling circular disk. For what initial
conditions is a simple cyclord obtained?

Motions of this type occur in the “magnetron” electron tube.

II1.9. The Characteristic of the Thermionic Diode According io Langmuir
and Schoitky. In practice a cylindrical configuration is generally employed:
The cathode is a wire aiong the axis of cylinder whose mantel surface coin-
cides with the anode. The plane configuration is mathematically simpler:
Here the cathode at z = 0 and the anode at z = [ are plane circular disks
separated at the edge by an insulating cylindrical tube. Let V(z) be the
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potential at the point z between the- cathode V(0) = 0 and the anode
V(I) = V. Let the number of the electrons leaving the cathode per second
be so large that it is permissible to assume a continuous space charge —p
of the electrons. Between cathode and anode the Poisson equation AV (z) =
d’V(z)/dz® = p/e, is valid. The current density J = pv transported
through the tube is independent of z. v is determined from ms*/2 = eV(z).
Integrate the Poisson equation by assuming a power law and deduce here-
from the socalled characteristic of the tube (I as function of the applied
voltage V). '

Convince yourself that the same method of assuming a power law is
applicable also to the cylindrical configuration.

II1.10. The Acceleration of an Eleciron in the Betatron. In the betatron'
electrons are injected in the plane of symmetry between the axially sym-
metric pole pieces of an allernating-current electromagnet. The magnetic
field forces them into a circular orbit. The pulsing of the magnetic field is
accompanied by a vortex-like electric field which accelerates the electrons
in their orbit. There is a radius r = 7, of the path which remains unaltered
with the pulsation of the magnetic field and with increasing electron veloc-
ity. After countless revolutions the electrons reach a velocity approaching
thht of light; they then resemble the beta-rays of radioactive materials,
whence the name “‘betatron”.

Let the axially symmetric magnetic field distribution B(r, ¢) (its axial
component) between the pole pieces, which decreases monotonically out-
wards, and the tangential initial velocity v, of the electrons be given.
We require

1. the attainable momentum my of the electrons, their velocity, mass,
and energy in eV (electron volts),

2. the radius 7o of the equilibrium orbit,

3. the frequency of revolution at the end of the acceleration period
and the total number of revolutions, and

4. the reaction force of the radiation at this point.

IV.1. The Field of Unipolar Induction. Let a bar be inserted in a uniform
magnetic field B perpendicular to the lines of force and be displaced with
uniform velocity along its axis. Compute

a. the electric field in the interior and its potential,

b. the voltage between its two sides,

c. the external field, specifically for a circular cross section, and

d. the surface charge.

e. What Change results if we pass from uniform translation of the bar

! This has also been called a rheotron, beam transformer, or electron eentrifuge.
The original idea of the device was given in the Aachen thesis of R. Widerde in the
year 1928,



331 PROBLEMS, ANSWERS AND COMMENTS

along its axis to uniform rotation of a body of revolution about its axis of
symmetry?

ANSWERS AND COMMENTS
I.1. The derivatives

oE, oH,
2. sd o =

occur in the z-components of Eqs. (4.8). These must remain finite in the
transition to the limit A — 0 so that the left sides of the equations in ques-
tion do not become infinite, since this would make B, and D, infinite. In
view of the y-components of Eqs. (4.8) this applies also to the derivatives

B g
oz dz
The continuity of the tangential components E. , E, , H, , H, (see (3.9) and
(3.8a)) follows herefrom.
IndivB = 0 (Eq. (4.4a)) there occurs the derivative 8B,/dz, which must

also be continuous in the boundary layer: hence the condition for the con-
tinuity of the normal component B, , Eq. (3.7a). The z-component of the

'‘Maxwall equation B = — curl E does not suffice for this conclusion. It is

true that on the right there occur only the tangential components E, and
E, and differentiations with respect to z and y, so that the right side is
continuous. However, the continuity of the left side, which may be deduced
herefrom, would be consistent with a time-independent discontinuity of
B, . Hence the auxiliary condition div B = 0 becomes necessary.

The same considerations, applied to Eq. (4.4b) for nonconductors, div D
= p, lead in the limit A — 0 to p — . This conclusion is by no means
to be rejected, but indicates that at the boundary of two nonconductors
there may exist a surface charge », which corresponds to an infinitely
great charge density and is equal to the jump in the normal component
of D on the two sides. By the z-component of the Maxwell equation D =
curl H, this jump must be time-independent. In the general case of a con-
ductor and a nonconductor surface charge may also occur, in accord with
Eq. (4.4¢) or the z-component of the Maxwell equation D 4+ J = curl H;
however, this surface charge need not be constant, but may decay as indi-
cated by the current density J, in the conductor.

I.2. We concern ourselves only with the magnetic field. Of the electric
field, which we shall investigate in greater detail in §17, we need only know
that it-gives rise to a uniform current field J, within the wire, 0 < r < a,
and to an also uniform current field J_,, corresponding to an equal but

- oppositely directed total current I, in the return conductor:

I = xd'J, =_—=x(c" - b:)J_. ‘ (1)



PROBLEMSE, ANBEWERS AND COMMENTS 335

We employ polar coordinates r, ¢, z with r = 0 as the axis of the wire. In
view of the symmetry of the problem

a — a L1
de 0z

for all three components H,, H,, H,. The ¢- and z-components of the
Maxwell equation curl H = J then, with reference to the table in Problem
1.3 of Vol. II, reduce to

J,,O{.r{a,
dH, 1d 0 ,a<r<b ,
T =0 @ wmd SRCEHI=N hirce, ©
0 ,e<r< o,

whereas the r-component takes on the form 0 = 0.
From (2) we obtain
H, = const = 0,
the latter since H, certainly must vanish for r = <. The fact that H, must
also vanish follows from the condition div H = 0. The magnetic lines of

excitation H = H, are hence coaxial circles about r = 0. We write H, =
f}:f and tabulate the integration of (3) below:

Differential "Equa.tinn Solution Determination of
Constants
0<r<a di:_(rﬂ}= . H=J.%+‘1: A = 0since H(0) is finite
d B B = J.d'/2 = I/(2x) by
6<r<b d_r(rH)go H-; continuity of H at

r = aand by Eq. (1)
bt
J-“'z"
I <
N b
by continuity of H at
r = b and by Eq. (1)

4 D D = 0 by continuity of
c{r{ma(rﬂjﬂﬂ H=? Hﬁtr=candby

Eq. (1)

=1y

C =

d I
b<r<e d—r(fH)—Jﬂf H=J,-+ 5

LT

This solution agrees with Eqgs. (4.10) to (4.13).
1.3. Coordinates r, ¢, z and field symmetry 3/d¢ = 9/dz = 9 as in 1.Z;
a and b inner and outer radius of the solenoid. Now

- _ e for a<r <Y,
Je=de=0, ] {0 for r<a and r > b
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The differential equation curl H = 0 is fulfilled throughout by symmetry,
whereas the differential equation curl H = 0 demands d(rH,)/dr = 0,
H, = A/r, A = 0 because of the continuity of H at r = 0. Similarly H, =
0 gince div H = 0. The table shows how H, is to be evaluated:

Differential Equation Solution Determination of
Constante
oH, const = H = inte-
0<r<a -§;—==l] H, = const rior field

a<r<b Mo _ g, H.m—‘fJ,dr+A 4 = H because of
ar M continuous joining
with interior field
b{r{mag’={l . H, =B B=H-—fJ.ds"
| because  of conti-

nuity at r = b

) b
Since H, = 0 for r = mwemuathaveB=DandthereforeH=f J, dr,

b
Whigh is equivalent with H = N[ in Eq. (4.14): f J, dr is the total cur-

rent which passes through the cross section of the solenoid of width b — a
and length 1 in the z-direction. This current is NI, where N, is the number
of turns per unit length.

J.4. The proof of the vector formula is obtained directly if the ab-
breviation P = A X B is introduced, and the cyclic permutation rule
P-(C X D) = C-(D X P), and the formula (6.2a), are employed.

To prove the cosine law set D = A. With A, B, C as radii of the unit
sphere we have

AB=cose, - -,|]AXB|=3snC,--

The angle between the directions of A X B and A X C is equal to the

angle a in the spherical trang.. mapped out by A, B, and C.
I1.1. From the equation of the ellipsoid given in the Problem we calculate

£ 2
4y == —Z-g),

2 1
P e =+ G 2= (0 E).

In order to obtain the numerator and denominator occurring in the loga-
rithm in (9.4) the root must be extracted so that it is positive forall | 2 | <
a. This leads to
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;+c+¢5ﬂ+y=+{z+}31;z+c+a+zj=(a+c}(1+§),

z—c+xﬁﬁrﬁiﬂﬂﬂﬁ=z—c+a—§=ﬂa—mO+E)

The quotient of the two is equal to (a + ¢)/(a — ¢), i.e. a constant for each
one of the confocal ellipsoids. Thus Eq. (Y.4) is proved.

It is true that this constant changes if we proceed from an ellipsoid with
principal axes a; > @, by > b, ¢ instead of from that with axes a, b, c. This
does not, however, affect the identity of the fields in the exterior of the
former ellipsoid, since no physical significance attaches to the numbering
of the equipotential surfaces.

I1.2. Let the rubbed glass rod have the constant charge A per unit length
and be infinitely thin. .-According to (7.5b) its potential is given by

4ﬂﬁ=lfﬂ ___ %
o V2t +(z— 1)

=Aogz—t+VZ+ ¥+ G- le

= X log {z + \{:t _:yfl + s’} -+ const.

The constant here becomes infinite, namely in a sense equal to —\ log 0.

Eq. (9.4), with 2’ = z + ¢, E = 2¢)\ leads to the same expression (with
2’ replacing z) in the limit ¢ — . The equipotential surfaces of the parab-
oloidal conductor agree with those of the glass rod of course only outside
of the former, since within it ¥ = const.

I1.3. According to Eqgs. (9.13) and (9.14) the potential of the dielectric
sphere, for r > a (¢ = relative dielectric constant of the sphere with refer-
ence to its surroundings), is:

3
¥y = ---F(r-—E 1‘—{)0059.

This is at the same time the analytical continuation of the potential into
the interior of the sphere. For r = b < a it yields

3
¥, = —Fb(l - la)cuaﬁ.

v
.

e+ 25

3/e — 1
b a1/£-———+2,

¥, becomes independent of ©, namely, as we must demand for the grounded
conducting sphere, ¥; = 0.

If here we set
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I1.4. This problem is mathematically related to the conformal mapping
problems in Vol. II, §29, 30, 31, and makes use of the identity of two-
dimensional potential theory and the theory of functions of a complex
variable z = z + @y elucidated in Vol. II, §19. The combination of the
potential ¥ and the stream function  to form the complex variable { of
the present problem was discussed at that point. We give z as function of
¢, rather than { as function of z, because 2z is a single-valued function of {.

The proof of the mapping function f({) rests on the following:

If we set ¥ ={2,,weﬁnd,f(!‘) ={gﬁ}+ l—¢g—¢€%e =2—i—,'§i

Hencey={g,x=2%(l —p—€e")S0for—o <& < 4w,

The {lnwer condenser plata; y = {0 , 2 S 0 is thus at the potential
upper - a

Also the bisecting plane of the condenser is an equipotential surface.
Ifweset¥ = V/2, wefind f() = xt + 1 — ¢ + € ";hencey = a/2,z =

i {1‘— o + €. However, now z & 0 as ¢ varies between — « and

+ . We are therefore dealing not with a semi-infinite straight line or
plane, but with a bilaterally infinite line or plane.

The boundary points z = 0,y = 0 and z = 0, ¥y = a, corresponding
tov =0, =0and ¥ = V,® = 0, respectively, are branching points of
the conformal mapping. The line of force & = 0, which joins the two bound-
ary points, is given in parametric form (with y = 22¥%/V) by

z=§;(1 — cos ¥), y=%(\b-ain¢}.

This is the equation of the simple cycloid (see e.g. the quite similar repre-
sentation in Vol. I, Eq. (17.2)).

The lines of force in the interior of the condenser and at a large distance
from the boundary points belong to the parameter values

e>1, 0< ¢ <2r
Since here exp (i¢ — ¢) vanishes with increasing ¢, we obtain simply
I+iy=-25';(l+i¢—w}. ie. I=£(l-w), y'%’k

Since & = const on these lines of force, we have also ¢ = const and hence
z = const. On the other hand, ¥ varies on them between 0 and V, and hence
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¥ between 0 and 2x and y between 0 and a. The lines of force hence approxi-
mate closer and closer to straight lines perpendicular to the condenser
plates, as is to be expected.

IL.5. The differential equation of the potential in the cylindrical co-
ordinates r, ¢, z is, when independent of ¢ and z,

rarar =0
It yields
d¥ A —eA
e
Hence the surface density on the inner and outer electrode is
—ed eA
wp = ' W = —
ri rs

and the charge per unit length of the z-coordinate
e = 2rrw, = —2weA, &2 = 2rrawy = + 2wred = —e¢.

Ar second integration leads to
o 4

1

Ty
lﬂg ;1:
80 that

K, = % = 2re / lag? = capacity per unit length.
1
For d « r; we find
T d d
= =] -_ =
logn Dg(l+r)—n
and, neglecting end corrections,
K = Kih = 2z he _  surface

= — - dielectric constant.
d separation

In MKSQ-units:
nh=100cem' = 107" M’, d=1mm = 10"°M,

S S
E Beo ﬁ;‘ 10 Joule M , K 3
I1.6. The first of the relations given in Eq. (2) of the Problem is obvious
in view of Eq. (1). The second is obtained as follows:

10~ farad = ; . 10™* microfarad.
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By (10.14):
E = KuV, + Ku¥,, (1}
—E = Koy + Kn¥,.
Hence
0 = (Ku + Ka)¥ + (Ki2 + Ka)¥, . (2)
In addition, the following linear relation exists between ¥, and ¥, :
V=¥-—1,. (3)
From (2) and (3) we compute
¥, BetKa o, - Ku + K

- Ku + 2Ky + .Kn T Ku + 2K + K“m

Substitution in (1) yields

_  KuEn — Ky
Ku + 2Ku + Kan

The factor of V is the capacity in the elementary sense. Hence also the
second relation (2) of the Problem has been proved.
I1.7. 1f the phase factor which must be thought of as added to (24.9)
cos '
. T
8in

E V.

namely exp (ihz), is replaced by %, where [ is an integer (standing

instead of travelling wave) and if EE is chosen with due regard of the

boundary conditions prescribed for the individual E-components, a par-
ticular characteristic electromagnetic oscillation of the interior of the paral-
lelepiped is obtained for which H. = 0; similarly, proceeding from (24.10),
one for which E. = 0 is obtained.

However these are not yet the general characteristic oscillations of the
parallelepiped, as is evident from the specific values H, = 0 and E. = 0,
respectively. The general system, which has complete symmetry with
respect to the three axes, is

E. = A cos (rl '?) sin (n‘ﬂ 3—") sin {n-m f).
a b \ ¢

| E, = Bsin (fz E) cos (:m g) sin (m f:) (1)

o
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1/_H = A’ sm( IE) mé(:rng) co8 (rmf),
a [
- z x
fot = 0 cos (1) n (n ) on (m ). @
,‘/E H, = C’ cos (ﬂf) COS (my)sin(mf)
- Ey a b ¢

Since div E = 0 the A, B, C must satisfy the condition
A -{- B + C — = (3)

whereas the A’, B’, C’ are determined from the 4, B, C by the equations

nw

.'ikzq. =?C_‘TB’

B = 1—-5_’50 @)

Ix

tkC’——B———A

Tiais systeip wilk play an important role in the problem of black-body
raaiation in Vol. V, just as the general system of elastic characteristic
vibrations in §44 of Vol. 11 was of importance for the problem of specific
heats.

11.8. We find from (24.6) with h = x*m/l (m = integer, Il = length of
the cylinder), if, again, exp (thz) is replaced b}r % hz and care is taken,

by the proper choice of the cosine or sine, to fulﬁll the boundary conditions
E'-ltll = 01

E, ‘/""h' R 7.(0) cos (ng) cos (h), @H. =0

E, = —J'a(p) co8 (ng) sin (hz),
kn .
V%Hr = 7 ; /() sin (ng) cos (ha),

E, = E Ja(p) sin (ng) sin (hz),

@ H, = ?—hJ'.(p? cos (ne) cos (hz).
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Here, as in (24.6), p = vV/k* — h* r and v/k¥ — ht a = w, is one of the
infinitely many roots of J.(w) = 0. The characteristic wave number k
and the characteristic frequency w are accordingly given by

w!
a’ ¥
The system of characteristic functions represented by (1) is triply infinite
and is ordered by the numbers n, », and the integer m contained in k. Con-
vince yourself that (1) satisfies not only the boundary conditions, but also

“the relations between E and H demanded by the Maxwell equations.
Similarly ‘we obtain from (24.7), with the same meaning of h,

@H. - —“k’;h‘ Ja(p) cos (ng) sin (hz), E. =0,

1/%::2 = Ju(p) cos (ng) cos (hz),

-

kK = h* + w = ke(c = velocity of light). (2)

E, = — £ 7.() sin (ng) sin (h2), (3)
thp

//%Hf = - E!{l(ﬂ) sin (ﬂ-rp} Cos8 (h.’ﬂ},

E, = — ‘%J:.(p} cos (ng) sin (hz).
The characteristic wave number and the characteristic frequency are now
given by

4

k’-h‘+‘%;'_, w = ke 4)

where w, is one of the infinitely many roots of J w(@) = 0. The series of
characteristic oscillations (3) is again triply infinite.

Do (1) and (3) supply the complete system of characteristic vibrations
of the interior of the cylinder?

I1.9. Except for a multiplying constant the appropriate solution, con-
tinuous at r = 0, of the differential equation (19.16) is

0= gin (kr) o

The separation into two parts

1 —
I = __; (‘H(Hl:- -~ & u{rﬂl})
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indicates the superposition, mentia-:med in the Problem, of a spherical wave
radiated outwards and one radiated inwards. Eqgs. (19.17) and the following
equations yield, without the time factor

ek, = ﬂﬂﬁﬂ‘({ + k’)@-l::—h), 0By = — sin:l(;%ﬁ- k')!in(h)

dr -

E#=0| Hr=Hﬂ=0, H,:?Binﬂ(g_ain(kf)_mn(kr))'

dr r
The boundary condition Ey = 0 demands for r = a
cos(ka) — T2ED 11 _ oy = o

Therefore the transcendental equation

tan r = l—j?, r = ka.

Its graphical solution yields & first root z, which is somewhat smaller thau
» and an infinite series of additional roots which asymptotically approach
the value x, = .
* dn addition te this singly infinite system of characteristic functions, for
which the electric lines of force lie in the meridional plane ¢ = const and
the magnetic lines are perpendicular thereto, there are «* less symmetric
characteristic functions, with a Legendre function dependence in ¢ and ¢.

I1.10. The telegraph equation (18.19), with @ = 0 and the assumption
I = I, exp t(hz — wt), yields

k' = wK(wL + 4R). (1)
For large w, more exactly, for wL 3> | R |, this leads to
i R
h—Fk= § z’ (2)
Here
k= oKL (2a)
is the wave number of the perfectly conducting line and
L

is its wave impedance. R is the impedance operator from Eq. (20.19),
composeds of the real resistance B and the inner inductive reactance wL; ..
(numerically equal to the resistance in the presence of the skin effect) to
form a complex quantity:

R =R — il = (1 — 9R. (2c)
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It may be noted, incidentally, that R may be replaced directly by R in
(1) if we interpret L as the sum L, 4 L, of the outer and inner selfinductance
and not, as was done in the telegraph equation, as the outer selfinductance
L, alone. We assume that » is large enough that a fully developed skin
effect occurs. According to (20.12) the depth of penetration is then given by

d = 1/vpow/2 (3)

We shall furthermore assume that the wave amplitude may vary slowly
along the circumference of the wire so that the validity of the solution
originally obtained for the plane problem in §20 B is not impaired. The
alternating current resistance of a surface strip of length 1 and width 1,
measured in the direction of the circumference, is then by (20.15a)

R, = L. 4)

od

The current through this metal strip (lying directly underneath) is equal
to the line integral of H about this strip, which in our case reduces to the
value of H at the surface. Hence we obtain for the Joule heat developed in
the strip, utilizing (4),

3 1 2
RH por H
and for the Joule heat developed in unit length of the conductor as a whole

‘ds = line element of the circumference, f = integration over the cir-

cumference):
ﬁj&ﬂ’daama with Injgﬁ-ds. (5)

R and 7 are resistance and total current of this unit length. From (5) we

compute
_ 1o Y
R—afﬂds/(fﬂds). (6)

H is to be obtained from the quasisiationary field in the dielectric. This
vields also the external selfinductance L, of unit length of the conductor
and its capacity K, as well as its wave impedance z in Eq. (2b).

a. Tke Lecher Two-wire Line. Wire radius a, separation of wire axes 2b,
separation of the two source lines 2¢, (see Fig. 36); u, v bipolar coordinates
for representing the field in the dielectric, » = const magnetic, v = const
electric lineg of force;

ds =gdv, ¢ fo fo = Vb — ¢ (V)

=
cosh u — cos v’

On the circumference of the wire u = u, cosh w = b/a.
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Since the bipolar coordinate v signifies the magnetic potential dll‘ﬁﬂﬂ}',
the desired magnetic field component at the periphery of the wire is

_dv_1 1
H_Ea=ﬁ r(ﬂOﬂhﬂn Cco8 v). (8)

From this the integrals occurring in (6) may be calculated:

. ‘lrl
fn-dsnj; J9ds = 2
1 | 2% 2x b
2
= — L J— — d::_ B e —
fHda j;g!ydﬂ 7o s (cosh uy — cos v) dv hemhuﬁ 5 a
and hence (6) leads to (the factor 2 to be added to (6) arises from the two-

wire line):
2 2xb 3
d'_da-/@J ﬂrfodﬂ

Since furthermore the bipolar coordinate u determines the electric po-
tential, the difference in potential between the two wires is

b+ b
-

(9)

2uy = 2arcﬂoshg = 2 log

From this we find for the capacity and selfinductance per unit length

0 L _ 2w _ 1) btk
K M 2r fiog a (10)
and for the wave impedance
=4/l 0t o
z V;'Iug - Q. (11)

Taking account of (2¢), (9) and (11) yields for the propagation constant

in Eq. (2)
141 e b+rn
h=k=— 1/—a;oda/l (12)

This expression agrees with the value calculated in (25.20). To realize
this it is merely necessary to substitute the value of d from Eq. (3) in
(12), and to express the conductivity ¢ by the complex dielectric constant
¢ = ¢ + do/w = io/w, and to note the meaning of the abbreviation
p(1/p =+ (b + $2)/a) in (25.20). ,

b. Return through ground. The earth's surface now takes the place of
the plane of symmetry u = 0 of the bipolar coordinates. In formula (6)
for R the factor 2 is now to be omitted, sinee the forward conduction through
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the wire is to be assumed to be resistance-free, so that R refers only to the
return conduction through ground. On the other hand K is to be doubled,
L and z to be halved. b now signifies the height of the wire above ground,
$o the height of the source line above ground, which does not differ appre-
ciably from b. We then obtain from (9), (11), and (12)

| o 1 2b
B=s5a ° o 27 0B 5 (13)

—p=Lti Jea 1 / 2b
h—k 3 g log = (14)

Numerical example: frequency in the range of radiotelephony 10° S~
o (earth) = 10~ — 107'27'M ™, b = 10 M,a = 1 mm. We compute from (3)

d=504Mto504 M
and obtain from (13) and (14)
R = 3.2 t0 0.32 9/M
|h — k| = 38t03.8-107* M.

At low frequencies the penetration is so great compared with the usual
helght of the wire b that (in contrast with that in §25) our present method
of calculation fails.

For the single wire without return conductor the external field can no
longer be calculated in a quasistationary manner, so that the above ap-
proximate method no longer constitutes a simplification as compared with
§22. Our numerical example indicates, by the way, how greatly the field of
the single wire is disturbed even by a non-metallic return conductor; see
in this connection the note at the beginning of §22 regarding the failure of
Herts’s original experiments with wire waves and the influence of the
laboratory walls.

II1.1. The transformation (4) of the Problem is to be built up out of
the transformations (1), (2), and (3) in the following manner:

| L' = DLD™ (a)
(L' and L = Lorents transformations, D = rotation, D™ = inverse rota-
tion). Here
D: Ty =2cCo8a-+ yEina, 2z =gz
th = —Z8ina -+ ycosa, o=t
L: z:, = M, y; =1,
vi-—-g
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D™ x'-:icm::—-y;aina, Z =2z,
Y =zsina+yicosa, ¢ =i.
By their successive combination we find, with the abbreviation
| n=0-s"
the following system of coefficients for L':

T ¥ ' s il
z’ 14+ (3 —1) cos? « m—1)cosaxsina |0 iy coBa
v’ (g — 1) cos « Bin 14 (g —1)sin?a 0 ify sinea
z' 0 0 1 0
tet’ i —1fn cO8 a - —ify 8in « 0 7

It is four-dimensionally orthogonal (sum of the squares equal to 1, sum of
the products equal to 0, both in the horizontal rows and the vertical col-
umns) and hence can be read just as well from top to bottom as from left
to right.

', The velumt:,r v of transformation (2) forming an angle « with the z-axis
ha.a in the z, y, z-system, the components » cos a, v 8in a, 0. With r =

y, 2; ' = 2/, y, 2 we therefore obtain

<

—+r = T cos a -+ ysin a, E-r’=x’msa+y’sina.

-}

With these abbreviations our system, read from left to right, yields

r' = r+!{(n— I)I'r—ﬁnd}
v v

(b)
PN AS
t n{t 7 }
and, read from top to bottom,
r=r+ E{(ﬂ —~D I+ ﬁucf}
v v (G)

:nq{f—;-‘“ }

Wherez_t..a (b) follows from symbol (), (¢) corresponds to the inversion of (a):
L = D'L'D. (@)

By taking the derivative of (b) with respect to ¢’ or of (¢c) with respect
to t, respectively, we obtain for the three-dimensional velocity vectors
q' = dr'/dl’ and q = dr/dt
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, _q— V{n— (g — Dv-q/v'}
= =voa ©)
_ g+ v+ & — Dv-q'/r)
L 0

1I1.2. The Problem can be formulated in the following manner: Let a
system z, , {; move with respect to a system z, { with the velocity gic along
the z-axis. In system z,, ; let a point P move with the velocity B¢ at an
angle a with respect to the z;-axis (and at the same time, the z-axis). What
is the resultant velocity of point P as observed from system z, ¢?

Apart from additive constants the motion of P in the z,, {-system is
* described by

Ty = Pacty cO8 a, Y1 = facty 8in a. (1)
At the same time the Lorentz transformation
z — Bicl 1 — piz/c
= T g h =1, h= T g i (2)

applies for every point of the z,, {-system.
Substitution of z, from (1) and ¢ from (2) leads to

T — Bet = Bsc cos a (I — Piz/c)
or, after collecting terms with =z and ¢,

z(1 + BBz cos @) = (B1 + B cos a)ct.
Henqe

151 ‘+ B2 cO8 «@ .
dt 14 Biprcosa’’ ()

in addition, (2) and (1) lead to

fa ¢ 8In a

yv= ‘\,/1 ﬁg (‘ 1::/‘:)1

dy ﬁgcsma(l ,3!)
a1 -8} c di

and, in view of (3),

d’y ﬁ:cﬂma(l_ﬁi+ﬁ1ﬁgcnaa)=ﬂgcﬂiﬂa‘v/1—ﬂ} @)
T A1 -5 1+ 818 cos @ 1+ Bifscosa

The resultsht in the z, l-gystem is

1= /(&) + (&)
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If we put g/¢ = B, we obtain

g = (81 + B2 cos @)’ + Bz(1 — B) sin’ a
{1 + B B: cos ﬂ:)"

_ Bt + 28:8: cos a + By — B1p1sin’ «
= (T + Bs Ba c0s @) QED.

II1.3. In (30.6) r denotes the vector L — P, and r, hence, one side of the
triangle LOP in Fig. 42. Let O be the position of the electron at the time
of the field observation at P. Let the velocity v of the electron be directed,
unlike §28, along the positive z-axis, leading to a specialization of the for-
mulas in §30. The length LO then becomes equal to v+ with r = r/¢, s0
that

(6

LO = vr = Br.

The length OP is the separation between electron and point of reference
at the time of the observation and will be designated by r/,

r o= ‘\/I’I"}'ym‘l'z’::

where z’, ', 2’ are the coordinates of P relative to 0. ¢ and ¢’ are the angles
at«L and O shown in the figure and we have

reosd =2, recosd =2z + . (1)
Furthermore, by the Pythagorean theorem,
' = ¢ 4 (8r)® + 2vBr cos ¢, (2)

so that
(1 — §°) — 28ra’ = .
The solution of this quadratic equation for r yields

_ Bz’ ;
e LA L e TR

As in (28.13a) we denote the square root on the right by s:

- g : =4/
3-1/:;”( jﬁ,,)—|~1.r==+a='== 1/1_ﬂ,+y"+z':

and obtain by (3)

r =

s B
rﬂ:‘\/i—ﬂ’-'_l—ﬁ’x" {4}

Now, v, = v cos ¢ and, in view of (1),

rt-"——Br 0 =8z +8r

I.nl'
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Accordingly, by (4),

r(l—téf)=r(1—ﬁ’)—ﬁx’='v1—ﬁ‘!. (5)
Thus the quotient occurring in (30.6) becomes
1 - ¢'/c 1-8 1 ©)

A= o/~ (1= gyrs

"At the same time the vectorial factors multiplied herewith in view of the
assumed direction of v, are resolved into their components:

rXv=0, 3“’: - yr”* (7)'

r”—:-—r.-rﬁ—rcuad=rﬁ—x’—-rﬁm-z',

(7a)
1.'_' — = - E‘ — = — d
| ro— v, r s z,
If all of this is substituted in Eq. (30.6) taking due account of the changed
sign of v, Eqs. (28.14) and (28.14a) are obtained.
The equation s = const defines the family of mutually similar “Heavi-
side éllipsoids”, flattened in the direction of motion (see §28C); the electric

lines of force in z’, ', 2’ space are the orthogonal trajectories of the family.
II1.4. Scalar mu]tiplica.tiun with v of the left side of (32.5) results in

gd MY _ vy ad
ivi-pg Vi-pg '™ dt\/l—
The segond term on the right is equal to

mo gy Egﬂ)ﬂ' = B (=g

Together with the first term this yields

V¥ g )_ vy d_md
m"\/l—ﬂ’(1+ B)=™a—ms - avi-g W

On the right side of (32.5) scalar multiplication with v yields
vK=vE+4v(vXB)=v-E+4+B:(vXv)=vE (2)
Hence, setting (1) and (2) equal to each other, we obtain

d_ m™c 3)
dt V1 —-.6’

=g

a8 in Eq. (32.6).
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II1.5. The path is of course aballistic parabola with the acceleration

The distance of its vertex from the upper and lower plate, respectively. is

g h=d(l_?ltu’5in'a)

A= (v sin a)* _ ﬂg_ﬂ‘sin’a
2¢ e V. 2
The lower plate is reached with

e 2V ’

vsina = 4/ £ 2V.
m

For a velocity v = 5-10* M/S this is not satisfied even for « = »/2 With
the value e/m, from Eq. (33.8) we have then instead

d—h _ 25-10"

- ~ ! #1608
The voltage required to produce v is found to be, from eV = mv'/2,
- 1 25-10"
= § mi 70 volts.

'1.‘he “electron volt” ev is a unit of energy much used in atomic phys-
ics, particularly. in the form “million electron volts”, Mev. Since e =
1.60-10™ Q we have in our units

1 Mev = 10°-1.60-107" joule = 1.60-10™" joule.

One half of this is almost exactly equal to the rest energy of the electron,
i.e.

= 0.35.

v

mec® = 0.80-107" joule, my = 0.90-107"K.

If, in the condenser field, the velocity suffers changes which are compa-
rable with ¢, the constancy of the z-momentum (z parallel to the plates)
results in the fact that v. cannot be constant, and hence z cannot be pro-
portional to ¢. Correspondingly, the equation of motion for the y-direction
shows that y is not proportional to ¢. Hence the path is not a parabola,
but a transcendental curve (catenary). Similarly in §32d the Kepler orbit,
which in the limiting case of an infinitely distant center of attraction be-
comes the ballistic parabola, was not an ellipse, but a transcendental
curve (ellipse with precessing perihelion).

To compute extremely high velocities from the number z of the corre-
sponding Mev we may use the energy equation

1 Mev
2 —.

v‘l—ﬁ'ul- mo G
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For an energy of 200 Mev, such as occurs in cosmic radiation, we have

\/-—---=r1+400 = 4-10°, g =1 52-10
I11.6. we consider immediately the case of high velocities (the familiar
case v < ¢ is contained therein).
Let the direction of B be the z-direction. In thie plane perpendicular
~thereto let s be the projection of the direction of motion, n the direction
perpendicular to s, 8, n, and z forming a right-handed system. We then
have always

va=0,(vXB), =0, (vXB),=v,B =0, (v X B)y = — v.B.

Hence the momenta in tl_re 8- and z-directions are constant:

0,
- = (",

— S, Y
Vi-g 7 Vi-g
Since v, = 0, squaring and adding leads to 1 E’l I = const, so that also

B, », and v, are constant.
The equation of motion for the n-direction is (the charge of the electron

is negativel)

g _te — (v X B), =

dt /1 — ﬁ' Vl - ﬁ" "

— ﬂlB;
Mo

Hence
i =eY1=F p_°,B
me m

b, is the centrifugal acceleration, and as such equal to v3/p, where p is the
radius of curvature of the path projected on the s, n-plane. Therefore

1 e B

p mu,
The same formula applies also for the non-relativistic calculation, where
however m = my = const. The curvature 1/p vanishes nonrelativistically
only for v, = «, whereas relativistically it becomes zero for 8 = 1,i.e. v; +
v; = ¢’. The product pB (commonly written pH) is the experimental meas-
ure of the “stiffness” of the cathode ray.

I11.7. If % is the common direction of the electric and the magnetic field
and z is the direction of the 8-ray leaving D, the equations of motion of
the S-particle are, with Lorentz's expression F = — ¢(E + v X B) for the
force (negative sign because of the negative charge of the electron)
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Since v; and v, can be neglected in comparison with v, = v, we have §° =
v*/c’, and from the third equation of motion to the same -approximation
v = const. Hence the first two equations of motion can be integrated
directly and we obtain, if the time ¢ is measured from the moment of passage
through D so that the instant of incidence on the photographic plate may
be set equal to t = a/v,

eE »® a
TEFN T Eaw
B /i _vd
me ct 2v

This is the parametric representation of the two branches of the curve
Evhich result when the polarity of the electric field is reversed.
" Jf v* is neglected in comparison with ¢* elimination of the parameter v
leads to the two branches of a parabola
2 e B'd
= F ==,
Y Cz, C mE 2
They touch at the point z = y = 0 with a vertical tangent. This point
corresponds to the value of the parameter v = .
Ii the relativity factor 4/1 — #?/¢* is retained, elimination of v leads to
the curve of the fourth order

4 22 420 “__x‘:'}.:"i'-'.'.'r= _
y + D% = Cx, D—mn?cé—-((?asabove},

which takes the place of both branches of the above parabola. At the point
z = y = 0, which now corresponds to the parameter v = ¢, it has a cusp;
the two tangents at this point have the two distinct directions

dy C |, Be

&~ =D - &’
and form accordingly a finite angle 2« (see Fig. 48, on the right) with each
other. This is clearly evident from Kaufmann’s photographic records.~
However i1t was not possible to arrive at a definite decision between Lo-
rentz’s and Abraham’s variation of mass (see the beginning of §33), as
intended by Kaufmann, although this should be possible in principle from
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the complete shape of the curve; the fields employed were not uniform and
their distribution had to be established by laborious probe measurements.

II1.8. The two mutually perpendicular fields E, = E and B, = B give
rise to the Lorents force

_eWp - —e[E-F -

F’ G‘E F, G(E dt ), F. 0.
For not too great velouitiaa (m = m,) the equations of motion are
dix+e B 0,

d'y dz
E GE?B —eFE.

If the second equat.iun is multiplied by ¢, and if we set { = = + 1y, we
obtain by addition

f—ia = —i-E a=->B.
m m
The general integral is
rmdtlt+ t+c

The time { = 0 can be so chosen that for it dy/dt = 0, so that {o =
ovecomes real. We then have Z, = 1ad 4+ E/B, {y = A 4+ C and hence

r-rn=-(:&u—-)(1—e“')+gt.

Separating real and imaginary parts we obtain with ¢ = of, a = E/(aB),
= (& — E/B)/a:

T— 2 =ap+bsing, y—y =Db(1~— cosg)

This is the equation of the general cycloid or trochoid (overlapping or
stretched, depending on @ § b). For 4, = 0 (i.e. b = —a) we obtain a repre-
sentation of the ordinary éycloid, such as occurred, with the same notation,
in Vol. I, Eq. (17.1) in connection with the cycloidal pendulum (where
however we had put zy = y = 0).

I11.9. Since we are dealing with a stationary state, J is constant in both
time and space as

dh}-}l-o. )
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At the same time v and p are constant in time but not constant in space
since

v = Vz;:lV{::), p = J/v '(ﬁ)
Poisson’s equation becomes
(z) i C, C = J/(ev/2¢/m). (3)
It may be integrated by putting
V(z) = Ax". (4)

(3) then leads to
: Alﬂa{a - 1)31:!!+¢—! - C.

l.e.

a _ 4 ;u‘l _ 9 3

For z = | wa obtain from formula (4) and the meaning of C in (3)

Vo= Ar=(2 -——E-——)m JH 6)
J - g’-'___' ‘/If_;/—"‘ U @)

The total current I = xa’J (a = radius of cathode and anode) becomes
2
I =3 e/%/m % V" (8)

This is the desired equation of the characteristic. The reader may con-
vinee himself that owing to our factor e it is correct dimensionally, namely -
has the dimension Q/S also on the right side. We note expressly that,
according to (3) and (4), V does not increase linearly with z, and that
dV /oz is equal to gero at the cathode. Here, according to (1), p = « and
v = 0. The last corresponds to the fact that, in the statement of the problem,
we have neglected the (small) velocity of emission of the thermionic elec-
trons a8 compared with the velocity impressed on them by the field.

For the cylindrical arrangement (radius of the hot-filament cathode:™
r = 0, radius of the cylinder-mantel anode: r = a, length of the cylinder
mantel: [) the preceding equations change as follows:
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div] = - = (, rJ = const = 1 (1)
2xl

p=Jv=1 (21'3?' 1/2 r_fi_ V{r}) (2

_ VV(r) E(1' dV(r)) = (, C = I/2nesln/2e/m). (3

dr dr
Vir) = Ar® | @)
9 (9 \M ;

B _ - g ______-a;'_'__ 2/3 s ,
forr=a, V = Aa —(S—F&Im) r (8"
T = %Im/mg s (8)

At the cathode dV/dr now becomes infinitely large according to (4')
because of r = 0, in contrast with dV/dr for the plane configuration. Never-
theless the total charge on the filament approaches zero with vanishing r;
thjs is the reason for the absence of the logarithmic singularity of the
potential occurring otherwise for a charged wire, whereas by (4’) V vanishes
for r = 0. For this reason (8') applies not only for r = 0, but also for wires
of small finite thickness with sufficient accuracy.

II1.10. The magnetic flux through the electron path of radius r

d = 2rj; B(r, t)r dr

yields

=B, =2 [ Bl orar (1)
r at 0

According to the law of induction we have
ro
2rf B(r, )r dr = —2xr E(ry, ). (2)
0

By multiplication with the absolute value e of the charge of the electron
we obtain herefrom as accelerating force in the orbit r = r, :

—eE(ro, ) = %L Blr, Ordr = ;% %‘%‘. 3)
1]

The equation for the change in momentum of the electron can then be
integrated with respect to ¢ and yields
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my — (my), = éiﬁ (® — @), (4)

where &, denotes the magnetic flux for the initial state v = v, ,m=m,
Accordingly, for given initial momentum, mo is to be regarded as known.
We hence calculate for the answer to question (1):

1 B - my \?
T V1 + mid/ )’ m'"‘“’|/1 +(:EE§ (5)

eV = (m — myg)c’.

Numerical example: For a path diameter 2r, = 10™'M a flux amplitude
Pmax = 107" VS is readily attainable in practice. Let the initial flux be very
small, &, = 0. We can also assume v, 22 0 since the initial velocity is in-
significant in comparison with the great final velocity. We then find from (4)

{mﬂ)mlt -_ e @m = 1.6' 10-“ lﬁ_l

MeC  2aromec r 09-109.3-108

ﬂ=

i

18.8,

1\ 1 (6)
Bumax = (1 + ml) 1 ,}‘1—0 y Mmax 18.8 my,

Moax — Mo = 178 Mg,  eVimax = 17.8 moc’.

éince, from the discussion of Problem IIL.5, moc’ is equal to %-10° electron
volts, we have

'EVm ‘_ﬁ'—'" 9' 105 ev. (7)

On question 2.: The orbit r = r, was assumed to be known till now; it
will now be computed. On every circular orbit there must be equilibrium
between the centrifugal force and the force of Biot-Savart:

mTu' = evB(r). (8)

This signifies according to Eq. (1)
e d0d

my = (9)
Substitution from Eq. (4) with &, = 0, v, = 0 yields
$ od

Plot ordinate B, as a function of the abscissa r, as & monotonically de-
creasing curve which eventually may have to be determined experimentally.
Multiplication with 2xr then yields, by Eq. (1), the curve for a®/ar, and
mtegration with respect to r that for ®. Its ordinates are to be divided by
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r and the resulting curve must be- pursued to its intersection with the
curve for 0®/dr. The abscissa of the point of intersection is the desired
value r = np.

In order that this orbit may be stable the field distribution must satisfy
ﬂerta.m conditions, which, for example, have been clearly set forth by
Gans.’

On question 3.: From Bn.x We obtain for the frequency of revolution

e = o282C o 10° 571, | (11)
2x1o
In order to be able to compute the number of revolutions with ease, we
assume that the flux & does not increase sinusoidally, but linearly from the
initial state ®, = 0 to the final state ®na . For 500-cycle alternating cur-
rent in the windings of the electromagnet the time of rise (= a quarter
period) is then 1/2000 S. We hence obtain

&(1'
at

Since bjr (3) the accelerating force is then also constant in time, this is at
the same time the gain in energy in one revolution, measured in electron
voltg. Since by (7) the maximum kinetic energy measured in this manner
was' 9-10°, the number of revolutions becomes

9-10°

20 - 450000. (13)

On question 4.: The state of the maximum number of revolutions is
reached for ® = &,,,, i.e. 3@/t = 0. According to Eq. (3) we then have
E(rg) = 0,ie. ung = 0. From the equation of the circle

r = Miut

we find for the magnitude and direction of the derivatives of r:

= 2000 $pe S = 20 V. (12)

v = imrneiul, * = - wlrﬂefi‘, ﬁ — — im‘rnsfﬂl- {14}
We conclude herefrom: ¥ is opposite in direction to v; ¥ = — w'v, further-
more, V-V = 0, v-¥ = —a’t’,
For the reaction force of radiation we find hence by (36.26) (the symbols
v/, v/’ given there have the same meaning as our ¥, ¥):

R* = ¢ v (_w?_ _.“i._)

6reec 1 --ﬁ’ 1 - 8%
G’
P fhrzocl—- ( 1—,5’) ﬁﬂnc(l ﬁ’)’ (1s)
| R*| =5m” 13 (1 = )7,

| R. Gans. Zeits. f, Naturforschung, Vol. 1, p. 485, 1946.
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In our numerical example we- find with v =<2 ¢, 8 = 1 - 1/710:

,_ €(710)
IR*| = 2dxery
- —1 —% .
With 2r, = 10~ M and 36xe, = 10 joule M (Eq. (7.18)):
ﬁ(?lDJ:Giv _ 2 -4 eV ~ eV
|R*| = Joinq = 671716107 G = 0048 S (16)

This may be compared with the force of the electric circulating field, which
by (3) and (12) is

— S— . e S—

The reaction force increases with the fourth power of the particle energy.
As the reaction force becomes comparable with the accelerating force of
the circulating field the balance between increase in particle mass and cen-
tripetal force is upset. Thus the reaction force sets a limit to the maximum
energy which the betatron can impart to an electron.

. The principal purpose of the betatron is the production of z-rays of very
great hardness. Since their limiting energy h» is given by the maximum
energy of the betatron electrons it depends, in accord with Eq. (5), on the
momentum my which can be attained. By Eq. (4) this is determined by
the ratio ®/r, . For a proportional increase of all of the dimensions of the
magnet (Bnax and hence also B,, are fixed by the saturation of the magnet)
® increases quadratically, ®/r, hence linearly. We found for our path
diameter 2r, = 10™'M in (7)

eVmax = 9-10°eV = 9-1.602-10 % erg = 1.45-10° erg.
Hence, for z-rays

—16 €rg-Ccm
h ¥
The X-unit = 107" em here introduced is the unit of length customary
in x-ray spectroscopy; thus the K-radiations of the heaviest elements have
wave-lengths of about 100 X-units. We thus find ourselves with our beta-
tron of relatively modest dimensions in a domain far beyond the short-
wave-length limit of ordinary x-ray spectra and even beyond that of the
natural y-rays which is reached, for ThC, at A = 4.7 X. By increasing the
betatron dimensions the limit can be lowered still further and the energy
of 9 Mev, found above, be increased.
IV.1. We proceed from the fact that for an observer moving with it,
the field within the rod is both free of current and free of charge: J' = 0

145-10 " erg = h» = % =210 A =14-10"em = 1.4X.
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and o’ = 0. It then follows from Eqgs. (34.6) with the definition of the con-
duction current in (34.9a), except for correction terms of the order g

lej_f‘wtﬂr p=0. (1)

The rod hence has neither conduction current nor volume charge for an
observer at rest in the laboratory as well. However, it possesses surface
charge » and a Rowland current (which, in fact, is demanded by J; = 0)
J = ov.
Viewed from the laboratory, the field thus consists of the superposition
“of a stationary electric and magnetic field, the latter added to the original
uniform field and derived from the Rowland current J = wv. We there-
fore have

culE=0, E=—gad¥ oulHd =] 2)

Show that this agrees with the general Eqs. (34.13), if in them the meaning
of E*, H* is substituted from (34.8) and that of ]3, D from (34.12). For
d/dt = 0 and the auxiliary conditions from (34.11a) they then become

‘—t:url{v X B) = —curl(E + v X B), so that curl E = 0,
pv —curl(v X D) 4+ J — pv = curl(H — v X D), sothat curl H = J.

By’ (34.7) we infér from J; = 0, E* = 0, i.e. to sufficient accuracy (B =
By = original field):

E=—-vXB, FE=—1uvB, V¥ =vuvBgx+C. (3)

We have here assumed that B, has the z-direction, v, the y-direction, and
that z, y, z constitute a right-handed system. C is a constant of integration
which is independent of z and, in view of the symmetry of the problem,
also of y and 2. Question a. is thus answered.

On question b.: Consider two points z,, z, on the periphery of the rod,
e.g. 71 = point of entrance, z; point of exit of the z-axis. The difference of
potential is then by (3):

V = "‘5"1 - ‘P' = ‘UBQ(I;L - Il) (4}

As a difference of potential this is independent of the path (connecting wire
of infinitely high resistance) by which we imagine points 1 and 2 to be
joined; this path may be imagined either in the exterior or the interior
of the body.
c. We consider the external field. Here the boundary conditions (34.15)
. take effect. They demand continuity of the tangential component of E
(not of E*) ahd are equivalent to continuity of the potential at the surface
of the rod, whereas nothing is stated regarding the normal derivative.
Since ¥ is known in the interior by (3), the surface values ¥ of ¥ are also
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known. We hence must solve a boundary-value problem for the exterior,
with the normalization condition ¥ = 0 at infinity. A solution can be at-
tained for any shape of the rod. It becomes elementary for the circular
cross section, to which, by conformal mapping, every other cross section
may be reduced, transferring the boundary values prescribed for the
latter. It hence suffices to deal with the circular cross section.

If r, ¢ are ordinary polar coordinates, 7 = 0 is the center of the circle,
r = a its periphery, and ¢ is measured from the z-axis, (3) yields for the
interior and the periphery of the circle

E =FE, = —vB,, E, = E.cosp = —vB cos ¢, 5)

E, = —E,sin ¢ = vB; sin ¢.

The potential in the exterior can generally be expressed as Fourier series

W = 2 (g)‘ (A, cos (ng) + B, sin (ny));

In view of the boundary condition only the term with 4, differs from zero
Hence

_‘I’=A1$‘ﬁ{]8¢, E'=—'"——-=A123intp, (6)

and, in view of the continuity of E, for r = a

2
Al =GIJBn, v = %#Bu CO8 ¢,

o a\’ .
5 = —(;) vBycos . (7)

d. To determine the surface charge we must pass from E to D. We may
utilize for this purpose in the interior of the rod Eq. (34.5), whose right
side vanishes in view of E* = (. Thus within the rod we do not
have D = eE, but

D-—é7XH=“En#uVXHE—€u?XBa=E¢E- (8)

Since this ¢ is derived from the general relation equo = 1/¢, & represents
the dielectric constant of vacuum and is not, in general, identical with
the dielectric constant of the surroundings. It is characteristic and satis-
fying that in an exact application of Minkowski’s theory in (8) there appears
the well-defined dielectric constant of vaéuum rather than the somewhat
prublematmal and scarcely measurable dielectric constant of the metal.

We conclude from (8) to begin with for the whole interior of the r6d
(sinee £ = const):

divD = p =0,
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which agrees with the initial equation (1). The interior of the rod is free
from space charge, even as observed from the laboratory.

At the surface of the rod, as judged from its interior, we have by (5)
and (8),

= gll, = —&fl, = By cos ¢

if n denotes the normal directed toward the interior.

For the sake of simplicity we set the dielectric constant of the exterior
(air) also equal to & . Then, by (7), we have for r = @, as seen from the
outside (n denoting the normal directed outwards),

D, = —a;ﬂ = gyvBy cos ¢.
ar
The sum of these two D, yields the surface divergence of D at the surface,
i.e. the surface charge

w = 2 gwBy cos ¢. (9)

It varies from place to place and has its maximum values for ¢ = 0 and
¢ = T, le. =4 2E¢FB|3. .

The electric lines of force, which in the interior are straight lines and
perpendicular to the axis of the rod, are bent in the exterior from the points
of positive surface charge to those of negative surface charge along the
shorteat possible paths, particularly in the neighborhood of the two points

= r/2and ¢ = 3x/2. Only for ¢ = 0 and r are the lines of force perpendic-
ular to the surface and flow off to infinity.

e. If the straight rod is bent into a circular ring, and this is rotated about
the axis of symmetry perpendicular to its midplane, every section of the
ring is subject to approximately the same conditions as the corresponding
section of the straight rod, provided only that the radius of curvature of
the ring is large compared to the radius of its cross section. The same ap-
plies for a circular disk ring, provided that the radius of its inner bounding
cylinder is not too small. Since however the velocity is small in the ex-
cluded section of the disk, and the phenomenon of unipolar induction be-
comes insignificant at small velocities, this restriction may be overlooked
and our results be extended to the whole disk and eventually also to an
arbitrary body of revolution. We can then apply our Eqgs. (3) and (8) also
to the field in its interior:

E=-vXB, D = gE (10)

and dediice therefrom the corresponding values of the voltage V and the
interior potential ¥, whereas the potential on the outside must be obtained
by the solution of a complex three-dimensional boundary-value problem.
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However, the following interesting difficulty arises: If the general (or,
rather, too specialized) rule p = div D is employed to compute the space
charge within the rotor, we obtain by (10), since now v and hence also D
Vary in space,

p = —gdiv (v X By) = —gBg-curl v.= -2ewpBy,

(¢ = angular velocity of the rotation). This is not zero, as was the case
for the translation and as we might have expected from the standpoint of
the observer rotating with the body. This contradiction is, however, no
objection to Minkowski’s theory of moving media, which (see footnote 3
at the beginning of §34) is based on the Lorentz transformation of uniform
translation, but merely an indication that it is not directly applicable to
problems involving rotation.
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Continuity equation, 15, 30, 217
Cosine law, 327, 336
Coulomb field, 39, 41
Coupled circuits, 142
Critical field strength, 305
Curie constant, 90
Curie-Langevin law, 90
Curie point, 100
Curie-Weiss law, 100
Curl, general formula, 158
Current, magnetic measurement of, 123
Current density, 9
Curvature, measure of, 308
Cycloid, 354
Cylindrieal cavity, 330, 341
Cylindrical condenser, 328, 339
Cylindrical fields, 166
Cylindrical wave guide, 193

D

D’Alembert’s principle, 266
Decimeter waves, 193
Demagnetigation factor, 83, 95
Diamagnetism, 21, 80
Dielectric, wave on, 190
Dielectric eonstant, 21
Dielectric constant, compiex, 37
Dielectric constant, gases, 75
Dielectric constant, vacuum, 44

367
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Dielectric displacement, 8
Dimensions, 6, 45, 323
Diode, 332, 354
Displacement, dielectric, 8

Divergence, four-dimensional, 213, 216

Doppler effect, 235
Doppler effect, transversal, 228
Duel six-vector, 217

E
E.M.F., 12
Einstein dilatation, 227
Electret, 77

Electric field, ellipsoid, 56, 327, 336
energy, 27
sphere, 55
thin rod, 56, 328, 337
transformation, 237
Electrical image, 57, 63
Electradynamic potentials, 145
Electrokinetic potential, 269
Electromotive foree, 12
Electron, accelerated, 252, 253
¢ritieal field strength, 305
deformable, 227, 273
in uniform motion, 252, 331, 340
intrinsic field, 239
motion in parallel fields, 331, 352

motion in perpendicular fields, 332, 354
motion in uniform electric field, 331,

351

motion in uniform magnetic field, 331,

352
radiation, 255
radius, 276
rest mass, 275
gpin, 278
Electron field, flattening, 241
Electron theory, 236
Electrostatics, 38
Ellipsoid, capacity, 68
electric field, 56, 327, 336
magnetic field, 92
Elliptical wave guide, 197
Energy, conservation, 29
Energy density, 27
Energy, relativistic formula, 331, 350
Equivalence, gravitation-inertia, 312
mase-energy, 204
Ether, 36, 235
Euler-Mascheroni constant, 180

Excitation, electric, 8
Excitation, magnetic, 10
Excitation vector (tensor), 215, 216

F

Faraday disk, 289

Faraday’s law, 13

Fermat’s principle, 268
Ferromagnetism, 21, 86

Field vector (temsor), 215, 217
Field strength, electric, 7
Field strength, magnetic, 10
Fission, 266

Flux, magnetic, 88

Force, four-vector, 243
Forced vibrations, 137
Forecone, 232

Four-current density, 213, 241
Four-potential, 213, 247
Four-vector, 213

Free charge, 40

Free vibrations, 137

G

Galilei transformation, 222, 224

Geodetic line, 300

Giorgi units, 6

Gravitation, Einstein’s theory, 310

Green’s function, 57

Green’s theorem, 69, 116, 246
second form, 119

Ground return, 345

Gyromagnetic effect, 98

H

Hamilton's principle, 267
Hamiltonian function, 305
Hankel functions, 171, 179, 180
Heaviside ellipsoid, 241, 350
Henry, the, 105

Hertzian dipole, 148

Hertzian vector, 149, 221
Heusler alloye, 78

Hysteresis loop, 98

I

Image, electrical, dielectric halfapace 63
conducting sphere, 57

Impedanee, 138

Induction, law of, 13

Intensity, entity of, 11
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Intrinsic time, 232
Invariants, six-vector, 219

J

Joule, 7
Joule heat, 27

. K
Kinetic potential, 266
Kirchhoff’s laws, 101, 134
Kirchhoff-Thomson formula, 137

L
Lagrange density, 220, 271
Lagrange equations, 268
Lagrange function, 268
Lamellar field, 39 .
Laplace operator, four-dimensional, 212
Larmor’s formula, 161
Least action, Schwarzschild’s principle
of , 260
Lecher system, 112, 198, 330, 43
Propagation, constant, 345
Liast time, principle of, 268
‘Teft screw rule, 13
Lenz’s rule, 13, 14
Leyden jar, 68, 328, 330
Light, deflection by sun, 319
velocity, 32
Light cone, 232
Light point, 248
Light pressure, 280
Light quantum, 261
Light source, 152
Line width, 205
Lines of force, 61
refraction, 63
Litz wire, 177
Logarithmic potential, 110
Loop tension, 12
Lorentz contraction, 226
Lorentz force, 238
magnetic analog, 239
Lorentz transformation, general, 330,
347
special, 223
Lorenz-Lorentz formula, 75
M
MKSQ units, 6, 45

Magnet, 78
bar, 80
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ellipsoid, 92
pole strength, 87
ring, 86
Magnetic density, 40
Magnetic double layer, 118
Magnetic field, energy, 27
ring conductor, 130
solenoid, 25, 131, 327, 335
wire, 24, 125, 327, 334
Magnetic flux, 88 '
Magnetic shell, 116
Magnetic susceptibility, 89
Magnetic waves, 187
Magnetite, 78
Magnetization, 79
Magnetomotive force, 12, 88
Magnetostatics, 38, 40
Mass, gravitational and inertial, 313
Mathieu function, 197
Maxwell equations, differential form, 18
for vacuum, 146, 218
integral form, 13
invariance, 214
ponderable bodies, 200
Maxwell-Minkowski equations, moving
bodies, 286
Maxwell streases, 255, 250
Mechanics, relativistic, 262
Mercury, precession of perihelion, 315,
319 '
Meson, 322
Mesons, life, 220
Minkowski equations, moving media, 280
Minkowski force, 263
Minkowski theory, moving media, 280,
363
Momentum, electromagnetic field, 260
Momentum four-vector, 262
Moving media, field transformations, 281
Mutual induction, coefficient of, 105, 106
Mutual induction, parallel wires, 107

Neumann'’s potential, 108

Neutron, 47

Newton, 7

Newton’s laws, relativistic form, 263

0

Ohm's law, 20
Ohm’s law, alternating currents, 138
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Ohm’s law, moving conductors, 282 R
Oscillator, spherical, 154 Radiation, accelerated charge, 255, 208
p dipole, 151
reaction force, 203, 208, 300, 358
Packing fraction, 285 Ray vector, 30
Pair production, 305 Rayleigh’s law, 153 ',
Parallel excitation, 199, 209 Rayleigh resistance formula, 166
Paramagnetism, 21, 90 Reactance, 138
Perihelion of Mercury, precession, 315, Reaction force, radiation, 293, 208, 300,
319 358 :
Permanent magnet, 80 Reciprocal radii, 57, 201
Permeability, 21 Rectangular cavity, 330, 340
Permeability, vaouum, 43, 106 Rectangular wave guide, 197
Photon, 261 Red shift, 320
Physical constants, 326 Refraction, lines of force, 63, 71
Piesoelectric crystal, 78 lines of magnetic excitation, 89
Plane wave, 34, 145 Refractive index, 34
Planetary orbit, 316 Relativity theory, 212
Plate condenser, 65 Relativity, general theory, 307
edge correction, 328, 338 Relaxation time, 23
Poisson’s equation, 38, 110, 333 Remanent magnetization, 98
Polar molecules, 73 Resistance, specific, 20
Polarization, 74 ‘Retarded potential, 147, 248
permanent, 77 Riemannian surface, 116
Pole btrength, 10, 87 - Right screw rule, 13, 104
Positron, 305 Ring magnet, 85
Potential, advaneed, 148 Rochelle salts, 22
electrokinetic, 269 Roentgen current, 284
kinetic, 266 Rotation, in space-time, 225 -
logarithmie, 110 Rowland effect, 283
retarded, 147
scalar, 115, 146 s
vector, 101, 146 Scaler, 213
Potential coefficients, 71 Scattering, light by light, 305
Potential field, 30 x-rays, 156
Potential theory, four-dimensional, 245 Schwarzschild invariant, 260
Poynting theorem, 26, 250 Secondary waves, 186
Poynting vector, 26 Seignette salts, 22
Propagation, damped, 144 Selfinductanece, coil, 132
Propagation constant, 156 energetic definition, 120
for ground return, 346 external, 122
"Lecher system, 207, 345 measurement, 140
Push-pull excitation, 199, 209 two-wire line, 112, 121
Pyrrhotin, 78 wire, 111
Selfinduction, coefficient of, 105, 108
Q Signal velocity, 231
, Six-vector, 214
Quantity, entity of, 11 dual, 217
Quartz, 78 invariants, 219

Quasistationary field, 38, 133 representation, 218
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Skin effect, 162
Bky, color, 153
Solenoid, magnetic field, 25, 131, 327, 335
Solenoidal field, 80
Sphere, conducting, in uniform field, 58,
62, 328, 337
dielectrie, in uniform field, 60, 328, 337
electrical image, 57
superconducting, in magnetic field, 62
Bpherical cavity, 330, 342
Bpherical oscillator, 154
Spherical wave, 153
Stationary fields, 38, 100
Stress-energy tensor, 256, 201
Surface charge, 17
Burface curl, 19
Burface divergence, 19
Burge impedance, 145
Susceptibility, electric, 76
initial, 99
magnetic, 80
molar, 89
eversible, 99
‘Symbols, 323

T

Telegraph equation, 143
Tensor, transformation, 244
Thermionic diode, 332, 364
Three-vectors, invariant, 220
Time; intrinsic, 232

relative nature of, 225
Tourmalin, 77

Transversality, light, 34
x-rays, 166
Trochoid, 354
True charge, 40
U

Unipolar induction, 287, 288, 333, 350
Units, conventional, 42

conversion, 126

electrostatic ¢.g.s., 40, 124

five (MKSQP), 47

Gaussian, 50

Kalantaroff (M8QO), 45

MKSQ;6, 45

magnetic ¢.g.8., 42, 124
rational, 43
Uranium, bomb, 265

v

Vector diagram, 138
Vector potential, 101

371

Velocities, addition, 229, 233, 331, 348

Velocity, four-vector, 232
light, 32
signal, 231
upper limit, 230
Velocity of light, constanecy, 234
Vibrations, forced, 137
free, 136
Virginal eurve, 98

w

Wave equation, 136

Wave guide, cylindrieal, 193
elliptical, 197
rectangular, 197
transversal fields, 196

Wave resistance, 144
vacuum, 36, 44, 145

Waves, asymmetrie, 188
magnetic, 187
on nonconductor, 190
secondary, electric, 186
wire, 177

Weiss domains, 97

Wheatstone bridge, 140

Wire, capacity, 68
alternating current field, 168, 178
electric field, 125
energy transfer, 130
magnetic field, 24, 125, 327, 334

Wire waves, 177
dielectric, 190

Wollaston wire, 184

World funetion, 301

World line, 232

X

X-rays, continuous spectrum, 155
scattering, 156
X-unit, 350



