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Theory as such i~ of no use except in so far as
it makes us believe in the coherence of phenomena.
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PREFACE TO THE DOVER EDITION

Although a decade has passed since 1'ransmission-line TheonJ was
first published, the material it contains is still modern and complete.
This characterization is likely to a.pply for many years to come. Indeed,
as technology continues to require ever greater precision, the scienti­
fically accurate treatment provided in Tranamission-line TheON) may
find increasing appreciation and uae by engineers.

In this second editioll a numbor of misprints and minor errors have
been corrected. In addition, an index of symbols has been provided.

l{ONOLD W. P. KUIG

Gordon A[oKay Laboratory of Applied Science
Harvard University
Cambridge, Mass., August, 1964



PREFi\CE

As a consequence of the ever-increasing preoccupation of physicists
with problems in nuclear and solid·state physics, the scientific and tech­
nical advance of electrical science is rapidly becoming the concern and
responsibility of the engineer. As the research scientist knows only too
well, an understanding of reecnt progress in applied electricity, especially
in the gltneratioll, transmission, and radiation of electromagnetic energy
at ever higher frequencies, rcq\lircs a deeper appreciation of physical and
mathematical fundamentals than can be provided by even a most thor­
ough knowledge of electric-nctWOI'k t.hcory as applied to lumped elcmcnt8.
This deeper and more fundamcntltl approach involves a knowledge of
general electromagnctic theory.

Perhaps the most interesting bridge between the specialized point of
view of lumped-eonst.ant electric circuits and the general and fundamental
approach of electromagnetic theory is the conventional transmission line.
Since its transverse dimensions Sfttisfy the conditions of lumpcd-eonstant
circuits, whcreas its Icngth is unrestricted, the electromagnetic aspect
involving the concept of propagation is olle-dimensional. Moreo\'er, by
demanding that equal and opposite currcnts and charges be sufficicntly
close together, the smooth line may be approximatcd by a recurrent
network of lumped elements for most pur·poses. This is found to be a
consequence of the application of general electromagnetic theory and its
specialization, subject to appropriate restrictions, to the boundaries of
conventional transmission lines. Significantly it is possible to introduce
some of the most fundamental concepts of electromagnetic theory with·
out becoming involved in aU the complications of vector field theory.

[n Chap. I thc well-known transmission-line equations for an infinite
line are dcduecd in the conventional manner an.d from electromagnetic
fundamentals for various important cross sections. In Chap. II the
derivation of the C<luations is sl>ccializcd to lines of finite length, and the
basic method of treating terminated lines is formulated. Chapter III
is concerned with the impcdanec of sections of transmission line And their
lise U8 shunt and series clements in insulators, tmllsformers, matching
lIetworks, unbalanced loads, baluns, shielded loops, and hybrid jUlIctions.
An important feature of the trel~tmCl1tof terminal impedance and input
impedancc is the use of complex terminal functions. These arc very
closely related to experimentally measured quantities, and they are
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more convenient in analyzing mllllY types of problem;; than arc the
reflection coefficients. Chapter IV i.ll devoted to the study of distribu­
t-ions of current and voltage, the t.ransfer of power, and an analysis of
distribution and resonance curves and their application in transmisaion­
line measurements. Chapter V involves the analysis of discontinuities
and nonunllormities along smooth lines. Included are discussions of the
Weissfloch tangent relation and Deschamps's method for determining the
properties of junctions. Also treated are dielectric slabs as discon­
tinuities, the measurement of dielectric constants and permeabilities,
changes in cross scction, terminations, bends, T junctions, and end cor­
rections, including thrnIC for transmission lines used to drive antennas.
Chapter VI is eoncemed with transmission-line oscillators, coupled­
circuit phenomena on lincs, and radiation.

Most of this book has developed from lecture notes for a onc-scmester
graduate course on transmission-linc theory which hM been givcn at
Harvard Uniycrsity for the last 10 yeaTS. It is concerned primarily
with the high-frequency aspects of transmission lines and with their
steady-state operation. It is designcd to serve as a necessary and fun­
damental introduction preccding serious work in wave guides and cavities
as well as antennas. Although the treatment is predominantly analyt­
ical, littlc more than a sound knowledge of differential aud integral
calculus and elementary differential equations is presupposed, together
with a thorough background in alternating currents. Although the
foundation of transmission-line theory on electromagnetic principles is
a special fcature of this book, it is possible to pursue a more conventional
course simply by omitting Chap. I, Sees. 3 to 12, and Chap. II, Sees. I
to 4. It is to be expected that Chaps. V and VI would not be covered in
such a plan.

The author is indebted to several of his students for contributions and
assistance. These include, in particular, J. Eisenstein, D. D. King,
J. Porter, L. S. Sheingold, J. E. Storer, C. T. Tai, and K. Tomiyasu.
D. B. Brick and J. E. Storer assisted with the proofs. The entire manu­
script was typed by Phyllis Kennedy. The figures were prepared by
E. Rising and his assistants.

RONOI.D W. P. KINO
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CHAPTER I

THE INFINITELY LONG LINE

1. Methods of Analyzing the Transmission Line. The distributions
of current and potential difference and the transfer of power along open
and shielded transmission lines may be determined by several methods.
The choice of method may appear to be of no practical concern, since it
is assumed, quite naturally, that all methods must give the same correct
answer. Actually the mathematical analysis of many physical phenom­
ena. is not easily reduced to right and wrong. A so-called solution is in
almost every instance an approximation or idealization, and in conse­
quence its correctness is a matter of degree. This is true, in a peculiar
way, of the current in a transmission line. But this fact does not in
itself dictate a choice between the several different approaches to a prob­
lem if they lead to the same final result. Obviously, in this event, all
methods are correct to the same degree, and it would seem that one must
be as good as another. Insofar as the ultimate formula is concerned, this
is true. On the other hand, it is never sufficient to be provided merely
with a formula that is to be used to compute actual results in an engi­
neering problem without a complete statement of the circumstances to
which it applies and of the conditions under which it will yield accurate
results. Such a statement is an essential part of every mathematical for­
mula, notwithstanding the fact that it is often not provided and that
correct answers are often obtained without it. It is the function of a
mathematical derivation of a formula from fundamental principles to
supply information regarding all restrictions, approximations, and limi­
tations that are imposed, as well as to produce the formula itself. But
even this is not enough. It is necessary also to examine the generality
and the applicability of the fundamental principles that are accepted at
the outset.

The methods that may be pursued in analyzing the transmission line
fall into two groups, those which are based on electric-circuit theory and
those which proceed from electromagnetic theory. In the first group are
two well-known methods. The one divides the transmission line into
small elements each of which is represented by an "equivalent" circuit
of suitably arranged elements of inductance, resistance,' and capacitance
to which Kirchhoff's laws may be applied. By allowing the length of
the element to vanish, the difference equations so obtained become the

1



2 TRANSMISSION-LINE THEORY [Chap. I

familiar first-order differential equations of the transmission line. The
second method in the first group is related closely to the one described.
It treats the transmission line as a limiting form of an artificial line con­
structed of recurrent sections of unrestricted impedances and analyzed
in general terms by network theory.

In the second group, which depends on electromagnetic theory, the
attempt may be made to analyze the transmission line as a boundary­
value problem, or it may be merely a question of deriving the transmis­
sion-line equations. In either case it is possible to proceed from the
Maxwell equations defining the electromagnetic field or from the defin­
ing relations for the scalar and vector potentials.

A detailed, critical evaluation of these several methods cannot be made
at this point. The following comments, however, are offered as an
introduction to further work. Throughout the first group it is assumed
without proof that the methods of electric-circuit theory, in particular,
the application of Kirchhoff's laws and the description of circuits entirely
in terms of resistance, inductance, and capacitance, are sufficiently gen­
eral to serve as first principles. Actually this is true for the transmission
line subject to definite conditions, which, moreover, cannot be deter­
mined in any derivation that ignores them in its initial postulates. None
of the methods in this group can provide formulas for the circuit param­
eters, which must therefore always be derived separately. On the other
hand, the entire first group, and particularly the first of the two methods
mentioned, is characterized by the analytical simplicity of network
theory. This is no mean advantage. The second method also brings
into clear perspective the important relationships that exist between
transmission lines and artificial lines.

The methods of the second group have the advantage over all others
that they directly depend upon the first and most fundamental prin­
ciples of macroscopic electrodynamics. They have the almost equally
great disadvantage of sharing in the complexity of electromagnetic the­
ory. This latter is especially true of methods that attempt to analyze
the transmission line as a boundary-value problem, but also, though to
a smaller degree, of methods that specialize the Maxwell equations or
the equations for the potential functions in order to obtain the transmis­
sion-line equations. In carrying out such a specialization all necessary
restrictions and approximations may be made available, and formulas for
all parameters of the line are derived in the process. As a consequence,
it may be shorter as well as more rigorous and complete than the simplest
method based on circuit theory, if the separate determinations of the
several parameters are added to this. Finally the more general analysis
using electromagnetic principles permits a study of transmission-line end
effects and coupling effects in a region near the junction of the transmis­
sion line with its terminations or with another line of different charac-
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teristics. These play a significant role in determining the apparent
impedance of a termination as an actual load, as distinct from its ideal
or theoretical impedance as an isolated entity independent of the line to
which it is connected. However, to a degree satisfactory for most prac­
tical purposes, such junction effects can be represented by an appropri­
ate circuit of lumped reactances. It follows that, subject to suitable
restrictions that define the limits of conventional transmission-line anal­
ysis, the entire problem can be solved in a form that makes use of the
symbolism of network theory. That is, the variables are currents, volt­
ages, and charges; the parameters are resistances and reactances. Just
as in network theory, the specific values of resistance and reactance
associated with a particular configuration of conductors must either be
determined theoretically from electromagnetic principles or measured.
It may be concluded that electromagnetic investigations are required in
order to (1) specify the nature of the circuit, (2) evaluate the parameters
involved, and (3) provide the restrictions on the generality of the circuit
and the formulas for the parameters. However, electromagnetic theory
is not needed to determine the properties of a given network of resist­
ances and reactances.

In order to simplify the analysis of a problem that in its fundamental
sense is highly complicated, it seems desirable to begin with a study of
the transmission line as a limiting case of a recurrent network of lumped
resistances, inductances, and capacitances. The soundness of this

.method is then verified by reanalyzing tbe infinite line using the scalar
and vector potential functions of general electromagnetic theory. In
this way the formulas for the line constants are obtained with the dif­
ferential equations. At a later point this same method is appropriately
generalized to the finite line so that account may be taken of junction
and end effects.

2. The Conventional Derivation of the Differential Equations of the
Transmission Line. Short sections of two- and four-wire lines and of
coaxial and shielded-pair lines are shown schematically in Fig. 2.1. For
the open-wire lines the conductors are identical. Each is circular in cross
section; its radius is a, and the separation between centers is b. In the
case of the coaxial line the smaller conductor has an outer radius aI, and
the larger conductor has an inner radius a2 and an outer radius aa. In
carrying out the analysis it is assumed that each section of length L\z may
be treated as if equivalent to the circuit shown in Fig. 2.2, with fixed
values of r, l, c, and g in the limit as Llz is made to approach zero. For
the open-wire lines rl and II are assumed to be equal, respectively, to r2
and l2, ra and la, r4 and l4. In the case of the coaxial line rl and II are
not equal to r2 and l2. Clearly, to replace each length L\z of a transmis­
sion line by the circuit of Fig. 2.2 implies that all such lengths are exactly
alike, a condition true only for a line that is infinitely long. Inductance
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and capacitance and, to a smaller degree, resistance and leakage con­
ductance per unit length differ near the ends of a line of finite length,
however terminated, from their values far from the ends. Moreover the
load may be coupled to the conductors of the line in a short region near
their common junctions. If the assumption is made, nevertheless, that
inductance and capacitance as well as resistance and leakage conductance
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FIG. 2.1. Sections of infinite transmission lines.
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per unit length are constants independent of the location of the element Az
along the line, and coupling between line and load is ignored, the over-all
error so introduced can be made negligible only by making the separa­
tion of the conductors of the line sufficiently small compared with both
the length of the line and the wavelength. In practice, the error involved
in this assumption either is disregarded and consequently included with
the terminal impedance or is designated as an end effect. Note that the
assumed equivalence between the circuits in Figs. 2.1 and 2.2 is in no
way qualified by restrictions limiting its generality, thussuggesting that
there are no restrictions. This is a consequence of the fact that the
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(2)

(1)

restrictions that actually obtain are limitations on network theory as a
whole and not on this particular application alone. Nor is the argument
that the calculated results are verified experimentally entirely satisfac­
tory except in a limited way, since for any given line the agreement
ceases to be a good one when the frequency is raised to a sufficiently high
value. It is shown at a later point that network theory is a good approxi­
mation in transmission lines only if the conditions

b« X

are satisfied, where b is the spaeing of a two-wire line and a2 is the inner
radius of the outer conductor of a coaxial line.

The circuit of Fig. 2.2 may be analyzed as follows: First, since L1z is
small, the currents and the potential difference at the point z + L1z may be

+--------------IJ.% ---------

expressed in terms of the currents and the potential difference at the point
z by means of Maclaurin's expansion:

lz+~z = l z + (~~} L1z + (~:~)z (L1;)2 + .

Vz+~z = Vz + (~~)z L1z + (~:~)z (L1;)2 + .

Next, upon applying Kirchhoff's emf law around the rectangle formed
by the input and output terminals of the section, the following result is
obtained:

j(llz + 11z+~z) (r1 + jwl1) L1z + Vz+~z

- j(12z + 12z+Az)(r2 + jWl2) L1z - Vz = 0 (3)

With (1) and (2) this gives

i [211z + (~1)z L1z + ... ] (r1 + jWl1) L1z

- i [212z + (~2)z L1z + .. ·1 (r2 + jwl2) L1z + (~~)z L1z + = 0

(4a)
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Collecting terms, dividing by ~z, and then allowing ~z to approach zero
give

(4b)

The current in an open-wire line can be resolved into two components,
to be distinguished in the following by subscripts C (for codirectional)
and 0 (for opposite). These components are defined to satisfy the fol­
lowing relations:

lIz = IClz + IOlz

I c2z = I ciz

12z = IC2z + I02z

I02z = -lolz

(5a)
(5b)

It is possible and, for purposes of transmission, desirable to drive and
arrange open-wire lines symmetrically in such a manner that

Icz = 0 I02z = -lolz = -lz (6)

Open-wire lines that satisfy (6) are balanced; if (6) is not true, the line is
unbalanced.

The components of current lcz, if they exist on an open-wire line, are
codirectional antenna currents that do not depend upon the constants
r, l, C, and g; hence they cannot be determined by transmission-line the­
ory or ordinary electric-circuit theory. Whether codirectional currents
exist or not, transmission-line theory is meaningful only for the compo­
nent loz. If lcz is not zero, the total current is given by (5a), with lcz

obtained from antenna theory and loz from line theory. In the follow­
ing only loz is determined, and for simplicity it is assumed that (6) is
satisfied, so that the subscript 0 may be omitted.

For practical purposes (6) is always satisfied for the currents on the
inner conductor and on the inner surface of the outer conductor of a
coaxial line. Antenna currents, if they exist on a coaxial line, as they
often do, are on the outer surface of the outer conductor. In a shielded­
pair line unbalanced currents treat the line like a coaxial line, with the
two inner conductors in parallel as one line and the inner surface of the
sheath as the other. Antenna currents on the outside of the shield are
also possible.

Let the following shorthand be introduced and applied to a balanced
open-wire line or a coaxial line:

z == r + jwl (7)

The quantities r, l, and z are the total resistance, inductance, and im­
pedance per loop unit length. In two- and four-wire lines and shielded­
pair lines with identical conductors,
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Assuming (6) to be true and using (7), (4b) becomeH

zlz = _ (dV)
dz z

(8)

Before Kirchhoff's current law is applied at the point P, it is to be
noted that the voltage across PP' is i(Vz + VZ+4Z)' Then

lIz = IIz+4z + i(Vz + VZ+ 4Z )(g + jwc) AZ (9)

If use is made of (1) and (2) and the expression so obtained is divided by
AZ before allowing this to approach zero, the following equation is the
result:

yVz = - (dl) (10)
dz Z

In (10) the symbol y stands for the total shunt admittance per loop unit
length:

y == g + jwc (11)

The first-order differential equations (8) and (10) are the well-known
transmission-line, or long-line, equations. The variables are readily sep­
arated, and the equations replaced by two of the second order, as follows:

_ z (dl) = (d2~) = yzVz (12)
dz z dz z

_y(dV) = (d2~) = yzlz (13)
dz z dz z

It is convenient to define a quantity "(., known as the complex propagation
constant, as follows:

"(2 == yz = (g + jwc) (r + jwl) (14)

The real and imaginary parts of "( are a and {3. Thus "( = a + j{3. The
law of conservation of electric charge is expressed by the equation of con­
tinuity. In complex form it is

(15)

where qz is the charge per unit length on one conductor. With (10),
qz = -(jyjw)Vz.

J. Potential Functions and Electromagnetic Preliminaries. From the
point of view of general electromagnetism the determination of distribu­
tions of current and charge in a configuration of metallic conductors (such
as a transmission line) embedded in a poorly conducting or nonconduct­
ing dielectric medium is a boundary-value problem involving the field
equations of Maxwellt subject to appropriate boundary conditions.

t Maxwell's equations are formulated in standard books on electromagnetic theory.
See, for example, Refs. 9, 21. 27, 28.
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Maxwell's equations may be regarded essentially as definitions of the
fundamental electromagnetic-field vectors E and B in terms of current
and charge. For many purposes it is convenient to introduce the scalar
potential cf> and the vector potential A in terms of E and B. In a homo­
geneous isotropic medium characterized by the permittivity (dielectric
constant) E, the permeability p., and the conductivity 0", these are defined
as follows:

aA
- grad cf> = E + at

curl A = B
acf>div A = -0"f.Lcf> - Ef.L­at

(1)

(2a)

(2b)

The three vector operators in (1) to (2b) have the following forms in
cartesian coordinates (unit vectors in the directions of the coordinate
axes are x, y, 2):

grad cf> = xacf> + y acf> + t acf>
ax ay az

div A = aAx + aAy + aA z

ax ay az
x y 2

curl A = a a a
ax ay az
Ax A y A z

With a periodic time dependence

(3)

(4)

(5)

e!>inst = epeiwt Ainst = Aeiwt (6)

the formulas (1) and (2a,b) become complex and independent of the time.
They are

- grade!> = E +jwA
curl A = B

div A = - jWf.L~e!> = -j ~ e!>
w

where the complex dielectric factor ~ is defined by

and the loss tangent is

h =~..tII -
WE

(7)
(8a)

(8b)

(9a)

(9b)

t If the dielectric constant and the conductivity are functions of the time in the
sense that time lags occur and ~ and q become complex in the form e = e' - je" and
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(10)

The relative dielectric constant or permittivity Er and permeability Vr
satisfy the relations

Vr = .!. (lIa)
P.O

where EO = 8.85 X 10-12 farad/m P.o = 411" X 10-7 henry/m (lIb)

In order to emphasize symmetry between analogous electric and mag­
netic quantities, the reluctivity v (or reciprocal permeability) is useful:

1
v = -

y
I

Vr = ­
yr

I
Po = - = 7.95 X 106 m/henry

P.O
(lIe)

In most applications the relative permeability is real. However, when
time lags in magnetization are involved, it is complex. Thus

~ == y == p.' - jp." = p.' (I - jhm) == p.(1 - jhm) (12a)
v

where p. = p.' VI + h;' == p.' (U~b)

The last step in (12a) and (12b) assumes

ht« I
Subject to (12c) and

the following approximate expressions are useful:

(12e)

(13a)

where

y~ == p.E[l - j(he + hm)] = p.E(l - jhv)

~ == ~ [I + j(he - hm)] = ~ (I + jhr)
~ E E

~ == ~ [I - j(he - hm)] = ~ (I - jhr)y p. p.
hv = he + hm hr = he - hm

(13b)

(13c)

(13d)

(13e)

Note that, when hm = 0, hv = hr = he. Convenient combinations of these

v = V' - jv", the real effective quantities

V"

w
V. = v' +wl' (9c)

must be introduced and substituted for f and V in (9a) and (9b). In order to avoid
the distinguishing subscripts, f and V are retained with the understanding that where
required they must be replaced by f. and v. as defined in (9c).
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•

factors include the characteristic velocities:

1
vo == _/- == 3 X 108 m/sec

v J.l.oEo
1 vo

v==--=--
~ VJ.l.rEr

V = _1_ == v
- Vy~ VI - jh"

the phase constants:

fJo ==!!!. = w~~vo

w _/- _/-
(J == - = w V y~ == fJ V 1 - jh"v

and the characteristic impedances:

ro == I~ == 376.7 ohms
" EO

r == I~ = ro I;'
"E "Er

r _ Iy. r
":. = ,,~ = vI - jhr

(14a)

(14b)

(14e)

(15a)

(15b)

(15e)

(16a)

(16b)

(16e)

The elimination of the electric and magnetic vectors from (1) and
(2a,b) using the field equations leads to the equations

V2«1» + (J2«1» = 0
V2A + (J2A = 0

(17)
(18)

where the laplacian operator V2 (nabla squared), when applied to a scalar,
is defined by

v2«1» == div grad «I»

When applied to a vector it is

V2A == grad div A - curl curl A

In cartesian coordinates

(19)

(20)

V2A =i V2Az + yV2AII + .2V2A.. (21)

and V~ = (a~2 + :;2 + ::2) '" (22)

where'" stands for any scalar such as «1», Az , All, and All'
Solutions of (17). and (18) which give the scalar and vector potentials

at all points in a homogeneous isotropic medium due to distributions of
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current and charge in arbitrary configurations of conductors are

c> = _1_ (( n' e-i~R dS' (23)
47r~ JJ R

A = _1_ [[[ i' e-i~R dV' (24)
47r" JJJ R

where n' is the charge density on the surface element dS' of the conduc­
tor at a point Q'(x',y',z') and i' is the volume density of current in the
interior element dV' at Q'(x',y',z'). The potentials are calculated at a
point Q(x,y,z) outside the conductors in the medium in which they are
embedded. The distance between the point Q' (x' ,y',z') locating the ele­
ment of charge or current on or in the conductor and the point Q(x,y,z)
where the potential is calculated is

R = Vex - X')2 + (y - y')2 + (z - Z')2 (25)

The integration in (23) is over all charged surfaces; that in (24) is over
the interior of all current-carrying conductors. Note that the solutions
(23) and (24) take account of the boundary conditions automatically. If
the current density is expressed in cartesian coordinates,

i = ii:z; + jill + ziz (26)

the three cartesian components of (24) are

A = iA:z; + jAlI + zAz (27)

A:z; = 4;" JJJ i~ e-;R dV' (28a)

A" = 4;" JJJ i~ e-;R dV' (28b)

Az = 4~" JJJ i~ e~~R dV' (28c)

If all conductors are of sufficiently small cross section, for example, a
circle of radius a which satisfies the condition

1~la« 1 (29)

(30a)
(21r

q' = Jo n'a dO'

it is proper to define the total axial current and the total charge per unit
length in each conductor. Specifically the potentials calculated from cur­
rents and charges in a cylindrical conductor of small cross section along a
direction zare given byt

1 f e-
ifJR

c> = - q'--dz'
47r~ z R

Az = ~ I. I~ e-i~R dz' I~ = [a [21r i~r' dr' dO' (30b)
47r" z R Jo Jo

t These formulas are good approximations if the axial integration extends over
distances at least as great as 5a (Refs. 9, 10, 61). Near the ends of a cylindrical
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Since no currents are excited around the axis of the conductor, ie = 0,
and therefore Ae = O. As a consequence of the fact that the radial cur­
rent density ir must be small compared with iz if (29) is satisfied, and
that the contributions of oppositp.ly directed elements in i~ cos 8' virtu­
ally cancel in computing

(30c)

it follows that Ar is so small compared with Az that it may be neglected.
That is, At' == O.

Note that (30a) and (30b) must satisfy (8b), which, with A = tAz ,

reduces to

dAz + j ~ c> = 0
dz w

(31)

(32)

(33b)

(33a)

If the configuration of conductors consists of several conductors in dif­
ferent directions, contributions to the vector potential by currents in
each are like (30b) , with 2 replaced by a unit vector in the appropriate
direction. The resultant vector potential is the vector sum of all these
contributions. The resultant scalar potential may be obtained by inte­
grating (30a) over all surfaces. Alternatively, as a consequence of (31)
and the equation of continuity:

dlz + . 0- Jwq =dz

in terms of the total current l z and charge per unit length q, it is possible
to associate specific parts of c? and A with one another and with specific
parts of the distributions of charge and current. For example, if a trans­
mission line with its terminations includes conductors lying parallel to
the x axis, others parallel to the y axis, and yet others parallel to the z
axis, the vector potential is given by (27) with

1 f e- ifJR

A:c = 4rv 1~ R dx'

1 f e-ifJR

A y = 4rv 1~ R dy'

1 f e-ifJR

Az = 4rv 1~ R dz' (33c)

where A:c is determined entirely by currents in the conductors parallel to
the x axis, Ay by the currents in the conductors parallel to the y axis,

conductor or at bends, small errors corresponding to a change in the length of the
z integration by at most ±a are involved. Note that the formulas are, in effect,
the accurate potentials for a charge q or a current I concentrated along the axis of the
conductor.
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etc. The associated parts of the scalar potential are

(34a)

(34b)

(34c)

The following continuity relations must be satisfied:

(35a)

(35b)

(35c)

Note that q(x) is the charge associated with the current Ix and that C>(x),

which is derived from q(:t:), is the scalar potential associated with the vec­
tor potential Ax, which in turn is derived from the current Ix.

4. Electromagnetic Derivation of the Equations and Parameters for
Balanced Infinitely Long Two-wire Lines.9,lo,47-49t Since the trans­
mission-line equations derived by network theory apply strictly only to
an unending line in which every section is like every other, it is appro­
priate as a first application of electromagnetic methods to rederive these

r- Load
: plane

I }~Q{ 1 I ~

R
b

b : ---..Infinite line
/ : : to load

Z -Q;!
Q2 Ic------w'---.~
14----------- w ---------------1

w=o
FIG. 4.1. Section of infinite two-wire line.

Infinite line~
to generator

equations for the infinitely long line. The equations so obtained apply
approximately to all parts of a uniform line of finite length except near
terminations or other discontinuities. The specific conditions are derived
in Chap. II.

Consider a uniform two-wire line (Fig. 4.1) extending along the z axis
of a rectangular system of coordinates. The two wires lie in the yz plane
with the center of wire lat y = bj2 and the center of wire 2 at y = -bj2.

t Superior numbers refer to the Bibliography at the end of this book.
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The radius of each wire is a. It satisfies the inequality

1~la« 1

Let it be assumed for the present that the inequality

b2 » a2

(1)

(2)

is satisfied, so that distributions of current and charge in each conductor
may be assumed rotationally symmetrical. Let the section of line to
the right of a plane z = 8 or w = 8 - Z = 0 be designated the load.
The distance along the axis of each conductor to the left of this plane to
axial elements dw' at points Q~ and Q; is w'. The total axial current at
the point Q~ in conductor 1 is Ih(w'); the charge per unit length near this
point is ql(W'). The current at point Q~ in conductor 2 is 12z (w'); the
charge per unit length near point Q; is q2(W'). The conditions for a
balanced lim' are assumed to be satisfied. They are

12z (w) = -Ih(w) = -Iz(w)
A2z(w) = -A1z(w)

q2(W) = -ql(W) = -q(w)
cl>2(W) = -cl>l(W)

(3)
(4)

The vector and scalar potentials in (4) are defined at the equipotential sur­
face of the cross section at w of the conductor indicated by the subscript.

The current and charge per unit length satisfy the one-dimensional
equation of continuity:

dlz(w) . () 0
~ -Jwqw = (5a)

The corresponding relation for the potentials that are defined in terms of
Iz(w) and q(w) is Sec. 3, Eq. (31), with a/aw = -ajaz, namely,

aAz(w) _ j ~ cl>(w) = 0
aw w

Note that, with the z component of Sec. 3, Eq. (7), viz.,

(5b)

(6a)

and (5b), the following equations are obtained by differentiation and
substitution:

(6b)

(6c)

so that for points on the surface of a perfect conductor, where Ez = 0,
cl> and Az satisfy the equations

~:~ + ~2cl> = 0 ~~; + ~2Az = 0 (6d)
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The potential differences between equipotential rings around the sur­
faces of conductors 1 and 2 at opposite points Ql and Q2 at equal dis­
tances w from the plane of the load at w = 0 are defined as follows:

Yew) == cl»l(W) - cl»2(W) = 2c1»l(W)
Wz(w) == Alz(w) - A2z(w) = 2Az(w)

(1)
(8)

(9b)

(9a)

The last step in each equation follows from (4). The differential equa­
tions satisfied by Yew) and Wz(w) are obtained readily by combining
(6b,c) with (7) and (8). The results are

o2y(W) 2 _ 0
~ + ~ Yew) - OW (E lz - E 2z)

o2Wlw) + ~2W ( ) = . ~2 (E _ E )
ow2 tf z w J w lz 2z

where E lz and E 2z are defined on the surfaces of the conductors.
The evaluation of the potential differences in terms of the current is

accomplished as follows: Using Sec. 3, Eqs. (30a,b), the general definitions
are

where

and

(lOa)

(lOb)

(11)

(12)

In order to evaluate (9) and (10) the charge per unit length and the
current at the point Q' may be expanded in Taylor series in terms of the
charge per unit length and the current at the point Q. Thus the leading
and first correction terms are

q(w' ) = q(w) + (w' - w) oq(w) + ...
ow

liw') = I;(w) + (w' - w) olae;) + .

Using (5a), Eqs. (13a,b) may be expressed as follows:

( '). () + 1 (J21z ( w) (' )qw =qw -;--- w -w
JW ow2

lz(w' ) == lz(w) + jwq(w) (w' - w)

(13a)

(13b)

(14a)

(14b)

Finally the substitution of (14a) and (14b) in (lOa) and (lOb) gives the
following general expressions for the potential differences along an infinite
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uniform line:

where

Yew) = 2~~ [ q(w)ko(w) + j~ a2:~~) kl~W)] (15a)

Wz(w) = 2~v [Iz(W)ko(w) + jwq(w) kl~W)] (15b)

ko(w) == f-"'", PL(w,w') dw' = f-"'", (~a - ~b) dw'

+ f-"'", [F(a} - F(b)] dw' (16)

k 1(w) f'" (' )P ( ') d' f'" (' )( 1 1 ) d '-- = w - W L W,W W = W - W - - - w
(J - '" - '" Ra Rb

+ f-"'<S) (w' - w)[F(a) - F(b)] dw' (17)

e-i'JRG - 1 e-i'JRb - 1
and where F(a) == R

a
F(b) == R

b
(18)

The first integrals, in the expanded forms (16) and (17), may be evaluated
directly. They yield

f '" (1 1) b- - - dw' = 2ln - (19)
- '" Ra R b a

and f'" (w - w') (l- - ~) dw' = 0 (20)
- '" Ra Rb

It will now be shown that, subject to the condition

l~bl2 « 1 (21)

the second integrals in (16) and (17) may be neglected. Evidently, over
that part of the integration for which (w' - W)2 is large compared with
b2 and a2

, Ra and Rb differ negligibly from Iw' - wi and from each other.
It follows that F(a) == F(b), so that there are no contributions to the
integrals. The principal contributions to the integrals occur when
Iw' - wi is small, so that Ra and Rb are of order of magnitude b. But
when this is true, it follows with (21) that

I~2R2
1 « 1 e-i'JR == 1 - j~R - ~2R2 + j~3R3 (22)

where R stands for Ra or Rb• Hence the integrand of the second integral
on the right in (16) is of the order of magnitude

IF(a) - F(b)\ = 1~2(Rb - Ra) - j~3(Rl - R~)I (23)

whereas the integrand of the first integral is

1 1 Rb - Ra (24)
Ra - Rb = RbRa

The ratio of the integrand in the first to that in the second integral in
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(33a)
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both (16) and (17) is

1:11PRaRb - j~3RaRb(Rb + Ra)1 (25)

over a range where (22) is valid, so that with (22) the second integral is
negligible. It follows that, for the infinitely long line subject to (21),

ko(w) ~ ko = 2 In ~ (26)
a

k1(w) ~ 0 (27)

It is interesting to note that the imaginary part of (25) determines the radi­
ation, which (21) makes negligible.

With (26) and (27) the potential differences at a point Q along the line
are

Yew) ~ q(w)~ = dlz(w) ! (28)
Y dw y

Wz(w) = Iz(w)le (29)

The following symbolism is introduced in (28) and (29)':

+ . . 21l"~ jW1l"~ (30 )
y == g JWC == JW k; = In (b / a) a

g == In '(:/a) C == In ~E/a) le = ~ In ~ (30b)

These are the leakage conductance, the capacitance, and the external
inductance per unit length of the infinite two-wire line. If t' is complex,
le also is complex6 In the last step in (28) use is made of (5a). Note that

~2 = W2t'~ = - zey (31)

where ze = jwle is the external impedance per unit length of the parallel
line.

It is noteworthy that the correction terms in (13a,b) and (14a,b) make
no significant contribution to the potential differences when the line is
infinitely long and (21) is satisfied. The assumption of uniform current
and charge per unit length is adequate in evaluating the potential differences
and the constants for an infinite line.

One of the differential equations for the two-wire line is contained in
(28). The other is obtained from (6a) using (7) and (8). Thus

dV(w) .
(];U) - JW WzCw) = E 1z(w) - E 2z (w) (32)

where E1z(w) and E2z(w) are the axial tangential components of the elec­
tric field at the surfaces of the two conductors. This electric field is
proportional to the total current, so that

E () 1 ( )
. Iz (w) Zi

lzW = lzwzi =-2-

Iz(W)Zi
E 2z (w) = 12z(W)Z~ = - -2-
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Note that 12z (w) = -11z (w) for a balanced line and z~ = zi for identical
conductors. Hence

(33c)

(34)a viWJ.Le(Fe ~ 10

The complex quantity Zi = ri + jxi is the internal impedance per unit
length of the two-wire line. Its real part ri is the internal or ohmic resist­
ance of a unit length of the two conductors. The evaluation of Zi from
the ratio Ez(w)jlz (w) along a cylindrical conductor is in the literature
(Ref. 9, Chap. V). The formula for high frequencies subject to (2) is

~ = ri + 'xi = 1 + j ~
1 1 J 1 21l"a \j 2;:;

whereJ.Le and (Fe apply to the conductor. Note that Zi = 2zi for a two­
wire line. Using (33) and (29), (32) becomes

aV(w) = (Zi + Jwle)l(w) (35a)
aw

With (30a) in (28), this becomes

a~~) = (g + jwc) Yew) (35b)

These are the familiar one-dimensional transmission-line equations. If
desired, -ajaz may be substituted for ajaw, so that, with

z = Zi + jwle = ri + jw(li + Ie) = r + jwl (36)

the final equations are

_ aV(z) = zl(z) (37a)
az

_ al(z) = yV(z) (37b)
az

These are the equations derived in Sec. 2 by assuming that the line is
equivalent to a recurrent network of resistive and reactive networks.
This assumption has now been justified. Note that the constants of the
line have been derived except for Zi, which presents a special problem.

In the rest of this chapter transmission-line theory is formulated under the
assumption that the permeability of all media is real. If, as outlined in Sec.
3 and implied in (30b), (35a), and (36), \' is complex and given by Sec. 3,
Eq. (12a), i.e.,

\' = J.L' - JJ.L" = J.L(1 - jhm)

the complex external inductance

Ie = le(l - Jhm)

must be used instead of the real value leo Then

ze = jwle = jwle(l - jhm )

(38a)

(38b)

(39a)
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and in (36) it follows that

z = Zi + jwle = ri + wlehm+ jW(li + le) = r + jwl (39b)

Clearly the generalized value of r is

(40)

3
FIG. 5.1. Four-wire line.

where hm is the ratio of the imaginary to the real part of the complex
permeability ta. It follows that, whenever a magnetic medium with a
time lag in magnetization response is involved, r as given in (40) must be
used.

For an infinitely long two-wire line (or approximately for the section
of a long finite line that is sufficiently far from terminations or discon­
tinuities) (37a,b) are the correct equations for current and voltage. The
following conditions have been assumed or imposed:

(1) The two conductors are parallel and identical
(2) I~al« 1
(3) l~bI2« 1 (41)
(4) b2 » a2

(5) The line is infinitely long

It is shown later that, by a modification in the formulas for the line con­
stants, condition (4) can be removed and that, by introducing an appro­
priate lumped-constant network at
each termination or discontinuity,
condition (5) may be eliminated.
Condition (1) is modified to include
conductors of unequal size in Sec. 7.

S. The Balanced Four-wire
Line. 9 The method of analysis
used in Sec. 4 is readily applied to
the balanced four-wire line con­
structed of identical and parallel
conductors (each of radius a) which
are so driven that conductors 1and
3 on one diagonal of a square of side -

4b are in parallel, as are conductors 2
and 4 on the other diagonal. The
two parallel pairs form the transmission line (Fig. 5.1). The following
conditions are assumed:

I~al « 1 b2 » a2 (1)
14(w) = 12(w) = -1l (w) = -13(w) = -j1(w) (2)
q4(W) = Q2(W) = -ql(W) = -q3(W) = -jq(w) (3)
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where lew) is the total current in the line and q(w) is the total charge per
unit length.

(4)
(5)

(6)
(7)

(8)

(9)

(10)

and Ra = v(w' - W)2 + a 2 Rb = vI(w' - W)2 + b2

R c = yew' - W)2 + 2b2

It is readily verified that, subject to the condition

II}bl4 « 1

(11)

(12)
it follows that

(2)

(1)

(3)where

ko(w) = 1_00

00 PL(w,W') dw' == 2ln a~ = 2 (In ~ - 0.3464) (13)

211"0"e 211"Ee J.l b
Hence g = In (b/a 0) C = In (b/a 0) le = 211" In a 0 (14)

Also Zi = z1 + z~ + z~ + z~ = 4z1 (15)
where, subject to

b2 » a2 (16)

z1 is given by Sec. 4, Eq. (34), at high frequencies. The same differen­
tial equations as for the two-wire line apply to the four-wire line, but
with these new values of the parameters.

6. The Coaxial Line. The analysis of the infinite coaxial line (con­
sisting of a conductor 1 of radius al in a conducting sheath 2 of inner
radius a2 and outer radius a3) may be carried out in the manner used for
the two-wire line. If the conditions of balance for current and charge
in Sec. 4, Eq. (3), are postulated, the potentials at an arbitrary point
Q(r,(),z) in the dielectric medium (al ~ r ~ a2) are given by

1 J.2r f 00 d8'
c>(w) = 47r~ 0 _ 00 q(w')Pr (w,w',8') dw' 211"

Az(w) = 4~ (2r f 00 Iz(w')Pt.(wtw',8') dw' d
2
8'

11"11 Jo - 00 11"
, , _ [e-i()Rs1 e-itJR82]

Pr(w,w ,() ) = -R- - -R-
d 82
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and (Fig. 6.1)

R81 = V(w - W')2 + s; sf = r2 + a; - 2alr cos 8' (4)

R82 = V(w - W')2 + s~ s; = r2 + a~ - 2a2r cos 8' (5)

The charge per unit length and the total current in each conductor are
defined as follows in terms of the surface density of charge n and the axial
component of the volume density of
current iz :

(7)

(6)ql(W) = 21ralnl(w)
q2(W) = 21ra2n2(w) = -ql(W)

llz(w) = 21r foal ilz(w,r)r dr

12z(w) = 21r faa i2z(w,r)r drJas
= -llz(w)

In defining 8 in (5) it is assumed
for simplicity that the entire current
12z(w) is concentrated in a thin layer
on the inner surface of the sheath as
for a perfect conductor. For a good
but imperfect conductor, the field in
the sheath is included in the eval-
uation of the internal impedance. FIG. 6.1. Coaxial line.

Note that only R. in Pr(w,w',8') involves 8'.
In evaluating (1) and (2) for the infinite line, q(w') may be replaced

by q(w), and Iz(w') by Iz(w), as shown for the two-wire line. This leaves
only Pr(w,w',8') under the sign of integration. The integration with
respect to z may be carried out just as for the two-wire line. Mter the
condition

(8)

is imposed to eliminate higher modes, the steps in the analysis parallel
those in Sec. 4, Eqs. (16), (18), and (19). The result is

f.. Pr(w,w' 8') dw' == f 00 (; - ; ) dw' = 2ln ~ (9)
_ 00 - 00 81 82 SI

The integration with respect to 8' (which does not occur with the two­
wire line) may be carried out using Pierce formula 523. Thus

cI>(w) = q~:i {f: [In (r2 + a; - 2a2r cos 8')] ~~

-f: [In (r2 + a~ - 2alr cos 8')] ~~}
= q(w) In a2

27T{ r
(10)
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Similarly (11)

The potential differences between points Ql(al,(J,w) and Q2(a2,(J,w) on
the surfaces of the two conductors are

(12)

(13)

(16)

(14)

(15)

(17)

y = g + jwcwith

le = £.In ~
271'" al

As for the two-wire line, the internal impedance per unit length is

Zi = z1 + z~

Note that these results may be obtained even if the term 1/R a is omitted
in (9) and Yew) is evaluated directly. This shows that the potential
differences may be determined entirely from the charges and currents in
the inner conductor. The potential differences in (12) and (13) may be
expressed in the form of Sec. 4, Eqs. (28) and (29), viz.,

Yew) = dlz(w) !
dw y

Wz(w) = Iz(w)le
271'"u

g = ~.,---~

In (ada I)

where zi and z~ are the internal impedances per unit length of the inner
and outer conductors. At high frequencies (al viWUcJ.Lc ~ 10)

zi = 1 + j r;;; z~ = 1 + j lJ.Lcw (18)
271'"al \j 2;: 271'"a2 \j 2uc

The remaining steps follow those for the two-wire line and lead to the
same differential equations, but with the line parameters (16) and (17)
instead of Sec. 4, Eqs. (30) and (33c). The general conditions on the
equations are like those in Sec. 4, Eq. (41), for the two-wire line except
that conditions (1) and (4) in Sec. 4, Eq. (41), are not imposed.

The electric and magnetic fields in the dielectric medium in the coaxial
line are obtained from the potential functions. Since rotational sym­
metry obtains and Az is the only component of the vector potential, the
vector relation [Sec. 3, Eq. (2a)] reduces to

Br = 0 B IJ = - aAz Bz = 0 (19)ar
in cylindrical coordinates. Hence, with (11),

B = 6B IJ B IJ = -.!.L. (20)
271'"vr
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(21)

The electric field is given by Sec. 3, Eq. (1). With A = zA z and rota­
tional symmetry the only transverse component of the electric field is

aep q
Er = - ar = 21l"~r

The last step follows from (10).
If the space between the two conductors of a coaxial line is not filled by

a single homogeneous isotropic dielectric, complications arise which can­
not be solved without the introduction of more advanced mathematical
methods. Two cases are of interest: (a) If the inner conductor is coated
with a good dielectric of uniform thickness and the rest of the space
between the two conductors is air, a so-called guided field exists in the
dielectric which propagates in a manner related to that of the single-wire
dielectric-coated line. 46 It cannot be analyzed by ordinary transmission­
line theory. (b) If the space between the conductors is filled with two
different dielectrics each extending from the inner to the outer conductor,
but the one only over an angle (J and the other over the remaining angle
21r - (J, the line behaves essentially in the transverse electromagnetic
(TEM) manner characteristic of the coaxial line with a single dielectric,
provided a2 is sufficiently small. The capacitance per unit length of the
two-dielectric line is a parallel combination of the capacitances per unit
length of the two sectors with different dielectrics. 34

7. The Closely Spaced Two-wire Line with Unequal Conductors.1.9 •4o

In the general study of the two-wire line in Sec. 4 the conductors are
assumed to be of equal radius, and the condition b2 » a2 is imposed from
the outset in order to keep the transverse part of the analysis simple
while the complications resulting from the occurrence of both transverse
and axial variables are unresolved. An important result of this analysis
is the demonstration that, subject to the conditions imposed, the trans­
verse and axial problems are independent to a high degree of approximation.
Indeed the final differential equations are the same for all the lines inves­
tigated. They involve only the axial variable z, whereas the solutions
of the several transverse problems appropriate to the cross-sectional
boundaries are contained in the formulas for the parameters of the partic...
ular line. Since the conditions ensuring this effective independence of
axial and transverse problems are primarily those requiring the cross­
sectional dimensions to be small, these are better satisfied for more
closely spaced two-wire lines. So long as the conditions l~all « 1 and
I~a21 « 1 are satisfied, there is nothing in the analysis which requires the
two radii to be equal. It follows that the formulation of the problem
of a balanced two-wire line consisting of two parallel conductors of radii
al and a2 separated a distance b between centers which satisfies the
conditions

I~bl « 1 (1)
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where the first inequality merely means that the two conductors may not
actually make contact, is readily achieved.

The separation of the axial and transverse parts of a function, such as
the potential difference

or

(2)

(3)

which satisfies the scalar wave equation

iJ2Wz + iJ2Wz + iJ2Wz + ~2JVz = 0
Ox2 oy2 OZ2

is accomplished by the separation of variables. By setting

Wz = F(x,Y)f(z)

and substituting this in (2), the following result is obtained:

___1_ [02F (X,y) + 02F (X,y)] = _1 o2j(z) + ~2 (4)
F(x,y) ox2 oy2 fez) OZ2

In order that the mutually independent sides of this equation may be
equal for all values of the variables, they must both equal a constant,
which, however, may be multivalued. Let this constant be k 2• Then,
with (3), the following equations are obtained:

(5)

(6)

(7)

For a two-wire line with identical conductors, the axial equation for Wz

is Sec. 4, Eq. (9b), with Sec. 4, Eqs. (33a,b,c), viz.,

02Wz + rt2TJ'T _ • ~2 iJ
OZ2 If ". - :J ;- z z

where zi is the internal impedance per unit length of the two-wire line.
It is now clear that the approximations involved in the analysis of Sees.
4 and 5 in which

(8)
are equivalent to setting

(9)

in (5). Note that the equation is then valid only on the surfaces of the
conductors, since the right side is obtained from the electric fields on
these surfaces. With zi/wle extremely small for good conductors, k 2 is
small in magnitude compared with 1~12. Nevertheless k2 must be
retained in (5),. since when the dielectric medium is perfect and ~2 is
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real, the propagation constant yin

"(2 = k2 _ ~2 (10)

is a pure imaginary unless k differs from zero. A nonzero value of k
implies imperfect conductors and is necessary to maintain Wz and Iz

finite. On the other hand, the contribution of a very small value of k2

to the transverse problem defined by (6) is insignificant. Accordingly
(6) is replaced by

a2wz + a2wz ..:.. 0 (11)ax2 ay2-

The solution actually obtained in Sec. 4 is for Wz as determined from
(7) and (11). Thus account is taken of the large but finite conductivity
of the conductors in determining axial distributions that involve an
unrestricted length of conductor, but not in determining the transverse
distributions that involve only the very much restricted cross sections.

The problem is to solve the two-dimensional Laplace equation (11)
subject to the condition that Az have a constant but different value on
each of two circles of given radii al and a2. These are the circular cross
sections of the conductors. The appropriate solution is

where rl = Vex - d)2 + y2

(12)

(13)

and d is a constant length to be determined. Kin (12) is not a function
of x and y, but of z alone. It is verified by substitution that (12) satisfies
(11). It remains to be shown that the equipotential surfaces are circles.
For this purpose let

so that

and

n I r2 t.... p == n - = cons .
rl

~ = e2p

rl
Az = 2Kp

(14a)

(14b)

(15)

Thus contours of constant p define equipotential lines in the plane or
infinite cylinders in space. Next let (14b) be squared and (13) substi­
tuted in it. The result is

(16)

This can be rearranged as follows:

d2

(x - d coth 2p)2 + y2 = d2 (coth2 2p -c- 1) - sinh2 2p (17)

This equation defines two families of circles-the one with positive and
the other with negative values of p as parameter. Thus it has been
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proved that contours of constant P, which coincide with contours of con­
stant vector potentials, are circles. Since an entirely similar analysis
can be made for the scalar potential <p, it follows that equipotential lines
for both scalar and vector potentials are circles of constant p. The range of
P is from - 00 to + 00. The centers of the circles are at

Their radii are
x = d coth 2p y=o (18)

d
a = Isinh 2pl (19)

2 x/do-1-2
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The two families of circles are shown in Fig. 7.1. They are divided by

2

FIG. 7.1. Equipotential circles for two-wire line.

(20a)
(20b)

Y = YI = 0
Y = Y2 = 0

the straight line x = 0 or p = O. The points x = ± d, Y = 0 are for
p = ±·oo.

Consider a particular pair of circles defined by p = PI = IPII and
P = P2 = -lp21. The centers of the circles coincide with the axes of the
two conductors at

x = Xl = d coth 2PI

X = X2 = -d coth 21p2!
The radii are the same as the radii of the two conductors, viz.,

Note that

d d
al = sinh 2PI a2 = sinh 2!P21

a2 sinh 21p2! = al sinh 2PI

(21a)

(21b)
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With (21a) III (20a,b) the locations of the centers may be expressed as
follows:

Xl = al cosh 2Pl
X2 = -a2 cosh 2P2

Yl = 0
Y2 = 0

(22a)
(22b)

The distance between centers, which is the spacing between centers of
the two-wire line, is

(23)

In order to express PI and P2 (and with them the potentials on the two
circles) in terms of band al and a2, P2 (or PI) may be eliminated between
(21b) and (23). Thus

Similarly

b = al cosh 2Pl + V a~ + ai sinh2 2Pl

This can be solved for PI to obtain

b2 + a2
- a2

2Pl = cosh- 1 2a:b 2 == cosh-1 1/;1

b2 + a2 - a2
2P2 = - cosh-1 2 1 == - cosh-I1/;2

2a2b

(24)

(25a)

(25b)

The symbols 1/;1 and 1/;2 are defined in (25a) and (25b). It follows with
(15) that the components of vector potential on the surfaces of the two
conductors of radii al and a2, with centers separated a distance b, are

A lz = 2Kpl = K cosh-1 1/;1
A 2z = 2Kp2 = - 2Klp2! = - K cosh-I1/;2

The vector potential difference is

Wz = A lz - A 2z = K(cosh- 1 1/;1 + cosh- 1 1/;2)

(26a)
(26b)

(27)

The constant Kin (27) may be evaluated by comparing the solution of
Sec. 4, Eq. (29), with (27) when this is specialized to wires of equal radius
and sufficiently great separation by setting al = a2 = a and utilizing the
inequality b2 »a2• Subject to these special conditions,

b
1/;1 = 1/;2 = ­

2a
(28)

Using the standard relation between arc-hyperbolic and logarithmic
functions, viz.,

cosh- 1 l!.- = In [l!.- + 1(l!.-)2 - 1]
2a 2a '\j 2a

it follows that with b2 » a2

bcosh- 1 1/;1 = cosh-I1/;2 = In ­
a

(29)

(30)
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Hence after the substitution of (30) in (27) it follows from. a comparison
with Sec. 4, Eqs. (29) and (30b), and l.' = J.1. = l/v, that

K=~
211'" V

so that the vector potential difference is

W z = 2
lz

(cosh- 1 1/11 + cosh- 1 1/12)
11'"V

(31)

(32)

The corresponding solution for the scalar potential difference has a dif­
ferent constant. I t is

(33)

It is now convenient to define the external inductance per unit
length le and the admittance per unit length y = g + jwe as factors of
current and charge in the relati,ons

Wz = lzle V = q jw (34)
y

as in Sec. 4, Eqs. (28) and (29). The use of (32) and (33) in (34) gives
the following formulas for the parameters of the closely spaced two-wire
line:

The arguments are

le = ;11'" (cosh-1 1/11 + cosh-1 1/12)

g = 21l"(T(cosh- 1 1/11 + cosh- 1 1/12)-1
e = 211'"E(cosh- 1 1/11 + cosh-1 1/12)-1

(35a)

(35b)
(35e)

(36)

where b is the distance between centers of the two parallel conductors
of radii a1 and a2.

For widely separated conductors for which the conditions b2 » ai and
b2 » a~ are satisfied,

(37)

11'"(1'
g = ------::==

In (b/ya1a2)
c = 1I'"E (38)

In (b/ ya1a2)

The most interesting and important special case is when a1 = a2 = a.
In this case

(39a)
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ls = !: cosh- l ~
1r 2a

U1r

g = cosh- l (b/2a)
E7r

C = cosh- l (b/2a) (39b)

Note that with (29) it is possible to express the general parameters for
arbitrary spacing of identical conductors in the same form as for a spacing
that satisfies the inequality b2 » a2 merely by defining an effective spacing
bs, which replaces b. This effective spacing is obtained from (29) to be

With (40a), (39b) may be expressed as follows:

(40a)

ls = ~ In ~
7r a

(1'7r

g = In (bs/a)
E7r

C = ;-In-(;-C;-b
s
-'/a~) (40b)

Clearly, when b2 i&. sufficiently great compared with a2, these formulas
reduce to those in Sec. 4, since bs == b when the condition b2 » a2 is
satisfied.

A second special case is when conductor 2 has an infinite radius, so that
its surface becomes the xz plane, given by P = P2 = O. In this case it
follows from (22a) that

Xl
PI = cosh-1

- P2 = 0 (41)
a

where Xl is the distance from the center of conductor 1 to the plane.
Since with (26b) A2z = 0, it follows with (27) and (31) that

(42)

Let the distance Xl be expressed in terms of the full line spacing b between
the conductor and its image in the conducting plane. That is, let

b
Xl = 2" (43)

Then, with (32) and (35),

11. b 27r(1' 27rE
ls = .!::- cosh-1 - g c (44)

27r2a = cosh- 1 (b/2a) = cosh-l (b/2a)

Note that le is one-half and g and c double the corresponding value for a
two-wire line of identical conductors spaced a distance b between centers.
This follows from the fact that Wz and V measured between the conduc­
tor and conducting plane, a distance b/2, are one-half the values measured
between two identical conductors separated a distance b and carrying
equal and opposite currents and charges. The same results can be
derived directly from the theory of images.
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The internal impedance per unit length is modified when two parallel
conductors are close together by the so-called proximity effect. The
density of axial current is increased in adjacent parts of parallel con­
ductors with oppositely directed currents and is decreased at more remote
parts. This increases the effective internal impedance, since more cur­
rbnt is confined to a smaller volume. Accurate formulas for z1 for one
cylindrical conductor in the presence of another with different radius are
not available. If the two conductors are identical, an approxiinate high­
frequency formula involves an effective radius

ae = a VI - (2a/b)2 (45)

(46)

in place of a in the formula for z1 for a cylindrical rotationally symmetri­
cal conductor. t Thus for each conductor40

.. 1 + j I JJ.cW

zi = 21l"a '\j 20'c[1 - (2a/b)2]

The internal impedance per unit length of a two-wire line is Zi = 2z1.
For the single wire over the conducting plane, zi = zf if losses in the
plane are neglected.

The transverse electric and magnetic fields in the medium surrounding
the two conductors are readily obtained. Since by definition B = curl A,
it follows from Sec. 3, Eq. (5), that, when A = zAz ,

B = aAz B
1I

= _ aAz (47)
II: ay ax

The slope of a magnetic line is

(48)

so that its contour must satisfy the equation

Bz dy - By dx = aa~z dy + aa~z dx = dAz = 0 (49)

Integration yields Az = const. (50)

Thus the magnetic field is directed along contours of constant vector
potential, that is, along the circles p = constant. The direction is speci-

t More accurate formulas for use at lower frequencies and with tubular conductors
of outer radius a and inner radius ka areS7

ri ~ r (1 _ k2) [ BA_ + B(2 - B2) + B(9 - lOB2 + 4B4) + ...J (45a)
1 0 2 y2 4 16 y2 A

li ~ ~ [! In B + 1 +~ _ B(9 -'- lOB2 + 4B4) + ...J (45b)
1 1r 2 B-1 2 y2 9 y2 A a

where A == a V 1J.cUcW, B == a/a. == [1 - (2a/b)2J-l, and ro = 1/1rua2• These formulas
are good approximations provided that r fro ?; 2. Still more accurate but also much
more complicated formulas are given in the literature.as
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fied by the right-hand screw relation with respect to A. Since A reverses
with P, the direction of B around the circles P = constant, with p > 0,
is opposite to that around the circles p = constant, with p < O.

The electric field satisfies the relation

E = - grad ~ - jwA

Hence, with A = zAz , the transverse components are

(51)

o~E=--
:r; ox

o~E=--
11 oy (52)

Since the gradient of a scalar function is a vector in the direction of the
greatest rate of increase of the function, it must be perpendicular to the
equipotential lines given by p = constant. Thus the electric lines must
be circles perpendicular to the circles of constant p. As such they pass
through the points x = ±d, y = O. Since the volume density of current
in the dielectric medium if this is imperfect is given by

i = O"E (53)

where E is the field in the dielectric and 0" is its conductivity, it follows
that the E lines are also the lines of flow of electric charges from one
conductor to the other through the medium.

8. The Shielded Line with Eccentric Inner Conductor. I •33 If the inner
conductor (radius al) of a coaxial line is displaced so that its axis is at a
distance D from the central axis of the
enclosing sheath (inner radius a2), as
shown in Fig. 8.1, the solution of the
transverse problem may be obtained
from the results of Sec. 7. It is shown
in Sec. 7 that the circles p = constant
are equipotential lines in each trans­
verse plane of a two-wire line. The
solution of the transverse problem of
the two-wire line was achieved by
identifying the circular metallic sur-
faces of the two conductors which FIG. 8.1. Shielded line with eccentric
have radii al and a2 and centers at inner conductor.

X = Xl = lXII, y = 0 and X = X2 =
-IX 21, y = 0 with the circles p = PI = IPII and P = P2 = -lp21 according
to the relations

(1)

The same identification with equipotential circles may be carried out for
a shielded line (with circular metal surfaces of radii al and a2 with centers
at X = Xl = lXII, y = 0 and X = X2 = IX21, y = 0, shown in Fig. 8.1)
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(6a)

Xl = al cosh 2PI X2 = a2 cosh 2P2 (2)

Note that for the two-wire line PI is positive and P2 is negative, whereas
for the shielded line PI and P2 are both positive. The axial separation of
the two conductors of the shielded line is

D = X2 - Xl = a2 cosh 2P2 - al cosh 2PI (3)

Since, as shown in Sec. 7, the following relation is satisfied:

al sinh 2PI = a2 sinh 2P2 (4)

it is possible to eliminate first PI, then P2, from (3). The results are

a2 - a2 - D2
2PI = cosh- 1

2 2a~D == cosh-1 tf;lc (5a)

a2 - a2 + DZ
2pz = cosh- l

2 2a~D == cosh-1 tf;2c (5b)

where tf;lc and tf;zc are defined by (5a) and (5b). Thus it has been shown
that a shielded line with inner conductor of radius al and outer conductor
of inner radius a2 > aI, with axes separated a distance D, may be identi­
fied with two circles of constant P defined by (5a,b). The vector and
scalar potentials are obtained from the values of P by multiplying by the
appropriate constant. Thus

I z CA lz = -2 . 2Pl + A
1rV

«PI = 2;~ . 2PI + C", «P2 = 2;~ . 2pz + C", (6b)

It is evidently possible to add the arbitrary constant potentials CA and
C", and still satisfy the two-dimensional Laplace equation. This is done
so that the potentials may be referred to zero at the shield by setting

CA = - ~ . 2P2 C", = - ..!L . 2P2 (7)
21rV 21r~

so that A 2z = 0 and «P2 = O. The potentials of the inner conductor are
then equal to the potential differences as follows:

Wz = A lz - A 2z = A lz = 2
Iz (cosh-1 tf;lc - eu~h-l tf;2c) (8a)
1rV

v = cj>l - «pz = «PI = 2;~ (eo~h-l tf;lc - co~h~l tf;2c) (8b)

With the general formula

cosh- 1 x - cosh-1 Y = cosh- 1 [xy - V(x2 - 1)(y2 - 1)] (9a)

it follows that
a2 + a2 - D2cosh- 1 tf;lC - cosh-1 tf;2c = cosh- 1 2 2 1 .. - (9b)

ala2
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(15)

1 2 + 2 - D2
W Z h-l a2 a1 (10 )

Hence z = 211"v cos 2ala2 a

V = !L cosh-l a~ + a~ - D2 (lOb)
211"~ 2ala2

so that the external inductance per unit length of an infinite line is

W 2 + 2 - D2
le = ...-! = E-- cosh-l a2 a l (1Ia)

I z 211" 2ala2

Similarly t:!. = Y = _1_ cosh- l a~ + ai - D2 (lIb)
Y q 211"~ 2ala2

where y = g + jwc is the admittance per unit length. It follows that

211"0"
g = cosh- l [(a~ + ai - D2)/2ala2] (12)

211"E
c = cosh-l [(a~ + ai _ D2)/2ala2] (13)

Note that, when the distance D between axes is sufficiently small so that
the following inequality is satisfied:

D2 « ai + ai (14)
it is correct to set

2 + 2 _ D2 2 + 2 a
h- l a2 a1 • h- l a2 a1 • I 2cos = cos --- = n-

2ala2 2ala2 al

so that the line parameters reduce to the simple form of the coaxial line,
viz.,

~ ~ 2~ ~
le = 211" In lh g = In (adal) C = In (adal) (16)

It is significant that the functions in (8a,b) may be interpreted as
either of the following: (1) The 'potential difference between the surface

", ....--- .......;-P=P2

@ P-P -:2al~ / /'
at ~ a2 - 2 ~l: ~' a2 \

2- ------bi -----t- .1 )

P=Pl p= -PI P=Pl ''-......__ ....<
Circle in

(a) (b) space

FIG. 8.2. (a) Shielded line with eccentric inner conductor. (b) Conductor 1 with
image conductor 2, which together maintain the same potential on the circle of radius
a2 as exists on the shield of the same radius in (a).

of conductor 1 (of radius al and with current I z and charge per unit
length q) and the inner surface of the sheath (of inner radius a2 and
with current -Iz and charge per unit length -q), as shown in Fig. 8.2a.
(2) The potential difference between the surface of conductor 1 (of radius
al and with current I z and charge per unit length q) and a circle of radius
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a2 in space when in the presence of a second conductor 2 (of radius al
and with current -Iz and charge per unit length -q). This second
conductor (image) has its center at a distance

(17)

from the center of conductor 1, as shown in Fig. 8.2b. This distance
bi in (17) is obtained from (5a) and Sec. 7, Eq. (23), with appropriate
specialization and changes in notation simply by requiring the potentials
on conductor 1 to be the same in the two cases, so that (5a) may be
substituted in Sec. 7, Eq. (23), with a2 = al. If the radius al is suf­
ficiently small so that

(18)
(17) reduces to

(19)

This is the fundamental relation between the distance D of a line source
from the axis of a metal cylinder of radius a2 and the distance bi + D
from the same axis to the image of the line source.

9. The Shielded-pair Line. Consider four infinitely long parallel con­
ductors each of radius a arranged side by side, as shown in Fig. 9.1.

, ... ----- ...
/' ......... ,, ,

1C----------bj-------i/ .. --toI ...-:'~------bj------~
I I .... -D·...-D-... \
I I 'I
I , 'I

0-------+----\---041
11 O--~----+-------0

3 : \ 1,' 2 I I 4
I \ / ,/:

\ 42 ,

" ' "'''!...... .,."".._----
FIG. 9.1. Four-conductor line that maintains a constant potential on the circle of
radius a2.

From left to right the conductors are numbered 3, 1,2, 4. The currents
and charges in the four conductors are related as follows:

12z = 13z = -liz = -14z (la)
q2 = q3 = -ql = -q4 (lb)

The distance between conductors 1 and 2 is b = 2D; that between 1 and
3 and that between 2 and 4 are bi , where, from Sec. 8, Eq. (17),

(2)

With this choice of distances it follows from Sec. 8 that the currents and
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charges in conductors 1 and 3 make the circle of radius a2 an equipotential
surface with p = P2 = constant, as given by Sec. 8, Eq. (5b). By sym­
metry the currents and charges in conductors 2 and 4 (which are oppo­
sitely directed from those in 1 and 3, respectively) also make this same
circle an equipotential surface with p = -lp21 = constant. It follows by
superposition that the currents and charges in all four conductors make
p = P2 - P2 = 0 on the circle of radius a2, provided the two pairs of con­
ductors do not interact sufficiently to alter significantly the distribution
of current in the conductors. This is true approximately if the condition

(3a)

Metal
cylinder

FIG. 9.2. Shielded-pair line.

is satisfied. Subject to this condition, the circle of radius a2 in space
may be replaced by a conducting sheath of
radius a2 enclosing conductors 1 and 2, and
the image conductors 3 and 4 removed with­
out changing anything electrically within
this circle. Conductors 1 and 2 in the
sheath thus form a balanced shielded-pair
line, as shown in Fig. 9.2.

The potential differences between con­
ductors 1 and 2 in Figs. 9.1 and 9.2 are
the same. Whereas they cannot be readily
obtained when the radius al of the con­
ductors is unrestricted, they are evaluated easily when al is sufficiently
small so that the conditions (3a) and

a~ - D2» ai (3b)

are satisfied. Since the two-wire line consisting of conductors 1 and 2
is balanced, it follows, just as for the open two-wire line in Sec. 4, that,
in the notation of Sec. 4,

12z(w) = -llz (w)
A 2z(w) = -Alz(w)

Q2(W) = -Ql(W)
cP2(W) = - cPl(W)

(4a)
(4b)

where the potentials are determined on the surfaces of the conductors. It
follows that the potential differences are

Wz(W) = A1z(w) - A2z(w) = 2A1z(w)
Yew) = cPl(W) - cP2(W) = 2cPl(W)

(5a)
(5b)

Hence it is merely necessary to determine the scalar and vector potentials
on conductor 1 as maintained by the charges and currents in all four con­
ductors in Fig. 9.1. This potential is equal to that maintained by the
charges and currents in the two conductors and in the sheath in Fig. 9.2.

Using the notation of Sec. 4, the two-conductor problem is readily
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extended to four. Thus for the infinite line

where

Wz(w) = Iz(w) ko Yew) = q(w) ko
2~p 2~~

f oo (1 1 1 1),ko = - - - - - + - dw
- 00 llll 1112 1113 1114

and lln = v(w - W')2 + ai 1112 = v(w - W')2 + 4D2

1114 = v(w - W')2 + (bi + 2D)2 R13 = v(w - w')2 + b;

(6)

(7a)

(7b)

The integration gives

ko = 2 In 2D _ 2 In bi + 2D
al bi

(8)

The distance bi may be eliminated using (2). Thus, with (3b),

_ 2D(a~ - D2) _ b(a~ - b2/4)
ko - 2 In al(a~ + D2) - 2 In al(a~ + b2/4) (9)

where b = 2D is the distance between centers of the shielded pair, each
of radius aI, and a2 is the radius of the shield. It follows, as in Sec. 4,
that the line parameters for the balanced shielded-pair line are

(lOb)

(lOa)
2~E

c= -
ko

2~u
g = 7C;;le = p,ko

2~

where ko is as in (9).
Note that, when the shield is so large that the inequality a~» b2/4 is

satisfied, (8) reduces to the values for the open-wire line.
Since the conductors are sufficiently far apart and far enough from

the shield to satisfy (3a,b), the internal impedance per unit length
Zi = ri + Jxi of the shielded two-wire line is obtained frqm .the same
formula [Sec. 4, Eq. (34)] as for the open two-wire line. To this must be
added the impedance per unit length of the shield, in which equal and
opposite currents are induced on opposite sides. An approximate for­
mula (Ref. 4, page 44) is

Zi = 4(1 + J) jP,cw (b/2a2) 2

8 ~a2 '\/ 2uc 1 - (b/2a2)4

The total internal impedance per unit length is 2zi + z:. If the shield is
made of material different from that of the inner conductors, Uc and P,c in
(lOb) differ from these quantities in Sec. 4, Eq. (34);

It is possible to drive the shielded-pair line so that the two inner con­
ductors are in parallel, with equal and codirectional currents and equal
charges of the same sign, and the sheath is the return conductor, with a
total current that is equal in magnitude to the sum of the currents in
the inner conductors, but opposite in direction, and a total charge per
unit length which is equal in magnitude to the sum of the charges per
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unit length in the two inner conductors, but of opposite sign. For this
method of driving, the line has properties similar to those of a shielded
line with eccentric inner conductor. If the radius al of the identical
inner conductors is sufficiently small to satisfy (3a,b), there is no signifi­
cant proximity effect. For each conductor the sheath is an equipotential
surface, as analyzed in Sec. 8. Its potential with only one of the inner
conductors present is proportional to P2, where, from Sec. 8, Eq. (5b),

2 - h-I a~ - ai + D2
P2 - cos 2a2D

(11)

(12b)

(12a)

Since the second inner conductor maintains the same potential on this
circle, the total potential of the sheath is proportional to 4p2. For a
current Iz(w)/2 and a charge per unit length q(U;)/2 in each inner con­
ductor and a current -Iz(w) and a charge per unit length -q(w) in the
sheath, the potentials of the sheath are

A ( ) = Iz(w)/2 4 + C _- Iz(w) h-I a~ - ai + D2 + C
2z W 2 P2 A 2 cos 2 D .A1rP 1rP a2

"'" ( ) = q(w)/2 4 + C = q(w) h- I ai - ai + D2 + C
,,*,,2 W 21r~ P2 '" 21r~ cos 2a2D '"

The potential on each inner conductor may be obtained from

A ( ) - Iz(w)/2 k + C
lZW-~O A

C>l(W) = q(w)/2 ko + C'"
41r~

(13a)

(13b)

(16)

(15)

(14a)
(14b)

where k o is determined for the two conductors with their images shown in
Fig. 9.1, but with currents and charges that satisfy the conditions

Ilz(w) = 12z(w) = -Iaz(w) = -I4z(w)
ql(W) = q2(W) = -qa(W) = -q4(W)

Thus ko is like (7a) but with different signs. Specifically

f ex> ( I I I I) Iko = - + - - - - - dw
- ex> Ilil IlI2 IlIa IlI4

where the Il's are as defined in (7b). The integration gives

k = 2 I bi(bi + 2D)
o n 2Dal

It is assumed that the conductors are sufficiently far apart to satisfy the
conditions

where bi is given by
ai «4D2 (17)

(18)
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With (17) and (18)

so that
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(19)

(20a)

(20b)

Iz(w) ( a4 - D4 a2 + D2)
Wz(w) = A1z(w) - A2z (w) = 47rv In ~D3al - 2 cosh-1 22a2D

= Iz(w) In at - D4 (21)
41rv 2Dala~

_ _ q(w) a~ - D4
Similarly Yew) - cPl(W) - cP2(W) - -4~ In 2D 2 (22)

1r.. ala2

From their definitions, le = Wz(w)/Iz(w) and y = g + jwc = q(w)/V(w),
it follows that the parameters for the shielded-pair line used with its inner
conductors in parallel are

jJ.ko 87re 81r(1
le = 81r C = k; g = k;; (23a)

where k = 2 In a~ - b
4
/16 (23b)

o bala~

and b = 2D is the distance between the inner conductors. Although
these formulas are restricted by (17), so that the distance 2D between
the inner conductors must be large compared with their radius al, the
limiting case in which the two inner conductors coincide is readily
obtained by setting D = b/2 = 0 in the numerator of the logarithm
[since this comes from (12a,b)] and setting b = 2D = al in the denomi­
nator [since this comes from (15), in which coincidence is specified by
R ll = R 12]. The result is the formula for the coaxial line.

The internal impedance per unit length of line is obtained approxi­
mately by treating the outer conductor as the shield in the coaxial line
and each inner conductor as if rotationally symmetrical. Thus

where

(24a)

(24b)

If the shield is of rectangular cross section, as shown in Fig. 9.3, the
following line constants apply when the inner conductors are balanced,
i.e., have equal and opposite currents and charges :43

21r(1
g=­ko

21rE
c= -

ko
(25)
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[

00 1 + sinh2
(rbj2h) ]

k
o

= 2 In 2h tanh (rbj2h) _ '"' In co~h2 (mrwj2h)
ra L.t 1 _ smh2 (rbj2h)

m=l sinh2 (mrwj2h)

(26)

0 24 1
0 h

I--b~ Iw
of

These formulas are good approximations provided the radius a of the
inner conductors is small compared with the distance b between them
and small compared with the distance from the wire to any side of the
surrounding surface. Usually it is not necessary to go beyond m = I
in the sum in (26) to obtain an adequate approximation. As a numerical
example with a = 0.0625 in., h = 0.4
in., b = 0.5 in., and w = 0.9 in., (26)
converges rapidly to give ko = 2.564.
The internal impedance zi = ri + jxi

per unit length is the internal imped­
ance of the two-wire line, as given in
Sec. 4, Eq. (34), plus a small contribu-

FIG. 9.3. Two-wire line in shield of
tion z; from losses in the shield. Since rectangular cross section.
this carries only small equal and oppo-
site currents on the two sides--the total axial current is zero-the value of
z; is small. In the absence of an accurate formula, and since the shield
is assumed far from the wires as compared with their radius, a reason­
able estimate is obtained if the value of z~ in (lOb) for a circular shield
is used, if its circumference 2ra2 is made equal to the perimeter 2wh of
the rectangle. That is, (lOb) is used with a2 = whjr.

If the line with rectangular shield is driven with the two inner con­
ductors in parallel, so that the entire return current is in the shield, the
line constants defined in (25) apply with

[ ~
oo 1 + cosh2

(rbj2h) ]
ko = 2 In 2h coth (rbj2h) + (_l)m In sinh2 (mrwj2h) (27)

ra 1 _ cosh2 (rbj2h)
m-l cosh2 (mrwj2h)

For a = 0.0625 in., h = 0.4 in., b = 0.5 in., and w = 0.9 in., (27) gives
ko = 0.677. At high frequencies the internal impedance per unit length
is given by (24a), with z1 as in (24b) and

(28)

10. Three-wire Polyphase Line; Three-phase Cable. I •59 A three­
wire polyphase transmission line (Fig. 10.1) consists of three identical
parallei wires each of radius al located at the vertices of an equilateral
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triangle of side b. It is assumed that the conditions

(1)
are satisfied.

o The line is driven so that the currents
in all three wires are equal in magnitude
and have a progressive phase change of 1200

from one wire to the next. Specifically

13z = pI2z = P2[lz (2)

o d a1

,. b· .1
FIG. 10'.1. Three-wire line with
conductors at the vertices of an
equilateral triangle.

where

p2 + P+ 1 = 0 (3)

The vector potential at a point Ql(X,y,Z)
on the surface of conductor 1 is the super­
position of contributions maintained by all
three currents. Thus

(4)

(5)

With (2) and (3) the expression for the vector potential may be simplified.
Thus

(7)

(6)

(8)where

A 1z(w) = -4
1 f"" 11z(W')P1,(w,w') dW'
'Try - ""

cPl(W) = 4~~ 1_"""" Ql(W')PL (w,w') dw'

e-i'JRa e-i'JRb
PL(w,W') = -- - --

Ra Rb

The corresponding expressions for the potentials on conductors 2 and 3 are

Similarly

A2z(w) = pA1z(w)
A 3z (w) = p2A 1z(w)

cP2(W) = PcPl(W)
cP3(W) = P2cPl(W)

(9)
(10)

The potential differences between conductors 1 and 2 are

W 12z(w) = A1z(w) - A 2z(w) = 1
4
- P f"" 11z(w')PL (w,w') dw' (lla)
'Try - ""

V12(w) = cPl(W) - cP2(W) = 14~~P 1_"""" Ql(W')PL (w,w') dw' (lIb)

The potential differences between the outer pairs of conductors differ
only in substituting for 1 - P the factors P(l - P) or p2 - 1 if referred
to the current II in conductor 1. They are like (lla,b) if the subscripts
are cyclically permuted so that W 23 (W) is referred to 12 and W 31 (W) to 13.

A comparison of (lla,b) with Sec. 4, Eqs. (lOa,b), shows that the
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integrals are the same. It follows that their approximate evaluation
must be the same, subject to the conditions imposed in (1). Thus

W 12(w) = j(1 - P)I12 (w)le

) 1( ) ( ) jw 1(1 ) dl1z (w)V12(W ="2 1 - P q w - ="2 - P -d-
y y w

(12)

(13)

(l4b)

(14a)- 8V~:(Z) = j(1 - P)zllz(z)

_ 811z(z) = _2_ yV
12

(z)
8z 1 - P

where 112 is the current in conductor 1
and V12(z) is the potential difference be­
tween conductors 1 and 2. The equa­
tions for the other two phases are obtained
from (14a,b) by cyclical permutation of
the subscripts. The factor j(1 - P) is I
unchanged. Thus the problem of the
three-phase line is reduced to that of three b·

two-wire lines with currents related ac- /'
cording to (2) and (3).

The analysis is readily extended to the FIG. 10.2. Shielded three-wire line
with image conductors equivalent

n-phase n-wire transmission line and the to the shield.
single-phase multiwire transmission line. 69

The Three-phase Cable. If the three-phase line in Fig. 10.1 is placed
symmetrically in a cylindrical metal shield of radius a2, the constants
for each phase may be obtained by the method used in Sec. 9. This
consists in imagining the conducting shield removed and three image
conductors so arr:wged that the resultant pot.ential from the six con­
ductors vanishes on a circle of radius a2 corresponding to the circumfer­
ence of the metal shield. The currents and charges in the six conductors
shown in Fig. 10.2 are related as follows:

where le and yare as in Sec. 4, Eq. (30a,b). Subject to b2 » af, the
internal impedance per unit length z~ of each conductor is the same as
in Sec. 4, Eq. (34). Since (12) and (13) differ from Sec. 4, Eqs. (28)
and (29), only in the constant factor j(1 - p), the final differential equa­
tions can differ from Sec. 4, Eqs. (37a,b), only in this factor. Thus the
differential equations for the voltage and current in one pair of a three­
conductor three-phase line are

where
13 = pl2 = p 211

P == ei21r/ 3 p2 + P + 1 = 0
16 = -13 16 = -12 14 = -11

(15a)
(15b)
(15c)

The distance between each conductor and its image is bi • It is given
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by the equivalent of Sec. 9, Eq. (2), in Fig. 10.2:

a22 - a l
2 - D2

bi = D

Subject to the inequalities

a~ - D2» af b2» af
which are implied in the solution as explained in Sec. 9,

a2 - D2
bi == 2 D

(16)

(17a)

(17b)

(20)
where

The distance d from the image of one conductor to one of the other two
conductors is

d = V(D + b,)' + D' + D(D + bi ) = ~(~)' + D' + al (18)

The last step follows with (17b).
The potential functions at W on the surface of conductor 1 within the

shield are equal to the potentials calculated from the currents and charges
in the three actual conductors and in the three image conductors without
the shield. Thus, with (15c),

A 1z(w) = ~v 1-.... \Ib(W') (e~RG _ e;:R)

+ [I2z (w') + Iaz(w')] (T -~)Idw' (19)

Ra = Y(w - w') 2 + a~ Rb = Y (w - w') 2 + b2

R i = y(w - W')2 + bj Rd = y(w - W')2 + d2

In (20) al is the radius of each conductor; b is the axial distance between
pairs of conductors; bi is the distance between each conductor and its
image, as given in (17b); and d is the distance from the image of one
conductor to one of the other conductors.

With (15a,b,c) the vector potential (19) may be expressed as follows:

A1z(w) = ~v l_fIOfIO Iz(w')Pd(w,w') dw' (21a)

Similarly the scalar potential at w on conductor 1 is

(22)

(21b)

where

1 f"cl»l(W) = 41r~ _ .. q(w')Pd(w,w') dw'

, (e-ifJRG e-ifJRI» (e-ifJRi e-ifJRd)
Pd(w,w) = -- - -- - -- ---

Ra Rb Ri Rd

The corresponding expressions for the potentials on conductors 2 and 3 are

A2z(w) = pAlz(w) cl»2(W) = Pcl»l(W) (23a)
Aaz(w) = p2A 1z(w) cl»a(w) = p2cl»1(W) (23b)
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The potential differences between conductors 1 and 2 at the coordi­
nate ware

W12z(w) = Alz(w) - A2z(w) = 1
4
- Pf 00 Iz(w')Pd(w,w') dw' (24a)
1I"V - 00

V12(w) = ~l(W) - ~2(W) = 1
4
- P f 00 q(w')Pd(w,w') dw' (24b)
1I"V - 00

These integrals are like those in (lla,b). They differ only in the occur­
rence of Pd(w,w') in place of PL(w,w'). Hence the differential equations
that are satisfied by V12(z) and Il(z) must be the same as (14a,b) but with
different values of the line constants. By imposing the condition

(25)

and carrying out the analysis as in Sec. 4, the following results are
obtained:

ko = foo Pd(w,w') dw' == foo [(~ - ~) - (~ - ~)] dw'
- 00 - 00 Ra Rb R~ Rd

bd
= 2 In alb

i
(26)

where d and bi are as in (17b) and (18). The line constants are

J.L bd 1I"(T 1I"E

le = :; In albi g = In (bd/alb l ) C = In (bd/alb l) (27)

The internal impedance per unit length of each conductor zi = ri + jxi is
the same as in Sec. 4, Eq. (34), subject to (17a).

11. The Coaxial Cage Transmission Line. A conventional coaxial
line is shown in Fig. 11.1a. If its outer cylinder is replaced by 2Nt con­
ductors each of radius al symmetrically arranged in a circle of radius b

//V...... ,

.,=~ ~~' ......0/
(a) (b)

FIG. 11.1. (a) Coaxial line; Co = 21rE/[ln (b/a)] and l~ = [In (b/a)J/211"P. (b) Cage
line with the same values of Co and l~.

around the central conductor, as in Fig. 11.1b, and these 2N conductors
are operated in parallel, the properties of the coaxial line in Fig. 11.1a
may be closely approximated. In order to demonstrate this, let it be

t An odd number 2N + 1 conductors may also be used to form the cage. For
simplicity only the even numbers are considered here.
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assumed as usual that the following inequalities are satisfied:

b2 » a2 b2 » ai (1)

The parameters of the cage transmission line may be quickly deter­
mined. Thus the scalar potential at the coordinate w on the surface of
the central conductor (number 0), when this has a positive charge q(w')
per unit length at w', whereas each of the 2N outer conductors (num­
bered from 1 to 2N) has a charge -q(w')/2N, is given by

cPo(w) = _1_ f" q(w') (e- iIJRG
_ e-iIJRb

) dw'
411"~ -.. Ra Rb

== q(w) f" (l- - 1-) dw' (2)
411"~ -.. Ra Rb

where Ra = yew' - W)2 + a2 Rb = yew' - W)2 + b2 (3)

It is assumed that the following inequality is satisfied

l~bl2 « 1 (4)

The potential on the surface of each of the 2N outer conductors at the
same axial coordinate w is the same as the potential cPl(W) on conductor 1.
This is

N

q(w) f" [ 1 ( 1 1 L 1) 1] ,cPl(W) == - - - - + -- + 2 - - - dw
411"~ _.. 2N Ra1 R1,N+I R 1i Rb

i=2

(5)

where RI< = ~(w' - w)' + [2b sin "(;2; 1)r 2 ;;; ; ;;; N (6a)

R1,N+I == yew' - W)2 + 4b2 Ra1 = yew' - wF + ai (6b)

The potential difference is

Yew) = cPo(w) - cPl(W) == q4(~) f" [R
1 + 2

1
N (R

1 + -R111".. - .. a al 1,N+l

N

+ 2 ~ l-) - ~] dw' (7)Lt R li Rb
i=2

This expression may be integrated term by term and rearranged to give

Yew) == q~W;~ko (8)

where

b 1 I bko = In - + - In - - (2N - 1) In 2
a 2N al

1 [
. 11" • 211" . 371"

- 2 n sm 2N sm 2N sm 2N .

b 1 b
=In-+-In--

a 2N 2Nal

. (N - 1)11"]}. . sm 2N

(9)
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It follows that
21rE

Co =­ko
le = ~ = ~
o Co 21rv

45

(10)

Since the formulas (10) apply to the coaxial line of Fig. 11.1a with
ko = In (b/a), it follows that the cage line will have the same values of
Co, go, and 19 as the coaxial line, provided the radius of the conductors
of the cage has a value such that

(11)

The internal impedance per unit length of the cage is approximately

where

(12a)

(12b)

whereas that for the coaxial line is

Zi = z~ + zi
where z~ is as in (12b) and

(13a)

(13b)

Since the principal ohmic loss is in the inner conductor, which is the same
in the cage line as in the coaxial line, Zi in (12a) usually does not differ
sufficiently from Zi in (13a) to make it necessary to adjust (Tel SO that
zi = zt. In the case of low-loss lines it is adequate to impose (11) in
order to make the properties of the cage line equal to those of the coaxial
line.

12. Strip Lines. The two conductors of the open-wire line analyzed
in Sec. 7 are of circular but not necessarily equal cross section. In par­
ticular, one of the conductors may be of infinite radius, i.e., may consist
of a highly conducting image plane. Although conductors of circular
shape are usually most convenient in practice, there are special appli­
cations where flat strip conductors are useful. These may take several
forms, the simplest of which is shown in cross section in Fig. 12.1. A
parallel two-conductor line made of flat strips of small thickness is shown
in Fig. 12.1a; the corresponding single-conductor line over an image plane
is shown in Fig. 12.1b. The properties of strip lines of these simple types
do not differ significantly from those of lines with circular cross section.
The analyses in preceding sections indicate that the capacitance per unit
length Co may be determined by electrostatic methods irrespective of the
nature of the ('·ross section, provided the width h of each strip and the
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distance 2h between the two strips are both small compared with the
wavelength (or other means are provided to ensure the existence of exclu­
sively axial currents, which, for lossless conductors, are in the TEM mode).

The capacitance per unit length of a very thin strip (conductivity O'e,

permeability J.1.e, and thickness d) in a homogeneous infinite medium
~ b -toI Strip conductor

d; %ok
~ &)//;;;;;;;;;;;}

9 22

(a)

z.
Conducting plane

(b)

A· Strip conductor O' It'Ir .r Ieee rae
; 1,":' ({f·::.·.·,....·.·.:.·.·.·.·.·.·.·.}h))) >>): ;, ) 7 /7 ) /;'; ) ) ) / ) 7 ) ) ; ; 7 >;, >>;, ')

Conducting plane

(c)

>~~;:~7u~T§:>:~:::!::~i~,~ti~!::·:!
:: :: ::'.::::: ::. '.: :: '.' ·lh;·.::···:··':·:'::··. ::1
;;; ;;);;;;; I;) »;;»)) ; ) 7 >;;); //

Conducting plane

Cd)
FIG. 12.1. Cross sections of strip lines: (a) two-conductor strip line; (b) strip line over
conducting plane; (c) strip conductor on dielectric-coated conducting plane (micro­
strip); (d) strip conductor in dielectric over conducting plane (sandwich line).

(dielectric constant e, permeability J.1., and small conductivity 0') over a
highly conducting infinite plane surface (conductivity O'e and permea­
bility J.l.e) has been determined36 by conformal transformation subject
to the inequalities d « h « b. It is

c = ~ F~X) (1)

where F(x) = 1 + x + In (1 + x)
7rb

x =-
2h

(2)

It follows directly that
O'b F(x)

g = h x (3)

and le = ~ = J.l.h~ (4)
c b F(x)

As usual, Ze = VF7C, using (1) and (4). The approximate internal
impedance per unit length Zi = Z~triP + Z~lane is obtained from

i _! r;;;;: x[1 + x + 7r - 2 In (0/2)]
Z.trip - b '\}~ F(x)

. 1 IWJ.l.e x(1 + x)
z~\ane = b '\} 20'e F(x)

(5a)

(fib)



Sec. 12] THE INFINITELY LONG LINE 47

where (J'c and P-c apply to the conductor and

o= k2
- 1 + k v!k2

- 1 (6)

The above formulas are good approximations for a plane of finite width,
provided it extends a distance equal to the width b of the strip on each
side.

An important practical application of the strip line is to provide a more
compact and more readily manufactured substitute for wave guides and
coaxial lines. One form of strip line known as microstrip83 is made of
thin sheets of a low-loss plastic dielectric material, with continuous films
of copper laminated to both sides. Appropriate portions of the film are
removed on one side to leave a design having the shape of the desired
strip-line circuit. The strip line obtained in this manner differs from
the simple line already described in having a layer of dielectric of thick­
ness h covering the entire conducting plane, as shown in Fig. 12.1c. Thus
the strip conductor is not completely immersed in a single infinite dielec­
tric as assumed in deriving (1). Actually the presence of the two dielec­
trics, plastic for a thickness h above the conducting plane and air beyond
this, introduces complications that result from the fact that it is no longer
possible to maintain currents only in the TEM mode. An electric field
between the strip line and the conducting plane may excite modes in the
thin layer of dielectric which propagate outward in a manner quite dif­
ferent from that characteristic of the TEM mode and with magnitudes
that decrease much less rapidly with distance. 37 It follows that two strip
lines on the same dielectric-coated metal surface may be closely coupled
even though so far apart that their interaction would be negligible if there
were only a single homogeneous dielectric. Note that this interaction is
due not to radiation in the TEM mode but to so-called guided modes. In
an elementary sense the propagation in the thin layer of dielectric is a
consequence of total internal reflection at the air-dielectric boundary. An
analysis of the electromagnetic field and the constants of the line when a
guided mode exists is beyond the scope of this book. However, for many
purposes satisfactory approximations are obtained by assuming that only
a TEM mode exists.

In order to reduce the guided modes, the thickness of the dielectric
layer may be increased so that the strip conductor is completely immersed
in it, as shown in Fig. 12.1d. Such a line is known as a sandwich line.
If the thickness t of dielectric is quite large compared with the height h
of the strip line above the metal plate, conditions approximating those in
an infinite dielectric are approached, and the formulas given earlier in
this section are good approximations. Alternatively the dielectric may
itself consist of a strip not much wider than the metal strip conductor.

Since losses in the dielectric must be kept as low as possible, it is
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Conducting plane

FIG. 12.2. Shielded-pair strip line.

advantageous to have air rather than a solid material between the metal
strip and the conducting plane. 44 A symmetrical arrangement resem­
bling a flattened shielded-pair line operated with the two inner conductors
in parallel is shown in Fig. 12.2. In this construction the two inner con­
ductors are separated by a dielectric that serves as the support, as shown.

Since the two inner conductors are
at the same potential, there is no field
in the dielectric, so that no guided
mode is excited in it. Thus it is
essentially only the TEM mode
which is maintained, and there is no
solid dielectric between the inner
conductors and the outer ones, where

the field is great. Moreover, if the conducting shield extends sufficiently
far out beyond the edges of the strip lines, losses by radiation are reduced
below those for the unshielded strip line shown in Fig. 12.1c.

13. General Solution oj the Differential Equations jor an Infinite Line.
The first-order differential equations that are satisfied by the scalar
potential difference and the current in all the several types of line ana­
lyzed in the preceding sections have the form

where

_ aV = zl _ alz = yv
az z az

y = g + jwc Z = Zi + jwle = ri + jwl

(1)

(2)

It is customary to define the total inductance per unit length by

l = le + li li = ~
W

(3)

Since Xi is not a linear function of the frequency, it follows that li is not
independent of frequency. The formulas for le, g, c, and Zi differ for dif­
ferent cross sections. The equations for the polyphase lines derived in
Sec. 10 are the same as (1), but with the individual currents multiplied
by the factor (1 - P)/2, where p = ei27r/ 3• It follows that lIz in conductor 1
is obtained from the solution of (1) for I by setting

1-P
I z = lIz -2- (4)

By differentiation with respect to z and appropriate substitution, the
first-order equations (1) may be transformed into second-order equa­
tions. Since the equations in Iz and V are alike in form, it is sufficient
to examine one of them.

The differential equation for the voltage is

(5)
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where, as defined in Sec. 2, Eq. (14), the complex propagation constant is

y == VZiJ = a + jj3 (6)

The general solution of the well-known Eq. (5) may be expressed in dif­
ferent ways, such as

VI: = BleTz + B 2e-'Y1II = Cl cosh yz + C2 sinh yz = D cosh (yz + 8) (7)

as may be verified by direct substitution. Alternatively w = 8 - Z may
be substituted for z in the several forms of (7). The B's, C's, D, and 8
are complex constants of integration. The expression for the current is
most easily obtained from

zl = _ (dV)
III dz III

Thus, for the exponential form of (7),

zIz = -y(Ble'YlII
- B 2e-'YIII

)

(8)

(9)

It is convenient to introduce Zc, called the characteristic impedance, for
the ratio z/y. Thus

Z = R + 'X = Ir + jwl
c - c J c - '\I g + jwc

Yc == ~e == Ge + jRe

The current is then given by

II: = Yc( -Ble'YlII + B2e-rlll
)

(lOa)

(lOb)

(11)

Similar expressions for the other forms of (7) are readily derived using (8).
The relations (7) and (11) are general solutions for the complex currents
and potential differences. Although strictly correct only for an infinitely
long line, they are good approximations for finite sections of line which
satisfy the conditions

(8 - Z)2» b2 (12)

as is shown later.
Alternative exponential forms of (7) and (11) which are convenient in

the analysis of junctions (Chap. V) are obtained by redefining the arbi­
trary constants. They are

VI: = VZc (Ae-'Yz + Be'Yz) (13)
1111 = vY: (Ae-'Yz - Be'Yz) (14)

where A = B l YYc and B = B 2 vY;:. The coefficients B l and B 2 in (7)
and (11) are dimensionally voltages; the squares of the coefficients in
(13) and (14) are dimensionally powers.



50 TRANSMISSION-LINE THEORY [Chap. I

14. Interpretation oj the Solution jor the Voltage along an Infinite
Line. Phase and Group Velocities. 17 ,28 Before proceeding to evaluate
B1 and B2 (Sec. 13) in terms of general terminal conditions, it is instruc­
tive to apply the solutions obtained to an infinite line. Consider a sec­
tion of line beginning at z = 0 and ending at z = 8 = 00. For physical
reasons the voltage must vanish at infinity, so that B 1 = O. It follows
directly from Sec. 13, Eq. (7), that B2 is the voltage Vo at z = O. Thus

8 = 00 (1)

Upon multiplying through by eiwt and selecting the real part as the solu­
tion that is consistent with an assumed time dependence of the form

Vo = Vo cos wt = Re (Voeiwt) (2)

which refers the phase to the maximum value of the instantaneous volt­
age, one obtains

Vz = Voe-az cos (wt - (3z) (3)

This solution has an instructive physical interpretation. Note that
the voltage Vz is a function of two independent variables, the time t and
the distance z along the wire. At any fixed point z = Zl the voltage
varies periodically. The potential is positive on one wire and negative
on the other for one half period. The amplitude increases from zero to a
maximum of Voe-az1 and decreases to zero in a sinusoidal fashion. Then
the polarity reverses, and the voltage decreases to an equal negative
extreme, then again is reduced to zero. The phase lag of the voltage
at z behind the voltage at z = 0 is {3z. The cycle repeats. The same
variation occurs at every other point z, but the amplitude Voe-az is dif­
ferent, and the phase lags that at z = 0 by {3z. The amplitude decreases
exponentially, and the phase lag increases linearly with distance from
z = O.

If, instead of concentrating on a fixed point along the line, the ampli­
tude all along the line is examined at a given instant, such as t = 0, then

Vz = Voe-az cos {3z

At a quarter period later t = T/4, and

Vz = Ve-az sin {3z

At a half period later t = T /2, and

Vz = - V oe-az cos {3z

(4a)

(4b)

(4c)

The three distributions are shown in Fig. 14.1. It appears that, as time
passes, any given curve, such as the one for t = 0, moves down the line
with amplitude confined between the limiting curves Voe-az and - Voe-az•

In order to investigate this motion, let attention be focused specifically
on the phase of the voltage. This is given by the argument of the
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trigonometric function in (3), that is, by wt - {3z. Points and times in
the distribution of voltage along the semi-infinite line at which the volt­
ages are all in the same phase relative to a complete cycle are defined by
1/1 = wt - {3z = constant. Because the trigonometric function is multi­
valued, the current at all points for which the constant differs by 2n,,-

t=I.
4 T

t=-

"---"~ 2 '" -ttZ," ~.-.--L voe.. "--r-
\. / .

\ /
\/

or-:o---¥.---+---f.--:--+---r--\---*--~:------:*--~--+-OQ

/
\ 2Tf

: \ \
" / \: \

i \ L.
" f~

--t,'........-LVoe-ucospz
-Vo

-Voe-ttZcospz

FIG. 14.1. Instantaneous distribution of voltage along a semi-infinite line at instants
differing by a quarter period.

(where n is any integer) is in the same phase as at z = 0. The currents
at different times and different points along the line which differ in phase
by integral multiples of 2,,- are defined by

wt - {3z = 1/In = 1/10 - 2n,,- n = 0, 1,2,3, (5)

(6)n = 0, 1, 2, 3, .

where 1/10 is a constant. The significance of this relation may be dis­
closed, first, by determining the distances z from the input end at which
the voltages differ instantaneously in phase by integral multiples of 2,,­
and, secondly, by discovering what happens to these particular phases
as time passes. If an arbitrary instant t 1 is selected, the points charac­
terized by voltages in the phases 1/10 - 2n,,- are given by

1
Zn = ~ (wt 1 - 1/10 + 2n,,-)

The distance between two points that are adjacent and differ in phase
by 2,,- is

2,,­
Zm+l - Zm = 7i m is any integer (7)

This distance is the same for all choices of m. It is a fundamental con­
stant of the distribution called the wavelength on the line. It is assigned
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the symbol A. Thus, by definition,

A == 211'"
f3

(8)

At any given instant of time, voltages along the semi-infinite line which
differ in phase by 211'" are separated by distances A.

With the points in the distribution which are characterized by voltages
in a particular phase at a given instant determined, it remains to discover
how the distance z locating anyone such point varies in time. This is
determined by differentiating both sides of (5) with respect to time. In
this way

or, defining Vp ,

dz
w-(3-=O

dt
(9)

(10)
dz w

Vp == dt = ~

In (10) Vp is the velocity with which a given phase travels along the line.
In general, it has nothing to do with the propagation of energy, but only
with the arrangement of phases; it applies only to periodic phenomena of
infinite duration. Thus each particular phase of the voltage travels along
the infinite line in the positive z direction with a constant velocity w/(3.
This phenomenon, in which points of constant phase are separated by
constant distances A and all travel with a constant velocity Vp , is called
traveling or running waves of constant phase. Depending on whether
attention is directed to a constant phase of voltage or of current, the
traveling waves are called voltage waves or current waves. Any particular
phase reaching a distance z at a selected instant must have started at
z = 0 at an earlier time given by t - z/vp or by t - f3z/w. Consequently
a voltage in this particular phase always lags the voltage at z = 0 at any
time t by a phase angle (3z. Similarly, if the distribution of voltage is
viewed along the entire line at any single instant, as in Fig. 14.1, the
phase lag at any distance z from 0 (with respect to the voltage at. z = 0
at that instant) is f3z. Thus f3 measures the phase angle characteristic of
a given semi-infinite line per unit of its length. It is the phase constant
(per unit length) of the (infinite) line. It is measured in radians per
meter if z is in meters.

The amplitude of voltage in a particular phase is reduced according to
e-a•• Thus a measures the natural logarithm of the ratio of amplitudes
IVo/V.l per unit length:

1 IVola = -log -
z V.

It is the attenuation constant (per unit length). of the (infinite) line.
the relation (11) it is measured in nepers per meter if z is in meters.

(11)

In
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If the phase constant {3 is a linear function of the frequency, so that

{3 = ~ (12)
v

where v is a constant independent of frequency, then the phase velocity
Vp is the same for all frequencies and equal to the constant v introduced
in (12). Under all other conditions the phase velocity is different for
each frequency, so that, for any complex voltage that is a superposition
of components of several frequencies, these components have different
phase velocities. In this case dispersion is said to occur.

The significance of dispersion may be determined by investigating the
propagation along a semi-infinite transmission line of a voltage that is
modulated in amplitude at an angular frequency Ow which is small com­
pared with w. In this case the input voltage at z = 0 may be written as
follows:

Vo = Vorl + m cos (owt)] cos wt (13)

where m is the degree of modulation (usually multiplied by 100 and
expressed in percent). Using a standard trigonometric formula, this
may be rewritten in the following equivalent form:

Vo = V o [ cos wt + ~ cos (w + Dw)t + i cos (w - ow)t] (14)

Since the differential equation is linear, the voltage at any point z along
the infinite line is the superposition of the voltages due to the three
components. Thus

v. = V o Ie-a. cos (wt - (3z) + i e-(a+8a). cos [(w + ow)t - ({3 + omz]

+ i e-(a-8a)z cos [(w - ow)t - ({3 - omz]l (15)

Here a ± oa and {3 ± o{3 are, respectively, the attenuation constants and
phase constants associated with the angular frequencies w ± ow. If ow is
suffici~ntly small, it may be assumed that the changes in a and {3 for an
increase in w by ow are the same in magnitude as the changes when w is
decreased by ow. Since a is very small along a highly conducting line,
as will be shown later, oa is a small quantity of higher order and of
negligible importance in determining the nature of the propagation, at
least over moderate distances. Specifically e±8az == 1 ± oaz. The last
term is negligible if z is not so great that it is not possible to require
oaz «1. If oaz is neglected, the result is

Vz = Voe-az (cos (wt - (jz) + i cos [(w + ow)t - ({j + omz]

+ i cos [(w - ow)t - ({j - omz]l (16)
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This may be transformed trigonometrically, without further approxi­
mation, into the following expression:

Va = Voe-aa [1 + m cos (ow t - 0{3 z)] cos (wt - (3z) (17)

The transmission properties of the modulation-amplitude are contained
in the function in square brackets. Thus a particular phase in the
modulation amplitude is defined by

ow t - 0{3 z = const. (18)

(19a)

Differentiation with respect to t yields the velocity of propagation (dz/dt)
of a particular phase of the modulation amplitude along the infinite line.
It is the group velocity and is defined by

dz ow
Vg == dt == 0{3

In the limit as ow approaches zero,

. ow dw
Vg = a~~o 0{3 = d{3

An alternative form is obtained using ow = o({3vp ) = vp o{3 + {3 oVp :

dvp
Vg = Vp + {3 d{3

(19b)

(19c)

Since (j = 21r/A, (3(d/d{3) -X(d/dX), so that

dvp
Vg = vp - X dX (19d)

If there is no dispersion, w is linearly related to {3 by the simple relation
{3 = w/v, with v a constant independent of frequency. In this case (19)
together with (12) gives

Vg = v = Vp (20)

When there is no dispersion, a modulation envelope travels along the
transmission line at the same velocity as any particular phase of the
carrier frequency. If there is dispersion, the velocity of the modulation
envelope is different from that of the carrier. If the phase velocity
decreases with frequency so that dVp /d{3 is negative, a particular phase
travels more slowly at a higher frequency than at a lower one, the dis­
persion is normal, and the group velocity is less than the phase velocity.
If the phase velocity increases with frequency so that dvp / d{3 is positive,
a particular phase travels more rapidly at higher than at lower fre­
quencies, the dispersion is anomalous, and the group velocity is greater
than the phase velocity.

It is easily shown that the group velocity is also approximately the
velocity of propagation of a pulse that can be represented in terms of a
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narrow frequency band between Wo + ow and Wo - ow, with ow very small.
If this is true,

(21)

(26)

If a voltage pulse composed of a narrow band of frequencies (note that
this does not mean a narrow, sharp pulse that is composed of a very wide
band of frequencies) is impressed across an infinite line at z = 0, the
instantaneous complex value of the resulting voltage pulse on the line
can be represented in terms of a complex Fourier integral of the form

Va = f 00 V(mei(wt-fJz) d(3 == (fJo+ofJ V«(3)ei(wt- fJz) d(3 (22)
-00 ho-.

Here V«(3) is an amplitude function of the frequency, and hence of (3,
which has any shape in the interval (30 - 0(3 to (30 + 0(3 but is vanishingly
small outside this interval. (A pulse of any shape can be expressed by a
Fourier integral with limits extending from - 00 to + 00. A sharp pulse
contains such a wide range of frequencies, each with a different phase
velocity, that the shape of the pulse changes so rapidly that a group
velocity cannot be defined.) Because it is required that ow be small,
the angular velocity w in the integrand can be expanded as a function of
(3 in a rapidly converging Taylor series about the value at flo, and higher­
power terms may be neglected:

w«(3) = WfJ=fJo + (dw) «(3 - (30) + . . . (23)
d(3 fJ=fJo

CJJt - flz == [wo + (~;)o «(3 - flo)] t - «(30 + fl - flo)z

= wot - (3oZ + «(3 - (30) [(~;)o t - z] (24)

Hence

The complex amplitude Vz varies with z only in the phase factor in the
exponential. Accordingly- Vz is the same at all points and times where

(~;)o t - z = const.

Differentiating with respect to the time gives the velocity

dz (dw)
dt = Vg = dfl 0

(27)

of the pulse. It is the same as the velocity of a modulation envelope (19).
The concept of group velocity is precise only in the limit as ow approaches
zero. If ow is sufficiently small, the shape of the modulation envelope
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or of a pulse remains approximately the same over a long distance, so
that a velocity of propagation is meaningful. This is the group velocity.

The velocity of a signal whose transmission can be described in terms
of electromagnetic waves is, in general, neither the phase velocity nor
the group velocity, but a third velocity called the signal velocity. This
is not easy to define in general terms, but it corresponds physically to the
arrival of a sufficiently large amplitude to activate a receiver. In the
case of normal and small dispersion the signal velocity practically coin­
cides with the group velocity, and both are smaller than 3 X 108 m/sec.
When dispersion is normal but large, both group and signal velocities
are difficult to define at all; when dispersion is anomalous, complicated
conditions may obtain in which the group velocity may differ greatly
from the signal velocity. In no case does the signal velocity exceed
3 X 108 m/sec; in all practical cases it is less. Theoretically an infinitely
sensitive receiver should detect the extremely small amplitude of the
so-called first precursor of a signal. This always has the so-called wave­
front velocity, 3 X 108 m/sec for all media.

PROBLEMS

1. Derive the transmission-line equations using the general method of Sec. 2 as
applied to an equivalent II section.

2. Determine the line constants of a four-wire line in which adjacent pairs (instead
of diagonal pairs) of conductors are in parallel. The four conductors are at the
corners of a square.

3. Determine the line constants of a four-wire line with conductors arranged at
the corners of a rectangle of sides band c. The diagonal pairs of conductors are in
parallel.

4. The inner conductor of a horizontal coaxial slotted line is supported along its
entire length by a wedge of polystyrene (Er = 2.6) which occupies a 9° angle. If the
wavelength measured along the line is 1.2 m, what would it be if the line were com­
pletely air-filled?

5. A trough line consists of a single wire placed symmetrically parallel to the
intersecting line of two highly conducting planes. The planes meet at an angle of 60°;
the conductor lies on the bisector of this angle at a perpendicular distance b/2 from
each plane. Determine the line constants, indicating what approximations are made.
(HINT: Use images.)

6. A shielded cable consists of four copper conductors at the corners of a square
in an iron shield of circular cross section. The dielectric is polystyrene.

(a) Determine the line constants te, c, and {3 for each of the possible phase-sequence
voltages, assuming simple image theory to apply.

(b) What are the associated phase velocities? Obtain an estimate of their numeri­
cal magnitudes by assuming the copper conductors to be No. 10 wire, the square to
have a side of 1 em, and the shield to have an inner diameter of 3 em.

7. A transmission line terminated at z = 8 in its characteristic impedance of
300 ohms is driven at z = 0 by a generator with an emf of 100 volts and an impedance
of 8 + j40 ohms. The frequency is 100 Me/sec. The attenuation constant of the
line is 0.01 neper/m. Determine the instantaneous current and voltage at z = 10 m
if the instant t = 0 is chosen to occur when the emf has a positive maximum in its
cycle.
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8. The amplitude of the current in a long line terminated in its characteristic
impedance is measured at two points 100 m apart. The ratio of the two values is 1.1.

(a) What is the attenuation constant of the line in nepers per meter?
(b) What is the ratio of potential differences between the two conductors of the

line at two points 20 m apart?
9. Plot curves showing Ilz/lol along an infinite line (or a line terminated in Zc) for

which a = 10-3 neper/m over a range from z = 0 to z = 2}" and over a second range
from z = IOO}" to z = I02X. Sketch the instantaneous current i z/lo at t = 0 in
both ranges with {3 = 3.14 radians/m (io = 10 cos wt).

10. A flexible two-wire line consists of two copper wires joined by a thin ribbon of
dielectric. The characteristic impedance of the line is specified by the manufacturer.
The wire size and spacing can be determined by direct measurement. How could
the wavelength along this line be determined by calculation for a specified frequency?
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CHAPTER II

THE TERMINATED LINE

1. Potential Functions for a Terminated Line. 9,10,49 Since the differ­
ential equations derived in Chap. I are valid strictly only for an infinitely
long line, it is not correct to assume that they may be appHed to a line of
finite length with arbitrary impedances as the load at z = 8 and in series
with the generator at z = O. In order to investigate this problem of
termination, let the infinitely long line to the right of the line-load plane

·h
~~I------Z------il.+~....4 w-iV

I
I

dU~Tl
/'

R1T/·/·

/'

CI~,.,._-=~~./---

~f
z b

1~--~
-.j/4­
dw'

\
\
\

FIG. 1.1. Line with termination.

at z = 8 be replaced by a terminal impedance of finite length. Since
there is a different specific solution for each type of termination, it is not
possible to derive general results valid for all terminations and types of
lines. However, the general method of analysis can be formulated in
terms of the configuration of conductors shown in Fig. 1.1, consisting of
a symmetrical coil terminating a two-wire line with identical conductors

58
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of radius a and spaced a distance b that satisfies the inequality

b2 » a2 (1)

This restriction may be removed as in Chap. I, Sec. 7.
As a first step in the derivation of a generalized set of differential

equations, let the scalar and vector potential differences be evaluated.
Let w = s - z be measured from the line-load plane along the trans­
mission line to the ring QL(W,X,y) on the surface of each conductor where
the potentials are evaluated. Similarly let w' be the distance from the
line-load plane to the elements dw' at Q~(w',x,y) at opposite points on
the axes of the conductors. The coordinate u is measured from the line­
load plane along each side of the symmetrical load. The distance from
this plane w = 0, u = 0 to the elements du' at Q~ on the axes of the
conductors forming the load is u'.

In order that the line may be balanced with equal and opposite cur­
rents and charges on the two conductors, that is,

(2)

(where the subscript L stands for line), it is necessary that the line and
the load be symmetrical, so that

(3)

Since C>2(W) and C>l(W) must be calculated from all the charges and
A2z (w) and Alz(w) from all the z components of current in both the line
and the load, this latter must be symmetrical in its geometry and in its
charges and currents. Thus it is necessary that

(4)

where the subscript T stands for termination. If the halves of the load
are geometrical images of each other in the plane y = 0 (Fig. 1.1), but
with signs of charges and directions of currents opposite to those of
mirror images, all conditions (2) to (4) are satisfied. However, there
are configurations of conductors in which the halves are not geometrical
images in the plane y = 0 which also satisfy these conditions.

With (2) the potential differences between opposite points on the equi­
potential surfaces of the two conductors are

Yew) = C>l(W) - c>~(w) = 2C>l(W)
Wz(w) = A1z(w) - A 2z (w) = 2A lz (w)

(5a)
(5b)

Note that these are the sums of the potential differences calculated from
the charges and currents in the line (subscript L) and in the termination
(subscript T):

Yew) = VL(W) + Vr(w) Wz(w) = WzT,(w) + Wzr(W) (6)
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Equations (5) are true if subscripts L or T are added to each potential.
The evaluation of the potential differences at w on the line may be

carried out as in Chap. I, Sec. 4, but with finite limits. Thus

WZL(w) = -2
1 [8 IzL(w')PL(w,w') dw' (7a)
7rV Jo

WzT(w) = -2
1 [8'1' IzT(u')PT(w,u') du' (7b)
7rV Jo

VL(w) = 2~~ /,8 qL(W')PL(w,w') dw' (8a)

VT(w) = 2~~ .!o8T qT(U')PT(w,u') du' (8b)

e-i'JRa e-i'JRb
where PL(w,w') = -- - -- (9a)

Ra Rb

e-i'JR1T e-i 'JR2 'l'

PT(w,u') = R
1T

- R
2T

(9b)

and where

Ra = V(w - W')2 + a2 Rb = V(w - w')2 + b2 (ge)

The distances R 1T and R 2T are measured from the symmetrically placed
elements of integration du' in the termination to the point QL(W,X,Y) on
one of the conductors of the line where the potentials are calculated, as
shown in Fig. 1.1. The half distance around the contour of the termi­
nation is ST. It is assumed that the length S of the line is sufficiently
great so that the direct coupling between the generator and the load is
negligible. It follows that it is sufficient to determine the potential dif­
ferences far from the generator end of the line. By interchanging z and w
the results so obtained apply to the part of the line far from the load end.

In order to evaluate the potential differences in (7) and (8), the charges
and currents at w' on the line and at u' in the termination are expanded
in Taylor series, as in Chap. I, Sec. 4. The distributions of current and
charge are continuous at the line-load junctions, so that

qL (w' ~ 0) = qT (u' ~ 0) (lOa)
I ZL (w' ~ 0) = I UT (u' ~ 0) (lOb)

With dls/ds + jwq = 0, the following expansions are obtained (as in
Chap. I, Sec. 4) for qL(W') and IzL(w') (only the first two terms are
retained) :

Note that

(lla)

(lIb)

(He)

(lId)
(12)
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where IuT(u') is the total axial current at u' in the termination and 1/;(u') is
the angle between the direction of the current at u' and the z axis.

The substitution of (11) and (12) in (7a,b) and (8a,b) and the subse­
quent substitution of the integrals so obtained in (6) give

Wz(w) = 2~JI !IzL(W)[ko(w) + kOT(w)] + jWqL(w)[kl(~) + k1T(W)]j (13)

{

I a2
IzL (w) [k () k' ( )]}

V( ) - 1 -;- a 2 1 W + 1T W
W - - ( () , )] JW W

21l"~ qI_ w)[ko w + kOT(w + ~

(14)
where, with w = 8 - Z,

ko(w) == fo8 PL(w,w') dw' == fo8 (~a - ~) dw'

= sinh- l ~ - sinh-I'!!! + sinh-I': - sinh-1 ~ (15a)
a b a b

For a sufficiently long line (82)> b2) this reduces to

ko(w) == ko(w) == sinh-1 ~ - sinh-I'!!! + In ~
a b a

= 21n~ -In w + yw2 + b
2

(15b)
a w + yw2 + a2

{aT {8T ( 1 1 )
kOT(w) == Jo PT(w,u') cos l/t(u') du' == Jo R

1T
- R

2T
cos 1/;(u') du'

(15e)

k~T(W) == fo8T PT(w,u') du' == fo8T (RlIT - R
12T) du' (15d)

k1(w) == ~ fo8 (w' - w)PL(w,w') dw' == ~ fo8 (w' - w) (~a - ~b) dw'

= ~(yw2 + b2 - yw2+ a2 - y z2+ b2+ y z2+ a2) (15e)

k1T(W) == -~ fo8T (u' + w)PT(w,u') cos l/t(u') du'

fo ST ( 1 1 )== -~ (u' + w) - - - cos 1/;(u') du' (15!)
o R 1T R 2T

k~T(W) == - ~ foST (u' + w)PT(w,u') du'

== _~ {ST (u' + w) (_1 __1)du' (15g)Jo R 1T R 2T

Note that the integrals (15a) and (15e) are the same as those in Chap. I,
Sec. 4, Eqs. (16) and (17), except that the limits of integration are from
o to 8 instead of from - 00 to + 00. Just as in Chap. I, Sec. 4, it is a
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good approximation to replace the first integrals in (15a) and (15e) by
the second integrals, provided the following restriction is imposed on the
separation b of the two conductors of the line:

l~bl2 « 1 (16)

It is not clear whether this restriction is sufficient to make the second
integrals in (15c), (15d), (151), and (15g) good approximations of the first
integrals. The approximation actually made is

Ir (1.. - 1..) du' I» Ir (FiT - F'T) du' I (17a)

where
e-i~R2T - 1

F2T == R 2T
(17b)

In order to evaluate (17a) it is necessary to specify the geometry of
the termination. As a convenient and rather general case, let all signifi­
cant contributions to the potential differences on the line come from cur­
rents and charges in the straight parts of the termination in Fig. 1.1
which make a constant angle 1/1 with the line. This means that these
parts are relatively longer compared with the line spacing b than in
Fig. 1.1. Note that R1T and R 2T may be expressed as follows:

RlT = V(w + u' cos 1/1)2 + (u' sin 1/1)2 + a2 (18a)

R2T = V(w + u' cos 1/1)2 + (u' sin 1/1 + b)2 (18b)

Significant contributions to both integrals in (17a) are obtained only from
values of the integrand for which R lT and R2T are of the order of magni­
tude of small multiples of b and therefore sufficiently small to satisfy the
inequalities

(19)

For larger values of R1T and R2T, these distances approach each other,
and the integrands in both integrals in (17a) become small. Over the
ranges specified in (19) the exponentials in (17b) may be expanded as in
Chap. I, Sec. 4. The result is

F IT - F2T = ~2(R2T - R1T) - j~3(R~T - R~T) . • • (20)

It follows that the ratio of the magnitude of the integrand on the left in
(17a) to that on the right is

(21)

Since over this range (19) is satisfied, the integrand on the right in (17a)
is small compared with the integrand on the left over the entire signifi­
cant range of the integral. Therefore the representation of the first inte­
grals in (15c,d) and (15/,g) by the second integrals may be assumed to be
a good approximation, subject to (16). Let the following symbols be
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(22f)

(22e)

(22y)

(22b)

(22c)

(22d)

(22a)

Note that

Sec. 1] THE TERMINATED LINE

defined (note that kin (15b,c) is essentially real):

le(w) == l~(w) + l~(w) = ko(w) : kOT(w)
7r'V

. I() _ . [ -I( ) + -I( )] _ ko(w) + k~T(W)
JWll w =JWYo w YT w - 27r~

yew) == yew) + jwc(w)
pew) = kl(w) + k IT(w)

- ko(w) + kOT(w)

P'( ) = k I (w) + k~T(W)
W - ko(w) + k~T(W)

_ kl(w)
Po(w) = ko(w)

~2 == ~5 = -jwlg(w)y(w)[ko(w) + k~T(W)]
'V ko(w)

If (22a) to (22f) are substituted in (13) and (14), the final expressions
for the vector potential difference and the scalar potential difference are

Wz(w) = le(w) [IzL(W) + jWqL(;)P(W)] (23a)

Yew) = jw[ L(W) + -!- iJ2IzL (w) P'(W)] (23b)
yew) q JW iJw2 ~

For some purposes the ratio functions al(w) and ~I(W) are useful.
They are

(24c)

(24b)

(24a)

(26a)

(26b)
(26c)
(26d)
(26e)

() Wz(w). le(w). ()
al w == WzL(w) = 19(w) = al w

~I(W) = VL(W) == yew)
- Yew) yo(w)

Note that, when the leakage conductance is small, as is usual,

~I(W) == tI>1(W) == c(w)
co(w)

It is now readily verified from (15a) to (15y) that, subject to the
inequalities

w2» b2 Z2 » b2 (25)

the general expressions (23a) and (23b) for the potential differences are
well approximated by the simple formulas derived in Chap. I, Sec. 4,
for the infinite line. With (25) it follows that

ko(w) == ko = 2 In ~ kl(w) == 0a
kOT(w) == 0 k~T(W) == 0 k IT(w) == 0
Po(w) == 0 pew) == 0 P'(w) == 0

~I(W) == 1 VL(W) == Yew)
aI(w) == 1 WzL(W) == W..(w)
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SO that

where

jw
Yew) = - qL(W)

Y
y 211"~

jw =~

(27)

(28)

It follows that, whereas the general equations (23a) and (23b) for the
potential differences must be used within distances of the termination at
both ends which do not satisfy (25), the simple formulas for the infinite
line are good approximations at sufficient distances from the ends.

Although the discussion in this section was carried out specifically for
a two-wire line, it applies with slight modification in detail to the other
types of line analyzed in Chap. 1. In all cases there is a region near
each termination where the more general equations (23a,b) must be used,
whereas the formulas for the infinite line apply at distances from the
termination which are large compared with the cross-sectional dimensions
of the particular type of line. For each type of line the appropriate
formula for ko must be used in the general expressions (28) for the parame­
ters le and y = g + jwc.

For example, in the case of the coaxial line,

1fo"" fo 00 (1 1)ko(w) == - - - - dw' dO'
211" 0 0 R I R 2

where, as in Chap. I, Sec. 6, with r = aI,

(29)

(32)

R I = V(w - W')2+ ai R2 = V(w - W')2 + Si2 (30a)

S12 = V a~ + ai - 2ala2 cos e' (30b)

The integration with respect to w' may be carried out directly to give

ko(w) = 2ln ~ _ ("" In w + vw
2 + a~ + ai - 2a2al cos e' de' (31)

al Jo w + vw2 + ai 211"

The integral in (31) has not been evaluated, but a satisfactory approxi­
mation is readily obtained. Since a2 is always greater, and usually much
greater, than at and since the expression under the radical in the numer-
ator ranges between vw2 + (a2 - at)2 and vw2 + (a2 + al)2, it is clear
that a reasonable mean value is obtained simply by neglecting the terms
in at in the numerator. The result is

k ( ) . 2 I a2 I w + Vw2 + a~o w = n - - n ------:;=====.-
at w + vw2 + ai

This is seen to be the same in form as (15b) for the two-wire line, with
a2 occurring in place of band al in place of a.

2. Generalized Differential Equations. 9 •10 ,49 The derivation of the
differential equations for the scalar and vector potential differences which
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(1)

are valid at all points along a terminated line parallels the derivation in
Chap. I, Sec. 4, for the infinite line but proceeds from more general forms
of the fundamental relations. Specifically, since the vector potential at
points on the conductors of the line near its terminations may have
components perpendicular to the line as well as parallel to it, the general
relation [Chap. I, Sec. 3, Eq. (8b)] must be used. The desired general
equation of continuity for the vector potential at points on the conductors
of the line is

aAz + aAy + aAz + .~ ..... = 0
ax ay az J w Y

where Az, Ay, and Az are the components of the total vector potential due
to the currents I ZL in the line and such of the components I zT, I yT, and
I ZT as may exist in the terminations; ~ is the total scalar potential due to
charges qL in the line and charges qT in the terminations. As pointed
out in Chap. I, Sec. 3, it is possible to replace the single equation (1)
by several equations involving related components of the potentials such
as the following:

Ay = AyT Az = AZL + AZT
~ = ~T + «>L

(2a)
(2b)

(3b)

(3a)

AZL and ~L are computed at points on the line from currents and charges
in the line, whereas AzT, AyT, AzT, and «>T are computed at the same points
on the line from currents and charges in the termination. These com­
ponents satisfy the following equations:

aAZT + aAyT + aAzT + .r «>T = 0
ax ay az J w

aAzL + .~2..... _ 0-- J - yL -
az w

If the scalar and axial vector potential differences are introduced as
defined in Sec. 1, Eqs. (5a,b), it follows from (3b) and with a/aw = -a/az
that

(4)

Similarly, proceeding from the general equation [Chap. I, Sec. 4, Eq.
(6a)], viz.,

(5)

and making use of the defining relation [Chap. I, Sec. 4, Eq. (33a)] for
the internal impedance per unit length zi, namely, E1z(w) = 11z(w)zi, the
following equation is obtained directly:

a~sw) = zilzL(w) + jw Wz(w) (6)
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where Yew) and Wz(w) are the total potential differences between points
on the two conductors of the line at a distance w from the load-line
junction, I1z(w) = IzL(w) is the total current in conductor 1 at this dis­
tance, and Zi = zf + z~' The desired differential equations may now be
obtained from (4) and (5) with Sec. 1, Eqs. (23a) and (23b). As a first
step, let qL(W) be eliminated from Sec. 1, Eq. (23a) , using Sec. 1, Eq.
(23b), to give

Wz(w) = [e(w) [IzL(w) + V(w)y~w)P(w) _ a2~~~w) P(W)~'(W)] (7)

Since the last term on the right in (7) is a small correction term, it is
satisfactory to assume in evaluating its order of magnitude that the
current satisfies the uncorrected equation. Moreover, since the term
includes the small factor P(w)P'(w) , it is negligible beyond a distance lOb
from each end of the line. In the short lengths lOb the small internal
impedance of the conductors may be ignored, and j~ substituted for "(.
Under these conditions the differential equation for the current as
obtained in Chap. I, Sec. 13, is

a2~~~w) + ~2IzL(w) = 0 (8)

If (8) is used in (7), the first and last terms on the right become

I zL (w)[1 + P(w)P'(w)] (9)

However, since both pew) and P'(w) are correction terms, their product is
of higher order and may be neglected. Hence, subject to the condition

Ip(w)p'(w) I«1 (10)

the z component of the vector potential difference in (7) may be expressed
as follows:

Wz(w) == [e(w) [IzL(W) + V(W)Y~)P(w)] (11)

Wz(w), as given in (11), may be substituted in (6) to obtain

IzL(w) = Z(~) [a~;) - jWle(w)y~(w)P(w) V(W)] (12)

where the impedance per unit length has been defined as follows:

z(w) == Zi + jw[e(w) (13)

The correction factor on the right may be expressed in terms of the ratios
al(w) and .1(W) defined in Sec. 1, Eqs. (24a,b), if use is made of Sec. 1,
Eqs. (22). The result

IzL(w) = Z(~) [a~~) + ~al(w).l(W)P(W)V(w) ] (14)

is the generalized first-order equation for the current.
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The second-order equation for the voltage is obtained by differentiating
(6) with respect to wand using (4) together with

Thus

Wz(w) = WzL(w) + WzT(w)

a2:~~) + ~2VL(W) = a~ [ziJzL(w) + jw WzT(w)1 (15)

In this relation WzT(w) is the axial component of the vector potential
difference due to currents in the termination only, and the term with
Zi as a factor takes account of the very small internal impedance of the
line. Thus the entire term on the right in (15) is a first-order correction
in which the vector potential difference and the current may be repre­
sented by their leading terms, i.e., by their uncorrected values. Thus
with Sec. 1, Eq. (23a) , the leading part of the total vector potential is

Wz(w) == IzL(w)le(w) = IZL(w)[l~(w) + l~(w)J (16)

Evidently, since Wz(w) = WzL(W) + WzT(w), it follows that

(17)

(18)

If (17) is substituted in the brackets in (15) and IzL(w) is replaced by its
leading term from (14), viz.,

I ( ) == _1_ aV(w)
zL W z(w) aw

the right side of (15) becomes

~ [Z(w) - jwl~(w) av(w)]
aw z(w) aw

(19)

Since the principal part of z(w) is jwl~(w), the leading term in (19) is

z(w) - jwl~(w) a2V(w)
z(w) ~

(20)

(21)

The substitution of (20) in (15) and a subsequent rearrangement of terms
give the following homogeneous equation:

a
2
v(w) + .z(w) ~2VL(W) = 0
aw2 ) wl8(w)

However, with Sec. 1, Eqs. (22) and (24b), it follows that

~2 yew)
j w18(w) = - «I»l(W) (22)

Hence, since with Sec. 1, Eq. (24b), VL(W)/.l(W) = V(w)l.--the final equa­
tion for the total voltage along the line is

(23)
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The generalized propagation constant y2(W) is defined by

y2(W) == z(w)y(w) == zo(w)YO(w)al(w)«Il1(w) (24)

When there is no inductive coupling between the termination and the
line, al(w) = 1; when there is no capacitive coupling, «Il1(w) = 1. At
distances that satisfy the condition w2 » b2,

y2(W) == "(2 = zy = (Zi + jwle)(g + jWC) (25)

where le, g, and c are the parameters of the infinite line. Thus, when
w2 is large compared with b2, the generalized Eq. (23) reduces to the
equation for the infinite line given by Chap. I, Sec. 13, Eq. (5).

3. Terminal Zones; Coupling and End Effects. 10 •49 It was shown in
the preceding section that the scalar potential difference between the two
conductors of a transmission line of finite length and terminated in arbi­
trary impedances is given in first approximation by the equation

where

(1)

(2)

The current in one of the conductors of the balanced line, in which
12z (w) = -I1z(w) = -Iz(w), is obtained from the scalar potential differ­
ence by differentiation:

Iz(w) = Z(~) [a~~w) + ~p(W)al(W)«Ill(W)V(W)] (3)

Since the variable w, in general, occurs in "(2(W) in an intricate manner,
Eq. (1) cannot be solved by conventional methods that apply to equa­
tions with constant coefficients. Indeed, since "( w) is a different func­
tion of w for each type of termination and line, a general solution of (1)
is not possible. Fortunately, precise knowledge about the distribution
of current or voltage in the parts of a line near its ends at w = 0 and
Z = 8 - W = 0, which are excluded by the conditions

Z2 = (8 - W)2 » b2 (4)

is relatively unimportant, provided the currents and voltages are known
accurately everywhere else. Although at all points outside the terminal
zones of length

d ~ lOb d == O.L\ (5)

currents and voltages satisfy the simple equations

d
2
V(w) _ "(2V(W) = 0 "(2 = zy
dw2

1 aV(w)
Iz(w) ="Zaw

(6)

(7)
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for which general solutions are given in Chap. I, Sec. 13, the currents and
voltages actually cannot be determined from (6) and (7) without speci­
fying boundary conditions; and these necessarily involve the terminal zones
in which (1), (2), and (3) but not (6) and (7) are valid.

The differences between the general Eqs. (1) and (3) for the terminated
line and the special Eqs. (6) and (7) for the infinite line and for points
sufficiently far from the ends of a finite line may be summarized under

ko(w)

0.01

0.001 0 4 6 10 12 14 16 18 20
w
b

FIG. 3.1. The functions ko(w), kl(W)/~b, and Po(w)/{3b for a two-wire line in a perfect
dielectric.

the headings of coupling between the load and the line and transmission­
line end effects.

1. Coupling between the load and the line may be inductive owing to
a nonvanishing z component of current in the load, so that WZT(w) and
l~(w) are not zero and Ql(W) differs from unity; it may be capacitive, so
that VT(w) and CT(W) in YT(W) are not zero and 4»l(W) differs from unity.
The absence of inductive coupling is defined by Ql(W) = 1; the absence
of capacitive coupling is defined by 4»l(W) = 1. It is significant to note
that the infinite line is not characterized by an absence of either inductive
or capacitive coupling between the sections of line on each side of an
arbitrary line-load junction at w = O. On the contrary, in the infinite
line the following relations are true:

l~(w) + lo(w) = le
YT1(w) + yr;l(w) = y-l = (g + jwC)-l

(8a)
(8b)
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so that the constancy of le and y presupposes inductive and capacitive
coupling. Note that, at w = 0,

IT(O) = loCO) = ile YT(O) = Yo(O) = 2y (9a)

whereas, when w2 » b2 or w~ 00,

IT( 00) = 0 lo( 00) = le (9b)

(11)

d
2
V(w) _ "(2V(W) = 0 (13)
dw2

which is the infinite-line equation.
On the other hand,

1
Iz(w) = z(w)

[a~~) + ~Po(W)V(W)] (14)

where Po(w) = ~:~:~ (15)

so that

~l(W) = 1

It follows that

z(w) = Zo(W)
yew) = Yo(w)

"(2(W) = Zo(w)Yo(w) = zy = "(2

(12)
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FIG. 3.2. The functions l~(w), co(w), and
Rc(w).

It is clear that the equations for the infinite line do not apply even to a
section of line with an open end, since 12YI ~ ly(w)1 ~ lyl.

2. Transmission-line end effects arise from the fact that, even when
there is no capacitive or inductive coupling between the line and the load
or when there is no load, the general Eqs. (1) and (3) do not both reduce

to the simple forms (6) and (7).
This is readily seen by setting

Note that it is only the product zo(w)Yo(w) which is independent of w,
not the functions zo(w) and Yo(w) individually. It is due to the fact that
zo(w) is proportional to ko(w) and Yo(w) to l/ko(w) that the product
zo(w)Yo(w) is constant. Clearly the ratio zo(w)/Yo(w) is not independent
of w, and it is this ratio which defines the generalized characteristic
impedance Zc (w) .

The functions ko(w), k1(w), and Po(w) are shown in Fig. 3.1 for an open
two-wire line as a function of the normalized distance w /b from the load
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at w = o. The line spacing is b. The inductance and capacitance per
unit length, 19(w) and co(w), are shown in Fig. 3.2 together with the ratio
Rc(w) = 19(w)/co(w) == zo(w)/yo(w). A perfect dielectric is assumed.

The section of line near a termination (or other discontinuity) in which
the equations of the infinite lines, (6) and (7), are not valid is called a
terminal zone, and the conditions that are responsible for the differences
between (1) and (3), on the one hand, and (6) and (7), on the other,
are called terminal-zone effects.

4. Equivalent Uniform Line with Terminal-zone Network. Since the
principal purpose of an analytical solution of the transmission-line prob­
lem is to predetermine quantities actually measured on a transmission
line, it is necessary to formulate an approximate solution of the general
equations [Sec. 3, Eqs. (1) and (3)] for practical use. Transmission-line
measurements usually involve the distributions of current and voltage
on parts of the line which are outside the terminal zones. The data so
obtained are then interpreted using conventional formulas derived from
the solutions of the special equations [Sec. 3, Eqs. (6) and (7)] for an
infinite line. Although these equations are valid in the region of measure­
ment, their range of application does not extend to the actual termi­
nations. Hence this procedure is correct only if a sufficiently long section
of line is included as a part of the termination, so that z = s may not be
the actual end of the smooth line. If the conventional formulas are
assumed (incorrectly) to apply to the terminal zones and z = s or
w = s - z = 0 coincides with the actual junction of the line with an
impedance, the impedance apparently terminating the line includes the
effect of errors made in using incorrect parameters and formulas in the
terminal zone. This apparent terminal impedance ZaG at z = s (or ZOG at
z = 0) is not, in general, the ratio of the actual scalar potential difference
across, to the current entering, the terminating impedance. Since ZaG
involves the properties of the transmission line, the same impedance may
have quite different apparent impedances when connected as a load to
different transmission lines. Merely by varying the spacing of the line
or by changing the relative orientation of line and termination, the appar­
ent terminal impedance of a given load may be altered.

For reasons similar to those which make it impossible to have the uni­
form properties of a long transmission line continue to its junction with
an arbitrary impedance, it is also impossible to define for an arbitrary
circuit element an impedance that is independent of the circuit to which
it is connected. The degree of coupling of such an element to the adja­
cent parts of the circuit, e.g., the transmission line, varies with the con­
figuration of conductors and the separation of its terminals; it may be
large or almost zero in specially designed arrangements. Only when the
separation of the terminals of a circuit element is vanishingly small, as
when it is driven by a fictitious extensionless generator or by an equally
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·1(8)
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+2(8)

fictitious transmission line with zero spacing, is it possible to define a
self-impedance Z. that is an independent characteristic of the circuit ele­
ment, which then becomes a complete self-contained circuit.

It is possible to separate formally the circuit properties of, and the
coupling between, two parts of a single complete circuit into two self­
impedances and a mutual impedance. 9 Except when the distribution of
current is greatly affected by the mutual term, the self-impedance of the
load differs negligibly from its ideal self-impedance when isolated and
driven by a potential difference maintained across its terminals by a
fictitious source. This is true of the coupling between a transmission
line and its load. Accordingly the transmission line may be analyzed

as if it had a physically extensionless
load, and the load may be analyzed
as if it were driven by a fictitious
source that maintains the required
potential difference V(s) = 4>l(S) ­
4>2(S) at its terminals, as shown in Fig.
4.1, provided separate account is taken
of the actual coupling between them.
This may be done approximately by
means of a suitable equivalent net­
work that represents the coupling as
if lumped at the junction instead of
distributed over short distances near

FIG. 4.1. Typical termination for two-
wire line. it. By concentrating coupling effects

and transmission-line end effects in
such a network of lumped elements, the actual terminal zone in which z(w)
and yew) are functions of position may be replaced by a fictitious section of
line in which the variable parameters z(w) and yew) are replaced by the
constants z and y of the infinite line. That is, the length of the terminal
zone is reduced from, say, d == lOb to zero, and its distributed circuit
properties, insofar as they depart from those of a smooth line, are con­
centrated as a lumped network at the line-load junction. If this is done,
the impedance terminating the hypothetical completely uniform line with
constant parameters everywhere is the apparent terminal impedance Z.a.
This consists of the impedance of the idealized isolated load Z. = V(s)/I(s) ,
as obtained from Fig. 4.1, in combination with the lumped network that
takes account of all terminal-zone effects. This is shown schematically in
Fig. 4.2, where the lumped elements of the terminal-zone network consist
of a series impedance ZT = jwLT and a shunt admittance Y T = jwCT.

The lumped elements ZT and YT are to compensate for the difference
between the series impedance and shunt admittance of the actual terminal
zone and the series impedance and shunt admittance of a section of line
which is equal to the terminal zone in length but has the line constants
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Conventional line

Zjn=Z8a~ tl
Constant parameters Zo,Yo

of an infinite line. These elements are defined as follows:

ZT = Iod
[z(w) - z] dw == iw Iod

W(w) - le] dw = iwLT (1)

YT = Iod
[yew) - y] dw == iw Iod

[c(w) - c] dw = iwCT (2)

where yew) is as defined in Sec. 1, Eq. (22c), z(w) as in Sec. 2, Eq. (13),
and z and y as in Sec. 2, Eq. (25). Alternatively, with Sec. 2, Eqs.
(24a,c),

L T = Iod
[lg(w)al(w) - le] dw (3)

CT = Iod
[CO(W)<I>l(W) - c] dw (4)

With ZT in series and Y T in parallel with the load (the order is not
important), z(w) and yew) in the terminal zone may be replaced by

I Terminal zone A

I ~ Load, 1-. (coupling to line)

I Variable parameters B
: z(wl,y(w);coupling

to load
...·,-------7\./2 •

Conventional line i L T A

Zj"~Z~-: J~ CTG(~I~:fing
Constant parameters zo'Yo 1 L B
no coupling to load 2 T

FIG. 4.2. Actual and equivalent transmission lines. The configuration of conductors
between A and B is the same in both cases.

z and y, so that yew) becomes y and pew) = O. It follows that the
infinite-line equations [Sec. 3, Eqs. (6) and (7)] apply to the entire line
including terminal zones, provided an appropriate lumped network is con­
nected between the line and each termination, as shown in Fig. 4.2, so
that the apparent terminating impedances are Zaa at z = 8 and ZOa at
z = O. The constants of this network must be evaluated separately for
each impedance and each type of line. Specific application of this general
theory to impedances of various types terminating different lines and to
the junction of two different lines is made in later sections. For use in
the next section it has been shown that the constants of integration in
the general solution of the infinite-line equations [Sec. 3, Eqs. (6) and (7)]
may be applied to finite lines, provided the boundary conditions are
expressed in terms of apparent terminal impedances Zaa which include an
appropriate terminal-zone network.

5. Evaluation of Constants in Terms of Boundary Conditions; Expo­
nential Solution for a Terminated Line. 17 If the transmission line is of
finite length extending from z = 0 to z = 8, as shown in Fig. 5.1a, the



74 TRANSMISSION-LINE THEORY [Chap. II

ends of the conductors may be connected by terminal impedances of the
most general sort, provided a section of transmission line which is long
compared with the line spacing b is included as a part of each termination.
The impedances are defined by

v
Z=y (1)

where V is the complex potential difference across the terminals of the
impedance and 1 is the complex current in each terminal. The currents

I I

_lye + I
:

~o rz, f
+lVe -2 I 0 i

I (a)
I

I I
_lVe + I

I

z:f
I

tZ•
I+lye_ I
I2.0 I

I (b)
I

! !

~~~ ~~
-: I

I I
I I

z=o (c) z=s

FIG. 5.1. Terminated transmission lines. (a) Terminations at both ends include
sections of transmission line. (b) Lumped terminations. (c) Lumped terminations
with single generator at center of Zoo

in the two terminals are equal and opposite. At the input end the imped­
ance is Zo = Ro + jXo; at the output end it is Zs = Rs + jXs • The
generator at the input end is separated into two identical parts each
maintaining an emf i V~. The superscript e is to distinguish an externally
applied potential difference or emf from a voltage drop. The subscript 0
locates the generators at z = O.

For lines in which b is so small that it makes no significant difference
in any length of line whether it is increased or decreased by an amount b,
terminal-zone effects are negligible, and the circuit of Fig. 5.lb or Fig.
5.le is adequate with Zsa == Zs and ZOa == Zoo If the current at all points
in Zo is the same as 10 (the current into or out of the line), the halves of
the generator may be combined into a single generator connected in series
with Zo in any desired manner. If the current amplitude is not constant
throughout Zo, the generator must be in two parts in order to have the
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currents equal and in reversed directions at opposite points along the
two conductors or at the center of a symmetrical structure.

If the termination does not include a section of line and the spacing is
not so small that terminal-zone effects are negligible, these may be
assumed to be localized in a network of lumped elements at the junction
of the line and the termination, as explained in the preceding section.
By combining such a corrective network with the ideal impedance Zo or
Zs of the impedance when isolated, the apparent impedance ZOo or Zsa is
obtained. This is the fictitious impedance that would have to terminate
the line if uniform conditions prevailed to the ends and the same cur­
rents and voltages existed everywhere on the line as on the actual line
with the actual termination except in the terminal zones. The apparent
impedance is that determined from measurements made on the line if solu­
tions of the conventional or uniform-line equations are used in the reduc­
tion of the data.

In the following it is assumed for simplicity in the notation that
terminal-zone effects are negligible, so that Zo and Zs are the termi­
nations. The solution obtained may be applied to general terminations
merely by adding the additional subscript a to Zo and Zs and to other
functions introduced to describe the terminations.

The boundary conditions for the circuit of Fig. 5.1 are

For z = 0,
For z = 8,

Vo = V~ - 1oZo
Vs = 1sZs

(2a)
(2b)

If the appropriate currents and voltages as given by the first equation in
Chap. I, Sec. 13, Eq. (7), and by Chap. I, Sec. 13, Eq. (11), namely,

Vz = B1e"(z + B2e-TZ and 1z = i (-B1e"(z + B2e-"(z), are substituted in (2),

two equations are obtained for evaluating the arbitrary constants B1 and
B2 in terms of the impedances Zo and Zs and the parameters of the line.
These equations are

Vs = B1+ B2 + ~ (-B1+ B2)

!.! (-B1e"(s + B2e-"s) = B1e"s + B2e-Ts
Zc

Rearranging and collecting terms lead to

(3)

(4)

(5)

(6)
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For convenience let the following shorthand be introduced in (5) and (6):

(7)

The complex factors r 0 and r s are called coefficients of reflection of voltage.
Their properties are studied in later sections. Solving (5) and (6) for
B1 and B2, using (7), gives

(8)

(9)

Upon substituting these in Chap. I, Sec. 13, Eqs. (7) and (11), the final
solutions in exponential form are obtained. They are

v _ V~~ e-rz + r se-y (2s-z)
z - Zc + Zo 1 - rorse-2ys

I = Vg e-rz - r se-y (2s-z)
z Zc + Zo 1 - rorse-2ys

(10)

(11)

The solutions for a terminated line must, of course, reduce to the solu­
tions previously obtained in Chap. I, Sec. 14, Eq. (1), for a semi-infinite
line of length s that is allowed to increase without limit. If s ~ 00 in
(10) and (11), all exponential terms involving s vanish, provided 'Y has a
positive real part, so that

vez
TT = IZ = 0 c e-rz = V:oe-rz
"z z c Zc + Zo

This is like Chap. I, Sec. 14, Eq. (1); note that

Vo = VgZc

Zc + Zo

(12)

(13)

It is significant that solutions like (12) and (13) are obtained for a line
terminated so that

or (14)

The input current given in (12) is like that in a simple circuit con­
sisting of Zc in series with Zoo It follows that an infinitely long trans­
mission line, or a line of any length terminated in Zs = Zc, behaves at its
input terminals like an impedance Zc. Since Zc is defined by Chap. I,
Sec. 13, Eq. (lOa), entirely in terms of parameters characteristic of the
line itself, Zc is properly called the characteristic impedance of the line.
Note that a transmission line behaves like an impedance Zc only if it is
infinitely long or if it is terminated in Zc. Its behavior under other cir­
cumstances is quite different.
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6. Infinite-series Form of the Exponential Solution. 17 The exponen­
tial solutions of Sec. 5, Eqs. (10) and (11), may be modified either in
order to make them more convenient mathematically or in order to facili­
tate their interpretation in terms of a physical picture or model. In this
section Sec. 5, Eq. (10), is rearranged into a form with a physical interpre­
tation that helps to explain the significance of the parameters appearing
in the solution. From the analytical point of view such a physical inter­
pretation is not required. On the other hand, pictures or models that
illuminate a mathematical formula in terms of a readily visualized physi­
cal mechanism often serve a valuable purpose.

A physically fundamental transformation of Sec. 5, Eq. (10), is derived
below. The procedure is contrary to that usually followed by the mathe­
matician, who prefers a closed formula to a physical interpretation, in
that Sec. 5, Eq. (10), is expanded into an infinite series by dividing the
numerator by the denominator. The result is

VeZ
Vz = Zo -+ Zc [e-OYz + r,-e-oy(2_z) + r or.e-oy(2.+z) + ror~e-oy(4_z)

+ r3r;e-oy(4.+z) + ... ] (1)

In order to obtain the instantaneous real voltage, (1) must be multiplied
by eiwt and the real part selected. This is

Note that

Vg IZo ~ Zc I{e-az cos (wt - (3z + <1»

+ I'.e-a (2_z) cos [wt - (3(2s - z) + t/I. + <1>]

+ I'oI'.e-a(2.+z) cos [wt - (3(2s + z) + t/lo + t/I. + <1>]
+ I'oI'~e-a(4_z) cos [wt - (3(4s - z) + t/lo + 2t/1. + <1>]

+ I'~I'~e-a(4'+z) cos [wt - (3(48 + z) + 2t/1o + 2t/1. + <1>]
+ ...}

Vz =

(2)

Zc _I ZC Ieiif! (3)
Zo + Zc - Zo + .zc

and ro = I'oei"'o r. = I'.eN • (4)

The velocity of a constant phase associated with each term in (2) is
obtained by setting the phase equal to a constant and differentiating
with respect to the time. Thus

For the first term,
ddi (wt - (3z + <1» = const.

For the second term,

d
dt (wt - 2{Js + (3z + t/I. + <1» = const.

For the third term,

d
dt (wt - 2{Js - (3z + t/lo + t/I. + cf» = eonst.

dz w- = - = vdt {3 P

dz w
di = - p = -vp

dz w
di = 73 = Vp
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For the fourth, sixth, and every even-numbered term dz/dt = -Vp ; for
the fifth, seventh, and every odd-numbered term dz/dt = Vp •

The series (2) may be interpreted term by term. By allowing the
length 8 of the line to increase without limit, the first term in (2) is seen
to be the complete solution for the instantaneous voltage at z on a 8emi­
infinite line. It is like Chap. I, Sec. 14, Eq. (1), for a generator imped­
ance Zo instead of zero. The interpretation previously applied to Sec. 4,
Eq. (1), may be applied to the first term in (2). That is, the contribu­
tion to the instantaneous voltage at z by the first term may be visual­
ized as a voltage wave traveling in the positive z direction with a constant
phase velocity Vp , the amplitude of the voltage diminishing exponentially
with z. At the instant t when the wave reaches the point z, the wave will
have traveled a total distance z from z = 0 to z = z. The voltage meas­
ured at z at the particular instant t may be regarded as having originated
at the generator at an appropriate earlier time t1such that t1 = t - z/vp •

Thus the first term may be assumed to represent a voltage wave that has
traveled only the distance z from the generator to the point of observation
at z with velocity Vp • It involves a phase lag {3z and a decrease in ampli­
tude by the factor e-az compared with the point z = 0 at the same instant.

The instantaneous voltage at z on the terminated line at time t1 differs
from that which would be observed at the same point and time if the
line were infinite by the addition of the series of terms following the first
one in (2). Viewed in the same light as the first term, the second term
in (2) represents a voltage wave moving in the negative z direction which
has traveled the distance 28 - z, starting at the generator, proceeding
to the end of the line at z = s, and returning to the point z, where it
arrives simultaneously with the first wave. The entire distance was
traversed with the constant phase velocity Vp • The starting time was
it - (28 - z)/vp + I/;./w. It involves a phase lag (3(28 - z) and a
decrease in amplitude by the factor e-a (2.- z). In addition, there is
an amplitude factor f s = I(Zs - Zc) / (Zs + Zc) I and a phase shift
1/;, = arg (Zs - Zc)/(Zs + Zc). Since f s and 1/;8 depend only on the
terminal impedance Z8 at z = 8 and on the parameter of the line Zc,
it is plausible to regard r 8 = f8ei~8 as a coefficient of reflection character­
izing the impedance Z8 when this terminates the line of characteristic
impedance Zc. The effect of the coefficient is to change the amplitude
of an incident voltage wave by a factor f s and the phase by 1/;8 after the
wave reaches Z8 and before it starts back as a reflected wave.

The third term in (2) may be interpreted in an analogous manner as a
wave which originated at the generator at a time it - (28 + z) + 1/;8/W +
I/;o/w and which has traveled to the end at z = 8, back to the generator
at z = 0, and finally back to the point of observation at z, where it arrives
simultaneously with the other waves. When it arrives at z, it is traveling
in the positive z direction along with the first wave. In transit the wave
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is attenuated by the factor e-a(2s+z) due to the line, by a factor r s due to
reflection at Zs, and by a factor r o due to reflection at Zoo Similarly
there is a phase lag {3(28 + z) due to the distance traversed on the line
and phase shifts 1/;s and 1/;0 due to reflection at Zs and Zoo All succeeding
terms in (2) may be interpreted in a manner analogous to that used to
describe the first three terms. Each is a contribution to the voltage aJ;
the point z from components that started at z = 0 sufficiently early to
travel as a constant phase back and forth along the line. In so doing
the amplitude suffers a continuous exponential attenuation, and the phase
suffers a linearly increasing lag with respect to the voltage at z = O. In
successive reflections at each of the two ends, discontinuous changes in
amplitude and phase supplement the effect of the line. The number of
reflections at each end is given by the powers to which the factors ro and
r s, which characterize a single reflection, are raised. The total distance
traveled by each component is given by the factor of a in the exponents
or of (3 in the phases. In terms of this physically attractive picture the
instantaneous potential difference at any point along a terminated trans­
mission line is the resultant of all the contributions reaching that point
simultaneously from both directions after an infinity of successive reflec­
tions at the ends. The terminated line is thus seen to play the role of
an infinite line folded back and forth upon itself, with discontinuities at
intervals equal to the actual length and with the potential difference in
these folded parts actually superimposed and combined algebraically into
a single value.

This interpretation can be obtained directly from the complex series
(1) if it is recalled that a complex quantity involves a real amplitude
and a phase shift. That is, once the relationship between complex and
real instantaneous values is understood, the essential points may be deter­
mined directly from the complex form without the real solution. A simi­
lar expansion and interpretation may be used for the current.

7. Incident- and Reflected-wave Form of the Exponential Solution. ll
An alternative physical picture of the exponential solution of the trans­
mission-line equations is often given in a form of Sec. 5, Eqs. (10) and
(11), in which the voltage Vs across, and the current Is = Vs!Zs in, the
terminal impedance Zs are introduced explicitly. The voltage Vs is
obtained by setting z = 8 in Sec. 5, Eq. (10). It is

V~Zc e-ys(l + r s)
Vs = Zc + Zo 1 - rorse-2ys

Similarly, from Sec. 5, Eq. (11),

v~ e-ys(l - r s)
Is = Zc + Zo 1 - rorse-2ys

(1)

(2)
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If (1) and (2) are substituted in Sec. 5, Eqs. (10) and (11), and the
notation

w == s - z (3)

is introduced, the following expressions are obtained:

Vz = 1 :s r
s

(cyw + rsc-Yw ) = 1 ~Z~s (eYw + rse-Yw) (4)

l z = Vs (e'Yw - rse-Yw) = __l s_ (eYw - rse-Yw) (5)
Zc(1 + r s) 1 - r s

It is clear that the distribution of current depends on w = s - Z, not on
z alone. The instantaneous real solutions are obtained by multiplying
by eioJt and selecting the real parts. Thus, for example, the first equation
in (4)' leads to

Vz = Re Vzeiwt = 11 :srsl [eaw cos (wt + fJw + <1»

+ rse-aw cos (wt - fJw + 1/;s + <1»] (6)
where <I> is given by

(7)

This instantaneous voltage consists of two terms. The phase velocity
for the first term is obtained by holding the total phase constant and
differentiating with respect to time. This gives

dw dz w
- di = dt = ~ = Vp

The phase velocity of the second term is

dw dz w
- (jj = dt = - ~ = -Vp

(8)

(9)

Accordingly the first term in (6) represents a voltage wave traveling
in the positive z direction with phase velocity Vp , whereas the second
term represents a wave traveling in the negative z direction with the
same velocity. Thus the instantaneous voltage Vz at Z may be con­
sidered to be made up of the sum of a composite wave of amplitude
IVs/(l + rs)leaw traveling toward Zs and a composite wave of amplitude
IVs!(1 + rs)lrse-aw traveling in the opposite direction. The two waves
differ in phase by 1/;s - 2fJw, corresponding to a greater distance of travel
for the second wave from the point z to Zs and back to z, with a phase
shift 1/;s on reflection at Zso The wave traveling toward Zs is the incident
wave; that traveling away from Zs is the reflected wave. Note that these
composite waves have amplitudes that are intricate functions of the
parameters of the line and of both Zo and Zs, and that the origin of the
waves is not readily determined by noting the distance traveled.
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(10)
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The relative phases and amplitudes of the two terms in (4) and (5)
are represented in the following alternative formulas:

V =~ eyw[1 + r e-2awei (-Jt-2/Jw)]
z 1 + r s . s

1z = Vs) eyw[1 - rse-2awei<-Jt-2/Jw)]
Zc(1 + r s

A plot of the bracket in (10) is given with ex = 0 in Fig. 7.1 and with
ex ~ 0 in Fig. 7.2.

It is instructive to compare the representation of the exponential solu­
tion [Sec. 5, Eq. (10)], first, by an infinite series as in Sec. 6, Eq. (1) and,
secondly, by two terms as in (6). The first representation expresses the
instantaneous solution as an infinite sum of individually simple terms,
each of which is the solution of an infinite line folded back upon itself.

FIG. 7.1. The function 1 + re-i2{Jw with
r = rei-Jt; r = 0.6, if; = 30°.

The contribution by each term is made up of the fraction of the gener­
ator voltage impressed across the line, modified in amplitude and phase
by the effect of the over-all distance traversed on the line and by the
coefficient of reflection at each end appearing as a factor for each reflection.
The instantaneous voltage at a given point is thus made up of the simul­
taneously arriving contributions of an infinite number of simple waves
that have traveled back and forth, with one term for each possible distance
between generator and point of determination.

The second representation, using only two composite terms, in effect
separates the infinite series into two parts, as determined by the direction
of motion at the point z at the instant t. Thus all terms representing
waves traveling in the positive z direction are combined into a single
composite wave, the incident wave; similarly all terms representing waves
traveling in the negative z direction are combined into a composite
reflected wave. Each of the two resulting composite waves is the super­
position of an infinite number of simple waves traveling simultaneously
in one direction. As such, its amplitude involves the effect of all reflec­
tions at both ends and does not represent each by an explicit factor.
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(12)

(13)

The regrouping of an infinite number of simple waves into two composite
ones traveling in opposite directions is analytically convenient but not
physically so transpa,rent as the superposition of an infinite number of
simple waves. In particular, the physical interpretation of the coef­
ficients of reflection ro and r a as modifying amplitude and phase at each
reflection is lost, and the expressions (4) and (5) may as well be made
more symmetrical by substituting for r s the equivalent (Za - Zc)/
(Za + Zc). The resulting expressions are

Vz = ;';a (Za + Zc)e'Yw + 2~a (Za - Zc)e-Yw

= jIa(Za + Zc)eYw + {Ia(Za - Zc)e-Yw

I z = 2~Za (Za + Zc)eYw
- 2~Za (Za - Zc)e-Yw

- la (Z + Z) yw - ~ (Z - Z) -yw- 2Zc see 2Zc ace

Some writers introduce the notation

W == 8 - Z

1+ = Vt
z Zc

V-I- = _--.!..
z Zc

Then

where

Vz == Vi + V;- I z = Ii + I;

Vi == ;';a (Zs + Zc)eYw = jIa(Za + Zc)eYW

V; == ;';S (Za - Zc)e-Yw = {Ia(Za - ZJe-Yw

Vz = V}eYW + V:;e-Yw ; I z = I-;-eYw + I;e-Yw

Vt = ~ (Za + Zc) = ;';S (Za + Zc)

V:; = ~ (Za - Zc) = 2~a (Za - Zc)

It = ;zc (Za + Zc) = 2~Za (Za + Zc)

I; = - 2~c (Za - Zc) = - 2~Za (Za - Zc)

(14)

(15)

(16)

(17)

(18)

(19)

(21)

Clearly, from (10) and (11), withjl/t = 2"(w = j2(jw, for"( = j(j and a = 0,

Vz = Vte'rW(1 + Ira\) = Vz,max Iat 1/1 - 2{3w = 0, 271", 471", . .. (20)
Iz = Iieyw(1 - Ira!) = Iz,min

Similarly, at jl/t = 2"(w + ilr,
Vz = Vteyw(1 - Iral) = Vz,minI 3

I - 1+ w(1 + \r \) - I at I/t - 2(jw = 'Ir, 'Ir,z - a eY a - z,max

The terms with the superscript + are for waves traveling in the positive
z direction; those with the superscript - are for waves traveling in the
negative z direction.
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V; I;
r, = Y+ = - F-, , -r; (22)

so that the reflection coefficient r, may be interpreted as measuring the
ratio of the reflected composite voltage wave at Z, divided by the com­
posite incident wave. Similarly r' measures the ratio of current waves.
No such interpretation for ro exists. In fact, r odoes not appear in any
of the formulas for two composite waves, being contained exclusively in
the amplitudes V, and I,.

8. Hyperbolic Forms of the Solution. 708 ! The formulas [Sec. 5,
Eqs. (10) and (11)] for the complex current and voltage may be expressed
in terms of hyperbolic functions of complex argument by eliminating the
reflection factors r o and r, using Sec. 5, Eq. (7), and the definitions of
the hyperbolic sine and cosine, viz.,

sinh u == j.(eu - e-ll ) (1)

(2)

(3)

(4)

where u stands for "'(s in the denominators and "'((s - z) in the numerators
of Sec. 5, Eqs. (10) and (11). With w = s - z the two expressions are

Yz = Vfe (Z, cosh "'(w + Ze sinh "'(w)

Ve .
Iz = DO (Z, sinh "'(w + Ze cosh "'(w)

D = (Z~ + ZoZ,) sinh "'(s + Ze(ZO + Z,) cosh "'(swhere

These expressions explicitly involve "'( and Ze and the terminal imped­
ances Zo and Z,; coefficients of reflection do not appear. These alterna­
tive forms of Sec. 5, Eqs. (10) and (11), do not lend themselves to a
simple physical interpretation in terms of successive reflections.

The formulas (2) and (3) are too complicated to permit a direct visuali­
zation or simple graphical representation of the distributions of current
and voltage. Very considerable simplification from. this point of view
may be achieved by employing the same method previously used in
simplifying the exponential forms, viz., introducing the voltage and
current at z = 8 explicitly. These are

V - VoZeZ, - IZ
, - D -" I = VoZe

, D (5)

If these values are substituted in (2) and (3) to eliminate V~/D, the follow­
ing formulas are easily deduced:

Vz = V, cosh "'(w + IsZe sinh "'(W

Iz = i' sinh "'(W + Is cosh "'(w
e

(6)

(7)
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It is clear from (6) and (7) that the voltage and current at any point
along a terminated transmission line depend on the distance w = s - z
of the point from the output end. Furthermore they may be expressed
entirely in terms of the voltage across, and the current into, the terminal
impedance Za. The formulas (2) and (3) are in this way divided into
two somewhat simpler parts. The first permits the investigation of the
current and voltage at any point along the line in terms of the current
and voltage at the output end. The second, as given in (5), involves the
current and the voltage at the output end.

It is evidently possible to express Eqs. (6) and (7) in the following
general form:

Vz = AVa + Bla
Iz = CVa + Dla

(8a)
(8b)

where, in the present case of a transmission line, the four complex coef­
ficients A, B, C, and D have the following values:

A = D = cosh yw
B = Z:C = Zc sinh yw

(9a)
(9b)

(10)

Since (8a) and (8b) are, in fact, the general equations of a four-terminal
network of lumped elements, it is clear that a section of line between the
points z and s must be equivalent to such a four-terminal network. This
is considered in Chap. III, Sec. 12.

An alternative method of simplifying (2) and (3) involves the definition
of functions to replace the reflection coefficients r o and r a• It will be
recalled that ro and r a may be interpreted as a measure of the change in
amplitude and the shift in phase produced by each of an infinite number
of successive reflections of a wave traveling back and forth along the line.
The new functions that are to replace ro and r a are defined to be a
measure of the complete or over-all attenuation and phase shift by the termi­
nation, that is, to represent as a single effect the composite effect of all the
reflections at a given termination.

The complex terminal function 6 and its real and imaginary parts, the
terminal attenuation function p and the terminal phase function <P, are
defined as follows:

6 == p + j<P == coth-1 i
A subscript 0 or 8 is used on 6, p, <P, and Z to distinguish between the
terminations at z = 0 and z = 8. An alternative definition that is at
times more convenient is

6' == p + j<P' == tanh-1 i (11)

It is readily verified that the primed functions differ from the unprimed
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by the following very simple relation:

6' = 6 + i!!.- 2 eP' = eP + ~-2 (12)

The proof reduces to showing that

coth (p + jeP) = tanh (p + jeP ±~) (13)

Using Dwight formulas 655.3 and 655.4, this is accomplished at once.
It is shown later that eP is measured from zero current into the termi­
nation and eP' from zero voltage across the termination.

If the numerator and denominator of (2) are divided by Z: and Zo/Ze
and Zs/Ze are replaced, respectively, by coth 60 and coth 6s, according to
(10) it follows that

VI: = Ve coth Os cosh "(w + sinh "(w (14)
o (1 + coth 60 coth 6s ) sinh "(8 + (coth 60 + coth Os) cosh "(8

With suitable rearrangements this expression becomes

Similarly

V
z

= Ve sinh 00 cosh ("(w + 6s)

o sinh ("(8 + 60 + Os)
I = Vosinh 60 sinh ("(w + 6s )

z Ze sinh ("(8 + 60 + 6s )

(15)

(16)

(20)

(19)

If the definition (11) is used instead of (10), the corresponding formulas
are

V
z

= Ve cosh O~ sinh ("(w + 6~) (17)
o sinh ("(8 + O~ + O~)

I - Vg cosh O~ cosh ("(w + 6~) (18)
z - Ze sinh ("(8 + 6~ + 6~)

These relations may be referred to voltage and current at z = 8. Thus,
from (15) and (16),

V
s

= Ve sinh 00 cosh 6s

o sinh ("(8 + 00 + Os)
I = Vo sinh 60 sinh Os

s Ze sinh ("(8 + 60 + Os)

For convenience let the modified terminal voltage Vs be defined as follows:

V
s

== Ve sinh 00 = ~ = IsZe ( )
o sinh ("(8 + 60 + Os) cosh 6s sinh 6s 21

Using (21), (15) and (16) reduce to

Vz = Vs cosh ("(w + Os) = Vs cosh [Caw + Ps) + j({3w + ePs)] (22)

Iz = ~s sinh ("(w + 6s) = ZVs sinh [Caw + Ps) + j({3w + ePs)] (23)
e c
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These formulas reduce to a particularly simple form for a lossless line
with a dissipationless load, for which, as is discussed later in detail,

a = 0 r = J/3 ZC = R c (24)

P. = 0 9. = ipB = J (<p~ + ;) (25)

Vz = V. cos «(3w + <P.) = - V. sin (/3w + <p~) (26)
IzRc = VB sin (/3w + <p.) = VB cos (/3w + <p~) (27)

For a short-circuited line for which ZB = 0, <p. = 1r/2, and <P~ = 0 (as
shown in Sec. 15),

Vz = - V. sin /3w (28)
IzRc = V. cos /3w (29)

For an open-circuited line for which Z. = 00, <p. = 0, and <P~ = -1("/2
(as shown in Sec. 15),

Vz = V. cos /3w
IzRc = V. sin (3w

(30)
(31)

The completely hyperbolic forms of the solution, as expressed in (22)
and (23), represent the general case with arbitrary terminations in a form
analogous to the simple form of a lossless line. The phase function <p.
represents the over-all phase shift due to the termination at z = s (as
distinguished from the phase shift per reflection given by the argument
of the reflection coefficient). The function <Po plays a similar part for
the termination at z = O.

The part played by the attenuation functions Po and P. is best seen in
the amplitude factor V. in (21). Thus in

V = Ve . sinh (po + J<po) (32)
• - 0 sinh [as + Po + P. + J({3s + <Po + <PB )]

Po and P. contribute the over-all attenuation due to the terminations in
the same manner as as contributes the over-all attenuation due to the line.

9. Instantaneous Values of the Hyperbolic Solutions. The instanta­
neous voltage and current are obtained by multiplying the respective
complex quantities by eiu>t and taking the real parts. For this purpose
it is necessary to express the complex quantities in polar form, which)
in turn, involves the polar forms of complex hyperbolic functions. These
are

where

sinh (u + jv) = S = Seia
cosh (u + jv) = C = Ceie

S = y{(cosh 2u - cos 2v) = ys-;i-nh~2;;--u-+"'--s-;-in-::2"-v

C = y{(cosh 2u + cos 2v) = ysinh2 u + cos2 v
tan v

(1' = tan-1 ---
tanh u

E = tan- 1 (tan v tanh u)

(1)
(2)

(3)

(4)

(5)

(6)
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With this notation Sec. 8, Eqs. (15) and (16), become

V _VB SoCW = VB SoCW ei(ero+e..-cr.>
a - 0 S. 0 S.

1 - Vg SoSw = Vg SoSw ei(cro+cr..-cr.-</Io>
a - Zc S. Zc S.

87

(7)

(8)

where

So = Soeicro = sinh 00 = sinh (po + j4>o) (9)
Sw = Sweicr.. = sinh (yw + 0.) = sinh [aw + P. + j({jw + 4>.)]

== sinh (A w + jFw) (10)
Cw = Cweie.. = cosh (yw + 0.) = cosh [aw + p. + j({jw + 4>.)]

== cosh (A w + jFw) (11)
S. = S.eier• = sinh (ys +00 + 0.) = sinh [as + po + P. + j({js + 4>0 + 4>.)]

== sinh (A. + jF.) (12)
Zc = ZceicP (13)

In particular V. = Vg ~ = Vg ~ ei(ero-cr.> = V.ef(ero-tr.> (14)

V - Ve So _ VB cosh 2po - cos 24>0 _ Ve sinh2 Po + sin2 4>0 (15a)
• - 0 S. - 0 cosh 2A. - cos 2F. - 0 sinh2 A. + sin2 F.

-1 tan 4>0 -1 tan F.
0'0 - 0'. = tan t-h - tan t h A (15b)an Po an.

The instantaneous real voltage is obtained by multiplying both sides of
(7) by eic.>t and taking the real part to correspond to a driving voltage

vg = vg cos wi (16a)

Thus Va = VoS~~w cos (wi + 0'0 - 0'. + Ew) (16b)

For fixed terminations (16b) may be interpreted as a single wave of com­
posite amplitude and phase.

The distribution of voltage along the line at particular instants may be
investigated conveniently by setting wi' = wi + 0'0 - O'a, so that

Va = Vg ~~ Vsinh2 A w + cos2 Fw cos Ew (cos wi' - tan Ew sin wi') (16c)

With (6) and (11) this may be expressed as follows:

So
Va = Vg S.

sinh2 A w + cos2 Fw [ , ( hAt F)· ']
1 + tanh2 A wtan2 Fw ~os wi - ,tan w an w sm wi

(16d)
Rearrangement gives

Vz = Vo~: (cosh A w cos Fw cos wt' - sinh A w sin Fw sin wi') (17a)

Note that, for a matched line with p. = 00, (17a) reduces to the expres­
sion previously obtained in Chap. I, Sec. 14, using the exponential form
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of the solution. Specifically, when Ps~ 00, Us ~ /38 + CPo + CPs, and

sinh A w cosh A ellW+P•
--- ~ w ~ = e-POe-llZ where z = 8 - W (17b)

Ss Ss ellS+PO+P.

so that Vz = VgSoe-poe-llZ cos (wt - /3z + Uo - <Po) (17c)

(18a)

(18b)

For wt' = 0:

7r
For wt' = 2:

This is the same as Chap. I, Sec. 14, Eq. (3), when Po = 0 and CPo = 7r/2.
Convenient instants for studying the distribution of voltage in the

general case (17a) are wt' = 0 and wt' = 7r/2. At these instants the volt­
age distributions are

VeSo
Vz = 8

s
cosh A w cos ({1w + <ps)

V8S o • h A . ( )Vz = & sm W sm {1w + CPs

Note that these distributions resemble (17c) in that they are sinusoidal,
but that the amplitude factors behave quite differently in that they have
different values at different instants of time. This means that, for a
wave traveling along the line with a finite (but not necessarily constant)
velocity, the amplitude varies with location. Note that, for aW «Ps,

Aw is essentially constant.
The phase velocity of the sinusoidal wave with variable amplitude may

be determined in the usual manner by selecting an arbitrary phase y; and
differentiating it with respect to time. Let

Then

1/1 = wt + Uo - Us + Ew = constant

dy; = w + dEw = 0
dt dt

(19)

(Note that Uo and Us are constants that do not involve t, z, or w.) Intro­
ducing the variable w = 8 - z, (19) may be expressed as follows:

w + dEw dw = w _ dEw dz = 0 (20)
dw dt dw dt

where

Hence the phase velocity is given by

dz dw w
Vp = dt = - di = dEw/ dw

Ew = tan-1 [tan ({1w + <Ps) tanh (aw + Ps)]

(21)

(22)

Differentiation using the formula

d 1 dx- (tan-1 x) -
dw - 1 + x 2 dw

(23)

gives
dEw d/dw [tan ({1w + <ps ) tanh (aw + Ps)]
dw = 1 + tan2 (/3w + <ps) tanh2 (aw + Ps)

(24)
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Using the standard relations

d dx
-- tan x = sec 2 x -
dw dw

d dx
dw tanh x = sech2 x dw

(25a)

(25b)

(29)

(30)

in (24), the result is

dEw _ /3 tanh (aw + Ps) sec2 (/3w + cPs) + a tan (/3w + cP8 ) sech2 (aw + P8)

dw - 1 + tan2 (/3w + cPs) tanh2 (aw + P8)
(26)

Accordingly, with /3 = w/v, Fw == /3w + cPs, and A w == aw + P8,

w 1 + tan2 Fw tanh2 A w

vp = dEw/dw = v tanh A w sec2 F w + (a//3) tan Fw sech2 Aw (27)

Note that v is the phase velocity previously obtained for an infinitely long
or matched line. Equation (27) can be rearranged by multiplying numer­
ator and denominator by cosh2 A w cos2 Fw. Thus

cosh2 Aw cos2 Fw + sinh2 Aw sin2 Fw
Vp = v sinh A w cosh A w + (a//3) sin Fw cos Fw (28)

The division of (28) by cosh A w sinh A w and the introduction of double
arguments give

()
_ coth Aw cos2 Fw + tanh Aw sin2 Fw

Vp voltage - V • 2F
1 _ ~ sm w

/3 sinh 2Aw

The corresponding expression for the phase velocity of the current is
obtained in the same manner. It is

()
_ coth Aw sin2 Fw + tanh A w cos2 Fw

Vp current - V • 2F
1 _ ~ sm w

/3 sinh 2Aw

A simple special case is that of a transmission line with low attenuation
per unit length (a small) but sufficiently end-loaded so that

a = a «1
/3 sinh 2Aw /3 sinh 2(aw + Ps)

(31)

In this case the phase velocities for the voltage and current in (29) and
(30) are

(vp)voltage == v(coth Aw cos2 Fw + tanh Aw sin2 Fw) (32)
(vp)current == v(coth Aw sin2 Fw + tanh A w cos2 Fw ) (33)

On a low-loss line a//3 may be of the order of magnitude of 10-3, so that
(31) is satisfied if sinh 2(aw + P8) ~ 0.1. This is true when aW + PI' ~
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0.05. If the line is not loaded, so that PB = 0, it follows that

(34a)

This is equivalent to

a «1
(j sinh 2aw

or, with a/(j == 10-3, sinh 2aw == 2aw ~ 0.1.

2~W ~ 10-2 (jw ~ 50 w ~ 8A (34b)

That is, on a line with low attenuation and no load the phase velocity
given by (32) or (33) is accurate only at eight or more wavelengths from
the end z = s. Nearer to the end than this (29) or (30) must be used.

If the attenuation on the line is small compared with the load,

A w === aW + PB == PB aw« PB (35)

The amplitude of the voltage and current distribution along the line as
functions of w = s - z is given by

V z 1"./ Cw = ysinh2 Aw+ cos2 Fw
I z 1"./ Sw = ysinh2 Aw+ sin2 Fw

(36)

(37)

If (35) is true, as is usual on a loaded line, Aw == PB is independent of w,
so that V z is greatest where cos2 Fw is greatest and smallest where cos2 Fw is
smallest. Similarly I z is greatest where sin2 Fw is greatest. Specifically

For Fw = n1r,

(Vz)max 1"./ Cw = ysinh2 A w + 1 = cosh Aw

(Vp)voltage = v coth A w = (Vp)max
(Iz)min 1"./ Sw = sinh A w (Vp)current = v tanh Aw = (Vp)min

For Fw = n1r + 11"/2,

(Vz)min 1"./ Cw = sinh A w (Vp)voltage = v tanh A w = (Vp)min

(Iz)max 1"./ Sw = ysinh2 Aw+ 1 = cosh Aw
(Vp)current = v coth A w = (Vp)max

(38a)

(38b)

(39a)

(39b)

Note that (Vp)max(Vp)min = v2• Thus the phase velocity is greatest
(v coth A w) where the amplitude is greatest (1"./ cosh Aw); the phase
velocity is smallest (v tanh A w ) where the amplitude is smallest
(1"./ sinh A w ). From the behavior of the hyperbolic tangent and cotan­
gent, the extreme values of the phase velocity increase with decreasing
A w and decrease with increasing A w • In particular, if PB = 00, so that
A B = 00, tanh A w = coth A w = 1, so that Vp = v = constant at all
points along the line. This is the matched or infinite line with running
or traveling waves. On the other hand, if the line is essentially lossless
with a very small load, tanh Aw == Aw is very small and coth Aw is very
large, so that the phase velocity is very large where the amplitude is
large and extremely small where the amplitude is small.
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Since the shape of the voltage (or current) wave changes as it travels,
the motion of a given phase is not readily visualized. However, two
points are always located easily. These are the zero points and the points
where the trigonometric factor has its maximum value of unity. Since
the value 1 is multiplied by a varying amplitude, it is not always at the
maximum of the traveling wave. However, it is always at the point of
contact of the varying traveling disturbance, with the amplitude vari­
ation plotted as a fixed function of z. Thus the picture is that of a wave
of varying shape moving between boundary lines defined by the ampli­
tude, in such a manner that the wave is in contact with these lines at
one point in each wavelength. This point of contact and the zero value
travel with a phase velocity that increases and decreases along the line
with the fixed amplitude distribution. Thus, when the zero point in the
instantaneous wave passes the maximum of the amplitude, it is moving
with high speed if the transmission line has only a small load. On the
other hand, when it passes the minimum in the amplitude, it travels very
slowly. The same is true for the point of contact.

10. The Propagation Constant. The complex propagation constant
"( defined in Chap. I, Sec. 13, is

"( = a +}(3 = vCr + jwl)(g + }wc) = y(rg - w2lc) + jw(lg + cr) (1)

The real and imaginary parts of the radical on the right may be sepa­
rated in two ways leading to equivalent but different formulas for the
attenuation constant a and the phase constant (3. In the first method
both sides of (1) are squared, and the real and imaginary parts equated
separately. By solving for a and /3 and selecting positive roots to make
a and /3 real and positive, the results are

where

a = yj(yz - w2lc + rg)

/3 = yi(yz + w2lc - rg)
y = y g2 + W2C2 Z = y'r-=2:-+-w-:2=ZZ

(2)

(3)

(4)

In the second method for obtaining explicit expressions of a and /3,
(1) is arranged as follows:

where

"( = a + j/3 = j Vw2lc - rg yl - jh-y
= yrg - w2lc yl + jh-y

1+'
= y£ v'w(lg + rc)

h = Iw(lg + rc) I
'Y w2lc - rg

w2lc > rg

rg > w2lc

rg = w2lc

(5)

(6)

(7)

(8)

The second square root in (5) and (6) is in the form used in defining the
tabulated functionsf(h) and g(h) (Ref. 9, Appendix II). These functions
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are the real and imaginary parts of the square root. Thus

yl ± jh = f(h) ± jg(h) (9)

The functions f(h) and g(h) are defined as follows:

For h2 « 1,

For h2 » 1,

f(h) == Yj(yl + h2 + 1) = cosh (j sinh-1 h)

g(h) == Y·iCYI + h2
- 1) = sinh (j sinh-1 h)

f(h) == 1 g(h) == ~
2

f(h) == g(h) == ~~

(10)

(11)

(12)

(13)

(17)

(18)

(16)

Using the notation of (9) in (5), the result is

a + jli = j Y w2lc - rg [f(h-y) - jg(h-y)] w2lc > rg (14)

a + jli = yrg - w2lc [f(h-y) + jg(h-y)] w2lc < rg (15)

For all practical transmission lines w 2lc is always greater than rg. How­
ever, in some attenuators rg may exceed w2lc. It follows that

a = yw2lc - rgg(h-y) I
Ii = Yw2lc - rg f(h-y)

a = vrg - w2lc f(h-y) I
(j = yrg - w2lc g(h-y)

a = Ii = ~lg + rc)

These formulas are more convenient for computing a and Ii than are (2)
and (3) if tables of f(h) and g(h) functions are available. The condition
w2lc > rg is satisfied for all practical high-frequency transmission lines.
The important ratio alii is given by

(19a)

(19b)

Clearly

a
For ~ < 1, w2lc> rg

a (20)
For ~ > 1, w2lc < rg

For a = Ii, w 2lc = rg

It is readily verified that for w2lc > rg the following relations are true:

h~ « 1 ~ == hoy < 1 (21)
4 Ii 2
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or, specifically, for an error not exceeding 1 per cent,

h~ ~ 0.2 ~ ~ 0.225 (22)

Consequently a good approximation is obtained if a 2/ {j2 is neglected in
comparison with unity if hy does not exceed 0.45.

On the other hand, for rg > w2lc,

h;» 1
4

{j • 1-=1-­
a hy

(23)

(1)

(4)

(3)

11. The Characteristic Impedance. The general definition of the
characteristic impedance is

_ . _ ~r + jwl
Zc = Rc + JXc = --+.g JWC

This also may be separated into real and imaginary parts in two ways
corresponding to those used for the propagation constant. In the first
manner Zc is obtained in polar form. Using tan-1 x = 7r/2 - tan-1 (l/x),

4 r2 + w2l 2

Zc = 2 + 2 2 exp I(j/2) [tan-1 (g/WC) - tan-1 (r/wl)]} (2)
g we

In order to make use of the f(h) and g(h) functions, let

w2lc + rg (1 _ .were - 19)
Zc = W2C2 + g2 \j J w2lc + rg

and define h = Iwere - 19) I
c w2lc + rg

so that (3) is equivalent to

(5)

The upper sign is to be used when rc < 19; the lower sign is to be used
when· rc > 19, as is usual in all transmission lines immersed in good
dielectrics. Then

w
2
lc + rg f(h ) (6)

w2e2 + g2 c

,------;:::c---,---

X + w2lc + rg (h) = +R g(hc} (7)
c = - w 2C2 + g2 g c - c f(h

c
)

Here the upper sign applies when re < 19; the lower sign applies when
rc > 19, as is usual. If rc = 19, Xc = 0 and f(hc) = 1. It is convenient
to introduce the quantity cPc, called the distortion factor, by setting

(8)
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By the same reasoning as was used to establish Sec. 10, Eq. (20), it
follows that cPe cannot exceed 1. That is,

cPe < 1For he < 00:

In particular,

For he ~ 0.45: cP~ ~ 0.05 or

In terms of (3) to (5) it follows that

cP~ « 1

(9)

(10)

Ze = Re{l - jcPe)
Ze = Re{l + jcPe)
Ze = Re

rc > 19
rc < 19
rc = 19

(11)

Ze may be expressed in polar form as follows:

Ze = ReVI + cP~ e-itan-l</l. == Reci<l>· for cP~ « 1 and rc > 19 (12)

For rc < 19 the sign of cPe is changed; for rc = 19, cPe = O.
12. The Phase and Group Velocities of the Infinite Line. The veloc­

ity of a particular phase of current or voltage traveling along an infinite
line or reflected back and forth along a terminated line is defined in
Chap. I, Sec. 14, Eq. (10). It is

w 1
vp == ~ = -Vr:~l:=c=-===;=(r=g/7W=::=2)O=-j-:::(h-=-"(7)

(1)
W

V j[V (g2 + W 2C2)(r2 + w2l2) + w2lc - rg]

Numerical values may be determined using tables of j(h). At suf­
ficiently high frequencies ~, as defined by Sec. 10, Eq. (8), becomes
small; j(h"() , as defined by Sec. 10, Eq. (10), approaches unity; and rg/w2

in (1) becomes negligible. Hence the upper limit of Vp as the frequency is
increased without limit is

1
vp ~ _ J7: as w ~ 00

V lc
(2)

The lower limit as w becomes small is obtained most easily using the second
form of (1). It is

rg
2 2 + 212 as w ~ 0reg

(3)

Since Vp is not independent of the frequency, there must be dispersion.
The group velocity as defined by Chap. I, Sec. 14, Eq. (I9a), may be
calculated directly from Sec. 10, Eq. (3), or from Sec. 10, Eqs. (16) to
(18), using Chap. I, Sec. 14, Eq. (19a) or (19b). The expression obtained
is intricate, and, in general, the group velocity is not equal to the phase
velocity.
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13. Special Forms of the General Parameters of the Line. The gen­
eral formulas for the complex parameters rand Zc of a transmission line
may be simplified by imposing restrictive conditions upon the relative
magnitudes of some or all of the parameters r, l, c, and g. Although
considerable simplification in the form of the general solutions for the
current and voltage along the line may be achieved in this manner, it is
obtained at the expense of generality. Wherever the particular restric­
tions imposed are consistent to a satisfactory degree of approximation
with the experimental circumstances for which the final formulas are to
be used, such simplification is desirable and valuable. Otherwise it must
be used with great caution, if at all, and with the realization that results
are not dependable in any general sense.

From the point of view of high-frequency circuits the most important
special cases are those associated with low values of resistance and leak­
age conductance. The simplifications leading to the so-called distortion­
less line or the ocean cable are of minor importance in the high-frequency
field.

The Line with Low Attenuation per Unit Length. The conditions that
define a transmission line with low attenuation per unit length are

(1)

Subject to these conditions,

hy == ~ (1 + ~) he == ~ (1- ~) (2)

so that h; « 1 h~ « 1 (3)

It follows directly from Sec. 10, Eqs. (10) and (11), using (3), that, for
h2 « 1,

f(h) == 1 g(h) == ; (4)

These relations apply for both subscripts 'Y and c. Accordingly

a == ~ (1 + ~) (5)

fJ == w v1C (6)

~ = 2~ [1 + ~] so that ;: « 1 (7)

Rc == ~~ (8)

<Pc == ~c = 2~ (1- ~) so that <P; « 1 (9)

. 1 .
vp = .ylC = Vg (10)
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In this special case the phase velocity is to a first approximation, equal
to the upper limit given in Sec. 12, Eq. (2), which is independent of the
frequency, so that no dispersion occurs. It is to be noted that this is
only approximately true and that even a small difference in Vp for differ­
ent frequencies may lead to great over-all dispersion on a line of sufficient
length. As shown in the small type below, more accurate formulas are

{3 = w~ (1 + 0) (11)
vp = 1)6(1 - 0) (12)

vg = V6 (1 - ~) (13)

~ (14)Rc = C(1 + 0)

where 20
r 1

(15)= wle
v =--

8 - vz;c

Factors of Higher Order in the Parameters of a Line with Low Attenuation at High
Frequencies. Although the formulas given in (6) to (10) are excellent approximations
for most practical purposes using good transmission lines, it is of value in special
instances to determine the first terms neglected in quantities such as Rc, {J, Vp , and
Vg which are not themselves small, as are a and ¢c. Thus, instead of (4),

f(h)=~I+¥
so that, with Sec. 10, Eq. (16),

Using (2) and (9) and neglecting higher-order terms,

Accordingly

In order to determine Vg it is necessary to introduce the specific formula for l because
it involves the frequency. Thus with

let

l = 2li + le
l = l~ + l~ + le

{
~:i

20 = £; + l~

le

for a two-wire line
for a coaxial line

for a two-wire line

for a coaxial line

Using Chap. I, Sec. 4, Eq. (34), and Chap. I, Sec. 6. Eq. (18), which are valid at high
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frequencies,
2wii 21" l'

20 = - = --:- = -
wia wla wi'

w(i~ + it) 1'~ + rt l'
20= =--=-

wia wla wla

for the two-wire line

for the coaxial line

Hence 0 = _1'_ and 02 « 1
2wla

Clearly 4Je = 2~ G-nis never larger than 0, so that 4J~ is a term of higher order

than 4Je or 0, subject to 4J~ « 1 and o~ «1. Therefore

Accordingly

where

fj == w Vlac(l + 20)(1 + 4J~) == w Vlac(l + 20) == w v-,;c (1 + 0)
w 1 1 - 0

Vp = - = == -= = v,(1 - 0)
fj Vlac(l + 0) Vl'c

1 Vo. 3 X 108 m/sec
Va == VFC = v;;;. = v;;;.

and Por and f r are the relative permeability and dielectric constant. Also

1 Va

V
g = afj/iJw = 1 + 0 + wao/aw

But, since at high frequencies r varies as V~,

o=_1'_=~
- 2wla ~

where P is independent of the frequency. Hence

ao P 0
aw - 2w~ = - 2w

so that
Va Va

V
g = 1 + 0 - j-o = 1 + 0/2

Rc =

It follows that both V p and V g are smaller than Va but that V g is greater than Vp, so that
the dispersion is anomalous. Since 0 is very small, the dispersion is also small.

Higher-order terms in R e are obtained using (6) with f(h e) == VI + h~/4. Thus

[a(I + 20)(1 + 1'g/w2lc)(1 + h2 /4) ~a ~ j--------
__~ e_ = _ V (1 + 20)(1 + h;)(l - g2/W2C2)
c(I + g2/w2C2) C

The leading higher-order term is the one in 0, so that

~ Il a _ 11 ~ lfe
Re == -\Jc (1 + 20) = ~c == ~c (1 + 0)

Although 0 is no smaller than 4Je, the error is usually insignificant if 0 is neglected,
whereas in at least one instance (to be described later) an error of 50 per cent is
made if 4Je is neglected. This difference is due to the fact that 4JeRe is the leading
imaginary term in Ze, whereas oRe is an extremely small fraction of the real part of Re.
It is always a good approximation at high frequencies to neglect 0 in computing Re,

so that
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The Line with Low Attenuation and Negligible Leakage Conductance per
Unit Length. For most high-frequency lines the following condition
applies in addition to (1):

JL« !­
we wl

and further simplification is possible. Thus

h . h . r
-y = e =-;;;z

a ==;J = 2~e
A.. • a. r
'l'e = ~ = 2wl

(16)

(17)

(18)

(19)

On the other hand, {j, Re, and Vp are as in (6), (8), and (10).
The Line without Attenuation. The extreme simplification afforded by

neglecting the resistance of the line is attractive. The physically unrealiz­
able conditions are

r == 0 g == 0 (20)
so that h-y == he == 0 (21)

a == 0 == cPe (22)

The expressions for {j, v, and R e are the same as for low attenuation. For
this reason a limited number of important results involving sections of
line of restricted length may be calculated quite accurately apparently by
assuming (20). Great care must be exercised in the use of formulas that
depend upon (20) and (21), since correct results are obtained only when
the same results are obtained with (20) as with (1) and (16).

The Line with Low Distortion. A line with low distortion is one that
need be restricted in no other manner except that cPe is sufficiently small
so that

cP~ « 1

It has already been shown that (23) is equivalent to

he ~ 0.45
in which case

(23)

(24)

cP; ~ 0.05 (25)

The Distortionless Line. The conditions defining a distortionless line

"'( = a + j{j = ~~ (r + jwl)

Ze = R e(1 - jcPe) = ~~

are

In this case

or
r g
[=c (26)

(27)

(28)
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fj=wVZC

Rc = ~~ ¢e = 0

1
Vp = VlC = Vg
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(29)

(30)

(31)

(32)

If (26) is satisfied, these formulas are not approximate, as when (1) is
satisfied, but exact. There would be no dispersion if l were not a func­
tion of frequency. At low frequencies in lines where r in ¢e affects the
phase velocity, considerable improvement can be made by using loading
coils to fulfill (26). At high frequencies the condition (26) can be ful­
filled only with difficulty, and since the effect of r is smaller than that of li,
little is gained. Most high-frequency transmission lines normally fulfill
the conditions (1), so that large changes involving an increase in either l
or g or both are required before (26) can be satisfied. At high frequencies
this has not been found practicable.

Lines with High Attenuation: Attenuators.t The extreme case of high
attenuation which leads to considerable simplification in the general
formulas involves the following conditions:

Hence

so that

(5)2»1 (:C)2» 1
h~ == w (~+ ~)

h;« 1

f(h) == 1

r g
~ <­
l c

(33)

(34)

(35)

(36)

for both h~ and he. Hence

with

Note that

'Y = a + jf3
a = yrg

fj == rg h-y == w yrg (~ + ~)
2 2 r g

~ = ~ (~ + ~) (32 « 1
a 2 g r a 2

w 2 yrg
V =-=---

p (3 19 + rc

(37)

(38)

(39)

(40)

(41)

t Attenuators referred to here are lossy and not the beyond-cutoff type familiar in
wave-guide theory.
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Similarly

with
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(42)

(43)

(44)

Line with Large Leakage Conductance and Negligible Resistance. A
so-called lossy line may be constructed of very good conductors and a
poor dielectric, so that a satisfactory approximation is

r == 0
g

h'Y = he = - == h
wC

(45a)

gVksothat ex. =-­
2c

In two special cases simplification is possible.
moderately low attenuation, as defined by

g2 «W2C2 h2« 1

{3 = w ViC R c = ~~

(46a)

X = gRe (46b)
c 2wc

The second special case assumes very high attenuation, as defined by

W2C2«g2 h2» 1 (47a)

so that ~ {3 ~ 'wlg R ~ X ~ 'wl (47b)ex. - - '\j 2 c - e - '\j 2g

The Ocean Cable. An approximation that serves well for special types
of cable, such as those used underwater, is

!-» 1
wl

JL« 1
we

(48)

The first condition is due to low frequencies and very small inductance,
not to high resistance. In this case Sec. 10, Eq. (1), and Sec. 11, Eq. (1),
give directly

y = ex. + j{3 ==~ = (1 + j) ~w;c

Zc = Rc + jXe = f! = (1 - j) 1
2

r
'\j;;:;c '\j we

The phase velocity is

(49)

(50)

(51)



Sec. 14] THE TERMINATED LINE 101

Since Vp increases with frequency, the group velocity is larger than the

phase velocity and can be computed using r = P .v;, with P a constant.
Then

Hence

(52)

(53)

Evidently dispersion is anomalous and quite large; higher frequencies
travel more rapidly than lower frequencies. If the numerator and
denominator of the expression under the radical in (51) are multiplied
by l, the inductance per loop unit length of the cable, it becomes

v = j2wl II
p '\l r '\lIe (54)

Here the second square root gives the phase velocity (10) for a line with
small attenuation. Since wl is small compared with r, according to (48),
it is clear that Vp for the cable is small compared with that along a con­
ventional line. Lines for which (48) may be used are not encountered
at high frequencies.

14. Relation between Reflection Coefficient and Terminal Functions.
In the following sections a detailed study is made of the phase and
attenuation functions <I> and p for various terminal impedances. Since
the magnitude and angle of the reflection coefficient r are simply related
to p and <1>, they may be obtained directly from p and <1>. The required
relationships are readily deduced using

r I' '.1. _ Z - Zc= e' '1' = ---
Z+ Zc

o = p + j<l> = coth-1 Z
Zc

r' = I'eN ' = Y - Yc = Zc - Z
Y + Yc Zc + Z

0' = p + j<l>' = coth-1 Y = tanh-1 Z
Yc Zc

(1)

(2)

The division of (1) by Zc and subsequent substitution from (2) give

r - I' fiji - coth 0 - 1 - -28 (3)
- e - coth 0 + 1 - e

Since 0 = p + j<l>, the result is

r = I'eN = e-2(p+icl» (4)
-2 coth p - 1 1 1 1 + I'

so that r = e P = h ' or p = 21n ~= coth-1 -- (5)
cot p + 1 I' 1 - r

t/; = -2<1> or 2(1l" - <1» (6a)
Similarly t/;' = -2<1>' or 2(1l" - <1>') (6b)

It is clear that, when p = 0, I' = 1; when p = 00, r = O. Using (5) and
(6), rand t/; are obtained readily from p and <1>, and rand 1/1' from p and <1>'.
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15. The Phase and Attenuation Functions of the Terminations. 8l The
general definition of the complex terminal function 8 (or 8') of the imped­
ance Z when used to terminate a line of characteristic impedance Ze
is given in Sec. 8. With Zl == Z/Ze and Yl == Y/Ye = Ze/Z, 8 may be
expressed as follows:

Or, with

8 = p + jcf> = coth- l Zl = tanh-l Yl

cf>' = cf> - ~
2

8' = p + jcf>' = coth-l Yl = tanh-l Zl

(1)

(2)

(3)

Explicit expressions for the terminal attenuation function p and the termi­
nal phase function cf> are obtained readily. The normalized impedance
Zl = rl + jXl may be expanded as follows:

Hence

Z R + jX _ R - f/>eX + j(X + f/>eR)
Zl = Ze = Re(l - jf/>e) - Re(l + f/>~)

R-f/>eX . R X+f/>eR . X
rl == Re(1 + f/>;) = Re Xl == Re(1 + f/>~) = Rc

The corresponding expansion of the hyperbolic cotangent is

(4)

(5)

. sinh 2p - j sin 2cf> •
coth (p + Jcf» = h 2 2cf> = rl + JXlcos P - cos

(6)

(7)

(8)

rl = cosh 2p - cos 2cf>

- sin 2cf>
X - --;---=--------::c-::-

1 - cosh 2p - cos 2cf>

By equating the real and imaginary parts of (6), explicit formulas for the
normalized resistance and reactance are obtained. They are

sinh 2p

With the aid of simple trigonometric and hyperbolic transformations,
these formulas may be solved for the terminal functions. The results are

1 h- l 2rl
p = "2 tan Izil + 1

_ , + 11" _ 1 t -I - 2XI
cf> - cf> '2 -"2 an lzil _ 1

(9)

(10)

For some purposes it is advantageous to express the terminal imped­
ance in admittance form. Since

with

Y == ~ = G + jB

R
G = R2 + X2
B = -X(R2 + X2)

1 'b
Yl = - = gl + J 1

Zl
(11)

(12a)

(12b)
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it follows that, with Ye = 1/Ze,

so that

Since

whereas

yl = gl + jb1 = ~ = (G + jB)R e(1 - jc/>e)

gl = Re(G + c/>eB) == ReG
b1 = RiB - c/>cG) == ReB

Y1 = ~ = coth (p + jip')

%1 = ~ = coth (p + jip)

(13)

(14a)
(14b)

(15a)

(15b)

it follows that p and ip' are expressed in terms of gl and b1 in exactly the
same form as are p and ip in terms of r1 and Xl. Specifically

1 t h-1 2g1 (16)
P = ~ an Igil + 1

, 11" 1 t -1 - 2b1 (17)
ip = ip - "2 = ~ an Igil - 1

The formulas for p, ip, and ip' apply to either termination. The sub­
script 0 or s may be used where required to distinguish between the ter­
minal functions associated, respectively, with Zo at z = 0 and Z. at z = s.

In order to make the definition of the phase function ip in (10) unique,
it is necessary to specify the quadrants in which ip is found for different
types of termination. This information is obtained directly if the follow­
ing conventions are adopted for tan 2ip = a/b: 2ip is in the first quadrant
if a and b are both positive, in the second quadrant if a is positive and b is
negative, in the third quadrant if a and b are both negative, and in the
fourth quadrant if a is negative and b is positive. Obviously all these
statements locating the angle 2ip apply to the angle ip if octant is written
throughout for quadrant. Since trigonometric functions of 2ip are in no
way changed if this is increased by 211", it follows that functions of ip are
not altered if ip is increased by 11". Accordingly whatever values Xl and
T1 may have in the first, second, third, or fourth octants, respectively, are
duplicated exactly in the fifth, sixth, seventh, and eighth octants. Thus,
with Xl = (X + c/>eR) / Re(1 + c/>;), the values indicated in Table 15.1 are
determined. The corresponding values for ip' are obtained by adding
11"/2 to ip or by increasing the octant number by 2.

The following important characteristic of p may be noted in the general
case: Whenever

it follows that
%1 = 1

p = i tanh-1 1 = 00

(18)

(19)

Evidently, when p = 00, the termination has no effect on the incident
train of traveling waves, so that no factor involving <I> can occur. The
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mathematical limit for <I> as Xl approaches zero, with rl = 1, is 1r/4 or
31r/4.

TABLE 15.1

-2xI
Signs of a

Reactance IZII (or /lId)
2<1> = tan-I jZI12 _ 1

and b in Quadrant for Octant for
XI (or bl) or a 2<1> (or 2<1>') <I> (or <1>')

( -2bl) tan-I -
2<1>' =. tan -1_,-,- b

1f12-1

Capacitive:
tan-I~ ±Large .... - >1 I I, V

Ilzlj' - 11 +
----

12xd + ". ". 5".- 1 tan- I - - - or'-
0 0 2 4 4

--- -----

Small .... - <1 tan- I +2Ixl! +
II II, VI

-llzll' - 11
--

.--

0 ". 3".
". -or -0 <1 .................. - 2 2-

Inductive: -21.n1 -
Small .... + <1 tan-I

-IiZlj2 - 11
- III III, VII
-

--------
-12xll - 3". 3". ".

+ 1 tan-I-- 0 2" -or --
0 4 4

----
-21xll -

IV, VIIILarge .... + >1 tan- 1

+\lzd2 - 11
- IV
+

0
0 >1 ..................

+
0,2". 0, ".

0
±oo >1 ..................

+
0, 2". 0,,,.

16. Graphical Representation of the Terminal Functions in the Normal­
ized Impedance or Admittance Plane; Circle Diagram.1l·47.81 Equations
for curves of constant p and of constant <I> are readily derived in terms
of rl and Xl, as given in Sec. 15, Eqs. (7) and (8). Thus curves of con­
stant p are defined by

or

ri + xi - 2rl coth 2p + 1 = 0

(rl - coth 2p)2 + xi = coth2 2p - 1
1

sinh2 2p

(1)

(2)

This gives a family of circles with origins at

TI = coth 2p Xl = 0 (3)

and with radii equal to l/sinh 2p. The same equation and family of
circles are obtained in terms of gl and bl .
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Intercepts along the rl axis occur when Xl = 0, that is, when

ri - 2rI coth 2p + 1 = 0
(rl - tanh p)(rl - coth p) = 0

rl = coth p or tanh p

105

(4)
(5)
(6)

Note that coth p ~ 1, so that Xl = 0, rl > 1 give intercepts associated
with coth p, and that tanh p ~ 1, so that Xl = 0, rl < 1 give intercepts
associated with tanh p when Xl = 0, rl = 1, and p = 00.

Similarly curves of constant <J? are defined by

or

Xi + ri + 2XI cot 2<J? - 1 = 0
1

( X + cot 2<J?)2 + r2 = 1 + coP 2<J? = -.-­
1 1 m~~

(7)

(8)

This equation defines a family of circles with origins at

Xl = - cot 2<J? (9)

and with radii equal to I/lsin 2<J?1. The intercepts along the Xl axis occur
at rl = O. Thus

or

so that the roots are

xi + 2XI cot 2<J? - 1 = 0
(Xl + cot <J?) (Xl - tan <J?) = 0

Xl = - cot <J? (or tan <J?)

(10)
(11)

(12)

In order to be consistent with the assumed convention that Xl is negative
for 0 ~ <J? ~ 7r/2 and positive for 7r/2 ~ <J? ~ 7r, only the root Xl = - cot <J?
may be used to define the intercepts. The significance of this restriction
is brought out by noting that, since

cot (7r + 2<J?) = cot 2lJ> (13)
sin2 (7r + 2lJ» = sin2 2lJ> (14)

it follows that the origins and radii of circles for lJ> and lJ> - 7r/2 are the
same, so that the families of circles for <J? and lJ> - 7r/2 coincide. This
means that in the family of circles defined by (10) each circle represents
two electrically different values of lJ> in each range from zero to 7r, namely,
lJ> and lJ> - 7r/2. This ambiguity is resolved by the conditions imposed
in Sec. 15 to make each pair of values rl and Xl have a unique value of <J?
Since, by postulate,

Xl is negative for 0 ~ <J? ~ ~

Xl is positive for ~ ~ <J? ~ 7r

(15a)

(15b)

it follows that to each circle of constant <J?, with its two possible values
of <J?, is assigned only the value less than 7r/2 when Xl is negative and only
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the value greater than 71"/2 when Xl is positive. This implies that the
value of 4> assigned to each circle jumps by 71"/2 on crossing the rl axis,
where Xl = O. However, since the intersections of the 4> circles with the
TI axis satisfy Eq. (7) with Xl = 0, that is, rl = 1, it follows that all 4>
curves pass through the point Xl = 0, rl = 1, where p = 00, and are dis­
continuous by 71"/2 at this point. Thus, if ep = 300 along a circle of con­
stant 4> for Xl negative, it equals 1200 along the same circle for Xl positive,
the jump of 90° occurring at Xl = 0, rl = 1. The limiting circle of infinite

21-----+-~--_+---_f_lL-..-~

<fJ w) = 180·

-2l-------f-----:/---===+======---\--I-----1

o 2 3

FIG. 16.1. Circle diagram-illustrative rectangular form.

radius that is the rl axis has the value 0 or 180° for rl ~ 1 and the value
90° for r ~ 1.

Since gl and bl satisfy exactly the same equations in terms of p and
4>' (= 4> - 11"/2), as do rl and Xl in terms of p and 4>, it follows that the
same families of circles are obtained in terms of gl and bl , p and tf>'.
Moreover the values of gl and bl which correspond to a given pair of
values rl and Xl have the same value of p and a value tf>' = 4> - 71"/2.

Families of circles plotted using Xl (or bl ) and rl (or gl) as rectangular
coordinates are shown in Fig. 16.1. Circles of constant angle 4> (or 4>')
have their centers along the positive and negative Xl (or bl ) axis. They
are scaled in degrees. Circles of constant p have their centers along the
TI (or gl) axis extending from rl = 1. They are scaled in nepers. Only
a small number of circles are shown in Fig. 16.1, which is intended to
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illustrate clearly the construction of the diagram. A more detailed dia­
gram that may be used for determining approximate values of p and <I>

or <1>' directly without computation is given in Fig. 16.2.
In terms of the reflection coefficient, circles of constant <I> (or <1>') are

also circles of constant 1(' - 1/;/2 (or 1(' - 1/;'/2). This follows from the

2

140°

1 135°

130°

125°
120"
115°
110°
105°
100°
95°a goO
85°aoo

.g ~ 75"
1;j'~ 70°
1l ~ 65°
8}60°

55°
50"

-1 45°

40°

-2

Double stub 165°
Ala spacing,.

o·

0.5

0.4

Double stub
3AAl spacing 150

o
.... 20°

2

-1

-2

FIG. 16.2. Circle diagram-detailed rectangular form.

relation t/I = 2(1(' - <1» or 1/;' = 2(1(' - <1>'). Similarly circles of constant p

are also circles of constant r, since r = e-2P•

The following applications of the circle diagram may be listed:
1. Determination of p and cI> from known values of rl and Xl or of p

and cI>' from known values of gl and bl .

2. Determination of rl and Xl from known (e.g., experimentally deter­
mined) values of p and <I> or of gl and bl from known values of p and <1>'.

3. Determination of Zl = rl + jXl from given Yl = gl + jb l . This
merely involves entering the circle diagram at the point gl, bl , noting the
value of <1>', moving on a circle of constant p to <I> = <1>' + 900

, and reading
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'1 and Xl appropriate to this point. The determination of Y1 with Z1

given is similar. Note that the circle diagram is actually being used to
obtain the reciprocal of a complex number.

4. Determine P, given its intercept S = coth p on the axis of reals;
determine S = coth p, given p. (The quantity S is the standing-wave
ratio, to be discussed later.)

17. Graphical Representation of the Normalized Impedance or Admit­
tance in the Reflection-Coefficient Plane; Smith Chart. 58 The conven­
tional circle diagram (Sec. 16) consists of circles of constant attenuation
p and constant phase shift q, (or q,') in the complex Z1 = r1 + jX1 (or
Y1 = g1 + jb1) plane. More generally it represents graphically the trans­
formation from the complex values of Z1 = r1 + jX1 (or Y1 = g1 + jb1) to
the complex values of 6 = p + jq, (or 6' = p + jq,'), according to the defin­
ing relations

Z1 = coth 6 Y1 = coth 6' (1)

Circles of constant p have centers on the r1 axis and enclose the point
'1 = 1, Xl = 0, which is the circle of zero radius for p = ex:>. The axis of
imaginaries r1 = 0 is the circle of infinite radius for p = O. Circles for
all values of p from zero to infinity have intercepts with the r1 axis between
'1 = 0 and '1 = 1 and again between rl = 0 and r1 = 00. It is evident
that any two circles for specified values of p lie relatively very close
together as they cross the r1 axis between 0 and 1, whereas they are
relatively far apart as they again cross the r1 axis between 1 and 00.

Circles of constant q, have their centers on the Xl axis. All circles pass
through the point r1 = 1, Xl = o. It follows that two circles for differ­
ent constant values of q, lie close together near the point rl = 1, Xl = 0
but are relatively far apart at values of rl and Xl which are large com­
pared with unity.

Since both r1 and Xl vary from zero to infinity, it is evident that a
circle diagram of the type shown in Figs. 16.1 and 16.2 cannot be practi­
cal simultaneously in the range of small values and large values of rl

and Xl. Either a number of circle diagrams drawn to different scales
must be used or, if the convenience of a single diagram is desired, the
scale must be transformed in a manner to compress the range of large
values of rl and Xl and expand the range of small values. This may be
accomplished by the well-known bilinear transformation (Ref. 1, page
106) zi = (azl + b)!(CZl + d), with a = 2, b = 0, and c = d = 1. This
distorts the circle diagram in Fig. 16.1 in such a manner that the circles
of constant p become concentric about the point rl = ri = 1, Xl = xi = 0
with the Xl axis (p = 0), a circle of unit radius, and the circles of constant
q, become radial lines. Simultaneously the simple straight lines (circles
of infinite radius) rl = constant and Xl = constant are distorted into
more complicated families of circles with finite radii. These are nothing
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else than the representation of rl and Xl in the complex plane of the reflec­
tion coefficient r = reN'in polar coordinates. This is shown more explic­
itly after the transformation has been carried out.

The desired transformation is achieved by requiring the new circles of
constant p to have centers in the z~ plane at ri = 1, 311 = 0 and to have
radii given by jexp (-20)1 = exp (-2p) = r. The equations of these
circles are (r; - 1)2 + X;2 = exp (-4p). The circles of constant ~ in
the z' plane are the radial lines defined by 2~ = - tan- l [xV(r~ - 1)].
The equation of transformation is

where z~ = r; + jx; defines the rectangular coordinates of the new com­
plex plane. With ZI = coth 0, it is readily verified that (2) is a bilin­
ear transformation from the complex Z plane into the complex z; plane,
according to

(3)

(4b)

(4a)

(5)

The simple rectangular net of Tl and Xl in the z plane is distorted into
more complicated families of circles in the z~ plane. Their equations
may be derived by solving (3) successively for rl and Xl in terms of
r; and x~. The results are

r;(2 - 1"1) - X;2
Tl = (r; - 2)2 + X;2

_ 2xi
Xl - (ri _ 2)2 + X~2

With considerable manipulation (4a) may be rearranged into the follow­
ing form·:

(
, 1 r1 )2 + '2 1

r 1 - - rl + 1 Xl = (rl + 1)2

This is the equation of a family of circles of constant rl in the zi plane.
The circles have radii l/(rl + 1) with centers at 1"1 = 1 + rl/(r} + 1),
x~ = O. The entire X axis defined by rl = 0 in the Zl plane becomes a
circle of unit radius with center at 1"1 = 1, Xl = 0 in the z' plane. Thus
the entire half space rl ~ 0 in the Zl plane is mapped inside the unit
circle in the z'l plane. The line rl = 00 maps into a circle of zero radius
with center at ri = 2, xi = O. The line rl = 1 maps into a circle of
radius 0.5 with center at rl = 1.5, Xl = O. Thus the strip 0 ~ rl ~ 1
in the ZI plane maps into the region between the circles rl = 0 and rl = l.
The contours of constant Tl, which were straight lines in the ZI plane,
map into circles in the zi plane, as shown in Fig. 17.1. The intercepts
Xl = 0 on the r1 axis in the Zl plane transform into the points obtained
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by setting Xl = 0 in (4b). With Xl = 0, Zl = rl in (2) and

2rl
r~= -­

rl - 1

Eq. (4b) may be rearranged so that it becomes

(r~ - 2)2 + (X~ - -x11)2 1 (7)-Xf
This equation defines a family of circles of constant Xl in the z~ plane
with radii 1/lxl\ and with centers at r~ = 2, x~ = l/xl. The rl axis,

defined by Xl = 0 in the Zl plane, be­
comes a section of a circle of infinite
radius with center at r~ = 2 and x~ = 00;
this is the r~ axis, defined by x~ = o.
The intercepts on the r~ axis, x~ = 0,

10 occur at the single point r~ = 2. Hence
XI=Ot---t---+--I---+-E;~_10 all circles of constant Xl pass through the

point r~ = 2, x~ = O. The circles of con­
stant rl and Xl in the z' plane (or gl and
bl in the y' plane) are shown in Fig. 17.1.
They correspond to the rectangular

..,1

FIG. 17.1. Circles of constant rl and mesh of straight lines rl (or gl) = con­
Xl in transformed circle diagram. stant and Xl (or bl ) = constant in the Zl

plane (or Yl plane). The concentric cir-
cles of constant p and radial lines of constant <1> (or <1>'), corresponding to
the two families of circles in the Zl plane (or Yl plane), are shown in Fig. 17.2.

<J!.O 901--t---+-t---~c-+--t--+--t-----1<1>=O.180 90

54
144

FIG. 17.2. Circles of constant p, <P, and <p' in transformed circle diagram.

Thus, whereas the original circle diagram for transforming from Zl to 6 (or
from Yl to 6') has a simple rectangular mesh for rl and Xl (or gl and bl)

and two rather complicated families of circles for p and <1> (or <1>'), both of
which extend to infinity, the transformed circle diagram (Fig. 17.3) (Smith
chart) has complicated families of circles of constant rl and Xl and simple
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families of concentric circles and radial lines for p and <1>. Significantly
all values of rl and Xl, including infinite values, are contained within or
are on the unit circle rl = 0 or p = o.

Since the circles of constant p in the z' plane are, in effect, circles of
constant r = e-2p, where, in the range p = 00 to p = 0, r increases from

FIG. 17.3. Smith chart.

o to 1, it is often convenient to use a linear scale of r as the parameter
instead of the exponential scale for p. Thus r is simply the radial dis­
tance from the center of the diagram on a scale that has the value 1 for
the bounding circle rl = O. From symmetry, the circles of constant <I>
can be scaled in terms of the angle of the complex reflection coefficient
t/I = 2(1r - <I» [or t/I' = 2(1r - <I>')}. Thus, whereas <I> ranges from 0 to
1800 clockwise around the circle, t/I ranges from 0 to 3600 counterclock­
wise around the circle. The relation between the p and <I> scales and the
rand t/I scales is indicated in Fig. 17.4.
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It is evidently possible to use either circle diagram for converting from
the terminal function 0 = p + J4? (or 0' = p + J4?') to the normalized
impedance Zl = rl + JXI (or admittance YI = gl + Jb l ), or vice versa.
Alternatively the conversion may be from r = reN (or r' = reN') to
Zl (or YI), or vice versa. Each has advantages for certain purposes.

Note that y; = 3600
- 24>.

18. Special Forms of the Terminal Functions and of the Reflection
Coefficient-Resistive Termination. 81 In order to obtain a clearer pic­
ture of the dependence of the terminal functions p and 4? upon the termi­
nal impedance Z, consider a line with an essentially resistive termination
such that Xl = (X + cPeR) / Re(l + cP;) = O. This is physically possible
over a range of resistances extending from very small to enormous values.
Note that very low values of resistance are usually associated with short
pieces of copper wire which do not have zero reactance. In fact, their
resistance is usually negligible compared with the inductive reactance.
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Zero reactance with very small, although never zero, resistance, can be
obtained with a series-resonant circuit.

The termination to be investigated is defined by

(1)

It follows that

without approximation. Similarly, with (1),

(2)

Also

Note that

b = R (B - A. G) = _ Rc(X + cPcR ) = 0
1 - c 'f'c R2 + X2

= R (G + A.B) = Rc(R - cPcX ) = Rc
(/1 - c 'f' R2 + X2 R

Rc 1
(/1 = - = -R r1

(3)

(4)

(5)

The terminal functions are:
_ 1 h-1 2r1 _ 1 h-1 2(/1

P - ~ tan ri + 1 - ~ tan (/i + 1

1· 1 t 1 - 2X1
<I> = 1m 2" an- 2 + 2 1

X1-+0 r1 X 1 -

<1>' = r 1 t 1· - 2b1

b~~O"2 an- (/i + bi - 1

Let p be investigated first using the trigonometric formula

2 tanh p
tanh 2p = 1 + tanh2 p

with which (6) becomes
2 tanh p 2r1

1 + tanh2 p = ri + 1

This can be expressed in the form

(6)

(7a)

(7b)

(8)

(9)

with roots

(tanh p - rl) ( tanh p - ~) = 0

1 1

1
r1 -

tanh p = 1 or (/1

- (/1
r1

(10)

(11)

Since the hyperbolic tangent can never exceed unity, it follows that

p = tanh-1 rl
p = tanh-1 (/1

(12)
(13)
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range p
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0.04
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Re R
g =R ~1; r =-~1Re

FIG. 18.1. The attenuation function p == tanh- l TI, with TI ~ 1, and p == tanh-l gl,

with gl ~ 1, for a resistive termination, with Tl == 1/g1•

..------------~To co

900 ~1l'~I- "
2

0° 0 L.-- 'L-- ----','- ---II_

o 1 2 3
r- 1
1-gl

FIG. 18.2. The phase function <I> for a resistive termination, with Xl == O.
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This includes the entire range of values of r1 = 1/g1 from zero to infinity.
I t is plotted in Fig. 18.1.

For small values of r1 or small values of gl = l/r1 corresponding to
very large values of r1, the inverse hyperbolic tangent may be replaced
by its argument. Thus

for ri « 3
for g i« 3

It is readily verified that the conditions

(14)
(15)

coincide with
for which

Xl = 0 r1 = 1
Zl = 1 or Z = Ze = Re(1 - jcPe)

R = Rc X = - cPcRc

(16a)
(16b)
(17)

In this case p = 00.

The phase functions cI> and cI>' as given by (7a,b) may be expressed as
follows:

1
For r1 = - < 1,

gl

1
For Y1 = - < 1

r1 '

ocI> = 1 tan- l --
2" ri - 1

o
cI>' = 1.. tan- l ---

2 gi - 1

lcI> = 1.. tan- l ~ = ~ or 31r
2 _ 2 2

<1>' = <I> - ~ = 0 or 1r
2

l' 1 t -1 0 1r 31r
cI> = 2" an -= = 2" or 2

<I> = <1>' + ~ = 1r or 0
2

(18)

(19)

(20a)

(20b)

(21a)

(21b)

For r1 = 1, <I> and <1>' are indeterminate because discontinuous. If r10r
gl approaches 1 from small values, cI> or <1>' is 1r/2 or 31r/2; if r1 or gl
approaches 1 from larger values, <I> or cI>' is 0 or 1r. On the other hand,
if r1 is set equal to unity before Xl is made to vanish, the following result is
obtained:

Since the argument becomes infinite with signs - /0, it must be at

31r 1r
cI> = - or --

4 4
cI>' = <I> - ~ = ~

2 4
(22b)

The phase function of a resistive termination is represented in Fig. 18.2.
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The angle of the coefficient of reflection is given by

Hence
y; = - 2<1> or 271" - 2<1>

y; = 271" - 71" = 71" for r1 < 1 or gl > 1
y; = 271" - 271" = 0 for r1 > 1 or gl < 1

371" 71"
y; = 271" - 2 = "2 for r1 = 1 = gl

(23a)

(23b)

Summarizing, if Xl = 0 = b1, <1> = 0 and y; = 0 for gl < 1 or r1 > 1;
<1> = 71"/2 and y; d: 71" for r1 < 1 or gl > 1. With r1 = 1, <1> and <1>' are
71"/4, and y; = 71"/2.

If it is required that
x = 0 = B

instead of Xl = 0 = b1, then
(24)

R - cPeX
r1 = Re(l + cP;)

X + cPeR
Xl = Re(l + cP;)

\ (25a)

(25b)

If cP~ is neglected compared with unity, it follows that r1 and ,hence pare
the same for X = 0 as for Xl = O. On the other hand,

.m. 1 t -1 -2cPer l
'¥=~ an ---

ri - 1
(26)

With f1 > 1, 2<1> is in the fourth quadrant (- / +); for r1 < 1, 2<1> is in
the third quadrant (- / -). Hence

Also

<1> = _ 1 tan-1 2cPer l

71" ~ iri - 11
.m. _ 71" + 1 t -1 2cP~rl
'¥ - "2 ~ an Iri - 11
<1> - 1 t -1 - 2cPe _ 371"

- ~ an -0- - 4

f1 < 1 (27)

Alternatively

.m.' _ .m. _ ~ _ ~ _ ! t -I 2cPegi
'¥ - '¥ 2 - 2 2 an Igi - 11

<1>' = <1> - ; = ~ tan-I Ig~cP:!\1

<1>' = ~
4

gl < 1

(28)

The principal range of <1> as a function of fl and gl with cPe as parameter
is shown in Fig. 18.3.

Summarizing the behavior of <1> and p for a resistive termination with
XI = 0, the following simple picture may he descrihed: As rl increases
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from near zero to 1, p increases from near zero to infinity. tI> continues
constant at w/2 until Tl is exactly equal to 1. It then rises abruptly to
311"/4. As Tl increases further from 1 to very large values, p decreases
from infinity to near zero. tI> rises abruptly from 311"/4 to 11" as Tl exceeds 1.
Thus a normalized resistance Tl that is smaller than 1 behaves like a zero
resistance insofar as the phase function tI> is concerned; similarly a normal­
ized resistance Tl that is greater than 1 acts, insofar as 4> is concerned,

0.2 1.0

-40·
~.

-50·

-60·

-70·

-80·

-90·

ISO· -0·

ISO· -30·

170· -10·

90·

160· -20·

110"

100·

120·

140·

135·

130·

1.00.8

. .
%1-0, or x-o,+c-o/:I\

10-
X-O. +c-7.l8x 10-4 .

x-O.+c-l0-Z,....l

):_!r. 11'
2 2

o

3.0

2.0

1.8

2.6
-0.6

-0.2

2.8
-0.4

-1.2

-1.4

2.4
7f 311'

-4" 4
~~iana 2.2

-1.0

0.2 0.4 0.6

rl=f;;~1

FIG. 18.3. The phase function tI> for a resistive termination, with X = 0 and <t>~ « 1.

like an infinite resistance. If, instead of Xl = 0, the condition is X = °
on a line for which epc is small but not zero, so that ep~ « 1, the function
p is just as for Xl = 0, and the function 4> follows the same general
behavior without quite such an abrupt change from 4> = 11"/2 to tI> = 11"
at Tl = 1. The smaller epc is, the more rapid is the change.

19. Special Forms of the Terminal Functions-the Predominantly
Reactive Termination.8l It is not possible to construct a purely reactive
termination. On the other hand, a terminal impedance with a resistive
component that is negligible compared with the reactive component is
easily obtained except for very small reactances and very large positive
reactances. Negatively reactive impedances with extremely small resist­
ance are easily constructed for a range of reactance which extends
from practically negatively infinite to nearly zero. As the reactance
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approaches zero, a point is reached where the resistance ceases to be
small compared with the reactance, and ultimately as the reactance
becomes still smaller, the resistance always predominates. In the case of
positively reactive impedances exactly the same situation as for negative
reactances obtains near zero values. Although it is a simple matter to
provide positively reactive impedances with resistive components small
compared with the reactive over a range of reactance extending from
~mall values to extremely large ones, it is not possible to approach infinite
values. This arises from the fact that very large values of inductive
reactance usually must be obtained with parallel or antiresonant circuits.
As the resonant frequency is approached from the positively reactive
side, this latter increases to a large value before antiresonance is reached,
but this is never infinite and always drops to zero at antiresonance while
the resistance increases to a maximum. Thus a predominantly reactive
termination is physically available in the range of X from negative infinity
to nearly zero and from nearly zero on the positive side to extremely
large but not infinite values. Near and at zero reactance the impedance
is predominantly resistive.

Let the predominantly reactive termination be defined by the
inequality

r~« Ix~ - 11
For lines with low distortion (1) is equivalent to

(1)

cP: « 1 (2)

Subject to (1) and (2), the general formulas for p and <I> become

_ 1 h- I 2rl
p - "2 tan x2 + 1

;F.. _ 1 t -1 -2XI
'i:"-"2 an ---

x~ - 1

(3)

(4)

Since (1) includes r~« x~ + 1, it follows that the argument of the
inverse hyperbolic tangent in (3) is small. Hence

. rl
p = x~ + 1

The expressions for <I> may be simplified using the formula

(5)

(7)

(6)
2xtan-Ix = 1 tan-I -----

"2 1 _ x 2

;F.. 1 t -1 - 2XI _ 1 t -1 - 2XI
'i:" ="2 an xi _ 1 -"2 an - (1 - xi)

Assuming Xl positive and less than unity for the moment, the inverse

Thus
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tangent in (7) is in the third quadrant. Hence

~ = i (11" + tan-l 1 ~IXi) = ; + tan-l Xl = 11" + tan-l bl (8)

By replacing 4> with ~' and Xl with bl it follows that

4>' = i (11" + tan-l 1 ~lbi) = ~ + tan-l bl = 11" + tan-l Xl (9)

Also ~' = ~ - ~ = tan-l Xl (10)
2

and

It is clear from

(11)

that

t -1 11" t -I 1an X = - - an -
2 X

1
Xl =-

bl

(12)

(13)

(20)

(19)

(18)

(17)

or

Useful formulas for Xl are obtained from (8) and (9). Thus

Xl ( == :) = tan (4) - ~) = - cot ~ = tan ~' (14)

bl (== BRc) = - cot ( 4> - ~) = tan 4> = - cot ~' (15)

The condition (1) defining a predominantly reactive termination
includes the entire range of Xl from zero to infinity except a range near
IXII = 1. Insofar as p is concerned, the inequality (1) could be replaced
by the much less restrictive conditions

ri «xi + 1 (16)

which is to be interpreted as a restriction on rl and not as limiting Xl.
Accordingly formula (3) for p and others derived from it are valid for
all values of Xl if (16) is satisfied.

The condition (16) evidently is not sufficient for ~ or 4>', since

For IXII = 1, ~ = i tan-I -2
2 = i (211" - tan-l ..;)

r l r l

Using (12), it follows that

~ = 11" - ~ (~ - tan-l ~)
if> = 311" + ! tan-l !J == 311" + :1

4 2 2 4 4

Thus 4> as obtained from (4) is in error by rU4 in the extreme case
IXII = 1. If (16) is satisfied instead of (1), it follows that

ri «4
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SO that ri/4 is negligible compared with 371/4. Accordingly (4) as well
as (3) may be used subject to (16) instead of subject to (1). This means
that, if

ri« 1 (21)
Xl may have all values.

For most purposes, therefore, the predominantly reactive termination
may be defined by

ri« xi + 1 (22)

A similar set of formulas may be obtained by writing bl for Xl, gl for rl,

and <p' for <P.
20. The Conducting Wire Bridge as a Termination; Resistive Wire. 81

Transmission-line measurements depend on the availability of a stand­
ard terminal impedance. The properties of such a standard necessarily

Terminating
Long line A section

: :b
B
...-------8t ------~

f A
c\ : Ie tb

d B

FIG. 20.1. Terminating section as half of a rectangle.

include terminal-zone effects. Whereas these are analyzed in general in
Chap. V, it is advantageous to consider simple standards in this chapter.
For the two-wire open line and the shielded-pair line a straight conducting
wire bridge is useful. It is analyzed in this section. The conducting
piston or disk for use in coaxial and other types of line is considered in
the next section.

The impedance of a section of length St of a long line of length S» St,

when terminated in a straight conducting bridge of length b equal to the
spacing of the line, may be determined quite accurately if the following
inequalities are satisfied:

SF» b2 »a2

f35sF « 1
(1)
(2)

where a is the radius of the conductors of the line and f30 = 271'/Ao. The
method consists in treating the terminating section as one-half of a long
and narrow rectangle of wire of length 2st and width b, as shown in Fig.
20.1. The impedance looking to the right from AB on the long line and
on the rectangle is the same if the distance between the sides c and e of
the rectangle is sufficiently great to make any coupling between them
insignificant. This is ensured by (1).

Denoting the self-inductance of a typical side j of the rectangle by
Ljj and the mutual inductance between sides i and j by Lij, the total
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inductance of the rectangle of wire is as follows (note that the mutual
inductance of mutually perpendicular sides is zero) :

L = Lrr + Lee + Ldd + LJI + Ldi + Lid + Lee + Lee (3)

Subject to (1), the contribution to L by Lee + Lee is negligible. By
symmetry it follows that

(4)

The inductances in (4) are evaluated in Ref. 9, Chap. VI. Subject to
(1), the final expression for L for wires in air is

L = ~ [b (sinh- 1 !!.- + ~ - /1 + qi) + 2st In ~ + a - b] (5)
7rVo as b '\j b2 a

where Vo = 1/ J.Lo = 107/47r m/henry, a is the radius of the wires of the
long sides, and as is the radius of the short sides. The inductance per
unit length of an ideal uniform line has been shown to be

1 b19 = - In-
7rVo a

(6)

subject to the condition b2 » a2, which is included in (1). Strictly the
square root occurring in (5) may be replaced by unity if (1) is imposed.
However, by using the unrestricted formula

1 ble = - cosh-1-
o 7rVo 2a (7)

for the inductance per unit length of the line and retaining the term in
a;/b 2 in the radical in (5), this formula for L may be generalized to apply
approximately to all values of b/a. With (6) or (7) the external induc­
tance of the rectangle as given in (5) may be expressed as follows:

where

andt

Le = 2Ls + 2st lg + 2L T

L s = _b_ (sinh-1!!.- + ~ - ~1 + qi)
27rvo as b b2

b-a
L T = ---

27rvo

(8)

(9)

(10)

The total external inductance Le of the rectangle is made up of two parts:
(1) the sum of the two inductances L s of the short sides of the rectangle,
and (2) the total inductance of the long sides treated as a transmission
line and expressed in the form 2st In (b/a) + 2LT • The term 2st In (b/a)
is the inductance of a uniform line with constant inductance per unit
length, and L T is the correction for the actual nonuniformity of the induc-

t The same formula for LT is derived from the general integral [Sec. 4, Eq. (3)] in
Chap. V, Sec. 12.
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tance per unit length. The internal inductance Li is negligible, so that
L = Le + Li == Le.

Since the short ends c and e of the long rectangle in Fig. 20.1 are by
postulate sufficiently far apart to be essentially uncoupled, a section of
length Bt at the end of a long transmission line has an inductance given
by one-half of (8), viz.,

L = L s + Bel~ + L T == L sa + Btl~

where, by definition,

(11)

(12)

is the apparent impedance of the terminating wire bridge if the line is
assumed to be uniform and L s is the theoretical, isolated impedance of
the bridge. Note that Lsa differs from Ls by a terminal-zone inductance
L T that is negative, indicating that the inductance per unit length is
greater along a uniform line than near a terminating impedance at the
end of the line. Note that the inductance of the bridge apparently termi­
nating the line, as determined by measurement and calculation using (6)
for the entire length of line, including the section of length Bt, is Lsa•

Since the resistance of the wire bridge is

(13)

where r~ is the internal resistance of a cylindrical conductor, it follows
that the theoretical impedance of the bridge is

(14)

whereas the apparent terminal impedance of the bridge at the end of an
assumed uniform line is

(15)

The terminal functions 6s = Ps + jips, corresponding to the theoretical
impedance Zs, and 6sa d psa + jipsa, corresponding to the apparent imped­
ance Zsa, may be readily defined for the conducting wire bridge.

Highly Conducting Bridge. The normalized resistance and reactance
of a highly conducting wire bridge may be assumed to satisfy the follow­
ing conditions:

where

ris « 1
R s - cPcXs

TlB = Rc (1 + cP:)
X s + cPcRs

Xls = Rc (1 + cP~)

(16)

(17a)

(17b)

In the approximate equalities in (17a,b) it is assumed that cPc is suf­
ficiently small so that cP~ « 1.
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With (16)

Let

_ 1 t h-1 2r1s
P8 - 2" an 2 + 2 + 1 == r18r1s XIs

..:F.. _ 1 t -1 - 21 X lsi ..!... 7r + t -1 ..!... 7r +
'J:'II - 2" an -Iris + xiII-II - 2" an XIII - 2" XIs

X s = wLII R s = br~

(18a)

(18b)

(19)

where r~ is the resistance per unit length of the conducting bridge of
radius as.

For a low-loss line in air, cPc == r/2wl = a/[3, where r is the resistance
and l is the inductance per loop unit length. It follows that (18a), with
(17a) and (19), may be expressed in the form

(20)

The following new symbols, which are dimensionally lengths in meters,
are introduced conveniently for the ratios in (20):

Hence

Similarly

Since

mil == 2~s ks == ~s

Ps = a(ms - ks)

7r X s + R s 7r wl k a 2

«1>11 = 2 + Rc cPc Rc = 2 + Rc II + 7i m

Rc = _1_ = v t:!. == [3
l ylC v

(21)

(22)

(23)

(24)

it follows that, with 0:2/[32 « 1,

(25)

The apparent terminal functions for the apparent terminal impedance
Zsa = Rsa + jXsa are obtained in the same manner as (20) and (25).
Since

it is necessary merely to define

k Lsa k k L s L T
sa==T= s+ T=T+T

in order to obtain
psa = a(ms - ksa) = Ps - ak T

7r
af>sa = 2" + (3ksa = «I>s + [3k T

(26)

(27)

(28)

(29)
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It is convenient to represent the equivalent lengths kaand kaa as follows:

where, with

k = fab k _ faab
a 2 aa - 2

b b
y == - Ya ==-

a aa
sinh-1Ya + y;l - V::-1-+"--y-;""""2

fa = cosh-1 (y/2)

sinh-1 Ya + 2y;1 - 1 - VI + y;2
faa = cosh-1 (y/2)

(30)

(31)

(32)

(33)

6.907

4.605

2.302

2

~-t----:':5--"lL,-0-------::-:lOO:=-------:1-:OOO=-------' 0
y

FIG. 20.2. The functions fa and f.a of y = bfa.

The functions fs and fsa are shown as functions of y in Fig. 20.2 in the
special case where all wires are of the same size, so that aa = a and
Ya = y. It is seen that

fa == 0.95 (34)

whereas faa is considerably smaller and much less constant when y ~5.

Evidently the theoretical, equivalent reactive length ka of a straight con­
ducting bridge made of wire of equal radius as the line is

ka == 0,475b == £ (35)

However, since the inductance per unit length of the line is not constant
near the terminating bridge, the apparent equivalent reactive length ksa ,
as determined under the assumption that l is constant, is appreciably
smaller than k R •
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If the bridge is not only equal in radius to the wires of the line but
also made of the same material, it follows that

m s = 2Rs = b
r

(36)

so that, with (22),

Ps = ab (1 -~) (37)

If (35) is a good approximation,

Ps == iab (38)

By choosing the radius as of the bridge somewhat smaller than the
radius a of the line wires, fs or fsa may be made equal to unity for any
particular value of bj a. The required value of as is obtained by setting
(32) or (33) equal to unity and solving for Ys = bjas. For simplicity
let Ys be quite large, so that the radical in (32) or (33) may be set equal
to unity and y-;1 neglected compared with 1. Specifically let

(39)

(40)Then

ys» 1
f ~ sinh-1 Ys - 1 _ 1 f ~ sinh-1 Ys - 2

s - ~sh-l (yj2) - sa - cosh-1 (yj2)

For large arguments the inverse hyperbolic functions approach natural
logarithms of twice the argument, so that (40) becomes

In 2ys == 1 + In y In 2ys == 2 + In y (41)

or I 2ys ~ 1 I 2ys ~ 2 (42)n- - n- -
y y

The results are
Ys == 1.359y Ys == 7.389y (43)

Hence as == 0.736a for fs = 1
(44)

as == 0.135a for fsa = 1

If the radius of the termination is chosen to have one of these values
and bja is large, so that bja ~ 5,

fs = 1
b

ks = 2,

b
(45)

or fsa = 1 ksa = 2,

If the terminating wire differs from the two-wire line in both diameter
and material, the following formula is true, subject to the indicated
condition:

(46)
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where u. and JI. pertain to the material of the terminating wire. Simi­
larly the comparable condition and the resistance per unit length of the
line are

Accordingly

!#u r. 1~-;-a - ~ 10 - = r t = - -
v - 2 271'"a 2uv

m. _ 2R. _!!:-. r;;;
b - rb - a. \}~

(47)

(48)

The value of a. to make f. = 1 has been shown to be a. = O.736a ;
the value to make f.a = 1 is a. = 0.139a. With these values

m. = 1.36 r;;;
b \}~

or (49)

Thus, if the materials can be so chosen that

it follows that

and

.!!.!..- = 0.54
u.v.

P. = jab

or

or

1

.!!.!.- = 0.183
u.-v.

P.a = jab

(50)

(51)

(52)

It is to be noted that it is not possible for physical reasons to make
P. = jab or P.a = jab if the two-wire line is copper, since a material with
1.85 or 5.45 times the conductivity of copper would be required for the
terminating bridge. No such material is available.

By making use of the theory developed in this section, the apparent
terminal functions of a conducting wire bridge may be determined. Note
that the accuracy of these determinations involves errors of the order of
magnitude of the radius of the wire in the measurement of lengths on the
two-wire line.

In actual use a conducting bridge often must be movable along an
extended section of two-wire line. As shown in Chap. VI, a conducting
bridge may serve as an inductance common to the sections of line con­
tinuing in each direction whenever the bridge is not exactly at the end.
In order to avoid the coupled-circuit effects and preserve the impedance
of the bridge as a constant independent of its location along the line, it is
often advantageous to use two bridges separated a distance A/4 - k.a

and connected so as to move together in tandem. This arrangement is
illustrated in Fig. 20.3. As shown in Chap. III, Sec. 6, a section of line
of this length which is terminated in a conducting bridge behaves essen­
tially like an insulator of several hundred thousand ohms. Evidently
the presence of such a high impedance that moves along and is always in
parallel with the very low impedance bridge terminating the line has no
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significant effect on the properties of this bridge, and these remain essen­
tially unchanged as it is moved.

Resistive Bridge. If it is desired to terminate a two-wire line in its
characteristic impedance in order to have a matched line that may be
used, for example, for phase comparisons (Chap. IV, Sec. 13), a bridge
consisting of a straight conductor made of resistance wire or a straight
conductor with a small carbon resistor at its center may be used. Such
a bridge has an inductive reactance that is essentially the same as if it
were highly conducting. Since this is very small compared with the
resistance, the condition of match is approximated closely when the
resistance of the bridge is Rs = Re •

Terminating Tandem
bridge bridge

Active part of line

-To generator

Inactive part of line

FIG. 20.3. Tandem-bridge section of line to form movable insulating support con­
tinuously in parallel with movable bridge.

21. Conducting Pistons and Disks as Terminations. A perfectly con­
ducting piston in a coaxial line or a shielded-pair line and a perfectly
conducting disk of infinite extent on an open-wire line are terminations
that may be analyzed together using the theorem of images. In each
case the electromagnetic field and the distributions of current and charge
on the transmission line are unchanged if the conducting piston or disk
at a point P along the line is removed and the line continued as a geo­
metric image, including the generator with its polarity reversed. Since
the potential difference across the line at P due to the image generator
and line must always be equal and opposite to that maintained by the
actual generator and line, it follows that the potential difference across the
line at P is always zero. Hence the terminal function of the image line
and of the equivalent conducting piston or infinite disk is 6s = 0 + j7r/2.
Accordingly a highly conducting piston for a coaxial line or shielded-pair
line and an infinite disk for an open-wire line may be assumed to be
represented by ps == 0 and <l>s = 7r/2. These are convenient for use as
standard terminations.

In practice, a conducting disk of infinite extent is unavailable, and the
question arises: How large must a disk be in order to approximate an
infinite one as a termination? A suitable criterion may be obtained by
investigating the rate of decrease of the magnetic field along, or of the
surface current in, an infinite disk due to a pair of conductors separated
a distance b and with equal and opposite currents. For simplicity, the
conductors may be assumed infinitely long, since the contributions from
sections of the line which are far from the disk compared with the spacing
of the wires are negligible. In the plane that is equidistant from the two
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(la)

conductors, the resultant magnetic field is radial and given approximately
by

B () . 1m b
r r = 21rJlo r2 + b2/4

In the plane containing the two conductors the field is approximately

Bo(r) ~ 1m (1 1) _ 1m b ( )
- 21rJlo r - b/2 - r + b/2 - 21rJlo r2 _ b2/4 Ib

1m is the maximum of the sinusoidally distributed current along the
transmission line and therefore the current entering and leaving the
plane from the wires.

A suitable criterion of comparison is the magnetic field on the disk
midway between its junction with the two conductors. This is given by
(la) with r = o. It is

(2)

(3)

(4)

The ratio of the field at two locations at radius r to that at r = 0 is

B(r) < b2/4
B (r = 0) = r 2 ± b2/4

Let it be assumed that the magnetic field and the surface-current density
at r are negligible compared with the field and surface-current density
at r = 0 when the ratio in (3) is no greater than 0.01. Thus

b2/4
r2 ± b2/4 ;£ 0.01

This can be satisfied only when b2/4 is small compared with r 2, so that
(4) reduces to

~ ;£ 0.04
r

b-- :::;; 0.2r - (5)

It follows that the maximum density of surface current on the infinite
disk at a radial distance r from the center of the line is less than 1 per cent
of the density halfway between the two conductors of the line if

r ~ 5b (6)

It may be assumed that, if the current density on an infinite disk at
r = 5b is only 1 per cent of that at its center, the effect of the part,of
the disk beyond r = 5b is of no great significance and may be omitted.
That is, (6) is a satisfactory criterion for determining the radius of a disk
to terminate an open two-wire line with p == 0 and <I> == 1r/2.

22. Terminations with Negative Attenuation Function or Reflection
Coefficient Greater than Unity. An interesting special termination is that
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for which the terminal attenuation function ps becomes negative. Since
the magnitude of the coefficient of reflection is f s = e-2p

., it follows that
negative values of Ps correspond to values of f 8 greater than unity. t

The general formula for P8 is

(1)

(2)

For P8 to be negative, rls must be negative. That is,

R 8 - cPcXs 0
rIs == Re(l + cP~) <

Evidently this is possible only when X s is positive and cPc ~ 0, that is,

Rs < cPcX. (3)

cPcXs, not that R 8 = 0.) The second(Note that rI. = 0 means that R s

condition in (3) is equivalent to

Rs < cPc = Xc
X s Rc

(4)

For example, on a low-loss line with negligible leakage conductance,
cPc == a/{3 = r /2wl, so that, since X is inductive,

or

Rs r
wL. < 2wl

k8 = L. > 2R. (= R.• for a two-wire line)
ls r rt

(5)

(6)

t The possibility of coefficients of reflection that exceed unity even slightly may
appear paradoxical to those accustomed to treat the characteristic impedance as a
pure resistance. When Ze = Re, so that it is a pure resistance, as for the distortion­
less or lossless line, for which cPe = 0, the coefficient of reflection can never exceed
unity in magnitude, and it is possible to separate not only incident and reflected volt­
ages and currents but also incident and reflected powers. When Ze is complex, as in
the lossy line, the current and voltage along an infinitely long or perfectly matched line
are not exactly in phase. Although it is still possible to identify traveling waves of
incident and reflected voltages and currents, a separation into incident and reflected
powers is no longer possible owing to the appearance of cross-product terms. A
termination with a reflection coefficient of unity reflects incident waves of current and
voltage with the same phase difference. If the phase difference of the reflected cur­
rent and voltage is lC88 than for the incident waves, the reflection coefficient must
exceed unity. The power factor for dissipation in the line has been improved. In the
case of the usual low-loss lines, cPe in Ze = Re(l - jcPc) is very small, so that the inci-

dent voltage and current differ by the very small angle tan-1.pe = cos-1 (l/VI + cP;).
It is readily verified from Sec. 5, Eq. (7), that, for a termination with R. = 0 and

X. = -Xe/2 = cPeR e/2, r. = VI + cP;, which exceeds unity slightly. Note that
a change in power factor from cos tan-1 cPe to unity corresponds to an increase in

magnitude by a factor VI + cP;. The contribution to the power by terms involvin/!;
.pc is referred to in Chap. IV, Sec. 6.
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For a termination on an open-wire line consisting of a conducting wire
bridge of the same radius as the wires of the line, Sec. 20, Eq. (22), gives

where

(7)

Note that r; is the internal resistance per unit length of the bridge, and
ri is the internal resistance per unit length of each of the conductors of
the line. Hence the requirement for negative p., namely,

reduces to

(8)

(9)

since f. is slightly less than unity. That is, the resistance per unit length
of each conductor of the two-wire line ri must be at least double the
resistance per unit length of the terminating bridge. Using

the condition becomes

. 1 r;;
r' = 21ra '\j 2;; (10)

or

(lla)

(lIb)

(12)

(13)so that

Clearly, if the line is of copper immersed in air, no bridge with negative
P. is available. However, with a brass line and a copper termination,

m; = (~)2 = ~ = g = 021 < 023
r i (f. 11. 5.65 . .

m. == 0.46b

and, with f. == 0.96,

P. == ab(0.46 - 0.48) == -0.02ab (14)

Evidently the higher the resistance of the line wires compared with the
resistance of the conducting bridge, the more negative P. may be. Note
that, since f.a is smaller than f., P.a is always less negative than P. for a
given value of r;/ri• In particular, p. may be negative, and P.a, positive.

PROBLEMS

1. A section of transmission line is two wavelengths long and terminated in a load
at z = 8 equal to Zc/2. The generator at z = 0 has an emf of 10 volts and an imped­
ance equal to 2Zc. The losses in the relatively short line are negligible. Write out
the first four terms in the infinite series for the voltage at a distance of one-quarter
wavelength from the generator. Express the reflection coefficients numerically.
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2. Express the voltage at the same point in the line described in the preceding
problem as the sum of an incident and a reflected wave. Give numerical values.

3. Express the voltage on the line described in Prob. 1 in terms of a single wave
traveling toward the load with variable phase velocity. Plot the amplitude of the
voltage wave along the line; also plot the phase velocity.

4. Calculate the line constants T, l, and c (g is negligible) for a coaxial line con­
sisting of a silver inner conductor of No. 20 wire and a tin outer conductor of inner
radius 0.254 cm at a frequency of 3,000 Mc/sec. The dielectric is polystyrene
(Er = 2.6; IJ.r = 1). Use the following conductivities: (J" (silver) = 6.14 X 107 mhos/m;

(J" (tin) = 0.87 X 107 mhos/m.
5. Determine the attenuation constant a, the phase constant {j, the characteristic

resistance Re, the distortion factor cPe, and the wavelength for the line in Prob. 4.
6. Calculate the line constants T, t, and c (g is negligible) for a two-conductor line

made of brass with a conductivity of 1.22 X 107 mhos/m. The two conductors are
identical and M radius 0.04 in. spaced 1 em between centers in air. The frequency
is 750 Me/sec.

7. Calculate the attenuation constant, the phase constant, the characteristic resist­
ance, and the distortion factor for the line in the preceding problem.

8. Determine the phase velocity and the group velocity for the line described in
Probe 6, using the more accurate formulas given in Sec. 13.

9. Calculate a few points and plot curves of Re ==~ for the following trans­
mission lines for the indicated ranges of b/a. Use semilog paper. (For open-wire
lines b is the distance between centers of adjacent wires, and a is the radius of each
wire; for coaxial lines b is the inner radius of the outer conductor, and a the radius of
the inner conductor.)

(a) Coaxial line with air as dielectric. Range, 1 ~ b/a ~ 600.
(b) Coaxial line with polystyrene (Er = 2.6) as dielectric. Range as in (a).
(c) Two-wire line with air as dielectric. Range as in (a). Note that the loga­

rithmic formula is satisfactory only when b2 » a2•

(d) Four-wire line with diagonal conductors in parallel and with air as dielectric.
Range, 5 ~ b/a ~ 600.

10. Derive a formula for the minimum value of the attenuation constant a for a
coaxial line with an outer conductor of fixed radius as the radius of the inner conductor
is varied. Plot a curve of a as a function of the ratio of the radius of the outer to
that of the inner conductor near the minimum to determine whether this is sharp
or flat.

11. Determine the complex reflection coefficient r a in polar form and the terminal
functions pa and <l>a for the following impedances Za (ohms) terminating a low-loss
line whh Ze == Re = 300 ohms: (a) Za = 3,000 + jO; (b) Za = 0 + j3,000; (c)
Za = 3,000(1 + j); (d) Za = 0 + j300; (e) Za = 200 + jlOO; (f) Z. = 0; (g) Za = 00.

12. An apparent impedance Zaa = 75 + j200 ohms terminates a low-loss coaxial
line of characteristic impedance Ze == Re = 50 ohms. What are the corresponding
values of the apparent reflection coefficient r aa ; the apparent terminal functions Paa,

<l>aa, and <I>;a; and the apparent admittance Y.a ?
13. In an experimental determination of the impedance of an antenna, the following

typical data were observed on a line for which Ze == Rc = 50 ohms:

Electrical length of antenna, radians. . . . . 0.22

Measured P, nepers '" .. .. .. . . . 0.001

Measured <1>, radians................... 0.17

1.45

0.870

1.57

2.00

0.230

3.00

2.28

0.147

3.14
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Calculate R and X for the antenna at each length, and check with the circle diagram.
14. The capacitance of a capacitor is 15 p.p.f. It is connected as the terminal

impedance of a line of characteristic impedance Zc == Rc = 400 ohms. What are
the terminal functions p and <P at 150 Me/sec? Assume the capacitor to be without
loss.

15. A two-wire line is made of brass! in. in diameter, with 2 em between centers.
A copper rod of the same diameter is used as a short-circuiting bar at the load end.
Determine TI, Xl, and <I> for this bar at 300 Me/sec. (Use (T = 1.5 X 107 mhos/m for
brass and (T = 5.65 X 107 mhos/m for copper.)
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FIG. 1.2. Isolated section of trans­
mission line. The impedance Z.n is
not the same as Z. in Fig. 1.1, owing
to the end effect.

CHAPTER III

IMPEDANCE AND ADMITTANCE

1. Normalized Input Impedance and Admittance of a Terminated
Section of Line. A transmission line extends from z = 0 to z = S + Se,

where si »b2• The impedance terminating the line at z = sis Zs = I/Ys •

What is the impedance Z. or admittance Y. terminating the line at z < s'?
Alternatively, what is the impedance Zin = Z. or admittance Yin = Yz
looking into the section of line to the right (Fig. 1.1) of the point z,

A
£---_----:z::;..:!:z'---.-::::--- 2..::..8 ---_: -~~

z=O z,B z=s z=s+s,

FIG. 1.1. Terminated transmission line.

expressed in terms of Zs or Ys and the length 8 - Z = w of the section '?
Note that this is not the same as the impedance Zin of the isolated sec­
tion of line of length w terminated in Zs shown in Fig. 1.2. The absence
of the line to the left of the points AB in Fig. 1.2 as compared with
Fig. 1.1 involves an end effect and cou­
pling effect in a terminal zone near AB.

If a potential difference is maintained
across AB in Fig. 1.1, equal and oppo­
site currents are in the two conductors
at z. Let phase be referred to the cur­
rent in conductor 1 as heretofore. The
input impedance or admittance of the
line to the right of AB (which is equal to the load impedance or admit­
tance terminating the line to the left of AB) is defined to be

(1)

Note that, since AB is by definition far from both ends compared with
the wavelength, the y component of the vector potential is zero or practi­
cally zero (Ay == 0) near AB, so that Ey = -d4-/dy - jwAy == -d4-/dy.
Hence

v. == 4-1z - 4-2. = 24-Jz == fob E v dy

I~~

(2)
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A number of formulas may be obtained for Zin and Yin corresponding
to the several different representations of current and voltage along a
transmission line. Each has certain advantages in special cases. Thus,
for example, the exponential solutions [Chap. II, Sec. 5, Eqs. (10) and
(11)] lead to the following formulas for the normalized input impedance
and admittance:

Zin 1 + r 8e-2oyw
Zlin == Zc = 1 - r 8e-2oyw (3)

For a lossless line (a8 = 0) these reduce to

Zin 1 + r8ei(~.-2I3w)

Zlin = Rc = 1 - r8ei(~.-2I3w)

Note that
.~ Z 18 - 1 Y18 - 1

r 3 = r 8e} = Z18 + 1 = - Y18 + 1

where Zls == Z8/Zc, Y18 == Y 8/YC , and

-r8eN' = -r~ (5)

(6)

The complex hyperbolic forms of the input impedance are obtained
from Chap. II, Sec. 8, Eqs. (2) and (3). They are

Alternatively

Zin Z8 cosh jW + Zc sinh jW

Zlin == Zc = Z8 sinh jW + Zc cosh jW

Yin Y 8 cosh jW + Y c sinh jW

Ylin == Y c = Y 8 sinh jW + Y c cosh jW

Z18 coth jW + 1 Z18 + tanh jW

Zlin = Z18 + coth jW = Z18 tanh jW + 1
Y18 coth jW + 1 Y18 + tanh jW

Ylin = Y18 + coth jW = Y18 tanh jW + 1

For the lossless line (a8 = 0)

(7a)

(7b)

(8a)

(8b)

Zlin = Zin = 1 - j Zl." cot {3w = Z18 ~ j tan {3w (9a)
Rc [Z18 - J cot {3w 1 + JZ18 tan {3w

Yin 1 - jY18 cot {3w Y18 + j tan (3w (9b))
Ylin = Gc = Y18 - j cot {3w = 1 + jY18 tan (3w

For many purposes involving dissipative loads on low-loss lines, (9a,b)
are adequate.

The completely hyperbolic form is simple and especially convenient for
deriving explicit formulas for Rin and Xin, Gin and Bin. The desired for­
mulas are obtained from Chap. II, Sec. 8, Eqs. (15) and (16). They are

Zlin = coth (jW+ 68) = coth [Caw + P8) + j({3w + 4>8)] (lOa)
Ylin = coth (jW + 6;) = coth [Caw + P8) + j({3w + 4>;)] (lOb)
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For convenience, let the following notation be introduced:

A w == aw + P.

Fw == ~w + 4>. F~ == ~w + 4>~

8' 8 . 7r '4> 7r• = • - J 2" 4>. = • - 2"

Note that, with (l1a,b), (lOa) becomes

%Un = coth (Aw + jFw) Ylin = coth (Aw + jF~)

(l1a)
(lIb)

(12)

(13)

These formulas are like the expressions previously derived for the
normalized terminal impedance Zl. and admittance YIs, namely,

%Is = coth (P. + j4>.) Yls = coth (P. + j4>~) (14)

Obviously (11) must reduce to (12) whenever w = O.

Since (15)

it follows that the normalized input resistance and reactance, conductance
and susceptance are

sinh 2A w

rlin = cosh 2Aw - cos 2Fw

sinh 2Aw

glin = cosh 2Aw - cos 2F:U
- sin 2Fw

Xlin = cosh 2Aw - cos 2Fw

- sin 2F' .bl ' = w
on cosh 2Aw - cos 2F:U

Inverse relations are

sinh A w cosh A w

sinh2 A w + sin2 Fw

sinh Aw cosh Aw

sinh2 A w + sin2 F~

- sin Fw cos Fw

sinh2 A w + sin2 Fw

- sin F~ cos F:U
sinh 2 A w + sin2 F:U

(16a)

(16b)

(17a)

(17b)

A _I t h-l 2rlin
w - "2 an 2 + 2 + 1run Xlin

F - 1 -1 - 2Xlin
w - "2 tan 2 + 2 _ 1run Xlin

= 1 tanh- l 2glin
"2 g~in + b~in + 1

F' - 1 t -1 -2blin
• - "2 an 2 + b2 _ 1glin lin

(18)

(19)

These formulas have the same form and obey the same sign conventions
as those derived previously for Z. and Y.. They differ only in the
appearance of A w instead of P. and Fw or F:U instead of 4>. or 4>~. When
w = 0, A w = P., Fw = 4>., and F:U = 4>~.

The normalized input resistance and reactance are expressed numeri­
cally in Tables 1.1 and 1.2 as functions of A w and Fw • The input phase
function Fw is represented as a ftinction of the input attenuation func­
tion A w in Fig. 1.3 with rlin as parameter and in Fig. 1.4 with Xlin as
parameter. With the substitution of the symbol 4>. for Fw, P. for A w ,

rIB for rlin, and Xl. for Xlin, these tables and curves apply to the normalized
terminal impedance %Is = rIs + jXl•.
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The analogous significance of A 8 and F 8 for the input impedance and
P8 and 4>8 for the terminal impedance reveals the simple and fundamental
parts played by the terminal functions. The attenuation function P8

plays the same role for the termination as does as for the line. Indeed
P8!a is an equivalent length of line for the termination from the point of
view of attenuation. Similarly the phase functions 4>8 and 4>~ play the

90° -0 N
II d

80° c,,;.-

70°

60°

i 50°
~

~
II
~~ 40°

0.2 0.4 0.6 0.8 1.0 1.2 1.4
Aw=otw+ps

FIG. 1.3. Contours of constant rlin with F w = f3w + <1>. and A w = aW + P. as variables.

same part in describing the effect of the termination as does 138 for the
line. The ratio 4>8!13 or 4>~!13 is an equivalent length of line for the termi­
nation insofar as phase shift is concerned. The equivalent lengths for
attenuation and for phase shift are not alike unless Z. or Y8 is itself a sec­
tion of transmission line or a for the section is modified so that P8!a = 4>.!13
or P8!a = 4>~!13. In this special case it is possible to replace Z8 or Y. by a
section of transmission line which is its equivalent both in phase shift
and in attenuation.

It is readily verified that, just as for P. and 4>8 or 4>~ in terms of rl. and
Xl. or gl8 and b18, the contours of constant A 8 and the contours of constant
Fw or F~ are families of orthogonal circles. The intercepts, centers, and
radii are as follows;
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lOOD....---...--.....----r---.----,,----r--T-....
(Xlin negative when 0 <F,<goo, positive when 90° <F,<180°)

137

OO~~~~~~~~=:I==--LJo 0.6 0.8 1.4
Aw=«w+ps

FIG. 1.4. Contours of constant Xhn with Fw = {lw + <1>. and Aw = aW + P. as variables.

For circles of constant A w :

I h IXlin = 0
ntercepts are at rlin = tanh A w , cot A w blin = 0

C h 2A IXlin = 0
enters are at rlin = cot w b. - 0

hn -

Radii have magnitudes equal to csch 2Aw

For circles of constant Fw and F~:

{
Xlin = - cot Fw (or tan Fw )

Intercepts are at rlin = 0 b. - _ t F' ( t F')
hn - co w or an w

{
Xlin = - cot 2Fw

Centers are at rlin = 0 b. - _ t 2F'
hn - co w

Radii have magnitudes equal to Ii~:~ ;~~:

The same circle diagrams previously constructed for P. and <1>. in terms of
rl. and X18, P. and <I>~ in terms of gh and bIB may be used for A w = aW + P.
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TABLE 1.1
sinh 2Aw

Tlin = cosh 2A w - cos 2Fw

[Chap. III

~
0° 0.5° 1° 2° 3° 4° 5°

Aw 180° 179.5° 179° 178° 177° 176° 175°

0.0 .... .... ....... 0.000 0.000 0.000 0.000 0.000
0.003 ........ ...... . 9.524 2.441 1.091 0.6155 0.3945
0.004 ........ ...... . 12.50 3.236 1.451 0.8195 0.5256
0.005 ........ ...... . 15.15 4.016 1.808 1.022 0.6562

0.01 100.0 57.14 24.69 7.576 3.521 2.014 1.300
0.02 50.01 42.12 28.38 12.35 6.371 3.800 2.502
0.03 33.36 30.79 24.91 14.16 8.247 5.207 3.534
0.04 25.03 23.91 21.02 14.20 9.227 6.194 4.355
0.05 20.03 19.45 17.86 13.46 9.558 6.800 4.961

0.06 16.68 16.34 15.38 12.47 9.479 7.101 5.370
0.07 14.30 14.09 13.47 11.46 9.180 7.185 5.616
0.08 12.52 12.38 11.96 10.52 8.776 7.122 5.734
0.09 11.14 11.04 10.74 9.688 8.332 6.968 5.758
0.10 10.03 9.957 9.736 8.944 7.880 6.756 5.710

0.11 9.127 9.071 8.903 8.294 7.447 6.517 5.616
0.12 8.373 8.330 8.200 7.722 7.040 6.266 5.491
0.13 7.736 7.702 7.599 7.218 6.662 6.014 5.346
0.14 7.189 7.162 7.079 6.770 6.312 5.767 5.191
0.15 6.716 6.694 6.627 6.373 5.992 5.530 5.031

0.16 6.303 6.285 6.229 6.019 5.698 5.304 4.870
0.17 5.939 5.924 5.877 5.700 5.429 5.090 4.712
0.18 5.616 5.603 5.564 5.414 5.182 4.889 4.559
0.19 5.327 5.316 5.282 5.154 4.955 4.701 4.410
0.20 5.067 5.057 5.029 4.919 4.746 4.524 4.267

0.22 4.619 4.612 4.590 4.5069 4.3750 4.2030 4.001
0.24 4.246 4.241 4.224 4.1599 4.0570 3.9214 3.7600
0.26 3.933 3.928 3.915 3.8643 3.7826 3.6740 3.5433
0.28 3.664 3.661 3.650 3.6096 3.5436 3.4554 3.3483
0.30 3.433 3.430 3.421 3.3881 3.3341 3.2615 3.1728

0.32 3.231 3.2286 3.222 3.1941 3.1494 3.0890 3.0148
0.34 3.054 3.0517 3.046 3.0229 2.9855 2.9348 2.8720
0.36 2.897 2.8952 2.890 2.8709 2.8393 2.7962 2.7428
0.38 2.757 2.7557 2.751 2.7350 2.7081 2.6713 2.6254
0.40 2.632 2.6308 2.627 2.6131 2.5899 2.5582 2.5186

0.45 2.3702 2.3694 2.3669 2.3569 2.3406 2.3181 2.2899
0.50 2.1640 2.1634 2.1615 2.1543 2.1423 2.1259 2.1051
0.55 1.9979 1.9975 1.9960 1.9907 1. 9817 1.9693 1.9535
0.60 1.8620 1.8617 1.8606 1.8564 1.8495 1.8399 1.8278
0.65 1.7493 1. 7490 1. 7482 1. 7449 1.7394 1. 7319 1.7223
0.70 1.6546 1.6544 1.6537 1. 6511 1.6468 1.6407 1. 6331

0.75 1.5744 1.5743 1.5737 1.5716 1.5681 1.5632 1.5569
0.90
1.0 1.3130 1.3130 1.3127 1.3119 1.3104 1.3084 1.3059
1.2
1.5 1.1048 1.1048 1.1047 1.1045 1.1041 1.1036 1.1029
2.0 1.0373 1.0373 1.0373 1.0372 1.0371 1.0369 1.0367
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TABLE 1.1 (Continued)
sinh 2A w

Tlin = cosh 2A w - cos 2Fw

139

~
60 80 100 150 200 250 300

A w 1740 1720 1700 1650 1600 1550 1500

0.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000
0.003
0.004
0.005 0.4566 0.2578 0.1657 0.07462 0.04273 0.02799 0.02000

0.01 0.9070 0.5136 0.3305 0.1491 0.08541 0.05596 0.03998
0.02 1.766 1.012 0.6547 0.2969 0.1704 0.1118 0.07989
0.03 2.539 1.481 0.9667 0.4422 0.2547 0.1672 0.1196
0.04 3.197 1.910 1.261 0.5839 0.3377 0.2222 0.1592
0.05 3.731 2.290 1.534 0.72080 0.41919 0.27655 0.19836

0.06 4.139 2.618 1.782 0.85203 0.49878 0.33009 0.23716
0.07 4.435 2.893 2.003 0.97684 0.57618 0.38269 0.27551
0.08 4.633 '3.116 2.197 1.0946 0.65108 0.43422 0.31332
0.09 4.751 3.292 2.364 1.2048 0.72330 0.48459 0.35055
0.10 4.803 3.424 2.505 1.3071 0.79258 0.53366 0.38714

0.11 4.806 3.518 2.621 1. 4013 0.85875 0.58132 0.42300
0.12 4.771 3.580 2.715 1.4874 0.92168 0.62750 0.45810
0.13 4.709 3.615 2.788 1.5655 0.98130 0.67214 0.49241
0.14 4.627 3.627 2.843 1.6356 1.0375 0.71513 0.52583
0.15 4.532 3.622 2.8823 1.6983 1.0903 0.75648 0.55840

0.16 4.429 3.601 2.9075 1.7536 1.1397 0.79611 0.59004
0.17 4.321 3.569 2.9206 1.8021 1.1857 0.83401 0.62073
0.18 4.211 3.5287 2.9237 1.8440 1.2283 0.87017 0.65045
0.19 4.100 3.4810 2.9181 1.8799 1.2677 0.90455 0.67917
0.20 3.9910 3.4283 2.9053 1. 9101 1.3038 0.93719 0.70689

0.22 3.7792 3.3137 2.8632 1.9555 1.3671 0.99728 0.75930
0.24 3.5802 3.1930 2.8055 1.9835 1.4191 1.0506 0.80762
0.26 3.3959 3.0719 2.7382 1.9973 1.4608 1.0974 0.85191
0.28 3.2263 2.9534 2.6654 1.9997 1.4934 1.1381 0.89226
0.30 3.0709 2.8395 2.5903 1.9930 1.5179 1.1732 0.92878

0.32 2.9289 2.7315 2.5150 1.9794 1.5355 1.2029 0.96165
0.34 2.7990 2.6296 2.4409 1.9604 1.5471 1.2279 0.99106
0.36 2.6803 2.5340 2.3688 1. 9375 1.5535 1. 2486 1.0172
0.38 2.5716 2.4445 2.2993 1.9117 1.5557 1.2653 1.0403
0.40 2.4719 2.3609 2.2329 1.8840 1.5543 1.2785 1.0605

0.45 2.2564 2.1756 2.0805 1. 8102 1.5389 1.2989 1.1001
0.50 2.0803 2.0199 1.9477 1.7358 1.5124 1.3054 1.1267
0.55 1. 9347 1.8885 1.8326 1.6644 1. 4800 1.3021 1.1430
0.60 1. 8131 1.7771 1.7331 1.5979 1.4450 1.2925 1.1517
0.65 1.7108 1.6821 1. 6470 1.5372 1.4096 1.2788 1.1546
0.70 1.6238 1.6007 1.5722 1.4821 1.3751 1.2627 1.1535

0.75 1.5494 1.5306 1.5072 1.4325 1.3422 1.2455 1.1495
0.90
1.0 1.3027 1.2949 1.2850 1.2523 1.2105 1.1627 1.1118
1.2
1.5 1.1021 1.1001 1.0975 1.0887 1.0770 1.0629 1.0471
2.0 1.0365 1.0357 1.0349 1.0321 1.0282 1.0234 1.0180
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TABLE 1.1 (Continued)
sinh 2A w

Tlin = cosh 2Aw - cos 2Fw

[Chap. III

~ F·I 350 400 450 500 550 600

Aw ~, 1450 1400 1350 1300 1250 1200

0.0 0.000 0.000 0.000 0.000 0.000 0.000
0.003
0.004
0.005 0.01520

0.01 0.03039 0.02420 0.02000 0.01704 0.01490 0.01333
0.02 0.06073 0.04837 0.03998 0.03407 0.02980 0.02666
0.03 0.09100 0.07250 0.05994 0.05108 0.04468 0.03998
0.04 0.12115 0.09655 0.07983 0.06805 0.05954 0.05328
0.05 0.15109 0.12049 0.099672 0.084987 0.074364 0.066558

0.06 0.18084 0.14431 0.11943 0.10187 0.089155 0.079810
0.07 0.21033 0.16798 0.13909 0.11868 0.10390 0.093031
0.08 0.23953 0.19147 0.15864 0.13543 0.11860 0.10621
0.09 0.26841 0.21478 0.17808 0.15209 0.13324 0.11935
0.10 0.29694 0.23787 0.19738 0.16867 0.14782 0.13245

0.11 0.32506 0.26072 0.21652 0.18513 0.16232 0.14550
0.12 0.35275 0.28331 0.23549 0.20149 0.17674 0.15848
0.13 0.37999 0.30562 0.25430 0.21773 0.19109 0.17141
0.14 0.40673 0.32764 0.27290 0.23384 0.20534 0.18427
0.15 0.43298 0.34934 0.29131 0.24981 0.21950 0.19706

0.16 0.45868 0.37072 0.30951 0.2656.4 0.23355 0.20977
0.17 0.48383 0.39176 0.32748 0.28132 0.24750 0.22241
0.18 0.50842 0.41243 0.34522 0.29684 0.26133 0.23496
0.19 0.53240 0.43273 0.36271 0.31219 0.27504 0.24742
0.20 0.55578 0.45266 0.37995 0.32736 0.28863 0.25979

0.22 0.60070 0.49133 0.41365 0.35718 0.31543 0.28425
0.24 0.64308 0.52835 0.44625 0.38623 0.34167 0.30830
0.26 0.68289 0.56369 0.47770 0.41447 0.36733 0.33190
0.28 0.72013 0.59732 0.50798 0.44188 0.39238 0.35506
0.30 0.75482 0.62921 0.53704 0.46843 0.41679 0.37773

0.32 0.78700 0.65938 0.56489 0.49410 0.44056 0.39990
0.34 0.81675 0.68782 0.59152 0.51887 0.46366 0.42157
0.36 0.84414 0.71457 0.61691 0.54274 0.48607 0.44270
0.38 0.86924 0.73965 0.64107 0.56568 0.50778 0.46329
0.40 0.89221 0.76313 0.66404 0.58773 0.52881 0.48334

0.45 0.94084 0.81506 0.71630 0.63888 0.57829 0.53103
0.50 0.97847 0.85817 0.76159 0.68456 0.62342 0.57521
0.55 1.0069 0.89349 0.80050 0.72504 0.66432 0.61593
0.60 1.0278 0.92208 0.83365 0.76070 0.70120 0.65326
0.65 1.0427 0.94498 0.86172 0.79195 0.73430 0.68735
0.70 1.0528 0.96311 0.88535 0.81921 0.76388 0.71836

0.75 1.0591 0.97729 0.90515 0.84293 0.79025 0.74648
0.90 ....... 1.0028 0.94681 0.89670 0.85293 0.81558
1.0 1.0604 1.0107 0.96403 0.92149 0.88369 0.85094
1.2 •••• 0 •• 1.0154 0.98368 0.95387 0.92664 0.90247
1.5 1.0300 1.0125 0.99505 0.97818 0.96236 0.94797
2.0 1.0120 1.0057 0.99933 0.99302 0.98697 0.98136
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TABLE 1.1 (Continued)
sinh 2Aw

Tli" = cosh 2A w - cos 2Fw

141

~
65° 70° 75° 80° 85° 90°

A w 115° 110° 105° 100° 95°

0.0 0.000 0.000 0.000 0.000 0.000 0.000
0.003
0.004
0.005

0.01 0.01217 0.01132 0.01072 0.01031 0.01008 0.009999
0.02 0.02434 0.02264 0.02143 0.02062 0.02015 0.02000
0.03 0.03651 0.03396 0.03214 0.03092 0.03022 0.02999
0.04 0.04866 0.04527 0.04285 0.04122 0.04029 0.03998
0.05 0.060791 0.056560 0.053537 0.051509 0.050341 0.049960

0.06 0.072903 0.067836 0.064215 0.061785 0.060386 0.059929
0.07 0.084993 0.079094 0.074878 0.072049 0.070419 0.069887
0.08 0.097051 0.090327 0.085520 0.082294 0.080435 0.079828
0.09 0.10908 0.10154 0.096145 0.092524 0.090438 0.089756
0.10 0.12108 0.11273 0.10675 0.10274 0.10042 0.099670

0.11 0.13303 0.12388 0.11732 0.11292 0.11039 0.10956
0.12 0.14495 0.13499 0.12787 0.12309 0.12033 0.11943
0.13 0.15681 0.14608 0.13839 0.13322 0.13025 0.12927
0.14 0.16863 0.15711 0.14887 0.14333 0.14013 0.13909
0.15 0.18039 0.16811 0.15932 0.15341 0.15000 0.14888

0.16 0.19209 0.17907 0.16973 0.16345 0.15983 0.15865
0.17 0.20374 0.18997 0.18010 0.17346 0.16963 0.16838
0.18 0.21532 0.20083 0.19043 0.18344 0.17940 0.17808
0.19 0.22683 0.21163 0.20072 0.19337 0.18913 0.18775
0.20 0.23827 0.22237 0.21095 0.20327 0.19883 0.19737

0.22 0.26094 0.24369 0.23129 0.22293 0.21810 0.21652
0.24 0.28329 0.26475 0.25140 0.24240 0.23720 0.23550
0.26 0.30530 0.28554 0.27129 0.26167 0.25611 0.25429
0.28 0.32695 0.30604 0.29094 0.28074 0.27484 0.27290
0.30 0.34823 0.32623 0.31033 0.29958 0.29335 0.29131

0.32 0.36911 0.34611 0.32946 0.31818 0.31164 0.30950
0.34 0.38960 0.36566 0.34831 0.33654 0.32971 0.32748
0.36 0.40966 0.38493 0.36686 0.35463 0.34754 0.34521
0.38 0.42929 0.40372 0.38511 0.372"46 0.36511 0.36271
0.40 0.44849 0.42221 0.40305 0.39001 0.38244 0.37995

0.45 0.49450 0.46678 0.44648 0.43262 0.42455 0.42190
0.50 0.53763 0.50894 0.48782 0.47334 0.46489 0.46212
0.55 0.57788 0.54862 0.52698 0.51209 0.50339 0.50052
0.60 0.61524 0.58581 0.56393 0.54882 0.53997 0.53705
0.65 0.64980 0.62054 0.59867 0.58352 0.57461 0.57167
0.70 0.68164 0.65284 0.63120 0.61616 0.60729 0.60437

0.75 0.71090 0.68280 0.66159 0.64678 0.63804 0.63515
0.90 0.78453 0.75956 0.74045 0.72697 0.71895 0.71630
1.0 0.82335 0.80094 0.78364 0.77136 0.76403 0.76159
1.2 0.88169 0.86450 0.85104 0.84140 0.83559 0.83366
1.5 0.93534 0.92469 0.91624 0.91011 0.90639 0.90515
2.0 O. 976:~5 0.97206 0.96861 0.96609 0.96455 0.96403
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TABLE 1.2
- sin 2Fw

Xlin = cosh 2A w - cos 2Fwt

{Chap. III

~
0 0.5° 1° 2° 3°

Aw 180° 179.5° 179° 178° 177°

0.0 .. ........... . -57.21 -28.59 -19.07
0.003 ..

0 •• •••••••• •
-55.40 -28.38 -19.01

0.004 .. ............. -54.53 -28.22 -18.96
0.005 . . ............ -52.88 -28.02 -18.90

0.01 0 -49.86 -43.09 -26.42 -18.40
0.02 0 -18.37 -24.75 -21.53 -16.64
0.03 0 -8.95 -14.48 -16.45 -14.36
0.04 0 -5.21 -9.160 -12.37 -12.04
0.05 0 -3.39 -6.221 -9.376 -9.974

0.06 0 -2.371 -4.463 -7.229 -8.237
0.07 0 -1. 750 -3.346 -5.690 -6.832
0.08 0 -1.344 -2.597 -4.568 -5.709
0.09 0 -1.065 -2.071 -3.734 -4.813
0.10 0 -0.8630 -1.688 -3.099 -4.091

0.11 0 -0.7137 -1.401 -2.609 -3.510
0.12 0 -0.5999 -1.181 -2.223 -3.037
0.13 0 -0.5111 -1.009 -1. 915 -2.648
0.14 0 -0.4405 -0.8710 -1.665 -2.326
0.15 0 -0.3836 -0.7595 -1.460 -2.057

0.16 0 -0.3369 -0.6679 -1.290 -1.830
0.17 0 -0.2982 -0.5918 -1.147 -1.637
0.18 0 -0.2658 -0.5279 -1.027 -1.473
0.19 0 -0.2383 -0.4737 -0.9239 -1.331
0.20 0 -0.2148 -0.4273 -0.8353 -1.208

0.22 0 -0.1771 -0.3526 -0.69199 -1.0065
0.24 0 -0.1484 -0.2957 -0.58196 -0.85046
0.26 0 -0.1261 -0.2513 -0.49577 -0.72717
0.28 0 -0.1083 -0.2160 -0.42698 -0.62811
0.30 0 -0.09401 -0.1876 -0.37124 -0.54742

0.32 0 -0.08230 -0.1642 -0.32548 -0.48089
0.34 0 -0.07259 -0.1449 -0.28744 -0.42539
0.36 0 -0.06445 -0.1287 -0.25550 -0.37864
0.38 0 -0.05757 -0.1150 -0.22841 -0.33889
0.40 0 -0.05169 -0.1032 -0.20525 -0.30483

0.45 0 -0.04028 -0.08047 -0.16017 -0.23834
0.50 0 -0.03212 -0.06419 -0.12788 -0.19055
0.55 0 -0.02612 -0.05216 -0.10397 -0.15509
0.60 0 -0.02152 -0.04302 -0.085795 -0.12808
0.65 0 -0.01797 -0.03592 -0.071670 -0.10706
0.70 0 -0.01516 -0.03031 -0.060485 -0.090394

0.75 0 -0.01290 -0.02579 -0.051489 -0.076980
0.90
1.0 0 -0.006317 -0.01263 -0.025233 -0.037768
1.2
1.5 0 -0.001924 -0.003849 -0.0076912 -0.011521
2.0 0 -0.0006633 -0.001327 -0.0026514 -0.0039725

t Xl\n is negative for 0° < F. < 90° and positive for 180° > F. > 90°.
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TABLE 1.2 (Continued)
- sin 2F1O

XIin = cosh 2A 1O - cos 2F10

143

~
40 50 60 80 100

Aw 1760 1750 1740 1720 1700

0.0 -14.30 -11.43 -9.515 -7.115 -5.671
0.003 -14.28 -11.42
0.004 -14.26 -11.41
0.005 -14.23 -11.39 -9.494 -7.106 -5.666

0.01 -14.02 -11.28 -9.429 -7.079 -5.652
0.02 -13.22 -10.86 -9.179 -6.971 -5.597
0.03 -12.07 -10.22 -8.791 -6.799 -5.507
0.04 -10.76 -9.443 -8.300 -6.572 -5.385
0.05 -9.448 -8.601 -7.143 -6.302 -5.237

0.06 -8.215 -7.752 -7.155 -5.999 -5.065
0.07 -7.119 -6.943 -6.565 -5.676 -4.877
0.08 -6.169 -6.197 -5.995 -5.345 -4.676
0.09 -5.359 -5.525 -5.458 -5.013 -4.468
0.10 -4.670 -4.925 -4.960 -4.687 -4.255

0.11 -4.090 -4.397 -4.505 -4.372 -4.042
0.12 -3.599 -3.935 -4.094 -4.073 -3.832
0.13 -3.183 -3.531 -3.723 -3.790 -3.627
0.14 -2.829 -3.177 -3.391 -3.525 -3.428
0.15 -2.527 -2.869 -3.094 -3.278 -3.2373

0.16 -2.268 -2.598 -2.829 -3.050 -3.0551
0.17 -2.044 -2.361 -2.592 -2.839 -2.8821
0.18 -1.850 -2.152 -2.380 -2.6443 -2.7185
0.19 -1.681 -1.967 -2.190 -2.4653 -2.5643
0.20 -1.533 -1.804 -2.0201 -2.3006 -2.4192

0.22 -1. 2874 -1.5291 -1. 7294 -2.0104 -2.1554
0.24 -1.0944 -1.3094 -1.4927 -1.7650 -1. 9243
0.26 -0.94034 -1.1316 -1.2985 -1.5572 -1. 7223
0.28 -0.81543 -0.98592 -1.1374 -1.3804 -1.5459
0.30 -0.71296 -0.86539 -1.0028 -1.2294 -1.3916

0.32 -0.62797 -0.76471 -0.88949 -1.0998 -1.2565
0.34 -0.55672 -0.67981 -0.79325 -0.98799 -1.1379
0.36 -0.49647 -0.60763 -0.71095 -0.89109 -1.0336
0.38 -0.44506 -0.54579 -0.64008 -0.80665 -0.94148
0.40 -0.40088 -0.49246 -0.57869 -0.73275 -0.85991

0.45 -0.31428 -0.38737 -0.45700 -0.58419 -0.69319
0.50 -0.25175 -0.31105 -0.36803 -0.47375 -0.56683
0.55 -0.20519 -0.25398 -0.30116 -0.38973 -0.46927
0.60 -0.16964 -0.21027 -0.24974 -0.32451 -0.39269
0.65 -0.14192 -0.17610 -0.20943 -0.27301 -0.33167
0.70 -0.11991 -0.14892 -0.17728 -0.23170 -0.28238

0.75 -0.10217 -0.12697 -0.15129 -0.19814 -0.24210
0.90
1.0 -0.050207 -0.062523 -0.074679 -0.098410 -0.12118
1.2
1.5 -0.015331 -0.019118 -0.022873 -0.030269 -0.037469
2.0 -0.0052880 -0.006597 -0.0078963 -0.010461 -0.012971
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TABLE 1.2 (Continued)
- sin 2Fw

Xlin = cosh 2A w - cos 2Fw

[Chap. III

~
15° 20° 250 300 350

A w 1650 1600 155° 1500 1450

0.0 -3.7322 -2.7474 -2.1445 -1. 7321 -1.4281
0.003
0.004
0.005 -3.7308 -2.7468 -2.1439 -1. 7319 -1.4280

0.01 -3.7266 -2.7451 -2.1433 -1. 7314 -1.4277
0.02 -3.7100 -2.7381 -2.1397 -1. 7293 -1.4264
0.03 -3.6827 -2.7265 -2.1338 -1. 7258 -1.4242
0.04 -3.6451 -2.7104 -2.1255 -1. 7210 -1.4212
0.05 -3.5979 -2.6899 -2.1149 -1. 7149 -1.4174

0.06 -3.5416 -2.6653 -2.1021 -1.7074 -1.4127
0.07 -3.4773 -2.6368 -2.0871 -1.6987 -1.4071
0.08 -3.4060 -2.6046 -2.0702 -1.6887 -1.4008
0.09 -3.3287 -2.5691 -2.0513 -1.6776 -1.3937
0.10 -3.2459 -2.5304 -2.0304 -1.6652 -1.3859

0.11 -3.1592 -2.4889 -2.0079 -1.6518 -1.3773
0.12 -3.0692 -2.4450 -1. 9838 -1.6373 -1.3680
0.13 -2.9769 -2.3989 -1. 9582 -1.6218 -1.3580
0.14 -2.8830 -2.3509 -1. 9312 -1.6054 -1.3473
0.15 -2.7885 -2.3014 -1. 9030 -1.5881 -1.3361

0.16 -2.6938 -2.2507 -1.8736 -1.5699 -1.3242
0.17 -2.5996 -2.1989 -1.8433 -1.5510 -1. 3118
0.18 -2.5066 -2.1465 -1.8122 -1.5314 -1.2988
0.19 -2.4150 -2.0936 -1.7803 -1. 5112 -1.2854
0.20 -2.3251 -2.0404 -1. 7478 -1.4904 -1.2715

0.22 -2.1520 -1.9342 -1.6815 -1.4473 -1.2424
0.24 -1. 9889 -1.8293 -1.6139 -1.4026 -1.2119
0.26 -1.8366 -1.7269 -1.5461 -1.3568 -1.1801
0.28 -1.6954 -1.6277 -1. 4784 -1.3103 -1.1475
0.30 -1.5652 -1. 5325 -1.4116 -1. 2634 -1.1141

0.32 -1.4457 -1.4417 -1.3461 -1.2165 -1.0803
0.34 -1. 3361 -1. 3555 -1. 2822 -1.1699 -1.0462
0.36 -1. 2359 -1. 2740 -1.2202 -1.1239 -1.0120
0.38 -1.1443 -1.1972 -1.1604 -1.0785 -0.97788
0.40 -1.0607 -1.1250 -1.1028 -1.0342 -0.94402

0.45 -0.88174 -0.96363 -0.96930 -0.92813 -0.86126
0.50 -0.73850 -0.82723 -0.85088 -0.83026 -0.78238
0.55 -0.62306 -0.71225 -0.74682 -0.74113 -0.70840
0.60 -0.52931 -0.61533 -0.65593 -0.66076 -0.63984
0.65 -0.45254 -0.53349 -0.57679 -0.58877 -0.57689
0.70 -0.38914 -0.46416 -0.50795 -0.52458 -0.51949

0.75 -0.33639 -0.40520 -0.44808 -0.46752 -0.46742
0.90
1.0 -0.17264 -0.21454 -0.24557 -0.26547 -0.27475
1.2
1.5 -0.054338 -0.069105 -0.081278 -0.090516 -0.096619
2.0 -0.018909 -0.024218 -0.028728 -0.032305 -0.034847
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TABLE 1.2 (Continued)
- sin 2Fw

Xli" = cosh 2A w - cos 2Fw
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~I
40° 45° 50° 55° 60°

140° 135° 130° 125° 120°

0.0 -1.1918 -1.0000 -0.83910 -0.70021 -0.57735
0.003
0.004
0.005

0.01 -1.1915 -0.99980 -0.83896 -0.70010 -0.57728
0.02 -1.1906 -0.99920 -0.83853 -0.69979 -0.57705
0.03 -1.1892 -0.99820 -0.83782 -0.69927 -0.57666
0.04 -1.1872 -0.99681 -0.83682 -0.69854 -0.57612
0.05 -1.1846 -0.99502 -0.83554 -0.69761 -0.57544

0.06 -1.1815 -0.99284 -0.83398 -0.69646 -0.57459
0.07 -1.1778 -0.99028 -0.83214 -0.69512 -0.57360
0.08 -1.1735 -0.98733 -0.83003 -0.69357 -0.57246
0.09 -1.1688 -0.98402 -0.82765 -0.69183 -0.57117
0.10 -1.1635 -0.98032 -0.82499 -0.68989 -0.56973

0.11 -1.1577 -0.97628 -0.82208 -0.68775 -0.56815
0.12 -1.1514 -0.97187 -0.81891 -0.68542 -0.56643
0.13 -1.1447 -0.96713 -0.81548 -0.68291 -0.56456
0.14 -1.1374 -0.96204 -0.81181 -0.68021 -0.56255
0.15 -1.1298 -0.95663 -0.80789 -0.67732 -0.56041

0.16 -1.1217 -0.95090 -0.80374 -0.67426 -0.55814
0.17 -1.1131 -0.94486 -0.79935 -0.67103 -0.55573
0.18 -1.1042 -0.93853 -0.79475 -0.66762 -0.55320
0.19 -1.0949 -0.93191 -0.78992 -0.66405 -0.55053
0.20 -1.0853 -0.92501 -0.78488 -0.66032 -0.54775

0.22 -1.0650 -0.91044 -0.77421 -0.65239 -0.54182
0.24 -1.0435 -0.89491 -0.76278 -0.64387 -0.53544
0.26 -1.0209 -0.87853 -0.75066 -0.63480 -0.52862
0.28 -0.99749 -0.86137 -0.73791 -0.62523 -0.52141
0.30 -0.97331 -0.84355 -0.72459 -0.61519 -0.51382

0.32 -0.94854 -0.82516 -0.71078 -0.60473 -0.50589
0.34 -0.92332 -0.80629 -0.69652 -0.59389 -0.49765
0.36 -0.89778 -0.78704 -0.68189 -0.58271 -0.48912
0.38 -0.87204 -0.76748 -0.66694 -0.57124 -0.48034
0.40 -0.84622 -0.74770 -0.65173 -0.55952 -0.47133

0.45 -0.78194 -0.69779 -0.61292 -0.52937 -0.44800
0.50 -0.71914 -0.64805 -0.57:365 -0.49848 -0.42388
0.55 -0.65879 -0.59933 -0.53459 -0.46738 -0.39936
0.60 -0.60159 -0.55228 -0.49630 -0.43652 -0.37480
0.65 -0.54795 -0.50738 -0.45921 -0.40628 -0.35049
0.70 -0.49807 -0.46492 -0.42366 -0.37694 -0.32669

0.75 -0.45200 -0.42510 -0.38986 -0.34875 -0.30361
0.90 -0.33567 -0.32180 -0.30014 -0.27241 -0.24006
1.0 -0.27443 -0.26580 -0.25022 -0.22896 -0.20319
1.2 -0.18294 -0.17996 -0.17185 -0.15930 -0.14298
1.5 -0.099536 -0.099328 -0.096160 -0.090270 -0.081951
2.0 -0.036294 -0.036619 -0.035835 -0.033985 -0.031143
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TABLE 1.2 (Continued)
- sin 2Fw

Xlin = cosh 2A w - cos 2Fw

[Chap. III

"-

~
650 700 750 800 850

900

Aw 115° 1l0° 1050 1000 950

0.0 -0.46631 -0.36397 -0.26795 -0.17633 -0.087489 0
0.003
0.004
0.005

0.01 -0.46625 -0.36393 -0.26792 -0.17631 -0.087481 0
0.02 -0.46608 -0.36381 -0.26783 -0.17625 -0.087454 0
0.03 -0.46579 -0.36360 -0.26769 -0.17616 -0.087410 0
0.04 -0.46540 -0.36331 -0.26749 -0.17604 -0.087349 0
0.05 -0.46489 -0.36294 -0.26723 -0.17587 -0.087270 0

0.06 -0.46427 -0.36249 -0.26692 -0.17567 -0.087173 0
0.07 -0.46353 -0.36196 -0.26655 -0.17544 -0.087059 0
0.08 -0.46269 -0.36135 -0.26612 -0.17517 -0.086928 0
0.09 -0.46174 -0.36066 -0.26564 -0.17486 -0.086779 0
0.10 -0.46068 -0.35988 -0.26510 -0.17452 -0.086614 0

0.11 -0.45951 -0.35903 -0.26450 -0.17415 -0.086431 0
0.12 -0.45823 -0.35810 -0.26386 -0.17374 -0.086232 0
0.13 -0.45685 -0.35710 -0.26316 -0.17329 -0.086016 0
0.14 -0.45537 -0.35602 -0.26240 -0.17281 -0.085784 0
0.15 -0.45378 -0.35486 -0.26159 -0.17230 -0.085536 0

0.16 -0.45209 -0.35363 -0.26073 -0.17175 -0.085270 0
0.17 -0.45031 -0.35233 -0.25982 -0.17118 -0.084990 0
0.18 -0.44843 -0.35096 -0.25886 -0.17057 -0.084695 0
0.19 -0.44645 -0.34951 -0.25785 -0.16993 -0.084383 0
0.20 -0.44437 -0.34800 -0.25679 -0.16925 -0.084056 0

0.22 -0.43996 -0.34477 -0.25453 -0.16782 -0.083358 0
0.24 -0.43520 -0.34128 -0.25208 -0.16626 -0.082602 0
0.26 -0.43010 -0.33754 -0.24946 -0.16459 -0.081792 0
0.28 -0.42470 -0.33357 -0.24667 -0.16282 -0.080927 0
0.30 -0.41900 -0.32938 -0.24372 -0.16094 -0.080013 0

0.32 -0.41303 -0.32498 -0.24063 -0.15896 -0.079050 0
0.34 -0.40681 -0.32039 -0.23739 -0.15689 -0.078043 0
0.36 -0.40036 -0.31561 -0.23401 -0.15474 -0.076993 0
0.38 -0.39370 -0.31068 -0.23052 -0.15251 -0.075903 0
0.40 -0.38685 -0.30559 -0.22692 -0.15020 -0.074777 0

0.45 -0.36902 -0.29229 -0.21747 -0.14414 -0.071819 0
0.50 -0.35045 -0.27837 -0.20755 -0.13776 -0.068694 0
0.55 -0.33143 -0.26403 -0.19727 -0.13113 -0.065446 0
0.60 -0.31223 -0.24946 -0.18680 -0.12436 -0.062118 0
0.65 -0.29309 -0.23486 -0.17625 -0.1l751 -0.058750 0
0.70 -0.27420 -0.22036 -0.16573 -0.1l066 -0.055378 0

0.75 -0.25576 -0.20612 -0.15535 -0.10389 -0.052034 0
0.90 -0.20426 -0.16594 -0.12583 -0.084508 -0.042433 0
1.0 -0.17390 -0.14195 -0.10803 -0.072741 -0.036581 0
1.2 -0.12356 -0.10166 -0.077846 -0.052646 -0.026545 0
1.5 -0.071522 -0.059332 -0.045730 -0.031072 -0.015711 0
2.0 -0.027407 -0.022896 -0.017747 -0.012108 -0.0061376 0
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(1)

(2)

and Fw = {jw + <1>B in terms of Tlin and Xlin or for A w = aW + PB and
F~ = {jw + <1>~ in terms of Olin and blin.

In Chap. II, Sec. 16, several applications of the circle diagram are
listed in terms of the functions P, <1>, Tl, Xl and P, <1>', gl, b l . Evidently
these apply equally if A is substituted for p and F for <1> and if a sub­
script in is added to Tl, Xl, gl, and b l . Additional applications include
the following:

1. From known values of PB and <1>B (or cI>~) and of aw and {jw, values of
Aw = aW + PB and Fw = {jw + cI>B (or F~ = (jw + cI>~) may be determined
from the circle diagram, and from these Tlin and Xlin (or Olin and b lin )

may be obtained.
2. From known values of Tlin and Xlin (or glin and b lin ), A w and Fw

(or F~) may be determined from the circle diagram, and from these and
known values of aW and {jw, PB and cI>s (or cI>~) may be obtained. From
these, in turn, TIs and XIs (or gls and bIs ) may be found from the circle
diagram.

2. Input Impedance and Admittance. The formulas relating input
impedance and admittance to normalized input impedance and admit­
tance are

R in - cPeXin
TUn = Re{1 + cP;)

X in + cPoRin
Xlin = Re(l + cP;)

The inverse relations are

R in = Re(Tlin + cPeXlin) Gin = Ge(Olin - cPeb lin ) (3)
X in = Re(Xlin - cPeTlin) Bin = Ge(b lin + cPeglin) (4)

1
Note that ReGe = 1 + ct>: (5)

The formulas involving the phase and attenuation functions are

R. - R sinh 2A w - cPe sin 2Fw (6a)
,n - e cosh 2A w - cos 2Fw

G. = G sinh 2A w + cPe sin 2F~ (6b)
,n e cosh 2Aw - cos 2F~

X
in

= -R sin 2Fw + cPe sinh 2A w (7a)
e cosh 2A w - cos 2Fw

Bin = -G sin 2F~ - cPe sinh 2A w (7b)
e cosh 2A w - cos 2F~

Note that

A w = aw + PB Fw = {jw + cI>B F~ = (3w + cI>~ (8)
and also cosh 2A w - cos 2Fw = 2(sinh2 A w + sin2 Fw ) (9)

The formulas (6) and (7) are general and involve no restrictions or
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approximations other than those implied in the derivation of the differ­
ential equations and their application to terminated sections of line.

The impedance and admittance given by (6) and (7) are studied con­
veniently in two forms. The criterion distinguishing them is whether
the input reactance can be made to vanish or not by varying the phase
function Fw = <1>8 + {3w over a range from zero to 7r. The condition of
zero input reactance characterizes a section of line with an input imped­
ance that is tuned to resonance or antiresonance. Any section of line
for which the input reactance can be made to vanish by varying Fw is
potentially resonant. A section in which the input reactance cannot be
made zero by varying Fw is nonresonant.

An examination of (7a,b) shows that the input reactance or susceptance
is zero when

sin 2Fw = - cPc sinh 2Aw

sin 2F~ = cPc sinh 2Atv
(lOa)
(lOb)

Since the sine cannot exceed unity in magnitude, it is essential that the
following condition be satisfied:

cPc sinh 2Aw ~ 1 (11)

This is the condition characterizing all potentially resonant sections of
line. Correspondingly the condition for nonresonance is

cPc sinh 2Aw > 1 (12)

Nonresonant Section of Line. Subject to (12), X in is always negative.
Since cPc is very small on a low-loss line, the condition (12) implies that
A w is quite large. Clearly, if (12) is satisfied together with cP; « 1, it
follows that

sinh 2Aw » 1

so that, from (6) and (7),

Rin = R c tanh 2Aw Gin = Gc tanh 2Aw

X in = - Rc(tanh 2Aw ) (cPc + s~~~ iA'w)
(

sin 2F~ )
Bin = Gc(tanh 2Aw ) cPc - sinh 2A

w

(13)

(14)

(15)

where the large parentheses are always positive subject to (12). More­
over for A w ~ 2, sinh 2Aw ~ 27 and I ~ tanh 2Aw ~ 0.9993. Hence

[
. ( sin 2Fw )]

Zin == Rc 1 - J cPc + sinh 2A
w

Y . G [ 1 . ( sin 2F~ ) 1
in = c + J cPc - sinh 2A

t
"

(16)

(17)
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The imaginary parts of (16) and (17) are very small, so that Zin and Yin
are essentially real and the line is matched for all practical purposes. The
perfectly nonresonant or exactly matched line is defined by

Aw = aw + Ps = 00

Zin = R e(l - icJ>e) = Ze
Yin = Ge(l + icJ>e) = Ye

Zlin = I
Ylin = 1

(18)
(19a)
(19b)

Resonant Section of Line. The potentially resonant sections of line
may have zero input reactance and susceptance when one of two possible
conditions is satisfied. The two possibilities are distinguished as input
resonance and input antiresonance, as follows:

Input Resonance

Fw - n; = F~ - (n -; 1)1r = i sin-1 (cJ>e sinh 2Aw )

= i cos-1 VI - cJ>~ sinh2 2A w n odd (20a)

X in = 0 (Rin)res = Re(l + cJ>;) sinh 2Aw (20b)
cosh 2A w + VI - cJ>: sinh 2 2A w

Bin = 0 (Gin)res = Gc(l + cJ>~) sinh 2~w (20c)
cosh 2Aw - VI - cJ>; smh2 2Aw

1nput A ntiresonance

Fw - ~ = F~ - (n -; 1)1r = 1r - i sin-1 (cJ>e sinh 2Aw )

= 1r - j- cos-1 VI - cJ>; sinh2 2Aw n even (21a)

X in = 0 (Rin)antires = R e(l +_ ~:) sinh 2Aw (21b)
cosh 2Aw - vI - cJ>: sinh2 2Aw

(G .) . = _~-=-G-:-c---,---(1----:-+_cJ>"1=;)=s=in=h=::=2::::;A=w====::::::::::== (21c)Bin = 0 on antores _ /
cosh 2Aw + V 1 - cJ>~ sinh2 2Aw

For a low-loss line and a termination that satisfy the following
inequaiities:

cJ>~« 1 cJ>: sinh 2 2Aw « 1 (22)

(20) and (21) may be readily simplified. Since cJ>e is very small on a
good line, (22) is not a severe restriction on Ps in A w • Most terminations
that are not adjusted to be matched satisfy (22).

Input Resonance

(23a)

(23b)
(23c)
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F - n7r = F' _ (n - 1)7r == _ 0 2 4 6
w 2 w 2 "n=""

X in = 0 (Rin)antires == R c coth A w

Bin = 0 (Gin)antires == R c tanh A w

(24a)

(24b)
(24c)

For a low-loss line and a low-loss termination that satisfy the following
inequalities:

A~« 1

conditions of resonance and antiresonance are as follows:

Input Resonance

F - n7r = F' _ en - 1)7r = ,I.. A == 0 1 3 5
w 2 w 2 'f'c w n = , , ,

X in = 0 (Rin)res == RcA w

Bin = 0 (Gin)res == 1:
Input Antiresonance

F _ n7r = F' _ (n - 1)7r
w 2 w 2

= 7r - cJ>cAw == 7r n = 0, 2, 4, 6,

X in = 0 (Rin)antires == 1:
Bin = 0 (Gin)antires == GcAw

Note that in (20) to (27)

(25)

(26a)

(26b)

(26c)

(27a)

(27b)

(27c)

A w = aW + ps F~ = {3w + If>~ (28)

It is well to note that, subject to (22), the approximate formulas for
input resonance and antiresonance coincide with the exact formulas for
normalized input resonance and antiresonance, defined as follows:

Normalized Input Resonance

F _ n7r = F' _ (n - 1)7r = 0
w 2 w 2 n = 1, 3, 5,

Xlin = 0 (rlin)res = (R~:res = tanh A w

blin = 0 (glin)res = (G~~res = coth A w

(29a)

(29b)

(29c)
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Normalized Input A ntiresonance

F - n7r = F' _ (n - 1)7r = _ 0 2 4 6
w 2 w 2 II n=""o

() (Rin)antir£s - th A
Xlin = 0 rlin antires = R

c
- co w

b () (Gin)antires - t h A
lin = 0 glin antires = G

e
- an w

(30a)

(30b)

(30c)

The general formulas for input resistance and reactance are considered
conveniently in two ranges.

Range of Impedance Including Input Resonance. This range is defined
by the condition

sin2 Fw » sinh2 A w (31)

so that Fw is not near n7r/2, with n even. It follows that the normalized
input resistance and reactance are

sinh A w cosh A w _ 1 • h 2A 2 F
rlin = sin2 Fw - ~ sIn wcsc w

Xlin = - cot Fw

(32a)

(32b)

(36a)

If Aw is small compared with unity, this is the principal range. Note
that i sinh 2A w == A w if A w is small. The input resistance and reactance
are

R in = Re(rlin + cPeXlin) = RcC-i sinh 2A w csc2 Fs - cPe cot Fw) (33a)
X in = Re(Xlin - cPerlin) = - R e(cot Fw - i cPe sinh 2Aw csc2 Fw) (33b)

The terms with cPe as a factor are usually negligible except in deter­
mining Rin for short sections of line with terminations for which Ps is very
small. For example, if the following conditions are satisfied:

A~ = (aw + PsP « 1 Fw = {jw + cPs ({jW)2 « 1 cPe = ~ (34)

it follows that

Rin = Re csc2 Fw (aw + Ps - ~ sin Fwcos Fw) (35)

If cPs == 0, sin Fw == sin {jw == {jw and cos Fw == 1, so that

R. == RePs
tn {32w 2

If the term with cPe = a/{j as a coefficient is neglected, the result is

(36b)

This is comparable with (36a) only if aW is negligible compared with pso
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Similarly, if cI>sa = -rr/2 + {3ksa, Ps = a(b - ksa), as for a conducting bridge,
sin Fw == 1, and cos Fw == - (3(w + ksa), so that

R in == R c [ a(w + b - ksa) + ~ (3(w + ksa)] == R ca(2w + b) (37a)

where it is implied that {32w 2 «1. If C/>C is neglected, Ps = ab, and the
term in a/(3 is missing. That is,

(37b)

Clearly the contribution from the conductors of the line is 50 per cent in
error if the term in C/>C is omitted.

Range of Impedance Including Input Antiresonance. This range is
defined by

- i sin 2Fw csch2 A w

sin2 Fw « sinh2 A w

so that the normalized input resistance and reactance are

rlin = coth A w

sin Fw cos Fw
Xlin = - sinh2 A

w

(38)

(39a)

(39b)

If A w is large compared with unity, as for a line that is almost matched,
this is the principal range. Evidently rlin is near unity, and Xlin is very
small. On the other hand, if A w is small compared with unity, this range
includes only narrow bands near Fw = n-rr/2, with n even.

The input resistance and reactance are

R in = Rc(rlin + c/>cXlin) = Rc(coth A w - ic/>c sin 2Fw csch2 A w ) (40a)
X in = Rc(Xlin - c/>crlin) = - Rc(~ sin 2Fw csch2 A w + C/>C coth A w ) (40b)

The general formulas for the input admittance Yin may be referred in
a similar manner to two principal ranges. However, these ranges do not
correspond to those of the input impedance.

Range of Admittance Including Input Antiresonance. This range is
defined by the condition

sin2 F~ » sinh2 Aw

so that F~ is not near (n - 1)-rr/2, with n odd.
conductance and susceptance are

glin = i sinh 2Aw csc2 F~

b1in = - cot F~

(41)

The normalized input

(42a)
(42b)

If A w is small compared with unity, this is the principal range. The
input conductance and susceptance in Yin = Gin + jBin are

Gin = Gc(glin - c/>cb 1in) = Gc(i sinh 2Aw csc2 F~ + C/>C cot F~) (43a)
Bin = Gc(l>lin + c/>"glin) = -Gc(cot F:" + ic/>c sinh 2Au' csc 2 F~) (43b)
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The terms with <Pc are usually negligible except in determining the input
conductance of short sections of line with terminations for which Ps is
small. The situation parallels that discussed in conjunction with (34)
to (37).

Range of Admittance Including Input Resonance. The condition for
this range is

sin2 F~ « sinh2 A w

The normalized admittance is given by

(44)

blin = -i sin 2F~ csch2 A w (45)

If A w is large compared with unity, as for a line that is matched or nearly
matched, this is the principal range with glin near unity and blin small.
If A w is small compared with unity, this range is very narrow and near
F~ = (n - l}n/2, with n odd.

The input conductance and susceptance are

Gin = Gc(Ylin - <Pcb lin) = Gc(coth A w + i <Pc sin 2F~ csch2 A w ) (46a)
Bin = Gc(b lin + <Pcglin) = -Gc(i sin 2F~ csch2 A w - <Pc coth A w ) (46b)

3. Extreme Values of the Input Resistance and Conductance. Sec­
tions of transmission line can be so designed that the input resistance or
the input conductance is extremely small or extremely great. Many of
the most useful applications of sections of line arise from these two proper­
ties. The conditions under which R in or Gin may assume extreme values
by suitably adjusting the length w of the section with a given terminal
impedance must be determined by equating the derivative of Rin or Gin
with respect to w to zero. Differentiation of Sec. 2, Eq. (6a), leads to
the following equation:

(cosh 2Aw - cos 2Fw )(a cosh 2Aw - cPcfj cos 2Fw )

- (sinh 2Aw - cPc sin 2Fw )(a sinh 2Aw + (3 sin2 2Fw ) = 0 (la)

Similarly differentiation of (6b) gives the following equation:

(cosh 2Aw - cos 2F~)(a cosh 2Aw + <Pc(3 cos 2F~)

- (sinh 2Aw + cPc sin 2F~)(a sinh 2Aw + fj sin2 2F~) = 0 (lb)

This second equation, (lb), differs from (la) only in having F~ in place of
Fwand - cPc in place of cPc. By suitable rearrangement these equations
may be expressed as follows:

sinh 2Aw sin 2Fw = a + cP"fj = a(1 + cPcf3/a) == 215 (2a)
1 - cosh 2Aw cos 2Fw (3 - <Pea (3(1 - cPca/ (3)

sinh 2Aw sin 2F~ = a - <Pc(3 = a(1 - <pc(3/a) == 215' (2b)
1 - cosh 2Aw cos 2F~ (3 + cPca (3(1 + <Pca/(3)

where 8 and 8' are as defined in (2a) and (2b) for temporary use. For a
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low-loss line with negligible leakage conductance, for which

(3)

it follows that

o = l/Jc = ~
(3

0' = 0 (4)

Thus the behavior of resistance and conductance near their extreme values
differs unless, as in a dissipationless line, l/Jc = O.

Since (2a) and (2b) are formally alike, the analysis may be continued
using (2a). The parallel result for (2b) is obtained by adding primes on
Fw and o. The following rearrangement of (2a) is convenient:

sinh 2Aw sin 2Fw + 20 cosh 2Aw cos 2Fw = 20 (5)

Let D == vsinh2 2Aw + 402 cosh2 2A w (6)

Then (5) can be expressed as follows:

sinh 2Aw • 2F + 20 cosh 2Aw 2F _ 20
D sm w D cos w - D (7)

20 cosh 2Aw • 2.1,D = sm 'Y

Now let

sinh 2Aw 2.1,D = cos 'Y

so that (7) becomes

sin 2(Fw + 1/t)
20
D

20 coth 2Aw = tan 21/t

(8)

(9)

Since the right side in (9) is essentially positive, the argument of the
sine must be in the first or second quadrants. That is,

F _ n7r .1, + 1 . -1 20
w - 2 - 'Y 2" sm D

n7r 1. 20
Fw = 2 - 1/t - 2" sm-1 D

n = 0,2,4,6,

n = 1,3,5, ...

(10)

(11)

These formulas may be put into more convenient forms.
with (6),

. 20 20
sm-1 - = tan-1 ---;=======-----:-:--:::--:---

D VI + 482 sinh 2Aw

The substitution of (12) in (10) and (11), using (8), yields

Fw = n7r _ ~ (tan-1 28 _ tan-1 20 )
2 2 tanh 2Aw VI + 402 sinh 2Aw

F = n7r _ ! (tan-1 20 + tan-1 28 )
w 2 2 tanh 2Aw VI + 48 2 sinh 2Aw

Note that,

(12)

n even

(13)

n odd

(14)
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The formula
x+y

tan-1 x + tan-1 y = tan-1 ----
- 1 =+= xy

permits the expression of (13) and (14) in the following forms:

F = n1r _ ! tan-1 20 VI + 402 sinh 2A w - tanh 2Aw

w 2 2 40 2 + VI + 402 sinh 2A w tanh 2Aw

Fw = n1r _ ! tan-1 20 VI + 402 sinh 2A w + tanh 2A w

2 2 VI + 482 sinh 2Aw tanh 2Aw - 40 2

(15)

n even

(16)

n odd

(17)
These are the general formulas giving extremizing values of Fw'

Restriction to Low-loss Lines. The low-loss line with low over-all
attenuation is defined by

402 « 1 4A~« 1 (18)

Subject to (18), the hyperbolic functions may be expanded in series to
obtain

F = n1r _ ! t -1 20 (2Aw )8(i + {) == n1r _ A~o
w 2 2 an 4(0 2 + A~) 2 02 + A~

Similarly (17) becomes

n even (19)

_ n1r _ ~ -1 2Aw O
Fw - 2 2 tan A 2 _ 02

w
n odd (20)

The argument in (19) is sufficiently small so that it may replace the
inverse trigonometric function. This is not necessarily the case in (20),
since the difference in the denominator may be small. For simplicity in
interpreting (19) and (20), let the line be required to have negligible
leakage conductance, so that

JL «!.­
WC wl

epc = ~ = 8
{3

(21)

With (21), (19) becomes

F = n1r _ (a/{3)(aw + Ps)8 n1r a2w;{3wp

w 2 a2/{32 + (aw + Ps)2 = 2 - 1 + {32w; n even (22)

where (23)

Since Fw = {3w + CPs = {3wp - {3ps/a + <l>s, (22) may be solved for {3wp •

Thus

{3 (
1 + a

2
w;_) = n1r _ <I> + {3ps

W
p 1 + {32w~ 2 s a n even (24)
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Since it has been assumed that

A~ = (aw + P8)2 = (awp)2« 1

it follows that (24) reduces to

(25)

n1r
Fw = {jw + <P8 = 2 n even (26)

(27a)n odd

The value of (jw defined by (26) locates the maximum value of Rin, as is
shown later.

Subject to (21), (20) becomes

F = n1r _ ! tan- 1 2(a/{j)(aw + P8)
w 2 2 (aw + P8)2 - a2/{j2

With (23), this is equivalent to

F - n1r 1 -1 2/{jWp

w - 2 - 2 tan 1 - (1/{jw
p
)2 n odd (27b)

The use of the trigonometric identity tan-1 x = j tan-1 [2x/(1 - x2)] in
(27b) reduces this to

n1r 1 (n - 1)1r
F = - - tan-1 - = + tan- 1 {jw n odd (28)

w 2 {jw p 2 p

Hence tan Fw = tan ({jw + <P8 ) = {j (w + ;) (29)

This relation gives the values of {jw which locate the minimum values of
input resistance.

Formulas corresponding to (26) and (28) for the extreme values of the
input conductance are obtained directly from (19) and (20) by adding a
prime on Fw and on 0 and noting that 0' = O. Thus (19) gives

F' = RW + <p' = n1r
w 1J 8 2 n even (30)

Similarly (20) gives

F~ = {jw + <P~ = ~ n odd (31)

It will be shown that (30) locates the maxima of Gin and (31) locates the
minima of Gin.

Substitution of (26) in Sec. 2, Eq. (6a), using (21) and (25) gives

n1r
Fw = {jw + <P8 = 2 n = 0,2,4,

(32)
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In order to substitute (27b) in Sec. 2, Eq. (6a), note that, with n odd,

. 2F - . ( t -1 2{3wp ) - • t -1 2{3wp _ 2{3wp
sm w - sm n1r - an {32w; _ 1 - sm an {32w; _ 1 - {32w; + 1

(33a)

cos 2Fw = cos (n1r - tan- 1 {32~W~ 1)

_ -1 2{3wp __ fJ2W: - 1 (
cos tan {32w; _ 1 - {32w; + 1 33b)

_ 2awp ({32w; + 1) - 2awp _

Hence Rin - R c {32w; + 1 + {32w; _ 1 - Rcawp (34)

so that finally

tan ({3w +<1>8) = {3 (w +~) (35)

Substitution o( (30) and (31) in Sec. 2, Eq. (6b), leads directly to

{3w + <1>~ = n;
{3w + <1>~ = n;

n even (36)

n odd (37)

Note that (Rin)lDAx and (Gin)min occur at the same values of fJw, but that
(Rin)miD and (Gin)max do not.

4. Extreme Values of the Input Reactance and Susceptance. Extreme
values of X in and Bin are obtained by differentiating Sec. 2, Eqs. (7a,b),
with respect to wand equating the derivatives to zero. The resulting
equation for dXin/ dw = 0 is

(cosh 2Aw - cos 2Fw )({3 cos 2Fw + a¢c cosh 2Aw )

- (sin 2Fw + ¢c sinh 2Aw )(a sinh 2Aw + (3 sin 2Fw ) = 0 (1)

where

Collecting terms and rearranging give

cosh 2Aw cos 2Fw - 28 sinh 2Aw sin 2Fw = 1

28 == {3¢c + a
fJ - aepc

(2)

(3)

Aside from constant factors the expression [Sec. 2, Eq. (7b)] for Bin differs
from Sec. 2, Eq. (7a), for X in only in having F~ appear in place of F w

and - ¢c in place of cPc. Hence the equation corresponding to (2) is

where

cosh 2Aw cos 2F~ - 28' sinh 2Aw sin 2F~ = 1

20' == a - {3¢c
{3 + a¢c

(4)

(5)

Note that, for the line with negligible leakage conductance, for which
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ep~ = a 2/{32 « 1, it follows that

o = ~
{3

0' = 0 (6)

The solution of (2) is readily carried out by dividing through by

D' == vcosh2 2Aw + 402 sinh 2Aw

and setting

cosh 2Aw _ 2.1/
D' - cos 'Y

The result is

20 sinh 2Aw _ • 2.1,'D' - sm 'Y

(7)

20 tanh 2A w = tan 21/1'

(8)

F = n1r _ .1/ + cos-1 1:..­
w 2 'Y - D' n even (9)

n even (11)

However, with (7),

cos- 1 ~, = tan- 1 V D'2 - 1 = tan- 1 (VI + 402sinh 2A w ) (10)

so that, with (8) and (10), (9) becomes

n1r 1
Fw = 2 - 2 tan- 1 (20 tan 2Aw )

± ~ tan-1 (vI + 402 sinh 2Aw )

The arctangents may be combined into

Fw = n1r _ ! tan-1 20 tanh 2Aw += VI + 40 2 sinh 2Aw

2 2 1 - 20 VI + 402 tanh 2Aw sinh 2Aw

This is the general formula.
Restriction to Low-loss Line. Subject to the conditions

n even (12)

(12) reduces to
(2A w )2 « 1 (20)2 « 1 (13)

n even (14)

With (6) and the notation W p = w + p/a, (14) becomes

I3p. n1r _
{3w p - ~ + cp. = "2 + awp n even (15)

where the term 20A w has been neglected compared with unity as a result
of (13). The solution of (15) for {3w p gives

(16)
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Hence

Finally

pw = (~ - ~. + p;.) (1 + ~) - P;. n even

pw = (n; - ~.) (1 + ~) + P. neven

(17)

(18)

This is the final formula for the length w giving extreme values of X in•

The corresponding formula for extreme values of Bin is obtained from
(14), with F~ written for Fw and 0' = 0 for o. Since the term in 0 was
neglected, the same formula is obtained, viz.,

pw = (n; - ~~) (1 + ~) + p. neven (19)

The extreme values of X in and Bin are obtained by substituting the
equivalent of (18) and (19) in Sec. 2, Eqs. (7a,b), using (6) and (13).
That is,

Fw= (n; + Aw)

F~ = (~ + Aw)

n even

n even
(20)

n even

B. = -G sin 2F~ - 2Aw a/p
,n c 1 + 2A,; - cos 2F~

(21)

(22)
sin (n7l" + 2A w ) == +2Aw n even

cos (n7l" + 2A w ) = cos 2A w == 1 - 2A~

it follows that

are substituted in

X
in

= -R sin 2Fw + 2A wa/p
c 1 + 2A~ - cos 2Fw

Since

(23a)

(23b)

(24a)

(24b)

(25a)

pw = (~1r - ~.) (1 _~) _P.

n even

pw = (~71" - ~.) (1 +~) +P.

where the upper signs go together and the lower signs go together in
(23) and (24). Specifically

(Xin)max = 2~cw (1 - ~)

n even (25b)
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~W = (n; - ~~) (1 - ~) - P.

n even (26a)

~w = (~1r - ~~) (1 + ~) + P.

n even (26b)

5. Summary of Critical Values of Input Impedance and Admittance for
a Section of Low-loss Line.

Conditions Assumed

et>; = (~)2 «1

A;' = (aw + p.)2 « I

(Ia)

(lb)

Input Antiresonance, n Even

Input Resonance, n Odd

n1r
~w ="2 -~.

~ = (n - 1)1r _ ;r..'
IJW 2 '*'.

Minimum Input Resistance

tan (~w + ~.) = ~ (w + ~)

(
~w = 0

For ~. = 0 and P. = 0, ~w = 1.57
for (Rin)min
for (Rin)re.

10.90
10.99

7.72
7.85

4.49
4.71

n1r
~w = "2 -~.

~w = (n - 1)1r _ ~'
IJ 2 •

Extreme Values of Input Reactance and Susceptance, n Even

(Zin = R in + JXin Yin = Gin + JBin)

~W = (n; - ~.) (1 - ~) - p.

X in = (Xin)msx = ~c ~w--:/~ ~ j(Rin)max (1 - ~)

~w = (~ - ~.) (1 + ~) + p.

X in = (Xin)min = - ~c ~u;;1: ~ -j(Rin)max (1 + ~)

(5a)

(5b)
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(5c)

(5d)

Relations between Extreme Values

(Rin)~ax == 41 (Xin)max(Xin)mini
(Gin)~ax == 41 (Bin) max(Bin) mini

(Rin)max = (Xin)max - (Xin)min (6a)
(Gin)max = (Bin)max - (Bin)min (6b)

It is interesting to study graphically the general behavior of the
input impedance Zin and input admittance Yin of a low-loss section of

211' jJw
I I

3rr/2
I

3rr/2

._0_.
_._.-. Xm1n

Xm1n

1f

rr

o
I

2rr F. 511'/2
w

FIG. 5.1. Schematic diagram of Ri,. and Xi,. for section of line of electrical length pw.

transmission line of length s, line spacing b, characteristic impedance
Ze = Re(1 - jcPe) , and propagation constant 'Y = a + j/j when termi­
nated in an arbitrary impedance Z. = R. + jX. with complex terminal
function 8. = P. + j<I>.. It is assumed that this termination consists of
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a section of line of length St (s; » b2) with an arbitrary impedance at its
end, so that end effects do not exist at the location of Zs.

A schematic diagram of the input resistance and reactance of a line
with low over-all attenuation is shown in Fig. 5.1. Actually the peaks
should be very many times higher and narrower in order to represent
correctly a low-loss line. For the present the distorted curves in Fig. 5.1
are convenient to describe the salient properties of the impedance.

The curves shown in Fig. 5.1 apply to a section of line of electrical
length {jw terminated in an impedance Zs that includes a rather low

o fiw
, , I

CI>. 'IT 21t F. 51t/2

'"
FIG. 5.2. Schematic diagram of Gin and Bin for section of line of electrical length {Jw.

resistance Rs and a somewhat greater capacitive reactance X s • The
appropriate values are indicated at {jw = 0 or Fw = {jw + cf>s = cf>s. As
the length {jw is increased from zero, the input reactance X in rises from
X s to zero at Fw = 'fr/2, which defines input resonance as given in (2a).
At this length the resonant input resistance is quite small, namely,
(Rin)res = Rc(aw + Ps). As {jw is increased further, the input resistance
rises first slowly, then very rapidly to a maximum value of

at Fw = 'fr. This is the antiresonant value. Beyond {jw = 'fr - cf>s the
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FIG. 5.3. Schematic diagram of Rin

and X in for a transmission line of
electrical length (3w with different
terminations. (a) Ideal open end,
<1>. = 0, P. = 0, R. = 0, X. = - 00.

(b) Ideal short circuit, <1>. = 11"/2,
P. = 0, R. = 0, X. = 0. (c) Par­
allel resonant circuit, <1>. = 0, P.

small, R. large, X. = o.

(e)

(a)

(b)

<pw+cI>.>

7(/2

resistance drops first rapidly, then slowly until it reaches a mInImUm
(Rin)min = Rc{aw + Ps) at a value of {jw defined by (4). Correspond­
ingly the input reactance rises to a maximum (Xin)max at a value of {3w

[specified accurately in (5a)] which lies
very slightly to the left of Fw = 7r. It Bin

drops abruptly through antiresonance X ln

with X in = 0 at Fw = 7r and then de-
creases to a negative extreme value
(Xin)min; it then rises to pass through
zero again at resonance. The entire
cycle is then repeated. The maximum
values of resistance are on the curve
Rc/{aw + Ps) at Fw = n7r. The ex­
treme positive values of the reactance

are on the curve ;.2 (aw
R.+ Ps) (1 - ~);

the negative values are on the curve Bin

( ) ~

aw-~cPs 1 + ~. Note that in mag-

nitude a negative extreme is always
greater than the associated positive ex­
treme. Corresponding curves for in­
put susceptance and conductance are
shown in Fig. 5.2. Bin

If the impedance Zs of the termina- X ln

tion at w = 0 is changed, the general
shape of the curves is unaffected, but
they are moved bodily toward shorter
or longer lengths depending on the na-
ture of the impedance. Let a few spe-
cial cases be considered:

1. R s = 0, X s = - 00. These con­
ditions correspond to an ideal open end
with ps = 0, <I?s = o. The impedance
curve has the shape illustrated in Fig.
5.3a.

2. Rs = 0, X s = O. These condi­
tions define a perfect short circuit such
as given by an infinite perfectly con­
ducting disk on an open-wire line or a
perfectly conducting piston in a coaxial
line. The corresponding terminal functions are Ps = 0, <I?s = 7r/2. The
behavior of R in and X in for such a termination is shown in Fig. 5.3b.

3. Rs very large, X s = O. These conditions apply to a tuned parallel
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resonant current. The corresponding terminal functions are Ps very
small, CPs = O. The impedance curves behave as shown in Fig. 5.3c.

Complete sets of curves of the input impedance of a particular section
of two-wire line terminated in an ideal open end with Rs = 0, X s = - 00

and in a perfect short circuit with Rs = 0, X s = 0 are shown in Fig. 5.4
as functions of the length w of the section. Similar curves for a particu­
lar coaxial line are given in Fig. 5.5. Note that in both sets of curves
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FIG. 5.4. Zin for two-wire line. Rc = 439.8 ohms, cPc = 7.183 X 10-4, a = 2.258 X 10-3

neper/m, fJ = 3.144 radians/m, a = 5.118 X 10-4 m, b = 0.02 m, Aair = 2 m, Aline =
1.992 m. Z;" = R;" + jX;n for an ideal short circuit. Z;: = R;: + jX;: for ideal
open end.

antiresonances occur at {3w = n7r/2, where n is odd for the short-circuited
end and even for the ideal open end. Corresponding curves of the input
admittance are shown in Figs. 5.6 and 5.7.

The input impedances and admittances of the same sections of line
terminated in pure resistance of Rs = 60 and 2,500 ohms are shown in
Figs. 5.8 to 5.11.

6. Section of Transmission Line as an Insulator. 70 ,81,99 One of the
most interesting practical applications of terminated sections of trans­
mission line makes use of the very high values of resistance which can be
obtained at antiresonance. The formula for maximum input resistance
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Z;n = R;n + jX;lI for ideal short circuit. Z;: = R;: + jX;lI for ideal open end.

of a section of low-loss line for which

is

at

r
a = 2R

c

(Rin)max = ~:
n>.. eps

8 = 2 (3

R2
= jr(s + ~sa/a)

n = 0,1,2, ..

(1)

(2)

(3)

For a two-wire line terminated in a bridge of length b and made of
the same wire as the line, the apparent terminal functions are

7r
epsa = 2 + (3k sa (4)

where kS4 and ms are as defined and evaluated in Chap. II, Sec. 20. For
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FIG. 5.6. Yin for two-wire line. Constants of the line are the same as in Fig. 5.4.
Y:.. = G:.. + jB:.. for ideal short circuit. Y:: = G:: + jS:: for ideal open end.

the coaxial line

Ps = PBa == 0 (5)

for the coaxial line

The appropriate conditions for antiresonance with n integral are

s = nzA - ~;a = n; - ~ - ksa for the two-wire line

nX X
s = 2" - 4

(6a)

(6b)

and the corresponding antiresonant resistances are

Rc ZR;
a(s + b/2) r(s + b/2)

for the two-wire line

(7a)

and (Rin ) max = Rc 2R;
for the coaxial line (7b)

as rs

For convenience let

s' = s + PBa == b
for the two-wire line (8)s+-a 2

8' = 8 for the coaxial line (9)
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FIG. 5.7. Yin for coaxial line. Constants of the line are the same as in Fig. 5.5.
Y;n = G;n + jB;n for ideal short circuit. Y;~ = G;: + jB;: for ideal open end.

The shortest possible lengths and the greatest resistance are obtained
with n = 1, so that 8' = X/4 and

(Rin)max = 4a~c = 8r~: (10)

For a line with low attenuation per unit length when operated at suf­
ficiently high frequencies, the following simple formulas are good approxi­
mations:

For the two-wire line

Rc = r cosh-1 ..!!-
1r 2a

For the coaxial line

r=~Y;
a

(11)

f bRc = -In ­
21r a

r = m ~(1 +~)
2b a

(12)
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FIG. 5.10. Yin for two-wire line under same conditions as in Fig. 5.8.
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FIG. 5.11. Yin for coaxial line under same conditions as in Fig. 5.9.

For the coaxial line

Let

(16)

(17)

Then for the two-wire line

(R . ) - 8R; _ bK _ r 2a (. h-1~)2
on max - rX - V W b cos 2a

and for the coaxial line

8R~ _ r [In (b/a)J2
(Rin)max = --r>: = bK V W 1 + (b/a)

The numerical value of K is

K == 0.121 I qpr

Prd '\j ErdPrd

(18)

(19)

(20)
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FIG. 6.1. Functions of separation determining extreme values of (R,..)max.

0.3

0.5

0.4

0.6

0.7

0.8

0.9

1.0

For copper in air (J' = 5.65 X 107, Pr = 1, Era = 1, and Pro = 1, so that
K = 0.121 X V5([5 X 103 = 0.91 X 103

•

It is to be noted that (Rin)max,max increases indefinitely with fre­
quency and with b. However, for a given value of b the functions
(2a/b)[cosh- 1 (b/2a)J2 and [In (b/a)J2/(l +- b/a) can be maximized
by suitably adjusting a. Let y = b/2a. The maximum value of
(l/y) (cosh-1 y)2 is obtained by differentiatir.g and equating to zero.

l.l~---,r----r--r--'---r-'--r---r----Y

The result is y = b/2a = 3.95, so that for maximum (Rin) max, with b
fixed, the wire radius should be

b
a = 7.90 (21)

The function (l/y) (cosh-1 y)2 is plott,ed in Fig. 6.1. It is seen that its
maximum value is 1.064. Similarly, with x = bfa, the function (In X)2/
(1 + x) may be shown to have the maximum x = b/a = 9.2, so that,
for given b, the radius of the inner conductor of the coaxial line should be

b
a'= - (22)9.2

The function (In x)2/(l + x) is plotted in Fig. 6.1 as a function of x.
Its maximum value is 0.481.



Sec. 6] IMPEDANCE AND ADMITTANCE 171

The characteristic resistances corresponding to these extremizing values
of a are as follows:

For the two-wire line

For the coaxial line

(23)

(24)

The corresponding extreme values of (Rin)ma.x are as follows:

For the two-wire line
b- = 7.9
a (25)

b- = 9.2
a

= bK V~ X 1.064
For the coaxial line

133.1
(Rin)ma.x,ma.x = V

as VdrEdr

= bK V~ X 0.481

For copper in air K = 0.91 X 103, so that

For the two-wire line

(26)

(Rin)ma.x,ma.x = 0.97b~ X 103 = 2.43b V1 X 103 (27)

For the coaxial line

(Rin)ma.x,ma.x = 0.438b V~ X 103 = 1.098b V1 X 103 (28)

In the case of the two-wire line described in Fig. 5.4, for which b = 2 em
and a = 5.118 X 10-2 em at f = 1.5 X 108 Me/sec, the maximum value
of R in is

(Rin)ma.x = ::: = 2.258 X4~g~~ X 0.50 = 397,000 ohms (29)

If the radius of the wires is changed from 5.118 X 10-2 em to the opti­
mum value, a = b/7.9 = 2/7.9 = 0.253 em, so that R c = 246 ohms and
a = 0.828 X 10-3 neper/m,

I

(Rin)ma.x,ma.x = 0.02 X 2.43 X 1.225 X 104 = 595,000 ohms (30)

For the coaxial line described in Fig. 5.5, for which b = 3.5 em and
a = 1 em, the maximum value is (Rin)ma.x = Rjas = 420,000 ohms. By
adjusting the radius to be a = b/9.2 = 3.5/9.2 = 0.38 em, so that
Rc = 133.1 ohms,

(Rin)ma.x,ma.x = 1.098 X 0.035 X 1.225 X 104 = 471,000 ohms (31)

Since it is not difficult to obtain resistances of the order of magnitude
of half a megohm or more using antiresonant sections of transmission
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(c)

(b)

~
ine

Support
, Stub

Une-==========
~-k4 8

Support

Lin:~_--S_tub_~t--__l
(a)

line at high frequencies, such sections serve admirably as insulators for
supporting transmission lines or circuit elements whenever these are to
be designed for single-frequency operation. Because the shortest length
of a section designed for this purpose is about one-quarter of a wave­
length, such insulating stubs are useful only at ultrahigh and microwave
frequencies. Since the maximum input resist9,nce increases with fre­
quency (because the length decreases more rapidly than the resistance
increases), the insulating properties of quarter-wave stubs improve as the
frequency becomes higher. At sufficiently high frequencies they are

superior to most insulators (and
often more rugged). In Fig. 6.2
schematic diagrams are shown of
parallel- and coaxial-line stubs ar­
ranged to support both wires in the
case of the parallel line and the in-

L[ m L ner conductor of the coaxial line.
t : Stub III i The proper location and spacing of

Line~ h ~ supporting insulators, whether con-
structed of stubs or of dielectric ma­
terial, are discussed in a subsequent
section. The question of end effects
is also considered later.

7. Impedance Transformation
Using a Network of Transmission-
line Sections-General Formula­
tion. In order to reduce the power
losses in transmission over long dis­
tances to a minimum, a transmis­
sion line must be terminated in its
characteristic impedance Zc. Such
a termination is shown in a later
section to lead to minimum losses
in the line. Schematic circuit dia­
grams for two-wire and coaxial lines

with matching networks are shown in Fig. 7.1. In Fig. 7.2 a very general
matching network is inserted between the end of the long line and the
load impedance Zs. In order to distinguish quantities associated with the
long line from those used to describe the matching section, the latter are
designated with a subscript m. Thus Zc is the characteristic impedance
of the long line; Zcm is that of the matching section.

The condition that must be satisfied is

(d) ~-k8
FIG. 6.2. High-impedance stubs used as
insulators. (a) Stub supports for two­
wire line. (b) Closed-end supports for
inner conductor of coaxial line. (c)
Stub support at right-angle bend in two­
wire line. (d) Quarter-wave high-imped­
ance stub in tandem with movable bridge.

Zin = Zc or Rin = Rc X in = - cPcRc (1)

where Zin is the input impedance of the matching section of length s,
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c

w

x

(2)

where YA = 1/ZA is the input admittance of the entire
matching network at AA as seen from the feeding line
and Y Ax and YAy are, respectively, the admittance at
A A of the part of the matching network of length x
with its termination and of the length y with its ter­
mination. Yc = 1/Zc is the characteristic admit­
tance of the feeding line; Ycm = I/Zcm is the charac­
teristic admittance of the matching sections.

with the load Zs as its termination. In Fig. 7.2 Zin is the impedance at
AA. The general relations (1) for the input resistance and reactance
of a terminated section of transmission line may be expressed in admit­
tance form as follows:

y

Zy
FIG. 7.2. General
matching section.

A B
: ~Z8

A B
Matching
section

A B

Two·wire line
Long line

Coaxial line
Long line
f- -}- 3*lJZ

Matching 8

section

FIG. 7.1. Circuit for matching a load to a long line.

Division of (2) by Ycm gives the normalized values referred to the match­
ing line. Thus

YlAx + YIAy = Ylc (3)

The separation of real and imaginary parts gives

Since
(4)

it follows that for a low-loss line, with c/>; « 1 and c/>cc/>cm « 1,

Rem 1 - c/>emc/>e • Rem
gic = J[; ~ 1 + c/>~ = R;

b = Rem c/>em - c/>e == 0
Ic Re 1 + c/>;

For a low-loss line it is correct to assume c/>~ == (a/{3)2 « 1.

(5b)

(5c)

Since {3 is
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the same and a is very small on both lines, the difference 4>em - 4>e is
negligible compared with blAx + blAv in (4).

Since the matching section of length y may be constructed to have an
extremely small input conductance by making it essentially reactive, the
following condition is easily satisfied:

With (5c) and (6), (4) becomes simply

(6)

blAx + blAY = 0 (7)

These are the fundamental conditions for matching the load with its
matching network to the long line. The introduction of the terminal
functions defined in Sec. 1 into (7) permits these to be expressed as
follows:

sinh 2A x = Rem
cosh 2A x - cos 2F~ Re

sin 2F~ + sin 2F~ = 0
cosh 2A x - cos 2F~ 1 - cos 2F~

(8a)

(8b)

where Ax == ax + Px, F~ == {1x + <P~, and F; = (1y + <P~. Note that pz
and <P~ are the terminal functions of Zx consisting of Zs in parallel with
the stub of length x. Equation (8b) may be written as follows:

sin F~ cos F~ I

. h2 A + . 2F' + cot F y = 0sIn x sIn x
(8e)

In general, two variables are necessary to satisfy both (8a) and (8e).
Depending on the choice of these variables, the matching network may
be simplified in anyone of several ways. In its complete form the
following arbitrarily adjustable quantities are available:

1. The lengths w, x, and y, with the restriction that the attenuation
a(w + x + y) must be small compared with Ps.

2. The terminating impedances Zx and Zy, with the restriction that
their attenuation functions pz and py must be negligible compared with
the attenuation function Ps of the load.

3. The characteristic impedance of the matching line

within somewhat narrow practical limits. The condition that 4>em be as
small as possible must be observed.

8. The Series Trans!ormer. 81 ,97,lOl A simple form of the general
matching network is shown in Fig. 7.1. It is derived by removing the
sections of line of length wand y and selecting x and Re as the variahles.
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This means that F~ = 1r/2 and cot F~ = O. Also Zs = Zz is the entire
impedance terminating the section of length x. The general Eqs. (8a)
and (8e) reduce to the following:

sinh 2Az Rem
cosh 2Az - cos 2F~ Re

sin 2F~ = 0

(1)

(2)

There are two infinite sets of solutions. From these the solution with
the smallest physically possible value of n = 0, 1, 2, should be
chosen. The sets are

F~ = (2n + 1) ~

F~ = n1r

h A Rem
tan x = R

e

h A Rem
cot x = JI:

(3)

(4)

Since tanh Ax ~ 1 and coth Az ~ 1, it follows that, with n an integer,

Re = Rem coth Ax

Re = Rem tanh Az

F~ = (2n + 1) ~

F~ = n1r

(5a)

(5b)

For a properly designed matching section, x is sufficiently short and a
sufficiently small so that it is correct to set ax « Px. Hence

Ax = aX + pz == pz (6)

It is shown in a later section that, when the condition ax « pz is satis­
fied, the quantity coth Px is equal to the standing-wave ratio Sz on the
matching section of line of length x. Thus

Sz = coth pz

With this notation the conditions for match are

(7)

(9)

(8)

Re < RemF~ = n1r

F~= (2n + 1) ~

Rc = ~c:
where n is an integer.

Although simple in form, (8) and (9) are convenient only if Rem is
given and Rc is to be determined. Usually the reverse is true. In this
case Rem is not directly available from (8) or (9), since it is involved in pz

through the relation

where

(10)

(11)
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An explicit formula for Rem is readily derived using

for F; = n1r

for F~ = (2n + 1) ~
together with

2 tanh Px
tanh 2px = 1 + tanh2 Px

1

Re
Rem

tanh Px = Rem

Re

(12)

(13)

If (10) and (12) are equated using either of the two forms of (13) in suc­
cession, the following relation may be derived:

where rlx == RxlRe and XIx == X xl Reo

If Re > Rem,

If Re < Rem,

F' = 2n + 1 1r
x 2

F~ = n1r
(15)

In the special case of a purely resistive termination Xx = 0, <1>; = 0 for
Rem> Rx, and <I>~= 1r/2 for Rem < Rx. Hence

Rem = yReRx {3x = lF~ -~I= l2n: :r~ = 2n : l 1r
F - - n1r - -

x 2 2

for ( Re > Rem> Rxl (16)
Re < Rem < Rx

From (1) it follows that, if Rem = Re, a match is possible only if

(17)

Clearly it is not possible to achieve a match for all values of R x and X x,

since the radical in (14) must remain real. This is true subject to one of
the following sets of conditions:

For R x > R e,

For R x < Re,

R~ + X~ > ReRx
R~ + X; < ReRx

(18)
(19)

Evidently (18) is always true, whereas in (19) the values of Rx and Xx
are limited.

The regions in the rlx, XIx plane in which a match is possible are bounded
by the following curves:

rlx = 1 (20)
ri:l: + xix - rb = 0 or (rlx - 1)2 + xfx = {- (21)
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Evidently (20) is the equation of a straight line; on the other hand,
(21) is the equation of a circle with center at rlx = j, XIx = 0 and with
radius j. This circle is shown in Fig. 8.1. A match is possible only if
rlx and XIx have values that lie to the right
of the line rIx = 1 or within the circle.
Matching is impossible if rIx and XIx lie
both to the left of the line rIx = 1 and
outside the circle.

The complete solution for Rem and X

can be expressed as follows (normaliza-
tion is with respect to Re, and ge is by r1X

definition the ratio R em/ Re) :

Rem == geRe = Re Irix + xix ~ rIx (22)\I rIx -

For ge < 1,
-1 L.L-~"""""'-"'-~"""""'...L.&._"'--"""

FIG. 8.1. Loci of match for series
sections; match possible for
rl x > 1 or within circle for
rl x < 1.

(24)

9. Matching Section with a Single Movable Stub.8l ,I09 A widely used
form of the general network described in Sec. 7 dispenses with the sec­
tion of length w but retains the stub of length y (see Figs. 9.1 and 9.2).
The points of connection AA' are made movable, so that both X and y

A x

FIG. 9.1. Single stub on two-wire line. FIG. 9.2. Movable adjustable stub on
coaxial line.

may be adjusted, or, in any case, {3x and ({3y + CPy) are made available.
It is convenient to use lines of the same characteristic impedance through­
out. That is, Ze = Zem, so that gle = Zem/Ze = 1. Accordingly Sec. 7,
Eqs. (7), become

glAy « 1 glAx = 1 (1)

Note that Za = Zz. Mter the terminal functions Ax == aX + pz and



178 TRANSMISSION-LINE THEORY [Chap. III

F~ == {3x + <p~ are introduced, the following equations are obtained:

glA == glAz = sinh 2A z = 1
cosh 2A z - cos 2F~

b b + b sin 2F~ F' 0
lA = lAz lAy = h 2A 2F' + cot y =cos z - cos z

(2a)

(2b)

The first of these, (2a), may be solved for F~. Thus, after combining
terms,

cos 2F~ = (cosh A z - sinh A z )2

The second, (2b), gives

t F' - _ sin 2F~
co 1/ - sinh 2A z

(3)

(4)

These two equations, (3) and (4), may be rearranged as follows, using
cot i u = y(1 + cos u)/(1 - cos u);

cot F' = /1 + cos 2F~ = /1 + cosh 2Az - sinh 2A z (5)
z ~ 1 - cos 2F~ ~ 1 - cosh 2Az + sinh 2Az

But with

cosh 2u + 1 = 2 cosh2 u cosh 2u - 1 = 2 sinh2 u (6)

and with aX « pz it is readily shown that

cot ({3x + <I>~) == ± ycoth pz == ± vIS
or, with <Pz = <I>~ -f 7r/2,

(7)

(8)

Similarly, since cos u = cot u/yl + cot2 u and sin u = l/yl + cot2 u,

cot F~ =

But since

it follows that

2 sin F~ cos F~ _ 2 cot F~
sinh 2Az - - (1 + cot2 F~) sinh 2A z

±2 ycoth A z

(1 + coth A z ) sinh 2Az

. 2 coth u
smh 2u = th2 1co u -

(9)

(10)

_ ycoth Az coth2 A z - 1
cot F~ = + 1 + coth A z · coth Ax

- coth Az - 1 (11)
+ ycoth A z

Finally, setting F~ = {3y + <I>~ and Az = aX + pz, the following formulas
are obtained:

cot ({3y + <p~) = +[vcoth (ax + pz) - ytanh (ax + pz)] (12)
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(15)

Since ax is small compared with pz,

cot ({3y + <I>~) == + (ycoth pz - ytanh pz)

= + (VB - Js) = + 8;-sl (13)

An alternative form is obtained using cI>~ = <1>11 - 1r/2. It is

8-1
tan ({3y + <1>1/) = ± VB (14)

It is possible to combine (7) and (12) using the relation

cot (a + (3) = cot a cot {3 - 1
cot {3 + cot a

The resulting formula is

cot ({3x + (3y + cI>~ + <I>~) = + [coth (ax + Pz)]f == + (coth Pz)f = +:8f

(16)
or cot ({3x + (3y + <1>z + <1>1/) = +8f (17)

For a purely resistive termination Zs = R s = R z , the following relations
obtain:

For rlz < 1, pz = tanh- 1 rlz

For glz < 1, pz = tanh- 1 glz

Alternatively, since rlz = I/glz,

cI>z = ~, or cI>~ = 1r or 0

cI>z = 0 or 1r, or <I>~ = ~
(18)

For rlz < 1,

For glz < 1,

pz = coth-1 glz

pz = coth-1 rlz

cI>~ = 0

cI>' =!
z 2

(19)

The following formulas follow directly:

For glz > 1 or rlz < 1:

cot ({3x + cI>~) = cot {3x = ± yglz
cot ({3x + (3y + <1>; + cI>~) = cot [(3(x + y) + <I>~] = +: glZ~ (20)

For rlz > 1:

cot ({3x + cI>~) = - tan {3x = ± vr: (21)
cot ({3x + (3y + <1>~ + <1>~) = - tan [(3(x + y) + <I>~J = +rlzf

The following specifications are usually convenient:
a. Choose an open stub (<1>~ == 1r12) for rlz < 1 so that

tan {3x = ± yrlz with + sign for shortest length (22)

- cot [(3(X + y) + ~] = tan [{3(x + y)J = glzf (23)
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(24)

(25)

The final formulas for the circuit in Fig. 9.1 are

(3x = tan- I ~: = tan- I rix

(R)' (1)~(3(x + y) = tan- I R: = tan- I ri
x

b. Choose a closed stub (<p~ = (3k y ) for Tix > 1 so that

tan {3x = =+ v'rh: with + sign for shortest length
tan (3(x + y + k y ) = -rlx~

tan [11" - (3(x + y + ky)] = rlx~

11"
(3(x + y + kll) = 11" - tan- I rlx~ = "2 + tan- I gtxf

since tan-I x = 11"/2 - tan-1 (l/x). The final formulas for the circuit of
Fig. 9.2 are

{3x = tan- I ~: = tan- I rl x

(3(x + y + kll) = 11' - tan- I (~:)f = ~ + tan- I
rlxl

where ky is the equivalent length of the terminating bridge. If this is a
piston in a coaxial line, ky = 0; if it is a conducting bridge on an open­
wire line, k ll = ksa, with k sa as defined in Chap. II, Sec. 20.

1.4

1.2
~

~1.0r---~--.,.-_~o x+y
cO.S
o

~0.6
u..

0.4

0.2
O~_-'-...I-~"""""'..L..LJ_----JL.--.J-..JL.-J.,....l...L-I...l..L._--l----I--'--l...JU-I..L.l-_--I---L.....1..o..L.L..LLU

~ ID ~

T1X= Rx/Rc
FIG. 9.3. Stub matching with pure resistance termination.

Cases a and b for a purely resistive termination are illustrated in Fig.
9.3. Numerical and graphical solutions are described below for a par­
ticular problem.

nlustrative Example 1 for Single-stub Matching

Given. A load impedance Z. = Z'" = 1,600 + j800 ohms to be matched to a line
with characteristic resistance Rc = 400 ohms.

Problem. To determine the lengths x and y as fractions of a wavelength for a stub
with an ideal closed end.
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Analytical Solution

1. Determination of normalized resistance and reactance:

Xl", = X", = 2
Rc

2. Determination of terminal functions:

_ 1 -1 2rt..
p", - "!" tanh 2 2 + 1 = 0.2

rb +xb

_ 1 -1 -2xt..
«1>", - "!" tan 2 + 2 1 = 174.1°

rb X b -

3. Determination of the length X using (8):

tan (flx + «1>",) = ± vcoth P", = ±2.26
flx = 180° ± tan- l 2.26 - 174.1° = 72°

X = 0.20>..

4. Determination of the length y using (14):

tan (fly + «1>1/) = +(Vcoth P", - Vtanh p",) = +1.814
fly + «1>1/ = 180 + 61.2° = 118.8° (or 241.2°)

For the shortest length y choose an ideal closed end with «1>1/ = 90°. Then

fly = 28.8°
y = 0.080>..

x + y = 0.280>..

Graphical Solution on the Circle Diagram (Fig. 9.4). To change to normalized
admittance,

1. Compute rh: = 4; Xl'" = 2.
2. Locate rl", = 4 and Xl'" = 2 on the chart, and note that this is at P", = 0.2 and

«1>", = 174°.
3. Move on circle of constant P", through 90° to locate «1>: = 84° for use with gl'"

and b l ",.

To obtain match,

4. First condition for match: gh: = 1. Move along circle of constant P", = 0.2 to
flx +«1>: = 156°atgt", = 1. (Notethatb l ", = +1.8.) Thenflx = 72°andx = 0.20lA.

5. Second condition for match: bl", = -bll/' Locate

bl1l = -bl .. = -1.8

on the axis of b. Read off fly + «I>~ = 29°. For the shortest length y choose an ideal
short circuit with «I>~ = 0 (<<I>I/ = 11'/2) so that fly = 29° and y = 0.080>..; X + y = 0.28>...

nlustrative Example 2 for Single-stub Matching

Given. A load impedance Z. = Z'" = 3,200 + jl,600 ohms to be matched to a
two-wire line with characteristic resistance Rc = 400 ohms.

Problem. To determine the lengths X and y as fractions of a wavelength for a stub
with an ideal open end or closed end.
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o 2 3 4
Tl"l

FIG. 9.4. Graphical solution of single-stub matching (Example 1).

Analytical Solution

1. Determination of normalized resistance and reactance:

Tl'" = R", = 8
Rc

2. Determination of terminal functions:

X'"
Xlz = R

c
= 4

3. Determination of the length x using (8):

tan ({jx + <1>",) = ± v'coth p", = ±3.16
{jx = 180° ± tan-1 3.16 - 177.1° = 75.4°

x = O.21X

4. Determination of the length y using (14):

tan ({jy + <1>,,) = =1= (vcoth p", - v'tanh p",) = =1= 2.844
{jy + <1>" = 180° =1= 70.6° = 109.4° (or 250.6°)
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For the shortest length y choose an ideal closed end with 4>11 = 90°. Then

(jy = 19.4°
y = 0.054).

x + Y = 0.264),

40

0 0 177.10

4»(CZ>')

FIG. 9.5. Graphical solution of single-stub matching (Example 2).

Graphical Solution on the Circle Diagram (Fig. 9.5). To change to normalized
admittance,

1. As before, rl'" = 8; Xl'" = 4.
2. Locate Tl'" = 8 and Xl'" = 4 on the chart. Note that this occurs at p", = 0.1 and

4>", = 177.1°.
3. Move on circle of constant p", through 90° to locate 4>: = 87.1 0 for use with gl'"

and bl",.

To obtain match,

4. Firstconditionformatch:g1", = 1. Movefromp", = 0.1,4>: = 87.1°top", = 0.1,
fJx + 4>: = 1620 at gl'" = 1. (Note that bl", = +2.85.) Then (jx = 75° and X = 0.21)..
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5. Second condition for match: he = -blY' Hence locate

bIll = -he = -2.85 (g1:J: = 0)

on the axis of b. Read off {3y + <1>: = 19.5°. Choose <I>~ = 0 (<I>y = 71"/2) so that
{3y = 19.5° and y = 0.054:\; x + Y = 0.264:\.

10. Matching Section Consisting of a Double-stub Tuner. ll ,I09 For
the double-stub tuner the lengths wand yare adjustable, whereas x, <I>w,
and <I>y are fixed but arbitrary. All sections have the same characteristic
impedance Zc as the long line. The lengths wand y may be so chosen that

glCw « 1 blew = - cot ({3w + <I>~) (1)
glAy « 1 buy = - cot ({3y + <I>;) (2)

where the notation is that of Sec. 7. Circuits for open and coaxial lines
are shown in Figs. 10.1 and 10.2. The conditions for match are

gu = gux = 1
bu = bux + buy = 0

(3)
(4)

Because the termination of the section of length x consists of the load
Zs = R s + jXs or Ys = Gs + jBs in parallel with the section of length w,
it is not convenient to represent their combined impedance by terminal

u=====

(6)

FIG. 10.1. Double-stub matching network FIG. 10.2. Double-stub matching network
for two-wire line. for coaxial line.

functions. If Zx = Rx + jXx applies to Zs in parallel with the stub of
length w, the hyperbolic form of the admittance YAx looking into the line
of length x is

sinh yx + Ylx cosh yx 1 + Ylx coth yx (5)
YlAx = cosh yx + Ylx sinh yx = . coth yx + YIx

where Yux = YAx/Yc and Ylx = Yx/Yc. Since the length x is to be kept
small and its termination includes the load, it is a good approximation
to set ax « Px and {3x ~ n7r. Then coth yx == - j cot {3x, so that

1 - jylx cot {3x
YlAx = .

Ylx - J cot {3x
where

Ylx = glx + jb lx = glew + gl.• + j(blCw + bIs) == gls + j(b lCw + bI .•) (7)
and blew = - cot ({3w + <I>~) gICw « gls (8)
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It follows that
_ +'b - 1 - j(glx + jb lx) cot {jx (9)

ylAx - glAx J lAx - + 'b . t RgIx J Ix - J co /-IX

The separation of real and imaginary parts leads to

gIx CSC 2 {jX
glAx = grx + (cot {jX _ blx)2 (10)

b - g~x cot {jx - (cot {jx - b1x)(1 + bix cot (jx) (11)
lAx - g~x + (cot {jx - blx)2

Application of the condition for match (3) gives

gIx csc2 j1x = grx + (cot j1x - bIx) 2 (12)

This equation may be rearranged as follows:

(gIx - j sec2 j1X)2 + (cot j1x - bIx )2 = (j csc 2 {1X)2 (13)

This is the equation of a circle with center at

and with radius

1
bix = cot {1x (14)

(16)

(15)

371'
42

R = 1
2 sin2 j1x

The circle (13) passes through the point b1x = 0, gIx = 1. As is shown
later, especially useful values of j1x are 1r/4, 1r/2, 31r/4. For these the
following table applies:

~xl 1
i~-----~------- ---------

Center at ,'" 'j glx = 1 b1x = 1 -}, 0 _1~

Radius " . , " . 1 -} 1

The associated circles are shown in Chap. II, Fig. 16.2. For a fixed value
of X a match is possible only if glx and bix lie on the appropriate circle.
Since gIx = gI8 is not adjustable, whereas bix = bls + blew is adjustable
in blew, a match cannot always be achieved with a given value of imped­
ance and a given value of x.

The two quantities to be determined, F~ = j1w + <t>~ and F~ = j1y + <t>;,
are readily evaluated from blew and blAY' In order to determine blew it is
possible to solve the equation glAx = 1 for bix = blCw + bls • Thus

gIx csc2 j1x = gIx + (cot j1x - b1x)2 (17)

cot j1x - bix = ± glx I ~ 2 {1 - 1 (18)'\j gIx SIn x

blew = -bI8 + cot j1x + gIx I ,I 2 {j - 1 (19)'\j gIx sm x
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and blew = - cot ({3w + <fl~) (20)

it follows that

cot ({3w + <1>~) = bls - cot {3x + glB I .1 2 {3 - 1 (21)"\j gls sm x

In order to determine buy = -bux, (11) may be rearranged. Thus,
using (12),

buy = -bux = (cot {3x - bIz)(l + bIz ;ot (3x) -gix cot {3x (22)
gIz csc {3x

The elimination of bIz from (22), using bb = blew + bls and gb = gIs,
gives, after considerable rearrangement,

-buy = - cot {3x ± I .1 2 {3 - 1 (23)"\j gls sm x
Since, in general,

blew = - cot ({3w + <1>~) (24)

it follows that (19) is equivalent to

- blew = cot ({3w + <fl~) = bls - cot {3x ± gls / .1 2 {3 - 1 (25)'\J gls sm x
Similarly, for (23),

-buy = cot ({3y + <1>~) = - cot {3x ± I .1 2 {3 - 1 (26)"\j gls sm x

In these formulas the upper signs go together, as do the lower signs.
Since the radical must be real, the restriction on gls is

gls sin2 {3x ~ 1 (27)

This is greatest for {3x = 7r/2 and least for {3x = 7r. However, no adjust­
ment in buy is possible for {3x = 7r, and the adjustment is extremely deli­
cate for {3x near 7r; furthermore {3x = n7r was excluded when attenuation
was neglected. A good compromise, which provides a reasonable range
and accurate adjustment, is {3x = 7r/4 or 37r/4. Note that {3x = 7r/2
gives the smallest range. For pistons in coaxial stubs <1>~ = 0 = <1>~;

for bridged two-wire lines <1>; = {3kya ; <fl~ = {3kwa where kya or kwa can be
made small. These three important cases give

(a) {3x = ! sin2 {3x = i cot {3x = 1
4

cot ({3w + <fl~) = -1 + bls ± gls /2 - 1'\J gls

cot ({3y + <1>~) = - 1 ± I 2 - 1'\j gls

(28)

(29)

(30)
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Since the radical must be real, it follows that

gIs < 2 (31)

(b) {Jx = 311" sin2 {3x = i- cot {3x = -1 (32)
4

cot ({3w + 4>~) 1 + bIs ± gIs ~ 2 - 1 (33)
gb

cot ({3y + 4>~) 1 ± ~2 - 1 (34)
gls

As before, gIs < 2 (35)

(c) {3x = '!. sin2 {3x = 1 cot {3x = 0 (36)
2

cot ({3w + 4>~) = bIs ± gIs ~ 1 - 1 (37)
gls

cot ({3y + 4>~) = ± ~ 1 - 1 (38)
gb

gIs < 1 (39)

For ideal pistons 4>' = O. As usual, upper signs go together, and lower
signs go together.

Instead of calculating the lengths wand y of the double-stub tuner
using the appropriate formulas derived above, a circle diagram may be
used. This is especially convenient if the 'A/8 and 3'A/8 matching circles
are provided as in Chap. II, Fig. 16.2. The general procedure follows:

1. Enter circle diagram at given values of gls and bls of load.
2. Adjust length w of stub in parallel with load so that its susceptance

blew makes the combined admittance gIs and bb + blew = bIz fall on the
circle appropriate to the given value of {3x, say, at P. This determines
w. The point P has coordinates pz = Ps and 4>~.

3. Add /3x to 4>~ to give {3x + 4>~. Then {3x + 4>~ and pz = Ps are the
terminal functions looking toward load at junction with second stub.
These values of /3x + 4>~ and pz occur at guz = 1 and the same value
of buz.

4. Adjust length y of second stub so that buy = -buz; that is,
buy + buz = O. (The second stub is used to tune the input suscep­
tance to zero. The first stub has been adjusted to give an input conduct­
ance of unity.) This determines y.

Numerical and graphical solutions are described below for a given
problem.

nlustrative Example for Double-stub Matching

Given. A load impedance Z. = 1,600 + j800 ohms to be matched to a two-wire
line with characteristic resistance Rc = 400 ohms.

Problem. With length x fixed but arbitrary, to determine lengths y and z as
fractions of the wavelength for stubs with ideal closed ends.
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90°

0°
ct>(<I>')

FIG. 10.3. Graphical solution of double-stub matching using Smith chart.

Analytical Solution

1. Determination of normalized impedance and admittance:

rIa = 0.2
gIa = r;8 + X;8

XIa = X 8 = 2
Rc

2. Determination of the length w using (19) and (20) with x fixed. (For )./8
double-stub spacing, (:Jx = 11'"/4.) First condition for match: glA = guo: = 1.

or

glO: = gIa = 0.2

blew = -bIa + cot {3x + gb ,yr----=.1-
2
-{3----1 = { 0

1
.5
7glo: sm x .

bl >: = bIa + bww = -0.1 + { ~:~ = { ~::
bww = - cot ({3w + <I>~) <I>~ = 0

fJw = 116.6° w = 0.324).
fJw = 149.5° w = 0.415).

3. Determination of the length y using (23) and (26). Second condition for match:
bu = buo: + bUll = O.
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br.b = -bull = - cot (3x ± .y .1 2 (3 - 1gIa sm x

-b1Az = cot «(3y + <I>~) <I>~ = 0
(3y = 26.6° y = 0.074>'

or (3y = 165° y = 0.458>'

{
2.00
-4.00

189

Graphical Solution on the Circle Diagram (Figs. 10.3 and 10.4). To change to
normalized admittance,

1. Compute ria = 4; XIa = 2.
2. Locate ria = 4 and Xla = 2 on the chart, and note that this occurs at p, = 0.2

and <I>, = 174°.
3. Move on circle of constant p, through 900 to locate <I>; = 84 0 for use with YIa = 0.2

and bla = -0.1.

To obtain match,

4. Firstconditionformatch:gu = guz = 1. AddblcwtobIatomakeblCw + bl, = bIz

43o
bl --4
atih =1

FIG. 10.4. Graphical solution of double-stub matching using circle diagram.

-1 H---\\:---+-+t----t----+------l

-2~~~-r~--+----1---~
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intersect the >../8 circle at p = 0.16 (or 0.06), <I>~tD = 112° (or 148°), giving bICtD = 0.5
(or 1.7), corresponding to fJw = 116.6° (or 149.5°); w = 0.324>.. (or 0.415>..).

5. Second condition for match: blA = b lAz + bUll = O. Add 45° to <I>~tD = 112°
(148°) on circle of constant p = 0.16 (or p = 0.06) to reach the glA = 1 line, where
buz = 2.00 (or -4.00).

6. Locate blAlI = -blAz = -2.00 (or 4.00); glA = O. Read off fJy + <I>~ = 26.5°
(or 165°). For the shortest length y choose an ideal short circuit with <I>~ = 0 so that
fJy = 26.5° for blAlI = -2.00 (fJy = 165° for bUll = 4.00); y = 0.074>.. (or y = 0.458>..).
(If an ideal open circuit with <1>' = 90° is chosen when fJy + <f>~ = 165°, it follows that
fJy = 75° and y = 0.208>".)

11. Matching with a Shunt Section. t A less widely used circuit for
matching consists of a section of line of length 82 which is connected in
parallel with a length 81, forming part of a long line that is terminated

in an impedance Zs, as shown in Fig.
_____A 81 11 11.1. Zs may be the input impedance

Rc +~Z6 of an additional section of line termi-
B~ nated in an arbitrary impedance.
I 8 2 An exact analysis of the shunt match-
I ing network involves the coupling be-
t-:------.~z tween the two parallel sections in addi-

Z"O tion to the usual terminal-zone and
FIG. 11.1. Shunt sections of trans- junction effects. In the present analy­
mission line for impedance match- sis it is assumed that the coupling be­ing.

tween the two shunt sections is negligi-
ble. For open-wire lines this may be approximated by sufficiently small
line spacing compared with the separation of the two sections; for coaxial
or shielded-pair lines it is satisfied automatically.

The first step in determining the conditions for match in the circuit of
Fig. 11.1 is to derive an expression for the impedance looking to the right
at AB. This is accomplished by applying Chap. II, Sec. 8, Eqs. (6)
and (7), to each of the shunt sections that are assumed to have the same
line constants. Let the voltage and current in the undivided line at
AB be Vo and 10, and at the load, Vs and Is. It follows that

(1)

Also

(2)
(3a)

VB sinh '"(82 + (1. - IB1)Ze cosh '"(82

C3b)

Vo = V. cosh '"(81 + Is1Ze sinh '"(81 = Vs cosh '"(82 + Is2Ze sinh '"(82

110Ze = VB sinh '"(81 + IB1Ze cosh '"(81

120Ze = VB sinh '"(82 + IB2Ze cosh '"(82 =

The addition of (3a) and C3b) and the elimination of lsI using (1) and

t Parts of this section follow the work of TaLlOl
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(2) give
loZ = 2V8[cosh "(81 + 82) - 1] ~ l8Ze[sinh "(81 + 82)] (4)

e sinh "(81 + smh "(82

The elimination of 1st from the left side of (2) gives

V - V8 sinh "(81 + 82) + l8Ze sinh "(81 sinh "(82 (5)
o - sinh "(81 + sinh "(82

The normalized impedance looking to the right at AB in Fig. 11.1 is

Zo Vo Z1B sinh "(81 + 82) + sinh "(81 sinh "(82

Z10 == Ze = loZe = 2z18[cosh "(81 + 82) - 1] + sinh "(81 + 82) (6)

The normalized terminating impedance ZlB == ZlB/Ze = V8/l8Ze may be
expressed as

Z1B = coth 9B (7)

where 98 = PB + jifJ8 is the complex terminal function. If (7) is substi­
tuted in (6) and this is rearranged, the expression below may be obtained.
Since the sections of line are assumed to be highly conducting and quite
short, it is satisfactory to neglect a(81 + 82) as compared with P8 if Z8 is
a dissipative load, as is assumed. It follows that "( = a + j{j == j{j.
The desired expression is

cosh2 98 cos {381 cos {382 - cosh (98 + j(381) cosh (9B + j(382)

Z10 = sinh 298 - sinh [29B + j{3(81 + 82)] + j cosh2 98 sin (3(81 + 82) (8)

The condition for match Z10 = 1 may now be imposed, and the follow­
ing solutions of the resulting pair of equations obtained:

cos 2ifJB - e-2Pa

2 sin 2ifJ8

= [(5e- 2pa + 3 cos 2ifJ8 )(e-2Pa
- cos 2ifJ8)]1

4(1 - e-4Pa )

(9)

(10)

These equations define the lengths 81 and 82 of the two shunt sections
for different values of the terminal function 98 = P8 + jifJ8 • Note that a
physically meaningful solution requires real and positive values of both
81 and 82.

Since the right side of (9) is always real, there is no restriction on
81 + 82. A positive real value of 81 + 82 can always be found. On the
other hand, 81 - 82 is real only when P8 and ifJ8 satisfy the following
equation:

(11)

It follows that a normalized impedance Z10 can be matched by a pair of
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shunt sections with their junction at the terminal impedance only if Ps

and <JIs corresponding to Z1s in (7) satisfy (11). The corresponding equa­
tions are

T1s = 1
4(T~s + x~s) - 5T1s + 1 = 0

(12a)
(12b)

271"81T = (381 = tan-1 A + \an-1 B (13a)

271"82T = (382 = tan-1 A - tan-1 B (13b)

where A is the quantity on the right in (9)
and B is the quantity on the right in (10).
A plot of 8dA and 8dA is given in Fig. 11.3,
with <JIs as variable and Ps as parameter. The
range of <JIs is limited to 0 ~ <JIs ~ 90°, since
it is clear from (9) and (10) that 180° - <JIs

~ 90° gives exactly the same values of A and B for use

Evidently (12a) is the equation of a vertical line in the TlsX1s plane, and
(12b) is the equation of a circle of radius -l with center at Tls = i, X1s = o.
These curves (Fig. 11.2) define two regions. A match is possible only

for values of Tls and X1s to the left of the line
T1s = 1, but not including the circle of radius-l.
A match is not possible if T1s and X1s are to
the right of the line T1s = 1 or in the circle to

'Xs the left of this line.
Explicit expressions for (381 and (382 may be

obtained by solving (9) and (10). They are

-1 L-.....I.---L._l.-....I.---L.""--Lu....u

FIG. 11.2. Loci of match for
shunt sections; match pos­
sible only outside cross­
hatched area.

for 180° ~ <JIs
in (13a,b).

Rlustrative Example 1 for Matching with Shunt Sections

Given. A load impedance Z. = 200 - j400 ohms to be matched to a two-wire
line with characteristic resistance Re = 400 ohms.

Problem. To determine the lengths SI and S2 as fractions of a wavelength using
the same type of line throughout.

Solution

1. Determination of normalized resistance and reactance:

r18 = ~ = 0.5

2. Referring to Fig. 11.2, it is seen that this point lies within the region of possible
match. From the circle diagram or by computation, the values of P. and <1>. corre­
sponding to the given values of rl. and Xl. are found to be 0.24 neper and 41.5°,
respectively.

3. From Fig. 11.3 the required values of sd"A and sd"A are 0.572 and 0.350.
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Rlustrative Example 2 for Matching with Shunt Sections

If a match is not possible with shunt sections terminated directly in the load, an
additional section of line of appropriate length S3 may be inserted between the junc­
tion of the shunt sections and the load Za.

Given. Za = 800 + jO ohms to be matched to a two-wire line with Rc = 400.
Problem. To determine the lengths SdA and S2/A as fractions of a wavelength and

Sa/A if the additional section is required.

Solution

1. The normalized impedances are rh = 2 and Xh = O. The corresponding termi­
nal functions are Pa = 0.55 and cf>a = o.

\

"-
...... .... ....-- ---

-siiA -- ...........
---s IA .... ....

10 20 30 40 50 60 70 80 90

0.1 I----f------+---+---+--+---+-----,I--~-J-~~

0.8 .....--..,-----..--.,.---.----r--"T"""""-.-r----,---,

0'-_.J-_---.l__-L-_-1.__.L-_-1..__L-_-.l-_-.l

o

0.7 I----+---+--.f---I--t~

cf>

FIG. 11.3. Contours of constant SdA and SdA as functions of p and cf> for use in imped­
ance matching with shunt sections.

2. Referring to Fig. 11.2, it is seen that the point in question lies outside the range
of possible match. Let an additional section of length 83 = A/8 or /3sa = 45° be
inserted.

3. The values of p and cf> terminating the shunt sections at their junction at a
distance A/8 from the load are p = Pa + a8a = 0.55 and cf> = cf>a + /3S3 = 45°. (Line
losses are neglected.)

4. The new values of p and cf> are within the range of match. From Fig. 11.3,
sdA = 0.535 and sdA = 0.414.

It is to be noted that junction, coupling, and terminal-zone effects have been
neglected in this section, so that the quantitative accuracy of the formulas in any
particular application depends on the degree to which these effects are significant..
Corrections for them when they are not negligible are considered in Chap. V.
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(a)

12. Representation of a Section of Transmission Line by Lumped
Equivalents; Impedance, Admittance, and Scattering Matrices. 16 The
"lumped equivalent" of the section of transmission line to the right of
the points 11' in Fig. 12.Ia is any combination of lumped elements which,
when connected across 11' in place of the section of line as in Fig. 12.Ib,
leaves all distributions of current and voltage at all points along the line
to the left of 11' unaltered. Actually no such network can be provided
in practice in any general sense, since even approximately lumped ele­
ments do not exist independent of frequency. Even in the restricted
sense of the response to a single frequency, which is usually implied when
an "equivalent lumped" network is to be substituted for a section of
line, it is not possible to provide such a network owing to the change in
the coupling between the line and the network-distributed or lumped­
to the right of 11'. End effects and coupling effects in the vicinity of
11' in the circuit of Fig. 12.1a differ from those in the circuit of Fig.

12.Ib. It follows that it is not actu-
; 1 ally possible to maintain the samec: tl ~ distribution of current and charge

',4
Junction zones along the entire line to the left of 11'

in the change from Fig. I2.la to
e~===========~!::;ZeQUIv Fig. 12.1b. The best that can be

: I'(b) achieved is to keep the distribution
FIG. 12.1. Lumped equivalent of two- to the left of a junction zone of
terminal section of transmission line. length near 10 times the line spac-

ing from 11' unchanged, whereas the
distribution in the junction zone may be quite different. This means
that the apparent impedance terminating the line at 11' as seen from a
sufficient distance to the left of 11' is the same in the two cases.

A more general problem is the .substitution of a lumped equivalent for
a piece of line between two sets of points, 11' and 22' in Fig. 12.2a, so that
excluding short junction regions all currents and voltages to the left of
11' and to the right of 22' are unchanged. It is assumed that the equiva­
lence is to apply only at a single frequency.

The voltage and current in any cross-sectional plane w = 8 - z along
a transmission line may be expressed in terms of the voltage and current
at another plane s (where s ~ z) in the following form, as obtained from
Chap. II, Sec. 8, Eqs. (6) and (7):

Yew) = YeO) cosh yw + I(O)Zc sinh yw (Ia)
lew) = V(O)Yc sinh yw + 1(0) cosh yw (lb)

Alternatively Yew) = V(O)A + I(O)B (Ie)
lew) = V(O)C + I(O)D (ld)

where A = D = cosh yw B = Z~C = Zc sinh yw (Ie)
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Zc is the characteristic impedance, and Yc = 1/Zc is the characteristic
admittance of the line; w = s - z is the distance measured from the
point s toward z, as shown in Fig. 12.2.

, w d 0
I I I w- I
I I Iscal~ I
I I I I I
o z s-d s s+d
I I I I I
I-+z scale I I I II I I I I

(a) (l? 2d 2'i
Junction zones

1ft :i\:
~~------~lumped~----'<l
~ - network -----!t-------::I~

: l' 2' I

(b)
FIG. 12.2. Lumped equivalent of four-terminal section of transmission line.

2'0'I'

(b)(2a)
(2b)

Yew) = V(8)(W) + V(a)(W)
lew) = [(8l(W) + [(a)(w)

where the symmetrical combination
consists of that part of the voltage
which is odd and that part of the
current which is even with respect
to the plane w = 0, and the anti- (e)
symmetrical combination consists FIG. 12.3. Equivalent T network of sec-

tion of transmission line.
of the corresponding even part of
the voltage and the odd part of the current. This pairing of the compo­
nents is necessary, since lew) "-' aV(w)/a(w). The following explicit
formulas are derived from (la,b):

Consider the problem of representing the length of line 2d between the
terminal pairs 11' and 22' by an electrically equivalent four-terminal net-
work of lumped elements, as in Fig. 1 1(0) 2

12.3. The problem is readily ana- I(d) ...' +....----+~---- ..+••.l(-d)

lyzed using symmetry and the odd V(d) V(O) V(-d)

and even components of current
1'· ·2'

and voltage referred to the cross- 1.--------- 2d -------~

sectional plane z = s or w = 0 at (a)
the center of the length 2d. Thus
let the actual currents and voltages
along the line be separated into
symmetrical and antisymmetrical
combinations such that
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Symmetrical Combination

For even current:

I(s)(w) = j[I(w) + I( -w)] = 1(0) cosh "(w (3a)

For odd voltage:

VCs)(w) = j[V(w) - V( -w)] = I(O)Zc sinh "(w (3b)

For symmetrical admittance:
I(B)(w)

Yi~(w) === VCB)(W) = Yo coth "(w (3c)

Antisymmetrical Combination

For odd current:

ICa)(w) = j[I(w) - I( -w)J = V(O)Yc sinh "(w (4a)

For even voltage:

VCa)(w) = j[V(w) + V( -w)] = YeO) cosh "(w (4b)

For antisymmetrical impedance:

VCa)(w)
Zi~)(w) = I(a)(w) = Zc coth "(W (4c)

Note that V( -w) = VCa)(w) - V(s)(w) (5a)
I( -w) = -ICa)(w) + ICB)(w) (5b)

It is now interesting to note that the normalized symmetrical admit­
tance looking to the right at the terminals 11' at w = d in Fig. 12.3a, viz.,

Yi~~(d) = coth "(d (6a)

is precisely the normalized input admittance of a section of line of length d
when its end is an ideal short circuit. This follows from Sec. 1, Eq. (lOb), '
with w = d and 9~ = O. Similarly the normalized antisymmetrical
impedance, viz.,

zi~~(d) = coth "(d (6b)

is the normalized input impedance of a section of line of length d when its
end is an ideal open circuit. This follows from Sec. 1, Eq. (lOa), with
w = d and 9s = O. Accordingly the current I(d) = ICB)(d) + ICa)(d) and
the voltage V(d) = V(s)(d) + V(a)(d) at the terminals 11' of the line sec­
tion are the sums of the currents and voltages that would be obtained if
the line section were provided successively with perfect short circuits and
perfect open circuits at w = 0 in Fig. l2.3a. The symmetrical combi­
nation is the solution of the short-circuited line of length d; the anti­
symmetrical combination is the solution of the open-circuited line of
length d. In each case the section of line is equivalent to a single lumped
admittance or impedance, given by (3c) or (4c).
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In order to obtain the equivalent circuit of the original section of line,
let the symmetrical (short-circuit) impedance and the antisymmetrical
(open-circuit) impedance be represented as follows:

Zf~)(d) == Zll - Z12 = Zc tanh yd
Z~:)(d) == Zll + Z12 = Zc coth yd

(7a)
(7b)

where the newly introduced impedances Zll and Z12 are defined by (7a)
and (7b). Thus

Zll == MZ~:;(d) + Z~:)(d)J = ;c (tanh -yd + coth -yd) (7c)

Z12 == MZ~:)(d) - Z~~(d)] = ;" (coth yd - tanh yd) = Zc csch 2yd (7d)

It is now readily verified that the equivalent circuit of the transmission­
line section of length 2d in Fig. 12.3a is the T network in Fig. 12.3b or its
more symmetrical equivalent in Fig. 12.3c. Since the general case is the
superposition of the symmetrical and antisymmetrical cases when the net­
work is short-circuited and open-circuited at its center, it is necessary
merely to demonstrate that Fig. 12.3c yields the correct short-circuit and
open-circuit impedances. That this is true is seen by inspection. It
follows that the four-terminal network in Fig. 12.3b or in Fig. 12.3c is
the equivalent of a section of transmission line of length d if the imped­
ances are assigned the values specified in (7c,d).

The Impedance Matrix. If conventions regarding the signs of the
voltages and the directions of the currents are adopted to conform with
Fig. 12.3c, it follows that, with (2a,b) and (5a,b),

VI = V(d) = V(O) cosh -yd + I(O)Zc sinh -yd (8a)
V2 = V( - d) = yeO) cosh -yd - 1(0) Zc sinh yd (8b)
II = I(d) = YeO) Yc sinh -yd + 1(0) cosh -yd (9a)
12 = -I(-d) = V(O)Yc sinh yd -1(0) cosh -yd (9b)

Note that the positive direction of the current at terminals 22' is chosen
opposite in the lumped network to conform with convention. By solving
(9a) and (9b) for 1(0) and yeO) and substituting these values in (8a,b),
the following well-known equations are obtained for the T network:

VI = I 1Z 11 + 12Z 12

V2 = I1Z 21 + 12Z 22

(lOa)
(lOb)

where Z21 = Z12 for all reciprocal elements and Z22 = Zll in this particular
case, since the network is symmetrical with identical sides.

The two Eqs. (IOa,b) may be expressed in the following matrixt form:

v = ZI

t See Ref. 6 for a brief discussion of matrices.

(lla)
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where V and I are the column matrices given by

(Ub)

CUe)

(13b)

(13a)

Q'p'

• •
p' Q'
1+- - - - - 2d - - - - ---I

+..---+-----+-----+-

(a)

and Z is the square impedance matrix

Z == [Zll Z12]
_Z21 Z22

In this representation, using an impedance matrix, a point of view is im-
p Q plied in which currents are treated

I(d-r·+--------.....+. ../(-d) as fundamental or given quantities
V(d) V( -dl and the voltages are calculated from

them using the matrix.
The Admittance Matrix. If de­

sired, the point of view may be
changed, the voltages may be
treated as fundamental or given,
and the currents may be calculated
from them using an admittance ma­
trix. For this purpose the II net­
work in Fig. 12.4b or its symmetri­
cally drawn equivalent in Fig. 12.4c
is convenient. It is evident that
(8a,b) and (9a,b) apply directly if
the sign of V2 in (8b) and of 12 in
(9b) are reversed to conform with

..---p.,-----Q.,-.... the conventions of Fig. 12.4. It is
(e) readily verified with (6a,b) that the
FIG. 12.4. Equivalent II network of sec-
tion of transmission line. symmetrical or short-circuit admit-

tance Y~:; (d) = 1/ Z~:; (d) and the an-
tisymmetrical or open-circuit admittance Y~~)(d) = 1/Z~~)(d) are given by

Y~:;(d) = Yc coth "fd == Yll + Y12 (12a)
Y~~)(d) = Yc tanh "fd == Yll - Y12 (12b)

where Yll and Y12 are defined in (12a,b). They are

Yll = ;c (tanh "fd + coth "fd)

Y12 = ;c (coth "fd - tanh "fd)

(b)

(14a)
(14b)

11 = V 1Y ll + V2Y 12
12 = V t Y21 + V2Y 22

The corresponding equations are obtained from Fig. 12.4 or from (9a,b),
with 1(0) and yeO) eliminated using (8a,b) (with signs of V2 and 12

reversed) . They are
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where Y 21 = Y12 from reciprocity and Y 22 = Yll from symmetry. The
direction of the current and the sign of the voltage at terminals 2 have
been reversed in Figs. 12.4b and 12.4c as compared with those in Figs.
12.3b and 12.3c (the current is now in the same direction as in the trans­
mission-line section in Fig. 12.4a, but the voltage is reversed) in order
that the final equations may be in the form (14a,b), and Y12 (rather than
- Y 12) is the series element in the circuits of Figs. 12.4b and 12.4c.

The current equations in matrix form are

where

1= YV

I=[~:] v=[~:]

(15)

and where the admittance matrix is

y = [Yll
Y21

If the sign conventions used for the impedance matrix are adopted,

y = [ Yll

-Y21

(16)

(17)

(18a)

(18b)

The Scattering Matrix. Instead of representing a section of line by
equivalent lumped impedances or admittances, it is advantageous for
some applications to introduce its reflecting and transmitting properties.
This is accomplished by expressing current and voltage in the exponential
form given in Chap. I, Sec. 13. With slight changes in the notation to
suit present requirements, the solution is as given in Chap. I, Sec. 13,
Eqs. (13) and (14), namely:

V(z) = VZc (Ae-Yz + BeYz)

l(z) = YYc (Ae-Yz - BeYz )

where A and B are arbitrary constants to be evaluated from the boundary
conditions, "( is the complex propagation constant, Zc is the characteristic
impedance, and Yc is the characteristic admittance. As discussed in
Chap. I, the first term in (18a) and (18b) represents a wave traveling in
the positive z direction, and the second term represents a wave traveling
in the negative z direction.

From the point of view of the traveling-wave description given in
Chap. II, Secs. 6 and 7, the section of line between terminals 11' and
22' in Fig. 12.2 may be regarded as receiving a traveling wave of differ­
ent amplitude and phase approaching from each side. A part of each
incident wave may be reflected and a part transmitted into the section.

Let the complex amplitudes of the incident wave reaching terminals
11' from the left be Ai, and let those of the wave reaching terminals 22'
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from the right be A2• Let the wave leaving 11' and moving toward the
left have an amplitude B l , and let that leaving 22' and moving toward
the right have an amplitude B2• A portion of the wave leaving 11',
namely, SUA l , is the reflected part of the incident wave A l ; the rest is
the wave that has traveled from 22' to 11', where it emerges with ampli­
tude S12A2. Owing to the linearity of the equations these two parts
combine linearly. Thus

B l = SUA l + S 12A2

Similarly, on the other side,

B2 = S2lAl + S 22A2

(19a)

(19b)

In these two equations the S's are complex coefficients that characterize
the network between terminals 11' and 22'.

In the simple case under discussion the section between 11' and 22' is
like the rest of the line. Therefore it is possible to write down formulas
for the S's directly. Owing to the fact that at 11' the line continues
smoothly, there is no reflection of the incident A l , so that the entire out­
going wave is the emerging wave that had the amplitude A2 at 22' and
must be equal to

(20a)
at 11'. Similarly

It follows that, for the smooth line between 11' and 22',

(20b)

Su = 0 (21)

The general case of (19a,b) may be expressed in matrix form. Thus
the scattering relation is

where

B = SA

B == [~~] A == [~J
(22)

(23)

and where the scattering matrix is defined by

(24)

(Note that this matrix has been defined in terms of the sign and direction
convention for voltage and current which agrees with that used in defining
the impedance matrix.) In the simple case at hand

S= [0 e-
2Yd

]
e-2yd 0

(25)
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The matrix elements in the general matrix (24) may be interpreted as
follows:

8 11 is the complex amplitude of the wave that is reflected (or scattered)
at the terminals 11' when a wave of unit amplitude is incident on these
terminals.

8 12 is the complex amplitude of the wave emerging at 11' when a wave
of unit amplitude is incident on the terminals 22'.

8 22 is the complex amplitude of the wave that is reflected (or scattered)
at the terminals 22' when a wave of unit amplitude is incident on these
same terminals.

8 21 is the complex amplitude of the wave emerging at 22' when a wave
of unit amplitude is incident on the terminals 11'.

For reciprocal elements 8 21 = 8 12• For nonreciprocal elements such
as gyrators, 8 21 ~ 8 12• The ideal gyrator is characterized by 8 21 = - 8 12,

8 p = 8 22 = O. The notation T ::::: 8 12 is common, and this quantity is
called the transmission coefficient. Evidently 8 11 and 8 22 are reflection
coefficients. Note that in the simple special case described by (25) the
reflection coefficients are zero.

Although in the simple case at hand the characteristic impedances of
the lines to the right and left of the junction are the same, the definition
of the scattering matrix (24) is valid when they are different. This
more general case is considered in Chap. V, Sec. 4.

Relations between Impedance, A dmittance, and Scattering Matrices.
The terminals 11' are located at z = s - d, and the terminals 22' at
z = s + d. It follows from (18a,b) that

VI = V(s - d) = VZc [Ae-y(s-d) + Bey(s-d)] = VZc (AI + B l ) (26a)

V2 = V(s + d) = VZc [Ae-y(s+d) + Bey(s+dl] = vz: (A 2 + B 2) (26b)

11 = I(s - d) = vY: [Ae-y(s-d) - Bey(s-d)] = vY: (AI - B l ) (27a)

12 = -/(s + d) = - vY: [Ae-y(s+d) - Bey(s+d)] = vY: (A 2 - B 2) (27b)

where Al = Ae-y(s-dl, B l = Bey(s-d) , A 2 = Bey(s+d), B 2 = Ae-y(s+d).

With (19a,b) the B's may be eliminated, and the following equations
obtained:

VI = '\IZc [(1 + 8 11)A l + S 12A 2]

V2 = VZc [S2lA l + (1 + S22)A 2]

11 = '\lYe [(1 - 8 11 )A l - S 12A 2]

12 = vY: [- S21A l + (1 - S22)A 2]

(28a)

(28b)

(29a)

(29b)

By solving (29a,b) for Al and A2 and substituting these values in
(28a,b), the following equations are obtained:

VI = I l Z11 + 12Z 12

V2 = I lZ 2l + 12Z22
(30a)
(30b)
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where Z11 = ~c [(1 + Sll)(l - S22) + S12S21] Z12 = 2Z;12 (31a)

Z22 = ~ [(1 - Sll)(l + S22) + S12S21] Z21 = 2Z;21 (31b)

where D = (1 - S11) (1 - S22) - S12S21 (31c)

If the section is symmetrical, S22 = S11 and S21 = S12, so that

Z - Z - Z 1 - S~1 + Si2
22 - 11- c (1 - S11)2 - S~2

Z Z Z . 2S12
21 = 12 = c (1 - S11)2 - S:2

The series elements of the equivalent symmetrical T section are

Z 1 + S11 - S12
11 - Z12 = Zc 1 (S S)

- 11 - 12

(32a)

(32b)

(33)

(34a)

(34b)

The shunt element is Z12 in (32b).
By solving (28a,b) for Al and A2 and substituting these values in

(29a,b), the currents are expressed as functions of the voltages and
admittances, with the latter expressed in terms of the elements of the
scattering matrix.

The impedance and admittance matrices may be formulated directly
in terms of the scattering matrix. As a first step, the matrix equivalents
of (28a,b) and (29a,b) are

V = VZc (U + 8)A
I = VYc (U - 8)A

where the unit matrix is

(35)

and where V, I, and A are column matrices:

(36)

By premultiplying both sides of (34b) by Vh (U - 8)-1 and substi­
tuting the expression so obtained for A in (34a) , it follows from the
defining equation V = ZI for the impedance matrix Z that

Similarly
z = Zc(U + 8)(U - 8)-1
Y = Yc(U - 8)(U + 8)-1

(37a)
(37b)

The relations between the impedance, admittance, and scattering matrices
have thus been established. Evidently a knowledge of 8 permits the
direct evaluation of Z or Y. Conversely a knowledge of Z or Y permits
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the evaluation of S using the following easily verified relations:

S = (Zl - U)(Zl + U)-l
S = (U - Y1)(U + Y1)-1

(38a)
(38b)

where Zl = Z/Zcand Y1 = Y/Yc•

13. Unbalanced Load Terminating a Symmetrically Driven Shielded­
pair Line.72 ,l06 The load terminating a shielded-pair line of length 8

(Fig. 13.1) consists of two impedances, Zal and Z82, in series. Their
junction is connected to the shield through an impedance Zp. If Z81 and
Z82 are unequal, the load Z8 = Z81 + Z82 is unbalanced. In this case it

!~ 1 z

z.~+~:_o 3 81'r~r X~2 ~Rzp
l~ ~2

FIG. 13.1. Shielded-pair line with unbalanced load when Z.l ~ Z.2.

so that

is convenient to introduce the difference impedance Zd, defined by

Zd = Z81 - jZ8 = jZs - Z82 = j(Z81 - Zs2)
Z81 = jZ8 + Zd Z82 = jZ8 - Zd

(la)
(lb)

Let the currents in the two inner conductors 1 and 2 of the line be
separated into symmetrical (codirectional) and antisymmetrical (equal
and opposite) parts as follows:t

Ii = I; = j(/l + 12) = j/8
11 = -/~ = j(/l - 12) = la

(2a)
(2b)

Note that each of the inner co.nductors carries only one-half of the total
symmetrical current 18

, which is equal and opposite to the current -18

in the shield (conductor 3). The factor j on the right in (2a) is intro­
duced for this reason. The total currents in each conductor are

13 = -(/~ + 12) = -18 (3)

The voltage drops across the two parts, Z81 and Z82, of the load are

(4)

where the sign conventions of Fig. 13.2 are assumed.
If use is made of (1) and (3), the voltage drops may be expressed as

follows:
V1(s) = jla(s)Z8 + {Is(S)Z8 + la(s)Zd + j/8(s)Zd (5a)
V2(s) = jla(s)Z8 - {]8(S)Z8 - la(s)Zd + 418(s)Zd (5b)

t Note that the symmetrical and antisymmetrical currents in this section are not
the same as those in Sec. 12.
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Now let the voltage drops across Zd be represented by equivalent gener­
ators with appropriately defined emfs. Specifically let

so that
V; == _[a(S)Zd V~ == -[·(S)Zd

VIeS) = j[a(S)Z. + j[·(S)Z. - V: - jV:
V2(S) = j[a(S)Z. - j[·(S)Z. + V: - jV~

(6)
(7a)
(7b)

The equivalent generators with emfs V: and j V~ are shown in Fig. 13.2.
The currents II, 12 , and 13 at any point along the shielded-pair line

may be formulated in terms of the circuit of Fig. 13.2 if use is made of
the principle of superposition to
determine separately the currents
maintained by each of the three
pairs of emfs jV8, jV~, and V:.
Since the impedances of the net­
work are balanced, the two pairs
of emfs jvg and jV~ when operat­
ing alone can maintain only anti­
symmetrical (equal and opposite)

FIG. 13.2. Equivalent circuit for Fig. 13.1. currents; the two emfs V: when op-
erating alone maintain only sym-

metrical (codirectional) currents in the inner conductors of the line.
The antisymmetrical (equal and opposite) currents maintained at any

point at a distance Z from Zo (or w = s - z from Z.) in the inner con­
ductors by the emfs V8 and V~ are given by

(9b)

(8)

(9a)where

li(z) = -I~(z) = [a(z) = VgF(w,s) + V~G(z,s)

F( ) = y sinh 90 sinh ("(aw + 9.)
w,s - ca sinh ("(as + 90 + 9.)

G( ) = y sinh 9. sinh ("(aZ + 90)

z,s - ca sinh ("(as + 90 + 9.)

As usual, 90 = coth- I (Zo/Zca) and 9. = coth- I (Z./Zca); Zca = I/Yra is
the characteristic impedance, and "(a is the propagation constantt of the
shielded-pair line when driven antisymmetrically with equal and opposite
currents in its inner conductors and no current in the shield.

The symmetrical (codirectional) currents maintained by the generators
V: are divided equally between conductors 1 and 2, which are in parallel.
The entire equal and opposite current is in the shield. The sum of the
codirectional currents in the inner conductors is given by

[fez) + 12(z) = -13(z) = I·(z) = V:H(z,s) (10)

t Note that except for the small effect of li the phase constants (30 and (3. are equal
if the line is filled with a homogeneous dielectric. On the other hand, (3. and (30 may
differ greatly if the dielectric between the two inner conductors differs from that
between them and the shield.
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where
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H( ) = y sinh 9p sinh ('"(sz + 9q )
z,s - cs . h ( )sm '"(ss + 9p + 9q

9 = th-1 Zp + Zs/4 9 = th- 1 Zq + Zo/4
p co Zcs q co Zcs
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(11)

Zo is the impedance in series with the generators. It is center-tapped to
the shield through an impedance Zq. Zcs = I/Yc8 is the characteristic
impedance, and '"(8 is the propagation constant of the shielded-pair line
when driven symmetrically with the inner conductors in parallel.

With (6) in (8) and (10), currents at z = s or w = °are

la(s) = V8F(0,s) - Is(s)ZaG(s,s)
18 (s) = -la(s)ZaH(s,s)

(12)
(13)

where F(O,s) is given by (9a) with w = 0, G(s,s) is given by (9b) with
z = s, and H(s,s) is given by (11) with z = s. The substitution of (13)
in (12) permits the determination of la(s). Thus

la(s) _ VgF(O,s)
- 1 - ZjG(s,s)H(s,s)

Similarly, with (14) in (13),

(14)

(15)

(16)
(17)

V8ZdF(0,s)H(s,s)
1 - ZjG(s,s)H(s,s)

It is now possible to substitute (14) and (15) in (8) and (10) using (6)
and in this manner to obtain expressions for the antisymmetrical and
symmetrical currents at any point along the line in terms of V~. The
results are

la(z) = V8[F(w,s) + NZaH(s,s)G(z,s)J
18(z) = - V8NH(z,s)

where w = s - z and the dimensionless factor N is defined by

N = ZdF(O,S) (18)
- 1 - ZjG(s,s)H(s,s)

The total currents in each conductor are defined in (3). With (16)
and (17) they are

11(z) = V81F(w,s) + N[ZdH(s,s)G(z,s) - j-H(z,s)]} (19)
12(z) = - V8IF(w,s) + N[ZdH(S,S)G(z,s) + j-H(z,s)]} (20)
13(z) = - V8NH(z,s) (21)

The ratio of the total unbalanced current to the principal part of the
balanced current is NH(z,s)/F(w,s).

It is seen that, when Zd = 0, so that the load is balanced, N = 0, and
the entire line is balanced with

(22)



206 TRANSMISSION-LINE THEORY [Chap. III

(24)

(26)

The same result is obtained when the impedance Zp joining the load to
the shield is removed or made infinite. With Zp = r:£J, Op = 0 and
H(z,s) = R(s,s) = O.

The power dissipated by the symmetrical current is the real part of
the complex power

ps = -}V:[s*(s) = --}Zd[a(S)[s*(s) (23)

The last step in (23) is made using (6). With (14) and (15) it is seen
that (23) is equivalent to

Ps _ 1 I VgF(O,S)Zd 1
2

H*(n )
-"2" 1 _ ZJG(s,s)H(s,s) o,s

The real part of ps in (24) can be reduced by making the real part of
R*(s,s) as small as possible. This is given by (11) with z = s. Thus

H(s s) = Ycs sinh Op sinh (rss + Oq) = Ycs ( )
, sinh (rss + Op + Oq) coth (rss + Oq) + coth Gp 25

The last step follows after expanding the denominator and dividing
through by the numerator. Since coth Op = (Zp + Zs/4)/Zcs and
coth (rss + Oq) = Zins/Zcs, where Zins is the symmetrical or coaxial­
mode input impedance of the line looking from the load toward the
generator, it follows that

H*(s,s) = Z~* + Z~ + Z*/2.ns p s

Rins + R p + R s/4 - j(Xins + X p + X s/4)
= (Rins + R p + R s/4)2 + (X ins + X p + X s/4)2

Evidently H*(s,s) (and with it the power dissipated by the symmetrical
currents) vanishes when Zp is made infinite, i.e., when the lumped load
is not connected to the shield. Since there are cases when Zp is small
or even zero, this method of eliminating unbalanced currents may not be
available. However, even when Zp = 0, the real part of R(s,s) can be
made very small by making Rins sufficiently great.

The input resistance Rins is given by Sec. 2, Eq. (6a), viz.,

Rs - R sinh 2(ass + pq) (27)
ins - cs cosh 2(ass + pq) - cos 2({3ss + et>q)

where the term with cPc as a factor has been omitted as negligible. Its
maximum value occurs when {3ss + et>q = 11", for which

Rins = R cs coth (ass + pq) (28)

Since (28) involves the attenuation asS of the entire length of line and,
in addition, the attenuation function pq of the impedances Zq + Zo/2,
a very great value of Rins is unavailable, in general. Fortunately this
difficulty can be removed by a simple expedient.
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Coaxial-mode Suppressor; Unbalance Squelcher. In order to obtain a
high input resistance Rins for the coaxial mode when looking toward the
generator from the load, it is possible to connect at a quarter wavelength
from the load a double-stub reactive network that has little or no effect
on the antisymmetrical currents but is essentially equivalent to a short
circuit for the symmetrical currents. Such a network, originally intro­
duced by Tomiyasu106 and called by him an "unbalance squelcher," is
illustrated in Fig. 13.3.

Insofar as the antisymmetrical (equal and opposite) currents are con­
cerned, the circuit in Fig. 13.3 consists of two insulating stubs connected
across the line at AA' and BB'. The lengths AC and BD from the
twin line to the bridges CC' and DD' are A,a/4 - k, where k is the equiva­
lent length of the bridge and A,a is the wavelength for the antisymmetrical

A B-------,----,----
---4~--~~---~~---- Z,2

• I I lA' lIB' \
-----+,-+').,,----' I I I I

Balanced :~-k I I I I Unbal~nced
line l 1 I I I sectIons

it! eN D~
2 I , I I
: I I I I
: I I I
!

Balanced~
input

Short·circuiting pistons

FIG. 13.3. Tomiyasu's unbalance squelcher; >'a is the wavelength for the balanced
currents, and >.. is the wavelength for the unbalanced currents.

mode. Therefore the impedance looking into each stub at AA' and BB'
is very high-several hundred thousand ohms if the adjustment is care­
fully made. It follows that these stubs have a negligible effect on the
balanced currents on the line if this is terminated in a dissipative load.

The unbalanced (codirectional) currents are generated at the asym­
metrical load by the generators V: in Fig. 13.1. These are located on
the right toward the output in Fig. 13.3. For codirectional currents the
line and the two stubs behave like coaxial lines with the two inner con­
ductors in parallel. The bridges CC' and DD' contribute nothing, since
they join equipotential points. Therefore, if the stub at AA' is A,s/2 in
length and is terminated in a short-circuiting piston, its input impedance
is extremely low-a few tenths of an ohm at most-so that the shielded­
pair line is effectively short-circuited in the plane containing AA' for all
symmetrical-mode currents on the shielded-pair line. For such currents
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(29)

the impedance looking toward AA' from the cross section at BB' is the
very high value of a quarter-wavelength line terminated in a short circuit.
On the other hand, the parallel impedance at BB' looking toward DD' in
the stub is the extremely low value for a half-wave closed-end stub. It
follows that the line is effectively terminated in a very low resistance at
BB' insofar as coaxial-mode currents generated on the output side are
concerned.

The input resistance as seen from the load a quarter wavelength from
BB' is the very large value

R s - R th 3aX ..:... 4Rcs
ins - cs CO T - 3aX

If Zp = 0 and (Rins + Rs/2)2 is very much greater than (Xs/2)2, it follows
from (26) that

Re H(s,s) == R~ ~ R /2tns s
(30)

Accordingly, if Rins is sufficiently great, the power dissipated by the sym­
metrical currents is small, and these currents are confined essentially to
the section of line and the stubs to the right of AA' in Fig. 13.3.

It has been shown that an asymmetrical load is equivalent to a sym­
metrical load in series with generators that maintain both balanced and
unbalanced currents. In particular, the emf V~ of the generator of bal­
anced (antisymmetrical) currents is proportional to the codirectional
(symmetrical) currents in the load. This follows from (6). Accord­
ingly, if the amplitude of the symmetrical currents in the unbalanced
load is large, these will generate a correspondingly large balanced volt­
age. If, as in some types of precision measurements on shielded-pair
lines, it is undesirable to have an effective generator of balanced currents
in the load, it is not sufficient merely to localize the symmetrical cur­
rents by means of an unbalance squelcher. It is necessary also to reduce
the amplitude of the symmetrical currents. This may be accomplished
by modifying the unbalance squelcher, as shown in Fig. 13.4, where one
of the stubs is terminated in Zcs, the characteristic impedance of the line
for the symmetrical mode. The symmetrical currents are thus dissipated
without reflection, and their amplitude is kept small. Note that the
terminated stub is the one adjacent to the unbalanced line. The sym­
metrical impedance looking into this stub from the line is Zcs, ane this is
still very small compared with the very great impedance looking into the
line toward the other stub.

If an unbalanced current is excited in a shielded-pair line by an asym­
metrical or unbalanced generator, the coaxial mode may be confined to a
section of line near the generator by inserting the circuit of Fig. 13.3 or
Fig. 13.4 close to the generator.
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Once the symmetrical currents have been suppressed from the princi­
pal part of a shielded-pair line, this may be replaced by an open two-wire
line if desired.

Instead of eliminating unbalanced currents from the main line by
locating an unbalance squelcher near an unbalanced load or generator,
it is adequate for some types of measurements merely to construct a
detector that responds only to the balanced currents. In such cases it
is desirable to terminate the line in its characteristic impedance insofar
as the symmetrical currents are concerned. A double bridge that per­
mits the separation of balanced and unbalanced currents on a shielded­
pair line has been constructed by Matthews. 86 By connecting the two
inner conductors and bringing a center tap out through the shield as the
inner conductor of a coaxial line, only the unbalanced mode is obtained.
By placing a tubular bridge with a gap at its center a quarter wavelength
nearer the generator, the balanced voltage maintained across the gap

Balanced
current

Short·circuiting pistons
FIG. 13.4. Coaxial-mode suppressor for shielded-pair line.

Unbalanced
current

may be used to drive a coaxial line placed inside one side of the bridge,
provided its inner conductor crosses the gap and is connected to the
other side of the bridge. The coaxial line for the balanced mode may be
contained inside one of the inner conductors of the shielded-pair line and
brought out to a detector.

14. Series Stubs and Unbalanced Sections of Line; Folded Dipole;
Balun; Shielded Loop. Sections of transmission line serve many purposes
when connected in parallel with the line. Some useful properties may be
realized by connecting sections of transmission line in series.

Consider first an open two-wire line. If this is cut at any point along
one of its conductors and the two terminals so created are connected to
an auxiliary two-wire line as in Fig. 14.1a, the auxiliary line is in series
with one of the conductors of the main line, and this, quite obviously, is
unbalanced. The codirectional currents in an unbalanced open-wire line
do not differ from the radiating currents in an antenna. Since any cir-
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cuit that radiates significantly is not useful as a transmission line, further
study of the circuit in Fig. 14.1a is of no interest to transmission-line
theory and cannot be analyzed by transmission-line methods.

The main transmission line in Fig. 14.1a may be balanced by the
expedient of connecting another auxiliary two-wire line identical with
the first one in series with the second conductor of the main line, as
shown in Fig. 14.1b. However, the fact that the entire circuit is now
geometrically symmetrical with respect to a plane perpendicular to and
bisecting the distance between the lines does not ensure that the auxiliary
transmission lines are balanced. Actually they may be unbalanced so
completely as to constitute one of the most useful types of antenna, the

T
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I
I
t

4
I
I
I
I

1
(c)

(a)

(b)

v:rr-----------'Zo ~z.

Iv.e2 D
1
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00....--....1-------.::--.J

--- '1-----
.... 2 Z2.

---- 82 ------I
I
I
I
I
I

1.
I,

FIG. 14.1. (a) Two-wire line with unbalanced series section. (b) Balanced two-wire
line with balanced series sections. (c) Folded-dipole antenna.

so-called folded dipole. This is achieved when the auxiliary sections are
each about a quarter wavelength long when terminated in a wire bridge
and when the impedance Z2 looking into the length 82 of the main line is
as low as possible. In the usual arrangement (Fig. 14.1c) 82 = 0, and
Z2s is the impedance of a short straight conductor. t Alternatively the
series sections of line behave like transmission lines with virtually bal­
anced currents when Z2 is very great, for example, when Z2 = 00. In
general, series sections of open-wire line are useful primarily as antennas.

An interesting modification of Fig. 14.1b is shown in Fig. 14.2a, where

t The folded dipole is analyzed in Refs. 10 and 11.
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all lines are shielded pairs. This does not alter the fact that the main
line is balanced and the auxiliary lines in general are unbalanced. How­
ever, the metallically enclosed unbalanced lines do not radiate and can
be analyzed by transmission-line methods as in the preceding section.
In Fig. 14.2a the symmetrical generator with emf V o in series with an
internal impedance Zo is shown center-tapped and connected to the shield.
The same is true of the terminating impedance Z2s of the main line. Since
the main line (including load and generator) is balanced, there is no net
flow of charge along the shield and no current in the center taps to the
load and generator. Evidently these may be removed if desired insofar

;)'=0

(', r

*t
, F1y(Y)b

y
13,.(y)

12y(Y Lz
ly,e
'2 0

- + ~1Y(O)-. -12.)1(0)

~ 1 0
Ilz(z) 'lz(8) '2,:(0) '2,:(z) Z2S~-.llz(Z) -'2z(z)

+ -
ll'oe .f

Tubular
shield

lj,.(y) '~11(Y)~
~2iY

Ita
~

I I 1/ I
O r.o I

21= Zl=Sl Z2= z2=s2

FIG. 14.2a. Cross section of balanced shielded-pair line with series sections.

as balanced currents are concerned. The impedance Zla terminating each
of the auxiliary series sections of line of length l is symmetrical and con­
nected to the shield at its center through an arbitrary impedance Zr, so
that the effective terminating impedance for the symmetrical mode is
Zzs = jZza + Zr. Zr may be a lumped impedance, as in Fig. 14.2a,
including a short circuit Zzs = 0 and an open circuit Zzs = 00, or the
input impedance of a section of coaxial line of arbitrary length, as in
Fig. 14.2b.

The analysis of the circuit in Fig. 14.2a involves the determination
of the currents in both branches of the main line and in the series sec­
tions. The current /lz(Z) in the left-hand part of the main line is bal­
anced and readily determined from conventional transmission-line for-
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(la)

mulas as soon as the terminating impedance

Zl = Vl(S) = Vl(S)
8 Ilz(S) 111/(0)

is known. Correspondingly the current 12z(z) in the right-hand part of
the main line is also balanced and is easily evaluated if the voltage

(lb)

across its input terminals is known. Z2 is the input impedance of the
right-hand section of the main line of length S2. The currents Ill/(Y) and
1211 (y) in the two conductors of the twin line in the series sections are not

To balanced..­
generator

,t......J.,J...

Z II =Zr+Z ltJ/2 t Zin=Zr
"'r--- Z14

z,J-{Z.l_ ....Z2

f-r-7'"r:

l
Y=1

y=O

FIG. 14.2b. Cross section of balanced shielded-pair line with series sections ending in
coaxial lines.

necessarily equal and opposite. If they are unbalanced, there must be
a current 1311 (y) in the shield, as indicated in Fig. 14.2a.

For simplicity it is assumed in the present analysis that the line spacings
are sufficiently small compared with the wavelength so that junction and
coupling effects may be ignored. If this is not the case, account may be
taken of them using methods described in Chap. V.

In order to determine the currents I l l/(Y) and 121/(y) in the two con­
ductors of each of the series lines, it is convenient to separate them into
antisymmetrical and symmetrical components. The former are, by defi­
nition, the equal and opposite currents of the balanced twin line with
zero current in the shield, namely,

The latter are the equal codirectional currents 1~I/(Y) = Ifll(Y)' The total
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symmetrical current in the conductors is

1;(y) == 1~,,(y) + 1211 (y) = 21~,,(y) = -13,,(y)

where 1311(y) is the current in the shield and 1;(y) is the sum of the equal
symmetrical currents in the two inner conductors.

The total currents in each of the two inner conductors are

111l (y) = lill(Y) + Ify(Y) = j;1;(y) + 1~(y)

1211(y) = liuCy) - Ify(Y) = jl;(y) - 1:(y)
(2a)
(2b)

These expressions may be solved for the symmetrical and antisymmetri­
cal currents as follows:

(2c)

The equal codirectional or symmetrical currents may be represented as if
maintained by equal in-phase emfs V"; the equal and opposite or anti­
symmetrical currents may be represented as if maintained by equal and
opposite emfs Va and - Va. Thus the effective emfs in the two con­
ductors are

so that
VI(S) = V" + Va

V" = MVI(s) + V2(0)]
V2(0) = Vs - Va
Va = MVI(s) - V2(0)]

(3a)
(3b)

Since there is no actual generator at the center of conductor 2, but an
impedance Z2 is connected in series with it at y = 0, the Compensation
Theorem states that

and therefore
V2(0) = -1211 (0)Z2 = 12z (0)Z2

Vs = MVI(s) - 1211(0)Z2]
Va = MVI(s) + 1211(0)Z2]

(4)
(5a)
(5b)

Let the complex propagation constant and characteristic impedance
of all parts of the shielded twin line be "(a and Zca, respectively, when
the line is operated antisymmetrically with currents and charges in the
two inner conductors equal and opposite and no current or charge on the
shield. These constants may be evaluated in any particular case using
Chap. I, Sec. 9, Eqs. (10). Similarly let the propagation constant and
characteristic impedance of the shielded twin line be "(s and Zcs when the
line is operated symmetrically with equal and codirectional currents in
the two inner conductors and with the shield carrying current equal in
magnitude to the sum of the currents in the inner conductors but opposite
in direction. These constants may be evaluated using Chap. I, Sec. 9,
Eqs. (23a,b).

The antisymmetrical or twin-mode currents in the identical series sec­
tions of line may be determined with the aid of Fig. 14.3, in which two
equal and opposite generators each with emf Va are connected in series
with two identical sections of line each of length l and terminated in an
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arbitrary impedance ZCa. The antisymmetrical currents in the upper
section are given by Chap. II, Sec. 8, Eq. (16), with l - y substituted
for W, Ola substituted for 08 , and 00 set equal to j7r/2. (This last substi­
tution depends on the equivalence of the lower series section and one-

2Zz.
FIG. 14.4. Symmetrical problem in the
analysis of the series sections.

1;1=!1; I· I,.
12 =2' 7

I~ 1~==-11' 1;3= -I;

YlZ~
v·

~YlZ

I~ 1~==11'

Zla

FIG. 14.3. Antisymmetrical problem in
the analysis of the series sections.

half of each generator to a perfectly conducting infinite image plane.)
'Thus the normalized current is

I~(y) = 1:1(y) = y sinh ["(a(l - y) + Ola]
Va Va ca cosh ("(al + Ola)

The antisymmetrical input admittance is defined by

(6a)

liY(O) = I~(O) = ya = Y tanh (Y l + Ol ) 1Va Va ca I a a = Za (6b)

With (6b) the antisymmetrical current is

la( ) = ]a(o) sinh ["(a(l - y) + Ola]
II y II sinh ("(al + Ola)

1;(0) = yaVa (6c)

The antisymmetrical currents in the lower series section in Fig. 14.3 are
equal to and codirectional with those in the upper section. That is,
1;( -y) = I;(y).

The symmetrical or coaxial-mode currents in the upper series section
are derived using Fig. 14.4. Since the two inner conductors are in
parallel with equal and codirectional currents, it follows that

(7)
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(8a)

where l;(y) is the sum of the currents in the inner conductors and the
negative of the current 13Y(Y) in the shield. [Note that, since l~y(Y) = 0,
13Y(Y) = 13y(Y).] With appropriate changes in the notation, the normal­
ized symmetrical current l;(y) = liy(Y) + 12Y(Y) = - 131/(Y) is given by

l~(y) _ 1 Y sinh h's(l - y) + als]
VB - "2" cs cosh (Ysl + als)

The factor i occurs as a consequence of the fact that the parallel gener­
ators are driving identical sections of line in series. The symmetrical
input admittance seen by each emf VS is defined by

li~?) = IJ~) == ys = {-Ycs tanh (ysl + als) = :s (8b)

Since ZS is the impedance of two identical sections of line in series defined
in terms of one-half of the total current, the input impedance Zinc of the
upper or lower section, when driven in the symmetrical mode and referred
to the total symmetrical current, is

Vs
21y(0) = Zinc = {-Zs = Zcs coth (ysl + als) (8e)

IS(y) = P(O) sinh ["(sU - y) + als] II/S(O) = 2Y"V" (8d)
1/ 1/ sinh ("(sl + als)

The symmetrical currents in the lower series section are the same as those
in the upper section, since ly( -y) = ly(Y).

The total current in each conductor is given by (2c). It follows that

1;(0) = 11Y(0) + 12y(0) = Ills) - 12z(0) (9a)
I~(O) = j[/1y(0) - 12y(0)] = j-[/1z (s) + 12z (0)] (9b)

Hence the amplitude factors in (6c) and (8e) are expressed in terms of
the currents 11y(0) = 11z(S) and 12y(0) = -/2z(0), which enter the series
sections from the main lines on the left and right. It follows that the
total currents in the conductors of the series sections may be determined
as soon as 11z (s) and 12z(0) are available.

The currents 11y(0) = 11z(s) and 12y(0) = -12z(0) may be obtained
using (3a) in the following equivalent form:

V1(s) = liY(O)Zs + l~y(o)Za = }l;(O)Zs + l;(O)Za (lOa)
V2(0) = Iill(O)Zs - Iill(o)Za = iI;(O)Zs - I;(O)Za (lOb)

The symmetrical and antisymmetrical currents may be eliminated from
(lOa,b) with (9a,b). Thus

V I (s) = 11y(0)i(Zs + Za) + 12y(0)i(Zs - Za) (lla)
V2(0) = 11y(0)}(Zs - Za) + 12y(0)}(Z" + Za) (llb)
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N ow let V2(0) be replaced by the voltage drop across the input imped­
ance Z2 of the right-hand section of line, as in (4). Also let the following
definitions be made:

Zll == i(Zs + Za) Z22 == i(Zs + za) + Z2 (12a)
Z21 == Z12 == i(Zs - Za) (12b)

It follows that (lla,b) may be expressed in the form

V1(s) = 11y(0)Zll + 12y (0)Z12 = 11z(s)Zll - 12z (0)Z12 (13a)
o = 11y(0)Z21 + 12y (0)Z22 = 11z (s)Z21 - 12z (0)Z22 (13b)

These equations are solved readily for the total current 11y(0) = lu(s)
entering the series sections from the main line on the left. Thus

where

(14a)

(14b)

is the input impedance of the series section as a load on the main line.
Similarly, from (13b),

Z21 VI(S)
-/211 (0) = 12z (0) = I 1z(s) -Z == -Z (15)

22 e

where Ze = ZllZ22 - Z 12Z22 = 2Z
s
Z

a + Z2(Zs + Za) (16)
Z12 Zs - Za

is the transfer impedance.
The voltage V1(z) and the current 11z(z) at any point in the left-hand

part of the main line may be evaluated using Chap. II, Sec. 8, Eqs. (17)
and (18), or their equivalents, since the terminal impedance Zls is given
by (14) using (6b) and (8b). The voltage V2(z) and the current 12z(z)
at any point in the right-hand part of the main line are also given by
Chap. II, Sec. 8, Eqs. (17) and (18), with V~ replaced by

V2(0) = 12z (0)Z2 = V1(S)Z2
Ze

where VIeS) is the voltage across the load of the left-hand part of the
main line, Z2 is the input impedance of the right-hand part of the main
line, and Ze is obtained from (16) with (6b) and (8b).

The antisymmetrical and symmetrical parts of the current in the series
sections are given by (6c) and (8d), with 1;(0) and I~(O) obtained from
(9a) and (9b) using the values of 11z (s) and 12z (0) as determined in the pre­
ceding paragraph. The total currents in each conductor, IIII(y) and 1211(y) ,
are given by (2a) and (2b). The current in the shield is la(Y) = -I;(y).
Thus the currents in all conductors of the network in Fig. 14.2a have been
determined.
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Three special cases are significant:
a. Series Sections Excited in Twin Mode Alone. If the symmetrical

impedance zs is made sufficiently great so that the inequality

\Zs\ » \Za + 2Z2\

is satisfied, the input impedance Z18 in (14b) becomes

Z = 2Za + Z2(1 + Za/Zs) == 2Za + Z
18 1 + (Za + 2Z2)/Zs 2

The transfer impedance Zt in (16) becomes

Z = 2Za + Z2(1 + Za/Zs) == 2Za + Z
t 1 _ Za/Zs 2

(17)

(18)

(19)

Since the transfer impedance is practically equal to the input imped­
ance, it follows that 12z (O) = l 1z (s) , or

(20)

This means that the series sections behave like ordinary sections of
shielded-pair line with balanced currents. This is indicated by the form
of the input impedance (18), which is the sum of three impedances.

Generator....-------....

FIG. 14.5. Series sections excited in twin mode alone.

T

~+k
4
-l-
I
I

I=A_k
2
I
I

-i..

The condition (17) may be satisfied by selecting the length loccurring
in (8b) to be near an integral, even multiple of a quarter wavelength,
with Zla very small and Zls very great, as for a X/4 closed-end stub.
This is accomplished in Fig. 14.5 by having the series stub, including its
termination Zls, a 3X/4 closed-end stub. In this way zs is the very high
input impedance of the 3X/4 closed-end stub, whereas Za is the very low
input impedance ofaX/2 closed-end stub. The length S2 and the load
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Z2s must also be so chosen that Z2 is not too large. A possible circuit is
shown in Fig. 14.5.

b. Series Sections Excited in Coaxial Mode Alone. If the antisym­
metrical impedance Za is made sufficiently great so that the inequality

(21)

(23)

(22)

is satisfied, the terminating impedance Z18 in (14b) and the transfer
impedance Zt in (16) become

Z = 2Zs + Z2(1 + Zs/Za) == 2ZS + Z
18 1 + (zs + 2Z2)/Za 2

Z, = 2Zs + Z2(1 + zs/za) == -(2Zs + Z)
t Zs/Za _ 1 2

Since the transfer impedance is the negative of the input impedance,
it follows that 12z(0) = -llz(s), or

(24)

Therefore the series sections behave like sections of coaxial line with a
double inner conductor. This means that, instead of a termination ZlB

T
L.L,L.L.L..I.-L.L.L.L..l'..U,t l ..~ - k

.L.

OJ
FIG. 14.6. Series sections with codirectional currents converted to coaxial lines.

equivalent to a series combination of three sections of balanced shielded­
pair line, as in case a, the termination is equivalent to a series combi­
nation of two identical sections of line, with currents in the coaxial mode
and combined impedance 2Zs , and a single section of balanced shielded­
pair line with impedance Z2. When Z2 = 0, this structure is the shielded-
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(25)

As a consequence

Zla = 2 +~a/Z2 == {Za = 2Zinc (26a) [J!J
Zit = Z2 (26b) FIG. 14.7. Balanced twin line feeding

series sections in which the twin and
where Zinc is the input impedance of coaxial modes are equal.
each of the two identical series sec-
tions driven in the coaxial mode. The currents entering the two inner
conductors of the series sections are

Sec. 14] IMPEDANCE AND ADMITTANCE

pair transmission-line analogue of the folded-dipole antenna for the open
two-wire line.

A circuit arrangement in which the series sections conduct only the
coaxial mode is shown in Fig. 14.6. It is assumed that the input imped­
ance Z'a of each coaxial line at PP' has
a value such that the input impedance
of each series section at its junction
with the main line is very much smaller
for the symmetrical (coaxial) mode
than for the antisymmetrical (twin­
line) mode, as required by (21). Thisis
accomplished, for example, if Z'a == 0,
l == ),,/4 - k, and Z'a does not exceed
the characteristic impedance Zca.

c. Series Sections Excited with Equal
Twin-mode and Coaxial-mode Currents.
Let the following conditions be im­
posed on (14b) and (16):

Za = 0 21Z21 » IZal

l 1y(0) = l 1z (s)

VIeS)
-12y(0) = 12z (0) = --z;-

(27a)

(27b)

A circuit that satisfies (25) is shown in Fig. 14.7.
By making Z2 sufficiently great compared with Za, the current in the

second conductor may be made as small as desired compared with the
current in the first conductor. This means that the codirectional cur­
rents are practically equal to the oppositely directed currents, so that
they add to twice the value of one in the first conductor and cancel in
the second conductor. Under these conditions the second conductor may
be dispensed with, and the circuit arranged as in Fig. 14.8a or as in Fig.
14.8b, where Z2 is infinite. The series sections are now coaxial lines
instead of twin lines in which one conductor carries all the current.
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Evidently, from (26a),
(27c)

where Zinc is the input impedance of each of the coaxial lines. Thus the
two sections of coaxial line are simply in series, and Zinc in (27c) is the
input impedance of each coaxial-line section.

Baluns. 19 It is often necessary to connect a balanced line, such as a
shielded-pair line or a two-wire line, to a coaxial line that is inherently
unbalanced. Balanced-to-unbalanced converters, or baluns, may be
derived from some of the special circuits involving series sections of line.

I--~'-'
4

(a) (b)

FIG. 14.8. Balanced shielded-pair lines feeding identical matched coaxial lines using
two different circuits.

Consider first case b with its defining condition (21). Evidently this
latter may be satisfied equally well with Z2 = O. Suppose that the
terminations for the series sections in the circuit of Fig. 14.2b are Zla = 0
and Zla = Zr = Zc, where Zc is the characteristic impedance of the coaxial
line. The resultant circuit is shown in Fig. 14.9. For it

(28)

This circuit converts from a balanced shielded-pair line to two coaxial
lines.

In general, interest is in converting to a single coaxial line. Since the
two lines are in series, it might be supposed that it is merely necessary to
replace one of them by a short, unloaded section, as shown in Fig. 14.10,
provided the requirement (21), that is, IZal » IZs!, is maintained. This



Sec. 14] IMPEDANCE AND ADMITTANCE 221

could be accomplished by making the section a closed-end half-wave stub
for the coaxial mode and a closed-end quarter-wave section for the twin
mode. However, this provides a completely unbalanced load which, as
described in Sec. 13, generates an unbalanced codirectional current on
the main shielded-pair line. Note that, even though no connection is
shown in Fig. 14.10 from the point L to the shield, this does not mean
that Zp in Fig. 14.1 is infinite. Evidently a very appreciable fraction
of the power would be dissipated by the currents in the symmetrical mode
in the main shielded-pair line unless an unbalance squelcher, such as

f
~-k
4

~

taIe
'\

FIG. 14.9. Balanced twin line feeding
two matched coaxial lines.

OJ
I I I
I I I

AT
--k
~

~--k

t
~+k

~
FIG. 14.10. Shielded-pair line feeding one
matched coaxial line.

shown in Fig. 14.3, were inserted in the shielded-pair line near its junc­
tion with the coaxial line. If such a symmetrical-mode suppressor were
used in the circuit of Fig. 14.10, this would constitute an effective, albeit
constructionally somewhat complicated, balun.

Without an unbalance squelcher a balanced shielded-pair line can be
maintained only when the load is equally divided between the two series
sections, as in Fig. 14.9. This suggests the possibility of continuing the
balanced shielded-pair line as two coaxial lines, each terminated in Zc.
This is illustrated in Fig. 14.11. As a consequence of symmetry it is
immaterial whether the two series sections are divided by a metal wall
at SS' or not.

Although the circuit of Fig, 14.11 provides a completely balanced con­
version from a shielded-pair line to a load in a coaxial line, it has the
undesirable feature of requiring two coaxial lines to the load. Fortu­
nately this may be avoided by arranging the outputs of the two coaxial
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lines in parallel and then connecting the load, as is shown in Fig. 14.12.
Since the two lines carry currents exactly 1800 out of phase at points
that are equidistant from the junction with the shielded-pair line, it is
necessary to insert an extra half wavelength of line in one of the lines in

/

Balanced -J

input

t
A-k
4l

Ie
- S'
Ie

FIG. 14.11. Shielded-pair line with balanced load consisting of two identical, matched
coaxial lines folded so that their loads are in series.

\
'------4-----1 }

/'" ,/--- 8 1 --
FIG. 14.12. Balun for connecting from shielded-pair line to coaxial line
Fig. 14.9).

(based on

order to have the outputs from the two lines in phase. With this half­
wavelength section an effective balun is achieved which does not require
the use of an unbalance squelcher.

The circuit in Fig. 14.8b which converts from a balanced shielded-pair
line to two identical coaxial lines may be used as a balun in either of the
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two connections shown in Figs. 14.11 and 14.12. In this case the section
of shielded-pair line extending for the first quarter wavelength of the
series lines is absent. As a consequence the length 81 in the circuit corre­
sponding to Fig. 14.12 may be reduced to as small a length as is physi­
cally practicable, including zero. The result is the simple circuit shown
in Fig. 14.13. This provides an effective balun.

As a consequence of the reciprocal theorem, the baluns described in
the preceding paragraphs may be used to convert from a coaxial line to
a balanced shielded-pair line.

Since many of the circuits described depend on an inequality that
requires a certain impedance to be very large or very small compared

Unbalanced line

... ------
"",.",.-, ......."

-" "\

Balanced A
2line_-+-~~;;;~~;;;~ ,yj/

/...../-------
FIG. 14.14. Balun for connecting from FIG. 14.15. Balanced shielded loop driven
two-wire line to coaxial line. from shielded-pair line.

with another impedance, the operation of the circuits is frequency­
sensitive. In practice, the significant impedances can be made adjust­
able to permit their use with anyone of a range of frequencies, but this
does not imply broadband operation.

It is to be noted that the entire discussion in this chapter has assumed
that the cross-sectional dimensions of all shielded-pair and coaxial lines
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FIG. 14.16. Square shielded
loop with outer surface re­
placed schematically by a
coil of equal impedance.
RL is equal to the radiation
resistance.

I--

I
I
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I I
I I
I I
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are so small that junction effects are negligible. In general, this is not
necessarily the case. For example, in Fig. 14.13 the fact that series line 2
branches off at right angles, whereas series line 1 does not, involves a
different terminal-zone correction, so that the shielded-pair line may be
slightly unbalanced.

Application to Two-wire Open Line. Whenever the unbalanced cur­
rent on the main shielded-pair line is vanishingly small, this line may be
replaced by a two-wire line with appropriate changes in constants with­
out modifying the formulas. In particular, the baluns described in the
preceding paragraphs may be used for converting from an open two-wire

line to a coaxial line. This is illustrated in
Fig. 14.14. If the unbalanced currents on the
shielded-pair line are not insignificant, the cor­
responding currents on a two-wire line cannot
be determined from transmission-line theory.

Shielded Loop A ntenna. ll An important type
of antenna (especially for direction finding and
exploring electromagnetic fields in the form of
a probe) is the shielded loop. This consists of a
section of coaxial line which is bent into a closed
loop and driven from a shielded-pair line, as
shown in Fig. 14.15. A section of the shield
is removed opposite the junction of the two
types of line, so that the outer surface of the co­
axial line constitutes a loop antenna. For pres-
ent purposes it is equivalent to a lumped load
ZL = RL + jXL connected in series with the
shield of the coaxial line, as shown in Fig. 14.16
for a square instead of a circular loop. t

The circuit of Fig. 14.15 or 14.16 satisfies the
symmetry condition presupposed in conjunction
with (27c), so that the load terminating the

shielded-pair line is two identical coaxial lines each terminated in ZL/2.
It follows that the load terminating the shielded-pair line is

where

(29a)

(29b)

and 8 is the length of each line. Referring to Figs. 14.15 and 14.16,
s is one-half the length of the inner conductor in the loop. The two
sections of coaxial line with characteristic impedance Zc and propagation
constant "( are seen to be in series.

t Formulas for R1. and X 1. for circular and square loops are given in Ref. 9, Chap. VI.
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15. The Hybrid Junction for Transmission Lines. 8,13,16,90 A useful
circuit element for coaxial, shielded-pair, and two-wire lines is the hybrid
junction. This consists of a combination of shunt and series sections
connected at the same cross section in a transmission line. It is advan­
tageous first to analyze the circuit that is simplest in form and then to
consider other possibilities.

In Fig. 15.1 is shown a hybrid-junction circuit for use with two-wire or
shielded-pair lines. It consists of four transmission lines, each extending
from a pair of generators with emfs iV~ and impedances Zo toward a
common junction region. Lines 1 and 2 extend continuously from A

r''::;:
84

Iv.' 1 1",
2~l + line 1 line 2 _ 2 02

A Eo~~~ ----;:.::~...rfJP-+~..----~.·.z;t+B
+ _ -----i:!:::~4-7-~~--- ~_

jV01 u.s. iv~

,- i~~""'. ~J ::~bol,"ce '1

/ sq.,',h"
C:v:;~3 83
i~3'

,

FIG. 15.1. Hybrid junction for shielded-pair or two-wire line.

to B. At their junction line 3 is connected in parallel and extends at
right angles to C. Lines 1 and 2 are coupled by ideal transformers to
line 4, which extends to D. Since line 4 in the simple circuit of Fig. 15.1
is coupled to only one of the conductors of lines 1 and 2, it constitutes
an asymmetrical load that generates unbalanced currents, and these in
turn can excite unbalanced currents in lines 3 and 4. Therefore an
"unbalance squelcher" (preferably of the terminated type shown in
Fig. 13.4) is connected in each line near the junction region, as described
in the preceding section. Note that the four unbalance squelchers have
little or no effect on the balanced currents. Owing to the presence of
unbalanced currents on all four lines between the unbalance squelchers
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and the common junction, these sections as well as the squelchers them­
selves must be constructed of shielded-pair line. Between the squelcher
and the generator only balanced currents exist, so that in this range each
line may be constructed either of shielded-pair cable or of two open wires.
Since codirectional currents are relatively small and are excluded from
the four transmission lines, they may be ignored without serious error
in the analysis of the equal and opposite currents. To include them
would add great complications without significantly altering the results. t

Line 3

C
FIG. 15.2. Hybrid junction for coaxial line.

The circuit of Fig. 15.2 is a coaxial-line equivalent of Fig. 15.1. Actu­
ally it consists of only three coaxial lines-the collinear lines 1 and 2
and the shunt line 3. The series line 4 is a shielded-pair line. Since
each of the three coaxial lines can support only a single mode, an unbal­
ance squelcher is required only in line 4.

The essential characteristics of the hybrid junction may be determined
by inspection. It is clear from Fig.· 15.1 or 15.2 that currents main­
tained by V83 divide equally between lines 1 and 2 at the junction and
induce no voltage in line 4. Similarly currents maintained by V~4 are

t An analysis of both codirectional and equal and opposite currents is given in
Ref. 86.
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FIG. 15.3. Equivalent circuit for
hybrid junction.

+
(la)

(lb)

nd1 + n2/ 2+ n4/4 = 0

~ = ~ = e4

n1 n2 n4

limited to lines 4, 1, and 2. Evidently there is no coupling between lines
3 and 4.

In order to facilitate the analysis of the hybrid junction, let the
transmission-line problems be eliminated by introducing lumped circuits
that are their equivalents insofar as the junction is concerned. This is
accomplished by applying Thevenin's theorem at the cross sections where
the lines join. Let the open-circuit voltages across these terminals be
V1, V2, V3, and V4• Also let the impedances looking back into the lines
with the driving generators short-circuited be Zl, Z2, Z3, and Z4. Then
each line at the junction is equivalent to its open-circuit voltage in series
with its input impedance and the junction, as shown in Fig. 15.3. The
four currents 11 == 11(Sl), 12 == 12(S2), 13 == 13(s3), and 14 == 14(s4) in Fig.
15.3 are the same as in Figs. 15.1 and 15.2. In the former and in line 4
of the latter the indicated currents are only the antisymmetrical parts of
the total current in the junction region.

Let it be assumed that the number of
turns on the transformer windings in
lines 1 and 2 is the same and given by
n2 = n1. Let the number of turns on
the winding in line 4 be n4. The gen­
eral current and voltage equations for
an ideal transformer with three windings
are

where e1 = e2 = e is the voltage across the windings in lines 1 and 2
and e4 is the voltage across the winding in line 4. 11, 12, and 14 are the
currents through the three windings. For the case at hand,

so that
n4 = rn1 = rn2

11+ 12+ rl4 = 0
(2a)
(2b)

(20)

The following mesh equations are obtained directly using Fig. 15.3 and
(2b,c) :

V Z4
4 = re + 14Z4 = re - - (/1 + 12)

r
V1 + V3 = e + I1Z 1 + laZa = e + 11(ZI + Za) - 12Z a
V2 - Va = e + 12Z2 - laZa = e + 12(Z2 + Za) - I1Z 3

In (3b,c) use is made of the equation

1a = II - 12

(3a)

(3b)
(3c)

(4)
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By solving (3a) for e and substituting this in (3b,c), the following equa­
tions are obtained:

I1A + 12B = Va (5a)
lIB + 12C = Vb (5b)

where

The solutions for 11 and 12 are obtained directly. They are

11 = V1YU + V2Y12 + V3Y13 + V4Y14
12 = V1Y21 + V2Y22 + V3Y23 + V4Y24

Y _ Z2 + Z3 + Z4/r2 Y _ Z3 - Z4/r2
11 - D 12 - D

Y - Z2 + 2Z4/r
2

Y14 = - (Z2 + 2Z3)(rD)-1
13 - D

Y _ ZI + Z2 + Z4/r2
Y21 = Y 12 22 - D

(7a)
(7b)

(7c)

(7d)

(7e)

where

With 11 and 12determined, the other two currents are readily found from
(4) and (2b). The expressions are as follows:

13 = 11 - 12 = V1Y 31 + V2Y32 + V3Y33 + V4Y34 (9a)

14 = - 11 + 12 = V1Y41 + V2Y42 + V3Y43 + V4Y44 (9b)
r

where

Y31 = Y13 Y32 = Y23 (9c)

Y33 = ZI + Z~+ 4Z4/r
2

Y34 = (ZI - Z2)(rD)-1 (9d)

Y41 = Y14 Y42 = Y24 (ge)
Y43 = Y34 Y44 = (ZI + Z2 + 4Z3)(r 2D)-1 (9f)

The- four equations (7a,b) and (9a,b) may be expressed in matrix form
as follows:

where

(10)

(11a)
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(Ub)

and the admittance matrix is

[
Yll Y12 Y 13 Y14]

Y == Y 21 Y 22 Y 23 Y 24
Ya1 Y a2 Yaa Y a4

Y 41 Y 42 Y 43 Y 44

Important applications of the hybrid junction involve the use of only
one of the four generators.

Special Case A

Special Case B

Special Case 0

Special Case D

VI = V2 = Va = 0 V4~ 0
11 = _ V4(Z2 + 2Za)

rD
1

2
= _ V4(ZI + 2Za)

rD
1

a
= V4(ZI - Z2)

rD

I
_ V4(ZI + Z2 + 4Za)

4 - r2D

VI = V2 = V4 = 0 Va ~ 0
11 = Va(Z2 + 2Z4/r2)

D
1

2
= _ Va(~1 + 2Z4/r2

)

D

1
a

= Va(ZI + Z2 + 4Z4/r 2
)

D
1

4
= Va(ZI - Z2)

rD

VI = Va = V4 = 0 V2~ 0
11 = V2(Za - Z4/r2 )

D
1

2
= V2(Zl+ Za + Z4/r2)

D
I _ - VZ(ZI + 2Z4/r2

)
3----J)--

1
4

= - V2(ZI + 2Za)
rD

V2 = Va = V4 = 0 VI ~ 0
II = V1(Z2 + Za + Z4/r2)

D

1
2

= V1(Za - Z4/r2)
D

(12a)

(12b)

(12c)

(12d)

(12e)

(l3a)

(l3b)

(13c)

(l3d)

(l3e)

(14a)

(14b)

(14c)

(14d)

(l4e)

(15a)

(15b)

(15c)
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(l5d)

(15e)

The Hybrid Junction as a Bridge. The relations (12d) and (13e) lead
to the following important conclusions:

V4 ~ 0; 13 = 0
V3~0;14=0

when Zl = Z2
when Zl = Z2

(16a)
(16b)

The condition Zl = Z2 requires that the impedances looking back into
lines 1 and 2 from the junction be the same. If the two sections of line
are identical in cross section and length, this condition can be satisfied
only if

ZOI = Z02 (17)

(18a)

(18b)

Clearly the sufficient evidence that (17) is satisfied is the vanishing of
13 if vg 4 (Figs. 15.1 and 15.2) is the only emf or the vanishing of 14 if
Vga is the only emf. Accordingly it is possible to compare two impedances
ZOI and Z02 by a null method.

If ZOI is a variable standard impedance and Z02 is an unknown imped­
ance that is to be measured, these impedances can be connected as termi­
nations of the identical line sections 1 and 2. By inserting a generator
in line 4 and a detector in line 3 (or vice versa), the current in the detector
vanishes when the variable standard impedance is adjusted to equal the
unknown impedance. Thus, when 13 = 0 (or 14 = 0), Z02 = ZOI.

The Hybrid Junction as a Line Stretcher. A linear shift in phase can
be introduced in a matched transmission line by changing its length with
the aid of a telescoping section known as a line stretcher. The hybrid
junction makes possible the accomplishment of the same result without
changing the physical length of the line. This is achieved by selecting
lines 1 and 2 as the continuous line in which a shift in phase is to be
produced. Let VOl be the only active generator emf, and let both lines
1 and 2 be terminated in their characteristic impedance Zc == Re. That is,

VIy; = Zl + Rc

With (7) and (8), these requirements are equivalent to the following:

VI 1 D
y; = Yll = Re + Z3 + Z4/r2 = Zl + Re

It is readily verified using (8) and (18a) that (18b) is satisfied if

4Z3Z 4 = R2
r2 c

(19)
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This is satisfied when lines 3 and 4 are terminated in movable highly
conducting pistons, so that Zoa = Z04 == 0 and 90a == 904 == j1r/2. Fur­
thermore let line 4 be maintained exactly a quarter wavelength longer
than line 3. In practice, this may be realized by having the two pistons
ganged together so that

(20)

(It is assumed that the phase constants of the lines are all the same.)
Since the line sections can be kept short, their losses may be neglected.
As seen from the hybrid junction, the impedances are

Za = jRea tan {38a Z4 = -jRe4 cot {38a (21)

The condition (19) requires that
r2R2

ReaRe4 = T (22)

The ratio of the current 12 entering line 2 to the current II leaving
line 1 is obtained from (7a,b). Thus

/2 Y21 Za - Z4/r2 _ j[Rea tan {38a + (Re4/r2) cot {38a1
h = Yll = Re + Za + Z4/r2 - Re + j[Rea tan {38a - (Re4/r2) cot {38a1

(23)

This expression is reduced to very simple form if the dimensions of lines
3 and 4 can be so chosen that their characteristic resistances have the
following values:

(24a)

(24b)'" = 1r - 2{38a

where Re is the characteristic resistance of lines 1 and 2. With this
choice it follows directly that

12 ",I.- = e1r

II

By varying {38a (with {384 = (38a + 1r/2) between 1r/2 and 1r, the phase '"
of the current entering line 2 may be shifted linearly from 0 to 1r, whereas
both lines 1 and 2 remain terminated in their characteristic impedance Re•

As described later in this section, important types of hybrid junctions
have r = 2, so that (22) requires Rca = R e4 = R e• In this case (23)
becomes

12 1 + i cot2 {383 = 1 - (j/2) cot {38a = eN ( )
h = 1 + j cot {38a - t cot2 {38a 1 + (j/2) cot {38a 25a

where '" = -2 tan-1 (j cot (38a) = 2 tan-1 (j tan (384) (25b)
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This formula also provides a range of I/; from 0 to 1r as {3sa is varied from
1r/2 to 1r, but the variation of I/; is not linear in (3sa as with (24b).

The Measurement of Phase with the Hybrid Junction. The phase dif­
ference Vt between two voltages may be determined with the hybrid junc­
tion by applying these voltages to lines 1 and 2 and observing the currents
13 and 14• With VI r= 0, V 2 r= 0, Va = 0, and V 4 = 0, the general expres­
sions (9a,b) reduce to

13 = V I Y 31 + V 2Y a2

14 = V I Y 41 + V 2Y 42

(26a)
(26b)

In these equations VI and V 2 are the open-circuit voltages at the ends of
the lines when these are disconnected at terminals 1 and 2. In a phase
comparison the significant voltages are those maintained across terminals
1 and 2 when the lines are connected. These are

(27)

where ZI and Z2 are the impedances looking back into lines 1 and 2.
If the values of VI and V2 in (27) are substituted in (3b,c), it is seen that
the terms involving ZI and Z2 cancel. Evidently the general expressions
for l a and 14 may be expressed in terms of V~ and V; instead of VI and V2

simply by setting ZI and Z2 equal to zero. Hence

l a = V~Y~I + V;Y:2

14 = V~Y~I + V2Y~2

where Y;j is obtained from Yij by setting ZI and Z2 equal to zero.
(7c-f) and (9c,d) it is found that

Y' Y' 1al = a2 = 2Za

Y' Y' r
41 = 42 = - 2Z

4

(28a)
(28b)

With

(29a)

(29b)

(30b)

(30a)

If (28a) and (28b) are solved for the currents using (29a,b), the results are

13
= V~ - V; = V~ (1 _ i"')

2Za 2Za ve

1
4

= _ V~ + V; = _ V~r (1 + veN )
2Z4/r 2Z4

with the complex ratio factor v defined as follows:

V'
v = veN == V~ (31)

The formulas (30a,b) may be rearranged in two ways that lead to differ­
ent methods of measuring the phase 1/;. They are considered in turn.

Ratio Method for Measuring Phase of V oltages of Equal A mplitude. If
an attenuator is available so that the magnitudes of the two voltages
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(32b)

(32a)

V~ and V~ maintained across terminals 1 and 2 of the hybrid junction
can be kept equal, it follows that v = 1, so that the magnitudes of the
currents in (30a) and (30b) are given by

113\ = I ;]31 Y2(1 - cos 1/1) = I;]31 sin*
1141 = I:£ I y2(l + cos 1/1) = I:£ I cos*

These currents may be normalized by noting the following conditions:

For 1/1 = 0,

For 1/1 = 11",

= 12VZ~r41I14maxl

113maxl = I;)31

(33a)

(33b)

By introducing normalized currents the following relations are obtained:

. 1
13

I . 1/1h == -- = sIn-13max 2

i 4 == I~ I= cos t14max 2

(34a)

(34b)

From these equations an explicit expression for the phase difference is
obtained:

(34c)

If one of the voltages Vg 1 or Vg 2 applied at the input terminals of lines
1 and 2 is variable in phase, this can be varied until 13 = 0 is observed
and I14maxI is determined. By again varying the phase until 14 = 0 is
observed and I13maxI is determined, the circuit is standardized for phase
comparison. By applying a standard reference signal to line 1 and the
signal of unknown phase to line 2, the phase difference is obtained directly
from the ratio of the normalized currents in lines 3 and 4 using (34c).
Note that this method requires the two voltages V~ and V~ to be equal in
amplitude.

Balanced-detector Method for Comparing Phase of Unequal Voltages. If
the two voltages are not equal in magnitude, a convenient alternative
method of phase comparison is available. Although it can be directly
based on (30a,b), it is advantageous to obtain the corresponding expres­
sions when the voltages are applied to arms 3 and 4 instead of arms 1
and 2, since, in general, lines 1 and 2 can be made alike more readily
than 3 and 4.

Let the voltages applied across lines 3 and 4 be V~ and V~, where
these are related to the open-circuit voltages V3 and V4 by the formulas
Va = V~ + 1aZa and V4 = V~ + 14Z4• If these are used in (3a,b,c) to
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eliminate Va and V4, the terms in Za and Z4 cancel, so that (7a,b) may be
expressed as follows:

By now requiring that the impedances looking into lines
equal, i.e.,

(35a)
(35b)

(35c)

(35d)

1 and 2 be

(36)

V~Y~a + V~Y~4

V~ Y~a + V~ Y~4

Y;a = - -l
Z2

Y~4 = - -.!..­
rZ2

II =
12 =

Y~a = -l
Zl

Y~4 = __1_
rZl

where

and by setting
".f. V~

V = ve1
'1' == -V'

r a
Eqs. (35) become

II = V~ (1 - veN)
Zl

(37)

These equations correspond to (30a,b) if Za is made equal to Z4/r. Since
it is more convenient to satisfy Zl = Z2 than Za = Z4/r, Eqs. (37) are
preferred to (30a) and (30b).

The magnitudes of the currents entering the two lines are

1111 = I~: I(1 + v2 - 2v cos t/I)!

1121 = Ii: I (1 + v2 + 2v cos t/I)!

(38a)

(38b)

It is now clear that any quantity that involves the difference between
an arbitrary power n of the two currents, that is,

I
V' InII21n - II11n = Z: [(1 + v2 + 2v cos t/I)n/2 - (1 + v2 - 2v cos t/I)n/2]

(39)

vanishes when t/I = 7r/2. Evidently, if a circuit can be provided which
measures a quantity proportional to the difference current in (39), a null
reading indicates that the two voltages are 90° out of phase. If a refer­
ence voltage with known variable phase is available, the phase of an
unknown voltage is readily determined by varying the phase of the refer­
ence signal until it is 90° out of phase with the unknown.

In Fig. 15.4 an arrangement is shown for determining the relative
phase distribution of the electromagnetic field near an antenna system.
Two balanced detectors are used to rectify individually the currents 11
and 12• The rectified output of each of the two identical detectors is
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proportional to some power of the radio-frequency current. The differ­
ence of these outputs is applied to the receiver.

The Hybrid Junction as a Directional Coupler. The function of a
directional coupler is to permit the separate and independent determi­
nation of the currents maintained by generators (or their equivalents)
at opposite ends of a matched transmission line. In particular, if in
Fig. 15.1 lines 1 and 3 together constitute a continuous transmission line
with V81 and V8a as active emfs while V82 = Vg 4 = 0, the hybrid junction

Reference signal

(4)

Coaxial
( 1") hybrid (2 )

junction '-----......

(3)

Radio
frequency
transmitter

Antenna system
under test

To arm 3

"Signal
whose phase

is to be determined

FIG. 15.4. Balanced-detector method of relative phase measurement with a hybrid
junction.

acts as a directional coupler if 14 is a measure of that part of the current
in lines 1 and 3 which is maintained by vg1, and 12 is a measure of the
part of the current maintained by V8a. Evidently this means that 12

must vanish when V81 is the only active emf and that 14 must vanish
when Vga is the only active emf. It follows from (l5c) and (l3e) that
the necessary conditions are

(40)

If (40) is satisfied, it follows from special cases D and B, using (8),
that the currents are

Case D: (41a)

(41b)

(41c)

(41d)
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(42a)

(42b)
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VI = V2 = V4 = 0 Va ~ 0

11 = -12=-~
ZI + 2Za

2Va
1a = ZI + 2Za (42c)

14 = 0 (42d)

N ow let it be required that lines 1 and 3 be matched at the junction,
so that

VI
11 = ZI + Zcl = ZI + 2Za

Va ZIr; = Za + Zca = Za + 2

These equations require the following:

Zcl ZI
Za = Zca = 2 = 2

(43a)

(43b)

(44)

Evidently each line must be terminated in its characteristic impedance
at the end remote from the junction. With (40) and (44) these rela­
tions must be satisfied:

ZOI = ZI = Zcl Z02 = Z2 = Zc2 = Zcl (45a)

Zoa = Za = Zca = ~1 Z04 = Z4 = Zc4 = r2Zca = r
2;c1 (45b)

The currents maintained by Vg1 are given by

VI -VI
11 = 1a = - 12 = 0 14 = -- (46)

2Zc1 2rZcl

The currents maintained by V~a are

Va Va
II = - 12 = - 1a = - 14 = 0 (47)

2ZcI Zcl

If Vo~ is the only emf and line 3 is terminated in its characteristic
impedance, 12 is zero. If line 3 is not terminated in its characteristic
impedance but in Zoa = Zca + Z~a, it is possible to replace Z~a by an emf
Voa = -loaZ~a' The current 12 is then a measure of this voltage and
therefore of the reflected wave from the termination. Thus 14 measures
the direct wave, and 12 measures the reflected wave.

Various types of directional couplers are in common use. In principle
their operation corresponds to that of the hybrid junction as described
above, but different constructions are involved. Some types consist of
two lines coupled by holes at one or two points. The theory of trans­
mission-line directional couplers is formulated in Chap. VI, Sec. 5.

Hybrid Junctions without Transformers. In the circuits of Figs. 15.1
and 15.2 transformers are used to couple line 4 to lines 1 and 2 and to
provide the center tap leading to line 3. In actual practice at high fre­
quencies it is possible to eliminate the coils in Fig. 15.2 by letting the
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inner conductors of lines 1 and 2 continue smoothly to a junction and
substituting a straight conductor for the coil at the end of line 4. This
in no way alters the analysis. If a coaxial output is desired for line 4,
the coupling loop may be the equiv- I
alent of a shielded loop, as described I (4)

in conjunction with Figs. 14.14 and ffi}illl
14.15. A simple circuit of this type is ~===

illustrated in Fig. 15.5; useful modifi- (1)1~ ~III r'(21
cations are shown in Figs. 15.6 and ! !

15.7·t
Instead of coupling line 4 to lines 1

and 2, as in Figs. 15.1 and 15.2, it may I
be joined directly, provided line 3 be- (3 )

gins with a high-impedance stub, as ~~~h s~~~~de~~~:i;:in~~~:i:. junction
shown in Figs. 15.8 and 15.9. In this
case the antisymmetrical currents at the junctions satisfy the following
equations:

11 + 14 = i-1s 12 + 14 = -41s (48)
so that 11 + 12 + 214 = 0 11 - 12 = Is (49)

If the two equations in (49) are compared with (2b) and (4), it is seen

r~ltl~~ 10lZ,
f I

~~-+--~--l--~-l
424

FIG. 15.6. Modified coaxial hybrid junction.

(3) Zc

FIG. 15.7. Modified coaxial hybrid junction.

t These are due to Morita and Sheingold. 90
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FIG. 15.8. Hybrid junction for coaxial line using shielded-pair section.

lv.e -n+lv...~ 04 + _2 04

. !

line 4

~
• ..i.ine3

i~~+

Z03

+ty~

FIG. 15.9. Hybrid junction for shielded-pair or two-wire line with high-impedance stub.
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that they correspond exactly if the transformer ratio r is set equal to 2.
It follows that all the results derived for the transformer-coupled lines
apply if r is replaced by 2.

The hybrid junctions for shielded-pair and two-wire lines in Figs. 15.1
and 15.9 are unbalanced in all four lines instead of only in line 4 (in which
codirectional currents must be suppressed with an unbalance squelcher).
This is a consequence of the insertion of a series section of line in only

ly,e-nZ04
+ ly,e2 04+ _2 04

. .

iY~

~ L_in_e_2__::: z~f
+-

.nr-~.,...... Unbalance -21 y~
squelcher

1.,..
2"01
-+

K=:~·._L_in_e_l__",-~
+­
1.,e
2 "01

~
~.~~
"V •

i'Ol+ .
Zoo

Iv.e ­2 03+
FIG. 15.10. Hybrid junction for shielded-pair or two-wire line in completely symmetri­
cal form with high-impedance stubs.

one of the two conductors. Evidently the unbalance on lines 1, 2, and 3
can be eliminated by using two complete and identical lines 4, as in Fig.
15.10. Alternatively the load and generators in the lower line 4 may be
omitted, and the line fixed in length at y + ]../4. The open ends of the
lower line 4 are then connected to the upper line 4 at a distance y from
the junction. The length y may be kept as short as practical conven­
ience dictates.

It is readily verified that the analysis of the balanced circuit of Fig.
15.10 differs in no essential manner from that of Fig. 15.9.

Ring Circuit. An alternative method of constructing a hybrid junc­
tion for use with coaxial lines is the ring circuit shown in Fig. 15.11.
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It is readily verified by inspection that it has the essential properties of
the hybrid junction if the lines are treated as lossless. Thus, if a voltage
is applied to line 4, the resulting current divides equally between lines
1 and 2, and no voltage is maintained across line 3. Similarly, if a volt­
age is maintained across line 3, equal voltages are established across lines

1---'"

2

t---4

FIG. 15.11. Hybrid junction in form of ring circuit, or "rat race."

FIG. 15.12. Modified ring circuit with reversed connections.

1 and 2, and the voltage across line 4 is zero. Clearly lines 3 and 4 are
not coupled. Unlike the transformer-coupled circuit of Fig. 15.2, the
ring, or "rat race," is highly frequency-sensitive, since its operation
depends on the spacing of the four lines around the ring specified in
Fig. 15.11.
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A ring circuit of different construction is shown in Fig. 15.12. It con­
sists of a ring that is one wavelength rather than one and one-half wave­
lengths in circumference. The four transmission-line connections are
uniformly spaced around the ring. However, one of the four quarter
wavelengths between connections is spiraled through 180°, so that the
connections at one end are reversed. It is readily verified that this ring
also has the essential properties of the hybrid junction and is much less
frequency-sensitive than the more conventional ring in Fig. 15.11. On
the other hand, it is difficult to adapt the ring in Fig. 15.12 for use with
coaxial lines.

PROBLEMS

1. Determine the input impedance of a section of line of length 20.2 m for which
Zc = 400(1 - jex./(3) and a = 2 X 10-3 neper/m at a frequency of 300 Mc/sec. The
line is terminated in an apparent impedance Z.a = 100 - j800 ohms.

Z. What would be the input impedance of the line described in Prob. 1 if it were
lossless?

J. A section of coaxial line is to be designed to provide a maximum possible input
impedance. It is specified that the inner radius of the shield must be 1.5 cm. Deter­
mine other specifications using the best physicalIy available materials. What is the
maximum input impedance?

4. Design a transmission system using a series transformer to match an impedance
Z.a = 40 + j20 to a 50-ohm coaxial cable so that the line is terminated in its charac­
teristic impedance.

5. Design a single-stub matching network for a load Z.a = 20 - j500 ohms so that
the line is terminated-in its characteristic impedance Zc == Rc = 440 ohms. Do this
analytically and also graphically using both types of circle diagram. Explain the
graphical solutions in detail with the aid of construction lines.

6. Design a double-stub matching network for a load Z.a = 800 + j600 ohms on a
line for which Zc == Rc = 72 ohms. The input impedance of the network and load
is to be 72 ohms. Use analytical and graphical methods.

7. Investigate the broadband properties of the series transformer by determining
the standing-wave ratio as a function of the frequency if the line is matched at a
given fixed frequency /0. Use appropriate constants. The standing-wave ratio is
given by S = coth P••

8. Repeat the preceding problem for the single-stub matching network.
9. Investigate the impedance-matching properties of a triple-stub tuner consisting

of three shunt stubs appropriately spaced at fixed distances along a transmission line.
10. An impedance Z. = 20 - j500 ohms terminates a line with R c = 440 ohms,

ex. = 2.26 X 10-3 neper/m, and ¢c = ex./f3. The frequency is 150 Mc/sec.
(a) Determine P. and <1>. by calculation and by circle diagram.
(b) Determine the shortest distance from the load along the line at which the

impedance looking toward the load is a pure resistance. What is this resistance?
What are the associated values of P. and <I>.? What is the standing-wave ratio as
defined by S = coth P.?

(c) Repeat part (b) for the next shortest distance for which the impedance is a
pure resistance.

11. A coaxial line is constructed of an aluminum tube with inner diameter of 1 in.
and wall thickness of i in. The inner conductor is steel drill rod i in. in diameter
that is silver-plated for a distance of exactly one-half wavelength from the terminating
piston. Determine the values of the terminal functions and the reflection coefficients
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terminating the line at the beginning of the silvered section. Assume the piston to
be perfectly conducting. The frequency is 300 Me/sec.

12. An apparent impedance ZaG = 616 - j2,096 ohms termina.tes a two-wire line
with characteristic impedance Zc = 400 ohms and an attenuation constant a = 10-3

neper /m at a frequency for which the phase constant is f3 = 0.30 radian/m. Deter­
mine (a) the apparent terminal functions; (b) the apparent reflection coefficient; (c)
the input impedance of a 2Q-m length of line when terminated in ZaG; (d) the length
of line required in addition to the 20 m in (c) so that the line is characterized by input
resonance. What is the input impedance at input resonance?



CHAPTER IV

GENERAL AMPLITUDE RELATIONS
FOR CURRENT AND VOLTAGE

1. The Distribution of Current and Voltage and the Transfer of Power
along a Nonresonant Line. The distribution of voltage along an infi­
nitely long line is described in Chap. I, Sec. 14, and illustrated in Chap. I,
Fig. 14.1. The description involves traveling waves of constant phase.
The distributions of voltage and current along a line of length s that is
terminated in Ze are the same as those along the first s meters of an
infinitely long line. From Chap. II, Sec. 5, Eq. (12), they are given by

(1)

where z is the distance from z = 0 along a line of length s, Zo is the
impedance of the generator, and Vo is its electromotive force. Since
Ze = Re(1 - jcPe), it is evident that the current and voltage at the cross
section z satisfy the relation

(2)

Thus the voltage leads the current in phase by the usually very small
angle tan-1 cPc. For a line with low distortion defined by cP~« 1, (2)
becomes simply

(3)

The losses on many lines are sufficiently low so that cPc is very small
(10-3 or less), and the exponential in (3) may be replaced by its leading
term of unity, as on the right in (3).

The power supplied to the nonresonant line at its input terminals at
z = 0 is the real part of iVo/ri. That is,

(4)

where 10 is the peak value. The power dissipated in the matched load at
the end of a line of length s is

P s = ~-IIsl2Rs = il/sl 2Re = il/5lRce-2us
This follows since, by definition of a nonresonant line, Zs = Ze.

243

(5)
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(7)

The efficiency of transmission is

W = P s = I/sl2 = e-2as (6)
Po 1/012

The transmission loss is usually expressed by the power ratio Po/Ps•

Thus the loss in decibels is defined by

1 Po PoL (db) = 10 og - = 4.3429 In -
Ps Ps

Using (6)
L (db) = 8.6858as (8)

where a is measured in nepers per meter and s is in meters.
The power dissipated in heating the line is

P, = Po - P s = Re(1/51 - I/s\2) = Rel/ol2(1 - e-2as) (9)

It is interesting to note at this point that the forms [Chap. I, Sec. 13,
Eqs. (13) and (14)] reduce to

Vz = VZc Ae-Yz (10)

Iz = vY: Ae-Yz (11)

for the infinite line, so that the input power at z = 0 is

Po = Re -}Vilz = -}AA* = -}A 2 (12)

Z. General Expressions for Current and Voltage for an Arbitrarily
Terminated Line When Driven by a Single Pair of Equal and Opposite
Point Generators (or Their Equivalent) Anywhere along the Line.80 ,81

General formulas for the current and voltage at any cross section z' of a
transmission line extending from z' = 0 to z' = s' are given in Chap. II,

-lx'i z'=Q z' s'
I-j------=;e!!::tPi~e----il----~,

Vo~ Vr
"2""'2 lz

Zx.=Zo ~'----z.---1o'~~----.rrt~-· ----.tZs.=;:Zs

Vo~ VI I

2=2 :
I I I ,

z=Q x z S

FIG. 2.1. Transmission line driven by one pair of equal and opposite point generators
at an arbitrary distance x from one end of the line.

Sec. 8, Eqs. (15) and (16). No restrictions are implied on the impedance
of either the load at z' = s' or the generator at z' = 0'. It follows that,
if the circuit of Chap. II, Fig. 5.1a, in the modification of Fig. 2.1 (upper
scale) is used, in which the emf is equivalent to a pair of equal and
opposite point generatorst each of magnitude i V8., the generator imped-

t A point generator is an impedanceless, extensionless emf. Its physical realiza­
tion is discussed in Chap. VI.
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ance Zo' is the input impedance of a section of line of arbitrary length x'
terminated in an equally arbitrary impedance Zx" Using Chap. II, Sec.
8, Eq. (16), with all coordinates primed, the current at z' is

1 Vg, sinh 60, sinh ("(w' + 6.,)
Is' = Zc sinh ("(8' + 60, + 68 ,)

where w' == 8' - z', 60, is the complex terminal function of the imped­
ance Zo' looking to the left from the generators, and 68 , is the complex
terminal function of the load Z8" The impedance Zo' may be expressed
as follows~

Zo' = Zc coth ("(x' + 6x') (2)

where 6x' is the complex terminal function of Zx" By definition

Zo' , ( )60, == coth-1 Zc = "(x + 6x' 3

If (3) is substituted in (1), the result is

1 = Vg, sinh ("(x' + 6x') sinh ("(w' + 68,)

z' Zc sinh ("(8' + "(x' + 6x' + 68 ,)

Now let the origin be transferred from 0' at the generators to the
actual left end of the line where the terminating impedance Zx' is located.
Let z be measured from this end; let the total length of line be 8 = 8' + x'.
The distance from the new and unprimed origin to the primed origin
locating the generators is x = x'; also 6x ' = 60, 68 , = 68 , w' = 8' - z',
w = 8 - z, and vg, = V~. With this notation (4) may be expressed as
follows:

1 = V~ sinh ("(x + 60) sinh ("(w + 6.)
a Zc sinh ("(8 + 60 + 6.)

Similarly

V - Ve sinh ("(x + 60) cosh ("(w + 6.)
a - x sinh ("(8 + 60 + 68 )

(5)

(6)

These relations give current and voltage at any cross section z along a
line which is terminated in Zo at z = 0 and in Z. at z = 8 and which is
driven by a pair of equal and opposite point generators, each of emf i V~,

at z = x. The circuit is shown in Fig. 2.1, using the lower scale.
In order to express I. and Va at points between z = 0 and the generator

at z = x, it is necessary merely to interchange ends, Le., substitute -I.
for I. and - V; for V;. This is equivalent to measuring distances from
Z8 instead of from Zoo It also involves a change in subscripts from 0 to 8

and vice versa in (5) and (6) and the substitution of y == 8 - x for x
and of z for w == 8 - z. (Note that the generators are in series with the
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conductors of the line.) The resulting formulas are

l~ = V~ sinh (yy + 98 ) sinh (yz + 90) (7)
~ O~z~x

Zc sinh (Y8 + 90 + 98 )

V
z

= - Ve sinh (yy + 9s) cosh (yz + 90) 0 ~ z ~ x (8)
z sinh (y8 + 90 + 9s )

Evidently (7) and (8) are formally like (5) and (6). Together with
(5) and (6) they define the complex current and voltage at an arbitrary
cross section along a line terminated at both ends in unrestricted imped­
ances. The line is driven at any cross section x by a pair of equal and
opposite point generators or their equivalent, as described in Chap. VI,
Sec.3.

In using (5) and (6) or (7) and (8), note that l z and Vz depend on
three independent variables. In (5) and (6) these are the distance x from
Zo to the generators, the distance w== 8 - z from Zs to the point where
l z and Vz are evaluated, and the over-all length 8 of the line. In (7)
and (8), on the other hand, the three variables are the distance y == 8 - x
from Zs to the generators,' the distance z from Zo to the point where l z

and Vz are calculated, and the length 8 of the line.
3. General Expressions for Current and Voltage for an Arbitrarily

Terminated Line When Driven by Two Pairs of Equal and Opposite
Point Generators (or Their Equivalent) Anywhere along the Line. 8o ,81

In order to treat various methods of driving a transmission line by driving
units coupled anywhere along the line, it is necessary to obtain expres­
sions for l z and Vz for a line that has two equal and opposite point gener­
ators in each line, with the two separated a small distance. The circuit

ve ve

22e--e I z

Zof'--------1~f------f·I_t_---'fZs

I , I • I I
z~o ~e i ~e k ~

: ~ I
x-gl x :x+g

FIG. 3.1. Transmission line driven by two pairs of equal and opposite point generators
symmetrically located with respect to an arbitrary point at a distance x from one end
of the line.

arrangement is shown in Fig. 3.1. Let the distance from Zo to a point
on each conductor halfway between each pair of generators be x. Let
the distance from this point to each generator be g, so that the coordi­
nates of the generators are z = x - g and z = x + g. Each generator is
impedanceless and has an emf }Ve, as in Fig. 3.1.

The current at any point z due to the pair of generators at x + g is
given by Sec. 2, Eqo (5), with x + g substituted for x; similarly the cur-
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rent due to the pair of generators at x - g is given by Sec. 2, Eq. (5),
with x - g substituted for x. The current due to both generators oper­
ating simultaneously is the algebraic sum of the currents obtained for
each one separately. Using Sec. 2, Eq. (5), and the polarities for the
generators shown in Fig. 3.1, the following current is obtained:

1 = V: sinh (yw + 98
) {sinh [y(x + g) + 90] - sinh [y(x - g) + 90ll

21 Zc sinh (y8 + 90+ 98 )

(1)

After the hyperbolic sines in the braces are expanded using the combi­
nations yx + 90 and yg, the following formula is obtained:

1 = W~ cosh (yx + 90) sinh (yw + 98 )

21 Zc sinh (y8 + 90 + 98 )

where W: == 2Ve sinh yg

(2)

(3)

The corresponding formula for the voltage from Sec. 2, Eq. (6), is

Y
z

= We cosh (yx + 90) cosh (yw + 98 )

z sinh (y8 + 90 + 98 )

(4)

If the same combination is carried out with Sec. 2, Eqs. (7) and (8),
the following results are readily derived (note that x + g corresponds to
y - g and that x - g corresponds to y + g, since by definition y == 8 - x):

W; cosh (yy + 98 ) sinh (yz + 90)

121 = - Zc sinh (y8 + 90 + 98 )

Y
z

= We cosh (yy + 98 ) cosh (yz + 90)

z sinh (y8 + 90 + 98 )

o ~ z ~ x - g (5)

o ~ z ~ x - g (6)

Actually no restrictions have been imposed on the distance 2g between
the point generators in each conductor. However, the currents and
voltages are defined only at points outside the distance 2g in (2) and
(4) and in (5) and (6). Note that, if g is sufficiently small to satisfy the
inequality lygl2 « 1, (3) reduces to

(7)

The last step in (7) implies the inequality a « {l If 2g is allowed to
become infinitesimally small while Ve is made correspondingly great,
W: remains finite.

The general relations (2), (4) and (5), (6) give the current and voltage
at any point z along a terminated line that is driven by two pairs of equal
and opposite point generators (or their equivalents) symmetrically placed
on each side of the point x along the line.

The nature of the discontinuity at the point x in the limit as 2g
approaches zero, while Ve becomes infinite and W; remains finite, is inter-
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esting. As z approaches x from above, (2) and (4) reduce to

I = W~ cosh (yx + 60) sinh (yy + 6s )

z Zc sinh (ys + 60+ 6s)

V - We cosh (yx + 60) cosh (yy + 6s )

z - x sinh (ys + 60 + 6s)

As z approaches x from below, (5) and (6) reduce to

W; cosh (yy + 6s ) sinh (yx + 60)

- Zc sinh (ys + 60 + 6s )

We cosh (yy + 6s ) cosh (yx + 60)

x sinh (ys + 60 + 6s )

(8)

(9)

(10)

(11)

It is seen that Vz is continuous while I z jumps from I z to -Iz at z = x.
The discontinuity is readily evaluated to be

We
Iz (z ~ x from above) - Iz (z ~ x from below) = Zcx (12)

Thus a discontinuity in Vz by Ve at x + g and by - Ve at x - g with
continuous I z is equivalent, in the limit as g approaches zero, to a con­
tinuous Vz and a discontinuity in Iz by W;/Zc at z = x. Physically
these mathematical results may be interpreted as follows: The two pairs
of equal and opposite point generators tend to set up equal and opposite
currents in the conductors of length 2g between them. Depending on
the impedances in the two directions, one or the other pair may produce
a larger current. In this case the equal and opposite generators at the
ends of the infinitesimal distance 2g are equivalent to a current generator
at the center or a line driven by a shunt generator at z = x.

4. General Expressions jor Current and Voltage jor an Arbitrarily
Terminated Line When Driven by Three Pairs of Generators (or Their
Equivalent) Anywhere along the Line.8o ,81 In order to represent analyt­
ically asymmetrical driving units coupled to a transmission line, it is
necessary to consider a line driven by three pairs of equal and opposite
generators symmetrically oriented with respect to the point x, as shown
in Fig. 4.1. 'The total current and voltage maintained by the three pairs

ve vi ve

2" "2 2"oee lz

ZO~L.--_~f--~"tf_Z ----!fZs
: ~ Yi v e l l
: 2 2 2 j I
o ; ~ I z s

x-gl x :x+g

FIG. 4.1. Transmission line driven by three pairs of equal and opposite point generators
symmetrically located with respect to an arbitrary point at a distance x from one end
of the line.
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of generators are obtained by superimposing the solutions obtained in
Sees. 2 and 3. The resulting expressions are compactly written using
the following shorthand notation:

Sm == sinh ("(m + 60) Sn == sinh ("(n + 68 )

em == cosh ("(m + 60) Cn == cosh ("(n + 68 )

Sa == sinh ("(8 + 60 + 6a)
Ca == cosh ("(8 + 60 + 6a)

(1)
(2)
(3)
(4)

In (1) and (2) m may stand for x or z, and n stands for y or w. With
this notation the expressions for the current and voltage at any point
along a transmission line that is driven by three pairs of point generators
arranged as in Fig. 4.1 are

1 = 1- (V~Sx + W~Cx)Sw
z Zc Sa

V
z

= (V~Sx + W~Cx)Cw
Sa

I
z

= 1- (V~Sy - W~Cy)Sz

Zc Sa

V
_ (- V~Sy + W~Cy)Cz

z - Sa

O~z~x-g

O~z~x-g

(5)

(6)

(7)

(8)

As before, z is the distance from Zo to the point at which current and
voltage are measured; w == 8 - z is the distance from Za at the other end
of the line to the same point; x is the distance from Zo to the mid-point
of the three generators; and y == 8 - x is the distance from Za to the
same point. The pair of generators maintaining V~ is at x, and the two
pairs maintaining W~ are located at x ± g.

5. Polar Form of the General Expressions for Current and Voltage.
The general expressions for the complex current or voltage at any point
along a transmission line when driven by one, two, or three pairs of point
generators may be expressed conveniently in polar form introduced in
Chap. II, Sec. 9. With "( = a + j(3 and 6 = p + j4.>, the hyperbolic
functions are easily separated into real and imaginary parts. If all
phases are referred to V~ (which is thus assumed to be real), the formulas
for the current and voltage due to one pair of generators may be expressed
as follows:

(1)

(2)

(3)

(4)
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where

(7)

(5c)

(6b)

(5b)

(5a)

(5d)

(6a)

S:z; = [sinh2 (ax + po) + sin2 ({jx + <l>o)]i
iT:z; = tan-1 [tan ({jx + <1>0) coth (ax + PO)]
SlI = [sinh2 (ay + P.) + sin2 ({jy + <1>.)]1
iTlI = tan-1 [tan ({jy + <1>.) coth (ay + P.)]

SW = [sinh2 (aw + P.) + sin2 ({jw + <1>.)]1
iTw = tan-1 [tan ({jw + cI'.) coth (aw + P.)]
S. = [sinh2 (as + Po + P.) + sin2 ({js + <1>0 + ~.)]i

iT. = tan-1 [tan ({js + ~o + ~.) coth (as + Po + P.)]
CW = [sinh2 (aw + P.) + cos2 ({jw + ~.)]1

Ew = tan-1 [tan ({jw + cI'.) tanh (aw + P.)]
CZ = [sinh2 (az + po) + cos2 ({jz + ~0)]1

Ez = tan-1 [tan ({jz + ~o) tanh (az + po)]

Note that the subscript on S or C always refers to the variable. The
characteristic impedance is

Ze = Re(l - jcPe) == Ree-i</>·

since it is assumed that cP~ « 1.
The corresponding expressions for two pairs of point generators are

O~z~x-g

O~z~x-g

(8)

(9)

(10)

(11)

where, in addition to (5a,b,c,d) and (6a,b), the following shorthand sym­
bols are used:

(13)

(12)

(14)

C:z; = [sinh2 (ax + po) + cos2 ({jx + ~o)]i

E:z; = tan-1 [tan ({jx + ~o) tanh (ax + po)]
ClI = [sinh2 (ay + P.) + cos2 ({jy + ~.)]1

Ell = tan-1 [tan ({jy + ~.) tanh (ay + P.)]
SZ = [sinh2 (az + po) + sin2 ({jz + ~o)]i

iTz = tan-1 [tan ({jz + ~o) coth (az + po)]

The polar formulas for current and voltage in a line driven by three
pairs of point generators are complicated. They are obtained by adding
(1) and (8), (2) and (9), (3) and (10), and (4) and (11) with appropriate
phase relations between W~ and V~ and reducing to polar form. Note
that any of the formulas (5), (6), (12), (13), or (14) may be expressed in
terms of double arguments using Chap. II, Sec. 9, Eq. (3) or (4), viz.,

S = vj(cosh 2u - cos 2v) = vsinh2 u + sin2 v (15)

C = Vj(cosh 2u + cos 2v) = Vsinh2 u + cos2 v (16)
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If, in the expressions for IVzl and 11z l, the over-all length s of a trans­
mission line is varied in such a manner that 8. is the only variable factor,
the resulting variations in I Vzl and 11z 1 are called resonance curves. If the
single variable is w Of' z locating the point where Vz and 1z are measured,
the resulting variations in I Vzl and 11z 1 are called voltage or current dis­
tribution curves. If the location of the driving point x or y is varied with
all else constant, the resulting variation in I Vzl or 11z 1 at an arbitrary
fixed point z is called a driving-point distribution curve. These three types
of curves, corresponding to variations in salone, w or z alone, and x or y
alone, are considered in Sec. 7. Note that w == s - z and y == s - x.

6. The Transfer of Power along a Transmission Line.81 One of the
principal functions of a transmission line is to transfer power from a
generator to a load. Let it be assumed that the source of power is equiva­
lent to one pair of point generators at a point z = x on a transmission
line that is terminated in a load impedancet Z. at z = s. The time­
average power transferred to the section of line of length s - z and its
termination Z. is

(1)

(3)

(2)

where Vz is the complex (peak) voltage and 1: is the complex conjugate
of the (peak) current at the point z on the line. These quantities are
given by Sec. 2, Eqs. (5) and (6), or by Sec. 5, Eqs. (1) and (2). The
desired formula for power is obtained from (1) using Sec. 2, Eqs. (5) and
(6), by expressing the hyperbolic functions involving the variables x and
s in polar form, as in Sec. 5. The desired forms are

1z = ~~:z; [sinh (yw + 9.)]ei(lTz-IT.)

Vz = V~ ~: [cosh (yw + 9.)]ei (lTz-IT.)

The substitution of (2) and (3) in (1) gives

1 V 1* 1 (V~)28; . h (A 'F ) h "(A + of )2 z z = 2 Z*82 sm w - J w cos w J w
e •

(4)

where A w == aw + p. and Fw == fJw + <p.. Since Ze = ReO - jc/Jc) and

sinh (Aw - jFw ) cosh (A w + jFw ) = i-(sinh 2A w - j sin 2Fw ) (5)

the time-average power transferred to the line at a distance w from the
load is

P z = (:i 2

~i [sinh 2(aw + P.) - c/Je sin 2(fJw + cp.)] (6)

t Terminal-zone effects are assumed negligible for the sake of f'implicity. If they
are si~nificant, the apparent terminal impedance Z.G must replace Z•.



The power in the load at z = s is given by (6) with w = o.

P (Y~)2 s; ( . h 2 . 2<1», = 4R
c
S~ sm p, - cJ>c sm ,
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It ist

(7)

(11)

(12)

The power in the line and load is given by (6) with z = x or w = s - x.
It is

(ye)2 S2
P z = 4R

c
S~ [sinh 2(as - aX + p,) - cJ>c sin 2({3s - (3x + cI>,)] (8)

The ratio of the power in the load to the power in the line and load is the
efficiency. It is

W = P, = sinh 2p, - cJ>c sin 2<1>, (9)
P z sinh 2(as - ax + p,) - cJ>c sin 2({3s - (3x + <1>,)

When the generator is at the end of the line (x = 0), as is usual, the
power ratio is

W = P, = sinh 2p, - cJ>c sin 2<1>, (10)
Po sinh 2(as + p,) - cJ>c sin 2({3s + <1>,)

On low-loss lines cJ>c is of the order of magnitude of 10-3 or 10-4• If
sinh 2p, is large compared with this value, as is usual if Z, is a dissipative
impedance, the ratio reduces to the simple form

W = P, == sinh 2p,
Po sinh 2(as + p,)

The ratio of the power PI, dissipated in the line to the total power trans­
ferred to the line is

P L = 1 _ P, == 1 _ sinh 2p,
Po Po sinh 2(as + p,)

The insertion loss in the line is defined in terms of the ratio of the power

t Note that in order to dissipate no power in the 10ad,P, = 0, it is necessary that
sinh 2p, = q,c sin 2<1>.. Suppose the termination consists of a small inductive imped­
ance R. + jwL. such as a wire bridge with <1>. = (3k, + 7r12 and P. = a(m. - k.),
where k. = L.ll and m. = R.lr i = 0 for no dissipation. Since P. is small, p. = 0 in
(7) reduces to P. = -ak.; also r. = e-2P• = e2ak•• Note that P. is negative and that
r. is greater than 1. Even if m. is not zero but sufficiently small so that it is less than
k., P. is still negative and r. greater than 1, as discussed in Chap. II, Sec. 22. Alterna­
tively, if P. = 0 and r, = 1, k, -= m. and the power to the load is

p _ (V~)2S; 2aR,
, - 4RcS; ri

Thus a reflection coefficient of unity is strictly not possible with an ideal dissipation­
less termination if this is a small inductive reactance and the line itself is dissipative.
On most low-loss lines q,c is sufficiently small so that the reflection coefficient can
exceed unity by only an extremely small amount.
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to the load without the line (s = 0) to the power to the load with the line.

L (db) = 1010 Po == 10 10 sinh ~(as + P.) (13)
g P. g smh 2p.

The convenience and obvious significance of the terminal function P. are
evident in (9) to (13).

Optimum Termination. The optimum termination minimizes the losses
on the line and maximizes the efficiency. The condition for maximum
efficiency is

oW = 0 (14)op.
If this differentiation is carried out using (11), the resulting condition is

tanh 2(as + P.) = tanh 2p. (15)

For a line that is not lossless, as > 0, so that (15) can be satisfied only
when

p. = 00 Z. = Zc (16)

This is the condition for maximum efficiency. With (16), (11) becomes

W ( ) 1· sinh 2p. 1· e2p
• 2 (7)

P. = 00 = 1m • h 2( + ) = 1m -- = e- - 1
pc-> 00 SIn as P. pc-> 00 e2(aB+p.)

The corresponding minimum insertion loss is

L (db) = 10 log e2a• = 8.686as (18)

where a is the attenuation constant in nepers per meter. Note that (16)
is the condition for a matched line, so that (17) and (18) coincide with
Sec. 1, Eqs. (6) and (8).

If the impedance Z. terminating the line is predominantly resistive and,
in addition, differs considerably from the characteristic resistance Rc of
the line, it is shown in Chap. II, Sec. 18, that

For R. < R c, p. == ~: P: « 3 (19a)

·For R. > Rc, P. == ~: P: «3 (19b)

If the over-all attenuation is no greater than p. in (19a,b), the following
condition is satisfied:

(as + p.)2 «3 (20)

so that the hyperbolic sines in (11) may be replaced by their arguments.
With (20) and (19a,b), (11) becomes

w = P. == _P_._ =
Po as + P.

R. < Rc

(21)
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SO that the power (insertion) loss in decibels subject to (19a,b) and (20) is

L (db) == 10 log (1 + ~: as)
L (db) == 10 log (1 + ~: as)

(22a)

(22b)

A graphical representation is given in Fig. 6.1 of the power loss L (db)
as a function of line length in a typical transmission line when matched
and when terminated in a pure resistance that is considerably smaller

5r------~-----...,...--------.

1000

20

a=2.26x 1O-3nepers/m

p=3.144 radians/m

+c=7.l8x 10-4

Rc=440 ohms

~ --Rs =60 ohms; Xs=O;Ps=O.137

~ 15 t---_-_-_z-"'s_=_z-"-c_t- -+ -I--.M

~
"C

.s
m10 !"------i------i----/-_+_----I.s

10 100
Length of line, 8 (meters)

Fro. 6.1. Power loss in a matched line and in a line that is not matched.

5t------+--------I7,£:---,;-':.----I

than the characteristic resistance. For the case represented, it is evident
that, if the line is short (5 m or less), the line loss is negligible, so that
little is gained by using a matching network. On the other hand, for a
line that is long enough so that line loss is significant, it is essential to
match the load with an appropriate network if good efficiency is to be
maintained.

7. Resonance Curves and the Condition for Resonance.8,78,81 The
magnitudes of the voltage and current at a distance w from an imped­
ance Zs at z = s or w = 0 due to generators located at a distance x from
Zo at z = 0 are given by the following expressions:

V = Ve SxCw

Z x Ss (1)

If the length s of the line is the only variable, while the distance w of the
detector from Zs and the distance x of the generators from Zo are kept
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constant,t

Thus the function 8;1 characterizes the dependence of both V. and I.
on the length of the line. This function, when plotted against {js, is
called a resonance curve. A transmission line with its two terminations
Zo and Z. is said to be resonant when 8;1 has its maximum value.

With the notation

A, == as + Po + p, F. == {js + <1>0 + <1>, (3)

the conditions determining the extreme values of 8;1 with respect to
changes in s are obtained by differentiating (2) with respect to s and
equating the result to zero. The following equation is obtained:

(cosh 2A. - cos 2F,)-i(a sinh 2A, + (j sin 2F.) = 0 (4a)

Since cosh 2A. always exceeds unity, the only possible roots are defined by

- sin 2F. = ~ sinh 2A.

This leads to the following extremizing values of F,:

(4b)

F 2n + 1 + 1 • 1 (a . h 2A )• = --2- 1f' V Sln- 7J SIn ,

for minimum 8;1 and n = 0, 1, 2, (5a)

F. = n1f' - i- sin-1 (~ sinh 2A.)

for maximum 8;1 and n = 0, 1, 2, (5b)

These cannot be solved readily for s unless A, is small. However, if A,
is small, so that

it follows that
A:« 1 sinh 2A, == 2A, (6)

i sin-1 (~ sinh 2A.) == ~ A. « 1 (7)

With (7), (5a) becomes

2n + 1 a
F, == {js + <1>0 + <1>. = -2- 1f' + 7J (as + po + P.)

for minimum 8;1 (8a)

A similar expression is obtained for (5b). Since it is assumed that the
t Note that changing 8 by moving Z. (or Zo) requires that the detector (or the

generator) be moved in tandem.
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condition a2/{32 « 1 is satisfied, it follows that (5a) and (5b) become

2n + 1 a
Fa == {3s + <1>0 + <1>s = -2- 7r + ~ (PO + Pa)

Fa == {3s + <1>0 + <1>s = n7r - ~ (PO + Pa)

Whenever the condition

~ (po + Ps) « 1

is satisfied, the following expressions are valid:

for minimum S-;l (8b)

for maximum S-;l (8c)

(9)

. 2n + 1
Fs == {3s + <1>0 + <1>s = -2- 7r

for n = 0, 1, 2, ... and S-;l a minimum (lOa)

Fs == (3s + <1>0 + <1>s == mr
for n = 0, 1, 2, ... and S-;l a maximum (lOb)

The condition (lOb) maximizing S;l is called the condition for resonance.
Note that the angle eTs in Ss = Sseiu, has the following values:

u. =' tan-1 (tan F, ooth A.) ~ {~
The extreme values of S-;1 are

for minimum S-;l

for maximum S-;l
(11)

(S-l) _ 1 _ 1
s max----;---hA - . h( + + )SIn s SIn as Po Ps

(S-;l)min = -hIA- = h ( 1 +)cos a cos as + Po Ps

2n + 1
{3Smin + <1>0 + <1>s = -2- 7r

n = 0, 1, 2, .. , (12a)

{3smax + <1>0 + <1>s = n7r

n = 0, 1, 2, (12b)

Among the special cases the following are important:

(as + Po + Ps)2 « 1

Po + ps » as (S-l)...!... 1
s min - h ( + )COS Po Ps

(S-l)...!... 1
smax- + +asmax Po Ps

(S-l)...!... 1
·s max- ·h( +)

SIn Po Ps

(13)

(14)

Note that in (14) the extreme values are independent of s.
The general shape of the resonance curves for low over-all attenuation

(A; «1) is obtained readily from (2) if it is noted that, except near
resonance where Fs == {3s + <1>0 + <1>s = n7r,

(15)

It follows that the resonance curve is a cosecant curve limited by the
bounding curves csch A and sech A, as shown in Fig. 7.1 for a line with
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2TTTT

47T ps
311' 41T
Fs=fls+~o+~s

FIG. 7.1. Resonance curves (qualitative) for a line with negligible losses in the line and
in the generator; as + Po « Pa.

\. csch (Po+Ps),
"-

"-
" .....

sech (cts+Po+Ps)

311 j3s
cJls+cJlo 1T 21T 31T Fs =ps+cf>o+cf>.'1

FIG. 7.2. Resonance curves (qualitative) for a moderately damped line.

......... _ liAs---
11:==~~:::::I===~=±==~"':::=::L
o
I .

cJlo+cJls 1T 27T 37T Fs = (j1s+ <1>0 +<l>s>

FIG. 7.3. Resonance curves (qualitative) for a line with low over-all attenuation.

negligible losses in the line and generator, in Fig. 7.2 for a line with
moderate over-all attenuation, and in Fig. 7.3 for a line in which the
over-all attenuation is small.

8. Distribution Curves. 8, 78,81 The variation of the voltage and cur­
rent along a fixed transmission line may be expressed as a function of
the distance w == s - z from the load impedance Zs. The formulas for
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the magnitudes of the voltage and current distribution functions are

Vz(W) t"'..I Cw = [sinh2 (aw + Ps) + cos2 ({3w + <Ps)]l (1)
Iz(w) t"'..I Sw = [sinh 2 (aw + Ps) + sin 2 ({3w + <Ps)]l (2)

An alternative formula for Vz(w) which is like that for Iz(w) is readily
obtained if the terminal function <P: = <Ps - 7r/2 is introduced in (1).
The result is

Vz(w) r-.J S~ = [sinh2 (aw + Ps) + sin2 ({3w + <p~)]l (3)

Evidently the voltage varies in just the same manner as the current, but
the distribution is shifted along the line an electrical distance 7r/2 with
respect to the current. Distributions of the voltage and current as
defined by (1) and (2) or (3) and (2) may be observed in practice by
moving a loosely coupled voltage or current detector along the line while
all other quantities are kept constant.

The variations of the magnitudes of the voltage and current at a given
fixed point z along a transmission line, as the location x of one pair of
equal and opposite point generators (or their equivalent) is changed, are
expressed as follows, using Sec. 5, Eqs. (1) and (2):

Note that (4) implies x ~ ,z ~ s and that x is the only variable, with
all other quantities constant. This may be accomplished in practice by
moving a loosely coupled oscillator or coupling unit parallel to the line
while the voltage or current is read from a stationary detector.

If two pairs of equal and opposite generators symmetrically located
with respe~t to the point x are moved, the voltage and current at the
fixed point z (with x ~ z ~ s) vary as follows, using Sec. 5, Eqs. (8)
and (9):

Vz(x) t"'..I Iz(x) t"'..I Cx = [sinh2 (ax + Po) + cos2 ({3x + <Po)]l (5)

Alternatively, in terms of <P~ = <Po - 7r/2,

Vz(x) t"'..I Iz(x) t"'..I S~ = [sinh2 (ax + po) + sin2 ({3x + <p~)]1 (6)

Plots of the functions Sw and Cw = S~ against {3w or of Sx and Cz = S~

against {3x are called distribution curves.
With appropriate changes in variables and parameters, the functions

8w , S~, Sx, and S~ are essentially the reciprocals of S;I. Therefore the
extreme values are obtained directly from the analysis of S;1 in Sec. 7.
For current and voltage they are

[Iz(w)]max r-.J (Sw)max = cosh (aw + Ps)

[Iz(w)]min t"'..I (Sw)mio = sinh (aw + Ps)

2n+ 1
when {3w + <Ps = -2-7r (7a)

when (3w + <Ps = n7r (7b)
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[Vz(W)]max "'-' (S~)max = cosh (aw + Ps)

[Vz(W)]min "'-' (S~)min = sinh (aw + Ps)

where n = 0, 1, 2, . . . .
For one pair of point generators at x,

2n + 1
when (3w + <I>~ = -2- 7r (8a)

when (3w + <I>~ = n7r (8b)

[Iz(X)]max"'-' [Vz(X)]max "'-' (Sx)max = cosh (ax + po)
2n + I

when (3x + <1>0 = --2- 7r (9a)

[Iz(x)]min"'-' [Vz(X)]min "'-' (Sx)min = sinh (ax + po)
when (3x + <1>0 = n7r (9b)

For two pairs of point generators symmetrically spaced about x,

[Iz(X)]max"'-' [Vz(X)]max "'-' (S~)max = cosh (ax + po)
2n + 1

when {3x + <I>~ = --2- 7r (lOa)

[Iz(x)]min"'-' [Vz(X)]min "'-' (S~)min = sinh (ax + po)
when (3x + <I>~ = n7r (lOb)

The general shapes of the distribution curves for low over-all attenu­
ation are given by

Cw = S~ == Isin ({3w + <I>~) I
Sw == Isin ({3w + <l>s) I

Cx = S~ == Isin ({3x + <I>~)I

SX == Isin ({3x + <1>0) I

sinh2 (aw + Ps) «sin2 ({3w + <I>~)

sinh2 (aw + Ps) «sin 2 ({3w + <l>s)
sinh2 (ax + po) « sin 2 ({3x + <I>~)

sinh2 (ax + PO) « sin2 ({3x + <1>0)

(lla)
(lIb)
(12a)
(12b)

The nature of the distribution curves Sw and Cw = S~ for the current
and voltage may be seen in Fig. 8.1. Note that {3w = (3(s - z) is scaled
to increase from left to right.

o
sinh (aw+ps) ~spw+<t>s

<t>~j3w+<t>~

FIG. 8.1. Current and voltage distributions along a transmission line.

9. Resonance-curve and Distribution-curve Ratios; the Standing­
wave Ratio.8•78 ,81 Quantities that are useful in various transmission-line
measurements are the ratios of maximum values of resonance or distribu­
tion curves to adjacent minima. For lines with low over-all attenuation
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(1)

(2b)

(2a)n = 0,1,2, ...where

the maxima of resonance curves and the minima of distribution curves
are very sharp, whereas the minima of resonance curves and the maxima
of distribution curves are broad. This behavior is readily understood if
it is recalled that the expression for distribution curves is formally the
reciprocal of the expression for resonance curves in terms of the appro­
priate variables. For lines with a dissipative load both resonance-curve
maxima and distribution-curve minima are broad.

The ratio of the maximum of a resonance curve to an adjacent mini­
mum is obtained directly from Sec. 7, Eqs. (12a,b). Thus

R = (S~?max = c?sh (aSmin + Po + P.)
(S. )min smh (asmax + Po + P.)
n7r - «1>0 - «1>.

Smax = {J

X
Smin = Smax ± 4"

If the attenuation constant a of the line is sufficiently small so that

aX
4 « asmax + Po + P. (3)

(1) reduces to

R (S;l)max. th ( + + )= (S-l) . = co asmax Po P8
a min

(4)

If aSmax is small compared with P8, as is usual, it follows that

so that

aSmax « po + P.

(S;l)max. th ( + )
(S-l) . = co Po p.

• miD

(5)

(6)

Finally, if it is correct to set
PO« p.

it follows that
(7)

(8)(S;l)max == coth P. == S = SWR
(S;l) min

The quantity S == coth P8 is known as the standing-wave ratio. t It is
customarily defined in terms of the distribution curves of current and
voltage rather than in terms of resonance curves. This is carried out in
the following.

The ratio of any given current maximum along a transmission line to
an adjacent minimum is obtained directly from Sec. 8, Eqs. (7a,b). It is

[Iz(W)]max (Sw) max cosh (awmax + P8)

[Iz(W)]min = {Sw)min = sinh (aWmin + P8)
(9)

t The letter S without subscript or with subscript V or I is used for the standing­
wave ratio. S with subscript 8, w, x, etc., is an amplitude as in Sec. 8, Eq. (2).
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where [(2n + 1)/2]11" - 4t.
Wmax = {3

X
Wmin = Wmax ± 4

n = 0, 1, ... (lOa)

(lOb)

Subject to the condition
aX
4 « awlllax + p.

it follows that (9) may be expressed in the form

[111 (W)]max _ (Sw)max..!. th ( +)
[I ( )J - -(S) - co awmax P.

II W min w min

(lla)

(lIb)

The attenuation constant of most low-loss lines is sufficiently small so
that, when the line is loaded, the following conditions are satisfied:

P.» awmax P.» aWmin (12)

In this case the ratio in (lIb) reduces to a constant. Thus

[111 (W)]max..!. th - S
[1.(w)]min - co P. = 1

(13)

(14)

where the quantity SI is the current standing-wave ratio for the section of
line between the generator and Z.. The voltage standing-wave ratio is
obtained in the same manner. Subject to (13) it is

[Vll(W)]max = (S~)max = coth P. == Sv
[Vll(W)]min (Sw) min

Note that subject to (12) the standing-wave ratio of the current and
voltage distribution curves depends only on the terminal function P.,
so that

(15)

(16)

The ratio of the maximum current at z to the minimum current at the
same point, as obtained by moving the generators, has the following value
for one pair of equal and opposite point generators at x:

[Ill (X)]max (Sz) max cosh (aXmax + po)
[Ill(X)]min = (Sz)min = sinh (axmin + po)

Subject to the condition

po » aXmax Po » axmin (17)

which requires that the attenuation of the section of line of length xmax
or Xmin be negligibly small compared with the attenuation of the gener­
ator? (16) reduces to

[Vll(X)]max = [Iz(x)]max = (Sw)max == coth Po == SI (18)
[Vz(X)]min [Iz(x)]min (Sw)min
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For two pairs of equal and opposite generators, the corresponding
ratio is

(19)

(20a)
(20b)

for r18 ~ 1
for g18 ~ 1

is most easily measured from the
current or voltage distribution
curves using (13) or (14). But
the other methods also serve their
purposes in special circumstances.
A curve of the standing-wave ratio
as a function of the terminal at­
tenuation P8 is shown in Fig. 9.1.

The standing-wave ratio has a
particularly simple form if the
terminal impedance Z8 is pre­
dominantly resistive, so that, as
defined in Chap. II, Sec. 18,

P8 = tanh-1 r18

P8 = tanh-1 gl8

S=coth Ps

101-----'1<----+------1

S

100 ,...-----,-----,---------,

Evidently (18) and (19) are the standing-wave ratios for the section of
line between the generators symmetrically placed with respect to x
and Zoo

The standing-wave ratio usually

X18 = 0 and

1'-- ..1.- ....L..--===_-..I

0.01 0.1 10
Ps

FIG. 9.1. Standing-wave ratio as a function
of the terminal function P••

Similarly

where gl8 = l/Tl8 = ReiR 8 • Since P8 = coth- 1 S, it follows that

r18 = tanh P8 = tanh (coth-1 S)
1

g18 = - = S for T1 ~ 1
ris

g18 = tanh P8 = tanh (coth-1 S)
1

r18 = - = S for r1 ~ 1
g18

(21a)

(21b)

(22a)

(22b)

For lines with low attenuation, so that terms with the distortion factor
C/>C as coefficient are negligible,

. R 8 • S
r18 = - =

Re

. R e • S
g18 = R

8
=

(23a)

(23b)

These are simple and useful formulas.
10. Distributions of Current and Voltage in a Resonant Line; Compo­

nents of Current and Voltage. The distribution curves discussed in
Sec. 8 and pictured in Fig. 8.1 represent the magnitude of the current and
voltage. Also of interest are the components that are in phase with the
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emf of the generator and in phase quadrature with it. For simplicity
let the line be driven by a single pair of point generators (or their equiva­
lent) at z = 0, so that x = 0 in the general formulas of Sec. 2. The
expressions for current and voltage are

TT _ VII sinh 80 cosh ("(w + 98 ) = V- h ( + 4 )

". - 0 sinh ("(s + 90 + 9
8

) - • cos "(w u.

I - V~ sinh 90sinh ("(w + 9.) = V. . h ( + 4 )

• - Z . h ( ) - Z sIn "(W u.
e sm "(S + 90 + 98 C

(1)

(2)

(5)
(6)

where V. is as defined in (1) and (2). For convenience let it be assumed
that the impedance of the generator is a pure resistance Zo = R o, which
is much smaller than Re• Then

Ro « Re po == Ro« 1 4>0 = ! (3)
Rc 2

and sinh 90 = sinh (po + j4>o) = j cosh po (4)

Let the circuit be tuned to resonance so that

{3s + 4>0 + 4>. = n1f' n odd
Then sinh ("(s + 90 + 68 ) = - sinh (as + po + Pit)

Hence, expanding cosh ("(w + 9.) and sinh ("(w + 9.),

II -j cosh po ) ( )
V. = Vo . h ( + +) [cosh (aw + P. cos {3w + <1>.SIn as. Po p.

+ j sinh (aw + P8) sin ({3w + «1>.)] (7)
V~ -j cosh Po •

1. = R (1 .). h ( + + ) [smh (aw + P8) cos ({3w + 4>.)
c - :JcPe sm as Po P.

+ j cosh (aw + P.) sin ({3w + 4>.)] (8)

Let the following notation be introduced:

Aw == aW + P. Fw == {3w + «1>. (9)

From (1) and (2) and with (4) and (6) it follows that

V = VII sinh 90 = VII -j cosh Po (10)
• - 0sinh ("(s + 90 + 9.) 0 sinh (as + Po + P.)

Then, since V. in (10) is equal to - jV., it follows that

VOl = V.(sinh A w sin Fw - j cosh A w cos Fw) (11)

1. = ~: (1 + jcPc)(cosh A w sin Fw - j sinh A w cos F w) (12)

It is readily verified that the terms with cPc as coefficient contribute nothing
of significance in practically important cases. Thus

I. = ~: [cosh A w sin Fw + cPc sinh A w cos Fw

- j(sinh A w cos Fw - cPe cosh A w sin Fw )) (13)
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Using the formulas

A sin x+ B cos x= VA2 + B2 cos (x - tan-l~) (14a)

= V A 2 + B2 sin (x + tan- 1 ~) (14b)

and neglecting terms multiplied by <P~,

I z = ~: {cosh A w sin [FlO + tan- 1 (<Pc tanh A w )]

- j sinh A w cos [FlO + tan- 1 (<Pc coth A w )]} (15)

Since tanh Aw can never exceed unity, the angle

tan- 1 (<Pc tanh A w ) == <Pc tanh A w (16)

(17)

is of magnitude <Pc, which is of order 10-3 on a low-loss line. In practical
application angles are not usually measured to the nearest thousandth
of a radian, so that no observable error is introduced by assuming
<Pc tanh Aw == O. The angle tan- 1 (<Pc coth A w ) in (15) is negligibly small
so long as coth A w does not become large. I t becomes large only when
Aw hecomes small, that is, when coth A w == 1/A w • In this case

tan- 1 (<Pc coth Aw ) == tan- 1~
A w

1== tan-1 ---:---~.....,..
(3(w + ps/a)

Clearly, if Ps is large compared with a, this angle is very small. On the
other hand, if ps == 0, the angle defined in (17) is small only when {3w is
sufficiently large; as {3w ~ 0, the angle approaches 1r/2. Thus the angle
is important only when ps == 0 and (3w becomes small. However, when
w becomes small, sinh A w == A w = aW likewise becomes extremely small.
Thus, when the phase of the cosine in (15) is significantly affected by
the term in cJ>c, the amplitude of the entire term becomes vanishingly
small. Hence no significant error is made if the terms in <Pc are omitted,
so that

Vz = V;' + jV; == VAsinh Aw sin FlO - j cosh Aw cos FlO) (18)

Iz = I~' + j/~ == ;~ (cosh A 10 sin FlO - j sinh A 10 cos F10) (19)

The voltage and current for the load are obtained with w = O. They are

Vs = V~' + jV~ == Vs(sinh ps cos <1>s - j cosh Ps sin <1>s) (20)

Is = I~' + j/~ == ~: (cosh P. sin <1>s - j sinh ps cos <1>s) (21)

The functions V;', V~, and \Vzl are shown graphically in Fig. 10.1, and
I;', I;, and IIzl in Fig. 10.2. The magnitudes \Vz\ and IIzl are, of course,
identical with distribution curves for the voltage and current in Sec. 8.
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I;; .....- __

o

/ ", \
I \

I \I~I
I \

I \
I \

I \
I \

I \

t.
K sinh ps-..... r·

---- --- "h.li

-K cosh ps

-10 -K cosh (eI! w+Psl

I (3w
2rr 3rr/2 TT TT/2 0

2rr 3rr/2 TT 11'/2 4>.
Fw =f3w+cl>s

Flo. 10.2. Distribution of current in a resonant line.
265



266 TRANSMISSION-LINE THEORY [Chap. IV

11. The Widths of Resonance and Distribution Curves. ll ,7S,SI The
greater the over-all attenuation of a transmission line, as defined by the
function a8 + po + ps, where a8 is the attenuation of the line, Po that of
the generator, and ps that of the load, the lower and broader are the
maxima of the resonance curves described in Sec. 7. Similarly, the
greater the attenuation of the terminated section of line between that
point z where the current and voltage are measured and the load at
z = 8, as characterized by the function aW + Ps, where w = 8 - z, the
higher and broader are the minima of the distribution curves for current
and voltage described in Sec.~. The same is true of the distribution
curves obtained by moving the point of coupling x of the emf in terms of
the function ax + po. It may be concluded that the ratio of maximum
to minimum and the width at a specified fraction of the maximum or
minimum of the resonance or distribution curves are useful in trans­
mission-line measurements of attenuation.

Width of Resonance Curve. The square of the amplitude of a resonance
curve is shown in Sec. 8 to be proportional to the function

8;2 = (sinh2 As + sin2Fs)-l

where the shorthand notation

(1)

As :::::: a8 + Po + Ps (2)

is used. As usual, a is the attenuation constant, {3 is the phase constant,
and 8 is the length of the line between the impedances Zo at z = 0 and
Zs at z = 8. The phase functions of these impedances are «1>0 and «I>s;
the corresponding attenuation functions are Po and ps.

The maximum amplitude squared is defined by (1) when the condition
of resonance

Fs = {38 + «1>0 + «I>s = n7f'

is satisfied. It is

n = 0, 1, 2, . . . ,8 ~ 0 (3)

(8;2)max = csch2 As (4)

The square of the amplitude (1) is reduced to an arbitrary fraction 1/p2
of the maximum when F s is changed from (3) to one of the two values

Fs1 = Fs - oF I (5)

Note that the required change in F s may be made by varying (a) the
length of the line 8, (b) the frequency, so that {3 = w/v changes, or (c)
Zo or Zs, so that «1>0 or «I>s is changed. In anyone of these cases As is
also affected so that, paralleling (5),

Thus

(6)

(7)
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where the upper sign is for Fs1, with subscript 1 on oA and of, and the
lower sign is for Fs2, with subscript 2 on oA and of. Note that, if the
amplitude is reduced entirely by changing the length of the line from 8 to

it follows that
or (8)

oF1 = {1081
oA 1 = a081

oF2 = {1082
oA 2 = a082

(9a)
(9b)

The substitution of (4) in the middle term in (7), using the condition
for resonance (3), gives

p2 sinh2 As = sinh2 (As + oA) + sin2 (n1l" + of) (10)

where the subscript 1 is used on oA and of with the upper sign, and the
subscript 2 with the lower sign. By expanding the hyperbolic and circu­
lar sines the following transformed expression may be derived:

(p2 - cosh2 oA) sinh2 As + 2 sinh As cosh As sinh oA cosh oA
- sinh2 oA cosh2 As = sin2 of (11)

So long as the change in F s is made by varying either the length 8 or the
frequency, the associated change in As is very small if, as is assumed,
a low-loss line is involved. That is,

(12)

(13)

(15)

(14)

cosh oA == 1(OA)2 « 1 sinh oA == oA

With (12), (11) may be approximated by

(
- /-2--1 . h A + oA cosh As)2 - . 2 ~Fvp-sm s __~ -Sillu

Vp2 - 1

The two equations from (13) are

-/-2--1· hA +oA1coshAs '0 rFIvp - SIn s •~ = sIn u 1
Vp2 - 1

- /-2--1 . h A oA 2 cosh As I' rF Iv p - SIn s - _~ = SIn u 2
Vp2 - 1

Let (14) be added to (15) to give

Isin oF11 + Isin oF21 = 2 Vp 2 - 1 sinh As (1 + VOAl - oA 2
. )

2 p2 - 1 tanh As
(16)

Since oA l and oA 2are both small and nearly equal, the condition

loA l - oA 2 ! «2 Vp 2 - 1 tanh As (17)

usually can be satisfied easily. Subject to (17), (16) can be solved for
As as follows:

(18)
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This is the fundamental equation relating the over-all damping factor
A. = as + po + P. to the changes ~F1 and ~F2 required to reduce the
resonance curve to lip of its maximum value in both directions.

Note that the resonance curve is symmetrical if ~F1 = ~F2 and
8A l = ~A2. For a symmetrical curve (17) is satisfied automatically, so
that (18) is a good approximation. It is evident from (14) and (15)
that ~Fl and ~F2 approach equality as the terms in ~A become smaller.
Hence satisfactory conditions for an approximately symmetrical reso­
nance curve are

~A 1 « (p2 - 1) tanh A. 8A 2« (p2 - 1) tanh All (19)

With (19), ~Fl == ~F2 == ~F (20)

so that (18) reduces to

A . . h-1 Isin ~FI (21).=Sln _~
Vp2 - 1

If the over-all damping is sufficiently small so that

sin2 ~Fl == sin2 ~F2 == (p2 - 1) sinh2 A. « 1 (22)

it follows that sin ~Fl == ~Fl and sin ~F2 == ~F2, so that (18) reduces to

A. == ~Fl + ~F2 = 6.F. (23)
2 Vp2 - 1 2 V1J2=1

where 6.F. == ~Fl + ~F2 (24)

is the angular width of the resonance curve at a level lip of maximum.
By setting p2 = 2 and thus defining the so-called half-power level, the
following very simple relation is obtained:

A. == ~. (25)

(26b)

(26a)

With p2 = 2,

That is, the over-all attenuation factor is one-half the width of the reso­
nance curve at a level lip = 0.707.

If the only variable is the length s of the line, so that ~F = {j ~s and
6.F. = 6.8 = (j(~Sl + ~82), (23) reduces to the following:

A + + . {j 6.s
.=a8 po P.=_~

2 V p2 - 1

A + + . (j 6.8
• = as Po P. = 2

Note that 6.8 is the width of the resonance curve at power level lip
when the line is resonant at the length s defined by (3). The conditions
implied in (26a,b) are

a 88 == a :8 « 1 (88)2 « (:~)2 (27)
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Width of Distribution Curve. Let the distribution curve obtained by
moving a current or voltage probe along the line be examined. (The
distribution curve obtained by moving the point of coupling of the gener­
ator may be obtained by a simple change in notation.) The square of
the minimum amplitude is

s~ = sinh2 Aw (28)

where A", = aw + P.. The minimum current amplitude occurs when

F", = (jw + 4>8 = n1r w ~ 0 (29)

The square of the amplitude increases to p2 times the minimum at two
values of Fw, one located on each side of the minimum as defined in (28).
These values are

(30a)

If w is the only variable, the locations of the two values defined in (30a)
are

(30b)

The values of A corresponding to (30a) are

(30e)

The values of S~ at F"'1 and F",2 must satisfy the equations

p2 sinh2 A w = sinh2 (A", =+= ~A) + sin2 (n1r =+= ~F) (31)

where the upper sign is for ~Fl and ~Al and the lower sign is for ~F2

and ~A2. Since (31) is like (10), with a subscript w instead of s, it fol­
lows that the same solutions are obtained subject to corresponding con­
ditions. The fundamental relation is (18), with the subscript s replaced
by w; ~F1 and ~F2 are the changes in Fw which increase the amplitude to
the level p. The relation corresponding to (26a) is

A +
. {j ~w

", = aw P. = _/
2 V p2 - 1

With p2 = 2, this reduces to

A + . fJ ~w", = aw P. = -2-

(32a)

(32b)

In (32a,b) ~w is the distance between half-power points on each side of
the dip in the distribution curve which occurs at w. Conditions corre­
sponding to (27), with w substituted for s, must be satisfied if (32a,b)
are used. The conditions for a symmetrical distribution-curve dip are
like (19), with subscript w substituted for s.

12. The IIQ" of a Transmission Line. A quality factor Q may be
defined for a complete transmission-line circuit. consisting of a length of
line s, a load impedance Z., and a generator impedance Zo or for a termi-
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(1)

nated section consisting of a length of line wand a load impedance Zs.
In both cases the definition for the reciprocal of the Q is

1 _ of' + of" ow' + ow" o{3' + o{3"
Q= f w (3

where f + of' and f - of" are the" half-power frequencies" at which the
square of the current or voltage at an arbitrary point along the line is
reduced to one-half the maximum value at the fundamental frequency j. t
Experimentally Q may be obtained from a resonance curve by varying
the frequency in order to determine f, f + of', and f - of". In the fre­
quency range f - of' to f + of' let the following condition be a good
approximation:

oA s « As == as + po + Ps (2)

Also oFs = o({3s + <1>0 + <l>s) (3)

It is understood in (2) and (3) that oAs stands for either oA~ or oA;' and
oFs for oF~ or of;', where As + oA~ and Fs + oF~ correspond to w + ow'
and As - oA;' and Fs - of;' correspond to w - ow", where w is the
fundamental resonant frequency.

If interest is in a terminated section of line of length w with load Zs,
(2) and (3) are replaced by the following:

oAw « A w A w = aw + ps (4)

ofw = o({3w + <l>s) (5)

Since with (3) the condition implied in Sec. 11, Eq. (23), is fulfilled,
it follows that, with p = 2,

As = j(oF~ + oF~') == ~ (o{3' + o{3") + j(o<l>~ + o<l>~') + j(o<l>~ + o<l>~')

(6)

Similarly A w = j(oF~ + of;:) == ~ (o{3' + 0{3") + j( o<l>~ + 0<1>;') (7)

If (6) is substituted in (1), an expressiop is obtained for the loaded total
Q of the entire resonant transmission-line circuit including the line, the
load, and the generator. It is

Q Q {3s (8)
= t = 2[as + Po + Ps - (o<l>~ + o<l>~' + o<l>~ + o<l>~')]

where s is the length of line at the lowest resonant frequency. It is
given by

{3s + <1>0 + <l>s = n7l"

where n is the smallest integer for which {3s is positive.

(9)

t A Q factor for a given circuit at each of an unlimited number of harmonic fre­
quencies can be defined if desired. In this section only the Q at the fundamental
frequency is introduced.
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Alternatively, if (7) is substituted in (1), an expression is obtained for
the loaded Q at input resonance of a section of line of length w termi­
nated in the load Z,. I t is

{3w
Q = QL = 2[aw + p, _ (c5<I>~ + c5<I>~')] (10)

The resonant length w is defined by

{3w + <I>, = n7r

where n is the smallest integer for which {3w is positive.
If the ends of the line are either open- or short-circuited,

(11)

po == p, == 0 (12)

(15)

and (8) and (10) reduce to the simple form characteristic of the line alone.
The unloaded Q is

Q = Qo = fa (13)

Note that Qo is independent of the length of the line. Since

~ = 2~ (1 + ~) (14)

it follows that
1 r g

Qo = wl + wC

For a low-loss line the condition (a/{3)2 « 1 is satisfied, so that

Q~» 4 (16)

The external Q's of the resonant circuit of length s and the resonant
section of line of length w, respectively, may be defined by

{3s
QE = 2[po + p, - (c5<I>~ + c5<I>~' + c5<I>~ + c5<I>~')] (17a)

(3w
QE = 2(p, _ «5<I>~ _ «5<I>~') (17b)

1 1 1
so that Qt = Qo + QE (18a)

~ = 1.. +~ (18b)
QL Qo QE

It is significant that, if c5F, = «5({38) and «5<I> = 0, the effect of varying
the frequency with s fixed (so that «5F, = 8 c5(3) is essentially equivalent
to varying the length with the frequency fixed (so that c5F, = (3 «58). In
this latter case Qt is given by

1 158' + c5s"
Qt = S

(19)
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where 8 + 08' and 8 - 08" are the lengths of line at a fixed frequency for
which the square of the current or voltage at an arbitrary point along
the line is reduced to one-half of the maximum value at the resonant
length 8. Similarly, with oFw o({3w) and o<l>s = 0,

1
QL

ow' + ow"
w

(20)

where w is the length of the section for input resonance and w + ow' and
w - ow" are the half-power lengths.

It may be concluded that, when 0<1> = 0, the Q of the transmission­
line circuit may be determined from resonance curves using either the
frequency or the length of line as the variable.

13. Theory of Transmission-line Measurements. 8,14,62-64,66-68,71-73,

76-79,81,88,89,91,98,103 Although in some respects the transmission line is
not convenient for making electrical measurements, it is both versatile
and valuable at frequencies that are sufficiently high to make bridge
circuits with lumped elements unavailable. If the distance between the
conductors of the transmission line is sufficiently small compared with
the wavelength to make higher propagating modes impossible and to
keep radiation from open-wire lines negligible, transmission-line theory
provides a highly accurate analogue of experimentally observable and
measurable conditions. This is true except near the terminations or dis­
continuities along the line where appropriate corrections usually must be
made to take account of end effects in the line and coupling effects
between the line and the termination, as discussed in Chap. II, Secs. 3
and 4. Let it be assumed in the following that account has been taken
of such effects and that the actual transmission line with nonuniform
properties near its ends has been replaced analytically by an equivalent
uniform line terminated in measurable apparent impedances. The actual
determination of an apparent impedance ZOa or Zsa from the theoretical
ideal impedance Zo or Zs is considered in Chap. V.

A general transmission-line system consists of a section of line extend­
ing from z = 0 to z = s and terminated at z = 0 in Zo and at z = 8 in Zs.
Owing to terminal-zone effects this system is equivalent to an ideal uni­
form line of length s terminated in the apparent impedances ZOa and Zsa
at z = 0 and z ~ 8, respectively. The line is driven by the equivalent
of one or two pairs of equal and opposite point generators symmetrically
placed with respect to an arbitrary and movable point x. Experi­
mentally available equivalents of such generators are described in
Chap. VI.

A number of quantities that can be measured on such a transmission
line are described in the following. The purpose is to outline the theo­
retical foundations, not to discuss the experimental technique.s Note
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that bridge and phase measurements using the hybrid junction are dis­
cussed in Chap. III, Sec. 15.

The Measurement of Phase Constant and Wavelength. The phase con­
stant {3 and the wavelength A = 27r/{3 may be determined using either
resonance or distribution curves.

a. Resonance-curve Method. The particular lengths of line Sn for which
the maximum of a resonance curve (obtained by changing the over-all
length of the line with everything else constant) may be observed are
defined by the condition

n = 0, 1, 2, . . . , Sn > 0 (la)

If two such lengths Sn and Sn-l are determined experimentally by vary­
ing the length s of the line, it follows from (la) that

{3 = 7r
Sn - Sn-l

(lb)

In order to obtain sharp resonance curves, both terminations ZOa and
Zsa should be reactive and preferably should be pistons in shielded lines
(as in Fig. 13.1) and metal disks or
conducting bridges on open-wire lines. Ge;~::;f-f:f---------.:at;-~et
High precision in determining {3 and ~I' ---- s --+1.1
A may be achieved by plotting the z=o z-s
vicinity of each resonance peak and FIG. 13.1. Coaxial line with pistons and
drawing mid-point lines to locate the coupling loops for measuring wave-

length and phase constant by the
peak accurately. resonance-curve method.

Since it has been assumed that sis
the only variable, neither the distance w = S - z from the current or volt­
age probe to Zsa nor the distance x from ZOa to the center of the configura­
tion of point generators must be changed as S is varied. A possible pro­
cedure is to couple the generator or the detector to the line by means of
a loop which is attached directly to a movable piston, as in Fig. 13.1, or
to a movable disk or wire bridge.

If both the point of coupling of the generators and the location of the
current or voltage probe are fixed at distances x and z, respectively, from
the impedance Zo, whereas the length s of the line is varied by moving Zs
(usually in the form of a piston with Zs == 0), it is clear that w = s - z
varies linearly with s. In this case the magnitude of the current at z is
proportional to

sinh2 (aw + Ps) + sin2 ({3w + cps)
IIzl r-./ sinh2 (as + po + Ps) + sin2 ({3s + CPo + cps) (2a)

If the location z of the current-detector probe is fixed so that

2n + 1(3(s - w) + lJIo = -- 7r
2



274 TRANSMISSION-LINE THEORY [Chap. IV

with n integral, this expression becomes

(2b)

For small over-all attenuation 11z 1 varies as Icot ({js + ~o + ~B)I [instead
of as \sec ({js + ~o + ~B) I when the detector is moved with ZB, so that
W is constant]. The locations and amp litudes of the extreme values are
given by

2n + 1
{3s + ~o + ~B = --2- 7r

{3w + ~B = m7r

111 . - sinh (aw + PB)
z mm - cosh (as + po + Ps)

{38 + ~o + ~B = n7r

Q + ~ _ 2m + 1
fJW B-2 7r

III - cosh (aw + PB)
z max - sinh (as + Po + PB)

(2c)

(2d)

Gen -<J E."L-------JJ----- -p
Det

!--w---t
FIG. 13.2. Slotted coaxial line with mov­
able detector probe for measuring wave­
length and phase constant using the
voltage-distribution curve. If a loop is
substituted for a straight probe, the
current distribution curve replaces the
voltage distribution curve.

Since the distances between maxima are the same as when 8 alone is
varied, with W fixed, and the resonance maxima are almost as sharp,
{j and A may be determined equally well if only a terminating piston is
moved, with detector and generator fixed, provided the detector is placed
exactly where it gives maximum deflection. Note that the above for­

mulas apply to Vz if eJ>a is replaced
by eJ>~•

It is shown in Chap. VI that the
condition for the driving source to be
equivalent to a configuration of point
generators along the line requires that
this be coupled loosely to the line.

b. Distribution-curve Methods­
Current and Voltage. Since distribu­
tion curves as functions of w or x
are reciprocals of resonance curves

as functions of s, the same procedure in measuring A may be followed
using minima of distribution curves as using maxima of resonance curves.

If a current or voltage probe is moved along the line, as in the circuit
of Fig. 13.2, to obtain a current or voltage distribution curve and, in
particular, to locate its minima at W n , the equations that these satisfy
are as follows:

[Iz(W)]min occurs at {jwn + ~Ba = n7r
[Vz(W)]min occurs at {jwn + ~:a = n7r

(3a)
(3b)
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where n = 0, 1, 2, . . . and W n > O. Evidently

{3= 7r'
W n - Wn-l

(4)

(5b)

(5a)

FIG. 13.3. Slotted coaxial line with
movable generator loop for measuring
wavelength and phase constant using
the distribution curve of the point of
excitation.

p,L-t---------::F;~~
k-X--ll!k Gen. Sn --..I

The distribution-curve minima are sharp only if Zsa is essentially reactive.
If required, a plot of the curves may be
made, and mid-point lines drawn to lo­
cate each minimum more accurately.

Since the current or voltage probe
is not included in the analysis, it must
be coupled sufficiently loosely to pro­
vide no significant reaction on the
generator.

c. Distribution-curve Methods-Point
of Excitation. If a distribution curve
is obtained as a function of x by moving the generators (as by moving
a loosely coupled oscillator or coupling unit, as in Fig. 13.3) relative to
the line, minima in the curve occur when

For one pair of point generators:

{3xn + <Poa = n7l'

For two pairs of point generators:

{3xn + <P~a = n7r'

where n = 0, 1, 2, ... and x > O. Evidently

{3 = 7r'
X n - Xn-l

(6)

The Measurement of Frequency or Phase Velocity. The transmission
line permits the measurement of frequency only indirectly. Since

f = ~ = {3v (7)
A 27r'

it is clear that, if the velocity v is known, f can be evaluated from (7) if
{3 or A is measured. Alternatively, if the frequency is known, the phase
velocity v may be determined using (7). Theoretical values of v are
given in Chap. II, Sec. 12.

The Measurement of the Attenuation Constant. The attenuation con­
stant a of a low-loss line is usually so small as to make its experimental
determination difficult. Although methods based on the use of Sec. 9,
formulas (1), (9), or (16), are theoretically possible, the ratios of maxi­
mum to minimum amplitude in a resonance curve or a distribution curve
are very great if the only attenuation is that of a section of line. The
measurement of such large ratios involves serious difficulties. These
include the problem of a detector accurately calibrated over a range from
very low to very high levels and sufficiently sensitive to permit very loose
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coupling. Note that the losses introduced by the detector must be
negligible compared with the small losses in the line itself.

Other formulas upon which the measurement of a may be based are
Sec. 11, Eqs. (26b) and (32b). These involve the half-power widths ~sn

of resonance curves with maxima at Sn or the half-power widths ~Wn of
distribution curves with minima at wn • The appropriate formulas are

{j ~sn
aSn + POa + P8a = -2-

+ {j ~Wn
aWn P8a = -2-

(8)

(9)

In order to make use of (8), the length of the line is varied by moving
one of the terminations, as in Fig. 13.1, and the locations Sn and Sn+m of
two resonance curves and their respective widths ~sn and ~sn+m at 0.707
of maximum amplitude are measured. The quantities so determined are
related by the formula

(10)

In order to use (9), the current or voltage probe is moved to locate
two distribution-curve minima using Fig. 13.2 at distances W n and W n+m

from the terminating piston or bridge at z = s. The half-power width
of each is then measured by determining W + ow' and W - ow" and
setting ~W = ow' + ow". The formula for a obtained from (9) when
written for W n and W n+m is

(11)

Since the several distances and widths in (10) and (11) must be measured
with great accuracy, it is often necessary to plot resonance or extended
sections of distribution curves.

The Measurement of the Apparent Phase Function of a Termination.
The apparent phase function <P8a for an unknown impedance may be
determined using the same methods described for the measurement of {j.
Note that resonance-curve methods may be used to determine the phase
function of the generator impedance as well as that of the load; distribu­
tion-curve methods using voltage and current probes are useful only for
the load.

a. Resonance-curve Method. The measurement of <Pa (either <P8a or <POa)

depends on the availability of a standard termination such as a short­
circuiting piston in a shielded line or a sufficiently large conducting disk
in an open line. For both of these <Pa = <P = 7r/2. An alternative for
an open line is a conducting bridge for which <Pa = 7r/2 + {jk8a (see Chap.
II, Sec. 20).

If the phase function of the standard impedance is <Psa = 7r/2, the
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shortest resonant length Snl of line is given by

1r
{3Snl + cI>oa + 2 = 1r

Alternatively, if the standard is cI>oa = 1r/2,

(12a)

(12b)
1r

{3Snl + 2 + cI>8a = 1r

The shortest res,mant length with the unknown impedance [Z.a for use
with (12a) and ZOa for use with (12b)] is Sn2, given by

Subtraction of (13) from (12a) leads to

1r
cI>8a = 2 + (3(Snl - Sn2)

Subtraction of (13) from (12b) gives

cI>oa = ~ + (3(Snl - Sn2)

(13)

(14a)

(14b)

The two resonant lengths Snl for the short circuit and Sn2 for the unknown
impedance may be determined experimentally by changing the length of
the line as in the determination of {3 and subject to the same conditions.
Two cases are illustrated in Figs. 13.4 and 13.5. The latter shows an

Movable
loosely standard Tandem
coupled bridge bridge

generator I<D ,--------Z'='S-l+---;-

I Movable n-\ wI~
z=O probe t z~s C~-ksa

L~:~4
Movable
unknown

impedance

Movable n-, w2=w1
probe I~

'To
detector

1+-----s2----~

FIG. 13.4. Circuits for the two steps in the
measurement of the apparent phase func­
tion and attenuation function of an un­
known load impedance Z.2 using the
resonance-curve method and a two-wire
line.

~----Sl----""tl

c~;~ I---

I
--------"*"-

Movable piston
loosely coupled with detector
generator probe probe

Receiving
antenna ~in field of
distant ~--S2---~~~

transmitter --------'1'1!3::::=-

Movable piston
Ground with detector
plane probe

FIG. 13.5. Circuits for the two steps in the
measurement of the apparent phase func­
tion and attenuation function of a re­
ceiving antenna using the resonance­
curve method and a coaxial line.
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(15a)
(15b)

cP8a = 7r - {3wn

cP;a = 7r - {3wn

important application of this method to the measurement of the imped­
ance of a receiving antenna while used for reception. In this case the
antenna is the generator for the attached transmission line, so that dis~

tribution-curve methods are not applicable.
b. Distribution-curve Method. The function cP8a may be determined

using a movable probe with a line of fixed length. By locating the
minimum of the current or voltage distribution curve for the unknown

impedance at a distance W n from the
end of the line, the following equa­
tions are obtained, respectively, from
(3a) and (3b):

- To gener.:.;at::::or ----::-- (.....~

current-l-
p~obe at wn--l

minimum

FIG. 13.6. Measurement of the apparent
phase function <I>.a using a movable cur­
rent probe.

I
Short·

____-::- circuiting

j- disk
Current
p~o~e at Wnl~
minimum t

Detector

The apparent phase function is thus
determined using a movable current probe (as in Fig. 13.6) with (15a) and
a movable voltage probe with (15b). Note that cP:a = cP8a - 7r/2.

An alternative procedure that permits the measurement of a difference
in lengths instead of the actual length W n and makes use of a standard
termination such as a short-circuiting piston or disk is to apply (3a) or
(3b) to the standard termination and then to the unknown. If the mini­
mum using the standard termination
is at Wnl and the minimum with the
unknown is at W n 2, the following equa­
tion applies for a current probe as de­
rived from (3a), assuming the standard
termination to be a perfect short cir­
cuit (this is illustrated in Fig. 13.7):

cP8a = ~ + (3(Wn l - Wn 2) (16a)

Similarly for (3b) and a voltage probe

______--::- ..;)lZs

Current 1-
p~o~e at wnZ --l
minimum t

Detector

FIG. 13.7. Two steps in the measure­
ment of the apparent phase function
<I>.a using a movable current probe.

This is the distribution-curve analogue of the resonance-curve formula
(14). It has an advantage over (15) in that it involves only the differ­
ence between the scale readings for the two minima with the two termi­
nations instead of the actual distance of one minimum from the end of
the line.

A distribution-curve method of measuring cPo using a movable source
may be based on a formula like (15) or (16) with x substituted for W

and cPo for cP••
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The Measurement of the Apparent Attenuation Function of a Termi­
nation. The function Psa of an unknown impedance may be determined
using one of several methods. Since Psa for the termination is usually
quite large compared with the attenuation of the line, ratio methods as
well as half-power-width methods may be used.

a. Resonance- and Distribution-curve-ratio Methods. By varying the
over-all length of a terminated line the ratio of maximum to minimum
along a resonance curve may be obtained. The general formula for this
ratio is Sec. 9, Eq. (1). Since the attenuation of a quarter wavelength
of the line is usually negligible compared with the attenuation of the load,
Sec. 9, Eq. (4), is satisfactory. If the ratio R 2 of the maximum to the
minimum of a resonance curve is determined for Zsa and again as R 1 for
a standard termination such as a perfect short circuit (Psa = 0), the follow­
ing two equations are obtained:

aS2max + POa + Psa = coth-1 R1

aSlmax + POa = coth-1 R 2

(17a)
(17b)

The circuits of Fig. 13.4 may be used. It follows that

Psa = coth-1 R 2 - coth-1 R 1 (18)

since with !S2max - slmaxl ~ X/4 the term a(S2max - Slmax) is negligible.
Note that the attenuation of a detector may be included in POa, so that
the only error involved in (18) is the neglect of a quantity of the order of
magnitude of aX/4.

If a movable probe is used with the circuit of Fig. 13.6 to determine
the ratio of the maximum to the minimum of a distribution curve for
current or voltage-the so-called current or voltage standing-wave ratio-­
the general equation [Sec. 9, Eq. (lIb)] is applicable. Since the attenu­
ation of the line is usually negligible, Sec. 9, Eqs. (13) and (14), are valid.
That is,

Psa = coth-1 S (19)

where S is the current or voltage standing-wave ratio. The most con­
venient method of determining Psa is usually from the current or voltage
standing-wave ratio, as given in (19). It is well to note, however, that
the reactive and resistive loading of the probe is neglected.

The apparent attenuation function POa of the apparent impedance ZOa

at the other end of the line may be determined in a similar manner from
the ratio of the maximum to the minimum of the distribution curve
obtained by moving the generators.

b. Resonance- and Distribution-curve-width Methods. By varying the
length s of a terminated line on both sides of a resonant length Sn2 for an
unknown Zsa in order to determine the half-power width ~Sn2 and repeat­
ing this procedure to determine the half-power width ~Snl of a resonance
curve with maximum at Snl for a standard termination for which PSG = 0,
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the following equations are obtained using (8):

(3.1sn2
aSn 2 + pOa + Psa = -2-

(3.1sn1
aSnl + POa = -2-

By subtraction the following formula for Psa is obtained:

(20a)

(20b)

(21)

If Sn2 and Snl are chosen as close together as possible, the last term in
(21) with a as a factor is usually negligible, so that

(22)

Note that the contribution to the attenuation by a detector may be
included in POa and that its effect is subtracted if it remains constant.

By moving a current or voltage probe along the line on both sides of a
distribution-curve minimum at W n in order to determine the half-power
width .1wn , the right side of (9) is determined if (3 is known. If a is also
known, Psa may be obtained directly. Alternatively, if the attenuation
due to the line is negligible, so that aWn «Psa, a satisfactory approxi­
mation is

. (3.1wn
Psa = -2- (23)

Determination of Reflection Coefficient. The apparent reflection coef­
ficient r sa = I'saeN.a is determined directly from values of Psa and epsa

using the relations
(24)

(25)

The terminal functions psa and epsa may be obtained using any of the
several methods. If the standing-wave-ratio method is used, a con­
venient formula relates I'sa directly to the standing-wave ratio. Thus,
since

e-2psa = coth Psa - 1
coth Psa + 1

when Psa » aw and 8 = coth psa, it follows that

8-1
I'sa = S + 1

Determination of Apparent Impedance. Once the apparent terminal
functions Psa and <Psa have been determined for a given termination, the
apparent normalized impedance z lsa = flsa + jXlsa may be calculated
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directly using Chap. II, Sec. 15, Eqs. (7) and (8). If the actual imped­
ance Zsa is required, the characteristic impedance Zc of the line must be
known.

If resistance and reactance curves for a given termination are to be
determined as functions of the frequency or some variable characteristic
of the termination, it is usually more accurate to plot smooth curves
through the experimentally determined values of Psa and cPsa and then
compute rlsa and Xisa from the curves rather than first to compute rlsa

and Xisa directly. This is due to the fact that Psa and cPsa are smoother,
more slowly varying quantities than rlsa and Xisa'

Three-probe Method of Measuring Apparent Impedance. Impedance
may be measured using three fixed voltage or current probes instead of
a single movable one as in the standing-wave-ratio method. The meas­
ured quantities required are the relative voltages (or currents) at three
fixed points along the line near the unknown terminating impedance.6S,64,71

Suppose that the apparent impedance Zsa = Rsa + jXsa is at z = 8 or
w = O. The voltage at a distance W from the termination is given by
Sec. 2, Eq. (6), or Sec. 5, Eq. (2). Its magnitude is

V - V~8x C
z - 8

8
W

where c~ = sinh2 (aw + Psa) + cos2 ((3w + cPsa)

= Mcosh 2(aw + Psa) + cos 2((3w + cPsa)]
(26b)

(27c)

(27a)

(27b)

Let the three voltage probes be located at (3WI, (3W2 = (3WI + 11'"/4, and
(3ws = (3WI + 11'"/2. The relative voltages are given by

C~l = ([cosh 2(awl + Psa) + cos 2((3WI + cPsa)]

C~2 = i[cosh 2(aw2 + Psa) + cos 2((3W2 + cPsa)]

= i[cosh 2(aw2 + Psa) - sin 2((3WI + cPsa)]

C~s = i[cosh 2(aws + Psa) + cos 2((3ws + cPsa)]

= i[cosh 2(aw2 + Psa) - cos 2((3WI + cPsa)]

It is now easily verified that, subject to the condition

cosh a(wl - ws) == 1 or (a
4
A) 2 « 1

the following expressions are valid:

Vi + V~ - V~ sinh2 2(aw2 + Psa) + cos2 2((3WI + cPsa)

V~ = [cosh 2(aw2 + Psa) - sin 2((3WI + cPsa)]2
Vi - V~ sinh 2(aw2 + Psa) sinh a(wl - ws) + cos 2((3WI + cPsa)

2V~ cosh 2(aw2 + Psa) - sin 2((3WI + cPsa)

If the first of the three probes is located at

11'" 11'" 311'"
(3WI = 4 so that (3W2 = "2 and (3ws = "4

(28)

(29a)

(29b)

(30)
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(31b)

(31a)

the above formulas reduce to

V~ + Vi - V~ sinh2 2(aA/4 + P8a) + sin2 2<I>8a
V~ [cosh 2(aA/4 + P8a) - cos 2<I>8a)2
V~ - Vi sinh 2(aA/4 + P8a) sinh aA/4 - sin 2<I>8a

2Vi cosh 2(aA/4 + P8a) - cos 2<I>8a

Subject to the following conditions (which are readily satisfied for a wide
range of impedances terminating a low-loss line):

aA"4 « P8a (32a)

Isinh 2 (~A + P8a) sinh ~A I« Isin 2<I>8al (32b)

these may be reduced further. The results art

V~ + Vi - V~ == sinh2
2P8a + sin2

2<I>8a = r2 + x2 (33a)
V~ (cosh 2P8a - cos 2<I>8a)2 lBa lBa

V~ - Vi . - sin 2<I>8a (33b)= = Xlsa
2V~ cosh 2P8a - cos 2<I>8a

where rlsa and X18a are the normalized apparent terminal resistance and
reactance, as defined in Chap. III, Sec. 2. Only if terminal-zone effects
are negligible may the subscripts a be omitted.

It is seen that, by measuring the voltage amplitude at three fixed points
located at exactly A/8, A/4, and 3A/8 from the load, the impedance of
the load may be determined. Note that the three probes are assumed
to be so tuned and so loosely coupled as to have no significant effect on
the line and on one another. If desired, the probes may be located at
other distances than those specified in (30). with corresponding changes
in the formulas.

Determination of the Characteristic Impedance of the Line. The charac­
teristic impedance of a transmission line is a scale factor relating current
and voltage. It is the normalizing factor in the impedance. It can be
computed directly from the dimensions of the line using the theoretical
formula, but in general it cannot be measured on the line itself, since
there is no absolute standard for impedance.

The characteristic impedance of one transmission line is readily meas­
ured using another line with a known characteristic impedance. This is
accomplished by measuring the apparent impedance of a section of the
line when used as a termination for the measuring line. The usual pro­
cedure is to select a section of line of length s and measure its input
impedance Zic when it is short-circuited with a piston or a disk and Zio
when it is open-circuited. In the first case P8 = 0 and <I>8 = 7r/2; in the
second case P8 = 0 and <I>. = O. The two input impedances are

Zio = Zc coth "(8 (34)
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The product of these expressions is

(35)

(36a)
(36b)

If Zio and Zic are measured, Zc may be computed from (35).
Note that, where two transmission lines with different cross sections

are connected, a discontinuity exists of which no account is taken in the
above procedure. Moreover an ideal open circuit such as is presumed in
(34) does not exist owing to the capacitive end effect that characterizes
every practically available transmission line. An analysis of junction
and end effects is given in Chap. V. But for many purposes, especially
with lines of sufficiently small cross-sectional dimensions, they are rela­
tively unimportant, and (35) with (34) is adequate. In this section (35)
is considered without correction. .

By separating the real and imaginary parts of (35) using

Zio = Rio + jXio , Zic = Ric + jXic , and Zc = Rc(1 - jcPc)

the following two equations are obtained:

R;(1 - cP;) = RioRic - X ioXic
- 2cPcR~ = XioRic + XicRio

It follows from these equations or from the typical curves of the input
reactance of a section of transmission line that either X io or X ic is nega­
tive and the other is positive. Since on all low-loss lines the inequality
cP~ « 1 is a good approximation, (36a) may be used to evaluate Rc and
(36b) to evaluate cPc. Thus, with cP; « 1,

Rc == V RioRic - XioXic
,I.. ~ 1 XioRic + XicRio
't'c - - 2 RioRic - XioXic

(37a)

(37b)

If the lengths 8 of the section of line of unknown characteristic imped­
ance Zc may be assigned freely, great simplification is achieved by
selecting a length for which the inequalities

R'fo « !Xio !2 R'fc « IXic \2 (38)

are satisfied. This is true when the electrical length is near one of the
following: {38 = 1r/4, 31r/4, . . .. With such a choice of {38 (37a,b)
reduce to

(39a)

(39b)

In this case Rc can be determined from a measurement of reactances only.
Typical numerical values illustrating the order of magnitude of X io

and X ic compared with Rio and Ric when {38 = 1r/4 and 31r/4 are listed in
Table 13.1.
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TABLE 13.1

[Chap. IV

Type of line {3s Ric Rio -Xio = X ic (Ric/Xic )2 (Rio/Xio)2

-- ---

Two-wire ...... ! 0.9 0.2 440 4.2 X 10-6 2.1 X 10-7
4

Two-wire ......
311"

1.3 2.0 440 8.3 X 1O~ 2.1 X 10-5
4

Coaxial. ...... ~ 0.02 0.005 75 7.1 X 10-8 4.5 X 10-9
4

Coaxial. ......
311"

0.3 0.5 75 1.6 X 10-5 4.5 X 10-5
4

In most cases the calculation of Rc from (39a) is convenient and
reasonably accurate. On the other hand, the very small quantity cJ>c is
usually more easily determined from the approximate relation cJ>c == al(3
and the measured values of a and (3.

Comparison of Phases. If a transmission line is terminated in its
characteristic impedance, the current and voltage vary progressively
and uniformly in phase along the line. Use of this fact may be made
for comparing relative phases at different points in a circuit or in another

,

Slotted conductor

To generator ~
FIG. 13.8. Circuit for comparing phases (attenuators, line stretchers, etc., are not
shown).

transmission line or for determining the complete relative distribution of
phase along a line or an antenna.

The procedure is illustrated in Fig. 13.8 for determining the phase
along an antenna. It consists simply in coupling a fraction of the power
supplied to the circuit in which measurements of phase are contemplated
into an auxiliary transmission line that is terminated in its characteristic
impedance Zc. Two movable probes, each connected to a transmission
line and both joined to a mixer and detector, are provided. One of the
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probes serves to explore the circuit under test (the antenna in Fig. 13.8),
whereas the other must travel along the auxiliary matched line. A con­
venient but arbitrary reference point for phase is selected in the circuit
under test, and the first probe is moved to this point and there coupled
to the circuit. The second probe is now moved along the matched line
until a minimum (or, if the outputs are correctly adjusted with attenu­
ators, a null) is observed in the detector. The location of the probe
along the line is marked; it is the reference point in the line. In this
adjustment the signals reaching the mixer from the circuit and from the
matched line are in phase opposition.

The first probe is now moved to a position at which phase is to be
determined in the circuit under test, or it is moved progressively from
point to point. At each location the traveling probe is moved along the
matched line until a minimum (or null) is observed in the detector.
From the distance in the matched line between the reference point and
the location of the probe, the relative phase at the particular point or
succession of points may be determined.

Measurement of Dielectric Constants, Permeabilities, and Conductivities
of Poorly Conducting Media: Drude's Method. A theoretically simple
method of measuring the dielectric constant E and the conductivity CT of
solids and liquids uses the material in question as the dielectric in a
transmission line of coaxial or shielded-pair type. By determining the
phase constant {3 and the attenuation constant a using methods described
earlier in this chapter, formulas of Chap. II, Sec. 10, may be used to
compute E and CT. If good conductors are used for the transmission line,
the condition w2lc» rg is easily satisfied by the line constants l, c, T,

and g. It follows from Chap. II, Sec. 10, Eq. (16), that

(3 = w v'lc f(h-y) a = w y'k g(h-y) (40)

where, from Chap. II, Sec. 10, Eq. (8),

h-y == JL + !- = !!.- + ~ (41)
wC wl WE wl

For a low-loss line (as is here assumed) the following inequality must be
satisfied:

h~ « 1 (42)

so that f(h-y) == 1 g(h-y) == ~ (43)

After the substitution of (43) in (40) and the use of (42), the following
expressions are obtained for the phase and attenuation constants of the
line with a low-loss dielectric medium with real effective dielectric con­
stant Ee = EOEer, conductivity CTe , and permeability J.L = J.LoJ.Lr:

(44)
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where J.Lrlg == le is the inductance per unit length of the line. If the same
line is evacuated so that (Fe = 0, J.Lr = 1, and Eer = 1, the constants are

(3=w~
~r

a= -2-[8 (45)

The combination of (44) and (45) gives

_ 2 ~EoEer ( ~Eer)(Fe - -- a e - a -
J.LoJ.Lr J.Lr

If the medium is a dielectric with P-r = 1, (46) reduces to

(46)

(47)

If (3e and (3 are measured, fer may be determined; if, in addition, a e and a
are measured, (Fe may be evaluated.

If the medium is a magnetic material with Eer == 1,

(48)

SO that J.Lr and (Fe may be determined if (3e, (3, a e, and a are known.
Although theoretically simple, the method referred to above for meas­

uring dielectric constants, permeabilities, and conductivities is not always
convenient from the experimental point of view. This is primarily due
to the large sample of dielectric required to fill the entire line and the
high over-all attenuation with an even slightly conducting medium. It
may be added that transmission-line measurements in a dielectric-filled
line are often awkward. Other methods without these difficulties are
described in Chap. V.

PROBLEMS

1. A low-loss transmission line (Ro = 300 ohms, epo = a/[3 = 10-3, 8 = 4.2 m)
connects a generator (ZOa = 10 + jO ohms, V8 = 100 volts, f = 300 Me/sec) to a
load (Z.a = 4,000 + jO ohms). Determine the following:

(a) The currents in the generator and the load.
(b) The current and the voltage on the line halfway between the generator and

the load.
(c) The location and magnitude of each maximum and minimum of current along

the line.
(d) The standing-wave ratio.
(e) The efficiency of power transmission to the load.
2. A two-wire line of characteristic impedance Zo == Ro = 300 ohms is loaded at

one end by an antenna with impedance Z. = 90 + j45 ohms. At a distance of
one-half wavelength from the load a second, identical antenna is connected across
the line. Determine the standing-wave ratio and the distribution of current on the
main line and on the section between the two antennas. Neglect losses in the line
and assume terminal-zone effects to be negligible.
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3. An impedance of 800 - j50 ohms is measured on a transmission line for which
Zc == Rc = 400 ohms and a = 10-3 neper/m. The frequency is 100 Me/sec.

(a) Where is the voltage minimum nearest the load? \Vhat is the standing-wave
ratio?

(b) What is the width of the resonance curve obtained by varying the length of the
line about the peak occurring at the next to the shortest length of line?

4. An apparent impedance Z.a = 100 - j40 ohms is to be measured by the distribu­
tion-curve-dip method on a low-loss line for which Zc == Rc = 50 ohms. Neglecting
line losses, predict the distance from the load and the half-power width of the current
distribution-curve dip.

5. The frequency of a generator is determined accurately to six significant figures
at a value near 300 Me Isec. Describe a method for determining experimentally the
phase velocity of propagation along a coaxial line. Select practical values for the
line constants and determine the accuracy with which such a measurement might
be made.

6. A coaxial line is terminated in its characteristic impedance Zc == Rc = 50 ohms
by a series transformer connected between the end of the line and a resistive load
of 800 ohms. Neglecting losses in the line and junction effects, determine and plot
the distribution of the magnitude of the normalized current along the line and along
the transformer.

7. A two-wire line is terminated in its characteristic impedance Zc == Rc = 400 ohms
by a single-stub matching network inserted between the line and a resistive load of
50 ohms. Determine the normalized currents on the line and in the two parts of the
matching circuit. Neglect losses in the line and in the matching section, and assume
junction effects to be negligible. Use a closed or open stub, whichever is shorter.

8. A copper two-wire line is placed symmetrically in a brass pipe to form a shielded­
pair line. The pipe is to be filled with water in order to measure the dielectric con­
stant by moving a copper-wire bridge along the two-wire line to determine the location
of successive resonances. The wires are No.9 separated 2 em between centers; the
pipe is 8 em in diameter. Investigate the accuracy of the results to be expected by
determining the sharpness of two successive resonance curves. This may be done
by comparing the half-power widths when the pipe is filled successively with air and
with water. Use U' = 2 X 10-4 mho/m (Er = 81) for distilled water, U' = 5.65 X 10'1
mhos/m for copper, and U' = 1.5 X 107 mhos/m for brass.

9. Repeat Probe 8 for lake water with U' = 10-2 mho1m and Er = 81.



CHAPTER V

DISCONTINUITIES AND NONUNIFORMIJ'IES
IN TRANSMISSION LINES

1. Two-terminal-pair Networks in Transmission Lines. 15 The con­
tinuity of a uniform transmission line may be interrupted in numerous
ways. In earlier chapters shunt and series sections of line and combi­
nations of these are considered under the ideal conditions in which

lvo~ 1 1(8 1) 1 2 12(0)

-I:OI z..~~~;) D ~~~)~Z2 }z"
l;e Line! ~ Line 2
2" 01 '\'Z"CI Two ·terminal pair "'i2,Z"C2

(a)

(c)

FIG. 1.1. (a) Two-terminal pair joining two lines. (b) T network as common load
for two lines. (c) II network as common load for two lines.

terminal-zone and junction-zone effects are negligible, so that the formu­
lation of uniform-line theory may be applied to each section as if isolated.
In general, the uniformity of a transmission line may be interrupted by
an arbitrary network that has two pairs of terminals. Such a network
is a special case of a general four-terminal network; it may be called a
two-terminal pair or a transducer. Three independent parameters are
required to describe its electrical properties provided nonreciprocal cir-

288
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Line 1

(a)

cuit elements such as gyrators are excluded. In its most general form
it connects two different but individually uniform lines, as illustrated in
Fig. I.Ia. The properties of such a network may be represented by the
input and output currents and voltages associated with the two pairs of
terminals, as in Fig. l.Ia; by an equivalent T section, as in Fig. 1.Ib;
or by an equivalent IT section, as in Fig. I.Ic. In each case the sign and
direction conventions for voltages and currents are different. The choice
in Fig. 1.Ia is that characteristic of a continuing transmission line. In
Fig. 1.Ib the currents and voltages are those characteristic of two lines
for which the two pairs of terminals of the T section constitute the load.
Note that this choice makes the currents maintained by the two gener­
ators codirectional in the mutual element Z12. In Fig. 1.Ic the currents
and voltages at terminals 2 are reversed as compared with Fig. l.Ib, so
that the currents maintained by the two generators are codirectional in
the mutual element Y12. Note that

12(0) = - 12 = I~ and V2(0) = V2 = - V~

Balanced T and II networks for use with balanced lines are shown in

11"2(Zll-ZI2) 2(Z22-~12)

II \ I 12

Line_l_~;..~_l~_=..[~;__Line 2

1 ~
2(Zll-ZI2) 2 (Z22- Z 12)

FIG. 1.2a. Balanced T network as com- FIG. 1.2b. Balanced IT network as com-
mon load for two balanced lines. mon load for two balanced lines.

Fig. 1.2a and b. The same equations apply to these figures as to Fig.
1.Ib and c.

Input-Output Current-Voltage Equations. The input and output cur­
rents and voltages in Fig. 1.Ia and b are related as follows:

VI(s) = VI = V2(0)A + 12(0)B = V2A - 12B = - V~A + I~B (Ia)
11(s) = 11 = V2(0)C + 12(0)D = V2C - 12D = - V~C + I~D (Ib)

These equations may be inverted and solved for V2 and 12• With the
relation

AD - BC = 1 (2)

(which applies to all reciprocal circuits and is derived very readily by
application of the reciprocal theorem to the circuit of Fig. 1.Ia) the results
are

V2(0) = V2 = - V~ = DVI - Bl1 (3a)
12(0) = -/2 = I~ = -CV1 + All (3b)

These expressions may be written in matrix form as follows [only for­
mulas for V2 and 12 for use in Fig. 1.Ib are given, but the substitutions
V2(0) = V2 and 12(0) = -/2 or V~ = - V2 and 12 = -/~ may be made
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to adapt the formulation to Fig. l.la or c]:

(4)

(5)

As given in (2), it is necessary that the determinant

I~ ~\ = I~ ~I = I
(6)

if the reciprocal theorem is to be satisfied.
It is clear from (4) and (5) that a symmetrical four-terminal network is

defined by
D=A (7)

An ideal transformer of N turns connected to step up the voltage by a
factor N and step down the current by a factor liN from terminals I to
terminals 2 is given by

[~ ~] ~ [t :] (Sa)

V2so that VI = N II = NI2 (8b)

This is illustrated in Fig. 1.3.
The T network of Fig. l.lb is conveniently represented by the voltage

equations

The matrix equivalent is
11(81) l:N 12(0)

Line 1 ~~(81) _ ~ '2(:0')~ Line 2

FIG. 1.3. Ideal step-up transformer.

VI = I 1Z u + 12Z 12 (9a)
V2 = I 1Z 21 + 12Z 22 (9b)

where the relation corresponding to (6) and defining a reciprocal circuit is

Z12 = Z21 (10)

If (9a,b) or (11) is solved for the currents, the results are

II = V1Y u - V2Y 12

12 = - V1Y 21 + V2Y 22

where Y - Z22
U - Z U Z22 - Z 12Z21

Y _ Z12
12 - ZUZ 22 - Z 12Z21

Y22 = Zu
Z U Z22 - Z 12Z21

(12a)
(12b)

(13a)

(13b)

(13c)



Sec. 1] DISCONTINUITIES AND NONUNIFORMITIES 291

Note that (12a,b) may be written with all plus signs, if the sign of Y 12 in
(13b) is reversed. Alternatively, if the sign convention is changed from
that of Fig. 1.lb to that of Fig. 1.le by substituting V~ = - V2 and
1~ = -12 in (12a,b), only plus signs appear with Y 12, as defined in (13b).
In this case the Z's are defined for the conventions of Fig. 1.lb, and the
Y's for the conventions of Fig. 1.le.

The II network of Fig. 1.Ie may be represented by the following current
equations:

where

11 = V 1Y n + V;YI2

1~ = V1Y 21 + ~Y22

where Y 21 = Y 12

The matrix equivalent is

[1:] = [Yn Y12] [V:]
12 Y 21 Y 22 V2

If (14a,b) are solved for VI and V;, the results are

VI = I 1Zn - I~Z12

V~ = -I1Z 21 + I~Z21

Y 22
Z n = ==--==------==-~Y ll Y 22 - Y 12 Y 21

Y 12
Z 12 = -=-=--==------==-=-Y n Y 22 - Y 12 Y 21

Y n
Z 22 = ==--==------==-=-Y n Y 22 - Y 12Y 21

(14a)
(l4b)

(15)

(16)

(17a)
(17b)

(18a)

(18b)

(18e)

Note that (17a,b) may be made formally like (9a,b) if Z12 is changed to
the negative of the value defined in (l8b). Alternatively the sign con­
vention may be changed from that in Fig. 1.1e to that in Fig. 1.1b by
introducing V2 = - V~ and 12 = -1;, which changes (17a,b) into (9a,b)
and leaves (18b) unchanged. In this case, however, the Y's are all defined
using the conventions of Fig. 1.1e, the Z's using the convention of Fig.
1.1b.

The relations between the elements of the impedance and admittance
matrices and the ABCD coefficients are obtained by substituting (9a,b)
and (14a,b) in the appropriate forms of (la,b). The results are

(19a)

(19b)

(19c)

(I9d)
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Note that the equations on the left imply the "impedance" sign con­
ventions of Fig. 1.1b, and those on the right, the" admittance" sign con­
ventions of Fig. 1.1c. If the "impedance" conventions are to be used
throughout and (12a,b) are to be written with the plus signs, negative
signs must be attached to Y12 in (19b,c). Similarly, if the" admittance"
convention is to be used throughout and (17a,b) are to be written with
plus signs, negative signs must be attached to Z12 in (19b,c).

As a consequence of the reciprocal relations (2), (10), and (15), only
three instead of four parameters are required in order to specify the
properties of the two-terminal-pair network. These may be any three
of the ABCD coefficients-usually A, D, and B or C; Zu, Z12, and Z22; or
y u, y 12, and Y22.

The impedance or admittance looking into the network at terminals 11
when terminals 22 are connected to an arbitrary load ZL = I/YL (or vice
versa) may be expressed in terms of the ABCD coefficients, the imped­
ance coefficients, or the admittance coefficients.

Proceeding from (la,b) using the" impedance" or "admittance" con­
ventions of Fig. l.lb or l.Ic and setting

or (20)

the input impedance and admittance at terminals 11 are

(21)

The ABCD coefficients may be expressed in terms of the impedance or
admittance coefficients using (19a,b,c,d), or (9a,b) and (14a,b) may be
solved directly to obtain the following equivalent formulas:

(22)

(23)

Zlin and Y lin are, of course, independent of the convention adopted for
the directions of the currents and voltages.

If the two-terminal-pair network is driven from terminals 22 and the
load ZL if: connected across terminals 11, the input impedance and admit­
tance are

(24)

(25)

(26)
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In order to determine three coefficients using (21) and (24), (22) and
(25), or (23) and (26), convenient values of the arbitrary load ZL may be
selected. In general, these are the short- and open-circuit values ZL = 0
and ZL = 00, although any other values may be selected. Consider the
following values:

For Z/, = 00 and YL = 0:

A
Zlin == ZloC = C = Zll

D
Z2in == Z20c = C = Z22

Y 1in = Y10e =

Y2in = Y20e =

YllY22 - Y~2

Y22
Yll Y22 - Y~2

Yll

(27a)

(27b)

For ZL = 0 and YL = 00:

Z . = Z -! - ZllZ22 - Zi2
hn - he - D - Z22

Z . = Z =!!.. = Z U Z22 - Z~2
2m - 28e A Zll

With (2) it follows that

(28a)

(28b)

Also

(29)

(30)

It is clear that, if any three of the four quantities Zloe, Z20c, ZlBe, and
Z28C are determined, the ABCD coefficients, the impedance coefficients,
and the admittance coefficients can be evaluated, and with these the input
impedance and admittance of reciprocal networks.

If the network is purely reactive, it follows from (19a,b,c,d) that A and
D must be real, Band C imaginary.

Symmetrical Networks. The representation of two-terminal-pair net­
works is readily specialized to the important case of symmetrical net­
works by setting, in addition to Z21 = Z12 and Y21 = Y 12 ,

A=D (31)

An alternative representation of a symmetrical network makes use of
the resolution of the total currents and voltages into symmetrical and
antisymmetrical combinations referred to the plane through the center of
the network. It has already been shown in Chap. III, Sec. 12, that the
elements of the impedance matrix of a symmetrical T section may be
expressed as follows:

Zll = MZI~) + ZI~)]

Zl2 = - MZI~ - ZI~)]

(32a)
(32b)

ZI~) is the input impedance at either pair of terminals when (a) equal
voltages in phase are applied simultaneously across both pairs of termi-
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nals, as in Fig. l.4a, or (b) the T section is short-circuited across its
center, as in Fig. l.4b. Z~~) is the input impedance at either pair of
terminals when (a) equal voltages in phase opposition are applied simul­
taneously across both pairs of terminals, as in Fig. lAc, or (b) the T sec­
tion is open-circuited across its center, as in Fig. l.4d.

In Chap. III, Sec. 12, the elements of the T section were calculated to
represent a length 2d of smooth line. Obviously the same procedure and

Zll-Z12 Zll-Z12
I (s)+~>!V'wI'--1~"""""IVV""'"

}'(S) 2Z
12

2Z12

(a) (b)

(c) (d)
FIG. 1.4. (a) Circuit for determining Z(a). (b) Equivalent circuit for determining Z(a).

(c) Circuit for determining zeal. (d) Equivalent circuit for determining Zeal.

set of formulas apply to any symmetrical network for which an equiva­
lent T section is to be determined.

The corresponding formulas for the elements of a symmetrical II section
are

Yu = {[Y~~) + Y~~)]

Y12 = - MYf~) - Y~~)]

(33a)
(33b)

where Yt~) = l/Z~~) and Yt~) = I/Zt~).

2. Equivalent Transformer for Two-terminal-pair Network that
Includes Sections of Transmission Line. Weissjioch Tangent Rela­
tion. 16,33,137 A simple and useful transformation of the general for­
mula [Sec. 1, Eq. (21)] for the input impedance of a two-terminal-pair
network may be carried out if this network includes sections of trans­
mission line of adequate length. Consider the circuit in Fig. 2.1, in
which an arbitrary two-terminal-pair network is connected between two
transmission lines that may have different characteristics. Let the input
terminals 11 be located in line 1 at an adequate but arbitrary distance
from the network; let the output terminals be at 22 in line 2, also at an
adequate distance from the network. The input impedance is given by
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Sec. 1, Eq. (21), in the form

AZL - B (A/C)ZL - B/C
Zlin = CZL - D ZL - D/C (1)

where the output impedance ZL is the impedance looking into a line of
length 8 terminated in an arbitrary impedance ZT. The characteristic

r-so-r- 8-80~
2 J 2 4 I

ZL-- line 2 Z
ZC2,12 T

t 3 I ~ 4 I
t-- 8 ---l ~ S ----+I

FIG. 2.1. Arbitrary two-terminal-pair network connecting two transmission lines.

(3)

(2)

D
c= -­

CZc2

impedances and propagation constants of the two lines are ZCl, Zc2 and
"(1, "(2. It follows that

ZL = Zc2 coth ("(28 + OT) = Zc2 tanh ("(28 + O~)

where O~ = tanh-1 (ZT/Zc2). For convenience let

A B
a=-- b=--

CZc1 CZc1Zc2
Also let

Zlin = Zcl coth ("(18 + PI + j~) = Zcl tanh ("(18 + PI) (4)

where 8 is the distance from the input terminals 11 to the point between
these terminals and the network at which the current has its maximum.
The impedance looking to the right at this point is characterized by
01 = PI + j7r/2.

If (2), (3), and (4) are substituted in (1), this becomes

a tanh ("(28 + O~) - b
tanh ("(18 + PI) = tanh ("(28 + O~) _ c (5)

Now let the reference plane in line 1 be shifted from 11 to 33, a distance
80 nearer the current maximum. The input impedance looking toward
the load at 33 is given by

tanh ("(18 + PI) - tanh "(180
Z3in = Zc1 tanh ["(1(8 - 80) + PI] = Zcl 1 t h ( + ) t h (6)- an "(18 PI an "(180

The substitution of (5) in (6) leads to the equation

(a - fo) tanh ("(28 + O~) - (b - cfo)
tanh ["(1(8 - 80) + PI] = bfo _ c _ (afo - 1) tanh ("(~ + O~) (7)

where fo == tanh "(180 (8)

This expression may be rearranged as follows:

a - fo tanh ("(28 + O~) - tanh "(280

tanh ["(1(8 - 80) + PI] = bfo _ c 1 - tanh "(280 tanh ("(28 + O~) (9)
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where the suhstitutions
b - C/n a/o - 1 _

tanh "(2S0 = --- = --- = po
a - /0 b/o - C

(10)

have been made as a definition of the complex distance So. The com­
plex quantity Po is defined in (10). It is assumed that So and So can be
so determined that (10) may be satisfied. For convenience let

k == a - /0 (11)
b/o - c

With (10) and (11), (9) reduces to the simple form

tanh ["(l(S - so) + PI] = k tanh ["(2(8 - So) + 0;] (12)

If the three new coefficientsio, Po, and k are determined experimentally,
the three parameters a, b, and c in the original Eq. (5) may be qbtained
by solving the following three equations simultaneously [these are
obtained from (10) and (11)]:

aio - bioPo + cpo = 1
apo - b + c/o = /oPo (13)

a - b/ok + ck = io
The solutions are

a = /oPo - k b = /0 - Pok c = /oPok - 1 (14)
po - /ok Po - iok po - iok

Alternatively, if a, b, and c are given, the three parameters /0, po, and k
may be evaluated. The parameter /0 is easily obtained from the middle
equation in (10). This reduces to

so that

12 _ / 1 + a
2

- c
2

- b
2 + 1 = 0

JO 0 a - bc (15a)

= 1+ a
2

- b
2

- c
2 + /[1 + a

2
- b

2
- C

2J2 _ III/0 2(a _ bc) - 2(a _ bc) (15b)

With io obtained from (15b), Po and k can be evaluated directly from
(IO) and (11). Note that, in general, /0, po, and k are complex and
whereas So is a real distance, So is complex and not a physically meaning­
ful distance. The ± sign in (I5b) indicates two possible values of io and
hence of k and po.

The coefficients a, b, and c can be expressed directly in terms of the
impedance elements of a T section or the admittance elements of a II sec­
tion using Sec. 1, Eqs. (19a,b,c,d), together with (3). Thus, for the T
section,

Zn
a=­

Zcl

fo = tanh "(ISO

b = ZllZ22 - Zr2
Zc lZc 2

Po = tanh "(2S0

Z22c=­
Zc2
a - /0k=--
bio - c

(16)
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The corresponding relations for the 1r section are easily derived. They
are

Yua= ­Yc1

fo = coth "(1So

Y 22c=­
Ye2
a - fo

k=-­
bfo - c

(17)

Reactive Network. The most important special case is that of a purely
reactive two-terminal-pair network connected between two essentially
lossless transmission lines. The following simplifications apply:

Zn=jXn Z12=jX 12 Z22=jX22

Zc1 == Re1 Ze2 == Re2 "(1 = j{31 "(2 = j{32

P1 = 0
6~ = jCf>~

(18)

With (18), the fundamental Eq. (12) reduces to the Weissfloch tangent
relation :33,137

(19)

In the original Weissfloch form Cf>~ = 0, .since a perfect short circuit is
assumed to be the termination of line 2. For the tangent relation (19),
which involves only real quantities, the general formulas (16) reduce to

(20)

. . X 22
C = JC = J­Re2

k = k = a - fo
bio - C

The real quantities a, b, and c may be expressed in terms of the real
parameters fo, po, and k as follows:

. .Xu
a = Ja = J Rc1

fo = jfo = j tan (31S 0

fopo + ka = '------=----,-

po - fok
b = fo - Pok

po - fok
1 + fopok

C = ----'----":-_::_
po - fok

(21)

(22a)

The relation corresponding to (ISb) is

1- a2
- b2 + c2 1[1 - a2

- b2 + C2J2 )t
- f 0 = 2 (a - bc) ± 2 (a - bc) + 1

With fo determined from a, b, and c in (22a), k may be determined from
(20), and po fromt

aio + 1 b + cfopo = --- = ---
bfo - c fo - a

(22b)

Note that the ± sign indicates two possible values of fo and hence of k
and po. Since po = jpo is a pure imaginary, So = So is real.

The significance of the tangent relation (19) is that its left side is the
normalized input impedance at terminals 3 looking toward the network

t Note that band c are the negative of the corresponding parameters in the original
paper of Weissfloch.
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on the right (Fig. 2.1), whereas the right side is k times the normalized
impedance looking toward the right at terminals 4. That is,

Zin3 = jXin3 = jRc1 tan (jl(S - so)
ZL4 = jX1A = jRc2 tan [(j2(S - So) + <I>~]

(23a)
(23b)

It follows that the input impedance at terminals 33 is a constant n2 times
the output impedance at terminals 4:

(24)

Accordingly the entire network between terminals 33 in line 1 and termi­
nals 44 in line 2 is equivalent to an ideal transformer with ratio of turns n.
This is illustrated in Fig. 2.2.

Owing to the fact that So in (12) is complex and not a physically
measurable distance, a dissipative

3 4 network cannot be represented by
....Li.-ne--:-l---:--,~ ~]l Line 2 a simple transformer, and no simple
ZC1.11 n zC2.12
-':::':--:'_--",,*....) '-* .JI interpretation of (12) is available.

3 4
Since there are other more conven­FIG. 2.2. Ideal transformer equivalent to

network between terminals 33 and 44 of ient procedures for determining the
Fig. 2.1. equivalent T or n of a dissipative

two-terminal-pair network than us­
ing (12), only the simple relation (19) for reactive networks is considered.

The theoretical results obtained for the reactive network may be sum­
marized as follows: Given an arbitrary reactive network with two pairs
of terminals to which are connected uniform transmission lines, it is
always possible to locate input and output terminals so as to include
with the original network sections of the transmission lines of appropri­
ate lengths, so that the thus augmented network can be replaced in its
entirety by an equivalent ideal transformer. Moreover for each network
there are two possible combinations of added sections of line and trans­
former ratios. This is Weissfloch's transformer theorem. The practical
importance of the theorem depends on the experimental or theoretical
determination of the three essential parameters, namely, the locations of
the input and output terminals along the feeding and loading lines (which
permits the replacement of the included network by a transformer) and
the factor k that determines the transformer ratio.

3. Experimental Determination of an Equivalent Ideal Transformer
for a Reactive Networky),33.137 In order to combine suitable sections
of transmission line with an arbitrary reactive network so that the proper­
ties of the combination are those of an ideal transformer, it is necessary to
locate the new input and output terminals (33 and 44 in Figs. 2.1 and 2.2)
and determine the ratio n of the equivalent transformer. The experi­
mental determination of these unknowns depends on certain simple
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properties of the functional relationship between the variables 8 and 8.

As illustrated in Fig. 2.1, 8 is the distance between the arbitrary output
terminals 22 in line 2 and the reactive termination ZT = jXT , which has
the phase constant cI>~; 8 is the distance between the arbitrary input ter­
minals 11 and the location of a voltage minimum or current maximum
between these terminals and the reactive network under test.

f31S=j31Sp /

k = 0<;>-..... r-,6-=--~'""'""'=7''--'

25
5
2
1-1T

1f
"2

0..
I 0.:::.
~

-T( -TT/2 0 TT/2
j32(S-SO)+ 4>7-

FIG. 3.1. Plot of (3(s - so) as a function of (3(S - So) - if>~.

If the electrical length (31(8 - 80) is plotted as a function of (32(8 - 8 0)

+ cI>~ according to the fundamental relation [Sec. 2, Eq. (19)], viz.,

(1)

where (3180, (3280, and cI>~ are constants, the curves in Fig. 3.1 are obtained
for arbitrarily chosen values of the constant parameter k ranging from
1 to infinity. For k = 1 the curve is the straight 45° line; for k = 00

it is a series of vertical and horizontal lines zigzagging across the 45° line.
For all intermediate values of k the curve oscillates symmetrically along
the 45° line.

It is now easily proved that the origin of coordinates in Fig. 3.1, viz.,
the points where (328 = (3280 - cI>~ and (318 = (3180, occurs at the point of
maximum slope and that this maximum slope is precisely k. This is
accomplished by writing (1) in the more compact form

tan (y - Yo) = k tan (x - xo) (2)

where y = {31S, Yo = (3180, X = {32S, and xo = (3280 - cI>~, and differenti-
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ating with respect to x in order to obtain the slope of the curve. The
result is

dy = k cos2 (y - Yo) = k 1 + tan2 (x - xo)
dx cos2 (x - xo) 1 + k 2 tan2 (x - xo)

= k 1 + k- 1 tan2 (y - Yo)
1 + tan2 (y - Yo)

(3)

The several forms in (3) are obtained by elimination of y - Yo or x - xo
using (2). The extreme values of this slope are obtained by equating
d2y/dx2 to zero. The results are

( dY) _ k
dx max -

(:;)miD = ~

when x = Xo and y = Yo

7r 7r
when x = Xo + 2" and y = Yo + 2"

(4a)

(4b)

where it is assumed that k ~ 1. (If k < 1, the maximum and minimum
values are interchanged.) The minimum value is obtained using the
second and third forms of (3).

The following significant conclusions may be drawn: If S is varied
experimentally with respect to arbitrarily selected output terminals (22 in
Fig. 2.1) by moving a reactive termination of known and constant q,~

(preferably a short circuit for which q,~ = 0) and if the corresponding
distances 8 from the arbitrary input terminals (11 in Fig. 2.1) to a voltage
minimum are determined, 8 may be plotted as a function of S. The
resulting curve must fall between the limiting curves k = 1 and k = 00

in Fig. 3.1. By locating the point of maximum slope, values of {3180 and
{32S0 - q,~ are determined. Since {3I and {32 as well as q,~ are known,
80 and So are determined. By measuring the maximum slope of the curve
through the point {3I8 = {3I80, {32S = {32S0 - q,~, k is determined. It fol­
lows that, by locating the input terminals 33 at 8 = 80 along line 1 and
the output terminals 44 at S = So along line 2, the two sections of line
and the reactive network lying between these pairs of terminals may be
replaced by an ideal transformer with n2 = kReI/ Re2. The characteristic
resistances ReI and Re2 of the two lines are assumed to be known.

Since the determination of the maximum slope k directly from the
oscillating curve cannot always be achieved with sufficient accuracy,
especially if k is large, an alternative and more accurate procedure is
desirable. This depends on the determination of the amplitude and
location of the maximum excursion of the oscillating curve from the 45°
line. Referring to Fig. 3.2 (which shows an enlarged and simplified sec­
tion of Fig. 3.1), the point of maximum excursion is located by the coordi­
nates (in radians) {3I8m and {32Sm - q,~ along the two axes. The distance
(in radians) between lines through the maximum and minimum excursions
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from the parallel to the 45° line is D. It follows by plane geometry that

7r D 0 7r-DV2
(32(8m - 8 0) = 4 - 2' cos 45 = 4

j31sm ------­

/
/

/
/

/
/

(6)

/1
(7) It---L.--;-'-----r-+--r-------'

(#280- <1>;' -fl
(j32 8 o-¢'r) (j328m-¢'r)

FIG. 3.2. Section of Fig. 3.1.

k = cot2 (xm - xo)

= coV (i - D 1~

dy _ k 1 + tan2 (Xm - Xo) = 1
dx - 1 + k 2 tan 2 (Xm - Xo)

where Xm = (328m - cI>~ and Xo =
(3280 - cI>~. This equation may be
solved for k to give

Since the slope of the oscillating curve at the point of maximum excursion
is 1, it follows from (3) that

Thus, by determining the distance
D from the measured curve, it is
possible to calculate k using (7).
Usually D is more easily determined accurately than is the maximum
slope k directly.

If the reference point is shifted from the point of maximum slope
(31S0, (3280 - cI>~ to the point of minimum slope (31Sp == (31S0 + 7r12,
(328p - cI>~ = (3280 - cI>~ + 7r/2, the fundamental Eq. (1) becomes

(8)
1

tan (31(S - sp) = Ie tan [(32(8 - 8 p) + cI>~]

which is like (1) except that the minimum slope 11k replaces the maxi­
mum slope k. It follows that the input impedance at the terminals
defined by (31Sp (at a distance >"014 from 33) is n 2 times the output imped­
ance at the terminals defined by (328p (at a distance >"0/4 from 44), where
now

(9)2 Rei
n = kR

e2

Thus, if the input and output terminals are at the points (31S0 and (3280

locating a maximum slope in the (31S vs. (328 curve, the equivalent trans­
former for tHe lines and network between these terminals must have
n 2 = Rc1klRe2, where k is the maximum slope. Alternatively, if the
input and output terminals are at the points (31Sp and (328p locating a mini­
mum slope, the equivalent transformer must have n2 = Rc1lkRe2, where
11k is the minimum slope.
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Alternative Procedure for Movable Reactive Network. If the reactive
network under test is movable along a uniform line and the terminating
reactance X T and the arbitrary input terminals 11 (Fig. 2.1) are fixed in
position, a slightly different formula is convenient. In addition to the
obvious simplifications re~ulting from the fact that both sections of line
are alike, so that {32 = {31 = {3 and Ze2 = Zcl = Ze, the dependent vari­
able in the input line is not s, as previously defined, but

l = s - S (10)

Evidently, as the entire reactive network is moved toward the input
terminals 11, the output terminals 22 move along with the network, so
that S is increased. Insofar as the output line is concerned, it makes no
difference whether S is varied by moving the terminating reactance X T

with the reactive network fixed or by moving the reactive network with
X T fixed. However, if S is increased by moving the reactive network
toward the input terminals 11 instead of by moving X T away from the
reactive network, a voltage maximum occurs at a distance l = s - S
instead of s from terminals 11. Also the point corresponding to {3s = {3so
when {3S = {3So - <I>~ occurs at {3l = {3lo = (3(so - So) + <I>~.

The relationship between land S is readily established using the well­
known formula for the tangent of the difference of two quantities-in
this case (3(s - so) and (3(S - So) + <I>~. Thus

tan (3(l - lo)
tan (3(s - so) - tan [(3(S - So) + <I>~]

1 - tan (3(s - so) tan [(3(S - So) + <I>~]

(l - k) tan [(3(S - So) + <I>~]

1 - k tan2 [(3(S - So) + <I>~]
(11)

The second step in (11) follows when tan (3(s - so) is eliminated using (1)
with {32 = {31 = {3 and Ze2 = Zcl = Ze.

If (3(l - lo) is plotted as a function of (3(S - So) + <I>~, as defined in
(11), the curve in Fig. 3.3 is obtained. It is seen that this is a curve that
oscillates about the horizontal (3(l - lo) = 0 axis instead of about the
45° line. Since the values of (3(S - So) + <I>~ are the same as in Fig. 3.1,
the location of the point of maximum slope is still at (3(S - So) + <I>~ = O.
This occurs when (3(l - lo) = O. It is readily verified by differentiation
that the slope of the curve defined by (11) is given by

dy _ 2 1 - k tan 2 x
dx - (1 - k) (sec x) (1 + k tan2 X)2 (12)

where y == (3(l - lo) and x == (3(S - So) + <I>~. Since it is known that
the maximum slope is at l = 0, x = 0 and the minimum slope at l = 0,
x = ±'n/2, formulas for these extreme values are obtained directly from



Sec. 3] DISCONTINUITIES AND NONUNIFORMITIES 303

(12). They are

mi = (dY) = 1 - k at y = 0, x = 0 (13a)
dx max

m2 = (dY) k -k 1 at y = 0, x = !2 (13b)
dx min

These values are illustrated in Fig. 3.3.
The equivalent ideal transformer of a reactive network which can be

moved along a uniform line may be determined as follows: First, input
terminals 11 are fixed at an arbitrary point, and a reactive termination

Slope ml =OO-o..t -24
I~I, ,-4
'i../

, I
I
I

tanf3(I-1 1=[Cl-k) tan [13(8-801+<1>;')]
o [l-k tan 2 [P (8-80)+ <I>;.J

ml=l-k
m2- 1- 1/k

1T
"2 Slope m2=

1
0.96

0.8
_ Q5
_0

~ Ot----#---::------:~OL----___,¥_--__I

~

o
-r!L-----L..---'---...L..:---...1-_---.:ll..-__L-I

-1T -rr/2
f3 (8-80)+ 4?'-r

FIG. 3.3. Plot of fJ(l - lo) = fJ(s - so) - fJ(S - So) - <1>; against fJ(S - So) + <1>;.

X T is located at a convenient fixed point. Output terminals 22 are speci­
fied at an arbitrary distance from the reactive network and are imagined
to move with the network. The distance from the movable output ter­
minals 22 to the termination X Tis S. The distance from the fixed input
terminals 11 to a voltage minimum or current maximum is l. S is next
varied in steps by moving the reactive network, and the distance l from
the input terminals to a voltage minimum is determined. A curve of
{3l as a function of {3S is plotted. The point of maximum slope locates
{3l = {3lo and{3S = {3So - <I>~. Since <I>~ is assumed known, (3So is deter­
mined. The terminals of the ideal transformer are at 80 and So. The
transformer ratio is n2 = k = 1 - ml, where mi is the maximum slope
determined from the curve.

The point of minimum slope also may be used to determine an altefna­
tive ideal transformer.
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The method of moving the reactive network is convenient, especially
when this consists of a piece of dielectric for which an equivalent ideal
transformer is required.

4. Deschamps's Graphical Method jor Determining the Scattering
Matrix and Equivalent Circuit of a Junction. A graphical method for
determining the electrical behavior of a two-terminal-pair network has
been described by Deschamps.ll6,135 Consider the arbitrary passive net­
work connected between two pairs of terminals, as shown in Fig. 1.1a
or 4.1. The input terminals 11 are driven from transmission line 1 with

11 12
1 Junction + 2 0 t t1nput yT Z. or Z y. u pu

terminals 1 1_ C1 network C2 _ 2
2

terminals

FIG. 4.1. Junction or network connecting two transmission lines.

characteristic impedance Zcl; the output terminals 22 are connected to
the loaded transmission line 2 with characteristic impedance Zc2. As
discussed in Sec. 1, the complete specification of the electrical proper­
ties of the network at a given frequency involves a knowledge of the
relations between the input current and voltage (11 and VI) and the out­
put current and voltage (12 and V2). If the network is represented by
an equivalent T section, these relations are contained in the simultaneous
equations

VI = I 1Z 11 + I 2Z 12
V2, = I1Z 21 + 12Z 22

or in the equivalent matrix equation

(la)
(lb)

(3a)
(3b)

(2b)

(2a)

I = l~:]
v = IZ

Z = [Zll Z12]
Z21 Z22

T section are Zll - Z12 and Z22 - Z12; the

where

The series elements of the
shunt element is Z21 = Z12.

It is shown in Chap. III, Sec. 12, that a section of transmission line
may be represented by an equivalent T section using an impedance repre­
sentation, by an equivalent II section using an admittance representation,
or in terms of reflection and transmission coefficients in a traveling-wave
representation. This is also true of an arbitrary two-terminal-pair net­
work. In Chap. III, Sec. 12, a traveling wave of complex amplitude Al
reaching terminals 11 from the left and a similar wave of amplitude A 2

reaching terminals 22 from the right were related to the outgoing travel­
ing waves of complex amplitudes B1 leaving terminals 11 toward the left
and B 2 leaving terminals 22 toward the right. The appropria.te equa­
tions are Chap. III, Sec. 12, Eqs. (1 9a,b), or

B 1 = SllA l + S12A2
B 2 = S2lAI + S 22A2



Sec. 4] DISCONTINUITIES AND NONUNIFORMITIES 305

(13)

(10)

The matrix equivalent is
B = SA (4a)

where B = [:~] s = [~~: ~~:] A = [~~] (4b)

The matrix elements may be interpreted as in Chap. III, Sec. 12.
8 11 (822) is the complex amplitude of the reflected wave at terminals 11
(22) due to a wave of unit amplitude incident on terminals 11 (22). The
equation 8 22 = 8 11 is true only if the network is symmetrical. 8 12 (821)

is the complex amplitude of the transmitted wave at terminals 11 (22)
due to a wave of unit amplitude incident on terminals 22 (11). The rela­
tion 8 21 = 8 12 is true for all reciprocal networks. 8 12 is often denoted by
T and called the transmission coefficient of the junction or network.

The relations between the complex amplitudes Al and A2 of the travel­
ing wave and the input and output voltages and currents are like those
given in Chap. III, Sec. 12, except that the characteristic impedances of
the two lines are now not necessarily equal. The appropriately general­
ized formulas for two different transmission lines are

VI =~ [(1 + 8 11)A1 + 8 12A2] (5a)
V2 = V Zc2 [8 21A 1 + (1 + 8 22)A2] (5b)
11 = VYcl [(1 - 8 11)A1 - 8 12A2] (6a)
12 = VYc2 [- 8 21A1 + (1 - 8 22)A2] (6b)

If (6a) and (6b) are solved for Al and A 2 and the values so obtained are
substituted in (5a,b), the voltage Eqs. (Ia) and (Ib) are obtained with

Zll = ~1 [(1 + 8 11) (1 - 8 22) + 8 128 21] Z12 = 2V~ 8 12 (7)

Z22 = ~2 [(1 - 8 11) (1 + 8 22) + 8 128 21] Z21 = 2 V~CIZC2 8 21 (8)

where D = (1 - 8 11) (1 - 8 22) - 8 128 21 (9)

The matrix form of these equations is readily derived. First let the
following diagonal matrices be defined:

Zi == [Z~1 0] yi == [Y:l 0 ] = Z-i
c 0 Z~2 c 0 Y~2 c

With (10) the matrix forms of (5a,b) and (6a,b) are

V = Z~(U + S)A (11)
I = Y~(U - S)A (12)

where U is the unit matrix; V, I, and A are column matrices, as defined
in Chap. III, Sec. 12, Eq. (36); and S is the scattering matrix

S= [811 812J
8 21 8 22

By premultiplying both sides of (12), first with Z~ and then with
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(U - 8)-1, and substituting the expression so obtained for A in (11),
the matrix equation corresponding to (la,b) is obtained. It relates the
impedance matrix

Z = [Zll Z12J
Z21 Z22

in V = ZI to the scattering matrix:

Z = Z~(U + 8)(U - 8)-1 Z~

The inverse relation is

(14)

(15a)

8 = (Y:ZY~ - U) (Y:ZY~ + U)-1 (15b)

An alternative formulation of the general relations (5a,b) and (6a,b)
is obtained by introducing the following transformed voltage and current
at the output terminals 22:

V; =~ I; = 12N (16)

where N == /Ze2 == /Re2 (17)
~ Zel ~ ReI

If (5b) is divided by Nand (6b) is multiplied by N, they become

V~ = Y Zc1 [S 21A1+ (1 + S22)A2] (18)
I; = YYel [- S21Al + (1 - S22)A2] (19)

These are the equations for the network connected between two identical
lines with characteristic impedance Zel. On the other hand, the rela­
tions (16) coincide with Sec. 1, Eq. (8b), for an ideal transformer for
which N is real. Since epe in Ze = Re(1 - jepJ is an extremely small
quantity in low-loss lines, N may be taken to be real. It follows that
the circuit of Fig. 4.1 may be replaced by that of Fig. 4.2, where the

Junction
or

network

11
Input 1 +

terminals VI ZCI
1 -

ZC2

122 82
+ 2
Vo' ; Output

_2 ~2 terminals

2 l:N

N=.J ZC2/ZCl

FIG. 4.2. Junction or network together with an ideal transformer connecting two
transmission lines.

same unknown junction or network is now connected between lines of
equal characteristic impedance.

The method of Deschamps is based on the measurement of the com­
plex reflection coefficient r s = rseN • at the terminals 11 in Fig. 4.1 when
terminals 22 are connected to a line of variable length 1 terminated in a
short circuit. The effective load impedance across 22 is ZL, and this is
also the input impedance of the short-circuited line. (If a perfect short
circuit is not available, any reactive termination of known reactance may
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(21)

(25)

(24)

be used, since it is equivalent to a short circuit at a known distance
from it.)

Referring to Fig. 4.3 and Eqs. (3a,b), consider a wave of complex
amplitude Al incident on the terminals 11 from the left. The complex

1 2
Y ~~Short

S~circuit
1 2 j3l

Go (locus of rs for
lossless junction
as pl is varied)

G (locus of rs for
dissipative junction
as j3l is varied)

FIG. 4.3. Loci of the complex reflection coefficient r. as a function of fll.

amplitude of the outgoing wave traveling toward the right at terminals
22 is given by (3b), viz.,

B 2 = S2IA 1 + S22A 2 (20)

where A 2 is the complex amplitude of the Wave reaching the terminals 22
from the right, i.e., reflected from the input impedance ZL of line 2. By
definition of r L ,

If (21) is substituted in (20) and this is solved for B 2 , the result is

B 2 = S21 (22)
Al 1 - S22rL

The complex amplitude of the wave traveling to the left from terminals
11 is given by (3a). It is

B I = S11AI + S12A2 (23)

With (21) and (22), (23) may be expressed as follows:

B I S B 2 S12S2Ir L
r 8 == -A = 11 + S2I r L -A = 8 11 + 1 S r

I I - D L

For a reciprocal junction this may be rearranged into

r
8

= (Si2 - S11S22) r L + S11
-S22rL + 1

which is the well-known bilinear form usually expressed as follows:

Az + B
w = Cz + D (26)

When RL = 0, the magnitude r L of the reflection coefficient r L is unity,
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so that, as its angle 1/IL is varied, r L describes a circle of unit radius in
the complex plane. It is a fundamental property of the bilinear trans­
formation that circles in the z plane (rL plane) are mapped into circles
in the w plane (raplane). Therefore the locus of r aas r L is varied (by
changing l) is also a circle such as Go (Fig. 4.3) if the junction is lossless
and Iral = 1, or a displaced and smaller circle such as G if the junction
is dissipative.

Using theorems of non-Euclidean geometry and the well-known proper­
ties of the bilinear transformation, Deschamps has derived 116 graphical
procedures for determining the magnitude and angle of the three matrix
elements S11, S22, and S12 in (25). Simplified proofs based on plane
geometry have also been derived,l36 together with modified procedures.
Since the details of the proof and interpretation of the geometrical con­
structions are long and not directly related to transmission-line theory,
they are omitted. The steps in the application of Deschamps's method
are as follows:

a. Determination of Reflection Coefficients. The output terminals 22
(Fig. 4.1) of the network or junction under test are connected to a short­
circuited line 2 of electrical length {3l. The complex coefficient of reflec­
tion r a of the terminal impedance Za presented to the driving line 1 by
the network at its input terminals 11 is measured for each of four electri­
cal lengths {3li of the line. These electrical lengths are chosen in pairs
to have the following values: {3l1, {3l2, {3l3 = {3l1 + 1('/2, {3l4 = {3l2 + 1('/2.
Although the values of {3l1 and {3l2 are arbitrary, it is advisable to select
{3l2 so that {3l2 = {3l1 + 1('/4. In this manner the four lengths are equally
spaced along a half wavelength of line 2. The reflection coefficients are
measured using a method described in Chap. IV, Sec. 13, e.g., by deter­
mining the standing-wave ratio and the locations of current or voltage
minima relative to the terminals 11.

b. Construction of Circle. The four complex reflection coefficients rai,
with i = 1, 2, 3, 4, are plotted at Pi in the complex plane, as shown in
Fig. 4.3. The center C of the circleG upon which the four points must lie
is obtained by drawing the line PIP3 and P 2P4 and erecting their perpen­
dicular bisectors. The desired center is the point of intersection of these
bisectors. With C located, the circle G with radius r may be drawn.
If the junction is lossless, the four points must lie on Go, and C is at O.

c. Graphical Determination of Su. The point of intersection S~l of the
lines PIP3and P 2P4 is called the crossover point. In order to determine
S11, the following construction is made: The line S~lC is drawn (Fig. 4.4).
On opposite sides of this line, beginning at 8~1 and C, perpendiculars are
erected which intersect the circle G at A and B. The line AB is drawn.
Its intersection with S~lC at 8 11 is known as the iconocenter. The com­
plex number corresponding to this point in the complex plane is the coef­
ficient S11 of the scattering matrix.
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d. Graphical Determination of 5 12 and 5 22• The determination of 5 12

and 5 22 is facilitated if one of the points Pi corresponds to an electrical
length {3l, which locates the short circuit exactly a quarter wavelength
from the output terminals 22 (this is equivalent to an open circuit at

P4 B

FIG. 4.4. Constructions in the determination of the elements of the scattering matrix.

these terminals). If {3l1 is chosen to be zero, so that point PI corresponds
to a short circuit directly across the terminals 22, P a at {3la = (3l1 + 1r/2
is the desired particular point. Referring to Fig. 4.4, let the line PaSl1
be drawn and extended to intersect the circle G at K. From K the
diameter KCP~ may be drawn. Next the perpendicular to the line S~lC

at Sl1 is drawn; it intersects the circle G at E near P a• Using the known
radius r of the measured circle G, the following values are true. For the
sake of completeness the value of 8 11 is also included. Let 8 = ISIei9

with appropriate subscripts. Then, referring to Fig. 4.4, the elements
of the scattering matrix are

511 : 1811 1 = OSl1 011 = L(OP,OSl1)

8 12 : 1812 \ = S;!f. 012 = jL(OP,CP~) (27)

8 22 .' 1822\ = Sl1C 0 L(S C CP')22 = 11, ar

Each of the angles defined in (27) is that through which the first line
segment in the parentheses must be turned in order to make it coincide
with the second line segment in the parentheses. The sign is positive
if the rotation is counterclockwise and negative if the rotation is clock­
wise. The angle 012 of 8 12 is indeterminate by 1r.
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With the scattering matrix 8 known, the impedance or admittance
matrix and the elements of a T or II section that is electrically equivalent
to the unknown junction or network may be determined.

If the movable impedance ZL terminating line 2 is not a perfect short
circuit, as has been assumed, and the construction to determine the matrix
elements is carried out as for ZL = 0, the values determined are 8~~, 8~~,

and S;~. These are related to the correct values as follows:

8~~ = 811 (28)

where r L is the complex reflection coefficient of ZL. Evidently a knowl­
edge of r L is required if 8 12 and 8 22 are to be determined from 8~~ and 8;,'2"
On the other hand, the ratio

(29)

is available without a knowledge of r L, and this makes the determination
of 8 12 and 8 22 possible without r L in two special cases: (a) Symmetrical
junction: If the junction or network is symmetrical, 8 22 = 8 11, so that
(29) can be solved for 8 12• (b) Reversible junction: If the junction or
network can be reversed so that terminals 22 are the input and termi­
nals 11 are the output, both 8 11 and 8 22 can be determined successively
together with the ratio (29). In this case two independent values of 8 12

may be obtained, the one serving as a check on the other.
If a junction or network is not reciprocal, so that 8 21 ¢ 8 12, the entire

Deschamps technique is still valid except that y8218 12 is determined
instead of 8 21 = 8 12• In order to determine 8 12 and 8 21 it is necessary
to perform at least one additional measurement, and this cannot be car­
ried out on just one side of the junction since any measurement that
involves the transmission through a junction in both directions succes­
sively is incapable of resolving the effect of its nonreciprocal property.
Possible measurements include the determination of the magnitude and
phase of the voltage or the current on both sides of the junction when
driven from one side. An alternative procedure makes use of symmetri­
cal and identical generators on each side of the junction. A voltage
measurement (magnitude and phase) is made on one side or preferably
on both sides of the junction. In this case it follows from (3a,b), with
A 2 = Al equal incident voltages on each side, that

By measuring these two reflection coefficients of the junction when driven
simultaneously and equally from both sides, 8 12 and 8 21 may be evalu-
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ated, since S11 and S22 are assumed known. Evidently one of the meas­

urements is sufficient if yS12S21 is also known. However, since S12 and
S21 may be quite different in order of magnitude--for some devices involv­
ing ferrites S21 may be extremely small whereas S12 is near unity-inde­
pendent determinations of S21 and S12 may be preferred.

A valuable feature of the Deschamps method is the opportunity it
provides for estimating errors in the experimental data. This is illus­
trated in the following example:

nlustrative Example. t The experimental data in this example are derived from
standing-wave measurements obtained using a dissipative junction in the circuit of
Fig. 4.5. In the example to be described the junction is symmetrical, but this does
not need to be the case in order that the method may be applied.

The reflection coefficients r. at the input terminals were determined experimentally,
with the short-circuiting piston at the following values of ~l: 0, 1r/S, 1r/4, 31r/S, 1r/2,

~---~Short
~ ...J circuit

2
-(31-

FIG. 4.5. Circuit for measuring the reflection coefficient of a junction.

57r/8, 31r/4, 7"8/8. The value ~l = 0 corresponds to a short circuit, and the value
fJl = 7r/2 corresponds to an open circuit across 22. Eight points rather than four
were used in order to estimate the experimental errors involved. The eight experi­
mentally determined reflection coefficients are shown plotted in Fig. 4.6. (If a Smith
chart with superimposed reflection-coefficient circles is available, the impedance Z.
may be determined experimentally and plotted as such using the RX coordinates of
the chart. These plotted points are the desired reflection coefficients using the
r,t/I coordinates.) Since the accuracy of the elements of the scattering matrix which
are to be determined depends on the accuracy of the graphical constructions, it is
advantageous to use a large-scale chart of the reflection coefficient. Since only con­
centric circles and radial lines are involved, an appropriate chart is readily constructed.

Following the procedure outlined in general earlier in this section, the pairs of
points for which fJl = 0, 7r/2; 1r/S, 51r/S; 1r/4, 31r/4; and 37r/8, h/S are joined by
straight lines. Theoretically these chords should intersect at the crossover point S~l'

Owing to possible experimental error they may not, and the degree to which their
intersections define a point is a measure of the consistency of the experimental data.
For the experimental data under study the enlarged view of the crossover region in
Fig. 4.7 indicates that the chord defined by the points 7r/8, 51r/8 is not consistent with
the other three, which satisfactorily locate the point S~l at the center of a very small
triangle. The center C of the circle G that should be the locus of the eight reflection
coefficients is readily determined as the point of intersection of the perpendicular
bisectors of the three chords that virtually intersect at S". It is found that a circle
can be drawn through seven of the eight points by using as radius the average of the
distances from C to the plotted points. It may be concluded that the point for
fJl = 1rIS, which alone lies off the circle G, is in error and is responsible1'or the failure
of the fourth chord to intersect the other three at S~l in Fig. 4.7. Since two extra
pairs of points have been determined, this point may be disregarded.

t This example is adapted from Ref. 135.
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goo fil=3TT/4

180°t--+--+--+---I-L...f---1--+-.t-t--:::JJIE--I--+--+--+--+---+--!l--+--+~00

1.0

[Chap. V

270 0

FIG. 4.6. Locus of experimentally determined reflection coefficients r. = r.eil/l••

FIG. 4.7. Enlarged section of the crossover region.
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FIG. 4.8. Graphical determination of the amplitudes of the elements of the scattering
matrix.

Open circuit
at output
terminals

/31=1f/2

180·I-t-+-+--+--+--+-+-+-+--3IiE--l-=-li;---=~t-P+--++--+--+=1

270·

FIG. 4.9. Graphical determination of the phase angles of the elements of the scattering
matrix.
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With 8;1 and G located and the circle G drawn, the graphical constructions previ­
ously described may be performed to determine the magnitudes and angles of the
scattering-matrix elements. For three-place accuracy a reflection-coefficient chart
1 m in diameter was used. The constructions are shown in Figs. 4.8 and 4.9. The
values obtained for the matrix elements 8 = 8ei8 are

S11 = OS11 = 0.331

S11E
S12 = vr = 0.808

S22 = S11G = 0.328
r

811 = L(OP,OS11) = 1350

812 = iL(OP,GP~) = 70.6° or 109.40

(30a)

(30b)

(30e)

The angle 812 of 8 12 is indeterminate by 180°, so that there are two possible values.
Since the junction is known to be symmetrical, 8 11 and 8 22 should be equal. The

results obtained are in good agreement in view of the fact that the distances required
are measurable only within 0.001 unit.

In most cases only the magnitudes S11, S12, and 8 22 are necessary. The angles are
not required in order to calculate the division of power due to the junction. Since
the power reflected at the input terminals 11 is proportional to S~1 and the trans­
mitted power is proportional to 8~2' the following results are obtained:

Power reflected: S~1 X 100% = 11.0% (31a)
Power transmitted to matched load: si2 X 100 % = 65.3 % (31b)
Power dissipated in the junction: (1 - Sil - S;I) X 100% = 23.7% (31c)

If it is desired to design a matching network to eliminate the reflected power, the
angle 811 of 8 11 must be known. All three angles are required in order to calculate
the equivalent impedance matrix and the elements of an equivalent T section (Chap.
III, Fig. 12.3). Formulas for the latter are given in Chap. III, Sec. 12. For the
symmetrical case the normalized series and shunt impedances are obtained from
Chap. III, Sec. 12, Eqs. (32b) and (33). They are

Z11 - Z12
%1 = Zic

Z12
%2 = ZIC = (1

1 + 8 11 - 812
1 - 8 11 + 8 12

2812

(32a)

(32b)

Since there is an indeterminacy of 180° in 812, t~o equally valid T sections are obtained.
It is usually advantageous to select the representation in which the resistive elements
oi the impedances are positive. The two possible sets of values are

_ { 0.190 - j0.414
%1 - 0 + j1.0197

_ { -0.095 + jO.729
%2 - 0.095 - jO.729 (33)

where the upper values belong together, as do the lower ones.

5. Measurement of Impedance and Reflection Coefficient through a
Junction. t If an unknown impedance is connected to a measuring line
through an adapting section or other junction, the problem arises to
determine this impedance or its reflection coefficient from observations
made on the measuring line. That is, measurements are to be made

t This section is based on Ref. 135.
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___z._s_~..i Ju_nc_tio_n---l~9
FIG. 5.1. Junction terminated in an un­
known load.

Q

through a junction. This is possible by an extension of the graphical
method of Deschamps described in the preceding section.

Consider the circuit represented schematically in Fig. 5.1. The
adapting section or junctIon is between terminals 11 and 22. The
measuring line 1 is attached at the left of 11, so that the impedance Za
looking into the junction at 11 is
the load terminating the measuring
line. Its coefficient of reflection is
r a= rae""'. On the right an unknown
impedance is connected to the output
terminals 22; it presents an imped­
ance ZL with reflection coefficient r L = rLe""L. The problem is to deter­
mine ZL or r L from measurements on line 1.

The first part of the measurement consists in replacing ZL by a lossless
line terminated in a movable short circuit and proceeding as if to deter­
mine the scattering matrix of the junction, just as described in the pre­
ceding section. The steps include the measurement of the four reflection

coefficients and from them the deter­
mination of the crossover point S~1J the
center C of the circle G, and the icono­
center S11, just as in Figs. 4.6 to 4.8.
These points and the circle are shown

G in Fig. 5.2.
The next step is to reconnect the un­

known impedance Z L across terminals
22 and measure the reflection coefficient
r a= rae"'" now terminating line 1 at
terminals 11. This is plotted on the
complex reflection-coefficient plane, as
shown in Fig. 5.2. Referring to this
figure, the following constructions are

FIG. 5.2. Construction for determin-
now carried out: Draw S~lA perpen­ing r •.
dicular to S~lC, Draw CD perpendicu-

lar to S~lC, Draw DA extended to meet CS 11 (extended) at Q. Draw
Qraand sura. It then follows that rL = rLei~L is given by

(1)

where S22 = S22ei822 is the element of the scattering matrix determined in
Sec. 4 and the angle 0 is as shown in Fig. 5.2.

It is to be noted that this method requires the previous determination
of S22. Note also that, as S~l approaches C, the point Q moves farther
and farther away. If for a certain junction and a certain load the point



316 TRANSMISSION-LINE THEORY [Chap. V

(2)

(3)

~4)

(Qr.)S22 = UY
~ == L(Qr.,Sllr.) = L(UY,Sllr.)

so that

A
/

/
/

/
/ /

/ /
/ /
y/

Q

Q is too far away for practical use, an alternative construction is avail­
able. This construction may be used in all cases.

Referring to Fig. 5.3, the lines Dr. and Cr. are drawn. From the
point U where QC intersects the circle G, a line is drawn parallel to AD,

intersecting CD at V. Through Van­
other line is drawn parallel to Dr. and
intersecting Cr. at Y.

It can be shown that

Rlustrative Example. Let the junction be
that investigated in the numerical example

FIG. 5.3. Alternative construction in Sec. 4. Mter its properties have been de­
for determining r.. termined using a variable length of short-cir-

cuited line, let an unknown impedance ZL be
attached to its output terminals 22. The reflection coefficient r. = O.70ei60• is meas­
ured at the input terminals and plotted in Fig. 5.4. Mter the construction outlined
in the second method described above and indicated in Fig. 5.4 is performed, the

270 0

FIG. 5.4. Graphical method for obtaining the reflection coefficient of a load terminatin~

a symmetrical junction.
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rellection coefficient rL = ry:i'lt is found to be

rL = Sur. = 0.787
UY

1/IL = a - 822 = -115.8° (5)

where a = L(UY,Sllr.). The normalized impedance is given by

ZL 1 + rL .
ZIL = Zc = 1 _ rL = 0.165 - }0.615 (6)

6. Theory of a Dielectric and Magnetic Slab or Bead in a Transmission
Line.t In most applications transmission lines are not uniform along
their entire length. Usually junctions, connectors, or supports occur at
intervals. It follows that the analysis of a line in which a length d is
characterized by parameters that differ from those along the rest of the
line is of practical importance. The modified section may continue from
a given point all the way to the load, or it may be a short piece inserted
between the gen~rator and the load. As shown in Fig. 6.1, such a sec­
tion may differ from the rest of the line in various ways: (a) The metallic
conductors in the section are identical with those outside but are
immersed in a different dielectric medium. (b) The dielectric medium
in the section is the same as for the rest of the line, but the cross-sectional
dimensions and spacing of the conductors are different. (c) Both the
dielectric and the conductors in the section of length d differ from those
elsewhere along the line. (d) The section consists of a symmetrical
recurrent network of approximately lumped reactive elements distributed
uniformly along the length d.

The principal and common characteristic of these four types of circuit
is that the parameters of the line in the length d (region 1) are not the
same as elsewhere along the line, so that the propagation constant
1'1 = al + j{h and the characteristic impedance Zel = Rel(l - j¢el) differ
from the values l' = a + j~ and Ze = Re(l - j¢c) in the rest of the line.
Owing to end and coupling effects it is to be expected that the behavior
of a smooth line that is interrupted by a section of length d with physical
properties such as those described in (a) to (d) may not be represented
completely and accurately simply by assuming uniform but different line
constants on the main line and in the section of length d. In general,
junction effects resulting from the nonuniformity of line parameters and
from transverse conducting surfaces at the junctions actually obtain
except in case a. However, since such effects can be represented by
equivalent lumped elements at the junctions, account may be taken of
them after the effect of changes in l' and Zc has been determined. It

t It is implicit in the analysis in this section that the TEM mode is the only
propagating mode. For the coaxial line this means that the inner circumference of
the outer conductor is less than the TEM wavelength in the line. Note that
>'TEH = 27f/fJ = 27f/W ~.
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follows that, although the complete analysis of Fig. 6.1a is the specific
purpose of this section, the results of such an analysis may be generalized
to apply to Fig. 6.1b, c, and d by substituting appropriate values of 1"1
and Zcl and supplementing these later with the analyses of the junction
problems.

B A
I 1

E,p,(j ~14- To }2a}2b -Togenerator

~fJ:!~1,zc
load

(a)
YT

(b)

(c)

I }2a}2b
11,Zcl

, 2a l

1 1,zc

E,p,(j
E~ }2al~}2a l

l.zc ~;l~

(d)
E.p

I2~-}2al
1 ,Zc ~-1-1'-Z.-cl-----·

FIG. 6.1. Section of a coaxial line involving changes in the parameters. (a) Dielectric
slab in a uniform line. (b) Section with inner conductor of reduced size. (c) Under­
cut section with dielectric. (d) Section with added capacitance and change in size of
inner conductor. The left-hand boundary B is at z' = 0, the right-hand boundary
A at z' = d.

Consider a long transmission line that has air (any other good dielectric
may be used with small changes in notation) as its dielectric everywhere
except in a section (region 1) between A and B (Fig. 6.1) which contains
a homogeneous medium of thickness d which may be characterized by a
complex dielectric factor:

~1 == El - j(jl = El(I - jhe) (Ia)
w

and a complex reluctivity VI (or permeability til = I/Vl):

"1 == Pl(1 + jhm) til == JLl(I - jhm) (Ib)
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It is assumed that the medium in region I involves only small losses,
so that the dielectric factor and the reluctivity are predominantly real.
Since El and 0"1 in (Ia) may stand for the real effective dielectric constant
and conductivity, ohmic losses arising from time lags in polarization
response as well as from actual conduction are included. The imaginary
part of (lb) represents ohmic losses arising from time lags in magneti­
zation. The assumed restrictions

h~« I h;« I (Ie)

although not necessary in the analysis, lead to considerable algebraic
simplification.

The sides of the slab of material of thickness d are plane, parallel, and
perpendicular to the conductors of the transmission line. In the case of
Fig. 6.Ia the conductors pierce the slab of material without change in
cross-sectional size or shape. Let it be assumed that they are so highly
conducting that the electromagnetic field in the surrounding medium
differs negligibly from that with perfect conductors. This implies that
the axial component of the electric field is negligible, that is, Ez == 0,
in the determination of the transverse field. It can be shown that under
these assumptions the boundary conditions for the electromagnetic field
are satisfied when the inductance, capacitance, and leakage conductance
of each section of line are assumed to be the same as if the entire line
were like that section. For example, in the case of a coaxial line, the
constants of the air-filled parts are given in Chap. I, Sec. 6. To avoid
confusion with regions I and 2, the radii of the conductors of the coaxial
line are a and b instead of al and a2:

le = J.l.o In ~
211" a

211"Eo
c=:;-----~~

In (b/a)
g = 0 (2)

For the dielectric-filled section in which !II = !lrJ.l.O and El == ErEO,

211"0"1

gl = In (b/a)

With Chap. I, Sec. 4, Eqs. (38a) to (40), it follows that

(3a)

(3b)

Since the conductors themselves are uniform, the small internal imped­
ance per unit length Zi = ri + jwli is the same in all sections of the line.

The proof that the boundary conditions for the electric and magnetic
fields are satisfied is readily given. Consider the coaxial line as a typical
example. The fields in a homogeneous dielectric-filled line are given in
Chap. I, Sec. 3. For determining the transverse field they may be
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assumed to consist of the following two components:

E ql
rl = -2t"

7I'"~lr

For an air-filled line the fields are

E r = _-.!l.­
271'"Eor

11
Bel =-­

271'"\llr

I
Be = -­

271'"vor

(4)

(5)

The boundary conditions on the electromagnetic field between the air
and the imperfect dielectric (region 1), on the one hand, and between
each of these and the conductors (assumed perfect for this purpose), on
the other hand, are as follows: The surface density of charge is described
by n; the surface density of current on a perfect conductor is denoted
by l; the charge per unit length is q; the total axial current is I. Between
the two dielectric media the tangential electric field is continuous; the
tangential magnetic B-field is discontinuous:

z' = 0, d a ~ r ~ b Er = Erl voBe = \lIBel (6a)

Between the air and the conductors the normal electric field is discon­
tinuous; the tangential magnetic field is discontinuous:

q I
z' ~ 0 r =a EoEr = na = -2 voB IJ = la = - (6b)

7I'"a 271'"a
-q -I

z' ~ 0 r = b EoEr = -nb = 271'"b voB IJ = -h = 271'"b (6c)

Between the dielectric medium and the conductors the normal electric
field is discontinuous, as is the tangential magnetic field:

ql 11o ~ z' ~ d r = a ~lEr1 = n a l = -2 vl Bo = lal = -7I'"a 271'"a
(6d)

-ql -11o ~ z' ~ d r = b ~lErl = -nbl = 271'"b v l B e = -lbl = 271'"b

(6e)

The substitution of (4) and (5) in (6a) leads to the following relations
between the charge per unit length ql and current 11 in the conductors
when in the dielectric medium and the corresponding values q and I
when the conductors are in air:

q~1ql = - 11 = I (7)
EO

If these values are substituted in (6b) to (6e), all equations are found to be
consistent with (6a). Since, from Chap. I, Sec. 10, Eqs. (10) and (11),

et» = 2
q

t" In ~ Az = -2
1

In ~ (8)
7I'"~ r 71'"\1 r
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it follows that, with (7),

321

so that
+1 = + "lA1z = voAz

VI = (+a - +bh = V = +a - +b
"1 W lz = \'l(Aza - Azbh = Vo Wz = vo(Aza - Azb)

(9a)

(9b)

Significantly both V and 1 are continuous across the boundaries at z' = 0
and z' = d, whereas both q and Wz are discontinuous.

Since the boundary conditions are satisfied if the line constants le, C,

and g = 0 are used outside the slab and li, Cl, and gl, as given in (3),
are used inside the slab, it follows that the conventional line equations
may be used throughout, with V and 1 continuous at z' = 0 and d, with
"'( = a + j{3 and Ze = Re{1 - jq,e) as the propagation constant and
characteristic impedance outside the slab, and with "'(1 = al + j{3l and
Ze1 = Re1 (1 - jq,el) as the corresponding quantities inside the slab.

Referring to Fig. 6.1, the admittance looking to the right into the line
at its junction with region 1 at A is YA = Ye coth 6~, where

6~ = PA + jcI>~ = "'(8 + 6~ = a8 + PT + j ({38 + cI>~)

The admittance terminating the line at a distance 8 from the nearest
point of the slab is YT = GT + JBT ; its terminal function is

6' + ·hol th-l YT
T = PT J'*'T = co Y

e
(10)

(lla)

The characteristic admittance and propagation constant of the air-filled
sections are Ye = Ge{1 + jq,c) and "'( = a + j{3.

At the same junction but with reference to the characteristic admittance
of the dielectric-filled line, the admittance terminating the dielectric-filled
line is

YA = Ycl coth 6~1

where 6~1 = PAl + jcI>~l is defined by (lla) in the form

6~1 = coth-l ~:1 = coth-1 (~: ~e) = coth-1 (Tc coth 6~) (lIb)

where the ratio of characteristic admittances is

In most cases the dielectric materials are sufficiently poor conductors to
permit the neglect of q,e and q,cl. That is, q,c « 1, q,c1 « 1, and q,eq,e1 « 1.
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The important ratio Te has the following significance for the coaxial line
illustrated in Fig. 6.1c:

(12a)

For Fig. 6.la, al = a, so that Te = VElr/1J.lr. For Fig. 6.1b, Elr = 1J.lr = 1,
so that Te is simply the ratio of the logarithms. It is significant to note
that

b b
To = 1 for v;;;. In - =~ In - (12b)

al a

or al=b(~)k k=~= fElr (12c)
b ~1J.~

If, as in Fig. 6.1a, al = a, then Te = 1 when 1J.lr = Elr; also Te > 1 when
Elr > 1J.lr, and Te < 1 when Elr < 1J.lr. If 1J.lr = 1 and the dielectric is an
undercut slab or bead, as in Fig. 6.1c, Te = 1 when al = b(a/b)k and
k =~. Junction effects owing to the change in size of the inner
conductor are neglected.

The admittance looking to the right into the dielectric slab of thick­
ness d at its input junction with the line at B in Fig. 6.1 is

YB = Yel coth (yld + a~l) = TeYe coth (yld + a~l) (l3a)

The same admittance viewed as the termination of the air-filled line to
the left of the dielectric slab and referred to the characteristic admittance
of the line in air is

YB = Ye coth a~

By equating (l3a) to (13b) and using (Ub), it follows that

a~ = coth-1 ITe coth [jId + coth-1 (r;1 coth a~)]}

Use is now made of the identity

coth (x + ) = 1 + coth x coth y
y coth x + coth y

in order to transform (14) into

Of = coth-1 coth a~ + re tanh rid
B 1 + r;;-I coth a~ tanh rId

In logarithmic form using the identity
x+l

coth- I x = j-In --1x-
(16) is

(l3b)

(14)

(15)

(16)

(17)

a' = 1 In coth a~ + 1 + (r;1 coth a~ + Te) tanh rid (18)
B 2" coth 6~ - 1 - (r;1 coth 6~ - Te) tanh rid

By separating the real and imaginary parts of the expression on the right
in (18), formulas for pn and <I>~ may be obtained. Since these are long in
the general case, they are not written out.



Sec. 6] DISCONTINUITIES AND NONUNIFORMITIES 323

(20)

(21)

Matched Line with Dielectric and Magnetic 8lab. Considerable simpli­
fication results if the line is matched at its final termination and the
distortion factors cPcl of the dielectric and cPc of the air-filled line are suf­
ficiently small. Let these conditions be expressed as follows:

YT = Yc so that 9~ = 00, 9~ = 00, and coth 9~ = 1 (19a)
cPr = cPcl - cPc « 1 so that Tc == rc (19b)

Subject to these conditions, (18) may be reduced to

6
'

= + 'cp' = lIn 2 + (rc + r;;-1) tanh 'nd
B PB J B 2 (rc _ r~l) tanh 'rId

The real and imaginary parts of the logarithm may be separated using
the identity

tanh (x + . ) = tan~ x + j tan y
JY 1 + J tanh x tan y

The final results for the matched line are

PB
= -21 In A A = 1(2 + k l T)2 + (k l + 2T)2t

2
(22a)

'J k~(T2 + t 2
)

,T,1 = n1f' + ! t -1 (k l + 2T t) + ! t -1 T. (22b)
~B 4 2 an 2 + kiT 2 an t

where n = 1 for r c < 1 and n = 3 for Tc > 1. The following abbrevi­
ations have been used:

kl == r c + r;;-l k2 == Tc - r;;-l
T == tanh aId t = tan {3ld

The corresponding formulas for the reflection coefficient

(YB - Yc )
r~ = r BeN'B = -'----"...:..

(YB + Yc)

(22c)
(22d)

are obtained directly. They are
1r B = e-2PB = A (22e)

The voltage or current standing-wave ratio is

8 = coth PB = coth (j In A) A + 1
A-I (22f)

The power standing-wave ratio is 8 2•

Matched Line Unaffected by Dielectric 8lab. An important special case
of (22a,b) is obtained when rc = 1. This occurs under conditions speci­
fied in (12a,b,c). Of these, the most practical is the undercut dielectric
bead. In this case kl = 2 and k 2 = 0, so that PB = 00, f B = e-2PB = 0,
and 8 = 1. Since there is no reflection, the phase function ep~ and
the phase angle y;~ = - 2cp~ of the complex reflection coefficient are
meaningless.



(23)

(24c)

(24a)
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Matched Low-loss Line with Dielectric and Magnetic Slab. If the
attenuation constant al of the dielectric medium is sufficiently small
so that the following inequalities are good approximations:

T t h d · d // Tc + T~l k l== an al = al.............. 2 == 2

(22a) and (22b) reduce to simpler forms. These are

• 1 I [4 + (Tc + ~1)2 tan2 (jld]i
PB = ~ n I(Tc _ ~1) tan {jldl

n-.f ...:.. 'If' + 1 t -1 [1 ( + 1) t IJ d] ( n = 1, Tc < 1 (24b)
":t'B - :4 2 an 2 Tc ~ an 1Jl n = 3, T

c
> 1

r
B

= I(Tc - ~1) tan {jldl
[4 + (Tc + ~1)2 tan2 131d]i

The power standing-wave ratio S2 = coth2 PB, with PB obtained from
(24a), is plotted in Fig. 6.2 as a function of {jld/2'1f' for a nonmagnetic

50

5

2

1 1
o 0.1 0.2 03 0.4 0.5 0.6 0.7

J31d {€,.d
2Ti=)c"

FIG. 6.2. Power standing-wave ratio produced by a dielectric bead of length d in a
coaxial line.

dielectric bead. With JLr = 1 it follows that Tc = v;,: and {jl = y';;'I3,
so that {jld/2'1f' = v;,: d/A. The parameter in Fig. 6.2 is the relative
dielectric constant Er • It is seen that the maximum effect of the bead
occurs when its electrical length is an integral odd multiple of a quarter
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(25)

wavelength, and that the minimum effect (actually zero effect for a loss­
less dielectric) occurs when its electrical length is an integral multiple of
a half wavelength.

a. Thin Slab in Matched Line. In the case of an electrically short low­
loss bead defined by

(26a)

for Jl.r = 1 and r e = V;':
1

for Er = 1 and r e = _~
VJl.r

for r e = 100

the following expressions are good approximations:

1 1 2
PB = y n Ire - r;-ll{jld

1 1 2
y n (Er - l){jd

i In 2
(Jl.r - 1){jd

(27b)

1 (27a)for Er = 1 and r e = _~
VJl.r

for r e = 1

for /J.r = 1and r e = v;,:

for r e > 1

for r c < 1

00

fJl~ == ~7r + i (re + r;-l){jld

__~ 3; +i (Er + 1){jd for Jl.r = 1and r e = v;,:
(26b)

~ + ! (Jl.r + 1){jd for Er = 1 and r e = _1_
4 4 ~

(where n = 1 for r~ < 1 and n = 3 for re > 1)

~ i(Er - 1){jd for Jl.r = 1 and r e = v;,:
r '" ilr, - r,'lllId =~ i<", - l)fjd for " =1 and r, =..); (26c)

o for r e = 1

b. Quarter-wave Slab in Matched Line. In the special case of a low­
loss bead or slab having an electrical length of exactly a quarter wave­
length, that is, {jld =! 7r/2 and t = tan (jld = 00, the following formulas
may be obtained from the general relations (22a,b) [it is assumed that
(23) is satisfied]:

B = 1 In Ir e + r;-1I
P y r - r-1

e c

i In E
r + 11 == coth-1 Er

Er -

i In Jl.r + 1 = coth-1 /J.r
Jl.r - 1



326 TRANSMISSION-LINE THEORY [Chap. V

Er - 1
Er + 1

r' = Irc - r~l I= !J.r - 1
B r c + r;;-l --

!J.r + 1
o

-l~8 = coth p. = r. = ~

for !J.r = 1 and r c = V~

for Er = 1 and r c = _~ (27c)
V!J.r

for rc = 1

for J.(r = 1 and rc = V~

1
for Er = 1 and r c = _ r (27d)

v J.(r

for r c = 1

c. Half-wave Slab in Matched Line. The formulas for a low-loss slab
that has an electrical length of exactly a half wavelength, that is, f3 l d = 11",

so that t = tan f3 l d = 0, are obtained from the general formulas (22a,b).
They are

PB = tIn I 2 11 d - 00 for aId small
rc - r;;- al

{

11" for r c > 1

<I>~ = 11" for r c < 1
2

r' = ilrc - r;;-l/ald == 0 for aId small

(28a)

(28b)

(28c)

(29)

Since PB == 00 and r == 0, it follows that the dielectric slab has no sig­
nificant effect and the line remains matched.

I deal Open Circuit at End of Dielectric and Magnetic Slab. If the sec­
tion of line to the right of the slab in Fig. 6.1 is adjusted to make the
impedance looking into it at A extremely great, so that it is approxi­
mately equivalent to an ideal open circuit for which 6~ = 0 + j1l"/2 and
coth 6~ == 0, the general expression (18) for the terminal function 6~

reduces to the following much simpler form:

6' =1. In (1 + Tc tanh 'rId ei7r)
BO 2 1 - Tc tanh 'rid

Using standard identities, it follows that

t h d _ tanh aId sec 2 f3 ld + j tan f3 l d sech2 aId
an 'rl - 1 + tanh2 aId tan2 f3 l d

(30)

If the losses in the dielectric slab are at least moderately low, so that the
following inequality is a good approximation:

(a 1d)2 « 1

the relation (30) reduces approximately to

tanh 'rId == aId sec 2 f3 l d + .f tan f3 ld

(31)

(32a)
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provided {3Id is not near an odd multiple of 7r/2. When {3Id = 7r/2, (30)
reduces to

h d
1 . 1

tan 'YI = t h d = -dan al al
(32b)

With (32a) and (Uc), together with the shorthand notation

H 0 == aId sec2 I3Id - ePr tan I3Id

6~o = PBO + jcf>~o in (29) becomes

6' = 1 In ~I + H o + j tan I3 I d + ' ~
BO "2" ~I _ H o - j tan f3 Id J 2

_ 1 I 1 + 00 + 'cf>'
- 4" n 1 _ 00 J BO

(33)

(34)

Since 00 as defined in (34) is small compared with unity, the logarithm
may be expanded in series to give

• 00 reHo (3 )
PBO = 2" = 1 + r: tan2 f3 I d 5a

J..' = ~ (t -1 tan f3 Id + t -1 tan f3Id.) + !
~ 2 ~ +H ~ -H 2~ 0 ~ 0

7r= tan-I (~I tan f3 I d) + 2 (35b)

Interesting special cases are summarized as follows:

cf>' 7r
BO = 2

(36a)

(36b)

(37)

(38)

I deal Short Circuit at End of Dielectric. If the section of line to the
right of the slab in Fig. 6.1 is adjusted to make the impedance looking
into it at A extremely small, so that it approximates an ideal short cir­
cuit (in a coaxial line the dielectric slab may be placed in contact with
the short-circuiting piston), it follows that 6~ = 0 and coth 6~ = 00, and
(18) reduces to

6' = 1 In 1 + r;I tanh 'Yid
BS '2"' 1 - r;I tanh 'Yid (39)

Since re = re(l + jePr) and r;I == ~I(1 - jePr), it follows that, aside from
the added term j7r/2, (39) is like (29) except that ~I occurs in place of
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re and - cPr in place of cPr. With these changes (35a) and (35b) apply to
(39). The results are

<I>~s = 0

<I>~s = ~

. reHs
PBS =r~ + tan2 (3ld

i£..1 1 (t -1 tan (3ld -1 tan (3ld). -1 (
'¥BS = 2' an r;l + H s + tan 171 + H s = tan re tan (3ld)

where H S == aId sec2 (3ld + cPr tan (3ld

For the special cases the following are obtained:

For «(3ld)2 « 1: PBS == re(3ld (;~ + <PI')
For (3ld = 1l": PBS = aldre

1l"
For (3ld = 2: PBS = aldre

(40a)

(40b)

(40c)

(41)

(42)

(43)

Lumped Capacitance in Matched Line. The particular values of PB

and <1>; when a lumped capacitance C is connected across the transmission
line at B may be derived from the formulas for the dielectric slab by
taking the limit as the thickness d approaches zero. If c is the capaci­
tance per unit length of the air-filled line and Cl = ErC is that of the
dielectric-filled line, the capacitance per unit length added by the dielec­
tric is

C = (el - c)d = Cd(Er - 1) (44)

Any derived lumped constant may be represented in this equation as the
assigned constant value of C in the limit as d~ 0 and Er ~ 00.

Consider the value of

wCRe = WCd(Er - l)Re = Wd(Er - 1) vZC = (3d(Er - 1) (45)

In the limit as d~ 0 and Er ~ 00 this becomes

wCRe~ (3dEr = (3ld y;,: (46)

Thus the values of PB and <l>B may be obtained from the general ones for
a dielectric slab by substituting wCRe for (3ld y;,: and then letting ~ ~ 0
and Er ~ 00. This procedure is illustrated below, beginning with (22a)
specialized for a lossless line:

where

(47)

(48a)

(48b)

(48c)
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(49)

(50a)

(50b)

If the condition (wCRc )2 « 1 is satisfied, the following simpler formulas
give the phase and attenuation functions introduced into a matched line
by a simple lumped capacitance:

• 1 I 2
PB = 2" n wCRe

cp' = 311'" + wCRe
B 4 4 (51)

Line Loaded with Uniformly Distributed Lumped Capacitances or
Inductances. If N approximately lumped shunt capacitances C1 or
series inductances L 1 are connected in a line in a section of length d
(Fig. 6.1d), the line may be analyzed by assuming that the effective
capacitance and inductance per unit length of line are augmented by
the amounts NCtfd and NLtfd, so that the effective capacitance and
inductance per unit length between A and B in Fig. 6.1d are

(52)

where t; and l~ are the values with the lumped elements absent. The
characteristic impedance Zcl and propagation constant "{I for the length
d are defined as usual. By proper choice of C 1 or L 1 or both, a loaded
line with various properties can be obtained. For example, at suf­
ficiently low frequencies l may be increased sufficiently by lumped series
inductances L 1 so that r/l = g/c and the distortion factor cPe vanishes.
At high frequencies variable reactive tuners may be constructed for use
on open-wire or shielded-pair lines by providing small capacitor plates
that may be rotated from closely meshed positions to widely separated
ones. l2o Alternatively the reactance of ordinary variable capacitors may
be determined at high frequencies by analyzing them as sections of
capacitively loaded transmission line in which the stack and rotor rods
are the parallel conductors. 120

7. The Maximum-Minimum-shift Method for Determining Dielectric
Constants and Permeabilities of Solids and Liquids and Equivalent Sec­
tions of Transmission Line for Symmetrical Two-terminal-pair Net­
works.l23.129.130 A simple direct procedure for determining both the
dielectric constant and the permeability of a slab of material of con-
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venient thickness is available in the maximum-minimum-shift method. t
In its original form it was described only for measuring relative dielectric
constants. However, it is extended without difficulty to the determi­
nation of the relative permeability.

The fundamental principle of the method is simple. In effect, it
involves the successive measurement of the impedance of a section of
transmission line when immersed in the material under test when termi­
nated in an open and a short circuit. Since the sample to be used may
be chosen to be symmetrical, it is convenient to make use of the sym­
metrical and antisymmetrical combinations involving, respectively, an
open circuit and a short circuit in the plane through the center of the slab
(see Chap. III, Sec. 12).

A location in which a voltage maximum and a current null are at the
center of the slab is symmetrical with respect to the voltage and anti­
symmetrical with respect to the current. It is equivalent to an open
circuit at the center. A location in which a voltage null and a current
maximum are at the center of the slab is antisymmetrical with respect to
the voltage and symmetrical with respect to the current. It is equiva­
lent to a short circuit at the center. Actually, completely symmetrical
distributions of current and voltage (in which current or voltage nulls
rather than minima occur at the center of the slab) are achieved only if
the slab itself is exactly at the center of a resonant symmetrical section
of line that is driven by identical generators loosely coupled at both ends.
If the generators are in phase, there is a voltage null at the center of
the slab; if they are 1800 out of phase, there is a current null at the center
of the slab. In practice, the slab may be placed with its center at a
voltage or current maximum, with sections of low-loss line on each side.
Only one of these sections need be driven by a loosely coupled generator
if the material in the slab is not highly dissipative, as indicated by the
sharpness of the resonance curves. Preferably the detector should be
coupled to the same section as the generator.

Mathematical Formulation. The first step in deriving the tangent
relation on which the maximum-minimum-shift method depends is to
compare the input admittance of two sections of transmission line. Of
these, the first (Fig. 7.1a) has only air (vacuum) as the dielectric from
the arbitrarily located input terminals at z' = 0 to the reactive termi­
nation with admittance YT = JB T at z' = s'. The second section of line
(Fig. 7.1b) is immersed in a medium with complex dielectric factor ~l

and complex permeability til from z' = 0 (plane B in Fig. 6.1a) to z' = d

t It is implicit in the analysis given in this section that the TEM mode is the only
propagating mode. For the coaxial line this means that the inner circumference of
the outer conductor is less than the TEM wavelength in the line. Note that
>'TEM = 27r/(j = 27r/wV;;'. If f.l = f.lof.lr or E = EOEr differs greatly from f.lo or EO, the
cross-sectional size of the line may have to be very small.
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!
s+d

(C)

(b)z'=O d

z'=O d

[Region 1 (E1,Pl'0"1)

_Y_in_\~t~,'4;-ii ~tyT=jBT
s+d

FIG. 7.1. Sections of transmission line.
(a) Uniform section. (b) Slab of dielec­
tric of length d along otherwise uniform
line. (c) Slab of fluid dielectric between
thin walls represented by lumped capaci­
tances along otherwise uniform line.

Yw = jBw = -jwCw

at z' = 0 and z' = d (Fig. 7.1c).
In the following the more general
problem involving a liquid enclosed in thin, solid retaining walls is formu­
lated, since the results are readily specialized to the simpler and more
important cases involving liquids with Polyfoam walls or a solid dielectric
with no additional walls by setting B w = O.

The input admittance Y' for the section of line in Fig. 7.Ia is

Sec. 7] DISCONTINUITIES AND NONUNIFORMITIES

(plane A in Fig. 6.1a) and in air from z' = d to z' = d + 8, where it is
terminated in YT == jB T • The material parameters have the properties
discussed in conjunction with Sec. 6, Eqs. (la,b,c). It is assumed that
the two sections of line are identical except for the added presence of the
dielectric medium in the second section. (In practice the measurements
are made successively on the same
section of line with and without the Yi~'L~

J::; *; YTslab.) Both lines are highly con- -~t------------~

ducting, and the conductivity of the z'=o (a) z'~s'
dielectric or magnetic sample is suffi-
ciently small so that Sec. 6, condi­
tion (lc), is satisfied. If the me­
dium is a liquid, retaining walls are
required. These may be ignored if
made of a material like Polyfoam
which has a relative dielectric con­
stant and a relative permeability
differing negligibly from 1. If they
are made of a solid dielectric, they
may be sufficiently thin to permit
their analytical representation as
small lumped admittances

Y' = G' + jB' = Yc coth (ys' + 6~) == -jGc cot ({38' + cI>~) (1)

The characteristic admittance of the line is Yc == Gc = 1/R c ; the propa­
gation constant is y = a + j{3. The terminal function of Y T is

for an ideal short-circuit 6~ = O. The values following the approxi­
mately equal sign in (1) and the related definitions apply only if the
attenuation of the line is neglected and the termination is a pure
reactance.

The input admittance Y2 of the section of line of length 8 in Fig. 7.1c
in parallel with the lumped admittance Y", == jBw of the right-hand
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Y 2 = G2 + jB2 = Yw + Ye coth ("(s + 9~) == j[Bw - Ge cot ({3s + cI>~)] (2)

The input admittance Y of the entire line in Fig. 7.1e is

Y = G + jB = Yw + Yel Y2 coth "(Id + Yel (3)
Y2 + Yel coth "(Id

where Yc1 = Gel(l + j</Jel) is the characteristic admittance and

"(I = al + j{31

is the propagation constant of the line when immersed in the slab of
material medium between z = 0 and z = d.

The fundamental step in the derivation of the desired equation is to
require the lengths s' and s to be so related that the input susceptances
Band B' are equal. Thus

B = B' or 1m Y = 1m Y' (4)

The properties of the dielectric material are represented by "(I and Zel;

its thickness d is arbitrary.
It is readily verified, using (1) and (3) with (2), that (4) may be

transformed into the following general equation:

with

where

Re {C1[coth ("(s' + 9~) - coth ("(s + 9~)]

+ coth ("(s' + 9~) coth ("(s + 9~) - C2 }

CI = Clr + jCli == Te coth "(Id + YwZe

C2 = C2r + jC2i == T~ + 2TeYwZc coth "(Id + Y~~

Ze
Te ==-z

el

= 0 (5)
(6a)
(6b)

(7)

With these definitions of CI and C2, it is the real part of (5) which is
derived from the susceptance. It is readily verified that (5) with Yw = 0
is obtained directly by equating Sec. 6, Eq. (13b), with Sec. 6, Eq. (16),
to (3) with Yw = O. Equation (5) expresses the relationship between all
values of s' and s for which the input susceptances of the two sections
(the one of length s' in air, the other of length d in the dielectric or mag­
netic medium and length s in air) are equal. In the complete absence of
the material medium (d = 0, B w = 0) the input admittances are equal
when s' = Sl. If a dielectric or magnetic medium is present, d + s is
taken to be less than s'.

The greatest effect on the input susceptance Bin is produced by the
material medium when it is so situated that the values of s' and s which
satisfy (5) are such that s' - s is a maximum. With this combination
of s' and s the circuit reaches its greatest sensitivity to the reactive effect
of a dielectric or magnetic sample, so that it represents the optimum
condition for the precise measurement of Er or p.r.



Sec. 7] DISCONTINUITIES AND NONUNIFORMITIES 333

The particular forms of Eq. (5) for which 8' - 8 has its extreme values
are obtained by setting the derivative of 8' - s with respect to s' equal
to zero or, what is equivalent, by setting

ds = d(ys) = 1
ds' d(ys')

(8)

Using familiar formulas, let (5) be transformed into the following
equivalent expression:

I . 1 + C2 )Re -C1 smh yes' - s) + -2- cosh yes' - s

1 - C2 I+ -2- cosh [yes' + s) + 28T] = 0 (9)

If (9) is differentiated with respect to s' and (8) is imposed, the following
condition is obtained:

(C2 - 1) sinh [yes' + s) + 28~J = 0 (10)

Since C2 is not equal to unity, in general, (10) is equivalent to the
following:

sinh [a(s' + s) + 2PT] cos [pes' + s) + 24>~]

+ j cosh [a(s' + s) + 2pT] sin [P(s' + s) + 24>~) = 0 (11)

where only the imaginary part is relevant for the condition (4). This
part of (11) is satisfied when

fJ(s' + 8) + 2~~ = kr k = 0, 1, 2, . . . (12)

Using (12) in (9), the following equation is obtained for the maximum
and minimum values of s' - s (indicated by the subscript m):

Cli sin P(s' - S)m + j(I + C2r) cos P(S' - S)m ± j(l - C2r) = 0 (I3a)

where the upper sign is for k even and the lower sign is for k odd in (12),
and where C li and C2r are the imaginary part of C1 and the real part of
C2, respectively. In deriving (I3a) it is assumed that the following
inequalities are good approximations:

IClil » IC2ia(S' - s)1 [a(s' + s) + PT)2 « 1 (I3b)

Equation (I3a) is readily transformed into the following two equations:

cot2 A + 2C li cot A - C2r = 0 k even in (12) (14a)
tan2 A - 2Cli tan A - C2r = 0 k odd in (12) (14b)

where the notation
A == j{3(s' - S)m = ip(d + 8m ) (15)

is introduced. In (15) 8 m is the maximum or minimum shift in the
position of the termination when adjusted for resonance successively
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without and with the material medium. The shift S is shown in Fig. 7.1.
The solutions of (14a) and (14b) are

cot ~ = -Cli ± vCri + C2r

tan ~ = C li ± vCri + C2r

(16)

(17)

where, for 2~ = (3(s' - s) positive and less than 7r", only the upper signs are
relevant. The complex constants Cl = Clr + jCli and C2 = C2r + jC2i

are defined in (6a,b). Although the real and imaginary parts of C l and
C2 are separable, in general, without restricting the properties of the
material in the slab under investigation, resonance curves are sharp only
for materials that are not very good conductors. Accordingly it is con­
venient to obtain the simpler formulas that apply to samples of moder­
ately low effective conductivity. This is in agreement with Sec. 6, con­
ditions (Ie). Therefore let the following restrictions be imposed on the
propagation constant "(1 = al + j{3l and the characteristic impedance
Zel =: Rel(l - jt/Jel):

(a l d)2 « 1

Subject to these conditions,

(18)

coth "(ld == -j cot {3ld + aId csc2 {3ld

provided the additional requirement

(19)

(20)

is satisfied. With (7) and (18) it follows (as in Sec. 6, Eqs. (Uc,d)] that

(21)

where Er and f.Lr are the relative dielectric constant and permeability of
the material medium. Note that

(3l = n{3 n == VErf.Lr (22)

where n is the index of refraction. In a nonmagnetic dielectric material
f.Lr = 1 and r c = n = ~; in a nondielectric magnetic material Er = 1
and r e = 1/vJ;; = l/n.

With (18) to (22) it follows from (6a,b) that
Cli = BwRc - r e cot n{3d (23)
C2r = r~ + 2rcBwRe cot n{3d - B;R~ (24)

so that -Cli + vCri + C2r = -BwRc + rc cot i;n{3d (25)

Cli + vCri + C2r = BwRc + rc tan jn{3d (26)
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If (25) and (26) are substituted in (16) and (17), these may be expressed
as follows:

cot .6. + BwRc = rc cot {nfjd
tan .6 v - BwRc = r c tan jnfjd

k even in (12)
k odd in (12)

(27a)
(27b)

It is readily verified that condition (12), fj(s' + s) + 2<1>~ = "k1r, with
k = 0, 1, 2, ... ,ensures that the extreme values.6. = j,8(s - S')m. and
.6 v = {,8(s - S')mv occur when the current and voltage distribution pat­
terns are symmetrical with respect to the center of the slab. With (12)
the part of the susceptance B 2 in (2) due to the line is given by

B 2in == B 2 - B w = -Gc cot [k". - (fjs' + <I>~)] = Gc cot (,8s' + <I>~) (28a)

Since the susceptance B' in (1) is equal to the susceptance B in (3) and
since B 2' n in (28a) is the negative of B' in (1), it follows that, when
located for extreme shift, B 2in = -B. However, since the entire circuit
is adjusted for resonance, the susceptance B looking into the slab must
be the negative of the susceptance at the same points but looking away
from the slab back into the line:

(28b)

That is, the susceptances looking into the line in both directions from
the edges of the dielectric slab are the same. This is possible only when
the current and voltage distributions are symmetrical with respect to the
center of the slab. In particular, the extreme value .1. defined in (27a)
always occurs when the largest number of current maxima consistent
with the electrical thickness n,8d of the sample are contained within it.
When nfjd is less than"., this means a current maximum at the center of
the slab. (When nfjd is between". and 2"., it means voltage maximum
at the center, with two symmetrically placed current maxima within the
slab.) Alternatively the extreme value .6" defined in (27b) occurs when
the largest number of voltage or charge maxima are contained within
the sample. For n,8d less than"., this means a voltage maximum at the
center of the slab. The question as to which of the two extreme values
.6. and.6v is a maximum and which is a minimum depends on the relative
magnitudes of Er and JJ.r. If JJ.r = 1 and Er > 1, .6v is the maximum and
.6. is the minimum. If Er = 1 and JJ.r > 1, .1. is the maximum and Ll v is
the minimum. If Er = JJ.r, there is only one value of s' - s for all positions
of the slab, so that .1" and .1. are equal.

Equations (27a) and (27b) may be solved for rc = v'Er / JJ.r and
n = viJJ.rEr' The square root of the product of (27a) and (27b) is

~ = rc = [cot .6. tan .6 v + BwRc(tan .6. - cot Ll v) - B~R~]i (29a)'\};
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The ratio of (27b) to (27a) yields

_ j- _ _ 2 -1 (tan !:l" - BwRc)'
v J.l.rEr - n - {jd tan cot !:li + BwRc

(29b)

If the sample includes no solid retaining walls, Bw = 0, and the following
simpler expressions are obtained:

I~ = r c = (cot !:li tan !:l,,)1
'\j /-Lr

_ j- 2
v Er/-Lr = n = {jd tan- 1 (tan l:1i tan !:l,,)'

(30a)

(30b)

It follows that
2

Er = rcn = {jd (cot !:l, tan 1:1,,)' tan- 1 (tan!:li tan !:l,,)' (31a)

J.l.r = ~ = 2 tan-1 (tan l:1i tan 1:1,,)' (31b)
rc {jd cot l:1i tan I:1v

If the two extreme values (s' - S)i and (s' - s)" in 1:1. and!:l" are deter­
mined experimentally, the relative dielectric constant Er and the relative
permeability J.l.r of the sample may be determined from (29a,b) or from
(31a,b). The only other quantities required are the thickness d of the
sample and the wavelength Xin (j = 27r/X for the line in air. Thus, since
only four length measurements are involved, an absolute method for the
determination of Er and J.l.r is available.

If a liquid material is contained between solid retaining walls for which
Bw is not zero, BwRc may be determined experimentally using (27a) or
(27b) with the cell empty. In this case r c = n = 1, so that

BwRc = tan l:1"e - tan j{jd = cot j{jd - cot l:1ie (32a)

where !:lV6 = jf3(s' - S)m" and !:lie = j{j(s' - S)mi for the cell empty.
Alternatively the susceptance Bw of the walls may be eliminated by
subtracting the equations for the empty cell from those for the full cell.
For (27b), for example, the result is

tan 1:1" - tan !:l"e + tan j{jd = rc tan jn{jd (32b)

(33b)

(33a)k even

k odd

f3(S' + s) + 2q,~ = k7r

(j(S' + s) + 2q,~ = k7r

Important and very simple special forms of (31a) and (31b) are obtained
for a sufficiently thin sample. Subject to the condition (n{jd)2 « 1 and
with Bw = 0, (27a) and (27b) reduce to

n (s' - S)mir:; = J.l.r = d

(s' - S)m"
nrc = Er = d

It follows that for an electrically thin sample J.l.r can be determined directly
from the one extreme shift, and Er from the other. The extreme shift for
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determining J.Lr from (33a) occurs when the center of the sample is at a
current maximum; that for determining Er from (33b) occurs when the
center of the sample is at a voltage maximum.

If J.Lr = Er , the general Eq. (5) reduces to
- s' - s

n = VJ.LrEr = J.Lr = Er = -d- (34)

xz=o

In this case the shift S = s' - s - d is constant for all locations of the
cell.

The locus of the extreme values (s' - S)m as a function of s' may be
determined using the extremizing condition (12). The result is

{3Cs' - S)m
{3s' + <I>~ - krr/2 = 2 (35)

Accordingly, if values of {3(s' - s)m for a range of possible values of n, rr.,
and d are plotted as a function of {3s' + <I>~ - krr/2, all points must be
on a line of slope 2. This applies to both {3(s' - S)m1l and {3(s' - S)mi.

Experimental Procedure. In order to measure dielectric constants and
permeabilities by the extreme-shift method, a sample of the material of

T To
d t °t tgenerator s' b'

•~II y,_r-I -----"'------,~-o

~ F,M/?vable
--z-,=--.,..o-------------'s'"':-,- piston

z=1 (a) 1+s'

z=o x

Er,Ur s b S=s'-s-d

=E=II===y=j~\~=*6==:D~ie::;:le=c:;=:"-.:=lc:s-l:=a-b:=-:=-=-\::;:~~=~=iS=to=~=b'
z'=O d d+s s'

1 1+d 1+d+s 1+s'
L-'----......,yr--------"

s'
(b)

FIG. 7.2. (a) Location of piston at b' for resonance with no dielectric slab. (b)
Location of piston at b for resonance with dielectric slab between z = 1and z = 1 + d.

thickness d must be moved along a transmission line that has a loosely
coupled generator and a loosely coupled detector fixed near one end and
a movable reactive termination (e.g., a piston) YT = JBT at the other,
as shown in Fig. 7.2, with Y T = o. t The first operation is to locate the
position b' (Fig. 7.2a) of the reactive termination at which the circuit
without dielectric is tuned to resonance, as indicated by a maximum
deflection of the detector.

t If preferred, the dielectric may be fixed, and the detector, generator, and piston
moved relative to it. For simplicity the procedure is described only for a movable
dielectric slab.
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The second operation is to move the slab of material (or the cell con­
taining the liquid) from the point b' toward the detector step by step,
thus increasing the distance s' between b' and the left-hand surface of
the dielectric. For each position of the dielectric the reactive termi­
nation is moved toward the dielectric to b, where the circuit is again
tuned to resonance, as indicated by a maximum deflection of the detector.
The distance between the termination at the resonant position b and the
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FIG. 7.3. Shift curves: a-distilled water in cell of thickness 2.08 cm; a'-the same
cell empty; c-distilled water in cell of thickness 0.52 cm; c'-the same cell empty.
The large circles locate the maxima of the shift curves of water solutions of ethyl
alcohol; b is one of these completely plotted; A = 188.8 cm.

right side of the dielectric is s. As s' and s are increased step by step
but, in general, at different rates, a "shift curve" may be plotted of the
difference s' - s as a function of the location along the line of the center
of the slab. The origin of the linear scale along the line is arbitrary.
Typical "shift curves" for water solutions of ethyl alcohol for which
Er > 1, with JLr = 1, are shown in Fig. 7.3.

As s' is increased by moving the sample toward the detector, a point is
reached where the reactive termination must be moved away from rather
than toward the dielectric in order to tune the circuit to resonance. At
this point a further increase in s' results in a decrease in s' - s-evidently
the maximum value (s' - S)mv of s' - s has been reached. For a certain
range beyond this maximum, s' - s decreases as s' is increased. Then
s' - s reaches a minimum (s' - S)mi and again starts increasing with
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continually increasing s'. As indicated in Fig. 7.3, the center of the
dielectric slab is at a voltage minimum when s' - s is a minimum. If
the reactive termination is a perfect short circuit (e.g., a piston) and the
slab is electrically thin, the center of the dielectric is 'A/2 from b' when
s' - s is a minimum.

In order to determine the dielectric constant of a material with ILr = 1,
it is sufficient to measure the maximum value (s' - S)mv of s' - s; it is
not necessary to plot a complete shift curve like those in Fig. 7.3. Several
experimentally determined maximum values (without the rest of the
associated shift curves) are also shown in Fig. 7.3. Note also that they
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~
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60

Er
80

40
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FIG. 7.4. Dielectric constant of water solutions of ethyl alcohol referred to water at
15.5°C. The circles are experimental points obtained using the cell of thickness
2.08 em. Solid dots are from data given by Wyman [J. Am. Chem. Soc., 53: 3297
(1931)]. Room temperatures.

all lie on the straight line of slope 2, as required by (35) (in Fig. 7.3
s' increases from left to right).

With (s' - S2)mv measured and {3 = 27r/X known (or measured),
n = r c = VZ may be evaluated from (27b) with B w = 0 or from (34) if
there are solid retaining walls. The values of €r obtained from the
measurements represented in Fig. 7.3 are given in Fig. 7.4.

The Size of the Sample. The mathematical theory assumes that the
sample under test consists of a flat slab of thickness d with its parallel
sides perpendicular to the axes of the conductors and completely filling
the space between and around them. For use in a coaxial or shielded­
pair line it consists of a disk that fits into the outer conductor or shield
and has a hole or holes for the inner conductor or conductors. For use on
an open-wire line the dielectric must ideally extend to infinity, although a
relatively small properly shaped sample may be used if its relative dielec­
tric constant or permeability is not too near 1 and a correction is made
for the fraction of the field outside the sample. 123 In general, measure­
ments are most convenient with a coaxial line.
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In order to determine the most useful value for the thickness d of the
sample, it is necessary to consider both the magnitude of the dielectric
constant and permeability and the frequency at which it is to be meas­
ured. In Fig. 7.5 theoretical curves are shown of the index of refraction

n =~ as a function of the argument ~v = j{1(s' - S)mv for a range of

n

8

4

2

0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.8
1/3 ('S-8)2 m

FIG. 7.5. Theoretical curves of the index of refraction n as a function of !13(s' - S)m,
with !l3d as parameter.

values of j{1d as determined from the fundamental Eq. (27b), with J.Lr = 1
and Bw = 0:

tan ~. = n tan jn{1d n = V;, k odd in (12) (36)

With the aid of these curves it is possible to estimate the thickness d of
the sample required to produce an adequate maximum value of s' - s,
if the order of magnitude of the unknown dielectric constant is known
as well as the frequency.

If the dielectric constant of a liquid is to be measured, a closed movable
cell is required. Its parallel sides may be of Polyfoam or very thin solid
dielectric; its inner and outer circular walls should be metal sleeves that
slide over the inner and into the outer conductor of the coaxial line. By
means of metal tubes of the same sizes as the sleeves, the entire section
of line from the front of the dielectric sample to the reactive termination
(piston) at b may be made to have constant inner and outer radii. The
fact that these differ from the values between the detector and the front
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of the cell is immaterial, since only the distances s', s, and d occur in the
final formula.

The determination of JJ.r for materials with Er == 1 parallels the determi­
nation of Er for materials with JJ.r = 1. With B w = 0 and Er = 1 in (27a),
this becomes

tan A.. = n tan !npd n = v'""ir, k even in (12) (37)

Since this is the same as (36) except for a differently defined n and a
different k in (12), the curves of Fig. 7.5 may be used.

Since av = jf3(s' - S)mv primarily depends on Er and a. = jf3(s' - S)mi

depends on JJ.r, the curves of Fig. 7.5 are satisfactory for estimating the
thickness d even in the general case when JJ.r and Er both differ from unity.
In general, (s' - s)" is the maximum and (s' - s). the minimum shift
when Er is greater than JJ.r; (s' - s). is the maximum and (s' - 8)" the
minimum shift w4en JJ.r is greater than Er • As JJ.r and Er approach each
other, the maximum and minimum flatten until the shift curve is a
straight line when JJ.r = Er •

Measurement of Small Susceptances. The maximum-shift method is a
highly sensitive procedure for measuring small lumped susceptances.
The appropriate formula is obtained directly from (27b) by setting d = 0
and combining the two lumped susceptances Bw into the single lumped
susceptance to be measured. Thus, with B = 2Bw and d = 0, (27b)
becomes

B = 2Gc tan jf3(s' - S)max (38)

where Gc = 1/Rc is the characteristic conductance of the line. For suf­
ficiently small susceptances

B == Gcf3(s' - S)max (39)

The extreme-shift method permits the accurate experimental determi­
nation of dielectric constants, permeabilities, and lumped susceptances
from ,measurements of length, namely, (s' - S)max, (s' - S)min, and d.
The accuracy is enhanced by the fact that in measuring the dielectric
constant the sample is located at a voltage maximum, where its effect is
greatest; similarly, in measuring permeability, the sample is located at a
current maximum, where its effect is again greatest. Incidentally
the method may also be used to determine the reactive properties of
loaded sections of transmission line and of variable capacitive tuners. IllS

The adaptation of the method to measure losses is described in the
next section.

8. Determination of Losses in Dielectric and Magnetic Materials
Using the Maximum-shift Method. In the preceding section a method
is described for determining the real effective dielectric constant Ee = EOEer

and the real permeability JJ. = JJ.OJJ.r of a sample of material. Section 7,
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conditions (18), require that this sample (region 1) have small (but not
necessarily zero) attenuation constant al and distortion factor cPcl. These
quantities are defined as follows for a moderately low-loss line:

(lb)

(la)

cP~l « 1

;: == 2~ (~+~)
cPcl == 1..- (~ - ~)

2w II el

In their usual application rl involves only ohmic losses resulting from
imperfect conductors, and gi involves the ohmic losses of an imperfect
dielectric. As outlined in Chap. I, Sec. 4, losses in the line may result
from time lags in the polarization response of a dielectric medium with a
contribution to the effective conductivity and hence to gl, or from time
lags in the magnetization response of a magnetic medium with a con­
tribution to the effective resistance ri. Time lags in the conduction
response of a medium involve contributions to the effective dielectric
constant as well as to the effective conductivity. All these possible
effects are included in the following general formulas for moderately
low-loss lines, as obtained from Chap. I, Secs. 3 and 4:

r ri J.L" ri

-l = -l+-' == -l+hm
W W J.L W

g • (je (j' + WE"
-=-= ==hewe WEe WE' - (j"

(2a)

(2b)

Note that, if the conductors are perfect, so that the ohmic resistance
ri = 0, and the losses in the dielectric medium are not from conduction
((j' = (j" = 0) but exclusively from time lags in polarization and mag­
netization, (2a) and (2b) reduce to the following symmetrical forms:

r J.L" g E"

wl = J.L' = hm we = 7" = he (3)

It is assumed in the following that the imaginary parts of the complex
permeability, complex dielectric constant, and complex conductivity are
small compared with the real parts, so that these formulas are good
approximations:

t' = J.L' ~ jJ.L" == J.L - jJ.L"

t = f.' - jE" == E - jE"
d = (j' - j(j" == (j - j(j"

J.L = V J.L'2 + J.L"2 == J.L'

E = VE'2 + E"2 == E'
(j = V (j'2 + (j"2 == (j'

(4a)
(4b)
(4e)

It follows that

(5)+ "he == ~ == (j WE
WEe WE - (j"

" "hm == !!:, == !!:-
J.L J.L

By adding subscripts 1 and substituting appropriate quantities in
(la,b), the attenuation constant and distortion factor of the dielectric
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and magnetic medium are

~== ri+ h +h
~l wl m e

r i

c/>c1 == -;;;z + hm - he

(6a)

(6b)

For the same line in air (vacuum) the corresponding quantities are

(7)

With these preliminary definitions summarized, attention can be
directed to the evaluation of the effective terminal function p of the

Dielectric Movable
slab piston

genJ~tor--!rM ~
wA Coaxial line II
I+d.11 S "I

FIG. 8.1. Dielectric slab in coaxial line terminated in a movable piston.

section of line to the right of B (Fig. 8.1), including the dielectric and
magnetic sample and the reactive section of length s.

The admittance looking to the right at A in Fig. 8.1 is Y2, as defined in
Sec. 7, Eq. (2). The admittance looking to the right at B is Y, as given
in Sec. 7, Eq. (3). Since the effect of solid retaining walls (if the material
under study is a liquid) is assumed to be purely reactive, there is no con­
tribution to the dissipation, and it is adequate to treat only the simpler
case without walls. This is obtained with Yw = 0 in Sec. 7, Eqs. (2)
and (3). The resulting expressions are

Y2 = G2 + jB2 = Ye coth ('Y's + 8~) == Ye(as csc2 ~s - j cot ~s) (8)

Y = G + jB =Y I Y 2 coth 'Y'ld + Yel (9)
e Y 2 + Yel coth 'Y'ld

The characteristic admittance of the line in the dielectric or magnetic
medium is Yel, and that with the line in air is Ye• The two quantities
are given by

(10)

(11)

where c/>el and c/>e are as given in (6b) and (7) and Eer = EelEO and J.1.r = J.1./ J.1.o

are the relative values of the real effective dielectric constant and the
real permeability.

When the dielectric or magnetic sample is in a position of extreme shifl,
the susceptance B 2 is the negative of B, as shown in Sec. 7, Eq. (28b).
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That is,

so that (9) becomes

G 'B - Y (G2 + jB2) coth yld + Yel
- J 2 - el G 'B Y h d

2 + J 2 + el cot yl

(12)

(13)

Let the admittances be normalized by dividing by Ye, the characteristic
admittance of the air-filled line. As in Sec. 7, Eq. (21), let

where

_ Yc1 _ R e (1 - jcPc) -=- (1 .)
Te = -Y - R (1 _ 'cP ) - r e + JcPre el J cl

re = Rc = GGel cPr = cPel - cPe = hm - he cP~ « 1
ReI e

(14a)

(14b)

where

With (14a,b), (13) becomes
'b (02 + jb2) coth yld + Te

g - J 2 = Te -"g'-2-+----"'J:-::-·b--'-2-+-Te-c-'o'-t-=-"h-y-I--=-d

'b G - jB2 +'b G2+ jB2
g - J 2 = g2 J 2 =Ye Ye

(15)

(16)

The real and imaginary parts may be separated using (14a) and Sec. 7,
Eq. (19). For convenience let

Clr + jCli == Tc coth yld == re(a.ld csc2 /3ld + cPr cot /3ld) - jre cot /3ld
(17a)

where use has been made of Sec. 7, Eq. (19), and a higher-order term
with coefficient a.lcPrd has been neglected. Also let

C2r + jC2i == T~ == r~(1 + j2cPr) (17b)

With this shorthand notation introduced in (15), the following funda­
mental equations are obtained:

b~ + 2b2Cli - C2r - Clr(g2 - g) + Og2 = 0 (18a)
(g - 02)(b2+ Cli) - 2b2C1r - C2i = 0 (18b)

Section 7, conditions (18), imply the following inequality:

C2r » IClr(o - 02) + Og21 (19)

since, when (19) is satisfied and with Sec, 7, Eq. (15), and

(
k7f' ) Icot .6. k even

b2 = - cot (/3s + ~~) = - cot "2 -.6. = _ tan.6. k odd (20)

(18a) reduces exactly to the fundamental equations [Sec. 7, Eqs. (14a,b)]
for the conditions of extreme shift. By combining Sec, 7, Eqs. (14a,b),
with (20) the following alternative expressions are obtained for b2 :

b _ {rc cot i/3ld k even
2 - -rc tan i/3ld k odd (21)
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The remaining equation, (18b), is to be used to determine g and, from
it, p. Since the section of line to the right of the dielectric slab (Fig. 8.1)
is essentially reactive, it may be assumed that g2 is negligible compared
with g. Hence

. . 2b 2C lr + C2i
g - g2 = g = b2 + CIi

With (17a,b) and (21), (22) may be expressed as follows:

g == 2re[(a l d csc2 {1ld + <Pr cot (1ld) cot j{1ld + <Pr] sin (1ld

Use has been made of the identities

(22)

k even
(23a)

k odd
(23b)

tan jx = csc x - cot x
cot jx = csc x + cot x

(24a)
(24b)

(25)

The terminal attenuation function P of a moderately low-loss line may
be determined from

_ 1 t h- l 2g • g
P - ~ an 1 + b2 + g2 = 1 + b2

(26b)

(26a)

k odd

k even

The substitution of (23a) or (23b) in (25), together with the appropriate
formula from (20), leads to

2re[(a l d/2) sec2 j{1ld + cf>r tan j{11dJ
Pi = r~ + tan2 j{11d

2re[(a l d/2) sec2 j{1ld - cf>r tan j{1ldJ
Ptl = 1 + r~ tan 2 j{1ld

(The subscripts i and v indicate P with current and voltage maximum,
respectively, at the center of the slab.) In deriving (26a,b) use has been
made of (24a) to express all arguments as j{1ld.

Since, with k even, the dielectric sample has a current maximum at its
center ({11d < 1r) and, with k odd, a voltage maximum, the values of p in
(26a) and (26b) should be twice the values obtained by placing a slab of
dielectric of thickness d/2 at an ideal short-circuited end and an ideal
open end, respectively. That is, p in (26a) should be twice the value of
PBS in Sec. 6, Eq. (40a) , and p in (26b) should be twice PBO in Sec. 6,
Eq. (35a). It is readily verified that this is true.

Since the circuit is always adjusted to resonance in determining the
extreme shift, it is convenient to determine Pi and Ptl using the resonance­
curve method. Once these two quantities are known, al and cf>r may be
evaluated from (26a) and (26b) , and from these hm and he using (6a,b)
with (14b). It is assumed that the constants of the line in air are known,
as well as ReI and /31, which involve Er and ILr.
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9. The Double Bead and the Spacing oj Beads JOT No Change in
Impedance. Dielectric beads or slabs often must be placed at intervals
along a transmission line in order to support one or more conductors and
maintain the desired spacing. Since even a single dielectric bead dis­
turbs a condition of match, a large number of beads distributed along a
line might have a serious effect on the transmission properties if they
happened to be so located that their effects were cumulative. In order
to determine how the effect of a single bead may be magnified or reduced
by the presence of other beads, let two identical slabs of dielectric, each
of thickness d and separated an arbitrary distance v between adjacent
parallel sides, be investigated. The configuration is shown in Fig. 9.1,
where the slab nearer the load has its nearest side at a distance w from
the load.

For the air-filled sections of line the propagation constant is r = a + j{j,
and the characteristic impedance is Ze = Re(l - jq,e). Although the

~~~...trio bood'~:::::~]}z,
=m ~----._ ..J s

I+d~ V .14 d-tk-w--------t
FIG. 9.1. Coaxial line with two dielectric beads.

more general case can be analyzed, let it be assumed for simplicity that
losses in the dielectric are negligible, so that E is real and gtfwel is negli­
gible compared with rtfWll. The propagation constant and characteristic
impedance of the air-filled sections of line are

r = a + j{j (la)

The parameters of the dielectric-filled sections are

Since the dielectric is lossless, it follows that

(~~)2 _ q,:l « 1 (lb)

{jl = n{j Rel = Re

n
n = v;,. (2)

In order that the section of line between A and E (in Fig. 9.1) which
includes the two beads may have no effect on the impedance of the line,
the impedance looking toward the load at E must be equal to the imped­
ance looking toward the load at A for an arbitrary load. That is,

ZE = ZA (3)
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Complex terminal functions may be defined for each impedance in terms
of the characteristic impedance of either medium. Thus

ZA = Zc coth OA = Zcl coth OAI = ~ coth OAI (4a)n

ZE = Zc coth OE = Zcl coth OEI = ~ coth OEI (4b)n
Evidently (3) is equivalent to

OE = OA or (5)

The question, therefore, is whether (3) and (5) are possible and, if so, under
what conditions.

The first step is to obtain expressions for the complex electrical length
'rv (v is the distance between the adjacent surfaces of the two pieces of
dielectric) in terms of the function OEI = OAI and the thickness d of each
bead or slab. This is accomplished as follows: First note that, since
On = yv + OB, it follows directly that

'rV = On - OB (6)

The next steps involve the evaluation of On and OB. Since

OAI = OEI = 'rId + Onl (7)

and Zn = Zc coth On = Zc coth OD1 (8a)
n

it follows that

On = coth- l (~ coth OD1) = tanh- l (n tanh OD1) (8b)

By solving (7) for OD1 and substituting in (8b), the desired formula for
On is obtained. It is

On = tanh- l [n tanh (OEI - 'rId)] (9)
Similarly, since

OBI = 'rId + OAI (10)

and ZB = Zc coth OB = Zc coth OBI (lla)
n

so that OB = coth- l (~ coth OBI) = tanh- l (n tanh OBI) (Ub)

it follows that
OB = tanh-l [n tanh (OAI + 'rId)] (12)

The substitution of (9) and (12) in (6) gives the desired formula for 'rV:

'rV = tanh- l [n tanh (OEI - 'rId)] - tanh- I [n tanh (OAI + 'rId)] (13)

Using the identity

tanh- l x ± tanh- l y = tanh- I x + y (14)
1 ± xy
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(15)

(16)

(13) may be transformed into

t h I n[tanh (OEI - ''(ld) - tanh (OAI + "ild)]
"iv = an -

1 - n 2 tanh (OEI - "ild) tanh (O.n + "ild)

Each of the hyperbolic tangents in (15) may now be expanded using the
identity

tanh (x + ) = tanh x ± tanh y
- y 1 ± tanh x tanh y

After some algebraic manipulation the result is

t h 2n tanh ''(ld (tanh2 OAI - 1)
an "i

V = 1 _ tanh2 OAI tanh2 "(ld - n 2(tanh2 OAI - tanh2 "ild ) (17)

This is a complex equation for "iV = (a + j(3)v. However, since (3) can­
not actually be satisfied unless the losses in the section of line between
E and A (Fig. 9.1) are negligible, it is convenient to reduce (17) to a
single equation in {3v by setting the attenuation equal to zero. Thus

"i == j{3 "il == j{31 = jn{3 (18)

With (18), (17) reduces to

t
. 2n tan {3ld (tanh20AI - 1)

an {3v = (19)
1 + tanh2 OAI tan2 {3ld - n 2(tanh2 OAl + tan2 (3ld)

Since the left side of (19) is real, the right side must also be real. This is
possible only if tanh OAI is either real or purely imaginary. In the latter
case OAI = PAl + jCPAI must be imaginary, so that PAl must vanish. Since
this possibility limits the load to a pure reactance, it must be rejected.
The alternative is

tanh PA + j tan CPA •
tanh OA = 1 + . t h t cP IS real (20)J an PA an A

For this equation there are two possible solutions. They are

tanh OA = tanh PA

tanh OA = coth PA

(21a)

(21b)

The condition CPA = CP, + {3w = 7r means that the edge A of the dielectric
(Fig. 9.1) is at a voltage maximum; the condition CPA = CP, + {3w = 7r/2
means that A is at a current maximum. In general, PA = P, + aw.
For a sufficiently small attenuation on the line it is possible to set

P,» aw

With (22) and the notation

P, == PA (22)

S == coth P, (23)

where S is the standing-wave ratio on the line between the edge A and
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tanh 6A = 8

the load, the conditions (21a,b) become

1 1 1
tanh 6A = S tanh 6Al = ntanh 6A = n8

(24a)
1 8

tanh 6A1 = - tanh 6A = -n n

~A = ~. + {jw = 7r

7r
~A = ~. + {jw = "2

(24b)

If these values are substituted in (19) and the results are rearranged, the
following expressions are obtained for the electrical distance {jv (note that
n = y;,:).:

For 4>A = 11': t 1
n(n282 - 1) sin 2n{jd

{jv - an-
- (n2S2 - I)(n2 + 1) sin2 n{jd - n'l(S2 - 1)

(25a)
1

n(n2 - 8 2) sin 2n{jd
{jv - tan-

- (n2 - S2)(n2 + 1) sin2 n{jd + n 2(S2 - 1)
(25b)

2520

~,8 = 1,

5

'1\

\
\
\ /- -
\I

5

20

10 15
i\em

FIG. 9.2. Square of standing-wave
ratio S in a matched line with two
dielectric beads, each of thickness
d = 0.0635 cm and dielectric constant
Er = 2.6, separated a distance Vc = 2.03
cm between centers.

(28b)
~ d

Vc = 4 - "2 (n2
- 1)

and

{3vc =' (j(v + d) = ! - ! (3d(n2 - 1)
2 2

(28a)

Matched Line with Two Beads. If the line is matched, PA =
and ~A has no significance. The elec- 50
trical distance {jv between the two
beads is

{jv = tan-1 (n22~ 1 cot n{jd) (26)

If n{3d is sufficiently small so that 10

cot n{jd == I/n{jd, (26) reduces to
8 2

{jv == ! - ! (jd(n2 + 1) (27)2 2

for a matched line. In this case the
electrical distance {jvc between the
centers of the beads is 2

It is seen that two sufficiently thin
beads must be spaced at a distance
slightly less than a quarter wavelength along a nonresonant line. The
square of the standing-wave ratio introduced in an originally matched line
by two beads is shown in Fig. 9.2 as a function of wavelength. It is seen
that the line is matched at two wavelengths that satisfy (26).
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By arranging beads or dielectric supports in pairs, with each pair
spaced a distance v, as given in (26) or (27), a matched line remains
nonresonant along all sections between the pairs of beads.

Resonant Line with Two Beads. If PA is small and the standing-wave
ratio S is very great, so that the inequalities

S2» 1 (29)

For 4>A = 1r:

are all satisfied, the general expressions (25a) and (25b) reduce to

_ _ -1 2n tan n{jd
{jv - 1r tan 1 2 t 2 {jd- n an n
r:1 t -1 2n tan n{jdIJV = 1r - an n2 - tan2 n{jd

(30a)

(30b)

For sufficiently thin beads or slabs that satisfy the inequality

(n{jd)2 « 1

the following results are obtained:

For 4>A = 1r:

(31)

(jV = 1r - 2n2{jd v = ~ - 2n2d A (32a)
2

Ve = 2 - d(2n2 - 1)

1r
For 4>A = 2:

(jv = 1r - 2{jd
A A

(32b)v = - - 2d Ve = 2 - d2

It is seen that for a resonant line the pair of beads must be placed almost
a half wavelength apart. Note that Ve is the distance between centers.

Line with Two Lumped Shunt Capacitances. As considered in Sec. 6,
a single lumped capacitance C may be represented analytically by a
dielectric bead in the limit as its thickness vanishes and its dielectric
constant becomes infinite. The relations are

C = lim cd(n2 - 1) = lim cdn2 (33a)
d-+O d-+O
n-+ 00 n-+ 00

wCRe = lim (jd(n2 - 1) = lim (jdn2 (33b)
d-+O d-+O
n-+ 00 n-+ 00

lim n tan n{jd = lim n tan wCRe = wCRe (33c)
d-+O n-+ 00 n
n-+ 00

(34b)

(34a)

With these relations (25a) and (25b) may be reduced to the following:

_ -1 2wCRc
{jv - tan W2C2R; _ 1 + 1/S2

r:1 _ -1 2wCRe
IJV - tan W2C2R; _ 1 + S2

For 4>A = 0:
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For the matched line with S = 1 these reduce to

with

1r wCRe
fJv = 2 - tan- l -2-

A C
(WCRc)2 « 1 v = "4 - 2c

(35a)

(35b)

where c is the capacitance per unit length of the air-filled line.
For the resonant line,

For 4>.. = 0: fJv = 1(' - 2 tan- l (wCR~) (36a)
A 2C

with (WCRc)2« 1 v = 2 - C (36b)

1r A
For cf>.. = 2: fJv = 0, 1(', 21(', . . v = 2' A, . (37)

If the first capacitance is placed at a voltage maximum, the second
capacitor must be somewhat less than A/2 from it. If the first capaci­
tance is at a current maximum, the second capacitor must be exactly a
half wavelength from it.

10. The Double-slug Transjormer. 16 A coaxial transmission line con­
tains two identical slugs, each of length d, consisting either of dielectric
material with relative dielectric constant Er , as shown in Fig. 10.la, or of
metal sleeves, as shown in Fig. 10.lb. The characteristic impedance of

E DBA
genJ,~tor-~_-J~~~0L0"",~,-,/j~__----,,,I2!,-,/j-'~,/;.J.0:.L0.L.~",,---__--"_To load

WP& F000/d
t+-d-+J-v~d --l

(a)

E B A

/+-d --t+-V~d---+l

(b)
FIG. 10.1. Double-slug transformers in a coaxial line. (a) Dielectric-slug transformer
({jld = 7r/2). (b) Metal-sleeve transformer ({jd = 7r/2).

the main line and of the section of length v between the slugs is Zc, and
the propagation constant is "'(. = a + j{3. For the parts of the line con­
stituting the slugs (regions 1), the parameters are Zcl and "'(1 = al + j{3l.
Since the transformer is to serve as a reactive device, only good dielectrics
and low':'loss conductors are involved. For these the reactive properties
are essentially the same as for perfect dielectrics and conductors, and the
losses are negligible compared with the dissipation in the load. There-
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fore it is adequate to neglect attenuation in the slugs and the region
between by setting

"( = j{1
"(l = j{11

If the slugs are dielectric,

{11 = {1 vz.

(Ia)
(Ib)

(2a)

(2b)

If the slug consists of metal sleeves of radius al greater than the radius a
of the inner conductor,

In (bla) Re

Rei = Re In (blal) = ym

The symbol m has been introduced in (2a) and (2b) to stand for either

[
In (bl al)]2

Er or In (bla) .

The properties of the transformer may be studied by deriving a formula
for the complex terminal function OE of the arbitrarily loaded line to the
right of E in Fig. 10.1. Steps in the derivation are outlined below.
The impedance looking toward the load at A is

so that

ZA = Ze coth OA = .Jm coth OAl

1
tanh OAl = vm tanh OA

The impedance looking to the right at B is

(3a)

(3b)

so that

However,

ZB = Ze coth OB = .Jm coth OBi

OB = coth-l (Jm coth OBi)

OBi = j{11d + OAl

(4a)

(4b)

(5)

Let the length of the slugs be so chosen that

(11d = ~

If (6) is used in (5), it follows with (3b) that

(fir) 1coth OBi = coth 2 + OAl = tanh OAl = vm tanh OA

By substituting (7) in (4b) the following result is obtained:

6B = coth- l (~ tanh OA)

(6)

(7)

(8)
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By a similar procedure it is readily shown that

OE = coth-1 [~ tanh (j{3v + OB) ] (9)

so that, with (8) in (7),

OE = coth-1 (~ tanh [j{3V + coth-1(~ tanh 6A ) ]) (10)

This is the desired expression. By expanding the hyperbolic tangent of
the sum, (10) may be transformed into

(11)6 - +'<1> - th-11 + (jIm) tanh OA tan {3v
E - PE J E - co tanh OA + im tan (3v

If the normalized admittance looking to the right at A is introduced by
setting

(12)

(13a)

(13b)

tanh 6A = coth 6~ = YA = gA + jbA
sinh 2(aw + Ps)

gA = cosh 2(aw + Ps) - cos 2({3w + <1>~)

b
A

= - sin 2({3w + <1>~)

cosh 2(aw + Ps) - cos 2({3w + <1>~)

where

and where, as usual,

O~ = PA + j<1>~
if..1 7f'
'±"A = <1>A - 2

<1>s and ps are the terminal functions of the impedance Zs terminating a
length w of line extending from the end of the slug at A to the load.

If (12) is substituted in (11), the real and imaginary parts may be
conveniently separated by introducing the following identity:

x+lcoth-1 x = j In --1
x-

(14)

The results are

where
PE = j In A (15)

(16c)

(16b)

(16a)(
[1 + gA - (bAlm) tan {3v]2 + [bA + (m + gAlm)tan f3ve)!
[1 - gA - (bAlm) tan {3v]2 + [bA + (m - gAlm) tan {3v]2

.f, _ t -1 bA + (m + gAlm) tan {3v
'YN - an

- 1 + gA - (bAlm) tan f3v
.f, _ t -1 bA + (m - gAlm) tan (3v
'Y j) - an (b I )1 - gA - A m tan {3v

If the line is matched so that ZA = Zs = Zc, gA = 1, and bA = 0, great

A=
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simplification is achieved. Thus

PE = j- In 4 + (m + limp tan2 {3v
(m - 1/m)2 tan2 {3v

iI'. = 311" + ! t -1 (m + 11m t R )
'¥E 4 2 an 2 an fJV

(17a)

(17b)

BO°6020

10

20

40
flu

FIG. 10.2. Standing-wave ratio intro­
duced in a matched line by a double­
slug transformer when its center is fixed
and the electrical distance flv between
the slugs is varied.

The standing-wave ratio S = coth PE, with PE as in (17a), is shown in
Fig. 10.2 as a function of {3v, with
m as parameter. It is seen that by
varying {3v the double-slug trans­
former can introduce a value of S in
the matched line ranging from 1 when
{3v = 0 and PE = 00 to a maximum
S = m2 when {3v = 11"/2 and PE =
j-In [(m2+ 1)/(m2 - 1)] = coth m2.

The double-slug transformer may
be adjusted in two ways: (a) The
point midway between the slugs is
fixed, and both slugs are moved simul­
taneously toward or away from this
point, thusvaryingv. (b) Both slugs
are moved in tandem with v fixed.

a. Center of Transformer Fixed;
Spacing of Slugs Varied. Let the
center of the transformer be fixed
at a distance u from a convenient
reference point between the trans­

former and the generator. The phase function at the reference point is

<1>" = (3(u - d - jv) + <l>E (18)

When the slugs are in contact, v = 0, and

(19)

The phase difference between (18) and (19) is

.:l<l>" = (<I>,,)v=o - <1>" = (<I>E)v=O - <l>E + j{3v (20)

The value of (<I>E)v=O is obtained from the general formula (15) with
(16b,c).. It is

(<I>E)v=O = j (tan-1 1 ~A gA + tan-1 1 ~A gA)

_ 1 -1 -2bA (21)
- 2" tan g~ + b~ _ 1 = <I>A
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(23)

With (15) and (21) in (20), the phase difference is as follows:

~epu = epA - i(Y;N + Y;v) + i{3v (22)

For the matched line epA = 31r/4, so that

dIP. ~ } [I3V - tan-1 (m +21/mtan I3V) ]

7

This function is represented in Fig. 10.3 as a function of {3v, with m as
parameter.

The electrical separation {3v of the
slugs for the maximum value of ~epu

for a given m is obtained by equating
the derivative of ~epu in (23) with
respect to {3v to zero. The result is

6

40°
fJv

FIG. 10.3. Change in the phase function
<fl,. introduced in a matched line by a
double-slug transformer when its center
is fixed and the electrical distance {3v

between the slugs is varied.

{3vmax = tan-1 ~m +21/ m (24)

If this value of {3v is substituted in
(23), the maximum phase shift turns
out to be

(~epu)max = i (tan-1~m +21/ m

_ tan-1~m +21/m)

= tan-1 ~-:::+~-i (25)

The locus of maximum values of ~epu

is indicated in Fig. 10.3.
Note that the change in the phase

function produced by the double­
slug transformer, when its center is
fixed in position in a matched line
and the two slugs are moved together,
is relatively small in comparison with
the rather large change in attenuation
function and standing-wave ratio.
It is for this reason that the adjust­
ment of the transformer by varying
v, with the location of its center fixed, is significant primarily as a means
for varying the attenuation function PE rather than epE.

b. Spacing of Slugs Fixed; Entire Transformer Moved. In order to
investigate the effect of moving the entire transformer along the line,
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consider an arbitrary reference point P u at a distance u from the left
side E (Fig. 10.1) of the transformer. Let the complex terminal func­
tion of the line to the right of Pu (Fig. lOA) be Ou = pu + jq,u. The
length of line from the right side A of the transformer to the load Z. is w,

Double - slug
transformer

zu""\ 11 ,--A--,
gen~~tor----+:t:::;""""'-------r7::~"'~'7'i------:Z~Z8

_________-.JU._<.<L-......_ ""'_~ ___.. (load)

~l.--- u --4II*T"f~*'f""*""'f**--w--.l
d v d

FIG. lOA. Double-slug transformer with the distance v between slugs fixed and the
entire transformer moved between a fixed load Z. and a fixed reference point P u.

so that the distance from the reference point P u to the load is

8t = U + 2d + v + w (26)

This distance is kept constant as u and ware varied equally and oppo­
sitely. Evidently u + w is also constant for any given value of v.

The phase function q,u is given by

(27)

where q,E is given by (15) with (16b,c). In order to examine q,u as u
and ware varied, it is necessary to express the normalized admittance
YA = gA, + jbA in terms of the distance w. The appropriate formulas are
(13a) and (13b).

Since, when the line is matched (Z. = ZC, P. = 00), the impedance
terminating the transformer is always Zc for all values of w, it follows
that there is no effect whatever on Ou as the transformer is moved, with
v fixed, when the line is matched. When the line is sufficiently mis­
matched so that P. is quite small, the following condition may be imposed:

(aw + p.)2 « 1 (28)

so that (13a,b) reduce to the following:

gA == (aw + P.) csc 2 ({jw + q,~) = (aw + P.) sec 2 ({jw + q,.) (29)
bA == - cot ({jw + q,~) = tan ({jw + q,.) (30)

Except over a small range near {jw + 4>~ = n7r, gA is small and may be
entirely neglected in determining the general nature of the variation in
q,u. If (30) is used in (16b,c) and gA is set equal to zero, the following
expression is obtained for q,u, as defined in (27):

4> = {ju + tan-1 m tan {jv - cot ({jw + 4>~) (31)
u 1 + (11m) tan {jv cot ({jw + 4>~)

When {jv = 0, 4>u = (j(u + w) + 4>8' which is constant for all values of
u and w which have a constant sum. For all other values of {jv, 4>u varies
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significantly with u and w when u + w = constant. For example, when
{jv = 7r/2,

(32)

40° GO°
j3w+~~

FIG. 10.5. Phase change introduced by
moving a double-slug transformer
with slugs separated a quarter wave­
length between inner edges.

20°(33)

cflu = {ju + tan- 1 [m 2 tan ({jw + <1>;)]

This formula is studied conveniently 70° r--"""'--.~-r--...,.--.,-----r--r-...,

if the constant quantity

40"the change in phase function may be
defined as follows:

(juo = cflu({jw + cfl~ = 0)

is introduced. Note that, with

{juo = (j(u + w) + <I>~

This function is plotted in Fig. 10.5
10°

with {jw + cfl~ as the variable and m as
parameter. Clearly, if the load is far
from matched, the phase function cfl" 0°00
may be varied over a wide range by
moving a double-slug transformer for
which m need not even be great.

It follows directly from (15) with
(16a) that PE is small if gA is small.
This is conveniently shown by expressing (16a) as follows:

.1cfl == cflu - <l>u({jw + cfl; = 0)
= tan-1 [m2 tan ({jw + cfl~)]

- ({jw + cfl~)

(34)

where

P == (1 + gl + b1) cos2 {jv

+ 2bA ( m - ~) sin {jv cos {jv + (~ + ~~ + m 2
) sin2 {jv (35)

When gA is small, the following inequality is valid:

p2» g1 (36)

so that (34) reduces to A == 1 + 2gA / P and

- 1 In (1 + 2gA) ~ gA (37)PE - ~ p - P

It follows that PE is small and that therefore Pu = au + PE also is small,
since the attenuation aU of the section of line is assumed to be insignifi-
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cant. By inserting (30) in (35) and neglecting gi, it follows with (32)
that

p == (cos2 {jv + ~2 sin2 (jV) cot2 ({jw + <I>~)

- (m - ~) sin 2{jv cot ({jw + <I>~) + cos2 {jv + m2 sin2{jv (38)

The variation of PE with {jw + <I>~ is conveniently studied with {jv = 7r/2.
In this case

(39)

so that, with (29),
. aW + ps ( )

PE = m2 sin2 ({jw + <I>~) + (l/m2) cos2 ({jw + <I>~) 40

Short-circuiting plug
Resistive disk

BA

This formula shows that pu = PE + au == PE ranges between m 2(aw + Ps)

and (aw + ps)/m2as the transformer is moved an electrical distance 7r/2.
Note that, for moderate values of m, Pu is small over the entire range.

11. Lossy Terminations for Nonresonant Shielded Lines. Two types
of termination which result in matched lines with standing-wave ratios
S = 1 are useful. They are a relatively thin disk or slab of material
with large leakage conductance placed at a quarter wavelength from a
highly conducting piston, and a rather long section of line with a dielectric

medium characterized by a moder­
ately small leakage conductance.

Resistive Disk. The properties of
the resistive-disk termination may be
derived directly from Sec. 6, in which
the general formulas for a dielectric
slab at an arbitrary location along a

FIG. 11.1. Resistive disk with high- transmission line are given. The
impedance stub terminating a coaxial
line. complex terminal function 6B = PB

+ j<I>~ of a section of line of length d,
propagation constant "(1, and characteristic impedance Zcl between the
planes B and A (Fig. 11.1) along an arbitrarily terminated line is given in
Sec. 6, Eq. (18), in the form

6' _ 1 In coth 6~ + 1 + (1;1 coth 6~ + 1c) tanh "(Id (1)
B -"2" coth 6~ - 1 - (r;I coth 6~ - rc) tanh "(ld

where, in the general case here considered, rc = Zc/Zcl and coth 6~ is the
admittance looking toward the load at surface A normalized to the char­
acteristic impedance Zc of the main line. If the section of line to the
right of the disk in Fig. 11.1 is essentially reactive and adjusted for maxi-
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mum input impedance,8~= PA + jif>~ == j1r/2, so that

coth 8~ == 0
It follows that

(2)

0' = I In Te tanh 'rId + 1
B ~ Te tanh 'rId - 1 (3)

(5a)

(5b)

Since the thickness d of the resistive disk may be kept very small, the
conditions

(a ld)2 « 1 (P l d)2 « 1 (4)

are appropriate. With them the hyperbolic tangent in (3) may be
replaced by its argument. Since the leakage conductance of the slab
must be quite high, the condition g2 » ClJ2C2 is appropriate. The param­
eters for this case are given in Chap. II, Sec. 13, Eqs. (47b). They are

al = PI = ~wl~gl

Iwll al
ReI = XcI = '\j 2gl = fi;.

It follows that

(7)

(6a)

(6b)

tanh 'rId == 'rId = a ld(1 + j)
Ze. Re Reglr=-=- .

e Zel Rel (1 + j) al(1 + j)

With (6a) and (6b), (3) becomes
/).f _ + 'if>' _ 1 I Regld + 1
VB - PB J B - ~ n Regld _ 1

Three cases arise as follows (note that S is the standing-wave ratio):

For Regld > 1:

~, 0 I I Regld + 1 th- l R d
'¥B = PB = ~ n Regld _ 1 = co egl

For Regld < 1:

if>' =!
B 2

I I 1 + Regld t h- l R d
PB = ~ n 1 _ Regld = an egl S = R~ld (8b)

For Reg1d = 1:

if>' =!
B 4 PB = 00 8=1 (8c)

A comparison of these results with those for a predominantly resistive
termination in Chap. II shows that the thin disk is equivalent to a lumped
resistance

(9)



360 TRANSMISSION-LINE THEORY [Chap. V

Short-circuiti~gplug

______L_OS_S-=:Yt~I:k_.:::_ A

~ffi~~~_-~:
I-do ._.---I

FIG. 11.2. Lossy line terminating a
coaxial line.

(15)

Lossy Line. If the losses are not primarily confined to a thin disk of
relatively high leakage conductance but to a rather long section of line
of length d (Fig. 11.2) with an imperfect dielectric, formula (1) is also
applicable. Let it be assumed that the lossy section is terminated in a
conducting plug, so that 6~ = PA + jCP~ == O. In this case coth 6~ == «l,

so that (1) reduces to

6' = 1 In 1 + 17
1

tanh 'rId (10)
B 2" 1 - 171 tanh 'rId

Since the lossy section is to be quite
long, it is possible to have the attenu­
ation per unit length moderately low,
so that Chap. II, Sec. 13, formulas (1)
to (9), apply. If T/wl is negligible

compared with g/wc, Chap. II, Sec. 13, formulas (46b), are applicable. In
either case Sec. 6, Eqs. (11c,d), apply in the form

Te = Te(1 + jlPr) Te = Re lPr = lPel - lPe == - 1.- (~ - r!.) (11)
ReI 2w Cl C

It is assumed that lP; « 1.
In order to separate real and imaginary parts in (10), note that

1 - e-2alde-i2{hd 1 - 0
tanh 'rId = 1 + e-2alde-i2{jld = 1 + 0 (12)

where 0 = 5r + j5i == e-2alde-i2{jld = e-2a1d(cos 2f3 1d - j sin 2f31d) (13)

For sufficient attenuation it is necessary that d be long enough so that

5; == e-4a1d « 1 aId ~ 0.6 (14)

If (11) and (12) are substituted in (10) and only the leading and first­
order small terms are retained, the following results are obtained:

• 1 I Te + 1 + 5r{Te - 1)
PB = 2" n (

Te - 1 + 5r Tc + 1)

CP~ == j tan-1 5i(Tc - 1) + lPr _ j tan-1 5i(Tc + 1) + lPr ) (16)
Tc + 1 + 5r (Tc - 1) Tc - 1 + 5r (Tc + 1

Neglected terms have the coefficients OrlPr, OilPr, lP;, and 5~.

In order to have the main line exactly matched to the lossy section at B,
it is necessary that PB become infinite. This requires the following
condition:

1 - T5r = e-2a1d cos 2f31d = __e (17)
1 + Te

By solving this expression for e 2a1d and then taking the logarithm of both
sides, the following equation is obtained:

Tc = tan-1 Te + In cos 2f31d (18)
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Alternatively, from (17),

R e 1 - ~r 1 - e-2a\d cos 2{3Id
T
e = ReI = 1 + ~r = 1 + e-2a \d cos 2{3Id (19)

Evidently ReI must be somewhat greater than R edepending on the length
d of the short-circuited lossy section of line and its attenuation constant
al and phase constant {31.

Coaxial Resistor. Since the resistive-disk termination must be X/4 in
length and the lossy line considerably longer, both are physically cumber­
some except at very short wavelengths. This is not true of the coaxial

Z~ :zce:____--..;' :;--__z._c_r__j%:!

I
I I

-.l Sp f4-

(b)
FIG. 11.3. Coaxial resistor terminating a coaxial line.

resistor,1l6,128 which may be quite short (less than O.D. in length) and
yet maintain a standing-wave ratio as low as 1.01 over a wide frequency
band.

In its simplest form the coaxial resistor consists of a short section of
coaxial transmission line of length Sr terminated in a short circuit, as
shown in Fig. 11.3a. The inner conductor of this section consists of a
cylinder coated with a layer of resistive material. This coating can be
made so thin (e.g., of the order of 10-6 mm) that skin effect is negligible
and its resistance per unit length is virtually independent of frequency
up to 10,000 Me/sec. It follows that the d-c resistance Ro of this cylin­
der is also its high-frequency resistance in the sense that the resistance
per unit length of the inner conductor is rr = Ro/sr independent of the
frequency. The outer conductor may be assumed to be lossless, since its
contribution to the resistance per unit length is negligible. The charac­
teristic impedance and the propagation constants of the coaxial line form-
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ing the resistor (subscript r) and of the main line are

Zcr = II; /1 - J rlr Zc = Rc = I~ (20)
~~~ W r ~c

"(r = ar + J{jr = Jw Yl,.cr~1 - J :lr "( = J{j = Jw Vi£ (21)

where the line constants are defined in the usual manner. For simplicity
the main line is assumed to be lossless. Note that in the absence of mag­
netic and dielectric materials lc = lrcr = l/v~, so that

{j = w Yl,.cr = w VlC
Let it be required that the resistance Roof the coaxial cylinder be made

equal to the characteristic resistance of the main line. That is,

Ro = Rc

For convenience, let the following ratio factor be introduced:

rc = rte:. = Rc (rr = 0) = Ro (rr = 0)
~ Cf,. Rer Rer

With (23), (20) and (21) may be expressed as follows:

Zer = ~ r; _J ~ = 1 ~{jsr - J
Rc re~.L {jSr yre{jSr rc

J vr:fj8,.~~."(= --J
8r re

(22)

(23)

(24)

(25)

The input impedance of the short-circuited coaxial resistor of length Sr is
Zr = Zcr tanh '"(rSr. The normalized impedance terminating the main line
referred to Zc is

Zr Zer h 1 ~Sr. h (. _ ;;::-r.;:: ~~.)
Zir = Z. = -z. tan "(rsr = _ j- - - J tan J Vrc{jSr - - J

c c v re{jSr rc rc
(26)

Since the coaxial resistor is to be kept short compared with the wave­
length (Sr ~ O.IX), it follows that {jSr is less than 1, so that (26) may be
expanded in powers of {j8r. This leads to the formula 116

Zir = 1 + m + In (27)
where

_ t)2 2(2 2 2) + t)4 4(2 68 2+ 62 4) +
m - fJ 8 r 3" - 15 rc fJ 8 r 5 - 315 re 2,835 rc

_ {j8r [1 1 2 + t)2 2 (1 2 2 + 17 4)n - r: - 3" re fJ 8 r 3" - 5 rc 315 rc

+ 44( 2 34 2+ 62 4 1,382 6) +
{j Sr 15 - 105 rc 567 rc - 155,992 rc

(28a)

••• ] (28b)
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(29)

In practice, r~ lies in the range 4 ~ r~ ~ 4.8, in which (27), with (28a)
and (28b) , is in error by less than 0.005 if sr/X ~ 0.1. If m and n are
small, the standing-wave ratio on the main line when terminated in Zir is

s = 1 + r == 1 + V m2 + n2
1 - r

where r = I(ZIr - l)/(zir + 1)1. If m, n, and S are plotted as func­
tions of {3sr or sr/X with r5 as a parameter, it is found that, in the range
o ~ Sr ~ 0.1, m rises most slowly when rc = 0 and that the initial
slope of n Gan be made to vanish when r c = y"3'. The lowest standing­
wave ratio occurs very nearly when rc = 0, and this, then, is the
optimum value for the simple coaxial resistor shown in Fig. 11.3a. How­
ever, even when rc = V3, the standing-wave ratio increases with sri>"
from unity at Sr = 0 to 1.11 when sr/X = 0.1.

The condition r c = 0 is that for which the reactive part n of the
normalized terminal impedance Zir has a zero initial slope. Clearly, if
the reactance could be compensated by other means and rc were adjusted
near the value 0, for which m in (27) is virtually zero in the range
o ~ sri>" ~ 0.1, the condition of match could be improved greatly, and
the standing-wave ratio kept much nearer 1 as X is varied in this range.
One method of accomplishing this is to undercut the inner conductor of
the main line for a length Se, as shown in Fig. 11.3b. By applying the
method outlined in Sec. 6, it can be shown that a normalized impedance
Zir = 1 + m + jn terminating the main line on the right of the undercut
section (characteristic impedance Zce) gives a normalized impedance
ZIB = ZBIZC terminating the main line on the left of the undercut section.
rrhis is given by

Z IB == (1 + m) [ 1 + ~~ tan {3se + (1 - h) tan 2 {3se]

J [ (1 + m)2 - n
2

] I+ j tn + re - r
e

tan {3se (30)

where re ;: RcelRc > 1. The formula is a good approximation when
re > 1.5, m < 0.1, n < 0.5, and tan {3se < 0.3.

Although both the resistive and reactive parts of the impedance termi­
nating the main line are altered by the added undercut section, the change
in the reactive part is much greater. Thus, by adjusting the under­
cutting to make the reactance vanish and selecting rc to make the normal­
ized resistance as near 1 as possible, a very low standing-wave ratio may
be achieved. In general, this means a value of rc slightly greater than vS-.

The reactance vanishes when

Se 1 t -1 -n- = - an
X 211" r e - [(1 + m)2 - n 2J/re

(31)
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and the normalized impedance of the resistor becomes

ZIB = rB = (l + m) (I - r; _ (1 ;2m )2 + n2

- 2 [T
e
2 _ (1 ~2m)2 + n2rl (32)

Although T e may be chosen freely in theory and should preferably be large,
practical limitations usually restrict it to the range 1.5 ~ Te ~ 2. In this
manner a standing-wave ratio of 1.11 for a simple coaxial resistor (Fig.
11.3a) may be reduced to 1.01 when sri>.. = 0.1.

The analysis of the undercut line which culminates in (32) ignores the
junction effects resulting from nonuniformity in the parameters of the
line over short distances on each side of the undercut section. It is
shown in Sec. 14 that a change in radius of the inner conductor of a
coaxial line may be expressed in terms of uniform-line theory on each
side of the junction, provided a small lumped capacitance of appropriate
magnitude is connected in parallel with the line at each discontinuity.
Since these capacitances have been ignored in deriving (32), a further
correction is required. This involves small changes in Tc and the defi­
nition of modified values of m and n. The design of a coaxial resistor
that takes account of these effects is given in the literature,115 as well as
descriptions of other methods than undercutting for compensating the
reactance.

12. Closed and Open Ends as Reactive Terminations in Two-wire and
Coaxial Lines.49 ,104 An ideal closed end for a transmission line has zero
impedance, or terminal functions PB = 0 and epB = 1r/2. Terminations
of this kind are discussed in Chap. II, Sec. 21.

By an analysis of a closed rectangle the apparent (measurable) induct­
ance LBO of a bridge is determined in Chap. II, Sec. 20, as the sum
LBO = LB+ L T of an ideal inductance La of the bridge when terminating
a fictitious line that is uniform even in the terminal zone and an induct­
ance L T that corrects for the difference between the actual nonuniform
inductance in the terminal zone and the constant value assumed in con­
ventionalline theory. The ideal inductance La of the bridge is given by
Chap. II, Sec. 20, Eq. (9). The lumped corrective inductance L T of a
straight bridge may also be evaluated by the general method described in
Chap. II, Sec. 4, where L T is defined by Chap. II, Sec. 4, Eq. (3), with
al(w) = 0 (since there is no inductive coupling). That is,

where

L T = Ld [lg(w) - 19] dw

le(w) = ko(w)
o 21rJ'

(1)

(2)
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ko(w) = sinh-1 ~ - sinh-1 '!!!b + In ~
a a

1 b
le = le (w~ (0) = - In -o 0 rJl a

(3)

(4)

The integration of (1) is easily carried out using (2), (3), and (4), with
d2 » b2• The result is

b-a
L T = --­

2rJl
(5)

0.3
oL.-__.l..-__~__....

o

1.0 r------r-----r--..,

0.1 0.2
Radius as of wire bridge

in em
FIG. 12.1. Apparent terminal inductance
of a wire bridge (Tomiyasu).

in agreement with Chap. II, Sec. 20, Eq. (10). The approximate general
method based on Chap. II, Sec. 4, Eq. (3), is thus verified in one special
case.

An experimental determination of the apparent terminal inductance
L.a = L. + L T has been made for three values of the radius a. of the
terminating wire bridge, namely, all = 0.0794, 0.1588, and 0.2382 em.
The ratio (L. + L T ) /lg as a function
of a. is given in Fig. 12.1. The
experimental data are those of 5
Tomiyasu; the theoretical values ~o

have been determined using Chap. J 0.5 ~---I----:~~----f
II, Sec. 20, Eqs. (9) and (10). The +

CI)
agreement is good for the smaller 104

radii. For the larger radii the as­
sumption of rotational symmetry
for each conductor, with the cur­
rent concentrated along the axis in
determining the vector potential, is
not a good approximation near the
corner. The mean current follows a somewhat shorter path that reduces
the effective inductance L.a. It is this decrease, not included in the theo­
retical curve in Fig. 12.1, which accounts for the smaller measured value
of (L. + L T)/l8.

An ideal open end for a transmission line is an infinite impedance, with
P. = 0 and cf>1I = O. In practice, an open end is obtained by providing
no connections between the conductors. But such an open end is not
ideal in the sense that the apparent (measurable) impedance terminating
the line does not have X lla = 00 or cf>.a = 0, even though the theoretical
reactance of the termination is X B = 00. Owing to the rise in capaci­
tance per unit length as the open end is approached (Chap. II, Fig. 3.2),
the use of conventional transmission-line formulas with X B = 00 does not
lead to the correct apparent impedance. The lumped capacitance CT
required to correct the error introduced by the use of Co instead of co(w)
is given by Chap. II, Sec. 4, Eq. (4) [with cl>l(W) = 1, since there is no
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coupling to a load], viz.,

CT = fod [co(w) - co] dw

where, for the two-wire line,

(6)

21rE
co(w) = ko(w)

with ko(w) given by (3).
For the coaxial line

Co = Co (w = 00)
In (b/a)

(7)

41rE 21rE
co(w) = ko(w) Co = Co (w = 00) = In (adal) (8)

As shown in conjunction with Chap. II, Sec. 1, Eq. (32), ko(w) as given
in (3) for the two-wire line is also a good approximation for the coaxial
line if b is replaced by a2, the inner radius of the shield, and a by aI,

the radius of the inner conductor. It follows that ko(w) in Chap II,
Fig. 3.1, may be used for the coaxial line.

CT in (6) has not been evaluated in closed form, but specific cases may
be computed numerically. As an example, consider a two-wire line with
a = 0.1588 cm and b = 2 cm or a coaxial line with al = 0.1588 cm and
a2 = 2 cm. For the two-wire line Co = 10.96 p.p.f/cm, and for the coaxial
line Co = 21.92 p.p.f/cm. For both lines CT = 0.416co. It follows that,
insofar as measurements on the line at some distance from the end are
concerned, an open end is not equivalent to an infinite reactance but
rather to the reactance of a small capacitance CT.

An approximate simple formula for CT may be obtained in the form
of a series in inverse powers of the quantity 2 In (b/a) for the two-wire
line [or 2 In (adal) for the coaxial line]. The approximate formula is
derived using ko(w), as defined in (3), in the following equivalent form:

ko(w) = (1 - 15) (2 ln~) (9)

where 15 = In (w + Vw2 + b
2
) - In (w + vw

2 + a
2
) (10)

2 In (b/a)

With (7) and (9) it follows that

co(w) - Co = _15_ = 5 + 52 + (11)
Co 1 - 15

CT= Co fod 15 dw (12)

With d = lOb (so that b2 and A2 may be neglected compared with d2)

Since 15 is always less than 1, the denominator in the middle term in (11)
may be expanded in series as indicated on the right. If the leading term
is retained as a fair approximation if 2 In (b/a) is sufficiently great, it
follows from (6) that
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the integration of (12) with (10) leads to the following simple formula
for the two-wire line:

. co(b - a) 1rE(b - a)
CT = 2ln (b/a) = 2[ln (b/a)]2 (13)

(The same formula applies to the coaxial line if a2 is substituted for b
and al for a.) For a = 0.1588 cm and b = 2 cm, the approximate for­
mula (13) gives CT = 0.365co, whereas the more accurate value obtained
by numerical integration is CT = 0.416co. In this case b/a = 12.6. The
accuracy of (13) is improved as b/a is increased.

CT was measured on a two-wire line (a = 0.1588 cm, b = 2 cm) with
open end and by Tomiyasu using three types of ends: (1) flat closed ends,
(2) hemispherical ends, and (3) open tubing. The measured capaci­
tances in the form CT/co are listed in Table 12.1; the smallest value is
for hemispherical ends. This is to be expected since both the flat end
surface and the interior of the tubing are charged near the ends. The
theoretical value is CT/CO = 0.42 cm. If the length of line is measured
along the surface instead of along the axis, CT/co = 0.58 cm, and this
corrected value is in very good agreement with experiment, as shown in
Table 12.1. In any event, small errors of the order of magnitude of the
radius a of the conductors are to be expected in the quasi-one-dimensional
analysis underlying these results.

TABLE 12.1. CT FOR TWO-WIRE LINE

Type of end CT/eo, em

Flat closed. . . . . . . . . . . . . . . . . . . . .. 0.60
Hemispherical. . . . . . . . . . . . . . . . . .. 0.58
Open tubing 0.65
Theoretical. . . . . . . . . . . . . . . . . . . . .. 0 .42
Theoretical (corrected). . . . . . . . . . .. 0.58

It is interesting to examine the distributions of scalar and vector
potential difference, charge per unit length, and current near an open
end. A qualitative picture is readily obtained if the conductors are
assumed to be perfect. It follows from Chap. I, Sec. 4, Eqs. (9a,b),
that both Yew) and W.(w) satisfy the one-dimensional wave equation,
so that both these functions are sinusoidally distributed even in the ter­
minal zone. It follows that the known distribution of Yew) outside the
terminal zone, as obtained with a termination CT, may be extended into
the terminal zone. Thus in Fig. 12.2b the function Yew) is shown as a
cosine curve with its maximum at a distance CT/co beyond the actual
end of the line. For a dissipationless line it follows from Chap. I, Sec. 4,
Eqs. (6a), (7), and (8), that

W.(w) = ;:. aV(w) (14)
JW aw

so that the curve for W.(w) is a cosine curve like that for V(w) , but
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(15)

(16)

Iz(w) == Wz(w) + ~oPo(w) Yew)
19(w) )wlg(w)

Alternatively it is given by the equa­
tion of continuity:

Z<;QO(WI
Vo(w)

Io(w)

(a) Wzo(w)

shifted a quarter wavelength along the line (and a quarter period in time).
Such a curve with an arbitrary amplitude is given in Fig. 12.2b.

The leading term in the distribution of charge per unit length is
obtained from the relation q(w) - V(w)Co(w) , where co(w) rises rapidly

for the terminal zone from a constant
Co to 2co at w = 0, as shown in
Chap. II, Fig. 3.2. An estimated
curve for q(w) is sketched in Fig. 12.2,
with amplitude scaled to equal that
of Yew) for convenient comparison.

The distribution of current may
be derived from Chap. II, Sec. 3,
Eq. (14), which, with (14), may be
expressed as follows:

Actually it is readily sketched simply
by noting that outside the terminal
zone Iz(w) = Wz(w)/le and that at
w = 0 it must vanish. An estimated

curve of I(w) is shown in Fig. 12.2, with amplitude arbitrarily set equal
to that of W(w).

It is to be noted that the behavior of the potentials, current, and
charge per unit length in Fig. 12.2b differs greatly from that at an ideal
open end, as shown in Fig. 12.2a.

13. Junction of Two Open-wire Lines with Conductors of Different
Radii. An open two-wire transmission line consists of a left-hand part
extending from the generator at z = 0 to z = Sz and a right-hand part
extending from z = Sz to a load at z = Sz + ST = s. The distance between
the centers of the wires in both parts is b; the radius of the conductors in
the left-hand part is az, and that in the right-hand part is aT' Without
restricting the generality, let az ~ aT' The line is shown in Figs. 13.1
and 13.2.

Consistent with the conditions imposed on the uniform two-wire line
in Chap. I, Sec. 4, let the following inequalities be assumed satisfied:

I
I:q (w)

I

~V(w)

;~(W)
w4 CT

(b) CO

FIG. 12.2. Distributions of scalar and
vector potentials, charge per unit
length, and current near the end of a
two-wire line. (a) Ideal distributions
derived from uniform-line theory. (b)
Actual distributions that take account
of end effect.

LBbl 2 « 1
b2 « Sf b2 « S~

(1)
(2)



Sec. 13] DISCONTINUITIES AND NONUNIFORMITIES 369

For the present, let the restriction

(3)

be imposed. The more general case in which b is not so restricted is
introduced later in this section.

At distances to the left and right of the junction J J each part of the
transmission line is uniform, with propagation constants 'Yl and 'Y,. and

<D

/4o--w'---+I
t-W --..l

Ral ); F,
..----u'--+

f b!ar du',<
2a, ...r / '" --- f f 2ar

* dw' I '" 'Jl < I/ '" I

/Rbl
........

..Jlbr b
/ .........

'",
jJ .........

~
i

.1 ~

dw' du'
F,

w. I ~u

z-s,
FIG. 13.1. Junction of two two~wire lines with conductors of different radii.

z=o
t

Z~81

14-A/2+f4-A/2-.j

1 J 2
~ I JZcr }Zs
Zcl 1 J 2

!(Zll-Z12), !(Zll-Z12)

1 2
1 2

1 1
2(Zll-Z12) 2(ZU-Z 12)

FIG. 13.2. Junction of two two-wire lines and equivalent T network of the junction.

characteristic impedances Zel and Zero As the junction is approached.
from each side, the inductance and capacitance per unit length become
functions of the distances wand u from the junction owing to changes in
cross-sectional dimensions and the existence of the new chargeable and
current-carrying annular surfaces. In a region extending a distance
d,......, lOb on each side of the junction, variable parameters 'Y(w) and Ze(W)
must be substituted for the constant parameters 'Y and Ze.

The purpose of the analysis is to replace the actual circuit, involving
regions in which uniform-line theory is not applicable, with an idealized
circuit that is electrically equivalent insofar as measurements on the lines
outside a junction zone of length 2d are concerned. This is equivalent to
replacing the section of line of length A extending from 11 to 22 in Fig.
13.2 by an equivalent T network, as shown. If the line were uniform
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between 11 and 22, the series and shunt elements would be given by
Chap. III, Sec. 12, Eqs. (7c,d). Neglecting losses in this length, the ele­
ments are i(Zll - Z12) = 0 and Z12 = 00. That is, the section of loss­
less uniform line of length Ahas no effect; it may be included or omitted
as desired. Evidently, by determining the inductance and capacitance
per unit length for the line sections between 11 and 22, subtracting from
these the respective constant values for the uniform lines, and integrating
the differences over the junction region, the series and shunt elements of
the equivalent T section may be obtained in the form Zl1 - Z12 = jwLT

and Z12 = -j/wCT , where L T and CT are evaluated using the scalar and
vector potential differences.

Following the general method of Chap. I, Sec. 4, and Chap. II, Sec. 1,
the scalar potential difference between points Fz on the two conductors
(Fig. 13.1) at a distance W to the left of the junction may be evaluated
as the sum of the following three parts:

Vz(w) = Vll(w) + VZr(W) + VZj(W) (4)

where Vll(w) is the contribution from the charges in the left-hand section
with a charge per unit length ql(W'), Vlr(w) is the contribution from the
charges in the right-hand section with a charge per unit length qr(u'),
and V1j(w) is the contribution from the charges on the two annular sur­
faces at the junction on which the charge density is ftj (r',O').

The axial component of the vector potential difference is made up of
only two parts, as follows:

Wzl (w) = Wzll(w) + Wz1r(w) (5)

where the first term on the right is due to the current I zl(w') to the left
of the junction and the second term is due to I zr (u') to the right of the
junction. The primarily radial currents [rj(r' ,0') on the annular surfaces
contribute nothing to the axial component of the vector potential differ­
ence, since they are perpendicular to it.

The several components are

Vll(w) = 2~~ foBl qz(w')Pll(w,w') dw' (6a)

Vlr(w) = 2;~ foBr qr(U')PZr(w,u') du' (6b)

Wzll(w) = -21 (BI Izl(w')Pll(w,w') dw' (7a)
7r'JI Jo

Wz1r(w) = 2-.!-- (Br Izr(u')P1r(w,u') du' (7b)
7r'JI Jo

e-i(}Ral e-i(}Rbl 1 1
where Pu(w w') = -- - -- ==~ - - (8a), Raz R bZ Ral Rbi

e-i(}Rar e-i(}Rbr 1 1
Plr(w,u') = -- - -- == - - - (8b)

RaT R br RaT Rbr
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As shown in Chap. II, Sec. 1, the approximations on the right in (8a,b)
are justified if (1) is satisfied. The distances are

Raz = v(w - W')2 + at
Rar = V(w + U')2 + al

RbZ = V(w - W')2 + b2

Rbr = V(w + U')2 + b2
(ga)

(9b)

The contribution to Vz(w) by the charges on the annular surfaces is

where

1 /.211" fal
VZj(W) = 27r~ 0 } ar nj(r',fJ')PZj(w,r',fJ')r' dr' dfJ'

PZj(w,w') = _1 1_
RaZi Rbli

(10)

(11)

Rali is the distance from the point Fl to an element of charge nj(r',fJ')r'
dr' dfJ' on the annular surface belonging to the same conductor as the
point Fz; Rbli is the distance from Flto the corresponding element of charge
-nj(r',fJ')r' dr' dfJ' on the other annular surface.

In order to evaluate the potential differences, it is necessary to know
the currents and charges on both sections of transmission line and on the
annular surfaces at the junction. Since the lines are assumed to have
low losses, the region near the junction may be treated as if lossless in
determining L T and CT, so that currents as well as charges are confined
to surface layers. A convenient procedure for evaluating the external
inductance le(w) and capacitance c(w) per unit length is to resolve the
problem into symmetrical (even currents and vector potentials, odd
charges and scalar potentials) and antisymmetrical (odd currents and
vector potentials, even charges and scalar potentials) parts, as in Chap.
III, Sec. 12. The even and odd property is with respect to the plane
through the junction perpendicular to the line. The symmetrical prob­
lem is equivalent to providing a short circuit at 22. The antisymmetri­
cal problem is equivalent to having an ideal open circuit at 22.

Consider first the even currents and odd charges with the ideal short
circuit as termination. In this case the currents must be continuous
along the conductors at the junction, so that

Izl(w'---+O) = -Iri(r'---+al) (12a)
I zr (u' ---+ 0) = - I ri (r' ---+ ar) (12b)

where Irlr') is the outward radial current on the annular surface. By
integrating the () component of the magnetic field around one of the con­
ductors at the junction, it is readily shown by successive application of
the Maxwell-Ampere theorem9 that the total axial current entering the
junction from the left must equal the current leaving on the right. It
follows that (12a) and (12b) become

Izz (w' ---+ 0) = - Irj(r') = Izr (u' ---+ 0) (13)
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Important conclusions follow directly from (7b) with (13). Since
Plr(w,u') is the same as it would be with ar = aZ, it follows that, with
(13), (7b) is exactly what it would be if there were no change in the
radius of the conductors and no annular surfaces. Therefore, insofar as
the inductance per unit length is concerned, it has the constant value
l1 from z = 0 to z = 8l and the likewise constant value l~ from z = 8z to
z = 8l + 8r = 8. Note that

e 1 bibII = - In - l~ = - In - (14)
'lrP al 'lrP ar

Thus there is no inductive junction effect, and no lumped inductance
L T is required on either side of the junction; Z11 - Z12 = JwL T = O.
This means that the required lumped network can consist only of a shunt
element.

The problem of odd currents and even charges when the load side of
the junction is terminated in an open circuit involves continuity of charge
in the form

ql (w' ~ 0) = [2'1rr'n(r',O')]r'-+az (15a)
qr (u' ~ 0) = [2'1rr'nCr' ,0') ]r'-+ar (15b)

However, since the radial components of the electric field near the junc­
tion depend on the charges on the annular surfaces as well as on the
cylindrical conductors, the application of Gauss's theorem does not lead
to the conclusion that ql (w' ~ 0) is equal to qr (u' ~ 0). On the other
hand, since the transverse dimensions of the conductors on both sides of
the junction are small, as required by (2) and (4), the scalar potential
difference between the two conductors of the two-wire line must be the
same on both sides of the junction. Therefore

Vl (w~ 0) = Vr (u~ 0) (16)

(17b)

(17a)

where Vl(w) is given by (4), with (6a), (6b), and (10), and Vr(u) is given
by corresponding expressions, with u and wand subscripts rand l inter­
changed. (Note that in the vicinity of the junction the amplitude of
the periodically varying electric field is distributed essentially as if the
two conductors were maintained at a constant, Le., electrostatic, potential
difference.)

Outside the junction zone where uniform-line theory is valid, the ratio
of charge to voltage on each line is

ql(W) 'irE

Vl(w) = COl = In (blal)

qr(W) 'irE

Vr(U) = COr = In (blar)

Note that, with al > ar, it follows that COl> COr. It is satisfactory to
use these values as approximations in the junction region in order to
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(19)

(20)

(21)

determine CT as a correction for conventional line theory. In other
words, the uncorrected approximate distribution of charge is used in
order to determine the correction. This means that, in evaluating CT

from Vz(w) , (16) is applied in (17a,b) in order to determine qr(U') for
use in (6b). The value is

qr(U') == ql(W') COr = ql(W') In (bla,) (18)
Co In (blar )

Also let it be assumed that the charge density on the annular surfaces is
approximately rotationally symmetrical for each conductor, so that
nCr' ,8') == n(r'). This function satisfies the conditions of continuity of
charge (15a,b) if it is approximated as follows:

.( , 8') == .(') == q, (w' = 0) In (bla,)
nJ r , nJ r 21rr' In (blr')

In calculating the potential at any point F , (Fig. 13.1) just outside the
surface of the cylindrical conductor due to the charges all along the con­
ductor, the formulas (6a,b) based on the fundamental integral [Chap. I,
Sec. 3, Eq. (30a)] are used. As indicated in the footnote discussing
Chap. I, Sec. 3, Eq. (30a) , this fundamental integral for the potential
at the surface of a cylindrical conductor actually implies that the entire
charge is concentrated in a thin line along the axis of each conductor
rather than on the surface. It is a good approximation of the actual
distribution along the surface if possible errors in the length of the trans­
mission line of the order of magnitude ±a are acceptable. A similar
approximation involving errors in length of the same order of magnitude
may be made in evaluating the potential due to the charges on the
annular surfaces. That is, the total charge on each annular surface may
be treated as if concentrated at the center in determining the potential
at Fl. This total charge is obtained by integrating (19) over the annulus:

f.al , , , b l al dr'lb
Qj = 21rrnj(r)dr = ql (w = 0) bln- -1 ('Ib)

ar al ar n r

By a change of variable to y = - In (r' Ib), the integral in (20) becomes a
tabulated exponential integral. t The result may be expressed as follows:

lrEKb
Qj = -- ql (w = 0)

COL

where COL is as defined in (17a) and where

(22)

t "Tables of Sine, Cosine, and Exponential Integrals," vol. I, W.P.A., National
Bureau of Standards, 1940.
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The exponential integral is

Ei(x) = f-X e-U. du
00 u

(23)

(24)

Since, in calculating Vlj(w) from (10), the entire charge is to be treated
as if concentrated on the axis at W = u = 0, (10) reduces to the follow­
ing simple integrated form, which is a good approximation except when
W is as small as al:

V -(w) - Oi ( 1 _ 1 )
l) - 21rE yw2 + al yw2 + b~

The potential difference between points F l (Fig. 13.1) is given by (4)
in terms of (6a) , (6b) with (18), and (24). As shown in Chap. I, it is a
good approximation to set q(w) == q(w') in the junction zone. By the
same token and in the same range, ql (w = 0) == ql(W). The results are

V ( ) . ql(W) fo81 P ( ') d ,. () [1 1]II W = -2- II w,w W = ql W - - -(-)
1rE 0 COl Cll W

VZr(W) . ql(W) fo8T

p ( ') d ,. () [ COr ]= -2- lr W,U U = ql W --(-)
n 0 C~IlW

VZj(w) == ql(W) Kpl(W)
COl

(25a)

(25b)

(25c)

where the variable capacitance per unit length CH(W) is defined by

21rE
Cll(W) == . (26a)

In [(w + yw2+ b2)/(w + vw2 + af)]

and where the dimensionless function Pl(W) is

b(1 1)
Pl(W) == 2 yw2 + al - yw2 + b2 (26b)

The addition of (25a), (25b) , and (25c) to obtain Vl(w) and the definition
of Cz (w) as the ratio of charge per unit length to voltage give

_1_ == View) = ~ [1 _COl - COr + KPl(W)] (27)
Cl(W) ql(W) COl Cll(W)

Clearly, when either of the conditions w 2 » b2 or ar = az is satisfied,
Cl(W) == COl.

The corresponding expression for cr(u) on the right of the junction is
obtained by interchanging subscripts land r where they occur explicitly
in (27) and substituting u for w. [Note that the subscripts occurring in
K as defined in (22) should not be interchanged.] The desired formula is

_1_ == Vr(u) == ! [1 + COl - COr + KPr(U)] (28)
cr(u) qr(U) COr Clr(U)



(29a)
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where Clr(U) and Pr(U). are given by (26a) and (26b), with the indicated
changes and substitutions. Note that Clr(U) and Pr(U) differ very little
from Cu (w) and PI(W) e~cept when b is as small as a,.

The total error in capacitance made along the left-hand section of line
if COl is used in place of the true value CI(W) is given by

CTI = fad [CI(W) - COl] dw

The corresponding error on the right-hand section of line is

CTr = fod [cr(U) - COr] du (29b)

In (29a,b) d has the order of magnitude lOb. The total shunt capaci­
tance required to compensate for the use of uniform-line theory is the
sum CTl + CTr. To this must be added the capacitance between the
two annular rings CTj. This may be obtained approximately as follows:

By definition, CT' = Qj == 7rEKb q, (w = 0)
J V, (w = 0) COl V, (w = 0)

(30a)

In the evaluation of the small capacitance eTj it is adequate to assume
that q,(W) and V,ew) are related according to uniform-line theory, namely,
q, (w)/V, (w) = CO, so that

(30b)
where K is as in (22).

The total lumped capacitance required in the equivalent network in
Fig. 13.3 is

(31)

where the three terms on the right are as defined in (29a) , (29b) , and
(30b). Note that, when a, is greater than ar , en and eTj are positive,
whereas CTr is negative. The equiv-
alent circuit shown in Fig. 13.3
involves only uniform sections of 1/,zc/ feT 1r,zcr
line and a lumped capacitance to
correct for the over-all error made FIG. 13.3. Uniform lines with CT to cor-

rect for the junction-zone nonuni­
in assuming constant capacitances formities.
per unit length at all points in both
lines, including the region near the junction where actually they are
variable.

Since ar is less than ai, the line to the left of the junction must behave
in a manner intermediate between its behavior for ar = 0 and that for
ar = a,. It has been shown in Sec. 12 that near an open end, which is
equivalent tv ar = 0, the capacitance per unit length and with it the
charge per unit length increase sharply. Therefore it is to be expected
that a similar but smaller increase must occur as the junction with a line
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(32)

of smaller size is approached. Account of this increase in charge may be
taken by including a lumped positive capacitance CTl at the end of a uni­•form section with uniform capacitance per unit length COL.

Since the uniform charge per unit length on the left-hand section of
larger diameter is greater than on the right-hand section of smaller diam­
eter, and since it is further increased near the junction, as just explained,
it is evident that the contribution to the potential difference on the right
by the charges on the left of the junction is relatively greater than when
ar = al. Accordingly a smaller charge per unit length is required on the
right. This decrease in charge corresponds to a decrease in capacitance
per unit length below the uniform value COr. If the uniform value is to
be used, a correction in the form of a negative lumped capacitance C Tr is
required.

The actual evaluation of CTl and CTr has not been achieved but is
unnecessary, since it is shown in Sec. 14 that CT for the two-wire line
may be determined from CT for the coaxial line, for which graphs and
tables are available.

A better approximation of the ratio of charge per unit length on the
two lines near the junction is obtained by equating Vl (w == 0) in (27)
to Vr (u == 0) in (28). The result is

• COr + Kb (l _!)
qr (u = 0) _ COr COL 2 al b

ql (w == 0) - Co COL + Kb (! _!)
COr 2 ar b

I
I

!4---b,.--~..!

Since COL> COr and al > ar, it is clear that the correction factor [the final
factor in (32)] is less than 1. Since
qr (u == 0) is less than the value for a
uniform line and ql (w == 0) is greater
than the value for a uniform line, this
is as it should be.

If the right-hand part of the condi­
tions (3) is not satisfied in the sense
that al is not necessarily very small
compared with b, the results obtained
above may be modified by making use

FIG. 13.4. Cross section of two two-
wire lines at junction plane. of the effective radius be, defined in

Chap. I, Sec. 7, Eq. (40a). Since the
surfaces of all conductors must be equipotentials, their effective separa­
tion be in Fig. 13.4 rather than the distances between centers must be the
same. That is,

(33)
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where bl and br are as shown in Fig. 13.4. If the two radii and bl are
known, br may be determined by solving (33) to give

If bllal is substituted for blal' and briar for blar in the formulas derived
subject to (3), they become approximations for use when b is not suf­
ficiently great to satisfy (3), provided (33) is satisfied.

14. Change of Radius in a Coaxial Line. If the radius of the inner
conductor of a coaxial line changes from a, to ar at z = 81, whereas the
outer conductor has the uniform inner radius b, as shown in Fig. 14.1,

R - --TI>';;-=:::'-:' _ R
.t ../ T'--_-_-_T-o-;::..-_::-::------
2a,-&-------- ----- --.T---- t2ar

~ IJ dU'

%=8,

FIG. 14.1. Junction of two coaxial lines with inner conductors of different radii.

a problem arises resembling that in the preceding section. By consider­
ing the general case in its separate symmetrical and antisymmetrical
parts, as in Sec. 13, it follows that there is no inductive correction near
the junction and that the values of the external inductance per unit
length:

e 1 bll=-ln-
271'" V al

e 1 bl=-ln-
r 271'" V ar

(1)

characteristic of uniform lines are valid to the left and right, respectively,
of the junction. It may be concluded, as in Sec. 13, that the entire
corrective network at the junction consists of a shunt capacitance CT.

In order to determine CT it is necessary to evaluate the potential dif­
ference Vl(w) at an arbitrary distance w to the left of the junction of the
two lines at z = 8,. This is accomplished as follows:

The potential <1>1 at a point F l between the inner and outer conductors
(Fig. 14.1) at a radius r and at a distance w from the junction may be
evaluated in three parts, viz., the potential <l>u due to charges on the
left-hand section of line of radius al, the potential <l>lr due to charges on
the right-hand section of radius ar, and the potential <I>,j due to charges
on the annular ring at the junction. Thus

(2)
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The first two components are defined as follows:

where

where

"'" ( ) • ql(W) /.211" /. 00 p ( I 8') d I d8'
'I'll W = 47rE 0 0 II W,W , W 211"

"'" ( ) • qr(U) /.211" /. oop ( I 8') d I d8'
'I'lr W = -4- lr W,U, u-

21I"E 0 0 11"

P ( '8' ). 1 1II w,W, = - --
Rrl R.z

P ( I 8'). 1 1lr W,U , = -R --R
rr Br

Rrl = V (w' - W) 2 + r 2 RBl = y'~(W-,o---W----:-:)2-+-S-::2

Rrr = V(U' + W)2 + r 2 RBr = y(U' + W)2 + S2
S2 = b2 + r2 - 2br cos 8'

(3a)

(3b)

(4a)

(4b)

(5a)

(5b)
(5c)

The integrations with respect to w' and u' in (3a) and (3b) may be carried
out as follows:

/.

00 p ( I 8' ) d I = 2 I ~ _ I W + Y w
2 + S2II W,W, W n n _ /

o r W + v w2 + r2

/.

00 Plr(w,u' ,8' ) du' = In W + yw
2 + S2

o W + yw2 + r 2

(Ba)

(Bb)

If these expressions are substituted in (2) using (3a) and (3b), the inte­
gration with respect to 8' which involves the term In (sir) may be carried
out just as in Chap. I, Sec. B. The result is

C>l(W) = ql(W) [21n ~ _/.211" (1 _Cor) In W + w
2 + S2 d8

1

] + C>dw) (7)
411"E r 0 COl W + w2 + r2 211" 1

In formulating (7) it has been assumed that the entire inner conductor
near the junction is essentially an equipotential surface, so that

(8)

It is also assumed that the charge per unit length characteristic of the
uniform line may be used to determine the corrective capacitance CT.
That is,

211"E
C - ~-=-.,------,-

Ol - In (blal)where

qr(U) • COr
ql(W) = COl

211"E

COr = In (blar)

(9)

(10)

are the capacitances per unit length characteristic of uniform lines with
radii ar and al, respectively.
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Since 0' occurs only in 8 2, the potential difference

is

Vz(w) == qz(w) [2 In ! _ (1 _ cor) In W + yw
2 + b

2

41rE az Coz w + yw2 + al

+ (1 - cor) /.211" In w + yw
2 + 86 dO'] + Vj(W) (11)

Coz 0 W + Yw2 + 8~ 21r
where 8~ = b2 + al - 2azb cos 0' (12a)

sg = 2b 2(1 - cos 0') (12b)

The logarithm in the integral in (11) has its largest value when W = 0
and rapidly approaches unity as W increases. However, when w = 0, it
is readily verified by direct integration (using Pierce 523) that the inte­
gral vanishes. It may be concluded, therefore, that the last term within
the brackets in (11) contributes negligibly to Vz(w), so that

Vz(w) == qz(w) [21n !!.. _ (1 _cor) In w + yw
2 + b

2
] + V/w) (13)

41rE az Coz w + yw2 + al

The potential difference Vj(w) = [<Pi(W)]r=al- [4>/w)]r=bduetothecharges
on the annular ring in the junction plane may be evaluated as in Sec. 13,
where there are two rings instead of one such ring. The result is like
Sec. 13, Eq. (24), divided by 2, that is,

where

(14)

(15)

where Coz is given by (10) and K is as in Sec. 13, Eq. (22). By defining

(16b)

(16a)
41rE

CH(W) == -
In [(w + yw2 + b2)/(w + yw2 + af)]

b(1 1)
Pl(W) =="2 yw2 + al - yw2 + b2

the final form of (13) is

Vl(w) == _1_ = ~ [1 _COl - COr + KPl(W)] (17)
ql(W) Cz(W) COl CH(W)

The corresponding expression for cr(u) on the right of the junction is

Vr(U) = _1_ = ~ [1 + COl - COr + Kp (U)] (18)
qr(U) - Cr(U) COr elr(U) r
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(19)

whereclr(u) and pr(U) are as given by (16a) and (16b), with the following
substitutions: U for wand subscript r for l.

Formulas (17) and (18) are the same in form as Sec. 13, Eqs. (27) and
(28), for the open-wire line. However, all capacitances in (17) and (18)
refer to the coaxial line with outer radius b and inner radii a, to the left
and ar to the right of the junction. Since the formulas for the capaci­
tances of a coaxial line differ from those for the open-wire line only by a
factor 2, it follows that Cl(W)/COl and cr(w)/COr are numerically the same
for the coaxial and open-wire lines if the ratios b/a, and b/ar are the same.
Accordingly CTl/COl and CTr/COr, as defined in Sec. 13, Eqs. (29a) and
(29b), are also numerically the same for the coaxial and two-wire lines,
with the same ratios of b/a, and blare As in Sec. 13, the total lumped
shunt capacitance required at the junction to compensate for the use of
uniform-line theory on both sides of the junction is CTl + CTr • To this
must be added the capacitance CTj between the annular ring at the
junction and the coaxial shield. This is given approximately by

C
T

' = Qj = 21rEKb q, (w = 0)
J V, (w = 0) COL V, (w = 0)

where use has been made of (15). For the evaluation of this small
capacitance it is adequate to assume that V, (W = 0) and q, (w = 0)
are related, as predicted by uniform-line theory. That is,

Accordingly

q, (w = 0)
V, (w = 0) = COl

CTj == 21rEKb (20)

where K is as given by Sec. 13, Eq. (22). Note that (20) differs from
the corresponding formula [Sec. 13, Eq. (30b)] by a factor 2.

The total lumped capacitance CT required at the junction if uniform­
line theory is used on each side is

(21)

For the same ratios b/a, and b/ar, the value of CT obtained from (21)
for the coaxial line is double the value obtained from Sec. 13, Eq. (31),
for the open-wire line. Since the lumped susceptance B T = wCT for the
coaxial line has been determined by a variational analysis beyond the
scope of this book, and since tables and graphs13 of numerical values are
available for a range of values of b, a"and ar , the analyses of this and the
preceding sections serve to justify the use of these tables and graphs for
the numerical evaluation of CT for the two-wire line.

Incidentally data for determining B T for a coaxial line with uniform
inner conductor and an outer conductor that changes from b, to br at Z = S,

are also available (Ref. 13, p. 311).
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Bifurcation of Coaxial Line. A bifurcated coaxial line is shown in
Fig. 14.2a. If junction effects are neglected, coaxial lines 1 and 2 with
characteristic impedances Zcl and Zc2 are connected in series across
coaxial line 0 with characteristic impedance Zc. Neglecting losses, the
characteristic impedances are

z. . R r I aa
cl = cl = -2 n­

7r a2
z. . R r I a2

c2 = c2 = -2 n­
7r al

(22)
where r == 1207r ohms.

An approximate analysis of the junction effects in the bifurcated line
could be carried out with the method used in the first part of this section.

;;;; ;;;;;;;; ;;;;;;;;;; ;;;;;;;>

(a)

r- - ---------.
I

.line.....;.......::.:.....--+_~ I

X o : Line 0; Zco
Line~~"-_I--~~~~l _,L .J

Lumped network

(b)
FIG. 14.2. (a) Bifurcated coaxial line. (b) The same line with an equivalent network
to take account of junction effects.

However, since the results of a more rigorous analysis are available
(Ref. 13, pp. 369-370), it is sufficient to repeat these. The equivalent
lumped network consists of a shunt reactance across each line at the junc­
tion plane, as shown in Fig. 14.2b. Formulas for the three reactances are

X o = -Rc cot /3d

where

aa - a2
Xl = Rc --- cot /3d

aa - al
a2 - alX 2 = Rc --- cot /3d
as - al

(23)

(24)

Note that X o is negative, also that Xo = - (Xl + X 2), so that there is
no junction correction looking from line 0 toward lines 1 and 2. Curves
of 7rd/(aa - al) as a function of (aa - a2)/(aS - al), as well as formulas
for higher-order terms for d, are available in the literature. The approxi­
mation (24) is in error byless than 2 per cent, provided 2(aa - al) < 0.3~.
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FIG. 15.1. Bend in a two-wire line.

Z=S,;U=Oz=O

15. Bend in a Two-wire Line. 104,131 When a two-wire line in the yz
plane is bent through an angle e from this plane, as shown in Fig. 15.1,
the two wires remain identical, so that no unbalanced currents are gener­
ated. However, the parameters of the line are not constant in the
vicinity of the bend. Since resistance and leakage conductance per unit

length are small, changes in them
may be ignored. But this is not true
of the external inductance per unit
length and the capacitance per unit
length. In order to evaluate these
quantities near the bend, let the usual
coordinate system be introduced.
One part of the line extends from the
generator at z = 0 to the bend at

z = 8z; for convenience the variable w = 8z - z, measured from the bend
toward the generator, is introduced. The second part of the line extends
from the bend at u = 0 to the load at u = 8r in a direction differing from
the original one along the z axis by an arbitrary angle e. As usual, the
radius of the wires is a; their separation between centers is b. It is assumed
that the condition a2 « b2 is satisfied.

The determination of le(w) and c(w) on one side of the junction and the
equal quantities le(u) and c(u) on the other side parallels the procedure in
Chap. II, Sec. 1, where the two wires of the line flared outward. Chapter
II, Sec. 1, formulas (22a) and (22b), apply. The pertinent parts are

le(w) = ko(w) + kOT(W)
21rJl

21rE

c(w) = ko(w) + k~T(W)

(1)

(2)

where, as in Chap. II, Sec. 1, Eqs. (15b) and (26a),

ko(w) == ( 00 (~ _ ~) dw' == ko - FI(w) (3)Jo Ra Rb

ko = 2ln ~ FI(w) == In w + Vw
2 + b

2
(4)

a w + Vw2 + a2

R a = V(w' - W)2 + a2 Rb = V(w' - w)2 + b2 (5)

Also kOT(w) == f, 00 (R
I
IT - R

I
2T) cos edu' = F2(w) cos e (6)

k~T(W) == f, 00 (R~T - R
I
2T) du' = F2(w) (7)

where now F2(w) == In w cos e+ Vw
2+ b

2
(8)

w cos e+ Vw2 + a2
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R1T = v'W2 + U'2 + 2wu' cos (J + a2

R2T = v'w2 + U'2 + 2wu' cos (J + b2

383

(9)

The distances Ra and Rb from the point Q on the surface of conductor 1
at a distance w from the bend to the elements of integration dw' along
the axes of the two conductors at a j4----w---+1

distance w' toward the generator R
a

...---(rw'-----~'... u'

from the bend are shown in Fig. 15.2, ......'"
as are the distances R IT and R 2T to
the corresponding elements du' on
the other side of the bend. In (3), dWi

(6), and (7) the upper limits in the
integration (Sl or 8r) are replaced by
infinity, since it is assumed that both FIG. 15.2. Enlarged section of bend in a

two-wire line.sections of line are sufficiently long
so that contributions from the parts that are far from the bend are negli­
gible. The integrations are carried out using Pierce formula 160.

It follows that

(lOa)

(lOb)

Since the inductance and capacitance per unit length of the uniform
(infinitely long) line are

le = ~
o 21rJl

21rE
Co =­

ko
(11)

it follows that the lumped inductance L T and capacitance OT required to
yield the same total inductance and capacitance when (11) is used in the
section of line between the bend and the generator, instead of (9) and
(10), are given by

1. 00 1 1. 00

L T = W(w) - 19] dw = 2- [F 2(w) cos (J - FI(w)] dw (12)
o 1rJl 0

C I. 00 [ ( ) 21rE I. 00 FI(w) - F 2(w)
T = 0 C W - co] dw = ~ 0 ko _ FI(w) + F

2
(w) dw (13)

Exactly equal values are obtained for the section of line between the bend
and the load by using (lOa), (lOb), (12), and (13), with u substituted for
W, so that the total lumped series inductance at the bend is 2LT and the
total lumped shunt capacitance is 2CT , as shown in the equivalent circuit
of Fig. 15.3.

The integrands in (12) and (13), as evaluated by Tomiyasu,l°4 are
given in Fig. 15.4 for three values of (J and b = 2 cm and a = 0.1588 cm.
It is seen that the principal contributions occur in the range w ~ lOb.
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The second integral in (12) may be evaluated by noting that

10 co In (w cos 0 + YW 2 + b2) dw

= loco In (w + yw2 + b2) dw + b fof$) In [1 - K(x)] dx (14a)

so that

10 co F 2(w) dw = 10 co FI(w) dw + (b - a) fo f$) In [1 - K(x)J dx (14b)

Note that the shorthand

K(x) == (1 - cos fJ)x(Yx2 - 1 - x) (14c)

and the change of variable x = w/b have been introduced in (14a). It is
now easily verified that K(x) ranges between the value 0 when x = 0

!L T !L T

Generalo<- Uniform Iin:::XUniform line ~ Load

1 I 1
.'2LT 1 '2 L

T,

lumped network
at bend

FIG. 15.3. Equivalent circuit for bent line.

to j(1 - cos fJ) when x = 00. Since, for fJ ~ 90°, K(x) ~ 0.5, the last
logarithm in (14a) may be expanded in the series

In [1 - K(x)] = - [ K(x) + K2~X) + Ki
x

) + ...] (15)

and integrated term by term. The first two terms give a satisfactory
approximation, viz.,

10 co In [1 - K(x)] dx == j(1 - cos fJ)

+ 15(1 - cos fJ)2 + 15(1 - cos fJ)3 + (16)

The first integral on the right in (14a) is readily integrated using Dwight
formula 625. Thus

loco FI(w) dw = b - a (17)

With (16) and (17) used in (12), the final formula for L T is

b - a
L T = - 27rV G(O) (18a)

where, with only two terms retained in the series (15) and (16),

G(fJ) == (1 - cos fJ)[1 - j cos fJ + 15 cos 0 (1 - cos fJ)J
= (1 - cos 0)(1 - -A- cos fJ - 15 cos2 0) (18b)

The function G(O), as calculated from (18b), is shown in Fig. 15.5 as a
function of fJ and is listed in Table 15.1.
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w/b
3 4 5 6 7

Q) -0.6 2 5 6 7

~ -0.8
I -0.01
~ -1.0
0 -0.02u
~ -1.2

- -0.03
~-1.4 ~

~ ~-0.04
-1.6 ~N +
-1.8

1... ~ -0.05
~ -:..

- k; -0.06
-2.0 ~- I

~ -0.07

-0.08 IH--+---I

-0.09l----t---t

-0.10 L-I-.....I-.........

FIG. 15.4. Graphs of integrands in Eqs. (12) and (13).

1.0 r-----r---r--,----,--..,--""r"'---r---,.----" 2.0

M(6)

0.4

0.8

12

1.6

0.4

G(6)=(1-cos 6) (1-~cos6--fs cos26)

0.8 M(6)=(1-cos 6)+~ (I-cos 6)2+/s(1-COS 6)3

0.6

0.2

G(6)

o~-=::::=~--:~-..L--..l-_-l-_...L-_-L-_-L_---J 0
~ ~ W W ~ ~ ~

8

FIG. 15.5. Graphs of the functions G(fJ) in L T == - (b - a)G(fJ)/21r/l and M(fJ) in
CT =-21rE(b - a)M(fJ)/3k~ for a bend in a two-wire line.
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TABLE 15.1. THE FUNCTION G(fJ)
8, deg G(fJ)

o 0.00
10 0.01
20 0.04
30 0.10
40 0.18
50 0.29
60 0.43
70 0.60
80 0.80
90 1.00

[Chap. V

The determination of Cr using (13) may be carried out by treating
the difference

(19)

(23)

[which occurs in both the numerator and the denominator of (13)] in a
manner similar to that followed in the evaluation of F 2(w) cos (J - FI(w)
in (12). Thus

H(w) = In wcos (J + vW2+1J2 _In w cos () + vw
2 + a

2
(20a)

w + V w2 + b2
W + V w2 + a2

This may be expressed in the following form:

Hew) = In [ 1 - K (r)J- In [ 1 - K (~)J (20b)

where, as in (14c),

K(x) = (1 - cos ()x(~ - x) (21)

with x = wjb or wja.
As before, the logarithms in (20b) may be expanded in the series (15),

with the result

Hew) = K (~) + jK2 (~) + !K3 (~) + ...

- [K (~) + jK2 (~) + !K3 (r) + ...J (22)

Since K(x) ~ 0.5 for 8 ~ 900
, it is readily verified that, with the assumed

condition b2 » a 2, ko = 2 In (bja) is sufficiently large so that the quantity
H(w)jko satisfies the condition

H(w) < 1
ko

Subject to (23), the second integrand in (13) may be expanded in powers
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of H(w)jko, as follows:

C
T

= _ 27rE roo H(w)jko dw (24a)
ko Jo 1 - H(w)jko

= _ 27rE roo [H(W) + H2(W) + H3(W) + ...] dw (24b)
ko Jo ko kij k~

The integrals in the leading term can be evaluated as in (14b). The
result is

roo H(w) dw = (b - a)(1 - cos 8) [1 + i(l - cos 0)
Jo ko 3ko

+ -Js(l - cos 8)2 + ...] (25a)

The exact integration of the higher-order terms is complicated by the
occurrence of cross-product terms of the form Kn(wja)Km(wjb). Since
the contribution by the terms in K(wja) is in any case small, these may
be neglected in the higher-order terms, so that

H2(W) == [K (~) + jK2 (~) + ··r = K2 (~) + K3 (r) +

H3(W) == [K (~) + jK2 (~) + .. ·r == K3 (r)
(25b)

(25c)

(25e)

The integrations can now be carried out to give

roo H2(W) bJo kr dw == ij [-ft(1 - cos 0)2 + -Js(1 - cos 0)3 + ...] (25d)

roo H3(W) bJo kr dw == kg ;5(1 - cos 0)3 + ...
With (25a,d,e) it follows that (24b) becomes

CT == - 27rEO~kg a) [ 1- cos 8 + i (1 + ~) (1 - cos 0)2

+~ (1 + ~ + ij) (1 - cos 8)3] (26)

Since the terms in a have been neglected in evaluating (25d) and (25e) ,
the factor b occurs. Since, with b2» a2, b - a differs little from b, the
factor b - a may be substituted for b in (25d) and (25e) with little error.
For most purposes the leading terms in (26) are adequate; they permit
the definition of a function of 0 which is independent of ko. The leading­
term formula is

CT == - 27rE(:k-; a) M(O) (27a)
o

where M(O) = 1 - cos 0 + i(1 - cos 0)2 + ~(1 - cos 0)8 (27b)

The function M(O) is plotted in Fig. 15.5 and tabulated in Table 15.2.
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TABLE 15.2. THE FUNCTION M(8)
fJ, deg M(fJ)

o 0
10 0.015
20 0.061
30 0.14
40 0.26
50 0.42
60 0.62
70 0.88
80 1.20
90 1.57

[Chap. V

Numerical values of LT/loand CT/CO for a bend in a two-wire line, with
b = 2 cm and a = 0.1588 cm, are given in Table 15.3 for (J = 30, 60, and
90°. Three columns are given for CT/CO: one is computed using the more
complete formula (26); the second column makes use of the leading-term
formula (27a); the third lists values reported by Tomiyasu104 which are
determined by numerical methods. All three are in reasonably good
agreement. Two columns are given for LT/lg: one is computed from
(l8a); the other is evaluated by numerical methods by Tomiyasu. 104

The agreement is good.
The experimental determination of the relatively small inductance 2LT

and capacitance 2CT (Fig. 15.3) may be carried out independently by
adjusting a short-circuited section of line in length to have a current
maximum at the bend when 2LT is measured and a charge or voltage
maximum when 2CT is measured. Using a two-wire line for which
b = 2 cm and a = 0.1588 cm, Tomiyas1,1104 determined the experimental
curves shown in Fig. 15.6. The theoretical values of 2CT /co obtained
from (26) and tabulated in Table 15.3 and those of 2LT /lg obtained from
(18a) and tabulated in Table 15.3 are also shown in Fig. 15.6. It is seen
that the theoretical curve for 2CT /co is in quite good agreement with the
experimental one. On the other hand, whereas theoretical values of
2LT /loare all negative in Fig. 15.6, the experimental curve shows a small

TABLE 15.3. THEORETICAL VALUES FOR Cdco AND LT/Ig FOR BEND

IN TWO-WIRE LINE, WITH b = 2 CM AND a = 0.1588 CM

CT/Co, em LT/l~, cm

fJ, deg
Numerical Numerical

Eq. (26) Eq. (27a)
integration t Eq. (18a)

integration

30 -0.017 -0.017 -0.016 -0.035 -0.033
60 -0.081 -0.077 -0.071 -0.152 -0.141
90 -0.224 -0.189 -0.189 -0.353 -0.353

t Reported by Tomiyasu. 104
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0.2 r----r----r---.

-0.8 ~_...I--......&._~

0° 30° 60° 90·

-0.61---+---+--T1

-0.2 I----I---"'rr~r-t

-0.41----1---1--~

-0.2 I----I----"""d'''c---t

9
FIG. 15.6. Comparison of theo­
retical curves (solid lines) with
experimental curves (broken
lines) for 2Cr /co, 2LT/l~, and
(2LT + LN)/l~ (Tomiyasu).

(28)

for 0 = 30°. By adding this value to 2Lr /lg
to obtain a total inductive correction (2Lr +
LN)/lo, a point at 0 = 30° is obtained which
is in excellent agreement with experiment.
Owing to increasing complications as the bend
is made sharper,Tomiyasu evaluated no points
for 0 = 60 and 90° but merely assumed that
the same value of L N given in (28) applies
for 30° ~ 0 ~ 90°. A curve of (2L r + LN)/lo is shown in Fig. 15.6. It
is seen to agree well with experiment.

16. T Junction in a Two-wire Line. An important type of junction
consists of three sections of similar two-wire line meeting in a T. Com­
mon examples include (1) a matching or tuning stub connected at right
angles to a transmission line, as shown in Fig. 16.1a; (2) a driven line
that divides into two loaded sections in parallel, as in Fig. 16.1b; (3) a
line that makes a right-angle bend but is supported by an insulating stub,
as in Fig. 16.1c.

In the elementary analysis of the transmission line with a shunt stub
or insulating support in Chap. III, it is assumed that conventional
transmission-line formulas are valid at all points along all three sections

positive value when 0 is less than 60°. A correction for the theoretical
curve has been obtained by Tomiyasu,104 who has shown that the dis­
crepancy between the theoretical curve for 2LT/lo and the experimental
results is a consequence of the fact that the elementary analysis for L r as
carried out in this section assumes rotational
symmetry for the current in, and the vector
potential on, the surface of the two wires
throughout the bend and also an abrupt
change in the direction of the current at the em

bend. Actually, in the case of conductors
with finite radius a, neither the current nor
the vector potential is rotationally symmet-
rical around the bend even when the condi-
tion b2 » a2 is satisfied. The current is more
concentrated in the bend, so that the con­
ductor behaves as if it had a radius smaller
than a. However, Tomiyasu has shown that
a small positive inductance L N must be added
to 2Lr . The analysis involves elliptic inte­
grals, and for a line with b = 2 cm and

em
a = 0.1588 em, Tomiyasu obtained the value

LN16 = 0.22 cm
o
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1 J 2
~---:__-.,;;..W"'~----t-..,...-.~ ~

Generator l' I J' 2' load
t

3 V M~\~~ng

(a) ~3'

J 2

l'
--+---:-~---~

J' 2' load 1

x"- _
load 2

(b)

3
3'

1I Generator

I J 2

""-~-~_.~
Supporting l' J' 2' Lo:;d

stub

3
: 3'

(C) I i
~Generator

FIG. 16.1. Three types of T junctions in a two-wire line. (a) Line with matching stub.
(b) Single line driving two loaded lines. (c) Right-angle bend with supporting stub.

FIG. 16.2. Equivalent junction network for a shunt stub on a two-wire line.

of line, including the regions close to the junction JJ' (Fig. 16.1). Actu­
ally the external inductance and the capacitance per unit length are not
constant at the values [0 and Co in the junction zone. As a consequence,
it is necessary to compensate for the inaccurate use of the constant values
lo and Co by introducing a fictitious lumped network that consists of a
series inductance L T and a shunt capacitance CT connected to each line
at the common junction, as shown in Fig. 16.2. The values L T and CT
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for each line are to be so evaluated that the impedances looking toward
the junction J J' from 11', 22', and 33' are the measurable apparent imped­
ances when computed using conventional transmission-line formulas in
conjunction with the lumped network.

Since the network in the vicinity of the junction is symmetrical with
respect to a plane through JJ', J3J~, and 33' (Fig. 16.2), the problem of
determining the elements of the lumped network is simplified. It is clear
that

L T2 = L Tl CT2 = CT1 (1)

The analysis may be carried out using even and odd currents and volt­
ages. Let the origin of a system of coordinates be located midway
between the terminals JJ', as in Fig. 16.1a. The coordinate w increases
from JJ' toward 11' in line 1, so that currents and voltages to the left of
JJ' may be designated by II = I(w) and VI = V(w) , and those to the
right of JJ' in line 2, by 12 = I( -w) and V2 = V( -w). The coordi­
nate v increases toward 33' in line 3, and the currents and voltages in the
shunt or stub section are la = I(v) and Va = V(v).

Let the currents and voltages in lines 1 and 2 be separated into even
and odd parts to form symmetrical and antisymmetrical combinations,
as follows: .

I(w) = I(B)(W) + I(a)(w)
V(w) = V(B)(W) + V(a)(w)

I( -w) = I(B)(W) - I(a)(w)
V( -w) = V(B)(W) - V(a)(w)

(2a)
(2b)
(3a)
(3b)

By definition, let the symmetrical currents be even and the symmetrical
voltages odd, so that

(6)
(7)

V(B)(W) = j[V(w) - V( -w)]
V(a)(w) = j[V(w) + V( -w)]

I(B) ( -w) = I(B)(W) V(B) ( -w) = - VB(W) (4)
I(a) (-w) = _Ila)(w) V(a) ( -w) = V(a)(w) (5)

It is readily verified that definitions (4) and (5) are consistent with (2a,b)
and (3a,b) and with

I(B)(W) = j[1(w) + I( -w)]
I(a)(w) = j[1(w) - I( -w)]

Once the currents and voltages on lines 1 and 2 have been resolved
into symmetrical and antisymmetrical components using (6) and (7),
each set of currents and voltages may be determined independently, and
a separate set of LT's and CT' S defined for each. Note that, in general,
junction-zone networks are not the same for symmetrical currents and
voltages as for antisymmetrical ones. Let the junction zone be the
region in all three lines within a distance d of the junction which is short
compared with the wavelength and beyond which the line parameters
may be assumed constant. Usually d is of the order of magnitude of
lOb or less.
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The Symmetrical Problem. A symmetrically driven T junction is shown
in Fig. 16.3. The two symmetrical branches are excited by generators
that maintain currents and voltages that satisfy (4). It follows that

V(8) (w = 0) = 0 (8)

so that there may be no generator in line 3. Moreover, since the gener­
ators in lines 1 and 2 maintain zero voltage across the junction points

+ ,'(w) J ,s(-w)=,'(w)
~-' --- ---~---~w~ --__----r:-_-,y(')",(,)~~ ...:;w __+-0't-:" ~_ -_--5

J' +

l(v)=O

FIG. 16.3. Symmetrically driven T junction.

l(a)(w) J l(a)(-w)=_~a)(W)

+~----~·--n · ----~ ...(CI)
..,(a)~_ " _ _ .. -5
r J' -

lev)

+1 I
~'eJ

FIG. 16.4. Antisymmetrically driven T junction.

JJ', all currents, charges per unit length, and voltages in the stub line 3
are zero. Therefore lines 1 and 2 behave like a smooth line without the
stub section, and

C~i = C~~ = 0 L~i = L~~ = 0 (9)

Since there are no currents or charges in line 3, it is unnecessary to
introduce C~~ and L<;~.

The Antisymmetrical Problem. An antisymmetrically driven T junc­
tion is shown in Fig. 16.4. In general, there may be generators in all
three lines, but those in lines 1 and 2 must be so adjusted that (5) is
satisfied. There are no restrictions on the generator in line 3.

Kirchhoff's current law applied at J J' in Fig. 16.4 gives

I(a) (w = 0) = I(a) (-w = 0) + I (v = 0) (lOa)

With (5) it follows that

I (v = 0) = 2/(a) (w = 0) (lOb)

Since the junction zone is small compared with the wavelength, the lead­
ing terms in Maclaurin expansions of the currents are adequate. That is,

I(a)(w) = I(a)( -w) == jI(v) Iwl ~ d, v ~ d (11)
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Similarly the voltages across the three conductors in the junction zone
are essentially equal:

V(a)(w) = V(a) ( -w) == V(v) Iwl ~ d, v ~ d (12)

Note that the equations on the left in (11) and (12) are exact and those
on the right are approximate for nonzero values of bfA.

Capacitance per Unit Length. The scalar potential differences across
the three lines in the junction zone may be expressed as follows:

V(a)(w) = Vu(w) + V12(w) + VJ3(w) = V(a) ( -w) (13)
V(v) = V31(v) + V32 (V) + V33 (V) (14)

where Vl1 (w) is the contribution to V(a)(w) by the charge per unit length
q(a)(w) on line 1, V12(w) is the contribution to V(a)(w) by q(a)( -w) on
line 2, and V13(w) is the contribution to V(a)(w) by q(v) on line 3. Simi­
larly V31 (V) is the contribution to V(v) by q(a)(w) on line 1, V32 (V) is the
contribution to V(v) by q(a)( -w) on line 2, and V33 (V) is the contribution
to V(v) by q(v) on line 3. As in Chap. II, Sec. 1, the expressions for
these several voltages are as follows:

where

1 f""Vl1 (w) + V12(w) == 2- q(a)(w')PL(w,w') dw'
7rE _ ""

1 1,""V13(w) == 2- q(v')PT(w,v') dv'
7rE 0

1 f""V31 (V) + V 32 (V) == 2- q(a)(w')P8 (v,w') dw'
7rE _ ""

1 I, ""V33 (V) == -2 q(v')PL(v,v') dv'
7rE 0

Ra = V (w' - w) 2 + a2

Rb = V (w' - W) 2 + b'l

(15a)

(15b)

(16a)

(16b)

(17a)

(17c)

(17b)

(17d)

P
8
(v,w') == _1__ ~

R8a R 8b

PT(w,v') == _1 1_
R Ta R Tb

R Ta = yv'2 + w2 + a2

R Tb = yv'2 + w2 + b2

R 8a = YW'2 + v2 + a2

R8b = VW'2 + v2 + b2

Ra = V(v' - V)2 + a2

Rb = V(v' - V)2 + b2

In carrying out the integration in (15a,b) the charge per unit length is
expanded in a Taylor series about the charge per unit length at w. Simi­
larly in (16a,b) the charge per unit length is expanded about the charge
per unit length at v. As in Chap. II, Sec. 1, only the leading terms need
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be retained. Using Chap. II, Sec. 1, Eqs. (l5b) and (26a), the following
formulas may be obtained:

Yll(W) + Y12(w) = q(2
a
)(w) ko (18a)
1I"E

Y33 (V) = q(v) (ko _ In v +v~) (18b)
211"E v + vv2 + a2

where ko = 21n ~ (19)
a

The following additional results are obtained if use is made of Sec. 15,
Eq. (8), with (J = 11"/2:

Similarly

qa(w) w2 + b2

Y13(w) =~ In ~+2
':t7rE W a

q(v) v2 + b2

V31(v) + Y 32(V) = -2 In~+2
1I"E V a

(20)

(21)

The variable capacitances per unit length of line may now be defined
as follows. For lines 1 and 2

_ q(a)( -w) _ _ q(a)(W)
c(-W) = ya( -W) - C(W) = y(a)(W) (22a)

211"E
where c(w) = ko + L(w) (22b)

w2 + b2

with L(w) == i In 2 + 2 (22c)w a
Similarly, for line 3,

_ q(v) _ 211"E
c(v) = Y(v) - ko + 2L(v) _ M(v) (23a)

v2 + b2

where L(v) == i In -y-+2 (23b)v a

M(v) == In v + vV2=Fb2 (23c)
v + vv2 + a2

Note that, when Iwl becomes sufficiently great, c (w ---+ 00) = Co = 211"E/ko.
Similarly c (v ---+ (0) = co. On the other hand, at the junction

) ) 2co
c (w = 0 = c (v = 0 = 3

Inductance per Unit Length. Since the stub line 3 is perpendicular to
both the other lines, there is no inductive coupling, and the junction
effect in line 3 reduces to a transmission-line end correction. Thus, with
Sec. 12, Eqs. (2) and (3), it follows that

le(v) = ~o(v) = _1_ (sinh-I!!. - sinh-I!!. + In ~) (24)
~v ~v a b a

Since for lines 1 and 2 the antisymmetrical currents are equal and oppo-
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(31)

(26)

(27)

(28b)

(29a)

(28a)

site at equal distances Iwl from the junction, it is readily shown that

l'(w) = :. (sinh-1 ~ - sinh-1 ~) (25)

Lumped Elements. The lumped inductive elements required in each
line at the common junction are defined as in Chap. II, Sec. 4. Use is
also made of Sec. 12 in this chapter.

L T3 = (d W(v) _ loJ dv == _ b
2
- aJo ~p

L T2 = L Tl = (d [le(w) _ lo] dw == _ b - a = 2LT3Jo ~p

Note that d is large compared with b.
The lumped capacitive elements are defined as follows:

CT3 = Ld
[c(v) - co] dv

With (23a) this integral becomes

Co (d 2L(v) - M(v)
CT3 = - ko Jo 1 + (ljko)[2L(v) - M(v)] dv

CTl = fod [c(w) - co] dw

With (22b) this last integral becomes

Co (d 2L(w)
CT2 = CT1 = - 2ko Jo 1 + L(w)jko dw (29b)

An approximate integration of (28b) and (29b) may be carried out
following a procedure introduced in Sec. 15. Since ko is moderately large
compared with unity for most lines and since 2L(v) - M(v) and L(w)
have quite small values over most of the range of integration, the denomi­
nators in (28b) and (29b) may be expanded in series, so that

CT3 == - ~ (d (2L(V) - M(v) - ~ [2L(v) - M(v)]2 - .. ·1 dv (30)
ko Jo ko

Co fod[1 ]CT2 = CT1 = - - L(w) - -L2(W) - ... dw
ko 0 ko

In each integral the leading or first-order terms are readily evaluated,
since they have the simple forms given below:

(CT3h = - Co {d [In (v2 + b2) - In (v2+ a2) - In (v +~)
k o Jo

+ In (v + yv2 + a2)] dv (32)

(CT2h = (CTlh == - ;~o ld [In (w 2 + b2
) - In (w2 + a 2

)] dw (33)
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These may be integrated using Dwight 623 and 625. The results are

(C ) - _ Co(1/' + l)(b - a) __ 1/'(1/' + l)(b - a)E (34)
T3 1 - 2 In (b/a) - 2[ln (b/a)]2

c01/'(b - a) 1/'2(b - a)E
(CT2h = (CTlh = - 4 In (b/a) = - [2 In (b/a)]2 (35)

These expressions are good approximations for sufficiently large values of
b/a. If b/a is small, additional terms must be used in (30) and (31),
or (28b) and (29b) must be evaluated numerically.

Note that all the lumped elements are negative, indicating that the
actual variable inductance and capacitance per unit length are smaller
than 19 and Co in the junction region. Therefore, if 19 and Co are to be

J

Une2

tLr
L

r
=- 5(b-a)

27Tv
C

r
= _1T(27T+ 1) (6-a) E

2 (In%)2

FIG. 16.6. Equivalent circuit for T junc­
tion.

line 1

J,'2J{

J'3
FIG. 16.5. Equivalent circuit for antisym­
metrically driven T junction.

used, negative lumped inductances and capacitances that decrease the
total inductance and capacitance are required.

It is important to bear in mind that the values of L T and CT given by
(26), (27), (34), and (35) apply only to that part of the current which is
odd with respect to the junction and to that part of the voltage which is
even. The lumped network for the antisymmetrical currents and volt­
ages is shown in Fig. 16.5. Note that

C - C + C + C ~ _ co(21/' + l)(b - a) -
T - Tl T2 T3 - 2 In (b/ a) -

1/'(21/' + l)(b - a)E
2[ln (b/a)]2

(36)

Since the entire antisymmetrical (odd) currents must enter line 3 from
lines 1 and 2, it is obviously immaterial whether the lumped inductances
L Tl and L T2 are connected in lines 1 and 2 at the junction, as in Fig. 16.5,
or whether they are concentrated in line 3, as in Fig. 16.6. In the latter
case the total series inductance in line 3 is

L r = LTl + L T2 + L T3 = 5LT3 = - 5(b
2

- a) (37)
1/'V

The advantage of Fig. 16.6 over Fig. 16.5 is that it is also the correct
equivalent circuit for the symmetrical problem and therefore for the
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T junction in general. Since the symmetrical voltage is zero at the
junction, the presence of CT has no effect, and since no symmetrical cur­
rents enter the stub line 3, the lumped inductances in this line also have
no effect on the symmetrical currents. Therefore the equivalent circuit
of Fig. 16.6 may be used for the total current and total voltage, and it is
not necessary to separate the even and odd parts.

17. Junction Networks for Series Branches in Two-wire Lines; Ter­
minal-zone Networks for Stub-supported and Center-driven Antennas
and Folded Dipoles. 10 ,124 A balanced series junction in a two-wire line
is shown in Chap. III, Fig. 14.1b, and in Fig. 17.1. It consists of
two coplanar lines meeting at right angles. The two conductors of the

y

t4a

.t. c=:======~ y t..=::======:::J) ir
2a

b w.! 4z
~ c::========~

~bCl-ef

•2=8
FIG. 17.1. Balanced series junction in two-wire line.

main line are parallel to the z axis; they are separated a distance band
have radii a. The conductors of the second (or auxiliary) line are parallel
to the y axis; they are separated a distance ba and also have radii a.

In order to evaluate the constants of lumped networks for each line at
the junction, let the currents, voltages, and charges be resolved into
symmetrical and antisymmetrical parts, as in Chap. III, Sec. 14. t It is
assumed that the main line is balanced, so that 12(z) = -11(z).

Let the symmetrical case illustrated in Fig. 17.2 be defined as follows:

(1)

where w === s - z is measured toward the left on the main line from the

t The symmetrical and antisymmetrical designations differ in this section from those
in Sec. 16 in order that codirectional "antenna" currents on the auxiliary line may
be designated symmetrical, as in antenna theory.l0
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I~(z)

r '-------::...-__--J

b1 V'(Z)
I

.I. r-----~----
1;(z)

+
V'(z)

1;(z)= -lj(z)

I :

I I
I w=o

w=b2 /2 w- -b2 /2

FIG. 17.2. Symmetrical currents and voltages in balanced series junction.

vacy)
I~(y) t + - t I;(y)= -If(y)

l~(z) If(z)

-. ~

+ y
Vt·)(z) w4 Vt·)(z)

+
~ ~

·2(Z) '2(Z)-= -'i(z,

T '-------.,,;------1
I

I
I
I I
I I

w=o:
I

w=b2 /2 w= -b2 !2
FIG. 17.3. Antisymmetrical currents and voltages in balanced series junction.
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middle of the junction. With (1) the following relations also are true:

y,,( -w) = y,,(W)
ya( _y) = ya(y) = 0

q"( -W) = qa(W)
qa( _y) = _qa(y)

(2a)
(2b).

Let the antisymmetrical case illustrated in Fig. 17.3 be defined by

la( -w) = la(w)

Accordingly Va( -w) = - ya(w)
ya( _y) = _ Va(y)

I~(y) = -I!(y)

qa( -w) = -qa(w)
qa( -y) = qa(y)

(3a)

(3b)
(3c)

In general, the currents and voltages are superpositions of the sym­
metrical and antisymmetrical components. Thus

I(w) = la(w) + la(w)
I(y) = la(y) + la(y)

Yew) = ya(w) + ya(w)
Y(y) = ya(y) + ya(y) = ya(y)

(4a)
(4b)

The components of current on the main line are defined as follows in
terms of the total quantities:

la(w) = j[1(w) + I( -w)]
la(w) = j[1(w) - I( -w)]

ya(w) = ilY(w) - V( -w»)
ya(w) = ![Y(w) + Y( -w»)

(5a)
(5b)

The symmetrical parts of the currents and voltages are defined so that
the main line is balanced with equal and opposite currents in its two con­
ductors, whereas the auxiliary line is completely unbalanced with equal
and codirectional currents in its two conductors. The symmetrically
driven series sections do not carry equal and opposite transmission-line
currents but equal and codirectional antenna currents. These cannot be
evaluated from transmission-line formulas. However, the appropriate
junction-zone network can be determined using the methods outlined in
this chapter. Such a network is useful, for example, in conjunction with
lines used to center-drive balanced antennas, e.g., a tuned folded-dipole
antenna. 10 By application of the theory of images, antennas over con­
ducting planes may be analyzed when driven by a single conductor
parallel to the image plane.

The antisymmetrical parts of the currents and voltages are true trans­
mission-line currents on both the main line and the series sections.

In order to correct for the nonuniformity of the inductance and capaci­
tance per unit length in the main line near the junction, lumped series
inductances LT and shunt capacitances CT must be connected on each
side of the junction.

Lumped Series Inductance L T for Main-line Network. It follows by a
simple modification of the formulation in Chap. II, Sec. 1, that the
inductance per unit length in the main line on the left of the junction is
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given by

iNhere

lo(w) ko(w)
= 211"11

j. ClO (1 1 ) f-b
a
/2 ( 1 1 )ko(w) == - - - dw' += - - - dw'

ba/2 Ra Rb - ClO Ra Rb

(6a)

(6b)

Infinite limits have been substituted for the finite distances from the
junction to the two ends of line 1, with the understanding that the
actual distances are very great compared with the line spacing b. The

Main line Main line

FIG. 17.4. Junction network of lumped elements for use with uniform lines.

upper sign in (6b) is for the symmetrical case, and the lower sign is
for the antisymmetrical case. Note that Ra = yew' - W)2 + a2 and
Rb = yew' - w)2 + b2• The integrations are readily carried out to give

where

{

b
2ln -

ko(w) = B += C + 0 a

B . h 1 W - ba/2 . h 1 W - bal2==sln---a---sm- b

C == sinh-1 w +aba/2 _ sinh-1 w +bba/2

(7a)

(7b)

(7c)

The lumped inductance required in the circuit of Fig. 17.4 to correct
for the error made in using l8 in place of le(w) = lO(w)al(w) is given by
Chap. II, Sec. 4, Eq. (3), viz.,

L T = (d+ba/2 [le(w) - l8] dw = (d+ba/2 [l8(w) - lo] dw (8)
}ba/2 Jba/2
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where 19(w) is given by (6a) with (7) and where 2rllig = 2 In bfa. Note
that al(w) = 1, since the two lines are mutually perpendicular [the ratio
factor al(w) is defined in Chap. II, Sec. 1, Eq. (24a)]. The integration
in (8) may be readily performed using (7). The results are as follows:

L;.j = -1 [b _ a + (Vb2 + b2 _ Vb2 + a2 _ b In btl + Vb: + b
2
)]

L~ 2rll - tI tI tI btl + Vb: + a2
(9)

where L;. applies to the symmetrical case and L~ to the antisymmetrical
case. In the special case where btl = band a2 « b2, the following simpler
formula is obtained:

L;.j b [ a (_ /0 1 + ~]=-- 1--± v2-1-lnL: 2rll b 2
(10)

where

Lumped Shunt Capacitance CT for Main-line Network. The determi­
nation of the shunt capacitance in the several networks for which L T has
been evaluated is based on Chap. II, Sec. 4, formula (4), viz.,

k
d+b../2 kd+ba/2CT = [c(w) - co] dw = [CO(W)<I>l(W) - co] dw (11)

b../2 ba/2

2rE rE
co(w) = ko(w) Co = In (bfa) (12)

where ko(w) is given by (5b) and (7). The ratio factor <I>l(W) is defined
in Chap. II, Sec. 1, Eq. (24c). It is

(13)

where VL(w) is the potential difference maintained exclusively by the
charges on the same line where VL(w) is measured, and where

is the potential difference maintained by all charges that contribute sig­
nificantly, including those on the auxiliary series lines. Since co(w) is
defined by

it follows that

so that

Since

qL(W)
CO(W)<I>l(W) = Yew)

/.

d+ba/2 [qr.,(w) ]
CT = -- - Co dw

b../2 YeW)
2rE

Co(w) = ko(w)

(14)

(15)

(16)

(17)
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where ko(w) is as defined in (5b), it follows that

YL(w) = qL(w)ko(w)
211"E

(18)

Using (7), the symmetrical and antisymmetrical voltages maintained by
charges on the main line are

Vt(w) = q~(w) (B - C+ 2In~)
211"E a

ya(w) = q!(w) (B + C)
L 211"E

(19)

(20)

(21)

(22b)

(22a)

where Band C are as defined in (7b) and (7c).
The scalar potential difference maintained across the main line at a

distance w from the middle of the junction is given by

YT(w) == ~ 1." qa(Y') [_1 -~ ± (~ - ~)] dy'
211"E b/2 R IT R2T Rib R'}b

where R'T = ~(Y' - £)' + (w -~)' + a'

R'T = ~(y, + £)' + (w -~)' + a'

R,. = ~(Y' - ~)' + (w +~)' + a'

R.. = ~(Y' + £)' + (w +~)' + a'

and where qa(Y') is the charge per unit length on the auxiliary line at the
location y' of the element of integration dy'. As shown in general in
Chap. II, Sec. 1, only the leading term need be retained in the expansion
about the point w of the charge per unit length qa(y') on the auxiliary
line, so that

qa(y') == qL(W) (23)

With (23) the integration in (21) is readily carried out. The result is

VT(w) == qL(W) (AI ± A 2) (24)
211"E

where

Al == sinh-l b
y'(ii)=-ba/2)2 + a2

The upper sign in (24) defines V~(w), and the lower sign defines V~(w).

The next step in the evaluation of CT is to express the integrand in
(16) in terms of VL(w), as given in (19) and (20), and VT(w), as given in
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(24). Since

403

(26)

7r€

where Co = In (b / a) (27)

it follows that the integrand in (11) may be expressed as follows in the
symmetrical and antisymmetrical cases:

A] + A 2 + B - C H (
[c(w) - co]s = -co 2ln (b/a) + Al + A

2
+ B _ C == -co s w) (28)

[c(w) - cola = -co Al - A 2 + B + C - 2In (b/a) == -coHa(w) (29)
Al - A 2 + B + C

where Al and A 2 are as in (25) and where Band C are as in (7b) and (7c).
The determination of C~ and C~ depends on the substitution of (28)

and (29) in (11) and the evaluation of the integrals. Since the integra­
tion has not been carried out in closed form, graphical or numerical
methods must be used if quantitative results are desired. As an alter­
native, the integrands (28) and (29) may be expanded in series, and
approximate reasonably simple formulas for CT obtained. Their deri­
vation follows.

An approximate evaluation of the integrals in (11) may be carried out
provided b/ a is sufficiently great. As a first step, it can be shown with­
out approximation that

b
B = In - - In D1a

b
C = In - - In D 2a

(30a)

(30b)

D1
_= W - ba/2 + vi(w - ba/2)2 + b2

where (31)
w - ba/2 + vi(w - ba/2)2 + a2

D 2 == w + ba/2 + vi(w + ba/2)2 + b2 (32)
w + ba/2 + vi(w + ba/2)2 + a2

B - C = In DD2 B+ C = 2 In ~ - In D I D2 (33)
1 a

If (33) is used in (28) and (29) and these are then divided by 2 In (b/a)
in numerator and denominator, the following expressions are obtained:

01 = Al + A 2 + In (DdD 1)

- 2 In (b/a)

02 == Al - A 2 - In D I D 2

2 In (b/a)

(34a)

(34b)

If the ratio b/a is sufficiently great, both 01 and 02 are less than 1, so that

H(w) == 0 - 02 + 03 - • • • (35)

with appropriate superscript on H and subscript on o. It follows that,
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(36)

if only the leading term is retained,

J.
d+bG/2 J.d+bG/2

CT = -co H(w) dw == -co 0 dw
bG/2 bG/2

Co(J 1 ± J 2 ± J 3 - J 4)

2ln (b/a)

where the J's are as defined below. The following approximate results
apply when the condition d2 » b2 is valid (in general, the choice d = lOb
yields a satisfactory approximation):

J.
d+bG/2 J.d+bG/2 b (d)

J 1 == Al dw == sinh-1 b /2 dw == b 1 + In ~
bG/2 bG/2 W - 0 b

(37a)

J.
d+bG/2 J.d+bG/2 b

J 2 == A 2 dw == sinh-1 + b /2 dw
b../2 bG/2 W 0

= (d + ba) Sillh-1 d ~ b
o

- ba sinh-1 ~

+ bIn d + ba + V(d + baP + b
2

(37b)
ba + Vb: + b2

J 8 == J.~/:bG/2 In D 2 dw == bo [ ~1 + ~ - 1 - In j (1 +~1 + ~) ]
(37c)

(37d)J.
d +b../ 2

J 4 == In D 1 dw == b - a
b../2

With (37a) to (37d), CT may be determined directly from (36) in all cases
for which b/a is not too small. In general, b/a > 10 leads to a fair
approximation, as shown later for certain special cases.

Lumped Networks in General. With L T and CT determined for the
main line for both the symmetrical and the antisymmetrical cases, an
appropriate network may be constructed for use at the junction with an
auxiliary series line. Since in most practical applications the series sec­
tions involve predominantly either the symmetrical or the antisymmetri­
cal case alone, the complication involved in a separation into symmetrical
and antisymmetrical parts is avoided, and either L;. and C~ or L~ and
C~ must be determined rather than both pairs.

The determination of symmetrical and antisymmetrical values of LTG
and CTo for connection in the auxiliary lines, as shown in Fig. 1704, is
straightforward. In the symmetrical case the two conductors of the
auxiliary line are at the same potential, and transmission-line theory
has no application. The impedance of the auxiliary conductors when
driven with codirectional currents must be determined by the methods
of antenna theory. Note, however, that account has been taken of
coupling between the auxiliary conductors and the main line in the
evaluation of C~ and 1.J;'.
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When the main line is driven so that the antisymmetrical case obtains,
the auxiliary lines differ in no way from the main line, so that the for­
mulas for L~a and C~a are the same as those for L~ and C~ if band baare
interchanged.

VAn"'''
+[-------l__--L. ---3+

.... Non· uniform line W+ Non· uniform line '"

- --- (a)' f · ~~~-------olIf----~...---I

(b)
FIG. 17.5. Antenna symmetrically driven from two generators in (a) and with stub
support in (b).

Antenna

r··
_'L._~niformline

(a)

••_~+
Uniform Iin~ ••...:i_

1 rAn...,..
~:[~~~~iformline 1 2CT

zLT

(b)
FIG. 17.6. Lumped junction networks for the circuits of Fig. 17.5.

Antenna Driven from Two Lines; Antenna with Stub Support. If the
separation ba of the two conductors of the series section is reduced to
zero, these may be replaced by a single conductor, as in Fig. 17.5 or
17.6, insofar as the symmetrical case is concerned. This conductor is
a center-driven antenna whose impedance cannot be determined from
transmission-line theory. However, the transmission-line junction effect
and the coupling between the feed line and the antenna may be obtained
by specializing the general formulas derived in this section. In this
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manner the constants of the junction-zone networks shown in Fig. 17.6
may be determined for use with uniform-line theory and the impedance
of the isolated center-driven antenna, which is here assumed to be known.

Since the antenna in Fig. 17.5a is at right angles to the line and carries
the sum of the equal and opposite currents of the two feeding lines, the
inductive junction effect is obtained directly from L; in (9) by setting
ba equal to zero. The formula is

L} =
b-a

(38)

and it is to be used in the circuit of Fig. 17.6a, in which each feeding line
involves a total lumped inductance L}.

2ln (b/a)+sinh- 1(b/Jw 2+a2 )r-;,::;--l

I O.lI-4\ll~~~-+--I___-+--+--+----4-_+____l
::l

! <:J0 0.05 1--~~~~,..p..-.;:-=:I"-::::-+--+--4----4-_+____l

::l 0.03 I----t~~~~""':;::-P-=+:::::::-.~--=:;-c=:l-.,----+-___l
-0
~

I

0.3 1k--+--+---+----jI-----+--+--+--+---:..-+---1

0.01 ~---+--l---l--=~~~~-""";;;J::::::::-+""""",,;:+:::::::::f--lO

2~ 40

0.005 ~--J..-J...-'-""--..L...-.i-.",;:..,.,...J,-.i........J.-...J-....L-.l....-L--l.--I..--'--l-..J 200 100

o 2 4 6 8 10 12 14 16 18 20
w/b

FIG. 17.7. The function -[CO(W)<l>l(W) - l]/co for antenna with stub support.

Alternatively, if in the circuit of Fig. 17.5b the stub is adjusted in
length to present a sufficiently high input impedance at its terminals
compared with the impedance of the antenna, the current entering the
stub is negligible compared with that entering the antenna or leaving
the main line. It follows that the presence of the stub may be ignored
except insofar as it contributes capacitively. A series inductance L~ need
be used only in the main line, as shown in Fig. 17.6b.

The lumped capacitance CT required to transform the circuits in Fig.
17.5a and b with nonuniform lines into Fig. 17.6a and b is obtained by omit­
ting the term in A 2 in (24) and setting ba equal to zero. The result is
Al = sinh-1 (b/vw2 + a2) and B = C, so that, with A 2 absent, (28)
reduces to

sinh-1 (b/yw 2 + a2) + 2ln (b/a)
(39)

A plot of this quantity, proportional to the integrand in (11) for the
special case under consideration, is given in Fig. 17.7 using w/b as vari-
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(40)

able and b/a as parameter. The result of a numerical evaluation of (11)
using (39) is shown in Fig. 17.8 in solid line. For comparison, a curve
of the same quantity as evaluated from the approximate formula (36)­
which is valid for sufficiently large values of bfa-is also shown. For
the case at hand, J 2 in (37b) is omitted, and ba is set equal to zero in
J 1, J 3, and J 4. With d = lOb the result is

• ~ _ 1 + In (2d/b) ~ _ 2
CT - bco 2ln (b/a) - bco In (b/a)

The agreement of the approximate curve (shown in dashed line in Fig.
17.8) with the more accurate solid curve is increasingly good as b/a is

1.2

0.8
Cr

- beo
0.6

0.4

0.2

O'-'-............................L.-.........&..-...L--L...I............L-'--...L-...L.-..........L....I

4 6 8 10 20 40 60 100 200 400
b/a

FIG. 17.8. Capacitance CT for the junction network of Fig. 17.5; computed for
b = O.OIA.

made larger. For most practical purposes (40) may be used whenever
b/a exceeds 20.

Note that in the stub-supported arrangement in Fig. 17.5b the capaci­
tive coupling between the stub and the antenna may not be ignored,
since, as a first approximation, the charge per unit length on each wire
of the stub is the same as on the main line and on the antenna. The
equivalent network involves CT in parallel with the antenna for each
section of line, or a total of 2CT, as shown in Fig. 17.6b.

Antenna as End Load on Two-wire Line. If the distance ba between
the two conductors of the auxiliary line is made infinite, the simple cir­
cuit of Fig. 17.9a remains. This consists of a two-wire line end-loaded



408 TRANSMISSION-LINE THEORY [Chap. V

by a symmetrical antenna. In this case the series inductance L T for use
in the circuit of Fig. 17.9b is obtained from (9) by setting ba equal to
infinity. The result is

b-a
L8 =La = ---

T T 211'"11
(41)

The shunt capacitance CT is obtained by allowing ba to approach
infinity in (28) or (29), while Wt == W - ba/2 remains finite. Note that

I !LT
~L-- ~£---_ __~niform line CT

I
iLT

Ca) (b)
FIG. 17.9. Antenna center-driven from two-wire line. (a) Actual circuit with non­
uniform line near junction. (b) Equivalent circuit for use with uniform-line theory.

Wt is the distance 8 - z from the end of the line and W is the distance
from the point midway between the two conductors of the auxiliary line.
For the special case at hand

At = sinh-t (v b )
w~ + a2

A 2 = 0, B = sinh- t (wtfa) - sinh- t (wtfb), and C = In (b/a), so that

c(Wt) - Co

Co

sinh- t (b/Vw~ + a2) + sinh- t (wtfa) - sinh-1 (Wt/b) - In (b/a)

sinh-t (b/vw~ + a2) + sinh-1 (wtfa) - sinh-t (wtfb) + In (b/a)
(42)

This quantity is plotted in Fig. 17.10 as a function of w/b, with b/a as
parameter. By substituting (42) in (11) and evaluating the integral
numerically, the solid curve in Fig. 17.11 is obtained. On the other
hand, the approximate formula (36) using (37a) to (37d) gives the follow­
ing simple results, with ba := 00 and d = lOb:

In (2d/b)
CT == -bco 21n (b/a) -

3
-bco 21n (b/a) (43)

The approximate value of -CT/bco determined from (43) is shown in
Fig. 17.11 in the dashed-line curve. It is seen to be in good agreement
with the more accurate numerically determined solid-line curve for values
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of b/a greater than 10. Since (43) is actually the first term in a series
in inverse powers of 2 In (b/a), this agreement for large values of b/a is
very satisfactory.

o
~

I

0.01 t---+-+--

0.OO51----+--+---j--t--+---'~-_+_-~::::=t_.......:;:3___i

o 2 4 6 8 10 12 14 16 18 20
w/b

FIG. 17.10. The function -[CO(W)cI>l(W) - ll/co for antenna as end load on a two-wire
line.
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FIG. 17.11. Capacitance CT for junction network of antenna as end load (Fig. 17.7)
and folded dipole (Fig. 17.12); computed for b = O.OD..

The analysis of the circuit of Fig. 17.9a may be carried out by substi­
tuting the equivalent circuit in Fig. 17.9b, in which uniform-line theory
may be used with L T as in (41) and with CT obtained from Fig. 17.11.
The impedance of the antenna to be used is its isolated value, since CT

includes capacitive coupling to the line and there is no inductive coupling.
It is evident from the two special cases represented in Figs. 17.8 and
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17.11 that reasonably accurate values of CT may be evaluated from the
approximate formulas (36) and (37a) to (37d) , provided b/a is sufficiently
great. More accurate results depend on the evaluation of the general
integrals obtained from the substitution of (28) and (29) in (11).

Junction Network for Folded Dipole. The folded dipole differs from
the balanced series junction in Fig. 17.1 in that there is no continuation

Uniform' line
:,:
b Non· uniform line
.t

FIG. 17.12. Folded dipole and equivalent circuit.

of the main line to the right of the junction. A typical folded dipole is
shown in Fig. 17.12a. In this case

19(w) = ko(w)
211"vo

ko(w) = /. CO(l- - ~) dw'
ba/2 Ra Rb

(44)

where Ra and Rb are as defined in (6). The integration gives

ko(w) = B + In ~
a

(45)

where B is as defined in (7b). It follows directly that the series induc­
tance for use in Fig. 17.12b is given by

b - a
L T = --­

211"vo
(46)

The evaluation of CT parallels the analysis following (11). Thus

VL(w) = q~S:) (B + In ~) (47)

VT(w) = -.!- [/. eo qa(Y') (_~ - _1) dy'
211"E b/2 R 1T R 2T

+ ~ co qa(Y') (i1b - i?b) dy' ] (48)

where R 1T, R2T' RIb, and R?b are as defined in (22a) and (22b). With
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the same approximations as before, the integrations lead to

VT(W) == qL(W) A'
21rE 1

(49)

where

A' = sinh-1 b/2 + sinh-t b/2 (50)
1 v(w - ba/2)2 + a2 v(w - ba/2)2 + b2

Note that A~ differs from At in (25) only in the occurrence of b/2 in
place of b in the numerators. With VL(w) and VT(W) as defined above,
it follows that

A~ + B - In (b/a) A~ - In D 1

c(w) - Co = -co A~ + B + In (b/a) = -co A~ - In D 1 + 2ln (b/a)

(51)
where D 1 is as defined in (31). By setting

~ == A~ - In D 1

2 In (b/a)

the first term in the series form of CT is given by

C · J: d+b
a/2 dT = -co ~ W

ba/2

(52)

(53)

Since A~ differs from A only in the occurrence of b/2 in place of b, it
follows with (37a) to (37d) that, with d = lOb,

• In (4d/b) - 1 . 1.35
CT = -bco 2ln (b/a) = -beo In (b/a) (54)

A curve of the approximate value of -CT/bco for the network in Fig.
17.12 is shown in Fig. 17.11 in dotted line. Since the corresponding
approximate curve for the antenna as end load is in good agreement with
the more exact value obtained numerically, it may be taken for granted
that the approximate curve for the folded dipole is also a satisfactory
representation, provided b/a exceeds 10.

18. Change in Spacing of a Two-wire Line. The distance between the
parallel axes of the conductors of a two-wire line is bl from z = 0 to a
point z = Sl. From z = Sz to z = Sl + Sr the spacing is br• Both con­
ductors of both sections of line, as well as the short pieces joining the
two sections at z = 8t, have the radius a. It is assumed that the follow­
ing inequalities are good approximations:

Sf» bl» a2 (1)

A section of line near the change in spacing is shown in Fig. 18.1. In
order to use uniform-line theory with the constant parameters lOl and
COl at all points to the left of the change in cross section and lor and COr

to the right, it is necessary to determine the actual quantities le(w) and
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c(w) on the left and le(u) l:l,nd c(u) on the right. The variables wand u
have their common origin at the junction of the two lines of different
spacing, as shown in Fig. 18.1. In terms of the coordinate z, w = 8z - z
and u = z - 8z. The inductances le(w) and le(u) may be determined by
assuming the line so driven from both ends that a current maximum is
at the junction. Subject to the condition

(2)

Rb = V w' - w -+- bl (4a)

R 12 = V(u' -+- W)2 + n 2 (4b)
n = j(bz + br ) (4c)

the current is approximately constant in magnitude over distances
w ~ lOb, and u ~ IObr near the junction. The capacitances c(w) and

FIG. 18.1. Line with change in spacing.

c(u) may be determined by reversing the generator at one end, so that a
current minimum and voltage maximum are maintained at the junction.
Subject to (2), the scalar potential difference in the range w ~ IObz and
w ~ IObr is essentially constant.

Inductive Correction. The vector potential at dWI (Fig. 18.1) on the
surface of conductor 1 at a distance w to the left of the junction is given by

AI~(W) == _I [I. co lew') (~~ _ ~) dw' +f 00 leu') (_1 __1) dU']
41rJl 0 Ra Rb R ll R 12

(3)

where lew') is the current in conductor 1 at a distance w' to the left of
the junction and leu') is the current in conductor 1 at a distance u' to
the right of the junction. It is assumed that both sections of line are
balanced so that the current in conductor 2 is the negative of the current
in conductor 1 for each value of w' or u'. The upper limits 81 and 8r

have been replaced by infinity, since the conditions (1) on 8z and 8r lead
to final results that are the same as those obtained with 8z == 00 == 8r•

The exponential retardation factors e-ilJR have been replaced by unity,
since it is assumed that the condition I~bl « I is satisfied. The follow­
ing distances occur in (3):

Ra = yew' - W)2 -+- a2

Rll = V (u' -+- W)2 -+- m 2 -+- a2

where m = j(bz - br )

It is assumed that bz ~ br •
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Since the current is essentially constant in the junction zone, the lead­
ing terms in the Taylor expansions are

leu') == lew) == lew')

The substitution of (5) in (3) and the subsequent integration give

(5)

le(w) == W 2 (w) = 2A b (w) = _1_ (2 In ~ _ In w + yw
2 + bf

I lew) lew) 2".11 a w + yw2 + a2

+ In w + y w
2 + n

2
) (6)

w + yw2 + m2 + a2

The lumped inductance required to permit the use of l~l = (1/".11) In (b,/a)
to the left of the junction is defined by

(7)

where d == lObi. After the substitution of (6) in (7), the integration may
be performed with the result

1 ( m
2
)L TI == - - m - a + ym2 + a2 +-2".11 d

== - _1_ (m _ a + .ym2+ a2)
2".11

(8)

The expression for l~(u) is like (6), with w replaced by u and b, by br.
The evaluation of LTr is straightforward and results in

L ~ 1 mbr ~ 0
Tr----

2".11 2d
(9)

Since d ~ lOb, the terms with d in (8) and (9) are negligible.
The series inductance of the short conductors joining the two sections

of line with different spacing is defined by

where

1 [(j
b
I!2 j11./2 ) ]

L" = 1(0) -bl/2 - -br/2 AJI(Y) dy

1 [(jbl/2 jbr /2 ) dy' ]A (y) = - -
JI 4". -bl/2 -br/2 y(y - y')2 + a2

(10)

(11)

These expressions may be combined to give

_ 1 [jbl!2 jbl/2 dy dy' jbr/2 jbr /2 dy dy'
LJI - 4".11 -bl/2 -bl/2.y(y - y'p + a2+ -11./2 -11./2 Y (y - y'p + a2

j
bl/2 jbr/2 dy dy' ]

- 2 (12)
-bl/2 -br/2 y(y - y')2 + a2
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The following integrals are obtained, subject to (1):

L II = 1:.- [bzln 2bz
- Vb; + a2+ a + b In 2br

- Vb2+ a2 + a211'" a r a r

- 2(n In 2: - vn2+ a2 - min 2;; + vm2 + a2)] (13)

where n = j-(bz + b·r) m = j-(bz - br ) bz ~ br

The total lumped inductance required at the junction in series with
each conductor is j-(LTl + £11)' as shown in Fig. 18.2. With this lumped

tLTl
f TIlLy
b

Uniform line C -C-C-+-C-)--,..,u....,ni.....fo-rm--,.,.Iin-e T
bl Ie TIIJ Tr TC Cle ,

1
ColI 01 - or' or .i

tLy
-------

tLTl
FIG. 18.2. Equivalent network for the junction in Fig. 18.1.

inductance, the inductance per unit length of each line may be assumed
equal to the constant value l~z or lor characteristic of uniform-line theory.

Capacitive Correction. The scalar potential at dWl on the surface of
conductor 1 at a distance 'W from the change in splwing is given by the
following integrals:

cPI(W) == ~ [ r«J q(w') (J__ ~) dw' + r«J q(u') (_1 -~) du'
411'"E Jo R a R bz Jo Rll R 12

+ f.1bl ql(Y') dy' + j-1br

q2(y') dY'] (14)
lbr Rllz -lbl Ruz

As in (3), exponential factors in (14) have been approximated by unity.
The charges per unit length are ql = q on conductor 1 and q2 = -q on
conductor 2, with variables w', u', and Y' appropriate to the three regions.
In (14)

(15)

Since the scalar potential difference between conductors 1 and 2 is
essentially constant near and at the junction when a voltage maximum
is maintained across it, the charges per unit length on the two sides of
the junction would be related as follows if uniform-line theory were
accurate:

COr COl

Coz = In (bz/a)where

q(u') ..!... q(w')-----

1I'"E

COr = fIl (br/a)
7rE

(16)

(17)
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In determining the departure of the scalar potential from that predicted
by uniform-line theory near the junction, it is adequate to use the lead­
ing term in the unperturbed distribution of charge. That is,

where

q(w") == q(W) q(U') == q(W) COr = kq(w)
COl

k = COr = In (bl/a)
- COl In (b,Ja)

(18)

(19)

The charge per unit length on the connecting wires may be assumed to
vary continuously and linearly. Thus

[
k - 1]ql(y') = q(y') == q(w) 1 + (jb l - y') ---m-

q2(y') = -q(y') == -q(w) [1 + (ib l + y') k ~ 1]
-ib: ~ y' ~

The following shorthand notation is used:

(20a)

(20b)

k - 1
p=-­m

(21)

Note that, since k does not differ much from unity in most cases and
m equals or exceeds 1, p is usually quite small. With the notation intro­
duced in (21) and with (18) and (20a,b) , the following expression is
obtained from (14):

Yew) = 2epl(W) = q(w) I{CO (.l _-.!.) dw' + k {co (_1 __1)du'
21rE Jo Ra Rbl Jo Ru R12

J:
1b

l dy' j-lbr dY'}+ [1 + p(jbl - y')] -R - [1 + p(jbl + y')] -R (22)
Ibr II -lbl II

This may be integrated using standard formulas. The result is

where

Yew) = q(w) [21n ~ - FI(W)]
21rE a

Fl(w) = In w + yw2 + b'f _ kin w + yw2 + n 2

w + yw2 + a2 w + yw2 + m 2 + a2

- csch-1~ + (1 + pbl) (CSCh- 1 ~b - CSCh-l~)
I m l n

- p(V w 2 + m 2
- w + viw 2 + b'f - V w2 + n 2

)

The capacitance per unit length on the left of the j unction is

21rE

Cl(W) = 21n (bl/a) - Fl(w)

(23)

(24)

(25)

The capacitance per unit length of an infinite line is obtained by setting
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W = 00, for which F (w ~ 00) = O. Hence

COZ = In (bz/ a) (26)

(32)

In order to use uniform-line theory on the entire line to the left of the
change in spacing, it is necessary to introduce a lumped capacitance CTl

that compensates for the error made in using Co instead of Cl(W). This
capacitance is given by

(d) COL (d Fl(w)
CTl = Jo [Cl(W - Co] dw == 2ln (bl/a) Jo 1 - F l(w)/[2In (bl/a)] dw

(27)

where d == lOb. This integral may be evaluated numerically. However,
for sufficiently large values of bl/a the ratio Fl(w)/[2 In (bl/a)] is small
compared with unity, and (27) may be expanded in powers of this ratio.
In particular, CTl may be approximated by the leading term in this
expansion. Thus

Cn == 2ln Ct~l/a) f,d Fl(w) dw (28)

The integration in (28) C3,n be carried out. If terms of the order of
magnitude bl are neglected compared with d2 == (10bl )2, the following
expression is obtained:

Cn == 2ln Ct~z/a) {b l - a - ken - vm2 +- a2
) +- j(l +- k)m In m

- (1 +- i;pbl)bl In bl +- [1 +- {(3bl - br)]n In n} (29)

The evaluation of CTr for the section of line to the right of the junction
parallels that carried out for CTl- The potential difference at a distance
u to the right of the change in spacing is given by

V(u) = 2~I(U) = q2~ If, co (~a - ~b) du' +- ~ f, co (;11 - ;12) dw'

+ J.!bl [1 - 'E (:;' - i;br)] dy' - I-ill,. [1 +- 'E (Y' +- jbr)] dY'j (30)
!br k Ryr -lbl k Rur

where

Ra = V(u' - U)2 + a2 Rb = V(u' - U)2 +- b~

Ru = v(u +- W')2 +- m2 + a2 R 12 = V(u +- W')2 +- n 2 (31)
Rur = V(i;b,. - y)2 +- u2

The integrations can all be carried out, and V(u) expressed as follows:

V(u) = q2<:: [ 2 In ~ - F,.(u) ]
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where Fr(u) = In u + vu
2 + b~ _ ! In u + y~2 _

U + Yu 2 + a2 k U + yu2 + m 2 + a2

- csch-1 ~ + (1 + Pir) (cSCh-1 *- csch-1 ~)

+ ~ (yu2 + m 2
- U - yu2 + n 2 + yu2 + b';)

The capacitance per unit length on the right of the junction is

2'1l'"E

cr(u) = 2ln (br/a) - Fr(u)

The capacitance per unit length of an infinite line (u = 00) is

1f'E

COr = In (br/a)

(33)

(34)

(35)

(37)

(39)

The lumped capacitance CTr required to correct for the use of Co in (35)
in place of cr(u) in (34) is

fd Car fd Fr(u)
CTr = Jo [cr(u) - COr] du = 2ln (br/a) Jo 1 - Fr(u)/[2In (br/a)] du

(36)

where d == 10br• Corresponding to (28) for Cn , the approximate expres­
sion for CTr when br/a is sufficiently large is

CTr == 2lnCCbr/a) J.d Fr(u) du

If terms of magnitude b; or less are neglected compared with d2 == (10br ) 2,

the following result is obtained from (37):

CTr == 21nCtbr/a) (2br - a - ~ (n + br - Vm2 + a2) + k 0c 1 min m

+ (1 + ~~) br In br - [ 1 + Ik (3br - bl)] n In nI (38)

In addition to the corrections CTl and CTr required to permit the use
of uniform-line theory, the capacitance between the two conductors,
each of length m = j(bl - br ), must be included. An approximate for­
mula for the capacitance between coaxial cylinders is given by Kiipfmiiller
(Ref. 12, p. 66). In terms of the notation of this section, the result is

C ~ '1l'"Em

Tc - In (!!! /2b r + m )
a "J2br - 3m

The complete lumped network required to permit the use of uniform­
line theory on each side of the junction of two sections of line with dif-
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ferent axial separations is shown in Fig. 18.2. L pr and L" are defined in
(9) and (13), Cn in (29), CPr in (38), and Cpc in (39).

19. Right-angle Bend in the Plane of a Two-wire Line. A right-angle
bend in the plane of a two-wire line is shown in Fig. 19.1. Since such a
bend is not symmetrical with respect to the two conductors of the trans­
mission line, it necessarily has an unbalancing effect. An approximately
equivalent lumped network for the bend is determined by separating the

"1'--- w' ------l0l

T
h

1
u'

1
duz dUl

FIG; 19.1. Right-nngle bend in the plane of a two-wire line.

voltage and current into symmetrical and antisymmetrical parts, as
follows:

Yew) = V(B)(W) + V(a)(w)
lew) = I(B)(w) + l(a)(w)

V(u) = V(B)(U) + V(a)(u)
I(u) = I(B)(u) + l(a)(u)

(1)
(2)

The symmetrical combination consists of the voltage, charge, and cur­
rent maintained by the equal and codirectional generators shown in Fig.
19.2a; the antisymmetrical combination involves the voltage, charge, and
current maintained by the equal and opposite generators shown in Fig.
19.2b. In terms of the coordinates illustrated in Fig. 19.1, the two cases
may be summarized as follows:

Symmetrical Combination

l(lr)(w) = i[l(w) + l(u)] (3a)
V<lr)(w) = i[V(w) - V(u)] (3b)
qW~)=i~~)-qM] ~~
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A ntisymmetrical Combination

l(a)(w) = -MI(w) - leu)]
V(a)(w) = -MV(w) + V(u)]
q(a)(w) = -Mq(w) + q(u)]

(4a)
(4b)
(4c)

Symmetrical Case. In the symmetrical case (Fig. 19.2a) there is a
maximum of current and minimum of charge per unit length at the
junction. Since the junction region extends only over a very small frac­
tion of a wavelength, it may be assumed that the current is constant in
the junction when the line is driven symmetrically and that the charge
per unit length is zero.

The z component of the vector potential at an element dw on the sur­
faces of the horizontal conductors 1 and 2 (Fig. 19.1) is given by

A1z(w) = -4
1 f" 11z(w')PL(w,w') dw' == 141z(w) f" PL(w,w') dw' (5a)
1rJl -b< 1rJl -b

A 2z (w) = 4J...- r" 12z (w')PL(w,w') dw' == -~1z(W) ( 00 PL(w,w') dw' (5b)
1rJl )0 1rJl )0

(b)

(a)

- V1o,+

FIG. 19.2. Symmetrical and antisym­
metrical driving conditions. (a) Sym­
metrical conditions. (b) Antisymmet­
rical conditions.

(6a)

(6b)

Note that z = -wand, as in Chap.
II, Sec. 1, Eq. (9a),

+V(8 )-

Since the conductor is very long to +r-- --.I.,;.;;w_--,{Iw=Iu=O
the left of the junction, the upper Via) I w qw=qu=max

limit in the integrals may be made in-
finity. In the approximate expres-
sions on the right in (5a,b) the leading
term in the expansion of the current
at w' about the point at w is sub­
stituted for the current. This is
justified in Chap. II, Sec. 1. In
addition, it has been assumed that
12z(w') == -11z(w'). Actually the line
must be slightly unbalanced, so that
the currents in the two wires are not
exactly equal and opposite. However, in the approximate determination
of the lumped network that is responsible for this unbalance it is suffi-. ,
Clently accurate to assume the currents equal and opposite.
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(10)

The integrals in (5a) and (5b) may be evaluated directly. The results
are

Au(w) = I h (w) [2 In ~ _ In b + w + v'(b + W)2 + b
2
] (7a)

411"V a b+w+v'(b+wp+a2

A 2z (w) = -lh(w:~ (2 In ~ _ In w + v'w
2 + b

2
) (7b)

411" V a w + v'w 2 + a2

In the range w ~ 0 the vector potential difference is

Wz(w) == Alz(w) - A 2z(w)

= l 1z(w) l41n ~ _ In [w + v'w
2+ b

2
b + w + v'(b + W)2 + b

2]j (8)
4rv a w + v'w2+ a2b + w + v'(b + wp + a2

The inductance per unit length of line in the range w ~ 0 is defined by
19(w) = W z(w)/lz1 (w). The constant value 19 for uniform-line theory is
given by 19(w) when w2 is large compared with b2 or when w ~ 00. The
lumped series inductance L T required to correct for the error made in
using 19(w) in the range w ~ 0 is given by

L T = J.d [lg(w) - lo] dw

1 f,d [W+v'W2 +b2W+b+v'(W+b)2+ b2]=-- In dw
411" V 0 W + v'w2 + a2 w + b + v'(w + b)2 + a2

where d is of the order of magnitude of lOb. The integration can be
carried out directly to give

L T = - ~ {b[v'2 - In (1 + v'2) + In 2] - a} = - .l- (1.21b - a)47rv 411"V

(9)

Note that this value of L T is considerably smaller than that given by
Sec. 12, Eq. (5), for a line terminated in a conducting bridge. Since one
of the conductors continues beyond the point w = 0 in the case of the
bend but not in the case of the bridge, this is to be expected.

The section of conductor 1 extending from w = 0 to the corner at
w = - b is not a part of the two-wire line. It constitutes an additional
inductance in series with conductor 1. It is defined by

L 1 = (b A 1z(w) dw
Jo l 1z (w)

b
for - > 5

a

where Alz(w) is as given by (7a). The integration results in

b( b ). b bL 1 = - In·- - 0.05 = - In -
211" V a ,211"v a

(11)



Sec. 19] DISCONTINUITIES AND NONUNIFORMITIES 421

Since the vertical section of line is identical with the horizontal section
in Fig. 19.1, the equivalent circuit for the symmetrical case is as shown in
Fig. 19.3. Owing to the presence of the series inductance 2L1 in one con­
ductor and not in the other, the line
is unbalanced. If the voltage drop
2jwL1ll:e is replaced by an equivalent + Uniform line

VIs) > w~
generator with emf VI = -2jwLl l b W=O

and this is treated in two parts, as
indicated in Fig. 19.4, it is clear that
equal and opposite voltages {VI in
the two conductors contribute to the
balanced transmission-line currents,
whereas equal and codirectional volt-
ages {VI maintain currents in the two
wires of the line which are equal
and in the same direction. In the

+~*)­
open-wire line these are antenna FIG. 19.3. Equivalent circuit for sym-
currents that radiate significantly. metrically driven line with bend.
They cannot be determined by trans-
mission-line theory. (In the corresponding problem with a shielded-pair
line, the codirectional currents are in parallel, with the shield as the return
conductor, as described in Chap. III, Sec. 14.)

u

-----------.Lumped ,
network I

I
I
I
I
I
I
I

1 I
-Lor
~..J

+..-----.,..,.----~I'l"'_..

+v(')-
FIG. 19.4. Equivalent circuit for symmetrically driven line with bend.

Antisymmetrical Case. The antisymmetrical distribution illustrated in
Fig. 19.2b is characterized by a vanishing current and a maximum of
charge per unit length at the corners. The scalar potentials on the sur-
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faces of the conductors at the elements dW1 and dW2 (Fig. 19.1) are

1 [ f 00 e-i~R a J. 00 e-i~Rb
cP1(W) == -4 q1(W') -R dw' + q2(W') -R dw'

1T'E -b a 0 b

f 00 e-i~Rll J. 00 e-i~R12]+ Q1(U') -R du' + q2(U') -R du'
-b 11 0 12

1 [f 00 e-i~Rb J. 00 e-i~Ra
cP2(W) == -4 q1(W') -R dw' + q2(W') -R dw'

1T'E -b bOa

f 00 e-i~R21 J. 00 e-i~R22]+ q1(U') -R du' + Q2(U') -R du'
-b 21 0 22

(12a)

(12b)

The antisymmetrical potential difference in the ranges w ~ 0 and u ~ 0 is

Va(w) = cP1(W) - cP2(W)

== -4
1 [f 00 Q1(W')PL (w,w') dw' - J. 00 Q2(W')PL(W,W') dw'
1T'E -b 0

+ J-: Q1(U,')P1(w,u') du' - J. 00 Q2(U')P2(w,u') dU'] (13)

where PL(w,w') is as defined in (6a) and where

(14a)

(14b)

R a and Rb are defined in (Bb). The other distances in (12a,b) and (14a,b)
are

Rll = y(w + b)2 + (u' + b)2 + a2

R12 = yw2 + (u' + b)2 + a2

As a consequence of symmetry,

R 21 = y(w + b)2 + U'2 + a2

(15a)

R22 = yw 2 + U'2 + a2 (15b)

Q1(U') = Ql(W') Q2(U') = Q2(W') (16)

Accordingly (13) may be expressed as follows:

Yew) == -4
1 If 00 Q1(W')[PL (w,w') + P1(w,w')] dw'
1T'E -b

- J. 00 Q2(W')[PL(w,w') + P2(w,w')] dw'l (17)

Owing to the fact that conductor 1 is longer than conductor 2 by a
length 2b, the condition C12(W) = -Q1(W) (which applies when wand u
are large compared with b) cannot be true at and near the corner if the
total charge on conductor 1 is to be the negative of that on conductor 2,
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so that the line as a whole is electrically neutral. Since conductor 1 is
longer than a straight transmission line with the same mean length as
the bent one by an amount b and since conductor 2 is shorter by the
same amount, it follows that the charge per unit length on conductor 1
must decrease as the corner is approached, whereas the charge on con­
ductor 2 must increase. Rough sketches of the nature of charge dis­
tributions ql(W) and q2(W) and of the electric field in the plane of the

q

--------~aw$~l(W)

I ''1o I •

t ++++++ +++ +

I I I I I I I I I I : I ; J / " / ,/,/
IJ I : l : I : : 1 : : I , I / I " " " " ,,' +

I I I I I I I I I' " 11'11'"! l : I I I : l I I : : : I / /,',' I~<//" +

------L------- .- --1-:: ~:::<: :
Q2(W) : : ..""-,-- +

- -_ ....:--- +

=:-:---- +
- ------ +
- ----- +

FIG. 19.5. Charge and electric-field distributions near a bend in a two-wire line (esti­
mated).

conductors are shown in Fig. 19.5. Since the true distributions of charge
are unknown and a rough approximation is adequate in order to deter­
mine the capacitance CT for the lumped corrective network, the unper­
turbed distributions that would obtain if the line were straight with the
same central length may be used. That is, the uniform charge per unit
length q is assumed to be on conductor 1 and the uniform value -q on
conductor 2, both being equal in length. These uniform distributions
are shown in Fig. 19.5 together with the varying ones ql(W) and q2(W).
Note that the uniform charges are distributed over two conductors of
equal length, so that the configuration of conductors actually assumed
is that shown in Fig. 19.6. The total capacitance of this structure when
uniformly charged does not differ greatly from that of the bend with the
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actual nonuniform distributions. With each conductor in Fig. 19.6 uni­
formly charged in the range from w = -b/2 to the end of the line and
from u = - b/2 to the other end, the scalar potential difference in the
range w ~ 0 is given by

Yew) == 4
q j 00 [2P L (w,w') + P1(w,w') + P2(w,w')] dw' (18)
1rE -b/2

This expression may be integrated, with the following results:

Yew) ==.!L (2 In!! - A - B + c) (19a)
21rE a

where A ;=: In w + b/2 + V(w + b/2)2 + b
2

(19b)
w + b/2 + V(w + b/2)2 + a2

B == In b/2 + V b2/ 4 + (w + b)2 + a2 = csch-12 V-(w-+-b-)2-+-a-2 (19c)
V(W+b)2+ a2 b

C == In b/2 + Vb 2/4 + w2 + a2 = csch-1 2 V'-w-2 -+-a-2 (19d)vw2 + a2 b

The capacitance per unit length is given by

q 21rE

c(w) == Yew) = 2ln (b/a) - A - B + C (20)

(21)

The lumped capacitance CT required to permit the use of uniform-line
theory is defined by

f d - b/ 2
CT == [c(w) - co] dw

-b/2

f-:~~J....)-----_...J
I ,
I I
I I

(22)
1rE

where
Co == In (b/a)

With (20) and (22), it is clear that

A+B-C
c(w) - Co = Co 2 in (b/a) - A - B + C

(23)

(24)

FIG. 19.6. Configuration of If (23) is substituted in (21), CT may be evalu­
conductors used to determine ated. Since the integration has not been
c(w) and CT.

carried out in closed form, numerical methods
must be used. Alternatively, if the ratio b/a is sufficiently great, the inte­
grand in (21) may be expanded in inverse powers of the quantity 2ln (b/a),
and only the leading term retained. When substituted in (21), this gives

c jd-bl2
CT == 2ln (~/a) ..cb/2 (A + B - C) dw
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If d is large compared with b, the following integrals are obtained:

jd-b/2

A dw == b - a
-b/2

jd-b/2 b2
(B - C) dw == b sinh-1 1 - 2d == O.88b

-b/2

(25a)

(25b)

va

-va +
FIG. 19.7. Equivalent circuit for anti­
symmetrically driven line with bend.

r-Tumped-'
+r--_--:-:-:-:-_~__.....!.........."'""-network I

Uniform line C I
w~o W.- T :

I I
I ,

L__ " __J

U

(26)

It follows that

C
T

== (1.88b - a)co
2 In (b/a)

The equivalent circuit for the anti­
symmetrical bend is shown in Fig.
19.7, where CT is given by (26) and
uniform-line theory applies to the
transmission line on each side of the
bend beginning at w = 0 and u = 0
(Fig. 19.1).

The superposition of the sym-
metrical and antisymmetrical prob­
lems yields the general case of a line
driven on one side of a right-angle
bend by a generator Vo = Va + Va
and loaded on the other side by an impedance Zs that satisfies the relation
-lsZs = Va - Va. The appropriate lumped constant network is shown
in Fig. 19.8, with L T given by (9), L 1 by (11), and CT by (26).

r1 -------------,
11 I"2LT Lumped

+_~~~~---- ..........rJT..........CT +netw~rk
-----~ll.llJl~ -"2~

'"2 LT + +
t
I
I
I
t
, 1 1
I "2 LT -LrL______ __ ~.J

Zs
FIG. 19.8. Equivalent circuit for right-angle bend in the plane of a two-wire line.
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20. Bends and T Junctions in Balanced Shielded-pair Lines. Bal­
anced shielded-pair lines behave essentially like open two-wire lines with
different line constants. If the shield is not too close to the inner con­
ductors compared with their separation, the lumped corrective networks
determined for the open two-wire line for a change in radius (Sec. 13),
a bend (Sec. 15), a T junction (Sec. 16), series bran.ches (Sec. 17), or a
change in spacing (Sec. 18) may be adapted for use in corresponding
situations in the balanced shielded-pair line. If the inductances and
capacitances per unit length characteristic of the shielded-pair lines are
substituted for the corresponding quantities for the open-wire line, rea­
sonable approximations of the appropriate corrective networks may be
obtained.

21. Bend in a Coaxial Line; T Junction. The analysis of a bend in a
coaxial line cannot be carried out readily using the quasi-one-dimensional
integrals for the scalar and vector potentials owing to the complicated
three-dimensional nature of the problem. However, since it is possible
(see Chap. I, Sec. 11) to construct a cage transmission line that has
essentially the same electrical properties as a given coaxial line when
both are straight, it may be expected that the behavior of the cage trans­
mission line at a right-angle bend must approximate that of a coaxial line.
Evidently the approximation improves as the number of conductors in
the cage is increased. It may be assumed, therefore, that a lumped net­
work that corrects for junction-zone errors in a cage transmission line
may be applied to an equivalent coaxial line as a reasonable estimate.

Consider the bend shown in Fig. 21.1, in which the coaxial shield of
inner radius a2 is replaced by a four-conductor cage of the same radius
in a region of length d = 10a2 in each direction from the right-angle bend
at w = 0, y = O. The cage line is to be used only for determining the
corrective network of lumped elements.

The bend in the five-wire cage line is a combination (with some added
complications) of the two types of bends in a two-wire line described in
Sees. 15 and 19. However, the unbalance resulting from the differences
in length between conductors 1 and 3 (Fig. 21.1) and the central con­
ductor may be ignored, since the equivalent generator in conductor 1 is
equal and opposite to that in conductor 3 and the two conductors are
connected in parallel at w = 10d, U = 10d. That is, the coaxial lines
beyond w = 10d, U = 10d are not unbalanced, since 13 is smaller than
-·Vby just the amount that 11 exceeds -iI, so that 11 + 13 = -jI,
where 1 is the current in the central conductor.

In the analysis of the coaxial line (Chap. I, Sec. 6) the potential of
the shield (inner radius a2) is zero, so that the potential difference is
equal to the potential of the central conductor (radius al). Let it be
assumed as an approximation that the same is true at the bend when
the four-wire cage replaces the shield. In this case the potential differ-
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ence is measured between the central conductor and wires 2 and 4 in the
cage (Fig. 21.1). Let the radius of the circle around which the con­
ductors of the cage are placed be the same as the radius a2 of the coaxial
line.

In calculating the axial vector potential on the central conductor, it
may be assumed that the currents in all four conductors of the cage are
equal; that is, 11 = 12 = 13 = 14 = -{.] in calculating the corrective
inductance LT. That is, the unperturbed current is used in calculating

'3(w) /------lOa2-----.I w-;
I

@ I dw' I

T
y

-- ....

Coaxial line

FIG. 21.1. Right-angle bend in a coaxial line approximated by a cage line.

the perturbation produced by the bend. The approximate vector poten­
tial at a point w on the central conductor of radius al is given by

Wz(w) == Az(w) = 1
4
(w) [k o - F\(w)] (la)
7r1l

where ko - Fl(w) == {d (l.. __1_) dw' _ (d dw' _ fd dw' (lb)
Jo Ra 2Rb Ja2 4Rb -a2 4Rb

and Ra = V(w' - W)2 + ai R b = V(w' - w)2 + a~ (2)

The corresponding expression for the scalar potential involves the com­
plication that the charge per unit length on the shorter conductor 1 must
be greater-and that in the longer conductor 3 smaller-than that in
conductors 2 and 4. Account could be taken of this difference as in
Sec. 19, but the simpler assumption ql == q2 == qa == q4 == -iq will be
used. The approximate scalar potential is

. q(w)
Yew) = tPl(W) = -4- [k o - Fl(w) + F 2(w)]

7rE
(3a)
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where ko - FI(w) is as in (1b) and

" foci dy' foci dy' J.cl dy' fcl dy'F 2(w) == - - - - - - --
o ROT 0 2R2T (12 4RIT -aa 4R3T

C3b)

The following distances are involved:

ROT = Vy'2 + w2+ af R 2T = R 4T = Vy'2 + w2+ a~2 (4a)
R lT = Vy'2 + (w - a2)2 RaT = Vy'2 + (w + a~)2 (4b)

The integrals Fl(w) and F2(w) may be evaluated without difficulty.
Subject to the condition d2 » a~, the following results are obtained:

ko = 2ln ~ (5)
al

F ( ) - 1. w + V w
2+ a~ + 1 ( • h- l W - a2lw-n 4sm--

w + vw2+ af a2

+ sinh-l w + a2 _ 2 sinh-l~) (6)
a2 a2

F2(w) = i [In (w 2+ a~) + In Iw2 - a~1 - 2ln (w2 + an

Iw - a2\ w + a2]+ csch-l . - csch-l-- (7)
a2 a2

The variable inductance per unit length is

w~Ole(w) == Wz(w) = _1 'ko - Fl(w)]
I(w) 411"11 L

The variable capacitance per unit length is

c(w) == q(w) = 411"E
Yew) ko - Fl(w) + F2(w)

(8)

(9)

(10)

(12)

The constant values l8 and Co are obtained by allowing w to approach
infinity in (8) and (9). Since F 1 (w ~ 00) ~ 0 and F 2 (w~. 00) ~ 0, it
follows that

ko 1 a2 411"E 211"E
le = - = - In - Co = - = ;-----;,---,~
o 411"11 211"11 al ko In (a2/al)

The lumped inductance L T and capacitance CT that correct for the use
of l& and Co in place of le(w) and c(w) are

L T = fod W(w) - 19] dw CT = fod [c(w) - co] dw (11)

The evaluation of L T is simple. With (8) and (10) and the condition
d2 » a~, the following is obtained:

1 fod . a2 - alL T = - - FI(w) dw = - --
411"11 0 411"11
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(13)

The evaluation of CT involves the integral in (11) with (9) and (10):

CT = 411"E f.d Fl(w) - F2(w) dw
k5 0 1 - [Fl(w) - F 2(w)]jko

(14)

In general, this integral must be evaluated numerically. However, when
ko is sufficiently great, the integrand in (13) may be expanded in powers
of l/ko, and the leading term used as an approximation. This is

CT == 4~E f.d [Fl(W) - F 2(w)] dw

Subject to the condition d2 »b2, this may be integrated into the follow­
ing simple formula:

(15)

r-----------,
---;-rUn:;:;if~orm=lin:':"e---+1 Lumped network I

I I
__-=w'"-=Si:::,.:O:..-__--i' :

I

l

-fr
J

(16)

b-a
- 271'" V

211"Eo(b - a)
3k~

where ko = 2 In (b / a) and b is the dis­
tance between the two conductors, FIG. 21.2. Lumped network for bend in

coaxial line.
each of radius a. Since the induc-
tance per unit length of the two-wire line is 19 = (1/1I"v) In (b/a), the ratios

Since the line is identical in both directions from the bend, the same
values of L T and CT apply. The complete equivalent network is shown
in Fig. 21.2.

It is interesting to compare the approximate formulas (12) and (15)
for L T and CT for the coaxial line
with the corresponding ones for the
two-wire line. These latter are ob­
tained from Sec. 15, Eq. (18a), with
8 = 11"/2, and Sec. 15, Eq. (27a), with
M(8) = 1. They are

LT. b - a
19 =-~

two-wire

LT. a2 - al
lo = - -k-

o
-

coaxial

(17)

are essentially the same. Note that CT is negative for the two-wire line
and positive for the coaxial line.

T Section in Coaxial Line. The analysis of a T section in a coaxial line
may be carried out approximately by substituting a cage for the shield
in the junction region, as shown in Fig. 21.3, and proceeding in a manner
paralleling that for the right-angle bend.
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w~u

r(u)

®
FIG. 21.3. Shunt T section in a coaxial line approximated by a five-wire cage line in
the junction zone.

Ground
screen

Antenna

~--"
: ~a2+

-JJt :.-
~1

FIG. 22.1. Antenna over a ground screen.

22. End Correction for a Coaxial Line When Driving an Antenna over
a Ground Screen. 127 Consider a cylindrical antenna that is the exten­
sion of the inner conductor of a coaxial line through a hole in a con­
ducting plane. As shown in Fig. 22.1, the radius al of the antenna is

also the radius of the inner con­
ductor of the line; the radius a2 of the
hole in the ground screen is also the
inner radius of the coaxial sheath.
The admittance apparently loading
the line at its end w = 0 is Ysa ; with
perfect conductors this is the admit­
tance looking toward the load at
tp = 'A/2.

Conventional transmission-line
formulas are based on the assump­
tions that (1) the charges per unit
length ql(W) and q2(W) on the two
conductors of the line at a given cross
section ware equal and opposite, so

that q2(W) = -ql(W), and that (2) the capacitance per unit length,
defined as c(w) = V(w)/q(w) , is equal to the constant capacitance per
unit length Co, characteristic of an infinitely long line for all values of w.
These are good approximations at distances d from w = 0 which are large
compared with a2 - al. Near w = 0, q2(W) is not exactly equal to -ql(W),
and c(w) is not a constant. Since primary interest is in the antenna and
inner conductor, c(w) must be defined in terms of the charge per unit
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length on the inner conductor. Changes in q(w) near w = 0 and vari­
ations in c(w) from Co are consequences of transmission-line end effect
and of the capacitive coupling between the line, on the one hand, and
the antenna and ground screen, on the other.

The ideal theoretical admittance Yo = I/Zo of the antenna assumes
that the antenna is driven by a discontinuity in scalar potential at w = o.
The relations between Y.a and Yo may be represented approximately as
follows:

where

a2
Y.a~ Yo as - ~ 1

at

Y.a == Yo + jwCT ~ > 1
at

CT = fod [c(w) - co] dw

(1)

(2)

(3)

Evidently, if use is to be made of the ideal admittance Yo in conjunction
with the measurable apparent admittance Y.a, a knowledge of CT is
necessary.

Since the vector potential at w is determined from the current in the
inner conductor (as shown in Chap. I, Sec. 6) and this is continuous at
w = 0, it follows that le(w) == 19 for all values of w ~ 0, so that

(4)

Therefore the corrective terminal-zone network consists of the shunt
capacitance CT , defined in (3).

The evaluation of c(w) and, from it, of CT may be accomplished in the
usual manner by calculating the scalar potential difference V at a dis­
tance w from the end of the line (Fig. 22.1). Since it is shown in Chap. I,
Sec. 6, that the potential cl-2(W) calculated from the charges on the inner
surface of the shield contributes nothing to the potential difference
V(w) = cl-t(w) - cl-2(W), it is sufficient to calculate V(w) from the charges
on the inner conductor, the antenna, and the ground screen. However,
since the inner conductor joins the antenna with a continuous distribu­
tion of charge, the potential difference VLa(w) for w ~ °which is main­
tained by the charges on the inner conductor and the antenna is essen­
tially the same as if the coaxial line continued. That is,

(5)

It (ollows that, with V(w) = VLa(W) + Vg(w), where Vg(w) is the poten­
tial difference at w on the line due to the charges on the ground screen,

V(w) 1 [ 1 Vg(W)]
qL(W) = c(w) = C;; + qL(W) (6)
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where

Referring to Fig. 22.1, the potential difference Vg(w) is

Vg(w) = _1 (21r f co q(r') (_1 __1) r' dr' dO'
471"€)0 )a2 271" R lT R 2T

R lT = yr'2 - 2alr' cos 0' + ai + w2

R2T = yr'2 - 2a2r' cos 0' + a~ + w2

(7)

(8)

and where q(r') is the total charge on a ring of unit width at radius r'.
Since the charge per unit length on the line must be continuous, it may
be assumed that q(r') == qL(W), so that

Vg(w) = q4L(W) Fg(w) (9)
7I"€

where FoCw) ==! f1r f co (_1 1_) r' dr' dO' (10)
71")0 )a2 R lT R 2T

The substitution of (9) in (6) gives

c(w) - Co Fg(w) (11)
Co = - Fg(w) +21n (a2/al)

so that the lumped shunt capacitance required to correct for the use of
Co in place of c(w) is

fa fa Fg(w)
CT = )0 [c(w) - Co] dw = - Co )0 FoCw) + 2ln (a2/al) dw (12)

where d == 10a2.
The exact evaluation of Fg(w), as defined in (10), leads to compHcated

integrals of elliptic integrals. An approximate evaluation is accom­
plished by dividing the range of integration with respect to 0' into four
regions, in each of which the integrand is assumed to be constant at a
middle value. By choosing the middle values in the full range of 271" at
o = 0, 71"/2, 71", and 371"/2, the integral in (10) may be approximated as
follows:

Fg (w) == {- f co ( 1 _ 1 ) dr'
)a2 vCr' - a2)2 + w2 vCr' or" al)2 + w2

+.!. f co (. 1 _ 1 ) dr'
2 ) a2 yr'2 + a~ + w2 yr'2 + ai + w2

+ {- f co ( 1 _ 1.) dr' (13)
)a2 vCr' + a2)2 + w2 vCr' + al)2 + w2

This expression integrates into

F ( ) = .!. [ . h-1 a2 - al + 1 w
2 + a~

g W 4 SIn n 2 + 2
W W a 1

_ 2ln a2 + y2a~ + w2 _ In 2a2 + y4a~ - w2 ] (14)
a2 + ya~ + ai + w2 a2 + al + y(a2 + al)2 + w2
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Since the last two terms in (14) differ only slightly from 1 even when
w = 0, they may be neglected. The remaining terms may be arranged
as follows:

The function [c(w) - coJico obtained by substituting (15) in (11) is
represented graphically in Fig. 22.2, with w/a2 as the independent varia­
ble and a2/al as parameter. Although curves are shown for a wide range

1.0r----,--~--.,---__r_-_.,---,
0.81----+--__+---f---+-----t----i
0.6 t-----t---+----"1r---+---j-----t

0.41\----t---+----lr---+---j-----t

02

~

I 0.1
'i ~o 0.081---4l~~,--1----+----+---+---1

,"(; , 0.061--~~~~1----+----+---+---1

I 0.041----'\~........,.~~...,-7I---, ---k--'--+-~

0.011----+---1-­
0.0081----4---+--­
0.0060L.--...L--...J----'--~----L-.;:::w

wja2

FIG. 22.2. The function - [c(w) - col/co for a coaxial line driving an antenna over a
ground screen.

of values of adal, those for which a2/al is smaller than about 7 are not
accurate for determining CT. This follows from the fact pointed out in
the footnote relating to Chap. I, Sec. 3, formulas (30a,b), that the inte­
gral for the scalar potential on the surface of a cylindrical conductor,
when expressed in terms of the charge per unit length, is a good approxi­
mation only when the integration is extended over distances that are at
least 5al in each direction from w. Since the difference c(w) - Co is
actually significant only over a range of w from zero to very small
integral multiples of a2 - aI, it is clear that, in order to have a2 - al
greater than 5al, adal must be at least as great as 7. The validity of
this argument may be questioned on the grounds that, in evaluating the
part of the potential determined by the charges on the inner conductor
and on the antenna, the integration is actually carried out over very
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much greater distances than 5al. Moreover the ratio of the uniform
charge distribution on the inner conductor and the antenna to the poten­
tial difference due to this distribution yields only the constant co. But this
argument overlooks the fact that in this approximate analysis the ratio
of potential difference to charge is obtained by assuming a constant
charge and determining the resultant potential difference as a function
of w. Actually it is the potential difference which is constant and the
charge which is a function of w; and the nonzero value of c(w) - Co
within a distance of the order of magnitude of a2 - at of the end of the
line properly corresponds to a charge distribution, and not a voltage dis­
tribution, which is nonuniform over this distance. Therefore the correct
calculation of potential difference from the potential integrals using the
true charge distribution would involve the determination of an effect
produced by a variation in the charge per unit length which is confined
to a range of the order of magnitude of a2 - at. The contribution to
the potential obtained from an integration over such a distance is not
accurate unless the distance is at least 5at in each direction. Since this is
approximately true only when a2/at ~ 7, it follows that the curves in
Fig. 22.2 are useful for determining CT only over this range.

By determining the areas under the curves in Fig. 22.2 (when drawn to
a linear scale) in the range w/a2 = 0 to w/a2 = 10 by numerical methods,
CT as defined in (12) may be evaluated. It is shown in solid line in Fig.
22.3 as a function of adat for two values of at/X. As pointed out above,
only the ranges adat > 7 are satisfactory approximations. The dimen­
sionless quantity -CT/a2cO is shown in solid line in Fig. 22.4 for adat
greater than 7.

In order to obtain an expression for CT for values of a2/at near 1, it
may be noted that, when a2 - at is small compared with at and a2, the
potential at any point in the coaxial line is determined principally by
the charges on the adjacent parallel surfaces, so that they may be repre­
sented approximately by parallel planes, i.e., cylinders of infinite radius
instead of sections of circular cylinders. Moreover, since (a2 - at)/Xois
necessarily small compared with 1, the distribution of charge near w = 0
must correspond closely to an electrostatic one. This suggests the deter­
mination of CT for a coaxial line with a2 - at very small by representing
the coaxial line by a parallel-plate region extending from w = 0 to w = 00,

with the plates separated a distance a2 - at. One of the plates extends
over the range - 00 ~ w ~ 00; the other makes a right-angle bend at
w = 0 and then continues to infinity.

The distribution of surface charge per unit area 1'J on both the straight
and the bent plates may be determined by conformal transformations
using the Schwarz-Christoffel formula. The part of the solution of inter­
est in the problem at hand is the distribution of charge on the straight
plate in the range from w = 0 to w = 00, where it is parallel to the
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--Approx. theory for a2/aJ >7

.------Approx. theory for a 2/aJ< 1.2
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FIG. 22.4. Capacitive end correction for antenna driven from a coaxial line over a
ground screen.
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FIG. 22.3. Theoretical end correction for a coaxial line driving an antenna over a
ground screen at '" = 60 cm.

0.5

second plate. It is this range which corresponds to the inner conductor
of the coaxial line when this has an infinite radius. The static distribu­
tion of charge may be obtained by applying a potential V across the
plates. The transformations involved in the solution for the surface
density of charge 1'/ are described in the literature. 1,30.32 The pertinent
result is the ratio of charge density 7J(w) on the straight plate at a dis­
tance W from the plane w = 0, where the second plate is bent to the
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charge density 1]( 00) sufficiently far into the parallel-plate region so that
a constant value is reached. This ratio is

where the relation

1](W) 1
1]( 00) = VI - t (16)

- ~ [2 VI - t - In (VI - t + 1) + In (vT="t - 1)]
7r

t ~ 0 (17)

obtains. A plot of 1](w)/1]( 00) as a function of w/(a2 - al) is given in
Fig. 22.5 for the part of the straight plate which forms half of the parallel­
plate region near W = O. The charge density on this plate decreases as

1](W)

1] (OQ)

0.8 O~--'----'---'--L-.-..I.--"---"---..L.-.o---'---'--'-....L..-.L-...o.---'

0.5 1.0 1.5
w/(aZ-al)

FIG. 22.5. Charge distribution on plane AB.

W decreases toward zero, whereas it is readily shown that, on the corre­
sponding part of the bent plate, the density of charge increases as W = 0
is approached from within the parallel-plate region. Note particularly
that the entire significant variation in 1](w) occurs in a distance of magni­
tude a2 - al from w = O. A representation of the electric-field lines and
the equipotentials is given in Fig. 22.6. It is significant to note that the
electric lines are curved near w = 0, so that the electric line that ends at
A (Fig. 22.6) on the straight plate originated at a point on the second
plate which is not at w = o.
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Since V is the constant potential difference, it follows that

27ral1](W) = c(w)
27ra l1] ( 00 ) Co

(18)

--,
,/ '" ~....--Equi~otential

_' /, hne
/......... // \,. X'" / \ .-'{.
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FIG. 22.6. Equipotential lines of electric
field.

length of an infinitely long line.

(19)

with al in meters. For the two
values of al for which curves are
shown in Fig. 22.3, CT = - 0.0068 p.p.f

for the value of al = 0.179, and
CT = -0.0090 p.p.f for al = 0.238 cm. These are the limiting constant
values that are good approximations for a2/al < 1.2. They are shown
dotted in Fig. 22.3.

With approximate theoretical values available for a2/al > 7 and for
a2/al < 1.2, it is possible to construct smooth, continuous curves for the
range of a2/al between 1.2 and 7. Such extrapolated curves are shown in
Fig. 22.3. From these the ratio -CT/a2cO may be computed, and the
single extrapolated curve shown in Fig. 22.4 determined. Since both of
the extrapolated curves in Fig. 22.3 must yield the single curve in Fig.
22.4, a check on the shapes of the curves in Fig. 22.3 is provided, and
the accuracy of the single curve in Fig. 22.4 is thereby enhanced.

It may be assumed that the combined curve for the dimensionless ratio
-CT/a2co in Fig. 22.4 is a satisfactory approximation of the lumped cor­
rective capacitance CT required if uniform-line theory is used to deter­
mine the properties of an antenna as end load in the arrangement in
Fig. 22.1. Satisfactory experimental verification of Fig. 22.4 has been
obtained by Hartig.120.l27

where Co is the capacitance per unit
Hence Fig. 22.4 is also a measure of
the change in capacitance per unit
area as w approaches zero from
infinity.

In order to determine the lumped
capacitance CT required to compen­
sate for the error made in using Co in­
stead of c(w) near w = 0, it is neces­
sary to form (3) and to choose d
sufficiently great so that c(d) == co.
The evaluation of CT from (3), using
(18) and Fig. 22.5, gives

CT == -0.0683(27ra lE)
== -3.8al p.p.f

PROBLEMS

1. The input terminals 11 of a symmetrical two-terminal-pair network are con­
nected as load to a main transmission line. The output terminals 22 of the network
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are connected to an auxiliary short-circuited section of line of variable length i. The
complex reflection coefficient r = reN' of the load terminating the main line at 11 is
determined from measurements on the main line to have the following values for the
indicated lengths i of the auxiliary line:

i/A ........... .... 0 1 1 3
8" 4" 8"

r ................. 0.52 0.52 0.85 0.93

1/1, deg............. 62 127 214 235

Determine the power dissipated in the network and the power transmitted to a
matched load connected across terminals 22.

2. Determine the impedance elements of a T section that is equivalent to the net­
work between terminals 11 and 22, as described in Prob. 1.

3. The dielectric constant of a sample of material is measured using the maximum­
shift method. The thickness of the sample is 2 em; the measured maximum shift is
20 em at a wavelength of 150 em. What is the dielectric constant of the sample?

4. What would be the minimum shift in Prob. 3 if the sample were 4 em thick?
How is this related to the measurement of dielectric constant using a coaxial cavity
and a method in which the resonant length of the cavity is determined when the
cavity is empty and again when the sample is placed against the piston terminating
one end of the cavity?

5. For a given sample of thickness 0.2 em the minimum shift is 4 em, and the
maximum shift is 10 em at a wavelength of 1 m. What are the relative dielectric
constant and permeability of the sample?

6. Two polystyrene beads (E, = 2.6) each of length 0.25 in. are spaced a distance v
between adjacent edges in an air-filled coaxial line terminated in a matched wideband
load.

(a) Determine v so that the standing-wave ratio 8 = coth p on the main line
between the generator and the nearer bead is unity at 3,000 Me/sec.

(b) With vas in (a) and assuming the load to be matched continuously, determine p

and 8 as the frequency is varied from 1,500 to 9,000 Me/sec. Plot 8 as a function
of frequency on semilog paper. (It is sufficient to determine 8 at 1,500, 2,000, 3,000,
6,000, and 9,000 Me/sec.)

7. Two sections of flexible coaxial line are joined by a connector. The line is filled
continuously with polystyrene of dielectric constant E, = 2.6. The connector has
inner and outer conductors of the same size as the line, but it is filled with air for a
length of 1 em. The joined line feeds a matched load. Determine the standing-wave
ratio in the section of line on each side of the connector when the operating frequency
is 3,000 Me/sec.

8. A two-wire line made of No.9 copper wire spaced 2 em between centers is to be
matched to its load with a movable open-ended single stub. Determine the lumped
elements of all necessary junction- and terminal-zone networks if the apparent imped­
ance of the load is known.

9. A vertical antenna is driven over a horizontal ground screen by a coaxial line.
The inner conductor of the line and its extension as the antenna are of copper with a
radius of 0.4 em. The coaxial line has an inner diameter of 4 em. What is the
magnitude of the lumped capacitance CT required to correct for end effect?

10. The theoretical impedance of a center-driven antenna at antiresonance is
Z = 840 + jO ohms. What apparent impedance is measured on a two-wire line
driving this antenna if the line spacing is 2 em, the radius of the conductors 0.1 em,
and the frequency 150 Me/sec?



CHAPTER VI

TRANSMISSION-LINE OSCILLATORS AND COUPLED
SECTIONS OF TRANSMISSION LINE

1. Frequency Characteristics of Simple Triode Oscillators with Trans­
mission Lines as Tank Circuits. 143 ,146,147,166 At ultrahigh frequencies
coils and capacitors are often unsatisfactory as circuit elements, and sec­
tions of transmission line are used to replace them, especially in the tank
circuits of oscillators. Various circuits are in common use, a number of
which are analyzed below.

Single-tube Quarter-wave. Oscillator. One of the simplest vacuum-tube
oscillators makes use of a section of coaxial or two-wire line connected to
the plate and grid terminals of a triode, as shown in Fig. 1.1a. Since

(a)

Transmission line
_--------~.-Choke

Blocking
condenser
Choke

+

(b)

~O!ZO=No-jfWCo
z-O

{Zs=iXS

Z=8

I z------------------------

f :IXs~O
-------------------------

W+{e}
FIG. 1.1. Triode oscillator with transmission-line section as tank circuit.

the analysis of the triode as a negative-resistance device is beyond the
scope of this book, it is represented simply as a series combination of a
negative resistance No = - Ro and the output capacitance of the tube.
For a triode this capacitance is

Co = C1C2 + C2C3 + C3Cl

C 2 + C3

439

(1)
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(2a)

where C 1 is the plate-grid capacitance, C 2 is the grid-filament capacitance,
and C3 is the plate-filament capacitance. Thus, insofar as the attached
transmission line is concerned, the triode is replaced by the impedance

Zo = No + jXo = No - .i-
wCo

at the end (z = 0) of the line, as shown in Fig. LIb. As a consequence of
terminal-zone effects, the impedance that must be used in conjunction
with uniform-line theory is the apparent impedance

ZOa = N oa + jXoa (2b)

where ZOa consists of an appropriate lumped network combined with Zoo
In most cases it is adequate to assume ZOa == Zoo

At the other end (z = s) the line is terminated in an impedance
Z8 = R8 + jX8 which usually consists of a metal piston in the case of a
coaxial line and of a conducting wire bridge of length b in the case of a
two-wire line. The apparent impedances to be used in conjunction with
uniform-line formulas is Zsa = R8a + jXsa .

The terminal functions at the generator end of the line may be approxi­
mated by formulas appropriate to a predominantly reactive termination.
These are

nl0

Po = x 2 +1
10

7r
<Po = 2" + tan-1

XI0 (3)

where nlO = N 0/Re and XIO = X 0/Re , if it is assumed that nro is small
compared with xio + 1. At the other end the corresponding functions
are

p•• J 0

( jab

for piston

for bridge

for piston

for bridge
(4)

where k.a is as evaluated in Chap. II, Sec. 20.
The condition for resonance for the entire circuit determines the natural

frequencies in = wn/27r at which the circuit may oscillate. It is

n integral (5)

where (3n = wn / V = 27r/A n • With (3) and (4) expressed for the Wlre
bridge, (5) may be written as follows:

(6)

(7)

For a piston k8a = O. It follows that, with Re = Vl/c and {3 = w v'lC,
X o 1 C

XIO = R
e

= - wCoR
e

= - {3Co
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so that (6) becomes

(3n tan f1ns' = ~0 (8)

where the effective length is s' = s + ksa for a two-wire line and s' = 8

for a coaxial line with piston. This equation determines the frequencies
generated. In general, the fundamental or lowest frequency fo has the
largest amplitude, but one or more of the higher harmonics may be
maintained as well.

In practice, it is often convenient to determine the generated funda­
mental wavelength Ao as a function of the effective length s' of the sec­
tion of transmission line. This length is given by

so that

s' = 1- tan-l _c_ = ~ _ .l tan-l (3oCo
(30 (3oC0 4 (30 c

~ = s' + .l tan-l (3oC0
4 (30 c

(9)

(10)

For the range that satisfies the inequality

(10) becomes

(11)

(12)

This is the long-wavelength limit. It is seen that Co/c is a length charac­
teristic of the output capacit.ance of the generator. It represents the
shortening effect of the tube capacitance. In the range of short lengths
s' defined by

«(3oS') 2 « 1

the tangent in (8) may be approximated by its argument, so that

'..:... C _ :! C
S - (32C - Ao 4 2Co 0 1r /0

(13)

(14a)

It follows that the generated wavelength in the short-wavelength limit is

(14b)

A plot of the general formula (9) is given in Fig. 1.2. The limiting ranges
given by (12) and (14b) are indicated, as is the length Co/c. Note that
the generator has been represented by a lumped impedance. Frequently
the leads from the line to the electrodes are appreciable in length. When
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(15)
I.(w) = 1max sin ({jw + ipsa)

= 1max cos (jew + k sa)

o 0' s'

I
Ao I
41

IA .&I.&I':\'o =s'+1.tan-l (l.Co)
4 fJ C

ATfV.[S
-co
-c-

this is true, the origin for s' lies at a point such as 0' to the right of the
ideal value by a distance 00' equal to the effective length of the leads.

The distribution of current for the
fundamental frequency is

where w = s - z is measured from the
terminating reactance X s• A sketch
of the current distribution is given in
Fig. 1.Ic.

Two-tube Half-wave Oscillator. A
two-tube circuit with a triode at each

FIG. 1.2. Theoretical wavelength end of the section of transmission line
characteristics of transmission-line
oscillator of effective length s'. is shown in Fig. 1.3. Since both ends

of the line are the same as at z = 0 in
Fig. 1.1, the condition for resonance is simply

n integral (16)

With (6) and (7), the equation corresponding to (8) is

lQ C
{jn tan "2fJnS = Co (17)

It is seen that, by setting s' = s/2, (17) is identically (8), so that the
entire discussion following (8) and Fig. 1.2 applies to the push-pull cir­
cuit if its half length s' = s/2 is used as the variable.

@_T~r.nsm!:onlin_e®
(a)

NO! ~Ns=No
CO'1"~i----------__~Tcs=cO

• iz=o (b) z=s

1
T

______~L _
------- - -------•..L

T
-----------------------------

(c)
FIG. 1.3. Push-pull oscillator with transmission-line tank circuit.
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The distribution of current along the transmission line is most con­
veniently expressed in the form

(18)

where v is measured from the center of the line section.
Tuned-plate Tuned-grid Circuit for Push-Pull Operation. An adap­

tation of the well-known tuned-plate tuned-grid circuit for use with
transmission-line sections is shown in Fig. 1.4a, where the plates of two

Transmission
line

Co No

Zg= jXg)I--__---1::r- ......lzpmjXp

Co No
I+---Sg----t I----- sp -----t

(b)
FIG. 1.4. Tuned-plate tuned-grid circuits.

tubes operated in push-pull are connected to one section of transmission
line of length Sp and the two grids are connected to a second section of
line of length so. For present purposes each tube is represented by its
output capacitances Co in series with a negative resistance No. Each of
the transmission lines is terminated in a short circuit or a small inductive
reactance, so that

7r
4'p = <1>/1 = 2 + {3ksa (19)

Let s + ksa = 8'. For a short circuit ksa = 0 and s = 8'.
Since all resistances are small, the natural frequency of the system

may be determined by neglecting losses in the formulas for the reactances.
The input reactance of a section of line of length 8 is

(20)

The sum of the reactances in the series circuit consisting of the two
capacitances Co and the input impedances of the two lines must vanish
at the generated frequency fn = wn/27r. That is,
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Alternatively

With (19) this expression becomes

tan J3ns~ + tan J3ns~ = J3~~0

sin J3n(S~ + s~) _ 2c
cos J3ns~ cos J3s~ - J3nC0

(22a)

(22b)

Since phase relations in a triode require that the alternating voltage
across the grid be 1800 out of phase with the voltage across the plate,
one side of Co must be maximum positive when the other side is maxi­
mum negative. This occurs when the standing-wave pattern on the com­
plete transmission line consisting of both sections has a voltage maximum
across each Co. This means

n integral (23)

With (23) in (22a) , this reduces to

J3n tan J3ns~ = ~0 (24)

This is the same in form as (8), so that the frequency characteristics of
the tuned-plate tuned-grid oscillator are essentially the same as those
shown in Fig. 1.2 for the quarter-wave oscillator, except that condition
(23) also must be satisfied. If n = 0 in (24) and s~ determines the funda­
mental, as in Fig. 1.2, the grid line may exceed the plate line in length,
so that the grid circuit is actually oscillating at a harmonic. This is often
convenient in coupling a load to the oscillator. Alternatively Sp and Sg
may both be made long enough so that each operates on a higher har­
monic for the particular lengths Sp and Sg, with n = 1, 2, ... , in (24).
In this case the fundamental frequency generated is determined by the
requirement

(25)

In general, the circuit oscillates at the lowest possible frequency.
Sinusoidal distributions of current on plate and grid lines are sketched

in Fig. 1.5 for three possible combinations of lengths. In Fig. 1.5a the
plate and grid lines are of equal length, and each is oscillating in its funda­
mental. In Fig. 1.5b the length of the grid line exceeds that of the plate
line by a half wavelength, so that the latter oscillates in its fundamental
and the former in a first harmonic. In Fig. 1.5c the grid and plate lines
have lengths that make the proper phase relations across the plate-grid
capacitance of the triode impossible if the plate line oscillates in its funda­
mental. The lowest frequency at which the requisite 1800 phase rela­
tions are maintained occurs when the plate line oscillates in a first har­
monic and the grid line in a second harmonic, with Sg - Sp = "/2, wherp
" is the generated wavelength.
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Double-ended Tubes with Transmission-line Tank Currents. Some tri­
odes designed for use at ultrahigh frequencies have plate and grid con­
nections that pass completely through the glass envelope as a short two­
wire line, so that transmission-line sections may be attached on two sides,
as shown in Fig. 1.6a. If the triode is represented by a capacitance Co

(a)

I z

X.-o i:-------:-------jx.-o
-------- --------
J+-Sg=Sp-f+-Sp--l It../4=sp+Co/c

x.=oE--o:.::: ::-----:----~x.;.o
(b) ~sg=~;~Aii-----III-~;~ A/4=8p+CojtJ

Xg=O i:--~"- :::--~!=.:::=: ----~---.~---: ----: :....::::3 Xp~O
---~' '--------,~--------,'

(c) I- Sg=sp+7t./2 "I' S .1
3Aj4=sp+Co/c

FIG. 1.5. Possible distributions of current in tuned-plate tuned-grid circuit.

~r---_~C

(26)

(a)

(b)
FIG. 1.6. Circuit for double-ended tube.

insofar as its reactive contribution to the current is concerned, the net­
work of Fig. 1.6b is obtained (terminal-zone effects are not considered).
In effect, two identical sections of transmission line are in parallel with
the triode. The input reactance of each section is given by (20), so that
for the two in parallel the input reactance is one-half of (20), or

X in = - ~c cot ({3s + <pa) = - ~c tan {3s'

where s' = 8 + kBa • The expression on the right is for terminating
reactances at the ends of the lines consisting of conducting bridges of
equivalent length kBc•
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The generated frequency is the natural frequency of the triode in
parallel with the two line sections. It is obtained by equating the
reactance (26) to the reactance -i/wCo of the triode. Thus

t R' 2 2c
an fJnS = -0R = R 0

W n 0 c fJn 0
(27)

s'

A Single· ended "'),/ ....~./
4 tube with Co.... /'

'>"
... .~Double· ended

.............. / tube with Co
........

This equation is like (8) except for the factor 2. It indicates that the
capacitance Co/2 plays the same part in determining the generated wave­

length in the circuit of Fig. 1.6b as
Co does in the circuit of Fig. LIb.
It follows that, for triodes with the
same Co, the wavelength character­
istic of the double-ended tube lies be­
low that for the single-ended tUbe, as
shown in Fig. 1.7.

Lighthouse-tube Reentrant Oscillator.
An important type of ultrahigh­
frequency oscillator makes use of
the so-called lighthouse, or disk-seal,
tube, in which the connections to the
parallel plane electrodes consist of

circular copper disks of graduated sizes. This construction permits the
triode to be inserted in two concentric coaxial lines in such a manner
that the inner and outer surfaces of the cylinder in contact with the grid

-Co 0

~
FIG.· 1.7. Comparison of wavelength
characteristics of single- and double­
ended tubes in transmission-line os­
cillator.

~Sl----+/

(a)

Lpf Ideal open
Cpg--~___________ end

,...1...1-----sl-----'Jo~1

(b)
FIG. 1.8. Reentrant oscillator (a) with approximate tank-circuit equivalent (b).

disk serve, respectively, as outer conductor of the plate-grid line and
inner conductor of the cathode-grid line. This construction is shown in
Fig. 1.8 in a typical lighthouse-tube circuit known as the reentrant oscil­
lator. Various other circuits are in use, but all are characterized by
separate plate-grid and cathode-grid transmission-line circuits with a
coupling link or aperture connecting them. Owing to the sections of
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(28)

16

°O~~-'~~~8-~~-""-­

8 1

FIG. 1.9. Wavelength characteristics of
reentrant oscillator.

radial line which are bounded by the disks and contain the electrodes,
none of the circuits can be represented accurately by sections of coaxial
line and lumped elements. However, in the case of the reentrant circuit
in which the frequency generated is primarily determined by the plate­
grid section of line which is of relatively small cross-sectional size, a
reasonable approximation may be achieved in terms of coaxial and lumped
elements.

The circuit in Fig. 1.8a consists essentially of a section of bifurcated
coaxial line which is equivalent to three sections of transmission line con­
nected in series. As given in Chap. V, Sec. 14, the required junction­
zone network of lumped elements in the plane of bifurcation consists of
positive capacitances across the ends of the two lines 1 and 2 of smaller
cross-sectional area and a negative capacitance across the large line. The
plate lead extending beyond the end of the innermost coaxial conductor
and the plate-grid space may be approximated by an inductance L p in
series with a capacitance Cpg. The
proper phase relations for oscillation
are obtained when the length S3 of
the large line is adjusted so that the
terminating impedance for the plate­
grid line in the plane of bifurcation
is essentially that of an open circuit.
As a consequence the frequency of
oscillation is primarily determined
by the plate-grid line treated as if it
had an ideal open end. This cannot
be shown analytically without an
elaborate analysis of the entire triode
circuit, which is beyond the scope
of this book. For present purposes,
then, the effective tank circuit is
that shown in Fig. 1.8b. The resonant frequency is obtained from the
solution of the equation

1
wLp - -C = Rei cot (jSI

w pg

where Rei = 60 In (adal) ohms. The numerical solution144 of (28) for
X = 21r/(j for a particular circuit is shown in Fig. 1.9, which is representa­
tive of the wavelength characteristic of a reentrant lighthouse-tube
oscillator.

2. Frequency Characteristics of a Transmission-line Oscillator with
Coupled Secondary)62,166 Transmission-line oscillators are sometimes
operated with a closely coupled secondary that modifies the frequency
characteristics. Various arrangements are available, but the general
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(Ib)

(Ia)

properties of most of these resemble those of the simple coupled-circuit
oscillator shown in Fig. 2.1. This consists of a primary circuit which is
identical with the single-circuit oscillator in Fig. 1.la and which may be
represented by the equivalent circuit in Fig. LIb. The secondary con­
sists of an added section of transmission line extending beyond the bridge
terminating the primary.

Let the length of the primary be 81 and that of the secondary, 82, so
that the over-all length is 8 = 81 + 82. The impedance and emf of the
generator at z = 0 are represented by the series combination of an

~o*L..-_pr_im_:_ry__I._sl..!_Z_s_al_=_jX--,-l_·_s_e_co_n_da_ry_---.!Zsa=jX'G

z=o 8 1 S=S1+ S2

51 W+ 0 ~u 82

FIG. 2.1. Equivalent circuit of transmission-line oscillator with bridge-coupled
secondary.

apparent negative resistance N Oa and reactance X Oa; the apparent imped­
ance at the junction z = 81 of primary and secondary is Zsla, and that of
the termination for the secondary at z = 8 is Zsa. The corresponding
apparent terminal functions are

ll. + ';F., th- l N oa + jXoa
U'Oa = pOa J'J!Oa = co Zc I

_ +';F., _ h-1 Zsa
Gsa - psa J'J!sa - cot Zc

The admittances looking toward the two ends from the junction plane
at z = 81 are

Y1 = Yc tanh (i81 + GOa) Y 2 = Yc tanh (i82 + Gsa) (2)

An equation representing the frequency and damping properties of the
circuit in Fig. 2.1 may be derived by noting that the voltage across
the coupling impedance (which is assumed to be a small inductive
reactance) is

VsI = jwLs1 [/1(81) - 12(81)] (3)

and that the currents in the primary and secondary where these join are

11(81) = Vs1 Y1 12(81) = - Vs1Y2 (4)

The negative sign for 12(8) is a consequence of the fact that the voltage
induced in the secondary is 1800 out of phase with that in the primary.

By subtracting 12(81) from 11(81) in (4) and using (3), the following
equation is obtained:

1 = jwLs1 (Yl + Y 2)

Since Yc == Gc == I/vl, it follows that

(5)

k = LSI
- l (6)
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Accordingly, with (2) and (6), (5) may be expressed as follows:

j~k = tanh (AI + jF l ) + tanh (A 2 + jF 2)

where, with "( = a + j{3,

(7)

Al == aSl + POa

A 2 == aS2 + P8a

F l == {3S1 + tf>oa

F 2 == (3S2 + tf>8a

(8a)
(8b)

(9a)

(9b)

By separating real and imaginary parts the following pair of equations is
obtained:

tanh Al cos2 F l 1 + tanh2 Al tan2 F l

tanh A 2 cos2 F 2 1 + tanh 2 A 2 tan 2 F 2

1 tan F l

- 13k = cosh2 A l (1 + tanh2 Al tan2 F l )

tanF2

+ cosh2 A 2(1 + tanh2 A 2 tan2 F 2)

Equations (9a) and (9b) may be solved for Al and {3, and these values
used to determine the negative resistance N Oa and the generated fre­
quency. Since A 1 and A 2 may be assumed small, the following inequal­
ities are good approximations:

Ai« 1 A~« 1 (10)

(lla)

Eqs. (9a) and (9b) may be simplified. The results are

-AI cos2 F 1 1 + Ai tan2 F 1

-:::r;- = cos2 F 2 1 + A~ tan2 F 2

1 tan F l tan F 2

- 13k = 1 + Ai tan2 F1 + 1 + A~ tan2 F2 (lIb)

With (10) it follows that, except for values of F l or F 2 very near an odd
integral multiple of 7r/2, these equations may be approximated by

-AI. cos2 F 1

---;r;- = cos2 F 2

- 1- == tan F 1 + tan F 2
13k

(12a)

(12b)

(13)

Evidently (12b) determines the generated frequency in terms of the
lengths SI and S2 and the terminal functions tf>oa and tf>8a. Similarly (12a)
specifies the critical value of -AI (or N oa) at which oscillations can be
established. These two equations may be expressed directly in terms of
the two unknowns. As shown in Sec. 1,

, + tf>oa. + GOa
Sl = Sl ----;f = Sl C
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where COa is the apparent output capacitance of the triode and c is the
capacitance per unit of the line. Let

{

{382 for an ideal open end at z = 8

F1 = 1l" 1l". (14)
(3(82 + k Ba) + 2 = {38~ + 2 for a brIdged end at z = 8

With (13) and (14), (12b) has the following form in the two cases specified
in (14):

(15b)

(15a)open end

bridged end

- ;k = tan {38~ + tan {382

1 , ,
- 13k = tan {381 - cot {382

For an open end PBa = 0; for a bridged end Psa == ab/2. Since POa is
small,

POa == ~o: (16)

With a = r /2Rc = ra/Rc (where r a = r /2 is the resistance of a unit length
of one conductor) and (16), the damping equations derived from (12a)
and associated with (15a) and (15b) are

N Oa + ra8~ cos2 {38~

ra82 = cos2 {382

N Oa + raS~ cos2 {3s~

r aS~ = sin2 {3s~

open end

bridged end

(17a)

(17b)

These equations may be rearranged into the following forms convenient
for numerical evaluations:

Open End at z = 8

Bridged End at z = 8

1
- KS

1
= tan 8 1 + tan n8 t

N oa/R 1 + 1 _ cos2 8 1

n - cos2 n81

1- -- = tan 8 1 - cot n81KS1

N oafR 1 + 1 cos2 S 1

n = sin2 nSI

(18a)

(18b)

(19a)

(19b)

where S == {38~ = 21l"8~/'A is the electrical length of the primary, K = k/8~ is
the fractional equivalent length of the coupling bridge, R 1 = ra8l is the
total resistance in the primary, and n = 82/8~ or 8~/8~. Note that Noais
negative.

Equation (18a) has been solved graphically for 8 1 as a function of
the ratio n of the length of the secondary to that of the primary, with



Sec. 2] OSCILLATORS AND COUPLED SECTIONS OF LINE 451

~o .---....,......,~:---r.,.---\ ":":n'=""I.,......,..,":":n---' 2
.., '"

FIG. 2.2. Theoretical wavelength char­
acteristics (solid lines), damping curves
(dashed lines), and excitation curve
for Noa/R 1 = -2 (dotted curve) for
coupled-circuit oscillator with open­
ended secondary. The curves are for
krls~ = 0.1.

K as parameter. Instead of plotting 8 1 against n, the ratio of the
quarter wavelength generated to the length 8~ of the primary, namely,
A/48~ = 7r/281, is plotted against n = 82/8~ in solid line in Fig. 2.2. Of
the infinity of possible solutions, the first three are shown numbered in
Roman. The particular branches that give possible generated wave­
lengths depend on the associated damping curves. These are obtained
by plotting the right side of (18b)
against n, as shown in dashed line in
Fig. 2.2. Oscillations can be main­
tained at a wavelength specified by a -i 1.0r---t==~Il:F=~::::t:;~r:I~nl.r
particular point on a wavelength -< 0.5 ..... \. I ~

curve if N Oa is sufficiently great so that ;-
the left side of (18b) at least equals ~":::';""....L.-~n==..J.:2-IS"""";":::'-..1:.:3 ==..-..14

0

the right side. The dotted curve in
Fig. 2.2 is the magnitude of the
left side of (18b), with N oa/R1 = -2
plotted against n. Only wavelengths
for which the corresponding point
on the associated damping curve
(dashed line) does not lie above the
dotted excitation curve may be generated. In particular, as n = 82/8~ is
increased from zero, the generated quarter wavelength is given by wave­
length curve I from n = 0 to n = 1, where damping curve I rises above
the dotted excitation curve. From n = 1 to n very nearly 3 (where
damping curve II rises above the excitation curve) the wavelength of
curve II may be generated; beyond n == 3, wavelengths on curve II are
damped out. Beginning with n somewhat less than 3, damping curve III
drops below the excitation curve, so that wavelengths of curve III may
be generated. Evidently the generated wavelength behaves as follows
as the secondary is increased in length from zero to 4s~: At n = 0 the
generated wavelength is that corresponding to a single-circuit oscillator
with 8~ = A/4 and a terminating inductance L s1 • It is this inductance
which'makes the generated quarter wavelength with 82 = 0 greater than 1.
As n = 82/8~ is increased, the quarter wavelength increases slowly, fol­
lowing curve I until n = 1. At n = 1 the quarter wavelength drops
abruptly to curve II, which it follows as n is increased until n = 3 is
almost reached; then it drops to curve III, which it follows to n = 4.
If n is now decreased, wavelength curve III is followed until a point is
reached which lies directly above the intersection of damping curve III
and the excitation curve. Here the generated quarter wavelength rises
to curve II, which is followed to n = 1, where it rises to curve I. In a
small range of n below 3 the generated wavelength may be given by
either curve II or curve III. Such an overlapping range of instability is
called a drag loop, since the generated wavelength tends to continue on a
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FIG. 2.4. Theoretical wave­
length characteristics of the
idealized coupled-circuit oscil­
lator with open-ended second­
ary for three different values
of the ratio k/s: (solid lines).
A typical experimental curve
following observed points is
shown dotted.

~
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given wavelength curve until its damping curve rises above the excitation
1.5 curve. If the value of N Oa/ R 1 is

"'".- more negative than - 2, the dotted
1.0 .::t
0.5 « excitation curve is higher, the extent

of the drag loop near n = 3 is in­
creased, and a drag loop (narrower

1.5...... than that near n = 3) occurs near
1.0.:t n = 1. If N oafR1 is less negative

4 0;5 K than - 2, oscillations break off over
2 I 3 a range near n = 1, and the drag

n=8z 81 loop near n = 3 is reduced. If
FIG. 2.3. Theoretical wavelength charac-
teristics of a coupled-circuit oscillator N oafR 1 is sufficiently less negative
with open-ended secondary. A-small than -2, oscillations may also break
excitation, INoa/R1\ < 2; B-critical ex- off near n = 3. These three pos­
c~tation, INoa/R11 = 2; C-strong excita- sible cases are illustrated in Fig. 2.3.
tlOn, INoa/R1\ > 2. In order to illustrate the effect of
varying the coupling inductance, the left half of the wavelength curve in
Fig. 2.2 is shown in Fig. 2.4 together with two
other theoretical curves for smaller values of
K = k / 8~. Experimental points for a typical
case for which k/8~ < 0.03 are also shown.

When the secondary is closed at z = 8 in­
stead of open, so that (19a) and (19b) apply,
analogous results are obtained. Wavelength
and damping curves determined from (19a,b), .(0'" E;:::::::~~~~~=d

withk/8~ = 0.1, are shown in Fig. 2.5 together ~ 1.°r
with the single excitation curve N oafR1 = - 2.

Experimental wavelength characteristics
for an oscillator in which k/8~ is very small
are shown in Fig. 2.6a when the secondary
has a bridged end (curve A) and an open end
(curve B). The wavelength characteristics
of a different bridged-end oscillator with a
somewhat greater value of k/8~ are shown in
Fig. 2.6b. The drag loops are noteworthy.
A plot of the theoretical wavelength charac­
teristic determined from Fig. 2.5, with the
experimental curve of Fig. 2.6b properly
scaled, is given in Fig. 2.7. The value of
kI/8~ for the experimental curve is readily
computed to be k/8~ = 0.044. If this value
of k/8~ is used to calculate curves like those
in Fig. 2.5, the theoretical and experimental curves practically coincide.

It is not difficult to explain the wavelength characteristics of the
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FIG. 2.5. Theoretical curves for wavelength (solid lines), damping (dashed lines),
and excitation for Noa/R 1 = -2 (dotted line) for coupled-circuit oscillator with
bridged-end secondary. The curves are for k/8~ = 0.1.
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(b)
FIG. 2.6. Experimental wavelength characteristics of coupled-circuit oscillators.
(a) Oscillator with bridged-end secondary in upper curve, open-end secondary in
lower curve. (b) Different oscillator with bridged-end secondary.
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(la)

"~ m•.0 __ .. ~ ~ _~M-_i~.•....-;.,./, i ...

0.8.23456

FIG. 2.7. Combined theoretical
(dotted, k/s; = 0.1) and experi­
mental (dashed, k/s; = 0.044)
wavelength characteristics of
coupled-circuit oscillator with
bridged-end secondary.

coupled-circuit oscillator in a qualitative manner. The generated wave­
length is determined by the complete primary-secondary circuit. In
effect, the primary section of transmission line is terminated in a parallel
combination of the low impedance of the inductive bridge and the varia­
ble input impedance of the secondary transmission line. When the length

of the secondary line is such as to provide
an input impedance that is high compared
with that of the coupling bridge, the pri­
mary behaves essentially as if the secondary
were a lumped high impedance in parallel.
Practically the entire current enters the
bridge; very little enters the secondary. As
the secondary is changed in length so as to
reduce its input impedance, the effective im­
pedance of the bridge in parallel with the
secondary departs more and more from
that of the bridge, and an increasing cur-

rent enters the secondary. Finally, when the input impedance of the
line is smaller than that of the coupling bridge, the current into the
secondary exceeds that into the bridge, and the wavelength increases
almost linearly with increasing length of the secondary, much as if the
coupling bridge were absent. But as the secondary is further increased
in length, its input impedance increases and soon exceeds the impedance
of the bridge. When this occurs, most of the current enters the bridge,
and the wavelength is again determined by the length of the primary and
its effectively lumped termination.

In oscillators of the positive-grid, or Barkhausen-Kurz, type and in the
magnetron, the primary circuit consists of a cloud of electrons, and the
secondary includes all electrodes and attached conductors. Since the pri­
mary cannot exist without the secondary, it follows that the frequency
characteristics of such an oscillator are determined both by the natural
frequency of the primary cloud of electrons and by the natural frequency
of the secondary circuit. 164, 166

3. Electric Field of a Conductor with Sinusoidally Distributed Cur­
rent. 10 In order to determine the distributions of current and voltage
along a two-wire line when this 'is driven by a transmission-line oscillator
of a type described in Sec. 1 (or by an equivalent coupling element)
coupled at an arbitrary location along the line, it is necessary to derive a
formula for the electric field maintained by the currents in the oscillator.
Since the relevant element of this circuit consists of a section of two-wire
line carrying an essentially sinusoidally distributed current, a first step is
to obtain a formula for the electromagnetic field of a single wire of arbi­
trary length h with a current of the general form

I( ') 1(0) sin (3o(g - z') I . R ( ')Z = . R = m SIn !JO g - z
sm !Jog
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(lb)g==h+kwhere 1
m

== .1(0)
sm (jo{l

This distribution is illustrated in Fig. 3.1. Bya suitable combination of
conductors of this type with appropriate values of k and h, it is possible
to represent most of the usual transmission-line oscillators and coupling
elements.

The electric field at the point Q(r,u) is most conveniently determined
from the general integral [Chap. I, Sec. 3, Eq. (30b)] for the vector

z Q(r.z)
_.-._._.-._._.-._._._._~

/' /.
R /' • Iy. /.. . I./ /RA jr--r----- ,/... i

~1'(~) ~r '" .
[14k· fdr ~ I
z=O z' h g-h+k.

FIG. 3.1. Conductor with sinusoidally distributed current.

potential. In the notation of this section (in which the dielectric is
assumed to be perfect, so that ~ = E and ~ = (j) it is given by

where

1 (h e-ifJR
A = iA,(z) A,(z) = ~ Jo I,(z') II dz'

R = V(z' - Z)2 + r2

(2a)

(2b)

The electric and magnetic fields may be calculated from (2a) using
Chap. I, Sec. 3, Eqs. (7), (Sa,b), forms (18), and (19). The relevant are

E = - %(grad div A + (j2A) = - %curl curl A (3a)

B = curl A (3b)

If (la) is expanded in exponential form and substituted in (2a), this
may be expressed as follows:

(4)
- jl [ i h

e-ifJ(R+,') i h
e-ifJ(R-Il') ]A,(z) = __m eifJu dz' - e-ifJu dz'

~v 0 R 0 R

In order to obtain a more convenient form of the integrals, let the first be
multiplied by e-ifJlI in front of the sign and by eifJlI under the sign. Simi­
larly let the second integral be multiplied by eifJlI in front of the sign and
by e-ifJlI under it. With the abbreviations

u==R+z'-z v==R-z'+z (5)
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(6)

the following expression is obtained:

- '1 [ Io h
e-i(ju 10k

ei{j'IJ ]A z(z) =~ ei(j(g-z) -- dz' - e-i{j(g-z) - dz'
87rV 0 R 0 R

In order to express Rand z' in the two integrals in terms of u and v and
thus change the variables of integration, it is necessary to differentiate
(5) to obtain

au u
az' R (7)

(9)

(12)

(lOa)

(lOb)

(10c)

(8a)
(8b)

(8c)

The limits of integration for the new variables u and v, which may be
introduced at this point, are

For z' = 0: u = Uo = R o - z v = Vo = R o+ z

For z' = h: u = UI = R I + h - z v = VI = R I - h + z

where Ro =~ R I = V(z - h)2 + r2

With (7) to (8b), (6) becomes

- '1 [ l u1
e-i{ju j,'lJ

i
e-i{j'IJ ]Az(z) =~ ei{j(g-z) -- du + e-i{j(g-z) - dv

87rv UO U 'lJ0 v

Although the integrals in this formula can be expressed in terms of tabu­
lated sine and cosine integrals, it is unnecessary to do so for the present
purpose of evaluating the electric field, This is done as follows:

In cylindrical coordinates with Ar = 0 and A o = 0 and rotational sym­
metry, so that alao = 0, it follows that

Br = curlr A = ~ aa~r = 0

B 0 = curlo A = _ aAz

ar
Bz = curlz A = 0

so that

'1 [ a lUi e-i(ju a j,Vi e-i{j'IJ ]
B 0 = ~ ej{j(g-z) ---:- -- du + e-i{j(g-z) - -- dv (11)

87rV ar UO u ar Vo v

Since r occurs in both limits of integration, the general formula 26 for
differentiating a definite integral with respect to a parameter must be
used. Note that the integrands do not involve r. Using the following
derivatives of the limits of integration:

auo avo r aUI aVIar = ar = R o ar ar
the expression (11) may be integrated into

JIm [ . (r e-i{jUi r e-j {j1to)
B o = - e1{j(g-z) - -- - - --

87rV III UI R o 'lto. (r e-i:3'IJ 1 r e-ifJ'lJO
) J+ e-1{j(g-z) - -- - - --

R I VI R o Vo
(13)
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(16a)

(16b)

(16c)

Considerable rearrangement and simplification of (13) are possible. The
final result is

B. ~ 1;:r [e-i'" (cos K + jZ ~l h sin K) - .-.;,•• (COSG +j ~o sinG)]
(14)

where K == {jk G == H + K == (j(h + k) (15)

The components of the electric field are now evaluated from (3a) with
(3b) and (14). Since, with B r = 0 and B z = 0,

1 a
curlr B = - - -a (rBtJ)r z
curltJ B = 0

1 a
curlz B = - -a (rB e)r r

it is clear that Er and Ez differ from zero, whereas EtJ vanishes.
differentiations of rBe with respect to z and r are elementary.
results are

E r = jtolm !e-ifJR1 [z - h cos K + j(z -2 h)2 sin K - ~ sin K]
471'"r RI RI {jR I

- e-ifJRo (~ cos G+ j
z

2 sin G- ~ sin G)j
R o R5 (jRg

_ jtolm l-ifJRl [cos K + j(z - h) . K + z - h . K]
Ez = 471'" e R

I
Ri sm {jR~ sm

OR (cos G+ jz . G + z . G)j- e-1l'Ro -- 2 sm -3 sIn
R o R o {jRo

The
The

(17)

(18)

In calculating the electric field maintained tangent to the conductors of
a transmission line by the currents in a parallel oscillator, only Ez as
given by (18) is significant.

4. The Electric Field of a Driven Section of Two-wire Line. 148 ,16I A
two-wire line of length 8 and spacing b is excited as a secondary by a
coupled shorter section of transmission line of length h and spacing bo,

in which a current is maintained by an appropriate negative resistance.
The distance between the planes containing the two parallel lines is d.
For simpl.icity, let all conductors in the long line and the coupled section
have the radius a. Thus the problem is the determination of the electric
fields at points QI and Q2 in Fig. 4.1 parallel to the conductors 1 and 2 of
the long line. The field is maintained by the balanced currents in con­
ductors 3 and 4 of the oscillator. It is assumed that

(1)
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It follows that the electric fields at Ql and Q2 are equal in magnitude
and opposite in direction.

A distribution of current which may be adapted to represent the cur­
rents in different oscillators and variously terminated coupled sections of

~ ---- - ------ % -----~..~',

Cb)
FIG. 4.1. Transmission line with coupled driven section of line. (a) Side view; (b)
end view. ---------------......

](0) ]3(U') .......
=========-I-=======~-------~

====~1-======------7
-]3(U') _" .",

------------
I I I

u'=O u' h g=h+k
FIG. 4.2. Distribution of current along driven section of line.

where

line is shown in Fig. 4.2 and given analytically by

-14(u') = 13(u') = 13(0) sin (j(g - u')
g=h+k

o ~ u' ~ h (2a)
(2b)

The coordinate u' locating the current is measured from the left end of
the oscillator, which is at a distance Xo from the left end of the main
transmission line. This distance satisfies the inequality

Xo» bo (3)
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It is desired to determine the electric field at points Ql and Q2 at a dis­
tance x from the end of conductors 1 and 2.

It follows from Sec. 3, Eq. (18), with changes in notation, that the
axially tangential component of the electric field maintained at a point
such as Ql on conductor 1 by a distribution of current of the form (2a) in
conductor 3 is given by

(4)

I 'R [cos K j(u - h) . K + u - h . KJe-1"RhU -- + 2 sm --a- sm
R h13 R h13 {3Rh13

'R (cos G ju. G + u . G)I- e-1"R018 -- + -2- sm -3- sm
R 013 R 013 {3R013

The field maintained at the same point Q1 by the current in conductor 4
of the oscillator is given by (4), with all subscripts 3 replaced by 4 and
the entire right side preceded by a minus sign. The following notation
is involved:

N == 13k G == H + K == {3(h + k) (5)

Rh13 = y(u - h)2 + T~3 = ~(u - h)2 + T3 + ~ - boTo cos () (6a)

ROl3 = yu2 + Tf3 = ~U2 + T3 + ~ - boro cos () (6b)

Rh14 = y(u - h)2 + Tf4 = ~(U - h)2 + T3 + ~ + boro cos () (6c)

R014 = yu2 + T~4 = ~U2 + T3 + ~ + boro cos () (6d)

The distances T13, T14, and ro and the angle () are defined in Fig. 4.1b.
The origin of u and u' is in the transverse plane through the left end of
the oscillator or coupled section of line. That is,

E _ -jroI 3(O)
2113 - 471' sin G

u = x - xo (7)

(8)

The resultant axially tangential electric field at Q1 is

-jroI 3(O) I(e-ifJRh13 e-ifJRh14) .
Ed = EZ13 + Ez14 = 4 . G -R - -R cos K + J(u - h)

71' SIn h13 h14

(
e-ifJRhU e-ifJRh14). (e-ifJRh18 e-ifJRh14).

X -R2 - -R2 sm K + (u - h) {3R3 - {3R3 sm K
h13 h14 hl3 h14

[ (
e-;fJROU e-ifJR014) . (e-ifJR013 e-ifJR014).

- -- - -- cosG +Ju -2- - -2- smG
R Ol3 R 014 R 013 R 014

(
e-;fJROll e-;fJR014). ] I+ U {3R3 - {3R 3 sm G

013 014

This is the general expression for the electric field at any point Ql along
conductor 1 of the transmission line. The field at Q2 on conductor 2 is
the negative of (8).
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Considerable simplification in (8) is possible under the practically most
important circumstances in which the angle 8 does not differ greatly from
1r/2, so that cos 8 is small. In particular, with t/; == 1r/2 - 8,

cos 8 = sin t/; == t/;

With (9) and the notation
b2

V5 == u 2 + T5 + i
it follows that

t/;2 «3 (9)

(10)

where

Evidently

Rh13 == VI -!It/; ROl3 == Vo - Jot/;
Rh14 == VI + !It/; R 014 == Vo + Jot/;

!I == boTo fo == boTo
2VI 2vo

boTo
!IVI = fovo = 2

(lla)
(lIb)

(12a)

(12b)

Since !I and Jo are less than 1, it follows, with (9), that

e-1Mhll == e-ipv1(1 + j(3!It/;) e-iMh14 == e-iPv1(1 - j(3JIt/;) (13a)
e-iMoli == e-iPvo (1 + j(3Jot/;) e-iMo14 == e-iPvo(1 - j(3Jot/;) (13b)

With (9) to (13b), (8) reduces to the following approximate form if all
terms with t/;2 and still higher powers of t/; as a factor are neglected:

Ed(u) == roI3~0)t/; (!Ie-iPV1 [ _j 1+ j(3VI cos K + (u _ h) (2 + j(3Vl
21r sm G vi vf

j 3 + j(3V I) . K] f -iPv [ • 1 + j(3vo G- - SIn - oe ° -J cos
~ vt V5

+ u (2 ~f(3vo - ~ 3 ~t(3vo) sin G]) (14)

This is the electric field maintained at QI in conductor 1 (Fig. 4.1) by
the equal and opposite currents and charges in conductors 3 and 4 of the
oscillator or coupled section of line.

In order to represent the electric field of transmission-line oscillators
of even and odd symmetries with respect to their centers, it is advan­
tageous to determine the field maintained at QI by two sections of trans­
mission line, of which the first is that shown in Fig. 4.1 and the second is
similar but extended in the opposite direction, as shown in Fig. 4.3. The
current in this second section is given by

-14(u') = 13(u') = ±13(O) sin (3(g + u') - h ~ u' ~ 0 (15)

where the upper sign applies to an oscillator in which the current is even,
I( -u') = I(u), and the lower sign applies to an oscillator in which the
current is odd, I( -u') = -leu).

The field maintained by the current in the second section is like that
given in (14) if the proper sign is prefixed and u is replaced by - u.
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This involves the substitution of V2 and h, as defined by

b2

v~ == (u + h)2 + r~ + 4 (16)

Oscillator or
coupling element

(18)

for VI and 11, as defined in (10) and (12a). The resulting expression is

Ez1(u) = =+= jsola.(O)1/; (/2e-ifJV2 [1 + j{3V2 cos K
211" sm G v~

_ j(u + h) (2 ~t{3V2 + 3 ~V{{3V2) sin K]

I "8 [1 + j{3vo . G . (2 + j{3vo + 3 + j{3vo) . G]l (17)- oe-1 vo cos - JU SIn .
V5 vg {3v~

The sum of (14) and (17) gives the complete electric field maintained at
Ql by a transmission-line oscillator of length 2h which has an even (upper

Main line Q1 ~
------.----:::-'l':~?4'7f4..---

.~/.'l /
././~.//.} i

/./ # R~13 /R i Rh14

<22./~/L;;J
\ h

u=-h ! Ro14

%=xo-h %0 %o+h

FIG. 4.3. Transmission line with coupled driven section of line or oscillator consisting of
two parts each of length h.

sign) or odd (lower sign) distribution of current with respect to its center
at u = 0 or x = xo.

Even Currents and Fields. The simplest special case is the field of a
half-wave section of line with vanishing currents at both ends. In this
case K = 0, and G = H = 11"/2. Since the current is even, the upper
sign in (17) applies. The complete field at Ql is

E
z1

(u) = -jsola(O)t/t (fte-ifJVl 1 + j{3Vl + he-ifJv2 1 + j{3V2)
211" VI V2

Numerical computations have been made for an actual oscillator of
the type shown in Fig. 1.2. The following constants apply:

211"
{3 = X = 0.333 cm-1

2h = 20 em b = bo = 2 cm ro = 10 cm 1/; = sin-1 0.1 == 0.1

K = 1.2~7 H == {3oh = 0.333
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FIG, 4.4. Electric field maintained by transmission-line oscillator with even current.
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FIG. 4.5. Sketch of typical electric field maintained by transmission-line oscillator
with odd current.
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A graph of the quantity of jEzl(u)/lz(0)1/I as a function of u is given in
Fig. 4.4.

Odd Currents and Fields. The simplest special case is the field of a
half-wave section of line with vanishing currents at the center. In this
case K = 1r/2, H = 1r/2, and G = K + H = 1r. Since the current at
u = 0 vanishes, it is convenient to substitute la(h) = la(O)/sin G for the
indeterminate form 0/0. The resultant field is the sum of (14) and (17),
with lower sign. Thus

E leU) = tola(h) [(U _ h)!le-ifJv1 (2 + j{3Vl _ t 3+ j{3Vl)
z 21r vf {3 v1

+ (u + h)/2e-ifJv2 (2 ~t{3V2 _ ~3~({3V2)] (19)

A sketch of the type of field represented by (19) is given in Fig. 4.5.
Asymmetrical Currents and Fields. If the currents are neither odd nor

even with respect to the center of the oscillator or coupling element,
they may be represented as the sum of even currents and odd currents.
Accordingly the electric field is the sum of a field of the even type shown
in Fig. 4.4 and the odd type shown in Fig. 4.5 with appropriate amplitudes
and phases. If the primary section of line is terminated in its character­
istic impedance at u = h in Fig. 4.3, the current distribution is

-14(u') = la(u') = 1a(0) (cos (3u' -j sin (3u') (20)

(2)

(1)

Since this is the sum of the even currents and -j times the odd currents,
it follows that the electric field of a traveling wave of current on a half
wavelength of line is Ezl(u) in (18) minus j times Ezl(u) in (19).

5. Current and Voltage in a Line Driven by a Coupled Section of
Transmission Line; Directional Coupler. l49 The current and voltage at a
point z along a transmission line which extends from z = 0 to z = sand
which is driven by a pair of equal and opposite point generators with
emfs jV~ at z = x are given by Chap. IV, Sec. 2, Eqs. (5) and (6). They
may be expressed as follows:

lz = i:~: sinh (yx + 80)

Vz = V;~w sinh (yx + 80)

where
and

Sw = sinh (yw + 8.) S. = sinh (ys + 80 + 8.)
Cw = cosh (yw + 8.)

As usual, w == 8 - z.
If the line is driven by a continuous distribution of generators over a

range extending from z = Xo - U to z = Xo + u, it follows from the
principle of superposition that the current and voltage are the super-
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(4)

(3)

positions of the currents and voltages maintained by all pairs of gener­
ators localized in each element dx between Xo - g' and Xo + g. Thus,
if the emf maintained by the distribution of generators per unit length in
conductor 1 is E~(x) and that in conductor 2 is -E~(x), the total current
and voltage maintained by the entire distribution are

S j,xo+
g

Is = Z SW E;(x) sinh (yx + 00) dx
C 8 xo-g'

C j,xo+
g

Vs = SW E;(x) sinh (yx + 00) dx
8 XO-g'

The electric field maintained along the conductors of the line by the cur­
rent in a coupled section is equivalent to a distribution of generators.
In this case the distribution of emfs per unit length E;(x) is replaced by
Es1 (u), as given by the sum of Sec. 4, Eqs. (14) and (17), if the currents
in the oscillator have even or odd symmetry with respect to the center of
the oscillator at u = 0 or x = Xo. Note that u = x - xo. In the general
case, in which the current in the oscillator is characterized by no par­
ticular symmetry, it may be expressed as the sum of odd and even parts,
and E s1 (u) appropriate to each part may be obtained using Sec. 4, Eqs.
(14) and (17), with suitable relative amplitudes and phases.

The electric field maintained along the line by the currents in the
oscillator may be expressed in a Fourier series of the following type:

00

E z1 (x - xo) = L [am cos m(3'(x - xo) + bmsin m(3'(x - xo)] (5)
m-l

in the range of x between Xo - g and Xo + g. The am's and bm's are
complex constants. For use in (3) and (4) it is more convenient to
express (5) in terms of hyperbolic functions. Thus, with y' = j(3',

00

Ez1(x - xo) = L [am cosh my'(x - xo) - jbm sinh my'(x - xo)] (6)
m=l

If (6) is substituted in (3) and (4), the following integrals must be
evaluated:

11 == l~~:~ sinh (yx + (0) cosh my' (x - xo) dx (7a)

J2 == (xo+
g

sinh (yx + 00) sinh my'(x - xo) dx (7b)
}XO-g'

By using familiar formulas (e.g., Dwight 651.03 and 651.05) the prod­
ucts of two hyperbolic functions may be transformed into sums of hyper­
bolic functions that are readily integrated. The results are

1 1 = (P + q) sinh (yxo + 00) + (p' + q') cosh (yXO + (0) (8a)
12 = (P' - q') sinh (yxo + 00) + (p - q) cosh (yxo + 00) (8b)
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I
I
I,
\
\

\.
\

where p = sinh o(r + mr') + sinh o'(r + mr') (9a)
- 2(r + mr')

P
' = cosh o(r + mr') - cosh o'(r + mr')

- 2(r + mr') (9b)

_ sinh O(r - mr') + sinh 0'(r - mrf
) (9c)

q = 2(r - mr')
, _ cosh O(r - mr') - cosh Of (r - mr') (9d)

q = 2(r - mr')

By now introducing the notation

n

Vx == l [am(p + q) - jbmCP' - q')] (lOa)
m=l

n

Wx == L [am(p' + q') - jbm(P - q)] (lOb)
m=l

Eqs. (3) and (4) reduce to

I:e = [Vx sinh (rxo + 00) + W x cosh (rxo + 00)] ~SB (11)

Vz = [Vx sinh (rxo + 00) + Wx cosh (rxo + 00)] ~: (12)

These expressions are identical with Chap. IV, Sec. 4, Eqs. (5) and (6),
for the current and voltage maintained by three pairs of equal and oppo­
site point generators, as illustrated in Chap. IV, Fig. 4.1. Note that the

Main line
,--. ---_-_-_~__ Load
"'----------------- ._-~

------

-1--------
f ~-cOUPling element with
f asymmetrical currents,

/ Resonant line

To generator t
FIG. 5.1. Transmission-line coupling element with open end and asymmetrical current
distribution and electric field.

coordinate Xo, which locates the point on the line opposite the center of
the oscillator, replaces the coordinate x, which locates the middle pair of
point generators. A coupling unit that requires this general represen­
tation is shown in Fig. 5.1. The appropriate electric fields can be con­
structed from combinations of Sec. 4, Eqs. (14) and (17), or from Sec. 4,
Eq. (14), alone.

Even Currents. If the distribution in the driven section of line is
even with respect to its center, the coefficients bm of the sine terms in (5)
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vanish, and the field maintained by these symmetrical currents is also
even. If the driven section is far enough from the ends of the line so that
the coordinates z = Xo - g' and Xo + g where the field is vanishingly
small are points actually on the line and not beyond one or the other end,
the effective exciting field of the even currents is also even, and g' = g.

Main line
_________-_-~~~~Load

(a)

Oscillator with
even current

'e:.--

(b)

Main line
_________-_-~~::~Load

",.,--------- .........

",---------- A/2-coupling element
with even current

Resonant line

To generator+
FIG. 5.2. Transmission-line oscillator and coupling element with even currents and
electric fields.

It follows from (9b,d) that P' = q' = O. The effective driving voltage
of the even excitation is given by (lOa,b), with bm = 0 and p' = q' = O.
It is

n

VI: = I [amCP + q)]
m=l

(13)

This corresponds to a single pair of equal and opposite point generators
at z = xo. An oscillator and a coupling unit with this type of symmetry
are shown in Fig. 5.2. The appropriate electric field is given by the sum
of Sec. 4, Eqs. (14) and (17), with the upper sign. It is illustrated in
Fig. 4.4 for one particular oscillator.

Odd Currents. If the distribution in the driven section is odd with
respect to its center, the coefficients am of the cosine terms in (5) vanish,
and the field maintained by the odd currents is itself odd. If, in addition,
the driven section is far from both ends of the line, so that the coordinates
z = Xo - g' and z = Xo + g are on the line, the effective exciting field of
the odd currents is also odd, and g' = g. It follows from (9b,d) that
p' == q' = O. The effective driving voltage of the odd excitation is
given by (10a,b), with am = 0 and p' = q' = O. It is

n

Wz = l [-jbm(P - q)]
m=l

(14)

This corresponds to two pairs of equal and opposite point generators
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located at xo - g and xo + g, as shown in Chap. IV, Fig. 3.1. An oscil­
lator and a coupling unit with this type of symmetry are shown in Fig.
5.3. The appropriate electric field is given by the sum of Sec. 4, Eqs.
(14) and (17), with the lower sign. A typical example is sketched in
Fig. 4.5.

Traveling Waves; Transmission-line Directional Coupler. As indicated
at the end of Sec. 4, a traveling-wave distribution of current in the driven

~---

(a)

'=---

Main line
__________-_--~~-~~Load

\----- !is---=~- Oscillator with
_!"-___ __ -- odd currents

Main line
__________- -=~Load

A/2-coupling element
-=-="t~f--'.'=-=-- with odd currents

(b) To generatort

FIG. 5.3. Transmission-line oscillator and coupling element with odd currents and
electric fields.

line is equivalent to a superposition of even and odd currents in time
quadrature. It follows that the excitation in a coupled line must be
equivalent to a superposition of one pair of equal and opposite point
generators to represent the even current, and two pairs of such generators
to represent the odd current. The appropriate general formulas for the
current are Eq. (11) or Chap. IV, Sec. 4, Eq. (5), when x ~ z ~ sand
Chap. IV, Sec. 4, Eq. (7), when 0 ~ z ~ x. If the coupled secondary
line is terminated at both ends in its characteristic impedance so that
Zo = Zc, Z8 = Zc, or Po = P8 = 00, these equations reduce to

l z = VI: ~cw:c eY(:C-z) x ~ z ~ s (15a)

V-W
l z = :c 2Z

c
:c cY(:C-z) 0 ~ z ~ x (15b)

where x is the fixed location of the point generators and z is the point along
the line where the current is measured. The following are important
special cases:

For W:c = V:c: l z =
{ V. eY(~" x~z~s (16a)Zc

0 O~z~x

{ ~x e-Y('-"

x;£z~s

For W:c = -V:c: l z =
O~z~x

(16b)

Zz



468 TRANSMISSION-LINE THEORY [Chap. VI

Thus, when Wz = Yz , a traveling wave of current is excited on the coupled
transmission line that moves in the positive z direction toward Zs = Zc,
whereas the line in the negative z direction is not excited. Alternatively,
when Wz = - Yz , a traveling wave of current moves toward Zo = Zc in
the negative z direction, whereas the line in the positive z direction is not
excited. Since from Chap. IV, Sec. 4, Eq. (7), Wz == j{3gye, where jye is
the emf of each of the four point generators, it follows with the sign
convention in Chap. IV that the condition Wz = yz corresponds to
yB = -jYz /{3g and to the current 13(u') = 13(O)e-ifJ (h-u.') , which is a
traveling wave in the negative z direction. Similarly the condition
Wz = - Yz corresponds to ye = jYz /{3g and 13(u') = 13(O)e ifJ(h-u') , which
is a traveling wave in the positive z direction in the primary circuit. It
follows that a traveling wave in the positive z direction in the primary
section of line (terminated coupling element) induces a traveling wave in
the opposite direction in the coupled transmission line. This behavior
corresponds to that described in Chap. III, Sec. 15, for the hybrid junc­
tion when used as a directional coupler. It follows that a section of line
that is terminated at both ends in its characteristic impedance and is
coupled to a second line can be used as a directional coupler. Clearly,
energy that reaches Zo = Zc must originate in a traveling wave in the
positive z direction in the primary line, and energy that reaches Zs = Zc
originates in a wave traveling in the negative z direction in the primary
line. Details on the construction and operation of such directional
couplers are given in the literature. 142, 166

The expressions [Sec. 4, Eqs. (8), (14), and (17)] involve no restriction
on the perpendicular distance d between the main line and the oscillator.
That is, any degree of coupling is permissible. However, if d is small
enough so that the field maintained by the currents in the line induces
a significant voltage in the oscillator, the frequency generated is modified
by the presence of the line, and coupled-circuit effects resembling those
described in Sec. 2 are observed. These may be analyzed by introducing
in each circuit appropriate generators maintained by the current in the
other circuit and expressing these in the form

Y = -IZm

In this manner two simultaneous equations, each involving the currents
in both circuits, are obtained, just as in Sec. 2, where the mutual imped­
ance consists simply of an inductance in common.

If the cQupling between the oscillator and the main transmission line is
loose, so that there is no significant modification of the current in the
oscillator or of the frequency generated by it, the equivalent induced
emfs Vz and Wz may be treated as constant pairs of point generators.

6. Coupled Transmission Lines. When two transmission lines are
sufficiently close and so oriented that the currents and charges in the one
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induce significant currents and charges in the other, a mutual interfer­
ence of the signals transmitted along the lines occurs. At low frequencies
this is known as cross talk. At audio frequencies the induced voltages
may be derived from relatively simple electrostatic and magnetostatic
analyses involving the determination of mutual capacitances and induct­
ances. The general or high-frequency problem of determining the inter­
action between two transmission lines is much more complicated. A
special case of the general problem is analyzed in Sees. 4 and 5, where
it is assumed that the two lines lie in parallel planes at the corners of a
regular trapezoid, so that both lines remain balanced.

In a more general case the two lines may be assumed parallel but with
arbitrary relative positions. The currents are those of transmission lines
with arbitrary loads. In general, they are not sinusoidal but are derived

!Vl
e

II <D QI

-~~" : : 3Zsl
+ 12 ® Q2!vt

!v2
e

:' <ID

-~:02 3Za2

+ - 14 ®!v2
e

FIG. 6.1. Coupled two-wire lines.

from a hyperbolic sine or cosine of complex argument, as given by
Chap. IV, Sec. 2, Eq. (7). The electric field of such a distribution in
a single conductor may be determined by using this current instead of
Sec. 3, Eq. (la), in the integral [Sec. 3, Eq. (2a)]. The field of the cur­
rents and charges in the two conductors (e.g., 3 and 4 in Fig. 6.1) of one
line at a point QI on conductor 1 of the second line is obtained by super­
imposing the field of the currents and charges in each of the conductors
3 and 4 at Ql. Since the positions of the two parallel transmission lines
are arbitrary, the field at Q2 on conductor 2 is not the negative of that
at Ql. However, it may be determined by superimposing the fields of
conductors 3 and 4 at Q2. The fields along each of the conductors 1 and
2 may then be treated as a distribution of point generators. However,
they are not equal and opposite in the two conductors, so that the line is
unbalanced. The balanced part of the current, which contributes to the
balanced current maintained in the line by its driving generators, may be
determined in a manner analogous to that used in Sec. 5. The unbal­
anced current must be analyzed by the methods of antenna theory.lO

If each of the coupled lines consists of a single conductor parallel and
close to a large metal plane, each conductor with its image is equivalent



470 TRANSMISSION-LINE THEORY [Chap. VI

to a two-wire line and may be analyzed as such following the general
method used in Secs. 4 and 5.

7. Admittance of Bridge-coupled Sections of Low-loss Transmission
Line; Coupled-circuit Effects Involving Minima and Double Peaks.lSO.lS8
Consider the problem of determining the input admittance Yl of the
transmission line shown in Fig. 7.1. It consists of a section of line of
length w (to be called the primary), which is terminated in an inductive
reactance wL in parallel with the input impedance Z2 of a second section
of line of length u (to be called the secondary), which is terminated in an

1-+----- w ----*'" ------- u ------~

z=o z=w z=u+w

(a)

ivo Bl B2- +

.lot+Yl IL IL
+

I 14lv/I' w u -I2 0

(b)
FIG. 7.1. Bridge-coupled sections of transmission line (a) with arbitrary termination
Z", and (b) with inductive bridge L as termination and a pair of point generators at
the input terminals.

arbitrary impedance Zu. Note that the coupled-circuit oscillator, for
which the natural frequencies are determined in Sec. 2, consists essen­
tially of this same circuit, but with a negative resistance connected across
the input terminals and with Zu specialized to be a short circuit or an
open circuit. It is shown in Chap. III, Sec. 1, that the normalized input
admittance Yl = Yl/Ye of a section of line of length w, when terminated
in an arbitrary normalized admittance Ylw = Yw/Ye, is

Ylw + tanh yw Ylw cosh yw + sinh yw
Yl = Ylw tanh yw + 1 = Ylw sinh yw + cosh yw (1)

Ye = Ge(1 + jcPe) is the characteristic admittance of the line and
'Y = a + j(3 is its propagation constant.

The Normalized Terminal Admittance of the Primary. In the circuit
shown in Fig. 7.1 the normalized terminal admittance of the primary is

1
Ylw = j(3k + Y2 (2)

where Y2 is the normalized input admittance of the second section of line
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and where, with v the phase velocity and l the inductance per loop unit
length,

wL
{1k = - = wWcvl

(3)

(5b)

(5a)

The normalized input admittance of the second section of line may be
expressed in the completely hyperbolic form, as follows:

Y2 = coth (A + jF') (4a)
where A := au + Pu F' := {1u + 4>~ (4b)

The terminal functions p and 4>' are discussed in Chap. II, Sec. 15. Using
Chap. III, Sec. 1, Eqs. (16b) and (17b), the input conductance and sus­
ceptance defined by Y2 = g2 + jb2 are

sinh A cosh A. A
g2 = sinh2 A + sin2 F ' = A2 + sin2F'
b _ - sin F' cos F' ...:... - sin F' cos F'
2 - sinh2 A + sin2F' - A 2 + sin2F'

The expressions on the right in (5a) and (5b) apply to a line with low
over-all attenuation which satisfies the following inequalities:

(6)

(7b)

(7a)

With (5a) and (5b) substituted in (2), Ylw = glw + jb 1w is obtained. Thus

. . A
glw = g2 = A2 + sin2F'

b == _ (1 + sin F' cos F')
lw \flk A 2 + sin2F'

These are the final expressions for the normalized conductance and sus­
ceptance of the termination of line 1.

For later reference it is convenient to examine certain ranges of F' for
which (7a) and (7b) assume simple forms. Consider first the principal
ranges, which include all values of F' = {1u + 4>~ which satisfy the follow­
ing inequality:

sin2F'» A2 (8)

In these ranges (7a,b) become

glw == A csc2F' b1w == - (tk + cot F') (9)

For sufficiently small values of the attenuation function A, as required
by (6), the ranges of F' excluded by (8) depart only slightly from the
points

(10)

(11)

n integral
1

b1w = - 13k

F ' := {1u + 4>~ = n1f'
1

glw = Aso that
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In order to examine small ranges near the points defined in (10), let

F' == {3u + cI>~ = n1r + {3d n = 1,2, . . . (12)

where d is a small positive or negative quantity that is assumed to satisfy
the inequality ({3d) 2 «1. With (12) it follows that

(14b)

(13a)
(13b)

(14a)

sin F' cos F' = j sin 2F' = j sin 2{3d == {3d
sin2 F' = sin2 {3d = ({3d) 2

A
Hence

glw = A 2 + ({3d)2

b1w = - [(3lk + A 2 :d({Jd) 2 ]

The magnitude of the normalized admittance at F' = n7r + {3d is

where

A = ~ {3u + Pu = ~ (n7r - <I>~ + (3d) + Pu == An + ad == An (15b)

where An = a;7r (15e)

Since {3d may be positive or negative, it is evident that b1w may vanish.
The required values of {3d are

For b1w = 0: pd =- P; [1 ± ~1 - e~n)2] ={=p~ (16a)

The corresponding values of glw are ~ An

• An 2An • {32k2
glw = - {3d{3h = ({Jk)2[1 ± VI - (2A n/{3k)2] = 1-. (16b)

An

By differentiating b1w in (14b) with respect to {Jd and equating the
derivative to zero, the maxima and minima of b1w are located. They
occur at

(17a)

and have the values

b1w = - ;k (1 ± :~~)
The corresponding values of glw are

1 ± a/{3
glw = --2A-:---

(17b)

(17e)
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The maximum value of glw may be located in the same manner. Its
location and magnitude are given by

{3d == 0 (18)

The minima of glw occur in the range specified in (8) where (9) applies.
They occur at values of u somewhat smaller than those defined by

I I I

Ol = 3.93 x10-3 nep/m Y1w-4L IL
fJ=Tf/2 rad/m; A.=4m i4---U---~

k=L/I=O.04m
l'iw~=Ylw=glw+jb1UJ

1'~rst ~idge alone .-J 7
V

-
'f

-
Ir-~

I I I

-GO

-40

b1UJ

-20

60

o

20

40

-80
o 025 0.50 0.75 1.00 1.25

FIG. 7.2. Normalized susceptance bI ", of inductance in parallel with a section of line of
length u terminated in an equal inductance.

F' == {ju + 4>~ = [(2n + 1)/2]11' and have magnitudes close to A = aU.

Extreme values of the magnitude Ylw may be obtained by differentiating
(15a) with respect to {3d. With n integral, they are located at

{3d = 0
{jd == -{3h

or
or

{ju = n1l' - 4>~

{3u = n1l' - {jk - 4>~

for the maxima (19)
for the minima (20)

It is seen that the minima of Ylw virtually coincide with one of the sets
of values for which b1w = O. The extreme magnitudes of Ylw are

( ) . A;
Ylw min = 13k (21)

Graphs of the normalized input susceptance b1w , the conductance glw,

and the magnitude of the admittance Ylw = V grw + brw are shown in
Figs. 7.2 to 7.4 for a special case in which the termination of the second
section of the line is also an inductive reactance wL. That is, Zu == jwL,
so that 4>~ = 13k and Pu == o. It follows that F' = (j(u + k). The
numerical values of the several constants given in the figures are those
of a particular apparatus. Numerical data are given in Table 7.1.
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A study of Figs. 7.2 and 7.3 reveals that wide ranges of normalized
terminal conductance and suscep­
tance are available. The suscep­
tance remains near the value char­
acteristic of the first bridge alone,
except near F' = (j(u + k) = n7r,
where it varies rapidly between high
positive and negative values. The
conductance is quite small except
near the points F' = n7r, where it
rises t<,> high maxima. The magni­
tude of the normalized admittance
shown in Fig. 7.4 is characterized
by adjacent minima and maxima
near F' = n7r. As indicated in (19)
and (20), the maxima occur at
{ju = n7r - {jk and the minima at
{ju = n7r - 2{jk for the special case
represented in Fig. 7.4, in which
<I>~ = {jk. The latter formula is
convenient to use in the experi­
mental determination of k for a

0.0010~J....&-~"""""~:7-''''''''''''~'''''''''~'''''''~ conducting bridge, as discussed later
0.25 0.50 0.75 1.0 1.25 in this section.

F/211' =(u +k)/l\.
The Input Admittance of the Pri­

FIG. 7.3. Normalized conductance associ-
ated with the susceptance in Fig. 7.2. mary in the Bridge-coupled Section.

The real and imaginary parts of (1)
may be separated by introducing Ylw = glw + jb1w• The following results

I I

~=3.93xlO-3nep/m Ylw-.!L IL
fJ=1f/2 rad/m - t-----u---~

k=L/I=O.04 m Y1wZ'C=Yl...=gl...+jb1w

" , \

100

120
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40

80
1.11...1

60

00 0.25 0.50 0.75 1.00 1.25
F121f= (u+k)/i\

FIG. 7.4. Magnitude of normalized input admittance associated with the susceptance
and conductance of Figs. 7.2 and 7.3.
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TABLE 7.1. NUMERICAL VALUES OF b1w AND glw FOR THE FOLLOWING PARAMETERS:

/3 = i radians/m; k = 0.04 m; a = 3.93 X 10-3 neper/m

F'//3 = F'//3 =
u + k, b1w gltl1 Ylw u +k, b1w glw Ylw

m m

0.05 -28.6 0.0068 28.6 2.50 -16.9 0.0193 16.9
0.08 .......... 0.0099 3.00 -15.9 0.0116 15.9
0.10 -22.2 0.0096 22.2 3.50 -14.9 0.0272 14.9
0.20 -19.0 0.0066 19.0 3.80 -12.8 0.155 12.8
0.50 -16.9 0.0036 16.9 3.90 -9.6 0.616 9.6
1.00 -15.9 0.0038 15.9 3.95 -3.2 2.397 4.0
1.50 -14.9 0.0115 14.9 3.96 -0.99 3.666 3.8 min
1.80 -12.8 0.0726 12.8 3.963 0.0 4.178 4.2
1.90 -9.6 0.297 9.6 3.97 +3.18 6.255 7.0
1.95 -3.2 1.200 3.41 3.98 +9.54 12.54 15.7
1.96 -0.2 1.885 1.9 min 3.99 +15.9max 31.43 35.2
1.9606 0.0 1.940 1.94 3.9973 0.0 36.39 36.4
1.97 +4.7 3.231 5.7 4.00 -15.9 63.03 65.0
1.98 +14.1 7.273 15.9 4.01 -47.7 min 31.59 57.2
1.995 +47.7max 62.23 78.5 4.02 -41.4 12.67 43.3
1.9994 0.0 123.3 123.3 4.03 -35.0 6.350 35.6
2.00 -15.9 124.8max 125.8max 4.04 -30.9 3.740 31.1
2.005 -79.5 min 62.55 101.2 4.05 -28.6 2.458 28.7
2.01 -66.7 25.08 71.3 4.10 -22.2 0.648 22.2
2.03 -36.6 3.331 36.8 4.20 -19.0 0.172 19.0
2.05 -28.6 1.264 28.6 4.50 -16.9 0.0351 16.9
2.10 -22.2 0.329 22.2 5.00 -15.9 0.0195 15.9
2.20 -19.0 0.0891 19.0

i I

are obtained:
D cos ({3w + 0) + jE sin ({3w + e)

Yl = E cos ({3w + e) + jD sin ({3w + 0)
(22a)

(23c)

(22b)

(22c)

(23b)

(23d)

(23a)
gl = D2 sin2 ({3w + 0) + E2 cos2 ({3w + e)
b

1
= ([E2 sin 2({3w + e) - D2 sin 2({3w + 0)]

D2 sin2 ({3W + 0) + E2 cos2 ({3w + e)

1 = [D2 cos2 ({3w + 0) + E2 sin2 ({3w + e) J!
Y D2 sin2 ({3w + 0) + E2 cos2 ({3w + e)

() _ t -1 E2 sin 2({3w + e) - D2 sin 2({3w + 0)
1 - an

2DE ros (0 - e)

where

D == [(glw + aw)2 + biwa2w2]1 E == [(1 + glwaw)2 + biw]l

o == tan- 1 b1waw e == tan-1 b1w

glw + aw 1 + glwaw

It follows that, with Yl = gl + jb 1 = Yle j8
"

DE cos (0 - e)
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Special Case with Self-resonant Primary. An interesting special case is
obtained when the primary circuit is adjusted to be self-resonant before
the secondary is connected. Input resonance for a section of line of
length w, when terminated in an inductive bridge of equivalent length k,
is defined by (j(w + k) = m1r, where m is an integer. With this set of
values of {jw, the magnitude Yl in (23c) may be transformed into

= [F2 cos2 (jk - 2bl~(1 - a2w2) sin {jk cos {jk + G2 sin2 {jk]l 24
Yl G2 cos2 (jk + 2b1w (1 - a2w2) sin {jk cos {jk + F2 sin2 (jk ()

where F2 == biw + (glw + aw)2 G2 == biwa2w2 + (1 + glwaw)2 (25)

In most practically interesting cases the following inequalities are
satisfied:

(aw)2 « 1 ({jk)2 « 1 (26)

With (26) the magnitude (24) reduces to

. [ (b lw - {jk)2 + (glw + aw)2 ]1
YI = (biw + groo)(a2w2+ (j2k2) + 2(glwaw + b1oo{jk) + 1 (27)

The general behavior of YI in (27) as a function of the electrical length
{ju of the secondary may be determined by considering the orders of
magnitude of b100 and gloo. Thus, in the principal ranges specified in
(8), glw is small compared with bloo , which remains almost constant near
-1/{jk, as is clear from Figs. 7.2 and 7.3. With this value of b1w substi­
tuted in (27), the leading term in the numerator is biw = 11{j2k2. The
terms bi~{j2k2 + 2b1w{jk + 1 in the denominator cancel, and the leading
term is biwa2w2 = a2w21{32k2. It follows that YI remains approximately
constant at the value

. 1
Yl =­aw

(28)

in the range defined in (8). However, this is the value characteristic of
the self-resonant primary alone, with the secondary removed. Thus it is
to be expected that Yl is sensibly constant at the large value l/aw, except
when the secondary length is such that F' = {3u + 4>~ is near n1r, where
both b1w and gloo become large.

In the ranges of u for which F' = (3u + cf>~ is near n1r, glw is very large
compared with aW and 13k, and blw varies between large positive and
negative values. It follows that in these ranges the numerator in (27)
reduces to bioo + groo :=: yroo' Thus

Ylw
YI = [Yioo(a2w2 + (32k2) + 2(glwaw + b1w{3k) + 1]1 (29)

Although, with (26), aw and 13k are both small, Ylw may be sufficiently
great so that all terms in the denominator contribute significantly.
Nevertheless, since Ylw is the entire numerator, it may be expected that
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the variation of Yl with u will resemble that of Ylw. That is, there should
be 'maxima near {3u = n-tr - 4>~ and minima near {3u = n7l" - {3k - 4>~.

Since these minima of Ylw coincide with zero values of b1w , and glw is suf­
ficiently small so that the leading term in the denominator of (29) is 1,
it follows that the minima in Yl must occur essentially at the same values
of {3u as the minima in Ylw. Graphs of the magnitude Yl as functions of
the length u of the secondary are given in Figs. 7.5 and 7.6 for various
conditions. Figure 7.5 has been evaluated for a rather long primary
circuit for a reason that is discussed below. As a consequence, the high
maxima in Ylw shown in Fig. 7.4 have corresponding maxima in Yl which

1.00.75

12 ',_ _ _ _ _ " : ' _

I 1
8 a= 3.93 X 10-3 nep/rri\-"r+-~r----+--+---+t+--t

)/1 =11'/2 rad/m •
4 .\=0.04 m +--+I--~---t---+--t+---I

o w+k-5i\.
o 0.25 0.50

u/ll
FIG. 7.5. Theoretical normalized magnitude of the input admittance of a self-resonant
section of line of electrical length (:3(w + k) = 10, when terminated in an inductance
L = kl in parallel with a second section of line of electrical length u also terminated in
L = kl.

are very much reduced. On the other hand, the minima of Y1 are com­
parable with those of Ylw. In Fig. 7.6, Yl is shown for several values of
w, a, and k. It is seen that, whereas the maxima may be greatly altered,
the minima are all sharp and actually occur at

{3u = n7l" - 2{3k (30)
in all cases when 4>~ = {3k.

The Determination of the Equivalent Length k of a Conducting Bridge.
Use may be made of the simple formula (30) to determine the equivalent
length k of each of two identical conducting bridges by direct experimental
measurement. Clearly, if the sharp minima (in Fig. 7.5 or 7.6) in the
magnitude of the normalized input admittance can be located, the dis­
tance between the fixed bridge terminating the primary and the identical
bridge terminating the extensible secondary, when this has a length to
give the first minimum in Yl, is

u = ~ - 2k (31)

and the distances between adjacent successive minima are Xj2. Thus,
by locating the first and second minimum relative to the fixed bridge
(these are shown, for example, in Fig. 7.5), both Xj2 - 2k and Xj2 may
be measured. From these measurements 2k is determined.

It is not necessary actually to measure the input admittance Y1 of the
bridge-coupled circuit, shown in Fig. 7.1 (with Zu = jwL) as a function
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of u, in order to locate the minima in YI = YI/Yc == YI/Gc• Since the
normalized input admittance is defined by

10
YI = VOY

c
(32)

where 10 is the current and Vo is the voltage at the input terminals z = 0

6Or--------;---oooo:---:----------.
a=3.93 x10-3 nep/m;p=7T/2 rad/m; ,\,... 4 m

50 ~ k=O.Ol m;w+k='\'" "'........... ----_-.1 .....-..' - _
I I

40 - \:~

~ ~
30 i- IJ

I
.

II··

20 ::. ~::~:~~:.~+k="-) ~ .

10 ::-.- .-.-. ~.:::;::.:::.::.::~~:~::... t·_·_·-.-
k=0.04.m; w+k=5

j
i\ '.~o I 'I
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150,..------:-----:'----------
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I
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50 ~ 't··· 'J..... ,I ....... "'1 ~~3.93·~·i;;:;T1 '" '" """1 .

0'"---""'-, __.&.' '1- '1-__"--,__......'
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(b)
FIG. 7.6. Magnitude of normalized admittance (a) for different values of L = kl and
wand (b) for different values of the attenuation constant Cl'.

of the primary, it is clear that IYII is proportional to 1101. Hence, if an
impedanceless ammeter is connected in series with an impedanceless
generator across the input terminals of the primary in Fig. 7.1, and the
magnitude of the current 10 is observed as u is changed (with Zu = jwL),
the minima of 10 coincide with those of YI.

In practice, the combination of an impedanceless ammeter in series
with an impedanceless generator is unavailable, and a finite value of Zo
is unavoidable. However, an actual circuit consisting of a primary of
length w', driven by a generator in series with an ammeter, and their
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combined impedance Zo at z = 0 may be approximated by an ideal cir­
cuit consisting of a primary of length w > w', driven by an impedance­
less generator in series with an impedanceless ammeter. The require­
ment that the input currents in the two cases be the same is simply

(33a)

,-- -- r- -- - "
" I

\
,

I
\ '

"
\ I

"
\'

t ~

~ 15
co
o
~ 10
of!
co
- 5
~

or, in terms of normalized values,

coth ("'('w' + Ow) + Z10 = coth ("'(w + 00) (33b)

In (33b) it has been assumed that the characteristic impedances of the

20

o
6.8 6.5 6.0 5.5 5.0 4.5 4.0 3.5 3.0 2.5
B 1 Position of B 2 on scale

FIG. 7.7. Experimentally determined magnitude of current entering primary as length
of bridge-coupled secondary is increased. B 1 is the location of the bridge terminating
the primary; B 2 is the location of the bridge terminating the secondary. Line and
bridges are of No. 12 copper wire; A = 4.3 m.

actual and the equivalent sections of line are the same, but the propa­
gation constants "'(' and "'( may differ in their real parts. That is,
"'(' = a' + j{3, and "'( = a + j{3.

In the principal ranges of the input impedances, Chap. III, Sec. 2,
Eqs. (32a,b), may be used in (33b) to separate the real and imaginary
parts. This leads to the following pair of equations for determining w
and a of the equivalent section of line:

XI0 - cot ({3w' + tPw ) = - cot ({3w + tPw ) (34a)
2rl0 + sinh 2(a'w' + Pw) csc2 ({3w' + tPw)

= sinh 2(aw + ww ) csc2 ({3w + tPw) (34b)
From (34a)

{3w = cot-1 [cot ({3w' + tPw ) - XI0] - tPw - n7r n integral (35)

If w, as given by (35), is substituted in (34b),'a value of a may be deter­
mined for each choice of the integer n. In general, it is convenient to
select that value of n which will make a and a' as nearly equal as possible.
Actually, since the location of the minima in Yl is not sensitive to the
precise value of a, it is often adequate (especially if w is large) to select
the value of n which makes a as near a' as possible and then to approxi­
mate a by a'.

In Fig. 7.7 is shown an experimentally determined curve of an ampli­
tude proportional to loin a current indicator across the input terminals
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of a bridge-coupled line. The secondary circuit and the coupling and
terminating bridges are those described in connection with the numerical
values in Table 7.1 and the curves of Figs. 7.2 to 7.4. By observing the
successive amplitudes of six resonance maxima in the primary circuit
when w was varied with the secondary absent, the approximate length
of an equivalent circuit with impedanceless detector and generator was
determined. The total equivalent length w of the primary turned out
to be 5A (to the nearest half wavelength in determining a, which was
then made equal to a'). Thus the curve of Yl in Fig. 7.5 is the approximate
theoretical equivalent of Fig. 7.7. The agreement is seen to be excellent.

By determining the values of u for the two minima in Fig. 7.7, the
wavelength of the generated signal and the equivalent length k of the
identical bridges may be determined. In this particular case the dis­
tance between the two minima is 2.15 m, so that A = 4.30 m; the dis­
tance between the coupling bridge B 1 and B 2 when at the first minimum
is 2.07 m, so that k = (2.15 - 2.07) /2 = 0.04 m.

Double-hump Phenomena. Interesting coupled-circuit effects some­
times known as "double-hump phenomena" are easily obtained with
the circuit of Fig. 7.1. In principle, double humps depend on a super­
position of the conventional resonance peaks described in Chap. IV,
Sec. 9, and coupled-circuit minima of the types shown in Figs. 7.5 to 7.7.
Depending on the particular tuning adjustments, the minima may be
made to occur exactly at the center of a simple resonance maximum or
displaced toward one or the other side. The appropriate conditions may
be described in conjunction with the circuit of Fig. 7.1b.

In order to obtain conventional resonance maxima of loin Fig. 7.1b
or of normalized input admittance in Fig. 7.1a by moving the conducting
bridge B 1 (Fig. 7.1b), it is necessary that the secondary circuit have a
negligible reaction on the primary when (3w is near and at its resonant
values, defined by (3w + <Po + <Pw = m1r, where m is an integer with (3w
positive. In the circuit of Fig. 7.1b, <Po = 1r/2, and <Pw = 1r/2 + (3k, so
that the condition for resonance in this case is simply (3(w + k) = m7r,
with m = 1, 2, . . .. The reaction of the secondary is negligible if its
electrical effective length (3u + <Pu = (3(u + k) = n1r + 7r/2, where n is
an integer. Thus, if the electrical length (38 = (3(u + w) is near N7r +
7r/2, where N is an integer, the resonant values of (3w coincide with values
of (3u for which the effect of the secondary is negligible. Hence, if B 1 in
Fig. 7.1a or b is moved with B 2 fixed, so that (38 == N1r + 7r/2, the normal­
ized input admittance Yl in Fig. 7.1a or the magnitude of the current in
Fig. 7.1b will have maxima when (3(w + k) = m7r. A theoretical curve
of Yl, which is proportional to 1 0 , is curve f in Fig. 7.8. This curve was
computed for the long primary circuit previously described. Similar but
sharper curves are obtained for smaller values of w, as described in Chap.
IV, Sec. 8.
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The maxima shown in Fig. 7.8 may be split by a minimum of the type
illustrated in Fig. 7.5 if the over-all electrical length {1s is adjusted to a
value such that {1u = m7r - 2{1k when {1w = n7r - {1k. That is, when
{1s = N7r - 3{1k, the reaction of the secondary should split the primary
maximum symmetrically as B 1 in Fig. 7.1 is moved through an appro­
priate range.
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FIG. 7.8. Theoretical normalized input admittance of primary as a function of the
length w of the primary with bridge-coupled secondary of length U; 8 = W + u.
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FIG. 7.9. Theoretical normalized input admittance of primary of length was a function
of the length u of a bridge-coupled secondary; 8 = W + u.

Theoretical curves of Yt as a function of the length w of the primary,
with {1s set at three values near {1u = 27r - 2{1k, are marked a, c, and e in
Fig. 7.8. The same curves and two additional ones plotted as a function
of the length u of the secondary are shown in Fig. 7.9. It is clear from
Figs. 7.8 and 7.9 that the minimum resulting from the interaction with
the secondary occurs at {3u = 27r - {1k and that its location with respect
to the primary maximum is determined by {3s. The experimental verifi­
cation of the double humps is shown in Figs. 7.10 and 7.11, where 1 0 is
plotted as a function of {1w and {3u. These curves were obtained with
the same line as used for the curves in Fig. 7.7. A single resonance peak
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with the secondary detuned is shown in curve! of Fig. 7.10. The remain­
ing curves in Fig. 7.10 and all the curves in Fig. 7.11 have the electrical
length {3u of the secondary near 211'" - 2{3k, as indicated. The corre­
spondence between Figs. 7.8 and 7.10 is evident, as is that between Figs.
7.9 and 7 11.
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FIG. 7.11. Experimentally determined 10

as a function of the length of the secondary
when varied by moving B 1, with B 2 fixed
at the indicated scale points.
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FIG. 7.10. Experimentally determined
10 as a function of the position of the
bridge B 1 in Fig. 7.1, with B 2 fixed
at the indicated scale points.

8. Transmission-line Measurements with a Multiple-frequency Source;
Filter Sections.79.149,162 Throughout the preceding sections and chapters
it has been assumed that the oscillators driving a transmission line gener­
ate only a single frequency. If one or more harmonic frequencies are
generated together with the fundamental, the current and voltage dis­
tributions along the line are the superpositions of the individual currents
and voltages of the several frequencies.

An oscillator or a coupling element that maintains an electric field that
is even with respect to its center may involve a fundamental with a third
harmonic. In this case the equivalent pair of equal and opposite point
generators at z = x has a combined emf V~l for the fundamental fre­
quency 11 and an emf V~3 for the harmonic frequency fa. For a line
extending from z = 0 to z = 8, the resultant voltage across the line in
the range x ~ z ~ 8 is obtained using Chap. IV, Sec. 2, Eq. (6). It is

v, = Ve sinh ("(IX + (01) cosh ("(lW + (81)

xl sinh ("(18 + 001 + (08)

+ Ve sinh ("(3X + (03) cosh ("(3W + (83)

x3 sinh ("(38 + 003 + (83)
(1)

where W = 8 - z, the subscript 1 refers to the fundamental, and the sub­
script 3 refers to the harmonic.

An oscillator or coupling element that maintains an electric field that
is odd with respect to its center may involve a fundamental and a second
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harmonic. In this case two pairs of equal and opposite point generators
symmetrically placed with respect to their center at z = x are required,
and the voltage at a point z in the range 0 ~ z ~ x along the line is
obtained from Chap. IV, Sec. 3, Eq. (6). It is

Vz = We cosh ('Y1Z + 001) cosh ('Y1Y + Osl)
xl sinh ('Y18 + 001 + Osl)

+ We cosh ('Y2Z + 802) cosh ('Y2Y + Os2)
202 sinh ('Y28 + 002 + Os2)

(2)

where Y = 8 - x and the subscripts I and 2 refer, respectively, to the
fundamental and the second harmonic.

100 I

80d1~ 60 (a)

~ ~g ~~~ 2 I , , ,j i,ll, ,t, , , i f
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o DOl 2 3 4
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FIG. 8.1. Experimental resonance curves of oscillator with second harmonic. Peaks
of the fundamental are numbered in Roman; those of the harmonic, in Arabic. D
locates the voltage detector, 0 locates the center of the oscillator with odd field dis­
tribution. (a) Open end at left; (b) bridged end at left.

As an explicit application of (2), consider a transmission line excited
by a loosely coupled oscillator of the type shown in Fig. 1.6a which main­
tains an electric field that is odd with respect to the point x opposite its
center and includes a fundamental and a second harmonic. Such an
oscillator induces a maximum voltage in a resonant line when coupled
at a point of maximum voltage. A voltage detector is loosely coupled
to the open end of the line at z = 0 (D in Fig. 8.Ia), and the oscillator is
near it (at 0 in Fig. 8.Ia). When a large conducting disk is moved along
the line as a short-circuiting termination, the voltage at z = 0 varies,
as shown in Fig. 8.la. The observed curve consists of two families of
resonance curves of the type described in Chap. IV, Sec. 7. One family
is characteristic of the fundamental (numbered in Roman), and the
other family is characteristic of the second harmonic (numbered in
Arabic). In each family the distances between successive maxima are
half wavelengths.

The formula (2) may be specialized to apply to the specific case repre­
sented in Fig. 8.la by setting 801 = 002 == 0, 8s1 = 082 = J1r/2, and
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P2 = 2P1. The conditions for resonance for the fundamental and second
harmonic are, respectively,

-rr
P28 + <1>02 + <l>B2 = (328 + 2 = n2-rr

These are equivalent to

nl = 1,2,

n2 = 1,2,

(3a)

(3b)

n 1X1 Xl
8=- --

2 4
nzXz X2 n 2X1 Xl

8=---= ---
2 4 4 8

(4a)

(4b)

Thus resonances for the fundamental occur when 8 = XI/4, 3XI/4, 5XI/4,
. . . , and those for the second harmonic when 8 = XI/8, 3XI/8, 5X 1/8,
. . .. These conclusions are in agreement with Fig. 8.la. If the attenu­
ation is neglected in the numerator, (2) reduces to the following simple
form, as applied to the conditions characteristic of Fig. 8.la:

Yo = .~ye sin (31(8 - x) + ·We sin (32(8 - x)
J zl cosh "(18 J x2 cosh "(28

(5)

If the end of the line at z = 0 is terminated in a conducting bridge with
an equivalent length ko, the terminal phase function is <1>0 = -rr/2 + pko•

In this case the maxima in the voltage distributions of the fundamental
and the harmonic have no locations in common, so that it is not possible
to place a voltage detector or an oscillator with a field of odd symmetry
in a position where it detects or induces a maximum. (On the other
hand, a current detector and an oscillator with a field of even symmetry
could be coupled to the bridge at z = 0 or at half wavelengths of the
fundamental from it.) Actually, adequate voltages of both frequencies
were received when the detector was pl~ced near (31(Z + k) = -rr/8 (D in
Fig. 8.lb), and the oscillator as close to it as physical conditions per­
mitted. This turned out to be at 0 (Fig. 8.lb), which is rather close
to a voltage node of the harmonic. With 601 = 602 = j(-rr/2 + Pdco),
6B1 = 6B2 = j-rr/2, and (32 = 2(31, the conditions for resonance for the funda­
mental and second harmonic are, respectively,

8 + ko = !1'zX2 = n 2XI

2 4
(6)

Thus the resonances for the fundamental occur when 8 + k = XI/2, Xl,
3X 1/2, etc., and those for the harmonic at 8 + k = XI/4, XI/2, 3X 1/4, Xl,
etc. Clearly every other resonance maximum of the harmonic coincides
with a resonance maximum of the fundamental. An experimental curve
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(7)

v. ==

illustrating this is shown in Fig. 8.lb. The equation for these curves is

_ We cos [{31(Z + k)J sin (32(8 - x)
:z:1 sinh h'l(S + k)J

_ We cos [{32(Z + k)J sin (32(S - x)
:z:2 sinh [i2(S + k)J

It is clear from (4) that by a proper choice of either z or x the con­
tribution to Vz at resonance by either the fundamental or the harmonic
may be made very small. This means that the oscillator may be so
located (by a choice of x) that it induces either no fundamental or no
harmonic voltage in the line, or that the detector is so situated that either
the fundamental or the harmonic voltage is small at the point of coupling.
Note that the locations for negligible response of a symmetrical current
indicator are a quarter wavelength from the corresponding locations for
a voltage indicator. Similarly the locations for negligible induced volt­
age by an oscillator with an even electric field (one pair of point gener­
ators) are shifted a quarter wavelength from the locations for negligible
induced current by an oscillator with an odd electric field (two pairs of
point generators).

It is seen that, by an appropriate location of the oscillator (or coupling
element) and of the detector probe and by a proper choice of the termi­
nations, a resonance maximum of the fundamental or of the second
harmonic may be located at the minimum of the other. In this manner
resonance-curve measurements may be made using either the funda­
mental or the harmonic if the losses in the circuit are sufficiently low
and the relative amplitudes are not so different that the minima of the
one frequency are not negligible compared with the maxima of the other.

Coupled-circuit measurements involving the sharp minima in resonance
curves described in Sec. 7 may be made with the fundamental or the
second harmonic. This is illustrated in Fig. 8.2a and b by a set of experi­
mental curves. The curves in Fig. 8.2a correspond closely to those in
Fig. 8.la. Below them in Fig. 8.2b is a related set of coupled-circuit
curves like those in Fig. 7.7. The upper curve is obtained by observing
the voltage at D in a self-resonant primary circuit formed by locating
an inductive bridge at B 1 and then moving a conducting disk beyond it
to increase the length of the secondary. In this case the primary is
tuned to the fundamental. The lower curve in Fig. 8.2b is obtained in
the same manner as the upper one, but with the primary circuit tuned
to the harmonic by locating the conducting bridge at B 2•

The. separation of a fundamental frequency from a harmonic by proper
location along the transmission line of the points of coupling and detection
is useful only when the over-all loss on the line is low and sharp resonance
curves can be obtained. A more generally useful method of suppressing
a harmonic without interfering with the fundamental, or vice versa, is to
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arrange a pair of shunt stubs so that they present a low impedance to the
frequency to be suppressed and a high impedance to the frequency to be
transmitted. For maximum effectiveness the stubs are separated a dis­
tance equal to a quarter wavelength of the frequency to be suppressed.

100r------r--;;-----,r------r-----~---___.
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-;60
n;
~ 40
.ci
~ 20

g Ot"r=-...L..--J..:~~Sl.:::::t.........L..::.~~~:t:::::.J.~~;Ib,,~~~..:=.I!:ll:l..lIl.oo~::f:_....l:::~.c-L__I
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iJ B2 B)
FIG. 8.2. (a) Resonance curves of a source with a second harmonic. (b) Coupled­
circuit curves with conducting bridge at B 1 (for upper curve) or B 2 (for lower curve).
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FIG. 8.3. Combination of stubs to suppress the second harmonic from the line to the
right of the stubs without interfering with the fundamental.

A circuit for suppressing all even harmonics and passing the funda­
mental is shown in Fig. 8.3. On the other hand, the fundamental is
suppressed and the second harmonic passed to the right of the junction
22 in Fig. 8.4.

lt is slightly more difficult to suppress the third harmonic while the
fundamental is passed. One method using two stubs in parallel is illus­
trated in Fig. 8.5. The >-3/4 open stub and the >-3/2 closed stub both
present a low impedance at 11 for the third harmonic, so that this is
suppressed from the line to the right of 22. Neglecting losses, the admit­
tance of the parallel combination of stubs for the fundamental frequency
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is approximately

Yin == -jYc(cot {JSO - tan (JSc) = -jYc (cot ~ - tan i) = 0

so that the fundamental is passed without attenuation.
In effect, the stub combinations in Figs. 8.3 to 8.5 are special types of

filter circuits using sections of transmission line as their elements. They
are effective in suppressing only particular frequencies, such as may be

Allr---- 4----;1
To genera,.:;:;to:.:..r"';-~--I~-.:- ~I--~--r "'...:;.To load

2 4
I,
I

&_"2
4-2

To load

l:

~~Al
4 , 12

t 1 2
rator ---.

1 2 t
I
I

&=~
2 6
I
I
I
I
I

"'" "'-
I

t

...Togene

I
I
I
I

..t
FIG. 8.4. Combination of stubs to suppress the fundamental from the line to the
right of the stubs without interfering with the second harmonic.

...-.~--~
4

FIG. 8.5. Combination of stubs to suppress the third harmonic from the line to the
right of the stubs without interfering with the fundamental.

encountered when simple generators of the types described in Sec. 1 are
used unmodulated. When high-frequency generators are modulated,
various frequencies are introduced, and more complicated filters are
required. At high frequencies these are advantageously constructed of
sections of transmission line (usually coaxial). Since their transmission
and suppression properties are described in terms of the general theory
of wave filters, their analysis is beyond the scope of this book.

9. Radiation from Open-wire Lines. 141 ,167 The derivation of the dif­
ferential equations for the current and voltage along a two-wire line in
Chap. I involves neglecting terms of the order of magnitude l~bI2. It is
these terms which specify radiation from the line. Accordingly neither
the distribution of current along a section of line nor its input imped-
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ance as determined from solutions of the conventional equations includes
or takes account of radiation. Since the power radiated from a circuit
depends on the entire configuration of conductors and cannot be assigned
piecewise to the several parts, it is necessary to consider the complete
circuit consisting of the line and the terminations at both ends if the
radiated power is to be evaluated.

Consider a two-wire line extending from z = 0 to z = S in air. The
generator is at z = 0; it has an impedance Zoo The load at z = 8 is Z,.
The impedance seen by the generator is

Z = Zo + Zc tanh ("(s + 8~) + Rg (1)

where, as usual, "( = a + j/1 and 6~ = Ps + jCl>~ = tanh-1 (Zs/Zc) and
where Rois the external or radiation resistance referred to the current 10•

lt is defined by

(2)

where P is the average radiated power. The distribution of current as
determined by line theory is obtained from Chap. IV, Sec. 2, Eq. (5).
lt is

I = I cosh ["(s - z) + 8~]
z 0 cosh ("(s + 8~)

(3)

(5)

There are several methods of evaluating Ro, but since all depend on
antenna theory, they are not described here. The result is as follows:

Re = so /12b2 cosh (as + 2ps) (COSh as _ sin 2/1S) (4)
o 411" 0 Icosh ("(s + 8~)12 2/1s

In the derivation of (4) it is assumed that the terminal impedances Zo
and Z, are effectively lumped, so that it may be assumed that the cur­
rents 10 and Is are constant in amplitude from one of the line wires to
the other. Except for higher-order terms these terminations are equiva­
lent to filaments of current 10 and I, of length b in their contribution to Ro'

The general formula (4) is simplified when applied to important special
cases.

Nonresonant Line. A nonresonant line is characterized by p, = 00

However, the same results obtain to an excellent approximation when
Ps exceeds 3. The appropriate form of (4) is

"0 ( sin 2/1S)Re == ~ /12b 2 cosh as - -- e-as
o 211" 2/18

Usually as is sufficiently small so that the following formula is a good
approximation of the radiation resistance, referred to the input current
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(6)

of a low-loss line terminated in its characteristic impedance:

Re == ro {32b2 (1 _sin 2{3S)
o 211" 2{3s

This formula is further simplified if 2{3s = n1l" or if {3s is sufficiently great.
In these cases

ohms (7)

60 CIJ

:E­c
40 ~

~e
c
o

20 z

(8)

A graph of (6) is given in Fig. 9.l.
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FIG. 9.1. Theoretical radiation resistance of low-loss resonant and nonresonant lines.

Low-loss Line with Low-loss Terminations. If the losses in the line
and its terminations are sufficiently small so that the inequality (as +
2p,) < 0.1 is satisfied, the following simplification of (4) applies:

Re == ~ 0 {32b2 sec2 ({3s + «p') (1 _sin 2{3S)
o 411" ' 2{3s

Since the approximations implicit in this formula are equivalent to
neglecting all losses in determining the distribution of current, this is
purely sinusoidal. Accordingly the input current 10 vanishes when
{3s + «P~ = (2n + 1)11"/2 and Robecomes infinite. If a different reference
current is chosen, in particular, the maximum 1m of the sinusoidal dis­
tribution, a radiation resistance R~ referred to I m may be defined. With
(8), it is

ohms

Re == 2P == ro {32b 2(1 _ sin 2{3S)
m I;" 411" 2{3s

When 2{3s = n1r or when {3s is sufficiently long, (9) reduces to

Re == ~ {32b 2 == 30{32b2
m 411"

(9)

(10)

A graph of (9) is given in Fig. 9.1. It is seen to differ from (6) for the
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nonresonant low-loss line only by a factor 2. Note that (9) and (10)
apply to lines with open or short-circuited ends or to lines with lumped
reactive terminations of any type.

Although the radiation resistance of a two-wire line with closely spaced
conductors is very small, it is not necessarily negligible in comparison
with the corresponding ohmic resistance. If the two conductors of the
line are of copper and of sufficiently large diameter and the line is termi­
nated in essentially reactive impedances, such as metal disks, conducting
bridges, or open ends, the power dissipated in heat may be as small as
or smaller than the power radiated. Owing to the small over-all attenu­
ation, standing-wave ratios may be enormous. This is true, in particu­
lar, of heavy single conductors placed close to and parallel to a large
highly conducting plane. In this case ohmic losses in the conducting
plane are usually negligible, and the radiation resistance is one-half that
given in (9) or (10) if b is the distance between the axis of the conductor
and the axis of its image or twice the distance between the axis of the
conductor and the conducting plane. If the single conductor is suf­
ficiently large in diameter and the distance b is not too small, the
power radiated may be made to exceed greatly the power dissipated in
heat. In this case the section of resonant line is a reasonably efficient
antenna.

If the distance.b between the axes of the two conductors of a two-wire
line (or a single conductor and its image in a conducting plane) is not
large compared with the radius a of the conductors, the effective centers
of the currents in the two conductors are moved closer together than b.
In this case the effective separation

(11)

may be used in place of the distance b between axes.
An experimental determination of the radiation resistance of resonant

sections of two-wire line has been carried out by Chipman141 and his col­
laborators. The procedure was to determine the widths of the resonance
curves at the half-power points of a section of two-wire line projecting
vertically above a highly conducting metal plane when enclosed in a
metal shield and with the shield removed. The line consisted of silver
conductors of diameter 2a = 0.100 in. separated a distance b = 1.00 in.
between centers. It was adjusted to resonance with open and short­
circuited ends for a range of lengths extending from A/4 to 4A at fre­
quencies of 342 to 1,420 Me/sec. For the short-circuited line a brass
shield 4 in. in inside diameter was used; for the open line the shield was
of aluminum 4.5 in. in diameter.

The width W of the resonance curve between half-power points is
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related to the over-all attenuation by the formula

fjW
2 = a8 + Po + P, (12)

(13)

where 8 is the length of the line and po and P8 are the attenuation func­
tions of the terminations at the two ends z = 0 and z = 8. This formula
does not include attenuation due to radiation, but it may be generalized
to include radiation by adding a function pr' Thus

fjW
2 = a8 + po + P8 + pr

Since the characteristic impedance and, with it, the attenuation constant
of the line change when the shield is removed quite irrespective of radi­
ation, it is advantageous to multiply (12) and (13) through by the char­
acteristic impedance appropriate, respectively, for the shielded and
unshielded line. L~t the subscript 1 be used for the former and the
subscript 2 for the latter. The two equations are

fjRelW 1 ()--2- = rl8 + Ret Po + P8

fjR e2W 2 ( )--2- = r28 + R e2 Po + P8 + Pr

(14)

(15)

where rl and r2 are the resistances per loop unit length of the shielded­
pair and the open two-wire lines and ReI and R e2 are the characteristic
impedances. Since Zo is a low-impedance essentially reactive termi­
nation, po == rIO = R o/ R e. It follows that R c1po == R e2Po == R o. Simi­
larly Z8 is either a short circuit or an open circuit for which P8 == O.
It follows that, if (15) is subtracted from (14), the following result is
obtained (since pr represents a small pure resistance, it is logical to set
Pr == Re/ R e2, so that RelPr == R~ == R:r,,):

(16)

The difference in ohmic resistance per unit length of the shielded and
unshielded lines arises from the small eddy currents in the shield, when
this is present, and a small change in transverse distribution. Actually,
with as large a shield as used in the experimental measurements, these
char. ges are insignificant, and it is a good approximation to set rl == r2.
It fOllows that

R:n == jfj(Re2W 2 - RetW1) (17)

By measuring the half-power widths WI and W 2, Chipman et al. deter­
mined R:n. For each of 13 different frequencies, measurements were
made using either open-end or closed-end lines. At each frequency a
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number of different resonant lengths were used. The mean value of the
measured R:n and the ranges for the several lengths of line are shown in
Fig. 9.2. The theoretical curve R:n = 15~2b2 is also shown. (Note that

the factor 15 occurs in place of 30
when the line is over an infinite image
plane and radiates into a half space.)
Although a few of the experimental
points lie on the theoretical curve, most
of them are considerably below it. In
general, they lie more closely along a
line defined by R:n = 13.75~2b2. It is
difficult to achieve high experimental
accuracy in radiation problems, and
the theoretical formula is also approxi­
mate in the sense that it depends on a
distribution of current which is valid
strictly only when there is no radiation.
Therefore an 8 per cent difference in
the constant fj,ctor multiplying ~2b2

and the excellent agreement with which
Re obeys a square law in ~b are quite
acceptable.

Radiation from a two-wire line is
greatly increased if the line is even
slightly unbalanced. In this case the
part of the current in the two conduc­
tors which is given by 11 + 12 is in
the same direction in the two wires,
so that these act like an antenna carry­
ing this current.

Radiation from a coaxial line with
small cross section may be ignored so long as no currents exist on the out­
side of the shield. However, if a coaxial line is used with a balanced load,
e.g., a center-driven symmetrical antenna, currents may be excited on
the outside of the shield, and this then behaves like an antenna.

0.1 '-~"--""--'--J.._'---'--""""'-J.."""
0.1 0.15 0.2 0.25 0.3 0.4 0.5 0.6 0.8 1.0

fib = 2TTb/1\.
FIG. 9.2. Radiation resistance of
resonant two-wire line over an image
plane. Theoretical curve in solid
line; experimental points by Chip­
man et al.

PROBLEMS

1. A triode of the double-ended type has the following interelectrode capacitances:
grid plate, 2 #L#Lf; grid filament, 2 #L#Lf; plate filament, 0.4 #L#Lf. Determine and plot the
generated frequency as a function of the length of two identical effectively short­
circuited sections of two-wire line attached to the grid-plate leads, one on each side
of the tube.

2. What are the wavelength characteristics of the triode oscillator in the preceding
problem if only one section of the two-wire line is used?
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J. A ring oscillator consists of a closed square of two-wire line. A double-ended
tube is connected at the center of each side of the square. If the equivalent capaci­
tance of each tube is Co, what are the wavelength characteristics of the oscillator as a
function of the length of one side of the square? (Neglect the effect of the corners.)

4. Determine the effect of the corners in the ring oscillator in Prob. 4 in modifying
the natural frequency generated.

5. The coupled-circuit oscillator described in Sec. 2 is modified by cutting the
coupling bridge in the middle and inserting a small effectively lumped capacitance in
series with it. Determine the effect of such a capacitance on the frequency or wave­
length generated as a function of the magnitude of the capacitance.

6. A transmission line consists of a single silvered brass tube i in. in diameter
placed parallel to, and with its center at a distance of i in. from, a very large highly
conducting plane (assumed perfectly conducting and infinite in extent). The line
is driven at one end by a generator at a frequency of 750 Mc/sec; the other end is
terminated in a large metal disk (which may be assumed equivalent to a perfect short
circuit).

(a) Compare the power dissipated as heat in the line with the power radiated as
the length of the line is increased from one-quarter to two wavelengths.

(b) What are the successive maximum and minimum values of the input resistance
of the line in this range of length?
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I z
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ko(w), k 1(w)
L
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Definition
vector potential
over-all attenuation function
radius of conductors of two-wire line
ratio function
magnetic vector
distance between conductors of two-wire line
amplitude function
amplitude function
amplitude functions
lumped shunt capacitance
capacitance per unit length
capacitance per unit length
electric vector
over-all phase functions
real part of complex radical
conductance per unit length
imaginary part of complex radical
conductance per unit length
loss tangent of dielectric material
loss tangent of magnetic material
current in transmission line
current in line
current in load
antisymmetrical or equal and opposite currents
symmetrical or codirectional currents
volume density of current-real, complex
constant
parameters
power loss
inductance of termination
apparent terminal inductance
inductance due to end effect
external inductance
inductance per unit length
inductance per unit length of conductor 1, 2
external inductance per unit length
external inductance per unit length
internal inductance per unit length
index of refraction
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Pz
Po
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Ro
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S
S,SWR
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Sv
So, Ss, Sw
Sx,Sy
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VL(w)

Vs
VT(w)

V~
Vz
Va
VS
Vg

Vp

Vz

VO, V, V

Vo
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Definition

power in line
power to load
power to line beyond point z
power to line
parameter in method of symmetrical components
ratio factor

quality factor
charge per unit length
charge per unit length on line
charge per unit length on load
distance between two points
distance to conductor
distance to conductor
distance between points in coaxial line
distances from point on line to points on termina-

tion
radiation (external) resistance of two-wire line
radiation resistance
resistance per unit length of line
resistance per unit length of conductor 1, 2
internal resistance per unit length of line
internal resistance per unit length of conductor 1, 2
amplitude function
scattering matrix
standing-wave ratio
current standing-wave ratio
voltage standing-wave ratio
amplitude functions
amplitude functions
elements of scattering matrix
distance between points in coaxial line
unit matrix
scalar potential difference
scalar potential difference due to charges on line

modified amplitude
scalar potential difference due to charges on load
generator voltage at x along line
potential difference across transmission line
antisymmetrical or equal and opposite voltages
symmetrical or codirectional voltages
group velocity
phase velocity
instantaneous real voltage at distance z
velocity of electromagnetic waves in free space,

dielectric medium, lossy medium
instantaneous potential difference

Page
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251
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41
266
63

270
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11
15
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W
W
Wz(w)
WzL(W)
WzT(w)
W~
W

W

xi

xi, 2

Yc
ya
ys
y
y(W), Yo(W)
YT(W)
Yl
Zc
Zt
Zo, Zs
Zoa, Zsa
Zll, Z22

Z12, Z21
za
Zs
Z

z(w)
Zi

zi, 2

ZI

, "€ , €

€r

€o
€w

€:z;

€z
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Definition
power ratio
width of resonance curve
vector potential difference
vector potential difference due to currents in line
vector potential due to currents in load
voltage of equal and opposite doublet
distance measured from load end of line
distance measured from load end of line
internal reactance per unit length of lin~

internal reactance per unit length of conductor 1, 2
characteristic admittance
antisymmetrical input admittance
symmetrical input admittance
admittance per unit length of line
admittance per unit length
admittance per unit length
normalized admittance
characteristic impedance
transfer impedance
terminating impedances
apparent terminating impedances
self-impedances
mutual impedances
antisymmetrical input impedance
symmetrical input impedance
impedance per unit length of line
impedance per unit length
internal impedance per unit length of line
internal impedance per unit lp.ugth of conductor 1, 2
normalized impedance

attenuation constant
complex wave number
wave number in free space, dielectric medium,

lossy medium
voltage reflection coefficients of terminations
apparent terminal reflection coefficient of Zsa
complex propagation constant of line
complex propagation constant
angle of amplitude function
absolute permittivity
real and imaginary parts of complex permittivity
relative permittivity
permittivity of free space
angle of amplitude function
angle of amplitude function
angle of amplitude function
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Definii'ion Page
characteristic resistance of free space, dielectric

medium 10
surface density of charge-real, complex 11
complex constant (terminal function) 49
complex terminal functions 84
complex terminal functions of Zo, Zs 84
real and imaginary parts of complex permeability 9
permeability of free space 9
reluctivity (reciprocal permeability) 9
relative reluctivity 9
reluctivity of free space 9
complex dielectric factor 8
terminal attenuation function 84
terminal attenuation functions of Zo, Zs 86
apparent terminal attenuation functions for Zoa,

Zsa 276
constant parameter in definition of circle diagram 26
angle of amplitude function 86
angles of amplitude functions 37
angle of amplitude function 250
real and imaginary parts of complex conductivity 9
terminal phase functions 84
terminal phase functions of Zo, Zs 86
apparent terminal phase functions for ZOa, Zsa 273
ratio function 63
scalar potential 8
distortion factor 93
angle of complex apparent reflection coefficient
~~ ~

angles of complex reflection coefficients 76



INDEX

ABeD constants, 84, 194, 289, 290
Active networks (see Oscillators)
Admittance, of bridge-coupled sections of

line, 470-482
characteristic, definition, 49
input, of line section, 147-152, 161-169

graphs, 162-169
schematic diagrams, 162
symmetrical, 196

of loaded line section, 168, 169
of low-loss line, critical values, 160,

161
normalized input, of line section, 133­

135
determination using circle dia­

gram, 108
per unit length, 7

of coaxial cage line, 45
of coaxial line, 22
of four-wire line, 20
generalized, in terminal zone, 63, 69
of shielded eccentric line, 33
of shielded-pair line, circular, 36, 38

rectangular, 36, 39
of single line over image plane, 29,

46
of strip line, 46
of three-phase cable, 43
of three-wire line, 41
of two-wire line, closely spaced, 28,

29
with unequal conductors, 28
widely spaced, 17

terminal-zone, definition, 73
discussion, 72, 73

Admittance matrix, 198, 199
Antenna, end-loading two-wire line, junc­

tion network for, 407-410
folded dipole, 210

junction network for, 410-411
over ground screen, junction network

for, 430-437
shielded loop, 223, 224
stub-supported, junction network for,

405-407
Antiresonance, input of line section, 149,

150
low-loss, 150

normalized input, 150-152

Attenuation, circles of constant, for line
section, 137

Attenuation constant of transmission
line, definition, 52

general formulas, 91-93
with high attenuation, 99
with large leakage, 100
with low attenuation, 95-98
with low distortion, 98, 99
measurement of, 275, 276
and width of resonance and distribu­

tion.. curves, 268, 269
Attenuation function, of conducting

bridge, 125, 126
definition, 84
description, 102-104
of line section, 135
measurement, 279, 280
negative, 128-130
for reactive termination, 118
for resistive termination, 114
significance, 86
and width of resonance and distribu­

tion curves, 268, 269
Attenuator, lossy, 98, 99

Balun, 220-224
Beads in line, 346-351

impedance transformation through use
of, 351-358

standing-wave ratio, due to single bead,
324

due to two beads, 349
Bend, in coaxial line, 426-430

in shielded-pair line, 426
in two-wire line, 382-389

Bilinear transformation, 109
Boundary conditions, at discontinuity in

dielectric, 320
at terminations of line, 73-76

Bridge, conducting, attenuation function,
123

equivalent length, 124, 125
phase function, 123
reactance, 122
resistance, 122
resistive wire, 127
tandem, 127
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Bridge, conducting, transmission-line,
using hybrid junction, 230

wire, 120

Cable, ocean, 100, 101
three-phase, 41

Cage line, 43
constants of, 45

Capacitance, lumped, to correct open
end, 365-367

per unit length, for coaxial cage line, 45
of coaxial line, 22
in equivalent circuit of line, 3, 4
of four-wire line, 20
generalized, in terminal zone, 63
of shielded eccentric line, 33
of shielded-pair line, circular, 36, 38

rectangular, 38, 39
of single line over image plane, 29, 46
of strip line, 46
of three-phase cable, 43
of three-wire line, 41
of two-wire line, closely spaced, 28,

29
with unequal conductors, 28
widely spaced, 17

Characteristic admittance, definition, 49
Characteristic impedance, definition, 49

discussion of significance, 76
general forms, 93
of line, of dielectric medium, 10

of free space, 10
of imperfect dielectric medium, 10

matrix for, 305
measurement, 282-284

Characteristic resistance, definition, 49
Charge per unit length, definition, 7

discontinuity in, across boundary, 321
near open end of line, 367, 368

Circle diagram, applications, 107, 108,
147

construction, 104-110
equations for, derivation, 104-106
for equipotentials of two-wire line, 27
polar form, 111
rectangular form, 106, 107
Smith chart, 111

Circuit, equivalent, of infinite line, 4, 5
Closed end of line, 364-368
Coaxial line, analysis, 20-23

bend in, 426-430
bifurcation, 381, 382
change of radius in, 377-381
constants, 22
discontinuous dielectric in, 23
electric field in, 23
end-correction for, when driving an­

tenna, 430-437

Coaxial line, magnetic field in, 22
Coaxial mode suppressor, 207
Coefficient of reflection (see Reflection

coefficient)
Conditions for infinite line equations to

apply to finite line, 49
Conductance, input, of line section, 147­

153, 162, 166-169
extreme, 153-157
graphs of, 162, 166-169

of loaded line section, graphs of, 168,
169

leakage (see Leakage conductance per
unit length)

normalized input, of line section, 135
Conductivity, complex, 8

measurement, 285, 286
real effective, 9

Constants of line in equivalent circuit, 3, 4
(See also specific constants)

Continuity equation, 7
Coupled-circuit phenomena, 480-482
Coupler, directional (see Directional

coupler)
Coupling effects at termination, general

description, 68-71
Cross talk, 469
Curl, 8
Current and scattering matrix, 305
Current density, 11
Currents on line, balanced, 6

codirectional, 6
continuity across boundary, 321
driven by coupled section of line, 463-

468
even and odd, 195-197
nonresonant, 243-244
with one pair of generators, 244-246
near open end, 367, 368
on outside of shield, 6
polar form, 249-251
resonant distribution, 262-265
symmetrical and antisymmetrical, 196
with three pairs of generators, 248-249
with two pairs of generators, 246-248
unbalanced, 6

Deschamps' method for determining
scattering matrix, 304-314

Dielectric, discontinuous, in coaxial line,
23

loss tangent for, 8
Dielectric constant, complex, 8

measurement of, by Drude's method,
285-286

by shift method, 329-34 1

relative, 9
real effective, 9
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Dielectric factor, complex, 8
Dielectric and magnetic slab in matched

line, 323
Dielectric slab in line, general analysis,

317-328
at open circuit, 326
at short circuit, 327, 328

Dielectric slabs or beads in line, 346-351
Differential equation, generalized first­

order, for current, 66
second-order, for voltage, 48

Differential equations, first-order, for
current and voltage, 7, 48

generalized, for transmission lines, 64­
68

of line, derivation of, conventional,
3-7

electromagnetic, 13-19
restrictions on, 4-5

for potential functions, 14-15, 24-25
solution of (see Solution of differential

equations)
Directional coupler, hybrid junction as,

235-237
transmission line, 467

Discontinuities (see specific discontinui­
ties)

Disk, conducting, as termination, 127,
128

resistive, 358, 359
Dispersion, anomalous, 54

definition for transmission line, 53
normal, 54

Distortion factor, definition, 93
Distortionless line, 98, 99
Distribution of voltage along infinite

line, 50-56
Distribution curve, current or voltage,

257-259
definition, 257-259
for moving generators, 258, 259
width at half-power points, 266-269

Distribution-curve method for measur-
ing, 275, 279, 280

Distribution-curve ratio, 259-262
Div, 8
Double-hump phenomena, 480-482
Double-slug tuner, 351-353
Double-stub tuner, 184-190

Eccentric line, 31
constants, 33

Eccentricity in coaxial line, 33
Effective spacing for closely spaced two­

wire line, 29
Efficiency of transmission, maximum, 253

general formula, 253
with nonresonant line, 244

Electric field, 8
of asymmetrical currents, 463
boundary conditions at discontinuous

dielectric, 320
in closely spaced two-wire line, 31
in coaxial line, 23
of conductor with sine current, 454-

457
of even currents, 461, 462
of odd currents, 463
of section of two-wire line, 457-463
at surface of conductors of line, 17
of two-wire line, 31, 457-463

End correction for coaxial line driving
antenna, 430-437

End effects, general description, 68-71
Equations, current, for 'Il"-network, 291

differential (see Differential equations)
Helmholtz, for potentials, 14
transmission-line, 18

conditions for, 19
voltage, for T network, 290

Equipotentials, of line with unequal con-
ductors, 25, 26

of shielded-pair line, 37
of two-wire line, 25, 26
of unbalanced shielded-pair line, 37

Equivalent circuits (see Junction net­
works)

Equivalent length of line, 136
Equivalent II network of line section, 198,

199
Equivalent point generators, for even

currents in coupled section, 465,466
for odd currents in coupled section,

466,467
for traveling waves in coupled section,

468,469
Equivalent T of junction, series ele­

ments, 202
shunt element, 202

Equivalent T network of line section,
195-198

Exponential solutions, 73-83

f(h), definition, 92
Field (see Electric field; Magnetic field)
Filter, transmission-line, 482-487
Flat line (see Matched line)
Folded dipole antenna, 210
Four-terminal network, 194-203
Four-wire line, with conductors at cor-

ners of square, 19
constants of, 20

with conductors in one plane, 34
Free space, constants of, 9, 10
Frequency measurement, 275
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g(h), definition, 92
Generators, point, 244-249

distributed equivalents, 463-467
Grad, 8
Group velocity, definition, 54

significance, 54, 56
Guided mode in strip line, 47
Gyrator, ideal, scattering matrix for, 2Jl

Half-power points in resonance and dis­
tribution curves, 268, 269

Half-wave transformer, 326
Harmonics, in driving generator, 482-487

measurements on line with, 482-486
suppression, 485-487

Hybrid junction, 225-241
admittance matrix, 228, 229
analysis of equivalent circuit, 227-230
as bridge, 230
circuit for coaxial line, 226, 237, 238
circuit for two-wire or shielded-pair

line, 225
as directional coupler, 235-237
equivalent circuit, 227
with high-impedance stubs for two­

wire line, 238
as line stretcher, 230-232
for measuring phase, balanced-detector

method, 233-235
ratio method, 232, 233

ring-circuit form, 239-241
with shielded loop, 237
special cases, 229, 230
without transformer, 236-239

Hyperbolic functions, definition, 83
in polar form, 86, 87

Hyperbolic solutions, 83-91

Image in cylinder, 34
Image-plane line, 29, 34, 41, 45

constants, 29, 36, 38, 39, 46
Impedance, apparent terminal, defini­

tion,71
determined from measurements, 75,

280-282
of wire bridge, 122

and circle diagrams, 106-112, 146, 147
characteristic (see Characteristic im­

pedance)
input, of line section, 147-152

antisymmetrical, 196
maximum, 164-172
schematic diagrams of, 161, 163

of loaded line section, graphs, 163,
168

of low-loss line, critical values, 160,
161

Impedance, measurement, 280-282
through junction, 314-317

normalized input, of line section, 133­
135

per unit length, 6
in equivalent circuit of line, 3, 4
external, 17, 18
generalized, for terminal zone, 66
internal, of coaxial cage line, 45

of coaxial line, 22
of four-wire line, 20
of shielded-pair line, circular, 36,

38
rectangular, 38, 39

of single line over image plane, 20
of strip line, 46
of three-phase cable, 43
of three-wire line, 41
of tubular conductors, 30
of two-wire line, closely spaced, 30

unequal conductors, 30
widely spaced, 18

terminal, apparent, 71
terminal-zone, definition, 73

discussion, 72, 73
transfer, for series sections of line, 216-

219
Impedance matching (see Matching)
Impedance matrix, 197, 198, 304
Impedance transformation (see Match-

ing)
Incident wave on line, 80
Inductance, apparent, of rectangle, 122

correction, for rectangle, 121
for wire bridge, 364, 365

per unit length, of coaxial cage line, 45
of coaxial line, 22
complex, for two-wire line, 17, 18
in equivalent circuit of line, 3, 4

.of four-wire line, 20
generalized in terminal zone, 63, 69
of shielded eccentric line, 33
of shielded-pair line, circular, 36, 38

rectangular, 38, 39
of single line over image plane, 29, 46
of strip line, 46
of three-phase cable, 43
of three-wire line, 41
total, 48
of two-wire line, closely spaced, 28,

29, 121
with unequal conductors, 28
widely spaced, 17, 121

of rectangle, 121
Infinite line, general solution for, 49

exponential form, 49
hyperbolic forms, 49
interpretation of, 50-56
with power coefficients, 49
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Input-output equations, 289
Insertion loss, 253
Insulator, line section as, 164-172

Junction, of two coaxial lines with dif­
ferent inner conductors, 377-381

of two-wire lines of different dimen­
sions, 368-377, 411-417

Junction networks, for antenna, as end
load, 407-411

over ground screen, 430-437
with stub support, 405-407

for bend, in coaxial line, 426-430
in plane of two-wire line, 418-425

for bends and T junctions in shielded­
pair lines, 426

for bifurcation of coaxial line, 381,382
for change, in radius of coaxial line,

377-380
in spacing of two-wire line, 411-417

for folded dipole, 410, 411
for open end, 366, 367
for series branches in two-wire line,

397-411
for T junction in two-wire line, 389­

397
for two-wire lines of different radii,

368-377
for wire bridge, 120-127, 364, 365

ko(w), definition, 16
for infinite line, 17

k 1(w), definition, 16
for infinite line, 17

Kirchhoff's laws applied to equivalent
circuit of line, 5

Laplace's equation for transverse prob.
lem in lines, 25

Laplacian operator, 10
Leakage conductance per unit length,

of coaxial cage line, 45
of coaxial line, 22
in equivalent circuit of line, 3, 4
of four-wire line, 20
generalized, in terminal zone, 63
of shielded eccentric line, 33
of shielded-pair line, circular, 36, 38

rectangular, 38, 39
of single line over image plane, 29
of three-phase cable, 43
of three-wire line, 41
of two-wire line, closely spaced, 28, 29

with unequal conductors, 28
widely spaced, 17

Lecher wires (see Two-wire line)

Length, equivalent, of line, for attenua­
tion, 136

for phase shift, 136
Line stretcher, hybrid junction as, 230-

232
Load, reactive, 117-120
Loop antenna, 223, 224
Lorentz condition, 8, 12, 13
Loss, insertion, 253

measurement of, for dielectric and mag­
netic materials, 341-346

transmission, on nonresonant line, 244
Loss tangent, 8
Lossy attenuator, 98, 99
Lossy line, 360
Lossy terminations, 358-364
Lumped equivalent of line section, 194­

203

Magnetic field, 8
in closely spaced two-wire line, 30
in coaxial line, 22
on terminating disk, 128

Magnetization, time lags in, 9
Matched line, 149

with dielectric and magnetic slab,
323-327

half-wave slab, 326
quarter-wave slab, 325
thin slab, 325

loaded with lumped capacitances or
inductances, 328, 329

unaffected by dielectric slab, condi­
tions of, 323

Matching, 172-194
double-stub, 184-190

examples, 187-190
general formulation, 172-174
quarter-wave transformer, 176
series transformer, 174-177

limitations, 176, 177
single movable stub, 178-184

examples, 180-184
shunt sections, 190-193

examples, 192-193
stub with resistive load, curves, 180

Matrices, impedance, admittance, and
scattering, relations between, 201­
203

Matrix, admittance, 198, 199
of hybrid junction, 229

impedance, 197, 198, 304
scattering (see Scattering matrix)

Matrix elements, scatterinll:. determina­
tion of, 304-314

interpretation of, 201, 305
of symmetrical T section, 293
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Measurements, with hybrid junction,
23~236

methods, Chipman's (resonance-curve
, method), 273, 279, 280

Deschamps', 304-317
distribution-curve, 274, 275, 278-280
maximum-minimum-shift, 329-345
resonance-curve, 273, 276, 278-280
three-probe, 281, 282
Weissfloch tangent, 294-304

with multiple-frequency source, 482­
487

transmission-line, theory of, 272-286
Methods of analysis, 1

based on electric-circuit theory, 1, 3
electromagnetic, 2

Microstrip, 46, 47
Modulated voltage applied to infinite

line, 53
Multiple-frequency source, measure­

ments with, 482-487

Nabla operator, 10
Natural frequencies of oscillation (see

Oscillators)
Network, four-terminal, for line, 84

two-terminal pair, 288-294
Nonreciprocal elements in scattering

matrix, 201
Nonresonant section of line, 148

Open end of line, current and voltage
near, 367, 368

equivalent circuit for, 364-366
Open-wire line (see Two-wire line)
Optimum termination for line, 253
Oscillators, with coupled secondary, 447-

454
with double-end triode, 445, 446
with lighthouse tube, 446, 447
push-pull, with triode, 442, 443
reentrant, 446, 447
with single triode, 439, 442
tuned-plate tuned-grid, 443-445

Parallel-strip line 45, 46
Parallel-wire line (see Two-wire line)
Permeability, 9

complex, 9, 18
measurement of, 285, 286

by shift method, 329-341
Permittivity (see Dielectric constant)
Phase, circles of constant, 137

comparison of, 284, 285
measurement of, balanced-detector

method, 233-235

Phase, measurement of, with hybrid
junction, 233-235

ratio method, 232, 233
of voltage on infinite line, 51

Phase constant, of dielectric medium, 10
of free space, 10
general forms of, 92
generalized, in t~rminal zone, 63
of imperfect dielectric, 10
measurement of, 273-275
of transmission line, definition, 53

general formulas, 91-93
with high attenuation, 99
with large leakage, 100
with low attenuation, 95-98
with low distortion, 98, 99
with no attenuation, 98

Phase function, of conducting bridge, 123
definition, 84
description, 102-104
of disk, 127
of line section, 135
measurement, 276-278
of piston, 127
of reactive termination, 118, 119
of resistive termination, Xl = 0, 114

X = 0,117
significance, 86
tabulation for different terminations,

104
Phase measurement (see Phase)
Phase velocity (see Velocity)
II network as load for two lines, 288-294
Piston as termination, 127
Potential, scalar, 8

separation into parts due to line and
termination, 13, 65

vector, 8
separation into components due to

line and termination, 12, 65
Potential difference, due to charges and

currents, on line, 59, 60
on termination, 59, 60

generalized for terminated two-wire
line, 61

scalar, 15
vector, 15

Potentials and potential differences, for
coaxial cage line, 44

for coaxial line, 21, 22
for cylindrical conductors, 11, 13
for four-wire line, 20
Helmholtz integrals, 11
ratio functions, definitions, 63
for shielded eccentric line, 32, 33
for shielded-pair line, 35, 37
for terminated line, 58, 59
for three-phase cable, 42
for three-wire line, 40-
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Potentials and potential differences, for
two-wire line, closely spaced, 25-29

with unequal conductors, 25, 26
widely spaced, 11, 15, 16

Power factor, 129n.
(See also Loss tangent)

Power transfer along line, 251-254
Propagation constant, complex, 7, 25, 49

general forms, 91-93
generalized, for terminal zone, 68
in terms of separation constant, 25

Proximity effect, internal impedance
with, 30

Pulse applied to transmission line, 55

Q of line, 269-272
external, 271
loaded, 271
unloaded, 271

Quarter-wave transformer, 176

Radiation from two-wire line, 487-492
condition to make negligible, 16, 17
nonresonant line, 488, 489
resonant low-loss line, 489, 490

Rat race, 239-241
Ratio, distribution-curve, 259-262

resonance-curve, 259-262
standing-wave, 260-263

Ratio method for measuring phase, 232,
233

Reactance, input, of line section, 147-
152

extreme, 157-160
graphs, 161, 163-165, 168
loaded, graphs, 163, 168
nonresonant, 148
schematic diagrams of, 161

normalized, 102
contours of constant, 137
of line section, 135
tables, 142-146

Reactive load, 117-120
Reciprocal elements in scattering matrix,

201
Reflected wave, amplitude, 201

on line, 80
Reflection coefficient, definition, 76

discussion, 78
elements of scattering matrix, 201
formulas for, 134
greater than unity, 128-130, 252n.
measurement, 280

through junction, 314-317
as ratios of currents and voltages, 83
relation to terminal functions, 101, 280

Reflections on terminated line, 77-80

Reluctivity, 9
Resistance, characteristic, 49

input, of line section, 147-152
extreme, 153-157, 164-172
graphs, 161, 163-165, 168
loaded, graphs, 163, 168
maximum, 164-172
nonresonant, 148
schematic diagrams, 161

normalized, 102
contours of constant, 136
of line section, 135
tables, 138-141

per unit length, in equivalent circuit
of line, 3, 4

generalized to include magnetic
losses, 19

(See also Impedance per unit length,
internal)

of wire bridge, 120-127
Resistive disk termination, 358, 359
Resistor, coaxial, 361-364
Resonance, conditions for, 255, 256

input, of line section, 149
low-loss, 149, 150

normalized input, 150-153
Resonance-curve method for measuring,

273, 279, 280
Resonance-curve ratio, 259-262
Resonance curves, definition, 254-257

with multiple-frequency source, 483
width at half-power points, 266-269

Resonant section of line, 148, 149
Ring circuit, 239-241

Sandwich line, 46
Scalar potential, 8, 13, 15, 65

(See also Voltage)
Scattering matrix, 199-203, 305

determination of elements, 304-314
interpretation, 307

Separation constant, 24
Series branch in two-wire line, 397-401
Series expansions of charge and current

in line, 15
Series section of twin line, 209-223

antisymmetrical problem for, 213, 214
coaxial mode in, 218
equal twin and coaxial modes in, 219
symmetrical problem for, 214, 215
twin mode in, 217

Series stubs, 209-223
on.balanced line, 211, 212

Shielded line with eccentric inner con­
ductor,31

constants, 33
Shielded loop antenna, 223-224
Shielded-pair line, 34-39
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Shielded-pair line, balanced, 35, 36
with circular shield, 34-37
constants, 36-39
with rectangular shield, 38, 39
series section (see Series section of

twin line)
unbalanced, 37, 38, 203-224

Short-circuiting bar or wire, 120
Shunt sections, matching with, 190-193
Signal velocity, 56
Single-stub tuner, 177-184
Single-wire line over image plane, con­

stants, 29, 46
Smith chart, derivation of equations for,

108-112
with scales of P, r, <P, 112

Solution of differential equations, for in­
finite line, 48

for terminated line, exponential, 73-76
hyperbolic forms, 83-86 .

instantaneous, 86-91
incident- and reflected-wave form,

79-83
infinite-series form, 77-79

Squelcher, unbalance, 207-209
Standing-wave ratio, 260-263
Standing waves (see Distribution curve)
Strip line, 45, 46
Stub, single movable, for matching, 177­

184
Stub matching, 177-193
Stub support, 164-172

for antenna, 405-407
Suppressor, of coaxial mode in shielded­

pair line, 207-209
of fundamental while passing even

harmonics, 487
of second harmonic while passing fun­

damental, 486
of third harmonic while passing funda­

mental, 487
Susceptance, input, of line section, 147-

153
extreme, 157-160
graphs, 162, 166-169
loaded, graphs, 168, 169
schematic diagram, 162

normalized, 135
Symmetrical networks, 293

T junction in two-wire line, 389-397
T network as load for two lines, 288-294
Tangent relation, Weissfloch, 296, 297
TEM mode in strip lines, 47
Terminal function, complex, compared

with reflection coefficient, 84
definition, 84, 85
graphical representations, 104-107
relation to reflection coefficient, 101

Terminal impedance, apparent, 71
idealized, 72

Terminal zone, definition, 68-71
length, 68

Terminal-zone network, description,
71-73

Terminated line, 58-130
Termination, lossy, 358-364

open-end, 365, 366
reactive, 117-120
resistive, 112-117
wire-bridge, 364, 365

Three-phase line, 39-43
Three-probe method, 281, 282
Three-wire line, 39-43
Transfer impedance for series sections of

line, 216-219 ,
Transformer, double-slug, 351-358

equivalent, experimental determina­
tion of, 298-304

for two-terminal pair network, 294­
304

with hybrid junction, 227
elimination of, 236, 237

impedance, 172-174
quarter-wave, 176
series, 174-177

Transmission coefficient, 305
element of scattering matrix, 201

Transmission lines, change in cross sec­
tion, 317-328

coaxial (see Coaxial line)
coaxial cage, 43

constants, 45
coupled, 457-470
distortionless, 98, 99
eccentric, 31

constants, 33
equivalent uniform, in terminal zone,

71
flat (see Matched line; Matching)
four-wire, 19

constants, 20
with high attenuation, conditions and

constants, 99
image, 29, 34, 41, 45

constants, 29, 36, 38, 39, 46
with large leakage and negligible re­

sistance, 100
lossless, 98

formulas for current and voltage, 86
lossy, 360
with low attenuation, negligible leak­

age conductance, 98
per unit length, 95-96

factors of higher order for, 96, 97
with low distortion, 98
matched (see Matched line; Matching)
n-phase, 39, 43
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Transmission lines, n-wire, 39, 43
nonresonant, 243, 244
resonant, current and voltage, 262-265
sandwich, 46
shielded, 31, 34, 43
shielded-pair (see Shielded-pair line)
single conductor over image plane, 29,

45
strip, 45

constants, 46
terminated, 58
three-phase, 41

constants, 43
three-wire, 39

constants, 41
twin (see Shielded-pair line)
two-wire (see Two-wire line)

Transmitted wave, amplitude of, 201
Transverse problem, equation for, 25
Traveling wave on line, 52
Tuner, double-slug, 351-353

double-stub, 184-190
single-stub, 177-184
triple-stub, 241 '

Twin line (see Shielded-pair line)
Twb-terminal pair, equivalent trans­

former, 294-304
Two-wire line, analysis, 13-20, 23-31

bend in, 382-389
change in spacing, 411-417
closely spaced, 23-31

effective spacing for, 29
constants, 17, 28, 29
electric field, 31
magnetic field, 30
plane of, bend in, 418-425
radiation from (see Radiation from

two-wire line)
series branches in; 397-411
shielded, 34-39
T junction in, 389-397
unbalanced, 224, 397-399

Unbalance squelcher, terminated, 209
Tomiyasu's, 207

Unbalanced generator, 208
Unbalanced line, open-wire, 209, 210

shielded-pair, 203-209
Unbalanced load, difference impedance

for, 203
equivalent generators for, 204
terminating shielded-pair line, 203-209

Variables, separation of, 24
Vector potential, definition, 8

discontinuity across boundary in line,
321

nefi,r open end, 367, 368

Vector potential, for terminated line, 66
for two-wire line, 30
(See also Potentials and potential dif­

ferences)
Velocity, characteristic, of dielectric

medium, 10
of free space, 10
of imperfect dielectric medium, 10

group, definition, 54
significance, 54, 56

phase, definition, 52, 53
general forms, 94
in hyperbolic form of solution, 88-91
in illcident- and reflected-wave form

of solution, 80
in infinite-series form of solution, 77
lower frequency limit, 94
measurement, 275
in ocean cable, 100
significance, 52-54
upper frequency limit, 94
varying, for finite line, 89

signal, 56
Voltage, continuity across boundary,

32~321

distribution, on nonresonant line, 243,
244

on resonant line, 262-265
instantaneous, along finite line, 77, 87

along infinite line, 50
as infinite series, 77

on line, driven by coupled section of
line, 463-468

with one pair of point generators,
244-246

with three pairs of point generators,
248, 249

with two pairs of point generators,
246-248

near open end, 367, 368
polar form for line, 249-251
and scattering matrix, 305

Voltages on line, even and odd, 195-197
symmetrical and antisymmetrical, 196,

29~ 391, 39~ 39~ 41~ 419

Wave, incident, 80
reflected, 80

Wavelength, definition for infinite line,
51,52

measurement, 273-275
Waves, of current on infinite line, run­

ning,52
traveling, 52

of voltage, 52
Weissfloch tangent relation, 296, 297

Zone, terminal, 68-71
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time; 8 other papers complete the first volume. Vol II includes 2 papers on dynamics, 8 on
vector analysis and multiple algebra, 5 on the electromagnetic theory of light, and 6 miscella­
neous papers. Biographical sketch by H. A. Bumstead. Total of xxxvi + 718pp. 55/8 x 8318.

S721 Vol I Paperbound $2.00
S722 Vol II Paperbound $2.00

The set $4.00

BASIC THEORIES OF PHYSICS, Peter Gabriel Bergmann. Two-volume set which presents a
critical examination of important topics in the major subdivisions of classical and modern
physics. The first volume is concerned with classical mechanics and electrodynamics:
mechanics of mass points, analytical mechanics, matter in bUlk, electrostatics and magneto­
statics, electromagnetic interaction, the field waves, special relativity, and waves. The
second volume (Heat and Quanta) contains discussions of the kinetic hypothesis, physics and
statistics, stationary ensembles, laws of thermodynamics, early quantum theories, atomic
spectra, probability waves, quantization in wave mechanics, approximation methods, and
abstract quantum theory. A valuable supplement to any thorough course or text.
Heat and Quanta: Index. 8 figures. x + 300pp. 53/8 X 81/2. S968 Paperbound $1.75
Mechanics and Electrodynamics: Index. 14 figures. vii + 280pp. 53/8 x 81/2.

S969 Paperbound $1.75

THEORETICAL PHYSICS, A. S. Kompaneyets. One of the very few thorough studies of the
subject in this price range. Provides advanced students with a comprehensive theoretical
background. Especially strong on recent experimentation and developments in quantum
theory. Contents: Mechanics (Generalized Coordinates, Lagrange's Equation, Collision of
Particles, etc.), Electrodynamics (Vector Analysis, Maxwell's equations, Transmission of
Signals, Theory of Relativity, etc.), Quantum Mechanics (the Inadequacy of Classical Mechan­
ics, the Wave Equation, Motion in a Central Field, Quantum Theory of Radiation, Quantum
Theories of Dispersion and Scattering, etc.), and Statistical Physics (Equilibrium Distribution
of Molecules in an Ideal Gas, Boltzmann statistics, Bose and Fermi Distribution,
Thermodynamic Quantities, etc.). Revised to 1961. Translated by George Yankovsky, author­
ized by Kompaneyets. 137 exercises. 56 figures. 529pp. 53/8 x 81/2. S972 Paperbound $2.50

ANALYTICAL AND CANONICAL FORMALISM IN PHYSICS, Andre Mercier. A survey, in one vol·
ume, of the variational principles (the key principles-in mathematical form-from which
the basic laws of anyone branch of physics can be derived) of the several branches of
physical theory, together with an examination of the relationships among them. Contents:
the Lagrangian Formalism, Lagrangian Densities, Canonical Formalism, Canonical Form of
Electrodynamics, Hamiltonian Densities, Transformations, and Canonical Form with Vanishing
Jacobian Determinant. Numerous examples and exercises. For advanced students, teachers,
etc. 6 figures. Index. viii + 222pp. 53/8 x 81/2. S1077 Paperbound $1.75
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Acoustics, optics, electricity and magnetism, electromagnetics, magneto­
hydrodynamics

THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systems likely to be encountered in
practice can be tackled successfully by the methods set forth by the great Nobel laureate,
Lord Rayleigh. Complete coverage of experimental, mathematical aspects of sound theory.
Partial contents: Harmonic motions, vibrating systems in general, lateral vibrations of bars,
curved plates or shells, applications of Laplace's functions to acoustical problems, fluid
friction, plane vortex-sheet, vibrations of solid bodies, etc. This is the first inexpensive
edition of this great reference and study work. Bibliography. Historical introduction by R. B.
Lindsay. Total of 1040pp. 97 figures. 5=¥s x 8.

S292, S293, Two volume set, paperbound, $4.70

THE DYNAMICAL THEORY OF SOUND, H. Lamb. Comprehensive mathematical treatment of the
physical aspects of sound, covering the theory of vibrations, the general theory of sound, and
the equations of motion of strings, bars, membranes, pipes, and resonators. Includes chap­
ters on plane, spherical, and simple harmonic waves and the Helmholtz Theory of Audition.
Complete and self-contained development for student and specialist; all fundamental differ­
ential equations solved completely. Specific mathematical details for such important phenom­
ena as harmonics, normal modes, forced vibrations of strings, theory of reed pipes, etc. Index.
Bibliography. 86 diagrams. viii + 307pp. 5% x 8. S655 Paperbound $1.50

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Brillouin. A general method and applica­
tion to different problems: pure physics, such as scattering of X-rays of crystals, thermal
vibration in crystal lattices, electronic motion in metals; and also problems of electrical
engineering. Partial contents: elastic waves in I-dimensional lattices of point masses.
Propagation of waves along I-dimensional lattices. Energy flow. 2 dimensional, 3 dimensional
lattices. Mathieu's equation. Matrices and propagation of waves along an electric line.
Continuous electric lines. 131 illustrations. Bibliography. Index. xii + 253pp. 5% x 8.

534 Paperbound $1.85

THEORY OF VIBRATION~, N. W. McLachlan. Based on an exceptionally successful graduate
course given at Brown University, this discusses linear systems having 1 degree of freedom,
forced vibrations of simple linear systems, vibration of flexible strings, transverse Vibra­
tions of bars and tUbes, transverse Vibration of circular plate, sound waves of finite ampli­
tUde, etc. Index. 99 diagrams. 160pp. 53/s x 8. S190 Paperbound $1.35

LIGHT: PRINCIPLES AND EXPERIMENTS, George S. Monk. Covers theory, experimentation, and
research. Intended for students With some background in general physics and elementary
calculus. Three main divisions: 1) Eight chapters on geometrical optics-fundamental con·
cepts (the ray and its optical length, Fermat's principle, etc.), laws of image formation,
apertures in optical systems, photometry, optical instruments etc.; 2) 9 chapters on physical
optics-interference, diffraction, polarization, spectra, the Rayleigh refractometer, the
wave theory of light, etc.; 3) 23 instructive experiments based directly on the theoretical
text. "Probably the best intermediate textbook on light in the English language. Certainly,
it is the best book which includes both geometrical and physical optics," J. Rud Nielson,
PHYSICS FORUM. Revised edition. 102 problems and answers. 12 appendices. 6 tables. Index.
270 illustrations. xi +489pp. 5=¥s x 8lf2. S341 Paperbound $2.45

PHOTOMETRY, John W. T. Walsh. The best treatment of both "bench" and "illumination"
photometry in English by one of Britain's foremost experts in the field (President of the
International Commission on Illumination). Limited to those matters, theoretical and prac­
tical, which affect the measurement of light flux, candlepower, illumination, etc., and
excludes treatment of the use to Which such measurements may be put after they have been
made. Chapters on Radiation, The Eye and Vision, Photo-Electric Cells, The Principles of
Photometry, The Measurement of Luminous Intensity, Colorimetry, Spectrophotometry, Stellar
Photometry, The Photometric Laboratory, etc. Third revised (1958) edition. 281 illustrations.
10 appendices. xxiv + 544pp. 5lf2 x 91/4. S319 Clothbound $10.00

EXPERIMENTAL SPECTROSCOPY, R. A. Sawyer. Clear discussion of prism and grating spectro­
graphs and the techniques of their use in research, With emphasis on those principles and
techniques that are fundamental to practically all uses of spectroscopic equipment. Begin­
ning with a brief history of spectroscopy, the author covers such topics as light sources,
spectroscopic apparatus, prism spectroscopes and graphs, diffraction grating, the photo­
graphic process, determination of wave length, spectral intensity, infrared spectroscopy,
spectrochemical analysis, etc. This revised edition contains new material on the production
of replica gratings, solar spectroscopy from rockets, new standard of wave length, etc.
Index. Bibliography. 111 illustrations. x + 358pp. 53/8 x 81f2. 51045 Paperbound $2.00

FUNDAMENTALS OF ELECTRICITY AND MAGNETISM, L. B. Loeb. Fot students of physics, chem­
istry, or engineering who want an introduction to electricity and magnetism on a higher level
and in more detail than general elementary physics texts provide. Only elementary differential
and integral calculus is assumed. Physical laws developed logically, from magnetism to
electric currents, Ohm's law, electrolYSIS, and on to static' electncity, induction, etc. Covers
an unusual amount of material; one third of book on modern material: solution of wave equa­
tion, photoelectric and thermionic effects, etc. Complete statement of the various electrical
systems of units and interrelations. 2 Indexes. 75 pages of problems with answers stated.
Over 300 figures and diagrams. xix +669pp. 53/8 x 8. S745 Paperbound $2.75
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MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, Harry Bateman. Written
by one of this century's most distinguished mathematical physicists, this is a practical
introduction to those developments of Maxwell's electromagnetic theory which are directly
connected with the solution of the partial differential equation of wave motion. Methods of
solving wave-equation, polar-cylindrical coordinates, diffraction, transformation of coordinates,
homogeneous solutions, electromagnetic fields with moving singularities, etc. Index. 168pp.
53/8 x 8. S14 Paperbound $1.75

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. This classical examination of the propagation
of light, color, polarization, etc. offers an historical and philosophical treatment that has
never been surpassed for breadth and easy readability. Contents: Rectilinear propagation of
light. Reflection, refraction. Early knowledge of vision. Dioptrics. Composition of light.
Theory of color and dispersion. Periodicity. Theory of interference. Polarization. Mathematical
representation of properties of light. Propagation of waves, etc. 279 illustrations, 10 por­
traits. Appendix. Indexes. 324pp. 53/8 x 8. S178 Paperbound $1.75

THE THEORY OF OPTICS, Paul Drude. One of finest fundamental texts in physical optics,
classic offers thorough coverage, complete mathematical treatment of basic ideas. Includes
fullest treatment of application of thermodynamics to optics; sine law in formation of
images, transparent crystals, magnetically active sUbstances, velocity of light, apertures,
effects depending upon them, polarization, optical instruments, etc. Introduction by A. A.
Michelson. Index. 110 illus; 567pp. 53/8 x 8. S532 Paperbound $2.45

ELECTRICAL THEORY ON THE GIORGI SYSTEM, P. Cornelius. A new clarification of the funda­
mental concepts of electricity and magnetism, advocating the convenient m.k.s. system of
units that is steadily gaining followers in the sciences. Illustrating the use and effectiveness
of his terminology with numerous applications to concrete technical problems, the author
here expounds the famous Giorgi system of electrical physics. His lucid presentation
and well-reasoned, cogent argument for the universal adoption of this system form one of
the finest pieces of scientific exposition in recent years. 28 figures. Index. Conversion tables
for translating earlier data into modern units. Translated from 3rd Dutch edition by L. J.
Jolley. x + 187pp. 5112 x 83/4. S909 Clothbound $6.00

ELECTRIC WAVES: BEING RESEARCHES ON THE PROPAGATION OF ELECTRIC ACTION WITH
FINITE VELOCITY THROUGH SPACE, Heinrich Hertz. This classic work brings together the
original papers in which Hertz-Helmholtz's proteg~ and one of the most brilliant figures
in 19th-century research-probed the existence of electromagnetic waves and showed experi­
mentally that their velocity equalled that of light, research that helped lay the groundwork
for the development of radio, teleVision, telephone, telegraph, and other modern technological
marvels. Unabridged republication of original edition. Authorized translation by D. E. Jones.
Preface by Lord Kelvin. Index of names. 40 illustrations. xvii + 278pp. 53/8 x 8112.

S57 Paperbound $1.75

PIEZOELECTRICITY: AN INTRODUCTION TO THE THEORY AND APPLICATIONS OF ELECTRO·
MECHANICAL PHENOMENA IN CRYSTALS, Walter G. Cady. This is the most complete and sys­
tematic coverage of this important field in print-now regarded as something of scientific
classic. This republication, revised and corrected by Prof. Cady-one of the foremost con­
tributors in this area-contains a sketch of recent progress and new material on Ferro­
electrics. Time Standards, etc. The first 7 chapters deal with fundamental theory of crystal
electricity. 5 important chapters cover basic concepts of piezoelectricity, including com­
parisons of various competing theories in the field. Also discussed: piezoelectric resonators
(theory, methods of manufacture, influences of air-gaps, etc.); the piezo oscillator; the
properties, history, and observations relating to Rochelle salt; ferroelectric crystals; miscel­
laneous applications of piezoelectricity; pyroelectricitYi etc. "A great work," W. A. Wooster,
NATURE. Revised (1963) and corrected edition. New preface by Prof. Cady. 2 Appendices.
Indices. Illustrations. 62 tables. Bibliography. Problems. Total of 1 + 822pp. 53/8 x 8112.

S1094 Vol. I Paperbound $2.50
S1095 Vol. II Paperbound $2.50

Two volume set Paperbound $5.00

MAGNETISM AND VERY LOW TEMPERATURES, H. B. G. Casimir. A basic work in the literature
of low temperature physics. Presents a concise survey of fundamental theoretical principles,
and also points out promising lines of investigation. Contents: Classical Theory and Experi­
mental Methods, Quantum Theory of Paramagnetism, Experiments on Adiabatic Demagnetiza­
tion. Theoretical Discussion of Paramagnetism at Very Low Temperatures, Some Experimental
Results, Relaxation Phenomena. Index. 89-item bibliography. ix + 95pp. 53/8 x 8.

S943 Paperbound $1.25

SELECTED PAPERS ON NEW TECHNIQUES FOR ENERGY CONVERSION: THERMOELECTRIC
METHODS; THERMIONIC; PHOTOVOLTAIC AND ELECTRICAL EFFECTS; FUSION, Edited by Sumner
N. Levine. Brings together in one volume the most important papers (1954-1961) in modern
energy technology. Included among the 37 papers are general and qualitative descriptions
of the field as a whole, indicating promising lines of research. Also: 15 papers on thermo­
electric methods, 7 on thermionic, 5 on photovoltaic, 4 on electrochemical effect, and 2 on
controlled fusion research. Among the contributors are: Joffe, Maria Telkes, Herold, Herring,
Douglas, Jaumot, Post, Austin, Wilson, Pfann, Rappaport, Morehouse, Domenicali, .Moss,
Bowers, Harman, Von Doenhoef. Preface and introduction by the editor. Bibliographies.
xxviii + 451pp. 6118 x 91/4. S37 Paperbound $3.00
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SUPERFLUIDS: MACROSCOPIC THEORY OF SUPERCONDUCTIVITY, Vol. I, Fritz London. The
major work by one of the founders and great theoreticians of modern quantum physics.
Consolidates the researches that led to the present understanding of the nature of super­
conductivity. Prof. London here reveals that quantum mechanics is operative on the macro­
scopic plane as well as the submolecular level. Contents: Properties of Super~onductors
and Their Thermodynamical Correlation; Electrodynamics of the Pure Superconductmg State;
Relation between Current and Field; Measurements of the Penetration Depth; Non-Viscous Flow
vs. Superconductivity; Micro-waves in Superconductors; Reality of the Domain Structure;
and many other related topics. A new epilogue by M. J. Buckingham discusses developments
in the field up to 1960. Corrected and expanded edition. An appreciation of the author's
life and work by L. W. Nordheim. Biography by Edith London. Bibliography of his publica­
tions. 45 figures. 2 Indices. xviii + 173pp. 55/8 x 8%. S44 Paperbound $1.45

SELECTED PAPERS ON PHYSICAL PROCESSES IN IONIZED PLASMAS, Edited by Donald H.
Menzel, Director, Harvard College Observatory. 30 important papers relating to the study of
highly ionized gases or plasmas selected by a foremost contributor in the field, with the
assistance of Dr. L. H. Aller. The essays include 18 on the physical processes in gaseous
nebulae, covering problems of radiation and radiative transfer, the Balmer decrement,
electron temperatives, spectrophotometry, etc. 10 papers deal with the interpretation of
nebular spectra, by Bohm, Van Vleck, Aller, Minkowski, etc. There is also a discussion
of the intensities of "forbidden" spectral lines by George Shortley and a paper concern­
ing the theory of hydrogenic spectra by Menzel and Pekeris. Other contributors: Goldberg,
Hebb, Baker, Bowen, Ufford, Liller, etc. viii + 374pp. 61/8 x 91/4. S60 Paperbound $2.95

THE ELECTROMAGNETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate
engineers. Vector methods exclusively: detailed treatment of electrostatics, expansion meth­
ods, with tables converting any quantity into absolute electromagnetic, absolute electrostatic,
practical units. Discrete charges, ponderable bodies, Maxwell field equations, etc. Introduc­
tion. Indexes. 416pp. 5% x 8. 5185 Paperbound $2.00

THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT
HEAT, H. Lorentz. Lectures delivered at Columbia University by Nobel laureate Lorentz.
Unabridged, they form a historical coverage of the theory of free electrons, motion,
absorption of heat, Zeeman effect, propagation of light in molecular bodies, inverse Zeeman
effect, optical phenomena in moving bodies, etc. 109 pages of notes explain the more
advanced sections. Index. 9 figures. 352pp. 5% x 8. S173 Paperbound $1.85

FUNDAMENTAL ELECTROMAGNETIC THEORY, Ronold P. King, Professor Applied Physics, Harvard
University. Original and valuable introduction to electromagnetic theory and to circuit
theory from the standpoint of electromagnetic theory. Contents: Mathematical Description
of Matter-stationary and nonstationary states; Mathematical Description of Space and of
Simple Media-Field Equations, Integral Forms of Field Equations, Electromagnetic Force,
etc'i Transformation of Field and Force Equations; Electromagnetic Waves in Unbounded
RegIons; Skin Effect and Internal Impedance-in a solid cylindrical conductor, etc.; and
Electrical Circuits-Analytical Foundations, Near-zone and quasi-near zone circuits, Balanced
two-wire and four-wire transmission lines. Revised and enlarged version. New preface by
the author. 5 appendices (Differential operators: Vector Formulas and Identities, etc.).
Problems. Indexes. Bibliography. xvi + 580pp. 53/8 x 81/2. 51023 Paperbound $2.75

Hydrodynamics

A TREATISE ON HYDRODYNAMICS, A. B. Basset. Favorite text on hydrodynamics for 2 genera­
tions of physicists, hydrodynamical engineers, oceanographers, ship designers, etc. Clear
enough for the beginning student, and thorough source for graduate students and engineers on
th~ work of d'Alembert, Euler, Laplace, Lagrange, Poisson, Green, Clebsch, Stokes, Cauchy,
Helmholtz, J. J. Thomson, love, Hicks, Greenhill, Besant, Lamb, etc. Great amount of docu­
mentation on entire theory of classical hydrodynamics. Vol I: theory of motion of frictionless
liquids, vortex, and cyclic irrotational motion, etc. 132 exercises. Bibliography. 3 Appendixes.
xii + 264pp. Vol II: motion in viscous liquids, harmonic analysis, theory of tides, etc. 112
exercises, Bibliography. 4 Appendixes. xv + 328pp. Two volume set. 5% x 8.

5724 Vol I Paperbound $1.75
8725 Vol II Paperbound $1.75

The set $3.50

HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard refer­
ence work on dynamics of liquids & gases. Fundamental theorems, equations, methods,
solutions, background, for classical hydrodynamics. Chapters include Equations of Motion,
Integration of Equations in Special Gases, Irrotational Motion, Motion of Liquid in 2 Dimen­
sions, Motion of Solids through Liquid-Dynamical Theory, Vortex Motion, Tidal Waves, Surface
Waves, Waves of Expansion, Viscosity, Rotating Masses of liquids. Excellently planned, ar­
ranged; clear, lucid presentation. 6th enlarged, revised edition. Index. Over 900 footnotes,
mostly bibliographical. 119 figures. xv + 738pp. 61/8 x 91/4. S256 Paperbound $3.25
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ENGINEERING AND TECHNOLOGY

General and mathematical

ENGINEERING MATHEMATICS, Kenneth S. Miller. A text for graduate students of engineering
to strengthen their mathematical background in differential equations etc. Mathematical
steps very explicitly indicated. Contents: Determinants and Matrices, Integrals, Linear Dif­
feren~ial Equations, Fourier Series and Integrals, Laplace Transform, Network Theory, Random
Functl~n : . . all vital requisites for advanced modern engineering studies. Unabridged
republicatIOn. Appendices: Borel Sets; Riemann-Stieltjes Integral; Fourier Series and Integrals.
Index. References at Chapter Ends. xii + 417pp. 6 x 8lf2. S1121 Paperbound $2.00

MATHEMATICAL ENGINEERING ANALYSIS, Rufus Oldenburger. A book designed to assist the
research engineer and scientist in making the transition from physical engineering situations
t~ the corresponding mathematics. Scores of common practical situations found in all major
fields of physics are supplied with their correct mathematical formulations-applications to
automobile springs and shock absorbers, clocks, throttle torque of diesel engines, resistance
n.etworks, capacitors, transmission lines, microphones, neon tUbes, gasoline engines, refrigera­
tion cycles, etc. Each section reviews basic principles of underlying various fields: mechanics
of rigid bodies, electricity and magnetism, heat, elasticity, fluid mechanics, and aerodynamics.
Comprehensive and eminently useful. Index. 169 problems, answers. 200 photos and diagrams.
xiv + 426pp. 5% x 8lf2. S919 Paperbound $2.00

MATHEMATICS OF MODERN ENGINEERING, E. G. Keller and R. E. Doherty. Written for the
Advanced Course in Engineering of the General Electric Corporation, deals with the engineer·
ing use of determinants, tensors, the Heaviside operational calculus, dyadics, the calculus
of variations, etc. Presents underlying principles fully, but purpose is to teach engineers to
deal with modern engineering problems, and emphasis is on the perennial engineering attack
of set-up and solve. Indexes. Over 185 figures and tables. Hundreds of exercises, problems,
and worked-out examples. References. Two volume set. Total of xxxiii + 623pp. 5% x 8.

8734 Vol I Paperbound $1.85
8735 Vol II Paperbound $1.85

The set $3.70

MATHEMATICAL METHODS FOR SCIENTISTS AND ENGINEERS, L. P. Smith. For scientists and
engineers, as well as advanced math students. Full investigation of methods and practical
description of conditions under which each should be used. Elements of real functions,
differential and integral calculus, space geometry, theory of residues, vector and tensor
analysis, series of Bessel functions, etc. Each method illustrated by completely-worked-out
examples, mostly from scientific literature. 368 graded unsolved problems. 100 diagrams.
x + 453pp. 55/8 x 8%. S220 Paperbound $2.00

THEORY OF FUNCTIONS AS APPLIED TO ENGINEERING PROBLEMS, edited by R. Rothe, F. Dilen­
dorff, and K. pohlhausen. A series of lectures giv~n at the. Berlin Ins~itut~ of Technol.ogy ~hat
shows the specific applications of function .theory In e.lectnc~1 and allied fle.lds of englneefl!lg.
Six lectures provide the elements of function t~eory In a Simple and prac.tlcal form, covenng
complex quantities and variables, integration In the complex plane, reslgue theor.ems, etc.
Then 5 lectures show the exact uses of this powerful mathematical tool, With full discussions
of problem methods. Index. Bibliography. 108 figures. x + 189pp. 5% x 8. d $1 35

8733 Paperboun •

Aerodynamics and hydrodynamics

AIRPLANE STRUCTURAL ANALYSIS AND DESIGN, E. E. Sechler and L. G. Dunn. Systematic
authoritative book which summarizes a large amount of theoretical and experimental work
on structural analysis and design. Strong on classical subsonic material still basic to much
aeronautic design . . . remains a highly useful source of information. Covers such areas
as layout of the airplane, applied and design loads, stress-strain relationships for stable
structures, truss and frame analysis, the problem of instability, the ultimate strength of
stiffened flat sheet, analysis of cylindrical structures, wings and control surfaces, fuselage
analysis, engine mounts, landing gears, etc. Originally published ~s part of the CALCIT
Aeronautical Series. 256 Illustrations. 47 study problems. Indexes. Xl + 420pp. 5% x 8lf2.

S1043 Paperbound $2.25

FUNDAMENTALS OF HYDRO· AND AEROMECHANICS, L. Prandtl and O. G. Tietjens. The well­
known standard work based upon Prandtl's lectures at Goettingen. Wherever possible hydro­
dynamics theory is referred to practic~1 c.onsiderations in hydraulics, wi~h t~e vie~ of
unifying theory and experience. Presentation IS extremely clear and though pnmarlly physical,
mathematical proofs are rigorous and use vector analysis to a considerable extent. An
Enginering Society Monograph, 1934. 186 figures. Index. xvi + 270pp. 5% x 8.

5374 Paperbound $1.85
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FLUID MECHANICS FOR HYDRAULIC ENGINEERS, H. Rouse. Standard work that gives a coherent
picture of fluid mechanics from the point of view of the hydraulic engineer. Based on courses
given to civil and mechanical engineering students at Columbia and the California Institute
of Technology, this work covers every basic principle, method, equation, or theory of
Interest to the hydraulic engineer. Much of the material, diagrams, charts, etc., in this
self-contained text are not duplicated elsewhere. Covers irrotational motion, conformal map­
ping, problems in laminar motion, fluid turbulence, flow around immersed bodies, transporta­
tion of sediment, general charcteristics of wave phenomena, gravity waves in open channels,
etc. Index. Appendix of physical properties of common fluids. Frontispiece + 245 figures and
photographs. xvi + 422pp. 5=M1 x 8. 5729 Paperbound $2.25

WATERHAMMER ANALYSIS, John Parmakian. Valuable exposition of the graphical method of
solving waterhammer problems by Assistant Chief Designing Engineer, U.S. Bureau of
Reclamation. Discussions of rigid and elastic water column theory, velocity of waterhammer
waves, theory of graphical waterhammer analysis for gate operation, closings, openings,
rapid and slow movements, etc., waterhammer in pump discharge caused by power failure,
waterhammer analysis for compound pipes, and numerous related problems. "With a concise
and lucid style, clear printing, adequate bibliography and graphs for approximate solutions
at the project stage, it fills a vacant place in waterhammer literature," WATER POWER.
43 problems. Bibliography. Index. 113 illustrations. xiv + 161pp. 5=M1 x 8112.

51061 Paperbound $1.65

AERODYNAMIC THEORY: A GENERAL REVIEW OF PROGRESS, William F. Durand, editor-In-chief.
A monumental joint effort by the world's leading authorities prepared under a grant of
the Guggenheim Fund for the Promotion of Aeronautics. Intended to provide the stud.ent
and aeronautic designer with the theoretical and experimental background of aeronauttcs.
Never equalled for breadth, depth, reliability. Contains discussions of special mathematical
topics not usually taught in the engineering or technical courses. Also: an extended two-part
treatise on Fluid Mechanics, discussions of aerodynamics of perfect fluids, analyses of
experiments with wind tunnels, applied airfoil theory, the non-lifting system of the airplane,
the air propeller, hydrodynamics of boats and floats, the aerodynamics of cooling, etc.
Contributing experts include Munk, Giacomelli, Prandtl. Toussaint, Von Karman, Klemperer,
among others. Unabridged republication. 6 volumes bound as 3. Total of 1,012 figures, 12
plates. Total of 2,186pp. Bibliographies. Notes. Indices. 5=M1 x 8.

S328-S330 Clothbound, The Set $17.50

APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl and O. G. Tletjens. Presents, for the most
part, methods which will be valuable to engineers. Covers flow in pipes, boundary layers,
airfoil theory, entry conditions, turbulent flow in pipes, and the boundary layer, determining
drag from measurements of pressure and velocity, etc. "Will be welcomed by all students
of aerodynamics," NATURE. Unabridged, unaltered. An Engineering Society Monograph, 1934.
Index. 226 figures, 28 photographic plates illustrating flow patterns. xvi + 311pp. 5% x 8.

S375 Paperbound $1.85

SUPERSONIC AERODYNAMICS, E. R. C. Miles. Valuable theoretical introduction to the super­
sonic domain, with emphasis on mathematical tools and principles, for practicing aerody­
namicists and advanced students in aeronautical engineering. Covers fundamental theory,
divergence theorem and principles of cirCUlation, compressible flow and Helmholtz laws, the
Prandtl-Busemann graphic method for 2·dimensional flow, oblique shock waves, the Taylor­
Maccoll method for cones in supersonic flow, the Chaplygin method for 2·dimensional flow, etc.
Problems range from practical engineering problems to development of theoretical results.
"Rendered outstanding by the unprecedented scope of its contents ..• has undoubtedly filled
a Vital gap," AERONAUTICAL ENGINEERING REVIEW. Index. 173 problems, answers. 106 dia­
grams. 7 tables. xii + 255pp. 5% x 8. S214 Paperbound $1.45

HYDRAULIC TRANSIENTS, G. R. Rich. The best text in hydraulics ever printed in English •••
by one .o! America's foremost engineers (former Chief Design Engineer for T.V.A.). Provides
a . transl.tlo~ from .the basic d!fferentia! equations ~f hydra~lic transient theory to the
anthmetlc Intergratlon computatiOn reqUired by practicing engineers. Sections cover Water
Hammer, Turbine Speed Regulation, Stability of Governing, Water-Hammer Pressures in Pump
Discharge Lines, The Differential and Restricted Orifice Surge Tanks, The Normalized Surge
Tank Ch~rts of Calame and Gaden, NaVigation Locks, Surges in Power Canals-Tidal Harmonics,
etc. ReVised and enlarged. Author's prefaces. Index. XIV + 409pp. 53/8 x 8112.

S116 Paperbound $2.50

HYDRAULICS AND ITS APPLICATIONS, A. H. Gibson. Excellent comprehensive textbook for the
~tu~ent and thorough practical manual for the professional worker, a work of great stature
In Its area. Half the book IS devoted to theory and half to applications and practical prob­
lems n:'et in the fi~ld. Covers modes ~f motion ~f a fluid, critical velocity, viscous flow, eddy
formation, Bernoulli'S theorem, flow In converging passages, vortex motion, form of effluent
streams, n.otches and weirs, skin friction, losses at valves and elbows, siphons, erosion of
channels, Jet propulsion. waves of oscillation, and over 100 similar topics. Final chapters
(nearly 400 pages) cover more than 100 kinds of hydraulic machinery: Pelton Wheel, speed
regulators, the hydraulic ram, surge tanks, the scoop wheel, the Venturi meter, etc. A
special ch<.:pter treats methods of testing theoretical hypotheses: scale models of rivers
tidal. estuaries, siphon spillways, etc. 5th revised and enlarged (1952) edition. Index. Ap~
pendIX. 427 photographs and diagrams. 95 examples, answers. xv + 813pp. 6 x 9.

5791 Clothbound $8.00
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FLUID MECHANICS THROUGH WORKEG EXAMPLES, D. R. L. Smith and J. Houghton. Advanced
text. covering principles and applic~tions to practical situations. Each chapter begins with
con~lse s.ummanes of fundamental Ideas. 16~ fully worked out examples applying principles
outimed 10 the text. 275 other problems, with answers. Contents; The Pressure of liquids
on Surface~; Floati~g Bodie~; Flow Under Con~tan.t Head in Pipes; Circulation; Vorticity;
The ~otentlal Function; Lammar Flow and Lubncatlon; Impact ot Jets; Hydraulic Turbines;
Centnfugal and Reciprocating Pumps; Compressible Fluids; and many other items. Total
of 438 examples. 250 line illustrations. 340PP. Index. 6 x 8~&. 5981 Clothbound $6.00

THEORY OF SHIP MOTIONS, S. N. Blagoveshchensky. The only detailed text in English in
a rapidly developing branch of engineering and physics, it is the ·work of one of the
world's foremost authorities-Blagoveshchensky of Leningrad Shipbuilding Institute. A
senior-level treatment written primarily for engineering students, but also of great importance
to naval architects, designers, contractors, researchers in hydrodynamics, and other students.
No mathematics beyond ordinary differential equations is required for understanding the
text. Translated by T. & L. Strelkoff, under editorship of Louis Landweber, Iowa Institute
of Hydraulic Research, under auspices of Office of Naval Research. Bibliography. Index.
231 diagrams and illustrations. Total of 649pp. 5% x 81/2. Vol. I: S234 Paperbound $2.00

Vol. II: S235 Paperbound $2.00

THEORY OF FLIGHT, Richard von Mises. Remains almost unsurpassed as balanced, well-written
account of fundamental fluid dynamics, and situations in which air compressibility effects
are unimportant. Stressing equally theory and practice, avoiding formidable mathematical
structure, it conveys a full understanding of physical phenomena and mathematical concepts.
Contains perhaps the best introduction to general theory of stability. "Outstanding," Scientific,
Medical, and Technical Books. New introduction by K. H. Hohenemser. Bibliographical, histor­
ical notes. Index. 408 illustrations. xvi + 620pp. 5=0/'& x 8%. S541 'Paperbound $2.95

THEORY OF WING SECTIONS, I. H. Abbott, A. E. VOn Doenhoff. Concise compilation of subsonic
aerodynamic characteristics of modern NASA wing sections, with description of their geom­
etry, associated theory. Primarily reference work for engineers, stUdents, it gives methods,
data for using wing-section data to predict characteristics. Particularly valuable: chapters on
thin wings, airfoils; complete summary of NACA's experimental observations, system of
construction families of airfoils. 350PP. of tables on Basic Thickness Forms, Mean Lines,
Airfoil Ordinates, Aerodynamic Characteristics of Wing Sections. Index. Bibliography. 191
illustrations. Appendix. 705pp. 5=0/'& x 8. S558 Paperbound $3.25~

WEIGHT-STRENGTH ANALYSIS OF AIRCRAFT STRUCTURES, F. R. Shanley. Scientifically sound
methods of analyzing and predicting the structural weight of aircraft and missiles. Deals
directly with forces and the distances over which they must be transmitted, making it possible
to develop methods by which the minimum structural wei~ht can be determined for any
material and conditions of loading. Weight equations for wing and fuselage structures. In­
cludes author's original papers on inelastic buckling and creep buckling. "Particularly success­
ful in presenting his analytical methods for investigating various optimum design principles,"
AERONAUTICAL ENGINEERING REVIEW. Enlarged bibliography. Index. 199 figures. xiv + 404pp.
5% x 8%. S660 Paperbound $2.45

Electricity

TWO-DIMENSIONAL FIELDS IN ELECTRICAL ENGINEERING, L. V. Bewley. A useful selection of
typical engineering problems of interest to practicing electrical engineers. Introduces senior
students to the methods and procedures of mathematical physics. Discusses theory of
functions of a complex variable, two-dimensional fields of flow, general theorems of mathe­
matical physics and their applications, conformal mapping or transformation, method of
images, freehand flux plotting, etc. New preface by the author. Appendix by W. F. Kiltner.
Index. Bibliography at chapter ends. xiv + 204pp. 5% x 81/2. S1118 Paperbound $1.50

FLUX LINKAGES AND ELECTROMAGNETIC INDUCTION, L. V. Bewley. A brief, clear book
which shows proper uses and corrects misconceptions of Faraday's law of electromagnetic
induction in specific problems. Contents: Circuits, Turns, and Flux linkages; Substitution of
Circuits; Electromagnetic Induction; General Criteria for Electromagnetic Induction; Appli­
cations and Paradoxes; Theorem of Constant Flux Linkages. New Section:' Rectangular Coli
in a Varying Uniform Medium. Valuable supplement to class texts for engineering students.
Corrected, enlarged edition. New preface. Bibliography in notes. 49 figures, xi + l06pp.
5% x 8. S1103 Paperbound $1.25

INDUCTANCE CALCULATIONS: WORKING FORMULAS AND TABLES, Frederick W. Grover. An
invaluable book to everyone in electrical engineering. Provides simple single formulas to
cover all the more important cases of inductance. The approach involves only those para­
meters that naturally enter into each situation, while extensive tables are given to permit
easy interpolations. Will save the engineer and student countless hours and enable them
to obtain accurate answers with minimal effort. Corrected republication of 1946 edition.
58 tables. 97 completely worked out examples. 66 figures, xiv + 286pp. 5% x 81/2.

S974 Paperbound $1.85
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GASEOUS CONDUCTORS: THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. An indis­
pensable text and reference to gaseous c~nd~ction phenomena, wi!h .the. engine~rir:tg view­
point prevailing throughout. Studies the kinetic theory of gases, Ionization, emISSion phe­
nomena; gas breakdown, spark characteristics, glow, and discharges; en~ineering applica­
tions in circuit interrupters, rectifiers, light sources, etc. Separate detaIled treatment of
high pressure arcs (Suits); low pressure arcs (Langmuir and Tonks). Much more. "Well
organized, clear, straightforward," Tonks, Review of Scientific Instruments. Index. Bibliog­
raphy. 83 practice problems. 7 appendices. Over 600 figures. 58 tables. xx + 606pp.
5% x 8. S442 Paperbound $2.95

INTRODUCTION TO THE STATISTICAL DYNAMICS OF AUTOMATIC CONTROL SYSTEMS, V. V. Solo­
dovnikov. first English publication of text·reference covering important branch of automatic
control systems-random signals; in its original edition, this was the first comprehensive
treatment. Examines frequency characteristics, transfer functions, stationary random proc­
esses, determination of minimum mean,sQuared error, of transfer function for a finite period
of observation, much more. Translation edited by J. B. Thomas, L. A. Zadeh. Index. Bibliog­
raphy. Appendix. xxii + 308pp. 53/8 x 8. S420 Paperbound $2.25

TENSORS FOR CIRCUITS, Gabriel Kron. A boldly original method of analyzing engineering prob­
lems, at center of sharp discussion since first introduced, now definitely proved useful in
such areas as electrical and structural networks on automatic computers. Encompasses a
great variety of specific problems by means of a relatively few symbolic equations. "Power
and flexibility ... becoming more widely recognized," Nature. Formerly "A Short Course
in Tensor Analysis." New introduction by B. Hoffmann. Index. Over 800 diagrams. xix +
250pp. 53/8 x 8. S534 Paperbound $2.00

SELECTED PAPERS ON SEMICONDUCTOR MICROWAVE ELECTRONICS, edited by Sumner N. Levine
and Richard R. KurzrOk. An invaluable collection of important papers dealing with one of
the most remarkable devolopments in solid-state electronics-the use of the p-n junction
to achieve amplification and frequency conversion of microwave frequencies. Contents:
General Survey (3 introductory papers by W. E. Danielson, R. N. Hall, and M. Tenzer); Gen­
eral Theory of Nonlinear Elements (3 articles by A. van der Ziel, H. E. Rowe, and Manley
and Rowe); Device Fabrication and Characterization (3 pieces by Bakanowski, Cranna, and
Uhlir, by McCotter, Walker and Fortini, and by S. T. Eng); Parametric Amplifiers and Fre­
Quency Multipliers (13 articles by Uhlir, Heffner and Wade, Matthaei, P. K. Tien, van der
Ziel, Engelbrecht, Currie and Gould, Uenohara, Leeson and Weinreb, and others); and Tunnel
Diodes (4 papers by L. [saki, H. S. Sommers, Jr., M. l::. Hines, and Yariv and Cook). Intro­
duction. 295 Figures. xiii + 286pp. 61J2 x 91/4. S1126 Paperbound $2.25

THE PRINCIPLES OF ELECTROMAGNETISM APPLIED TO ELECTRICAL MACHINES, B. Hague. A
concise, but complete, summary of the basic principles of the magnetic field and its appli­
cations, with particular reference to the kind of phenomena which occur in electrical ma­
chines. Part I: General Theory-magnetic field of a current, electromagnetic field passing
from air to iron, mechanical forces on linear conductors, etc. Part II: Application of theory
to the solution of electromechanical problems-the magnetic field and mechanical forces
in non·salient pole machinery, the field within slots and between salient poles, and the
work of Rogowski, Roth, and Strutt. Formery titled "Electromagnetic Problr:ms in Electrical
Engineering." 2 appendices. Index. Bibliography in notes. 115 figures. xiv + 359pp. 5% x 81J2.

S246 Paperbound $2.25

Mechanical engineering

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the
instrument designer, engineer; how to combine necessary mathematical abstractions with
Independent observation of actual facts. Partial contents: instruments & their parts, theory
of errors, systematic errors, probability, short period errors, erratic errors, design precision,
kinematic, semikinematic design, stiffness, planning of an instrument, human factor, etc.
Index. 85 Photos, diagrams. xii + 288pp. 53/8 x 8. S270 Paperbound $2.00

A TREATISE ON GYROSTATICS AND ROTATIONAL MOTION: THEORY AND APPLICATIONS, Andrew
Gray. Most detailed, thorough book in English, generally considered definitive study. Many
problems of all sorts in full detail, or step-by-step summary. Classical problems of Bour
Lottner, etc.; later ones of great physical interest. Vibrating systems of gyrostats earth
as a top, calculation of path of axis of a top by elliptic integrals, motion of unsymmetrical
top, much more. Index. 160 illus. 550pp. 53/8 x 8. S589 Paperbound $2.75

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Deimel, Professor of
Mechanical Engineering at Stevens Institute of Technology. Elementary general treatment
of dynamics of rotation, with special appl ication of gyroscopic phenomena. No knowledge
of ~ectors needed. Velocity of a moving curve, acceleration to a point, general equations of
mO~lon, gyro~copic h~rizon, free gyro, motion of discs, the damped gyro, 103 similar
tOPICS. ExerCises. 75 figures. 208pp. 5318 x 8. 566 Paperbound $1.65
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STR~NGTH of MATERIALS, J. P. Den Hartog. Distinguished text prepared for M.I.T. course, ideal
as In!roductlO!1, refre~her, refe.rence, or self-study text. Full clear treatment of elementary
matenal (tenslO~, torsion, ~end!ng, compound stresses, deflection of beams, etc.), plus much
advanced matenal on englneenng methods of great practical value: full treatment of the
~ohr circle, lucid elementary discussions of the theory of the center of shear and the "Myoso­
tiS" !ll~thod of calculating. beam deflections, rei~forced concrete, plastic deformations, photo­
elasticIty, etc. In all sections, .both general pr.lnclples and concrete applications are given.
Index. 186 .~gures (160 others In problem section). 350 problems, all with answers. List of
formulas. VIII + 323pp. 5% x 8. S755 Paperbound $2.00

PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For the engineer,
for specific problems of stress analysis. Latest time-saving methods of checking calcula­
tions in 2-dimensional design problems, new techniques for stresses in 3 dimensions, and
lucid description of optical systems used in practical photoelasticlty. Useful suggestions
and hints based on on-the-job experience included. Partial contents: strained and stress­
strain relations, circular disc under thrust along diameter, rectangular block with square
hole under vertical thrust, simply supported rectangular beam under central concentrated
load, etc. Theory held to minimum, no advanced mathematical training needed. Index. 164
illustrations. viii + 184pp. 6¥a x 9¥4. S720 Paperbound $2.00

APPLIED ELASTICITY,. J. Prescott. Provides the engineer with the theory of elasticity usually
lacking in books on strength of materials, yet concentrates on those portions useful for
immediate application. Develops every important type of elasticity problem from theoretical
principles. Covers analysis of stress, relations between stress and strain, the empirical basis
of elasticity, thin rods under tension or thrust, Saint Venant's theory, transverse oscillations
of thin rods, stability of thin plates, cylinders with thin walls, vibrations of rotating disks,
elastic bodies in contact, etc. "Excellent and important contribution to the SUbject, not
merely in the old matter which he has presented in new and refreshing form, but also in the
many original investigations here published for the first time," NATURE. Index. 3 Appendixes.
vi + 672pp. 5% x 8. S726 Paperbound $2.95

APPLIED MECHANICS FOR ENGINEERS, Sir Charles Inglis, F.R.S. A representative survey of
the many and varied engineering questions which can be answered by statics and dynamics.
The author, one of first and foremost adherents of "structural dynamics," presents distinc­
tive illustrative examples and clear, concise statement of principles-directing the dis­
cussion at methodology and speCific problems. Covers fundamental principles of rigid-body
statics, graphic solutions of static problems, theory of taut wires, stresses in frameworks,
particle dynamics, kinematics, simple harmonic motion and harmonic analysis, two-dimen­
sional rigid dynamics, etc. 437 illustrations. xii + 404pp. 5¥a x 8¥2. S1119 Paperbound $2.00

THEORY OF MACHINES THROUGH WORKED EXAMPLES, G. H. Ryder. Practical mechanical
engineering textbook for graduates and advanced undergraduates, as well as a good refer­
ence work for practicing engineers. Partial contents: Mechanisms, Velocity and Accelera­
tion (including discussion of Klein's Construction for Piston Acceleration), Cams, Geometry
of Gears, Clutches and Bearings, Belt and Rope Drives, Brakes, Inertia Forces and Couples,
General Dynamical Problems, Gyroscopes, Linear and Angular Vibrations, Torsional Vibrations,
Transverse Vibrations and Whirling Speeds (Chapters on vibrations considerably enlarged
from previous editions). Over 300 problems, many fully worked out. In~ex. 195 line illus­
trations. Revised and enlarged edition. viii + 280pp. 50/a x 8¥4. S980 Clothbound $5.00

THE KINEMATICS OF MACHINERY: OUTLINES OF A THEORY OF MACHINES, Franz Reuleaux.
The classic work in the kinematics of machinery. The present thinking about the subject
has all been shaped in great measure by the fundamental principles stated here by Reuleaux
almost 90 years ago. While some details have naturally been superseded, his basic viewpoint
has endured; hence, the book is still an excellent text for basic courses In kinematics and
a standard reference work for active workers in the field. Covers such topics as: the nature
of the machine problem, phoronomic propositions, pairs of elements, incomplete kinematic
chains, kinematic notation and analysis, analyses of chamber-crank trains, chamber-wheel
trains, constructive elements of machinery, complete machines, etc., with main focus on
controlled movement in mechanisms. Unabridged republication of original edition, translated
by Alexander B. Kennedy. New introduction for this edition by E. S. Ferguson. Index. 451
illustrations. xxiv + 622pp. 5¥a x 81/2. S1124 Paperbound $3.00

ANALYTICAL MECHANICS OF GEARS, Earle Buckingham. Provides a solid foundation upon
which logical design practices and design data can be constructed. Originally arising out
of investigations of the ASME Special Research Committee on Worm Gears and the Strength
of Gears, the book covers conjugate gear-tooth action, the nature of the contact, and result­
ing gear-tooth profiles of: spur, internal, helical, spiral, worm, bevel, and hypoid or skew
bevel gears. Also: frictional heat of operation and its dissipation, friction losses, etc.,
dynamic loads in operation, and related matters. Familiarity with this book is still regarded
as a necessary prerequisite to work in modern gear manufacturing. 263 figures. 103 tables.
Index. x + 546pp. 5% x 8¥2. S1073 Paperbound $2.75



Catalogue of Dover Books

Optical design, lighting

THE SCIENTIFIC BASIS OF ILLUMINATING ENGINEERING, Parry Moon, Professor of Electrical
Engineering, M.I.T. Basic, comprehensive study. Complete coverage of the fundamental
theoretical principles together with the elements of design, vision, and color with which
the lighting engineer must be familiar. Valuable as a text as well as a reference source
to the practicing engineer. Partial contents: Spectroradiometric Curve, Luminous Flux,
Radiation from Gaseous-Conduction Sources, Radiation from Incandescent Sources, Incandes­
cent Lamps, Measurement of Light, Illumination from Point Sources and Surface Sources,
Elements of Lighting Design. 7 Appendices. Unabridged and corrected republication, with
additions. New preface containing conversion tables of radiometric and photometric con­
cepts. Index. 707-item bibliography. 92-item bibliography of author's articles. 183 problems.
xxiii + 608pp. 5% x 8¥2. S242 Paperbound $2.85

OPTICS AND OPTICAL INSTRUMENTS: AN INTRODUCTION WITH SPECIAL REFERENCE TO
PRACTICAL APPLICATIONS, B. K. Johnson. An invaluable guide to basic practical applications
of optical principles, which shows how to set up inexpensive working models of each of the
four main types of optical instruments-telescopes, microscopes, photographic lenses, optical
projecting systems. Explains in detail the most important experiments for determining their
accuracy, resolving power, angular field. of view, amounts of aberration, all other necessary
facts about the instruments. formerly "Practical Optics." Index. 234 diagrams. Appendix.
224pp. 5% x 8. S642 Paperbound $1.65

APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. With publication of vol. 2, standard
work for designers in optics is now complete for first time. Only work of its kind in English;
only detailed work for practical designer and self-taught. Requires, for bulk of work, no
math above trig. Step-by-step exposition, from fundamental concepts of geometrical, physical
optics, to systematic study, design, of almost all types of optical systems. Vol. 1: all ordi­
nary ray-tracing methods; primary aberrations; necessary higher aberration for design of
telescopes, low-power microscopes, photographic equipment. Vol. 2: (Completed from author's
notes by R. Kingslake, Dir. Optical Design, Eastman Kodak.) Special attention to high-power
microscope, anastigmatic photographic objectives. "An indispensable work," J., Optical Soc.
of Amer. "As a practical guide this book has no rival," Transactions, Optical Soc. Index.
Bibliography. 193 diagrams. 852pp. 61fax 9¥4. Vol. 1 S366 Paperbound $2.95

Vol. 2 S612 Paperbound $2.95

Miscellaneous

THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS
ENGINEERING, R. B. Blackman, J. W. Tukey. This pathfinding work, reprinted from the "Bell
System Technical Journal," explains various ways of getting practically useful answers in
the measurement Df power spectra, using results from both transmission theory and the
theory of statistical estimation. Treats: Autocovariance Functions and Power Spectra; Direct
Analog Computation; Distortion, Noise, Heterodyne Filtering and Pre-whitening; Aliasing;
Rejection Filtering and Separation; Smoothing and Decimation Procedures; Very Low Fre­
quencies; Transversal Filtering; much more. An appendix reviews fundamental Fourier tech­
niques. Index of notation. Glossary of terms. 24 figures. XII tables. Bibliography. General
index. 192pp. 5% x 8. S507 Paperbound $1.85

CALCULUS REFRESHER FOR TECHNICAL MEN, A. Albert Klaf. This book is unique in English
as a refresher for engineers, technicians, students who either wish to brush up their
calculus or to clear up uncertainties. It is not an ordinary text, but an examination of
most important aspects of integral and differential calculus 10 terms of the 756 questions
most likely to occur to the technical reader. The first part of this book covers simple differ­
ential calculus, with constants, variables, functions, increments, derivatives, differentiation,
logarithms, curvature of curves, and similar topics. The second part covers fundamental
ideas of integration, inspection, substitution, transformation, reduction, areas and volumes,
mean value, successive and partial integration, double and triple integration. Practical
aspects are stressed rather than theoretical. A 50-page section illustrates the application
of calculus to specific problems of ciVil and nautical engineering, electricity, stress and
strain, elasticity, industrial engineering, and similar fields.-756 questions answered. 566
problems, mostly answered. 36 pages of useful constants, formulae for ready reference.
Index. v + 431pp. 5:}8 x 8. T370 Paperbound $2.00

METHODS IN EXTERIOR BALLISTICS, Forest Ray MOUlton. Probably the best introduction to
the mathematics of projectile motion. The ballistics theories propounded were coordinated
with extensive proving ground and wind tunnel experiments conducted by the author and
others for the U:S. Army. Broad in sc~pe and clear in exposition, it gives the beginnings
of the theory used for modern-day proJectile, long-range missile, and satellite motion. Six
main divisions: Differential Equations of Translatory Motion of a projectile; GraVity and the
Resistance function; Numerical Solution of Differential Equations; Theory of Differential
Variations; Validity of Method of Numerical Integration; and Motion of a Rotating Projectile.
Formerly titled: "New Methods in Exterior Ballistics." Index. 38 diagrams. viii + 259pp.
5% x 8¥2. S232 Paperbound $1.75
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LOUD SPEAKERS: THEORY, PERFORMANCE, TESTING AND DESIGN, N. W. McLachlan. Most com.
prehensive coverage of theory, practice of loud speaker design, testing; classic reference
study manual in field. First 12 chapters deal with theory, for readers mainly concerned with
math. aspects; last 7 chapters will interest reader concerned with testing, design. Partial
contents: principles of sound propagation, fluid pressure on vibrators, theory of moving­
coil principle, transients, driving mechanisms, response curves, design of horn type moving
coli speakers, electrostatic speakers, much more. Appendix. Bibliography. Index. 165 illustra­
tions, charts. 411pp. 53/8 x 8. S588 Paperbound $2.25

MICROWAVE TRANSMISSION, J. C. Slater. First text dealing exclusively with microwaves,
brings together points of view of field, circuit theory, for graduate student in physics,
electrical engineering, microwave technician. Offers valuable point of view not in most
later studies. Uses Maxwell's equations to study electromagnetic field, important in this
area. Partial contents: infinite line with distributed parameters, impedance of terminated
line, plane waves, reflections, wave guides, coaxial line, composite transmission lines,
impedance matching, etc. Introduction. Index. 76 illus. 319pp. 5% x 8.

S564 Paperbound $1.50

MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. Originally classified, now rewritten
an~ enla~ged (14 new chapters) for pUbli~ rele~se under auspices of Sperry Corp. Material
of Immediate value or reference use to radiO engineers, systems designers, applied physicists,
etc. Ordinary transmission line theory; attenuation; capacity; parameters of coaxial Iinesj
hi~her modes; flexible cables; obstacles, discontinuities, and injunctions; tunable wave
gUide impedance transformers; effects of temperature and humiditYj much more. "Enough
theoretical discussion is included to allow use of data without previous background,"
Electronics.. 324 circuit diagrams, figures, etc. Tables of dielectrics, flexible cable, etc.,
data. Index. ix + 248pp. 5318 x 8. S459 Paperbound $1.65

RAYLEIGH'S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple & W. Bickley.
Rayleigh's principle developed to provide upper and lower estimates of true value of funda­
mental period of a Vibrating system, or condition of stability of elastic systems. Illustrative
examplesj rigorous proofs in special chapters. Partial contents: Energy method of discussing
Vibrations, stability. Perturbation theory, whirling of uniform shafts. Criteria of elastic sta­
bllity. Application of energy method. Vibrating systems. Proof, accuracy, successive approxi­
mations, application of Rayleigh's principle. Synthettt: theorems. Numerical, graphical methods.
Equilibrium configurations, Ritz's method. Bibliography. Index. 22 figures. ix + 156pp. 5% x 8.

5307 Paperbound $1.50

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Houwink. Standard treatise on
rheological aspects of different technically important solids such as crystals, resins, textiles,
rubber, clay, many others. Investigates general laws for deforn~ationsj determines. divergences
from these laws for certain substances. Covers general phYSical and ma'thematlcal aspects
of plasticity, elasticity, viscosity. Detail~d exam!nation of. deformati?ns, internal struct,,!re
of matter in relation to elastic and plastiC behaVIOr, formation of solid matter from a flUid,
conditions for elastic and plastic behavior of matter. Treats glass,. asphalt, gutta pe.r~ha,
balata, proteins, baker's dough, lacquers, sulphur, others. 2nd revised, enlarged e.dlllon.
Extensive revised bibliography in over 500 footnotes. Index. Table of symbols. 214 figures.
xviii + 368pp. 6 x 91/4. S385 Paperbound $2.45

THE SCHWARZ-CHRISTOFFEL TRANSFORMATION AND ITS APPLICATIONS: A SIMPLE EXPOSITION,
Miles Walker. An important book for engineers showing how. this val~able tool can be em­
ployed in practical situations. Very careful, clear presenta~lOn coverln~ numerous ~oncrete
engineering problems. Includes a thorough account of conjugate functIOns for e~glneers­
useful for the beginner and for review. A.ppIiC'ltio~s to such .problems as: Stream-lines round
a corner, electric conductor in air-gap, dynamo slot.s, magnetized poles, much ml:!re. Formerly
"Conjugate Functions for Engineers." Preface. 92 figures, several tables. Index. IX + 116pp.
5318 x ~1/2. S1149 Paperbound $1.25

THE LAWS OF THOUGHT, George Boole. This book founded symbolic logic some hundred years
ago. It is. the 1st significant attempt to apply logi~ to all ~spects .of. hU!Y1an ende~v~ur.
Partial contents: derivation of laws, signs & laws, interpretations, eliminations, conditIOns
of a perfect method, analysis, Aristotelian logic, probability, and similar topics. xviii +
424pp. 53/8 x 8. S28 Paperbound $2.00

SCIENCE AND METHOD, Henri Poincare. Procedure of scientific discovery, methodology, experi­
ment, idea-germination-the intellectual processes by which discoveries come into being.
Most significant and most interesting aspects of development, application of ideas. Chapters
cover selection of facts, chance, mathematical reasoning, mathematics, and logic; Whitehead,
Russell, Cantor; the new mechanics, etc. 288pp. 5318 x 8. S222 Paperbound $1.35

FAMOUS BRIDGES OF THE WORLD, D. B. Steinman. An up-to-the-minute revised edition of a
book that explains the fascinating drama. of ho~ the w~rld's grea~ bridges came to ~e built.
The author designer of the famed Mackinac bridge, discusses bridges ~rom all periods and
all parts of the world explaining their various types of construction, and describing the
problems their builders' faced. Although primarily for youngsters, this cannot fail to interest
readers of all ages. 48 illustrations in the text. 23 photographs. 99pp. 61/8 x 91/4.

TI61 Paperbound $1.00
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Technological, historical

A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY, Manufacturing and the
Technical Arts In Plates Selected from "L'Encyclopedie ou Dictlonnaire Raisonne des Sciences,
des Arts, et des Metiers" of Denis Diderot. Edited with text by C. Gillispie. This first modern
selection of plates from the high point of 18th century French engraving is a storehouse
of valuable technological information to the historian of arts and science. Over 2000
illustrations on 485 fUll-page plates, most of them original size, show the trades and
industries of a fascinating era in such great detail that the processes and shops might
very well be reconstructed from them. The plates teem with life, with men, women, and
children performing all of the thousands of operations necessary to the trades before and
during the early s'tages of the industrial revolution. Plates are in sequence, and show
general operations, closeups of difficult operations, and details of complex machinery. Such
important and interesting trades and industries are illustrated as sowing, harvesting, bee­
keeping, cheesemaking, operating windmills, milling flour, charcoal burning, tobacco process­
ing, indigo, fishing, arts of war, salt extraction, mining, smelting, casting iron, steel,
extracting mercury, zinc, SUlphur, copper, etc., slating, tinning, silverplating, gilding,
making gunpowder, cannons, bells, shoeing horses, tanning, papermaking, printing, dyeing,
and more than 40 other categories. Professor Gillispie, of Princeton, supplies a full com­
mentary on all the plates, identifying operations, tools, processes, etc. This material, pre­
sented in a lively and lucid fashion, is of great interest to the reader interested in history
of science and technology. Heavy library cloth. 920pp. 9 x 12. T421 Two volume set $18.50

CHARLES BABBAGE AND HIS CALCULATING ENGINES, edited by P. Morrison and E. Morrison.
Babbage, leading 19th century pioneer in mathematical machines and herald of modern
operatiohal research, was the true father of Harvard's relay computer Mark I. His Difference
Engine and Analytical Engine were the first machines in the field. This volume contains a
valuable introduction on his life and work; major excerpts from his autobiography, revealing
his eccentric and unusual personality; and extensive selections from "Babbage's Calculating
Engines," a compilation of hard-to-find journal articles by Babbage, the Countess of Lovelace,
l. F. Menabrea, and Dionysius Lardner. 8 illustrations, Appendix of miscellaneous papers.
Index. Bibliography. xxxviii + 400pp. 5% x 8. Tl2 Paperbound $2.00

HISTORY OF HYDRAULICS, Hunter Rouse and Simon Ince. First history of hydraulics and hydro­
dynamics available in English. Presented in readable, non-mathematical form, the text is made
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Transmission-line Theory
BY RONOLD w. P. KING
Professor of Applied Physics, Harvard Univtrsfty
Within the last d("C;ldc. c:Iectrical science hall become the province not 10
much of rhe ph,·sids!. but of the engineer. for thex people. a knowlnlge of
c:l«tromagnctic theory is. of (ourlll:. c~ntial. It is the contention of Profl'S8Or
King, a wcll-knowll authority who hu tauglH at Har\'ard for many yean and
has made aignificam contribllliOllS 10 applied plll"sics, that one of the be5t
appl"Oilches to electromagnetic theory for lhe'; engina:r il through the (Om"en·
(Klnal tTansmiJlion line. for. in this WI)', it iJ possible to introduce fun<b­
~ntal conapu without btowmillg in,'Oh'ed in 111 the: COI1Iplic.alions of '~IOT

line theory.

ni, book. now rqJrinto:d in a corrttted «lilian with a new index of s)'1llbols,
is the $landard Englillh-Ianguage rdcrctlu work on transmitsion·liJH' theory­
In ils first chaplcr, the Innsmi!lllion·line e(luadoll' for an infinit~ Iin~ are
deduced both ill Ihe C(Illn~ntion31 mann~r and from d«tromagnetic funda·
mClltal5 for \'arious CTOM·sections. In chapu:r IWO. lhe derh'alioll of these
t.'(lualions is speciali~cd to lines of finite lenglh, and the basic method of
trcaliug terminated lil1t.'I is fomlulatt.'(I. Chapter Ihrt.'C iJ concerned wilh the
impedance o( seclions of transrnission linc and their U~ a. shunt and seriet
elcmr'flt•. The next IWO chapters discll!S distributions of cu",ent and \"Ol!aF,
the lransfer of pennT, dislribution arK! r('l()nallC~ curves, disconlinuitiC$ and
r>(Kluniformilie1 alollll: .ffiOIHh linea, d.~ \\'cissftoc:h lanlCni rdalion, Des­
champs'. method for dclCTl11ining lhe prope'rdes of junctions, T junctions,
end correaions. ClC. The final chapter is dc\'Oted to uansmiuion·linc MCiI·
atoTl, coupled-circuit pocnomc:na on lines, and radiation.

DesiplCd aa a fundamental introduclion to mo~ teriouJ work in wa,~ guidel
and amennas. this book is primaril)' analytic in IreatmCllI, Wille more Ihan
a IOlmd knOWledge of dill:ert:lltial and imegl'1l1 akulul and elemenlary
dill:c",,"lial equations il wppoeed, hOIl'e,'er, f..ach ehapter concJudC$ wilh a
seleclion of problems, milking the book useful as a cJaNroom texl and for
testing comprehension. t:leclrical cuginL'Crs and studcnt., and physicists in.
terested ill an important modcm approach 10 tht.-.e torica lI'ill find tbe
book im'aluable as a tCXI or a reference.

"'m'llJuab1e to an)"Onc ,,'110 wilhe. 10 1I5C tr.tnllnission·line theoT)' e1lecti,'Cly
, .. should pUI the n:adeT in a position 10 tackle new problems with confi·
dence:' T. Teichmann, PHYSICS TODAY. "Uted as a lexl or reference:, this
book undoUbtedly is one of lhe most complCle In:atmellt. of th~ subjecl to
date;' J. Of fRAi\'KLlN INSTITUTE.

Comelet! (1964), unabridged republication, Authors prc:face. 8iblio(raphy,
Subjcc:t index. New illde. of .ymbols. 255 figurQl. 9 lables, 62 probl~.. ;
chapler elllh, xiv + Sl3 pp. .5~ x Sy!. SI285 PaperboUndJ>+, ".
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A DOVEl EDITION DESICNEO FOI YUIIS OF USE!

We hIVe spared no pains to rnaltt this the best book possiblt. OUr PIP« is .....
with minimal show-through; it will not discolor or become brittle with ace. PlIes ..
sewn if! siiNtures, in the method traditionally used for the best boob. IIoob ...
lat for easy relereace. Pages will not drop out, as oftlll IaIppMs witIt PIIIII1tIdls
held toeetber with glut. The binding will not crldl and split This b I ......
boo.
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