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PREFACE

The purpose of the present volume is to give the reader a con-
nected account of o certain field of mechanies whieh is very useful
from the point of view of a physicist and very beautiful from the
point of view of a mathematician. The book is not intended asa
treatise, but it is hoped that the bird's-eye view which is here
presented will serve as an introduction to this very attractive
field and stimulate somewhat its cultivation.

The study of the theory of the potential may properly be said
to have been initiated by Laplace in 1782 in the discovery that
the potential function of every finite body satisfies a certain
partial differential equation of the second order which is now
known as Laplace’s equation, and the theory of the potential is
largely a study of the properties of the functions which satisfy it.
Such functions were called harmonic functions by Lord Kelvin
about the middle of the last century, and it is by this name that
they are usually known.

Spherical harmonies were invented by Laplace in the paper
above mentioned. These harmonie functions are associated
with the sphere and are peculiarly adapted to the expansion of
the potentials of bodies which differ but little from spheres,
although the potential of every body is expansible in terms of
spherical harmonics. The zonal harmonies, which had been
developed previously by Legendre, are merely a particular type of
the more general spherieal harmonies of Laplace.

The next noteworthy advanee in the theory was made by
George Green in a very remarkable paper which was printed
privately in 1828. Green was almost entirely a self-taught
mathematician. He did not reecive his degree of Bachelor of
Arts until 1837, at which time he was forty-four years of age
Notwithstanding these handieaps the brilliant originality of this
paper marks it as one of the mathematical classies—a fact which
should be stimulating to the more fortunate students of the
present day.  In this paper is to be found a fundamental theorem
of mathematical analysis which is known as Green's theorem.
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vi PREFACE

He also formulated the problem of electrical induction which
later became celebrated under the name of Dirichlet’s problem.
It was in this paper that the term potential funetion was used
for the first time.

Owing to the manner of ite publication Green’s paper was
almost unknown for more than a decade. In the meantime
many of his theorems had been rediscovered by Gauss, Charles,
Sturm and others. In particular, Gauss' paper of 1841 covered
somewhat the same ground as Green's paper of 1828, but the
methods of Gauss were so different from those of Green that
both papers are fundamental in this field. Although, apparently,
Gauss was not familiar with Green's paper, he, too, used the
term potential function—without, however, any eclaim of
invention.

The theory of the potential was very popular during the
middle decades of the nineteenth century. A vast literature was
developed in which are to be found the names of many brilliant
mathematicians. Interest in the subject has not yet died nut, as
is evideneed by the long list of titles of modern papers in this
field. The properties of many of the functions which arise can be
made to depend upon the solutions of integral equations, a fact
that is of great interest to the mathematical students of this
type of funetional equations,

A knowledge of integral equations on the part of the student,
however, is not assumed here, It seems more practical to leave
this aspect of the theory of the potential to those who are
devoted to the theory of integral equations than to assume too
wide a knowledge of mathematical theory on the part of the
student.

It is hoped that the presentation of the subject here given will
be found useful both to students of mathematies and to students
of mathematical physics.

W. D. MacMiLLax.

Tre UsiversiTy oF CHICAGO,
March, 1930.
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THE THEORY OF THE
POTENTIAL

CHAPTER 1
THE ATTRACTION OF FINITE BODIES

1. The Law of Gravitation.—Newton's law of gravitation
states that

Every particle in the universe atiracts every other particle with a
force which is directly proportional to the product of the two masses
and inversely proportional to the square of the distance between
them; the direction of the force being in the line joining the two
particles,

It will be observed that the law applies only to particles, and
not to bodies of finite size.

2. The Attraction of Systems of Particles.—Since forces arc
vectors, it is evident that the attraction of many particles, of
mass my, upon 4 single particle, of
mass mg, is the veetor sum of the ~—
attractions of the individual particles * >

(Fig. 1). In order to effect this sum, 4:%'
it is convenicnt to resolve the indi- *—
vidual attractions into their eompo- Fia. L

nents along three mutually perpendicular axes. The components
of the resultant attraction, or the vector sum, along these three
axes is then the algebraic sum of the individual components along
these axes.

3. The Components of Attraction—Let the coordinates of
the particle of mass m; with respeet to a fixed set of rectangular
axes be &, n;, fi; and let the coordinates of the particle of mass
my be x, y, 2. The foree acting on m, which is due to the attrac-
tion of the particle my is directed towards my and its intensity is

Kiman,
:F'.J !
1



2 THE THEORY OF THE POTENTIAL

where

n=AE-2+m—y+ ¢ -2
The direction cosines of the line of the force are respectively

k- "=y E—z
r re ! r

Hence the components of the foree along the three axes are

L—r %=y fi — 2

k2mo ‘ﬁ, , mmm‘rT, Kimgmi =

If there are n particles my, and if X, ¥, and Z are the components
of the resultant attraction of the particles m; upon the particle
Moy then

X = —ktm, 3\ @ )

i=1 T
Y = —km, 3, 2, | (1)
fe=]

"
milz = §i)
Z = —km, S T — 5
1] E Tii ‘
In the event that the system of particles m; form a continuous

body of density o(£, 5, {) these sums pass over into the definite
integrals

X = *k’rmj‘f;,gdm,
B r

Y = —kﬁnufy ~ Mim, 2)
B r
Z = —k‘muf: ; rdm, ]
Wham e e F
r=a— B+ (y — i+ G- 0F
and

dm = o dEdndt.

The value of the gravitational constant k* in e.g.s. units is
6.66 x 10-% Itisthe force with which each of two unit particles
attracts the other when the distance between them is 1 em.

4. The Elements of Mass.—The volume density at a point
is the limit of the ratio
mass
volume
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at that point, the density of water at 4°C. being unity. The
element of mass is
dm = gdEdndl.

Similarly for thin sheets or plates, which are regarded as
surfaces, the surface density at a point iz the limit of the ratio
mMAass
‘area
at that point, or the mass per unit area if the density is constant,

For a surface, the element of mass is
dm = ¢ didy.
In the case of fine wires, which are regarded as lines, the line
density &t a point in the limit of the ratio
mass
length
at that point, or the mass per unit length in case the density is
constant. For a line the element of mass is
dm = gdf.

6. Attraction on a Point.—The phrase “attraction of a body
on a point” in itself has no meaning, but since the attraction is
always proportional to the mass of the particle attracted it is
convenient to assume that its mass is unity. Hence, by defini-
tion, the affraction of o body on a point means the attraction of
the body on a unit particle at that point.

In the simple examples which
follow, the general formulas of Sec.
3 are not used, as the examples are
solved by simplermethods. Doubt-
less the student will find it inter-
esting to verify these solutions by
the integration of the formulas
Eqg. (3.2).

6. The Attraction of a Circular
Arc on Its Center.—Given a fine
uniform wire of mass ¢ per unit
length bent into the form of a cireular are ABC (Fig. 2), which
subtends an angle 2a at the center 0. It is desired to find the
attraction of the arc upon its center, the radius of the circle being r.

It is evident from symmetry that the resulting attraction
lies in the bisector of the angle AOC, that is, along the line OB.
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Henece it is necessary to consider only the components of attrae-
tion which are parallel to OB, the sum of the perpendicular eom-
ponents being zero.

Let the are AC be divided into n parts each of length As.
If nis very large, each part can be regarded as a partiele of mass
oAs. Let @ be the angle which the particle makes with the line
OB. Then the component along OB of the attraction of the
particle at As on the point O is

k20? cos 6,
™

Imagine the chord AC to be a fine wire similar to the arc
ABC. Let Ac be the projection on the chord of the length
As. Then

Ac = Ag- cos 6,
and the mass of the particle at Ac is
gde = gAs cos 0.

If this particle were moved to the point B then its attraction
on O along OB would be
o Ascos f

pr =

T
that is, it would be the same as the component of attraction
of the particle at As along OB. But Ag is any particle of the
arc, and Ac is the corresponding particle of the chord. Hence
if every particle of the chord AC were placed at the point B
their total attraction on the point 0 would be the same as the
total attraction of the arc ABC. The total mass of the chord is
207 sin o, and therefore the total attraction of the arc ABC
on O is

gin a
2k -

7. The Attraction of a Straight Line on a Point.—Let AF
be a uniform rod of density ¢, and let O be any point not in the
line of AE. With O as a center draw a cirele of radius r, tangent
to the line AB (extended if necessary) at €. Draw the lines
0A and OB cutting the circle in the points D and F respectively,
and then imagine the arc of the circle DCE to be a rod similar
to the rod AB. Let As be a portion of the rod AB so short
that its mass can be regarded as a particle. Join the extremi-

ties of As to 0. These lines eut out a portion of the circular
rod Ac.
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The attractions of the particles at As and Ac on the point
O are equal; for, if # is the angle which the line OAs makes with
the line OC,

Ac = As cos® 8,
The distance OAs is equal to r sec §. Henee, the attraction of
the particle As on O is
k*rAr  keAscostf  kiode
risect r =T
which is the same as the attraction of the particle Ac on 0.

Sinee each particle of the rod has the same attraction for the

point O as the corresponding particle of the circular are, both

A c ab B

Fia. 3.

as the magnitude and dircetion, it follows that the total attrac-
tion of the rod is the same as the total attraction of the are.
If the angle subtended by the rod at the point 0 is 2e, the resultant
attraction bisects this angle, and, by See. 6, its magnitude is
2o, (1
where r is the perpendicular distance from O to the rod.
If the rod increases in length, its line remaining fixed, the angle
a increases and has the limit =/2 for a rod which is infinite
in both directions; and this limit is independent of the manner in
which the limit is approached. Hence the attraction of an
infinitely long rod for a particle, at a distance » from it, is
2t
=
that is, it is inversely as the distance, and not inversely as the
square of the distance,

8. The Attraction of a Thin Sheet on Its Axis of Symmetry.—
Consider the attraction of a thin, doubly symmetrie, plane sheet
upon a point in the axis of symmetry which is perpendicular

?
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to the sheet. By virtue of symmetry, the resultant attraction
lies in the axis.

Let O (Fig. 4) be any point of the axis (P, other than the
point of intersection of the axis with the sheet, With O as a
center, deseribe a sphere of radius r, which is tangent to the
sheet, and imagine that the plane sheet and the spherical sheet

have the same surface density o.
Take an infinitesimal cone of solid
angle Aw with its apex at O which
intersects both the plane and the sphere,
and which makes an angle # with the

Pl ac axis OP. Let the area which this cone
/ % / cuts out of the sphere be Ac, and out
ar of the plane As, so that
Fia. 4. Ae = As cos? 6.

The component of the attraction of As on 0 which lies in the
axis OF is

i

ke 55008 0 = kY —— .

¥ sec? § rt
If the particle Ac were placed at P, its attraction on 0 would be

i
o "L: = kz,":"a m'f_’ﬂ,
T T

Its attraction, therefore, would be identical with the component
of the attraction of As along OP. Therefore, the attraction
of the entire plane sheet on O is the same as the attraction of the
corresponding spherical sheet under the supposition that the
mass of the spherical sheet is all concentrated at the point
P. 1f the solid angle subtended at the point O by the plane
sheet is w (the apparent size at O of the plane sheet), the intensity
of the attraction of the sheet on O is

k2 ’:—“’ = k. (1)

The attraction depends only upon the apparent size at O
and not at all upon its shape, except that it must be doubly
symmetric. If the plane sheet is not doubly symmetrie, the above
argument still holds for that component of the attraction which
is along OP, but the component of the attraction which is parallel
to the plane sheet, in general, is not zero.



8] THE ATTRACTION OF FINITE BODIES 7

The limiting value of the component which is perpendicular
to the sheet is 2k%re, if the sheet is extended indefinitely in all
directions.

9. The Attraction of the Frustum of a Cone on Its Apex.—
If the plane sheet of the previous section is regarded as having
a finite thickness Aaq, the relation between its surface density
¢ and its volume density ¢ is '

o = gha.

Imagine the frustum of a homogeneous cone, the base of which
is doubly symmetrie, with the apex on the axis perpendicular
to the base through the center of symmetry. Let the frustum
be divided into n sheets, of equal thickness Aa (n very large).
If the height of the frustum is }, then

h = nAg.
By Eq. (8.1) the attraction of each sheet on the apex is
Fow=|kriaw
which has the same wvalue for every sheet. Hence the total
attraction of the frustum on the apex is
kzunda = ke ho,
where w is the solid angle at the apex.

In the case of a right circular cone, the generator of which
makes an angle « with the axis, the value of w iz

w=";“.‘;hﬂin¢d¢dﬂ

= 2r(l — cos a),
and the attraction is
A = 2xk%Fh(1 — cos o).
Frustums of equal height attract the apex equally.

Consider any homogeneous cone, that is, one with a plane
base of any kind, and an infinitesimal solid angle dw with its apex
at the apex of the cone making an angle 6 with the perpendicular
h from the apex of the cone to the base, If the length of this
infinitesimal cone is r, the area which it cuts out of the base is

da = ridw sec 4,
Let du be an element of mass of this infinitesimal cone which

lies between two planes parallel to the base at distances p and
o + dp measured along the cone from the apex. Sinee the
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thickness of this element du is dp cos # and its base area is pidw
see 0, its mass is
du = opidudp,

and the attraction of this infinitesimal cone upon its apex is

A= fffi‘ = frurd@ri'p = ordw
of 0
da

o’hdﬂ‘

yt

=g— ¢08 f =
r
The mass of the infinitesimal cone is

g o= %ﬂ' hda,
50 that

Hence the attraction of the homogeneous infinitesimal cone
upon its apex is three times as great as it would be if all of its
mass were distributed uniformly over its base. Since the height
of every such infinitesimal cone has the same value h, their
masses are all proportional to the areas of their bases. Since
the proposition holds for each of them separately, it holds for all
of them taken together. That is, the attrac-
tion of a homogeneous cone upon its apex is
three times as great, and in the same direc-
tion, as it would be if the mass of the cone
were distributed uniformly in an infinitesi-
mal layer over its base.

10. Perspectivity.—Two lines, I, and [,
are in perspective with respect to the point
O if the radius vector from O is intercepted
by the two lines in a constant ratio; that is,

Fie. 5, if, in Fig. 5,
OB, _ 04,
0B, 04, "
for every position of the vector OB. If the ratio of perspectivity
is p, the ratio of the length of the lines I, and I. also is 2.

Likewise, two surfaces are in perspective with respect to the
point O if the radius vector from the point O is intercepted by
the two surfaces in a constant ratio. If the ratio of perspectivity
is p, the ratio of the areas of the two surfaces is p2.
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Two solids are in perspective with respect to the point O if
their corresponding surfaces are in perspective with the same
ratio of perspectivity., Thus, if, in Fig. 6, the surfaces €, and (s
are in perspective with the ratio p, and if the surfaces B, and B,
also are in perspective with the ratio p, then the solid bounded
by the surfaces B, and C, is in perspective with the solid which
is bounded by the surfaces B. and Cy; and the ratio of the volumes
of these solids is g2

Theorem I.—Two lines which are in perspeclive with respect
to the poind O and which have the same linear density attract the
point O with forces which are in-
vergely proportional fo their ratio of
perspeciivity (or, inverszely propor-
tional to their distances).

In Fig. 5 let I, and Iz be in per-
spective with the point O with the
ratio of perspectivity . Then

OB, _

0B~ *
Let Aw be an infinitesimal plane
angle which cuts out the ares
Asgy and Asy. Let a and as be the attractions of the two particles
Agy and Asg on the point . Sinee the lincar density of the two
lines are equal, the masses of these two particles are proportional
to the two lengths As, and As.. Henee

a _m OBy _Asi 1 _ 1

— i —

Fia. 6.

w”migpt T Mnpt T e

Sinee this constant ratio holds for every pair of corresponding
points of the two lines, it holds for their sum, and therefore
holds for the attraction of the lincs themselves.

In & manner quite similar the two following theorems are
proved.

Theorem II—Two surfaces which are in perspective and have
the same surface density attract the point of perspectivity equally.

Theorem III.—Twe homogeneous solids of the same densily
which are in perspective atiract their poind of perspectivity with
Jorces which have the same ratio as the ralio of perspectivity (or,
which are directly proporfional fo their distances).
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The Andromeda Nebula has about the same apparent size
as the sun but it is 6 X 10" times as far away. If it were
spherieal in shape with the same defsity as the sun, its attraction
on the earth would be 6 X 10'° times that of the sun. Ewven
though the density of the Nebula were the density of the sun
divided by 6 X 10'%, the two attractions would be equal.

11. The Attraction of an Ellipsoidal Homoeoid upon an Interior
Point.—A homogeneous shell bounded by two ellipsoids which
are similar and similarly placed is ealled by Thompson and Tait
an ellipsoidal homoeoid. For example, the two surfaces

I'I y'l 32
atpta=h
and
2 2 H
S+t L =0
bound sueh an ellipsoidal shell. It will be supposed at first
that X is an infinitesimal so that the shell is very thin.

Let P be any point within the shell. With P as a vertex
deseribe an infinitesimal solid angle which cuts the shell at a,
and as. Pass a plane through
this line and the center of the
shell. The cross section is an
ellipse (Fig. 7), or rather, two
gimilar coneentric ellipses.
The system of chords parallel
to mae is bisected by the
conjugate diameter of this

- : gystem, which isalso the eonju-
. 7. .
gate diameter of the system of
chords b.by of the inner cllipse. Hence the chords bybs also are
bisected by this conjugate diameter, o that
aby = ﬂ-gE‘iz.

Lot the measure of the solid angle be Aw. (The measure
of a solid angle is the area which the solid angle cuts out of the
unit sphere which has the apex of the solid angle as its center.)
Since the volume density of the shell is constant, the mass of the
particle which is cut out of the shell by the solid angle is pro-
portional to its volume. Since the angle and the shell are
infinitesimal, this volume is an oblique eylinder, the volume
of which is equal to the produet of the area of the base and the
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height of the cylinder; or, what comes to the same thing, the
produet of the area of & perpendicular eross-section of the ¢ylinder
and its slant height. This last formula is the one which is
desired in the present case.

Let m, be the mass of the particle at o, and ms the mass of the
particle at ;. Then, if ¢ is the density,

my = ¢ - awby - Pax - Aw,
Mg = o - azbg - Fﬂf - Aw,
The attractions of m, and ms on the point P are therefore

A, =2 2L = ko - aby - Aw,
PﬂL

Ay = k2 22 = ko - by - Aw.
Pﬂg

Since ab; = aubs, it follows that A, = A, and, since the two
forces are oppogitely directed, the resultant attraction of the
two particles on P iz gero. This is true for every infinitesimal
cone which has its apex at P. It is, therefore, equally true for
finite cones, and consequently for the entire shell for which the
value of w is 2». It follows, therefore, that the resultant attrac-
tion of an infinitely thin ellipsoidal homoeoid on a particle any-
where in its interior is zero.

It will be zero for any number of such homoeoids, and is
therefore zero for a shell of finite thickness. In particular,
since a spherical ghell is a special case of an ellipsoidal homoeoid,
the attraction of a spherical shell, which is homogeneous in
concentric layers, on a particle anywhere within its interior
is zero.

12, The Attraction of a Spherical Shell on an Exterior Parti-
cle.—It will be shown in this section that a homogeneous spherical
shell attracts an exterior partiele just as though all of the mass
of the shell were concentrated at itz center. The method of
proof used is due to Thompson and Tait.!

Let O in Fig. 8 be the center of the spherieal shell of radins
a and thickness Aa (infinitesimal), and let P be the attracted
particle. On the line PO take the point 4 (the harmonic con-
jugate! so that

PO- 04 = o

14 Natural Philosopliy,” Part IT, §471.
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This can be done graphically by drawing the two tangents
to the shell from the point P and then drawing the chord which
connects the two points of tangency. The intersection of this
chord with the line PO is the point A which is required. For
the chord ('y(s is perpendicular to the line PO, so that the tri-
angles 0C,4 and OC,P are similar, and therefore

OC,:0P 04 :0C,;
from which follows at once

OP - 0A = a*,

With the point A as a vertex construct any infinitesimal cone
whose solid angle is Aw. If ¢ is the volume density of the shell,
the masses of the two particles m, and m; which are cut out of
the shell by the cone at B, and B. are

Mi=c-Aw- AB, - Aa- sec,
My= a-$u+zTB_:~ﬂa~Heu 8,
where 6 is the value of the base angles in the triangle B,0B..
The attractions of these two particles upon the point P are
2
Ay =k Aw-Aa-sec §- Ag—l '
B\P
ABA? (1)
= iy . . i ===1.
As = k' - Aw - Aa - sec § (B;P
In the triangles OB,A and OPB,, the angle at O is common and
the sides which include this angle are proportional, since

PO _OB PO .04 = OB
E}-E-: - %ﬁ“’ or FPO.04 = ﬂB: = a®
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Hence, these two triangles are similar and the angle B,PO is
equal to A,

Likewise, the triangles OB.A and OPB. are similar, and the
angle B,P0 is equal to 6.

Furthermore, from the similarity of the triangles,

ABL _ OB]_ (13
B.P~ OP T OF
A.-.-.B" = 'ﬂB: - & .
B, OP  OP
On substituting these ratios in Eq. (1), the expressions for the
attractions become

t 4
A, = k% Aw- Ag -sec 8- e |
orP

2
As = k% Aw - Ag - see §- LAWY
op
and, therefore, in magnitude A4, is equal to 4s. The resultant
of the forees A, and A, lies along the bisector of the angle B.1PB;,
that iz along PO, and its magnitude iz equal to
. . al
A = 2k ﬁ-jﬂ a*Aa
Op*

This formula holds for every solid angle Aw whose vertex is
at A, and therefore it holds for their sum, since the coefficient
of Aw is constant. Hence, on setting

ZAw = 2r,
the attraction of the entire shell is
4r klrasa  BM,

A; = —= = I
oF oFP
Since the mass of the spherical shell is 4rea®Aa. But this is just
what the formula would be, if the mass of the shell were all
concentrated at its center.

If the point P is in the shell itself, only one nappe of the cone
intersects the shell, and for this case

3
4,= )%
2 0P
This result, however, depends upon the manner in which the
limit is attained. It is shown in Sec. 86 that the attraction of a
surface for one of its own particles is quite indeterminate.
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13. The Attraction of a Solid Sphere upon an Exterior Point.—
If m, iz the mass of & homogeneous shell and if the point P lies
outside of the shell at a distanee r from its center, the attraction
of the shell on the point iz dirceted towards the center of the
shell, and its intensity is

k*m,

Ann =22
shall T?

The resulting attraction of any number of such shells which
are concentric is directed towards their common center, and its
intensity is simply the sum of the intensities for the individual
ghells. Hence, if M is the total mass of the sphere, its attraction
upon an exterior point is

It is not necessary that the shells shall all have the same
volume density. It is sufficient that each shell separately shall
be homogeneous. It is evident that a solid sphere which is
homogeneous, or homogeneous in concentrie layers, attracts an
exterior point just as though it were a particle of the same mass
located at the center of the sphere; and two such spheres will
attract each other just as though both were particles conecn-
trated at their centers,

14. The Mutual Attraction of Two Straight Collinear Rods.—
The preceeding examples have been solved by special methods

0 L] A B i c
21 P

which appeal directly to the intuition. Some further examples
will be given which require the method of integration. Consider
first the attraction of & straight rod on an exterior point in the
line of the red.

Let OA be a rod of length I; and of linear density ;. Let dx
be an element of length at a distance z from (. The mass of the
particle at dr is oydz. The attraction of this particle on a point
at a distance £ from the point O is

_odz
(& — )t
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and the attraction of the entire rod 04 on the point £ is the sum
of the attractions of all of its clements. That is

|

This is the attraction of the rod on a unit particle at the point
E. Buppose g. is the linenr density of the rod BC. Then the
attraction of the rod 0A on a particle e«dE of the rod BC located

at the point § is
1 1
ooy, - e

Let the distance between the rods be a and the length of the
gecond rod be ls. Then the total attraction of the first rod on
the second is the sum of the atiractions on the individual ele-
ments, That is,

e T EE 1 1 (a + IL){ﬂ-'I‘I:}
mﬂ':J;_'_ﬂ (5 iy M E)df = g log a{u":k'g;"_i:-m ’

and this is intensity of the mutual attroction of the two rods.

16. The Attraction of a Circular Disk on Its Axis.—In Fig. 10
let the radius of the circular disk be r and let its surface density
be ¢. It is required to find
the attraction of the disk upon
o point of its axis, that is, the =
line which is perpendicular to
the disk at its center 0. Let
O be the origin of a system of
polar coordinates p, 6, and let ¥ ¥
z be the distanee from @ along
the axis to the attracted point ‘/
P. The mass of the particle
of the disk whose polar eoor-
dinates are p, 0 is

dm = o pidpdd, Fiu. 10.
and its distanee from the attracted particle is
R= VT2
Henee, its attraction on the point P is
dm _ kg pdpdf
R'! pi + z! ?

Py
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and the component of this attraction along the axis is
_ Kopdpd? =z _  Klozpdpdd
] = a
PrE Ry
The total attraction of the disk is therefore

7= -kt fz' eded? 2eks J —pde_
- ”.J‘ 0 (p'—!-z‘}g T u{p*+z-]z

¢+2ﬂi‘.=nr|: — v,z:] (1)

The numerical value of the second term of the bracket is +1
nceording as z is negative or positive, for in extracting the square
root of 22 it is the positive root which is taken.

Since this expression changes sign
with z but does not vanish with z,
the attraction has a finite discon-
tinuity, if ¢ # 0, as the attracted
point passes through the disk. For
a disk of infinite radius the attrae-
tion is independent of the distance
z and has the constant numerical
value 2rk%. In passing from the
negative side to the positive side,
that is, dz positive, there is a finite
jump in the attraction equal to
—4rk*%. If the earth were an
indefinitely extended homogeneous
plane, as some of the ancients
believed, the acceleration of gravity
g would be rigorously, instead of
only approximately, constant.

It is evident from symmetry that there is no component of
attraction perpendicular to the axis,

16. The Attraction of a Body of Revolution on a Point in Iis
Axis.—Let the z-axis be the axis of revolution. If the body is
homogeneous, as will be supposed, the resultant attraction is along
the z-axis, and it is necessary to compute only the z-component.

In Fig. 11, let AB be a figure of revolution. By the third
formula of Egs. (3.2)

o[

Fia, 11
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but the results of Sec. 15 can be utilized, thus eliminating two
of the three integrations. Consider a thin cross-section of
thickness di at the distance ¢ from the origin A. If ¢ is its volume
density and o, is its surface density, then

ey = odf.
If z is the coordinate of the attracted point, with z > B,
Eq. (15.1) gives for the attraction of the disk at ¢

okte| — 25 ]cﬂ',
(e
where r is the radius of the disk; and the attraction of the entire

body is
Z = Eri*.*af [V,-{z ‘_‘ﬂf_{r - 1]&;. | (1)

17. Example—The Oblate Spheroid.—Let the surface of the
oblate spheroid be defined by the equation

'E=+ z g—-l
e ta=1

The radius of the eross-section at the distance { from the origin
is defined by the formula

2
a
r=at =Ll

su that the expression for the attraction (Eq. (16.1)) becomes

Z=ouke [ ETDE ~ otutad TP
L e—prre -

Since
z z
(—=+r—“2—r)+‘;s
g=f== c, =1
a
1- 5

the integral of this expression ean be resolved into the sum of the

two integrals
f —z+{ =
- — '—".::;. _..._dg" -|-
¢ J{z—ri*+a’—~r’

+e di
'ﬂ-! —_ {!’J-‘E '\Il[(z’ _ ;}g + a? — j‘:rg
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The first integral is the value of

ﬂl‘ a!
a—,_—c,\/(z = tat -5
between the limits 4+c¢ and —¢. After substituting the values
of the limits and subtracting, this value is found to be
2.::
Tat =g
The aecoml integral ean be written

e d; o — —— -
_ a"c’ a: — 2 + 21} 3 1
(ﬂ’ ct}!l (,u;! — ¢l}! (u:z'i o + :-)
The value of thn indefinite integral is
(a* — &) + 2*
v = F A
which for the upper limit ¢ has the value

gin~l ——

a' — ¢t + ez a* —¢* + ¢z
gin~ = = fan~!
av’u‘—a*+z’ ’v"u -—ﬂ“[s—c}
and for the lower limit
sin=1 —at+cttes _ ., at—c—ez
u\f’a'*c'+z‘ Va' — ¢tz +¢)
The value of the integral is tharufurﬂ
a* —¢* + ez —'—ce
tan™! — —— = ta .
\fa’—ﬁ(z—c} 'v"a -—~c: {s + ¢)
22v/at — ¢*  Vat — ¢
= -1 =1 R
tan P R = 2 tan p
Henee,
" .
z_q_,.kiv[_c__‘_ﬂ__i_'_ a’ez , tan! }a"'a.ﬂ._ '-:’J
e (a? — c¥)2 ‘

dmkioate LI ot
= -&-i—-_—-F[-—l +-\/a_!_.__c-2tm 1 ....z. .._].
Sinece the mass of the spheroid is
M = :ﬂrﬂ’d,

the expression for the attraction ean ulso be written

Ve -z,

V4 [ - tap-!
e Tty TateT T
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From the expansion

1 1 1
=1 = —t el T
tan™'r =z a:+5x Tx+

a
it follows that

1l 3@ —¢) 3l@—ey)* |
E-k’M[ a7t i 7 & T ]

If this expression is compared with the expression for the sphere
it is seen that the attraction of an oblate spheroid on a point of

its axis is less than the attraction of a sphere of the same mass at
the same distance.

18. The Attraction of a Uniform Rectangular Plate on a Point
in Its Own Plane.—Let the sides of the rectangular plate be 2a

P:r. ¥

Fuo. 12.

and 2b, and its surface density be . Referred to a set of rectan-
gular axes with origin at the center of the plate and the axes
parallel to the sides of the plate, the element of mass of the plate
is gdfdy. Let the coordinates of the attracted point P be z, y.
Since there is no symmetry in the situation, it is necessary to
compute the X- and ¥-components of the attraction separately.

The attraction of the element dm on the point P, which is
assumed to lie outside of the plate, is directed along the line
joining dm to P, and its intensity is

k2edidy
[z— 82+ (v— 3

The components of this element of force along the z- and y-
axes are

k*o(z — E)didn . - ko(y — 1)didn .
[z — 82+ (y — 0k [x—0*+ (y—n)




20 THE THEORY OF THE POTENTIAL

and the total X- and Y-components of the attraction are
X = _%J‘HJ‘ (x — Hdndt
a [Em -804y - 1:}‘13
Y = _k,‘,J‘ﬂ (y — n)didy -
bllz— 8+ (y — n)Y2
Let the integrations for the X-component be taken first,
Since

-8 - E.( 1 )
k] - 1)
[z =8+ (v — 2 [z — £+ (v — n)?2
it is evident that
1

+b
X=—k% -
B L(; ~ @)t + (v — W

L I:lrf::.
[z +a)+ (y — )2

Now

* —n clg ¥R+ VE—a = b
f-b [{;—ajl?vi-—l:y—ﬂ}!]; flf+b}+‘v’:¢:—n +(y+b:|
and
J'+b dy 10E{y+b}+\/.t+a 4 (y +.t,:|=

o [(z + )t + (y — ) W= +vVE+a)+ (y - b)?
Therefore

X = k% log

# —b)+VE—a+ @ — bl +b) + V(= +a) F (y + b)Y
w+)+Ve—a+u+0u—b+ Ve tar + b
and similarly,
Y = k% log

(= — u:: +VE=a' T U=l +a) + vV +a) + s +5)}
{a+a)+Ve+d'+y-ilc—a + Vie—ai+ G+ b
It is understood, of course, that in every term in which the
radical oceurs the positive square root is to be taken. Although
it is not evident on the surface, it is not difficult to verify that
X is an odd function of z and an even function of y, and that ¥
is an even function of z and an odd function of y. That is

X(z) = —X(-2), X@)=+4+X(-y),

Y(z) = +¥(-2), Y = -=Y(-y)
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These properties merely state that the field of force has the same
properties of symmetry with respect to the z- and y-axes that the
plate itzell has.

It is interesting to note also that the attraction increases
indefinitely if the attracted point approaches the edge of the
plate anywhere,

19. The Attraction between Two Rigid Bodies,—Let the two
bodiez be denoted by B, and B Let o, be the density of the
body B, at the point &, m, {1, and let 7, be the density of the body
B; at the point £s, 7s, {2 If the densities are not constants, it
will be assumed that they are continuous functions of the coor-
dinates. The component of attraction in the z-direction of the
body B, on the point £, ns, ['s, is by Bec. 3,

J"J‘f Bo(h = tdednds,
Bl(E — B)* 4 (m — n)? 4 (0 — [2)Y2

where dm, = ¢, dE,dy.di: is an element of mass of B,.

If dms = oodtsdnedls is an element of mass of the body B, the
z-component X of the mutual attraction of the two bodies is
evidently

NI e

There are similar expressions for the other two components of the
attraction. Thus the determination of the three components of
attraction of two solid bodies requires the evaluation of 18
definite integrals. These integrals are not sufficient, however,
to determine the line of action of the resulting force.

Problems

1. Three particles of mass my, mq and mq are placed at the vertices of an
equilateral triangle of which the side is &.  The center of gravity of the three
particles is at the point P. Bhow that the resultant attraction of any two
of the particles upon the third lies in a line which passes through P. Show
that this is still true if the law of attraction varies inversely as the n** power
of the distance.

2. Show that for spheres which are homogeneous the attraction of the
aphere for & point wpon its surface is

gwktw,
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3. A small hole of negligible diameter is bored along a radius into a
sphere which is homogenepus in econcentrie layers. It is found that the
attraction of the sphere for a point in the hole is independent of the distance
of the point from the center of the sphere.  What ia the law of density of
the aphere?

4. Bhow that the attraction of a homogeneous cylinder of length 2,
radius r, and density o on a point in the axiz of the cylinder at a distance
¢z from the center of the cylinder is

Iekto [T+ 20 +¢F — /([ — 2)* + r? — 22|
if the point is inside of the eylinder, and

ekte v (T + 2t 0t =/ ([ =)t +r2 F 2}
if the point is outside the eylinder. The negative sign before the term 2
is to be taken if z is positive and the lower sign if 2 is negative. Thus the
attraction all along the axis of the eylinder is a continuous function of 2.

B. Given a straight rod of length [ and density ». Show that the
attraction of the rod on a point whose distances from the ends of the rod
are r, and ry, Eq. (7.1), can be written

2
4 o2kl
riry

and therefore the equation of the surface, in bipolar coordinates, on which
the intensity of the attraction is everywhere the same is

rr: = constant.

6. If a spherical segment is cut off & sphere of radius a and density «
by a plane at a distance z from the center, the attraction of the segment on
the center point of its base is

3
Tlla® — 2% — (at — 292;
and if the segment is & hemisphere the attraction s

wkira.

T. Bhow that the attraction of the above spherical segment upon ita
vertex, or ita highest point, is

2wtz — E;[l—; i_fE_d:_.’“ff_].

8. A straight rod of linear density « is bent into the form of a rectangle
of which the sides are 2a and 2b. Show that its attraction on a point in the
line which is perpendicular to the plane of the rectangle through its center is

—dmez [ a + b
Vat b | M+ et
9. The base of & homogeneous isosceles triangular plate lies on the z-axis

and the vertex of the triangle lies on the y-axis. The length of its base is
Za and the tangent of its base angle §is &.  Show that the components of the
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attraction of the plate upon a point z, y, outside of the plate, but lying in ita
plane, are

X =k'rsinflog 4 - B, ¥Y=kreosflogC-D- E,
where

A=z tay+Viala +2) —yl +[oa’ — 2 — )
—a—z—ay+Viala +2) =y + o + 2 + ayff
—a+z—ay+Viale —2) —yf +lo —z + oy
0e® +3 — ay + V[a@ — ) - yI* + [aa® + 7 — awl®
c_[atz+ VT TR

a—z++va -3¢+ '
—ge? — 3 + ay + Vsa — za — yI* + [aa? + 7 — ay]®
ta—z4+ay++vita —ax —yl+la —z +ayll
E = a4z +ay+Viela+z)—yl*+a+z+ ay)?

—aat + 2 + ay + Vala +2) = yI' + [0a¥ —z - m]
EBhow that the attraction is infinite at the edges of the plate, and that it is

finite and determined along the lines which are the continuations of the
edges of the plate.

10. Show that the attraction of & uniform rectangular plate on a point in
the line perpendicular to the plate through its center is

a b
e e VR
where 22 and 2b are the lengths of the edges of the plate and z is the distance
of the point from the plate.

11. Matter is distributed on the curved part of the surface of & cone for
which the length of a generator is B in such a way that the density is inversely
proportional to the distance from the apex.  Show that the attraction of the
cone for & particle on its axis at & distance z from the apex and p from its base
edge is directed toward the apex and is proportional to R/(pz). For an
infinite cone the attraction is inversely as the distance from the apex.




CHAFPTER II
THE NEWTONIAN POTENTIAL FUNCTION

20, The Potential Function Defined.—In the formulas for
the attraction of a finite body on a point, the three components
of the attraction are given by means of three triple integrals,
making nine integrals altogether. It is a remarkably interesting
fact that these nine integrals can be replaced by one triple integral
and three differentiations.

Let z, y, 2, be the coordinates of the attracted point and
£, u, { be the coordinates of a point of the attracting body, of
which dm is an element of mass. Then

dm = cdtdydl,

where ¢ is the density of the body at the points £, #, {, and is,
therefore, in general, a function of the letters £, o, £. Let the
function V be defined by the definite integral.
v=r| 9"
5P (1)
p=vVE—z)+ -+ [ -2
the integration to be extended over the entire body.

The constant k* depends upon the intensity of the foree
at a unit distance and the system of units employed. As
it enters always as a linear factor, it will be eonvenient to drop it,
and this will be done hercafter, with the understanding that it
is to be restored whenever necessary,

The function ¥V thus defined is a function of the coordinates
%, ¥y, # (not & u, §); that is, V is a function of the position of the
attracted point. 1t can therefore be differentiated with respect
to these letters; that is

av d [ dm
% - az)sp’ (2)
If the attracted point lies outside of the body, o does not

vanish and therefore 1/p is always finite within the region of
24
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integration. Under these conditions' it is permissible to inter-
change the order of differentiation and integration in Eq. (2)
and write

WV o (2( \im
L&zp
d

z—£
z L ~fdm = X, Eq.(2)
av 1 y—n
— = | ={=)dm = — dm =¥,
ay Lﬂy(»ﬂ) " L o’
TN VAP T M
dz z0%\ P g P
If the function ¥V were known, the components of attraction
of the body on outside points could be obtained by the differen-
tiation of V with respect to the coordinates z, y and 2; and V
is defined by a triple integral. It will be shown immediately
that V exists even if the attracted point is inside the attracting

body, and that even for an inside point the components of
attraction are the derivatives of V with respect to z, y and 2.

21. The Significance of the Potential Function.—It is easy
to see the physical significance of the potential function. Let
the attracted point be given a displacement of which the com-
ponents are dz, dy, dz. The element of work which is done in
effecting this displacement is

dW = Xdz + Ydy + Zd:

_av av av
- El‘.’b: + ﬁ_dy + ﬁ'dz
= dV,

and, therefore, the work done in effecting any finite displacement
against the attraction of the body is
W = V(zy, yy, 21) — Vlza, v, 22),

where z; 1 2, is the original position and zs, ys, 22 is the displaced
position. Stated in words, the amount of work done in moving
a particle from one position to another against the attraction
of the given body is equal to the difference in the values of the
potential function for these two positions,

The potential function is a scalar function of position. Its
derivatives are the components of a vector, namely the attraction
of the body. If A is the magnitude of this vector,

A= X4 Y24 22,

L Harwace's " Calculus,” translation by Catheart, p. 267. Also GoURsaT-
Heprick, * Mathematical Analysis,” p. 193,
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whatever be the orientation of the coordinate system. If a
system of axes is chosen so that the z-axis is parallel to the vestor
A, then

av

ik

and the perpendicular compomnents are zero. From this one

concludes that the total attraction lies in the line for which the
derivative of V is & maximum.

22, The Potential Function Exists.—It will be assumed
that the density of the attracting body is generally a continuous
funetion, but that there may be a finite number of surfaces across
which the density is discontinuous. Such would be the caseina
sphere if one hemisphere were made of iron and the other hemis-
phere were made of lead. If the number of surfaces of discon-
tinuity is finite the body ean be resolved into a finite number of
smaller bodies Byx for each of which the density is continuous,

and then i g
v %2 am,
Lo=2L7

under these conditions each integral

j f L;dsdn.::‘;

exists if the attracted point lies outside of the body! for the
funetion #/p is continuous over the region of integration. Sinee
each integral separntely exists their sum exists, and therefore V
exists. Furthermore, since the integrand is everywhere positive,
if r is the minimum distance from the attracting body to the
attracted point, and K is the maximum distance, Fig. 13,

dm dm dm
- p— }
L= 5

and, therefore, if M is the total mass of the body,

f:{ > V> i{

As the attracted point rccedes from the attracting body,
both r and K increase indefinitely and therefore V has the limat
zero af infinify in every direction.

If the attracted point is in the attracting body let the variables
be changed to polar coordinates by the substitution

! Goungat, Heoniex, “ Mathematical Analysis,” p. 208,



22] THE NEWTONIAN POTENTIAL FUNCTION 27

E=ux+4 poos¢cos b,
1=y + pcos ¢ sin §, l
{=2z+psing, @

dm = gp® cos ¢dedidp, J

so that the origin of the polar system of coordinates is at the
attracted point. The integral which defines V then becomes

V= _['fj;up cos pdpdddp,

and by the same argument as for the exterior point it is seen that
V exists. Let o, be the maximum value of ¢ in B. With the
attracted point as a center and a radius R equal to the distance
of the most remote point of the attracting body, deseribe a
sphere which will wholly enclose the attracting body. Imagine
this sphere filled with matter of the constant density ¢;,. Then
ginee all of the elements of the integrals are positive

J‘f_f."j;., am
g P P

But
+% poe pR
dm _ cr.:.J- 2I J‘ cos pdedfdp
g P _rJo Jo
3
= dro, R
Hence, for any interior point
V = 4ro R

23. Existence of Derivatives of the Potential.—Owing to
the importance of the derivatives of the potential in the general
theory a direet proof will be given not only that the derivatives
exist, but that these derivatives are equal to the component
of the attraction in the direction in which the derivative is taken.
In making the proof, however, it is necessary to distinguish
between the interior and the exterior points, and to make the
proof for each class separately.

24, Existence of Derivatives at Exterior Points.—As a first
step certain upper limits for the derivatives of

1 1

P TVET O G e S
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will be indicated. Thus

a /1 r—§ ¢ /1 1
E(;}) - =g therefore, () < e
a1 =52 1 4
az? E) b P ﬂx*() <@
& (1 _ (x =8 gz — & 24
;)= 5 +9p=’ax()‘-p’
ete,
gy Trdazyz Let B, Fig. 13, be the attracting

Fia. 13,

P
and, therefore, for the entire body,

e[ ne [3n

and likewise,
¥ = {# _1 "? J‘ -('l-)dmj
g P [
f = [
P
By definition, the potential is
v = [dm
g P

It is desired to prove that

av afl
az f ﬂz( )'i’"
For convenience of notation, let

1
i ¢lz,y,2),
go that

V= [ ey, 2)dm.

body of which dm is an element.
dr be the volume of dm, ¢ its density
and £, n, I the coordinates of its center
of gravity. Let z, ¥, 2 be the coordi-
nates of the attracted point p. The
element dm exerts upon p an attrac-
tion of which the z-component is

_fz = Bdm
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By the definition of a derivative

&= J.:;Tn E[Iqﬂ(t + Az, y, z)dm — J‘.p(x v, ]de

- aETn 3[ a2 —+ ii‘u:- ﬂxﬂiz + fAzx) ]dm‘

Where # is some number lying between 0 and 1; therefore,

a 2
f P dm m 4+ lim . MJ. —;;,w(:r + dAxidm,
B

.ﬂ.:—ﬂ

It is not diffieult to see that

axm0 2

lim .d..t. f 3 —elz + faz)dm= 0,
for

Siele +82) < 2

where p is the distance from the element dm to the point p, (z +
6Az, y, z). Suppose b is the closest point of B to p, and that the
distance bpy = I. Then [ is the smallest possible value of p,

and
2Az 2m

2‘&:‘[5—!9{3 + 6Az)dm {j dm = Az

As Az tends towards zero the point p, moves towards p and
the minimum distance of p, to the body ! may change. But
since p lies outside of B, there exists a minimum value of [,
gay Iy > 0, if Az is sufficiently small. Hence

2
lim ;A::f 2 ol + 0az)dm < iifm
B

which vanishes with Az. Therefore,

av a1
¥z J;':E(F)dm =5

from which the eoneclusion follows that the derivative exists and
that its value is the component of the attraction.

25. Existence of Derivatives at Interior Points.—It was shown
in Sec. 22 that the potential exists at interior points. It is easy
to show in the same manner that the component of the attraction
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exists, Using the transformation (Eq. (22.1)), the expression
for the z-component of attraction becomes

z—§, - (21
X 2 Laz(p)dm
= fJ.J;G' cos? i cos fdpdidp.

Inasmuch as the integrand is continuous over the entire region
of integration, if ¢ is continuous, it is evident that this last inte-
gral exists,

It is desired to show that the derivative of V exists at interior
points, just as for exterior points, and that its value is X.

Let the attracted point p lie within B. With p as a center
deseribe o sphere of radius r which lies wholly within B.

This spherical surface divides the body B into two bodies
namely, the sphere S and the remainder of the body B, Let
the coordinates of p be z, y, 2, and let 3 be a neighboring point
with the coordinates z + Az, y, 2. Let T be the value of the
potential at p and V the value of the potential at 5. Then

It will be shown that if X is the z-component of the attracting
force at the point p, the value of Ax ean be taken so small that
the value of

V-V

Ar -X

<¢

where ¢ is any small number given in advance.
Let X, X5, Xj, be the components of atiraction, and V,

Vs, Vg, the values of the potentials at p, due respectively to the
body B, the sphere, and the body B, Likewise, let X, X, Xa,;
V, Vs, Vs, be the corresponding values at the point #. Then
V=Vs+ Vo, X=Xs+ X,
V="Vs+ v_jp X=X+ jf-nl.'
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Since p and 7 are both exterior to B,, it follows from the results
of Sec. 24 that, whatever value r may have, |Az] < r can be
taken so small that

_I'ng - Vﬁl 1
—ar o Am| <y
There remains then for consideration
Vs ;EF‘ - Xg

Let dr be the volume of the element of mass dm, and let 4
be the upper limit of the density within 8. Then since

Xg = —I{x _: ﬂn'd-r,
s P

|Xsl < F-J"E; = drayr,
£

it follows that

go that
| X4 < droyr.

An upper limit for the value of
Vs— Vs
AX
aleo can be found. From their defi-
nitions it follows that

F; - Vn - J‘(} - -l-')ﬂi'r,
s\P P

Now
- - = =——f
PP o
and, as is seen from the triangle in Fig. 14,
lp — ol < |Az].
Also, sinee
1 Ih?
S—z) >0,
pp
it follows that .
1 1
=< = 4=
op Pt + Pn"

go that

pe-vi<pdo{ 5 [F) o
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It has already been observed that
dr _
5 P
With ~ us a center deseribe a sphere 8; with a radius equal

to r 4 |Arl. This second sphere will then contain the first,
and therefore

J'. j“ = dx(r + |Az]) < 8ar.
g p° 82 P
It follows at onee that

V,— Vsl

| < 12ra,r,

and .

Vs— Vs _ x,
Az

For values of r sufficiently small this expression is less than
¢/2, and therefore

< lafﬂq.f.

AX

Thercfore, the derivative of V exists, and its value is equal to
X. The proposition is entirely gemeral, and it holds whether
the attracted point lies inside or outside of the attracting body.

V*V—X[{m

26. The Equation of Laplace.—In a manner quite analogous
to that of Sec. 24, it is a relatively simple matter to prove that
the second derivatives of V exist at all external points, and that

5 - [ S
2 [

But
a2t /1 3[:: = z}’ 1
3(1: - n}’ 1
ay:( ) p:’
3z — g'} 1
a#ls) =
and
their sum = Ea - —33 =
e p
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J135G) +5iG) + 55) om =

and therefore

Hence,

av a8V | a*r

Tt T T @
a partial differential equation of the second order which must
be satisfied by the potential of every finite body at all exterior
points. The left member of Eq. (1) is ealled the Laplacian
of V. It has been designated by different writers by the symbols
AV, AV, ¥V and ¥*V. In the present volume it will be denoted
by the symbol AV,

This equation was first given by Laplace in 1782 in polar

coordinates in the form

200 | e
art +; gin 6 &B'( V) + sin? § de¢? 0, @)

but several years later, 1787, he gave the corresponding expression
in rectangular coordinates,
Since the form for the expression for p

-8+ @y—n'+(-1)?
is independent of the particular rectangular system to which
it is referred, it is natural to suspect that the same is true of
Laplace’s equation. The suspicion is easily justified by a change
of variables,

T =1, + ar + asy + a2,
¥ = ¥ + Bix + Bay + Bz,
2, = 2 + 72 + vy + Va2
where
o o 4 oap? =1, aify + a8 + @by =0,
B+ B + B = 1, Biy1 + Beve + Bavs = 0,
T2+ vt 4 1t =1, iy + vran + e = 0.

Sin v V av
d
%E = o0 + .Hl +'a—h1’:.!
it follows that '
L4 2
PRl 6‘:!:‘+ﬂ1&y =+ 1 &s’
arv

+20¢1ﬂ1a: E + .ﬂl‘ﬂ + ¥ 10 15_3&:;
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i;r_‘: ‘az : + 8 ay e gz?:

+ zagmax -+ e L+ vz
i;;': ﬂz Azt -HB‘ :::

+ Eﬂaﬁaai:; + ﬂﬁﬂ% + 2psan s

On taking the sum of these three expressions it is found that

av V8 _ &y mv+aw ®
dxt ' gy? 327 8z 2 dz)?
That is, Laplace’s equation is invariant under a change of

rectangular axes. The same thing is true for Laplace's equation
in two variables.

27. Equipotential Surfaces, or Level Surfaces.—If the poten-
tial function is set equal to a constant

Viz,y,2) =C, (1)
there is defined a surface which is called an equipotential surface,
sinee the potential has the same value at every point on this
surface. If the constant € is regarded as a parameter, an entire
family of such surfaces is defined. Since by its definition V is a
single valued funection of z, ¥, 2, it cannot have two values at the
same point and, therefore, no two surfaces of the family intersect.

These surfaces are also ealled level surfaces for a reason which
will appear in the next paragraph.

Lines of Force.-—If x, y, 2, is a point on the surface Eq. (27.1),
the equation of the t.smgent. plane at the point r, ¥, z is
aV
&j:{E x) + {ﬂ -y + azﬂ' —2) =

where £, », [ are the running coordinates of the plane. The
direction cosines of the normal to this plane are

14V

14V 18V ~
GGSQ—REI ﬁ--——-—: —ﬁazﬂ

S Egerul
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But
av _ v _ _
ar X, by Y, dz 2,
are the components of the attraction at the point z, y, 2, and the

direction cosines of the resultant attraction are

X Y zZ
R R R

These expressions are identieal with those of the corresponding
direction cosines of the normal to the equipotential surface at the
point z, y, 2. Hence the direction of the attraction of a body at
any peint is perpendicular to the equipotential surface which
passes through that point.

Consider a line which is orthogonal to every equipotential
surface which it intersects. At each of its points it has the
direction of the attractive foree, and for this reason such a line
iz called a line of force.

The surfaee of 4 free liquid at rest is always normal to the force
which is acting upon it. Hence it coincides with an equipotential
surface, and therefore equipotential surfaces are level surfaces,
If a drop of water could be placed upon an equipotential surface
and be freed from surface tension, it would distribute itself over
the entire surface.

.14

» R=+Xt4 Y4 Z%

28. The Logarithmic Potential.—In See. 7 it was found that an
infinitely long, homogeneous, straight rod attracts an exterior
point in & direction whieh is perpendicular to the rod with an
intensity which is equal to 2¢y/p where &y is the mass of the rod
per unit length and p is the perpendicular distance of the attracted
point. Imagine this rod parallel to the z-axis and piercing
the z,y-plane in a point whose coordinates are £75. Let the
coordinates of the attracted point be z, y. Then the rod attracts
the point z, ¥ just as though it were a particle of mass ¢ = 2;
placed at the point £ 7 with a law of attraction o/p which is
inversely proportional to the distance, instead of inversely propor-
tional to the square of the distance. The components of this
attraction are

X= —:r-z‘;,l L v==YT" z=o

A bundle of such rods, not necessarily all alike, would attract
just like an area (the cross-section of the bundle) with the surface
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density = and the inverse first power of the distance. That is,
for such a bundle

t—§ -
X = '—L at dm, Y’-J;_!"pt dm,

p=VE—8"+ @ -
Tor this law of attraction the expression for the potential

becomes
V=- f log pdm,
A

or (1)

V = J- lngﬂ’dm
a P

if preferred, where pj is an arbitrary constant. It will be verified
without difficulty that
Wy

X=% Y=% @)

The potential in this case, for obvious reasons, is called the
logarithmic potential. As can easily be verified, for exterior
points it satisfies the equation of Laplace in two variables

A
azt ' ayt

The logarithmie potential exists at interior points also, and
Eqgs. (1) and (2) are still valid.

29, The Potential of a Spherical Shell—Let O, Fig. 15, be
the center of a homogeneous spherical shell of radius a, Aa its

Fia. 15

thickness and « its density. Let P be the attracted point, and the
line OP be drawn. Let the radius 08 make an angle ¢ with the
line OP, and the plane OSP make an angle # with the plane of
the paper.
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Consider an element of mass dm of the attracting surface at S.
Expressed in terms of its coordinates of position

dm = sa®Aa sin pdedf,

and therefore
V= aazﬂuJ"‘[zr tin pde Pdlpﬁi
o Jo P
== EWﬂsﬁﬂ‘]. = wdlp'
0 P
Bince

p = 4/ a® — 2ar cos ¢ +

is independent of 8.
On differentiating this expression for p, bearing in mind that
a and r are constants, it is found that
gin pde  dp
— s ar
and therefore

V= 2:.:“—‘?3 d.

The limits of the integral depend upon whether the point P
is outside the shell, or inside the shell. If the point P is outside

the shell,
Vﬂ o= 2’!’0"‘"““‘[ {IP,
a*Aa -‘ ()
= drgo—— = --:
r r
the last equality holding since the mass of the shell M is
M = 4xpa’ia.

If the point P is inside the shell,

ada adr
Vi = Ew*r_f dp
a—r

(2)
= droada = %Ir

From these expressions it follows that the potential of a homo-
geneous, infinitely thin, spherical shell is constant within the
shell, and that it varies inversely as the distance from the center
of the shell on the outside. The limiting value of the potential
as the attracted point approaches the shell either from the inside
or from the outside is M /a, and therefore the potential is con-
tinuous across the shell.



38 THE THEORY OF THE POTENTIAL

If the shell is of finite thickness, bounded by a sphere of radius
a on the outside and a sphere of radius b on the inside, it is
necessary to integrate Eqs. (1) and (2) again with respect

to the radius; thus
‘im:r J‘ atda

——{a:‘ — b)) = “_:,

= 4 r
and
Vj = ‘l'TG"J: ada
= 2woa? — b?),

which is not eonveniently expressible in terms of the mass
of the shell,

For a solid sphere the radius of the interior surface is zero
and Vo, = M/r just as for the shell. The limiting value of the
potential in the hollow-interior of the shell as the radius of the
inner boundary diminishes is

3M
V; = T = .
I 2roa 5

For a point between the two spheres which bound the shell
at a distance r from the center, pass a concentric sphere through
the attracted point. This sphere, which has a radiue r, divides
the shell into two shells for which the bounding spheres are b
and r for the inner shell, and r and a for the outer shell. The
potential of the entire shell is the sum of the potentials of the
inner and outer shells, that is

V= ire "2 4 ome(a? — 1)

_ Lo 10 1,
“"‘"(2 37y %

This expression has the limiting value 2ze(a® — b*) on the
inner boundary and gm{a‘ = b?) on the outer boundary. As

these are the limiting values of the potential as the attracted
point approaches the inner surface from within the hollow, and
the outer surface from the outside of the shell respectively, it is
clear that the potential of the shell is continuous everywhere,
although in different regions of space it is represented by different
analytic functions.
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. In each of these expressions the only variable which oceurs
is r, the distance from the center. Hence, wherever the attracted
point may be the attraction is always directed towards this
center. Its intensity is given by the first derivative of V with
respect to r, namely
_av
A= e

In the hollow of the shell V is constant: the first derivative
is zero, and, therefore, the attraction is zero everywhere.

Between the boundaries of the shell

A= ;-rnr(i:—: - r)-

This expression vanishes on the inner boundary, and has the

value
() - w

on the outer boundary.
Outside of the sphere
4=-4
.r'!
which also has the value —M/a® on the outer boundary of the
shell. Hence the first derivative of the potential function is
continuous everywhers and in particular across the bounding
surfaces of the shell. That is, the attraction of the shell is a
continuous funetion of the position of the attracted point.
It is not the same, however, with the second derivative.
Within the hollow, the second derivative is zero everywhere.
Between the boundaries of the shell
1 3
This is a continuous function of r within this region. It does
not vanish on the inner boundary, however, but has the value
—4re. Hence the second derivative has a finite discontinuity
4we across the inner boundary. On the outer boundary the
second derivative has the value

4- 253
~3r ( + 1)
On the outside of the shell the second derivative is
arv 8 a'-—0

PR I
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wfljnh is eontinuous everywhere on the outside and takes the
value
I
a(a ~?)

on the boundary. Thus in erossing the outer boundary from the
inside the second derivative has the finite discontinuity +4me
(see Fig. 16).

This study of the potential of a finite spherical shell is valuable
because the integrals involved are easily evaluated, and the

L. I —

— i ——

Fia. 18.
properties exhibited are characteristic of potentials and their
derivatives in general. The results are summarized in the
following table,

PorexTiar oF o Fixvire, HoMmoGeneoUs SpEERICAL SHELL

Region r<h | b<r<a r>a
1 12 1 4 at*— b
v rolat — b) 4”(2.11 —y - —ﬁr') gt
av 0 4 b -y 4 a* =0
dr g e
av A 8 o — b
ol N CIDINI
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30. Potential of a Uniform Circular Disk along Its Axis.—
Let O, Fig. 17, be the center of the disk, OP its axis, a the radius
and ¢ the surface demsity. Let the angle # be measured from
a fixed line in the disk. Then in polar coordinates

dm = erdrd8,

o 2 a
v-aJ'J' "d"‘”=2wj iz ()
aJa P o P
But, since
d

pl = r? + xﬂ,
and z is constant in the integ-
ration,

and

pdp = rdr,
and therefore
rdr
— = dp.
P o
Hence Fra. 17
Vg
= 3
V = 2ro f# ,
or
V = 2mo{va® + 2* — /7). (2)

Attention is again called to the fact that in every case the
positive square root is taken, so that V is a funetion of =% as is
evident from the form of the potential when expressed as an
integral, Eq. (1).

The attraction of the disk for a point on its axis is given
by the formula -

a

X-=—=2ﬂr[ 1

1

ViR vaF @
This is an odd function of z, as evidently it should be. The
limiting value of the attraction as x approaches zero from the
positive side is —2ro; and as it aproaches zero from the negative
gide it is +2rs. There is, therefore, a discontinuity in the
attraction equal to —4rs as the attracted point passes through
the disk from the negative side to the positive side, and the
magnitude of the discontinuity is independent of the size of the
disk. It is not independent, however, of its density.

If the radius of the disk is very great, the first term of Eq.
(3) is negligible. The second term is constant on either side

az
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of the disk, but opposite in sign on the two sides. Thus, if
the earth were an indefinitely extended plane, as it was thought
to be by the ancients, with the surface denmsity ¢, then the
acceleration of gravity would be

g = 2,
and would be independent of distance from the earth’s surface.

31. The Potential of a Homogeneous Straight Rod.—Let
the length of rod be 2I, Fig. 18, and let its
linear density bes. Let an element of the rod
at a distance ¢ from the center be di. Then
the mass of this element is
dm = edf,

and if p is the distance from this element
to the point P(z, £) at which the value of the
potential iz to be computed, then

dm +id
Fio. 18. Ve f J. .

Let 6 be the angle formed by the rod and the line p. It is clear
from the diagram that

dr sin 0 = pds,

 do_
p, 80 8
tan 76: (1)
= g log ——-
tan EB.
Bince 6 always lies in the first or second quadrant, the trigo-
nometrie identity

and therefore,

V=g

1 1
ton g0 = tan‘ 371 tans (2)
holds. Now
T x
tan #, = ;—-_F-—Ir tan fy = =1 (3)

By means of Eqs. (2) and (3) the potential can be expressed
explieitly in terms of r and z; namely,
— D4 VED T

V=rl
g SR T VTR
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or, if p; and p: are the lines drawn from the point P to the ends
of the rod,

Ve=olog —2tbttes _ g0 o1t s+ 20
i ey B RPsia P N

The ecomponents of attraction are now easily found. They

are
av e[ /1 1 1 1
X == — = = - = =1
dz x[(m m)t (ﬁ + m) ]
z=2_ ,(_1. - 1)
dz P P
Imagine two particles each of the same mass as a unit length
of the rod placed at the two ends of the rod. Then the com-
ponent of the attraction of the rod at the point P which is parallel
to the rod has the curious property that it is equal to the dif-
ference of the potentials of the two particles at the point P.

Equipotential Surfaces—On an equipotential surface V is
constant, Let

v
C=e¢+<1 (4)
Then on an equipotential surface
1 1
tan Eﬂl = ( tan Eﬁ:q (5)
From the formula for the tangent of a half angle,
2 tan 16
2
tanf = —
— tan? =
1 — tan 2ﬂ
it is found that
2 1 1
—= =~ —tanzh,
tand %31 2
or, by virtue of Eq. (5),
2 1 1
- — ( tan ﬂ:,
B0 0 tan %e, 2
and similarly
2 1 1
o - 1 tan Eﬂ:,

tan ﬁﬂ‘:
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If the first of these equations is multiplied by ¢ and then sub-
tracted from the second; and then the second is multiplied by

C and the first is subtracted from it, there results the two
equations

1 4 (1 -9 1
tanf; tan@, 2 tan 56y,
€ _ 1 _ _(-¢y 1
tan #;  tan §, 20 ian % 8,

Fia., 19,

The produet of these two equations eliminates the half angle,
and gives

1 C C __1\_Qa-c»
tan 6y  tan 6, /\tan 6;  tan 6, ic

which reduces, by the substitutions of Eqs. (3), to

(L—0)te? |, (1—()g2 "
T+0re ac BT
This equation, by the substitutions,

4072 1+
T-op=% gl =r+s (®)
becomes the equation for confocal conies, Fig, (19),
K'

o+l a1 @)
4 K :
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On replacing the value of C from Eq. (4), it is found from
Eq. (6) that

2
t >0

ginh? =—

For positive values of « these curves are ellipses, and from its
definition « must be positive, But the equation

~E o1, 0<k<l, (8)

represents the orthogonal confocal family of hyperbolas! which,
by wirtue of the property of orthogonality, are the lines of
force, Seec. 28,

The parametric equations
I 8in ¢ _ [ cos ¢
ginh o’ tanh w'

represents a family of ellipses if « is constant, and the family of
orthogonal hyperbolas if  is constant. :
The equation of the equipotential surfaces in three dimensions
is
zl It + yl

[ K =1

which represents prolate spheroids. The orthogonal system of
surfaces is represented by
#I _ 1:! + y!

I — i K

=1,

and are hyperboloids of two sheets. The lines of force are the
intersections of the hyperboloids with the family of planes which
intersect in the z-axis,

¥ = Az,
where ) is a parameter,

32. The Potential of a Homogeneous Sclid Ellipsoid for
Interior Points.—Let the surface of the given ellipsoid be defined
by the equation

E’ &
5+ 5 b + (1)

14 3taties and the Dynamics of a Particle,” p. 356.
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and let the interior point for which the potential is to be computed
be P(z, y, z). On taking P as the origin of a system of polar
coordinates p, p, 6, with the equations of transformation

E=2a+ pcoseeosd,
1=y + p cos ¢ sin 6,
{ =2+ psin g,
dm = ap® cos wdpdbdp,
then the value of the potential at the point P is

+5 e o,
V-gfd—m-ff zfzfppﬂuuwdwdﬂdp- (3)
EF -3 Jo Jo

The upper limit p, of theintegration with respect to pisa function
of ¢ and 6, since the integration is from P to a point on the surface
of the ellipsoid.

If Eqgs. (2) are substituted in Eq. (1) the surface of the ellipsoid
is found to be represented by an equation of the second degree in
p1. This equation can be written

(2)

. Aps* +2Bp, + € = 0. (4)
whers
A = 208" ¢ cos®f | cos®esin?f | sin®e
- a? [E et
I COE ¢ co8 § eos g Einf | zsn
B+ I+ 15 ®)
-a:! F’ z‘._._
o E-’+F+E= 1.

The solution of Eq. (4) which belongs to the present problem is
_ —B 4+ /B — AC
A ¥

i

for 4 is necessarily positive and for interior points C is negative.
Hence B* — AC is positive and greater than B®.  Since p; must
be positive, the positive sign must be taken before this radical,
From this expression for p, is obtained
ot = 2B — AC — 2BV/BT —4AC
1 A.’ ’
8o that Eq. 3 becomes

+‘:: 2xapR: _ — 2B+/RT —
Vhé,fr A AC - BVE - AC oy deds. (6)
F
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Consider first the part of this integral which depends upon the
radieal

xR/ BT —
R = f J‘ B B cna pdedd,
"i
The elements of this surface integral can be taken in pairs the

two elements being equal numerically but of opposite sign. At
the points P, and P, let

(P) 0@=6,e=c; and (P)) 6=6+ 7 ¢ = —¢u,

go that on a unit sphere P, and P; are diametrically opposite
points, At the points P, and P; the quantities 4 and C have
the same values while B merely changes sign at these two points,
Hence, the integral of
Ba/B* — AC
—gdﬂ—dm’
where dw is an element of area on the unit sphere, taken over any
hemisphere is equal numerically, but opposite in sign, to the same
integral taken over the other hemisphere. That is, the integral
taken over the entire sphere is zero. Hence,

R=10,
and the integral (Eq. (6)) reduces to
2r —
V_,_J,J' j gﬁfw,.‘.“.ﬁm o dipd. M

If the values of A, B, and C from Eqs. (5) are substituted in
Eq. (7), there results

B cm’wnna*ﬁ z? | cos?psin®§ y*
g g

sin? ¢ s‘} cos pdedd

¢ Al

¥ (zy cos® psin 6 cos § | yzco8 ¢ sin ¢ sin 6
+2‘J- f atbh? bt

cla?

4 meose sin ¢ cos E} €os ¢ ipdgpr:fﬂ (I' J‘ J‘“"mm pdedd
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By properly pairing the elements in the second integral its value
is seen to be zero. For example, in the integral

2 eos? Nm f eos 8
a:ry i‘bl}lg

it iz seen that at the pmuta P, and Ps, where

(P) 0=18, ¢=g¢, and (P 6=—8, ¢=¢,
the integrand has values which are equal numerically but opposite
in sign. Hence the integral is zero; and in a similar way it can

be shown that the other two terms of the second integral also are
zero.  Hence,

V""J.HJ‘ {ma‘rpt:ua’ﬂ z:+cua’¢siriﬂdy_’+£n_’_f_§f}

@ b* b ¢t

x 908 ededt _1 J‘ f ruteledd ()

1 +3 I pos @ dedd
r-y [

W is a function of the three semi-axes, a, b, and ¢, but is independ-

ent of the coordinates z, y, and 2 of the attracted points. If
it is written

W = -lcr +E on cos ededf
2 |« ), costpecosid , cos!gsinif  sin’e (@)
* at + B + e
it is readily verified that Eq. (8) can be written
_1aW, 1AW, 10W
=aaa® tea? t; % —CW

or, again, on substituting the value of ﬁ’

1aW 1aW 1aW
a da W)z+(b ab %) +(s?::'i_-*g-)zl+w'
(10)
Since W is a function of a, b, and ¢ alone (and therefore its
derivatives also), the coefficients of 2%, ?, and 2? are functions of

a, b, and ¢ only. It is evident at onee that W is the value of the
potential at the center of the ellipsoid.

Now let




a2] THE NEWTONIAN POTENTIAL FUNCTION 49

There still remains the problem of evaluating W. For this
purpose, let
ki ind 2
M=222 T N =TT -r-*““ £y

Then Eq. (9) becomes

) dd

. f Mcos?f + Nsin' 6

.
“"1-“

sec? fde
'4“‘[ o08 ‘”d"fM+Nt.an=a
i cos edye
- O o et
”J; VMN

On replacing the values of M and N in this integral from Eqs.
(11), it is found that

w
3 cos ol
W = 2reabe?
! J. +/(a*sin? ¢ + c* cos? @) (b* sin? ¢ + ¢ cos? ¢) qﬂ‘}
an expression which is not symmetric in the letters a, b, and e
The symmetry can be restored however by the substitution

e
TVERY
where # is the new variable of integration. The result of this

substitution is
ds

o Vet + 8)(b* + 8)(c* +3)
and if this form of W is used in Eq. (10}, the expression for the
potential becomes

V = abe yt 22
e J. ( u=+}-m“b=lﬁ)

e (13

V@ + 3 F 0 + 9 -

For purposes of numerical computation W is reduced at Legen-

dre’s normal form of an elliptic integral of the first kind by the
substitution

: ¢ tan w
Bin p = '\r’;_ m——} or 8 = a? cot® w — ¢? cosec? w,
a? — ¢?
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provided
a > b - [
and becomes
o owbe (70 ds
Vviar —¢t)y, 41 — k*sin®w
where
Bt o= T b*
ﬂ_! — ﬂ!t

33. The Equipotential Surfaces.—The equation for the poten-
tial ¥ at an internal point of a homogeneous ellipsoid can be
written in the form, from Eq. (32.13),

WV _=,9v 2

roabc ot T g Ty W
where
-1-— = N Ea e
! .L (a* + &)V (a* + 8)(b* + 8)(c* + )
1_ I " s S (2)
B 0+ V@ + 0l + e+ )
1 ds

-3

o J; (@ + Vi + 90 + (et +3)
If V is a constant, the equipotential, or level, surface also is an
ellipsoid with axes which are proportional to «, 8, and v. By

forming the differences between these expressions (Eq. (2)), it

is readily proved that
1 1 1

@ < g
and therefore
@t > B> 9%
In a manner quite similar it iz also proved that
a! ﬂ! 'T.
@ S

These inequalities show that the level surface, which is an
ellipsoid co-axial with the given ellipsoid, hns its longest axis
coinciding with the longest axis of the given ellipsoid and its
shortest axis coinciding with the shortest axis of the given
ellhpsoid, so that the two ellipsoids are similurly oriented, but
sinee

E{ﬂ{T:
a b e
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it follows that the level surface is not similar to the given ellipsoid,
but is more nearly spherical. Hence the surface of the given
ellipsoid is not itself a level surface. If surface tensions can be
neglected water placed upon the surface of a homogeneous
ellipsoid and subject to no other foree than the attraction of
the ellipsoid will low towards the ends of the shortest axis of
the ellipsoid.

34. The Components of Attraction at an Interior Point.—
Bince

av av EV
X = 3 Y= En‘y Z = e
it follows at once from Eq. (32.13) that
Y = —z f = 2roabeds .
] o (@ + 8V (e + )b + 8)(c* + )
¥ = J’ 2roabeds o
O +IVE@ FOC F O +8)
7= s J‘ 2roabeds
o (4 V(@ + 0B+ 8)(c* +9)

The resultant of the veetors X, ¥ and Z, is, of course, a vector
which is perpendicular to the level surface through the point
x, #, & It represents the total attraction of the ellipsoid at
that point.

Consider the attraction of a second ellipsoid which is similar
and similarly placed upon the same point z, y, 2. The axes
of this second ellipsoid are ha, Ab, and de. Then if X, is the
r-component of its attraction on z, y, 2

J‘ = ZmoNaberds

X-; = =

o (Ma® + 8)v(Maf + 5)(Ah? + 8) (A6 + 8)

or, if the variable of integration be changed by the substitution

§ = Ar,
it becomos
J"‘ Eru'aﬁﬂdr
Xz = =X =% |
o (@@ + V(e + Nl F e + 1)

J‘
and, similarly, for ¥ and Z. Hence the attraction on the inside
of a homogeneous, ellipsoidal shell which is bounded by two
gimilar and similarly placed ellipsoids is zero, a proposition
which was proved in a different manner in Sec. 11. The poten-
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tial, however, is not zero in the interior. If A > 1 is the ratio
of similitude, the value of the potential in the interior has the
constant value

(x = 1W,

where W is defined in Eq. (32.12).

36. The Attraction of a Homogeneous Solid Ellipsoid upon an
Exterior Particle—Ivory's Method.—If the point for which the
potential is computed P(z, y, 2) is exterior to the ellipsoid the
limite of the integral which corresponds to Eq. (32.3) are com-
plicated and it is not praectical to carry through the integration
in the manner of Sec. 32. A beautiful method of obtaining
the components of attraction on an exterior point was given
by Ivory in 1809, The method is based upon a comparison
of the integrals for an exterior point with the integrals for a
corresponding interior point. The integrals for the interior
points being known, the corresponding integrals for the exterior
point can be derived.

Let the surface of the attracting ellipsoid E; be defined by
the equation

TR [T N

‘ﬂ? + b_:l.= + Hl‘ - 1, {E]}
and let the attracted point be denoted by P: with eonordinates
Ts,-Yu, 22. Through the point P, pass an cllipsoid Es confoeal
with Ey. The surface of the ellipsoid E: is defined by the
equation

x| Yt 2t

o + b + 52

Ca .

=1; (Es)
but sinee it is confocal with E; the axes of the two ellipsoids
are related by the equations

as* = 4, + «x, bt = by 4 x, es? = ¢, + Ky (L)

where « is the algebraically largest root of the equation
P + ya? 24! B
a+x b4 e 4k
(The three roots of this equation are real.)!

Let %, ¥, £ be any point within or on the surface of E,;
and let s, ¥, Z: be any point within or on the surface of E..

+ =1 2)

1% Staties and the Dynamics of a Particle,” p. 355.
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A one to one correspondence between the points of E, and E,
is established by the equations

I Iz 1 Y 2 g
“w e bb o e ®
Let P, be the point on E, which corresponds to Py on Es. Then
P, is interior to E,, and E; can be regarded as a homogeneous
solid with the same density as E,. Let X., Vs, Z: be the com-
ponents of attraction of E, on Py, and X, ¥, Z, be the com-
ponents of attraction of Es on Py, Then

_”I .r f 2D dzdgads,
g, P
xom e[ [ [ R,

=V (% — 2z + (fo — 1) + (282 — 2.)},
Pr = V(% — z2)* + (G — v2)* + (&1 — 22)%

and similar expressions for the other components. These
integrals ean also be written

x-S D) an
e [ 4 asn

Integration of these expressions with respect to the z-variable
sums up the X-components of the attraction along an elementary
eylinder of cross section dydz parallel to the z-axis between the
two points where this cylinder intersects the surface of the
ellipsoid to which it belongs. Hence

X, = _f J' (p - Ligan, .
e = ” P a)dﬂ“‘*'

where py, and pi2 are the two lines joining the point P; to the
two points where the elementary eylinder intersects the surface
of Eu, and ps; and pes are the two lines which join Ps to the
extremities of the elementary cylinder which terminates in

where
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the surface of E;. It will be assumed that these two evlinders
arc corresponding cylinders in the sense of Eq. (3), and therefore
the termini of these eylinders
are corresponding points on
y the surfaces of the ellipsoids.

Fia Lemma.—If KB, and 8, are
/(—/ f any two points on the surface

= | of E, and Ks and S: are the
%_/}/ corresponding  poinie on  the
% surface of Ky, then the distances

R.S: and R.S, are equal.
Fia. 20. In order to prove this
lemma let the coordinates of
E, and R, be 1, m,, ny and ly, ms, ns respectively, and let the
coordinates of 8, and S: be Ay, ui, » and hs, gs, v2. Then

ETS_;! = (I — %) + (my — pe)? + (m1 — »2)%

and
ﬁ? = (la — M) + (ma — w)? + (2 — )t
But sinee

ay
L=
dy

the difference between these two quantities is
- s = (25— 1)+ (25 - 1) o (25— e
+(1'—-_ ?'*'2 +( b‘t’ #'I +(1——'—*)b'=

= o=y Ilt —_— #! 2
( "‘w““ -I-'K(E'-,'I'b—!—u-[-a;)
= —g 4+ = 0.

Henece, the distance [2,S; is equal to the distance K.S,.

Since all of the conditions of the lemma are satisfied, it follows
that in Eqgs. (4)

@y
I!, T’l. = E;h" ﬁtc.,

B = pay, Pz = pag,

and, ‘therel'om, at corresponding points the integrands of these
two integrals are equal. Let the variables §, and %, in X be
changed by the substitution

dl?l = %dg:n a2 = ﬂtfig.
] Cz
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The limits of the integral will be altered and will become the
game a8 the limits for the integral in X; and it is evident that

X b':;] le
and similarly,

net,

Z :E:’m

Hence, if the components of attraction of E: on the interior
point Py, that is Xy, ¥,, Z,, are known, then the attraction of E,
on the exterior point P; can be computed. Using the values of
these components as given in See. 34 with the proper subseripts,
it is seen that

sy
= —2ro
s osbieiz, 0 ':ﬂf!i + ﬁﬂ; '[ﬂf + #2)(ba® + 84) (e + 3:}
s
Y =-2Wﬂ-b = e e ]
: 1 ﬂ’y‘L (ba® + s2)v/ (@t + s (03" + 52)(ea* + 82)
fiﬂz

Zy = -Ewaxb:cmj; (ca? + s2)V (a2 + 52)(0s® + 82)(ca® + ;,].

In the factors preceding the integral signs
sty = @7y,  bayr = by,  c:m = cizg;

under the integral signs the semi-axes of E: can be eliminated
by the substitutions

at=a’+x bP=b'+x =04ty
and then the substitution
i+ Kk = &
gives the desired forms of the integrals. Dropping all of the
subseripts, which are no longer necessary, the components of
the attraction of the given ellipsoid upon an exterior point arc
d& k'
« @+ V@ T I F 9 +0)
de
Y=—2¢
“bw,r (b* + 8)V/(a® + 8)(b* + 8)(c® + &), [ ®
ds

Z = —2ma .l- @+ )V Fo+aE +s

X = —Zxcabex
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where a, b, ¢ are the semi-axes of the given ellipsoid and =z, y, 2 are
the coordinates of the exterior point. The lower h:mt. k is the
algebraically largest root of the equation

E ‘!
a’+x+b’+x+c’+rFL ©

36. The Potential of a Homogeneous Solid Ellipsoid at Exterior
Points.—The forms of the expressions for the components of
attraction of a homogeneous solid ellipsoid upon an exterior
point, Eqs. (35.5), are identical with the corresponding expressions
for an interior point, (Egs. (34.1)) with the exception that for an
exterior point the lower limit of the integrals is «, and for an interior
point it is zero. This similarity of form leads to the suspicion
that the same similarity holds for the potentials also, and that

- E: H! :!
Vnwubcj: (lvu’+s_-b’+s-c’+a
ds

— e [

x;Ea‘+a}{b’+a}Ec’+a} A

is the potential of the ellipsoid at an exterior point. In order
to prove that this surmize is correet, it is necessary to show that
av X av av

E— 5 FE=Y1 E-!Z.

If this condition is satisfied, V can differ from the potential only
by an additive constant.

Now
av _ _ ) =
= - Emmbc:t‘[t {a? 4+ ) (a® + 8)(b? + 2)(c* 4 3)

wabcaf-

_(1" L . dz )

et e Btx otV (@ 00+ e +x)
the first term of which is equal to X, Eqs. (35.5), and the second
term vanishes by Eq. (35.6). Hence the condition

F i

iz satisfied, and similarly with the other derivatives.
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In order to show that the additive constant is zero, it is
sufficient to show that V vanishes at infinity, a property which
is possessed by every finite body (See. 22).

Just as in See. 35, let the ellipsoid which is defined by a given
« be denoted by Es;. The greatest distance from the origin to
the surface E; is r = 4/a? + k, assuming that

a>h>g

and the shortest distance is r = /¢ + x. Henee for any
point on Ky
v Ertza 4 x
which shows that if r tends towards infinity so also does &, and
conversely,
Now

ds . “ds _ 2 ,
 vETTreT <. RV

and

- ds
| erveriemeTs <

ds
f @ + Vi + 0 + 8)(c + 8)

<[ ds < [ra-2t
@+ a9V +a)0 +ac+s)  Jo g 3.3
Hence

2 | 2z Ptz 2x? * 4
() e G0
or, since

42 = at+

O << oG+ 39)

Consequently as ¢ tends towards infinity V7 tends towards
zero, which proves that V as defined in Eq. (1) is the potential
of the ellipsoid at exterior points.

For x = 0 the ellipsoid E; which passes through the attracted
point z, ¥, # coincides with the surface of the attracting ellipsoid.
Thus the limit of the potential as the attracted point approaches
the surface of the attracting ellipsoid is the same whether the
approach is from the inside (Eq. (32.13)) or from the outside
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(Eq. (1)), and the potential iz continuous across the surface.
It is therefore continuous throughout all space.

It should be observed that the factor weabe which appears in
Eq. (1) is simply the mass M of the ellipsoid.

37. Evaluation of the Elliptic Integrals.—By the transforma-

tion
||a_1 —-— 52
W= a"—+—31 a :‘*"’ b } c,

where w is a new variable, the integral

1l jg—al(" ds
v= iv”a E:!J: A/ (a® + 8)(b* + &)(c* + 8)

becomes
i — g2
P = VE dw ’
0 V(1 = wi)(l = kuw?)
where
ai — b!
| - m:
or, if
1w = 8in g,
the integral takes the form
w d'i:'
U o= T ———————— W F ' k {1}
J; Vi k)
where

a! — ¢gf
i = Smm——1
B, S \/;‘-i-s

Thus the integral v = F(w,, k) is Legendre’s elliptic integral
of the first kind. The upper limit of the last form w, is called

the amplitude of », and sin w, is called sin ame, which is usually
written snv. Similarly

cos ame = env = /1 — sn'y,
delta amv = dny = +/1 — k%sn?v.
From these definitions it is evident that
a? — ¢t
POy
ds 2
VEIITraE T va—ar

Bny =
and
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By means of these relations it is not diffieult to show that

f' o d LJ‘-{EU
Vgt )b Fae +9) (a? — ﬂe}% ’

f-a ds J- gn? vdy,
@+ V(@ + 90 + 9+ (a* - c’]i
d.ﬂ‘ — IEn l’d’

f (EI’ + i}'\-"’{ﬂi [b’ E}{t’_ﬁ"-é} (ﬂ__ Ei}g dn®y

- is 2 «enfy
—_— e —————— = dy
ﬁ @+ V@ FO0 + O+ (g _ c=;§£ enfv

where -
ﬂ_!‘ — E.'l'
= ‘Ja*—-l-n:'
o=@
amy, = w, = mn'l\fa,--_-F—n--
The substitution of these expressions in Kq. (35.1) gives

2roab gnty
; f |-{ﬂ= = %) — @' = yiype, — cn’tr:|d”

_r‘

The la.st three of the above integrals introduce Legendre’s
elliptic integral of the second kind, namely,

E(w,, k) = Ju""\fi*:'m sin® pde. (2)
Sinee
danv
~dn = +4cnvdny,
denw
B = —gnvdnwy,
ddny _ —k*snveny,

[ romtodo = 1o loo = B

« gn’ L E(w) 1 snucenv, o

—_—

o dn®v A=k 1—k dou, K

b gty 1 snv,dnu,
J; cii'ia}dﬂ 1= k.’[ env, E{m‘}}
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F‘gz
e = F(a), B0, = A oT

N SN o
=Ny T etk

the expression for V' becomes

El'ﬂ'ﬂbﬂ ;:! y’
¥ = TJ’;:—-_.::: {[l e + m]F[mg, k)

: QU *
v [az @ = b*}n:gjy— o+ s E‘JEM @
+[c=+x , b 4x ] Vat — ¢

S by

Sinec

It has already been observed in Sec. 35 that the derivative

of this expression with respect to x vanishes, and therefore in
forming the derivatives

av av av
X Er Y L EE: 25 L FEJ

it is not necessary to regard « as a function of z, y, and 2. It
is sufficient to differentiate only in so far as z, y, and 2 ocour
explicitly in ¥. The components of attraction are, thercfore,
very easily derived and it will not be necessary to write them.

13&. iMar.I:anrin's Theorem.—Let E, and E; be two confoecal
cllipsoids with semi-axes as, by, ¢; and as, by, s respectively, each
of which is homogeneous, but not necessarily of the same density.
Let z, y, 2 be & point exterior to both of them. Let

=4 + =1
and a4+ bEd4x EIS_‘F_'C; -
z* ] 2t

d,,‘-|-x,+b,’+ li+-¢2:"_‘|'_£_: =1
represent the same ellipsoid, confoeal to E; and E,, thro

. ugh
the point z, y, 2. Then the E:qua.tionﬂ 1 ” ¢

ay® = a,* + b:”=b:'+x,
define the value of x by
E,, and, therefore,

cg* = gy + x, ':1)'
means of which Es ean he referred to

""]'ic:!m,.
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Congider the two integrals

B [
' w AV (@t ¥ 81)i(by* + 81)7(c® + s1)
and
- ds,

Iy =

"y "\’((ﬂ-! 4 #2)'(ba® 4 &5)7 {Cz 3}*
where 1, j, and k are any positive integers.
If as?, bs?, e2* in the second of these two integrals are replaced
by their values from Eq. (1) there results
- dss )
s V(ad + k F a) (b + k + a)ie® + x + s2)*
and if the substitution

8+ k=8
iz made this integral becomes
I - dsy
o V@ ¥ )b+ s)er + a2y
All of the integrals which appear in the expressions for the poten-
tial Eq. (36.1) and for the components of attraction Eq. (35.5)
are included under these forms. Hence if ¥V, and Vs are the
potentials of E, and Es at the point z, y, 2 which is external to
both ellipsoids and if M,and M; are their masses, it is evident at
onece that

= I

V; - Vg.
M, M/
and similarly
X _ X Yi_ Y, & _ 2y
M, M, My My M, ~ M,

This proves a very beautiful theorem due originally to Mae-
Laurin, namely

MacLaurin’s Theorem.—Twoe homogeneous, confocal ellipsoids
aftract o particle which is exterior lo both of them with forces which
have the same direction and which in magnilude are proportional
to the masses of the attracting ellipsoids,

MacLaurin proved this proposition for the attraction of ellip-
soids of revolution for points on their axes of revolution. Legen-
dre extended the proof to any points external to the ellipsoids of
revolution. The complete theorem as given above was first
established by Laplace, although his method is not the same as
that which is given here.
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It follows also that a homogeneous ellipsoidal shell, finite or
infinitesimal in thickness, bounded by two confoeal ellipsoids,
attracts an exterior particle just as though it were a solid ellipsoid
of the same mass and homogeneous throughout. Likewise, an
ellipsoid which is homogeneous in confocal layers attracts an
exterior particle just as though it were of the same mass and
homogeneous throughout. Thus the earth increases in density
from the surface towards the center, but if the distribution of
matter within the earth is such that it is homogeneous in confocal
layers, the attraction of the earth for an exterior particle is just

the same as though it were homogeneous throughout, provided
the total mass is the same in the two cases.

39, The Potential of Spheroids at Exterior Points.—The
integrals which are involved in the expressions for the potential
and the components of attraction of the general ellipsoid are all
elliptic of the first or second kind. They all reduce to integrals
of an elementary character, however, if two of the axes of the
ellipsoid are equal ; that is, if the ellipsoid is either an oblate or &
prolate spheroid. 1If, for example,

a="b>e,

the ellipsoid iz an oblate spheroid, and the expression for the
potential is

— .. - dvﬂ_ e — ] 2
T’—m’cf ST~ e + )

xf' - ~ roatcs? J‘ & )
(@* + & Vet 4 (@ + 8)(e + )3
The evaluation of these integrals gives

wraty/et + k2t + T roale 222
+ ; 5 ey (2)
at —¢ @+ a'— ey et i
where « eatisfies the equation
wl _I_ F! 3!
T tanmL ®
Although « is a function of z, y, and 2, it is not necessary to
regard it as such in forming the first partial derivatives of V
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with respect to x, y, and 2; for it was shown in Sec. 36 that even
for the general ellipsoid the derivative of the potential with
respect to x, ¥, or g, in so far as these variables are involved
implicitly through x, vanishes. It is useless, therefore, to form
it, and

av av ﬂV

l:H: Y=Fé'g_|" Z = az

are obtained from Eq, (2) just as though x were a constant, If,
however, the substitution

24yt 2

a¥ + x e+
from Egq. (3) should be made in the second line of Eq. (2),
although the expression for V would be simplified slightly, «
eould no longer be regarded as a constant in forming the first
derivatives.

If the ellipsoid of revolution is prolate, so that ¢ > a, Eq. (2)

becomes imaginary in form though not in reality. If it is borne
in mind that

4af — ¢ = I/ e — a?, i= /=1,
and that
—{ gin~1 {f = sinh~! 4,

it is readily seen from Eq. (2) that the expression for the potential
of a prolate spheroid ¢ > a is

zt 4yt — 227 2 _\/m
V=‘“""“( t e m et Vo

_ moateV/ et + x 2t + 3t roale 2 4
¢* — a? a'+n+c’—a‘;'£2—_|_: )

Where « is defined by Eq. (3) just as before. In obtaining the
components of attraction from Eq. (4) by differentiation » can be
regarded as a constant. It will be remembered that for interior
pointe « is zero.

The expression for the potential of an oblate spheroid, Eq. (2)
above, was derived directly from the definite integrals in Fq. (1),
It could have been derived with equal ease by limiting processes
directly from Eq. (37.3), by letting b* approach a®. The potential
of the prolate spheroid is obtained by letting b* approach &2

40, The Attraction of a Spheroid on the Surface.—If the
derivatives of the potential of an oblate spheroid Eq. (39.2)
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are formed and then x is set equal to zero, the resulting expressions
are the components of the attraction of the spheroid for points
on its surface, They are

X = —WL—;[—& + &t + 4/1 — ¢* sin~! €]z,
3M _
V=——- —e+ e+ /1 — e sin~lely
2a%'\/1 — { !
M _
&= — +e—0—4/1— ¢ sin" elz;
a*s“m[ ! B
2 _ a2
where M = ;wa’c is the mass of the spheroid and e = y

is the eccentricity of a meridian section,

The intensity of the attraction is a function of the latitude
but not of the longitude, since the spheroid is a figure of revolu-
tion. For a point in the zz-plane

r=acsE, y=0 - z=ay1— ¢ cink.
where E is the eccentric angle corresponding to the point 2, v, 2
If ¢ is replaced by ¢ = sin e the intensity of the attraction F =
VETF Vs
3M . .
F-We[[e-mnemse}’*i-{é{wosu—sm €t — 1
(¢ — sin € cos €)*}sin? E]%.

If & sphere of radius B has the same mass and density as the

spheroid, its radius must satisfy the relationship

M= gwu' Cos e = %WR"

3
and therefore
1
R = acos® e
The intensity of the attraction on the surface of this sphere is
M M
O=p=—
a® cog? e
s0 that
2
F=Sgoose

= 5@ 5 [(e — sin € 008 ¢)* + [4(e cos ¢ — sin )7 —

(¢ — &in € cos €)?}sin? E]%1 (1)
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On the equator of the spheroid, E is zero, and
2

3 cos®

2 sin’

_.:;( =+ )

For small values of ¢ the attraction on the equator of the spheroid
iz less than attraction on the sphere, and it is not difficult to
verify that it iz less for all values of € < = /2.

At the poles of the spheroid E = »/2 and

3

Py, = f_ sin ¢ cos €)@,

Frao = ﬂﬁ“{ﬂln € — € COS €),

=G1+E+ ...)’

go that the attraction at the pole is greater than the attraction
on the sphere if e is small. The cocfficient of @, however, has a
maximum which is defined by the equation

O — Tsin®e

€= 0 — 4ain®e

tan
the solution of which is
e = 44° 5, e = 6958,
For this value of &

Fra. = 1.022G, = :—gG APProx.,

and for larger valucs of € the coefficient of G diminishes and has
the limit zero.

Since the attraction on the spheroid at the pole is greater
than the attraction on the sphere for small values of ¢ while
at the equator it is less, there is some latitude for which it is
just equal to the attroction on the surface of the sphere. This
latitude is found by setting F equal to G in Eq. (1) and then
solving for gin® E. The result is

gsin;a — (& — gin € cos €)*
gin? f = CLD_BE € e 9
4(gin e — e cos €)* — (e — sin ¢ cos €)® (2)
1, 119
=3 tape Tt
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The limiting value of this expression for ¢ = 0 is

sin? ' = %, or E = 35°15 52",

and for e = 0 the eccentrie angle is the same as the latitude.
If the first term of the numerator of the right member of
Eq. (2) is equal to the first term of the denominator, then
sin® E = 1 and F = 90°, This condition is
A
%Ei—‘ = gin e — ¢cos e
cos? ¢

the solution of which is
= Eg'u 4I’ 10”1
If ¢ ia greater than this value there is no latitude for which the
attraction on the spheroid is as great as the attraction on the

sphere. It iz everywhere less. This limiting spheroid and
the corresponding sphere is shown in Fig, 21,

g

c D

A a B
Fro. 2. Fia. 22.

41. The Attraction is a Maximum.—It might be imagined
that of all homogeneous figures of revolution the attraction of the
body on the point where the axis pierces the surface is a maximum
for a sphere, but the results of the preceeding section show that
this is not so. It will be of interest therefore to inquire for what
figure of revolution of given volume and demsity is the attraction
upon the point where the azis pierces the surface a mazimum,

Let Iig. 22 be a homogeneous solid of revolution with g base
the radius of which is AB = q, and s height A0 = b, Let CD
be a thin cross-section of radius r at a distance 8 frm£1 the apex
0, where the axis pierces the surface, Then, hy Eq. (16.1),
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the numerical value of the attraction of the solid upon the point

ﬂ 15
.ll. - 2W 1 - e dsq
fu \’j 4 &

The sign is reversed since the magnitude of F only is of impor-
tance. The problem is to find the curve ODB which makes F
g maximum for a given volume. That is, the condition

J::-’ds = const.
alzo must be satisfied.

On making h and r vary, it is found that the conditions which
must be satisfied are

A grér h
—_— e 1= —-—V8h =0, 1
J;{ﬂ: + ssﬁ + Va! + h’) (W

j:ﬁrﬁrda + ath = 0. (2)

Let Eq. (1) be multiplied by the undetermined multiplier
21! and then subtracted from Eq. (2). There resulta

J:*(z - {rjﬁi;?h)rﬁrda + (a’ - 2}\-"{1 - WT.’.&_FF}) sh = 0.

If A is chosen go that the coefficient of §h vanishes, there remains

r(z - —-E—PLE)rﬁrda = 0;
1] {r! + 8’]&

and since this must vanish for every ér, it follows that

.,_..l’i._x =1; (3)
(rt + s%)2

and

also
2 = @

= @+ + Ve R (4)

IR ESY
Equation (3) is the equation of the curve sought in rectangular

coordinates. In polar coordinates with O as the pole and 0A
as the polar axis

& = peos g+ r? = pl

and the equation is
p = M/cos 0. (8)

1
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At the point B Eq. (3) gives

Wh o= (h* +|.'I’]I%' (@)
If A? is climinated between Kgs. (6) and (4) and the resulting
expression is then rationalized, it is found that
(h? + a?)(3h + 4a)a? = 0,
and therefore a is zero. Eguation {4) then gives
h=h
0

Fia. &

The radius of the sphere of equal volume R is given by the
formula

b g
fjr‘da-grRi,
o

ar

T 3 8 g2
J; cos? § sin® Ma:‘ﬁh_";
from whieh it follows that
h=RyB5=171...R
A meridian seetion of the solid of revolution of maximum sur-
face attraction and the sphere of equal volume is given in Fig, 23.
The intensity of the attraction upon the point O is

FPeorl|(1-—2_\i
o [ (1 - i)
30F 8
= ﬁrarh(l -~ 2_[ cos? § gin Bda)
o
4

= —xall.

5
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The attraction upon the sphere of equal velume is

4

Gmaﬂrﬂ-

Henee,
F 3 h _ 3.+ _ 39
G=5R = §V0 =10200 .. = approx,

and the attraction of the solid of revolution of maximum attrac-
tion upon the point O exceeds the attraction of the sphere of
equal volume by one part in 38 approximately. It was seen
in Sec. 40 that the maximum attraction at the pole of an oblate
spheroid exceeds the attraction of a sphere of equal volume by
about one part in 45.

It iz interesting to observe that this surface furnishes also the
golution of another problem, namely; a particle is attracted
towards & fixed point by a foree which waries inversely as the
squarc of the distance. It is required to find the locus of the
points fur which the z-ecomponent of the attraction is constant.
The z-component of attraction is

k2
H.,
(#* + y* + 2%)2

where k? is the foree of attraetion at a unit distance. On com-
paring this expression with Eq. (3) it is seen that the solution is
the surface drawn in Fig. 23.

42, The Potential of a Homogeneous Elliptic Cylinder.—
Instead of computing the potential of clliptie cylinders directly
from the definite integrals the desired result will be obtained by
letting the longest axis of the ellipsoid approach infinity. The
ellipsoid, then, approaches an elliptic eylinder for which the
equation is

2 H
th=1 b>e
Equation (35.6) becomes

y* 2 _
il el

which iz the equation of a confoeal eylinder,
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The first factor in the expression for the potential of an
ellipsoid Eq. (36.3),
2roabe

1t - T

has the limiting value 2wobe.
The amplitude of the elliptic integrals F and E is w,, where

=
Bn o = af +x
Since « remains finite as @ — =, the limit of w, is /2. The
limit of the modulus,
ul —_— bE

k* = 1
P

as a? tends towards infinity, is evidently +1. Hence, the limit
of E(w, k) is, Eq. (36.2),

EG, 1) - j /Tt ede = +1;
[1]

and the limit of Flw,k) is

FIT 1Y = ;__. dy =
2 p %1 —ginfg
It is evident that the term in the potential which is explicitly
independent of 22, ¥?, and 2® increases indefinitely as the length
of the ellipsoid increases. It will be shown immediately that
the remaining terms have a finite limit, and, therefore, the limit
of V is infinite. This is not surprising for the mass of the limit-
ing eylinder is infinite, This term corresponds to the constant
term of the potential, for it drops out when V iz differentiated

with respeet to z, y, or z in so far as these variables
oceur explicitly.

The coefficient of the term in 22 is

gl g B) = Flag )

=F_i_? (- "}[E(u,,k} — Flug K)].
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The limit of (1 — k*)E,as k* approaches +1, is evidently zero.
Ag for the limit of (1 — E¥)F,

ﬁﬁ‘:d:“am— f ViR Vi

(1 = EOF(w,, k) < w1 — EE,

which has the limit zero as k* — 1. The coefficient of the term
in z* therefore vanizshes,
Likewise, the term

v :
at —pd @ B)

has the limit zero; and, since the limit of E is +1, the limit of the
remaining terms can be written down at onee,
A true potential does not exist, but the variable part is

re = Sl ) (- D)

F{”i: k) =

go that

ow
‘Jm 1='\/’E’+K:__'\J',&=+K
R Vi Fx
e+t - (VBT
V'fl’+ﬂ{'v’ﬁ’+u+v'u‘+ﬂ
b’-ﬂ’ .
RN RViEIGET N
and likewise
1— Jﬁ’+xt _ bt —
R Y (R ICE)
g0 that
1';r'mr. = _"27‘7‘54: y’

b+ x+ VO F O+ 0

+ L—— )
¢t 4+ &k + /(B + &) (c? + «
from which the factor b* — ¢? has disappeared.
The components of attraction are

¥ = —d4wobey
FF etV + 06 T a

—d4rohez
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If the point z, y, # is in the interior or on the surface of the

eylinder, x iz zero and the expressions for the components of
attraction become

o e Y I
Yi = 4Wb_-+- G} Z. mlr'-l'-d

If b= ¢ the cylinder is circular, and the expressions for the
components of attraction become

Bracty roctz
T="ar¢ 27 "axx
or, since in this case, ¢® 4+ x = y* + 22, for exterior particles,

Yﬂ—-ﬁncz_i_, Z“—-Ewcy,+zg

These expressions are the derivatives of the logarithmic

potential
V = =2rec log Vi + 22,
which satisfies the partial differential equation, Sec. 28,
av v
az? ' Ayt
The funetions which satisfy this equation are elosely related
to the functions of a complex variable*
w=y + 1z =/ -1

It will be observed that the logarithmic potential becomes
infinite at infinity.

= 0.

43. The Potential of a Homogeneous, Rectangular Par-
allelopiped.—Let the origin of a rectangular coordinate system be
taken with the origin at the center of the parallelopiped and the
axes parallel to its edges. Let the edges of the parallelopiped be
2a, 2b, and 2¢ and, for convenience of notation, let the density «
be taken equal to unity. Let the coordinates of the attracted

point be z, ¥, z and the running coordinates of the element of
mass of the parallelopiped be £, 4, {. Then

V- fdii _ J‘+cJ‘+bJ‘+ud_Eqﬂj
B P —-g —_h - Ip
or, after multiplying numerator and denominator by

p=[E—zP+ 00—+ -2,
* Preanp, “Traite d'Analyze,” Vol II,
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there results

w = [T [ezpt oy

F—e+ (=2 (E—zP+0—y
o + ot

)2
]dfdﬂdf'.

From this last form it is readily seen that

o LT )
+ fr(f-l;i)]mudr. &

Sinece each term of the integrand is an exact derivative, it is
possible to integrate cach of them onec. Before doing =o
however, it is desirable to define a notation as to the limiting
values of p. Let

poo = vVie+z)+ -y + G- S}j;
P = V(a T_.I_}’_““_":"_:_?”’ -2
po = V(e +2)"+ b+ + -2

pao = V(e +z)F + -y + -2

ete.,

the subseript 1 being associated with the positive sign and the
subseript 2 with the negative sign,

With this notation the expression for ¥V becomes after integrat-
ing once

oV = f*‘f*‘[m - “"_“F.:|ri:rdr
—e Pon Paon
Pu:n
J.+IIJ”+“[S _+_ e _z— 5 dfdﬂ Ez}
Ponl

The numerators in these expressions are all constants with
respect to the variables of integration, and the six integrals are all
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of the same type. It will be sufficient to integrate one of them
and then derive the others from it, The first integral is

) [ [P ) [ I (@+a)+ (1—1)*
J.a P P10
{r+a}’+{r 2)* _(z+a)*
P o ]dﬂd:} @)
B} 2 1=1\_(z+a)? '
(z+a) f [BI( Fuuu) a'l'r(.ﬂmu) P oo ]dﬂd{
- ste_z—c Hutd_y—b
=(zta) _h[ﬂlﬂl Mo I]dq+{£+ﬂ} [.ﬂm P10 d )
b [ [ .
100
Bince, in general, !
d:l: dx

Tora" —log (p — ),

the sum of the four simple integrals in the above expression is

r - a}{z + ﬂ} lﬂg P_:}M}

pim + (y — b)
- puz + (¥ + b)
[{-:_"‘"}ﬂ-:]{ﬁ C} lug . FF}
P + 5
+{$+E}{H+5}1DEPQ+{‘_CJ [ |
_ _ mu + (24 ¢ .
Kow Gt -l =0
111—(2=+G}’+'[y+ﬁ P® 4z 4 e)?
Pl = (z+a) + (y — b + (2 + )2,
g0 that
Therefore Pl = Pl = 4by.

P111 't_':!l' + b]'

4bpus + phiy — pty + 4b?

o+ l!nf - b:l
- (prn + 2B)* — pim

%Pm + Pt — phin — 4b°

plur — (piz — 2B)°

= Plli + M+ 2!3,1

P+ iz — 2b’

and the sum of the four simple integrals can also be written

P+ o Pz 1+ 2b 2b
@+a)+e e 5%

— (z 4+ a)(z — ¢) log Pra2 T + p1as + 20
oy Puz + piag — 20
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+ (& + a)(y + b) log Pt pue + 2
g =+ pr1aa + 21!3‘

- — B log ! :
{x T a}fy :I °g prin + paze — 2o

(5)

Consider the face of the parallelopiped which is perpendicular
to the z-axis and at the distance x = —a from the origin. This
face contains four edges, two of which are purallel to the y-axis
and two parallel to the z-axis. Through the attracted point
P(z, y, 2) pass a plane perpendicular to the y-axis. Any line L
which is parallel to the y-axis will pierce this plane at a certain
point O. The z- and z-coordinates of the point P with respect
to the point 0 will be called for brevity the coordinates of the
point P with respect to the line L; and a similar convention will
be adopted if L is parallel to either of the other two axes. Any
one of the four terms which oecurs in Eq. (5) is the potential of
one of the four edges considered as o straight line of unit density
(Bec. 31) multiplied by the product of the coordinates of P with
respect to that edge.

Each one of the six integrals in Eq. (2) gives rise to four of
these edge potentials, making 24 in all; but as there are only
12 edges it is evident that each edge potentinl occurs twice,
go that in the final result the terms in Kq. (5) are multiplied
by the factor 2,

There remains the double integral (Eq. (4))

b
—(z + al’f+‘f+ EEE )
—s J—p P
which is the integral of 1/p?® taken over the face of the parallelo-
piped £ = —a. Conzider the infinitesimal cone which has the
rectangle dqdi as its base and the point P(zyz) as its apex. Let
dA be the area cut out of the sphere which has P as its center
and is tangent to the face 2 = —a, Fig. 4, by this infinitesimal
cone. Since the radius of this sphere is 4 a it is evident that

(z + a)? _
-'-'p—,:—-dirdi' = d4,

and, therefore, the integral
4o b
D= (x+ a}‘f dndg

N
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is simply the projection of the face z = —a upon the sphere
which has its center at P and is tangent to the plane of the face
x = —a. (Fig. 24.)

In order to evaluate it, it will be observed that

a(n— ) (z + a)? +tr—s}

flon 0
g0 that N ™
‘ + a)? =y .
b= f l:(m + 4}2 + - 3}’ Pron ]—bd;j
or
D= *o (x + a)? b-y
G T F @ =2 p

e (z +a) b .i'._ﬁl!'d;
e ta+ -2 o

Now, since

where
b= VEFV A,
the fully integrated expression for D is
24y +b) (y + D)z — e)
D= 1 LI ./
(:c +a} [t“n {z + 'ﬂ}.ﬂill. — tan |:ﬂ + ﬂ-jp'“g

e D) 2y =b(—rc)
ban (z 4+ a)pn tan (= + a)praa :l

Bince there are four tan—Vs for each face and there are six
faces, there are 24 such expressions in the complete potential,
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If x, ¥, 2, p are the coordinates of a point PP, and if
1 bz

Ip
it is easy to interpret w, upon the sphere, which has the origin
as its center and passes through the point P,. Let Fig. 25
be such a sphere.  Then,

iy = tan

, 2
tanw=-y, Bl w = —
z p

from which it follows that
tan w, = tan ¢ sin w,
In the spherical triangle Py, ¥, the angle at @, is a right angle,

so that
tan (90° — P,) = tan ¢ sin @,

and consequently

‘tﬂ1=9ﬂ°—P1.

Fra. 25.

It is, thercfore, the spherical excess of the spherical quadri-
lateral X, P,S,, and the area of this quadrilateral is
area XQLP]S], = plipy.
The area of the spherical quadrilateral P,P.P,P, evidently is
area P,P.P.P,; = P’(‘lh + wy — wy — w:.)»

The second integral of Eq. (2) can be obtained from the first
by first changing the sign of a in the first integral and then
changing the sign of all of the terms, A cireular permutation
of the letters «, ¥, 2 and a, b, ¢ in the first two integrals will
then give all of the others. In this way the complete potential
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of the homogeneous right parallelopiped of unit density is found
to be:

VmGtautbglutontl

_ _ Pz + e + 2o
(z+a)ly — b log o T o oras — ¢

fn + M+ 26
* {m + a.:ll:z + c} lug pin F pa — 2

- _ puz + pise + 26
(z + a)(z — ¢) log o F pn—3b

_ _ Pazi + pasg 4+ 2¢
+ [2: GHF b) lng Paay + Pray — 2¢

(e — pan + paiz + 2¢
{x )y + b) log pur + par — 2

- a)(z — pus + pans + 2
* '[:5 a}(z c] lng puz + pasy — 2b

(e pa1 + pan + 2b
(z— a)(z + ¢) log P —1

PO D+ g ot

- Bifz — P12 + pais + 2a
W+b)— o) log Pus + pais — 2a

- bz — Pisz + pas + 2a
i ) °) log P13z + pazs — 2a

_ — B Pin + pany + 2‘_1
w )z +c) log M+ pan — 20

1 ,[ A WHBE—¢ B+ o)
+ 5(= + a)* tan- “EFapy —ten 1—-—“‘: T Oor,

+ta @ NG+ - b - c:]l]

T+ a)pis (z + a)oras
Lo oy tap—1 @+ B+ o) - W+ b)(z —¢)
t30—a) [m 1 @ = oy, A0 (= — a)pan

A =0E-q - b)(z 4+ ¢)
T tan (z ~ a)pses tan-! (z — a)pes, ]

1 3| 4ot (£ — a)(z 4 ¢) alz+a)(z +
30t wn EdEte |, R T

-1 f$+€=](#_-_§} — tan- & — a)(z — ¢)
+ fan ¥+ blos tan v+ bpus ]
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1 - EEDEED _ i, = et 0

=B " = b)pem
s EE ) - e B0

é{z + f-‘}’[t&n"l (= ;“i:' gp;b} tan-t @ (—: +.;) g, f: iﬂ
+ tan-! W P (:f _?;P; b;]
+n S 2L - E 2 2D

44. The Components of Force for the Right Parallelopiped.—
The components of the force due to the attraction of a right
parallelopiped X, ¥, Z are, of course, the partial derivatives
of the potential with respect to the coordinates z, y, and 22 On
the face of it this differentiation is such a discouraging task that a
resort to the integration formulas

i J' !I;ﬁ(})diduﬂ - ‘“f f f ;&e)dsdﬂdr (1)
r.., [0~ Ly

ete.,
seems preferable.  As a matter of fact, however, it is not necessary
to differentiate with respect to the coordinates in so far as these
coordinates appear under the log and tan~' symbols. It is
sufficient to differentiate as though these functions were constants,
and a recognition of this fact makes the differentiation a very
simple matter,

In order to prove this it will be observed that Eq. (1) is simply
d(2V)/dz in so far as z appears explicitly in Eq. (43.2). The
terms in 21 which arise from the first integral carry eitherz + a
or r — aas factors, and in order to produce Eq. (1) by differentia~
tion only these terms should be used. The terms in Eq. (5)
carry (x + a) linearly and they are duplicated by terms in the
second and third integrals, Hence, when the factor 2 is removed
the same terms appear in V not duplicated. Similar remarks
hold for the terms which carry £ — a as a factor. All of these
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terms contain logarithms, The terms which carry arc-tangents
do not reappear in the terms of the second and third integrals,
but a second faector (z + a) appears, which, when divided by 2,
gives the factor (z + a)%/2, The derivative of this factor is
just the same as the derivative of the product (z + a)(z 4+ a)
when only one of the factors is differentiated. Hence, the
correct value of 8V /dx is obtained by differentiating V with
respect to z only in so far as x oceurs in the factors which are the
coefficients of the logarithms and arc-tangenta.

46. A Generalization Regarding Derivatives of a Potential.—
It will be remembered that a similar phenomenon appeared in
the potential of the ellipsoid where «, the root of a cubie equation,
could be regarded as constant in the process of differentiation.
The phenomenon is not peeuliar to these two potentials, however,
but appears in general for homogeneous bodies. By its definition

s
o oy

{r—z}=+iﬁ—zl (E—ﬂ + (5 —y)?
gt

:|:f£dnd:.
T ) S o
zv—afﬂ .._5-] dndri-uff[ ] s
e e @

Let the letters z,y, and 2 in 0 far as they oceur amphmﬂy in

I.E‘.q, {1}. be marked by a dash, 7, 3, 2 2, 80 that they can be identified
in the integration process. Then

2 [
o
e ““f / [;];j-*fd‘*;

(2)
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The cumponant.a of force X, ¥, and Z are given b:,r the formulas

2o o[ oY
i

1]
- "UIJ l_] dﬂdr‘
P ﬂ
and similarly

Y J' J’ [%]:d;ds, z-uuff[i]::dm. ()

where the distinetion indicated by the dashes does not oeecur,
A comparison of Eqs. (3) and (4) with Eqgs. (2) shows that

x=22N y_22V  ,_en
dx ay dz

"

(3)

Sinee -
- i
A = dz
wherever = oceurs, marked and not marked, and sinee
a¥
X = 23—

it follows that the derivntwa of V with respect to z in so far as
z is marked is exactly equal to the derivative of V with respect
to z in so far as z is not marked; and, similarly, with respect to the
letters y and 2,

46. The Potential of a Body at a Distant Point.—Only in
relatively simple casce can the expression for the potential of a
body be obtained in a closed (finite) form on account of the
difficulties in earrying out the required integrations, and recourse
must be had to expansions in series. Indeed, for points which are
at a great distance relative to the size of the body the first few
terms of the expansion are sufficient for many purposes, and
as they are simpler than the closed form they are to be preferred
even when the closed form of the potential is known,

In Fig. 26, let B be any body of finite dimensions. Let 0
be any point within or without the boedy which is taken as the
origin of a coordinate system. Let & be the center of gravity
of B, and P any point distant from B. Let e¢dr = dm be an
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element of mass of B, at a distance p from P and r from O; and
finally let OP = R. Then the potential of B at P is

y= |2
B P
If the angle between r and R is denoted by «, then

= R* — 2rR cos @ + 1%,

1_1
}‘R(l ERm3u+R,)

and

Fio. 26.

The hinnmial theorem gives the f::-rmu‘la.
1 1. 3 d-5
{1——:l:}ﬂ’=1+ + +245 + -
and by taking
-=21 5 -_r! |
T poOSa— g5

and then rearranging in powers of r/E, it is found that

%-%+thuﬂu+§ 23 cos?a — 1)

+§E‘{5mﬂld—-3maa]

4
+373(35 cost a — B0 costa+3) + - - . (1)

The ecoefficients of this expression evidently are polynomials

in cos « and are known as Legendre’s polynomials, the coefficient
of r*/R**! being denoted by P,(cos a).
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This expansion can be derived in another way which is useful
in proving the convergence of the series. If r/R is denoted
by the letter h, the factors of p* are

p* = R*1 — 2h cos & + h?)
= R¥1 — he®)(l — he—'a), §=+/—1;
and )

1 - _1
— = ji{l —_— hﬂ“] Fﬂ{l — hﬂ_‘“} i,
1 1

The expansions for (1 — he«) ™% and (1 — he—*) ™% in powers
of h are absolutely convergent provided

lhe's| <1  and  |he e <1
respectively, and since
|efa] = |e~ia| = 1.
for all real values of e, both conditions are satisfied if
| < 1;
and the expansions are absolutely and uniformly eonvergent if
B << ke < 1.

With O as a center and a radius a trifle greater than the
distance of the most remote point of B from O (the trifle can be as
small as is desired), describe a sphere S. The body B will lie
wholly within S, and the expansion Eq. (1) is absolutely and
uniformly convergent for every point P which lies outside of

S, It can, therefore, be integrated term by term and the
resulting series is convergent and represents ¥, Therefore

dm |, 1 1
V= J,;f + F‘J} 008 adm + WJ;':H’J cos? a — r¥)dm
+2imj;{5r= cos® a — 3+® cos a)dm + - « + . (2)

If M is the total mass of B and g is the projection of OG on
R, it is evident at once, that
dm _ M r cos a Mg
B-I—a- = E? and J; _-__-R’ dm = R,
If cos® « in the third integral of Eq. (2) is replaced by 1 — sin? «,
it is seen that the third integral ean be written

1

B, ridm — ; fr’ gin? adm.
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But [gridm i the moment of inertia of the body B with respect
to the origin 0, and [,® sin? adm is the moment of inertia of
the body with respect to the line OP = R. If these moments
of inertia are denoted by I and I respectively, the first three
terms of the series (2) can be written

M§'+2I9_3Ig

V=243 + 3)

When the origin is taken at the center of gravity, g is zero
and the sx]:-rasaiun is
- 31z
- F 3L LR @
If the point P is very remote, the second and higher terms
are very small and the potential is reduced essentially to its
first term, which is the potential of a sphere of the same mags
M. 1t is evident from Eq. (3) that for every finite body

l%in:l RV = M, (5)

& limiting value which is often useful.
Ezxpansion for the Logarithmic Potential.—For a logarithmic

potential
_ 1
= LIng s edw

the integral being taken over a given area for which ¢ is the
density and dw an element of surface, so that dm = edw.
Using the same notation as above and Fig. 26,

L1 = hee)5(1 — he~e)3,

.l

1_
p
and

1
1“5;=103%"%10E{1—ﬁ8"]—%1ag (1 — he~ia),
Bines

R
“bgll-=z+5+5+ ..,
it is found very simply that

1
~3 log (1 — he=) — -Jé-lug (L — heia) =

hcma+éﬁ’maﬂa+%h'm3u+ e
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Henee, since
»
AER:
log IugR+chaa-{-2E-¢oa2a+3R,cuca3rx+

a.nd

V= flugﬁ dm+ﬁfrm3u d*.i:ri.—{-zH1 * cos 2a - dm

;
or

V= Miog g+ 20 4 Lo 2

Thus V ean be written
_ 1, M,
V=M lﬂg E + F!
the limiting value of M, being Mp.

47. The Terms of Higher Degrees.—The second and third
integrals of Eq. (46.2) are readily interpreted as integrals of
the center of gravity and moments of inertin respectively;
the center of gravity being the integrals
which involve the coordinates of the ele- (£ ¥
ments of mass linearly, and the moments
of inertia those which involve the coordi-
natesof mass in thesecond degree. These R
integrals are functions of the body and b e
the system of rectangular coordinates
which are chosen, but they do not 0 » X
depend upon the point P. The terms of
higher degrees depend upon integrals
which involve the coordinates of the elements of mass in the
same way but in higher degrees, and these integrals, also, are inde-
pendent of the coordinates x, y, £ of the point P,

Let Fig. 27 represent a coordinate system with the origin
at the point 0. Let dm be an clement of mass of the body B
at a distance r from O with the coordinates & n, . Let g, »
be the direction cosines of the line B, so that

-EJ =—!£]. E#l
\=% E=® =R 1)

+oe (6)

Pizy.q)

Fra., 27,

The angle « is the angle between the lines I and r, so that r cos «
is the projection of the distance » upon the line of B. Hence
roosa = M 4 un 4 #f.
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The second integral of Eq. (46.2) can be written

;J‘f oos adm = ffdm -+ R,fndm + Rgfrdm

‘[Edm + Ffﬂd m -+ R,jfdm
The third integral is

2%];[3:-* cost e — ridm = o fﬂ BOE +un + )t )
— (& + 1 + ¢)dm
_ (222 —y*ﬂslj'egdm_k_{ m‘+2y —2’}J‘
2RH

+ (=2 — y* + 229 f{’dm

2Rt

e

fe dm — 33"" rdm — J-g-sdm
The fourth Intagral can be wnttﬂn

5 R*J. (57 cos® @ — 3»% - r coO8 ajdm =

e B8 41+ 5000 = 88 49+ )8 + n + 50

Ppd — Byt — 2 2 - 2
- ;E, 3 Fam + 3xly+m§ EWJ. fdm

4 =82tz — 3y'z 4+ 25 ff’ dm 4 122%Y — Ey — 3yt f Eindm

2R?
—3ez? + 12y% — 32°
"+' ERFE #L‘Jifdm
[ e — 2
4 =82 = 3ay +12“’J'r=£dm

aRT
+12E 3 ff*rdm +

—3z* + 122* — 322*
17 fﬁq*’ﬁm

+ =y Wt 12‘”“]; trim + 15557 f Enrdm.

The coefficient of J; Eigit®dm in the above expressions

(3)

1

L (4)

is a

perfectly definite function of z, y, and z altogether independent
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of the body itself, and in Eq. (204.4) there iz given a formula
which is valid for any integral values of ¢, §, and k.

If & homogeneous body has the zy-, yz-, and zz-planes as three
planes of symmetry, the integral _‘;E"-a:’i“dm'mniahm if either+, j, or
k is odd. For such bodies all of the integrals in Eqgs. (2) and (4)
vanish and the expansion of the potential is very muech simplified.
It will be left to the student as an exercise to prove that the

terms of the fifth integral which do not vanish for such triply
gymmetric bodies are as follows:

Let
A= J;E"dm, D= _‘;E‘n’dm,
B = [ntdm, B = [ryitdm,
C= [tdam, F-= fyﬁdm
Then

1

SR‘J’T‘(EE gos® @ — 30 cos? a + 3)dm =

sm{ (84 + 3B + 3C — 24D + 6E — 24F)z4

+ (=244 — 24B 4 6C + 162D — 18E — 18F)z¥?
+ (34 + 8B + 3C — 24D — 24E + 16F)y*

+ (+64 — 24B — 24C — 18D + 162E — 18F)y's*
+ (34 + 3B + 8C + 6D — 24F — 24F)z*

+ (—244 + 6B — 24C — 18D — 18E+162F]x‘x=}

48. The Expansion for the Homogeneous Ellipsoid.—In the
ease of & homogeneous ellipsoid referred to its own axes as
coordinates axes, it is easily found that

fs’dm = %Mﬂ’, fn"dm - %M&* f;-’a:m - éM.:i,

f?dm = _Ma‘ f idm = lM'b' f{"dm = 35MC‘,

J‘ﬁ’dm = oMo, f wiidm = d Mt

'ﬁ

> (1)

1
friz’dm = EMGHES} )
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the terms with odd exponents vanishing. The terms in Fq.
{47.3) become

i‘ﬂ}m[{?ﬂ’ = b* = ¢z 4 (—a? + 20 — Ny +
(—a* — b? 4 2¢%)2"].
This expression is simplified somewhat by introducing the
eccentricities of the meridian sections of the ellipsoid by the
gubstitutions
b = a1l — g9, ¢ = a*(l — es?),

when it becomes _
3
sopi®:® + ez + (e — 26y + (o0 — 26492,

and, similarly, with the terms in z, y, and 2 of the fourth order.
Up to and including the terms of the fourth order,the expansion
is

v M Ma?

=gt ‘iﬁﬁﬂﬂﬂi’ +eahz? + (es® — 2e1M)y* + (e2® — 269?27
Mat
+ saaml0er* + Bestes? + 9o,

4+ (—T2e* — 18a,%," + 18e:Y)x%y* L (2)

+ (2des* — 246’ + Oes)yt
+ (=726 + 162¢:%,? — T2e,%)y%2?

+ (Ber* — 240,%.° + 24e,¥)2¢
+ (+18e,* ~ 18¢,%,? — '?Bcg“jz*x’] 4+ e J
49. The Right Parallelepiped.—For the right parallelepiped,

the edges of which are 2a, 2b, and 2¢, the integral i
) ) grals correspondi
to Eqs. (48.1) have the values ponene

1 1 1
gMﬂzp Em!, -B—MI:S,
1 1

EMﬂ'! Em‘r %Mﬂ‘:

§Mats, R GMe'ar,
go that the expansion of the potential is
M, K6 M
=% Tl = b — N2t 4 (~a? + 2bt — o1)0

M + (—a® — b? 4 2¢2)27]
+ opelBat + 86 + 3e! — 24a%® 4 Bbtc? — 24077z
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+ (3a* + Bb* + 3ct — 240 — 24b%? 4 Belal)yd

+ (3a' 4+ 3b* + 8a' 4 6a?® — 24b%? — 24c%a%)2*

+ (—24a* — 24b* + 6c* + 162a2b* — 18b%* — 18cta®)xy?

+ (+6at — 24b¢ — 24¢t — 180%? + 162b%c? — 18c%at)yts?
(= 24a* + 6b* — 24¢* — 18a%h? — 18b%? + 162¢%a?)z?]

For the cube @ = b = ¢, and the terms of the second order
vanish, The terms of the fourth order reduce to

TGt o+ 2t Bty o+ Byt + Bt
which shows that at large distances the potential of the cube is
less than that of o sphere of the same masa,

B0. The Inertial Integrals.—It is evident from the preceeding
discussion that the expansion of the potential in powers of 1/E
is a fixed form so far as the letters z, y, and z are concerned. The
coefficients of this fixed form are groups of integrals of the type

fgevictdm,

which belong to the geometry of the body and nothing else. As
the center of gravity integrals and the integrals of the various
moments of inertin belong to this class, the entire eclass will be
called the inertial integrals.

Since the general term of the expansion of the potential can
be written down in terms of these integrals (see Sec. 204), the
general term of the expansion can be written down explicitly
providing the general inertial integral can be written explicitly.
This ean be done for the three homogeneous solids which have
three planes of symmetry, namely:

For the parallelepiped bounded by the gix planes

:F" — a!, .yﬂ - bll z! = cll

r - a'rbiagt )
’ j f f groprdtdnds = M ey ¥ @ + 1
for the ellipsoid bﬁunded by the aurfa.m

C+h+5
— 1][2
,,J‘ j fE“ﬂ“f"dEdﬂdI - 3M—222p E'[%Tzlrl _T_ 31 atrbg,

where

28 —1] =1:3:5- - (25— 1),
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except when s = 0, when the value is unity; for the octahedron
which is bounded by the eight planes

r i Z_=
:t-&iﬁi-c 1,

2p)! 1(2r)1
T J‘J.ffhﬂhfi"dfﬂfﬂdf = BMEQP{'}'I}:;;:?{ELE:' r_:ll_ :.”—] atrh2agtr,

These integrals are examples of a general class which ean be
evaluated for homogeneous bodies, Consider the integral

J;xl"lgﬂ‘ls“‘ldx dy dz
taken over a body which is bounded by the surface
z\- AR (2N _
)+ (8) + ()

If the substitution

@-v @r-e Q-

iz made, then
de _dE dy _dy  de_ dr
r af ¥ By g 4t
also
P q r
IP = gPta, Yyt = bing, 2 = ohy;
go that

I= f f J‘B YT Y dedydz =

rhaar Py 8_qr_
“a;ff f f f &= e  dedndy,

which is the well-known Dirichlet integral,! the integral in the

right member being taken over the tetrahedron which is bounded
by the four planes

€=0, 2=0, (=0 f4p4im=1,

P q r
[ = o I‘(&)‘"(a)‘"(—?)
- - B
e r(:i +g+i+ 1)

! Dinicnrer, “Werke,” p. 375, 301, Also Goursar-Heprick, * Mathe-
matieal Analysis,"” Vol. I, p. 308,

Henee
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For the volume itself,
p=g=r=1,

FRLOLOLG
(+ﬂ+ +1)

Henee the general inertial integral of the body, if its mass is M, is
r(EED)(1E () r( 24 1)
fﬂﬂ'ﬂm - MWUr(i)“r(é)r(:lr)r(p £ f+q .;01' o -:"f +1)

61. The Inertial Integrals Cannot All Vanish.—It has been
pointed out that if a body has three perpendicular planes of
symmetry all of the inertial integrals with odd exponents vanish.
Even though negative (but not zero) masses are admitted, not
all of the inertial integrals can vanish. In order to prove this
it will be assumed that the body is composed of a finite number
of discrete particles instead of a continuous mass. The ultimate
nature of bodies, of course, is not known but the ideal of a very
large number of discrete particles is more nearly in harmony
with our notions as to the structure of matter than the ideal of
continuity, and for the present purpose is simpler. The proof
will be made in three steps.

(A) The inertial integrals of a system of discrete particles placed
on a straight line are not all zero.

For a set of discrete particles on & straight line the inertial
integrals are finite sums, namely

therefore,

EM{F F-ﬂ:lljzl"‘lm*
im]l

Even though negative masses arc admitted, these sums cannot
all vanish. Consider the first n such sums set equal to zero:

mm® + maze® + - - 0 FmT® = 0,

pmﬂ,l,z,'-*,ﬂ—l. [1}

It is sssumed that the particles are all distinct, that is, that
no two of the z's are equal, and that none of the masses is zero.
Equations (1) however are linear and homogeneous in the masses.

for
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Therefore, either the masses are all zero, or the determinant
vanishes, That is

1 1 I |
1 Ia * ¢+« Tn
A= = 0;
x, T st
zln-—l I_zn—l P xlw-—l

This well known determinant has the value

A = Tz — =z, i3,
that is the product of the differences of the z's. It cannot
vanish, since all of the z's are distinet by hypothesis. Hence,

Eqgs. (1) cannot all be true, and even the first n of the inertial
integrals cannot all vanish,

(B) The inertial integrals of a system of discrete particles lying
in a plane are not all zero,

For a set of discrete particles, n in number, lying in a plane the
inertial integrals are

Emm’w’ =012 .. o0,
i=1

For any fixed integer p, consider the sums
(mz®yt + (mazsPys? + + -+« + (maz,P)ye = 0,
¢=0---,(n=1). (2)

There is nothing to prevent the y's from being equal in groups.
Therefore it will be supposed that

1.|'|.’=y:-'-- ti"-yﬂ'_t“ﬂh
Varks = Vaysz = + o=y, = 1,
Yay_ 141 = y"a-.ﬁ‘i = = e =

and that the 4's are all distinct. Let
mux,? + .- + May2%e, = py,

Maytiaysr + -« 0 o m 2Py, = u,
Moy tiZay 41+ 0 - -+ maz,? =g,
Then Eqs. (2) become
Pt bt =0, g=0, ..., n—1,

The dete_rmina.nt of the first s equations of this set linear homo-
geneous is the product of the differences of the n's which eannot
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vanish since the n's are all distinet. Therefore, all of the u's
must vanish. This cannot be true either, since
B = maz® + mae® + - ¢ - o Ma Tl

cannot vanish for every p, by A. Hence Eqgs. (2) cannot hold for
every p, and proposition B is proved.

(") The inertinl indegrals of a system of discrete particles in a
cloged volume are not all zero.

The inertial integrals are

L
3 macysa  p,g,r =012 - - .
im]
For any pair of fixed integers p and ¢, conzider the n simul-
taneous equations

(maz e + (MazePye®)zs” + + -+ + (MazaPya’) 2.7 = 0,

r=0,1, -+ - ,n—1 (3)
If equalities exist among the 2's, let
=1ﬁ=== i+.=a"l"—_;“
Zag4l = Taggr = 0 0 0 SEay = [y
zﬂ'_l-t-‘l st‘|_1_+i - = 25 = f--
and let

Mz Pyt + meretyt + ¢ 0 Ma 20 =
ml|_+|-zl:,1+1yll+lq + e + musztzwﬂj = U1,
Jm"‘a--1'|‘ﬂﬁﬁ"“l—1“'1!‘“'*'-'\1—1."1‘1 + -+ Maln™Yn? = o

Then Eqs. (3) become

wl Fopal 4 Fopdm =0, r=01---,n—1

Since the determinant of the first s of these equationsis not zero
all of the u's are zero. But uy, s, . . . cannot vanish for every
pair of integers, by B. Hence, Eqs. (3) cannot hold for every
triple of integers p, ¢, r, and not all of the inertial integrals can
vanish, Proposition C is therefore established.

In the cose of o single particle loeated at the origin all of
the initial integrals vanish exeept the first one, namely

Zmazy e

which is equal to the mass of the single partiele, whieh by hypoth-
esis is not zero. With this single exception, it is possible
to go farther and state that there does not exist a finite sub-set of
inertial integrals which are different from zero, if all of the rest
of the inertial integrals are zero.
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Since the subset is finite, the exponents p, ¢, 7 are bounded.

Let
p <1, Q‘{“: r<w,

for every integral in the subset I, and consider the subset I,

i 9
Is = EME."WF#'H&”H L nj ﬂ:ﬂ:T = l]: 1: e, W {
i=1
By writing .
M= LY i=1,:-",n

Eqs. (4) becomes

R

S naeypzr =0  afy=0,1---, =

i=1

This is a complete set of inertial integrals for a system of

particles u;. A repetition of the previous argument shows that
every u; must vanish, and since the masses of the particles are
not zero, at least one of the coordinates is zero, and all of the
particles lie in the coordinate planes. A repetition of the argu-
ment for the planes shows that they must lie on the axes, and
finally, a repetition for the axes show that the only possibility is &
single particle at the origin.

62. A Body Is Uniguely Defined by Its Inertial Integrals.—
By means of the results in the previous seetion, it is possible to
show that a body is uniquely defined by its set of inertial integrals.
Suppose a body B, and its set of inertial integrals I is given, and
suppose Bj is a second body which has the same set of inertial
integrals I. Then B, — B; is a body, with possibly positive and
negative masses, which has all of its inertial integrals zero. But
such a body cannot exist unless all of its particles are of mass zero.
Hence the body B, is identical with the body B, and is not dis-
tinet from it.

A complete set of inertial integrals cannot be written down at
random for the integrals are not independent, but if a complete
set of integrals of n particles is given it is possible, at least theoret-

ieally, to determine their masses and their locations. The proof
is too long for insertion here,

Problems

1. Let the density of a straight rod AR
1;-1: the rod at a point P in the line of the
distance ¢ from the end is equal to one.
potential at P are kept fixed while the

be chosen so that the potential
rod, but outside of it, and at a
If the end A, the point P and the
length of the rod increases indefinitely,
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show that the limit of the potential is one everywhere, except on the rod
itaelf.

2. A particle of mass unity is placed at each of the three vertices 4, B, €
of an equilateral triangle, the center of the triangle being at the point D,
and the radius of the circumseribing circle being equal to a. Show that
there are three equilibrium points on the circle which has D as a center and

radius r = ,2847a; and that the value of the potential at these three points
is 3,123a,

3. Bhow that the expansion of the potential in the neighborhood of the
point I in the preceding problem is

_ § 3zt 4 j!’ — 2z
¥ i + da® o
4. Bhow that the potential of a uniform ecircular disk at one of its own
points p is
m
V- -qu(k, E)
where F is Legendre's complete elliptic integral of the second kind for the

modulus k = r/a, a being the radius of the disk and r the distance of p from
the centar.

5. Show that the value of the potential of & uniform elliptical disk, which
is defined by the equations

T = @ o8 g, 1 = b gin 4,
&t o point of its edge I8

lﬁl[ - a8 Co8 &
¥V = =2| cos ¢ tan~! — e
e |77 F Vaisnle + b cost g .
sin g tanh=! ———te S0 ¢ ]
4/ at gin® ¢ + b2 cost® ¢

and st the center is

T
V= 45?;(;, E)
where K is Logondre's complete clliptie integral of the first kind for the
modulug k& = ¢ the eccentricity of the ellipse,
8. Show that the potential of a homogeneous right circular cone referred
to a set of axes which has iis origin at the center of gravity of the cone
and its z-axis coinelding with the axis of the cone is

M 3 1, 32! 4 47 — 227
' VO W EETEL

2 —
4 MBat + )k 222 3;§fi+:m+__

where b is the height of the cone, a is the radius of the base, and M is the
total massa.

7. If «, &, and v are the semi-axes of the interior equipotential surface of
the homogeneous ellipsoid whose semi-axes are a, b, and ¢, show that

1 1 1 2
Sl R



CHAPTER III
VECTOR FIELDS

THEOREMS OF GREEN AND GAUSS

3. Definitions.—If at each point of a region R, which may
be either a volume, an area, or a line, a vector is uniquely defined,
then E and its associated vectors is called a field of wvectors.

Suppose there are given three functions of z, y, and 2, wiz.,
F, G, and H, which are single-valued and continuous. These
three funetions can be regarded as the components of a vector
W at each point M of space, for at the point M, z, y, and z are
definite numbers and so also are F, G, and H. Henece, F, G,
and H can be regarded as the z-, y-, and z-components of a
perfectly definite vector. In the region R in which these things
are defined, there is a fleld of vectors,”

The functions F, @, and H are scalar functions, that is, they
are numbers which depend upon the coordinates z, y, 2. If
they are three quite independent functions, the veetor W is
said to be a triply scalar vector.

Buppose ¢(z, ¥, 2) and its first derivatives are continuous

in B and y(z, y, 2) is any other continuous function. A vector
W can be defined also by the relations

F=¢r§—:: G-:lpe_:; Hnﬁr%ﬂ

The expression Fdz + Gdy + Hdz admits an integrating
factor, and

E{(de + Gdy + Hdz) = do

is an exact differential. In this event the vector W is definod
by means of two scalar functions, and the vector is said to be a
doubly sealar vector,

If the function ¢ is equal to +1, and

_ d¢ _ dp de
- F 3 a= &—y: H = Fry
the veetor W is defined by means of asingle funetion ¢, and it is
eaid to be a singly scalar vector,
96
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64. The Normal Derivative—Let there be given a single
valued function ¢(z, vy, z) which admits unique derivatives
with respect to z, y, and 2 in a certain volume V'; and let there be
given also a certain surface S defined by the equation

flz,y,2) =0,
which lies wholly within V. Let P be any point on 8; A, &, »
the direction cosines of the normal to 8 at P, directed outward
if § ie a closed surface; and Ps a point on the normal near P,.
If »; and s are the values of ¢(z, y, 2) at the points P; and P,

Fra. 28.

respectively, the derivative of ¢(z, y, 2) normal to the surface §
at the point P, is the limit of
1 = ¢1
PP,

as the point P; approaches P; along the normal. That is, the
normal derivative of ¢ at the point P, is the rate of change of
the value of ¢ in the direction of the normal.

If the coordinates of P; and Py are z, y, 2, and = + dx, y + dy,
z + dz respectively, and if the distance P,P; is dn, then it is
evident from Fig. 28 that

dr = )dn, dy = pdn, dz = wdn, (1)
Also

. a a a
lim (g2 — 1) =a¢-a—:dx+§dy+§dz_
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Or, after replacing the values of dz, dy, and dz from Eq. (1),

= (3¢ . e Jde). .
d ("az + Moy + Pas)dﬂ'
that is do
do _ \oe 90 de
dn )"ﬂ:r, + Fay + Y3z 2)

Thus, the normal derivative de/dn is a vector which has the
direction of the normal and the magnitude of which is given by
Eq. (2). The derivatives

de dip A
a_:cj a_él Er
aleo are vectors which are parallel to the 2-, y-, and z-axes,

If the surface 8 is simply ¢ itself set equal to a constant,
that is

,ﬂﬂ, L z) = apl:ifj y,2) = C,
then

1 de 1 dg 1 de
A=Ra “~Ra '"Ror ®)
@)
r=a(G) + () + ()
and, since \? + p? 4 »* = 1, Eqe. (2) and (3) reduce to
=9 do _ yde e _ de dp _ Jde (4)

where

dn’ ar  dn ay Han' 9z dn
If N is the normal at P, and L is any other line through P,
for which the direetion cosines are «, 8, v, and if the rate of change
of ¢ along L is denoted by de/dl, then
de _ d¢ de e,
il HE + ﬂﬁ + Tz
and since g g
dp _ Jde dp _ dp  de _ dp
ax dn’ ay B az ~ dn'
it can be written
i
TT = gﬁiah + Bu + v)

= g—;': o8 {fm,

from which it is evident that the rate of change of a function is
most rapid in the direction which is normal to the surface along
which the function is constant.
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If the veetor dy/dn at the point P, on the surface ¢ = (' is
taken as the diameter of a sphere, the derivative in any other
direction is the length of the chord
of the sphere which passes through N
Py in the given direction (Fig. 29).

B66. Relations between Certain
Volume- and Surface-Integrals.—
Suppose there is given a closed sur-
face 8 which may be composed of
oné or many parts. An element of
the enclosed wvolume V' will be
denoted by the symbol dr, and an

element of the surface S by the

symbol dw. The direction cosines Fio, 29,
of the normal to the surface at the element dw will be denoted
by «, 8, and +.

Let F be a given function of x, ¥, and 2z, and consider the
integral over the volume V

P e [
- Jo

On integrating first with respect to x, the function F is obtained
ag the indefinite integral. In this integration y and 2z are con-
stants so that the integral

[z

represents the sum of the elements of a rectangular parallelepiped
of cross-section dydz parallel to the z-axis, Fig. 30, This clemen-
tary parallelepiped enters the volume ¥V at the element of
surfoce de; and emerges at dws, re-enters at dw; and emerges
again at dw,, and so on, Since the surface is closed it emerges
as often as it enters,

Let Iy be the value of F at the element dw, and a, 8, v1 the
direction eosines of the normal direcled outward; let Fa be the
value of F at dws and as, §s, v2 the direetion eosines of the normal,
and 8o on. Then the value of the definite integral is

| R SR SR
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IJ‘I dzdydz = IIE{FI —F)+ Fs—F)+ - ldyde

Now the normal at dw, directed outward from V makes an
acute angle with the positive direction of the z-axis. The
element of area dydz is positive, so also is the element of surface

. He
dm] nee dy’dﬂ = +ﬂ:|d0.‘i.

Fro. 30.

But at the element dws the normal directed outward from V
makes an obtuse angle with the z-axis, Bince dydes and duws
are.both positive, it follows that

dydﬂ = _aldail
and 8o on. Consequently

J‘ff%mww”m ~Fy4+Fa—Fy+ - - - ldyde

=J’;[+ﬂ;F1dN1+mF'zdﬂz+daFadw:+atF+dﬂn+ -+ ]

= ‘Ldde
fv Vs = erde, )

Hence
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and the original integral taken over a volume is reduced to an
integral taken over a surface; that is, a triple integral is reduced
to a double integral, In a similar manner it is proved that

aG
vh'“kam' (2)
aH

J‘V = dr = J;THdm. (3)

On taking the sum of Eqgs. (1), (2) and (3) there results the
important formula

aF | a6 | BH\, _
[+ 4+ 2M)ae = [ (o + 80 +9mde. (@
Eramples —If the function F is a constant, say unity, Iq. (1)

reduces to
0= J;ndu,

which expresses the obvious fact that the algebraic sum of the
projections of any closed surface upon the yz - plane is zero.
If F is taken equal to z simply, Eq. (1) becomes

fdr = J;azdm;

that is the volume itself is ex-
pressed as a surface integral.

B6. A Vector Interpretation.—
If F, G, and H are single valued
functions of x, ¥, and 2, they can
be regarded as the components of
8 wveetor W which is uniquely
defined at each point of space.
Buppose there is given a closed
gurface 8 in the region R in which
the vector W is defined. Let dw
be an element of this surface at
the point M, and let MN be the
normal to 8 drawn outward, and «, 8, v its dircetion cosines. Let
W, be the projection of W on the normal. Then

W, = of + pG + vH. (1)
and Eq. (55.4) becomes

aF a8 . aH
fv(a tay t E)d’ = LW"‘E“" @)

Fia. 81.
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Let W represent the veloeity of a fluid and dw a small hole in §
through which the fluid is flowing. Let di be the projection of
dw on & plane perpendicular to W. Then, Fig. 31,

Wdi = W du

represents the amount of fluid which flows across the element dw
per unit of time. Hence

Weds = (aF + G + vH)dw
is called the element of flux across dw, or simply the flux; and the

iiesral _’;Wndw

represents the total Aux across the surface.
The quantity

E-wmtyta ®)
also has physical significance. By Eq. (2)
[ Bdr = [W.do (4)

for every closed surface S. Let the volume be limited to a single
element so that

Edr = '[; W odo.

The right side of this equation is the amount of fluid which
leaves the element of volume per unit time. Hence F is the
amount of Aluid which leaves the volume per unit time per unit vol-
ume, and is called the divergence of the vector W. Equation (4)
then merely says that the amount of fluid which escapes from
the volume is the same as the amount of fluid which crosses the
surface per unit time,

67. Generalized Orthogonal Coordinates.—The normal eom-
ponent and the divergence of the vector W have a meaning which
is quite independent of the coordinate gystem in terms of which
they are expressed,

Let g1, gz, g2 be the coordinates in any triply orthogonal system;
by which is meant that the tangent planes of the surfaces 1 = ¢y,
Q2 = €1, g2 = ¢3, where ¢;, ¢c; and ¢; are constants, at their common
point of intersection are mutually perpendicular. Then the
coordinates of a point p are related by the equations,

=00y 90, ¥ =1da 03 05), 2w Tilgy, gs, gs).
L
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If the coordinates qi, qs, 1 are given infinitesimal increments, the
point p undergoes a displacement of which the cumpunents are

o= ) () < () - e
e (TR |
ios= (50 + (aa) + () oo = o |

The directions of these components, which are mutually at right
angles, will be called the ¢.-, g, and gs-directions at the point
p. The are element ds is

ds = /R\%dg,* + Ryidg,’ + Rs'dgs’.
The elements of aren on the surfaces g1 =¢, ga=¢q,= and q; =
g, respectively, are
dwi = RaRadqedys, dws = Rl dgadq,, duwy = RiRadgidgs;
and the element of volume is
dr = R\RaRdgidgadys.

Returning now to the vector W, let the components of W at
the peint p in the g;-, g+ and gs-directions be W,, W, and
W; and, if p is on the given surface, let the direction cosines of the
normal, directed outward, with respect to the ¢-, g~ and gs
direetions be »y, », and »;. Then the normal component of W is

Wo =W+ W+ W,

Consider now
fhW;dm = J‘Wl'[l"'l.dﬁ.l].
8 8

The cosine of the angle between the normal and the g, direetion
is ».
Henee

+ i = duwy = Roflsdqadygs
and

J;HWldw = ‘LﬂzR:W;szdm-
Consider also the volume integral

f R-.R‘R, 3 (HnR:Wﬂdf J. —{RtRaWﬂqu;dq,dg;.
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A repetition of the argument in See. 55 shows that

1
[ s = [ o
and similarly

j ﬁ’;‘%}g%(ﬂuﬁlﬁ"g}m - j (rWade

J‘V R 3, [R;RgW;}dr = Luwadm.
On taking the sum of these three expressions, there results

J}Eﬂ:m&mn-WﬁMH

a—q'; (B R W) }d’r = J;_Wndw. (6)

If it is borne in mind that this expression holds whatever the
volume may hﬁ, 8 comparison with Eq. (2) shows that

P ] mRay

]
+ E(R;R]_Wg} + F@"I(RIRRWEJ } (7)

and the right member of this eguation is the divergence of W

expressed in terms of any triply orthogonal system of coordinates.
If W iz a singly scalar vector U7, then

al 1 U
w- e m=h

a2
and (Eqs. (5))
14U 1 alf 1 a7
EEIHWH ~R_Ia_q!=wg, R:E&;HWB-
Therefore

EI‘U a‘U ﬂ r
gzt + &s’ =AU )

- _1__[.ﬂ(m @) + (R.,m oU +1({@&_ﬂ ]
T R\RuRy| dg\ Ry aq, dq.\ R: aqs dga\ Ri 9y
is the expression for the Laplacian in generalized orthogonal

coordinates, This formula is due to Lamé.’

B8. Green’s Theorem.—8ince doubly scalar vectors form a
sub-class of triply sealar vectors, the results of Secs. 55 and 56

1 Laut, Journal de l'Ecole Polylechnique, Vol. 23, p. 215, (1833).
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hold also for doubly sealar vectors. Buppose ¢ and  are any
two functions of z, y, and 2 which are continuous together with
their first derivatives and which admit second derivatives. Let

_y8e goyle gl gde
F = g0 G+.1pﬂy H=yz; (1)
and for brevity of notation, let
a0 ﬂ’vp e
Ay ;3‘2:* + (2)
Then the expression for E beoomea
p=3F 2,

- Y de | B de | I dp,
Ve + dz am+ ay ﬂy+ﬁz gz’

and Eq. (55.4) becomes
J‘[‘M 4+ Ll ﬂw_l_ Y de ::r::]dr

dr dz E}y r';ly
ﬂp di
f Hose + az)““"

de dy alp de
@ TP T 8 T

that is, the normal derivative of ¢, Eq. (54.2),

Y do | O dp , O de de
J‘gbﬁwd'r-l- J.(ﬂm ﬂ'z dy ﬂy +az az) e J;'Pgﬁdm

This formula, which holds for any two functions that satisfy
the above condition, is known as Green's theorem.

If ¢ and ¢ are interchanged in this formula and the result is
gubtracted from Egq. (3), the second integral will disappear,
since it is symmetrical in ¢ and . There results the very
important formula

| e — eaar = ) (vie - 2, @

which ig Green's theorem in its second form.
If ¢ is a constant, say equal to unity, the vector W is singly
pealar and FEaq. (4) reduces to
J;agodf - f 3% 4. (5)

g dn

or, since
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Reduction to Two Dimensions—Green's theorem still holr:l.s. if
volumes are replaced by areas and surfaces by contours. Triple
integrals become double integrals, and double integrals become
single integrals. Three dimensions are reduced to two, and two
dimensions are reduced to one. Equation (3) becomes

oo | 3% ay de ﬂ’iﬂf’) ”f de
fm*(55+5§_‘)dm+ .L-(B‘I ay  dy Iy tho a"r’a—nm"' ©)

where dw = dzdy is an element of area and d\ = V/dzt + dyf
is an element of a closed contour. Similarly, Eq. (4) becomes

Aty , O ay o
[+ ) - e S0

= L('Pg—:: - quf’—l)d)., (7
and Eq. (5) becomes

3t , ¢ _ ‘[ de
L(ﬁ?’ + ﬂy‘)dw T Je P )

59. The Potential of Homogeneous Bodies.—Let £ n, { be &
point of a homogeneous body of density ¢, and z, y, 2, an outside
point, and let

p=VE=2"+ 0 -+ = 2"

Then
gp _t—=x % _1_(£-2)?
at P aet  p ot
dp_n—y 3 _1_(n—y*
an p ant  p PR
b _t—z 9 _1_([—2°
ar p art  p !

and therefore

3% 0% , 3% _2
Ap B + ant + Freiutiy (1)
In Eq. (58.4) identify ¢ with ¢ and » with p, which can be done

since p is continuous within the body, and ¢ is constant. 1t then
becomes

or, after removing the factor 2,

dr _ 1 [ a0
EJ:’P .gﬁ?e.dw' (2)
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The left member of Eq. (2) is the potential of the body in its
usual form, The right member is the surface integral of the
normal derivative of p multiplied by ¢/2. Thus, the potential
of every homogeneous body can be reduced to a surface integral,
which involves only double integrals instead of triple integrals,
This theorem is due to Gauss, although Gauss' proof follows a
very different line of thought.

It is o simple matter to extend this theorem of Gauss to cases
where ¢ is a [unction which satisfies the equation of Laplace,

namely, .
o
M_5£2+3 z+a£-t= ’

for in this event Eq. (58.4) becomes

Sy =3 e - oo .

if ¢ is identified with ¢ and p with ¢. The left member of Eqg.
(3) is the potential in its usual form, while the right memberis a
surface integral,

60. Example—A Non-homogeneous Spherical Shell—Con-
sider the potential of a spherical shell of which the radius of
the cuter surface is a and the
inner surface is b, and the density
of which is

{,.=E?,
T
where
r=+E 4+ + 1%

Since ¢ satisfies the equation of
Laplace, the potential at the
point z, y, 2, provided the point
z, i, 2 does not lie within the shell
iteelf, nor on the surfaces, is

o ([1o0 _ 0 1)J
V= 'z'J;[F in "an(r de.

The surface of the shell consists of two spheres, one of radius a
and the other of radius b < a. The normal derivative on the
sphere of radius a is dirceted away from the center, while over
the sphere of radius b it is directed toward the center (Fig. 32).
In both cases it is outward with respect to the volume between
the two surfaces, that is the volume of the shell.

Fra, 32,
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Since the radius of the sphere is always normal to the surface
dp _ ﬂ',ﬂ de + de

= T m e
the positive sign to be taken on the outer sphere and the negative
gign on the inner sphere.
Now
pPr=E—-2+ -y + Q-2
= v} — 2rK cos ¢ + R,
where
R!I.Ez!__!_.y!_!_z'l,
and ¢ is the angle between the lines r and B. Hence

dpg r—Roeose de oo,
ar e ar g’
20 _ 0 _ aolrt = rReong + p)
dr ar rip
_ ea(3p® + 12 — R’]_

2rip
The element of surface dw is

do = r*da

where du is the corresponding element on the unit sphere, and
therefore (Fig. 15, p. 36)

dw = r? gin ¢ dp df.
The complete integral over the outer sphere is

EJ‘(F-H - P—) “J‘J'EP = Blnrpdup dd,

where r has the constant value a. Since themtegra.nd isindepend-
ent of 6, the double integral redueces at once to the single integral

_— 2
WQ‘[EP + ;F—E— gin ¢ de.

The variables p, a, R, and ¢ are related on the sphere by the
equation

p? = a® — 2al cos ¢ + RY;
and, since a and K are constant,

de - EREinwliu!,

gin rpd¢
P aR

or
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Hence, on the outer sphere

lH-ﬂgpz + at — R?
(G T e e

1 dp Ao “tR3p? 4 a* — R?
Ef(ﬂ'é"ﬁ - PEE)GTN = fﬂuj_ﬂ—'—'-"'—"_“_"_m dp,

aceording as the point z, y, 2 lies outside of the sphere of radius
a or inside of the sphere of radius b. In the first case the value of
the integral is

or

2y
-—E'{R’ + a?),
and in the second case
hﬂaﬂ-.
The corresponding integrals taken over the inner sphere are
SIOR b, and  —deod,
Hence
_1 3 _ 8
Vo= ﬁnj (d-ﬁ Fan)d@
= w' or dweo(a — b).

The mass M of the shell is

M = oo | dwrdr = 2woo(a? — bY).

Henece
M 2M
V= ﬁ! ar V= ml
according as the point z,y, 2 is on the outside of the shell, or within
the hollow enclosed by the shell.  'Within the hollow, the potential
is constant.

61. Existence of Higher Derivatives of Potential Functions.—
The potential function of any body is
v= |

B P
where

p=vVE—z)+ 00—y + ¢ -2
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The existence of first derivatives was proved in Secs. 24 and 25,
and for either internal or external points

= fo2 )i = - [ 2 (3) e W

An interesting proof of the existence of derivatives of all orders,
due to Riemann, can be made by the use of the formulas which
were established in Bee. 55. By Eq. (55.1),

J‘Bﬁdr = J;::de,

provided F and its first derivatives are continuous within B
and on its surface. If F is taken to be

Fu?
p

in this formula it becomes

EV dfl T de lfr
2 \tr = - | = 2
[ Lae(p)"d .[9 plet J;BE @
If the point p (z, y, 2) is outside the body, 1/p is continuous within
B and Eq. (2) is valid. If it is inside, let a small sphere Z of

radius ¢ be deseribed around the point p. The funetion 1/p is

continuous within the volume B, bounded by the surfaces § and
2. Then

av . ag de dr]
WV tim| = | %o — | %%des
P .".‘3:‘[ J;p T Jpai s

If the partial derivatives of ¢ exist they are functions of £ n, [,
and they ean be regarded as density functions. Hence, the last

integral
j do dr _ J‘g_ﬁ
B, 0E p B P

iz & Newtonian potential for a certain distribution of matter
within B, and it is known from Sec. 22 that

f ﬂ'EI'-T
emOJ B

For the surface integral over the sphere Z, the function p has
the constant value e, Let

do = éd,
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where dw ie an infinitesimal solid angle. The maximum value of &
is 41, since it is & cosine. Let gy be the maximum walue of
|o} within Z, Then

J‘Edw = EJ- ardw << dwoge,
P z

which vanishes with e. Binece the surface integral over S does not
depend upon e, it follows that

av do dr o

ar  Jpdt p J;?dw’ @®
even when the point p(z, y, 2) lies within the body.

From Eq. (3) it is seen that 4V /dzx is the sum of two potentials,
one of which is a volume potential and the other is a surface
potential, for it represents the potential of a certain distribution
of matter upon the surface of the body, The first has derivatives
everywhere, while the second has derivatives everywhere except
on the surface itself. Therefore V has second derivatives every-
where except on the surface. If o[£, n, ) has derivatives of all
orders, it is possible to proceed step by step and show that V
likewise has derivatives of all orders except on the surface.

62. Harmonic Functions.—If the function ¢z, ¥, 2) and its
first derivatives are single valued and continuous within and on
the boundaries of a certain region R, if second derivatives exist,
and if the funetion y satizfies the equation of Laplace

dlg | Al |, 0% _
ﬂ“"ﬁm_i+§?+ﬁ = {,
then ¢(z, ¥, 2) is said to be harmeonie within the region RE.

Let 8 be any closed surface within R, and ¢ and ¢ any two har-

monie funetions, Then by Green's theorem, Fq. (57.4),

de _ a\, _
If ¢ is equal to a constant, say +1, this equation reduces to
de .
fs E‘ﬁdﬁ = u: (2:]

that is, the surface integral of the normal derivative of an har-
monie function over any closed surface is zero.

63. An Extension of Green'’s Theorem for Harmonic Func-
tions.—Let 8 be any surface enclosing a volume B. Let § 0,
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be the coordinates of a point of B, and let z, y, 2 be the coordinates
of a point p located anywhere. Then the function

1 !
“VE-ta-0'+ G -2
is harmonie in B if the point p lies
3 outside of B, since it satisfies all of the
conditions of Bee. 62, If ¢ is any other
funection which is harmonie in B

: J L3 - ) ae =0 o
0 Interior Point—If the point p lies
within B the conditions of the theorem

are not satisfied and Eq. (1) is not

applicable. It is possible, however, to

Tro. 33 describe & small sphere Z of radius e

with its center at p (Fig. 33) and apply

Eq. (1) to the volume B, which is bounded by the surfaces S and
Z, but the integral must be extended over both surfaces, That is

ldg 81 1de a1
f[; an ~ ¥an ")]d‘” + J‘z[f-ﬁi - an(ﬁ)]dw =0

the normal derivative to be taken outward with respect to B,
on both surfaces.

If the normal derivative in the second integral be taken outward

with respect to Z it merely changes the sign of the second integral,
and the equation becomes

J - enl)le = L35z - onG) o

normal derivatives oulward with respect to both surfaces. Since

the left member of Eq. (2) is independent of ¢, the radius of Z,
the right number also is independent of .
The first integral of the right member is

193¢ 9¢
Lpaﬂ f dw = 0,

by Eq. (62.2), since ¢ is harmonic in 2. In thesecond integral

)30 -
dn ap\p) — p¥
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and, sinee p = € on the surface of Z, the second integral reduces to

afl 1
-J. f:aa(;)“‘” =+ e

Let M and m be the maximum and minimum values of ¢ on 2.
Then

hmétfwiu=fwﬁ§%M,
etz B

where dw is an infinitesimal solid angle, and dw = «*da,

Sinee ¢ is continuous and e is as small as is desired, m and M
can be made to differ from the value of ¢ at the point p by as
small a quantity as is desired; and, since the integral is independ-
ent of ¢ its value is rigorously

‘L“’aine)d‘“ = +ire(z, ¥, 2).

Therefore, Tiq. (2) becomes

e ) AT O] CEFCPE RN

Stated in words, Eq. (3) says that if a function ¢ is harmonie in
a volume which i bounded by a closed surface 8, and if the value
of ¢ and its normal derivative at all points of S are given, then the
value of ¢ at any interior point of § is defined by Eq. (3).

Corollary I.—If ¢ and g, are harmonic within a closed surface S,
aside from the fact that o1 has a single pole within S, so that

oL -1+ I, where H s harmonic, then
1 do _ e
elz, ¥, 2) = E“L[ﬂh‘an Pan]dﬂo
Corollary 11.—If ¢: and @z are harmonic within a closed surface,
aside from the fact that ¢1 has a single pole al the point p1 and ¢s
has a single pole at the point ps, so that

1 1
P p1+III: e P=+ ]

E";—_J;(m%% - an:%)dﬁ-' = ga(p1) — er(pa)s

where ¢(ps) means the value of the function ¢, al the point pe.

then
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Ezierior Point.—1f the function (¢, , ) is harmonie outside
of 8, and if it vanishes at infinity in sueh a way that
de e dig
4 ik 8 a¥
e Ta Tay'  Tar
r=vE++ 1
remain finite for r = =, & similar theorem holds for valuez of
¢ at points outside of 8. .
Assuming that these conditions on ¢ are satisfied, let the point
p(z, y, £) lie outside of 8, Describe a sphere Z of radius K about
the point p as a center large enough to enclose 8, and let the volume
which is inside of £ and outside of 8 be denoted by B. Since
p lies within B, Eq. (3) is applicable and

= Lot - £
I

where the normal derivatives are outward with respect to B.
pannot be stated this time that the integral

.l_f LI
pJ zdn

vanishes, becanse it is not known that the continuity condition on
o is satisfied inside of S which is within Z. But for very large
values of B

t

1 1
w and - are of the order 7

dp g 21 1
3, 2nd én(p) are of the order yiig

and dw is of the order B2

Hence, the integral J;E g?": - -p%(%) ]do.- is of the order 1/R

and vanishes at infinity. It is evident, too, that this integral is
independent of R, so that it is always zero. Therefore, if ¢
is harmonic outside of S and vanishes at infinity in the order of
1/r, if itz value and the value of its normal derivative is specified
at every point on 8, and if the point p(z, y, 2) lies outside of S,
then the value of ¢ at the point p is defined by the integral

o) = o [ 50 = e2f2) . @

the normal derivatives being taken inward with respeet to S.
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64. Reduction to Two Dimensions.—It is evident from Sec. 58
that if ¢ and ¢ are two functions of z and y which are continuous,
together with their first and second derivatives, in an area A which
is bounded by a closed contour ¢, Green's theorem in its second
form holds; that is

i d
[vae - oanio = [ (432~ 2)a, W
where
d
ﬁw=5m=+-§: AY = “’ &;‘f (2)
If ¢ and  satisfy alzo the conditions
Ap =10, AYy=0 (3)
then
do oy )
J:(\i’a; - Pa—n)dh =0; (4)
and in particular if ¢ is & constant
B
f ﬂ'n& =0; (5)

that is, the line indegral of the normal derivative of an harmonic
funetion around any closed plane contour is zero.

Extension of the Theorem.—Let the point p(z, ¥) lie within 4,
and let p = 4/ (E — z)' + (n — y)®. Describe a small circle v
of radius e with the point p as a center, and denote the area lying
inside the eontour ¢ and outside the circle v by 4.. Let ¢ be
any function which iz harmonie (in two dimensions) inside of
¢, and let ¢ = log p. Then both ¢ and ¢ satisfy Eq. (3) in 4,,
and Eq. (4) becomes

ﬁ[g—zlﬂg p— Fainﬂoﬁ P}]d.\. m‘[r[i—: log p — rpé%{{l[}g F]]ﬂ, (6)

the normal derivatives being outward with respect to ¢ and out-
ward with respect o .

On the cirele v the funetion p is constant and equal to e, while
the normal derivative of log p is equal to 1/e. Since

e
log elﬁrﬁtﬂu 0,
by Eq. (5), the right member of Eq. (6) reduces to

1 [ o,
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and since d\ = ed? on v, where df is an infinitesimal angle, this
integral becomes

2r

- J; ol = —2rp(z, ).

Hence, if ¢ is harmonic inside of 4 and p{m, y) lies within 4,

plz,y) = 21_[[ ¢35, (og o) = log p]dh (7)
Corollary I.—If
G = 1“5 p -+ H,
where H is harmonic inside of A, €t i shill true thai

elz, y) = J"[@_af" Ga""} (8)

This follows readily from Egs. (7) and (4).

If the point p lies outside of 4 and ¢ = V is a logarithmic
potential which is harmonic outside of 4, so that, at large dis-
tances, Eq. (46.6),

Ve MlagR—l— R

where M, is a funetion of 1/R that has a finite limit as B increases,
then

Ve =5 [| V2 G0k ~ogo- 3 |0 @

In order to prove this, deseribe a small circle v about the point
p and a large circle E of radius R about any convenient point
as a center, the circle £ being large enough to include A and p
wholly within it. Bince ¥ and log p are harmonie inside of the
area which lies inside of Z and outside of ¥ and ¢, Eq. (4) gives

J'[V—ﬂﬂﬁ ) — log "a ]cih + f[?’—— (log o) — log p V]dh

- .,L[FE (log o) — log pg] dx.  (10)

Sinee V is harmonic inside of v, the second of these integrals is
equal to +2rV(z, y), just as before. As for the third integral,
for very large values of R,

N
logp = -IQER-.._R. I
Nl ® = &

d 1
EGUEP:' -R+E
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Henee

BV
V2 (1og o) — log 5, = — F(MN, = M)(1+1ogR) + - - -,

and the third integral becomes
_ J”[(MN, TR S A ]dﬂ,
0

which is of the order of 1/R and, therefore, vanishes. Equation
(10), therefore, reduces to Eq. (9), which establishes the theorem.

Corollary II.—If U and V are the logarithmic potentials of fwo
maszses M and N which lie in a plane area which 1¢ bounded by a
closed conlour ¢, then

[ (%= vD)n - a

Corollary III—If U and V have the same definitions as in
Corollary IT, if p 18 measured from a poind p which lies outside of ¢,
and if

G=!ngi+?,

Ulp) = — —J'( -¢Y U)d,.\

66. Analogy with Cauchy's Theory of Residues.—Equation
(64.7) bears a striking resemblance to Cauchy’s equation in the
theory of the complex variable,

16 = oy [ 95

where f(¢) is holomorphie within the contour ¢, and 2 = = 4 1y
is & point in the complex plane lying within ¢. The connection
between the two theoreme iz traced by Poincaré as follows:!

Consider an area A bounded by a contour ¢ in the plane of the
complex variable f = £ + ¢y, Let f({) be a funetion of { which is
holomorphie in A. Let f(¢) be separated into its real and
imaginary parts

J@) = Fu(E w) + iFal§ n).
14 Théorie du Potenticl Newtonien,” p, 149, (1598).
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The functions F; and F; of the real variables £ and » satisfy the
equations

oF, _ 3Fy o _ _ o (1)
FI T dn at
a'F, aF; - #Fy | aFs _ 2
3 0, B T o . (2)
The function

log (E"i""g) = Li(, 1) + iLa(E, n)

1

Fia, 34.

also can be separated into its real and imaginary parts; and if
¢ — z is expressed in polar coordinates,

f—2=pe,

then
L, = ‘—']Dgp, Ly = -4,
where
p=vV{E-2+(n—p), 0=tan %}g
Now, let Eq. (64.7) be applied to the functions F, and F;, which
are harmonic within A, with the recollection that log p = — L.

There results the two Equa,tiuna

Filz, ) = § (LFFJ FlaL )Gﬂi

R =5 (L3 - P, @

Now imagine a change of coordinate systems, Fig. 34,

f“'fu—fiﬂinﬂ!—ylnusu,
N =10+ §c08a« — g 8in a,

(4)
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in which g is & point of the contour ¢, and « is chosen so that
the f£-axis is normal to the contour directed outward and the
ni-axis is tangent to it, directed forward.

Then at the origin

aF, _ aFy EF';- aFy -
35~ an I k=12 (5)

By virtue of the change of variables, Egs. (1) become
aFy | aF; aF, _ aF,
(E]""a_ﬂ)““”““ T3 al)mn-::-—ﬂ
OF, RN (R RN
(ﬁi + Es‘) sin (ael ﬂm) s =0;

and therefore, since the determinant is equal to minus one,
E'F1 dFy aF, - aFy

& om  om £
Equations (5) then show that at the origin
af aF, _aF aF, aFy &F 3

E R S S T
and these relations hold all along the contour, independent of the
coordinate system. Likewise

8Ly 8L, 3L, _ 9Ly
an  an an an

Equations (3), therefore, can be written

Pue 1) = g [ (+LdFs — FudL),

©)
Fie, 1) = g [ (~LdFs ~ PadL)

the two integrals being taken in the positive direction around e.
The function L; = — tan™! :—E-E is not single valued, but

L, = — log p is single valued gince it is real. The functions
Fy and F, are single valued by hypothesis, Hence

_,:d(LIFI} =0, J‘ d(L\F3) = 0;

and

[LudFy = — [FdLy,  [LudFs = = [FudLy;
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80 that Egs. (6) can be written
Filz, ¥) = — ijmﬁfﬂ:: + FydLs),

Fie,3) = + 5 J' (FidLy — FadLy).

Now .
lugris=L1+£Lg and r_find.[url-idbz;
also
gﬂ_%df = —(Fy + iFy)(dL; + idLs).
Therefore,

= Fi(z, v} + iF: (z, ¥).

1 [ k)
Eﬁr—;—?_ﬂf = f(z)

whieh is Canehy’s theorem. The formuls is applicable only if
z lies within the contour .

66. The Surface Integral of the Normal Derivative of 1/p.—
Let there be given a closed surface 8 and a point 0. With the

That is

Fra, 35,

point O as a vertex, take a cone with the infinitesimal solid angle
des, which cuts out of the surface § the elements dey, dey, . . .,
(Fig. 35). Let the normal to § at the element dewy, directed out-
ward, make an angle ¢ with the axis of the cone directed away
frow the point 0. The projection of duw upon & plane perpen-
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dicular to the axis of the cone is pi*dw, where p; is the distance
along the axis of the cone from the point O to the element of
gurface dw,. Since the angle between the plane which is tangent
to S at duw; and the plane which is perpendicular to the axis of
the cone is the same as the angle between the normal at dw; and
the axis of the cone, ¢;, it follows that

plde = dw;cos g, or di = de; €08 @i

pi*
If the point O lies outside of S, the infinitesimal cone cuts the

surface an even number of times; the angles ¢ are alternately
obtuse and acute, and the cos ¢ alternately negative and positive.
Since the elements of 8, duwy, are all positive, it follows that
du CO8 @i
mz
i alternately negative and positive, Tdi. Henoe, if 2« is the num-
ber of times the infinitesimal cone pierces S,
2z
m"‘_ﬂfﬁ = 0.
gm] Pi
Since this is true for every infinitesimal angle d&, it is true for
the sum of all such angles, and therefore
I‘ E‘E.‘?‘E‘E.d@ = 0.
Jag P
If the point O lies inside of §, the infinitesimal cone pierces the
surface an odd number of times, 2¢ + 1, and

2e+1 g
2 W_fﬁ! e

-— = duw.
f=1 pi

and since this is true for every such infinitesimal solid angle, it

follows that
J' 08 € = [ di = 4r.
g P 3
If the point O lies in § itself, at an ordinary point of the surface,
it is evident that

f!-'_‘"_‘?:_*“dm =jcﬁl = 2m,
g P 8

sinee in the neighborhood of O the surface lics entirely on one side
of the tangent plane.

If %, y, 2 are the coordinates of the point O and £, 4, { are the
coordinates of a point on S at which the direetion cosines of the
normal are e, 3, v, then

p=VE—a) "+ —yr+ T — 2%
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and
nmv-af;*+ﬁ“;”+vf;ﬁ
= ugﬁ +.H§~E + 'rg—;-
Therefore, Eq. (54.2),
cos ¢ = 22, ©

cose _1lde _ _3f1\
pt ptdn an\ p
and

eo8 ¢ duw a1

= — | 2/ \dw
g P aﬂ“(")
3/l 0if O is outside of S,
f Eﬁ(_)dm = { —2rif O is the surface S, (2)
8 TP —4r if O is inside of 8,

the normal derivative being taken outward with respeet to 8.
If O is on the surface the value is —2s, if it is at an ordinary
point of 8. At a conical point of §

its walue iz the solid angle of the
enveloping cone taken negatively,

67. The Contour Integral of the
Normal Derivative of Logp.—Let
there be given a plane area 4 bounded
by a closed contour ¢. Let O be any
point in the plane and d# any infi-
nitesimal angle in the plane with its
vertex at 0, which cuts across the con-
tour ¢ (Fig. 36). If Ois outside of ¢ it
will eut across the boundary an even
number of times, but if it is inside the
number of crossings will be odd. Let
dh, dhs, . . . be the elements of the
contour intercepted by the angle df at
the distances py, py, . . . from 0, and let ¢y, s, . . . be the
angles which the outward directed normals make with the axis of
the angle df directed away from 0. Then

Ebti i 4
£ = ZORE, imyg . o)

The angles ¢, ¢, . , . ame alternately obtuse and acute. If

Hence
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- dx; and p; are regarded as always positive, the values in Eq. (1)
are alternately positive and negative, although numerically
equal. Hence

d\i cos i _ [ 0if O is outside of ¢,
: P ~ \d#d if O is on the contour or inside of e.
Sinece this result is trué for each infinitesimal angle d#, it is true
for their sum, so that

08 ¢ {l] if O is outside of ¢,

e P 2r if O is inside of c.
If O is on the boundary ¢, the value is = at an ordinary point, but

if O is at a cusp, the value of the integral is the angle between the
two tangents at the cusp.

As in Sec. 66,
=9
c08 ¢ = o (2)
and . )
cose _ldp 8, 1
g pdn aniﬂgp
Hence
afy 1\, _ 3
‘Ilmi(lng -;})d}. =0, 0r —2r, @)

according as the point O is outside or inside of the boundary.

68. A Theorem of Gauss.—By means of the integrals which
have just been established, it is an easy matter to prove a certain
theorem which is due to Gauss.

Suppose there is given a closed surface S and a point 0. At
the point O there is placed a particle of mass m. If p is a point
of S at a distance p from O, the attraction of m on the point p
is —m/p? and the component of this attraction along the exterior

normal is
_m maw-j‘a‘_ my
gt an\ p

The surface integral of this normal component, or the flux of
the gravitational force due to m across § is

d f'm {0 if m is outside of 8
2N dw = ! 1
.Lﬂﬂ(ﬂ) {—-immrii'mis inside of 8. w

If there are many such particles and M, is the total mass inside of
8§, and M, is the total mass outside of S, then

J; %(2 ’%‘-)dw = —4xM,, @
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which is independent of M, If the distribution of mass M; 4+
M iz a continuous one, the finite sum becomes a definite integral,

; My dm
11mzm -nfp =V,
where V is the potential of the given distribution of mass, and
Eq. (2) becomes
j W gy = —tr M., (3)
gdn
Expressed in full, Gauss' theorem states that if there iz any
distribution of matter which may be partly within and partly withowt
a closed surface S, and if M; iz the total mass within S, the surface
indegral of the normal component of the aitraction toward the exterior,
or the surfoce integral of the erterior normal derivative of the
potential due to the entive mass M, + M, is equal to —4=M,.
A similar theorem holds in two dimensions for the logarithmie
potential. If M; and M, have the same significance as before,
and V is the logarithmie potential,

v
J; OZd\ = — 2 M, (4)

69. Poisson's Equation.—Buppose V(¢ #, {) is any funetion
of £, n, and { which is continuous in a volume B which is bounded
by a closed surface S, and, likewise, its first derivatives. Then by
Green's theorem, Eq. (58.5),

av
AVdr = ——dw. 1
j B . La"‘ W

The conditions imposed upon V are satisfied if V is a potential
funetion of any finite continuous distribution of matter. Suppose
V is such a potential function. Then by Gauss’ theorem, Sec. 68,

av
e = —teM,
and therefore
IﬁVﬂr = — M, @)
B

Suppose o(£, n, ¢) is the density funetion which represents the
distribution of matter in the volume B. Then

M; = J”-:nr.'*r‘J
B
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and Eq. (2) ean be written

f{av + dxe)dr = 0.
B

This equation holds whatever the volume B may be, and therefore
the integrand vanishes identically. That is,

AV + dro = 0; @)
or IV HV !V

i d i

FrRar ™ + i —4xa(, n, 1), (4)
which iz Poisson's equation.

An illuminating derivation of Poisson's equation ecan be
obtained as follows. Let O be any point of the body and let oy
be the density at 0. Let o small sphere £ be deseribed about the
point 0. The potential of the body can be separated into the
sum of two potentials,

V=Vt Vs

one of which, V,, is the potential of the sphere at O, and the
other ¥V, is the potential of the remainder of the body. Let the
sphere £ be taken so small that the density within it ecan be
regarded as constant. If its radius is a, then by Sec. 25

Vo = 2ro @t = (8 0" 19|
and
ﬁ.l‘ru = —‘4‘.ﬂ'd'u..
Sinee O lies outside of the volume for which ¥, is the potential,
it follows from Laplace's equation that AV, = 0, and therefore

at the point O,
AV = ‘-4'H'I;|,

which is Poisson’s equation.

Poisson's equation holds whatever the surface 8 may be and
whatever the distribution of matter may be, provided only that ¢
is an integrable funetion. It ean therefore be regarded as holding
throughout all space. It includes Laplace's equation, for, outside
of the body, the density ¢ is zero and Poisson's equation reduces
to Laplace's equation,

If it is written in the form

H ] gt
”=‘$(%§+%E+a;f’ (5)
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it is seen that Poisson’s equation answers the question ‘' What
distribution of matter will produce a given potential, assuming
that the potential is defined at all points of space.”

In ordinary solid bodies the surface is a surface of discontinuity
in the density, since at the surface the density changes abruptly
from a certain finite value on the inside to zero on the outside.
Equation (5) shows that at least one of the second derivatives of
V for such a body also is discontinuous at the surface, and the
gsum of the discontinuities of the three second derivatives is
—4x times the discontinuity in the density at the surface.

T0. Poisson's Equation in Two Dimensions.—If ¢ and  are
functions of the two variables £ and y which, together with their
first derivatives, are continuous in a plane srea 4 which is bounded
by a closed contour ¢, by Green’s theorem, Eq. (64.1)

_ - L AT
J;('Pﬂ'-‘-v pip)de f (wan 2\ar;

and if ¢ = 1,
.f Aﬁm .La“

The conditions on ¢ are satisfied by the logarithmic potential
¥ of any econtinuous distribution of matter over an area. Hence

fﬁ'l?'du - f

and by Gauss' theorem, Eq. (68.4)
J" VN = —2rM;

Jn
= _ETJ‘ adw.
4

(AV + 2ra)dw = 0,
4

Hence

and therefore
AV = —2x,

71. An Extension of Gauss’ Theorem.—Gauss’ theorem can
be deduced from Green's theorem, but it is just as gimple to
give a generalization of it.

Let ¢(z, y, 2) be any function which is harmonic within &
volume B which is bounded by a closed surface S, and let
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V (z, y, 2) be a Newtonian potential within 8, that is the potential
of & body B, bounded by a surface 8, Fig. 37. The body B, may
lie partly within 8 and partly without, or wholly within, or
wholly without., Then by Green’s theorem, Eq. (58.4),

av dy
J‘ (oAV — Vag)dr = J;(“’H - Vﬁ)fh, (1)

the normal derivatives taken outward.
Since ¢ is harmonic in B and V is a Newtonian potential,
Ap =0, and AV = —dgo,
ingide of B. Hence, Eq. (1) becomes

av de
e

where odr = dm. Gauss’ theorem follows at once by taking
¢ equal to unity, so that Eq. (2) is a generalization of Gauss'
theorem. If the body B, consists of
a single particle of mass m, so that

m
v="
P

and if this particle is located inside of
8, Eq. (2) reduces to Eq. (63.3) as of
course it should. If the body B, is a
get of discrete particles

o i
V= 2 s Fia. 37.
Eq. (2) becomes

‘L(,ni—g - vaﬁ)dm - —dr ;mm @)

where ¢; is the value of » at the particle m; and the sum in the
right member is extended over all of the particles which lie inside
E}f 8. Eags. (2) and (3) can be regarded as generalizations of Eq.
63.3).

Reduetion to Two Dimensions.—A eimilar theorem holds in two
dimensions, If ¢z, ) is harmonic in an area A which is bounded
by a closed contour ¢, and if V is a logarithmie potential of any
continuous distribution of matter over an area A,, which may
lie wholly outside of A, wholly inside, or partly outside and partly
inside, then

f(qu—f - Vﬂ{)ﬁ - —hfd.p odw. (4)
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Or, if .
= : log —
¥V Z m; log o
is the potential for a discrete set of particles
3V _ 50\ _ _o. _ .
L(“’a—n - Van)“n‘ 2, meh (5)

where e is the value of ¢ at the point &, n: at which the particle
m; is located, and the sum I is extended over all of the pointa
inside of A. If the area 4 is divided into sub-areas A, As, . .

bounded by a finite number of contours, Fig. 38, and if the
density, although discontinuous across a contour, is continuous
in each sub-area A; Eq. (4) is still true, for it can be applied to
each sub-area separately. If
the surn of the results is taken,
it iz found that Eq. (4) reap-
pears for the entire area 4,
ginee the division lines appear

LA\ )

Fie. 38 Fia. 39,

twice in the sum, the contour integrals being taken in opposite
directions in the two cases. Since ¢, V and their derivatives are
continuous across these dividing lines, the two integrals taken
along them, but in opposite directions, are numerically equal
though opposite in sign. Hence, in the sum the integrals taken
along the dividing lines cancel out, leaving only the integral
along the outside eontour e.

T2. Green's Theorem Applied to Two Potential Functions.—
Let V, be the potential function of a body B, which has a surface
81 and a density o1 Let V3, Bs, S; and o3 be the corresponding
gymbols for a second body. Let 8; be any spherical surface
which contains B, and B, wholly within its interior, and let
B; be the volume which lies inside of §; and outside of B,, and
therefore includes the volume of B, so that the volume of B.
is a part of the volume B;.
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Sinee Vi, Vy and their first derivatives are continuous within
B, Green's theorem in ite first form, Eq. (58.3), applied to the
volume B;, gives

Jorara (B e

f Vga—lﬁdu + av‘dm; )
&
the normal derivative is outward with respect to B;, and therefore
on 8, it is inward with respect to S,
The second integral in the right member of Eq. (1) can be
evaluated. If the center of S; is kept fixed and its radius R
is very large, Vs is of the order Ms/R and

av, a8V,

M,
Jn TR T TR APPIO%

where M, and M arc the masses of B, and B, respectively. Thus,

neglecting the higher terms of the expansion, since dw = R%a,
the integral becomes

f aV‘dw——M1sz—=“4ﬂ'M1—m’
8,

i

which vanishes with B = e=. Henece, if B; represents all space
outside of By, and 8V,/dn; represents the normal derivative of ¥V,
taken inward with respect to Sy, Eq. (1) becomes

al, aVs ﬂVl av, &V; aVy
J.vaidr'lrf(ﬂx 9r By E—i_ dz az)d -
av,

vg é—ﬂ'i—d-w {2}

Applied to the volume B,, Green’s theorem gives

aviaVy , aV.aVs , av.iav,
LIV"&V“’I’F + f (aa: iz Tay oy T e 'ai')df -

al
f Vigda, ()
where 8V, /2n, means the normal derivative outward with respect
to Sy, and consequently is the negative of 8¥,/#n;. On adding

Eqs. (2) and (3) it iz found that

J'valdf%- f (a;; q;; : a;—;-l%gid-aat‘ a;: ‘).-z =0, (4
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the integration being extended over all space; and this equation
ean also be written

a¥, lﬂ'ri ﬂV,ﬂV; av,av, -
-‘*i-r‘f Varudr + J' (ax 15‘;1: ay +¥T§i§-)dr 0,(5)

if it is understood that e, is zero outside of 8.
On permuting V; and ¥, and then subtracting, there results

f (V.AVy — VaaV)dr = 0, (6)

f (riVe — oaVi)dr = 0,

the integration being extended over all space. But since ¢, = 0
outside of B, and ¢z = 0 outside of By, this can be written just

as well
f o Vadr = f a2V idr. I:'?:I
B, B,

73. Characteristic Properties of a Potential Function.—In
the preceeding pages it has been proved that the potential
funetion V of any finite distribution of matter in a closed volume,
or on & limited surface, has the following properties:

1. V is continuous throughout all space.

2. The first derivatives of V exist and are continuous every-
where, exeept possibly on & given surface S on which there may
be a surface distribution of matter. On ecrossing this surface
there may be discontinuities in the derivatives, that is, they tend
towards definite limits on both sides as the surface is approached
along the normal, but the two limits are different. The tangen-
tial components are eontinuous.

d. On the exterior of 8, AV = 0,

4, On the interior of 8, AV is arbitrary.

5. V vanishes at infinity.

Conversely, if there is given a funection V(z, y, 2) which
eatisfies these five conditions and for which AV within 8 and the
discontinnities in the normal derivatives on § are specified, then,
there exists one and only one distribution of matter for which V
is the potential,

To prove this, let

AV = —dxa(t, n, )
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within 8, and let the discontinuities in the normal derivative on §
be —4xc(E, 4, £). SBinee the function V is given, by hypothesis,
it can be supposed that the functions ¢ and 7 also are given. Let

p=VE—2+ 0~y + G - 2"
and let the functions V, and V, be defined by the integrals

V.= J' dr, Vo = j"_'dw'
BP gP

the first of which is a volume integral and the second is a surface
integral. The function V, is the potential of o distribution of
matter within 8 which has the volume density ¢, and V. is the
potential of a distribution of matter on § which has the surface
density 7, Hence the funetion ¥V, 4 V, iz the potential of a
distribution of matter which satisfies all five of the given
conditions,

It remaing to be shown that this is the only possible distribu-
tion which satisfies the five given conditions, SBuppose there
existed another distribution of matter, the potential ¥V of which
alzo satisfied all five conditions. Let

W=V - {V1+Vg},
Then, on admitting negative masses, W also is the potential of a
distribution of matter which vanishes at infinity, for which AW

iz mero everywhere, and normal derivatives are continuous
across 8.

In Bec. 72 the letters ¥, and V. denoted any two potential
funetions, In Eq. (72.4) let

Vi=Va=W.

R (G e

the integration being extended over all space.  The first integral
vanishes since W is everywhere finite and AW is everywhere zero,
The second integral, therefore, also is zero, which compels

W _aW _ oW _

dix y dz
everywhere, Hence, W is a constant, and sinee it vanishes at
infinity, it vanishes everywhere, so that

V=V +VF,

0
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instead of being different as was assumed. Consequently there
is no other distribution of matter possible.

T4. The Average Value of a Potential over a Sphere.—
According to the extension of Green's theorem, Eq. (63.3),
if ¢ is harmonic within a volume which is bounded by a closed
surface 8, and if p is the distance from a point z, y, 2 which is
within 8, then

ﬁﬂ%:—: - wa—i(,l,ﬂdm = ¢lz, v, 2). (1)

If the surface S is & sphere and the point x, y, # is at its center, p
and its normal derivative are constant on §; and Eq. (1) becomes

1 de 1
P L o + @fsﬂw = ¢(z, 3, 2). @

If, in addition to these assumptions, ¢ = ¥ is the potential of a
body which is wholly exterior to the sphere, then by Gauss'
theorem, Eq. (68.3),

L [av
i) e = =M

and the first integral of Eq. (2) vanishes, since there is no matter
within 8. There remains then

1
T | Ve = V@3, ) ®)

This can be expressed in words as follows:

Theorem.—The average value of the potential Sunction over any
spherical surface which does not contain any of the attracting

matler is equal to the value of the potential function at the center aof
the sphere.

This theorem holds also if ¥ is merely harmonic within S.

If the matter lies wholly within the given sphere, let a second
sphere S, concentrie with the first be deseribed and apply Green’s
theorem to the volume between S and 8:. If ¢ and ¢ are two
funetions which are harmonic within this region

il . a¢ - de L
fs(wﬁ wﬁ)dw L.(*an Can )"

the normal derivatives being outward with respect to the center
on both spheres. If p is the distance from the center of the two
epheres, ¢ is taken to be 1/p, and ¢ is taken to be the potential
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¥ of a mass which lics wholly within S, then ¢ and ¢ are harmonic
in the volume between S and 8., and

S = va) e = L[5 - o)

If the radius Iy of the sphere S:is verylarge, then, onS;, Vand 1/p
are of the order 1/1ts, 3V /dn and 8(1/p) /dn are of the order 1/R;?,
and dw is of the order R:®. Hence, the entire integral in the
right member is of the order 1/, and therefore vanishes, Hence

1aV
LG e

and, since p is constant on S
J'Vd d.r...r tdn i}f" .

Therefore

1 M
EJ;EJ;VW = (4)

which, expressed in words, states

Theorem.—The average value of the potential of any distribution
of matter over any sphere which tneludes all of the matler in ils
tnlerior is the same as though all of the maiter were concentrated in a
particle at the center of the sphere,

Reduction fo Twe Dimensions.~—It is proved in a like manner
that analogous theorems hold in two dimensions for a eircle and
the logarithmic potential.

76. Maxima and Minima of Harmonic Functions,.—If ¢ (z, ¥, 2)
is harmonie in a volume B which is bounded by a closed surface 5,

then, by Iq. (62.2),
a
f 2w = 0, ()

Suppose ¢ has & maximum at the point p, by which it is meant
that the funetion ¢(z, y, 2) has a greater value at the point p
than at any point in the neighborhood of p.  If a small sphere Z
iz deseribed with p ns its center, it is evident that the normal
derivative of ¢ is everywhere negative on 2, since the funetion
¢ has a maximum value at p.  Therefore, the integral

dg
j B-nd”



134 THE THEORY OF THE POTENTIAL

iz negative. But since ¢ is harmonic within = this integral
must vanish by Eq. (1). This contradietion shows that if ¢
is harmonic in a volume which is bounded by a closed surface, it
cannot have a maximum in that volume, and a similar argument
shows also that it cannot have a minimum either.

Theorem I.—The potential function cannof have a mazimum
or @ minimum al any point in emply space.

This theorem follows at onece from the fact that the potential
function is harmonic in empty space. The theorem does not,
however, prevent all of the first derivatives of the potential from
vanishing in empty space; and, since the first derivatives are the
components of attraction, it does not prevent the existence of
equilibrium points (e.g., the center of a uniform anchor ring).
SBuch a point which is neither & maximum nor a minimum is
called & minimax, for it is & maximum with respect to some
directions and a minimun with respect to others (like the seat of a
saddle). When such points exist they are always points of
unstable equilibrium.

If & function is harmonic within a volume B and constant
everywhere on the bounding surface S, then it has the same
constant value everywhere in B.  If it were not constant through-
out B, it would certainly have a maximum or a minimum point
gomewhere within B, which is impossible. Therefore, it is
constant.,

Similarly if a function iz harmonie everywhere outside of S
and has the same constant value everywhere on S and at infinity,
it is constant everywhere outside of S. From this it follows, by
allowing S to shrink up to a point, that a function which is
harmonic everywhere, including infinity, is a mere constant.

If two funetions ¥, and ¥ are harmonie within B and take the
same values everywhere on the bounding surface S, they are
identical everywhere within B. For their difference V =
V1 — Vs is harmonic within B and equal to zero everywhere on
8. Therefore, it is equal to zero everywhere within B.

From these properties of harmonic functions in general, there
follow the two theorems:

i:‘ﬁmem IT.—If a potential iz constant over a closed surface
which contains none of the atfracting mass it has the same constant
value throughout its inderior, and
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Theorem I11.—If the potential due to any distribution of maass
has a constant value throughout any finile volume B, it has the
same value at every point of space which can be reached by any
continuous path from B which does not pass through the attracting
maller,

In order to show that this last theorem is true let B, Fig. 40,
be a region of empty space in which the potential iz constant
and suppose further that the space in the necighborhood of B
also is empty, but that the potential outside of B does not have
the same value that it does inside. Take a point ¢ near the
boundary of B and deseribe about it a small sphere which lies
mostly inside of B but partly outside of it. Since V and all of
its derivatives are continuous in empty space,
it would be possible to take C' so near the
boundary and the radius of the sphere so small
that over the portion of the sphere which was o
outside of B the value of the potential would
be everywhere greater (or everywhere less)
than the walue within B. This, however, is
impossible, since the average value over the
sphere is the value at the center C. Hence the boundary of the
region of constant potential can be extended until the abowve
argument fails, and it will fail only when attracting matter is
encountered.

It will be observed that if matter is distributed over a closed
surface in such a way as to have a eonstant potential within and
on the surface there is nothing in the above argument to prevent
the surface density from vanishing at isolated points or along
certain lines, but it eould not vanish over a finite area.,

Fuu, 40,

Theorem IV.—The pofential function connot have ¢ minimum
in the interior of altracling malter, bul il can have a mazimum,

Let p be an interior point of the mass, and let £ be a small
gphere with p at ite center. By Gauss' theorem the integral

f L dw = —4rM,

is necessarily negative. In order that p might be a minimum
dV/dn would have to be positive everywhere on £ and therefore
the integral would be positive. Sinece the integral is always
negative, o minimum within the attracting mass is excluded and
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the potential funetion eannot have a minimum anywhere,
except at infinity.

There is nothing to prevent the existence of a maximum, how-
ever, in the interior of the attracting mass. The potential at a
distance r from the center of a homogeneous sphere of radius a,

See. 20, has the value 4“"(;‘13 - %r’), from which it is seen that
the potential of a homogeneous sphere has a maximum at its
center.

Reduction to Two Dimensions.—All of the above theorems have
their analogies for the logarithmic potential and harmonic
funetions in two dimensions.

T6. The Potential Energy of a Finite Mass.—Suppose there is

given n diserete particles my, _ . . ,ma. The potential funetion
of this system of particles is

135 s My . .
w-3B N i
jul j=

where

pi = V{ze — 2)* + (i — p)* + (a0 — 2)*"

The factor 1/2 is necessary since in the double sum as it is written
each element occurs twice, as is easily verified by writing out
the terms of the sum in a rectangular array.

If T ie the kinetic energy of the system,

I'-W=E

the total energy of the system, and — W is the potential energy.
Gravitational potential energy is always negative, so that as
the particles come closer together the potential energy decreases,
The funection W represents the amount of work which must be
done upon the system in order to efiect an infinite dispersion
of the particles. It was called the exhaustion of potential
energy by Thompson and Tait, because it represents the loss in

potential energy from a state of infinite dispersion,
If
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is the potential of all of the other particles on the ith particle,
the expression for W can be written

W= %I[mﬂ“'; + mVat - - 4 i V)

If the particles form a continuous mass, this expression passes
over into the definite integral

1 1
W=3 me - ﬁfﬂvmif, (1)

where V iz the potential of the body upon one of ite own elements
dm = adr.

If the system of particles is regarded as forming two distinet
bodies, which will be distinguished by the subscripts 1 and 2,
so that ¥V, is the potential due to the first body at any point
z, y, ¢ of space and V; is the potential due to the second body,
the limit of the double sum becomes

W= [ vimi 3 [ vims 4} [ vaami+ 3 viama @

The last two integrals are merely two different limiting expres-

gions for precisely the same terms in the finite sum, and are, there-

fore, equal. This fact amounts merely to a verification of Eq.

(72.7). Their sum represents the exhaustion of potential energy,

due to the fact that the two bodies are not infinitely far apart.
Sinece by Poisson’s theorem, Eq. (70.5),

r = -—;:;ﬁ‘?'.
Eq. (1) can be written

W = —éf_v - AV - dr,

the integral being taken over all space. Onsetting Vi = Vo=V
in Eq. (72.4), it is scen that the expression for W can be written

LG + () + () e

the integral bemg taken over all epace. But since

-+ &)+ ()
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is the square of the attractive force due to the body, there results
finally

1 1
W = EF‘J"F d‘?. {3}

1f in Eq. (2) the sum of the last two integrals is denoted by
W s, it is seen immediately from Eq. (72.5) that

W= LV-,ch.df = J:Vlﬂ'nd'r

L[k ovan], @
T dr .| 8z Oz dy dy az adz | !
the integral being taken over all space.

According to Lord Kelvin and Tait' it was upon a proper
interpretation of the formulas relating to the exhaustion of
potential energy of two bodies that Green founded the whole
structure of his general theorems regarding attraction.

T7. The Potential Energy of a Homogeneous Sphere.—In
the interior of a homogeneous sphere the attraction of the whols
sphere on a point is due to the mass of a concentrie sphere, the
surface of which passes through the point. That is

- M, 4
Fi = ™ —Eﬂ'h
On the outside of the sphere
F,= M
& P |

Hence, if the radius of the sphere is a,
BrW = J' Fdr + f F Jdr.

Since the foree is & function of r alone, let the element of volume

dr be taken as the space between two infinitely close concentric
spheres, Then

dr = dxridr,

& = 3
W= 1fFi=r=dr+! F jrridr
2 ).

o

and

98 1] 1M2= crzb (1}
I8k | = 47
=_5'n”1 +2 a
=3 M
Sa

L4

1 % Treatise on Natural Philosophy,” Part I1, p, 9.
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78. The Heat of the Sun.—According to the theory published
by Helmholtz, in 1854, it is the encrgy released in the proecess of
contraction that is the source of the radiant energies of the stars.
On this hypothesis the total amount of heat radiated by the
sun in the past ean be computed. Assuming that the sun is
uniform in density, the total amount of work done in contracting
from a state of infinite dispersion is

3, M2
W= Ek’—&- ergs,

where k? = 6.66 ¢ 10~% iz the gravitation constant (See. 20),
M = 1.99 ¥ 10% grams, and o = 6.96 X 10' em. Hence
W = 2.28 ¥ 10* ergs,
= 5.44 x 10*° calories

ginee 1 calorie isequal to4.19 % 107 ergs, The sun radiates 2.95 X
10% ealories per year, or approximately 1.5 calories per gram per
year. Hence, at the present rate of radiation, the energy released
in the process of contraction would be sufficient to last for 18,-
000,000 years.

This theory of the origin of the sun's heat wag the dominant
one during the latter half of the nineteenth century and the first
two decades of the twentieth ecentury. Both on astronomieal
and geological grounds it is now recognized as altogether inade-
quate,! It seeme much more probable that the source of the
sun’s heat is to be found in the eleetrostatic potential of the
electrons within the atom rather than in their gravitational
potentiale. The electrostatic potential energy of two electrons
of opposite sign is

yoe

P
where p is the distance between the electrons and e the electric
charge, iz equal to 4.774 ¥ 10~ electrostatic unita. A gram
of matter is equivalent to 6.06 X 10*! such pairs of electrons.
Henee, the electrostatie potential energy of a gram of matter is

1.38 % 108
V.= — Brgs

If it is assumed that when the distanee between the two elec-
trons is equal to the radius of the positive electron, which,

L MacMmray, On Stellar Evolution, Astrophysieal Jowrnal, Vol

XLVIII, p. 35 (1918). Some Mathematical Aspects of Cosmology.
Science. Vol. LXII, Noa. 1595-1587, (1925).
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according to Millikan, is approximately 10-'%, the two electrical
fields are superposed and neutralized, the property of mass
disappears and the potential energy takes the kinetie form of
radiation, it is seen that 1 gram of matter is equivalent to
1.38 » 10" ergs of energy, or approximately 3 » 10 calories, a
result which is approximately equal to that given by the modern
theory of relativity, namely 9 > 10%" ergs, without any considera-
tion of models.

This hypothesizs does not furnish any basis for estimating
the present age of the sun, but if one gram of matter is equivalent
to 3 % 10" calories and the sun is expending 1.5 ealories per gram
per year, it is evident that the sun contains a reserve of energy in
its present mass sufficient to last 2 X 10% years at its present
rate of radiation, or 20,000 billion years. It is not possible to
estimate how much additional matter the sun will gather in from
gpace in that length of time.

T9. Relation between Certain Surface and Line Integrals.—
It will be supposed that at every point m(z, y, z) of a eertain
region R, a vector K is defined whose components P, Q, R are

. single valued, continuous functions
of z, , 2 which admit continuous

first derivatives, It will be as-
sumed also that in this region R

T
H‘ there exists a portion of a surface 8
y which has two sides and which is
G
v

bounded by a closed line L. One
side of the surface will be regarded
/ as positive, the other as negative.
Let &, 3, v be the direction cosines
of the normal erected on the posi-

tive side of the surface at the
It will be shown that surface element dew.

_[(.P aP
LP dz ‘.J;(ﬁaé =y )‘E“"

where the integral in the right member is taken over the portion
of the surface S which is bounded by L, and the left member is
the line integral taken around the boundary L in the counter-clock-
wise direction as seen from the positive side of 5.

It will be assumed, at first, that both P and v preserve their
signs throughout S. This restriction will be removed later.

Fio. 41.
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At each point m of S draw a line mm, parallel to the z-axis and
equal in length to the magnitude of P at m. The locus of the
point m, thus defined is a surface S, bounded by a closed
contour Ly (Fig. 41). The straight lines which join the points of
L to the gorresponding points of L, form a eylindrical surface C.
Bince 8, C, and 8, taken together form a closed surface, the projec-
tion of this surface upon any plane is zero. This fact will be
formulated for the projection upon the xz-plane.

Let ds be an element of the contour L cut out by two infinitely
close generators of the eylindrical surface. The distanee
between the projections of these two generators upon the zz-plane
iz dr. Hence the area of the projection of that portion of the
eylindrical surface which is included between the two generators
above mentioned is Pdx and the area of the projection of the
entire cylindrical surface upon the zz-plane is

de.‘l:,
L

Consider now an element dw of the surface S. The tangent
plane at this element makes the same angle with the zz-plane as
the normal at this element makes with the y-axis, that is, the
angle whose cosine is 8. Hence the projection of dw upon the
az-plane is fdw, and the entire projection of S is

fﬁd‘w.
-]

Using a corresponding notation for the S, plane, it is evident
that the projection of S, upon the zz-plane is

sldmlv
&
The sum of these three projections is zero. Therefore

f Pdz +J'ﬁdu + [ Bdur = 0. 1)
L 8 Si

Let the element dw, correspond to the element dw in the sense
that dw and dw; are cut out of 8 and 8, by the same infinitesimal
cylinder parallel to the z-axis. Since this infinitesimal cylinder
is closed, its projection upon the ry-plane also is zero, and since
the projection of the eylindrical surface upon the zy-plane is zero
by itself, there remains

ydw + yiduy = 0,
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and therefore

dwy = — L,
T1
The substitution of this value in Eq. (1) gives
dez +jﬂl‘—'”’"du = 0. (@
L & M
Let the equation of the surface S be 2 = f(z, y), then
elz,y,2) = flz,y) — 2 = 0. (3)

The direction cosines of the normal to this surface «, 8, v are
proportional to
dp de Be,

ar oy 8z’

or if
o gz _ 9z
P=a 1Ty
the equationa
e _B_ 2 4
» = g™ =1 (4)

hold. Similarly on the surface S,

o _ B _ 7

o -1 (©)
From Eqgs. (4) and (5), it follows that

= -5 = P
g ¥ 1 1 ©®
For the surface 8;(zy, 31, 21), it is evident that
I = I, =1y, z=z4 Pz, y, 2).

Therefore
d aP aP
T P
dz aP aP
gi =q=gq+ oy T

If the values of g and ¢, are substituted from Eq. (6) into the
second of these equations, there results

By — 1h P ap
T TE &E

which shows that Eq. (2) can be written

fre-[(2-Dp o

and this is the formula it was desired to establish.
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The restriction that P and + shall preserve their signs is now
easily removed. If this condition is not satisfied of itself, S can
be divided up by auxiliary curves in such a way that in each
portion P and v do preserve their signs unchanged. Equation
(7) holds for each of these portions separately. The sum of the
portions is S, and the sum of the contours is L, since the auxiliary
curves have been described twice, but in opposite directions,
while the contour L has been deseribed but once. Hence, Eq.
(7) holds in general. The restriction serves merely to make the
geometrie interpretation clear,

80. Stokes' Theorem.—From Eq. (79.7) two analogous
equations are obtained by permuting the letters., These three

equations are
f‘% 'f(ﬁ =13y )t
f Qdy 'I(Taz ZS “
-2

On taking the sum of these three equations, there results

.

(1)

f{sz+Qdy+Rdzl=

JIG-3)+o(E-38) +(@- D) @

which is Stokes' theorem.

The functions P, @, B are the com- W
ponents of a vector K which is defined at
each point of 8. Let A be a point of this
contour, and let K, be the component of
K which is tangent to the contour at 4.
K, is positive if it has the direction of a
positive motion of the point A along the Fo. 42
contour, otherwise negative. Let ds be
a positive infinitesimal displacement of the point A along the
contour with the components dx, dy, dz. If the vector K is
regarded as a force, it is evident that

Pdx + Qdy + Rdz = Kds

K,
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is the element of work done in this small displacement, and

L(P#+Qdy+ﬁdz] -Lf-:,d.s

is the amount of work dome in completing an entire cireuit.
It can also be supposed, that there exists a second field of
vectors W in the region R, and that the components of W are
_OR _8Q, 8P 4R aQ _ P
Wemgy ~3% "=% "% Ve o @
This vector W, which iz evidently related to K, is called the curl
of the veetor K. Furthermore

aW. + IEWr + vWe= W,

is the component of W which is normal to the surface S, Equa-
tion (2) ean, therefore, be written

J;K.da = J; W, des,
and can be expressed in words as follows:

Stokes’ Theorem.—The work which is done by a veclor acting ona
point which describes a closed circuit is equal to the flux of the curl
of this veclor across any confinuous surface which iz bounded by the
circuit,

This form of statement shows that the theorem does not depend
upon any choice of axes,

It will be observed that the divergence (See. 56) of the curl
of any vector vanishes identically, since

W. b6 oW, K oW,
dx + oy + dz
From this it follows that the fluz of the curl across any closed

surface is zero since the divergence of the curl vanishes throughout
the volume, Eq. (56.4).

=0

81. Examples of Vector Curls.—Suppose V is a constant vector
with the components X, ¥, Z, and K is the moment of V
with respect to the point z,, y;, 2. If V is acting at the point
x, y, 2, the components of K are

P=(y—ydZ— (z-2)¥,
Q=(z—2)X — (2 — z))Z,
E=(z—z)¥ = (y — y)X.
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The components of the curl of K are readily fo
—2X, —-2¥, —2Z. Thatis W = —2V, SRS
As a second illustration, consider the velocity of any point of &
rigid body which is moving in any manner in space. Imagine
a set of rectangular axes rigidly attached to the body with the
origin at the point 0, and let m(z, y, z) be any point of the body.
As is well known, the motion of the body ean be resclved into a
pure translation, which is equal to that of the point 0, and a
pure rotation « about some axis which passes through the point
0. Let the components of the translation with respect to a set
of axes which are fixed in space, but which instantaneously are
parallel to the set of axes which are fixed in the body, be X 0 Yoy
Zy, and let the components of the rotation w with respect to these
same axes be ws, wy, @, Then the components of the velocity
K of the point m with respect to the set of axes which are fixed
in epace are
P =X+ 2w, — Y,
Q=Y+ rw, — 2w,
R =2+ yw: — 20,

The components of the translation, X, ¥o, Z, and of the rota-
tion, ws, wy, w,, are evidently independent of the coordinates of the
point m. Hence the components of the curl W of the veloecity
vector K are 2w, 2w, and 2w,. That is the curl of the velocity of
the point m is twice the angular veloeity of the point m about the
instantaneous axis of rotation. It was this fact which gave rise
to the term curl which is due to Maxwell. Clifford called it the
spin.

82. The Vector and Its Curl Are Orthogonal.—The moment
of a vector is perpendicular to the vector itself, and the velocity
of a particle of a rigid body, in so far as that velocity is due to
spin, is perpendicular to the instantancous axis of rotation. If,
however, the translation of the body is taken into account, the
veloecity of a particle and its curl are not mutually perpendicular
in general.

The orthogonality of a vector and its curl has an important
interpretation in analysis which can be stated as follows:

Theorem.—A necessary and sufficient condition thaf the expression
Pdz + Qdy + Rdz admils an inlegrating factor is that the vector K
(P, Q, B) and its curl W are mutually perpendicular to each other.
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The analytic condition for the orthogonality of a vector K,
which has the components P, Q, and R, and its curl W, Eq. (80.3),

aR _ aQ 0P 3R ﬂ_g‘)_
P(a; az)“'"g('ﬁi'h?)"'Rax )= O

If the differential expression Pdr 4+ @Qdy + Rdz admits an
integrating factor ¢(z, v, £), so that

Y(Pdz 4+ Qdy + Rdz) = dU, (2)
and therefore 0
all alr d
\FPEE! ﬁr@':ar YR -Ta-;: (3)

the function y must satisfy certain differential equations. If
the first of Eqs. (3) is differentiated with respect to y and the
gecond with respect to z, the two right members are equal, and
therefore the two left members are equal. In this way, and by

cyclical permutations of the letters, it is found that ¢ must
satisfy the three equations

d y dP  aQ
P - o= -2

dy ax
o _ piv _ _ [0 R\
%~ Fay = N oy @

o _ i _ ~¢(@—@)-
dz az ax dz ) |
If the first of Eqs. (4) is multiplied by E, the second by
P, and the third by Q, and the three equations are then added,
Eq. (1) results. Hence, the orthogonality of the vector K
and its curl W is & necessary condition for the existence of an
integrating factor. In order to show that it is also sufficient it is
necessary to show that if Eq. (1) holds, Eqs. (4) admit a solution.
Without diminishing the generality of the proof it can be
assumed that B is equal to —1, if it is not zero identically;
for Eq. (2) can equally well be written

{—¢R}(_iﬁd:+ -_%dy - ds) = dU,

and then by obvious changes in the notation R would be equal
to —1. For this value of R, Eq. (1) becomes

aP ) aQ aP
G Pa~a ®)
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and Egs. (4) reduces to the two independent equations
fi 1

Y L)
a ﬂ aQ _
ay T, t¥3, =0

By changing the wvariables and taking dy/y = —dp, these
equations are somewhat simplified and beeome

ap + P ﬂP
Bs Elz 8
'5"" e rqle -2 @
Bz Bz

This is a system of two partial differential equations with
three independent variables, and since, by virtue of Eq. (5),

o) _ (2 4 pa)(2 4 o2
ﬂy+ Qas ( Pas) (E—F_Péz (ay + Qaz)

th_g gystem is complete. Furthermore, since

5+ ea)ar) - (& +22)(32

the system is consistant. The solution of Egs. (8), therefore,
consists of a particular integral plus the general integral of the
homogeneous equations.?

In the particular case in which

E - % 0, Q)
Eq. (5) shows that 20
a_z-- = 5J (S.J

and the curl W vanishes identically. Equations (6) admit the
obvious solution ¢ = const., and the differential expression
Pdr + Qdy + Rdz = dU is exact. Conversely, if it is exact, ¢
is a constant, Eqs. (7) and (8) are satisfied, and the curl vanishes.
Hence the additional theorem:

Theorem.—A necessary and sufficient condition that the differen-
tial expression Pdz + Qdy + Rdz be ezact is that the curl of the
vector K shall vanish identically,

'Govmrsar, E, “Legons sur lintégration des équations aux dérivées
partielles du premier ordre,” p. 88.
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B3. Condition That a Line Integral Shall be Independent of the
Path of Integration.—Let 4 and B be any two points in the region
R in which the vector K and its first derivatives are continuous.
Join the two points by any eurve ; which lies wholly within B
and let I, be the integral

I = [['(Pdz + Qdy + Cd2) = ["Kds

taken along the curve (5. Join the two points 4 and B by a
second curve (s, and let Is be the same integral
from A to B taken along the curve Cs (Fig. 43).
If the value of the integral is independent of
the path, I, = I, and

r=rl-r==£w¢+Qdy+Rd=}-ﬂ,

where L is the cireuit from A to B along € and
back from B to A along Cs. If, further, the area
8 bounded by this eircuit lies wholly within K,
g0 that K and its first derivatives are everywhere continuous,
Stokes’ theorem (Eq. (80.2)) gives

- [ - o e

By hypothesis, A and B are any two points in R and therefore L
is any closed circuit. Hence I = 0 on every surface S which is
bounded by a closed circuit which lies wholly within B. Evi-
dently then the coefficients of «, 8, and v in I must each be zero,

for if they were not, and if, say, :Q gi # (, a plane surface S

for which « = 8 = 0, ¥ = 41 could be taken and a circuit L

sufficiently small that EE - g‘: would everywhere have the

same sign, and the integral I would not be zero. As this would
eontradict the hypothesis, it follows that

R _ 4Q _ P AR _ 8Q 4P -0

dy dz ! dz axr '  dx E !

everywhere within R, and therefore the curl of the vector K

vanishes identically. This is merely another way of saying that
Pdx + Qdy + Rdz = dU

is an exact differential (Sec. 82).

A
Fro. 43.
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84. Condition That a Surface Integral Shall Depend upon the
Contour Only.—A question which is analogous to that of the
preceeding section is the following: Under what conditions is a
surface integral dependent upon the bounding contour only and
not at all dependent upon the particular surface which passes
through the contour?

Suppose there is given & vector W with the components F, G,
and H, which together with their first derivatives are continuous
within a certain domain E. Let L be any closed contour lying
wholly within R, and S any continuous surface which passes
through and is bounded by L. If &, 8, v are the direction cosines
of the normal to S, the integral

I-IEaF+ﬂG+THde=fW-dW
8 5

is the flux of W across 8. The question is: What condition
must be gatisfied by W in order that the flux across S shall depend
upon L but shall be the same for every S which is bounded by L.

Let 8, and 8; be two such surfaces across which the flux is
the same. If a positive direction along the contour is defined,
the positive sides of these surfaces also are defined and the normals
are assumed to Be directed from the positive side of the surfaces.
Let I, be the flux across 8, and I's be the flux across 8. So that
I, = I,. The surfaces S; and S: bound a eertain volume. Let
the normals on one of the surfaces be reversed, thus reversing the
gign of the flux across that surface, so that the normals are every-
where directed outward from the enclosed volume. The condi-
tion Iy = I; then becomes

:==f (aF + 86 + vH)dw = Wedo =0, (1)
Si+8a

S48
and this condition holds by hypothesis for every contour L
which lies within E. This is the same as saying that Fq. (1)
holds for every elosed surface in I2.

By Eq. (56.2) the integral I, is th'.‘: same a8 the integral

f("F 9 AN, _ o, @)

Since Eq. (2) holds for cw.‘r_v bouudr:d volume which lies wholly
in R it is evident that

aF &G ol
dx +§~y' t9: =0
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everywhere in B. That is to say, the divergence of the vector
W vanishes identically. Hence the theorem follows:

Theorem.—A necessary and sufficient condition that the infegral
[ (o + 6 + 220 )
8

taken over any bounded portion of a surface shall depend only
upeon the bounding contour is that the divergence of the vector W
shall vanish identically.

1f the integral Eq. (3) depends only on the contour L it should
be possible to reduce the surface integral to a line integral. In
order to show how this is done, the following theorem is useful:

Theorem.—If the divergence of a given vector W(F, G, H)
is zero, there exist infinitely many vectors K(P, Q, R) for which W
1s the curl.

That is to say, if the three funetions F, G, and H are given,
and if
&F + aG + EI'H (4)

there exist infinitely many tnplea of functions P, @, and R such
that

dik @ aF
a-a)-r G-%)% (G-)-"©

It will be shown first that there exist solutions of Eqs. (5) for

which B = 0. Assuming that R is zero identically, Eqs. (5)
become

aQ aP iQ aP _
EE_’:-F: 'E;"Gr _"EF"— . (6)

The second of Eqs. (6) gives

P= J"G(z, y, 2)dz,
and the first gives "
Q= [y, 9 + 562, 0),
where f is, at the moment, an arbitrary function of z and y. The
third of Eqs. (8) now requires that

=/ aF
(e
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or, in view of Eq. (4),

af ol

Y. f s =B,
which is the same as

d
a_i = H(z, y, %),

and therefore
f=fﬂmmmh
Za

Eqs. (5) therefore, are satisfied by the funetions
fn-fmeﬂﬁ.Q=f%hmmu—f?mmﬂm,m-a

Now let P, @, and E be any triple of functions which satisfies
Eqggs. (5), and let

Py =P - P, Q:=Q — Qy, R; = R — R,
The substitution of these expressions in Eqs. (5) gives

By e ' 8z oz ' e ay ’
therefore, if U(z, y, 2) is an arbitrary function of z, y, and 2,
all atr _aUu
Pl“ﬁ;’ Q“__‘Et Rn——é;
Hence, any solution of Eqs. (5) can be written
all alr
P-P1+E= Q=Q1+-&'Er R‘—“Rl"!‘%gl

where U is some function of z, y, and 2, and this establishes the
theorem.

The integral
J' (oF + BG + vH)de

5
can now be written

IR _9Q\ , ,(9P _9R\ . (Q _oP
_L[ oy az) T ﬁ(as ﬂz) T "’(a; aD ]d""
and, by Stokes’ theorem, this is equal to the line integral
j (Pdz + Qdy + Rdz)
L
taken around the bounding contour L.
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It is easy to sce that this integral is independent of U, since

au, , U, , au,\ _

Problems

1L Ifr = 4/2% + y* + 2% is measured from a point O, which may be either
inside or outside of a closed surface 8, the volume which is enclosed by S

ig given by the formula
1 art
W].. = E.'; Hdﬂ.

2. Show that the exhaustion of potential energy of a homogeneous oblate
spheroid for which a is the equatorial radius and e the eccentricity of &
meridian section, is

W o= Spa Misint e
i a e

8. Ii M is the maximum value of the harmonic function ¥ on the closed
surface &, and m is its minimum, show that within S

m=V 3 M

4. Starting with Laplace’s equations in rectangular coordinates, derive
the corresponding equation for polar coordinates,



CHAPTER IV
THE ATTRACTIONS OF SURFACES AND LINES

86. The Occasion for Their Study.—In the domain of electrie-
ity it is found that an electrically charged conductor in electrical
equilibrium acts as though the surface were covered with an
infinitely thin layer of electricity which attracts or repels accord-
ing to the law of the inverse squares, and this leads to a considera-
tion of the properties of such surfaces. By the term electrical
density of such a surface is meant the amount of electricity per
unit area. In the sense of volumes the density is infinite sinee
the thickness is taken to be zero.

But quite apart from the occurrence of such surfaces in nature,
the concept is very useful even as a mathematical fiction, as
was seen in the discussion of Sec. 61.

It is evident from the definition that the potential funetion
exists at all points which are not in the given surface, and the
derivatives of the potential functions at all such points repre-
sent the components of the attracting or repelling force. It
iz further evident that the potential function and its derivatives
are continuous at all points which do not lie in the surface. It is
proposed to study, in the present chapter, the values of the poten-
tial and its derivatives in the neighborhood of the surface itself.
It will be found that the potential of the attracted point is con-
tinuous along & line that pierces the surface, but that the normal
component of the attraction has an abrupt discontinuity of
4rr as the attracted point passes through the surface at an ordi-
nary point, s being the density of the surface at the point where
it is pierced.

ATTRACTION OF SURFACES

86. A Uniform Disk.—In See. 30 it was found that the potential
of a uniform disk of radius a and density ¢ at any point p on the
axis of the disk (which will be taken as the z-axis of a coordinate
system), and the z-component of the attraction at the point p
are given by the formulas

153
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The potential is continuous along the normal, but Z is discon-
tinuous as the point p passes through the disk.

It will be interesting to examine the component of attraction
which lies in the plane of the disk. The natural reply to such
an enquiry is that this component is zero from symmetry, but
the enquiry is worthy of a closer examination. In Fig. 44, let
C'; with its center at O, be a uniform disk of density ¢. With
any other point 0, as a center, draw a cirele (4 tangent externally
to Cs. Then draw any small eircle 'y with 0, as a center, and

& last circle C'; tangent externally to ', with the radius rs, such
that the proportion

T _ r _

e T8
holds, where r, is the radius of the circle ;. The circles Cs
and Cy are in perspective with respect to the point O,; for, if
any straight line be drawn through the point O, and the distances
from O, to the points of intersections of this line with the circles
Cs and Cy are p; and p,, then it is true that

Py _ T2
Py Ty
Since the circles C; and C; are concentrie, it is evident that they
also are in perspective with the same ratio of perspectivity o
If C; and C, be kept fixed but « is diminished, the circles C; and
C: diminish in size and for & = 0 reduce to the point O, itself.
The perspectivity relationship holds, however small a may be.
Now imagine the disk, which is bounded by the Cirecle Ca, ia
removed from the disk C;. The attraction of the remaining
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portion of the disk C'; upon the point 0,, which will be denoted
by Ay, is well defined, since O, is not a point of the attracting
surface. If the attraction of the entire disk C; upon the point
01, which is a point of Cj, is to have a meaning, then, this attrac-
tion will be the limit of 4., as « diminishes. That is

Ay =lim A, .,

Now
Acgeg = Acyey — Acyoyy
and
Ay, = 0,
by virtue of symmetry. Hence
Aiymey = —Acyey.

Sinee the crescent-moon shaped figures €y — 3 and €, — O,
are in perspective with respeet to the point O, their attractions
on the point O, are equal (Theorem II, Bec. 10).

Therefore

Agey = —Aeeye
But the attraction of €'y — C; is independent of «and remains
constant as ¢ diminishes. Henee

lim Aepey = Aoy = — Ay

The attraction of €'y — €3 on 0, is not zero, for a cirele Cs of the
same radius as €, can be drawn which divides the area Oy — C;
into two portions, one of which is symmetrical with respect to
the point 0, and the other lies entirely on one side of a line
through 0,

Since the radius of C, is entirely arbitrary, and the direction
of its center also, it follows that A.,., is arbitrary both as to
magnitude and direction. Consequently, the atfraction of a
uniform disk upon ifs cender does not have a definite sense.

87. An Infinite Homogeneous Universe.—An analogous situa-
tion arises with respect to the resultant attraction of an infinite
homogeneous universe upon one of its own particles.

In Fig. 45, let P be any particle, and O any point chosen
arbitrarily. About O as a center describe a sphere of radius OP,
If this sphere is filled with matter of density o, the gravitational
foree acting at the point P toward the point O is (See. 13),

4 =
F= EWPG'
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Now let a larger sphere of radius 0Q be described about the
point O and the shell PQ be filled with matter of density . The
resultant attraction of this shell upon the point P is zero (See. 11).
Henee the resultant attraction of the sphere @ upon the point P
is proportional to PO, however large 0Q may be. Passing to the
limit, the attraction of an infinite homogeneous universe upon
the point P is

. —
F= iﬂP{},

But PO is arbitrary, both as to magnitude and direction.

Fia. 45.

Neumann concluded from this that the postulate that the
universe is infinite and essentially homogeneous is in conflict
with the law of gravitation, but it is clear that this conclusion
rests upon still another postulate, namely, that every physical
situation is uniquely defined, or that nature is never ambiguous—
8 postulate that, doubtless, will readily be granted. Quite
likely, the law of gravitation is only a remarkably close approxi-
mation and that it fails at sufficiently great distances.

The same remark ean be made with respect to a distribution
of electricity upon the surface of a conductor. In a domain which
is of the order of magnitude of the electrons, it is not legitimate
to regard the distribution as a surface distribution. The approxi-
mation fails in & domain sufficiently small.
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88. Proper and Improper Integrals.—If f(x) is a function of
z which is continuous in the interval @ = x = b, the integral

b
J; f@)dz W

has a perfectly definite sense, and iz called a proper integral.
If, however, f(z) is infinite at one or more points of the interval,
the integral considered as the limit of a sum does not immediately
have a sense. BSuppose, for example, f{a) is infinite, but that
elsewhere in the interval f(z) is continuous. If ¢ is any small
positive quantity, the integral

b
f )iz @)
ata

has a sense, however small ¢ may be. If the limit of Eq. (2)
a3 e tends towards zero is finite, this limiting value is defined to be
the meaning of Eq. (1), and the integral is said to be improper.
In analogy with the theory of infinite series it is convenient to
say that the integral Eq. (1) is convergent if the limit of Eq. (2)
exists, and that it is divergent if the limit of Eq. (2) does not
exizt, as will be the case when the value of Eq. (2) increases
indefinitely as e decreascs, or even oscillates indefinitely between
finite limits.

Stmple Integrals—Suppose there exists a number § such that
fasz st

@) < g 2w
where M and a are two fixed positive numbers. Then
[ 1@z = [ s@raz + [ siaras,
@ s JE
and ) . ,
. M .
J“ [f(z)|dz {J; ‘E‘—___ EFdz +J; |f(x)de.

The last integral is a proper integral and has a finite value L.
Hence

T | b — -
[ szl s [ |z < M[-(E—_—“}l - --F--'-—] + L.
[aate i st | l-a
If a <1, itisevident that
b |
: | (£ —a)i==
}l_n; +:f{2:}d.*::.l-c‘.‘. M 1= + L,
and the given integral is convergent.
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If, on the other hand, in the same interval, a = ¢ = £,

[f)| > {?i‘r_u]i

where N and B are two fixed positive numbers, the integral
£ | N

- [
& e

3
> | -

£ | (¢ —a)-s &2

u+iﬁﬂd¢|}ﬁ[l“ﬂ _l_ﬁ]

If B >1, it is evident that no limit exists and the integral is
divergent.

Double Integrals —Suppose f(z, y) is & continuous function of
z and y in and on the boundary of a certain area S, The integral

fj;ffz. )dzdy

has a definite sense and is a proper
integral. But if at some point O of
the area f(x, y) becomes infinite
the integral has no sense directly;
it is necessary to give it one.

In Fig. 46, let S, the area of
integration, be bounded by the
closed curve L, and let O be a point at which f(z, y) becomes
infinite, For simplicity it will be assumed that there is but one
such point. Around the point O describe a small closed curve

C, and let the symanJ‘J indicate the double integral over
L=-¢

the area which lies between the curves L and C. Then the
integral

L
| flx)dx

lafatu
and therefore

Fig. 46.

f Iz, y)dzdy @)
L—-C

iz a proper integral, and it has a certain value V. If ¥V has a
definite finite limit when the curve C shrinks down upon the point
0, independent of the shape of the curves through which C
shrinks, then the limit of V iz defined to be the value of the inte-
gral Eq. (3), and the integral iz convergent. If, however, no
limit exists the integral is divergent.
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Suppose, at first, that it is possible to draw a fixed cirele Cy
of radius r, with the point O as a center (Fig. 47) inside of which
flz, y) is everywhere of the same sign, say positive; and that
there exist two positive numbers M and o guch that everywhere
inside of Cy

1z 9) < 7o

where r is the distance of the point z, y, from 0. Draw asecond
cirele (s with O as a center and radius re < ry. Then, if the
integral over 3 has any sense, it is

[ [ty = [ f,_ gtz vraaas

+ limf fc,- cff{x' y)dzdy. (4)

Fia. 47.

The first integral in the right member has a definite value. As
for the second

[, gt < J oo

f J;'.-c.ﬂx' y)dzdy < Q'E_ﬂ%[n*—ﬁ ~ r,i—-]_

If « < 2, this expression has a finite limiting value. Any other
contour (' can be enclosed between two cireles Cy' and C2' (not
drawn in the figure) with centers at O. Then

[N NP

and since the two extreme integrals have the same limit the
central one has the same limit also. It follows, therefore, that
if @ < 2, the integral Eq. (4) is convergent.

or
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In a similar manner, it is proved that if f(z, y) is positive
everywhere within C,, if there exist two positive numbers M
and 2 such that

1o 9) > 5

and if 8 > 2, then the integral Eq. (4) is divergent.

If there does not exist a cirele (', with O as a center inside
of which f(z, y) has everywhere the same sign, it may still be
true that there exists a circle €, and two positive numbers M
and a (a < 2) such that everywhere inside of €

fa 4] < 2

If these conditions are satisfied, the integral

JJooe

is convergent, and the integral

.[.[:._a‘ﬂ:’ y)dzdy < ‘[J;I_ﬂlﬂz, y}‘dz

is absolutely convergent. The preceeding argument shows that if
an integral is absolutely convergent, the limiting value is entirely
independent of the forms of the curves ' by means of which the
limit is approached, and the order of the integrations can be
interchanged if desired.

These results can be extended readily to multiple integrals of
higher order, the value of « increasing by unity for each increase
in the order of the multiplicity. Thus, for triple integrals, the
integral is convergent if & < 3, and &0 on.

As an application of these ideas consider the value of the poten-
tial of a plane area S, for which the density function is o, at a

point O of the area itself. Let O be taken as the origin of a
system of coordinates. Then

- o

If o is continuous throughout S, & small eircle ean be drawn about
the origin inside of which the maximum wvalue of |¢| < M. The
value of «is 1, and, sinee this is less than 2, the integral is conver-

gent. The potential, therefore, has a definite value at each
point of the area S.

flz, y) dzdy
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Consider a component of attraction at a point inside the
attracting volume. If the point under consideration is taken as

the origin,
)

If, in a small sphere of radius p about the origin, the maximum
value of |¢ is M, then, since |z| < r and

o] M
5| <
the integral iz convergent, for « = 2, which is less than three.
The component of attraction has a definite value.

89. Semi-convergent Integrals.—A series of numbers may
converge without being absolutely convergent. For example

1,1 1 1 1
l=a%3-gts-st (a)

converges, and its value is the log 2. But the series
1,1 ,1 1 1
1+§+E+Z+-€;+E+ cee
diverges. Buch a series (a) is semi-convergent, and the limit
depends upon the order in which the terms are taken.
Example of a Simple Integral —In a similar manner, an integral

may be convergent without being absolutely convergent, For
example, consider the integral

= [ e 2 - 5

where ¢ and & are two small positive quantities which bound

off the origin, and +/z? is always positive. It is easily verified
that

and its value depends upon the manner in which the interval
ez shrinks to zero. Suppose )\ is any given constant, and

_ .t
o L
then
L1,
€] Eg
for all values of ¢;. Therefore
I =H,

which is arbitrary.
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The integral of the modulus, however,

+1
Jog =)= =
diverges,

Double Integral—Consider the double integral

ffw;;m“

where
0<§<a,
0<qn<h
Bince
a! _ J y? —_ 3:
— 1
dray tan ) 2 + ¢ y'}'

the value of this integral is

which is perfectly definite if the values of the angle are limited to
the first quadrant.

(1]

0,0 TED

0 iE
a0

Es
Fra. 48,

In order to evaluate the integral for both lower limits equal to
zero, let the origin be bounded off by a small rectangle of sides £

and g, Fig. 48. The integral over the remainder of the rectangle,
of which the sides are a and b, is

tan—1 E — tan—t .
i £

The limit of this expression as the point {, n approaches the
origin, depends upon the direction of approach, for this expression
represents the angle between the diagonal of the rectangle ab and

the diagonal of the rectangle 7. The integral converges, but it
i semi-convergent.
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It will be observed that

v =2t
[III + yl}!
go that o = 2.

Triple Integral —It is desired to compute the attraction of an
infinite, homogeneous universe on a given point. Let the
axes be chosen so that the given point is at the origin. With the
point (—§&, 0, 0) as a center describe a sphere of radius r > &
The center of this sphere is
arbitrary, and therefore the
series of bounding spheres (r
inereasing) is arbitrary. If the
origin is moved to the center
of the sphere and if the density v
is taken equal to unity, the 0_/
integral is

I-= fffr‘f—;'-,-fmydg,

If a plane is passed through
the attracted point perpen-
dieular to the r-axis it will sep-
arate the sphere into two parts,
Fig.49. In the segment of the sphere to the right of this plane
z — tis positive; in the segment to the left it is negative. The
integral will be taken over the two segments separately, the one
to the right, for which z — £ > 0, being taken first.

Since
z—§_ ﬂﬁ.(_l.)
g  dx\p/'

=(@z—-§8'+y+ 2
the integration with respect to z gives (Eq. (35.4))

n T Ao

= V}y! + &, E = .\II{'V;T:.- {y=_+-_22} -4+ 4+ 2tl
are the two values of p where the elementary column for which
y and z are constants pierces the surface of the segment.

Fio. 49,

where

in which
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For the first integral,

A Fi= g1
[ e
']
as is found by setting
3y = Rocos 2 = Rysin .
The second integral also is easily evaluated by taking

= CEETT

AF oo8s ¥,
g = ,J Lﬁl_i%uﬂ! gin #’,,

in which B and  are the independent variables. The ratio
between the differential products dydz and dRdy is the jacobian'
of y and 2 with respect to B and . That is

dy dy
o = 8 ¥
EI_Z ai’ ]
or
dyds = 55(r* + & — RY)RdRaY.
Hence -
Nyt
I
3;‘,1{ VvVt — Bt + 28) — (r¥ — Eﬁ}
and

ne | [ [

F
afg{{r 3} {Tl - E’}i}'
The integral over the other segment is obtained from I, by

changing { info —¢ and then reversing the sign of the entire
expression. That is

)
I = %{—{r‘ +8) + (- z*ﬁ}v
The sum of these two integrals is

I=1+1I = —dr¢

which is arbitrary, since £ is arbitrary, and it is independent of r.
! Goureat-HEpRIcK, *‘Mathematical Analysis,” p. 266,
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From the manner in which the integration has been carried
out, it is seen that

Tu = ffﬁ"fajitdydz “IL -1,
4

A Iy -y~ Qg

For large values of r the value is approximately

Ir = 2‘]‘?",

which increases as r increases. The integral of the modulus,
therefore, is divergent, and the integral I is semi-convergent.

90. The Potential at a Point of the Surface.—In Seec. 88,
it was proved that the potential of a plane surface has a definite
value at each point of the surface itself. It is desired to extend
this result to curved surfaces.

Let O be an ordinary point on the surface S, that is a point at
which the surface has a definite tangent plane. Draw the normal
and the tangent plane at @), and then eut the surface S into two
portions by a cylinder whose axis is the normal and whose
radius is . Let S; be the small curved disk which is cut out of
8 and which contains the point 0, and let S, be the remainder of
the surface. The potential of S: on the point O is perfectly
definite, since @ is not a point of S;. There remains for considera-
tion only the disk &, the potential of which is

v, -_-f'fda,
8P

where de is an element of the surface S, and ¢, which is a continu-
ous function of its position, is
its density.

Let P, be the point of the
surface at which dw is located
(Fig. 50), let ¢ be angle which
the normal at P, makes with
the normal at 0, P be the pro- Fia. 50.
jection of P, on the tangent plane, and rdrd? be the projection
of the element dw upon the tangent plane.

Then

dw = r sec ¢ drdé,
OP =r, OF, = p, p = rsecy,
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if ¢ is the angle between p and r. Hence V', can be written

& 2r
V, = J; J; a:E :drdﬂ. (1

Since at the limit, ¢ = ¢ = O, the modulus of the ratio
sec ¢/ sec | has a maximum value M on S,, and so also has oa maxi-
mum Z, if § is sufficiently
small. Hence V, is a proper
integral and its value is less

than 2=M E5.

5 Equation (1) still holds at a
conical point of revolution of
the surface provided the plane,
instead of being tangent, is
perpendicular to the axis of

|

revolution at the eonical point,

¢ is the angle which the nor-

mal makes with the axis of

revolution, and ¢ is the angle

Fio. 5L which p makes with the nor-

mal plane (Fig. 51). Suppose

the axis of revolution is taken as the z-axis, and the normal plane

is taken as the zy-plane. Buppose further that the generating
curve is sufficiently represented by the equation

z = ar'tl, -1<s=0,

where

r=/z' + ¢t
Then

sec ¢ = /1 + o(s + 1)7r%, sec ¥ = /1 + afr®,

Since s is negative, the limit of the ratio is

im (€S ¢ _
hmmecl}r 148 <1,

Therefore, if # is continuous on 8,, the value of V, is perfectly
well defined, no matter how sharp the conical point may be.
If s = 0, the cone is an ordinary right cireular cone.

91. The Potential is Continuous across the Surface.—Let
S be the given surface, and O an ordinary point of S. Draw
the normal and the tangent plane at 0, and any line L which
pierces the surface at 0. Let O, be any point on L near 0. Tt
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will be shown that the value of the potential of S at 0, varies
continuously as the point 0, passes through the point 0.

As in the preceding section, let the surface S be divided into
two parts by a cylinder of radius §, the axis of the eylinder coin-
ciding with the normal at 0. Let S, be the disk cut out of S
by the eylinder, and let S; be the remainder of the surface, The
value of the potential at 0; due to the surface 3. iz continuous
in the neighborhood of O, since O does not lie in 8,. That is to
say, if 00, = 1, if U, and U, are the potentials of S; at O and 0,
respectively and if e is any
pogitive number given in ad-
vance, the lengthl can be taken
20 amall that

| 1
iUﬂ - Ulll < 'E‘!:
however small § may be.

Let Fig. 52 represent S, and Fie. 52.
let ¥y and Vy be the values of the potential of S, at the points O
and O; respectively. Then

s, [eds
&P &P

If r, 8, ¢, and ¢ have the same significance as in Bec. 90, these
integrals can be written

& Ml & 2w
3 zec ¢ _ p sec ¢
Vo= ..[: J; sec 940 Vs ..[1 J; pr s ¢
nd

al

Vo=

Vo < 2rM Zs.

In the triangle @00, let the angles at O and 0, be denoted by
a and e;. Then, from the law of sines,

P gin @y
[ sin e
If « is the angle which I makes with the normal, the limiting

value of the angle « as the point ( approaches the point O lies

between ; — 4 and ; + %, and the limiting value of sin « is

not zero. Let the maximum wvalue of the modulus on S; be

|sin u.|

= = N.
| BN @ .
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This will exist if § is not too large, however small | may be, and
V< 2rMNZ5.
Consequently & can be taken so small that

Vo— Vil < 2eM(N +1)26 < %f
|

From this it follows that if W;and W, are the values of the poten-
tial at O and O, respectively, due to the entire surface S

Wo— Wi <|Us=Uy|+Vo— Vi <g
which proves that the potential is continuous across the surface.
The argument holds, also, for the conical points considered

in See. 90, provided the line L does not coincide with axis of the
cone,

92. The Normal Component of the Attraction is Discontinuous
across the Surface.—If the point O of the surface S is taken as
the origin of a system of rectangular coordinates with the tangen-
tial plane as the Eg-plane. the equation of the surface can be
written

= anf? + agem®+ - - -, (1
assuming that the surface is analytic. Or, if
E=rcosd, 7 = r &in 8,
the equation is
t = r*(as cos? @ + apz sin? ) + 73 - - - ),

the important point being that

im |5

Pflu ‘r’l
is finite.

Since the point O is not a part of the surface S;, the normal
component of the attraction of S; is eontinuous at O, so that it

is necessary to consider only the surface S,. At the point
0.(z, y, £) the z-component of the attraction is

Z = f £ =2 vdo,
S PL

It will be shown that, if ¢ = 0 at O, the limit of this expression
for z = 0 is not zero, assuming that the point O moves along
the line L, Fig. 52, and that the limit for z positive is different
from the limit for z negative.
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The expression for Z can be written as the difference of the

two integrals
L = Lzurdm J- “nd-w
SiPL EN IS

Consider the first intagra.l Z;, which can be written

7, = s r:rdﬁ:
$|PI Pl

sec ¢
f f risec? § -P(p :) secy 7'

If the maximum values of the moduli of ¢/r? and p*/p,* on S; are
A and R, then
|Z:| < 2rAM ZRS,

if the notation of Sec. 90 is preserved. As this expression
vanishes with §, the value of Z, is continuous across the surface.

There remains the integral

Ll
F-{ P],"
Let #; be the value of ¢ at the point O, and consider the integral

1
Z, = J;.Pi:\\'(a - ﬂ'n}dﬂ = Sjr;:i(;—li)[ﬁ — ru}dﬁl.

The ratio

Z = —

rd_ -zt -yt
2 E—2+ -+ (@ -2
for a given value of [, is a maximum or a minimum for all values
of { and 4, if § = z and ¢ = y, according as
2 >
T=o< +1.
For, if the same quantity is added to the numerator and denomina-
tor of a fraction the value of the fraction is increased if its value
is less than unity and decreased if it is greater than unity. Hence,
wherever the point £, 5, [ may be on §,, the value of the ratio
ri?/m? lies between +1 and 2%/(F — 2)2
If the direction cosines of the line I are a, 8, and v, the values
of the coordinates of the point O, are
z = la, y = I8, z = ly;
also, E=rcos#, n = r gin 8,
g‘- - f’{a‘:nﬁﬁﬁ’ﬂ + a“ﬂn:g} + = = =
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If t = zand g = y, then r? = [%?, where s = a* + 52 =1 — 7%,
and
2 [yt ,
Gt —2° [y —DP(acscos®d + apsin®d) + - - -
which has the limiting value +1 for I = 0. Hence, the ratio

712/ ps? converges uniformly to 41 as the value of z diminishes.
For 2 sufficiently small then, essentially,

Z; = _[5.?' ;{ﬂ' — -:rq:llin.'

If M is the maximum wvalue of the derivative of ¢ with respect
to r on 8;, then it is true that

le — od| < Mr,

Z, < dw M_f daf _d

r1’=2‘+r’—2hrma(ﬂ—ﬂu}+l’x'}

and

where

(2)

and 8, is the angle between the f-axis and the projection of L
on the fy-plane. Since it makes no difference in the result
and it simplifies the notation, # — 6; will be replaced by 6. The
integration with respect to r then gives

ar( (2 cos® 6 — 1)5 — lk cos 0
Ml 7
25 M | {r:l-fmww:*—ﬂmmﬂﬂ’
K cos @
+1-—-:’noa’ﬁ‘
VI —2kbcos+ 82+ 65— lkeos § } [
+ log 1l —kcosé IUEE -

The terms in the integrand which depend upon # are finite for all
values of # and in numerical value are less than
M, = (262 4 1)6 + Ix K

(1—=e/E =26 +8 1-—x

P2 +8"+ 8 — I
‘_IOEVIF "11x+

= [* — Blxr cos (§ — B) + 2,

Therefore
Zy < 2x MMyl — 2eM~yllog |,
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which vanishes with L It follows then that the integral Zs
is continuous across the surface.
There remains, finally, for consideration the integral

duw - b erdr
R - N

On replacing the value of z = +14/1 — «* and performing the
integration with respect to 1, it is found that

bl Gxcos 6 — 1
Z, = 1-« 86 — B
o= ke J; [il — «* cos? 0)4/I* — 2clécos b + &

1
Rl g a]'”’

and it is the limit of this integral for | = 0 that is desired. TFor
fixed values of x and §, however, this is a proper integral, and
therefore the limit of the integral is the integral of the limit of
the integrand; that is the order of the processes can be changed.

Hence
. ™14 kcosh
lim Z, = toe/1 — & X T = % cos® 697

=0 . d
—( b
= N ——
iﬂ'ﬂ'\-"’]- K J; T —rcosé 4+ 2xeo,

the positive or negative sign to be taken according as the approach
to the surface is made from the negative or from the positive
gide.

The discontinuity in the normal component of the attraction
as the attracted point passes through the surface is the difference
between these two limiting values, or 4xoq, where o is the value
of the density at the point of passage.

93. The Tangential Components of the Attraction Are Con-
tinuous.—The z-component of the attraction of the surface Si,
which is the only part of the surface that need be considered, is

— 3
x = [ £ Z0da = J' 3 g(te vds.
5 P &, T 31

As in Sec. 92, the ratio ri?/p’ converges uniformly to +1 as the
point 0, approaches the point O along the line L. Henee, for a
given 5, there exists an & which vanishes with [, such that

LE;IZ:I’{IW = (1 -+ E}J; g;:_xddm,
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provided this last integral is finite, and therefore

lim X = lim | %% cdw.
f=i =0 J% "1

The integral f -E—;—_,—I-cdw represents the attraction of a plane
|

disk upon the point 0,, the density upon the plane disk being the
same at the point £, 5 as upon the surface S, at the point £, n, {.
The disk is, therefore, non-homogeneous. It is assumed however,

that the density is continuous and that there exists a positive
number M such that, on S,

o — ool < Mr.

Consider first the differenee between the attractions of the
non-homogeneous disk and the homogeneous disk of density o

(the density at the point 0), the two disks having the same
radius 5. Let

X = ‘L ¢ _szl{'cr — ro)du

T

v &
- J; § = 20 _ go)rdrds.

o Tl

It will be shown that this integral is eontinuous along the line
L in the neighborhood of the point

Sinee
rt = (§ =2+ (- )t 4+ 2,
it is evident that
E—=x
‘ =Pyt
Hence

ey
|Xi| < j f —5le — oo rdrds
0 Jomn

Ir ‘r’dr
< MJ; ds | —

o Tt
On substituting, Eq. (92.2),
r* = I* — 2lr cos 6 + 12,
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and then integrating with respeet to r, it is found that

or
X < Mf {5+ Ik cos 0 log (I* — 2Iké cos 6 + §%) —

u]

1(2¢ cos 6§ — 1) _ § — Ik cos @
2;‘ 'H 1 I —— —— t . —— e s e
cos 708 +Vl—x’m*ﬂ[m I4/1 — «? cos® §

f
tant——en e 1L s
V1 — «* cos? @
This is a proper integral, and remains so even for [ = 0. The
limit of the integral for I = 0 is therefore the same as the integral
of the limit of the integrand for [ = 0. Therefore
| X, < 2=M3,

and X, is continuous.

There remains still for consideration the limit of the z-com-
ponent of the attraction of the homogeneous disk on the point 0,
as | tends towards zero; that is

X; = lim EDJ- £ _z—zd,m
=0 5 TN
In Fig. 53, let C; be the cirele of radius § and center at O which
bounds the homogeneous disk. Let O, on the line L be the

Fre. 53.

attracted point. Drop a perpendieular from 0, to the plane of
the disk, intersecting the disk at the point p. Let the point ¢
lie in the line Op and the distance Og be twice the distance
Op = k. With ¢ as a center and a radius § draw a circle Cs.
The portion of the eircle C; which is cut out by the circle C; is
symmetric with respect to the point p. Therefore the z-com-
ponent of the attraction of this portion of the circle is zero, by
symmetry. The area A of the remainder of the disk (shaded
in the diagram) is equal to the diameter 2§ of the eircle C,
multiplied by the distance Og, or 2lx. Hence the area is

A = 4l
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With these preliminaries disposed of, it iz easily seen that
X, = lim ﬂf £ Zho,
4a T

[=0 1

. duw
| Xs| = %151"; ﬂ'u‘[‘w—_"&?
M kuﬁﬁ:
= ]il:nu B — )t
=1.

Hence, the limit of the z-component of the attraction of the
homogeneous disk upon the point 0, as the point Oy approaches
the point O, is zero, and for the original surface S, therefore,
this component of the attraction is continuous. The same
argument holds for the y-component which, also, is continuous.
It follows, therefore, that the tangential component of the
attraction of the original surface S upon the point O, is con-
tinnous as the point O, passes through the surface.

The results of Sec. 86 show that at the point O of the surface

the tangential component of the attraction does not have a
definite meaning.

and

94, Discontinuities in the Derivatives of Surface Potentials.—
Suppose there is given a surface S, on which there is a given
distribution of matter «, for which the potential is V(z, v, 2).
Buppose further that the straight line L pierces the surface S at
the point O at which the density is ¢y, and that O, is a point
on L near 0. If A and B are the tangential components of the
attraction and C is the normal component, the X-, ¥-, and
Z-components of the attraction are

av

E=I=unﬁ+a1ﬂ+oﬂ,
%- Y = f.4 + B,B + 8C,
alV

35 = Z =14 + 7B +1C,

where a«, 8, v are the direction cosines of the normal to S at O,
and ay, By 1) @, B, 2 are the direction cosines for the two
tangents at 0,

As the point O, passes through the point O the components A
and B vary in a continuous manner, but the component C has a
discontinuity of 4res, and therefore the derivatives of the poten-
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tial also have discontinuities. The numerical values of these
diseontinuities are
av av
BE - 4'!‘0'[}"3' a; = 4WW, {]:I
where, as already stated, «, §, v are the direction cosines of the
normal at the point 0.

If the line L makes an angle ¢ with the normal and [ is the

distance 0, the discontinuity in the directional derivative
8V /al is evidently

— = 4ropa,

dx

,?;I.' = 4oy co8 ¢.

Discontinuities n the Second Derivatives of a Volume Potential
ai the Surface.—Suppose B is a volume filled with matter of
density (£, %, {) and bounded by a surface S. The volume
density at the surface will be denoted by ao(¢, 9, ). In Sec. 61
it was shown that the first derivatives of the potential V can
be expressed as the sum of two potentials, one of which is a
volume potential for which the density is d¢/df and the other is
a surface potential, the surface density being sy multiplied by
a direction cosine. Thus, Eq. (61.3),"

aV dr dr adn
ox — Jgdk p s p o @)
the direction eosines of the normal being e, g, .

If it is assumed that the density ¢ admits second derivatives,
Eq. (2) can be differentiated again. The first integral, being a
volume potential, has first derivatives which are everywhere
continuous. The second integral, however, is a surface potential.
It has derivatives which are continuous everywhere except on
the surface itself. For Eq. (2) the numerical value of the jump
along the normal is 4ree,, and for dx positive is —drar, (Sec. 15).
Hence the finite jumps in the second derivatives of V, from Eq.
(2) and similar equations for aV/dy and 4V /dz, are

a*V a*V 'V

Fr —draga?, v vl —drofa, 3333 = —dreaye,
v a* v R atv

—_— = - —_— = — . —_— = =&
azay dreonf, T drauf?, 32 oyd,
v atv a*
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The discontinuity in the Laplacian is

av a8V | v

_a-.'.F: +a—y= + _E!i’_ = —41’0’#:

which is Poisson’s equation, although the proof here holds
only for the discontinuities at regular points of the surface.

Discontinuities in the Logarithmic Potentials of Attracting
Lines.—The results which have been obtained for attracting
surfaces and the Newtonian potential are also true for attracting
lines and the logarithmic potential. The change involves
merely a reduction of unity in the dimensions.

The potential itself is continuous across the attracting line;
the normal derivative has an abrupt discontinuity of 2ww,
if ¢ is the linear density of the line at the point of crossing; and
the tangential component is continuous.

95. Example.—A Non-homogeneous Disk.—The potential
of a uniform oblate spheroid, Eq. (39.2), at an exterior point is
2roa’c 1 + y — 227\ a? — ¢*
V=——1- ——— | sin™!
vat — c’( “2(ar =Y ) '\jaz +«
W“‘“ V‘+“ 1) — 2N
e b Ve Fox
where « satisfies the relation

gyt g
a* + & ek
If the polar axis of the spheroid ¢ is taken very small relative
to the equatorial radius and at the same time the density o is
increased in such a way as to keep the product ce = o, constant,

the spheroid is very nearly a disk with a surface density which is
proportional to the thickness of the spheroid, namely

o =201 - % @)

where p is the distance from the center, and at the limit, for e
equal to zero, it is exactly so. If z? 4 y? is replaced by r2, the
potential of a plane disk with the surface density (2) is the limit
of Eq. (1) for ec = o; and ¢ = 0, namely

V-ﬂmu(l - 513—253) sin~ - 3)
It \f}ﬂi:— + K |

8y

= 1
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where « is defined by the relation

rk 2t

a4+« + P

The derivatives of V with respect to 7 is the compaonent of the
attraction which is parallel to the plane of the disk, and the
derivative with respect to z is the component which iz normal to

it. Sinee differentiation with respeet to « is not necessary (See.
39), it is readily found that

=1 @

av _ Ve 1. a

ar = 2’”""(&? a Sn ‘Z?;'am)’

LA dre o2 1 gin—! 4 R} ®
9z (ﬂ Vat +x v‘&')

Now imaginc that the at-
tracted point approaches the
disk along a line L which
pierces the disk at the point z.,
Yo at a distance p from the cen-
ter, Fig. 54. Tor simplicity,
let the z-axis also pass through
this point. Then the para-
metrie equations of L are Fro. 54,

z=p+la, y=1I8 z2=I;
vt o= pt 4 2lpa 4 2 + 87).
The derivative of ¥V with respect to [ is

v _3Ver 3Vis
al  ar al dz al
3V poe + lat + 87) | 3V
=ar T
As [ tends towards zero, r tends towards p, and the coefficient of
d¥V /ar tends towards . Henee

im Y = lim [u‘%:f + —y‘”-r-}

and

im0 9l gm0 dz
As for &, it is the positive root of Eq. (4). If p < o and 2 tends
towards zero, « also tends towards zero in such a way that

PR
}‘E‘é:f;'*\f‘ & (©)
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but if p > a and z tends towards zero, « tends towards p* — @’
In order that L may pierce the disk, it is necessary that p should
be less than a, and therefore the limit of z/4/x is given by Eq.
(6).
Sinece the limit of « is zero, it is seen from Eq. (5) that

lim BY - ---r'!:rnr;

fmo O a
and from Eq. (6), that

LR PR 7
lim =2 = Fdrooy[1 - 5 (7

But, sinee the surface density « is given by the formula

[ ]
a-zn\/i-;%

av

=0

Eq. (7) ean be written

and therefore

av
lim 7 = —rr"aq; « F 2rov.

The diacontinuit_*,r is 4rey, which vanishes at the edge of the
disk, sinee the density « vanishes there,

For a similar reason if the attracted point approaches the
disk from the outside, say along the z-axis, the attraction remains
finite. The explicit formula is

_ Vai—a 1. _ a
X—Eww[ i~ g N Tl
sinee for points on the zr-axis, x = ? — g®. The limit of this
expression, for positive values of 1, as = tends towards ais —wloy,

which is remarkable in that it is independent of the radius of the
disk.

96. Discontinuities in the Second Derivatives of Surface
Potentials,—It will be found in Chap. VI that the discontinuities
in the first derivatives of the potentials of two-layer surfaces
depend upon the discontinuities of the second derivatives of the
potentials of simple layers. It is necessary, therefore, to examine
these discontinuities, The analysis which is set forth here
follows rather closely the argument given by Poincaré in the
sixth chapter of his “Théorie du Potentiel Newtonien, "
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The Potential of a Plane Surface.—Suppose the given surface
8 is plane and that it is bounded by a closed contour C. The
potential at any point P(z, y, 2) is then

Viz, y,2) = Lgdédm

where ¢ is the surface density and
p=A(z =8+ y—n)+ (-0~
It is assumed that ¢ and its first derivatives are continuous on

8, and that the second derivatives are finite. This potential is
an even function of the argument z; that is

Viz, y, +2) = V(z, y, —2).

T'he first derivative of V with respect to 2 is an odd funetion of
#; that is

EV{:I:,_y, +2) = _EV{Z, Uy —Z}__
dz dz !

and the second derivative is again an even function. This
means that if P(+z) and P(—z) tend towards coincidence at
some point of S, the potential V' and its second derivative 8°V /az?,
having the same values always at the two points P(+z) and
P(—z), tend toward the same limit, if a limit exists, and are
continuous across S, The first derivative 8V /dz, however, has
opposite signs, although numerically equal, at these two points.
The limits at the surface are, therefore, different, in general,
and the first derivative has a discontinuity in erossing the surface.
According to Sec. 92, this discontinuity is equal to 4wo, where
o is the density at the point of crossing.

The tangential derivatives, however, are continuous. For

example
av g1
Fr i fs E(E)  odtdn

T f s ﬂ%.(i) + odidn,

which gives, on integrating by parts,
av o do didn
=) % bl Sk
dx f cp ! + sdE p
The first of these integrals is the potential of a mass distribution
of linear density o on the contour C. It is evidently continuous
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everywhere except, perhaps, on the contour itself. The second
integral is the potential of a mass distribution on &8 for which the
surface density is de/d%, and this, too, is continuous across the
surface, by See. 81. Sinee the same argument holds for 8V /dy,
it is evident that the tangential derivative in any direction is
continuous everywhere except, perhaps, on the contour.

Since the integral J; is the potential of an attracting line,
all of its derivatives are continuous everywhere exeept on the

line (' itself. There iz no need to examine it further for dis-
continuities across S. But the derivative with respect to z of

the surface potential
J‘ 3 ddn
gdf p

has a discontinuity equal to —4rds/d%, while its derivatives
with respect to z and y are continuous across S. Hence
E‘}’Ii do

Sads has the discontinuity —*i-ra—e across S,

likewise, (1)
g;:; has the discontinuity --hrg—; across 8;
while the derivatives

a*v a2V v a2V

a8zt 3y’ a2’ azdy
are continuous across S. Bince 4°V/dz? and 9V /dy? are con-
tinuous across S, and

AV =0
at all points not on 8, it is evident that
e (S 4 82)

also is continuous across S.

It is worthy of note that these discontinuities do not vanish
even when the density at the point of crosging i zero unless the
derivatives of the density also are zero.

Certain Properties of the Potential of a General Surface.—
Returning to the notation of Sec, 81, let O be an ordinary point
of the general surface S. Let the tangent plane at O be taken
as the fr-plane so that the normal at O is the t-axis. Let L
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be any straight line which picrees S at the point O, and let 0,
of which the ecordinates are x, y, 2, be any point on L near ).
Let the surface S be divided
into two parts by o cylinder of
radius §, the axis of the eylin-
der coinciding with the [-axis.
Let 8,, Fig. 52, be the disk
cut out of 8 by the eylinder,
and let S: be the remainder
of the surface. Let the sur-
face element du be located at
the point @, and let @, be the projection of @} on the in-plane,
so that @;Q is {. Tinally let

mu =1, ﬁ& = p, '(R% = P 0Q, =r, 0@y =1y,
g0 that

pt=(z =8+ (y— )+ @ -0
nt=(x—£+y—9)*+ 2,
PZ=E’+H=+F. TI=-E=+TI‘=~

If the projection of the surface element duw upon the £p-plane

is dtdn and if «, 8, v are the direction cosines of the normal at
dw, the potential of 8 at the point 0, is

o a
= | Z4u=| -4
v fam J::‘rm dn, @
I being the area into which the surface S projects upon the
En-plane.

Let this plane area be covered with matter of density «/v. The
potential of this plane surface at the point O, is then

o
Ve [ asan ®)

The difference between these two potentials will be denoted by
the letter W, =0 that

1 1Y r
W= ”“”L(;.‘;:)—ﬁm- @
Let DW be any derivative of W, and therefore of the form

DW = J:;PIE, n) ddn,
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where ¢ is some funetion of £ and 5. Suppose that over S;
|."P| < f&

where k is some fixed, positive number. It will be shown that

DW tends toward a limit as the point O; moves along the line
L toward the point O,

Let W be separated into two parts, one of which corresponds to
the integral over S, and the other the integral over Ss. Thus

W-W|+Wl,
and

DW = DW, 4+ DW..
sinee, by hypothesis,

DW| < L@,

-
it is found readily by integrating, that
IDW,| < 2rks.

It is evident also, since |¢| < k/r, that DW has a definite

value at the point O, which, separated into two parts, as before,
can be written

DWm = DW,W 4+ DWW,
On forming the difference, there is obtained
DW — DW" = DW, — DW,® 4+ DW, — DW'",
and therefore
DW — DW®| < |DW, — DW,¥| + |DW, — DW ™.
It will be shown that
lim [DW — DW®| = 0;

.thnt is, given a positive number ¢, as small as desired, the radius
§ and the distance [ can be taken so small that

IDW — DW®| < ¢,
Obviously & can be chosen so small that

DW| < ;e, andalso, |DW,®| < %f,
g0 that

DW, — DW,0| < §‘~
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Furthermore, since DW, is continuous in the neighborhood
of the point O, the distance [ can be chosen o small that

|ﬂwg—nwwﬁ{§a

For such positions of the point O, it is evident that
|DW — DW®| < ¢

Hence the limiting value of DW is DW®  and the funetion DW
is continuous across the surface.
If the function ¢ satisfies the inequality

ok
| -—
1+l < e

for & sufficiently small, the funetion ¢ is eaid to be of the order
n. Thus the functions 1/p, and 1/r, are each of the order 1.
The ratio p,/ry is of the order zero; likewise

z—§ y—n z—f
M 3 /M

are of the order zero. It is seen from Eq. (92.1) that } is of the
order —2; and p; — r; also is of the order —2, since

lpr = 1| < 1.

The Firsl Derivatives of W are Continuous across 8.—The first
derivatives of W are

aW 1 1\e
e —f(x - E](;;a - ;I',)_}didm
aW 1 1
oo R
aw g —1r z \e

9z "f( P ?'_ﬂ)'fdad"'

For the derivative with respect to x,

e =5 =0 - %)

If & is small, v is very near unity; and if the density does not
vanish, ¢/ is of the order zeré. The remaining factors of ¢ can

be written
(z—E)f 1 1 1
.1 (Dl"‘: + gt + T_ﬂ)(rl = p).
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The first factor of this expression is of the order zero; the second
factor is of the order +3; and the third factor is of the order —2.
Henee ¢ is of the order 41, and 8W /édx is continuous across 5.

The same analysis, without essential change, applies also to
the other two derivatives, Henece all of the first derivatives of
W are eontinuous across S,

The Second Derivatives of W at a Point Where the Density
Vanishes—The six second derivatives of W are

a*w 1 1 1 1 T
o = J[3e = 0 =) = G ) Jrasan
a*w 1 1 1 1
= [0 -G -5) - G - ) Jjaean
FW _ (30 8 (1 1 ]E
dzt [ p1 i (Pl‘ ;'l-i) Tdfdm
W [ 1 1
y r i hE(I =8y - ﬂ}(p? - E)}:dfdm
2w =i g\ |
2 [l - o502
W [ z— 1 z\|r
s = J[3e - o(5E - ai)};“f‘*’*-
Suppose now that ¢ vanishes at the point 0, but that its first
derivatives do not vanish. Then «/v is of the order —1. Con-

sider any one of the six second derivatives, say a*W/dz:. The
function ¢ can be written

f{ﬁ{m - E)

R (R S S 1,1
o " (ry— pu) (pi‘ + Py + o e = + f'_:“')

o 1 1 1
= + pira + rr‘)}

which, it is readily verified, is of the order +1. Therefore

a*W /8z* is continuous across S at the point 0. It is the same
also for the other five derivatives.

Now the potential of S at 0, is, Eq. (4)
U=W4+V,

g = -
¥

where V,1Eq. (3), is the potential of a plane area tangent to S
at O, Since all of the second derivatives of W are continuous
across S at 0, the discontinuities in the second derivatives
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of I are the same as the discontinuities in the second derivatives
of V. By Eq. (1) these discontinuities arc

—4:-7?1(“-') m XU

ANy drdz
i o #U,
hﬂw('r) m e

the remaining derivatives

#U #U #U g

az?’ a8’ Bzdy
being continuous. Since v is equal to +1 at O and has a maxi-
mum there, the discontinuities can also be written

42 in LAl
dE dzdz (5)
do . a2y

The Density at the Point O is Not Zero—If the & and y-axes
are chosen so as to coincide with the tangents of the lines of
curvature at the point O, the equation of the surface S in the
neighborhood of the point O is

t = awt? + aim?® + terms of higher degree. (6)
Let
d d
Eg = P, 'ﬂg = 1,
% a 9%

TP G T e
It is evident then that at the point O
M =4q1= 8 = 0.
It will be sufficient to study the potential of the disk of radius
§ about the point O, for the potential of the remainder of the sur-

face and all of its derivatives are continuous at 0. The potential
I/ then can be written

i P 3‘T PL

Z, being a plane circular area with O as its center.

It is evident that
all a1\ o
hﬂ:ra = ELE ;;) Tfﬂ.‘dm
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where

pi=E—E+ ="+ (-

A1\ _ _z—¢&

dzh py o
and, bearing in mind that { is a function of ¢ and 5 through the
relation Eq. (6),

d/1 R Rl - -1
a-"e(;;) + P + ot Pu

and therefore
3 /1 af1\ a1
(o) = =alr) ~ )
ar,
31\ _ _a/1\ _ a/1
) = ~ato) ~ o)
Therefore
au 3(1\e 3/1\ o
w T f E(E)—?d“” - f E(E)”‘—?dﬁ"} @
=J 1+J|.
where

d/1N\e a1 o
Jy = _‘J“B_E(-I)-_rdfdﬂ' Jy = —IE(E)PL_;dEd'I-

The first integral J, can be integrated by parts, giving
o dy d /ey didn
v=— [ [, didn, 8
I IT P 35(7) o’ ®)

or, if ds is an element of the edge of the disk and 8, is the cosine of
the angle between ds and the y-axis,

Jo=— ﬂ.ﬁ+fai(£).dfd’?. C))
=3\

C ¥ P1 Pl

Thus J, is expressed as the sum of two potentials, the first of
which is the potential of an attracting line, eoinciding with the
edge of the disk, on which the linear density is —ef,/v. This
potential and all of its derivatives are continuous at the point O,
since O is not on the line €. The second,

J" 2 (e\rdo
SlaE(‘r) f ,






96) THE ATTRACTIONS OF SURFACES AND LINES 187

is the potential of a distribution of matter of density

i)

distributed over the surface 8,. This potential, and its tangen-
tial derivatives also, are continuous across S, Therefore J;
and its tangential derivatives are continuous across 8 and, from
Eq. (7), the discontinuities in 81/ /3z and its tangenital derivatives
U g BV
dz? dxdy
are the same as the dizcontinuities in J. and its tangential
derivatives.
If a function Fiz, y, 2) is defined by the relation

F=—| By, (10)
& M

it is seen that
az’ dx dzoz ay dyda
The funetion F is the potential of a surface on which the density
is epy. This density vanishes at the point O, since p; vanishes at
0. Hence, by the preeceeding case, J: = 9F /92, is continuous
across S, while

Jy =

aJ,  oF BT E_(:rm)
= ™ 320 has the discontinuity 4 EY:

and
aJ: a"F . s - a FFI
EF: T has the discontinuity h&u(

Since g, is zero and v is equal to +1 with a maximum at O,
these expressions can be simplified, so that

3 E(E-! 41rcr 1 = dwops,
dpy
il 1 —
4“.‘1’31?(7) = 4‘!‘6‘5 = 47?3: = 0.

Sinee J, and J, are continuous across S, it follows that aU7/dx
is continuous ameross S, a result, of course, already known.
Since the discontinuities of 5 and +2 &L;m the same as the dis-
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'?a—‘rtnnda;; it follows that the discontinuity in
b
a:U/az? is 4wops, and that 3°U/dzdy is continuous. ij

By an argument entirely similar (or, by aymmet:j_r one
prefers) it is found that the discontinuity in 8°U/dy* 18 4mags,
Since the Laplacian is zero everywhere not on S,

o a8
a4zt T _(@ + Ayt )
and the discontinuities in 3*L//dz? are therefore —4zxa(ps + 72)-
In order to find the discontinuities in
au oy
7 PR v ™4
it is found from the equation

continuities of

L
that
U _as, ol
drdz  dz dz
Sinece
3l _&F
dz azt

and since in Eq. (10) the density vanishes at the point O, it
follows that a°F /32! is continuous across S. It is seen from Ed.
(8) that J, is the sum of two potentials, the first is a line 13""3't"”’:“"'-"'l
which, together with all of its derivatives is continuous across
8 at the point O; the second is a surface potential for which the

density is
J’.(‘I).
YaE\y

Hence the normal derivative- (derivative with respect to 2) of
J: has the discontinuity

dfc do
4""75%(_—'_) = —‘h"-a-E at the point O,

2
and this is therefore the discontinuity in :—ﬂ% .
a
A gimilar argument shows that the discontinuity in Z-—- 18

dydz
—4r P

1
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Let B, and R, be the principal radii of eurvature at 0, Then,
gince the § and 5 axes coincide with the tangents to the lines of
curvature of S at 0,

1 1
mep o e=g
Collected together and expressed in terms of the principal radii
of curvature, the density and its derivatives, the discontinuities in

the six second derivatives
U a*lU U aU ayy a7

9t @yt 8 a8y ya:  dzz
are respectively
dro dre 1 1 _ 4 00 _ 400
ﬁ-:-:- Tz-;- —4IE(E - R—H)J 0, 'hrafr 4’31?

(11)

97. Singular Points of the Surface.—In the discussion of the
attraction of surfaces in the neighborhood of points of the surface
it was assumed that the point O under con-
gideration was a regular point of the surface
in the sense that the surface had a definite
tangent plane at O, that over a circle of
radius § about 0 as a center the coordinate
[ of the surface was continuous and less
than Br?, where B is a fixed number, and
that the density was continuous with |o| <
oy +Mr, where M also is a fixed number.
That these restrictions were necessary can
be seen by comsidering the attraction of a
cone upon its apex and the attraction of a
homogeneous rectangle upon a point of its Fro. 55.
edge.

Attraction of a Cone upon Its Apex.—In Fig. 55, let A be the
apex of a cone and B C be its base, which will be assumed to liein a
plane. Pass other planes through the cone parallel to the base
which divide the perpendicular from the apex to the base in the
ratios 1/2,1/4, 1/8, 1/16, - - - . There are infinitely many of
these planes. The zonesof the cone between the consecutive planes
are in perspective with respect to the point A. By Theorem 11,
See. 10, these zones attract the point of perspectivity equally.
The attraction of each is finite (not zero) and since there are
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infinitely many of them the attraction of the surface of the cone
upon its apex is infinite.

Attraction of a Plane upon an Edge—In Fig. 56 let P bea
point on an edge of the homogeneous rectangle E. Draw a

geries of semicireles which are
. § i3 in i ith respect to
J perspective wi ¥ pe i

U the point P, the radii of which

are in the ratios 1, 1/2, 1/4,

1/8,-++. Theareasbetween

consecutive semicireles are in

R perapective with respect to the

point P, and attract the point

Tra. 56 P equally. Since the attrac-

tion of each is finite and there are infinitely many of them, the
total attraction of the rectangle on the point P is infinite.

ATTRACTION OF LINES

98. A Straight Rod.—The attraction and potential of &
straight rod, considered as a line with the line density o, Was
treated briefly in See. 31, but it will be of
interest to examine the subject more closely.

Let AR, Fig. 57, be a straight line of length
21 and density ¢ with its center at 0, and let
P(z, y, 2) be an attracted point. Let dm =
edi be an element of mass of the line at a
distance { from O, p the length of the line

joining dm to P, and r = 4/7* + y*. Then
the potential V is

+ df
¥V = —_— .
’L Vit G -or

If py is the value of p at the point Band p;the *
value at the point A, so that Fia. 57.

pr=rtt 2+ DY =t (= DY (1)
it is found by direct integration that
- pr—z+1
¥V o ].ﬂg p_::ﬁ

From Eqs. (1) it is found that
‘1:12 = J}l! — P,’, {2}
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and therefore
pt — et 404 — o+ p?

ite= il = a
g0 that
4lps + pa® + 417 — p?
V-'ﬂ'lug 4IPI_P1!+FI! _4:1

_ (pr + ps + 2D (ps — o1 + 20)

=R e = M (ps = s F 2) ®

_ Igpl‘l:‘.ﬂ:-i-ﬂl
mtpe— 21

From this expression for V, it is seen that the level surfaces,
V = const., are defined by the relation

p1+ p2 = 2a,

where a is a constant. The level surfaces are, therefore, prolate
gpheroids with the major axis 2a and foei at the ends of the
rod. If e is the eccentricity of a meridian section of the level
surface, it is evident that

[ = ae.
Therefore, the expression for the potential, Eq. (3), becomes

V =clog i-i-_—e = 2o tanh!e.
—e
For points which are remote from the rod a is large and there-
fore e is small. The equipotential surfaces are wvery nearly
epheres. For points on the rod itself

g1+ p2 = 2 = 2a,

so that e is equal to unity and V is infinite. At points in the
neighborhood of the line e is less than unity and V is very large.
At large distances e and V both tend towards zero.

99. The Components of Attraction.—Let R be the com-
ponent of attraction in a plane perpendicular to the rod and
Z the component parallel to the rod. Then

av de -ﬂ" de
B=%a Z= 55
where
A et=r DY

Tt et =rie4(z— D
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Now
av _ 2 de  de 21 e
d " 1—¢' 3 @ (ute)p 24
and
g _ 1 dp _ T
ar ar  pa
dp z+1 dpa _&- I
dz = I} ! dz ‘p:_’
80 that

—oe_ (r  r —oe fz+1 .
e al(l — e’](p. + pg)’ & - all — &%) k P + P1 l)
From Eq. (08.2) it is found that

Z = —{FL paf) = ;1{'“ —=p1)y, prtp2=2a I=ae

Henee
P =a+ ez, Py = a — €z,
and
__— Der 2rez

R 1 — e af — gig? Z = Taf — gtzt (1)

Or, if r is eliminated by means of the equation of the ellipse
rl 35
a¥(l — &) +r? =1
there results
R=7 2oe*  /TF — ¢332 2relz

Vi-e bodr LT p_gy @
which contain only two variables, e and 2.
If the attracted point moves along a level surface for which

the semi-axes are g and b, R and Z have maximum numerical
values, namely
2oe
a.v"l —_ gl’ . ﬁil o Gii,
and, since
b=avi—e
it is seen that
zm-" R—:I
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Suppose the value of z is kept fixed with || < I, and e tends
toward unity. In this event, the attracted point moves towards
the attracting rod along a perpendicular line. The limits of the
components of attraction are

as the attracted point crosses the attracting line the Z-component
varies continuously, but the R-component has an infinite dis-
continnity. It will be remembered that the potential at the
attracted point also tends towards infinity as the point approaches
the attracting line.

100. Attraction in the Line Is Not Well Defined.—Consider
the attraction of a homogeneous line upon any one of its own
points. Let L (Fig. 58) be the given line and O any one of its

o = : L
G LO L G
Fic. 58.

i L
Ly

points. Let 2a, and 2a: be the distances of the point O from the
ends of the line, and let €, and C; be the middle points so that
C.0 = a; and €30 = a;. Let a gap be cut in the line L about the
point O and let the ends of the line also be cut off in such a way
that the points C; and C; still remain the center points of their
respective portions, as indicated in the line L,. If 2I, and 2i;
are the lengths of these portions, the attraction of the line L
upon the point O will be understood to mean the limit of the attrac-
tion of L, upon the point O for I; = a, and ls = a..
Using the second formula of Eqs. (99.1)
2oez
Z= =

for the attraction of each portion of the line, it is seen that, since
z=agande =1,

Il III
A= 2"(“': — I3 T e — ;1':)’
where 4 is the resultant attraction.
Now let A be any real quantity, positive or negative, and let I»
be related to I, in such a way that

A ]
T e T
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As 1, tends towards a, so also does I, tend towards as, and the
limit of Ly is L. But the limit of A is

llim A = 20N,
which is anything whatever, since )\ is entirely arbitrary. It
follows that the “attraction of a line upon one of its own points”
does not have a definite meaning.

101. Asymptotic Expression for the Potential—For points
lying in the zy-plane, which hisects the rod perpendicularly,
the expression for the potential is

U dr I+ VE+ 1
J - o5 '~'
Binece
I+ VF+r 1 1r  1fr _
“—T—';-[“‘:z:*a(:)*" ]
and

R

og [1+30) - %56) + -+ ] -1() - &

it follows that for values of 7 less than |

T T

and for very small values of r the expression

21
L4 V=2 ]Dg -r- (3}

)

r
I

L P is & good approximation.
Buppose now that the attracted point P lies near
the rod, not at the middle point but at a distance
z from the middle point. Let the rod be divided into
three parts L, Ly, and L; of lengths 2[,, 2l;, and 2,
L+ with the center of L, at the distance 2 from the center
of the rod, Fig. 59. Then
l=2h+ht+z=2L+ kL —=

The values of the potentials of L, and Ls at the point
2 as given by Eq. (98.3) are
- & 14+ =

V] =0T iug E—T, T',:u = :r]ﬂg —1:' H

Fia. 59,
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and therefore

Fl + Vl _ 25_105 '\-"’“: - ;}{I -+ 3}‘
At the point P the sum of these potentials is the value at z plus
a power series in r which vanishes with r, since the point 2 is
not a point of L, nor of L;. By Eq. (3) the potential of L.
at P is

2
.

Vi=20log=2+ P8,

where P.3. is to be understood as meaning a power series in r
which vanishes with r. Hence the potential of the entire rod
L at the point P is

Vit Vet Va=V = hlosz‘f“"fmm‘i-”- )

102. The Potential of a Uniform Hoop.—In Fig. 60, let
H be a uniform hoop which will be regarded as a circumference

Fra. 60.

of & eirele of radius a with constant linear density «. Let P
be any point in space not in H. From P drop the perpendicular
PQ = z to the plane of the hoop. Draw the diameter of the
cirele BOA which, extended, passes through ¢. Let m be any
point on the circle, and draw

Pm = p, PA = py, PB = ps.

Evidently p; and ps are the minimum and maximum values
of p as the point m runs around the circle.

If the angle mOA is represented by 2w, the arc element is
ds = 2adw, and the expression for the potential is

V = 20| % (1)
o P
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If the length 0 is represented by r, then

p?=(r—a)+2, mQ*=r®+ a®— 2ar cos 2w,
pa? = (r + a)? + 2%, p? = r? 4 a? 4 2! — 2ar cos 2w.
The expression for p? can also be written

p* = (r* + a® + 2%)(cos® w + sin® w) — 2ar(cos® w — sin®w)
= [lr —a)* + 2% cos w + [(r + a)! + 2% sin?w

= p? cos? w 4+ py? sin? w.

If M = 2rac is the mass of the hoop, the expression for the
potential, Eq, (1), becomes

oM (i des
V=== - 2
'.J;'v’m’nns’m-t-p:’ﬁin’ﬂ @

P
M\
B D

¢ A

H

Fia. 61,

This expression shows that V is symmetric in p, and ps, for
if w is replaced by =/2 — ¢ it becomes

oM [ dy
V“' = S — — e Sap—
T J; Ve sin? ¢ + p,? cos® ¢ @
and therefore
V{p‘h ﬁ‘!:l = F{Pn; FI}*

Along the axis of the hoop p; = py, and if p, is their common
value, it is seen at once that the value of the potential along
this axis V, is

poM
Pa

Th_a funetion V(pi, ps), Eq. (2), is homogeneous of degree
=1 in p and ps. Therefore, p,V is homogeneous of degree
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zero and depends only upon the ratio ps/p:. In a plane which
passes through the axis of the hoop, the curve

=6 (4)

where ¢ is constant, is a circle, for Eq. (4) is the equation of a
cirele in bipolar coordinates; and this cirele, Fig. 61, divides
the line BCAD harmonieally, since by Eq. (4)

AC _AD

BC ~ BD

If K is the complete elliptic integral of the first kind for the

modulus k* = 1 — ¢* < 1, it is seen from Eq. (3) that along
this cirele
V= % KJ‘_f

e (o ()

103. Evaluation of the Potential According to Gauss.—
Equation (102.5) shows that if the value of the potential were
known at the point C, Fig. 61, it would also be known at all
points along the circle which passes through C. It is, therefore,
gufficient to know the value of the potential at all points in the
plane of the hoop which lie inside of
the hoop itself, and Gauss devised a
very ingenious method by which this
ean be found.

Let the circle in Fig. 62 represent the
hoop and BOCA represent the same
diameter as in Figs. 60 and 61. Let
the arc element at the point m of the
hoop be ds and p the length of the line
joining C to the point m. It is evi-
dent from the diagram that in the
infinitesimal right triangle of which ds is the hypothenuse ds cos ¢
= pd#, and therefore

Fia. 62.

Let the distance OC = b. Then from the triangle OmC it is
seen that



198 THE THEORY OF THE POTENTIAL

Henece

V=.rfﬁ=.mr L —
¢ [} 0 Va* — b*sin? @

3 d8
- M?fJ; +/a? cos? ﬂﬁa’ — bY) sin® @
= M - f(a, v/'a* — b7,

But it is already known from Eq. (102.3) that, when the point
P of Fig. 61 coincides with the point C,

Ve=M-fla +b,a— b). (4)
Hence
fla +b,a = b) = fla, +/a® — b9). (5)

Or, since a is the arithmetic mean of @ + b and a — b, and

Va* — bis their geometric mean, for any two numbers m and n
the function f has the property that

fim, ) = (P2, ).

Now let
my = ;(m + n), n = +/mn,

1 R
my = ﬂ{ﬂh + ny), ny = 4/mm,

.................

Then
flm, n) = f(my, ny) = flmy, ng) =

The arithmetic mean of any two positive numbers is greater
than their geometric mean. Since (m — n)? > 0, it follows that

m* + 2mn 4+ n? > 4mn,
and therefore

%{m +n) > v/ mn.

Suppose, for definiteness, m > n. Then the arithmetic mean is
less than m and the geometrie mean is greater than n. Hence

ME>M>m:, n<ng <y
m > n, my > ny, My > ng » -« -
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Consider the difference mip, = ne. Sinee ngy > ng, it s
evident that

Mt — Tigr < My — Ty,
1
< 3lmi + n) — ne

1
‘(: -2[??‘1. - ﬂi}j
and therefore
m— ny < %i[:m - n).
Thus the sequence of numbers m, m,, ms, My - - - converges to a
limit, and the sequence n, n,, ns, 3, - - - also converges to a

limit, and these two limits are the same. Gauss, to whom this
analysis is due, called this common limit the arithmetic-geometrie
mean of the two quantities m and n. The sequence converges
rapidly es seen from the example m = 1, n = 1/4 for which
625 ny = .5
= 5625 ne = 55001700
my = 56075850 ng = 56075580

= 56075715 ng = 56075715,

Returning now to Eq. (4), let ¢ be the arithmetic-geometric
mean of the numbers ¢ + banda — b. Then

Ve = Mfla+ba—1) =Mf£a,nl}

2
I

M

= —

(6)
g
and the value of the potential at any point along the circle which

passes through C is
= Ma—b)

V 7
g @
If the values of p, and ¢ (Eq. (102.4)),
_ M a—"b

;’=m: ,D|_=ﬂ_b|

are substituted in Eq. (102.5) and the result is then compared
with Eq. (6), it is eeen that if v is the arithmetie-geometrie mean of

1 and +/1 — k? then g = (a + b}y, and

a+b_1 1\? (LE’ (raﬁ’ e
r ;=l+(§)k'+ 5.3 k4 2718 k* +
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For the numerieal example given above

1 15
ﬂ-+b l' ﬂ.—'b-g_4; k==l_ﬁr
this series converges very slowly, and at least three hundred

terms would be required to give the same approximation as that
given by my and n..

104. Asymptotic Expression for the Potential.—If the point
C approaches the circurnference, @ — b tends towards zero and so
also does g while the value of the potential tends towards infinity.
It will be of interest to examine the nature of this singularity.

Let the eireumference be separated into two parts, one of
length 2! with the point A as a center, and the remainder of the
cireumference of length 2ra — 2L
The potential of the main part of
the hoop is an analytic function of
the position of the point C. If the
point C moves along the radius to
the point A, its distance from A
being denoted by the letter r, the
potential is expansible as a power
geries in r reducing to a certain
value at the point 4 which will be

Fio. 84, denoted by the symbol V. If fa
is the angle which the are of length
I subtends st the center, it is readily found from Eq. (102.2) that

Vi=rv¢ f dﬂ] = —2¢ log tan b
gin _# 4
feg 2 (l:l'

- +20log %} + P8 (j)

Let Vs be the potential of the arc of length 21 at th int
C. Then (Fig. 63) o o e pe

I
Vn - EFJ.; _ adﬁ'
b "{d’ —2a(a —r)cos B+ (a — r)?

o [ add (2)
. \/4&&: - r) sin® %a + r?
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If 1 is very small in comparison with the radius a, the potential
of the are of length 21 differs very little from the potential of a
straight line of length 2l which is tangent at A. Let V; be the
potential of the straight line at the point C. Then, using the
game coordinates,

[}
tant3 a sec! 4de
= 2 —_— -
Vi ﬂ.J‘u varseer6 — 2ala —r) + (a — r)?

i
2% e g osec? 0d8
o +/a’tan? § + r?

@)

On changing the variable of integration by the substitution,

these two integrals, Eqs. (2) and (3), take the form

il
Vo= 2a __._,"ﬂ N )
Jo \léa{a — r) sin® 2a + r?
pritd gect E};ﬂ
Vi=2¢ — -'.k = (4)
a® tan? - 4+ r?
Jo \) at

The potential of the straight line, however, iz independent
of the radius of the ecircle, a, and by taking & = 4= these
integrals reduce to the form

Vo= V=20 [ — P
a = = T ——
: J;V’h' +

whieh is the form given in Eq. (101.1) for the straight line. That
these two integrals have the same limiting form was to be
expected, since the limit of the are is the straight line.
Expanded in powers of 1/a
P a2 A rad
_ a ™ = —_—— -
4a(a — r) sin 2 4 =024 " e T 155
+ .-,
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is a series which is convergent for all positive values of a and all
values of h. Hence
1 1 0 1
fata - ) R '
— ) gin? — 2 2 2
.\uéa{a r]amh+r (r2 4+ 2%

+ o, (5)

converges as long as

|4a.(a — ) sin? 2w

| EENY <1

If Al < 2Zra, the numerator of this fraction is negative, and
the series is convergent if

1y
- - in 2 2 2
4a(a r}s:uzt2 <r*+h

which is certainly satisfied if » < a. Equation (5) can, therefore,
be integrated term by term, and, using the results of Sec. 101,

V:Eglﬁggl.-l—...} (6)

the terms not written vanishing with » and 1/a.
This analysis has assumed that r and [ were fixed while a
increases; but since, in the units of length, V. is homogeneous

of degree zero, the result is the same as though r and I diminished,
with r < 1, and a is kept fixed,

Finally, on adding Eqs. (1) and (6), it is found that

V= Vit Vo= 20log " + 20 log 2 +

(7
=2¢1ﬂg%+ s,

the terms not written vanishing with r and I. From the symme-
try of the cireumference it is evident that the potential is entirely
independent of I, and therefore the terms in I vanish identically.
The remaining terms vanish with r alone.

If Eq. (7) is compared with Eq. (102.5) and r/a is expressed
in terms of %, it is found without difficulty that asymptotically,

1 1-3:5
: 1+()1.==+(2 )+ (3 B)k‘+

ﬁv—]g.g—d:__..
T V’rl—ﬁ:’

. '
1.465871 lﬂg]u -_]_‘\,".—"-.-.-=k-l+
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and the approximation gives the first seven significant figures

accurately for /1 — k* = .001. The asymptotic expression
for the complete elliptic integral of the first kind is accordingly

K@) = log. s

In his “Exercises de ealeul infegral,” t. I, p. 68, Legendre
gim the formulas

1 a 4
[1+4kt=+ﬁk1*+ ...:|IUEJI:_|
1
- [43:1’ + lﬂBk' + e ]}
f‘\z’l-—k’am'pd.p [ E—ku‘-l-' :|lug:-

NI Y.

*\.fl hk*sm’

where j:|t =1— k2



CHAPTER V
SURFACE DISTRIBUTIONS OF MATTER

105. Transformation by Reciprocal Radii.—Suppose there
is given a sphere S of radius a with its center at the origin of a
rectangular system of axes. If the point P(z, y, 2) lies within
the sphere at a distance r = 42 + y* + 2* from the origin

Fio. 64,

O (Fig. 64) and the point Q(%, n, [) lies on the line OP extended
at a distanece p = /8 4+ 9* + [* from the origin, and if

L= (1)

a p

each of the points P and @ is the transform of the other by
reciproeal radii with respect to the sphere S. This transforma-
tion sets up a one to one correspondence between the points
interior to the sphere and the points exterior to it, the points
in the neighborhood of the origin in the interior corresponding
to points in the neighborhood of infinity in the exterior. Points
on the surface are unaltered, and therefore, the.sphere is said
to be transformed into itself,
204
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If the direction cosines of the line OPQ are A, g, and », it is
evident that

T =rh £=pM
Yy =ru, n = pu,
z =7 &= py

and therefore, since pr = a?,

2 2 ul
E= ‘:F: n= %ﬂ: i = r_-g;z:
. . 2 @)
a@ a 4]
x-;i, y-;—,—n, z-;zf_

Provided g is not zero, the plane P,, (Fig. 64),
lx+my+nz+q=0,
is transformed into the sphere 8,,

la® ma? na?
E+u+£‘+g£+ga+gi’ s

which passes through the origin. Conversely, the sphere 8§,
through the origin is transformed into the plane P,; but the
sphere S, Fig. 66,

2ty +2t+lr+my+nztg=0,

which does not pass through the origin (7 = 0), is transformed
into another sphere Ss,

la® ma? na® at
2 2 ] — o —_— =
E+q+§+q£+ rl_rr+ EH'-‘; 0,

which does not pass through the origin,

If R, and R, are the radii of the spheres S; and 8;, and if L,
and L, are the distances of their centers from the origin, then
the centers of the two spheres lie on the same straight line
through the origin and
a'l, Rs = + a’R,

a7 Py X

the sign in the last expression to be chosen so that R; is positive.

If P, and P, are two planes which are transformed into the
spheres S, and S,, Fig. 64, the tangent planes to the spheres at
their points of intersection make the same angle with each other
as do the planes P, and P;.  Indeed, it is evident from the diagram
that the plane tangent to S, at O is parallel to P,, and the plane
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tangent to S, at O is parallel to Py, Hence the tangent planes
make the same angle as FPyand Pydo. But the mutual inclination
of the two tangent planes of two spheres is independent of
the particular point of intersection chosen. Hence the two
tangent planes at Q, which is the transform of P, also form the
same angle as do the two planes at P,

A transformation is said to be conform if every pair of two
intersecting lines is transformed into another pair of two inter-
secting lines in such a way that the angles of intersection are
preserved. It is clear that the transformation by reciproeal
radii possesses this property.

An infinitesimal length ds = +/gz3 + dy? + dztis transformed
into another infinitesimal lengthdr = v/dE* T dn* T d¢%. Since
¢ a* a*f &
Ol

af gy a? atf at
de = _fofN\s @ n (1 — N,
p’(zp’ o pi\ %1 )0 ol 2§’ f
it is verified readily that
ds =%
= d.
If da is an infinitesima) area, its transform do is a similar

infinitesimal area, singe the angles are preserved. Similar

Areas are proportional to the squares of their homologous lines.
Hence

If di is an infinitesimal volume, its transform dr is a similar
infinitesimal volume, and therefore,

& = L,

& formula which can be verified directly by forming the Jacobian
of the transformation, That is

=y, 2
myds dl:'E: s ;]dfdﬂdf.
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106. Application of the Transformation to Potentials.—In
Fig. 65, suppose P, is the transform of Py, and M, is the transform
of M,. Thatis

m _4a T1 a

= —y — .

a P @ T

Let the distance M,P; be denoted
by R, and M,P; by R.. Let particles
of mass m, and m. be placed at the
points M, and M, respectively. Then
the potentials of m, at the point P, and
of m; at the point P; are respectively,

- M
Vl = EJ‘ Vl - R.
Bince the triangles M,0P, and Fia. 85.
Py0OM; are similar, it follows that
m_" Ri
Tz R!
Buppose also that the masses m, and m. are related, so that

ml-rl (13

— = —y

Mg a T

then
Vi_mB _p_o
Vg_ Ty R, @ I
Hence
_h - &
F: a ?l ﬁ!V”

and the coefficient p,/a depends only upon the position of P,
and is independent of the position of M,.

A Discrete Set of Points—If there are many points M7
at which are located masses m,'", the potential of this set at
the point P, is
The transform of this set of points is M:‘? at which are placed
particles of mass ms'?, and the potential of the transformed
set at the point P, is

gD

V: = ZR_E-ﬁ
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If the masses My and m,0 gre related, so that

my g a
—_— e

—_—
gt a ref®

then, as before,
m’fﬂ‘ o1 ml{ﬂ
BO = 4R
and therefors

above set is regarded as occupying an element of volume dr,
with the density o, whigh may, of course, be a function of T, ¥, 2,
and the number of the particles is increased indefinitely, the
discrete set of particles Passes over into a continuous mass which
Oceupies & gertain volume, and its potentisl at P, is

= [ mdn
v, f -
The potential of the mass, transformed by reciprocal radii, upon

the point P,is
Vs = f 1?.

If
dmy _odn 1 _a (1)
lfml ;3;: az ?l’
it is still true that
Va=L2ly, = 8y (2)
a P2

By Seq. 105,

-
d'rj al’

and this relation combined with Eq. (1) gives

Hence, the ratio of the densities at corresponding points is direetly
proportional to the fifh Power of the distanee of the original
point from the center of inversion 0,

Linear and Surface Distributions.—In case the distribution
of matter is continuous but is either linear or over g surface, the
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argument proceeds just as for volumes, and the same conclusion is
reached, viz.,
_ m T .
Va= "7y 3)

but, if the distribution is over a surface, the density is directly
proportional to the third power of v/a, and in case the distribu-
tion is along a line the density is directly proportional to the first
power of ri/a.

Owing to the fact that the transformation by reciprocal radii
is of great value in the theory of electrical atiraetion, Lord Kelvin,
to whom the use of this method is due, called the mass M; the

electric image of M, in the sphere S.

107. The Potential of a Uniform Distribution of Matter on a
Sphere.—In Sec. 29 it was found that if a quantity of matter M
is distributed uniformly over the surface of a sphere of radius a
the potential is constant inside of the surface, and its value is
Vi = M/a. If the distribution of matter is transformed by
Lord Kelvin's principle (Sec. 106) with the center of the sphere
0 as the center of inversion, the distribution is unaltered since the
gphere is transformed into itself.

If P, is any point within the spherical surface at a distance
p from O, and Py is its trarsform Eq. (105.1) at a distance pg
from O, then by Eq. (106.2) the potential at P is

V=27 = aM _M
Pz pr @ Pz
which is the same as the result found in Bec. 29 by other methods.

108. A Non-uniform Spherical Distribution.—Suppose S, (Fig.
66) is a sphere of radius a, which does not pass through the
center of inversion .  If there is a uniform distribution of matter
on 8, of amount M), its potential at a point P, exterior to it, is
M,/R,. If the sphere S, is the electric image of 5, in the sphere
8, and if P; and O, are the transforms by reciprocal radii of P,
and 0,, then by Kelvin’s principle the potential of S, at the
point Ps is

Vo= 2y, =t My _nsMy_ oM,

@ @ R: i E T Rz
The ratio a/r, is independent of the point P, or .. Hence the
sphere 8. attracts particles exterior to it just as though a mass

M: - _G'J“l
L1

were concentrated at the point 0.
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If, however, the point P, lies inside of .S,, where the pntentii?l
V. is constant, P; lies inside of Sz and the potential at Ps i8
ﬂ_ J-}fl _E M,

Pt - = ik
Vz -EFI pr @ a, PI’

and the attraction at the point Pz is just the same as though 8
mass

M;“—' 'E;EMI

were concentrated at the point 0. ‘

The density on the sphere Ss, however, is not uniform. ﬁ:coord-
ing to Sec. 106, it varies inversely as the cube of the distance
from the point of inversion 0. In the diagram the (:Fnt&r
of inversion lies outside the sphere S:. Hence if P, lies iﬂsjde of
8,, P, lies inside of Su; and if P, lies outside of S, P; lies outside of

Fia. 66,

Se. But if the center of inversion O lies inside of S,, then Ps
will be outside of S if P, is inside of S,, and will be inside of S
if P, is outside of S;. The results arrived at above, however,
hold whether O lies inside of 8,, or outside.

If 8, is a uniform, solid sphere of mass M, 8; also is asolidsphere,
but its density varies inversely as the fifth power of the distance
from 0. If P, lies outside of S, and P; outside of Ss, then

alM
Vl = " Egl
and P; is attracted just as though all of the mass of Ss, which is

equal to Ma,/r,, were concentrated at the point Os, which is also
the center of gravity of S..
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109. Inversion of a Homogeneous Ellipsoidal Shell. —Suppose
there is given a homogeneous ellipsoidal shell E (Fig. 67) which
is bounded by two similar, co-axial, ellipscidal surfaces and a
sphere of inversion 8 which has its center at O in the hollow of the
shell. The shell E is the electric image of a certain other shell
I which is obtained by inverting E with respect to 8, and which is
bounded by surfaces which are of the fourth order. In this
inversion, it will be observed that the inner surface of E becomes
the outer surface of I, and that any point P, within E is trans-
formed into a point P; which lies outside of I.

Fia. 67.

In Bee. 11 it was found that a homogeneous shell such as E,
attracts a particle anywhere in its interior equally in all directions.
The potential of E in its interior, ¥, is therefore constant (Sec.
34). If psis the distance of Py from the center of inversion 0,
and a is the radius of the sphere S, the potential of I, the density
of which varies inversely as the fifth power of the distance from
0, at the point P, is by Sec. 106,

a
Vi — TV
2 1 1
and therefore, the shell I' attracts any particle which is exterior

to it just as though a mass equal to aV', were concentrated at the
point Q.
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Binee the potential of E at points exterior to it is a complicated
function of the position of the attracted point (See. 36), the

same is true, also, of the potential of I at points which are interior
to it

110. Centrobaric Bodies.—That a sphere which is homogeneous
in concentric layers should attract exterior particles just as
though all of its mass were concentrated at its center does not
seem surprising, on account of its symmetry; but it certainly
does seem surprising that such an unsymmetrieal distribution of
matter as that which is exhibited by I in Fig. 67, also should
possess this property. The illustrations which have been given
above are examples of a class of bodies which are called cendro-
baric. If the resultant attraction of the earth, or any other mass,
upon a rigid body is equivalent to a single force which always
passes through a fixed point relatively to the body, irrespective of
orientation and distance, the body is said to be centrobaric.

If a body B is centrobaric with respect to a given body
A, Lord Kelvin has shown that it is centrobarie with respect to
all bodies. Tmagine a rod attached rigidly to the body 4, and the
rod pivoted at a point O sufficiently far from B that the sphere
which can be described by A does not contain B. In every
position which is possible to 4 by this constraint, the resultant
attraction passes through a fixed point G of B. Let A take n
(very great) different positions distributed as nearly uniformly
as possible over the sphere. If an n* part of 4 were left in each
position the resulting distribution of 4 would be very nearly a
distribution homogeneous in concentric layers over the spherical
shell, and the resultant attraction of this shell would pass through
G. The greater n is, the more nearly can such a distribution be
made uniform, and the limit for n infinite is a shell homogeneous
in concentric layers, which attracts B with a force which passes
through . But the shell atiracts B as would a particle at the
point 0. Hence, B is centrobaric with respect to a particle, and
therefore, centrobaric with respect to all bodies,

With respect to a particle the lines of force are always directed
through the point G. They are, therefore, straight lines and the
level surfaces are spheres. By the theorem of See. 74, the average
value of the potential of any distribution of matter over any
spherical surface which contains all of the attracting matter in
its interior is just the same as though all of the matter were
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concentrated at its center. Hence, if the total mass of B is
M, its potential at all points which lie outside of the smallest
gphere which has its center at @ and wholly contains B, is
v=M
o

and this formule holds evidently for all points outside of B.

111. The Center of Gravity of Centrobaric Bodies.—If a
body is centrobaric with respect to & point ¢ which is fixed
relatively to the body, the point @ is its center of mass. In
order to prove this, imagine the body placed in the gravitational
field of & very massive particle at a great distance, such as the
gravitational field of the earth., In this case, the center of gravity
coincides with the center of mass, and since both points are fixed
relatively to the body, they must always coincide.

If a body is centrobaric with respect to points which lie outside
of the body, its center of gravity (or center of mass) must lie
inside of the body in the sense that every path from the center of
gravity to infinity passes through attracting matter. For
example, the center of gravity of an anchor ring does not lie
within the body in this sense, but the center of gravity of a
uniform spherical shell does lie within the body. For outside
points the potential of a centrobaric body is V = M/p. If it
were possible to reach the center of gravity without passing
through attracting matter, all along this path the potential
would be M/p. The average value of the potential over a
sphere about the center of gravity, so small that no matter lies
within it, is M /r, where r is the radius of the sphere, and by Sec. 74
this is the value at the center. But M/p is infinite at the center,
Hence, the center of gravity cannot be reached by an open path
from infinity, and bodies whose center of gravity can be reached
by open paths from infinity cannot be centrobarie.

The example of Sec. 108 shows that a shell of matter can be
centrobaric with respect to points outside of the shell, and also
centrobaric with a different center, with respect to points lying
within the shell. But if a shell is centrobarie for points lying
within its empty interior, the center of attraction must lie outside
of this interior, since the potential function is everywhere finite.
An analytic function which represents a potential function in a
certain domain A of empty space will continue to represent the
potential function in every region of empty space which can be
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reached from A by paths which pass through empty space only.
In different regions, which are closed by attracting matter, the
pctential funetion will be represented by different analytic
funetions, and the points at which the analytic funetions become
infinite must certainly lie outside of the regions in which they
represent the potential function, since the potential function is
everywhere continuous.

112. The Central Ellipsoid of Inertia.—The moment of inertia
of a body with respect to an axis is

_[; pidm,

where p is the perpendicular distance of the element of mass dm
from the given axis. Thus, the moments of inertia of a body
with respect to the z-, y-, and z-axes are

J; (¥* + 2% dm, _’;ES' + z%)dm, _‘;(x' + y*)dm.

Suppose the given body B is centrobaric and that its center
of gravity is at the origin. Let V be its potential function, which,
analytically, is different in different regions. Desecribe a sphere
8 around the origin, large enough to contain B wholly within its
interior, and let U be any function which is harmonie within S and
which vanishes at the origin. Then by Green's theorem, Eq.

(57.4),
J'{Uw ~ VAU)dr = f( v _y? U)du (1)

the integral on the left being taken over the volume of the sphere,
and the integral on the right taken over its surface. Since V
is a potential and U is harmonie,

AV = —dyeg, AU =0,
¢ representing the density inside of 8. On the surface 8
V= M . aVv _ M

p an ¥
both of which are constant. Hence, Eq. (1) becomes

MU, M
thadr——; -ﬁdm—l-?f[frfm

By Eqgs. (62.2) and (74.3)

alr
Hdﬂ! =0, fwa = {,
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the last integral holding sinee [ vanishes at the center of the
sphere, by hypothesis. It follows, then, that

J;Umir - ‘LUdm =0 ()

The volume integral can be reduced from the sphere to the
body, since r vanishes outside of the body.
Suppose now that

Us=(z*+y") — (*+ 29

which satisfies both conditions, namely, that I/ iz harmonie and
that it vanishes at the origin. Then

_];(J:' + y)dm = _';(2’ + z%)dm;

that is, the moment of inertia with respect to the z-axis is equal
to the moment of inertia with respect to the y-axis. As nothing
has been said about the orientation of the body B with respect
to the coordinate system, this conelusion holds for every orienta-
tion: therefore, the moment of inertia is the same for every axis
through the origin. From this, it follows that the central
ellipsoid of inertia is a sphere for every body which is centrobarie
with respect to exterior points,

113. A System of Detached Masses Cannot Be Centrobaric.—
Suppose a body consisted of two detached portions, such as
M, and M; in Fig. 68, and suppose further that this body were
centrobaric. According to
Sec. 111, the center of gravity
(7 must lie inside of one of the
masses, which will here be
taken to be M, and the poten-
tial of the body is

_ M+ My
P

Vv

where p is measured from G.

Describe a closed surface S about the mass M, and take
the surface integral of the normal derivative of V over S. By
Eq. (66.1)

av a1 _
.‘L.&_“’dm = (M, + Ml}Lﬁ(;)d“ 0,
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ginece G lies outside of S. But by Gauss' theorem, Eq. (68.3),
av
_a-;l,dw = _‘i’r-uﬂ-.

It follows, therefore, that M, is zero and that all of the mass
is in M. A centrobaric body, therefore, consists of a single
mass which is bounded externally by a single closed surface.
1t may be in the form of a shell which is bounded by two closed
surfaces, but it cannot consist of two or more masses which are
wholly detached.

114. Theorems Relating to Electric Images.—The following
theorems relating to eleetric images will be of interest.

Theorem 1.—If a body is centrobaric for exterior particles, its
electric image in any sphere whose center lies outside of the body
also is cendrobaric for exterior particles.

Suppose B, is centrobaric and that M, is its mass and 0, its
center of gravity. Let B; be its clectric image in the sphere
S, of radius a, and center at O which is outside of B,. Let
P, be any point exterior to B,, and P, its transform by reciprocal

Fic. 69,

radii with respect to S; also, let 0y be the transform of O,.
Then from the diagram, Fig. 60,

Ty A1 R,
el e — "

o 2 R M
The potential of B, at P, is
M,
Vi =01
1 er {2}

therefore, the potential of B, at P, is
Ve = EV], a M, a M],_

o 'S mR O n R (3)
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or
_ M

¥:= R’r [4}
where

M1 = _ﬂ M|I

Ty

obviously, is the mass of Bs, since the formula,

lim RV = M,

RB= =

holds for any mass, centrobaric or otherwise. Equation (4)
shows that B, also is centrobaric.

Theorem 11.—If the body B, is a shell which is centrobaric for
exterior particles, its electric image, in any sphere whoge center
O lies in the hollow inerior of the shell, Fig. 70, s again a shell
which is centrobaric for interior particles.

Let the center of mass of B, be at the interior point 0,, and
let P, be an exterior point. If Oy and P, are the transforms

o : :ﬁ/;ﬁr, o e . _,,
i o — 4‘:’. / #

Fia. T

of 0, and P;, the point Oy will lie outside of B, and P will lie
inside. The same notation as before can be used, and Eqs.
(1), (2), and (3) hold unaltered. Particles in the interior of
B, are attracted toward the exterior point O just as though a
mass Ma/r, were located there and the body B: did not exist.
The point 05, obviously, is not the center of mass of the body Ba.

If B,, of Fig. 70, is an infinitely thin shell of mass M, then By
also will be an infinitely thin shell of mass M, where, Eq. (106.1),

dm.

M, = dm:““f_-=avﬂr
B BT
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in which r is the distance from the point O to the element dm,, and
V, is the potential of B, at the point 0. Points in the interior of
B, are attracted toward the point O just as though a mass

M =M
T

were placed at the point O,. Since B, is centrobaric with respect
to the point O, for exterior particles, its exterior potential is
M\/R:. lLet its interior potential be ¥. Then, at all interior
points, B, being measured from the point O,

M,

B V=
On the surface B, this expression vanishes, since the potential
is continuous across B,. Deseribe a small sphere £ about the
point (4. If the radius of this sphere is sufficiently small,
M\/R, — V is certainly positive on Z. Since it is harmonic in
the region between Z and B, and vanishes on B,, it is positive

everywhere in this region. Therefore, at the point 0,
Ve < .‘1{.}
T

Also, on multiplying through by the constant a,
ﬂ-Vu < MLI':E‘;
Ty
so that
M: < -M-,

that is, the mass M, on B, iz less than the mass M at the point Os.

If the point O, which is the center of inversion, approaches
the point O,, the center of mass of B,, the point O, recedes toward
infinity, and the range of the variation of the potential within the
hollow of B, diminishes, so that if O, is very remote the potential
within Bs is very nearly constant. If the center of inversion
is at O, the point 0y does not exist and the potential within B,
is constant. This is readily seen from Eqs. (1) and (3), for

Ve = My _ aMy

TJR! FLRI

and as the point O approaches the point 0, the length p,
approaches the length E,, so that
yooeMi M,
papy @
which is constant. Hence the theorem:
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Theorem ITI.—If a closed shell of maller is cenfrobaric with
ile center of mass G in its hollow inferior, ifs electric tmage in any
sphere which has G as its center is a shell of malter for which the
inferior polentinl is constant,

The converse of this theorem also follows readily, namely,

Theorem IV —If the potential of a shell is constant throughout
its inderior, ils electrical image in any sphere whose cenler
lies in the interior is centrobaric for exterior particles, and the
center of mass of the electric image is at the center of inversion. If
the center of inversion O lies outside the shell, the electric image is
centrobaric with respect to the point O for particles in the inierior
of the shell.

115. Level Layers.—Suppose there is given a system of masses
which has the potential V. Suppose V = C is an equipotential
surface that entirely surrounds all of the attracting matter, or
only part of it. Imagine that matter is distributed over this
equipotential surface in such a way that at each point of it

1av
o= EEE, m':l
that is, the surface density at each point is equal to the interior
normal derivative of V divided by 4r. Since the interior normal
derivative of V is the magnitude of the attracting force F, this
can be written also

¢=%ﬂ (1)

With this distribution of matter upon it, the level surface becomes
a level layer.

Let P(z, y, z)be a point exterior to the level layer 8. The
potential at P due to the matter in the level layer is

1 [f1av
V = T = — —‘-—dﬂ.
“ L.ﬂdm ‘hrJ;p dny

where p is the distance measured from the point P. The function
1/p is harmonic inside of 5. Therefore, Eq. (71.2) gives

_f 18V = f ‘F’i(!)riw + 4«-‘[ dm,
gP O g omi\p g P

where, in the last integral, B represents the .volume enclosed by
S and dm is an element of the mass enclosed by S. Since V
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is constant on 8, and 1/p is harmonic in side of S, the first integral
in the right member is zero, Eq. (66.1). Hence
1 13V dm
Vi = hj;p = ) @
This result ean be stated in the following theorem:

Theorem.—The potential of a level layer at any point oulside
of it is the same as the potential of the matter which is enclosed by il.

From this it follows that, so far as the attraction at outside
points iz coneerned, the matter inside of a level layer can be
replaced by the level layer. Since the attraction of the level
layer is the same as that of the enclosed mass at remote points, it
follows that the total mass of the level layer is equal to the total
mass which is enclosed by it.

In empty space the potential function can have neither a
maximum nor a minimum; and, since the potential is constant on
8, it must have the same constant value everywhere inside of 8.
Hence the attraction of a level layer at interior points vanishes.

It is interesting to note that if an equipotential surface which
encloses the entire mass were covered with negative matter so as
to form a negative level layer, the sum of the two potentials
V + ¥, would vanish everywhere outside of S, and the level
layer would act as a sereen to the attraction of the matter
within it. The sum of the two masses also would be zero. In
the interior of S the screen would have no action and the original
masses would continue to attract just as though the screen did
not exist.

Reduction to Two Dimensions.—Suppose there is given a system
of masses in a plane for which the logarithmic potential is V.
Buppose ¥V = ¢ is an equipotential contour that encloses all, or
only part, of the attracting matter. Suppose that matter is
distributed over this equipbtential contour in such a way that at
each point of it the linear density is

1av
© = 5rom = 5 @)
With this distribution of ; ; .
contour becomes a lepel thread.m e wpom &6 the equippbantial

A re_pcti_tiuu of the preceeding argument for the logarithmie
potential gives the analogous theorem -

_ f?"haorm.—-The polential of a level thread at any point outside of
1t is the same as the potential of the matier which is enclosed by it.
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Since the potential can have neither a maximum nor a mini-
mum in empty space and since the potential is constant along
the level thread, it has the same constant value everywhere
inside of it.

116. Families of Level Layers.—Suppose g, g, ¢a is a triply
orthogonal system of coordinates and that the level surfaces in
empty space are g; = const. Expressed in terms of these
coordinates V(g;) iz a funection of ¢, alone. Using the notation
of Eq. (56.5)

av _ 18V
an  Rsdgs
The element of area on this surface is
du.r; = R'LRgtfq;dq:.
Hence, the element of mass in the level layer on the surface
g3 = const. is

1 RB\Ry0V

dm = o7k, sgdnden ‘3}

Bince V iz a potential funetion, AV = 0 in empty space, and
therefore, by Eq. (56.8),
3 (ROVY L 3 (REAT) o (REVY o,
dg\ R, aq dgg\, Ry dqe dyg,\, Ry dg, !

Binee ¥ does not contain ¢, and g, the first and second terms of
Eq. (4) vanish by themselves. Therefore

d (RR:8V

'5‘11( Ry dgs =0, (5)
which shows that the element of mass in Eq. (3) is independent
of gz. From this it follows that:

Theorem.—If f(q1, qs a) = 0 is any closed curve on the level
surface gz = a, and if f(q1, qs, b) = 0 15 the corresponding closed
curve on the level surface gy = b, the amount of malter enclosed by
the curve in the level layer g3 = a is the same as the amouni of
matler enclosed by the corresponding curve in the level layer gz = b.

The theorem is true for the corresponding elements of the two
areas; therefore, it is true for the entire areas,

It follows also from Eq. (5), by integration, that

RuR: 3V _
R: ags flgy, g2
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where f is a funection of ¢1 and ¢s only: and since dV/dgs is a
function of g5 alone, B8y

g_:‘: = g(‘f&): {ﬁ}

it is evident that

BBy _ flgy, q9). (7)
R, glgs) *
that is, R\R./R, is factorable, one factor containing ¢, alone and
the other independent of ¢s. Equation (3) then becomes

dm = ij{g.,g,]dﬁrlg&. {EJ

Conversely, suppose a triply orthogonal system of surfaces
is given and that B\Rs/R; is factorable in the form of Eq. (7).
A function ¥ can be determined from Eq, (6) merely by a
quadrature, the constant of integration being chosen so that
V wanishes at infinity. The function V so determined is har-
monie, vanishes at infinity, and is constant on the surface q; =

const. Hence, ¥V is the potential of a distribution of matter
on this surface for which

1 av
4Ry dg;

Theorem.—A necessary and sufficient condition that one family,
s = const., of a triply orthogonal system of surfaces may also
be a family of lepel surfaces is that R,R./R, is factorable in the
form of Eq. (7), and that there exists a constant ' such that

f g(paldg, + €

o =

vanishes af infi nity.

117. Level Layer on an Arbitrarily Given Surface.—If it
were known that every closed surface is ap equipotential surface
for some distribution of matter that lies wholly within or on

on any given closed surface 8 for which the potential is constant on
8; or, in other words, for which & itself i8 an equi-potential surface,
Quite likely, if S i properly restricted, there are infinitely many
volume distributions for which § is an equipotential surface,
although there is no proof to this effect: but it is true that there
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exiets one, and only one, surface distribution on 8 of a given
quantity of matter M for which S itself is an equipotential
surface, a theorem which is due to Gauss, although his argument
is not sufficient to prove the proposition.

Suppose the mass M is placed upon S at random and suppose
also that the particles of M repel each other instead of attract.
This last hypothesis does not affect the potential V, but it does
change the sign of the potential energy of the distribution which,
by Eq. (76.1), is

W = %J'vm, (1)
8

where ¥ and ¢ are the values of the potential and the density
at the surface element dw.
Let R be the maximum distance between any two points

on 8. Then
dm . M
and
M2
W = ﬁ,

which shows that, whatever the distribution may be, the potential
energy, which is necessarily positive, has a limit below which
it cannot sink. It does not prove that W has a minimum, for,
conceivably, the lower limit might be approached by many
distributions and be attained by none.

For any infinitesimal variation of the distribution (that is,
a variation in ¢) the change in the potential energy is

5W = %J;(aav + Vio)do;
and, since the total amount of matter is constant,
,5M=f.s¢-.dm-0. 2)
5

The change in the value of V at any given point is

e
5V = J;;dm. (3)
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In order to make sure that there is no other solution, let

¥ be the average value of ¥V on S for the assumed solution.
The variation of W can also be written

W = f{v — Vo)bodw, (5)

and this must vanish for every set of ¢ which satisfies Eq. (2).

Let P be the portion of the surface S on which V—="Vyis
positive, and N the portion on which it is negative. Let !:-he
variations of ¢ in the region P be negative and in the region

N be positive, but of such values that f bodw is zero. Then

evidently the variation of W in Eq. (5) is negative and not zero,
since the integrand is decreased everywhere. Hence V = const.
is the only solution.

There cannot be two different distributions of the same amount
of matter on S for which the potential is constant on 8. Suppose
there are two different distributions which have constant
potentials on S. Let V, and V, be the external potentials
of these two distributions, and V,(® and V(® their values on 8.
Then

Va® = ¥V,
where p is some constant. Consider the difference

V= F: - #V;.
The function V is a potential function which vanishes on S
and at infinity. It is, therefore, zero everywhere (Sec. 75), and

V! = #F;.
But, since the total quantity of matter is the same in the two
distributions, the limit of the ratio Vs/V, at infinity is unity.
Therefore
p=1, and V,® = V,0,

There cannot be two different constant values, but conceivably
there might be two different distributions which have the same

constant potential on 8, but this also is impossible. Since the
density on the surface iz (Sec. 115)

o = lﬂ—v!
4= dny
and sinee Vi = V,, the normal derivatives are everywhere

the same and, therefore, the densities in the two distributions
are identical.
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There cannot be more than one distribution of a given quantity
of matter on 8 for which the potential is constant on S,

It should be observed that in this distribution of matter on
S, every portion of the surface is covered with matter, if § is
a closed surface. If it were not so, there would be a path from
the interior of S, where the potential is constant, to the exterior,
where it iz not constant, which did not pass through attracting
matter. By Theorem IIT, Sec. 75, this is impossible and the
surface must everywhere be covered, with the possible exception
of isolated points and lincs at which the density might vanish.

The theorem that the distribution which makes the potential
energy 4 minimum also makes the potential constant in the
interior and on the surface is a particular case of a somewhat
more general theorem which is due to Gauss.

Reduction to Two Dimensions—The above argument, without
any essential modification, indicates, also, that there can exist
but one distribution of a given quantity of matter on any plane
contour C for which the contour becomes a level thread; that
ig, for which the logarithmie potential of the distribution
iz eonstant everywhere on C, and therefore within C, if C is
closed.

118. Robin's Integral Equation.—If ¥, and ¥, are the external
and the internal potentials of u closed level layer, then
14V, 1 av;
R Yo m == e
4x dn, 4 dn,
This is the familiar discontinuity in the normal derivative
of the potential of a surface distribution of matter. If m is a
point of the surface, the normal derivative of the potential
at m does not have a definite sense.

Buppose my; 18 an interior point on the normal through m and
infinitely near m, and m, is an exterior point on the same normal
also infinitely near m. If p; and p, are measured from m; and m,
respectively and ¢ is the angle between the direction of p and
the direction of the exterior normal, then (Sec. 66)

av. _ CO8 @ avi -
an, s ot

= 0.

-, li

i, s ef

Hence

_ o 1 [eos e _ 1 [feos e
#’"_hm-hr‘[f pr,ddw. ﬂ—hmhj; .

Pi!
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If p., is measured from the point m itself, the integral

§ Pm

which represents the normal component of the attraction of
S on m, has a perfectly definite sense and can be evaluated.

Let & plane perpendicular to the normal at m, which is msurrfed
to be a regular point of the surface, be passed through the 1:.'0111‘1.5
m;. This plane divides the surface § into two parts, an infinitesi-
mal disk s with its center at m, and the rest of the surface Z.
The normal components of the attraction of T at the points m
and m; differ infinitely little, since the two points m and m:
differ infinitely little in position. The limit of the normal
component of the attraction of & on my as my approaches m is
2re directed towards the exterior, since the limit of the a;.ohd
angle subtended by s at my is 2= (Sec. 8). Hence, the limit of
the normal component of the attraction of X on m; also is 270
directed toward the interior, since the total attraction on m; 18
ZErO,

The limit of the normal component of the attraction of s at
the point m is zero, since the limit of & is a plane disk in which
m lies. Therefore the normal component of the attraction of S

on m is the limit of the normal component of T on m, that is
2row. Hence

2

2, = fms "F:rdu,
3 Pm

or

1 [feos g

Tm = '2; S_F-:
which is Robin's integral equation.
If the total mass on 8 is M, then

M= J' od, (2)

]

and the distribution of matter on § is completely defined by
Eqs. (1) and (2).

119. Picard’s Solution of Robin's Equation.—Combining the
general line of thought of Neumann in his method of the
arithmetic mean with his own method of successive approxima-
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tions, Pieard has given the following solution of Rebin's equa-
tion! for a surface which is everywhere convex,

1
olz, y,2) = or E‘-’;gf«rif, 1, §)duw,
5

where the ¢ in the left member is the density of the distribution
at the point from which p is measured, and in the right member
is the density at the surface element dw.

Let f be any function whatever that is continuous on 8. A

geries of functions, f, fi, . . . is defined by the relations
1 [cos e
Ji = 'E;J.—hz—fdw.
1 {cos
Ji = e ) e

It will be shown that, aside from a constant factor, f. tends
toward the function ¢ which represents the density of the dis-
tribution in a level layer.

The first of these equations can be written

1 feeos g
fl'ﬁfsa o da.

Sinece ¢ does not vanish on S, let 4 be the maximum value of the
ratio f/e and B be the minimum; so that (4 4 B)/2is the mean
value, Let o be that portion of the surface for which the ratio
f/w is greater than the mean, and § the portion for which it is less
than the mean. Then

B
zrflgaf‘-'i:f—‘”dm-f“‘; f”ff“’du.
a &

and

2
! Preagn, B, “Traité D' Analyse,” Vol. I, p. 203.

ﬂ*f1§A+§fF°::wdm+BJ‘FD:E¢ :
- a
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These equations can be rearranged so as to read
2, ;AI"—":;“ Cdo — A = Bf”““’du,
8 ]

2 o*
7 CO8 ¢ A4 - B [focos ¢
EJ'I'.fI: 2 BI‘[;T—&:I + 3 .L: p_l B

The integral over the entire surface is 2ro. For the other
integrals, let

2rf, = f e f’—‘fi”—“fdm,
o a

s0 that 6, and 6, are each less than ¢ (the integrand being every-

where positive). With this notation, the above inequalities
become

figy_A-Bo

T 2 g
h =B+ A-B ﬂ',
o 2
for any point on the surface.
If two different points are taken and are distinguished by the
subscripts 1 and 2, these inequalities give

lisa-4-Btw fu,p A-Bo,

L] 2 Ty ; 2 Ty
IE;A._A_Bﬂ_“, &_2_34_‘4___3&_"'.
L5 ] L] T VR
Henee
&1_,!'1_: _ _ A4 —Bfo, b,
a F:S{A BJ 3 !T_|+ﬂ"_l'
__&_I__,f_l.: _ A—BE.. ﬂi‘.
o Tz B At (;l+;;

The coefficients of (A —B)/2 in the right members of these
equations are each less than 2; therefore

b Ll <y p,

o T3

where u is some positive number less than 1. Since this inequal-
ity holds for any two points on 8, it follows that if A, is the
maximum value of fife and B, is its minimum valye

(41— By) < u(d — B).
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In a similar manner, it is shown that
(As — B,) < p™A - B),

where A, and B, are the maximum and minimum values of the
ratio fo/e. Consequently, if f, tends toward a limit at every
point of S, the ratio f./e tends toward a constant value, since
the difference between its maximum and minimum values tends
toward zero.

Now

1 _?.._1 T Cos @
,rn = E;J';'—— 7 dﬁl‘,

g p

f cosp
2’:’0’

the dashes on the letters indicating the value of the function
at the surface element dw. On multiplying the second equation
by fe—: and subtracting from the first, there results

= fart = - J’ ( f.ﬂ)u c0s g,

and

and sinee

it follows that
| fa = fam1l < p* (4 — B)e < p~(4 — B)my,

where ¢ is the maximum value of .

By writing

fn=fu+{f1—fﬂ}+(_f:-.r1}+ IR (fn - -—1}:
it is seen that f, can be regarded as a sum of terms which decrease
like the terms of a geometric progression. It has, therefore,
a definite limit, and if €' is some constant.
lim f. = Co.

120. Example of a Level Layer.—Suppose two particles,
each of unit mass, are placed at the points 0, and 0, (Fig. 71),
the distance between the points being 2. If the distances



232 THE THEORY OF THE POTENTIAL

of the point P from 0, and 0, are g1 and py, the expression for
the potential at P is

'|;.’=l+.1.,
n P2

Fia. 71,

and along an equipotential surface V is constant. If the value
of this constant is 2a/1 the equation of the surface is

1 + 1 _ 2 (1)
31 Pz 1
The force F which is acting at P is the resultant of two forees
1/m* and 1/ps* directed toward O, and O, respectively. Its
magnitude as given by the parallelogram law is

I SRAYS 4 14

F [(: + E)(EF *33) m,s] -
Hence, a level layer can be constructed by distributing matter
over the level surface, Eq. (1), in such a way that the density

is
171 1 1 1 41 1%
=—ll—+=)=+ =) = 2 2

‘ ‘h'[(p; + p:)(m’ + p:‘) m’pz’] ’ =
and this level layer attracts points outside of it just as the
particles at O, and 0, do. For & = 3/4, thelevel layer isasingle
closed surface of revolution which contains both of the attracting
particles. For a = 1, the level layer has the shape of an hour
glass, at the point midway of which the force F vanishes and
therefore, the density « also. For a = 3/2, the surface consists

of two ovals each of which contains one of the particles, and
therefore (Sec. 115) each oval of the level layer, for particles
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outside of it, is equivalent to the particle which is contained
within it. If the particle at O, is left undisturbed, but the
particle at O, is replaced by a level layer which is a single oval,
the system is equivalent to the two particles at 0, and O, for
particles outside of the oval. The potential inside of the owval
is constant; therefore, the attraction of the oval on an interior
point is equal and opposite to the attraction of the particle
at 0y. The level layer surrounding O, taken by itself, is centro-
barie for outside partieles, and attracts inside particles just as
though all of its mass were negative (repellant) and were con-
centrated at the point 0.

121, Level Layers on Prolate Spheroids.—The equipotential
surfaces of a homogeneous straight rod are prolate spheroida
{(Sec, 08). If p; and p: are distances measured from the ends
of the rod, the equation of these surfaces in bi-polar eoordinates
is

p1+ p2 = 2a,

where o is the polar semi-axis.
Let » and g be parameters defined by the
relations

prtps =2, pL— pr = 2u,

and let 8 be the longitude with respect to a polar
axis, which coineides with the rod. The surface
h = const, is an ellipsoid; the surface p = const.
iz one of the sheets of a two-sheeted hyperboloid of
revolution; and # = comst. is a plane. These
three surfaces are confocal and intersect each
other orthogonally. If the length of the rod is 2I, the equations
of transformation for rectangular coordinates are

Fra. T2,

z = %-«.fw —T0E = 1) cos o,

V= %ﬂiﬂ' 10T = 4 sin 6, ©

the coordinates \, u, # being restricted to the intervals
vz “lsp=+l, 0=0=2r
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The M-direction is normal to the ellipsoid, the y-direction is normal

to the hyperboloid, and the #-direction is normal to the plane in
the sense of longitude increasing.

If P(z, y, ) is a point on an ellipsoid for which A = a, the

normal displacement of the point p due to an infinitesimal change
in the coordinates is

in= (&) +(G) + (G = =

for the value A = a. Bimilarly the displacements along a meridian
and along a circle of latitude on the ellipsoid are respectively,

VG) G+ ()= =g @
and
\I(z—zg)* + (%): + (%)= df = %‘V’ = = pds, (3)

alzo for the value h = a.

The value of the potential of a homogeneous straight rod
of length 2I and mass unity at & given point P is

V= glglt], @

where a is the polar semi-axis of the prolate spheroid which passes
through P. The normal derivative of V is
dV  aVv da
n - da an
which, on account of Eqs. (1) and (4), becomes
&V -1

— s 5
n T V@ - D = 5 @
Hence, the density of the level layer on this spheroid is
1av _

1
F = —— —— 3
dr on 4r/(a® — 19 (af — u9)
ThFT element of area on the spheroid is the area of the rectangle
of which the sides are given in Eqs, (2) and (3). That is,

do = 73/ (@ = F)(a = wduds;

and the element of mass is rdw, or

dm-—dyda
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If dm. is the element of mass in a eollar of width dg, the integra-
tion of this equation gives
du

dm,. = ﬂr {ﬁ}
and the integration with respect to u from —1I to +I gives the
total mass +1, as of course it should. The simplicity of Eq.
(6), however, shows a simple distribution of the mass in latitude.
The distribution is uniform with respect to u, and therefore,
uniform with respect to 2, also; that is the mass included between
any two planes which interseet the spheroid and which are parallel
to the equatorial plane is proportional to the distance between
the planes. As a wvaries, the mass included between any two
hyperboloids remains constant.

If the rod is regarded merely as an auxiliary concept the
spheroidal level layers being the principal one, it is evident from
Eq. (4) that there are infinitely many spheroids, for a given mass,
for which V has a fixed value, say unity. On taking [ = ae,
where e is the eccentricity of a meridian section, Eq. (4),

defines the relation between [ and ¢. The potential energy of a
unit mass distributed as a level layer on each of these surfaces ia
the same. No work is required in passing from one of these
distributions to another. It is interesting to note that of all of
these spheroids, which vary in shape from the sphere with a radius
unity to a straight line of infinite length, the sphere is the one
which encloses a minimum volume.

122, Level Layers on Ellipsoids.—It was proved in Sec. 11
that a homogeneous ellipsoidal homoeoid attracts an interior
particle equally in all directions, so that the resulting attraction
is everywhere zero. This means, of course, that the potential is
constant inside the homoeoid, and that if the shell is infinitely
thin the surface is an equipotential surface. If the distribution
of matter is a surface distribution, the density is proportional to
the thickness of an infinitely thin homoeoid. That is

hadn.
where h, is a factor of proportionality.
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If f(z, y, 2) = 0is the surface, and
afy? afy® afy?
NORORG)
then, Eq. (54.4),
o _ =1
- R, and dn Rc{ﬁ

Sinee df is constant over the surface,

=
RJ
where kg is a constant factor of proportionality.
The equation
e yt 2 0 e o pe
'r(x’y’z}=u_*:73+5’_—_q'+_-:q_1- , a*>0b, (1)
represents a family of confoeal conicoids, if ¢ is regarded as a
parameter. The three roots of this equation, when regarded

as a cubic in g, are the elliptic coordinates of the point z, ¥, 2;
thus!

gt = (a* — g1)(a* — ga)(a® — G'_:QJ

u!{dﬂ - h!}
2 _ (@ = D)@ — g2)(b" — q3)
¥ = bia? — b?) ! (@)
gl = __qeds
alb!

The order of the magnitude of the roots is
ad>qu>b>a>0>q.
and ¢ = ¢a in Eq. (1) is an e"lipsoid.
Ifs
R = (1 — gellqn — qs)  _18f
o' — qlg — B 40q| o=
R = g = ga)(gs — @) _ 1 of
i(a* — g)(b* — gdgr  40q| emed
Rp = —@ = 0a=a) 19
i(a® — qa)(b? — qu)qs 4 dq .
the components of the displacement of the point z, y, z due to
an infinitesimal change in the elliptic coordinates are Rdg,,
R.dg,, and Ridgs These three components are mutually

1 'Statics and the Dynamics of & Particle,” p. 355.
% Ihid., p. 369
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orthogonal, the first two lying in the plane tangent to the ellipsoid,
and the third being normal to the ellipsoid.
It follows at once from Eq. (1) that

(oo) + o) + () - ...

and therefore
Rt = 4R
The density in the level layer on the ellipsoid is then

. = hs [ —qa(a® — ¢:)(b* — gs),
2 (g1 = qa)(gz — q2) ’
or, since g, is constant on the ellipsoid, the constant factors
can all be included in & single factor of proportionality, and then
ko

The element of area on the cllipsoid evidently is
dw = Riﬂtdg|dq'g_,
or

do = — O = V@ — )@ —0) g g0

4'\!’{&‘ = q)(g — b)mla®* — go)(b* — ga)qz
and the clement of mass, dm = sdw, is

4‘\"’(“’ - ) = b {f" — q2)(b* — g3)q2
This expression for the clement of mass is independent of ga,
and therefore, it holds for each member of the family of econfocal
ellipsoids. The constant h can be determined by the condition
that the mass of the level layer is equal to unity. Hence, on
integrating over an octant of the cllipsoid,

1 f J‘* _ (@ = gdgides
b Jie Jo Vi@t = q)(g — Bgi (@@ — qu)(b*— ga)ge

= (@ = ¥)dg (Y dga
Ju Ve =)@ — BIarJo V(e = g)t* = ga
I dq ¥ (b* — go)dgs )

Vi@ = 1)@ — M0t V@ — @O — e

The substitutions v/a® — g1 = v/a? — b? sin ¢ in the first and
third integrals, and +/q = b sin ¢ in the second and fourth
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integrals, effect the reductions to Legendre's normal forms,
and it is readily found that
21}; — 4(EK, + E.K — KK),
where K and E are Legendre's complete elliptic integrals of the
first and second kind, for the modulus
a! = b:

k* = —'—a-!—r
and K, and E, are the same quantities for the complementary
modulug kif = 1 = k% But, as Legendre proved,

EK,+ E.\K — KK, = ;:

whatever value k* may have. Hence, for a level layer of unit
mass
he=-2, and o= - (4)
ol vV — @)g: — 01
For g3 = 0, the ellipsoid is a plane double elliptical sheet.
Therefore, a single plane ellipse will be a level layer of mass
unity if the density on it is

1
B 2r/ q1q92
It is found from Eq. (2) that, for ¢; = 0,
z* vt _ q1z
@t T Ty
Hence, the lines of constant density are ellipses which are similar
to the given ellipse. The density at the edge (g2 = 0) is infinite,
and at the center, where ¢, = a? and g; = b%, it is

o

oy = =0

2rab

The average density is twice the density at the center.

It will be shown in the next section that the equipotential
surfaces of this elliptical disk are the confocal ellipsoids. Equa-
tion (3) shows that if the double elliptical disk should expand
through the series of confocal ellipsoids, retaining always the
constant mass unity, the same element of mass would be found
in the tube defined by ¢1, ¢ + dgi, gs, g2 + dge, each constant.
The density would vary from one surface to another, but the
element of mass would remain the same.
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123. The Potential of Ellipsoidal Level Layers.—The direct
computation of the potential of an ellipsoidal level layer involves
very difficult integrations which, probably, have never been
carried out. But the potentials can be obtained without diffi-
culty from the expressions for the potential of a homogeneous
solid ellipsoid simply by differentiation.

The potential of a homogeneous, solid ellipsoid at an exterior
point x, y, 2, is Eq. (36.1)

= o2 2 22
U=wuﬂ7‘£ (l_a’ +s_ﬂ:y+3_.¥=+3)
ds
Ve + 8@+ )+ a)
where a, 8, v, are the semi-axes of the ellipsoid and « is the positive
root of the equation

r? y? 2
Frxtpsatyag=t

The potential of the similar ellipsoid whose axes are (1 + ))a,
(1 + »)8, and (1 4 M)y at the same point z, Y, 2 is

w zi .yﬂ x!

W= [ (400 - - - )
F— - - f,ER” — ———e e
Vi @+ G

where «: is the positive root of the equation

= x? . .|._._.3'!r=__ + - # = (1 + )2
@+ ft w4k ’
The potential of the shell which has been added is, therefore,
V=W-U;

and for X\ very small

oW
V= ah;ﬂ_ni
The lower limit of the integral, x, is, of course, a function of
A, but this faet ean be ignored in the differentistion, since the
function within the parenthesis vanishes for s = k. On dif-
ferentiating then with respect to A so far as A oceurs explicitly
and then setting A equal to zero, there results

- iz
V= Qe "”‘J: V(e + 88 + (2 + )
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The mass of the ellipsoid is
M = Groafy(L + N,

and the mass of the infinitely thin shell is

dM = dxoafydh.
Since the mass of this shell is unity it follows that
1 = droafydh,

and therefore, the potential of the ellipsoidal level layer of unit
mMAss is
vl j" _ds )
“2), V@ +E+ali+e)
At the surface x = 0, and, sinece the potential is continuous
across the surface and constant in the interior, the value of the
potential at all interior points is

1 (" ds
V-EJ; Vet + 8)(8 + 8)(v* + 8)
For the elliptical disk +* = 0. The potential is constant

over the surface for which « is constant. That is, each member
of the family of confocal ellipsoids is a level surface.

124, Layers of Finite Thickness.—If an infinitesimal amount
of matter is distributed over a level surface in such a way,
however, that the surface density is everywhere proportional
to dV/dn, the potential due to the matter so distributed is
constant within the surface, and it will remain constant if the
matter expands so as to fill the volume between two infinitely
close level surfaces, the amount of matter associated with each
element of surface remaining proportional to 4V /dn just as
before. The volume density in this new distribution, however,
is proportional to (8V /an)2,

In order to show this, suppose the amount of matter distributed
is mdl and that it is distributed in a shell of uniform thickness
dl, The amount of matter associated with each element of
surface is

14V
4x an
and this amount of matter is expanded to fill the element of

deodl;
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volume dwdn, dn being the distance between the two level
gurfaces, If o is the volume density

1aVv
cdwdn = ;Edmtﬁ,

After removing the common factor dw and then multiplying
through by 8V /dn, this expression becomes

17812
odV = I;(ﬁt") dl;

and, since dV and dl are constant over the surface, this equation

can be written
= w5 = we y
= (ﬂ'n - ' (1

where A iz constant over the surface, and F is the intensity of
the foree at the point under consideration. This distribution
of matter leaves the level surfaces undisturbed. Infinitely
many such layers can be built up into a shell of finite thickness
for which the internal potential is constant, and the external
equipotential surfaces are the same as for the original mass.
If the total mass of the shell is M, its attraction on particles
exterior to it is just the same as the attraction of the original
mass. The factor of proportionality h in Ilg. (1) may vary
from layer to layer in any manncr whatever, continuously er
discretely, but in any given layer the volume density is pro-
portional to the square of the resultant force ut that point.

The electric image of any of these shells in any sphere whose
center lics inside of the shell is o centrobarie body (Seec. 114)
for erterior particles. Green's theory, thercfore, shows how to
construet an infinite variety of bodies which possess the interest-
ing property of attracting outside particles just as though the
body itself were a particle.

126. A Finite Shell Bounded by Confocal Spheroids.—In
See. 121 a level layer was constructed on o prolate spheroid.
As it is desired to extend these results to the construction of a
shell of finite thickness bounded by two confoeal prolate sphe-
roids, the notation and formulas of that section will be useful
in the present one.
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For a homogeneous rod of length of length 21 it is convenient
to transform to the coordinates M, u, # which were defined in
Eq. (121.0), namely:

p=L\J0r =10 - 1) coss,

y = Nw — 1)1 — ¥ sin 6,

M
)

If the mass of the rod is unity, its potential at any point
on the surface of the prolate spheroid which is confocal with the
ends of the rod and for which X is the polar semi-axis is, Eq.
(121.4),

_tz-

V"Elxl“g:ti‘ @
The foree acting at any point P of this surface is given by Eq.
(121.5)
v _ -1
an - VN BN - #)
and therefore, the volume density at P is

A2 = e 5

7= Nan W=\ = 4
where h is constant over the surface of the spheroid, but can
vary from one spheroid to another. That is, h ean be a function
of ) but not a function of u or 8. Let this function be chosen
so that in the plane of the equator, where p = 0, the density is
constant and equal to ¢o.  Then b = ad*(A* — 1%, and

ooh?
oy @

F=

T =

Sinee the three displacements defined in Eqs. (121.1), (121.2)
and (121.3) are mutually orthogonal, the element of volume
is obtained by taking their product. That is

'h! —_ ]
dr = —hl"—'d}ud;.ldﬂ‘;

and the element of mass, dm = adr, is

dm = ?‘w:uiﬁda.
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Hence, if a is the polar semi-axis of the outer surface, and b
that of the inner one, the total mass M is

= [ [ v
I A B NdMdud§
“ 4
- 4wg£ N\ = zweo(a® — bY),
which is the same as that of a homogeneous spherical shell
of which the bounding spheres have the radii 2 and b and the
density of which is the equa-
torial density of the non-
homogeneous spheroidal shell.
The surfacez of constant
density are defined (Eq. (2))
by the relation p*/A? = a con-
stant. Since

(3)

m+ pa = 2M, pL— pr = 24,

it is evident that, if the ratio
M/ is constant, so also is the
ratio p:/p:, constant. The
surfacez of constant density
are, therefore, spheres which
have their centers on the axis
of the spheroid; furthermore
these spheres divide the linc
of the half-rod externally and
internally in the same ratio,
as is indicated by the dotted
lines in Fig. 73. Fra. T4

It is known from the theory
of See. 115 that this spheroidal shell possesses the property that
its internal potential is constant. It is desired to ascertain the
value of this constant,

If an infinitesimal amount of matter dM is distributed over
a level surface in accordance with Eq. (2), its potential at external
points and on the level surface itself is the same as though it
were uniformly distributed over the line of length 2I which joins
the two foci. Egquation (1) then gives

1, N+l
&V Eﬂlﬂg }l—-_——ld.u,
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and this is the value of the potential throughout the interior
of a shell of infinitesimal thickness which is bounded by two
level surfaces, the density of which is defined by Eq. (2). From
Fq. (3), it is found that

dM = dxo )3\

Hence

— 9 Tha At
av = 27\ log ) T,

and for the shell of finite thickness

_ 9 90 . A+1

v ‘}rTJ; A lngh — Id?\
The integration of this expression gives the value of the interior
potential, viz.:

200 {43 },i"' 1 T 1
:3—11[1 lugh_s+llug(}«. I + A4

At points exterior to the shell the potential is the same as
though all of the mass of the shell were uniformly distributed
along the rod; that is

V=

h.

3] BN

and the shell attracts an exterior particle just the same as the
rod does,

The electric image of this shell in any sphere whose center
lics in the interior of the shell, is, of course, a centrobaric body.

126, The Surface Density Necessary to Produce Given
Potentials.—It was shown by Green as one of the earliest appli-
cations of his theory that if a closed surface S is given, if Vi(z, y,2)
is harmonic (See. 62) inside of Sand Vi(z, vy, g) is harmonic
outside of S, vanishing at infinity in the order of 1/r, and if
V: = V. on 8, there exists one and only one distribution of
matter on S for which V; is the internal potential and V, is
the external potential.

In order to prove this, let z, v, z be the coordinates of a point
p inside of S and §, #, { the coordinates of any point on 8. If
the distance between these two points is

p=VE—2 + -+ -2}
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the value of ¥ at the point p is given by the surface integral,
Eq. (63.3),

COPERT Vards) o W

the external normal derivatives being taken.

Outside of 8 the function 1/p is harmonie. The function
V. also is harmonic and vanishes at infinity in the order of 1/r.
Hence, as is proved in Sec. 683 for an exterior point,

hf [i w7 “(%)}h )

In Eq. (1), the normal derivative is taken outward with respect
to 8, and in Eq. (2) it is taken inward. The inward normal
derivative and the outward normal derivative of 1/p differ
only in sign; on the surface S8, Vi = V.; hence, on taking the
sum of Eqs. (1) and (2), it is found t.hut

If the point p, at which the potentml is nvaiuntnd, lies outside
of 8, it is necessary only to interchange the subseripts ¢ and {
in Eqgs. (1) and (2), and therefore, also in Eq. (3); that is

Vi w2 = J'[aﬂﬁimd“ )

the form of the right member remaining unaltered.
Now let a distribution of matter be made on S in such a way
that the surface density is

(8)

which is definite and unique since the mormal derivatives of
Vi and V, are definite and unique. The potential due to this
distribution of matter is

av, , av,
[an. + an; |’

du

=,
s p
If the point at which V is evaluated lies inside of S, Eq. (3)
shows that V = Vi, and if it lies outside of 5, Eq. (4) ah—:::ws that
V = V. Henee, one and the same letnbutlon of matter on
S produces the potentinl V, inside of S and the potential V',
outside of 5.

V=
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127. Green's Problem.—The functions ¥V, and ¥; are not as
independent as the above proposition might lead one to infer.
Indeed, if V., harmonic outside of S and vanishing at infinity,
is given arbitrarily, there exists, at most, but one funetion
V. which is harmonie inside of S and equal to V,on 8. Suppose
there are two such functions, and that the second funetion is
V:+ W. Then W is harmonic inside of 8 and equal to zero
on 8. 1t is, therefore, (Theorem I, Sec. 75) equal to zero every-
where inside of S, and there can be but one funection, if any
at all, that is harmonic inside of S and equal to V, on 8.

Suppose the exterior potential is given, then Green's problem
for the interior of a surface can be formulated as follows:

Green's Interior Problem.—(Given a closed surface S, does
there exist a function V(z, y, 2), which ¢ harmonic within S and
which takes a given condinuous sef of values on SP

The equation, Eq. (63.3),

Vilz, y,2) = hj.[l Vs _ V.'a%(%)]dw (1)

requires a knowledge not only of the values of V; but also of
the values of 8V;/dn on 8. But since, if the function V; exists
at all, it is unique, V: and 4V./dn are not independent, and
Green’s formula requires more information than the gquestion
pre-supposes.

Green himself observed that if there exists a function

G=:;+H, (2)

in which H is harmonie inside of S, equal to —1/p on 8, so that
(7 vanishes on S, and admits a finite well defined normal derivative
on S, the value of ¥; at any interior point is given by the equation

Vilz, 1,9) = —= | Veaod, ®)

an equation which is obtained from Corul]nr}r I in See. 63 by
taking ¢ = ¥V, and ¢, = @, and remembering that ¢ = O on S.
The funetion @, which is known as Green’s funetion, is associated
with the surface S, and is entirely independent of the function
Vi

The problem, therefore, can be re-stated as follows: Given a
closed surface S and a point p within it at which p vanishes, does
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there exist a function G = % + H, in which H is harmonde inside

of 8 and equal to —1/p on S?

Evidently a similar problem exists for the region exterior
to the surface S. [t can be stated as follows:

Green's Exterior Problem.—Given a closed surface S, does
there exist a function V.(z, y, 2), which i3 harmonic outside of S,
vanishes af infinily, and takes a given continuous sel of values
on S

The equivalent reduced problem is

Given a closed surface S and a poind p oulside of it at which p

sanishes, does there exist a function G = :". + H, in which H is

harmonic outside of S, vanishes at infinity and iz equal to —1/p on
i

128. Certain Physical Considerations.—From certain physical
considerations, Green was satisfied that the answer to these
questions is in the affirmative. Suppose the surface S is a
perfect conduetor of electricity which is maintained at zero
potential under all circumstances by a wire, which also is a
perfeet conductor, connected with the earth. If a unit partiele
of positive electricity is placed at a point p inside of S a certain
charge of electricity is thereby induced upon 8. The potential

at any other point inside of S, due to both charges of electricity,
is

1
G=-+H,

where 1/p is the potential due to the unit charge at p, and H
is the potential due to the surface charge induced on 8. Since
H is a potential due to a surface distribution on §, it is harmonic
inside of S; and since the surface S is grounded, its potential
is always zero. Hence G vanishes on 8, and H is the harmonie
funection in question.

A second example from the domain of physics is the following:
Suppose the individual points of the surface of a body are main-
tained at constant temperatures, although the temperature may
vary from point to point in any continuous manner over the
surface. In the course of time, the interior of the body will
reach a state of thermal equilibrium, in which the temperature



248 THE THEORY OF THE POTENTIAL

at any given point remains constant, The function T which
represents the temperature of the steady state is harmonie, for
the equation AT = 0 means that the heat received and discharged
at each point is the same (See. 56). The temperature also takes
prescribed values on the surface. Therefore, T satisfies the
conditions required in Green's problem

129. The Existence of Green's Function.—Given any closed
surface S and a point p either within it or without it. Let p
be the distance measured from p to any point. If p is inside of
8§, it is required to find a funetion H whichis harmonic inside of S,
and equal to —1/p on 8. If p is outside of 8, it is required to
find a funetion which is harmonie outside of S, vanishes at infinity,
and is equal to —1/p on S.

Let a sphere Z of radius a be described about the point p as a
center, and let the surface S be transformed into the surface S*
by the method of reciprocal radii (Sec. 105) with respect to the
sphere Z. Let a quantity of matter @ be distributed upon the
surface 8* in such a way that the the potential due to the dis-
tribution is constant within and on §* (See. 117).

The electric image of S* in the sphere £ coincides with the
given surface 8, and the resulting distribution of matter on 8
is centrobaric with respect to the point p for points outside of S
if p is inside, and for points inside of 8, if p is outside (Theorem
IV, Beec. 114),

If p lies inside of S, the quantity of matter  can be chosen
so that the mass of the distribution on § is unity, and the poten-
tial of this distribution at all outside points iz 1/p. If V; is the
interior potential of this distribution, ¥; is harmonie inside of S
and is equal to 1/p on S, since the potential function is continuous
across S. Hence the function

H= -V,

satisfies all the requirements of Green's interior problem.

If p lies outside of S, the quantity of matter @ can be chosen
so that the potential of the distribution on S is 1/p at all interior
points. If ¥V, is the exterior potential of this distribution of
matter on S, the function ¥, is harmonie outside of S, vanishes
at infinity and is equal to 1/p on 8. Hence

H=-V,
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is a function which satisfies all of the requirements of Green's
exterior problem.

The existence of a solution of Green's problem for any closed
surface S is thus made to depend upon Gauss' theorem that there
exists one, and only one, distribution of a given quantity of matter
upon a given closed surface 8 for which the potential is constant
on S. Indeed, Gauss' problem is equivalent to Green’s problem.

130. Miscellaneous Properties of Green’s Function.

(a) Green's interior function, which is always relative to a
closed surfaece S and a fixed point p, is the potential of a eertain
distribution of matter; namely, a particle of positive matter of
unit mass located at the point p and a centrobarie distribution of
negative matter relative to the point p on the surface 8, of which
the total mass is —1. The potential of such a distribution is
zero on 8 and everywhere outside of 8, for the negative matter
repels an exterior particle with the same intensity and in the samo
straight line as the positive particle attracts. Hence, @ is zero
on S and everywhere outside of S.

(b) The exterior and interior potentials of the surface distribu-
tion on & having been determined, namely,

V.= =%  Vi=1,
I

the density on 8 which is necessary to produce these potentials is
given by Eq. (126.5); namely,

-1 9G
4w dn. }
In view of this result, Iq. (127.3) becomes
Vilz, v, 2) = J_;V:EE, n, Doz, v, 2; & 1, D, (2)

where z, y, z are the eoordinates of an interior point p, and §, 7, §
the coordinates of a point on the surface. Therefore, if Vi is
any funetion which is harmonie inside of 8, and if its values are
known on 8, its value at any point p inside cun be obtained by
integrating the product —oV; over the surface.
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Let p, with the coordinates z,, ¥, , be the fixed point and p
with the coordinates x, y, £ be the variable point. Then Green's
function relative to the fixed point p; is

G, = % + Hilzy, Y 2152, 4, 2),
!

where

p=vVE -+ -5+ - =)
and G, = 0, if the point p lies on 8.

If the point p, is interior to the surface, G, is Green’s interior
function relative to the surface S and the point p,; and if p,
is outside of the surface, @, is Green's exterior function relative
to the surface § and the point p,.

(¢) The Interior Function is Positive Everywhere within 8.—
Binece

F1G1 =14 PI.H];.
and H, is finite everywhere within S,
lim F1Gl = +41.

=0
Hence, on a small sphere I with its center at the point p, the
funetion @, is positive and very large. On 8 it vanishes; and in
the region between Z and S it is harmonie. It is, therefore, Sec.
75, positive everywhere inside of 3.

(d) The Exterior Function is Positive Everywhere outside of S.—
If it is borne in mind that, for the exterior function, H, vanishes
at infinity, the same argument as above shows that the exterior
function is everywhere positive outside of S.

(¢) In Their Respective Domains the Green Functions are Every-
where Less than 1/p.—8ince Hy, = —1/p, on the surface and is
harmonic in the domain of its validity, it is negative everywhere

within that domain (except at infinity where it
By vanishes). Hence G, < 1/p everywhere, save at

infinity where G; vanishes.
(f) The Same Point but Different Surfaces.—
Suppose the fixed point p, lies within the surface

8, and that the surface 8, is wholly enclosed
Fro. T4, by the surface S, (Fig. 74). Let G,'Y be the
Green function relative to p, and 8, and G,'®

be the Green function relative to p; and S, so that

1
Glﬂ? = p_| -|— Hl“':lt:xll Vi 21, &, U, Z},

1 "
o = F_l +H'W'[x1-l Vi 21 X, ¥, 2),
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Within and on the surface 8,, it is evident that
Gle] — Gll'l:l — Hlfﬂ I Hl{”

On S, the function G, > 0, by (c), so that Pl+ H,® = 0,
1
Also

1
H,® > —= gn §,.
A

1
—H,*Y = 4+~ on 8,
P

Hence
H\® — H,"" > 0 on S,
Since H,® — H,” is harmonic inside of 8, and positive
on the surface, it ig positive everywhere inside of S;, and therefore
G'# > G,V everywhere within S,. (1)
This proposition is still true, if the surface
8, lies wholly outside of S: (Fig. 75), and if
the symbols have the same significance as
before, so that ;' is the exterior Green @
funetion for the surface S.: relative to the
point p;. The argument is similar. Since
G, > 0 at all point outside of S, and Fro. T5.
G,V = 0 on 8,
Gy — Gy = Hy® — Hi > 0on 8,
and, since it is harmonie, it iz positive everywhere inside of 8.
Therefore G, > &'V everywhere inside and on §,.
(g) Surfaces on Which Green's Function {s Constant.—Let S be
a closed surface, and & the Green funetion relative to the interior
point p. Then (¢ vanishes on 8, is positive everywhere within S,
and becomes infinite at p. If Gy is a positive constant, the sur-
faece 85, on which @ = (q, lies everywhere within S, and if G, is
very large the surface ¢ = &, differs

but little from the small sphere
S

P = =

s b
MoK since H is continuous in S (Fig. 76).
For very small values of Gy, the sur-
face differs but little from the
Fig. TG, Eul'fﬂﬂﬂ: S
Let Gy be given. Then describe a small sphere £ about the
point p. In the space between Z and the surface Sy, the function
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G is harmonie. Its maximum values are cn Z and its minimum
value ison S;.  In the volume between S and S,, G is everywhere
less than Go. It has derivatives of all orders, since it is a potential
function in empty space. It is evident, therefore, that at all
points of the surface S, the external normal derivative of 7 ia
negative.

Consider now the surface integral of the normal derivative

o, _ (o[l o
J;'ﬂ_!‘i-dw B J”.;?n(p)dm + J;‘ ﬂ'ndw'

By Gauss' theorem, Eq. (68.1), the first integral in the right
member is equal to —4r; and since H is harmonie inside of 8
the second integral is zero (Eq. (62.2)). Hence

f 9 4o = —ar,
Sa

an

131. The Green Function is Symmetric.—Consider the Green
functions relative to a surface S and the two interior points
pp and p:. Let G{p;, p) be the Green
funetion relative to the point p;, and
G(ps, p) be the Green function relative
to the point py (Fig. 77), the point p
being the variable point. It will be
shown that

=gt Gpy, p2) = Gps, 11).
For simplicity of notation, the functions
G(py, p) and G(pe, p) will be denoted by G,(p) and Gi(p).
From Corollary I, SBec. 63, it is seen that if S, is the surface
on which the Green function has the constant value &), = g

1 iy iy,
:l; J;.(GIH = G;Eﬁ)iﬂ = GI{P!} - GS{PJ:

which is independent of & provided S, contains both p, and p.
in its interior.

On the surface S, the function ¢; has the constant value e
which can be as small as desired. Henee

_1_ EG! _ £ BG.
4x L:Glaﬂ' B 4 Edﬂ £t
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The function (; is not comstant on S,, but it is everywhere
positive. If e is its maximum wvalue, then, sinee &G,/ /dn iz
everywhere negative,

k(030 [
n

Therefore
1 EG, 1_301
i, (0% — G )i <t

which vanishes for ¢, = 0, since e also vanishes with ¢, Henee
Gi(pa) — Go(p)) =0
rigorously, since it is independent of ¢, and the Green function
G(pi, p2) = Gps, p)
is symmetrie.
It will be observed that this proof does not assume that the

normal derivative of H exists and is well defined on S, as would

be the case if the integration had been taken over the surface
8 directly.

132. The Normal Derivative of the Green Function is Har-
monic.—Assuming that derivatives of the first three orders
exist and are well defined on 8, it is easy to show that the normal
derivative of G(p,, p) on S is an harmoniec funection of the point p,.

Let X\, w, » be the direction cosines of the exterior normal to
S at the point p(x, ¥, 2). Then (Eq. (54.2))

aG _ oG aG ac

iy P VR P
The partial derivatives in the nght members are funections
of the coordinates of both p and p,; that is, they are functions of
T, ¥, 2; Ty, ¥y, 2. The direction cosines N, u, » are functions
of z, y, 2, but not functions of x,, ¥, ;.. Let

a’! al aﬂ

A= dx,t + dy, + dz,*

Then

ﬁ:gﬁ = MFQ + Fﬁlga + "ﬁim

= 7\ {ﬂlg] + k3 ("31(‘]' + Ya {&lG}-
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The function G satisfies the equation of Laplace in the letters
z, y, z by hypothesis, and since it is symmetric in the coordinates
of the points p and py, it follows that,

AT =0,
and therefore

aG
ﬂ.;a—ﬂ = ﬂ.

133. The Green Function for the Sphere.—Let 8., Fig. 78,
with the radius a: and center at € be the given sphere; and

Fra. T8,

let O be the point inside of S: with respect to which the Green
function is to be determined. Deseribe any sphere S of radius
a about O as a center, and let S, of radius a, and center 0,
be the inverse of S; with respect to 8. If CO = rand 00, =,
the following relations are obtained from Eq. (105.3):

a'r _o%a, (1)

T = — @y = "
a’! - r2 ﬂl.i e

If the point O, is the inverse of O with respect to the sphere
8., and 00, is denoted by rs, then

LA
ag T+
From this equation and the first of Egs. (1) it is found that
Ty a
il (2)

which shows that the point Oy is also the inverse of the point
0, with respect to the sphere 8. This fact permits the location
of the point O, graphically by the usual method.
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Now let 5, be covered uniformly with a layer of mass M,,
and let S; be the electric image of S, in the sphere S. Let
P, be any point outside of 8,, and P; its inverse with respect
to S,‘. also let O,P, = R:, 0sPy = R

Since the center of § lies inside of S,, the point P, lies inside
of 8s. The potential of 8, at P, is

= M1'
vl; = 'R_]"
Therefore, by Lord Kelvin's principle, the potential of S, at
Py is (SBec. 108)

a M,
the subseripts ¢ and i denoting external and internal respectively.
Also, the potential of S, at the internal point P, is
Vis= Lj‘{‘l}
&y
therefore the potential of S, at the external point P, is

Ve = 2 M,
a p
In order that the mass on §; shall be equal to unity (See. 129),
it is necessary that the coefficient of 1/p, in Vi, shall equal
unity. Therefore

=% _ 002 )
M, = P (by Eq. (1));
and the density on S, is
1
o= arm (3)
This value of M; makes
1 g
Vi = —» R
! 1 Va riy

Green's function, then, is the difference between these two
potentials, both taken at the point Pa, namely
1 _ e
G= pr rhs ®
It is evident from this expression that Green's function for the
sphere can be regarded as the potential of two particlea: The

first of mass 41 located at the point 0y, and the second of mass
—a:/r located at the point O,.
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Equation (4) remains unaltered even though the point P,
lies outside of S It represents, therefore, either the interior
function or the exterior function. It is a simple matter to show
direetly that ¢ vanishes if the point P lies on the surface of the
sphere S..

The Green Funelion iz Symmelric.—Referring to Fig. 79,
the Green function relative to the sphere S and the point 04
at the point @, is

Tra, T

and the Green function relative to the point @, at the point
01 is
1 _a
i
where (), is the inverse of @, and 0 is the inverse of the point 0,.
It iz proposed to show that these two expressions are equal.
The triangles COQ: and €Q,0; are similar, for

rry = a? iy = a?

G =

and the angle at C is common. Sinee two zides are proportional
and the ineluded angle is the same, all three sides are proportional.
That is,

re _t_R
ﬂ:_f T

From this it follows that
rE = (T,
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and the two expressions for G are equal. To put the symmetry
in evidence, it iz a simple matter to show that

R =T = V/{a¥ — /)(a® — &%) + a%’.

134. The Normal Derivative on the Sphere.—Taking Green's
funetion in the form

1 a
G= "R
the normal derivative of (7 is
aF _ 1 - a —'ﬁ

for, according to Eq. (66.1),

Fic. 80,

It is easily proved directly however. Sinee

p? = r? 4+ a? — 2ar cos ar,
there results, on varying a and p, the distance r and the angle -
ar remaining constant,

-

dp _dp _a—rcosar
il ks
and similarly for R.
From the triangle (Fig. 80) CPO,, there is obtained

-
= (0B 1np;

ri* = a* + R* — 2aR cos nR. (2)
Since 7 vanishes on the surface, and rr; = a? always,
a!

a
R:;‘-p' Tﬂ--?"
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On making these substitutions in Eq. (2) and then multiplying
through by r®/a?, there is obtained

a? = r? 4 p* —ernmﬁ.
Likewise

pl =a’+p5—ﬁﬂp¢0ﬁ;r:;
is obtained directly from the triangle CP0O,. The difference
between these two equations gives

a — r? = pla coa;:_; — rnnsrﬁé}.

If this equation is divided through by ap® and the coefficient
r/(ap®) is replaced by its equal a/(rK?), there results

-~
n‘—r’__cosnp_acoanﬁ

ap® L TR {3]
A comparison of Eqs. (1) and (3) shows that
3G _ r? — a?
3 = r_ap..’_?_. (4)

The Distribution of Matter on the Sphere.—By Eq. (130.1) the
density of the matter distributed over the sphere, taken posi-
tively, is
_14G _1la*—r?

drdn  dr ap® |
that is, inversely proportional to the eube of the distance from

the point 0;. The minimum value of p is @ — r, and therefore,
the maximum value of ¢ is

T =

1 a+r
~ " dmala- 7
This expression shows that the maximum density tends toward
infinity as the point of inversion

(the pole of Green’s funection)

\ approaches the surface of the
sphere. Diametrically opposite,

4’ the density tends towards zero.
) The matter shows a strong ten-

' deney to gather about the point

L4 of inversion. The dotted lines in
Fia. 1. Figs. 81 and 82 show the distribu-
tionforr/a =.8and .9 respectively.

If R is the radius of the sphere of inversion and

a—r=R=Za+r,

a
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it is easily shown that the amount of matter which lies on the
spherical cap which is inside the sphere of inversion is

Fio. 82,

The limit of this expression as r—a is +1 for every B. At
the limit all of the matter on the sphere lies inside of the sphere
of inversion, however small that sphere may be. The rest
of the sphere is bare.

The Normal Derivative Is Harmonic.—Let the eoordinates
of the point O, be z, y, 2, and the coordinates of the point P,
which lies on the surface of the sphere, be £ u, I, so that
B g4+ 1?=a% Let

PSR U ot o ol il
an

S—
=8+ @w—m+(z— DN

It will be shown by a dircet computation that N is harmonic
with respect to the variables x, y, 2
The first differentiation with respect to x gives

aN _ 2r 3z - 8 + ¢ + 2 — o),
or = ot 2 e,

and the second differentintion with respect to z gives

q_‘_f_!r - 2 _ 12x(x — £) _ 3{:;’ — g 15(z — £)*r* — a?)
3 = o o8 — RN Ao
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Hence, also,

FN _ 2 12y —n) _ 3(* —af + 15(y — n)*(r* — a*)
','ayt pt ot ot o !
#N 2 12:(z — )  3(r*—a?) 4 15z = 0 —a?)
T p* p° A

The sum of these equations gives
AN = 205 = 2z — B + ¥y —n) + 2 — D)} + 7 — ol
If
a*= £+ n* + [,
=g 4 4 4 22,
==+ -+ (-
are substituted in the right member of this equation, it is found

that
AN =0

which shows that the normal derivative of ¢ is an harmonic
function of the coordinates of the point 0,.

136. Green’s Equation for the Sphere.—It was proved in
Bee. 127 for any closed surface S that if ¥V is harmonic inside
of S and if its values are known on S, its value at any interior
point p(x, y, 2) iz given by the equation

Vw9 = =4 | L0, 0de.

For the sphere this equation becomes
1 | - rl
V@09 = g [ E57E 0 D 0

where

M=zttt =0+ -0t+ -0

In spherical coordinates, a point on the surface is

£ = asin ¢, cos 8, n = a sin ¢, sin 8, = acos e
and the coordinates of the interior point p are

T = r8in ¢y cos §, ¥ = 7 sin ¢ sin 8, £ = r COS ¢

In this system, the north pole of latitude lies on the z-axis and

the zero of longitude on the z-axis. The argument ¢ is the
distance from the north pole.
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Take a new system of rectangular axes X, ¥V, Z, with the same
origin but with the Z-axis passing through the point p, the
X-axis lying in the zy-planc and the positive end of the Y-axis
lying always in the northern hemisphere. The equations of
transformation are

T = aL-X == G:Y + c:az,

Y= 8:.X + .Y + ﬁa.Z,

z=yX+ .Y + Yad, .
where the «, 8, v,'s are the direction cosines of the new axes
with respect to old ones. The values of these direction cosines
are!

a; = — sin 8y, ey = — Q08 4 COS By, a; = 5in ap cos f;;
By = + cos fy, Bz = — cos ay sin #y, B: = sin ey sin 8;;
T = [IJ ¥z = + s8in iy T3 = QOB ¢y

If ¢ is the polar distance and # is the longitude with respeet to
the X, ¥, Z-system, then for points on the surface of the sphere
the polar distances and the longitudes in the two systems are
related by the following equations:

gin ¢ 008 #, = a 8in ¢ €08 0 4+ « Bin ¢ 8in § 4+ a; cos p,
gin ¢ gin 8, = B, sin p cos & + B, sin p sin & 4+ B3 cos ¢,
COB ¢ = 7 Bin ¢ o8 § <4 v, &in @ sin 6 + 3 cos .
In the coordinates of the new system
dw = a® sin ededd,
pt = a® 4+ r* — 2ar cos ¢,
and, since p is independent of the longitude, Green’s equation
{Eq. (1)) ean be written
a [~a*—1r . =
Viz, v, 2) = e J; T gin gﬂdipJ; Ve, 0)d8, (2)
the integration with respect to # depending only upon the function

Vie, §). The integration of this equation by means of spherieal
harmonies is given in See. 208,

136. A Generalization for the Sphere.—Green’s equation
was derived upon the sssumption that V is harmonic inside of
& and that its values are given on S. Suppose the values of

14 Btatics and the Dynamies of a Particle," p. 367.
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V are given on the surface, continuous but otherwise arbitrary,
without any statement as to the nature of V elsewhere,
Green's equation,

Wiz, y, z} o f V(f- 1, §da, (1

certainly defines some function nf z, ¥, £ in the interior of S.
It is the purpose of the present section to show that the function
so defined is necessarily harmonic inside of S, and that the limit
of W as the point p approaches the surface is the value of V
at the point of approach.

The Function W I's Harmonie.—Any function F can be expressed
in rectangular or in polar coordinates, where

T = rcos ¢ cosf, Yy = rcos ¢ sin 6, g = rgin ¢

Cnnmquantl}r

S0 Gt = Srir + 3o + a0 (2
for any set of variations. If the vanatmna are ta,ken radially,
§p = &§ = 0, and the relation between the other variations are

ﬁ_z_ﬁ_y=§5=ﬁr

x y z T
Hence Eq. (2) becomes

aF aF daF &F
o = %oz + g o5 @)

Returning to Eq. (1), take

aF---s 4

1
EF{EI M i'] = {4}
and therefore
2 t
w— 2 r
. ?
Now let y
U= | “da,
p

s0 that [ is a Newtonian potential for the density ¢. Then
BU af1
"ar =T sor\p “

p* = r? 4 a? — 2arsin ¢,

and, since
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it follows that

27'%(3) = — ;2;(:"‘ — ar sin @)
f— .__1_ - J—— 2
P,Er a! + pi).

2 2
29U _ J' -‘-L-ur-adm
dr

=W -U.

Therefore

Hence
W=U+ 2:—3—U

- av | aU , au
N U+”(’“a£+*’ay +a_ﬂs—)

263

By differentiating twice with respect to z, y, 2 there is obtained

o o * ¥ayazi T %a

a*w Eil v ay a3l a1l
+ 2( ozt T Yayaxt )

a a
¥=5ag+2( e TV + i

The sum of these expressions is

E.W=5J.‘.U+2( +y‘a + =z )ﬁl’;":ﬂ

Henee W is harmonie, sinee, evidently, it is continuous.

azoz?)

dzayt)’

*W _ E’U+;|,( +y 22U L OUN
azF ~ Vag azor T Vayap T %55

W = V on the Surface of the Sphere.—It still remains to be
shown that, if the point p approaches the point P on the surface

glong any line whatever, the limit of Wi{p) is V(P).

Suppose p approaches P along a line which makes an angle

» with the normal, and that

Wip) = (a? — 1 L :;dm.

Imagine P as the origin of a set of rectangular axes, z, ¥, 2,
with the z-axis dirccted toward the center of the sphere, and
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therefore coineiding with the line PC, Fig. 83. The coordinates
of p in this system are z, y, 2 and

PA =2z = py cos A

Sinece z is a constant in the process
of integration, the expression for W
can be written

at — r? £
W = po COS 'LJ‘ s ﬁ’gdw

at — 1 = 2ap; cos A — pody

Since

Fig. &5, it is evident that
a!‘ —_ l"
m ——— == 2‘&"
pa=0 fp COS A
The integral

F

is the normal component of the attraction of a surface with
the density (Eq. (4))

o = -

4ra

It was proved in Bec. 02 that the limiting value of this attraction
is 2ro. Hence the limiting value of W is

— . .,_v =
lim W(p) = 2025 = = V(P).

Hence Green's equation

| Q- |
Viz, y,2) = E‘h—;fs f-‘:i;-;"-”dm @)
defines a function which is harmonie in the interior and takes the
prescribed set of values on the surface.

The above proof, which is purely analytie in character, is
given by Poincaré. A proof which makes a stronger appeal
to the intuition can be obtained from the results of See. 134.
Green's equation can also be written, Eg. (130.2),

W(z,,2) = + [}V (& », Dode, (5)
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if the negative matter in the distribution is replaced by positive
matter,

Let the integral over the whole sphere be separated into
the sum of two integrals, one of which, J;, is taken over the

spherical cap described in See. 132, and the other, J;, is taken

over the remainder of the sphere. If the pole of Green's function
(z, v, #) is sufficiently close to the surface, the radius of the
sphere of inversion can be taken so small that the value of
V(& n, ) is essentially constant over the cap. Hence

LV{E, 1, Hodw = V.;-J;ada,

and
LoV n 9odo S Vo foda,

where Ve is the value of V at the center of the cap and V. is
the modulus of the maximum value of V on 5. Since

1imj;m-1 and ]im";u'dw=ﬂ.
it is evident that

lim W = lim J;Vm = Ve.

137. Green's Equation for Any Surface.—Green's formula,
Eq. (127.3),

V59 = = [ V67 026G v 5 b1, e, ()

where x, y, 2 are the coordinates of the pole of @ and &, 4, ¢
are the coordinates of the surface element dw, was derived upon
the assumption that V is harmonic inside of 8 and that its
values on S are known.

If a continuous, but otherwise arbitrary, set of walues is
specified upon 8, the right member of Kq. (1) defines a certain
funetion of z, y, 2 which can be denoted by Wiz, v, 2). Since
the integrand is finite everywhere on S, it is evident that
Wiz, y, £) is continuous and single valued everywhere within S.
Derivatives of all orders exist, since they exist for . Therefore

1 G
AW = _E;LV{E’ LY }ﬁ(ﬁ)d&l =0,
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sinece the normal derivative of (7 is an harmonic funection of
x, ¥, 2, (Sec. 132). The function W, therefore, is harmonie
inside of S, since it is single valued, has derivatives of the first
two orders, and satisfies the equation of Laplace.

Fic. 54,

In the case of the sphere, it was shown in the preceeding seetion
that as 0, the pole of &, approaches the surface, the value of
W tends toward the value of V at the point of approach. It
is desired to show that the same property holds for any surface.

Let p, the point approached, be a regular point of the surface

=

Fro. BA.

8 in the sense that it has a definite tangent plane and two prin-
cipal radii of curvature. It is then possible to describe two
gpheres S8, and S, which are tangent to the surface at p, one
of which has a radins equal to the minimum radius of eurvature
and the other the maximum. Let a third sphere be described
about p as a center with a radius B. If R is sufficiently small,
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the portion of the surface intercepted by this sphere will lie
wholly between S, and S; if the radii of curvature have the same
gign, and outside of both of them if they have opposite signs.

Let O be the pole of Green's function. About O as a center
describe a sphere Z, the radius of which Ris kept fixed as the point
O approaches the point p. Let the surface 8* be the transform
of § by reciprocal radii with respect to the sphere Z, Fig. 84.
The portion of S which lies inside of X is transformed into
the portion of 8* which lies outside of X; and the portion of
& which lies outside of 2 is transformed into the portion of S*

Fra. 86,

which lies inside of Z. As the point 0 approaches the point
9, the portion of S* that lics outside of £ expands and rapidly
approaches the form of a sphere, Fig. 85, while the interior portion
contracts. It is much as though the surfuce S were a film of
soap solution, the portion lying within ¥ being blown into a
large bubble while the remainder of the surface contracts to an
insignificant irregularity upon it.

That the bubble approaches the form of a sphere as it increases
in size is seen from Fig. 86, if the two radii of eurvature have
the same sign. The portion of the surface S which lies inside
the sphere of inversion Z also lies between the two spheres
8, and Ss which is the region that is transformed into the volume
between the two spheres S,* and 8:*. The point p is transformed
into the point ¢; and since 8, and S; are tangent to cach other
at p, the spheres 8% and Se*, which are the transforms of 8,
and Sy, are mutually tangent at ¢ As the peint of inversion
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0 approaches the point p, the point ¢ recedes in such a way that
the equation
0503 = Bt
iz always satisfied.
If the two radii of curvature of S at p have different signs,
the portion of S which lies inside of £ lies outside of both 3,
and S;. A=z is seen from Fig. 87, the region which is outside of

8; and 8; transforms into the wvolume which lies between §,*
and S;*.

Fia. 87.

In either case the portion of the surface S which lies inside
of £ is transformed into a portion of 8% which lies between
S,* and S;* and which passes through the point . The portion
of 8 which lies outside of Z is transformed into a portion of
8* which lies inzide of £. It is evident therefore that if Op is
very small the surface S* is essentially a very large sphere with
& small irregularity near p. Consequently, in the distribution
of a level layer on S*, the density is very nearly constant, and
inversely proportional to pg, See. 133, and the limit of this
density as Op diminishes is zero.

Consider now the electric image of S* It coincides geo-
metrically with 8, but nearly all of the mass lies on that portion
of 8 which is inside of £. Let this portion of S be denoted by
€ and the remainder of the surface by D. Then

_gu'dw =] = J;:rdu + J;u'r.'fm.
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Since the limit of ¢ over I is zero it follows that the limit of the
last integral is zero, whatever B may be. Hence

lim [lodw = 1,

for every R which is sufficiently small.
Since V (%, n, ) is finite on S, it is evident also that

-I;Vﬂ'dm 5 |F|mu¢,.’;ﬂdfﬁ",
which has the limit zero. Consequently
lim W = lim j;_ Vedw,

for every R sufficiently small. But R can be taken so small
that V is essentially constant over C and equal to the value
which it has at p. Hence

lim [ Vodo = V(p) [[ods = V(p),
and
lim W = V(p).

138. A General Theorem of Green's.—Given a closed surface
&S and a continuous set of values V(§, 4, ) on S, Green’s equation
(Eq. (137.1)) defines a function Vi(z, y, 2) which is harmonic
within S and equal to V(E », ) on 8, provided @ is Green's
interior function. If ¢ is Green’s exterior function, the function
V.(z, y, 2) so defined is harmonic outside of S, is equal to V (&, n, {)
on S, and vanishes at infinity.

It follows at once from the analysis of Sec. 126 that V; and

V. are the interior and exterior potentials of a distribution of
matter on S in which, Eq. (126.5),

_ 1 [aV‘ e?.]_

" dmlan, ' One

Henee, the general theorem due to Green and also to CGauss:
Theorem.—(Fiven a closed surface S and a continuous sel of

values V(£ n, ) on S, there exists one and only one distribudion

" of maller on S for which the potential on 8 itself is equal to V.

GREEN'S PROELEM FOR THE LOGARITHMIC POTENTIAL

139. Statement of the Problem.—It is possible also to state
Green's problem for an attracting line and the logarithmie
potential. For the interior problem it is
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Given a closed plane contour C, it is required to find a function
which s harmonic inside of C and which takes a given conlinuous
sel of values on C.

For the exterior problem it is

Given a closed plane contour C, it is required fo find a function
which is harmonic in every closed region oulside of C, and lakes o
given condinuous set of values on C.

It will have been observed that practically all of the theorems
relating to the Newtonian potential have their counterpart
for the logarithmic potential. It would be expected, therefore,
that the method which solves Green's problem for the Newtonian
potential is also adaptable to the logarithmic potential. There
is one step in the method, however, where there is a difference,
and that is in the definition of electrical images.

140. Electric Images for the Logarithmic Potential.—In
See. 106 (using the notation of that section) M, is said to be
the electric image of M, if each clement of volume of M, is the
transform by reciprocal radii of the corresponding element of
M, and if for the corresponding clements of mass

-
dm:g = adfﬂq.

Yor a logarithmic potential and a plane arca, M will be called
the electric image of M, if cach clement of arca (or line) of M,
is the transform by reciprocal radii of the corresponding element
of M, and if the corresponding elements of mass are equal;
that is
dm; = dm..

Referring to Fig. 65, let S be the circle of inversion with radius
a and center of inversion at 0. Let a particle of mass m be
located at M, and a second particle alzo of mass m located at M,
which is the transform of M,. Let P; be any other point and P,
its transform. Let U7y be the potential of the particle at M,
at the point Py, and U, the potential of the particle at M, at
the ]:Iﬂ.i.'ll't- Pa. Then

U, = mlﬂg-R Us = mlog
2

where Ry is an arbitrary constant; also, as in See. 106,

n ﬂ_1 RI.

Tiry = = a?,
1= Pz e Ty R:

(m
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The difference of the two potentials gives

Us=U, +m]ng;—§i = U, -I—m]ﬂgE
2

=l —m lagR-F + m ]OQ;R-DI
el Pz
aor
Ity
U! = — Uy + mlDEE* [2}

where Uy, is the value of U, at the point O, and therefore inde-
pendent of the position of P, or Ps.

SBuppose there is a diserete set of particles M,, and a corre-
sponding discrete set M. There will be a corresponding set
of Eq. (2). The sum of this set gives the relation between
the potentials of the two scts at P, and P, Thus, if V, is
the potential of the first set at Py and V. is the potential of the
transformed set at Ps, 50 that

V1 = }JU1, Vz = ELrg,, M= E'H'I.,
then
Ry

Vi=Vi—Viu+ Mlog—
Pz

(3

If the particles form a continuous aggregate, such as a line
or area, Eq. (3), evidently, is still true. If oy and oy are the
densities of such aggregates, it is casy to see, on account of the
relationship dm, = dmg, that

2
o1 = o (line densitics),
]

(4)

&
oy = E:-n (arcal densities).
4

141. Electric Images of Centrobaric Bodies.—It is now easy
to prove theorems analogous to the four theorems of Sec. 114.
The bodies referred to in these theorcins are, of course mass
distributions on plane areas, and the theorems hold only in the
plane.

Theorem I.—If a body is cenirobaric for exterior points, ils
electric image in any eircle whose center lies outside of the body
aleo 18 centrobaric for exterior particles.
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Let M be the mass of the given body. BSinece it is centrobarie,
its potential is (Fig. 69)

Vi=M lgg-._r

Fia. 69,

and the potential of its electric image is
Rq R, Ro
Va= M log =2 — el log =0
2 IQERI Mlogn-i-Mugm

R LoTy,
Bipa

which, by Eq. (1), becomes

Ro,
Ry’
that is, the electric image attracts exterior particles toward
the point 0, just as though all of its mass were a particle at 0.
Theorem II.—If the body B, 1s a ring which i centrobaric
Jor exterior particles, ile electric image Ba in any circle whose
center O lies in the empty inderior of the ring (Fig. 70) 45 a ring
which iz centrobaric for interior particles.
Sinee B, is centrobaric itz potential for exterior particles
18

= M log

Va= Mlog

v, = Mlog%:
1

the point 0, being the center of attraction. Since P, lies outside
of B, the point P, lies inside of B.. Hence the potential of
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the electric image of By, that is B., at points interior to B; is

R, Ry
V, = LI fo,
2 Ml-:ngRl W+Mlogpz
R,*
= Mlog R.Ps — Vo,

Since the point O is interior to B,, the value of its potential at
) is not known. Since it does not depend upon the position
of the point P, or P the cxpression within the parenthesis
iy some constant, the value of which is not known. Denoting
by Qo & certain constant, the expression for ¥, can be written
V: =M 10[{ ﬁ:lj

which shows that particles interior to B; are attracted towards
0, just as though a particle of mass M were located there.
That is, By is centrobarie for interior particles.

As the point O tends toward O, the lines R, and p, tend toward
equality, and the point Oy recedes indefinitely. Hence the limit
of Vy as 0 approaches 0, is

2
lim Ve = M log ;:'L—! —

2
= M log i‘; — Vi = const.,
V1 being the value of V', at the point 0,. Hence

v,.=Mlogf’—Vn

.
I
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Theorem II1.—If a closed ring of maller is cenirobaric with
its renter of mass G in its hollow interior, its electric image in
any circle which has G as its cenler iz a ring of matter for which
the interior potential is consfand.

Theorem IV —If the potential of a ring iz conslant in s inferior
(or if it iz a level thread), its electrical image in any circle whose
venter lies in the inderior is centrobaric for exlerior parlicles, and
the center of mass of the electrical image is al the center of {nversion.
If the center of inversion lies outside the ring the electric image
is centrobaric with respect lo the point O for particles in dls inferior,

Since

Ve= Vi — Vi + Mlog 2,
P2

if the point of inversion is in the interior,

Tlrl - V:n = ﬂ,

and therefore, for exterior particles,
Vs = Mlog ™,
Pz

which states that exterior particles are attracted just as though
& particle of mass M were located at the point 0.

If the point of inversion O lies outside of the ring, V', is constant
but not equal to Vi, For this case

Vi= Mlog% + const.

and the electric image is centrobaric for interior particles.
They are attracted just as though a particle of mass M were
located at the point O,

142, The Existence of Green's Function.—According to
Corollary I, Sec. 64, if p is measured from a point inzide of C;
if

G = log? + H,
where H is harmonie inside of ¢ and equal to — log -1 on

and if U is any other function which is harmonie inside of C, then

Uz, y) = ~§1;LU£¢L (1)

an
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The same equation holds, by Corollary III, Sec. 64, if p is
measured from a point outside of C; if
G = log -f;l! + H,
where H is harmonic outside of C, is equal to — log v:*? on C,

and acts like a logarithmic potential at infinity, and if U is a
logarithmie potential outside of C.

In either case, (¢ is Green's function for the given contour.
In order to establish the existence of Green's function, let p
be the point from which p is measured. Describe a circle with
any convenient radius a about p as a center. Let C* be the
transform of C by reciprocal radii with respect to this eirele,
and let a unit of matter be distributed along C* in such a way
as to make it a level thread, which is always possible for prop-
erly restricted contours, by See. 117. The eclectric image of
this thread in the circle of inversion coincides with the given
contour , and the resulting distribution of matter on C is een-
trobarie with respect to the center of inversion—centrobaric for
outside particles if p is inside of C, and centrobaric for interior
particles if p lies outside of C (Theorem IV, See. 141).

Let V; and ¥V, be the interior and exterior potentials of this
centrobarie distribution. If the point p lies inside of C,

V.= log 'ﬂ;-

The interior potential V; is equal to log po/p on €, sinee the
potential is continuous across €, Sec. 95, and it is harmonie
inside of C since it is a potential function in empty space. Hence,
Green's interior function is

G=m?—m,

If the point p lies outside of C, the interior potential of the
distribution on C is

m-mf+x
where K has o certain constant value. The exterior potential

V. is equal to the interior potential on the surface. Hence the
function

G-lugi"-—'i’,+}{
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vanishes on the eontour, and is the exterior Green function which
was sought.

143. Green's Function for the Circle.—Given a circle (5,
Fig. 88, with & radius of a; and a point O at a distance r; from
the center A of the given circle. Describe a circle € of radius
a with the point O as a center. Let the transform of the circle
'y with respect to the circle C be the circle C\. If the center of
C, is at 0, at a distance r, from O and its radius is a,, then, by
Eq. (105.3)

(1)

Fia, 88,

If a unit mass iz placed upon C, in such a way as to make it
a level thread, the density on C, is constant and is equal to
_ 1 1 a®—rd®

Ira; 2r  a'm
The electric image of this distribution on €, in the cirele C iz a
distribution of matter on €'y which iz centrobaric with respect
to the point O and for which the density is (Eq. (139.4)),

ay = "a"'ﬂ'l = —l ay’ __._’."?,.’,,

rt 2ray r

where r is the distance from O to the element of mass dm: on
the eireumference of C;. From this it is seen that the density
on C: varies inversely as the square of the distance from the point
0

oy

The potential of the distribution on (), at an exterior point
P, Is (Bec. 42)
Ry

I’rl _lng.E_]_
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Hence, the potential of the distribution on C. at the interior
point P, which is the transform of P, in the circle C, is, Eq.
(139.3),

Va=Vi=TVyp +10§R°

The potential of €, at interior points is constant and equal
to the value at the circumference; that is,

F]u = lﬁg‘ E’
Hence

Ri _, Rs Rs

Vs = log K, lug - + log o

or

Ruﬂ-l,

Va2 = log Ruor!

and, since

n_n_ R

Pz T2 Ry 2)
this becomes

Vs = log 7o R“"‘

Green's interior function, thercfum is
Ruﬂ-l
G = lag - — log R
or,
7 = log EE - lug = log }-‘-"— - lup; (3)
This expression vanmhna if the pomt Py llm on C,; for
R _ Ry
oz T

by Eq. (2). If ps lies on Cs, P, lies on €, and then B, = a,,
so that on the cireummference

R. - all-
P2 T
Equation (3) is also Green's exterior function if the point

0 lies outside of C..

144, The Principle of Dirichlet and Lord Kelvin.—The
first efforts to give a mathematical proof of the existence of a
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solution of Green's problem were made by Lejeune-Dirichlet!
and by Lord Kelvin,* and the assertion that a solution of Green's
problem always exists has become known as Dirichlet’s principle.
Weierstrass pointed out that Dirichlet's coneclusion did not
follow from his argument, but inasmuch as the argument is simple
and illuminating it will be given here.

The problem is: Given a closed surface S. Does there exist
a function which is harmonic within S and takes a prescribed,
continuous set of values on S7

It will be noted first that if the problem admits of any solution
it admits but one. For, suppose V, is a solution and V. also
is a solution. Then V3 — V', is harmonie within S and vanishes
at all points of S. Hence V3 — V, vanishes everywhere within
8, and V3 does not differ from V).

Suppose the given surface is defined by the equation

flz, y,2) =0,

and that the prescribed set of values on § is glz, y, 2). If
h(z, y, £) is any continuous funetion of its arguments, the function

g+7-h (1)

which contains the arbitrary element h, also takes the preseribed
set of values on S and satisfies the condition of continuity.
There are infinitely many such functions. In this infinite
set of functions there is one, V, which makes the volume integral

I+ + (2

a minimum. For the integrand iz nowhere negative, and if

v _av _av

dxr dy =z

throughout the volume, B, which is enclosed by S, the function

¥V would be a constant and eould not take a prescribed set
of values on S.

Let U be any continuous funetion which vanishes on 8.
Then

=0

V +tU,

+ 4 Vorlesungen Gber die im umgekehrten Verhiltniss des Quadrats der
Entfernung Wirkenden Krifte," p. 127,
T Treatise on Natural Philosophy,” Vel I, p. 170,
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where { is an arbit=ary constant, belongs to the elass of functions
defined in Eq. (1); and the integral

- [T + (T (T

is greater than the integral

-1+ G+ ()

sinee, by hypothesis, ¥ makes the integral a minimum.
The integral J can be expanded in powers of ¢; viz.,

J=I+2EJ*[3V aU | aV aU | av a_[{}d

,E‘E-FE“EF*_ de dz

(GRS R i

Suppose the integral which is the coefficient of 2¢ in the above
expression were different from zero. [t would then be possible
to take ¢ so small numerically and of such a sign that the sum
of the last two terms in Eq. (2) would be negative and therefore
J < I. As this contradicts the hypothesis that I is a minimum
of this integral, it follows that for every continuous U which
vanishes on 8

avalr | avat | avalU
L[ oz 9z T oy oy T oz Tai]“" =0

Now by Green's theorem in its first form, Eq. (57.3),
aV BU aval , avVal av

f{}ﬂ‘lﬁi +fl:ﬂz ax &}-'éf-i_ dz 6:} hJ’;Uﬁ'ﬁd‘d‘
The right member of this equation vanishes, since U is everywhere
zero on 8. The second integral is zero, by Eq. (3); therefore,
the first integral also is zero. Aside from the conditions that
I/ is continuous and vanishes on 8, the function U is arbitrary.
If AV were not zero everywhere within S, the funetion U could
be chosen in such a way that UAV was everywhere positive
or zero, and therefore, the integral not zero. It follows that
AV is zero everywhere, and the function V which makes the
integral J a minimum is harmonic within 8. As V takes the
prescribed set of values on 8§, it is the function which was

sought.

(3)
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The ecriticism of Weicrstrass was that this argument fails to
distinguish between the existence of & mindmum and the existence
of a lower limil. The fact that the integral J has a lower limit
does not justify the inference that there exists a funetion V
which makes J a minimum.

Suppose, for example, from the totality of planes

olz, y,2) =az+by+ez+d=0,
that one is sought which renders the integral

7= J1G) + G+ @)

taken over a unit sphere at the origin, a minimum. The argu-
ment of Dirichlet would lead to the inference that such a plane
existed. In this case, however, J is easily evaluated, and

J = gfr(a’ + b 4+ ¢).

The lower limit of J is zero, and there are infinitely many planes
for which J is as small as may be desired; but a planc for which
J = 0 does not exist.

It is true, howewver, that in very many eases the minimum does
exist. Green, Lord Kelvin and Dirichlet were entirely correct in
their conclusions that a solution of Green's problem exists for
a very wide class of closed surfaces, notwithstanding the fact that
their arguments are insufficient.

145, The Equivalent Problem of Poincaré.—A problem which
is equivalent to Green’s problem has been formulated by Poin-
caré.! [t can be stated as follows:

(iven a closed surface S, does there exist a function V(z, y, 2)
which satisfies the following conditions:

1. V and its first derivatives are continuons within S.

2. The second derivalives of V exiel and are finite.

3. In the interior of S, the equation

AV = —dre

8 salisfied, where o @5 @ given finile and integrable function.
4. V vanishes on the surface 5.

1 “Théorie du Potential Newtonian,” p. 167,
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In order to show the equivalence let it be assumed at first
that a solution of Green's problem exists. Let the function
U be defined by the relation

U = ﬂ"'dl.r
H p
the integral being taken over the volume enclosed by S. Since
U, obviously, is a Newtonian potential, it satisfies the first
three conditions of Poinearé's problem, but not the fourth.
Sinee a solution of Green's problem is always possible, there
exists a funetion [/, which satisfies the conditions.

AU, = 0 within &, %’u — —U.,on&.

The function
V = U "|" U1

then satisfies all four of the above conditions, and a solution
of Poincard's problemn also exists.

Conversely, let it be assumed that a solution of Poincaré's
problem always exists; it will be shown, as a consequence, that
a solution of Green's problem always exists.

Let U be any function which is continuous, which has con-
tinuous first and second derivatives within S, and which is
equal to Uy on 8. There are, of course, infinitely many such
functions. Let ¢ be defined by the relation

1
oG = 4;.&[;.

Let 7y be the function which solves Poincaré's problem for
this particular o, so that

AU, = —dxe,
and
Ur=120 on 8.
Then, evidently,
V=U<+1],

gatisfies the conditions of Green's problem, since AV = (,
within 8, and V = U, on S.

Sinee the existence of a solution of Green’s problem implies
the existence of a solution of Poinearé's problem, and conversely,
the two problems are equivalent.
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Problems .

1. Show by a limiting process from the sphere that the Green function
relative to & point p for an infinite plane is
¢=1_1,
&P
where p is measured from the point p and g, is measured from the optical
image g1 of pin the infinite plane.
2. If the point p is at a distance h from the plane, the distribution of
matter on the plane necessary to make it centrobaric is

& = = h _

2wp?

Particles on one side of the plane are attracted towand the point p, and on
the other side toward the point p.

8. Let p; be a point in the first quadrant, p. the optical image of py in
the yz-plane, ps the optical image of py in the zz-plane, py the image of p,
in the ye-plane, and therefore, also the image of py in the zz-plane. If
positive unit particles are placed at pe and p: and negative unit particles
at py and py, the potential due to the four particles vanishes on the ye-plane
and also on the zz-plane, that is, these plance are level surfaces. Tt can also
be imagined as vanishing on & spherical surface with origin at the center
and radius B which is very great. Find the distribution of density on
the elosed surfsce which is beunded by the plances which pass through the
positive z-axis and the s-axis the positive y-axis and the z-axis, and the
surface of the sphere, which makes this surface cenirobaric,

4. Show that Problem 3 can be goneralized, using the method of alternats
reflections and alternately positive and negative masses, from the angle
/2 to the angle =/n, where n is an integer.

6. Using a triply infinite system of refloctions, show how to construct
Green's function for & rectangular parallelopipel.

6. Derive the potential of a level lnyer for an ellipsoid by the method of
Bee. 116.

7. Show that, if Fiz, v, 2) satisfies the equation of Laplace, the function

(a‘f a*y a'r

also satisfies it, where p* = §* 4 5 4 %



CHAPTER V1
TWO-LAYER SURFACES

THE METHODS OF NEUMANN AND POINCARE

146. Various Types of Mass.—Up to the present point, it
has been assumed that the force exerted by the given body
upon & unit particle has been attractive. If the force is repellant,
it is evident that it is sufficient merely to change the sign of the
potential ¥V or the sign of the mass of the particle, provided
of course, that the force continues to vary inversely as the
gquare of the distance. Gravitational, electric, and magnetic
forees obey this law and the potentials for these forces differ
from onc another only in the constant factor of proportionality
which is associated with the potential; this factor of propor-
tionality depending upon the forces under consideration and the
system of units which is employed.

It is possible to speak of gravitational mass, or electrical
mass, or magnetic mass as the case may be, for, after all, it is
the forces that are dealt with physically, and mass is a derived
concept which is found to be convenient; and this concept is
found to be convenient for all three types of foree. In the case
of gravitation, the forces are always forces of attraction, and
there iz but one kind of gravitational mass. This mass is always
regarded as positive and its concentration is demoted by the
term density. In the cases of electricity and magnetism both
attractive and repellant forces oceur, and therefore, in each case
it is necessary to assume the existence of two kinds of mass;
the one positive and the other negative. Two positive masses
of electricity repel each other, and =o also do two negative masses;
but two masses of unlike sign, that is, one positive and one
negative, attract each other. The same statements hold also
for magnetic masses. The notion of density, mass per unit
volume or mass per unit area, is likewise applicable,

147. The Magnetic Doublet.—Imagine two magnetic masses,

+p and —pg, numerically equal but of opposite signs, placed
aq9
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at the points N and S respectively, at a distance [ apart (Fig.
89). Let there be placed at any point P in space a particle
of magnetic mass equal to —1. Then the particles at N and P

attract each other,while the particles at §
¥ and P repel each other. If

NP = py, SP = pa,
the potentials at P due to the magnetie
masses +p and —p respectively are

Vi= +f' Vi = £
P1 P2

Fic. 89.

The potential at P due to both masses is simply the sum of these
two potentials. That is,

vy BB,
Vit Vi =V=g.—F

This expression can also be written

(pl_l) 1.1
Vo=ip 1Iﬁ: =mﬁ1IP1’

where m = lu is called the magnetic moment. Let the direction
of 1 be taken from S toward N. If [ is infinitely small dl the
pair of magnetic masses +u and —u is said to form a double,
or a magnetic element. For such a doublet

1 1
= 13 'E_.I'__é = — a l
V = pdl lilﬂ i &( )tﬂ}

e

where p is the line joining the doublet to the point P, and dl
is the distanece between the components of the doublet measured
from 8 toward N.

By Bec. 54,

al\p) dp pt

If the angle fp is denoted by ¢, the expression for the potential
becomes
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If the dircction cosines of the doublet arc «, 8, ¥, if 2o, ¥, 20
are the coordinates of the doublet, and if z, y, zarc the coordinates
of the point P, then, (See. 54),

- ol +530) + 2]
- —a[ ) 450 20

Since V is merely the difference between two Newtonian
potentials, it is evident that V also is harmonic in every domain
that does not contain the doublet itself.

or,

148. The Bar Magnet—Imagine a straight bar of length |
built up of magnetic elements placed end to end. If the cross-
section of the bar is infinitesimal, it is seen from Eq. (147.1)
that the value of the potential of the bar at any exterior point
P is

'

*a eoS
V= uf  edl;
- P'

. " dp 1 1
= ‘*‘ﬁ. i “(m - ;;)‘

That is, the bar magnet acts at exterior points just as though
magnetic masses equal to +u and —u respectively were placed
on the ends of the bar and there were no magnetic masses else-
where. The north pole of the magnet is at the mass +u and
the south pole at —pu

149. Magnetic Sheets—Two-layer Surfaces.—It is possible
also to imagine a sheet built up of magnetic clements placed
side by side with the positive masses on one side of the sheet
and the negative masses on the other, with the axes of the magnetic
elements everywhere normal to the sheet. Since the thickness
of the sheet is infinitesimal, it can be regarded as a surface
made up of two layers—a two-layer surface—as contrasted with
the single-layer surfuce which has been studied hitherto.

Let de be an element of area and o its magnetic moment
per unit areu, or the density of its magnetic moment. Then
odw is the magnetic moment of the surface clement dw. The

or, sinee
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potential of this element for a negative unit mass placed at an
exterior point P(z, y, 2) is

Fe08e, a1
-.-Tdﬁl - _ﬂ'ﬂ;‘(;)dm,

and for a positive unit mass at the point P

ceose, a1
_wa = -|-—o'aﬂ(lp)dm.

This expression is independent of the sense along the normal,
for if n changes sign o also changes sign. Regarding the mass
at the point P as negative, the potential of the entire surface is

V=- Laﬂiu(;)dm
N J‘ s‘[“%(%) * ‘SEZG) + v;{z(—:)}dw, o)

the integral being extended over the entire surface.

Let

AT =V, fﬁ—"dm =V, ijdu =7,
sk sP gF
If, in these integrals, cr, fr, and ye are regarded as ordinary
mass densities it is evident that ¥y, Vy, and V, are the potentials
of simple layers on 8, and Eq. (1) can be written
av, , av, , av,

[E o o ]
Since the derivatives of simple layers have discontinuities
in erossing the surface (Sec. 92), it
is to be expected that discontinui-
ties exist in the potential of double
layers in erossing the surfuce,

160. Closed, Uniform, Two-
layer Surfaces.—I.ot dw be an
element of o two-layer surface,
and let dé be the solid angle
which is subtended by dw at a
given point P, so that d& is the area which this solid angle cuts
out of a unit sphere described about P asa center, Fig. 90.  Then,
a8 was seen in See. 66,

(2)

Fia. 90,

rOS ¢

da = + e,
i
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The =olid angle di will be regarded as positive when the positive
gide of dw is turned toward P and negative when the negative
gide of dw is turned toward P. If ¢ is the magnetic moment
of the element dw, the potential of the surface at the point P is

N

If the surface S is closed and if ¢ is constant, that is, the
magnetic moment is constant over the surface, then at an
external point P the potential V is zero, since the solid angle
pierces the surface an even number of times, and the elements

I'ta, 91,

dw; which it cuts out of the surface present positive and negative
sides alternately to the point P. (Fig. 91.)

If the point P is interior to the surface the solid angle pierces
the surface an odd number of times. Hence, the potential has
the value +4rs at an interior point. It is 44re if the positive
magnetic mass is on the inside of the surface, and —4ro if the
negative magnetic mass is on the inside of the surface.

Finally, if the point P is in the surface itself and if the surface
has a definite tangent planc at this point, the value of the
potential is + 2o according as the positive or negative magnetic
mass is on the inside of the surface. There are two possibilities
in this case; one in which the surface lies entirely on one side
of the tangent plane, and the other in which it does mot. If
the surface lies entirely on one side of the tangent plane, the

integral fd-i: is evidently 2= since the solid angle d& pierces the
surface an odd number of times on one side of the tangent plane
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and not at all on the other. If the surface does not lie entirely
on one side of the tangent plane the solid angle d& pierces the
surface an odd number of times on one

gide of the tangent plane and an even

‘ number of times on the other (Fig. 92).
The value of the integral is the same in

‘ both cases.
If the point P lies in the surface at a

conieal point or on an edge, the value of
the potential at P is *o times the area
P cut out of the unit sphere by the envelop-
Fie. 92, ing cone or wedge.
Henee the following theorem:

Theorem.— The potential of a closed two-layer surface, on which
the magnetic moment is uniformly distributed, is constant and equal
to zero at all points exterior to the surface; it is constant and equal
lo +dwe al all inderior peoinis according as posilive or negalive
magnetic mass 15 on the interior of the surface; 1t €5 constant and
equal fo *2xe at all points of the surface tlself which have definite
tangent planes.

As the point P moves along a normal at an ordinary point
of the surface, the value of the potential has a discontinuity
of +4we, if P passes through the surface from the negative side
to the positive side, and —4xe if P passes from the positive side
to the negative side. If the point P is in the surface itself,
the value of the potential is the arithmetic mean of the values
on the two opposite sides of the surface at the point P.

If Vg is the value of V at a point P, of the surface, and if Vi,
and ¥V, are the limits of ¥ as the point P approaches the point
Pq from the negative and positive sides respeetively, then

V“ = Vﬂ + 211'#,
an:l = Fn -

161. Uniform Surfaces Not Closed.—The discontinuity in
the value of the potential, just mentioned, exists and has the
same value even if the surface is not a closed one. To show this
let the given surface S be bounded by a closed contour C.
Through the eontour C' pass another surface £, such that § + 2
forms a closed surface, and let T be covered with a uniform
two-layer material of the same moment as S. If V is the poten-
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tial due to § and U is the potential due to Z, the potential of
the entire closed surface is, evidently, V + U,

By See. 150, U + V has a discontinuity of +4re if the point
P crosses this closed surface at any point, say through the
surface §. Since the points of S lie outside of Z, the potential
U due to Z is continuous across S. Hence, the discontinuity
of U4V is due to the same discontinuity in V, since U is
continuous.

If the surface is uniform, but not closed, and is of such shape
that a straight line through P pierces it in but one point (Fig.
93), and if 2 is the solid angle which the surface subtends at
P (that is, the apparent size), then

V = 4o,

if the positive side of § is turned toward P, and
V= —al

if the negative side of S is turned toward P.

1
Fia. 83. Fie. 94.

If one sheet of the surface, as seen from P, projects upon
another sheet of opposite sign the two sheets in such projection
contribute nothing to the potential. Consider, for example,
an open hemisphere of radius ¢ with its positive side outward
resting on an zy-plane with the z-axis as the axis of symmetry.
At any point in the zy-plane, outside of the eirele which forms
the base of the hemisphere, the value of the potential is zero,
gince the positive sheet of the hemisphere projeets exactly upon
the negative sheet. At all points situated above the zy-plane,
but outside of the hemisphere, the potential is equal to +e
times the apparent size of the base of the hemisphere; and at all
points situated below the ry-plane the potential is equal to —o
times the apparent size of the base. Along the z-axis
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V=V:= —Eﬂ'ﬂ(l + '—-;-z ?;—z:)j if 2 < +a,
and
- "
V= F} S “Fzﬂw(l _r;?z??fi;)‘ if 2 - *1L

The limiting value of ¥V, for 2 = a is —2nr(1 + :;2) and

the limiting value of V. for 2z = a is +2w(1 - \,1’,2) The

discontinuity is
lim ¥y — lim V3 = dre.

f=a =g

The value of V forz = a is

o im Vi +lim V| = T

as can be seen by a direct integration.

152. Surfaces with Variable Moments.—It was shown in
Eq. (149.2) that the potential of any two-layer surface can be

written
av, , aV, 8V,
V= _[E+ ...+_.a;:|,

dy
where

V= I“", 'F":=J.!ﬂddm, V.-fl‘-’dm,
5P 5P

a, 8, v being the direetion cosines of the normal and ¢ the moment
at the element dw. Hence Vi, Vi, and V, can be regarded as
potentials of simple layers for which the surface densities are
ae, fr, and yo. The potentials of simple layers are continuous
across the surface (Sec. 91), but the first derivatives in general
are discontinuous. According to Eq. (94.1), the discontinuities
are

for a—a%: —drar - ¢ = —dwoal,
for &—Vﬂr —dxfig: § = —dwof,
ay
ﬂ"'t"'g

for az —drye -y = —dwoyl,
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Hence, the discontinuity in V in crossing the surface is
dmo(a® 4+ 5* + %) = 4ro, (1)

the sign, of course, depending upon the direction of ecrossing.
The potential is continuous across any point at which « vanishes.
Suppose that Py is a fixed point of the surface S and that
Vu is the value of the potential at Py. If V, is the value of the
potential at a variable point P near P, on the negative side
of the surface and V, is the value of the potential for a point
on the positive side of the surface near P, and if V.o and Vi
are the limits of V, and V, as the points P approach Py, it is
desired to show that V, is t.he arithmetic mean of Vo and Vg,
and therefore,
Vi = Vo — 2m,}
Voo = Vo + 2ro,

oy being the density of moments at the point P,.
The potential at any point can be written

V= fu*ucuaqadw_'_f ua]cugw
g A
or, by setting

w= = cn: Chs, U= f{u’_—_n:uz 008 €,
s » s p

(2

the potential can be written
V=W+U.

It was shown in Sees. 150 and 151 that equations similar to
Eqs. (2) hold for the potential W, which is the potential of a double
layer of constant moment density. It will be sufficient, therefore,
to show that the function U is econtinuous scross the surface
at the point Py. But this is evident from Eq. (1), for U is the
potential of a two-layer surface for which the density of moments
{(r — oo) vanishes at Py, It is, therefore, continuous across the
surface at Py and lgs. (2) is established.

It might be remarked that in Green’s formuls, Kq. (83.4),

(@, . 2) = f ﬂﬂ(ﬁ)w [wﬂﬂ de,

the function & is represented as the difference between the poten-
tial of a two-layer surface, for which the moment density is
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&, and the potential of a simple layer for which the mass density
is ad/on.

163. Discontinuities in the First Derivatives.—The potential
of a two-layer surface with variable moment density can be
written

- aVy , aVe |, 8V,
V== E"'E“""&E)’

fﬂ“fm, Vs = fﬁ—"du, Vs = f’-""-’dm,
gp@ gp gp

a, 3, v are the direction cosines of the normal, and « is the moment
density at the element dw, The funetions V,, V. and V,
are the potentials of certain simple layers on S,

It is evident that the first derivatives of the potentials of
double layers are related to the second derivatives of the poten-
tials of certain simple layers on the same surface. For example,

av _ _(aﬂn Vs atn)

where
T‘r[ -

dx “axt + dxdy + draz)
The discontinuities in the second derivatives of the potentials
of simple layers were studied in See. 96. From the results

of that seetion, it is found that the discontinuities of

v, Vs @
dzt’  dxdy — dzdz

under the assumption that the z, y-axes are parallel to the

tangents of the lines of curvature at the point of crossing O
of the surface, are

de
draops, 0, - 'l-rr—a—é;

or, sinee « is zero and ~ is +1 at the point 0, the discontinuities
are

do

0, 0 -*hra—f-

Hence, the discontinuity in %.I: is +4rgi; :and in & similar man-
do

ner it is found that the discontinuity in ig is +4"'i‘:l -
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For the derivative with respect to 2,
av (azv, 'V, aw;)
H

N

8z \dzaz | dydz odz?
the discontinuities are
d (o 425 _
s wdfE) wmre
Since,

a=8=0 =1,

at the point O, these discontinuities are expressed more simply
by

—4w%: —%cg——;:: —dro(py + q2).
The total discontinuity of 8V /dz is, therefore,
- da | B8
4N(P:+Qn+ §f+&_’1 .
Now
o0 = ,_‘_p.lf —_— ﬁ = -—--_'_-—g_.t__-..——-'r
V14 pd +al V1i+pd+ ot
= g’-ﬂ = aﬂ-
P EE‘ VL a'i
At the point O,
&pl = 'a_ﬂ_l —_ D

pl - q' = -a; aE ¥
from which it is found that
da  Of
P2 + qe + 3 + 3y
also is zero at the point 0. Hence, there is no discontinuity in
aV/éz in crossing the surface at the point O.

These results can be stated as follows: The normal derivative
of the potential of a two layer surface s confinuous across the
surface; the tangential derivatives, however, have the discondinutties

der de

164. The Configuration Constant of a Closed Surface.—
Suppose a given closed surface S is divided into two parts.
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This division may be as simple as the division of the earth’s
surface into a northern and a southern hemisphere, or it may be
as complicated as the division into the land and water areas
of the earth’s surface. Let these two parts be denoted by «
and A, so that

S =a+ A

Assume further that the surface S is everywhere convex, so
that any given straight line pierces it not more than twice,
and cos ¢ is never negative. Let the integral

J‘ 008 Phw = | da (1)

- a1
denote the total solid angle subtended by the area o at a fixed
point of the surface denoted by the subsecript 1. Likewise,
the integral
J,..da
2

denotes the solid angle subtended by the area B at another
fixed point of the surface denoted by the subseript 2. Under
the hypothesis of convexity, the solid angle subtended by the
entire surface at any point whatever of the surface is less than
or at most equal to 2=. Hence

Dﬁjlfﬂézn 0=)| da = 2r,
a, a2

and therefore,
1 - .
0= E’[.L.ldﬂ + J;Jd&d] = 1. (2)

In order that the lower limit of Eq. (2) be attained, it is necessary
that every element dw of the
area o should be edgewise as
seen from the point 1, and

a every element of the area 3
should be seen edgewise from
the point 2, Thus, if the point
1 is the apex of a right circular

Pea. G5, cone (area «) and the point 2
is the apex of a second right

cireular cone (area B8), the bases of the two cones having the

same diameter, the surface formed by putting the two cones

0,
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together base to base (Fig. 95) would be a surface for which
the lower limit could be attained. The cos ¢ in Eq. (1) vanishes
everywhere, Such surfaces were called double stars by Neu-
mann, and are excluded from consideration. Bingle starred
gurfaces do not exist in the class of closed surfaces.

For a given surface S and a given manner of division of the
surface, there exists a constant { > 0, whatever the pair of fixed
points may be, such that

1
- di }51
r"'i‘r[f + 82

for all possible divisions of the surface; and for all possible
selections of the fixed points, | has a minimum which will be
denoted by 1 — ». Hence for a given surface there exists a
constant A, which is independent of the mode of division of the
surface, and independent of the choice of the two points, such

that
ﬂ£1—~u[jdw+J‘ :|£hf.'.1 (3)

Neumann called  the configuration constant of the surface.

166. The Spread of Values of the Potential on a Closed,
Convex Surface.—Let the potential of a double layer on S,
evaluated for some particular point of S, be denoted by 2=V ..

Then
V, = lj,"“" Py = ijﬂza (1)
! 2rls p? 2z Js '

Let M be the maximum value of ¢ on S, and m its minimum
value. Draw the lines on S for which ¢ = (M + m)/2, which
is possible sinee ¢ is assumed to be continuous. Let the area
for which ¢ > (M + m)/2 be denoted by « and the area for
which ¢ < (M 4+ m)/2 be denoted by 8. Since o and cos ¢ are
everywhere positive, it is evident from Egq. (1) that

VI_MJ. M+M+mJ‘ da,
ir Bl

M+m - m .
R S Y

and
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By virtue of the relation

[ da+ [ do=om
these equations ean also be written

M-m -
vaw-Mon( g

(2)
M-m -
V: = m+ -_E;-_ «.Id{d'
In a like manner, for a second fixed point on 8,
ngumﬂﬁf da,
o ®)

M-m -
Vezm + — E:-r_“j:.,gd”'

Equations (2) or (3) show that the maximum value of ¥V on §
is definitely less than M and its minimum definitely greater than
m, unless ¢ is a constant, in which case V= M =m. On
subtracting the second of Eqs. (2) from the first of Egs. (3),
there results

Ve=ViS (M- m}(l - %[J-dw + J;I.da.]);

and therefore, by Eq. (154.3),

Vi=Vi 2 (M —m)}u,}

0<)<l, 4)

wherever the two fixed points on S, at which the potential was
evaluated, may be. Hence, the maximum difference between
the values of the potential at any two points on S does not
exceed the maximum difference of the densities multiplied by
A, the configuration constant of the surface. This important
theorem is due to Neumann,

166. Neumann's Proof of Dirichlet's Principle.—The first
rigorous proof of the existence of a solution of Green's problem
was given by C. Neumann.' His proof is limited to closed
surfaces which are generally convex, although they may have

! Neumann, Dr. C., “Untersuchungen iber das Logarithmische und
Newton'sche Potential,'” 1877, Leipzig.
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corners and edges, but exeluding surfaces which he called double
stars (Sec. 154).

It will be recalled that in Green's problem, it is required to
find a function that is harmonie inside of a given closed surface
S (interior problem), or harmonic on the outside and vanishing
at infinity (exterior problem), and that takes a prescribed con-
tinuous set of values on 8.

Weumann's method of the arithmetic mean shows how to build
a double layer on S whose external, or internal, potential will
have the required properties. Suppose the function which is
given on S is f(¢ =, {). Form the potential of a double layer
on S whose moment density is f/2r, namely,

R PLC KR N
W= g [ 155500 = 5, | 0 ©)

If p is measured from a point on the outside of S, the function
W, is the external potential; if p is measured from an inside
point, W is the internal potential; if p is measured from a point
on 8, the function W, is the value of the potential on the surface,
and this fact will be denoted by the superseript zero.

If f is everywhere positive and the positive magnetic mass
iz on the inside of S, so that da is positive, it iz evident that
W, is positive. Since W,'® is continuous on §, W,'® /2r can be
taken as the density for a second potential W, thus:

Wy = L [Weoms; )
I )5
and, sequentially
1 i*
Wi = — | W."da
B2 P ()
1rf‘ .....
Wa =5 W da,
Ja

Suppose M is the maximum value of fon 8, and m is the minimum
value. If 8, is the spread of W,'® on S, that is, the difference
between its maximum and minimum values, then, by Eq. (155.4),

81 S (M — m)\ (2)
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where A is the configuration constant of the surface. In general,
if 8, is the spread of W.'" on 8, then
8. = 8.
= Bp_h? }
= (M — m)an,
Since M is a fixed constant less than unity for each surface
of the class considered, it is evident that the limit of 8. as n
inereases iz zero. That is, the successive double layers tend
toward constant density on S.
If M; and m; are the maximum and minimum values of W,",
it follows from Egq. (155.3) that
M>M>M> --- >M_,>M.> - ~-,} )
Moy < oMy S s s s Mg S Ma <

That is, the sequence of maxima iz a deereasing sequence, while
the sequence of minima is an increasing scquence. Since the
spread tends toward zero, it follows that the limit of the maxima
is the same as the limit of the minima, and the functions W@
tend toward a definite constant value, or

(3)

W_ i = ':5}
F %"
. 5. =.
P S, 1
o SR
e i
0 Ay N .PITI'.J!!; j}
Fro. 96.

On the straight line L (Fig. 96), let points be marked at dis-
tances m and M from the point 0. The interval mM, which
will be denoted by S,, is the spread of o on S. That is

m=c3s M
at all points of the surface. Similarly, mark the points m,,
My - - » ;M1, M:, . +«.. Then

m = W, = M, my = Wi = M, ]

at all points of the surface. Since W,'" and ¢ both lie in the
interval mM, it follows that

W, — o] = 8,

even though the value of W, is taken at one point of the surface
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and the value of ¢ is taken at another. That is, this inequality
holds for every pair of points on S. In a similar manner,

|[W® — W, < 8§,
|W 50 — W,®| < 8,

Indeed, since W,.,'" lies between m, and M, for every point on
8, and for every p, it follows that

EW.H,M - W!I{mlj é S‘l
and therefore, by Eq. (3),

|Wags™® — WL = San, (6)
The limit of W'®,,, for p infinite is, Eq. (5),
W = C.
Therefore
IC — W.®| = 8a\n,
and

C— 8 = W = C + S (7)

157. The Limiting Values of the Potentials W, on S.—The
limiting values of the potentials W,, as the point at which the
potential is evaluated approaches the surface from the inside
or from the outside (internal or external limits), will be denoted
by W.9@ and W,®. If the positive magnetic mass is on the
inside of 8, and if W, is the value of W, at the point of the
surface which is approached, then it is seen from Egs. (152.2)
and (156.0) that

Wi = W, — 7 Wl = W, 4 f (1)
and similarly, from Eqs. (156.1),

Walel = WM — W0, Waldh = W, 4 W io
Wile = Wyl0 — Wy, Wil = Wi 4+ Wi,

From these equations Emd Eq. (156.6) it follows at once that
|W_l:r:| = |Wﬂ:u:| i Wn—lmi = Suh“; (3}
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and therefore
lim |[W.™| = 0.
=
- The expressions for the internal potentials can be written
2C — Wasni = (C — Wasd™) + (C — W,™);
and therefore
20 — W{“--Hi = 250, (4)
from which it follows that
lim |W.(| = 2C.

It is evident, therefore, that the functions W,®, W,® and
W.? have the limiting values, for n equal to infinity, 0, C,
and 2C, in agreement with the theorem of Sec. 150 for uniform
two-layer surfaces.

168. Harnack's Theorem for Harmonic Functions.—It is
desirable to turn aside from the main line of Neumann's argument,
for a moment, in order to prove that the limit of the sum of a
sequence of harmonie functions is itself harmonie. Suppose

Fra. 97.

Uy Usy Us, - - -, i8 a sequence of funetions of z, y, 2 which
have the following properties:

(a) Each of the functions U, is positive everywhere within
a certain domain B,

(b) Each of the functions [V, is harmonic within the domain
B.
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(¢) There exists a positive number M, which is independent
of n and of the position of the point z, y, 2, provided it remains
within B, such that

Ui+ Us+Us+ -+ + U <M.
The sum

UsUi+ Us+ Us+ -+ + U+

evidently converges at every point of B and represents a certain
function of z, y, 2. It will be shown that U is harmonic within
B.

Let P, be any point within B (Fig. 97). With P, as a center
describe a sphere S which lies wholly in the interior of B, and a
second sphere S, which lies inside of §. Let the radii of these
two spheres be a and a, respectively. Let dw be an clement
of the surface of the sphere S, and P(z, y, z) be any point lying
within the sphere S,.  Also let

PP =r, Pde=op

Since U, is harmonie, by Eq. (135.1),
a —
s dmap

where U.(z, y, 2) is the value of U, at the point P, and U.(£, n, {)
is the value of U, at the surface clement dw. If

A = J; Uk, , Dda,

Uz, 3, 2) = 0.5, m, e, (1)

it is evident that

A= [ S n nao

w= 1

and therefore
2 AL { 4"H'u!M.

L}
Henece the series
A+ A+ 44 - - FA+ -y,

all of whose terms are positive, is convergent.

Now let
gt — r?
drap? = 4pl:;1:, U, z).
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If the point P remains inside of So, it is clear that p cannot
vanish, sinee it is never less than a — a,. Thercefore, » and all
of its derivatives are finite inside of the sphere S,, and therefore,
have maximum values.

Let
I‘PI < GUJ
de dg| dp|
‘_:E‘{G!’ EI{G]; Ei{Gh
a-l a2 :a?
a_—; < G!, ’E'x: < G:, |a;: < Gl,
ete.
Then

U. = f Vo < GoA,,
8

Eﬂ% = LU.:ix”du < G,
%‘ - J; U.g—::i:dm < Gud,,
e
Ur+Us+ Us+ - -+ <G 3, Au < 4ra?MG,,
L %4'% + - <63 Al < 4ra?MG,,

axyy @l | 9,
_t'?zl+_ﬂif_’ +E‘_ + - ":G:EA“:M*MG!-

are absolutely and unifermly convergent within the sphere Sy,
and they represent respectively.

U U
U
From this it follows that
AU = 3, AU,
nm]

and sinee
.ﬂ.U‘-ﬁ, ‘=1:2}“1:w1
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there results finally
AU = 0;
that is, U is harmonic inside of S,, since it is evidently continuous
and has continuous derivatives of the first two orders; and
therefore, harmonie within the entire domain B.
It is possible to go further and show that if the series
Ui+ Us+ U+ - -+ U+ -
is convergent at any point p whatever within the sphere 8,

the series
f Udt, n, ¢
em]

iz still convergent, and therefore, the function U7 is harmonie.
Let z, y, # be the codrdinates of the point p; then Eq. (1)
becomes

U0) = [ “graps Usen Do

From Fig. 97 it is evident that
P=a+r
a being the radius of the sphere. Hence,

U.lp) > 4_‘1_;;'&%,) EJ;U.:H; 7, $dw;
and
LU(E, n, Pdo > NUL(p)

where
N = drala + 1)
a—rT
is a constant which is independent of . From this it follows that

5 [ vt mias < '3 v

we ]

But since

S Ulo)

we L

iz convergent by hypothcaia, it follows that the series

fU & Mo
=]

also is convergent.
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Suppose p; is any other point within the sphere. Then

ﬂz

T — = __T|_: T .
L’t(pl} - R ‘l:rap;“ Lq[i: M ﬂdﬁh

but since

mea—ry,
it is evident that

a + T * .

Udpy) < m SE-'I-H- n, {dw;
or,
LF.EP]J { Mf b‘l(fl LS .{-}d"‘rl
g

where

R e ol s S

"~ drala — )t

is & constant which is independent of x. Hence, the series
3 Udp) < M3, [ Ve, e

also is convergent. That is to say, if the functions U,, for
k=1,..., =, are each positive and harmonic within a given
domain B, and if the series

U= 3.

converges at any point within a sphere which lies wholly within
B, the series will converge at every point which lies within the
sphere,

It is & simple matter now to show that this series converges at
every point of the domain B, assuming, of course, that the domain
B is connected. Suppose B (Fig. 98) is such a domain and that
the series converges at the point Py. It is desired to show that
the series converges at the point P. Construct a sphere 8,
which contains the point P,, and then a series of overlapping
spheres, the last of which contains the point P. In the regions
which overlap mark the points P,, Py, P, - - - . Since the
point P, lies in the sphere S,, the series converges at P,, since, by
hypothesis, it converges at P,. But P, lies also in the sphere S,;
therefore, the series U/ converges at the point Py, which also lies
in Sy; therefore, it converges at P;; and so on, until after a finite
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number of steps the eonclusion is reached that U7 converges at
the point .

It follows also from See. 158 that U is harmonic in the entire
domain B,

Fra. 945.

169. Case 1.—The Constant ¢ is Zero.—(A) The FExlerior
Function—If the equations in the first column of Eqs. (157.1)
and (157.2) arc added, and the result is multiplied by =1, it
is found that

W = W) — W — o oo = W, = =W, (0)
By hypothesis, the limit of W, as n increases, which is the
eonstant C, is zero.  Henee

-3 W =, (1)
=1
and sinee, Fy. (156.39),
| W | = Sohe, (2)

the left member of Eq. (1) converges like a geometric series.

The function W, is the exterior potential of a certain magnetie
layer distributed over the given surface S. It is therefore har-
monic everywhere outside of 8, and it has the limiting value
W.' as the point at which it is evaluated approaches the surface
S. Since it is harmonie, its maximum and minimum values
occurs on S that is, its maximum and minimum values are the
maximum and minimum values of W, and since the sum of
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these maximum values converges, by Eq. (2), it follows that the
function

W==3W. (3)
gm]
converges absolutely and uniformly everywhere outside of 8,
and its limit is equal to the given funetion f on 8.
Equation (3) can also be written

W =3 (S — W) = >, Sak.
aml g=1
The funetion Syh — W, is positive everywhere outside of S,
it is harmonie, and the sum

2 (S — W.)

k=]
converges absolutely and uniformly. This sum is, therefore,
an harmonic function, by Harnack’s theorem. Furthermore,
the term

E Saae
=l
also is harmonie, since it is merely a constant,
Consequently

k=1
iz the exterior function which was sought, for it iz harmonie
outside of S, vanishes at infinity, and takes the prescribed set
of values f on 8.

(B) The Interior Function.—If the equations in the second
column of Eqs. (157.1) and (157.2) are taken alternately positive
and negative and then added, it is found that
Wy — Wy W — - = (1)W1

=1 = (=)W
and since,
lim W% =20 =0,

it is evident that
Wil — Wald = Wyt — Wi 4 ... =
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the left member converging like a geometric series, Eq. (157.4).
The function W, thiz time is the potential at an interior point
of a certain magnetic mass distributed over S, and W, is the
limit of W, as the point P, at which the potential is evaluated,
approaches S from the inside. Since W, is harmonic inside
of 8, its maximum and minimum values are the maximum and
minimum values of W', and since

[W‘r:n'i < 2551

for every point of the surface S (Eq. (156.4)), it follows that the
funection
W=W,—W:+ Wy —=Wi+ - - - (5)

gonverges absolutely and uniformly everywhere inside of 8,
and takes the limit f on 5.
This expression for W ocan also be written

W = Emnr—l + (=1)W,) — gzsw-u

w=]

The functions
280 + (= 1)W, k=12 ..., ®,

are harmonic and cverywhere positive inside of S, and their
sum converges absolutely and uniformly. Therefore,

2 (2801 + (—1)W,)
gm]

is harmonie, by Harnack's theorem. The constant term Z28,3!
also is harmonie.

It follows, therefore, that W (IEq. (5)), is the interior function
sought, for it is harmonic inside of S, and takes the prescribed
set of values on S.

Dirichlet’s principle is, therefore, established rigorously
for the case C = 0.

160, The Interior and Exterior Functions as Potentials
of the Same Simple Layer—In order to distinguish between
funetions interior and functions exterior, the exterior funection
W, Eq. (159.4), will be denoted by W, and the interior funetion
W, Eq. (159.5) will be denoted by W, Also if p iz measured
from an exterior point it will be denoted by p., and if it is measured
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from an interior point it will be denoted by p.. Hence,

_ 241 . _ af1
dé n ::)dw or da = &n(p‘)d“‘
according as the exterior or interior function is under con-

sideration,

If the values of W, in Eq. (159.4), are replaced by their values
from Eqs. (156.1), it is seen that

Wem g [+ W@+ wosmo }-a";(l)dm.
and similarly from Eq. (159.5),
W, = il;J;[U — W) + (We® — W) 4 - . . 15%&)@.
Now by Eq. (157.2),
WO 4+ W0 = W, 0 Wi — W,_,® = W,

Hence the expressions for W and W, can also be written
1 .
We = "E;L':Wlm-i‘ Wit + Wy 4 . ﬂﬂ(p.)

W, = —;-J‘[WLM + Wile + Wy 4 . :I' )dm,
oo a'ﬂ

so that Wz and W; are represented as the potentials of certain
double layers on 8.

The functions W, and W, are the surface values of the
external and internal potentials of a certain double layer on S.
These potentials are harmonic in their respective domains.
Furthermore, 1/p; is harmonie outside of § and 1/p, is harmonic
inside of 8. Hence, by Green's theorem, Eq. (57.4),

J‘[Wfﬂ_n(p_)_li..w-ﬂ ='u:r
o (1) _1aww@
J;[“"”aa(a) 3 T -

J'Wmie)m_fﬂww‘“.d_ﬂ,
Js * dn\p,. g on Pe

af1 dW b duw
woo 2 (1)g, = 0 dw
.J:z h(m)du .,[3 an p’

hat is
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go that Eqs. (1) can also be written

1 a . _ y
Wa= HETJ.BEH{H"m + W, 4 Wi 4 - - ji.:
L2 e 1@
s ‘:z».;J; o (i Wi Wy 4 o).

Since the normal derivative of the potential of a two-layer
surfuce iz continuous across the surface, Eq. (153.1), it follows that
aw‘m ﬂW,{”

“anT = an k=123 -~ .

If therefore the common value of

;‘{WL{I! 4 Ws[l-] + P :l. = _.‘_;31{'“:'1[11 - H.",h! + P }

be denoted by —2xw, it is seen that
Wi = f-“'dw, W= | 7 de,
JEPe 8P

and the functions W g and W, are the external and infernal potentials
of the same simple layer ¢ on 8.

161. The Constant C is Not Zero.—If the constant C is
different from zero, its value ean be supposed known as the limit
of the sequence of functions W',

Let

¥ = .f - ﬂr
and let the functions V., analogous to the functions W,, be
defined by relations similur to Iqgs. (156.0) and (15G.1):

1 - & & 0= — I {0y 1=
Vl = %J;lpdﬁl, » Vu = E'I'I'J;V‘_.I d&-ﬂ,
It is evident that

Vi = ;rfu ~ C)dw = W, = C,
and, in general,
Vo = Wo - ¢

Sinee
Wu“” L E,

it is evident that V .(® is zero, and the theory of the preceding
ease is applicable.
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The function, Eq. (159.4),
Vl = == EV‘

=1
is harmonic outside of S, vanishes at infinity, and is equal to ¢
on 8. The function Vg + C ig harmonic outside of S, and is
1 to
o e+ C=J
on 8, but it does not vanish at infinity, since it is equal to (' at
inﬁu;ty. It is mot, therefore, the exterior function which is

sought.
The function, Eq. (159.5)

Vj_—"Vi"_Fj-I"V;—V‘_’--..
iz harmonic inside S, and is equal to ¢ on S. Hence the function
Vi+C

is harmonie inside of S, since C is merely a constant, and is equal
tofon S. Since there is only one function that can satisfy these
conditions, V; 4+ € is the interior function sought. Since ¢
can be regarded as the interior potential of a double layer of
constant moment, C/2, on §, it is elear that the interior funetion
can always be regarded as the potential of a double layer on 8.

The exterior function, however, cannot be expressed as the
potential of a double layer on § in the case that the constant ¢
is not zero. For the total mass in a double layer is always zero,
and therefore, if V is the potential,

lim pV = 0,
gt
for every potential of a two layer surface. For a Newtonian
potential in which the mass M is not zero
lim pV = M = 0.
p= =
It is clear therefore that exterior Newtonian potential cannot be
represented as the potential of a double layer.

Suppose however a simple layer is distributed on 8 in such a
way that it is also a level layer. If the potential of this level
layer V; is equal to C on S, it will be equal to ' everywhere
within 8, and will vanish at infinity. Consequently the function

VeV,
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is harmonic outside of S, vanishes at infinity and is equal to f
on S; and the function
Vit Vs

iz harmonie within 8 and is equal to f on 8. Therefore, if
the constant ' is not zero, both the exterior and interior functions
can be represented as the potentials of a combination of a double
layer and a simple level layer on S.

But, just as in Sec. 160, the potentials of the double layer,
Vy and V, can be represented as the potentials of a simple layer
of which the total mass is zero. The equations analogous to
Eqgs. (160.2) are

1 d N )
Vg = _2H.J; ﬂ-n(vim + Vi + V4 ]dpf*
1 d
V= _‘ZJJ; ﬂ_ﬁ[vlm 4 Ve 4 Ve .. }_i%
Just as hefore
. a
SV Vit o) = 7O Vi@ 4 )

and if the common value of these two normal derivatives is
denoted by —2=e, the above expressions for Vg and V; become

simply
Vi = J- Tdw, V.= j-’dm
8 P 5 Pi

That is Ve and V; are the exterior and interior potentials of the
same simple layer on 8.

Henee the functions which solve the exterior and interior
Green problems can be represented always as the potentials
of the same simple layer on 8.

It remains to be shown how the level layer above mentioned
ean be constructed for the class of surfaces considered by
Neumann,

162. The Construction of a Simple, Level Layer on S.—
Suppose O is any point within S and po is measured from the
point 0. Starting with, Sec. 156,

=

Pa
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build up the series of exterior potentials W,, Wy, Wy, - - - , and

Wiln, We®, Wi, .. ., The limit of the functions W,'% as
n increases is a certain constant which will be denoted by I';
W,® =T,

Form the function
Us Wy — Wam Wy -+,

which is the exterior potential of a certain double layer on S,
and therefore, vanishes at infinity. Its limiting walue on 8
is, Eq. (159.0)

Usg= —Wyla — Woe — Wyl . ..
1

P ]'_',
Pog

where pqs is the value of py on S.
Now, consider the funetion

Vve=1l_uw (1)

Po
It is harmonic everywhere outside of 8, and it vanishes at infinity.
Therefore, since
lim .Pl:-Vn = +1,
o= =
it iz the Newtonian potential of some distribution of a unit
amount of matter. Since

Vo=T on 8§,

& is an equipotential surface of the distribution. Therefore,
by Sec. 115, it is possible to distribute a unit amount of matter
on § in such a way that 8 becomes a level layer. The density
in this distribution is, Eq. (115.0),

1 av,
F 4TJ; Edw
The constant TI' is not zero. If it were, the function V,
would vanish on 8 and at infinity. Since it is harmonie, it
would vanish identically outside of S, and
Ua Ll
]
This is impossible, however, since I/ is the potential of a double
layer and 1/p, is &« Newtonian potential of a unit mass (Sec. 161).



162] TWO-LAYER SURFACES 313

If it is desired to have the potential of the level layer equal to
' on 8, it is necessary, merely, to take

Cf1
Vo= 22—
! P(pu v)
and therefore, the total mass.of the level layer is
_¢
M= T

POINCARE'S METHODE DU BALAYAGE

163. The Balayage of a Sphere.—The balayage of a volume
consists in replacing the matter within the volume by an equiv-
alent layer upon the surface: equivalent in the sense that the
potential of the layer is the same as the potential of the volume
at points which lie cutside of the surface. In Sees. 108, 133,
and 134, it was shown that if a unit particle is placed at a point
(), within a sphere, its potential at points exterior to the sphere
is just the same as the potential of a unit mass spread over the
surface in such a way that the density on the surface is inversely
proportional to the cube of the distance from the point 0,.

1f there are two particles of masses m, and m, within the sphere,
each particle can be replaced by an equal and equivalent mass
distributed over the surface, and the surface distribution my + ma
will have the same potential at all points exterior to the sphere
as the individual particles m, and ms. This result, evidently,
can be extended to any number of particles, and therefore any
distribution of matter within the sphere can be replaced by an
equivalent distribution of the same amount of matter upon the
gurface of the sphere. It is always possible, therefore, to balaye
a sphere,

It will be observed that in this process negative masses are
never introduced, and that the potential at outside points is
unaltered, At all interior points, however, the potential is
diminished. Inorder to prove this, let U7 be the interior potential
of the equivalent surface distribution for a particle for which
the exterior potential is 1/p. Green's function is

¢="-uU;
I
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that is, it is the difference between the potential of the interior
particle and the interior potential of the equivalent distribution
on the surface. But, by Sec. 130, the Green function is always
positive. Hence at every point of the interior

U< ! H
]
and in the process of balaying the sphere the potential at any
interior point is diminished whenever a particle is replaced by an
equivalent surface layer. It is therefore diminished for the
final result whatever the distribution of matter within the sphere
may have been.

164. Existence of a Level Layer on a Given Surface.—Suppoze
there is given a closed surface 8 which may have a finite number of

E
= L1
[
]
_7j; g L3 h,
RN
=
y — - \
/ B
[ \
\
/
M 3 A
3 LA /
= L=t
N A
s
N /r..--
L

Fra. 98,

conical points and edges, but which at other points of the surface
admits a definite tangent plane and two definite prineipal radii
of curvature. It will be shown that there exists a function
V(x, y, 2) which is equal to +1 at all points of the surface 8, is
continuous outside of S, except possibly along the edges, which
vanishes at infinity, and which satisfies the equation of Laplace.

Let the surface 8 be surrounded by a region R, in the form of
a shell bounded by two surfaces, B, and B,, Fig. 99, and let the
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minimum distance between the surface S and the surface B, be
;. Imagine an infinity of such regions

Ry R-!a R--!l R—ll R'lr Rh R!l R‘J e
with the corresponding minimal distances

« oo, By, By, 6y, 8o, 6y, by 83, * © -,

where 5_, < §_.+; tends toward zero as n inereases, and 8, > 8.
tends toward infinity as n increases; and let the successive
regions over lap so that every point of space exterior to S lies in
at least one region B. Let ¢ be slightly smaller than &, for
every integer x.

Let the region R, be divided up into cubes by planes which
are parallel to a given set of reference planes and at a distance
e./+/3 apart; so that the diagonals of the cubes are equal to e.
A eube will be regarded as belonging to the region R, if any part
of the cube is contained in R.. Let a sphere be constructed
about the center of each cube, the diameters of these spheres
being equal to 5. Then each of these spheres lies wholly outside
of the surface S, and every point of the region R, lies within at
least one of these spheres. Furthermore the number of such
spheres for the region R, is finite.

If spheres are constructed for every region R in the manner
just described, there will be constructed a definite, infinite set of
spheres which has the following properties.

(a) Every sphere lies wholly outside of S.

(b) Every point outside of S lies inside of at least one sphere.

(¢) The set of spheres is denumerably infinite; that is, the
spheres can be put into a one to one correspondence with the
positive integers. For example, the spheres in Ry can be
numbered, and the numbering continued into R;, then into R_,,
then Ry, and E_s, and so on.

It is the properties of this system of spheres that is important,
and not at all the particular system which has been defined.
Any other system of spheres which possesses these three prop-
erties will serve equally well; but it was necessary to show that
there exists at least one such system.

Construct a gphere Z of radius A which contains the surface S
in its interior, Let the mass M be distributed uniformly on Z.
Then the interior potential of ¥ is constant and equal to M/4,
and if M is chosen equal to 4 the interior potential of M is equal
to unity. In particular, it is equal to unity within and on 8.
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Assuming that the sphere £ passes through the sphere 8,
which was numbered one, let the sphere 8, be balayed; then let
8: be balayed; then 8, again, then S, then 8;; then S, a third
time; and so on, the spheres being taken in the order

81, 8s; 8y, Sa, 83; 81, 81, 83, 84; 81, 8y, - - - (1)

so that each sphere is balayed infinitely many times.

The matter which originally was uniformly distributed on 2
is redistributed, at least in part, in each operation; unless the
sphere which was balayed was already empty, in which case no
alteration of any kind occurs. At the beginning, the potential
was

¥V =1 insideof E,

V= % outside of Z.

Whenever a sphere S is balayed the potential at all points
outside of 8, remains unaltered, but at all inside points it is
diminished. Henee the potential V is never increased at any
point by any operation, but is decreased everywhere within
one of the numbered spheres by each non-vacuous operation.
Bince negative masses are never introduced, necessarily V remains
positive always. Hence, as a result of the operations indicated
in Eq. (1), at any fixed point outside of S, V tends toward a
limit. Within and on S, the potential V' remains unaltered
and equal to 41,

Let V, be the value of V after the »** operation. Then at
any point p outside of S

12V=2V,. >0

As the point p recedes toward infinity, V, which is equal to
A/p, tends toward 0, and therefore V, tends toward zero at
infinity.

At a fixed point p the potential V, tends toward a limit, as a
result of the operations indicated in Eq. (1). Buppose the
point p lies in the sphere S; This sphere is balayed infinitely
many times, the numbers for the operations on this sphere being
@y, @, as - - - Consequently the sequence of potentials
Vay Vay Vay + - - tends toward the same limit which will
be denoted by V.. Hence

Va= Vu] + (vnl - Vﬂj} + {Fn; - T'ru,} + {Vn,l - Vw,} + o
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Each of the terms in this series is zero or negative except the
first, and the sum converges to the limit V.. Since the sphere
8, contains only empty space after it has been balayed, it follows
that Vo, j=1,2, - - -, =, satisfies the equation of Laplace
in the neighborhood of the point p. Therefore, each term of this
geries is harmonie. It follows then from Harnack’s theorem
(Sec. 158) that the series and all of its derivatives are uniformly
convergent. Consequently V. is continuous and satisfies the
equation of Laplace inside of the sphere S;; and since every
point of space is inside of some sphere S;, it follows that V
is harmonie everywhere outside of 3.

It remains only to prove that V_ is continuous aeross S.
Inside of S the value of the potential
has remained steadily at +1. Outside
of 8, ¥V, is harmonie; but it is coneeiv-
able that V_, might not tend toward
+1 as the point p approached the
surface 8. It will be shown that this
is not the case.

Let P, Fig. 100, be a point on S at
which S has a definite tangent plane
and two definite radii of curvature. It
is possible, then, to construct a small
sphere T of radius r with its center Tia. 100.
at 0, which is tangent to 8 at P, and which lies wholly within
8. Let p be any point outside of S, and let

Op=p Pp==s

The function r/p is harmonic outside of T, and is equal to
+1on T. The function V, is the potential of positive masses
which lie outside of 8. It may, therefore, have maxima outside
of 8, but it eannot have minima (Theorems I and IV, Sec.
75). It is equal to +1 on S, and vanishes at infinity. The
function

UmV.—-1
P

is the potential of positive masses outside of 8§ and a negative
mass equal to —r at the center of T. Outside of 8 it can have
maxima but not minima. It is equal to zero on 8 and at infinity.
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It can, therefore, be positive or zero outside of S, but not nega-
tive. It follows therefore that

r
1 Vﬂg_'
= P

Now let the point p approach the point P along the line s, Fig.
100. It is evident then, that
12V, 2 E =

r

i
T+ 8

and V_ tends toward unity as s tends toward zero. Hence,
V. is continuous across S at any ordinary point of the surface.

The proof as given above fails if the point P is at a corner
or on an edge, because at & corner or on an edge it is not possible
to construet a sphere T" which lies wholly within S. Poincaré
modified the proof so as to inelude conical points by replacing
the sphere T by a surface which has a conical point which can
be fitted inside of the conical point on S. The proof is too long
to be given here and the reader is referred to Poinearé’s paper in
The American Journal of Mathematics, Vol. XII, p. 228, (1800).
Doubtless, points which lie on edges also could be included by an
appropriate modification of the surface T.

The above results show that part of the matter, which originally
was on I, has been deposited upon § in such a way as to make
S a level surface of potential + 1, and part of it has been dispersed
to infinity. The space outside of S is entirely empty. The
proof for the existence of a solution of Green's problem follows at
once from the existence proof for level layers by virtue of the rela-
tions given in See. 129, but a direct proof ean be given by the
method of balayage.!

186. Application of Harnack’s Theorem.—Suppose there is
given a closed surface 5 and a continuous funetion & which is
defined on 8. It is supposed, also, that

M>%>m>0,
on 8, where M and m are two positive numbers.
Let Z be a sphere which contains § wholly within its interior.

Then it is always possible to find a sequence of polynomials
P, such that

0 <P, <e,
! Porwearg, “Theorie du Potential Newtonien,” p. 283, (1800.)
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within and on Z, where ¢, is a sequence of positive numbers for
which the series

at+eteat - tet -
is convergent, and such that the function

U=Pi+Pi+Ps+ - +Pat --"
is equal to & on 8.
Suppose that there exists, for every index n, a function V.
which iz harmonie inside of S, and equal to P, on 8. Then, if
5.'® and §,'" are the maximum and minimum values of P. on 8,

0<&iM=sV 284" <a
within S, and the function

V=V,+ Vet Vit - +Vat -

is absolutely and uniformly econvergent. Furthermore, it is
equal to @ on S, and by virtue of Harnack's theorem it is har-
monic inside of §. A solution of Green's problem, therefore,
exists if there always exists a function V, which is harmonic
within S and equal to a given polynomial P, on 8.

The restriction that ¢ be positive and non-vanishing on S was
necessary in order to apply Harnack's theorem, but this restric-
tion can be removed. Suppose

¥ < C,
where C is some positive number, on S. Then

d=0—(C-—4%),
and
C—-3>0

If W is a function which is harmonic within § and egual to
C — & on 8, the conditions of Harnack’s theorem are satisfied.
Then the function

V=0C-W

is harmoniec within S and is equal to @ on S.

166. Construction of an Infinite System of Spheres within S.—
In order to show that there exists a funetion ¥ which is harmonie
within a given closed surface S and which is equal to & given
polynomial P on 8, let there be constructed first an infinite
system of spheres which has the following properties:
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{a) Every sphere of the system lies wholly within S.

(b) Every point inside of S lies in at least one of these spheres.

(¢) Thesystem of spheres is denumerably infinite,

These are the same conditions for the interior domain that
were required in Sec. 164 for the exterior domain. In order to
show that there exists at least one such system, let an interior
region R, be defined as the region which lies in the interior of a
closed surface which lies wholly within 8 and for which the
minimum distance to the surface § is §,. Then construet an
infinite series of overlapping shells

er RE? Rl: Ty
for which the minimal distances to the surface S are
by, Bay B3, © ¢ -
of such magnitude that

¥

[ .
and which have the limit zero as n increases, so that the outer
boundary of the shell B, tends toward coincidenee with the
surface S as n increases. Then every point in the interior of S
lies in the interior of at least one domain R,.

Let e, be slightly smaller than &, for every «, and let the region
R, be divided up into cubes by planes which are parallel to a given
set of reference planes and at a distanee ¢/+/3 apart, so that the
diagonals of the cubes are all equal to e. If a sphere of radius
&, is construeted about the center of each cube, there will be
a finite number spheres each of which lies whelly within S, and
every point of R, lies in at least one of these spheres,

If spheres are constructed in this manner for every region
R,, the infinite system of spheres so constructed ecertainly satisfies
conditions (a) and (b). It also satisfies condition (¢) for, since
the number of spheres in each region R, is finite, the spheres
in Ry can be numbered and the numbering continued into R,
then into K. and so on. It will be assumed, hereafter, that
the system of numbering has been carried, so that each sphere
is definitely located in the sequence of spheres

SllS’jS;’ LA 'JS-I' s 8 a4

167. The Existence of the Required Harmonic Function.—

Let P be the given polynomial. Form the Laplacian AP, and
suppose, at first that

AP <0
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everywhere within a sphere X which contains 8§ wholly within
its interior. Let

AP = —dgv,
where ¢ iz positive, and let

Weo = fi'f—’,
TP

so that Wy is the potential of a volume distribution of positive
masses and is, therefore, positive everywhere. Furthermore
AWy = —dro = AP
ingide of Z.
Regarding o as the density of attracting matter, let the spheres
8, inside of 8 be balayed in the order
Slr S!; Elr S!; Sl;.r Sl_l SI, Slj I'Sl: R |

so that each sphere is balayed infinitely many times. If W,
is the potential of the attracting matter after the n® operation,
it is evident that
W.>0, and Woz= W
The sequence of potentials
W:, Wh Wh |
therefore, has a limit which will be denoted by W. Inside of S
0 < W< Wy
outside of §
W = W,

gince the balayage of a sphere does not change the potential
outside of the sphere.

The sphere S, has been balayed infinitely many times. If
the numbers of these operations are, in order,

ory, Qg Oz, * ",
then the functions
Way, Wagy Way - - -
are harmonic inside of 8., since they represent the potentials
of attracting matter in empty space; and they have the same
limit W. Hence the series
W‘W¢1+|:W.|— Wn]}+(“?a;_wa1}+ o

is convergent. All of its terms, except the first, are negative
or zero, and all of its terms are harmonic. Hence, by Harnack’s
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theorem (Bec. 158), W is harmonic everywhere inside of S, since
every point inside of S is also inside of some sphere S.. All of
the matter which was within S has been deposited upon S by
these operations, and the interior of 8 iz empty.

In order to show that W is continuous across § at every point
at which 8 has a definite tangent plane and two prineipal radii
of eurvature, let @ be a point of the surface at which these
conditions are satisfied. Let S, be a small sphere outside of 8§
and tangent to S at . Since the Green funetion for the sphere
is known it is possible to effect a surface distribution of matter
on S; for which the potential coincides with the wvalues of W,
on S;. If U is the potential of this distribution of matter, U
iz harmonie outside of Ss, equal to Wy on S;, and vanishes at
infinity.

The function W — U7 can be regarded as the potential of a
positive distribution of matter and a negative distribution on
8o It ean have maxima outside of Sy but not minima. It
vanishes at @ and at infinity. Hence, at any point ¢ within 8

U=sWzW.

As the point ¢ approaches @ the function U7 tends toward W
Therefore, the function W also tends toward W, and is con-

tinuous across 5.
Take now the funetion

V=W-W,+P
It is harmonie inside of 8, since
AW =0, and AW, = AP;

and it is equal to P on 8, since W — W, vanishes on 8. It ig,
therefore, the function which was sought; and since Green's
problem can be solved for a polynomial P, it can be solved for any
function

Pi4+Ps+Py+ o +P 4 - -

by the principles of Sec. 165.

The restriction that AP shall be negative everywhere within £
is easily removed. Any polynomial, whatever its values in £
may be, can be regarded as the difference between two poly-
nomials,

P = Pi - P;,
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the polynomials P, and P, being chosen so that
AP, < 0, AP, < 0,

everywhere within Z. In accordance with the above analysis
there exist two funections ¥, and V. each of which is harmonie
within 8, and equal respectively to P, and Pson 8. The desired
function V then is

V = V‘l - 'i"..

Problems

1. Show directly by the method of balayage that on any given closed
surface & there exists one and only one distribution of & unit mass on 8
which is centrobaric with respect to a given point P which lies within S,

2. Suppose the function V satisfies the following conditions:

(a) ¥V is harmonie in every region that liea wholly within or wholly
without a given closed surface S,

(b) V is regular at infinity, and acts there like & Newtonian potential.

(¢) V and its normal derivative have definite limits at any point P of the
surface both from the inside and from the outside. If these limits are
denoted by

av, av,
Vi 5 sd  Va GO

than
“an an
are continuous functions on 5.

Show that V is the sum of the potentials of a simple layer and of & double
layer on 8.

o= -4-4{—1,(“1"'3;‘-’-E - ﬁb)- oy = -;E;{Vx = Vi)

3. Given & closed surface § and a continuous function &, such that

J;wluiw = 0.

Bhow that there exists a funetion ¥ which satiafies the conditions

AV =0 within S, -‘;:’:-q- on &.

4. Tf S is s closed, everywhere convex surface which has two finite principal
radii of curvature at each point, and if & is the maximum value of the radii

of curvature, show that
08 ¢ A
L o dw {43',

where p is measured from a point of the surface, ¢ is the angle which
makes with the interior normal, and A is the area of the surface.

6. A shell of finite thickness separates space into three regions, 4 the
hollow of the shell, B the space within the shell, C the space outside of the
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shell. If ¥, isthe potential due to matter within 4 and V¢ is the potential
due to matter lying in C and if at all points of B there exists a linear relation
with constant coefficients aVa + ¢Ve 4+ b = 0, in which a, b, and ¢ are
distinet from zero, then
(]
V‘ =10, V’ - _b'
8. Verify the following formulas for the configuration constant A:
for the circle,

}l.=2,

1/bYys
for any closed, eonvex, plane eurve of length L for which R is the maximum
value of the radius of curvature,

for the ellipse

L

AS1-gp

for any elosed, convesx, surface for which A is the area and R the maximum
value which ocours for the radina of ecurvature,

A
151"1——k—h >



CHAFPTER VII
SPHERICAL HARMONICS

168. Definitions.—A funetion is said to be harmonie within a
region R if the function and its first derivatives are continuous
in R, and if, also, it satisfies the equation of Laplace,

v, @V, &V
AV = T T

There is an infinite variety of funetions which satisfy these
conditions, and therefore, an infinite variety of functions which
are harmonie. In general, they are transcendental; that is, they
cannot be expressed by means of elementary functions which are
related by a finite number of combinations of the fundamental
operations of arithmetic. They are frequently expressed by
series; and for this purpose it is desirable to have a normal set
harmonie functions in terms of which such series can be expressed.

No one set of normal harmonie functions is best adapted to
every expansion, but the simplest, and therefore the best known
and most commonly used, set of normalized harmonies are the
Spherical Harmonics, to which the present chapter is devoted.
A second normalized set of harmonie functions is the Ellipsoidal
Harmonics of Lamé, and a third set is the Toroidal Harmonies of
Hicks. The following chapter will be devoted to the Ellipsoidal
Harmonics of Lamé.

A spherical solid harmonic is an harmonie function which is
homogeneous in the letters z, y, 2. The degree of its homogeneity,
may be real or complex. Of course, it satisfies the equation of
Laplace, and, since it is homogeneous, it also satisfies the equation
of Euler. Hence, if V is a spherical harmonic of degree n, it
satisfies the two equations

v 8V &V

Bzt " et | a2t

a av , av

T35 +y P + L nV,
325

= 0.

=0,
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the first of which states that V' is harmonie, and the second that
it is homogeneous.

A spherical surface harmonic is the set of values which a solid
spherical harmonie takes on the surface of a unit sphere which
has its center at the origin. It is obtained as a function of the
polar angles by replacing the rectangular coordinates by polar
coordinates, the radius vector being taken equal to unity.

A complete spherical harmonic is a spherical harmonie which is
finite and single valued for all finite values of the coordinates.

A partial spherical harmonic is a spherical harmonie which
either does not satisfy the equation of Laplace everywhere, or,
which is not a single valued funetion.

169. Examples of Spherical Harmonics.—The following exam-
ples of spherical harmonics are taken from the table given in
Thompson & Tait's “Treatise on Natural Philosophy,” Vol.
I, p 172,

_ z 2 tan— ¥, Ertz_ 2,
Degree —2, =H ’_,ta.n o er‘log"‘_ Pl
Degree —1, l, lita,n—' v. lig?ts.

r r z r r—g
D r+e, ¥, rz(z?— Y
egree 0,  log -——;  tan™'7; [CEToR

. -1 Y. r
Degree +1, 2; ztan 15, (lcrg r—i_—: + FZ-I-%#

Degree +2,  2? —y% 202 — g2 2, 4
The f_unctiuna z/r% 1/r, 2* — 3, ete. are complete spherieal
harmonies; while

z X r 2
7 tan—1! Ej (IDE L + _!T;:‘?)zj ete,

3

r—z 'z
are partial spherical harmonies, since they are not single valued.
The general, homogeneous, polynomial of the second degree,

ax? + byt + et + eyz + far + gay,
is harmonie if
a+b+e=0,

170. Homogeneous, Harmonic Polynomials.—Consider the
complete, homogeneous, polynomial of degree n in T,y 2 It
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contains (n + 1)(n + 2)/2 coefficients which, at the moment,
can be regarded as arbitrary. If it is substituted in the equation
of Laplace, there results a complete, homogeneous, polynomial
of degree n — 2 which has n{n — 1)/2 coefficients, ea ch of which
must vanish if the given pelynomial iz harmonie. Henee the
(n 4+ 1)(n + 2)/2 coefficients are subject to n(n — 1)/2 condi-
tions, leaving 2n 4+ 1 of the coefficients arbitrary. It would
naturally be expected, therefore, that there exist 2n + 1 inde-
pendent spherical harmonies which are homogeneous poly-
nomialz of degree n. It will be shown in Secs. 174 and 176
that this is actually the case.
As an example, let n = 3. Then the polynomial is

P = az* 4+ by? + c2* 4+ 3dy?z 4+ 3ezzr 4 3fz?y 4+ 3hye?
+ Bizx? 4 3Jjzy® + Gkzye;
and
AP =6(a+ e+ )z + 6(b + F+ Ay + 6(c + d + 1)z

If P is harmonie, the three conditions

a+e+j=0,

b+ f+h =0,

e+d+i=0,

must be eatisfied. After solving these equations for, say, a,
b, and ¢, and substituting in P, there results

P = (3y% — 29d + (322 — x¥e 4+ (z%y — ¥ 4+ (32 — y¥)h

+ (322 — 20 + (3zy* — 2%)j + Bkzya.
since this expression is harmonic whatever d, e, f, . . . may be,
each of the binomials, which are their coefficients, must be
harmonie. There are seven of these binomials, and it is evident
that they are linearly independent; that is, if L, M, and N are
any three of these binomials, no two of which are the same, and
if I, m, and n are any three constants, there does not exist a
relation of the form

IL + mM 4+ naN =0,

other than

Il=m=n=0

Any such linear combination, however, will be a homogeneous
polynomial of the third degree which is harmonic; and every
homogeneous, harmonic polynomial of the third degree can be
represented as a linear combination of the above seven harmonics.
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171. Relation between Certain Harmonics.—Let ¢, and
¢2 be any two functions of z, y, and 2, and form the Laplacian
of their product. It is found that

Al e2) = pildes + eahr + 2(%% %‘;3 + %—? %‘% + %? Eg;—')-
Now let

pr=(+y*+208=r", o=4H,

where H, is a spherical harmonic of degree n. It is readily
verified that

Arm = mm 4 1,
2(?‘!‘2 den + dg dps | By &.,pg) _

dxr ax oy dy dz az

ﬂH, aH‘l aH'I'I -
W’(ﬂ!—a‘z— + y?f + 2 33) = W’Hn,
and, since
AH, =0,

it is seen that
Alr=-H,) = m{m + 2n + 1)r~1H,. (1)
Aside from the trivial value m = 0, this expression vanishes,
if and only if,
m= —(2n + 1).

That is, if H, is a spherical harmonie, then H,/r**! also is a
spherical harmonie. This can be written
H‘ H H— L]
= H_ iy, ar FE = ﬁ:ﬁl;
or again, if m +n = —1,

Hy, Ha

™
which shows the relation between any two spherical harmonies
which give rise to the same surface harmonies.

172. The Expansion of a Potential. —If &(x, ¥, 2) satisfies the
equation of Laplace, then de¢/dz also satisfies it; for, on changing
the order of differentiation,

di d a
Ag = Efﬂs’} = ﬂ?m} = 0.
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In like manner, it is shown that every derivative of ¢ satisfies
Laplace's equation. That is to say, if ¢ is a homogeneous fune-
tion of degree n which satisfies the equation of Laplace,

Fi+i+e
dridyidz®
is & homogeneous function of degree n — ¢ — j — k (provided it
does not vanish identically) which also satisfies it. In particular

aH-j'-hE 1
ar'ayiaz*\p _
is harmonic of degree —(i + j + & + 1) outside of any small
sphere about the point £, 4, [, where

p=vViE—E+y—n+ -
The function 1/p can be expanded in powers of £, v, and | by
means of Taylor's theorem, viz.

1 (—1)wh  giHHE (1N
o= X G saay(r) £ } )
r=ET+y +

Buppose &, n,  are the coordinates of a particle of mass dm of
a body B that lies wholly within a sphere £ which has its center
at the origin of the coordinate system. If z, y, # is a point which
lies outside of Z, the series, of Eq. (1) is uniformly convergent.
Hence

dm f—l:l.-,q.,-q-l gitivk 1 ;
v= .LT = 3} i!jlkI_E-’@Ta;(;)J;f‘w tdm. (2)

The expressions

Tije = J;E"i'i'*dm

are the inertial integrals which were discussed in Chap. II.
Their coefficients in Eq. (2) are spherical harmonics of degree
—(i+i+k+1). Let

—1)¢Hith itk j,q)

Hiw ="' 1y,
MR TR aziayiast\r

Then
V=3 Huwlin (3)

igk
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is an expansion of the potential function in terms of the inertial
integrals and spherical harmonics. It should be noted that the
spherical harmonics H,;: are altogether independent of the
body B,

173. Rotation about an Imaginary Axis.—In See. 26 it was
shown that the equation of Laplace is invariant under a rotation
of the axes defined by the equations,

= af + am + aai’,l
y = B + Bm + Bal,
2=+ vm ‘f'T:f-I
provided the following relations are satisfied by the coefficients
e B, y:

o+ §PF i=1, eas + 818 + vive = 0, }
(2)

(1

o + 82 + 1‘:! =1, oegeey -+ BaBs + voyr = 0,
os? = Byt b oyt = 1. gy + 8381 + vy = 0.

If @ and 8 arc two parameters and 7 denotes v/ —1, it will be
found that

_l—at4p _—1—at+ g _ e
oy _-—Eﬂ ] &y = - '-'-—'—Eﬂ—— Ty [+ &1 =1

I Sl el _ltatp e,y @
B = 28 1y Bz = 25 ¥ fiz = ﬁg}
T = a Yr = at, v = +1,

satisfies the six conditions of Eq. (2); and therefore, Eqs. (1)
with these values of the coefficients defines a rotation of the
coordinate system about an imaginary axis. The axis of the
rotation is the locus of the invariant points of the transformation,
and is defined by the equations

£ = aif + am + ayf, (a1 = 1)¢ 4+ am + ast = 0,
7= B+ B + faf, Bit+ (Br — 1)y + Bat = 0,
F=ré+ym+rvl, véE+vam+(y—1r=0.

Since the last set of equations is homogeneous, its determinant
must vanish, and it will be found that actually it does vanish.
The solution of the equations then gives

_ta
1—p
a3 the equations of the axis of rotation.
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If the parameters are changed by taking

S I
e=14N PErEw
so that
g MEr-1) _ N 1)
ay =1 ‘-—2{1 +--T}" H ay = '![ A= 2[1 F .h} :l
Iy M +1) _ 1’(#’4-1]
Ay ‘[" T n}‘} S T g Vi (4)
- A _ ihp
nETEY ETFV
oy = —hp, Bs = —1hu, i = +1,

the direction cosines of the axis of rotation

by i, +1
depend upon u alone, and X measures the amount of the rotation
about this axis.

174, Harmonics Which Depend upon r and 2 Alone.—Suppose
H is an harmonic which depends only upon r and 2, where
r? =zt 4 oy? 4 2t
Bince it satisfies the equation of Laplace in the letters =z, y, 2,
it will also satisfy the equation of Laplace in the letters &, 1, t,
after the transformation Eq. (173.3) is made. Since Eqs. (173.2)

are satisfied, the function r is invariant under this transformation;
that is

rP=at oyt 2t = B 4oyt 4
The letter 2, however, must be replaced by
z =+ a(f + ).

Suppose further that H = I, is a homogeneous, harmonic,
polynomial of degree n in the letters z, y, 2. When expressed
as a function of r and 2, it is a rational integral function of r*
and 2. After the transformation, it becomes

Hn{rl: zg) = Hu(r I + alt + iﬂ}}:
which can be arranged in powers of a, thus:
Rk tH o
a;=

(0
H, = H.® + a(t + iq]a'q&} r{E + in)*—

anir o
alm

(1)
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Since this polynomial is harmonic whatever a may be, the coefficient:
of each power of a separately is harinonic. But these cncﬂ:iclclltﬂ
are complex; therefore, the real part of cach coefficient is har-
monic by itself, and the purely imaginary part also. Therefore,
the polynomial represented by Eq. (1) contains 2n 4 1 sepu.mt_&!
harmonic functions. That they are linearly independent is
evident at once by taking
£+ in = pe®,
s0 that
(¢ + in)t = p*(cos k6 + 1 sin k8),

and bearing in mind that H, is homogeneous in r, £, n, and {.

It follows, therefore, that if there exists a homogencous
polynomial in z, y, 2 of degree n which is expressible as a function
of r? and 2 alone and which also is harmonie, there exist 2n + 1
linearly independent, homogeneous, harmonic polynomials of
degree n. It will be shown in See. 176 that, aside from a constant
factor, for every positive, integral value of n there exists one,
and only one, homogeneous polynomial of degree = which is
expressible as a function of »? and z alone.

176. The Equation of Laplace for Surface Harmonics.—

If H, is a solid spherical harmonic of degree n, then
8. =
T

is a surface harmonic of degree n; that is, it represents the
values which H., takes on the surface of a sphere of radius unity.
It is a function of the polar angles, which can be taken to be the
longitude and polar distance on the sphere.

If Laplace’s equation is transformed from rectangular to
polar coordinates (Sec. 57) by the substitution

T = rsin ¢ cosd,

¥ = rsin g sin 8,

Z = rcos g,
there reaults
*(rV) 1 4 ( . av 1 awv
T — . —_— T F
o T sin g 3g\" " Pay + sint ¢ ag* 0. (1)
1f now
V=H,=m8,
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is homogeneous of degree n, so that S, is a function of ¢ and @
alone, the differentiation with respect to r in Eq. (1) can be
performed; for

a'(rV} a*{r-+13.}
T = v n(n + 1)r8,.
After removing the common factor v, Eq. (1) reduces to

1 a*8, 1 af. a8, —
s 3+ g s e he) + 0+ DS =0 )

Every spherical surface harmonic of degree n must satisfy
this differential equation; and conversely, every solution of this
equation is a surface harmonie of degree n.

Since the integral over any closed surface of the normal
derivative of any harmoniec function is zero (Eq. (58.5)), it follows
that for every k

fiﬂ!’dm - 0.
On the surface of a sphere
Hi=rS, and 2= ks,
Hence
LY js.,dw =o.

Therefore, if k == 'El,

fiSudew = 0; ®)

that is, the integral over the sphere of any spherical surface
harmonic of degree k is zero, except when k is zero. Since S,
is a constant,

J;sm = 4ra?S,.

176. Zonal Harmonics.—A spherical harmonic which can
be expressed as a function of r and 2 alone is & solid zonal har-
monie. A solid zonal harmonic of degree n divided by r is a
surface zonal harmonie of degree n. Evidently, it is independent
of the longitude. Hence, if P, is a surface zonal harmonie,
it does not contain 8, and Eq. (175.2) becomes
1 i(zu.in vi%—') + aln + 1P, = 0, (1)

gin ¢ die
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which is the differential equation of a zonal harmonie of degree n.
For the sake of notation, let

M= COB ¢
then Eq. (1) becomes

d dpP, =
E!h(“ — u?) d#) + n(n + 1)P, = 0,
or, (2)
P, dlPy
(1 - B — 28 4t + 1P, = 0.

If the =olid zonal harmonic is a polynomial in r* and 2z, the
corresponding surface zonal harmonic is a polynomial in cos ¢
of degree n; and therefore, a polynomial in u of degree n. If it is
assumed that

P, = aw" + aw™' + g™t 4+ - - -,

it i= found that, aside from a constant factor, the constant eoeffi-
cients a, are uniquely determined by Eq. (2). Hence, thers
exists one, and but one, zonal harmonic which is a polynomial
in p of degree n. In order to normalize them, it is customary to
choose the constant factor in such a way that

P.= 41 when = 41,

With this understanding, then, every standard zonal harmonic
which is a polynomial in u is equal to +1 at the north pole of the
sphere,

Sinee Eq. (2) is a differential equation of the seeond order, a
complete solution contains two arbitrary constants; and sinee it
ig linear and homogeneous, the complete solution has the form

Py = Ci\Pg) + C:Q(u),

where €, and C; are the two constants of integration.

If it is assumed that P is the polynomial solution, and that
this solution is known, it will be found that

_ du
0= [
also satisfies Eq. (2). This solution evidently contains loga-

rithms and fractions, and is known as a zonal harmonic of the
second kind,
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177. The Polynomials of Legendre.—Let p be measured from
a point on the z-axis at a distance z, from the origin. The
function
;l_ - 1
p VR Fyr+ (- 2)?
gatisfies the equation of Laplace and is expressible in terms of
r? and z alone, since

pt= rt — 2zzq + 2o% (1}

On taking V = 1/p in Eq. (175.1) and bearing in mind that 1/p
does not depend upon 6, it is found that

Q)+ o) @

2= rCO8 ¢ =TH,
Equation (1) can also be written
pt = 1! — 2rzgp + 2l
After dividing through by 2.7, and then taking

Binee

r 2 = ..I.I-_- = ﬂg

E"h, 1—2#.&4"& H=_2u1'
it is found that

I T = hH, dr = zodh;

P2y p
and Eq. (2) becomes

d*(hH) , d dif |
a0 + E;[u - i) d#-] -o. 3)

The function

1
H=[1— 2uh+ h]?
1
= [1 = (e + eo)h + W 2
1 1
= (1 — e*h) 2(1 — e~'*h) *

is evidently expansible as a power series in h, and since
leie] = le~ie] = 1,
this expansion is convergent if Wl <1. It can be written
H=1+ph+pht+ph®+ - +pht+ s
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therefore
RH = h+ pht + psh* + psh' + - - - $pahrtt 4 -
and
ﬁd:{[f?f} =1:2ph+2-3ph*+ -+ - 4+ nln+ Dphn 4 - - -
i

Also, sinee u oceurs only in the coefficients of the series,
d ﬂ] — S i[ —_ ¥ é&] LB

Henee, Eg. (3) expanded in powers of A becomes

2‘: (d%[(l - #“}ii'] + nin + 1;;}“)&.. -0 @)

-]

Since Eq. (4) holds for all values of b < 1, it follows that each
coefficient separately is zero, and therefore,

i[u —pq‘%" +an+p.=0. n=12 -+, w. (5
Equation (5), however, is identical with Eq. (176.2), and since p,
is evidently a polynomial in g, from the definition of A, it follows

that p, and P, can differ only hy a constant multiplier. But,
far B = 1,

H=l_1_h_l+h+ht+...+hu+...

Therefore
p+1) = 1 R=12 -+, o,

and p, is identical with P,, the standard zonal harmonic of
degree n.

Lol

The coefficients p, of the expansion of (1 — 2uh + AY)”
in powers of h are known as the polynomials of Legendre, or,
sometimes, Legendrians. It follows, therefore, that the standard
zonal harmonics are simply the polynomials of Legendre, and

H=1+3 P (8)

=]
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If |k > 1, the function H can be expanded in powers of the
reciprocal of h. Thus

o=y = + IS S
SR a1 h [ _gi.1
Vht — 2ub + Jl it h

".;r'll—'

i ._I;T = ﬁ; P_h-tl-l—'l]l
nm]l n=i !

where P, is understood to be unity.
It will be observed, that if n is changed to —(n + 1) in Eq. (5),
the equation remains unaltered, and therefore

Pn = P—[n+1]~

178. The Expansion in Taylor’s Series.—The expansion of
any function ¢(z — 2) in powers of 2z according to Taylor's
theorem is

oe = 20) = o) + EH} 40

In the present case

1 .
ez —z) = TN+ (2 —2) V= Zum + 2
Therefore

=i

IMI

.f‘""l""‘x

T
L

- 1305y M()() |

Since 1/ p satisfies the equation of Laplace, whatever 2, may be, it
follows that

)

a\r

is harmonic and is expressible in terms of r and 2 alone.

Henee
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is a zonal harmonic of degree n. Sinece, for u = +1,

NCRORO .

each coefficient of Eq. (1) reduces to unity for g = 1. Therefore,
these coefficients are standard zonal harmonics, and

Po= (1 g() @)

179. The Expansion in Lagrange's Series.—Let z be defined
as & function of 4 and h by the relation

hz = 1 — /1 = 2uh + 12, (1)
80 that
de 1
W™ Vi—amim - @
If Eq. (1) is rationalized, it is found that

-1
x=.u+h(—2—)

This expression is admirably suited to expansion by a beautiful
theorem of Lagrange.! If z is defined as a function of w by
means of the equation

2 = w + ap(w),

where « is a parameter and (z) is any function which is develop-
able in powers of 2 — w, then z can be expanded as a power series
in &, and the form of this expansion is

2= w4+ ag(w) + “2_:1 ﬁﬂi‘}l d;f; (o ()1, 3)

By means of this formula, it is found that

s B+t Wt = I\
FoathT +E{ﬂ+l}ldu( )

and on differentiating with respect to p there results

de _ o _ R i A
du_H-1+z‘n!d_m"( 2 )

! Winiiamson's " Differential Caleulus,” p. 151, or, Govrsat-HEDRICE,
“Mathematical Analysis,” Vol I, p. 404.
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Sinee, by Eq. (177.6),
H=1+ Y P,
a=]

it follows from a comparison of the coefficienta of these two

expressions that
_1 w1y
Pn—ﬂs:f;-(“—z ) )

a formula which is due to Roderigues (1815).

It is evident from this expression that P, contains only even
powers of g, if n is even, and only odd powers of g, if n is odd.
This is evident also from the fact that if 4 is changed into —p
and h into — & in the equation

1
H=—F= riu—___._-ft___uh’ = EP,J;"‘, (5)
the equation remains unaltered.

180. Zonal Harmonics Given Explicitly.—Although the for-
mulas so far given are not the best ones for eomputing the zonal
harmonies, it will add to the clarity of thought to have a few
zonal harmoniecs, or Legendre's polynomials if preferred, set
forth explicitly. The following are the walues given by Eq.
(186.4).

Py =1, P, = 4,
A
)

P IS, Baer. wets,
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l'El'i"
i

1741541311, 15-13-11-9 ., 13-1
Po=—57%8 ¥ o462 T oq
9.7-

- 9
272
11

2.
54,9753
16 toa68™
P, = 19°17-15-13-11 ,, 17-15-13-11-9 ,
W= Ta4-6-8-10 ¢ 2-4-6-82
4 15:18-11-9-7 _13-11:9:7-5 ,
54624 % " 24246
L9758, 97 5:3-1
2-2.4:6-8 2-4-6-8-10

If the coefficients in these expressions are reduced to their lowest
terms, the denominators will contain only powers of 2.

181. The Zeros of the Zonal Harmonics are All Real.—
Although Eq. (179.4) is not particularly well adapted to deriving
the explicit forms of the polynomials, it iz of great advantage
in showing that the values of g for which these polynomials
vanish are all real and lie between —1 and +1.

It will be observed that the equation

(u*=1)=0
has n roots equal to 41 and n roots equal to —1. Tts first
derivative is an equation of degree 2n — 1, which has n — 1
roots equal to 41, n — 1 roots equal to —1, and one root equal
to zero.

The second derivative is an equation of degree 2n — 2 which
has n — 2 roots equal to +1, and n — 2 roots equal to —1;
and since the first derivative vanishes for g = 0, the second
derivative, by Rolle's theorem, must vanish at least once between
p = —land g = 0, and at least once between g = Qand p = +1.
Since all of the 2n — 2 roots have already been accounted for,
it cannot vanish more than once in the intervals mentioned.
Let these two roots be gy and — g,

The third derivative has 2n — 3 roots, of which n — 3 are
equal to +1, n — 3 equal to —1, one equal to zero and one
in each of the intervals (—1, —ps) and (+ps, +1). Let these
last two roots be gz and — u,.

The fourth derivative has 2n — 4 roots, of which n — 4 are
equal to 41, n — 4 equal to —1, and one in each of the four
intervals (=1, —pa), (=ps, 0), (0, +ps) and (+ps, +1).



181) SPHERICAL HARMONICS 341

If the (i — 1)* derivative has i — 1 roots ui_,® different
from +1, the ¢* derivative must vanish onec in cach of the
1 intervals into which the 7 — 1 roots u;_,"® separate the interval

Fra. 101,

(=1, +1). Bince it is a polynomial of degree 2n — ¢ with
f — i roots for p = —1, n — ¢ roots for u = +1, and 7 roots

Fre., 102,

lying between these limits, all of its roots are real and lie between
the limits p = +1, the limits ineluded.

Henee the n* derivative has no roots +1, and n roots in
the interval (=1, 41). There are, therefore, n distinet latitudes
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on the sphere for which the zonal harmonie of degree n vanishes,
and these latitudes arc symmetrically situated with respect
to the equator,

182. Certain Useful Relations.—If differentiations with respect
to u are denoted by accents, it follows from Eq. (179.4) that
r l—jf?{#t._ ]}11+I
Pop1 = Py = TFi(n 4 1)1 dute

- 1 d

31 = g — D

1 de [ a2 .
B CES mﬁﬁ[@‘f*" -
- dn(n + 1)(u? — 1}--*}

1 dn .
= Wma‘—n[zfﬂ + Diu? = 1)

+dn(n + Dut(u® — 1) — dn(n + 1) (u2 — 1}"“]

2n 41 dr .
= At gl Y

from which it follows that

Pr.,.'.j,_Pr:p—-1.= {2“+1:|Pn. E]}

If, successively, n is set equal to 1,2,8,...,n,in Eq. (1)
and the results are then added, it will be found that

Pavi+ P =1+ 3 (2 + 1)P,; (2)
k=1

and if Eq. (1) is integrated from s to +1, the formula
Payi = Poy = —(2n + 1) J"Pudu (3)

is obtained: and the integral from —1 to +1 vanishe
for n = 0. Since P, is equal to +1 for 4 = +1, it follows,
if 4 is sufficiently close to +1, that P, is positive, and therefore,
the right member of Eq. (3) is negative. Hence, for every n,
Pon <P, <1,

if uis sufficiently close to +1.
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From the differential equation, Eq. (176.2) there is obtained
by integration

aln + 1) f 'Podu = (1 — u)P',.
On comparing this equation with Eq. (3), it is seen that
1 1
PH.: - Pn—ri = -(';_; + n—+—1)|:1 - I-ISZIP'-, (‘ﬂ
which has a curious resemblance to Eq. (1).

183. The Zonal Harmonics are Orthogona! Functions.—It
has been proved that
1 -
o = % P 1
T 2 +ht, (1)

i=0

and
vrgETE T 5P

If these two expressions are multiplied together and then inte-
grated with respect to u from p = —1 to p = +1, there results

+1 die
f-w’l — 2uh + Rl — 2uk + k2

+1 = = Y b
- L 3 3 PPadn =3, %h'k’f_lP.-den-

im0 ju=

(2)

The indefinite integral of the left member is

- ?1‘& log [vV/F( = 2k =) + VA1 = 20k T F9);

and the definite integral is
I 1og (LF mAE + (1 + k)vh

ik B (= mvk+ (1 — kA

1 g (Vh+ VRO +VE) | 1 1+ VRE
EWVE+ VR =ik Vhk T 1— hE

Since

14=
l—=x 2221r1+1

log
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equation (2) can be written

5 2 - 3, S e

f=l =0 -

A comparison of the coecfficients of the two members of this
equation shows that

f”ﬂ-ﬁ,&n =0 i%j (3)
-1

and
+1 2
2 = e
f—1 P 2n 4+ 1 (4)
That is, the zonal harmonies are orthogonal functions, which

iz a fundamental property. The method of proof here given
is due to Legendre.

If the formula

1 1 - .
R~ Vicakie - =¥

F=0
is differentiated with respect to u, there results, after dividing

through by &,
issahsw - 2 Py ikt (5)
Also

- TR LE_UP e

Multiply these two expressions together, and then integrate
with respect to p. There results

+1 gy = = s
L G = 2 2 M [ PPt ®)
The indefinite integral of the left member is
du 1 H

HE* ~ (k=m0 -kh) K
and the value of the definite integral is

Tlde 2 25" 3 hiketan 7
J‘HIFIE == 22 - M

i=0n=Q
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A comparison of the right members of Eqs. (6) and (7) shows
that

+1
j PP du =0, if j =4, orif i+ 7is even,
-1

+1 (8)
j PP dy =2,  ifj>i andi+ jisodd.
-1

184. A Generalization of the Preceeding Formulas.—To
simplify the notation, let

4 diP,
P9 = W
Consider the integral
+1
G = J’ (1 — p)iPa 9P Pdy. (1)
-1

The function P, satisfies the differential equation, Eq. (176.2),
(1 — u)P® — 2uP, " + n(n + 1)P, = 0.

If this equation is differentiated suecessively j — 1 times, there
results

(1 — pd)Pl+0 — 25uP,? + (n + j)(n — j + 1)P, W1 =0,
which, after multiplication by (1 — x*)"!, can be written

310 = WP = = (0 )= G+ DA = WPV @)
If Eq. (1) is integrated by parts, there results
G; = [P_{i-n“ - #I}P"m]+1

-1
+1 d .
— [ pangia - POl @
-1 dp
The first term in the right member vanishes, since (1 — uf)
is zero at both limits. The second term can be transformed by
Eq. (2), so that Eq. (3) becomes

+1
[0 - wmpuopsa -
-1

(4 —j+ l}f“u P G-VP Vi, (4)
-1
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Equation (4) can be written
Gi=(n+n =3+ )Gy
and sequentially,
Giaa=(n+j— 1n—j+ 2)G,,
= {ﬂ + ljﬂGuq
On multiplying these equations together, it is found that

(n+3)!, .
G = =%

or, written out in full,

+1 +1
[ 7l = wpaopody = G (PP
=1 1
It follows from Egs. (183.3) nnd (183.4) that, if j is any
positive integer less than, or at most equal to n,

J'“(l — pYP 9P Ydy =0 ms=n, (5)
-1
o _ 2 (n+D!
f-l (1 = u¥)(Pa")du = mFin—)! (6)

These results can be regarded as a generalization of Eqs. (183.3)
and (183.4).

186. A Recursion Formula for Zonal Harmonics.—If Eq.
(183.1) is differentiated with respect to h, there results

- h
“—_a - Enp_ha—l:
(1 — 2uh + A%z »=1
or, on multiplying through by (1 — 2uh + A%)

(e - h}[l + Z.;P.Jr‘] = (1 = 2uh +I1’]2q:ﬂP,,h‘—1 =0
n=] nm]

If this expression is arranged according to powers of A, there
results

u=Pi+ 3 (20 + DuPy — nPpy — (0 + 1)Pupilh® = 0,

a=l
in which, of course, P; = 1. From this expression is derived the
recursion formula

(n 4+ 1)Pasy = (20 + 1)pPy + 0Py, = 0, (1)
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which holds forn = 1, 2,3, - - - .
If the same formula, Eq. (183.1), is differentiated with respect
to p, there is obtained
h 3= 2, Pl
(1 — 2uh + h%)2  n=0

or,
R, Pt — (1 = 2ph + k)Y, P'kr = 0.
n= nmQ

This expression arranged according to powers of A becomes

S [Pa = Pluss + 2uP’y — P/usliv*t = 0;

n=l

consequently
PJ'IH-J- - 2’-‘Prn + Pin—l = -F-u (2}

186. The General Formula for Zonal Harmonics.—Consider
the formula

I = _____1_._;
H® = g o i (W

in which p is any number, not necessarily an integer. It can be
expressed as a power series in h,

He = % H.»h,

n=i

which is convergent if |h| < 1. It can also be written

== 2-B)]

and expanded by the binomial theorem in powers of 2.’:(# - ;h),
thus:

_ s @+i-1! _ LY

e A G )

provided, of course, p is an integer. If p is not an integer the
factorials which depend upon p become gamma functions, and

. T +1) 00, 1y
i = 3, T ane(u - Jn)-

i=
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This formula is valid provided only that p > 0 and
| 2uh — R?| < 1.
This last condition is eatisfied for every u from —1 to 41 provided
|h| < /2 =1 = 4141 -
Again, by the binomial theorem,

(n - ~h) E{ |{t = J}I“ (';‘,,I')*f

g0 that
L(p + i) it (_qyi_1! AN
2 i ONY 2‘: Ve le)
T(p + 1) oy
(—1)i 2t et T8 icipiti,

z,ﬁzﬂ 7T - Hre*

This series can be rearranged as a power series in h by taking
i+j=mn, or i=n-—]j.

With this change it becomes

9 = . #l I — = E +“H--ﬂ'
H = 3 b R (D

where { = n/2 or (n — 1)/2, aecording as n is even or odd.
Therefore
y Tp+n—3
H.» = —1)fgn-ty AP TR = J) 9
E,f T it @
which is a polynomial in u of degree n.

For p = }4: this gives the general expression for the zonal
harmonie of degree n. If the notation

2n] =2-4-6:- - 2n,
[2n—1]=1:3-5:7-:- . @n = 1),
is used, the gamma funetions can be dispensad with, and
H. =P, BRI C il Rt ety
%‘ 2 @

Since
(n—2)!=[n - 2n -2 — 1],
one of the brackets in the right member containing the product
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of all of the even numbers and the other the product of all of the
odd numbers, this expression for P, can also be written

: [2n — 2j — 1]
- =1} .F

Po= 3 D= g — = )
which, while not as simple in appearance as Eq. (3), is actually
simpler for computing purposes. It is readily verified that this
expression satisfies the recursion formula (Eq. (185.1)). It is
from this formula that the explicit forms given in Sec. 180 were
computed.

187. The General Expression For H.®.—The general expres-
sion for H.** becomes particularly simple for p = 1. Let
H,*= Q,,
g0 that
(1)

2
H 1—2plh+h‘ EQ"

If 24 is replaced by e 4+ e, which can always be done, since
4 = cos ¢, the expression for H? becomes

1
(1= he)(1 — he ')

_ 1 giw - gt
v = e\T = hee T — he o

T s::n r;p[ éhngm o "_"'zh'e’ ‘“]

-0 n=i

H?* =

_ 2 sin (n + 1]:,.:-}*‘

nel gin @

from which it follows that
sin (n + 1)¢
Q. = ~—me (2)
Also

_ sin (n + D¢ — sin (n — 1)e
Q—-Qu:= g
which reduces to

Qn - Qn—t — 2 c08 ne. (3:'
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Likewise
Qo1 — Qn3 = 2cos (n — 1),
Qg - Qu = 2 cos 2,
QI = 2 cos @y

Q=1
From these formulas it follows readily that

Qh=1+22mﬂj¢.

Qa1 = 0+22 cos (2f — De,

fo1

no
Qu1+Qu = 1+ 23 cos je.
j=1
Now

14+ h

T=aar = Z@mt ek Q=0

Therefore, the expansion explicitly is

1+ h ]
=g - L 3 (123 cone)

jm1

By merely squaring the series for H it is found also that

Qn = iP,P.._,

j=0

(4)

(8)

(6)

188. Zonal Harmonics Expressed By Cosines of Multiples
of the Argument ».—The general expression for H**, Eq. (186.1)

ean also be written

H? = (1 — heie)~»(1 — he~%)~», i = 4/—1.

Sinece, by the binomial theorem,

— hate)- 2 I'(p + )
(1 = he®)—? = P TI‘{p} —=2higite
and

— he-ie)- I‘{ﬁ+-‘c
(1= k)2 = 3 Fice) Mo
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there follows by multiplication

— = -P{p+J'}I|{F+k} i
e J‘z-ﬂ Eﬂ?wﬁﬁhfﬁﬁ tj—klp,

This double series can be rearranged as a single power series in
h by taking
J+k=mn,
and therefore
i—k=mn-—2k ij=n—k

The series then becomes

L n

% = Pp+n—Fk) T+ k) o sirppa
> = 3 2 W= BT@) - TG ©

Hence

_RTOAn=B) TG+,
B = 3 il = BTG - 16)

The exponent of e is i[(n — k) — kle. If k and n — k& are
interchanged the exponent of e changes sign, but the coefficient
of e remains unaltered. The terms can, therefore, be grouped
in pairs, thus:

AT(p+n—Fk)-Tp+k
H,» = zn".f!'(n =B %{p} (-pl‘(p] }{enn-m, + g-itn=1)y)

or (1)

 — o5 PP +n—K)T(p+E _
B = 23 ki — BTG~ 20

where t = n/2 or £t = (n — 1)/2, according as n is even or odd.
The factor 2 must be omitted from the term for which n is
even and k = n/2. This term is independent of ¢ and there
is only one such term, not two.

For the zonal harmonics p = 1/2. The gamma functions
can be eliminated, just as in Bec. 186, and the general expression
for the zonal harmonies can be written

P. = 2‘; gldn — 2k — N2k — 1] o _ 2k)e, @)
k=0

[2n — 2k][2k]
with the explanation that the factor 2 is to be omitted from the
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term for which 2k = n, and [~1] = [0] = 1. This formula
gives explicitly
Py = 1, P, = cos w2,

P,=2-;—:2u052w+2+2:
P;=12. u—-: cos 3¢ + 2- é—-z—-% €os ¢,
ST SR E T SE)
Pa=2;:—H:;ﬁ:—ijmﬁqa+2«é:i:5ﬁ:;:écm3w
.]_2,%:_3_'_%:%005%
P = 2 g Ty 08 b + 2t e 1073 e
H g s 2t ey
Fr 4§-._35 -371-190-‘1112-1113; oo8 7‘°+43*Iﬁﬁ-’87-ll?}.~ 1112‘-12"’“35*"
P 0 S 2 e e

189. Powers of ; Expressed in Terms of Zonal Harmonics.—
It is evident from the tables given in Sec. 180 that it is always
possible to express a given power of u in terms of the zonal
harmonies. From this table, obviously,

#u = PUJ H'I - Pl}
2 2
w=gPit Py w=lp 1 lp,

and so on. From the fact that the zonal harmonies with odd
subscripts are odd functions of y, and those with even subscripts
are even functions of u, it is evident that the expression for u**
in terms of the zonal harmonics will contain only zonal harmonies
with even subseripts; and the expression for u®+ will contain
only zonal harmonies with odd subseripts,

In order to obtain the general formula, let

u* = aPy + aiP1 + asPy + - . . 4 a,P,,
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where the a; are constant coefficients which are to be determined.
If this expression is multiplied through by FP. and integrated,
there results

[Pt = > o [ Ppads
- 1

k=0
and, by Eqs. (183.3) and (183.4), this reduces to

+1 20,
J-_l WPl = g 1

2m + 1 [+1
= 2+ J‘ P dp.
-1

Also, by substituting the value of P, from Eq. (179.4),

2m + 1
o = 2"‘+'Lm!f gt =

Suppose f is any function of u and f* is the k* derivative
of f with respect to . Then

41
J. #njfﬂ]d“
-1
can be integrated by parts s times, with the result
nl 41
f—: pfdp = (—1) e s},f prrfr=dy,

provided s is less than either m or n, and provided also that
fim fm=n fm=2 . . . yapish at both limits. If m > n, the
expression reduces to

SO wepmdu = (=1t [ ford

- {—1)m1_fc-—n+n|J_f: = 0.

whence

If m = n, it reduces to

+1 +1
J.-l H“f“}dﬂ = [_l}m _,_,T —ﬂj’dp_

The properties which have been a.eaumed for the funetion
f are possessed by the function (u* — 1)=. Hence, if m > n,

2m + 1 2m + 17 _d . .
Iy == 3 .J._ andﬂ- m!2ﬂ+1 J‘-l #“-d;;(#! — 1] d,f-l- -ﬂ,
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and if m = n,

+1
o = 2m2+ IJ' WP oy

=1

2m + D! [ avmdy
- gt [ e = s

Integrating again by parts & times,

* _ 2qllp —1] +l,u+?l]_— Ne—edy,
ﬁﬁ“‘“”*u—mm+m—u—ﬁ e

By means of this formula it is seen that if m = n,
e — 11 (*
On = Em; 1 n j]m][%i ¥ : = 1} _y e,
which is zero if n 4+ m is odd, but if m + n is even
(2m + )nlln —m — 1]
(n—m)ln+m <+ 1]
Consequently, by setting m =n — 2t and then summing
with respect to k, it is seen that

e N (20 — 4k + 1) nl[2k — 1],
H ’;_:u [(@n —2k+1](2k)T ¥

where s = n/2 if n is even, and s = (n — 1)/2 if n is odd;
[2n —1]=1-3-5- - (2n — 1);and [-1] = 1. Since
(2k)! = [2k](2k — 1],
the formula is simplified by this substitution, and becomes
. % (20 — 4k + 1) n!
B = EI

— P 1

&\on =2k + 1] Al * M

It follows, at once, that any polynomial in u of degree m,
Qu, can be expressed in the form

Qn = APy + AP, + APy + - - - + APy, (2)

where the coefficients 4; are indépendent of u, and are, therefore,

constants,

The theorem that any function of u which iz finite and has

only & finite number of discontinuities between the limits u = 41

and 4 = —1 can be represented in this interval by an infinite

series of zonal harmonies is included in the more general theorem
of Sec. 208,

Im =
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180. A Definite Integral Representation of Zonal Harmonics.—
Other simple expressions for the zonal harmonies are possible.
For example, it can be represented as a definite integral. For
this purpose, consider the integral

" e
I-LamﬁrmsW’

where 1 = 4/ —1, a and b are real constants, and a > 0. If the
numerator and denominator of the integrand are multiplied by
a + ib eos w, the integral becomes

I =4 " des + i _cos widw
o 0% + b? cos? w o a* + b?cos’ w
Bince cos (r — w) = — co8 w it is seen that
T eoswde o
g af + b® eos? w !

and therefore, that
I= %‘L a? + | -i-b’coe. @

sec’ wdw
==2af at sec? w + b*

By means of the transformation

tan w = s\{u*-tb’
a

the integral reduces, since a is positive, to
1 [T 4 ____T

T Vet bi)o T+ +al + b
Consequently, if a > 0,

- duw _ T (1)
o @—theosw /g7 42
If a were negative the sign of the second member would be

reversed.
Now let

a=1— hu, b= h+/1 — 4,
in Eq. (1). It then becomes

1 1~ diw
H“—“::T:— 2
41— 2hu + h® fl—h + i4/1 — u? cos w) @
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If
D=h<l, -1=ups +],
it iz found that the modulus of A(p + i4/1 — u®cos w) is
ha/T = (1 — Y sin’w = b < 1.

The expansion of the integrand in Eq. (2) is absolutely and
uniformly convergent with respect to w. It can, therefore,
be integrated term by term. Hence

H=1% hﬂ‘r(p +ivT = i cos w)de = 3, Pub®,
Fa=p o0 n=0 3
P = i.J; (s + iv/1 — 4 cos w)d,
an equation which is due to Laplace.

191. An Important Property of Zonal Harmonics.—The
definite integral representation of the zonal harmonics exhibits
the property that for a fixed u the harmonic P, tends toward
zero as n increases, provided only that

W <L

Now

I *
|Pn|{;J; |;.¢+:v1-—p’m$m|dm;

P < }J;(1 ~ (1 — 4 sin? m);dm.

For brevity of notation take

or,

(1-w)=k<1,

Evidently J: ! J: ' J:F‘ ’ J::

F n a
J: (1 — &t Ein‘m)idm{.{; dw = §;
*—§ n w=4 n
‘[ (1 — k? sin? u:)*du {J- (1 — k* gin? §)%dw =
: f

fr — 28)(1 — k* sin® ﬁ)g;

and write
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and
w H- 'l' .
f (1 — k? sin? w)?dw {f o = 5.

Therefore, by taking the sum and then dividing by =,

Fr

{Ef+(l -%—? (1 —k*ain’ﬁ};-

T

Suppose ¢ is a positive number given in advance,

0<e<l, and a=%‘-

Then
248 1
Pl
and, since
1 — k*sin?é < 1,
it is clear that for every & > 0, there exists an integer N, such
that for every n > N,,

(1 - ;i) (1 — k? gin? ?)E < -;e,

|Pﬂ| < &

It follows, therefore, that the limit of P.(u), for a fixed u, as n
inereases is zero, if |u| < 1. If, however, |u| = 1, then [P, =1
for every n.

Since the modulus of x + iv/T — pfeoswisl — (1 — i) sinw,
which never exceeds unity, if 0 S g = 1, it is evident also from
Eq. (190.3),

P, = ;J’u(,, 4 /T = cos ) da,

and therefore

that

| 10
Pn|§;J;dwf

P = 1.
Hence the numerical value of a zonal harmonic never exceeds
unity for values of u which lie between —1 and +1.

or,

192. Expansion of sin me in a Series of Zonal Harmonics.—
It is proposed to represent sin me by means of zonal harmonies,



358 THE THEORY OF THE FOTENTIAL

Since it is an irrational function of u, the representation will have
the form of an infinite series, thus:

sin me = 3 CiPy. (1)
=0
That such a representation exists is proved in Sec. 206. For the
present, the validity of the series will be assumed.
If Eq. (1) is multiplied by P.dp and then integrated from —1
to 41, there results
+1

. 20,
. Pn. Eln m-lpd# = m‘—l,
gince, by Bec. (183),
“P +1 2
: = 2 P
. WPody =0, and . P dy 1
Hence
Oy = zﬂ'+1‘|‘P gin me - sin ¢ - d,
or, (2)

Co =221 " Pujeos (m — 1)g — cos (m + Delde.

On inserting the value of P, from Eq. (188.2), this expression
for C,, becomes

Cp =

23‘ x lﬁr[cua (m = 1)¢ — cos (m + 1)¢]

o 2(2n — 2k — 1)[2k — 1
XE [n[ﬁn —EE}']T{E;;] IWE (n — 2k)ede. (3)

The produet of the two factors of the integrand is a sum of a
finite number of cosines of integral multiples of . The multiples

are all odd if m + n is even, and they are all even if m + n is odd.
Since

J;'ms jede =0, ifj =0, (4)

and is equal to r, if j is zero, it follows that after integration all
the terms of Eq. (3) vanish except the term which carries the
cosine of the zero® multiple of ¢ as a factor; and the zero®
multiple is an even multiple. In order that such a term may
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exist, it is necessary that m + n shall be odd. Consequently,
if m is odd, Eq. (1) containg P's with even subscripts only; and
if m is even, Eq. (1) contains P's with odd subseripts only.

Even though m 4+ n is odd, no such term will exist unless
n = m — 1, as is easily verified. Henee, Eq. (1) can be written

gin me = CiP;. 5
¢ j_g;_l Pi (5)
If n = m — 1 there is just one term in Eq. (3) that carries
the cosine of the zero® multiple of ¢ as a factor, namely, that
one for which & is zero. Hence
o 2ntlfm—1_ _ (2m—1x
Ty 2n] " Pm—2] 4
If n >m — 1, there are two terms in Eq. (3) that carry
the cosine of the zero®™ multiple of ¢ as a factor, namely, those
for which
m—1=n— 2k and m—=+1=n— 2k
For these terms
2n+1(_£ft+m—2][ﬂ-m]
4 \[n+m—1)n — m+ 1]
[n+m]n—m—2]
T+ mEdn—m = 1]
2 +1lnt+m—2n—m—2
4 m+m=-1n—m-—1]

“_E"___.LFL
m+1 n+4+m<+1

C.=

and therefore, finally,
C. = —m 2ﬂ+1[ﬂ.+m—2][n-—m—-2]
" mr—g [n+m+iln—m+1]

The expansion for sin me as a series of zonal harmonies is
therefore

sin me =

2m —1]r mr <« [n4+m—2)n—m—2]
B =24~ T, 2 s mF U= m 12 T P

Since, however, n iz always even or always odd, it is better to
set
n=m=—1+2j
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and then the expression becomes

sin me = {6)

[2m — 1]z _ mri[2] + 2m — 3)[25 — 3], _ s
em =201~ 22 [ ¥ 2m] ] Y+ 2"~ DPasms;
where

2] =2-4-6-...2], [=1]=][0]=1,

[2+1]=1.83-5....(2+1).

For m = 1, this formula reduces to

) T ms [27 — 1][27 — 3], . )

J=1

193. The Potential of a Solid of Revolution.—If the z-axis
is taken as the axis of a solid of revolution, and if for a given
value of 2 the density is a function of z? + g2, it is evident that
the potential of the body at exterior points is a function of z
and r alone, where +2 = 22 4+ y* + 2%; and therefore, it can be
expressed by means of the solid zonal harmonics.

If

Z,=rP, (1)

it is evident that Z, satisfies the equation of Laplace and is a
solid zonal harmonie of degree n. By Sec. 171,

Z P,

also satisfies the equation of Laplace, and is a zonal harmonic
which vanishes at infinity. For points in the neighborhood
of the origin, provided the origin is in empty space, the potential
can be expressed in the form

V=3aZ = f;me., (3)
moe=

n=(

and in the neighborhood of infinity in the form

-y z' - .
V= Ec“fhﬂ = E.,%Pﬂ- (4)

LT nmQ
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On the axis of revolution P, = 1 for every n, and therefore,
V is a function of r alone, namely,

L L Cﬂ
= “éﬂn‘r“, or, Vm - ugu;_;'_i:
or, since along the axis r = 2,
L] . - G“
Vi = E;na,.; , ar, Viw = ,L-.;.E"*i. (5)

Conversely, if the expansion along the axis is known, Eq.
(5), the corresponding expansion for points not lying on the
axis can be derived from it merely be replacing z# by rP,,
if the expansion is in ascending powers of 2, or by replacing
-~ by Pyr—i~U if the expansion is in descending powers
of z. Sinee the modulus of P, is always less than unity, or at
most equal to unity, the serics (3) or (4) will certainly converge
if the series (5) converges. That is, if » is kept fixed, the series
will converge everywhere on the sphere if it converges at the
poles,

If, as is frequently the case, the expansion, Eq. (5), along the
axis is easily obtained, the general expansion is obtained with
equal ease,

In order to be sure that the function so determined actually
represents the potential function it will be sufficient to prove
the following theorem.

Theorem.—If V is an analytic function of r and = which s
regular in the neighborhood of the origin (that is, is expansible
tn powers of r and z) and which satisfies the equation of Laplace

r*—;:rj + [{1 ﬂ(;-V}:| =0,

where rp = 2; and ¢f V vanishes for u = 1 for all values of r < 1y,
then V vanishes identically.

In order to prove this theorem it is convenient to change
the variables by taking

U=rV, 1—p=ny

For these new variables Laplace’s equation becomes

‘ZE [»{2 - p}—:l = 0. (6)
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Since [/ vanishes with r, and also with » by hypothesis, it

carries rv as a factor; and its expansion as a power-series in

r and » has the form
U = 2 Eﬂﬁf"l"r}

=l =]
where the coefficients a;; are constants. It is found easily that
atl St igd
rla.r.z. = E.E“g:(: = Dagriv,
E[»[z - ..ﬁ“-f] = 3, 3,120 + 1aci — (5 + Dag)riv.
dv d» f=1j=0

Therefore, on taking the sum,

3 3 (20 + Dausss + G = 1) = 5+ Dlag)raf =0,

im]ljmQ
from which it follows that
oo G = =)) =01, .,
L+l = 2054+ 1)¢ if i =1,2 ...,

8ince U7 vanishes with », every a;y = 0. Hence every coeffi-
cient o, = 0, and then every a;; = 0, and 80 on sequentially,
and UV = 0. Therefore V = 0, since it differs from [J only by
the factor r.

For expansions in the neighborhood of infinity, let

o=

i

Then Laplace’s equation is
v

2,

d av
u E-!‘!} - a;[?l:i —_— ?}E;] = ﬂj

which has precisely the same form as Eq. (6), and the argument
is repeated unaltered.

It follows, therefore, that if V and W are two functions of
r and z which are harmonic in a given region through which
the z-axis passes, and if they take the same values on the z-axis,
then they take the same values everywhere, since V — W
satisfies the conditions of the above theorem, Consequently

V—We=n
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194. The Homogeneous Oblate Spheroid.—A convenient
example of this mode of development is furnished by the homo-
geneous oblate spheroid, since its potential as a function of
z, ¥, and 2 has already been given in See. 32, and See. 39. The
vulue of the exterior potential along the axis, according to Eq.
(39.2), is

M
Vi = e = o
2 . ,\r{az I v‘ 2t
{(1+ _ )tan AT v’*—c} o)
where M is the mass of the spheroid, a is the equatorial axis,
and ¢ is the polar axis. The eccentricity € of a meridian section

is therefore 4/a®—c/a.

Since

}L"'n-l-'l.

tan™! A = E (=1 n+1

n=l

the expansion of Eq. (1) as a power series is

(=1) (ae)*
Vi = 3‘”11% @n + 1)(2n F 8) (3/zh)»r1
Consequently, the expansion for the potential of a homogeneous
oblate spheroid at any exterior point for which the distance from
the origin is r > a and for which the polar angle is ¢ (that is, the

angle which r makes with the axis) is

D@ 3 rvt

If & homogeneous shell is bounded by two concentrie, co-axial,
spheroids of revolution, its center lies in empty spaee, and the
interior potential can be expanded in terms of zonal harmonies.

Let a; and a, be the equatorial radii of the outer and inner
bounding surfaces, and ¢, and ¢; the correzsponding polar radii.
Then the potential at any interior point is, by Eq. (32.13),

=(4ds — Ay) + (Bs — Bi)(z* + 9% + (Ca — C)2%, (3)

where 4,, B,, C, are certain definite integrals which depend
upon the constants a; and ¢, and A 4, By, Cs are the same functions
of the constants a; and c;. The level surfaces, therefore, are
also surfaces of revolution of the second order.

< (—1) (ae)*
V= 3Mﬂ2_:n T %) Psa. (2)
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Along the axis the value of the potential is
U = (As — A1) + (Cs — C)2%
Therefore, at any interior point the potential is
U= (4: — 4)) + (C: — C))r'P;

= (da — A+ (Ca — C;Jr{g cos? o — ;)

(4)
={L-AJ+HL—a4ﬁ—$ﬂ+fd;
and the level surfaces are defined by the equation
32— g:%y_‘ = ponst. (5)

These surfaces are hyperboloids of one or two sheets according as
the constant is negative or
positive; all of which are
asymptotic to a cone whose
generating angle « is defined
by the relation tan & = /2,
or e = 54° 45" It is remark-
able that these hyperboloids
are all of the same eccentrieity,
but it is more remarkable that
the eccentricity is indepen-
dent of the bounding surfaces,
provided, of course, that they
are spheroids of revolution.
There is an exception only in

case both surfaces are spheres, in which case the interior potential
is constant.

On comparing Eqs. (4) with (3), it is seen that

By = By = —(C, ~ C)). (6)

It is_a gimple matter to prove this relation directly from the
definitions of B,, By; (', C: as definite integrals. For

f (it vt
A e e N T[]

abcf'i —_l
o 98\ (a® + 5)(b% + s)(c? + sj-)ds
= 42
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Hence, on settiug b equal to a in this equation, there results
ds

EG!CJ; (a* + ) ‘V R J; @+ 8 + Ve + 4
that is,

2B; = 2re — (Y,
and also

2B, = Zxec — C\.

From the difference of these two expressions, Eq. (G) follows at
once.

195. The Apparent Size of a Plane Circular Disk.—It was
shown in Sec. 8 that the z-component, of the attraction of any
plane area in the zy-plane at any point O is proportional to the
apparent zize of the plane area as zeen from the point 0. That
is, if V is the potential of the area, Z is the z-component of the
attraction, and @ is the apparent size of the arca, or the solid
angle subtended by the area at O, then (Eq. 18.1)),

z=2 _ .
dz

Since V satisfies the equation of Laplace, and all of its deriva-
tives likewise, sinee
&I'V
A% = {&V} =0

it follows that the apparent size Q is an harmonic funetion of the
coordinates of the point 0.

If the plane area is a circle in the zy-plane about the origin,
it is evident that the apparent size of the circle is independent of
the longitude of the point O and is a funetion of r and ¢ alone.
It can, therefore, be expressed by means of the zonal harmonies.

It was found in Sec. 9 that the solid angle of a right eircular
cone, for which the generating angle iz «, is

0= 2x{1 — cos a).

If a is the radius of the circular base and (0, 0, 2) the eoordinates
of the apex, the apparent size of the base as scen from any point

on the z-axis is
P
ﬂl—:h = 27 1 - m *
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Therefore, if £ < a,
V2 ’2’1 _|_ I](vfz!)ﬂrH-l}
Do = 2!‘{1 - +'§]f 1) [211. + 2] !

andifz>a
ﬂ[ﬂﬂ. + ] 'zs+z.
e = 2"2*: 0 ial)

Consequently, if the line r which joins the origin to the point O
makes an angle ¢ with the z-axis, the apparent size of the disk
at O is

n=z«{ - TP+ S (-1) {%%}(ﬁ)h“ﬁm}:

if r < a; and if » > a its value is

2n 41 b2
h- %#z.;u{ D'ana\r ) Pantr.

198, The Potential of a Zonal Distribution of Matter on a
Spherical Surface.—Suppose the density of a surface distribution
of matter on a sphere is proportional to a zonal harmonie, so that

F = fﬂPn{#}‘
The potential of this distribution at a point on the z-axis is

+1
= f—dm = Eraanj P——"dpj
Iy =1 e

p = V2 — 2azu + a?

and the total mass is zero, except when n = 0.
The expansion of 1/p is

1 _ 1< z\* .
;‘=;;2P=(;1)= if Jd<a,

where, Fig. 104,

and
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Henee

V =200, 3 (“)THP,P,@, i e <a,

=0 N3 1
or

- k41 +1
V = 200 3, (“) P.Pudu, i [ >a
E=p 42 -1

The surface integral of the product of two zonal harmonics
vanishes, however, unless the two zonal harmonies are of the
sane degree, Eqs. (183.3) and (183.4). Hence

= 4“_’““ z " = - mﬂ u)'ﬂ"
¥ zn-p‘i(&)* oo V=g ¥ 1(= ’

aceording as |2) < aorlz > a

In accordance with the principle of Sec. 193, the potential at
any point, p, whose radius vector r makes an angle ¢ with the
z-axis is

dray [\ _ ‘h’i:rq_ a\™*
V= zn—‘-t-l(a) Pooor o V=gy l(r) P

according as the point p lies inside
or outside of the sphere. Hence
the potential of a zonal harmonie
distribution of matter of degree n
on the surface of a sphere is a solid
zomal harmonie of degree n within
the sphere, and a solid zonal har-
monie of degree —(n 4 1) outside
of the sphere,

From this result and the fact that
the potential of a sum of distribu-
tions is the sum of the potentials of
the individual distributions, it fol-
lows that if the density on the sur-
face of a sphere is represented by
the series
o = oy + o Py + auPy

+aPyi+ - - ]
the potential at any point inside of the sphere is represented by

the series
L ﬂ'- r L
V=“"§I2u+ 1(&)P"*

Fra, 104,
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and at any point outside of the sphere by the series

= ﬂ‘ a b
V = 4:2;} Em(;) P..

If the cocfficients o, are defined as functions of a, the density
is defined over a spherical volume, and the potential of such
a volume distribution can be obtained by integrating these

series with respect to a.

197. Tesseral Harmonics.—The general expression for a zonal
harmonic of the first kind of degree n is, Eq. (186.4),

. d2n—2—1]
P.(u) = 2 (—=1) ‘h—__z';f}wp H, (1)

§=0
There exists, therefore, one, and only one, solid zonal harmoniec of
degree n, aside from a constant multiplier, which is a rational
integral function of r and 2, namely,

t
- gl - il =2 =]

Hu(r, 2) = rPalp) 21:{ ) e = a1 2T (@)
and furthermore, H. can be expressed always as a homogeneous
polynomial of degree n in z, y, and 2. This is evident from
Egs. (2); forif n is even H(z, y, 2) contains only even powers of
z, y, and 2, while if n is odd the polynomial is odd in 2, but even
inzandy. Itcan always be written H,(r2, 2).

It was shown in Sec. 174 that if there exists such a homogeneous
polynomial of degree n in r and 2, then 2n + 1 linearly inde-

pendent, homogeneous, harmonie, polynomials of degree n in
z, ¥, and 2z can be obtained from it by a rotation about an

imaginary axis. In this rotation, r* is replaced by
rr=xtdb oyttt = gt e
and z is replaced by
2=+ al(t+ i), i=+/—1
If the polynomial so obtained is developed in powers of «
it becomes, Eq. (174.1)

_ . OH O g2 . 40t H
Gu= ™ + a(t + “’]'_'E;_ + §I{£'+ m}’a—;! + -
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where H,'® is the expression for H, for the value « = 0; or,
returning to the letters z, y, 2,

. r‘;"‘H

Gulz, ¥, 2) = E k,(f + iy)—

k=0
Now
aH.™ _ a(r*P.) _ . 18P,
T oz “a(ry) '’
and, in general,
FH _ 8P

Therefore
= P, a*
G, = tg,ﬂ rot(x 4+ iyt o kT (4)

Since « is an arbitrary constant, the coefficient of each power
of a separately is harmonie. Consequently

e+ ) ®)

is an harmonic which is said to be of degree n and of order k.
If a change to spherical coordinates is made by the substitution

z = rsin ¢ cos 4§,

y = rsin ¢ sin 8, cos ¢ = K,
2 =17r008 g, sinqa"‘\fl_:?;
and if for simplicity of notation
P& = Eji s
dut

the above harmonie, Fq. (5), becomes
rree gink o P,

On removing the factor #*, it is seen that
e% gink o P,®

is a surface harmonic of degree n and order k. Sinee it is com-
plex, its real and its purely imaginary parts separately are
harmonie, so that

Cw = sint p P,% . cog kS,
Sa = sin® ¢ P.™ . sin k6,

(6)
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are two distinet types of surface harmonics of degree n and
order k. These particular surface harmonics are called tesseral!
surface harmonics, and their produects by r* are called solid
tesseral harmonies. If k& = 0, Cyy is simply P, and S, vanishes
identically; so that there are 2n 4 1 tesseral harmonices of degree
n. If k =mn, P, is merely a constant and the corresponding
harmonies

Cun = [2n — 1] 5in" ¢ cos nb, @
S.s = [2n — 1] sin®  sin né,

are called secforial harmonies.

It will be observed that the coefficients of cos kf and sin k6
in the expressions for the tesseral harmonies, (Eq. (6)), are
functions of g, or of u, alone. If they are denoted by T, it is
seen that, explicitly,

Tus = sin* pP,® = (1 — %)% 22,

Y , (8)
(=S (= 2% =]

(1= w) 2:0( D it = k=g
where | = (n — k)/2 or (n — k — 1)/2 according as n — k is
even or odd.

It is evident now that on the surface of a unit sphere the value
of any homogeneous, harmonie, polynomial of degree n in x, ¥,
and z is represented by the formula

Hulp, 6) = 3, (4sCoi + BuSy)
k=0

- Q)
= E (A cos k8 + By sin k8)T o
or, -
Hip, §) = 3 DiTox cos (kf — 6,™), (10)
kel

provided ..:l; and By, or Dy and 6,'~, are suitably chosen constants;
and that its value on the surface of any other sphere of radius
r can be obtained by multiplying these expressions by .

! Tessera, a square or rectangle.
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The Equation of Laplace for the Tesseral Harmonics.—The
equation of Laplace for any surface harmonic S, of degree n
(Eq. (175.2)) is

d dS. 1 d:S, -
E;.l({ #jd ) 1__,‘2 Fr + n(n 4 1)8. 0.

If S, is a tesseral surface harmonie,
8p = Tpp cos kB, or Sn = T sin k8.

In either case

P = —ks,, (11)

and the differential equation for the factor T, which depends
upon ¢ alone, is

((1 - ﬁ”“‘) + (n(ﬂ +1) — T-Hfiz‘—,)m ~0. (12)

198.—Examples of Solid, Tesseral Harmonics.—The solid
tesseral harmonics are given by Eq. (197.5) in terms of =, v, 2;
for it is evident from Eq. (197.1) that

.y : i [2n— 25— 1] . . 2 i
Zop =1 T’“—*-E{_u n—F= 5T (22 + y* + 2.

The expansion of (x + 1y)* is

(z + iy)* = Xp + iY,
where

x,-z:{ (23}*(& E =2

a=

k! 2e—1 ! 1.
Y““E{ Vs ¥ DIk =3 = DF ¥

=0

Consequently the solid tesseral harmonie, corresponding to
Eq. (197.6) are

O = X.Z.;, and !""S,.J. = 1’;.2..;

up to and including n = 4 they are as follows:
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?‘Gm = £ me - ﬂ,
rCn = =z, r8n =y,
1*Cap0 = — ;Z" - ;}" + 2, r28y = 0,
riCy; = Bez, riS8q = 3ay,
r*Cy = 32 — By’, 28y = Bry,
133 = —gz’a - gy‘z + 2, 38, = 0,
3 3 3 a
rify = —21”’ - ﬁ.'l:y’ -+ Bzt riS; = —2-'!’2)‘ - 2‘#3 + By2?,
r’Cﬂ = 15z% — lﬁy’f, 8 = 3'0:!?!&,
riyy = 15z — 45zy°, 18, = 452 — 153,

riCo = gx* + ';y" + 2+ gz’y’ — 3y%* — 3%,

'y = —%z’s - I—;:cy’z + 10x2?

r‘cll

|

—125 zt+ %ﬂ‘ + 45z%* — 45y%",
riC,; = 1052% — 315zy%s,
riCy = 10524 — 630z%® + 1059,
15 15
8y = —g %z — Sy's + 102,

rSa = —15z% — 15zy* + H0zye?,
r*Sea = 415z%z — 105y%,
Sy = 4202% — 420z,

199. The Zeros of the Tesseral Harmonics.—It was proved
in Sec. 181 that the zeros of the zonal harmonics P, are all
real and lie between y = —1 and g = +1, and that they are
symmetrically situated with respect to u = 0. A continuation
of the argument of Sec. 181 shows that the same statements
are true also for the derivatives P, which have n — k zeros
in the interval p = —1 to p = +1, and none elsewhere It
follows, therefore, that on the surface of a sphere a zonal har-
moni¢ P, vanishes along n circles of latitude, one of which is
the equator itself if n is odd, and the others are symmetrically
situated with respect to the equator in the northern and southern
hemispheres. Bimilarly P, wvanishes along n — k cireles
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of latitude which are symmetrically situated in the two
hemispheres.

The funetion
&

T = (1 — wp)2P
obviously has zeros of order k/2 at each pole and n — k zeros
of order 1 along certain circles of latitude which are symmetrieally
situated with respect to the equator, making n zeros altogether
in latitude.
Finally the tesseral harmonic of degree n and order k,

T cos (k6 — 8:™'),

Fia. 1056.

has the same zeros in latitude as the function T, and in addition,

it vanishes along the meridians, or great circles through the

two poles, for which cos (kf — g} vanishes, that is,
41w 1

b=—%"2Tk

The angle between any two successive meridians for which cos
(k6 — 6:'"') vanishes iz =/k, s0 that any tesseral harmonic of
order k vanishes in longitude 2k times. The zeros are evenly
spaced in longitude, but only symmetrically spaced in latitude.
The circles of latitude and longitude for which Ciye vanishes
are drawn in Fig. 105.

g, §=0,1,2 -+ -2%—1L

200. The Surface Integral of the Product of Two Spherical
Harmonics of Different Degrees.—Let V. and ¥V, be two solid
spherical harmonics of degree m and n respectively, and S,
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agnd S, be the two corresponding surface harmonics; so that

Va=18n Va=rV. (1)
Let Z be a sphere of radius o with its center at the origin. Then
gince Vo, and V., and all of their derivatives are eontinuous
within Z, it follows from Green’s theorem that

Vo V.
J‘E{V&V‘ - V.&V.}dr = J;(V'_ﬂ";l. - Vm—é'ﬂ_)dﬂa (2}

Since V. and ¥V, are harmonic within Z, the left member of
Eq. (1) is zero, and therefore

AV aV,
J; (V.H - I’,,H)dm = 0. (3)
On the surface of the sphere
av _ av,
an or’
go that, by Eq. (1)
% = ma™~'8,, % = na"'8,.
Furthermore
do = a*dudd;

therefore Eq. (3) becomes

. +1 por
(m — n)a +-+-J'_l j; S wSadudf = 0.
Since, by hypothesis, m = n, it follows that

[ [ oSudude = o

That is, the integral over the sphere of the product of any two
spherical harmonies of different degrees is zero (compare with
Eq.(183.3)).

If m = n, no conclusion can be drawn from this argument;
another investigation is necessary,

201. The Surface Integral of the Product of Two Spherical
Harmonics of the Same Degree.—Let S, and Z, be two spherical
surface harmonies of degree n. Then, by Eq. (197.10)

n
8a = 3, Ausint ¢ - P9 cos i(6 — 6,V),
FE ]

- (1)
Zn = 3, Bisin/ o P9 cosj(9 — 6,®),
i=0
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where the A, B;, 0", and 6;'* are suitably chosen constants, are the
expressions for S, and Z in terms of tesseral harmonies. The
surface integral of the product of these two harmonies is

[8:2.d0 = Ezmsff sin® o+ PyOP,Odp

im0 =0
X f* cos i(f — 8:0) cos §(8 — 6,)ds. (2)
The integral with respect to 6 is easily evaluated, for
_’;2' cos i(f — &™) cos j(8 — 8,0)d8 =

0, if 9],

reoos i — 8,1, if {i=j=0,

2, if t=4=0
Hence the integral reduces to those terms in Eq. (2) for which
i = j. Thatis,

[i8eZud = 2wAaBo [ Poid

+ 73 AB; cos i(6: — 0.) [11(1 = W) (PO .
fe=]
By Eq. (183.4),
+1 . _ 9
_ s = gy

and by Eq. (184.6),

f {1 - Fl}i{P ﬁ]}!d# = ﬁ-_] M

hence

fs.z,dm ST 4By

+_.__2"" S A£(u+i}T i — 8y, (2)
In F 1{§ i‘_ﬂ[ﬂ — cos i i)
which may, or may not, vanish,

Suppose S, and Z, are tesseral harmonics of the same degree
n but of different orders. Then either 4 is gzero or B is zero
for every index i (see Eq. (1)). Hence, the surface integral
of the product of two tesseral harmonics is zero not only if
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they are of different degrees, by Sec. 200, but also if they are
the same degree but of different orders, by Eq. (2).

If 8, and Z, are tesseral harmonics are of the same degree
n and the same order 4, then Eq. (2) reduces to the single term

2, pln+1)! AN gl
LS.,Z,.:I@ m’l‘dtﬂ;(ﬂ - 1}—| coE ‘E[ﬂi ﬂ'. }
This expression vanishes if

(640 — g,0) = ;

Hence the surface integral vanishes, even though the two har-
monics are of the same degree and the same order, but of different
types, Eq. (197.6).

Using the notation of Sec. 197, in which the tesseral harmonics
are

Cni = sin® ¢~ P9 - cos 18,
Sui = sin' - P, -sin 19,
the above proofs can be summarized in the equations

LC.;C-‘,.,dm = _’;C“S..;dw = fﬂms'.,dw =0, m = n.
JiCnCuto = [(CuSuto = [SuSoda =0, i
J,CaiSude = 0,

_ _ ) - 2r  (n 4+ ! .
J;c‘.’dm J;S,hidw 2?1 + 1 m] ] ﬁ I],

ar e o
"‘;cnﬂ-’d‘iﬂ - zlﬂ—"l‘l LS‘Q dﬂ-‘l l]'.

202. The Expansion of [(z — £+ (y — n)? + (2 — )7
in a Series of Tesseral Harmonics.—If z, y, 2 and £ 9, §,
are the coordinates of two points and R is the length of the line

which joins them, then
R = (= 9+ @ —n'+ (=)

It is frequently desirable to have the expansion of 1/R as a
series, and it is the purpose of the present section to show how
this expansion can be obtained in terms of the tesseral harmonies.

Bl
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If
=g+ y* + 2,
pt=B 4+,
then
1 _ 1
E Ve-0+@-0+e—1»
__1_ — -t e =
\/r’ — 2rp cos N + p°
_1 1
T+/1 = 2hcos \ + At
where
h - F, cos A = ﬂ.ﬁ.—j——ar.
r rp
In polar ecoordinates
x = r sin ¢, cos fy, £ = psin ¢ coa Oy,
y = rs8in ¢ 8in 8y, n = p 8in g sin Oy,
2 = r CO8 ¢, f = p cos gy,

so that
CO8 N = CO8 ¢ COS @2 + sin ¢ sin ¢ cos (8, — 6a). (1)
The funetion 1/R is expansible in powers of h, and this expan-

sion is convergent at all points for which h < 1. That is, by
Eq. (180.5),

g z +1’

#’Ul-—-
'sl'-'

in which
R,=P.(u) forp = cos\
If this expression is written

L
= 3
n=i
it is seen that the numerator R.p"r" can be regarded as a homo-
geneous polynomial of degree 2n in the coordinates z, ¥, 2;
£ n, £; and that it is homogeneous of degree = in z, y, 2 and also
homogeneous of degree n in £, 4, . It is obviously symmetrie
in these two sets of variables, and is a solid spherical harmonie
in either set.
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It follows, therefore, that
Rﬂ- - Pﬂicﬂﬂ )L:I

when expressed in terms of ¢, ¢4, 8;, and 8, isa perfectly definite
surface harmonie of degree n, and therefore, expressible in terms
of the tesseral harmonics. That is

n
Ry = 3, Avsin’ o1 Py(u) -cos (6, — &)
P 1]
where
By = COS ¢,

and A, and 8,49 are properly chosen constants, which in this
case must depend upon s and 6y (or uy = cos ). It is evident,
however, that when the substitution

j§ = COS g1 008 g3 + sin g, sin ¢ cos (6, — 6)
iz made in Pa.(p), the funection P.(cos A) is a polynomial in
gos (B, — 6y) which, when rearranged, can contain only cosines
of multiples of (8, — ;). Hence §;'Y = §; for every index i.
Also, since R. is symmetric in ¢, and ., a8 well as in 6, and 8,
its form must be

Ry =3, Bufsint g-Pa®(u))

im0
(sinf gy Pt (w,)) cos i(6, —8s), (2)
in which the B,; are constants which do not depend upon e,
e 8y, OF By
In order to obtain the values of the constants B, the argu-

ments ¢, ¢2; 6, and 8 can be given particular values, It is
convenient, then, to take

b= 6 =0, p=ps=p;
and to denote this particular R, by R.*. Consequently

R.* = 3 Bull — u)'(P.9)? cos iw,
im
and cos A becomes
cosh = p* + (1 — 4?) cos w.
For these particular values, it is seen that
—— 1_._ o -
VI=2 = (1= pHoosal + ¢ ?} ke @)
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Multiply this equation by du, and then integrate from p = —1
top = +1. Binece

+1 9
_IP.:{II[.I = 1 by Eq. (183.4),
and
+1 o 2 (n+)!
» (1 = p2)(Pat9)dp = on +1(n = 1)1 by Eq. (184.6),
it is found that
ndl R*d S Bl s s )
- u in — 1)!

The integral of the left member iz

+1 dp
f 1 V1 — 2h cos w + h? — 2h(1 — cos w)u?
2 [ 20 —cosw) .
V(1 = cos @) S0 \’mﬁ; B
Therefore, the result of integrating Eq. (3) with respect to u is
2 -
TR S T = 3 e IR

n=i

Now multiply this by v/, and then differentiate with respect to h.
The result is

1 144 _ 2n+1“"‘ o
\fﬁl—gﬁﬂﬂﬁmﬁ—h’ 2 o f_an du; (5)

n=i
or, on multiplying again by v/h,
14 h
e et L [ KT

n =i

It was shown in Eq. (187.7) that

1+h _ - - .
BT ™ 1+ﬂ§h'~(1+22 coam). (7

Pl

Hence, on substituting Eqs. (4) and (7) in Eq. (6), it is found

that,
2&»(1+22mw) “1?;"23?‘—'_%: w. (8)

n=1 {ml)
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Since Eq. (B) is an identity in h, it follows that

(h =900 ...

gt b
=1, -, = (9

These values of the coefficients B.; substituted in Eq. (2}
give the complete expression for the coefficients R, namely,

Ba =1, Bni=12

!

-h'-n - Pl(ﬂl] 'Pn{ﬂi]' "l" 2 i E: ; 1-;.'!{9“1‘ PI'PIHJ(FI}}
i=]

¥ (sin® @g « Po'%(ug)) cos £(6, — 83). (10)
On expanding cos (6, — 4}, viz.,
cos 1(8, — #:) = cos if, cos if; + sin 6, sin 18,
and setting, as in Sec. 197, for the tesseral harmonics
Coit® = sin® gy - P, () - cos 8,
Sa™ = sin® g - Po@ () - sin 16,
Eq. (10) becomes Eq. (11),

c (ﬂ' - i}l 211.
R, = Pa(uy) - Palus) + 2 2: LA L. (o M T o SCC B LT IR
g & (¥ o)l ‘
and, finally

1 1< oy
=y 2 R()

The surface harmonics R, are known as Laplace’s coefficients.
It iz evident from the relation

Ra. = P.(cos \)

that R. is a zonal harmonic with respect to a pole which lies
on the line which joine the origin to the point r, y, 2. Equation
(11) is its expression in terms of the tesseral harmonies of the
original pole of the sphere. In other words, Eq. (11) can be
regarded merely as an equation of transformation.

203. The Expansion of the Potential of a Finite Body in a
Series of Tesseral Harmonics.—The potential of any finite
body B is defined as the integral

dm
V= _
[
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If, in Fig. 106, £ n, { are the coordinates of a point of the body,
z, ¥, 2 the coordinates of the attracted point, and
Rr=(z—-8+ -+ (-3
=gty 42l
pt = E' gt 4
the expression for the potential becomes, on using the results
of the preceeding section,

¥= E ,-hHJ’T'F Rudm. (1)

Fic. 108.

The expression for K, is given in Eq. (202.11). Let
Pu(w) = PV (z, y, 2), P"Pu(p) = P B(E n, 1),
r*Cai® (gr, 61) = CaitP(z, y, 2), PCail® (gafls) = Co 0 (E, n, 1),
r*Sni (g, 01) = SuiV(z, ¥, 2),  p"CuiP(p2,02) = S (§, 9, )
By Sec. 197, P,¥, C.i®, S, and P,®, C®, §,.% are poly-
nomials in z, ¥, 2 and £, 7, © respectively, which are solid tesseral
harmonics. Hence

jr‘p‘E.dm - P.mf P.®dm

_1_22‘( T 1}1[0'“ ".J.Cm‘”dm + 8. mJ'S mdm]

This result can be stated in words as follows: The coefficient
of the solid tesseral harmonic of degree —(n 4+ 1) and order 1
in the erpansion of the potential of a body in powers of 1/r is
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equal to the integral laken over the body of the corresponding solid

tesseral harmonic of degree n and order ¢ multiplied by 2?‘ T .:;!
except that, when i s zero, the factor is 1 instead of 2.
The integrals

J;ﬂ..ﬁfm and J;Sn:dm

will be referred to as the fesseral harmonic infegrals of the body.
The above expansion is, therefore, a series arranged according
to the solid tesseral harmonies of the attracted point (z, v, 2);

or, equally well, according to the tesseral harmonie integrals
of the body,

204. The Expansion of the Potential of a Finite Body As
a Series of Inertial Integrals.—A tesseral harmonic integral
of a body can be negative as well as positive. For example,

for a homogeneous parallelopiped of which the edges are 2a, 2b,
and 2¢, the tesseral harmonic integral (Sec. 198)

JJ Jcuim =36 [7° [ [* (et - y)dednar
= M(a® — b,

is positive or negative according as a 2 b. Every tesseral
harmonie integral obviously is resolvable into the sum or dif-
ference of a number of inertial integrals (See. 172). As there is
no direct method of computing the tesseral harmonie integrals,
the general expansion in terms of the inertial integrals will
be given. The formula given in See. 172,

- (—=1)i++E  giH+e 1]
V=3 1171k arayiaz (;)J;E‘n‘s‘*dm,

is symbolical only. It is desired to find the coefficients of these
integrals explicitly,

Retaking the equation of Sec. 202,

1 _ < R.
E = 20 pintl ’ [1}
it will be remembered that R, = P,(cos \) where
ccg\ = ety +ab

¥

r-p
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and since, Eq. (186.3),

1
- J2n — 28 — 1]
Pﬂ{i‘}_a[-l} |23]{ﬂ EE}I#
it is evident that

1
R = (-1 ity e, (2)

where 1 is n/2 or (n — 1)/2 according as n is even or odd. The
symmetry and homogeneity with respect to the two sets of
variables z, ¥, # and £, », { is evident.

By the multinomial theorem of algebra

{a+b+c}"=2£|l—k?:"b‘c*, itj+km=n
| 2151

Accordingly

(zt 4+ yn + 2l = E{ “JTE:H lyyigh - Eigilk,

i+j4+k=n—2s
e = (2 2 AT - sl a2 =
pt = (8 +n* + ¢ E‘,“’ﬁ"ﬂs T, atfty=s.

Therefore
(xt +yn + &2 (8 +0* + %) =
(n — 2s) 1alaty's* .
e Ei+l'.nj+!ﬂ‘ k+IY
muxj =Bl 13171k ¢

This expression can be rearranged by taking
i=p—2a j=q—28 k=r—2v; Sptgtr=n
The result is
(z& + ym + 228 + n* + )

_ (n— }Is!r?"'yt""z'—

=2 2 R - 2l — B -
and this result, substituted in Eq. (2) gives

i
o _qyel2n— 25 — 1]
R = E{ D™ 5sTtn = 291

(n — 25) 15l zr—tayr—28g—1v
X 3, %Erﬂt—rup— 21 = BTG =21 e
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where
1
p+rgt+r=n a+f4+y=a3s 1=%ﬂ or i{n._.]_L
(2n] =2-4-6....2n [ +1]=1-3-5---:2n+ 1),
and [0] =1

Bince [2s] = 2's!, the factors (n — 2s)! and s! can be cancelled,
leaving

i ]
R = (_% [2n — 25 — 1]r2
o=

ey Pyt
X 2 ZatpiaG— 30! = BTE =TT @

afly par

On substituting this result in Eq. (1), multiplying by dm,
and then integrating, there results

ve S a3 {3 (-5) -2 -1

el Far ‘o=l

P¥otr=n .

I - dm, (4
A '%u!my!(p — B = 2B = 2—,}!”}"“'*' m, (4)
adftr=g

which is the expansion of the potential function with respect
to the series of inertial integrals. If the general expression
for the inertial integrals of the given body can be given, then
the general term of the expansion of its potential can be written
down. This can be done for the class of bodies which is dis-
cussed in See. 50, and perhaps for others also.

From the symmetry relations between the two sets of variables
z, ¥, 2and £, y, {, it is possible to derive from Eq. (4) the expansion
for V according to powers of z, y, and 2, Mz,

- 1 ']
TPy p*
V=373 ij-[ > (—-2) [2n — 25 — 1]
ne=0pgr BL y=p
retr=n

il A
XE}T alflyl(p — 2a)l(g — 28)1(r - 271!]"""“ Q)
atfdymg

206. Laplace’s Integral Equation.—It has already been shown
(Sec. 200) that the surface integral of two spherical harmonies of
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different degrees is zero, and even when the degrees are the same
it may vanish, as is shown in Sec. 201. A particularly interesting
case when the two surface harmonics are of the same degree
is that in which one of the harmonies is the Laplacian coefficient
R., (Eq. (202.11)).

Let S, be any surface harmonie of degree n in the variables
¢1, 0. Then, if A, and 6" are suitably chosen constants,

L

S, = 2 Ani sint gy « Pa®(uy) - cos i(8, — 8,41), 1)
]

By its definition
Ra = Bus: Pa(u)) + 2, Bui sin' 1 - Pa® () - cos i(8; — 6y),

im]
where
.
Bu=Pu),  Bu= 20T sint P0G, ()
p = GOS8 g, and #; is independent of 4.

The surface integral of the product of these two harmonies is
given in Eq. (201.2),

+1 2r "i‘l’
J:l J; Sandﬁidai = ﬁmAnﬁBnﬂ +

a1 .+_ i z AuB.E n+ ig cos 1(8,1% — 8;1),

If the values of B.: of Eq. (2) are substituted in this formula, it
becomes

+1
J‘ J‘ SaRadpd8, = 5n 1 +1 A oPolpe) 4+

-#.:Iﬁ .-2-:1 A sint ¢g - PoO(us) cos £(8; — 6,4)

4 . .
= 2.—'_?1 T ISn{F’h Bl} h}r L’q {1]!

o, . (3)
Suli, 63 = 20t IJ'_I _E_ RS, 0:)dundt,

which is one of the earliest examples of an integral equation,
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Since R is symmetrical in the subseripts 1 and 2, this equation
could also be written

SI[»“M 31} i 2n + 1f+]j RuSu{jl:, ﬂijdﬁﬂfﬂ: {4}

206. The Expansion of an Arbitrary Function in a Series
of Spherical Harmonics.—Suppose there is given a function of
the arguments ¢ and 8, which is generally continuous in the region

—5SeS+y 05652

although a finite number of lines along which the given funection
has finite discontinuities is permissible. It was first shown by
Laplace that such a funetion can be expanded in a convergent
series of spherical harmonies, although the proof given by Laplace
was lacking in rigor. The first rigorous proof was given by
Dirichlet,! and the proof of Dirichlet's was followed by a
number of others, the simplest being those of Bonnet: and
Darboux.! The argument of Darboux will be followed here.

Let 8. be a general surface harmonic of degree n with 2n + 1
arbitrary constants, and let F(eg,, #,) be the given function (not
necessarily harmonie). It will be remarked first of all that if F
is expansible in a series of surface harmonics, S., then that
expansion is unique. For, if,

Fle, 1) = E S&, {1]
k=0

and if R.(¢y, 8;1; ¢, ;) iz Laplace's coefficient of the n® degree,

then, on multiplying Eq. (1) by R.du,d8, and integrating over
the sphere,

+1 fror = +1 fir
f f R,- Fdj.l- dfy = 2 f f R-Skdﬂldﬂ:[,
=1 J0 k=g =1 JO

But, since

$1 Pow
J‘ f R.Sedpidy = 0, if k # n,
-1 Jo

+1 2= dx
J:l J; R8¢, 61)dudt; = o + 13 a(2, 02),

1 Journal fir Mathematik, Vol. XVII, p. 35 (1837).
* Journal de Liowwille, Vol. XVII (1), p. 265 (1852).
! Journal de Liourille, Vol. XTIX (2), p. 1 (1874).
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it is evident that

4
LRdeW1 = mgn{v’:; Bs), duwy = duydéy;

B.Ild B]mllﬂ.l'l?
z o0 I 1 1y T1fy 2 2.

But since fRanw, is a perfectly definite funetion of ¢, and 8, it

follows that the harmonie S.(¢;, #,) is & perfectly defimite one,
and therefore the series in Eq. (1), if it exists, is unique, and

Flon0) = 3, 22 ILRJ{w, ba)dos. @

n=0

Az it eannot be assumed that the series in Eq. (1) does exist,
let the function F., be defined by the finite series

Palo0) = 3, P | B o 00den, O
which is perfectly definite, and seek
the limit of F, as m increaszes, It will
be found that the limit of F is F, and ‘
that the series in Eq. (1) is valid.
Let the pole where the z-axis pierces
the unit sphere be denoted by the let-
ter C, Fig. 107. Let the point whose
coordinates are ¢;, 8, be denoted by
(', and the point whose coordinates
are s, 0: be denoted by C: The
angle A is measured by the arc of the
great circle which passes through C, Fia. 107.
and 'y, sinece

€08 N = CO8 @1 €08 @3 + SiD @y 8in @y cos (B — 01);
and
R.(e1, 61; w2, 62) = Py(cos \),
P, being the zonal harmonic of degree n.
If the function F(gs, 0s) is written

Fles, fa) = F{CI]':
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end dy iz a surface element in any system of coordinates, then the
EXpression

Foles, 61) = 2 2 + IJ'F (Ca)P.(cos N duw

n=0
is independent of the coordinate system used.

Let the point C) be taken as the pole of a new system of
coordinates, and in this new system let the coordinates of the
point 'y be @s and ;. Then

A=y, cos h = c08 @y = g,
F(Cs) = Filps, 63),  Palcos X) = P,(u,).
Sinee P.(us) is independent of gy,
1
221 j Pu(u)dus f Filos, 0)d6s.  (4)

Fules, ) = 3,
no=l
The integral

2%
6 = o= [ Tl 6200,

represents the mean value of the function Fy(e;, #;) along the
circle of latitude ¢, It is a perfectly well defined funetion of
w3, even though the function Fy has a finite number of finite
discontinuities along the circle. Equation (4) becomes

Faloy 0) = 3, 24 lf_ Pu(is) * Glus)ds

n={

The function G(u,) is independent of n, and, by Eq. (282.2),

3, (2n 4 1Py = Plu + Py,

Therefore

1+
Fo= ﬁf G(Pa' + P'myi)dus. (5]

It will be assumed at first that G(u;) is & continuous function
of uy in the interval —1 < u; £ +1. Then Eq. (5) can be
integrated by parts, with the result

P 1 +1 1t

nley, 81) = E[G *(Pa + P,..+l:|]_1 ~ 35 (Pm + Poy1)@'du,.
Since o

Pa(+1) = +1  and  Pu.(—1) = (=1)™
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it follows that

;[Pm{+1) 4 Poi(+D] =1,
and
%{P.{—I] + Puss(—=1)] = 0;
so that
1 +1
Fu=G(+1) — f (Pan + Prua)G'dus. (6)

=1

Let the integral in the right member be separated into three

parts
+1 —143 +1—8 +1
[ L
=1 =1 =144 1=
and consider the sum of the first and last of these three integrals

—=1+45 1 1
j -+ [EKP- + P....;]G’]dm =

=1 1=

-144 1 1 =1+ 1
‘I. + f l:glpn + Pm-t-ll . |G'|]d}.¢; < f + J- |GJldﬂa.
=1 1—4 =1 1=3§

Sinee (@ iz continuous the discontinuities of G, if infinite, are
of order less than unity; therefore, the sum of the two integrals
—1+# 1
f + [ 1w
-1 1-8
is finite and vanishes with 5. If, therefore, eis given in advanee,
# can be taken so small that
—=1+3 1 i
j + f -EEP“ + Pﬁi}Grd#S < iﬂ.
-1 1—i
As for the remaining integral

1 1=8
E.f H{P w + Pui1)G'dps,

-1
let Qn be the maximum value of |Pn 4+ Pusi|/2 in the interval,

and
_ 1-8
G = f G dus;
—148

then

1 1-3 1 1—4
™™ (Pt PGty S 3 [ [P+ Pl G
143

=145
< GQn.
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But since, (Sec. 191),
lim [P =0, if |uf<],

-
the limit of Qu for increasing values of m also is zero. Henee
m can be taken so large that

1

. 1
f (Pr + Pop)G'dis < 3¢,
2J -1+ 2

and therefore

1+
i_l‘ . [P'- + PM]JG‘&H-:. '5: €.

It follows from Eq. (8), therefore, that
lim Fule, 8) = G(4+1).

L]

By its definition, G(41) is the mean value of Fy(es, 0;) along
a circle of infinitesimal radius about the pole; that is, it is the
value of F at the point C;, or F{g,, #;). Therefore

mli_l:n Fo=Flpy, ) = 2 2“; ILR.,F'{m, By)dws, (7

r=i

which is Eq. (2).

If the funetion (F(us) has finite discontinuities at a finite
number of points, the integration of Eq. (5) by parts is still
permissible, Neither the results nor the remainder of the
argument is altered, but as the text books do not give the proof
of the validity of integration by parts under such conditions
a lengthy digression would be necessary to prove it. The proof
is not difficult, howewver,

207. The Representation of a Rational, Integral Function.—
Suppose G(z, y, z) is a given homogeneous polynomial of degree n
in the letters z, y, 2, and assume for the moment that G can be
expressed in the form

)
G, y,2) = 3, r*Hos ()

=)
where H, is a solid spherical harmonic of degree p, and 2[ = n
or i — 1 according as n is even or odd. Form the Laplacian
of both members of Eq. (1). AG is a homogeneous polynomial of
degree n — 2 which is readily formed ; and since

A(rHY) = j(j + 2k + 1)r=*H,,
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by Eq. (171.1), Eq. (1) becomes

[}
AG = 223[2:4 — 25 4+ 1)r2-VH, 2

o=l
the harmoniec H, disappearing in the process, since AH, = 0.
Agide from the constant coefficients in the right members, Eq. (2)
is similar to Eq. (1), but its degree is n — 2. The operation
can therefore be repeated
AAG = AYF =

t
3 4s(s — 1)(2n — 25 + 1)(2n — 25 — 1r*0Hoa, ()
=3
and Eq. (3) is of degree n — 4. In general, after performing
the operation k times

i
" sl [n —2s4+1] .

P T ey o T T T |
When k is equal to [ the left member is a homogeneous palynomial
of degree 1, if n is odd, or of degree zero if niseven. In either
event it is harmonie, since every polynomial of degree zero or
one is harmonic. The right member is reduced to a single
term which contains H; or He This equation determines H,
or Ho, as the case may be, uniquely. The preceeding equation
then determines H; (or H,), and so on, back to Eq. (1) itself,
which determines H,. Thus all of the functions H, are uniquely
determined, and the representation of G in the form of Eq. (1)
is possible.

If S, is the surface harmonie corresponding to the solid har-
monic Hy, so that

Hl- - r';Sh
it is seen that Eq. (1) becomes

1
Gz, y,2) =r E Sa-nlip, 6).
=0

Hence the series of surface harmonics which represents the value
of a rational, integral function on the surface of a sphere is a
finite series which contains no harmonics of degree greater
than n.
As an example, let the monomial zy?* be expressed in the
form
zyts* = He + r*Hy + r'Hs + r*Ho (a)
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The successive operations yicld the equations
A(ry%s®) = 2z + bxy'z = 22H, 4 36r2H; + 42r'H,, (b))

A¥(zy%d) = 24rz = 36+ 14H, + 42 - 20r*H,, (c)
AMry?t) = 0 = 4220 - 6.
The last E-quatinn gives Hy = 0. Then
Hs = 2—1- from Fq. (¢),

H,= ——{ —briz + 15zy% + z2%), from Eq. (b),

and finally, from Eq. (a),
H- L

37 T H{T:*s 56zy's — 1425 — 49r%% + 161xy%® — Tz%").

Translated into the tesseral surface harmonies by means of
the relations in See. 198, these results give

2y = 57— (11Cn + C 1'1]

1
7- 'EI 11 — 2n — ﬁc“‘l'

S

208. Green'’s Problem for the Sphere.—If a continuous set
of values are defined on the surface of a sphere by the function
V(t, n, t), Green's equation, Eq. (136.2), defines a function
Viz, v, 2) which is harmonic inside (or outside, if the point
x, ¥, # is outside) the sphere and which is equal to V(& #, )
on the sphere. This equatinn is

Ve 19 = L [ Ly v, s, m
where
==+ -+ (—-10"
and d& is an element of the surface of & unit sphere.

Suppose the funetion V is expanded in a series of spherical
gurface harmonics, Sec. 206, =0 that

Ve m D) = 3 Sule, 0

n=l

It was found in Eq. (183.5) that

V1— Enh + )’ ..Z.:np badl
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and therefore
1—h?
(4/1 — 2uh + RY)*

=14 3, (Plaps — Pla-i)h™

me=1

- 2 (2m + 1)Pmh, by Eq. (182.1).

m=0

Since
pt = a? — 2ar cos h + 1* and Pu(cos )) = En,
it follows that

5@3;—’!—} - i (@m + 1)1{_(5)'".

o=

Hence, Eq. (1) can be written

Viz,y,2) = ’é“(u:ﬂ{'z_ﬂ;%l}ff‘sm)(g“

Since R. and S, are surface harmonics of degree m and n respec-
tively, it follows that, Sec. 200,

J;R,.S,.d& =0,
except when m = n.
Suppose that in spherieal coordinates
x = r 8in e 008 fo,
y = r&in ¢ gin fg,
2 = T COB ¢u;
then, by Eq. (205.4), if n = m,

2m

4‘:— IISRMS-(@:' ﬂ}d‘:" = S-{ﬁ: ﬂn}i

and therefore

Ve 19 = 3 Salen 00(5) @
me=

If the point x, v, 2 lies outside of the sphere the corresponding
expression is
el

Ve e = 3, Slen 0)(2) )

209. The Potential of a Surface Distribution of Matter on a
Sphere.—Suppose there is given & surface distribution of matter
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of density ¢ on a sphere of radius a. The potential of this
distribution at any interior or exterior point p (z, y, 2), is

where
P==+—m+ (2=
and £, n, ¢ are the coordinates of the surface element dw. Also
rt = z? 4 y* 4+ 22,
a* = £+ 7+
For points exterior to the sphere, that is r > g, the expansion
of 1/p is, by Sec. 202,

= 20

m=

and for interior points, that is » < a,

”__mZ-an()

where R, is the particular surface harmonie which is known as
Laplace's coefficient, Eq. (202.11).

By See. 206, the density o, which is assumed to be generally
continuous although it may have a finite number of lines of
diseontinuity, can be expanded in a convergent series of surface
harmonics, which, for convenience, is taken in the form

=132t 0.
n={l
Hence
el
sl (u) 2n+1jmm;
ﬂgﬂgﬂ ir g
or

REPPIOR RS

according as the point p is exterior or interior to the sphere
Under the assumption t.hat

T = 7 8in ¢y cos By,
Yy = r gin g &in
2 = r CO8 gy,
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the values of the above surface integrals are

_[;M.dm-——n, i nEm,
and

?12;1;:—1‘]’;_&_8-{@, ﬂ]dﬂ = S-{.'F'ﬂ: aa}l

by Eq. (205.3). Hence

- ay\~"" .
V=3, Salon an:r(;) ., ifr>a )
and
o w0 Yo T" “' if -
Vv -z_:ﬂs (e e}(ﬂ) r<a (@)

This result shows that any harmonic distribution of matter on a
sphere produces the same, and none other, harmonies in both the
interior and exterior potentials.

The total mass of the distribution is

o 2n 4+ 1
J;m - ,L:éﬁ 2n 4 15udo = aSs,
by Eq. (175.3).
If the interior and exterior potentials are given, and if
4
o=
is convergent at all points of the sphere, it is readily verified that
(See Eq. 126.5)
o 1V, aVaey o 2m+1g
o= +5\an. T an;) E dra ™
On comparing Eqs. (1) and (2) of the present section with
Egs. (2) and (3) of the preceeding section, it is seen that Green's
equation for the sphere defines the interior and exterior potentials
of the same distribution of matter on the sphere, a fact which, of
gourse, was already known. The definition, however, is not by
means of the surface density, but by means of the values of the
potential itself on the sphere.

210, Differentiation with Respect to Poles.—It was shown in
Chap. I11, Sec. 54, that if «, 8, v are the direction cosines of a line
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and ¢(z, y, 2) is & funetion of the rectangular coordinates, the
derivative of ¢ in the direction of the line is

ﬂnp ﬂuﬂ E'-p
al = %z T ﬂ &y L
and, also, that
dr = adl, dy =pBdl, dz = ~dl
Consider a sphere of radius a with its center at the origin
Let &, B, v be the direction cosines of 4 line, 1, which starts at the
origin and intersects the sphere in the point p. The point p is
called the pole of the line, and differentiation in the direction of
the line [ is called differentiation with respect to the pole p, and the
symbol for such differentiation is

)
al + '5 + ""as )

The result of this dlﬁeranhatmn is, in general, a function of
x, y, and z which can be differentiated a second time with respect
to the same pole, or even a different pole; and so on. Let
ey, B, 71 be the direction cosines of the first pole, and as, Bs, e be
the direction cosines of the second pole. The result of two
successive differentiations with respect to the two poles is

at d
a_hazl'( +ﬁ1&y+waz)( ® + B +".-'=)

a: a!‘
ﬂt’ + ﬂlﬂla ay + EE],"}'l 3zoz

- ﬁlazam BBy + B

+ 'hm ‘f" ‘"ﬁ’ﬂz&y + TIT!;T:'

It will be nbaervad that these differential operators obey
the fundamental laws of algebra, namely, the associative law, the
distributive law, and the commutative law. They can be treated
in their eombinations, therefore, just as though they were
algebraic quantities, Accordingly

b
3 3 2 a _ 4, .9 A
ar; aty oy, Al T Hl(“*az Thgyt T*az)r
is the general expression for differentiation with respect to =
poles, which may, or may not, be all different.

= g
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It is evident that the n® derivative of an harmonic function
with respect to n poles is itseli an harmonic funection, for it is
merely the sum of a finite number of ordinary derivatives
multiplied by eonstants; and each ordinary derivative is har-
monie (See. 172). If ¢ is an harmonie function of degree m, its
n** derivative with respect to n poles is an harmonic funetion of
degree m — n.

As an example of polar differentiation, consider the the fourth
derivative of 1/r with respect to the four corners of a regular
tetrahedron which has its ecenter at the origin, one corner on the
z-axis, one corner lying in the yz-plane, and one edge parallel to
the z-axis. The direction cosines of the four corners are, then,

ﬂ1="3p ﬂ:-ﬂr a:"—'—'g: ay = +

2
=0, B= :;'Vﬁ. By = —é\&; By = —%‘V’_’

-1 -] = -1 - -1
Y1 = 1, T2 31' Y = 3: ¥4 3

The fourth derivative with respect to these four poles is

ai
alahalsal, H vy + ‘3"& + ""““) =

3(2p2 _10)(_ o _N2o 1o
dz\3 " “dy 3 az 3 ar 3 8y 3oz

(Vom =53

= .-.‘h’!i L +E o +i—_‘a‘.-+gi -1
9 adrldydz = 9 dx?ast 27 dy'az  Doyrez* 27 0z

This symbol operating on the function 1/r gives

¥l
T

5|2

ﬁL{-Ex‘ — 3y* — Bzt — Gxy® + 24y%* + 24x%2°

— 604/ Zxtyz+ 204/ 2y%).
Bince 1/r is symmetric with respeet to all directions, the above
expression is an harmonie which is symmetrie with respeet to the
four lines which pass through the center and through the four
corners of the tetrahedron respectively. This symmetry is not
in evidence in the above expression, sinee the tetrahedron
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itself is not symmetrical with respect to the axes of the coordinate
system.

A very simple example in which the symmetry is in evidence
is the third derivative with respect to each of the coordinate

axes, namely
ot 1y _ —15%4%,
drdyde\r/) T

211. Derivation of the Tesseral Harmonics by Polar Differ-
entiation.—It was proved in See. 178 that the surface zonal
harmonic of degree = is

ATt gn f]
P.G) = (-1"Tr a—s,;(;}
which is the n** derivative of 1/r with respect to n poles multiplied
by m*' and a constant factor. In this case the n poles are
coincident and are all located on the z-axis: and the harmoniec has
but one axis of symmetry.

If, instead of lying on the z-axis, the n coincident poles of a
surface harmonic of degree n lie on a line whose direction cosines
are a, B, v, it is clear from the symmetry of 1/r with respect to all
directions that it is a zonal harmonic which has the line whose
direction cosines are a, B, v as an axis, and that its expression is

+1 n
R, = {—IJ'%-(u% + ﬂ% - *r-a&;) (71,) (1
This is evidently Laplace's coefficient (Sec. 202), If it is referred
to its own axis, it is simply a zonal harmonie,

In the analysis which follows it will be shown that the tesseral
harmonics of degree n and order k can be obtained by differentiat-
ing 1/r with respect to n — k coincident poles which lie on the
z-axis and k simple poles which lie in the zy-plane and which are
uniformly distributed in longitude. The longitude of these k
simple poles will be taken to be

27 .
Pi'ﬂn'i‘T‘?r- i=1 -,k

the latitude, of course, being zero. The symbol for differentia-
tion with respect to these poles, Eq. (210, 1), is

;;%_ = co8 (Fu + %);E + sin (5'1: + %’)ﬂ% (2)
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Differentiation with respect to z does not oceur since the direction
cosine of each of these poles with respect to the z-axis is zero.
Let the variables be changed by taking

F=1z+ iy, n o=z =1y, where i=4/=1,

go that
@ _a 0 o _ (s _a)
dar 9F ' 9y dy aE  dn

The derivative with respect to the pole p; then becomes
0 AP 2r) ]2
al; = [ncs(ﬂn <+ k“) +1 s;n(&a + k )]ﬂf
T\ . 2ir\ | @
+ |:'L'-05 f + ?) 1 &in (Eu + T)]ﬂ‘i_j

ei(a- - gf} L3 -1(h +5) 8, ? @)
i E ﬂ‘l‘l

20 a_ [ G Pk —i(u-+”')a]

aly als dly o )

This somewhat complicated expression is simplified by taking
d

a=ebnd, b= r*""a ’

dE
and becomes

ke 2 i
3 @ a _ = -7
Bh el
ajri _ i
= ( i+b)']1¢ .

djwi
g-’u"i‘l!'ri (MT + b).

The first factor in this expression, e~%+1 is equal to 41 if
k is odd, and is equal to —1 if k is even.
If kis odd, say k = 2s + 1, the derivative is
Da1 i?ﬂ
a8 . 9 _ 2a+1 5
3l ol = H( + E:r) (5)

i F— =1

-

(4)

Djwi djei

The two groups of complex numbers e+ and e*"H, i=1,

2, - --, 241, are identical except for the order in which
the numbers oecur; for

dmei i

L _ ginn 1II
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fn=2mand m<s; or,ifn=2m— (2s+ 1)ands <m =
2s + 1. Hence

a4 @
alaly ai=.+:' H

e+l

I l(aﬁ“ + a) (6)

since the right members of Eqs. (5) and (6) differ only in the
order in which the factors occur. It is known from the theory
of equations, however, that

241 (2n 1w Za41 =i
g2+l 4] = II(: —e M ) = ]](x + e“"“)
j=1

On replacing x in this equation by b/a and then multiplying
through by a*+1, there results

Zs41 IEII'I-
H(Mi-‘i" + ,5) = g2+l 4 p2+l; )

=1

nm=]l

and, therefore, from Eq. (6),

d a d
B — e, L ] Za+4-1
al, ks By TR,
or (8)
&
azil;f, L :?. =w- % it é%, if k=241

If k is even, say k = 23, the expression for the operator becomes
20 4 2wl
a @ a == _
R A S ‘H(‘“ “)*
i 2itadw
1" =2 * ,
each of the factors of the right member is repeated. Therefore,

3 o 2 :
a_t.aiz,"'%='[ﬂ(“"+b)l- (©)

jml

and sinee

If 2 is odd Eqs. (7) and (8) show that

a4 4 d a an\:
— - N — [ 1 [ = taly
aly dly " " aly, ('EjI dag +e aq')
g a2
o 2ip0 97 i
g ot T “3pay

(10)
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If & is even, so that k is a multiple of 4, say k = 25 = 4,
Eq. (9) becomes

3 a 3 o = i
a_hE1 & .ﬂ_t"‘: —I:H(ngt +b)

=1

1= f[( - f?) - ]1( + L)

the two expressions differing only in the order of the factors.
Hence

Now

2 g i
H(ae' + Ei) = b¥ — a¥,
=1
d 3 8 am_ panye (11)
al, al By = (e b
as L EL
= —ghilie " _ _ a—dith v
€ aE‘“ @ "an‘l + 265!5613!!

It is evident from the equations of transformation from
x, i to E, v that

a8 8
o T gt = Yaton
Hence, the Laplacian operator becomes
a2 at a2 a2 a2

o T oy T o = Yo T o
If the function operated upon is harmonie, it is clear that
a? a?
4% + azt 0,
and therefore, when applied to harmonie functions,
ot 1 a®
dgin ~ T4 a2 (12)

With the symbolism thus developed, it is now possible to
differentiate 1/r, which is e¢ertainly harmonie, with respect
to n poles, n — k of which are eoincident and lie on the z-axis,
while the remaining k are in the zy-plane and are uniformly
distributed with respeet to the longitude.
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TEIE‘ differentiation with respect to the n — k poles on the
#0Xis is given by Eq. (178.3),

aril(2) = (=14a = Bytre-seop_yG;
and since, Eq. (186.3),
_ ,2n — 2k - 2@' = 1] ais
n—lr ,Z;]( 1} [23'] (n — z‘ﬂl IJ {13}

where 2¢ is equal to n — & or n — k — 1 according as n — k
is even or odd, it can also be expressed

an—k _ 2n — 2k — 2§ —1] gb¥
dzn- A:(:“) = { 1}! t'i'ﬂ-"‘- k}IE f 1 ’{[2‘?.]{11 iy — 2}-}1:;31'_—!&—&4-1

The letters £ and 7 enter thm expression only implicitly through
the letter r, and

=zt yt o = &+ 22
If h is any integer it is readily verified that

(1) _hh+2 gt
a.-s r-" r""" sE\rt) 272 T
anndd in general,

() () M e

a1y _ _l)-[h+2m—2] Em
dn™\rk P [h—2] =
From these results it follows that
ﬂ 2a, 9" aﬂ-* 1 - k!

i2n — 2k — 25 — 1] [En -2 —1] g5
x Eu{ D5 27Tt — k=21 [2n — 2k — 2j — 1] ren-siet

X (nteitte 4 Ere—ikds)

Likewise

Now

E=z+1iy = rsinp-e¥,
and

N =1r—iy=rsng e
hence

Fre—ikbo - wheikh = pk gink o 0og k(g — 8.
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Since this expreasiun is independent of j, Eq. (14) reduces to
a1
(g + g )il

=(=1)" (;;__1 = 3in*<,ncask{3 — &)

- [2n —2i—1] . .
X% (Vg

If this equation is compared with Eq. (197.8), it is seen that the
right member can be written

(=1 =By s k(8 — 6),

2*—[1-!4-1
which, aside from the factor (= {g‘ (::ﬂ:l}k)t the tesseral
harmonic of degree n and order k.
It follows also, if k is even, that (Eq. (12))
a* kg
EE T ( 4)23}5'
dEtant
and
g gt a f1
2- 9. ) (=1)3 ( )
Bk 2"'1 dzn
agant O V'
:||+§
- {_]'J 2*—.1',“1.1 ﬂ(lu'}

If k/2 is odd this term oceurs in Eq. (10) with a negative sign,
while, if /2 is even the term oceurs in Eq. (11) with a positive
sign. Hence, in either equation the sign of the term is (—1)~

On substituting these results in Eqs. (8), (10), and (11), it is
found that

a 4 a a-kf1

al,aly aig'a_ﬁt(;) = ‘-F 'k cos k(8 — Bo),
if k i= odd, and

a a gn=k k 1

E’I; 511 o aI* ;( ) - { 1}“+ ﬂh_lr.,'.‘.}l nk GOS8 ;G(ﬂ - 'ﬂn}

+ (— 1) gPala),

if k is even.
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It was from the point of view of polar differentiation that
tesseral harmonics were discussed by James Clerk Maxwell in
his Treatize on Electricity and Magnetism. !

Problems
1. Bhow that
sin' p = 5Py — 2P + 5P
2. Bhow that
p. S ’
.I: PPdn = GG+ D0 ¢ ~ PP/
8. Show that

dei(ut — 1) (n 91 di — )0
i 7 I ™

or symmetrically

(u? — _1]23"*{#' =1 _ (=1 Ed" ~Hu? = 1)~
(49! dymtt "= s~

4. Show that the coefficients of 4*FPa(u) are all integers.

6. If the expansion of f{z) in terms of the zonal harmonics is

J) = 3, aiPy
j=0
show that the expansion for the function wf(s) is

N (am L G Dag
wf) ;;u (EJ o+ G Dee)p,
in which a_; is equal to zero.

6. Show that the potential of & uniform wire in the form of a cirele of

radius a is
V=2 z (—1)» "[2:] (%) P,

or

-4 3 o

n={

acording as r < aorr > a.

1 Vol I, Chap. XIL
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7. Show that

VI FR=1— P — 2 P";‘H;FI"*' ot
R

B. A spherical cap is cut from the surface of a sphere of radius a by a
cone with its apex at the center of the sphere and generating angle «, and

covered uniformly with matter, Show that the potential of the cap outside
of the sphere, and at & distance r from the center, is

V= w{(l ¢+ E Fen@) = Dol )"”P.{FJ}

where & = ¢o8 & and u = cos ¢; and inside of the sphere

V= 2ﬂ.zjr (1= + E "'E‘i T l’*-‘{”(;)nﬂ{.u}}'

9, If matter is distributed on a circular disk of rading a in such & way that
the potential on the disk is constant and equal to unity, show that elsewhere

V=1 —|-E i {-—1]@?’-‘_—‘1(;)"4 ifr <a,
m=]
and

V= { 1]1-2“_*__1( )“'+1 if r > a

10. The potential of an equipotential distribution of matter on the surface
of an oblate spheroid is

G oy LA
L ue[ﬂzn 2n+1(u) Pruail i1 > ae,

=1%n Sntl
V= M ;ﬂfl(“:‘) Paif r > ae.

11. The potential of & homogeneous hemisphers of radius & outside the
sphere of radius a is

( +3 Z‘, (=g (8) P u+:).

Inside the sphere but outside the hemisphere, te, r < g, ¢ > 7/2,

F= 4G 30m (- E BEe)



406 THE THEORY OF THE POTENTIAL

12. Bhow that

J:P.dn = (—IJ-E:-%{ if m=2n4+1,

and vanishes if m = 2n,
13. Show that

1 1
.’; Py = 5ty
14. Show that
1
S rdn = mim 4 1),

16. Bhow that
.1
E Pl _h‘l +ﬂ.|ﬂ2ﬂ
l'|.-1fﬁﬂ-|_!I #in ;P

18. Show that, if i +7 + & = 2n,
TP;P,-P;,:I“ = [2n]2n — 2 — 1)[2n — 2j — 1][2n — 2k — 1]

[2n +1]2n — 220 — 2j)[2n — 24]
17. If & sphere of radius r has its center at the origin, and if its density is

o = af + by + ¢f, show that the potential at any exterior point z, , zata
distance R from the center is

Vo= e + by + o),

18. If k* is any real positive quantity

J.+l Ph-t'l-d.lﬂ-

1 T F ks = O

and

f+l.—F‘LdP_ = E"]_}-L _E‘t‘_-—_.
-1 (VT F k) n LT+ R

18. For any given harmonic of degree n the problem of finding the n lines
which pass through the poles of the harmonie has one and only one solution,

but the directions which are to be regarded as positive along these lines ean
be reversed in pairs.

20. If 4 = cos ¢ and » = sin », show that

I
nl "
" -.:2’:. D g =

where 21 = nor n — 1 according as n is even or odd.



CHAPTER VIII
ELLIPSOIDAL HARMONICS

212. Introduction.—Among the geometrical bodies the ellip-
soid is second in importance only to the sphere, and many of
the problems which relate to the sphere occur also for the ellipsoid,
such as the attractions of surface distributions of matter, the
flow of heat through the solid body, the motions of Aluids around
bodies of a given shape, ete. It is natural therefore to seek for
harmonic functions which are related to the ellipsoid in the
same manner that the spherical harmonics are related to the
sphere.

The first theory which was constructed for these functions
was by George Green in 1833,! using only rectangular and polar
coordinates. For this reason, Cayley proposed the name
Greenians for these functions.

A second theory in which elliptic coordinates were introduced
was published by Lamé in the Journal de Liouville for 1839,
and his functions are commonly known as the Functions of Lamé.
Both the functions of Green and the functions of Lamé reduce
to spherical harmonies of Laplace when the ellipsoid becomes
a sphere. The development of the theory of Lamé is much
improved by the introduction of the elliptie funetion of Weier-
gtrass, as was done by Poincaré,® and it is the theory of Lamé,
according to Poincaré, that will be set forth here,

213. Definition of the Elliptic Coordinates.—The -elliptic
coordinates of a point z, ¥, # are the values, g, gs, g, of g which
satisfy the equation
] 2t

b’+q—c* 1=10, (1)

1 GreEeN, Georae, "“On the Determination of the Exterior and Interior
Attractions of Ellipsoids of Variable Densities, Transactions of the Cambridge
Philosophical Society, 1835. See also his collected works, p. 187,

*Lamé, “Legons sur les Functions Inverse des Transcendantes et les
Functions Isothermes.” Paris, (1857),

 Pomvcang, H., “Figures D'Equilibre d'une Masse Fluide," {1903).

407



408 THE THEORY OF THE POTENTIAL

If this equation is cleared of fractions, it becomes a cubic equation
in g with the coefficient of the highest power of ¢ equal to —1.
Therefore the equation
x! y! Bl
f{q}- ~ + b=+q—c=
{q - q:}fq — g2)(g — qa)
“ (g —al)(g - b)(g — &)
is merely an identity in ¢. It is satisfied whatever wvalue g
may have,
The quantities g., g, ga; a%, b ¢*, arranged in the order of
their magnitude, are as follows

l<e*<p<bhP<cpc<a<np.

The surface g, = const. is an ellip=oid;

The surface g; = const. is an hyperboloid of one sheet;

The surface g; = const. iz an hyperboloid of two sheets.
If @, B8, v are the axes of the ellipsoid, then

g1 =a"+ a* = b* + §* = ¢* + 4°
from which it is evident that
a< <y
The x-axis coincides with shortest axis of the ellipsoid and the
z-axis with the longest.

If Eq. (2) is multiplied successively by (g — a?¥), (g — b%),
(g — ¢* and g is then set equal to a® b2 and <%, there results
= (@ — a%)(g: — a%)(gs — a?)

@ - M@ - o
_ (g — b)(gs — b%)(qs — b
¥ = Db — oY) ! (3)
_ (g — e®)lgs — ¢*)(g: — )
(¢* — a®)(c* — b?)
If these three equations are added, it is found that

2P+ Yt + 2t = (g + g2 + g3) — (a? + b* + ¢¥), }
(4)

-1

(2)

x*

= (g — a?) + (g — b*) + (g2 — ¢%).

Henee the equation of a sphere whose center is at the origin, in
elliptic coordinates, is

@1 + g2 + g3 = const, = r* + (a® + b* 4+ ¢¥). (5)
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If the first equation of Eq. (3) is multiplied by (b* + ¢%),
the second by (¢* 4+ a® and the third by (a* + b*), and the
results are then added, it is found that

(b* + ezt + (c* + ady? + (a? + b9)2* = (g2 + gags + @ug1)

— [a:b: 4 b%® 4+ c!a_i}_
Hence the equation
@192 + @293 -+ qaga = const, (6)

represents a certain family of similar ellipsoids.
Finally, if the first equation is divided by a? the second by
b%, and the third by ¢*, and the results are added, it is found that

z! y, zl 02
athta=1t e

Hence the equation
§1gsgs = const. (7

also represents a family of similar ellipsoids. Of eourse, the
equation
g = const.

represents a family of confocal ellipsoids.

914, Differential Relations.—If the point z, y, 2 is given &
displacement ds,, in which g varies while ga and g; remain

fixed. then
VAW EATYEAY
ant = (e + (o) + () Jo
- Rlidgl.!l
AN E AN LAY
re=(5e) + () + ()

2 Y 2
"[ N + '=j‘=] by Eq. (213.3)

(g —a®? " (g — b%)* ¢
14f )

- by Eq. (213.2).
43g)= o y Eq. ( )

If the second expression for f(g) is used, it is seen that

_af _ (g — g2)(g — @3) - .
dg (g — a®lg — b)(g — ¢ t q']H
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It is not necessary to compute the terms which earry (g — q1)
u8 o factor since they all vanish when q is set equal to q,.
The notation is much simplified by taking

A = o = 0)(a — (s — 9 > 0, l
Al = (g — a®)(g — g —¢?) >0, (1)
Azt = (g2 — a*)(g2 — b)(gz — ¢ <O,
Al = (g — a®)(ga — W)(gs — ¢?) > 0.

The guantities A, 4,, and 4 are real, but 4, is a pure imaginary-
It is then found that

Ro-l _@oeda-e) o Ar
4(pn—a?)(g — b)) — ¢ Ai*(gz — qa)’
and similarly,
Ryt = L (g2 — q1) (g2 — qa) _ A ,
4(gs — a’)(gz — b)(g2 — ¢ A2'(ga — qv)
Re=) (w-0)e-g) _ __A?
4 [q; —_— -’1’} (q; —_— b’}{ga = 'Cz] A.‘l:{lﬂl - f}":} J
Since the displacements
dih = R|d4}'|_r d-ﬂ! = Rldqig daa L R,iqlr {3.}
are mutually orthogonal, ds, being normal to the ellipsoid, the
general displacement, or the arc-element, is
d,gl = thdqf + RE*dﬂ!l + RJHQQ'.
The surface element on the ellipsoid, q; = const., is

(2)

—

du = R:Rdgsdg,; (4)
and the element of volume is
dr = R\RiRyd;dg.dygs. (5)

It might be observed, if pi, ps, ps are the lengths of the per-
pendiculars from the origin to tangent planes of the ellipsoid,
hyperboloid of one sheet and hyperboloid of two sheets respec-
tively, that
_ 1 _ 1 1
Pi=oRy PrTaRy P oy ©)
216. The Equation of Laplace.—The equation of Laplace in
any orthogonal system of coordinates is, Eq. (57.8),

_a_ RiRlﬂ + i Rafh?_ + __ﬂ_ R:_Rga
dg\ R, dg, dga\ Kp dgs aQ‘a( i, 3!22) =0
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Using the values of Ry, s, and R; from Eq. (214.2) this expression
becomes

Aigs — )3V | 3 (As(gs — ) 3V
&gl( AA,  ag dis Azd, ﬂg

Since the product A:4; is independent of ¢, this equation can
be multiplied through by A,4.4;, and written

d av ) d av
Ala—m(-& 1&5 - (g2 — qa) + Ala—q—i(dsaa;) - (ga — qu)
+ A ._a_ A 9 B ( - ] =
aﬂqil( dg,) T W=
or, again,

(q: — qﬂ( ) V+ (g — mJ(Ag——) V+

(g0 = 9’](‘4‘& ) V=0 (1)

If three new functions w,, us, u; are defined by the differential
relations
dygs dga

duy = -éi-?;-.!;j dus = '—'—"—: duy = -_2_:1;, {2)

in which dus is a pure imaginary, Eq. (1) takes the simplified
form

-I"('Ia— }av+{ql =0. (3

(g2 — ] Fui e
There exist also the following identities:

qilge — qa) + q2(gs — 1) + qalgs — q2) = 0,

(g2 —gs) + (ga—g)+ (g— g =0

If the first of these identities is multiplied by —N'V and the second

by —MV, where M and N are any two constants, and are then
added to Eq. (3), there results

)&’V
du,t

E[: y = (Nge + MJV]{q, —q) =0, (4)

where the letters 1, j, k are 1, 2, 3 and are to be permuted circularly.
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Expressed wholly in terms of the letters g;, this equation can
also be written, in view of Eq. (1),

E[A’agz éa‘;‘; :F (Ng;"".ﬂ:f}"]{gl—h =0. (5

216. The Elliptic Functions of Weierstrass.—The letters wu,
s, t; a8 defined in Eq. (215.2) are evidently particular values of
the general function u which is defined in terms of ¢ by the
equation

d — '_qu

U= Vi — -G =) w

This would be the normal form of the differential equation of
the elliptic §-function of Weierstrass if the sum of the roots
a* 4 b* 4+ ¢* were zero. It iz a simple matter, however, to
change the variables and satisfy this condition. Let s be a new

variable and h, e, €, €; new constants, which are defined as
follows:

g=s+h  b=c+h
ﬂ-'-£‘|+h, ¢t =¢e;+ h
With these letters Eq. (1) becomes

—ds
du = V(s —e)(s — eg:l(a__—_é;}; @

and if

3(a* + b + o),
it is seen that

e + € + &3 = 0;
also

£ > & > &
The solution of Eq. (2) is

& = Pu,

provided the constant of integration is chosen so that s is infinite
when u is zero. Therefore

g = [Pus + h, gr — B = Pus — e,

gs = [Pus + h, gs — ¢ = Pus — ¢,

G = Pu + h, q— a* = Pu, — g,
} (3)
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If the derivatives of § with respect to u are denoted by
accents, Eq. (2) shows that!

P2=4(Q —e) (@ — ed(P — e:)}

= 49" — g2 — g, @

where

g = —4(eses + €281 + €182), g1 = +dereae,

If Eq. (4) is differentiated with respect to w and the factor 29’
is removed, and if for brevity of notation

Pr =@ — ey, = P— e F;-F—e,,}
it is found that (5)
P = 49,90,
and
@ = 2P + @+ 2104
=6* — 50a } ®

The power series expansion of @u in the neighborhood of the
value u = 0 is

Pum ot TG R (7)

from which it is seen that §u has a pole of the second order at the
origin. It is a doubly periodic function, the real period being
2w, and the purely imaginary period 2w,. For convenience of
notation it is customary to take

wy = oy + w.

As u inereases from zero along the real axis, Pu decreases from
+ = and at the half period, u = w,, its value is Puw, = e;, Hfu
inereases to the full period 2w,, §u, of course, returns to + =,
But if, instead of continuing to move along the axis of reals, u
turns at the point w, and moves at a right angle to it, therehy
becoming complex, the function {?u continues to be real, decreases
from e, and arrives at the value ¢: when u arrives at the point w.
(Fig. 108). If u turns again at ws and proceeds toward w; along
the third side of the rectangle whose sides are the half-periods,
@u continues to be real and decreases from e, to ¢;. Along the

! For formulas relating to the Weierstrass elliptic functions, see ScHWARE,

H. A, "Formeln und Lehrsiitze zum Gebrauche der elliptischen Functionen®
(1893).
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fourth side of the rectangle §Pu is still real and decreases from e,
to — = as u moves from w; to the origin. Hence, $Pu is real all
along the rectangle whose sides are the half periods, and its
derivative is always negative if u moves as is indicated in the
diagram, Furthermore

Fu‘-r, Uy Pﬂl.li.
Wy " * ey
. Uy

0 —_—

Poetos % [
' §hu =g
Fia. 108,
o = &y, Pwg = ey, flus = ey

Bince
fn—a'=Pu —e >0,
it follows that

0 < uy < ey
that is, u, is real and lies on the first side of the rectangle. Also
g — b = Pug — e >0,

Therefore, us is complex and lies on the second side of the
rectangle. Lastly,

Ql-¢=-PH;—8:}ﬂ,

and u,, also complex, lies on the third side of the rectangle.
The funetions

VP =ViPu—e, V= VPu—e,
Vs = Viu —es (8)

are the sigma quotients of Weierstrass. They also are single
valued elliptic functions of u with a single pole at the origin, as is
evident from Eq. (7). They are doubly periodic, but their
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periods are not necessarily 2w, and 2w, One of the periods is
doubled in accordance with the following rule.!

VPilu + 2w) = +/Pu i=123,

V@ilu + 2w) = —vVPu i,

but ®)
VE(u + ) = +vVPa.
Sinece
7i = Pu: + h,

Eq. (215.4) becomes
&y
2[ T~ WPue+ M)V |@us — pu) =0, (10)

where
M = Nh + M.

The expressions for the reetangular coordinates (Eq. (213.3))
become

gt = Bt — e)(@Pus — e1) (Pus — e1)
(61 — ea)(er — e3)

{@uz — es) (Pus — 1) f?u: - t‘z]
(62 — ex)(es — 1)

2y - (Pus — e3) (Pus — e3)(Pus — e;}
(es — ex)(ea — &2)

(11)

and Eq. (213.4) gives
2yt 2=t = Puy o+ Pus + Pus (12)

217. Spherical Harmonics in Elliptic Coordinates.—From the
point of view of dimensions z, v, 2; a, b, and ¢ are lengths, and
each has the dimension L'; consequently g, i, g2 g: have the
dimension L*® Any homogeneous polynomial of degree n in
z?, y*, and z* can be expressed rationally and integrally in terms
of the elliptic coordinates by means of Eq. (213.3). That is, a
homogeneous polynomial of degree n in 2%, 2, and 2* becomes a
non-homogeneous polynomial of degree n in each of the three
letters g,, gs, and gy; and is symmetric in these three letters, sinee
z%, y?, and 2* separately are symmetrie.

Although not every homogeneous polynomial in z, y, and =z
is an integral function of x% y* and 2% it is true that every

1 Scuwakz, §23.
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polynomial can be expressed as a sum of terms each of which
belongs to one of the following classes:

P(z?, y*, 2%, (I)

(a) zP(z? y*, 2%),
(b) yP(z? y* 2%,
(e) aP(= ¥ 2%),

(a) zyP(z?, y*, 2%), ]

(I1)

(b) yzP(z?, %, 2°),

(c) zxP(z*, y*, 2%,

xyzP(z*, ¥, 2°). (Iv)

In this table P(z? y* z%) means a homogeneous polynomial in

%, 3%, and 22

Polynomials of even degree in z, y, and 2 can be resolved into

polynomials of classes I and III; and polynomials of odd degree

can be resolved into polynomials of classes II and IV. Ounly

polynomials of the first class can be expressed rationally in

terms of the elliptic coordinates. The other three classes become

polynomials which are symmetric in ¢, gi, and g¢; multiplied

by one of the following radieals (Eq. (213.3)) which also are
gymmetric in qi, g, and gi:

I \'!ﬂ'i—_‘.lzl ﬂ‘\.—”gmfb’]: I 'V’J'QI _.—?,
I4/(g: — a¥(g: — bY), M/ Tgi — b (g — ¢,
Ov/(g: — D@ — a9, Mg — a¥){ge — b3 (g0 — ¢).

A solid spherical harmonic which is a homogeneous poly-
nomial in the rectangular coordinates can, therefore, be expressed
in this manner in terms of the elliptie coordinates; but it does not
cease to be a spherical harmonic when so expressed. The trans-
formation gives merely another, though interesting, expression of
a familiar harmonic. If, after the transformation, g, is kept fixed
while g: and g, are varied, the new expression gives the value of

the spherical harmonic on the surface of a certain ellipsoid, but
the harmonic itself is in no way related to the ellipsoid.

(II1)

218. The Inverse Problem.—Suppose f(g,) is a polynomial of

degree n in g, and f(gs) is the same polynomial in the letter g..
Expressed in terms of its factors

flg) = (g1 — a)(gn — e) -+ (@1 — aa),
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flgs) = (g2 — e)(gs — @a) - - - (g2 — aa),
flgs) = (ga — e)(gs — a2) * - - (g3 — ).
The product of these three expressions is

f(ar) - flg2) - flgs) = [Illgs = @d(g: — e)lgs — 2],

P ]
If g1, g2, and g, are the elliptic coordinates of a point, then, by
Eq. (213.2),
{!h - txi}(ﬂi — a)(gs — o) =
2 H
c.-( LN S . ,—1)s

a; — at a; — b? g — ¢

where C; is the constant
Ci = (a; = a?) (o — b (¢ — ).
Therefore, the product
_ ‘ _ s 21 B y? 22
J(@1) - fga) - flga) DE(‘“ — a? + @ — b? + P 1)

= Q.(z% ¥*, 27, {I}

where

D = Jli(ai = a?) (e — 52) (s — €],
iml

is a polynomial which, expressed in the ¢'s, is symmetric in
91 g2, and g; and of degree n in each; and expressed in rectangular
coordinates is a polynomial of degree n in 22, 32, and 22, whieh, in
general, is non-homogeneous.

If the polynomial f(g:) is multiplied by one of the radicals,
and

wolgq) = Vo — a®-f(g),  @lg) = Vi — b¥(gy),
’P:(ql} = v'q — ciflq),

then, by Eq. (213.3),

‘Fn(ﬂl} : ‘iﬂ:':ﬂ'!] : @u['Ii} - Alin{t’r v 2%,
es(@1) - en(ge) - @algs) = AsyQulz?, ¥7, 2%), (1)
Pc(’?l] ) ‘Pe{qi} . -.ﬂ:(qa] = AmQ,.{z', #!j Z!L

where 4, A,, A, are certain constants, are polynomials of degree
2n + lin x, ¥, and =



418 THE THEORY OF THE POTENTIAL
Similarly, if
Valg) = V(g — a?) (gi— 89f(g) i =1,2,3,
the symmetrical products

Yas(g1) - Yan(ga) - Ya(gqa) = BazyQ.(z?, 3, 29), }
(IIT)

Woe(q1) * ¥ue(gs) * Yaclga) = BooyzQa(z?, 37, 29,
#’eﬂ{'?l} " 4"‘#':‘_?1} " 4’.-.;[@‘3} = BmzzQ.[x”, y‘, zt};
are polynomials in z, y, and 2 of degree 2n + 2.
Finally, if
w(g) = V(g — a9 (g — 89)(qe — c)f(gd),
the symmetrical produet,
w(gy) * w(ga) - wlga) = CxyaQa(z?, v7, 2%, (IV)
is a polynomial in z, y, and z of degree 2n + 3.
The polynomials in x, y, and z of classes I and III are of even

degree, while those of classes IT and IV are of odd degree. In
general, they are not homogeneous,

219. The Functions of Lamé.—Suppose V; is a function of
g alone and that it satisfies the differential equation (see Eq.
(215.4))

d*V; - .

dui (Ng: + M)V, t=1,23 (1)
where M and N are constants, and w; is defined in Eq. (215.2).
The functions V; which are defined by these equations are not
harmonic unless M and N are zero, but the product

ViV.V,

is harmonie, since it satisfies the equation of Laplace (Eq.
(215.4)).

Lamé, who was interested in certain problems relating to the
conduction of heat in ellipsoids, sought solutions of this type,

doubtless in analogy with the spherical harmonies, which, in
polar coordinates, have the form

R(r) - ®(g) - 0(8).
Following the analogy further, he sought funections V,, V,,
V3 which are polynomials in gy, gs, or g;, or polynomials multiplied
by the radicals indicated in the preceeding section. It is evident
that, if such functions exist, the symmetric product
ViVl
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also is a polynomial in r, y, and 2, and therefore a particular
combination of solid spherical harmonies. It will be shown in
the following sections that such solutions exist for each of the
four classes of Sec. 218.

It was proved by Moutard that the functions of Lamé present
the only ease in which harmonic polynomials in z, , and z can be
resolved into quadratie and linear factors.

990, Determination of the Constant N.—Omitting the sub-
scripts, for the sake of convenience, the differential equation
which is to be satisfied is Eq. (219.1), or, preferably, the form
given in Eq. (216.10), namely,

f%:: — (N@u+ M)V = 0; (1)
and the solutions sought are polynomials in § or polynomials
multiplied by radicals. That is, the solution must be of class I,
11, 111, or IV. Hence, if P is a polynomial in @u, these classes

™ o v=pr V = VP03 P,
= v@p, D {v = /PP P
(11}{1’ - Vs P, v =veor | @
V = +@:P, (IV) V = V@99 P,
where

=@ —e=q-—a Pe= P — e =q— V3
Po=P — s =q—c% (3)

When expressed in terms of the rectangular coordinates,
the polynomial will be assumed to be of degree m. If m is
even, say m = 2n, only function of classes I and III can occur.
In class I, the polynomial P will be of degree n in 2, and in class
III the polynomials will be of degree n — 1 in @. If m is odd,
say m = 2n + 1, only classes IT and IV occur; the polynomials
P of elass IT will be of degree n and those of class IV will be of
degree n — 1.

If it iz borne in mind that

?’55-&-'4‘%:]“’4*%“'4' v ety

Vo=l e (G-t

it iz seen that each of the functions in Eqs. (2), if it exists, can
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be expanded in ascending powers of u, and that in every case
V has the form

I

nl—l

The differential Eq. l'_l]l also can be arranged in powers of u,
and the coefficient of each power of u separately must vanish,

The coefficient of the first term, u~"+%,is [m(m + 1) — N]a_n.
Therefore

N = m(m + 1), (4)

whatever the class may be, Expressed in terms of the letter n,
however, its expressions for the several classes are

(DN = 2n(2n + 1), (III) N = 2n(2n + 1), } )
(IDN = 2n+1)@2n+2), (V)N =@2n+1)2n+2);
for in classes I and III,

m = 2n,
and in elasses IT and IV,
m=2n 4+ 1.

221. Existence of Solutions for Class I.—On substituting the
value of N from Eq. (220.5), the differential equation, Eq. (220.1)
ig

d*Vv
Tt — [2n(2n + 1)@ + M]V =0, (1)

and V is understood to be a polynomial in § of degree n. The
constant M in Eq. (1) is still arbitrary and is available for
satisfying the necessary conditions,

Binece V is a polynomial in § of degree n, it can be written

V= i ﬂ-j;p*,
k=i

where the coefficients a, are constants and must be chosen so as
to satisfy Eq. (1). Since V depends upon u only through §,

dv

T apaﬂ ©)
nd arv _ av
But,

" = 49" — g — s, and @ =697 — gy (@)
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as is seen from Eqs. (216. 4) and (216.6). Hence Eq. (1) becomes

(49 09 — 09 3, kk = Daug=2+ (692 = 17) 3 kg

k=0 k=0
~ 220 + D@ + M) S0 = 0.
k=0

Arranged according to powers of §, this expression gives

2 [2{:'1 — E)(2n 4+ 2k 4+ 1ax + Mawy, (5)

h=—1

-+ ; (k+2)(2k 4+ 3)geapss + (K 4+ 2)(k+ E:Iﬁfgﬂ;_”]?"*' =0,

in which the coefficients
G = Gny1 = Gniz = Gpiz = 0.

Commencing with k& = n, it is seen that the coefficient of
§+! vanishes, and that a, can be taken equal to +1. Then
sequentially,

2.1 (4n — Vany = —M,
2:-2:-(d4n — a2 = —Mae, — %ﬂfzﬂ- = 1)gs,

g0 that
— i J‘f
e T N T Vi ®)
a 4+ M2 n(2n — 1)gs

T 21 20(4n — 1)(dn — 3)  27-2- (4n — 3)
It is seen from this sequence that the coefficient a._p is of

degree k in M, and therefore a, is of degree n in M. The coeffi-
cient of @%in Eq. (5), (k = —1),

Ma, + iﬂzﬂ: + 2gsa: = 0, (7

contains no undetermined coefficient a,. It must therefore vanish
by itself. This gives an equation in M of degree n 4+ 1, and M
must be chosen so as to satisfy it. There are n <+ 1 values of M
which will do this, and for each value of M the coefficients a; are
uniquely determined.

There exist, therefore, n 4+ 1 functions of Lamé of Class I,
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222, Existence of Solutions for Class II.—For class II the
differential equation is

4V

dut — [(2n 4+ 1}(2n 4+ 2} 4 M]!V =0, (1)
and, taking the first of the forms of Class 11, Eq. (220.2),
¥ =+, P,

where P is a polynomial in @ of degree n. To simplify the
notation P* will be used to denote the first derivative of P with
respect to @ and P** the second derivative of P with respect to §2.
Then, by differentiating logarithmically, it is seen that

3;(23; )er- P"'P)

_[f1 . PY'_ 1 | P p¥
'[(Fm*?)“@+?‘ﬁ]"

- V(- b+ B +po)

and

P P,
It is better this time to take, Eq. (216.6),

P = 1000 9 = 2P + P + PP
Then Eq. (1) becomes, after removing the factor v/ P
(@:+:— (2n 4+ 1)(2n + 2)p — M)P

+ (69205 + 2.1 + 29.40.)P*

+ 4§.9:0.P** = 0,
or, by virtue of Eq. (220.3),

+ [109% + 4, + (Beses — 2¢,%)]P*
+ 497 + d(eats — 7) — dereses]P** = 0.

On substituting

[—2n(2n + 3)Q + &, — M]P
} (2)

L

P= tz u@t,  P*= 3 ka@t-t, P = ﬁj k(k — 1)augp*?

=] k=0 k=l
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in Eq. (2) and then arranging according to powers of §, there
results

3, {—Z{n — k)(2n + 2k + 3)ax + [(4k + 5)e; — Mlaw,

kwm—1

+ [2(k + 2)(2k + 5)eses — 20k + 2)(2k + 3)esapse
— 4k + 2)(k + 3}3121-‘33411-1}?*“ =0, (3)
in which
Iy = +1, By = Oupy = gt = Opypy = ﬂ'.-

The coefficients are determined sequentially just as before:

o o (4n 4 e — M
mt 2(dn + 1)

o, = [(4n + Dey — M)[(4n — 3)e, — M]
et = 24 -(dn+ D(En = 1)

n[(2n + 1)eses — (2n — 1_]*12]
T 2(n = 1)

¥

ofe

The coefficient @, is of degree &k in M, and therefore ao
is of degree n in M. There remains, finally, the equation for
which ¥ = —1, namely,

(e, — M)ag + (Beses — 2e,M)a; — Beeseza: = 0,

This equation, which determines M, is of degreen 4+ 1. There
exist therefore n 4+ 1 funetions of Lamé of the form

V =+@.P;

and similarly, n + 1 funetions for each of the forms

V =+/9:P and V = +/@.P.
There are, therefore, 3n 4+ 3 functions of Lamé in class I

223. Existence of Solutions for Class IIL—In class III, the
funetion ¥ has the form

V = v/ §@:F,
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where P is a polynomial in @ of degree n — 1. Also
avV g+ e

eﬁﬁ 21vj——;gi;fj A_d\fg?lﬁaljD‘J
ﬂzyf -Eh!-+'2§JE?: ﬂ’i Ei_:k E’! " . 1}3**
g g P+t Ve

O = 40005, @7 = 2940 + PP + P

Sinee, Eq. (220.5),

N = 2n(2n + 1),
the differential equation becomes, after removing the factor
\fﬁuﬁh
(@1 + @2 + 495 — 2020 + 1)@ — MIP

+ (69295 + 6§:9: + 20.§:P*
+ 4?&':?3}:“ =0. (1)

On setting
n=1 n=1 n=1

P =3 af', P*= 3 kap™', P** = 3, k(k — Dag*",
k=i k= k=0

replacing ., 1, and @; by their values in terms of §, and then
arranging the entire expression in powers of |7, Eq. (1) becomes
n=1

2 {—2{1’1 — k= 1)(2n + 2k + 3)a: — [(4¢k 4 T)es + Mlass

k=1

+ [(k + 2)(4k + 6)eses — (k + 2)(4k + 10)e5%]ans

4Gk + D+ a}eleze,am}w“ =0,
If @, is taken equal to unity, it is found that
(4n — 1)es + M )

Gn-r= " —1)
M + (4n — Deg][M + (4n — 5ey

Apy =

2-4-(4n — 1)(4n — 3) b (2)
{n — 1){4n — B)eses — (n — 1)(dn — 2}&.
4(dn — 3)

The last coefficient a, is of degree n — 1 in M, and the cuefﬁf;mnt
of @7 gives
—(3es + M)ao + (2e1e: — Begay — Beiesesas = 0. (3)
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This is an equation of the n* degree in M. There exist, there-
fum, n functions of Lamé for each of the forms

= VPP:P, V= V§:@:P, = /9. P;
a.nd therefore, 3n functions in class I1L Thern are also n + 1
functions in class 1. Hence, if m = 2n is even, there are
altogether

n+1)+3n=4n+1=2m+1
functions of Lamé.

994, Existence of Solutions for Class IV.—There is only
one form in the fourth class, namely,

V = V@.9::P,
in which P is a polynomial of degree n — 1 in §; and

N=(2n+1)2n + 2).
It is found that

v’ﬁnaﬁ:ﬁ'[ (p F)P+P*:1
%" “:_ﬁ”g’;[ Getpator )P""

l(piﬁﬂs o T FaF)P ( tEtE)E ]

Taking
P = 4905, @ = 2@ + PP + i),

and removing the factor +/.9:%s, the differential equation
reduces to

400 + P2+ @2) — Cn+ 1)(2n + 209 — M)P
+ 6[@:9: + Qa1 + PPP”
+ 4§ @:90.P** =
and this expression, arranged in powers of @, gives

n=1

b {—2@1 — k = 1)(2n + 2k + 5)ar — Mawn

o =1

- %[k + 2)(2k + 5)gatesr — (K + 2)(k + a}y.um}PH-' =0,
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If @, is taken equal to unity, the remaining coefficients are

_—M

2(4n + 1)’

e M* _(a=1)2n —__1]Ig_r3,
T2 @I DA =) T 34 =1

p_3 =

...................................................

The last coefficient a, is of degree n — 1in M; and the coefficient
of 2, that is, the equation in M , is

2Ma, + 3y, + dgsay = 0,

Since this equation is of degree n, there are n functions of Lamé
inclass IV. But there are 3n + 3 functions in Class II. Hence,
if m = 2n + 1 is odd, there are

[3n+3}+n=4n+3=2m+1
functions of Lamé.

226. The Products of Lamé.—Whether m is even or whether
it is odd, there are always 2m + 1 functions of Lamé, which, when

translated into rectangular coordinates, are polynomials in z, y,
and z of degree m.

These functions are separable into four classes as is indicated in
Eq. (220.3). Suppose, for example,
V=+9.P@)

ig a function of Lamé, where #1 = @ — ¢;, and P is a polynomial
in § of degree n. Let R be one of the roots of the polynomial,
8o that

V= vpu="e]] (9u - Ry.
k=1

Then

b

Vi=vVPu =[] @u - Ry,

k=1

Fj = ‘V’ﬁi—l__ﬁ; ]1 {Ful - Rl-}j

k=1

V; = v’?u, — s.]II[E‘-'u; - Rg},

'

(1)

k=1
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The pro-duct of these three functions

H(pul — R)(@Pus — R)(Pus — R (2)

k=1

is called a producl of Lamé. It is expressible as a polynomial of
degree 2n + 1 in z, ¥, and 2, which satisfies the equation of
Laplace.

By Eq. (216.11), the radical is equal to z, aside from a constant
factor. As was seen in See. 218,

(g — a)(g2 — a)(gs — a)

x? y? 2t
’=C(ﬂ—ﬂt+a"‘!ﬁ+ﬁ‘—ﬂt_l)' l:S:I
whatever &« may be. If o in this expression is taken equal to
h + R, then, since
W=gq—h h-a"=-e&,, h=—b'= -2y, h—c'=—e
Eq. (8) becomes
(@u1 — R)(Quz — R)(Pus — R}

!
Hence, aside from a constant factor whmh is not important,
y'l
= e som B ._._._.. —_ 4
ViVeVs ILD::I.(RJ‘_ ot g et = 1} (4)

It should be remembered always, that V,, Vs, and V; represent
the values of the same function for the letters q,, qu, and g4, or, if
preferred, for uy, us, and u..

226. Liouville's Proof That All of the Roots are Real.—The
coefficients of the characteristie equations in M are real functions
of the real quantities n, e,, €, and ;. Therefore if the roots are
not all real, they are conjugate complexes in pairs, and the
corresponding functions V likewise,

Suppose M, and M, are two distinet roots of the characteristic
equation and U, and U7y are the corresponding values of V.
Then

T = (N§ + MU,
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and

d*U
Gt = V@ + M)

If the first of these equations is multiplied by U, the second
by — U, and then added, there results

I
R AL TS AT

and therefore, by integration,
d ¥
[”"ati’ UG ] = (M, - M.}j UiUsdu. (1)

The left member of this equation assumes different forms
according to the class to which U/} and U; belong., Bearing in
mind that

W = —2vpppn

it is seem that if 7 belongs to the first class
V=P and T0 = =24/ PP

Henee

A0yl o oy /PR PP — PP (D

If ¥V belongs to class II,

V=VEP  ad G = VPP + 20 P0iP,
so that

UA0 — 00 o 2 /EHBPP* — PiPsY). (D)

If V belongs to class III, it is found, similarly, that

‘d&g_l - U1d-b—3 = —20:9:/9.0:0:(P:sP,* — P.Py%);  (IID)

and for class IV,

Dﬂddti - U1d—[-'|:? = —20:9:0:V ©.0:0:(P.P,* — P.Py*). (IV)

Since (See. 218),
Pilw) =0,  @Palws) =0,  Pslws) =0,
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and since P and its derivatives with respect to § are finite for all
finite values of §, it follows that if the limits of integration in
Eq. (1) are

a = wy, b= uwy or, a = wy b o= wy,

the left member of Eq. (1) vanishes whatever the class may be.
Therefore, since M, is different from M., by hypothesis,

J:':"U.U,du - .[:'U;U:du = 0.

If M, and M. are conjugate imaginaries, so also are Uy and
U:, Bay
Ul L W1 + iW;, U: = W1 - fwg,

where W, and W, are real. Then
[V Usdu = [Fs + W)du = 0,

which is impossible, since W, and W are not both zero.
It follows that M, and M, cannot be conjugate complex num-
bers; therefore the roots of the equation in M are all real.

227. Particular Examples of Lamé's Functions.—It is worth
while to interrupt the argument at this point for the purpose of
exhibiting some of the simplest of the functions of Lamé, and a
numerical computation of some of the more complicated ones.

m =0
In this case, in which the functions are constants it is evident
that

Vi=Ve=V,=1

m =1,
It is seen from Sec. 222 that

V= 'Vjﬁj -\/‘;p:, or ‘\ff_’;

Therefore, since
Pr=q—a}, Pa=qg-—0>0, Pi=q-27,
it is found that

ViVeVs = v/ @1 — a2 — ai/gs — at = Mz,
ViVaVs = Vo1 — b*/g2 — b*/qs — b* = hyy,

ViVaVs = v/ — Vs — e2vV'gs — ¢ = hag,

or,

or,
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where
hy =A@ =@ — ¢, hs = /(" = D — aY),
ha = 4/(c* — a¥)(c* — b?).
m = 4,

In order that the numerical details may be carried out, it will
be assumed in what follows, that

a=25 b =4, g =3,
From the formulas of See. 216 there is obtained
g=%+h ea=b—h

e =a?—h, e = ¢ — h,

b= g0 + bt + ),

ge = —4(e1e1 + €265 + €284),

gs = +deees.
Henece,
h=163, =8}, e=-} a=-T%
e16s + €385 + €361 = —64),  eee; = %?,
and

172 4600
i S

In order not to make the problem too simple nor, on the other

hand, too difficult, a determination of harmonies of the fourth
order will be made. That is,

m =4,

and therefore,
n =32

Since m is even, only functions of Lamé of the first and third
classes are possible; and, since 2m + 1 is 9, there are altogether
9 such functions,

Functions of Class I —Since n + 1is3, there are three functions

of Lamé in this class. Using the formulas of Sec. 221, it is found
that

2
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The characteristic equation, Eq. (221.7),

1
Ma, + zgzau + 2g4a; = 0,

becomes
M?* — 52g,M + 560g; = 0,
ar

40144 . | 2,576,000
M — ——M + g7 — =0

the roots of which are
M, = +111.933,
My =+ 7157,
M, = —119.000.
The polynomial in §,
V= P+ P+ ag
1 M2 :
=P - gMet (2'30 B 1-%)
has three different expressions, one for each of the above roots.
They are
ViM,) = §* — 79959 + 6.146 = (§ — .B62)(p — 7.134),
V(M) = @* — 511§ — 38.417 = (§ — 6.459)( + 5.948),
V(M) = §* + 8.5069 + 12,051 = (@ + 1.796)(@ + 6.711).

The corresponding polynomials in ¢ are obtained from these
expressions by the substitution

=qg—h=g— 163

These are the polynomials that were denoted by f(g) in See. 218,
Hence

flg, Ms) = (g — 23.126) (g — 10.719),
Jlg, M) = (g — 14.8T1)(g — 9.958).

It will be observed that all of the zeros of these polynomials are
real and lie between 9(=c¢?) and 25(=a?). They were denoted
by the letters e in Sec. 218,

Each of these polynomials is & function of Lamé  Taking the
ﬁ.l'ﬂt ml ﬂfb MIL

f(g, M) = (g — 17.520)(q — z:i.smh.} "
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ay = 17.529, s = 23801,
a —at= —7.471, ay — a* = — 1,199,
ay — b* = +1.529, @ — b* = + 7.801,
a — ¢! = +8.528, ay — ¢* = +14.801.
The pmdunt

( Lo 1(—-i+y + s 1)
7471 T 1. 02'9' 8.529 1.189 T 7.801 " 14.801 Eﬂl
= +.1116z* + .0830y* <+ .0070z!
—.5627x%* 4+ .0593y%* — .1068z%*
+.9675z* — .7826y* — .1848:* + 1.

is the corresponding product of Lamé, and it is a simple matter to
verify directly that it is harmonie,

The corresponding polynomials for f(g, M) and f(g, M;) will
be left to the student as an exercise.

Aside from a constant factor, the symmetric produet

[(q — 17.529)(g: — 23.801)]((gs — 17.529)(g: — 23.801)]
[(gs — 17.520)(gs — 23.801)] (3)

is the same as the polynomial in Eq. (2). For any point x, y, 2
the order of magnitude of the elliptic coordinates ¢, qe, s 15,
See, 213,

(2)

pZz2Hzp2lfzpzl
The product, Eq. (3), and therefore, Lamé’s function, (Eq. (2))
also, vanishes at all points for which
g: = 17.529 or gs = 23.801; (4)

that is, the polynomial in Eq. (2) vanishes at every point of the
two hyperboloids of one sheet which are indicated by Eq. (4), and
nowhere else.

The function of Lamé corresponding to
flg, My) = (g — 23.126)(g — 10.719)
vanishes only on the surfaces
s = 23126  and g = 10.719,

the first of which is an hyperboloid of one sheet and the second an
hyperboloid of two sheets,
The third function of Lamé corresponding to

flg, My) = (g — 14.871)(g — 9.956)
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vanishes only on the two hyperboloids of two sheets corresponding
to the values
q: = 14.871 and ga = 9.956.

On any given ellipsoid, g, = const., the lines along which the
function of Lamé vanishes make certain patterns eorresponding
to the patterns on the sphere formed by the lines along which
a tesseral harmonic vanishes, Sce. 199. In Fig. 100 the pattern
is given for M, on the ellipsoid ¢, = 40 as scen from the point

x = 15, y = 40, z = 10,

and in Figs. 110 and 111 the patterns corresponding to M, and
M are given,

The student will doubtless find it interesting and profitable to
sketch these patterns on the shells of eggs.  They seem much less
complicated when so drawn,

Funetions of Class III.—It is sufficient to consider the form

V = +/§.@.P,

since the others ean be obtained {rom it by a eyclical permutation
of the subscripts. P is a polynomial in § of degree n — 1,
which in the present case is unity. Hence

P= E;' + g,
where, by Eq. (223.2),
a; = 1| ag = _M__:;?_ﬁ:;
and, by Eq. (223.3)

Of +Te)(M +36) | 5 0 oo g

14
or
M2 4 10e.M — 63es® 4+ 28ee2 = 0.
This reduces to
OM: — BO0M — 34,727 =0,
so that

M = 111.327 = M,, or M = —34.660 = M..

Hence

V(M) = /§:1@:(9 — 4.119),
and

V(Ms) = /@:0:(9 + 6.300).
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Fra. 110.

Fra. 109,

Fia. 111,
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The functions in ¢ are obtained by the substitutions
=9 —e=q—a? P2 = —ea=q—b,
@ =q— 16%.
Hence, using the notation of Sec. 218,
valg) = V(g — a®)(g — b*)(g — 20.786)
for M,, and
va(g) = V(g — a®)(g — b*)(g — 10.358)

for the root M,
The eorresponding polynomials in z, y, and z are

M —g? 2t

V'=2v| {14 +4735 + 11786
= —.2373z% + 2000zy* + 0849zys* — 1y,

=1

and

_ [ —xt _..yﬂ 2t _
V=2 faee T 564 T iassT 1

= —.0683z% — 1772zy* + .7366xyz® —

The first of these polynomials vanishes in the yz- and the
zz-planes and on the hyperboloid of one sheet for which g. =
20.786. The second polynomial vanishes in the yz- and the
zz-planes and on the hyperboloid of two sheets for which g; =
10.358.

The other four functions in class III can be obtained merely
by a ¢yclical permutation of the subscripts in the above formulas.

228, The Pattern As a Function of ¢,.—In any family of
triply orthogonal conicoids, the ellipsoid represented by g
equal to a constant increases in size as g, increases and its shape
tends toward that of a sphere. The patterns represented in
Figs. 109, 110, and 111 are the intersections on the ellipsoid
of the surfaces

q: = const., or gy = const,, (1)

which are not altered by a change in the wvalue of g,. In the
limit, for g, infinite the ellipsoid becomes a sphere whatever
values the constants a?® b and ¢* may have. The surfaces
represented by Egs. (1), however, depend upon these values, and
the surface

gy = const,
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for one set, a?, b%, ¢, is not in general asymptotic to any one of
the surfaces for another set, a?, b%, ¢! Hence, the limiting
pattern upon the sphere for a given ellipsoidal harmonic depends
upon the values of a? 5% and ¢?; and it cannot, in gencral,
coincide with the pattern of some particular tesseral harmonie,
as one might suspeet to be the case,

229. Parametric Representations of a Sphere.—Instead of
letting g; inerease, let a?, 5%, and ¢* be replaced everywhere by
ha?, AbY, and Ae?; and then let X diminish. Then, in order of
magnitude,

g1 > Mt > ge > AP > gy > ek
The coordinate ¢, > a? can be kept fixed, but g2 and g¢; diminish
with \. It is desirable, therefore, to take
g2=MAp: and  g; = Ap,,
g0 that, although p, and p; are functions of A, the order of
magnitudes,
a'>ps >0 >p; > el
is always maintained,
Equation (213.3) becomes
(p2 — a¥)(ps — a?)
2 = (g, — ha?) (@ = b!}{a: e
t — 3R {Pi“b’}@;—-b’]
Rl e @)
- (P2 = *(p; — ¢%)
2t = (g; — \e?) s Ifc"— e

and, Eq. (213.5),

@=ri+Ma'+ 8+ et~ py — p,).
In the limit, for A = 0, the ellipsoid. g, —
i o elipsaid. g, = const., becomes
= olPs = 0 (ps — )
M C e STy
= p2P2 = ) (py — b?)
y? ?‘!T[‘F-:—cnm-:—_ Eﬁ-- (3)
# = P2 = oy = &)

(,ﬂl —_— ﬂz:l {C_g‘_—b—,j ’

w?hjch is an interesting parametric representation of g sphere,
gince the parameters, p, and Pa, enter symmetrically.
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Since
ﬂigblac‘l’ ai‘apgab?r b’gmac’.
new parameters {, r, wg, and w; can be introduced by the relations

b* = ra®* + te?, 0=t=1,
Pe = a®sin? wy + b? cos? w,, t+r=1,
Pa = ¢? sin? w3 + b? cos? w;, D=r=1.

It is found then that
z? = 1? cos? wol — 7 cos? wy),
(4)

¥t = r?8in® we 8in® wy,
2 = r? eoa? will — ¢ cos? wy).
If b* coincides with a?, ¢ vanishes, and
2 = r? cos? wy sin? w,,
y? = r? sin? we 5in? w,,
2! = r? cos? w;.
If b* coincides with ¢2, + vanishes, and
z? = r? cos® ws,
y® = r? sin? ws sin® w,,
2? = r? cos? wy 8in? w,.
In both of these extreme cases ws and wy are ordinary polar
coordinates. In the first case wy is the polar distance, and in

the second case w, is the polar distance.
It is also readily found from Eqs. (3) that

p:“ﬁi-}-p:—bz Pa — ¢ {5}

ps — b* ta-a

The first term in the first of these equations is negative and the
other two are positive. Hence, p; = constant, represents a
cone the axis of which coincides with the z-axis, The first
two terms of the second equation are megative while the third
is positive. Hence p, = const. represents a cone the axis of
which coincides with the z-axis. A cross-section of either of
these cones is elliptical, unless b* coincides with a® or ¢% On
the sphere, therefore, either of the curves

Pa = const., ar, p: = const.
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is a spherical conie, and the points ps, ps are the points of inter-
section of these spherical conies.

230. The Ellipsoidal Harmonics As Functions of »—If
the constants a2, b and ¢® are replaced by Aa?, Ab%, and Aef
the formulas of See. 216 show that e, €:;, and e; are replaced
by hei, hes, and hey, while ge and g, are replaced by A%g: and Mg,
If the letters g, s, and § also are replaced by Ag, As, and A§, the

1
letter u can be replaced by A *u, and the differential equation
(Eq. (220.1)) which defines the funetions of Lamé, becomes

AEE — (W@u + M)V =0,

a4 (Ng:-u+M) = 0.

This shows that the roots of the characteristic equation in M are
merely multiplied by ), and the same is true of the roots R, of the
polynomials P(§). The function of Lamé, (Eq. (220.2))

V =/(g — a%%(g — 098(g — )" [[(g — &) (1)

or

where

a; = By + h, and a, B,y =00rl,
becomes

Vi = Vg = g — 98(g — a7 [l = ra) @)
for g = gy, an expression which is homogeneous of degree m/2 in

g1 and \; and, after removing a factor ‘h.-s,
Vi= i — a°(p: — 0980 — ) [[(pi — ad, i=2,3, (3)

for the subseripts 2 and 3.

The product of Lamé (See. 218) becomes, aside from a constant
factor,

V.V, = z'yﬁﬂ"]l( L+ b, + = T 4\)

= IIHHZTH(R; — + Ri — £y + .R{ — 2y - k)'

Consequently the ellipsoidal harmonie, which is of degree
m when expressed in rectangular coordinates, becomes
ViVaVs = Halz, y, 2) + M sz, v, 2) +NH e ulz, y, 2)

+oee, 8

4
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where H, is the ensemble of terms of degree k, and therefore
an harmonic polynomial, or a spherical harmonie, of degree k.
This harmonie (Eq. (5)) vanishes at every point of the surface

2 y'l 22 _ -
;i—'-_&i + ag — bg + hS Dl (ﬁ}

&y = Ga

there being n + 1 such surfaces for classes [ and II, and n surfaces
for classes III and IV. For A = 0, the ellipsoid becomes a
sphere, whatever a2, b, and ¢* may be, and these zero-surfaces
(Eq. (6)) reduce to elliptic cones. Hence the zeros of the surface
harmonies on the sphere are spherical conies—intersection of
the sphere and the cones—and not circles as they are in the
case of the tesseral harmonies.

231. The Surface Harmonic V,Vs—If the coordinate g, is
fixed, so also is V, fixed, and the harmonie V, V1V, apart from a
constant factor, becomes a surface harmonic on the ellipsoid
g1 = const.

Consider the equations (Eqgs. (229.2))

(p2 — a®)(ps — a%)
(@ = b9 (a* — &)’
= (e (ps — b%)(ps — b)
v ”1W~f¥w—a? # 6
= o — aery P2 — ef)(ps — &

2? = (g1 — Ae¥) (c¥ = a%)(c* — bY)’

rt= g+ Mpr+ps — 0 = b — 7). |

If z, y, and 2 are kept fixed and X varies, then g, ps, and ps
vary. But if p., p; and r? are kept fixed while X varies, then
x, ¥, %, and ¢, vary. Let
E - __"E'_:I == —----!"—-—-—.1I = __.-."=E__——' 2
Vi T Va-w Tvnoe @
Then

Fa

zt = (g — ha?)

g = P2 = a%)(ps — a%)
@ =) = )
s _ (P2 — ¥9)(py — b9)
n BT — (bt — u’}' (3)
= (p2s = ) (ps — ¢’}_
(c® — aD(c® — b)
It is evident that £, 4, and { are direction cosines, since

f4+n+ =l
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They are functions only of p; and ps.  With the same variables
= (= NG = 1) + (o — ) B 2B — ),

gt = (2 = NP2 =) + (pa — u*}]}w.—Zﬁ({%:ﬁ—:} (4)

— 1

# = (= N — 08) + ( — W) B =P 2,
from which it is evident that £, n, { are the direction cosines, not
of the point z, ¥, 2, but of the limiting position of the point z, y, 2.

The functions Vy and V, depend upon p, and ps only (Eq.
(230.3)) and are independent of \. Since the limiting value of
g for A = 0 is r* and the limiting value of ¥, is r™ (Eq. (230.2)),
it is seen by t,akmg A = 0in Eq. (230.5) that

ViVi = Halg, n, 1). (5)

Sinece H.. is a homogeneous, harmonie polynomial in £, 5, and
¢, it follows that the product of Lamé V4V, is a surface spherical
harmonie. It is, therefore, expressible as a linear combination
of tesseral harmonics of degree m.

It is o simple matter to return from the surface harmonie

VilVg = R(ps) 'R(FI)H(“‘ £_ ﬂ-i+a — b3+ r_ ai) (6)
where

R(p) = V= (i — 5Ppi — o),
Egs. (230.3) and (230.4), to the solid harmonic V,V.V;; for
V;V;Vg = R('Q']_ - MZ}R[Fj R{pa}

xMo - Eg+ L+ ) @

On replacing £, 4, and { by their values from Eq. (2), it is found that

(g1 — hexi)z® (g1 — ha)y® + (g1 = hay)2®
(2 — a¥) (g1 — Aa¥) (ﬂi — b%) gy — NB¥) (e — e®)(g — Me?)

_ )‘( z? + yt 2t
a - haf q — mt + gL — Aol '
and since the last parenthesis is equal to 1, Eq. (7) becomes

2
ViVeVy = I"F"’?“H(a_ z_ pe + o F_t BE + zt i 1), (8)

iy = ¢
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which is Iq. (230.4). The solid harmonics vanish on surfaces
which are hyperboloids; the surface harmonics vanish on the
cones to which the hyperboloids are asymptotic.

232. The Spheroidal Surface Harmonic ViV:—It will be of
interest to see what bocomes of the surface harmonie V.V, when
b* tends toward a? or toward et 1f b? tends toward a®, the
ellipsoid, g, = constant, becomes a prolate spheroid, and ¢.
ceases to play the role of a parameter.  If b® tends toward ¢?, the
ellipsoid becomes oblate, the z-axis being the axis of revolution,
and g; ceases to function as a parameter. In order to avoid this
difficulty, the transformation of Sec. 229 will be made.

bt = ra® 4 lcf, 0=t =1,
gz = a® — t{a® — ¢) cos® wy D=r=1, (1)
qs = ¢* + r(a* — ¢*) cos? w,, t4+r=1

With this transformation Vs is a function of w; alone, and Vyisa

function of w, alone,

It is necessary to transform the differentinl equations (L.

(215.4)),
av
du.-“

Bince, Eqs. (215.2) and (214.1),

— [m(m + g+ MV =0, i=23 (2)

K CEr e T I

KN R PR IR P ¥
and
gz — a* = —i{a® — &%) cos? wy,
g2 — b* = +i(a® — ¢?) sin? wy,
g — ¢? = (a® — ¢?)(1 — ¢ cos® wi),

gs — a* = —(a? — ¢?)(1 — 7 cos® wy),
gs — b = —r(a® — ¢ sin® wy,
gs — ¢ = +rla® — ¥ cos? w,,

it iz easily verified that

Eg; = v/ =14/a% — ¢*+/1 — 1 cos? m,c—&l-r
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and

d i
dn, = VeV =7 C08? iz

It must not be forgotten that du, is a pure imaginary. Hence,
the differential equations (Eq. (2)) become

(a* = )4/1 — 1 cos® w, dw—d—,(\/l -1 ma‘T%)
+ (m(m + 1)[a* — t(a? — ¢?) cos? wy] + H)Vn =0, (3)
(a* — eM)/T — 7 cos? md%’('\/l — r cog? w;ﬁTV:)

- (m[m + Dle? + r(a? — ¢*) cos? wy] + H)F: =10

If b* = a2, the spheroid is prolate; ¢ = 0, r = 1, and these equa-
tions reduee to

d*Va | m(m + Da*+ M, _ o
dawg? a? — ¢t ! !

1 d ( . dVy
u.i__n pred dﬁ; Bln W:——a') {4}

-
+ (m{m +1) - ”‘i’,"_"’s}ﬁiufm Vs =0

If b* = ¢*, the spheroid is oblate, the z-axis being the axis
of revolution; t = 1, r = 0, and Eqgs. (3) reduce to

1 d [, d¥Va
o E(mn mf&‘:) + (ml:m + 1) - ‘I
m(m + 1)¢? 4
+ GT— cf) ';!51‘1:1’i if) Va=0 (5)
Vs _ mlm + 1)¢* + i
2

1 at — gt

Vi=0.

On comparing Egs, (4) and (5) with Eq. (197.11) and (197.12),
it is seen that they are the differentia] equations of a tesseral
harmonic of degree m. In Eqs. (4), the order of the harmonic is

m(m + Da* + M

— = k!}
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and in Eqs. (5), the order of the harmonie is
_m(m+ 1)e* + M _ "

a? — gt

where k is some integer not greater than m;
k=0,1,2---,m

Hence, if b* = a?, and the spheroid is prolate, there are m + 1

possible values of the constant M, viz.,

M = (a* = ek —mim + 1)a?, k=012 ,m (6
If b* = ¢?, and the spheroid is oblate, the values of M are
M=—(@—c)k*—mm+ 1), k=012 " - ,m

Each of the 2m + 1 tesseral harmonies of degree m is thus a
limiting form for one of the 2m <+ 1 surface harmonics ViV, of
Lamé, when b? tends toward a® or toward ¢®.  In the first case, the
limits are

Vy = sin kws, or cos kas, and Vi = Tuu(wi),
in which w; plays the rdle of the longitude 8, and w; the polar
distance ¢, In the second ease, the limits are

Ve = Tn;;lzwﬂ, and V3 = gin kwa, or cos .;:{d:,

in which w, plays the réle of the polar distance ¢, and w; plays the
rile of the longitude 6.

233. The Roots of the Characteristic Equation Considered As
Functions of t.—Suppose m = 2n is even. There is a character-
istic equation in M, orin M = M — m(m 4+ 1)k, (Eq. (216.10)),
for class I, and one for each of the cases in class IIT,

Consider first the roots of the characteristic equation in M
for class I. These roots are functions of ¢, if b* is rogarded as a
function of £. There are n + 1 of them, and each gives rise to a
polynomial of Lamé which has the form

n+1

V=1l(g—-a);

]
therefore
a+l a4l
Vg = Hffi‘ﬂ - ;) = ]I{El’ — ai — t{a* — ¢?) cos? wy).

f=] =l
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The a;, which are the roots of the polynomials of Lamé in g, also
arc functions of £. As was shown in the preceeding section, the
limit of V', for t = 0 is cos kws, or sin kw,, aside from a eonstant
factor. For some values of , at least, a? — «; must have { as a
factor, which of course, can be removed, unless ¥V, reduces to a
constant. Inany event V:is a function of cos? we, and therefore,
an even function of ws. It could not reduce to sin kws which is an
odd function of ws. Also, since 2 cos? ws = 1 4+ cos 2 ez, Vaisan
even function of 2. Hence, the limits of the n 4+ 1 functions
Vs of class I arc

08 Dy, €05 2wy, co8 duwy, RO cos 2nw,.

That is to say, k is an even integer if V, is of class [,
If V: belongs to elass 111, each of the three characteristic
equations has n roots. The forms of the polynomials are

V= vV1g — (g2 — o [[(g: — o)), (a)
]

Va= /=g — N(gs — a9 [[(gs — ), ()
im]

Ve =v'=(g2 — a®)(gz — 59 [[ (g2 — ) ()

im]

A reference to the formulas of Sec. 232 shows that these expres-
sions become, aside from a constant factor,

Vi = /1 —1 cos® us * sin w,
X I(a* - « = t(a* ~ ¢ cos? ws), (a)
V. = ‘v’(i_—mg' COB ws
» H{a’ — a; = Ha® — ¢?) cos? wy), ()
Vi = sin wy cos wa[(0* — & — t(a? — ¢%) cost ws). (e)
The limiting values of these expressions are, evidently,
Vs = sin o, , sin e, ., sin (2n — 1)ws, (a)
Ty cos(2n — Daws, (B)
Va2 = sin 2u,, gin 4e,, SRICIN Sin 2nws. {e)

V: = {08 ws , cos 3&:;,
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Hence, the integer & is odd for groups (a) and (b) and even for
(c}). All of the 2m 4+ 1 funetions are accounted for, since
m+D4+n+n+n=4dn4+1=2m+ 1.

A similar analysis holds if m = 20 4+ 1 is odd.

234. The Characteristic Equation Has No Multiple Roots.—
It was shown in See. 226 that all of the roots of the characteristic
equation are real. It is also a fundamental property that the
roots are all distinet. This is evident from Eq. (232.6) when ¢ is
ZErD,

For brevity of notation let

at —e? = A and —m(m + 1)a* = B

For classes T and ITI(b), and for ¢ = 0, these roots are
B, 244+ B, 44 + B, - -+, 2nd + B, (I
A+B, 34+B,---, (2n—1A+B. (I1T) (b)

It will be observed that the roots for III(}) lie midway between
the roots for class I. As ¢ increases from zero to one, all of these
roots vary, Two of the roots of class I cannot become equal
without first (or simultancously) coinciding with one of the
roots of class ITI(k). It will be shown that a root of class I cannot
coincide with a root of class I11(b).

Suppose a root of class I does coincide with a root of class
ITI(b), and let U, be the corresponding polynomial of class I and
Uj; be the corresponding polynomial of class ITI(b). Then

U, = Py(@), Us = VP, Pi(@). (1)
Both of these expressions satisfy the same differential equation,
since, by hypothesis, N and M are the same for both, namely,

= e+ mu, L0 w4 ..

Consequently

Uadim U1d=U1 =0,
and therefore,
U:du' UlF?&U'! = const. (@)
[
Sinee
dal’, _ du, dly _dUs

G S a9 aw ~ap?"
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and
Fr = "2\/'?:?:?;4:
this result (Eq. (2)) reduces to

(Rational funetion of §)4/§: = const.,

which is impossible unless the constant is zero. But if the
constant is zero, lg. (2) gives

U; = U, ¥ const.

which, also, is impossible by Eq. (1).

It follows, therefore, that the roots of the characteristic
equation of class [ cannot coineide with any of the roots of class
III(b), and neither of the characteristic equations can have a
double or multiple root.

A similar argument holds for the other classes. The roofs of a
characleristic equation are all distinet.

236. The Functions of Lamé are Linearly Independent.—
On aceount of the irrationalities which are involved, there is
no question with respeet to linear independence between the
different classes. It iz necessary to show, however, that for

the same choracteristic equation there cannot exist a relation
of the form

VO = g, V0 4 g, 4 . .. 4 q, V0,
where V'@ iz the function of Lamé associated with the root
M; j=1,2 ---,n—1, or n, according to the class, and

a; is a constant different from zero. Suppose such a relation
did exist, and that

Vi = 2 a; Vi, i< n—1,orn, (1)

j=1
The funetion V' satisfies the equation
dayia
dut = NPV 4+ M, ya, (2)

Multiply this equation by the constant a; and then sum with
respect to j. There results

S oty = NQ 3 aV0 + 3 Mao, @®)
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which by virtue of Eq. (1) reduces to

4 S ]
d;rT = NPV 4+ 3 Mia; Vi, (4)
By wvirtue of Eq. (2)
EE_‘_L%M = N?VIH—H _|,_ _Fl‘ri'_rl'{."ﬁ-ﬂ'.l‘

A comparison of Eqs. (3) and (4) shows that
M Vit = Z Ma, Ve,
i=1
or

0= 2 (M — Mja;Ve, (5)
F=1

Since the roots of the characteristic equation are all distinet,
none of the coefficients vanishes. It follows that if such a
relation as Eq. (1) existed between i 4 1 functions of Lamé,
a similar relation would exist between { functions of Lamé.
A repetition of the argument would show such a relation between
t — 1 functions of Lamé, and so on; until, finally, an equation

of the form

0 = (Ms: — M)b V¥

was reached, where by is a constant different from zero. As
this result iz impossible, it follows that no such relation as Eq.
(1) exists, and the functions of Lamé are linearly independent.

Since V;is a function of ¢; and V, is a function of gy, it follows
at once that there eannot exist a relation of the form

0= Ea,-V,"'-'V,‘“, i=n—1,orn
=1
Hence the surface harmonics of Lamé are linearly independent,
and they form a complete, or fundamental, system.

236. The Expansion of an Arbitrary Function in Terms of the
Ellipsoidal Harmonics.—Any given homogeneous polynomial
in z, y, and z can be expressed as a linear combination of surface
tesseral harmonies of degree m. Let Ko'(e, 6),7=1,2, - - -,
2m + 1, be the tesseral harmonics of degree m, and L. =
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(VaValw®, =1, 2, -« -, 2m -+ 1, be the surface harmonics
of Lamé of degree m. Then

Zm+1
Ha(z,y,2) = 3 AKa®,
=1
and, also,
Hu(z, y,2) = ™ 3 BiLa®

i=1

where A; and B; are constants. Since both systems of harmonics
are linearly independent it follows that there exist constants
9 and D% sueh that
2m+1
Ka? = CL @,
1§1
and also,
Zm+1
L.® = 3 DK,

iml

That is, any harmonic in one system can be expressed linearly
in terms of the other, The two systems are, therefore,
equivalent.

Suppose there is given a function F(gs, ¢s). By means of the
relations given in Eq. (231.3) it is possible to translate this
function into a function of polar coordinates ¢, 8, since

£ = sin ¢ cos 8, % = 8in ¢ sin 8, T= cos e

Suppose
F(gz,q:) = ®(g, §).

The function ®(¢,8), under certain very general conditions,
can be expanded in a series of surface harmonics in accordance
with the theorem of See. 206,

Blp, 6) = 3, Sale, ),
mo=
where S, is a surface harmonic of degree m. But, as has just
been seen, S, can be expressed in terms of the ellipsoidal
harmonics,
Zm+1
Bale, 8) = 2 AL,

i=1
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where the 4. are constants. Hence

Em+1
B(e, 6) = F(gs, qa) ( AL (g, E:])-
mom=i)

If the function ®(¢, 6) on the sphere nt’ radius r, when expressed
in terms of the rectangular coordinates, is a polynomial of degree
& in &, y, and 2, the series of harmonics is finite, and

L] Zm+1
Flgs g) = 2, ( ) ﬂnmL.,m[ggga])q

me M j=]

237. Surface Integrals.—The derivative of the harmonie
funetion
V =V.V:Vs

normal to the ellipsoid ¢, = const. is (Eq. (214.3))

av Vﬂ’;dlr",
ﬂn = R1 dql

where, Eq. (214.2),

V(g — g2) (91 — ¢3) - A )
Vign—a)lg — g — ¢ AV — g1
The surface element dw on the ellipsoid is (Eq.(214.4))

du = RiR.dgsdgs.
Sinee the surface integral of the normal derivative of an harmonie
function over any closed surface is zero (Eq. (62.2)) it follows

that
J‘——-dr.u = J' f Vv Beltdga,

_4 dl"iJ"J'F,V, — g)dgsdg, = 0,

J' f Y2 (g3 — an)dgsdgs = O;

@ = d'u:, dnq—- ] du!,

242 24,
ftj: VaVa(Pus — @ualdusdu; = 0.

1 -

and therefore,

or, since



450 THE THEORY OF THE POTENTIAL

Again, if U; and Uz are two harmonic functions it follows
from Green's theorem (Eq. (62.1)) that

f (Ufa'j‘;‘ U;"—Lﬁ)d« =o. ()

Uy = (V,VeVy),? = V, WL,0,

Us = (Vi VeV = V0L®,

are ellipsoidal harmonics of degrees s and ¢ respectively. Then
Eq. (1) bacomes

(Vumav“ -V maV" ) J- L mL*m_ = 0,

The factor outside of the mt.egml sign is a function of g, alone,
and therefore eonstant on the ellipsoid. It is not zero, unless

Vy® = CV,0;
and in order that this should be so, it is necessary not only that
s =1, but also k =j. That is U, differs from U; only by a
constant factor. Assuming that U, and U, are different har-
monies, though they may be of the same degree, it follows that

do
Ny o
J;L' N R, 0

or, sinee the denominator of 1, is a function of ¢, alone,

J'v L,L®dw
= (a - g2 (1 — Q:J
the integral being taken over the entire surface. By taking

Suppose that

and

V@ oG- 6 =

this important formula ean be written in the more compact
form

jE.’f‘L.“‘d@ -0, )
E
It is a simple matter to show that
du
= -2, 3)

for

du, = —% by Eq. (215.2),
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and
dn = R]_dq..
Hence
diiy 1 -1
duy _ - Eq. (214.1),
dn AR VG- — R
= =
A general formula for the integral
f (L) ?dus,
B

apparently, has not been worked out.

238. The Coefficients of an Expansion in Terms of Ellipsoidal
Harmonics.—It was shown in Sec. 236 that a function F(gs, ga)
can be expanded in a series of ellipsoidal harmonics, namely,

- 2m+1
Flgsgs) = 2, ( ZA-"’L..‘”{m,q:}). (1

mm § j=1

where the coefficients 4. are constants. If this expression
is multiplied by IL."de and then integrated over the ellipsoid
E, there results

J;IFL_{ﬂdw = A0 J; L) des,

all of the other terms of the expansion vanishing by Eq. (237.2).
Hence

L IFL . de
JUL iy deo

It will be observed that these coefficients are independent
of g, sinee

ldw = IR:Radyedys
= _(0-9) gode,  byEq (2142),
44/ — A4

does not contain q;. This expression is real since A,* is negative.

If F..(gs, gs) is a polynomial in ga, ¢s multiplied by the radieals

VG = @@ — P =

v (gs = a?)*(gs — b*)#(gs — ¢4,

AL = (2)

and
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is symmetric with respect to the subseripts 2 and 3, n:lnd is of
degree m in gy and g, its expansion in terms of the cllipsoidal
harmonics terminates, and the highest degree of the harmonics
which occurs is m. Hence, if £ > m, it is evident that

Lmemm=m (3)
L' being dny harmonic of degree & > m.

239. The Roots of Lamé's Polynomials are Real, Distinct,
and Lie between a' and b.—The theorem that the roots of
Lamé’s polynomials (Eq. (220.2)) are real and distinet, and lie
between a® and ¢* is analogous to the theorem that the roots of the
zonal harmonics are real and distinet, and lie between 4+ 1and — 1.
The theorem iz important sinee these roots define the lines on the
surface of the ellipsoid along which the harmonics vanish (see
Figs. 108, 110, and 111). The following proof is due to Appell.!

In Sees. 221 to 224 Lamé’s polynomials P were regarded as
polynomials in @u, but since (Eq. (216.3))

Pu=qg—2

they can be regarded also as polynomials of the same degree in g.
It is as polynomials in g that the roots lie between a? and ¢2. It
is easily verified that as polynomials in § the roots lie between ¢,
and e;.

(a) The Roots are All Real —Consider first class I, Eq. (220.2),

V = P(g).
The polynomial P(g) which is of degree n can be resolved into
its linear factors. Since the coefficients of P are real, the eomplex
factors, if any occur, will oceur in pairs, the produets of which are

real. The product of all of the complex factors is a real poly-

nomial, and the product of the real factors also is a real poly-
nomial. Therefore,

P(g) = Pi(q) - Pa(g)

can be resolved into two factors, one of which P, has all of its

roots real, and the other P, has only complex roots. The product
of Lamé is

Ln=(VaV)m=P 1(g2)Py(gs) - P 2(q2)P3(ga).
1 ArrELL, P, “ Traité de Mécanique Rationnelle,” Vol, IV, p. 157.
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In Eq. (238.3), let

F = Pi(g)P1(q1),
which is of degree less than m, unless P, is a constant, Then

[oFLuds = [[1P:¥(g)P *(g)P(g2) Palgs)ds = 0.

This formula is applicable, if there are any complex roots, since
the degree of Fisless thanm. The result obviously is impossible,
since the integrand is always of the same sign. It follows,
therefore, that there are no complex roots if ¥V = P is of class 1.
If V does not belong to class I, it has the form

V = +/(g — a*)*(g — ¥*)*(g — ¢*)*P = R(g) : P(q)
where o, §, and v are either 0 or 1. Also

La = (VaVi)m = R(g2) R(9:)P1(72)P:(g2) Palq2)Palgs),
where P, and P, have the same significance as before, If

F = R(g2)R(g:)P1(q2)P1(gs),

then, if P has any complex roots,

JRR (@) R2(g:)P2(g2)P:2(g5)P1(a:)Pa(gs)des = O.

Binee

R*(gs) = (g2 — a¥)*(qz — b*)B(ga — ¢*)7,

E*gs) = (g3 — a®)°(q: — b*)4(qa — )7,
and

at> gy > b > g3 > c?

it is seen again that the integrand does not change sign and the
surface integral cannot wvanish. It follows, therefore, that
whatever class V may have, the roots of the polynomial P are
all real.

(b) The Roots are All Distinct—Suppose the roots of the
polynomial P are not all distinet. Conceivably, they may have
any order of multiplicity, say,

P = 1{g — a)m.
The polynomial P will be resolved, just as hefore into the product
of two polynomials
P =PppP,
in which P, contains factors which occur an even number of
times and P, those which oceur an odd number of times. Thus,
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if n; is even, the factor (g — &) is put in Py, butif n; = 25 + 1
is odd, the factor (g — ) is taken into P, and the single factor
(g — @) is included in P;. With this resolution of the poly-
nomial P, the polynomial Py does not change sign. If then F is
taken equal to P,, and if P, is not of degree zero, the surface
integral becomes, just as before,

L IP\*Pydes = 0,

which also is impossible. Henee P; must be of degree zero, and
the roots are all distinet.

(c) All of the Roots Lie between a* and ¢*—Substantially the
same argument suffices to prove that all of the roots lie between
a*and ¢%. Let P, be the product of the factors which vanish
between a® and ¢%, and P, the product of all of the factors which
vanish outside of these limits, If F is taken equal to P, and if
the degree of P, is not zero, the surface integral again leads to a
contradiction, sinee P; does not change sign within the limits of
integration. It follows therefore that the degree of P, is zero
and that all of the roots lie between a® and ¢

240. Ellipsoidal Harmonics of the Second Kind.—Sinee, by
Eq. (213.5),

it qtga=r+(a+ b4 ¢
and

a>p>l>0>cE

it iz evident, that if r* is very large, ¢, is approximately equal to
r?, and the function of Lamé V¥, of degreec m is approximately
equal to =, Consequently the ellipsoidal harmonies (V, Va2V 1)s
are not suitable for the expansions of potentials in the neighbor-
hood of infinity, just as the spherical harmonies which are
polynomials in z, y, and 2z are not suitable. The spherical
harmonies were made suitable, however, merely by dividing by a
certain power of r. A somewhat similar possibility exists for the
ellipsoidal harmonies.

It will be remembered that the function V,V,V; of degree m is
harmonic by virtue of the fact that each of the letters V satisfics

the differential equation (Eq. (220.1)),

2
% = [m(m 4+ 1)@ + M]V. (1)
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But as this differential equation is of the second order, it has two
solutions. Let V be the solution already determined, and [ the
other solution. Then, also,

CU = mim + D@ + M. (@)
If Eq. (1) is multiplied hy — I/ and Eq. (2) by +V and the two
are then added, there results

27 v
V{:iu* _ U‘f;u - 0;

therefore, by integration

aU Vv

Vo = Vi

This constant is arbitrary sinee, if [/ is a solution of Fq.(2), CU
also is a solution, C being any constant. Let the constant be
taken equal to 2m + 1. By virtue of this choiee I/ becomes a
perfeetly definite function U, which, as will be shown, satisfies
the relation

= const. = 2m <4 1, (3)

lim r+10/,(g,) = 1.

If Eq. (3) is divided through by V.2 it can be written
AU\ _2m+ 1
du; VL "’rlg
Therefore
B2m + 1
oV,
The lower limit of integration, of course, is arbitrary, but it is
convenient to take it to be zero. It was shown in See. 220 that

Uy=1%, du (4)

vi=Llpez-m-1,
Uy

'I.i.L-'-l

and in See. 216 that as u, tends toward zero, Py, tends toward
+=. Henee, for large values of r g1 = Pu, + h, islarge, and
y is small. Using only the principal term of the expansion of
V1, it is seen that for large values of r, approximately,

U= ——I-HJ- 1[2!11. 4+ Dutmdy = y,m+1
™ Jo
1

[ JE—
ra+l
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Hence
lim rm+tlJ, = 1,

Furthermore, sinee U, satisfies the differential equation (Eq. (1)),
the function U7;V,V; is harmonic. As r tends toward infinity
Ve and V; remain finite, but U/, tends toward zere like y—im+0,
Henee the ellipsoidal harmonies of the second kind (Ui V:Vala
are suitable for expansions of exterior potentials.

241. The Potential of an Ellipsoidal Harmonic Surface
Distribution of Matter.—It was shown in Sec. 209 that a
spherical harmonie distribution of matter on the surface of a
sphere produces a similar and similarly placed harmonie in both
the exterior and interior potentials of the distribution. It will
be shown in the present section that an analogous theorem holds
for an cllipsoidal harmonie distribution of matter on an ellipsoid.

It was shown in Sec. 126 that if W, is harmonic inside of a
closed surfaee S, W, is harmonie outside of § and vanishes at
infinity, and if W; = W, on 8; there exists one and only one
distribution on S for which the exterior potential is W, and the
interior potential is W, Furthermore the density of the dis-
tribution is

Lo {aw awi]
dr| Oy on,
For the given ellipsoid let
W, =V,°U,L, W;=TU,"V.L
be ellipsoidal harmonics of degree m, where

L = (ViV3)ul?,

the superseript zero indicating the value at the surface of the
ellipsoid. Thus V,'* and U','™ are constants, and W, = W, on
the surface of the ellipsoid.

Now
aw, CwrdVi -
an, +Uh an, —iU® auy
and
aw, all, ally
- { il R "
an; Ly = HNOLg
s0 that

v, w2 op,mell

Jo L[3We W] (L 8V o3V
dx| dn, ang 411' ﬂ Uy duy
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the parenthesis being evaluated on the surface. Therefore,
by Eq. (240.3),
dre = (2m + 1)IL.

Thus the surface distribution differs from an ellipsoidal har-
monic distribution only by the factor I, which however is a
function of gy and g, that is independent of m.

Conversely if the surface density is given by

o= AL
where A is a constant
4rd . 4rA
W= o LA UL, and W= gm0 {UA VL.

242, The Potential of an Ellipsoidal Homoeoid.—If m is
ZEero,
V1= Vg- V;=L=1,
and, by Eq. (240.4)
U1 = U1.
Then
o = ﬁI, W, = ‘H'A'Hh W= 4nAL®, {l]

"
__

Fra. 112.

Consider the shell which is bounded by the given ellipsoid
for which the axes are ¢,/ — a?, ¢'" — b?, and ¢ — b%
and a similar ellipsoid which is infinitely close to it, Fig. 112.
Their equations are

z* ¥ 2 _
@' — a* + " — b + ™ - 1
and
zt y? 21
g —atgusptgm—a™ (1 + dn)*.

In the small triangle PP Py,
PP, = dn, PP, = ds, OF = r.
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Sinece the ellipsoids are similar
PPy = ds = rd),

sinee PP, is normal to both cllipsoids the angle at P, is a right
angle, and

PP, = dn = PF; cos P = r cos Pd).
The direction cosines of r are

E:, yl and ?
T r T
The direction cosines of the normal are
1 T 1 y 1 z

2R —a* 2Riq" — B' 2R, @™ — ¢f
Henee

1 z? ¥t 2t _ 1
s £ = m[glm —atgeopt, —} =55’
and

)
dn = op;

or, sinee

ER E.\/{qltm — a®l ;' — b {qim - G:T
it results that the thickness of the shell is

dn = V(@™ — @)@ — (@™ — cHdh;
that is, the thickness of the shell is proportional to I, sinece the
remaining factors are constant on the given ellipsoid.

The surface distribution of matter ean be regarded as a volume

distribution of constant density throughout the shell. If oy
is the constant volume density

ﬂ'“ﬂ'ndﬂ

= ol V(@@ — @)@ — b (@® — c?)d\.
Consequently, if

4 =/ (™ = a%)(g® = b (@™ — ¢,

the potentials in Eq. (1) represent equally well the potentials
of an ellipsoidal homoeoid, and sinee (Eq. (216.1))

+[° dg ;
o Vig— a?)(g — bY)(g — ¢




242| ELLIPSOIDAL HARMONICS 459
it is seen that

W, = EWDV(QJWJ — a¥) Eqi“" - b {QI&: - Clq-ﬂ
b4 * = E— ..ftq ———1
o V(g — a¥)(g — b3)(g — ¢

which, aside from notation, is the same result that was obtained
in Bec. 123,

243. Green's Problem on an Ellipsoid.—The results already
obtained with Lamé's functions furnish the solution of Green's
problem (or, Dirichlet’s problem, as it is often called) for an
ellipsoid. Given a function F, which is defined on the surface
of an ellipsoid. It is required to find a function which is
harmonie within the ellipsoid and equal to F on the surface
(interior problem), or, a function which is harmonic outside
of the ellipsoid, equal to F on the surface, and which vanishes at
infinity (exterior problem).

Let the function F be expanded in terms of the ellipsoidal
harmonies in accordance with the principles of See. 236.

™ Im+1
F = Z { 2 A_{ﬂL_{ﬁ]? (1)

m=( L j=1
where A, are certain constants, which can also be written

An® = B,0(V,0[,m), )
and therefore

- 2m +1 T
F = 2 [ 2 B@ (V@) AL | (2
meml] j=l .
For the interior problem take the function
= [2m41 T
W, = z [ E By (VU0 Lt | 3)
m=l | j=1 J

The series of Eq. (3) is convergent provided the series of Eq. (2),
is convergent, since in the interior of the ellipsoid V; < V,;
and Wis equal to F on the surface. Furthermore, it is harmonie,
since it satisfies the equation of Laplace. It is, therefore, the
funection which was sought.
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Similarly the function

w [2mil
- E 2‘, B @ (V0 U) o® L@ :[
mml |l fml

satisfies all of the conditions for the exterior problem.

Therefore, W, and W, are the interior and exterior potentials
of a eertain distribution of matter on the surface of the ellipsoid.
The density in this distribution is

4,. Em. an‘]
From the results of Sec. 241, it is easily seen that

2m+1
«-—2 (2n+1)[ S, BuLn ]

H-ﬂ =l

EXTENSION OF THE GENERAL THEORY

244. Fundamental Functions.—In addition to the spherical
and ellipsoidal harmonies which are associated with the sphere
and the ellipsoid, there exist other harmonie funections; for
example, the Toroidal Function of Hicks' which are associated
with the anchor ring. One concludes that there exists a corre-
sponding set of harmonics functions associated with every elosed
surface.

The equation of Laplace which these functions satisfy is merely
a particular case of the more general equations

ifr irr
LA L e+ G2+l 4+ B0+ KU = 0

an

at’ + o5 art e T
in which { may ha.ve the walues 1 or 2. The solution of
various problems in electricity and magnetism, -elasticity,
acoustics and hydrodynamics depends upon the integration of
such equations for which ¢ = 2; and the solutions of many prob-
lems in the analytie theory of heat are reducible to the inte-
gration of such equations for 1 = 1.

For example, the vibrations of a mass of gas enclosed in a
solid vessel is defined by the equation

#U U U _ 20U
22 T t e =V ()

1 Philosophieal Transactions (1881).
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in which k? is a positive constant, the solutions being subject
to the conditions that

U = filz, y, 2), an. =0 on &,

and
%[!;r = fulz, y, 2) for f=0.

The equation of a cooling solid body leads to the equation

arll | alu | &l all
ozt T oy T o TG @

Fra at
together with the conditions that

U= ,ﬂ::‘t:, u, z) for t=0,
and

aly _
E‘!‘kU-ﬂ on S,

The time can be eliminated from Eq. (1), as was done by

Cauchy, by assuming that
U = Viz, y, 2)(A; sin Mt + B; cos A\f).
Equation (1) then reduces to
AV; + %W =0 within §,

and

av;

-
and a similar reduction is possible for Eq. (2). The problem
is then divisible into two parts.

(a) To demonstrate the existence of an infinity of simple
solutions of Eq. (3),1e.j =0,1,2, - - ., e,

(8) To establish the possibility of the development of a given
function f(z, y, z) within the given domain in a series which
proceeds according to the functions V; to which the simple
functions reduce for ¢ = 0,

The existence of such functions for problems of this type was
established by Poincaré in his memoir Sur les Equations de la
Physique Mathematique® in 1894, and were called Fundamental
Functions, Similar sets of functions suitable for the expansions
of other types of problems have been proved by other authors.

=0 on §;

! Pomvcarg, “Acta Mathematica,” Vol XX; American Journal of
Mathematics, Vol. X1I, and “Rendiconti di Palermo,” Val. 8, p. 57 (1884).
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It is of great interest to observe that all of these functions ean
be defined by certain integral equations of the form

Vile, 4, 2) = N [Glz, v, 2 & 1, OVilE, m Ddr,

where \;is a certain constant and (7 is a generalized Green funection,
or, perhaps to a more general form

Vis, v, 2) = N[ p(6 1, 0, v, 2 & 7, DVilE, m, Ddr.

For an exposition of this extension of the theory the reader is
referred to the works of Poincaré above mentioned and to the
memoir by W. Steckloff, Theorié Generale des Fonetions
Fondamentales.!

! Annales de la Faculté des Sciences de Toulouse. (1904.)
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Waol. 1 5565 Faperbound %2.00
Vol. 2 5566 Paperbound $2.00
The set $4.00

A SURVEY OF PRYSICAL THEORY, Max Planck, One of the greatest scientists of all time,
creator of the guantum revolution in :FTI]'llﬂ. writes in mon-technical terms of his own
discoveries and these of other putstanding creators of modern physics. Planck wrote this
book when science had just crossed the threshold of the new physics, and he communpicates
the excitement felt then as he discusses electromagnetic thecries, statistical methods, evolu-
tion of the concept of light, a step-by-step description of how he developed his own momen-
tous theory, and many more of the basic ideas behind modern physics. Formerly “'A Sure

of Physics.'"" Bibllography. Index. 128pp. 5% x &, 5650 Paperbound $1.1

THE ATOMIC NUCLEUS, M. Korsunsky. The only non-technical comprehensive accoumt of the
atomic nucleus in E;}glish. For college physics students, etc, Chaplers cover: Radioactivity,
the Nuclear Model the Atom, the Mass of Atomic I':Iuclu, the Disintegration ef Atomic
Huclai, the E!il_nwe.rf of the Positron, the Artificial Transformation of Alomic Wuclel, Artifi-
clal Radicactivity, Mesons, the Meuftrino, the Structure of Atomic Muclei and Forces Acting
Between Nuclear Particles, Nuciear Flssion, Chain Reaction, Peaceful Uses, Thermoculear
Reactions. Slightly abridged edition. Translated by G. Yankovsky. 65 ﬂguru. Appendix includes
45 photographic illustrations, 413 pp. 5% x 8. 1052 Paperbound $2.00

PRINCIFLES OF MECHANICS SIMPLY EXPLAIMED, Marton Mott-Smith. Excellent, highly readable
introduction to the theories and discoveries of classical physics, |deal for the layman who
desires a foundation which will enable him to understand and appreciate contemporary devel-
opments in the physical sciences. Discusses: Ihnligl, The Law of Gravitation, Mass and
Weight, Action and Reaction, Kinetic and Potential Energy, The Law of Inertia, Effects of
Acceleration, The Independence of Motions, Gallleo and the New Sclence of Dynamics
Wewton and the Mew Cosmos, The Conservation of Momentum, and other i:sh:s. Revised
edition of “Thiz Mechanical World." [llustrated by E. Hosa, Ir. Bibliography a Ehrunul%
Index, xiv + 171pp. 5% x 814, T1067 Paperbound $1

THE COMCEPT OF ENERGY SIMPLY EXPLAINED, Merion Mott-Smith. Elementary, non-technical
expasition which traces the story of man's conquest of eaergy, with particular emphasis on
the developments during the nineteenth century and the first three decades of our own
century. Discusses man's sarlier efforts fo harness energy, more recent experiments and
digcoveries relating to the steam engine, the engine indicator, the motive power of heat, the
principle of excluded perpetusl motion, the bases of the comservation of energy, the concept

of 'IMI'D‘I;]}. the internal combustion lgﬁh‘ll mechanical refrigeration, and many other related
toplcs. Also much biographical material. Index. Bibliography. 33 illustrations. ix + 215po.
53 X B4, T1071 Paperbaund $1.25

HEAT AND ITS WORKINGS, Morten Mott-Smith. One of the best glementary introductions to the
theory and attributes of heat, covering such matters as the laws governimg the effect of heat
on solids, liquids and gases, tha methods by which heat is measured, the conversion of a
substance from one form to another through heating and cooling, evaporation, the effects of
pressure on boiling and freezing points, and the three ways in which heat is transmitted
(conduction, convection, radiation). Also brief notes on major experiments and discoveries.
Concise, but complete, it presents all the essential facts about the subject in readable style.
Will give the layman and beginning student a first-rate background in this major fopic In
physics. Index. Bibliography. 50 illustrations. x + 165pp. 5% x 8%. T378 Paperocund $1.00

THE STORY OF ATOMIC THEORY AMD ATOMIC EMERGY, ). G. Feinberg. Wider range of facts
on physical theory, cultural implications, than any other similar source. Completely non-
technical, Begine with first stomic theary, 500 B.C., goes through A-bomb, developments to
1959, Nrng . Rutherford, Bohr, Einstein, radioactive decay, binding energy radiation
danger, future benefits of nuclear power, dozens of olher lopics, told in lively, related,
informal manner. Particular stress on European atomic research. "blllr\'“ special mention
. . . Buthoritative,” Saturday Review. Formerly *'The Atom Story.’” MNew chapter to 1950.
Index. 34 illustrations. 25lpp. 53 x 8, T&25 Paperbound $1.45
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F THE
TRANGE STORY OF THE GQUANTUM, AW ACCOUNT FOR THE GENERAL READER D
Eiw‘sﬂ IJF“IIEH UNDERLYING OUR PRESENT ATOMIC KMOWLEDGE, B. Hoffmann. Prarengt;
Jucidly and expertly, with barest amount of mathematics, the problems and thu::n:; “lgi,h-
led to modern Guantum physics, Dr, Heffmann begins with the clesing years o al 4]
century, when certain trifling discrepanties were noticed, and with illuminating Ilglrn:lf
and examples takes you through the brilliant concepts of Planck, Einsteln, Pauli, dlnt : d“ n;
Bobr, Schroedinger, Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition Inciu |:“ K|
new, | postscript carrying the story through 1958 “Of the books attempting an tﬁnﬁ:;n
of ﬁloci'shurr and contents of our modem atomic physics which have come 'Il:li my ;'2 et
this is the bast,” H. Marganau, Yale University, in “American Journal of Physics. e
and line illustrations. Index 275pp. 5% x 8, T51& Paperbound $1.

THE EVOLUTION OF SCIENTIFIC THOUGHT FROM MEWTOM TO EINSTEIN, A. d'Abro. Einstein's
special and general theories of relativity, with their historical imgplications, are analyzed In
non-technical terms. Excellent accounts of the contributions of Mewten, Riemann, Weyl,
Planck, Eddington, Maxwell, Loremtz and ofhers are treated in terms of space and time,
equations of electromagnetics, finiteness of the universe, methocology of science. 21_dia-
grams, 482pp. 5% X 8. T2 Paperound $2.00

THE RISE OF THE NEW PHYSICS, A. d'Abro. A half-millicn word exposition, formerly titled
THE DECLINE OF MECHAMISM, for readers not wersed in higher mathematics. The only thor-
cugh explanation, in everyday language, of the central core of modern mathematical physical
theory, ‘trealing both classical and modern theoretical physics, and presenting in terms
almost mrunn can understand the equivalent of 5 rs study of mathematical physics.
Scientifica I’f‘.h impeccable coverage of mathematical-physical thought from the Newiosian
system up ”‘“ﬁ" the electrenic theories of Dirac and Heisenberg and Fermi's statisfics.
ombines both history and exposition; provides a broad yet wnified and detailed view, with
constant comparison of classical and modern wiews on pheanomena and theories. A must for
anyone doing serious study in the physical sclences,” JOURNAL OF THE FRANKLIN INSTITUTE.
“Extraordinary faculty . . . to explain idess and theories of theoretical pl sics In the lan-
e of daily life,” 1518, First part of set cowers philosophy of sclence, drawing upon the
practice of Newton, Maxwell, Poincard, Elnstein, others, discussing modes of thought, experi-
ment, interpretations of causality, etc. In the second part, 100 pages explain grammar and
vocabulary of mathemstics, with discussicas of functions, Wfa‘ series, Fourier series, etc.
The remainder is devoted fo concrete, detailed coverage of both classical and guantum
[EHH!H explaining such topics as analytic mechanics, Hamilton's principle, wave theory of
light, electromagnetic wives, groups of fransiormations, thermodynamics, phase rule, Brownian
movement, kinetics, special relativity, Planck's original quantum thecry, Bohr's atom,
Zeeman effect, Broglle's wave mechanics, Heisenberg's uncertainty, Eigen-values, matrices,
scores of ether Impartsnt topics. Discoveries and theories are covered for such men as Alems
bert, Born, Cantor, Debye, Euler, Foucault, Galols, Gawsz, Hadamard, Melvin, Mepler, Laplace,
Maxwell, Pauli H‘-muig. Valterra, Weyl, Young, more than 130 others. Indexed. 87 illustra-
tions. ix + SE2pp. 5% x 8. T3 Volume 1, Paperbound g.nu
T4 Volume 2, Paperbound .00

SPINMING TOPS AMD GYROSCOPIC MOTION, Johm Perry. Well-known glassic of science stiil
unsurpassed for lucid, accurate, delightful expesition. How quasi-rigidity is induced in flexible
and fluid bodies by rapld matioas; why gyrostat falls, top rises; nature and effect on climatic
conditions of earth's precessional movement; effect of internal fluidity on rnutinr bedies,
efc. Appendixes describe practical uses to which gyroscopes have been put In ships, com-
passes, maonorail transportation. 62 figures, lﬂnp.gh i 8, T416 Paperbound $1.00

THE UMIVERSE OF LIGHT, Sir William !r.?l. Mo_scientific training needed to read Nobel
Prize winner's expansion of his Royal Instilute Christmas Lectures. Insight into nature of
light, methods and philosophy of science. Explaing lenses, reflection, color, resonance,
polarization, x-rays, the specstrum, Mewion's work with prisms, Huygens® with polarization,

Mes' with cathode ray, elc. Leads inta clear stalement of 2 major historical theories
of light, corpuscle and wave. Dozens of experiments you can do. 158 lllus., Including 2
full-page color plates. 293pp, 5% x 8. 5538 Paperbound $f.l!

THE STORY OF X-RAYS FROM RONTGEN To ISOTOPES, A. R. Bleich. Mon-technical history of
xrays, thelr seientific explanation, their applications in medicine, industry, research, and
art, and their effect on the individual and his descendants. Includes amusing early reactions
to Réntgen's discovery, canmter tharlrl:f. detections of art and stamp forgeries, potential
risks to patient and t:fmtur. etc. lliustrations show xrays of flower structurs, the gail
bladder, gears with hidden defeets, ete. Origingl Dover publication, Glossary. Bibliography.
Index. photes and figures, siv + 186pp. 53% x &. TES2 Paperbaun s?.al

ELECTROMS, ATOMS, METALS AND ALLOYS, Wm. Hume-Rothery. An introductors-] -
tion of fthe annﬁ:a!tmn of the electronic theory to the struch:'m and uu?tl::.lnr.fnnﬂ.lnﬂl
and alloys, taking info account the new theorefical work come by mathematical hysicists.
Material presented in dialogue-form batwesn an “Old Metallurgist' and a “Young Scientist™
Their discussion falls intc 4 main parts: the nature of am_atem, the nature of a metal,
the nature of an alloy, and the structure of the nucleus. Thay cover such toplcs as the
hyd.rqfan atom, electron waves, wewe mechanics, Brillouin ones, co-valent bonds, radio-
activily and natural dlslnt:srnmn. fundsmental particles, structure and fission of the
Eﬁl""‘m' Revised, enlarged edition. 177 illustrations. Subject and name indexes, 407pp.

X Bl 51048 Paperbound ﬂjﬁ
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TEACH YOURSELF MECHANICS, P. Abbott. The lever, centre of gravi rallel m of fo

friction, accelerstion, Newton's lews of motion, rmu:l'lll'uns.I :pe?;'ﬂl:ra :ra:luhfirlul, II;.EI.&

pressure, much more. 280 problems, solutions. Tables. 163 illus. 271pp. 6% x 414,
Clothbound $2.00

MATTER & MOTIOM, James Clerk Maxwell, This excellent exposition begins with simple par-
ticles and proceeds gradually to physical systems beyond D%MDI!M analysis: I'I'Iﬂlﬂ"l"ll\u.lI lD'::l,
proparties ?‘f centre of mass of material s:h!tun, work, enesgy, gravitation, ete, Written with
all Maxwell's original insights and clarity. Notes by E. Larmor, 'i‘i" ﬂilgﬂnﬁa 178pp. 5% x B,

188 Paperbound $1.35

SOAP BUBBLES, THEIR COLOURS AND THE FORCES WHICH MOULD THEM, C. V. Boys. Oaly com-
ﬂ!et: edition, half again as much material as any other. Includes Boys' hints on perfoomin
is mxperiments, sources of supply. Dorens of lecid emperiments show complesities

liguid films, surface tension, etc., Best treatment ever writien, Infroduction. B3 illustrations.
Color plate. 202pp. 5% x B. T542 Paperbound 95¢

MATTER & LIGHT, THE MEW PHYSICS, L. de Broglie. Won-technical ers by a Nobel laureats
explain electromagnetic theary, relativity, matter, light and r:grlatlnn?ymvl mﬂ:.f:ﬂil::i.
quantum physics, philosophy of sclence. Einstein, Planck, Bohr, others explained so easily
13?.] no mathematical training is needed for all but 2 of the 21 chapters. Unabridged, Index

pp. 5% x 8. T35 Paperbound $1.75

SPACE AMD TIME, Emile Borel. An entirely non-technical introduction fo relativity, by worls-
renowned mathematician, Sorbonne professor. (Notes on basic mathematics are included
separately.) This bock has never been surpassed for insight, and extraordinary clarity of
thought, as it presensts scores of examples, analogies, arguments, lllustrations, which es-
ain such toplcs as: difficulties due to motion; gravitation a force of inertla; gendesic
ines; wave-length and difference of phase; x-rays and crystal struclure; the special theory

of relativity; and much more. Indexes. & appendines, 15 figures. i -+ 243p7. 5% & &,
T552 Paperbound $1.45

BOOKS EXPLAINING SCIENCE AND MATHEMATICS
Astronomy

THE FRIEMDLY STARS, Martha Evans Martin. This engaging survey of stellar lore and tcience
is 8 well-nown classic, which has introduced thousands to the fascinating world of stars
and other celestial bodies. Descriptions of Capeila, Sirius, Arcturus, Vega, rolaris, etc—all
the important stars, with infermative discussicns of rising and setting of stars, Thelr num-
ber, names, brightness, distances, elc. in a non-echnical, highly readable style. Alsa:
double stars, constellations, clusters—concentrating on stars and formations visible to the
naked eye. Wew edition, revised (1963) by D. H. Menzel, Director Harvard Observatory. 23
diagrams by Prof. chir-s-sun Yu. Foreword by D. H. Menzel and W, W, Mul:_iun. 7 Star
Charts. Index, xii + 147pp. 5% x 84, T1088 Paperbound $1.00

AM ELEMEMTARY SURVEY OF CELESTIAL MECHANICS, Y. Ryabov, Elementary exposition of
gravitational theory and celestial mechanics. Histerical Introeduction and coverage of basic
principles, Including: the eliiptic, the orbital plane, the 2- and 3-body problems, the dis-
covery of Meptune, planetary rotation, the Iinrgn of the day, the shapas of galax satel-
lites (detailed trestment of Sputnik 1), etc. First American rarrin-tln: of successful Russlan
%"""“’r'ufi"“”r"ﬂi E_l.lm“;f” :I bra and tor‘lﬁnnuﬂutﬂrr n:ilpi'th.ﬁnut not n:n:um.—. presenta-
gn © werbal. endix o rem proots. res. Pp. .
o e B 5#56 Paperbound $1.25

THE SKY AMD ITS MYSTERIES, E. A. Beet. One of most lucid books on mysteries of universe;
desls with astronomy from earliest observations to latest theorles of expansion of universe,
source of stellsr energy, birth of planets, origin of moon craters, possibility of life on
other planets. Discusses effects of Sunspots on weather; distances, ages of several stars;
master plan of universe; methods and tools of astronomers; much more, “Eminently readable
bock,” London Times. Extensive thin@npﬂw. Ower 50 diagrams. 12 iullepe plates, fald-cut
star map. Infroduction. Index. 5% X 7. Ta27 Clothbound $3.50

THE REALM OF THE MEBULAE, E. Hubble. One of the great astronomers of our time records
his formulation of the concept of “island universes,” apd jts Impact on astrenomy. Such
topics are covered as the velocity-distance relation; HmtﬁnﬂWm dl:hnw.'fllllrll
fisld of nebulae; cosmological theories; nebulse In the neighbor of the Milky Way. 39
photos  of nabulu, nebulae clusters, specira of nebula, and wvelocity distsnce relations
shwr;l hj'msplf.'ill'l.lm {l.t:m ur:llaur:u. “m:ndnl tlﬂm nmuit o mslvsis Illlrfv:mn{j utrmmlull' r:_-
search,” The Times n . New uction by A. Sandage. u ons. .

201pp. 5% x B, 5455 Paperbound $1.50
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OUT OF THE SKY, H. H. Nininger. A mon-technical but comprehensive introduction to “me-
teoritics™, the young science concerned with all aspects of the arrival of matter from
outer space. Written bg‘:na of the warld's sxperts on meteorites, this work shows how,
despite difficulties of observation and sparseness of data, a considerable body of knowledge
has arisen. It defines meteors and meteorites; studies fireball clusters and processions,
mateorite compasition, size, distribution, shumrﬁ explesions, origins, craters, and much
mare. A true connecting link between astranomy and geclogy. More than 175 photos, 22 other
ilustrations. References. Bibiiography of author's p inlgl:;ns on mefteorites. Index viii +
336pp. 5%k x A T519 Paperbound $1.85

SATELLITES AWD SCIENTIFIC RESEARCH, D. King-Hele. Mor-technical account of the manmade
satellites and the discoveries they have ylemﬁ up %o the awtumn of 1961, Brings together
Information hitherto published enly in hard-to-get sclentific journals. Includes the life history
of 3 typical satellite, methods of tracking, new information on the shape of the earth, zones
of radiation, etc. Ower 80 duirnrru and & photographs. Mathematical appendix. Bibllography
of over 100 items. Index. xii 180p9. 5% x 814, T703 Paperbound $2.00

BOOKS EXPLAINING SCIENCE AND MATHEMATICS
Mathematics

CHANCE, LUCK AND STATISTICS: THE SCIENCE OF CHAMCE, Horace C. Levinsom. Theary of
robabllity and science of statistics in simple, non-technical language. Part | deals with
gary of probabliity, covering odd superstitions in regard to “luck,'” the meaning of bet-

tl.lg odds, the law of mathematical expectation, gambling, and applications in poker, rou-

lette, lotferies, dics, bridge, and other games of chance, Part Il discusses the misuse of
statistics, the concept of statistical probabilities, normal and skew frequency distributions,
and statistics applied to various fields—birth rates, stock speculstion, insurance rates, adver-
tising, ete. “Presented in an easy humorous style which | consider the Dest kind of esposi-
tory writing,” Prof, A. C. Cehen, Industry Quality Control. Enlerged revised edition. Formerly

titled *“The Scienze of Chance.” Preface and two new appendices by the author. Index. v

+ 385pp. 5% x &, T1007 Paperbound $1.85

PROBABILITIES AND LIFE, Emile Borel. Translated by M. Baudin, Won-technical, highly read-
able introduction to the resalts of probabllity as applied to everyday situstions, Partial cor-
tents: Fallacies About Probabilities Concerning Life After Death; Megligible Probabilities and
the Probabilities of Everyday Life; Events of Small Probability; Application of Probabilities
o Certain Problems of Heredity, Probabilities of Deaths, Diseaser. amd Accidents; On
Polsson's Formuls, Index. 3 Appendices of statistical shedies and tables. vi + a‘,r?, 3%
* Bla. TiZl Paperbound $1.00

GREAT IDEAS OF MODERM MATHEMATICS: THEIR MATURE AND USE, Jagiit Singh. Reader with
only high school math will understsnd main mathematical ideas of modern physics, astron-
omy, genetics, psychelogy, evolution, etc,, better tham many who uwse them as tools, but
comprahand Ii"lm of thelr basic structure, Author wses his wide knowledge of non-mathe-
matical fields in bellliant exposition of differantial equations, matrices, group theory, logic,
statistics, problems of mathematical foundaticns, imaginary numbers, vectors, ete, riginal
publication, 2 appendices. 2 indexes, §5 illustr. 327pp. 53 x B, 5587 Paperbound $1.75

MATHEMATICE IN ACTIOM, 0. G. Sutton. Everyone with & command of high school algebra
will find this book one of the finest possible introductions to the apalication of mathematics
1o physical theory. Ballistics, numerical analysis, waves and wavelike phenomena, Fourier
series, group concepts, fluid flow and agrodynamles, statistical messures, and meteorola

are discussed with wusual clarity, Some calculus and diferential equations theory ﬁ
devaloped E'z the author for the reader's help in the more difficult sections. B8 figures.
Index. wiii 236pp. 5% x 8. T440 Clothbound $3.50

THE FOURTH DIMENSION SIMPLY EXPLAINED, edited by H. P. Mamning. 33 essays, originally
Scientific American contest entries, that wse 2 minimum of mathematics to explain aspects
of d-dimensionsl geometry: snalogues to 3-gimensional :gﬂ:: 4-dimensional absurdities and
curlosities (such as rtmwl:ﬁ the comtents of an egg wi f punctering its shell), passible
measurements and forms, . Intreduction by the editor. Only book of Its sort on & truly
elementary level, excellent introduction to advanced works. B2 figures. 251_0;. 5% x B,
T711 Paperba

und §1.35
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BOOKS EXPLAINING SCIENCE AND MATHEMATICS

Engineering, technology, applied science etc.

TEACH YOURSELF ELECTRICITY, C. W. Wilman. Electrical resistance, inductance, capacitance,

mﬂl- r:gm]:r:‘ r:ﬁ:ﬁ'bt ﬂu l‘:g?nt. '1';‘&“"““ currents, generators and mul'hux[ trans-
, much more. qu 5, BRSWErS, mples. List y

filus. 1*4{]]]. 57 & 41 L1 ans worked examples au#ﬁuﬂ:ﬁuﬂlﬁ

ELEMENTARY METALLURGY AMD METALLOGRAPHY, A. M. Shrager. Basic thecry and descriptions
of most of the fundamental manufacturing processes involved in  metallurgy. 1
contents: the structure of melals; slip, plastic deformation, and recrystalization; iron ore
and production of pig iron; chemistry involved in the ma'lailurnl of lron amd steel; basic
procésses such as the Bessemer treatment, open-hearth process, the electric arc furnace
—with advaniages and disadventages of esch; annealing, hardening, and tempering steel;
copper, aluminum, magnesium, and their alloys. For freshman engineers, advanced studemts
In nical high schools, etc. \ndex, Biblisgraphy, 177 diagrams. 17 tables. 284 questions
and problems. 27-page glossary. (x + 3&%pp. 53’2 I 8 5133 Paperbound $2.25

BASIC ELECTRICITY, Preparcd by the Bureau of Mawval Persomnel. Originally a ftraining course
text for U.5. Mavy personnel, this bock provides thorough coverage of baslc theory of
electricity and its applications. Best book of its kind for either broad or more limited
studies of electrical fundamentals . . , for classroom use or home stu%. Part 1 provides
a more limited coverage of theory: fundamental mnuﬂ batteries, the simple circuit,
D.C. series and parallel circults, conductors and wiring techniques, A.C. electricity, Inductance
and capacitance, etc. Part 2 applies theory to the structure of electrical m:nmu—m
tors, molers, transformers, magnetic amplifiers. Also deals with more compl

ments, synchros, servo-machanisms. Tha concluding chapters cover electrical drawings and
blueprints, wirlng diagrams, technical manugls, and safety educaticn. The book contains
numerous questions for the studeat, with arswers. Index and six lngun-dlm- 345 illustra-
tions. x + 448pp, Bla x OLh. 973 Paperbound $21.95

BASIC ELECTROMICS, p ed by the U.S. Mavy Tralming Publications Center. A ihaorcu

and comprehensive manual on the fundamestsls of electronlcs. Written clearly, it s egually
useful for self-study or course work for those with a knowledge of the Hlﬂmﬂ of basic
electricity, Partial contents: Operating Principles of the Electron Tube; Infroduction 1o
Transistors; Power Supplies for Electronic Equipment; Tuned Cirtuits; Electron-Tube Ampli-
fiers; Audio Power Amplifiers; Oscillators; Transmitters; Transmission Lines; Antennas and
Fropagation; Introduction to Compuiers; and related topics. Appemdix. Index. Hundreds of
illustrations and diagrams. vi + 471pp. 6% x 9%, 31076 Paperbound $2.75

BASIC THEORY AMD APPLICATION OF TRAMSISTORS, Prepared by the U.S. Department of the
Army. An Introductory manual prepared for an army training program. One of the finest
available surveys of theary and application of transistor design and cperaticn. Minimal
knowledge of ph{ﬁu and theory of electron fubes reguired. Suitable for texibook use,
course supplement, or home study. Chapters: Introduction; fundamental theory of transistors;
transistor amplifier fundamentals; parameters, equivalent circuits, and charactéristic curves;
bias stabllization; transistor analysis and comparison using characteristic curves and charts;
sudio amplifiers; tuned amplifiers; wide-band amplifiers; oscillators; pulse and switching
circuits; modulation, miving, and demodulation; and edditional semicarductor devices.
Unabridged, corrected edition. 240 schematic drawings, photographs, W"“J; diagrams, etc,
2 Appendices. Glossary. Index, 263pp. 6% x S84, 5380 Peperbound $1.25

TEACH YOURSELF HEAT EMGIMES, E. De Ville. Measurement of heat, development of steam and
internal combustion engines, an'inien:y of an engine, :nmpmnlun-‘l:nlilan engines, production
of steam, the ideal engine, much more, 318 exercises, answers, worked examples, Tables.
76 illus, 220pp. 6% X 4%, Clothbownd $2.00

BOOKS EXPLAINING SCIENCE AND MATHEMATICS
Miscellaneous

ON THE SEMSATIONS OF TONE, Hermana Helmholtz. This is an unmatched coordination of
such fields as acoustical sics, h{sln&ng, eaperiment, history of music. It covers the
entire gamut of musical fone. Farria contents: relation of musical sclence to acoustics,
ysical ws, physiclogical acoustics, composition of wibration, resonance, analysis of tones
; sympathetic resonance, beats, chords, tomality, consonant chords, discords, progression
of parts, etc. 33 appendizes discuss various aspects of sound, physics, lﬂﬂuﬂft;é muslc, etc.
Translated by A ). Ellis. dﬁrg“ Inuiﬁna%rll by IF% HT:r:r-'_H}r; enau of 'l;?lewl figures. 43
I passages analyzed. Ower 5. |n ® 3 5
misical B analyz ® 5114 Paperbound $3.00
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MATHEMATICS—INTERMEDIATE TO ADVANCED

General

INTRODUCTION TO APPLIED MATHEMATICS, Francis D, Ill.nlﬁlﬂ, A practical and mnmug{thr
sound introduction to a number of advanced bramches of higher mathematics. Among the
selected -huriu covered In detail are: vecfor and matrix analysis, partial and differential
equations, ntnfrll gquations, calculus of varlatloss, Laglace fransform theory, the wechor
triple product, linsar vector functions, guadratic and bilinear forms, Fourier series, spherical
harmonics, Bessel functions, the Heaviside expansion formula, and many others, Extremely
useful book for graduate students in physics, mflnnrlng, chemistry, and mathematics,
Index. 111 study exercises with snswers. 41 lllustsations, ix 4 W}gp. 53 x 814,

1042 Paperbound $2.00

OPERATIONAL METHODS IN APPLIED MATHEMATICS, M. 5. Carslaw and ), C. Jaeger. Explana-
tign of the application of the Laplace Tramsformatlon to ifferential equations, a simple and
effectiva substitute for more difficult and obscure operaticnsl methods. OF reat practical
value to engineers and to all workers in applied mathematics. Chapters om: Ordinary Linear
Differential Equations with Comstant Coefficients;; Eleciric Circuit Theory; Dynamical Appli-
cations; The Inversion Theorem for the Laplace Transformation; Conduction of Heat; Vibra-
tions of Continusus Mechanical Systems; drofynamics; Impulsive Functions; Chains of
Differential Equations; and other related matters. 3 appendices, 153 ;mum:. many with
answers. 22 figures. xvi + 35%pp. 534 x 54 51011 Paperbound $2.25

APPLIED MATHEMATICS FOR RADID AMD COMMUKICATIONS EMGIMEERS, C. E. Smith. Mo
extraneous material h-ral—unrlg the theories, equations, and operations essential and im-
mediately useful for radic work., Can be wsed as refresher, as handbook of applications and
tables, or as full home-study course, Ranges from simplest arithmetic through calculus, series,
and wave forms, hyperbolic trigonometry, simultaneous equations in mesh circoits, efc.
Supplies applications right along with each math fopic discussed. 22 eseful tagles of furc-
tions, formulas, logs, etc, Index, 166 exercises, 140 examples, all with answers. 85 diagrams.
Bibliegraphy, x + 336pp, 5% x 8. 5141 Paperbound $1.75

Aigebra, group theory, determinants, sets, matrix theory

ALGEBRAS AND THEIR ARITHMETICS, L. E. Dickson. Prowides the foundation and background
necessary fo any advenced undergraduate or glrauuuu student studying abstract algebra.
Begins with elementary Intreduction to lnear ransformations, matrices, field of complex
numbers;uarucnda to order, basal units, modulus, quaternions, etc.: develops calculus of
linears sets, describes various sxamples of algebras including irmrllnihuiﬁuml. nilpotent,
semi-simple. “Makes the reader marvel at his_genius for clear and profound mallﬁ:;‘" Amigr,
Mathematical Monthly. Index, xii + 24ipp, sgh x B, 16 d §1.50

THE THEORY OF EQUATIOMS WITH &N INTRODUCTION TO THE THEORY OF BINARY ALGEBRAIC
FORMS, W. 5. Bumside and A. W. Panton. Extremely thorough and concrete discussion of the
theory of equations, with extensive detsiled treatmeént of ma topics curtailed in later texts,
Covers theory of algebraic equations, properties of polynomials, symmetric functions, derived
functions, Hormer's process, complex numbers and the comphex variable, determinants and
methods of elimination, invariant theory (nearly 100 par.mlj, transformations, introduction to
Galois theory, Abelian & uations, and much more. |nvaluable supplementary work for medern
students and teachers. 759 examples and exercises. Index In each wolume. Two wolume sat,
Total of xxiv + G04pp, 5% x &, 5714 Yol | Paperbound $1.85
5715 Vel 11 Paperbound $1.85

The set 33.70

COMPUTATIONAL METHODS OF LIMEAR ALGEBRA, V. M. Faddeeva, translated “E C. 0. Berster.
First English franslation of = unigee and valuable work, the only work in English present-
ing a ematic exposition of the most -r}uurtlm methods linear algebra—classical
and contemparary, Shows in detail how to derive numerical solutions M.g:;nh ems In mathe-
matical rl-u':ms which are frequently comnected with thess of linesr al . Theory as well
a5 Individual practice. Part | su the mathematical background t 5 indispensable
to what follows. Parts Il and 111, the conclusion, set farth the most important methods
of sclution, for bath sxact and iterative groups. One of the most outstanding and valwable
features of this work is the I3 tables, double and triple checked for accuracy. These tables
will not be found elsewhere. Author's preface. Transiator's note. MWew bibliography and
indert. ¥ + 252pp. 5% x 8. 5424 Paperbound $1.85

ALGEBRAIC EQUATIONS, E. Dehn. Careful and complete presentation of Galois' theory of alge-
braic equations; theories of Lagrange and Galois developed in logical rather than "historical
form, with a more thorough exposition than in most modern books, Mary concrete applica-
tions and fully-worked-cut examples. Discusses basic theary (v clear expasition the
symmetric group); isomorphic, transitive, and Abellan ps; applications of Lagrange's and

lols’ theories; and much more. Newly revised by the author. Ingex. List of Tengren
%l + 208pp. 5% x 8, SE97 Paperbound $1.45
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INTRODUCTION TO THE DIFFEREMTIAL EQUATIONS OF PHYSICS, L. Hapt, cially valuable
to the engineer with no math beyomd elementary calculus, Emphasizing intultive rather than
formal aspects of concepts, the author covers an extensive t'"ﬂ“'.f' Partial contents: Law
of causality, energy theorem, damped oscillations cnunllnf by friction, cylindrical amd
spherical coordinates, heat source, ele. Index, 48 figures. 160pp. 5% 1 ()

120 Paperbound $1.25

INTRODUCTION TO THE THEORY OF LINEAR DIFFERENTIAL EQUATIONS, E. 6. Pesle. Authorita-
tive discussions of important topics, with methods of sclutica more defailed than usual, for
students with background of elementary course in differential equations. Studies existance
theaorems, linesrly independent sclutions; equations with constant coefficieats; with unifarm
analylic coefficients; regular singularities; the hypergeometric equation; conformal repre-
sentation; elc. Exercises. Index, 210pp. 5% x &. 5629 Paperbound §1.65

DIFFERENTIAL EQUATIONS FOR ENGINEERS, P. Framklin. Outgrowth of a course given 10
rs at M. |. T. Makes most useful branch of pure math accessible for practical wark,
heoretical basis of D.E.'s; solution of ordinary DE's and partial derivatives arising from
heat flow, steady-state tempeérature of a plate, wave equations; analytic fenctions; coa-
vergence of Fourler Series. 400 problems on electricity, vibratory systems, other topies.
Formerly “Differential Equations for Electrical Enginesrs.” Index 41 illus. Wrmm ¥ A,
5601 Faperbound $1.85

DIFFEREMTIAL EQUATIONS, F. R. Moulton. A detailed, rigorous exposition of all the non-
elementary processes of solving ordinary diferemtial equations. Several chapters devoled to
the trestment of practical problems, especially those of a ph;rlir.ll- natwre, which are far
mere advanced tham problems usually given as [llustrations. Includes analytic differential
equations; wariations of a meter; integrals of differential equations; analylic implicit
functions; problems of elliptic motion; sine-amplitude functions; deviation & formal bodies;
Cauch LI'psehII:: process; linear differential equations with periodic coefficients; differential
equations in Infinitety many variatlons; much mere. Histerical notes. 10 ﬁﬁlmn 22 prob-
lems, Index. » <+ 39%5pp. 534 x 8. 5451 Faperbound $2.00

DIFFEREMTIAL AMD INTEGRAL EQUATIOMS OF MECHANICS AND PHYSICS (DIE DIFFERENTIAL-
UMD INTEGRALGLEICHUMGEN DER MECHANIK UMD PHYSIK), edited by P. Frank and R. wen
Mises. Most comprehensive and authoritative work o the mathematics of mathematical
physics avallable fuduy In the United States: the standard, definitive refsrence for teachers,
hysicists, engineers, and mathematicians—now published (in the original Garman) at a rela-
vely Ineipensive price for the first timel Every chapter in this 2,000-page set is by an
expert in his field: Carathéodory, Courant, Frank, Mises, and a dozen others. Yol 1, on
mathematics, gives concise but complete coverages of advanced calculus, differential eque-
tions, integral eguations, and potential, snd partial differential equations. Index. wili +
916pp, Vol Il (physics): classical mechanics, optics, continuous mechanics, heat nnrhiuu:tlﬁn
and diffusion, the stationary and nuls:-,nﬁl;h'.lrulsﬂ electromagnetic fnuldE’ electromagnetic
oscillations, and wave mechanics. Index. xxiv + 1106pp. Two wolume sef. Eac

5787 Vol | Clothbound
able separately. 5% x BE¥. 788 Vel 1| Glothbound $7.50
The set $15.00

LECTURES OW CAUCHY'S PROBLEM, ). Hadamard. Based on lectures given at Columbia, Rome,
this discusses work of Riemann, Kirchhoff, Volterra, and the author's own research ““"ﬂ‘*l
hyperbalic case in linear partial differential equations. It extends spherical l.r;d :yli;glr.n
waves to apply o all (normel) hyperbolic eguations. Partial contents: Cauc fldﬁt Em,
fundamental formula, eguaticns with odd number, with even numbar of independen nri
lables; method of descent. 32 figures. Index. jil + 316pp. 5% x &. 5105 Paperbound $1.

THEORY OF DIFFERENTIAL EQUATIONS, A. B. Forsyth, Out ef print for over a decade, the
complete & volumes (now bound as 3) of this monumental wark represent the most com-
prahensive treatment of differential equations ever written. Historical presentation {"1}1%
in 2500 pages every substantial development. WVal. 1, 2 EXACT EGUATIONS, PF
PROBLEM; nimmnr EQUATIONS, NOT LINEAR: methods of Grlnmarm‘r club.bnlbrl.lfl."tl.)’lnr-
boux; Cauchy's thecrem; branch points; etc. Vol 3, 4: CRDINARY EQUATIONS, N ]
ORDINARY LINEAR EQUATIONS: ta Fuchsian functions, general theorems on algedraic
integrals, Brun's thecrem, equations with uniform periedic coffieclents, ete. Yol. 4, 5
PARTIAL DIFFERENTIAL EQUATIONS: 2 inﬂﬁc&?:n;:ﬁﬂuzzu:iflnm. uztnéhﬁmukudﬁuﬁ'
i ransformation » .
mﬁ‘l t%ﬂ?;??&?ﬁn.'?;inllc 1B.l 5576-7-8 Clothbound: the set $15.00

FARTIAL DIFFERENTIAL EGUATIONS OF MATHEMATICAL PHYSICS, A. G Wabster. A keystone
work in the |lbrary of every mature physicist, engineer, researcher. Valuab's :ﬁﬂlm o
glasticity, compression theory, potential theory, theory of spund, heat conduction, “lg‘l_:
ropagation, vibration theory. Contents include: deduction of differential m-“m:hu -
ons, normal '!uru:tlnnsl Fuuri“'sd ]urlm.“f-wm;: hn;ﬁ#es hn:;:;:hlgti:“r:ul:rg. ‘r; g
Riemann-Volterra. Spherical, cylindrical, ellipso ' g s s
vii + 440pp. 5% x & 5263 Paperbound
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orD ¥ DIFFERENTIAL EQUATIONS, E. L Ince. A most compendious analysis in real and
mﬂ?mmm, Existence and nalure of salutions, continuous trwifnrmﬂlmbumduﬂ!. SI?J:-
tions in an Isfinite form, definite integrals, algebralc theory, Sturmian thecry, I“" ary p o
lemms, existence theorems, 1st order, higher order, etc. “'Deserves the highest pra “'nﬁ"mn
addiflon to mathematical |[terature,”® BULLETIN, AM. MATH. SOC. Histarica lﬂlg‘: d:‘ II'H..
liagraphy, 18 figures. viii + 558pp. 5% 1 &, 5345 Paperbound $2.

INTRODUCTION TO MOMLINEAR DIFFERENTIAL AND INTEGRAL EQUATIONS, Harold T. Davis,
A thorough intreduction to this important area, of increasing interest to m:pumhclansd:lnd
scinntists. First published by the United States Atomic Energy Commission, it Includes B
ters on the differential equation of the first order, the Riccali equation {as a bridge between
linear and nonlinear equatioms), existesce theorems, second order equations, elliptic integrals,
elliptic functions, and thets functions, second order differential equations of palynomial
class, conlinuous analytic centinuation, the phase plane and its phenomena, nonlinear me-
gglurm the calculus af variations, efc. ﬁp%rﬂlﬂl! on ;#Iw:hzrlnami:g:ts;nd_'_'-'?“g;r

| and Volterra equa . i h items, robiems. . L
5% x ik, . Sllegree ’ 5971 Paperuound $2.00

THEORY OF FUMCTIONALS AND OF INTEGRAL AND |NTEGRO-DIFFERENTIAL EQUATIONS, Vite
Velterra. Unabridged republication of the only English transiation. An exposition of the
g.:’nlm theary of the functions depending on & continuous set of values of another function,
ed on the author’s fundamental nofion of the transition from a finite number of variables
to a contisually infinite mumber, Though dealing primarily with integral equations, much
material on calculus of variations is included. The work makes no assumption of previous
knowledge on the part of the reader. It beging with fundamental material and proceeds to
Gensralization of Analytic Functions, Integro-Differential Equaticns, Functional Derivative
Equations, Applications, Dther Directicas of Theory of Functionals, eic. Mew Introduction by
G. C. Evans. Bibliography and criticism of Volterra's wark I:; E. Whittaker, Bl-nlin‘zrlnt;g
Index of authors cited. Index of subjects. xooxx 4 226pp. 5% x 5502 Paperbound $1.

application 1o differential equations, calculus of wariations, lems of math, physics.
Partial contents: integral equation of 2nd kind by successive substitutions; Fredholm's equa-
tisn as ratio of 2 Integral series in lambda, appllcations of the Fradholm theaory, Hilbert-
Schmidt theory ulzléﬁrhltrlc kernels, application, etc, Neumann, Dirichlet, vibratory prob-
fems, Index. ix + 253pp. 5% x B, 5176 Paperbound $1.60

LINEAR INTEGRAL EQUATIOMS, W. V. Lowitt. Systematic survey n-;wa:ncml theary, with some
ti

Foundations of mathematics

THE CONTIHUUM AMD OTHER TYPES OF SERIAL ORDER, E. V. Mumtington, Thiz famous book
Elves & ’;“l'““lt elementary sccount of the modern theory of the continuum as a fype of
serigl order. Based on the Cantor-Dedekind ordinal theory, which requires no technical
knowledge of higher mathematics, it offers an essily followed ml;:]: of ordered classes,
discrate snd dense series, contimows series, Cantor's transfinite numbers. 2nd edition. Index.
viii + E2pp. 5% x B, 5130 Paperbound $1.00

CONTRIBUTIONS TO THE FOUNDING OF THE THEORY OF TRAMSFINITE NUMBERS, vnmg Cantor.
These l‘:dwl founded 8 new branch of mathematics. The famous articles of 1B95-7 are
transiated, with an E2-page introduction by P, E. B. Jourdaln dealing with Cantor, the back-
ground of his discoveries, their results, future possibilities. Bib n%ph;. Index. Motes.
it + Z11 pp. 5% x B ‘aperbound $1.35

ELEMENTARY MATHEMATICS FROM AN ADVANCED STANDPOINT, Felix Kleln.

This classic text is an outgrowth of Klein's famous Integration and survey course at Géttingen.
Using ome field of mathemstics to interpret -djutsetf illuminate another, it covers hi:lc
topics in each ares, illustrating ifs discusslon with extensive analysis. It Is especially
:ﬂuﬂ:ll T;ﬁ::zwﬁ:.?.:uﬁﬂ @mﬁwﬂm&:nﬁulm. "Hak_ﬁ ?dh- reader feel lmﬂ:‘nspirttgn
e . ingp cher ., . i u
tions and interrelations,” BULLETIN, ICAN mTHEH:?FIMLugm'I‘.TE‘IIErrft 5 i el

Vol. 1. RRITHMETIC, ALGEBRA, ANALYSIS. Introducing the comcept of function immediatel

it enlivens abstract discussion with graphical and :aumelrinuﬁumpmﬂ methods. P#rtiﬂ
contents: natural mumbers, extension the notion of number, special properties, complex
numbers. Real equations with real umknowns, complex guantifies. Logarithmic, exponential
1'u|'ur.1'.m-'|;|h gonlometric functions, infinitesimal’ calculus. Transcendesce of & and pi, theory
of assemblages. Index. 125 figures. ix + 27dpp . 5% x 8. 5150 Paperbound %1.85

Vol. 2. GEOMETRY. A comprehensive view which sccompani th ion i

In geomelry with analytic formulas which facilitate pa:ﬁ:i lu;nwﬁfm?lr;:r?ttp;nrn :T:t:r:tﬁ
Simplest geometric mamifolds: line segment, Grassmann determinant principles, classification
af ﬂ“:ﬁlﬂﬂ of Souce, darivativa mw;ﬂdlhﬂeomt'ﬂc transformations: affine transforma-
i b nstormations, the i i H
of glomatry and its foundations. Incexes. 181 illusbations. b o oy g Sematic discussion

lapp, § 2.
‘?;51 perbound $1.75
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ESSAYS OM THE THEORY OF NUMBERS: 1. CONTINUITY AND IRRATIONAL NUMBERS; 2. THE
HATURE AND MEANING OF NUMBERS, Richard Dedewind, The two most Important essays on
the logical foumdations of the number system by the famous German mathematician. The
first provides a purely arithmetic and perfectly rigorous foundation for irrational numbers and
therely a rigorous meaning to continuity in #nalysis, The second essay |s an attempt to
gw 2 logical basis for transfinite numbers and properties of the natural numbers. Discusses

e logical validity of mathematical induction. Asthorized English translations by W. W.
Deman of “Stetigheit und irrationale Zahlen" and "Was sind und was sollen die Zahlen?®
vii + 115pp. 53s x 8. T1010 Paperbound %1.00

Geometry

THE FOUNDATIONS OF EUCLIDEAM GEOMETRY, M. 6. Forder. The first rigorous account of
Euclidean geometry, estmlishinL propositions witheut recourse 1o empiricism, and without
multlplying  hypotheses. Corrscts many traditional weaknesses of Euclidean proofs, and
investigates the problems imposed on the axiom syslem by the discoveries of Bolyai and
Lobachevsky. Some topics discussed are Classes and Relstions; Axioms for H&Eniiudll;
Congruence and Similsrity; Algebra of Foints; Hessenberg's Theorem; Continuily; Exlstemce
of Parallels; Reflections; ons; lsemetried; etc. |nvalusble for the light it throws on
foundations of math. Lists: Axioms employed, Symbols, Constructions. 295:?.. 5% x B,

5481 Paperbound $2.00

ADVANCED EWCLIDEAN GEDOMETRY, R. A, Johnson, For years the standard lexthook on advanced
Euclidean geometry, requires only high schosl geometry and trigonamatry. Explores in emusual
detail and %Ivﬂ- proofs of Rundreds of relatively recent theorems and corcllaries, ma
formerly aviilable oaly in widely scattersd journals, Covers tamgent circles, tha thearem o
Miquel,” symmedian |I11Ii pedal triangles and circles, the Brocard mnﬂﬂrltiun, and much
more. Farmerly *“Mogern Geometry. Index. 107 Glagrams. siii & 31590, 516 * B

5§65 Paperbound §1.85

HIGHER GEOMETRY: AN INTRODUCTION TO ADVAMCED METHODS IM AKALYTIC GEDMETRY, F. 5.
Woods. Exceptionally thorough ENEF of concepts and methods of advanced algebraic ;Eufnutz
(a5 distingeished from diferentia guum!try:. Exhaustive treatment of 1., 2-, 3- and

dimensional coordinate systems, lea ing to rmdimensional gecomelry in an abstract sense.
Covers projectivity, tetracyclical ccordinates, contact tramsformation, pentaspherical coordi-
nates, much more. Based on M.1.T. lectures, requires sound preparation in analytic geometry
and some knowledge of determinants. Index. Cver 350 exercises. Rejerences. &0 H?:m.
T+ 423pp. 5% x 5737 Paperbound $2.00

CONTEMPORARY GEOMETRY, André Delschet. Translated by Howard G, Bergmann. The recent
developments in geomefry covered in uncomplicated fashign. Clear discussions of modern
thinking about the th of groups, the concept of sbstract geometry, projective gesmetry,
algebraic geomatry, vecior spaces, new kinds of metric spaces, developments In differen-
tial geometry, eté. A large part of the book is devcted to problems, developmenis, and
applications of topology. For advamced undergraduatss and graduste students as well as
mathematiclans in other fields who want & brief introduction to current work i geometry.
39 figures, Index. xix 4 94pp. 5% x 814, 5988 Paperbound $1

ELEMENTS OF PROJECTIVE GEOMETRY, L. Cremena. Jutstanding complete treatment of projec-
tive geometry by one of the foremost 19th century geometers., Detalled proofs of all funda-
mental principles, stress placed on the constructive aspects, Covers homo ug;. law of duslity,
anharmonic ratios, theorems of Pascal and Brianchon, foci, polar reciprocal figures, ete. Only
ordinary geometry necessary to understand this honored classic. Index. Over 150 fully worked
oul examples and problems. 252 diagrams, xx + 302pp. 5% X 8. 5658 Paperbound $1.75

AN INTRODUCTION TO PROJECTIVE GEOMETRY, R. M. Winger. One of the best introductory
teuts to an important area in modern mathematics, Containg full development of elemestary
concepts often omitted in other books. Employing the amalytic method to capitalize on the
student's collegiate training in ﬂg.ﬂ:u, analytic geometry and calculus, the suthor deals
with such topics as Essential Constants, Duality, The Line at Infinity, Projective Properties
and Double Ratio, Projective Coordinates, The Conic, Collineations and Involetions (n One
Dimension, Binary Forms, Algebraic Invariants, Analytic Treatment of the Conie, Collinea-
ticns Im the Plane, Cubic Involutions and the Rational Cublc Curve, and a clear discussion
of Non-Euclidean Geometry. For semior-college students and gradustes. “An excellent text-
book . . . very clearly written . . . propositions stated concisely,” A. Emch, Am. Math.
Monthly. Corrected repristing. 928 problems. Index. 116 figures. xii + mng. 5% x &

5045 Paperbound $2.00

ALGEBRAIC CURVES, Robert ). Walker, Professor of Mathematics, Cornedl University. Fine
intreduction to algebraic gecmetry, Presents same of the recently developed algebraic meth-
ods of handling prodlems in aigebraic geometry, shows how these methods are relsted to
the older analytic and geometric problems, and applies them to those same geometric prob-
lems, Limited to the theory of curves, concenirating on birational transformations. Contents:
Algebraic Preliminarles, Projective Spaces, Plane Algebraic Curves, Formal Power Series,
Transformations of a Curve, Lingar Series. 25 illustrations, Mumerous exercises at ends of
sections, Index. x + 201pp. 53 x BY. 5336 Paperbound $1.60
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THE ADVANGED GEOMETRY OF PLAME CURVES AND THEIR AFPLICATIONS, C, Iwikker, An un-
usual study of many important curves, thelr geometrical properties and thelr applications,
including discussions of many less well-Enown curves not often freated in fex ks on
synthetic and analytic Euclidean geometry, Includes both algebraic and transcendental curves
such as the conic sactions, Kinked curves, Spirals, lemniscates, cycloids, etc. and curves
snerated as involutes, evolutes, anticaustics, pecals, envelopes and orthogonal ftrajectories.

r. Iwlkker represents the points of the curves by complex numbers instead of real
Cartesian coordinates, allowing direct and even elegant proofs, Formerly: “Advanced Plane
Geometry.'" 273 figures. xil + 29%pp. 5% x Bb4. 51076 Paperbound %2.00

A TREATISE OM THE DIFFERENTIAL GEOMETRY OF CURVES AMD SURFACES, L. P. Eisenhart.
Introductory freatise especially for the graduste student, for years a hl&w successful faut-
book. More detalled and concrete im approach than most more recent books. Covers space
curves, osculating planes, moving exes, Geuss' method, the moving frihedral, geodesics,
conformal representation, etc. Last section deals with deformation of surfaces, rectilinear
congruences, cyclic systems, etc. Index. 683 problems. 30 diagrams. xli 4 474pp. 5% x 8.
5657 Paperbound $2.75

A TREATISE OM ALGEBRAIC PLAME CURVES, L L. Coolidge. Unabridged reprinting of one of
few full coverages In English, cffering detailed imtroduction to theory of algabraic plane
curves and their relations lo geometry and analysis. Treats topological properties, Riemann-
Rech thesrem, all aspects of wide warlety of curves inciudimg real, covariant, polar, contain-
ing series of a given sort, elliptic, polygonal, rational, the pencil, two parameter nets, eftc.
This wvolume will enable the reader to appreciate the symbolic notation of Aronhold and
Clebsch. Biblicgraphy. Index. 17 illustrations. xxiv + 513pp. 5% x 8. 5843 Paperbound $2.75

AN INTRODUCTION T0 THE GEOMETRY OF M DIMEMSIONS, D. M. Y. Semmerville. An Introduc-
tion pmuwnsin% no prier Knowledge of the field, the only book in English devoted exclu-
sively to higher dimensional geometry. Discusses fundamental ideas of incidence, ranltsrlsrl.
rpemdicularily, angles bebween linear space; enumérative ﬂﬂmltﬂ'; analytica 'Nﬂ'lltﬂ'
rom projective and mefric points of wview; polytopes; elementary ideas Im analysis Situs;

content of hyper-spacial figures. Bibliography. Index. 60 diagrams. 136pp. 5% x 3.
Paperbound $1.50

GEOMETRY OF FOUR DIMENSIONS, H. P. Mamning. Unique in English as a clear, concise intro-
duction, Trealment is synthetic, and moestly Euclidean, although in hyperplanes and hyper-
spheres at infinity, non-Euclidean geometry Is used. Historical Introduction. Foundations of
A-dimensional geametry, Nrpunﬂiculnig, simple angles, Angles of planes, higher order,
Symmetry, order, motion; hyperpyramids, hypercones, hyperspheres; figures with parallel
elements; volume, hypervolume in space; regular polyhedrojds, Glossary, 78 flgures. ix +
348pp. 5% x B 5182 Paperbound $2.00

CONVEX FIGURES AND POLYHEDRA, L. A. Lywsternik. An excellent elementary discussion by
a leading Russian mathematiclan. Beginning with the basic comcepts of conwex figures amd
bedies and their !l#tﬁol"tll'll lings and planes, the auther covers such matlers as ceatrally
symmetric cosvex figures, theorems of Euvler, Cauchy, Steinitz and Alexandrov om GoRvEX
ﬁ!qlﬁ'l'bdfl linear systems of convex bodies, planar sections of convex bodies, the Brunn-
inkowskl [nequality and its consequences, and many other related topics. Mo more than a
high school background in mathematics needed for complete wnderstanding. First English

tranglation by T. ). Smith. 182 illustrations. Index. x + 176pp. 5% x B34,
51021 Paperbound $1.50

NWON-EUCLIDEAN GEDMETRY, Reberto Benela. The standard coversge of non-Euclidean geom-
utrlar. It examines from both a historical and mathematical point of view the geometries
which have arisen from a study of Euclid's 5th postulate upon paraliel lines. Also included
are complete texts, translated, of Belysi's SCIENMCE OF ABSDLUTE SPACE. Lobachevsky's
THEORY OF PARALLELS. 180 diagrams. 431pp. 5% x A. 527 Paperbound $2.00

ELEMENTS OF WOM-EUCLIDEAN GEOMETRY, D. M. Y. Semmerville. Unigue in procesding step-
by-step, In the manner of fraditional geometry. Emables the student with enly a good
knowledge of high school algebra and geometry fo grasp elementary hyperbalic, elliptic,
analytic mon-Eutlidean geomatries; sSpace curvature and its  philosophical implications;
theory of radical axes; homothetic centres snd systems of circles; paratary amd parallelism;
absolute measure; Gauss® proof of the defect area theorem: geedesic representation; much
mare, all with exceptiomal clarity. 126 problems at chapler lndln? grwidt progressive
practice and femiliarity. 133 figures. index. vi + 274pp. 5% x 8. 460 Paperbound $1.50

INTRODUCTORY MON-EUCLIDEAN GEOMETRY, W. P. Manning. Sound elementary introduction to
non-Euclidean geometry, The first two thirds [Pamgeométry and i1he Hyperbolic Geomefry)
require 8 grasp of plane and salid :mmh&ﬂ:ﬂnﬂ trigonometry. The last sections (the
Elliptic Geometry and Analytic Non-Euclidean etry) necessilale also basic college cal-
culus for understanding the text. The book does not propose fo irvestigate the foundations
of geomelry, bul rather begins with the thecrems common to Euclidean and non-Euclidean
geometry and then fakes up the specific differences between them, A simple snd direct
account of the bases of this important bramch of mathematics for teachers and students.
94 figures. vii + 95pp. 5% x B. 5310 Paperbound $1.00
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ELEMENTARY COMCEPTS OF TOPOLOGY, P. Alexamdroff. First English translation of the famous
brief introduction to topology for the beginner or for the mathematician not underfaki

extensive study. This unusually useful Intuitive approach deals primarily with the concepts o
complex, cycle, and mnlﬂ? and is wholly consistent with current investigations. nfﬂl
from basic concepts of set-theoretic topology to the concept of Betti Bgrwni- “Glawing
example of karmony between intuition and thought,” David Hilberl. Tramslated by A. E. Fariey.
1 uction by D. Hilbert. index. 25 figures. 73pp. 5% x B, 5747 Paperbound $1.00

Number theory

INTRODUCTION TO THE THEORY OF MUMBERS, L. E. Dicksan. Thnmugl. comprehensive ap-
proach with adequate cove of classical [lteraturs, an introdus volume beginners
can fellow, Chapters an divisibility, congruences, quadratic residues & reciprocity, Diophantine
eguaticns, etc. Full treatment of Binary quadrafic forms without usual restriction to Integral
coefficients. Covers infinitude of primes, least residues, Fermat's theorem, Euler’s phi
function, Legendre's symbol, Gauss's lemma, automorphs, reduced forms, recent theorems
of Thue & il%ll. mnrr mare, Much material not md.l'ljr available elsewhere. 233 prob-
lems, Index. | figure. wili + 183pp. 5% x 8. 5342 Paperbound $1.65

ELEMENTS OF MUMBER THEORY, I. M. Vinogradov. Detailed 1st course for persons without
advanced mathematics; 95% of this book can be understood by readers who have gone no
farther than hlih school algebra. Partial contents: divisibilify theory, important number
theoretical functions, cmgm-n:u, primitive rocts and indices, etc. Solutions fo beth
ruhllnms :;m uur\tl::tsu. Tables_of prlmj;,hi;dinas. Eitmn' E-_:?;m ;:LTNI -':Er mﬂ}l:‘l I:irlm-l:
n elementary number theary! Transla m Russian. problems, (LN . wiii

27pp. 5% X 8. 5259 Paperbound $1.60

THEORY OF MUMBERS and DIOPHAMTINE AMALYSIS, R. D. Carmichasl. Thesa two complete
works in one volume form one of the most lucid introductions to number theory, requiring only
a firm foundation Im high school mathematics. “Theory of Mumbers,” partial contents:
Eratosthenes’ sieve, Euclid's fundamental theorem, G.C.F. and L.C.M. of two or more Integers,
linear congruences, etc “Dicphantine Analysis": rational triangles, Pythagorean triangles,
u?ultlnns of third, fourth, higher degrees, 'Ef'"’“ of “:culmTl tn?zgnni.hm w- '{'I!;w
of Wumbers": 76 problems. Index, O4pp. “Diophantine Analysis': pral : BX. PP,
5% x A, # " 5520 Paperbound $1.35

Numerical analysis, tables

MATHEMATICAL TABLES AMD FORMULAS, Compiled by Robert D, @armichael and Edwin R.
Smith, Valuable collection for students, efc. Gontains all tables necessary in collage algebra
and trigonometry, such as five-place common logarithms, |ogarithmic sines and tangents of
small angles, logarithmic triganometric functlons, matural trigomometric tunctions, four-place
antilogarithms, tsbles for changing from sexagesimal to circular and from circular to sexa-
gesimal meastre of angles, eic. Alsc many tables and formulas not ordinarily accessible,
including powers, roots, and reciprocals, exponential and hyperbalic functions, ten-place
logarithms of primé numbers, and formulas and thesrems from amalytical and elementary
geometry and from calculus. Explanatory infroduction. will + 269pp. 5% x 814,

5111 Paperbound $1.00

MATHEMATICAL TABLES, H, B, Dwight. Unigue for its coverage in ona volume of almost every
function of importance In applied mathematics, engineering, and the physical sclences.
Three extremely fine tables of the three ftrig funclions and their inverse functions to
thousandths of radians; natural and common logarithms; squares, cubes; hyperbolic functlons
and the inverse hyperbolic functions; (a® + b9 exp, b%8; complete elliptic integrals of the
15t and 2nd kind; sine and cosine integrals; exponential integrals Ei(x) and Eil —x); binomial
coefficients; fsctorials to 250; surface zonal harmonics and first derivatives; Bernoulli and
Euler numbers and their logs to base of 10; Gamma function; normal probability integral;
over G0 pages of Bessel functions; the Riemann Zeta function. Each table with formulae
generally uted, sources of more extensive tables, interpolation data, etc. Over half have
calumns of differences, to facilitate interpolation. Introduction. Index. viil + 231pp. 5% x B

5445 Paperbound $1.78

TABLES OF FUNCTIONS WITH FORMULAE AMD CURVES, E. Jahnke & F. Emde. The werid's most
comprehensive 1-valume English-text collection of tables, formulae, curves of transcendent
functions. 4th correcled edilion, new 76-page Section glving tables, formulae for elementary
functions—nat in other English editions. Partial conlents: sine, cosine, logarithmic integral;
factorial function; error integral; theta functions; elliptic integrals, 'Hmtlnﬂﬁi Legendre,
Bessel, Riemann, Mathieu, hypergeometric functions, etc. Sunﬂimmry books. hll%ﬂnh .
indexed, “'Out of the way functions for which we know no other source,” SCIENTIFIC CO

PUTING SERVICE, Ltd. 212 figures. 400pp. 5% x B. 5133 Paperbound $2.00
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JACOBIAM ELLIPTIC FUNCTIOM TABLES, L. M. Milme-Thomson, An easy to follow
book which gives nol only wseful numerical tables, but also a mmplztu ultmnlrar:r shteh
of the application of elliptic functions, It covers Jacchbian elliptic functions and a description
of their principal properties; complete elliptic integrals; Fourier series and power Series
IINHIIT‘:i periods, Zeros, poles, residues, formulas for special values of the argument;
transformations, approximations, g'l1lpt|l: integrals, conformal mapping, faclorization cubic
and guartic polynomisls; application to the pendulum problem; efc. 'fubles and: graphs form
:II? :u; il fitar:.:‘uhmltl Gnrtllér;,mﬁt t‘urﬂi i;lhtnl ;ﬂ 1!:& Hllftlc function sn (u m); en_(u m
1 plete elliptic integrals K, K/, E, E', and the mome q. 7 figure
table of the lacoblan zeta-function Z{u). 3 ﬁgurus.“:u + 123pp. 53 xﬂ ¢ b .l

5164 Paperbound $1.35

TABLES OF INDEFIMITE INTEGRALS, G. Petit Bois. Comprehensive and accurate, this arderly
grouping of over 2500 of the most useful Indefinite integrals will save you hours of laborious
mathematical groundwork. After a (st of 49 common transformations of integral expressions,
with a wide 'u:ul!y of examples, the book takes up HEHmI: funciions, irrational monomials,
products and guofients of binomisls, transcendental functions, natural logs, etc. You will

Iy or never encounter an infogral of an algebraic or transcendental function not included
& any more comprehensive set of tables costs at least $12 or 515. Index. 2544 integrals.
+ 1h4pp, BV x O%, 5225 Papervound $2.00

SUMMATION OF SERIES, Collected by L. B. W. Jolley. Over 1100 common series collected,
summed, and grouped lor easy reference—for mathematicians, physiclsts, computer techni-
clans, engneers, and students. Arranged for convesience into calegories, such as arith-
metical and geomeirical progressions, powers and products of natural numbers, figurate and
polygonal numbers, inverse natural numbers, ewponential and logarithmic series, binamial
expansions, simple inverse products, factorials, and trigonometric and hyperbolic expansions.
Also included are serles representing warious Bessel functions, elliplic integrals; discussions
of specwal series Imlﬂ? l.l.ﬁlnﬂl'! pq.lg'rlnmlalu. the reta function, Bernoulli's functien,
and similar expressions. Revised, enlarged second edition. New preface. xii + 251?. 54
n By 523 Paperbound $2.X5

A TABLE OF THE INCOMPLETE ELLIPTIC INTEGRAL OF THE THIRD KIND, R. &. Salfridge, ). E.
Maxfiald, The first complete G-place tables of values of the Incomplele integral of the third
kind, prepared usder the auspices of the Research Department the 0.5, Maval Ordnance
Test Station. Calculated on an IBM type 704 calculalor and mnmu:h;lzr verified echo-
:I'Iu:l:lnf and & ch integral at the completion of each value of a. Of inesti o value
in problems where the surface ares ufnfmmﬂrlul bodies can only be expressed in terms
of the incomplete integral of the third and lower kinds; problems in aerc-, fuid-, and
thermodynamics  invalving Pm“““ where nonsymmetrical repetitive volumes mast be
dutermined; various types of selsmological problems; problems of magnetic potentials due to
circular current; etc. Foreword. Acknowledgment introduction. Use of table. xiv + MSD&
Shi x BV, 5501 Clothbound $7.

practical

PRACTICAL AMALYEIS, GRAPHICAL AND WUMERICAL METHODS, F. A. Willers. Translated by
®. 1. Boyer, (mmensely practical handbook for engineers, showing how to interpolate, use
varlous mathods of numerical differentiation and integration, determine the rocts aof a single
algebraic equation, system of linear eguations, use smpirical formulas, [ntegrate differe
ﬁ“mlw. wtc, Hundreds :I[ :hmtcu}: #r ;rrl\-lnl :;ﬁuwﬂ%lﬂmuum, spcsal':l sa'wm o
erican calculaling machines, . W. Simpson. wstratlons, . x B,
£ nd pe 52?; Paperbound $2.00

HUMERICAL INTEGRATION OF DIFFERENTIAL EQUATIONS, A. A. Bennett, W. E. Mine, H.
Bateman, Republication of original monograph prepared for Mational Research Councll, New
mathods of integation of differential I%I-‘II“DI‘I! ’“"3&"’ l%y 3 leading mathematicians: THE
IHTERPOLAT IO POLYNOMIAL and SUCCESSIVE APPROXIMATIONS A. A. Bennett; STEP-BY-
STEF METHODS OF INTEGRATION by W. W. Milne; METHODS FOR PARTIAL DIFFERENTIAL
EQUATIONS by H, Bateman. Mathods for partial differential equations, transition from ciffer-
shce eguations to ditferential equations, solution of differential equations to non-integral
Values Bt & parsmeter will interest matnematicians and physicists. 288 footnotes, mesty
pibliographie; 23%-item classified bibliography. 10Bpp. 5% x 8. 5305 Paperbound $1.3

IMTR [0M TO RELAXATION METHODS, F. 5. Shaw. Fluld mechanics, design of electrical
Hl'lhztnhﬂftfurul In structural frameworks, stress distribution, hu:ll.llrtr efic. Solve linear
Simuitantous eguations, linear ordinary differentlal equations, partial differential aquations,
Elgen-value problems by driunf.liag ?;msl. Defnnum:uﬁpslualltlhmwn% Emﬂl fables

-8 rles. ] ] 3 "
Tﬁa;b 1.“3 NS W minnAner . 5244 Paperbound

L L SOLUTIONS OF DIFFERENTIAL EQUATIONS, H. Levy &k E. A. Baggott. Comprehensive
':':';Im!'.?ilnr'n‘ ol methods for solving ordinary differential equations of first and higher order,
All must pass 2 requirements: easy te grasp and practical, more rapid than scheol mrthndl.
Partial conlents: graphical Integration of differential equations, graphical mathods |urI de-
tailed solution, Numerical solution. Simultaneous eguations and equatlons of 2nd and hl‘hi,{
orders, “'Shouid be in the hands of all in research in applied lu-rnmmwl-uuth:sliJ 1"“'1"};
NATURE. 21 figures. viil + 23Epp. 5% . 5168 Paperbound $1.
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Frobability theory and information theory

AN ELEMENTARY INTRODUCTIOM TO THE THEORY OF PROBABILITY, B. V. Gnedenke and A, Ya.
Khinchin, Translated by Leo F. Boren. A clesr, compect intreduction designed to equip the
reader with a fundamental grasp of the theory of probability. It is thorough and authorl-
tative within its purposely restricted ringe, yet the layman with 4 background in elamentary
mathematics will be able to follow It without difficulty. Covers such toples as the procasses
involved in the calculation of probabilities, conditiona) probabilities and the multiplication
rule, Bayes's formula, Bernculli’s scheme and theorem, ramdom wvariables and distribution
laws, and dispersion and mean deviations, MNew translation of fifth IIimrlwzl:u Russlan_ edi-
tion (1960)—the only translation checked and corrected by Gnedenka. Mew preface for Dever
edition by B. V, Gnedenko. Index. Biblicgraphy. Appendix: Table of values of function gfal.
i+ 130pp. 5% x 815, T155 Paperbound $1.45

AN INTRODUCTION TO MATHEMATICAL PROBABILITY, Julian Lowell :uli:ru. A thorough intro-
duction which presents the mathematical foundation of the theory probabillty, A sub-
stantial body of material, yet can be understood with a knowledge of only elementary cal-
culus, Containg: The Scope and Meaning of Mathematical Probability; Elementary Principles
af Pl‘ﬂhlhtlln?; Bernoulli's Thearem; Mean Value and Dispersion; Geometrical Prabability;
Probability of Causes; Errors of Observation; Errors in Many Variables; Indirect Observations;
The Statistical 'I'hanrgwnf Gases; and The P'rlm:iplas of Life Insurance, Six pages of logarithm
tables. 4 diagrams, ject and author indices. xii + 214pp. 5% x 8i%.

5258 Paperbound $1.35

A GUIDE TO OPERATIONS RESEARCH, W, E. Duckworth. & brief nontechnical exposition of
techniques and theories of operational research. A& good introduction for the layman; also
can provide the Initiate with new understandings. Mo mathematical training needed, yet not
an oversimplification. Covers game theory, mathematical analysis, information theory, linear
pragramming, cybermetics, decision theory, etc. Also includes a discussion of the actual
organization of an operaficnal research program and an account of the uses of Such pro-
Erams in the oil, chemical, paper, and metallurgical industries, etc. Bibllographies at
chapter ends, Appendices. 36 figures, 145pp. 54 x Bia. T112%9 Clothbound $3.50

MATHEMATICAL FOUMDATIONS OF INFORMATION THEORY, A. I. Khinchin. For the first time
mathematicians, statisticians, ﬁw;i:isu, cybernaticists, and communications engineers are
offered a complete and exact infroduction to this relatively new field. Entropy as a measure of
& finite scheme, applications to coding theory, study of sources, chanpels and codes,
dﬁ:"gdltvmfs of both Shannen theorems for E:nrmehr dic ’rﬂmﬂ a_l;d 1'2"[? stigamrr&mnnal
Wi nite memory, and much more are covered. ography. ¥ Bp. X

- 5434 Papertound $1.35

SELECTED PAFERS ON MOISE AMD STOCHASTIC PROCESS, edited by Prof. Nelsom Wax, U. of
illingls. & basic papers for mewcomers In the field, for those whose work involves nolse
characteristics. Chandrasekhar, Uhlenbeck & Ormstein, Uhlenbeck & Ming, Rice, Decb, In-
cluded 5 Kac's Chauvenet-Prize winning Random Walk. Extensive bibl mph{nllsh- 200
articles, up through 1953, 21 figures. 33Tpp. BVe x 914, 5262 Paperbound $2.50

THEORY OF PROBABILITY, William Burnside. Synthesis, expansion of individual papers pre-
sents numerous problems in classical probability, offering many criginal views succinctly,
effectively. Game theory, cards, selections from groups; Tenmetrlca probability in such
areas as suppositioms a3 to R';nlubllily of position of point or a ling, points om surface
of sphere, eic. Includes methods of approximation, theery ef errors, diract calculation of
probablilities, ete. Index. 136pp. 5% x B. £857 Paperbound $1.00

Statistics

ELEMEMTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIEMCES,
F. E. Crexton. A sound infroduction 1o statistics for anyone in the physical sciences, assum-
ing no prior acquaintance and requiring only a modest knowledge of math. All Dasic
formalas cerefully explained and jilustrated; all necessary reference fables included. From
basic terms and concepts, the study proceeds to frequency distribution, llﬂﬂ_ld‘ ran-linear,
and multllplu cofrelaticn, skewness, kurtosis, efc. A large section deals wi reliabili

and significance of statistical methods. Containing concrete examples from medicine an
biolegy, this book will prove unusually helpful to workers in those fislds who 1I1=l‘ﬂl|lf#
must evaluate, check, and interpret statistics. Formerly fitled “‘Elementary Statistics w

{ o . 87 . 14 dices. Index. iv + 37TEpp. 5% X 8.
Applications In Medicine.” 101 charts, 57 tables appendi SISDE P 52,00

AMALYSIS & DESIGN OF EXPERIMENTS, H. B, Mann, Offers a method for grasping the analysis
of variance and variance design within & short time. Partial contents: Chi-square distribution
::;i“lr;[lﬁls u‘fhu-n::m distribution rna'tlrlcles, Gq':ilnf‘m%lcldiurms. Ilmhondl r‘:‘lifgi “n:::u:nnﬂ
near hypotheses, power of analysis ois fields, nen-orthogona , |
estimates, eic. 15pp. of useful tables. x + 195pp. 5 % 73%. 5180 Paperbound $1.45
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METHODS OF STATISTICS, L. H. C. Tippett. A classic in its field, this unusually complete sys-
tematic introduction fo statistical methods begins st beginner's level and progresses fo
advanced levels for experimentars and poll-takers in all fields of statistical research, Sup-
plies fusdamental knowledge of virtually all elementary methods in use today by Sotiologists
sychologists, blologists, engireers, mathematiciams, etc. Explains logical and mathematical

sis of each method described, with examples for each section. Covers frequency distribu-
tions and measures, infereace from random samples, errors in large samples, simple analysis
of variance, maltiple and partial regression and correlation, etc. 4th revised (19521 edition.
16 charts. 5 significance tables. 152-item bibliography. 96 tables. 22 figwres. 395pp. & % 9.
5218 Clothbound $7.50

STATISTICS MANUAL, E. L. Crow, F. A. Davis, M. W. Maxfield. Comprehensive collection of
classical, modern statistics rna’zhmk, prepared under auspices of U, 5. Naval Ordnance
Test Station, China Lake, Calif. H:n{haumplu from orcnance will be wvaluable fo workers in
all fields. Emghasis (s on use, with infarmation on fiducial limits, sign tests, Chi-square
runs, sensitivity, quality control, much more. “Well written . . . excellant reference work,'
Operations Research. Corrected edition of NAVORD Report 3360 WOTS S48. Introduction.
Appendix of 32 tables, charts. Index. Bibliography. 95 illustrations, 306pp. 5% x 8.

5589 Paperbound $1.65

Symbolic logic

AN INTRODUCTION TO SYMBOLIC LOGIC, Swsanne K. Langer. Probably the clearest book ever
written on symbolic logic for the philosopher, general scientist and layman. It will be par-
ticularly appreciated by those wha have been rebuffed other introductory works because
of insufficient mathematical fraining. Mo special knowledge of mathematics is required.
Starting with the simplest symbols and comventions, you are led to a remarkable uﬂﬂ of
the Boole-Schroeder and Russell-Whitehead systems clearly and guickly. PARTIAL C 5
Study of forms, Essentials of logical structure, Generalization, Classes, The deductive system
af classes, The algebra of mc Abstraction of interprefation, Calculus of p tions,
Assumptions of PRINCIPIA HEMATICA, Lnltlttlcl. Logic of the syllogism, Proofs of
theorems, “One of the clesrest and simplest intreductions to a subject which is wery much
alive. The style is easy, symbolism is introduced g:uuallr. and the intelligent non-mathe-
lmatil-::.d“ shwlﬂﬂhﬂa nnr: g;ﬁpumrrlnmmnlwmt'ﬂ;l ;Eﬂm“;'-; MA;IE TICS GAZETTE.
L1 . EXpan Seco| iga, Truth-value B, P. x B.
5164 Paperbound $1.73

A SURVEY OF SYMBOLIC LOGIC: THE CLASSIC ALGEBRA OF LOGIC, C. . Lewis. Classic survey
of the field, comprahensive and tharough. Indicates content of majer systems, altemative
metheds of procedure, and relation of these to the Boole-Sthroeder algebra and fo one
another. Contains historical summary, as well as full proofs and applications of the classic, or
Boole-5chroeder, algebra of logic. Discusses diagrams for the logical relations of classes, the
two-valued algedra, propesitional functions of two or more variables, etc, Chapters 5 and 6
of the original edition, which confained material nat directly pertinent, have been omitted in
this edition at the suthor's request, Appendix. Bibliography. Index. viil + 352pp. 5% & B3,

5643 Paperbound $2.00

INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATIONS, R. Carmap. One of the clearest,
most comprehensive, and rigorous introductions to modern symbolic legic by perhaps Iis
reatest living master. Symbolic languages are analyzed and one constructed. Applications
math (symbolic representation axiom systems for set th natural numbers, real
numbers, topology, Dedekind and Cantor explanations of continuity), physics (the general
analysis of concepts of determination, causality, space-time-topology, based on Eimitein),
biology (symbalic representation of an axiom system for basic concepts). “A masterplece,”
Zentralblatt flr Mathematik und Ihre Grenzgeblete. Over 300 exercises. 5 figures. liog-

raphy. Index. wvi + 241pp. 5% x 8, 5453 Paperbound $1.
Clothbound $4.00

SYMBOLIC LOGIC, C. |. Lewis, C. M. Langford. Probably the most cited beok in symbalic
In{lc. this is ane of the fullest treatments of paradoxes. A wide coverage of the entire
field of symbolic logic, plus considerable material that has not appeared elsewhere. Baslc
to the ealire volume is the distinction between the logic of exteasions and of Intensions.
Considerable emphasis Is placed on converse substitution, while the matrix system presents
the suppesition of a variety of mon-Aristotelian logics. It has especially valuable sections
on strict limitations, existence of terms, 2-walued algebra amd its extension to propositional
functions, truth value sysiems, the matrix method, implication and “"”“'”“'R; Fn!"l
theary of propesitions, propasitions of ordinary discourse, and similar topics. “Authoritativ

mast valuable,' 'I'II|'IE§, ndon. Bibliography., 508pp. 53 x 8. 5170 Paperbound %2

THE ELEMENTS OF MATHEMATICAL LOGIC, Faul Resenblosm. First publication in @
language. This book Is intended for readers who are mature muumalfnll , but have ﬁ
E:m“ training in symbolic logic. It does not limit (tself to a single w:i’um. but covers
field a8 a whole. It is 8 development of lectures given at Lumd University, Sweden, in
1548, Partial contents: ic of classes, fundamental theorems, Boslean algebra, logic of
Drmsltluni{ legic of propositional functions, espressive languages, combinato mlu.
development of mathematics within an object language, paradoxes, fhegrems of Post and
Gowdel, Church's theorem, and similar tepics. iv + 214pp. xB. 5227 Paperbound $1.45
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PHYSICS, HISTORIES AND CLASSICS

A HISTORY OF PWYSICS: IN ITS ELEMENTARY BRAMCHES (THROUGH 1825), INCLUDING THE
EVOLUTION OF PHYSICAL LABORATORIES, Flerian Cajori. Revised and enlarged edition. The only
first-rate brief history of physics, Still the best en ry for a student or teacher into the ante-
cedents of modern theories of physics. A clear, non-mathematical, handy reference week which
traces in critical fashion the developments of ideas, theories, techniques, and apparatus from
the Greeks to the 1920°s. Within each pericd he analyzes the basic fopics of mecharics,
I,'f“‘ electricity and magmetism, sound, atomic theory and Structure of matter, radicactivity,

c. & chapter on modern research: Curie, Kelvin, Planck’s quantum theory, thermodynamics,
Fitzgeraid and Lorentz, special and general relativity, 1. |, Thomsen's model of an atom,
Bohr's discoveries and later results, wave mechanics, and many other matters. Much biblie-
graphic detail in footnotes. Index. 16 figures. v + 424pp, 5% x &  T970 Paperbound $2.00

A HISTORY OF THE MATHEMATICAL THEORIES OF ATTRACTION AND THE FIGURE OF THE EARTH:
FROM THE TIME OF NEWTON TO THAT OF LAPLACE, . Todhunmier. & technical and detailed review
of the theories comncerning the shape of the earth and its gravitational pull, from_the earflest
investigations in the seventeenth cenfury up fo the middle of the nineteenth. Some of the
reatest mathematiclans and scientists in history applied themselves fo these guestions:
ewton (“Principia Mathemstica™), Huygens, Mauperiuis, Simpson, d'Alembert, etc. Others dis-
cussed are Poissom, Gauss, Plana, Lagrange, Boit, and many more. Particular emphasis s
placed on the theories of Laplace and Emdrt. saveral chapters being devoted to Laplace's
““Mécanique Céleste’ and his memoirs, and several others to the memoirs of Legendre. Impor-
tant to historians of science and mathematics and to the specialist whe desires background

information in the field. 2 volumes bound as 1. Index. xowi 4 S84pp. 5% x 8.
5148 Clothbound $7.50

Isaac Mewton. In its discussions of Ii reflectlon, color, refraction, theories
Tm'aﬁz mpum:ur m;}m .ufI light, this work Is packed with scores of Inihhti and
discoveries. In its precise and practical discussion of construction of optical apparafus,
contemporary understamdings of phepomena it Is_truly fascinating to modern cists,
astronamers, I'Dllimrl'lltldlr;'l. F:!r.:::urdf I:|-_|-I lgllhvll"t ﬁ?‘ﬂ&.;"ﬂ:" .:"3;1 I'-l—B'uE::h“Sg ::il!r:
. 7 page s, facsimile pages, , et !
vard Univarsity. 7 s af po i T P it g

TREATISE OM LIGHT, Christiaan Huygens. The fameus original formulation of the wave
theors of light, this readabls book is one of the two decisive and definitive works in the
field of light (Newton's ~Optics'" Is the othen). A scientific plant whose resaarches ranged
over mathematics, astronomy, and physics, Hupgens, in this historic work, cowers such
topics as rays propagated in stralght lines, reflection and refraction, the spreading and
velocity of light, the nature of ocpague bodies, the non-spherical nafure of light in the
RO, e e T e By St £ DAt
cation of originel (151 glish edition. Tram f .
52 illustrations. xii + 129pp. 5% x 8. 5175 Paperbowad §1.35

MENTAL RESEARCHES IM ELECTRICITY, Faraday's historic serles of papers
mﬁ:ﬁ ﬁﬁ::iu of years of original experimentation in electrical theory and electra-
chemistry, Covers his findings in & variely of areas: Induction of electric currants, Evole-
tion of slectricity from magnetism, Mew electrical state or condition of matter, lication
of Arage's magnetic phencmena, Mew law of electric conduction, Electro-chemical de-
com :ﬁa« Eleciricity of the Voltaic Pile, Static Induction, Nature of the electric force
or forces, Nature of electric current, The character and direction of the alectric force of
the Gymnotus, Magneto-slectric spark, The magnetization of light and the illumization of
magretic lines of force, The possicle relation of gravity to electricity, Sub-terranecus electro-
telagraph wires, Some points of magnetic philcsophy, The dismagretic conditions of ﬂm:
B et o e PRSI TIARacASS o ST Jpdeae, N

L rom ogophical Tra 3 s
#nni lpnq&lln:wldmﬁ‘ rLr!iid“ x B ¥ 5783-4, Clathbound $17.50 (tentative)

REFLECTIOMS ON THE MOTIVE POWER OF FIRE, Sadi Carnaf, and Ibﬂ'ller pars on the 2nd
law of thermodynamics by E. Clapeyron and R, Clausius. Carnot's “Reflections' laid the

roundwark of ltffu‘uﬂru mngrmndyn.umin. Its nen-technical, mostly verbal stalements lnmlf:&
Ew relations between heat and the work dome by heat in engines, establishing conditions for
the econamical waorking of these engines. The dP«llJlri by Clapeyron and Clausius here reprinted
added further refinements to Carnot's wark, and led fo its fina mertnm by physicists. SI'I‘-D-
tions from posthumous manuseri “:fluf"mt |?r:-';’5nzplfd;£di k" papers In English, New
intreduction by E. Mendoza. 12 illustrations. xx SE61 Paperbound $1.50

DIALOGUES CONCERMING TWO WEW SCIENCES, Galilen Galllei. This classic of erimantal
science, mechanicy, engineering, is as enjoysble as It is important. A great historical docu-
ment glving insignts into one of the world’s most original thinkers, it Is based on 10 years
experimentstion. It oMers a lively exposition of dymamics, elasticity, sound, Eﬂhlmu.
strength of materials, the scientific d..ln'd'supar\lgri_tuz;;wtﬂg [aL:: of ming, 0.
Trans, by H, Crew, A, Salvio. 126 diagrams. Index. xxi PP. %5 Paperd $1.75
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TREATISE OM ELECTRICITY AND MAGMETISM, lames Clerk Maxwell. For more than 80 years
2 seemingly Inexhaustible source of lesds for physicists, mathematicians, engineers. Total
of 1082pp. on Such tepics as Measurement of Quantities, Electrostatics, Elementary Mathe-
matizal Theory of Hlnlric,rctz Electrical Waork and Energy in a System of Conductors, General
Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics
Resistance, etc. “The greatest mathematical physicist since Mewfon," Sir James leans. 3rd
edition. 107 figures, 21 plates. 1082pp. 5% x &. 5636-7, 2 volume set, paperbound $4.00

A HISTORY OF THE THEDRY OF ELASTICITY AND THE STREMGTH OF MATERIALS, I. Tedhunter amd
K. Pearsen. For over 60 years a basic reference, unsurpassed in stope or suthority. Beth a
hils of the mathematical theory of elasticity from Galileo, Hooke, and Mariotle 1o Salnt
Venant, Kirchho®, Clebsch, and Lord Malvin and a cetailed presentation of every Important
mathematical contribution during this period. Presents proofs of thousands of theorems and
laws, summarizes every relevant treatise, many unavailable elsewhere, Practically a book apiece
is devoted to moderm founders: Saint Venant, Lamé, Boussinesq, Rankine, Lord Kelvin, F,
Neumann, Kirchhoff, Clebsch, Hendreds of pages of techaical and physical freatises on specific
spplications of elasticity to parficular materials. Indispensable for the mathematician,
aE]ysitlst, ar engineer working with el:s'uci?'. Unabridged, corrected reprint of original 3-

ume 1886-1893 edition. Three volume set. Two indexes, Appendix to Vol |, Total of 2344pp.
5% x 5. 5914-916 Tha set, Clothbound $15.00

DE MAGMETE, Willlam Glbert. This classic work on magnetism founded a new science. Gilbert
was the ﬁni to use the word “electricity”, to recognize mass as distinct from weight, to
discover the efiect of heat on magnetic bodies; invest an  electroscope, differentiate
between static electricity and magnetism, conceive of the earth as a magnet. Wrillen b
the first great experimental scientist, this lively work is valuable net only as an historica
landmark, but as deHF'hHuII easy to follow record of a perpetually sumlﬁn*. ingenious
mind. Translated by P. F. Moltelay. 25-page biographical memoir. %0 ﬁﬁum. lix +368pp.
X B 5470 Paperbound $2.00

ASTRONOMY

THE INTERMAL COMSTITUTION OF THE STARES, Sir A. 5. Eddington, Influence of this has been
enormous; first cefailed exposition of theory of radiative equilibrium for stellar interiors,
of all available evidence for existance of diffuse matter in interstellar space. Studles quantum
theory, polytropic gas spherss, mass-lumisgsity relations, variable stars, etc. Discussiens of
sguations paralleled with informal exposition of intimate relationship of astrophysics with
great discoveries In atomic physics, radiation. Intreduction. Appendir. Index. 421pp. 53 x B,

5563 Paperbound $2.23

PLANETARY THEORY, €. W. Brown and G. A. Shoek, Provides a clear presentation of basic
methods for calculating planetary ofbits for today's astronomer. Begins with a careful expo-
sition of specialized mathematical topics essential for handling perturbation theery and then
goes on to indicate how most of the previcus methods reduce witimately to two genaral
calculation meathods: obtalning expressions either for the coerdinates of planetary positions
or for the elemants which determine the perfurbed paths. An example of each s giwen and
wiarked in detall. Corrected edition. Preface. Appendix, Index xii + aﬂigp. 53 x By,
51133 Paperbound $2.25

CANON OF ECLIPSES (CANON DER FINSIEHISS? Praf. Theoder Ritter von Oppolzer. Since
its original publlcation In 1387, this has been he standard reference and the most exten-
sive single wolume of data on the calculation of solar and lunar eclipses, past and future.
A BDI'I'TthtI'Iﬂ\II Introduction gives a full explanation of the use of the tables’ for the
calculations of the exact dates of eclipses, etc. Data furnished for the calculation of B,000
solar and 5,200 lunar eclipses, going back as far as 1200 B.C. and giving predictions up to
the year 2181, Information is alse given for partial and ring eclipses. All calculations based
on Universal (Greenwich) Time. An unsurpassed reference work for astronomers, scientlsts
engagpd in space resesrch and developments, historiaas, etc. Unabridged republication, with
corrections. Preface to this edition by Donald Menzel and Owen GiEerh:n of the Harvard
College Observatory. Tramslated by Owen Gingerich. 160 charts. Dot 538 ¥ ox 114G,

p. B
5114 Clethbound $10.00

THEORY OF THE MOTION OF THE HEAVENLY BODIES MOVING ABOUT THE SUN IN CONIC
SECTIONS, Karl Friedrich Gauss. A landmark of theoretical astronomy by the great German
sclentist, Still suthoritative and invaluable to the practicing astronomer, Part | develops the
relations between the guanfities on which the motion about the sum of the heavenly bodies
d:ﬁndﬁ—rnmlum partaining :implg to pesition in the orbit, simply to position in space,
between several places im orbit, and between several places In space. The calculation meth-
ods of Part |1 based on the groundwork of Part | include: determination of an orbit from
3 complete observations, from 4 observations (of which only two are complete), determina-
tlon of an orbit salisfying as nearly as pessible any number of cbservations whatever, and
determination of orbits, taking Into account the perturbations. Translation of “Theorla
Motus” and with &n appendix by €, H. Davis. Unabridged republication. Appendices and
tables. 13 figures. will + 376pp. 6%% x S, 51086 Paperbound %2.85
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PHYSICS

General physics

FOUNDATIONS OF PHYSICS, R. B. Lindsay & W. Margenay. Excallent bridge between semi-
popular works & techalcal trestises. A iscussion ot methods of physical description, con-
struction of theory; valuable tor physicist with elementary calcuius who is interasted in
ideas that give meaning to data, toals of modern physics. ntents include symbalism, math-
ematical t?atlmsi space & fime foundations “of mechanics; probability; physics & com-
tinua; electron theory; special & general relativity; quanium mechanics; causality, “‘Thor
ough and yet not overdetalled. Unreservedly recommended,” MATURE (Lendon). Unabridged,
correctsd edition. List of recommended readings. 33 iliustrations. xiﬂ;} 537pp. 5% X &

FUMDAMENTAL FORMULAS OF PHYSICS, ed. by D, H. Menzel. Highly wseful, fully ImexpeEnsive
reference and study text, ramging from simple to highly sophisticated npmilum. Mathematics
irﬂlg:mm inte text—each cnapter stands as short textbook of figla represented. Vol 1:
Statistics, Physical Constants, Special Theory of Relativity, Hydrodynamics, hercdynamics,
Boundary Value Problems in Math. Physics Viscosity, Electromagnetic Theory, etc. Val. 2:
Sound, Acoustics, Gecmetrical Optics, Electron Optics, High-Energy Fhenomens, Magnetism
Biophysics, much more. Index. Tatal of 800pp. 53 x B Vol, 1 5595 Paparbound §

vol. 2 5586 Paperbound 32.00

MATHEMATICAL PHYSICS, D. H. Menzal. Thorough sne-volume troatment of the mathematical
technigues vital for classic mechanics, alectromagnetic theory, quantum theery, and rela-
tivity. Written by the Marvard Professar of Astrophysics for jumior, senior, and graduate
courses, it gives clear explanations of all those aspects of function theary, vectors rmatrices,
dyadics, tensors, partial differential egquations, ptc., necessary tor mu_mdmmrﬂn: of the
warious physical sories. Electron theory, relatwity, and other topics seldom presenied
appear here in considerable detail. Scores of definitions, conversion factors, dimensional
constants, etc. “More detalled than normal for an advanced text . . . exncellent set of sec-
tions on Dyadics, Matrices, and Tensors,” JOURNAL OF THE FRANKLIN INSTITUTE. Index
193 problems, with answers. x -+ 412pp. 5% x B 586 Paperbound $.00

THE SCIENTIFIC PAPERS OF J. WILLARD GIBBS. M| the published papers of America's outstand-
ing theoretical scientist (except for “Stalistical Mechanics’ and ‘Wector Amalysis']. Vol |
thermodynamics) contains one of the most Brilliant of all 19th-century stientific pape ¢
?:u “On the Equilibrium of Hetercgeredus Substances,” which fourded the science af
hyslcal chemistry, and clearly stated a number of hlPlir important natural laws for the first
me; B other papers complete the first volame, ol |1 includes 2 papers on dynamics, B on
vector analysiz and multiple algebra, 5 on the giectromagnetic theory of light, and & miscella-
neous papers. Biographical skefch by H. A. Bumstead. otal of axovi <+ . 55k B3,
721 Vol | Paperbound $2.00
5722 Yol |l Paperbound a..tl
The set $4.00

BASIC THEORIES OF PHYSICS, Poter Gabriel Bergmamn. Twio-volurme set which presenls &
eritical examimation of impaortant topics in the major subdivisions of classical and moann
physics. The first wolume Is concerned with classical machanics and _el-ctrnm'nimlu:
mechanics of mass paints, analytical mechanics, matier in bulk, electrostatics and magneto-
Statics, electromagnetic |nteraction, the field waves, special relativity, and waves. The
Serond velume (Heat and Quantz) contains discussions of the kinetic nypothesis, Iﬁl‘l:ﬂ-lﬁ and
Statistics, stationary ensembles, laws of thermodynamics, garly quantum thearie
spectra probability waves, guantization In weve mechanics, approximation methods, and
abstract quantum theory. & valuable supplement to any thorough course or bext
Heat and Quanta: Index, 8 figures. » + 3 {rp. 5la x Bla. 5068 Paperbound $1.75
Mechanics and Electrodynamics: Index. 14 figures. wii <+ 280gp. 5% x 814,

5069 Paperbound §1.75

THEDRETICAL PHYSIES, A. 5. Kompaneyets. One of he ver fow thorough studies of the
uuhi‘ur.t in this price range. Provides advanced students with 3 ¢ﬂl':f!fl"'!“|“. theoretical
background, Especially strong on recent experimentation and developments in  gquantum
theary. Contemts: Mechanics (Generalized Coordinates, uﬁnnn's Equation, Collision of
Particles #tc.), Electrodynamics [Vector Analysis, Maxwell's eguations, Transmission

Signals, Theory of M:tlwrh-, gte), Ouantum Mechanics {the Inadequacy of Classical Mechan-
ics, tha Wave Equation, Mation in a central Figld, Quantum Theory of Radiaticn, Quaatum
Theories of Dispersion and Scattering, ete.), and Statistical Physics {Equilibrium Distribution
of Molecules m an Ideal Gas Baoltzrann  statistics, Bose and Farmi  Distribution,
Thermodynamic Guantities, etc.). Revised to 1961 Translated by Geofft Yankevsky, author-
ized by Kompaneyets. 137 esercises. 56 figures. s29pp, 5% ¥ 84 72 Paperbownd $2.50

AMALYTICAL AND CAMOMICAL FORMALISM IN PHYSICS, André Mercier. A survey, In cne el-
ume, of the varigtional principles (the Key principles—in mathematical form—from which
ihe basic laws of any one branch of physics can be derived) of the several branches of
fhnim theery, together with an gxamination of the relationships ameag them. Confents:
he Lagrangian Formalism, Lagrangian bensities., Cannical Farmalism, Cancrical Form of
Electrodynamics, H:millnn!'-n Densities, Transformations, and Canonical Form with ¥anishing
Jacoblan Determinant. Numerous gxamples and paercises. For advanced students, tsuhar:‘
eic. 6 figures. Index. ¥iii + 222pp. 5% * B34 51077 Paperbound $1.7
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Acoustics, optics, electricity and magnetism, electromagnetics, magneto-
hydrodynamics

THE THEORY OF SOUND, Lord Rayleigh. Most vibrating systems likely to be encountered in
f;ltlil‘.l can be tackled successfully by the methods set forth by the great Mobel laureate,
rd Raylelgh. Complete coverage of experimental, mathemat aspects of sound theory.
Partial contents: Harmonic motions, vibrating systems in general, lateral vibrations of ba
curved plates or shells, applications of Laplace's functions fo acoustical problems, fla
friction, filn- vortex-sheet, wvibrations of solid bodies, etc. This is the first inexpensive
edition of this great referance and stu‘d; waork. Bibliography. Historlcal imtroduction by R. BE.
Lindsay. Total of 1040pp. 97 figures. 53 x 8.
5262, 5293, Two wolume set, paperbound, $4.70

THE DYNAMICAL THEORY OF SOUND, H. Lamb. Comprebensive mathematical treatment of the
physical aspects of sound, covering the theory of vibrations, the general theory of sownd, and
the equations of motion of Strings, bars, membrames, pipes, and resonators. Includes chap:
ters on plang, spherical, and !Il'l'l?lt harmanic waves, and the Helmholtz Theory of Audition.
Complete and self-contalned development for stedenf and specialist; all fundamental differ-
ential equations solved completely. Specific mathematical details for such important phenom-
ena as harmonics, normal modes, forced vibrations of strings, theory of reed pipes, etc. Index.
Bibllography. 86 diagrams. vill + 307pp. 5% & &, 5655 Paperbound $1.50

WAVE PROPAGATION IN PERIDDIC STRUCTURES, L. Brillowin. A ’manl method and IE-"H'
tion to different preblems: pure physics, such as scaltering of X-rays of crystals, thermal
vibration im crystal lattices, e nic mofion in metals; and also problems of electrical
engineering. Partial contents: elastic weves in l-dimensional lattices of point masses.
Pri ation of waves aleng 1-dimensiconal lattices. Emergy flow. 2 dimenslonal, 3 dimensional
lattices. Mathieu's equation. Matrices and propagation of waves along an electric line.
Continuous electric lines. 131 ilustrations. Bibliography. Index. xii -+ 2 . 5% x B
aperbound $1.85

THEORY OF VIERATIONS, M. W. Mclachian. Based on an exceptionally successful graduate
course given at Brown Llrl[u'rsih', this discusses linear systems having 1 degree of freedom,
forced vibrations of simple linear systems, wibration of flexible strings, transversa vibra-
tions of bars and tubes, transverse vibration of circular plate, socund waves of finite ampli-
tude, etc. Index. 95 diagrams. 160pp. 5% x 8. 5190 Paperbound $1.35

LIGHT: PRIMCIPLES AND EXPERIMENTS, George 5. Monk. Covers theory, experimentation, and
research. |ntended for students with some background in general phrnlns and alemantary
calculus. Three main divisions: 1) Eight chapters on tumg‘lriul optice—fundamental con-
cepts (the ray and its optical length, Fermat's principle, efc.), laws of image formation,
apertures In optical systems, photometry, optical instruments ete; 2) § chepters on physical
optics—interference, difiraction, polarization, spectra, the Rayleigh ractometes, the
wawe theary of light, etc.; 3) 23 instructive experiments based directly on the theoretical
text. “Probably the best intermediate textbook om light In the English language. Certainly,
it is the best book which incledes both geomeirical and physical optics,” J. Rud Nielson,
PHYSICS FORUM. Rovised edition. 102 problems and answers. 12 appendices. & tables. Index.
270 illustrations, x| +489pp. 5% x 814, 5341 Paperbound $2.45

PHOTOMETRY, Johm W. T. Walsh, The best treatment of both “bench’™ and "lllumination"
Thutumetnr in_ English by one of Britain's foremast experts in the fiald (Presicent of tha
nternational Commission an tlrurninal.innll'l. Limited to those matters, theoretical and prac-
tical, which affect the measurement of |ight fux, camdlepower, illumination, etc., and
excledes treatment of the use to which such measurements may be put after they have been
made. Chapters on Radiztion, The Eye amd Vision, Photo-Electric Cells, The Principles of
Phetomedry, The Measurement of Luminous Istensity, Colorimetry, Spectrophotometry, Stellar
Photometry, The Photometric Laboralory, etc. Third revised (1958) edition, 281 illustrations.
10 appendices. sxiv + 544pp. 5% x Sha. 5319 Clothbound $10.00

EXPERIMEMTAL SPECTROSCOPY, R. A. Sawyer. Clear digcussion of prism and grating spectro-
f:nphl and the techniques of their wse In research, with emphasis on those principles and

niques that are fundamental fo practically all uses of spectroscopic equipmenl. Begin-
ning with a brief history of spectroscopy, the awthor covers such topics as light sources,
spectroscopic apparatus, prism :Fecltu:npu and graphs, diffraction grating, the phato-
graphic process, debermination wave | . spectral intensity, infrared Speciroscopy.
spectrochemical analysis, etc, This revised edition containg new material on the production
of replica gratings, solar spectroscepy from rockets, new standard of wave length, etc.
Index. Bibliography. 111 illustrations. ¥ + 35Bpp. 5% x BLa, 51045 Paperbound $2.00

FUNDAMENTALS OF ELECTRICITY AND MAGMETISM, L. B, Loeb, For students of physics, chem-
istry, or engineering wha want an introduction to electricity and magnetism on a nliﬁhlr lewed
#nd in more detail than general slementary physics texts provide, Only elementary differential
and integral calculus is assumed, Phymaf laws developed logically, from magnetism to
electric currents, Ohm's law, electrolysis, and on to static electricity, induction, etc. Covers
an unuswal amount of material; one third of book on modern matesial: selution of wave egqua-
tion, phatoelectric and thermionic effects, etc. Complete statement of the varipus electrical
systems of units and interrelations. 2 Indexes, 75 pages of problems with answers stated.
Over 300 figures and disgrams. xix < 6639pp. 5% x spa 5745 Paperbound $2.7
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HYDRODYMAMICS, H. Oryden, F. Murnaghan, Harry Bateman. Published by the National
Research Gpunm[ in 1532 this enormous vodume offers a complete coverage of classical
?dmﬂrmmms. Encyclopedic in gquality. Partial ceatents: physics of fluids, motion, turbulent
ow, compressible fluids, motion in 1, 2, 3 dimensions; viscous fluids rotaling, laminar
motion, resistance of motion through wiscous fluld, eddy viscesity, raulic flow im channels
of various shapes, discharge of gases, flow past obstacles, etc. B tinﬂ;pﬂy of ogwer 2,500
items., Indewes. 23 figures. 63d4pp. 534 x 8. 5 Paperbound $2.75

Mechanics, dynamics, thermodynamics, elasticity

MECHAMICS, 1. P. Den Hartog. Already a classic among introductory texts, the M.LT. profes-
sor's lively and discursive presentation is equally valusble as s beginner's text, an engineerl

student's refresher, or a practicing engineer's reference. Emphasis in this highly readable te

is on llleminating fundamental principles and showing how they are embodied in a greal
mumber of real engineering and design problems: trusses, loaded cables, beams, jacks, hoists,
etc. Provides advanced materlal on relative motion and gyroscopes not usual in introductory
texts. "“Very thoroughly recommended 1o all those anxious to imgrove their real understanding
of the principles of mechanics.”” MECHANICAL WORLD, Index, List of equations. 334 problems,
all with answers. Qwer 550 diagrams and drawings, ix + 462pp. 5% x B.
5754 Paperbound $2.00

THEORETICAL MECHAMICS: AN INTRODUCTIONM TO MATHEMATICAL PHYSICS, ). 5. Ames, F. D.
Murn . A mathematically rigorous development of theoretical mechanics for the "ac-
vanced student, with constant practical applicstions, Used in hundreds of advanced courses,
An unusually thorough coverage of gyroscopic and ba ne material, detailed analyses of
the Corlelis acceleration, applications of Lagrange's equations, motion of the double pen-
dulum, Hamilton-lacobi partial differential equetions, group veloclty and dispersion, efc.
Special relativity is also imcluded. 159 problems. 44 figures. ix + s 1 B.
Paperbound $2.00

THEORETICAL MECHAMICS: STATICS AND THWE DYNAMICS OF A PARTICLE, W. D. MacMillan,
Used for over 3 detades as & self-contained and extremely comprehensive advanced under-
graduate text in mathematical physics, physics, astronomy, and desper fowndations of engi-
neering. nr|ﬁ sections reguire only a knowledge of geomestry; later, a working knowled
of calculus, Hundreds of basic problems, including projectiles to the moon, escape velocity,
harmonic motion, ballistics, falling bodies, fransmission of power, siress and sirain,
B e et o 63, 350 REss,
make ossible to a principles developed in ]
430pp. 5% x 8. 5487 Paperbound $1.00

THEORETICAL MECHANICS: THE THEORY OF THE POTENTIAL, W. D. MacMillan. A& comprehensive,
well balanced presentstion of poleatial theory, serving both as an introduction and a refer-
ence work wltﬁ regard te specific problems, for physicists and mathematicians. Mo prior
knowledge of integral relations is assumed, and all maihematical material | developed as it
becomes necessary. Includes: Attraction of Finite Bodies; Newlonian Potential Function;
Vector Fields, Green and Gauss Theorems; Attractions of Surfaces and Lines; Surface Distri-
bution of Matter; Twe-Layer Surfaces; Spherical Harmonics; Ellipsoidal Harmonics; ete, “The
great numbar of particular ::lstu i .palimilllld “ﬂn u‘[‘ﬁmﬁﬂ“ﬂr;ﬂ”""“‘ liﬂwhﬁlgg:“ligg
others actively engaged in practical applications of the ry, Review

Instruments. index. Bibliography. xill + 469pp. 5% x 8. 5485 Paperoound $2.25

THEORETICAL MECHAMICS: DYMAMICS OF RIGID BODIES, W. D. MacMillan. Theory of dynamics
of a rigid body is developed, using both the geometrical and analytical methods of instruc-
ticn, Begins with exposition of algebra of weclors, it goes through mamentam |;.-I|1n:I:||||:tIi
maotion in space, use of differential equations and infinite” series to solve more sophisticat
dynamics problems. Partial contents: moments of irertla, systems of free particles, metion
rallel to a fixed plane, rolling motion, method of periodic solutions, much mere, 82 figs.
895 problems. Bibliography. Indexes. xii + 47659, 5% X 8. SE41 Paperbaund $2.00

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHAMICS, A. L Khinchin. OWeriag a precise
and rigorous formulation of problems, this book supplies a thorough and up- -
tion. It provides analytical 1t“n-nl.s needed to replace cumbersome concepts, and furnishes
for the #::t time # Jogical step-by-step introduction o the subject. Partial contents: E'”"
gtry & Wimematics of the phase space, ergodic problem, reduction 1o theo of probability,
application of central limi wnhluf':. I:'-'_‘!iuul mnm%ﬁ:u ;ﬁ:fﬁﬂtlmllmq- l;hp\.m “ch;‘.
dispersion and distribation of sum funclicns. Key T Paneaand $3.80

IPLES IM STATISTICAL MECHAMICS, ). W. Gibbs. Last work of the greal
fﬂ'mtﬂk?;‘.ﬂn sicist, still one of the most fundamental treatments avallable for
acvanced students and workers in the field, Covers the basic principle of Ii’ﬂl"ill“"'l“f“"Iﬂ:":i_

robability of phase, theory of eérrers in the calculated phases of a system, the contri |

ons of Glawsius, Mawwell, Boltzmann, and Gibbs himself, and much more. Inclsdes rrl‘lj%ht
comparison of statistical mechasics with thermodynamics: Carnaf’s cycla, rgl':ﬂlgiﬂnd “1’
tions of entropy, etc. vl + 208pp. 5% x B. 5707 Paperbou
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MATHEMATICAL ANALYSIS OF ELECTRIGAL AMD DPTICAL WAVE-MOTIDN, hﬁ Batemanm. Written
by ane of this century’s most distinguished mathematical M[hlclm. is is a practical
introduction to those evelopments of Maxwell's au:trumatgnut c theary which are direct!
connected with the solution of the partial differcntial ecuation of wave motion, Methods o
solving wave-equation, polar-cylindrical coordinates, diffraction, transformation of coordinates,
homogeneous solutions, electromagnetic fislos with moving Simgularities, efc. index. 188p

5% x 8. 514 Paperbound $1.75

PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach, This classical examination of the propagation
of light, color, polarization, etc. offers an historical and philosophical trostment that has
never been surpassed for breadth and easy readability. Contents: Rectillmear grmnuun af
light, Reflection, refraction. Early knowledge of vislon, Dioptrics. Composition of light.
Theory of calor and dispersicn. Periodicity. Theory of interference. Pofarization. Mathematical
representsticn of properties of light. Propagation of waves, etc, 279 illustrations, 10 iwr
traits. Appendix. Indexes. 324pp. 5% x B. 5178 Paperbousd $1.75

THE THEORY OF OPTICS, Paul Drude. One of finest fundamental texts in physical optics,
classlc offers thorough coverage, complete mathematical treatment of basic |dess. Inciudes
fullest treatment of application of thermodynamics to optics; sine l=w in formatiza of
images, transparent crystals, magnetically active substances, weloclty of light, apertures,
effects depending upon them ?pularlntiqn. optical instruments, etc. Introduction By A, A.
Michelson. |ndex. 110 illus. 567pp. 5% x B 5532 Paperbound $2.45

ELECTRICAL THEORY OM THE GIDRGI SYSTEM, P. Cornelus. A new clarification of the funda
mental concepts of electricity and magnetism, advocaling the convenient m.hs. system of
units that is steadily gaining followers In the sclences. lllustrating the sse amd eMectivensss
of his terminology with numerous applications to corcrete technical problems, the author
here expounds the famous Ciorgi system of electrical physics. His lucic  presestation
and well-reasoned, cogent argument for the universal adoption of this system form eme of
the finest pigces of scisntific exposition in recent years. 2 figures. Index. Coeversion tables
for transla r-lia earlier data inte modern units. Translated from 2rd Dutch edition h; L L
Jolley. x -+ 187pp. 5% x B3, 5509 Clothbownd $6.00

ELECTRIC WAVES: BEING RESEARCHES ON THE PROPAGATION OF ELECTRIC ACTION WITH
FINITE YELOCITY THROUGH SPACE, Hainrich MWertz. This classic work brings togather the
ariginal papers in which Hartz—Heimhaitz's protegé and one of the most brilliant figures
In 15th-century research—probed the existence of electromagnetic waves and showed experi-
mentally that their velocity equalled that of |ight, research tnat helped lay the groumdwork
for the development of radio, television, telephone, telegraph, and other modern technatogical
marvels, Unlhrldiﬁ republication of original edition. Authorized translation by D. E. Jones.
Preface by Lord Kelvin. Index of names, 40 illustrations. wvii + zifaasp. 5% x 8.

57 Paperbound $1.75

PIEZOELECTRICITY: &N INTRODUCTION TO THE THEORY AND APPLICATIONS OF ELECTRO-
MECHANICAL PHENOMENA IN CRYSTALS, Walter G, Cady. This is the most complete and
tematic coverage of this important field in print—now regarded as something of scieatidc
Classic. This republication, revised and corrected by Prof, Cady—one of the foremost con-
tributers In this area—contains a sketch of recent progress and new material op Feera-
electrics. Time Standards, ete, The first 7 chapters deal witn fundamental theory of crystal
Blectricity. 5 important chaplers cover basic concepts of plezoelectricity, Incisding com-
parisons of varicus competing theories in the fisld, Also discussed: pieroelectric resomators
ithaary. methods of manufacture, influences of air-gaps, stc.); the pleso oscllator; the
properties, history, and observations relating o Rochelle salt; ferroelectric crystals: miscal-
faneaus applications of piezonlectricity; pyroelsctricity; ete. “A great work" W. A Wonster,
MATURE. Revised [Hﬂé and corrected edition. Mew preface by Prof. caly, 2 dlces.
Indices. lllustrations. 62 tables, Bibliograghy. Problems. Total of 1 + 822pp.

51094 Wal, | Paperbound

51095 Vol. |1 Paperbound %2.50

Two volame set Paperbound $5.00

MAGMETISM AND YERY LOW TEMPERATURES, H. B. G. Casimir. A basic work in the literaturs
of low temperature physics. Presents a concise survey of fundamental thesretical principles,
and also points out promising lines of investigation. Contents: Classical Theory and Engurl-
mental Methods, Quantum Theory of Paramagnetism, Expériments on Adiabatic Demagnetiza-
tion. Thearetical Discussion of Faramagnelism at Very Low Temperafures, Some Experimestal
Results, Relasaticn Phenomena, index. B%-item biblicgraphy. is + 95pp. 5% ¥ B.

5943 Paperbousd $1.25

SELECTED PAPERS OM MWEW TECHMIQUES FOR EMERGY CONVERSIOM: THERMOELECTRIC
METHODS; THERMIONIC; PHOTOVDLTAIC AND ELECTRICAL EFFECTS; FUSIDN, Edited by Sumner
- Laving. Brings together in one volume the most Important papers (1954-1961) in madern
energy technelogy. Incleded among the 37 papers are general and qualitative descriptions
of the field a5 & whole, indicating promising lines of research. Alse: 15 papers on thermo-
electric methods, 7 on Ihermionic, 5 on photovoltaic, 4 on electrochemical efect, aad 2 on
controlied fusion research, Among the contribulsrs are: Jofle, Maria Telkes, Herold, Herring,
Hﬂ:-l:f:- I-{:nnw" 5“"'.;."“‘““* Wilmz'ﬂ, Hin&h Rappaport, Mnrmuuu:&mﬁom;rmill, h:cills.
Hhibd an, VYom Doenhoef, Preface and introduction b L] r. ographies.
xodiil + 451pp, 614 x 9lh, y 537 Paperbound $3.00
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SUPERFLUIDS: MACROSCOPIC THEORY OF SUPERCOMDUCTIVITY, Wol. I, Fritz London. The
major work by ome of the founders and great theoreticians of modern qmntumwphrslu-
Consalidates the researches that led fo tha present understanding of the nature Super-
conductivity. Pref. Lomdon here reveals that quantum mechanics is operative oa the macre-
scoplc plane as well as the submolecular level, Contents: Fm]gortlu of Slaparcnndutturl
and Their Thermodynamical Correlation; Electrodynamics of the Pure Supercenducting State;
Relation between Current and Field; Measurements of the Penetration Depth; MNon-Viscous Flow
v8. Superconductivity; Mecro-waves in Superconductors; Reallty of the Domain Structure;
and many other rela fopics. A new epilogue by M. ). Buckingham discusses developments
in the field up to 1980, Corrected and expanded edition. An :ﬂmiﬂiun of the author's
life and_work by L. W, Rordheim. Blography Edith Londan. llography of his publica-
tions, 45 figures. 2 Indices. aviii + 173pp. 5% x 8%, 544 Lplrbwnd $1.45

SELECTED PAPERS OW PHYSICAL PROCESSES IM IONIZED PLASMAS, Edited Denald H.
Menzel, Director, Harvard College Observatory. 30 important papers relating to the study of
highly ionized Dtatls or plasmas selected by a foremost comtributor in the field, with the
assistance of Dr. L. H. Aller, The essays include 18 om the physical processes In gaseous
nebulae, cevering problems of radiation and radiative transfer, the Balmeér decrement
electron temperatives, spectrophotometry, etc. 10 papers deal with the interpretation of
nebular spectra, by Bohm, Van Vleck, Aller, Minkowski, etc. There is also a discussion
of the intemsities of “forbidden’” spectral lines by George Shortley and a Eunpur concem-
inlslhmt th of hydrogenic spectra by Menzel and Pekeris. Other contributors: Goldber

Hebb, Baker, en, Ufferd, Liller, ete, vili 4+ 374pp. 6% x 944, 560 Paperbound $2

THE ELECTROMAGHETIC FIELD, Max Mason & Warren Weaver. Used constantly by graduate
engineers. Vector methods MII.ISWNIEH detsiled trestmest of electroststics, expansion meth-
ods, with tables converting any quantity into absolute electromagnetic, absolute electrostatic,
practical wnmits. Discrete charges, ponderable bodies, Maxwell field eguations, etc. Introduc-
tion. Indexes. 416pp. 5% x B, 185 Paperbound $2.00

THEORY OF ELECTROMS AND ITS APPLICATION TO THE PHENOMEMA OF LIGHT AND RADIANT
HEAT, H. Lorentz. Lectures deflvered at Columbia University z; Nobel laureate Lorentz.
llnlhrl?bd. they form a historical coverage of the theo free electrons, metion,
absorption of heat, Zeeman effect, propagation of light in maoleculsr bodies, inverse Zeeman
effect, optical phenomena in moving bodies, etc. 109 pages of notes explain the more
advanced sections. Index. 9 figures. 352pp. 53 x & 5173 Paperbound $1.85

FUNDAMENTAL ELECTROMAGNETIC THEORY, Ronold P. King, Professor Apglied Physics, Harvard
University. Original and waluable introduction fto electromagnetic theory and to circeit
m“fz from the standpoint of electromagnetic theory. Contents: Mathematical Description
of Matier—stationary and nonstationary states; Mathématical Description of Space and of
Simpie Media—Field ;:?uﬂians. Integral Forms of Fleld Equations, Electromagnetic Force,
ete.; Transformation Fleld amd Force Egquations; Electramagnetic Waves in  Unbounded
Regions; Skin Effect and Internal Imgedance—in a solid cylindrical conductor, etc; and
Elactrical Circuits—#nalytical Foundations, Mear-zone and gquasi-near Tone circuits, Balanced
two-wire and four-wire tramsmission lines. Revised and enlarged version. Mew preface by
the author. 5 appendices (Differential gmlm; Vector Formulas and |dentities, etc.).
Problems. Imdexes. Bibliography. avi + SH80pp. 5% x 834 51023 Paperbound $2.

Hydrodynamics

A TREATISE ON HYDRODYKAMICS, A. B. Basset. Favorite text on hydrodynamics for 2 genera-
tions of pg!ul:lﬂ.l. hydrodynamical engineers, oceanographers, ship designers, efc. Clear
anough for the beginning ihl:tunti_:nd thorough source for graduate students and engineers on
thp work of d'Alembert, Euler, Laplace, Lagrange, Poisson, Green, Clebsch, Stokes, Cauchy,
Heélmholtz, 1. ). Thomsan, Love, Hicks, Greenhill, Besant, Lamb, etc. Great amount of docu-
mentation on entire theory of classical h{j:lmﬂrrurllu. Vol I: thmg of motion of frictionless
i|lilllﬂl, vortex, and cyclic irretational motien, etc, 132 exercises. Bibliography. 3 Appendixes.
xi + . Vol |l: motion in viscous liquids, harmonic analysis, thecry of fides, ete. 112
exarcises, Bibliography. 4 Appendixes. v + 328pp. Two volume set. 534 x 8.
+ 5724 Wol | Paperbound $1.75
E725 Vol |l Paperbound §1.75
The s&t

HYDRODYNAMICS, Horace Lamb. Internationally famous complete coverage of standard refer-
ence work on dynamics of liguids & gases, Fundamentsl thecrems, equations, methods,
solutions, background, for classical hydrodynamics, Chaplers include Equations of Mation,
Integration of Equations in Special Gases, Irrotational Motion, Motion of Liguid in 2 Dimen-
sions, Moticn of Solids through Liquid-Dynamical Theary, Vertex Mation, Tidal Waves, Surface
Waves, Waves of Expansion, Viscosity, Rotating Masses of liquigs. Excellently planned, ar-
ranged; clear, lucid presentation. Bth enlarged, revised edition. Index. Over 200 footnotes,
mostly bibliographical, 119 figures. xv <4 738pp. BY& ¥ 9, 52156 Paperbound $3.25
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PRINCIPLES OF MECHANICS AMD DYMAMICS, Sir Willlam Thomson (Lerd Kelvin) and P
Tait. The J:lr:lru:ipln! and thecries of fundaments! branches of classlcal phnﬁ
explained by two of the greatest physicists of all time. A broad survey of mechanics, with
material on hydrodynamics, ululi:ulf potential theory, and what is new standard mechanics
Thorough amd detailed coverage, with many examples, derivations, and fopics net included
In more recent studies. Only a knowledge of calculus is needed to work through this book,
Vaol. | (Prefiminary): Kinematics; Oynamical Laws and: Principles; Experience (chsersation
experimentation, formatics of Eypotheses, scientific method); Measures and  Instruments.
Continuous  Calculating Machines. Vol |1 [(Abstract Oynamics): Statics of a Parbicle—.
Attraction; Statics of Solids and Fluids. anar‘l:‘y Titled “Treatise on Matural Philosophy.”
Unabridged reprint of revised edition. Index. 188 diagrams. Total of alii + 1035pp, 5% x Bl4,
Vol, I: 5986 Paperbound $2.35
Vol. 1l: 5567 Paperbound §2.35
Two velume Set Paperbound $4.70

INVESTIGATIONS OM THE THEORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints
from rare European journals., 5 basic papers, incleding the fllrnntinr Theory of the
Brownian Movement, written at the request Lorentz to provide a simple explanation.
Translated by A, D, Cowper, Anmotated, edited by R. Flrth, np&nf notes elucidate, give
history of previous investigations. Author, subject indexes. 62 tnotes. 124pp. 5% x B.
5304 Paperbound %1.25

MECHANICS VIA THE CALCULUS, P. W. Morrls, W. 5. Legge. Covers almost everything, from
linear maotion to vector analysis: eguations detérmining motion, linear methods, compounding

simple harmonic motions, Mewton's laws of motion, Hooke's law, the simple pendulum
motion of a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of
rofating bodies, equilibrivm of $trings, hydrostatics, sheering stresses, elasticity, etc, 550
problems. 3rd revised edition. xil + 36Tpp. 6 x 8, 5207 Clothbound $4.95

THE DYMAMICS OF PARTICLES AND OF RIGID, ELASTIC, AND FLUID BODIES; BEING LECTURES
OM MATHEMATICAL PHYSICS, A. G. Webster. The reissuing of this classic fills the nesd for
a comprehensive work on dynamics. A wide range of topics Is covered in unusually great
depth, “P:Il?sl“ ordinary and partial differential equations. Part | considers laws of motion
and methods applicable to systems of all sorts; oscillation, resonance, cyclic systems, etc.
Part 2 is & iled study of the dymamics of rigid bodies. Part 3 introduces the theory of
potential; stress and Strain, Mewlonian pofential fumctions, p‘l‘ﬂﬂ.ﬂlti. wiave and worfex
motion, etc. Further confents: Kinematics of a point; Lagrange's equations; Hamilton's prin-
ciple; h!“m! of vectors; Statics and dynamics of deformable bedies; much more, not easily
found together in one wolume, Unabridged reprinting of 2nd edition. 20 pages of notes on
differential on!'msnn! and the higher analysis. 203 illustrations. Selected bibliography. Index.
X + 58&pp. 3% x B 5522 Paperbound $2.45

A TREATISE OM OYMAMICS OF A PARTICLE, E. L Routh. Elementary text on dynamics for
eginning mathemstics or physics student, Unusually detailed trestment from elementary defi-
nitions motien in 3 dimensions, emphasizing concrate aspects. Much unigue material im-
ortant in recent applications. Covers impuisive forces, rectllinesr and constrained metion in
dimensicns, harmonic and parabolic metion, degrees of freedom, closed orbits, the conical
pendulum, mrgﬂnﬂlﬂl of least actlon, Jacobl*s method, and much more. Index. 558 problems,
mary fully worked out, incorporated into test. xiii + 418pp. 5% x 8.
5686 Paperbound $2.25

DYMAMICS OF A SYSTEM OF RIGID BODIES (Elementary Section), E. ). Routh. Revised Tth ed|-
tion of this standard reference. This wolume covers the éynamical principles of the subject
and its more elementary spplications: finding moments of inertia b; integration, focl of
inertia, d'Alembert's principle, impulsive forces, motion in 2 and 3 dimenslons, Lagrange's
equations, relative indicatrix, Euler's theorem, large taulochromous motions, etc. Index. 55
figures, Scores of problems. xv + 443pp. 53 x 8. 5664 Paperbound 52.50

DYNAMICS OF A SYSTEM OF RIGID BODIES (Advanced Section), E. ). Routh. Revised 6th edi-
tion of a classic reference aid, Much of its material remains unigue, Partial contenis: moving
axes, relative motion, oscillations about equilibrium, moticn, Moticn of a body under no
forces, any forces. Wature of motion given by linear equations and conditions of stability,
Free, forced vlbrations, constanis of integration, calculus of finite differences, varlations,
precession and nutation, motion of the moon, maotion of string, chain, membranes. 64 figures,
498pp. 5% x 8. 5229 Paperbound %2.45

DYNAMICAL THEORY OF GASES, James Jeams. Divided intc mathematical and sical chaplers
for the coavenlence of those mot expert in mathematics, this velume muﬁ.".;‘ the r..."ﬁr
matical theory of gas in a steady state, thermodynamics, Boltzmann and Maxwell, kinetic
theory, quantum theory, exponentials, efc, 4th enlarged edition, with new material on quan-
twm theary, guantum d}nmm, etc. Indexes. 28 figures. 444pp. 614 x 914,

5136 Paperbound $2.65

THE THEORY OF HEAT RADIATION, Max Planck. & pioneering work in thermadynamics, provid.
ing basis for most later work, 'Mobel lsureste Planck wiites on' Deductions from’ Electro-
d namics and Thermodynamics, Entropy and Probability, Irreversible Rediaticn Processes, atc.
Starts with simple experimental laws’ of oplics, advances to problems of spectral distribu-
tion of energy and irreversibility. Bibliography, 7 illustrations, xiv + 224pp. 5% x 4.
5545 r?mrmm §1.50
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FOUMDATIONS OF POTENTIAL THEORY, 0. D. Kellogg. Based om courses given at Harvar
Is suitable for both advamced and beginning maleﬁtliﬁl. Proofs Irul rigorous, lnddrnflnclli
material not generally avaliable elsewhere s included. Partial contemts: forces of gravity,
fields of force, divergence theorem, properties of Newtonian potentials at points of free
space, potentials as solutions of Laplace's equations, harmonic functions, electrogtatics,
ectric images, logarithmic potential, etc. One of Grundlehren Series, ix 4+ 3B4pp, 53 x 8.
5144 Paperbound $1.98

THERMODYNAMICS, Enrice Fermi. Unabridged reproduction of 1837 edition. Elementary in
treatment; remarkable for clarity, organization. Requires no knowledge of advanced math
beyond calculus, only familiarity with fundamentals of thermometry, calorimetry. Partial
Contents: Thermodynamic systems; First & Second laws of thermodynamics; Entropy; Thermo-
dynamic potentials: phase rule, reversible electric cell; Gaseous reaclions: van't Hoff reaction
m:r principle of LeChatelier; Thermodynamics of dilute solutions: esmotic & vapor pressures,
boiling & freezing points; Entropy constant. Index. 25 problems, 24 illustrations, x + 160pp.
5% 1 & 5361 Paperbound ﬂ.‘fi

THE THERMODYMAMICS OF ELECTRICAL PHENOMEMA IN METALS and A& COMDEMSED COLLEC-
TION OF THERMODYNAMIC FORMULAS, P. W. Bridgman. Major work by the Nobel Prizewinner:
stimulating conceptual introduction to aspects of the electron theory of metals, giving an
intuitive und.;:unmnlE of fundamental relationships comcealed by the formal systems of
Onsager and_ athers. Elementary mathematical formulations show clearly the fundamental
thermodynamical relationships the electric field, and a complete phenomenological theory
of metals |s created. This is the work in which IBrlr:l;rrun announced his famous “thermo-
mative force” and his distinction between "ﬂrl'-l'il'lﬁ" and "‘working" electromolive force.
We have added in this Dover edition the author's long unavailable fables of thermo-
dynamic formulas, extremely valuable for the speed of reference thay allow. Two works
bound a% one. Index. 33 figures, Bibliography. xviii + 256pp. 5% x 8. 5723 Paperbound $1.85

TREATISE OM THERMODYNAMICS, Max Planck. Based on Planck's original papers thiz offers
a uniform point of view for the entire field and has been used 83 an introduction for
students who have studied elementary chemistry, physics, and calculus. Rejecling the earlier

ches of Helmholtz and Maxwell, the author makes no sssumptions regarding the
nature of heat, but begins with a few empirical facts, and from these deduces new physical
and chemical laws. 3rd English edition of this standard text by a Nobel laureate. wi +
287pp. 5% x B, 5219 Paperbound $1.7%

THE MATHEMATICAL THEORY OF ELASTICITY, A. E. W. Love. A wealth of practical (lustration
combined with thorowgh discussion of fundamentals—theory, application, special problems
and solutions. Partial Contents: Analysis of Strain & Stress asticity Solld Bodies,
Elasticity of Crystals, Vibratin of Spheres, Gylinders, Propagation of Waves in Elastic_Solid
Media, Torsion, Theory of Continuous Beams, Flabes. Rigarous treatment of Volterra's theory
of dislocations, 2-dimensional elastic s?t-tnu ather talis of modern interest. "“For years
the standard treatise on elasticity,” AMERICAN MATHEMATICAL MONTHLY. 8th revised edi-
tion. Index. 76 figures, xvili + 643pp. B4 x 9. 5174 Paperbound $3.00

STRESS WAVES IN SOLIDS, W, Molsky, Professor of Applied Physics, Brown University. The
mest readable survey of tha theoretical cere of current knowledge about the propagation of
waves in solids, fully correlated with experimental research, Contents: Parl I—Elastic Waves:
pmp“i-.uun in an extended plastic medium, propagaticn in bounded elastic media, expari-
mental investigations with elastic materials. Part 1l—Stress Waves In Imperfectly Elastic
Media: internal friction, experimeéntal investigations of dysamic elastic .properties, plastic
waves amd shock wawes, fractures produced by stress waves. List of symbels. Rppendix
Supplemented bibliography. 3 full-page plates. 46 figures. 1 + 2ldpp. 53 x Bla,

51098 Paperbound $1.55

Relativity, quantum theory, atomic and nuclear physics

SPACE TIME MATTER, Hermann Weyl. “'The standard treatise on the general theory of rels-
tivity" (Nature), written bgl a world-rencwned scientist, provides a deep clear discussion of
the logical csheremce of the general theory, with introduction to ail the mathematical tools
needed: Maxwell, analytical geometry, non-Euclidean gesmetry, tensor calculus, etc. Basis is
classical space-time, before absorption of relativity, Parfial contents: Euclidean space,
mathematical form, metrical continuum, relativity of fime and space, general theory, 15 dia-
grams. Bibliegraphy. Mew preface for this edition. wviil + 330pA. kag % &,

267 Faperbound %2.00

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Hertherg. Excellent goneral sarvey for chemists,
physicists sne:illl:inf in other fields. Partial contents: simplest line spectra asd elements
of atomic theory, bullding-up principle and periodic system of elements, hyperfine structure
of spectral lines, some experiments and applications. Bibilography. 80 figures, Index H
+ 257pp. 5% x B. 5115 Paperbound $2.00
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THE PRINCIFLE OF RELATIVITY, A. Einstein, H. Lorentz, H. Minkowski, H. Weyl. These are
the 11 basic papers that founded the general and special theories m" relativity, all trams-
lated ints Emglish. Two giper; Lorentz on the Michelson experimen !Iun’tru‘ntmﬂlt
phanomana. Minkowski's CE & TIME, and Weyl's GRAVITATION & ELECTRICITY. 7 mch—
mlking ?Bﬂll'l by Einstein: ELE{‘.TEDMENEHBS OF MOVING BODIES, INFLUENCE OF V-
TATION [N PROPAGATION OF LIGHT, COSMOLOGICAL COMSIDERAT IOMS, GENERAL THEORY, and
3 olners, 7 diagrams. Special nofes by A, Sommerfeld, 224pp. 5% X B,

581 Paperbound $1.75

EINSTEIN'S THEORY OF RELATIVITY, Max Born, Revised edition prepared with the collabora-
tion of Gunther Leibfried and Walter Biem. Steering a middie cguru bebween superficlal
popularizations and l;nrn{:lax analyses, a Nobel laureate explains Einslein's theorles clearly
and with special insight. Easily followed by the layman with a knowledge of high school
mathematics, the book has been thoroughly revised and extended 1o rmize 56 el
tions of the well-known eriginal edition which are now out of date. After a comprehensive
review of classical physics, Bomn's discussion of special and general theories relativity
covers such topics as simultaneity, kinematics, Eimstein's mechanics and dynamics, relativity
of arbitrary motions, the geometry of curved surfaces, the space-time continuum, and mary
others. Index. INustrations, vii + 376pp. 53 x B, 5769 Paperbound $2.00

ATOMS, MOLECULES AND GQUANTA, Arthur E. Ruark and Harold C. ut[:l,' Revised (1963) and
cormactad edition of a work that has beem a favorite with physics students and teachers for
more than 30 years, No other work offers the same combination of atomic structure and
molecular physics and of experiment and theory. The first 14 chapters deal with the origins
and major experimental data of guantum theory and with the development of conceptions
of atomic and molecular strecture prior fo the new mechanics. These sections prowide a
thorough Introduction to atomic and molecular theory, and are presented lucldly and as
simply as possibla. The six subsequent chaplers are devoted to the laws and basic Ideas of
quanfum mechanics: Wave Mechanics, Hydrogenic Atoms in Wave Mechanics, Matrin Mechan-
ics, General Theory of Quantum Dynamics, etc. For advanced college and graduate students
In physics., Revised, corracted rﬁubl]naﬂm of original edition, with supplemantary rotes
the suthors. Mew preface by the authors, 3 appendices. General reference list. Indices.
figures, 71 tables. Bibliographical material in notes, etc. Total of axill + EIU;E&
53k x 8%, 51106 Vol. | Paperbound %2.
51107 Yal. 11 Paperbound 52.50
Twe volume szt Paperbound $5.00

WAVE MECHAMICS AND ITS APPFLICATIONS, N. F. Mott and 1. M. Snedden, A comprehensive
atroductica to tha theory of ousntum mechanics; nof & rigorows mathematical exposi-
flon It progresses, instead, in accordance with the physical problems considered. Many topics
difficult to fing at the elementary level are discussed in this book Includes such matiers
as: the wave nature of matter, the wave lﬂ:ﬂ'ﬂnn of Schrédinger, the concept of stationa

states, properties of the wave functions, effect of a magnelic field on the unlrir levels o
atoms. electronic spin, two-body problem, theory of solids, cohesive forces in ionic crystals,
collision g::::lmi. interaction of radiatlon with matter, relativistic quantum meachanics, efc,
Al are treated both pjlzslcﬂlj and mathematically. 58 [llustrations. 11 tables. Indexes.
¥i + 393pp. 5% x B4, 51070 Paperbound $2.23

BASIC METHODS IN TRAMSFER PROBLEMS, V. Kourganofl, Professor of Astrophysics, U of
Paris. A coherent diges? of all the known methods which can be used for approximate or
exact salutions of transfer problems. Al methods demonstrated om one particular problem
—Milne's hpmhlum for a plane parzilel mediem. Three maln sections: fundamental concepts
(the radiation field and Its interaction with matter, the absorplion and emission coefficients,
ete.); different metheds by which fransfer problems can be attacked; and a more general
problem—the non-grey case of Milne's problem. Much new malerial, drawing upon declassi-
fied atomic energy reports and data from the USSR, Entirely understandable fo the student
with a ressonable knowledge of analysis, Unabridged, revised reprinting. New preface by
the author. Index. Biblicgraphy. 2 appendices. xv 28lpp. 5% x Bk,

51074 Paperbound §2.00

PRINCIPLES OF QUAMTUM MECHANICS, W. ¥. Houstea. Enables student with working knowl-

of elementary mathemstical physics to develop facility in use of quanftum mechanics,
wnderstand published work In field, Formulates quantum mechanics in terms of Schroedinger's
wave mechanics. Stuedies evidence for gquantum theory, for inadeguacy of classical me-
chanics, 2 pestulstes of guantum mechanics; pumerous Important, fruitful applications of
qusntum mechanics in spectrescopy, collision problems, electrons im sallds; other toplos.
‘One of the most rewarding features . .. is interlacing of problems with text” Amer.
J. of Physics, Corrected edition. 21 illus, Index. 286pp. 5% x 8. 5524 Paperbound $1.83

PHYSICAL PRINCIPLES OF THE QUAMTUM THEORY, Werner Heisenberg. A Mobel laureate dis-
cusses quantum tneory; Heisenberg's own work, Compton, Schrosdinger, Wilson, Einstein,
many others. Writlen for physicisis, chemists who are mot specialists in quantum theary,
only elementary formulae are considered in the text; there Is a mathematical appendix
for specialists. Profound without sacrifice of ciarity. Translated by C. Eckart, F. Hoyt 18
figures. 192pp. 5% 1 & 5113 Paperbound $1.23
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SELECTED PAPERS OM QUANTUM ELECTRODYMAMICS, edited by ). Schwinger. Facsimiles !Ilf
papers which established gquantum electrodynamics, from initial successes through today's
Fﬁ!itlun as part af the larger theory of elementary particles, First book publication in any
anguage of these collected papers of Bethe, Bloch, Dirac, Cyson, Fermi, Feynman, Heisen-
berg, fiusdu Lamb, Oppenheimer, Pauli, Schwinger, Tomonogs, Weisskopf, Wigner, etc. 34
papers im all, 29 Ip English, 1 In French, 3 in German, 1 In Italian. Preface and historical
commentary by the editor, mii 4 423pp. 646 x Gl 3444 Paperbound $2.75

THE FUNDAMENTAL PRINCIPLES OF QUANTUM MECHAMICS, WITH ELEMENTARY APPLICATIONS,
E. C. Memble. An inductive presentation, for the graduate student or specialist In some
other branch of physics, Assumes scme acquaintance with advanced math; apparalus neces-
sary beyond differential equations and acvanced calculus s developed as neaded. Although
a general expasition of principles, hundreds of individual problems are full treated, wi

applications of theory being interwoven with development of the mathematical structure.
rﬁ author is the Professor of Physics at Harvard Univ. “This excellent book would be of
great value fo every student . . . a rigorous and detalled mathemnatical discussion of all
of the principal quanfum-mechanical methods . . . has succeeded In kegping his presenta-
tions clear and l.tmﬂtr!i‘f-lndﬁ{:!." Dr. |I-.FIII'II-'I$ L‘._,"“"ﬁ Jr.mi: the Eﬂerlc%hﬁhlmlﬂl Soclety.

endices: calculus of varialions, math, notes, etc. BS. PR, x &
Are 5472 Paperbound $3.00

QUANTUM MECHAMICS, H. A. Kramers. A superb, up-to-date exposition, covering the most
important concepls of quantum theory in exceptionally ucid fashion. 1st half of Kk shows
how the classical mechanics of point particles can be generalized Into a consistent gquantum
mechanics. These 5 chapters constitute a thorough intmﬁwlﬁun to the foundations of quantum
theory. Part || deals with those extensions nesded for the application of the theory fo
problems of atomic and molecular structure. Covers electren spin, the Exclusion Principle
electromagnetic radlation, ete. “This is a book that all who study quantum theery will wan
to read,” ). Polkinghorne, PHYSICS TODAY, Transiated by D, ter Haar. Prefaces, infroduction.
Glassary of symbols. 14 figures. Index. xvi + 498pp. 53 x 83, 51150 Paperbound $2.75

THE THEORY AND THE FROPERTIES OF METALS AMD ALLOYS, M. F. Mott, H. Jones. Quantum
methods used to develop mathematical models which show Interrelationship of basic chem-
jcal phenomena with crystal structure, magnetic :m;.::p.lil:urlil*I electrical ;iptlcl! properties.
Examines thermal properties of crystal lattice, electron mo fan in lnnf] field, cohesion,
electrical résistance, noble metals, para-, dia-, and ferromagnetism, elc. “Expesition . . .
clear . . . mathematical treatment . . . liJr|1|1Il " Mature. 138 figures. Bibllography. Index
wili + 320pp. 5% 1 8. 5456 Paperbound $2.00

FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most Important papers
on nuclear rhrs.lns reproduced in facsimile in the original languages of their authors: the
papers most often cited in footmotes, hihlln%r:gliu. Anderson, Curie, Joliot, Chadwick,
Fermi, Lawrence, Cockcroff, Hahn, Yukawa. ARALLELED BIBLICGRAPHY, 122 double:
columned pages, over 4,000 articles, bocks, classified. 57 figures. 288pp. 6% x 944,

519 Paperbound $2.00

MESOM PHYSICS, A. E.Im. Traces the basic theory, and explicitly presents results of
experiments with particulsr emphasis on thecretical significance. Phenomena invalving
mesons a8 virtual transitions are avoided, eliminating some of the least satisfactory pre-
dictions of mesom theory. Imcludes productica and sty of = mesons at nonrelativistic
nucleon energies, contrasts between = andfa mesons, phemomens associated with nuclear
inleraction of » mesons, etc. Presents e.arigr evidence for new classes of particles and
indicates theeretical difficulties created by discovery of heavy mesons and hyperons. Name
and subject indices, Unabridged reprint. wiil + 378pp. 5% x & 5500 Paperbound §$1.95

Prices subject to change without notice,
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