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PREFACE

‘The purpose of the present volume is to give the reader a con-
neeted account of a certain field of mechanies which is very useful

from the point of view of a physicist and very beautiful from the
point of view of a mathematician. ‘The bookis not intended asatreatise, but it is hoped that the bird’s-eye view which is here
presented will sorve as an introduction to this very attractive
field and stimulate somewhat its cultivation.

‘The study of the theory of the potential may properly be saicl
to have been initiated by Laplace in 1782 in the diseovery that
the potential function of every finite body satisfies a certain
partial differential equation of the second order which is now
known as Laplace’s equation, and the theory of the potential is
largely a study of the properties of the functions which satisfy it.
Such functions were called harmonic functions by Lord Kelvin
about the middle of the last century, and it is by this name that

they are usually known,
Spherical harmonies were invented by Laplace in the paper

above mentioned. These harmonic functions are associated

with the sphere and are peculiarly adapted to the expansion of
the potentials of bodies which differ but little from spheres,
although the potential of every body is expansible in terms of
spherical harmonics. ‘The zonal harmonies, which had been
developed previously by Legendre, are merely « particular type of
‘the more general spherical harmonies of Laplace.

‘The next noteworthy advaneo in the theory was made by
George Green in a very remarkable paper which was printed
privately in 1828. Green was almost entirely a self-taught
mathematician, He did not reecive his degree of Bachelor of

Arts until 1837, at which time he was forty-four years of age
‘Notwithstanding these handicaps the brilliant originality of this
paper marks it as one of the mathematical elassies—a fact which
should be stimulating to the more fortunate students of the
present day. In this paper is to be found a fundamental theorem
of mathematical analysis which is known as Green's theorem.
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He also formulated the problem of electrical induction which

later became celebrated under the name of Dirichlet’s problem,
It was in this paper that the term potential function was used
for the first time.

Owing to the manner of its publication Green’s paper was
almost unknown for more than a decade. In the meantime

many of his theorems had been rediscovered by Gauss, Charles,

Sturm and others. In particular, Gauss’ paperof 1841 coveredsomewhat the same ground as Green's paper of 1828, but the
methods of Gauss were s0 different from those of Green that

both papers are fundamental in this field. Although, apparently,
Gauss was not familiar with Green's paper, he, too, used the
term potential function—without, however, any claim of
invention.

‘The theory of the potential was very popular during the
middle decades of the nineteenth century. A vast literature was
developed in which are to be found the names of many brilliant
mathematicians. Interest in the subject has not yet died out, as
is evidenced by the long list of titles of modern papors in this

field, The properties of many of the functions which arise can be
made to depend upon the solutions of integral equations, a fact
that is of great interest to the mathematical students of this

type of functional equations,

A knowledge of integral equations on the part of the student,
however, is not assumed here. It seems more practical to leave
this aspect of the theory of the potential to those who are
devoted to the theory of integral equations than to assume too
wide a knowledge of mathematical theory on the part of the
student.

It is hoped that the presentation of the subject here given will
be found useful both to students of mathematics and to students

of mathematical physics.
W. D. MacMunan.

‘Tae Universrry oF Ciicaso,
‘March, 1990.
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THE THEORY OF THE

POTENTIAL

CHAPTER I

THE ATTRACTION OF FINITE BODIES

1. The Law of Gravitation—Newton’s law of gravitation
states that

Every particle in the universe attracts every other particle with a
force which is directly proportional to the product of the two masses
and inversely proportional to the square of the distance between
them; the direction of the force being in the line joining the two
particle.

It will be observed that the law applies only to particles, and
not to bodies of finite size.

2. The Attraction of Systems of Particles.—Since forces are
vectors, it is evident that the attraction of many particles, of
mass ms upon a single particle, of

mass ms, is the vector sum of the | “>
attractions of the individual particles. “>>
(Fig. 1). In order to effect this sum, ‘> <="
it is convenient to resolve the indi: *——"
vidual attractions into their compo- Fi. 1.
nents along three mutually perpendicular axes. ‘The components
of the resultant attraction, or the vector sum, along these three

axes is then the algebraic sum of the individual components along
these axes.

3. The Components of Attraction—Let the coordinates of

the particle of mass m; with respect to a fixed set of rectangular
axes be &, ni; f«; and let the coordinates of the particle of mass
‘my be x, y,z. The force acting on my which is due to the attrac-
tion of the particle m; is directed towards m, and its intensity is

Reman,

1
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where

n= VG= OF EE

‘The direction cosines of the line of the force are respectively

ko my hte

Hence the components of the foree along the three axes are

mand * z mom, bmomE 5.
If there are n particles m,, and if X,Y, and Z are the components

of the resultant attraction of the particles m upon the particle
‘mo, then

=- Se ma(a= 8),X= —Kk*my = aad

= — Kime SUE)Y= —km > ra 0)
Z= Kms St male =,

In the event that the system of particles m, form a continuous

body of density o(€, 1, £) these sums pass over into the definite
integrals

X= —He fam,lp

ye — Hime f Ean, (2), F

ae ~ He f 2 slim, |
nrwhere ee

r= VE- OF OG - F ET,
and

dm =o dédndt.

The value of the gravitational constant k* in c.g.s. units is

6.66 X 10-*. It is the force with which each of two unit particles
attracts the other when the distance between them is 1 em.

4, The Elements of Mass.—The volume density at a point
is the limit of the ratio

_mass
volume
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at that point, the density of water at 4°C. being unity. The
element of mass is

dm = odtdndt.

Similarly for thin sheets or plates, which are regarded as

surfaces, the surface density at a point is the limit of the ratio
mass

‘area

at that point, or the mass per unit ares if the density is constant.
For a surface, the element of mass is

dm = odtdn.

In the case of fine wires, which are regarded as lines, the line
density st a point in the limit of the ratio

mass

Tength

at that point, or the mass per unit length in ease the density is
constant. For a line the element of mass is

dm = adé.

5. Attraction on a Point.—The phrase “attraction of a body
on a point” in itself has no meaning, but since the attraction is
always proportional to the mass of the particle attracted it is
convenient to assume that its mass is unity. Hence, by defini-

tion, the attraction ofa body on a point means the attraction ofthe body on a unit particle at that point.
In the simple examples which

follow, the general formulas of Sec. —

8 are not used, as the examples are <p Rsolved by simplermethods. Doubt- Z|less the student will find it inter-

esting to verify these solutions by LYthe integration of the formulas

Eq. (3.2). oow6. The Attraction of a Circular A

Are on Its Center—Given a fine Fu. 2

uniform wire of mass « per unit

length bent into the form of a circular are ABC (Fig. 2), which
subtends an angle 2a at the center 0. It is desired to find the

attraction of the are upon its center, theradiusof the circle being.
It is evident from symmetry that the resulting attraction

lies in the bisector of the angle AOC, that is, along the line OB.
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Hence it is necessary to consider only the components of attrac-
tion which are parallel to OB, the sum of the perpendicular com-
ponents being zero.

Let the are AC be divided into n parts each of length As.
If nis very large, each part can be regarded asa particle of massads. Let 0 be the angle which the particle makes with the line
OB. Then the component along OB of the attraction of the
particle at As on the point 0 is

Be cos 6,
Imagine the chord AC to be a fine wire similar to the are

ABC. Let Ac be the projection on the chord of the length
4s. Then

Ac = As- cos 6,

and the mass of the particle at Ac is
ade = o As 00s 0.

If this particle were moved to the point B then its attraction

on O along OB would be
As cos 6

pardegeat,
that is, it would be the same as the component of attraction

of the particle at As along OB. But As is any particle of the
are, and Ac is the eorresponding particle of the chord. Hence
if every particle of the chord AC were placed at the point B

their total attraction on the point O would be the same as the
total attraction of the are ABC. The total mass of the chord is

2or sin a, and therefore the total attraction of the are ABC
on Ois

7. The Attraction of a Straight Line on a Point—Let AB
be a uniform rod of density , and let O be any point not in the
line of AB. With Oas a center draw a circle of radius r, tangent

to the line AB (extended if necessary) at C. Draw the lines

OA and OB cutting the circle in the points D and E respectively,
and then imagine the are of the circle DCE to be a rod similar

to the rod AB. Let As be portion of the rod AB so short
that its mass can be regarded as a particle. Join the extremi-
ties of Ae to O. These lines cut out a portion of the eizeular
rod Ac.
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‘The attractions of the particles at As and Ac on the point
O are equal; for, if @ is the angle which the line OAs makes with
the line OC,

Ac = As cos? 8,

‘The distance Ods is equal to r see 6. Hence, the attraction of
the particle 4s on O is

ods _ ka as cost _ odeFeecto~ tT

which is the same as the attraction of the particle Ac on 0.

Since each particle of the rod has the same attraction for the
point O as the corresponding particle of the circular are, both

A o 7 3

ig

Fo. 3

as the magnitude and dircetion, it follows that the total attrac-
tion of the rod is the same as the total attraction of the arc.

If the angle subtended by the rod at the point 0 is 2a, the resultant
attraction bisects this angle, and, by Sec. 6, its magnitude is

sina

ae, a
where r is the perpendicular distance from 0 to the rod.

If the rod increases in length, its line remaining fixed, the angle
increases and has the limit x/2 for a rod which is infinite

in both directions; and this limit is independent of the manner in
which the limit is approached. Hence the attraction of an

infinitely long rod for a particle, at a distance r from it, is,

2kte,
a

that is, it is inversely as the distanee, and not inversely as the
square of the distance.

8, The Attraction of a Thin Sheet on Its Axis of Symmetry—

Consider the attraction of a thin, doubly symmetric, plane sheet
upon a point in the axis of symmetry which is perpendicular
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to the sheet. By virtue of symmetry, the resultant attraction
lies in the axis.

Let 0 (Fig. 4) be any point of the axis OP, other than the
point of intersection of the axis with the sheet. With O as a

center, describe a sphere of radius 7, which is tangent to the
sheet, and imagine that the plane sheet and the spherical sheet

have the same surface density c.4
‘Take an infinitesimal cone of solid

angle Aw with its apex at O which

intersects both the plane and the sphere,\ and which makes an angle @ with the
‘ST axis OP. Let the area which this cone

of the plane As, so that

Wa. 4 ‘Ac = As cos* 6.

‘The component of the attraction of As on 0 which lies in the
axis OP is

Be = Bt cos 8 = ite Sesoee
If the particle Ac were placed at P, its attraction on O would be

Big AS = pig oes t.
Its attraction, therefore, would be identical with the component
of the attraction of As along OP. Therefore, the attraction
of the entire plane sheet on O is the same as the attraction of the
corresponding spherical sheet under the supposition that the
mass of the spherical sheet is all concentrated at the point
P. If the solid angle subtended at the point O by the plane
sheet is (the apparent size at O of the plane sheet), the intensity
of the attraction of the sheet on 0 is

Be O? = Bee, @
The attraction depends only upon the apparent size at O

and not at all upon its shape, except that it must be doubly
symmetric. If the plane sheetis not doubly symmetrie, the aboveargument still holds for that component of the attraction which
is along OP, but the component of the attraction which is parallel
to the plane sheet, in general, is not zero.
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The limiting value of the component which is perpendicular
to the sheet is 2k*ro, if the sheet is extended indefinitely in all
directions.

9. The Attraction of the Frustum of a Cone on Its Apex.—
If the plane sheet of the previous section is regarded as having

f finite thickness Aa, the relation between its surface density« and its volume density @ is
«= Fa.

Tmagine the frustum of a homogeneous cone, the base of which
is doubly symmetric, with the apex on the axis perpendicular

to the base through the center of symmetry. Let the frustum
be divided into n sheets, of equal thickness Aa (n very large).
If the height of the frustum is h, then

A= nds.

By Eq, (8.1) the attraction of each sheet on the apex is

Bow = adae

Which has the same value for every sheet. Hence the total

attraction of the frustum on the apex is

BGenda = Hohe,

where « is the solid angle at the apex.
In the case of a right circular cone, the generator of which

‘makes an angle a with the axis, the value of w is
te

w= ff sin ede ds
= 2x1 — £08),

‘and the attraction is

A= 2rk'GH(L — 008 a).

Frustums of equal height attract the apex equally.

Consider any homogeneous cone, that is, one with a plane
base of any kind, and an infinitesimal solid angle do with its apex
at the apex of the cone making an angle 6 with the perpendicular
‘from the apex of the cone to the base. If the length of this
infinitesimal cone is r, the area which it cuts out of the base is

da = rdw sec 6.

Let du be an element of mass of this infinitesimal cone which

lies between two planes parallel to the base at distances p and
p+ dp measured along the cone from the apex. Since the
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thickness of this element dis dp cos # and its base area is du
seo 0, its mass is

du = ap¥tada,

and the attraction of this infinitesimal cone upon its apex is

A= fo = fierce =ordsJor Jo

= 0 005 9 = That,
‘The mass of the infinitesimal cone is

a= Johda,
so that

an

Hence the attraction of the homogeneous infinitesimal cone
upon its apex is three times as great as it would be if all of its

mass were distributed uniformly over its base. Since the height
of every such infinitesimal cone has the same value h, their
masses are all proportional to the areas of their buses. "Since
the proposition holds for each of them separately, it holds for all

of them taken together. ‘That is, the attrac-
tion of a homogeneous cone upon its apex isMy(auf three times as great, and in the same direc-tion, as it would be if the mass of the cone

i B were distributed uniformly in an infinitesi-
mal layer over its base.

10. Perspectivity—Two lines, 1 and Is,
are in perspective with respect to the point

O if the radius vector from O is interceptedé
by the two lines in a constant ratio; that is,Fro. 6, if, in Fig. 5,

OB, _ 0A,OB, ~ 04, ~”

for every position of the vector OB. If the ratio of perspeetivity
fs p, the ratio of the length of the lines I, and ls also is p.

Likewise, two surfaces are in perspective with respect to the

point O if the radius vector from the point O is intercepted by
the two surfaces in a constant ratio. Ifthe ratio of perspectivity.
is », the ratio of the areas of the two surfaces isp?
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‘Two solids are in perspective with respect to the point O if
their corresponding surfaces are in perspective with the same
ratio of perspoctivity. Thus, if, in Fig, 6, the surfaces C, and Cs
are in perspective with the ratio p, and if the surfaces By and By
also are in perspective with the ratio p, then the solid bounded

by the surfaces By and C; is in perspective with the solid which
is bounded by the surfaces Bs and Cs; and the ratio of the volumes
of these solids is p2.

Theorem I—Two lines which are in perspective with respect
to the point O and which have the same linear density attract the
point O with forces which are ine

versely proportional to their ratio of zh,
perspectivity (or, inversely propor

tional to their distances). “B,
In Fig. 5 let tian ls be in pee =}

spective with the point O with the rarratio of perspectivity p. Then —ffa,

OB NL

0B, ~ * WeLet dw be an infinitesimal plane rue
angle which cuts out the ares .

As: and As, Let a and ay be the attractions of the two particles
‘As; and As: on the point 0. Since the linear density of the two
Tines are equal, the masses of these two particles are proportional
to the two lengths As; and As;. Hence

armOBE As Lda2 ms" Op) Be ot
Since this constant ratio holds for every pair of corresponding.

points of the two lines, it holds for their sum, and therefore
holds for the attraction of the lines themselves.

In a manner quite similar the two following theorems are

proved.

Theorem II—Tvo surfaces which are in perspective and have
the same surface density attract the point of perspectivity equally.

Theorem III.—Two homogeneous solids of the same density
which are in perspective attract their point of perspectivity with
forces which have the same ratio as the ratio of perspectivity (or,

which are directly proportional to their distances).
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Tho Andromeda Nebula has about the same apparent size
as the sun but it is 6X 10% times as far away. If it were

spherical in shape with the same density as the sun, its attraction
on the earth would be 6 X 10°° times that of the sun. Even

though the density of the Nebula were the density of the sun
divided by 6 X 10%, the two attractions would be equal.

11. The Attraction of an Ellipsoidal Homoeoid upon an Interior
Point.—A homogeneous shell bounded by two ellipsoids which
are similar and similarly placed is ealled by Thompson and Tait
an ellipsoidal homoeoid. For example, the two surfaces

oye

Sthtaah
and

eye .
at ht as at

bound such an ellipsoidal shell. It will be supposed at first

that ) is an infinitesimal so that the shell is very thin.
Let P be any point within the shell. With P as a vertex

deseribe an infinitesimal solid angle which cuts the shell at a:

a anda. Passa plane through
Sy this line and the center of the

N\ shell. ‘The cross section is an
\ ellipse (Fig. 7), or rather, two

similar concentric ellipses.

P ‘The system of chords parallel

to aid: is bisceted by theths conjugate diameter of this

hee system, which isalso the eonju-
gate diameter of the system ofchords biby of the inner ellipse. Henee the chords bibs also are

bisected by this conjugate diameter, so that
ibs = agbs.

Lot the measure of the solid angle be aw. (The measureof a solid angle is the area which the solid angle cuts out of the
unit sphere which has the apex of the solid angle as its center.)
Since the volume density of the shell is constant, the mass of the
particle which is cut out of the shell by the solid angle is pro-
portional to its volume. Since the angle and the shell are
infinitesimal, this volume is an oblique cylinder, the volume
of which is equal to the product of the area of the base and the
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height of the cylinder; or, what comes to the same thing, the
product of the area of # perpendicular cross-section of the cylinder
and its slant height. This last formula is the one whieh is
desired in the present case.

Let m; be the mass of the particle at a: and ms the mass of the

particle at az. Then, if ¢ is the density,

m, = 0+ abi Pay- de,
my = 6 aba: Pas’ - Aa.

‘The attractions of m, and ms on the point P are therefore

Ay = BBY = Be Gh Ae,
Pay

Ay = BY, = Ke - GabiAo.Par
Since aib; = Gaba, it follows that Ai = Ae, and, since the two

forees are oppositely directed, the resultant attraction of the

two particles on P is zero. This is true for every infinitesimal
‘cone which has its apex at P. It is, therefore, equally true for
finite cones, and consequently for the entire shell for which the

value of w is 2r. It follows, therefore, that the resultant attrac-
tion of an infinitely thin ellipsoidal homoeoid on a particle any-
where in its interior is zero.

It will be zero for any number of such homoeoids, and is
therefore zero for a shell of finite thickness. In particular,

since a spherical shell is a special case of an ellipsoidal homoeoid,

the attraction of a spherical shell, which is homogeneous in
concentrie layers, on a particle anywhere within its interior
is zero.

12 The Attraction of a Spherical Shell on an Exterior Parti-

<le.—It will be shown in this soction that a homogeneous spherical
shell attracts an exterior particle just as though all of the mass
of the shell were concentrated at its center. The method of

proof used is due to Thompson and Tait.

Let 0 in Fig. 8 be the conter of the spherical shell of radius
a and thickness Aa (infinitesimal), and let P be the attracted
particle. On the line PO take the point A (the harmonic con-
jugate) so that

PO. 04 =a".

2 Natural Philosophy," Part HL, §471.
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‘This can be done graphically by drawing the two tangents

to the shell from the point P and then drawing the chord which
connects the two points of tangency. The intersection of this
chord with the line PO is the point A which is required. For
the chord CC is perpendicular to the line PO, so that the tri-
angles OC,A and OC,P are similar, and therefore

0C;: OP ::0A :0C,;

from which follows at once

OP - OA =o.

=~ G

L- Po

of JA
Loy

G

Fro. 8.

With the point A as a vertex construct any infinitesimal cone
whose solid angle is Aw. If « is the volume density of the shell,
the masses of the two particles m; and ms which are cut out of
‘the shell by the cone at B, and B; are

m= 0+ Ao ABy + Aa- see8,
my= o- do AB, - Aa - see 8,

where 6 is the value of the base angles in the triangle B:OB2.
‘The attractions of these two particles upon the point P are

Ay= Be Bw- Aa see 9: (AB,BP,

, ABAs aA= We aw aa-see 8 (8)
In the triangles 0B,A and OPB,, the angle at 0 is common and

the sides which include this angle are proportional, since
PO

_

OB, PO.O4 aOR aoOB, = 04° or PO-04 = OB, = a*
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Hence, these two triangles are similar and the angle B:PO is
equal to @

Likewise, the triangles 0B:4 and OPB, are similar, and the
angle BsPO is equal to 6.

Furthermore, from the similarity of the triangles,

AB, _ OB, | a
B\P ~ OP ~ OP”
ABs _ OB: _ a.
BP ~ OP ~ OF

‘On substituting these ratios in Eq. (1), the expressions for the
attractions become

:

A = Ke Aw asec9 (4),oP,

As = He: Ao: da- soe 0 (2),op,

and, therefore, in magnitude A, is equal to As. The resultant
of the forces A: and Az lies along the bisector of the angle BsPBs,
that is along PO, and its magnitude is equal to

2k- Aw - 2aA= ete theOP

This formula holds for every solid angle Aw whose vertex is
at A, and therefore it holds for their sum, since the coefficient

of Aw is constant. Hence, on setting

BAe = 2n,

the attraction of the entire shell is

A, = SeHeataaHM,w oP’

Since the mass of the spherical shell is 4rva*Aa. But this is just,
what the formula would be, if the mass of the shell were all
concentrated at its center.

If the point P is in the shell itself, only one nappe of the cone
intersects the shell, and for this case

oP

‘This result, however, depends upon the manner in which the
limit is attained. It is shown in See. 86 that the attraction of a

surface for one of its own particles is quite indeterminate.
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13. The Attraction of a Solid Sphereuponan Exterior Point.—If m, is the mass of a homogeneous shell and if the pointP liesoutside of the shell at a distance r from its center, the attraction

of the shell on the point is directed towards the center of the
shell, and its intensity is

‘The resulting attraction of any number of such shells which
are concentric is directed towards their common center, and its

intensity is simply the sum of the intensities for the individual
shells, Hence, if M is the total mass of the sphere, its attraction
‘upon an exterior point is

4a PM
Es

It is not necessary that the shells shall all have the same
volume density. It is sufficient that each shell separately shall
be homogeneous. It is evident that a solid sphere which is
homogeneous, or homogeneous in concentric layers, attracts an
exterior point just as though it were a particle of the same mass.
located at the center of the sphere; and two such spheres will
attract each other just as though both were particles coneon-
trated at their conters.

14. The Mutual Attraction of Two Straight Collinear Rods.—

‘The preceeding examples have been solved by special methods

o if A B tf c
Foo. 0.

which appeal directly to the intuition. Some further examples
‘will be given which require the method of integration. Consider
first the attraction of a straight rod on an exterior point in the
line of the rod.

Tet OA be a rod of length l: and of linear densityex, Let debe an element of length ata distance z from 0. ‘The mass of the
particle at dz is o,dz. The attraction of this particle on a point
at a distance & from the point 0 is

wee,
€- 2
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and the attraction of the entire rod OA on the point £ is the sum
of the attractions of all of its elements. That is

jo (E— 2) ONET g,‘This is the attraction of the rod on a unit particle at the point
£. Suppose cs is the linear density of the red BC. Then the
attraction of the rod OA on a particle oxdé of the rod BC located

at the point £ is

1 1)owe> - jae(De
Let the distance between the rods be a and the length of the
second rod be Jz. Then the total attraction of the first rod on

the second is the sum of the attractions on the individual ele-

ments. That is,

meet 1 ») (@+h@+h),owl (: Sy, 7 get = slog eh Fh)”
and this is intensity of the mutual attraction of the two rods.

15. The Attraction of a Circular Disk on Its Axis.—In Fig. 10

let the radius of the circular disk be r and let its surface density

be . It is required to find -
the attraction of the disk upon
‘a point of its axis, that is, the a]
line which is perpendicular to
the disk at its eonter 0. Let

0 be the origin of asystem of
polar coordinates p, 6, and let
2 be the distance from

0 alongthe axis to the attracted point

P. The mass of the particle

of the disk whose polar coor-

dinates are p, @ is

dm = opdpds, Pu. 10.

and its distance from the attracted particle is

Ra Vere

Hence, its attraction on the point P is

din _ Kepdodd,
RT pt tat?
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and the component of this attraction along the axis is

_Bepdpd? 2 _ _ Bospdpdd.

ete RO pane
‘The total attraction of the disk is therefore

+ 2 ppdd *pdp_Zea ~veef f aio ~2ekeef >iJo Gt-te98 oot + 22)8

= + 2bel 2 - 4.) a+ al eeeg +R A °‘The numerical value of the second term of the bracket is +1

according as z is negative or positive, for in extracting the square
root of 2? it is the positive root which is taken.

Since this expression changes sign
i with z but does not vanish with z,

the attraction has a finite discon-

tinuity, if ¢ » 0, as the attractedct point passes through the disk. For

a disk of infinite radius the attrac-| tion is independent of the distance
z and has the eonstant numerical

value 2rk'z. In passing from the
negative side to the positive side,
that is, de positive, there is a finite
jump in the attraction equal to
—4rk’s. If the earth were an

indefinitely extended homogeneous
plane, as some of the ancients

believed, the acceleration of gravity

men 4g would be rigorously, instead of
only approximately, constant.

It is evident from symmetry that there is no component of
attraction perpendicular to the axis,

16. The Attraction of a Body of Revolution on a Point in Its

Axis.—Let the z-axis be the axis of revolution. If the body is
homogeneous, as will be supposed, the resultant attraction is along
the z-axis, and it is necessary to compute only the #-component.,

In Fig. 11, let AB be a figure of revolution. By the third
formula of Eqs. (3.2)

Z= kefSEs teenar:
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but the results of Sec. 15 can be utilized, thus eliminating two
of the three integrations. Consider a thin cross-section of
thickness df at the distance ¢ from the origin A. If isits volume

density and o; is its surface density, then

v1 = od.

If z is the coordinate of the attracted point, with z > B,

Eq, (15.1) gives for the attraction of the disk at ¢

Qekte| — 2 1aly@=1 +r

where r is the radius of the disk; and the attraction of the entire

body is

Ze eve "LSa rer a)ulVe-oF +r

17, Example—The Oblate Spheroid.—Let the surface of the

oblate spheroid be defined by the equation

Pte ol
eet +Ge1

The radius of the cross-section at the distance ¢ from the origin
is defined by the formula

omat — Si;
so that the expression for the attraction (Eq. (16.1) becomes

+ = pd

Z = Ink'o| oe a eh ave -ptta— Ee
Since

(-2+¢ =f) 4%i
Fa

the integral of this expression can be resolved into the sum of the

two integrals a
a (%  ceteSetate | Goes seatms ve -pta—Se

a, (Ht
ws a

i ve ita Oe
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‘The first integral is the value of

a 2 2 ps,
goale- pte =e

between the limits +c and —c, After substituting the values

of the limits and subtracting, this value is found to be

~—_4
aoe

‘The second integral can be written

rs a,
: a

2 — ot) later(a*— ot + at) _ (_ act *@a ep y 4 Goa ae att)‘The value of the indefinite integral is

1 Lo? = et + act,Bevan e ee
which for the upper limit c has the value

1 a oh pce aa e+e
4 eee tant ny

ava ete Vue0)and for the lower limit

go ete tee at ct eg
ORO yg aeMe

wae te Va—e@te)
‘The value of the integral is therefore

@octe acter

tant OEE 4 typ SaneVa eG—3 * Ve aet+e
vena Vanea

tan BVEm ata YORE,Hence,
Ze tte| ~e = gt OE, ton VY *|ee a 2

(a? - caAnktoate| z

=1 Vai -Soe] + yercaw YS]
Since the mass of the spheroid is

4M= grate,
the expression for the attraction can also be written

SieM| ety Ve @2 4 Tt yer aun SE}
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From the expansion

tpegoleglsele see
tantz =z get 5 wt

it follows that

sy| 143@>e)_ 3@—e |)z~vul eta 7 mw Ot

If this expression is compared with the expression for the sphere
it is seen that the attraction of an oblate spheroid on a point of
its axis is less than the attraction of a sphere of the same mass at
the same distance.

18. The Attraction of a Uniform Rectangular Plate on a Point

in Its Own Plane.—Let the sides of the rectangular plate be 2a

Poy

.

°

Fro. 12.

and 2b, and its surface density bec. Referred to a set of rectan-
gular axes with origin at the center of the plate and the axes
parallel to the sides of the plate, the element of mass of the plate
is odfdy. Let the coordinates of the attracted point P be z, y.

Since there is no symmetry in the situation, it is necessary to

compute the X- and Y-components of the attraction separately.
The attraction of the element dm on the point P, which is

assumed to lie outside of the plate, is directed along the line
joining dm to P, and its intensity is

Kedédy

(=e +=

The components of this element of force along the z- and y-
axes are

_ _Bela ~ atin ___ Holy = natin

7» 33(@- B+ 98 (@- 9+ —0F
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and the total X- and Y-components of the attraction are

x= ~eep pe (z= Bandeey

-oJ-ni@ = OF + - 08

Y = ~k'ei| rie~eJ~(@- + - oF

Let the integrations for the X-component be taken first,
Since

@-) a) 1

(@-o'+o-o8 “NG@- 9+ - 0%

it is evident that

x= -# [*.—+—, -lie = a + — E

—_1___|(+o + yo
Now

+ =dn = log YADAV aE btya log VODAV ETa FUR by,fF (@—a+y—oe | UFO Ve a+ Gy FoFand
+, dy tog UA HAV +a) Fy Foe
= tog Ort roeI (etart@-9E — Y-D+VErar+y=H

‘Therefore

X = ke log

(y= ») + Vea FU= Dy +0) + Ve Fa)? FW FHitz + V eHa+UFO0)+e Fayre yOand similarly,
Y = ko log

{e= a) + VGH FO=Die +0) +Vie Ha)? + WV +d)
(ea) +VaFart y—O@—a) +Vie-a+ Uy +HIt is understood, of course, that in every term in which the

radical occurs the positive square root is to be taken. Although
it is not evident on the surface, it is not difficult to verify that
X is an odd function of x and an even function of y, and that ¥
is an even function of z and an odd function of y. That is

X(@) = -X(-a), XW) = +X(-w),
Y@)=+¥(-2, YW) = -¥(-»).
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‘These properties merely state that the field of force has the same
properties of symmetry with respect to the z- and y-axes that the
plate itself has.

It is interesting to note also that the attraction increases
indefinitely if the attracted point approaches the edge of the

plate anywhere.

19. The Attraction between Two Rigid Bodies.—Let the two

bodies be denoted by B; and Bs, Let o1 be the density of the

body By at the point £1, n, £1, and let oz be the density of the body
By at the point f, m, $2. If the densities are not constants, it,
will be assumed that they are continuous functions of the coor

dinates. The component of attraction in the z-direction of the

body B; on the point &, m2, £2, is by See. 3,

SS. Hox(bi— &:)dbdndty, :—.,, 4

}a.{(E: — &)* + (mn — me)? + i — $2)"

where dm; = exdtidnidt is an element of mass of Bs.

If dmz = oxdévdnadt is an element of mass of the body Bs, the

z-eomponent X of the mutual attraction of the two bodies is
evidently

SSS, SSS, Kowwa(t — &s)dédndtdiednadtsOo 3iB 'as{(&: — &)* + (m — m2)? + (1 — $2)"

‘There are similar expressions for the other two components of the
attraction, Thus the determination of the three components of

attraction of two solid bodies requires the evaluation of 18

definite integrals. These integrals are not sufficient, however,
to determine the line of action of the resulting foree.

Problems

1. Three particles of mass m:, mz.and ms are placed at the vertices of an,
equilateral triangle of which the side is ¢.. The center of gravity of the three
particles is at the point P. Show that the resultant attraction of any two
Of the particles upon the third lies in a ine which passes through P.. Show

‘that this is still true if the law of attraction varies inversely as then" power
of the distance.

2, Show that for spheres which are homogeneous the attraction of the
sphere for a point upon its surface is

4

jeer.
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3. A small hole of negligible diameter is bored along a radius into a
sphere which is homogeneous in concentric layers. It is found that the
attraction of the phere for a point in the hole is independent of the distance

of the point from the center of the sphere. What is the law of density of

the sphere?

4. Show that the attraction of a homogeneous cylinder of length 21,
radius r, and density o on a point in the axis of the eylinder at a distance

2 from the center of the cylinder is
Beko VOFa FH — VOREr — 25}it the point is inside of the cylinder, and

aekte| VO FAP EH VORBEe OI)if the point is outside the eylinder. ‘The negative sign before the term 21

is to be taken if 2is postive and the lower sign if zis negative. Thus the

attraction all along the axis of the cylinder is a continuous function of z.

5. Given a straight rod of length U and density ¢. Show that the
attraction of the rod on a point whose distances from the ends of the rod
are 7, and rs, Eq. (7.1), can be written

A = eel,
nr

and therefore the equation of the surface, in bipolar coordinates, on which
the intensity of the attraction is everywhere the same is

rire = constant,

6. If spherical segment is cut off sphere of radius @ and density «

by aplane ata distance 2 from the center, the attraction of the segment onthe center point of ite base is
2

2B ers _—Fpl — 21) — (at — 24);
‘andif the segment is a hemisphere the attraction is

io,

1. Show that the attraction of the sbove spherical segment upon ite
vertex, orits highest point, is

1 p@=sDeals — aft 3 ve}
8. A straight rod of linear density is bent into the form of a rectangle

of which the sides are 2a and 2b. Show that ita attraction on a point in the
line which is perpendicular to the plane ofthe rectangle through its center is

an.

a oe reVaro para tara!

8. The base of a homogeneous isosceles triangular plate lieson the z-axisand the vertex of the triangle ies on the y-axis, The length of ite base is
2aand the tangent of its base angle éis «, Show that the components of the
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attraction of the plate upon a point 2, y, outside of the plate, but lying in its
plane, are

X=WesinglogA-B, Y= By cos #logC-D-E,
where

4 nth retay + Viale ts) — i Flat 2 iP
-a—2—ay+Viale +2) — lt + lo +2 + aut

peo wete—ey+Vie =2) — teeta,oat +2 = ay + Vala = 2) — yl + [oat +2 — ay}?
ou [tet vera repo"

a-24Ve-atH
Da rasta s tay + Visa = a0 =o et Te ay

ta 2 tay + V[aa = at ~ yl + la — 2 Fay)?

ant + 2 + ay + Vala + 2) = yl + [oat— 3 = ay)?Show thatthe attraction is infinite atthe edges ofthe plate, and that itisfinite and determined along the lines which are the continuations of the
edges ofthe plate.

10. Show that the attrction of a uniform rectangular plate on a point in
the line perpendicular to the plate through ita center is

z. a b
tele sin-t8.,Va" Jape Vere

where 2a and 2 are the lengths of the edgesof the plate and z is the distanceofthe point from the plate,

11, Matter is distributed on the curved part of the surface of a cone for

which the length of « generatoris Rin such away that the densityis inverselyproportional tothe distance from the apex. Show thatthe attraction of the

tone for a particle on it axis at adistancefrom the apexandp from its base‘edge is directed toward the apex and is proportional to R/(pz). For an

infinite cone the attraction i inversoly as the distance from the apex.



CHAPTER IT

‘THE NEWTONIAN POTENTIAL FUNCTION

20, The Potential Function Defined.—In the formulas for

the attraction of a finite body on a point, the three components

of the attraction are given by means of three triple integrals,
making nine integrals altogether. It is a remarkably interesting

fact that these nine integrals ean be replaced by one triple integral
and three differentiations.

Iet 2, y, 2 be the coordinates of the attracted point and
& n £ be the coordinates of a point of the attracting body, of
which dm is an element of mass. Then

dm = odtdndt,

where ¢ is the density of the body at the points £, », f, and is,
therefore, in general, a function of the letters £, », ¢. Let the
function V be defined by the definite integral.

dmvan| %,JA| ap= VEAP FG Wt EO

tho integration to be extended over the entire body.
The constant k* depends upon the intensity of the force

at a unit distance and the system of units employed. As
it enters always as a linear factor, it willbe convenient to drop it,and this will be done hereafter, with the understanding that it
is to be restored whenever necessary.
The function V thus defined is a function of the coordinates

2, ¥, £ (not & 1, £); that is, V is a funetion of the position of the

attracted point. It can therefore be differentiated with respect
to these letters; that is

ov 8 (dm

Ge 7 bpfiqr ete. (2)
If the attracted point lies outside of the body, p does not

vanish and therefore 1/p is always finite within the region of
pi
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integration. Under these conditions’ it is permissible to inter-
change the order of differentiation and integration in Hq. (2)
and write

7 ayna 2

gv. San = ~ [Zen =X, Eq.)
VL (2(\am = — (Yam =z Siaay fi Stan = ¥,
oz 292 0. ln

If the function V were known, the components of attraction

of the body on outside points could be obtained by the differen-
tiation of V with respect to the coordinates 2, y and z; and V-

is defined by a triple integral. It will be shown immediately
that V exists even if the attracted point is inside the attracting

body, and that even for an inside point the components of
attraction are the derivatives of V with respect to 2, y and 2.

21. The Significance of the Potential Function.—It is easy
to sce the physical significance of the potential function. Let
the attracted point be given a displacement of which the com-
ponents are dz, dy, dz. The element of work which is done in
effecting this displacement is

aW = Xdr + Yay + Zaavi ey 4 a,= Fede + Pedy + ae
=av,

and, therefore, the work done in effecting any finite displacement
against the attraction of the body is

W = V(e1, yy 21) — Ven Yn %)s

where 2; ys 2: is the original position and 2s, ya, sis the displaced
position. Stated in words, the amount of work done in moving
‘ particle from one position to another against the attraction
of the given body is equal to the difference in the values of the
potential function for these two positions.
The potential function is a scalar function of position. Its

derivatives are the components of a vector, namely the attraction

of the body. If A is the magnitude of this vector,
At = X?4 2428,

+ Hamxcx’s “Caleulus,” translation by Cathestt,p.267. Also Gounsat-
Heonicr, “ Mathematical Analysis,” p. 108.
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whatever be the orientation of the coordinate system. If a
system of axes is chosen so that the z-axisis parallel to the vectorA, then

7ai

oz
and the perpendicular components are zero. From this one
concludes that the total attraction lies in the line for which the
derivative of V is a maximum.

22, The Potential Function Exists.—It will be assumed

that the density of the attracting body is generally a continuous

function, but that there may be a finite number of surfaces across

which the density is discontinuous. Such would be the case ina
sphere if one hemisphere were made of iron and the other hemis-
phere were made of lead. If the number of surfaces of discon-
tinuity is finite the body can be resolved into a finite number of

smaller bodies Bx for each of which the density is continuous,
and then

a @Im imve (MA ;

under these conditions each integral

¢ dgdndtSSS
exists if the attracted point lies outside of the body! for the
function @/p is continuous over the region of integration. Since

each integral separately exists their sum exists, and therefore V

exists. Furthermore, since the integrand is everywhere positive,
if r is the minimum distance from the attracting body to the
attracted point, and R is the maximum distance, Fig. 13,

dm ‘dm ‘dimamy

and, therefore, if M is the total mass of the body,

My voi
‘As the attracted point recedes from the attracting body,

both r and R increase indefinitely and therefore V has the limit
zero at infinity in every direction.

If the attracted point is in the attracting body let the variables
be changed to polar coordinates by the substitution
*Gounsat, Hepaick, “Mathematical Analysis,” p. 296,
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= 2+ p.008 ¢ 008 8,
n= yt pcos sin &,

faztpsing, adm = ep? cos edd dp, J
0 that the origin of the polar system of coordinates is at the
attracted point. The integral which defines V then becomes

V=SJf fier 008 ededddn,
and by the same argument as for the exterior point it is seen that

V exists. Let cy be the maximum value of ¢ in B. With the
attracted point as a center and a radius R equal to the distance

of the most remote point of the attracting body, describe a

sphere which will wholly enclose the attracting body. Imagine
this sphere filled with matter of the constant density oy. ‘Then

since all of the elements of the integrals are positive

fim fese Joe

But

Im Hh pm ckfe woof f f cos ededddp]s jz Jo Jo
5

= drop?

Hence, for any interior point

VS dreyR.

23, Existence of Derivatives of the Potential—Owing to

the importanee of the derivatives of the potential in the general
theory a direot proof will be given not only that the derivatives
exist, but that these derivatives are equal to the component
of the attraction in the direction in which the derivative is taken.

In making the proof, however, it is necessary to distinguish
between the interior and the exterior points, and to make the

proof for each class separately.

24, Existence of Derivatives at Exterior Points.—As first

step certain upper limits for the derivatives of

Bg ee i —
a VEO Fy te
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will be indicated. Thus

(1) _ t=8 2(N <1,&() = -254, therefore, | xG <P
#() 38e-8? _ 1 a(4,dz\p, e e \ax"\p, &

(0) iseOy ge=F, |38(1)| 28,ae() > 8G ee BCG) <i
ete

sy céaryz Let B, Fig. 13, be the attracting

PA body of which dm isan element, Let
dr be the volume of dm, o its density

d and &, {the coordinates of its center
of gravity. Let 2, y, 2 be the coordi-
nates of the attracted point p. The
element dm exerts upon p an attrac-

tion of which the z-component is

—&= Ham,ie 18. a

and, therefore, for the entire body,

x= =f252an= [2(2amPar ae
and likewise,

y=-[(%5%am= [2 Sam,Par aau\p,

Ze- [Glam = f a (;)em.Je FAG

By definition, the potential is

ve f‘dm,Ise

It is desired to prove that

av a(n

oe fra(3)e™
For convenience of notation, let

1

deen,
so that

V = freley,2)dm,
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By the definition of a derivative

ev od

OF = tim AI [ole + as,n.20m ~ f ote.v.2idm]
wan (12% 4 lag 2% 7Jim,St Be + Jar he + tas) fam

Where @ is some number lying between 0 and 1; therefore,
a (84m 4 tim Ine f&, ,ve Sm + lim 2 [gue + Az)dm,

It is not difficult to see thet

oo a

Jim, aSeZoole + oa2)dm= 0,
for

a 4

Boe tay <4,

where p is the distance from the element dm to the pointps (2 +bz, y,2). Suppose bis the closest point of B to p, and that the
distance bp: =|. Then | is the smallest possible value of p,
and

1 a 2az, 2m,das (Pole + edzidm <f PAEay = 2s,2» [i Jn F
‘As Az tends towards zero the point p: moves towards p snd

the minimum distance of p; to the body I may change. But

‘since p lies outside of B, there exists a minimum value of J,
say p> 0, if Az is sufficiently small. Hence

a a 2M

lim,at f ae + eaa)dm < Tyas,
Which vanishes with 42, Therefore,

ave a/(rve fiayn =X
from which the conclusion follows that the derivative exists and
that its value is the component of the attraction.

25, Existence of Derivatives at Interior Points.—It was shown
in See, 22 that the potential exists at interior points. It is easy
to show in the same manner that the component of the attraction
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exists. Using the transformation (Eq. (22.1)), the expression
for the 2-component of attraction becomes

zn k av
x= - [25 fam= (2 (7amxo [ep feme Joxlo}
= SS fie cost v 008 oded0 do,

Inasmuch as the integrand is continuous over the entire region
of integration, if is continuous, it is evident that this last inte-
gral exists.

It is desired to show that the derivative of V exists at interior

points, just as for exterior points, and that its value is X.
Let the attracted point p lie within B. With p as a center

deseribe a sphere of radius r which lies wholly within B.
‘This spherical surface divides the body B into two bodies

namely, the sphere $ and the remainder of the body B,. Let
the coordinates of p be x, y, 2, and let p be a neighboring point
with the coordinates z + Az, y, 2. Let V be the value of the

potential at p and V the value of the potential at p. Then

Wo tim Y= V.
Or “asso Ar

It will be shown that if X is the z-component of the attracting

force at the point p, the value of Ar can be taken so small that
the value of

V-V_y'

[Wah -3]<6
where ¢ is any small number given in advanee.
Let X, Xs, Xs, be the components of attraction, and V,

Va, Va, the values of the potentials at p, due respectively to the
body B, the sphere, and the body By. Likewise, let X, Xs, Xs,
V, Vs, Vay be the corresponding values at the point 7. Then

VeaVstVoy X= Xet+Xoy

VeVstVa, X= Xs+Xa,j
so that

V-v Vs-Vs_y Vo,— Vn,[Yat -3]- [Pam ]+[Pel"s)



25) THE NEWTONIAN POTENTIAL FUNCTION 31

Since p and F are both exteriorto By, it follows from the resultsof Sec. 24 that, whatever value r may have, |4z| <r can be
taken so small that

[Voy — Vax 1

‘There remains then for consideration

Vs-Vs
Ve=¥e_ xy

Let dr be the volume of the element of mass dm, and let a

be the upper limit of the density within S. Then since

Ben [252a,ls
it follows that

Kl <afFo brosr,Ise

so that

[Xd < dro

‘An upper limit for the value of

Vs — Vs B
~ ax” a

also can be found. From their def / a Sy
nitions it follows that aT ¢- ait '

Ve-Vo= [(5—))pa. Py }Now S J}L_l_le-» ae

pe Fi. 14.

and, as is seen from the triangle in Fig, 14,
p — A < [aal,

Also, since :

( - 3) >0,on

it follows that
1 1 1

inteso that a é 4
Ve — Vel < |x) -oo) | =|.Perc feefet ©
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thas already been observed that

f fk der,js

With ~ as a center describe a sphere S; with a radius equal
to r+ Ax|. This second sphere will then contain the first,
and therefore

[B< SG o eet < Ber.Js? Js,"

I follows at once that

[Vs — Vol

bse| < treeand _

Peat - x] < 16reyr.ae

For values of r sufficiently small this expression is less than

«/2, and therefore

v-Vv_Fact -af<e
‘Therefore, the derivative of V exists, and its value is equal to

X. The proposition is entirely general, and it holds whether
the attracted point lies inside or outside of the attracting body.

26, The Equation of Laplace.—In a manner quite analogous
to that of Sec. 2, it is a relatively simple matter to prove that
the second derivatives of V exist at all external points, and that

eV LF BM, FV CBN ay
Gt J, azo) — ay? ~ Jy avo)

eV f H/1),
aa?

~

J, d2\p)™
But

BI) 8aOF _ 1ax*\p, * re

HN) 8G _ 1
avo, ao

@() _3@-9) 1
82*\p, ee

and their sum = 2 - 3 <9,ae
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Hence,

3/2), (1), 2/1) JunSlee() + ai() *ae()]om = 6
and therefore

av av av

“aat + aye tat = ®
‘a partial differential equation of the second order which must
be satisfied by the potential of every finite body at all exterior
points. The left member of Eq. (1) is called the Laplacian
of V. It has been designated by different writers by the symbols,
AV, 4¢V,0V and VV. In the present volume it will be denoted
by the symbol AV.

This equation was first given by Laplace in 1782 in polar
coordinates in the form

OV), 1 fg, QV), 1av
roe tain’ ai(s 7) +mroae ~%

but several years later, 1787, he gave the corresponding expression
in rectangular coordinates.

Since the form for the expression for p

p= Ve-P + O-W Fe-

is independent of the particular rectangular system to which
it is referred, it is natural to suspect that the same is true of
Laplace’s equation. The suspicion is easily justified by a change
of variables,

nam tartay tae,11 = vo + Biz + Bay + Bx,
nay trat ny +7

where

attaxttast=1, afi + ab + abs = 0,

B+ Bt + Bt = 1, Bin + Bers + Bars = 0,

vitae ttl, net nat naa = 0.Since
y y yev_a av, a
Bem ras + eas + Shaw

it follows that

or a 0 4,atont azp + éy? tn az?
av av av+2B+ Boonie + margege?
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av 2 5 gd ohBem aa + Origa + atc
av av ev+

Pash Oxi0y1 +260‘Oy 1021 +Pym ae ‘aBV oT yg a0V a“ae Ga TO agtoes
av av eVtases rag, + Gyan +MGRa,

On taking the sum of these three expressions it is found that

av av av _ av av, av
ast * ay? + oat ane yet aes |

‘That is, Laplace's equation is invariant under a change of
rectangular axes, ‘The same thing is true for Laplace's equation
in two variables.

21, Equipotential Surfaces, or Level Surfaces.—If the poten-
tial function is set equal to a constant

VQ us) =6, a

there is defined a surface which is ealled an e7uipotential surface,
since the potential has the same value at every point on this
surface. If the constant C is regarded as a parameter, an entire
family of such surfaces is defined. Since by its definition V is a

single valued function of z, y, 2, it cannot have two values at the

same point and, therefore, no two surfaces of the family intersect.
These surfaces are also called level surfaces for a reason which

will appear in the next paragraph.

Lines of Force.-If , y, 2, is a point on the surface Eq. (27.1),
the equation of the tangent plane at the point 2, y, 2 is

av, eV, av,
get — 2 + Sh — 0 +e- 0 =o,

where &, 1, ¢ are the running coordinates of the plano. The
direction cosines of the normal to this plane are

_ lav. lav _ lev,conan
Rs cose RI cosy = BU,
inven ave ae-V(z) + (G+) -
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But , ¥ ya a a

wih Bh ete
are the components of the attraction at the point x, y,2, and the
direction cosines of the resultant attraction are

xX Y, 2 TEPER.
RoR OR R=eVXFVTR

‘These expressions are identical with those of the corresponding

direction cosines of the normal to the equipotential surface at the
point z, y, 2. Hence the direction of the attraction of a body at

any point is perpendicular to the equipotential surface which

passes through that point.
Consider a line which is orthogonal to every equipotential

surface which it intersects. At each of its points it has the
direction of the attractive foree, and for this reason such a line

is called a Line of force.

‘The surface of a free liquid at restis always normal to the foreewhichis acting upon it. Hence it coineides with an equipotential
surface, and therefore equipotential surfaces arc level surfaces,

If a drop of water could be placed upon an equipotential surface
and be freed from surface tension, it would distribute itself over
the entire surface.

28, The Logarithmic Potential —In Sec. 7 it was found that an
infinitely long, homogencous, straight rod attracts an exterior
point in a direction which is perpendicular to the rod with an
intensity which is equal to 2e0/p where oy is the mass of the rod

per unit length and pis the perpendicular distance of the attracted
point. Imagine this rod parallel to the z-axis and piercing
the zy-plane in a point whose coordinates are fn. Let the
coordinates of the attracted point be x,y. Then the rod attracts
the point 2, y just as though it were a particle of mass¢ = 25placed at the point &, 7 with a law of attraction #/p which is

inversely proportional to the distance, instead of inversely propor-
tional to the square of the distance. ‘The components of this
attraction are

xa-0254  ya-045% ZH0.
c *

A bundle of such rods, not necessarily all alike, would attract
just like an area (the cross-section of the bundle) with the surface
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density «and the inverse first power of the distance. That is,
for such a bundle

z-t Y= am,x-fAdm, v--f- tam,
p= VE + O- a

For this law of attraction the expression for the potential
becomes

ve- f. log pdm,
or @

os
= dmv f.tog 2

if preferred, where p» is an arbitrary constant. It will be verified
without difficulty that

ev av

x-% y-% @
‘The potential in this case, for obvious reasons, is called the

logarithmic potential. As can easily be verified, for exterior
points it satisfies the equation of Laplace in twovariables

av. av

i tFn
‘The logarithmic potential exists at interior points also, and

Eqs. (1) and (2) are still valid.

29. The Potential of a Spherical Shell—Let O, Fig. 15, be

the center of a homogeneous spherical shell of radius a, Aa its

TAN

Fro, 18,

thickness and its density. Let P be the attracted point, and the

line OP be drawn, Let the radius OS make an angle ¢ with the
line OP, and the plane OSP make an angle @ with the plane of
the paper.
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Consider an element of mass dm of the attracting surface at S.

Expressed in terms of its coordinates of position

dm = catAa sin ydyd?,
and therefore

o

jo Jo 0

= 2roaraaf2Me,bP

since

pa Via tar we TF
is independent of 8.
On differentiating this expression for p, bearing in mind that

and r are constants, it is found that

sin ede _ dp
p ‘ar’

and therefore

V = 20Sfdp.
The limits of the integral depend upon whether the point P-

is outside the shell, or inside the shell. If the point P is outside

the shell, rs
Vo = aretit [a

= ita, o
~ ro

‘the last equality holding since the mass of the shell M is
‘M = 4roa*ha.

If the point P is inside the shell,

oa petWe are a“hr (2)
= Areata =

@

From these expressions it follows that the potential of a homo-
geneous, infinitely thin, spherical shell is constant within the
shell, and that it varies inversely as the distance from the center
of the shell on the outside. The limiting value of the potential

‘as the attracted point approaches the shell cither from the inside
or from the outside is M/a, and therefore the potential is con-
tinuous across the shell.
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If the shel is of finite thickness, bounded by a sphere of radius
a on the outside and a sphere of radius b on the inside, it is
necessary to integrate Eqs. (1) and (2) again with respect
to the radius; thus

Vo= @Y atda7 Je

Aro, 3) = M
=f2@-»-%

and

v=tof,ada
= 2no(a* — b*),

which is not conveniently expressible in terms of the mass
of the shell.

For a solid sphere the radius of the interior surface is zero
and Vo = M/r just as for the shell. The limiting value of the
potential in the hollow-interior of the shell as the radius of the
inner boundary diminishes is

Vi = 2roat = 3M.
' 2a

For a point between the two spheres which bound the shell
at a distance r from the center, pass a concentric sphere through
the attracted point. This sphere, which has a radius r, divides
‘the shell into two shells for which the bounding spheres are b
and r for the inner shell, and r and a for the outer shell. The
potential of the entire shell is the sum of the potentials of the

inner and outer shells, that is

4 f-B :Vm fro =” + tee(at - #1)
= gs 10 _ 1),= soo(g0t — 5a")

This expression has the limiting value 2x0(a* — b*) on the

inner boundary and Jro(a — 08) on the outer boundary. As
these are the limiting values of the potential as the attracted

point approaches the inner surface from within the hollow, and
the outer surface from the outside of the shell respectively, it is
clear that the potential of the shell is continuous everywhere,
although in different regions of space it is represented by different
analytic functions.
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Tn eacli of these expressions the only variable which occurs

isr, ‘the distance from the center. Hence, wherever the attracted
point may be the attraction is always directed towards this
center. Its intensity is given by the first derivative of V with
Tespect to r, namely

_ ev.A=
x

In the hollow of the shell V is constant; the first derivative
is zero, and, therefore, the attraction is zero everywhere.

Between the boundaries of the shell

4bA= ap - )
‘This expression vanishes on the inner boundary, and has the

value

4 (2-2) __M
3 a

~

a

on the outer boundary.
Outside of the sphere

A= M.
--%

which also has the value —M/a* on the outer boundary of the

shell. Hence the first derivative of the potential function is
continuous everywhere and in particular across the bounding
surfaces of the shell. That is, the attraction of the shell is a

continuous function of the position of the attracted point.

It is not the same, however, with the second derivative.
‘Within the hollow, the second derivative is zero everywhere.
Between the boundaries of the shell

ev 4 (2%

we -r( +1).
This is a continuous function of r within this region. It does

not vanish on the inner boundary, however, but has the value
—4rc. Hence the second derivative has a finite discontinuity

4mo across the inner boundary. On the outer boundary the
second derivative has the value

4 (28

=aa + )
On the outside of the shell the second derivative is

av 48 ee,
ort 3 r
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which is continuous everywhere on the outside and takes the
value

4 (2b

on the boundary. Thus in crossing the outer boundary from the
inside the second derivative has the finite discontinuity +410
(see Fig. 16).

This study of the potential of a finite spherical shell is valuable
because the integrals involved are easily evaluated, and the

Fro. 18

properties exhibited are characteristic of potentials and their
derivatives in general. The results are summarized in the
following table.

Pommat or 4 Fosims, Howoanveous Seurnica Suet

Ran | reo | bere | re

v | eet =o | deo(r 18s) | etav aye co

Ea o ace aio
oy “(P getoF ° | -3( +1) ) tee
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30, Potential of « Uniform Circular Disk along Its Axis.—
Let 0, Fig. 17, be the center of the disk, OP its axis, a the radius
and ¢ the surface density. Let the angle @ be measured from
a fixed line in the disk. ‘Then in polar coordinates

dm = erdrdd,

and .

Vine [PNRM mae [5 oyJoJo? a

But, since

pert,

and is constant in the integ- 2

ration, I | Ppdp = rar, F

and therefore

dr
Tat dp.

em de,Hence ro. 18
vie

= neVm

aoeft,or
V = dro Vat Ft — Verh. @)

Attention is again called to the fact that in every caso the
positive square root is taken, so that V is a funtion of 24, as is
evident from the form of the potential when expressed as an
integral, Eq. (1).

‘The attraction of the disk for « point on its axis is given

by the formula a 1 1
x2 =o - Ja) 3oven val ®

‘This is an odd function of z, as evidently it should be. The

limiting value of the attraction as 2 approaches zero from the
positive side is ~2re; and as it aproaches zero from the negative
fide it is -+2rv. There is, therefore, a discontinuity in the
attraction equal to —4re as the attracted point passes through
the disk from the negative side to the positive side, and the
magnitude of the discontinuity is independent of the size of the
disk. It is not independent, however, of its density.

Tf the radius of the disk ‘is very great, the first term of Eq.
(@) is negligible. ‘The second term is constant on either side
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‘of the disk, but opposite in sign on the two sides. Thus, if
the earth were an indefinitely extended plane, as it was thought
to be by the ancients, with the surface density ¢, then the
acceleration of gravity would be

9 = 2ra,

and would be independent of distance from the earth’s surface.

31, The Potential of a Homogeneous Straight Rod.—Let
the length of rod be 21, Fig. 18, and let its

4
? linear density bec. Let an element of the rod

Ms at adistance ¢ from the center be dg. ‘Thenis the mass of this element is« dn = odt,

and if p is the distance from this element
to the point P(z, 2) at which the value of the
potential is to be computed, then

dm _ petey= (@-o(°%

Let @ be the angle formed by the rod and the line p. It is clear
from the diagram that

dy sin 6 = pds,and therefore,

yao (%
jin 8

1tan 56 @
= 0 log —j—-

tan 36

Since @ always lies in the first or second quadrant, the trigo-
nometrie identity

tandg= jt 41-1. @2? ~ Nianto tanholds. Now

2 2tna= Fp tanh= 2 )
By means of Eqs. (2) and (3) the potential can be expressed
explicitly in terms of z and 2; namely,

V =o log 22 =D t+ VER—Fa=o log —E-DtVEWD te,-@+D04+VeFD +e
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or, if p: and p: are the lines drawn from the point P to the ends

of the rod,

= etl tps gig rtoe + 2Vee log Teo PEotos = 2
The components of attraction are now easily found. They

are

eV _ of fl 1 1 1X= ar 7 1G: - ay - (Gat ah
av 1 1

cari Gi ~ ny
Imagine two particles each of the same mass as a unit length

of the rod placed at the two ends of the rod. Then the com-

ponent of the attraction of the rod at the point P which is parallel

to the rod has the curious property that it is equal to the dif-
ference of the potentials of the two particles at the point P.

Equipotential Surfaces—On an equipotential surface V is
constant. Let

y

Ceee<l @

‘Then on an equipotential surface

1 Ltan 561 = C tan 5%. @)

‘From the formula for the tangent of a half angle,

2tan botang
=,

1 — tan* ou
it is found that

2 1 1
ep tan gn

tan} tan a 2
or, by virtue of Eq. (5),

2 1 1
eCtg

tr C tan de 2
and similarly

2 1 1

ian *1 7tan yo
tan 36
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If the first of these equations is multiplied by C and then sub-
‘tracted from the second; and then the second is multiplied by
C and the first is subtracted from it, there results the two
equations

1 ce | a-ey, 1
tan,

~

tang, ~~ 3 tm phe,

aetL =e) a
fan tam = 90

ioe

\ /\S Vb yyN\ Y/Y

: O
7 Na NN,oo / i) \ \

Fro. 10,

The produet of these two equations eliminates the half angle,
and gives

1 __€ Vc _1)_a-cy:tan6; ~ tan 6,)\fan@, ~ tan d; ac”
which reduces, by the substitutions of Eqs. (3), to

(l= Oe | 1 —ytat_aForr taepak

‘This equation, by the substitutions,
ace a+o,_)
Ton Gaghatts ©)

becomes the equation for confocal conics, Fig. (19),
ze 2
Peete a
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On replacing the value of C from Bq. (4), it is found from
Eq. (6) that

e

c= aml>o.sinh?

For positive values of « these curves are ellipses, and from its
definition x must be positive. But the equation

gee te c<P,poy Sah o<ese, ®

represents the orthogonal confocal family of hyperbolas’ which,

by virtue of the property of orthogonality, are the lines of
force, Sec. 28.

The parametric equations

Ising Leos ¢

*"Snhe’ * ~ tanbw”
represents a family of ellipses if w is constant, and the family of
orthogonal hyperbolas if ¢ is constant. -
The equation of the equipotential surfaces in three dimensions

is

# tty

Ppt ot

which represents prolate spheroids. The orthogonal system of
surfaces is represented by

gee ete
Pa eh

and are hyperboloids of two sheets. The lines of force are the
intersections of the hyperboloids with the family of planes which

intersect in the z-axis,

y= dy,
where ) is a parameter.

82 The Potential of a Homogeneous Solid Ellipsoid for
Interior Points.—Let the surface of the given ellipsoid be defined

by the equation

Burge.
BtRtaeh a

4 “Statics and the Dynamics of a Particle,” p. 356.
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‘nd et the interior point for which the potential is to be computed
be P(x, y, 2). On taking P as the origin of a system of polar
coordinates », y, 8, with the equations of transformation

E= 2+ pcos g 008 4,
= yt pcos esin 6, @f=ztpsing,

din = op! cos ededédp,

then the value of the potential at the point P is

‘dm +H te onVac fPmef [Pfr cos eaeasa @se “Jaz Jo Jo

‘The upper limit p, of the integration withrespectto pisa functionof yand é since the integration is fromP to a point on the surfaceof the ellipsoid,

1f Eqs. (2) are substituted in Ea, (1) the surface of the ellipsoidis found to be represented by an equation of the second degree in
This equation ean be written

> Apt + Bo +0 =0 ®where
= 208%v cost? , cost ysint | sin?yA= a te +
= F008 9.0088 , yeosesind , zsingBat—Sta ©)
w2ae yeCc a + e + a lL

The solution of Eq. (4) which belongs to the present problem is
a ~-B+VBF-AC1 Bt VBRaC

for A is necessarily positive and for interior points C is negative.
Hence B* — AC is positive and greater than B*, Since p, must
be positive, the positive sign must be taken before this radical.
From this expression for 1 is obtained

pit = 2B = AC ~ 2BV FAG
fm BAC— BBVBR AC,#0 that Eq, 3 becomes

+E peop — 40 — opBDACvores BBY = AC ~ 2BVBF IC og gig. (6)+
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Consider first the part of this integral which depends upon the
radical

+5 pp VBFD ACR= f f BVBACcos gga,-zJo
‘The elements of this surface integral can be taken in pairs the

two elements being equal numerically but of opposite sign, At
the points P, and Ps, let

(P:) 0 = 6,¢= 5 and (Ps) 6= H+, 9 = —e,

so that on a unit sphere P; and P are diametrically opposite
points. At the points P; and Ps the quantities A and C have

the same values while B mercly changes sign at these two points.
Hence, the integral of

BYBF= IC,
7 7

where di is an element of area on the unit sphere, taken over any

hemisphere is equal numerically, but oppositein sign, to the same
integral taken over the other hemisphere. That is, the integral
taken over the entire sphere is zero. Hence,

R=0,

and the integral (Bq, (6)) reduces to

17th ptope —

Vendofe [GAS om eet G)
3

If the values of A, B, and @ from Eqs. (5) are substituted in
Eq, (7), there results

_ [TH (?rfeoste costa 2? , costysin®® y?ve “fel. (esr att5

@etf AP

+3 (2(xy cost psin 8.08 8 , ye.cos g sin y sindsafear ve
4 #20089 sin gc0s 6) cos del? 1p, (+3 (**cos ded,ea? ae oy ff A
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By properly pairing the elements in the second integral its value
is seen to be zero. For example, in the integral

+ 2cost psin 6 008 8

it is seen that at the points P, and Ps, where

(Pi) @=%, e=g, and (Pr) $= -h, P= ey

‘the integrand has values which are equal numerically but opposite
in sign. Hence the integral is zero; and in a similar way it can
be shown that the other two terms of the second integral also are
zero. Hence,

+4 p2foost ecos?@ z? , costysin®# y* , sinty. 2

cos vded@ 1, (*3 eos ped,x
See fet ed? (8)Now let

1, (+3 008 ededa,wv yf. f a
3

W is a function of the three semi-axes, a, b, and, but is independ-
ent of the coordinates z, y, and z of the attracted points. If
it is written

loti cos ededé
w= vf- I Beatg wos, costesi,Sate’ ©)ive

sores ete

it is readily verified that Eq. (8) ean be written

_1aW,,, 1aW,, 1aW.,
Vesa +5 ete at OM

or, again, on substituting the value of C,

13aW 24 (law aw .ve (Gr Dp + (oe - Bet (e -Ee +W.
(10)

Since W is a function of a, b, and ¢ alone (and therefore its
derivatives also), the cvefficients of z*, y?, and 2* are functions of
a,b, and c only. It is evident at once that W is the value of the
potential at the center of the ellipsoid.
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There still remains the problem of evaluating W. For this

purpose, let

cost , sinty _ cost , sintyM="y +e ON pte ay
Then Eq. (9) becomes

1 tt ‘te aw= rfcoswef More+ Nave
+9 3 soot ado= to fos oteaad
eos ede

= no [2s ede,f VMN
On replacing the values of M and N in this integral from Eqs.

(11), it is found that

W = 2roabet (*@——____esev ____,Ta  cteost g)(bisin®p + cf eos? 9)
an expression which is not symmetric in the letters a, b, and c.
‘The symmetry can be restored however by the substitution

, e

sing = 5,

OO Vere
where ¢ is the new variable of integration. The result of this
substitution is

@W = roabe | “———_S______, 12)J Vet + NE +8) .
and if this form of W is used in Eq, (10), the expression for the

potential becomes

- “1-8 weV = reat [ (: @+s Fre en)
asXSSee)

Vereiers

For purposes of numerical computation W is reduced at Legen-
dre’s normal form of an elliptic integral of the first kind by the
substitution

sing = S18RY, org = a cot*w — c¥ cosect u,
Vane .
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provided a>b>e
and becomes

w= —2eeabe_ 0S _ da
Va eo V1— RFsin?@where

wath

83. The Equipotential Surfaces.—The equation for the poten-
tial V at an internal point of a homogeneous ellipsoid can be
written in the form, from Eq. (32.13),

W-Vit ivy

roabe wat pty @where
1. f“a,a So (a? + )V(a + 80 + 8) CC? +8)aL f ~ ds , @BO), SF )VETIE FT IE +s)

i. f__—__ .Po Jo (et + 8)(a + 8)? + a) (ce? + 5)
If V is a constant, the equipotential, or level, surface also is an

cllipsoid with axes which are proportional to a, 8, and 7. By
forming the differences between these expressions (Eq. (2)), it

is readily proved that
Loiel

esas
and therefore

a> B> x

In a manner quite similar it is also proved that

fo or

a < & < of

‘These inequalities show that the level surface, which is an
ellipsoid co-axial with the given ellipsoid, has its longest axis
coinciding with the longest axis of the given ellipsoid and its
shortest axis coinciding with the shortest axis of the given
elhpsoid, so that the two ellipsoids are similarly oriented, but
since

#8 er
aso<e
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it follows that the level surface is not similar to the given ellipsoid,
but is more nearly spherical. Hence the surface of the given

ellipsoid is not itself a level surface. If surface tensions can be
neglected water placed upon the surface of a homogeneous
ellipsoid and subject to no other force than the attraction of

‘the ellipsoid will flow towards the ends of the shortest axis of
the ellipsoid.

34. The Components of Attraction at an Interior Point—

Since av y y
@ axe ya 2%

it follows at once from Eq. (32.13) that:

°

Jo (P+ )Va + )O + Fs)-
2roabedsy= —y {°——__,_2maabeds 1of, Prove PHerH, OY

Z f" 2reabedsa

po CH INV ETHIE FT NETS)

The resultant of the vectors X, Y and Z, is, of course, a vector

which is perpendicular to the level surface through the point
2, y, 2 It represents the total attraction of the ellipsoid at

that point.
Consider the attraction of a second ellipsoid which is similar

and similarly placed upon the same point z, y, 2. The axes

‘of this second ellipsoid are da, Xd, and Xe. Then if X; is the
-component of its attraction on z, y, 2

{ 2roMabedsX,= -2({ --—__—_ a

Jo (Ma? + s)V (ata? + 8) (N20? + 8) (AC? + 8),

or, if the variable of integration be changed by the substitution

i=,

‘it becomes f.2 QreabedrX:=-2| ——— 2S

428 OF IVE ENE FINE ES)
and, similarly, for Y and Z. Hence the attraction on the inside
of a homogeneous, ellipsoidal shell which is bounded by two
similar and similarly placed ellipsoids is zero, a proposition
which was proved in a different manner in Sec. 11, The poten-
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tial, however, is not zoro in the interior. If > 1 is the ratio

of similitude, the value of the potential in the interior has the
constant value

or - DW.

where W is defined in Eq. (82.12).

35, The Attraction of a Homogeneous Solid Ellipsoid upon an

Exterior Particle—Ivory’s Method.—If the point for which the

potential is computed P(z, y, 2) is exterior to the ellipsoid the
limits of the integral which corresponds to Eq. (32.3) are com-

plicated and it is not practical to carry through the integration,
in the manner of Sec. 32. A beautiful method of obtaining
the components of attraction on an exterior point was given
by Ivory in 1809, The method is based upon a comparison
of the integrals for an exterior point with the integrals for a
corresponding interior point. The integrals for the interior
points being known, the corresponding integrals for the exterior
point ean be derived.
Let the surface of the attracting ellipsoid E, bo defined by

the equation

etethan @)
and let the attracted point be denoted by P2 with coordinates
Zy-¥n #2 Through the point P; pass an ellipsoid Ez confocal
with E:, The surface of the ellipsoid Ez is defined by the

equation

wt yyt patos,

gat tea (&)
but since it is confocal with B, the axes of the two cllipsoids
are related by the equations

afaatte bi=btte ofaotte

where « is the algebraically largest root of the equation

a reartet beet otte sh @)
(The three roots of this equation are real.)*
Let %, J, % be any point within or on the surface of By

and let 21, JZ be any point within or on the surface of Bs.

Statics and the Dynamics of a Particle,” p. 355.
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A one to one correspondence between the points of Ey and Es
is established by the equations

ra TO ®

Let P, be the point on E; which corresponds to Ps on Es. Then
P, is interior to Hs, and Bz can be regarded as a homogeneous
solid with the same density as E,. Let X:, Ys, Zs be the com-

ponents of attraction of E, on Ps, and X,, Y:, Z; be the com-
ponents of attraction of Zs on P,,” Then

ie fff,Bs dgudis,eB

Xe fffBap ages,where :

A= V@aa + Gv) +Ga

aa VGH a TG BP FG)

and similar expressions for the other components. These

integrals can also be written

a(za= fffian(G) esos
2 (2) aor fffa) aedguda,.

Integration of these expressions with respect to the 2-variable

sums up the X-components of the attraction along an elementary
cylinder of cross section dyde parallel to the a-axis between the

‘two points where this cylinder intersects the surface of the

ellipsoid to which it belongs. Hence

X= She - ava.
i myxin ff(h-A)aran.

where py: and py are the two lines joining the point P; to the
two points where the elementary eylinder intersects the surface

of Es, and px and ps: are the two lines which join Ps to the
extremities of the elementary cylinder which terminates in
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the surface of Ei. It will be assumed that theso two cylinders

are corresponding cylinders in the sense of iq. (3), and therefore
the termini of these eylinders

R are corresponding points on_ the surfaces of the ellipsoids.Pesgh Lemma—If Ry and 8, areCO LEN any two points on the surface
ET} of Ey and Re and Ss are theen corresponding points on thea surface of Es, then the distances

RS: and RS; are equal.

uo bo. In order to prove this
Iemma let the coordinates of

Ry and Rz be Ly, ms, m and ly, ms, nz respectively, and let the
coordinates of S; and Sz be Xi, and Xs, us, v2. Then

BiSe = (le — Ya)? + (om — a)? + (mi = 98),and
BEB = (le — 1)? + (rms = ws)? + (ma =

But since

hati, = 2, ete,
the difference between these two quantities is

et yt (at_y) 4, (ot wa (et :KS! — KS = (3 1) bet (i- 1) mot (- ne
+(1 ~a8)as +( ~ 3) ae +6 i)
ag BE gmat ome) Ont mat oo(is tet =) * Cs toate
= Wet =O

Henee, the distance 22,5; is equal to the distance #35).
Since all of the conditions of the lemma are satisfied, it follows

that in Eqs. (4)
pu = pe pie = pas

and, therefore, at corresponding points the integrands of these
two integrals are equal. Let the variables g, and 21 in X: be
changed by the substitution

y= bY tgs
ays = Fae, de, = Say
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‘The limits of the integral will be altered and will become the

sameas the limits for the integral in X,; and it is evident that
Xe FX,

and similarly,

y,=S%y,
= 22,

abyA= abe"
Henoe, if the components of attraction of Es on the interior

point Pi, that is Xs, Ys, Zi, are known, then the attraction of Es
on the exterior point P; can be computed. Using the values of

these components as given in See. 34 with the proper subscripts,
it is seen that

X2 = —2roas ex: f~ —7

Jo (ast + 83)V (as? + 82) (bs + 83) ca" + 83)
° deyYq = —2rvaibscys ("————__,seyJ, GP + a)Va+ be + ler be).

ds,Zy = —2reabiexts ———.* one f ert Va + lhe + ale Fm)
In the factors preceding the integral signs

ast = az, ban = by esti = exes

under the integral signs the semi-axes of H; can be eliminated
by the substitutions

ataatts babi +e ateatte

and then the substitution

tens

gives the desired forms of the integrals. Dropping all of the
subscripts, which are no longer necessary, the components of

the attraction of the given ellipsoid upon an exterior point are
= dsX = —2reabe: Dar Url WW rpcerteny/<eranywierd=| EVIETIETS

- ds¥ = —2re a _oo| SWEETIETIE fO
- és

wareterers
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where a, b, care the somi-axes of the given ellipsoid and z, y, 2 ar
the coordinates of the exterior point. ‘The lower limit « is the
algebraically largest root of the equation .

ae + titearate tagen ®
36. The Potentialof a Homogeneous Solid Ellipsoid at ExteriorPoints.—The forms of the expressions for the components of

attraction of a homogeneous solid ellipsoid upon an exterior
point, Eqs. (35.5), are identical with the corresponding expressions
for an interior point, (Eqs. (34.1)) with the exception that foranexterior point the lower limit of the integrals is x, and for an interior
point it is zero. This similarity of form leads to the suspicion
that the same similarity holds for the potentials also, and that

= “G-s -v¥ = weed: f (: ete Pte =)
dsXo pees

Vere Ne +A y
is the potential of the cllipsoid at an exterior point. In order
to prove that this surmize is correct, itis necessary to show that

av
_ av avBex, Pay, Taz.

If this condition is satisfied, V can differ from the potential only
by an additive constant,
Now

ave ° ds> Ponder |ox f @HIVE TIO FINE +8)
ox

-(- ey 2) reales ,Fe FF FF) VTE HEOE +)

the first torm of which is equal to X, Eqs. (35.5), and the second
term vanishes by Eq. (35.6). Hence the condition

ove

az x

is satisfied, and similarly with the other derivatives.
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In order to show that the additive constant is zero, it is
sufficient to show that V vanishes at infinity, a property which
is possessed by every finite body (Sec. 22).

Just as in See, 35, let the ellipsoid which is defined by a given

x be denoted by Hs. ‘The greatest distance from the origin to
the surface Ey is r = +/a?+ x, assuming that,

a>b>o,

and the shortest distance is r= Vc? x. Hence for any
point on Ey

et+ksersat+n,

which shows that if r tends towards infinity so also does x, and
conversely.
Now

i: i 5< [8-9VENTNE HS) Je Gg Ve
and

f . ds <Je (a? + 8) V (a? + 5)(* + s)(? + 8)

. dsJf OF )V@+ NO + s\( +8)
< [aawetemess< [1-2. CH+IVE TIPIEH) Je § 3f
Hence

(2) Qat+yt+e2 v 2, 2t+yit+

2-(Gi48 5 ") <seme<+(A+8 moet a i a

or, since
PrPre sate,1/8,
2a' Vv 1 (8, 2a?ils +3 9) < reabe < + vu + ac):

Consequently as « tends towards infinity V tends towards
zero, which proves that V as defined in Bq, (1) is the potential
of the ellipsoid at exterior points.

For x = 0 the ellipsoid Z, which passes through the attracted
point 2, y, z coincides with the surface of the attracting ellipsoid.

‘Thus the limit of the potential as the attracted point approaches
the surface of the attracting ellipsoid is the same whether the

approach is from the inside (Eq. (32.13)) or from the outside
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(Eq, (1)), and the potential is continuous across the surface.
It is therefore continuous throughout all space.

.

It should be observed that the factor reabe which appears in

Bg. (1) is simply the mass M of the ellipsoid.

‘37. Evaluation of the Elliptic Integrals.—By the transforma-
tion

rd

wa eGo a>b>o
where w is a new variable, the integral

lias" ds
vel vane ("_—4§ _—av J VETIEF

IE +8)becomes _

v= al aw ,0 Va = wT = But)
where

wa Gahy
ae

or, if
w = sing,

the integral takes the form

ad de

= | se = Pee 1), \laee: (eo) °where
=,(28.

‘Thus the integral » = F(w, k) is Legendre’s elliptic integral
of the first kind. The upper limit of the last form w, is called

the amplitude of », and sin a is called sin amv, which is usually
written sn». Similarly

cos amy = env = VI—ante,
delta amv = dav = Vi — Manto.

From these definitions it is evident that

ersmo

= 55>and ais 2as
VEIT NE +) Va
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By means of these relations it is not difficult to show that

ff ——— -— 8 feVEGI Gyo

wares =tS fate,eH)V

ETI FINE FS) Cg — erado ,f — de —ofJ VF IVEF IOP IES — (gr — eyo HP”
° as 2 prasntyes=F(t,J C+OVE FIO MEFS ge — aah oat

where _
sae Fy

ano, =o = wnt fe
‘The substitution of these expressions in Eq, (35.1) gives

Broabe (Eas — 2) — atenty — ye — Sevel, (a = c8) = 2tsnto — y*Gnty — onto [ae
The last three of the above integrals introduce Legendre’s

elliptic integral of the second kind, namely,

Blea b) = [VI Faint ode. @
Since

dsnv

b= +onvdny,

den? = —snvdnv,
ddav .
“d= —k'snveno,

it ean be proved simply by differentiation that

f“sntodo = jalve — Hed],0

vontva, Bla) A snvcanty
Jo dntv”? = a =) 1 dn,

"ean? vy 1 snv.dnv,f onto” = roe ae - He}
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Since

=e=F), samat

the expression for V becomes

2raabe 2 Y Tre,ve Veeal[ -eoetes i 8)
2 @at Noe @+ [pte weytele Re @
2-H) vere+ le =a me |aE HE TOO HO,

Tt has already been observed in Sec, 35 that the derivative

of this expression with respect to x vanishes, and therefore in
forming tho derivatives

ov av ovX=
a’ Y= a’ aePra

it is not necessary to regard « as a function of 2, y, and 2. It
is sufficient to differentiate only in so far as «, y, and occur
explicitly in V. ‘The components of attraction are, therefore,
very easily derived and it will not be necessary to write them.

38, MacLautin’s Theorem—Let E, and H, be two confocal
ellipsoids with semi-axes a;, bs, c; and as, bs, c2 respectively, each
of which is homogeneous, but not necessarily of the same density.
Let z, y, 2 be a point exterior to both of them. Let

a

etal bin tape a2and
ey wttata tare a}

represent the same ellipsoid, confocal to Ey and Hy, through
the point x, y, 2. Then the equations

aeatts batt, cteatts (1)define
the value of « by means of which Hy can be refEy, and, therefore, can be referred to

ten
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Consider the two integrals

Le fiz|Wat + an) + an)? 81)and

heverter——)eV (aa? ea)a? F oa)i(ea? F 8)*where i, j, and & are any positive integers.
If az*, bs*, ca? in the second of these two integrals are replaced

by their values from Eq. (1) there results

he= f."se;1 VGF Fer OF Fe Fae tet a)and if the substitution

Seb 8

is made this integral becomes

- doh= ooo eet= | Tar eae are ee
All of the integrals which appear in the expressionsfor the poten-tial Eq. (36.1) and for the components of attraction Eq. (35.5)

are included under these forms. Hence if V; and V: are the

potentials of Z; and EH, at the point 2, y, 2 which is external to

both ellipsoids and if M, and M; are their masses, it is evident at
once that

Va. Ve,
m~ My

and similarly

Ho, Mey, A ts,
Mi” Mi Mi" Mi My” My

‘This proves a very beautiful theorem due originally to Mac-
Laurin, namely

MacLaurin’s Theorem.—Two homogeneous, confocal ellipsoids

attract a particle which is exterior to both of them with forces which
have the same direction and which in magnitude are proportional

to the masses of the attracting ellipsoids,

MacLaurin proved this proposition for the attraction ofellip-

soids of revolution for points on their axes of revolution. Legen-
dre extended the proof to any points external to the ellipsoids of
revolution, The complete theorem as given above was first

established by Laplace, although his method is not the same as
that which is given here.
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It follows also that a homogeneous ellipsoidal shell, finite or
infinitesimal in thickness, bounded by two confocal ellipsoids,
attracts an exterior particle just as though it were a solid ellipsoid
of the same mass and homogeneous throughout. Likewise, an
ellipsoid which is homogeneous in confocal layers attracts an
exterior particle just as though it were of the same mass and
homogeneous throughout. Thus the earth increases in density
from the surface towards the center, but if the distribution of
matter within the earth

is such that it is homogeneous in confocallayers, the attraction of the earth for an exterior particle is just
‘the same as though it were homogeneous throughout, provided
the total mass is the same in the two cases.

39, The Potential of Spheroids at Exterior Points.—The
integrals which are involved in the expressions for the potential
‘and the components of attraction of the general ellipsoid are all
elliptic of the first or second kind. They all reduce to integrals
of an elementary character, however, if two of the axes of the
ellipsoid are equal; that is, if the ellipsoid is either an oblate or aprolate spheroid, "If, for example,

a=b>e,

the ellipsoid is an oblate spheroid, and the expression for the
potential is

verote[oe ~ roate(e? + y")2 @+s)Vei+s

- as odsxf PO veseats f —#__., wJ. + Vet 3Fevers K @+aer+o
‘The evaluation of these integrals gives

2roate a + yt = 22) eevm Prete (yt iyraat a@ Sea) Nate
reaeVe Fast ty? xoate Oe+
G-e Gt. @-eyapy

where « satisfies the equation

are tagenh 8)

Although « is a function of z, y, and z, it is not necessarytoregard it as such in forming the first partial derivatives of V
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with respect to z, y, and ; for it was shown in Sec. 36 that even
for the general ellipsoid the derivative of the potential with
respect to x, y, or 2, in so far as these variables are involved

implicitly through x, vanishes. It is useless, therefore, to form
it, and

-
_ av av, ov,X=
ie Y wy Z= oe’

are obtained from Eq, (2) just as though x werea constant. If,however, the substitution

By  #
a@+K +n

from Eq, (8) should be made in the second line of Eq. (2),
although the expression for V would be simplified slightly, «
could no longer be regarded as a constant in forming the first
derivatives,

If the ellipsoid of revolution is prolate, so that ¢ > a, Eq. (2)
becomes imaginary in form though not in reality. If it is borne
in mind that,

Ve —Gaive—@, i= V-T,and that

—isin~! i@ = sinh 6,

it is readily seen from Haq, (2) that the expression for the potential
of a prolate spheroid ¢ > a is

te) 2 Fae= oat 2 EH 2) 2 gins [POVv reat 1 + ea veces
— mateo Feet yt, root et yy

@-@ ate @—a@Vepe

Where « is defined by Eq, (3) just as before. In obtaining the
components of attraction from Eq. (4) by differentiation x can be
regarded as a constant. It will be remembered that for interior
points « is zero.

‘The expression for the potential of an oblate spheroid, Eq. (2)
above, was derived directly from the definite integralsin Eq. (1).It could have been derived with equal ease by limiting processes

directly from Eq. (37.3), by letting b* approach a2. ‘The potential
of the prolate spheroid is obtained by letting 6® approach c*.

40. The Attraction of a Spheroid on the Surface—If the
derivatives of the potential of an oblate spheroid Eq. (39.2)
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‘are formed and then xis sot equal to zero, the resulting expressions

are the components of the attraction of the spheroid for points
on its surface, They are

3M AX = -———[-e + + VI = @ sin ez,aaetaa *t . i
3M 7¥ = -——S——[-e+ +VI-esin“ ely,are V1 = eet yp
3M —Zea - —_ -0-V1=@sin ele;wel — ate ° ie .

where MI = Sreat is the mass of the spherofd and ¢ = vent
is the eccentricity of a meridian section,
The intensity of the attraction is a function of the latitude

but not of the longitude, since the spheroid is a figure of revolu-
tion. For a point in the zz-plane

zeacsB, y=0, z=aVi—esind.

where F is the eccentric angle corresponding to the point x, y, 2
If ¢ is replaced by ¢ = sin ¢ the intensity of the attraction F =
VxF+Yis

3M " sP= sar gint die — sin € 008 «)? + [4(¢ c08 ¢ — sin ee 1
(¢ — sin ¢ cos ¢)*}sin? HP.

If a sphere of radius R has the same mass and density as the
spheroid, its radius must satisfy the relationship

4 eat = treR,M = 5roa! cos ¢ = froR,
and therefore

1

R= acoste,

‘The intensity of the attraction on the surface of this ephere is

M MG=
po

a? cos!

so that

H

3, costF = 3G OSE [(e— sin e008 d* + (Me cos ¢— sin e)* —
(c= sin € 0s ¢)"Jsin® EY, (1)
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On the equator of the spheroid, H is zero, and

2

3 cos?Fan. = 3 Gors(e — sin ¢ 08 6,
=~ 5+ --)

Forsmall values of ¢ the attraction on theequatorof the spheroidis less than attraction on the sphere, and it is not difficult to
verify that it is loss for all values of € < #/2.

At the poles of the spheroid = x/2 and
2

3g 00594Fre = 3625(sin ¢ — 6 008 0),
no. + i+ cee )

so that the attraction at the pole is greater than the attraction

on the sphere if « is small. ‘The coefficient of @, however, has a
maximum which is defined by the equation

= DoT aint£=
9 Faint Po

the solution of which is

c= 445, 0 = 6958,

For this value of €

Fru = 1.0220, = $86 approx.,
and for larger values of ¢ the coefficient of G diminishes and has
the limit zero.

Since the attraction on the spheroid at tho pole is greater
than the attraction on the sphere for small values of « while
at the cquator it is less, there is some latitude for which it is
just equal to the attraction on the surface of the sphere, This
latitude is found by sotting F equal to G in Eq. (1) and then
solving for sin? E, The result is

4sin' , 5GSP = (= sin € 008
int B=OESint

© = Wine — € 008 )* = (e— ain ¢ 08 6)? @)
1, 119, .

~3tapet co -
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‘The limiting value of this expression for « = 0 is

sinE = } or B= 35° 15' 52”,
and for «= 0 the eocentrio angle is the same as the latitude.

If the first term of the numerator of the right member of
Eq. (2) is equal to the first term of the denominator, then
sin Z = land # = 90°, This condition is

pt = sine — coos
cost €

the solution of which is

= 59° 4/10",

If cis greater than this value there is no latitude for which the

attraction on the spheroid is as great as the attraction on the
sphere, It is everywhere less. This limiting spheroid and
the corresponding sphere is shown in Fig. 21.

Aa- 48

Fo. a, Pro. 22

41. The Attraction is a Maximum.—It might be imagiagined‘that of all homogeneous figures of revolution the attraction of the
body on the point where the axis pierees the surface is a maximum
for a sphere, but the results of the preceeding section show that
this is not so. It will be of interest therefore to inquire for what
Figure of revolution of given volume and density is the altraction
‘upon the point where the azis pierces the surface a maximum,

‘Let Fig. 22 be a homogeneous solid of revolution with » base
the radius of which is AB = a, and a height AO = h. Let CD
be a thin cross-section of radius r st a distance ¢ from the apex
©, where the axis pierees the surface, Then, by Eq, (16-1),
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the numerical value of the attraction of the solid upon the point
°

F = one ('{1- 3a= Ore ['[1- 2 — las.J [ vi+ aI
‘The sign is reversed since the magnitude of F only is of impor-

tance. The problem is to find the curve ODB which makes F
a maximum for a given volume. That is, the condition

fires = const.
also must be satisfied.

On making A and r vary, it is found that the conditions which
oust be satisfied are

arbre A

aL ( -yan)" =0, @Saat * > vereand
fp2rirds + ah = 0. @)

Let Eq. (1) be multiplied by the undetermined multiplier
2) and then subtracted from Eq, (2). ‘There results

7 ants h2 — 20 \rirds+ (a? — anf1 -52 —-\)an = 0.o (2 + 8?) Vath
If \ is chosen so that the coefficient of sh vanishes, there remains

5 2f ( - inde= 0;oN tp ot

and since this must vanish for every ér, it follows that

1, (8)
(t+ 8h

also

a =—* = @ ti tava Fi (s)
1-~+—

Ve tie

Equation (8) is the equation of the curve sought in rectangular
coordinates, In polar coordinates with O as the pole and 0A
as the polar axis

8 pcos8, str?= pt,and the equation is
p= eos. )
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At the point B Eig. (8) gives 3 (6)Mh = (i? +a%)F

If M is climinated betwoon Eqs. (6) and (4) and the resulting
expression is then rationalized, it is found that

(i? + 08)(8N* + 4a*)a? = 0,

and therefore a is zero, Equation (4) then gives
deh

°

ro

‘The radius of the sphere of equal volume R is given by the
formula

"as = Sane,
or

5sokoaint ogo = 82,S on

from which it follows that

h=RYS=171---R
‘A meridian section of the solid of revolution of maximum sur-

face attraction and the sphere of equal volume is givenin Fig, 23.‘The intensity of the attraction upon the point 0 is

P = 2x0 ('(1-2 —)a0 atea)
aig

= 2eai( 2 - of, cost sn si)
4

= Soh,
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‘The attraction upon the sphere of equal volume is

4G = rok.

Heneo, P_LBh_ By .. 39@75R7 gv = 1.0260 - = gg APPTOX.,

and tho attraction of the solid of revolution of maximum attrae-

tion upon the point 0 exceeds the attraction of the sphere of

equal volume by one part in 38 approximately. It was seon
in See. 40 that the maximum attraction at the pole of an oblate

spheroid exceeds the attraction of a sphere of equal volume by

about one part in 45.
It is interesting to observe that this surface furnishes also the

solution of another problem, namely; a particle is attracted

towards a fixed point by a foree which varies inverscly as the
square of the distance. It is required to find the locus of the

points fur which the z-component of the attraction is constant.
‘Tho scomponent of attraction is

-—

Gy+ 2a

whore K? is the force of attraction at @ unit distance. On com-

paring this exprossion with Eq. (8) it is scon that the solution is
the surface drawn in Fig, 23.

42, The Potential of a Homogeneous Elliptic Cylinder.—
Instead of computing the potential of elliptic eylinders directly
from the definite intograls the desired result will be obtained by
letting the longest axis of the ellipsoid approach infinity. The
cllipsoid, then, approaches an elliptic cylinder for which the

equation is Wyte 2 > ofBenet be

Equation (35.6) becomes

Woy Foy
epatagenh

which is the equation of a confocal cylinder.
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‘The first factor in the expression for the potential of an

ellipsoid Eq. (38.3), _Seoahe
Vane

has the limiting value 2rabe.

‘The amplitude of the elliptic integrals F and is cx where

Dg Ape=e,sine = VorE
Since « remains finite as @ —» c, the limit of ws is x/2. ‘The

Jimit of the modulus,

petch
me

as a? tends towards infinity, is evidently +1. Hence, the limit
of Elly B) is, Eq. (882),

25 ) = fv Tain ede = +4;Jo

and the limit of P(egh) is

x i de
ri) = (Be = 40.

()- ivr Saee-
tis evident that the term in the potential which is explicitly

independent of 24, ?, and 2" increases indefinitely as the length
of the ellipsoid increases. It will be shown immediately that
the remaining terms have a finite limit, and, therefore, the limit
of V is infinite. This is not surprising for the mass of the limit
ing cylinder is infinite. This term corresponds to the constant
term of the potential, for it drops out when V is differentiated
with respeet to z, y, or 2 in so far as these variables
‘occur explicitly.

‘The coefficient of the term in 2°is

1

aa TE ee B) — Flo B)]
1 (-2),=

poe eB B) - Fes B).
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‘The limit of (1 — #)Eyas k* approaches +1, is evidently zero,

As for the limit of (1 — RF,

“de “dp oF(w, k) = (a Se SE(om 8) f yates < fi vi-B Vi-F
80 that

(LBP 2) <eVB,which has the limit zero as k*—+ 1. The coefficient of the term
in 2* therefore vanishes,

Likewise, the term
2

eos #)
has the limit zero; and, since the limit of H is +1, the limit of the
remaining terms can be written down at once.

A true potential does not exist, but the variable part is

Qrode ff forte_ a(y — Je Fx).Vow = pe{v (Wi Fe ) + ( VeF ‘DhNow
(EE_  VEERA~ VOTEP+. Vi FE

= VEE= (VERVi + Vb a+ Vee)
ee

“REEVE FOE FH)and likewise

1- Vet= -#4,are Stet VETO TE)so that

Vow. = —2rabe a(i FRE VOF ICTS)
2

+apVETOER)
from which the factor 6? — c* has disappeared.

‘The components of attraction are

Y=, eotey __,PHAVOeT OC +H
2 =——_et__.tet VETVE +e)
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If the point x, y, ¢ is in the interior or on the surface of the
cylinder, « is zero and the expressions for the components of
attraction become

= bro, = ~4ro bt.Yow wba, B= troy
If b = the cylinder is circular, and the expressions for the

‘components of attraction become

—Practy, Proc,
Yerape 2 eEK

or, since in this case, ct +x = y* +24, for exterior particles,

= 250i, gm Dna2»Yo totty Lm Prot a
‘These expressions are the derivatives of the logarithmic

potential
V = -2rect log Vik + 2,

which satisfies the partial differential equation, See. 28,

av ay

ee a 7
‘The functions which satisfy this equation are closely related

to the functions of a complex variable*

wayti, tava

It will be observed that the logarithmic potential becomes
infinite at infinity.

43. The Potential of a Homogeneous, Rectangular Par-
allelopiped.—Let the origin of a rectangular coordinate system be
taken with the origin at the center of the parallelopiped and the
axes parallel to its edges. Let the edges of the parallelopiped be
2a, 2b, and 2c and, for convenience of notation, let the density#bbe taken equal to unity. Lot the coordinates of the attracted

point be 2, y, z and the running coordinates of the element of
mass of the parallelopiped be & , . Then

ve f2 = [ope fees,sp JoJo Jo.

or, after multiplying numerator and denominator by
= (E- 2) + Ow +r - 2,

* Preamp, “Traite d’Analyze,” Vol. TL
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there results

ae [fe pe [enma cnn,aedon Jae i

(= 2) tt =a, &= 2) 4 (i DN asinat.
From this last form it is readily scen that

Fees ety (Es2) | 8 (n=re LEIS) +)
a(t=9+ a(' 5 ) fst. Oy

Since each term of the integrand is an exact derivative, it is

possible to integrate cach of them onec. Before doing so,
however, it is desirable to define a notation as to the limiting
values of p. Let

po = Vat FO WTC
pu = V@=2 + = OHO
pw = Vata + OF +098,
aio = Vata FOR a + = Oy

ete,

the subscript 1 being associated with the positive sign and the
subscript 2 with the negative sign,
With this notation the expression for V becomes after integrat-

ing once

2 fo fleets-258 ]anin a

+ spies ad SeatweJaal pre Powe

+ff“ets - shee, @)oe oe ee

‘The numerators in these expressions are all constants with
respect to the variables of integration, and the six integrals are all
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of the same type. It will be sufficient to integrate one of them

and then derive the others from it, The first integral is

ca) ff era) [fete renw!ne Jay Pio ae Jus Poe

(eFa)+G—2*_(etay*

poe Pion ence ®)
mete) (* (7 2(f=2) 4.8 (120) _@ta* ‘ete [™ ola) a) Poe eve
= Wiebe ene Tytb_ynbcre(OEE tere PS

meta f(r. a)Since, in general,
~~

Sm fptt = —loe 2)p Vnitr ’

the sum of the four simple integrals in the above expression is

puns + (y +3)G+ OE +0) log GB)
z log BE +2)

A ““oe le ca + yD)ante +0)FEFOU

+2) lee eo) etoi 8) tog EELS),
- CF O02) 6 te)Now

pla = (Ha) + +) + e+e},
Pha = (2 +a)? + (y— b) + (2 +0)%,

0 that

.‘Thorefore Pha pha = by.

pus + (y +5) _ Mbon + pt — pins + 40%
pin + Y= 8) bps + phar — ein — 40

= (oun + 25)" = ptm _ puss + pin+ 2,pin — Gun = 2) pin piss = 205

and the sum of the four simple integrals can also be written.

Pur + pier + 2b( +.a)(e +6) log Sr on +P
- _ puss + pia + 2
i rear ree
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pun + pus + 2c+ @ + Oy +b) log pin + pus — 26
Pin +i + 2c

— + OY ~ 0) log ome
Consider the face of the parallelopiped which is perpendicular

‘to the z-axis and at the distance z = —a from the origin. This

face contains four edges, two of which are parallel to the y-axis
and two parallel to the z-axis. Through the attracted point
P(z, y, 2) pass a plane perpendicular to the y-axis. Any line L
which is parallel to the y-axis will pierce this plane at a certain
point O. The z- and z-coordinates of the point P with respect

to the point O will be called for brevity the coordinates of the
point P with respect to the line L; and a similar convention will
be adopted if L is parallel to either of the other two axes, Any
one of the four terms which occurs in Eq. (5) is the potential of

‘one of the four edges considered as a straight line of unit density
(Gee. 31) multiplied by the product of the coordinates ofP withrespect to that edge.

Each one of the six integrals in Eq. (2) gives rise to four of
these edge potentials, making 24 in all; but as there are only
12 edges it is evident that each edge potential occurs twice,
so that in the final result the terms in Iq. (5) are multiplied
by the factor 2,

‘There remains the double integral (Eq. (4))

-er af" f" natjn Jn Pico

which is the integral of 1/p* taken over the face of the parallelo-
piped = —a, Consider the infinitesimal cone which has the

rectangle dndf as its base and the point P(xyz) as itsapex. Let

dA be the area cut out of the sphere which has P as its center
and is tangent to the face z = —a, Fig. 4, by this infinitesimal

cone. Since the radius of this sphere is x + a it is evident that

EAMnat = aA,
and, therefore, the integral

af Pande:
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is simply the projection of the face s = —a upon the sphere
which has its center at P and is tangent to the plane of the face
z= —a. (Fig. 24.)

In order to evaluate it, it will be observed that

ace ) _ taht o= 2)an\ pro Poo

so that 7" 7"- feo*s3] ;» L le Fare Gao pi |
a

cece
= (—&9 bay,> SFa CH hm ad

“__@+ayt vty,ft erat aa owe

Zl i

Fra

Now, since

HM tant,Sat pm en
where

p= VETEFR,

the fully integrated expression for D is

= of tan EE OY +B _ yy ry $E)G= 0)D=(« +a)’ [tan te Fa)an tan @ apn
Y= HeEt+e w= De= 2]= tant ot (= 0).a Co a

Since there are four tan~"’s for each face and there are six

faces, there are 24 such expressions in the complete potential.
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If 2, y, 2, p are the coordinates of a point P,, and if

wy = tant?
=p

‘it is easy to interpret w, upon the sphere, which has the origin
as its center and passes through the point P:. Let Fig. 25
be such a sphere. Then,

tag=4, sine =3
from which it follows that

tan w; = tan ¢ sin
In the spherical triangle P,Q.Y, the angle at Q, isa right angle,

so that

tan (90° — P,) = tan g sin w,

and consequently
wi = 90° — Pi.

2

AHaFH] rN y

Fro, 25

It is, therefore, the spherical excess of the spherical quadri-
lateral XQ,P,S,, and the area of this quadrilateral is

aren XQ.PiS: = pro.

‘The area of the spherical quadrilateral P:P2PsP, evidently is

area PiPsPsPs = p*(w1 ++ ws — tos — 10).

‘The second integral of Eq. (2) can be obtained from the first
by first changing the sign of a in the first integral and then
changing the sign of all of the terms, A circular permutation
of the letters 2, y, 2 and a, b, c in the first two integrals will
‘then give all of the others. In this way the complete potential
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of the homogeneousright parallelopiped of unit. density is foundto be:

Vim + o)iy + 8) log Sr tom Ze
~ + Ny ~ Blog Bet tt BeFH a\e +o) log Mt ont
HN~ 0 log Putt2 + 2+ ~ ay ~ 2) logtn+ Je
~~ a)Y +b) log Seteae Be+ ~ ale ~ 0) log Mat oe +38

~ = ae +) logtetPe +FOF DE +e) log Bast oan + Be

~ WH DG ~ 6 log nt ou + 20+O ~ De ~ co) log Bet Pen + Be
~ G—Dle +) ogSatBan + Be
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Ly — ppl tans EE MEFO yr @~ ale +0)$e [tan ENERO — ae CO

Ft = Dom 88 = Do
1 Dean CHOY—1) _ 4 @ tay+b)He tort CEOERD — uae eet

a@-DY+) pie aly- »|Fea FO EE am

Le of tant SEVO+YD_ tay @ FW —B)+369 [ta €= Opa = Opie
1 @ = a)y =) _ pr @ = aly + 4}.i 5 iin Tos

44, The Components of Force for the Right Parallelopiped.—
‘The components of the force due to the attraction of a right
parallelopiped X, Y, Z are, of course, the partial derivatives
of the potential with respect to the coordinates x, y, and z, On
‘the face of it this differentiation is such a discouraging task that a
Tesort to the integration formulas

ave a(z _— a(2xo tee fffeQjane ~~ ff faC)asnee .
pt), o

ete,

seems preferable. Asa matter of fact, however, itisnot necessary
to differentiate with respect to the coordinates in so far as these

coordinates appear under the log and tan~' symbols. It is
sufficient to differentiate as though these functions were constants,
and a recognition of this fact makes the differentiation a very
simple matter.

In order to prove this it will be observed that Eq. (1) is simply
4(2V)/de in so far as x appears explicitly in Eq. (43.2). The

terms in 2V which arise from the first integral carry either z + a
orx — @as factors, and in order to produce Eq. (1) by differentia
tion only these terms should be used. The terms in Eq. (5)
carry (x +a) linearly and they are duplicated by terms in the
second and third integrals, Hence, when the factor 2 is removed
‘the same terms appear in V not duplicated. Similar remarks
hold for the terms which carry z — a as a factor. All of these
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terms contain logarithms. The terms which carry are-tangents
do not reappear in the terms of the second and third integrals,
but a second factor (z ++ a) appears, which, when divided by 2,
gives the factor (¢ + a)#/2. The derivative of this factor is
just the same as the derivative of the product (x + a)(x ++ a)
when only one of the factors is differentiated. Hence, the
correct value of 8V/dx is obtained by differentiating V with

respect to x only in 80 far as2 occurs in the factors which are thecoefficients of the logerithms and aro-tangents.

45. A Generalization Regarding Derivatives of a Potential—
It will be remembered that a similar phenomenon appeared in
tthe potential ofthe ellipsoid where x, the root of a cubic equation,
could be regarded as constant in the process of differentiation,
‘The phenomenon is not peculiar to these two potentials, however,
but appears in general for homogeneous bodies. By its definition

mel {fetand ’

ov wef ff[o=meemeib

-a(a2| = ae = Placa.
_ a(f-2) | a(n—v) , a(r—2Silas ) +S) + (ES?) feosor

<1 oyav wef f[ES 2] offestoa Ind + > J arae
t-7f

Let the letters 2, y, and 2 én eo far as they occur explicifly in
Eq. (1) be marked by a dash, %, 7, 2, so that they can be identifiedin the integration process. ‘Then

av) 1}

a(2V) _ 1).

or =~ ae @
a@ We
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‘The components of force X, Y, and Z are given by the formulas

wv a(tx=Eoff [2A )aeaer
a(t

> ~<f JaG)seer ®)
Pray,

ple’
and similarly

y= wef f[zferas, Zn wef fifa Oyphy, ohn”
where the distinction indicated by the dashes does not occur.

‘A comparison of Eqs. (3) and (4) with Eqs. (2) shows that

x= 22M, y-2@¥) 7. 22N).oz oy a
Since

ya)

Xe
whereverz occurs, marked and not marked, and since

lg

x0,
it follows that the derivative of V; with respect to 2 in so far as
x is marked is exactly equal to the derivative of V with respect
to in so far as.zis not marked; and, similarly, with respectto theletters y and 2,

46, The Potential of a Body at a Distant Point—Only in
relatively simple casos can the expression for the potential of a
body be obtained in » closed (finite) form on account of the
<ifficulties in carrying out the required integrations, and recourse
must be had to expansionsin series. Indeed, for points which areat a great distance relative to the size of the body the first few
terms of the expansion are sufficient for many purposes, and
as they are simpler than the closed form they are to be preferred
even when the closed form of the potential is known,

In Fig. 26, let B be any body of finite dimensions. Let 0
be any point within or without the body which is taken as the

origin of a coordinate system. Let @ be the center of gravity
of B, and P any point distant from B, Let odr = dm be an
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clement of mass of B, at a distance p fromP and r from O; andfinally let OP = R. ‘Then the potential of Bat P is

ve fs|,
If the angle between r and R is denoted by a, then

pt = RE IR cos a + 74,and 1
ae a ?)-}11 ~2f cosa + jp)

N P

-f ¥my

\7
|

]
t

i
/

Mo. 26

‘The binomial theorem gives the formula.

_ Vouledy,1-3°54,Gay batepetty hat,
and by taking

B= Qeosa~ Fees
and then rearranging in powers of r/R, it is found that
1 1 ir

.7 Bt FR Ot a+ 5 AG cos? a ~ 1)
+426cost a ~ 3 co8a)

FE TABS cost a — 30 cost a +3)-+---. (D
‘The coefficients of this expression evidently are polynomials

in eos a and are known as Legendre's polynomials, the coefficient
of r*/R**# being denoted by P,(cos a).
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‘This expansion can be derived in another way which is useful
in proving the convergence of the series. If r/R is denoted

by the letter h, the factors of o* are

p= REL — 2h cos a + ht)
= R= h(t he'), i= VHT;

and

Vd — pete) = hete)“3pk :

‘The expansions for (1 — he'e)~3 and (1 — he~‘)~3in powersof ji are absolutely convergent provided

Whe) <1 and [hew'ol <1

respectively, and since
le = Jer] = 1,

for all real values of a, both conditions are satisfied if

We

and the expansions are absolutely and uniformly convergent if

Wal <ho <1.

With 0 as a center and a radius a trifle greater than the
distance of the most remote point of B from O (the trifle can be as

small as is desired), describe a sphere S. ‘The bodyB will licwholly within §, and the expansion Hq. (1) is absolutely and
uniformly convergent for every point P which lies outside of
S. It can, therefore, be integrated term by term and the

resulting series is convergent and represents V. ‘Therefore

ami 1 :ve {[# +afr cos adm + gis fo" cos? a — r#)dm
tam for cost a — 37 cos adm +++. (2)

Tf M is the total mass of B and g is the projection of OG onR, itis evident at once, that

dm _M noose, _ Mog,[e-% and f 08 am = Md.
If cos? ain the third integral of Eq. (2) is replaced by 1 — sin*a,it is soen that the third integral ean be written

Biren - omfsin? adm.
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But Jyr%dm is the moment of inertia of the body B with respect,
to the origin O, and fyr? sin? adm is the moment of inertiaofthe body with respect to the line OP = R. If these moments
of inertia are denoted by I> and I» respectively, the first three
terms of the series (2) can be written

Mi Mg, %Mo-3le,
vat ee ee ®

‘When the origin is taken at the center of gravity, g is zero
and the expression is

M , 2lo — 3IyVeRtaot : @
If the point P is very remote, the second and higher terms

are very small and the potential is reduced essentially to its
first term, which is the potential of a sphere of the same mass

‘M. It is evident from Eq. (3) that for every finite body

lim RV = M, (5)
ms

a limiting value which is often useful.

Expansion for the Logarithmic Potential—For a logarithmic
potential

1v= [ togt.five > odws,the integral being taken over a given area for which o is the
density and dw an element of surface, so that dm = oda.

‘Using the same notation as above and Fig. 26,

11 my =}
5m ll Be) 2 — hey,

and

1

toed = tog} — Log (= ht) = Bog (1 he,Since
bg a 2d FHS sey

it is found very simply that
1

38 (1 — hel) — Fog (1 = hes) =
ls 1

eosa + pk* cos 2a + sh eos Sat ++ -
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Henee, since

rhe
R

log 2 = log f + f 008 «+ 5 Fr 08 2a + 3-7 cos 3a + ee,
and

ve f. log + dm + ff, eosa: dm + sha 2 cos 2amaR RJa BRD,

“

1, Mg, Io- 2,Vi= Mogg + Get apts. ©
Thus V can be written

V= Mog 4,
RvR

the limiting value of M, being Mg.

47. The Terms of Higher Degrees.—The second and third

integrals of Eq. (46.2) are readily interpreted as integrals of
the center of gravity and moments of inertia respectively;
the center of gravity being the integrals

which involve the coordinates of the ele- 7 y
‘ments of mass linearly, and the moments Pans)
of inertia those which involve the coordi-

nates of mass intheseconddegree, ‘These BA |integrals are functions of the body and | fthe system of rectangular coordinates | 77
which are chosen, but they do not 4 x
depend upon the point P. ‘The terms of mn a
higher degrees depend upon integrals -
which involve the coordinates of the elements of mass in the

same way but in higher degrees, and these integrals, also, are inde-
pendent of the coordinates 2, y, 2 of the point P.
Let Fig. 27 represent a coordinate system with the origin

at the point 0. Let dm be an clement of mass of the body B
at a distance r from O with the coordinates & n, {. Let d, u, »
be the direction cosines of the line R, so that

2 u vat
dae web ond a

‘The angle ais the angle between the lines R and r, so that r cos a
is the projection of the distance r upon the line of R. Hence

1008a = NE+un + of



86 THE THEORY OF THE POTENTIAL

‘The second integral of Eq. (46.2) can be written

a =Af tam + 4% | nim 2,rf cos ean = 2 fe + fafipin + i fram o
E y z

=HJdm + Bfpan +ween.
‘The third integral is

Joe cost« — ran = gh f IME an + ot)
— (+98 + P)jdm

~Ot-Y-9 (yy, Cet w=,
= Sh fe dm + OR ram \

(att 20 f 1+ ORE ean
sy 3yz — 3sBP end — Spa} tide — Fee J Seam.

‘The fourth integral can be written

afr cost a — 3r?+r cos adm =
L

ar f508 tant) 38 tat + DOE tan + Vem
2a— Bay? — B22? (", = Baty + 2y' — Bye (,a ed Rare ea
— Satz — By%z + 224 (" 1arty — 3y* — 8yz" (4CRIES Me nang BE "fend
= Bent+ 12's— 328",+ heat pte Betf tam ®

= 80! — Say"+ 1222"+eftam
4p Bate = Byte — 8 fran +

= 323 +1224? — 3x2
ae Sm

—Saty — 8y* + 12y2* cyt+
oprJsittin + 15|kntam.
The coefficient of f,e%r/t*dm in the above expressions is a

perfectly definite function of z, y, and z altogether independent
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of the body itself, and in Eq. (204.4) there is given a formula
which is valid for any integral values of i, j, and k,

Ifa homogeneous body has the 2y-, yz-, and r-planes as three

planes of symmetry, the integralfj'ttem vanishesif either, orkis odd. For such bodies all of the integralsin Eqs, (2) and (4)vanish and the expansion of the potential is very much simplified,
It will be left to the student as an exercise to prove that the
terms of the fifth integral which do not vanish for such triply
symmetric bodies are as follows:
Let

A= fam, D= fentém,
Be fiy'dm, B= fy'sam,
C= fim, P= fredm,

Then

1 to 1s? a =afro cost a — 30 cos +3)dm =
aye { G4 + 8B +30 — 24D + OF — 24F xt

+ (—244 — 24B + 6C+ 162D — 18H — 18F)z*y*+ (BA + 8B + 30 — 24D — 248 + 16F)y4
+ (+6A — 24B — 24C — 18D + 162E — 18F)y*z*

+ (84 + 3B + 8C + 6D — 24E — 24F)z* }+ (-244+ 6B — 240 — 18D— 182 + 162F)2*2* J.
48, The Expansion for the Homogeneous Ellipsoid—In the

case of a homogeneous ellipsoid referred to its own axes a8
coordinates axes, it is easily found that

_ Lyyas, = Lage, dm = 1M’,fram = ga, fran gilts, fran = Met,
Jam = 2Ma', tam = 2s = 3 Met,fe ‘dm = apes, fe‘dm gps, fein = gglle ,

tam = LMatb?, setdm = Afev dm = 3 Maret, fe nfdm = geMbr,
attam = Amc’,fe dm =JM ctat,
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the terms with odd exponents vanishing, The terms in Eq.
(47.3) become

qopal(2at ~ Y= efit + (mot 4 Db — oy? +
(—a? — b + 2c*)z4].

‘This expression is simplified somewhat by introducing the
eccentricities of the meridian sections of the ellipsoid by the
substitutions

beatles), ct = aX(1 — 04%),

when it becomes

gopalen’ + esta" + (est — Bory? + (ox? — 2es*)24];

‘and, similarly, with the terms in z, y, and z of the fourth order.
Up to and including the terms of the fourth order,the expansion
is

M, Mat

VagMeet test + (ot — Dey" + (ert — Des"
Mat+ sgppilOat + Bestest + 90424

+ (~T2at ~ 1Beites? + 18es!)2"y* | (pyt (2hex! — Deter? + Dex8)y!

+ (— Test + 162e:%e3* ~ 72es4)y%e?
t+ (Beit ~ 24ertes* + Q4es4)2¢

+ (+18ex* ~ 18e,%e, — 72er)2%rt} 4...

49. The Right Parallelepiped.—For the right parallelepiped,
the edges of which are 2a, 2b, and 2c, the integrals corresponding
to Eqs. (48.1) have the values

1 lane Lines
gle, gat, Ee,
lias le lage
plat, SMBs, gic’,
Luan: hb
gov, gate, beta,

0 that the expansion of the potential is
M,MVim
Bt Gilat —  ~ erat+ (a?+ 2b — ony?
M + (—at ~ b+ 2e*)et]+ appel(Bat + 8+ + Bet — 240%? + Gd%ct — 24erat)xt
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+ (Bat + 8b4 + 3c! — 24a%? — 24b%* + Bota)y!+ Gat + B0¢ + Bat + a%D? — 24b%t — DActat)=t

+ (—24at — 24b* + 6ct + 162a*b* — 18b%e* — 18c%a*)x%y*
+ (-+6a" — 240! — 24c¢ — 18a? + 162b%" — 18cta")y*s?

+ (= Mat + 6b — 24te4 — 18a%* — 185% + 162e%a*)z*2*}

For the cube a = b =, and the terms of the second order
vanish. The terms of the fourth order reduce to

ATMOat + yh ot + Baty? + By'et + Betztl,
which shows that at large distances the potential of the cube is
less than that of a sphere of the same mass.

60. The Inertial Integrals—It is evident from the preceeding

discussion that the expansion of the potential in powers of 1/R

is a fixed formso far as the letters z, y, and z are concerned. The
coefficients of this fixed form are groups of integrals of the type

Senttam,
which belong to the geometry of the body and nothing else. As
‘the center of gravity integrals and the integrals of the various
moments of inertia belong to this class, the entire class will be
called the inertial integrals.

‘Since the general term of the expansion of the potential can
be written down in terms of these integrals (see Sec. 204), the

general term of the expansion can be written down explicitly
providing the general inertial integral ean be written explicitly.
‘This ean be done for the three homogeneous solids which have

three planes of symmetry, namely:
For the parallelepiped bounded by the six planes

ea, gab, tect,
avbug

. srqtrdtdndt = ;J [femeeae - Mesenere nereD
for the ellipsoid bounded by the surface

yee.
S+htaoh

« ore = gM2P = Ua — Ul2r — MI gaopn,ff Perv didnt= eTa ee
where

[2s - I] =1-3°5---- Qs),
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except when s = 0, when the value is unity; for the octahedron
which is bounded by the eight planes

rye+ a + 6 + ct 1
_ (2p)129) "2r)1« fffersaednar = ome eae?BpByaC,

These integrals are examples of a general class which ean be
evaluated for homogencous bodies, Consider the integral

Serve tdedyds‘taken over a body which is bounded by the surface

2 (uy (2) 8

+Oy+If the substitution

‘2\e ye 27

(J-8 (ies (2-5,{is made, then

te de dy dy de at
a an ne eoalso
PaO, ad, feet;s0 that

I= Jf fiery te ecaae -
abicr Poa $a toyEff PEP a,

which is the well-known Dirichlet integral,! the integral in the
right member being taken over the tetrahedron which is bounded
by the four planes

$0, 9=0, F=0, EtntpedHence

P\r(9\p(pene (DG)r(5)By (2 ar )rE+ptea
+ Duntouur, “ Werke,” p, 375, 391. Alto Gounsan-Hpnicx, “Mathe-matical Analysis,” Vol. , p. 308.
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For the volume itself,

p=g=r=l,
therefore,

1 1 1

Vol. = oy 71,1, 141)r iG +5t5+1)
Hence the general inertial integral of the body, if its mass is M, is

+N (LEN (tN (14 tatJvein «aoe GCI)2),Nr()r())i(Eet ate iatr)rG GS Fe )

61, The Inertial Integrals Cannot All Vanish.—It has been
pointed out that if a body has three perpendicular planes of
symmetry all of the inertial integrals with odd exponents vanish.
Even though negative (but not zero) masses are admitted, not
all of the inertial integrals can vanish. In order to prove this
it will be assumed that the body is composed of a finite number

of discrete particles instead of a continuous mass. The ultimate
nature of bodies, of course, is not known but the ideal of a very

large number of diserete particles is more nearly in harmony
with our notions as to the structure of matter than the ideal of

continuity, and for the present purpose is simpler. The proof
will bo made in three steps.

(A) The inertial integrals of a system of discrete particles placed
ona straight line are not all zero.

For a set of discrete particles on a straight line the inertial
integrals are finite sums, namely

Lae pa OL erry ee
a

Even though negative masses are admitted, these sums cannot
all vanish. Consider the first n such sums set equal to zero:

mia?+ man? + ++ ma? = 0,for
p=0,1,2,--+,a-1L (a)

It is assumed that the particles are all distinct, that is, that
no two of the 2’s are equal, and that none of the masses is zero.

‘Equations (1) however are linear and homogeneous in the masses.
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‘Therefore, either the masses are all zero, or the determinant
vanishes. Thatis

Moo. seed

ik ty

ae = 0;
le? aah ss ag?
ee

‘This well known determinant has the value

Awte-2), As,

that is the product of the differences of the 2's. It cannot

‘vanish, since all of the 2's sre distinct by hypothesis. Hence,
Eqs. (1) cannot all be true, and even the first n of the inertial
integrals cannot all vanish.

(B) The inertial integrals of a system of discrete particles lying
ina plane are not all zero.

For a sot of discrete particles, n in number, lying in a plane the
inertial integrals are

Lmarve 79 =0,1,% +++,
&

For any fixed integer p, consider the sums

(mers + (marys + ++ + (mare )uet = 0,
q=0,-++,(n—1). (2)

‘There is nothing to prevent the ’s from being equal in groups.
‘Therefore it will be supposed that

WAY eeye =m,Voy)
= Yayet = + = Yay = TayYay sth = Van att = = Un = eyand that the 9's are all distinet. Let

min? bo mate, = wy
MayPaysr +t mgtay = bay

Mayring FoF tty? = hw‘Then Eqs. (2) become

mot tam +s tune=0. g=0,-+-yn— 1.The determinant of the first s equations of this set linear homo-
geneous is the product of the differences of the n’s which cannot
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vanish since the 7's are all distinct. Therefore, all of the y's

must vanish, ‘This cannot be true either, since

wy = may? + maz? bo + + maha

cannot vanish for every p, by A. Hence Eqs. (2) cannot hold for
every p, and proposition B is proved.

(C) The inertial integrals of a system of discrete particles in a
closed volume are not all zero.

‘The inertial integrals are

Ymavrver — 7,47= 0,1,2, ++ + 2at
For any pair of fixed integers p and q, consider the 7 simul-

taneous equations

(mizryssext + (mamaPyatyes’ + ++ + + (mara?ynt) 2n"= 0,
r=0,l,--+,n—1 (3)

If equalities exist among the 2's, let
eae seaty

Mayet = Raye = Bay = Say

Fayaath Paget SS a eh
and let

many!+ mataPyst +++ + + mayeayVay = hey
Maybe? pYeysit “Fo +* + Mag” ZasYag = Hay

May DanyeVTbMaenYat = Hae‘Then Eqs. (3) become

ee ee ceo

Since the determinant of the first of these equations is not zero
allof the y's are zero. But jn, 4, . . . cannot vanish for every
pair of integers, by B. Henoe, Hgs. (3) cannot hold for every
triple of integers p,q, 7, and not all of the inertial integrals can

vanish, Proposition C is therefore established.
Im the case of a single particle located at the origin all of

the initial integrals vanish except the first one, namely
Emardyfe?

which is equal to the mass of the single particle, which by hypoth
esis is not sero. With this single exception, it is possible
to go farther and state that there does not exist a finite sub-set of
inertial integrals which are different from zero, if all of the rest
of the inertial integrals are zero.
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Since the subset is finite, the exponents p, 9, 7 are bounded.

let

p< g<y 7S

for every integral in the subset J, and consider the subset Zs,

Ta = Dimawteyereet = 0, By = OA, @ )
Frat

By writing
we marty T= My

Eqs. (4) becomes

Yameyenr=0 4,87 =0,1- +, 2
a

This is a complete set of inertial integrals for a system of
particles us. A repetition of the previous argument shows that
every 4 must vanish, and since the masses of the particles are
not zero, at least one of the coordinates is zero, and all of the
particles lie in the coordinate planes. A repetition of the argu-
ment for the planes shows that they must lie on the axes, and
finally, a repetition for the axes show that the only possibility is
single particle at the origin.

62. A Body Is Uniquely Defined by Its Inertial Integrals.—
By means of the results in the previous section, it is possible to

show that a body is uniquely defined by its set of inertial integrals.
Suppose a body B; and its eet of inertial integrals J is given, and
suppose Bs is a second body which has the same set of inertial
integralsI. Then B; ~ Bs is a body, with possibly positive andnegative

masses, which has all ofits inertial integrals zero. Butsucha body cannot exist unless all of its particles are of mass zero.
Hence the body Bs is identical with the body B, and is not dis-
tinet from it,

A complete set of inertial integrals cannot be written down at
random for the integrals are not independent, but if a complete
set of integrals of n particles is given it is possible, at least theoret-
ically, to determine their masses and their locations. ‘The proof
is too long for insertion here.

Problems

4, Let the density of a straight rod AB be chosen oo that the potential

distance¢ from the end is equal to one. If the end 4, the point P and theDotential at Pare kept fixed while the length of the rod inereages indefinitely,
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show thet the limit of the potential is one everywhere, except on the rod
ital.

2. A particle of mass unity is placed at exch of the three vertices A, B, C
of an equilateral triangle, the center of the triangle being at the point D,
and the radius of the circumscribing circle being equal to a. Show that
there are thres equilibrium points on the cirele which has D as a center and

radius r = .2847a; and that the value of the potential at these three points
is 3.1234,

3. Show that the expansion of the potential in the neighborhood of the
point D in the preceding problem is

yn dytetyn 29s
4 Show that the potential of a uniform circular disk at one of its own

points pis

V = 4az(t,3)
‘where B is Legendre's complete elliptic integral of the second kind for the

rnodiulus b ~ r/o, a being the radius of the disk and r the distance of p from
the center.

5, Show that the value ofthe potential ofa uniform elliptial disk, which
in defined by the equations

zeacey, y=bsing,

st « point ofits edge ia

ay a2 08 ¢V = [cos o tant +«losee" arate PS
sin ¢ tanh ses —_],Vittiot Bee.and at the eonter ie

v = 40K(«5)
‘where Kis Logondre's complete elliptio integral of the first kind for the

modulus k = 6, the evcentristy of the ellipse

6. Show that tho potential of « homogeneous right cirular eone referred
to a set of axes which haw its origin at the center of gravity of the cone
and its eaxia coinciding with the axis of the cone is

M4 3 ap(q2 1yp)B ty= etiarCee ee M(Bat + hh 22* — 82(2* + y*)
vwihore his the height of the cone, a is the radi of the base, and Af is thetotal mass

1. Ifa, 6, and 7 are the semi-axes of the interior equipotential surface of
the homogeneous elipsoid whose semi-axes are o, 8, and ¢, show that

11,1 2

atta



CHAPTER IIL

VECTOR FIELDS

THEOREMS OF GREEN AND GAUSS

53, Definitions.—If at each point of a region R, which may
bo cithera volume, an area, ora line, a vector is uniquely defined,then R and its associated veotors is called a field of vectors.

‘Suppose there are given three functions of x, y, and 2, viz.,
F, G, and H, which are single-valued and continuous. These
three functions can be regarded as the components of a vector

W at each point M of space, for at the point M, x, y, and z are
definite numbers and so also are F, G, and H. Henoo, F, G,
and H can be regarded as the 2-, y-, and z-components of a
perfectly definite vector. In the region R in which these things
are defined, there is a feld of vectors.”

‘The functions F, G, and H are scalar functions, that is, they
fare numbers which depend upon the coordinates 2, y, #. If
‘they are three quite independent functions, the vector W is
said to be a triply scalar vector.

Suppose o(z, y, 2) and its first derivatives are continuous
in R and y(z, y, 2) is any other continuous function. A vector

W can be defined also by the relations
ag

= yee, aPave Gavi na y%.
‘The expression Fdz + Gdy + Hdz admits an integratingfactor, and

(ae + Gdy + Hae) = de
is an exact differential. In this event the vector W is defined
by means of two scalar functions, and the vector is said to be a
doubly scalar vector.

If the function y is equal to +1, and

=%, =, ae,

Poy Gna Hasthe vector W is defined by means of asingle funetion g, and it issaid to be a singly scalar vector,
96
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54, The Normal Derivative.—Let there be given a single

valued function y(z, y, 2) which admits unique derivatives
with respect to 2, y, and zin a certain volume V; and let there be
given also a certain surface S defined by the equation

Sle, v, 2) = 0,

which lies wholly within V. Let P, be any point on 8; , x, »
the direction cosines of the normal to § at P;, directed outward
if $ is a closed surface; and P: a point on the normal near Py.
If g: and gs are the values of ¢(z, y, 2) at the points P; and Ps

(ae
a

\

\

\

a
1

u|

|?
Le1k

Fis. 28,

respectively, the derivative of (2, y, 2) normal to the surface
at the point P; is the limit of

ane

PP:

‘as the point Ps approaches P; along the normal. ‘That is, the
normal derivative of ¢ at the point P; is the rate of change of
the value of in the direction of the normal.

If the coordinates of P; and Ps are x, y, z, and x + dx, y + dy,

2+ de respectively, and if the distance P,P: is dn, then it is
evident from Fig, 28 that

dr= dn, dy =ydn, de = win, @
Also

i = de = ae + ay + 2Tim (2 — 1) = dp = odz + ay +3
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Or, after replacing the values of dz, dy, and dz from Eq. (1),

= (128 + 22 + 22) an;ae (82 +g, + Nin:
that is

te = 028 4 28 4 oe,PA Nig + Hay + "92 @
‘Thus, the normal derivative dg/dn is a vector which has the

direction of the normal and the magnitude of which is given by

Eq. (2). The derivatives
oe, ae, ae,
az’ aya

also are vectors which are parallel to the 2-, y-, and zaxes.

If the surface S is simply ¢ itself set equal to a constant,
that is

Sa, y, 2) = ol, y, 2) = C,
then

Lae Lae Lag

d=Rg BR TRG @)
where

_ fe)» (20) (0)

and, since X* + x? + »* = 1, Eqs. (2) and (8) reduce to

de ae _ de ae_ dete_ deR= 37 Sy dn Ge 7 dn (4)
If N is the normal at P; and L is any other line through P:

for which the direction cosines are a, 8, v, and if the rate of change
of g along L is denoted by de/dl, then

de _ oe 4 ie , oe.Hm oe + Ose + ae:and since

ete, de, de, oe. de,az Man ay Man’ a ~ "a
it can be written

dg _ de,Tlthe ty)

= ¥ cos (EX),
from which it is evident that the rate of change of a function is

‘most rapid in the direction which is normsl to the surface along
which the function is constant.
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If the vector dy/dn at the point P, on the surface y = C is

taken as the diameter of a sphere, the derivative in any other
direction is the length of the chord

of the sphere which passes through is
Py in the given direction (Fig, 29).

55. Relations between Certain

Volume- and Surface-Integrals.—

Suppose there is given a closed sur-
face S which may be composed of

one or many parts. An element of

the enclosed volume V will be -
denoted by the symbol dr,and an 4 *®
clement of the surface $ by the /*
symbol du. ‘The direction cosines Fro 20
of the normal to the surface at the element dw will be denoted

by a, 8, and y.
Let F be a given function of 2, y, and 2, and consider the

integral over the volume V

an, oFF Saber fffetes
oF

~ J foiefe
On integrating first with respect to z, the functionF is obtained

as the indefinite integral. In this integration y and # are eon-

stants so that the integral

[J
represents the sum of the clements of a rectangular parallelepiped
of erose-seetion dydz parallel to the axis, Fig. 30. ‘This elemen-
tary parallelepiped enters the volume V at the element of
surface da; and emerges at des, re-enters at dws and emerges

again at de and so on, Since the surface is closed it emerges
as often as it enters.

LetF, be the value of F at the element da and a, Bs, 71 the
direction cosines of the normal directed outward; let F2 be the

value of F at deo; and as, 82, ‘2 the direction cosines of the normal,

and soon, Then the value of the definite integral is

feee= roe —Pat os,
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and

SS fzecse = J fie: =F) + e—F) + +++ Myin,
Now the normal at dw; directed outward from V makes an

‘acute angle with the positive direction of the z-axis. The
element of area dyde is positive, so also is the element of surface

dis; Hence dydz = +andw.

y

f,

Ci »yi
ro. a0

But at the element dw: the normal directed outward from V

makes an obtuse angle with the z-axis, Since dydz and du:

are,both positive, it follows that

dyde = —aude,

and soon, Consequently

Sf fezecivae = f fie. — Pat Pa Pet +++ Jdyde
= [lp exten+ aPadan + aston + aPélos +=)

Hence ‘
oFf wee = fetes, i)
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and the original integral taken over a volume is reduced to an
integral taken over a surface; that is, a triple integral is reduoed
to a double intogral. In a similar manner it is proved that

ayf.afipode, @
aH

fee = fprtae. @)
On taking the sum of Eqs. (1), (2) and (8) there results the

important formula

‘aR, a@ , aHf(E +e Bla = fer +0042.
Ezamples.—If the function F is a constant, say unity, Bq. (1)

reduces to

0 = fade,
which expresses the obvious fact that the algebraic sum of the

projections of any closed surface upon the yz- plane is zero,
If F is taken equal to z simply, Bq. (1) becomes

Sara facies
that is the volume itself is ex-

pressed as a surface integral. me
56, A Vector Interpretation.—IF, G, and H are single valued

functions of z, y, and 2, they can «(|be regardedas the components of Nia vector W which is uniquely po
defined at each point of space.
Suppose there is given a closed

surface Sin the regionR in whichthe vector Wis defined. Let do

be an element of this surface at ¥ras 81
the point M, and let MN be the a
normalto $ drawn outward, and o, 8, its direction cosines. LetW,be the projection of Won the normal. ‘Then

W, = al + 0G + yH. @and Eq. (55.4) becomes

ak, aG , anf(z +a +atag = foreae (2)
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‘Let W represent the velocity of a fluid and dw a small hole in S

through which the fluid is flowing. Let da be the projection of
dw ona plane perpendicular to W. Then, Fig. 31,

Wade = Wydw

represents the amount of fluid which flows across the element dw
per unit of time. Hence

Wade = (@F + 8G + yH)des

is called the clement of flux across du, or simply the flux; and the

integral [rete
represents the total flux across the surface.

‘The quantity
oF. at. a

Emit ay te ®)
also has physical significance. By Eq. (2)

fia= [rade CO)
for every closed surface S. Let the volume be limited to a single
element so that

Ear = [Wrdo.
‘The right side of this equation is the amount of fluid which

leaves the element of volume per unit time. Hence E is the
‘amount of fuid which leaves the volume per unit time per unit vol-
‘ume, and is called the divergence of the vector W. Equation (4)
‘then merely says that the amount of fluid which escapes from
‘the volume is the same as the amount of fluid which crosses the
‘surface per unit time.

‘57. Generalized Orthogonal Coordinates.—The normal com-
ponent and the divergence of the vector W have a meaning which
is quite independent of the coordinate system in terms ofwhichthey are expressed.

Let qr, dn gue the coordinates in any triply orthogonal system;
by which is meant that the tangent planes of the surfaces uaty
G2 = C2, ga = Cy, Where ¢:, cx and cs are constants, at their common
point of intersection are mutually perpendicular. Then the
Coordinates of a point p are related by the equations,

F= fd 9,99) Y= Sau 94 0), 2 = falas, a2, 00)
2
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If the coordinates q:, q2, 9 are given infinitesimal increments, the

point p undergoes a displacement of which the components are

= (2 + (2) + (2) an =dem a((Ge) + (Gh) + Gp) ee = Beto
[aay(UV , (8\'yp,sy \&) + (H+ (Fy am = Rat}

Baw we aydss = AG) + (4) + (i) ig, = Radas.
‘The directions of these components, which are mutually at right

angles, will be called the q:-, gs-, and qs-directions at the point
p. The are element ds is

ds = VRidqe? + Redge + Redgs'.

The elements of area on the surfaces g:=¢1, 72=¢2,= and qs =

¢s, respectively, are

doy = RaRadaaigs, dos = RaRdgeday, day = RRedadas;

and the element of volume is

dr = RRRadgrdgadas

Returning now to the vector WV, let the components of W at
the point p in the g:-, gx and g;-directions be W;, Ws, and
Ws; and, if p is on the given surface, let the direction cosines of the
normal, directed outward, with respect to the g:-, gs- and gs

directions be »:, v2, and »s. ‘Then the normal component of W is
W, = Wi + Ws + Ws

Consider now

fare = f Wards).F s

‘The cosine of the angle between the normal and the q; direction
isn,

Hence

tvdo = dey = ReRsdgrdgs
and

fostrde = [pst ates.
Consider also the volume integral

1a _f2Sordironan =f 2 esta nanan,
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A repetition of the argument in Sec. 55 shows that

1 a

Sak@maron = f nara,
and similarly

1 a

Sade denmad = fiery
1 a

Std erro = fpete.
On taking the sum of these three expressions, there results

1 a a

Sortecen + Zany +
a

rma Ws) |dr = ‘deo. (6)Lenaws|ir= [orate ©
If it is borne in mind that this expression holds whatever the
volume may be, a comparison with Eq. (2) shows that

OF , G , oH 1 aaa * ay tae Bam een)
+ deny +awa)

‘and the right member of this equation is the divergence of W

expressed in terms of any triply orthogonal system of coordinates.
If W is a singly scalar vector U, then

Wi, ou
wen Gag Ban,

and (Bap. (6))

1 au 1 aU 13U_

Rag 7 Riag = 7 Raq =
‘Therefore

U0 , eU eu0 Se 4 OY = av ®
_ 1 [8 (Rk i) 4 2 (Rak aU) , 0 (Rieav) |= Blea Ri, an) * aa Re a) + aa Re ais the expression for the Laplacian in generalized orthogonal

coordinates, This formula is due to Lamé.'

68, Green’s Theorem.—Since doubly scalar vectors form a

sub-class of triply scalar vectors, the results of Secs, 55 and 56

+Lamé, Journal de Ecole Polytechnique, Vol. 23, p. 215, (1833).
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hold also for doubly scalar vectors. Suppose y and y are any
‘two functions of z, y, and z which are continuous together with
their first derivatives and which admit second derivatives. Let

= 28, Gayl, nay;
Pav Gaw5h Hm v5; oy

and for brevity of notation, let

=e 4 te 4 He,de = 3a + ay + ae (2)
‘Then the expression for E becomes

OF . 0G | 8H
Basti t be

= yay + 24 88 4 OY Be , av ae,ae +35 ae + ay oy t ae az?
and Eq. (55.4) becomes

av de, ay Be, oyae!Silvae+ Ox az * ay ay + ae a2 |

= [u(ad? + 92% 4 420- Sues +b +188).
or, since

ae , 40, de _ ae,OF + oy + Ve = on
that is, the normal derivative of y, Eq. (54.2),

(OF de 5 H de , Hae), f eeSvseirs [(E G+ Sea Bila = [yiea.This formula, which holds for any two functions that satisfy
the above condition, is known as Green’s theorem.

If ¢ and y are interchanged in this formula and the result is
subtracted from Eq. (3), the second integral will disappear,
since it is symmetrical in g and y. There results the very
important formula

anfiver -eanar= [(2e- Aa,
which is Green’s theorem in its second form.

If y is a constant, say equal to unity, the vector W is singly
scalar and Eq. (4) reduces to

ae,fi‘Apdr = fFey, 6)
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Reduction to Two ‘Dimensions.—Green's theorem still holds if

‘volumes are replaced by areas and surfaces by contours. Triple
integrals become double integrals, and double integrals become
single integrals. ‘Three dimensions are reduced to two, and two
dimensions are reduced to one. Equation (3) becomes

ate , ate (3 ae ove) - f 2p, ©[vlGseSpae+ Ji. 32 ay ay ay) = Jevan™ ©
where du = drdy is an clement of area and dk = Vie Fae
is an element of a closed contour. Similarly, Eq. (4) becomes

ate 4 ate) (% 28) law
= { (2-2[e- aa, @

and Eq. (5) becomes

#6 4 May [2Ss s=~ Laem @
59. The Potential of Homogeneous Bodies.—Let £, 7, { be @

point of a homogeneous body of density ¢, and 2, y, 2, an outside
point, and let

p= VE=TOTO
‘Then

a tz, oe _1_(E~2),a ae > e

deamy, % 1 _o~v
ae ot ra

a t=2 de _1_ atar pe
and therefore

= Ho Hes Oy 2d= get at opp Oo)
_InEq. (68.4) identify y with o and » with p, which ean be done

since p is continuous within the body, and¢ is constant. It then
becomes

obpdr = [=o f 2fesedr = 26f= of 28,
or, after removing the factor 2,

of{2ul { %Sipefiant @
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‘The left member of Eq. (2) is the potential of the body in its
usual form. The right member is the surface integral of the

normal derivative of p multiplied by ¢/2. Thus, the potential
of every homogeneous body ean be reduced to surface integral,
which involves only double integrals instead of triple integrals,
‘This theorem is due to Gauss, although Gauss’ proof follows a
very different line of thought.

Tt is a simple matter to extend this theorem of Gauss to cases
where o is a function which satisfies the equation of Laplace,

namely, he ae os
do = Fat aa t ape 7 8

for in this event Hq. (68.4) becomes

oa, =1((, 9 — 20f par ANG an 82a ®)
if o is identified with y and p with g. The left member of Eq.
(8) is the potential in its usual form, while the right member is a
surface integral.

60. Example—A Non-homogeneous Spherical Shell—Con-
sider the potential of a spherical shell of which the radius of
the outer surface is a and the

inner surface is b, and the density
of which is a

o=%,
where

raVEFPFP

Since ¢ satisfies the equation of \
Laplace, the potential at the
point z, y, 2, provided the point
2, v)# does not lie within the shell

itself, nor on the surfaces, is Poa. 32.

oo [| lap a(vv= ofl an ~ oa (2) JewThe surface of the shell consists of two spheres, one of radius a
and the other of radius b <a, The normal derivative on the

‘sphere of radius a is directed away from the center, while over
the sphere of radius b it is directed toward the center (Fig. 32).
In both eases it is outward with respect to the volume between
the two surfaces, that is the volume of the shell.
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Since the radius of the sphere is always normal to the surface

a 4%, 80, 2s
an~ ta an a7!

the positive signto be taken on the outer sphere and the negativesign on the inner sphere.
Now

t= (- a + — w+ - 2?

=r — 2B cosy + RY,where
Reavttyte,

and¢ is the angle between the lines r and R. Hence
a _1—Reose 30 _ ov,
ar > ar rt

Be _ ,2¢ _ solr!— rRcose+ p*)ar Par ~ rp

= Get418— R,2r%p
‘The element of surface dw is

de = rd

where da is the corresponding element on the unit sphere, and
therefore (Fig. 15, p. 36)

dw = r* sin y dy dé.

‘The complete integral over the outer sphere is

i ap ao ca Bet +72 — RF

where r has the constant value a. Since the integrand is independ-
ent of 6, the double integral reduces at once to the single integral

Bot bat — RtroofPEOP sn ody
‘The variables p, a, R, and ¢ are related on the sphere by the

equation

pt = a? — 2aR cos ¢ + Rt;
and, since a and R are constant,

pdp = aR sin pdg,
or

sin ode _ dpak
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Hence, on the outer sphere

1( (a _ ao E839? + a? ~ RK?Af (fe — oto = vo fa Ei,
or

+ Re1f(
a a\, "e+B352 + a? — R*3(@ - 1 Nie -redey

according as the point z, y, 2 lies outside of the sphere of radius
a or inside of the sphere of radius. In the first case the value of

the integral is 2ra0¢ps
Rt),

‘and in the second case

Araoa.

‘The corresponding integrals taken over the inner sphere are

— PAR +b), and —Arorb,
Hence

a, (90 — aVe rf(& ofa
=are 4), or 4rox(a — b).

The mass M of the shell is

M = cof"drrdr = 2rao(a? — 0°).
Hence

M 2M

vee oo veh

according as the point 2, y, 2 is on the outside of the shell, or within

the hollow enclosed by the shell. Within the hollow, the potential
is constant.

61. Existence of Higher Derivatives of Potential Functions.—

‘The potential function of any body is

where

e=VE-+a + C—O
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‘The existence of first derivatives was proved in Secs. 24 and 25,

and for either internal or external points

ave a(v afl>Sue = —SeaG)-« o
An interesting proof of the existence of derivatives of all orders,

due to Riemann, can be made by the use of the formulas which
were established in Sec. 55. By Eq. (55.1),

OF

fee = farees
provided F and its first derivatives are continuous within B
and on its surface. If F is taken to be

Pe
?

in this formula it becomes

av av ao ao drBV f 20 \ ae = = | % oo Gr 2)az SiG Sse Sit ®
If the point p (x, y, 2) is outside the body, 1/p is continuous within
B and Eq. (2) is valid. If it is inside, let a small sphere 2 of
radius ¢ be described around the point p. The function 1/p is
continuous within the volume B, bounded by the surfaces $ and
2. Then

WY _ im! — (22, as, f a0. *we aay, — [.% de dea call Js Sse+ n.38
If the partial derivatives of¢ exist they are functions of £m, f,and they can be regarded as density functions. Hence, the last

integral

f ae dr SiBOE p Bs

is a Newtonian potential for a certain distribution of matter
within B, and it is known from Sec, 22 that

wn f= [3Jee ~ JpFor the surface integral over the sphere 2, the function p has
‘the constant value « Let.

des = da,
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where di is an infinitesimal solid angle. The maximum value of«is +1, since it is a cosine. Let oo be the maximum value of

|c| within 2. ‘Then

fetes = «ft <4Pr 2

which vanishes with «. Since the surface integral over S does not

depend upon ¢, it follows that

av a0 dr a

or Si P SF, ©
even when the point p(z, y, 2) lies within the body.
From Eq. (8) it is seen that 4V /az is the sum of two potentials,

one of which is a volume potential and the other is a surface
potential, for it represents the potential of a certain distribution

of matter upon the surface of the body. Thefirst has derivatives
everywhere, while the second has derivatives everywhere except
on the eurface itself, Therefore V has second derivatives every-

where except on the surface. If o(E, , ¢) has derivatives of all
orders, it is possible to proceed step by step and show that V
likewise has derivatives of all orders except on the surface,

62. Harmonic Functions.—If the function (x, y, 2) and its
first derivatives are single valued and continuous within and on

the boundaries of a certain region R, if sccond derivatives exist,

and if the function ¢ satisfies the equation of Laplace
ate , ae , atede = Fat get ae oO

then ¢(e, y, 2) is said to be harmonic within the region R.
Let S be any closed surface within R, and g and y any two har-

monic functions. Then by Green’s theorem, Eq. (57.4),

ae _ avSi - eae =0. @
If ¥ is equal to a constant, say +1, this equation reduces to

eau = 05f Seay = 0; ”
‘that is, the surface integral of the normal derivative of an har-

monic function over any closed surface is zero.

63. An Extension of Green’s Theorem for Harmonic Func-

tions.—Let S be any surface enclosing a volume B. Let & 9, ¢
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be the coordinates of a point of B, and let z, y, 2 be the coordinates
of a point p located anywhere. Then the function

ee oe

a VE= FW +O

is harmonic in B if the point p lies
z outside of B, since it satisfies all of the

conditions of Sec, 62. If gisany other
function which is harmonic in B

leg_ afl _

y Sli - “Q) Je =o
Interior Point—If the point p lies

within B the conditions of the theorem

are not satisfied and Eq. (1) is not

applicable. It is possible, however, to
Fro. 33. describe a small sphere © of radius ¢

with its center at p (Fig. 33) and apply
Eq. (1) to the volume B, which is bounded by the surfaces $ and
1%, but the integral must be extended over both surfaces, That is

lag _ a(1) lag _ a(t -SEE-8Q) + [E8-aQ)|e-o
the normal derivative to be taken outward with respect to By
‘on both surfaces.

‘If the normal derivative in the second integral be taken outward
with respectto 2 it merely changes the sign of the second integral,‘and the equation becomes

normal derivatives outward with respect to both surfaces. Since

‘the left member of Eq. (2) is independent of ¢, the radius of 2,
the right number also is independent of «.

‘The first integral of the right member is

Ldeg, 1 8%, 0

Ssant 1f See =9,
by Eq. (62.2), since y is harmonic in 2, In the second integral

a2) =2().-1an ae\p) ~~ o®
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and, since p = ¢on the surface of 2, the second integral reducesto
a(t 1

~ firdi(3)oo = #8 fy
Let M and m be the maximum and minimum values of y on 3.

‘Then

dam S fete = fies < 4M,
where dio is an infinitesimal solid angle, and de = da.

Since y is continuous and ¢ is as small as is desired, m and M
can be made to differ from the value of 9 at the point p by as

small a quantity as is desired; and, since the integralis independ-ent of ¢, its value is rigorously

— fe (2a = tro 2.
‘Therefore, Tq. (2) becomes

1(flae_ a(t],ff}we (2) fw = ole y 2). @)
Stated in words, Ea. (8) says that if a function ¢ is harmonic in

a volume which is bounded by a closed surface S, and if the value
of ¢ and its normal derivative at all points ofS are given, then the
Value of ¢ at any interior point of S is defined by Eq. (8).

Corollary I-—Tj ¢ and ex are harmonic withina closed surface S,aside from the fact that g: has a single pole within S, so that

eo ah I, where TT ie harmonic, then
L[[ 26 _ aeoud aeJl-de — ee aw,

Corollary IT.—If ox and gs are harmonic within a closed surface,

aside from. the fact that g, hasa single pole at the pointpi and yahas a single pole atthe point py, 80 that
1 1

slam, w-teneckeiy eat ie
then

1 (00 _ 202, = ep) —Af. (ete e96 Ni ex(p) — ol),
where ex(ps) means the value of the function ys at the point ps.
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Exterior Point.—If the function ¢(é; 9, $) is harmonic outside
of §, and if it vanishes at infinity in such » way that

se, 8, 0,Pe eed
ra VERSE

remain finite for r = ®, & similar theorem holds for values of
at points outside of S.

“Assuming that these conditions on g are satisfied, let the point
ple, y 2) lie outside of 8. Describe a sphere 2 of radius R about
the point p as a center large enough to enclose S, and let the volume
which is inside of 2 and outside of S be denoted by B. Since
plies within B, Eq. (8) is applicable and

lée_ a/l lde_ a/(l lsdecor)» fF5 eb)J+ f[558 —ean(6) os
where the normal derivatives are outward with respect to B. It
cannot be stated this time that the integral

1f ae

i.en
‘vanishes, because it is not known that the continuity condition on
¢ is satisfied inside of S which is within 2. But for very large
values of

1 1and 3 are of the order R
ag al 1

3 and a) are of the order Jy
and dw is of the order R?.

Hence, the integral fi[ie - eb(!) J is of the order 1/R.
and vanishes at infinity. It is evident, too, that this integral is
independent of R, so that it is always zero. Therefore, if
is harmonic outside of S and vanishes at infinity in the order of
1/r, if its value and the value of its normal derivative is specified

‘at every point on S, and if the point p(z, y, 2) lies outside of S,
then the value of g at the point p is defined by the integral

1 [ide _ a(tcoe | bee (!) bo ®
the normal derivatives being taken inward with respect to S.
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64. Reduction to Two Dimensions.—It is evident from See. 58

that if y and y are two functions of x and y which are continuous,

together with their first and second derivatives, in an areaA whichis bounded by a closed contour c, Green's theorem in its second
form holds; that is

_ a)fvse - conde = [ve - Ban, O)where
=e 4 He, =o 4ae = Fe Fe, ay = Sh ®

If ¢ and y satisfy also the conditions

Ap=0, Ay=0. @)
then

je

_ a) Lo:Se - Ba=o5 ®
and in particular if y is a constant

ae .

Li 0; ©)
that is, the line integral of the normal derivative of an harmonic
function around any closed plane contour is zero.

Extension of the Theorem.—Let the point p(z, y) lie within A,

and let p = /(E= =)? + (7 = y)*. Describe a small circle 7
of radius ¢ with the point p as a center, and denote the area lying
inside the contour ¢ and outside the circle y by Ai. Let y be

any function which is harmonic (in two dimensions) inside of
¢, and let ¥ = log p. ‘Then both ¢ and y satisfy Bq. (3) in Ay,
and Eq. (4) becomes

a cyfi[S08 0 — olog ofan- fz log » — etoen) [ar 0)
the normal derivatives being outward with respect to c and out-
ward with respect to 7.
On the circle y the function p is constant and equal to ¢, while

the normal derivative of log p is equal to 1/e. Since

oelog « f 380 0,
by Eq, (6), the right member of Eq. (6) reduces to

1

-1 fear,
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and since dk = dé on y, where déis an infinitesimal angle, this

integral becomes 7

= [ote = ~2rete 0)
Hence, if ¢ is harmonic inside of A and p(e, y) lies within A,

a aee,y) = aff em, (og ») ~ $2 log ja (7)
Corollary I—If G=lge+H,

where H is harmonic inside of A, it is still true that

L a Wpele, 9) = Lf[% - a. 6)
This follows readily from Eqs. (7) and (4).

If the point p lies outside of A and y = V isa logarithmic
potential which is harmonic outside of A, so that, at large dis-

tances, Eq. (46.6), _—
V = tog +2,

where M;is a function of 1/R that has finite limit as R increases,then
;

-1ffyaven = Ff[ri c060) -Ioge Zla. — @)
In order to prove this, describe a small cirele about the point

p and a large circle 2 of radius R about any convenient point
as a center, the circle 2 being large enough to include A and p
wholly within it. Since V and log p are harmonic inside of the
area which lies inside of 2 and outside of + and c, Eq. (4) gives

a ave a aveSPpee 0) ~ toeBa+ [73 doe 0) ~ tog 08 Jn
. 7) avJ]P2.006 0) ~ 1g AF ]a. 20)

‘Since V is harmonic inside of y, the second of these integrals is

equal to +2rV(z, y), just as before. As for the third integral,
for very large values of R,

1_NJogp= —logh-No..,
a 1M

Kogyo dat...
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Hence

' a av 1

Vp. (log 6) — log or = — (MN, ~ Ms)(1+l0ogR) + ==,

and the third integral beeomes

‘|

- f [ann ~My tek 4... |0

which is of the order of 1/2 and, therefore, vanishes. Equation

(10), therefore reduoes to Iq. (0), which establishes the theorem,
Corollary I.—If U and V are the logarithmic potentials of t20

masses M and N which lie in a plane area which is bounded by a

closed contour ¢, then
av

L(% -von =0. any
Corollary III.—If U and V have the same definitions as in

Corollary IL, if p is measured from a point p which lies outside of ¢,
and if

G = tog} + V,then
: aiU@) =- x I (% ~ oR).

65. Analogy with Cauchy’s Theory of Residues.—Equation
(64.7) bears a striking resemblance to Cauchy's equation in the
theory of the complex variable,

1 pf)$0) = ef {Om
where f(t) is holomorphic within the contour c, and 2 = x + iy
is a point in the complex plane lying within c. The connection

between the two theorems is traced by Poincaré as follows:!
Consider an area A bounded by a eontour ¢ in the plane of the

complex variable¢ = & + in. Let f(¢) bo a function of ¢ which is
holomorphic in A. Let f(¢) be separated into its real and
imaginary parts

SOG) = FAG n) + ile, 1).

1 “Théorie du Potentiel Newtonien,” p. 149, (1809).
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‘The functions F and F, of the real variables & and 7 satisfy the
equations

oF _ as, oF _ Fs, @
aE dn’ 7 ag

OF, | oF, OP, , aPsoF, OF Ps Fs 9, 2)

ag tae 7% ap + on ®
‘The function

log (4) = L(G, 1) + iLalé, »)
.

y :< 7
Fie.

also can be separated into its real and imaginary parts; and if
$ — 2 is expressed in polar coordinates,

poe = pel,then
L,=—logp, r= -8,

where

=VESFGS, pater IYee VERW EG ota Tae
Now, let Eq, (64.7) be appliedto the functions F, and Fy, whichare harmonie withinA, with the recollection that logp = — Lx.‘There results the two equations

ae Fy _ yalFv)
xf (HR -oe ©

oy a2 ((udPs— palaPow =a. f (Ue rea.
‘Now imagine a change of coordinate systems, Fig. 34,

f= 6 tsina~proosa,

tind benasnanay o
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in which fone is point of the contour ¢, and a is chosen so that
the axis is normal to the contour directed outward and the
n-axis is tangent to it, directed forward.

‘Then at the origin

OF,
_

Fs, ORs _ OF =8h Gn’ am On” bau2 ©
By virtue of the change of variables, Eqs. (1) become

Fy, oFy FF) oy

(+R) cosa + (FE — Fe) sine =,
Os 4 APY ing — (OF: _ oF? =0;(Rt a) sina (& m) 008a = 05

and therefore, since the determinant is equal to minus one,

aFs aR, OF: as,
8 mn Om Ok

Equations (5) then show that at the origin

aFy _ oF, OF: _aks,
on OX’ ON n?

and these relations hold all along the contour, independent of the
coordinate system. Likewise

ohy als, aly Ola,
Cn rr) rr?

Equations (3), therefore, can be written

Fie v) = gy ff Haars ~ Pudla,
° @)

Fey) = ff Char ~ Felts,
the two integrals being taken in the positive direction around e.

‘The function Ly = — tan-* — is not single valued, but
L, = — log p is single valued since it is real. The functions
F, and F; are single valued by hypothesis. Hence

fata) =0, Sadar, = 0;
and

iar. = -fPidts,  [ladFs = -[Prats
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80 that Eqs. (6) can be written

1Pye) = ~ xfPotts + Pat,
Fey = +efi(Pd, — Fed).

Now

aelog 2 =n tila and r-aL, + idLa;also
{Oar =~. + Nada + iat).Therefore,

1 (Oy 2 ~ Fy: -1[ @, PidPod rer Pada) — 5 f alla+ Fidl)
=Figy) +p.

That is
1 pf)

gafeest 10
which is Cauchy's theorem. The formula is applicable only if

lies within the contour c.

66, The Surface Integral of the Normal Derivative of 1/p.—
Let there be given a closed surface $ and a point 0. With the

fs

SF
Fie. 88

point 0 as a vertex, take a cone with the infinitesimal solid angle
des, which cuts out of the surface S the elements diy, dss, os ey
Fig. 35). Let the normal to S at the element. dw, directed out-
ward, make an angle y; with the axis of the cone directed away
frou: the point 0. The projection of dex upon a plane perpen-
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dicular to the axis of the cone is p'di, where p, is the distance
along the axis of the cone from the point O to the element of

surface dix. Since the angle between the plane which is tangent
to $ at day and the plane which is perpendicular to the axis of
‘the cone is the same as the angle between the normal at dw; and
‘the axis of the cone, ¢y, it follows that

pda = day cose, or ds = SE 208-8,
If the point 0 lies outside of S, the infinitesimal cone cuts the

surface an even number of times; the angles q are alternately
obtuse and acute, and the cos ¢: alternately negative and positive.
Since the elements of S, da, are all positive, it follows that

dex08 6at

is alternately negative and positive, Fd3. Henee,if 2x is the num-ber of times the infinitesimal cone pierces S,

SS dov008or 9,aw
Since this is true for every infinitesimal angle da, it is true for

the sum of all such angles, and therefore

f.£28das = 0.Js?
If the point O lies inside of S, the infinitesimal cone pierces the

surface an odd number of times, 2x + 1, and

s208vi dat as,=F pe
‘and since this is true for every such infinitesimal solid angle, it

follows that: f. £08 Fy = f ds = de.3s P F

If the point O lies in S itself, at an ordinary point of the surface,

it is evident that Joost = fe = 2n,3 s

sinee in the neighborhood of O the surface lies entirely on one side
of the tangent plane.

If z, y, 2 are the coordinates of the point O and &, », ¢ are the
coordinates of a point on $ at which the direction cosines of the

normal are a, 8, 7, then

o= VE=2FOFOS
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wt

a posty gry, ta4,cosy= af TF 4 tity f=
a , 8, , 0,

mage tig + 15‘Therefore, Eq. (54.2),

cos ¢ = 3, a
cose_ 1a _ _ 9/1,“FT pon a3)and
cosede Gg de.ls sn\p JoHenoe

ayn 0 if 0 is outside of 8,fai) = | ~25 if Ois the surface 8, ®3p, —4r if O is inside of S,
the normal derivative being taken outward with respect to S.

If 0 is on the surface the value is —2r, if it is at an ordinary
point of S. At a conical point ofSN44 its value is the solid angle of the

enveloping cone taken negatively.fe 67. The Contour Integral of the
Normal Derivative of Log p.—Let
therebe givena plane area A boundedby

a closed contour c. Let O be anyIN point in the plane and d@ any infi-
nitesimal angle in the plane with its
vertex at O, which cuts across the con-

tour ¢ (Fig. 36). If Ois outside of cit
will cut across the boundary an even

number of times, but if it is inside theOn, number of crossings will be odd. Let
Pio. 20 @, Ms, . . . be the elements of the

contour intereepted by the angle dé atthe distances :, px... from O, and let ys, es, . . . be tho
angles which the outward directed normals make with the axis of
the angle dé directed away from 0. Then

ay = Deeos es, G=43---, a‘The angles y, s, ., . are alternately obtuse and acute, If
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ax and py are regarded as always positive, the values in Eq. (1)
are alternately positive and negative, although numerically
equal. Hence

Sy ucoser _ { 0if 0s outside ofcape 49 if 0 is on the contour or inside of
Since this result is trué for each infinitesimal angle 4, it is true
for their sum, so that

08 2, _ {ifO is outsideof c,J. 2n if O is insideof e.1f O's on the boundary c, the value is at an ordinary point, but,

if O is at a cusp, the value of the integral is the angle between the
two tangents at the cusp.

As in Sec. 66,

= 2,cos ¢ = 32, ®
and

1 5cose

199 8 yy,vp pan an BG
Hence

a r

_ _Sincea = 0, or —2, @)
according as the point 0 is outside or inside of the boundary.

68. A Theorem of Gauss.—By means of the integrals which
have just been established, itis an easy matter to prove a certain
theorem which is due to Gauss.

Suppose there is given a closed surface S and a point 0. At
the point 0 there is placed a particle of mass m. If p is a point
of $ at a distance p from 0, the attraction of m on the point p
is —m/p? and the component of this attraction along the exterior
normal is

—meose _ a(m).
Pane

‘The surface integral of this normal component, or the flux of
the gravitational force due to m across S is

a (m O if m is outsideof §,=(>)do = ” 1Sal) {amet inside of 8. o
If there are many such particles and M; is the total mass insideof4S, and M, is the total mass outside of S, then

8 (sam

_fx(3 mae = —4nM,, Cy
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which is independent of M.. If the distribution of mass My -+

‘Mz is a continuous one, the finite sum becomes a definite integral,

dmlimy™ = [@ oy,man fF
where V is the potential of the given distribution of mass, and

Eq, (2) becomes
ay

Vay = 3fiada = —42M @)
Expressed in full, Gauss’ theorem states that if there is. any

Aistribution of matter which may be parly within and partly without
«a closed surface S, and if Mz isthe total mass within S, the surface

‘integral ofthe normal component ofthe attraction towardthe exterior,or the surface integral of the exterior normal derivative of the
potential due tothe entire mass M, + Mi, is equal to —4zM,.
A similar theorem holds in two dimensions for the logarithmic

potential. If M; and AM, have the same significance as before,
and V is the logarithmic potential,

f Van = — 22M (4)
69, Poisson's Equation—Suppose V(¢, n, ¢) is any function

of &,», and ¢ which is continuous in a volume B which is bounded

by a closed surface S, and, likewise, its first derivatives. ‘Thon by
Green's theorem, Eq. (58.5),

_

7,f.[aver = San )
The conditions imposed upon V are satisfied if V is a potential

function of any finito continuous distribution of matter. Suppose
V issuch a potential function. ‘Then by Gaus theorem, Sec. 68,

f.Way 4M,sinand therefore

fare = 4M, 2)A

Suppose o(%, 1, £) is the density function which represents the
distribution of matter in the volume B. ‘Then

Maf, adr,B
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and Eq, (2) can be written

fer + deo)dr = 0.2

This equation holds whatever the volume B may be, and therefore
the integrand vanishes identically. That is,

AV + 4x0 = 0; @)

* ‘Vv Vv ‘Vva a an

ae t at t ape = Are Os @
which is Poisson’s equation.

‘An illuminating derivation of Poisson’s equation ean be
obtained as follows. Let O be any point of the body and let oy

be the density at O. Let a small sphere 2 be described about the
point O. ‘The potential of the body can be separated into the
sum of two potentials,

V=Voths,

one of which, Vo, is the potential of the sphere at O, and the

other V; is the potential of the remainder of the body. Let the
sphere 2 be taken so small that the density within it can be
regarded as constant. If its radius is a, then by Sec. 25

Yedeel ~ ett »)}and
AVe = —dr00.

Since O lies outside of the volume for which V1 is the potential,it follows from Laplace's equation that AV, = 0, and therefore
at the point 0,

AV = —4ra,

which is Poisson’s equation.

Poisson's equation holds whatever the surface S may be and
whatever the distribution of matter may be, provided only that ¢

isan integrable function. It can therefore be regarded as holdingthroughout all space. It includes Laplace's equation, for, outside
of the body, the density ¢ is zero and Poisson's equation reduces
to Laplace's equation.

Tf it is written in the form

1/av , eV, a"c=ae+a + oy (6)
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it is seen that Poisson's equation answers the question “What

distribution of matter will produce a given potential, assuming
that the potential is defined at all points of space.”

In ordinary solid bodies the surface is a surface of discontinuity

in the density, since at the surface the density changes abruptly
from a certain finite value on the inside to zero on the outside.

Equation (5) shows that at least one of the second derivatives of

V for such a body also is discontinuous at the surface, and the
sum of the discontinuities of the three second derivatives is

—4r times the discontinuity in the density at the surface.

70, Poisson's Equation in Two Dimensions.—If » and y are
functions of the two variables z and y which, together with their

first derivatives, are continuous in a plane area A whichis boundedby a closed contour e, by Green's theorem, Eq. (64.1)

- = ((v%2- a;fae eanae = f(v58 ~ ofan:
and if y = 1,

aef fSeay,
The conditions on g are satisfied by the logarithmic potentialV of any continuous distribution of matter over anarea. Hence

f AVde = fVa,4 on

and by Gauss! theorem, Eq. (68.4)

fBV ay = — Dede

= of ade,Hence ‘

f.(AV + 2re)du = 0,and therefore

AV = —2ne.

71, An Extension of Gauss’ Theorem.—Gauss’ theorem can

be deduced from Green's theorem, but it is just as simple to
give a generalization of it,

Let (2, y, #) be any function which is harmonic within a
volume B which is bounded by a closed surface S, and let
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V (e,y,2) bea Newtonian potential within S, that is the potential
of a body B: bounded by a surface S:, Fig. 37. ‘The body By may
lie partly within $ and partly without, or wholly within, or
wholly without. Then by Green’s theorem, Eq. (68.4),

- 7

av

_ yarfi(PAV = Vae)dr Sat ¥'38), @
the normal derivatives taken outward.

Since ¢ is harmonic in B and V is a Newtonian potential,

Ae =0, and AV = —4re,

inside of B. Hence, Eq, (1) bocomes

a _ aeS(t - Vee) = ~4 feodr = ~tef cm, @)
where ‘cdr = dm, Gauss! theorem follows at once by taking
¢ equal to unity, so that Eq. (2) is a generalization of Gauss
theorem. If the body By consists of

a single particle of mass m, so that z

ve%,
>

and if this particle is located inside of

S, Eq, (2) reduces to Hq. (63.3) as of /B ,
course it should. If the body Bis a

set of discrete particles

>

vey Yon 37.
Eq, (2) becomes

av _ yaoScie - Ve =~ Yom, )
where gs is the value of g at the particle m, and the sum in the

right member is extended over all of the particles which lie inside
of S. Eqs. (2) and (3) canbe regarded as generalizations of Eq.(68.3).

Reduction to Two Dimensions—A. similar theorem holds in two

dimensions. If g(c, y) is harmonic in an area A which is bounded
by a closed contour c, and if V is a logarithmie potential of any
continuous distribution of matter over an area A, which may
lie wholly outside of A, wholly inside, or partly outside and partly
inside, then

av _ yaoSee — 58) = a2 fod, ®
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Or, if 1

= Simo 3,V = Ymilog
is the potential for a diserete sot of particles

av _ yae\a = - 6)(se - 738)" In megs 6)
where gis the value of g at the point &, mat which the particle
nv is Toeated, and the sum 2 is extended over all of the points
inside of A. If the area A is divided into sub-aroas Au, As, - . -
pounded by a finite number of contours, Fig. 38, and if the
density, although discontinuous across a contour, is continuous
in each sub-area Ai, Eq. (4) is still true for it ean be applied to
each sub-area separately. If
the sum of the resultsis taken, >it is found that Eq. (4) reap-

pears for the entire area A,
since the division lines appear ©

\s

e

(+> ;
Foo, 38 vo #9,

twice in the sum, the contour integrals being taken in opposite

directions in the two cases. Since ¢, V and their derivatives are
continuous across these dividing lines, the two integrals taken
along them, but in opposite directions, are numerically equal
though opposite in sign. Hence,in the sum the integrals takenalong the dividing lines cancel out, leaving only the integral
along the outside contour ¢.

72, Green’s Theorem Applied to Two Potential Functions.—

Let V be the potential function of a body B, which has a surface
S, and a density a:. Let Vs, Bs, Ss and os be the corresponding
symbols for a second body. Let S: be any spherical surface
which contains B, and By wholly within its interior, and let
Bs be the volume which lies inside of S; and outside of B,, and
therefore includes the volume of Bs, so that the volume of By
is a part of the volume Bi.
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Since Vi, Vs and their first derivatives are continuous within

Bs, Green's theorem in its first form, Eq. (58.3), applied to the

volume Bs, gives

‘AV, 0V2 , 8V,aV2 , aVi AV:f,raver+fB+eeeee
avy avs,= fveggie + f.Vignes

the normal derivative is outward with respectto Bs,and therefore
on S; it is inward with respect to Si.

‘The second integral in the right member of Bq. (1) can be
evaluated. If the center of S; is kept fixed and its radius R
is very large, Vs is of the order M/R and

av,
_ ar Mhon 7 OR ~~ BE APPIONS

where M, and Mz are the massos of B, and Bs respectively. Thus,
neglecting the higher terms of the expansion, since du = R'dS,
‘the integral becomes.

ois = - 1 4, Ma,Sire = Mah f 4g A,
which vanishes with R = «. Hence, if Bs represents all space
outside of By, and 2V;/ans represents the normal derivative of Vs

taken inward with respect to S:, Eq. (1) becomes

AV, OV2 , AV aVe , AV aV2\,fave +f(pe me =
avyfVint @

Applied to the volume By, Green's theorem gives

Vi AV, , AViaV: | AVL AV>"firarers f(Be eeeye =
avyf,VG

where 4V;/dn, means the normal derivative outward with respect
to Si, and consequently is the negative of V,/dn;. On adding
Eqs. (2) and (3) itis found that

AV OV  aVaVe , AV Vsfrane + fc Te ae teet ee =9, @)



130 ‘THE THEORY OF THE POTENTIAL

the integration being extended over all space; and this equation
can also be written

@V18V2 | V:AV2 | AV, AV: =<wie f vente tf Ge Tat ae ae ee)
if it is understood that o; is zero outside of S,.

On permuting V, and Vs and then subtracting, there results

f (VidVs — VsAV)dr = 0, 1}oe °

f (:V2 — o:¥i)dr = 0,

the integration being extended over all space. But since o: = 0
outside of B; and oz = 0 outside of Bs, this ean be written just
as well

f oWadr = f onVidr. (1)By By

73. Characteristic Properties of a Potential Function.—In
the preceeding pages it has been proved that the potential
function V of any finite distribution of matter in a closed volume,
or on a limited surface, has the following properties:

1. Vis continuous throughout all space.
2, The first derivatives of V exist and are continuous every-

where, except possibly on a given surface $ on which there may
be a surface distribution of matter. On crossing this surface
there maybe discontinuities in the derivatives, that is, they tendtowards definite limits on both sides as the surface is approached
along the normal, but the two limits are different. The tangen-
tial components are continuous.

3. On the exterior of S, AV = 0,
4, On the interior of S, AV is arbitrary.
5. V vanishes at infinity,
Conversely, if there is given a function V(z, y, 2) which

satisfies these five conditions and for which AV within S and the

discontinuities in the normal derivatives on S are specified, then,
there exists one and only one distribution of matter for which V
is the potential.

‘To prove this, let

AV = —4ra(E, 0, 2)
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within S, and let the discontinuities in the normal derivative on S
be —4ra(, »,£). Since the function V is given, by hypothesis,
it can be supposed that the functions « and ¢ also are given. Let

p= VE zt GW + Oe

and let the functions V; and V; be defined by the integrals

‘ ~ fis We fieFa 3°

the first of which is a volume integral and the second is a surface

integral. ‘Tho function V; is the potential of a distribution of

matter within $ which has the volume density ¢, and Vs is the
potential of a distribution of matter on $ which has the surface

density %, Hence the function V:-+ Vs is the potential of a
distribution of matter which satisfies all five of the given
conditions,

It remains to be shown that this is the only possible distribu-
tion which satisfies the five given conditions. Suppose there

existed another distribution of matter, the potential V of which
also satisfied all five conditions. Let

W=V-(W+¥).

‘Then, on admitting negative masses, W also is the potential of a
distribution of matter which vanishes at infinity, for which ATV
is zero everywhere, and normal derivatives are continuous
across 8.

In See. 72 the letters Vi and V2 denoted any two potential
functions, In Hq. (72.4) let

Wve.
‘Then

aw\? , (aw\: . (aw)
the integration being extended over all space. ‘The first integral
‘vanishes since W is everywhere finite and AW is everywhere zero.
‘The second integral, therefore, also is zero, which compels

aw _aW Wg

de ay ~ aeverywhere, Hence, W is a constant, and since it vanishes at

infinity, it vanishes everywhere, so that

VeNi+hs,
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instead of being different as was assumed, Consequently there
is no other distribution of matter possible.

74, The Average Value of a Potential over a Sphere.—
‘According to the extension of Green's theorem, Eq. (63.3),
if ¢ is harmonic within a volume which is bounded by a closed
surface S, and if p is the distance from a point 2, y, 2 which is
within S, then

1 [fle _ a(t), _

EB -eb) = otno. @If the surface Sis a sphere and the pointz, y, ¢ is at its center,pand its normal derivative are constant onS; and Eq. (1) becomes
1 fey, 4 2 = 2)Bae + rapt een. ®

If, in addition to these assumptions,¢ = V is the potential ofabody which is wholly exterior to the sphere, then by Gauss’
theorem, Eq. (68.3),

lav

and the first integral of Eq. (2) vanishes, since there is no matter
within S. There remains then

1

ear = Ven). ®‘This can be expressed in words as follows:

Theorem.—The average value of the potential function over any
spherical surface which does not contain any of the attracting
matter is equal to the value of the potential function at the center of
the sphere.

‘This theorem holds also if V is merely harmonic within S.
If the matter lies wholly within the given sphere, let a second

sphere S; concentric with the first be described and apply Green's
‘theorem to the volume between S and Ss If wand ¢ are two
funetions which are harmonic within thisregion

de WV, (jae _ av

Se on SG Fan}the
normal derivatives being outward with respect to the center‘on both spheres. If p is the distance from the center of the two

spheres, is taken to be 1/p, and ¢ is taken to be the potential
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V of a mass which lies wholly within S, then y and y are harmonic
in the volume between S and Ss, and

1av a/v 1av a(n

Sar - Vand) |e - Sale an > Ving) JIf the radius Rs of the sphere Sis very large, then, on S;, Vand 1/p
are of the order 1/I¢s, 8V /an and a(1/p)/dn are of the order 1/22,
and du is of the order Rs, Hence, the entire integral in the
right member is of the order 1/2: and therefore vanishes. Hence

lev 1

SE+aa =0;
and, since p is constant on S,

1 __1pav M

a fre = Ao +n‘Therefore 1 u

ae fre -%. @)
which, expressed in words, states

Theorem—The averago value of the potential of any distributionof matter over any sphere which includes all of the matter in its

interior is the same as though all of the matter were concentrated in a
particle at the center of the sphere.

Reduction to Two Dimensions.—It is proved in a like manner

that analogous theorems hold in two dimensions for a circle and
the logarithmic potential.

75, Maxima and Minima of Harmonic Functions.—If o(z, y, 2)
isharmonie in a volume B which is bounded by a closed surface 8,
then, by Eq. (62.2),

ae,f sas = 0. a
Suppose ¢ has a maximum at the point p, by which it is meant

that the funetion g(, y, 2) has a greater value at the point p
than at any point in the neighborhood of p. If a small sphere 2
is described with p as its center, it is cvident that the normal
derivative of ¢ is everywhere negative on 2, since the funetion

y has a maximum value at p. Therefore, the integral

og

Je
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is negative. But since » is harmonic within 2 this integral
must vanish by Eq. (1). This contradiction shows that if
is harmonic in @ volume which is bounded bya closed surface, itcannot have a maximum in that volume, and a similar argument
shows also that it cannot have a minimum either.

Theorem I—The potential function cannot have a mazimum
or a minimum at any point in empty space.

‘This theorem follows at once from the fact that the potential
function is harmonic in empty space. The theorem does not,

however, prevent all of the first derivatives of the potential from
vanishing in empty space; and, since the first derivatives are the
components of attraction, it does not prevent the existence of
equilibrium points (eg., the center of a uniform anchor ring).
Such a point which is neither 2 maximum nor a minimum is

called a minimax, for it is a maximum with respect to some
directions and a minimun with respect to others (like the seat of a
saddle). When such points exist they are always points of
unstable equilibrium,

If a function is harmonic within a volume B and constant

everywhere on the bounding surface S, then it has the same
constant value everywhere in B. If it were not constant through-
out B, it would certainly have a maximum or a minimum point
somewhere within B, which is impossible. Therefore, it is
constant,

Similarly if a function is harmonic everywhere outside of 8

and has the same constant value everywhere on § and at infinity,
it is constant everywhere outside of S. From this it follows, by
allowing $ to shrink up to a point, that a function which is
hamnonie everywhere, including infinity, is a mere constant.

If two functions V, and V are harmonie within B and take the

same values everywhere on the bounding surface S, they aro
identical everywhere within B. For their difference V =

V; ~ Vs is harmonic within B and equal to zero everywhere on
S._ Therefore, it is equal to zero everywhere within B.

‘From these properties of harmonic functions in general, there
follow the two theorems:

Theorem II.—If a potential is constant over a closed surface

which contains none of the attracting mass it has the same constant
talue throughout its interior, and
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Theorem III.—If the potential due to any distribution of mass
has @ constant value throughout any finite volume B, it has the
same value at every point of space which can be reached by any

continuous path from B which does not pase through the attracting
matter,

In order to show that this last theorem is true let B, Fig. 40,
be a region of empty space in which the potential is constant
and suppose further that the space in the neighborhood of B
also is empty, but that the potential outside of B does not have

the same value that it does inside. Take a point C near the
boundary of B and describe about it a small sphere which lies
mostly inside of B but partly outside of it. Since V and all of
its derivatives are continuous in empty space,
it would be possible to take C so near the

boundary and the radius of the sphere so small

that over the portion of the sphere which was @&outside of B the value of the potential would,
be everywhere greater (or everywhere less)

than the value within B. This, however, is
impossible, since the average value over the. 40.
sphere is the value at the eenter C. Hence the boundary of the
region of constant potential can be extended until the above
argument fails, and it will fail only when attracting matter is
encountered.

It will be observed that if matter is distributed over a closed

surface in such a way as to have a constant potential within and

‘on the surface there is nothing in the above argument to prevent
the surface density from vanishing at isolated points or along

certain lines, but it could not vanish overa finite area,
Theorem IV—The potential function cannot have @ minimum

‘in the interior of attracting matter, but it can have a mazimum.

Let p be an interior point of the mass, and let 2 be a small
sphere with p at its center. By Gauss’ theorem the integral

f Way = —4rM;2 On

is necessarily negative. In order that p might be a minimum
4V/an would have to be positive everywhere on Z and therefore

the integral would be positive. Since the integral is always
negative, a minimum within the attracting mass is excluded and
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‘the potential function cannot have 2 minimum anywhere,
except at infinity.

‘There is nothing to prevent the existence of a maximum, how-
ever, in the interior of the attracting mass. The potential at a
distance r from the center of a homogeneous sphere of radius a,

See, 29, has the value trout - tr) fron which it is seen that
the potential of a homogeneous spliere has a maximum at its
center.

Reduction to Two Dimensions.—All of the above theorems have

their analogies for the logarithmic potential and harmonic
functions in two dimensions.

76. The Potential Energy of a Finite Mass.—Suppose there is

given n discrete particles m;, . . . , m,. ‘The potential function
of this system of particles is

1S & mm oe

Wwe-3 >txraat
where

oy = VGaEY WT

‘The factor 1/2 is necessary since in the double sumas it is written
each element occurs twice, as is easily verified by writing out
the terms of the sum in a rectangular array.

If 7’ is the kinetic energy of the system,

T-W=E

the total energy of the system, and — 1 is the potential energy.
Gravitational potential energy is always negative, so that as
the particles come closer together the potential energy decreases.
‘The function W represents the amount of work which must. be

done upon the system in order to effect an infinite dispersion
of the particles. It was called the exhaustion of potential
energy by Thompson and Tait, because it represents the loss in
potential energy from a state of infinite dispersion.

If

We ym jes,
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is the potential of all of the other particles on the ith particle,
the expression for W can be written

W = Sma + mVa + = =» + maVs)
12

= a mV.
If the particles form a continuous mass, this expression passes
over into the definite integral

1 1We aren afPeen (a)
where V is the potential of the body upon one of its own elements
dm = odr.

If the system 6f particles is regarded as forming two distinct
bodies, which will be distinguished by the subscripts 1 and 2,

so that Vj is the potential due to the first body at any point
t, y, 2 of space and V» is the potential due to the second body,
the limit of the double sum becomes

1 1 1 1we hfvant Bf vein + 3veins $fvate
‘The last two integrals are merely two different limiting expres-

sions for precisely the same terms in the finite sum, and are, there-
fore, equal. This fact amounts merely to a verification of Eq.
(72.7). Their sum represents the exhaustion of potential energy,
due to the fact that the two bodies are not infinitely far apart.

‘Sinee by Poisson’s theorem, Eq. (70.5),

a= pay,
Bq. (2) ean be written

1w= -bfvav dr,
the integral being taken over all space. Onsetting Vi = Vi = V
in Eq. (72.4), it is seen that the expression for W can be written
also

1 av)’, (avy, (avy

the integral being taken over all space. But since

2 (av), (aV)? , (avy



138 [THE THEORY OF THE POTENTIAL

is the square of the attractive foree due to the body, there results

finally 1
We afr‘dr. 3)

If in Eq, (2) the sum of the last two integrals is denoted by
Wy itis seen immediately from Eq, (72.5) that

Wa = [Vents = fVoesir

wb [mae aHI, ®“GrJjal dz Oz * dy dy " Oz G2 |*"
the integral being taken over all space.

‘According to Lord Kelvin and Tait! it was upon a proper
interpretation of the formulas relating to the exhaustion of
potential energy of two bodies that Green founded the whole
structure of his general theorems regarding attraction.

TI. The Potential Energy of a Homogeneous Sphere.—In
the interior of a homogeneous sphere the attraction of the whole
sphere on a point is due to the mass of a concentric sphere, the
surface of which passes through the point, ‘That is

-M, 4PewMe hoor,
On the outside of the sphere

F, M=

Hence, if the radius of the sphere is a,

BW = fredr+ fF ear.Since
the foree is a function of r alone, let the element of volumedr be taken as the space between two infinitely close concentric

spheres, ‘Then

ds = Aartdr,and
ire :w= bf Pree + ifP evar

= few f rar + Lan [er9 0 2 ja @
= Byagigs 4 MPhi are
23 Me
5a

* Treatise on Natural Philosophy,” Past I, p. 8,
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78, The Heat of the Sun.—According to the theory published

by Helmbolts, in 1854, it is the energy released in the process of

contraction that is the source of the radiant energies of the stars.
On this hypothesis the total amount of heat radiated by the
sun in the past can be computed. Assuming that the sun is

‘uniform in density, the total amount of work done in contracting

froma state of infinite dispersion is

W = Bl orgs,
where k* = 6.66 X 10-* is the gravitation constant (Sec. 20),
M = 1.99 X 10" grams, and a = 6.96 X 10cm. Hence

W = 2.28 X 10 ergs,
= 5.44 X 10 calories

since Leslorieis equal to 4.19 X 10"ergs. ‘The sun radiates2.9510** calories per year, or approximately 1.5 calories per gram per
‘year, Hence, at the present rate of radiation, the energy released
in the process of contraction would be sufficient to last for 18,-

000,000 years,

‘This theory of the origin of the sun's heat was the dominant
one during the latter half of the nineteenth century and the first
two decades of the twentieth century. Both on astronomical

and geological grounds it is now recognized as altogether inade-
quate.’ It seems much more probable that the source of the
sun’s heat is to be found in the electrostatic potential of the
electrons within the atom rather than in their gravitational
potentials, ‘The electrostatic potential energy of two electrons

of opposite sign is

yae
>

here p is the distance between the electrons and ¢ the electric
charge, is equal to 4.74 X 10~° electrostatic units. A gram
of matter is equivalent to 6.08 X 10 such pairs of electrons.
Hence, the electrostatic potential energy of a gram of matter is

1.38 X 105Vi
= EBX orgs,

If it is assumed that when the distance betwoen the two elec-

trons is equal to the radius of the positive electron, which,

1MacMnutax, On Stellar Evolution, Astrophysioal Journal, Vol.

XLVI, p. 8%, (1018). Some Mathematical Aspects of Cosmology.
Seience, Va LX, Nos, 1696-1597, (1925)
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according to Millikan, is approximately 10-*, the two electrical
fields are superposed and neutralized, the property of mass
disappears and the potential energy takes the kinetic form of
radiation, it is seen that 1 gram of matter is equivalent to
1.38 X 10" ergs of energy, or approximately3 X 10" calories, 8result which is approximately equal to that given by the modem

theory of relativity, namely 9 X 10 ergs, without any considera-
tion of models.

‘This hypothesis does not furnish any basis for estimating

the present age of the sun, but if one gram of matter is equivalent
to 3 X 10* calories and the sun is expending 1.5 caloriesper gramper year, it is evident that the sun containsa reserve of energy inits present mass sufficient to last 2 X 10" years at its present

rate of radiation, or 20,000 billion years. It is not possible to
estimate how much additional matter the sun will gather in from
space in that length of time.

79, Relation between Certain Surface and Line Integrals.—
It will be supposed that at every point m(z, y, 2) of a certain

region R, a vector K is defined whose components P, Q, R are
: single valued, continuous functions

of z, y, 2 which admit continuous

first derivatives. It will be as-ime sumed also that in this region R
there exists portion of a surface S

‘ which has two sides and which is

vA bounded by a closed line L. One
Side of the surface will be regarded

as positive, the other as negative.
Let a, 8, 7 be the direction cosines

z of the normal erected on the posi-
Fro. al. tive side of the surface at the

It will be shown that surface element ds,

eP _ ap)free =f (ee 22 Vio,where
the integral in the right member is taken over the portionof the surface $ which is bounded by Z, and the left member is

‘the line integral taken around the boundaryL in the eounter-clock-wise direction as seen from the positive side of S.
It will be assumed, at first, that both P and + preserve their

signs throughout S. This restriction will be removed later.
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At each point m of S draw a line mm, parallel to the z-axis and

equal in length to the magnitude of P at m. The locus of the
point m, thus defined is a surface S, bounded by a closed
contour L; (Fig. 41). The straight lines which join the points of

L to the corresponding points of L; form a cylindrical surface C.

Since S, C, and S; taken together form a closed surface, the projec-
tion of this surface upon any plane is zero, This fact will be

formulated for the projection upon the z#-plane.
Let ds be an element of the contour L cut out by two infinitely

close generators of the cylindrical surface. The distance
between the projections of these two generators upon the ze-plane
is dz. Hence the area of the projection of that portion of the

cylindrical surface which is included between the two generators
above mentioned is Pdz and the area of the projection of the

entire cylindrical surface upon the 2z-plane is,

pe.
Consider now an element dw of the surface S. The tangent

plane at this element makes the same angle with the xz-plane as
the normal at this element makes with the yaxis, that is, tho
angle whose cosine is @. Hence the projection of du upon the
aeplane is Adw, and the entire projection of S is

feeF

Using a corresponding notation for the S, plane, it is evident
that the projection of S; upon the zz-plane is

feehs

‘The sum of these three projections is zero. ‘Therefore

fee [te +f,Bide = 0. @Pao J fae + JLet the element dw; correspond to the element dw in the sense
that de and do; are cut out ofS and S; by the same infinitesimalcylinder parallel to the z-axis. Since this infinitesimal cylinder
is closed, its projection upon the zy-plane also is zero, and since
the projection of the cylindrical surface upon the zy-plane is zero
by itself, there remains

do + nde = 0,
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and therefore

do, = —7de,
wm

‘The substitution of this value in Eq. (1) gives

Spies [2 tae = 0 ®Fi an‘Let the equation of the surface S be z = f(x, y), then

(e152) = flay) — 2= 0. @)

The direction cosines of the normal to this surface a, 8, + are
proportional to

oe, ae, ae.

as" ay’ oa"orif
_% _o

Pmye 175,‘the equations

eb @
pog -1

hold, Similarly on the surface S;,

a bm
a.5. 1, (5)
aa at ®

From Eqs. (4) and (6), it follows that

= -§ = A,
gap em (6)

For the surface Si(zs, y1, 2), it is evident that

my naw Ame+Py2)
Therefore

co oP oP.

met tae
cay oP AP.

Fart at tae
If the values of g and q; are substituted from Eq. (6) into the
second of these equations, there results

Br.—vb ,aP _ oP

mT Yay ~ PoeWhich shows that Eq, (2) ean be written

aP oP’fri =f 2), )
and this is the formula it was desired to establish.
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‘The restriction that P and shall preserve their signs is now

easily removed. If this condition is not satisfied of itself, S can
be divided up by auxiliary curves in such a way that in each
portion P and y do preserve their signs unchanged. Equation
(7) holds for each of these portions separately. The sum of the
portions is S, and the sum of the eontoursis L, since the auxiliary
curves have been described twice, but in opposite directions,

while the contour Z has been described but once. Hence, Eq.
(7) holds in general. The restriction serves merely to make the
geometric interpretation clear.

80, Stokes’ Theorem.—TFrom Eq. (79.7) two analogous
equations are obtained by permuting the letters. ‘These three
equations are

oP aP’fee fe _ Pa,
2Q_ afede = f(r89 - 222), @
OR ARfre -[(@ - Nie,

On taking the sum of these three equations, there results

ieee+ iy + Res) =
aR _ 00) , (3B _ a), (20 _ aSG 2) 0-2) GF) @

which is Stokes’ theorem.

‘The functions P, Q, R are the com- ™
ponents of a vectorK which is defined at weach point of S. Let-A be a point of this
contour, and let K, be the component of

K which is tangent to the contour at A. k
K, is positive if it has the direction of a
positive motion of the point A along the Fro, 42.
contour, otherwise negative. Let dsbe
‘a positive infinitesimal displacement of the point A along the

contour with the components dz, dy, dz, If the vector K is

regarded as a force, it is evident that
Pdz + Qdy + Rdz = Kids
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is the clement of work done in this small displacement, and

fice + Qdy + Raz) ~ xe
is the amount of work done in completing an entire cireuit.

It ean also be supposed, that there exists a second field of
vectors W in the region R, and that the components of W are

=2R _ 20, =P _ 8, = 22 _ aP.Wen ae “Ay ®
‘This vector W, which is evidently related to K, is called the curl
of the veetor K. Furthermore

aW. + 6W, + Ws = Wn

is the component of W which is normal to the surface S. Equa-
tion (2) can, therefore, be written

[kas = [Wede,
and ean be expressed in words as follows:

‘Stokes’ Theorem —The work twhich is done by a vector acting ona
point which describesa closed circuit is equal to the flux of the curlof this vector across any continuous surface which is bounded by the
circuit,

‘This form of statement shows that the theorem does not depend
upon any choice of axes.

It will be observed that the divergence (Sec. 56) of the curl
of any vector vanishes identically, since

OW. , Wy , aW,Oe tay t GeO
From this it follows that the flux of the curl across any closed
surfaceis zero since the divergence of the curl vanishes throughoutthe volume, Eq. (66.4).

81. Examples of Vector Curls.—Suppose V is a constant vector
with the components X, Y, Z, and K is the moment of V
with respect to the point 0, yo, 20. If V is acting at the point
, y, 2, the components of K are

P= (y—yZ -(@-2)¥,
Q=(@—2)X —(z- 2)Z,
R= @—20)¥- (y— yo.



81] VECTOR PreLDs 4s
‘The components of the curl of K are readily found to be

—2X, —2Y, —27. That is W = —2V.

_ As a second illustration, consider the velocity of any point of a
rigid body which is moving in any manner in space. Imagine
a set of rectangular axes rigidly attached to the body with the
origin at the point 0, and let m(z, y, 2) be any point of the body.
As is well known, the motion of the body canbe resolved intoapure translation, which is equal to that of the point 0, and a

pure rotation w about some axis which passes through the point
0. Let the components of the translation with respect to a set
of axes which are fixed in space, but which instantaneously are
parallel to the set of axes which are fixed in the body, be Xo, Yo,
Zs, and let the components of the rotation « with respect to these
same axes be ws, ay os Then the components of the velocity

K of the point m with respect to the set of axes which are fixed
in space are

P=Xot 2, — Yor
Q= Yo4+ ws — teR= Zot yor — ty

‘The components of the translation, Xs, Yo, Zo, and of the rota-
tion, os, &y, «,, are evidently independent of the coordinates of the

point m. ‘Hence the components of the curl W of the velocity
veetor K are 2s, 28, and 2v,. That is the curl of the velocity of
the point m is twice the angular velocity of the point m about the
instantaneous axis of rotation. It was this fact which gave rise
to the term curl which is due to Maxwell. Clifford called it the

spin.

82. The Vector and Its Curl Are Orthogonal.—The moment

of a veetor is perpendicular to the veetor itself, and the velocity
of a particle of a rigid body, in so far as that velocity is due to
spin, is perpendicular to the instantancous axis of rotation. If,
however, the translation of the body is taken into account, the
velocity of a particle and its curl are not mutually perpendicular
in genoral.

‘The orthogonality of a veetor and its curl has an important
interpretation in analysis which can be stated as follows:

‘Theorem.—A necessary and sufficient condition that the expression
Paz + Qdy + Raz admits an integrating factor is that the vector K
(P, Q, R) and its curl W are mutually perpendicular to each other.



146 THE THEORY OF THE POTENTIAL

The analytic condition for the orthogonality of a vector K,
which has the componentsP, Q, and R, and its curl W, Eq. (80.3),is

‘aR

_ aQ ‘aP _ aR aQ _ar) -(2 22) + (& - a) + (2 a)=*
If the differential expression Pdr + Qdy + Rdz admits an

integrating factor ¥(z, y, 2), so that

¥(Pdz + Qdy + Rdz) = dU, (2)

and therefore vuau, au, él
wat Wao R=Ze @)

the function y must satisfy certain differential equations. If
the first of Eqs. (3) is differentiated with respect to y and the
second with respect to z, the two right members are equal, and
therefore the two left members are equal. In this way, and by
cyclical permutations of the letters, it is found that y must
satisfy the three equations

ay _ gab ap _ a@Pi - = oP -B)
oY _ pa _ (20 _ a),Ge Ray ~ (33 oy ®
ob pth _ _ (aR _ oP

Ree — Pa (2 a)
If the first of Eqs. (4) is multiplied by R, the second by

P, and the third by Q, and the three equations are then added,
Eq. (1) results. Hence, the orthogonality of the vector K
and its curl W is a necessary condition for the existence of an

integrating factor. In order to show that it is also sufficient it is
necessary to show that if Eq. (1) holds, Eqs. (4) admit a solution.
Without diminishing the generality of the proof it can be

assumed that R is equal to —l, if it is not zero identically;
for Eq. (2) can equally well be written

(-9)( Fy t Say - a) =a,
and then by obvious changes in the notation R would be equal
to —1. For this value of R, Eq. (1) becomes

aP _ paQ _ aQ _ oP,
ee ~ Pas * ae ~ By’ ©
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and Eqs. (4) reduces to the two independent equations

Ov, pw, aP
_Se tae t 45, = 9

oy Qh 4 y2Q _ay + %e + ¥ ae =
By changing the variables and taking dy/y = —dy, these
equations are somewhat simplified and become

ae ae _ oPae+ Pon = Ge’ ,ge + gfe - 20. °az * [9 ~ ae"
This is a system of two partial differential equations with

three independent variables, and since, by virtue of Eq. (5),

4 4 g8)(ae 4 pie) _ (2 , p2)(de , gae’& + o8)(2 +P2) é +P;(3 + oe)
the system is complete. Furthermore, since

a a)(aP)\

_ (2 , pa\(adGj + 03\() - & + P3\(%)
the system is consistant. The solution of Eqs. (6), therefore,
consists of a particular integral plus the general integral of the
homogeneous equations."

In the particular case in which

aP _ aQ
g- Bao, )

Eq. (5) shows that

2g _ aP, ©
az ~ ayand the curl W vanishes identically. Equations (6) admit the

obvious solution = const., and the differential expression
Par + Qdy + Rdz = dU is exact. Conversely, if it is exact, »
is a constant, Eqs. (7) and (8) are satisfied, and the curl vanishes.
Hence the additional theorem:

Theorem.—A necessary and sufficient condition that the differen-

tial expression Pdz + Qdy + Raz be exact is that the curl of the
‘tector K shall vanish identically.

'Gounsas, E, “Legons sur Vintégration des équations aux dérivées
parteles du premier ordre,” p. 68.
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83. Condition That a Line Integral Shall be Independent of the
Path of Integration.—LetA and Bbe any two points in the regionBin whieh the vector K and its first derivatives are continuous.

Join the two points by any curve Q; whieh lies wholly within
and let I; be the integral

2 2T= fi Par + Qay + Cae) = [i'Kas
taken along the curve C;. Join the two points A and B by a

second curve C2, and let I; be the same integral
from A to B taken along the curve C: (Fig. 43).

If the value of the integral is independent ofle the path, Ji = J,, and

T=I-In=(Pde + Qay + Ras) = 0,
where Lis the circuit from A to B along C; andA

is back from B to A along C:. If, further, the area1. 43 bounded by this circuit lies wholly within R,
so that K and its first derivatives are everywhere continuous,
Stokes’ theorem (Bq, (80.2) gives

- aR _ aQ’ aP al Q _ al -1 [[sGr- a) +058) GE) m= *
By hypothesis, A and B are any two points in R and therefore L
is any closed cireuit. Hence J = 0 on every surface $ which is
bounded by a closed cireuit which lies wholly within R. Evi-
dently then the coefficients of a, 8, and y in J must each be zero,

for if they wore not, and if, say,32 ~ 3F 5 0, a plane surface Sfor which « = 6 = 0, y = +1 could be taken and a circuit L

sufficiently small that 2° — x would everywhere have the
same sign, and the integral J would not be zero, As this would
contradict the hypothesis, it follows that.

oR_8Q_, aP_aR_, 3Q_ oP

a Bam Bena TO
everywhere within R, and therefore the curl of the vector K

vanishes identically. This is merely another way of saying that
Paz + Qdy + Raz = dU

is an exact differential (Seo. 82)
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84. Condition That a Surface Integral Shall Depend upon the

Contour Only.—A question which is analogous to that of the
preceeding section is the following: Under what conditions is a
surface integral dependent upon the bounding contour only and
not at all dependent upon the particular surface which passes
through the contour?

Suppose there is given @ vector W with the components F, G,
and H, which together with their first derivatives are continuous
within a certain domain R. Let L be any closed contour lying
wholly within R, and S$ any continuous surface which passes
through and is bounded by L. If «, 8, 7 are the direction cosines
of the normal to S, the integral

T= [lor +064 aide = fiveteF 3

is the flux of W across S. The question is: What condition

must be satisfied by W in order that the flux across $ shall depend
uponL but shall be the same for every S which is bounded by L.Let S$; and S; be two such surfaces across which the flux is

the same. If a positive direction along the contour is defined,
the positive sides of these surfaces also are defined and the normals
are assumed to be directed from the positive side of the surfaces.
Let I, be the flux across S, and I; be the flux across S;. So that.

I, =1;. The surfaces S, and S; bound a certain volume. Let.

the normals on one of the surfaces be reversed, thus reversing the

sign of the flux across that surface, so that the normals are every-
where directed outward from the enclosed volume. The condi-

tion I, = I; then becomes

nef oP + 00-+ vEde = f Wide =0, (1)suse vse

and this condition holds by hypothesis for every contour L
which lies within R. This is the same as saying that Eq. (1)
holds for every closed surface in R.

By Eq. (56.2) the integral I; is the same as the integral

ar , a@ , aHSee +3492) =0. @
Since Eq. (2) holds for every bounded volume which lies wholly

in R it is evident that
OF , aG , an
az ty + ae = 9
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everywhere in R. That is to say, the divergence of the vector

W vanishes identically. Hence the theorem follows:
‘Theorem.—A necessary and sufficient condition that the integral

fer +0 + ainae @F

taken over any bounded portion of a surface shall depend only
upon the bounding contour is that the divergence of the vector W
shall vanish identically.

If the integral Eq. (3) depends only on the contour L it should
be possible to reduce the surface integral to a line integral. In
order to show how this is done, the following theorem is useful:

Theorem.—If the divergence of a given vector W(F, G, H)
is zero, there exist infinitely many vectors K(P, Q, R) for which W
‘is the curl.

That is to say, if the three functions F, G, and H are given,
and if

aF , 0G, oHete tes )
there exist infinitely many triples of functions P, Q, and R such
that

OR _ aQ\ _ (aP _ oR\ _ 2Q_ aP\ _G-B)-"% (E-z)-% (F-|)-* ©
It will be shown first that there exist solutions of Eqs. (5) for

which R= 0. Assuming that R is zero identically, Eqs. (5)

become 0a P_ 2Q_ oP _
Rap, Fue Ban. ©

‘The second of Eqs. (6) gives

Ps foe. v 2)de,
and the first gives

“

=~ [Rev de +500,

where fis, at the moment, an arbitrary function ofz andy. Thethird of Eqs. (6) now requires that

af _ (OF 4 \), _> [Gree



84] VECTOR FIELDS 151
or, in view of Eq. (4),

a, pial

xe f“eBwhich is the same as

a
LHe ye,

and therefore

fo [ine v sae,
Eqs. (5) therefore, are satisfied by the functions

Pim flocinede a=f'Hen2)— fPenet, Rimo.
Now let P, Q, and R be any triple of functions which satisfies

Eqs. (5), and let

Pr=P-P, Q=Q-Q, R=R-R.

‘The substitution of these expressions in Eqs. (5) gives

I, 90g sR_4 Ie _8P_g,ay ee Oe az Oy

therefore, if U(z, y, 2) is an arbitrary funetion of z, y, and 2,

au, au, _ ou,an an ye
Hence, any solution of Eqs. (5) can be written.

au
_

au
_ auPHPitan Qa ata R-h+a>

where U is some function of z, y, and z, and this establishes the
theorem.

‘The integral fi(aF + 0G + 1H)dw
3

can now be written

aR aQ\ , 4(aP_ ak aQ _ aP
SlGr- &) +(e Fe) +9G5 ~ a)and, by Stokes’ theorem, this is equal to the line integral

fire + Qdy + Rds)p

taken around the bounding contour L.
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Itis easy to sce that this integral is independent of U, since
aU au au

See+e=) =0.
Problems

1. Ur = VEGFais measured from a point O, which may be etherinside or outside of a closed surface $, the volume which is enclosed by S
in given by the formula

1f 2woh Afa
2. Show thatthe exhaustion of potential energy of « homogencous oblate

spheroid for which a is the equatorial radius and the eccentricity of «
eriian section, is

Syy ME inW a Sy Ase,

8. If Mis the maximum value of the harmonie function V on the closed
surface 8, and m is its minimum, show that within S

msVSM.

4. Starting with Laplace's equations in retangular coordinates, derive
the corresponding equation for polar coordinates



CHAPTER IV

‘THE ATTRACTIONS OF SURFACES AND LINES

85. The Occasion for Their Study.—In the domain of electric

ity it is found that an electrically charged conduetor in electrical
equilibrium acts as though the surface were covered with an
infinitely thin layer of electricity which attracts or repels accord-
ingto the law of the inverse squares, and this leads to a considera-
tion of the properties of such surfaces. By the term electrical
density of such a surface is meant the amount of electricity per
unit area. In the sense of volumes the density is infinite since
the thickness is taken to be zero.

‘But quite apart from the occurrence of such surfaces in nature,
the concept is very useful even as a mathematical fiction, as
was seen in the discussion of Sec. 61.

It is evident from the definition that the potential function

exists at all points which are not in the given surface, and the
derivatives of the potential functions at all such points repre-
sent the components of the attracting or repelling force. It

is further evident that the potential function and its derivatives
are continuous at all points which do not lie in the surface. It is
proposed to study, in the present chapter, the values of the poten-

tial and its derivatives in the neighborhood of the surface itself.
It will be found that the potential of the attracted point is eon-

tinuous along a line that pierces the surface, but that the normal
component of the attraction has an abrupt discontinuity of
4no as the attracted point passes through the surface at an ordi-

nary point, ¢ being the density of the surface at the point where
it is pierced.

ATTRACTION OF SURFACES

86. A Uniform Disk —In Sec. 30 it was found that the potentialof a uniform disk of radius a and density ¢ at any point p on the
axis of the disk (which will be taken as the z-axis of

a coordinatesystem), and the zcomponent of the attraction at the point p
are given by the formulas

EF VA - #2)V = diva re ~ V#,
a

Z 2ref vere al



154 THE THEORY OF THE POTENTIAL

The potential is continuous along the normal, but Z is discon-
tinuous as the point p passes through the disk.

It will be interesting to examine the component of attraction
which lies in the plane of the disk. The natural reply to such
an enquiry is that this component is zero from symmetry, but
the enquiry is worthy of a closer examination, In Fig. 44, let
C2 with its center at O: be a uniform disk of density ¢. With
any other point 0, sa center, drawa circle C, tangent externallyto Cs, ‘Then draw any small circle C; with 0; as a center, and

Fro.

a last circle Cs tangent externally to C; with the radiusrs,suchthat the proportion
none

none

holds, where r; is the radius of the circle C;, The circles C2
and Cy are in perspective with respect to the point Os; for, if
any straight line be drawn through the point O, and the distances
from 0, to the points of intersections of this line with the circles
Czand C, are p; and py, then itis true that

otg,pe} *

Since the circles C; and C; are concentric, itis evident that they
also are in perspective with the same ratio of perspectivity «.
Hf Cs and C, be kept fixed but a is diminished, the circles C; and
Cz diminish in size and for a = 0 reduce to the point O, itself.
‘The perspectivity relationship holds, however small @ may be.

‘Now imagine the disk, which is bounded by the Circle C2, is
removed from the disk C;. The attraction of the remaining
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portion of the disk Cs upon the point Os, which will be denoted

by Acrey is well defined, since 0, is not a point of the attracting
surface. If the attraction of the entire disk Cs upon the point
01, which is a point of Cs, is to have a meaning, then, this attrac-

tion will be the limit of A,, a8 a diminishes. That is

Ac, = lim AneyNow
Aer = Ara ~ Aeey

and

Agra = 0,

by virtue of symmetry. Hence

Agneg = —Acgey

Since the crescent-moon shaped figures C4 — C and Cs — Cy

are in perspective with respect to the point O;, their attractions
on the point 01 are equal (Theorem II, Sec. 10).
‘Therefore

Age = Accor

But the attraction of C, — Cs is independent of wand remains
constant as « diminishes. Hence

Jim Acpey = Acy = Acres

The attraction of Cy — Cs on 01 is not zero, for a circle Cs of the
same radius as C, can be drawn which divides the area C,— C3

into two portions, one of which is symmetrical with respect to

‘the point 0; and the other lies entirely on one side of a line
through 0:.

Since the radius of C is entirely arbitrary, and the direction

of its center also, it follows that A... is arbitrary both as to
magnitude and direction. Consequently, the atiraction of a
uniform disk upon its center does not have a definite sense.

87. An Infinite Homogeneous Universe.—An anslogous situa-
tion arises with respect to the resultant attraction of an infinite

homogeneous universe upon one of its own particles.

In Fig. 45, lot P be any particle, and O any point chosen
arbitrarily. About 0 as a center describe a sphere of radius OP.
If this sphere is filed with matter of density ¢, the gravitational

force acting at the point P toward the point 0 is (See. 13),
4 oeF = jrePO.
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Now let a larger sphere of radius 0Q be described about the
point O and the shell PQ be filled with matter of density «. The

resultant attraction of this shell upon the pointP is zero (Sec. 11).‘Hence the resultant attraction of the sphere Q upon the pointP
is proportional to PO, however large 0Q may be. Passing to the
limit, the attraction of an infinite homogeneous universe upon

the point P is

4P= jPO.

But PO is arbitrary, both as to magnitude and direction.

Pio. 45

Neumann concluded from this that the postulate that the
universe is infinite and essentially homogeneous is in conflict
with the law of gravitation, but it is clear that this conclusion

rests upon still another postulate, namely, that every physical

situation is uniquely defined, or that nature is never ambiguous—
8 postulate that, doubtless, will readily be granted. Quite
likely, the law of gravitation is only a remarkably close approxi-
mation and that it fails at sufficiently great distances.
The same remark can be made with respect to a distribution

of electricity upon the surface of a conductor. Ina domain which

is of the order of magnitude of the electrons, it is not legitimate
to regard the distribution as a surface distribution. The approxi-
mation fails in a domain sufficiently small.
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88. Proper and Improper Integrals.—If f(x) is a function of
which is continuous in the interval a S$ x S 6, the integral

.

[ise ()
has a perfectly definite sense, and is called a proper integral.
If, however, f(z) is infinite at one or more points of the interval,
the integral considered as the limit of a sum does not immediately
have a sense. Suppose, for example, f(a) is infinite, but that

elsewhere in the interval f(z) is continuous. If ¢ is any small
positive quantity, the integral

.

ff, foe @
has a sense, however small « may be. If the limit of Eq. (2)
as e tends towards zero is finite, this limiting value is defined to be
the meaning of Eq. (1), and the integral is said to be improper.
In analogy with the theory of infinite series it is convenient to
say that the integral Eq. (1) is convergent if the limit of Eq. (2)
exists, and that it is divergent if the limit of Eq. (2) does not
exist, as will be the ease when the value of Eq. (2) increases

indefinitely as ¢ decreases, or even oscillates indefinitely between
finite limits.

‘Simple Integrals—Suppose there exists a number £ such that
ifaszset

Meal < ge
where M and a are two fixed positive numbers. Then

. " .

frou = fiseae + fseeds,and .

. “ou .

Piserae < [ae +fis.
‘The last integral is a proper integral and has a finite value L.
Flenoe

re) cae we

if road = f {rae <a{ Ga — | pndate Ja+«| fi) l-a@ l-a@,If a <1, itisevident that
» | —a)imelim if far<MELD 4 1,end Jug 2 Toe

and the given integral is convergent.
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Hf, on the other hand, in the same interval, a Sz $ &

Nworas
where N and 6 are two fixed positive numbers, the integral

| ‘ ydzc| * | ide . N sax,
and therefore

(8 oral s yfGrae e# 7,
If 6 >1, it is evident that no limit exists and the integral is

divergent.

Double Integrals, —Suppose f(z, ») is a continuous function ofz andy in and on the boundary of a certain area S, The integral

JSse sendy
L Ss has a definite sense and is a proper

integral. But if at some point 0 of@ the area f(z, y) becomes infinite
the integral has no sense dizeetly;
it is necessary to give it one.

In Fig. 48, let S, the area of
Fro. 46, integration, be bounded by the

closed curve L, and let O be a point at which f(z, y) becomes
infinite. For simplicity it will be assumed that there is but one
such point. Around the point O deseribe a small closed curve

C, and let the symboliff, indicate the double integral overia

the area which lies between the curves Z and C, ‘Then the

integral

SS. mestn ®-

is a proper integral, and it has a certain value V. If V has a
definite finite limit when the curve C shrinks down upon the point
0, independent of the shape of the curves through which C
shrinks, then the limit of V is defined to be the value of the inte-

ral Eq, (3), and the integral is convergent. If, however, no
limit exists the integral is divergent.
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‘Suppose, at first, that it is possible to draw a fixed circle Ci

of radius r; with the point O as a center (Fig. 47) inside of which
fic, ») is everywhere of the same sign, say positive; and that
‘there exist two positive numbers M and a such that everywhere
inside of Ci u

se < Bs

where r is the distance of the point z, y, from 0. Draw asecond
circle C; with O as a center and radius rs <7. Then, if the
integral over S has any sense, itis

f iposmoc = ff fos ad aadF .-<

tiimfff vided.
L

G

€
cers

‘The first integral in the right member has a definite value. As
for the second

Sf S(z, y)dady < SJ. Maras,awed Je.

e ‘

2rSS -cfe neni < Fit[r- ne}Je.
If a < 2, this expression has a finite limiting value. Any other
contour C’ can be enclosed between two circles Cy’ and C2! (not
drawn in the figure) with centers at 0. Then

Sf < Shoes SSo-orer © S Jone <J Jere
‘and since the two extreme integrals have the same limit the
central one has the same limit also. It follows, therefore, that
if a < 2, the intogral Eq. (4) is convergent.
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In a similar manner, it is proved that if f(z, y) is positive

overywhere within C,, if there exist two positive numbers M

and 8 such that M
ie > M

and if 8 > 2, then the integral Eq. (4) is divergent.
If there does not exist a circle C, with O as a center inside

of which f(z, y) has everywhere the same sign, it may still be
true that there exists a circle C; and two positive numbers M
and a (a < 2) such that everywhere inside of C;

1 M.

fe wl < Te

If these conditions are satisfied, the integral

Sfdoce nicay
is convergent, and the integral

J Su cternacay < ff lps wlee
is absolutely convergent. The preceeding argument shows that if
an integral is absolutely convergent, the limiting value is entirely
independent of the forms of the curves C by means of which the
limit is approached, and the order of the integrations can be
interchanged if desired.

‘These results can be extended readily to multiple integrals of
higher order, the value of « increasing by unity for each increase
in the order of the multiplicity. Thus, for triple integrals, the
integral is convergent if a < 3, and 0 on.
As an application of these ideas consider the value of the poten-

tial of a plane area S, for which the density function is, at &
point O of the area itself. Let O be taken as the origin of a
system of coordinates. Then

ve tf Sandy.
If is continuous throughout S, a small circle can be drawn about

the origin inside of which the maximum value of |o| <M. The
value of ais 1, and, since this is less than 2, the integral is conver-
gent. The potential, therefore, has a definite value at each
point of the area S.



88) THE ATTRACTIONS OF SURFACES AND LINES 161
Consider a component of attraction at a point inside the

attracting volume. If the point under consideration is taken as

the origin,

x= ~ ff fgecava.
If, in a small sphere of radius p about the origin, the maximum
value of jo| is M, then, since |r| <r and

<iIr® cothe integral is convergent, for « = 2, which is less than three.
‘The component of attraction has a definite value.

89. Semi-convergent Integrals.—A series of numbers may
converge without being absolutely convergent. For example

1,1 1,1 1

-p+g-atg-atc @)
converges, and its value is the log 2. But the series

bree oree are aresltgtgtagtgtgt
diverges. Such a series (a) is semi-convergent, and the limit
depends upon the order in which the terms are taken.

Exampleof a Simple Integral-—In « similar manner, an integral
may be convergent without being absolutely convergent. For
example, consider the integral

+1 ade hae [haer= fvcdin=m[ 4 -£9}Sx ay tim Joe J3F
where « and ¢ are two small positive quantities which bound

off the origin, and +/z? is always positive. It is easily verified
that

T= lim Gi - 2)
and its value depends upon the manner in which the interval

ee shrinks to zero. Suppose \ is any given constant, and

=a.
OS TFN

then

LL,
“6

for all values of «. Therefore

I=,which is arbitrary.
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‘The integral of the modulus, however,

nar ed _ figl

diverges.
Double Integral.—Consider the double integral

oP yan
voz
a8 aay,Seswhere
O0<t<a,
O<n<b

Since

(tant Y) @ Vat,aa %) “wry
the value of this integral is

tb tant tant2 14,tan” a tan z tan” a + tan z
which is perfectly definite if the values of the angle are limited to
the first quadrant.

ot

ea
Fro 45

In order to evaluate the integral for both lower limits equal to
zero, let the origin be bounded off by a small rectangle of sides &
and, Fig. 48. The integral over the remainderof the rectangle,of which the sides are a and b, is

tan-? © — tan-t 7.
a G

‘The limit of this expression as the point £ » approaches the
origin, depends upon the directionof approach, for this expressionrepresents

the angle between the diagonal of the rectangle ab andthe
diagonal of the rectangle tm. The integral converges, but itis semi-convergent
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It will be observed that

l= 21
ery Se

so that a = 2.

Triple Integral—It is desired to compute the attraction of an
infinite, homogeneous universe on a given point. Let the
axes be chosen so that the given point is at the origin. With the
point (—£, 0, 0) as a center describe a sphere of radius + > &
‘The center of this sphere is

arbitrary, and therefore the

series of bounding spheres (r A
increasing) is arbitrary. Ifthe LYorigin is moved to the center !

of the sphere and if the density /\is taken equal to unity, the Z|
integral is

I= SSS Saedyde,ve

If a plane is passed through
‘the attracted point perpen-

dicular to the 2-axis it will sep-
arate the sphere intotwo parts, Fro. 40.
Fig.49. In the segment of the sphere to the right of this plane
x ~ Fis positive; in the segment to the left it is negative. The
integral will be taken over the two segments separately, the one
to the right, for which x — £ > 0, being taken first.

Since

z-t__@ (’)“ph az\p)?
where

Pao +e +e,

the integration with respect to z gives (Bq. (35.4)

ne f{LL - Ales
in which

RaVFFR R= NWP OY FAOte Te,

are the two values of p where the elementary column for which

and z are constants pierces the surface of the segment.
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For the frst integral,
ven pie

as is found by setting

y= Rocosy, = Rosiny.

‘The second integral also is easily evaluated by taking

y= qe SEER ay,
= /p - GEESE
r= E> any,

in which R and y are the independent variables. The ratio
between the differential products dydz and dRdy is the jacobian'
of y and z with respect to R andy. That is

ay &y
_ aR ap .dude =

oF 3 ara
aR a,

or

yds = ial + — RRaRAY.Hence
7yds _ eff, theeff Enon), j, +e Roary

= FplVP= Be + 28) — @ —and
T= { (2% — [ [aves* Ro R

2 fos 2 H
eo oft

‘The integral over the other segment is obtained from Ty by
changing £ into —& and then reversing the sign of the entire
expression. That is

or shezeFE EOH ei}.
‘The sum of these two integrals is

T=ht+h= —4t,

which is arbitrary, since £ is arbitrary, and itis independent of r.
*Goursar-Hzonic, “Mathematical Analysis,” p. 260
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‘From the manner in which the integration has been carried
out, it is seen that

le= ff ftptecauae ah-h
os 3 oto trvP Se HBae" OEP = ea

For large values of r the value is approximately

Tu = 2rr,

which increases as r increases. ‘The integral of the modulus,
‘therefore, is divergent, and the integral J is semi-convergent.

90. The Potential at a Point of the Surface—In Sec. 88,
it was proved that the potential of a plane surface has a definite
value at each point of the surface itself. It is desired to extend
this result to curved surfaces.

Let 0 be an ordinary point on the surface S, that is a point at
which the surface has

a definite tangent plane. Draw the normal‘and the tangent plane at O, and then cut the surface $ into two
portions by a cylinder whose axis is the normal and whose
radius is 6. Let 8; be the small curved disk which is cut out of

'S and which contains the point 0, and let S; be the remainder of
the surface, The potential of S; on the point O is perfectly
definite, since O is not a point of S. There remains for considera-
tion only the disk S,, the potential of which is

i= f. Sd,ow

where dw is an element of the surface S, and ¢, which is a continu-

ous function of its position, is

ny —Let P; be the point of the — Z

surface at which du is located CES(Fig. 50), let ¢ be angle which all
the normal at P; makes with

‘the normal at 0, P be the pro- Tea. 00.
jection of P; on the tangent plane, and rdrd@ be the projection
of the element dws upon the tangent plane.
Then

dy = r see g drdé,

OP =r, OP: = p, p= rsecy,
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if ¥ is the angle between p andr. Hence Vs ean be written

+ par see ¢vin [Pree gaan a)
Since at the limit, ¢ = ¥ = 0, the modulus of the ratio

sec y/ sec y hasa maximum value M on S;, and so alsohas«a maxi-
mum 2, if 6 is sufficiently

small. Hence V, is a propera integral and its value is less
than 2xMZé.

‘Equation (1) still holds at a

conical point of revolution of
the surface providedthe plane,instead of being tangent, is

perpendicular to the axis of
revolutionat the conical point,
¢ is the angle which the nor-
mal makes with the axis of

revolution, and 9 is the angle
ho. 51 which p makes with the nor

mal plane (Fig. 51). Supposethe axis of revolution is taken as the z-axis, and the normal plane
is taken as the zy-plane. Suppose further that the generating
curve is sufficiently represented by the equation

ema, — -1<850,where
Then

seog = VIF ale + 5%, sey = VIF at,
Since 6 is negative, the limit of the ratio is

feecwlim
Beg aite<.

Therefore, if « is continuous on §;, the value of V; is perfectly
well defined, no matter how sharp the conical point may be.
If s = 0, the cone is an ordinary right circular cone.

91, The Potential is Continuous across the Surface.—Let

S be the given surface, and O an ordinary point of S. Draw
the normal and the tangent plane at 0, and any line L which
pierces the surface at 0. Let O; be any point on L near 0. It
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will be shown that the value of the potential of S at 0, varies

continuously as the point 0; passes through the point 0.
‘As in the preceding section, let the surface S be divided into

two parts by a cylinder of radius 6, the axis of the cylinder coin-
ciding with the normal at 0. Let S; be the disk eut out of S
by the eylinder, and let S; be the remainderof the surface. ‘Thevalue of the potential at 0, due to the surface S. is continuous
in the neighborhood of O, sinee O does not lie in S;. ‘That is to

say, if 00; = 1, if Uo and U; are the potentials of S, at O and 0,
respectively and if « is any

positive number given in ad- 4
‘vance, thelength/can be taken A0

small that PROS
lu. -ul<k ‘i[Ue 0 < 36 i

however small 6 may be.
Let Fig. 52 represent S;, and Fro, 82.

let Vo and V; be the values of the potential of S, at the points 0
and 0, respectively. ‘Then

Yen fede, Nie f ode,ls. 0 sp

If r, 6, g, and ¥ have the same significance as in Sec. 90, these

integrals can be written

1 P00 y fe soe ¢vom [i eegeom, vm [ILE Sa,
and

Vo < 2rM28.

In the triangle Q00,, let the angles at O and 0, be denoted by
and a, Then, from the law of sines,

e sina,
pi sina

If y is the angle which L makes with the normal, the limiting

value of the angle a as the point Q approaches the point 0 lies

between 3 — + and 5 +7, and the limiting value of sin a is
not zero. Let the maximum value of the modulus on Si be

a
[sin tae
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‘This will exist if 5 is not too large, however small I may be, and
Vi < 2eMN26.

Consequently 5 can be taken so small that

\Ye~ Vi) < 2eM(N + 125 < ie|

From thisit follows that if Wand Ware the values of the poten-tial at O and O; respectively, due to the entire surface S

[We — Wil <|Uo— Us +|Vo-Vil<e,

which proves that the potential is continuous across the surface.
‘The argument holds, also, for the conical points considered

in Sec. 90, provided the line Z does not coincide with axis of the
cone.

92, The Normal Component of the Attraction is Discontinuous
across the Surface.—If the point 0 of the surface S is taken as
the origin of a system of rectangular coordinates with the tangen-
tial plane as the f-plane. the equation of the surface can be
written

f= dak + den? +--+, @

assuming that the surface is analytic. Or, if

E=rcos8,  7=rsind,

the equation is

= r%(ax0 cos? @ + aos sin? 8) + r(-- +),

the important point being that

reo

is finite,

Since the point 0 is not a part of the surface S:, the normal
component of the attraction of S; is continuous at O, so that it
is necessary to consider only the surface Si. At the point
0\(z, y, 2) the component of the attraction is

Ze f$2 gay,Is. Pe

It will be shown that, if « % 0 at O, the limit of this expression
for 2 = 0 is not zero, assuming that the point 0, moves along

the line L, Fig. 52, and that the limit for 2 positive is different
from the limit for z negative.
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‘The expression for Z can be written as the difference of the

‘two integrals

z= [fete fi Sod.Jeo aseConsider the first integral Z;, which can be written.

am fiomsss pe

.

=f ("(2) eee.

If the maximum values of the moduli of {/r* and p*/p,* on S; are

A and R, then

|Z,| < 2AMZRB,

if the notation of Sec. 90 is preserved. As this expression
vanishes with 4, the value of Z, is continuous across the surface.

‘There remains the integral

haf = eds.s.r

‘Let oo be the value of ¢ at the point O, and consider the integral

2

= [ 2(B)e-«a= fAe - ado fee ods
‘The ratio

ntl =2'+o-y+e
ot E- ta +O

for a given value of f, is a maximum or a minimum for all values

of gand9, if § = zand7 = y, accordingas
g@ o>

G-aA< +1
For, if the same quantityisadded to the numerator and denomina-tor of a fraction the value of the fraction is increased if its value

is less than unity and decreased if it is greater than unity. Hence,
wherever the point £, 7, ¢ may be on Si, the value of the ratio
71°/px* lies between +1 and 2*/(¢ — 2)*.

If the direction cosines of the line L are a, 8, and y, the values

of the coordinates of the point O; are

a-l, y=, z=;also, g=rcos 6, a= rsin 6,$ = r2(a2o cos? @ + coz sin? @) + - ++.
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If§ = candy = y, thenr? = Px?, where x? = a? + 6? = 1— 7%,and
eo Dy! _,

C= 2? Dy — P(e 008" OF azo sin® ) + ==

which has the limiting value +1 for 7= 0. Hence, the ratio
2/p converges uniformly to +1 as the value of z diminishes.
For 2 sufficiently small then, essentially,

2Za= fe File — olde.
If M is the maximum value of the derivative of « with respect

tor on S,, then it is true that

Je =o < Mr,
and

te PhatdyZug f MEae = ue f wf ne,sir Jo Jo

where

rf = at + 7? — Der c08 (0 — 6) + Pt } @= P= Der 60s (8 — 8) + 74,
and 6, is the angle between the axis and the projection of L
on the plane. Since it makes no difference in the result

and it simplifies the notation, @ — 8 will be replaced by @. The
integration with respect to r then gives

| (2c? cos? @ — 1)8 — Ix cos @Zs S Mly [~{ Oe" cos’ 0 — Db — eons? _-“8 nf {a = cost A) — Diab cos 0+ 8
008 6

FTN e cod

VE = Dd cos OFF + 6 — Ik cos 9 aei ns Cor | ee hil
‘The terms in the integrand which depend upon @ are finite for all
values of @ and in numerical value are less than

(22 + 16 +1e xMy = Oct beth 44,O= Ovi mea T=

VE = Pld FO + 5 — lkbeg
T+.

Therefore

Za < 2MMyyl — 2eMyl log 1,
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which vanishes with 1. It follows then that the integral Zs
js continuous across the surface.

‘There remains, finally, for consideration the integral

he wen oe maf, a f ae,art Jo 9 Jos
On replacing the value of 2 = £1VT =e and performing the
integration with respect to 7 itis found that

r—
{*| dc cos 6 —1

ty = taVi=e ("|eesev’ i la = © cos? 6)FF — xlcos6 +1+i rerales
‘and it is the limit of this integral for 1 = 0 that is desired. For
fnad values of x and 5, however, this is a proper integral, and
therefore the limit of ‘the integral is the integral of the limit of
the integrand; that is the order of the processes can be changed.
Hence

— (Lt «cob

limZe = toVI- af Toe cos? 6?
rd= tavI =f Toews= £27

the positive or negative sign to be taken accordingas the approach,pee posfovfoee is made froma the negative or from the positive
side.

"the diseontinuity in the normal component of the attraction
as the attracted point passes through the surface is the difference
Letmven these two limiting values, or 4zo, where ov is the value
of the density at the point of passage.

3, The Tangential Components of the Attraction Are Con-
tinuous-—The z-component of the attraction of the surface Ss,
vinich ia the only part of the surface that need be considered, is

x- fine - f g (0) ede,1s, PY js, TY \Pu,

‘As in Seo, 92, the ratio r/ox? converges uniformly to +1 as the
point O, approsches the point O along the line L. Hence, for
given 4, there exists an ¢, ‘which vanishes with J, such that

f FF ode + of £> 7 edu,Js, 0% Pac
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provided this last integral is finite, and therefore

lim X = lim f EOF odes,BO aT Js.

‘The integralifSS Fode represents the attraction of a planedisk upon the point 0,, the density upon the plane disk being the
same at the point &, 7 as upon the surface S; at the point &, 9, £.

‘The disk is, therefore, non-homogeneous. It is assumed however,
that the density is continuous and that there exists a positive
number M such that, on S;

|o — oo < Mr.

Consider first the differenee between the attractions of the

non-homogeneous disk and the homogeneous disk of density os
(the density at the point 0), the two disks having the same
radius 6. Let

gnhe fimte ~ ade
oth (tece
= f f SS — ordras.

It will be shown that this integral is continuous along the line
Lin the neighborhood of the point

Since

nts (Ea) + (y— yt e,

it is evident that:

ga

Hse
Hence

2 rymi< ff f. chlo = od rdrdjo Jor

te bas

< uf wf dr,a Jo

On substituting, Eq. (92.2),
rit = P= 2ler cos 8 + 53,
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and then integrating with respect to r, it is found that
2

iX< uf {s+ 1k c08 @ log (1? — 2lxb cos @ + §*) —°

Uecos 8 — 1) 5 — kecos8lk 6 log 1 +SG tan"! aewos 6198 tM Sail an IV ses? *
«cos 6tan! £008?_\ ag,VI = © cos* al}

‘This is a proper integral, and remains so even for 1 = 0. The
limit of the integral for J = Ois therefore the same as the integral
of the limit of the integrand for 1 = 0. Therefore

[Xi] < 23,

and X; is continuous.

‘There remains still for consideration the limit of the -com-

ponent of the attraction of the homogeneous disk on the point O
as I tends towards 2oro; that is

X, = limeof. E240.tes. 7

In Fig. 53, let C, be the circle of radius 6 and center at O which
bounds the homogeneous disk. Let O; on the line L be the

6 et

Foo. 88

attracted point. Drop a perpendicular from O, to the plane of
the disk, intersecting the disk at the point p. Let the point ¢
lie in the line Op and the distance Og be twice the distance

Op =x. With g as a center and a radius 6 draw a circle C2.
‘The portion of the circle C, which is eut out by the circle Ce is
symmetric with respect to the point p. Therefore the z-com-
ponent of the attraction of this portion of the circle is zero, by
symmetry. The area A of the remainder of the disk (shaded
im the diagram) is equal to the diameter 28 of the circle Ci
multiplied by the distance Og, or 2lx. Hence the area is

A = 4xél.
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With these preliminaries disposed of, it is easily seen that

Xe= limoof, £4,and
" du1X] sim oofYrs

en Ae70Kdd

SING
=0.

‘Hence, the limit of the z-component of the attraction of the
homogeneous disk upon the point Q;, as the point 0; approaches
‘the point O, is zero, and for the original surface Si, therefore,
this component of the attraction is continuous. The same
argument holds for the y-component which, also, is continuous.
It follows, therefore, that the tangential component of the
attraction of the original surface S upon the point 0: is con-
tinuous as the point O, passes through the surface.

‘The results of Sec. 86 show that at the point O of the surface
the tangential component of the attraction does not have a
definite meaning.

94. Discontinuities in the Derivatives of Surface Potentials.—

‘Suppose there is given a surface S, on which there is a given
distribution of matter ¢, for which the potential is V(x, y, 2).
Suppose further that the straight line L pierces the surface S at
the point 0 at which the density is o, and that O; is a point
onL near 0. If A andB are the tangential components of theattraction and C is the normal component, the X-, Y-, and
Z-components of the attraction are

ave

ri X = aA + «B+al,
ave

Sm ¥ = pul + OB +00,
ave

Wo 72d +nB+0,
where a, 8, y are the direction cosines of the normal to S at O,
‘and a1, 8, 71; ax, Bs, 72 are the direction cosines for the two
tangents at 0.

‘As the point O; passes through the point O the components A
and B vary in a continuous manner, but the component C has a

discontinuity of 4roy, and therefore the derivatives of the poten-
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tial also have discontinuities. The numerical values of these

discontinuitiesare
av av ave
Gg Troe Gy = Aree, “gy = Aroory, a)

where, as already stated, a, 8, + are the direction cosines of the
normal at the point 0.

If the line Z makes an angle g with the normal and 1 is the
distance 00,, the discontinuity in the directional derivative

aV /alis evidently

Vv

OF = teas 008
Discontinuities in the Second Derivatives of a Volume Potential

at the Surjace—Suppose B is a volume filled with matter of

density o(#, 1, $) and bounded by a surface S. The volume
density at the surface will be denoted by o:(§, n, {). In See. 61
it was shown that the first derivatives of the potential V can

be expressed as the sum of two potentials, one of which is a

volume potential for which the density is a¢/a& and the otherisa surface potential, the surface density being o» multiplied by
‘a direction cosine. Thus, Eq. (61.3),

aV

_ [acd _ as,oz ~ Si ° f Phd ®
the direction cosines of the normal being «, 8, 7.

If it is assumed that the density ¢ admits second derivatives,
Eq. (2) can be differentiated again. ‘The first integral, being a
volume potential, has first derivatives which are everywhere

continuous. The second integral, however, is a surface potential.

It has derivatives which are continuous everywhere except on
‘the surface itself. For Eq. (2) the numerical value of the jump

along the normal is 4raze, and for dz positive is —4rac» (See. 15).
Hence the finite jumps in the second derivatives of V, from Eq.
(2) and similar equations for aV/ay and aV/az, are

av 2 Ov OV aeed —4raya?, ayaa ~ 4rox8a, dea roaya,
av av 1 Oe
Seay 7 87008, Ge Arend, Gay = —Aree,av av. av :dre = A, Fagg tear = Ano.
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‘The discontinuity in the Laplacian is

av av av

Gat tap t Ges 7 em
which is Poisson’s equation, although the proof here holds

only for the discontinuities at regular points of the surface.
Discontinuities in the Logarithmic Potentials of Attracting

Lines.—The results which have been obtained for attracting
surfaces and the Newtonian potential are also true for attracting
lines and the logarithmic potential. The change involves
merely a reduction of unity in the dimensions.

The potential itself is continuous across the attracting line;
the normal derivative has an abrupt discontinuity of 2re,
if ¢ is the linear density of the line at the point of crossing; and
the tangential component is continuous.

95, Example—A Non-homogeneous Disk.—The potential
of a uniform oblate spheroid, Eq. (39.2), at an exterior point is

2reate gym) Goave Se (1- ee

Vani Wa ay) 8 Se
roate (VEF Ke 4 yr)28 ) 1)+00“(Ee — e ¢

where « satisfies the relation
ety at
ae + aae 7h

If the polar axis of the spheroid c is taken very small relative
to the equatorial radius and at the same time the density o is
increased in such a way as to keep the produet c7 = a» constant,
the spheroid is very nearly a disk with a surface density which is,
proportional to the thickness of the spheroid, namely

- 4,o=doe1-5 (2)
where p is the distance from the center, and at the limit, for ¢
equal to zero, it is exactly so. If 2° + y? is replaced by 72, the
potential of a plane disk with the surface density (2) is the limit
of Eq. (1) for cc = o; and c = 0, namely

a2) rive _ 2Vn deeea( 1 25) sn Sst ( 28) 32a Vani tarte ya) ®
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where « is defined by the relation

r a

weet oh ()

The derivatives of V with respect to r is the component of the
attraction which is parallel to the plane of the disk, and the
derivative with respect to z is the component which is normal to

it. Since differentiation with respect to « is not necessary (Sec.
39), it is readily found that

av Vi len: a
ar wo as vary)
 o teou(Hsixrt 2-1), °
a oN Vere Ve

Now imagine that the at- L
tracted point approaches the
disk along a line L which
pierces the disk at the point zo,
‘yo at a distance p from the cen-
ter, Fig. 54. For simplicity,
let the z-axis also pass through
this point. Then the para-
metric equations of L are Fro. BA.

e=ptl, y=, 2=hy;
and

rt = p+ pa + (a? + 6).

‘The derivative of V with respect to J is

av _ aV or | oV aea” Or at az al

aV pa + Ua? + 8) , ava rr rn a

As ltends towards zero, r tends towards p, and the coefficient of
@V/ar tends towards a. Hence

en OV " av ov

tyr = [oe +0}
As for «, it is the positive root of Eq. (4). If p < a and z tends
towards zero, « also tends towards zero in such a way that

im 2 = ae,Injen tt B ®
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but if p > @ and z tends towards zero, « tends towards p* — a*.
Im order that L may pierce the disk, it is necessary that p should
bbe less than a, and therefore the limit of 2/-/« is given by Eq.
©.

Since the limit of « is zero, it is seen from Eq, (5) that

tim 2 = e007;
reo or ‘a

and from Eq. (6), that

im 2%
=

= Ea 7lim Gz = F4rooy1 — Ge @
But, since the surface density « is given by the formula

om tout - 8
Eq. (7) can be writen

alim 5, = F2r0,
and therefore

tim OY = A867 ae F Dror,feo ol ~ 7 %q% + 277%

‘The discontinuity is 4rey, which vanishes at the edge of the
disk, since the density ¢ vanishes there.

For a similar reason if the attracted point approaches the
disk from the outside, say along the 2-axis, the attraction remains
finite, The explicit formula is

. vE=@ 154 4X= roel VEE gem a)
since for points on the z-axis, x = 2*~ a. The limit of this
expression, for positive values of z, as 2 tends towardsais—x*a»,which is remarkable in that it is independent of the radius of the
disk.

96. Discontinuities in the Second Derivatives of Surface

Potentials.—It will be found in Chap. VI that the discontinuities
in the first derivatives of the potentials of two-layer surfaces
depend upon the discontinuities of the second derivatives of the

potentials of simple layers. It is necessary, therefore, toexamine
these discontinuities, The analysis which is set forth here
follows rather closely the argument given by Poincaré in the
sixth chapter of his “Théorie du Potentiel Newtonien.”
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The Potential of a Plane Surface.—Suppose the given surface
'S is plane and that it is bounded by a closed contour Cc. The
potential at any point P(z, y, 2) is then

Vie, 2) = figesan,
where o is the surface density and

p=VE=PFU TED
It is assumed that o and its first derivatives are continuous on

'S, and that the second derivatives are finite. This potential is
an even function of the argument z; that is

V(x, +2) = V(x, ¥, —2)-

‘The first derivative of V with respect to z is an odd function of
#; that is

aV(z,y, +2) _ _aV(z, y, —2).
oz oz ,

and the second derivative is again an even function. This

‘means that if P(+z) and P(—2) tend towards coincidence at

some point of S, the potential V and its second derivative a*V /az*,
having the same values always at the two points P(+2) and
P(—2), tend toward the same limit, if a limit exists, and are
continuous across S, The first derivative 9V/dz, however, has

‘opposite signs, although numerically equal, at these two points.
‘The limits at the surface are, therefore, different, in general,
and the first derivative has a discontinuity in crossing the surface.
According to Sec. 92, this discontinuity is equal to 4c, where
o is the density at the point of crossing.

‘The tangential derivatives, however, are continuous. For

example ove afl‘az = Srl) “aden
afr

Saad) ote
which gives, on integrating by parts,

wW__fe a didnoz JeatJ. 3EThefirst of these integrals is the potential of a mass distribution
of linear density o on the contour C. It is evidently continuous



180 THE THEORY OF THE POTENTIAL
everywhere except, perhaps, on the contour itself. ‘The second
integral is the potential of a mass distribution on S for which the

surface density is d0/dt, and this, too, is continuous across the
surface, by Sec. 91. Since the same argument holds for 2V//éy,
it is evident that the tangential derivative in any direction is
continuous everywhere except, perhaps, on the contour.

Since the integral ff is the potential of an attracting line,
all of its derivatives are continuous everywhere except on the
line C itself. There is no need to examine it further for dis-

continuities across S. But the derivative with respect to 2 of
the surface potential

f 2 dedsoe p

has a discontinuity equal to —4rd0/a%, while its derivatives
with respect to z and y are continuous across S. Hence

av as

naz O98 the discontinuity —ta92 across 8,likewise, a
av " ao aSpaz B98 the discontinuity —tn9! across Sj

while the derivatives

[a A a
ae aeay

are continuous across S. Since 4*V/dz? and °V/ay? are con-
tinuous across S, and

avV=0

at all points not on S, it is evident that

av eV av

weave (G+)
also is continuous across S.

It is worthy of note that these discontinuities do not vanish
even when the density at the point of crossing is zero unless the
derivatives of the density also are zero.

Certain Properties of the Potential of a General Surface—Returning
to the notation of See. 91, let O be an ordinary pointof

the general surface S. Let the tangent plane at O be takenas the fr-plane so that the normal at 0 is the f-axis. LetL
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be any straight line which picrees S at the point 0, and let 0,
of which the coordinates are z, y, 2, be any point on L near 0.
Let the surface S be divided

into two parts by a cylinder of oe

radius 5, the axis of the cylin- A
der coinciding with the f-axis. y,a
Let S:, Fig. 52, be the disk SYcut out of S by the cylinder, Xi
and let 8; be the remainder

of the surface. Let the sur- are
face element dw be located at fa, 08

the point Q, and let Qs be the projection of Q on the fy-plane,

so that QQ is ¢. Finally let

O0.=1, =r, OQ=r, O=r AQan,

so that

at =(e— d+ ym? +@—H%
nia @— s+ y—at +2,

Pa Btn = Bot

If the projection of the surface element dw upon the &-plane
is dédy and if «, 8, y are the direction cosines of the normal at.
da, the potential of S at the point 0; is

= { Za0= f 2a 2)v= fide fo ajaen ®2 being the area into which the surface $ projects upon the
fr-plane.

Let this plane area be covered with matter of density@/. The
potential of this plane surface at the point Q; is then

= | 2 azar 3)v= foe atin ®
‘The difference between these two potentials will be denoted by

the letter W, so that

1 1\cW-=U-Ve= f. (ea - 3) ates, w
Let DW be any derivative of W, and therefore of the form

DW = fee 1) adn,
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where ¢ is some function of £ and 7. Suppose that over Si
k

wish

where I is some fixed, positive number. It will be shown that
DW tends toward a limit as the point O, moves along the line
L toward the point 0.

Let W be separated into two parts, one of which corresponds to
the integral over S; and the other the integral over S:. ‘Thus

W=mi+Ms,
and

DW = DW. + DW.

since, by hypothesis,

Dwi< f bildn,aT

it is found readily by integrating, that

|DW)| < 2eks.

It is evident also, since |p| < k/r, that DW has a definite
value at the point 0, which, separated into two parts, as before,
can be written

DW® = DW. + DW.

‘On forming the difference, there is obtained

DW ~ DW® = DW, - DW,® + DW; ~ DW,

and therefore

[DW ~ DW®| < [DW, — DW,®| + [DW — DW.

It will be shown that

lim |DW — DW®) = 0;

‘that is, given a positive number ¢, as small as desired, the radius
6 and the distance J can be taken so small that

|DW - DW®| <«.

Obviously # can be chosen so small that

‘DW < ie andalso,  [DW,®| < je
so that:

DW, ~ DW.%| <2
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Furthermore, since DW: is continuous in the neighborhood

of the point O, the distance J can be chosen so small that

[DW - DW, < de,
For such positions of the point 0, it is evident that

|DW — DW®| <«

Hence the limiting value of DW is DW, and the function DW
is continuous across the surface.

If the function ¢ satisfies the inequality
A k
ck,

for 6 sufficiently small, the function ¢ is said to be of the order
n. Thus the functions 1/p: and 1/r; are each of the order 1.
The ratio p:/r: is of the order zero; likewise

z-f ya, e-t
i a e

are of the order zero. It is seen from Eq. (92.1) that ¢ is of the

order —2; and p; — r; also is of the order —2, since

lanl <f.

The First Derivatives of W are Continuous across S.—The first
derivatives of W are

ow L 1\o

Wm —fee o(3, - A)saten,
ow L 1\o,

BF =~ fv n(Zs7h)aem
ow e-5_ z\eSa Ale

For the derivative with respect to x,

g, 1 1v=fe-o(Z- 3)
If 4 is small, y is very near unity; and if the density does not

vanish, o/y is of the order zero. The remaining factors of y can
be written

@- (1 1 1\
=O +At d)n-oo.
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The first factor of this expression is of the order zero; the second
factor is of the order +3; and the third factor is of the order —2.

Hence ¢ is of the order +1, and dW/dz is continuous across S.
The same analysis, without essential change, applies also to

the other two derivatives. Hence all of the first derivatives of

W are continuous across S. ,
The Second Derivatives of W at a Point Where the Density

Vanishes.—The six second derivatives of W are

aw

- (2-4)-(B- A)“ast = fi[ae ® (Bs #) G 73) ytaw
-p(L-4 -G-Aka Jlo- »-4)-G- A) kom

aw B@— 5)? _ Bet 4-AEf(s" -8-G-A) em
aw 1 1\ |e

EE= floc - 00 - 0(4- 3) [recon
ew 2-5 2\\c

fea” J[so 9-H)ow
we — (2a - 4)a [ls ~ (58-8) foen

Suppose now that o vanishes at the point O, but that its first
derivatives do not vanish. Then /7 is of the order —1. Con-
sider any one of the six second derivatives, say *W/dz*. The
function ¢ can be written

= of8@= OF Q 1 1 1 ). Hee OOO Gat at pant t ps tra
=(n-(4+ 2,41),

which, it is readily verified, is of the order +1. Therefore
#°W /é2* is continuous across § at the point O. It is the same.
also for the other five derivatives,

‘Now the potential of $ at 0, is, Eq. (4)

U=W+Y,

where V, Eq. (3), is the potential of a plane area tangent to S
at Os. Since all of the second derivatives of W are continuous
across § at O, the discontinuities in the second derivatives
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of U are the same as the discontinuities in the second derivatives
of V. By Eq. (1) these discontinuities are

a(e) 4 au

-18(2) mn 20.ony, ayes?

the remaining derivatives

ee a
az?” oy ae” Oxdy

being continuous. Since y is equal to +1 atO and has @ maxi-mum there, the discontinuities can also be written

a aU

4x:‘aE in aaaz!

a aU ©)a

The Density at the Point O is Not Zero—If the & and y-axes
are chosen so as to coincide with the tangents of the lines of

curvature at the point O, the equation of the surface S in the

neighborhood of the point 0 is
$= auof* + anon? + terms of higher degree. (6)

Let

ip, Fe
gem Faw

oh or
ee oer

It is evident then that at the point O

pega s:=0.

It will be sufficient to study the potential of the disk of radius

S about the point O, for the potential of the remainder of the sur-

face and all of its derivatives are continuous at 0. The potential

U then can be written

v ~ [im . f « dtdn,Jeoe Jena ms

21 being a plane circular area with 0 as its center.
It is evident that

au _ ff a/l)¢,ae > fala) 5
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where

at = (@— e+ —) t @— DeNo
O/1\_ _z-€&
az\p:) — oe

and, bearing in mind that f is a function of ¢ and 7 through the
relation Eq. (6),

O(1) 2 y2-fyentan) ap tae
and therefore

(1) (1) _ ah

Beles) ~ ~aeloi) ~ dep)?”
or,

2/1). 2/1) _ 4/1

dala) ~ dele) ~ dele )?*Therefore
WW. _ £81544 — (2/1) 9,4az fi5) fiwhee) o)aIitdywhere

a/1\o a/l\ «team fale)iiten Jem ~ 3B)pifeen
The first integral J; can be integrated by parts, giving

= - (2.24 (2/2), dean, 8a fi at Sa} a ®
or, if ds is an element of the edge of the disk and 8, is the cosine of
the angle between de and the r-axis,

ee 3(2) didn, 9)we fort La) S ®
‘Thus J; is expressed as the sum of two potentials, the first of
which is the potential of an attracting line, coinciding with the
edge of the disk, on which the linear density is —o8;/y. This
Potential and all of its derivatives are continuous at the point O,
since 0 is not on the line C. The second,

f.2 (2\de,a)
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is the potential ofa distribution of matter of density

a(e
Be

distributed over the surface S;. ‘This potential, and its tangen-
tial derivatives also, are continuous across S. Therefore J:

and its tangential derivatives are continuous across S and, from
Eq. (7), the discontinuities in 4U /dz and its tangenital derivatives

PU agg OY
Oat ‘azay

are the same as the discontinuities in J; and its tangential
derivatives.

If a function F(z, y, 2) is defined by the relation.

Pe-f Pigu, 20)9
it is seen that

ee ae
*" 92’ Ge” zde = Gy yaa

‘The function F is the potential of a surface on which the density
isop. This density vanishes at the point O, since p; vanishes at
O. Hence, by the preceeding case, J, = 4F/dz, is continuous

across S, while

ads_ °F sccontinuit a(on.),
Gz7 inde has the discontinuity 12( y )

and

ad,_ oF sccontinu (op:a= PF has the discontinuity an2(eB!),
Since p; is zero and y is equal to +1 with a maximum at 0,
these expressions ean be simplified, so that

a ¢) = 4nofPt =seg(B) = seo = teers
3 (ap: opr =

s5(B) =Anos, = dros, = 0.
Since Jy and Js are continuous across S, it follows that aU//ax

is continuous across S, a result, of course, already known.

Since the discontinuities of @Y and 2 are the same as the dis-ox? éxdy
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continuities of 2? and ‘J? it follows that the discontinuity is
8°U/az* is Arops, and that °U/azdy is continuous. ;
By an argument entirely similar (or, by symmetry if one

prefers) it is found that the discontinuity in *U/ay? is 4rea
Since the Laplacian is zero everywhere not on S,

au eu eu
et = —\aat + ay)

and the discontinuities in 9°U/a2* are therefore —4ro(p2 + 2)
In order to find the discontinuities in

PU ggg 2U
Bade yee?

it is found from the equation

au

Bahth
that

aU
_

ads, as

an0a~ Ge tie
Since

ads _ OF
ae” a

and since in Eq. (10) the density vanishes at the point 0, it
follows that 34/42 is continuous across S. It is seen from Ea.
(8) that Jj is the sum of two potentials, the first is a line potential
which, together with all of its derivatives is continuous across:
'S at the point 0; the second is a surface potential for which the
density is

Yaeky

Hence the normal derivative: (derivative with respect to 2) of
Jy has the discontinuity

—4ry2 (2) = —452%Ary,2(2) = —408Z at the point 0,
and this is therefore the discontinuity in x.

‘A similar argument shows that the discontinuity in ay is
= 4r

7
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Let Ri and Ry be the principal radii of curvature at 0. Then,
‘since the ¢ and » axes coincide with the tangents to the lines of

curvature of $ at O,

mp, and waa
Collected together and expressed in terms of the principal radii

of curvature, the density and its derivatives, the discontinuitiesinthe six second derivatives

a a ed

Ga Gye” ay’ yd?

are respectively

fro dre 11 ae ae,

eS ~tee( Fe+ Ry 0, ang — 42.
ay

97. Singular Points of the Surface.—In the discussion of the
attraction of surfaces in the neighborhood of points of the surface
it was assumed that the point O under con-

sideration was a regular point of the surface Ae
in the sense that the surface had a definite

tangent plane at O, that over a circle of £
radius 4 about 0 as a center the coordinate

{ of the surface was continuous and less +

than Br?, where B is a fixed number, and
that the density was continuous with lo] <
a0 -+Mr, where M also is a fixed number.
That these restrictions were necessary can

be seen by considering the attraction of a
‘cone upon its apex and the attraction of a
‘homogeneous rectangle upon a point of its Fra, 85.
edge.

‘Attraction of a Cone upon Its Aper—In Fig. 55, let A be the
apexof a cone and B Cbe its base, which will be assumed to lie in a
plane, Pass other planes through the cone parallel to the base
which divide the perpendicular from the apex to the base in the
ratios 1/2, 1/4, 1/8, 1/16,-- +. There are infinitely many of
these planes. Thezonesof the cone between the consecutive planes
are in perspective with respect to the point A. By Theorem II,
See. 10, these zones attract the point of perspectivity equally.
‘The attraction of each is finite (not zero) and since there are
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infinitely many of them the attraction of the surface of the cone
‘upon its apex is infinite.

Attraction of a Plane upon an Edge.—In Fig. 56 let P bea
point on an edge of the homogeneous rectangle R. Draw

1 ‘ P series of semicircles which are
ry in perspective with respecttoWI the point P, the radii of which

are in the ratios 1, 1/2, 1/4

1/8,-++, Theareasbetween
consecutive semicircles are in

perspective with respect to the

point P, and attract the pointFr.
58. P equally. Since the attrac-

tion of each is finite and there are infinitely many of them, the
total attraction of the rectangle on the point P is infinite.

ATTRACTION OF LINES

98. A Straight Rod.—The attraction and potential of a
straight rod, considered as a line with the line density o, was

treated briefly in Seo. 31, but it will be ofp

interest to examine the subject more closely. 4
Let AB, Fig. 57, be a straight line of length

21 and density o with its center at O, and let P
P(e, y, 2) be an attracted point. Let dm = dn| L

odt be an element of mass of the line at a ¢| H
distance f from O, p the length of the line 9 fa—*

joining dm to P, and r= ~/2*+y Then
the potential V is '

Hgveac( ——*__.J VF + =a

If pris the value of p at the point Band :the “value at the point A, so that Fie. 57.

at=P+etD, ota t+@-D', a)

it is found by direct integration that

=olog @ Zt!Veele at
From Eqs. (1) it is found that

Ale = pst — pst, (2)
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and therefore

pt— ot tah) AP ott ost
a

so that

Alps + px? + 41° — ps?Vim 0108 fin, — pt pat AP
~ o Tog Ott or + Dlox — or + 2D= 2108 GF 61 —Bos= 0 + BD) ®
=o logtet2soleaa

From this expression for V, it is seen that the level surfaces,
V = const., are defined by the relation

pit er = 2a,

where a is a constant. ‘The level surfaces are, therefore, prolate
spheroids with the major axis 22 and foci at the ends of the
rod. If ¢ is the eccentricity of a meridian section of the level

surface, itis evident that

L= ae.

‘Therefore, the expression for the potential, Eq. (8), becomes

V =o logit? = 2 tanh-*e,
For points which are remote from the rod a is large and there-

fore ¢ is small. The equipotential surfaces are very nearly
spheres. For points on the rod iteelf

pit ps = 2b = 2a,

so that ¢ is equal to unity and V is infinite. At points in the
neighborhood of the line ¢ is less than unity and V is very large.
‘At large distances ¢ and V both tend towards zero.

99. The Components of Attraction—Let R be the com-
ponent of attraction in a plane perpendicular to the rod and
Z the component parallel to the rod. Then

av de aV deRm ar 7 = 8 oF
where

ga 2, p++,
atm pte + ede
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Now

av| Be geal te,ae" T= dan Gta Be!
and

Bor oer,
arp or pa

amet! ap _ ent
a oz Pe

so that

oe (rir

cee (ett 23),R=area(t +2) 2-aea at pe
From Eq. (98.2) it is found that

1Z= lot — 02) = Flv od, oto = 2a, b= ae.
Hence /

pate, p=a—e,
and

=o er 2Qoez
Reeee "ator ®Or, if r is eliminated by means of the equation of the ellipse

r 2

@d—e) +a =1,
there results

oe VP et 2oerzR= Fe ven = — et,ise Poe? Fp @
which contain only two variables, ¢ and 2.

If the attracted point moves along a level surface for which
‘the semi-axes are a and >, R and Z have maximum numerical
values, namely

2ce 2Qeea a ,

aise ™™ aaand, since

b=avi-€,it is seen that

Zonas _ Rane5
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‘Suppose the value of is kept fixed with |e] <J, and e tends

toward unity. In this event, the attracted point moves towards
the attracting rod along a perpendicular line. The limits of the
components of attraction are

lim Z = ~ pe lim B= Fe
as the attracted point crosses the attracting line the Z-component
varies continuously, but the R-component has an infinite dis-

continuity. It will be remembered that the potential at the
attracted point also tends towards infinity as the point approaches
the attracting line.

100, Attraction in the Line Is Not Well Defined.—Consider

the attraction of a homogeneous line upon any one of its own

points. Let L (Fig. 58) be the given line and O any one of its

2a £05 iL
Grok G a

Fro, 58.

points. Let 2a, and 2az be the distances of the point O from the
ends of the line, and let C: and C; be the middle points so that
C0 = a: and C,0 = a. Let a gap be cut in the line L about the

point 0 and let the ends of the line also be cut off in such a way
that the points C, and C; still remain the center points of their
respective portions, as indicated in the line I, If 2h and 2ls
are the lengths of these portions, the attraction of the line L

‘upon the point 0 will be understood to mean the limitof the attrac-tion of L; upon the point O for lk = a; and ly = as.
‘Using the second formula of Eqs. (99.1)

2oez2= ame
a oF

for the attraction of each portion of the line, it is seen that, since
z=aandez =l,

h 1a= te ba arte)
where A is the resultant attraction.
Now let \ be any real quantity, positive or negative, and let Iz

be related to 1, in such a way that

bh

aare+
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As |; tends towards a, so also does I, tend towards as, and the
limit of L, is L. But the limit of A is

in A = 2h,
which is anything whatever, since d is entirely arbitrary. It
follows that the “attraction of a line upon one of its own points”
does not have a definite meaning.

101. Asymptotic Expression for the Potential—For points
lying in the zy-plane, which bisects the rod perpendicularly,
the expression for the potential is

de 14+ VP FRVar [to apogtVEFRSve pr 8
Since

livitR_ fy ir _ yr .
SMt = etary to}and

a(r\ _ 1(r\* u(r) _ 3(r\* ..vos [1-+3(7)- 7) + |G) BG) +it follows that for values of r less than I

2 a(r\* _ 3(r\?¥ = totoe2 + 2o (5) ~() + } @and for very small values of r the expression

+t V = 20 logbs @)
1,» «p_ 18. g00d approximation.

Suppose now that the attracted point P lies near
the rod, not at the middle point but at a distance
2 from the middle point. Let the rod be divided into
three parts L,, Ls, and Ly of lengths 2h, 2l2, and 2ls

L with the center of L; at the distance z from the center
of the rod, Fig. 59. Then

l=%*h+ht+2=%+h—-«#

‘The values of the potentials of Ly and Ls at the point

2 as given by Eq, (98.3) arere. 50.

1Vim elog'5#, Vs =olog t¥,
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and therefore

W+Va= ar tog VE= TES),
‘At the point P the sum of these potentials is the value at z plus

f power series in r which vanishes with r, since the point 2 is
not a point of L; nor of Ls. By Eq. (8) the potential of Ls
at Pis

2sVi = 2elog™ + PS,

where PS. is to be understood as meaning a power series in r

which vanishes with r. Hence the potential of the entire rod
Lat the point P is

Wtht+he= V = 2e log *VE=STD | ps (4)
102. The Potential of a Uniform Hoop.—In Fig. 60, let

H be a uniform hoop which will be regarded as a circumference

’

p fl

4"meee

HCn
$

—
Fre. 00

of a circle of radius a with constant linear density 7. Let P
be any point in space not in H. From P drop the perpendicular
PQ =< to the plane of the hoop. Draw the diameter of the
circle BOA which, extended, passes through Q. Let m be any
point on the circle, and draw

Pm=p, PA=p, PB=pr.

Evidently py and p; are the minimum and maximum values
of p as the point m runs around the circle.

If the angle mOA is represented by 20, the are clement is
ds = 2adw, and the expression for the potentialis

V = 20f“de @op
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If the length 0@ is represented by r, then

pia (r—a) +a, mQ? =r +a? — 2ar cos 20,pia (tba) tat, ptart-fa? tet — ar cosQu,
The expression for pt can also be written

p= (r? + a? + 24)(cos* w + sin* w) — 2ar(cos* w — sin*«)
= [lr — a)? + 24] costo + [lr + a)? + 24] sin?
= x? costo + pa? sin? w.

Ii M = 2rag is the mass of the hoop, the expression for the
potential, Eq, (1), becomes

2M (i de
Vie ee ee 2)a J Voit cos? + pat sin? a

——

Se
Fro, 61.

‘This expression shows that V is symmetric in p, and pz, forif w is replaced by 2/2 — y it becomes

aM 73 ayve af ‘Voit sin? ¥ + px? cos?y ©and therefore

Vor, a2) = V(p2, 1)

Along the axis of the hoop p: = ps, and if p, is their common
value, it is seen at once that the value of the potential along
this axis V. is

ven
Pe

The function V(r, os), Eq. (2), is homogeneous of degree
1 in p and ps, Therefore, :V is homogeneous of degree
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zero and depends only upon the ratio p:/o:. In a plane which
passes through the axis of the hoop, the curve

bo

eo % o
where ¢ is constant, is a circle, for Eq. (4) is the equation of a
circle in bipolar coordinates; and this circle, Fig. 61, divides
the line BCAD harmonically, since by Eq. (4)

AC
_

AD

_BC ~ BD“

If K is the complete elliptic integral of the first kind for the
modulus = 1c? <1, it is seen from Eq. (8) that slong
this circle

ve exe
‘aye . : (5)M| Ve (128) ne 4 (12 325V

103, Evaluation of the Potential According to Gauss.—

Equation (102.5) shows that if the value of the potential were
known at the point C, Fig. 61, it would also be known at all
points along the circle which passes through C. It is, therefore,
sufficient to know the value of the potential at all points in the

plane of the hoop which lie inside of

the hoop itself, and Gauss devised a 1S mn
very ingenious method by which this ~

can be found. // \Let the circle in Fig. 62represent the
hoop and BOCA represent the same * Ja
diameter as in Figs. 60 and 61. Let
the are element at the point m of the

hoop be ds and p the length of the line

joining C to the point m. It is evi- red
dent from the diagram that in the oe
infinitesimal right triangle of which ds is the hypothenuse ds eos ¢

= pd6, and therefore ado,
> coe

Tet the distance OC =>. Then from the triangle OmC it is
seen that

sing _ sin @
rr
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Hence y, fe daod

e lo Vat— b? sin? 6

eft 6.
Jo Va?cos? 0+ (a? — bi) sin? 6

= M- ja, Va — 8).

But it is already known from Bq. (102.3) that, when the pointP of Fig. 61 coincides with the point C,

Ve = M-f(a+b,a —b). «@)Hence
Sa +b,a—2) =f, Va). ©)

Or, since a is the arithmetic mean of a +b and a —b, and

Ve? — iis their geometric mean, for any two numbers m and
the function f has the property that

fm, n) = (mee, vin).Now let

mn ime), m= Vi,

m= 3m +m), m = Vt

‘Then , .
Fim, n) = fom, m) = fy ms) = +

‘The arithmetic mean of any two positive numbers is greater
‘than their geometric mean. Since (m — n)* > 0, it follows that

m? + 2Imn +n? > 4mn,and therefore

y

gm +n) > Vinn.

Suppose, for definiteness, m > n, ‘Then the arithmetic mean is,
less than m and the geometric mean is greater than n. Hence

m>m>m--+, ncem<m---,
m>n, m>m, ™m>Mmsss,
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Consider the difference mai nar. Since nisi > my it is
evident that

igs — Rags < Mags — My

1<5 lm +m) — me
1

<g(m — mi),
and therefore

m= rs < lm =n).
‘Thus the sequence of numbers m, ms, ma, ms - + - converges to &
limit, and the sequence n,m, ns, ms, - » + also converges to a

limit, and these two limits are the same. Gauss, to whom this

analysis is due, called this common limit the arithmetic-geometric
mean of the two quantities m and n. The sequence converges

rapidly 2s seen from the example m = 1, n = 1/4) for which

m, = 625 ma 5

my = 5625 1 = .55901700
my = 56075850 nis = .56075580

mg = 56075715 mq = .56075715.

Returning now to Eq. (4), let g be the arithmetic-geometrie
mean of the numbers a +banda—b. Then

Vo = Myla +b, ab) = My, 9)

Mt 6)
¢

‘and the value of the potential at any point along the circle which

passes through C is

vy-Me—»), G)
om

If the values of p; and ¢ (Eq. (102.4)),

am and nae
en et man,

are substituted in Eq. (102.5) and the result is then compared

with Eq, (6), itis seen that if vis the arithmetie-geometrie mean of

Land VI—F, then g = (0 + b)y, and
at+b_i IV eg (1:3)p04 (138 8Vee go.eet) bea) ea(=)
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For the numerical example given above

a+b=1, e-bacap ek,
‘this series converges very slowly, and at least three hundred
terms would be required to give the same approximation as that
given by m, and n,.

104, Asymptotic Expression for the Potential.—Ii the point
C approaches the circumference, a — b tends towards zero and so
also does g while the value of the potential tends towards infinity.
It will be of interest to examine the nature of this singularity.

Let the circumference be separated into two parts, one of
length 2! with the point A as a center, and the remainder of the

cireumference of length 2ra — 2.

_7\ | The potential of the main part ofa the hoop is an analytic function of
os " the position ofthe point C. If the

Ei point C’ moves along the radius to

oc t+ the point A, its distance from A
SSA, being denoted by the letter r, the

we potential is expansible asa powerS
series in r reducing to a certainSy, value at the point A which will be

Fro, 08 denoted by the symbol Va. If
a is the angle which the are of length

J subtends st the center, it is readily found from Eq. (102.2) that

moe He = ~20 log tan %a nah @
= a -s-(2).+20 log E+ Ps 6)

Let V« be the potential of the are of length 27 at the point
C. Then (Fig. 63)

wea 2 | amesaJo Va? — 2a(a — r) cos 8 + (a — r)*
u ado )ae

, Vie =r) sint Sot r8
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If Lis very small in comparison with the radius a, the potential
of the are of length 21 differs very little from the potential of a
straight line of length 2 which is tangent at A. Let Vi be the
potential of the straight line at the point C. Then, using the
same coordinates,

tant a sec! ad@Vi= 20f enlo ve sec’ “aia @)Hse", a soc? 00
= 20 _ 2500 db

On changing the variable of integration by the substitution,

ad =,
‘these two integrals, Eqs. (2) and (3), take the form

aa

,ioe — Asin Xt

errs sect anVi= 20 —_ C3)
, ay? tant +r

The potential of the straight line, however, is independent
of the radius of the circle, a, and by taking a= +2 these

integrals reduce to the form

ayY= Vi = 2% (O,SvME
which is the form given in Bq. (101.1) for the straight line. That
these two integrals have the same limiting form was to be

expected, since the limit of the are is the straight line.

Expanded in powers of 1/a

ing rearg eyMM4a(a 1) sin? X= ort) —MM
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is a series which is convergent for all positive values of « and all
values of }. Hence

1
ee areoo

vee te{ioe Asin Rr VEEN Gea yy
tee, )

converges as long as

lto(e — 1) sine & — a4i <
| Poe

If |\) < 2ra, the numerator of this fraction is negative, and
the series is convergent if

M = dole ~ 1) sitRc
which i certainly satisfied ifr <a. Equation (5) can, therefore,
be integrated term by term, and, using the results of See. 101,

Vim 2olog +--+, ©
the terms not written vanishing with rand 1/a,

This analysis has assumed that r and 7 were fixed while «

increases; but since, in the units of length, V. is homogeneous

of degree zero, the result is the same as though r and I diminished,
with r <I, and ais kept fixed.

Finally, on adding Eqs. (1) and (6), it is found that

veNt Va = Qe log 4? + 20 log 2 + ee
r @8a

= 2olog 4 ..-,

‘the terms not written vanishing with r and |. From the symme-
try of the circumference itis evident that the potential is entirely
independent of I, and therefore the terms in I vanish identically.
‘The remaining terms vanish with r alone.

If Eq. (7) is compared with Eq. (102.5) and r/a is expressed
in terms of , it is found without difficulty that asymptotically,

1 ‘1\*, 1-3\3, 1-3 -5\3,
Mla (Mp4 (L8\ en pee714 Q)¥+ (aye era)

Pho
78 7B

. 4
1.465871 logis ———;8 Vi- Fk
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and the approximation gives the first seven significant figures

accurately for /I— k* = .001. The asymptotic expression
for the complete elliptic integral of the first kind is accordingly

4K() = log. 4.©) 2 ee FB
In his “Ezercises de caleul integral,” t. T, p. 68, Legendre

gives the formulas

ide 1 9 4
ea fi tert Batt --- | tog AUae [ takes ght + Jee

Leg Fae,
-[b + Ft aa

i 7 1 3 4f T= Paint ody = [Bet + Saat + Jog 5.
L 13,+[! = pat- Bet }

where ky? = 1 — k*.



CHAPTER V

SURFACE DISTRIBUTIONS OF MATTER

105. Transformation by Reciprocal Radii—Suppose there
is given a sphere S of radius a with its center at the origin of a
rectangular system of axes. If the point P(x, y, 2) lies within

the sphere at a distance r = a?+ y?+ # from the origin
Rn of

R LZ

Fro, 64,

(Fig. 64) and the point Q(¢, », £) lies on the line OP extended

ata distance p = «/f+ 9° + #* from the origin, and if
rola

bes a)
each of the points P and @ is the transform of the other by
reciprocal radii with respect to the sphere S. This transforma-
tion sets up a one to one correspondence between the points
interior to the sphere and the points exterior to it, the points
in the neighborhood of the origin in the interior corresponding
to points in the neighborhood of infinity in the exterior. Points
‘on the surface are unaltered, and therefore, the.sphere is said
to be transformed into itself,

208
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If the direction cosines of the line OPQ are X, «, and », it is

evident that

zen, — = ph,

y=Th, 1 = Pity

a=ry, £ = pv,

and therefore, since pr = a?,

e=%2, a= Sy oa (2)a, a a?

c= rod y ro a ro
Provided q is not zero, the plane P, (Fig. 64),

let my +ne+9 =0,

is transformed into the sphere S:,

la, ma? na?sate reg ep mae, 4 MA og,Bree Tet tr
which passes through the origin. Conversely, the sphere S;
through the origin is transformed into the plane P,; but the
sphere S,, Fig. 66,

att yt tattle t my +net¢ =0,which does not pass through the origin (q = 0), is transformed
into another sphere Sz,

bt, mat, nat, otsae
gee eg Me, eg og,ee es

which does not pass through the origin.

If R, and R; are the radii of the spheres S, and Ss, and if L;
and Ly are the distances of their centers from the origin, then
the centers of the two spheres lie on the same straight line
through the origin and

aly aR:

hate = tr RF
the sign in the last expression to be chosen so that R; is positive.

If P: and P; are two planes which are transformed into the
spheres S; and Ss, Fig. 64, the tangent planes to the spheres at
their points of intersection make the same angle with each other

as do the planes P, and P». Indeed, it is evident from thediagram
that the plane tangent to S, at 0 is parallel to P;, and the plane
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tangent to 8: at O is parallel to Ps. Hence the tangent planes
make thesame angleasP; and P;do. But the mutual nelination
of ‘the two tangent planes of two spheres is independent of
the particular point of intersection chosen. Hence the two
{tangent planes at Q, which is the transform of P, also form the
same angle as do the two planes at P.
A transformation is said to be conform if every pair of two

intersecting lines is transformed into another pair of two inter-
secting lines in such a way that the angles of intersection aro
Preserved. It is clear that the transformation by reciprocal
adil possesses this property,
An infinitesimal length ds = V/dz*+ dy + dis transformedInto
another infinitesimal lengthdy = /di4-dh? df', Sinve

“He-aa- S08)de a ae (28a o( ats
f= ~F(2ae+ (1 = 28g— (a0,a(n) + F(t — 22 S( 2
dex 298i. ant 21 — ofa,S28 ae aE) + Sa — oar,it

is verified readily that

ae = Vas,ae

If da is an infinitesimal ares, its transform da is a similarinfinitesimal area, since the angles are preserved. Similae
Hts t Proportional to the squares of their homologous linesHence

da = Sada,
?

If dt is an infinitesimal volume, its transform dr is a similar
infinitesimal volume, andtherefore,

oedt
= as,

ermula which can be verted dreetly by forming the Jacobianof the transformation. ‘That is

ae, y, 2)dedyde = 12¥, 2)ee ae, ean.
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108. Application of the Transformation to Potentials. —In

Fig. 65, supposePs is the transform of P;, and M; is the transformof
Mi. That is Be 2aoa noe M, a
Let the distance M,P, be denoted

by R, and MP: by Rs. Let particles
of mass m; and m; be placed at the f
points M, and M; respectively. ‘Then
the potentials of m: at the point P; and

of m: at the point P, are respectively,

-™, =™,
Wak MR

Since the triangles M,OP, and Fro. 6
P.OM; are similar, it follows that

pm Ry
tp Re

Suppose also that the masses m: and m: are related, so that

m Tg,
™ a Te

then

Yi om Re oro,
Vi mR. ap

Hence

Vi =", = 29,
ati

and the coefficient p/a depends only upon the position ofP:and is independent of the position of Mf.
A Discrete Set of Points—If there are many points M,‘°

at which are located masses m,‘%, the potential of this set at

the point P, is

miN= 2Rw
‘The transform of this set of points is M:‘? at which are placed
particles of mass ms‘, and the potential of the transformed
set at the point P, is

myVi = tio
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If the masses m and m are related, so that

mO nog

mio a = 50!then, asbefore,
me pmo

and therefore

Vi = 27, = Sy,
anA

Continuous Volume Distribution—Ut each particle of the
shove set is regarded as occupying an element of volaice drri ape deity o: which may, of course, be a function of %%
and the number of the particles is increased indefinitely, thediscrete st of particles passes over into a continuous mar chee
Cceupies @ certain volume, and its potential at Pie

edn,Ys
fRh‘The

potential of the mass, transformed by reciprocal radii, uponthe point P, is

‘rdryYe J“kei
dm: adr on

_ a 1ding ~ Sere = Gs =H ®it is still true that

Va = 2, = Sy, @anaBy See. 105,

ary _ (rit
dy \a}i

and this relation combined with Eq. (1) gives

Hence, the ratio of the densities at corresponding points is‘directlyProportional to the fifth Power of the distance of the originalPoint from the center of inversion 0,

Tineat and Surface Distributions—In ease the distributionof matter is continuous but is either linear oe ont a surface, the
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argument proceeds just as for volumes, and the same conclusion is
reached, viz,

Va= OM; ()
but, if the distribution is over a surface, the density is directly
proportional to the third power of r,/a, and in case the distribu-

tion is along a line the density is directly proportional to the first.
power of r;/a.
Owing to the fact that the transformation by reciprocal radii

is of great value in the theory of electrical attraction, Lord Kelvin,
to whom the use of this method is due, called the mass M; the

electric image of M, in the sphere S.
107. The Potential of a Uniform Distribution of Matter on a

‘Sphere.—In Sec. 29 it was found that if a quantity of matterMis distributed uniformly over the surface of a sphere of radius a
‘the potential is constant inside of the surface, and its value is
Vi; = M/a. If the distribution of matter is transformed by
Lord Kelvin’s principle (Sec. 106) with the center of the sphere
O as the center of inversion, the distribution is unaltered since the

sphere is transformed into itself.
Tf P; is any point within the spherical surface at a distance

p1 from O, and Py is its transform Eq. (105.1) at a distance p:
from O, then by Eq. (106.2) the potential at Ps is

vy, = fy, - 9M M,a pag ~ pewhich is the same as the result found in Sec. 29 by other methods.108. A Non-uniform Spherical Distribution.—Suppose S, (Fig.
66) is a sphere of radius a, which does not pass through the
center of inversion 0. If there is a uniform distribution of matter

on S; of amount M,, its potential at a point P, exterior to it, is

M,/R;. If the sphere S; is the electric image of S; in the sphere
S, and if P; and Os are the transforms by reciprocal radii of P:
and Oy, then by Kelvin’s principle the potential of S; at the

point Ps is ue.py Ms MoM,
Ven ak aR nk

The ratio a/r, is independent of the point P, or Ps. Hence the
sphere Sz attracts particles exterior to it just as though a mass

M, = 2M,
nm

were concentrated at the point Os.
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If, however, the point P, lies inside of S,, where the potential
Vi; is constant, Ps lies inside of S: and the potential at Ps is

oy, 2 Meo MsVen GM a a

‘and the attraction at the point Ps is just the same as though ®
mass

M,= 2M,
ay

were concentrated at the point 0.

‘The density on the sphere $2, however, is not uniform. Accord-
ing to Sec. 106, it varies inversely as the cube of the distance
from the point of inversion 0. In the diagram the center
of inversion lies outside the sphere S:. Henceif P; lies inside of
'S,,Palies inside of Sy; and if P; lies outside of 8, Ps lies outside of

a

Ts

¥10, 66,

Ss. But if the center of inversion O lies inside of S:, then Ps
will be outside of Ss if P, is inside of S1, snd will be inside of Ss
if P; is outside of S;. The results arrived at above, however,

hold whether 0 lies inside of S;, or outside.
If S, is a uniform, solid sphere of mass M, 8: alsois asolidsphere,

but its density varies inversely as the fifth power of the distance
from 0. If P, lies outside of S; and P; outside of S:, then

aM

Vinee
and Py is attracted just as though all of the mass of S3, which is
equal to Ma/r:, were concentrated at the point Os, which is also
the center of gravity of Ss,
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109. Inversion of a Homogeneous Ellipsoidal Shell.—Suppose

there is given a homogeneous ellipsoidal shell E (Fig. 67) which

is bounded by two similar, co-axial, ellipsoidal surfaces and a
sphere of inversionS which has its center atO in the hollow of theshell. The shell Z is the electric image of a certain other shell

I which is obtained by inverting E with respect to 8, and which is
bounded by surfaces which are of the fourth order. In this
inversion, it will be observed that the inner surface of EZ becomes.

the outer surface of J, and that any point P, within Z is trans-
formed into a point P: which lies outside of I.

< WER7

<< (WN

Gf, Q \\\

In Sec. 11 it was found that a homogeneous shell such as E,
attractsa particle anywhere in its interior equallyin all directions.‘The

potential of £ in its interior, V;, is therefore constant (Sec.34). If p2 is the distance of P2 from the center of inversion 0,

anda is the radius of the sphere S, the potential of J, the density
of which varies inversely as the fifth power of the distance from
O, at the point Ps, is by Sec. 106,

ely,
Bs

and therefore, the shell J attracts any particle which is exterior

to it just as though a mass equal to aV, were concentrated at the
point 0.
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Since the potential of Z at points exterior to it is a complicated
funetion of the position of the attracted point (See. 36), the
same is true, also, of the potential of F at points which are interior
tot.

110. Centrobaric Bodies.—Thata sphere which is homogeneousin concentric layers should attract exterior particles just as
though all of its mass were concentrated at its center does not

seem surprising, on account of its symmetry; but it certainly
does seem surprising that such an unsymmetrical distribution of
matter as that which is exhibited by I in Fig. 67, also should
possess this property. The illustrations which have been given
above are examples of a class of bodies which are called centro-

baric, If the resultant attraction of the earth, or any other mass,

upon a rigid body is equivalent to a single force which always
passes through a fixed point relatively to the body, irrespective of
rientation and distance, the body is said to be eentrobarie.

If a body B is centrobarie with respect to a given bodyA,
Lord Kelvin has shown that it is eentrobarie with respect toall
bodies. Imagine a rod attached rigidly to the body A, and therod pivoted at a point O sufficiently far from B that the sphere

which can be described by A does not contain B. In every
Position which is possible to A by this constraint, the resultant
attraction passes through a fixed point @ of B. Let A take »
(very great) different positions distributed as nearly uniformly
4s possible over the sphere, If an n'* part of A were left in each
position the resulting distribution of A would be very nearly a
distribution homogeneous in concentric layers over the spherical
shell, and the resultant attraction of this shell would pass through
G. The greater n is, the more nearly can such a distribution be
made uniform, and the limit for n infinite is a shell homogeneous
in concentric layers, which attracts B with a force which passes
through G. But the shell attracts B as would a particle at the
point 0, Hence, Bis eentrobarie with respect to a particle, and
therefore, eentrobarie with respect to all bodies,

With respect to a particle the lines of force are always directed
through the point @. ‘They are, therefore, straight lines and the
level surfaces are spheres. By the theorem of Sec. 74, the average
value of the potential of any distribution of matter over any
spherical surface which contains all of the attracting matter in
its interior is just the same as though all of the matter were
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concentrated at its center. Hence, if the total mass of B is

XY, its potential at all points which lie outside of the smallest
sphere which has its center at G and wholly contains B, is

ye™,
>

and this formule holds evidently for all points outside of B.

111. The Center of Gravity of Centrobaric Bodies.—If a
body is centrobaric with respect to a point @ which is fixed

relatively to the body, the point G is its center of mass. In
order to prove this, imagine the body placed in the gravitational
field of a very massive particle at a great distance, such as the
gravitational field of the earth. In this case, the center of gravity
coincides with the center of mass, and since both points are fixed
relatively to the body, they must always coincide.

If a body is centrobaric with respect to points which lie outside
of the body, its center of gravity (or center of mass) must lie
inside of the body in the sense that every path from the center of
gravity to infinity passes through attracting matter. For
example, the center of gravity of an anchor ring does not lie
within the body in this sense, but the center of gravity of a
uniform spherical shell does lie within the body. For outside
points the potential of a centrobaric body is V = M/p. If it
were possible to reach the center of gravity without passing
through attracting matter, all along this path the potential
would be M/p. The average value of the potential over a
sphere about the center of gravity, so small that no matter lies
within it, is M/r, where r is the radius of the sphere, and by Sec. 74
this is the value at the center. But M/pis infinite at the center.
Hence, the center of gravity cannot be reached by an open path
from infinity, and bodies whose center of gravity ean be reached
by open paths from infinity cannot be centrobaric.

The example of Sec. 108 shows that a shell of matter can be
centrobarie with respect to points outside of the shell, and also
centrobaric with a different center, with respect to points lying
within the shell. But if a shell is centrobaric for points lying

within its empty interior, the center of attraction must lie outside
of this interior, since the potential function is everywhere finite.
‘An analytic function which represents a potential function in a
certain domain A of empty space will continue to represent the
potential function in every region of empty space which can be
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reached from A by paths which pass through empty space only.
In different regions, which are closed by attracting matter, the
potential function will be represented by different. analytic
functions, and the points at which the analytic functions become
infinite must certainly lie outside of the regions in which they
represent the potential function, since the potential function is

everywhere continuous.

112. The Central Elipsoid of Inertia.—The moment of inertia
of a body with respeet to an axis is

SL pdm,
where p is the perpendicular distance of the element of mass dm
from the given axis. Thus, the moments of inertia of a body
with respect to the 2, y-, and maxes are

fer eim, fet azydm, fet + vam.
Suppose the given body B is centrobaric and that its center

of gravity is at the origin. Let V be its potential function, which,
analytically, is different in different regions. Deseribe a sphere

S around the origin, large enough to contain B wholly within its
interior, snd let U be any function which isharmonic within Sand
Which vanishes at the origin. Then by Green's theorem, Eq.
(57.4),

=

((v8%

— yalfor VaU)dr = SC vee, a
the integral on the left being taken over the volume of the sphere,
and the integral on the right taken over its surface. Since V

is a potential and U is harmonie,

AV = -4ne, aU =0,

« representing the density inside of S. On the surface S

vy=¥4%, W_ iM
> on ”

both of which are constant. Hence, Ea. (1) becomes

ff Voss = Ff mde + f Ut,oJ ne +By Eqs. (62.2) and (74.3)

aU,

fee =0, five =0,
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the last integral holding since U vanishes at the center of the
sphere, by hypothesis. It follows, then, that

Svor = Suen =0. (2)
‘The volume integral can be reduced from the sphere to the

body, since ¢ vanishes outside of the body.
Suppose now that

U=@+y)-@+2)

which satisfies both conditions, namely, that U is harmonic and
that it vanishes at the origin. "Then

Sie + vam = fe + 2am;
that is, the moment of inertia with respect to the z-axis is equal
to the moment of inertia with respect to the y-axis. As nothing
has been said about the orientation of the body B with respect

to the coordinate system, this conclusion holds for every orienta-
tion; therefore, the moment of inertia is the same for every axis
through the origin. From this, it follows that the central
ellipsoid of inertia is a sphere for every body which is centrobaric
with respect to exterior points.

113. A System of Detached Masses Cannot Be Centrobaric.—
Suppose a body consisted of two detached portions, such as
‘MM, and Mzin Fig. 68, and suppose further that this body were
centrobaric. According to s

Sec. 111, the center of gravity _must lie inside of one of the _ Ui)masses, which will here be 7/7) G7
taken tobe M;, and the poten-- 7/7Vy waltial of the body is, CVM+™ Ll”ve

—> ‘Fro. 68.
where p is measured from @.

Describe a closed surface $ about the mass Ms, and take

the surface integral of the normal derivative of V over S. By

Eq, (68.1) ay, 2 (ae =fFae = (hi + we fan(2) a 6,
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since G lies outside of S. But by Gauss’ theorem, Eq. (68.3),

fone = —4eMs.én

It follows, therefore, that M; is zero and that all of the mass

is in M,. A centrobaric body, therefore, consists of a single
mass which is bounded externally by a single closed surface
‘It may be in the form of a shell which is bounded by two closed
surfaces, but it cannot consist of two or more masses which are

wholly detached.

114. Theorems Relating to Electric Images.—The following
theorems relating to electric images will be of interest.

Theorem I.—TIf a body is centrobaric for exterior particles, its
lectric image in any sphere whose center lies outside of the body
also is centrobaric for exterior particles.

Suppose B; is centrobaric and that M, is its mass and 0, its

center of gravity. Let Bz be its electric image in the sphere
S, of radius a, and center at O which is outside of By. Let

P, be any point exterior to B;, and Ps its transform by reciprocal

z

zB eo

Fro. 00,

radii with respect to S; also, let Os be the transform of 0).
‘Then from the diagram, Fig. 69,

nla
pe Re ©

The potential of By at Pr is

=,
v= Ro 2)

therefore, the potential of B; at P: is

Vo = 27,22 am,a pr Ri ~ 7 Re! @)
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or

Ma

na ny
where

Mr = 2 My
n

obviously, is the mass of Bs, since the formula,
lim RV = M,
me

holds for any mass, eentrobarie or otherwise. Equation (4)
shows that By also is centrobaric.

Theorem II—If the body B, is a shell which is centrobaric for
exterior particles, its electric image, in any sphere whose center
O lies in the hollow interior of the shell, Fig. 70, is again a shell
which is centrobaric for interior particles.

Let the center of mass of B, be at the interior point 01, and
let Pi be an exterior point. If O; and Ps are the transforms

& VY ZZ, :

ABN
<p iy

Fie, 70.

of 0, and P;, the point Os will lie outside of Bs, and Ps will lie
inside, The same notation as before can be used, and Eqs.
(1), @), and (8) hold unaltered. Particles in the interior of
By are attracted toward the exterior point 0s just as though
mass Mja/r, were located there and the body Bs did not exist.
‘The point Os, obviously, is not the center of mass of the body Bs.

If By, of Fig. 70, is an infinitely thin shell of mass M,, then By
also will be an infinitely thin shell of mass M2, where, Eq. (106.1),

Ms = fam = of = areBs a, 7
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in whichr is the distance from the point 0 to the element dm;, andVs is the potential of B, at the point 0. Points in the interior of
B; are attracted toward the point Os just as though a mass

M= Me
ri

were placed at the point 0., Since B, is centrobarie with respeet
to the point O, for exterior particles, its exterior potential is
‘M,/R. Let its interior potential be V. Then, at all interior
points, R, being measured from the point 0,

M

Rin >o
On the surface B, this expression vanishes, since the potential
is continuous across By. Deseribe a small sphere 2 about the
point O;. If the radius of this sphere is sufficiently small,

M,/R: — V is certainly positive on 2. Since it is harmonic in
the region between 2 and B; and vanishes on B,, it is positive
everywhere in this region. Therefore, at the point 0,

¥, <M
7

Also, on multiplying through by the constant a,

Vs < MS;
ni

so that

Ms <M;

‘that is, the mass M; on By is less than the mass M at the point 0s.
If the point 0, which is the center of inversion, approaches

the point O,, the center of mass of B;, the point 02 recedes toward
infinity, and the range of the variation of the potential within the

hollow of B; diminishes, so that if 0, is very remote thepotential
within B; is very nearly constant. If the center of inversion

is at O: the point Os does not exist and the potential within By
is constant. ‘This is readily seen from Eqs. (1) and (8), for

aM, _ aM,Van ee
and as the point © approaches the point 0, the length p:
approaches the length R,, so that

Vv, Me. Mh,
mo a

which is constant. Hence the theorem:
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Theorem III.—If a closed shell of matter is centrobaric with

‘its center of mass G in its hollow interior, its electric image in any

sphere which has G as its center is a shell of matter for which the
interior potential is constant.
The converse of this theorem also follows readily, namely,

Theorem IV.—If the potential of a shell is constant throughout
its interior, its electrical image in any sphere whose center
lies in the interior is centrobaric for exterior particles, and the
center of mass of the electric image is at the center of inversion. If
the center of inversion O lies outside the shell, the electric image is
centrobaric with respect to the point O for particles in the interior

of the shell.

115. Level Layers.—Suppose there is given a system of masses
which has the potential V. Suppose V = C is an equipotential
surface that entirely surrounds all of the attracting matter, or

only part of it. Imagine that matter is distributed over this
equipotential surface in such a way that at each point of it

lav.= Fant )

that is, the surface density at each point is equal to the interior
normal derivative of V divided by 47. Since the interior normal
derivative of V is the magnitude of the attracting force F, this
can be written also

o=BF. )
With this distribution of matter upon it, the level surface becomes
‘a level layer.

Let P(z, y, 2)be a point exterior to the level layer S. The
potential at P due to the matter in the level layer is

o 1 1aV,v= =2 fe.f.ad ran p an
where p is the distance measured from the point P. The function
1/p is harmonic inside ofS. Therefore, Eq. (71.2) gives

1aV, a/v dmLV (y(t + ae (2Sine ~ [rene fF
where, in the last integral, B represents the volume enclosed by
S and dm is an element of the mass enclosed by S, Since V
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is constant on S, and 1/p is harmonic in side of S, the first integral
in the right member is zero, Eq. (66.1). Hence

1 lav, dmven ge pant fe ®
This result can be stated in the following theorem:

Theorem—The potential of a level layer at any point outside

of it is the same as the potential of the matter which is enclosed by it.
From this it follows that, so far as the attraction at outside

points is concerned, the matter inside of a level layer can be
replaced by the level layer. Since the attraction of ‘the level
layer is the same as that of the enclosed mass at remote points, it
follows that the total mass of the level Iayer is equal to the total
‘mass which is enclosed by it.

In empty space the potential function can have neither a
maximum nor a minimum; and, since the potential is constant on
S, it must have the same constant value everywhere inside of S.

Hence the attraction of a level layer at interior points vanishes.
It is interesting to note that if an equipotential surface which

encloses the entire mass were covered with negative matter 80 as
to form a negative level layer, the sum of the two potentials
V + Vi would vanish everywhere outside of S, and the level
layer would act as a screen to the attraction of the matter
within it. ‘The sum of the two masses also would be zero. In

the interior of S the screen would have no action and the original

masses would continue to attract just as though the screen did
not exist.

Reduction to Two Dimensions.—Suppose there is given a system
of masses in a plane for which the logarithmic potential is V.
Suppose V = cis an equipotential contour that encloses all, or
only part, of the attracting matter. Suppose that matter is
distributed over this equipotential contour in such a way that at
each point of it the linear density is

lave.

Brin, ~ BF @)
With this distribution of it "contour becomes a level. head pon it the equipotential
A repetition of the preceeding nt ithmiDental gives the analogous theorem n°" Se Fonarithmie
anentl of sel tread ol any point ouside ofie matter which is enclosed by it.
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Since the potential can have neither a maximum nor a mini-
mum in empty space and since the potential is constant along
the level thread, it has the same constant value everywhere
inside of it.

116. Families of Level Layers.—Suppose qi, q2 43 is a triply
orthogonal system of coordinates and that the level surfaces in

empty space are g: = const. Expressed in terms of these

coordinates V(q3) is a function of gs alone. Using the notation

of Eq. (56.5) av avdn Rs dqs

The element of area on this surface is

doy = RiRedgidgs.

Hence, the element of mass in the level layer on the surface
q@ = const.is 1 RiR.aV

am Fe agtd @)
Since V is a potential function, AV = 0 in empty space, and

therefore, by Eq. (56.8),

8 (RRs aV @ (RR, aV a (RR. dV

a eae)+a an) taeay =o ©
Since V does not contain q, and qs, the first and second terms of
Eq. (4) vanish by themselves. ‘Therefore

a (RR.

an (2 av) =90, ()
which shows that the element of mass in Eq. (3) is independent
of gs. From this it follows that:

Theorem.—If f(q., qx, @) = 0 is any closed curve on the level
surface qa = a, and if f(q:, gs, b) = 0 is the corresponding closed
curve on the level surface qx = b, the amount of maiter enclosed by
the curve in the level layer qs = a is the same as the amount of
matter enclosed by the corresponding curve in the level layer qs = b.
The theorem is true for the corresponding elements of the two

areas; therefore, it is true for the entire areas.

It follows also from Eq. (5), by integration, that

RyR: aV

“Be ag, 71s 90
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Where f is a function of : and qs only; and since a¥/dgs is «
function of gs alone, say

av

av 6)3g, = 9) @)it is evident that

BR: _ fl..q), ©Ry 9)”

that is, RuRs/Rs is factorable, one factor containing g, alone and
the other independent of gs. Equation (3) then becomes

1am

= 74a adda. )Conversely,
suppose a triply orthogonal system of surfaces's

given and that Rifs/R, is factorable in the form of Eq, (7).A
funetion V ean be determined from Eq. (6) merely ‘by #

quadrature, the constant of integration being chosen so that
V vanishes at infinity. The funetion V so determined iy har.
monic, vanishes at infinity, and is constant on the surface gs =
const. Hence, V is the potential of a distribution of maiter
on this surface for which

=v,°"

ER ag;Theorem—A
necessary and suffcient condition that one family,gs

= const, of a triply orthogonal system of surfaces may aleebe a family of level surfaces is that RiRa/R, is fuctorable on sho
form of Eq. (7), and that there exists a constant C euch that

Socasdeas + ¢vanithes ot infinity.

iY. Level Layer on an Arbitrarily Given Surface—If it
fave known that every closed surface is an equipotential surface
fe fome distribution of matter that lies wholly within we ne
{he surface, the results of the preceeding sections would prove{het there existsa distribution of any given quantity of maton: weSeon’ Elven closed surface$ for which the potential ls constant onQa inother words for which S itself san equi-potentiatnataceQuite likely, if is properly restricted, there as infinitely many
{plume distributions for which S is an equipetonena surface,although thereis no proof to this effect; but itis tne thar net
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exists one, and only one, surface distribution on S of a given
quantity of matter M for which S itself is an equipotential
surface, a theorem which is due to Gauss, although his argument
is not sufficient to prove the proposition.

Suppose the mass I is placed upon S at random and suppose
also that the particles of M repel each other instead of attract.
This last hypothesis does not affect the potential V, but it does

change the sign of the potential energy of the distribution which,
by Eq. (76.1), is

We pfYeas, o)s

where V and o are the values of the potential and the density
at the surface element dw.

Let R be the maximum distance between any two points
on S. Then

‘im. MVe fe 2 R
and

ae

weap

which shows that, whatever the distribution may be, the potential
energy, which is necessarily positive, has a limit below which

it cannot sink. It does not prove that W has a minimum, for,
conceivably, the lower limit might be approached by many
distributions and be attained by none.

For any infinitesimal variation of the distribution (that is,1 variation in ¢) the change in the potential energy is

ow = ifoov + Vb0)dus;Is

and, since the total amount of matter is constant,

a= [ie de =o. @3

‘The change in the value of V at any given point is

v= fFae, @36
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In order to make sure that there is no other solution, let
Vo be the average value of V on S for the assumed solution.
The variation of W can also be written

we fe — Vo)bodu, (5)
and this must vanish for every set of 6¢ which satisfies Eq. (2).
Let P be the portion of the surface $ on which V — Vo is

positive, and N the portion on which it is negative. Let the
variations of ¢ in the region P be negative and in ‘the region

XN be positive, but of such values that [ede is zero. Then
evidently the variation of W in Eq. (5) is negative and not zero,
since the integrand is decreased everywhere. Hence V = const.
is the only solution.

‘There cannot be two different distributionsof the same amountof matter on S for which the potential is constant on S. Suppose
there are two different distributions which have constant
potentials on S. Let V; and V2 be the external potentials
of these two distributions, and V, and V3 their values on S.
‘Then

Vi = eV

where y is some constant. Consider the difference
VaeVi- as

‘The function V is a potential function which vanishes on Ss
and at infinity. It is, therefore, zero everywhere (Sec. 75), and

Vie as.

But, since the total quantity of matter is the same in the two
distributions, the limit of the ratio V/V; at infinity is unity.
‘Therefore

wel, and Vx = Vi,
‘There cannotbe two different constant values, but conceivablythere might be two different distributions which have the same

constant potential on S, but this also is impossible. Since the
density on the surface is (Sec. 115)

1av,

o-Ee

and since V;= V;, the normal derivatives are everywhere
‘the same and, therefore, the densities in the two distributions
are identical.
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‘There cannotbe more than one distribution of a given quantityof matter on S for which the potential is constant on S.
It should be obsorved that in this distribution of matter on

S, every portion of the surface is covered with matter, if S is

a closed surface. If it were not so, there would be a path from
the interior of $, where the potential is constant, to the exterior,
where it is not constant, which did not pass through attracting
matter. By Theorem IIT, Sec. 75, this is impossible and the
surface must everywhere be covered, with the possible exception

of isolated points and lines at which the density might vanish.
‘The theorem that the distribution which makes the potential

energy a minimum also makes the potential constant in the
interior and on the surface is a particular case of a somewhat

more general theorem which is due to Gauss.
Reduction to Two Dimensions.—The above argument, without

any essential modification, indicates, also, that there ean exist
but one distribution of a given quantity of matter on any plane
contour C for which the contour becomes a level thread; that

is, for which the logarithmic potential of the distribution
is constant everywhere on C, and therefore within C, if C is
closed.

118. Robin’s Integral Equation.—If V, and V; are the external
and the internal potentials of a closed level layer, then

1aVv. . 1 AVdim gang ON as an =O
This is the familiar discontinuity in the normal derivative

of the potential of a surface distribution of matter. If m is a

point of the surface, the normal derivative of the potential
at m does not have a definite sense.

‘Suppose m; is an interior point on the normal through m and

infinitely near m, and m, is an exterior point on the same normal
also infinitely near m. If p; and p.are measured from m, and m,

respectively and g is the angle between the direction of p and
the direction of the exterior normal, then (Sec. 66)

vee f208 5du, Vio [2 Sodu.one Is pe On. Is ee

Hence

= tim 2 (2%, = lim 1 (2S,on tim f, [23 ds, 0 tin gf Fed,
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If pm is measured from the point m itself, the integral

I= f$08 Yad,J, Pmt

which represents the normal component of the attraction of
Son m, has e perfectly definite sense and can be evaluated.

Let a plane perpendicular to the normal at m, which is assumed
to be a regular point of the surface, be passed through the point
‘m;. This plane divides the surface S into two parts, an‘infinitesi-
mal disk s with its center at m, and the rest of the surface z
‘The normal components of the attraction of 2 at the points m
and m, differ infinitely little, since the two points m and m
differ infinitely little in position, The limit of the normal
component of the attraction of ¢ on ms as ms approaches m is
2re directed towards the exterior, since the limit of the solid
angle subtended by s at mis 2r (Sec. 8). Hence, the limit of
‘the normal component of the attraction of 2 on m, also is 2x0
directed toward the interior, since the total attraction on m: is
010.

The limit of the normal component of the attraction of s at
the point m is zero, since the limit of s is a plane disk in which
‘mies. Therefore the normal component of the attraction of S
‘on m is the limit of the normal component of 2 on m, that is
‘2rem Hence

Qn = [Fede”

Js Pm? ’
or q@)

om = Lf Leds,atef 2 fede,
which is Robin's integral equation

If the total mass on S is M, then

Ma fieds, 2)
s

and the distribution of matter on S is completely defined by
Eqs. (1) and (2).

119, Picard’s Solution of Robin's Equation.—Combining the
general line of thought of Neumann in his method of the

arithmetic mean with his own method of successive approxima
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tions, Picard has given the following solution of Robin's equa-

tion! for a surface which is everywhere convex,

L208»,ole) = ge PREECE Dee,

where the o in the left member is the density of the distribution

at the point from which p is measured, and in the right member
is the density at the surface element ds,
Letf be any function whatever that is continuous on S. Aseries of functions,f,, fa, . . . is defined by the relations

1 0s ¢

fagfea
1 (os ¢,

fa = pe [FP hde,fag[5%

=2 [oy
fon ge[tad

It will be shown that, aside from a constant factor, f, tends
toward the function « which represents the density of the dis-
tribution in a level layer.

‘The first of these equations can be written

1 focosy
Ls de,i xf, op

Since ¢ does not vanish on S, let A be the maximum value of the

ratio f/o and B be the minimum; so that (A + B)/2 is the mean
value. Let a be that portion of the surface for which the ratio

J/c is greater than the mean, and 6 the portion for which it isless
than the mean. Then

anf s Af L28Fdy 4 ALBod arcsLas,J. 2 J,

and

A+B fcoose o 00s e
nf,2 ATR (78 240 + BES Fae,hey f pet f *

‘Prcano, &., ““Traité D’Analyse,” Vol. I, p. 203.
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‘These equations can be rearranged so as to read

2h SAf reese, A-B(ote,Ie 2 J, 6

£008 G4, 4 A= Bo cose,rene Bf Pte+ AZ f -‘The integral over the entire surface is 2nv. For the other
‘integrals, let

«008 ¢ 2 08 @rd, = [TOS eg, = (EF,2 f ESda, Dey f “0
that 6, and @y are each less than o (the integrand being every-where positive). With this notation, the above inequalitiesbecome

h A= Be
¢84-“S

veers,for any point on the surface,

If two different Points are taken and are distinguished by the
‘subscripts 1 and 2, these inequalities give

fuc ygA~Bow fn A=B bse,am 24 ied ne Bt+ a a
fgg -AaBbe fayA~ BoneoF

2 oe oO 2 oeHence

& ~Be @- 44458“(Gs + 22).‘The
coefficients of (A ~-B)/2 in the tight members of these

equations are each less than 2; therefore

B-Bl<wa -B),where
is some positive number less than 1. Since thisinequal-ity holds for any two Points on S, it follows that if A, is the

maximum valueof fi/o and B, is its minimum value
(4: ~ B) <y(a —B).
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In a similar manner, it is shown that
(As — By) < uX(A — B),

where A, and B, are the maximum and minimum values of the

ratio f,/e. Consequently, if f, tends toward a limit at every
point of S, the ratio f./a tends toward a constant value, since
the difference between its maximum and minimum values tends

toward zero.

Now

| [en eensp= pe | Se a,tao
and

vat fetes,BroJs pF

the dashes on the letters indicating the value of the function

at the surface element dw. On multiplying the second equation
by f.-: and subtracting from the first, there results

ape lf (fee -f cos ey.few tenn gh f (Fe SePas
and since

|e: - £3 <u - B),
it follows that

Ife — foul < w-(A — B)o < u(A — B)oo,

where oo is the maximum value of o.

By writing

abt h-M+Gr-M + 9 $e feds

it is seen that f, can be regarded as a sum of terms which decrease
like the terms of a geometric progression. It has, therefore,
‘a definite limit, and if C is some constant.

lim f, = Co.

120. Example of a Level Layer.—Suppose two particles,
each of unit mass, are placed at the points 0; and 0: (Fig. 71),
the distance between the points being 2. If the distances
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of the point P from 0, and 0; are p; and ps, the expression for
the potential at P is

vat4h,
car

Fro, 71,

and along an equipotential surface V is constant. If the value
of this constant is 2a/l the equation of the surface is

1120 @
ata 7

The force F which is acting at P is the resultant of two forces
Ve? and 1/p:* directed toward 0, and O, respectively. Its
magnitude as given by the parallelogram law is

Lai ay wy

Hence, a level layer can be constructed by distributing matter
over the level surface, Eq. (1), in such a way that the densityis

1/1 Vi 1 4th=z] (44+2)454+4)--43, 2)ca eta) SP @
and this level layer attracts points outside of it just as the
articles at Os and 0; do. For a = 3/4, the level layer‘isasingleclosed

surface of revolution which contains both of the attracting
articles, For @ = 1, the level layer has the shape of an hourslass, at the point midway of which the force F vanishes and
therefore, the density ¢ also. Fora = 8/2, the surface consists
of two ovals each of which contains one of the particles, and
therefore (Sec. 115) each oval of the level layer, for particles
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outside of it, is equivalent to the particle which is contained
within it. If the particle at 0, is left undisturbed, but the
particle at Or is replaced by a level layer which is a single oval,
the system is equivalent to the two particles at 01 and O; for
particles outside of the oval. ‘The potential inside of the oval
is constant; therefore, the attraction of the oval on an interior
point is equal and opposite to the attraction of the particle
at 0s, ‘The level layer surrounding Os, taken by itself, is centro-
barie for outside particles, and attracts inside particles just as

though all of its mass were negative (repellant) and were con-
centrated at the point Os.

121, Level Layers on Prolate Spheroids.—The equipotential
surfaces of a homogeneous straight rod are prolate spheroids
(ec. 98). If p: and ps are distances measured from the ends

of the rod, the equation of these surfaces in bi-polar coordinates
is

pit es = 2a,

where a is the polar semi-axis. £ p
Let X and y be parameters defined by the

relations '
pita, apa2H d .and let @ be the longitude with respect to a polar h,

axis, which coincides with the rod. The surface ¢

X= const. isan ellipsoid; the surfacex = const.is one of the sheets

of a two-sheeted hyperboloid ofrevolution;
and @= const. is a plane. These, npthree surfaces are confocal and intersect each

other orthogonally. If the length of the rod is 21, the equations
of transformation for rectangular coordinates are

2 = TVATEA) 00s 8,

y= FV WAVED tin 8, @
eo™,

the coordinates 2, 4, # being restricted to the intervals

del -lsuS4 056525.
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‘The direction is normal to the ellipsoid, the y-direction is normal
to the hyperboloid, and the 6-direction is normal to the plane in
the sense of longitude increasing.

If P(z, y, 2) is a point on an ellipsoid for which } = a, the
normal displacement of the point p dueto an infinitesimal changein the coordinates is

= (2) + (24 (@Ja- Meta, @a= V5) + GQ) +G)a-\eae™ ©
forthe value} =a. Similarly the displacements along a meridian

and along « circle of latitude on the ellipsoid are respectively,
BETH TaN, oF .VG) +@)+Gya-v

and

an)? | (au)? (a2)? lyin\@) +@ +) 6 = VEREHe, @)

also for the value = a.

‘The value of the potential of a homogeneous straight rod
of length 21 and mass unity at a given point P is

_1, att
Vago? ©

where a is the polar semi-axis of the prolate spheroid which passes
through P. The normal derivative of V is

a BVanan
~ 8a on’which, on account of Eqs. (1) and (4), becomes

ave -1f-—— (5)Go ACC) “
Hence, the density of the level layer on this spheroid is

os<a .
ron ae =P —1)

‘The element of area on the spheroid is the area of the rectangle‘of which the sides are given in Eqs. (2) and (3). That is,

ba = VGTGTats

and the element of mass is edw, or

1dm =wi ted.
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If dm, is the element of mass in a collar of width du, the integra-
tion of this equation gives

duam. = J ©

and the integration with respect to u from —1 to +1 gives the
total mass +1, as of course it should. The simplicity of Eq.

(8), however, shows a simple distribution of the mass in latitude.

‘The distribution is uniform with respect to 4, and therefore,
uniform with respect to 2, also; that is the mass included between
any two planes which intersect the spheroid and which are parallel

to the equatorial plane is proportional to the distance between
the planes. As a varies, the mass included between any two

hyperboloids remains constant.
If the rod is regarded merely as an auxiliary concept the

spheroidal level layers being the principal one, it is evident from
Eq. (4) that there are infinitely many spheroids, for a given mass,
for which V has a fixed value, say unity. On taking I = ae,

where ¢ is the eccentricity of a meridian section, Eq. (4),
lte2 = log

defines the relation between! and ¢. The potential energy of a
unit mass distributed as a level layer on each of these surfaces is

the same. No work is required in passing from one of these
distributions to another. It is interesting to note that of all of
these spheroids, which vary in shape from the sphere with a radius
unity to a straight line of infinite length, the sphere is the one
which encloses a minimum volume.

122, Level Layers on Ellipsoids.—It was proved in See. 11
‘that a homogeneous ellipsoidal homoeoid attracts an interior
particle equally in all directions, so that the resulting attraction
is everywhere zero. This means, of course, that the potentialisconstant inside the homoeoid, and that if the shell is infinitely

thin the surface is an equipotential surface. If the distribution
of matter is a surface distribution, the density is proportional to
the thickness of an infinitely thin homoeoid. ‘That is

Idan,

where hi is a factor of proportionality.
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If f(z, y, 2) = 0 is the surface, and
DAW af\? afy?

OCU!
then, Eq. (54.4),

to =kLap, and dn = pif
Since df is constant over the surface,

where hs is a constant factor of proportionality.
The equation

anti 4 YM YZ -ie 2> BS@ v2) -gogthagt =v! 0, a>, (1)
represents a family of confocal conicoids, if g is regarded as
parameter. The three roots of this equation, when regarded
fas a cubic in g, are the elliptic coordinates of the point 2, v, 2;
thus!

gt = SHAN = w)(* — 0),
a*(a? — b*)

2 1 — BD — 9)"— a9),p=Oe : C)
2 103®

ab?

‘The order of the magnitude of the roots is

a> garb >g>0> as
and q = 4 in Eq. (1) is an e"lipsoid.
ft

pe = ON = 0) - 14Tae qa — bn 4eq\enw

net =(ON9)_ aFar = g)b) = ges 49q\ en et

ap = Oa ea) 14)Ta qo? — aa 4 a4l cnet

the components of the displacement of the point x, y, 2 due to
‘an infinitesimal change in the elliptic coordinates are Ridgi,
Redg:, and Rdg. These three components are mutually

1 Statics and the Dynamics of a Particle,” p. 355
+ Bbid., p. 380,
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orthogonal, the frst two lying in the plane tangent to the ellipsoid,
and the third being normal to the ellipsoid.

It follows at once from Bq. (1) that

apy? , (a)? 4 (a)* — 4a(2) + Gi) +) =i
and therefore

‘Rt = 4R3*.

‘The density in the level layer on the ellipsoid is then

c= i Fee oe =o).NG Maw }
or, since gs is constant on the ellipsoid, the constant factors
can all be included in a single factor of proportionality, and then

h

Vai= 99)(g2= 9)The element of area on the ellipsoid evidently is

do = RRedardas,
or

(1 = VG = OG — 7)dy = Vs= 99) 02 — 19) ggaWe = ala = nle — we

and the clement of mass, dm = od, is

Mgu — eaddgudnsdm =———_M_—dds ____.  @)IVE = 1a — ae (= OTBT

This expression for the clement of mass is independent of 92,
and therefore, it holds for each member of the family of confocal

ellipsoids. The constant A can be determined by the condition
that the mass of the level layer is equal to unity. Hence, on

integrating over an octant of the ellipsoid,

ae f°ie r=aortashe Ju Jo Vie WG — Mar@ = WO ge
= f.gu= dg, fgeJe VG = aa: — Vaso Vt = a OF = ga

fr — slr SSJn Via = a) qs — ba Jo Va = a0 = aaa

‘The substitutions \/a? — gq: = V/a*— 8 sin y in the first and

third integrals, and Vj = b sin ¢ in the second and fourth
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integrals, effect the reductions to Legendre’s normal forms,
and it is readily found that

1

9y 7 EK + EK ~ KR),
where K and E are Legendre’s complete elliptic integrals of the
first and second kind, for the modulus

sab
eate*

and K, and Z; are the same quantities for the complementary

modulus k:* = 1 — k*. But, as Legendre proved,

EK. + EK -— KK, =>
whatever value k* may have, Hence, for a level layer of unit
mass

1 1
hep and o=. 4)
i 4eV (ai = @(G2 = 9)

For gs = 0, the ellipsoid is @ plane double elliptical sheet,
Therefore, a single plane ellipse will be a level layer of mass
unity if the density on it is

1

OV anteIt is found from Eq. (2) that, for gs = 0,
By _ am
at pf =} gay

Hence, the lines of constant density are ellipses which are similar
to the given ellipse. The density at the edge (g: = 0) is infinite,
and at the center, where g, = a? and gs = BF, it is

ss°°

= rab‘The average density is twice the density at the center.

It will be shown in the next section that the equipotential
surfaces of this elliptical disk are the confocal ellipsoids. Equa-
tion (3) shows that if the double elliptical disk should expand
through the series of confocal ellipsoids, retaining always the
constant mass unity, the same element of mass would be found
in the tube defined by qi, q1 + dq, a1, a2 + gz, euch constant.
The density would vary from one surface to another, but the
element of mass would remain the same.
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123. The Potential of Ellipsoidal Level Layers.—The direct

computation of the potential of an ellipsoidal level layer involves.
very difficult integrations which, probably, have never been
carried out. But the potentials can be obtained without diffi-
culty from the expressions for the potential of a homogeneous
solid ellipsoid simply by differentiation.

‘The potential of a homogeneous, solid ellipsoid at an exterior
point 2, y, 2, is Eq. (36.1)

= “(-f-wv ~vvatr f (@ are Pre ri)
—— HtVETS T NFS

where a, 8, 7, are the semi-axesof the ellipsoid and x is thepositiveToot of the equation

a a sr
arnt eee teeth

The potential of the similar ellipsoid whose axes are (+a,
(1+), and (1 + d)y at the same point z, y, 2 is

.

a nr ae aW = soaby f (149-335 B+s Fri)
~ a
Vie $6 F565)

where xz is the positive root of the equation
a

ar .

Btnte tte TNE
‘The potential of the shell which has been added is, therefore,

V=W-U;

and for \ very small

awve mee
‘The lower limit of the integral, xz, is, of course, a function of
A, but this fact can be ignored in the differentiation, since the
function within the parenthesis vanishes for s =n. On dif-

ferentiating then with respect to d so far as d oceurs explicitly
and then setting \ equal to zero, there results

V = dread af”. oeSTN ee + (BF NOE 8)
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‘The mass of the ellipsoid is

M = Froaby(l +5,
and the mass of the infinitely thin shell is

aM = troasydn.

Since the mass of this shell is unity it follows thet

1 = readin,

and therefore, the potential of the ellipsoidal level layer of unit
mass is

a“2), VEFOP FIG TS)

At the surface x = 0, and, since the potential is continuous

across the surface and constant in the interior, the value of the

potential at all interior points is

yel f .“2S Vie FORT IG TS

For the elliptical disk y* = 0. The potential is constant
over the surface for which ris constant. ‘That is, each member

of the family of confocal ellipsoids is a level surface.

124, Layers of Finite Thickness.—If an infinitesimal amount
of matter is distributed over a level surface in such a way,
however, that the surface density is everywhere proportional
to 8V/dn, the potential due to the matter so distributed is
constant within the surface, and it will remain constant if the

matter expands s0 as to fill the volume between two infinitely
close level surfaces, the amount of matter associated with each

element of surface remaining proportional to aV/an just as
before. The volume density in this new distribution, however,
is proportional to (aV./an)*.

In order to show this, suppose the amount of matter distributed
is mal and that it is distributed in a shell of uniform thickness

di, The amount of matter associated with each clement of
surface is

lev

ae antes

and this amount of matter is expanded to fill the element of
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volume dadn, dn being the distance between the two level
surfaces. If o is the volume density

1avodin = 2 2V dua
‘After removing the common factor dw and then multiplying
through by dV/8n, this expression becomes

1/av\?adv = aa) ‘al;
and, since dV and dl are constant over the surface, this equation
can be written

avy:

o= (ir) =P, a
where / is constant over the surface, and F is the intensity of
the force at the point under consideration. This distribution
of matter leaves the level surfaces undisturbed. Infinitely
many such layers can be built up into a shell of finite thickness
for which the internal potential is constant, and the external

‘equipotential surfaces are the same as for the original mass.

If the total mass of the shell is M, its attraction on particles
exterior to it is just the sume as the attraction of the original
mass. The factor of proportionality h in Iq. (1) may vary
from layer to layer in any manner whatever, continuously or
discretely, but in any given layer the volume density is pro-
portional to the square of the resultant force at that point.

‘The electric image of any of these shells in any sphere whose
center lies inside of the shell is a centrobarie body (Sec. 114)

for exterior particles. Green's theory, therefore, shows how to
construct an infinite variety of bodies which possess the interest-

ing property of attracting outside particles just as though the
body itself were a particle.

125. A Finite Shell Bounded by Confocal Spheroids.—In
See. 121 a level layer was constructed on a prolate spheroid.
AAs itis desired to extend these results to the construction of

shell of finite thickness bounded by two confocal prolate sphe-
roids, the notation and formulas of that section will be useful

in the present one.
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For a homogeneous rod of length of length 21 it is convenient

to transform to the coordinates 4, 4, @ which were defined in
‘Eq, (121.0), namely:

_ Loe = BYE = 4) 008 6,
yo Joe = YE = #4) sin 8,
z-™

If the mass of the rod is unity, its potential at any point
‘on the surface of the prolate spheroid which is confocal with the

‘ends of the rod and for which ) is the polar semi-axis is, Eq.
(121.4),

1 A+LVm ay ®
‘The force acting at any point P of this surface is given by Eq.
(121.5)

Fs a
an VRBO =

‘and therefore, the volume density at P is

= (3 Peko= Nan) ~ OF Hot -
where h is constant over the surface of the spheroid, but can
vary from one spheroid to another. That is, h can be a function
‘of ) but not a function of u or 6. Let this function be chosen
so that in the plane of the equator, where » = 0, the density is
constant and equal to oo. Then h = ood*(M? — F*), and

ot

one @)
Since the three displacements defined in Eqs. (121.1), (121.2)

‘and (121.3) are mutually orthogonal, the element of volume
is obtained by taking their product. ‘That is

ar = MFFinda;
and the element of mass, dm = odr, is

dm = Fadl.
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Henee, if a is the polar semi-axis of the outer surface, and b
that of the inner one, the total mass M is

wo
(2 (tt

a9 ff Pvnauce
a 4 @)

= too, Medd = Groo(a? — b4),
which is the same as that of a homogeneous spherical shell
of which the bounding spheres have the radii a and b and the

density of which is the equa-

torial density of the non- —

homogeneous spheroidal shell. (ree)
The surfaces of constant aN i}

density are defined (Eq. (2)) wN\ /}
by the relation x#/M* = acon- AC. a,
stant. Since NN AY

oN CAmitps=2,  pr—pr= 2, PSs Sa

it is evident that, if the ratio | —/u is constant, so also is the
ratio p:/p: constant. The

surfaces of constant density \\, p71are, therefore, spheres which \7.7S a
have their centers on the axis. (~~ —

of the spheroid; furthermore ‘ye SON
these spheres divide the line fof SN
of the half-rod externally and /; a
internally in the same ratio, Ne)
as is indicated by the dotted ea
ines in Fig. 73. pete

It is known from the theory
of Sec. 115 that this spheroidal shell possesses the property that

its internal potential is constant. It is desired to ascertain the
value of this constant,

If an infinitesimal amount of matter dM is distributed over

a level surface in accordance with Eq. (2), its potential at external
points and on the level surface itself is the same as though it
were uniformly distributed over the line of length 22 which joins
the two foci. Equation (1) then gives

Ly dtl.aV = 5 log aM;
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land this is the value of the potential throughout the interior
of a shell of infinitesimal thickness which is bounded by two
level surfaces, the density of which is defined by Eq. (2). From
Eq. (3), it is found that

dM = 4ro<Xdn.

Hence

= 42"? log tL,aV = 227)" log SD,

and for the shell of finite thickness

on fy oe MEY,veofp f 2 log a.
‘The integration of this expression gives the value of the interior
potential, viz.:

_2oof ys gedt2 4 poe at — 2) + art.v a2 [x log$A+ F logO ~ F) +e
|At points exterior to the shell the potential is the same as

though all of the mass of the shell were uniformly distributed

along the rod; that is MM, d+!
V=3 le,

and the shell attracts an exterior particle just the same as the
rod does.

‘The clectric image of this shell in any sphere whose center
lies in the interior of the shell, is, of course, a centrobaric body.

126, The Surface Density Necessary to Produce Given
Potentials.—It was shown by Green as one of the earliest appli-
cations of his theory that if a closed surfaceS is given, if Vi(z, v2)is harmonic (See. 62) inside of Sand V.(z, y, 2) is harmonic
outside of S, vanishing at infinity in the order of 1/r, and if
V; = V. on S, there exists one and only one distribution of
matter on S for which V; is the internal potential and V, is
the external potential.

In order to prove this, Iet 2, y, # be the coordinates of a point
p inside of S and §, 1, ¢ the coordinates of any point on 8. If
the distance between these two points is

pa VERFOTO
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the value of V; at the point p is given by the surface integral,
Eq. (63.3),

1 10V; afl

the external normal derivatives being taken.
Outside of S the function 1/p is harmonic. The function

V- also is harmonic and vanishes at infinity in the order of 1/r.
Hence, as is proved in Sec. 63 for an exterior point,

1 1a. a(to~

ff Loan ~ Pons) ®In Eq. (1), the normal derivative is taken outward with respect
to S, and in Eq. (2) it is taken inward. The inward normal
derivative and the outward normal derivative of 1/p differ
only in sign; on the surface S, V: = V-; hence, on taking the
sum of Eqs. (1) and (2), it is found that

_ 1 (favs, a. JawVile, v2) =Pale Fan, |= i)
If the point p, at which the potential is evaluated, lies outside

of S, it is necessary only to interchange the subscripts e and i

in Eqs. (1) and (2), and therefore, also in Eq. (3); that is

_ Life, a. Jaw,Vides 2) = Ese +or of cS)
the form of the right member remaining unaltered.

Now let a distribution of matter be made on S in such a way
that the surface density is

1fav. , av, 5)o=rab + x} ©
which is definite and unique since the normal derivatives of

V, and V, are definite and unique. The potential due to this
distribution of matter is

ve f of,an

If the point at which V is evaluated lies inside of 8, Eq. (3)
shows that V = Vi, and if it lies outside of S, Eq. (4) shows that
V=V.. Hence, one and the same distribution of matter on

S produces the potential V; inside of S and the potential V.
outside of S.
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127. Green’s Problem.—The functions V. and V; are not as

independent as the above proposition might lead one to infer.
Indeed, if V., harmonic outside of § and vanishing at infinity,
is given arbitrarily, there exists, at most, but one function
V, which is harmonic inside of S and equal to V.on S. Suppose

there are two such functions, and that the second funetion is
V;+W. Then W is harmonic inside of S and equal to zero

on S. It is, therefore, (Theorem I, Sec. 75) equal to zero every-
where inside of S, and there can be but one function, if any
at all, that is harmonic inside of S and equal to V, on S.

Suppose the exterior potential is given, then Green's problem
for the interior of a surface can be formulated as follows:

Green’s Interior Problem.—Given a closed surface S, does
there exist a function V(x, y, 2), which is harmonic within S and
which takes @ given continuows set of values on S?

‘The equation, Eq. (63.3),

vend ELLE r2Q)fo aw
requires a knowledge not only of the values of Vi but also of
the values of 8V;/dn on S. But since, if the function V, exists

at all, it is unique, V; and aV;/an are not independent, and
Green’s formula requires more information than the question

premppons.

Green himself observed that if there exists a function

1G= A +4H, (2)
in which H is harmonic inside of S, equal to —1/p on S, so that
G vanishes on S, and admits a finite well defined normal derivative

on S, the value of V; at any interior point is given by the equation

1 ae "Viz, y, 2) = ~b frit, (3)
an equation which is obtained from Corollary I in See. 63 by
taking ¢ = Vi and ¢, = G, and remembering that G = O on S.

‘The function G, which is known as Green’s function, is associated
with the surface S, and is entirely independent of the function
Ve

‘The problem, therefore, can be re-stated as follows: Given a

closed surface $ and a point p within it al which p vanishes, does
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there exis a function G = + HY in which His harmonic inside

of S and equalto —1/pon S?Evidently a similar problem exists for the region exterior
to the surface S. It can be stated as follows:

Green's Exterior Problem.—Given a closed surface S, does
there exist a function V.(z, y, 2), which is harmonic outside of S,
vanishes at infinity, and takes a given continuous set of values
ons?

‘The equivalent reduced problem is

Given a closed surface $ and a point p ouside of it at which p
tanishes, does there exist a function G = ™ 4-H, in which His
harmonic ouside of S, vanishes at infinity and is equal to —1/p on
Ss?

128. Certain Physical Considerations.—From certain physical
considerations, Green was satisfied that the answer to these
questions is in the affirmative. Suppose the surface $ is a
perfect conductor of electricity which is maintained at zero

potential under all circumstances by a wire, which also is a
perfect conductor, connected with the earth. "If a unit particle
of positive electricity is placed at a point p inside of $ a certain
charge of electricity is thereby induced upon S. The potential
at any other point inside of S, due to both charges of electricity,
is

1G= ath

where 1/p is the potential due to the unit charge at p, and H
is the potential due to the surface charge induced on S. Since
His. potential due to a surface distribution on §, itis harmonic

inside of S; and since the surface S is grounded, its potential
is always zero. Hence G vanishes on S, and H is the harmonic
function in question.

A second example from the domain of physics is the following:
‘Suppose the individual points of the surface of a body are main-

tained at constant temperatures, although the temperature may
vary from point to point in any continuous manner over the

surface. In the course of time, the interior of the body will

reach a state of thermal equilibrium, in which the temperature
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at any given point remains constant. The function T which

represents the temperature of the steady state is harmonic, for

the equation 47’ = 0 means that the heat received and discharged
at each point is the same (Sec. 56). ‘The temperature also takes

prescribed values on the surface. Therefore, 7’ satisfies the
conditions required in Green’s problem

129. The Existence of Green's Function —Given any closed
surface $ and a point p cither within it or without it. Let p
be the distance measured from p to any point. If p is inside of

S, it is required to find a function H whichis harmonic inside of S,
and equal to —1/p on S. If p is outside of S, it is required to

find a function which isharmonic outside of 8, vanishes at infinity,
and is equal to —1/p on S.

Let a sphere > of radius a be described about the point p as a
center, and let the surface S be transformed into the surface S*

by the method of reciprocal radii (See. 105) with respect to the
sphere 2. Let a quantity of matter Q be distributed upon the
surface S* in such a way that the the potential due to the dis-
tribution is constant within and on S* (See. 117).

The electric image of S* in the sphere Z coincides with the
given surface S, and the resulting distribution of matter on S
is centrobarie with respect to the point p for points outside of S
if p is inside, and for points inside of S, if p is outside (Theorem
IV, See. 114).

If p lies inside of S, the quantity of matter Q can be chosen
so that the mass of the distribution on $ is unity, and the poten-
tial of this distribution at all outside points is 1/p. If Vs is the
interior potential of this distribution, V; is harmonic inside of S
and is equal to 1/p on S, since the potential function is continuous
across S. Hence the function

H=-V;

satisfies all the requirements of Green's interior problem.
If p lies outside of S, the quantity of matterQ can be chosenso that the potential of the distribution on $ is 1/p at all interior

points. If V. is the exterior potential of this distribution of
matter on S, the funetion V, is harmonie outside of S, vanishes
at infinity and is equal to 1/p on S. Hence

H=-v.
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is a function which satisfies all of the requirements of Green's

exterior problem.
‘The existence of a solution of Green’s problem for any closed

surface S is thus made to depend upon Gauss’ theorem that there
exists one, and only one, distribution of a given quantity of matter

upon a given closed surface S for which the potential is constant
on S. Indeed, Gauss’ problem is equivalent to Green’s problem.

130. Miscellaneous Properties of Green’s Function.

(a) Green's interior function, which is always relative to a
closed surface S and a fixed point p, is the potential of a certain

distribution of matter; namely, a particle of positive matter of
‘unit mass located at the point p and a centrobaric distribution of

negative matter relative to the point p on the surface S, of which
the total mass is —1. The potential of such a distribution is

zero on § and everywhere outside of S, for the negative matter

repels an exterior particle with the same intensity and in the samo
straight line as the positive particle attracts. Hence, @ is zero
on S and everywhere outside of S.

(®) The exterior and interior potentials of the surface distribu-
tion on S having been determined, namely,

vee AT,
i

the density on S which is necessary to produce these potentials is
given by Eq. (126.5); namely,

1favy , av,on

pape + v2] | w1 @

* ae One )
In view of this result, Eq. (127.3) becomes:

Vie, va) =~VG 9 Dele web Nee, @)
where z, y, z are the coordinates of an interior point p, and &, 9, ¢
the coordinates of a point on the surface. Therefore, if V; is
any function which is harmonic inside of S, and if its values are
known on S, its value at any point p inside can be obtained by
integrating the product —oV; over the surface.
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Let p; with the coordinates 1, ys, 2: be the fixed point and p

with the coordinates x, y, z be the variable point. Then Green's
function relative to the fixed point p; is

G =} + Hlenmvaie ws
where

n= VeaTOWtm,
and G, = 0, if the point p lies on S.

If the point p; is interior to the surface, G, is Green’s interior
function relative to the surface S and the point p.; and if p;
is outside of the surface, G, is Green’s exterior function relative
to the surface S and the point pi.

(©) The Interior Function is Positive Everywhere within S.—
Since

mG, = 1+ pls,
and H; is finite everywhere within S,

lim,eG, = +1.Hence, on a small sphere 2 with its center at the point p, the

funetion G, is positive and very large. On S it vanishes; and in
the region between 2 and S it isharmonic. It is, therefore, Sec.
75, positive everywhere inside of S.

(d) The Exterior Function is Positive Everywhere outside of S—If it is borne in mind that, for the exterior function, H; vanishes
at infinity, the same argument as above shows that the exterior
function is everywhere positive outside of S.

(e) In Their Respective Domains the Green Functions are Every-
where Less than 1/p.—Since H, = —1/p; on the surface and is

harmonic in the domain of its validity, it is negative everywhere
within that domain (except at infinity where it

3 vanishes). Hence G, < 1/p everywhere, save at
infinity where G; vanishes.

Gf) The Same Point but Different Surfaces.—
Suppose the fixed point: p; lies within the surface
S,, and that the surface S; is wholly enclosed

Fro. 74. by the surface S, (Fig. 74). Let G be the

Green function relative to p; and S,, and @,'®
be the Green function relative to p: and Ss, so that

6 = L+H, wy 253,49,
G0 = EMM wy aim wd,
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Within and on the surface S;, it is evident that

Gi? — GO = Hy — HO

On Sy, the function Gi > 0, by (©), x0 that 2+ #7, > 0.
Also

Hy? > —1 oS.
ms

HY = +7 on Se
Hence

Hy® — Hy > 0 on Sy.

Since H,® — H,® is harmonic inside of S; and positive

on the surface, itis positive everywhere inside of S;, and therefore
Gx > Gx everywhere within S,. a‘This propositionis still true, if the surface‘S; lies wholly outside of S: (Fig, 75), and if

the symbols have the same significance as
before, so that G, is the exterior Green
function for the surface S, relative to the

point p;. Theargumentissimilar. Since
G, > 0 at all point outside of S., and Fro. 75.
GY = 0 on S,,

GE. — G6, = H — 1, > 0 0n Sy,

and, since it is harmonic, it is positive everywhere inside of S;.
Therefore G,® > G\" everywhere inside and on S;.

(9) Surfaces on Which Green's Function is Constant.—Let S be1 closed surface, and @ the Green function relative to the interior

point p. Then G vanishes on S, is positive everywhere within S,

and becomes infinite at p. If Gy is a positive constant, the sur-
face S;, on which G = Go, lies everywhere within S, and if Go is

very large the surface @ = Go differs

but little from the small sphere
5 1

‘5 o= a2@? since H is continuous in S (Fig. 76).
For very small values of Go, the sur-
face differs but little from the

Bio. 78. surface S.

Let Gs be given. Then desoribe a small sphere 2 about the
point p. In the space between ® and the surface So, the function
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Gis harmonic. Its maximum values are on 2 and its minimum
value ison S. In the volume between S and So, @ is everywhere
less thanG». It has derivatives of all orders, since it is apotential
funetion in empty space. It is evident, therefore, that at all
points of the surface Sp the external normal derivative of G is
negative.

Consider now the surface integral of the normal derivative

ae av oHSst SiG) * Sse
By Gauss’ theorem, Eq. (68.1), the first integral in the right
member is equal to —4x; and since H is harmonic inside of s
the second integral is zero (Eq. (62.2)). Hence

agfule = ote

181. The Green Function is Symmetric.—Consider the Green
functions relative to a surface S and the two interior points

‘px and ps. Let G(pi, p) be the Green
function relative to the point p,, and
G(p2, p) be the Green function relative
to the point p: (Fig. 77), the point p
being the variable point. It will be
shown that

Foo. 7. _ GPy P2) = CP Pr).
For simplicity of notation, the functions

G(p:, p) and G(ps, p) will be denoted by G,(p) and G,(p).
From Corollary II, Sec. 63, it is seen that if S, is the surface

on which the Green function has the constant value G; = «

L G2 3G)

éf(om - oF, ye = Gl) — Od,
which is independent of «, provided S; contains both p; and p:
in its interior.

On the surface S, the function G; has the constant value ¢:
which can be as small as desired. Hence

L G2, _ a: (Gr

teSica = Efi soa
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‘The function Gs is not constant on S,, but it is everywhere
positive. If ¢: is its maximum valuc, then, since 3G,/dn is
everywhere negative,

Lf gar ef ay

|wae foo < -ef, an
‘Therefore

1 80; _ gerram os ony ae <ate,
which vanishes for ¢, = 0, since also vanishes with «, Hence

G(p2) — Gx(p,) = 0

rigorously, since it is independent of ¢, and the Green function

Gps, ps) = Gx m)
is symmetric.

It will be observed that this proof does not assume that the
normal derivative of H exists and is well defined on S, as would
be the case if the integration had been taken over the surface

S directly.

132. The Normal Derivative of the Green Function is Har-

monic.—Assuming that derivatives of the first three orders

exist and are well defined on S, it is easy to show that the normal

derivative of G(p:, p) on S is an harmonic function of the point p,.
Let 2, u, » be the direction cosines of the exterior normal to

S at the point p(z, y, 2). Then (liq. (54.2))

aG _\aG , a0, 0Gon Oe + Hay + ae’
‘The partial derivatives in the right members are functions
of the coordinates of both p and p,; that is, they are functions of
©, VY; 2% 24 Yy 21. The direction cosines \, 4, v are functions
of 2, y; 2, but not functions of 21, yi, 21. Let

a. a, aA ant? aye * ae”
Then

O_O, ae

digg = Mage Tt Hagy TMG
a a a

GAG) + mg(AiG) + 75, (0:6).
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‘The function G satisfies the equation of Laplace in the letters

2, y,2 by hypothesis, and since it is symmetric in the coordinates
of the points p and p,, it follows that,

AG =0,

and therefore

ag

Aah =0.

183. The Green Function for the Sphere.—Let S», Fig. 78,
with the radius a, and center at © be the given sphere; and

Der
aye
A

7ss
eG ee

Se oeS, syann By
Fro. 78.

let 0 be the point inside of S; with respect to which the Green
function is to be determined. Deseribe any sphere S of radius
a about O as a center, and let S; of radius a; and center O:
be the inverse of S; with respect to S. If CO = rand 00, =r,
the following relations are obtained from Eq. (105.3):

ar aay

neg asa @
If the point 0s is the inverse of O with respeet to the sphere

‘Ss, and 00; is denoted by r2, then

rae,
a FR

From this equation and the first of Eqs. (1) it is found that
noe

ae8 @
which shows that the point 0; is also the inverse of the point
0, with respect to the sphere S. This fact permits the location
of the point ; graphically by the usual method.
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Now let S; be covered uniformly with a layer of mass My,

and let S; be the electric image of S; in the sphere S. Let
P, be any point outside of S,, and P, its inverse with respect
to S; also let OP: = R:, OsP2 = Rs.

Since the center of S lies inside of S,, the point P, lies inside
of S; The potential of S; at P, is

M:Vie=
Re

Therefore, by Lord Kelvin’s principle, the potential of S: at
Pris (Sec. 108)

aMVan
RY

the subscripts ¢ and i denoting external and internal respectively.
Also, the potential of S, at the internal point P; is

Vy =,
a

therefore the potential of S: at the external point P, is

Vue 2M,
a

In order that the mass on S; shall be equal to unity (Sec. 129),
it is necessary that the coefficient of 1/p, in V2. shall equal
unity. Therefore

M, == oe, (by Ea. (1))5
and the density on S; is

1*  Fraay ®
This value of M; makes

1 aVem oo Va Ry
Green's function, then, is the difference between these two

potentials, both taken at the point P:, namely

alm,G- pa TR o
It is evident from this expression that Green’s function for the
sphere can be regarded as the potential of two particles: The
first of mass +1 located at the point O,, and the second of mass
—a;/r located at the point O..
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Equation (4) remains unaltered even though the point Ps
lies outside of Ss. It represents, therefore, either the interior
function or the exterior funetion. It is a simple matter to show

directly that G vanishes if the point Ps lies on the surface of the
sphere Ss

The Green Function is Symmetric—Referring to Fig. 79,
the Green function relative to the sphere S and the point 0,
at the point Q, is

1_a

e-1-5,

|

Fra. 7,

and the Green function relative to the point Q, at the point
Oris

laCn
-r

where Qo is the inverse of Q, and Os is the inverse of the point 01.

It is proposed to show that these two expressions are equal

The triangles CO,Q: and CQ,02 are similar, for

mea, th =a,

and the angle at C is common. Since two sides are proportional

‘and the included angle is the same, all three sides are proportional.
That is,

tt

a a

‘From this it follows that

rR =f,
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and the two expressions for G are equal. To put the symmetry
in evidence, it is a simple matter to show that

R= =VEE=O ae.
134, The Normal Derivative on the Sphere—Taking Green's

funtion in the form

l_a

o-)-&
the normal derivative of @ is

Gil, a .
in ii 008 Fp + =F, cos WR @

for, according to Eq. (66.1),

20 oe | ORL20 = cos, 2 = con eR.
&

Fro. 80.

It is easily proved directly however. Since

p? =r? + a? — 2ar cos ar,there
results, on varying a and p, the distance r and the angle ©G@ remaining constant,

a _ a ance

an ~ aa > eos neand similarly for R.
From the triangle (Fig. 80) OP0,, there is obtained

rat = a? + R* — 2aR cos mR. @)
Since @ vanishes on the surface, and rr; = a? always,

R=%, nat.
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On making these substitutions in Eq. (2) and then multiplying
‘through by r3/a*, there is obtained

a? = 12 + pt — 2rp cos wR.Likewise
1 = at + p* — 2ap 00 ipis obtained directly from the triangle CPO, The difference

between these two equations gives

a? — 12 = (a cosfp — r cos *R).Ii this equation is divided through by ap* and the coefficient
1/(ap*) is replaced by its equal a/(rR*), there results

at— 1? _ costa _ acos nitTar BE RE ®
A comparison of Eqs. (1) and (3) shows that,

aG _rt-a?

on = apt @)
The Distribution of Matter on the Sphere.—By Eq. (130.1) the

density of the matter distributed over the sphere, taken posi-
tively, is

~-1@_id-7

oS Ee én ~ de aps”that is, inversely proportional to the cube of the distance from

the point 0;. The minimum value of p isa— r, and therefore,the maximum value of ¢ is

~ 1 a+rom
ia

‘This expression shows that the maximum density tends toward
infinity as the point of inversion

(the pole of Green's function)
approaches the surface of the

sphere. Diametrically opposite,
the density tends towards zero,
The matter shows a strong ten-
deney to gather about the point

Hh of inversion. The dotted lines in
Fro, 81. Figs. 81 and 82 show the distribu-

tion forr/a=.Sand.9 respectively.
If R is the radius of the sphere of inversion and

a-rsRsa+r,
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it is easily shown that the amount of matter which lies on the
spherical cap which is inside the sphere of inversion is

attr _ or
m= or ark

9

Pia. 82

‘The limit of this expression as ra is +1 for every R. At
the limit all of the matter on the sphere lies inside of the sphere
of inversion, however small that sphere may be. The rest
of the sphere is bare.

The Normal Derivative Is Harmonic.—Let the coordinates

of the point 0, be 2, y, 2, and the coordinates of the point P,
which lies on the surface of the sphere, be & , f, 80 that
Fertoe aat Let

aye trtene
[@- P+ G-+@-H#

It will be shown by a direct computation that N is harmonic
with respect to the variables 2, 1, 2

The first differentiation with respect to x gives

aN 2 _ 8 - OG ty tea),
or ;

and the second differentiation with respect to = gives

ON 2 _ Wee) _ Be — a) 15 —HA— at)act pt o a 7
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Hence, also,

BN 2 1My— 9) _ B62 a9) 15 — HGFad,ay? BF om * a

ON 2 _ idle — 1) _ 30% — a), 15 ~ Hot— 0)pa eS # uy

‘The sum of these equations gives

AN = Sip — (a — 9 + vy = 9) + ele D) +r?— at
If

@- Fee te,
teddy te,

=~D+FEDS

are substituted in the right member of this equation, it is found
that

AN =0;

which shows that the normal derivative of G is an harmonic

function of the coordinates of the point 0.

135. Green's Equation for the Sphere.—It was proved in
Sec. 127 for any closed surface S that if V is harmonic inside

of S and if its values are known on S, its value at any interior
point p(z, y, 2) is given by the equation

Venue) = pf Src n to
For the sphere this equation becomes

1 a? — 7Veew a = 25[2S2V6 a dae, @
where

Pettyta pao tat +e—De

In spherical coordinates, a point on the surface is

§ = asin yg, cos 6, n= asin sin 6), £ = 008w;
and the coordinates of the interior point p are

2 =rsin go 008 A, y =rsin gy sin bo, 2 = 7 COS yp.
In this system, the north pole of latitude lies on the z-axis and

the zero of longitude on the z-axis. The argument ¢ is the
distance from the north pole.
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Take a new system of reetangular axes X, ¥, Z, with the same

origin but with the Z-axis passing through the point p, the
X-axis lying in the zy-plane and the positive end of the Y-axis

lying always in the northern hemisphere. The equations of
transformation are

w= aX + mY + ard,

y= BX + BY + 82,

eanXtn¥ tnd, .

where the a, 8, 7,'s are the direction cosines of the new axes

with respect to old ones. ‘The values of these direction cosines
are!

a, = — sino, az= — 608 ¢ C08 Ho, a3 = Sin a COS Oy;
Bi = +005 , Br = — cos aa sin % 8s = sin ay sin 9;

n=0, v2 = + sine 1s = 008 yo.

If g is the polar distance and @ is the longitude with respect to
the X, Y, Z-system, then for points on the surface of the sphere
the polar distances and the longitudes in the two systems are
related by the following equations:

sin ¢, c08 @; = a; sin y cos # + az sin p sin 9 + a3 cosy,
sin g: sin6, = B; siny cos 9 + Br sin y sin 0 + B; cos ¢,

cosyi = 71 sin¢ cos 0+ y28in p sin 6 + 3 cos g.
In the coordinates of the new system

deo = a? sin gdpae,

pt = at + 1 — 2ar cos ¢,

and, since p is independent of the longitude, Green’s equation
(Eq. (1)) can be written

a (Tare aeVena =p), ao sinede | VieAds, 2)
the integration with respect to 6 depending only upon the funtion
V(¢, 6). The integration of this equation by means of spherical
harmonies is given in See. 208.

136. A Generalization for the Sphere.—Green’s equation
was derived upon the assumption that V is harmonic inside of
S and that its values are given on S. Suppose the values of

+Station and the Dynamics of a Particle,” p. 987.
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V are given on the surface, continuous but otherwise arbitrary,
without any statement as to the nature of V elsewhere.

Green's equation,

1 fartWee, v2) =Pn 1 S)de, a
certainly defines some function of z, y, z in the interior of S.
Tt is the purpose of the present section to show that the function
‘80 defined is necessarily harmonic inside of S, and that the limit
‘of W as the point p approaches the surface is the value of V
at the point of approach.

The Function W Is Harmonic.—Any functionF can be expressedin rectangular or in polar coordinates, where

z=reosgcos8, y=reosysing, z=rsing.

Consequently

_oF, a, oF, _ oF, OF, oFOF
= a +ay! + Ftd = or or + ae!” +Fra (2)

for any set of variations. If the variations are taken radially,
ég = 50 = 0, and the relation between the other variations are

a
Fy yu 2 fT

Hence Eq. (2) becomes

oF oF OF OF.

"Sp ~ on + Vay + G5" @)
Returning to Eq. (1), take

1

EVGnn=o ®
and therefore

at rtWw = FaeroeNow let

U= fimso

so that U is a Newtonian potential for the density «. Then

o,f al?
or sor\o

and, since

pt = 1? + a? — 2arsing,
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it follows that

a(t Zoe argh2r2() = — 3 (rt ~ ar sino)
1

=-he- a +p.
Therefore

oo fs, atrfare = figeor fi ro deo
.

=W-uU.

Hence

wavs 2t
co

_

av, a, av

~ ve Fy +)
By differentiating twice with respect to 2, y, 2 there is obtained

aw
_

au au, au au

aa? 7 PGa3 + (2 + Yayaa8 + au)
ew aU FU aU au

ap ~ Pap + (ssa +05 + aan)
ew

_ aU au eu | awae 7 ae t cnaF vayaet + 22).
‘The sum of these expressions is

sau ole? xy? 2AW = 5aU + (2. + Yay + #2 )au = 0.
Hence W is harmonic, since, evidently, it is continuous.
W = V on the Surface of the Sphere.—It still remains to be

shown that, if the point p approaches the point P on the surface

along any line whatever, the limit of W(p) is V(P).
Suppose p approaches P along a line which makes an angle

with the normal, and that

wo) = (9fa.
Imagine P as the origin of a set of rectangular axes, z, y, z,
with the axis directed toward the center of the sphere, and
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therefore coinciding with the line PC, Fig. 83. The coordinates
of p in this system are z, y, 2 and

PA =z = po cosh.

P Since z is a constant in the processKy ‘of integration, the expression for WLy can be written

f

@—r zW= oe xf.ote
Since

a? — 1? = apy cos k — po®,

Fie. Si it is evident that

in an

dim, prooa 7 2%
‘The integral

f. 2 edsso

is the normal component of the attraction of a surface with
the density (Eq. (4))

=, v.
otra

It was proved in See. 92 that the limiting value of this attraction
is 2re. Hence the limiting value of W is

= 20-2" +. =limW(p) = 20° 2n Gs = VP).
Hence Green’s equation

aa" ( VEnn),Ve, y,2) =F f. das @
defines a function which is harmonic in the interior and takes the
prescribed set of values on the surface.

‘The above proof, which is purely analytic in character, is
given by Poincaré. A proof which makes a stronger appeal
to the intuition can be obtained from the results of See, 134.

Green’s equation can also be written, Eq. (130.2),

Wane) = +£V (6 9, tedo, (3)
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if the negative matter in the distribution is replaced by positive
matter.

Let the integral over the whole sphere be separated into

the sum of two integrals, one of which, to is taken over the
spherical cap described in Sec. 132, and the other,SL is taken
over the remainder of the sphere. If the pole of Green's function
(z, y, 2) is sufficiently close to the surface, the radius of the

sphere of inversion can be taken so small that the value of

V(E, 1, 2) is essentially constant over the cap. Hence
SVG 4 Neds = Veofiede,

and

SV Gsm Dodo S Vow fede,
where Vo is the value of V at the center of the cap and Vinx is
the modulus of the maximum value of V on S. Since

Jim fede = 1 and lim fiedo = 0,
it is evident that

lim W = lim f,Vode = Vo.

187. Green's Equation for Any Surface—Greon’s formula,

Eq, (127.3),

Ved=Prenngoe ve snd,
where 2, y, 2 are the coordinates of the pole of G and & n, £
are the coordinates of the surface clement dw, was derived upon

the assumption that V is harmonic inside of S and that its
values on S are known.

If a continuous, but otherwise arbitrary, set of values is

specified upon S, the right member of Eq. (1) defines a certain
function of x, y, 2 which can be denoted by W(x, y, 2). Since
the integrand is finite everywhere on S, it is evident that
W(z, y, 2) is continuous and single valued everywhere within S.
Derivatives of all orders exist, since they exist for@. Therefore

1 ‘agaw = -Efre » a()au=0,
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since the normal derivative of G is an harmonic function of

z, y, % (Sec. 132), The function W, therefore, is harmonic
inside of S, since it is single valued, has derivatives of the first

two orders, and satiafiea the equation of Laplace.

lan

CD
In the case of the sphere, it was shown in the preceeding section

that as 0, the pole of G, approaches the surface, the value of

W tends toward the value of V at the point of approach. It
is desired to show that the same property holds for any surface.
Let p, the point approached, be a regular point of the surface

a
foe

'S in the sense that it has a definite tangent plane and two prin-
cipal redii of curvature. It is then possible to describe two
spheres S, and S; which are tangent to the surface at p, one

of which has a radius equal to the minimum radius of curvature

and the other the maximum. Let a third sphere be described
about p as a center with a radius R. If R is sufficiently small,
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the portion of the surface intercepted by this sphere will lie
wholly between S; and Ss if the radii of curvature have the same

sign, and outside of both of them if they have opposite signs.
‘Let O be the pole of Green’s function. About 0 as a center

describe a sphere Z, the radius of which Ris kept fixedas the pointapproaches the point p. Let the surface S* be the transform
‘of $ by reciprocal radii with respect to the sphere 2, Fig. 84
‘The portion of S which lies inside of 2 is transformed into
the portion of S* which lies outside of 2; and the portion of
'S which lies outside of is transformed into the portion of S*

st

—

Fro. 86,

which lies inside of 2. As the point 0 approaches the point
p, the portion of S* that lies outside of 2 expands and rapidly
‘approaches the form of a sphere, Fig. 85, while the interior portion
contracts. It is much as though the surface 8 were a film of
soap solution, the portion lying within 2 being blown into a
large bubble while the remainder of the surface contracts to an

insignificant irregularity upon it.
‘That the bubble approaches the form of a sphere as it increases

in size is seen from Fig. 86, if the two radii of curvature have

the same sign. ‘The portion of the surface S which lies inside

the sphere of inversion 2 also lies between the two spheres

S, and S; which is the region that is transformed into the volume
between the two spheres S;*and S;*, ‘The point pis transformed
into the point q; and since S; and S; are tangent to each other
at p, the spheres S* and S:", which are the transforms of S:

and S;, are mutually tangent at g. As the point of inversion
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O approaches the point p, the point recedes in such a way that
the equation

Op- 0g = Rt
is always satisfied.

If the two radii of curvature of S at p have different signs,
the portion of S which lies inside of 2 lies outside of both S,
and S;, As is seen from Fig. 87, the region which is outside of
'S; and S; transforms into the volume which lies between S,*

and $2",

of
Fao. 87.

In either case the portion of the surface $ which lies inside
of © is transformed into a portion of S* which lies between

‘S\* and S:* and which passes through the point g. ‘The portion
of S which lies outside of © is transformed into a portion of
‘S* which lies inside of 2. It is evident therefore that if Op is
very small the surface S* is essentially a very large sphere with

small irregularity near p. Consequently, in the distribution

of a level layer on S*, the density is very nearly constant, and
inversely proportional to jg, Sec. 133, and the limit of this
density as Op diminishes is zero.

Consider now the electric image of S*. It coincides geo-
metrically with 8, but nearly all of the mass lies on that portion
of S which is inside of 2. Let this portion of S be denoted by
C and the remainder of the surface by D. ‘Then

Sede =1 = [lode + rods.
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Since the limit of o over D is zero it follows that the limit of the

last integral is zero, whatever R may be. Hence

im feds = 1,
for every R which is sufficiently small.

Since V (, , f) is finite on S, it is evident also that

SiVode $ [Vinee frode,
which has the limit zero. Consequently

lim W = lim {,Vede,
for every R sufficiently small. But R can be taken so small
that V is essentially constant over C and equal to the value
which it has at p. Hence

lim [,Vodo = V(p) {iodo = Vip),
and

lim W = V(p)

138. A General Theorem of Green’s.—Given a closed surface

Sand a continuous set of values V(E, , ¢) on S, Green’s equation
(Eq. (137.1)) defines a function V,(z, y, 2) which is harmonic
within S and equal to V(g, 1, ¢) on S, provided G is Green's
interior function. If G is Green’s exterior function, the function
Vz, y,2) 80 defined is harmonic outside of S, is equal to V(t, n, ¢)
on S, and vanishes at infinity.

It follows at once from the analysis of Seo. 126 that V; and
Y, are the interior and exterior potentials of a distribution of
matter on S in whieh, Eq. (126.5),

_ Tf, av],c= rab + al
Hence, the general theorem due to Green and also to Gauss:

Theorem.—Given a closed surface S and a continuous set of

values V(E, n, t) on S, there existe one and only one distribution* of matter on S for which the potential on S itself is equal to V.

GREEN'S PROBLEM FOR THE LOGARITHMIC POTENTIAL

139, Statement of the Problem.—It is possible also to state
Green's problem for an attracting line and the logarithmic
potential. For the interior problem it is
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Given a closed plane contour C, it is required to find a function
which is harmonie inside of C and which takes @ given continuous

set of values on C.
For the exterior problem it is

Given a closed plane contour C, it is required to find a function
hich is harmonic in every closed region outside of C, and takes

given continuous set of values on C.
TE will have been observed that practically all of the theorems

relating to the Newtonian potential have their counterpart
for the logarithmic potential. It would be expected, therefore,

that themethod which solves Green’s problem for the Newtonian
potential is also adaptable to the logarithmic potential. There
is one step in the method, however, where there is a difference,
and that isin the definition of electrical images.

140. Electric Images for the Logarithmic Potential—In
See. 108 (using the notation of that section) Mz is said to be
‘the electric image of M, if each clement of volume of M, is the
transform by reciprocal radii of the corresponding element of
‘M,, and if for the corresponding clements of mass

tsdm, = gam.

For a logarithmic potential and a plane area, Mz will be called
the electric image of M, if cach clement of area (or line) of Mz
is the transform by reciprocal radii of the corresponding element
of My, and if the corresponding elements of mass are equal;
that is

dms = dm.

Referring to Fig, 65, let S be the cicle of inversion with radius
a and center of inversion at O. Let a particle of mass m be
Tocated at My and a second particle also of mass m located at Ms

which is the transform of M;. Let P; be any other point and P
its transform, Let Uy be the potential of the particle at If

at the point P;, and Uz the potential of the particle at M: at
‘the point P;. Then

N= miog Us = mlog B
where Reis an arbitrary constant; also, as in See. 106,

s) Halk,nis pona, Bata Be
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‘The difference of the two potentials gives

Ry_ TmUs = Us + mlogi! = Us + m log
Ro Ro,=U, ~ mlog ©? + m log Be,

or

Us = Uy — Un + mlog® ®
where Ujo is the value of U, at the point O, and therefore inde-

pendent of the position of P; or P:.
Suppose there is a discrete set of particles My, and a corre-

sponding discrete set M:. There will be a corresponding set
of Eq. (2). The sum of this set gives the relation between

the potentials of the two sets at P; and P;. Thus, if Vs is
the potential of the first set at P; and V; is the potential of the
transformed set at P:, so that

Vi= 3, Vi = 3Uy, M = Im,
then

Va = Vin Vin + a tog. ®
If the particles form a continuous aggregate, such as a line

or area, Eq. (3), evidently, is still true. If o; and o; are the

densities of such aggregates, it is easy to see, on account of the
relationship dm; = dms, that

a. = S11 (line densities),
a ®

a1 = Fo: (areal densities).

141. Electric Images of Centrobaric Bodies.—It is now easy
to prove theorems analogous to the four theorems of Sec. 114.

‘The bodies referred to in these theorems are, of course mass
distributions on plane areas, and the theorems hold only in the
plane.

Theorem I.—If a body is centrobaric for exterior points, its
electric image in any circle whose center lies outside of the body
also is centrobaric for exterior particles.
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Let M be the mass of the given body. Since it is centrobaric,

its potential is (Fig. 69)

Vi = M log7

2

2,z z

Is Lip

Foo, 00

and the potential of its electric image is

Ro Ry RoVa = Mog#! ~ Mlog™ + Mog?
Ron,=

M log5

whieh, by Bq. (1), becomes

Va = A tog Be;
that is, the electric image attracts exterior particles toward
the point 0; just as though all of its mass were a particle at O..

Theorem I1—If the body By is a ring which is centrobaric
for exterior particles, its electric image Bs in any circle whose

center O lies in the empty interior of the ring (Pig. 70) is a ring
which is centrobaric for interior particles.

Since B, is centrobarie its potential for exterior particles
is

Ke M tog

the point 0; being the center of attraction. Since P; lies outside

of B,, the point P; lies inside of B:. Hence the potential of
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the electric image of B;, that is Bs, at points interior to By is

Ro _ Ry,Ve = M logy? — Vio + M log
Rit=M lee RP,— Vio,

= Mog Re Vi

= Mog @ + (140 Bo Vio)
° £§DL> E

SS 228,

Liam

Laas
To. 70.

Since the point O is interior to Bi, the value of its potential at
O is not known. Since it does not depend upon the position

of the point P; or Ps, the expression within the parenthesis
is some constant, the value of which is not known. Denoting,

by Qo # certain constant, the expression for Vz can be written
= Q,Va = M log RY

which shows that particles interior to B: are attracted towards
O, just as though a particle of mass M were located there.
‘That is, B: is centrobaric for interior particles.

‘As the point 0 tends toward 0,, the lines 2, and p, tend toward
equality, and the point Os recedes indefinitely. Hence the limit
of V2 as O approaches 0, is

Re Reli 2= Mik -—Vi= Mk = Vaylim V; 08 ips Vv lO ot

= Mog Bt — Vu, = const,
Vin being the value of V; at the point 0, Hence
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Theorem IIIf a closed ring of matter is centrobaric with

its center of mass G in its hollow interior, its electric image in
any circle which has G as its center is a ring of matter for which
the interior potential is constant.

‘Theorem IV.—If the potential of a ring is constant in its interior

(or if it is a level thread), ite electrical image in any circle whose
center lies in the interior is centrobarie for exterior particles, and
the center of mass of the electrical image is at the center of inversion.

If the center of inversion lies outside the ring the electric image
is centrobarie with respect to the point O for particles in is interior.

Since

ReVi= Vi- Vet Mlog®,
pe

if the point of inversion is in the interior,

Vi-Vu=0,

and therefore, for exterior particles,

RoVe= Mi ’
°F oe

which states that exterior particles are attracted just as though

1 particle of mass M were located at the point 0.
If the point of inversion 0 lies outside of the ring, Vis constant

but not equal to Vis. For this case

Vs = i log 22 + const.
and the electric image is centrobaric for interior particles.
They are attracted just as though a particle of mass M were
located at the point 0.

142. The Existence of Green's Function—According to

Corollary I, Sec. 64, if p is measured from a point inside of C;
if

G= log +4,

where HT is harmonic inside of © and equal to — log } on C;
and if U is any other funetion which is harmonie inside of C, then

1UG, ») = -2 [rian 0)
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‘The same equation holds, by Corollary Ill, Sec. 64, if p is

measured from a point outside of C; if

G = log” + H,log +H,

where H is harmonic outside of C, is equal to — log ° on C,
and acts like a logarithmic potential at infinity, and if U is a

logarithmic potential outside of C.
In either case, G is Green's function for the given contour.

In order to establish the existence of Green’s function, let p
be the point from which p is measured. Deseribe a circle with
any convenient radius a about p as a center. Let C* be the
transform of C by reciprocal radii with respect to this circle,
and let a unit of matter be distributed along C* in such a way

‘as to make it a level thread, which is always possible for prop-
erly restricted contours, by Sec. 117. The electric image of
this thread in the circle of inversion coincides with the given
contour C, and the resulting distribution of matter on C is cen-

trobaric with respect to the center of inversion—centrobaric for
outside particles if p is inside of C, and centrobarie for interior

particles if p lies outside of C (Theorem IV, Sec. 141).
Let Vi and Ve be the interior and exterior potentials of this

centrobaric distribution. If the point p lies inside of C,

Vi = log’?
jon”

‘The interior potential V; is equal to log po/p on C, since the

potential is continuous across C, Sec. 95, and it is harmonic
inside of C since it is a potential function in empty space. Hence,
Green's interior function is

G = log ®- Ve.
log ®

If the point p lies outside of C, the interior potential of the
distribution on C is

Vim log + K
where K has certain constant value. The exterior potential

V,, is equal to the interior potential on the surface. Hence the
function

@= log — Vit K
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vanishes on the contour, and is the exterior Green funetion which

was sought.

143. Green’s Function for the Circle.—Given a circlo Cs,

Fig. 88, with a radius of a; and a point 0 at a distance 7; from
the center A of the given circle. Describe a circle C of radius
with the point 0 as a conter. Let the transform of the circle

Cs with respect to the circle C be the circle C,. If the center of
Ci is at O, at a distance 7; from O and its radius is a,, then, by
Eq. (105.3)

af = aor

A

\ ;eK
i cAWoTh—

ey) :
Fra, 88.

If a unit mass is placed upon C; in such a way as to make it
2 level thread, the density on C, is constant and is equal to

negli ad @tont

1 Gray ~ 2 aayThe electric image of this distribution on C; in the circle C is a
distribution of matter on C; which is centrobaric with respect

to the point O and for which the density is (Eq. (139.4),

-%,,- 1. won
OR Fea,

whore r is the distance from 0 to the element of mass dms on

the circumference of Cz. From this it is scen that the density
on C; varies inversely as the square of the distance from the point
0.

‘The potential of the distribution on C; at an exterior point
Pi \s (See. 42)

RyVs = log Fe



143) SURFACE DISTRIBUTIONS OF MATTER 277
Hence, the potential of the distribution on C, at the interior
point Ps, which is the transform of P, in the circle C, is, Hq.
(189.3),

Va= Vi Vio t log B.1 Be

‘The potential of C, at interior points is constant and equal
to the value at the circumference; that is,

Ro.Vio = log a
Hence

Ro_ 1 Ro RoVa = log jp! — log + log 5
or

Rea,Ve = log pits
and, since

mo
per Re ®

this becomes

= tog BaVa = 108 Ry
Green’s interior function, therefore, is

= low FB? — Jog RottG = log be log Rr
or,

tor

Ft — toe2!= low # — tow %.@ = log 5? — log St = log 5? — low F @)
‘This expression vanishes if the point P2 lies on C1; for

Ra
_

Ry

by Eq. (2). If pz lies on Cz, P; lies on C, and then R, = a,
‘so that on the circumference

Ra
_

a

pet

Equation (3) is also Green’s exterior function if the pointO lies outside of Cs.

144. The Principle of Dirichlet and Lord Kelvin.—Ihe
first efforts to give a mathematical proof of the existence of a
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solution of Green's problem were made by Lejeune-Diriehlet'
and by Lord Kelvin,* and the assertion that a solution of Green's
problem always exists has become known as Dirichlet's principle.
Weierstrass pointed out that Dirichlet’s conclusion did not
follow from his ergument, but inasmuch as the argumentis simpleand illuminating it will be given here.

‘The problem is: Given a closed surface S. Does there exist
a function which is harmonic within S and takes a prescribed,

continuous set of values on S?

It will be noted frst that if the problem admits of any solution
it admits but one. For, suppose V is a solution and V; also
isa solution. Then V; — Vi is harmonic within S and vanishes

at all points of S. Hence V; — V: vanishes everywhere within
S, and Vs does not differ from Vs.

‘Suppose the given surface is defined by the equation

I@ y,2) = 0,

and that the prescribed set of values on S is g(z, y, 2). If
A(z, y, 2) is any continuous function of its arguments, the function

gthh Q)

which contains the arbitrary element h, also takes the prescribed
set of values on S and satisfies the condition of continuity.

‘There are infinitely many such functions. In this infinite
set of functions there is one, V, which makes the volume integral

avy? , (aV\? _, (aV\*Sl(@)+ Ga) + Ge) *
a minimum. For the integrand is nowhere negative, and if

wv Vg
ee ~ Gy ~ 2

throughout the volume, B, which is enclosed by S, the funetion
V would be a constant and could not take a prescribed set
of values on S.

Let U be any continuous function which vanishes on S.
‘Then

V+U,

+ sVorlesungen Uber die im umgekehrten Verhiltniss des Quadrats der
Entfornung Wirkenden Krifte,” p. 127

+ Treatise on Natural Philosophy,” Vol. I,p. 170,
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where ¢ is an arbitrary constant, belongs to the class of functions
defined in Eq. (1); and the integral

AV +AU)? , (AV EAU? , (AV+ WN) G,oe fC y+ 3y +(e ie
is greater than the integral

av. AV, (av

since, by hypothesis, V makes the integral a minimum.
‘The integralJ can be expanded in powers of t; viz.,

aV aU | aV aU , av aU"

2 ‘aUu\* (au\? (aU\®+e file) + (ar) * Ce)
Suppose the integral which is the coefficient of 2t in the above
expression were different from zero. It would then be possible
to take ¢ so small numerically and of such a sign that the sum
of the last two terms in Eq. (2) would be negative and therefore
J <1. As this contradicts the hypothesis that J is a minimum

of this integral, it follows that for every continuous U which
vanishes on S

aVau , avau , ava"fi ‘az dz t ay dy t ae he =0. ®
Now by Green’s theorem in its first form, Eq. (57.3),

aVaU , aVau , aV au avfave +Sf ‘dz oz + Gy by tona - Sean
‘The right member of this equation vanishes, since U is everywhere
zero on S. The second integral is zero, by Eq. (3); therefore,
‘the first integral also is zero. Aside from the conditions that

U is continuous and vanishes on S, the function U is arbitrary.
If AV were not zero everywhere within S, the function U could

be chosen in such a way that UAV was everywhere positive
or zero, and therefore, the integral not zero. It follows that
AV is zero everywhere, and the function V which makes the
integral J a minimum is harmonic within S. As V takes the

prescribed set of values on S, it is the function which was
sought.
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‘The criticiom of Weierstrass was that this argument fails to

distinguish between the existence of a minimum and the existence
of a lower limit. The fact that the integral J has a lower limit,

does not justify the inference that there exists a function V
which makes J a minimum.

Suppose, for example, from the totality of planes

o(z,y, 2) = art+byt+catd=0,
that one is sought which renders the integral

‘ae\* ‘ae\* ‘ae\*o> flGy+Gy* Gye
taken over a unit sphere at the origin, a minimum. ‘The argu-
ment of Dirichlet would lead to the inferenee that such a plane
existed. In this case, however, J is easily evaluated, and

Joho tute),
‘The lower limit of J is zero, and there are infinitely many planes
for which J is as small as may be desired; but a plane for which

J =0 does not exist.
It is true, however, that in very many cases the minimum doos

exist, Green, Lord Kelvin and Diriehlet were entirely correct in
their conclusions that a solution of Green’s problem exists for
a very wide class of closed surfaces, notwithstanding the fact that
their arguments are insufficient.

145. The Equivalent Problem of Poincaré.—A problem which
is equivalent to Green's problem has been formulated by Poin-
caré.' It can be stated as follows:

Given a closed surface S, does there exist a function V(z, y, 2)
which satisfies the following conditions:

1. V and its first derivatives are continuous within S.
2. The second derivatives of V exist and are finite.
3. In the interior of S, the equation

AV = —4r0

‘is satisfied, where o is a given finite and integrable function.
4. V vanishes on the surface 8.

+ -Thdorie du Potential Newtonian,” p. 167.
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In order to show the equivalence let it be assumed at first

that a solution of Green’s problem exists. Let the function
U be defined by the relation

U= f,off,e
‘the integral being taken over the volume enclosed by S. Since

U, obviously, is a Newtonian potential, it satisfies the first
‘three conditions of Poincaré’s problem, but not the fourth.

Since a solution of Green’s problem is always possible, there
exists a function U, which satisfies the conditions.

AU, = Owithins, FU = —U,onS.
‘The function

VaU+U

‘then satisfies all four of the above conditions, and a solution

of Poincaré’s problem also exists.

Conversely, let it be assumed that a solution of Poincaré’s
problem always exists; it will be shown, as a consequence, that
a solution of Green's problem always exists.
Let U be any function which is continuous, which has con-

tinuous first and second derivatives within S, and which is

equal to Us on S. ‘There are, of course, infinitely many such
functions. Let ¢ be defined by the relation

1

o= 4zhU-

Let U; be the function which solves Poincaré's problem for

this particular ¢, so that

AU, = —4ro,
and

U,=0 on.

‘Then, evidently,
V=eU+U,

satisfies the conditions of Green’s problem, since AV = 0,

within S, and V = U, on S.

Since the existence of a solution of Green’s problem implies
the existence of a solution of Poincaré’s problem, and conversely,

the two problems are equivalent.
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CHAPTER VI

TWO-LAYER SURFACES

‘THE METHODS OF NEUMANN AND POINCARE

146. Various Types of Mass.—Up to the present point, it
has been assumed that the foree exerted by the given body

upon a unit particle has been attractive. If the force is repellant,
it is evident that it is sufficient merely to change the sign of tho
potential V or the sign of the mass of the particle, provided

of course, that the force continues to vary inversely as the
square of the distance. Gravitational, elcetrie, and magnetic
forces obey this law and the potentials for these forces differ

from one another only in the constant factor of proportionality
which is associated with the potential; this factor of propor-
tionality depending upon the forees under consideration and the

system of units which is employed.
It is possible to speak of gravitational mass, or electrical

mass, or magnetie mass as the case may be, for, after all, it is

the forces that are dealt with physically, and mass is a derived
concept which is found to be convenient; and this concept is
found to be convenient for all three types of force. In the case
of gravitation, the forees are always forces of attraction, and

there is but one kind of gravitational mass. This mass is always

regarded as positive and its concentration is denoted by the
term density. In the cases of electricity and magnetism both

attractive and repellant forces occur, and therefore, in each case
it is necessary to assume the existence of two kinds of mass;

the one positive and the other negative. Two positive masses

of electricity repel each other, and s0 also do two negative masses;
but two masses of unlike sign, that is, one positive and one

nogative, attract each other. ‘The samo statements hold also
for magnetic masses. The notion of density, mass per unit,
volume or mass per unit area, is likewise applicable.

447. The Magnetic Doublet—Imagine two magnetic masses,
+u and —x, numerically equal but of opposite signs, placed

‘ona
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at the points N and S respectively, at a distance J apart (Fig.
89). Let there be placed at any point P in space a particle
of magnetic mass equal to —1. Then the particles at N andPattract each other,while the particles at §

? and P repel each other. If
NP =p SP = p.,

Ny the potentials at P due to the magnetic
a masses +4 and —y respectively are
s

= +4 =-4.
Fra, $9, et Vem my

‘The potential at P due to both masses is simply the sum of these
two potentials. That is,

=ve#—4.VitVs =V= pe pe
This expression can also be written

(2 - 3) Lit1 Pe) Pi bs,v= a =m

where m = [1 is called the magnetic moment. Let the direction

of I be taken from S toward N. If | is infinitely small dl the
pair of magnetic masses -+u and —y is said to form a doublet,
or a magnetic clement. For such a doublet

Lik

= pdl-lirm 2 = yO (2v= wd tim T wan)
where p is the line joining the doublet to the point P, and dl
is the distance between the components of the doublet measured
from S toward N.

By See. 54,

a(t)
_ a(t) poo be,AG) =a G)orB-

If the angle fp is denoted by ¢, the expression for the potential
becomes

Ve OO, mon e.ual Ee =
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If the direction cosines of the doublet are a, 8, 7, if to, yo, 20

are the coordinates of the doublet, and if z, y, zarc the coordinates
of the point P, then, (Sec. 54),

afi afl afl

a(t). ,2(2) 9 a(2~ | 2(2) +52) + 7aG)}
Since V is merely the difference between two Newtonian

potentials, it is evident that V also is harmonic in every domain
that does not contain the doublet itself.

148. The Bar Magnet.—Imagine a straight bar of length 1

built up of magnetic elements placed end to end. If the eross-
section of the bar is infinitesimal, it is seen from Eq. (147.1)
that the value of the potential of the bar at any exterior point

Pis +
v= “f 1 Sal;

or, since dl - cos y = —dp,
"do (1d

‘That is, the bar magnet acts at exterior points just as though
magnetic masses equal to +4 and —m respectively were placed
‘on the ends of the bar and there were no magnetic masses else-
where. The north pole of the magnet is at the mass + and
the south pole at —4.

149. Magnetic Sheets—Two-layer Surfaces.—It is possible
also to imagine a sheet built up of magnetic clements placed
side by side with the positive masses on one side of the sheet
and the negative masses on the other, with theaxes of the magnetic
elements everywhere normal to the sheet. Since the thickness
‘of the sheet is infinitesimal, it can be regarded as a surface

made up of two layers—a two-layer surface—as contrasted with
the single-layer surface which has been studied hitherto.

Let de be an clement of area and o its magnetic moment:

per unit area, or the density of its magnetic moment. ‘Then
edw is the magnetic moment of the surfuce element dw. ‘The
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potential of this element for a negative unit mass placed at an
exterior point P(z, y, 2) is

£20845, = 92 (;)eane)

and for a positive unit mass at the point P

_

e0089), 9/1prde = +55
‘This expression is independent of the sense along the normal,
for if n changes sign ¢ also changes sign. Regarding the mass
at the point P as negative, the potential of the entire surfaceis

auVe-

Seals) - a/v a/v ay
+ fleas) + (5) + vais) J @

the integral being extended over the entire surface.
Let

ay = Vi fie =Vs, foe =v.sp se se

If, in these integrals, ac, fo, and yo are regarded as ordinary
mass densities it is evident that V1, Vs, and V, are the potentials,

of simple layers on S, and Eq. (1) can be written

Vi, V2, Vsve [Bee @
Since the derivatives of simple layers have discontinuities

in crossing the surface (Sec. 92), it
gS is to be expected that discontinui-

"ties exist in the potential of double
layers in crossing the surface.

4 160. Closed, Uniform, Two-
layer Surfaces.—Iet dw be an

clement of a two-layer surface,

.
and let dé be the solid angle

10. 90. which is subtended by dw at a

given point P, so that dé is the area which this solid angle cutsout of a unit sphere described about Pasa center, Fig. 90. Then,
as was seen in Sec. 66,

de = Fd,
of
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The solid angle dé will be regarded as positive when the positive
side of dw is turned toward P and negative when the negative

side of dw is turned toward P. If o is the magnetic moment

of the clement du, the potential of the surface at the point P is

vm foa(p) = [ete = fs.1s onhe, ls s

If the surface $ is closed and if e is constant, that is, the

magnetic moment is constant over the surface, then at an
external point P the potential V is cro, since the solid angle
pierces the surface an even number of times, and the elements

Yi \

\WY
SA
Tra, 1

dw, which it cuts out of the surface present positive and negative
sides alternately to the point P. (Fig. 91.)

If the point P is interior to the surface the solid angle pierces
the surface an odd number of times. Hence, the potential has

the value +4ro at an interior point. It is +-4re if the positive
magnetic mass is on the inside of the surface, and —4re if the
negative magnetie mass is on the inside of the surface.

Finally, if the point P is in the surface itself and if the surface
has a definite tangent plane at this point, the value of the
potential is +20 according as the positive or negative magnetic
mass is on the inside of the surface. There are two possibilities

in this case; one in which the surface lies entirely on one side
‘of the tangent plane, and the other in which it does not. If
the surface lies entirely on one side of the tangent plane, the

integral fda is evidently 2r since the solid angle d& pierees the
‘surface an odd number of times on one side of the tangent plane
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and not at all on the other. If the surface does not lie entirely
‘on one sido of the tangent plane the solid angle d@ pierees the

surface an odd number of times on one

s side of the tangent plane and an evenCA number of times on the other (Fig. 92).

= ‘The value of the integral is the same in

\) both cases.1) If the pointP lies in the surface at aconical
point or on an edge, the value ofCV x the potential at P is to times the area

? cut out of the unit sphere by the envelop-

fio. 02. ing cone or wedge.
Hence the following theorem:

Theorem.—The potential of a closed two-layer surface, on which

the magnetic moment is uniformly distributed, is constant and equal
to zero at all points exterior to the surface; it is constant and equal

to 4n0 at all interior points according as positive or negative

‘magnetic mass is on the interior of the surface; it is constant and
equal to +2na at all points of the surface itself which have definite

tangent planes.

As the point P moves along a normal at an ordinary point
of the surface, the value of the potential has discontinuity

of +4n0, if P passes through the surface from the negative side

to the positive side, and —4re if P passes from the positive side
to the negative side. If the point P is in the surface itself,
the value of the potential is the arithmetie mean of the values
on the two opposite sides of the surface at the point P.

If Vo is the value of V at a point Ps of the surface, and if Vas
and Vy. are the limits of V as the point P approaches the point
Po from the negative and positive sides respectively, then

Von = Vet 2n0,

Vo = Vo — Bre.

161. Uniform Surfaces Not Closed.—The discontinuity in
the value of the potential, just mentioned, exists and has the
same value even if the surface is not a closed one. To show this

et the given surface S$ be bounded by a closed contour C.
‘Through the contour @ pass another surface 2, such that $ + 2

forms a closed surface, and let 2 be covered with a uniform
two-layer material of the same moment as S. If V is the poten-
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tial due to S and U is the potential due to %, the potential of
the entire closed surface is, evidently, V + U.

By Sec. 150, U + V has a discontinuity of +4rrc if the point
P crosses this closed surface at any point, say through the
surface S. Since the points of S lie outside of 2, the potential
U due to is continuous across S. Hence, the discontinuity

of U+V is due to the same discontinuity in V, since U is
continuous.

If the surface is uniform, but not closed, and is of such shape
‘that a straight line through P pierces it in but one point (Fig.
93), and if @ is the solid angle which the surface subtends at

P (that is, the apparent size), then

V = +09,

if the positive side of S is turned toward P, and

V = -<9,

if the negative side of S is turned toward P.

If one sheet of the surface, as seen from P, projects upon
another sheet of opposite sign the two sheets in such projection

contribute nothing to the potential. Consider, for example,
an open hemisphere of radius a with its positive side outward
resting on an 2y-plane with the z-axis as the axis of symmetry.
‘At any point in the zy-plane, outside of the circle which forms
the base of the hemisphere, the value of the potential is zero,
since the positive sheet of the hemisphere projects exactly upon
the negative sheet. At all points situated above the 2y-plane,
but outside of the hemisphere, the potential is equal to +o
times the apparent size of the base of the hemisphere; and at all
points situated below the zy-plane the potential is equal to —o
times the apparent size of the base. Along the z-axis
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‘V = Vi = —2n0( 1 + ———— ifs< +a,(+ yaaa)
and

2 ,V = VV, = +2no( 1 - ——— ife> bh+ ( Vara) ife> +a.

The limiting value of Vi for 2 =a is ~2re( +4.) anav2,

the limiting value of Vs for 2 =a is + 2re( - vay The
discontinuity is

lim V; — lim V3 = 4re.

Thevalueof V for 2 = ais

dine tin) = Fe
as can be seen by a direct integration.

162. Surfaces with Variable Moments.—It was shown in

Eq. (149.2) that the potential of any two-layer surface can be
written

a¥s , aVs , aVsve -[%+ ay + eh
where

vim fas, Y= fee We Stesp Is se

«, 6,7 being the direction cosines of the normal and ¢ the moment,
at the element do. Hence Vs, Vs, and Vs can be regarded as
potentials of simple layers for which the surface densities are
ao, Be, and ye. ‘The potentials of simple layers are continuous
across the surface (Sec. 91), but the first derivatives in general
are discontinuous, According to Eq, (94.1), the discontinuities
are

for Ut, —trae-a = —Arost,
avs = toafor $F, nb9 = —teop
avafor On” —4rye-y = —4roy*.
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Hence, the discontinuity in V in crossing the surface is

4ro(a? + 6° + 42) = dro, @

the sign, of course, depending upon the direction of crossing.
‘The potential is continuous across any point at which ¢ vanishes.

Suppose that Py is a fixed point of the surface S and that

V» is the value of the potential at Py. If V, is the value of the
potential at a variable point P near Po on the negative side
of the surface and V, is the value of the potential for a point
on the positive side of the surface near P, and if Vxo and Vyo
are the limits of V, and V, as the points P approach Po, it is
desired to show that V» is the arithmetic mean of Vac and Vo,
and therefore,

Vao = Vo — 2re0,

Vyo = Vot+aevo\ @
¢y being the density of moments at the point Po.

‘The potential at any point can be written

ve f.2008 ea, 4. f @ = 0) 008 94,sp Is ee *
or, by setting

wm [ee a0 a eeIsp? . Is eo ,
the potential can be written

V=Wt+u.

It was shown in Secs. 150 and 151 that equations similar to

Eqs. (2) hold for the potential W, which is the potentialof a doublelayer of constant moment density. It will be sufficient, therefore,to show that the function U is continuous across the surface

at the point Py. But this is evident from Eq. (1), for U is the
potential of a two-layer surface for which the density of moments
(@ — >) vanishes at Po. It is, therefore, continuous across the

surface at P, and Eqs. (2) is established.

It might be remarked that in Green’s formula, Hq. (63.4),

=f 20 aa0 — (1%.

the function & is represented as the differenee between the poten-
tial of « two-layer surface, for which the moment density is
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4, and the potential of a simple layer for which the mass density
is 08/an.

163. Discontinuities in the First Derivatives.—The potential
of a two-layer surface with variable moment density can be
written

(Vs, Va, ave

ve ~(+ 4 HH),where
ne fetes, Ve [Pao, Te [eanee ee se

4,8, 7 are the direction cosines of the normal, and¢ is the momentdensity at the element dw, The functions Vi, Vs, and Vs

are the potentials of certain simple layers on S.
It is evident that the first derivatives of the potentials of

double layers are related to the second derivatives of the poten-
tials of certain simple layers on the same surface. For example,

av _(8Vi , V2, a°Vson ( az? + azay +or).
‘The discontinuities in the second derivatives of the potentials
of simple layers were studied in Sec. 96, From the results
of that section, it is found that the discontinuities of

at" Ozay’ Oz02"
under the assumption that the z, y-axes are parallel to the
tangents of the lines of curvature at the point of crossing O
of the surface, are

aetramp, 0, — Ara

or, since a is zero and + is +1 at the point 0, the discontinuities
are

a0, oO — Ag

av. 3o. ts .Hence, the discontinuity in 3% is +4r%2; and in a similar man-

ner it is found that the discontinuity in z is +403"
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For the derivative with respect to 2,

OV _(#Vs , Vs, avea (& + at =),
the discontinuities are

a (ae

try (82 -ani(*), 4 +72 (22), Ara(p2 + 4)
Since,

a=6=0, y=1,

at the point O, these discontinuities are expressed more simply
by
a

—4rose ‘Aroa Aro(ps + 92):
The total discontinuity of 8V/d2 is, therefore,

da , ap~4ee( pa +ut ht 2),
Now

a ry en Se
Vit pitat VIF ptt at

= 2h, = om,nn ® a= %
At the point 0,

ag = a

naga = Bao,
from which it is found that

da , 28pitat cet i
also is zero at the point 0. Hence, there is no discontinuity in
8V/dz in crossing the surface at the point 0.

‘These results can be stated as follows: The normal derivative
of the potential of a two layer surface i continuous across the
surface; the tangential derivatives, however, have thediscontinuities

ca oo

154. The Configuration Constant of a Closed Surface.—
‘Suppose a given closed surface S is divided into two parts.
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‘This division may bo as simple as tho division of the earth’s
surface into a northern and a southern hemisphere, or it may be

fs complicated as the division into the Iand and water aress
ff the earth's surface. Let these two parts be denoted by @

and 8, so that
S=atp.

‘Assume further that the surface $ is everywhere convex, 80

‘that any given straight line pierces it not more than twice,
and cos ¢ is never negative. Let the integral

ff os ta0 = fe a)ja Ja

denote tho total solid angle subtended by the area a at a fixed

point of the surface denoted by the subscript 1. Likewise,
the integral

S262
denotes the solid angle subtended by the area # at another
fixed point of the surface denoted by the subscript 2. Under
the hypothesis of convexity, the solid angle subtended by the
entire surface at any point whatever of the surface is less than

or at most equal to 2r. Hence

os [aos of aos 25,J. osand therefore,

os al f a+ fas] )
In order that the lower limit of Bq. (2) be attained, it is necessary

that every element dw of the

area a should be edgewise as
seen from the point 1, and

0, every element of the area 8on should be seen edgewise from
the point 2. Thus, if the point

Lis the apex of a right cireular
moo cone (area a) and the point 2

is the apex of a second right
circular cone (area ), the bases of the two cones having the
same diameter, the surface formed by putting the two cones
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together base to base (Fig. 95) would be a surface for which

the lower limit could be attained. ‘The eos ¢ in Bq, (1) vanishes
everywhere. Such surfaces were called double stars by Neu-
mann, and are excluded from consideration. Single starred
surfaces do not exist in the class of closed surfaces.

For a given surface $ and a given manner of division of the
surface, there exists a constant ¢ > 0, whatever the pair of fixed
points may be, such that

1 —
<2 als

for all possible divisions of the surface; and for all possible
selections of the fixed points, ¢ has a minimum which will be

denoted by 1 — . Hence for a given surface there exists a
constant }, which is independent of the mode of division of the

surface, and independent of the choice of the two points, such
that

1 1 -

osi-Z[fao fi aa]srcr ®
Neumann called \ the configuration constant of the surface,

155. The Spread of Values of the Potential on a Closed,
Convex Surface.—Let the potential of a double layer on S,
evaluated for some particular point of S, be denoted by 2rV\.
Then

wh fottran = BfVin hf oh %a0 = Lf oa a)
Let M be the maximum value of ¢ on S, and m its minimum

value. Draw the lines on $ for which « = (M + m)/2, which
is possible since « is assumed to be continuous. Let the area

for which « > (M + m)/2 be denoted by a and the area for
which « < (M + m)/2 be denoted by @. Since « aud cos ¢ are

everywhere positive, it is evident from Eq. (1) that

Vis if. ao + Gem di,arJar 4 px
and

M+m " m .vie Gem aos Bf a.
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By virtue of the relation

Stet fae = 2,
these equations can also be written

vsM-=f as,oes o)
M-m m

Viem¢e f@
Ina like manner, for a second fixed point on S,

visu emf do,alsa ®
M-mf 4Vizm+ ro f.a

Equations (2) or (8) show that the maximum value of V on $

is definitely less than M and its minimum definitely greater than
‘m, unless « is a constant, in which ease V= M =m. On

subtracting the second of Eqs. (2) from the first of Eqs. (8),
there results

1 ie e);v= Vis (= m( - af + fel):
and therefore, by Eq. (154.3),

Vi- Vis (fm,
0<d<1, ®

wherever the two fixed points on $, at which the potential was
evaluated, may be. Hence, the maximum difference between

the values of the potential at any two points on S does not
exceed the maximum difference of the densities multiplied by
2, the configuration constant of the surface. ‘This important
theorem is due to Neumann.

156. Neumann's Proof of Dirichlet’s Principle—The first
rigorous proof of the existence of a solution of Green's problem
was given by C. Neumann.’ His proof is limited to closed
surfaces which are generally convex, although they may have

Neumann, Dr. Cy, “Untersuchungen aber das Logarthmische und
Newion'sche Potential” 1877. Leipag
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corners and edges, but excluding surfaces which he called double
stars (Sec. 154).

It will be recalled that in Green's problem, it is required to

find a function that is harmonic inside of a given closed surface

(interior problem), or harmonic on the outside and vanishing
‘at infinity (exterior problem), and that takes a prescribed con-
tinuous set of values on S.

‘Neumann’s method of the arithmetic mean shows how to build
a double layer on S whose external, or internal, potential will
have the required properties. Suppose the function which is
given on S is f(& », ¢). Form the potential of a double layer
on § whose moment density is f/2n, namely,

1 COS 1 —

1a Pde =» [ fae.Win ge [Sneae = ae fF ©
If p is measured from a point on the outside of S, the function
W, is the external potential; if p is measured from an inside
point, W, is the internal potential; if p is measured from a point
on S, the function W; is the value of the potential on the surface,
and this fact will be denoted by the superscript zero.

If f is everywhere positive and the positive magnetic mass
is on the inside of S, so that da is positive, it is evident that

W, is positive. Since W,‘° is continuous on S, W /2n can be
taken as the density for a second potential W., thus:

ei girsWakIWide;
and, sequentially

1Wi = 2 [ werd,af, O)
L -W. = = |Wada,ar).

‘Suppose M is the maximum value of f on S, and mis the minimum
value. If S; is the spread of W,® on S, that is, the difference
between its maximum and minimum values, then, by Eq. (155.4),

Sis (M—m), (2)
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where } is the configuration constant of the surface. In general,

if S, is the spread of W," on S, then

S, SS.

SS 8)

S(t me.

Since d is a fixed constant less than unity for each surface

of the class considered, it is evident that the limit of S, as n

inoreases is zero. That is, the successive double layers tend
toward constant density on S.

If My and m; are the maximum and minimum values of W,®,

it follows from Eq. (155.3) that

M>Mi>Ma> + +> > Mere Mer oo) gy
mem <me< + < mer< me Sve

That is, the sequence of maxima is a decreasing sequence, while
the sequence of minima is an increasing sequence. Since the
spread tends toward 2oro, it follows that the limit of the maxima

is the same as the limit of the minima, and the functions W.
tend toward a definite constant value, or

Wo = 0. 6)

———_

pid Pid,

G hy aa
Fro. 96.

On the straight line L (Fig. 96), let points be marked at dis-
tances m and M from the point 0. The interval mM, which

will be denoted by S, is the spread of ¢ on S. That is

msosM.

at all points of the surface. Similarly, mark the points m:,
my... 5 May Mayo... Thon

msWO SM, ms Wi SM, +--+,

at all points of the surface. Since 7" and o both lie in the
interval mM, it follows that,

IW — 0} 5 So,

even though the value of 1’: is taken at one point of the surface
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and the value of ¢ is taken at another. That is, this inequality

holds for every pair of points on S. In a similar manner,

IW - WSS,

|W. — W.| < Ss,

[Was — Wa S Soy

Indeed, since War lies between m, and M, for every point on
S, and for every p, it follows that

(Wars — Wal S Say

and therefore, by Eq. (3),

Wass — Wail SS. Oy

‘The limit of Wg,» for p infinite is, Eq. (6),

Wi =C.

Therefore

[C — WA = Sod,
and

C- Sars Wi SC +80. )

1657, The Limiting Values of the Potentials 7, on S.—The
limiting values of the potentials W., as the point at which the
potential is evaluated approaches the surface from the inside
or from the outside (internal or external limits), will be denoted

by W.9 and W,. If the positive magnetic mass is on the
inside of S, and if W, is the value of W, at the point of the
surface which is approached, then it is seen from Eqs. (152.2)
and (156.0) that

WO-W Of WO=WO4+s; a

and similarly, from Eqs. (156.1),

WO = WOW, We = WO +47,
0 = WO — Wo) WA = WOE WO,

WW Wo, We 2 wo 4 LO,

From these equations and Eq. (156.6) it follows at once that

[Wu] = [Wl — Wana! S Sid%; @)
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and therefore

Jim |W] = 0.

‘The expressions for the internal potentials can be written

2C = Wasi = (C — Warr) + (C — Wo);

and therefore

2C — Wy] S25", @

from which it follows that

Tim [F740 = 2.

It is evident, therefore, that the functions W., W.®, and
W.® have the limiting values, for n equal to infinity, 0, C,

and 2C, in agreement with the theorem of See. 150 for uniform
two-layer surfaces.

158. Harnack’s Theorem for Harmonic Functions.—It is

desirable to turn aside from the main line of Neumann’s argument,
for a moment, in order to prove that the limit of the sum of a
sequence of harmonie functions is itself harmonic. Suppose

@) ®
Fro, 97

Us, Ux Us + ++ , 18 a sequence of functions of 2, y, 2 which
have the following properties:

(a) Each of the funetions U, is positive everywhere within
a certain domain B.

(®) Each of the functions U, is harmonic within the domain
B.
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(c) There exists a positive number M, which is independent

of n and of the position of the point z, y, z, provided it remains
within B, such that

Uit+U2tUst - ++ +Un<M.

The sum

UsUitUrt+Ust - ++ +Uat +>
evidently converges at every point of B and represents a certain
function of x, y, 2. It will be shown that U is harmonic within
B.

Let Py be any point within B (Fig. 97). With Po as a center
describe a sphere S which lies wholly in the interior of B, and a
second sphere So which lies inside of S. Let the radii of these
‘two spheres be a and ay respectively. Let dw be an element
of the surface of the sphere S, and P(z, y, 2) be any point lying
within the sphere So. Also let

PP=1, Pia=p.

Since U, is harmonic, by Eq. (135.1),

I = (e=2
ves = [Speagr UG Dae, @

where U.(z, y, 2) is the value of U, at the point P, and U.(E, n, $)
jis the value of U, at the surface clement dw. If

A fe 1 Ddo,
it is evident that,

yar fue, de;
and therefore

A. < 4raM.

Hence the series

AtArtdst 9 tAgt oe ey

all of whose terms are positive, is convergent.
Now let

eon

Saar = 908 v2).
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If the point P remains inside of So, it is clear that p cannot
vanish, since it is never loss than a — as. ‘Therefore, » and all
of its derivatives are finite inside of the sphere Ss, and therefore,
have maximum values.

Let

lel < Go,

ae ae! ae]|\<6. {3¢| <G, zl <G,
|a%p| ae \d*¢|El<e, [Fs] < es Gl <@n

ete.

Then

Ua feet < GA,s

aU. ae

We fives <G.A.,
aU. He,
gue fest < Gide

Hence, the series

Ut Urt Ust +++ < Ge QA, < 4ra*MG,
Uy, Uy, Us, .tet ait <1. D A, < 4ra®MG,,
BU; , Us , aU; .at+ Get Gg tt <A,< drat,

are absolutely and uniformly convergent within the sphere So,
and they represent respectively.

v, WU we.
, ax” oz?” .

From this it follows that

AU = Yau,
aand since

AU, = 0, K=1,2-+-+,0@,
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there results finally

AU =0;

that is, U is harmonic inside of Sp, since it is evidently continuous
and has continuous derivatives of the first two orders; and

therefore, harmonic within the entire domain B.

It is possible to go further and show that if the series
UtUrt Ust ++ + Unt s*

is convergent at any point p whatever within the sphere S,
the series

x fies my $)disxaids

is still convergent, and therefore, the function U is harmonic.
Let 2, y, z be the codrdinates of the point p; then Eq. (1)

becomes

DA) = f rap Ub fa
From Fig. 97 it is evident that

Psa+r,

a being the radius of the sphere. Hence,
; a-+

UO) > spate tne f EDs
and

fre 1, D)deo > NU,(p)
where

ym Hae?
isa constant which is independent of x. From this it follows that

& fue ndrde <v & vA.x 4

But since

LY Vir)
%

is convergent by hypothesis, it follows that the series

& free ateAJs

also is convergent.
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Suppose p; is any other point within the sphere. Then

Up) =fSap UG Dd;
but since

p2za-n,
it is evident that

atn _
.Dd < spate[OMG nD

or,

Blo) < Mf 4G 9 0,F

where

_ athM =

gala ryt

is a constant which is independent of «. Hence, the series

(Py UAE, 9, SeoYvon< ME [0s nna
also is convergent. That is to say, if the functions Us, for
«x=1,..., ©, are each positive and harmonic within a given
domain B, and if the series

v= yu
a

converges at any point within a sphere which lies wholly within

B, the series will converge at every point which lies within the
sphere.

It is a simple matter now to show that this series converges at
every point of the domain B, assuming, of course, that the domain
Bis connected. Suppose B (Fig. 98) is such a domain and that
the series converges at the point Ps. It is desired to show that

the series converges at the point P, Construct a sphere S;
which contains the point Ps, and then a series of overlapping
spheres, the last of which contains the point P. In the regions
which overlap mark the points P;, Ps, Ps, +--+. Since the
point P; lies in the sphere S;, the series converges at P,, since, by
hypothesis, it converges at Ps. But P; lies also in the sphere S,;
therefore, the series U converges at the point P:, which also lies
in Sq; therefore, it converges at P;; and so on, until after a finite
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number of steps the conclusion is reached that U converges at.
the point P.

It follows also from Sec. 158 that U is harmonic in the entire

domain B.

,

CEES
. ©)
“eD. a «5

a

159. Case I—The Constant C is Zero.—(A) The Exterior

Function.—If the equations in the first column of Eqs. (157.1)
‘and (157.2) are added, and the result is multiplied by -1, it
is found that

Oe Wyo — Wid = ose WO AP WA. (0)
By hypothesis, the limit of W,? as n inereases, which is the
eonstunt C, is zero, Hence

- Mas, a)

and sinee, Ka. (156.3),

| Wa? |S Sods, (2)

the left member of Eq. (1) converges like a geometric series.
‘The function W is the exterior potential of a certain magnetic

layer distributed over the given surface S. It is therefore har-
monic everywhere outside of S, and it has the limiting value
W, as the point at which it is evaluated approaches the surface
S. Since it is harmonic, its maximum and minimum values
‘ocours on S; that is, its maxirnum and minimum values are the
maximum and minimum values of W,; and since the sum of
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these maximum values converges, by Eq. (2), it follows that the
function

w=-yW. (3)

converges absolutely and uniformly everywhere outside of S,
and its limit is equal to the given funetion f on S.

Equation (3) ean also be written

W = YS — W) — YSar.
a a

‘The function S:d* — W, is positive everywhere outside of S,
it is harmonic, and the sum

Yar - W)
Ft

converges absolutely and uniformly. ‘This sum is, therefore,
an harmonic function, by Harnack’s theorem. Furthermore,
the term

ys

also is harmonic, since it is merely a constant.

Consequently

w-=->W, @
im

is the exterior function which was sought, for it is harmonic
outside of S, vanishes at infinity, and takes the preseribed set

of valuesf on S.(B) The Interior Function —It the equations in the second
column of Eqs. (157.1) and (167.2) are taken alternately positive
and negative and then added, it is found that

Wi — WO $ WO = = (HO

=f (-W.;
and since,

lim W.( = 20 = 0,

it is evident that,

WO WO LW O- WO... =f
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the left member converging like a geometric series, Eq. (157.4).

The function W, this time is the potential at an interior point
of a certain magnetic mass distributed over S, and W,° is the
limit of W, as the point P, at which the potential is evaluated,

approaches S$ from the inside. Since We is harmonic inside
of S, its maximum and minimum values are the maximum and
minimum values of W.'°, and since

[We] < 28a

for every point of the surface $ (IEq. (156.4)), it follows that the
function

W=Wi- Wit Wi— Wet + 6)

converges absolutely and uniformly everywhere inside of S,
and takes the limitf on S.This expression for W can also be written

W = Y@sar' + (-1)W) — Ysa,
a a

The functions

WA + (“We eA...

are harmonic and everywhere positive inside of S, and their
sum converges absolutely and uniformly. Therefore,

Lesa! + (-1)W)

is harmonic, by Harnack's theorem. The constant term E2S»\*-?
also is harmonic.

It follows, therefore, that W (Eq. (5)), is the interior function
sought, for it is harmonic inside of S, and takes the preseribed
‘set of values on S.

Dirichlet’s principle is, therefore, established rigorously
for the case C = 0.

160. The Interior and Exterior Functions as Potentials

of the Same Simple Layer.—In order to distinguish between
functions interior and functions exterior, the exterior function

W, Eq. (159.4), will be denoted by Ws, and the interior function
W, Eq. (159.5) will be denoted by W;. Also if p is measured
from an exterior point it will be denoted by pe, andif it is measured
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from an interior point it will be denoted by p:. Hence,

2. al 2 a(td=ans) or d=ai)
according as the exterior or interior function is under con-
sideration,

If the values of W,, in Eq. (159.4), are replaced by their values
from Eqs. (156.1), it is seen that

=i o op aDWem gefotmio + wie + weet «3 (Bas,
and similarly from Eq. (159.5),

Wim gfe - ee) + ars — Wey + --2(!)a
Now by Eq. (157.2),

W. + Wes = We, WE — Wes = We,

‘Hence the expressions for Ws and W, can also be written

--2 0. vo og OLWe= A fiom + Ws) + WO + a(Ban wo
=-A fore swesweoge.- aW.= =}fare + wee + wie 4-92 ()ao,

so that W, and W; are represented as the potentials of certain
double layers on S.

The functions W. and W, are the surface values of the

external and internal potentials of a certain double layer on S.
‘These potentials are harmonic in their respective domains.
Furthermore, 1/p; is harmonic outside of § and 1/p. is harmonic
inside of S. Hence, by Green's theorem, Eq. (57.4),

afi 1aW

wo A(2)_ 1),Sm 3G) - 5. Jeo
w» 2(1\_ 1 awe

Smo) ~ 528m =o‘That is

afl OW da0 8(1)gy = [He de,Sree) = [25%
afl OW) deo08 (Day = fm? de,Sire 25-8
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so that qs. (1) can also be written

Wee = Bf,gare + W0 4 wae +
fa do (2)W.= -df dare + WO + Wi+E

Since the normal derivative of the potential of a two-layer
surface is continuous across the surface, Eq. (153.1), it follows that

wo we,
HE Me, gw, 2,3, 06>

If therefore the common value of

2 Po Cen ey Ac) “o
pn + Ws + d= 5, hie + WO +)

be denoted by —2ra, it is seen that

Wee [fas Wea Sige
andthe functions Wx and W, are the external and internal potentials
of the same simple layer ¢ on S.

161. The Constant C is Not Zero.—If the constant C is
different from zero, its value can be supposed known as the limit:

‘of the sequence of functions W..
Let

ent-%

and let the functions V., analogous to the functions W,, be
defined by relations similar to Kgs. (156.0) and (156.1):

1 a, aan =«/
f

de, neevin gefioass 1 Vem frevda, .
It is evident that

vio =pf(f= Ode = Wi —C,
and, in general,

Vo <9 =

Sinee

We =0,

it is evident that V. is zero, and the theory of the preceding
ease is applicable.
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‘The function, Eq. (159.4),

Vr=- DV
a

is harmonic outside of S, vanishes at infinity, and is equal to ¢
‘on S. The function Vr + C is harmonic outside of S, and is

ual toon etCns
on S, but it does not vanish at infinity, since it is equal to C at
infinity. It is not, therefore, the exterior function which is
sought.

‘The function, Eq. (159.5)

V,=Vi-VatVi-Wt---

is harmonic inside S, and is equal to gon S. Hence the function

Vite

is harmonic inside of S, since is merely a constant, and is equal
tofonS, Since there is only one function that can satisfy these
conditions, V; + C is the interior function sought. Since C
ean be regarded as the interior potential of a double layer of
constant moment, C/2, on S, it is clear that the interior funetion

can always be regarded as the potential of a double layer on S,
‘The exterior function, however, cannot be expressed as the

potential of a double layer on S in the case that the constant C

is not zero, For the total mass in a double layer is always zero,
and therefore, if V is the potential,

lim pV =0,

for every potential of a two layer surface. For a Newtonian
potential in which the mass M is not zero

lim pV = M #0.

It is clear therefore that exterior Newtonian potential cannot be
represented as the potential of a double layer.

Suppose however a simple layer is distributed on S in such a
way that it is also a level layer. If the potential of this level
layer Vs is equal to C on S, it will be equal to C everywhere
within S, and will vanish at infinity. Consequently the function

Va+Vo
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is harmonic outside of S, vanishes at infinity and is equal to f

on S; and the function
VitVo

is harmonic within S and is equal to f on S. Therefore, if

‘the constant C is not zero, both the exterior and interior functions

‘can be represented as the potentials ofa combination of a doublelayer and a simple level layer on S.

‘But, just as in Sec. 160, the potentials of the double layer,
Vz and V; can be represented as the potentials of a simple layer
‘of which the total mass is zero. The equations analogous to

Eqs. (160.2) are

1 a des-- © $V EVO Eo,Ve ede FlV20 $V + VSO %e
--l a o fo oF deoY= 1 [do VO EVE VE

Just as before

2,0 EV + 2) = 20.6 + 0 + ceon* “ an . ,

and if the common value of these two normal derivatives is

denoted by —2re, the above expressions for Vz and V; become
simply,

Vem fi Za vem [2a1s pe 5 pi

‘That is Ve and V; are the exterior and interior potentials of the

same simple layer on S.
Henee the functions which solve the exterior and interior

Green problems can be represented always as the potentials
of the same simple layer on S.

It remains to be shown how the level layer above mentioned
can be constructed for the class of surfaces considered by
Neumann.

162. The Construction of a Simple, Level Layer on S.—
Suppose O is any point within S and po is measured from the
point 0. Starting with, Sec. 156,

1

seh
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build up the series of exterior potentials 1, Ws, Ws, « - - , and
Wi, W., Ws, +++. The limit of the functions W. as

‘n increases’ is a certain constant which will be denoted by T;

Wo =7,
Form the function

U=-Wi-Wi-Ws---,

which is the exterior potential of a certain double layer on S,
and therefore, vanishes at infinity. Its limiting value on S
is, Eq. (159.0)

Us= WO - We Wo.

atop,
ps

where pos is the value of po on S.

Now, consider the function

1
oat-u. 1vend Oo)

It is harmonic everywhere outside of S, and it vanishes at infinity.
‘Therefore, since

im psVo = +1,

it is the Newtonian potential of some distribution of a unit
amount of matter. Since

Your  onS,

S is an cquipotential surface of the distribution. Therefore,
by Sec. 115, it is possible to distribute a unit amount of matter

on S in such a way that S becomes a level layer. ‘The density
in this distribution is, Eq. (115.0),

1 8%on Ef Ta,
The constant [ is not zero. If it were, the function Vo

would vanish on S and at infinity. Since it is harmonic, it
would vanish identically outside of S, and

vel
me

‘This is impossible, however, since U is the potential of a double
layer and 1/p¢ is « Newtonian potential of a unit mass (See. 161).
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If it is desired to have the potential of the level layer equal to

C on S, it is necessary, merely, to take

c(1w= $(5-2);
and therefore, the total mass.of the level layer is

Cc

POINCARE’S METHODE DU BALAYAGE

163. The Balayage of a Sphere.—The balayage of a volume
consists in replacing the matter within the volume by an equiv-
alent layer upon the surface: equivalent in the sense that the

potential of the layer is the same as the potential of the volume
at points which lie outside of the surface. In Secs. 108, 133,
and 134, it was shown that if a unit particle is placed at a point

0; within a sphere, its potential at points exterior to the sphere
is just the same as the potential of a unit mass spread over the
surface in such a way that the density on the surface is inversely
proportional to the eube of the distance from the point O:.

If there are two particles of masses m; and ms within the sphere,
each particle can be replaced by an equal and equivalent mass
distributed over the surface, and the surface distribution m, + mz

will have the same potential at all points exterior to the sphere
as the individual particles m, and ms. This result, evidently,
can be extended to any number of particles, and therefore any
distribution of matter within the sphere can be replaced by an
equivalent distribution of the same amount of matter upon the

surface of the sphere. It is always possible, therefore, to balaye
a sphere.

It will be observed that in this process negative masses are
never introduced, and that the potential at outside points is
unaltered. At all interior points, however, the potential is
diminished. In order to prove this, let U be the interior potential

of the equivalent surface distribution for a particle for which
the exterior potential is 1/p, Green’s function is

o=}-u;
>
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that is, itis the difference between the potential of the interior
particle and the interior potential of the equivalent distribution
on the surface. But, by Sec. 130, the Green function is always

positive. Hence at every point of the interior

u<},
?

and in the process of balaying the sphere the potential at any

interior point is diminished whenever a particle is replaced by an
equivalent surface layer. It is therefore diminished for the
final result whatever the distribution of matter within the sphere
may have been.

164, Existence of a Level Layeron a Given Surface.—Supposethere is given a closed surfaceS which mayhavea finite number of
2

Peers
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Fu. 99.

conical points and edges, but which at other points of the surface
admits a definite tangent plane and two definite principal radii
of curvature. It will be shown that there exists a function

V(z, y, 2) which is equal to +1 at all points of the surface S, is
continuous outside of S, exeept possibly along the edges, which
vanishes at infinity, and which satisfies the equation of Laplace.

Let the surface S be surrounded by a region Ry in the form of1 shell bounded by two surfaces, By and Bs, Fig. 99, and let the
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minimum distance between the surface S and the surface B, be
Se, Imagine an infinity of such regions

+++, Ruy Rus, Rui, Ro, Ri, Ra, Ray +++

with the corresponding minimal distances
s+ Bay Busy Baty Boy Bis By By

where 5» < 8-4; tends toward zero as.n increases, and 5, > x1
tends toward infinity as n increases; and let the successive

regions over lap so that every point of space exterior to S lies in
‘at least one region R. Let «, be slightly smaller than 3,, for
every integer «.

Let the region R, be divided up into cubes by planes which
are parallel to a given set of reference planes and at a distance
«./V3 apart; so that the diagonals of the cubes are equal to «.
‘A cube will be regarded as belonging to the region R, if any part
of the cube is contained in R,. Let a sphere be constructed
about the center of each cube, the diameters of these spheres
being equal to 8,. ‘Then each of these spheres lies wholly outside
of the surface S, and every point of the region R, lies within at
least one of these spheres. Furthermore the number of such
spheres for the region R, is finite.

If spheres are constructed for every region R in the manner
just described, there will be constructed a definite, infinite set of
spheres which has the following properties.

(a) Every sphere lies wholly outside of S.
(b) Every point outside of S lies inside of at least one sphere.
(©) The set of spheres is denumerably infinite; that is, the

spheres can be put into a one to one correspondence with the
positive integers. For example, the spheres in Ry can be
numbered, and the nurabering continued into Rs, then into R1,
then Ry, and Rs, and so on.

It is the properties of this system of spheres that is important,
and not at all the particular system which has been defined.
‘Any other system of spheres which possesses these three prop-
erties will serve equally well; but it was necessary to show that
there exists at least one such system.

Construct a sphere 2 of radius A which contains the surface S
in its interior. Let the mass M be distributed uniformly on 3.

‘Then the interior potential of 2 is constant and equal to M/A,
and if M is chosen equal to A the interior potential of M is equal
to unity. In particular, it is equal to unity within end on S.
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Assuming that the sphere 2 passes through the sphere S:

which was numbered one, let the sphere S; be balayed; then let
‘8; be balayod; then S; again, then Sz, then Ss; then S; a third
time; and so on, the spheres being taken in the order

$1, 82; 81, Sa, S23 Si, Sx, Ss, Sa; Si, Ss, > > + @

0 that each sphere is balayed infinitely many times.
‘The matter which originally was uniformly distributed on 5

is redistributed, at least in part, in each operation; unless the
sphere which was balayed was already empty, in which case no
alteration of any kind occurs. At the beginning, the potential
was

V= 1 insideof 2,

v= 4 outisideot >.
Whenever a sphoro S, is balayod the potential at all points

outside of S, remains unaltered, but at all inside points it is

diminished. Hence the potential V is never increased at any
point by any operation, but is decreased everywhere within
one of the numbered spheres by each non-vacuous operation.

Since negative masses are never introduced, necessarily V remains
positive always. Hence, as a result of the operations indicated

in Eq, (1), at any fixed point outside of S, V tends toward a
limit. Within and on S, the potential V remains unaltered

and equal to +1.

Let V, be the value of V after the n" operation. ‘Then at
any point p outside of S

12V2V.>0.

As the point p recedes toward infinity, V, which is equal to
A/p, tends toward 0, and therefore V, tends toward zero at

infinity.

At a fixed point p the potential V, tends toward a limit, as a
result of the operations indicated in Eq. (1). Suppose the
point p lies in the sphere S,. This sphere is balayed infinitely
‘many times, the numbers for the operations on this sphere being
@, ax, ax, +++ Consequently the sequence of potentials

Vay Vay Vay ++ tends toward the same limit which will
be denoted by V.. Hence

Vn = Ve, + (Var — Ve.) + (Va ~ Vas) + (Vay— Vas) toes
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Each of the terms in this series is zero or negative except the

first, and the sum converges to the limit V.. Since the sphere
S; contains only empty space after it has been balayed, it follows

that Vey j= 1,2, ++, %, satisfies the equation of Laplace
in the neighborhood of the point p. Therefore, each term of this
series is harmonic. It follows then from Harnack’s theorem

(Sec. 158) that the series and all of its derivatives are uniformly
convergent. Consequently V., is continuous and satisfies the

equation of Laplace inside of the sphere $,; and since every
point of space is inside of some sphere &%, it follows that V,
is harmonic everywhere outside of S.

It remains only to prove that V., is continuous across S.
Inside of S the value of the potential

has remained steadily at +1. Outside 2
of S, V., is harmonic; but it is conceiv- é
able that V, might not tend toward YA
+1 as the point p approached the

surface S$. It will be shown that this oy, (p
is not the case.

Let P, Fig. 100, be a point on S at
which S has a definite tangent plane
and two definite radii of curvature. It

is possible, then, to construct a small
sphere 7’ of radius r with its center Fic, 100.
at 0, which is tangent to S at P, and which lies wholly within
8. Let p be any point outside of S, and let

Op=p, Pp=s.

‘The function r/p is harmonic outside of 7, and is equal to

+1on 7. The function V, is the potential of positive masses
which lie outside of S. It may, therefore, have maxima outside
of S, but it cannot have minima (Theorems I and IV, Sec.
75). It is equal to +1 on S, and vanishes at infinity. The
funetion

u=v.-5
’

is the potential of positive masses outside of S and a negative
mass equal to —r at the center of 7. Outside of S it ean have

maxima but not minima, It is equal to zero on $ and at infinity.
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It can, therefore, be positive or zero outside of S, but not nega~
tive. It follows therefore that

r12 Vaz
s

Now let the point p approach the point P along the line s, Fig.
100. It is evident then, that

rootle Vee rery
and V., tends toward unity ass tends toward zero. Hence,
V.. is continuous across S$ at any ordinary point of the surface.
The proof as given above fails if the point P is at comer

or on an edge, because at a corner or on an edge it is not possible
to construct a sphere 7 which lies wholly within S. Poincaré

modified the proof so as to include conical points by replacing
the sphere 7 by a surface which has a conical point which can
bbe fitted inside of the conical point on S. The proof is too long
to be given here and the reader is referred to Poincaré’s paper in
The American Journal of Mathematics, Vol. XII, p. 228, (1890).
Doubtless, points which lie on edges also could be included by an
appropriate modification of the surface 7.

The above results show that part of the matter, which originally
was on 2, has been deposited upon S in such a way as to make

‘8 a level surface of potential +1, and part of it has been dispersed
to infinity. The space outside of S$ is entirely empty. The
proof for the existence of a solution of Green’s problem follows at
‘once from the existence proof for level layers by virtue of the rela-

tions given in See. 129, but a direct proof can be given by the
method of balayage.*

165. Application of Harnack’s Theorem.—Suppose there is
given # closed surface S and a continuous funetion & which is
defined on 8. It is supposed, also, that

M>#>m>0,
on S, where M and m are two positive numbers.

Let 2 be a sphere which contains S wholly within its interior,
‘Then it is always possible to find a sequence of polynomials
P, such that

0<P<e

*Ponscant, “Theorie du Potential Newtonien,” p. 283. (1899.)
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within and on Z, where e, is a sequence of positive numbers for
which the series

ateatatortedes

is convergent, and such that the function

UsPitPit Pit s+ +Patee
is equal to & on S.

‘Suppose that there exists, for every index n, a function V.
which is harmonic inside of S, and equal to P, on S. ‘Then, if

8, and 6, are the maximum and minimum values of P, on S,

0< 5 SMS HM Se

within S, and the function

VaVitVat Vat labois absolutely and uniformly convergent. Furthermore, it is
equal to on S, and by virtue of Harnack’s theorem it is har
monic inside of S. A solution of Green's problem, therefore,

exists if there always exists a function V, which is harmonic
within S and equal to a given polynomial P, on S.

‘The restriction that # be positive and non-vanishing on S was
necessary in order to apply Harnack’s theorem, but this restrie-
tion can be removed. Suppose

la <c,

where C is some positive number, on S. Then.

e=C-(C-4),

and

C-4>0.

It W is a function which is harmonic within § and equal to

C —@ on, the conditions of Harnack’s theorem are satisfied.
‘Then the function

v=c-W

is harmonic within S and is equal to # on S.

166. Construction of an Infinite System of Spheres within S—
In order to show that there exists function V which is harmonic
within a given closed surface S and which is equal to given
polynomial P on S, let there be constructed first an infinite
system of spheres which has the following properties:
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(a) Every sphere of the system lies wholly within S.

(b) Every point inside of lies in at least one of these spheres.
(c) Thesystem of spheres is denumerably infinite.
These are the same conditions for the interior domain that

were required in Sec. 164 for the exterior domain. In order to
show that there exists at least one such system, let an interior
region Ry be defined as the region which lies in the interior of a
closed surface which lies wholly within S and for which the
minimum distance to the surface S is fo. ‘Then construct an

infinite series of overlapping shells

Ra, Ra, Ray,

for which the minimal distances to the surface S are

By by Bay ty

of such magnitude that
fn < buoy

and which have the limit zero as n increases, so that the outer
boundary of the shell Ry tends toward coincidence with the

surface S as n increases. ‘Then every point in the interior of S
lies in the interior of at least one domain R,.

Let ¢, be slightly smaller than 6, for every «, and let the region
R,be divided up into cubes by planes which are parallel to a given

set of reference planes and at a distance «,/+/3 apart, so that the
diagonals of the cubes are all equal to «. If a sphere of radius
4, is constructed about the center of each cube, there will be
‘a finite number spheres each of which lies wholly within S, and
every point of 2 lies in at least one of these spheres.

Tf spheres are constructed in this manner for every region
Rg, the infinite system of spheres so constructed certainly satisfies
conditions (a) and (b). It also satisfies condition (c) for, since
‘the number of spheres in each region R, is finite, the spheres
in Ro can be numbered and the numbering continued into Ri,
‘then into Rs, and so on. It will be assumed, hereafter, that
the system of numbering has been carried, so that each sphere
is definitely located in the sequence of spheres

167. The Existence of the Required Harmonic Function.—

Let P be the given polynomial. Form the Laplacian AP, and
‘suppose, at first that

oP <0
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everywhere within a sphere 2 which contains § wholly within
its interior. Let

AP = —4r0,

where o is positive, and let

We f=sp
80 that Ws is the potential of a volume distribution of positive
masses and is, therefore, positive everywhere. Furthermore

AW, = —4ro = AP

inside of 2.

‘Regardingo as the density of attracting matter, let the spheresSS, inside of S be balayed in the order

Sy Se; Si, Sty $3} 81, Se Sy Sj +

so that each sphere is balayed infinitely many times. If W.
is the potential of the attracting matter after the n operation,
it is evident that

W.>0, and Was Wor

‘The sequence of potentials

Wi, We, Wa,
‘therefore, has a limit which will be denoted by W. Inside of S

0<W< Wey
outside of S

W= We,

since the balayage of a sphere docs not change the potential
outside of the sphere.

‘The sphere S, has been balayed infinitely many times. If
the numbers of these operations are, in order,

then the functions

Way Way Way °°

fare harmonic inside of S,, since they represent. the potentials
of attracting matter in empty space; and they have the seme
limit W. Hence the series

W = Way + (Way — Way) + Way ~ Way) + = +
is convergent. All of its terms, except the first, are negative
or zero, and all of its terms are harmonic. Hence, by Harnack’s
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theorem (Sec. 158), W is harmonic everywhere inside of S, since
every point inside of $ is also inside of some sphere S,. All of
the matter which was within S has been deposited upon S by
these operations, and the interior of S is empty.

In order to show that, W is continuous across S at every point

at which § has a definite tangent plane and two principal radii

of curvature, let Q be point of the surface at which these
conditions are satisfied. Let So be a small sphere outside of $

and tangent to Sat Q. Since the Green function for the sphere
is known it is possible to effect a surface distribution of matter
on So for which the potential coincides with the values of Ws
on So. If U is the potential of this distribution of matter, U

is harmonic outside of Sc, equal to Wo on So, and vanishes at

infinity.

‘The function W — U can be regarded as the potential of a
positive distribution of matter and a negative distribution on
So. It can have maxima outside of S, but not minima. It

vanishes at Q and at infinity. Hence, at any point g within §

UsWsW.

As the point q approaches Q the function U tends toward Wo.
‘Therefore, the function W also tends toward Wy and is con-
tinuous across S.

Take now the function

V=W-W+P.

It is harmonic inside of S, since

AW=0, and AW, = AP;

and it is equal to P on S, since W — Wo vanishes on S. It is,
therefore, the function which was sought; and sine Green's

problem can be solved fora polynomialP, it can be solved for any
function

Pit PatPates $Pateee

by the principles of Sec. 165.
The restriction that AP shall be negative everywhere within 3

is easily removed. Any polynomial, whatever its values in >

may be, can be regarded as the difference between two poly-
nomials,

P=P:-Py
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the polynomials P; and P; being chosen so that

P,<0, AP: <0,

everywhere within Z. In accordance with the above analysis
there exist two functions V; and V2 each of which is harmonic

within S, and equal respectively to P: and P:on S. The desired
function V then is

Vevri-Vi

Problems

4, Show directly by the method of balayage that on any given closed
surfae 8 there exists one and oaly one distribution of « unit mass on

which is centrobaric with respect to « given pointP which lies within S.
2, Suppose the function V satisfies the following conditions:(a) V is harmonic in every region that lies wholly within or wholly

without agiven elosed surface S.

() V is regular et infinity, and acts there like a Newtonian potential.(©) Vand ts normal derivative have definite Limits at any point P of the
surface both from the inside and from the outside. If these limite are

denoted by

a, aVy Gr and
then

or :1(aVs _ avsonte) ae -hin- v0
sre continuous functions on 8.

Show that V is the sum of the potentials of a simple layer and of a double
layer on 5.

3. Given a closed surface $ and a continuous function &, such that

far =0.
Show that there exists function V which sutisfes the conditions

‘thins, %av=0 withing, =o ons.

4. 1£Sisa closed, everywhere convex surfase which has two finite principal‘radii of curvature at each point, and if R is the maximum value of the radii

ot curvature, show that

08 8g <Afi mM ape

where p is measured from a point of the surface, g isthe angle which »
sakes with the interior normal, and A isthe aren ofthe surface.

5. A shell of finite thickness separates space into three regions, A the

hollow of the shel, B the space within the shell C the space outside of the
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shell, If V, isthe potential due to matter within snd Ve is the potentialdue to matter lying in C and i at all points of B there exists linear relationwith constant cooficionts eV + eVe +0 = 0, in which o, b, and ¢ are
distinct from zero, then

Y= Ve=-F

6. Verify the following formulas for the configuration constant A:
for the circle,

1.
aah

for the ellipse
1/2)

for any closed, conver, plane curve of length L for which Ris the maximumvalue ofthe radius of curvature,

asi-ges
for any closed, conver, surface for which A is the area and R the maxiraum

‘value which oocurs for the radius of curvature,

YS 1 eres



CHAPTER VII

SPHERICAL HARMONICS

168. Definitions.—A function is said to be harmonic within a

region R if the function and its first derivatives are continuous

in R, and if, also, it satisfies the equation of Laplace,

av av, ava= Sat at Gene
‘There is an infinite variety of functions which satisfy these
conditions, and therefore, an infinite variety of functions which

are harmonie, In general, they are transcendental; that is, they
cannot be expressed by means of elementary functions which are
related by a finite number of combinations of the fundamental
operations of arithmetic. ‘They are frequently expressed by
series; and for this purpose it is desirable to have a normal set
harmonic functions in terms of which such series can be expressed.
No one set of normal harmonic functions is best adapted to

every expansion, but the simplest, and therefore the best: known
and most commonly used, set of normalized harmonies are the
Spherical Harmonies, to which the present chapter is devoted.
A second normalized set of harmonic functions is the Ellipsoidal

Harmonics of Lamé, and a third set is the Toroidal Harmonies of
Hicks. The following chapter will be devoted to the Ellipsoidal
Harmonies of Lamé.

A spherical solid harmonic is an harmonic function which is
homogeneous in the letters 2, y,2. ‘The degree of its homogeneity,
may be real or complex, Of course, it satisfies the equation of

Laplace, and, since it is homogeneous, it also satisfies the equation
of Baler. Hence, if V is a spherical harmonic of degree n, it
satisfies the two equations

av, a ov.

ot et ee

ate eae+ an,
205
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the first of which states that V is harmonic, and the second that
it is homogeneous.

‘A spherical surface harmonic is the set of values which © solid

spherical harmonic takes on the surface of a unit sphere which
has its center at the origin. It is obtained as a function of the

polar angles by replacing the rectangular coordinates by polar
coordinates, the radius veetor being taken equal to unity.
A complete spherical harmonic is a spherical harmonic which is

finite and single valued for all finite values of the coordinates.
‘A. partial spherical harmonic is a spherical harmonic which

either does not satisfy the equation of Laplace everywhere, or,
which is not a single valued function.

169. Examples of Spherical Harmonics.—The following exam-
ples of spherical harmonies are taken from the table given in
‘Thompson & Tait’s “Treatise on Natural Philosophy,” Vol.
I, p. 172.

—2, 2; Stant¥,  Zogtte_ 2,Degree —2, i pata log ES
-1, 2, Ltant¥, Lig tte.Degree 1, 5} tant; Flog TS,

rte - ra(? — y")De rr? a¥. y"),eres, og tet

De : 4, rte, 2).earee +1, aj ston; (os te+ ea)
Degree +2, at— yt; tat yt; ay,

‘The functions z/r*, 1/r, a* ~ y*, ete. are complete spherical
harmonies; while

2 tant, ths, onath (log 224 Fip)sete.
are partial spherical harmonies, since they are not single valued.

‘The general, homogeneous, polynomial of the second degree,
act + by? + ca + eye + fer + gry,is harmonic if

atdteno,

compogeneous, Harmonic Polynomials.—Consider theiste, homogeneous, polynomial of degree n in z, y, 2. It
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contains (n + 1)(n + 2)/2 coefficients which, at the moment,
can be regarded as arbitrary. If it is substituted in the equation
of Laplace, there results a complete, homogeneous, polynomial
of degree n — 2 which has n(n — 1)/2 coefficients, each of which

must vanish if the given polynomial is harmonic, Hence the

(n+ 1(n + 2)/2 coefficients are subject to n(n — 1)/2 condi-
tions, leaving 2n +1 of the coefficients arbitrary. It would

naturally be expected, therefore, that there exist 2n + 1 inde-
pendent spherical harmonies which are homogeneous poly-

nomials of degree n. It will be shown in Secs. 174 and 176
‘that this is actually the case.

Asan example, let n = 3. Then the polynomial is

P = a2! + by? + ce! + Bdy'e + Beate + 3fsty + hye?

+ Bisx* + Sjzy* + Gkzye;
and

AP= Gatetsz + OO+S+My +66 + d+ ide
If P is harmonic, the three conditions

atet+j=0,

b+ft+h=0,

c+dti=0,

must be satisfied. After solving these equations for, say, a,
2, and c, and substituting in P, there results

P = (8y%z — 2)d + (Bete — xe + (Bx'y — y*)f + (8y2*— yh

+ Bex? — A + Bay? — aj + keys,

since this expression is harmonic whatever d, e, f, . . . may be,
each of the binomials, which are their coefficients, must be

harmonic, There are seven of these binomials, and it is evident

that they are linearly independent; that is, if L, M, and N are
any three of these binomials, no two of which are the same, and

if I, m, and n are any three constants, there does not exist a
relation of the form

WL + mM + nN =0,
other than

l=m=n=0.

Any such linear combination, however, will be a homogeneous
polynomial of the third degree which is harmonic; and every
homogeneous, harmonic polynomial of the third degree can be
represented as a linear combination of the above seven harmonics.
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171. Relation between Certain Harmonics.—Let ¢: and

#2 be any two functions of z, y, and 2, and form the Laplacian
of their product. It is found that

= Ber Aer, 81Bes, der des)Alvi 92) = ede: + eater +2 StRStES
Now let

aa@+y team, ge = Hy

where Hy is a spherical harmonic of degree n. It is readily
verified that

Ar" = m(m + I),

20: de , O61 9e2 , Ber dyr\ _1% a2 "by dy +38)
of 0H» , 8H. , OH. Hymre(SE++*) 2mnr™tHy;

and, since

AH, = 0,
it is seen that

A(r™ Hy) = m(m + 2n + Ir, )Aside from the trivial value m = 0, this expression vanishes,
if and only if,

m= —(n+1).

‘That is, if H, is a spherical harmonic, then H,/r**! also is a
spherical harmonic. This can be written

Ha Hy _ Hoospert Hoosy, or FP = TaD;
or again, if m+n = —1,

He _ Hm,

which shows the relation between any two spherical harmonics
which give rise to the same surface harmonies.

172. The Expansion of a Potential—If ¢(z, y, 2) satisfies the
equation of Laplace, then 3/8 also satisfies it; for, on changing
the order of differentiation,

22 = 8 (4g) = 20) =a8 = Zae) -2@ -0.
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In like manner, it is shown that every derivative of ¢ satisfies

Laplace’s equation. That is to say, if is a homogeneous fune-
tion of degreen which satisfies the equation of Laplace,

attitty

Betoyaat

is a homogeneous function of degree n — i ~ j ~ k (provided it

does not vanish identically) which also satisfies it. In particular

neeyo
is harmonic of degree —(i-+ J+ + 1) outside of any small
sphere sbout the point & n, ¢, where

= VE-P TU We

‘The function 1/p can be expanded in powers of f, 9, and ¢ by

means of Taylor's theorem, viz.

1 (Hye att (LY einige,
> > het * pavoyioals) * ‘| a

Suppose , 1, ¢ are the coordinates of a particle of mass dm of

a body B that lies wholly within a sphere 2 which has its center
at the origin of the coordinate system. If z, y, 2 is a point which
lies outside of Z, the series, of Eq. (1) is uniformly convergent.
Hence

dm _ (=i ate (1) 0,ve fz-Pi TGUET axeyiow \r )Jg@ ram. (2)
‘The expressions

Tosa = finittam
fare the inertial integrals which were discussed in Chap. II.
Their coefficients in Eq. (2) are spherical harmonies of degree
-G@+jtk+D. Let

Hage = DOM ate (1)
Sik STIR Sxeyar\r

Then

Vi= DS Aisalisn @)
a
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is an expansion of the potential function in terms of the inertial
integrals and spherical harmonies. It should be noted that the
spherical harmonics Hj. are altogether independent of the
body B.

173. Rotation about an Imaginary Axis.—In Sce. 26 it was
shown that the equation of Laplace is invariant under a rotation
of the axes defined by the equations.

z= ak+ am fab)y = BE + Bn + Bat, azandtrn tat)
provided the following relations are satisfied by the coefficients
Be 7

at +B tnt= 1, aor + Bie + 172 = 0,
att srtrt=1, east ib tr =0,) (2)

at + Bt tt = 1, aor + Bi + rm = 0.

If @ and 8 are two parameters and i denotes ~/—1, it will be
found that

ay et Gerla te, ge,
7 EF 7 26 ns

ain’ iem, altete =-% 7 && oe Be et
n= n= ai, m= +1,

satisfies the six conditions of Eq. (2); and therefore, Eqs. (1)
with these values of the coefficients defines a rotation of the

coordinate system about an imaginary axis. The axis of the
rotation is the locus of the invariant points of the transformation,
and is defined by the equations

Exattan tat, (a—E+an + at =0,
a= BE+ B+ Pt, — BE+ (Br — I)n + Bat = 0,
Femnétrantnt  nétrm + da - De = 0.

Since the last set of equations is homogeneous, its determinant
must vanish, and it will be found that actually it does vanish.
‘The solution of the equations then gives

bapigh ore pSah
as the equations of the axis of rotation.
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If the parameters are changed by taking

=. oo
e=y4y FR iyy

so that

wa1-M@=D, yoy -MW#=D],
. 21 +2)” * 20 +%)
=f{,x-NO@ED), 5-14 ¢+),& chy se} Bratt 30H)’ @

we Oe
naTEy uate
as = — Bs = —iMy y= +1,

the direction cosines of the axis of rotation

uty +1
depend upon y alone, and \ measures the amount of the rotation
about this axis.

174, Harmonics Which Depend uponr and z Alone—SupposeHis an harmonic which depends only upon r and z, where

reatty tet

Since it satisfies the equation of Laplace in the letters 2, y, 2,
it will also satisfy the equation of Laplace in the letters &, 1, &,

after the transformationEq, (178.8) is made, Since Eqs. (173.2)are satisfied, the function r is invariant under this transformation;
that is

Peatty tate ctr te

The letter 2, however, must be replaced by

z= f+ a(t + in).

Suppose further that H = H, is © homogeneous, harmonic,
polynomial of degree n in the letters 2, y, When expressed
as a function of r and 2, it is a rational integral function of r*
and 2. After the transformation, it becomes

Hylr', 2) = Hylr*, ¢ + af + )),

which can be arranged in powers of a, thus:

_ A qa 4 at 2HHy= Ha + of + ine + See+ PE +...
ee gyPHO+tMSE @
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Since this polynomial is harmonic whatevera may be, the coefficient:of each power of « separately is harinonic, But these coefficients
‘are complex; therefore, the real part of each coefficient is har
monic by itself, and the purely imaginary part also, ‘Therefore,
the polynomial represented by Eq. (1) contains 2n ++ 1 separate
harmonic functions. That they are linearly independent is
evident at once by taking

Et in = pe,
so that

(E + in) = p¥(cos k0 + ¢ sin k8),

and bearing in mind that H, is homogencous in r, & , and f.
It follows, therefore, that if there exists a homogencous

polynomial in x, y,2 of degree n which is expressible as a functionof r? and z alone and which also is harmonic, there exist 2n + 1

linearly independent, homogeneous, harmonic polynomials of
degree n. It will be shownin Sec. 176 that, aside from a constantfactor, for every positive, integral value of n there exists one,
and only one, homogeneous polynomial of degree n which is

expressible as a function of rt and 2 alone.
175. The Equation of Laplace for Surface Harmonics.—

If H, is a solid spherical harmonie of degree n, then

is a surface harmonic of degree n; that is, it reprosents the
values which H., takes on the surface of a sphere of radius unity.
Tt is a function of the polar angles, which can be taken to be the
longitude and polar distance on the sphere.

If Laplace's equation is transformed from rectangular to
polar coordinates (Sec, 57) by the substitution

2 = rin¢ cos 0,
y= resingsin 6,
2 = cosy,there results

°

eGV) 2 av) 1 ayr+3 1a _

I now

V=H.=ns,
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is homogeneous of degree n, s0 that Sy is a function of » and @
alone, the differentiation with respect to r in Eq. (1) can be
performed; for

PCV) _ ,art*Ss)ro = ae = nln t+ 1s.
After removing the common factor r, Eq. (1) reduces to

1_ #8, 1 a as,

-anég oF * Sing (sa 2) Fn EDS = 0. 2)
Every spherical surface harmonic of degree n must satisty
this differential equation; and conversely, every solution of this
equation is a surface harmonic of degree n.

Since the integral over any closed surface of the normal
derivativeof any harmonie function is zero (Eq. (68.5)),it followsthat

for every & [tee =o.san

On the surface of a sphere

Mya rS, and Wt = pris,
Hence

‘oH 1 _[ities = kr! fisiae =0.
Therefore, if k ¥ 0,

fiside = 03 ®
that is, the integral over the sphere of any spherical surface
harmonic of degree k is zero, except when i is zero. Since Ss
is constant,

fSede = 4ra%So.
176. Zonal Harmonics.—A spherical harmonic which can

be expressed as a function of r and 2 alone is a solid zonal har-

monic. A solid zonal harmonic of degree n divided by r* is a

surface zonal harmonic of degree n. Evidently, it is independent
of the longitude. Hence, if P, is a surface’ zonal harmonic,
‘it does not contain @, and Eq. (175.2) becomes

1 @(. oP.

hg E (sn 2) + nent Ps = 0, ®
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which is the differential equation of a zonal harmonic of degree n.
For the sake of notation, let

= 008 9;

then Eq, (1) becomes

a(q— ye =da wih!) + nln + DP, = 0,
on, @)

PP» dP,= phe — 24 + = 0.= ay Bb = BP2 + mln + UP,
If the solid zonal harmonic is a polynomial in r? and z, the

corresponding surface zonal harmonic is a polynomial in cos g
of degree n; and therefore, a polynomial in w of degree n. If it is
assumed that

Py= aut + aut! + owt +--+,
it is found that, aside from a constant factor, the constant coef
cients a, are uniquely determined by Eq. (2). Hence, there
exists one, and but one, zonal harmonic which is a polynomial
in p of degree n. In order to normalize them, it is customary to
choose the constant factor in such a way that

Pe= +i when p= $1,

With this understanding, then, every standard zonal harmonic
which is

a polynomial in u is equal to +1 at the north pole of thesphere.
Since Eq. (2) is a differential equation of the second order, a

complete solution contains two arbitrary constants; and since it
is linear and homogeneous, the complete solution has the form

P, = CPW) +0),

where C, and C; are the two constants of integration.
If it is assumed that P is the polynomial solution, and that

this solution is known, it will be found that

au=Pfao- Pasar

also satisfies Eq. (2). This solution evidently contains loga-
rithms and fractions, and is known as a zonal harmonic of the
second kind.



tT) SPHERICAL HARMONICS 335
177. The Polynomials of Legendre.—Let p be measured from

fa point on the zaxis at a distance 2) from the origin. The
function

a
oVery tema

satisfies the equation of Laplace and is expressible in terms of
1 and z alone, since

pia rt — Dee + 20% @M

On taking V = 1/p in Eq. (175.1) and bearing in mind that 1/p
does not depend upon 4, it is found that

@(r) a na(1))_
EC) +io-maG))-©

Since
z= 7 c0s e = Thy

Equation (1) can also be written
pia rt — Qrem + 2%.

After dividing through by #s%, and then taking
r pai aw
Z=1 1 = mh-+ ht = a= Ey

it is found that

1H, ra hH, dr = 2adh
poe >

and Bq. (2) becomes

OH), ad nat)OD + dla - it =0. @)
‘The function

HW e=(1— 2h + he? -)
= (La ben tay?

1 1

= (1 eh) 21 — eh)?

is evidently expansible as a power series in h, and since
lei] = |e] = 1,

this expansion is convergent if hi <1. It can be written

He= 1st ph pak + poht to bet
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therefore

REL = ht pik? + pak + Dah + ot aah ts,
and

ian = 1-2psh+ 2-Bpah?+ ++ + nlnt Ipwr+ >ht
Also, since y occurs only in the coefficients of the series,

af aH) = ¥ Afa- ongfe oe | = Sala — ttf
‘Hence, Eq. (3) expanded in powers of h becomes

(a 7 | =d(qo- 9% +nln+ ip) =0. (A)
Since Eq. (4) holds for all values of h <1, it follows that each
coefficient separately is zero, and therefore,

40

— yy Pe) 4 n = =1,2,--°é{a wtf] 4 (n+ Vpe= 0. 2 =1,2,-++ 500. (5)
Equation (5), however, is identical with Bq. (176.2), and since p.
is evidently a polynomial in y, from the definition of h, it follows
that p, and P, can differ only by a constant multiplier, But,
for» = 1,

Ha pnt thget twee.
‘Therefore

P(+I)= +1 m=1,2,--+, 0,
and ps is identical with P,, the standard zonal harmonic of
degree n.

1The
coefficients p, of the expansion of (1 — Quh + ht)?in

powers of h are known as the polynomials of Legendre, or,
sometimes, Legendrians. It follows, therefore, that the standard
zonal harmonics are simply the polynomials of Legendre, and

Halt YP. ©)
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If |A| > 1, the function H can be expanded in powers of the

reciprocal of h. Thus

y-——— -11
TVR BT i, i

1 Quy + ip

1 SPs LS pppoe
nit Zan BP,

where Py is understood to be unity.
It will be observed, thatif n is changedto —(n + 1) in Eq, (5),the equation remains unaltered, and therefore

Py = Pens:

178. The Expansion in Taylor’s Series.—The expansion of
any function g(2 — 20) in powers of 2» according to Taylor's
theorem is

S (—aypdl'e 20o@ — 2) = 9) + x! ae aT
In the present case

o-n te oe, oe eeeee) == tee Gat Vi ti tat
‘Therefore

1_e(-Da/sl),.

a x nt ia) |or a
Ll sia & (ay
PLOT EOEY |

Since 1/p satisfies the equation of Laplace, whatever ¢ may be, it
follows that

aL
a@v\;,

is harmonic and is expressible in terms of r and 2 alone.
Hence

aay &(L 2)cw BC) o
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is a zonal harmonic of degree n. Since, for« = +1,

pL +G)+G)+G) +}art tl) +) +

cach coefficient of Eq. (1) reduces to unity forz = 1. Therefore,these ccefficients are standard zonal harmonies, and

tt de (1Pra“ ay (0) ®
179. The Expansion in Lagrange’s Series.—Let x be defined

as a function of « and h by the relation

hae = 1~ VI Bh +R, a)
so that

de
S- yar ®

If By, (1) is rationalized, itis found that

peut (25).
This expression is admirably suited to expansion by a beautiful
theorem of Lagrange.’ If 2 is defined as a function of w by
means of the equation

2=w+tay(w),

where ais a parameter and (2) is any function which is develop-
able in powers of 2 — w, then z can be expanded asa power seriesin a, and the form of this expansion is

Ss aett dhsrwtec) +Deepa" — @
By means of this formula, it is found that

cent Sd aerate,
raat M+ Dag mate) i

and on differentiating with respect to y there results

ae ye 5 be dt (ut = 1)"
PET 2 y:

‘ Witttamson's “Differential Calculus,” p. 151, or, Goursat-Heprick,
“Mathematical Analysis,” Vol I, p. 40
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Since, by Eq. (177.6),

H=1+ DP,
rst

it follows from a comparison of the coefficients of these two

expressions that

-1 (#1,Pema eles ) “
a formula which is due to Roderigues (1815).

It is evident from this expression that P,, contains only even
powers of u, if n is even, and only odd powers of u, if n is odd.
‘This is evident also from the fact that if u is changed into — 1
and h into ~A in the equation

1

H= Faas em DP )
the equation remains unaltered.

180. Zonal Harmonics Given Explicitly—Although the for-
mulas s0 far given are not the best ones for computing the zonal
harmonics, it will add to the clarity of thought to have a few
zonal harmonies, or Legendre's polynomials if preferred, set
forth explicitly. The following are the values given by Eq.

(186.4)
Po=1, Pian

3,1 58
Prat Pray h

215, 53, 81
Pom ye — ye tp

OT 75s, 58Pom
goat — gol + aah

Pym MTys 9°75 4 T5881"Dao" ~ rae Raat ~ Fae
1811-9, 1-9-7, 9-7-5, 7-5-8

Pre ae! ~ aaa" + raat ~ age

py a BG, IBL-9-7, | 11-9-7-5,,
SS °Seo8 Fae R" T aaa"

= 2758 4 T5381Pree TTaees
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p, = EIB, 15-18-11-9, , 1B-11-9-7,,
CS EEGs h Peea kT aaa

11-9-7-5 ,  9-7-5-3~
pone tree”

Pyy = WAT AS-IB-11 yg _ 17 15-18-119) 5
us 246-810 * Pees. ”

15-13-11-9-7 ,_ 13-11-9-7-5
er ae

11-9-7-5-8 ,_ 67-5-3-1+
a2r68" ~ 24-68-10"

If the coefficients in these expressions are reduced to their lowest
terms, the denominators will contain only powers of 2.

181. The Zeros of the Zonal Harmonics are All Real.—

Although Eq. (179.4) is not particularly well adapted to deriving
‘the explicit forms of the polynomials, it is of great advantage
in showing that the values of « for which these polynomials
vanish are all real and lie between —1 and +1.

It will be observed that the equation

(- 1 =0

has n roots equal to +1 and n roots equal to —1. Its first
derivative is an equation of degree 2n — 1, which has n — 1
roots equal to -+1, n ~ 1 roots equal to —1, and one root equal
to zero.

The second derivative is an equation of degree 2n — 2 which
has n —2 roots equal to +1, and n — 2 roots equal to 1;
and since the first derivative vanishes for » = 0, the second
derivative, by Rolle’s theorem, must vanish at least once between

4 = —Landy = 0,and atleast once between» = Oandx = +1.Since all of the 2n — 2 roots have already been accounted for,
it cannot vanish more than once in the intervals mentioned.

Let these two roots be sn and —ps.

‘The third derivative has 2n— 3 roots, of which n — 3 are

equal to +1, n — 3 equal to —1, one equal to zero and one
in each of the intervals (—1, —a) and (+s, +1). Let these
last two roots be us and —ys.

‘The fourth derivative has 2n — 4 roots, of which n — 4 are

equal to +1, n — 4 equal to 1, and one in each of the four
intervals (—1, —ss), (Hs, 0), (0, +s) and (+ms, +1).
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If the (i 1) derivative has ¢—1 roots u.1% different

from +1, the i derivative must vanish once in each of the

iintervals into which the i — 1 roots yu: separate the interval

WW.

\\e
wag >
MBN /

Fie, 101,

(-1, +1). Since it is a polynomial of degree 2n ~ i with

n—# roots for x = —1, n — i roots for » = +1, and i roots

VY > Vf
AY SAS

|

Fea, 102,

lying between these limits, all of its roots are real and lie between
the limits » = +1, the limits included.

Henee the n! derivative has no roots 1, and n roots in
the interval (—1, +1). ‘There are, therefore, n distinet latitudes
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i i shes,the

sphere for which the zonal harmonic of degree n vanishes,tnd thew latitudes aro symmetrically situated. with respect
to the equator.

182. Certain Useful Relations.—If differentiations with respectto # are denoted by accents, it follows from Eq. (179.4) that

1 atts 11Platt — Pls = pestFI ar’ ~ 1)
1 a ie yet7

qa ~ Y
1 te yet- ararmndelgee —D

= Ania + DG? o]
1 a

typ=rermae + DU = 1)
F An(n + Dutt— 1) = ann+ Gt —v=]
Qnt1d. ,

earae — DSfrom which it follows that

Prost — Poa = Ont Py. aTf,
successively, n is set equal to 1, 2,3,... , n, in Eq. (1)‘and the results are then added, it will be found that

Plait Pia = 1+ Sk + 1)Py; @)
coal

and if Eq. (1) is integrated from u to +1, the formula

Par — Pea = =n +1) {Pad @)is
obtained; and the integral from —1 to +1 vanishes, except

for n= 0. Since P, is equal to +1 for y = +1, it follows,
if pis sufficiently close to +1, that P, is Positive, and therefore,
the right member of Eq. (3) is negative Hence, for every n,

Prat < Pai < 1,if
w is sufficiently close to +1.
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From the differential equation, Eq. (176.2) there is obtained

by integration

n(n + 1)f'Padu = (1 — 0°)P
On comparing this equation with Eq. (3), it is seen that

1 1 p'Pa Por= (Gt epi )t—wPy — &
which has a curious resemblance to Eq. (1).

183. The Zonal Harmonics are Orthogona! Functions.—It

has been proved that:

1 «
tS Pas, 1)ee” EPH @

and

=SrVinee” 2,7"
If these two expressions are multiplied together and then inte-
grated with respect to » from » = —1 to » = +1, there results

faedjaa VI = Suh + VT — ak +
[UES rrawe- FZ fMome |?= inky = y id.
-1 imo foie J-

‘The indefinite integral of the left member is

1

- sal KT = 2; W) + Vi = uk +);Vig 08 VE BahEW) + VRE Bak+ 7)
and the definite integral is

1 gg LtMVE+ 4+VKVik (l= tk + (= Bi

a Log VEE VIG + VID A jog Lt VRE,
Vik (VE + VIG = Vik) Vik OO 1 = Vik

Since

1 l+z = =

aS iad 22 +1
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equation (2) can be written

= one {"= ike PPidu.

A comparison of the coefficients of the two members of this
equation shows that

+f PPdu=0 ix, @)aa

and

+8

[leet aay a)
That is, the zonal harmonies are orthogonal functions, which
is a fundamental property. The method of proof here given
is due to Legendre.

If the formula

1 1 Spy
KO Tae h ~ DP

is differentiated with respect to u, there results, after dividing

through by ,

1 1 =
he we

ees EP. ©BO Wiser Pak ©)
Also

Lo LS py
HO Vi = 2h +e Pat

Multiply these two expressions together, and then integrate
with respect to ». There results

Hide Ba (Mp
Jos = LE [Prat ©

‘The indefinite integral of the left member is

a Z,
HR? ~ (E—W)0 = i)’

and the value of the definite integral is

+ dy 2 “

Joie = cama az pee
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A comparison of the right members of Eqs. (6) and (7) shows
that

mmf 'PPidu=0, iffSi, orifi+jis even,a1
an ®f 'PPldu = 2, iff >i, andi +jis odd.

184. A Generalization of the Preceeding Formulas.—To

simplify the notation, let

> a PProPo =

Consider the integral
+

Gi = [a ~ wypanr.irds aa1

‘The function P, satisfies the differential equation, Eq. (176.2),

(1 = WA)PAO = 24PAY + n(n + Py = 0.

If this equation is differentiated successively j — 1 times, there
results

(1 = 2DPA = uPA? + (Dl =F + WPA? = 0,
which, after multiplication by (1 — «*)t, ean be written

Ha =P] == +N —F+ DIA POM. @)
If Eq, (1) is integrated by parts, there results

G= [Parva - wore]at
Ho pd +

— (Pee 2ia — pyPldn.Jl PrGe— Pele
‘The first term in the right member vanishes, since (1 — #*)
is zero at both limits. The second term can be transformed by

Eq. (2), 80 that Eq. (3) becomes

1

[ia = wppaesnda =at

pet(tam — 5+ Df MO — rPemPseran,
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Equation (4) can be written

G=@tDm-J+VGr3

and sequentially,

Gia = (W+5- Vln — G+ 20%,

G. = (n+ Inde,

On multiplying these equations together, it is found that

(n+p!G, = SENG;1
@aa

or, written out in full,
1 (m+ er

= w)POP, dy = MED! .fio - wppaersoda = GED [Prada
It follows from Eqs. (183.3) and (183.4) that, if j is any

positive integer less than, or at most equal to n,

+f (1 = )POP8dn = 0 men, o)-1

+h

tgp = 2 (nti!f"a — eM Patan = 5ABAH @
‘These results can be regarded as a generalization of Eqs. (183.3)
and (183.4).

185. A Recursion Formula for Zonal Harmonics.—If Eq.

(183.1) is differentiated with respect to h, there results
tah, = Sapien,
(= uh they At

or, on multiplying through by (1 — 2uh + h*)

wr aft +> Pa] = (1 = 2uh +) YnP et = 0.a Fal

If this expression is arranged according to powers of h, there
results

a Prt ¥ [Qn + uP, — nPoa — (n+ 1)Papslh™ = 0,
co

in which, of course, P) = 1. From this expression is derived the
recursion formula

(n+ Past ~ n+ Py + Pps = 0, @
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which holds for

n = 1, 2,3, -- >.If the same formula, Eq. (183.1), is differentiated with respect
to u, there is obtained

——! = SP;
(1 — 2uh + h?)2 so

or,

AY Pak™ — (1 — 2uh + b>) Pie = 0.
Em ao

This expression arranged according to powers of h becomes

D Pa — Plats + 2uP's — Plead = 0;
Eon

consequently
Plast — 2uP'a + Plat = Pru @

186. The General Formula for Zonal Harmonics.—Consider

the formula

ee 1,” (P= 2uh + hy ®
in which p is any number, not necessarily an integer. It can be
expressed as a power series in h,

He =D Hh,
=

which is convergent if |h| <1. It ean also be written

2P om - -yy’=[rae )]
and expanded by the binomial theorem in powers of 21( = »)
thus:

aoS OFI=D of 1),B= OparOMe ah
provided, of course, p is an integer. If p is not an integer the
factorials which depend upon p become gamma functions, and

7 = FEO wyy:(, — Ih).H x areey 2M'(# = gh
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‘This formula is valid provided only that p > 0 and

[2uh — ht) <1,

‘This last conditionis satisfied for every «from —1 to +1 provided
[hl <V2-1=4141-->.

Again, by the binomial theorem,

LY 2S (-y th yes),
(2) =2-5):

‘so that

So F@ +). i! (')He = SPO IWS (ay L(Y pes2 roy Pella) #
oe r+)= SS vy POD espe,328? Gare"

‘This series can be rearranged as a power series in h by taking

i+j—en, oo ian—j.

With this change it becomes
Sak

a Tptn—3)He= S eS (yen DyessZe XO i= are
where t = n/2 or (n — 1)/2, according as n is even or odd.
‘Therefore

‘

1 Tp+n—= J)Ha = S$ (-1yew2! a aR @)
which is a polynomial in y of degree n,

For p = }4; this gives the general expression for the zonal
harmonic of degree n. If the notation

[Qn] =2°4-6+ +++ -2n,

Bn] 1-8-5-7+ +++ Gna),

is used, the gamma functions can be dispensed with, and

5 [2n - 2§ — 1)Hy = Py= (-1PR Ms,BOOM w= an” ©
Since:

(m2!= fn — Bln— 3) — 1h,
one of the brackets in the right member containing the product
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of all of the even numbers and the other the product of all of the
odd numbers, this expression for P, can also be written

‘ .

[an — 2§ - 1)P= = 1) un, 4)Ow ain = F= De" “
which, while not as simple in appearance as Eq. (3), is actually
simpler for computing purposes. It is readily verified that this

expression satisfies the recursion formula (Eq. (185.1)). It is
from this formula that the explicit forms given in Sec. 180 were

computed.

187. The General Expression For H.’—The general expres-
sion for H,*” becomes particularly simple for p = 1. Let

Ha = Qn
so that

a
2 1 -¥ ".T=ae* % Oo.

If 2u is replaced by e* + e~‘*, which can always be done, since
# = cos ¢, the expression for H* becomes

. 1
=Ghee(r=heme)

- 1 (—*. -
ew TH hee ~The

1 — meine -~ fe S hte ine~ waa * De order |
=FtVep,,2, sine

from which it follows that

sin (n + l)e
QB te. @

Also

= Onn = M+ Ve — sin (a — Yo,Q. = Que ato
which reduces to

Qn = Ques = 2 c08 ny. ®@
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Likewise

Quer = Ques = 208 (n = Ney

Qr = Qo = 2 cos 2,

Q: = 208 ¢,

Qo= 1.

From these formulas it follows readily that

Qu = 1+ 25) cos je, @
it

Qua= 0+2'9)cos (2)— 1)e, [O}it
and

Qe + Qn = 1425 008 je. (3)
at

Now

rope Leute @i=o.
co

‘Therefore, the expansion explicitly is

lth S* il S cos jiToaneR it =P (1 +2cos:ie): @
By merely squaring the series for H it is found also that

Qn = DPPH

188, Zonal Harmonics Expressed By Cosines of Multiples
of the Argument ¢.—The general expression for H**, Eq. (186.1)
‘can also be written

HY = (1 — he'*)-7(1 — he), im 1.

Since, by the binomial theorem,

> = SPO +I)1 = her = SEO LD ps0fe y % jing
and

= hete)-o= FLO HB yry tig(1 — he-‘#y & Er) Mes
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there follows by multiplication

SSL + AT(p + &),> = Bx DO psstgid-be,He =BSRPG)To)
This double series can be rearranged as a single power series in
A by taking

jtken
and therefore

jrk=n-%, jen-k

The series then becomes

to BREMEN BLO tH ia-soopeca 22, Ein — B@) Py
Hence

a P(p + n— k) (p+ k)= HEH A=W -TRtH ang,HS D> ila — BIT)- TO) ©
The exponent of ¢ is i[(n — k) — kg. If k and n—k are
interchanged the exponent: of ¢ changes sign, but the coefficient
of e remains unaltered. The terms can, therefore, be grouped
in pairs, thus:

a PEP AMA DLO tM gentig 4 term)Hi? = 2 Ge = Hire) Fe) ere)
or @

‘ Te +n-kh)T@+hor = ay PO tn WT- -Hy 2 Man = BITTY (n — 2k)y,
where t = n/2 or t = (n — 1)/2, according as n is even or odd.
‘The factor 2 must be omitted from the term for which n is

even and k = n/2, This term is independent of » and there

is only one such term, not two.

For the zonal harmonics p = 1/2. The gamma functions
can be eliminated, just as in Sec. 186, and the general expression
for the zonal harmonics can be written

ay olen = 2k = U2k = 1) _P. 22 [in = BaaKT — cs — Bey (2)
with the explanation that the factor 2 is to be omitted from the
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term for which 2k =n, and [~1] = [0] =1. This formula
gives explicitly

Py =1, P, = cosy,
1:3 1P,=2 ag 08 20 + 5

1-3°5 1-3-1Pym 2-75 cos Be +2- 52 cos
L:B+5:7 1:3-5+1 1:3-1-3Pom 27 Tgp 8 He + 25 Fey 008 2p + Fo 7
1:3-5-7-9 1:3-5-7-1Pam

Be ge Br ig 008 5 + 2: Tyg 008 Be
1-3-5-1-3

Rider

er tery Sia(1:3°5:7-9- 11 1:3-5-7-9-1Pe
DGB IO 13 8 OF + Bg TES yr cos de

1:3-5-7-1-3 1:3-5-1-3°5

Sa OLS er err er er erer dD
3:5-7-9-11-13 3-5+7-9-11-1Pre
Spe 10s 1ae1d 8 6 + FG gcqor dae OF
1:8-5-7-9-1-3 L:B-5-7-193-5FOE

GB 10 Bd O08 8H FEE a gag 8
189. Powers of « Expressedin Terms of ZonalHarmonics.—It is evident from the tables given in Sec. 180 that it is always

possible to express a given power of u in terms of the zonal
harmonics. From this table, obviously,

pe Ps, w= Py,
=2p, 4 2 = 2p, +3;wetPy = 24 by,

and so on. From the fact that the zonal harmonies with odd
subscripts are odd functions of #, and those with even subscripts
are even functions of x, it is evident that the expression for y**
‘in terms of the zonal harmonics will contain only zonal harmonics
with even subscripts; and the expression for 4**** will contain
only zonal harmonies with odd subscripts.

In order to obtain the general formula, let
w= oPetaPi+P + +++ +aPy
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where the a; are constant coefficients which are to be determined.

If this expression is multiplied through by P. and integrated,
there results

4 2 ptf WP» du = Saf PuPmdsya1 6S

and, by Eqs. (183.3) and (183.4), this reduces to
+

Pa du = 920m;foePade = on ai
whence

+

an = ay wPa da.a1

Also, by substituting the value of P,, from Eq. (179.4),

Qm +1 6+) am
a MTC Ge ye,on = Basta [ga — 9

‘Suppose f is any function of u and f™ is the k derivative
of f with respect to x. Then

_

foorea-

can be integrated by parts s times, with the result
+1 nl ptt

[letede = oreay,‘eke
provided ¢ is less than either m or n, and provided also that
fim, fort, for®, ... vanish at both limits. If m > n, the
expression reduces to

JO eta = aynfFfond

= pment? a 0,
If m S n, it reduces to

+ act

fo ered = Cag tig [ese
The properties which have been assumed for the function

f are possessed by the function (u*— 1)". Hence, if m > n,

am+1(** amt1ame, .ed eed WS
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and ifm Sn,

+

an =amg Pad
_ _m+ 1)n! fe r—m(1 — ytd.=n= my, MG ~ HY

‘Integrating again by parts s times,

ia Nee Pate — tf arte — woredaLive get a Je »
By means of this formula it is seen that if m Sn,

—2m+1__n! ponny(* nnd,2 = mall in em = TJwhich is zero if n + m is odd, but if m + nis even

= 2m+1)nlin —_m— 1),
= mlnEm +Consequently, by setting m=n—2k and then summing

with respect to k, it is seen that

we 5 On = 4k + 1) nt [2k — 1)” z Tn —2F+ 1] @RT
where ¢ = n/2 if n is even, and s = (n — 1)/2 if n is odd;

[2n — 1] = 1-8-5- +--+ Qn— 1);and[—1] = 1. Since
(2k)! = [2k[2k — 1],

the formula is simplified by this substitution, and becomes

5) (Qn — 4k +1)ntwe oP. a)Zon = 2k + 1) BE}

It follows, at once, that any polynomial in « of degree m,
Qn; can be expressed in the form

Qn = APo+ AP + APrt +++ tAnPm (2)where the coefficients A, are independent of y, and are, therefore,
constants.

The theorem that any function of w which is finite and has
onlya finite number of discontinuities between the limits» = +1‘and

# = —1 can be represented in this interval by an infinite
series of zonal harmonies is included in the more general theorem.
of Sec. 206.
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190. A Definite Integral Representationof ZonalHarmonics.—Other simple expressions for the zonal harmonies are possible.
For example, it can be represented as a definite integral. For
this purpose, consider the integral

In—Jo 2 ib cosa

where ¢ = \/—I, a and b are real constants, anda > 0. If the
numerator and denominator of the integrand are multiplied by
4 + ib cos w, the integral becomes

deo * cos wdeotoe lapis +* [aE
Since cos (x — «) = — cos «itis seen that

“coswd _Jo a® + b* cos? w ’

and therefore, that

3b deT=2a Ob cote
Feet wd

=2a a seco OP
By means of the transformation

ereane = EB
‘the integral reduces, since a is positive, to

7-2 fe
~ Ve Foo T+ 8" Vath

Consequently, if a > 0,

"de_ ie @Jo Bt COG Var EOE
If a were negative the sign of the second member would be
reversed.

Now let

anl-hy  b=hvi=e,

in Eq. (1). It then becomes

L 1s as
Hew= SgVI = the + ht rhimment — u? cos «) ®
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It

Osh<1, -lSes+1,

it is found that the modulus of A(u + iVT— x cos w) is
hVT— (1 — #9) sin? @ S fh] <1.

‘The expansion of the integrand in Eq. (2) is absolutely and
uniformly convergent with respect to uw. It can, therefore,
be integrated term by term. Hence

n-ly wf +iVT =H cos w)rdw = Pah,72, Jo aa @)

Pia if (+ iVT =H 008 u)ds,
an equation which is due to Laplace.

191. An Important Property of Zonal Harmonics—The
definite integral representation of the zonal harmonies exhibits
the property that for a fixed u the harmonic P, tends toward
zero as n increases, provided only that

uf <1.
Now

Pal <if + ivI= Heo w| de;or,
[Pal <f0 = (=) sin?»)iao,

For brevity of notation take

Q-)= <1,and write

SpeeLoL oS:
Evidently

f ( - aint )ido < f dw = 8;
f (: ~ B sin? «)ae <f (1 — B sin? a)ido =

( — 28)(1 — k* sin? 8)?;
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and

f (1 = # sin? a)¥de <f. ds = 3.
‘Therefore, by taking the sum and then dividing by ™,

»,| < By (: - *ya i sin? 8)
Suppose ¢is a positive number given in advance,

O<e<1, and s-7
Then

Bi,
7

and, since
1 = isin5 <1,

it is clear that for every 5 > 0, there existe an integer N., such
that for every > Ne

1 asin? %)3 < }(: x0: = B sin 7) <p
and therefore

Pal<e

It follows, therefore, that the limit of P,(u), for a fixed 1, as n
increases is zero, if |u| <1. If, however, |a| = 1, then |P,| = 1
for every n.

‘Since the modulus of« + i/T= #¥eos wis1 — (1 — x2) sin*w,which never exceeds unity, if 0 Su S 1, it is evident also fromEq. (1903),

Peal [atin om «ae,
that

joaitt

Pj 3, do,7Jo

or,

[P.| $1.

Henee the numerical value of a zonal harmonic never exceeds
unity for values of« which lie between —1 and +1.

102, Expansion of sin mg in a Series of Zonal Harmonics.—
It is proposed to represent sin my by means of zonal harmonies.
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Since it is an irrational function of u, the representation will have
the form of an infinite series, thus:

sin me = DCP. q@)
i

‘That such a representation exists is proved in Sec. 208. For the
present, the validity of the series will be assumed.

If Eq. (1) is multiplied by Padu and then integrated from —1
to +1, there results

si Cn,fi P, sin modu =5
since, by Sec. (183),

+4 + 2

f PPadu = 0, and fi Pode =
Hence

0, = EE fp, sin me-sin ode,or, @
C=meet Paleos (m — 1)e — cos (m + Ielde.

On inserting the value of P, from Eq. (188.2), this expression
for Cx becomes

C= etl’ {eos (m ~ 1p— c08 (m + 1)¢]
S$: 2[2n — 2k — 1][2k — 1] _xe= BE] ae] 08 — BWledy. (8)

The product of the two factors of the integrand is a sum of a
finite number of cosines of integral multiples of y. The multiples

are all odd if m + nis even, and they are all even if m + nis odd.
Since

Ss jede =0, iff #0, (&
and is equal to r, if j is zero, it follows that after integration all
‘the terms of Eq. (3) vanish except the term which carries the
cosine of the zero* multiple of ¢ as a factor; and the zero”
multiple is an even multiple. In order that such a term may
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exist, it is necessary that m +n shall be odd. Consequently,
if m is odd, Eq, (1) contains P’s with even subscripts only; and

if m is even, Eq. (1) contains P's with odd subscripts only.

Even though m +n is odd, no such term will exist unless

nS m~ 1, asis easily verified. Hence, Haq, (1) can be written
sinme = >) CP; @)

jee

If n = m—1 there is just one term in Eq. (8) that carries

the cosine of the zero® multiple of ¢ as a factor, namely, that
one for which & is zero. Hence

Cay =21n= I [2m~ Ir,har’
[an [2m =2] 4If n> m—1, there are two terms in Eq. (8) that carry

the cosine of the zero multiple of y as a factor, namely, those
for which

m-l=n-% and m+l=n—2k

For these terms

, = 22 +1(_[n + m — 2]In = m]a Nn em 1 m+ 1)
_

[nt mln - m = 2}

emtlie m1)”
= 2n +1 [n+ m—2%I[n— m — 2[at m—ila—m—i]

om atm
nm +l atm tly”

and therefore, finally,

C. = — mn 281 im + m = 2IIn — m = 3.™ 2” In-Fm+ In —m +1]
‘The expansion for sin my as a series of zonal harmonics is
therefore

sin me =

(2m=r_ me Ss [n+ m —2Iln= m= 2p,Bm a2) PDemln = mw FO + Po
Since, however, n is slways even or always odd, it is better to
set

n=m-143,
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and then the expression becomes

sin my = ®

[2m= Mr _ mes. (Bi+ 2m — 311%— Bas + om — 1)Pryye ssm= 35 ~ PR Fam) yt aan
where

Pi] =2-4-6---.2%, [-1] = [0] =1,

(+1] =1-3-5-- ++ G+),
Form = 1, this formula reduces to

ing =F —7M— Togs, yp 7ee Fete  @
198. The Potential of a Solid of Revolution.—If the z-axis

is taken as the axis of a solid of revolution, and if for a given
value of 2 the density is a function of z* + y*, it is evident that
the potential of the body at exterior Points is a function of z
and r alone, where r? = 2' + y? + 2%; and therefore, it can be
expressed by means of the solid zonal harmonics.

If

Zn = Pay q@)

it is evident that Z, satisfies the equation of Laplace and is a
‘solid zonal harmonic of degree n. By See. 171,

Zn
_

Pa

pie = jel (2)

also satisfies the equation of Laplace, and is a zonal harmonic

which vanishes at infinity. For points in the neighborhood
of the origin, provided the origin is in empty space, the potential
can be expressed in the form

Vi= Yate = YawmP., (3)
En) =

and in the neighborhood of infinity in the form

S80, fe _ Ss CnVm Senn = Sone, (a)
Ea ae
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On the axis of revolution P, = 1 for every n, and therefore,V is a function of r alone, namely,

Vaw= Sor, ot Van SSK;
neo a0”

or, since along the axis r = 2,

Vase = Sour", or, Van= SLR ©)n=O aso”

Conversely, if the expansion along the axis is known, Eq.
(), the corresponding expansion for points not lying on the
axis can be derived from it merely be replacing 2* by Py,
if the expansion is in ascending powers of z, or by replacing
2-0 by Pyr-+0 if the expansion is in descending powers
of 2. Since the modulus of P, is always less than unity, or at
most equal to unity, the series (3) or (4) will certainly converge
if the series (5) converges. That is, if r is kept fixed, the series
‘will converge everywhere on the sphere if it converges at the
poles.

If, as is frequently the case, the expansion, Eq. (5), along the
axis is easily obtained, the general expansion is obtained with
equal ease.

In order to be sure that the function so determined actually
represents the potential function it will be sufficient to prove
‘the following theorem.

Theorem—If V is an analytic function of r and 2 which is
regular in the neighborhood of the origin (that is, is expansible
‘in powers of r and 2) and which satisfies the equation of Laplace

anv) , a ater)2 =) 2BOD + 2fa —u9@P)] =o,
where ru = 2; and if V vanishes for u = 1 for all values ofr < ro,then V vanishes identically.

In order to prove this theorem it is convenient to change
the variables by taking

Ue=rv, l-yp=»

For these new variables Laplace’s equation becomes

BU, af iy aU] _Sh + 2a - 9] <0. ©



362 THE THEORY OF THE POTENTIAL
‘Since U vanishes with r, and also with » by hypothesis, it

carries rv as a factor; and its expansion as a power-series in
rand v has the form

.

U=S Save,

where the coefficients ai; are constants. It is found easily that

eu = LY Lie - Yarns,
or imtint

Shoo - 9] = BS 26+ Wreues 5G + Doster,| ” int j=0

Therefore, on taking the sum,

YEG + Waser + 6G — 1) HF+ Vlawlrot =o,
from which it follows that

AVS =D,, [F201 - +1,ne Crs) es i
Since U vanishes with », every a = 0. Hence ‘every coeffi-

cient a = 0, and then every aj: = 0, and so on sequentially,
and U=0. Therefore V = 0, since it differs from U ‘only by
the factor r.

For expansions in the neighborhood of infinity, let
1

rel

w

Then Laplace's equation is

wv 8 av
wat gfe - a] =0,

which has precisely the same form as Eq. (6), and the argument
is repeated unaltered.

It follows, therefore, that if V and W are two functions of
and 2 which are harmonic in given region through which

‘the z-axis passes, and if they take the same values on the axis,then they take the same values everywhere, since V — W
satisfies the conditions of the above theorem. Consequently

V-Ws0.
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194. The Homogeneous Oblate Spheroid.—A convenient

example of this mode of development is furnished by the homo-
geneous oblate spheroid, sinee its potential as a function of
, y, and z has already been given in See. 32, and Sec. 39. The
value of the exterior potential along the axis, according to Eq.
(39.2), is

3MVow"
7A

z Ve-e VY#)1+ 2.) ton VERE _ VF, Gy
where I is the mass of the spheroid, a is the equatorial axis,
and cis the polar axis. The eccentricity ¢ of a meridian section

is therefore ¥/a?—c?/a.
Since

tan= Sense,2M aay

the expansion of Eq. (1) as a power series is

SE GetYouu = 3M Com INOW #8) Gamat
Consequently, the expansion for the potential of a homogeneous
oblate spheroid at any exterior point for which the distance from
the origin is r > a and for which the polar angle is » (that is, the
angle which r makes with the axis) is

< (-1)" (ae)™,v au, BaF yn Fs) rei @
If a homogeneous shell is bounded by two eoncentrie, co-axial,

spheroids of revolution, its conter lies in empty space, and the
interior potential ean be expanded in terms of zonal harmonics.

Let a: and a; be the equatorial radii of the outer and inner
bounding surfaces, and cz and c; the corresponding polar radii.
Then the potential at any interior point is, by Eq. (32.13),

U=(4r- A) + Bs BG + y) + C—O), @)

where 4:, Bi, C; are certain definite integrals which depend
upon the constants a, and ¢,, and A, Bs, C2 are the same functions
of the constants a: and ¢;. ‘The level surfaces, therefore, are
also surfaces of revolution of the second order.
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Along the axis the value of the potential is

Unie = (Aa — As) + (C2 — Cr)e*.

‘Therefore, at any interior point the potential is

U = (Az — Ay) + (C2 — Ci)r'P
8 1

= 1 A) + Ce om cost » — ) ®
= a= Ad + C00 [ 28 Heer vi

and the level surfaces are defined by the equation

ESM 2 const. )
‘These surfaces are hyperboloids of one or two sheets according as

the constant is negative or

= positive; all of which are

elwyTy asymptotic to a cone whoseKK SQ\,__ generating angle a is defined

Ky \\\ by the relation tan a = 2,
J \ ora = 54°45'. It is remark-N || able that these hyperboloids
\\ [ ) sreallof thesame eccentricity,\ ky but it is more remarkable that
NX le "the eccentricity is indepen-ST dent of the bounding surfaces,

aa provided, of course, that they
Fro. 108, are spheroids of revolution.

‘There is an exception only in
case both surfaces are spheres, in which case the interior potential
is constant.

On comparing Eqs. (4) with (3), it is seen that

Br~ By= ~:~ C)). ©
It is a simple matter to prove this relation directly from the
definitions of Bs, Ba; Os, Cy as definite integrals. For

otef(t pct st latesp erstetit esi)Veroerae re
“a 1= ~2ate {Ger ———Jo AVFOF aye pH)

= 42
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Hence, on setting 6 equal to a in this equation, there results

are fy <ptesy? lemetjo (at + Ver +8) jo (+ Ner+yvetathat is,

2B, = 2x0 — C2,

and also

2B, = 2no — Cy.

From the difference of these two expressions, Eq. (6) follows at
ones.

195. The Apparent Size of a Plane Circular Disk.—It was
shown in Sec. 8 that the z-component, of the attraction of any
plane area in the zy-plane at any point 0 is proportional to the
apparent size of the plane area as seen from the point 0. That

is, if V is the potential of the area, Z is the z-component of the
attraction, and @ is the apparent size of the area, or the solid
angle subtended by the area at O, then (Eq. 18.1)),

aveZea a7 «2,

Since V satisfies the equation of Laplace, and alll of its deriva~
tives likewise, since

av a

cre = a4”) =0,
it follows that the apparent size 0 is an harmonic function of the
coordinates of the point 0.

If the plane area is a circle in the zy-plane about the origin,
it is evident that the apparent size of the circle is independent of
the longitude of the point O and is a function of r and ¢ alone.
It can, therefore, be expressed by means of the zonal harmonics.

It was found in Sec. 9 that the solid angle of a right circular
cone, for which the generating angle is a, is

Q = 2r(1 — cos a).

Ifa is the radius of the circular base and (0, 0, 2) the coordinates
‘of the apex, the apparent size of the base as seen from any point
‘on the z-axis is

= otGan = 2r(1 ara
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‘Therefore, if 2 < a,

VE LS (ayant We pra)au = 2ef1 YE + Ec of ey
and if2 >a

Moe = a BY) in FONz,
Consequently, if the line + which joins the origin to the point 0
makes an angle ¢ with the z-axis, the apparent size of the disk
at O is

_ _t
<

_ -[2n + 1] p\intta= aft Pit DoER (A Poa}
ifr < a; and ifr > a its value is

woe (Hn t ua)"9 = ZC Wore ar) Pate
196. The Potential of a Zonal Distribution of Matter on a

‘Spherical Surface.—Suppose the density of a surface distribution
of matter on a sphere is proportional to a zonal harmonic, so that

@ = oP,(u).

‘The potential of this distribution at a point on the z:axis is

ve f@ = 2rae, f** Pats,> m1

where, Fig. 104,

p= VF ata Fa;
and the total mass is zero, except when n = 0.
The expansion of 1/p is

Llisp(2)
> Pa) » if <a

and

1_1l< ‘a\* ,

iid rar’), if >a
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Hence

=e +t

vated(2) [Purdy if <a,oho) Ja
or

S /q\ne ptt

Ve rm 3 (2) " ("Pat if poeFea) 1The surface integral of the product of two zonal harmonies
vanishes, however, unless the two zonal harmonies are of the
same degree, Eqs. (183.3) and (183.4), Hence

dro (2\" ros (a),ve ani?) yoo Vege iQ)
according as |2| < a or |2| > a.

In accordance with the principle of Sec. 193, the potential at
any point, p, whose radius veetor r makes an angle y with the
axis is

4roy_(r\" 4roo_(a\""*

Voor (3) % o Y= £e() Puy
according as the point p lies inside
or outside of the sphere. Hence
the potential of a zonal harmonic

distribution of matter of degree n

‘on the surface of a sphere is a solid a]

zonal harmonic of degree n within ’
the sphere, and a solid zonal har-

monic of degree —(n + 1) outside
of the sphere.
From this result and the fact that:

the potential of a sum of distribu-
tions is the sum of the potentials of
the individual distributions, it fol-
lows that if the density on the sur-
face of a sphere is represented by
the series

nenee aes
the potential at any point inside of the sphere is represented by
the series

<

ca r\*ve “> Rt (2) Py
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‘and at any point outside of the sphere by the series

<= _¢» a)”Ve “dxtn(’) Pa
If the cooffcients o, are defined as functions of a, the density

is defined over a spherical volume, and the potential of such
a volume distribution can be obtained by integrating these
series with respect to a.

197. Tesseral Harmonics.—The general expression for a zonal
harmonie of the first kind of degree n is, Eq. (186.4),

‘ s(2n — 2j — 1)= ite Des, 1)Palu) z! YG = ae ro}
‘There exists, therefore, one, and only one, solid zonal harmonic of
degree n, aside from a constant multiplier, which is a rational
integral function of r and z, namely,

< {2n — 25 — 1] *(7, 2) = Pa(u) = Dy (— 1 IT pati pts; (2)Ile, 8) = Pal) = (I eae)
and furthermore, H, can be expressed always as a homogeneous
polynomial of degree n in z, y, and 2. This is evident from

Eqs. (2); forifn is even H(z, y, 2) contains only even powers of
2, y, and 2, while if n is odd the polynomial is odd in 2, but even
ingandy. It can always be written H,(r’, 2).

It was shown in Sec, 174 that if there exists such a homogeneous
polynomial of degree n in r and 2, then 2n +1 linearly inde-
Pendent, homogeneous, harmonic, polynomials of degree n in
2, y, and z can be obtained from it ‘by a rotation about an
imaginary axis. In this rotation, 1" is replaced by

Pettytea Big ts,and z is replaced by

tattaCEtin, tava

If the polynomial so obtained is developed in powers of ait becomes, Eq. (174.1)

Gu = Mu + alt + ig Hae 4 ag 4 20HFelt NSE + let iE +

PHO+7to
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where H, is the expression for H, for the value a = 0; or,

returning to the letters z, y, 2,

sat «ON 5)Gules 8) = De +ah
Now

HAO _ ar*Px) yu s9Pn,
de "aru ant

and, in general,

PH Ee @)
‘Therefore

. OP, a= See + yeeCe cy
Since a is an arbitrary constant, the coefficient of each power
of a separately is harmonic. Consequently

rote + the ©7

is an harmonic which is said to be of degree n and of order k.

If a change to spherical coordinates is made by the substitution

z=rsin ¢ cos 6,
°

y =rsin gsin 6, cosy = K,

t= reese, sing= VI=W
and if for simplicity of notation

OP,om 2s,Pr Out

the above harmonic, Fq. (5), becomes:

ret# sink y PAO,

On removing the factor r*, it is seen that

oO sin! g P.O

is a surface harmonic of degree n and order k. Since it is eom-
plex, its real and its purely imaginary parts separately are
harmonic, so that

Cu = sint ¢ P,™ - cos k8, 6)
Su = sint ¢ P.® - sin k6,
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are two distinet types of surface harmonies of degree n and
‘order k. ‘These particular surfacc harmonies are called tesseral!
surface harmonies, and their products by r* are called solid
tesseral harmonics. If k = 0, Cyo is simply Ps, and S,o vanishes

identically; so that there are 2n + 1 tesseral harmonies of degree
n If k=, P,® is merely a constant and the corresponding
harmonics

Cun = [2n — 1] sin” y cos n6, @
Sua = [2n — 1] sin® g sin 6,

are called sectorial harmonies.

It will be observed that the coefficients of cos k@ and sin k#

in the expressions for the tesseral harmonies, (Eq. (6)), are
functions of g, or of u, alone. If they are denoted by Tas, it is
seen that, explicitly,

:

Ta = sint PL? = (1 — yt)? SPs,
a @)tS

[Qn — 2) — 1=D (yi Peta ty,a Px YB =Fay
where I= (n — k)/2 or (n— k ~1)/2 according as n — k is
even or odd.

It is evident now that on the surface of a unit sphere the valueof any homogeneous, harmonic, polynomial of degree n in z, y,
and 2 is represented by the formula

Hale, 6) = SY (ACns + BiSua)
a

5 @)

= Y (As cos 86 + By sink) Puy
a

or,

Fue, &) = YDiTx cos (ko — 4), (10)fo
provided A, andBy, or D; and 6, are suitably ch .7 i " ly chosen constants;and

that its value on the surface of any other sphere of radius7
can be obtained by multiplying these expressions by r",

* Tessera, a square or rectangle.
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The Equation of Laplace for the Tesseral Harmonics.—The

equation of Laplace for any surface harmonic S, of degree n
(Eq. (175.2)) is

a ndSs 1 dS,E(a- 8) +7 = ae Tn + DS, = 0.
If S, is a tesseral surface harmonic,

Sa= Tm cos k8, or Sa = Tua sin 8,

In either case

aS, 2
pe = ~PSe ay

and the differential equation for the factor Tus, which depends
upon ¢ alone, is

a Tw __k .Ha -# rt) + (nie +)- ipa) =0. (12)
198.—Examples of Solid, Tesseral Harmonics.—The solid

tesseral harmonics are given by Eq. (197.5) in terms of z, y, 2}
for it is evident from Eq, (197-1) that

wo SS (yy LM = BM nicer 4 yt tatyZag = oe x Woes ape et +e)
‘The expansion of (x + iy)* is

@ + iy = Xet+ iYy
where

Xe Sew,iBe

BO Mone ar Y

‘ ktYo 2OVGEHESDe
Consequently the solid tesseral harmonic, corresponding to

Eq. (197.6) are

Ony = XiZu, and Say = Vaan

up to and including n = 4 they are as follows:
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rw =, | “erer€u = 2, Sn = ys

Hie = = fat = By te, 18:0 = 0,
190m = Bez, 78 = Seu,
Cag = 3: ~ By, Sis = 62y,

C9 = fo yet, | AS = 0,
3. 3. 3 3,On = 3 3 2 | Sy= —Baty — By + Byst,Can = —Set — Bay?+ Gast, |S = —Feta — gy + OY

°C = 5c — Ty's, PSs. = 30242,
1s = 152" — 45zy%, PS = 452% — 15y%,

3. 3 3 2 2g?Cao = Sat + yt at + Sty? — Byte? — Sze,

Ca = - Bere - Boys + 10z2*
Ha = — Bat + yt 4 abot — 454/24,
1Cuy = 1052'2 — 315zy*%,

Cu = 10524 — 6302*y* + 105y4,

Sa = —Patye — Pyte + ye,
Sq = —L5sty — Lizy! + 90zy2%,

P'S = 4152¢ys — 105y%2,

rSu = 4202¢y — 4202y*.

199, The Zeros of the Tesseral Harmonics.—It was proved
in Sec. 181 that the zeros of the zonal harmonics P, are all

real and Le between p= —1 and y= +1, and that they are

symmetrically situated with respect to 4» = 0. A continuation

cf the argument of Sec. 181 shows that the same statements
are true also for the derivatives P,, which have n — k zeros
in the interval »= —1 to n= +1, and none elsewhere It

follows, therefore, that on the surface of a sphere a zonal har-
monic P, vanishes along n circles of latitude, one of which is
the equator itself if n is odd, and the others are symmetrically
situated with respect to the equator in the northern and southern

hemispheres. Similarly P,® vanishes along n—k circles
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of latitude which are symmetrically situated in the two

hemispheres.
‘The function

.

Tax = (1 — oP

obviously has zeros of order k/2 at each pole and n — k zeros
of order 1 along certain circles of latitude which are symmetrically
situated with respect to the equator, making n zeros altogether
in latitude.

Finally the tesseral harmonic of degree n and order k,
Tax cos (kB — 4),

Fra. 105.

has the same zeros in latitude ns the function Ty1, and in addition,
it vanishes along the meridians, or great circles through the
two poles, for which cos (k@ — #4) vanishes, that is,

atte Ly, = 22k —oa BERS sim, 820,12 062 BL
‘The angle between any two successive meridians for which cos
(ko — 6) vanishes is x/k, so that any tesseral harmonic of
order & vanishes in longitude 2k times. The zeros are evenly
spaced in longitude, but only symmetrically spaced in latitude,
‘The circles of latitude and longitude for which C11,« vanishes
are drawn in Fig, 105.

200, The Surface Integral of the Product of Two Spherical
Harmonics of Different Degrees.—Let V and V, be two solid
spherical harmonies of degree m and n respectively, and Sm
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and S, be the two corresponding surface harmonies; so that

Va =TSm Va = Vn Q)

Let 2 be a sphere of radius a with its center at the origin. ‘Then
since V,, and V, and all of their derivatives are continuous

within 3, it follows from Green’s theorem that

Vm av.fivare = VeaV ajar = fi(v¥s - vs). ®
Since Vm and Vq are harmonic within , the left member of
Eq. (1) is zero, and therefore

on ava,fi(es - veda =0. @)
On the surface of the sphere

ov,
on Or’

so that, by Eq. (1)

OV man OV _ get
SEE = may, = na 1S.

Furthermore

du = a*dudd;

therefore Eq. (3) becomes

yen (TE 0%(m = namin (7 (8,Sidud0= 0.
Since, by hypothesis, m > n, it follows that

1 pe

LUG sesuaua = 0.
‘That is, the integral over the sphere of the product of any two
spherical harmonics of different degrees is zero (compare with
Eq.(183.3)).

If m = n, no conclusion can be drawn from this argument;
another investigation is necessary.

201. The Surface Integral of the Product of Two Spherical
Harmonics of the Same Degree.—Let S, and Z, be two spherical
surface harmonies of degree n. Then, by Bq, (197.10)

Sq = YY Assn’ g Py! cos i(8 — 4),
. O)

Zn = SY By sin’ oP, cosj(0 — 6;%),i
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where the A;, By, 0, and 6; are suitably chosen constants,are the
expressions for S, and Z in terms of tesseral harmonics. The
surface integral of the product of these two harmonies is

(fSotado = zy AGB)f"sin! 9° POPs Pay

X cos i(0 — 04) cos 58 — 0%)d0. (2)
‘The integral with respect to @ is easily evaluated, for

LP 00s i(@ — 04°) 008 (0 — 9,)0 =
0, if ivi,
cos i( — 8%), if i= 7 0,

2r, if i=jmo.
Hence the integral reduces to those terms in Eq. (2) for which
i=j. That is,

[Su2sde = WeAoBof7'Patdn

= am — 9) fa — parc)’+ rQAuBi cos (00 — 06 »)[0 = OP Y'du.
By Eq. (183.4),

HO}Jiret al
and by Eq. (184.6),

Ma 2 (ntifi C= BPO) =Ga
hence

defeta = agiAeBe
Pe eg pt! Osean — gyn+mri ABe yi 008 1 — 4), @)

which may, or may not, vanish.
Suppose S, and Z, are tesseral harmonics of the same degree

n but of different orders. Then either A is zero or B is zero

for every index i (see Eq. (1)). Hence, the surface integral
of the product of two tesseral harmonies is zero not only if
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they are of different degrees, by See, 200, but also if they are
the same degree but of different orders, by Eq. (2).

If S, and Z, are tesseral harmonics are of the same degree
n and the same order i, then Eq. (2) reduces to the single term

arg MD. gm — 9.00[isezate = app TAB Gy C08 HOP — 84),
‘This expression vanishes if

i — 0) = 5
Hence the surface integral vanishes, even though the two har-
monies areof the same degree and the same order, but of differenttypes, Eq. (197.6),

Using the notation of Sec. 197, in which the tesseral harmonics
are

Cuz = sin‘ g-P,-cos 18,

Sui = sin’ g-P,(9 sin i,

the above proofs can be summarized in the equations

SiCuCnpte = [.CuSmdo = f‘SaSndeo = 0, men.
fenOude = [(CuSudo = [Sueno = 0, inj.

fienSueto = 0,

tio = [S.tao =< 27 +)! |fiewsee jsut RIG io
td =, tde =fcwtte = Ae fisutae = 0.

—202. The Expansion of [(z — §)*+ (y— 9)? +(e — 94)?
Jn a Series of Tesseral Harmonics—If x, y, 2 and & 1, f,
are the coordinates of two points and R is the length of the line
which joins them, then

Ree @— B+ y—a + @—Oe

It is frequently desirable to have the expansion of 1/R as a
series, and it is the purpose of the present section to show how
‘this expansion can be obtained in terms of the tesseral harmonics.
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If

Pasty te,

ea B te te,

then

a
RO VE- PFU PTE

——a1
VitaBip co

a ee
T Vi heh +

where

na? cosratitmte,
r tp

In polar coordinates

a2 =rsin cos 61, = = p sin ¢ Cos O,
yersing:sin&, 1 =p sing sin 6s,

2= 1 00s v1, 5 = pcosos,
so that

cos h = cos gi cos ys + sin g: sin gr cos (8; — 63). (1)

‘The function 1/R is expansible in powers of h, and this expan-
sion is convergent at all points for which h <1. That is, by
Eq. (180.5),

L_LS pee SR
Ro 7, Bok Pa

in which Ry=P.(u) for« = cos h.
If this expression is written

1
_

ss Raptr
Ro Zee

ms

it is seen that the numerator R,p"r" can be regarded as a homo-

geneous polynomial of degree 2n in the coordinates z, y, 2)
& n, $; and that it is homogeneous of degree n in z, y, 2 and also
homogeneous of degree n in £, 9, ¢. It is obviously symmetric
in these two sets of variables, and is a solid spherical harmonic
in either set.
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It follows, therefore, that
Ry = P,(cos d)

when expressed in terms of ¢1, ¢, 0, and 0, is a perfectly definite
surface harmonic of degree n, and therefore, expressible in terms

of the tesseral harmonies. ‘That is
Ry =D Acsint x-Py'(us)-e0s i(0s — 6)
&

where

Ba = 008 1,

‘and A; and °° are properly chosen constants, which in this
‘ease must depend upon g: and 6: (or uz = cos vx). It is evident,
however, that when the substitution

k= cos yi cosg + sinyi sin y cos (0, — 62)
is made in P,(4), the function P,(cos X) is a polynomial in
cos (8, — 6) which, when rearranged, ean contain only cosines
of multiples of (6; — 6:). Hence 0) = 6, for every index i.
Also, since R is symmetric in g; and gs, as well as in 6; and 4,
its form must be

Ry = SS Budsin! vo Pui(us))
%

(Gin! g-Pa(u.)) 08 16, — 62), (2)

in which the By: are constants which do not depend upon ¢:,
2} 01, OF Oa.

In order to obtain the values of the constants By the argu-
ments ¢1 92} 81, and 2 can be given particular values. It is
convenient, then, to take

Oh m= m= aH;and to denote this particular R, by R,*, Consequently

Ra* =D) Ball — 2°¥(P,)? 008 iw,
a

and cos } becomes

08 h = w+(1 — p*) cosw.For these particular values, it is seen that

a SRAVint =OeeZR
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Multiply this equation by dy, and then integrate from u = —1
tou = +1. Since

4 2firs ‘du = ay by Ea. (183.4),
and

aid yup.coyy 2 (nti!f (1 = 4) (P.)'dp = an +iG-al by Eq. (184.6),
it is found that:

N+1CHo 4, wp, (ntl.
aeRetde =DBueos.)

‘The integral of the left member is

en
So VI — 2h cos w + A? —2A — cos w)u?

se cin | 2M = cos)VIR = 0080) 8° NT = Bhcoso + HPTherefore, the result of integrating Eq. (3) with respect to x is

aint, [AT 005 LS pe Rs
Voi — cosw) vi = Bheosw+ it 2” |
‘Now multiply this by V/A, and then differentiate with respect to h.
‘The result is

Fh ELBE Oe ay,
Vi t= theoFR 7 a * fe aus (8)

or, on multiplying again by V/h,

1th smtii rtp,
Thcoso FRyaf Fatdu. (8)

‘It was shown in Eq. (187.7) that

lth _ Se . ‘

[other 14 Bat +23 cae) fo)
Hence, on substituting Hqs. (4) and (7) in Eq, (6), it is found
that,

< Ss coe ie) = See ptPad +2 cos *) = 2 Pac = apieesia. (8)
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Since Eq. (8) is an identity in A, it follows that

- a2 FO gaa...Bu = 1, Bui = ey+i! i=], any
nels,% @

‘These values of the coefficients By, substituted in Eq. (2)

xkive the complete expression for the coefficients F,, namely,

SnD. peo,fig = Pals) Polis) +23 Ge yin #0 Pal Co)
X (sin! y+ Pa'(us)) 08 #61 — 63). (10)

On expanding cos i(6, — #2), viz.,

cos i(8; — #3) = cos 18; cos iM. + sin #9, sin 102,

and setting, as in Sec. 197, for the tesseral harmonics

Cui = sin gx Px(gr) + 008 18s,

Su) = sin ox Px(ea) + sin HO,
Kq. (10) becomes Eq. (11),

= Pals) $=Die re + SaPSacRy = Pals)» Pa(us) + 2 > Gr lOnP Cas + Sal SalPI
and, finally

1_1¢ ‘oY.

not Ba(i):
‘The surface harmonics R, are known as Laplace’s coefficients.

It is evident from the relation

Ra = P,(cos 2)

that R, is a zonal harmonic with respect to a pole which lies
on the line which joins the origin to the point x,y,z. Equation
(11) is its expression in terms of the tesseral harmonics of the
original pole of the sphere. In other words, Eq. (11) can be
regarded merely as an equation of transformation.

203. The Expansion of the Potential of a Finite Body in a
Series of Tesseral Harmonics.—The potential of any finite
body B is defined as the integral

‘dmVe |>fa
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Ir, in Fig. 106, £, n, £ are the coordinates of a point of the body,
x, y, 2 the coordinates of the attracted point, and

R=(e+

=a?+@-H4Perttytte,
Peete te,

the expression for the potential becomes, on using the results
of the preceeding section,

= 1Va Dda[rvrram.Peak ‘ q@
:

es x st(ko ,
Fra, 100,

‘The expression for Ry is given in Hq. (202.11). Let

mPa(us) = Pa, vy 2)y PPalus) = Pa®(G 0, 2),

1Cul(@ry 81) = Cul

(2 Ys 2), eMC’ (pa6s) = Cul (E, 1 Ey75S8xi€(os, &s) = Sal(2, Uy #)y ASas(G2,8s) = Sui™(E, my 2)

By Sec. 197, Py, Cx, Sac? and P.O, Cys, Sy? are poly-

nomials in 2, y, 2 and &, 1, ¢ respectively, which are solid tesseral
harmonics. Hence

frptR,dm = Pao [Pavan22

3

MHD Ew Coun © f senEGFilcu flonan+ suo f'suteam]. @)
‘This result can be stated in words as follows: The coeficient

of the solid tesseral harmonic of degree —(n +1) and order i

‘in the expansion of the potential of a body in powers of 1/r is
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equal to the integral taken over the body of the corresponding solid
a

tesseral harmonic of degree n and order i multiplied byfe
except that, when 4 is zero, the factor is 1 instead of 2.

‘The integrals

fficvdm and f/Sdm
will be referred to as the tesseral harmonic integrals of the body.
‘The above expansion is, therefore, a series arranged according
to the solid tesseral harmonies of the attracted point (2, y, 2);
or, equally well, according to the tesseral harmonic integrals
of the body,

204. The Expansion of the Potential of a Finite Body As
a Series of Inertial Integrals.—A tesseral harmonic integral
of a body can be negative as well as positive. For example,
for a homogeneous parallelopiped of which the edges are 2a, 2b,
‘and 2c, the tesseral harmonic integral (Sec. 198)

eapteph rtSSSeesam = 30 f 2"f° fe = waeanar
= Mie — b5,

is positive or negative according as a 2b. Every tesseral
harmonic integral obviously is resolvable into the sum or dif-
ference of a number of inertial integrals (Sec. 172). As there is
no direct method of computing the tesseral harmonic integrals,
the general expansion in terms of the inertial integrals will
be given, The formula given in Sec. 172,

Ly Dae amie¥ = 3 Sitar azopaa(;) ferrem,
is symbolical only. It is desired to find the coefficients of these
integrals explicitly.

Retaking the equation of Sec. 202,
1 Ss Tp"Rs

Ro Doe a)
it will be remembered that R, = P,(cos \) where

cosy = tntzt,os
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and since, Eq. (186.3),

1

AF (H-Net
Paw= & ( 1)"Bal@= a5!"

it is evident that
1

_ Fe pena28 = 1, antagPoke = DO a eet ntIe, 2)
where | is n/2 or (n — 1)/2 according as n is even or odd. The
symmetry and homogeneity with respect to the two sets of
variables z, y, 2 and &, 1, ¢ is evident.
By the multinomial theorem of algebra

ent aaa@tb+ey ~ Zager itjtken
Accordingly

a = 2) ayint « Byiteet bane =Beeb
itjthk=n—2,

te 2 2 a0 8! ssapagper,pen (Pt +o) = 3 aan wt, at Bty=e
Therefore

Get ytME at t=

(n= 2s) lal tyet, o
Peoeeaegaateen,

‘This expression can be rearranged by taking

i=p—2%, j=9-2%8, kar—%y “ptotren
‘The result is

Geto tate tot toy
_ (n — 28) telar-ty-ar-7=
2 2D aapip=2a —a=BI

and this result, substituted in Eq. (2) gives
1

oR, =F (yen 2a
eRe = 2 (Dna = BT

(a = 28) shateyetarx BD alatei@= 2a)=I
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where

1,ptatr=n, atbty=s I=jn or Jn-2),
[Qn] =2-4-6--+-2n [Qn 1]=1-3-5+++-Qn tl),and fo =1.

Since [26] = 2%, the factors (n ~ 24)! and s! can be cancelled,
leaving

Ly yt10Rn = (-}) [en — 25 — ap
ameyetey  gx % Davri@-Bwig— wera ©

On substituting this result in Eq. (1), multiplying by dm,
and then integrating, thore results

= 1 1 ayeVe dead (3 (-F)er-a- yjBo Maier Orn)
ritieats

artytag et ’xD aay = a)1G BES an) fe wram,athe,
Which is the expansion of the potential function with respect
to the series of inertial integrals. If the general expression
for the inertial integrals of the given body can be given, then
the general term of the expansion of its potential can be written
down. This can be done for the class of bodies which is dis-
cussed in Sec. 50, and perhaps for others also.
From the symmetry relations between the two sets of variables

2, y, 2nd &,», f, itis possible to derive from Eq. (4) the expansion
for V according to powers of z, y, and 2, viz.,

« 1 :

- Ee a =P Van — 25 —ve ZR E me f[R(-A)m-2—n
Wien

Eat tie 5)x3 aaie= tale leaf ©
hfe,

206. Laplace's Integral Equation.—It has already been shown
(Sec. 200) that the surface integral of two spherical harmonics of
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different degrees is zero, and even when the degrees are the same

it may vanish, as is shown in Sec. 201. Aparticularly interesting
ease when the two surface harmonics are of the same degree
is that in which one of the harmonics is the Laplacian coefficient

‘Ry, (Bq. (202.11).

Let S, be any surface harmonic of degree n in the variables
1 6; Then, if A,; and 6" are suitably chosen constants,

Sx =D Ane sin gr» Px(ui) + c08 i(6 — 04), (1)

By its definition

By = Baa Pals) +S) Bac Sin‘ o1~ Pu (ui) - €08 i(0: — 62),om

where

(n — i)!Boo = Palit), Bue = ATP sink exPuMGe),
‘Ha = COS y2, and 62 is independent of i.

‘The surface integral of the product of these two harmonics is
given in Eq. (201.2),

41 poe 7

POP setaanto, = Be saa +
2 (+o! a

Prost2 ABcos i(6 — 0”).
If the values of B,; of Eq. (2) are substituted in this formula, it
becomes

41 par de

[OG stata, = EE AoPabes) +
an , ‘

FEET Dy An sin os -PeM(n) 08 Hs — 81)
4 . .=

pease) by Ba. (D3or, es poe
®

1

Sibu, 6) = E20 (sson eda1 Jo

which is one of the earliest examples of an integral equation.
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Since R is symmetrical in the subseripts 1 and 2, this equation
could also be written

1 poe

Suan, 0) = EAL FreSstin 8am, —
206. The Expansion of an Arbitrary Function in a Series

of Spherical Harmonics.—Suppose there is given a function of
the arguments ¢ and @, which is generally continuous in the region

-Jsest} 05052,
although a finite number of lines along which the given function
has finite discontinuities is permissible. It was first shown by
Laplace that such a function can be expanded in a convergent
series of spherical harmonics, although the proof given by Laplace
was lacking in rigor. The first rigorous proof was given by
Dirichlet, and the proof of Dirichlet’s was followed by &
number of others, the simplest being those of Bonnet? and
Darboux.! The argument of Darboux will be followed here.
Let S, be a general surface harmonic of degree n with 2n + 1

arbitrary constants, and let F(¢:, 6;) be the given function (not
necessarily harmonic). It will be remarked first of all that if F
is expansible in a series of surface harmonics, S,, then that
expansion is unique. For, if,

Fler %) = Y Sw a)
%

and if Ra(er, 615 es, @:) is Laplace's coefficient of the n degree,

then, on multiplying Eq. (1) by Radu:d@; and integrating over
the sphere,

+1 pe 2 ptt pie[0 ea raaatos = & f f RuSvdrdds.Jar Jo Aida Jo

But, since

+1 aef f R,Sidusd6, = 0, if ken,|: Jo

tH tae

£ f BaSal es, 6:)dusd0s = 57Saler, 01),
* Journalfar Mathemath, Vol. XVII, p. 35 (1837).* Journal de Liouville, Vol. XVII (1), p. 265 (1852).
* Journal de Liouville, Vol. XIX (2), p. 1 (1874).
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it is evident that

Aefree. =Tp sen 2), dw, = dud6,;
and similarly

4[pres = BETH A), don = usd,

But since fPaPaes is a perfectly definite function of g, and 6,, it
follows that the harmonic S,(y:, @,) is @ perfectly definite one,
and therefore the series in Eq. (1), if it exists, is unique, and

= 2 1Foon) = 3 Ef RaPCen eden ®Fe

‘As it cannot be assumed that the series in Eq. (1) does exist,
let the function F, be defined by the finite series

= Qn +1Paley, 1) = x=fBa + F (ex, 62)deo2y @)
which is perfectly definite, and seek
the limit of F,, as m increases. It will

be found that the limit of F. is F, and I\‘that the series in Eq. (1) is valid.
Let the pole where the z-axis pierces

‘the unit sphere be denoted by the let-
ter C, Fig. 107. Let the point whose
coordinates are ¢1, 6: be denoted by
Cy, and the point whose coordinates
are gs, 62 be denoted by Cz The
angle \ is measured by the are of the
great circle which passes through C; Fra, 107.
and C,, since

008 X= 608 vx C08 v2 + sin ys sin gx C05 (8s — 1)5
and

Ralor, 035 2 64) = Pa(cos ¥),

P, being the zonal harmonic of degree n.
If the function F(y2, 2) is written

Fle, 62) = FC),
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and de isa surface element in any system of coordinates, then the
expression

~ 1Falen 6) = 3 22 (ecaPacos doa0 is

is independent of the coordinate system used.
Let the point C, be taken as the pole of a new system of

coordinates, and in this new system let the coordinates of the
Point C. be ys and @s. Then

= oy €08 h = COS vs = ds,
F(CA) = Fale, 0), Py(co8 ») = Pals).

Since Pa(us) is independent of 6s,

mon +1 ptt aFuton 8) = SPE EP [Flos dee.
a 1 5

‘The integral

1pGlo) =

a2), Palen 6s)dds
Tepresents the mean value of the function Fs(ys, @3) along the
circle of latitude y3. It is a perfectly well defined function of
s, even though the function F; has a finite number of finite

discontinuities along the circle. Equation (4) becomes

* +

Felon) = Sarf. Palas) + Glus)dus.
The function G(u:) is independent of n, and, by Eq. (282.2),

Y An + WP. = Pla + Pos
‘Therefore

upttFea af G(Pa! + Phns)dus. )
It will be assumed at first that G(us) is a continuous functionOf us in the interval —1 Su, S +1. Then Eq. (5) can be

integrated by parts, with the result

HopsPalen

8) = 30> a+ Pad] 3 Pa + PoodSince 7

Pa(+1) = 41 and = P,(—1) = (—1)™
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it follows that

Upa41) + Pan(+D] = 1,
and

BPa(-Y) + Paax(—D] = 05
‘so that

ipPa = O41) — Ff Pa + Pan's ©
Let the integral in the right member be separated into three

parts
fi peut pee et

(of eea Ja eras 7 Sia
‘and consider the sum of the first and last of these three integrals

eetf + f. [e- + Pau" sa tid

Se eT ie pt

f + fi. De + Posil* ifs < fr + fie.
Since G is continuous the discontinuities of G’, if infinite, are
of order less than unity; therefore, the sum of the two integrals

eet

foreSi joie
is finite and vanishes with 6. If, therefore, e is given inadvance,
8 can be taken so small that

Sept y 4

Joe fhdpa + Pannctian < 3
[As for the remaining integral

18bf (n+ Pande’,ars

let Qu be the maximum value of [Px + Pmyjl/2 in the interval,
and

pice
rn

ae!

then

“pe cape
BfPat PawdGtdn 5Joppa Pest Iota

5 Gm.
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But since, (Sec. 101),

lim [Pa =0, if lal <1,

the limit of Q, for increasing values of m also is zero. Hence
‘m can be taken so large that

atif (Pu + PasiG'dus < be,2J-i48 2

and therefore.

wen

af Pa t+ Pmsi)G'das <6
It follows from Eq, (6), therefore, that:

lim Fae, 6) = G(+1).

By its definition, G(+1) is the mean value of Fs(gs, #3) along.
a circle of infinitesimal radius about the pole; that is, it is the
value of F at the point C,, or F(e,, 93). ‘Therefore

sn +1lin Fa= Flo 8) = mE (rarer fds,
which is Eq. (2).

If the function G(u:) has finite discontinuities at a finite
number of points, the integration of Eq. (5) by parts is still
permissible. Neither the results nor the remainder of the
argument is altered, but as the text books do not give the proof
of the validity of integration by parts under such conditions
a lengthy digression would be necessary to prove it. The proof
is not difficult, however.

207. The Representation of a Rational, Integral Function.—
Suppose G(z, y, 2) is a given homogeneous polynomial of degree n
in the letters 2, y, 2, and assume for the moment that @ can be
expressed in the form

A

6G, y2) = Dre, Oo)
Fat

where H, is a solid spherical harmonic of degree p, and 21 = n
or n ~ 1 according as n is even or odd. Form the Laplacian

of both members of Eq. (1). AG is a homogeneous polynomial of
degree n — 2 which is readily formed; and sinee

ACH) = 59 + 2k + Vr,
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by Eq. (171.1), Eq. (1) becomes

AG = YJ) 2s(2n — 2s + Ir.oe @)cot
the harmonic H, disappearing in the process, since AH, = 0.
Aside from the constant eoefficients in the right members, Eq. (2)
is similar to Eq. (1), but its degree is m — 2, The operation
can therefore be repeated
AAG = AG =

A

DY 40(¢ — Qn — 28 + 1)@n — 2s — DrPH (8)
co

and Eq. (8) is of degree n — 4, In general, after performing
the operation & times

1

= ye na et ewad
> Goifh— wee

When k is equal to the left member is a homogeneous polynomial
of degree 1, if n is odd, or of degree zero if n iseven. In either
event it is harmonic, since every polynomial of degree zero or
one is harmonic. The right member is reduced to a single
term which contains H, or He. This equation determines H,

or Ho, as the case may be, uniquely. The preceeding equation
then determines H, (or H:), and so on, back to Eq. (1) itself,
which determines H,. Thus all of the functions 7, are uniquely
determined, and the representation of @ in the form of Eq. (1)
is possible.

If Sy is the surface harmonic corresponding to the solid har-
monic Hs, 80 that

Hy = 18,

it is seen that Eq. (1) becomes
D

GG, y, 2) =D Saul, 6)-
o

Hence the series of surface harmonies which representsthe valueof a rational, integral function on the surface of « sphere is
finite series which contains no harmonies of degree greater
than n,

‘As an example, let the monomial zy*%* be expressed in the
form

yt! = He + PHe + Hs+ 1H (@)
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‘The successive operations yield the equations

A(zy%s*) = Qxz* + Gry"z = 22H, + 36r*H: + 42rtHo, (0)

At(zy%) = 24zz = 36-14H, + 42-20rHo, —(@)

Ary?) = 0 = 42-20 -6Ho.

‘The last equation gives Ho = 0. Then

mmHy= Fp from Fa. (0),

Ke Al-60% + lizy's + z2*), from Eq. (6),
and finally, from Eq. (a),

Hee

spate — S6ay's — Ldze' — 492y%s + 161zy's* — 72%").
‘Translated into the tesseral surface harmonies by means of
the relations in Sec. 198, these results give

sa 9 _9 _ 1aye = Fa qylllCn + Ca — GCu — 2a — GHCel-
208, Green's Problem for the Sphere.—If a continuous set

of values are defined on the surface of a sphere by the function
V(&, 1, $), Green's equation, Eq. (136.2), defines a function
V(z, y, 2) which is harmonic inside (or outside, if the point
2, y, 2 is outside) the sphere and which is equal to V(E, m £)
on the sphere. This equation is

a@ =r) 1 5a ed @
where

P= @- P+ U— m+ E-0F

and dé is an element of the surface of unit sphere.
Suppose the function V is expanded in a series of spherical

surface harmonies, Sec. 206, so that

Vem = LY Sale, .
F=f

It was found in Eq. (183.5) that

1
5

—a S Pra,Ginanen” 2,
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and therefore

1-h py

waaay ~* +B) Pts Pa ,

= >y (Qm + 1)Pmah™, by Eq. (182.1).mo

Since

pt=a?—2arcosh+r* and Pa(cosd) = Ry

it follows thata@ =") Sem+ pae(2)"» ~ 2 ‘,
Hence, Eq. (1) can be written

- 3 ($s Gmty a(t)”rena 3(5ee”Insel)
Since Ra and S, are surface harmonics of degree mand n respec-
tively, it follows that, Sec. 200,

fjPoSnde = 0,
except when m = n.

‘Suppose that in spherical coordinates
xz = rsin go 008 40,

y=rsin go sin 00,
2 = 1 c08 oss

‘then, by Eq. (205.4), ifn =m,

amt}| aS, 45 = Salem 15
and therefore

vee, 1.2) = 3 Salem 00(2) ®
wo

If the point =, y, z lies outside of the sphere the corresponding
expression is - -

Vee, na) = ¥ Sater 00(2): ®
oo

209, The Potential of a Surface Distribution of Matter on @
‘Sphere.—Suppose there is given surface distribution of matter
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of density ¢ on a sphere of radius a. The potential of this
distribution at any interior or exterior point p (2, y, 2), is

ve f.gle,ls P

where

Paty -9+@-9%

and & », {are the coordinates of the surface element de. Also

reottyt te

ae Pte

For points exterior to the sphere, that is r > a, the expansion
of 1/p is, by Sec. 202,

L_1sp (a\”

ao
and for interior points, that is r <a,

Lid p(r\”

where Ry is the particular surface harmonic which is known as

Laplace's coefficient, Eq. (202.11).
By Sec. 208, the density 6, which is assumed to be generally

continuous although it may have a finite number of lines of

Aiscontinuity, can be expanded in a convergent series of surface
harmonies, which, for convenience, is taken in the form

a1 Mt)

0-63EM 9.
Hence

als S (ay nt+1 .aC ani
or

el SS(rVrti1
rad 3 () “fe

according as the point p is exterior or interior to the sphere
Under the assumption that

= rsin g 608 Oe,

y= 7rsin go sin 60)
2 = 7005 ey
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the values of the above surface integrals are

[pPobde=0, fo nem
and

am +1

"= f.“Baal, ts Sales; 86)s

by Bq. (2053). Hence at
V = ¥ Salen (2) » ifr>a, Oy

and

¥ =Salen#0(5) ) iir<a °
‘This result shows that any harmonic distribution of matter on a
sphere produces the same, and none other, harmonies in both the
interior and exteriorpotentials.

‘The total mass of the distribution is
<x Qn +1

f~-S 1 sd = aS
by Eq. (175.3).
1 the interior and exterior potentials are given, and if

< 2m +1,
2m+ 4s,2, ana

is convergent at all points of the sphere, it is readily verified that
(See Eq. 126.5)

1 (avi, ave ss 2m +1gn eh (eg OU) = YEN.+a(in + m) 2, ae
On comparing Eqs. (1) and (2) of the present section with

ge () and (3) of the preceeding section, itis seen that Green's
canition forthe sphere defines the interior and exterior potentials
‘of the same distribution of matter on the sphere, & fact which, of
‘course, was already known. ‘The definition, however, is not by
crore’ of the surface density, but by means of the values of the
potential itself on the sphere.

210, Differentiation with Respect to Poles.—It was shown in
Chap, II, See, 54, that if a, 8, v are the direction cosines of «line
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and g(z, y, 2) is a function of the rectangular coordinates, the
derivative of ¢ in the dizection of the line is

ae ag pe ae

Bo = oSe + Oe + 38,
and, also, that

dz = ail, dy = dl, da = il.

Consider a sphere of radius a with its center at the origin

Let «8, 7 be the direetion cosines of a line, I, which starts at the
origin and intersects the sphere in the point p, ‘The point p is
called the pole of the line, and differentiation in the direction of
the line 1 is called differentiation with respect to the pole p, and the
symbol for such differentiation is

268,048
gregod tod Oy)

‘The result of this differentiation is, in general, a function of
2,y, and 2 which ean be differentiated a second time with respect

to the same pole, or even a different pole; and so on, Let
«Bi, 71 be the direction cosines ofthe first pole, and ax, Bs, 72 be
the direction cosines of the second pole. The result of two
successive differentiations with respect to the two poles is

a aap dar Al, 8 4984.8

aur - (#3: + Og + og)(a + Bag +or)
” a a

maa + aig + annghe,
ae a a+ Boogie + OS, + Boasts,

ae a ae+ nega + nPagigy +e
It will be observed that these differential operators obey

the fundamental laws of algebra, namely, the associative law, the
distributive law, and the commutative law. They can be treated
in their combinations, therefore, just as though they were

algebraic quantities. Accordingly

aaa a _ Thee ag 2a02Sade a7 U(mge + 83;+ mR)
{is the general expression for differentiation with respect to 1

poles, which may, or may not, be all different.
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It is evident that the n® derivative of an harmonic function

with respect to n poles is itself an harmonic function, for it is
merely the sum of a finite number of ordinary derivatives
multiplied by constants; and each ordinary derivative is har-
monic (Sec. 172). If ¢ is an harmonic function of degree m, its
n* derivative with respect to n poles is an harmonic function of

degree m — n.

‘As an example of polar differentiation, consider the the fourth
derivative of 1/r with respect to the four corners of a regular
tetrahedron which has its center at the origin, one corner on the

z-axis, one corner lying in the yz-plane, and one edge parallel to
the z-axis. The direction cosines of the four corners are, then,

2 [2w= an mene ae tye
2, 1 1B=0, f= 3v2 f= -3V2, Bem -3V%

=1, --} =-} ~-!
melo oue-p nen} w= -}

‘The fourth derivative with respect to these four poles is

a _w1/.2 a a
aialabal, * U(x: + og + mo) =
8(2 92 18 -fig-2-12aa\3 “ay ~ 3 a2, 13 az 3 ay 3 az,

(3 2 _V2a 1a3 Ox 3 dy 3a,

= tv2_ a 2 at av? ot 2 at= —"Q" dztayae * 9 dz%02? * 27 dy'd2 ’ 9 dy*ax* 27 az*
‘This symbol operating on the function 1/r gives

gal-8e — By — Bet — Grty? + 2dy%2? + 24e%e*
— GOV 222+ 204/2y%).Since 1/r is symmetrie with respect to all directions, the above

expression is an harmonic which is symmetric with respect to the

four lines which pass through the center and through the four
corners of the tetrahedron respectively. This symmetry is not
in evidence in the above expression, since the tetrahedron
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itself is not symmetrical with respect to the axes of the coordinate
system.

A very simple example in which the symmetry is in evidence
is the third derivative with respect to each of the coordinate
axes, namely

a (1) _ _ jaewat) = 1

211. Derivation of the Tesseral Harmonies by Polar Differ-
entiation.—It was proved in Sec. 178 that the surface zonal
harmonic of degree n is

amet an (1)Pw = (wrZ()
which is the n“ derivative of 1/r with respect ton poles multiplied
by r* and a constant factor. In this case the n poles are
coincident and are all located on the z-axis; and the harmonic has
but one axis of symmetry.

If, instead of lying on the z-axis, the n coincident poles of a
surface harmonic of degree n lie on a line whose direction cosines
are a, 8, 7, it is clear from the symmetry of 1/r with respect to all
directions that it is a zonal harmonic which has the line whose
direction cosines are a, 8, y as an axis, and that its expression is

ew ccpt™(2 2 od. aV/TR, = (-1) Tak tot a) (3): @
This is evidently Laplace’s coefficient (Sec. 202), If it is referred
to its own axis, it is simply a zonal harmonic.

In the analysis which follows it will be shown that the tesseral
harmonics of degree n and orderk can be obtained by differentiat-‘ing 1/r with respect to n — k coincident poles which lie on the
zaxis and k simple poles which lie in the zy-plane and which are
uniformly distributed in longitude. ‘The longitude of these k
simple poles will be taken to be

Ce ae ee
the latitude, of course, being zero. The symbol for differentia-
tion with respect to these poles, Eq. (210. 1), is

oe 2ir\a 2jr\ aa7 con) + anos 4 2E oa (2)
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Differentiation with respect to z does not occur since the direction
cosine of each of these poles with respect to the saxis is zero.

Let the variables be changed by taking

f=2+iy, v=2-iy, where i=/-i,
so that

a a a a (2 a

a aE tay ay i - ay
The derivative with respect to the pole p; then becomes

a Qi eat 2jn\] a

ae [oss + =) + iin +E) Ise

+ [cos (s. + 2) sin (°6 +A) lee o
(usa, (ne)a,ae

Os,

Aaa aL s(t)a -i(u +88) a |)ah a” “ao dil ate an
This somewhat complicated expression is simplified by taking

anend, peenn?
= ee ‘on

and becomes

esaa a_ Tobe

sist a2= He +0). Te . «
= eee (ae +0).

The first factor in this expression, e~@+!, is equal to +1 if
k is odd, and is equal to —1 if # is even.

If k is odd, say k = 28 + 1, the derivative is

Bb / dinaa
aL et 5)aa ** aia 7 It(« +) ©)

ait ait

The two groups of complex numbers e**? and e”*1, j = 1,
2,--++, 28+, are identical except for the order in which

the numbers occur; for
det ai

FHL on,
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if n = 2m and m S 5; or, ifn = 2m — (28 +1) ands <ms
2s+1, Hence

aa Ee ad
aa Fai”Ul 44)

since the right members of Eqs. (5) and (6) differ only in the
‘order in which the factors occur. It is known from the theory

of equations, however, that

Bit; Gab ue Bett ait

aati tl HG ae BH ) = ii(: + &)cost intOn replacing x in this equation by t/a and then multiplying
through by a+", there results

mei at

T(-* + ’) = asst Hatt; @
and, therefore, from Eq. (6),

aa a 1 21,
aac agree,
or ®)

98 8 py pnandl,
aha aT get k= 2et1
Ifkis even, sayk = 2s, the expression for the operator becomes

27 aitaa
a aWak ae li +}

and since

Bit 2U-toe!

Trae,

each of the factors of the right member is repeated. Therefore,

aa a ot ed I"

hah an -[(~ +) (9)int

If 8 is odd Eqs. (7) and (8) show that

aa a wg gin

Oh hy * al ~ -(« ag t¢ “i)
a ein ad 9 af OO

BB a BE
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If ¢ is even, so that k is a multiple of 4, say k = 2s = 41,

Eq. (9) becomes

ay feiaa a a

Now

2 me) i

the two expressions differing only in the order of the factors.
Hence

m7 int

T(! +) = b*— a%,
int

aa a

99 8 2 (qu pape ayaf, al, "lg = ~~ HY
ae ou ae

a =

Oe oee ‘ant + aga
It is evident from the equations of transformation from

x,y tof 9 that
ae, et

_ atant ap = *atom
Hence, the Laplacian operator becomes

e ee ya ie

oat + aye + at ™ 4Geaq+ a
If the function operated upon is harmonic, it is clear that

ea

4g + ja 7
and therefore, when applied to harmonie functions,

a La

atdn ~~ 4 at a2)

With the symbolism thus developed, it is now possible to
differentiate 1/r, which is certainly harmonic, with respect

to n poles, n — k of which are coincident and lie on the z-axis,
while the remaining & are in the zy-plane and are uniformly

distributed with respect to the longitude,
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‘The differentiation with respect to the n —k poles on the
F-axis is given by Eq. (178.3),

ae (1

2oa) = (=a = DIOP,(4);
and since, Eq. (186.3),

A .

- [en = 2 ~ 2-1) 13Prova Sope)
where 2¢ is equal to n —k or n—k—1 according as n —k
is even or odd, it can also be expressed
ane (y

- . (Qn — 2k — 9j— 1] eeae G)=p Gory(aaceThe letters £ and 7 enter this expression only implicitly throughthe letter r, and

Petty teamte

If h is any integer, it is readily verified that

2A), # h) = hat? otae\rh ae ee aeand in general,

am (1) _(_1\"th+ 2m — 2} gn
aE, 72, | )Likewise
an (1 1)" + 2m — 2] ge(2) = (-2) =a

From these results it follows that

_ gent m2!(cam + om) (1) - (Gg! 4)é
[2n — 2k- 2-1) n-%-1 grey<2D pe ee Ba=e—9j 1] pet

X (ate + penitny,Now

E=zt+iy=rsing-c@,and

g=r—iy=rsing ew,hence
emits 4. weit = Ort sint w cos k(O — Bade
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Since this expression is independent of j, Eq. (14) reduces to

a a \ art (1

= (1. GB sint ¢c08 (0 — 6)
: [2n- 2-1)

1) antsyx2 OM pia = bay
If this equation is compared with Eq, (197.8), itis seen that the
right member can be written

(—1Gtn 008 k(0 — 6),
=m — B!

which, aside from the factor os is the tesseral
harmonie of degree n and order k.

It follows also, if k is even, that (Eq. (12))

ae 1a

Trae (-1)ator?

and

#1) (pil H(i

Fy Fa) - Co BC)agar?
:

wtp on!=
HD Pal.

If k/2 is odd this term occurs in Eq. (10) with a negative sign,
while, if k/2 is even the term occurs in Eq. (11) with a positive
sign. Hence, in either equation the sign of the term is (—1)".

‘On substituting these results in Eqs. (8), (10), and (11), it is
found that

aa... a att) _ y=!ahah ah =) = (“Dy geass Tat 008 k( — G0),
if k is odd, and

88 8 eI) ln— BD!aha 6)= (1) piper Tne 008 k(8 — 80)
nl+ (1g aPAW,

if k is even.
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Tt was from the point of view of polar differentiation that
tesseral harmonies were discussed by James Clerk Maxwell in
his Treatise on Electricity and Magnetism.

Problems

1. Show that

“ 8p, _ 16. &
sinte =ish ae + are

2. Show that

[rede = Set ager' - en.Tene EOP — PPO.
3. Show that

bo yPMGt= DS + Oe~G — ye=)
dust (Cr aor symmetrically

‘ ‘

Gt =?age— ne Gt = Fait— De+o at (n=a! dur

4. Show that the coofclnts of 4°Ps4s) are al integers

6. If the expansion of f() in terms of the zonal harmonics is

0) = oP
mo

show that the expansion for the function yf(s) is

we) PAC: + GES") Pn
in which 01 is equal to zero.

le St tat te potenti of» unierm ein he form of eof
MS [20 — 177)v MS (a(t),a x ear (6) Pom

or

MS [2n — 1]/0\™,v= Say 2+ oa(G) Po
accordinga8 < arr > a

2 Vol. 1, Chap. XU
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1. Show that

VIN BAF a1 Pa Ds aoe
8. A spherical cap is cut from the aurface of a aphere of radius a by &

cone with its apex at the center of the sphere and generating angle , and

covered uniformly with matter. Show that the potential of the eap outside
Of the sphere, and at & distance r from the center, i

oS Pans) = Pas(2)™tp yh,V a aeeala = aft P= Pen09(2)p Gah,{eared PSS OE) ron}
where 2 = cos a and » = cos ¢; and inside of the sphere

So

Pari— PenQ(r)*p gahV = deeaf (da) + ae Pals)fo-n¥, Matera}
9. If matter is distributed on a circular disk of radiusa insucha way thatthe potential on the disk is constant and equal to unity, show that elsewhere

vert?DP ite<a
ot

and

2S ayy Pm (aye
ver ecw ret) itr>a,

10. The potential of an equipotential distribution of matter on the surface
of an oblate spheroid is

a
MPe Se _ (oper yenv 455 -@) Pai ifr> oe,

MS (=1)" (ae)
va¥ Sai?) Preity > a8

11. The potential of a homogeneous hemisphere of radius a outside the
sphere of radius aia

pM sg Sd (ysl— Mayes,vai(GesDRS Es OND
Inside the sphere but outside the hemisphere, i.e, r < a, 9 > x/2,

y - M(3_ 3/r r\}; St (an — Iron,v = M(B - 37), = us)
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12, Show that

H na)
ta = (yeas mamth,SiPate = Depa) n+

and vanishes if m = 2n

38, Show that

Patdy =LiPo may
14, Show that

S2ard = mn +0.
416, Show that

nl5 bey = ng
we 1mt

sin by

36, Show that, if) +546 = 20,
+

= Pall2n — 24 —Ifn — 25 — 1)f2n — 2k = 1)SiePa = OS aa ie aloe a‘17.
If a sphere of radius r has its center at the origin, and if its density is« = af + by +f, show that the potential at any exterior point  , zat

distance R from the center is

betV = tepalae + by +e2).
18. If in any real postive quantity

Sette <0—1 (+ eetand
Sits =(-9 2,Li mF

18. For any given harmonic of degree n the problem of finding them lines
‘hich pass through the poles of the harmonic has one and only ane solution,
bt the directions which are to be regarded as postive along these lines ca
be reversed in pais.

20. If = cot y and » = sin g, show that

:

atPoe S (Wiggs tia,3 re a
where 21 = n orn — 1 accordingas n is even oF odd.



CHAPTER VIII

ELLIPSOIDAL HARMONICS

212. Introduction—Among the geometrical bodies the ellip-
soid is second in importance only to the sphere, and many of

the problems which relate to the sphere occur also for the ellipsoid,
such as the attractions of surface distributions of matter, the

flow of heat through the solid body, the motions of fluids around
bodies of given shape, etc. It is natural therefore to seek for

harmonic functions which are related to the ellipsoid in the
same manner that the spherical harmonies are related to the
sphere.

‘The first theory which was constructed for these functions
was by George Green in 1833,! using only rectangular and polar
coordinates. For this reason, Cayley proposed the name
Greenians for these functions.

A second theory in which elliptic coordinates were introduced

was published by Lamé in the Journal de Liouville for 1830,*
and his functions are commonly known as the Functions of Lamé.
Both the functions of Green and the functions of Lamé reduce

to spherical harmonics of Laplace when the ellipsoid becomes
a sphere. The development of the theory of Lamé is much

improved by the introduction of the elliptic function of Weier
strass, as was done by Poincaré,* and it is the theory of Lamé,
according to Poincaré, that will be set forth here.

213. Definition of the Elliptic Coordinates.—The elliptic
coordinates of a point 2, y, 2 are the values, 91, 92, 935 of q which
satisfy the equation

a v 2 _
qeatgeetpoacine @

+Gneex, Geonor, “On the Determination of the Exterior and Interior
Attractions of Elipsoids of Variable Densities, Transactionsof the CambridgePhilosophical Society, 1885. See also his collected works, p. 187.
"Lame, ‘‘Legons sur les Functions Inverse des Transcendantes et les

Functions Isothermes.” Paris, (1857).

*Porcané, H., “Figures D'Equilibre d’une Masse Fluide,” (1903).
407
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If this equation is cleared of fractions, it becomesa cubic equationin q with the coefficient of the highest power of g equal to —1.
Therefore the equation

eye
=t+-4t+ 4-1{0 = iat ptet ite ©
= (9 = aa — 9 - 0)

@= ang=@=e)

is merely an identity in g. It is satisfied whatever value q
may have.

‘The quantities 91, gx, gs; a2, b*, c*, arranged in the order of
their magnitude, are as follows

O<t<ga<cBh<n<ae<g

The surface q: = const. is an ellipsoid;

‘The surface g: = const. is an hyperboloid of one sheet;

‘The surface 9: = const. is an hyperboloid of two sheets.
If a, 8, 7 are the axes of the ellipsoid, then

Heataab+ patty

from which it is evident that

a<b<r

‘The z-axis coincides with shortest axis of the ellipsoid and the
zaxis with the longest.

If Eq. (2) is multiplied successively by (g — a’), (g — b*),
(q — c*) and q is then set equal to a?, b%, and c?, there results

gta BANG: ~ 2°V(qs = 08),
GF ba — ej

2 GQ — PVG — BGs — 8)y O= FO ay ®

a = AO ANG ~),
(= ae 5)

If these three equations are added, it is found that

ety t2=GQtata-@+ +e),or “Fe Qt G- + ~e.

Hence the equation of a sphere whose center is at the origin, in
elliptic coordinates, is

gq + G2 + Qs = const. = r? + (a? + BF + c?). (6)
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If the first equation of Eq. (8) is multiplied by +c’),

‘the second by (ct + a*) and the third by (a* + b), and the
results are then added, it is found that

(+ zt + (ct + ay? + (at + DY = (a90 + ged + 900)
= (a + Bet + at).

Hence the equation
igs + guts + oar = const, @)

represents a certain family of similar ellipsoids.
Finally, if the first equation is divided by a*, the second by

0, and the third by c, and the results are added, itis found that

Bw ly 4 Beets,atet an! + ape

Hence the equation
aida = const. Oy

also represents a family of similar ellipsoids. Of course, the
equation

a1 = const.

represents a family of confocal ellipsoids.

214. Differential Relations.—If the point z, y, 2 is given &
displacement ds;, in which qi varies while gs and gs remain
fixed. then

2a [ (2) 4 (UY 4 (ZY learans= (Ra) + Gos) * Ge) Fo
= Rid,

where

2a (22) 4 (UY 4 (HYa= ($5) + (Se) * Gn)
ot 4#4Ho) by Ba (2133)
sl@ a * @— tT GF

_ lat 5- el by Eq. (213.2).
If the second expression for f(q) is used, it is seen that

_% _ __ @ = a9= 99) - {|oo @= aa Gs TA”
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It is not necessary to compute the terms which carry (¢ — 4)

aus a factor since they all vanish when q is set equal to qu.
‘The notation is much simplified by taking

At = Kaa alge — ala = 0.) > 0, |At = @ = aq — PVG) > 0, io)
AS = @ — (Gr — WGe— ec) <0,

Af = @— eG —WG—e) >0

‘The quantities A, A,, and A, are real, but Ay isa pure imaginary:
It is then found that

Reet —_@-@m-@) AP
= 4@=a — IG +e)” AKG =a!

and similarly,

ral _@-w@-a _ at _} @BE
4G BG — GP) 7AG— apent @—a@——) atIG HG-MG oe) ~ WG wSince the displacements

ds, = Ridg, ds; = Ridg:, ds, = Ridgs, (3)

are mutually orthogonal, ds, being normal to the ellipsoid, the
general displacement, or the arc-element, is

ds* = Ry'dg;* + Ra'dgs? + Rstdgs'

‘The surface element on the ellipsoid, g: = const., is

da = ReRidgedgs; @
and the element of volume is

dr = RiReRsdqrdgedgs. (5)

It might be observed, if p1, ps, ps are the lengths of the per-
pendiculars from the origin to tangent planes of the ellipsoid,
hyperboloid of one sheet: and hyperboloid of two sheets respec
tively, that

-3 a2 1
ee ee ©

216. The Equation of Laplace.—The equation of Laplace in
any orthogonal system of coordinates is, Eq. (57.8),

a (RsR:2V) , 8 (RsR,aV\ | 9 (/RsRaV\ _Ex Ry a) + and Ry in) +A Ry on) =0
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Using the values of R,, R2, and R; from Eq. (214.2) this expression
becomes

8 (Aulas = 43)V) 4 0 (Axl= 99)aq:\ AsAs qi, ags\ AsAy 82,
8 (Aslqs= 03) 2) _+ aad ‘Aids 5) =o

Since the product AA; is independent of q, this equation can
be multiplied through by A.d:A;, and written

a al a av(422). a 99 + Ae (42%)-@s— as4 aai(4 a) Ga) + il 9) @— a
a/,a

.+ Agi(Agr) @~ a) = 05
or, again,

a)’ ayco 0042) 0 + n(n.) V+
(a — 09(4:2.) =0. (a)(Qs = Qe) "45, .

If three new functions w, us, us are defined by the differential
relations

= = 2%, dsdu = -$f du —3H du = FY 2)
in which du: is a pure imaginary, Eq. (1) takes the simplified
form

av av eV

oh+ @- WER +@-ash=0.
There exist also the following identities:

(aa ~ 48) + ax(as ~ as) + aslas — 08) = 0,

@—a) + @—a)+ Ga) =O.

If the first of these identities is multiplied by —N'V and the second
by —MV, where M and N are any two constants, and are then
added to Eq. (3), there results

7 -& [ZR - oat Mv]a- 2 =0, Oy
where the letters i, j, k are 1, 2, 3 and are to be permuted circularly.
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Expressed wholly in terms of the letters qi, this equation can

also be written, in view of Eq. (1),

1oV , Ladd av _ _weD [ack oh MEM — wat Inv law =0. ©
216. The Elliptic Functions of Weierstrass.—The letters ui,

‘us, Us as defined in Eq. (215.2) are evidently particular values of
the general function u which is defined in terms of g by the

equation

=da
a 1= Tig=Ha-a= ®

This would be the normal form of the differential equation of
the elliptic @-function of Weierstrass if the sum of the roots

a? +8+c? were zero. It is a simple matter, however, to
change the variables and satisfy this condition. Let s be a new

variable and h, ¢, és, és new constants, which are defined as
follows:

a=sth Baath

@=e+h, Caath
With these letters Eq. (1) becomes

—dst=Tigaaes a) ®
and if

A= he+h ted,
it is seen that

atete=0;
also

1 > er > ee

‘The solution of Eq. (2) is

$= Bu,

provided the constant of integration is chosen so that s is infinite

when wu is zero. Therefore
ga = Puth, u-a=~u — «4,G=Puth 2-%=Gu—ey, @)

G= Puth, qa — CF = Pus — es,
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If the derivatives of @ with respect to w are denoted by
‘accents, Eq. (2) shows that!

=4(P — 4)(Y — &2)(9 — “ ®= 4G? — 12 — Gs,
where

92 = —A(eres + ext + ern), ga = t+4ereres.

If Eq, (4) is differentiated with respect to u and the factor 29”
is removed, and if for brevity of notation

Pi=O-ey Pr= Pe, Pr=P—-eyit is found that ()}

9" = 49:9:9,
and

9" = APs + PH.+ PiPal)
=o? — |, (6)
=69* — 502.

‘The power series expansion of @u in the neighborhood of the
value w = Ois

me pM pO ee.
Gun et tt Sut tye @

from which it is seen that Pu has a pole of the second orderat theorigin. It is a doubly periodic function, the real period being
2u; and the purely imaginary period 2a: For convenience of
notation it is customary to take

or or tos.

As u increases from zero along the real axis, @u decreases from
+ and at the half period, u = w, its value is @w =e. Ifw
increases to the full period 2u:, @u, of course, returns to +0.

But if, instead of continuing to move along the axis of reals, w
turns at the point w and moves at a right angle to it, thereby
becoming complex, the function Pu continues to be real, decreases
from ¢; and arrives at the value ex when u arrives at the point w.
(Fig. 108). If w turns again at «2 and proceeds toward « along
the third side of the rectangle whose sides are the half-periods,
@u continues to be real and decreases from ¢: to es. Along the

* For formulas relating to the Weierstrass elliptic funetions, see Scuwanz,
H. A,,“Formeln und Lehrsditze zum Gebrauche der eliptischen Funetionen”
(1808),
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fourth side of the rectangle u is still real and decreases from ¢3

‘to —@ as u moves from ws to the origin. Hence, @u is real all
along the rectangle whose sides are the half periods, and its
derivative is always negative if u moves as is indicated in the

diagram, Furthermore

Pang uy Ma
% ee

| ,
0} —
Rote bs ayFae

Fro, 108.

Po, =e, Por = er, Pos = es.
Since

u-a= ~u —e>0,it follows that

O<u<a;

that is, u: is real and lies on the first side of the rectangle. Also

ga — by = Pus — ee > 0.
‘Therefore, we is complex and lies on the second side of the

rectangle. Lastly,

qi — C8 = Ous— €: >0,
and us, also complex, lies on the third side of the rectangle.
The functions

Ve = VRUR=%, VR = VOU es,

V¥i=Vei=a 8)

are the sigma quotients of Weierstrass. They also are single
valued elliptic functions of u with a single pole at the origin, as is
evident from Eq. (7). They are doubly periodic, but their
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periods are not necessarily 2w; and 2w;. One of the periods is
doubled in accordance with the following rule.*

VGitu Fe) =+VPu i =1,2,3,

VET Re) = -VRU ii, ©but
VOU + ha) = +VRau.Since

a= Guth,

Eg. (215.4) becomes

av>Fae ~ Nut MV |x —- Pu) =0, (20)
where

M=Nh+¥.

‘The expressions for the rectangular coordinates (Eq. (213.3))
become

= GAX Gus ~ 6) (Pus ~ 4),
Cer = ea) — @9)

2 = Pur = e)(Pus — es)(Gun~ 2), aneee = es)(G2= 63)

ty = Ot = 4) Pra — €)(Pus — e),(ea = ea)(@ — €2) ;

and Eq. (213.4) gives

Pty tear = Gut Put Gu (a2)

217. Spherical Harmonics in Elliptic Coordinates.—From the

point of view of dimensions z, y, 2} a, b, and c are lengths, and
each has the dimension Lt; consequently g, 93, 92, gs have the
dimension L*, Any homogeneous polynomial of degree n in

z*, y*, and 2? can be expressed rationally and integrally in terms
of the elliptic coordinates by means of Eq. (213.3). ‘That is, a

homogeneous polynomial of degree n in 2%, y?, and 2* becomes a
non-homogeneous polynomial of degree n in each of the three
letters q, gs, and gs; and is symmetric in these three letters, since
2, y*, and 2* separately ate symmetric,

Although not every homogeneous polynomial in z, y, and z
is an integral function of 2%, y*, and 2, it is true that every

4 Scuwanz, §23.
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polynomial can be expressed as a sum of terms each of which
belongs to one of the following classes:

P(2*, y*, 24), ©

(@) 2P(z*, y*, 2),
() yPG?, y’, 2), aD
(©) PR v4, 2),

(@) zyP(z*, y*, 2),
©) ve, ¥, 2), (o08)
(©) 22P(2*, y*, 2),

y2P(2*, ¥*, 24) ay)

In this table P(z?, y?, 2*) means a homogeneous polynomial in
2, y3, and 2,

Polynomials of even degree in z, y, and 2 ean be resolved into
polynomials of classes I and ILI; and polynomials of odd degree
can be resolved into polynomials of classes If and IV. Only
polynomials of the first class can be expressed rationally in
terms of the elliptic coordinates. ‘The other three classes become
polynomials which are symmetric in q1, gs, and gy multiplied
by one of the following radicals (Eq. (213.3)) which also are
symmetric in q,, gs, and 9s:

Uve—a, Wve), Uva=e,

IVG—AGE—H), IW@=W@e=e),

IVG—VG—), UV G—AQ— We).

A solid spherical harmonic which is a homogeneous poly-
nomial in the rectangular coordinates ean, therefore, be expressed
in this manner in terms of the elliptic coordinates; but it does not

‘cease to be a spherical harmonic when so expressed. ‘The trans-

formation gives merely another, though interesting, expression of
afamiliar harmonic. If, after the transformation, 9: is kept fixed
while g2 and gs are varied, the new expression gives the value of
the spherical harmonie on the surface of a certain ellipsoid, but
the harmonic itself is in no way related to the ellipsoid.

218. The Inverse Problem.—Suppose f(q:) is a polynomial of
degree n in q,, and f(g:) is the same polynomial in the letter gs.
Expressed in terms of its factors

Slax) = (Qi = eq = aa) + + (Qi =),
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$a) = (@ ~ ai) (qa = 02) «+ + (Qe = a),
Mqs) = a = ax)(as = 02) © + (Qa = a).‘The product of these three expressions is

Ka) fla) “H(as) = TI (a: ~ a)(qe = ad(a ~ a)].int
If q1, qa, and qs are the elliptic coordinates of a point, then, by

Eg. (213.2),

(a — a)(q — (02 — as)

a r 2

(glatatetates- ywhere C; is the constant

Cy = (ai — a*) (ay — BF) (cy — c*).
‘Therefore, the product

Seas) - Has) (qs) omi( setgoptgce :)
= Q(z’, y’, 24), @where

D= TI - a) (a - (as - 4},
int

is a polynomial which, expressed in the q's, is symmetric in
@y 4, and gs and of degree n in each; and expressed in rectangular
coordinates is a polynomial of degree n in x, y?, and z, which, in
general, is non-homogeneous.

If the polynomial f(g) is multiplied by one of the radicals,
and

ela) =VE=FSO), ola) = Van= PY),ea) = Vin= fa),
then, by Eq. (213.3),

ealqs) * #0(02) * e(qs) = Aux Qa(z*, ¥2, 24),
eas) « eo(as) - (ga) = AnvQules, v4, 24), ap
elas) - las) - eelgs) = AezQuCe', v2),

where A,, As, A, are certain constants, are polynomials of degree
2n + Linz, y, and 2.
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Similarly, if

Vala) = VG = 0) @— PYG) i = 12,3,
the symmetrical products

esl.) * Yoola2) * Yas(qs) = BazyQn(z?, y’, 2%),
Woc(qu) * Yoe(Q2)  Yoe(Gs) = Broy2Qn(z?, y*, 2°), e080)
Weal) * Yealds) * Yea(a) = Bea2zQn(z*, y?, 2*),

are polynomials in z, y, and 2 of degree 2n + 2.
Finally, if

0) = Va AG — PG Aa),
the symmetrical product,

(qs) * (a2) * (gs) = Cay2Qa(e, y%, 2*), ay)

is a polynomial in x, y, and z of degree 2n + 3.
‘The polynomials in z, y, and z of classes I and ILI are of even

degree, while those of classes IT and IV are of odd degree. In
general, they are not homogeneous.

219. The Functions of Lamé.—Suppose V; is a function of
4 alone and that it satisfies the differential equation (see Eq.

(215.4)) PVi = WatMV, = 1,23, ro)iat a % + 2,3,

where M and N are constants, and 1; is defined in Eq. (215.2).
‘The functions V; which are defined by these equations are not

harmonic unless Wf and N are zero, but the product
LAAA

is harmonic, since it satisfies the equation of Laplace (Eq.
(215.4).

‘Lamé, who was interested in certain problems relating to the
conduction of heat in ellipsoids, sought solutions of this type,
doubtless in analogy with the spherical harmonies, which, in
polar coordinates, have the form

Rr) - O(y) (8).

Following the analogy further, he sought funetions V;, Vs,
Vs which are polynomials in qs, gs, or gs, or polynomials multiplied
by the radicals indicated in the preceeding section. It is evident
that, if such functions exist, the symmetric product

ViveVs
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also is a polynomial in z, y, and z, and therefore a particular
combination of solid spherical harmonics. It will be shown in
the following sections that such solutions exist for each of the
four classes of Sec. 218.

Tt was proved by Moutard that the functions of Lamé present
the only case in which harmonic polynomials in 2, y, and 2 can be
resolved into quadratic and linear factors.

220. Determination of the Constant V.—Omitting the sub-
scripts, for the sake of convenience, the differential equation
which is to be satisfied is Eq. (219.1), or, preferably, the form

given in Eq. (216.10), namely,

aY _ (gu+ MV = 05 i)
and the solutions sought are polynomials in 9 or polynomials
multiplied by radicals. ‘That is, the solution must be of class L
II, III, or IV. Hence, if P is a polynomial in Pu, these classes
are

® VAP, v= VORP,

vever, OD\V= Vem |
afr =VeP, V= VORPV=VeP, AV) V= VeODP,

where

Pi=P-a=q-a, Pr=P-a=g-h,
O=P-a= a e ®)

‘When expressed in terms of the rectangular coordinates,
‘the polynomial will be assumed to be of degree m. If m is
‘even, say m = 2n, only function of classes I and III can occur.
In class I, the polynomial P will be of degree n in @, and in class
III the polynomials will be of degree n — 1 in 9. If mis odd,
saym = 2n +1, only classes II and IV occur; the polynomialsP of class II will be of degree n and those of class IV will be of

degree n — 1.
If it is borne in mind that

padate Burg hug.
uw 20 28 ’
ai4 (% @)oy oeVBR NE +(% a5 boy

it is seen that each of the functions in Eqs. (2), if it exists, can
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be expanded in ascending powers of u, and that in every case

V has the form
vate Sets.

‘The differential Eq. (1) also can be arranged in powers of u,
and the coefficient of each power of u separately must vanish.
The coefficient of the first term, u~""*®,is [m(m + 1) — N]a_w.Therefore

N = m(m +1), @

whatever the class may be. Expressed in terms of the letter n,
however, its expressions for the several classes are

(1) N = 2n(2n + 1), (IIT) N = 2n(2n + 1), ®
(DN =@n+1)Qn+2), (IV) N=(@n+)@n+2);

for in classes I and III,

m= 2n,
and in classes II and IV,

m=2n+1.

221. Existence of Solutions for Class I.—On substituting the

value of N from Eq. (220.5), the differential equation, Eq. (220.1)
i

oY _ nn + 1)9 +MIV =O, a
and V is understood to be a polynomial in @ of degree n. The
constant M in Eq. (1) is still arbitrary and is available for
satisfying the necessary conditions.

Since V is a polynomial in @ of degree n, it can be written

V = a9,
4

where the coefficients a, are constants and must be chosen so as

to satisfy Eq. (1). Since V depends upon u only through 9,

av_ av,
% - be ®)

and

ovPV
_ #V 2 Vy,

oe - Sy" + So". ®)
But,

4g 1 ww og? — 17 = 49-9 —9, and 9" = 69-1, )
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sis seen from Eqs. (216. 4) and (216.6). Hence Eq. (1) becomes

49" 019 ~09 5 Me Desr+ (09"— I) inos fd

— [2n(2n + 1) + M] Saye = 0.
mo

Arranged according to powers of (9, this expression gives

>>} [2 — k)(Qn + 2k + Vex + Many: (5)Ft

+142) E+ Some + F+2NE-+Som|e = 0,
in which the coefficients

Oy = On = Ones = Aaya = 0.

Commencing with k =n, it is seen that the coefficient of

@r*! vanishes, and that a, can be taken equal to +1. Then
sequentially,

2-1: (4n — Van = —M,

2+2- (Am — B)dn2 = —Mani— 3n(2n ~ 1g,

80 that

——

-M

m= ny

we te mn= toon |Ont = 35-31Gn — Gn — 8) 2 -2-Gn— 3)’

It is seen from this sequence that the coefficient ays is of
degree k in M, and therefore ap is of degree nin M. The coeffi-
cient of 9° in Eq. (5), (k = —1),

May + 30:01 + 2psa» = 0, a)
contains no undetermined coefficient ay. It must therefore vanish

by itself. This gives an equation in M of degree n + 1, and M

must be chosen so as to satisfy it. There are n + 1 values of M
which will do this, and for each value of M the coefficients a, are

uniquely determined.

There exist, therefore, n + 1 functions of Lamé of Class I.
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222. Existence of Solutions for Class II.—For class II the

differential equation is

$Y — (an + Qn +29 + MV = 0, oy
and, taking the first of the forms of Class II, Eq. (220.2),

v= VoP,

where P is a polynomial in @ of degree n. To simplify the
notation P* will be used to denote the first derivative of P with

respect to 9 and P** the second derivative ofP with respect to 9.‘Then, by differentiating logarithmically, it is seen that

av
_

(1. Pt), 1 .29 = (we + mr -VPi(o5? +P )and
wy [1 P\t_ 1, pee pet

- [Go+%) mga eel
= Ve(~ 2, +P" + pes).v0(— apt et? )

It is better this time to take, Eq. (216.6),

9" = 19.9.9, 9" = 2.9. + 9H: + 9M).

‘Then Eq, (1) becomes, after removing the factor 1/#i,

(2+ Bs — n+ Gn +29 — MP

+ (69:93 + 27.9: + 29:92)P*

+ 49:9:9:P** = 0,

or, by virtue of Eq. (220.3),

[-2n(2n + 3)9 +e: — MIP

+ [109 + 4e.9 + (Gees — 2¢,*)|P* @)
+ (AP? + 4(exes — €:°) — dereres|P** = 0.

On substituting

P= zoe Pt= Skagh!, pera kk — Nag?a Fed 4
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in Eq, (2) and then arranging according to powers of @, there
results

y {-20 — R)(Qn + 2k + 3)ax + [(4k + 5): — Manywet

+ [2(k + 2)(2k + 5)eses — 2(k + 2)(2k + 3)e;"arse

A+ DET evened gr =0, @)
in which

Oy = 1, Oy = ngs = Gays = days = 0,

‘The coefficients are determined sequentially just as before:

a, = GutDa = Mne BinFly ”

ayy = (nt Yer = MYf(4n — 3)e1 — M)moe 2-4-Gn + Gn = 1)
4 M@n_+Yess — @n ~ Ve}

‘2(4n — 1) ’

The coefficient a,+ is of degree & in M, and therefore ao
is of degree n in M. There remains, finally, the equation for

which k = —1, namely,

(6: — M)as + (Bests — 2e:*)ai — Sevesesas = 0.

‘This equation, which determines M, is of degree n + 1. There
exist therefore n + 1 functions of Lamé of the form

v= Ve;

and similarly, n + 1 functions for each of the forms

V=V@:P and V = V®P.

There are, therefore, 3n +3 functions of Lamé in class II.

223. Existence of Solutions for Class II.—In class III, the
function V has the form

V = VO@P,
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where P isa polynomial in @ of degree n — 1. Also
WY _ Ot Ops Vem,36 “ave.” VOR

BY PEEAPROop 4 Bo4 VoipiP™49:92)? ue

9" = 49:99, B" = 20:01 + PM + PPD.
Since, Eq. (220.5),

N = 2n(2n +1),

the differential equation becomes, after removing the factor

VPP

(Pi + Gr + 4Gs — 2n(Qn + 9 — MIP

+ [6P2Ps + 6939: + 29.9:1P*

+49:.9:9:P** = 0. (1)
On setting

na not acl

P= ¥ ag, Pt = S kage, P= F kk — Yay’,
mo im im

replacing 1, Ps, and @; by their values in terms of @, and then
arranging the entire expression in powers of @, Eq. (1) becomes,

Z {-20 = b= 1)Qn + 2k + B)an — [(k + Tes + Migs
+ [e+ 2)(4k + Geren — (k + 2)(4E + 10)estJany2

~ A$ DEH Seana} oH =o.
If a, is taken equal to unity, it is found that

ag = t= Des+aa 2Gn 1)”

aay = E+ (An = DesM + (An — dea}
a 2-4- Gn — 1)Gn — 3) (2)

4 (= Did — Bees — (n= fbn = Des?
4Gn = 3) ,

"The last coefficient a, is of degreen — 1 in M, and the eoefcientof 9° gives
= (Bes + Mao + (Zeves — Besar — Seiexesaz = 0. (3)
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‘This is an equation of the n® degree in ‘M. There exist, there-
fore, n functions of Lamé for each of the forms

V= VORP, V=VGBP, V= VOGP
and therefore, 3n functions in class IIL. There are also n +1
funetions in class I. Hence, if m = 2n is even, there are
altogether

(n+ 1) +3n = 4n +1 = 2m+1
functions of Lamé.

224. Existence of Solutions for Class IV.—There is only
‘one form in the fourth class, namely,

V = VOPHP,

in whichP is a polynomial of degree n — 1 in 9; and
N = (2n + 1)(2n + 2).

It is found that

DY _ Vee@) EG 1 ap +Ed vowel} atete)rtP
ev sf Wa 1 1

27 vere igs tpt BP +
ii 1 1 1, 14 1\pe4 pew

ew teet oe) *rata
Taking

97 = 4919.9, 9" = 2°PPs + PAP + PD),
and removing the factor ~/@i?@2, the differential equation
reduces to

[4s + 2 + M2) — Qn + 1)Qn +2) — MIP
+ 6929s + PsP: + PIP

+ 49,9.9:P** = 05

and this expression, arranged in powers of , gives
oat

>» {-20 = k= Qn + 2k + Sax — Maveratt

= HEF DCR + gear — + DET domusl oe =0.
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If ays is taken equal to unity, the remaining coefficients are
Oya =

mt 240 +1)’

ec) — =n =Dg»2 Gn dn 1) ~ a Gre 1)

The last coefficient ay is of degree n — 1 in M; and the coefficient
of @%, that is, the equation in M, is

2Mao + Bgx1 + 4goa2 = 0.

Since this equation is of degree n, there are n functions of Lamé
inclassIV. But there are 3n. + 3 functions in Class II. Hence,
if m = 2n + 1 is odd, there are

Gn +3)+n=4n+4+3= 2m+41
functions of Lamé.

226. The Products of Lamé.—Whether ‘m is even or whetherit
is odd, there are always 2m + 1 functions of Lamé, which, when

translated into rectangular coordinates, are polynomials in z, y,
and 2 of degree m.

‘These functions are separable into four. classes as is indicated in
Eq. (220.3). Suppose, for example,

V = VoiP@)

is a function of Lamé, where 9; = 9 — ¢;, and Pisa polynomial
in 9 of degree m. Let R, be one of the roots of the polynomial,
80 that

V = Vou-aJI @u- Ry.
ieThen

Vi= Veual@u - Ry,
rast

Vi = VP — eT](Pu - Ry), ()ret
Vi = VPus =e TT us — Ry)

bet
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‘The product of these three functions

ViVaVs = V(Pts — e1) (Pus — e1)(us= 1)
TL@u: — RB) @ur — RY@us — Ri) 2)
bet

is called a product of Lamé. It is expressible as a polynomial of
degree 2n +1 in x, y, and z, which satisfies the equation of
Laplace.
By Eq. (216.11), the radical is equal to z, aside from a constant

factor. As was seen in Sec. 218,

(a ~ @)(q2 ~ a)(q — @)

2 v 2

(cat tet sta , @)
whatever a may be. If @ in this expression is taken equal to
h + R, then, since

@=q-h, h—-at=—e, h-B= ey hoc =e

Eq. (8) becomes

(Pus — RY Gus — R)(Pus — R)

- a eo- Cer t+RoatRoa a)
‘Hence, aside from a constant factor which is not important,

my pt v eoVaVeVa = Bier + avoat act) ©
It should be remembered always, that V,, Vs, and Vs represent

the values of the same function for the letters q,, gz, and qs, or, if
preferred, for w:, us, and us.

226. Liouville’s Proof That All of the Roots are Real.—The

coefficients of the characteristic equations in M are real functions
of the real quantities n, ¢:, €2, and ¢;. Therefore if the roots are

not all real, they are conjugate complexes in pairs, and the
corresponding functions V likewise.

Suppose M, and M, are two distinct roots of the characteristic
equation and U; and Us are the corresponding values of V.
Then

aU,
“tat (N@ + M)U,,
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and

PU _
Us = (VP + MU

If the first of these equations is multiplied by Us, the second
by —U;, and then added, there results

oils — EUs = ( — MIT
and therefore, by integration,

aU, aus? *

[oe - ofl = Gh = wf Uae. (1)
‘The left member of this equation assumes different forms

according to the class to which U, and U; belong. Bearing in
mind that.

2 - @ = -2V0.0Gs
it is seen that if V belongs to the first class

V=PQ) and Fm -2V9G MP.Hence
Usp! - USE = 2 VPP IPPY — PAP.

If V belongs to class IT,

Va VoP and F = VORP + 2.V PRPs,
so that

OAR — 02 =29.FRBUP PY — PP). (1)
If V belongs to class III, it is found, similarly, that

aU, ay —

Ugg ~ UNG = —2PPVCOB UPP.* — PP"); (ILD)
and for class IV,

7 aU, dU: aa,

Ura ~ Ugg = ~2PPPVPPHlP»P.* — P.P.*). (LV)

Since (See. 216),

Pw) =0, Pile) =0, Plo) = 0,
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and since P and its derivatives with respect to @ are finite for all

finite values of @, it follows that if the limits of integration in
Eq. (1) are

a=0, b=u, of, aso, baw,

the left member of Eq. (1) vanishes whatever the class may be.
‘Therefore, since M; is different from Mz, by hypothesis,

[CU Uadu = [Wau = 0.
If M, and Mz are conjugate imaginaries, so also are U; and

Uy say
U=WitiW, Ur Wi iWy

where W; and Ws are real. ‘Then

[CUUade = [208 + Wed = 0,
which is impossible, sinee W; and We are not both zero.

It follows that M; and M, cannot be conjugate complex num-
bers; therefore the roots of the equation in M are all real.

297. Particular Examples of Lamé's Functions.—It is worth
while to interrupt the argument at this point for the purpose of
exhibiting some of the simplest of the functions of Lamé, and a
numerical computation of some of the more complicated ones.

m=0.

In this ease, in which the functions are constants it is evident
that

Vie=Vi=Vi=l

m=1.

It is seen from Sec. 222 that

V=VG, VG, of VR

Therefore, since

Pi=a-0, P:=g-B, macy

it is found that

Vis = Vn — OV Ge — BV qa — @ = hi,or, .

ViVaVs = Van — OVGe—V/s— 8 = hay,or,
VWs = Va OVE — OV — = het,
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where __
h=V@-WE-A), baVe-AP =a),

hy = VETERBH.
m=4.

In order that the numerical details may be carried out, it will
be assumed in what follows, that

a=5, b=4 c=3,

From the formulas of Sec. 216 there is obtained

G=9th aah,

e =a?—h, e=e—h,
loge 2 2)h= 3 +b+c%),

G2 = —4(crea + exes + ese),

Gs = +4ereres.

Hence,

h= 163, a= 83, @=-3, a= —7h

tite + ex beats = —641, exeaes = 180,
and

7712 4600,
nats mato

In order not to make the problem too simple nor, on the other
hand, too difficult, a determination of harmonics of the fourth

order will be made. That is,

m=4,

and therefore,
n=2.

Since m is even, only functions of Lamé of the first and third

classes are possible; and, since 2m + 1 is 9, there are altogether
9 such functions.

Functions of Class I—Since n + 1 is3, there are three functionsof Lamé in this class. Using the formulas of Sec. 221, it is found
that

- _M Me _ 300at aT omKe Bee,
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‘The characteristic equation, Eq. (21.7),

Mag + Soe: + 29x = 0,
becomes

M? — 52g:M + 56093 = 0,
or

a — $01444 5 2,576,000 _we — Su 4 0,
the roots of which are

M, = +111.933,

Mi=+ 7.187,

Ms = —119.090.

‘The polynomial in 9,

V=Gi+ a9 +a

2d M* _ 392eae + (& %)
has three different expressions, one for each of the above roots.
‘They are

V(M,) = 9 — 7.9959 + 6.146 = (Y — .862)(Q — 7.134),

V(M:) = 9? — 5119 — 38.417 = (@ — 6.459)( + 5.948),

V(M;) = @* + 8.5069 + 12.051 = (@ + 1.796)(~ + 6.711).

‘The corresponding polynomials in g are obtained from these
expressions by the substitution

@=q-h=q-163.
‘These are the polynomials that were denoted by f(q) in Sec. 218.
Hence

Hq, Mi) = (q — 17.529)(q — 28.801),
S(, Ms) = (q — 23.126)

(q — 10.719), @I, M2) = (q — 14.871)(q — 9.956).

It will be observed that all of the zeros of these polynomials are

real and lie between 9(=ct) and 25(=a*). They were denoted
by the letters az in See. 218.

Each of these polynomials is a function of Lamé. Taking the

first one, f(q, M,),
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ay = 17.529, a= 801,

a —at= -7471, ay — at = — 1.199,

a — bY = $1529, ay — b* = + 7.801,

ay — ct = $8.52, ay —c? = +14.801.

‘The product

—fe Me l(-2 +4+4-( qari t ism+ 3.29 1K 1190 +7801 + Ta. 801 1)
= +.11162! + .0839y¢ + 007924

=.56272ty* + .0503y*2" — .1068*2* )

+.9675a* — .7826y* — 18482" + 1.is the corresponding product of Lamé, and it is a simple matter to
verify directly that it is harmonic,

‘The corresponding polynomials for f(g, M:) and f(g, Ms) will
be left to the student as an exercise,

Aside from a constant factor, the symmetric product

(qr — 17.529)(q1 — 23.801)][(g2 — 17.529)

(q2 — 23.801)]{(qs — 17.529)(gs — 23.801)} (3)

is the same as the polynomial in Eq. (2). For any point 2, y, 2
the order of magnitude of the elliptic coordinates q1, gy 92 i,

See. 213,

UEBSHZWEZI.The product, Eq. (3), and therefore, Lamé’s funetion, (Eq. (2))
also, vanishes at all points for which

= 17.529 org: = 23.801; )

that is, the polynomial in Eq. (2) vanishes at every point of the
two hyperboloids of one sheet which are indicated by Eq. (4), and
nowhere else.

‘The function of Lamé corresponding to

Hq, Ms) = (g — 23.126)(q — 10.719)

vanishes only on the surfaces

@2 = 23.126 and gy = 10.719,

the first of which is an hyperboloid of one sheet and the second an
hyperboloid of two sheets.

‘The third function of Lamé corresponding to

$0, Mi) = (q — 14.871)(q — 9.956)
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vanishes only on the two hyperboloids of two sheets corresponding
to the values

q= 14871 and — 4g, = 9.956.
‘On any given ellipsoid, q. = const., the lines along which the

funetion of Lamé vanishes make certain patterns corresponding
to the patterns on the sphere formed by the lines along which
a tesseral harmonic vanishes, See. 199. In Fig. 109 the pattern
is given for M, on the ellipsoid q: = 40 as seen from the point

z=15, y=40, 2=10,

and in Figs. 110 and 111 the patterns correspondingto M; andM, are given.

‘The student will doubtless find it interesting and profitable to
sketch these patterns on the shells of eggs. ‘They scem much less
complicated when so drawn,

Functions of Class III.—It is sufficient to consider the form

V = VPP,

since the others can be obtained from it by a cyclical permutation

of the subscripts. P is a polynomial in @ of degree n —1,
which in the present ease is unity. Hence

P=O+ay

where, by Eq. (223.2),

M+ Terwat, a= tte,
and, by Eq. (223.3)

(M+ rode +30) 4 ose, — Goi? = 0,
or

M? + 1euM — 63034 + 28exe2 = 0.

‘This reduces to

9M? — 690M — 34,727 = 0,
so that

M=111327 =, or M = 34.660 = Ma.

Hence

VM) = VPPAP — 4.119),
and

VM) = VPPx + 6.309).
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‘The functions in g are obtained by the substitutions

Pi =P-a=G-a, Pr=P-a=q—d,

@ = 4-163.

Henee, using the notation of See. 218,

Yala) = V(q — 2°) — b)(g — 20.786)

for My, and

val) = Vig = a)(q = BF)(q — 10.358)
for the root Ms

‘The corresponding polynomials in x, y, and # are

=m|[ 5% 4+," eH
ve 2 Gata +4786 + 11.786 |
= =.28782'y + 2000zy* + .0840ry2" — zy,

and

en ee
ve 2[ tae + 5642 + 1.358 1]
= =.06832'y — 1772zy9 + .7366zry2* — ay.

The first of these polynomials vanishes in the ye- and the

zeplanes and on the hyperboloid of one sheet for which g: =

20.786. ‘The second polynomial vanishes in the yt- and the
zz-planes and on the hyperboloid of two sheets for which qs =
10.388.

The other four functions in class III ean be obtained merely
by a eyclical permutation of the subscripts in the above formulas.

228. The Pattern As a Function of q.—In any family of
triply orthogonal conicoids, the ellipsoid represented by 1
equal to a constant increases in size as q; increases and its shape
tends toward that of a sphere. ‘The patterns represented in
Figs. 109, 110, and 111 are the intersections on the ellipsoid
of the surfaces

q: = const, or — gs = const., ()
which are not altered by @ change in the value of 91. In the

limit, for q infinite the ellipsoid becomes a sphere whatever
values the constants a, b’, and c? may have. The surfaces
represented by Eqs. (1), however, depend upon these values, and
the surface

a = const.
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for one set, a2, b%, c*, is not in general asymptotic to any one of
the surfaces for another set, a’, b*, c*. Hence, the limiting
pattern upon the sphere for a given ellipsoidal harmonic depends
upon the values of a*, b, and c*; and it cannot, in gencral,
coincide with the pattern of some particular tesseral harmonic,
as one might suspect to be the case.

229. Parametric Representations of a Sphere.—Instead of
letting q: increase, let a’, b*, and c? be replaced everywhere by
‘da*, bt, and dc*; and then let \ diminish. Then, in order of
magnitude,

% > da® > ge > ABE > gs > Ac*‘The
coordinate g, > a* can be kept fixed, but 2 and qs diminishwith \. It is desirable, therefore, to take

ga = Ne and 93 = Xp,

so that, although ps and p; are functions of 2, the order of
magnitudes,

@>m>Ph>p>c,
is always maintained.

Equation (213.3) becomes

(ps = 2°)(ps— a)z=(q, — dat) (= AN@ aSHSa 2 ~ b°)(ps — B4)v= (q — nb) (Pebs~ B*)@ Caea @)
2 (ps ~ (ps ~ o8)a (qr — not) B= As= 8),(a1 aaa)and, Eq. (213.5),

h =r + Nat B+ ct py — py),in
the limit, for X= 0, the ellipsoid. g, = decora sphere, and 1¢ ellipsoid. ¢, = const., mes:

1 = 72(P1 = 0*)(ps — at)a= Pia 2°)(Ps~ a),
& =a? = e)tm y2(P2 — b)(p, — 2)

eSaa = a @)
Ba P= Np — 2)

bs mane sey:
Which is an interesting parametric 10 ;presentation of a sphsineo

the parameters, ps and ps, enter symmetrically,
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Since

@z2e2zc, @2zm zd, Bemze,
new parameters ¢, 7, ws, and ws can be introduced by the relations

b= ra? + te’, ostsi,
Po = a? sin* we + b* cos? ws, ttr=1
Ps = c* sin? ws + b* cos* ws, Osrsl.

It is found then that

x? = r* cos? wall — 7 cos? ws),
y? =r? sin? w. sin® os, @)

2 = 1? cos? ws[l — ¢ cos? w].
If 8? coincides with a®, t vanishes, and

a? = r? cos? we sin? ws,

y? =r? sin? ws sin’ ws,

2? = r? cos? ws.

If b* coincides with c*, r vanishes, and

2? = r* cos* wa,

y? =r? sin? ws sin? ws,

2? = r? cos! w, sin? we.

In both of these extreme cases w: and ws are ordinary polar
coordinates. In the first case w; is the polar distance, and in
the second case w: is the polar distance.

It is also readily found from Eqs. (3) that

ey wy _# Lo,
nate tye 7% 6
a er)

re ia ae‘The first term in the first of these equations is negative and the
other two are positive. Hence, p: = constant, represents a
cone the axis of which coincides with the z-axis. The first

two terms of the second equation are negative while the third
is positive. Hence p; = const. represents a cone the axis of
which coincides with the z-axis. A cross-section of either of

these cones is elliptical, unless b* coincides with a? or c?. On
the sphere, therefore, either of the curves

Ps = const, or, ps = const.
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is a spherical conic, and the points ps, ps are the points of inter-

section of these spherical conics.

230. The Ellipsoidal Harmonics As Functions of X.—If
the constants a*, b*, and c* are replaced by da‘, Xb*, and dc,
the formulas of Sec. 216 show that ¢:, ¢:, and e; are replaced

by der, Nes, and Nes, while gx and gs are replaced by gz and 2°43.

If the letters g, s, and ¢ also are replaced by dg, ds, and A, the
letter u can be replaced by \ *u, and the differential equation
(Eq. (220.1) which defines the functions of Lamé, becomes.

ey

.N5g ~ ON Gu + MV = 0,

or

ey

Gu (Nee+ X)V =o.
This shows that the roots of the characteristic equation in Mf are
merely multiplied by , and the same is true of the roots Ry of the
polynomials P(#). The function of Lamé, (Eq. (220.2))

vev@-er@—oyr@—ePT¢-a) =)
where

a=R+h, and a,8,y=Oorl,
becomes

Va = VGeG— AKG— KPTDs — dee) 2)for q = gy, an expression which is homogeneous of degree m/2 in

q: and ); and, after removing a factor \?,

Vie VG OR — PP APT — a), 1= 2,3, 8)
for the subscripts 2 and 3.

‘The product of Lamé (See. 218) becomes, aside from a constant
factor,

- aVives
eelsSatatetsta ) im

= ayey]( "+4 +2 -y).
owl at moat Rae »

Consequently the ellipsoidal harmonic, which is of degree
‘m when expressed in rectangular coordinates, becomes

ViVaVs = Hola, v2) + Haale, vs 2) +H male, Ys 2)
te, ©
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where H; is the ensemble of terms of degree k, and therefore
an harmonic polynomial, or a spherical harmonic, of degree k.

This harmonic (Eq. (5)) vanishes at every point of the surface
Er a re
a-eta-etaa r=0, ©

there beingn + 1 such surfaces for classesI and IT, andn surfacesfor classes III and IV. For \ = 0, the ellipsoid becomes a

sphere, whatever a*, b?, and c* may be, and these zero-surfaces

(Eq. (6)) reduce to elliptic cones. Hence the zeros of the surface
harmonics on the sphere are spherical conics—intersection of
the sphere and the cones—and not circles as they are in the
case of the tesseral harmonics.

231, The Surface Harmonic V;V:.—If the coordinate q is
fixed, so also is V; fixed, and the harmonic V,V2Vs, apart from a
constant factor, becomes a surface harmonic on the ellipsoid
1 = const.

Consider the equations (Eqs. (229.2)

2 2)(P2 = 0)(ps — a?)
= — GS ay

(ps = #)(ps = B9),vera

@ = ge = a2m (q — et) PDO =#=@ - MGS Gaby
r= git Mp2 + ps — a? — BF — c?),

If , y, and z are kept fixed and 2 varies, then :, p2, and ps
vary. But if ps, ps and r* are kept fixed while \ varies, then
,y, 2, and g, vary. Let

a a er rr.)

Van — vat Va — iF Van XeThen
pa P= Ps — 0%),
Gaya

2 = P= P(p,— 8)Y= Go- ae oa @)
pa — M- oD,

@-w@e—e)

It is evident that &, 9, and ¢ are direction cosines, since

Ftet tel
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‘They are functions only of ps and ps, With the same variables

Ba (ANH)+ OYSO,
2 — (ps —PRG NGr— 2) + Os —oA, | ay

2a (P= N@r— 0) + Os — BL IB= 3,
from which it is evident that £, », ¢ are the direction cosines, not
of the point x, ¥, % but of the limiting position of the point 2, y, 2.

‘The functions V; and Vs depend upon p; and ps only (Eq.

(230.3)) and are independent of \. Since the limiting value of
a; for ) = 0 is r3, and the limiting value of V1 is r™ (Eq. (230.2)),
it is seen by taking \ = 0 in Eq, (230.5) that

Va¥s = Half, 8). ©

Since Hm is a homogeneous, harmonic polynomial in £, 1, and

fit follows that the product of Lamé VV; is a surface spherical
harmonic. It is, therefore, expressible as a linear combination

cof tesseral harmonics of degree m.

It is a simple matter to return from the surface harmonic

= : oy it ata)VaVs = Rd) roo IIs Satgintgeoa) ©
where

RQ) = VORB TKR,
Eqs. (230.3) and (230.4), to the solid harmonic V,V:V3; for

ViVaVe = RQ — 2ROIR(D)

x Te - r(xfot apt ata) @
On replacing &, 9, and by their values from Eq. (2), it is found that:

aradet__ gu = day? (gr = dada?
(ae — ar — Na?) (ar — BY = NO) [ee — (Qi — Ne)

. Eas Pa a-(Geet tet ate)
-(—2. yt _# sGetget a Sa)

and since the last parenthesis is equal to 1, Eq. (7) becomes

Vee weeteatgta) ©
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which is Hq. (230.4). The solid harmonies vanish on surfaces
which are hyperboloids; the surface harmonies vanish on the
cones to which the hyperboloids are asymptotic.

232, The Spheroidal Surface Harmonic V.V3.—It will be of
interest to see what becomes of the surface harmonic V2V, when
b? tends toward a? or toward c*. If b* tends toward a®, the

ellipsoid, q1 = constant, becomes a prolate spheroid, and gs
ceases to play the réle of a parameter. If b* tends toward c?, the
ellipsoid becomes oblate, the z-axis being the axis of revolution,
and q; ceases to function as a parameter. In order to avoid this
difficulty, the transformation of Sec. 229 will be made.

bt = ra? + te’, Ostsi,
gz = a?— t(a* — c?) cost, O07 S1, @
qs = ct + r(a? — c) conto, 9 Et = 1

With this transformation Vs is a function of w: alone, and Vj is a
function of w; alone,

It is necessary to transform the differential equations (Eq.
(215.4),

av

FF mim + Det MV =O, = 33
Since, Eqs. (215.2) and (214.1),

@ anya et
f-VEG WE=My,
d igaed

BrVEE OG ey
and

gq: — a? = —t(a* — c*) cos? wa,

g2 — bY = +£(a* — c?) sin? ws,

q2— ct = (a? — c*)(1 — ¢ 008? we),

a5 — at = — (a? ~ c*)(1 — 1cos" ws),

qs — bt = —1(a? — c*) sin? ws,

qs — ct = +r(a* — c*) cos? ws,

it is easily verified that

é =VaiVt ayia Tear age.»
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and

a ‘at O/T ar coat otda” (VERONI= rear agtIt
must not be forgotten that dus is a pure imaginary. Hence,

the differential equations (Eq, (2)) become

(ot — VT Tearsdo Vi = Pomsz waa)

+ (mom + Dla? = 1(0? — c4) cos? wl + mr. =0, @)
(@ — Vi =reore orn OARFoF ie)

- (mem + Dlet + r(at ~ c2) cost wi) + Mrs =o.
If b* = a*, the spheroid is prolate; = 0,7 = 1, and these equa-

tions reduce to

@Vs , mm + tat +dag +Gea

ee 2 =,na?ana do(* fe) “
m(m + la? ++

(min +0-eases =0.
If b* = ct, the epheroid is oblate, the z-axis being the axisof revolution;t= 1, r = 0, and Ege. (3) reduce to
1 ead dV,

maa“@) + (mom +0 ]
mim + De + WA |+Saye)M = 0 | )BV; _ mlm + lc + Mf,dog ~ ARE, = 0.

On comparing Bags. (4) and (5) with Eq, (197.11) and (197.12),it
is seen that ‘they are the differential equations of a tesseral

harmonio of degree m. In Eas, (4), the order of the harmente

mm + Dart My,“Sogo,
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and in Eqs. (5), the order of the harmonic is

_m(m+Der + M _ yya= ,

where k is some integer not greater than m;
k= 0,1,2, 5+ ym.

Hence, if b* = a*, and the spheroid is prolate, there are m+ 1

Possible values of the constant M, viz.,

M = (a? — ck? mim + Lat, k= 0, 1,2, °° +, m. 6)

If bt = ct, and the spheroid is oblate, the values of Mf are

M = —(a—c*)kt— m(m+ Uc, k= 0,1,2,+ ++, m.
Each of the 2m + 1 tosseral harmonies of degree m is thus a

limiting form for one of the 2m + 1 surface harmonics V2V's of

‘Lamé, when b* tends toward a? or toward c*. In the first case, the
limits are

Vie sin kos, or c08 kes, and Vi = Tals),

in which w: plays the réle of the longitude 9, and w; the polar

distance y. In the second ease, the limits are

Va=Tu(w), and = Va=sin kus, or 608 kus,
in which 2 plays the réle of the polar distance ¢, and a1 plays the
role of the longitude @.

233, The Roots of the Characteristic Equation Considered As
‘Functions of Suppose m = 2n is even. There is @ character-

istic equation in M, or in M = M — m(m+ 1)h, (Eq. (216.10)),for class I, and one for each of the cases in elass III.

Consider first the roots of the characteristic equation in
for class I. ‘These roots are functions of t, if b? is regarded as a
function of f, There are n + 1 of them, and each gives rise to a
polynomial of Lamé which has the form

wht

v=[@- 4;

therefore

nit es

Ve = [1 a: — a) = [] (a? — a: — t(a* = &*) 008? wn).
ros] int
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The aj, which are the roots of the polynomials of Lamé in g, also
are functions of ¢. As was shown in the preceeding section, the
limit of V; fort = 0 is cos kws, or sin kws, aside from a constantfactor.

For some values of i, at, least, a? — oz; must have ¢ as afactor, which of course, can be removed, unless V; reduces to a
constant. In any event V+ is a function of cos? w, and therefore,
an even function of w2. It could not reduce to sin kws which is an
odd function of ws. Also, since 2 cos? w: = 1 + cos 2. ow, Viisan
even function of 2u:. Hence, the limits of the n + 1 functions
Vs of class I are

COS Ows, c08 2us, 08 4a, sey cos 2nas.
‘That is to say, k is an even integer if Vs is of class I.

If Vs belongs to class III, each of the three characteristic
equations has n roots. The forms of the polynomials are

Vi= V@-PMG@—AT@ — a), @
iat

i= V—@=MaeA]T@ — a), ®
ist

Y= V-@— MG P][@ — a) )
ist

A reference to the formulas of Sec. 232 shows that these expres-
‘sions become, aside from a constant factor,
Va = VI Tos? ay sin ws

X [Ite - a; - (a = c*) cos? a), (0)
Va = VI = 008? w2* 008 ws

[Ite — ai — e(a* — 2) 008? ws), (0)

Va = sin ws cos ws](a* — ax — t(a* — c2) cos? ws). ©
‘The limiting values of these expressions are, evidently,

Vs = sin wr , sin 32, vty sin (2n — 1)ws, (a)
Vi= cose, — c0s3us, ++, cos(2n — Iw, (b)
Vi = sin 2u2, sin dos, soy sin 2nus. ©
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Hence, the integer k is odd for groups (a) and (6) and even for
(c). All of the 2m+ 1 functions are accounted for, since

(n+l tntntn=4nt1=m+L
A similar analysis holds if m = 2n + 1 is odd.

234. The Characteristic Equation Has No Multiple Roots.—
It was shown in Sec, 226 that all of the roots of the charaeteristie

equation are real. It is also a fundamental property that the

roots are all distinct. This is evident from Eq. (232.6) when tis
zero.

For brevity of notation let

a@—ct=A and — —m(m + 1a? = B.For classes I and IIT(), and for

t = 0, these roots areB, 2A+B, 44+B, +--+, MmA+B,

A+B, 34+B,---, (2n-1A+B. am)

It will be observed that the roots for IIT(#) lie midway between

the roots for class I. As ¢increases from zero to one, all of theseroots vary. Two of the roots of class I cannot become equal
without first (or simultaneously) coinciding with one of the

roots of class III(b). It will beshownthata root of classI cannotcoincide with a root of class III(6).
Suppose a root of class I does coincide with root of class

IIT(Q), and let U; be the corresponding polynomial of class I and
Us be the corresponding polynomial of class I1T(#). ‘Then

Ur =P), Us = VPPiPA(G)- @)

Both of these expressions satisfy the same differential equation,
since, by hypothesis, and M are the same for both, namely,

@U; BU
Ge = NG+ MU, Ga = We + MU.

Consequently

@U; _ yy @UsOe gut ~ Oras = %
and therefore,

aq, _ yasUng — UG! = const. )
Since

Ws Wig, Us _ aay,qu age” Gu = ap?”
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and

B= -2V PPPs

this result (Eq. (2)) reduces to

(Rational function of @)+/: = const.,

which is impossible unless the constant is zero. But if the
constant is zero, iq. (2) gives

Us = Ui X const.

which, also, is impossible by Eq. (1).
It follows, therefore, that the roots of the characteristic

equation of class I cannot coincide with any of the roots of class
III), and neither of the characteristic equations can have a
double or multiple root.

A similar argument holds for the other classes. The roots of
characteristic equation are all distinc.

235. The Functions of Lamé are Linearly Independent—
On account of the irrationalities which are involved, there is

no question with respect to linear independence between the

different classes. It is necessary to show, however, that for
the same characteristic equation there cannot exist a relation
of the form

Vero = VO $aVO +... +a,

where V© is the function of Lamé associated with the root

M; j=1,2,--+,n—1, or n, according to the class, and

a; is @ constant different from zero. Suppose such a relation
did exist, and that

vero = ave,  i<n—lorn a)
ca

‘The function V® satisfies the equation

nyo

OY). = NOVO + MYO, @
‘Multiply this equation by the constant a; and then sum with
respectto j. There results

ave

Loge = NP Lave + Fy Mave, @)
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which by virtue of Eq. (1) reduces to

ave en ;
Gar = NOVY + y Mavi. @

By virtue of Ea. (2)

nye

aE = NOVO + Man VOD,
A comparison of Eqs. (3) and (4) shows that

MiyVO = ¥ Mave,
at

or

0= Far — Mav. (8)
am

Since the roots of the characteristic equation are all distinct,
none of the coefficients vanishes. It follows that if such a

relation as Eq. (1) existed between i + 1 functions of Lamé,
a similar relation would exist between i functions of Lamé.

A repetition of the argument would show such a relation between
i — 1 functions of Lamé, and so on; until, finally, an equation
of the form

0 = Oh — MyVo

was reached, where b, is a constant different from zero. As
this result is impossible, it follows that no such relation as Eq.
(1) exists, and the functions of Lamé are linearly independent.

Since V; is a function of gz and V; is a function of gs, it follows
‘at once that there cannot exist a relation of the form

O= YaVvs%, isn—l,orn

Hence the surface harmonics of Lamé are linearly independent,
and they form a complete, or fundamental, system.

236. The Expansion of an Arbitrary Function in Terms of the
Ellipsoidal Harmonics—Any given homogeneous polynomial
in z, y, and z can be expressed as a linear combination of surface
tesseral harmonies of degree m. Let Kw(o, 6),5 = 1,2) ---
2m +1, be the tesseral harmonics of degree m, and Lq® =
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(¥:Va)u®, j= 1, 2, +--+, 2m +1, be the surface harmonics

of Lamé of degree m. Then

ant

Hale, yz) =" SD AK@®,
i

and, also,

Haley, 2) = 1" Y Bln?
Frat

where A; and B; are constants. Since both systems of harmonics
are linearly independent it follows that there exist constants
C\ and D,® such that

amet

KO = F COL,
and also,

amtt

La? = DOK,

‘That is, any harmonic in one system can be expressed linearly
in terms of the other. The two systems are, therefore,

‘equivalent.

‘Suppose there is given a function F(qs, g3). By means of the
relations given in Eq. (231.3) it is possible to translate this
funetion into a function of polar coordinates ¢, 6, since

E=singcos6, =singsin#, f= cosy.
‘Suppose

Fg) = 8).

The function (y,6), under certain very general conditions,
ean be expanded in a series of surface harmonics in accordance

with the theorem of See. 206,

6,0 = DY Sale, 9,
ote

where S,, is a surface harmonic of degree m. But, as has just
been seen, S, can be expressed in terms of the ellipsoidal
harmonies,

Sale) = DY AwPLn®,
mn
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where the A, are constants. Hence

ptt

Bo, 8) = Flan a) = 5 (Fy Annie «0he

If the function (¢, 6) on the sphere of radius r, when expressed
in terms of the rectangular coordinates, is a polynomial of degree
sin 2, y, and ¢, the series of harmonies is finite, and

a past

Fan a) = ( > 4n%n(ass)NA

287. Surface Integrals.—The derivative of the harmonic
function

Va ViVaVs

normal to the ellipsoid g, = const. is (Eq. (214.3))

a _ Va¥ad¥s
on Ry dq’

where, Eq. (214.2),

R,- —VY@=oG=H) _____A__.
Va@=GG) Ava

‘The surface element dw on the ellipsoid is (Eq.(214.4))

da = RiRdgrdg.

‘Since the surface integral of the normal derivative of an harmonic
function over any closed surface is zero (Eq. (62.2) it follows
that

‘av ‘(?, dV; RR,Sn = LJ Viv ag pada,
A, dV: VV,

= oof See ~ addavda, = 0,
and therefore,

VVaee G@- 1s = 0;JPG ~ aodzeta
or, since

age gs
Fy eae eta

S*fo Va¥ Gus = Pur)durdus = 0.



450 THE THEORY OF THE POTENTIAL
Again, if U; and Uz are two harmonic functions it follows

from Green’s theorem (Eq. (62.1)) that

au; aU?f(a - vs) =0. @
thatSuppose
tat, = (WAWaVo = VilPL®,

and

Us = (VV = VOL,

are ellipsoidal harmonies of degrees s and { respectively. ‘Then
Eq, (1) becomes

avn? av de
Vnyg VL Cp op alee(7 ) fnonnge = 0.

“The factor outside of the integral sign is a function of qy alone,
and therefore constant on the ellipsoid, It is not zero, unless

Vu= CV9;
and in order that this should be 50, itis necessary not only that
s=4, but alo k=. That is Uy differs from Us only by a
constant factor. Assuming that U; and Us are different har-

monies, though they may be of the same degree, it follows that

dia
1.01, = 9,fp Ry

or, since the denominator of R, is a function of g, alone,

f LOLMdeVaasa a)

the integral being taken over the entire surface. By taking

—g

VG a@@—@ = v
this important formula can be written in the more compact
form

fants =0. 2)ls

It is a simple matter to show that.

dus12 Bi ®
for

du = -# by Eq, (215.2),
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and

dn = Ridgy.
Hence

du, L -1du__=—t___, _ by Eq. (214.1),a ~ BAR VG aa a)
=-l

A general formula for the integral

ficerras,le

‘apparently, has not been worked out.

238. The Coefficients of an Expansion in Terms of Ellipsoidal
Harmonics.—It was shown in Sec. 236 that a function F(qs, 93)

can be expanded in a series of ellipsoidal harmonics, namely,
=, [mth

F(a) = ( ¥4.7100G009) Q@wo 51

where the coefficients A, are constants. If this expression

is multiplied by WL, Pde and then integrated over the ellipsoid
E, there results

(fPbaiide = An?[1Ln0)de,
all of the other terms of the expansion vanishing by Eq. (237.2).
Hence

SpiFbn Pde4,0=, @

SUL?) *deo
It will be observed that these coefficients are independent

of qi, since

Ide = IRRedasdas

(qs — q)
= ay by Eq. (214.2),ei, by Ba 142)

does not contain g:. ‘This expression is real since As* is negative.
If Fa(ga, q2) is a polynomial in ga, qs multiplied by the radicals

VG eG — PMG= 2)and
—_ oe

Vag ag =Ge
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is symmetric with respect to the subseripts 2 and 3, and is of
degree m in g, and qs, its expansion in terms of the ellipsoidal
harmonies terminates, and the highest degree of the harmonies
whieh occurs is m. Hence, if # > m, it is evident that,

S[Palade = 0, (3)
L.® being any harmonie of degree k > m.

239. The Roots of Lamé’s Polynomials are Real, Distinct,
‘and Lie between a’ and b.—The theorem that the roots of

Lamé’s polynomials (Eq. (220.2)) are real and distinct, and lie
between a? and c#is analogous to the theorem that the roots of the

zonal harmonies are real and distinet, and lie between + Land — 1.
‘The theorem is important since these roots define the lines on the

surface of the ellipsoid along which the harmonies vanish (see
Figs. 109, 110, and 111). ‘The following proof is due to Appell.*

In Secs. 221 to 224 Lamé’s polynomials P were regarded a3
polynomials in @u, but since (Bq. (2163))

Pu=q-h

‘they ean be regarded also as polynomials of the same degree in g.
It is as polynomials in g that the roots lie between a and c?, It

is easily verified that as polynomials in the roots lie betweene:and e.

(a) The Roots are AU Real—Consider first class I, Eq. (220.2),
V=P@.

The polynomial P() which is of degree n can be resolved into
its linear factors. Since the coefficients of P are real, the complex
factors, if any occur, will occur in pairs, the products of which are
real. The product of all of the complex factors is a real poly-
nomial, and the product of the real factors also is a real poly-
nomial. ‘Therefore,

Pq) = Pilg) - Pa(g)

can be resolved into two factors, one of which P, has all of its
roots real, and the other P; has only complex roots. ‘The product
of Lamé is

Ln = (VaVabm = Pa(as)Pi(as) « Pa(g)P alas).*Apveut, P, “Traité de Mécanique Rationnelle,” Vol, 1V, p. 187,
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In Eq. (238.3), let

F = Puasa),

which is of degree less than m, unless Ps is a constant. Then

fiFbndo = [iP taP(@)Pa(qaPalqs)de = 0.
This formula is applicable, if there are any complex roots, since
‘the degree of Fis less than m. The result obviously is impossible,
since the integrand is always of the same sign. It follows,

therefore, that there are no complex roots if V = P is of class I.
If V does not belong to class I, it has the form

V = V@= eG — OG — AP = RO) + Pla)

where a, 8, and + are either 0 or 1. Also

Lm = (VV )m = BO)R()P(92)PiCO)PAQ)PAQ),

where P; and P; have the same significance as before. If

F = Rl)R(Q)Ps)PA(a),

then, if P has any complex roots,

SPRGIRAIP AGP HIP Lae)Palaide = 0.Since
XQ) = (ge — "(a2 — BMG — CY,

RHQ) = (as — a(qs — BMG —
and

a > qr > BE > gs > ct,
it is seen again that the integrand does not change sign and the
surface integral cannot vanish. It follows, therefore, that
whatever class V may have, the roots of the polynomial P are
all real.

(b) The Roots are All Distinct—Suppose the roots of the

polynomial P are not all distinct. Conceivably, they may have
any order of multiplicity, say,

P=mq@- aX

‘The polynomialP will be resolved, just as before into the productof two polynomials
P=P.P:

in which P2 contains factors which occur an even number of

times and P, those which occur an odd number of times. Thus,
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if nis even, the factor (g ~ a,)*is put in Pa, but if me = 2s + 1
is odd, the factor ( — a:)** is taken into Py and the single factor
(q — «) is included in P;, With this resolution of the poly-
nomial P, the polynomial P; does not change sign. If then F is
taken equal to P,, and if Ps is not of degree zero, the surface
integral beoomes, just as before,

[fips = 0,
which also is impossible. Hence P; must be of degree zero, and
the roots are all distinet.

(©) Alll of the Roots Lie between a* and c2—Substantially the
same argument suffices to prove that all of the roots lie between,
a®and ci. Let P, be the product of the factors which vanish
between a? end c, and Ps the product of all of the factors which
vanish outside of these limits, If F is taken equal to Py, and if

the degree of P; is not zero, the surface integral again leads to a
‘contradiction, since P; does not change sign within the limits of
integration, It follows therefore that the degree of P; is zoro
and that all of the roots lie between a and c?,

240. Ellipsoidal Harmonics of the Second Kind.—Since, by
Eq. (213.5),

atmteart@+e+c)and
@>q>h>gre

it is evident, that if ris very large, g: is approximately equal to
7, and the function of Lamé V3 of degree m is approximately
equal to r=, Consequently the ellipsoidal harmonies (ViV2V3)s
are not suitable for the expansions of potentials in the neighbor-
hood of infinity, just as the spherical harmonics which are

polynomials in z, y, and 2 are not suitable, The spherical
harmonies were made suitable, however, merely by dividing by a
certain power of r. A somewhat similar possibility exists for the
ellipsoidal harmonies.

It will be remembered that the function V;VV3 of degree m is
harmonic by virtue of the fact that each of the letters V satisfies

the differential equation (Eq. (220.1),

bad = [mim + @ + MV. re)
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But as this differential equation is of the second order, it has two
solutions. Let V be the solution already determined, and U the
other solution. Then, also,

a = [m(m + DE + MU. @)
If Eq, (1) is multiplied by — U and Eq, (2) by +V and the two
are then added, there results

nu vo.Vie ~ Uae =
therefore, by integration

au Vv _vay — USE = const. = 2m +1. (3)
This constant is arbitrary sineo, if U is a solution of Eq. (2), CU
also is a solution, C being any constant, Let the constant be
taken equal to 2m +1. By virtue of this choice U becomes a
perfectly definite function U,, which, as will be shown, satisfies
the relation

lim "HU, (q) = 1.
If Eq. (8) is divided through by V,%, it can be written

d (Us)
_ 2m +1XV,

ve‘Therefore

Ue vf ‘2m + lay @lo Vy

The lower limit of integration, of course, is arbitrary, but it is
convenient to take it to be zero. It was shown in Sec, 220 that

vate temo,
uw wyand in Sec. 216 that as u; tends toward zero, @u; tends toward

+e. Hence, for large values of r, 9: = ui + h, islarge, and
%, is small. Using only the principal term of the expansion of
V;, it is seen that for large values of r, approximately,

ue az, ‘m+ 1utmdu = wntmM"Jo

1
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Hence

lim re'U, = 1.

Furthermore, since U; satisfies the differential equation (Eq. (1)),
the function U,V2Vs is harmonic. As r tends toward infinity
V2 and V; remain finite, but U, tends toward zero like r+»,

Hence the ellipsoidal harmonies of the second kind (UiV:Vs)m

are suitable for expansions of exterior potentials.

241, The Potential of an Ellipsoidal Harmonic Surface
Distribution of Matter.—It was shown in Sec. 209 that a

spherical harmonic distribution of matter on the surface of a
sphere produces a similar and similarly placed harmonic in both
the exterior and interior potentials of the distribution. It will
be shown in the present section that an analogous theorem holds

for an ellipsoidal harmonic distribution of matter on an ellipsoid.
It was shown in Sec. 126 that if W: is harmonic inside of a

closed surface S, W, is harmonic outside of S and vanishes at

infinity, and if W; = W. on S; there exists one and only one
distribution on S for which the exterior potential is W. and the
interior potential is W,. Furthermore the density of the dis-
tribution is

1fpaw. , awe.

Blan +onlFor the given ellipsoid let
Wea ViOUL, Wee UOVL

be ellipsoidal harmonics of degree m, where

L= (ViVs)m%,

the superscript zero indicating the value at the surface of the
ellipsoid. Thus V\° and U, are constants, and W. = W, on
the surface of the ellipsoid.
Now

aw: + aVi 7 8V9,

on. = +0," Lane = -W "La,and
aw, aU; aurWe. yo2U - :

ang 7 VA Lan, =TMML gs‘so that

a Les |W.) Wy Us Vs° aoe + an = (ree - oe me):
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the parenthesis being evaluated on the surface. Therefore,
by Eq. (240.3),

dao = (2m + 1).

Thus the surface distribution differs from an ellipsoidal har-

monic distribution only by the factor J, which however is a
function of gz and q; that is independent of m.

Conversely if the surface density is given by
o =AlL

where A is a constant

fry =4 yeWe= Im +1" UL, and Wi om + qui Vib.
242. The Potential of an Ellipsoidal Homoeoid.—If m is

sero,

Vie=Vi=Vs=L=1,

and, by Eq. (240.4)
U, = uy.

Then

o=Al, W, = 4rAu, Wy = 4A. 1e3)

1*
nar’

Consider the shell which is bounded by the given ellipsoid

for which the axes are gi — a%, qi — bY, and gi — b%,
and a similar ellipsoid which is infinitely close to it, Fig. 112.
‘Their equations are

a ye an=
aoetawietgwsechand
4+ +t 2,
ate t gee tpt ata

In the small triangle PP:Ps,

PP, = dn, PP, = ds, OP =r.
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‘Since the ellipsoids are similar

PP; = ds = rdh,

since PP, is normal to both ellipsoids the angle at P, is a right
angle, and

PP, = dn = PP; cosP = r cos Pdh.
‘The direction cosines of r are

% 4% and 2
roof r

‘The direction cosines of the normal are

tz, tv, I+.
Rg —a Rg PK Rg

Hence

1 at y Ea acos P ae aSat Gere t gre al “ORY
and

dhdn
= oR!

or, since
1 —

aH, 7 V@P= AG — WE SH,
it results that the thickness of the shell is

an =VGTG= PG= Har;that is, the thickness of the shell is proportional to J, since the
remaining factors are constant on the given ellipsoid.

‘The surface distribution of matter can be regarded as a volume
distribution of constant density throughout the shell. If oo
is the constant volume density

o = on

= od VG = AGT= San,
Consequently, if

A= OVGTFG = HG — Ar,‘the potentials in Eq. (1) represent equally well the potentials
of an ellipsoidal homoeoid, and since (Eq. (216.1))

* ayye +fafe, VaGQ= a) = BQ =e)
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it is seen that

We = reo GO aGTSGT Sey a

xfa. Va= Hq —G= A

which, aside from notation, is the same result that was obtained
in See. 123,

243. Green's Problem on an Ellipsoid.—The results already
obtained with Lamé's functions furnish the solution of Green's

problem (or, Dirichlet’s problem, as it is often called) for an
ellipsoid. Given a function F, which is defined on the surface
of an ellipsoid. It is required to find a function which is
harmonic within the ellipsoid and equal to F on the surface
(interior problem), or, a function which is harmonic outside
of the ellipsoid, equal to F on the surface, and which vanishes at
infinity (exterior problem).
Let the function F be expanded in terms of the ellipsoidal

harmonies in accordance with the principles of Sec. 236.

= pongt

rP=> [ Y 4.0009 |, iO)sol A

where A. are certain constants, which ean also be written

An? = BaiO(V OU)9,
and therefore

= fens

re [ ES B.0(VU)a E99 | ®ol
Vor the interior problem take the funetion

«= famet

m= > [ > BaO(r v0) a220 ()aol

The series of Eq. (8) is convergent provided the series of Eq. (2),
is convergent, since in the interior of the ellipsoid V; < Vi;

and Wisequal toF on the surface. Furthermore, itis harmonic,
since it satisfies the equation of Laplace. It is, therefore, the
funetion which was sought.
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Similarly the function

= [ames

We= DY] Y BaP (V LU) an”
Sol

satisfies all of the conditions for the exterior problem.
‘Therefore, W, and W, are the interior and exterior potentials

of a certain distribution of matter on the surface of the ellipsoid.
The density in this distribution is

1paw, , awev=
Pak + mnFrom the results of See. 241, it is easily seen that

le ang
=E Y Ant) Y Bane |.

En) i

EXTENSION OF THE GENERAL THEORY

244, Fundamental Functions.—In addition to the spherical
and ellipsoidal harmonics which are associated with the sphere
and the ellipsoid, there exist other harmonic functions; for

example, the Toroidal Function of Hicks' which are associated
with the anchor ring. One concludes that there exists a corre-

‘sponding set of harmonics functions associated with every closed
surface.

‘The equation of Laplace which these functions satisfy is merely
‘particular case of the more general equations

aU, ou, aU, pu, av, aU, av

oon + pa + pe + dae + oe + FE + PE ew =0
in which i may have the values 1 or 2. The solution of
various problems in electricity and magnetism, elasticity,
‘acoustics and hydrodynamics depends upon the integration of
such equations for which¢ = 2; and the solutions of many prob-lems in the analytic theory of heat are reducible to the inte-
gration of such equations for i = 1.

For example, the vibrations of a mass of gas enclosed in a
solid vessel is defined by the equation

aU aU | aU _ | aU
ae tay tae ae @

+ Philosophical Transtetions (1881)
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in which & is a positive constant, the solutions being subject
to the conditions that,

= aL
U=f@u), 5, =0 os,

and

g =flzy2) for t=0.
The equation of a cooling solid body leads to the equation

eU aU, aU _ ,,aUaa? + ay? tae = ar? ®
together with the conditions that

U=fl,y2) for t=0,
and

ou

B+kv=0 ons.

‘The time can be eliminated from Eq, (1), as was done by
Cauchy, by assuming that

U = Vi(z, y, 2)(Aj sin dst + B; cos Xi).

Equation (1) then reduces to

AV; +%V;=0 within 5,
and

avy _ .
Fino oS;

and a similar reduction is possible for Eq. (2). The problem
is then divisible into two parts,

(a) To demonstrate the existence of an infinity of simple
solutionsof Eq. (8), f¢.j =0,1,2, +--+, ©(®) To establish the possibility of the development of a given
function f(z, y, 2) within the given domain in a series which
proceeds according to the functions V; to which the simple
funetions reduce for¢ = 0.‘The existence of such functions for problems of this type was
established by Poincaré in his memoir Sur les Equations de la
Physique Mathematiquet in 1804, and were called Fundamental
Functions. Similar sets of functions suitable for the expansions
of other types of problems have been proved by other authors

+Pomcané, “Acta Mathematics,” Vol. XX; Amerizan Journal of
Mathematics, Vol. XIT, and ““Rendiconti di Palermo,” Val. 8, p. 57 (1894).
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It is of great interest to observe that all of these functions can
be defined by certain integral equations of the form

Vie v8) = HfOC@, vs 23 6 OVE, m Dar,

where is certain constant andG isa generalized Green function,
or, perhaps to a more general form

Vilas 2) = NUE mE, wy 25 & my S)VAG, mar.
For an exposition of this extension of the theory the reader is

referred to the works of Poincaré above mentioned and to the

memoir by W. Steckloff, Theorié Generale des Fonctions
Fondamentales.'

+ Annales do la Faculté des Sciences de Toulouse. (1904.)
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