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ae Fig. te. A vectorA andi three “ . |
1 an sa Uidcareequivatent to The unit A | the unit vectoré: normal to the
x > vectors#, ¥, 2 point in the positive yy, y plane containing A andB. Thea directionsofthe coordinate axes Positive directions for@ and ¢bei -

and are of unit magnitude q follow the right-hand serew rule
4 The vector product A XB is equal

toABsin66, and BXA= “AX
Mathematically, a field is a function that describes a physical quantity 8B.

at all points in space. In scalar fields this quantity is specified by a single
number for each point. Temperature, density, and electric potential are ep e
examples of scalar quantities that can vary from one point to another in AxB=|A, A, A,|=ABsinge=C, (es)
space. In vector fields the physical quantity is a vector, specified by both a BRB.
number and a direction. Wind velocity and gravitational force are

examples of such vector fields. as in Fig. 1-2, where
Vector quantities will be designated by boldface italie type, and unit

vectors will carry a circumflex: £, §, 2. A=(Ar+ Aj + AD)? (1-6)
Scalar quantities will be designated by lightface italic ype. |
We shall follow the usual custom of using right-hand Cartesian 's the magnitude of A, and similarly for B.

coordinate systems as in Fig. 1-1: the positive z-direction is the direction The quantity A+B, which is read “A dot B,” is the scalar, or dot
ance at ighthard sotew rotated in the serve that turns the product ofA and B, while AX B, read “A cross B,” is their vector, or
positive x-axis into the positive y-axis through the 90° angle cross product.

1.1.1 Invariance

1.1 VECTOR ALGEBRA The quantities A, B, and @ are independent of the choice of coordinate
system, Such quantities are said t0 be invariant. A vector, say the

Figure Ll shows a vector A and is thee components Ay, Ay, Ay. If we ztavitational force on a brick, is invariant, but its components are not;
aaa co vectors they depend on the coordinate sytem

Both the dot and cross products are functions of only A, B, and @ and

ATAG+AS+AS  B=BE4+B +B, sy sre thus also invariant
The sum and the difference, A+B and A —B, are themselves vectors

where #,§,2 are the unit vectors along the x-, y-, and. z-axes snd invariant
respectively, then

A+B=(A,+B) +(A,+B)+(A. + BE, (1.2) 1.2 THE GRADIENT Vf
AR B=(A,=BOEH(A,— BFABIE (13) ‘scalar pointfuncton isa scalar quantity, sy temperstre, that is
A-B=A,B,+A,B, +A,B, = AB cos (14) function of the coordinates. Consider a scalar point-function f that is



4 (2 THE GRADIENT 5

, What direction should one choose for dl to maximize df? That
dlirection is the one for which cos @ = 1 or @=0, that is, the direction of

vf.bea

Wt dip ww " ‘Therefore the gradient of a scalar function at a given point is a vector
Z| having the following properties:‘
rs

' ' (1) Its components are the rates of change of the function along the
H ' directions of the coordinate axes.

: i Fig. 13. A scalar-point function (2) Its magnitude is the maximum rate of change with distance.
of —-- 4. chanees from f tof + df over the (3) Its direction is that of the maximum rate of change with distance.

(4) It points toward larger values of the function.
continuous and differentiable. We wish to know how f changes over the
infinitesimal distance dl in Fig. 1-3. The differential the gradient is a vector point-function that derives from a. scalar

point-function,

a=Lagtdy+ Say a7) Again, we have two definitions: Vf is a vector whose magnitude and
ax By Fz ulirection are those of the maximum space rate of change of f, and it is

also the vector of Eq. 1-9. It is clear from the first definition that ¥f isis the scalar product of the two vectors. ‘ovariant
dl =dxt+dyj+dzé 1-8)

BP OYSES ad Example | THE ELEVATION OF A POINT ON THEand SURFACE OF THE EARTH

oy. 9 ‘As an example of the gradient, consider Fig. 1-4 in which E, theWwzf+ 2p+ 22 a9) elevation above sea level, isa function of the x- and y-coordinatesy? * Be
The second vector, whose components are the rates of change of f with

distance along the coordinate axes, is called the gradient of f. The symbol

2,,9.,8
vasc+ — 1-10)

8a ay t fa: ™ | i)ve
is read “del.” {

Note the value of the magnitude of the gradient: wo

| 200=|(ZV+(2LY xy 100.=
[(2) +2) cap [‘Thus Fig. 1-4. Topographic map of a hill. The numbers shown give the

elevation E in meters. The gradient of E is the slope of the hill atdf = Vf dl =|¥/| |dl| cos 8, (2-12) the point considered, and it points toward an increase in elevation
“The arrow shows PE at one point where the elevation is 400

where @ is the angle between the vectors Pf and di. meters.
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measured on a horizontal plane. Points at a given elevation define and
a contour line. The gradient of the elevation E at a given point

as the following properties: 4 a, Fothen

has th 1 properti Spree a La, L (417)(1) tis perpendicular to the contour line at that point

(2) Its magnitude is equal to the maximum rate of change of Since this is true for any differentiable f, we know that
elevation with displacement measured in a horizontal plane at that

point. Satu tayo t0,,2 (1-18)(3) Tt points toward an increase in elevation. dx" Or By * Orgy eas
and similarly for 3/3y’ and 3/32".v hn1.3

INVARIANCE OF THE OPERATOR The components of Vin $", namely 9/8", 3/3y’, and 3/32’, relate to
- . those of V in S, 3/8x, 3/3y, and 3/32, in the same way as theWe have just seen that Vf is invariant. Is the operator ¥ itself also UP in ane ayinvariant? This requires careful consideration because the components of. components of any vector A in 5‘ and in §. Therefore Vis invariant like

V are not number’ bat operators any vector, and it transforms as a vector. We shall use this property ofare not . bu

aLet § and 5” be any two sets of Cartesian coordinates. Figure 1-5 shows in the following sections.

two sets having a common origin, for simplicity. Then a given vector A 14 FLUX
has the components A,, A,, A. in S, and Ay, Ay, Ay in S’, with

Ap=duA, +a,A, +A, (1-13) It is often necessary to calculate the flux of a vector quantity through a
surface. By definition, the flux d@ ofB through an infinitesimal surfaceAy =A, +4,A, +4,-A-, (1-14) ids ii rough aa infinitesimal

Ay = 4,,A, + aA, +a,,A, (1-15) d®=B-ds4, (1-19)
he a coefficients depend only on the orientation of $" with respect to S.Teaco Trent epeeonly on the where the vector def is normal to the surface. The flux d® is therefore

. the component of the vector normal to the surface, multiplied by did, For
7 ed (1-16) a surface of finite area sf,aap By Ge

wa of Beds. (1-20)
\ | 4 If the surface is closed, the vector df points ourward, by convention

\

\\ Example | FLUID FLOW
\ Consider fluid flow, and let p be the density, v the velocity, and

: ds@ an element of area situated in the fluid. The scalar

product pv def is equal to the mass of fluid that crossesSS
| ded in 1 second, in the direction ofthe vector def. Then thea flux of py through a closed surface, or the integral of4 * Fig. 8. A vectorA and two pu - def over that surface, is equal to the net rate at whichx 1 sels of coordinates S and S ‘mass leaves the enclosed volume. In an incompressible fluid

f having a common origin this flux would be equal to zero,
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pees If we calculate the net flux through the other pairs of faces in theen ae

maa same manner, we find that the total outward flux for the element of
” “ t volume du is

“

OB, , 3B, | OB,pi lceeneeeee do,= (28: 4 2B: , OB:) gy, eA 1 ®, (Sere B) ao (1-24)
' Ne | ‘Suppose now that we have two adjoining infinitesimal volume elements
H Peat : $ fi and that we add the flux emerging through the bounding surface of the
| el ' first volume to the flux emerging through the bounding surface of the| f Mf i Eat wa second. At the common face, the fluxes are equal in magnitude but
et eee al ” opposite in sign, and they cancel. The sum, then, ofthe flux from the first‘

UAT willbe -- Fig. 1-6, Element of volume volume and that from the second is the flux emerging through thetat Le Fr dx dy dz and the vectorB at the bounding surface of the combined volumes,a
a point P. To extend this calculation to a finite volume, we sum the individual

fluxes for each of the infinitesimal volume elements in the finite volume,
and so the total outward flux is1.5 THE DIVERGENCE V-B

OB, , 3B, ab,‘The outward flux of a vector through a closed surface can be calculated Du i (Gage Sn) av. (1-25)either from the above equation or as follows. Consider an infinitesimal v y

volume dx dy dz and a vector B, as in Fig. 1-6, whose components B,, wv . .B,, B, are functions of x, y, z. The value of B, at the center of the At any given point in the volume, the quantity

righthand face may be taken to be the average value over that face on
‘Through the right-hand face of the volume element, the outgoing flux is es + = - 2

3B, dxdO_= (8. +S) dy dz, (1-21) is thus the outgoing flux per unit volume and is invariant. We call this the
slivergence of B at the point

since the normal component of B at the right-hand face is the The divergence of a vector point-function is a scalar point-function.
x-component of B at that face. The volume being infinitesimal, we According to the rule for the scalar product, we write the divergence of
neglect higher-order derivatives of the components of B. Bas

1 , the outgoing flux is B,At the left-handface, the outgoing ve p= 2B: , 2B, , 3B. (1-26)
Bde ox" By * oea, = -(8,- 2S) dyaz. (1-22)*

the divergence is invariant also because both Vand the scalar product
There is a minus sign before the parenthesis because B,# points inward at we invariant.
this face and dsf outward.

‘Thus the outward flux through the two facesis 1.6 THE DIVERGENCE THEOREM
3B, 3B,d®, + d&g=—dx dy dz=a (1-23) Now the total outward flux of a vector B is ‘equal to the surface integralor

id of the normal outward component of B. Thus, if we denote by f the area
where du is the volume of the infinitesimal element, of the surface bounding v, the total outward flux is
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"

3B, , 2B, 3B.) ) | se= | Beast = | (B+ > Se)ae= [vr Bdv. (1-27) 1
cs 4‘These

relations apply to any continuously differentiable* vector field B. oe)Thus aa

| Beast=|v-Bdv (1-28) ee
“ ‘ oo , Fig 1-7. Closed, rectangular

This is the divergence theorem, also called Green's theorem, or Gauss’s ee | Pathin the xy-plane, centered on;
at | the point P(x, y, 0) where thetheorem. Note that the first integral involves only the values ofB on the Oenrentedsurface ofareasf whereas the second involves the values of B throughout i re by the arrow. The integrationthe volume v. sf ioe around the path proceeds in the

: direction of the arrows, in

= accordance with the right-handExamples | tn an incompressible fuid, let p be the mass density and w the ? g screw rule applied to the z-axis,velocity at a given point. Then ¥-(pv) is everywhere equal to
zero, since the outward mass fux per unit volume is zero.

Within an explosion, V (pe) is postive \.8 THE CURL 7xB

L.7 THE LINE INTEGRAL JB -dl. Vor any given field B and for a closed path situated in the xy-plane,
CONSERVATIVE FIELDS B-dl=B, dx +B, dy (1-30)

The integrals snd

. . . $B-dt~ $B, dr +.B, dy (31)[a-a. [axa and {fai“ °

Now consider the infinitesimal path in Fig. 1-7. There are two

evaluated from the point a to the point b over some specified curve, are contributions to the first integral on the right-hand side of Eq. 1-31, one
examples of line integrals. y= dy/2 and one at y + dy/2:

In the first, which is especially important, the term under the integral

sign is the product of an clement of length df on the curve, multiplied by $8. dea (8. a988) a _ (a. .9B.®) ae, (1-32)the local value of B according to the rule for the scalar product ay 2 dy 2

Ate feld Bis conteraive i he Hine integral of B + dl around any there i a minus sgn before the second term because the path clement atclosed curve 18 2

v +dy/2 points in the negative x-direction. Therefore, for this in-

‘unitesimal path,paramo (129) $2. de= — 2B ay dy (1-33)ey

‘The circle on the integral sign indicates that the path of integration is Similarly,
closed.

on

a $8dy- Deas dy, (134)
+A function i continuously diferenable it its frst derivatives are continuous

and
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Be dt (2B 2Be We have arrived at this result for an element of area dxdy in the$ “a= (2 ~ 3)dedy (1-35) \v-plane. Is this result general? Does it apply to any small area, whatever
us orientation with respect to the coordinate axes? It does if it isfor the infinitesimal path of Fig. 1-7. invariant. We have already seen that the scalar product is invariant. Thus

If we set the above line integral is invariant. We have also seen that the operator V
snd the vector product are invariant, Therefore VX B is invariant. This

y= Br 9B (1-36) means that PXB is a vector whose value, defined by Eq. I-41, is
ox by independent of the particular coordinate axes used, as long as they form

then \ right-handed Cartesian system. Then Eq. 1-41 is indeed invariant; it
sloes apply to any element of area df, and

$B d=, dst, (1-37) 1(¥xB),= lim a4 Bedi. (1-42)where dof= dx dy is the area enclosed by the infinitesimal path. Note .that
this is correct only if the line integral runs in the positive direction in thus the component of the curl of a vector normal to a small surface ofthe xy-plane, that is, in the direction in which one would turn a seasf is equal to the line integral of the vector around the peripheryCright-hand

screw to make it advance in the positive direction along the cl the surface, divided by sf, when this area approaches zero.zaxds In general, ¥ XB is not normal to B. See Prob. 1-7.Consider now gs and the other two symmetric quantities as the The curl ofa gradient is identically equal to zero:components of a vector

Vx (Pf) =0. (1-43)2B, 9B,\. | (3B, 2B). (3B, 3B,vw (S-B yes (Be By (BB), (1-38)y oz! oz ax} ox ay J vample | FLUID STREAM
which may be written as Near the bottom of a fluid stream the velocity w is proportional to

to the distance from the bottom. Set the z-axis parallel to the
ee F direction of flow and the x-axis perpendicular to the stream
a 8 bottom. Thenvxe- |S 2 2 (1-39)
& By Fz

.=0,  %=0, w=e, (44)BOB, OB,

, and the curl of the velocity vector is
This is the cur! of B. The quantity gs is its z-component.

If we choose a vector dsf that points in the direction of advance of a oj 2
right-hand screw turned in the direction chosen for the line integral, then aoa a r

vxv= |2 2 Sf) ane (1-43)ds = dol (1-40) zy &
0 0 exand

$B d= (V XB) det (141) 1.9 STOKES’S THEOREM
This means that the line integral of B - dl around the edge ofthe area df Hquation 1-41 is true only for a path so small that VXB is nearlyis
equal to the scalar product of the curl of B by this element of'area, constant over the surface ds bounded by the path. What happens when

with the above sign convention the path is so large that this condition is not met? We divide the
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% J \ample | CONSERVATIVE FIELDSc

lass. oo “) Tnvabitary closed path equal 10 zero? From Sikes theorem,Ne ii WA the line integral of B - df around an arbitrary closed path is zero ifRY s 4) ¥ XB =0 everywhere. This condition is met ifuh 0tH Hy : av (48)
SEE AG Fg 18 Anarbitrary suraceof area ortS iy ;ounded by the curve C. The sum o - |.SSE Ye otiscure The sum of PxB=0 (49)=

BS squares shown is equal to the line
integral around C. The positive A field B that is the gradient of some scalar point-function f is
direction for the vector df follows therefore conservative.

? the right-hand screw rule.

1.10 THE LAPLACIAN OPERATOR V?

surface—any finite surfacet bounded by the path of integration in the divergence of the gradient of f is the Laplacian of f:
question—into elements of area ds#,, df, and so forth, as in Fig. 1-8.
For any one of these small areas, of FF a

vera vy oh oh, oF (1-50)
Ox? ay? az’$ Bedi=(0xB)- dst (1-46) .lc where ? is the Laplacian operator.

‘The Laplacian is invariant because it is the result of two successive

We add the left-hand sides of these equations for all the dsf’s and then \nvariant operations.all the right-hand sides. The sum of the left-hand sides is the line integral We have defined the Laplacian of a scalar point-function f. It is also
around the external boundary, since there are always two equal and useful to define the Laplacian of a vector point-functionB:‘opposite contributions to the sum along every common side between

adjacent ds4’s, The sum of the right-hand sides is merely the integral of V'B=V°B,, + V°B,, + VB... (LSI)
(VX B)- dA over the finite surface. Thus

The Laplacian of a vector is also invariant. Equation 1-S1 applies only to

faa (Vx B) +a, 47) Cartesian coordinates. See Sec. 1.11.6.
1.11 ORTHOGONAL CURVILINEAR COORDINATES

where .f is the area of any open surface bounded by the curve C.
This is Stokes's theorem, It relates the line integral overa given path to It is frequently inconvenient, because of the symmetries that exist ina surface integral over any finite surface bounded by that path. Figure 1-8 certain fields, to use Cartesian coordinates. Of all the other possible

illustrates the sign convention. coordinate systems, we shall restrict our discussion to cylindrical and

spherical polar coordinates, the two most commonly used.

a
We could calculate the gradient, the divergence, and so on, directly in

th bs both cylindrical and spherical coordinates. However, it is easier and more+ This must be an orientable surface, that is, a surface with two sides. Not al surfaces ihave two sides:a Mobius strip, for instance,has only one side. See}. Sawin andA general to introduce first the idea of orthogonal curvilinear coordinates.‘Tromba, Vector Calculus, Freeman, New York, 1976, p. 332 Consider the equation
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4 4 The volume element is

Van Ia dy = dl, dly dl, = hyhshy(dqy ds dq,). (1-56)
Nica | ree We can now find the q's, the h’s, the elements of length, and thef pose dl, Fig. 1-9. Element of volume in clements of volume for cylindrical and spherical coordinates.|

ae | curvilinear coordinates. The unit vectors

be re fad Tbe aicei pone These 1.11.1 Cylindrical Coordinates
aan waft ° and ovcmtcd in sucha bapareanilar In cylindrical coordinates, as in Fig. 1-10, 41 =p, d=, 42.a 4:X4.= 45 At P there are three mutually orthogonal directions defined by the

three unit vectors p, @, and 2. The unit vectors p and @ do not maintain
fa y2)=4q (1-52) the same directions in space as the point P moves about. However, at any

uiven point, the three unit vectors are mutually orthogonal.

in which q is a constant. ‘This equation defines a family of surfaces in The vector that defines the position of P is
space, each member characterized by a particular value of the parameter
q. An obvious example is x =q, which defines surfaces parallel to the r= pp +22. (1-57)
yz-plane in Cartesian coordinates.

Consider now three equations Note that @ does not appear explicitly on the right-hand side; it is
specified by the orientation of p.

AGW D=G  My2)=G  Aay.z)=42 (1-53) If the coordinates @ and z of the point P remain constant while p
increases by dp, then P moves by dr=dp p. If p and z remain constant

defining three families of surfaces that are mutually orthogonal. The while @ increases by dp, then dr=pdo @. Finally, if p and @ are fixedintersection of three of these surfaces, one of each family, then defines a while z increases by dz, then dr= dz 2. For arbitrary increments dp, dp,point in space, and qy, q2, q3 are the orthogonal curvilinear coordinates dz, the distance element is thus
of that point, as in Fig. 1-9.

Call dl, an element of length normal to the surface q;. This is the dr=dpp+pdpgo +dzé. (1-58)distance between the surfaces q, and q, + dq, in the infinitesimal region
considered. Then —— —

dl, =h, dq,, (1-54) fd |

where h, is, in general, a function of the coordinates q,, q2, qs. Similarly, hee |
dl,=h,dqz and dly=hydq. (1-55) a

With Cartesian coordinates h,, hz, hy are all unity. ae °

The unit vectors gy, G2, 4s are normal, respectively, to the 41, 42, qs pe fesurfaces and are oriented toward increasing values of these coordinates. ae z -
We assign the subscripts 1,2,3 to the coordinates in order that Pe ee 4

The orientations of the three unit vectors vary, in general, with Bj
1. 42, Qs. Only in Cartesian coordinates do the unit vectors point in fixed —

directions. Fig. 1-10. Cylindrical coordinates
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Be, ae rants 6
Pot N pds *S ee

ae Oe a 8d
io 3, isd

) y ew |\ ls

ig wa Y aD

g cylindrical coordinates. spherical coordinates.

Figure 1-11 shows the volume element whose edges are the elements of

length corresponding to infinitesimal increments in the coordinates at the dr=dré+rd00+rsin Odo@. (1-60)
point P of Fig. 1-10. The infinitesimal volume is

Ihe volume element, shown in Fig. 1-13, is
du = pdpdodz (1-59)

dv =P sin @ dr d0 do. (1-61)1.11.2 Spherical Coordinates

In spherical coordinates the position of a point P has the coordinates Toble 1-1 shows the correspondence between curvilinear, Cartesian,
+ 8, @ as in Fig. 1-12. Again, the unit vectors F, 8, @ do not maintain the Mindrical, and spherical coordinates.
Same orientations in space as P moves about Note that the angle @ in both cylindrical and spherical coordinates is

The vector r that defines the position of P is now simply r#, the sulefined for points on the z-axis,
coordinates @ and being given by the orientation of & Also. With Cartesian coordinates, one uses the operator V for the gradient of

\ scalar point-function and for the divergence and curl of a vector

:
jount-function, A single expression defines V, and we obtain the

4 vuulient, the divergence, or the curl by performing the appropriate
ee ’ H ‘Table 1-1

oad | CURVILINEAR CARTESIAN CYLINDRICAL SPHERICAL
Pen.9 —_———oe—erreea a x p Avanes, / | a y ®

aa hy 1 1 1
Lis vy hy 1 1 sin @
iy a z 2 i
BE a i ¢ 6

5 5 2 2

Fig. 1-12. Spherical coordinates 4 §
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multiplication. This relatively simple situation is peculiar to the Cartesian hig

coordinate system. With other coordinate systems, the divergence, ae wot
gradient, and curl do not permit a single definition for V but require more a a“ H
elaborate expressions that we shall now derive wa-------4 95 !

1.11.3 The Gradient H
The gradient is the vector rate of change of a scalar function f: a '

Se, Sf. Ff. ners 'v= Lge Fer te, (1-62) af Ba}a an? ed

Ley. 1. 1. ge " Fig. 1-14. Element of volume,
=eatSete (1-63) na LE Pe centeredon P(qy. 42, 4») wherehy 3q, "hy 3q2 © hy Sas 4 aR. pe the vectorB has the value shown<0 by the arrow

For cylindrical coordinates, then, ”

o..15.. of, iy a similar argument,
w=pri tet 7T= 3p) *pag?* az? asp . a- < day

With spherical coordinates, dO n= Bihahs das dan + 37 (Bihzhs) >" daa das (1-69)

e..1F,. 1 F. : 4 '
=F,,1% 9,1Ff 5 wor the right-hand face. The net flux through this pair of faces is then= 3," +7 509 * rain dag (1-65)

3On
the z-axis, @ is undefined and both p and sin @ are zero, so these dO, ~=aq, Bikahs) day dq, dq. (1-70)two expressions are meaningless. ‘a

1.11.4 The Divergence If we repeat the calculation for the other pairs of faces to find the net
«utward flux through the bounding surface and then divide by the volumeTo find the divergence, consider the volume element of Fig. 1-14. The “the element, we obtain the divergence:

quantity B, is the q, component of B at the center, and fy, hts, hy are the
h values at that point. Since the faces are mutually orthogonal, the 1 oe 3 3

outward flux through the left-hand face is FB | sp. Gihahny + (Bahn) +3 (®nyh.)]. 70)
d= ~Byhashy, dq: dqy (1-66)

“hd hed shea
In cylindrical coordinates,

dq 2 day 3 day=~ (BSA)- 2A (hy - 2D)ga dgs. (1-67)oq, 2 Sq, 2 3q; 2 13 13By , OB.
V B=" —(pB,) + et (1-72)Remember that fy and hy may be functions of q,, just as By. We may pep Pop oz

neglect differentials of order higher than the third, and then B, 3B, 13By , 3B.= Be 5 Be, LBs , Oe (1-73)
> 4 pop pap ozdeb, = ~Byhshy ds dqy += (Byhshs)Edq, dqy. (1-68)2qy 2 In spherical coordinates,
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1 a 2 a a 1 [ a 3 |v-B= Fage 2 Bye 2 2 xB) = | © (Bhs) ds dys ~ = (Byhs)dq dgs| (1-77B= reg LAr sin)+ 5 (Bor sin 8) + = (Byr)] (1-78 = Fat daa dgs |aga (BM9) das das — 55 (Bala) da dgs| (1-77)
2, 3B, By 1B, 1_ 3B, 1 [ a 8 |a2, + 2 5 Be, 19By 1 OBy 75) =——|— (Bs) -— (Bh.)|- 1-78)pt at 0+ 50 rind 36” (1-75) nhs 3a, ) 3a ) (1-78)

‘These divergences are also meaningless on the z-anis, where p and Corresponding expressions for the other components ofthe cur follow

sin 6 are both zero. yy rotating the subscripts. Finally,

Igy haga hadsLILS The Curl (foe
We apply the fundamental definition given in Eq. 1-42: "XBT an| 3a Ban Oa (79)

1 IB, hpBy hsBs(x)= tim $B a (1-76)
0 tor cylindrical coordinates,

where the path of integration C lies in the surface q, = constant and > pe
where the direction of integration relates to the direction of the unit

vector @, by the right-hand screw rule. For the paths labeled a, b, c,d in yxp-t|2 2 28), (1-80)
Fig. 1-15, we have the following contributions to the line integral p\sp 36 a

B, B.~Byhy dq, » phe B,

2B, ah, suul for spherical coordinatesBy + dgs)(hy + 5" ds) das, , .( 842 )( 42 a) ‘ - 6 rsin ag
hs dq>, a+

Baha dg yxp-zt J2 2 (181)
OB, Sh; Psind |dr 30 3

~ (B+ 5g.)(5g) B, rly sin 0
‘The sum of these four terms, divided by the element of area is equal to ‘hese definitions are not valid on the z-axis.
the I-component of the curl of B. Neglecting higher-order differentials, .

111.6 The Laplacian

\We calculate the Laplacian of a scalar function f in curvilinear coordi-

% sates by combining the expressions for the divergence and for the

| svat v=. MF (1-82)
7

a 1 3 (hzhy Sf 3 (hh, ofhay = [2 (tesF) ,2 (harintl ( hy 3g) tags he Sq)
| pig. 1-15. Path of integration for .

nds component 1 of the cut in curvilinear +2 (22#4)] (1-83)w coordinates. qs \ hy 8qy
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For cylindrical coordinates, vp = 28: , 9B, , 9B: (1-26)
ox) By” Ge

yp 19 (Ff) 1 oF, oF
F4~555 ap) pag?ae (84) ithe outward flux of B per unit volume ata point

: The divergence theorem states thatLa, af 1 oF a

a1 FF Mot, oF (1-85)
pap" ap" pag? * 32" [v-adv=| Bast, (1-28)

except on the z-axis. For spherical coordinates,
‘

sere sf is the area of the closed surface bounding the volume v,

ype O/H), 1 a of 1 of The line integralP45 (P5p) in 030 (856) *aeoa—? .

22, 7 coro ar 197, 1 of (87) [aa
ror or 88 ae rsin’ 8 ag* wer a specified curve is the sum of the B dl terms for each element dl

except, again, on the z-axis ol the curve between points a and b. For a closed curve C that bounds an
4 4 oe sented surface S (see footnote to Sec. 1.9), we have Stokes’ I.We have already seen in Sec. 1.10 that the Laplacian of a vector B in med surface 5 (see footnote to Sec. 1.9), we have Stokes’s theorem

Cartesian coordinates is itself a vector whose components are the fa . af (Vx B)-dst, (1-47)Laplacians of B,, B,, B,. Then A a

Vx (VX B)= (PB) BR (1-88) oe
a g z

is an identity in Cartesian coordinates. 3
With other coordinates, V°B is, by definition, the vector whose yxe- |2 2 2 (1-39)

components are those of ¥(V-B) — 7 x (¥ XB), and not the sum of the ox Oy az
Laplacians of By, By, By: BB, OB

V°B=V(V-B)-Vx(PXB) (1-89) the curl of the vector point-function B. The above surface integral
\yplies to any oriented surface of area of bounded by the curve C.

Vhe Laplacian is the divergence of the gradient:
1.12 SUMMARY 2 2

ve wpa 2b 2h, ot (1-50)The gradient Vf is a vector whose magnitude and direction are those of Ox? dy? az
the maximum rate of increase of the scalar point-function f with distance | he Laplacian of a vector in Cartesian coordinates is defined as
at a point.

The flux ® of a vector B through a surface of area of is the scalar WB= VBS + VBS + OBE (1-51)

In eylindrical coordinates (Figs. 1-10 and 1-11),o=| Beast (1-20)le r= pp +28, (1-58)
dr=dpp+pdoo+dz2, 1-58)If the surface is closed, the vector df points outward, by convention. wbleuad (158)

The divergence of B dv = pdpdo dz. (1-59)
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‘The formulas for the gradient, the divergence, the curl, and the ( 0) ae origin is at O, in the plane, and inside C. Show that the equation
Laplacian are given on the back of the front cover. These vector {b) The origin is at 0", again inthe plane, but ouside C. Show that the
operators are meaningless on the z-axis, where p = 0. equation is still vai

In spherical coordinates (Figs. 1-12 and 1-13), (c) The origin is at O", at some point outside the plane. Show that the
integral is again validrai,

dr=dré+rd00+rsinOdo >, (1-60) I-4. (1.2) The vectorr points from P’(x’,y’, 2’) to Plx,y, 2).
" (@) Show that if P is fixed and P” is allowed to move, then F'(I/r) =dv =P sin @ dr d0 do. (1-61) 417, where Fis the unit vector alongr.(b) Show that, similarly, if P” is fixed and P is allowed to move, then‘The vector operators for spherical coordinates also appear on the back of Vir) = Fr

the front cover. They are meaningless on the z-axis, where sin 0 = 0.

In other than Cartesian coordinates, one defines VB as follows: 1S. (1.6) (a) Show that P-r=3
. (b) What is the flux of r through a spherical surface of radius a?VeB=V(F-B)—~Vx(PXB) (1-89)

. 6. (1.6) Show thatWe shall have occasion to use several other identities, given on the

page facing the front cover.t [v9d0= [ fase,
where is the area of the closed surface bounding the volume v. You can
prove this by multiplying both sides by ¢, where eis any vector independent
of the coordinates. Then use Identity 3 (from inside the front cover) andPROBLEMS the divergence theorem.

17. (2.8) Sine is normalto B, it seems, offhand, tha1-1. (1.1) Show that the angle between A= 28 +39 +2 and B =i - 69 +2is ee ae ‘cena (0 5, H s9ems, offmnd, that Vx must be130.6

As a counterexample, show that (WX B)- B= 1 if B=) +2.1-2. (1.1) (a) Show that (A x B) + C is the volume of the parallelepiped whose

edges are A, B, C, when the vectors start from the same point. 18. (LILA) (a) Check, by inspection of Fig. 1-10, unit vectors in{Show that (AX C)-B= (AX.B)-C. Observe how the sign Caren so indi cordatsare itd talonschanges when the eyclic order of the vectors changes.

1-3. (1.1) Let C be a plane closed curve. Prove that the area sf enclosed by C Pm cOspetsingy, $= —singktcospy,  2=2
is given by (b) Deduce from this set of equations that

tif rxar F=cospp—singg, F=singptcspg, 2-22h’

You can check this second set by inspection,where the vector r goes from an arbitrary origin to the element dl on the

‘curve and where the positive directions for sf and for dl obey the 4 (1.11.2) (a) Check, by inspection of Fi' 2 eck, by inspecti ig. 1-12, that the unit vectors inright-hand screw rule. You can prove this as follows. Cartesian and spherical coordinates are related as follows:

1 See Jean Van Bladel, Elecromagnetic Fields, McGraw-Hill, New York, 1964, Appen: F=sin B cos @¥ + sin B sin 99 +005 08,
dixes 1 and 2, for an extensive collection of vector identities and theorems.

. , . -" Section number 4 = cos 8 cos PE +COS HSIN PH -sinBz, — G=-sinPs +cospy



8 VECTOR OPERATORS

(b) Show that

Jasin Osin 97 +005 Bsin gO +0099,  2=cos BF-sinod,
1-10. (11.2) A vector Fhas the same magnitude and ditection at all points in PHASORS

space. Choose the z-axis parallel to F. Then, in Cartesian and in cylindrical
coordinates, F = Fé

Express F in spherical coordinates.

‘COMPLEX NUMBERS ”

1-11. (1.11.2) Show, by differentiating the appropriate expressions for r, that | ADDITION AND SUBTRACTION OF COMPLEX NUMBERS u
the velocity ¢ in cylindrical coordinates is pp + p96 + 22, while in spherical > MULTIPLICATION AND DIVISION OF COMPLEX NUMBERS u

coordinates it is # + 706 +r sin 896. Exumples 2
1-12. (LIS) A force F is of the form (K/r)#in spherical coordinates, where PHASORS *K isa constant. Is the field conservative? USING PHASORS “

Example: SOLVING 4 SECOND-ORDER LINEAR

1-13, (1.11.6) Show that, in cylindrical coordinates, DIFFERENTIAL EQUATION WITH PHASORS, as

%) Mom) FoWph)=2, 6) PHUGAI=0, FRODUCTS OF HASONS, *
; 3 ”

SUMMARY »

1-14, In the coordinate systems that we have used until now, vectors and the OBLEMS “0
operator ¥ all have three components, However, in relativity theory
(Chaps. 13 t0 17), it is often more convenient to consider only wo
components, one that is parallel to a given direction and one that is
perpendicular, For example, one writes that r= +,

If the chosen direction is the x-axis, then

nest and raypeat ‘his short chapter discusses a second mathematical prerequisite for the
tunly of electromagnetic fields, namely, phasors.

Also, P= Fy4+¥., with One uses phasors to represent quantities that are sine or cosine
‘wnetions of the time, or of space coordinates, or of both.

> 38 The functions sin cr and cos wt play a major role in modern technol-

Wats a5 +85, x, mostly because of the relative ease with which they can be
erated. They are also relatively easy to manipulate mathematically.

Then \il other periodic functions, square waves, for example, are much more
‘uiticult to generate and much more difficult to manipulate

Werveny. svathematically.
One often has to solve linear differential equations involving sine and

Show that ‘ovine functions with constant coefficients, As we shall sec, the use of

piuasors then has the immense advantage of transforming these
VeAR PAPA, PXASB)KALT PLATE KA ‘ntlerential equations into simple algebraic equations.

but first we must review complex numbers.



iy We have here a complex number expressed both in Cartesian form and in

bey polar form.
or aes I ais positive, then @ is in cither the first or the fourth quadrant. If a is

f wexative, @ is in either the second or third quadrant. Use the proper

, | wizle! For example, the argument of -1 + is 3/4, not —1/4.
| Note that

of Fig. 2-1. The complex number 2 + 3/ plotted x 3x 5 >
11. inthe complex plane. " ewizth  expia=-1, exp(-7F)=- exp2z=1. 29)

2.1 COMPLEX NUMBERS " z=atbj=rexpi6, (2410)
‘A complex number is of the form then the complex conjugate of 2 is

=a+jb, 2.
;

reat 1) zt =a—bj=rexp(-j0) 1)
where j =(~1)'? and where a and b are real numbers, such as 2.5, 3. of

=10. Complex numbers can be plotted in the complex plane, as in Fig To obtain the complex conjugate of a complex expression, one changes
2-1. The quantity a is said to be the real part, and bj the imaginary part, the sign before j everywhere. For example, if
of the complex number. a+hj a-bj
One can express complex numbers in Cartesian form, as above, or in reg? then (2:12)

polar form, as follows. First, erg ed

2 =a +bj=rcos 0 + jrsin 0 = r(cos 0 + jsin 8), (2-2) 2.1.1 Addition and Subtraction of Complex Numbers

where With complex numbers in Cartesian form, one simply adds or subtracts
hhe real and ima; r telpa(areby? es)

the real and imaginary parts separately:

is the modulus of the complex number z, and the angle @ is its argument. (a+ bj) + (+ di)= (atc) +(b + dy @13)
With the angle 0 sed in ra

ith the angle © expressed in radians, 1 the numbers are in polar form, one first transforms them into Cartesian
coso= 1-24 28, 2 ‘orm

sl-atg et (24)

eee 2.1.2 Multiplication and Division of Complex Numbers
sin O= Oe at (2-5) In Cartesian form, one proceeds as follows:

@ je’ 58°
expjO=1+j0—sart at Spm (2-6) (a + bj(c + dj) = (ac — bd) + (ad + be)j, (2-14)

and a+ bj (at ble-d)_(ac+bd)+(ad +b) a 45)
cos 0 + j sin @ = exp j0. 7 etd) (c+ dje—dj) Ore

Of course, jxj= =I, §xjxj=—j, ete In polar form,
Thus, from Eq. 2-2,

2=a+bj=rexpj0. 28) (7, exp 0,)(rs exp j82) = nr2exp (0, + 82), (2-16)
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rexpi®, ri 1= 1,008 0 (224)

eT =" exp il, ~ 02) 17)semp is We have set «=0 for simplicity. Therefore

Remember to express the angles in radians. f= Re(i, cxpjot)= Rel, 25)

Examples (+5) +@-3) =642i, 18) where the operator Re means “Real part of what follows.” The quantity
(4+ S97 = (16-25)+ 40) = ~9+ 40) 19 in parentheses is the phasor I of Fig. 2-2

ee oe oe ee sy onTe GTSE) TT TL 0B}, 20) I= exp jot = 6050+ sino. (2-6)
(sexp/2)(2ex/2) = 1wexp/ 5. ea So the phasor I is equal to the variable / plus the parasitic imaginary term

2 ® ly Si ont.
Sexp(jx/3) x Then

Spurl - > sexp ( 17) 222)Zexp (x72) 6 a a w
os OS jal, =(joyt=-0', T= (joyt, ete. (227)2.2 PHASORS a Ih ge I ae

Electric currents and voltages, electric fields, and magnetic fields are ‘You can earily check that
often sinusoidal functions of the time, For example, an alternating current a a
is of the form Re(joh= 4, Re(-w=4 ete (228)a de

I= Ip cos (wt +a), (2-23) In other words,

where J, is the maximum value of the current, w = 22f is the circular, oF Rel=/, (2-29)

angular, frequency, and f is the frequency. The quantity in parentheses is a al
the phase, or phase angle, a being the phase at t= 0. Re Ht Re jot =", (2-30)‘The point I of Fig. 2-2 rotates on a circle of radius J, in the complex dt a
plane at an angular velocity «, Then its projection on the real axis is a ei

tad "I=s5. 3:Refa=Re(jujl=4a, ete (231)
al

=e Therefore, if one replaces the variable / by the phasor |, then the

— Hh operator d/de becomes a factor jw, and a differential equation involving
/| \ time derivatives becomes an algebraic equation!
vA A phasor can be multiplied by a complex number:

a -|fa (a+ Bj) = (a + bj)ly exp jot = rly exp j(wt +8), (2-32)
Fig. 22. Point lin the complex where ris the modulus of a +bj and @ is its argument.
plane describesa circle of radius One can also divide a phasor by a complex number:| 1, about the origin O. It

| represents the phasor ., exp jot tL

Its projection on the x-axis is nnexp (wr - 0) 2.| Ineosen arn 7 OPK) es)
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Instead of having a cosine function of the time 1, one might have a q
cosine of a coordinate: | —

| HU
Ecos : aE

= Eq coske. (24) Lor oe
The corresponding phasor would then be oonhoc 4pm

st

E=F,, exp ike (2:35) «)

In a wave, one has a cosine function of both ¢ and, say, 2: Fig. 2-3. Mass m subjected toa force F = F, cos ot, ta restoring
» force ~kx exerted by a spring, and to a damping force ~b dr/dt

exerted by a dashpot. At rest,x =0E= E,, cos (wt ~ kz), (2-36)

where k is the wave number. This wave travels in the positive direction of Example | SOLVING A SECOND-ORDER LINEARthe z-axis, See AppendixC. In phasor form, DIFFERENTIAL EQUATION WITH PHASORS
One of th common types of differential equationis theE= Ey expitwi ke) ean One of the mos common spe of rental uation fh

and 2

mo 6B sx = coset (2-42)Faint, Toe 2:38 aale Ge 238) Here all the terms are real. This equation describes, for example,
the motion of a mass m subjected to the applied force Fy 60s wt,

Vector quantities can also be expressed in phasor form. For example, a to a restoring force —kx, and to a damping force —bu, a in Fig.
fore could be a conine function of time. 2.3: the product of the mass m by the acceleration d2x/dis equal

to the sum of the applied forces

F=(F, cos wt)é 239) The steady-state solution is of the form x, cos (w + 8), where
4m is the amplitude of the motion. It is a simple matter to solve

‘Then this equation with phasors. We use the phasor

F=(F, exp joni (2-40) x= x, cxpj(ot + 0), (2-43)
is both vector and a phasor whose real partis the displacement x. We also set

F =F, expjot. (44)2.3 USING PHASORS

Substitution into the differential equation is trivial:

To use phasors, one first expresses the sine or cosine functions in the "
form x,, cos (wt+ 8), and then one uses the phasor Tmo + bjax + lex=F (245)

and

X= EXP j(OE-+ 8) = Xp C08 (Wt + 8) + jt Sin (wt +8). (2-41)
F

One then performs the calculation with the phasors. ‘The result almost "ate (2-46)
invariably stays in phasor form. However, if one requires a real function,

one simply rejects the imaginary part. = Thus, expressing the denominator in polar form,
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= -- bo a, A=A,,coswt and B= B,,cos (wt + 8). (2-54)
"“[komo}+boye 9 = ~arctang—s. 247)

Then the time-averaged value of their product is

‘The actual displacement is the real part of the phasor x, or A,, (COS @t)B,, cos (cot + 8))
= Yu COs (cot + 8) (2-48) = (An Bm 608 (t(cos «wt cos O sin wtsin)) (2-55)

2.4 PRODUCTS OF PHASORS = (ApB(C08? ct cos8 — cos at sin at sin 8), (2-56)
ex ° where the signs (---) mean “average value of.” Now the average valueOne often requires the average value of the product of two sinusoidal ‘of cos? wr over one full cycle is }, as we saw above, while the average

quantities. Now if one tries to multiply phasors, one runs into trouble.
. value of cos wf sin wt is zero. Then

Consider a simple example. Suppose an alternating voltage V = V,, cos wt

is applied across a resistance R. Then [= (V,,cos wt)/R. The instan- (Ap (COS Wt)By, C08 (Wt + 8)) = 4ABy COS O = Arn, Byms 608 8. (2-57)taneous power dissipated in the resistor is

If one uses the phasorsV3, cos? wtPos = IV ROE, (2-49) A=A, expjot and B=B,,expj(wr +0), (2-58)
and the average power is then the average value of the product of their real parts is given correctly

by

Vin _ ViewPuRR” (2-50) } Re (AB*) =} Re (A,,(exp jot)B,, exp [-j(wt + @)]} (2-59)
, =} Re [A,.By exp (—78)] = 44,.B, COS0 (2-60)the average value of cos’ wt being |, Here Vis is the root mean square

voltage, or the square root of the mean value of the square of V = ArmsBrms 608 8, (261)

v, ay above.Vor = 313 = 0.707V (2-51)
2.5 QUOTIENTS OF PHASORS

for a sine or a cosine function.

If one uses the phasors Dividing one phasor by another of the same frequency yields a complex

v number:
:-m EXPjtV=Vqexpjor and p="SPJOE (2-52) nexpi(wt+a)_nPy R rexp lot + a) 1 ia py, (2-02)

rexpj(+B) rethen

V2, exp 2jeot 2.6 ROTATING VECTORS
e— (2-53)

If one expresses a rotating vector in phasor form, one runs into another

whose real part (V3,/R) cos 2wt is neither the instantaneous nor the kind of trouble. Suppose
average power. So phasors must not be multiplied in this way.

Suppose one has two sinusoidal quantities of the same frequency . E=2E,, 00s wt + §Eq sin wt. (2-63)
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jokb 2.8 SUMMARY
SE

H A complex number z is of the form a + bj, where j=(—1)" and a and b
H

are real numbers. It is the custom to plot complex numbers in the

G i complex plane as in Fig, 2-1, and thus

rata - —_ z=a+bj=rexp (0). (2-8)
1

The complex conjugate of a complex number is its mirror image with

Fig. 2-4. The vectorE hasa constant magnitude, but rotates counterclockwise at respect to the real axis:an
anguiar velocity of « radians/second. Its time derivative is dE /dt, or joE, inthe direction shown. Its second time derivative is ~°E. zt =a—bj=rexp(~j0). (2-41)

Addition and subtraction of complex numbers are simpler with the

‘Then the vector E rotates in real space as in Prob. 2-10 and Fig. 2-4, and Cartesian form:
dE dt is perpendicular to E.

In phasor form, (a+bj) +(c+dj)=(a+c) +j(b +d). (2413)

- However, multiplication and division are simpler with the polar form:E= E,,(exp jur)i + E,, exp j(wt ~2)5 (2-64)
; (r: exp 0,)(rs exp 02) = nrsexp (0, + 82), (2-16)and

rexpi®,_r
UEXP/O11 045 (0,— 03). 2-17)‘ expo, roll ). (2-17)

ar 10. (2-65) If one has to deal with the time derivatives of a quantity of the form
1 = 1,, cos wt, it is usually advisable to substitute the phasor

‘This equation is correct. The trouble here is that it appears to say that
dE /dt is collinear with E, which is wrong, as one can see from the figure 1 Ly, exp joo = ly COS 1 + jy Si Ot. (2-26)

The factor j rotates a phasor by +2/2. Then
2.7 NOTATION

A a ”

Sajal, s=-0t, <= (joy, (2-27)‘We have used boldface sans-serif type for phasors, and the usual lightface dt ar de
italic type for the other variables. However, it is customary to use
lightface italic type for phasors, as for any other variable, and to omit the with the understanding that only the real parts are meaningful.
operator Re. So, in practice, we write The phasor

dx dx, E= E,, exp j(wt ~ kz) (237)xexnexpjot, Tajor, =-o'r, ete, (2466)it ar epresents a plane wave traveling in the positive direction of the z-axis,
where & is the wave number. The quantities E and E,, can be vectorswith the tacit understanding that the imaginary parts are parasitic. Then E is both a phasor and a vector.
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‘One occasionally requires the time average of the product of two ' "

sinusoidal quantities of same frequency such as J and V in an alternating- |current circuit. This is given by } Re IV*, where I and V are phasors. | ™,
The ratio of two phasors, again of the same frequency, is a complex at

number.

PROBLEMS ~ f -_ t

21. (2.1) Complex numbers in polar form are often written as r2, where ris im
the modulus and @ is the argument, expressed in radians

Express1+2/ in this way “y1

2-2. (2.1) (a) Express the complex numbers 1 +2j, -1+2j, -1-2j, and |
1~2) in polar form \_f/ \

(b) Simplify the following expressions, leaving them in Cartesian coordi- | , 7 5 '
nates: (1+ 2/)(1= 2/), (1+ 2), ML+ IP, 1+ M1 ~ 3), : | if2-3. (2.1) What happens to a complex number in the complex plane when it is wo ary -
(a) multiplied by j, (b) multiplied by j°, (c) divided by j?

Fig, 2-5,2-4. (2.2) Find the real parts of the phasors (1+3j)expj(ot+2) and

lexp it + 2))/(1 +3) if a is positive. Then the point a + bj lies in either the first or the fourth
2-5. (2.3) Solve the following differential equation by meansof phasors: quadrant. If positive, be carefulto use the proper angle (Sec. 2.1).2-10, (2.6) Show that the phasor V = VL exp jor + § exp (ox ~ /2)] repre-

x de sents a vector of constant magnitude V,, that rotates in the positive
AGE 8 ay AE = Scone direction in the xy-plane at the angular velocity

2-6, (24) Find the ems values for the waveforms shown in Fig. 25.

2-7, (24) A certain electtc circuit draws a current of 1.00 ampere rms when it
is fed at 120 volts rms, 60 hertz. The current lags the voltage by 2/4 radian

(a) Express V and / in the form of phasors, and calculate the time-
averaged power dissipation

(b) Now calculate the power Vim fm 6088, where 6 is x/4
2-8. (2.5) Find the value of

5.14exp (wt +3)I Texpilor+5)

29. (2.5) Show that

vps bIn(a +b/)=$1n(a? + 6°) + j arctan”
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CHAPTER 3 um
Zn” Fig. 31, Charges Q, and Q,

| , separated by a distance r

ELECTRIC FIELDS I Coulomb's law gives the force Fy
exerted by Q, on Q, if Q, is

Coulomb’s Law and Gauss’s Law . stationary

Fy= 2054,, 6)3 COULOMB'SLAW 2 Ancor
ALL THE AMPERE 44

32. THE ELECTRICFIELD STRENGTH E 4 where the unit vector fs points from Q, to Qn, as in Fig. 3-1. This is3.3. THE PRINCIPLE OF SUPERPOSITION 45 Coulomb's law.t The force is repulsive if the two charges have the same
34 THE ELECTRIC POTENTIAL VAND THE CURL OF E46 ‘vn, and attractive if they have different signs. The charges are measured
34.1 THE ELECTRIC POTENTIAL VATA POINT a8 sn coulombs, the force in newtons, and the distance in meters. The
35. THE ELECTRIC FIELD INSIDE AND OUTSIDE constant €y is the permittivity of free space and has the following value:

MACROSCOPIC BODIES 49

36 EQUIPOTENTIAL SURFACES ANDLINESOF B50 ca 8854187817 x 107" farad/meter G2)37 GAUSSSLAW 50

Example: THE FIELD OF A UNIFORM SPHERICAL.

ChakGe DistRipunon ae Substituting the value of ¢, we find that
Example: THE AVERAGE POTENTIAL OVER A SPHERICAL SURFACE

EARKOHAWS THEOREM kyx9x 10°22 pewtons, os)
Example: THE AVERAGE F INSIDE A SPHERICAL VOLUME r

CONTAINING APOINT CHARGE Q 56

34 SUMMARY 57 where the factor of 9 is too large by about one part in a thousand
PROBLEMS 38 We shall not be able to define the coulomb until Chap. 22. For the

swoment, we may take the value of €9 to be given, and use this law as a

iwovisional definition of the unit of charge

1 wi s Coulomb’ “ 0. areIn Chaps. 3 to 12 we study the electric fields that result from Fo what extent does Coulomb's law remain valid when Q, and Qy ar
accumulations of electric charges. The charges are usually stationary. not stationary
When the charges do move, we assume that their velocities and °

accelerations are small. This ensures that the electric fields are nearly the 1) If Q. is stationary and Q, is not, thenSeutomb's law oo anesame as if the charges were stationary. We also disregard magnetic fields. torce on Qp, whatever the velocity ot Qs. his i an experimental fact.
This first chapter on electric fields concerns Coulomb's and Gauss’s Indeed, the trajectories o} are Pare ow culated on thatlaws. Both are fundamental and well established. rectrographs, ‘mad fon acoslerators are invariably calculated co tha

3.1 COULOMB'S LAW,

(2) If Q, is not stationary, Coulomb's law is no longer strictly valid.

Experiments show that the force exerted by a stationary point charge Q, -

‘on a stationary point charge Q, situated a distance r away is given by The exponent of r isknown to be equal to2 within one part in 10".
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Coulomb's law applies to a pair of charges situated in a vacuum, It also Fs Qe
applies in dielectrics and conductors if Fay is the direct force between Q, F.= O," ameart? —Nemtons/coulomb, or volts/meter, (3-5)
and Q,, irrespective of the forces arising from other charges within the

medium. where 1 volt equals 1 joule/coulomb. The field of Q, is the same,
With extended charges, “the distance between the charges” has no whether the test charge Qs lies in the field or not, even if Qy is larger

definite meaning. Moreover, the presence of Q, can modify the charge than @,
distribution within Q,, and vice versa, leading to a complicated variation “

of force with distance 3.3 THE PRINCIPLE OF SUPERPOSITION
Electric forces in nature are enormous when compared to gravitational

forces, for which It there are several charges, each one imposes its own field, and the
resultant E is simply the vector sum of all the individual £’s. This is the

F =6,67259 x 19-1) Mette (4) principle of superposition.
r For a continuous distribution of charge, as in Fig. 3-2, the electric field

For example, the gravitational force on a proton at the surface of the sun strength at (x, y, 2) is
(mass= 2 10 kilograms, radius= 7 x 10" meters) is equal to the elec- 1 (petric

force between one proton and one microgram of electrons, separated E=x=! dv’, (36)by a distance equal to the sun’s radius. Or the electric repulsion between ied

two protons (mass = 9.1 x 10°"! kilogram) is about4.2 x 10” times larger ryt ofthan ther gravitational attraction. = where p is the volume charge density at the source point (1x', y’, 2’), as
P it ce pointThere are two reasons why, fortunately, we are not normally conscious 1 te ae ne Pee pointingfrom ne ee Oeof the enormous electric forces. First, ordinary matter is truly neutral, or r(x’, y', 2’) to the fie pou ee veme dc’ dy’ ds’. If there extso it seems, Experiments have shown that no atom or molecule carries a two points, anddu’ is the elemen y 1 withcharge greater than 10-*” times the electronic charge. Second, the surface distributions of charge, then we must add a similar integral,wit

mobility of some of the electrons in matter prevents the accumulation of
any appreciable quantity of charge of either sign.

|3.1.1
The Ampere aeIf charge flows through, say, a wire at the rate of 1 coulomb/second, then ten

the current is 1 ampere. This is not an appropriate definition of the | ya -
ampere, because it rests on the above provisional definition of the \ a
coulomb. See See. 22.3.1. \ ry

3.2 THE ELECTRIC FIELD STRENGTH E | ee
The force between two electric charges Q, and Q, results from the JS
interaction of Q, with the field of Q, at the position of Qs, or vice versa.

We thus define the electric field strength E at a point as the force

exerted on a unit test charge situated at that point. Thus, at a distance r tig. 32. Charge distribution of volume density p occupyinga volume v'. Thefrom charge Q,, Te at of volume at P'(r" 9", 2°) has afielddl at PCs, 9.2)
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p replaced by the surface charge density o and vu’ by the area «f’ of the / y /

charged surfaces. y ¥ j
3.4 THE ELECTRIC POTENTIAL V AND

THE CURL OF E /
|

Consider a test charge Q' that can move about in an electric field. The /
energy # required to move it at a constant velocity from a point A to a a Fig. 3.3. The potential

point B along a given path is potas aged tothe line apa
» SLE atom At B, where Biee , thee! strength ande=-f EQ’ dl G7) LVe v2 > fam clement ofthe path along,

‘hich the integral runs. The light

Because of the negative sign, @ is the work done against the field. We lines are lines of E.
assume that Q’ is so small that it does not disturb the charge distributions

appreciably. ;
TT the path is closed, the total work done on Q is We can now show that the work done in moving a test charge at a

constant velocity from a point A to a point B is independent of the path.

ee feo wal es Let m and n be any two paths leading from A to B. Then these two pathstogether form a closed curve, and the work done in going from A to B

along m and then from B back to A along n is zero. Then the work doneLet us evaluate this integral. We first consider the electric field of a in going from A to B is the same alongm as it is along n.single stationary point charge Q. Then Now let us choose a datum point R(x», Yo, 2»), and let us define a
scalar function V of P(x,y, z) such that

° v= E-dl. Gan)>

Now the term under the integral on the right is simply dr/r?, or —d(1/r).
But the sum of the increments of I/r over a closed path is zero, since r This definition is unambiguous because the integral is the same for all
has the same value at the beginning and at the end. So the line integral is paths leading from P to R. Then, for any pair of pointsA and B,
zero, and the net work done in moving Q' around any closed path in the os »
field of Q, which is fixed, is zero. -{ VV -dl=V.—V» -f E-dl, (3-12)If the electric field is that of some fixed charge distribution, then the a “

line integrals corresponding to each individual charge of the distribution
are all zero. Thus, for any distribution of fixed charges. vs in Fig. 53, and therefore

E=-Vvv. (3-13)fe -dl=0. (3-10)
The electric potential V(x, y, 2) describes the field completely. The

negative sign makes E point toward a decrease in V.An
electrostatic field is therefore conservative (Example, Sec. 1.9). This Note that V is not uniquely defined, because point R is arbitrary. In

important property follows from the fact that the Coulomb force is a fact, one can add to V any quantity that is independent of the coordinates
central force: the force in the field of a point charge is radial without affecting E.
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From Eq. 3-10 and from Stokes’s theorem (Sec. 1.9), For some geometries, this integral diverges. Then one calculates E

VxE=0, ow directly, after which one integrates to find V.

Thi “ 3.5 THE ELECTRIC FIELD INSIDE AND OUTSIDEis is also obvious from the fact that MACROSCOPIC BODIES

VxXE=-Vx PV =0. (3-15) Macroscopic bodies consist of positively charged nuclei and negative
Remember that we are dealing here with static fields. If there were clectrons. This brings up three questions

time-dependent currents, 7X E would not necessarily be zero, and — PV
would then describe only part of E. We shall investigate these more (1) Can one calculate the field ouside an electrically charged body by
complicated phenomena later. issuming that the charge distribution inside the body is continuous? If so,

then one can calculate the field by integrating over the charge distribu-
3.4.1 The Electric Potential V at a Point tion. Otherwise, one must find some other form of calculation.

Equation 3-12 shows that E concerns only differences between the Iti, in fact, usually appropriate to treat the discrete charges carried by
potentials at two points. When one wishes to speak of the potential at a nuclei and by electrons within macroscopic bodies as though they were
given point, one must arbitrarily define V in a given region of space to be continuous. Even the largest nuclei have diameters that are only of the
zero. In the previous section, for instance, we made V equal to zero at order of 10 ™ meter. Nuclei and electrons are so small and so closelypoint R, When the charges extend over only a finite region, it is usually packed, compared to the dimensions of ordinary macroscopic objects,
convenient to choose the potential V at infinity to be zero. Then, at that one may assumea smoothly varying electric charge density measuredpoint P, in coulombs per cubic meter or per square meter.

. (2) Now what about the electric field inside a charged body? Clearly

v =f Edt (3-16) the electric field strength in the immediate neighborhood of a nucleus or
. of an electron is enormous. Also at a given fixed point, this electric field

‘The energy @ required to bring a charge Q from a point where V is changes erratically with time, since the charges are never perfectly
zero, by definition, to P is VQ. Thus V is £/Q, and the unit of V is Mationary. It is not useful for our purposes to look at the electric field as
| joule/coulomb, of | volt, closely as that. We shall be satisfied to calculate space- and time-averaged

Ifthe field is that ofa single point charge, then salues of E and V inside a charged body by assuming a continuousulistribution of charge.

ve f Q dr__Q- (17) (3) Is it, then, really possible to define the electric field at a point P|, Ancor 4n€or inside a continuously distributed charge? It appears at first sight that the

IV contributed by the charge element p du’ at P is infinite, since r isThe sign of this V is the same as that of Q. ‘ero. In fact, it is not infinite.

‘The principle of superposition applies to V as well as to E, and for any Consider a spherical shell of thickness dr and radius r centered on P.
charge distribution of density p, Ihe charge in this shell contributes at P a dV of (427° dr p)/(4x€or)=rdrp. Another shell of smaller radius contributes a smaller dV. The

yeipd’ (aay) cleetric potential V therefore converges, and the integral is finite. Aaxed or umilar argument shows that E also converges.

One can therefore calculate the electric fields of real charge distribu-

with r as in Fig. 3-2. The volume u’ encloses all the charges. If there are ons by the usual techniques of the integral calculus, both inside and
surface charges, one adds a surface integral outside the distributions.
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3.6 EQUIPOTENTIAL SURFACES AND LINES OF E To find the outward flux of E, we integrate over the area of, or over a

solid angle of 42x. Thus
The set of all points in space that are at a given potential defines an

equipotential surface. For example, the equipotential surfaces about a [ reat -2 (321)point charge are concentric spheres. Since EF = —VV (Eq. 3-13), E is le € 7
everywhere normal to the equipotential surfaces (Sec. 1.2).

If we join end-to-end infinitesimal vectors ds pointing in the direction If Q is outside the surface at P", the integral is equal to zero. The solid
of E, we obtain a line of E that is everywhere normal to the equipotential ingle subtended by any closed surface (or set of closed surfaces) is 42x at
surfaces. We shall return to lines of E in Sec. 6.5.1. ‘point P" inside and zero at a point P” outside.

If more than one charge resides within v, the fluxes add algebraically
3.7 GAUSS’S LAW ind the total flux of F leaving v is equal to the total enclosed charge Q

divided by € 9:

Gauss’s law relates the flux of E through a closed surface to the total .

charge enclosed within that surface. | F-aa= 2 (3-22)
Consider Fig. 3-4, in which a finite volume v bounded by a surface of “ €0

encloses a charge Q. We can calculate the outward flux of E through sf fis ie Gauss's law in integral form.+
as follows. The flux of F through the clement of area dif is S e

If the charge occupies a finite volume, then

QO rd r -

Edt Gs) [e-aa=2[ oa, (3-23)P eo

Now F- def is the projection of def on a plane normal to #. Then where of is the area of the surface bounding the volume v, and p is the
e clectric charge density. We assumed that there are no surface charges onE-dst

= 77— d9, (3-20) he bounding surface.
° If we apply the divergence theorem to the left-hand side, we have that

where dQ is the solid angle subtended by df at the point P’ . 1
v-Edv=2 [ pdv, (3-24)

wl
A Since this equation applies to any finite volume v, the integrands are

equal and

K »
y\ vipa? (3-25)

ow

) at every point in space.

\ Ee + We have followed the usual custom of starting out with Coulomb's law and then
—

deducing from it Gauss law. This procedure seems rational enough, but the latter law is,Fig. 3-4. A point charge Q located inside a volume v bounded by the surface of in fact, more gencral. Indeed, Gauss's law applies to moving charges, whatever be theit
area sf. Gauss's law states that the surface integral of E - dsf over fis equal to selocity or acceleration, while Coulomb's law, a stated in Sec. 3.1, is valid only if Q, is
Q/eq. The vector ds points outward. stationary
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‘This is Gauss’s law in differential form. Observe that it relates the local o*

charge density to the derivatives of E, and not to E itself. *
When it is expressed in differential form, Gauss’s law is a local law in

that it relates the behavior of E in the infinitesimal neighborhood of a
given point to the value of the charge density at that point. However, my A

when it is expressed in integral form, as in Eq. 3-22, Gauss’s law is bes H
nonlocal, because it concerns a finite region and not a specific point in I

space. | v
Many laws of nature, in particular the fundamental laws of electromag- ons

netism, can be formulated in two such equivalent forms, one local and .
‘one nonlocal. With the local forms of physical laws, in the guise of £
differential equations, one views phenomena as the result of processes

occurring in the immediate neighborhood of every point in space. i + S ,

Example | THE FIELD OF A UNIFORM SPHERICAL ‘Fig. 3-6. The potential V and the electric field strength E asCHARGE DISTRIBUTION functionsof the radial distance r from a spherical chargeA spherical charge distribution has a radius R and a uniform distribution of radius R and volume charge densityp.density p, as in Fig. 3.5. Let us find E and V as functions of the

distance r from the center of the sphere. By symmetry, both E andVare independent of the spherical coordinates @ and . Inside the sphere, at P*, the charge enclosed by the imaginary
By symmetry, E is radial. It points outward if Q is positive sphere is Q(/R)’. Using again Gauss’s law, we find that
(a) The electric field strength E ,
Outside the charge distribution, at P* where r > R, we imagine a ga QU/RY Or pr (28)

sphere of radius r and surface area 47°. The enclosed charge is 4x67" ane” 36

Q= taR’p. (3-26) Figure 3-6 shows E as a function of r.
Note that E,= E, at r=R. This is in accordance with Gauss’sFrom Gauss's law, law because a spherical shell of infinitesimal thickness just inside

oe
the surface of the sphere carries zero charge.

--2,-%2 : (b) The electric potential V|
her Jer 627) ALP,

z because the field is the same as that of

a point charge Q at O.x To find the potential at P", we use Eq. 3-16:

f */ yer Vim [bdrm [ede [Bar 330)
eB “The last integral is simply the potential at r= R of a point charge

. Nwy Q situated at O, or Q/(4xeoR). Thus
ia * 2

e Sag =f Ore 2 2 32 :
SS v= ‘xe.R* GregR” aneR (Gam). 630

Fig. 3-5. Spherical charge distribution. See Fig. 3-6.
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Example THE AVERAGE POTENTIAL OVER A +
SPHERICAL SURFACE. EARNSHAW'S THEOREM AQ, sa |
As another illustration of the use of Gauss’s law, we shall prove Ba A \

that the average potential (V) over any spherical surface of radius aake Le)Rand centr O has ihe folowing two properties if here a no NS Ee
charges inside, then (V) is equal to the value of V at the center J SP ho—Z JO. If there is a net charge Q inside and no charge outside, then ae
(V) is equal to O/(4x6,R), « ” ©

(a) Let us first think of a spherical shell of radius R carrying a
uniform surface charge density 0 and a total charge Q = 41R°0, as

in Fig. 37a. Then, from Gauss law, at some point P outside, at Pn ——

=[ 244 __@f dat a © oae
Fig. 3-7. (a) Spherical surface carrying a uniform charge

where af is the arca ofthe shell distribution 0. (b) Point charge Q outside an imaginary spherical

using these to valet of Vgies a prety peometic elation surface of ais R.() tmainary spherical surface iconcerning a sphere of radius R and a point P at a distance r > R charge-free region. The average potential over the surface is equalfrom its center: to the potential at the center. (d) Spherical surface carryingauniform charge distribution 0. Point P is situated inside. (e) Point

‘charge Q inside an imaginary spherical surface of radius R. (f)oA f oad oo Imaginary spherical surface enclosinga charge Q. The averageSeon 4a JAner potential over the surface is equal to Q/(4x€0R).
We now shift our attention to Fig. 3-7b. We now have an

imaginary sphere of radius R and a charge Q situated outside at a (b) We can proceed in a similar fashion to find the average
distance r. The left-hand side of Eq, 334 is equal to the potential potential over a spherical surface when the charges are inside.
at the center of the imaginary sphere, and the right-hand side is We start again with a charge Q spread uniformly over the
the average potential (V) on the spherical surface. So we have surface, as in Fig. 3-7d. At any point P inside, E is zero for the
‘demonstrated that, in Fig. 3-7b, the average V on the sphere is following reason, By symmetry, E, and E, are zero. To find E,,
just the value of V at the center. ‘we apply Gauss’s law to a concentric spherical surface having a

‘This result applies to any charge distribution situated outside radius smaller than R and thus enclosing zero charge. We find that
the sphere, as in Fig. 37c, because of the principle of E, =0. Then E =0 inside, and the V at a point P inside is equal to
‘superposition (Sec. 3.3). the V at the surface, namely, Q/(4x¢5R). So, at P in Fig. 3-7d,
Now imagine for a moment that there isa potential maximum at

some point O in a region where p =0. Then the average potential y-2 -f adel aaf Qua 33s;‘over some sphere centered on O must be lower than the potential Trek Jaxer aa Jeaxer OS)
at O, which is contrary to the above result. Thus there can never

be a potential maximum in a charge-free region. For the same The last term is just the average potential over the imaginary
reason, there can neverbe a potential minimum ether. sphere of Fig. 37e. So the average potential over a spherical‘This

is Earnshaw’s theorem. surface of radius R containing a point charge Q is Q/(4x¢0R),Itis occasionally desirable to create a potential well in space so Tegardless of the position of Q inside! The same applies to aas to trap either ions or electrons. Earnshaw’s theorem shows that Charge distribution Q of finite volume inside the sphere, asin Fig.
this is impossible with electrostatic felds Be
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Example | THE AVERAGE E INSIDE A SPHERICAL 7
VOLUME CONTAINING A POINT CHARGE Q \

Figure 38 shows an imaginary spherical whine of rads R \

containing a point charge Q at r, and a point P atr’ +r. We wish N\ \to find the average E inside the sphere. \ \First, at the point P, —— \
g-%, 636) | a
are es \ 7

Then, over the volume v of the sphere, the average E is

sy-t [2 ;

- [Badu (3:38)Anco} take Fig. 39. Positive charge@ situated atr’ inside an imaginarysphere. The average field of @ inside the sphere points in the‘Thanks to Gauss’s law, we can find the value ofthis last integral direction opposite to F’.without much effort. Suppose that, instead of having a single point

charge Q, we had a uniform charge distribution of density 7 clear from Fi
Q/(aR’). Then, from Coulomb's law, the E at r’ would be given | The reason for the negative sign should be clear from Fig. 3-9
by the term on the right in Eq. 3-38, and this is pr'/(3¢,), from
the example on page 52. \.8 SUMMARY

So, finally, the average E inside a spherical volume containing a

Charge @ situated at r’ is The force exerted by a stationary point charge Q, on a point charge Q,,

oF cither stationary or in motion, is given by(y= - 2, 3-39)

a Fay = 22286, 9 x 107 22205, +1)
eee, 4neor F

fo Ny where €)=8.85 x 10""*farad/meter, r is the distance between thev4 \ charges, and i is the unit vector pointing from Q, to Q,. This is
/ . \ Coulomb's law.
fk: \ We consider the force to result from the interaction between Q, and

| \ the electric field E, of Q, at the position occupied by Q,, and
\ o Sutif 7 yest\ = eo) a B= ei, (5)
\ ae 4neor
\ CetLy
\ whey where the unit vector # points away from Q,.

NS Seg” A current flowing at the rate of 1 coulomb/second has a magnitude of
Sa cone ee” lampere.
Sa According to the principle of superposition, two or more E’s acting at

Fig. 38. Point charge Q inside a spherical volume of radius R. the same point add vectorially.
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An electrostatic field is conservative: drop one by one between a pair of photocell. If the color i not right,

voltage is applied to a needle that deposits a charge on the seed. The seedsfe-a=o om then fall between a pair of electrically charged plates that defect the
. a 3 undesired ones into a separate bin. One such machine can sort peas at the

rate of 100 per second, or about 2 metric tons per 24-hour day.where C is any closed curve. It follows that (a) If the seeds fall at the rate of 100 per second, over what distance
must they fall f they must be spaced vertically by 20 millimeters when they

VXE=0 (3-14) pass between the photocells? Neglect air resistance.
(b) Assume that the seeds acquire a charge of 1.5 x 10-° coulomb, that

and that the deflecting plates are parallel and $0 millimeters apart, and that the
potential difference between them is 25,000volts. How long should the

E=-vv. (6-13) plates extend below the charging needle if the charged seeds must deflect, 3-13 by 40 millimeters on leaving the plates? Assume that the charging necdle
where and the top of the deflecting plates are close to the photocell

33. (3.4) Rutherford discovers the nucleusyah [ ee cos) in 1906. in the course of a histori experiment that demonstrated theGreg. or small size of the atomic nucleus, Rutherford observed that an alpha particle
(Q,=2%1.6% 10" coulomb) having a kinetic energy of 7.68% 10°

is the electric potential at a point P. Here p is the volume charge density, electron volts 0.osx we 1 oxpee rebounds coal) ina; , we . head-on collisionwith a gold nucleus (Q; = 79 x 1.6 x 10" coulomtris the distance between PCs 2) and the element of volume do’ at ace clon wit 9god putes (01579 L610 "coulomb(x', y’, 2"), and v’ encloses all the charges. This integral applies to potential energy is equal to the initial kinetic energy? Express your result infinite charge distributions and it assumes that V =0 at infinity. femtometers (10° mete).
Gauss’s law follows from Coulomb's law. In integral form, (b) What is the maximum force of repulsion?

(c) What is the maximum acceleration in g's? The mass of the alpha
0 particle is about 4 times that of a proton, or 4x 1.7 107” kilogram.

[e-aa-2, 21) .ls & 34, (3.4) Electrostatic ion thruster
Ton thrusters cortect either the attitude oF the trajectory of satellites.where @ is the net charge contained inside the closed surface of area The force exerted by a thruster is equal to m’v, where mi the mass ofIn differential form, propellant ejected per second and vis the exhaust velocity with respect to

the thruster

vee? 25 Figure 3-10 shows a schematic diagram ofa thruster that ejects a beam of&. charged particles. The propellant enters at P and is ionized in S. Electrodes
PROBLEMS

,; .

a a a

31. (3.)t Coulomb's law relay (i~\ A
“The force of atraction between two charges of 1 coulomb and of (WIG (See‘opposite signs, separated by a distance of 1 meter, is about9 x 10° newtons. r_{ Ha fe eeHow large is a cube of lead that hasa weight of 9 x 10° newtons? Lead Sic (oothas a density of 1.13 x 10" kilograms/meter’ \o\= ar ce

3-2. (3.4) Electrostatic seed-sorting device | QA\\S C7 (
It is possible to separate normal seeds from discolored ones and from “SS 3} +

foreign objects by means of a device that operates as follows. The seeds + se
on

ns a 7 Fig. 3-101Section number.
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A and B form a lens that accelerates the positive ions. A beam of positive ‘Show that, at a distance p from the axis in the region between the two
ions exits on the right at a velocity determined by the accelerating voltage conductors, E=A/(2neyp), where A is the charge per unit length on the
V. The ions of mass m carry charges ne, where ¢ is the magnitude of the inner conductor. The vector E points outward if 4 is positive
electronic charge. The current is 1. Electrons emitted by the filament F
neutralize the beam so as to prevent the satellite from charging up. 39. (3.7) |The force between a point charge and a line charge

(a) Show that the thrust is given by F = /[2Vm(ne)}!™ ‘A uniform linear distribution of charge of 2 coulombs/meter is situated
(b) What is the value of F for a 0.1-ampere beam of protons when st a distancer from « poiet charge © of opposite sign.V = 30kilovolts? (a) Calculate the force of attraction,
(© If Pis the power IV spent in acceleratin icles, show (b) Show that the force is the same as if the linear distribution were

) ps Pent in accelerating the particles, show that replaced by a single charge Q’ = 2Ar situated at the foot of the perpendicu-
“ lar drawn from Q.F=Q2Pm'y 22 (2)vo \nev, 410. (3.7). Proton beam

‘A 1.00-microampere beam of protons is accelerated through a difference‘Thus, for given values of P and m', the thrust is independent of the of potentialof 10,000volls. eschargetomass ttf the ions. OF, for a given PF & inversely (2) Calculate the charge density in the beam, once the protons have beenProportional
to v. The last expression shows that, for a given power accelerated, assuming that the current density is uniform over a diameter ofexpenditure P, itis preferable to use heavy ions carrying a single charge 200 millimeters and is zero outside.(n=

1) and to use as low an accelerating voltage V as possible (b) Calculate the radial E both inside and outside the beam.(4) If the electron source is turned off and if the beam current 1 is {c) Draw a graph of the radial E for values of r ranging from 0 to
ampere, how long will it take the body of the rocket to attain a voltage 10.0 millimeters

equal tothe accelerating voltage, if V is 50 klvolts? sume that the (a) The beam is situated on the axis ofa grounded cylindrical conducting
rocket is spherical and that it has a radius of Imeter. At that point the tube with an inside radius of 10.0 millimeters. Drawa graph of V inside thethruster ceases to operate because the ions follow the satelite. tobe.

355. (3.7) Possible and impossible fields (€) Calculate the electric charge density per unit length on the inside of
‘An electric field points everywhere in the z-direction the tube
(a) What can you conclude about the value ofthe partial derivatives ofE : 11, (3.7). The field of an atomic nucleusth tox,

, 2 (i) ifthe space sity pi ii) if pis contab) Sketch lines of and for one i = stom = pall —F/e’),sstemption that PREon onefF one imporsibefed, onthe 72a, whereps 5.0 10?coulomb/meterand a = 3.4 femtometes.(a) What is the total charge Q?

36. (37) The conduction electron density at the surface of electrically (b) Find E and V outside the nucleus. What are the valuesof E and V atcharged
copper the surface?‘A copper atom has a diameter of about 0.3 nanometer (6) Find E and V inside the nucleus. What is the value of V at the

(a) Calculate (i) the approximate number of atoms per square meter. (ii) center?
the approximate charge density that would result if each atom gained one (4) Show that E is maximum at r/a = 0.745,
free electron, and (i) the corresponding electric field strength (e) Draw graphs showing E/(2pq/15¢,) and V/(2ps/1S¢,) as functions

(b) The maximum possible electric field strength in air is 3x 10*volts/ of r for r/a=0to 5.meter.
How far apart are the excess electrons at that value of E? 12. (27) Van de Graaff sccelerator

37. (3.7). The earth's electric charge ‘A Van de Graaff particle accelerator has a high-voltage electrode
The electric field strength in the atmosphere near the surface of the earth ‘maintained under pressure in gaseous SF, in a metal tank. Iti possible to

is about 100 volts/meter and points downward. The potential increases with maintain much higher voltages in this way than if the electrode were in air.
increasing height, up to about 300,000 volts. This field is maintained by Assume that the electrode is spherical and that its radius is r,. Its voltage
thunderstorms, which deposit negative charge on the earth at the average is V. The tank has a radius r, and is grounded. The electric field strength is
rate of about 10° amperes. highest at the surface of the electrode, You are required to find values of r,

Calculate the electric charge carried by the earth and 7, that will minimize this E.

For a given value of 7, the optimum value of 1 is infinite, which is38. (3.7) The coaxial line absurd. Of course, cost, weight, and space limit r. So you must optimize r,

Figure 33-4 shows a coaxial line. for a given 1, which is 483 millimeters in one specifi case.
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(a) Show that E at the surface of the high-voltage electrode (r= ,) has a Show that, for any r, = 2arpME, where p is the space charge density

‘minimum value of 2V/r, when 7 = 15/2 El
(b) Explain qualitatively why there is an optimum radius r, (b) The drift velocity of the dust particles is given by Stokes's law: it is
(©) Identifying an optimum condition is not sufficient. You must also the force EQ divided by 6xna, where 1 is the viscosityof the gas.evaluate how critical the conditionis. So plot E/Vat r = r, for r; = 0.483 meter Show that their drift velocity v is 2egE*a/n.and for values of r; ranging from 100 to 400 millimeters. (©) Calculate 1, p, v, and the time required for a dust particle to drift
(2), Wat rang of values of, permissible if canbe 10% ager than from the cathode to the anode when .d = 2x 10 * meter'/(volt-second),
avin’ = 5 micrometers, and 1) = 2 x 10 * kilogram/(meter-second).(©) Caleulate 2V/r, for V = 5 x 10° volts and for the optimum r, “Thi simplified theory neglect turbulence, which s important in practice3-13. (3.7) The equilibrium potential at the surface of a star 3:15. (2.7) The expansion of the universe(a) Collate te scape energy for a parts of mass m and care in 193 Lyalcton so Bond sugested that he expansion ofthe wiversesitwated at the surface of star of mass M, charge Q, and radius R. could be explained on the basis of Newtonian mechanics if matter carries a

{b) Cala the equilibrium potential V ofthe star. Assume a sphere of tet electric chargefully ionized atomic hydrogen, with the electrons and protons at the same ize
temperature and zero net current. The fraction of the electrons, or protons, sonyee Cf mahem dusty N soon pot eds motel nad ensue‘hat

possess enough energy to escape is that the proton charge e, is equal to (1 +y)e, where e is the magnitude of

, the electron charge.exp(-scape Kinet energy) : (a) Find E at the radius R.AT (b) Show that, for y > 10°", the electric repulsion becomes greater than
the gravitational attraction, so the gas expands.

where & is Boltzmann’s constant, 1.37 x 10 * joule per degree. At equi- (©) Show that the force of repulsion on an atom is then proportional to
librium, the electron and proton currents are equal. It is this phenomenon its distance R from the center and that, as a consequence, the radial
that causes the solar wind velocity of an atom at R is proportional to R. Assume that the density is

(©) Show that V = 10" volts for the sun. ‘maintained constant by the continuous creation of matter in space.
This phenomenon does not appear to have any appreciable astrophysical (4) Show that the velocity v is R/T, where T is the time required for the

significance. Even giant galaxies have center-to-surface potential differences radial distance R of a given atom to increase by a factor of e. This time T
that are only of the order of 1000 volts, like the sun, can be taken to be the age of the universe

(c) In the Millikan oil-drop experiment, an electrically charged dropletFe
eeeae Precision so eliminate Gust particles from in of oil is suspended in the electric field between two plane horizontaldustrial gases, for example, to eliminate fly ash from the smoke of electrodes. It is observed that the charge cartied by the droplet changes by

coal-fired electric power plants. A corona discharge ionizes the gos, and integral amounts within an accuracy of about 1 part in 10" i
electrodes, where they collect. Periodically, the electrodes are shaken, and
the dust falls into a container. 416, (3.7) The volume average of E over a spherical volume is equal to the

In one type of precipitator, the anode is a grounded cylinder having a Value of E at the center. An alternative proof.
radius R of 150 millimeters, and the cathode is an axial wire maintained at a ‘We know that the force exerted by a uniform spherical charge distribu-
potential V of ~50 kilovolts. The gas ionizes,and ions of both signs form in tion on an outside charge is the same as if the spherical charge werethe corona discharge near the wire. The positive ions quickly reach the ‘concentrated at its center.
center wire, while the negative ions move out radially to the cylinder. The (a) Use this fact to show that the field of a point charge is such that its
space charge is thus negative over most of the volume of the cylinder. volume average over a sphere is equal to its value at the center.
Under those conditions, experiments show that E is approximately (b) Show that the same applies to any electrostatic field in a charge-free

uniform and equal to V/R for all values of r. If the dust particles are at region
least slightly conducting, they acquire a negative charge Q of 12n¢,Ea°,

where a is their radius. The charge is somewhat smaller if they are
nonconducting.

(a) Let I be the radial electric current per meter and # the mobility
(speed/E) of the negative ions.



41. THE EQUATIONS OF POISSON AND OF LAPLACE 65

4.1 THE EQUATIONS OF POISSON AND

4 OF LAPLACECHAPTER Let us replace E by — PV in Eq. 3-25. Then

ELECTRIC FIELDS II vy--2 oy
&

The Equations of Poisson and of Laplace. This is Poisson's equation. It relates the space charge density p at a given
Charge conservation. Conductors point to the second space derivatives of V in the region of that point.
4.1 THE EQUATIONS OF POISSON AND OF LAPLACE 65 In a region where the charge density p is zero,

Example THE FIELD OF A UNIFORM SPHERICAL vv <0, (42)CHARGE DISTRIBUTION 65

Example: THE VACUUM DIODE 66 .
which is Laplace's equation.OO

ARSE NYATION OF FLECTRIC ‘The general problem of finding V in the field of a given charge43 CONDUCTION 6 distribution amounts to finding a solution to either Laplace's or Poisson's

4331 RESISTANCE 70 equation that will satisfy the given boundary conditions.
Examples 71

4.3.2 CONDUCTION IN A STEADY ELECTRIC FIELD 72 Example | THE FIELD OF A UNIFORM SPHERICAL
4.3.3 THE MOBILITY . OF CONDUCTION ELECTRONS = 73 CHARGE DISTRIBUTION
434 CONDUCTION IN AN ALTERNATING ELECTRIC FIELD 74 Consider again a spherical charge distribution of uniform volume
4335 THE VOLUME CHARGE DENSITY pINACONDUCTOR 75 ensty p and radius R asin Fig. 35.
4.36 THE JOULE EFFECT 76 ‘Ouiside the sphere, p=0 and
44 ISOLATED CONDUCTORS IN STATIC FIELDS 77

Example: HOLLOW CONDUCTOR ENCLOSING A CHARGED BODY 77 v°V, =0. 43)
45 SUMMARY 78

$ Now, by symmetry, V, is independent of both @ and ¢. Therefore,PROBLEMS 79

from Sec. 1.11.6,

Poisson’s equation relates the local volume charge density p to the spatial 18/,a% 2 38¥0)_ 4rates of change of the potential V. This is again a fundamental relation. It FE (rPB)-0 Z(rB)-o. 4
follows immediately from Gauss’s law. Laplace’s equation is Poisson's,

with p equal to zero. Both equations serve to calculate electric fields. We MA pa A (45)
shall return to them in Chaps. 11 and 12. aor r

Charge conservation is an experimental fact. Whatever the circumstan- where A is @ constant of integration. This is in agreement with Eq.
ces, the net electric charge carried by a closed system is constant. We 3.27 with A= -Q/(4x6,).
shall frame that law in a simple mathematical form and then apply it a ‘Inside the sphere,
few sections later. We shall return to it on several occasions.

‘The major part of this chapter pertains to conductors. Ordinary electric py--2 4s)
conductors contain conduction electrons that drift in the direction  €0"

‘opposite to the applied E. We shall find, among other things, that this 13/,a%)__p
drift velocity is surprisingly low and that the net volume charge density is ag (rQ- er “
normally zero.
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3 (2.9%) __ oF 4s clectrons have zero initial velocity and that the current is nota (- =) nara 8) limited by the cathode temperature but can be increased at will by
, increasing V,,peep=+B, (49) Since V depends only on x, by hypothesis, Poisson's equationor Pe, reduces to

or B 2
Emap 4-10) v2

3.7 a7: (12)
where B is another constant of integration.

It is intuitively obvious that E, cannot become infinite at r = 0; where the electron space charge density p is negative. Thusso Bw nero and @°V dx’ is positive,but we have not yet foundp.Now p is equal to the current density divided by the electron

7 velocity v, soa (uy *3c,” bre aio

wa (413)as in the example in Sec. 3.7 on page 52 ewe

where J is the magnitude of the current density,Example | THE VACUUM DIODE By conservation of energy,
Let us find the potential distribution between the plates of a :

vacuum diode whose cathode and anode are plane, parallel, and mu nev, (414)separated by a distance s that is small compared to their linear 2
extent, as in Fig. 4-1

‘We assume that the cathode is at zero potential and the anode ‘where m is the mass of an electron and ~¢ is its electric charge:

at a positive potential V,. The hot cathode emits electrons that €= +1.6x 10" coulomb. Then
accelerate in the direction of the anode, We also assume that the

av J

a ~ ReVImy* os
Fh | To integrate, we multiply the left-hand side by 2(dV /dx) dx andFi bie the right-hand side by 2dV. Then

f Sag) AV)? _ AN mV /26)""a
Pity | (By -Seeonea, (4-16)ig gle ae | aere ion ee aR |

ae ia F ge where A is a constant of integration,
ia pi [ee ed We now find the value of A. At the cathode, V=0 and
ny te A F Be i A=(dV/dx)’. But dV/dx is zero at the cathode for the followingeae a reason. If one applies a voltage to the anode when the cathode is
Le [ee cold, dV /dx is positive and equal to V,/s. If now one heats the———P cathode, it emits electrons, there is a negative space charge, and

+ ov dV [dx decreases. As long as dV /dx is positive at the cathode, the=
emitted electrons accelerate toward the anode and cannot return

Fig. 4-1. Schematic diagram ofa plane-parallel vacuum diode. to the cathode. The current is then limited by the thermionic‘The cathode, on the left, emits electrons. An electron of charge emission and not by V... This is contrary to what we assumed at the=e drifts in the direction of the anode at a velocity v. We have beginning. However, if dV /dr was negative, electrons could never
shown widely separated electrodes for clarity. leave the cathode, and there would be zero space charge, which is
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absurd, So dV/dx can be neither positive nor negative. So itis and for electrons emitted with zero velocity. However, for any

ze10, and A is also zero. (However, see below.) Then geometry, J is proportional to V3.
Figure 4-2 shows V, E, and p as functions of x/s.av _4(1)7(m)" uw In an actual diode, the emission velocity ofthe electrons is finite$72) (gv an and there is @ potential minimum immediately in front of the

127m cathode. Only electrons with an initial velocity larger than a

vMeL. s(2) (2) +B. (4-18) certain value get past this minimum.“\eo/ ee.

- \.2 THE LAW OF CONSERVATION OF“The constant of integration Bis zero because Vis zero atx = 0. So y* ELECTRIC CHARGE

deo) \2e 5 Consider a closed surface of area of enclosing a volume v. The volume

Whenx =5, V=V,. Therefore <hurge density inside is p. Charges flow in and out, and the current

o lensity at a given point on the surface is J amperes/meter.vev(2) (420) It is a well-established experimental fact that there is never any neta
-eation of electric charge. Then any net outflow depletes the enclosed

Also, disregarding the sign of E, barge Q: at any given instant,

4V, (xy? d f dQ=th(¥ 42 -ast=—4[ pdy=—2e=$%(Z)", (21 fe at=—5{ pdv=—, (424)

Jn SeRelVE 2.33510 °UE amperes/meter, where the vector dif points outward, according to the usual sign.

an onvention,
lew. Applying now the divergence theorem on the left, we find that

San (423)
Ws"(x/sy ap

[v-sav=-[ Pav. (425)Equation 4-22 is known as the Child-Langmuir law. This law is hy ly Otvalid only f "lane-parallel diode with ne ible edge effectswalt

caly Sr @ plane-pern caligible edge We have transferred the time derivative under the integral sign, but then
‘se must use a partial derivative because p can be a function of x, y, z, as
well as of t.

20]

ole Now the volumev is of any shape or size. Therefore

opvere 2, (4-26)
to} -------------->>

e/e, V/V. Equations 4-24 and 4-26 are, respectively, the integral and differential
“

torms of the law of conservation of electric charge.
Taya

0 a to 1.3 CONDUCTION

. 4-2. The space charge density p, theelectric field strength E, tn gu tsFig 42eena ery seven rey meen mtat x00d conductors such as copper or aluminum, each atom possessesan enena: The sohecnpna retort the ‘ne oF two conduction electrons that are free to roam about in theValue ofthe variable at the anode. nate
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‘Table 41 Vv
R=7, (4-28)

Conductivity 0,‘Conductor ‘siemens/meter_ where V is the potential difference between the two electrodes and / is

‘Aluminium 3.54% 10" the current.Brass (65.8 Cu, 34.2 Zn) 1.59 x 10"

Chromium 3.8 107 Examples | For a eylinder of iy 1 a cylinder of cross section sf, length L, uniform conductivityConner Peter @, and with electrodes on the ends as in Fig. 43a,Graphite TAx 10

Iron 1.0 107 1= ot) = toe = 2, (4.29)
Mumetal (75 Ni, 2Cr, 5Cu, 18 Fe) 0.16x 107 LNickel 13x10"Seawater s

Silver 6.15 x 10” ATin 0.870 x 10" A .

Zine 1.86 x 10” , Ee
go og

2

Semiconductors may contain two types of mobile charges: conduction @ eS
electrons and positive holes. A hole is a vacancy left by an electron 33
liberated from the valence bond structure in the material. A hole behaves

as a free particle of charge +e, and it moves through the semiconductor
much as an air bubble rises through water,

.

In most good conductors and semiconductors, the current density J is
proportional to E:

J=0E, (4-27) «
where @ is the electric conductivity of the material expressed in siemens

per meter, where I siemens’ is 1 ampere/volt. This is Ohm's law in a Lege
more general form. As we shall sce later, an electric conductivity can be SF
complex. We shall find a still more general form of Ohm's law in Chap. eg“na
23. Inner radiusR, i

Table 4-1 shows the conductivities of some common materials user rasRs ae Aa
Ohm's law does not always apply. For example, in a certain type of PO

ceramic semiconductor, J is proportional to the fifth power of E. Also Ne
some conductors are not isotropic.

4.3.1 Resistance

If Ohm's law applies, the resistance between two electrodes fixed to a ¥
sample of material is w

_ _ Fig. 43. (a) Cylinder of weakly conducting material with
+ After Ernst Werner von Siemens (1816-1892). The word therefore takes a terminals ia electrodes at both ends. (b) Tube of weakly conducting materialthe singular: one siemens. The siemens was formerty called a “mho. with electrodes on the inner and outer surfaces.
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R= L (430) 0 millimeters/hour! Then the drift velocity is smaller than the thermaloat ~ sgitation velocity by nine orders of magnitude!
In Eq. 4-34 vg is small, but Ne is very |: It f,

The tube of Fig. 4-3b has inner and outer radii R, and R,, 4 “ ny Uerae, He OPPS,
respectively, a length L, and a uniform conductivity 0. There are Ne =8.5 x 10x 1.6 10-10" coulombs/meter’. (4-35)
‘copper electrodes on the inner and outer cylindrical surfaces. The

resistance of a cylindrical element of thickness dr is dr/o2arL., ‘The low drift velocity of conduction electrons is the source of many
Then paradoxes. For example, a radio transmitting antenna is about 75 meters

mdr 1 an long and operates at about 1 megahertz. How can conduction electronsR= [ , Dark Ixok Ry” (431) from one end to the other and back in 1 microsecond? ‘The answer is
that they do not, They drift back and forth by a distance of the order of 1

4.3.2. Conduction in a Steady Electric Field womic diameter, and that is enough to generate the required current,

For simplicity, we assume that the charge carriers are conduction 1.3.3 The Mobility / of Conduction Electronselectrons.

‘The detailed motion of an individual conduction electron is exceedingly Ihe mobility of conduction electrons:

complex because, every now and then, it collides with an atom and lwo
rebounds, The atoms, of course, vibrate about their equilibrium posi- M railNe (4-36)
tions, because of thermal agitation, and exchange energy with the
conduction electrons. »». by definition, a positive quantity.t It is independent of E in linear
However, on the average, each electron has a kinetic energy of 3&7, onductors. Thus

where k is Boltzmann's constant and T is the temperature in kelvins. o=Nedt (37
Thus, at room temperature, the velocity va, associated with thermal
agitation is given by where, as usual, we have taken ¢ to be the magnitude of the electronic

hharge.mvs _ er 4. 38 x 10° x 300) = 6x 10?" joule, (4-32) If the driving electric field is constant, then the drift velocity is2 sonstant, This means that the time-averaged net force on a conduction

and lectron is zero, or that the average braking force due to the collisions
wst cancels the —eE force exerted by the field.

-21\ v2 W ”

van ( Rx i) = 10° meters/second. (433) hat is the magnitude of this braking force? It is
9.110 elule

—(-eE)= eE =" = -“y,, (4-38)‘Under the action of a steady electric field, the cloud of conduction mM Mm
electrons drifts at a constant velocity v, such that ‘som the definition of the mobility .. The braking force and v, point in

aay »pposite directions.J = 0B =—Nevs, (434) this situation is analogous to that of a body falling through water; after
+ while, the viscous force exactly cancels the gravitational force, and thewhere vg points in the direction opposite to J and to E, and N is the snagnitudes of the two opposing forces are equal

number of conduction electrons per cubic meter.

‘The drift velocity is low. In copper, N=8.5x 10. If a current ofampere flows through a wire having a cross section of 1 millimeter’,
J=10° and vy works out to about 10~‘meter/second, or about ‘Some authors assign to the mobility the sign of the charge carrier.
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‘The quantities N,.l, and o for good conductors (gc) and for The imaginary term in Eq. 4-42 is negligible forf <7 x 10". Up to about
semiconductors (sc) are related as follows: | gigahertz the cloud of conduction electrons moves in phase with E, and

oa = Ned.

Ng Mer Oye>> Orcs Age KM (439) Decreasing the temperature increases the mean free path of the
carriers, which increases the mobility 4. At very low temperatures the4.3.4 Conduction in an Alternating Electric Field conductivity of pure metals is complex:

If we disregard thermal agitation, there are thus two forces acting on a Ne
conduction electron: the driving force eE and the braking force of Eq. O=-ia (4-46)
4-38.

In an alternating electric field these two forces are unequal, and the 4.3.5 The Volume Charge Density p in a Conductor

equation of motion is (1) Assume steady-state conditions and a homogeneous conductor.

dv, e then 3p/3t=0 and, from Sec. 4.2, ¥-J=0. If J is the conductionmnt 7 — CEm exp jot — Var (4-40) current density in a homogeneous conductor that satisfies Ohm's law
J = oE, then

where m* is the effective mass. This quantity takes collisions into V-J=¥-oE=o0¥-E=0, V-E=0 (4-47)
account. As a rule, m® is smaller than the mass of an isolated electron.

In silicon m*=0.97m, but in gallium arsenide (GaAs) the effective Nut the divergence of E is proportional to the volume charge density p,
mass is only 0.07m. Electron velocities in solid-state devices are of the ‘tom Sec. 3.7. Thus, under steady-state conditions and in homogeneous
order of 10° meters/second in silicon and about 4 times larger in GaAs. conductors (0 independent of the coordinates), p is zero.

Replacing the time derivative by ja and simplifying, we find that Asa rule, the surface charge density on a conducting body carrying a

4
current is not zero,

= ~ TSjom*Ale E,, exp jut. (4-41) (2) Now suppose that one injects charge into a piece of copper by
bombarding it with electrons. What happens to the charge density? In

But J = o£ = —Nev. It follows that that case, from Sec. 4.2,
2p

v-J=-— (4-48)

onweste (4-42) 3+iom* Mle Wut, from Sec. 3.7,

With w =0 we revert to Eq. 4-37. This relation does not apply at v op
-J=0V-E=—e (4-46frequencies of the order of 1 gigahertz (f = 10°) or higher, where atomic ° ee (49)

phenomena become prominent.
For copper at ambient temperature, where €, is the relative permittivity of the material (Sec. 9.9). Thus

3p_ _ op otom*M_o
2, pa psexp(--%), 4-50)om wma (443) a7 eee Peet (~<e,) 5)

sy , and p decreases exponentially with time.

= 2af X91 NOT X58 X10" (4-44) The relative permittivity ¢, of a good conductor is not measurable
8.5.x 10" (16x10) because conduction completely overshadows polarization. One may

= 15x10, (4-45) presume that ¢, is of the order of 3, as in common dielectrics.
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‘The inverse of the coefficient of ¢ in the above exponent is the If E andJ are sinusoidal functions of the time,relaxation time. em and is th‘We have neglected the fact that is frequency-dependent and is thus . Pa,

itself a function of the relaxation time. Relaxation times in good Poy = Enea = OE ras = (4-55)
conductors are, in fact, short; and p may be set equal to zero, in practice.

For example, the relaxation time for copper at room temperature is

about 4 x 10™* second, instead of ~10~"’ second according to the above 4.4 ISOLATED CONDUCTORS IN STATIC FIELDS
calculation.

(3) Ina homogeneous conductor carryingan alternating current, p 1s If one charges an isolated homogeneous conductor, the conduction
zero because Eq, 4-47 applies. electrons move about until they have reached their equilibrium positions

and then, inside the conductor, there is zero E.

(4) In a nonhomogeneous conductor carryinga current, p is not zero. It follows that (1) all points inside the conductor are at the same
For example, under steady-state conditions, potential; (2) the volume charge density is zero, from Eq. 4-47; (3) any

net static charge resides on the surface of the conductor; (4) E is normal

V-J=¥-(0E)=(¥o)-E+o¥-E=0 (451) at the surface of the conductor, for otherwise charges would flow along

the surface; (5) just outside the surface, E=o./€9, where oa, is theand surface charge density, from Gauss’s law.

Note the paradox: one can express E at the surface of a conductor in

vege = (POE (4-52) terms of the Jocal surface charge density alone, in spite of the fact that E
fo ° depends on the magnitudes and positions of all the charges, whether they

reside on the conductor or elsewhere.

(5) If there are magnetic forces on the charge carriers, then J = oF What if the conductor is not homogeneous? For example, one might
does not apply and there can exist a volume charge density. See Sec. have a copper wire pressed onto a gold-plated terminal. Then conduction
24.1. electrons drift across the interface and establish a contact potential,

usually of a fraction of a volt. The magnitude and sign of the contact
4.3.6 The Joule Effect potential depend on the nature of the materials.

In the absence of an electric field, the cloud of conduction electrons Example HOLLOW CONDUCTOR ENCLOSING A.
remains in thermal equilibrium with the lattice of the host conductor. CHARGED BODY
Upon application of an electric field, the electrons gain kinetic energy

between collisions, and they share this extra energy with the lattice. The Figwe 44omg wie reginahallowconductor with mtConductor
thus heats up. This is the Joule effect. within the conductor in a zero E encloses a zero net chanWhat

is the kinetic energy gained by the conduction electrons? because of Gauss’s law. Then the surface charge on the insideConsider a cube of the conductor, with side a. Apply a voltage V surface of the conductor is -Q.
between opposite faces. The current is /. Then the kinetic energy gained If the conductor carries a zero net charge, then the total charge

i 5 (on the outside surface isis VI, and the power dissipated as heat per cubic meteris ‘the carlo charge 2sity st a given polot on tho outide
surface of the conductor is independent of the distribution of Q inpave (4) -E) (453) the cavity. It is the same as if the conductor were solid and carrieda a) \q anet charge Q.

p Inversely, the field inside the cavity is independent of the field
= o8t=~ —wats/meter (4-54) outside the conductor. The conductor then acts as an elecrostatic



* PROBLEMS ”

es Ina time-independent electric field,
ge

We pee NX J=0E = —Nev,, (4-34)
S LENS,oe

= where N is the number of charge carriers per cubic meter, ~e is thea ° a charge on one of them, and u, is their drift velocity. The mobility is

woe =\ \lefined by the equation
\+ bal- - veloa

Be areca aD a=W (4-36)WwW ig yi* E Ne
esees and
yo aerageeen’

+ o= Neu (437)
+o

Fig. 44, Section through a hollow conductor enclosing a body that carries a net In an alternating electric field the conductivity o is complex:
charge Q. The dashed line isa section through a Gaussian surface lying entirely in

the conducting material, where E = 0. ___Nedt 7°T¥jom* Ale” 42)

where m* is the effective mass of a charge carrier.4.5
SUMMARY If the current density is J and the electric field strength is E, then the

\ime-averaged power dissipated per cubic meter in the form of heat isPoisson's equation follows from the differential form of Gauss’s law and Bed Pos ated pet mm
from the relation E = —VV: Foon

Poy = Exes = CEng == watts/meter*. (4-55)
ovv=- £ . (4-1)

jo this is the Joule effec.
Setting the volume charge density p equal to zero yields Laplace's Under static conditions there exists a net electric charge solely at the

equation: surface of a conductor, and E is zero inside. Just outside, E is normal to
the surface, and its magnitude is o.4/€o, where og, is the surface chatrv =0 2) semity ° ™

‘The law of conservation of electric charge states that, whatever the

circumstances, the net electric charge of a closed system is constant

Mathematically, PROBLEMS
ap 1-1, (43) ‘The conduction electronvege 2, 4.26 ). The conduction electron density in coppera (25) The object of this problem isto illustrate the enormous magnitude of the

lectric charge densities in matter.

where J are p are, respectively, the current and charge densities. We take the example of the conduction electrons in copper. A copper
tore obey Ohm's laws: atom contains 29 electrons, one of which is a conduction electron. CopperMost

conduct y has an atomic weight of 64 and a density of 8.9 x 10° kilograms/meter.
J =0E. (427) Suppose that you have two copper spheres, each one having a volume of

, L centimeter’. The spheres are depleted of their conduction electrons and

where ois the conductivity, expressed in siemens per meter. separated by a distance of 100 millimeters.
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Calculate the force of repulsion. Show that this force is equal to about

0.5% of the force of attraction between the sun and the earth. See the table ‘| s
of physical constants on the page facing the back cover, “ “

42. (4.3) The drift velocity of conduction electrons “ & PR Py
Copper has an atomic weight of 64 and a density of 8.9 x 10" kilograms/ =

meter’. a(a) Calculate the number of atoms per cubic meter and the approximate *
diameter of an atom. Fig. 45

(b) Calculate the charge 4 carried by the conduction electrons in 1 meter Me 45.
of copper wire 1 millimeter in diameter. There is one conduction electron
per atom.

(c) Calculate the drift velocity of the conduction electrons in meters per Show that if the substrate conductivity is uniform and equal to a, then
hour when the wire carries a current of 1 ampere.

43. (43) Refraction of lines of E at the interface between media of different Yo at
conductivities bo” “xo aP‘We shall see in Sec. 10.2.3 that the tangential component of E is The les a
continuous at the interface between two media cacti edes ate of nite size. However, you can perform the
Show that, at the boundary between two media of conductivities o, and fat that Bond 7 eat eonthat they are infinitely small, disregarding theox, a line of E, of a line of J, is “refracted” in such a way that Pann and J would then be infinite at their surfaces.

tan 6,/0,=tan 85/0, where 6, and 8; are the angles formed by a line of E an are the Prineofsuperposition a follows, The cuent intheint sum of listrit emanating from C, plus anothswith the normal to the interface. radial distribution converging on C;. Thus, at a point nn “4-4. (4.3) ‘The surface charge density at the interface between media of
"

different conductivities. oth

‘A current of density J flows in the direction normal to the interface Eon Ino
between two media of conductivities 0. and 04.2. The current flows from

‘ °

medium 1 to medium 2. 17. (43,) The resistance ofa spherical shellspherical shell ofuniform conductivity h .d
Show that the surface charge density o4 iS €,€0J(1/O.2~ 1/0.) Ry, napectivel ty has inner and outer radii Ry and

Assume that €, has the same value on both sides. If the current is not Ba, respectively. It has copper electrodes plated on the inner and outer
normal to the interface, then the above J is the normal component of the Show that the resistance is (1/#,~1/R,)/Ava
current density. "

18. (43.1) Resistive film

45, (4.3) Conduction in a nonhomogeneous medium ‘A square film of Nichrome, an alloy of ni a

coordinates. Show that the resistance between the electrc nds oF
nowhere equal to zero, ‘This surface resistance is expressed in ohms per square. "

VeV40V-Pr=0, 19. (43.1) A theorem on the resistance of a plate
A rectangular plate ABCD has a thick it

sine. ickness 5 and a conductivity o. Withwhere + conducting electrodes on edges A and CD, the resstance is Ry, With
446. (4.3) Geophysical prospecting by the resistivity method electrodes on BC and DA,the resistance is R,,

‘One can locate resistivity anomalies in the ground as in Fig. 4-5. The Show that RiR:= 1/(0°s?)
current/ flowing between electrodes C, and C, establishes an electric field This equation also applies to any region bounded by equipotentials andinthe ground, and one measures the voltage V between a pair of electrodes lines of current flow. We shall use this theorem in Prob. 33.5. It was first
P, and P, maintained at a fixed spacing b. With 6 <a, V/b is equal to E at Proved by Isukada.t
the position x. Anomalies in ground conductivity show up in the curve of E
as a function of 2 DJ. Epstein, Proc. IEEE, vol. 56, p. 198 (1968).
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4-13, (4.3.6) The resistojet

4:10. (4.3.1) E and J inside a battery Figure 4-7 shows the principle of operation of a resistojet used as a
"A battery feeds a resistance Ras in Fig. 4-6. The battery acts as a pump, thruster for correcting the trajectory or the attitude ofa satelite.

forcing conduction electrons toward the negative electrode, The battery is Assuming complete conversion of the electric energy to kinetic energy,
cylindrical, of length s and cross-sectional area sf, with electrodes at each calculate the thrust for a power input of 3 kilowatts and a flow of 0.6 gram
end. Then |PV| = V/s and, inside the battery,J = o(£, —|¥V|), where E, of hydrogen per second.
is the “pumping field.”

Find the output voltage as a function of the current. Set R =s/ac as the
‘output resistance of the battery

411. (4.3.4) Mobility and electron drift
‘A simple model for the drift of a conduction electron is the following

The electron describes a ballistic trajectory for a while, under the action of
the ambient electric field, and then the electron suffers an impact. Its

velocity just after the impact is unrelated to its velocity before the impact,
and we set it equal to zero. The electron then starts out on another ballistic
trajectory, and the process repeats itself. Let the mean time between the
collisions be At and the effective mass (See. 4.3.4) be m*

Find the mobility in terms of Ar and m*.

412. (4.3.4) Conduction by holes
We derived Eq. 4-40 on the assumption that the charge carriers are

electrons. Suppose the carriers are holes. Then the charge changes sign,
land both terms on the right are positive. If that is so, the complementary

function, which one obtains on disregarding the forcing term ¢£jit, is

v= vmexp (<7)
“Then vs increases exponentially with time, which is absurd.
Show that, if the charge carriers ave holes, then

ds, £ymt t= seb exp jt ~ Fe
and that

ee or gn
Nel

a + Ty jomedtfe ™ PIO “TF jom* Me
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5 /CHAPTER

Electric Multipoles
+o

5.1 THEELECTRIC DIPOLE 84 wae

5.2. THE LINEAR ELECTRICQUADRUPOLE — §7
°53 ELECTRIC MULTIPOLES 88 a

*54. THE ELECTRIC FIELD OUTSIDEA CHARGE DISTRIBUTION. 2EXPANDED
INTERMS OF MULTIPOLES 89*54.1 THE VALUEOF V. THE LEGENDRE POLYNOMIALS 90 -0*54.2 THE MONOPOLE TERM 93

é

*54.3 THE DIPOLE TERM 93

154.6 THE QUADRUPOLE TERM — 94 Fig. 5-1, Two charges +0 and —Q separated by a distances and formingaExample: THE FIELD OF A SET OF SIX POINT CHARGES SET dipole. The dipole moment is p.We calculate the potential at point P by
SYMMETRICALLY ABOUT THE ORIGIN 95 summing the potentials of the two charges.

55 SUMMARY 97

PROBLEMS — 98
11

; v=,2 (4-2), (1)Electric multipoles are sets of point charges possessing certain sym- Ame \rs Ma

metrics. Their interest lies in the fact that real charged objects, such as where
antennas and atomic nuclei, possess electric fields that may be expressed e

‘as sums of multipole fields. a2 (3)=r+(8 5.Aside from the monopole, which is a single point charge, the most rear +5) +75 cos. 62)
useful type of multipole is the dipole, which consists of two charges of
equal magnitudes and opposite signs, some distance apart. Most mole- We now divide both sides by r? and take the inverse:

cules act like small dipoles. Also many antennas radiate like oscillating ; te

electric dipoles. re [i + (3) +Scoso| (53)r 2) Tr

5.1 THE ELECTRIC DIPOLE

#1 1s, 48 0) +3(5 Sos 2 504)= 1-3 (Gat F088) +5 (Gat zea) SH‘The electric dipole is a common type of charge distribution. We return to

it later in this chapter and in Chaps. 37 and 38. 1 we neglect terms of order (s/r)? and higher, then

The electric dipole consists of two charges, one positive and one aa:

negative, of the same magnitude, and separated by a distance s. We find oy -S cosa+ 5 Scos a1 (5-5)
V andE at a point P situated at a distance r>>5, as in Fig. 5-1. At P, no wr 2
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Similarly,

r s 8? 30s? 8-1

alt seas 0+ St (5-6)
and

Qs 3v=

00s (>) (7)reor \ KR AM> iNote that the potential in the field of a dipole falls off as 1/r°, whereas WES ZzLYthe potential ofa single point charge varies only as 1/r. This comes from SOVFISECO*the fact that the charges ofa dipole appear close together for an observer eS a @® 39some distance away. s0 theit fields cancel more and more as the distance i: SR RX /r increases. LY =SIi\\‘The dipole moment p = Qs is a vector that is directed from the negative / To BT \to the positive charge. Then S_Y
pie=25. 5-8) PEVane G8) NZWe can now find the electric field strength E. In spherical coordinates,

x

p= - 2 2Pos? (5-9)or 4xeor Fig. §2. Lines of E, shown with arrows, and equipotential lines for éhe electric
3 dipole of Fig. S-1. Inthe central region the lines become too close toBether to be

= —19V_psind shown. The centralarrow is the vectorp.B= --5 8S, (5-10)
730” 4xeor

1 wv where Q is the net total charge occupying the volume v’, and #’ definesFe= ~ Tangag (11) the position of the center of charge, by analogy with the cente # of mass in

mechanics.Pp _ If Q =0, then #’—>= and QF’ is indeterminate. However, the integralE=——, (20s 67 + sin 66) (5-12)Gregg (2 008 OF + sin 68), G12) of r’pdv’ still provides the correct value of p. If Q=0, the dipole
moment is independent of the choice of the origin (Prob. 5-19Thus E falls off as the cube of the distance r. If Q #0, the dipole moment of the distribution is zero whe the origin

Figure 5-2 shows lines of E and equipotential lines for an electric ‘sat the center of charge, for then 7’ = 0.
dipole. Rotating equipotential lines about the vertical axis generates

equipotential surfaces. 5.2 THE LINEAR ELECTRIC QUADRUPOLEZ
More generally, the dipole moment of a charge distribution is

The linear electric quadrupole is a set of three charges, as in F'ig- 5-3. Thef rpdv' separation 5 is again small compared to the distance r to the point P.p-{ r'pdv' = Q-—— = ?'", (5-13) At P,ly de’ ve (2-72+2)- Q (E+2-2), (5-14)Ma Amey \r, rr) Ameo \te ty“)



88 SA THE ELECTRIC FIELD OUTSIDE A CHARGE DISTRIBUTION 89
B Pir 89 known as multipoles. A single point charge is a monopole. A dipole is

obtained by displacing a monopole through a small distance s, and

replacing the original monopole by another of the same magnitude but of

opposite sign. Likewise, a quadrupole is obtained by displacing a dipole

, by a small distance s, and then replacing the original dipole by one of4

equal magnitude but of opposite sign. For the linear quadrupole, s) = s,

, The multipole concept can extend indefinitely. For example, the

quadrupole can be displaced by a small distance s,, and the original

+0 y quadrupole replaced by one in which the signs of all the charges have

| : heen changed. This gives an octupole. A 2'-pole requires ! displacements) Sis S25 00S

We have seen that the dipole potential varies as 1/r? and that the7

quadrupole potential varies as 1/r°, For the 2/-pole, V varies as 1/r!*! and| Eas ifr

We have calculated the potential V in the field of a dipole and of a

“of quadrupole in the following way. We found the sum of the potentials of

| the individual charges, expanded the sum as a power series, and then
Fig. 5-3. Charges +0, ~20, +0 forming a linear quadrupole truncated. This approach is straightforward, and it has the advantage of

showing exactly what approximations are involved. Problems 5-5 and 5-6

We can expand the ratios r/r, and r/r, as previously, except that s now explore a different method that is more elegant, but that does not reveal
replaces s/2. Thus, if we neglect terms of order (s/r)’ and higher, the exact nature of the approximations.

ros 5? (3cos? 6-1) *5.4 THE ELECTRIC FIELD OUTSIDE A CHARGE
ripe eta (15) DISTRIBUTION, EXPANDED IN TERMS OF

:

MULTIPOLES

r 5 5? (3.cos? 6-1)
Prar ir 6-16) A charge distribution of density p(x’, y’, z') occupies a volume v’ and

and extends to a maximum distance rj, from an arbitrary origin O, as in Fig.

20s? Goose -1) 5-4. We select O either within the volume or close to it.
ya sh. (5-17) We shall see that the potential V at a point P outside the charge

distribution such that > rig is the same as (1) the potential V, of a

The potential V of a linear electric quadrupole varies as 1/r?, whereas point charge, or monopole, equal to the net charge of the distribution,
E, calculated as for the dipole, varies as 1/r*. The fields of the three plus (2) the potential V; of a point dipole with a dipole moment equal to
charges cancel almost completely forr >> s. that of the charge distribution, plus (3) the potential Vs of a pointquadrupole with a quadrupole moment equal to that of the charge

*5.3 ELECTRIC MULTIPOLES distribution, and so on, the monopole, dipole, quadrupole, etc., being all
located at the arbitrary origin

It is possible to extend the concept of dipole and quadrupole to larger Similarly, the E at point P is the sum of the E's of the above
numbers of positive and negative charges. Such charge arrangements are monopole, dipole, quadrupole, etc.

If Q=0, then Vs is independent of the choice of origin. More

—— xenerally, V; is independent of the choice of origin if all the multipole*Starred sections can be omitted without losing continuity, However, the Legendre 1
polynomials of Sec. 5.4.1 are required for the starred Sec. 12.1 ‘moments up to the 2! -pole are zero.
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The factor w is dimensionless. We require (1), which is 1/r”

call ~ 1 Ow) 1 (2w)ag . : (iy=t=woy+ (2) 4h (2" o (5.

IO =
f Fe G where w(0)= 1/r. To calculate the derivatives on the right-hand side, we\ require the partial derivative of Jur’ —r| with respect to u:.

i

¥
}
8
a

>

/Flue’ — | == [(ue’ — 29° + (uy = y+ (ue’~ 29") (5-22)De / 3u 3uL r ~ 1 2 2 : 29
5 > Fpgpr cg (RE = Dex + 2uy? 2 'y + 2uz"? —22'2)

(5-23)

Fig. 5-4. Arbitrary charge distribution enclosed within a volume v'. The potential awrParen (url an) (5-24)
at P's the same as if one had, at the origin, a monopole, plus a dipole, plus a lu lure °
quadrupole, plus an octupole, etc. However, r must be larger than the maximum
value ofr'. Thus

ow L_(ur'=r-r f= Aer

ee a Cals le (5-25)Since the V of a monopole decreases as 1/r, that of a dipole as 1/r?, ue dur ef jue! 4 ur’ —FI
that of a quadrupole as 1/r°, etc., then a long distance away, where and
> rieays the field of any charge distribution is simple. It is that of a point \ Dep op

aw akecharge at the origin and V ~ V,. Closer in, V ~ V; + Vs. Still closer in, V, (=) aeee (5-26)becomes discernible, then V;, etc., and the field becomes more and more Hiwo r
I

comple. where# and a are as in Fig. 5-4. Also,*5.4.1
The Value of V. The Legendre Polynomials Sw Jerk »ew (ur'—r)er'P reWe

wish to find V at some point P such that r > rug. From Fig. 5-4, this Be uror arae (5-27)is
and

pdu" 2 ve py pth pi 2=| — =] ew 3r'- rr? r°QBcos a —1ve] cee 8 aenWy r

where

> In general,
rs|r—r'|=[e-x'P+(ye (e-2FP (5-19) 8

ow ad

The point P(x,y, z) is fixed. Thus r” is a function of x', y’, 2’, and we (3) yoprt! Pale0s a) (5-29)
can expand 1/r” as a Taylor series near the origin _

Let where
1 cosa) =) — Pa@-1)" 5-30=: (5-20) (608 @) = 7 Gleog aye COS a — D) (5-30)
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‘Table 5-1 Legendre polynomials .

fn P.(cos a)
o1

1cose

5 josta-t | J wr

4 3Scos* a — 3000s? a +3
rn

5 S3eus' a —70cos'a+ 1S cosa “tos Fig. 5-5. The first four Legendre polynomials P,(cosa).
is a Legendre polynomial. Table 5-1 gives the first five, while Fig. $-5

shows the first four as functions of the angle a. For any a, *5.4.2 The Monopole Term

The first term is the V that one would have at P if the whole charge was{F.(cos a)| =1. 631) concentrated at the arbitrary origin:

‘Thus from Eq. 5-21, °
“ey (5-35)rp "Geos a — : orFat, Pepe Gee 4. = SFr pcosa) (5-32)nore mol where Q is the net charge in the distribution. This is the monopole term.

Since |P,(cos a)|< 1 as above, this series converges for Fac<r. « is zero if te net charge is zero. Its value depends on the position
Substituting in Eq. 5-18, we finally have that chosen for the origin.

1 1 *5.4.3 The Dipole TermV~ trer [edus ner 7’ cos a p dv ‘The second term varies as 1/r, like the electric potential of a dipole.
. From Eq. 5-331

2300s a—1 .os [ 17a Se pdv 1 ;areor J, 2 Yeps[reosapd'=—5-[ rod’, (536). 4xeor* J, axeor Jya [oieesstese#A 3008 4) yy (5-33)axe J, 2 e where the integral on the right is the dipole moment of the charge

1 f .38costa—30e0s@ +3 9 ey distribution: LoerdKr ri p= [rod s37Thus

EV, + Vet Vat VatVet oes (5-34) poh
=P, (5-38)

Aneor”Let us examine the first three terms in succession. as in Eq. 5-8.
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*5.4.4 The Quadrupole Term Pye = Pay -{ y'z'pdv' =Qy'e, (5-46)
Now consider the term V, of Eq. 5-33. It involves a 1/r* factor, like the V

of the linear quadrupole of Sec. 5.2. If we calculate V; for the linear Px =Pu=f2'x'pdv'=OF¥, (5-47)
quadrupole with charges Q, 20, and Q at z=s, 0, and —s, .
respectively, we find that it is equal to the V of Eq. 5-17. Then Vs is the bo a ——
same as if one had a small quadrupole at the origin. Now Po P= [ xy'pdv" = OF (6-48)

1 ‘The bar indicates, as usual, an average value. ‘Thus

wea 4°(3 cos? a — 1)p du’ 1
: Wea (3mnpy. + 3nlpec + Simpy

=f ipe-ry-r'jp av’ 5-39) ".Trap [ABO een om) het
lmSet
3m?—1 3n?=1B= Le + my +n, (+40) ee ee) (49)

where /, m, n are the direction cosines of # and where
If the charge distribution displays circular symmetry about the z-axis,

P+ m+n?=1 (5-41)

Pyz = Pox = Pay =0, Pax= Pyy: (5-50)‘Then
expand and group terms. This yields It is then convenient to define a single quantity

1

Yonge (3mm y'z'pdv’ + nlf 2'x'pav’ 0 = 2p. — Par) (5-51)
4£3lm i x'y'pdv’ ole { x"pdv’ that is also called the quadrupole moment of the charge distribution.I 2h Then, remembering that +m? +n?= 1, we find that

wet 5 3n?—1 2P| yea[27oav’). (5-42) ye! ant) = 2 cos? = a2 2 I = Freep Om = Fe eaps Geos 0-1) (5-52)

These integrals, like the integral of Eq. 5-37, depend solely on the at the point r, 8, @ in spherical coordinates.
distribution of electric charge within v’, and not on the coordinates We can, of course, deduce the electric field strength from the relation
x,y,z of the field point P. They specify the nine components of the E=-v.

quadrupole moment of the charge distribution:

Example | THE FIELD OF A SET OF SIX POINT CHARGESP. = [ e'pdo' =F", (5-43) SET SYMMETRICALLY ABOUT THE ORIGIN
. Figure 5-6 shows six charges. A point P in space is at a distance

1a from the origin. The potential at Pis given by the series ofee (sas) | ‘5347 Uet rete he the cme Fram Bg. 938
: | y= Be 659Pes -{ 2"pdv' =z", (5-45) dre
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.

It turns out that V,=0, and that

a At P,ne " o SJ VeVia Vt Ved oe (5-62)q
a 60 [31a 1 can

= ae (i ES +DUmt an)
a

“ = 900? = 12) + } (5-63)

, a of unity, with ° + m?+n®= 1, the coefficient of a"/r’ is also of the
order of unity, and at r= 10a the series reduces to its first term

2 with an error of at most 1%. The terms Vs, Vs,... becomego progressively more prominent as r/a decreases.

Fig. 5-6. Six charges arranged symmetrically about the origin O. 5.5 SUMMARY

‘The electric dipole consists of a pair of charges of equal magnitudes Q but

From Eqs. 5-37 and 5-38, of opposite signs, separated by a distance s. Its dipole moment p is Os, a

vector directed from the negative to the positive charge.

P=DrO=0,  V:=0. (5-54) ‘At a distance r from the dipole,

From Eqs. 5-43 to 5-48, vat ys) (5-8)
4neqr”

=20" = 204 = 80" 5 ,Pox =20°Q, Pry =20°Q, Pee =80'Q, (5-55) ‘The linear electric quadrupole consists of four charges Q, -20, Q, as
in Fig. 5-3. ThenPos =Pex= Pry =0. (5-56) 208? (3008-1)Finally, from Eq. 5-49, = 208" Boos’OD ayy gs 5.49)nally, Eq. 5-49, Vara 3 (P>s') (5-17)

1 Pp 2 2 a 2 2,Yom Gye gil Ol —1)0"0 + Bm — 1)e°Q + (an? 1)4a°Q] (5-57) wherecos =2+
eo, Some distance outside a charge distribution the potential can be

= Fe,piOF + 3m? + 120-6) (558) written as a series
a 4a" VEVtVyt Vt Vet Vetoes 5-34)= FS 0-3) 22 n-0, (5-59) oH

Here V, is the potential at P due to a single charge, called a monopole,

and equal to the net charge of the distribution and situated at the position of

the arbitrary origin. Similarly, V; is the potential at P due to a dipole

@=120°9. (5-60) whose dipole moment is equal to that of the distribution and also situated
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at the origin, ete. ‘We found that, in the field of an electric dipole,

Q ve2 (1!
w=. (535) irene)

. Refer to Fig. 5-7. Show that, if the length of the dipole is small, then

pry= fs, (5-38) Opa (i4 = Bf a (1or v 4me, le ()], -<
yay (snp. +3nlp,, +3imp., where 2’ is the position of a point on the z-axis and r’ =f +9 + (=~are Pie

3P-1 3m? —1 32-1
—, ——p,, +——..). }-49)

FP FF Pw FZ Px) (5-49) | pavewhere J, m,n are the direction cosines of the vector r defining the oO y |
position of P and where H ¥

Pec= OE", — Py = OV", — pez=OE, (5-43), (5-45) LY 4
J ard a Z---- ----” Fig. 5-7.Py = Py =QY'Z", Pax = Paz =QEX', Pay = Pyx = O'Y’

5-6. (5.2) An alternate expression for the potential in the field of an electric(5-46), (5-48) quadrupole
See Prob. 5-5 and refer to Fig. $-8. Show that the potential inthe field of

PROBLEMS a linear electric quadrupole is

ve [2 (2)]$-1. (5.1) The dipole moment ofa charge distribution whose net charge is zero. neg bd \ 7? NoShow
that, if the net charge Q is zero, then the dipole moment of a 5-7. (5.4) Multipolar expansion of the field of a single point chargecharge

distribution is independent of the choice of origin. A single point charge Q is situated at P’(0, 0, s) as in Fig. 5-7.52. (5.1) The dipole moment of parallel line charges First expand its potential at point P in terms of multipoles. The vector r
‘Two line charges +0 and ~Q extend, respectively, from (—a, 0, ¢) to that defines the position of P forms an angle @ with the z-axis, and r>>s

(a, 0, c) and from (~a, 0, ~c) to (a, 0, ~c). Calculate their dipole moment. ‘The distance from Q to P is r’. Disregard terms of the order of (s/r)* and
higher. Then write out the values of V;, V:, Vs

5-3. (S-1) The dipole moment of a spherical shell of charge .
Calculate the dipole moment of a spherical shell of radius R bearing a 58 (S44) |The potential cose t0 a dipole

surface ‘demsity o'= aocos 8. Calculate V for a dipole exactly, and identify the quadrupole andcharge ‘octupole terms. The octupole term varies as (s/r)*. You can therefore
5-4. (5.1) The dipole moment of a spherical shell of charge disregard terms in (s/r)*, (s/r)*, etc.

(a) Calculate the dipole moment of a spherical shell of radius R whose 59, (SAA) ‘The field of « charged cabo
oars care porens oll + nO nie of ts gis sw at A cube of side 2a carries a uniform volume charge density p. The origin(c) What is the dipole moment if the center of the sphere is at of coordinates is at the center. Caleulate Vi, Vs
XE+ ¥9+ 227 ‘5-10. (5.4.4) The field of a line charge

A line charge Q extends from z = —a/2 to z = a/2.‘5-5. (5.1) An alternate expression for the potential in the field of an electric (a) Calculate the monopole, dipole, and quadrupole terms in the
dipole ‘expansion for V.
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This chapter concerns the energy stored in an electric field and the

resulting forces exerted on charged conductors. Capacitors are devices

designed to store electric energy.

6.1 THE POTENTIAL ENERGY € OF A CHARGE

DISTRIBUTION EXPRESSED IN TERMS OF

CHARGES AND POTENTIALS

6.1.1 The Potential Energy of a Set of Point Charges

Imagine a set of N point charges distributed in space as in Fig. 6-1. There

‘ure no other charges in the neighborhood. A given charge occupies a
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ha &. ‘The total potential energy of the original charge distribution is then

\ \ =8,4Gt Bt by (63)

NN Y = 2 (04 24 224 24,2)" \ dnc ra hs he hwJ a
; \

[Aor ie No, +B (or0+ 24 Oty... Qu)al~ _\-}-—— Ane, ts ho ry
;

fu +2 (or0+0+ 2+ +2). :i Fig. 6-1. Set of point charges eo ™ fw
Y 01, Os, Qs... separatedby Qne distancesri ras Fay 16 + 2% (04040404 --- +0). (6-4)ane,

point where the potential due to the other charges is V. That particular We now rewrite this array, adding, to the left of and below the diagonal
charge therefore possesses a potential energy, which is either positive or line of zeros, terms that are equal to their counterparts to the right of and
negative. The system as a whole possesses a potential energy @ that we above the diagonal. Then every term of the series appears twice and
shall calculate,

‘Assume that the charges remain in equilibrium under the action of 2-2 (0+ 224224 24 += 2a)both the electric forces and restraining mechanical forces. Axe, mon he nw
‘The potential energy of the system is equal to the work performed by Or /Q. OO Ow

the electric forces in the process of dispersing the charges out to infinity. + gee (Stor Et ee)
After dispersal, the charges are infinitely remote from each other, and oon fae ON

there is zero potential energy. (W204 Sip 4H)First, let Q; recede to infinity slowly, keeping the electric and the axe, (F ta te tw)
mechanical forces in equilibrium. There is zero acceleration and zero Ov (01.0: 0
kinetic energy. The other charges remain fixed. The decrease in potential +o (Si Sep Ory ey neg 0). (6-5)
energy €, is equal to Q, multiplied by the potential V; due to the other Teo Mut tata Te
charges at the original position of Qy On the right, the first line is Q,V;, the second line is Q,V2, and so forth,

0, (Os Q Ow where V; is the potential in the undisturbed system due to all the charges&=& (2 +24. +22) (6-1) except Q, at the point occupied by Q;. Thus
All the charges except Q, appear in the series between parentheses. 2€=Q:Vi + O.Vot QWs + ++ + OVer (6-6)
With Q, removed, let Q: recede to infinity, to some point infinitely . i

distant from Qy. The decrease in potential energy is now and the potential energy of the initial charge configuration is,

Q: (2 Qs Qn’ git= Be (Os, Ory... Oe 6-2) €=5> aw, 7Boole tt tn) o 2122 ad

ee eonfor all the ‘The reason for the factor of } follows from the above calculation. Let
ane al rari finally the Nth charge can stay in position, si all the charges be positive. Then the potential at the position of a givenit lies in a zero fiel charge, just before it moves out to infinity, is less (except for Q,) than
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the potential at the same point in the original charge distribution. On the e-! {( Q JL Q G- an) Jarre ar=—2_ 19)average, the potential just before removal is one-half the potential in the 24, \4aR°/3/L4meoR \2- 2K? 20me oR”

I chi distributinhs energy ‘. whichdoes not include the energy required to assemble 1. R is zero, then @ is infinite, which is nonsense. Electrons are
the individual charges themselves, can be positive, negative, or zero. For yeesumably true point charges, and dealing with this absurd result poses
example, for two charges of the same sign, # is positive. For charges of \utticult problems whose solutions are well beyond the scope of this book.

With a true line charge, @ is similarly infinite.opposite signs, is negative. For a single charge, # is zero. fi ‘line ch heref lowed in thBut what is the energy required to simply modify a charge distribution, tue point and line charges are therefore not allowed in the present
ape ontext. Nonetheless, we follow the usual custom of speaking loosely ofwithout

dispersing it to infinity? This energy is clearly equal to the final id li ‘hi hen th i Jigibl 1. T fi
potential energy minus the initial potential energy, whatever method one pent and line oe when the radius is negligibly small. True surface
may choose to effect the change. rarges cause no problems.

6.1.2 The Potential Energy ofa 2 THE POTENTIAL ENERGY @ OF ANContinuous Charge Distribution ELECTRIC CHARGE DISTRIBUTION
EXPRESSED IN TERMS OF EFor a continuous electric charge distribution, we replace Q, by p du and

the summation by an integration over any volume v that contains all the We have expressed the potential energy € of a charge distribution in
charge: iorms of the charge density p and the potential V. Now both p and V are

t=af Vpdv. (68) iwlated to E. So it should be possible to express € solely in terms of E.“he 7 ‘his is what we shall do here. We shall find that

This integral is equal to the work performed by the electric forces in en [Ook
going from the given charge distribution to the situation-where p = 0 e-[ 2 4 (1)
everywhere, by dispersing all the charge to infinity, or by letting positive
and negative charges coalesce, or by both processes combined. shere the volume v includes all the regions where E exists. Thus we can
At first sight, this is an obvious extension ofthe previous equation. It is siculate & by assigning to cach point in space an electric energy density

not, because we have now included the energies required to assemble the 1 Cy E7/2.
individual macroscopic charges. In fact, as we shall see in Sec. 6.2, the Since the above is positive, that of Eq. 6-8 is also always positive.
above integral is always positive. These two equivalent expressions for , one in terms of p and V and
Observe that the potential V under the integral sign does not include the other in terms of £, are both important. They emphasize different,

the part that originates in the element of charge p du itself. We saw in hut complementary, aspects of electrical phenomena. With the first
Sec. 3.5 that the infinitesimal clement of charge at a given point spression, @ is the potential energy of a system of charges; with the
contributes nothing to V. cond, @ is the energy stored in a field.

If there are surface charge densities 0, then their stored energy is We first apply the above formula to the field of a charged spherical
ductor, and then we give a general proof.

é=af oV ded, (6-9)at tT vample ‘THE POTENTIAL ENERGY € OF A CHARGED
where of includes all the surfaces carrying charge. CONDUCTING SPHERE

. We find the potential energy # ofa conducting sphere of radius R6.1.3 True Point and Line Charges Carrying charge Qin thre diferent ways
Suppose we have a spherical charge Q of uniform volume density and First method
radius R. Then, using the value of V, that we calculated in Sec. 3.7.1, The whole charge Q is at the potential Q/4x¢4R. Then
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1,2 @ > ‘Third method693
OCR anak (612) Let f(r) be the area of any surface of radius r, concentric with

the conducting sphere and outside it, as in Fig. 6-2. Then, fromSecond
method Gauss’s law (Sec. 3.7),Imagine that the radius of the charged spherical conductor .

increases slowly and eventually becomes infinite. The total €=10v- sf cob del ar. (15)‘mechanical work performed by the charges is equal to the initial lawn le
potential energy. Since the two integrals are independent of each other,

During the expansion, the field outside remains unaffected .Gauss's law again!). An element of charge ode= €,E del is ,
the work performed by this element, when the radius of the

. .sphere

increases by dR, is =f (Gar egy dr = [SE gr dr (6-17)
dé = (cE det)( =) dR = dv, (613) at!

where dv isthe clement of volume swept by the element of area [Fo (618)
def. After the radius has expanded to infinity, the total work
performed by the charges is 8s previously.

ef 6B ty -[$( 2) sera oy 6.2.1 The Potential Energy & of a Charge DistributionIe 2 In 2 \4xe or" SreoR Expressed in Terms ofE: General Proof
as above We exclude unrealistic cases where V would be discontinuous, for this

ae would require an infinite E. We also set V = 0 at infinity, which excludesus
~~ charges of infinite extent. Then V has a finite maximum Viyy. and a finitevy ~\ minimum Vouig, With Vingx =O, Vipin0.ia

\ Let Viun be negative and imagine a conductor that occupies all points/ \ where V =Visiq. The conductor expands out to the equipotential Visin+/
\ AV. This does not affect the rest of the field. Eventually, the conductor/

f \ reaches the equipotential V=0. In the course of the expansion, anyi ig © ‘ \ charge encountered accumulates on the surface of the conductor.
H 3 \ According to the second method above, the work performed by the
! ee 0. | charges is equal to the integral of €9£7/2 over the volume swept out.
\ x a ! Now let Vmax be greater than zero, and imagine another conductor
\ e ann] ‘occupying the region where V = Vinx. It expands as above until it reaches
\ te E: ~ the equipotential V=0. Again the work performed is the integral of

\ ha Peg / + E?/2 over the volume swept out.
\ Se / If the two conductors meet, then, immediately before contact, the
\ / surface charge densities are equal in magnitude (same E), opposite in
NN A sign, and at the same potential. They cancel. The charge density is now
SA 7 zero everywhere, cither because the charges are dispersed to infinity or

Wass ----7 because positive and negative charges have neutralized.
Fig. 6:2. Spherical conductor carrying a charge Q, and a con- The initial stored energy is thus given correctly by the integral of
centric imaginary spherical surface of area s4(r). EP
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6.3 THE CAPACITANCE OF AN CudneR=111% 10-"R faredISOLATED CONDUCTOR | FiI1R  plcofarads (20
Imagine a finite conductor situated a long distance from any other body 6.4 THE CAPACITANCE BETWEEN
and carrying a charge Q. If Q changes, the conductor's potential also TWO CONDUCTORS
changes. As we shall see, the ratio Q/V is a constant. The capacitance of
the isolated conductor is We now have two uncharged isolated conductors. Transferring a charge

cue 19) Q from one to the other establishes a potential difference V between
Vv them. By definition, the capacitance between the conductors is Q/V. The

Thus the capacitance of an isolated conductor is equal to the extra charge capacitance depends solely on the geometry of the conductors and on
required to increase its potential by 1 volt. The unit of capacitance is the their relative positions.
farad, or coulomb per volt. Pairs of conductors arranged specifically to possess capacitance are

The energy stored in the field of an isolated conductor is called capacitors.

é-& =Ss -¢ (6-20) Vxample | THE PARALLEL-PLATE CAPACITOR
We now show that the capacitance C of an isolated conductor depends “ Deralch plate capacitor (Fig. 6-3) consists of two conducting

solely on its size and shape. The conductor is in air. The potential in the Ehanges Q and %Wonenect see nance Eine, plates carry
region surrounding the conductor is V(x, y,z). It obeys Laplace's

‘equation, and it is zero at infinity because the conductor is of finite size, e-2e2 Ve& (6-22)
by hypothesis. At the surface of the conductor the charge density o is Then we Eo od
€9E (Sec. 4.4), or € times the rate of change of V(x, y,z) in the
direction normal to the surface. An immediate consequence is that the cat (623)
value of the conductor potential determines the surface charge density ‘Also, the stored .
o = —€)|¥V| on the conductor. Therefore the conductor potential also + he storen energy ie
determines the total charge Q on the conductor. eo QV_CV_O_ O's (624)

Observe now that the equation V*V =0 is linear, so that any multiple 2 2 2C 2east" “
of V(x,y, 2) is also a solution. If V increases everywhere by some factor on . .
a, this new V obeys Laplace’s equation outside the conductor, is zero at é= fEy =2(2)ds = 2S (625)
infinity, and is equal to aV, on the conductor. Furthermore, it is the only 2 2 Neosat) eos”
continuous function of x,y, z that satisfies these three conditions. We
conclude that if the conductor's potential increases by the factor a, then

V increases everywhere by the same factor a, and both o and Q likewise
increase by the same factor. -

The charge Q on an isolated conductor is thus proportional to its 5voltage, and its capacitance C=@Q/V depends solely on the size and vt LE
shape of the conductor. 5 a
Example THE CAPACITANCE OF A —ae

CONDUCTING SPHERE| If an isolated conducting sphere of radius R carries a charge Q,

the potential at its surface is Q/47¢0R and Fig. 6-3. Parallel-plate capacitor connected to a battery.
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ao ms Fig. 6-5. The local surface charge density o on a conductor gives two oppositeldirected electric feds, as shown by the two arrows onthe left all he ole
Fig. 6-4. (a) Two capacitors connected in parallel. (b) Two capac- charges together give the field shown on the right. The net result is a field
itors connected in series. ~trength of o/¢, outside and zero inside. The unit vector A points outward, as

usual

Example CAPACITORS IN PARALLEL AND IN SERIES
Capacitors connected in parallel share the same voltage. Thus, for the surface. From Gauss’s law, this E is o/¢9. Now the force on 0 ded is

two capacitors, as in Fig. 6-4(a), not Eo def, because the field that acts on o df is only that of the other
CaM O_O O_o ye 629 charges in the system,

Vv voev us ~ We can find the field of ods itself from Gauss’s law. The flux of E
Capacitors connected in series carry the same charges, as in Fig. emerging from o do is o dof/€o, half of it inward and half outward, as in

6-4(b). Then Fig. 6-5. Then odsf provides exactly half the total E at a point outside,

y-2, 2.2 2 close to the surface, and cancels the field of the other charges, inside.
"ota Therefore the E acting on o dd is /2€o, and the force on the element

ti. CG of area df of the conductor is
feted, co OS (628)Coa OG

> ?

So capacitors connected in parallel add as resistors in series, and dF = 5% o dsl = 5 doh (629)
capacitors connected in series add as resistors in parallel.

The surface force density is6.5 ELECTRIC FORCES ON CONDUCTORS © Survace Foes Censty 'S

,_dF_ of _ ek 2An element of charge o df on the surface of a conductor experiences the Feta de) MeMtons/meter (6-30)
electric field of all the other charges and is therefore subjected to an .

electric force, Under static conditions this force is perpendicular to the The force per unit area on a conductor is equal to the energy density in
surface, for otherwise there would be a tangential field and a tangential the field.

current. The force also acts on the conductor, to which o def is bound by The net electrostatic force on a conductor of area sf is
internal electric forces.

To calculate the magnitude of the electric force, consider a conductor eof ps
carrying a surface charge density o with an electric field strength E near Fes $e dA, (6-31)
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where the vector dsf points outward. The local electric force tends to

pull the conductor into the field. In other words, an electrostatic field vennse
‘exerts a negative pressure on a conductor. The net force on a conductor Yo ~~
depends on the way o and E vary along its surface. In air, or in a i, \
vacuum, electric forces are usually negligible. However, they can be quite y \
large in dielectrics. Y

i

- F i6.5.1 Electric Forces and Lines ofE \\ /
Figure 6-6 shows lines of E for four pairs of line charges. SD 4

In Fig. 6-6(a) and (c), the force is attractive and the lines of E are Sneee7clearly “under tension.” Indeed, the tensile force per square meter is

€oE7/2, as we can infer from the previous section. ©
In Fig. 6-6(b) and (d), on the other hand, we can see lines of E

“repelling” each other laterally. The repulsive surface force density in the \ /

. * Vig. 6-6. Lines of E between pairs of line charges. It is useful to visualize
@ wiractive electric forces as being caused by a tension in the lines of E, as in (a)

‘od (€). Similarly, repulsive electric forces may be thought of as being caused by

“lateral repulsion between lines of E, as in (b) and (d). In (c) and (4) the chargeobapefal : »the left is twice aslarge as the other.

ORT A segion where the lines ofE are parallel is also €9E2/2. See Prob. 6-8.POST peso Later we shall see that magnetic fields behave similarly.

SAR TESS 6 CALCULATING ELECTRIC FORCES BY THE
SO GPLTTTT ISS METHOD OF VIRTUAL WORK

PL AV VAX We can also calculate electric forces by the method of virtual work. This
method consists in postulating an infinitesimal displacement and then

® \nplying the principle of conservation of energy. We first define a system,
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and then we calculate the energy fed into it in the course of the Here

displacement. This energy is equal to the increase in the internal energy aol a
of the system. bp=V(VdC)=Vd= VietF= (ey Mob ds). (6-34)The method of virtual work is a general and reliable method for .
calculating forces, but on two conditions: (1) one must be perfectly clear If ds is positive, dC is negative and energy flows from the

capacitor into the batteryabout exactly what system one is talking about, and (2) one must be Prsaly nce Be Vin
particularly careful to use the proper signs yaince BV

cE? (eos) lV2/_ ds) eu®

Example | THE PARALLEL-PLATE CAPACITOR fen d( Sas) = d(H) = AE (-S)=- Saas
‘A parallel-plate capacitor is connected to a battery supplying @ (635)
fixed voltage V. See Fig. 67. We assume that the distance s Note the negative sign! The energy density €eE%/2V decreases

virtual work. We are going to calculate energies related to the Thus

capacitor. Thus the net energy fed into the capacitor in the course net
of the displacement ds of the top plate will be equal to the F ds ~ ealds =~ot ds, (6-36)increase in the electric energy stored in the capacitor. 2

Let @> be the mechanical energy fed into the capacitor by the eel!
force F, let %y be the electric energy fed in by the battery, and let Fa", (637)
4, be the increase in the electric energy of the capacitor. Then 2

by + hyn (63) an the fore per ui areas equal f the nee nit volumewith Half the energy supplied by the source becomes mechanical
&=Fds, t= Vd0 (633) energy, and the other half becomes electric energy. This is a

where dQ is the extra charge fed into the capacitor by the battery general rule
7 SUMMARY

F ‘he potential energy of a charge distribution is given by either one of two

~ of ntegrals:( | 2 \ @=3[ Vode (6-8)i a“ = ! “h
|e »

a” oe :“s i & we —_ ogLo | e=a] EE? dv. (611)aD ) ;EE Iu the first integral the volume v contains all the charges, while in the

second it includes all the field. The assignment of an electric energy

density. €oE?/2 to every point in space leads to the correct potential

Fig. 6-7. Parallel-plate capacitor connected to a battery supplying energy of a charge distribution.
a fixed voltage V. We can calculate the force of attraction between If the potential of an isolated conductor is V when its charge is Q, then

the plates by imagining an equal but Pe oreFed us capacitance C is Q/V farads. This quantity depends solely on theCurve remindsus that we apply the prineiple of the conservation of vcometry of the conductor. The capacitance between two conductors is
energy to the capacitor alone. uystin Q/V, where Q is now the charge transferred from one to the other
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and V is the potential between them. In both cases the stored energy is According to the reciprocity theorem for electrostatics,

9 2¥_cV?_ 0 won QV) + OV5+ O5VS+ == O1Vi + OV + OW, + o>,ee 26 (6-20) or
Dov'=Dorv.

The force per unit area exerted on a conductor situated in an electric We shall find analogous reciprocity theorems in Chaps. 8 and 27.
field is equal to the electric energy density at the surface: ‘You can prove this theorem by calculating the energy required to change

the charges from Q to Q’ and equating this energy to , Q’V'/2~-¥, OV/2.
r- oF? _ To do this, set the charge and voltage on conductor 1 equal to (1 —x)Q: +
"26," (6-30) xQ} and (1—x)V,+xVj. Then you can go from one state to the other by

letting x go from zero to unity

where a is the surface charge density 65. (6.4) Cylindrical capacitor
It is useful to visualize electric forces as being caused by lines of E that (a) Show that the capacitance per unit length of a cylindrical capacitor is

are under tension and that repel each other laterally '& axeafin(Ro/R:), where Ry and Re are the inner and outer rai
We can also calculate the electric force on a conductor by the principle (©) Calculate the capactance per meter when Ra/R,=¢= 2.718of virtual work, which is simply the principle of conservation of energy 6-6. (64) Spherical capacitor

applied to an infinitesimal disturbance of a system. 4)Show tat the capacitance ofa spherical capacitor of inner and outer
ca SreeRePROBLEMS RR”

6-1. (6.1) The dipole and the quadrupole (b) Calculate the capacitance when R,=100 millimeters and R:=
Calculate the potential energies of an electric dipole and of an electric 200 millimeters.

quadrupole, 6-7. (64) Connecting charged capacitors in parallel62. (6.1) The potential energy of a sphere of charge ‘Two capacitors C, and C, are charged to voltages V, and Vs, respectively,
(a) Calculate the electric potential energy of a sphere of radius R and then connected in parallel, positive terminal to positive terminal and

carrying a total charge Q uniformly distributed throughout its volume. negative to negative
(b) Calculate the gravitational potential energy of a sphere of radius R' (a) What is the final voltage?

and total mass M. (b) What happens to the stored energy?
(©) Calculate the gravitational potential energy of the moon. See The

Ol ce atthe e ° 68. (65.1) Electric forces and lines of ETable of Physical Constants at the end of the book. (@) Use the method of See. 6.5.1 to calculate the force of attractions you can assemble a sphere of protons with a density between two charges Q and ~O separated by a distance 2D.equal to that of water. What wouldbe the radius ofthis sphere if its electric (b) Repeat the calculation for two charges of equal sign.potential energy were sufficient to blow up the moon? Pe nBes oF quan SED.(©) What is the voltage at the surface of the sphere of protons? 69, (6.5) High-voltage generator
. Imagine the following mechanism for generating high voltages. One plate63.

(6.2) The energyin the field of a sphere of charge ‘of a parallel-plate capacitor is fixed and connected to ground. The otherA sphere of radius R contains a charge Q, uniformly distributed late is movable. When the plates are close together at a distance s, a

throughout its volume, Calculate (a) the energy, (b) the energy stored in g , fe : tve " contact closes and the movable plate charges to the voltage V. Then thethe field inside the sphere. and (c) the energy stored in the field outside the the movable plat ro a dist i its voltsphere, There is five times more energy outside than inside dee cee dintecardine cddee clfecte. At this noint another contactv ey increases to nV, disregarding edge effects. At this point another contact
6-4. (6.4) The reciprocity theorem for clectrostaties closes, and the movable plate discharges to ground through a load

Consider a set of n conductors of arbitrary sizes, shapes, and positions. resistance R.

Conductors 1, 2, 3,... carry charges Q;, Qs, Qs,..., and their voltages (a) Verify that there is conservation of energy.
are Vi, Vor Vs... Without disturbing the conductors, you change the (b) Can you suggesta more convenient geometry for such a high-voltagecharges to Qi, 5, Qi generator?



610. (6.5) The surface fore ona ballon carrying an eletic charge
itis suggested that a balloon made of ight conducting material could be

kept approximately spherical by conneting ito a high-voltage supply. The 7balloon has a diameter of 100 millimeters, and the maximum breakdown «HAPTER

field in air is 3 megavolts/meter.
(a) What is the maximum permissible voltage?
(b) What gas pressure, in atmospheres, inside the balloon would have *

ant, a
8 : ELECTRIC FIELDS V

(c) How large could the surface mass density of the balloon be? Electric Circuits A: RC Circuits

6-11, (66). Stored energy

Four charges +0, -Q, +Q, ~Q occupy the corners of a square of side
4, withthe poste charges‘on one diagonal andthe negative charges on 1) SYMBOLS AND DEFINTTIONS 20

the other. 2 KIRCHHOFF’S LAWS FOR DIRECT CURRENTS — 121
(a) Calculate the stored energy @, and sketch a curve of # as a function 2.1) THE MESH METHOD FOR CALCULATING BRANCH CURRENTS 122

ofa Example; SIMPLE TWO-MESHRESISTIVE CIRCUIT WITH A VOLTAGE
(b) A mechanism constrains the charges to stay at the corners of a SOURCE 122

"aCCatete forces onthechargerthe method of virtual work Example: SIMPLE TWO-MESH RESISTIVE CIRCUIT WITH A CURRENT(a) Compare with the values deduced from Coulomb's law. SOURCE 123

Evonple: SIMPLE TWO-MESH RC CIRCUIT WITH A VOLTAGE SOURCE.6-12. (6.6) The forces on the plates of a parallel-plate capacitor SOLVING AN ORDINARY DIFFERENTIAL EQUATION WITH CONSTANT
Show thatthe fore ofatraction between the plates of  paralle-pate SOLVINGAN ORDINAcapacitor that is not connected to a battery is €,£*sf/2, as in Sec. 6.6. 22 THE NODE METHOD FOR CALCULATING NODE VOLTAGES 126

6-13. (6.6) Half the battery energy becomes mechanical work, and the other Example: SIMPLE TWO-MESH RESISTIVECIRCUIT WITH A VOLTAGEhalf stored inthe electric Rel Example: SIMPL
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PROBLEMS 4

this is the first of four chapters on electric circuits. For the moment, we

limit ourselves to resistive and capacitive components. The next chapter

, sleals with circuit theorems and is general, even though it appears to

+ coapten and ate nt requted for what flows, However, Chap. sa prerequisite
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suffer from the same limitation. We have to wait until Chaps. 24 and 25

to study inductive circuits and transformers. oFUnless specified otherwise, we assume that all circuit components are
linear and time-independent

If you are not familiar with phasors, you should read Chap. 2 before Fig. 73. Typical curve of output
working on the material on alternating currents that starts in Sec. 7.3. current asa function of outputvoltage for a commercial current-

7.1 SYMBOLS AND DEFINITIONS =F stabilizedpower supply.

Figure 7-1 shows the circuit-related standard symbols that we use in this
book. An ideal voltage source supplies a voltage that is independent of
the current drawn. A good commercial voltage-stabilized power supply is
close to ideal, up to a specified current, after which the voltage drops off, ~s a
as in Fig. 7-2. Similarly, an ideal current source supplies a current that is
independent of the output voltage. Commercial current-stabilized power

supplies are nearly ideal, up to a specified voltage, beyond which the _ —
current drops, as in Fig. 7-3, / —\ / )Figure 7-4 shows part of an electric circuit. Points such as A, B, C are a) _ (.
called nodes; connections between nodes such as AB, or BC, are Na / ) aoe
branches; and a closed circuit such as ABC is a mesh ty

Eom sa Quin LOE O- -O- —~ Ane
i (4 )NWA AE OSTTTIN IOITI  -0o } \

pac caret Fig. 7-4. Section of an electric circuit. This mesh has three branches and three
ssi nodes.

Fig. 7-1. Symbols for circuit components An active circuit comprises sources, while a passive circuit does not. A
circuit component is said to be linear if the current passing through it is

proportional to the applied voltage.

4 By convention, current flows from plus to minus, outside a source, in

{-—————— the direction opposite to the electron drift.
| ‘ 7.2 KIRCHHOFF’S LAWS FOR DIRECT CURRENTS

Fig. 7-2. Typical curve of output Kirchhoff’s two laws are self-evident and appear trivial. They are, in fact,
Yotage 28 aFunctionofoutput the fundamental laws of circuit theory, and they are completely general:

— 1 Stabilized power supply. they are valid for both linear and nonlinear, and for both passive and
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12 ELECTRIC FIELDS V | 123active circuits. They remain valid even if the components are time- |) ‘ .
dependent or if they display hysteresis.+ t 4 ost

‘They also apply, whatever be the time dependence of the voltages or |
currents or whatever be the initial conditions. All circuit theorems derive, | _ 4 —
in some way, from these two laws. Kirchhoff’s laws serve to calculate }} —— \

branch currents and node voltages in circuits comprising known sources +L / \ \ g,
and known components. nn

We disregard alternating currents until Sec. 7.3. \ J \ Z
The Kirchhoff current law (KCL) states that the algebraic sum of the

currents entering a node is equal to zero. This stands to reason because, »
otherwise, charge would accumulate at the nodes. A node, by itself, has

zero capacitance to ground. If a given connection A possesses an 1
appreciable capacitance to ground, then that capacitance must appear on 7

the circuit as a separate branch between A and ground. t Fig. 7-5. Two-mesh resistive circuit fed by a source supplying a
‘The Kirchhoff voltage law (KVL) is equally obvious: the sum of the! steady vohage V

voltage drops round a mesh is equal to zero. { 5 ‘ x

‘7.2.1 The Mesh Method for Calculating Branch Currents }

With the mesh method one assigns mesh currents lL, ly, ke, ---, a8 in Fig. ~~ —

7-4. This current distribution satisfies the KCL automatically. The meshes Oo f , \
may be chosen arbitrarily, as long as no branch is left out. Then the KVL g ‘ *\ ) s*
provides one equation for each mesh. Solving yields the mesh currents, \ Z \ Z
the branch currents, and then the node voltages, as we shall see in the
‘examples below.

If the circuit comprises only sources and resistors, then the equations o
are algebraic. However, if there are also capacitors, then the equations +
involve time derivatives. =

Fig. 7-6. Two-mesh resistive circuit fed by a source supplying @

Example | SIMPLE TWO-MESH RESISTIVE CIRCUIT WITH A steady current [,
VOLTAGE SOURCE

L 20.6 heo2Vv (73)
Refer to Fig. 7-5. Choosing mesh currents as in the figure, we R R
apply the KVL to the two meshes, stating at B in both cases. For “The downward current in branch AB is 0.4V/R amperes, and thus
mesh a, the voltage at A is 0.4V volts.

V-LR-(,-1)R=0. 7-1)

For mesh b, Example | SIMPLE TWO-MESH RESISTIVE CIRCUIT WITH A
~(h-W)R~24R=0. 2 CURRENT SOURCE

‘ We now have the circuit of Fig. 7-6, with a current source

Known, but the voltage V across the source is unknown, Equations
on i 7-1 and 7-2 still apply. Solving, we find that

+ Hysteresis is a property of certain devices oF media whose parameters depend on their 1
previous history. Ferroelectric media are hysteretic (Sec. 10.1.5. V=SLR hao (7-4)
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Example | SIMPLE TWO-MESH RC CIRCUIT WITH A ‘As we shall see, there exist an infinite number of solutions Q(t)
VOLTAGE SOURCE. SOLVING AN ORDINARY that satisfy this equation. However, it is a simple matter to select
DIFFERENTIAL EQUATION WITH CONSTANT the correct one, in a particular situation.
COEFFICIENTS We first find one obvious solution that we call Q,,

cv‘The
circuit of Fig. 7 is similar to that of Fig. 7-5, except that we => (7-10)have added a switch and substituted a capacitor for one of the

resistors. The switch closes at 1=0. The mesh equations are now ‘You can easily check that this isa solution, by substitution. This isa follows for 1=0: the particular solution. We found it by conserving only the last

term on the left.V~LR~(L.—h)R=0, (7-5) Now let Q be some other solution. By definition, it also satisfies

Hh = I)R be 20 6) Eq, 7-9. Then the function2-0-0, nyRewriting, with J, = dQ/deif I, and Q are chosen as in the figure, satisfies the homogeneous equation
40 d

UR-RE2=v, a) AQ, 4Qe zdt 3k dt +26 0. (7-12)

LR-2R 2-226, The functi th leL 2. 78) function Q, is the complementary solution.

ac In other words, the general solution Q is the sum of Q, and Q.:
Eliminating now J, yields 0-0,+0. (7-13)

sn 2422-y os) Now the solution of Eq. 7-12 is simple. Rewriting, we get
: © de 2 (7-14)‘This is an ordinary differential equation with constant “ae aCe oy

coefficients. The term ordinary refers to the fact that the equation and
comprises ordinary, and not partial, derivatives. The equation is . 2
nomhomogencousFeeuse i righthand side i nots fenton of 2.=Aes0(~ 3): os
©. It is linear because it comprises only the first powers of the
variable Q and of its derivatives and no products such as Q or where A is a constant of integration.

Q(dO/dt), ‘Thus ra a
ee 0- + sew (-24) 16)

= Y= Since A is any constant, there exists an infinite number of
solutions. For given conditions, the value of A follows from, say,

— - the value of Q at 1=0. In this example, Q=0 at 1=0, and( ~~ 4 a ~ | A=~-CV/2. Thus+ \ / \
ve

{ «  ) OR ne ~. -& [ ~exp(-2 } z7 | y sl ) o-F[1-e9(-3%) 7)\ ra Figure 7-8(a) shows @ as a function of t for CV = 2 and RC =2.
For 1>3RC/2, Q~1. Then /,=0 and the voltage across theO
capacitor is equal to the voltage between A and ground. Figure

7-8(b) shows 1, = dQ/dt as a functionof ¢.= We have here a circuit that can exist in two states, first with S

Fig. 7-7. RC circuit fed by a voltage source. Switch S remains open and then with closed. With $ open and until 1=0,
‘open until ¢ = 0. L=V/2R, 1, =0, Q =0. With$ closed and 1 >> 3RC/2, the same
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hoy Example SIMPLE TWO-MESH RESISTIVE CIRCUIT WITH A
VOLTAGE SOURCE

Refer again to Fig. 7-5. According to the KCL, f,= f+ Jy, with

v-v y, v,os aYoM aM als 0.4 rR b R bh R (7-18)

‘Therefore

V~Va_ Va Va

\ n 1 aren tagMe 7-19)
' Solving, we find that

“ V, = 0.4V, (7-20)
as in the first example in Sec. 7.2.1. The values of the branch

03 currents {,, f, fs follow immediately.
Observe that with the node method we had a single equation to

solve, namely Eq. 7-19, versus two with the mesh method that we
oe used for the same circuit in the first example in Sec. 7.2.1. With

h this particular circuit, the node method is simpler.

" 7.3 ALTERNATING CURRENTS

o 1 4, Most electric and magnetic devices operate with either fluctuating or
: alternating currents. There are many reasons for this, but the two major
wo ones have to do with power technology and with the transmission and

storotFig.27 processing of information.fon ofthetinesfer CV22, RC =D (O) The curren in mesh First, with alternating currents, the electric power supplied by a sourcebasa functionof the time. at a given voltage can be made available at almost any other convenient
voltage by means of transformers. This makes electric power adaptable to

values of I, and fy apply, but Q = CV/2. In the interval between « broad variety of uses. (The power supplied by a direct-current source
1=0 and £>>3RC/2, the circuit adapts itself to the new situation. can also be changed from one voltage to another. This is done by first
Phenomena that occur during such periods of adaptation are switching the current periodically, to obtain an alternating current, next
called transients. tveding this to a transformer, and then rectifying and filtering the output.

- The operation is relatively costly.)7.2.2 The Node Method for Calculating Node Voltages ‘The second reason for using alternating, or fluctuating, currents is that
The node method is an alternative to the mesh method. As a rule, one of they can transmit information. For example, a microphone transforms
the two methods requires a smaller number of simultaneous equations the information contained in a spoken word into a complex fluctuating.
and is therefore preferable. current,
We assume that one of the nodes is at ground potential (V =0) and We assume that the voltages, currents, and charges are all cosine

that the other node voltages V,, V,, V., are unknown. Application of functions of the time, with appropriate phases. This is not always the
the KCL at each node in succession yields the node voltages and thus the case, The current through a microphone is not normally sinusoidal. Or
branch currents. ‘one might have only the positive part of the cosine function or a cosine

We illustrate the node method with asingle example. function whose amplitude is a function of the time. However, any
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periodic function is the sum of an infinite series of sine and cosine terms °
called a Fourier series (Sec. 11.3, example).

a : A R,7.3.1 Three-Wire Single-Phase Alternating Currents ©)
In North America electric utilities supply electric power to individual

houses and apartments at both 120 and 240 volts rms, 60 hertz, as in Fig.

7-9. This is the three-wire single-phase alternating-current system. ‘Thus _ &
V4 = 120x 1.414 c0s (2 x 601)= 170.cos(22 x 601), (7-21) 1 OyaVo= =120 x 1.414 c0s (27 X 601) = ~170¢0s (27 x 601), (7-22) F <

V4 — Ve = 240 x 1.414 cos (221 x 60t) = 340 cos (27 x 608). (7-23) o

Low-power devices operate at 120 voltsrms across AD or CD, whilehigh-power devices such as water heaters operate at 240 volts rms across ‘
A and C.

() R4,4
> f

“OL a” R© La NeaSv =

’
8
Rwy

Fig. 7-10. (a) Three identical sources of alternating current with phase
differences of 120°, feeding three resistors R,, R., Ry. (b) Three-phase supply. If~

the resistances are equal, the connection DE is unnecessary.a)
reflect their relative phases. For example, if the phase at A is zero at
1=0, then

¢ 4h

La = Vin mM, (7-24)Fig. 7-9. Three-wire single-phase ac system. The plus and minus signs mean that v, cos > (724)1 two sourceshave opposite phases. If Ry = Rs ion BD is athe two ources have opposephases. If, = Ri, the conection BD p= Vgcos(or +2), 728). 3

4aVeo = Vo 00s (an + 52) (7-26)7.3.2 Three-Phase Alternating Current

Figure 7-10(a) shows three sources of alternating current feeding resistors If the three resistances are equal, the sum of the currents flowing in the
Ry, Ra, Rs. We have oriented the sources 120° apart on the figure so as to three grounded wires is



|

Vow 2a 4x 1Ta | cos wr + 0s (on +24) + cos (or + “2)] =0 = 72)
‘Then the wire DE in Fig. 7-10(b) can be dispensed with. If the resistances

are unequal, the currents do not completely cancel in DE. We now have ‘ bd
four wires doing the work of six, with low /°R losses in the wire DE.
A set of three sources, star-connected and phased as in Fig. 7-10(b),

supplies three-phase alternating current. The main advantage of three-

phase current is that it can generate the revolving magnetic fields of large co)
electric motors. See Prob. 18-6. ‘

Electric power stations usually generate three-phase alternating cur-

rent. That is why ordinary high-voltage transmission lines have either

three or six wires, plus one or two light wires. Three-wire single-phase

power is obtained from a transformer whose primary is connected \ v, Vat,em an
between one phase of a three-phase line and ground. eR \ a

Except for a few problems at the end of this chapter, we shall be \
concerned henceforth solely with single-phase currents.

7.4 ALTERNATING CURRENTS IN RESISTORS " } + —t

Figure 7-11(a) shows an alternating voltage source connected to a
'

resistor. Let .

V = V,, 00s ot, (728) ‘
where Vj, is the maximum, or peak, voltage; w =2zf is the circular

frequency, expressed in radians per second; and f is the frequency \
expressed in hertz. In the figure, w

Vp, €08 wt Fig, 7-11. (a) Resistor R connected to a source supplying a voltage V and apay coset, Iga (7-29) current. (b) V and Iplotted as functions of for a resistor.R R

‘The current is in phase with the applied voltage, as in Fig. 7-11(b). Pyy = Ven Vin Hn | (7.31)
‘At any given instant the power dissipated in the resistor is 2 2R 2

Vim 2
Pigs = VI = (Voy COS O1)(Lp COS Wt) = Ving COS? ot = Vemalems = po = Fras (7-32)

v2
= cos? wt = PR cos? wt (7-30) as in Fig, 7-12.

R Recall that the subscript “rms” stands for root mean square, or the

: square root of the mean value of the square (Sec. 2.4). In practice, theSince the average value of cos? wt is 4, the average power dissipation is subscripts “av” and “rms” prove to be unnecessary, and we simply write
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Pras ® Ue ut 1
2 %

ARAAS1 » v <‘a

° + 7 * rs ’ 1 wcrc (ur 47. ene . Va Vcomae (+3)
Fig. 7-12. Instantaneous and average power dissipated in a resistor.

Vv v2 \=v payraVep : \

as with direct currents. We shall nonetheless use the subscript “rms” an 4
wherever it applies. ° °

Unless stated explicitly otherwise, all voltmeters and ammeters show
rms values. ra

If the voltage or current is an alternating but not a sinusoidal function
of the time, then the ratio Vies/Vm, depends on the nature of the function.

For example, if a voltage simply alternates between +Vq and Vy, the i” »
ims value is Vp.

Fig. 7-13. (a) Capacitor C connected to a source supplying a voltage V. The

circled V and J represent a voltmeter and an ammeter. (b) V and / as functions of7.5 ALTERNATING CURRENTS IN CAPACITORS the time fora capacitor. The current leads the voltage by O° and w=0.5, here
Figure 7-13(a) shows a source of alternating current connected toa

itor. Thi

capacitor. then where J, Q, V are all phasors, At a given instant the energy stored in the
O=Cv, conan, 3) capacitor is

_4Q_ a ca y CV? _ CV;,cos?wt1=B= —CV sin wt = CV 005 (oF + 3). (735) bag =F =Lar (737)
‘The current leads the voltage by 2/2 radians, as in Fig, 7-13(b). and the average stored energy is

In phasor notation (Chap. 2),

CV3/2_ CV2ag
1=jwQ =jwCV, (7-36) nar (7-38)
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7.6 THE IMPEDANCE Z AND THE ADMITTANCE Y

By analogy with Ohm’s law for de circuits, we have Ohm’s law for ac,

circuits: k
Vv

=v . wex | = 2 -1=5. (7-39) %, 6,
c

where both [and V are phasors and Z is the impedance of the circuit

‘The impedance of a resistance is R. ° °

For a capacitor, from Eq. 7-36,

j o ©

arma (7-40) Fig. 7-14, (a) Any passive and linear circuit comprising only resistors and
capacitors. The impedance at the input terminals is R + jX. (b) Equivalent series

; ;
circuit. (c) Equivalent parallel circuit.

Impedances in series and in parallel operate like resistances in series

and in parallel

Impedances are in general complex and thus of the form where G is the conductance and B is the susceptance. The admittance Y
Z=R+ix, (7-41) of a capacitor is jwC, and its susceptance B is wC.

Any two-terminal passive and linear RC circuit is equivalent to a

where Xis the reactance. Given a two-terminal passive and linear circuit conductance in parallel with a susceptance as in Fig. 7-14(c). You can
that comprises only resistors and capacitors, however complex, the easily show that
impedance between its terminals is a complex number R + jX.

‘This reactance X is negative for the following reason. The reactance X o-—R_-R pe XX (745)of a single capacitance C is negative: R+X? Z" R4+X? Zz
GG B B1

1 R-— 2-8 =--8_._8=pee X=-6 (7-2) Grp yy XO aye yO
Now the current in a capacitor leads the applied voltage, and intuitively, ‘The quantity G is positive, like R, while B is either positive or negative,
you can guess that, whatever the arrangement of resistors and capacitors, like X.
the current at the input terminals will lead the voltage. Thus the If a given circuit comprises only resistors and capacitors, then X is
reactance for the complete circuit will be negative, or capacitive. negative and B is positive. Also,
Thus the circuit of Fig. 7-14(a) is equivalent to that of Fig. 7-14(b) with 1_R4X

\ Ra Ga a (7-47)R=R G=-—y (7-43)
ox B x

V=0C, ¢,=2=-—*__. (7-48)
The inverse of an impedance is an admittance: oR X)

14 Example | SIMPLE RC CIRCUIT
Y=5=5-—=G+iB, 7-44)

Z Rix ?*! ow In the circuit of Fig. 7-15(a) the source feeds an impedance



e e ; components of such equivalent circuits are almost invariablyZ
+ frequency-dependent.

The circuit of Fig. 7-15(a) is also equivalent to that of Fig.

e 7-15(c), with G’ and B’ given by Eq. 7-45:+
+ rR _ aR ye LX gg,v & cay = Capez 8 =-ggat jp OH)~

c | where jX"= 1/(j@C’) and X"=—1/(wC’). After simplification,we find that

B 4+9R'0*C
2 AF OR OC ps 55}| z +Rwe® 55)

= | Then 21+3R*w’C oC
ry » pe 21H ROC gC -

| CR ROC FTIR 8)1
| In Fig. 7-15(c), the resistor has a conductance G’ and hence a

resistance 1
red 57)+ | Rae (757)

=v ee c i [As to the capacitance,
7

[B'=joC, C= z (7-58)
Let R= 1000 ohms, @ = 500 radians/second, C= 1 microfarade Then, from Eq. 7-50,

- 7-15. (a) Simple RC circuit. (b) Equivalent series c'rcuit. (c) Equivalent = 10,99 248% 10" x S007 x 10°) — 10" 500% 10%
= 1750— 250) (7-60)gare RIREUGOC)_ p2+3Kj0C a ' % 7-0)

2R+IGaC) 1+ 2RjoC = 1768 exp [arctan(- 254)= RET SRIOCI(I = 2RjoC) _ p (2+ 6R*w*C*) — RiwC = 1768exp (—0.142/) ohms. (761)~ Parc 14+4R °Ctration

(7-50) Angles are expressed in radians. If V is 10 volts rms,

In effect, this means that the circuit of Fig, 7-15(a) has the same 1 =oexp (0.142)) = 5.66exp (0.142) milliamperes rms.impedance as that of Fig. 7-15(b), where the real part of Z, 1768 °°? (0-142/) P (0.142) pe ;
bop lt 3RwrC? mst (7-42)R=
RR (7-51) The current leads the voltage by 0.142 radian, or by 8.13 degrees.

‘The instantaneous value of the current isis frequency-dependent. The value of C’ is given by the imaginary
1 =2!9x 5.66008 (500 +0.142)Part of Z:

7 = 8.00.cos (500r+0.142) milliamperes. (7-63)aoc (7-52)
Jal 1+AR @°C 7.7 POWER IN AC CIRCUITS
1+4R*w°C? 1ve Ces 7-53)C=

Rare “Rare tC 53) Suppose a resistance R is in series with a capacitor C. One applies aThe value of C’ is also frequency-dependent. Indeed, the voltage V,, exp jeat to the combination. Then
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, k A kVo. exp je1a

PO hy exp j(wt - 8), 8)where :

_

zor in (R+ te) expia,  o=arctan (—2"-), (7-65) | +°

joC we) SxPse Roc)” ° \ © 1 k 1 “
Vin ~dn = I a+ 7-66)

TR?+ wy? (66)
‘The average power dissipation is a

Pa, = Waly 608.8 = Viryslinn 608 8, (7-67) } =
' Fig. 7-16. Simple RC circuit

from Sec. 2.4. The term cos @=R/IZ| is the power factor of the ® ple BC ceca.
impedance Z. 1 1 v

or 10 Sec 4, we can also write =v) —+——__ =——__ BsAccordingto See. 2 makow evigtarmal | 3Re2joo)
Py = 4 Re VI", (7-68) i AtA,

where the operator Re means “real part of” and where /* is the complex Vj=V-LR= vittie’ 7-7)conjugate of / (Sec. 2.1). One occasionally writes that yo
‘The ratio V/l, should be equal to the impedance Z that we

IVI = P+ jun (7-69) calculated in the example in Sec. 7.6. Let us check:

¥_ IUGR +4/GoC)] _2RGRWC+4) _p2+IRWC nywhere the term on the left is the complex power, P., is the time-averaged 1 OR+4GoC)+2R~ BRjwC+4 ~* i+ 2Rjoc? 774)
power, and Q,. is the time-averaged reactive power. as previously

7 _ (b) With the node method, we apply the KCL at node A,7.8 KIRCHHOFF’S LAWS FOR
;

where we have, as with a de circuit,

ALTERNATING-CURRENT CIRCUITS hehth hel, heh, belly 025)
with

Both the Kirchhoff current law and the Kirchhoff voltage law apply to yeVoMs po Ms ne. 6
alternating-current circuits if one uses phasors and impedances. MR BER TiGacy R79)

Thus

Example SIMPLE RC CIRCUIT SOLVED BY BOTH THE Va Va_ Va acy (7-77)MESH AND NODE METHODS R R+1/(jac)” R*

sie « use mesh curre v 14 RjwC(a)
Referring to Fig. 7-16, we use mesh currents and apply the Veep RI agKVL as if we had direct currents: TFROC+ Rod) 2+3Kjoc” — 7)

V=LR=(,-1)R =O. 7) 4 7.9 SUMMARY

==)= 4R- = 0. 7) ;joC Kirchhoff's current law (KCL) states that the algebraic sum of the

Solving yields currents entering a node is equal to zero. According to Kirchhoff's



voltage law (KVL), the sum of the voltage drops around a mesh is equal Po.= Vinal 608 8, 07-67)to zero,

‘These two laws serve to calculate voltages and currents at various where cos@ is the power factor R/\Z| ofZ. Alsopoints in a circuit, given the sources and the impedances. With the mesh] ,
method we assign mesh currents J,, [y, f,... to each mesh. We then Po =4Re VI". (7-68)
apply the KVL to each mesh in succession to find the mesh currents. |
With the node method we assign node voltages V;, Vs, V.,... to each Kirchhoff’s current and voltage laws apply to alternating-current
node. One of the nodes is set at V=0. Then we apply the KCL to each | “ifcuits.
node in succession to obtain the node voltages.

If the circuit is purely resistive, then either method gives a set of | PROBLEMS
simultaneous algebraic equations. Ifthe circuit comprises both resistors |
and capacitors, we obtain a set of simultaneous differential equations. 7-1. (7.2) The potentiometer

‘The alternating current in a true resistor is in phase with the applied | Figure 7-17 shows » potentiometer circuit, Show that, when J =0,

voltage. The time-average dissipated power is | ve Ry,ORR,

alaR op This is a common type of circuit. It serves to measure a voltage, in this
PS= Fel (739), 7-32) case Ve, without drawing crrent. In curve plotes the curren, after

amplification, actuates a motor that displaces the pen and simultaneously

where Jn is the maximum value of I and lip is the root mean square moves the tap in the direction that decreases, The resistances Ry and Ry
‘ots “ay” andl “ema” act as a potential divider.value of I. In practice, the subscripts “av” and “rms” are unnecessary.

‘The alternating current in a capacitor leads the applied voltage by 90°: 7-2. (7.2) The operational amplifier
Figure 7-18(a) shows a common type of amplifier.

The triangular figure is an operational amplifier whose gain is —A. Sucht= jucv. (736) apts have gains ofthe order ef 1010 10 ana dra reli
amount of current at their input terminals, The accuracy of the gain of this‘The time-averaged stored energy is CVm,/2. circuit is limited only by the stability of the ratio Ry/R,. The drift in Ry/R,

More generally, due to aging, temperature changes, and so forth is normally smaller than
the drift in A by orders of magnitude.

v As a first approximation, (a) the operational amplifier draws zeroI=
Z (7-39) current, and the same current Jflows in R, and in R;, (b) A is infinite, and

the potential at the junction between Ry and Ry is therefore zero, Then

1 V,/R,~-V,/Rz, and the gain is about —R,/R,.where Z is the impedance of the device across which the voltage is V. For (a) Find a more accurate expression for the gain V,/V,, You can take
a resistor, Z=R. For a capacitor, Z = 1/(jwC). Impedances are usually into account the fact that the gain is not infinite by setting V, = —AVz, in
complex:

Z=R+iX, (7-41)

where X is the reactance of the circuit. The inverse of an impedance is an
admittance:

. R

1 "

ayey (7-44) “OF. ;
The time-averaged power dissipated in a circuit is Fig. 7-17.
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‘ | Fig. 7-20.

| V=0 means 0 and V=V' means 1, where V’ is a precisely regulatedFig. 7-18.

\ positive voltage.7 e approximation ~ va 7 Refer to Fig. 7-20. Say V’=1 volt. The voltmeter connected between A

(b) What isthe minimam value of A if R,=1000 ohms, R =2000 ohms, terminalsB,CD, and theanalog number appears at A. For example,and
the circuit gain must be equal to 2 within 0.1%: { i ‘Use the result of Prob. 7-3 to find the value of V, when‘7-3. (7.2) The R/2R ladder network (a) Vy =1, Ve =0, and Vp = 0;

Figure 7-19 shows a so-called R/2R ladder network that serves for both (b) V,=0, Ve=1, and V;, = 0;
digital-to-analog (D/A) and analog-to-digital (A/D) conversion. See (©) Ve=0, Ve=0, and V,= 1
me

= a -” calles 1 input ‘7-5. (7.2) Charging a capacitor through a resistortat teesas bree4 and ground led te npr | A eeeeea extor A toa wolage V‘
. Calculate the energy supplied by the source, that dissipated by the resistor,7-4. (7.2) Digital-to-analog conversion and that stored in the capacitor, after an infinite time.

‘The R/2R ladder network of Prob. 7-3 can convert a binaryt number to ‘You should find that the resistor dissipates half the energy and that the

kn —) Kn, —* Kn Figure 7-21 shows an RC differentiating circuit. ‘The load resistance
connected at V, is large compared to R.
a ee ee i epiavengred ta
moar

» . x aw

V, = RCa“
(b) The input is a square wave. Sketch V,(1).

9

a

j

| 1 Qy-@

four = 100, five = 101, etc. ‘Fig. 7-21.
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7-7. (7.2) Differentiating circuit usingan operational amplifier ' Fig. 7.24“The circuit of Fig. 7-21(a) is simple and inexpensive, but V.<V, Figure » 7.24,7-22(a)
shows a much superior, but more complex, differentiating circuit. {| > ies‘The triangle represents an operational amplifier as in Prob. 7-2. Figure 7-9. (7.2) Integrating circuit using an operational amplifier

Th rangle representsan operational ampli i) ‘The imeyating creat shown a Fig 7-280) ptforms integrations
without the limitation V, « V, that applies to the circuit of Fig. 7-23. Theret: triangle represents an operational amplifier, asin Prob. 7-2. Show thatV,=

-RC- a if
as long as A>1 and |V,l/RC>>|dV,/dtl/A. Note that RC can be much v= ~ ae [Yauunity, so that V, need nor be much smaller than V,larger than unity, 20 that V_ need not be arch if A>1 and if (V.I(RC) <A [dV del. Use the equivalent circuit of Fig,7-8. (7.2) RC integrating circuit 7-24(b), and set

Figure 7-23 shows an RC integrating circuit. The current through the load 4y,-4(v,- 2)connected at V, is negligible compared to dQ/dt in C. aa Me

(@) Show that as long as the voltage across Cis small compared to that {| -19, (7.2) Motion transducer
across R, Figure 7-25 shows how the differentiating circuit of Prob. 7-7 can serve

1 to measure a displacement

vag [va ‘Show that, with an alternating voltage at the input, the output voltage is
. proportional to the spacing s of the parallel-plate capacitor, neglecting edgeAsin Prob. 7-6, V, <V,, We assume that V, =0 at ¢=0. ettects.

a ve tion of time if V,©) Stetch ‘curve of the output voltage as a function of time if V, is a | 111. (7) Compensated potential dividersa 7

‘The potential divider of Prob. 7-1 is not useful as such at high frequencies
for the following reason. Thete are stray capacitances due to the wiring in

k parallel with Ry and Rs. If the frequency is high enough, these stray
capacitances carry an appreciable current and V/V, is a function of the
frequency

‘Show that, with the circuit of Fig. 7-26, the relation of Prob. 7-1 applies if¥
« 4 RyC\=RsC.. If the added capacitances are large compared to the stray

capacitances, the potential divider is said to be compensated.
Fig. 7-23.
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impedance of components. These bridges have now been largely super- |} ©
ingens of commons Thee ridges avnow eeary ie msments on complex circuits. Figure 7-27(a) shows such an impedance bridge. Ry me

If Z,/Z,= Z/Zy, then V =0. The impedances must satisfy two independent — | |‘equations to satisfy both the real and the imaginary parts of this equation. i
one sets R, = R,/2, Ry = Ry, Cy = Cy. Find the condition for balance. i

‘The Wien bridge is used in tuned amplifiers and in oscillators as well as}
for measuring or monitoring frequency. To measure a frequency, one Fig. 7-27.

7-13. (7.7) Phase shifter (b) Draw a graph of the phase of V, with respect to V; in the range
It is often necessary to shift the phase of a signal. Figure 7-28 showsa RoC =0.1 to 10. Use a logarithmicscale for RwC.

The resistances are adjustable, but equal. Use the polarities shown. They From many points of view, alternating current is much preferable to
mean that ¥, is the voltage of the top terminal with respect to the bottom direct current for power distribution. However, line losses are lower with

left-hand one ‘On a high-voltage overhead transmission line, the maximum operating

(a) Show that V,/V, = exp (2) arctan [1/(RoC)]} voltage depends on several factors, such as corona losses (current losses

7 hy
Vr
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never exceed a certain value, say V,. Otherwise, the downtime and the cost

of maintenance become excessive. The cost of a line increases rapidly with CHAPTER
‘the curent nthe line can be made neatly 3 large as one likes without

damaging it, since the conductors are well cooled by the ambient ir *ELECTRIC FIELDS VI

lower the catrent the beter " Electric Circuits B: Circuit Theorems
With direct current, two conductors operate at +V, and —V, with respect

to ground. The power delivered to the load is 2V,/y.. With single-phase coe,
(SP) alternating current, there are two wires at +V, cos wt and —V, cos wt. 8.1 THE PRINCIPLE OF SUPERPOSITION “

(a) Show that for the same power at the load, the rms current /yp is 82 THE SUBSTITUTION THEOREM == 150
2!14.. The IR losses in the line with single-phase alternating current are 8.3. THEVENIN'S THEOREM — 150
twice a large as thon with direct current { Puample THE ZINC-CARBON BATTERY St

{oy With threephase (TP) siterating curtent, we have thee wires at | 84. NORTONSTHEOREM 152

Vjc0s at, Vgeos (r+ 24/3), and Vgcos (t+ 42/3). We assume that the {| $3 MILLMAN'S THEOREM 153
‘Then the current in the ground wire is zero. Show that for the same total} 56 TELLEGEN'S THEOREM 154

power dsivered 10 the thee loud restnces, the rms Censor fe} Ny AMORE GENERAL FORMOPTELLEGENS THEOREM 16
NVit re-phaseakernating cutent, the rms curtents are thus about the 87 THERECIPROCITY THEOREMS 157
instead of two, so that the losses are 50% larger than with direct current. A. Example: SEARCHING FOR ANOMALIES IN GROUND
three-wire line is also more expensive than a two-wire one. CONDUCTIVITY 160

| 88 THEPOWER-TRANSFER THEOREM 16

89 DELIASTARTRANSFORMATIONS 163| Example 165

|
gto SUMMARY 166

t  pRosLeNs ter

| Generally speaking, circuit theorems serve to simplify calculations. There
| exists a seemingly infinite number of circuit theorems, but the eight that

follow are probably the most useful. The delta-star transformations of
Sec, 8.9 are even more useful.

' All the material in this chapter is general and is not restricted to RC
circuits. We, however, assume that all components are linear and

time-independent, as in Chap. 7. A linear component is one that follows
Ohm's law, J = V/Z.

'

8.1 THE PRINCIPLE OF SUPERPOSITION

The principle of superposition of Sec. 3.3 applies to linear circuits: each

source acts independently of all the others. In other words, the current

“Caples and 8 are 0 reuired for wha follows, However, Chap. 7 prteqise
for Cu.



that flows through one branch is equal to the sum of the currents pooo-----3
ascribable to each individual source. . | y H

I 1
I8.2 THE SUBSTITUTION THEOREM hom lt !i”

4 1

The substitution theorem is an obvious consequence of the Kirchhoff | 1
voltage law (KVL): if the voltage drop across a passive component ina i 1

circuit is V, then one can replace that component by an ideal voltage = aaa
source supplying the same voltage, without disturbing any of the branch

currents. Clearly, this does not disturb the voltage drops around the

meshes. Figure 8-1 showsa trivial example. ' p=& « | —

a) (vw th (©) (ov 1, ‘
Ye (as) Swe) oe (se) * a .

- \ ~ \ Fig. 8-2. Thévenin’s theorem. (a) Anactive circuitA feeds current to a resistancet R. (b) Circuit A is equivalent to an ideal voltage source V, in series with an
{output impedance Z... As a rule, Z, is a resistance R,..(c) One can measure R, by

+ 7 | plotting V = V, ~ R.7 asa function of1.Decreasing R increases 1 and decreases.
» V. The slope of the curve is ~R.,Fig. 81. The substitution theorem. (a) The voltage drop across the resistance on j

the right is V/3. (b) Replacing that resistance by a battery V/3 of the correct
polarity leaves the mesh currents unchanged. | where ¥, is the voltage that would appear between the nodes at the ends

| of a branch 6 if the branch were removed, and Zr, is the impedance8.3 THEVENIN’S THEOREM calculated at the cut, including the impedance of the branch, with all the

sources replaced by their output impedances. In other words,Thévenin’s theorem states that any active, linear, two-terminal circuit is

equivalent to an ideal voltage source in series with an impedance Z,, | 4-— 82called the output impedance of the circuit, as in Fig. 8-2. As a rule, this OO Z4+Zy" (62)
impedance is resistive, and the source is said to have an output resistance

R,,. A good voltage source has a low output resistance. where Z, is the output impedance of the circuit feeding the branch.
‘Thévenin’s theorem applies to simple sources such as flashlight

batteries, but it also applies to complex circuits such as audio amplifiers, Example | THE ZINC-CARBON BATTERY
it tors, etc. When appliedto simp . Thévenin'sheen Plant generators Stal fact, at east fora Innited range at output A zine-carbon battery, like the ones used in flashlights, performsjeorem is an experimental fact, at least for a limited range of output as if it comprised an ideal voltage source set at V,=1.5 10 1.6

currents, Granted that the theorem applies to simple sources, then it also volts, depending on the actual materials used, in series with a
applies to complex circuits (Prob. 8-3). resistance R,. For a fresh size-D cell, R, = 0.27 ohm. The value of

‘Thévenin’s theorem is useful for calculating branch currents. We write R, increases gradually with use and with time and eventually

| grows by many orders of magnitude. With time, ¥, falls to zero.v. ‘A high-resistance voltmeter connected across. the terminals

nae, (1) measures V,. To measure R, one can either proceed as in Fig. 8-2,
Zn ‘or measure both V, and the “flash” (peak short-circuit) current
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8.4 NORTON’S THEOREM where J, and Y, are the parameters of the Norton source and ¥, is the

admittance of the branch.

Norton's theorem is the dual of Thévenin’s. It states that any active, To calculate J, and Y,, we again remove the branch. Then /, is the
linear, two-terminal circuit is equivalent to an ideal current source J, in current through a zero-resistance ammeter connected to its terminals,
parallel with an output admittance Y,, which is usually a conductance. + and ¥, is the admittance calculated at those terminals, with all the
See Fig. 8-3, A good current source has a low Y, i sources replaced by their output admittances.

It is easy to show that, for a given device, .

8.5 | MILLMAN’S THEOREMZY,=1, (83)

Millman’s theorem serves to calculate the potential at a specific node in a

at least when Z, and Y, are real. From Fig. 8-2, R,, is equal to minus the circuit, and hence the incoming branch currents. It is a simple application
slope of the V versus / curve. But, from Fig. 8-3, G, is minus the slope of, of Kirchhoff’ current law (KCL). It is best explained by an example
the I versus V curve. So G, = 1/R, and R,G, = 1 In Fig. 84, +h +=0. Then

Norton’s theorem is useful for calculating branch voltages. We again

consider the complete circuit minus the branch as a source, and the (Y=VM+ (Va- V2 + (Vy V)¥S=0, (85)branch as a load. Thus

y Mkt ara <Veo (8-4) Athth “°PTY, + Ys"
This is Millman’s theorem. Of course,

| h=(Y-V)%, — ete. (8-7)

oO |
ia J

= IO ZR 1
\ 1 2%
\ oF

i

6, i

°66

v% 4

' fo) 9 9

Fig. 8-3. Norton's theorem. (a) An active circuitA feeds a resistance R. i =(b) Circuit A is equivalent to an ideal current source in parallel with an output '
admittance ¥,. AS a rule, Y, is real and is thusa conductance G,. (¢) One can Fig. 84, Millman’s theorem relates the voltage V at a node to the Y"s and V's,measure G, by plotting "= I, ~ G,V as a function of V. IncreasingR increases V connected to it. The squares represent unspecified circuits that may be eitherand decreases /. The slope of the curve is ~G,. passive or active.
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Ww k= a a /f. ~

= = : Fig. 86. The sign convention for Tellegen’s theorem.
o

Fig. 85. (a) Simple circuit for testing Millman’s theorem. (b) The same circuit,
redrawn to resemble that of Fig. 8-4. where the summation runs over all the branches of the circuit at that

instant. This is simply a statement of the law of conservation of energy.

You will be able to show in Prob. 8-7 that Tellegen’s theorem follows

‘There can be any number of nodes connected to the specific node in from both the KCL and the KVL.
question. Now suppose that we have alternating currents in a circuit comprising

_ only sources and linear passive components. Then the complex power

Example i Fig, 85, fn ‘ clearly equal to V./3. Applying Millman’s (Sec. 7.7) flowing into branch 6 is V,/3/2, and the sum of the complexorem we Bing that

i powers is zero,VIR _Vsv=
sq7R)~ 3" aa DvV,lt=0, (8-10)

8.6 TELLEGEN’S THEOREM | for the following reason. Substitute for each starred branch current the
| difference between the neighboring starred.mesh currents. Then, reat-

Tellegen’s theorem, in its original form, is like Kirchhoff's laws: it is \ oleae ne sum we have the fst starred mesh current multiplied Py theself-evident and appears trivial. Again, this is a false impression; ot tocadey mound it ete Each hi heinTellegen’s theorem is related to at least 150 other circuit theorems!+ | by the vole KUL the wa etc. Each term of this sum being zero,Suppose we have only direct voltages and currents in a circuit. Set V, according tod f hi tl ok ove equation is correctequal to the voltage across branch b and /, equal to the current flowing | Seee put port thatthrough it. Also, choose the signs of V, and J, in such a way that Vil, is; 7 SPs ‘ Salle m

the power flowing info that branch at that instant, as in Fig. 8-6. Some weene Serco connects ehaten twrihe inputpoe merle,branches comprise sources, oth it. Then, ding to Tellegen’s | ae

theorem, p “ Fe ONE BOE NO TEENS circuits also comprise one or more output ports, as exemplified again by
: the Wheatstone bridge. Tellegen’s theorem, as stated above, applies to

SVs =0. 9) the complete circuit, including sources and load.7

It is useful to rewrite Tellegen’s theorem in a form that shows explicitly

the power at the input and output ports. With the sign convention of Fig.

|
8:8 for the ports, the theorem becomes

++Paul Penfield, Je., Robert Spence, and Simon Duinker, Tellegen’s Theorem and .

Etecirical Networks, Research Monograph 58, M.LT. Press, Cambridge, Mass., 1970 D Vols —D Vol =O, (8-11)
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4 around the first mesh of the unprimed circuit, the second.. .ete. Each

term of this new series is zero, because of the KVL, and

J Veli =0. (8-13)

vt a » By symmetry,

D Vib =0. (8-14)

8.7 THE RECIPROCITY THEOREMS

G The reciprocity theorems are most useful. We use the above form of

Tellegen’s theorem to prove one of them.Fig. 8-7. Wheatstone bridge. The input port is AB, and is* Be: ne Ima port the output port is CD. Figure 8-9(a) and (b) shows a two-port circuit P connected to external
elements x in two different ways. Circuit P is passive and linear. The x's

can be either sources or passive linear elements.

1 i We now rewrite Eqs. 8-13 and 8-14 in the form of Eq. 8-12, with the

‘ power flowing out of the devices connected to the ports on the left-hand
+ side of the equations and the power flowing into P on the right-hand side:
va

-

. Vili + Vals =D Voli. (815)

' Viht Vib=D Vibe (8-16)

Fig. 88. The sign convention for Tellegen's theorem,as stated in Eq. 811 We can easily show that the sums on the right are equal. Say the
where the primed summation over the branches excludes the ports, and resistance of Branch b of circuit A is Rp. Then
where the power with subscripts p is the power flowing outof the devices A , , .Vol= (UnRo ls = by(Rols)= LVS 8-17)connected to the ports. Thus tb~ RM = (Rel) @17)

, It follows that, in Fig. 8-9,DL Vals =D Voll (8-12)
Vali + Val Vih + Vile (8-18)

8.6.1 A More General Form of Tellegen’s Theorem

We again limit ourselves to direct currents. Suppose that we have two OFo HO OFO HO
circuits that are unrelated, except that they share the same geometry. The ct] © OL 6 LJ
branch voltages and currents are V, and J, for one circuit, and Vj, and [;, 0 0° rome:
for the other. What is the value of 3! Vili? This is admittedly a weird om w

expression, but we shall use it in the next section, Identical i P (ed to external elementFirst we substitute for £, the difference between the neighboring mesh Toe diferentways Ae usual a cheled V represents aniahmerestancecurrents in the primed circuit. Rearranging the sum, we have the first Voltmeter, and a circled [a zero-resistance ammeter. The signs and the arrowsmesh
current of the primed circuit, multiplied by the voltage drops il ‘show which directions are taken to be positive.
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a to
= LA, = o

Fig. 8-10. (a) Circuit P with an ideal voltage source on the left and an ammeter
con the right. (b) The same circuit P, with a voltage source on the right and an oO oO

jmmeteton the let. The most commonly used reciprocity theorem ates that the . RSratios V/T are equal i Q
aS Si

Now connect P as in Fig. 8-10(a), which makes V;=0. Reconnect P as oe _ 0 °°in Fig. 8-10(b) so as to make V; =0. Then, from Eq. 8-18, ‘ Mah = Wi “

Vili = Vib (8-19) 5 oO
Seti =" * 7 4S QSetting V, = V3 makes J = hy me) 1 Po ©) © rh SEIn other words, interchanging the voltage source and the ammeter does y o

not affect the ratio V/I. We have assumed steady direct currents and ' o_o °°linear elements, but the result is general. A Vow, = ®

This is an important result. It means that given any linear and passive |

circuit with one input port and one output port, the short-circuit output \ oO oOcurrent, for a given input voltage, is unaffected if the roles of the input a y <
and output ports are interchanged. In other words, the ratio V/J remains nS) 1 Pe © “@)
the same. The output impedance of the source need not be zero, but the oo © 0
impedance of the ammeter must be zero. This is the most commonly used = we
reciprocity theorem. j . IH NIMS ti‘This result is unexpected, because circuit P need not be symmetric at Fig. 811. The four reciprocity theorems. In all casesP is any passive and linearit. (a), (b) Interchanging the positionsof the ideal voltage source andof theall. The power supplied by the source is nor the same in the two eee OO aeteie te atin VV. (oh (@) Enterchanging she ideal current
configurations. source and the voltmeter does not alier the ratio V/I. (e), (f) and (g). (h) TwoFigure 8-11 illustrates the four reciprocity theorems. | Gther reciprocity theorems.

Example | Let us check the reciprocity theorem illustrated in Fig. 8-10(a) and | R
(b) by applying it to the circuit of Fig. 8-12(a). We first apply V n=yy. (8-21)
volts at port I and connect an ammeter at port 2, as in Fig. | RERAF RRIF RAR:

812(b). We require the current f, when port 2is short-circuited by With the node method, we set the sum of the currents flowing
the ammeter. Let us calculate J, in three different ways: by the into node A equal to 2er0:
mesh method of Sec. 7.2.1, by the node methodof Sec. 7.2.2, andby Millman’s theorem of Sec. 8.5. V~Vs_Va Va (8-22)
With the mesh method, we apply the KVL to meshes @ and 6 in Ry Ry R;

succession: Solving, we find the same value for /,:
V-LR,~(L ~ LR. = 0, (LR ~1,R,= 0. (8-20)wm

| ve RRs v. (23)Solving, 4 RRs + RR, + RRs
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R & According to the reciprocity theorem illustrated in Fig. 8-11(c)‘i, Ny ow : o and (d), the ratio V/J would be unaffected if, instead, the current
‘was injected at P,P, and the voltage measured at C.C,.

‘ * _ ©) © 8.8 THE POWER-TRANSFER THEOREM
‘The power-transfer theorem states that the condition for maximum power°

° transfer to a load is that
:

ZZ, (8-26)a &

where Z, is the load impedance and Z} is the complex conjugate of the

+ ‘source output impedance.

“ ‘ ‘The proof is simple. According to Thévenin’s theorem (Sec. 8.3), a
7

real source is equivalent to an ideal voltage source in series with an

impedance Z,, as in Fig. 8-13. Let

" Zo=R AIX Zr = Ret iXe (827)
Fig. 8-12. (a) Simple circuit for testing the reciprocity theorem of Fig. 8-10(a)
and (b). (b) We have addeda voltage source on the left and an ammeteron the ! ‘Then the power dissipated in the load isright. (c) We have now interchanged the source and the ammeter

ve\
=PR,=-——* ___, k, (8-28)eM RW oy P= PRO RR+ Rt RDPRS” RR RR, + RR, -°

i

set X= —X,. ThenWe can apply Millman’s theorem by referring again to Fig | ‘To maximize Fy, se8-12(0) R . aVIR, i ree ta (8-29)=IR __ ' R,+R

This yields the same value for Vy and the same for f, r |
Now, to check the reciprocity theorem, we interchange the | ! 2 |

voltage souee and the ammeter of Fig 81210) to obtan Pig | i
8:12(c). We require 1, That is easy! Circuit (A) is identical to | | f o
circuit (b), except for the fact that R, and R, are interchanged. So '
we can write down the /, of circuit (d) by interchanging R, and R, !

in the above expression for the /, of circuit (b). The two currents ! a
are the same, \ ~

Problem 6-4 concerns a reciprocity theorem for electrostatic |
fields

Example | SEARCHING FOR ANOMALIES IN | i
GROUND CONDUCTIVITY

i \ dt
Geophysicists use many methods for locating potential ore bodies.

sutput i is Z,, connected to a load impedanceFigure 4-7 shows one method. The ground acts as circuitA, port 1 | Fig. &13. Source, whose output impedanceis Z,, connected t ypedane
is the pair of electrodes C,C,, and port 2 is the pair P,P, "
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For a given source, with a given value of R,,, we set dP,/dR,=0 and find So the condition for maximum power transfer from a source to a loadthat Ry = R,. So P; is maximum when requires that one-half of the total power be dissipated in the source. In

. _ _ os other words, the efficiency at maximum power transfer is 50%.2, = Ri + iki Ro ~iXo= Zi. (8-30) Figure 8-14 shows that the condition for maximum power transfer is
as above. not critical.

Under those conditions, the power expended in the source is $9 DELTA-STAR TRANSFORMATIONS
ve=PR,=PR, =“r= PRo=VRu= aR (831) {Figure 8-15(a) shows three nodes A, B, C forming part of some

{ unspecified circuit. The nodes are delta-connected in (a) and star-
m ' connected in (b). As we shall see, we can substitute the star for the

i equivalent delta, or inversely, without disturbing the rest of the circuit.

' Indeed, if we had two boxes, one containing the delta and the other the& | equivalent star, with only the terminals A, B, C showing, there would be
im 1 no way of telling which box was which.

| It is useful to be able to transform a delta into an equivalent star, or
1 inversely, on paper. This often simplifies the calculation of mesh currents

- | ‘und node voltages.
I | We could find Z,, Zp, Zc in terms of Z,, Zp, Z., and, inversely, by
i assuming the same mesh currents [,, Iy, Jc in the two circuits, and then
! | making V,~Vp, Va - Ve, Ve—Vq in the delta equal to the correspond-

otf | ing voltages in the star. See Prob. 8-11. Here is another approach that is
1 somewhat less convincing, but shorter.

|J
|.

H| oe ea

||;

|Ya z(, hn 1
i

!
|
1 % %

or 7 00 c 2 ct ®

a j « »

Fig. 8-14. The ratio P, /P; a. and the efficiency # as functions of the ratio R, /R, Fig. 8-15. The three nodes A, B, C are part of a larger circuit. (a) The three
for the circuit of Fig. 8-14, with X, = —X,. The power P, dissipated in the load is nodes are delta-connected. (b) The nodes are star-connected. Under certain

maximum when the load resistance R, is equal to the output resistance R, of the conditions the delta is completely equivalent to the star, but only at a given
source. But then only half the power goes to the load; the other half is lost in the } frequency. If the six Z's are all resistances, then the equivalence is valid at all

source. frequencies.
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Suppose we have a delta and the equivalent star. The impedance 1 lwo ' : :

between A and B is the same in both. Then ‘s 7 hea a 8

” oar 45510, sZ(Z, +2)Zan = Ot) 27,4 Zp, 5.077,47, At ee (8-32)

Similarly, Vat tat ni

ZZ, + Z)Zu =SO= Zp + Ze, 3 297Be Z,+Z,+Z, +Z (8-33) Tt r
BAZ 42) _ “~ aLea

Taga 7, tee (8-34) bo »js Fig. 816. (a) Delta-connected circuit, (b) Its equivalent star at 1 kilohertz. NoteObserve that Z, is associated with Z,Z,, Zn with Z.Z,, and Z. with the negative resistance "
Z,2,. Therefore vy.

+ ererere (8-422, 2% Yu + Yat Ye (42)
= = a (635) yy,

Ld ree are 643)

20-757 Z (8-36) If a star or a delta comprises only resistances, then the equivalent
Ze = (637) circuit is also purely resistive. However, if the original circuit comprises

Z,4+2,+Z, ' capacitors (or inductors, or both), then the values of the resistances and

capacitances (and inductances) in the equivalent circuit are themselvesTo
find the inverse relationship, we use the admittance between node frequency-dependent.,A and nodes B and C short-circuited together. This gives For example, refer to Fig. 8-16(a) and call the components R and C.

Then the resistance in the lower branch of the equivalent star on the right

y,+ y= Satat Yo) (6-38) turns out to be —R/(4+ R’w°C?). This means to say that, for givenXa + Yat Ve ° components, the equivalence is valid at only one frequency. Moreover,

the resistances of equivalent circuits can be negative, as in this instance.Similarly, So a real circuit can be equivalent, on paper, to an impossible one.

Yo(Yo+ Ya)¥+¥,=So (8-39) Example | ‘The delta and the star circuits of Fig, 8-16 are equivalent, as youYu+¥a+ X (639) can check by setting
= YAYat Yo) | =2=s— ohms, =1000hms, (8-44)Leh oe (8-40) nhay ohms Zeal (B44)

Again by inspection, ate ohms, 5)
pes Za= Tn M5145 oidxIoy | ONMS (BH)

enna (8-41) —OVA + Yat Ye" Ze 218+ oxaixoy ON (6-46)





Cea re.

~*~ ) . s

. , | Vv c c Vv
a (1») k
; J

a hd ns Fig. 620.“eo
(+) & ' 8-9. (&7) The reciprocity theorem applies to transients

Show that the ratio 1/V forthe circuit of Fig 8-20(a) isthe same as for

a
the creuit of Fig. 820(b). Find Q(0) fist

8.18,® 8-10. (8.8) Audio amplifier
‘An audio power amplifier has an output resistance of 8 ohms and feeds a

$5. (84) Norton's theorem resistive load of 6.4 ohms. Calulate the efficiency.
pilithe waag ars he rate R of Fig. 18 by Norton's $11. (9) Dettstar transformation,Xe output conductance of the source is infinite, ‘| Find the equations for either the delta-star or the star-delta transforma

8-6, (8.5) Millman’s theorem { tion by assuming mesh currents as in Fig. 8-15 and making the voltages
In the circuit of Fig. 819 the switch 5 closes at =0, Find the voltage Ve {| Va—Vn. Vo Ve» Ve ~ Vu in part (a) the same as those in pat ().

aes‘ as.a function ofthe ime by means of Millman’s theorem. Set, Find an cavation ane om « i nC . MeBA. Mem 0. Since is= Lohm, Re=2ohms, Ry=3ohms, C= 1 microfarad. V = 100 volts equation onst be valid whatever the values of the mesh currents, the

, theses must all be identically equal to zero. This will give you one of8-7. (8.6) Tellegen’s theorem Parent y eq
(a show her Tels theorem is a consequence ofthe KCL. the equations of one se; the other two equation fllow by symiety,
(b) Show that Tellegen’s theorem is also a consequence ofthe KVL. | 812. (89) Delta-star transformation ;

8. (87) The reciprocity theorems I Find the resistance ofthe cicult shown in Fig. 8:21oC ts fspoiy hors of Fig 6by spying thom |) SN Van Pus enetthe simple ercuit of Fig. 8120 is dificult to measure the conductivity of small samplesof semiconduc-| tor. First, they are brittle and thus difficult to machine. Second, contacts to

‘ | the material are resistive. With Van der Pauw’s theorem, however, it is
: t possible to measure the conductivity of a sample in the form of a thin plate

‘| ‘of arbitrary shape with four contacts around the periphery withoutf
anefs |

a

40

v

‘ ; PeFig. 8-19, i Fig. 8-21.
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170 | PROBLEMS im© © equation applies to the upper half, if is now the current at A flowing into

[~] : the upper half. So we now have a semi-infinite plate as in Fig. 8-22(b).7 ' (©) Now suppose that a current J comes out of B as in Fig. 8-22().

4 Calculate Vo— Vo again; then superpose cases (b) and (¢) to obtain Fig.> oN 8-22(d). Show that, for case (d),
a ae i Ve-Vo_ 1, @+b+ob

; T “x0 "(a+b\b +e)
This ratio has the dimensions of a resistance; call it Ryp.co- The contact

“ co resistances at A and B ate unimportant because only the current I between

‘A and B is significant. The contact resistances at C and D are also| unimportant if their sum is much smaller than the resistance of the
voltmeter that measures Vo ~ Vp

4 (@) Show that, with currents as in Fig. 8-22(e),

a oa fe Io Gao | Rrcon= ene T OO +e)
H | (e) You can now derive Van der Pauw’s theorem:1 ! 1

; exp (105R 4n.co) + XP (OSRge.pa)= 1-.
} ‘The only unknown iso. This result, in fact, applies to a lamella of any

© | shape, with contacts A, B, C, D around the periphery

! 1

Fig. 8:22.

interference from the contact resistances. We deduce this theorem for the

case of a semi-infinite plate

(a) Imagine an infinite thin plate of thickness s and conductivity 0. A
current 21 lows into point A in Fig. 8-22(a).
‘Show that, in the plate, E = I/-tors, where ris the radial distance to A.

(b) Now consider three points B, C, D as in Fig. 8-22(a), on a line going
throughA. Show that

Ve-Vp = insete,xo" a+b

If we cut the plate along the line and remove the lower half, the above |
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| Some molecules possess a permanent dipole moment and are said to beCHAPTER 9 | polar. Other molecules are nonpolar.
A given substance can be a dielectric under normal circumstances and

| secome a conductor under appropriate conditions. For example,

ELECTRIC FIELDS VII | shotoconductors are normally nonconducting, but become conducting
. - when exposed to lightDielectric Materials A: In this first chapter on dielectric media we are concerned with the basic

Bound Charges and the Electric Flux Density D concepts of polarization, susceptibility, and relative permittivity, mostly
in static fields.

9.1 THE THREE BASIC POLARIZATION PROCESSE:

92 THEELECTRICPOLARIZATION TS ”.1 THE THREE BASIC POLARIZATION
9.3 FREE AND BOUND CHARGES 174 PROCESSES
9.3.1 THE BOUND SURFACE CHARGE DENSITY 0, 174

9.3.2 THE BOUND VOLUME CHARGE DENSITY p, 175 1) Under the action of an applied electric field, the center of charget
9.3.3 THE POLARIZATION CURRENT DENSITYJ, 176 of the electron cloud in a molecule moves slightly with respect to the94 THE ELECTRIC FIELD OFA POLARIZED DIELECTRIC 176 center of charge of the nuclei. This is electronic polarization. The‘Example:

THE FIELD OF AN INFINITE-SHEET ELECTRET 177 displacement is minute, even on the atomic scale, typically 10-* times the88 GAUSS'SLAW 178 Jiameter of an atom.
9.6 POISSON'S AND LAPLACE'S EQUATIONS FOR VIN DIELECTRICS 178

9.7 THE ELECTRIC FLUX DENSITY D.THE DIVERGENCE OF D179 2) Polar molecules align themselves and become further polarized in
Example: THE INFINITE-SHEET ELECTRET — 180 in applied electric field. This is orientational polarization. However,
Example: THE BARELECTRET 180 collisions arising from thermal agitation partly disrupt the alignment

9.8 ‘THEELECTRIC SUSCEPTIBILITY x, 181

9.9 THE RELATIVE PERMITTIVITY «, 181 (3) The third basic process is atomic polarization, in which ions of
Example: THE FREE AND BOUND VOLUME CHARGE DENSITIES 182 Jifferent signs in a solid such as NaCl move in different directions when

Example: THE FREE AND BOUND SURFACE CHARGE DENSITIESAT THE subjected to an electric ficld, The ferroelectric dielectrics of Sec. 10.1.4INTERFACE BETWEEN A DIELECTRIC AND ACONDUCTOR 183 exhibit atomic polarization.

CAPRCTOR Te ATED PARALLEL PLATE {A polarized dielectric possesses its own field, which adds to that of the
Example: THE FIELD OF FREE CHARGES EMBEDDEDIN A other charges. The two fields can be comparable in magnitude.
DIELECTRIC 186

9.10 THE DISPLACEMENT CURRENT DENSITY 30/31 186 9.2. THE ELECTRIC POLARIZATION P9.11 SUMMARY — 187
PROBLEMS 189 If, in the neighborhood of a given point, the average vector dipole

moment per molecule in a given direction is p, and if there are N

Dielectrics differ from conductors in that they possess no carriers of free molecules per eubie meter, then
charge that can drift about under the control of an externally applied; P= Np (9-1)
electric field. In a true dielectric the charges are all bound to their atoms |
‘or molecules, and they can be forced to move by only minute distances, | 8 the electric polarization at that point, So P is the dipole moment per
positive charges going one way and negative charges the other way. A unit volume at a given point, Recall from Sec. 5.4 that the dipole moment
dielectric in which this displacement has taken place is said to be ~
polarized. + The center of charge is analogous to the center of mass in mechanics.
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of a charge distribution is independent of the choice of origin when the —
net charge of the distribution is zero, as it is for a normal, neutral

.molecule. 5 \ 7

¢ a9.3 FREE AND BOUND CHARGES a OO

Polarization causes charges to accumulate, either within the dielectric or \ >
at its surface. We refer to such charges as bound. Other charges are said o— =- ——————to be free. Examples of free charges are the conduction electrons in good

-

.

conductors, the charge carriers in semiconductors, and electrons injected > —0"

into a dielectric by means of a high-energy electron beam.’ -¢——______»»:
9.3.1 The Bound Surface Charge Density o, | Fig. 9-1. Element of area df situated inside a dielectric. The vector d.sf is

Imagine an element of area dod inside a dielectric as in Fig. 9-1. Say the | —_ dipoles within the dielectric. Under the action ofthis F, themolecules either .dielectric is nonpolar. When the dielectric is polarized, the center of | stretch,or rotate and stretch, anda net charge NQsdf crossesthe element ofpositive charge +Q of a molecule lies at a distance s from the center of area,
negative charge —Q. This s is the same for all the molecules over an

infinitesimal region. | on = fe = Pea, (9-4)Upon application of an electric field, m, positive charges cross the dab
element of area by moving in the direction of s, and n_ negative charges
cross it by moving in the opposite direction. The net charge that crosses where fi is the unit vector normal to the surface and pointing outward.
dod in the direction of s is therefore Thus o, is equal in magnitude to the normal component of P, pointing

outward.

dQ=n,Q~n(-Q)=(n, +n_)Q. (9-2) it
9.3.2 The Bound Volume Charge Density p;

Now 1, +n_ is simply the number of molecules within the imaginary We now demonstrate that inside a dielectric the bound volume charge
parallelepiped of Fig. 9-1, whose volume is s - ds. Then density p, is equal to ~V~ P. The net bound charge that flows out of a

| \otume 1 across an element def of its surface is P+ ds, as we founddQ = NOQs- ded = Np - dod =P ds (9-3) above. The net bound charge that flows out of the closed surface of area
| delimiting a volume v entirely situated within the dielectric (so as towhere

Qs is the dipole moment p of a single molecule. | exclude surface charges) is thusIf
dsf lies on the surface of a dielectric, then dQ accumulates there andthe bound surface charge density isie cae ens

Onu= | Past, os)
"The concepts of free and bound charges, and even the concept of polarization, are not,

however, as clear-cut as one might wish. The distinction between free and bound charges and the net charge that remains within v must be ~Quoe- If pp is thefests on the assumption that the dielectric consist of electrically neutral molecules, I there
"remaining within v, then‘are

no well-defined molecules as in a crystal of NaCl, for example, the values of the free volume density of the charge remaining 'and bound surface charge densities are arbitrary. We confine most of our discussion here to
dielectrics composed of molecules

See Edvard. Purcell, Electricity and Magneism, Berkeley Physics Course, vol. 2 [psdv=-Qsu=—[ Pedst =~ [v paw (96)
McGraw-Hill, New York, 1965, p. 44 i ; a
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‘We have used the divergence theorem to transform the second integral 1 PF yy oF ag

into the third. Since this equation applies to any volume chosen as above, B= el,pw tae I a, ou
the integrands are equal at every point in the dielectric and the bound
volume charge density is where # points from P’ to P and where p and @ are total charge densities,

_ free plus bound.Pen —W-P. on It does nor follow that one can calculate E from p and o because both
9.3.3 The Polarization Current Density Jj charge distributions depend on E:

The motion of bound charges under the action of a time-dependent Example ‘THE FIELD OF AN INFINITE-SHEET ELECTRET
electric field generates a polarization current. Consider a small surface

dif situated inside a dielectric asin Fig. 9-1, but normal to P. As the Anleethe lesa equivalent of» permanent magnet Inpolarization increases from zero to P, a net charge dQ, = P det crosses femoval of the electric field. but some dielectrics retain theit
def in the direction of P. More generally, if P increases by dP in a time polarization for long periods. For example, certain polymers have
interval dt and if dsf is normal to dP, then a current ‘extrapolated lifetimes of several thousand years at room

temperature

dQ, \aP| det ‘As a rule, electrets have the form of shects, with the
ar nr a (9-8) polarization normal to the surface. One way of poling an electret

‘ . is to place the material in an electric field of about 10° volts/meter
at about 100°C. A bound surface charge builds up as the moleculesflows through ds in the direction of P. orient themselves, and the sample is then cooled down to room

‘Thus if, at a given point in space, P is a function of time, the motion of temperature without removing the electric field.
bound charge results in a polarization current density ‘One commonly used material is polyvinylidene fluoride (PVF;)..

This is a polymer composed of a chain of CH,—CF, units. Its

oP remanent polarization is typically 50 to 70 millicoulombs/meter”

Woe (9-9) ‘This material is used in various types of transducers, microphones
" for example, because it also has the property of going into a

metastable polarized state when stretched,9.4 THE ELECTRIC FIELD OF A For a sheet electret, neglecting edge effects, the polarization P

POLARIZED DIELECTRIC is uniform and equalt0 0, as in Fig. 9-2. Then pis zero, from Eq,9-7. Inside the sheet,

We have seen that polarization causes charges to accumulate, either at Ea%, (9-12)
the surface of a diclectric or inside, with charge densities 0, and ps, €0

respectively. Now Coulomb’s law applies to any net charge density,
regardless of any matter that may be present. The potential V ascribable

to a polarized dielectric that occupies a volume v’ bounded by a surface
of area sf’ is therefore the same as if the bound charges were located in a
vacuum:

1 Pr» du’ 1 o, dA’ = =vagh [mde tf soda ' peapeoAmeo dy or Aneyla or (9-10)

where r is the distance between the element of bound charge at ‘
P"(x',y', 2") and the point P(x,y, z) where one calculates V. ”If there are also free charges present, then one adds similar integrals E=0d=0 Ceayer VecueeBindPootfor

the free charges. Therefore al > in opposite direetions.
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9.5 GAUSS’S LAW 9.7 THE ELECTRIC FLUX DENSITY D

AND ITS DIVERGENCE

Say a given volume v contains various dielectrics, some of which may be

partly inside and partly outside. The total free and bound charge within v According to Eq. 9-15,
is Q, + Q,=@. There are no surface charges on the surface of v. Then
Gauss’s law relates the outward flux of E through the surface of area sf p+ Po

to the net enclosed charge Q: Eee @-18)

o | But we found in Sec. 9.3.2 that py = —¥+ P. Therefore
[e-aa-2. | (9-13)
“ s | F (co +P)= Pp (19)

This is Gauss’s law in its more general form. We conclude that the vector
If the volumev lies entirely inside a dielectric, there are no surface

charges and D=6E+P (9-20)

1 1[, 5-it=— [ (0, + Ps) du == [eo dv, 14) is such that its divergence is equal to the free volume charge density. This.

quantity is called the electric flux density. Thus

where p=, + pp is the total charge density. Applying the divergence

theorem to the surface integral of E gives the volume integral of V+ E. V-D= py. (9-21)
Equating the integrands then yields

It follows that, for any volume v that lies entirely inside a dielectric and

p that encloses a free charge Q, with no surface charges,V-E= Pau (9-15)

; [v-pdv=f p-dst =| p,av= 0, (0-2)which is again Gauss’s law, expressed in differential form. be a Ie
This is one of Maxwell's four fundamental equations of

electromagnetism. This concurs with the relation D = oF + P:

9.6 POISSON’S AND LAPLACE’S EQUATIONS FOR f f f {. = “dA -dd= v-PdvV IN DIELECTRICS |, D-dst=co) E-ds+) P-da&-Q+) V-Pdv (923)
Since E = —PV, from Sec. 3.4, it follows that =Q- [ P. dv =O ~Qy=Q, (9-24)

VV =—pleo. (9-16) ‘The fact that the divergence of D depends solely on the free charge
This is Poisson's equation for V in dielectrics. density does not mean that D itself depends only on p,. To find D, we

Laplace's equation applies to regions where the total electric charge must integrate Eq. 9-21 subject to whatever boundary conditions apply.
density is zero: In using the divergences of E, P, and D, we assume implicitly the

vv =0, (9-17) ‘existence of the space derivatives. If we have to deal with the interface
between two media, where these derivatives do not exist, then we must

as in Sec. 4.1. a use the integral form of Gauss’s law, which is therefore more general.
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a, +0

enn (9-34) wT 4 ||=| +4Observe
that Gauss’s law for E, as stated in Eq. 9-13, leads to the GRE - [__]same

value of E. \t [}—

Since D= eeE, a oea
1 i —_a= D=el0,+0), o%=-(1-2)o, (028) aS —

=o, +0,=2 (0-36) + 4 —

h ++ —_Compare

with Eqs. 931 and 9-32. onExample | DIELECTRIC-INSULATED or +- 4
PARALLEL-PLATE CAPACITOR 4a a |

have shown air spaces on either side of the dielectric sheet so as to itt—4 t—

in contact with the dielectric. \+-—t I
We assume static charges and fields. Also, almost invariably, ps ee1, =0iin the dielectric and thus py = 0 and ¥ =P =0, from the first — i

the surface charge densities o, and a, are uniform. Similarly, the

vectors P, E, and D are uniform within the dielectric and uniform be opetesWithin
the aie spaces. pan tu mo‘The Gaussian volume G straddles the air-conductor interface.

Within the conductor, E=0 and D=0. Therefore, in the air Fig. 9-6. Pictorial representation of the manner in which E’
space, varies inside a parallel-plate capacitor containing a sheet of,

% dielectric with €, = 2. Of course, individual lines of E do not exist.Bn %, Demo (9-37) Here||= loy|/2.
Similarly, for the Gaussian volume G', ‘The voltage V across the capacitor is thus

to 4 % p22 2Ente, Dim oy (9-38) vaLig ths Lan Z(g+h+2), (0-41)
But where 0, = Q/sf, Q being the magnitude of the charge and sf the

area of one plate.

byw Pen (039) ‘The capacitance isoes

cH 2-9 eet _ (9-42)It follows that VV “gthtsle,

a= -(1- bo, (9-40) Without air spaces on either side of the dielectric, g +h =0 and
. y--2.5, (9-43)Of course, |o,|= P, from Sec. 9.3.1. fob
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In one particular instance, a 0.1-microampere beam bombarded an area 9-10, (9.9) ‘The resistance and the capacitance between two electrodesof 25 centimeter’ of Lucite (¢, = 3.2) for 1 second, and essentially all the When the space between the plates of a parallel-plate capacitor is filled

electrons were trapped about 6 millimeters below the surface in a region with a dielectric ¢, it has a capacitance of C farads. If the dielectric is
about 2 millimeters thick. The block was 12 millimeters thick. replaced by a material whose resistivity p= 1/0 is much smaller than that

In the following calculations, neglect edge effects and assume a uniform Of the electrodes, the resistance between the electrodes is R ohms.
density for the trapped electrons. Assume also that both faces of the Lucite (a) Show that RC = pe, neglecting edge effects.
are in contact with grounded conducting plates. (b) Show that this result also applies to cylindrical and spherical

(a) What is the bound charge density in the charged region? capacitors.
(b) What is the bound charge density at the surface of the Lucite? (©) Show that this result applies to any pair of electrodes submerged in a
(©) Sketch graphs of D, E, V as functions of position inside the ‘medium whose resistivity p is much larger than that of the electrodes.

dielectric. You should be able to show that the field is unaffected by the
(a) Show that the potential at the center of the sheet of charge is about 4 conductivity, with the above restriction

kilovolts. One important application of this fact is the electrolytic plotting tank,
(e) What is the energy stored in the block? Could the block explode? which is used for plotting electric fields in two, and in some cases three,

limensions.9-7. (9.9) Capacitance with and without a dielectric ote medium ‘occupies only the region between the electrodes, then RC
A conducting body A. of arbitrary shape, is grounded. Another is again equal to pe, except that C does not include the fringing field and is

‘conducting body B, of arbitrary shape and position, is maintained at a therefore smaller than the true capacitance.
potential V. In air, the capacitance is Cy. Show that the capacitance is €,Cy (a) The capacitance per unit length between two parallel wires of
when the bodies are submerged in a large body of dielectric €,. diameter d and separated by a distance D is C’ = xe/cosh"" (D/d). Find

ice betw wires 10 millimeters in diameter sepa-9.8. (9.9) The coaxial line the conductance between parallel wires
iEFigure 33-4 shows a section of coaxial line. A dielectric ¢, fills the space fated by 100 millimeters and submerged in sea water (0 = 5)between

the two conductors. From Probs. 6-5 and 9-7, the capacitance per 9-11, (9.9) The current between two electrodes in a conducting medium.unit length C" is 22r¢,¢u/In (Rz/R,). The outer conductor is grounded, and See Prob. 9-10. The electrodes of part (c) are initially charged, andthe inner conductor is at the potential V. discharge through the medium. Show that J, + 9D/3t = 0.
(a) Calculate the charge per unit length 4 on the inner conductor
(b) Show that the bound charge per unit length on the inner surface of

the dielectric is ~A(1 = 1/¢,).

‘Thus the net charge per unit length at the radius R, is 4/e,. The bound
‘charge per unit length on the outer surface of the dielectric is similarly
+A(1~ I/e,), and the net charge per unit length at Ry is ~A/e,.

(©) Show that the volume density of bound charge is zero.
(a) Draw graphs of D, E, and V as functions of the radius r from r= Ry

to r=Rz, for V= 100 volts, R,= 1.00 millimeter, R;= 10.0 millimeters,

= 3.00.
9-9. (9.9) A parallel-plate capacitor with a nonuniform dielectric

‘The dielectric of a parallel-plate capacitor has a permittivity that varies as

0+ ax, where x is the distance from one plate. The area of a plate is sf,
and their spacing iss

(a) Find the capacitance.

(b) Show that, if ¢, varies from éo t0 2,0, then C is 1.44 times larger

than if a were zero.
(©) Find P from the values of D and E for that case.

(d) Deduce the value of ps

(©) Now calculate p, from the relation given in Prob. 9-2
(f) Draw curves of E, p,, and P as functions of x for é9=3.00,

4@= €0/s, 5 = 1.00 millimeter when the applied voltage is 1.00 volt
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components, and if one chooses the coordinate axes properly with respect eventually disappears above the Curie temperature. This temperature is a
to the crystal, these six components reduce to three. characteristic of the material

If the various components of the susceptibility are nor functions of E, ‘The main advantage of the ferroelectric dielectrics in common use in
then P is a linear function of the components of E and the dielectric is ceramic capacitors is that they have large relative permittivities, ranging

linear. up to 10,000. As a rule, these dielectrics are compounds of titanium.
In anisotropic dielectrics, it is still true that Some ferroelectric dielectrics possess definite temperature coefficients

that are useful in certain applications.
D=6E+P,  VeD=V-(6E+P)=pp (10-8) *10.1.5 Hysteresis

but the three vectors are usually not parallel. . 7 |
Ferroelectric materials also exhibit a property called hysteresis, illustrated

*10.1.4 Ferroelectricity in Fig. 10-3. Then the ratio D/E depends on the previous history of the
material. Such materials are thus said to be nonlinear because D is not

Ferroelectric dielectrics have the peculiar property of exhibiting spon- proportional to E.
taneous polarization over microscopic crystalline regions called domains. The relative permittivity ¢,=D/eoE of a given ferroelectric sample
The word ferroelectric originates from the fact that their behavior is in thus has no definite value and can even be negative. When one quotes
several respects similar to that of ferromagnetic substances (Sec. 21.1). relative permittivities for ferroelectric materials, as we have done above
When placed in an electric field, domains that happen to be correctly and in Table 9-1, one refers to the order of magnitude of D/egE, some

polarized grow at the expense of neighboring domains and eventually distance from the origin E =0, D =0, in the first and third quadrants.coalesce.

If the temperature of a ferroelectric substance increases slowly, the 10.2 THE CONTINUITY CONDITIONS AT AN
spontaneous polarization varies, usually in some complex fashion, and INTERFACE.

10.2.1 The Potential V

ower. The potential V is continuous across the boundary between two media.

ne Otherwise, a discontinuity would imply an infinitely large E, which is0.06. 1 physically impossible.>
08 10.2.2 The Normal Component ofD
hor Consider a short imaginary cylinder spanning the interface, and of cross

44 section sf as in Fig. 10-4, The top and bottom faces of the cylinder
=12 -08/ -04 “| Foe 12 «0 are parallel to the boundary and close to it. The interface carries a free

a0 & surface charge density 0.
According to Gauss’s law (Sec. 9.5), the net flux of D coming out of

~00y the cylinder is equal to the enclosed free charge. Now the only flux ofD0K is that through the top and bottom faces because the height of the

cylinder is small. If now the area sf is not too large, D is approximately“
008 uniform over it, and then

103. ve fora typical ferroelectric material. Starting with an - = =D) -a= rUnbolaizedsampleand &'= atpointa an increasein increases Dito pointb Pan Pdt= O78, (Da Di) B= Op, (198)Ten decreasing Ft oer lan of bur eso ontre previous stony ct the where fis the unit vector normal to the interface and pointing from
specimen. i medium 2 to medium 1
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af” Fe i, tegration spanningthe interfaceDiy fee I} & f between media1 and 2.The( E tangential componentsof E areSs equal: Ey,= Ey,— § \L
i \

Le \ with @ defined as above. The tangential component of E is continuous

-NL across any interface
Fig. 10-4. Imaginarycylinder straddling the interface between media | and2 and 10.2.4 Bending of Lines of E at an InterfaceSeliingan ares, ThedfernceDus Di betweenthe normal components The F and D vectors change direction at the interface between two

different linear and isotropic dielectrics. In Fig. 10-6, if there is zero free

surface charge density, the continuity of the normal component of DAs a tule, the boundary between two dielectrics does not carry free requires that
charges, and then the normal component of D is continuous across the

interface. Thus the normal component of £ is discontinuous. D, cos 8, = D3 cos 82 (10-12)On the other hand, if one medium is a conductor and the other a

dielectric, and if D is not a function of the time, then D=0 in the or that
conductor and D, = 0; in the dielectric, If D is a function of the time, Eq
10.9 still applies, but D is not zero in the conductor. En€ok 608 8) = €n€oE2 C08 82 (10-13)

The 1 7, Also, fr the tinuity of the tangential it of E,10.2.3 The Tangential Component ofE SOe Tron the continulty Bential component o
Consider now the path shown in Fig. 10-5, with two sides of length L \ 1
parallel to the boundary and close to it. The other two sides are | \ |
infinitesimal. If L is short, E does not vary significantly over that ;\ |

distance, and integrating over the path yields nl |
fo \w$B dt= BL Eyl (10-10) i} ‘

| gaNow, from Sec, 3.4 this line integral is zero, and thus . or

Ey=Ext, or (E,~ E:)xa=0, (10-11) OF sec fee
ffBK Fig. 10-6. Linesof B crossing. Z\ __theinterface between media 11

The line integral of B dis zero in electrostatic fields. More generally, it 6 equal to Lf \ an 2 The permiiiy of‘minus the time derivative of the magnetic lux linking the path of integration, as we shall a NG Ghee otium 2 larger then that of
is general
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Ey sin 0, = Esin 3. (10-14) as in Sec. 9.4. Since all the dielectrics in the field are linear, by

; ; ; . hypothesis, p, is proportional to p, and 9, to o, (Sec. 9.9, examples).
Dividing the third equation by the second gives We start with a zero charge density everywhere and gradually pull in

tan, _ tan: {charges from infinity. We disregard surface charges for the moment. Let
“aea" (10-15) the final potential and the final volume free charge density at a point be,° | respectively, V and p, At a given moment, the free volume charge

The larger angle from the normal is in the medium with the larger density is ap,, where a increases gradually from zero to unity.
permittivity. The lines of D “prefer” the medium with the higher Since
permittivity. This rule does not apply to electrets. See Prob. 10-10.

Since the normal component of E is discontinuous, there exists a VD=V-(€,€0E)= ~€0¥ + (€,VV) = pp, (10-18)
bound surface charge density. From Gauss’s law,

;

V is proportional to p,. Thus the potential is aV when the charge density

04 = E26088; ~ €oE,008 0, = €oEsc0s 0.(1-£2). (1016) | 's apy -& j Suppose that a increases to a + da. Then, at a given point,
For example, if medium 1 is air and medium 2 is a dielectric, then the} dp, =p, -
bound surface charge density is negative if E points into the surface of ly =pyda, dV =Vda. (10-19)
the dielectric. The energy required to pull in the extra charge is

10.3 THE POTENTIAL ENERGY OF A CHARGE da
DISTRIBUTION IN THE PRESENCE OF ae= (p,dav(a+%) dv, (10-20)DIELECTRICS .

;

where the volume v includes all the charges and where V(a + da/2) is

In Chap. 6 we calculated the energy stored in an electric field when the the average potential during the operation. Disregarding the (da)* term,
charges reside either on conductors or in free space. we find that

‘The addition of dielectrics to the field constitutes a major complication,

but the problem becomes tractable with the following assumptions.
‘Our first two assumptions are realistic. (1) We assume that both the d= [ (pV dv)ada, (10-21)

free and bound charge distributions are of finite extent. This makes the \

potential V equal to zero at infinity. (2) We assume that the dielectrics é-ii adai pV dv=3[ pV dv. (10-22)are linear (D is proportional to E), but not necessarily homogeneous or 0 I, I,
isotropic.

‘We also assume that the dielectrics are fixed in position and rigid. In The potential energy stored in the field is thus equal to one-half of the
‘other words, the dielectrics do not distort under the electric forces. This volume integral of pyV, exactly as in Sec. 6.1.2. However, V now
assumption is not realistic, but we can do no better in the present depends on the nature, shape, size, and position of the dielectrics
context situated in the field
10.3.1 The Potential Energy Expressed in Terms of p, and V Example | THE DIELECTRIC-INSULATED
A

PARALLEL-PLATE CAPACITOR

1 any point,

1 ret 1 pote,
A sheet of dielectric separates the plates of a parallel-plate

ve ral PetPo ay +xz, FO ag, (10-17) capacitor, one of which is grounded. Then the energy required toane), or 4neose 7 charge the other plate to the potential V is QV/2, where Q = CV.
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6 EThs . dé =(odsa)(5) dt, (10-25)6-2, (10.23)

ota the frst example ta Bes, 64 the field acting on 0 dst being E/2, from Sec. 6.5. So

For a given charge Q. the presence of the dielectric decreases V co peby a factor of ¢,, and hence decreases & by the same factor. pact =a aaa EanHowever, Ci proportional to € and, fora given potential V, the dé = Dodd > dl= detd= dv. (10-26)
stored energy is proportional to €,.

10.3.2 The Energy Density Expressed in Terms of E and D The conducting surface continues to expand until it reaches the
; * - | equipotential V = Vix. In the end, it has swept through all space, theOur thought experiment here will be similar to that of the starred Sec. free charges have been either removed to infinity or canceled by the ad-

6.2.1, | dition of opposite charges on the conducting surface, and E is zero
‘Assume that there is one and only one region where V is minimum, everywhere.

With Ving =O. Similarly, there is one and only one region where Thus the total work done by the field is
V = Vinax =0. The dielectrics are linear

Now imagine a conducting surface of area along the equipotential

V = Vauq. There is zero field inside. The conductor expands slowly, from t= { JE + Ddv, (10-27)
cone equipotential to the next, sweeping through the dielectrics and .
picking up the free charges that stand in its way. . .

‘The conductor carries a free surface charge density 0. At the surface, and the energy density is
E is normal and its magnitude is equal to o/€,, as in Fig. 10-7. If the g=i8-p.
medium is not isotropic, D is not parallel to E. However, =u . (10-28)

odd =D-det, (10-24) If the dielectrics are linear and isotropic, D = ¢,¢yE and
from Gauss’s law, D being zero inside the conductor. Gee

Say the element of area df moves out by a distance dl as in the figure, | t= [“ya. (10-29)dl
being normal to the surface. Then the work done by the field on the | “charge 0 df is ‘The energy density is then €,€o£*/2. This integral extends over all the

| volume occupied by the field.

| Example | THE DIELECTRIC-INSULATED
| PARALLEL-PLATE CAPACITOR

oly Returning to the capacitor of the example in Sec. 10.3.1, we find
v that, for a given E, its stored energy is proportional to €,, as

eo < . previously. As usual, we have neglected edge effects

* 10.3.3 The Energy Density Associated with Polarization
Fig. 10-7. Thought experiment for calculating the energy stored in an electric s
field in the presence of dielectrics, The shaded volume of area sf is a conductor Sioce
that expands slowly, from one equipotential surface to the next. The surface vot >
charge density is 0. The element of area ds moves out by a distance dl. @ = 1B D=3E -(6oE + P)=heoE* +4E-P, (10-30)
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the energy density associated with the polarization alone is E - P/2. The potential energy stored in a charge distribution, when dielectrics

In isotropic dielectrics, are present, is given either by

deck =H 28 = decok? = 11 + Z.)e0E* (10-31) e-if pv de, (02)
In most common dielectrics, the electric susceptibility x, ranges about

.

from 1 to 4, and most of @ is polarization energy. where v is any volume containing all the free charges of the system, or by

10.4 ELECTRIC FORCES IN THE PRESENCE OF @=[18-Ddu, (1027)
DIELECTRICS

where v now includes all the regions where the E of the charge
Electric forces between conductors in the presence of dielectrics are best | -—_distribution exists. For linear and isotropic dielectrics,

calculated by the method of virtual work, as in Section 6.6
When the conductors are immersed in a dielectric, the forces are - 2

smaller than those in air by a factor of ¢, if the charges are the same. e= if Se,€oB? dv. (10-29)
‘They are larger by the same factor if the electric fields, and hence the
voltages, are the same. One may therefore ascribe to an electric field an energy density E » D/2
The case of solid dielectrics is best illustrated by Probs, 10-13 to 10-15, | or, for linear and isotropic dielectrics, €,¢o£°/2. The energy density

associated with the polarization itself in a dielectric is E + P/2 or x.€9E*/2

| if the dielectric is isotropic and linear.10.5
SUMMARY ] PROBLEMS

Although some dielectrics are close to ideal, most exhibit a more |
complex behavior. If the conductivity o of a dielectric is not negligible, 10-1. cas1.1) Paralletpate capacitor witha conducting dielectric
then its complex relative permittivity is confucivity ou, Problems we call a surface charge density om and =

5
The dielectric of a parallel-plate capacitor has a relative permittivity €,

ene-je, fa (10-4) and a conductivity 0... The conductivity of the dielectric is much less than
eo that of the plates, which makes E uniform between the plates.

' (a) Assume surface charge densities o., on the plates, and use Gauss's
Generally speaking, c; decreases with frequency and €7 increases. law to relateE to ogy. Then show that the impedance of the capacitoris the‘Temperature effects can be large. same as that of a resistor and a capacitor in parallel.
Some dielectrics are nonisotropic. Then each component of P depends (b) Show that when the capacitor is disconnected, the charge on the

on the three components of E, and the susceptibility is a tensor. Gerotteapecnns @ factor of ¢ in €/0.5 seconds. This is the relaxation
Ferroelectric dielectrics exhibit large permittivities and hysteresis: the |

value of D depends on the previous values of E. ae eae aPute capacitor with two conducting dielectrics
‘At the interface between any two media, both V and the tangential Figg” Paral late capacitor is made up of two parts, ws in

component of E are continuous. The normal component of D can be (a) Find the impedance Z.
discontinuous, however, the discontinuity being equal to the free surface (b) Call a conductivity 0. and a surface charge density oy, Calculate the

charge density on the interface. surface charge density on the interface.
Lines of E bend at an interface, the larger angle from the normal being 10-3. (10.1.1) Parallel-plate capacitor with a nonuniform dielectric

in the dielectric with the larger permittivity. i; ‘A parallel-plate capacitor has plates of area sf separated by a distance s.
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| 10.5. (10.1.4) The hysteresis curve of a ferroelectric material

Figure 10-10 shows a schematic diagram of an instrument that has been
. used to plot the hysteresis curves of ferroelectric materials. An oscillatorIs

icteric has a conductivity oa + br, where x the dance 10 one vopiien ta acensng voltage V Wo tee teqeciney ta tote, the pence
Plate, and a uniform relativePe at the copachor. plate capacitor C, containing the material and a normal capacitor C>> C,.(a) Calva the resistance Rof the capaci {The voltage across C goes to the Y input of an XY recorder, while the(b) Show that with 3 seedy hipre appli " voltage across R»<R, goes to the X input. The ferroelectric sample is aaumiform volume density of free Charge. few millimeters thik, and V 10 Kilovolts,f~10 "here
© wae Noes Otfor stage aevoes theelectro . Explain why the voltage across C is proportional to the D in the sample(@) With an alternating voltage rodes, contained in C,, while that across R; is proportional to E, The recorder

oD draws essentially zero current at its X’and Y terminals,

1=a(oe+22) =, ;3 10-6. (10.1.5) The stored energy density in a nonlinear dielectric

A parallel-plate capacitor whose dielectric is nonlinear is connected to aShow
that ¥-J.= 31/31=.Theni independent os power supp, The voltage Vineass sight by dV an an exta charge(©) ShowhaE114BFarto Z isnt the that Q flows into the capacitor. Show that the density of stored eneraywe found above. However, if « =0, we revert to R, as expected, See Prob. increases by E dD.

101 10-7. (10.1.5) Hysteresis in ferroelectric materials

() Find p,. Show that the area of the hysteresis loop for a ferroelectric material is

oa (un stor equal to the energy dissipated per cubic meter and per cycle.
"One particular ceramic capacitor is cylindrical, with three electrodes as in 10-8. (10.2) The boundary conditions at the interface between two conductors
Fig. 10-9. The ceramic disks each have a diameter of 21 millimeters and a ‘Show that, at the interface between two conductors,

thickness of 0.5 millimeter. The nominal capacitance is 0.05 microfarad .
within a range of ~20% to +80%. What is the approximate value of «,? (E-Byxa=0, Uy-ayxa-“2,

|

where fis a unit vector that is normal to the interface and points away from
conductor 1, and where avis the surface charge density on the interface.

10.9, (10.3.1) Capacitive energy storage for a small vehicle

Investigate the possiblity of propelling a small vehicle with an electric<= motor fed by a charged capacitor. Consider only the problem of energy
storage.

\ (a) Show that the maximum energy density in the dielectric of
2 o parallel-plate capacitor is ¢a°/2, where a is the dielectric strength of the

Fig. 10.9, insulator, or the maximum E before breakdown. A good dielectric to use
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@ Fig. 10-12.hk Fig. 10-11.

p=2x10™ coulomb-meter and for 700 stages. That accelerator has a
would be Mylar, which has a dielectric strength of 1.6% 10° volts/meter length of 10 meters.

when in the form of thin sheets and a relative permittivity of 3.2, The 10-13. (104) Electrostatic d
: ic clampssi times less wit lytic capacitors.

'

rorimate machined, for holding silicon wafers during electron beam microfabrica-the capacitor that you would need to operate

a I-kilowatt motor for 1 hour tion, etc. They comprise an insulated conducting plate maintained at a10-10, (10.2.4) ‘The bar electret Potential of several thousand volts and covered with a thin insulating sheet

Figure 9-4 shows the E and Dfieldsofa bar electret. The workpiece or the wafer rests on the sheet and is grounded. It is(a) Show that the lines of E do not bend at the cylindrical surface, but advisable to apply a film of oil to the sheet to prevent sparking.
that the lines ofD do bend. ‘One particular type operates at 3000 volts and has holding power of 2(b) Show that the inverse is true at the end faces. atmospheres (2 x 10° pascals). If the insulator is Mylar (€, = 3.2), what is

10-11. (10.3.2) The potential energyof a dipole situated in an electric field its thickness(a) A dipole of fixed dipole moment p orients itself in @ uniform electric 10-14. (10.4) Self-clamping capacitor
field E. Show that its potential energy is ~pE, assuming that the potential A certain capacitor consists of two polished circular aluminum plates, 237
energy is zero when the dipole axis is perpendicular to the field millimeters in diameter, separated by a shect of plastic 0.762 millimeter

(b) A nonpolar molecule acquires a dipole moment in a uniform electric thick, with a relative permittivity of 3.0. Thin films of air subsist between
field that gradually increases from zero to E. Show that its potential energy the electrodes and the plastic. This reduces the capacitance below the rated
is +pE/2. value, and there is no way of clamping the plates mechanically with

sufficient force10-12. (10.3.2) An accelerator for neutral molecules
‘There exist accelerators for neutral molecules that operate as follows. (a) Someone suggests that the electric force alone might be sufficient to

Figure 10-11 shows a pair of spheres that carry charges +@ and ~Q, and a clamp he pate, atthe operating wotage of 0 klovos, What i yourmolecule of dipole moment p. The molecule accelerates toward the spheres inion ,
until it reaches their midpoint. At that instant the spheres are discharged, 0) Show Anat, i the complete capacitor is submerged in an oil with
and the molecule continues on its way at @ constant velocity. Such €.%3, the force is 3 dimes less. See the next problem.
accelerators serve to study the processes that occur during molecular 10-15, (10.4) The clamping force, with and without an air film

collisions In Prob. 10-14 we found that the electric clamping force on a capacitor is
(a) Find the kinetic energy acquired by the molecule if the distance x in larger by a factor of e, when there are air films between the electrodes and

the figure is initially much larger than the distance D between the pair of the dielectric, for a given applied voltage, or a given E. This is paradoxical
electrodes. Consider the spheres as point charges, and apply the principle For a given E, the energy density is ¢, times larger in a dielectric than in

‘of conservation of energy. Assume that p is constant, and refer to Prob. air. Then the force should be ¢, times larger when there are no air films.
10-11. The dipole moment in fact increases as the molecule approaches, so ‘You can explain this paradox by considering the three capacitors of Fig.

that we have underestimated the energy. 10-12. In (2) the air film is much thinner than the dielectric. The electrode
(b) In one particular accelerator the electrode voltages are £40 kilovolts, spacing is $ in all three capacitors. For each case find the surface charge

their radius is 0.25 millimeter, and D~= 1.00 millimeter. Calculate the densities 0 on the electrodes as well as D, E, and # in the air and in the

approximate value of the kinetic energy of a molecule in electronvolts for i dielectric
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10-16. (10.4) Electric forces, with and without a dielectric
Electric forces on conductors immersed in liquid dielectrics are larger

than in ait by the factor ¢, ifthe vollages are the same. They are smaller 11
than in air by the same factor ¢, i the charges are the same. Can you justify CHAPTER
these general statements?

This is not in contradiction with Probs. 10-14 and 10-15, where we had a

solid dielectric with thin films of air or oil next to the electrodes. ELECTRIC FIELDS IX

Images. Laplace's Equation in

Rectangular Coordinates

11,1 THE UNIQUENESS THEOREM FOR ELECTROSTATICFIELDS 211"1.2 IMAGES 212

Example: POINT CHARGE NEAR A GROUNDED CONDUCTING

PLATE 212

Example: POINT CHARGE NEAR A DIELECTRIC 213

“113 SOLVING LAPLACE’S EQUATION IN RECTANGULAR

COORDINATES 215

Example: THE FIELD BETWEEN TWO GROUNDED SEMLINFINITE
PARALLEL ELECTRODES TERMINATED BY A PLANE ELECTRODE

MAINTAINED ATA FIXED POTENTIAL; FOURIER SERIES 218

U4 SUMMARY 221

PROBLEMS 223,

| Up to this point we have limited our discussion of electric fields to
general considerations and to simple charge distributions. We now

address the calculation of more complex fields, both in this chapter and in

the next one. That wil! complete our study of purely electric fields.

11.1 THE UNIQUENESS THEOREM FOR
ELECTROSTATIC FIELDS

According to the uniqueness theorem for electrostatic fields, there cannot

exist more than one potential V(x,y, z) that satisfies both Poisson'sequation and a given set of boundary conditions. This theorem is

important because it leaves us free to use any method, even intuition, to

, find V. If we can, somehow, discover a function V(x, y, z) that meets

these two requirements, then it is the only possible potential function.

Several proofs of this theorem are known, each one based on its own

particular set of assumptions. We simply assume that the uniqueness
theorem always applies.
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re qh ~ (;21) 0D| — E.=(1 ime (1-6)ee) attey 2 oD

> - 7=F e+ Ladner ay

rk OD vine, ky, Since €,Ey= En, the normal component of D is continuous-T
4 \ across the interface. This was to be expected because the freei, ‘one } surface charge densityis zero.
* a { ‘Thanks to the uniqueness theorem and to images, our problem| p

is nearly solved.

|E

4
i ‘The Field on the Left of the Interface

(a) The boundary condition is stated in Eqs. 11-4 and 11-5.
( From Eq. 11-4, we can remove the dielectric and replace it by an

a) image charge Q', as in Fig. 11-4(a), without disturbing E,.. Then,
from the uniqueness theorem, the field everywhere on the left of

Fig. 11-3. Point charge Q near a large block of dielectric, The the interface is simply the field of Q plus that of Q’.
arrows for the fields are oriented on the assumption that both Q (b) Now, according to Eq. 11-5, E,, is also unaffected if one

and 9, are positive. If Q is positive, ois, in fact, negative removes the dielectric and replaces @ by a charge
From Gauss’s law, 0, provides equal normal field strengths o= 2e, 0. cas)

10,/2¢y on either side ofthe interface, oriented as in the figure. We eal

shall find that the sign of 0, is opposite that of Q. we ge distribution, and hence the“Therefore, just inside the dielectric, the normal component of E ald a the vogod wo age intersted in Bo tha corort eoetelent
Pointing to the right is field is that of Fig. 11-4(a.

- OD,»
Fu rer* de, arty ‘The Field on the Right of the Interface

Now, from Eqs. 9-4 and 9-28, (a) From Eq. 11-6, Ey is the same as if one had, instead of

- 5 and the dielectric, the charge Q and a charge ~Q" at a distance DOp = Pom Pym —E€, — Ew (ba) to the right of the interface. This is of no interest because this

is a changes the field on the rightserethe wi econAf nore to dhe itefcn and poi ef Ta. 117, oe id om the sigh of ths Detects ists
same as if there were no dielectric and a charge Q were substituted

o.~ f= DOD as) for Q, as in Fig. 11-4(b).
 oa(e+ Dr (¢) Figure 11-4(c) shows another possibility: the dielectric

extends on both sides of the interface, and Q" replaces Q.As expected, Q and 0, have opposite signs. ‘igure 11-5 shows: ind equipotentials for this field.
If we take the righthand direction as positive, the normal Figure 11-5 shows lines of

D and equipotentats forcomponents of H owe and inside the delet, respectively, “11.3 SOLVING LAPLACE’S EQUATION INare as follows: -*

1) op
t RECTANGULAR COORDINATES

B= (14 St) OP ay“ eer Solutions of Laplace’s equation V?V =0 are known as harmonic func-

26 OD (ans) tions. These functions possess a number of general properties, of which
© + Laxey” ‘we shall use the following one. If one can find solutions V,, V>, V3... of
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Observe how astute this is: we have transformed a partial differential ,

equation in all three variables x,y,z into three simple ordinary

differential equations in x, and y, and z

Sometimes, as in the example below, one has to sum an infinite

number of such solutions, each multiplied by a suitable coefficient, to fit a ae

given boundary condition. [Aor a*Example | THE FIELD BETWEEN TWO GROUNDED 22 ie
SEMI-INFINITE PARALLEL ELECTRODES. G ae a
TERMINATED BY A PLANE ELECTRODE nol eer ee pt
MAINTAINED AT A FIXED POTENTIAL; a a
FOURIER SERIES

Figure 11-6 shows the electrodes. We wish to find V(x,y) between cLthe plates. By hypothesis, the field is independent of 2 and C, =0. =
Then

@X pay €Y_ ps Fig. 11-6. Grounded, plane, parallel, and semi-infinite electrodes
BeneS Gacy. (ui-t4) terminated by a plane electrode at the potential V,

We have substituted k? for Cy and ~K for Cs to avoid square whe ‘are constants of integration. We can again ve

roots in the solution. As we shall see immediately. C, must be | tesSolsuonoy sustton since emis wotro wtanegative. infinity, G = 0. Thus

We solve the ¥ equation by setting

= x¥=Csin™ exp (2 2Y =A sinky + Bcosky, (ais) Va x¥=Csin™ exp (-"). (1-20)
where A and B are constants. This solution is easily verified by where C is another constantsubstitution, ‘

But this is not right! Although this V satisfies conditions (1) andven v my say vo glowing rari gpnivions @ (3), it clearly ‘does not satisfy condition (2). We can also satisfyEO atx nO, y=;2) V = Yo at x=0; (3) V0 as xm, conditi adding an infinite number of such solutionsSince V =0 at y=0, then B=0. ondition(2) by adding an infinite number of such solut‘Also, the condition V =0 at y =b requites that = any nm
na v= > Cysin™™exp ("2 anAyan, k=" (21,23...) (1H16) = ’ ( 7)

So

~
‘Then we use condition (2) to evaluate the coefficients C,, by setting

Y=Asin™™ (n= 1,2,3,...) (117) *=0 So
b Se int!

Vo= DC sin (11-22)We ignore the value n =0 because it corresponds to zero field 4 b

‘The differential equation for X is now for ally between 0 and b
@X_ (nay? ‘An infinite series of the form

a-(F)x (118) / i .and
D (Gin +, cos) .nox naw a b >X=

Ges" +H exp(-™*), (419) il where C, and D, are constants, is a Fourier series and forms a
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complete set: given a reasonably well-behaved’ function V(y) . “ hoeg

defined in the interval y =0 to y =b, there exists a Fourier series ° f\ /\ \thats equal to Vy) inthis inerva Lr» > LN
We can find the values of the C, coefficients by an ingenious PARAFARAY

technique devised by Fourier. Fist, we multiply both sles of Eq i
11-22 by sin (pzy/b), where p is an integer, and then we integrate on

from y =01t0 y =b: \ |
[rosinay = S [casin2 sinPay, (11-28) |

On the left-hand side, /

[rosin ay = pr KPO (1-24) wl
. 0 itpiseven . aE Wa mn v0

‘The terms of a Fourier series are thus said to be orthogonal. On .

the right, ry 0 ifpen Fig. 11-7. The condition V = V, at x = 0, as satisfied by a Fourier series by taking
f sin" sin? ay <4 eb (1125) (a) only the first term, (b) the first 3 terms, (c) the first 10 terms, and (d) the firstna Soa) SS itpen * 100 terms. The fit improves as the numberof terms increases, but the spikes at2

y =O and y=, where Vis discontinuous, remain. This is the Gibbs

It follows that ‘phenomenon.

4v

condng itmisodd (129 | that V(y/b) rapidly becomesa sine curve, with increasingx.”
i. yure 11- the equipotentials0 ifmiseven. Figure 11-8 shows the eqpipotcatiats.

Finally,

wed 11.4 SUMMARYfy na noxvant S sinexp (-“*) (1127) .Tn b b ‘The uniqueness theorem states that, for a given set of boundary

‘The successive terms in the series become progressively less conditions, thee is only one posible fl. This theorem is of enormous
important, because of the factor 1/n, but mostly because of the Practical importance. If, somehow, one can find a V(x,y, 2) that satisfies‘exponential function, Figure 11-7 shows the degree of approxima- both Laplace's (or Poisson's) equation and the given boundary condi-
tion achieved with 1, 3, 10, and 100 terms of the series. tions, then it is the correct potential function.
Note how fast the exponential function decreases with x. For ‘The method of images can often simplify the calculation of electric

n= Land

x = b it is down (o exp (~), or 49%. Roughly speaking, fields that involve interfaces between different media. It consists inthe field of the charged plate does not penetrate in the x direction diffe field on the other side of the fibeyond a distance equal to the spacing b between the plates. setting up, on paper, a different om the other side of the interface,
Notice also how fast the exponential decreases with n. For n = 1 with fictitious, or image, charges.

and x = b itis 0.04, but for m= 2 and x = b it is 0.002. This means Solutions of Laplace's equation VV =0 are termed harmonic func-
tions. It is often possible to reduce Laplace's equation to a set of three"By

a “reasonably wellbehaed anetion, we mean one thi i continuous, o atleast independent, ordinary differential equations, one for each coordinate.Piecewise continuous, and that does not become infinite at any point. Most boundary
conditions encountered in practice possess these characteristics. * 1 el ealcataee
“Except possibly at the endpoints y =0 and y= b, but this discrepancy between V an

the Four series usualy ealmportant in peat me " i V(xyz) = X@)YO)Z(), ais)
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1 (a) Calculate the surface charge density induced on the plate as a

| function of the radius r from the foot of the perpendicular drawn from the
charge& (b) Show that the total induced charge is -Q-

\ 11-3, (11.2) Line charge near a conducting plate— A line charge of A coulombs/meter is parallel to a flat conducting plate,

at a distance a, as in Fig. 11-9. Find B at a point (x, y). The surface chargeN
density on the plate is given by €,E at (x, 0).REX‘N 11-4, (11.2) The field ofa charge inside a hollow conducting sphereSdRAK ‘® hollow conducting sphere of radius a contains a point charge Q at theSA radius

b as in Fig, 11-10.SSSA (a) Show that the field inside the sphere is the same as if there was noSSSQV sphere and, instead, a charge Q' = —(a/b)Q at D = (a/b)a. You can prove
SSS<<, this by showing that the V of Q plus Q’ is uniform over the surface of theSEEE> sphere.Ss (b) Calculate the force of attraction.

() Calculate the surface charge density on the inside surface of theNN ‘conducting sphere.
.

11-5. (1.2) The field of a point charge near a block of dielectric

Fig. 11-8. Three-dimensional plot of the potential V for the field of Fig, 11-5. The Show that the potential at the surface of the dielectric, opposite @ in Fig
U-shaped curves are equipotentials; the others show the intersections of the 11:3, is the same, whether one calculates the field in air, as in Fig. 11-3(a),

Potential surface with planes paralle! to the 1 V-plane. or in the dielectric, as in Fig. 11-3(c). Set €,= 3.
11-6, (11.3) Solutions of Laplace's equation can be of the form X(x)+ ¥(y)+js . Z@)where

X is a function of x alone, etc. This operation is called separating ‘Show that there exist solutions of Laplace's equation that are of the formthe variables. X(x)+ ¥(y)+ Z(2).For certain fields one can fit the boundary conditions only by summing 11-7. (11.3) ‘The function 1/r and its derivatives are solutions of Laplace's
an infinite number of harmonic functions. We used a Fourier series equation

(a) Show that F°(1/r) =0.<
y (b) Use this fact to show thatY

(c.sin™ +, cos3B (Gan"P + 0.00%") a1 #1 wtBr ber Bear

where C, and D, are constants, are also solutions of Laplace's equation

PROBLEMS

M-1, (IL1) The uniqueness theorem
‘According to this theorem, the Poisson equation ¥°V = ~p,/¢, can have

‘only one solution if the potential V is defined at the boundaries ofthe field.
Show that two solutions can differ at most by a constant if the normal “

component of PV is defined at the boundaries.

11-2, (11.2) Point charge above a conducting plate .

A point charge @ lies at a distance D above a grounded conducting plate. il Fig. 11-9.
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2/2), 1 37 av Rewriting the © equation yields

(55) * saan (859)"° (ay _—-
= ——)+ + 1)Osin 6 =0. 12-10)To separate the variables as in Chap. 11, we set a (sn Gp) + mC + NO sin (21)

V=R()O(A), (122) Now set

U= 0s 8, (2-11)where R is a function of r only and © a function of 8 only. Then, by

substitution, remembering that, for any function f(s),
3(29R), R 9/30

08 (PB) + oS (sin 02) 0 (123) df df du df dfa or. sin 630 30 == — = S=—(1- yp)? =. 12-12)" "

407 du do 8 ay OO ay (i212)
Dividing by RO, we get

;‘Then the © equation becomes Legendre's equation:
ld/,dR), 1d. do
pa o) teanaaa (in aa) =0. 12-4)Rar x) Sundae ( a) (24) J [a1 2] +nr + no=0 (12:13)lu a‘We have now written total instead of partial derivatives because R and @

are each functions of a single variable. When » is an integer, its solutions are the Legendre polynomials of Sec.
The second term is independent of r. Then the first term is also S41

independent of r and is equal to a constant: e= 28) (i214)

id (P 4) =k (a2) We shall use the following property of the Legendre equation. Since
Rdr dr‘Then nin+l)=n'(n'+1), ifn’ =-(n +1), (2-15)L_d(. do

Sapp (Sin) =-k, (12-6) thenBanoo (Ge) P (neis(c088) = P,(cos 8). (12-16)
since the sum of the two constants must equal zero. . .

ve 's feLet us examine the R equation first. Multiplying both sides by R and It follows that, for every solution of Laplace's equation of the form
differentiating the term enclosed in parentheses, we have that V=Ar'P{cos8), (2.17)

od + ok =kR=0. (12-7) there exists another one of the formpar

= Br-"*P_.,,(c05 0) = Br-"*P,(cos 8). (1218‘The solution of this equation is of the form Vm BOOP anorfers 8) = Br feos 6). (1218)
, A Observe that this result is in agreement with Eq. 12-8.nA eBiren

:

ne anh

. REA + Ber”, (12:8) So the general solution of Laplace's equation for fields possessing axialwith
symmetry isn(n +l)=k, (12-9) .

V =D (Aur + Bur )P,(c08 8). (12:19)as
you can check by substitution. f 2 eaKeos 0)
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Table 12-1 Solutions of Laplace's equation in spherical polar coordinates for fields (1) Vie=0, Q) Vee =—Eo2 = Euros @. (12-21)
possessing axial symmetry

—_AEEee From boundary condition 1 and from Eq. 12-19,
—_ 0= 3 Asa’P,(c0s@) + 3 Bua P,(c0s 6). (12-22)

1 reos8 Peost

Sem? =1 Gx? 0-1) We now evaluate the A and B coefficients in a manner2 pGeord-d riGaore-y analogous to that of the example in Sec. 11.3. We multiply both
: 2 sides of the equation by P,(cos 8) and integrate from cos 6 = ~1

3 pcot = 30080) Geos! O=3e080) ow e= +i
4 (3Sc0s"030 608° +3) 5 (35.cos* # — 30cos* +3 waSe ee vo Ghose aee » 0= Y f Asa"Py(cos 8)Pa(c0s 8) d{cos #)

5 pleas! W cos!+150s) |g GBeos*#—70cos" H+ 15cos#) an?
. +3 it B,a-®"P,(cos 8)Pa(cos 8) d(cos 8). (12-23)

Table 12-1 shows the first six terms According to Eq. 12-20, the only nonvanishing terms are those for

This series is analogous to a Fourier series (example, Sec. 11.3) in the which m = n. Then each summation reduces to a single term:

following ways. First, the expressions under the summation sign form a fo nerf” p4oon 6) dleoscomplete set: the series can satisfy any reasonably well-behaved bound- O= Ana’ f, Prleos6) d(cos 0) + Bua f, Pa(eos8) d(cos 6)ary condition exhibiting axial symmetry. Second, (1229

a 0 ifmen -aeohe (12-25)P,,(cos @)P,(cos 8)d(cos @)=4 2 12. meef (cos 8)P,(cos ) d(cos @) itmen, (220) so
ens B,=~A,a". (12:26)

Substituting into Eq. 12-19 yieldsLegendre polynomials ate thus orthogonal. Third, we can use this ig into Eq. 12-19 ye
orthogonality to calculate the values of the A,, and B, coefficients. ve s Ade ~a**'r-")P, (cos 8). (227)

Example | UNCHARGED CONDUCTING SPHERE IN A iNow boundary condition (2) concerns the value of V at infinityPREVIOUSLY UNIFORM ELECTRIC FIELD whore inverse powers of tad fo Bre. Ths, are,
An insulated and uncharged conducting sphere is situated in a ~
previously uniform electric field Ey. This applied field originates in V = —Eor cos @ = —EyrP,(cos 8)= 5 Agr"P,(cos 8) (12-28)
remotely situated charge distributions that are unaffected by the ~~

presence of the sphere. for all 8. By inspection, the only nonzero term on the right is that
‘At any point in space, either inside or outside the sphere, for which n= 1. See Table 12-1, Then

E=E,+E,, where E, is the field of the charges induced on the
sphere, The induced charges arrange themselves so as to render Ai=-Eo (1229)

the net field inside equal to zero. . .
We calculate the field outside the sphere by solving Laplace's and all the other A's are zero. Also, from Eq. 12-26, all the B's

equation in two different ways. are zero except By:

(a) We first use spherical polar coordinates, with the origin at Ag = Esa? 1230)
the center of the sphere and the polar axis along Ey. The Bea Aaa = Fut (30)
boundary conditions are then as follows: Finally, at any point outside the sphere,
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Fuacos ° condition at r=a, where V must be independent of 6. We mustV = —Eyr cos 04°8=(1)Farcos 0, (12-31) therefore add another function that also includes the cos@ factors0 that the coeficient of cos will be zero at r=a. Then, from

ov 2a" Eq. 12-19,p= Ba(14 72 )E, cos, 2:Beng (ie ess om V = -Eyrcos 0 +28 (1235)
13V aEy 75g7 (1) Eosin8 (223) We finally set B= F,a’ to make V=0 at r=a, Our solution30 Ip satisies both Laplace's equation and the boundary conditions; itis

: ; therefore the correct solution, according 10 the uniquenessThe surface charge density on the conducting sphere is Perce ee TET Seo Fig Dt

0 = CEr(rau) = 36k 9608 8. (1234) Example | DIELECTRIC SPHERE IN A PREVIOUSLY
UNIFORM ELECTRIC FIELD

In the above expression for V, observe that the first term comes
from Ey, while the second is the V of a point dipole (Sec. 5.1) We now have a previously uniform field Ey, as in the preceding
situated at the origin and oriented along the 2-axis, of moment section, and the following boundary conditions, where a is the6 iB 14¢0°Ey radius of the sphere:

(b) We can also find V by a much less formal method, as

follows. (1) Vis continuous at r = a.‘We require the term —Eyr cos @ so as to fit the condition at «normal compon «continuous at r-=ainfinity. No other function with a positive power of r is @) Th component ofD is continuous atpermissible. This one term, however, is inadequate to fit the 8) Vi w= Evrcos@.
Instead of going through a formal solution, as we did in part (a)

of the previous example, we proceed as in (b) and devise a
combination of spherical harmonics that satisfies all three
conditions

Pr Seeeeee There now exists a field inside the sphere. So we require two
EEE EE eee solutions, one thats valid inside and one that is valid outside. The
COCCeeeeeecee field outside must satisfy boundary condition (3). So we require a
Soca eeseeeee term —Eyrcos@ and no other positive power of r. All negativeHEE rowers of r qualify. Inside the sphere, there must be no negative

Coy Oc powers of r, because V cannot become infinite at r= 0.
CCCcccoo ATCC Let V, and V, be the potentials outside and inside the sphere,
HA GRA ET respectively. Then
ECE SE V,= For cos +S Bur ""P,(cos8), (12-36)
Corre yy) Pr -Coc v= 5 CyrP(cos 0) (237
Peery er =
CORTer Boundary conditions(1) and (2) require that, at r= a,aT

Fig. 12-1. Lines of £ (arrows) and equipotentials for an . Mv .
uncharged conducting sphere situatedin a previously uniform Vea Ve or Gr (12:38)electric field. The lines ofE are normal to the surface, and there iszero field inside, Observe that the field is hardly disturbed at ‘Then we have the following two equations:
distances large than one radius from the surface of the sphere. : ;
‘The ongin of the spherical polar Coordinates used forthe Fa cos 0+ Big Bie 8, BARLCOS A),
calculationi at the center ofthe sphere ae a
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= Co + Cya cos @ + C,a°P,(cos 8)+ (12-39) e-l
and B= Cy=0, B= Baa (12.43)

Eycos 6 +B 4 2 £08 8 , 38:Px(cos 9), 5
ara a CT ypn BG =O (n>). (12-44)

= ~€[C, cos@ + 2CsaP(cos 8) +--+]. (12-40) Finally, “
‘These two equations apply for all values of 0. It follows that the v= -(1- S42)ur 008 0, (12-45)coefficient of a given function of 8 on the left must be equal to the eter

coefficient of the same function on the right. From the first 3 .
equation, Ver en Engr cos 0. (12-46)
By Be Bs Of course, r cos = =zSa, -BatS=Cja, =a’, 12-41a o a ‘ ) Notice that, if €, >> 1, then V, is approximately the same as the
From the second V of the conducting sphere of the previous section,

fom the secont ‘Also, the E inside the sphere is uniform:
By 2B By,

a Bote eR GER REL a Ba We bt (12.47)
(1242) a“

‘Combining these equations gives See Fig, 12-2.

12.2 POISSON'S EQUATION FOR E IN
ELECTROSTATIC FIELDS

COCOA We discussed Poisson's equation for V in Sec. 4.1. There also exists a
COC Poisson equation for E. From Sec. 1.11.6,
PPP . . .
PE VX(VXE)=-VE+ (VE), (12-48)
PE
PP rr ae Now, in electrostatic fields, the curl of E is zero, so that

Pe ere
COCRSEA _ voCOCCEOE ETtee VE WB)=, (12-49)
COC "
HER EEE EEE HH} from Sec. 9.5, where p is the total charge density, free plus bound.We can solve this equation by first separating it into its three

Fig. 12-2. Linesof D (arrows) and equipotentials for a dielectric components, the x-component beingsphere (€, = 3) situated in a previously uniform electric field. The
lines of D crowd into the sphere, andD is larger inside than ap OPoutside.

The equipotentials spread out inside, o E is smaller VER Se (12-50)inside than outside. There existsa bound surface charge density, ox eoand E is discontinuous at the surface, As for the conducting

sphere (Fig. 12-1), the field is hardly disturbed at distances larger This scalar equation is similar to the Poisson equation for V (Eq. 4-1),
than one radius from the surface. The field inside is uniform, : whose solution is the V of Eq. 3-18. Thus
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@R., aR1p aplax' 20R , 4,dR_ R=0 12-7), (129)B= Lf Paw’, (1251) Pea et G2), (29)4xeole 7

and similarly for the other two components. As usual, the primes refer to and Legendre's equation
the charge distribution, and r is the distance between the field point d de
P(x, y, z) and the source point P’(x’, y’, 2). The solution of Laplace's x {a -«) 8] +n(n+ 10 =0, (12-13)
‘equation for E is thus ”

1 (vp
+ where y= cos8. The first equation defines a function of the typeE- - [eww (12-52)Seo) 7 B

RAM ton, (128)This equation relates E to the gradient of the total charge density. Note

the negative sign and the first power of r in the denominator, This while the Legendre polynomials of Sec. 5.4.1 are solutions of Legendre's
equation is valid whatever the nature of the media that are present in the caution
field, as long as the gradient is definable. "The general solution of Laplace's equation in spherical coordinates, for

‘The more usual expression for the E of a volume distribution of charge axial symmetry is thusis a consequence of Coulomb's law and it is the one that we found in ” ‘
Sec. 3.3: S

V= > (Agr + Bur PP, (cos 8). (12-19)

B=y [ Saw" (12-53)
Beier Poisson's equation forE is

Although the two integrals for E are equal, the integrands are vp
obviously unequal. One integral applies only where Vp is not zero, while VEa (12-49)
the other extends over the complete charge distribution °

Example | THE FIELD OF A SPHERE OF CHARGE WHOSE, and its solution is
DENSITY IS A FUNCTION OF THE RADIUS 1p ¥p

E« - 7 [ Tea (12-52)Imagine a sphere of charge of uniform density, except near the dae, he 7
periphery, where the density gradually falls to zero. With Eq,

12-52, it is only the region near the surface that contributes to the For electrostatic fields, we can calculate E either as above or through
integral, since the gradient of the charge density is zero Coulomb's leweverywhere else. Nonetheless, this equation leads 10 the same ‘oulomb’s law:
resultas Eq. 12-53. See Prob. 12-6. 1 fot

rel (12-53)Arey hor12.3 SUMMARY

In spherical coordinates, if V is independent of the @ coordinate, we set PROBLEMS

V(r, 8) = R(r)O(8). (12-2) 12-1, (12.1) Grounded cylindrical conductor in a uniform

‘A grounded, infinite, cicular cylindrical conductor of radius a lies in a
‘Then Laplace's equation becomes a pair of ordinary differential previously uniform electric field, withits axis perpendicular to Ep, as in Fig.

i 12:3. Show that V = ~E,(1 = a°/p")p cos9.equations L





13.1 REFERENCE FRAMES AND OBSERVERS 239

relate electric fields to magnetic fields and then establish relations that we

shall later rediscover, starting with Chap. 18, without referring to

* 13.1 REFERENCE FRAMES AND OBSERVERS
RELATIVITY I Consider the two rigid reference frames § and 5” of Fig. 13-1, where S”

The Lorentz Transformation and Space-Time moves at some constant velocity ¥ with respect to S.
Both frames are inertial, by assumption. We define an inertial frame as

‘one that does not accelerate and that does not rotate. In other words, an

inertial frame is one with respect to which there are no inertial forces.*
Each reference frame carties an observer, which is either a human

13. REFERENCE FRAMES AND OBSERVERS 239 being equipped with instruments, or some device that can take readings
132 THEGALILEAN TRANSFORMATION 240 or photographs, either automatically or under remote control. Observer
133. THE PRINCIPLE OF RELATIVITY 240 ot situated in S, and o' in 5’.

134 THE LORENTZ TRANSFORMATION 241 The special theory of relativity concerns measurements made by these
UREN TeTeARoetONee UNDER two observers. As a rule, we refer to the two specific frames of Fig. 13-2.
Example: THE PHOTON 248 We are mot concerned with the general theory of relativity, which deals

13.5 SPACE-TIME DIAGRAMS AND WORLD LINES 244 with accelerated frames and gravitation.

135.1 THE MINKOWSKI DIAGRAM 235
135.2 CAUSALITY AND MAXIMUMSIGNAL VELOCITY 247 . eo136 SUMMARY 247 -

PROBLEMS — 248
y

We have now studied electric fields at quite some length. At this point e p -
either you can skip to Chap. 18 and go on to magnetic fields, or you can it Dy
study Chaps. 13 to 17, which deal with relativity. a fs

‘There are two reasons for this digression. First, relativity reveals the °

fundamental aspects of electromagnetism. Second, there are many Fig. 13-1, Reference frames S and 5’, with S° moving at some arbitrary constant
phenomena, mostly related to high velocities, that are batfling without velocity¥ with respect to S, without rotation. Observerso and 0° performrelativity. The daggered problems, from Chap. 18 on, are examples of various experiments, each one ia his or her own frame.these.

‘The longer path is more interesting, as always, but it may not be the
better one. The five chapters on relativity do not replace the more

conventional approach that comes afterward, Selecting one path or the For a more detiled introduction 10 relat, see Edwin F. Taylor and Joha A.
other is a matter of time and personal taste. Wheclet,Spuceime Physics, W. H. Freeman, New York, 196
You can therefore go directly to Chap. 18 without losing continuity. "The forces that one feels while stationary inside an accelerating vehicle are inertial
Chapters 13, 14, and 15 set forth the fundamentals of relativity, with forces. The inertial force on a person of massm is ~ma, where asthe acceleration ofthelittle reference to electromagnetism. Then, in Chaps. 16 and 17, we first vehicle
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P This principle was formulated by Galileo in 1638. It is quite clear in‘

itself, but it is so fundamental that we state it in another way, tofi
rt emphasize its meaning. The principle means that any experiment leads toie 4 = precisely the same result, whether it is performed in S or in S’, The resultRee r AN is the same, whether the experiment takes place in a stationary or in a

eas) er| moving vehicle, as long as the vehicle moves in a straight line at a
‘ = i P " For example, observer 0’ in reference frame S” can measure the period

jo. Jo P of a pendulum suspended at some point in S’, or the collision of billiardee ia 7 balls on a table at rest in S', etc. In all instances the phenomenon
a iaaeane: B observed by 0’ is precisely the same as if she performed her experiment
BeSom in reference frame S
erect. ey This principle is firmly established. In particular, it is an experimental

fact that the speed of light is the same for all observers traveling at aFig. 13-2, The reference frame 5’ moves at a velocity V8 with respect to S. constant velocity.
13.2 THE GALILEAN TRANSFORMATION To illustrate, consider the law

a

According to classical physics, observers in reference frames § and 5” of Fa jlow), (32)
Fig. 13-2 may select the same time scale. If they set ¢=0 at the instant

when their frames overlap, then the coordinates of a given point in space, as observed in reference frame S. According to the principle of relativity,
with respect to the two frames, satisfy the equations there exists an identical law

xextL yay 22, ree (3-1) Fem’) (133)
This is the Galilean transformation. “

In particular, suppose observer o’ finds that the velocity of a certain that applies in $’. Physical laws are thus said to be invariant.
light pulse relative to S” is ¢, in the positive direction of the common It follows that there exist mathematical relations that transform
x-axis. Then, according to the Galilean transformation and according to unprimed quantities to primed quantities, and inversely. We shall
elementary mechanics, observer o in reference frame S should find that discover several such transformations in these five chapters on relativity

the velocity of that particular light pulse is¢ + Y. With the Galilean transformation, F =F’, m=m’, t=t', v=v'+Y,
‘The Galilean transformation proves to be in error for high velocities. and the principle of relativity applies. However, nature is not that simple;

Experiments show that the velocity of the light pulse is the same for the these four equations are, in fact approximations, Relativistic transforma-
two observers. This fact goes against common sense, of course. The tions show that F#F', m#m’, c#0', and v4"+ V1Galilean transformation also proves to be incompatible with electromag:
netism because, under that transformation, Maxwell's equations are not 13.4 THE LORENTZ TRANSFORMATION
invariant

The Lorentz transformation relates the space and time coordinates of13.3 THE PRINCIPLE OF RELATIVITY reference frame S to those of S’, and inversely. For the frames of Fig.
13-2,

‘The principle of relativity states that it is physically impossible to detect

whether an inertial frame is at rest or in motion from observations made * See Wolfgang K. H. Panofsky and Metba Phillips, Classica Elecriciy and Magneto,

entirely within that frame. fp Rito ees: Reading Mas 1, chap. 15
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vere , x-V (1) The relation between quantities in one inertial reference frame anda 7 OO (13-4) the corresponding quantities in another inertial frame can always. be
, expressed by cither one of two equations, or sets of equations, that are

yay, yay (3-5) equivalent.
zez', z'ez, (13-6) (2) One obtains the inverse relation by adding primes to umprimed

. jantities, deleting primes on primed quantities, and changing the sign

pete, tw as») oe BP Prmee=r arya

is the custom to setwhere c is the speed of light in a vacuum. It is the custom to se
‘This set of eight equations forms the basis of special relativity.’ We ry 1

spend the rest of this chapter, and the next four, discussing some of its B=> andy “apy? (13-8)strange consequences. For the moment, we note six fairly obvious
fe 5atures

Note that 6 <1 and y=1. Then

(1) The right-hand column is identical to the left-hand column, except sae . .
- y =y@-V0), .that the primed and unprimed quantities are interchanged, and that — 7 says Ve), x =e V0), (13-9)

replaces ¥. The reason is simply that it is immaterial whether S’ moves at yay yy (13-10)

the velocity 7 with respect to S, or whether § moves at the velocity r=2', vez, «aan= VE with respect to S’.

, . vx Ve(2) There are only four independent equations because the right-hand ter(ve23), vr =r(t-S) (13-12)
column follows from the left-hand one, and inversely. You can easily © «
check this.

. .It

is often more convenient to express the transformation in vector(3) The origins O and O' coincide at ¢=«' = 0 because, if x=y =z = form, as in Table 13-1, where the subscripts || and 1 refer, respectively,£0, then x" = y"=2'=1 =0, and inversely. to the components that are either parallel or perpendicular to the motion
(4) The Lorentz transformation reduces to the Galilean transformation OfS" with respect to S.(Eq. 13-1) if we set the speed of light ¢ equal to infinity.

(5) The relative velocity V of the two frames cannot exceed c, for Table 15-1 Lorentz transformation

otherwise either x and ¢ or x’ and ¢’ become imaginary. revit VW)+r Pedn~V4r,
(6) The fact that ¢#¢’ means that, if observer o measures a time vir) . Yr
interval T between two events, then o' will, in general, measure a r( te,) f =(-2)
different time interval 7’ between the same pair of events. In particular, es
if two events are simultaneous for 0, then they are not necessarily

‘simultaneous for 0’. Example | THE INVARIANCE OF x? + y?+2?-c?? UNDER
A LORENTZ TRANSFORMATION

Points 1 and 2 illustrate two general rules.
‘ “ ‘A quantity is said to be invariant if its numerical value is the same

"The Lorentz transformation follows from the principle of telavty applied to the in all inertial frames. For example, under a Galilean

Wheeler, Spacetime Physics, W. H. Freeman, New York, 1966, p43. same whether one performs the measurement in $ or in S"
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Note that the word invariant is not synonymous with the word “ iY
constant, Indeed, if point a is fixed in S, and b is fixed in S", then
ru is function of the time but is tll invariant under a Galilean

transformation, “
With the Lorentz transformation, rg i8 mot invariant, but

1° —c't’ is. You can easily check that oo

Pty trae Pant byt ester, \ A.

or P-eP ara (1313) a a

We shall use the invariance of r? ~c°r* below. We shall also find WN 4
several other analogous invariant quantities. SN a

Example | THE PHOTON SA Ks
Imagine a flash of light emitted at O or O° at the instant when the “ - .
two origins coincide. According to the principle of relativity, the
light propagates in all directions at the same velocity ¢ in both - 13-3. (a) World line of a stationary electron at (x9, 0, 0). (b) World line ofreference

frames. Therefore the position of a photon satisfies the eecaron‘whose velocity dx/dt is first negative and then positive along theequation x-axis. The shaded area is inaccessible to this electron because |dx/dt| cannot

ce yaet peepee exceed¢.

13.5.1 The Minkowski Diagram

in agreement with the previous equations. We can picture the Lorentz transformation by superposing the (x, ct) and
the (x’, ct’) planes in a manner devised by Minkowski as in Fig. 13-4.

13.5 SPACE-TIME DIAGRAMS AND WORLD LINES First,

t= — Vi). 13-15)A space-time diagram is a graph of ct as a function of x for a given event, ware V0, (315)
as in Fig. 13-3, Such diagrams help us visualize some of the implications Setting x’ =0 defines a line
of the Lorentz transformation for the reference frames of Fig. 13-2 Y

The world line of an object or event is its curve of ct as a function of x. x= (")ct (13-16)
Say an electron is stationary at x = x9, cf =0. Its world line is the straight

line a of Fig. 13-3. If the electron moves in some way along the x-axis, in the (x, ct) plane, This line, along which x’ =0, is the ct’-axis, a in the
then its world line is a curve such as b. However, b is not any arbitrary figure. Also,
curve because the speed of any object is always less than c. This makes

the magnitude of the slope everywhere larger than unity, and the electron rare 4) . (3-17)has no access to the shaded region. «

If the electron moves in a plane normal to the x-axis, then y=’, a 7
z= 2", from the Lorentz transformation. Setting ¢° = 0 defines a fine

Now say a flash of light occurs at x =0, cf =0. Photons travel along the _(e (sts)lines ct = x. If we draw a y-axis perpendicular to the x- and ct-axes, the a=( © )e "
photons travel along a cone whose axis isthe ct-axis. In four-dimensional |

space-time, they follow a light cone. | in the (x, ct) plane. This line, along which ct’ =0, is the x'-axis. Lines
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4 s those events clearly occur at different values of ¢ and are therefore not

a simultaneous in S. Innumerable paradoxes result from this fact.

aL- A If two events F and G occur at the same ¢ and at the same x (but not_— : x necessarily the same y and the same z) in S, then they are also‘
is TST J ; simultaneous in S’, and inversely.

“FP tH| Yo fe / 13.5.2 Causality and Maximum Signal Velocity
yr / / The order in which two events F and G occur can be different in different

cr / frames because
4 /

/ / to-th= 1[lo-t)~ (4)leo-*n), as)/
|= avs | a and the signs of 1% —‘p and fg ~fy can be different. This is disturbing

wz VA Jf / because, according to the principle of causality, a cause necessarily* pT / recedes its effect.
_Ki ys | For example, imagine that observer o throws a ball in the direction ofof { { the x-axis. After a flight of a few seconds, the ball breaks a windowpane.

® ' > 9 3 ‘The Lorentz transformation surely cannot mean that these events could
‘ occur backward, for certain observers.

Fig. 13-4. The (x, 1) plane of reference frame S and, superimposed,x’- and Say event F occurs at origins O and O' at the instant when theySROnewa yeiors TeoneercOrebandesOree coincide. Event F is the cause of event G, which occurs at xg at a laterCoincide at @ Event Eoccursat x2, 3. or at x’ =0.973, ef’ = 2.48, The time fc in S and at rz in S’. Event G cannot occur before event F in S’.
curves are parabolasx? — c' = 4°. This is a Minkowski diagram. ‘Then 1{, must not be negative. Now

x’ =constant are parallel to the ct’-axis, while lines ct’ = constant are . Y Yparallel to the x-axis. to=y[to- (2)re] = ye (2) a] (13-20)
Notice the following points. vw

=ro(1-). (13.21)(1) The scales are not the same. For example, a length corresponding to é

3 meters is longer on the x'-axis than on the x-axis. where v is the speed at which a “signal” propagates from F to G. For the
(2) The angle between the ct- and ct’-axes is the same as that between above example, v is the horizontal velocity of the ball. Therefore
the x- and x'-axes. This reveals a certain symmetry between space and Vv sc. Since V Sc from Sec. 13.4, vSc. A “signal” cannot therefore
time. However, there are three space dimensions and only one time propagate at a speed that is larger than c.
dimension, so the symmetry is only partial.

(3). The lines x = ct coincide with the linesx” = ct’ because a velocity j 13.6 SUMMARYalong the x-axis is invariant. H

An inertial reference frame does not accelerate and does not rotate.

(4). Points on the x'-axis correspond to events that are simultaneous for 4) “The special theory of relativity concerns observations and measure-
observer 0” in reference frame S’ since 1’ = 0 all along this line. However, ‘ments on a given phenomenon made by observers situated in two inertial
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frames, one of which moves at a constant velocity with respect to the 133. (144) Sigaling problems with a fst train leity withother. As a rule, the tw ‘ : ip 134 wee persons A, 0", and B, ride on a train moving at a velocity ¥, witTh Mca ane io Frames referred to are those of Fig. 132. A in front, O” in the middle, and B in the rear. A fourth person, O, standsie principle of relativity states that it is physically impossible to detect beside the rails, At the moment O' passes O, light signals from A and B
whether an inertial reference frame is at rest or in uniform motion from reach both O and O'. Persons O and O' are asked who emitted her light
observations made entirely within that frame. signal first. What do they answer?

Thus physical laws are invariant: the law describing a given phenome- 13-4, (13.4) Transformation of an angle
non is mathematically the same, in whatever inertial frame the phenome- ‘A straight line passing through the origin O" of S” forms an angle a with
non occurs. the x-axis. (a) Find a relation between a and a’

‘The Lorentz transformation relates x, y,2,¢in Sto x', y',2', 0’ in S* (b) What isthe value of a when tends to €?
(Fig. 13-2): 13-5, (13.4) Things that move faster than a photon

‘The Lorentz transformation implies that the relative velocity ¥° of twoxaYe'4+ Ve), x= ya- V0, (13-9) frames of reference cannot exceed the speed of light c. We have also shown
: , that a signal cannot exceed the speed of light. Discuss the following cases.

yay", yy, (13-10) {a} Avlong, straight rod forme a small angle 6 with another rod. whichis
zee wer (341 horizontal and stationary. The first rod moves downward at a velocity v, : +11) What is the speed of the point of intersection of the lower edge of the

Ve Ye moving rod with the fixed rod? Can this speed be greater than c? Can the= r(" + 4), vs r(t - *), (13-12) point of intersection be used to transmit a signal?
e (b) The upper rod is initially at rest with the point of intersection at the

= rey" origin, The rod is struck a downward blow at the origin with a hammer.where
y= (I~ Vile) Can the motion ofthe point of intersection be used to transmit a signal atTable

13-1 shows these equations in vector form. The subscripts || and ‘a speed greater than the speed of light?L refer, respectively, to components that are parallel or perpendicular to (c) A powerful laser rotates rapidly about an axis perpendicular to its
the velocity of 5’ with respect to S. length.
A quantity is said to be invariant if its numerical value is the same in all Can the azimuthal speed of the beam exceed the speed of light? Can the

inertial reference frames, beam transmit a signal between two points ata speed greater than c?
; (a) The manufacturers of some oscilloscopes claim writing speeds inA space-time diagram shows ct as a function of x for a given object or cexcens ofthe speed of light. Is this possible?

event. The world line of an object or event is its curve of cf as a function 135) Space-time d
of x. One can visualize the Lorentz transformation by superposing the 126, (145)| Spaoc-time diagramsspace-time diagrams for § and for 5’ we

A signal cannot propagate at a speed larger than 1 ates (54) (x +00)
" j Substituting ~c for c givesPROBLEMS’ { rd gi a} vna'=(1*8)"Q en),13-1. (13.4) The Lorentz transformation t 1-6)

For what value of Bis the value of y equal to 1.01?
| 13-7, (43.5) cis the ultimate speed

13-2. (13.4) The Lorentz transformation ; Imagine a series of reference frames $, S' $$", ete, with $? moving at
Calculate y, 8, and v for a conduction electron whose energy is 10 ' a velocity ¥¥ with respectto S, S* moving at the same velocity with respectelectronvolts. The rest energy of an electron is 5.11 X 10 electronvolts. to $", etc. According to the Galilean transformation,a particle at rest in S; moves at a velocity n¥/é with respect to S, where n¥” is arbitrarily lage.

Show that, according to relativity, the velocity of that particle with

— — j respect to S is always less than c.
"Several of the problems on relativity are adapted, with permission, from Edwin F

Taylor and John A. Wheeler, Spacetime Physics, W. H. Freeman, New York, 1966. 13-8. (13.5) Three-dimensional space-time x, y, ct
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¥ The Lorentz Contraction and Time Dilation.
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—

—____— The Transformation of a Velocity

Fig. 13-5. 14.1 TRANSFORMATION OF A LENGTH. THE LORENTZ
CONTRACTION 251

Figure 13-5 shows the 2y-plane, the ct-axis, and the planes x= ct and 14.1.1 TRANSFORMATION OF AN ELEMENT OF AREA def 253
x=nct Example: THE APPARENT SHAPE OF A RAPIDLY MOVING

(a) Show that a Lorentz transformation contracts this space by the factor OBJECT 254[C+ B)/(.~ p)]'* in the direction of the plane x = ct, and dilates it by the 14.2 TRANSFORMATION OF

A TIME INTERVAL. TIME DILATION 254same factor it the direction of x= et Example: THE TIME READ ON A RAPIDLY MOVING CLOCK 2551g Sew 8 POI,3c tansorms to another pont on te same Example: THE RELATIVISTIC DOPPLER EFFECT FOR
ELECTROMAGNETIC WAVES 257

13.9. (13.5.1) The Minkowski diagram 143. ‘THE INCREMENT OF PROPER TIME FOR AN ACCELERATED
(a) Draw a Minkowski diagram similar to that of Fig. 13-4 with PARTICLE 258

Example: TRANSFORMING THE SPEED OF LIGHT 260,

14S SUMMARY 260

PROBLEMS — 261
This second chapter on relativity concerns a few immediate consequences

of the Lorentz transformation. The Lorentz contraction makes an object

appear shortened in the direction of its motion, while time dilation makes

a time interval on a moving object appear longer for a stationary
observer. However, a moving clock can also appear to run fast, as we

shall see. We end this chapter with the transformation of a velocity.

14.1 TRANSFORMATION OF A LENGTH.

THE LORENTZ CONTRACTION

Imagine that observer 0’ on reference frame S" fixes a ruler of length fy

on the x’-axis of S’ so that its extremities are at x’=0 and x'=ly, The

quantity [y is the length of the ruler, as measured in its own reference

frame, and is called its proper length. According to 0, the ruler sweeps
the shaded area in Fig. 14-1

‘What is the length of the same ruler for observer 0 on $? That observer

performs his measurement by noting the positions of the two extremities

al
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“7 Fig. 14-2. The ruler of proper length /, is now fixed in reference frame S. It

Fig. 14-1, A ruler of proper length /,, fixed in reference frame S’, sweeps the ‘sweeps the shaded region and, for an observeron frame S", its length is lo/y.‘shaded region as time goes by. In reference frame S its apparent length is lu/y.Note that the scale on the x’-axis is different from that on the x-axis. The curves:
are parabolas x? — "=a,

Thus o says that the meters of o” are too short, and 0” maintains that

those of o are too short. This is not absurd because the comparisons are

of the ruler at the same time, say ¢=0. These are events Q and (Iy/y, 0) quite complex; they involve eight separate measurements.

in Fig. 14-1, Clearly, the length /o/y is shorter than [. How much If the ruler moves relative to o in a direction perpendicular to its
shorter? At the right-hand end x=/ and ¢=0. From the Lorentz length, then you can show that there is no Lorentz contraction: its length,
transformation (Sec. 13.4), measured by 0, is equal to its proper length /,. A length / therefore

ex’ =ya-M)=Yh, in, asn transformsas follows:
k

[aM eh, 1‘Thus a ruler moving in the direction of its length at a velocity 1” Y 42)
relative to an observer appears to be shortened by the factor 1/y.
Remember that y=1, from Sec. 13.4. This Lorentz contraction is where fo,is the component of fy that is parallel to the motion and fy, isindependent of the sign of V’ the orthogonal component.
Of course, the Lorentz contraction applies if the ruler is anywhere else .

along the x-axis, mr » {14.1.1 Transformation of an Element of Area ds
If the ruler lies on the x-axis in S, then o’ finds it shortened by the i Say the element of area is a rigid parallelogram of sides dly and dlay of

‘same factor 1/y, as in Fig. 14-2. arbitrary magnitudes and orientations in its own reference frame. Then
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dy = dy X dl, (14-3) 4 4This vector is normal to the element of area. / 4 Y

Now if S is an inertial reference frame with respect to which the — Yelement of area moves at a velocity Y, it turns out (Prob. 14-3) that, in S, ik Hj

the element of area suffers a Lorentz contraction in the direction of ¥' 3 / L J
/ J,df = dl, x dl, =dsAy, +Sins (14-4) / YL) /

Example | THE APPARENT SHAPE OF A RAPIDLY , 0 @ 4 VA /
MOVING OBJECT ‘ y Yj /Suppose one looked through a telescope at a faraway cube | / th /‘moving at a velocity = perpendicular to the line ofsight. Then | —_—the face normal to the line of sight would appear to be . WA / Tv
foreshortened in the direction of motion by the factor 1/y. Also, é {/ —

cone would see the trailing face for the following reason. At a given / Y Ti
instant, the eye senses the photons that arrive at that instant. - :

Photons originating from distant parts of the object have left Tf |
earlier than the others, and the object has moved in the — '
meantime. The net effect is that the cube would appear to be 0 : > 7 r

rotated through an angle arctan (1'/e). If the cube were not far :
away, then it would appear distorted in peculiar ways, depending Fig. 14-3. The proper time interval between eventsQ and Q" that occur atx’ = 0‘on its distance and velocity in reference frame S" is T;, with cT,™ 2. For an observer on S, this time interval

This effect, which has never been observed, was discovered by is y times longer. The scale on the ¢r'-axis is not the same as on the ct-axis
James Terrell in 1959, 54 years after the publication of Einstein's

first paper on relativity.”pap uivity, From Fig. 14-3, the interval T, as measured in S, is longer than the
proper time interval T;. Indeed, according to the Lorentz transformation,

14.2 TRANSFORMATION OF A TIME INTERVAL. the event Q’ for which x’ = 0 and ¢’ = T, occurs at t= yT, for o in S. So
TIME DILATION

T=yTo (145)

Observer o’ measures the duration of a certain phenomenon that occurs

atx’ =0 in S". The phenomenon starts at’ =0, namely at @ in Fig. 14-3, For o, the time interval is longer than Tj. This is the phenomenon called
and it ends at «’ = Tp, or at Q". The time Ty measured in the reference time dilation. In other words, a moving clock appears to run slow by the

frame of the phenomenon is the proper time. Observer 0’ has a single factor y if one measures its rate as above."
clock located at x’ =0.

Observer 0 measures the same time interval with two identical and Example Movine chock. ON A RAPIDLYsynchronized clocks, one at x = 0, where the phenomenon starts, and the

other at the position of O’ at the end of the time interval. We have seen that, if 0 uses two identical clocks at two different
x's on S to measure a given time interval that o’ measures at a

Vs i ics "Sce‘the film entitled “Time Dilation: An Experiment on Mu-Mesons” by F. Friedman,See
V. F. Weisskopf, Physics Today, September 1960,p. 24 D. Frisch, and J. Smith, producedby the Educational Development Center, Newton, Mass

a
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_! is also negative, since B=1. Thus, when o reads @ time ¢’ on an

y =) r approaching clock, his own time is
‘ —<— re (58) 49)—— | vs
1 ' Does the approaching clock appear to run fast, or slow, with

respect to the stationary clock? Say observer 0 reads a time

4 a :
{=I second on the approaching clock, and the above square
root equals 0.9. Then = ~0.9. When the moving clock reaches
(0, both 1” and ¢" will be zero. So, in the interval, the moving clock
will have advanced by 1 second, and the fixed clock by 0.9 second.

7
The approaching clock appears to run fast

Fig. 14-4, Observer0 uses a double mirrorM to photogea Example | THE RELATIVISTIC DOPPLER EFFECT POR
‘The relation ¢~ yt holds, but the light from the moving clock
does not reach the camera untila later time > “The Doppler effect is the frequency shift observed when a source

cof waves moves with respect to a detector. This phenomenon is

fixed point on S' with a single clock, then o finds atime interval ‘el ka in the fin off acomsiics.
that is longer than that of o” by the factor y. Imagine a source of electromagnetic waves of proper frequency

‘What if 0 uses a single clock and /ooksat the moving clock ofo” f situated at" and = detector st O. What is the apparentas in Fig. 14-4 Let the primed clock be at 0”, and let both Y and frequency at
{the positive. Then 0 is to the right of O and moves away. This problem is identical to the clock problem that we just

Imagine that o has a set of identical and synchronized clocks all solved, because the source beats periods I/f instead of soounds
along his x-axis. As the primed clock goes by each one, the Therefore, with a receding source, the period measuredby a fixedrelation = yt’ holds. But o stands at the origin O of S, and the observer at O is 2

light from the primed clock at O” takes some time to reach O. r-(28+8", (4-10)Suppose observer o reads a time t' on the moving clock. What 1-p)
time is it on his own clock? Call this time ¢. Then 1s the above ¢, and

plus the time required for light to travel the distance V1: we(2B (De an
rar tte(ie nas ar=a+in, 046) For an approaching source,

with B= 7/c, as usual. Thus, when o reads ¢° on a clock that is 1p)"
moving awe her own imei 1-(28)"eo8 aan

atthe = (18)"r 147)a-By! “\iz_p) (14-7) Note that it is only the relative velocity that counts. See Fig. 14-5,
. .

If, at a given instant, the relative velocity forms a right angle
With ¥ andf both positive, ¢ > with the line joining the source to the detector, there is still aTherefore, if one looks at a clock that is moving away, the Doppler effect becauseof time dilation. This is a purely relativisticmoving clock appears to run even slower than with the effect. The frequency measured at the receiver is either larger or
measurements of Sec. 142. Smaller than fo, depending on the reference frame in which the

‘What if the moving clock is approaching? Then the origin O' is angle is 9° (Prob. 14-7):

to the left of O. With Y’ positive, both ¢ and ” are negative and f
vive = yh (source), or f= (detector). (14cortapedpyw ss) Fo (source), or Fay (Getecion). (O41)
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Fig. 14-5. The Doppler effect. (a) Source S moves tothe right with respect to Fig. 14-6. The world line of a particle moving along the x-axis. Inthe fixed
stationary receivers A, B, C. (b) The source is stationary, and the receivers all reference frame S, the time interval between events A and B is dt. In the frame

move to the left. The frequency shifts are the same in the two figures. The 5" of constant velocity ¥ occupied momentarily by the particle, the proper timemeasured frequency is lower than the proper frequency at A, and higher at B.At interval is dig, which is equal to dt/.
G, the measured frequency is either lower or higher than the proper frequency, as
in Prob. 14-7.

of proper time repeatedly in the followin;14.3 THE INCREMENT OF PROPER TIME chenoen ean Of Prope Peary ®FOR AN ACCELERATED PARTICLE m °

ie it 14.4 TRANSFORMATION OF A VELOCITYConsider a particle moving at some arbitrary time-dependent velocity.

Say the particle moves in a straight line along the x-axis. Then its world Observer 0’ on reference frame $” notes that an object moves at some
pine ome curve asin Fig 1R6. Anobserver notes the position of the velocity v'. The velocity need not be constant. What is the velocity of thispare je at times ¢ and ¢ + di. This defines two points A and B, as in the Same object for observer o on reference frame S?ur

the vector form ofthe Lorentz transformation (Table 13-1),‘The proper time interval diy between A and B is defined as the time From the vector form of the Lor c »
interval between these two events, as measured in the unaccelerated dr_y(dr,+ Vat’) + dr’,

7 i y =Hta) 4 ae (14-15)frame $' occupied momentarily by the particle: ad yd + V-dr'/e)

a a\12 vi , t + gives
dy= Hoa 0-4)" eu) Dividing numerator and denominator by y dt’ give:

sey ayt

, yey (14-16)as in Eq. 14-5, where u is the average velocity of the particle during that T+ ujVletime interval.

,‘We have simply applied the rule for time dilation that we found in Sec, The Galilean relation v =v' + ¥ is therefore valid only if y~1 and if

14.2 for inertial frames. This seems illogical because a reference frame v'¥ <«c* It follows from Sec. 13.4 that
attached to the particle does accelerate. This peculiar procedure follows

from the experimental fact that the half-life of a fast particle of a given yetwy (14-17)velocity is the same whether the trajectory is a straight line or a circle. 1-u,V/e*

a
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Example | TRANSFORMING THE SPEED OF LIGHT A particle describes some arbitrary motion in space-time. If the time

|A photon trevels at the speed in some sbitrary direction in interval between two successive positions is di, then the corresponding
reference frame S*. Then proper time interval is

ve+v2ec (14-18) -#and to=F (14-14)
ayy a(t”) (wily
veei- (i) +4 14.19)G +uV Te ) +65 +0 Ta) 19) A velocity transforms as follows:

Expanding and using Eq. 14-18 twice, we find that the speed of eres

the photonin Sis ako c. whateverthe value of petit telly (1416)This
is in agreement with the fist example in Sec. 13.4, where T+ u,V lewe discussedthe invariance of x? + y?+2*~ct! atic Teele asin14.5 SUMMARY =u Ve

An object has a proper length /, oriented in some arbitrary direction.

‘Then, in another reference frame moving at some constant velocity 7 PROBLEMS

with respect to the object, ni 14-1, (14.1) Lorentz contraction for a length
f= 4h, (14-2) A one-meter ruler moves at a speed c/2. In its own reference frame it

Y forms an angle of 45° with its velocity.

hel to the moni ‘What is its length, as measured by a fixed observer?Lengths parallel to the motion are shorter by the factor y. This is the 142. (14.1) “Two successive events ata given polaLorentz
contraction. Lengths orthogonal to the motion are unaffected. ‘Two events occur at the same place in the laboratory at an interval of 3A process lastsa proper time 7, in its own reference frame. In another seconds.frame as above, the time interval is y times larger: ‘What is the spatial distance between these two events in a moving frame

with respect to which the events occur S seconds apart, and what is the

T=7Tp (14-5) relative speed of the moving and laboratory frames?
| 14-3, (14.1.1) Transformation of an element of arcaThis is time dilation. A small rigid parallelogram of sides dy and dla», in its own reference

If a source of electromagnetic waves of proper frequency f, moves frame, has an area
away at a velocity Y= Bc from an observer, the apparent frequency is ds,= dl, x dly,

1-y? Show that, with respect to another reference frame, the element of area is

r=(55) Lo<ho- (14-11) given by
, ; dst.For an approaching source, the sign before changes, at =dX l= dates

14 By" 14-4, (14.2) The red shiftf= (4) fo> ho (14-12) ‘The radio galaxy 3C295 has a red shift of 46%. Astronomers mean byB this that the observed wavelength is 1.46 times the wavelength of the same
; ; radiation originating in the laboratory.

‘This is the Doppler effect. Only the relative velocity between source and (a) Calculate the radial velocity of the galaxy
detector matters. (b) Some quasars have red shifts of 200%. What is their radial velocity?

i
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145. (142) The ease of the speeding physicist ‘The figure shows S” at two successive beats of the source, separated by a

A physicist is arrested for going through a red traffic light. In court she time
pleads that she approached at such a speed that the red light appeared oped
green. The judge, a graduate of a physics class, changes the charge to nae = To
speeding and fines the defendant $1 for every kilometer per hour she
exceeded the speed limit of 50 kilometers/hour. it Vyh<«r.
What is the fine (ygey ™ 5.3 X 10” meter, Aygy 6.5 x 10-7 meter)? (a) Show that the period measured at O is T= y(1 ~ f cos 8)T, and that

146, (142), The twin pardon | F =felly(1 ~ B 00s 8)) =f'/Ly(1 ~ B cos 8)].Jn his twenty-first birthday, Peter leaves his twin Paul behind on the ,

us, if @ = 2/2, thenf=fly, f =f"/7.earth and goes off in a straight line for 7 years of his time at a speed of Tus
0.56 Petes thea reneea eae ce si pias (b) Compare this result with the Doppler effect calculated in Sec. 14.2.1

(a) What are the ages of Peter and Paul at the moment of reunion? ag eee
(b) Peter and Paul, expecting a strange result, perform the following © that

‘experiment during Peter's trip. They both observe a distant variable star a
whose light alternates from dim to bright at a frequency f when observed (1+ B cos 6")
from the earth. The variable star isin a direction perpendicular to Peter's . yf’i ‘Thus, if 6" = 2/2, then f=f/y and f = yf"trsjecory. They, of course, both count the sume number of pulsations (a) From (a) and (c), ¥*(1 ~ f cos 0\(1 + B cos 8) = 1.
Use the expression forthe Dopplr shit to verify the diference in age Check theaot Os ean eed ee and

between Peter and Paul at the end of the trip. See the next problem. at 0 = /2, Refer to Prob, 110 on the headlight effect
14-8. (14.2) Transforming visible light to high-energy radiation14-7. (14 for a at y = constant¢ Powe 17 a cites ‘ourceof elctiomagnctic radistion of proper Visible light can be transformed into high-energy radiation by reflecting afrequency f, situated at the origin O” of reference frame S” moving at the laser beam backward on 2 high-energy clectron beam. Say the initialvelocity 1 with respect to S. As usual, O' is at x=0 at 1=0, 1'=0. We arettcuems  eetromolss the electron energy 18wish to as meas o situated a ronvol

ectsn Hoamenry m emeanered by cbeerver o snuated at the (a) Calculate the photon energy hy’ in the reference frame S’ of theelectrons.

(b) Now calculate the energy Av" of the reflected photons in the
laboratory frame
As a first approximation, you can neglect the recoil of the electrons, but

this gives too large a value for hv’.

sys os 1 14.9, (14.4) The speedof light in a moving medium1 Light moves more slowly through a material medium than through a

ve ! vacuum, its phase velocity v being c/n, where m is the index of refraction of
I the medium.

“ a If now the medium itself moves at a velocity 7” <«e with respect to the
= 7 laboratory, show that the phase velocity of the light with respect to the

ri “1 laboratory is approximately c/n + V(1— I/n*).
Since

Vee | 14-10. (14.4) The headlight effect
yo oie 1 A source of light moves at a velocity 12. Consider a ray that forms an/ a 1 angle 6” with respect to the x-axis.
(74 H (a) Show that in the reference frame S, tan@ =sin 8'/Ly(cos 6" + f)]LA ol H Then tan 6" = sin 6/[y(cos6 ~ B)], from Sec. 13.4.7 (b) Plot @ as a functionof 6” forB =0, 0.5, 0.9, 0.9999."

i i . Observe that, for large values of B, 8 is much smaller than 0", except for
97>

Fig 167 values of 6" near x. If the source radiates isotropically in its own reference

a
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15.1 THEFOUR-VECTOR® — 265
15.2 FOUR-VECTORS 267

frame, then, for a stationary observer, the source radiates mostly in the 18.2.1 THE SCALAR PRODUCT OF TWO FOUR-VECTORS 268
forward direction. This is the headlight effect. 15.22 THE NORM OF THE FOUR-VECTOR® 268

(©) An isotropic source of light moves at a speed c/3 with respect to an 15.2.3 THE NORMOF AFOUR-VECTOR® 260
observer. Calculate the solid angle defined by a cone that points forward \nk THERELATIVIsTICMASS mw
and that contains 25% of the total light flux. tl Tuc meattvisticwoweserumy 290

14-11, (14.4) The collimator paradox ISS THE RELATIVISTIC FORCE F 270

Figure 14-8 shows a source of light and a collimator C fixed in a reference Example 271
frame S’ that moves at a velocity Vt with respect to a fixed frame S. The 15.6 THE FOUR-MOMENTUMp = 271
detector D measures the light that goes through the collimator. 7 = me

According to Prob. 14-10, the angle @ formed by the beam of light is less 17 TE RELATINISTICENERGY €= 7s
than 6” because of the headlight effect. However, the Lorentz contraction Examples ' ott ete
on the collimator makes its angle @ larger than 0". But this is absurd! If Example: THE RELATION @ = mic + p'c? 275
light reaches D in S’, then it does so in S. 15.8 KINETICENERGY = 276

‘You can solve this paradox by using the Lorentz transformation. 15.9. THE LAW OF CONSERVATION OF FOUR-MOMENTUM p 276

14-12, (14.4) Three reference frames 15.10 TRANSFORMATION OF AFORCE 276
We have three reference frames A, B,C. Frames B and C move, Examples 277

respectively, at velocities 8/2 and V with respect to A. Use subscripts to 15.11 THEPHOTON 277
identify the velocities: tp = 1/2, Yoa= V. 15.12 SUMMARY 278

Show that ucy (velocity of C with respect to B) is larger than '/2. Thus, PROBLEMS — 280
with respect to B, C moves away faster than A,

‘There are five chapters on relativity; the first three provide the basic

ideas that are prerequisite for the other two. This third chapter concerns
mechanics. As you will see, relativity makes havoc of mechanics. All its

basic concepts, such as mass, momentum, force, and energy, crumble,

and classical mechanics sinks to the rank of an approximate theory. It is a

curious fact that classical electromagnetism, by contrast, is completely

compatible with relativity and is thus spared.

15.1 THE FOUR-VECTOR r

An event E, such as the collision between two particles or the emission of

7 a photon, occurs at a given point (x, y, z) and at a given time ¢, The event
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, , PHO OSHCZee (15-2)

where x, y, z, ct and x’, y’, x’, et’ satisfy the Lorentz transformation.
This four-vector is the position vector in space-time.

This is not a new situation. For example, say point O in ordinary

three-dimensional space is the origin, and point A is 1 meter above O.
The vector r has a magnitude of unity and points upward. But the

components of r depend on the orientation of the coordinate axes.

—b- _ In three dimensions, a vector F can serve to relate a point P, to a point

- fi] P,, instead of to the origin:—_ {| fa= (2 —m)8 + 02 yO + (22 ~ 208 (183)+

_——_— | Similarly, the four-vectoro— Ho fea hon lin= Adele 0)]) (154)Fig. 15-1. Eventoccurs at (x, 0, 0, ct) in S, or at (x', 0, 0, et’) in S*. Thefour-vector r defines the coordinates of E with respect to the event & that occurs relates event 2 to event 1
at (0,0,0,0).

15.2 FOUR-VECTORS

is thus said to occur at the space-time coordinates (x, y, 2, ct). These are In three dimensions, the vector r(Z, y, z) denotes the position of the
the coordinates of event £ with respect to the datum event @ that occurs point (x, y, z) with respect to the origin of coordinates
at the origin (0,0, 0,0). Other vector quantities in three dimensions, such as velocities,
We can thus imagine a four-vector t pointing from Q to E in accelerations, forces, etc., transform in the same way as the position

space-time. In particular, if y=0 and z=0, we can draw Fas in Fig vector r. Indeed, any three quantities that transform as the components

15-1, We denote four-vectors by means of boldface sans-serif type: F. It is of the position vector are the components of a three-dimensional vector,
the custom to write out the components of r in one of two forms: by definition.

Similarly, in four dimensions, any four quantities a,, @2, as, a4 that

r= (x,y, 2, ct) =(r, et). (15-1) transform as the components of the position vector in space-time are the
components of a four-vector

‘The four-vector f transforms as in Table 15-1, because of the Lorentz

transformation (Sec. 13.4). B= (44, da, as, da) = (@, ay) (15-5)
serve that the four-v. 0

Observe that the four-vector F relates one event to another. It thus Table 15-2 states the rules for transforming the components of a
possesses its own identitity, irrespective of the choice of reference frame: four-vector.

‘Table 15-1 Transformation of the four-vector = (r, ct) Table 15-2 Transformation of a four-vector @= (a, a.)

j eeu.

rays Vier, ayn -Vo+r, i} arrai evn eas « ——
04 Ve Yn a= (a+ ai=y(a,-7amr(er+Zti) ater) (eie™) (0-7)
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15.2.1 The Scalar Product of Two Four-Vectors joo “

Given the two four-vectors

8= (01,03, 05,0.) b= (by, bs, by, by), (15-6) air i
their scalar product is 5

a+ b=a,b, + azb2 + abs ~ aaby. (15-7) a : H 7
Note the negative sign before the last term on the right. Otherwise, this i t
product is similar to the scalar product of two vectors. w rs 7 —, 7

For example, if o wo)

. oe Fig. 15-2. (a) Event F occurs at ye =0, zp =0, and x¢> cte. It occursat r=0inr= (x,y, 2c)= (Rot) (158) a certain frame §” (b) Event E occurs at yp =0, 2g ~0, and X¢<ety, It occurs
- atx’ =O in some other frame

R=(X, Y, Z, =(R, 5s

( cT)=(R,cT), as9) Let us set, successively, x¢><cte, x¢<cte, and xp =cte. First, wethen choose an event E such that x > ctr, as in Fig. 15-2(a). Then we can

Zi 7 frame S’ in which E occurs ateeRaxX+ y¥422-chP=r RAAT. 10) imagine axesx’ and ct’ of a referencey =r R= (45-10) t=O. In’,[te] =x. This means that if x; >cte, then the norm of re is
The scalar product of two four-vectors is an invariant. This is a equal to the spatial distance between events Q and E in a reference frame

‘consequence of the Lorentz transformation. with respect to which Q and E are simultaneous. This result applies even
if ye #0, zp 40.

15.2.2 The Norm of the Four-Vector r ‘Now suppose that x» < tp, as in Fig. 15-2(b). We now select axes x"

“The quantity and ct’ so that E occurs at x’ = 0, Then, in S’, event E occurs at the time

Ils [ere = pe ty? +2?— cr]! = [crY2 (15-11) tote (15-13)
is the norm of the four-vector r, by analogy with ordinary vectors. i it

Observe again the minus sign. This is not asdcan pomenry! Then ‘Therefore, if xp <cty, the norm of tr divided by c is equal to the time
observe the absolute value bare; by definition, the norm of a four-vector interval between Q and E in a frame S’ where both events occur at the
is real and positive.

. °

same place. This is the proper time interval between Q and E.

‘The norm of a four-vector is an invariant, like a scalar product. Remember that we have set yg =O and zp = 0. 0.
Let us pause a bit to reflect on the meaning of the norm of the If now xp=ctr, then |r| =0, despite the fact that t,#0. For

fourevector ry that defines the position of an event in space-time with example, suppose a photon travels along fe in reference frame S. Then @
respect to 8 given reference frame S. We set ye 20, 2p, so an to be and E represent two points on the world line (Sec. 13.5) of a photon with
vole to show ty om apace time diagra ee ita * x, = tp, and there does not exist a reference frame with respect to which

© pace-time diagram as in Fig, 15-2(a) and (b). Then Q and E take place either at the same time or at the same x.
rel = bee C23! -

Weel= beh ehh (as-12) 15.2.3 The Norm of a Four-Vector a
Clearly, the norm of rg is not its length. ‘The norm of an arbitrary four-vector a is defined like that of F:

Ab



lal =la-al!?= aj +03 + a3 —a3|!* (15-14) F-%, (as-17)
Since all four-vectors transform as r, it follows that the norm of a

four-vector is invariant. where p is now the relativistic momentum. We shall find the transforma-
tion equations for F later, in Sec. 15.10.

15.3 THE RELATIVISTIC MASS m

Example | A high-energy particle of rest mass mo, velocity v, and charge Q
crosses a region where the electric field strength is E. The electricIn its own reference frame, an object has a rest mass my. If the object foes

moves at a velocity v with respect to an observer, then, for that observer, pLqu) = [0] 08. (1518m a dt ala-vey" :

m= ayaa YMm0> Mo (15-15) 15.6 THE FOUR-MOMENTUM p
We take this fairly well-known result for granted.’ The quantity m is the
relativistic mass. All mass measurements are in agreement with the above Consider a particle of rest mass my and velocity v at

equation. For example, the mass of a high-velocity electron in an
_ .accelerator is y times that of a slow electron. r= (yy, 2, et) = (x, ct) (15-19)

The relativistic mass tends to infinity as v approaches c. Then what with respect to a reference frame S, as in Fig, 15-3
about the photon? It has a relativistic mass m, but a (presumably) zero
Test mass mp. See Sec. 15.11. a

We shall see how to transform a relativistic mass in Sec. 15.6 (Table

1533) poof
i} iv15.4 THE RELATIVISTIC MOMENTUM p ; ot

\

The relativistic momentum of a mass m moving at a velocity v is defined a |
as in classical mechanics, except that m is the relativistic mass: |

= my == ym, (15-16) |peme= Ta yajeyamoe r+ at-——4
4 4—— NeIt is this quantity that is conserved in collisions, and not the momentum H

mov of classical physics. !
We shall find how to transform a relativistic momentum in Sec. 15.6 H

(Table 15-3).

15.5 THE RELATIVISTIC FORCE F f 7 :

The relativistic force is also defined as in classical mechanics:

"See for example, David Bohm, The Special Theory of Relativi, W. A. Benjamin, New Fig. 18.3, World line of particle moving in the (x,f) plane. The four-York ios nt ” of Rea ‘momentum p is along dr, and is thus tangent
mn
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Over the time interval dt, as measured in S, Table 18-3 Transformation of a four-momentum P = (p, mc)

dr = (dr, edt) (15-20) p=vpitm'V)+P. p= (Pp) —mV)+P.
= y(m'e + 228 te= 7 me — U0"‘This increment dr of r is tangent to the world line of the particle. Now m= {mm a*B) mes {me c )

Vey VuyIr\2)"2 = ym'(14 88 im’ = ym(1—"8(dr = dr? cdr = ea 1-4 (4) | (18-21) maym'(1+ 72) ym(1-"3')o\de ———————————————————

=cdt i - |" "note can, (as.22) So the norm of the four-momentum of a given object is independent ofe Y the velocity! It is an invariant.

of ticle that is stationary in space is not stationary infrom Sec. 14.2, where diy is the increment of proper time in the inertial spece-time:it travels parallel tothe ctaxis atthe speed of light.frame occupied momentarily by the particle. The velocity v need not be ‘AS to the photon, see Sec. 15.11
constant. . ; ;

The four-t itt has another peculiar property. Since p-p isFor a given dy, say 1 second, the corresponding dt depends on the invanant.momentum * " ¥ pp
reference frame of the observer, but diy is the same for all observers, and °

hence dfy is an invariant d(p-p)=2p-dp-0. (15-28)

The four-momentum of the particle is defined as follows: ‘This means that dp is “orthogonal” to p. But p is “parallel” to dr, from
dr Eq, 15-23. Thus

Ppem-. (15-23)

diy dr-dp=0, (15-29)
‘This is a four-vector because dr is a four-vector, while both my and diy and dp is “orthogonal” to dr, in agreement with the fact that p is
are invariants, The four-momentum is tangent to the world line of the invariant.

particle. To summarize, the four-momentum p of a particle is a four-vector (1)
To find the components of p, we write out the components of F and that is tangent to the world line, (2) whose space component is p and

differentiate: whose time component is mc, (3) whose norm is moc, and (4) whose
dro drt de differential dp is “orthogonal” to both p and dr.P=mo gem mo (ret= (mite omoer). (15-24) Since p is a four-vector, it transforms like F, as in Table 15-3.

. . ° . If v?, v, ¥? are all negligible compared to c*, then we revert to
But, from Sec. 14.2, classical mechanics:

a j p=pitm'Y,  m=m’ (15-30)

dg awe (15-25) .
° 15.7 THE RELATIVISTIC ENERGY €=mc*

Thus

‘We have just seen that dr- dp =0. Thus
P=(moyv, moyc) = (mv, mc) = m(v, c)=(p, mc). (15-26)

dr- dp = (dr, edt) (dp, cdm) = dr- dp —c2 dtdm=0, (15-31)The norm of p has a peculiar value:
or

wy? dpIPI (P= pl!?=mjv?~ c= me 1-5) = moc, (15-27) ar Bee dm, (15-32)
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Now we are concerned with an object of relativistic mass m, velocity v, oO

and relativistic momentum p = mv. So dp/dt is the force F applied to m,p=mv. So dp e pp Fig. 15-4. A positive and aand the term on the left is the energy expended by F on m over the negative electron annihilate to
distance dr. An increment of mass dm accompanies this increment of form two photons. If the kinetic
energy. energies of the electrons are low,
More generally, in any physical process, an increase of energy d& oe ee ne he an gnerey iyresults in an increase of mass dm such that mw | electron, 5.110"

le electronvolts.dé=c' dm, (15-33)

and

€= me? (15-34) unchanged. Strictly, one should, of course, think in terms of the
potential energy of the brick-earth system and take into account

is the relativistic energy of an object of mass m. the upward motion of the earth as the brick falls.
Ifa force F acts on a mass m moving at a velocity v, When a positron meets an electron, both particles disappear to

form a pair of photons, as in Fig. 15-4. Charge, relativistic mass,

dime) dé energy, and momentum are all conserved.

ir ir conservation of charge, but the conservation of mass, energy, and
> momentum requires the presence of another particleA

particle at rest possesses a rest energy mycA relativistic energy transforms like a mass (Table 15-3). Example | THE RELATION @ = mic*+ pc?
An object of rest mass ma lies at rest in a reference frame S’. WithExamples | Say a mixture of hydrogen and oxygen explodes. What happens to i a a

the mass? Before the reaction, the molecules may be assumed to respect to another reference frame S, its mass is m and its
be at rest. Let their total rest mass be my, After the reaction, the momentum is p. Since the norm of the four-momentum is
relativistic mass is unaltered because no external energy has been invariant,
fed into the gas. Then pra mic = mie (as-37)

My = May = Ma, + KE, (15-36) ‘Therefore
where KE is the kinetic energy of the high-temperature steam ame = mitt pe, (1538)
‘The new rest mass is smaller than the initial rest mass.

After a while, the steam cools and becomes water at room asin Fig. 15-5. vs :
temperature, KE tends to zero, and m, decreases to my,. In the ‘The term pic* is negligible when y"f"<1, or when 261.
process the kinetic energy has spread out to neighboring bodies, ‘Then €~moc*. On the other hand, if y*p"> 1 or if ~1 and
thereby increasing their masses. The mass of the water is less than v=, then
that of the original mixture, but the relativistic mass of the €=me~pe (1539)
universe is unchanged.

Fission and fusion reactions are qualitatively similar to exother-
‘mic chemical reactions: there is a loss of rest mass and a release of

thermal energy.

What happens when you drop a brick? The rest mass of a brick
depends on its position, because of its potential energy: the higher .

it is, the larger is its rest mass. As the brick falls, its rest mass Fig. 18-8. The relativistic eneray #
decreases and its kinetic energy increases. When the brick hits the ie tclated tothe rest energy mart
ground, its kinetic energy becomes thermal energy. It loses rest and to the relativistic momentump‘mass, but, again, the relativistic mass of the universe is 7 as in this right-angled triangle
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15.8 KINETIC ENERGY ‘Table 15-4 Transformation of a force

By definition, the kinetic energy of a point mass m moving at a velocity v | F=F; amor er Fakeaewith respect to a given reference frame is equal to the energy expended vl Vile Lace died
in increasing its velocity from zero to v in that frame. This is |

vey 22 * Be } where w’ is the velocity of the point of application of F’ in reference
(15-40) | frame S".

mov? 3myv" | Now dé"/dt’ is the rate at which the relativistic energy builds up in S’
arar een (15-41) | under the action of F’. Then‘The

first term on the right is the kinetic energy of classical mechanics. It aS pee Flul + Fey’is equal to the relativistic kinetic energy if v? <c* 1 ae Pw Pt Piow (15-45)

15.9 THE LAW OF CONSERVATION OF Substituting into Eq. 15-44 and simplifying leads to the transformation
FOUR-MOMENTUM p equations of Table 15-4. The transformation does not involve the

coordinates of the point of application of the force.

Say two particles interact, yielding two or three other particles. There is Note that F.#F,. Since a four-vector has the same perpendicular
conservation of the total four-momentum component in all inertial frames, the relativistic force is nor the spatial

component of a four-vector.

yp=(Yp.cd 15-4;ze (= pdm) (15-42) Examples | 1f Fis parallel to ¥, then F =F’.
Two forces that are equal and opposite in one frame are not

for the simple reason that both Ep and Ym are conserved. So the rnceessarilyso in another frame. They remain equal and oppositeconservation of four-momentum groups the conservation of momentum, only if their points of application have equal velocities.
‘of mass, and of energy!

The conservation and the invariance of the four-momentum imply that 15.11 THE PHOTON
if p and m are conserved in one inertial reference frame, then they are

conserved in any other such frame The photon has presumably a zero rest mass. Its speed’ is c, and its
energy is

15.10 TRANSFORMATION OF A FORCE #=hy, (15-46)
A force (Sec. 15.5) transforms as follows. From Tables 15-3 and 13-1, where h is Planck’s constant, 6.626

x 10” joule-second, and v is theyf the wave. 15.7,at ld-t VAC IC) ase) frequencyof the associated wave. From Sec. 15.7, its mass is
at y+ Vdrile)" g

mas, (as-47)
Dividing above and below by y dt’ yields

pa Fit (Vie)dé ide’ + Fy (15-44) "Photons always travel at the speed c, even inside matter. See Sec. 37.4. For the140, le moment, we can think of photons traveling ina vacuum.
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and its momentum is r= (x, y, z, et) =(r, ef). (1S-1)

€ hvih ‘The four-vector
pemeni = e4, (15-48)

coc &

fa=ho-n=[n-n),cb-n)) (1s-4)

where A is the wavelength of the associated wave. The relation between p

and & for a photon has been verified by measuring both the radiation relates an event Es with respect to another event Ey. A four-vector
pressure and the energy flux of a light beam. transforms as in Tables 15-1 and 15-2. Any set of four quantities that
The four-momentum of a photon is transform as the components of a four-vector are the components of a

four-vector.

P= (p, me) = (me, me). (15-49) ‘The scalar product of two four-vectors a and b is

Its spatial component is me, where the vector ¢ points in the direction of a-b=ayb, +asb;+ asby—asbs. (as-7)
propagation. Also,

= |e — mej"?= ‘This product is invariant.= |e? = me?|'? = 0. 15-50)inl \ (sso) The norm of a four-vector is also invariant:
According to Eq. 15-27, this implies that the photon has a zero rest mass. ae one

Also, from Sec. 15.6, (|= [a-al!?= lay +a} +a} — ail!” (as-14)
_ del The mass of an object depends on its velocity with respect to the

Ipl=m =O, (ssi) observer:
mo

and |dr| = 0. The increment of proper time (Sec. 14.3) over dr is zero: m= rey Vme7 mo (15-15)

dry = S20, (15-52) This quantity is also called the relativistic mass.
« The relativistic momentum of a point mass is

‘A photon’s clock always reads the same time! mv =

‘The kinetic energy of a photon is (m — mg)c? = mc?, and not me?/2, as Puan = ymee, (15-16)
we would expect from classical mechanics. Although a given photon has a visti
speed c for all observers, its energy @ and its momentum are not and the relativistic force is
invariant, because of the Doppler effect. For example, if S’ moves in the dp
same direction as the photon, then v’< v, and thus r-2. (15-17)

hv’ <hy, e<é, n< 15-53)psp (553) ‘The four-momentum of a particle is the four-vector
15.12 SUMMARY

dr

A four-vector has four components, the first three of which are the space Pama (p, me) (15-23), (15-26)
components of a three-dimensional vector. One specifies the location of

an event in space-time with respect to the datum event 2 (0,0,0,0) by whose norm is moc.
means of the four-vector Four-momenta and masses transform as in Table 15-3.
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The relativistic energy is Yr de’dm=y(1t+uis)dm',  (b) dr=———>,
“me (15-34) EY cca BEN

Th 2 Ky ©p=r(1+4t)o p= r(1-“F)e.fe rest energy is moc’. Kinetic energy is relativistic energy minus rest e °
energy, mc? — moc’ 15-4, (5.5) The relativistic force

In any interaction there is conservation of the total four-momentum p, In classical mechanics, F = ma if the mass is constant
and hence conservation of momentum, mass, and energy. Show that with relativity,

Forces transform as in Table 15-4. my mo 4

For the photon, the rest mass is presumably zero and FG r eye * Ta vepe es man mae
é where a) and a, are the components of the acceleration that are,

m=s, 15-47 respectively, parallel and perpendicular to the velocity v of the point of2 ) per« application of the force

wh 'A force that is perpendicular to v changes the direction of w, but not the
pame=—= "=" (15-48) mass, and hence not the speed, as we could expect because the force doeseek no work. Then, if F is perpendicular to v, F = ma applies!

. | However, a force parallel to changes the magnitude of v and hence thewhere fh is Planck’s constant, 6.626 10°“ joule-second, v is the mass also. The resistance to acceleration is larger because of the 7* term,
frequency, and 4 the wavelength of the associated wave. “The quantity mis sometimes called the transverse inertial mass, and y'm

| the longitudinal inertial mass
| ,

PROBLEMS 15.5. (15.7) ‘The gravitational red shift| ‘A photon of energy fv, leaves the surface of a star of radius R and mass
M.

15-1, (15.3) Burning hydrogen (a) Show that after the photon has escaped to infinity, Av/v9 is equal to
You ignite a mixture of hydrogen and oxygen inside a closed vessel, and GM/(Rc’), where G is the gravitational constant. This change is so small

then allow the water vapor to cool. | that you can set v=¥ in your calculation of the change in potentialSketch graphs of mc® and of mc* as functions of time. energy. What is the sign of Av? This change of frequency is the

15-2. (15.3) Relativistic effects with 40-GeV electrons weer red wu for th for the earth, Se facing the‘A linear accelerator accelerates electrons up to energies of 40 gigaelec- (©) Calculate v/v for the sun and for the earth. See the page facingttronvolts (40 x 10” electronvolts).
° Bienes back cover.

vt ;(a) Calculate the mass of an electron that has the full energy. How (c) Calculate Av/v for a photon that travels from the surface of the sunenergy. How doesthis mass compare with that of a proton at rest? See the pore facl to the surface of the earth, taking into account both gravitational fieldsback cover. pe me page facing the (a) Sirius and a smaller star revolve around each other. The massof the
(b) What is the length of the accelerator in the reference frame of an smaller star is about equal to that of the sun, but is ight has @ Av/y offlectron that has the full energy? The length of the accelerator, as 7 10 7. What is its average density?measured on the ground, is 3000 meters (€) The period of rotation of the sun is 24.7 days. What is the Doppler
(©) How much time would such an electron take to go from shift for 500-nanometer light emitted from the edge of the sun’s disk, at its

electron’s frame of reference? (f) The sun ejects ionized hydrogen. How does the mass of a proton vary
it flies away from the sun?

15-3, (15.6) Transformation of a mass density
as 7 om te

‘We use the symbol r for a volume in this problem. 15-6, (15.8) The mass of a high-energy proton ;
A small element in an object has a proper mass dims, a proper volume ‘A proton has a kinetic energy of 500 million electronvolts. Find its mass

dro, and a proper mass density py= dmig/dry. With respect to S and S’ the and velocity.mass densities are p=dm/dt and p'=dm'/dr’, respectively, and the 15-7. (15.9) The conservation laws for colliding particles
velocities of the element are v and v" In the course of a collision between two particles there is conservation of

‘Show that, if ¥ is the speed of S’ with respect to S, then | energy and conservation of momentum.
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(@) Show that, if these conservation laws apply in one inertial reference (4) Now this hydrogen must fist be brought up to speed. This slows the

frame, then they apply in any other inertial frame ship. Show that the net gin is positive up  )=0.707 and negative
(b) Show that if, in a given reaction, relativistic mass is conserved in all afterward.

inertial frames, thenp is also conserved, and inversely, 1s12 (1511) “The Dopplr eect again
15-8. (15.10) Transformation of a force Refer to Fig. 14-7. An observer at the origin O of the reference frame S

the origin O' of $7 In rob, 1-9 we found that f= (1+ cos)

Fart AtVRE XY) ux(e xv) | ‘Check this equation by transforming the four-momentum of a photon.m é 15-13. (15.11) ‘The Méssbauer effect
, sorce and pow An excited nucleus of Fe formed by the radioactive decay of "Co emits1
ingbon Baa IT, show that a gamma ray of 1.44% 10" eletronvolts. Inthe proces, there is conserva-tion of energy and myc? =m,c? +hv, where mg is the initial mass of the

Pus also conservation of momentum, /v/c = m,u, where u is the recoil velocity
‘of the iron nucleus. Let my be the rest mass of the nucleus after the

15-10. (15.11) The ultimate spaceship eee then we are released by the reaction ‘ Eo (mee mae 4‘The thrust of a spaceship engine is equal fo the product m'v, where m' is Oa ee eee eee eee ae you staal inethe mas of propellant ejected per second and isthe exhaust velo with Square. Then square the second equation and substitute. You should find
respect to the ship. The ultimate spaceship would transform all. its that Elim + Mo) é
propellant into radiation and eject photons backward at the speed of light, ty =(Ima)
‘The mass of the propellant would then be minimum. a “

(a) Show that the power-to-thrust ratio P/F for a photon engine is c. So hv < @: part of € goes to the photon, and the other part supplies kinetic
Since P/F and dM/dt are independent of the frequency, the source of energy to the recoiling nucleus. .

radiation need not be monochromatic. (b) Set_ my= 57x 1.7x 10", and show that €/(2mgc*)= 1.3 x 10”.(b)
Then a photon ship burning | gram of matter per second would have Thus the fraction ofthe avalabie energy & that appears ax recoil is smalla thrust of 3x 10° newtons. The difficulty is to transform an appreciable (©) Méssbauer discovered in 1958 that, with solid iron, a significant

fraction of the propellant mass into radiation, as the following example will fraction of the atoms recoil as if they were locked rigidly to the rest of the
show solid This isthe Mossbauer effect. I he sample has a mass of 1 gram, by

‘An ordinary flashlight has a capacity of about 2 ampere-hours at about 2 what fraction is the gamma ray energy shifted in the recoil process?
volts. Show that its terminal velocity is of the order of 10) * meter/second. (d) A sample of normal “Fe absorbs gamma rays of 14.4 kiloelectron-

IS-L1, (15.11) Is interstellar travel possible? gamma rays of any nearby energy. The excited nuclei thus formed remit
(a) First, time should be dilated by, say, a factor of 10. Then y = 10. 14.4-kiloelectronvolt radiation in random directions some time later. This is

Calculate u/c. | resonant scattering.(b) Imagine a spaceship equipped with a photon motor. See Prob. 15-10, Ifa sample of activated “Fe moves in the direction ofa sampleof normalYow
an find he ton of he al man hat emai a ths sp Fe, what must be the value of the velocity that wil shift the frequencythas attained the proper B, from the conservation of energy and the of the gamma rays, as seen by the normal nuclei, by 3 parts in 10!*? This is

conservation of momentum. Take into account the energy and momentum ‘one line width.

of the radiation. You should find that f = 0.05. (c) A Doppler shift in the gamma ray results in a much lower absorption
The spaceship must then brake to a stop. This requires 95% of the by a nucleus if the shift is of the order of one line width or more. What

remaining mass. At the end of the return trip we are left with (0.05)*= happens to the counting rate of a gamma-ray detector placed behind the6.25

x 10 * of the initial mass. If the mass of the ship and its payload is 1 sample of normal “’Fe when the source of activated “Fe moves (i) towardton,
then the propellant has a mass of about 200,000 tons. the normal “Fe, (ii) away from it?(c) In principle, the spaceship could collect and annihilate interstellar (f) If a 14.4-kiloclectronvolt gamma ray travels 22.5 meters vertically

mater. There it about one atom of hydrogen per cub centimeter upward, by what fraction wil ts energy decrease?
Calculate the mass of hydrogen collected during 1 year if the ship sweeps (g) A normal “Fe absorber located at this height must move in what

‘out a volume 1000 square meters in cross-section at the speed of light. direction and at what speed in order for resonant scattering to occur?
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charge-to-mass ratio e/m for a particle moving at an increasing velocity v

16 varies as follows:CHAPTER e_e/,_ vy?
moml!-@) as

*RELATIVITY IV ‘The elementary charge ¢ therefore remains invariant, while the mass m

The Field of a Moving Electric Charge varies with velocity as in Sec. 15.3. This relation applies up to the highest
energies attained to date.

‘Another proof of the invariance of electric charge is the fact that a
16.1 INVARIANCEOF ELECTRIC CHARGE 284 metal object does not acquire an electric charge when it is either heatedExample 285 or cooled (excluding thermionic emission), despite the fact that the
16.2 THE FOUR-CURRENT DENSITY

J 285 average kinetic energy of its conduction electrons is much less affectedExample: THE CONDUCTION CURRENT IN A WIRE 287 than that of its atoms.’ It is because the enormous positive and negative
163 THE FOUR-DIMENSIONAL OPERATORO 286 charges in a piece of matter (Sec. 3.1) cancel perfectly at all temperatures
14 THE CONSERVATION OF CHARGE 290 that ordinary matter remains neutral when its temperature changes.
16.5 THE FIELD OF A POINT CHARGE Q MOVING ATACONSTANTvELony

at im en kilogra 10% atoms and 10°x1651

THEFORCE Fi, 22 anne | Teei0 16x 10"colombs
of conduction electrons the16.5.2

THEFORCE Fy, 292 positive charge increased or decreased by only 1 part in 10" upon165.3 THELORENTZFORCE 233 heating, the copper would acquire a net charge of 1.6% 10
16554 THE ELECTRIC AND MAGNETIC FIELDS 204 | coulomb. A 10-klogram copper sphere, with a radius of about 65

Example: THE FIELD OFA 10-GIGAELECTRONVOLT ELECTRON 295 \ millimeters, would then acquire @ potential of about 2 kilovolts,Example: THE MAGNETIC FIELD NEAR A STRAIGHT WIRE CARRYING Such an effect has never been observed.

ASTEADY CURRENT 298

16.5.5 THE FORCE Fg 300 | 16.2 THE FOUR-CURRENT DENSITY J
166 TRANSFORMATION OF E AND B 301

Example: THE PARALLEL-PLATE CAPACITOR — 303 ' ‘We now show that J and cp are the components of a four-vector J, called167
SUMMARY 304 the four-current density.

PROBLEMS 305 fl Imagine a macroscopic charge Q moving at some arbitrary velocity v
| with respect to a reference frame S at time 1. In the inertial referenceIn this chapter we first examine two fundamental properties of electric frame S, occupied momentarily by Q, the volume of the charge is Vo. Incharge, namely, invariance and conservation. However, our main objec- | S, the charge is also Q, but the volume is shorter in the direction ofv andtive here is to calculate the electric and magnetic fields of a charge

moving at a constant velocity. We do, of course, avail ourselves of the vevi(1 8)" (162)mathematical apparatus that we developed in the last three chapters. N e
The simplest field of all is that of the stationary point charge. The next a

‘one, in order of complexity, is the one to which we address ourselves | In Sj the volume charge density is
here. Q

| Pome (163)16.1 INVARIANCE OF ELECTRIC CHARGE °

Electric charge is invariant: a body carries the same electric charge for all "See, for example, Charles Kittel, Introduction to Solid State Physics, Sth ed., John
observers. It is an experimental fact that, in an accelerator, the ‘Wiley, New York, 1976, p. 166.
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while in S Table 16-1 Transformation of a four-current density

5=(.ep)

Q Po OePV Gavia YPo> Po- (16-4) | TayeVe )+T Isy=Vp) +d.VG-vie) | Me :i

. { p= ("+73 p= (0-*3)Now
consider two nearby points A and B on the word line (Sec. 13.5) | oSof Q, separated by the four-vector

dr = (de, cd ‘The analogy between the four-current density J and the four-
6 » 65) momentum p is striking. You will recall from Sec. 15.6 that

in S, with dr=wdt. As we saw in Sec. 15.6, the proper time interval - =between A and Bis P=(p.me), — Ipl= mee, (16-12)

” and that the four-momentum is tangent to the world line of the mass m,dty=a (16-6) pointing in the direction of motion. Similarly, the four-current density is
Also. J=.cp), (16-13)

its norm is

dt 1 iar

dig vey (16-7) i= 0 SE = poe, (16-14)
Thus it is tangent to the world fine of the charge Q, and it points in the

a direction of motion if the charge is positive.
P= 1P.= Po» 16-8)

dty ass) i Example | THE CONDUCTION CURRENT IN A WIRE
‘The current density in Sj is zero but, in S, A wire thatis stationary inreference frame $ cares current

density J. The net volume charge density in Sis zero:dr) dr_ ddr dd P=, + p.=0. (16-15)I= pv =P >= Po = = po = pu=r. 16-9) nea a dig dt Pag (6s) | ‘There are surface charges, but we can disregard them because
they just superpose another electric field over the one that we are

Comparing now Eqs. 16-9 and 16-8, we see that J and cp stand out as interested in here. This extra electric field depends on the

the components of the four-vector fev and geometry of the wire, 8 well ston the careting through it

a ar ‘The wire is parallel to the x-axis, and the current flows in theI=, cP) = por, ct) = pos (16-10) negative direction, as in Fig. 16-1. Then the conduction electrons
do diy flow in the positive direction of the x-axis.

For an observer on S" moving to the right at a velocity Y, the

called the four-current density. Here both po and dfy are invariants. Lorentz contraction for pis less than for p, and the wire appears
‘Therefore J and p transform as in Table 16-1, and the norm of J is to ‘be positively charged. From the transformations of the

invariant: | four-vector J (Table 16-1),vr, Y

2 pitta ye gyre fenysyaysu, Say 16-16)=U
cp =U? p22 (16-11) i premvad = yall » (1s16)
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Yj y t called quad. Note the negative sign before the fourth component.

Remember that the fourth component of r is +ct (Sec. 15.1).

¥ ‘The space and time derivatives transform as follows:

axxo vo a Va
S2S +S -r(S-a5). 16-213x Gx Sx’ * x 3 se 257) asa)

QD = 223, 2-2. (16-22)Fig. 16-1. Conducting wire carrying a current density J. The ey a = ee

conduction electrons, of volume charge density p,, flow to the 282 2222) ae)Tight at the velocity v. Referenceframe S” has some velocity 7 GLH8 we (2_¥2),parallelto the ire. ad 3 rae eae NG”
In vector form,

Multiplying both equations by the cross section ofthe wire, which

is the same in § and S’, we find that the primed linear charge _ 48 .density is v= %- 2S) +0, (16-24)
y

Mays U'=yt 16-17) aa ;
¢ . on 2=x(2-rim). 1625)Another way of explaining the existence of a positive charge is

the following. Imagine that, for an observer in the reference frame , .
of the wire, the current starts to flow everywhere along the wire at The operator O transforms as a four-vector, as in Table 16-2, and acts
t=0. Then, for the observer on S’, the current flow starts at like a four-vector.

Y If F is a scalar function of x, y, z, f, then its four-gradient is
ta-yds, (16-18)

“ OF\_(3F,, 8F,, OF, _ oF)according to the Lorentz transformation (Sec. 13.4). That is, the oF=(FF, -Z)- (Ger Foe -Z) (16-26)electrons start flowing to the right at the right-hand end of the

wire and the motion propagates to the left. This has the effect of : te tk

‘depleting the population of conduction electrons in the wire | The four-gradient is a four-vector if F is invariant. We shall not require
| the four-gradient.

16.3 THE FOUR-DIMENSIONAL OPERATOR 0 ‘The four-divergenceof a four-vector is a scalar:
In three-dimensional space, the three operators 3/3x, 9/y, 3/32 are the D-a= (¥. -2) (a, ca) = Va (16-27)components of the del operator: Set ot

39 ,,9,,9 >

waste (iss) ratte 162 Transformationof 3=(¥.-2)
As we saw in Sec. 1.3, this operator transforms as a vector. Va OL ve

‘There exists a corresponding four-dimensional operator ver(ri-Bg)trs War(mtag)+h
a2 a_ a

a,,8,,8 2a a 2=(Z-vivi1) Z=(S+rimi)= (#2452422, -2)-(¢,-2 an” Ge ar NaeO° (54 ae)" (R- zy) 629 ee
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a Ie yf ation of charge can also be written as + J=0:Deg a Ste 4 Say 5 Bae, Bay cis2s) | ‘The law of conserv: re
Ox dy az ot 3 a

i d=(¥, -35)-(nep)=P-s+Pao, (16-33)Remember, from Sec. 15.2.1, that the fourth term in the scalar product ' et ot
of two four-vectors is minus the product of the fourth components of the

four-vectors. Now (-J is invariant, like the scalar Product of two four-vectors.
The four-divergence is invariant because it is the scalar product of two Then the conservation of charge in given circumstances applies to any

four-vectors. Then inertial reference frame.

ea Seg 2 4 Os 5 Ot _ Se, It, Ser, Be 1G 96 , 16.5 THE FIELD OF A POINT CHARGE Qax By Be ax" * ay az tH OP) MOVING AT A CONSTANT VELOCITY
We shall not require the four-dimensional curl, which is a second-order We consider two point charges, as in Fig. 16-2. The charge Q is at the

tensor . origin O’ of the inertial reference frame S’ and thus moves at the
The scalar product of O with itself is the d°Alembertian: constant velocity 1’ with respect to the fixed frame S. Charge q moves at

2 7 op 2 2 some unspecified velocity v with respect to S, That velocity need not be
Ff FF F 1Ff 2 18 ae

0-O0=0?=~44+54+5-55=P-555. (16-30) constant. There are no other electric charges or currents in the vicinity.

ax? By® 827 car or (
For example, if F is either a scalar or a vector function ofx, y, z, ¢, then : ’

2 2, 13°F .OF = PF - 5a (16-31) y
© ar 1 sl

The wave equation for F is O°F =0 (App. C). | x
The d’Alembertian is invariant, like the square of the norm of a J s

four-vector. i
( oo fo

16.4 THE CONSERVATION OF CHARGE em
As we saw in Sec. 4.2, the law of conservation of charge states that NS io") iyRL 1 \Ron

op - to
veg=-2. s. iox (16-32) Se By

Thus, in any frame of reference, there is never creation or annihilation of . Hl \
the net charge of a closed system. en ed
Do not confuse this law with charge invariance. Charge invariance “Se >

means that the electric charge carried by an object is independent of
the velocity of the object with respect to the observer. In other words, ] a

iis ii } . , velocit \e chat at the origin O' of S'is V¥ with respect tothe charge isthe sue malin ramesof reference Massisconerved |_——_‘i 462 Te vlsyof he chars at the origin” ois7 wth eein
the course of an interaction (Sec. 15.9), but it is not invariant. \ variables shown are measured with respect to S.
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The force Fo, exerted by Q on q, as measured in S, will give us the Og r+ (Vic?)r sv. ~ (Ve?)ugr.

field of @ at the position of q, in §. We calculate this force, first in S’ and Foo" ane, yl —Bisin Oy? (16-41)
then in S.

where, from Identity 2 on the page inside the front cover,16.5.1 The Force Fi,

In S', charge Q is stationary. Now it is a well-established experimental | Very)— Vor = Vw en)— ne V) (16-42)fact that the force exerted by a stationary charge on a moving charge is =uXx(VXr)=ux(V Xr). (16-43)
independent of the latter’s velocity (Sec. 3.1). We may therefore
calculate Fg, from Coulomb's law: Finally,

5 . Qq r+vx(VXA/c*
» Og? _ _Qar' Fou grePPL= Brain? 0) (16-44)- - dre PPO B si 8)Poe Greg? dnegr™ (16-34) ey Y'r'(1 — B* sin? 8)

. 16.5.3 The Lorentz Forcewhere r’ and # are defined as in Fig. 16-2. | ‘

i\ The force Fe, comprises two terms. The first term is independent of v16.5.2 The Force Foy I and is the electric force. The second term does depend on v and is the
Referring now to Table 15-4, we can deduce Fp, from Fy: i magnetic force. So we have the Lorentz force

Fo, = WE +¥ x Bo), (16-45)r,-—24 [xc + MMIC wt | 45) 'Ogre oeuvre) (16-35) where v is the velocity ofq and where

‘We still have to transform the primed quantities on the right. From Table | Eo>oe2 oat (16-46)13-1 and from Fig. 16-2, 4neoy'r'(1 — B sin’ 8)?

H=R,-V)=",, r= Ro=r, (16-36) | is the electric field strength in the field of Q at the position of q, B= V/c,2 2 a, idr=P(R,-Vo? + Ri = UR, - V0)?+ R2(1- 6). (1637) i an .
| Bo = — 20 xe aseNow 4xeo7(1 — BF sin’ 8)?

P=(Ry~ VIP + RE (16-38) i is similarly the magnetic flux density in the field of Q at the position of q.

‘The unit of magnetic flux is the tesla.‘Thus In these three equations, all quantities concern the same reference

2 2_ g2p? 2 2 sin? frame S.r= 7(P — BR?) = 77°(1 — B* sin” 8), (16-39) More generally, if a charge q moves at a velocity v in a field E, B, the

where 0 is measured in reference frame S. Also, from Sec. 14-4, Lorentz force is P=q(E+uXB), (16-48)
oy 7 ve

"ure Yaw, VTA) (16-40) ‘The velocity v need nor be constant.
Note that, for an observer in S, the charge Q exerts on q both an

‘Substituting and simplifying, we find that electric force gE and a magnetic force qu x B. However, for an observer
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in the reference frame S’ of Q, the charge Q is stationary and the force
exerted by Q on q is purely electric.

‘The fact that the magnetic force exerted on an electric charge is L C7

proportional to the vector product of its velocity v by the local magnetic NN 4 BYflux density B has four obvious consequences. In a given reference frame. ™ae Cc acethe magnetic force on a point charge (1) exists only if the charge moves AN : \-
with respect to that frame, (2) is independent of the component of v that 7 NN 9
is parallel to B, (3) is perpendicular to both w and B, (4) does not affect a ~ =
the kinetic energy of g. _

Then, if @ is the relativistic energy mc? of a particle of mass m and
charge Q moving at a velocity v in a field E, B, ow ty

dé Fig. 16-4, (a) Lines of E and (b) lines of B for a postive charge Q moving at a
TP UR ME+eXB)-v = gE. (16-49) f constant velocity ¥, as seen by a stationary observer.

Only an electric field can affect the kinetic energy of a charged particle; i OF
a magnetic field can deflect such a particle, but cannot change its speed. E-yPd-Pam Oy (1651)
16.5.4 The Electric and Magnetic Fields j MoVsing _ MoV XF 1652

| BP rd aR sim aay —pintaye (O52)It is convenient to set 2

1 : Sce Figs. 16-4 to 16-7 and Prob. 16-3.

eet (1650) Observe that E is radial, as if the information concerning the position
of the charge traveled at an infinite velocity! Actually, it is only when the‘This is the permeability of free space. By definition, to = 4 x 107”. velocity of the charge is constant that the electric field is radial. If the

We now rewrite the fields and B at a point P as in Fig. 16-3 near a charge accelerates, the lines are not radial. See Fig. 38-1.
charge Q moving at a constant velocity V: The lines of B are circles centered on the trajectory of Q.

At a given distance r, both E and B are maximum at @= 1/2 and

HA minimumat 6 =0, 6 =z.

oh Example THE FIELD OF A 10-GIGAELECTRONVOLT
aN \ ELECTRON

Zan | ‘What are the maximum values of E and of B 10 millimeters from, yo fl the path of a single 10-gigaelectronvolt electron? One gigaclec-
f BUN \ tronvolt is 10” electronvolts.
foe, il Both E and B are maximum at @ = 90°, or when the line joining

WN NN Hl the particle to the point of observation is perpendicular to the
oa SU! { trajectory in the reference frame S of the laboratory. Then~ sin@=1,

Fig. 16:3. The E and B vectors ata point P in the field of a charge Q moving at a —— (1653)constant velocity ¥ with respect to a reference frame S. The distance r and the aren)

angle 6 are both measured in S. or y times larger than if the electron were stationary,
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po / : YN\
s : : En

3 : : — —=

f / % “ a 0 ae 780°
A / } '
EN : d Fig. 166, The E of a moving point charge asa function ofthe polar angle 0 of

b 3 Figs. 16-3 and 16-5, for seven values ofB = V'/c. The observer is stationary and
‘

j

sees the charge moving at the uniform speed Y. For B= 0 the field is isotropic. It% i vA ; is hardly disturbed at = 0.25. As the speed increases, the field increases near
PSE y / 8 = 90° and decreases both ahead of the charge (near 8 = 0) and behind it (near

K —S . 2 0 = 180"). At extremely high velocities, most of the electric field concentrates
AS =

.

- near 6 = 90°. These curves explain qualitatively the validity of Gauss’s law for
— pnors 4-o00 moving charges: as the speed increases, the flux of E shifts from the region where

.

00 and 0 181 to = A, and the total flux of E remains constant. (Then

é < . why are the areas under the curves not equal?) Note that the electric field is
&é é symmetric about 90°. Thus there is no way of telling from the shape of the field
A 4 whether the charge is moving to the right or to the leftf y. ’

f f , Eon =e, (1654)
f / f y tre
eX A ‘ i in the radial direction and

ae 7 Gas é j Ba = Hero (16-55)
SES aur

Neg NEE J in the azimuthal direction.
<li S > Since the relativistic kinetic energy is 10 gigaelectronvolts,

7 8-090 (m — my) = mel y — 1)c* = 10" electronvolts, (16-56)
Fig. 16-5. Lines of£ for a charge Q moving along the diameter of an imaginary with moc? = 5.11 x 10° electronvolts. Thusstationary sphere, The dots show where the lines emerge from the sphere at the “e
instant when the charge goes through its center. The density of the dots is a 10"
‘measure of the magnitude of E. The total numberof dots is the same in all six Y= Sar xipt 220% 10" (1657)figures,to satisfy Gauss's law (Sec. 3.7). Note how the field shifts toward 8 = 90°as the velocity increases. For f = 1 the field is all concentrated at 6 = 90°. and ¥ ~c. Then
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= 168. A positive charge moves at a velocity v parallel to a
Soa EiBignc wire carrying a current [The magnetic force Qv XB isin

the ditecion shown because, fr the charge Q, the wite is
/ \ positively charged. If Q is postive, the force is repulsive

Ao» ~~ where p refers to the lattice of positive charges and n to the<i Conduction electrons. The conduction electrons drift at theol BEI i Seren tics near charge demsy,m their Own reference"
“ “ “ ne “ - frame S’, is A, Because of the Lorentz contraction,

’

neni ne(i-8)™ aseFig. 16-7. The B ofa moving point charge asa function of the polar angle @ for da = YA — Y= (I »seven values of = V/e. For P= O there's no magnetic eld. As increases, B

first increases at all angles. Then B continues to increase near @ = 90", while In 5, the positive charges are stationary, and exert on Q a
decreasing both ahead of the charge and behind it. At extremely high speeds, repulsive force in the y direction
most of the magnetic eld concentrates near the plane # = 9". The magnetic

field, like the electric field, is symmetric about 90°. The maximum ordinate on a, 2)
any curve is. F-08=0(5-5) (16-62)

(9x 102 « 109(1.6%10-") Similarly, the conduction electrons exert in their own frame anEna = attractive force

=0.29 volt/meter, (16558) pn Oi Oe as)
n " 2me0y  Yn2TEay’

= ONEx 1091.6 x 10°")x 10")a
10 where 2; is negative and y’=y. This force also points in the y

= 9.6 10-™ testa (16-59) direction. From Table 15-4,

1 (4 uate) . Oke (_ YatExample | THE MAGNETIC FIELD NEAR A STRAIGHT Fy = Fay (1-58) 032 (1-782). 664
WIRE CARRYING A STEADY CURRENT

This force does not quite cancel F,We
return to the current-carrying wire of the example in Sec. "The net force exerted by the ‘wire on the charge Q, in the16.2. Figure 16-8 shows a positive charge Q moving at a velocity reference frame S of the wire, is

to parallel to a stationary wire carrying a current [ata distance y wow
Let us calculate the force exerted by the wire on Q. Fak, + b= Gir 4 Oke Oar 6.45)In the reference frame S of the wire, the net linear charge Anew * Bae 2newe
density in the wire is zero: Now Avs is equal to the current that flows to the right, and

athe=0, (16-60) wiv, © fas in the figure. So substituting wy for 1/ée,
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F= Ovo.fat (16-66) . .
“= : MFetd (16-67) fi pt

in the direction shown in the figure. We shall rediscover this law in / fd

This magnetic force is infinitesimal compared to the force / pe fF
between Q and the conduction electrons in the wire and to the Ae Joe
force between Q and the lattice of positive ions. i> e4

Say we have a copper wire with a cross-sectional area of 1 LA “ee
millimeter and carrying a current of 1 ampere. Then suppose that 1
@ js an electron traveling at the drift velocity of conduction ra

electrons in the wire. We can calculate these forces as follows. o Fe
We found in Sec. 4.3.2 that the drift velocity is about 10*

meter/second or about 40 centimeters/hour. Then 7 is equal to Fig. 16.9. (a) The force Fa, exerted by Q on g. (b) The force Fo exerted byq onunity within 1 part in 10", Q. These two forces are not equal and opposite, as one would expect from
Copper contains 10° atoms per cubic meter and one conduction classical mechanics

electron per atom. Then | meter of the wire contains 1.6x 10" . ,coulombs of conduction electrons. If y is 1 centimeter, then the Fig. 16-9; (2) interchanging ¥ and w; (3) replacing @ by 6’; and (4) replacing
force of attraction between the electron and the positive lattice is B= Vie by p’=vlc and y by 7’.

poe ga 16x10 _ 1 gy (16.68) ms Ort VX x nl“Tne 2m X8.85x10 =x 10°” " Fo=- 22 tt Vw Xie 16-71| 90 Axe) y7P (A — BP sin? OY? aa= 4.6 10 newton (16-69)
Clearly, Fj # —Fo,. The electric forces are in opposite directions, but

This force, if acting alone, would impart to the electron an their magnitudes are not the same because of the y', A’, 6” terms. The
acceleration of 5 x 10°" meters/second"! The force of repulsion magnetic forces are totally different. The forces Fy, and F, are equal if
between Q and the conduction electrons in the wire is slightly Vrece VW Kelarger «ec? and if Vu Ke

‘The net force on an electron of velocity 10°“ meter/secondis the ‘There is a difference between Fg and Fo, that is noteworthy. Themagnetic force of Eq. 16-66: expression for Fo, is valid if the velocity ¥ of Q is constant, while that

6x10" x10 7 for Fyg applies if v is constant. ;

PH Fax 107 x1 Qn x10) 22% 10 ™ newton. (16-70) The fact that Rot For is not peculiar to clea phenomena. It is ativistic effectthat occurswith any type of force.So the magnetic force, in this particular instance, is smaller that purely retauyists y type
the electrostatic forces by 25 orders of magnitude! This is a purely
relativistic effect that takes place for c= 10-*/(3 10")=3x 16.6 TRANSFORMATION OF E AND B10”.
Of course, the force exerted on a second wire is appreciable, for We have just seen that a purely electric field in one reference frame

the simple reason that it also contains an enormous number of becomes both an electric and a magnetic field in another frame. We now
conduction electrons, deduce the general rule for transforming electric and magnetic fields by

16.5.5 The Force Fo 7 again transforming the force on a moving charge
‘A paint charge Q moves at a velocity v in a region where there existsTo calculate the force exerted by q on Q in Fig. 16-2, we interchange the an E and a B, all measured with respect to the same inertial reference

roles of q and Q in Eq. 16-44. This means: (1) replacing # by —7, as in frame S. Then the Lorentz force on Q is
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F=O(E+uxB). (16-72) Table 16-3 Transformation of E and B

‘This same force, when it is measured in a different inertial frame S’ E=E\+y(EL-V XB’) E'=E)+ (E, + V xB)moving at a velocity ¥ with respect to S, is " VXE. * P

Ba Bi +y(Bi+2") paws r(a,- EX")F'=Q(E'+v' XB’), (16-73)

Since the charge Q is invariant, it has the same numerical value in both
frames, from Sec. 16.1. F-O(E;+ re 40x Le’), (16-80)We can find expressions for F and for Bin terms of FB’ and Yin | ¢the following way. Starting with the above F', we find F and then

transform v' to v. This gives F as a function of v, E', B’, and ¥, } Comparing with Eq. 16-72,

Comparing this F with the one above gives E and B as functions of E", yB’, and ¥. E=E,+yE.,  B=LVxe’ (16-81)
Since the calculation is straightforward and fairly similar to that of Sec. «

16.5, we run through only part of it. We set B’=0. Then ‘The purely electric field E’ in S’ becomes both an E and a B field in
F'=QE'=Q(E, +E!) (16-74) reference frame S.

Table 163 shows the transformation equations that apply to anyand, from Table 15-4, electromagnetic field.

|. CV Lev", OF", + OF! It is fairly simple to show thatF = QE,+20OF, FOF (16-75)vt uiVe) B Ps
an Ce (16-82)Now, from Table 14-1, e ce

_y¥ and that
a (16-76)

1-v,¥le yd —v,V/e) E-B=E'-B’. (16-83)
and it is a simple matter to show that Therefore both B*— E?/c? and E - B are invariants

ee (16-77) Example | THE PARALLEL-PLATE CAPACITOR
° VU = vy Vlery In its own reference frame a charged parallel-plate capacitor

i possesses only an electric field, But suppose the capacitor movesSubstituting and simplifying, we find that
at a velocity ¥ parallel to its plates. What field does a fixed

x wy Goose aes on Fig 1610, and ell 8 the reference frame ofF=0(Bit+ yeu,i +e yee: 16-78) Choose axes as in Fig. |, and cal 1¢ reference frameOF trae Rierely gre). 067) en cgucior ad Stata anes The
Grouping the second and fourth terms on the right yields E00, Ew E' Ein 0, Bim B,=Bi=0. (16-6)

In §, from Table 16-3,

CLAree “BL ~ yi BL = Sex (v xe) (16-79) E,=0,  E,= YE", E,=0, (16-85)e

; B=0, B=0,  Ba=yLer (1686)So, finally, e
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voy . ‘The four-current density is a four-vector that relates the current density
rr

_ . to the charge density.

ov b 3 -m ~~ + UAT dr
ane Wa ake J=(I, cp) = pos, (16-10)

ae Lk aA
‘Sa "Gaza where J is the usual current density, p is the electric charge density for a

: : t fixed observer, po is the charge density in the reference frame of the
- + ” Fe bly moving charges, and r is the four-vector defining the position of the

co co charges. The four-current density transforms as in Table 16-1
Fig. 16-10. (a) Parallel-plate capacitor, as seen in its own refrence frame. The The four-dimensional operator O corresponds to the del operator FV:
electric field strength is £', and B’ =0. (b) The same capacitor moves to the right

at the velocity V. Here E = yE", and B = y(V/c°)E’ in the direction of the a.8.e@ a a
Z-axis. The origins of Sand 3’ ave on the lower plate. We have disregarded edge -(e2s92422,-2)-(r.-2). aoaeffects. Daath gy te ap ber Bet (16-20)

This is not difficult to explain. First, the electric field. In S’ the It transforms as in Table 16-2. The four-divergence of a four-vector is a
electric charge densities are 0" = sey". In S the charges are the scaler:
same, the plates are shorter by the factor 1/y, and 0 = yo’. So

E = yE". (We shall see in Sec. 17.1 that Gauss’s law applies to 2a,
moving charges.) Qra=Veatot (16-27)

In S" the potential difference between the plates is Vi = E's. In
S, the potential difference V, is Es= V6, The spacing s is the .
same in both frames because that length is perpendicular to the The d’Alembertian operator is

velocity ¥. We return to this question of voltages in Sec. 17.8 Le
Now the magnetic field, An observer in the “fixed” reference coer 16-30)frame S sees a current flowing to the right in the lower plate and aos or i )

an equal current flowing to the left in the upper plate, From Table

163, The law of conservation of charge can be written as
v -B.= GE! =HyeoE")Y = tooV = tol, (16-87) ap

vel=-— (16-32)where / is the current per unit width that results from the motion ot
of the charged plates

Finally, let us check the invariance of E* — c*B* and of E « B: In the field of a charge Q moving at a constant velocity ¥, the electric
vy ind the magnetic flux density are given, respectively, bye-eBt=ye*—er(2) a (1688) field strength a re y are gi spectively, by

a1) pee pte ee apt r-—, 2, 16-46)ar(i-Ber- e889 0689) Tre — Bain Oy?” (iso)

Also, E+ B= E'+B'=0. ae OV x Aye? (1647)
© 4e97?'(1 — Bsin? 0)?”16.7 SUMMARY

as in Fig. 16-3.

An electric charge is invariant: its numerical value is the same for all The transformation equations for E and B, in any field, are those of

observers. Table 16-3.
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PROBLEMS moving side by side along parallel paths 1 millimeter apart if they each have
a kinetic energy of (a) 1 electronvolt and (b) 1 megaclectronvolt. Use Table

16-1. (16.1) The invariance of electric charge 154.
Imagine that electric charge is not invariant and that Q = Q,{1~ 16-6. (16.6) E-Bis invariant

(v'/e*)'®. (Remember that charge is, in fact, invariant, according to all ‘Show that E - B is invariant under a Lorentz transformation,
experiments performed to date). The charge Qy is that measured by an 2 pe

- roving wit chemge, on is the chat = ms oberver 16-7. (16.6) B° ~ E’/c’ is invariant
coring an veieiny he Tete ee are for mm cher Show that B° ~ E*/c? is invariant under a Lorentz transformation,

If the electrons in a given sample have an average kinetic energy of 100 16-8. (16.6) The angle between E and B is not invariant
electronvolts, what percentage increase in their charge must we expect if Show that the angle between E and B is not invariant.

their velocity increases by 1%6? 16-9. (16.6) Transformation ofa relative permittivity €,16-2. (16.2) Conduction and convection currents in a moving ring A dielectric-filled parallel-plate capacitor moves at a velocity V with its
‘A square conducting ring carries a current 1 in its own reference frame, plates (a) parallel to the xz plane (Fig. 16-10) and (b) parallel to the yz

as in Fig. 16-11, Its cross section is 1’ plane. Show that €, = €; in both cases.

(a) The ring moves at a velocity ¥ in the direction normal to its plane tet0. \

+-10.(16.6) The transformation of P’fred the curtent and the charge density with respect to a fixed reference A dielectric situated in frame "contains N" atoms per cubic meter,
(b) The ring moves to the right at a velocity 2. ‘cach atom possessing a dipole momentp’ = Qs’. So P’ = N'Qs'Find the currents and the charge densities in a fixed reference frame. Show that, with respect to frame S, P= P, + yPi.
(©) The motion of the space charge at a velocity V# gives a convection 16-11.(16.6) Time-independent magnetic field,

current, Calculate the convection and conduction currents in the four sides. In reference frame S$ we have a constant magnetic field and no electric

expresai field.163.
(16.5.3)| Alternate expressions forE and B Show that £’ = '¥ XB" in S’, Note the prime on the right-hand side. So°

E’ is perpendicular to both 'Y and Bper pteXr©
aze(ye tye rye datty ee ye "The transformation for M is more dificult to prove, See Paul Penfield and Hermann A

16-4, (16.5.3) The field of a 10-megaelectronvolt proton Haus, Electrodynamics of Moving Media, NAT, Press, Cambridge, Mass, 1967, p. 209
Plot E and B as functions of the time at a point P one centimeter away ‘The transformation is the same as for P.

from the path of a 10 megaelectronvolt proton. Set P at (0,0.01,0), with
the charge at (V7, 0, 0).

16-5. (16.5) The force between electrons moving side by side
Calculate the force, as observed in the laboratory, between two electrons

Le Fig. 16-11,
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17.1 THE DIVERGENCE OF E

charter 17 In discussing electrostatic fields in Chap. 9 we arrived at the equation

*RELATIVITY V | ved, | any)Maxwell's Equations. The Four-Potential A —

where p is the total charge density, free plus bound, py + p,. This is

Gauss's law, and it is one of Maxwell's equations. In integral form,

17.1 THE DIVERGENCE OF E309 [e-aa- 2 (17.2)172. THE DIVERGENCEOF #310 a ©"17.3 THECURLOFE 311

14 THECURLOFB 312 where of is the area of a closed surface enclosing the total charge

175 MAXWELL'S EQUATIONS 313 0=0, +0,
12.6 THEVECTORPOTENTIALA 314

; We shall check the validity of Gauss’s law for moving charges in the17.6.
THE VECTOR POTENTIAL IN THE FIELD OF A CHARGE MOVING AT A following special case. A charge Q moves at a constant velocity V. At

co ANT ETT ne the instant it goes through the origin, as in Fig. 17-1, the flux of E over anExample: THE VECTOR POTENTIAL NEAR THE TRAJECTORY OF A ee nen ee at tea ul. vemeted at the orig and
10.GIGAELECTRONVOLT ELECTRON 316 imaginary sphere of radius 7 and area , centered at the origh1.7 THE SCALAR POTENTIAL V. THE ELECTRICFIELD STRENGTH E stationary in the reference frame S of an observer, should be equal to
EXPRESSED IN TERMS OF VANDA 316 Olé.
Example: THE SCALAR POTENTIAL IN THE FIELD OF A CHARGE At that instant, ¢=0, and, from Eq. 16-46,
MOVING AT A CONSTANT VELOCITY 317

Example: THE VALUES OF V, PV, AND 3A/3¢NEAR THE TRAJECTORY

OF A 10-GIGAELECTRONVOLT ELECTRON 319 4

Example: THE PARALLEL-PLATE CAPACITOR 321 Coad
1719 THE LORENTZ.CONDITION 321 ‘

17.10 SUMMARY 322 os,
PROBLEMS 323 Ce

7?

This is our last chapter on relativity. We first check the validity of two of

Maxwell's equations for the field of a point charge moving at a constant

The simpl yf transt these tions thvelocity, “The simple process of transforming these two equations then Fig. 17-1. Gauss's law appliesto a moving charge: the surface integral of theyields the other two. We shall not discuss Maxwell’s equations any Fekinat Component ofthe E eld of a moving charge O, evaluated overa finedfurther for the moment; that will come in Chap. 27. ohore is Squat D/en as i the charge were stadonary,The encen fed neatThe latter part of this chapter concerns the four-potential A and its @ = x/2 just compensates the weak field near @ = 0 and @ = x. See Figs. 16-5 and
components, the vector and scalar potentials A and V. 16-6.
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[ E-at-—2 f 2ar sin 0d0 (73) magnetic field of any steady current distribution, This equation, in fact,a 4x7 by PUL = Bsin? 0)? applies to any magnetic field, excluding the fields of magnetic monopoles.

O (* sinoao This is Gauss's law for magnetic fields, another one of Maxwell’s
-;[ Fearn (17-4) equations. Applying the divergence theorem (Sec. 1.6) yields the samecoy" Wy (B cos! @ + Uy law in differential form

To integrate on the right we set cos @ =u. Then

: iv-n-0. (7-7)[ e-ae= 52 [ ane? Ca | -P
Zev Buty? €o | These two equations apply in any inertial reference frame.Gauss’s law therefore applies to the fields of charges moving at 5

constant velocities, We have already utilized this fact in Figs 165 and {| 17-3 THE CURL OF E
16-6. The law applies even if the charges accelerate. We have just seen that VB =0 in any inertial frame, say S. Then, in a

17.2 THE DIVERGENCE OF B frame $” moving at a constant velocity ¥ with respect to S,

We disregard the fields of magnetic monopoles (Sec. 18.1), and we |!
v'-B'=0. (17-8)

consider only the fields of electric currents. Such a magnetic field is the Lap 5

sum of the magnetic fields of the individual moving charges. « Fransionming nn ,ee Tables 16-2 and 16-3, we find an
We further restrict our discussion to currents in conductors. Conduc- ‘a ny frame 3:

tion electrons (1) move in all directions because of thermal agitation, (2) Ys ree

have kinetic energies that vary randomly, (3) drift in the direction [r(rie%S)or.]-[a +9(B, -738)|-0. (17-9)opposite to E through a lattice of fixed positive charges, and (4) eon G
erate as they go around bends in the wire.Tie time-averaged B that results from thermal agitation i ero, So we OF cours, the salar product of a parallel component and a perpendicu-

need think of only the drift velocity. tarcomponent is er. Tis eves only four ters onthe lt. Expanding
We can dispose of the centripetal acceleration of the drifting cloud of and then dividing by y leads to

lectrons at bends. We have not discussed the fields of accelerated roe vee
charges, and all that we can say is that these accelerations give rise to ee a ek (17-10)
magnetic fields that are of the order of u/c, typically about 3x 10-", © ot ©
times the one that we calculated in the second example in Sec. 16.5.4. . - a

Consider Fig. 16-4. It shows that the lines of B for a given charge are ‘The tun of the first and third terms is VB, which is zero. Multiplying
circles centered on, and orthogonal to, the trajectory, with B uniform all now by cy
around a given circle. Then imagine a volume of arbitrary shape situated 3B
in this field. Clearly the net flux of B emerging through its surface is zero. Vay 7 VA (VRE) 7-11)
In other words, for any closed surface of area sf, Now the orientation of ¥ is arbitrary and

[ a-aa-0 (17-6) op
a 1 Bev Vx b)= BUX) V-(PXE) = -V (PRE).

for the magnetic field of one individual charge, and hence for the (712)
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We have used Identity 7 inside the front cover, as well as the fact that 7 We now expand the left-hand side, as in the preceding section, and then
is independent of the coordinates. Thus divide by 7. Then

VE L(V,OB V+ (yx B)=— -%) 7:19)(vx), =-(Z) (17-13) HET OXD= (0B ars)
‘The first terms on either side cancel, and

But, again, the direction of Y, to which the subscript || refers, is
arbitrary. It follows that v v-% " YE yyy py = Vd (1720)

=

oo coe"

vxe=- 2. (17-14) ‘The orientation of ¥ being arbitrary, we can again disregard the scalar
or multiplication by V. Also, since €oic?= 1, from Sec. 16.5.4, we have—_

the last of Maxwell's equations,

‘This is still another one of Maxwell's equations 1 or
Applying Stokes’s theorem, we find that vxpe ty LE, (721)

eel te or

a do

E-di=-“{ peaa=-2, Zt i [a aa =—4 (17-15) or
a

where C is a closed curve, sf is the area of any open surface bounded by |vxB— ato = pol. (1722)
C, and @ is the magnetic flux linking C. "

174 THE CURL OF B In these equations J is the fotal current density at a point, including
. polarization currents in dielectrics (Sec. 9.3.3) and equivalent currents in

We can proceed in a similar manner to relate the curl of B to the other magnetic maverals er 20.3) leads to the integral form of the abfeld quantities plying Stokes's theorem leads to the integral form of the above
‘We saw above that equation or

p $ Bedl=wo) (1+ 60%)ast, (17-23)veeae. (17-16) I be 3

where fis the area of any open surface bounded by C.

This equation is valid in any inertial frame S, for either stationary or
moving charges. Then, in another frame S’ moving at the velocity V with 17.5 MAXWELL’S EQUATIONS.
respect to S,

et ‘Table 17-1 groups Maxwell's equations. These are the four fundamental
vee (7-17) ‘equations of electromagnetism. We shall use them constantly throughout

the remaining chapters. We have already used the first pair repeatedly in

‘Transforming again all the primed terms according to Tables 16-1, 16-2 Chaps. 3 to 12. These equations apply in any inertial reference frame. Of
and 16-3, we find that course, x, y, 2, t, p, J, E, and B all refer to the same reference frame

‘These equations are invariant: if we transform all the variables to

2.) ¥(, Vs primed quantities, then we obtain identical equations that are valid in+ Vi) (Ey + Ey =—(p-—+ iS .(vee Ee Spt Ma) ME re, + 1B] & (eS). a718) another inertial reference frame S
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Table 17-1 Maxwell's equations Ano (1725)
TO 4ar(1— B sin’ @)'?"DIFFERENTIAL FORM INTEGRAL FORM

A Q with Y, r, and @ defined as in Fig. 17-2. The curl of this quantity should

First recall from Sec. 16.5.2 that

V-B=0 [B-a0=0
. r= yr(1 — Bsin? 0)" = [ye — Ve? + y? +27]! (17-26)

veer Bo beanf naear k a) a Thus

Loe 3Bvxp 4 Eas far dtmwof (946%) ase 4-H mayQY ar
: dar 4ax[Pe— Vor ty +e)

The four partial derivatives of 1/r’ are as follows:The equation O-J=0 (Sec. 16.4) for the conservation of charge

follows from the equation for the curl of B, simply by taking the al Lio Ya-V)
divergence of both sides. Ser 73s BY ~ VO) =-— a (17-28)
We return to Maxwell's equations in Chap. 27
Observe that the equations for V+ B and for VXE are closely related a (1729)Indeed, transforming one gives the other, We deduced the second from ayn br r orn

the first, but the inverse operation is equally effective. These two 31 Li , PV(x— V1)
equations are sometimes called the first pair. B= ARV VOY) = (17-30)

‘The equations for - E and ¥ X B are similarly related. They form the
second pair. Then

17.6 THE VECTOR POTENTIAL A |
You will remember from Chap. 3 that, in electrostatic fields, E = — PV. .

‘The magnetic flux density B can be expressed in an analogous fashion as |
ol IsB=VXxA, (17-24) MN. |

where A is the vector potential, expressed in tesla-meters. It can be Sin
shown mathematically that if V-B=0, then there exists a function A . Nn 2
that satisfies the above equation

‘The vector potential A is not uniquely defined by B: for a given a *
B(x, y, z) there exists an infinite number of possible A(x,

y, 2)’s. mS, we17.6.1 The Vector Potential in the Field of a Charge ae
Moving at a Constant Velocity

Fig. 17-2. The charge Q moves to the right ata velocity V. We calculate A and VWe now verify that, at a point P in the field of a point charge Q moving atthe point P. The distance OPis rin the fixed reference frame S, and its r'inat a constant velocity V, s
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2)a9A,_ 9A, _ mo 5 2h vt wh 7VxXA=0 =4,_-A,-% 3 z _— /(a= Di Fe Bor 34%) (731) =
_MayOVXr wo VF) D nm4x? day B sin? (17-32)

which is the B that we found in Sec. 16.5.4. Fig. 17.3. E is the vector sum of ~ PV and ~2A/3t.

Example | THE VECTOR POTENTIAL NEAR THE 5
TRAJECTORY OF A 10-GIGAELECTRONVOLT Example | THE SCALAR POTENTIAL IN THE FIELD
ELECTRON OF A CHARGE MOVING AT A CONSTANT

VELOCITY

As in the first example of See. 165.4, y= 2010" and ¥~c.
‘The vector potential is maximum at @ = 90° and, at 10 millimeters We frst write down the expression for the scalar potential V in the
from the path, field ofa single point charge Q moving at a constant velocity Y, as

in Fig. 17-2, and then we check the above equation
aaa etOY_4107725108 1.6.10- 9 IF In this field,ee

4a 4x x 107 ve 2
(1733) ~ Sexe = Bsin® 8)

=9.6 x 10" tesla-meter. (07-34) _ 0 | vO 7
“free inedya Voty ey 1739)17.7 THE SCALAR POTENTIAL V. THE ELECTRIC Observe the analogy with the expression forA given in Eq. 17-25.FIELD STRENGTH E EXPRESSED IN TERMS Figure 174 shows cquiotennls surroundings moving charge,OF V ANDA as seen by a fixed observer, for six values of B = V/c. These

‘equipotentials are spheres that are elongated by a factor of
We have seen in Sec. 17.3 that 0X

E = ~9B/3t. Now the curl of a y=(1—°)"** in the directions perpendicular to the trajectorygradient is zero. It follows that the equation E = ~ PV of Chap. 3 cannot (Prob. 17-1).
be general. ‘We now check the validity of the above equation by proceeding

Electric fields result from two phenomena that we may consider, for asin See. 17.6.1
the moment, to be distinct, First, accumulations of charge give rise to pag NSA (7-37)
both an E and a V, with E=—PV. However, if some of the charges Ox” By" zt

move, there is also a B and an A. If A is time-dependent, then there - -22[-85 WH. ys - it] — MoVVV (x= V0)exists a further electric field E = ~3A/81. So the general expression for * axe, re ae 4xVr™
the electric field strength is (17:38)

oA Recalling that e,44oc? = 1, we find that

g=-w-S, (17:35) 0 ,
e-72, [« -vor(i- ery +e8] 0739

as in Fig, 17-3. In this context, V is termed the scalar potential. This is an "
important equation, We shall return to it in Sec. 23.5, =efix - ve typ +z2]= 2, 17-40)‘As we shall see in Sec. 17-8, the relative values of the two terms on the Aner’ Ancor

right-hand side of the above equation depend on the reference frame of . oF oman
the observer. So, in that sense, the two phenomena that we have referred axe — Bain Oy
to above are not distinct. as in Sec. 16.5.4.
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Example | THE VALUES OF V, VV, AND 34/31 NEAR THE
TRAJECTORY OF A 10-GIGAELECTRONVOLT

ELECTRON

From the first example in Sec, 16.5.4, y=2.0x 10". At a fixed

Vou = Fe (1742)
Srey

and is y times larger than if the electron were stationary. At 10

boo millimeters from the trajectory,

boos 2x10'x 1.6% 10" ipa ors Vous Joe RRS ETO? 2) milivolts. (17-43)
,

To calculate PV, we use Eq. 17-36 and polar coordinates:

ov, 18V,| wy ro (07-44)
- Q 54 Bi sin 8.058

] “nar Fae? (PT pao 8) ars
= 10 =2saree (°=3) (746
=-0.29% — volt/meter (r= 10mm). (7-47)

‘This is also y times larger than if the charge were stationary.

‘The vector potential is parallel to the velocity but points in theiN ‘opposite direction because electrons are negative. At @= 9", the
7 1|\) distance r is minimum and the angle @ is maximum, so A is

\y) maximum, 3A /2¢ is zero, and
Y E=-PV=0.29% volt/meter (r= 10mm). (17-48)

17.8 THE FOUR-POTENTIAL A. TRANSFORMING V
AND A

B= 080

b= ons ‘We now demonstrate that A and V/c are, respectively, the space and

snow
time components of a four-vector A.
We are interested in the potentials at a point P in space-time defined

by the four-vector

r=(x,y,z,c1) (17-49)

Fig. 17-4. Equipotentials for a point charge moving either to the right or to the : 5
left. The equipotentialsnear Q are too close togetherto be shown. Remember in a reference frame S. The source of the field is a charge Q moving at athat E equals — VV — 4/31, not — VV. velocity V. We found above that
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wYQV ‘Table 17-2 Transformation of the four-potential A = (A, V/c)AaatQY vy. (17-50) aEee eeedar’ Aner’ ¥ ¥

se the di Aayaittv)tai Ava r(Ay-SV)+A,where r’ is the distance from Q to P in the reference frame S’ of Q. « “

For a given four-vector ¢ the distance r’ is a specific distance in a v_ (e+ Al) v(t)specific frame, Then we may rewrite A as follows: eo Ne*e e Nee

= MorQ dro _ HoO dreAn

dar dt” ar’ dig’ crs) Example THE PARALLEL-PLATE CAPACITORwhere
ry defines the position of Q at the time f, and fo is the time in the in implein Sec. 16.6 we transform: ofareference frame 5” of the charge Q. We saw in Sec. 14.3 that dr= y do We dlcwe“altos Tete A, (ransformes, me FeSimilarly, frame S’ of the capacitor, we may set A’ =0, since there is zeroyo dt ‘magnetic fieldvn 20, Swe 72) Ter the potential of the lower plate be zero and that of he top

incor’ dar’ diy plate be Vj, as in Fig. 16-10. Then

‘We have used the relation €toc?= 1. Ley .We can now see that A and V/c are the components of the vey te sn
Four-potential From Table 17-2,

vy

a=(4.") (17-53) Any A,=0,  A,=0,  V=—yyE'. (17-58)
ald ep) = Mote (17-54) se
4rd nr’ dy 3A__ OV, 3A av

ga —wy a Wy Ae Nea ye, (17-9
Equation 17-53 is general, while Eqs. 17-54 apply to a single charge Q. .
Note the analogy with the four-momentum of an object of proper mass pavxa=45-Az- 42," ee 176

img (See. 15.6) 327 By ay Ve

ca dr as in the example in Sec. 16.6P= (p. *) =m7- (17-55) You can easily check that |A|=|A'|, or that A?-V7/c?=dy anova.

and with the four-current density resulting from the motion of a charge of

proper density py (Sec. 16.2) 17.9 THE LORENTZ CONDITION

I=, 00) = po (17-56) ‘The expressions for A and V of Secs. 17.6 and 17.7 are so closely related
dt that one suspects the existence of some general relation linking them.

We have therefore shown that, in the field ofa point charge moving at Such relation docs exist (Prob. 17-8), and it is called the Lorentz‘a constant velocity, A and V/c are the components of a four-vector. This condition:
is true for any electromagnetic field. O-A=0, (17-61)

Since A is a four-vector, it transforms like r. Thus A and V transform
as in Table 17-2. where (is defined in Sec. 16.3 and A in Sec. 17.8. Thus
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V:A+ Cate we “ 72 ‘The vector potential A is defined by
B=VXA (17-24)

which is the more usual form of the Lorentz condition.

Since the divergence of a four-vector is invariant, the Lorentz The general expression for the electric field strength is
condition applies in any inertial reference frame.

Again, this result is valid for any electromagnetic field: one can always g--yv—24 (17.35)select V and A so as to satisfy the Lorentz condition. Observe that the ot
Lorentz condition is mathematically similar to the law of conservation of

charge (Sec. 16.4) ‘The first term on the right results from charge accumulations, and the
We shall return to the Lorentz condition on various occasions. second from changing magnetic fields.

The four-potential A groups together the scalar potential V and the17.10 SUMMARY vector potentialA

Gauss's law for electric fields states that a=(a,"). (17-53)c

| v-E= 2, (7) The Lorentz condition relates A to V:
O-A=0, (17-61)

where p is the total charge density, free plus bound, or py + py. This law or
applies even to moving charges. ev
Gauss's law for magnetic fields is V-A+ culos =O. (17-62)

[rao] PROBLEMSv-B=0. (17-7)
a

17-1, (17.7) The equipotentials of a moving point charge are foreshortened
We also found that spheres

Show that the equipotentils of a moving point charge are foreshortened
7 spheres, as in Fig. 17-4, for a stationary observer, Set V=1 and

B yO /Arey= |

VXE=-s. (17-14) 17-2, (17.8) The integral forAVerify that

ante Lo

SE 17-3, (17.8) Transl he field of lel-plXB cquyee= 7 3. (17.8) Transforming the ficld of a parallel-plate capacitorXB eolly 5 = Hol (17-22) ‘A charged parallelsplate capacitor moves at a velocity Vin the direction
normal to its plates, The capacitor plates have an area sf and are separated

. by a distance s. The vector E” points in the positive direction of the x-axis,‘These are the four equations of Maxwell. They apply in any inertial and the positive plate is at x’ = 0
reference frame. Find V, A, E, and B with respect to a stationary reference frame,
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17-4. (17.8) Transformation of the field of a solenoid moving in a direction y
Perpendicular to its axis, i,

Inside a long solenoid, B= )N'Tif N’ is the number of turns per meterand the current is J. The solenoid moves at a velocity ¥ in a direction
perpendicular to its length.

(a) Calculate £ and B, both inside and outside the solenoid, as measured

by a stationary observer. The axis of the solenoid is the z’-axis, and
VaVE,

(b) You can also calculate this field by transforming the potentials. First _

show that, in the frame of the solenoid, the vector potential B

By Bx, |an
Sa Ey

gives the correct B’. Note that there exists an infinite number of possible

(©) Set V"=0. Now calculate A, V, E, and B inside the solenoid. Both | °
V and A depend on the expression that we chose arbitrarily for A’ 7

Nonetheless, the relations E = ~ PV ~ aA/3t and B = VX.A always apply

‘At points outside the solenoid, in its own frame, A #0, as we shall see in T Fig. 17-5.
the example in Sec. 19.1

17-5. (17.8) Transformation of the field of a solenoid moving parallel to its axis Show that
The solenoid of Prob. 17-4 moves at a velocity Y in the direction of its aar

axis. Find E and B inside and outside the solenoid, as measured by a Bea
stationary observer.

17-6. (17.8) The paradox of the perpendicular capacitors You will have to show that ¥(3/3x")= 3/31" for this particular field.
Figure 17-5 shows two identical capacitors set at right angle, one parallel 17-8. (17.9) The Lorentz condition

to the velocity ¥ and the other perpendicular. In the reference frame of Show that the Lorentz condition
the capacitors 5 = 53, Vi, = Vi, and E = Ei

For a stationary observer, E, = YE; and s, =s1. $0 Vy = E,s, = YE‘S\= O-A=0, or WA+ eu’=o,Wie However, Ex= Eb. sn=Sil7. and Vin= E,8y= Biss= Vil= orVol¥“This is absurd because the capacitors are in parallel and Vay must equal apples tothe field ofa point charge moving ata velocity Y with respect 10Vas! You can solve this paradox if you transform the potentials and the the observer
fields carefully

17-7. (17.8) How the magnetic force Qu xB becomes an electric force

Q(-PV" = 3A"/3r")

‘A charge Q moves at a velocity v in a constant, but not necessarily

uniform, magnetic field B. The magnetic force is Qv xB. All three
variables refer to a stationary frame S. There is no electric field.

“The charge accelerates. However, at a given instant, it occupies an
inertial frame S” that travels at the instantaneous velocity v of the particle

With respect (0 5S’, Q is at rest and F’= QE’. The charge has the same
value in both frames. From Prob. 16-11

B= VXB'=VX(VKAY),
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In Chaps. 3 to 12 we studied the E fields of charges that are fixed in

position or that move slowly. Fixed charges have no magnetic field; a1 8 magnetic field exists only if there are moving charges.(CHAPTER: In this chapter we study the magnetic fields of constant electric
currents. We assume that the electric charge density p is also constant.

Thus 3p/3t = 0, and hence, from Sec. 4.2, V+ J =0. We also assume thatMAGNETIC FIELDS I there are no magnetic materials, and no moving materials, in the field,

The Magnetic Flux Density B *18.1 MAGNETIC MONOPOLES
and the Vector Potential A

We assume here that magnetic fields arise solely from the motion of
electric charges.

"18.1 MAGNETIC MONOPOLES 327 However, Dirac postulated in 1931 that magnetic fields can also arise
182. THE MAGNETIC FLUX DENSITYB.THE BIOT-SAVARTLAW 327 from magnetic “charges,” called magnetic monopoles. Such particles have18.2.1 THE PRINCIPLE OF SUPERPOSITION — 329. not been observed to date (1987). The theoretical value of the elemen-

Example: ALONG STRAIGHT WIRE 330 tary magnetic charge is
Example: THE CIRCULAR LOOP 331

Example: THE SOLENOID 331 h 4 356692 x 10-" weber,” (18-2)183 THE DIVERGENCE OF #333 e
184 THE VECTOR POTENTIALA 333

Example: A AND BNEAR A LONG, STRAIGHT WIRE 335 where h is Planck's constant and e is the charge of the electron. See theExample: PAIR OF LONG PARALLEL CURRENTS 336 table inside the back cover.
Example: AN THE FIELD OF A MAGNETIC DIPOLE 337 At a distance r from a stationary magnetic monopole of “charge” Q*,
Example: BIN THE FIELD OF A MAGNETIC DIPOLE M0 wo would have that18.5. THE MAGNETIC DIPOLE MOMENT OF AN ARBITRARY CURRENT oO.

DISTRIBUTION 340 BaTat (18:3)186 SUMMARY 341

PROBLEMS 343 Also, the force of attraction or repulsion between two monopoles Q} and
Q} would be

030% .r=
2:0, (18-4)Imagine a set of charges moving around in space.’ At any point r in space tHe

and at any time 1 there exists an electric field strength E(r,1) and a A magnetic field would exert a force Q*B/sy on a monopole in free
magnetic flux density B(r, 1) that are defined as follows. If a charge Q space.
moves at velocity v at (r, £) in this field, then it suffers a Lorentz force

18.2 THE MAGNETIC FLUX DENSITY B.F=
QE +e xB). et) THE BIOT-SAVART LAW

‘The electric force QE is proportional to Q but independent of v, while In the neighborhood of an electric circuit C carrying a steady current 1
the magnetic force Qu * B is orthogonal to both v and B. there exists a magnetic field and, at a point P in space, as in Fig. 18-1,

"If you have not studied Chaps. 13 10 17 on relativity, simply disregard references 10 "This the Dirac charge: the Schwinger charge is twice as largethem from here
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|Fig. 18-2. At a given point in a volume distribution of current, the current

density is J. The vector di” specifies the magnitude and orientation of the| shaded area. Shifting this element of area to the right by the distance dl’ alongJ
- sweeps out a volumedit di’ = dv’a fl

Fig. 18-1. Circuit C carrying a current I and a point P in its field. At P the

magnetic ux density is B Mo [ Ix?aed eee (18-8)

pall ¢ axt (18-5) in which v’ is any volume enclosing all the currents and r is the distancedtde re between the element of volume du’ and the point P.

The current density J encompasses moving free charges, polarization‘As usual, the unit vector # points from the source to the point of currents in dielectrics (Sec. 9.3.3), and equivalent currents in magnetic
observation P. This is the Biot-Savart law. The integration can be carried materials (Sec. 20.3)
out analytically only for the simplest geometries. See below for the Can this integral serve to calculate B at a point inside a current
definition of 49. distribution? The integral appears to diverge because r goes to zero when

This integral applies to the fields of alternating currents, as long as the f dv’ is at P. The integral does not, in fact, diverge: it does apply even if
time r/c, where c is the speed of light, is a small fraction of one period the point P lies inside the conducting body. We encountered the same
(Sec. 37.4). | problem when we calculated the value of E inside a charge distribution in
The unit of magnetic flux density is the tesla. We can find the ges

dimensions of the tesla as follows. As we saw in the introduction to this Lines of B point everywhere in the direction of B. They prove to be
chapter, vB has the dimensions of E. Then | just as useful as lines of E. The density of lines of B is proportional to the

magnitude of B.Tesla = Xolt second _ weber (18-6) As with electric fields again, a great deal of convenience attends the
meter meter — meter” use of the concept of flux. The magnetic flux through a surface of area sf

is

‘One volt-second is defined as 1 weber.

By definition, j = f B- ds webers. (18-9)
do= 421 x 107 weber/ampere-meter. (18-7) | ;

The surface is usually open; if it is closed, then & =0, as we shall see

This is the permeability offree space. | below.
We have assumed a current / flowing through a thin wire. If the current a “aflows over a finite volume, we substitute J def’ for I, J being the current | 18.2.1 The Principle of Superposition

density in amperes per square meter at a point and dif’ an element of The above integrals for B imply that the net magnetic flux density at a
area, as in Fig. 18-2. Then J def’ dl’ is Jdv’ and, at a point P, point is the sum of the B’s of the elements of current Idi’, or J du’. The
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principle of superposition applies to magnetic fields as well as to electric \

fields (Sec. 3.3): if there exist several current distributions, then the net B

is the vector sum of the individual B's “ NG

Example | A LONG STRAIGHT WIRE
An element dl’ of a long, straight wire carrying a current J, as in (""
Fig. 18-3, gives, at the point P(r, 8, ), a magnetic fux density 2 > H

y= Hold S085 _wotdl'cose5 ag. 04a a ‘ >

ly z‘The relative orientations of J and B satisfy the right-hand screw i
rule. Here

Teptana, a =24e Fda asin) aScosa p

‘Thus pp 1 Fig. 18-4, Coil of wire of radius R carrying a current /, the fielda tel" cosada d= He 6 (sa 448 that originates inthe element Id, and the total field B.aap ban 2xp

Lines ofB are circles lying in a plane perpendicular to the wire Example | THE CIRCULAR LOOPand
centered on it. The magnitude of B falls off as 1/p. To calculate the value of B on the axis of a circular loop of radius

4, refer to Fig. 18-4, The figure shows the dB of an element of

At current / dl’, By symmetry, the total Bpoints along the axis and

+ Cee a, = 21 0050, (18-13)Ae pe a
pot AE i bo 2xal bola

WV = Heelcos 9 = Holt 18-14)_ : B= fe 00s OS (18:14)

| / } Along the axis, B=yol/2a at z=0 and falls off as 1/z° for
'|

|L/ j Example | THE SOLENOID
mae ' ‘The above result can serve to calculate B on the axis of the
| \ solenoid of Fig. 18°5 by summing the dB ofthe individual turns
7V’ ‘The solenoidis close-wound, oflength L, with N’ turns per meter,

and its radius is R. At the center,

Lg (1 RIN Ide _

: | eed as)Fig 183 Long, scrught wie carrying a current 1. At the point P a Lthe element / dl contributesa dB in the direction shown. A line =BNWNT sin Oy 18-16of Bis a circle centered on the wire. i 2 RE (ste)
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| See Fig. 18-5 for the definitions of @,, and @,. At one end, again
‘on the axis,

Saeza UL QQ . "Tsin8,
@ < TE OO\ pa test (s.r)

SAR\WWig ‘The magnetic fux density is larger at the center than at the ends
RA} veciuse the lines ofB fare outa the ends, an Fig 18-6, InsidePAN} \ ys a long solenoid, at points remote from the ends, B = juoN'T.‘WI Calculating B at a point off the axis would be much more) siielt

Fig. 185. Soteacid 18.3 THE DIVERGENCE OF B

Assuming that magnetic monopoles do not exist (Sec. 18.1), or at least

that the net magnetic charge density is everywhere zero, all magnetic
fields result from electric currents, and the lines of B for each element of

current are circles, as in Fig. 18-3. Thus the net outward flux of B

through any closed surface is zero:

[a-as-0 (18-18)

Applying the divergence theorem, it follows that

v-B=0. (18-19)Ss ‘These are alternate forms of one of Maxwell's equations. Observe that

Eq. 18-19 establishes a relation between the space derivatives of B at a

given point. Equation 18-18, on the contrary, concerns the magnetic flux

over a closed surface.OA RAS 18.4 THE VECTOR POTENTIAL A
We have just seen that V-B =0. It is convenient to set

B=VXA, (18-20)
where A is the vector potential, as opposed to V, which is the scalar

potential. The divergence ofB is then automatically equal to zero becausethe divergence ofa curl is zero.
It is immediately apparent that, for a given B, there exist an infinite

number of possible A’s. Indeed, one can add to A any quantity whose

Fig. 1846. Lincs of B for a solenoid whose length is equal to twice its diameter curl is zero, for example 258, without affecting B. The magnetic flux
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density is a measurable quantity, but A is known only within an additive Aad [ a (18-26)term." ante r”

Note the analogy with the relation where the element di’ of circuit Cis at P’(x’, y’, 2"), and r is the distance
between P and P’.=-V 8-2e

(s21) These two integrals apply to the fields of alternating currents if the
of electrostatics. time delay r/c is a small fraction of one period.
The vector potential is an important quantity; we shall use it as often

as V. Example | A AND B NEAR A LONG, STRAIGHT WIRE
Noticealso that B is a function of the space derivatives of A, just as E We first calculate A and then deduce B in the field of the long,is a function of the space derivatives of V. Thus, to deduce the value ofB straight, current-carrying wire of Fig. 18-7. We should find thefrom A at a given point P, one must know the value of A in the region same value of B as in the first example in Sec. 18.2.1.

around P. Ata distance p

We now deduce the integral for A, starting from the Biot-Savart law of dantelat 0827)
Sec. 18.2: awe

; ‘The vector A is parallel to the wire and points in the direction ofx

tooak st ao’ =e [ (wt) xsav’, (18-22) the current.an) 4x hr For an infinitely long conductor, dA is proportional to dl'/I for

large values of r where r~L Then A tends to infinityfrom Identity 16 inside the back cover. Applying now Identity 11, we find logarithmically. However, the fact that a function is infinite does
that ‘not mean that its derivatives are infinite; that is, B can be finite

1 Jy vxs even thoughA is infinite.(v2) x= x7 2X7, (18-23) We can circumvent this infinite value ofA by first calculating Ar
ror and B for a wire of finite length L and then setting L>>p at the

‘end of the calculation, Referring to Fig. 18-7, we see thatwhere the second term on the right is zero because J is a function of

x',y', 2", while Vinvolves derivatives with respect tox, y, 2. Thus

jarto wf Ja= 28 | (rat) avr= ox (ef “av'), (18-24)dale aa der

and

|Ho
[ JayAnte | nai 2red (18-25) |

‘This expression for A has a definite value for a given current distribution.
‘This integral, like that for B, appears to diverge inside a current-

carrying conductor, because of the r in the denominator. Actually, it is

well behaved, like the integral for V inside a charge distribution a

If a current / flows in a circuit C that is not necessarily closed, then, ata point P(x, y, 2) in space, ° v

"See Richard P. Feynman, Robert B. Leighton, and Matthew Sands, Lectures on

Physics, Vol. 2, See. 15-5, Addison-Wesley, Reading, Mass. 1964, for a discussion of some Fig. 18-7. The element of vector potential dA due to the element‘quantum mechanical aspects of A Tdi’. The vectorB is azimuthal, asin Fig. 18-3.
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col [dll (PEE calculate A, we use the above result for the A ofa single wire and
_ bol, (LM 447/097)fol, L eeL aalel In ty) = Mel g Mel (D9) 18:31a 1 nyaie Ly aiea) (| Pe Py) 2 py AM EY? ase)
wtlig® apres (18-29) ‘The vector A points in the direction of the current that is closer to
2H p it is zero in the plane p, = py. Then

In this last expression we have neglected a term in In (L/2) and _2A__wol (D=y, y) »
wre have arbitraryset A~Oat the radius&.Se also Pro. 1813, Bm oy" an oeta ass)To calculate B= V XA, we use cylindrical coordinates, keeping

in mind that Ais pale tothe f-ans and independent of both n= Atl), x33)and 2. From the expression for 7 XA on the back of the front ax 2a \ph ps

cover, B.=0. (18:34)

pavxantls Uplt). (830) Along th ine midway betwoen the wo wits,
2uol

as in Secs. 16.5.4 and 18.2.1 B= B=0, BHO. (18-35)

Example | PAIR OF LONG PARALLEL CURRENTS
Figure 18-8 shows two long parallel wires separated by a distance mn 5
D and carrying equal currents I in opposite directions. To Example | A IN THE FIELD OF A MAGNETIC DIPOLE

A magnetic dipole is a loop of wire carrying a current [, as in Fig.2
18.9. We calculate A in this section and B in the next. This will

| lead us to an interesting relationship between the B field of a
magnetic dipole and the E field of an electric dipole.

' We calculated the field on the axis of a circular loop in the/
second example in Sec. 18.2.1. We now calculate A and B at any|

4 remote point in space, at distances r that are much larger than theVa radius a of the loop. Figure 18-10(b) shows the field close to and
inside the loop. The field in that region, away from the axis, is

PRES difficult to calculate

— a . ‘At the point P in Fig. 18-9,eo

> bol { a4 I antl fae :<

v / | ahr (18-36)7 /M

vA By symmetry, A is azimuthal: for any value of r’ we have two

/ symmetric dis whose y-components add and whose x-componentsb/ cancel. Then we need calculate only the y-component of the A in“
the figure, and

ol fad@ cos

a ante [ates (0837)
Fig. 18-8. Pair of long parallel wires carrying currents of the same We can express r’ asa function of rand @ in the following way.
magnitudein opposite directions, The vectorA is zero in the Refer to the figure. First,vertical plane that passes through the dashed line, and it points
‘upwardon the left and downward on the right. rteP 4a —2arcosy (1838)
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Fig. 169, Magnetic dipole. The vector A is azimuthal

"

Now Fig. 18-10. The fcids (a) ofan electric dipole and (b) of a
magnetic dipole, in the immediate vicinity of the dipoles.

X0OSH = FCO y (18-39)
and 1_1f,_lfa_ja@ 3fa*_ a? @

ra P 44° ~2ax cos g, (18-40) pF (-3[F-220] 1B -GO14
. « ax - (18-44)
varie [S-2 (Ecos)|} = retne asa’ Discarding now all terms containing the third and higher powers

Observe that x/r cos@= 1 of alr
a P Hu a 3 a)we expand 1/r' as an infinite series and disregard terms involving Fat 48 [h 3c] 18-45)migher pomers of ai Than peebto-[-30]8}, css

ait 1 3, Finally, substituting into yields

LM taped ase) Finally, substituting into Eq, 18-37 yieldSettin tela a 4 cong) — (13% cos 9) “) cos. . ante[ [etFeo e)-(gheee) 5] cosoue(Feo) =), (8-43) (18-46)

we find that Only the second term between the brackets survives, and
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Hola®x _ jiola® sin 0 — ‘ 7Ae >a) (18-47) D

lefinition, A)By definition,

A)manati (a8) des A)
Woeis the magnetic dipole moment of the loop. If there are N turns, We Hae)

Since A is azimuthal, NECEEE EA
AaeOXt We’ ro) Dp

yExample BIN THE FIELD OF A MAGNETIC DIPOLE al

1 value of B = 9 XA follows immediately - II. Loop C carryinga current f. The loop isnot plane. We have divided‘The vale of B= #24 follows immediately tritiary surface boundedby Cin iaitesinal plane ces, each carynga
B= Ho (cos 64 +sin 08) (18-50) current

‘The analogy with the field of the electric dipole of Sec. 5.1 is each one carrying a current / around its periphery. Adjoining currents

obvious. The analogy, however, applies solely at distances r that cancel, and the magnetic dipole moment of C is the vector sum of the
are large compared to the sizes ofthe dipole. Figure 18-10 shows magnetic dipole moments of the individual cells. Thusthe near fields.

18.5 THE MAGNETIC DIPOLE MOMENT OF AN m=Dilp rxat'=sibexdr’ (18-53)
ARBITRARY CURRENT DISTRIBUTION “* «

and Eq. 18-52 applies to any closed circuit.Assume
first a plane loop of arbitrary shape carrying a current [. Then we An arbitrary current distribution possesses a magnetic dipole momentcan set

m= Ali, (18-51) m=3{ rxado (18-54)
where of is the area of the loop, and where the unit vector 2 is normal to . cap var ¥
the loop and satisfies the right-hand screw rule. The above expressions We hee replaced 1a" by Jdst’ di’ and dst’ dl" by du’. The origin of rfor A and for B apply as long as a°<r°, where a is now the longest can be anywhere.
dimension of the loop.

According to Prob. 1-3, we can also write that 18.6 SUMMARY

<1 . ‘A charge Q moving at a velocity v in the field of an arbitrary distribution

m= upex a’, (18-52) of charges and currents is subjected to a Lorentz force
where the line integral runs in the direction of the current J. The origin of F=Q(E+v xB), (18-1)
can be anywhere.

What if loop C does not lie in a plane? Imagine an arbitrary surface where QE is the electric force, Qu X B is the magnetic force, and B is the
bounded by C, as in Fig. 18-11, divided into infinitesimal plane cells. magnetic flux density, expressed in teslas.
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In the field ofa currentJ flowing through a circuit C, loop, times the number of turns, times the current. The vector m is
normal to the plane of the loop, in the direction defined by the right-hand

palo! fal xe screw rule, Refer to Fig. 18-9. Also,
“ah co)lr |

5

om ; 5

In the field of a volume current distribution, | B= 7p (200s OF + sin 6 8). (18-50)

palo i IXiy: (188) ‘The magnetic dipole moment of an arbitrary circuit C carrying adade PF current Lis

Lines of B point everywhere in the direction of B. m=grxar. (1853)
‘The magnetic flux through an area sf is «

For an arbitrary current distribution occupying a volume v,o-fa +d webers. (18-9)

7 m= if rxtdo’, (18-54)The principle of superposition applies to magnetic fields. “

The net magnetic flux through a closed surface is zero: where J is the current density at a point andr is the position vector for

that point. The origin of r is arbitrary.[a-ast~o (18-18)

Hence v-B=0. (1819) PROBLEMS
‘These are, respectively, the integral and the differential forms of one of 18-1. (18.1) The force on a magnetic monopole situated in a magnetic field
Maxwell’s equations, Show that the equation F = Q7Q/(4xyor*) is dimensionally correct.

‘The equation ‘This means that F = Q*B/j1o, and not Q*B, as stated by some authors.
- 18:2, (18.2.1) The field of two parallelwiresBaxa (18-20) Two parallel wites of radius R and separated by a distance 2D carry a

defines the vector . ; current Jin opposite directionsvector potentialA. For a volume current distribution, (a) Find B alonga perpendicular line passing through the wires.
Mo f JF (b) Plot B for R=1.00millimeter, D = 10.0 millimeters, and /=A= Al du’ (18-25) Lampere.

18-3, (18.2.1) Saddle coils

while, for a current / flowing through a circuit C, Figure 18-12(a) shows two views of a pair of saddle coils. In (a)we have.
shown just one turn in each coil, and (b) shows a cross section C. More

bol [ dl’ generally, we could have the current distribution of Fig. 18-12(b), whereA= ral = (18-26) the two parts carry equal current densities. There is zero current in theAtler central region. We could also have the current distributionof Fig. 18-12(c)
‘As we shall see, the magnetic fields in the cavities are uniform.In the field of a magnetic dipole, (a) Show that B = 4,J Xr/2 inside a conductor of circular cross section.

3
‘The origin of r is at the center of the cross section.

an omxe asso) Wo) In Fig. 8:2(a). Bis the same asf each conductor occupied full
ax Pl circle, with opposite currents in the central region.

Find B in the central region.

where the magnitude of the magnetic dipole moment m is the area of the (c) Find B in the cavities of Figs. 18-12(b) and (c).
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LY Calculate the value of the Bohr magneton ws, which is the magnetictf \ j moment of an electron orbit for which n=. The number of Bohrco! i i i magnetons per atom or per molecule is of the order of a few and is, in fact,ct )\ @ ae) meen ea
Pea a 18-6. (18.2.1) Rotating magnetic field

\ a 2m 4x

\lt pal B.=Bncosot, B= Bacos(or+™), — B,=B,cos(or +S),.

and point as in Fig. 18-13(b).
(a) Show thatthe resulting field has « magnitude of 1.58, and rotates at

an angular velocity . This is the method used to generate rotating
magnetic fields in large electric motors

: (b) Does the field rotate clockwise or anticlockwise?

@ a) 18-7. (18.2.1) The Fabry equation for solenoids
4

A solenoid has an inner radius R,, an outer radius R,, and a length 2L.
. The current is

|
a (a) Show that at the center

ff 2a pyk —p—>} keps a+ (a? +B)B= yonll In———— ae

ow wo
a 10+)

Fig. 18-12. where n is the number of turns per square meter (~1/cross section of the
wire), «= Ri/Ry, and B= L/R,

(b) Show that the length ofthe wire is

1=nV = 2an(a? — 1)BR},

18-4, (18.2.1) The magnetic ux density atthe center of a sunspot
‘The Zeeman effect observed in the spectra of sunspots reveals. the where V i the volume of the winding

existence of magnetic fields as large as 0.4 tesla. These fields are associated
with pancake-shaped current distributions in the plasma near the surface “ a
In effect, one has a disk of electrons, with a radius of, say, 10” meters,
rotating at an angular velocity of the order of 3x 10? radian/second. The
thickness of the disk is small compared to its radius.

(a) Calculate the surface density of electrons required to achieve a B of b
O.dtesla at the center

(b) Calculate the current, &

18-5. (182.1) The Bohr magneton
‘According to the old Bohr model of the atom, electrons describe orbits

around the nucleus, Atomic and molecular magnetic moments are ex- .
pressed in Bohr magneton.

(a) Find the magnetic moment of an electron on a circular orbit of

radius r. a
(b) According to the Bohr postulate, the angular momentum is quan- ro ry

tized: mur = nfi= nh 2 =n x 1.0546 x 10-™, where mis an integer and a
quantum number. Fig. 18-13.
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(6) Check the Fabry equation, which states that at the center of any ,

solenoid toe
Pio\'* 0.040:

s=a(F) A ‘
VA >:ZAHere G depends on the geometry, P is the dissipated power, = nar? is the Yr \filling factor, of the fraction of the coil cross section occupied by the

18-8, (18.2.1) A short, thick solenoid q
Figure 18-14 shows the cross section of a coil. The dimensions shown are

in millimeters. The wire has a square cross section of 2 millimeters’ and a
resistance of 8.93 ohms/kilometer. The current is lampere. See the \

preceding problem. A y
(a) Calculate B at the center. Use the formulas given in Prob. 18-7. 4
(b) Calculate the power and the applied voltage. 0.20 0 P +020

(c) Plot B as a function of z along the axis, from z=~0.3 to (a 7 oy) °= 0,3 meter

18-9. (18.2.1) Helmholtz coils provide a uniform field Fig. 18-15.
‘The Helmholtz coils of Fig. 18-15(a) provide a simple means of obtaining
uniform magnetic field over a given volume. Roughly speaking, B. is

uniform within 10% inside a sphere of radius 0.1a.

(a) Find B as a function of » along the axis. 18-15(a) but with a spacing of2a, instead of a, and with currents flowing inIf you have the patience to expand this expression about z = 0, you will Opposite directions. This is a Maxwell pair. You will find that dB/dz is
find that surprisingly linear between about z = —0.7a and z = 0.7a.

_ 1442" 18-11, (184) The vector potential ABe a(t Tsai * ) Ina given region, B = Bg, Suggest possible A’s and a characteristic of the
corresponding current distributionThis means that the first, second, and third derivatives of B with respect to

z are zer0 at 7 =0. So the curve of B(z) is exceptionally flat near the 18-12. (18.4) In two-dimensional magnetic fields a line of constant A is a line
center. of B

(b) Plot B/(u NI/a) as a function of z/a from z/a = —0.5 to z/a=0.5. A certain magnetic field has a zero z-component.
Figure 18-16(b) shows B.(2) for values of r ranging up to 0.16 (a) Show that A = AZ is one possible value of A.

18-10. (18.2.1) A Maxwell pair provides a uniform gradient of B 1) Sho that thin spol nathe fel of sonia
Plot B/(uqNI/2a) as a function of z/a for a pair of coils like those of Fig. (c) Show that this applies to the field of a straight current-carrying wire.

18-13. (18.5) ‘The magnetic field of a spinning electrically charged sphere
= =k ‘A conducting sphere of radius R is charged to a potential V and spun

about a diameter at an angular velocity «.ee (a) Show that the surface current density is a = €,oV sin @ = M sin 8,

¥ where M is eV.
| | (b) Find that the magnetic flux density B, at the center.
oo ato (©) What is the numerical value of the By for a sphere 100 millimeters in

| radius, charged to 10.0 kilovolts, and spinning at 10,000 turns per minute?
+ (d) Show that the dipole moment is {R*M2, where 2 is a unit vector

Ss along the axis, related to the direction of rotation by the right-hand screw=< tule.oeae0ay (c) What is the dipole moment of the above rotating sphere?

—k———20—__» Fig. 18-14. (Q What current flowing through a loop 100 millimeters in diameter
would have the same dipole moment?
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CHAPTER 19 eS 4 ES—

The Vector Potential A. Fig. 19-1. (a) A simple closed circuit

C. (b) An N-turn coil. The turns are allAmpére’s Circuital Law close together. (c) A more complex closed circuit

where f is the area of any surface bounded by C. We have used Stokes’s
theorem.

19.1 THE LINE INTEGRAL OF A-dl AROUND A CLOSED CURVE 348 5
eeeeeee eneee ee Acteonatons Now suppose the coil has N turns wound close together, as in Fig.ee we 19-1(b). Over any cross section of the coil, say at P, the various turns are

02 IIELAPLACIANOFA SI all exposed to approximately the same A. Then
19.3 THE DIVERGENCE OFA 31194 THECURLOFB 382 fa-d=N| B-dt=No~A, (19-2)195 AMPERE'S CIRCUITALLAW 352 © “

Example: LONG CYLINDRICAL CONDUCTOR 353 sane ss ofa

eee ee ee ntsoIe ee where “ is the flux linkage and fis the area of any surface bounded by
Example: THE REFRACTION OF LINES OFB AT A CURRENT «coiSumer 3% ‘The unit of flux linkage is the weber turn.

196 THE LAPLACIANOF B 357 What if one has a circuit such as that of Fig. 19-1(c)? Then
19.7 SUMMARY 357

PROBLEMS 358 fa a= | Bed =A, (19.3)
In this second chapter on magnetic fields, we first derive a direct except that now it is difficult to devise a surface bounded by C. Luckily
consequence of the definition of the vector potential A: the line integral enough, this surface is of no interest because the flux linkage A is easily
ofA-dl over a closed curve is equal to the encircled magnetic flux. This measurable (Sec. 24.2)
result is general. However, the rest of the chapter applies only to static

.

fields. The expressions that we shall find here for ¥°A, V-A, 0X B, and Example | THE VECTOR POTENTIAL A IN THE FIELD OF
V°B are all truncated: they all lack time-dependent terms. It is only in A LONG SOLENOID
Chap. 27 that we shall find the full-fledged expressions. Let us first see, qualitatively, how A varies with position, both

inside and outside a long solenoid. Remember the integral for A
19.1 THE LINE INTEGRAL OF A-dl that we found in Sec. 18.4:

AROUND A CLOSED CURVE .

bol f ata=ege (19-4)
Consider first a simple closed curve, as in Fig. 19-1(a). The line integral

“

of A-dl around C is equal to the magnetic flux linking C: At a point on the axis of the solenoid, the dA of an element
{1dt" situated somewhere on the solenoid cancels the dA of the

element / dl’ situated diametrically opposite the first one. On thefacdt= | (vxA)- dst =| Bedet =o, (9-1) axis of a long solenoid,A is therefore zero.
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At a point P inside the solenoid, but off the axis, the elements | 1’ Ag= AR UN’ = MoNIR®ZI’ closest to P will contribute most. So A is azimuthal, as in Fig. dard aR'wN'L  Aoe Ge as)
19-2, and it increases with the radius r. ,

‘Ata point P' outside the solenoid, B is zero, as we shall see in Think how laborious it would be to calculate A by integrating
the second example in Sec. 19.5. But A is clearly not zero because 1 dl/r over the winding!
the elements Idi’ closest to P’ contribute most

Avector potential A can therefore exist in a region where B is 19.2 THE LAPLACIAN OF A
zero. This simply means that VXA=0 for A+0, which is
perfectly sensible. For example, if A = ki, where k is independent ;
of the coordinates, then VXA = 0. We are already familiar with a ‘You will recall from Secs. 3.4.1 and 4.1 thatsimilar

situation in electrostatics: V can take any uniform value in| 14 region where E =~ VV =O. vai[ fa, wv=-2. (9-7)‘Outside
a long solenoid, the vector A is again azimuthal, but Ane hur &now it decreases with r as in the figure.

Now let us calculateA. The first equation relates the potential V at the point P(x, y, z) to theet connie the ae he slcnoidAt a point remote complete charge distribution, p being the total volume charge density atUN'L, where N’ is the number of turnsper meter (Sec. 18.24). P'(x',y’, 2’) and r the distance PP’. The second equation expresses the‘Then, from Sec. 19.1 and at a radius r as in the figure, relation between the space derivatives of V at any point to the volume
. charge density p at that point.

daram arun ante (a9) ‘There exists an analogous pair of equations for the vector potential A.
‘We have already found the integral for A in Sec. 18.4:Outside a solenoidof radius R, at the radiusr’, J

\ anol Tau’, (19-8)“a >

where v’ is any volume enclosing all the currents. The x component of

v \ this equation is

/ v4 A -f/ Lay’, (19-9)af / 7 \ 4adyr+
\\/

/ \ Then, by analogy with Eq. 19-7,|
| (| D | VA, = —Hole. (19-10)\ \ \ \ Of course, similar equations apply to the y- and z-components, and\ / | VPA = —tiol. (19-11)
XS CA WA This equation applies only to static fields.————— 4

- i]ee \ 19.3 THE DIVERGENCE OF A
Fig. 19-2. Long solenoid seen endwise and lines of A inside and Si

ulside, The magnitude of As proportional to vias sat | We can prove that, for static fields and for currents of finite extent, theinversely proportional tor outside divergence ofA is zero. First,
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of J 0 Z =al*

veanvete fay =Hf v.(2) au, (19-12) fa —1|} —ae a 1/ a

where the del operator acts on the unprimed coordinates (x, y, z) of the / / ’
field point, while J is a function of the source point (x', y',z'). The 4—-—--_f
integral operates on the primed coordinates. As usual, r is the distance o. i \
between these two points, and the integration covers any volume SP o£ PD yedty y
enclosing all the currents. eee ara TOWN Ws
We now use successively Identities 15, 16, and 6 from the back of the

(

- )

front cover: ed

otal . 1 w »vant | (pt) -zdv'=— 22 (vt). sav' (19-13)ath ath Fig. 19-3. (a) Closed path of integrationC linked by a current/. Ampére's
boven cireuital law states thatthe line integraof B= dl over Cis equalto ynl.(b) Hereat (pte PS) a cos) the line integralof Bd over the dashed carve is equal to Gulaz), ry

In a time-independent field, 5p/3¢=0 and, from the conservation of

charge (Sec. 4.2), ¥’ «J =0. Therefore ¢ Bedl= [ (rx a)-asa = oft vdsf= ol. (19-18)
veA= -Hf ve lays -ff Joga’=0, (19-15) In this set of equations we first used Stokes’s theorem, of being the area4) 7 ater of any surface bounded by C. Then we used the relation 7XB = jig that

here al” is th . , we found above. Finally, / is the net current that crosses any surface
wae ee the area of the surface enclosing the volume u’. We have bounded by the closed curve C. The right-hand screw rule applies to the
used the divergence theorem to transform the first integral into the direction of J and to the direction of integration around C, as in Fig.
second. The second integral is zero because, over .f, J is either zero or 19-3(a)
tangential This is Ampdre’s circuital law: the line integral of B+ dl around a

closed curve C is equal to uo times the current linking C. This result is19.4 THE CURL OF B
again valid only for constant fields.

From Definitions § sack Sometimes the same current crosses the surface bounded by C several
‘rom Definitions 5, 10, and 15 on the back of the front cover | times. For example, with a solenoid, the closed curve C could follow the

VX B= 9x(PXA)=P(F-A)— PPA (19.16) axis and return outside the solenoid, as in Fig. 19-3(b). The total current
linking C is then the current in one turn, multiplied by the number of

‘Thus, from Secs. 19.2 and 19.3, turns, or the number of ampere-turns

' ‘The circuital law can be used to calculate B, when B is uniform alongVX B= pol. (19-17) the path of integration. This law is analogous to Gauss's law, which we
used to calculate an E that is uniform over a surface,

This equation is valid only for static fields.

Example | LONG CYLINDRICAL CONDUCTOR19.5 AMPERE’S CIRCUITAL LAW ore’
f Let us apply Ampére’s circuital law to calculate B inside and

; outside the long, straight cylindrical conductor of Fig. 19-4The line integral ofB dl around a closed curve C is important Sanying 1 creat J uniformly dstrbued over ts cross section



‘st 19.5 AMPERE'S CIRCUITAL LAW ass
_— r. Example | THE LONG SOLENOID

i ae ] ‘We return to the long solenoid and recalculate B inside, in a
A | region remote from the ends. This renders end effects negligible
OK fg | See Fig. 19-6. We assume that the pitch of the winding small

‘ RS) We again use cylindrical coordinates. The figure shows a solenoid
<3

of circular cross section. However, our main conclusions will be

> valid for any cross section.

PP / i First note that B possesses the following general characteristics:
r 7 (1) By symmetry, B is everywhere independent of z and of @.

e

(2) Imagine an axial cylinder as in the figure. Its radius is eitherCinea ee ne case toe of siralar cross section smaller or larger than that of the solenoid. The integrals ofcalculating B. re Paths of integration for B-dsf over the end faces cancel. Then the integral of B- dst
over the cylindrical surface is zero, from Gauss's law for B (Sec.
18.3). Then, both inside and outside, B, = 0

We use cylindrical coordinates. wi axis alony jl
resaclay narical coordinates with the z-axis along. the (3) The curl of B is ze10 everywhere except inside the wire,

where

J #0. Then, from the expression for the curl in cylindricalspirale the conductor, is azimuthal and independent of ¢. Coordinates, outsie the wite, 9B, /ap=0. By symmetry,3B, /39is also zero. Then B, is uniform inside the solenoid and itis also

ol uniform outside, neglecting end effects
Ba (19.19)

Inside the conductor, for a circuital path of radius p,

UMGR*) |p" _ Hole |B= yy LMaR ze" | wale : iee ora ao (19.20) i

See Fig. 19-5. ' (ONE 7) )

t a, y :1 i LA sh
17

H
y

' \ q
i i Sa en

g1x ' WoyFs H . | Ys‘ WW

1 — GF
' SS

H fe —=—N
1 oA = YA

5 + + TH 0 ——

plier) SS = Fig. 19-6 Long solenoid carryingFig. 19-8. B as a function of p for a wire 1 millimeter in radius ‘current /, with paths of integra-
carryinga current of 1 ampere | tion a,b,¢
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~BybL= a= By 19-21)Now consider the field outside the solenoid, ByL = ByL = poatl. By = By ~ Wom. C
A line of B therefore deflects in the clockwise direction for an(1)

We can show that B, =0 by considering path a inthe figure. observer looking inthe direction of a‘The
net current linking this path is zero, and the line integral of We can also arrive at this result in another way. The magneticB--dl
around itis therefore also zero. Now, since the line integrals flux density B results from the existence of a current in the sheet

along sides 1 and 2 are zero (B, =0), the line integrals along sides and to curtents flowing elsewhere. According to Ampére's
3 and 4 cancel, But sides 3 and 4 can cach be situated at any circuital law, the magnetic field of the sheet, just below the sheet,
distance from the solenoid, so B, is either zero, or nonzero and is toa/2 and points left. Just above, the field is again toar/2, but itindependent

of p. Now the flux outside is equal to the finite fux points right. Adding tis field to that ofthe other currents leads toinside.
Therefore, ouside, B, tends 10 zero. Tangential components that difer as above(2) A path such as b is linked once by the current. Thus, outside

the solenoid, B, = uol/2p. This fux is usually negligible 19.6 THE LAPLACIAN OF B
Now let us look inside the solenoid,

We can deduce the value of the Laplacian of B from that of the Laplacian

(1) There is zero flux in the @-direction inside because the line of A (Sec. 19.2). Since
. oxintegral

of B, dl over a circle of radius p, say the top edge of the VPA = —Hod, (19-22)small cylinder shown in the figure, is 2xpB,; and this is zero, then
according to Sec. 19.5 because the path encloses zero current. PX (2A) = —1o XJ. (19-23)(2) Consider now path cin the figure. Remembering that B, = 0both

inside and outside, and that B, =0 outside, we see that, if . a Laplacian of a curl and thusthere are N’ turns|meter, B,S = UoN'/Is and B, = jN'T. Now the curl of a Laplacian is equal to the Laplacian

24 -- 7 19-24)Example | THE REFRACTION OF LINES OF B AT A 1 VAUX A)= —Ho¥ XJ. ‘CURRENT SHEET Finally,

VB = — oP XJ, (19:25)A thin conducting sheet carries a surface current density of @

amperes/meter, as in Fig. 19-7. In passing through the sheet, the again for static fields.lines of B bend as follows.

Since FB =0, the normal component of B is the same on the
two sides: By, = Boa. 19.7 SUMMARY

Applying Ampére’s circutal law to the path of length J. shown -inte figure m The line integral of A-dl around a closed curve C is equal to the
magnetic flux linking C:

fava | B-dst =A, (193)e le i“
a where of is the area of a surface bounded by C.

c| e

_ For static fields,
J S

_ VPA =—1od, (19-11)ly x V-A=0, (19-15)
a PX B= tod, (19-17)

Fig. 19-7. Refraction of line of 2 ./ . BYsoning ncuron sec FB HVS. (1925)
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Ampére’s circuital law states that (b) How is B oriented with respect to @?

{@) A conducting body cares a high trequeney curtentthat i confined

where J is the net current that crosses any open surface bounded by the 19-5, (19.5) The magnetic field near the axis ofa circular loopcurve C, in the direction given by the right-hand screw rule. ‘A circular loop carries a current J. Choose the axis of symmetry as the
z-axis, and calculate B, and B. near the axis.

19-6. (19.5) ‘The average B over a sphere is equal to B at the centerPROBLEMS
Refer to Prob. 3-16 concerning the average E over a spherical volume.

194, (19.1) ‘The vestor potential inside a current-carrying conductor spherical volume is equal to the B a the centr
Show tha, inside straight current-carrying cond sR,

ow tha sent curenvcarrying ctor of radius 19-7. (19.5) The field of a short thick solenoid, compared to that of a long
mle? f solenoid

ani (ine) "The value of B atthe center of a short, thick solenoid given in Prob. 18-7
" f can be writen as B=iN'lg, where woN'T ithe field ofa long solenoid.if A is set equal to zero at p= R. Find g.

19-2. (19.5) Van de Graaff high-voltage generator l

charge tothe high-voltage electrode |
(a) Calculate the current cared by a SO0-mlimetr-wide belt dive by

2. 100-millimeterdameter ple that rotates at 0 revolutons/seconds if)
=2x 10volts/meterat the surface ofthe Belt

(b) Catala the B lose to the bel }

Find (a) the szimthal field along paths «and, (b) B inside the toroid,
and (che line integral of B slong path

|

194. (195) B near conducting shet
‘conducting sheet cares a current density of @ amperesimeter. There |

(a) What i the value of B, closet the sheet?

OW eee |

(op | |= .

Se |
¢ eg ae

. Fig. 198,



electric moment to a macroscopic body. Magnetic materials are analo-

gous in that their atoms can act as magnetic dipoles that can also be

CHAPTER 20 ‘ oriented. The body is then said to be magnetized. Magnetic effects are
weak in all but ferromagnetic substances, and those are grossly nonlinear.

This first chapter on magnetic materials sets forth a few fundamental

MAGNETIC FIELDS III ideas. Then, in the end, it provides a glimpse of the complexities of
ferromagnetism.

Magnetic Materials A: Chapter 21 concerns ferromagnetism and some of the methods that are
The Magnetic Flux Density B available for designing devices incorporating ferromagnetic materials.

and the Magnetic Field Strength H 20.1 TYPES OF MAGNETIC MATERIAL

20.1 TYPESOFMAGNETICMATERIAL 361 There exist three main types of magnetic material.

20.2 THEMAGNETIZATIONM — 361
20.3 THE MAGNETIC FIELD OF A MAGNETIZED BODY 362 (1) All materials are diamagnetic, This magnetism originates from the

Example: THE EQUIVALENT CURRENTS IN A UNIFORMLY, fact that the application of an external magnetic field induces moments
MAGNETIZED ROD 364 according to the Faraday induction law (Sec. 23.4). This effect is usually

204 THE DIVERGENCEOFB IN THE PRESENCE OF MAGNETIC imperceptible, and it disappears upon removal of the external field.
dos MME MAGNETIC FIELD SIRENGTHAL THE CURLOFH xs (2) In most atoms the magnetic moments resulting from the orbital and
903.1 DIELECTRIC AND MAGNETIC MATERIALS COMPARED 346 spinning motions of the electrons cancel. If the cancellation is not
206 AMPERE’S CIRCUITAL LAW IN THE PRESENCE OF MAGNETIC complete, the material is paramagnetic. Thermal agitation causes the

MATERIAL 367 individual moments to be randomly oriented, but the application of a

Example: SOLENOID WOUND ON A MAGNETIC CORE 367 magnetic field brings about a partial orientation,
20.7 THE MAGNETICSUSCEPTIBILITY ,, AND THE RELATIVE ,

PERMEABILITY », 368 (3) In ferromagnetic materials such as iron, the magnetization can be
s20.71 THE MAGNETIZATION CURVE OF A FERROMAGNETIC orders of magnitude larger than in either diamagnetic or paramagnetic

MATERIAL 369 substances. This effect comes from electron spin, together with group
*20.7.2 FOUR DEFINITIONSOF THE RELATIVE PERMEABILITY u, 9) phenomena that align the moments throughout a small region called a
20.8 BOUNDARY CONDITIONS 370 domain.
209 SUMMARY 372

PROBLEMS 578 20.2 THE MAGNETIZATION M

; - The magnetization M is the magnetic moment per unit volume ofThus far we have studied magnetic fields associated with moving charges, magnetized material at a point. If there are N ‘atoms per unit volume,
although we did allude to the magnetic materials that we shall study in each possessing a magnetic dipole moment m oriented in a given
this chapter and the next. Section. then

All atoms contain spinning electrons that give rise to magnetic fields. It

is our purpose in these two chapters to express these fields in macroscopic M=Nm. (20-1)

terms Th ization M ia he polaIn dielectric materials, individual atoms or molecules can possess je magnetization M in magnetic media corresponds to the polariza-
. tion P in dielectrics. The unit of magnetization is the ampere per meter.electric dipole moments which, when properly oriented, confer a net



302 MAGNETIC FIELDS i 203 THE MAGNETIC FIELD OF A MAGNETIZED BODY 363
20.3 THE MAGNETIC FIELD OF A Hom XF x

MAGNETIZED BODY Ava PS (2)

To find the magnetic field of a magnetized body, we shall integrate the ‘The unit vector# points in the direction of P, from the center ofthe loop,

expression for the vector potential dA of a magnetic dipole M dv over the and r is large compared to the largest dimension of the loop. Then, for a
volume of the material. This calculation will show that the field is the volume u' of magnetized material,

same as if we had an equivalent volume current density 7 XM, plus an

equivalent surface current density M fi, situated in a vacuum. A =fef MX?4,Mo [ Mx v(2) dv’ (203)‘You will recall that we arrived at a similar situation when we discussed 4a he 4x), r

dielectrics: the electric field of a polarized dielectric is the same as if we

had volume and surface charge distributions p, and 0, situated in a We have used Identity 15 from the back of the front cover. The volume
vacuum, of magnetized material is v', and its surface has an area f’.

This result is interesting, but it is of no use for calculating magnetic Then, from Identity 11 and from Stokes’s theorem,
fields because M is itself a function of B, and unknown, ,

In practice, one calculates B either by rather crude, semiempirical A=-ral (vr x*) a’ +e fTX gy (20-4)methods such as those of Chap. 21 or by means of elaborate computer dat Jw r aale or

codes. of MXa of OXWe shall find that the equivalent volume current density J, is equal to -# [ wna! +e [ PxMay, (205)
VX M. Thus VJ, is zero and charge cannot accumulate at a point by

virtue of J.. Furthermore, the equivalent currents do not dissipate energy fi being the unit vector normal to the surface of area sf of the magnetized
because they do not involve electron drift and scattering processes like material and pointing outward, We may omit the prime on the del that
conduction currents. operates on M, since that del clearly operates on the coordinates x’, y’,

Let us calculate B at a point outside a magnetized body, as in Fig. 20-1. 2’ of the point where the magnetization is M.
From the third example in Sec. 18.4, the vector potential at a point P ‘These expressions forA are all equivalent, but the last one lends itselflocated at a distance r from a current loop of magnetic moment m is to a simple physical interpretation. It is clear that the vector potential in

the neighborhood of a piece of magnetized material is the same as if one
had, instead, volume and surface densities

“ Se=VXM and @,.=MXfi (20-6)

4 j Inside a magnetized material none of the above integrals diverge, anda ssi the field is again the same as if the magnetized material were replaced by
pote its equivalent currents.

OFte More generally,”\ ’

. under the integra sign. Then one would replace the polarization current density by the

displacement current density 3/21 (Sec. 9.10). The term €, 2E/3t does not belong here

Fig. 20: Element of volume inside because magnetic fields arise solely from the motion of charge. This is confirmed by the fact

a magnetized body and an external that one can calculate the field of & transmitting antenna in free space from the cutrentsMsc) point P. flowing init, disregarding displacement currents in free space. See also Sec. 37.1.
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Ho oP . that we found in Sec. 18.3 applies even in the presence of magneticAaa" (42a 0x) dv -al (4 or M) av’ (07) materials. This is one of Maxwell's equations.

where Jj is the current density of free charges and 9P/3t is the

polarization current density of Sec. 9.3.3. 20.5 THE MAGNETIC FIELD STRENGTH H.
‘Thus a more general form of the Biot-Savart law (Sec. 18.2) is THE CURL OF H

a-% fGASPIA TEM XE gy (208) In Sec. 19.4 we found that, for static fields in the absence of magneticly materials,

Example | THE EQUIVALENT CURRENTS IN A PX B= pod. (20-10)UNIFORMLY MAGNETIZED ROD ‘

Suppose the magnetization M is uniform and parallel to the axis. Henceforth we shall use Jj, instead of the unadorned J, for the current
This is an idealized situation because the elementary dipoles tend density related to the motion of free charges.
to orient themselves along B, which is only approximately axial Im the presence of magnetized materials,
Since M is uniform, VX M-=0, and there are no equivalent |Volume currents. Also, since M is parallel to the axis, the current
density on the cylindrical surface is M, in the direction shown in VXB= wold +5.) @o11)
Fig. 20-2, and there are no currents on the end faces. The rod
therefore acts asa solenoid with N'7= M, where N’ is the number This equation, of course, applies only in regions where the spaceof turns per meter, Observe that, inside, B and M point in the derivatives exist, that is, inside magnetized materials, but not at their
same general direction, surtaces. Then

20.4 THE DIVERGENCE OF B IN THE PRESENCE VX B= uJ, + XM), (20-12)
OF MAGNETIC MATERIAL

B

vx(2—M)=4, (20-13)Magnetic fields originate either in the macroscopic motion of charge or in Ho

equivalent currents. The relation The vector within the parentheses, whose curl equals the free current
(20.9) density, is the magnetic field strength:

i n-®—M. (20-14)
Ho

° NY M, Both H and M are expressed in amperes/meter. Thus3 | B=u(H+M) (20-15)
5 | and, even inside magnetized materials,

Re

- |gS Fig. 20-2. A uniformly mag-€ PP netized rod acts as a solenoid { VxH=J, (20-16)
fe carryinga surface current density |a, = M. for static fields
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20.5.1 Dielectric and Magnetic Materials Compared 20.6 AMPERE’S CIRCUITAL LAW IN THE
Compare the above equation for B with the corresponding Eq. 9-20, PRESENCE OF MAGNETIC MATERIAL

y 20- a surfaceof area sf boundedby ae-1~-P) (017 Let us integrate Eq. 20-16 over an open sur rea y© curve C:

Note the difference in sign: minus P instead of plus M. [ (xH)-dt =f Jd, (20-18)Figure 20-3 illustrates the difference. In Fig. 20-3(a) the capacitor “ “
plates carry free charges that are not affected by the presence of the . ,
dielectric, neglecting edge effects. So D = is fixed. Alll three vectors or, using Stokes's theorem on the left-hand side,
point to the right. Without the dielectric, E would be equal to D/é>,

With the dielectric, E is smaller because the field of the bound charges t H-dl=|,, (20-19)
‘opposes that of the free charges.

In Fig. 20-3(b), the coil applies a given H. All three vectors point to where J is the current of free charges linking C. The right-hand screw
the right again. Without the magnetic core, B = uoH. With the core, B is rule applies to the direction of integration and to the direction of z. Note
larger because the field of the equivalent currents aids that of the free that J, does not include the equivalent currents. The term on the left iscurrents. the magnetomotance.
Remember that we are concerned here solely with the space- and This is a more general form of Ampere's circuital law of Sec. 19.5, in

time-averaged fields inside matter. Remember also that the similarity that it can serve to calculate Hl even in the presence of magnetic
between the fields of electric and magnetic dipoles exists only at points materials. It is rigorously valid, however, only for steady currents.
remote from the dipoles. Closer in, the fields are totally different, as

‘shown in Fig. 18-10. Example | SOLENOID WOUND ON A MAGNETIC CORE
Imagine a long solenoid wound on a magnetic core, as in Fig

20-4. At points remote from the ends, H is parallel to the axisepee heees

tale | inside the solenoid, and essentially zero outside. Then, from
pS aoe Ss

;oie
1z—

7}

ee r*

e=!o-n B= wi '
“

®
( \

Fig. 20-3. (a) Plane-parallel capacitor. The plates carry fixed surface charge \
edge effects. Note the orientation of the small dipole and its field. (b) Solenoid

carrying a fixed current /. Introducing the magnetic core increases B by 2 factor
of w,, neglecting end effects. Note again the orientation of the small dipole and of Fig. 20-4. Long solenoid wound on a magnetic core. According 10
its fel. Ampere’s citcult law, H = NT inside the core
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Ampére’s cicuital law applied to the path shown, if the number of *20.7.1 The Magnetization Curve of a
turns per meter is N’ and the current is /, Ferromagnetic Material

Hl=N'l,  H=N'T (20-20) If an unmagnetized ferromagnetic material is subjected to a gradually
inside the core, whatever itis made of. increasing H, then B increases along a roughly S-shaped curve, as in Fig.

20-5. After a while, saturation sets in and M increases no further. For

20.7 THE MAGNETIC SUSCEPTIBILITY y,, AND. most ferromagnetic materials saturation occurs at about 2 teslas.

THE RELATIVE PERMEABILIT by . . 7Yo *20.7.2 Four Definitions of the Relative Permeability 1,
Itis convenient to define a magnetic susceptibility x», such that’ The behavior of ferromagnetic materials is so complex that several

7 different types of relative permeability have been defined. We mentionM=

nH. (20-21) only four. All definitions relate to the magnetization curve. RelativeThen permeability is often loosely called permeability. This is what we do here.

B=(H+M)= Holl + Ym)H = Hol = WH, (20-22) (1) The word permeability, left unqualified, simply means the order ofwhere
magnitude of the ratio B/joH on the magnetization curve, possibly overy= 1+ Xn (20-23) some specified range of B or of H.

is the relative permeability and (2). The meaning of the term maximum permeability is obvious.

=mty (20224) (3) The initial permeability is the ratio B/1uoH at very weak fields.

is the permeability of a material. Both z,, and 1, are pure numbers. 2 —

m EeB 7 |M = yn (20-25) :#

‘The magnetic susceptibility of purely diamagnetic materials is negative | + | 4]
and of the order of 10~*. In paramagnetic materials, z,, varies from about _' <7r_|10°* to 10-*. The susceptibility of ferromagnetic substances can be as 4 rt 7 ZAtai lai =avae‘The equation B = 4o(H + M) is general, but equations involving either o J 7
1M, OF %m assume that the material is both isotropic and linear. In other
words, they assume that M is proportional to H and in the same

direction. os|
In ferromagnetic materials, B and H do not always point in the same Vw_| | |direction, and when they do, u, can vary by orders of magnitude,

depending on the value of HT and on the previous history of the material eeee |(Sec. 21.2). In a permanent magnet, B and H point in roughly opposite aay 0 w iw we we

directions. 1 Anger susie)
Fig. 20-5, Magnetization curves for various materials: S, Supermendur; Fe,-
annealed pure iron; D, Deltamax; P, Permalloy; PI, powdered iron; C, gray cast*

Compare withP= ze (Sec. 9.8). iron;M, Monel
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(4) The differential permeability is the ratio dB/1y dH, or the slope of Bin = Bay (20-26)

the magnetization curve divided by lo, at a on a hysteres
ioop. SuENE ANIECEAY Hoe 4 given pol on a hysteresis ‘The normal component of B is therefore continuous across an interface.

Consider now Fig. 20-6(b). The small rectangular path pierces the

20.8 BOUNDARY CONDITIONS interface. From the circuital law of Sec. 20.6, the line integral of H- dl
around the path is equal to the current / linking the path. With the two

Both B and H obey boundary conditions at the interface between two long sides of the path infinitely close to the interface, / is zero and the
media, We proceed as in Sec. 10.2, tangential component of H is continuous across the interface:

Figure 20-6(a) shows a short Gaussian volume at an interface. From Hy =H. (20-27)
Gauss’s law, the flux leaving through the top equals that entering the wee
bottom and These two equations are general

Setting B= uH for both media, the permeabilities being those that

un correspond to the actual fields, and assuming that the materials are

rr——- f isotropic, then the above two equations imply thatp~
(4 A tan 6/

. \ AYN ran Oy _ Hasa
ie \ ant = Bt 0.h K- Be \ tat a (20-28)

Ii SY \if Y OF al (ee Na ; { We therefore have the following rule for linear and isotropic media:\ s q “At lines of B lie farther away from the normal in the medium possessing the\
Ofer |or) larger permeability. In other words, the lines “prefer” to pass through
a \ J the more permeable medium, as in Fig. 20-7. You will recall from Sec.

t — 10.2.4 that we had a similar situation with dielectrics.

MA

a ti Sages. 288 oe
\ cf a { ? )

\ a a | GN.| A

\ hin i\ i

UF }| A i

oy Fig. 20-7. Line of B crossing the interface between linear and isotropic media 1
and 2. The permeabilityof medium 1 is larger than that of medium2. PointsaFig. 20-6. (a) Gaussian surface straddling the interface between media 1 and 2. ‘and b are at equal distances from the interface. The path in higher-permeabilityThe normal components of the B’s are equal. (b) Closed path piercing the ‘medium 1 is longer than the path in 2: the line ofB “prefers” to be in theinterface. The tangential components of the H's are equal higher-permeabvlity material
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20.9 SUMMARY PROBLEMS

‘The magnetization M is the magnetic dipole moment per unit volume in 20-1. (20.2) The number of Bohr magnetons per atom in iron
magnetized material. The magnetic field, both outside and inside, is the ‘The magnetization M in iron can contribute as much as 2 teslas to B. If
same as if the material were replaced by its equivalent volume and surface one electron contributes one Bohr magneton, how many electrons per
current densities: ‘atom, on average, can contribute to M? See Prob. 18-5.

20-2. (20.2) The field of a disk magnet

L=VXM and @=MXa (206) 'A disk of iron of radius « and thickness 5 i magnetized parallel to itsaxis. Calculate B on the axis, outside the iron

‘The divergence of B is zero even in the presence of magnetic materials: 20-3. (20.2) The field inside a tubular magnet

You are asked to design a permanent magnet that would supply a209) we Sees 8retsions hog el 28
millimeters in diameter. Someone suggests a tubular magnet, magnetized

is length, that would surround this volume, What do you think of‘The magnetic field strength H has the same dimensions as M, and Siteeaer {his volume, What do you thi
B 20-4. (20.5) The divergence of His not always zero

H=B Mu, B=udit+M), (20-14), (20-15) Show that F=f is not zero in a nonhomogeneous magnetic materia
a 20-5. (20.5) The field in a cavity inside magnetic material

VxH=J, (20-16) Find B and H inside a thin, disk-shaped cavity whose axis is parallel to B,
inside magnetic material

where J; is the current density attributable to free charges. This last 20-6, (20.7) The free and equivalent volume current densities
equation applies only to static fields. It follows that, for static fields, Showta, in a homogeneous, isotropic, and linear magnetic material,J.=(u,-

-dl= 20-7. (20.7) Current-carrying wire along the axis of an iron tubefeat, eo) hi cay ent Paton thats of holo rn
ovlinder.

where C is a closed curve linked by the current Jj This is Ampére's 5)Find HB, and Min he ine ein, in he on, and inte ote
rewiea ei 8 more general form. defi wi © Find the equivalent currents.As i ciclecr, it oersi ine a magnetic susceptibility an. (20.7) The magnetization in terms of and B%m and a relative permeability 1, as follows ‘Show that in a linear and isotropic magnetic medium,

M= tall, (2021) et
fall + x=)B= pat, 4,=14%—q (20-22), (20-23)

‘Then j1 = 4, is the permeability. In ferromagnetic materials the value of

, can vary by orders of magnitude, and even in sign, depending on the

value of H and on the previous magnetic history of the sample

‘At the interface between two media the normal component of B and

the tangential component of H are continuous. There is refraction of the

lines of B at an interface, the larger angle with the normal being in the

medium with the larger permeability
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direction, even in the absence of an external field. In the unmagnetized

state the spins of the various domains are randomly oriented and the netCHAPTER macroscopic field is zero.

Upon application of a magnetic field, those domains that happen to be

oriented in about the correct direction grow at the expense of theirMAGNETIC FIELDS IV* neighbors by the migration of the domain walls. Eventually, near
. 5 saturation, the magnetization rotates to the imposed direction

Magnetic Materials B. Ferromagnetic substances are usually anisotropic.
Ferromagnetism and Magnetic Circuits

*21.2 HYSTERESIS

"21.1 FERROMAGNETIC MATERIALS — 374 ‘One can measure B as a function of H with a Rowland ring, as in Fig.
1212 HYSTERESIS 375 21-1." Winding a has N, turns and bears a current J. From Sec. 20-6, it
°21.2.1 ENERGY DISSIPATED IN A HYSTERESIS CYCLE 377 applies an azimuthal magnetic field strength

Example: HYSTERESIS LOSSES IN A TRANSFORMER IRON 377°21.3
MAGNETIC FIELD CALCULATIONS 377 Hane (21-1)*21.3.1 THE BARMAGNET — 377 2ar
Example: THE BAR E A

Commie, ARMAGNET AND THE BAR ELECTRET where ris the major radius. We have assumed that the minor radius of
did MAONETICCIRCUITS 381 the toroid is much smaller than r.

Example; MAGNETIC CIRCUIT WITH AN AIR GAP 382

"215 SUMMARY 384 fr st oy
1 PPROBLEMS. 3 VA

. 5In this chapter we first describe briefly the properties of ferromagnetic G

materials. These materials possess high permeabilities, but they are ~~) 4 Wygrossly nonlinear and lossy ma ames
Magnetic fields involving ferromagnetic materials do not therefore lend f “i “ aethemselves to rigorous mathematical analyses. Elaborate computer codes Ge

are available for performing numerical calculations and drawing field AV" AG
lines. Otherwise, one uses approximate methods like the ones that we a <<asurvey briefly here Ti Cy yy il
*21.1 FERROMAGNETIC MATERIALS a

Fig. 21-1. Rowland ring for measuring B asa funetion of H in a ferromagnetic

material. Winding a applies a uniform H. The voltage Y' across winding b gives BFerromagnetic and ferroelectric (Sec. 10.1.4) materials are, to a certain seine hat eae nsec 3382 aadextent, similar. Ferromagnetic materials are partitioned into microscopic
domains within which the spins are all spontancously aligned in a given —

"The Rowland ring geometry has long been abandoned for obvious reasons: it is

‘elatively dificult to machine a ting, especially if the material i brit, and winding two

Coils on each sample takes time. Instead, one paces a cylindrical sample of the material in

* This chapter may be omitted without losing continuity, except that the concept of the air gap of an electromagnet. However, the calculation of H in the sample is then
reluctance (Sec. 21.4) isa prerequisite for Sec. 25-4, ° ‘relatively dificult, The Rowland ring remains an instructive exercise.



to, --------4 Soft magnetic materials possess a high permeability and a narrow
& hysteresis loop. They serve in electromagnets, transformers, motors, etc.
& Hard materials are characterized by broad hysteresis loops. They are

used mainly for permanent magnets.

jk / ‘As a rule, one records a hysteresis loop with H and B either parallel or
antiparallel. In most applications however, H is only approximately

Biteslas) collinear with B, because ferromagnetic materials are usually anisotropic.

y ‘One can demagnetize an object by exposing it to the magnetic field of a
coil carrying an alternating current and then gradually removing the

object from the field, so as to take the material round smaller and smaller

hysteresis loops.

wo tee fo tei "21.2.1 Energy Dissipated in a Hysteresis Cycle

fampereures) A ferromagnetic material dissipates energy in going around a hysteresisa
eter loop, as we shall see in the second example in Sec, 23.4.2. The energy

dissipated per cubic meter of material and per cycle is equal to the area

of the loop, measured in tesla-ampere-turns per meter, or in weber-

ampere-turns per cubic meter, or in joules per cubic meter.

a Example HYSTERESIS LOSSES IN A TRANSFORMER IRON
y ‘The loop of Fig. 21-2 encloses an area of 150 joules/meter’ cycle,
7 Fig, 21-2. Magnetization curve ab or 1.1 watts/kilogram at 60 hertz. This iron is suitable for power

and hysteresis loop bedefgb for transformers, but there exist less lossy alloys. Hysteresis losses in
“ “o ‘one type of transformer iron, some amorphous alloys called metalic glasses are lower by an

order of magnitude

The magnetic flux density B is b/s, where ® is the magnetic flux and

fis the cross-sectional area of the core. One measures ® by a method *21.3 MAGNETIC FIELD CALCULATIONS
described in the first example in Sec. 23.4.2. .

If we start with an unmagnetized sample of ferromagnetic material and As noted above, magnetic fields involving ferromagnetic materials do not
increase the current in coil a, then B increases along a curve such as ab of lend themselves to rigorous mathematical analyses.
Fig. 21-2. This is the magnetization curve of See. 20.7.1 Simple-minded calculations, such as the one in the example that

Reducing now the current in windinga to zero, B decreases along be. follows, are useful. However, they yield no more than the general
The magnitude of B at c is the remanence, or the retentivity. If the features ofa field.
current then reverses in direction and increases, B decreases to zero at d. The concept of magnetic circuit (Sec. 21.4), when applicable, usually
The magnitude of H at this point is the coercive force. On further offersa somewhat more realistic approach.increasing

the current in the same direction, a point e, symmetric to point *21.3.1 The Bar Magnetb, is reached. If the current now decreases, then reverses and increases,

point b is again reached. The closed curve bcdefgb is a hysteresis loop. ‘As we saw in the example in Sec. 20.3, the B ficld of an idealized bar
Although hysteresis loops are always of the same general shape, they magnet that is magnetized uniformly parallel to its length is the same as

take many forms. They can be narrow as in the figure, or broad, or even that of a solenoid of identical dimensions and bearing a current density
rectangular with nearly vertical and horizontal sides. N’/ equal to the magnetization M. Figure 21-3 shows the general features
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i \ \ ring to obtain a bar magnet. Inside the bar, B and H pointin opposite directions.' \ / Lines ofB emerge from the North pole.

Fig. 213. Lines ofH oli) fra uniformly magnetized cylinder, with M

identical o Fig 94
that points in the direction opposite to B. The operating point of a

permanent magnet therefore lies in the second quadrant of the hysteresis

loop.

The operating point of a long slender magnet is close to ¢, and that of a
of this field. Observe how the lines ofB break at the cylindrical surface. stubby magnet approaches d, on the hysteresis loop.However, the lines of H pierce the cylindrical surface undisturbed. The The field of a real bar magnet is not that simple. Since the magnetic
normal component of B and the tangential component of H’ are moments of the individual atoms tend to align themselves with the B
continuous at the cylindrical surface and at the ends, as in Sec. 20.8. field, the magnetization M, and hence the equivalent current density on

Outside, H = B/1o, while inside H = B/ {to — M. the cylindrical surface, are weaker near the ends. Moreover, since M is
Observe that inside the magnet B and H point in approximately not uniform, there are equivalent currents inside the magnet. The end

‘opposite directions. faces also carry equivalent currents since M X @ at the faces is zero only
Where is the point (H, B) situated on the hysteresis loop? Suppose one on the axis. The net result is that there are “poles” near the ends of the

has a ring of the material with windings as in Fig. 21-1. One varies the magnet from which lines of B, outside the magnet, appear to radiate in
current in winding a so as to go, on the hysteresis loop of Fig. 21-2, from all directions. The poles are most conspicuous if the bar magnet is long

a to 6 and then to c. At that point H=0 and B= 1M. This is the and thin.
situation near the center of a long bar magnet.

‘One now cuts out a section of the ring, as in Fig. 21-4, to form a bar

magnet. From Ampére’s circuital law, the line integral of H «dl around Example THE BAR MAGNET AND
path C is zero, because there are no free currents linking C. Outside, H THE BAR ELECTRET COMPARED

and B point in roughly opposite directions. In other words, upon cylinder of magnetic material, Fig. 21-5(a), with that of its
removing a section of the ring as in Fig. 21-4, there appears inside an H electrical equivalent, the uniformly polarized cylinder of dielectric



380, 21.4 MAGNETIC CIRCUITS: 381

») 21.4 MAGNETIC CIRCUITSDK te ) ap Imagine a ferromagnetic ring carrying a short N-turn coil. The current isae ~

7 1. We wish to calculate the magnetic flux @ through a cross section of the

a Sm core
We expect the B inside the core to be much larger near the winding

than on the opposite side. On the contrary, B is, in fact, of the same
order of magnitude at all points around the ring

\
;

This is not difficult to understand. The magnetic field of the current /

ei magnetizes the core in the region near the coil, and this magnetization
6\\) gives equivalent currents that both increase B and extend it along the

CQ Wy 5 core. This further increases and extends the magnetization, and hence B.
Si t Some of the lines ofB escape into the air and then return to the core to=

a pass again through the coil. This constitutes the leakage flux that may, or
Fig. 21-5. (a) Bar magnet. (b) Bar electret, (c) Solenoid whose B may not, be negligible. For example, if the ring is a long, thin iron wire,
field is the sameas that of the bar magnet. (A) Pair of electrically most of the flux leaks across from one side of the ring to the other.charged plates whose E field is the same as that ofthe barelectret. If the winding extends all around the ring,
of Fig. 21-5(b). We discussed the field of the bar electret in the -M -
second example of Sec. 9.7. Hoo (21-10)

‘The B field of the magnet is that of an equivalent solenoid, Fig. asi a
21-S(c), that carries a current density N'= M. Then, to find the as in Sec. 21.2, andH field, we use the relation pa tN ru)

a -B=y(H+M), 12)

ae

‘The E field of the electret is that of the bound charges on the The flux is the same as if the coil had no core and u, times more
end faces, as in Fig. 21-5(d), or of a pair of parallel! and oppositely ampere-turns. In other words, for each ampere-turn in the coil, there are
charged disks carrying uniform charge densities +P and ~P. The u, — 1 ampere-turns of equivalent currents in the core. The amplification
D field then follows from tn be as high as 10°.

1 If Ry is the radius where B has its average value and if Rj is the minor
E=—D-P) (21-3) radius of the ring, then

iNT NIMathematically, the fields obey similar equations: =aRi- (21-12)

‘4 2aR 2ARy/(uaR3)Electret Magnet

1 This relation is reminiscent of Ohm’s law. Here NJ is the
E-L@-P) @r4) B=u(H+M) (15), magnetomotance, while

v-D=0 016, F-B=0 en, ant = 2th (21-13): aR}

VxXE=0 (21-8), VxH=0 (21-9). ane
Indeed, the H field of the magnet is the same as if one had is the reluctance of the magnetic circuit, where L is its length and 4 is its
magnetic pole densities +M and ~M on the end faces cross section. Thus
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rMagnetic lux = Magnctomotance (21-14)
reluctance Pal

yeThe
inverse of a reluctance is a permeance. C€ my |The corresponding quantities in electric and magnetic circuits are as <x ©7 al

follows: -
4 AK

Current 1 Magnetic flux ® Ki \ a)|Current density J Magnetic flux density B N\A :\
Conductivity 0 Permeability i y if { }oyApplied voltage V Magnetomotance NI i) 4 et
Electric field strength E Magnetic field strength H WS eo YZ, ] B|
Resistance R Reluctance % a ae a a ee

Conductance G = 1/R Permeance 1/% | | t a‘There is one important difference between electric and magnetic NE b ~
circuits: the magnetic flux cannot be made to follow a magnetic circuit as »
an electric current follows a conducting path. A magnetic circuit behaves Th

much as an electric circuit would if it were submerged in salt water: part Fig.21-6. Electromagnet,The artist has removed part ofthe cilof the current would flow through the components, and the rest would torexpose the leftthand side of the yoke
flow through the water.

‘The leakage flux can easily be one order of magnitude larger than the
ie i =Ba,= bee (21-16)useful flux if the circuit is not designed carefully. Om Bat = Bes @ri6)

where af is a cross sectionExample MAGNETIC CIRCUIT WITH AN AIR GAP Combining these two equations,

Figure 21-6 shows an electromagnet with a softiton yoke. Each Lyk) ly

winding provides NI/2 ampere-tums. We shall see that the Bet (Ta tae) erin
magnetic flux in the air gap is equal to the magnetomotance NI
divided by the sum of the reluctances of the iron yoke and of the and

air gap, assuming that the leakage fux is negligible. wr Niet,
‘This is a general rule: reluctances and permeances in a magnetic © = Bt, =—_—___..Mo a.isy

circuit add in the same way as resistances and conductances in an Lil(ust) + Lgl oste) Leg
electric circuit

From Ampére's circuital law, ‘on the assumption that the reluctance of the yoke is negligible
‘compared to that of the gap. You can now show that HL, < HL,

Ni = HL, + HL, (21-15) if this assumption is correct.
Since we have neglected the leakage flux, this equation can only

where the subscript / refers to the iron and g to the air gap. The serve to provide an upper limit for @ and for B,.
quantity L, can be measured along the center of the cross section ‘There exist empirical formulas for calculating leakage fluxes.”
all around the yoke a

We assume that the flux ofB is the same over any cross section ‘See Malcolm McCuaig. Permanent Magnets in Theory and in Practice, Wiley, Newof the circuit: York, 1977, Chap. 6



Let N= 10,000, 1 = 1.00 ampere, .f, = 100 centimeters*, sf, = 2Ssitimcen—>} fe — 28 mii» —>|50.0 centimeters’, uz, = 1000, L, = 900 millimeters, L, = 10.0 milli- 9 5

= 1.7 10° ampere-turns/weber, (21-20) See
lot ieee=getO00 x 10 weber, (21-21) _ Set aaa _

$.9x107_ | 5 5)B= yg ahteslas. (21-22) _
With this particular desig the leakage Mux i approximately 70% Fig. 217.
of the fay in the gap. In other words, one can expect the Bin the
gap to be only 1.2/1.7 =0.7 tesla.

25.0 millimeters long, its diameter is 20.0 millimeters, and it operates a its

*21.5 SUMMARY ‘optimum H of 4 x 10* ampere-turns/meter.
Calculate B in the gap. The reluctance of the yoke is negligible. The

Ferromagnetic materials spontaneously magnetize over microscopic magnetomotance of aera alike tng of 0302s Thedomains that can grow, one at the expense of another, upon application 5 Pe ~ "
of a magnetic field. 21-2, (21.4) Magneti crew
eee ne af fH fe ‘i samp! ‘A magnetic circuit comprises an airgap, as in Fig. 21-8, with Ry Ry«one

plots B as a function of for an initially unmagnetized sample, a, Find an approximate expression for the reluctance of the gap.B first increases with H along the magnetization curve. Over a complete 13. (24) I tha thin air pup
cycle ofH one obtains a closed curve called a hysteresis loop. The area of An iron ring carries a 300-turn coil. The ring has a mean diameter ofthe loop is equal to the energy lost per cubic meter of material and per 400 millimeters, a cross section of 1000 millimeters*, and a relative per-

cycle. meability of 500.
The concept of magnetic circuit is useful when the magnetic flux is (a) Calculate B when the current in the coil is 1 ampere.

mostly circumscribed to magnetic material. The magnetic equivalent of
Ohm's law is then

Magnetic flux = T2snctomotance| (21-14)reluctance
,,

with corresponding quantities as in Sec. 21.4. The magnetomotance of a re,
coil is NI, where N is the total number of turns.

PROBLEMS

2I-1. (21.4) A permanent-magnet loudspeaker JSD po

‘The top plate has a diameter of 25.0millimeters, and the gap is ee
2.50millimeters. wide. The magnet is made of “Alnico V, it is ¥ Fig. 21-8.
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MES CHAPTER 22
Carey 4 iy MAGNETIC FIELDS V
CS ike ge The Magnetic Forces on Charges and Currents

ee aan sere >
2 aes 22.1 THELORENTZFORCE 387

ed: Example: THE HALL EFFECT 388
Fe. 219. Example: THE MAGNETOHYDRODYNAMIC GENERATOR 389+ 219. "22.11 THE MAGNETIC FORCE INSIDE FERROMAGNETIC MATERIALS 392

22.2 THE MAGNETIC FORCEON A CURRENT-CARRYING WIRE 393(b)
Calculate B for the same current when the ring has a gap of Example: THE FLOATING-WIRE HODOSCOPE 3961.00 millimeter 23. THE MAGNETIC FORCE BETWEEN TWO CLOSED CIRCUITS 3%

21-4, (21.4) Plotting a magnetic field with an electrolytic tank. Example: THE FORCE BETWEEN TWO PARALLEL CURRENTS 397
Figure 21-9 shows one example of the use of an electrolytic tank for 22.3.1 THE DEFINITIONSOF yy, THE AMPERE,THE COULOMB,plotting a magnetic field in a region where there are no currents and no AND eG, 398magnetic materials. Here the electrodes are shaped like the pole pieces of 224 THE MAGNETIC FORCE ON A VOLUME DISTRIBUTION OF

an electromagnet. Themode is sty valid ifthe relative permit of CURRENT. 981¢ pole pieces is infin‘The lines of E forthe model ae identical tothe ines of B forthe Exenple: THE HOMOPOLAR MOTOR 9
clectromagnet. Let us see why, Example: THE HOMOPOLAR GENERATOR 403

(a) Which three differential equations does B satisfy in free space? The 25 SUMMARY 404
‘equation B = VXA is not useful here. Which three differential equations PROBLEMS = 405does E satisfy in the model?

(b) Show that B is derivable from a potential: B = ~ Pu. The function

is the scalar magnetic potential We shall study magnetic forces in two chapters, the present one and
(c) Show that a surface of constant w is orthogonal to the lines of B. Chap. 26. This is because we require the force Qv x B now, but we must

TAG) Saat aPon eTesPonds (0 an equipotent defer a more general discussion of magnetic forces to a later stage.
{e) On the model, J. E-dl=V, where C is any curve that goes from ‘The Qu xB force manifests itself most clearly on electron and ion

fone electrode to the other and V is the applied voltage. What is the beams, say in television sets and certain ion accelerators. It is also the
corresponding equation for B? force that drives electric motors.

(f) On the model, /= f oF -dsf, where I is the current between the
electrodes, 0 the conductivity of the electrolyte, and dfan element of area‘on an electrode. What is the corresponding equation for the magnetic flux? 22.1 THE LORENTZ FORCE

‘One could also deduce the reluctance from the resistance V/I

Experiments show that the force exerted on a particle of charge Q

moving in a vacuum at an instantaneous velocity v in a region where

there exist both an electric and a magnetic field is

F=Q(E+v xB) (224)
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‘This is the Lorentz force. This equation is valid, even if v approaches the If a voltmeter connected between the upper and lower
speed of light. The variables E, B, and v can be space- and time- electrodes drawsa negligible current, then the plates charge untildependent, but they all concern the same reference frame. their transverse electric field halts the transverse drift. This

The term Qu XB is the magnetic force. Observe that the magnetic transverse fil is termed the Hal fl. The net transverse force
force is perpendicular to v.Itcan therefore change the direction of v, but Itis a simple matter to calculate the voltage V if we disregard
it cannot alter its magnitude, nor can it alter the kinetic energy of the tend effects and assume that the externally applied B is both
particle. It can nonetheless do useful work, as we shall see. uniform and much larger than that of the current J of the figure.

Once the transverse drift has subsided,

Example | THE HALL EFFECT ov
oe, -2"- ove, (222)In a bar of conducting material subjected to electric and magnetic D

fields as in Fig. 22-(a) or (b) the charge carriers drift wt is the sample thickness as in wre, and vis the
force. AS a result, there appears a potential difference between
the upper and lower electrodes. This tendency of charge carriers V=vBb. (223)
to drift sideways in a transverse magnetic field is called the Hall

effect. If the mobility of the carriers is M (Sec. 4.3.3) and thelongitudinal electric field strength is Esoy, then

V = E vag Bb. (224)
~ > ‘The voltage is proportional to the mobility

+ | = cj Note that in the figures the charge carriers tend to drift»
ane x N downward, whether they are positive or negative. Thus thea c ‘ polarity of V depends on the sign of the carriers.pee Ne Se ae een “The Hall effec serves to measure B, but it also serves severalle TK 1 Sr TK : other purposes. See Prob. 22-8vb Boos a ‘The mobilities of semiconductors being larger than those of

good conductors by orders of magnitude, Hall devices invariably”
oo make use of semiconductors. Some devices are microscopic and

form part of integrated circuits.

L » _——. Example |THE MAGNETOHYDRODYNAMIC GENERATOR

2 4 a ‘The magnetohydrodynamic (MHD) generator is a large-scalef ‘ (o«< y « application of the Hall effect. It converts part of the kinetic energyONS
Te. | (PEAS 7 of a hot gas directly into electric energy. Figure 22-2 shows its3 ie 1 aN principle of operation. A hot gas enters on the left at a velocity of| :

| oe a the order of 1000 meters/second. It contains a salt such as K,CO,LC lore ee ea that ionizes readily at high temperature, forming positive ions and
v \ PA 2 electrons. The temperature approaches 3000 kelvins and the

NL Ne conductivity is about 100 siemens/meter. (The conductivity of°
” copper is 5.8 x 10” siemens/meter.) The gas remains neutral

Fig. 22-1. The Hall effect in semiconductors. (a) In p-type material the char Positive ions curve downward, and electrons upward. ‘The
carriers are holes, and the Hall voltageas shown. (b) In n-type material the, resulting current 1 flows through the load resistance R. Thiscarriers

are electrons, and the Hall voltage has the opposite polarity, (e) In p-type establishes an electric field F as in the figure.material the transverse forces QE, and Qu X B are equal and opposite. (d) The One obvious advantage of the MHD generator is that it
transverse forces in n-type material comprises no moving parts, except for the gas. Another is that it
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Fig. 22-2. Schematic diagram of a magnetohydrodynamic (MHD) .
generator. Part of the kinetic energy of a very hot gas injected on EEthe left at a velocity v is converted directly into electric energy. *

‘The magnetic field B is that of a pair of superconducting coils w »situated outside the chamber and not shown. The moving ionsdeftect either up or down, according to theit signs. Fig. 22-3. (a) The electric force QE and the magnetic force Ov X B acting on a
positively charged ion in the MHD generator of Fig. 22-2. The sum F of those
two forces points downward and to the left. (b) The force F has two components:can

operate at such @ high input temperature that the overall a tangential braking force 6 and a normal centripetal force
thermodynamic efficiency

Ton = Towe
=> (225) kinetic energy of the gas serves to generate electric energy. Also,

" some of the kinetic energy associated with the transverse motion

exceeds 50% if the hot output gas feeds a conventional turbine of the charged particles only increases the random thermal energy
generator. The fuel is either coal or oil. The thermodynamic of the gas. .
efficiencies of conventional thermal plants range from about 30% We suppose that E, B, and the particle velocity v are uniform
to 3% and mutually perpendicular inside the generator, as in the figure.

One transportable MHD generator serves to generate current ‘These are crude assumptions indeed
pulses of 10,000 amperes for geophysical exploration. The largest The Lorentz force Q(E + XB) acts on a charge Q as if the
MHD generator at this time is under construction and will electri field strength wereB + v XB. So, for a gas of conductivityproduce 500 megawatts of electricity ®

Part of the kinetic energy associated with the bulk motion of the Yi= lo +v xB) = o(u8~F)=o(vB-F), 26)gas becomes electric energy in the following way. The magnetic 5
force on a charged particle is normal to the velocity and has no IR
effect on the kinetic energy. The function of the magnetic forces is I= <i) = sto(vB - 5) . (22-7)to compel the positive particles to go to the positive electrode and

the negative particles to go to the negative electrode. So the ions where I and R are as in the figure and where sf is the area of one
of the forces shown in Fig. 22-3, and slow down. Since the gas *

pressure is above atmospheric, the mean free path between p= veh a
collisions is infinitesimal and the charged particles are embedded. “body +R
in the gas. Thus, slowing the particles slows the gas and runs down
its bulk kinetic energy. Observe that vBb is the open-circuit output voltage and that b/ost

Ideally, the charged particles should arrive at the electrodes at is the resistance of the gas in the transverse direction. We could,

zero velocity. They arrive in fact at a finite velocity,the electrodes therefore, have arrived at this result directly from Thévenin’sheat up, and only part of the kinetic energy of the particles theorem (Sec. 8.3)
becomes electric energy. An even smaller fraction of the bulk The output voltage is [R. After eross multiplication,
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a Ib 5 We should really write Qu X By for the magnetic force, but we refrainV=IR= vB -* (229)
od from doing so, to avoid complicating the notation. The important point is

“The voltage V decreases Kneatty with that the effective B for either conduction electrons or holes is oH, and
Now let us look into the efficiency. We are not prepared to not HHH.

calculate the efficiency with which the bulk kinetic energy of the

‘gas becomes electric energy. However, we can compare the Joule
losses in the load resistance R to those inside the gas. So let us 22.2 THE MAGNETIC FORCE ON A

define the efficiency as CURRENT-CARRYING WIRE

fe Joulelosses in R (22-10) i iToule losses in R + Joulelossesin the gas. 2 A stationary wire of cross section f carries a current / in a region where

PR R 7 there exists a magnetic field B originating elsewhere. The wire containsPREPoNod “RFbNOD’ (22-11) N charge carriers per cubic meter drifting at a velocity v, each one of
charge Q.

as we would expect from Thévenin’s theorem. An element of length dl of the wire contains sfN dl charge carriers.
From the above expressions for I and for /R, Then the magnetic force on dl is
eed 22412) dF = iN dl Qu XB =(stNQv) dlXB=1dIXB, (22-13)

‘The efficiency is therefore equal to unity when /=0, or when since / is equal to the charge contained in a length v of the wire.

R=. It is equal to zero when / = osfuB, or when R = 0, V = 0. ‘The magnetic force per unit length on a wire bearing a current / is

- therefore IX B.*22.1.1 The Magnetic Force Inside Ferromagnetic Materials Now we have calculated the force on the charge carriers. How is this
Imagine a charged particle, for example, a conduction electron or a loree transmitted to the wire? The charge carriers move sidewise,
high-energy cosmic ray proton, moving through magnetized iron. The slightly, as in Fig. 22-4, which sets up a Hall field, and the resultant

particle “sees” an exceedingly inhomogeneous magnetic field because electric force on the stationary positive lattice pulls the wire sideways.”
‘each individual electron in the material acts as a small coil. The magnetic The total magnetic force on a closed circuit C carrying a current J and

force Qu X B thus varies erratically with time, both in magnitude and in lying in a magnetic field is
direction

It would be pointless to attempt a detailed description of the motion.

All that matters is that, on a macroscopic scale, the magnetic force .

corresponds to some effective B that is not necessarily the same as the me
macroscopic B that we have been thinking of until now. Cc

For slow particles, such as conduction electrons in ferromagnetic Et € Fig. 22-4. Section through a wire
materials, the magnetic force is Qu X oH, where H is the macroscopic ara bearinga current / in a magnetic field
magnetic field strength and v is the drift velocity of the particle is A, Me have grosexaggeratedtheHowever, Rasetti showed, many years ago’ that with high-energy ca ‘on the electrons pushesthem to theparticles the magnetic force is QuX B. So the effective flux density in FE € left, leaving an excess of positiverelation to the magnetic force in ferromagnetic bodies depends on the c " chargefn the right. the resultant Hallvelocity of the particle." N of positive charges to the left.

", Rasetti, Physical Review, vol. 65, p. 1(1944) See W. R. MeKinnon. S. P. MeAlister. and CM. Hurd, American Journal of Physics,

'G.H. Waniet, Physical Review, vol. 72,p. 4 (1947) Vol, p. 493(1981). fora mote rigorous discussionof this force
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1ra1f axe 22-14 ? o. ~~

a ?

If B is uniform, the net magnetic force F is zero. £8 Rye

Example | THE FLOATING-WIRE HODOSCOPE '
The floating-wire hodoscope’ is a device that simulates the “ ”
trajectory ofa charged particle in a magnetic field. Say a chargedparticle of mass m, charge Q, and velocity v follows a certain Fig. 22-6. (a) A positive charge Q moving at a velocity v inatrajectory in going from a point a to a point b in a magnetic field magnetic field B. The radius of curvature ofthe trajectory is R,.
Then a light wire carrying a current /, fixed at @ and going over @ (b) Light wire carrying a current / in the opposite direction in the

pulley at 6, in the same magnetic field, as in Fig. 22-5, will follow be pad magnetic fold The tension in the wires T, and the radiusBrat gajctory if feurvature sR The wo rai are equal f mv Qs equaltoad z (22.15)
‘obvious, but itis easy to prove, as we shall see, The advantage of

where Tis the tension in the wire. This statement is by no means the floating-wire hodoscope is that itis much easier to experiment
with a wire than with an ion beam.

Suppose the beam: is normal to B as in Fig. 22-(a). Then, if R,

ape is the radius of curvature of the trajectory,
t

) mo mv
a rd 22-16)y 7%) v=, ROE 22.16)

| N
Y Now suppose the wire is also normal to B, as in Fig. 22-6(b).

—. WU(/ ‘The element dl, witha radius of curvature R.., isin equilibrium ifAad) the outward magnetic force BI! just compensates the inward
y ‘component of the tension forces T:

Z| rent) oe)»
Z

i

.
r

2¢
.

y
a

d

Fig. 22-8. Floating-wire hodoscope. A light wire bearinga current mat1fixed ata goes over a pulley at b. A small weight provides a .
tension T. This device simulates the trajectory of an ion beam
travelling through the same magnetic field, With the magnetic
fields shown the wire adopts an S-shaped posture * la,

"The term hodoscope also designates various devices that record the trajectory followed “i
by a high-energy particle. The principles involved in those devices bear no relation tothe
‘material in this section Fig. 22-7. Two closed circuits « and b
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4o_ dl Tr The second integral on the right is zero for the following reason. It is theBl dl =2T sin>=TE, R= (22-17) 2
my TR, iB ordinary integral of dr/r’, with identical upper and lower limits, because

‘The two radii are equal if circuit b is closed, by hypothesis. So the double integral on the left is
r

zero, and

mee (22-18) .

Qu Fo= — Bhs { f ide (22-23)
Notice that the particle deflects downward if the magnetic force *

" mi

is downward, but the wire curves downward ifthe force is upward. at F.=~ use # pol . ,Coat oe te ct ke beam ie not perpendicular to B, It follows that Fi, = —F. because # points toward the circuit on which
then the wire does not always follow the trajectory. For example, the force acts.
‘4 magnetic field can serve to both focus and deflect an ion beam, The above double line integral is usually difficult to calculate analyti-
‘Then focusing forces on the beam can become defocusing forces cally, unless you have access to a computer that can perform symbolic
‘on the wire, which then moves away from the trajectory, calculations, We shall find more useful expressions in Chap. 26.

22.3 THE MAGNETIC FORCE BETWEEN 7 ,

TWO CLOSED CIRCUITS Example | THE FORCE BETWEEN TWO PARALLELCURRENTS

‘We saw above that the magnetic force exerted on a stationary circuit We can calculate the force per unit length between two long

carrying a current / is / times the line integral of dl x B. Then, applying parallel wires bearing currents as in Fig. 22-8, without having to
the Biot-Savart law of Sec. 18.2, the magnetic force exerted by a current carry out the integration. At the position of 1, B, is Hol,/2*D in
Lon» an Fig. 22-7. is given by the direction shown in the figure. See the first example in SecJ, on a current J,, as in Fig. 22-7, is given by 18.4, The force on a unit length of wire b is thus

lo Hl, XFFa = hf dy x Me, part, (22-19)Ip 4n° J, or
0 dl, x?

i |

=i f fll x SZ, (22-20) . ,aa 1S P }'. 1
where r is the distance between dl, and dl, and # points from dl, to dl), i

‘The fact that dl, and dl, do not play symmetric roles in this integral is
disturbing. The asymmetry appears to indicate that Fy, #F.., which is
contrary to Newton's law.’ That impression is false. We can transform ~~ a
the double line integral to a symmetric one and show that Fyy = —Fyo as ‘
follows. First, we expand the triple vector product: “

dl,x (dl, x #) = dl,(dl,« #) ~ #(dl, - dy). (22-21) i |
Then, rearranging terms, ir D

]

(dl, +? dl, -# |ffA$a, §St (22.22) \ |Lh oF an al \ |
v t

— - Fig. 22-8, Two long parallel wires bearing currents f, and . The
* Action is equal to reaction at speeds much less than the speed of light, force is attractive when the currents flow in the same direction.
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om Bp, =olle 5. 4 4 MagP=
B= ay | fff,

‘The force is attractive if the currents flow in the same direction ae

and repulsive otherwise. The force is normally negligible — ( £7 L!
22.3.1 The Definitions of jo, the Ampere,theCoulomb, | _T rt J.and € — fad ——

i LDA)
As stated previously in Sec. 18.2, Pai >: /

L-T-Ffo4 10-7 weber/ampere-meter. (22-25) AK | /
If 1, = J, = amperes, then the force per unit length is a | | /

2x10

Fi=——)—— _ newtons/meter. (22-26) Fig. 22-9. Element of volume du = dl da in a current distribution J.
This equation defines the ampere.

‘The efaition of the coulomd follows: it is the charge cartied by a can find the magnetic force density without much effort. Considera small
current of 1 ampere during 1 second, clement of volume of length df parallel toJ and of cross section df, as in
So the definitions of uo, , and Q are arbitrary and related. Fig, 22-9. The magnetic force exerted on the element is

But Coulomb's law relates the force of attraction between two electric dP = (Idol) dx B=3xBaw (22:29)
charges to their magnitudes, and force is defined in mechanics.

Coulomb's law must therefore involve a constant of proportionality and the force per unit volume is
whose value must be measured,

We could, in principle, deduce the value of ¢9 from the measurement F'=IxB. (22-30)
of F, the Q's, and r in Coulomb's law. However, this would not make

much sense because none of those measurements can be very accurate. The total magnetic force on a given distribution of conduction currents
Instead, we use the fact that occupying a volume v is thus

eek, (2227) F= [ax Bav. (2231)

where c, the speed of light, is defined to 9 significant figures. Thus Example | THE HOMOPOLAR MOTOR
: A homopolar motor comprises a copper disk that rotates in a more

y= 8.854187817 x 10"? farad/meter, (22-28) ‘of less uniform axial magnetic field, with contacts on the axis and
‘on the periphery, as in Fig. 22-10. The magnetic force on the

22.4 THE MAGNETIC FORCE ON A VOLUME current flowing radially through the disk provides the driving
torque.DISTRIBUTION OF CURRENT Homopolar motors are inherently low-voltage, high-current
devices. They usually operate with direct current. They canIn this chapter we have assumed that the conduction currents flow in thin provide high torques at low vcloctes and are saitabc, forwires. What if, instead, we have a volume distribution of current? We example, for ship propulsion. The current is then supplied by a
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UV Fig. 22-11. (a) The rotor of a homopolar motor. The electric field is radial, while4 the magnetic field is axial. A charge carrier Q has an azimuthal velocity or

(b) The velocity components of Q (straight arrows) and the various forces exertedo< (on @ (wavy arrows).
i” For a disk of thickness s, the torque per unit volume exerted on

the charge carriers is rx F", and the total torque is

Fig. 22-10. Homopolar motor. (a) Principle of operation. (b) Cross section *

showing the coil C, the disk D, the brush contacts BR, and the terminals V. The T= [ 1[2ars0(E ~ orB)B) dr = reso [ PE = rB) dr (22-33)torque on the rotating disk D is equal and opposite to that on the fixed disk l l
Moreover, the field of the current through D and D' is azimuthal. Thus there is
10 force on coil C. This is important because C is superconducting and enclosed in the counterclockwise direction. Here a and b are, respectively,

in a cryostat. the inner and outer radii of the region of the disk where the
current is radial.

‘We must still find E as a function of r. That is easy because the

radial current is independent of r:

diesel motor-generator through a step-down transformer and a 1 = 2arsJ = 2arso(E ~ eB). (2-34)
rectifying circuit. Superconducting coils provide the axial B. Then

‘We assume that the electric field in the disk is purely radial borg at a
‘This requires contacts all around the periphery, which is the usual 7 lane

‘configuration. Finally
Refer to Fig. 22-11. (1) The charge carrier Q has an azimuthal reai{ rar BO) 22-36

velocity wr. (2) It is therefore subjected to the radial magnetic = BI) dr e369)force QwrB. (3) The charge Q is also subjected to the radial force
QE. (4) Its radial velocity is therefore .M(E — wrB), where Mis This is the counterclockwise torque exerted on the charge carriers.

the mobility (Sec. 4.3.3). The mobility of a charge carrier is equal It is also the torque exerted on the disk because the carriers
to the force divided by Qu. This radial velocity is smaller than «or continually collide with the atoms of the crystal lattice.
by many order of magnitude. (5) This small radial velocity gives There are three interesting points to note here.
an azimuthal force Q[-M(E  rB))B. (1) The magnetic force does useful work here because it

‘The azimuthal force per unit volume at the radius r is thus possesses an azimuthal component. The fact that it does not affect,

the kinetic energy of the charge carriers is irrelevant.F’=NOQ[M(E— orB)]B = o(E - crB)B, (22-32) (2) Equation 22-35 shows that £ is a peculiar function of the
adifrom Sec. 4.3.3, N being the number of charge carriers per unit mas

volume. This force density is simply JB]. It points in the E=(wByr+—_! (237)
counterclockwise direction in the figure. 2xasr



— ~ Equation 22-42 shows that, for a given V, the current is

Y% Ar 1 st maximum when @ =0, From Eq. 22-36, T is maximum when J
// i \\ ? ovgunt) | w.derh is maximum,and thus when w = 0. Then the mechanical power is¢/sB |F i zero. Conversely, from Eq. 22-40, / and T are both zero when

{

® \ <~- (6) - ~ og- 2Y{ 09. } igi tenth HN) Tar i © = Onn Ba (22-43)

ery / age? : This is the maximum angular velocity. The mechanical power is
\ we then also zero. Beyond this angular velocity, the device acts as a

- , generator, with the axis as positive terminal, feeding current into

o 7 the source V.
Under what condition is the mechanical power maximum? Set

Fig. 22-12. This figure is similar to Fig. 22-11, except that it applies to a
homopolar generator. (a) With « and B in the same directions as for the motor, 4 ory =4 ivi PR) =0. (22-44)
the axle is positive andE is also in the same direction. (b) The product wB is a ailarger than B, and there is now a braking force (5) Then

v

r=, vi=2rR, (22-45)

“The volume charge density is and the mechanical power is equal to the Joule power loss
, ‘The mechanical power is maximum when half the energy

peer Exe! 2¢8)=2608. 238) | supplied by the source disipates as heat. Then the efficiency is
rr | 30%, and, from Prob. 22-13,

‘This charge density is uniform. Iti postive with w and B asin | 7 ve o6
Fig. 22-12(a). It results from the v X B field. See Sec. 4.3.5 and mua owes Bib ai)” (240)
Prob. 22-9, |

(3) The wltage applied between the axis of radius @ and the | OF Wpaa/2.periphery at bis |

. * 14 | Example | THE HOMOPOLAR GENERATORvefecd=[ (wore 1)d aayI, I Basar ‘The homopolar generator, like the homopolar motor, is a

vee 1b low-voltage, high-current device. One application is the gener-
= op ee nt (22-40) ation of the large currents required for purifying metals by

naa electrolysis on an industrial scale.

‘The coefficient of Fis the resistance of the disk between radii @ and Figure 22-11 applies, except that now oB i larger than E, asin
b (Sec. 4.3.2). Also, the coefficient of w is the torque that we Fig. 2-12. The above calculation also applies, with the’ same
found above, divided by/. So ProvisoThe force density F' is now clockwise. The magnetic torque

vee ai) exerted on the charge carriers
BIG =a)

! 7 =Bee) (2-47)
We could have expected this: multiplying both sides by gives 2

, | is also clockwise and therefore opposes the motion.Viz oT +FR (22-42) Conservation of energy now requires that
This equation simply says that the power VI supplied by the OT =VI+PR= PRs +R), (22-48)source is equal to the mechanical power wT plus the thermal |
power loss in the disk /°R. We have disregarded other losses where wT is the mechanical power fed into the generator, VI is
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the electric power fed to the load resistance, and [°R is the PROBLEMS
thermal power dissipation. We have again disregarded other

losses. Substituting the value of T and simplifying, 22.1. (22:1) Electrons in the Crab nebula’

oB(b- 2’) ‘In the Crab nebula there is a magnetic field of about 2x 10°* tesla and
=e (2249) electrons whose energy is about 2 x 10" electronvoltsPRs +R) (a) Find the radius of gyration. Compare this radius with that of the

h's orbit. (See the page inside the back cover).‘The homopolar generator therefore acts as an ideal voltage source car >
9B (6? ~ a°)/2, with an output resistance equal to the resistance R (b) How long does an electron take to complete one turn, in days
of the disk. 22-2, (22.1) The pinch effect

‘A beam of charged particles of charge Q, mass m, and velocity v has a

22.5 SUMMARY radius r. The beam current is /. Assume that the charge density is uniform.
(This is a poor approximation; the current density as a function of the

; . radius follows, in fact, a Gaussian curve.)The force on a charge Q moving at a velocity v in a field E, Bis Find the outward force on an ion situated at the periphery of the beam.
‘You will find that there is an outward electric force and an inward magnetic

F=Q(E + xB) (22-1) force. The magnetic force tends to “pinch” the beam, or to concentrate it
along the axis.

This is the Lorentz force. The term Qu X Bis the magnetic force. If you cancel the electric force by adding ions of the opposite sign, then

Charge carriers flowing along a conductor situated in a magnetic field the magnetis foros ats sons aad ths bees contr. Ths phosomesen byi, i whee easy to observe with positive ion accelerators. Residual gas in the path oftend
to drift sideways because of the magnetic force. This is the Hall the beam ionizes by impact, and the resulting low-energy electrons remaineffect. ; in the beam, while the positive ions drift away, If the pressure increasesThe magnetic force pet unit length on a current-carrying wire is 1X B. somewhat, the focusing improves. This is gas focusing

The total net force on a closed circuit is thus ‘At higher gas pressures the low-energy ions remain mostly inside the
‘beam because their mean free path between collisions is shorter. The beam

then becomes unstable because of phenomena that are not well understoodF-1p axe (22-14) at this time

22-3, (22.1) ‘The acceleration of an electron in a field , B"

The magnetic force exerted by a closed circuit a on a closed circuit b is (a) Show that the equation of motion for a particle of rest mass mo,
charge Q, and velocity vin a field E, Bis

= dx ®_ole+uxe-Su-FaMh f farxa (22-20) ym t= O(B+uxB-Su-k)
= Hepp $4 jie (22 If Eis zero and B

is static,

ard or Way Peo xe,,am

By definition, jig= 4 10” weber/ampere-meter. Then the force per and the electron describes a circle at the angular velocity @, = QB/m,meter between parallel wires carrying the same current J and separated which is called the cyclotron frequency
by a distance D is 2x 10-’/'/D. The force is attractive if the currents (b) A 12.0-MeV (million clectronvolt) electron moves in the positive
flow in the same direction. direction of the 2-axis in a field E = 1.00 x 10°, B = 1.008.

“The magnetic force exertedon a volume distribution of current is Calculate its acceleration. The rest mass of an electron is 5.11 x 10°electronvolts

P= [yxade (2231). "This problem requires a knowledge of relativity
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(a) Show that F’ = oB*(u~v), where w = E X B/B? and v is the fluid 4
velocity, which is perpendicular to B. This means that the magnetic force antries to make w equal to u. ———

(b) Calculate the efficiency, on the assumption that a permanent magnet ro isupplies the magnetic field. Neglect edge and end effects. Is the eflciene

high, or low? * 4 > j_228. (22.1) The Hall effect (ees
Let us investigate the Hall effect more closely. We assume again thatthe eX Fig. 22-15.

charge carriers are electrons of charge e. Their effective mass is m*. The

effective mass takes into account the periodic forces exerted on the 22.15, The element then has only two terminals and is called a
electrons as they travel through the crystal lattice. As a rule, the effective ‘magnetoresistor. Magnetoresistors are useful for measuring magnetic flux
mass is smaller than the mass of an isolated electron. densities.
The force on an electron is F=~c(E+v XB), whore E has two

components, the applied field E, and the Hall field E,. The average drift 22.9. (22.1) The electromagnetic flowmeter
velocity is The eleciromagneti flowmeter isthe inverse of the electromagnetic pump

.

aF (Prob, 22-7). It operates as follows. See Fig. 22-16. A conducting fluid flows
v=__aE sux), in a nonconducting tube between the poles of a magnet. Electrodes on. either side of the tube and in contact with the fluid measure the v X B field,

and thus the quantity of fuid that flows through the tube per second. This iswhere Mis the mobility (Sec. 4.3.3). The law F=m*a applies onl ind thus the quantityo Tbetween collisions with the crystal lattice. ¥ ‘Hall effect, except that here ions of both signs move with the fluid in the
(@) Show that same direction

Faraday attempted to measure the velocity of the Thames River inthis

= -M(E,+1,B), y= ME, 1.8), 0,20 way in 1832. The magnetic field was, of course, that ofthe earth
Tn the absence of turbulence, the fii velocity ina tube of radius R is of

(6) Show that the form v=u,(1 r/R). The v XB field in the fuid is therefore not
uniform. This gives rise to circulating currents with J = o(—PV +v XB).

janeuMED yyyEo tHE rane ee raion ie ches that secumbits onthe letoseseae? eB (a) Sketch a cross section ofthe tube, showing qualitatively, by means of
Thus, if J, =0, arrows of various lengths, the magnitude and direction of v X’B.

b (b) Sketch another cross section, showing the lines of current flow. TheE,=-ME,B or V, =— MV.B. current drawn by the electrodes is negligible.
a (©) Neglect end effects by setting 3/42 =0. Use the fact that + J=0 to

Note that the Hall voltage is proportional to the product of the applied show that
voltage V, and B. The Hall effect is thus useful for multiplying one variable vv =BBsing.
by another. ay or

‘When itis connected inthis way, the Hall element has four terminals aien annecedin th way. theHal element as or teins and since this Laplacian sequal © pe, the wlume charge density pis ero(©) Calculate V, for B= 1 millimeter, a5 millimeters, 4¢=7 meters!/
volt-second (indium antimonide), V, = 1 volt, B = 10°‘ tesla. +8 ZF

(@) Show that, if E,=0, then ‘| _AA
AR cp, ozd
Ry N/a

where Ry is the resistance of the probe in the x-direction when B =0, and \

The Hall field £, can be made equal to zero by making c small, say a few \ pe .micrometers, and plating conducting strips parallel to the y-axis, as in Fig. ‘s -6 Fig. 22-16.



on the axis, where 3u/ar=0 and at @ =0, and at x. See page 402. 22-13. (22.4) ‘The pinch effect on a conductor

py? . nm If the force density is enormous, then any solid can be treated as a fluid,€vr Lav! Vv" gd and if p is the pressure,Vp =J xB.dP rds Pdr (a) A conducting wire of radius R carries a current J. At the surface,
= yw that liusr, p =[Mol?/(4x°R*)\(1-1°/R*). The(6) You can solve this diferential equation as follows: (1) express the Papeteone tamprents the wie, Pel IGe ROIS PIR). The

the value of the other by remembering that J-= 0 at #20, j= Rit the Yaporios, Such large currents are obiained by discharging lar
voltmeter draws zero current. (c) Show that, with a tubular conductor of inner radius R, and outer
Note that the output voltage is independent of the conductivity of the radius Rz, the pressure in the cavity is given by

Find the output voltage as a function ofthe volume of fuid that ows ol? 1—(R/RG¥IL+2 In RR]in
one second, aROL -(R/R TE

and emerges frome the magnetic Held. Sketch lines of current flow for these Discegard the skin effect. Transient pressures approaching 10* atmos:

22-10, (22.2) Improving (2) electric motors ‘One ype of xray source implodes thin, aluminized plastic wbes by
(a) Someone suggests that,if the rotors ofelectric motors were wound discharging Imegajoule in them. The resulting plasma generates awith iron wire instead of copper wire, the torque could increase by a 150-kilojoule pulse of radiation.

factor of 1000. 22-14, (22.4) The homopolar motor
Show that the torque would indeed increase, but by a negligible (a) Find the mechanical power as a function of w for a homopolar

a factor of maybe3 or 4. (c) Show that the mechanical power is maximum at the angularYou
can show that this is incorrect if you are careful to distinguish Velocity @masimum poner = V/[B(b*— 4°)between the magnetic ficld of the stator and that of the iron of the rotor. -

22-15. (22.4) The homopolar motor22-11, (22.3) The force between two parallel currents. ‘Show that the centrifugal force on the conduction electrons in the rotor
Two long, straight, parallel wires of length 2. separated by a distance of a homopolar motor is completely negligible. Set B= 1, o =2n. TheD carry equal currents J flowing in the same direction, ratio of the magnetic force to the centrifugal force is enormous because

22:12, (223) The magnetic force law does not apply to the forces between
single particles.”

p= U2 BY0.0,
‘4n€,s"

Now calculate this same force from Coulomb's law and from the magnetic
force lw substituting Qo ford, and Qo for hls
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usual, and that VX £=—9B/3t, The Faraday induction law neatly

23 groups both phenomena.CHAPTER
23.1 THE v XB FIELD INSIDE A NONCONDUCTOR

MAGNETIC FIELDS VI (1) Suppose that a nonmagnetic nonconductor moves in some arbitrary
The Faraday Induction Law fashion in a constant magnetic field. Then a charge Q carried along inside

the body at a velocity w, in a region where the magnetic flux density is B,

experiences a magnetic force Qu x B.

231 THEwXBFIELD INSIDE ANONCONDUCTOR 413, As we noted in Sec. 22.1, the velocity v can be any function of the
23.2 MOTIONAL ELECTROMOTANCE. THE FARADAY INDUCTION LAW coordinates and of the time. It can be uniform throughout the body, or it

cone a SIMPLE meED GENERATOR 414 can vary from one point to another and with time.‘SIMPLE: 4 "B ates,
ee ERMATING:CURRENTGENERIOR 48 __ Of course, H can itself be any function of the coordinates. However,

23 LENZSLAW 419 is constant, by hypothesis; we shall come to time-dependent magnetic

234 FARADAY’S INDUCTION LAW FOR TIME-DEPENDENTB's. THE CURL elds in doe time.ore am Now XB has the dimensions of E, because Qu xB is a force,
234.1 LENZ'SLAWAGAIN 21 Indeed, v X B adds to any E that may be present. The polarization is
2342 FLUXLINKAGE 21 therefore given by

Example: MEASURING BIN A ROWLAND RING 422 _

Example: THE ENERGY DISSIPATED IN DESCRIBING A HYSTERESIS P= cax(E + xB) (3-1)
LOOP 423 sts cau

D5 _Tihe ELECTRIC FIELD STRENGTH E EXPRESSED IN TERMS OF THE (2) If the nonconductor is magnetic, its equivalent currents, of course,
POTENTIALS VANDA oe follow the moving medium, but they can be time-dependent if the
Example: EDDY CURRENTS 225 ambient B is nonuniform. So the situation can be complex.
Example: THE INDUCED ELECTROMOTANCE IN A RIGID
CIRCUIT 426

.

23.2 MOTIONAL ELECTROMOTANCE.

236 THEE, ~FV, -34/31, ANDwXBFIELDS 427 THE FARADAY INDUCTION LAW
"23.7 RELATINGTHE TWO FORMSOF THE FARADAY INDUCTION FOR v XB FIELD!LAW 228

v S

123.1 TRANSFORMATION OF A MAGNETIC FLUX 429 . j

©7372 TRANSFORMATION OF AN ELECTROMOTANCE 429 Consider a closed circuit C that moves as a whole and distorts in some
BA SIXKEYEQUATIONS <0 arbitrary way in a constant magnetic field, as in Fig. 23-1. Then, by
239 SUMMARY 431 definition, the induced, or motional, electromotance is
PROBLEMS 432

v-$ v xB) vat=—$ B- yx 5.In the previous chapter we studied the magnetic forces exerted on pv xB) p.B (wx dl) (232)
moving charged particles and on currents situated in magnetic fields. ;
These forces were of the form Qu x B. ‘The negative sign comes from the fact that we have altered the cyclic
We now investigate the effect of a vB ficld inside a moving ‘order of the terms under the integral sign.

macroscopic body. We shall see that in conducting bodies v  B acts like Now v Xdi is the area swept by the element di in 1 second. Thus
E. We shall also see that a time-dependent magnetic field gives rise to an B-(v Xdl) is the rate at which the magnetic flux linking the circuit
electric field of strength —2A/3t, where A is the vector potential, as increases because of the motion of the element di. Integrating over the
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\| Fig, 23-2. (a) Conducting rod moving ata velocity v in a magnetic field B, The‘

v XB field drives conduction electrons upward, Current flows until the electric

Fig. 23-1. Closed circuit C that moves and distorts in some arbitrary way ina fieldE exactly cancelsthe w * B field. (b) Disk rotatingin a magnetic fieldB.‘constant magnetic field B. The element df moves at a velocity v and sweeps an Here the v XB field causes conduction electrons to move outward. A radial
area w X dl in I second, ‘current flows until the electric field cancels the w * B field

complete circuit, we find that the induced electromotance is proportional h The seesend most impractical) ‘ype of generator isiia ofto the ti ink : ig. 23-3(a). The link slides to the right at a speed v such that(0 the time rate of change of the magnetic flux linking the circuit: tice, where ¢ is the speed of light, ina uniform B that is
de normal to the paper. The resistance at the left-hand end of the line

v=- (23:3) is R, and that of the link is R). The horizontal wires have zeroa resistance.

|

The electromotance is

The positive directions for ¥° and for ® satisfy the right-hand screw rule. a

The current is the same as if the circuit comprised a battery of voltage Vox Gy = Bde. (23-4)
This ‘is the ci‘araday induction law for v XB fields. This law is We have disregardedthe magnetic flux resulting from the currentJimportant. As far as our demonstration goes, it applies only to constant itself In other words, the resistance R is large. ThenBis, but itis, in fact, general, as we see in Sec. 23.4. Quite often ® is bbw

difficult to define; then we can integrate v XB around the circuit to IRR (23:5)
obtain ¥, "

If C is open, as in Fig. 23-2, then current flows until the electric field a sondoston, secon inside te lek fotom slong, at thevelocity w, and the v XB field prods it downward. Its velocity w,seeetioe from the sccomeletions of charge exactly cancels the » xB relative to the link is strictly vertical, under steady-state condi-
onl tions, because otherwise negative charges would accumulate

indefinitely along one edge of the link, leading to an infinite

Example | A SIMPLE-MINDED GENERATOR potential. See Fig. 23-3(b)In a fixed reference frame 5, the force on a conduction electron

‘An electric generator transforms mechanical energy to electric of charge Q inside the link is Q(E + v XB). Thus, in the link,
energy, usually by moving conducting wires in a direction
perpendicular to a magnetic field J= oF +0 XB) = o(-PV +v xB). 236)
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Fig. 23-4, (a) Voltmeter V connected across the link in the generator of Fig. 23-3

Wd (b) Equivalent circuit,

Suppose we connect a voltmeter across the link as in Fig.f 3 23-4(a). Call the resistance R,, with R, > R,. This hardly affectsthe current /. What will be the reading on the voltmeter? If the. 23:3. (a) Simple-mindedelcae Q Pekcrator,Shaieghe lato thet current through the voltmeter is /., then it will read a voltageat a velocity v generates a current in 1.Ry, with the polarity shown in the figure.
the direction shown. The magnetic Now refer to Fig. 23-4(b). Clearly, /,R, = /R, and the voltmeter
field is constant and uniform. The reads the voltage drop /,R).
resistanceR is the load. (b) Section ‘Chapter 17, on relativity, is a prerequisite for the rest of this

woo eB through the link: v is the velocityof the ‘example,wire,
v, the velocity of a conduction All we know about the magnetic field is that B= —B2; theeld The Hal eld exactadheHall current distribution that generates B is unspecified. Let us seto v, XB field. A, = nBy, A, = (n + 1)Bx, (23-10)

Let us calculate V in S. where nm is a pure number. It is a simple matter to check that
At b in Fig. 23-3(a), V,= JR. In either horizontal wire,J = oE B=VXA.is finite. Since o-> =, by hypothesis, then E=0, VV =0, and If n=0, then the currents supplying B are all vertical. If

n==1, they are all horizontal. With a solenoid whose axis

Vi=V.=0, V.=Vy=IR. (23-7) coincides with the z-axis, n= ~|. Therefore, inside R and R,
InsideR and R,, with the y-axis as in the figure, E= -wv-A-_w (3-1)7

y__vBR

V=IR-=—— _y. (23-8) vBR= 2BR 2312)D

RR aR! @3.12)The voltage V, across R, is IR Let us now see what happens inside the link, in its own
« We ve, whi wakes y ~ 1.V. = IR =I(R +R) ~IR,= vBD ~ IR, (23.9) ference frame 9” We assume that vcs, which makes y

‘This means that the motion generates a voltage vBD in the link, . wv wv BR
while its current causes a voltage drop IR, Ain A,—Senby- Seg =nBy 13)
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AL=A, = (n+ 1)Bx = (n+ 1)Bur, (23-14) *

vBR R1 V avd, = OR _ ynpy =(—* 3. -Vin V 0A, = Piey ~ onBy (ae eBy. (23-15) “
Rviz (R= n 23.16

Note that the values of A’ and of V" depend on the value ofn. In bet eb‘other words, they depend on the particular geometry of the coils
selected for generating H. Observe also the appearance of a DNS .

9A/9t term in 7 ™
Now a F ~

een (3.17) y
where

a, 8 v v Fig. 23-5. Loop rotating in a
wate Sy, ver Sear-Se=e (318) constantand uniform magneticed

ed © © field B. The slip rings provideThus contacts between the voltmeter

av, 3a’ av". aay land the loop.gre OV, GAN OV BAG ogB ay? or a a” G19)

Along the right-hand side of »=[-(qegone tn+nealy 2320) (2) Along the Hiehehand side ofthe loop,
R R bv x= 2 Bb sina = PB sin ore 2324)=(81va5 - 2 ony, 23.2 2(gag) -Fe Re =

oe Along the left-hand side we have the same induced electromot-In general, —2A"/3¢' isnot equal to v XB ance, but directed downward asin the figure. Along the upper and
‘The quantity has disappeared! We could have expected this lower sides, v x is perpendicular to the wire, This crowds the

because, clearly, £” must be independent of the configuration of conduction electrons sideways, thereby increasing the resistance
the coils that generate the given magnetic ld imperceptibly, but v XH contributes nothing to the electromot-
We could also have found £” directly, by simply transforming ame. So

E, with v? «ce? V = abBeo sin wt. (23-25)
= By t(E, +uX BE +uxB (23-22)® , 7 . Notice that there is zero electromotance when wt = na, where n is

VBR Sg) Rg > a whole number. Then v and B are parallel, and v X Bis zero.
(Ren) RRM 2H) (b) The time rate of change of the magnetic fax gives the same

result

as above, This shows that, in the moving reference frame of the wo 4
link,B is equal to B plus v XB. Va -O. 4pp conor = abBu sin ot. (2326)The current 1" is equal to J, and the voltmeter reading is the
same for an observer in S° as for an observer in S

:23.3 LENZ’S LAW

Example AN ALTERNATING-CURRENT GENERATOR
“The loop of Fig. 23:5 rotates at an angular velocity « in a uniform, Now let us return to Fig. 23-3(). Observe that sliding the bar to the right
Gonstaan B. We calculate the intheod sletirorwtence ¥. feet increases the linking flux, but the induced current tends to decrease it. So
through w x B and then through d@/de the induced electromotance drives a current whose field opposes a change
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in the net magnetic flux linking the circuit. This is Lenz's law. If the Assuming the correctness of the above result, the electromotance
circuit was superconducting, the enclosed flux would remain constant. induced in a rigid and stationary circuit C lying in a time-varying

We return to Lenz’s law later. magnetic field is

7 ” de a23.4 FARADAY’S INDUCTION LAW FOR vag Bedt= | (rxe)-dt =~2 -[ Boast, 329
TIME-DEPENDENT 8's. THE CURL OF E “ “ “

We have used Stokes’s theorem in going from the first to the second

Imagine now two closed and rigid circuits as in Fig. 23-6. The active integral, sf being an arbitary surface bounded by C. Also, we have a

circuit a is stationary, while the passive circuit 6 moves in some arbitrary partial derivative under the last integral sign, to take into account the fact,
way, say in the direction of @ as in the figure. The current /, is constant. that the magnetic field can be a function of the coordinates as well as of
From Sec. 23.2, the electromotance induced in circuit is the time. The right-hand screw rule applies.

The path of integration need not lie in conducting material

do Observe that the above equation involves only the integral ofE - dl. Ity =f xB)-ar= 2% : :pv XB) di= —"7, (2327) does not give E as a function of the coordinates, except for simple
geometries, and only after integration

where ® is the magnetic flux linking b. This seems trivial, but it is not, Since the surface of area of chosen for the surface integrals is arbitrary,
because d¢/dt could be the same if both circuits were stationary and if 1, the equality of the third and last terms above means that
changed appropriately. This means that the Faraday induction law

OB

do \yxe=-—. (23-30)v=- (23-28) iL

ies whether th , . This is yet another of Maxwell's equations. This equation, like the other
applies whether there are moving conductors in a constant B or stationary two (Eqs. 9-15 and 18-19), is valid on the condition that all the variables
conductors in a time-varying B. However, our argument is no more than relate to the same reference frame.
plausible. A proper demonstration follows at the end of this chapter. It
requires relativity. 23.4.1 Lenz’s Law Again

The negative sign in Eqs. 23-28 and 23-30 is important. If ® points into
the paper and increases, then d/dr points into the paper. Then,
according to the right-hand screw rule, the negative sign means that the
induced electromotance is counterclockwise.

Observe that the induced electromotance tends to generate a magnetic

field that counters the imposed change in flux. So Lenz's law of Sec. 23.3
applies here also.

23.4.2 Flux Linkage

« If the closed circuit comprises N turns, each intercepting the same

L magnetic flux, then the electromotances add and the net electromotance

is N times larger. Then the quantity N@® is termed the flux linkage:
Fig. 23-6. Circuit a is active and fixed in position. Circuit issive and move y daFig,2346. Circuit ais ative and fixed in position, Ciruit bispa 1d moves A=No and y= — (23331)
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Of course, the geometry of the circuit and the configuration of the field L fy dB Nas
can be quite complex. Then this equation still applies and the geometric Va ~Re [veoio (23:35)
meaning of A becomes obscure, but ¥, and hence A, are measurable

quantities. We have set V =0 at 1=0,
So the voltage at the output of the integrating circuit is equal to

Example | MEASURING B IN A ROWLAND RING a known constant tines B.
We are now in a position to understand how to measure B in the Example THE ENERGY DISSIPATED IN DESCRIBING A
Rowland ring of Sec. 21.2 to observe the hysteresis loop of a HYSTERESIS LOOP
sample of ferromagnetic material.

Let the low-frequency alternating current through winding a in ‘We can now also calculate the energy dissipated in describing the
Fig. 23-7 be hysteresis loop of Fig. 21-2. We refer to the Rowland ring of Sec.

=, 2) 21.2. When the current J, increases, the flux ® in the coreIs hoo ax. G32) increases, and the clectromotance —N, d@/drt induced in winding
‘Then, from Sec. 20.6, H is a sinusoidal function of the time and, if 4 opposes this increase, according to Lenz’s law. The extra power
winding a has N, turns, spent by the source is then

Nala 608 0 dt _) (yd a8Ha Neeser 23-33) 48 _1(n,4%) <n?Dar 333) (Ne Ge) =UN 336)
‘We assume that the minor radius of the ring is small compared if of is the cross-sectional area of the sample. Also,

to its major radius. Then ris the mean radius.

If the magnetic fx density, averaged over the cross section, is FE Ney rs Hy, (337)B, then the magnetic flux is Bef and, disregarding signs, the dt 2ar at a

electromotance induced in the N, turns of winding b is‘tromotance induced in the N, turnsof windingb where v = 2xraf is the volume of the sample and
py tO. dB

v= Ma = Net a (23-34) t= ofa dB (23-38)

Ti the wotngs at the terminalsof winding b ifthe measuring isthe energy supplied by the source in going from g to 6 on the‘To obtain B, we connect an integrating circuit (Prob. 7-9) to the loop of Fig. 21-2. This integral is equal to the area defined by the
terminals of winding }, as in Fig. 23-7. Then, with an operational points agbh and to the energy supplied by the source per unit. _ . volume of core.amplifier of gain A>1, and if A@RC>1, ‘When the current is in the same direction but decreasing, the

polarity of the induced electromotance reverses, and in going from

« toc, the energyYS) (> n- enofnas 2339)@ MA AY ;C(x) 3 returns to the sourceel Proceeding in this way all around the loop, we find that, in thed course of one complete cycle, the source supplies an energy

Fig. 23-7. The Rowland ring. This is basicallya transformer with a primarya and eva secondary b. The secondary is connected to an integrating circuit. A is an S=vpHas, (23-40)
‘operational amplifier. The output alternating voltage V is proportional to the

‘magnetic flux density B in the core. which is u times the area enclosed by the hysteresis loop.
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23.5 THE ELECTRIC FIELD STRENGTH E The Faraday induction law, in differential form (Eq. 23-30), relates

EXPRESSED IN TERMS OF THE POTENTIALS space derivatives ofE to the time derivative ofB at a given point.VANDA Observe that PV is a function of V, which depends on the positions of

the charges. However, 3A/3t is a function of the time derivative of the

An arbitrary, rigid, and stationary closed circuit C lies in a time- current densityJ, hence of the acceleration of the charges.
dependent B. Then, from Sec. 23.4, The relations

d e=-w-4 and B=VXA (23-46)f.e-a= ~ 5 [ Beast, (23-41) "'c dha are always valid in any given inertial reference frame.”

where fis the area of any open surface bounded by C. In a time-dependent B, the electromotance induced in a circuit C is

Now, from Sec. 19.1, we can replace the surface integral on the right yee [Aa (23-47)by the line integral of the vector potential A around C: ar

da 3A Exal cl Sfe-d= -fh4 -a=-§ Aa (23-42) Example | EDDY CURRENTS«
© « Imagine a sheet of copper lying inside a solenoid, in a plane

endicular 10 the axis ‘an alternatinThere is no objection to inserting the time derivative under the integral perpendt Har to the axis. The solenoid carries ernatingsign, but then it becomes a partial derivative because A is normally a ‘According to Lenz’s law, the -2A/dt electric field induces
function of the coordinates as well as of the time, currentsin the copper that tend to cancel the changes in the netB.Thus These currents are azimuthal because A and 3A/3t are azimuthal

(example in Sec. 19.1)

3A Currents induced in bulk conductors by changing magnetic fields

p(e+Z)-a-o, (23-43) ae termed eddy current
Eddy currents can be useful. For example, they dissipate energy

; . in various damping mechanisms.where C is a closed curve, as stated above. Then, from Sec. 1.9.1, the ‘They are harmful in transformers because they ciuse Joule
expression enclosed in parentheses is equal to the gradient of some losses in the core. Transformer cores are usually assembled from
function: thin sheets of transformer iron, called laminations, a fraction of a

aA nilimeter thick in small units, insulated from each other by a thinEts =-Wv, (23-44) layer of oxide. With a solid core the eddy currents would largely"
cancel changes in magnetic flux. Also, the Joule losses would be

aA excessiveE=-vv-a (23-45) In audio transformers the iron alloy is sometimes in the form ofa ‘4 powder molded in an insulating binder. The transformer is then

said to have a powdered iron core.where V is, of course, the electric potential. Ferrites serve at audio frequencies and above. These are
So Eis the sum of two terms, — PV that results from accumulations of ceramic-type materials that are molded from oxides of iron and of

charge and —3A/3t whenever there are time-dependent fields in the various other metals. Their main advantage is that their electric
given reference frame. conductivity is low, of the order of 1 siemens/meter, or 10-* times

that of fransformer iron. Eddy-current losses in ferrites are thusThis is an important equation; we shall use it repeatedly. Observe that Oly maneeable
it expresses E itself, not its derivatives or its integral, at a given point in
terms of the derivatives of V and of A in the region of that point. Its Unless stated otherwise, all the reference frames that we refer to are inertial: they do
magnetic equivalent is B= VXA (Sec. 18.4) sot accelerate, and they not rotate
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Example THE INDUCED ELECTROMOTANCE IN Inside the resistance R,, A ~0 by hypothesis and
A RIGID CIRCUIT

Ir

In the rigid circuit of Fig. 23-8, we assume that (1) the horizontal E,=-We=~T 9, Vom dR (23:51)
wires have zero resistance, (2) the resistance R, is a long distance
away from 1', and (3) both R, and R, are large enough to render with E, and PV, pointing as in the figure

the magnetic field of F negligible compared to that of 1’. Thus B The potential at e is zero for the following reason. Inside the

and A are essentially those of /’ and point in the directions shown. horizontal wires, E =J/o, where J has some finite value and o is
According to Lenz's law (Sec. 23.4.1), an increase in I’ induces an infinite, by hypothesis. So

electromotance and a current / in the counterclockwise direction. BV. 8A,
‘One may ascribe the induced electromotance cither to the E,=0,  -2t-Ang, (23-52)

changing magnetic flux ® or to the electric field strength —3A/2r a oF
Ry, with:m

" But A, is everywhere zero because the currents /’ have no

o=f ava~ap (23-48) sx-component. So Woo, veo. (23-53)‘The line integral runs clockwise because of the right-hand screw ox
rule. The induced electromotance is thus ‘Similarly,

V.=V,=IR. (2354)

v= - 2. 2p (23-49)
" " ‘This potential on the cd wire results from the accumulation of

This is counterclockwise if ® points into the paper and increases, positive surface charges on the upper half of the circuit, and
Tie counterclocswis negative charges on the lower half, as in the figure.

Trside Ry, therefore,

(8A,/3)D

— 3-5 TR.IRR, (23-50) vy,5 (2355)
D

in the direction shown, again if "increases. points upward, ad

3A, _IRy
Po a a ae ae ee) B= p (356)
he aa) + also points upward. Of course, E points in the same direction as J.
. | Re Ry thenn +

|

:

|

e\=iE,  |4|=219%1 (357)ti|| e.@ : *|| eSde'
| ! ' 23.6 THE E, - VV, —9A/3t, AND v XB FIELDSwn

' t '

lp: es ;
In any given inertial reference frame, say S, the equation

7

Ex

Fig. 23-8. Rigid circuit gcde terminated by resistances R, and R, and situated E=-¥v-a (23-58)
near a pairof wires carrying a current /'. The lengths of the arrows show therelative magnitudes of E, PV, and 3A/3t, with R, = Ra. always applies.
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If a charge Q moves at a velocity v with respect to S, then for an from Sec. 13.4, Thus, at any given point in $’, x’ is fixed and

observer on $ the force is
3A

d= yd’, (23-64)

F= QE +vxB)=0(-vv-Ssuxa) (23-59) ,a Proving the other two equations takes a bit longer.

All the variables are measured with respect to the same reference 23.7.1 Transformation ofaMagnetic Fluxframe
S. These equations are valid even if v approaches the speed of ‘light ‘The magnetic flux linking a given closed circuit bounding an area of is

For an observer on the moving body, say in reference frame $’, the

body is at rest and o= [a dh (23-65)
F'=QE'= o(-rv - a) (23-60) in a reference frame S$ and

*23.7 RELATING THE TWO FORMS OF THE ° -[ 2 at 3-66)
FARADAY INDUCTION LAW' ins’

Of course, the surface of area sf in frame S has a different shape in

We found above that if a rigid circuit moves in a constant B, then the frame S', because of the Lorentz contraction, and a different area of’. A

induced clectromotance follows Faraday's induction law. Then we given element ofarea (say it is painted red) carries a flux B df in frameconcluded that the same law applies to a stationary circuit lying in a S, and B’ def" in $'. Thus
time-dependent B. Sedat!

Passing from one form of the law to the other requires relativity. do" Bidet’ (23-67)
In the rest of this chapter we shall call an electromotance Vm, and the do” Bede

velocity of $ with respect t0 $ Yee. a

Equation 23-28 refers to the induced electromotance, as measured in But, from Secs. 14.1.1 and 16.6, and setting E = 0,
the fixed reference frame S, From our experience with relativistic ad,
calculations, it is by no means evident that, in the frame $” of the moving BY - dst’ =(B, + yB,)-(dst, + “) (23-68)
circuit,

. do’ =B,-dd,+B, +d, =B-ds, (23-69)
n= -F (23.61)

and @' =. The magnetic flux linking a rigid closed curve is invariant.‘That is, in fact, true because, as we shall see,

y . dt *23.7.2 Transformation of an Electromotance
Vim= Vem, 0 =O, dt’ ==, (23-62)Y Refer again to Fig. 23-6 and call S" the reference frame of the moving

‘We can immediately accept the third equation for the following reason. circuit. In S’,
For any point in S’,

Vox’ VinaGE -dl (23-70)t= re +), (23-63)

Since we are only interested in motional electromotance for the-- moment, we may assume that B is constant and E is zero in S. Then,
Relativity is a prerequisite for Sec. 23.7, from Sec. 16-6,



430 MAGNETIC FIELDS VI 23.9 SUMMARY, 431

Vin = $ 1Vea XB) (23-71) 23.9 SUMMARY
‘A body moves in some arbitrary fashion in a constant, but not necessarilyNow the vector product is perpendicular to V;q). It is therefore only the uniform, magnetic field. At a point fixed to the moving body, a charge Q

Perpendicular component of dl’ that matters, dl’, = dl, and experiences a force Qu x B. The motional electromotance is
7 v= v . (23-2)

Vann 1 § Goa XB)edl= Vu (23-72) [exsa 2)
Here v is the velocity ofa charge fixed in the body, andB is the magneticWe have therefore proved all three equations 23-62. As a consequence, flux density at that point in space

we have shown that, under any circumstance, but in a single reference When the curve C is closed, the motional electromotance is also given
frame, the electromotance induced in a closed circuit associated with a by
changing magnetic flux is given by do

V=-—, (23-3)
. dd dt (23-3)
Vom

= “Gr (23-73) where ® is the enclosed flux. This is the Faraday induction law. The
‘The positive directions chosen for V.,, and for @ follow the right-hand Fighthand serew rules applies. This law also applies (0 a fixed circuitscrew rule. situated in a time-varying magnetic field

‘At any point in space, in a given reference frame,

23.8 SIX KEY EQUATIONS a
VXE=—s (23-30)It is useful at this stage to group the following six equations: L ms)

oA This is one of Maxwell's equations.(G) E=-vv —o° (23-46) Lenz's law states that the electromotance induced in a closed circuit
tends to oppose changes in the magnetic flux linking the circuit.

OB ‘ith a .) fea -[ at, (2329) With a multiturn closed circuit
« _ dA

OB v--4, (23-31)@  YxE=->, (23-30) .
where A is the flux linkage

(G) B=VXA, (Sec. 18.4) and (23-46) In any given inertial reference frame,

dl . 5 2A$a ata sy {a dst, (Sec. 19.5) pe-py-A ang Bax (23-46)
VXB=jod. (Sec. 19.4) ‘A charge Q moving at a velocity v in superposed electric and magnetic

The four equations preceded by (G) are general, while the other two fields is subjected to a force
apply only to slowing varying fields (Sec. 27.1). In each equation all the 3A
terms concern the same reference frame. F=Q +uxB)-0(-PV-S+uxe). 23.59)
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PROBLEMS ss

23:1, (23.2) The thought experiment of Fig. 23-3 / %
Show that there is conservation of energy in the thought experiment of ia

Fig. 23-3(a. <R

23-2. (23.2) Tides and the magnetic field of the carth e
Discuss how tides affect the magnetic field of the carth by considering AN

the case of a river flowing into the sea in the east-to-west direction in the '

northern hemisphere. Remember that the magnetic pole situated at the x { !north geographic pole is a south magnetic pole. The vector B points Li
downward in the northern hemisphere. i

23-3. (23.2) The magnetic braking force on a satellite
‘A natural satellite whose diameter is 10' meters moves at a velocity of

1 kilometer/second in the direction normal to the magnetic field of a planet
in a region where B=10 "tesla. The satellite has an appreciable Q

conductivity. Fig. 23-9,
(a) The satellite moves in a perfect vacuum. What happens?
(b) The ambient gas has a density of the orderof 10" particles per cubic e) Calculat ” i meter, the particles being either electrons of singly charged ions. Each half sol, Cmenlate te power IV disputed in the pate, This should be equof the satellite collects particles of the correct sign in sweeping through (f) Estimate the value of B required in eddy-current disk brakes for a

space. Caleulate the order of magnitude ofthe current. small bus. ‘The conductivity of copper is 5.8 x 10” siemens/meter. Estimate(©) Calculate the order of magnitude of the braking force. the power dissipated at each wheel. Why does a vehicle equipped with
(4) Someone suggests that this current could provide power for an eddy-current brakes sill need conventional brakes?

artificial satellite traveling in the same field at the same velocity. Inversely, Tn mountainous regions some buses and trucks are equipped with
a current in the opposite direction could serve to propel the satellite. What ddynamos that brake by generating electric power that is dissipated ina large
is your opinion? resistance on the roof

Artificial satellite velocities range from about 4 to 8kilometers/second,

and v XB in the ionosphere and magnetosphere ranges from about 23-5. (23.4) Detecting flaws in metal tubing
100 microvolts/meter to 320 millivolts/meter. Figure 23-10 shows the principle of operation of a device for detecting

flaws in metal tubing, or rod. The coils a provide a large gradient of23-4, (23.3) Eddy-current damping magnetic field along the axis, as in Prob. 18-10. Coil b is connected to a
Figure 259 shows one common type of eddy-current damper. Motion of monitor. The tubing T moves at a constant velocity w along the axis ofthe copper plate in the fieldof the permanent magnet induces currents that , volta ary scseas coll B wien 2 flaw passes throtytend to oppose the motion, according to Lenz's law. Joule losses in the pana oltage ape SS coll b when a Haw passes throughplate dissipate its kinetic energy.

Dampers of this general type are used mostly, but not exclusively, in

low-power devices such as watt-hour meters and balances. As you will see, athe braking force is proportional to the velocity, as in a viscous fluid. y G
(a) Explain qualitatively, but in greater detail, the origin of the braking

force

(b) How could you design an automobile speedometer that uses eddy (2
currents? i

(c) Say B is uniform over the pole face. The path followed by the \
current is complex; set R~3a/obs. This quantity is of the order 3. The 3 g
plate has a thickness s and a conductivity a. Calculate the current.

(4) Caleulate the braking force F. This is proportional to the conduc-
tivity. So the plate should be either copper or aluminum. An even better

solution is to use an iron plate faced with copper. 7 Fig. 23-10.
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23-6. (23.4) The flux-gate magnetometer Solenoid

"A magnetometer measures B. One common type is the flux-gate €&
‘magnetometer, which puts to use the hysteresis curve. There exist many So reting sinforms, one of which is shown in Fig. 23-11(a). The two rods are made of a i 4

ferromagnetic material such as a ferrite, whose hysteresis curve is shown in i {_- Prtup coi
Fig. 23-11(b). The twin coils are in series and are wound as in the figure so f h-T
‘as to magnetize the rods in opposite directions. The current through these f re |
coils is sufficient to carry the material through a complete hysteresis loop. 1 by

In the absence of an external field H., the magnetic fluxes through the WY |
rods cancel,and V =0. fp <a(a) Sketch (¢) and V(t) for each rod when Hy, =0. I |(b) Sketch the same quantities for H.,#0. You will notice that if the }

csslatr operates as Gequenyf the fundamental equeey of Vb 3 Ne{ Fig. 23-12.
8

A a ff cancels the ambient B and the current in the solenoid is then a measure(Ca of B.

) y The peaking strip has a rather limited range of applications. (1) Theg
+) / solenoid has to be at least about 10 centimeters long because it must be atay) on Li. _ least a few times longer than the strip, to avoid excessive end effects. Butnl( 0

ee Jif =F the length of the strip must be much larger than its diameter, again to

‘x y | signal proportionately. (2) The ambient B cannot be larger than a few
o— TP) /\ hundredths of a tesla, for otherwise the power dissipated in the solenoidCy JS) becomes excessive, (3) If one measures B in the neighborhood of a
U pole-piece, the field of the solenoid alters the permeability of the iron

locallybal » Calculate the peak voltage induced in the pickup coil under the following
Fig. 23-11. conditions: strip diameter, 25 micrometers; number of turns in the pickup

coil, 1000; maximum value of 1, 75,000; frequency, 60 hertz; amplitude of

‘This facilitates the measurement because the detector can be made to reject the alternating H, 7 ampere-urns/meter.
the frequency f. “<8. (23.4) Measuringa resistivity without contacts,Flux-gate magnetometers can measure fields down to a few nanoteslas. It is useful to be able to measure the resistivity of a sample without

27. (2 7 having to cement contacts to it. One method involves placinga disk ofthe7 bay erat prrnaha to measure B. It consists of @ fine wire of material insidea solenoid carrying an alternating current, with the two axespermalloy (see below) oriented in the direction of B with a small pickup parallel, and measuring the power absorbed by the disk. The disk has a
Coil of a few thousand turns near the center, on the axis of a wolenoid, te radius a, a thickness s, and a conductivity 0. The magnetic field is uniform,

Fig. 23-12 and B = B,, cosa. We neglect the magnetic field of the induced currents
“To measure the ambient B, the solenoid carries a direct current that just We therefore restit ourselves to low-conductvity materials

cancels B, plus a smal alternating current. Then the H on the axis of the Find the relation between @ and the average dissipated power P.
solenoid is that of the alternating current, and the strip goes through a \¥, (23.5) The induction linear accelerator
hysteresisloop at every cycle. Figure 23-13 shows a schematic diagram of an induction linear ac-With

molybdenum permalloy the loop is approximately rectangular, and celerator. It consists ofa series of ferrite toroids linked by the ion beam andthe
voltage induced in the small coil has two sharp peaks, one positive and by one-turn loops that carry large pulsed currents.tone negative, which can be observed on an oscilloscope. ‘One such accelerator comprises 200 toroids and accelerates a 10-

When the oscilloscope sweep is synchronized with the alternating current kiloampere pulsed electron beam to 50 million electronvolts. Its total length
in the solenoid, the two peaks are symmetric if the time-averaged H on the is si meters, and the pulses are 70 nanometers wide
axis of the solenoid is zero. Then the steady field of the solenoid exactly Explain its operation qualitatively.
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Electric Circuits C. Mutual and Self-Inductance

241 MUTUALINDUCTANCE M437

= , 2411 THE NEUMANN EQUATION 437
Example: THE MUTUAL INDUCTANCE BETWEEN TWO COAXIAL
SOLENOIDS 499

M12 THESIGNOFM 440

a Fig. 2313. Example: THE SELF INDUCTANCE OFALONG SOLENOID 442Example: THE SELFINDUCTANCE OF ATOROIDALCOIL 44223-10, (23.5) A magnetometer that uses eddy currents 321 TUE MPEDANCE OF AN INDUCTOR ats
Figure 23-14 shows the principle of operation ofa magnetometer that can eaevee cacten usmeasure magnetic fields as small as 10-*tesla and up to 10-*tesla. The 242 *

aluminum plate P turns on the axis AA in the ambient field By that we wish 0 ee eeencMrR steto measure. The fluctuating eddy currents induced in P produce a 243 THE COUPLING COEFFICIENTk 446fluctuating magnetic flux through the fixed coil C, which has N turns, and Example: COAXIAL SOLENOIDS 447
the voltage V is a measure of By. 244 SUMMARY = 448

‘The plate is 10 millimeters square and is cemented inside the plastic rotor PROBLEMS 448
of a small air turbine that operates at 1000 revolutions/second. The only

metallic parts are the plate and the cil

‘An exact calculation of V as a function of geometry, of w, and of By ‘This chapter concerns the electromotance induced in a circuit when its

would be dificult: But this is unnecessary because me can clrat the magnetic flux linkage changes. The change in flux can occur either
inatrament with Helmhoite coils (Prob. 18-9) because of a change in the current flowing through the circuit itself or in(a) How does V vary with B, and with w Set wt =0 when the plate les :in the plane ofC currents flowing elsewhere or because of a change in the geometry uf the(b) What is the frequency of V? circuits.

A) 24.1 MUTUAL INDUCTANCE M
ZA . 24.1.1 The Neumann Equation

c f In Fig. 24-1 the active circuit @ carries a current J,. The magnitude flux
’ | ©, that originates in a and links b is- a oly { dl\ a Oy=$ Asndly =p (Hb) a, (24-1)—_ I, ,\ 4a Jor

l=- Fig. 23:14. where r is the distance between the elements dl, and dl,. Thus
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If current /, is sinusoidal, then

a oe Vy = -joMipl. (24-6)
oe pee

» Mi ars | ‘A device comprising two circuits designed to possess mutual inductance~~ : { | WA uf i is termed a mutual inductor, or a transformer.ela | pan ae ‘The Neumann equation is seldom useful because the double integral is
es} £1 Vi difficult to evaluate, even for simple geometries. This is not a matter for

; Ht

\ie"] LI concern, because mutual inductances are easily measured with impedance
el Te 7 | 7 boridges. One can also calculate Myy from the ratio Vj to dl,/dt.

- Se ‘The Neumann equation is nonetheless interesting. It shows that mutual7] a 7 inductance depends solely on the geometry of the system. We had a
similar situation with respect to capacitance.

Also, we can interchange the subscripts in the Neumann equationFig. 24-1. The active circuita bearsa current [, that increases. Part of its without altering the mutual inductance. Therefore‘magnetic flux links the passive circuit b. The electromotance 1, induced in b is inthe direction shown. Mus = Mog = M. 47)

This is surprising because the circuits can have different shapes and

oy wiale ff dla dle «lifferent numbers of turns. This is a striking example of the reciprocity
aPP Maan (24-2) theorem of Sec. 8.7. That is,where dl, dl,

if Yya-M then v= —-M (248)
M,, =e f Merde Ie aOa TS (24-3)

Example | THE MUTUAL INDUCTANCE BETWEEN TWO
is the mutual inductance between the two circuits. Mutual inductance is COAXIAL SOLENOIDS
expressed in webers per ampere, or in henrys. This is the Neumann In the third example in Sec. 18.2.1 we found that, inside a long
equation. solenoid with N’ turns per meter and bearing a current / (ignoring

If the geometry is more complex than that of Fig. 24-1, the above end effects),
reasoning still applies, except that the flux ,, becomes the flux linkage " 2:
Aap (Sec. 23.4.2), and 7 B= WN'l (249)

Aas = Mal (4s) We aa second winding over the solenoid, a in Fig, 242, andwe assume that both windings are long compared to their common

“The electromotance induced in b by a ch: diameter, in order to render end effects negligible.ya change in J, is First, we assume that solenoid a, of radius R and number of
dA, dl, dh turns N,, bears a current [,. The magnetic flux of a that links
Y= - “a Mew = - 1 tes (24-5) solenoid b, of the same radius and with N, turns, is then, from thea third example in Sec, 18.2.1,

‘The mutual inductance is usually constant. Then the last N: c thy = Ry 'Tent eanates term on the b= ARwyL, (24.10)
‘Therefore the mutual inductance between two circuits is I henry if a a ,

current changing at the rate of 1 ampere/second in one circuit induces an Mag Nie HeRR NN: (+11)
electromotance of | volt in the other. 4 «
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rc oe The sign of M is defined as follows. First we select arbitary positive— directions for the currents in the (wo circuits. Then M is positive if a

ny NN wy positive current in a gives in b a flux linkage of the same sign as thati 4) be) |— resulting froma positive current in b. See Fig. 24-3,

\ \ § 24.2 SELF-INDUCTANCE L
Fig. 242. Two coaxial solenoids. We have shown different radii for larity, but A simple circuit carrying a current J is, of course, linked by its own
collb is wound directly over a magnetic flux, as in Fig. 24-4. The ratio

Alternatively, we assume a current fin solenoid 6, Then L-4 (24-14)
7

Oy, = AR yh, (412) is termed the self-inductance of the circuit, As for mutual inductance,
This flux links only (6/a)N, turns of coil a, since B falls rapidly to selfinductance depends solely on the geometry of the circuit and is
zero beyond the end of a long solenoid. Thus measured in henrys. Self-inductance is always positive

If the current / in a self-inductance L changes, then a voltageDNs _ MoRENAN,My, = 2 MePae_ Ho NaNe (2413) ‘I @ an q

y= -B_-1E (2415)and Mis = My, as expected a dt
It is paradoxical that a varying current in the inner solenoid

should Induce an elesromotance inthe outer one, singe B~0 appears between its terminals. The negative sign means that this voltage
aval fo mimsthe tie derivative of A nov Brand A cs ot ‘poses the change in current. See Fig. 24-4.vanish outside along solenoid, even though ¥ XA is zero. ‘Therefore the self-inductance of a zero-resistance circuit is 1 henry if

the current increases at the rate of 1 ampere/second when the difference

24.1.2 The Sign of M ‘of potential applied between the terminals is 1 volt.

As a rule, the sign of M is immaterial. There are occasions, however, "both Zand I: are time-dependent, then
when phases matter, and then one requires the sign of M. Also, the

directions of forces and torques between circuits depend on the sign of
M, as we shall see in Chap. 26. t AA

“NIT N - ‘

Fig. 24-3. Convention for showing the sign of M on a circuit diagram. Ifthe -
Positive directions chosen for the currents in the two windings are such that Fig. 24-4, Circuit linked by its own flux. If increases, the voltage across L
current enters through the wire carrying a dot, then M is postive, a itis here opposes f
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dA__d di_jdb oa. WireVe ~The Da ba (24-16) FZ

As a rule, L is constant, é Team (||!
‘One can calculate a self-inductance, at least in principle, from the

s

\ > =n
Neumann equation (Sec. 24.1.1), with both line integrals running over Zz a7) << :

the same circuit. If the conductor cross section is infinitely small, then the | s PUAN)
linking flux and the self-inductance turn out to be infinite. This arises oy <—e UIfrom the fact that B tends to infinity in the immediate neighborhood of oe UD

the wire. The region where B tends to infinity is itself infinitely small, but 7
the flux tends to infinity logarithmically. With currents distributed over %

an infinitely thin surface, as in the next example, B remains finite and L
is also finite: Fig. 245. Toroidal coil of square cross section

Self-inductance is easily measured. A circuit designed to possess

self-inductance is called an inductor. 24.2.1 The Impedance of an Inductor

Example | THE SELF-INDUCTANCE OF A LONG SOLENOID the voltage V across an ideal zero-resistance inductor determines therate of change of the current flowing through it. Disregarding the

111sthe length of tong solenoid, Whe numer of ts and R negative sign of Eq. 24-15,its radius, then

A_N@_Nak*p(N/I_ woN'AR® v-ie (2421)1S eNO NAR (NID woN ARE 4.17) at17 7 T

‘The self-inductance of a short solenoid is smaller by a factor 11 Tis a sinusoidal function of time, then
that is a function of the ratio R/l

A high-permeability nonconducting magnetic core increases V = jolt (24-22)
B, and hence the self inductance, by a factor of about

1.3 (length/diameter)'” and the impedance of an inductor is

Example | THE SELF-INDUCTANCE OF A TOROIDAL COIL Z=joL (2423)
Tie magnetic Oar entee ee Real inductors are not that simple. Unless an inductor is superconduct-

sng, One must usually take its resistance into account and write

toNI 5
Bon e418) Z=R+jol. (2424)

Thus

WNT (6 NIb a+b Increasing the frequency increases the ratio wL./R, and this lessens the
Cal Oe dele ra vee telative importance ofR.However, this brings in another phenomenon.NO N° 2a+b lecause of the voltage difference between turns, the inductor also acts as
ee red eed (2420) 4 capacitor, and its equivalent circuit is that of Fig. 24-6, where C is its2 vray capacitance. Also, R increases with frequency because the current

If the relative permeability of the core is m,, then the flows closer and closer to the surface of the wire as the frequency
self-inductance is 1, times larger. increases. This is the skin effect.
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Fig. 2446, The equivalent circuitofa real inductor. The parameters R, L, and C °depend on the geometry and on the nature of the materials
‘

Fig. 24.8. Impedance Z in the complex plane. The power factor is equal to cos @

‘The impedance of a real inductor is thus

;

For  =0, Z=R, as one must expect. For large values of «, only its

ga Rt i@obL Gol) _ Rt job (2425 higher powers remain and Z=1/(j@C): all the current then flows
R+joL+ 1/GoC) (R+ joLl)jaC +1 +25) through the stray capacitance C, and the inductor is capacitive. As

te ids to infinity, Z tends to zero. See Fig. 24-7R+jol. R + joL)(1 - @°LC -
fen

= ee Bie) (24-26) Inductors are so designed that joL, or at worst R +L, is a goodLC + Rio @*L CY’ + (Racy approximation for Z over a given frequency range.
_RtjolL—C(R?+0°L?)| ,,

Tele oe RX (2427) 24.2.2 The Power Factor4
‘The ratio R/|Z| is the power factor of an impedance. This quantity is

usually denoted by A and expressed as a percentage. With Z plotted in
ox 0" the complex plane as in Fig. 24-8, A= cos g. If @ is 45°, then 2 is 70.7%.

95 x10

4 Example_| MINIMIZING LINE LOSSES

Figure 24.9 shows a load

4 Z= Ris+ JX = |Zl exp id, (24-28)

Pax w

| 00 « 1" , °

= ee .- yams x0 °

Fig. 24-7. Locus of the impedance Z = R’ + jX of a certain inductor as a function
of frequency. The parametersR, L, andC of Fig. 246 are, respectively, Fig. 249. A load impedanceZ = Rise +X, oF an admittance1000 ohms, 1.00 millinenry, and 100 picofarads. We have disregarded the fact that Y= Goss +/B, connected to a source through a line of resistanceRincreases with frequency. Re. The line resistance is equal to twice the resistance of one

wire
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14 and the mutual inductance between the two loops is
Y=s= pew (-i0) =G+jB (24-30)

zZ \2Z\ -ab bp PoaMu =te akewe = kuoLy. (2439)connected to a source Lk

Likewise,

V = Vp exp jot (2431) Myo =KroLy (24-40)

through a line of resistance Rige |Z). We wish to minimize the Now My= Myg = M, from Sec. 24.1.1. Thuslosses in the line, fora given line a given V,, and a given power
dissipation in the load. M = kaskslalen (24-41)

Defining V’ as in the figure, the current is . o
M= £|keokoe|'® (Lols)'? = k(Laly)', (24-42)

1a V'¥~V¥= VG +18), (432) (KL = Theakeel!?, (24-43)

Then the power in the load is where k is the coupling coefficient for the two loops. Superposing the two
Pos }Re VI" = | Re [VV"(G —/B)]=1V26=V3,G, (2433) loops makes k equal to unity. The sign of k is that of M.

For coils of arbitrary shapes and sizes, one replaces the fluxes by the

while the power lost in the line és flux linkages Mew MewWie = | Re (V ~V')I*} = Re [URja)" (2434) ar eewe (24-44)
= Rue VE(G? + BY) = Rw Vins G? + B’) (24-35)
“ROW, V2.8) uw andEq, 2440 applic. Hower, of ca nw be lager than

‘The power lost in the line is minimum when B = 0. Then ¢ is zero ‘The maximum possible magnitude of & is unity. We can prove this
and the power factor cos@ is 100% statement easily for two solenoids of the same length and nearly the sameStated otherwise, the component of the current that is in radius, one inside the other. Then ka» and ky, are both maximum. Say
quadrature (phase lead or lag of 90°) with the applied voltage solenoid a has N, turns, and solenoid B has Ne turns. Then
Yields zero useful power in the load, but nonetheless gives tise to a

power loss and to a voltage drop in the line N, N,
Electric motors are inductive loads. Therefore, in large kav= ay hoa =H (24-45)

installations, one connects capacitor banks across the line, close to “ °

the motors, to make B equal to zero. Either one of these ratios can be larger than unity, but their product is
equal to unity and k = 1.24.3 THE COUPLING COEFFICIENT k ‘In Sec. 24.2 we saw that the self-inductance of a circuit tends to infinity

, as the wire diameter tends to zero. However, mutual inductance remainsConsider
a loop of wire a bearing a current J, and linked by its own flux well behaved even if both circuits are filamentary. The reason is that the®... Another loop of wire 6, nearby, intercepts a fraction of this flux flux close to a thin wire does not link another circuit some distance away.

o.- As the diameter of the wire tends to zero, L tends to infinity, k tends to
0 = es Pons (437) zero, and M remains finite

where [kao] <1. The self-inductance of loop a is Example | COAXIAL SOLENOIDS
=< “The coanial solenoids of the example in Sec. 24.1.1 are of different
Las (24-38) lengths. Then, from Eq. 24-42,
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=—M__(b)"* 2 / /| coe() (24-46) /sar

with M as in Eq, 24-110 and the L’s as in Eq. 24-17, on en ee

24.4 SUMMARY / / vig. 2410,

The mutual inductance M between two circuits a and b is given by the (a) Calculate the mutual inductance M.
Neumann equation (b) Does the radius of the short coil affect M?

bo { [dl,-dly Note how much more difficult it would be to calculate the flux linking theMy =F pp, (243) solenoid for a given current in the short coil
4h,

242. (24.1) ‘The mutual inductance between a toroid and an axial wire

where the line integrals run around each circuit and r is the distance A long straight wire lies along the axis of a toroid of N turns, majorbetween the clements dl, and dl, Because of the s radius a, and square cross section of side b, with a>>b.
integral, of the symmetry of the Calculate the mutual inductance (a) assuminga current / in the wire and.

M. (b) assuming a current / in the toroid.l= Mie = Me ean 243. (24.1) ‘The mutual inductance between a straight wire and a loop
If Ags is the flux that originates in a and links b, then ‘A loop of wire of radius R is centered at a distance 2R from a long

straight wire. The wire isin the plane of the loop.

Mao = Mave (24-4) Calculate the mutual inductance
‘The electromotance induced in 6 by the current in a is 24-4. (24.1) A zero-mutual-inductance magnetic dipole pair

A certain device for geophysical exploration comprises two short coils in
~ — aN» yy dle, dM the position shown in Fig. 24-10. The manufacturer states that the mutualW= =-M—*-1,— (24-5) Ledt dt dt inductance is zero. Is that true?

The self-inductance of a circuit is 24-5. (24.1) Current transformerFigure 24-11 shows a side-look current transformer for measuring large

L- “ eats) current pulses. Show that for a single-turn coil
v= itin (248)where A is the flux linkage when the current is /. The impedance of an x "\p=al di

ideal inductor is jo.

The coupling coefficient between two circuits is

M 1
k=" 7aa (24-46)

‘This coefficient takes the sign of M, and its magnitude is at most unity.

The power factor of an impedance is R/|Z|.

PROBLEMS

24-1. (241) ‘The mutual inductance between

a solenoid and a short coaxial coil >ylang solenoid of radius Rand Nts per meter caries a short cil of Fig. 2611.turns near its center.
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One can obtain /(¢) with an integrating circuit (Prob. 7-9). Q

24-6. (24.2) A conducting shield for fluctuating magnetic fields a
Its often necessary to shield instruments from stray magnetic fields. If

the only disturbing field is that of the earth, then one can set up a pair of
Helmholtz coils (Prob. 18-9) to oppose the earth’s field. If the field is static

but not uniform, then one must use a shield made of high-permeabilty ¢
material. Multiple shields, one inside the other, are better than a single &
thick shield.

Could a conducting enclosure be a good shield against fluctuating q () »
magnetic fields? The answer is yes, as we shall see, but only at quite high

Imagine a simple situation where the external magnetic field By is E
uniform, with B..= Be..m¢xp jwt. The shield is a long tube, parallel to thelines of B, a few times longer than its diameter 2a, and a few times longer €
than the shielded region Y
We assume that the current induced in the shield is uniformly distributed

throughout its thickness 6. In other words, we disregard the skin effect Fig. 24-12.
(Sec. 29.1). If this assumption is not valid, then the shielding is better than
‘our calculation would indicate ource now?

(2) Calculate the resistance R’ of the tube, per unit length, in the Oia 2 an opal eeie red patel 2azimuthal direction. Calculate L

(b) Let B.,=B...xp jot be the value of B inside the tube, away from 2411, (242.1) Power-factor correction with fluorescent lampsthe ends. Find the ratio B./B... 'A fluorescent lamp consists of an evacuated glass tube containing mercury

(©) Show that, ifthe skin effect is negligible, this ratio cannot be smaller vapor and coated on the inside with a fluorescent mixture. A discharge
than 0.5. A conducting enclosure therefore acts as a shield only through the ‘occurs between electrodes situated at each end. The discharge emits most
skin effect. of its energy at 253.7 nanometers, in the ultraviolet. The fluorescent coating

absorbs this radiation and reemits visible light.24-7.
(24.2) Inductance and reluctance . ‘The discharge operates correctly only when it is connected in series with

‘An N-turn coil links magnetic circuit. Show that L= N°. an impedance. A resistor would dissipate energy. so itis the custom to use
24-8. (24.2) The Maxwell bridge a series inductor. Several types of circuit are in use,

See Prob. 7-12. Figure 24-12 showsa Maxwell bridge. This circuit serves One particular fluorescent fixture operates at 120-volts and dissipatesto measure the inductance L and the resistance R of an inductor. One 80 watts. Its power factor is 50%adjusts the values of R,, R., Ra, and C until V equals zero, (a) Find the reactive current.

Find L and Rin terms of the other components. (b) What is the size of the capacitor connected in parallel with the

discharge tube and its inductor that will make the power factor equal to24-9, (24.2) Electromagnet operating on alternating current 100%?
‘An electromagnet with a variable gap length operates on alternating

current. How does the rms value of the magnetic flux depend on the gap
length, for a given applied voltage, and neglecting leakage flux?

24-10, (242) Power-factor correction

A load is inductive, has a power factor of 65%, and draws a current of
100 amperes at 600 voits.

(a) Calculate the magnitude of Z, its phase angle, and its real and
imaginary parts.

(b) Calculate the in-phase and quadrature components of the current.
(©) What size capacitor should be placed in parallel with the load to

cancel the reactive current at 60 hertz?
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25.1 CIRCUITS COMPRISING SELF-INDUCTANCES

. 25 If a circuit comprises self-inductance—we exclude mutual inductance for
(CHAPTER the moment—then both the Kirchhoff current law (KCL) and the

Kirchhoff voltage law (KVL) (Sec. 7.8) apply as previously, the voltage

* drop across an inductor being L dl/dt.MAGNETIC FIELDS VIII For sinusoidal currents, the impedance of an inductor is jo, and the
Electric Circuits D: Inductive Circuits and delta-star transformations of Sec. 8.9 apply. Ohm’s law becomes/ = V/Z.

Transformers Example | SERIES RESONANCE.
In Fig. 25-1, a source of alternating voltage feeds a series LRC
circuit. Then I= V/Z, where

25.1 CIRCUITS COMPRISING SELF-NDUCTANCES 453 : :
Example: SERIES RESONANCE 453 - 1

Empl: PARALLEL RESONANCE. 4S 2-Rei(al-Ze)=R+ial(\-Fre)- OD25.2 CIRCUITS COMPRISING SELF-INDUCTANCE AND MUTUAL ‘At resonance
INDUCTANCE 457 ,

Example: SIMPLE CIRCUIT COMPRISING A TRANSFORMER 457 1 »
25.3. TRANSFORMATION OFAMUTUAL INDUCTANCE 458 ab=Ze oF whC=h oe)Example: SOLVING THE TRANSFORMER CIRCUIT IN

ANOTHER WAY 459 ‘The impedances of the inductance and of the capacitance then
25.4 MAGNETIC-CORE TRANSFORMERS 460 cancel, Z is real and equal to R, and [= V/R. The resonance
25.4.1 THE IDEAL TRANSFORMER 461 sircular frequency is
25.4.2 THE RATIOV/V; 461 o-— (25-3)
254.3 THERATIO L/L, 462 To

eeRAMONE ws Zo 408 It is convenient to use the two dimensionless numbers
Example: THE AUTOTRANSFORMER 463 o (LI)! _25.4.6 POWER TRANSFER FROM SOURCETO LOAD THROUGH A a a a a (54)TRANSFORMER 464

255 SUMMARY — 465
PROBLEMS 466

This is the last chapter on electric circuits. We still have to discuss how to :
apply Kirchhoff’s laws to circuits comprising self- and mutual induc-

tances. Self-inductance is easy. Mutual inductance is less simple because ,
it consists of an interaction between branches. However, with either one

of two simple transformations, the application of Kirchhoff’s laws «
becomes straightforward.

A careful discussion of magnetic-core transformers is well beyond the c

scope of this book. We therefore limit ourselves to a crude, but useful, T° Fis: 25:1, Series-resonant circuit connected
approximation called the ideal transformer. - ‘0 a Soureeof alernating vonage
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The second one is a measure of the “quality” of a circuit: the Figure 25-2(a) shows curvesof R/\Z)= R|Y} asa function of o"higher the Q, the lower the dissipation.’ Then for various values of Q. By definition, the width of the resonance

peak is the difference Af between the frequencies for whichZz 1zat +i0(o -3) (25-5) R41°

p= 51a = 0.7071 Stizi72? 1. (25-6)
0

, and

Lap aL 25.7)YG cc
|

ont The higher the Q, the sharper the resonance peak.
a The phase angle of Z is

Kos

3 ¢=arcan[o(o’-)| (25-8)
and varies from 2/2 to 2/2, as in Fig. 25-2(b)

ook est TLL SS | Example | PARALLEL RESONANCE
o Figure 25-3 shows a parallel-resonant circuit fed by a source V.

‘There is a resistance R in series with L, but none in series with C

because real inductors are lossy, whereas real capacitors are nearly
lossless. Here

je 1, R=jobson
YnjoC + gyjop =i +p aes (25.9)

and after a fair amount of algebra, we find that

_

fw? 14aRI

-[ ee (25-10)_
| ;

Fig. 25-2. (a) R/|Z| asa function of w' = «w/c, for the circuit of Fig. 25-1 and for
various values ofQ. (b) The phase of Z as a function of «' for the same valuesof

QO. | “

— a oe* Exil 1. Green has recounted “The Story of Q in The American Scientist, vol. 43, p584
(1955). Fig. 25-3. Parallel-resonant circuit.
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ow 25.2 CIRCUITS COMPRISING SELF-INDUCTANCE

AND MUTUAL INDUCTANCE

vw There exists a mutual inductance between branches a and b in the circuit
of Fig. 25-5(a). Then, to apply Kirchhoff’s laws, one adds a voltage

,
source —jwMI, in branch a, as in Fig. 25-5(b), and a voltage source

2 > —jwMI, in branch b. One chooses the sign of M as in Sec. 24.1.2. If

> branches @ and b have a common terminal, then one can also proceed as
in Sec. 25.3.

i ‘ We use signs and arrows on circuit diagrams, as with direct currents.
Then we apply Kirchoff’s laws as we would with direct currents.

be T) ' Ci Example | SIMPLE CIRCUIT COMPRISING A
“ TRANSFORMER

Figure 25-6(a) shows a transformer fed by a source V and feeding
a load resistance. Figure 25-6(b) shows a circuit that is equivalent

oe but without mutual inductance. The Kirchhoff voltage law yields

(7Vd two equations, one for the primary mesh and one for thesecondary:

‘ / Vi-joMl-Z,h=0,  -jwMl,~Z:h=0. (25-11)

e-1 / Here 2, is the impedance R, +jwL, of the primary winding, and\ <j 7 Z,=R,+ jel, is the impedance of the complete secondary circuit.

-~“%_ =eM 5.19)[ "“7eeMTZ ""~Zesem 2)

”

Fig. 25-4. (a) |Z|/R as a function of « for the circuit of Fig. 25-3 \ ‘ ‘
fot various values of Q. (b) The phase ¢ of Z as a function of «
for the same values of Q. ” = ! w=o 3) \h2 [2

y \

Figure 25-4(a) shows the inverse of this quantity, namely |Z|/R, ‘| \, att, (Yat
as a function of «' for various values of Q. The maximum occurs A = f+slightly below «' = 1. Figure 25-4(b) shows the phase angle @ of

By definition, the width of the resonance peaki agin the , 7i ween the two frequencies where |Z|/R is equal to2" or 0 071s and Af =. This relation now approxmate Fig. 258. (a) Part of actu in whch there exists a mutualTeas valid within 1% for Q'= 1.7. inductance M between two branches. (b) Equivalent circuit
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h P 4 b Since the two circuits are equivalent, they carry the same mesh

— — currentsp, q, r. We assume that the currents are sinusoidal, and we thus
| use phasors.

A * . 22 2 In Fig. 25-7(a),
¥ 2G) wu z = Go .z Va = (p~4)Z, + joM(r—q). (25-14)
‘ 5 .

ww

.

ww ‘The second term on the right is the voltage induced in branch AC. Wemi
have assumed that clockwise currents are positive. For the sign ofM, secSec. 24.1.2. Also,

“ " Vy =(q-1)Z:—joM(p~ 4). (25-15)Fig. 25-6. (a) Transformer feedinga resistance. (b) Equivalent circuit In Fig. 25.70,
Va=(P~Q)Z4+(P—riZe, (25-16)

The current in the primary is the same as if one removed the Vp =(q-")Zy+(p—NZc (25-17)
secondary and added the reflected impedance w°M"/Z, in the

primary. So the input impedance is After equating the two values of V4, then the two values of Vp, and

simplifying, we find thatZ.-Maz eM (25-13) 2-2-9 7“h Zz P(Z, ~ Z,— Ze) + q(Za — Z,— joM) + (Ze + joM)=0, (25-18)
P(Zc+ j@M) + q(Zy — Za ~jwM) + r(Z—Zy—Zc)=0. (25-19)

25.3 TRANSFORMATION OF A

MUTUAL INDUCTANCE These equations are valid for any set of arbitrary values of p, q, r. Then
the six parenthetical expressions are zero, and

Figure 25-7(a) shows @ mutual inductance M with its two coils connected bez wi yee; ye
at C. We can transform this mutual inductance to the equivalent star of Z,=Z,+joM,  Zy=Z,+jwM,  Ze=—jaM. (25-20)
Fig. 25-7(b) in the following way. Assume that C is at ground potential If M is positive, then the reactance —jwM is capacitive. If M is negative,

JoM is the reactance of a pure self-inductance |M|.

A

"

8 1 2aNteryn 4 Example | SOLVING THE TRANSFORMER CIRCUIT IN
ANOTHER WAY

4 ‘The circuit of Fig. 25-8(a) is the same as that of Fig. 25-6(a). We
> >a now find 4, h, and Z, by transforming the mutual inductance.

d a" “ , Note that Z: is the secondary impedance plus R,.. This leads to the
equivalent circuit of Fig. 25-8(b)

‘Applying the Kirchhoff voltage law to the two meshes in
< . succession,

fay (by V, ~ (2, + j@M)h, ~ (—jaM)(1,— L) = 0, (25-21)
Fig. 25-7. Transformation of a mutual inductance. (a) The actual circuit. Observe (~j@M\(I; ~ h) ~ (Z.+ joM k= 0. (25-22)
that, for this transformation, the two inductors must have one common terminal

(b)In the equivalent circuit Z, = Z,+jwM, Zp = Z2+ jwM, Ze = ~joM. ‘These equations yield Eqs. 25-12.
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2+ yu = Ry) tw turns. (2) The magnetic flux through the secondary is nearly equal to thatu /

OOO OOO through the primary because the magnetic flux follows the core. Thus the

mo coupling coefficient is close to unity and two such transformers can
\ ‘operate close together with little interaction.

“®) 23 0wQ 2 = B jan | a ‘The core design minimizes the effects of eddy currents. (See the
gS 3 example of Sec. 23.5.)

wh The analysis of magnetic-core transformers is difficult for several
reasons. First, the relationship between B and H in ferromagnetic

ome materials is not linear (Sec. 21.2). For example, if the flux linkage in a
w » circuit is A when it carries a current J, then the self-inductance L is A/1,

. as in Sec. 24.2. If there are no ferromagnetic materials in the field, A isF258 0 an ey puveont ces 2 mat ofthe proportional to J and L depends solely on the geometry of the circuit.
However, in the presence of magnetic materials, A is not proportional to
1, and the value of the self-inductance L = A/I can only be approximate.

25.4 MAGNETIC-CORE TRANSFORMERS Moreover, the losses in a magnetic-core transformer are complex:
there are eddy-current losses (Sec. 23.5), both in the iron core and in the

Magnetic-core transformers serve at frequencies ranging from a few hertz copper windings, hysteresis losses in the iron core (Sec. 21.2), and Joule
to about I megahertz. Figure 25-9 shows one common type that is used at losses resulting from the currents flowing in the windings. All these losses

60 hertz. can be expressed as an /°R loss in the primary but, for a given
‘A magnetic-core transformer possesses two essential features. (1) For a transformer, R depends on the voltage applied to the primary, on the

given cross section, the magnetic flux per ampere-turn in the primary is current drawn from the secondary, and on the frequency.
larger than with an air-core transformer by a few orders of magnitude.
This permits the design of transformers that are smaller and have fewer 25.4.1 The Ideal Transformer

The ideal transformer is a coarse, but useful, approximation. We make

19 the following assumptions. (1) There are no Joule or eddy-current losses.
ene (2) The hysteresis loop for the core is a straight line through the origin.

y/=il Then B is proportional to H, and there are no hysteresis losses either. (3)a All the magnetic flux is confined to the core. Then the coupling
WY] coefficient is equal to unity, and the flux through the primary is equal to
pi g that through the secondary.M As a consequence of the first two assumptions, the transformer is

Ni lossless. The efficiency is, in fact, close to 100% for large transformers,
an but only of the order of 75% for small power transformers supplying tensof watts,

dd ‘The assumption that B is proportional to H, and hence to J, is not

@ tb) realistic, but it is difficult to avoid.

smon type of magnetic-core tr for use at 60 hertz
surround the center leg: The core comprises ¢{wo types of amination, one shaped As a tule, the load connected to the secondary terminals is a resistance,
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With an ideal transformer the voltage V, applied to the primary is 25.4.4 The Input Impedance Z,

proportional to the magnetic flux in the core:
-

From the example in Sec. 25.2, with M?= LL, R,~0, R:~ Ry
ad

ae

Vi=N,=jon. (25-23) PLL:dt oq = jk +O Ee joy (1 So 25-2Revjets tal R, jal) (25-29)
‘The voltage across the secondary is

= Riots big (Re, els)
=n, 42 - “R,+ Jol, L, ® wl (25-30)i=, = Mj =bRr, (25-24) Then

My
where N, and Ny are the numbers of turns in the primary and in the Zu=(E)R (Ri Kol,), (25-31)
secondary windings, respectively, and f is the current in the secondary. "

‘Thus voN and the input impedance is real.
voN (25-25)
V, Np 25.4.5 The Ratio h/l,

In an ideal transformer and for a given V,, V; is independent of the The voltage induced in the secondary is equal to jwMI,. Therefore
load current. Also V, is either in phase with V, or = radians out of phase.

Ofcourse, one can change the phase of the voltage on R, by radians by JoMl, = (Ry + jola)hs, (25-32)
interchanging the connections to the secondary winding. bk joM = M_ (Ly) Ny,Note that V; is equal to N,j«@®. Thus, for a given applied voltage, the 1 R, +jol, La (2) "he (25-33)
magnetic flux is independent of the current drawn from the secondary.

. “ *

‘Also, ® is B times the cross section of the core. Since the maximum Thus the transformer is lossless, as we assumed at the beginning:
possible value for B depends on the core material, Eq. 25-67 shows that, WM = bV
for a given V,, an increase in frequency permits the use of a smaller ,
and hence of a core of smaller cross section. Fxample_| THE AUTOTRANSFORMER

. Figure 25-10(a) shows a schematic diagram of an autotransform.25.4.3 The Ratio Li/L> Its single winding serves as both primary and secondary, "The
Let ®, be the magnetic flux when /; is zero, and, similarly, let ®, be the winding is often wound over a toroidal core.
magnetic flux when f, is zero. The reluctance (Sec. 21.4) of the core is 2.
Then

DMR_Ni 2ee 5-26) ° SutCS eta a (25.26) 3. :

Similarly, © Ils nT) “s
L.= of (25-27) -* .

and ©: © ¥
Li_(M)?
ix) (25-28)

o o

The principle of superposition applies because, by hypothesis, B/H is «
constant. So ® =, +, i,25-10 (a) Schematic diagram of an autotransformer. (b) The equivalent
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Let us calculate the ratio V;/V,. We assume a coupling h 4

coefficient of unity, and we disregard the resistance of the 3
winding. These assumptions are reasonable in practice. Let the S 4
numbers of turns on either side of the tap be Ny and Nz, with k =
corresponding inductances L, and Ls as in Fig. 25-10(b). Then, if . $ R,

Alisa constant of proportionality, 3 R CS (%)n
L)=AN3, L:= ANS, M=(LyL2)'7=ANNs. (25-34) E M2

Wese "&) 3 7@)
Vs_VaV! 5 =

Para (25-35) r
where = o

e543 (25.36) s °
Vi ZjoM Fig, 25-11. (a) Transformer T inserted between a source of internal resistance R,

and anda load resistance R,.. (b) Equivalent circuit(Z=joM)jo(Ls
+ M)Vi Z=jwM +jo(L.+M) (53 ; ; —Vi jamesM) io My . replaced by the resistance (N;/Nz)°R,, as in Fig. 25-11(b). RememberZ~jwM+ jo(L,+ M)+ ja(L, +h that with our approximation the transformer has an efficiency of 100%.

Then, with a transformer as in Fig. 25-16, the power transfer is
‘After multiplying these two ratios, substituting the values of optimum when
Ly, Ls, M, and simplifying, we are left with

yi M (25-38) ow \w) N, \R,) * (25:39)
VON TN

The transformer is then said to be used for impedance matching. When

So Vz is simply proportional to that fraction of the winding that this condition applies, the power dissipation in the load is maximum, butis spanned by the secondary. The output voltage is even the efficiency is sill only 50% 5
independent of the load impedance Z! Recall that we have
disregarded the resistance of the winding

25.4.6 Power Transfer from Source to Load 25.5 SUMMARY
Through

a Transformer Kirchhoff’s voltage and current laws apply to circuits comprising self-As we saw in Sec. 8.8, the power dissipated in a load is maximum when inductances. The voltage drop across an inductance is L dl/dt, or jwLI
its resistance R,, is equal to the output resistance of the source R,, and with sinusoidal currents.
when X,= —X,. As a rule, the reactances are zero. If a circuit comprises a mutual inductance M between two branches,If it is impossible to vary either R, or R,, then one can still achieve then one can apply Kirchhoff’s laws by disregarding M and adding to
optimum power transfer by inserting a transformer between source and cach branch a voltage source —jwM times the current in the other
load, as in Fig. 25-11(a). Letus see how this comes about. branch, If the two branches have one common terminal, one can‘Assume that the transformer has a magnetic core, that the approxima- transform them into a Y circuit, as in Fig. 25-7.tions of Sec. 25.4 are satisfactory, and that X, =X, =0. Then, from Sec. In an air-core transformer, the input impedance is
25.4.4, the transformer has an input impedance of (N,/N2)*Rz ohms. In

other words, the current and the power supplied by the source are 2-240 os
precisely the same as if the transformer and its load resistance Ry, were Gn at (25-13)
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where Z, is the impedance of the primary winding and Z, is the 4
impedance of the complete secondary. Also,

LA kh=-7 (25-12) k

and V; is 4 times the load impedance Z, &

‘The ideal transformer approximates, in a crude way, the behavior of a \

magnetic-core transformer. We found that T ‘Vi =joN,®, (25-23)

h_Vs_™:

ToynnN, (Rela) 2525), 253) = Fig. 25-13.
DAY »

20=(M) Ri, (Riots), (2531) 5-2, (25.1) The magnetic energy stored in an inductorNo) A voltage source V is connected through a switch to an inductor of
.

inductance L and resistance R. The switch closes at ¢ = 0.

One can achieve maximum power transfer between a source and a load ‘Show that at any time T the energy that has been supplied by the source,
by interposing a transformer with a turns ratio N,/N:= (R,/Ry)". minus the energy dissipated in the resistance, is equal to the magnetic

energy PL/2.

PROBLEMS 253. (25.1) RL circuit
Find the current in the inductance L of the circuit of Fig. 25-13. The

switch closes at 1=0. If you have studied Chap. 8, use the substitution25-1. (25.1) Impedance veore! ‘en Millmatrs theore
(a) Calculate the impedanceZ of the circuit shown in Fig. 25-12. What is ‘theorem and then Millman’s theorem.the value of Z when (i) f =0, (ii) f>*? 254, (25.1) The star-delta transformation with a selfinductance
(b) Calculate the magnitude and the phase angle of Z at 1 kilohertz. Section 8.9 is a prerequisite for this problem. Show that the star and the
(c) Calculate the amplitude and the phase angle of Y= 1/Z at that delta of Fig. 25-14 are equivalent at 1 kilohert

frequency. di mil 25:5. The coefficient of coupling@ tea the power dissipation when the current is 100 milliamperes, The coefficient of coupling k between two single-turn coils was defined in
*#(e) Can the ral part of he impedance become negative? Sec, 24.3 In general hy hy SHOW that Kalk, = LL

(8) For what frequency ranges isthe circuit equivalent to (i) a resistor in ‘ .
series with an inductor, (i) a resistor in series with a capacitor?

(g) At what frequency is the circuit equivalent to a pure resistance?

wt van ue

wa

nH) 0 100 11 sk Sx WFwa smit

H a aN‘‘ a © 2000.0 nn ’

Suk Fig. 25-12. Fig. 25-14,
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2 25-11, (25.4.4) The reflected impedance

‘Show that a positive (inductive) reactance in the secondary of a
transformer is equivalent to a negative (capacitive) reactance in the

primary, and inversely.

25-12, (25.4.4) Electromagnetic crack detectors and metal detectors
It is possible to detect cracks in metallic objects as follows. If the part

to be examined is placed in the vicinity of a coil fed with alternating
% Fig. 25-15. current, the inductance measured at the coil terminals is lowest when

there are no cracks. Such instruments can detect cracks only
25-6, (25.2) Measurement of the coefficient of coupling k 10micrometers deep. The coil forms part of a resonant circuit.’ Metal

‘A transformer has a primary inductance L,, a secondary inductance L2, detectors operate similarly
and a mutual inductance M. The winding resistances are negligible. Consider the following simpler situation. A single-layer close-wound
Show that Z/Z.=1—K?, where Zand Z. are the impedances measured solenoid has a length 1, a radius a, and N turns. Let us calculate how its

at the terminals of the primary, when the secondary is short-circuited and impedance changes when one introduces into the solenoid a thin brass
when it is open-circuited. tube of wall thickness 6.

When an alternating current flows in the solenoid, the changing25-7, (28.3) Impedances in parallel, with mutual inductance

Caleulate the impedance ofthe ctcuit shown in Fig. 25-15, magnete uxinduoes2 curent in the tube, which thusacta a econay
25-8, (25.4) Improving (?) iron-core transformers d@/dt, and hence jo, and hence . The presence of the tube thus

In a iron-core transformer, the windings are outside the core, where B is reduces the inductance at the solenoid terminals. The effective inductance
orders of magnitude smaller than inside, Why not put them inside? Of the solenoid decreases when the resistance of the tube decreases

25.9, (25.4) Eddy-current losses in transformer laminations We disregard the skin effect (Sec. 29.1) in the tube and the stray
Eddy-current losses in magnetic cores are minimized by assembling them capacitance of the coil. Also, we set [>>a so as to disregard end effects.

from laminations. Consider a core of rectangular cross section as in Fig. ‘The coefficient of coupling is nearly equal to unity.
25-16. The eddy-current loss is proportional to ¥°/R, where Vis the (a) Calculate the resistance R, of the windingof the solenoid. Set the
‘lectromotance induced around a typical current path such as the one conductivity of copper equal to 0.
shown by a dashed curve. The resistance is also difficult to define, but it is (b) Calculate the impedance Z, of the solenoid without the brass tube.
of the orderof twice the resistance of the upper half, or 2a/{o(b/a)L] (©) Calculate the resistance R; of the brass tube in the azimuthal(a) Show that splitting the core into n laminations reduces eddy-current direction. Set its radius equal to a, and call its conductivity o,.
loses by.a factor of (4) Calculate its inductance L; and impedance Z:.

{(b) Show that these losses increase as the square of the frequency. {6) Now calcsate the impedance at the solenoid terminals withthe
tube in place.25-10, (25.4) Hysteresis losses (O) Calculate impedances, without and with the brass tube, when

Hysteresis losses are proportional to the operating frequency f, while N= 1000, /=200 millimeters, a= 20.0millimeters, 6 = 0.5 millimeter,

tcy-current loses increase as f°, a5 we saw above. You are given& f=1000hert2, 9, =5.8% 10"siemens/meter, 0, = 1.6% 10” siemens)umber

of transformer laminations. Can you devise an experiment that meter. Note how the presence of the tube increases R (more dissipation)wilpermit yu to evalnte the relative importance ofthe two types dnd decreases Z (less fun),
13. (25.4.5) Soldering gun

_ ‘A soldering gun consists of a step-down transformer that feeds a large

current through a length of copper wire. One type dissipates 100 watts in4 a piece of copper wire (o=5.8x 10” siemens/meter) having a cross> S section of 4 millimeters? and a length of 100 millimeters.

t Ce (a) Find V and / in the secondary.
4 “ (b) Find the current in the primary if itis fed at 120volts, assuming an

efficiency of 100%.bh ‘ce Prob. 1713 in Electromagnetism: Principles and Applications by the same authorsFig. 25-16. snd the same publisher.
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aeane eee aimedanceseen by thetransiter un ENERGY STORAGE IN AN INDUCTIVE CIRCUIT. THE MAGNETICcanal to Re + ike ENERGY ¢,, EXPRESSED IN TERMS OF LAND 472

(a) Under what condition is X= 0? Example 474 ,(jb) Then what is the value of R/R,? 22. THE MAGNETIC ENERGY DENSITY €, EXPRESSED IN TERMS OFJ(6) Calculate the values of C and L for R=S0ohms and f = ANDA 474

14 megahertz if R/R,, must equal 12.5. {3 THE MAGNETIC ENERGY DENSITY €), EXPRESSED IN TERMS OF
(a) Now plot R,, and X; as functions of the frequency between 13.5, ANDB 475

and 14.5 megahertz Example: THE LONG SOLENOID 476
‘This LC circuit is inexpensive, compared to a transformer, but the su THE SELF-INDUCTANCEOF A VOLUME DISTRIBUTION OFimpedance match applies only at the design frequency. CURRENT 477

+Example: THE SELF-INDUCTANCE OF A COAXIAL LINE 477
“445. THE FORCE BETWEEN TWO CURRENT-CARRYING CIRCUITS

EXPRESSED INTERMS OF M, J,, ANDI, 478

“06 THE FORCE BETWEEN TWO CURRENT-CARRYING CIRCUITS

EXPRESSED IN TERMS OF THE MAGNETIC ENERGY &, 481

Example: THE FORCE BETWEEN TWO LONG COAXIAL

SOLENOIDS 481

"17 MAGNETIC FORCES AND LINES OFB 482“8 MAGNETIC PRESSURE 483
Example: THE MAGNETIC PRESSURE INSIDE A LONG SOLENOID 484

“29 MAGNETIC FORCES WITHIN AN ISOLATED CIRCUIT 485

“14.10 MAGNETIC TORQUE 485

Example: THE MAGNETIC TORQUE EXERTED ON A
CURRENT LOOP 485

‘hal SUMMARY 486

PROBLEMS 487

this is the last chapter dealing specifically with magnetic fields. It

concerns energy and macroscopic forces. We shall find several expres-

sions for the magnetic energy stored in a field, and then deduce the forces

exerted on a current-carrying body situated in a magnetic field that

originates elsewhere. As in most of the material that we have studied

until now, we restrict ourselves to low frequencies and to currents that
result from the motion of free charges.
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26.1 ENERGY STORAGE IN AN INDUCTIVE vou

CIRCUIT. THE MAGNETIC ENERGY @, UIDV| IE == ga IR= Vo (26-2)
EXPRESSED IN TERMS OF L AND /

Part of the power supplied by the source serves to establish the magnetic

‘The circuit of Fig. 26-1 illustrates the storage of magnetic energy in field, and the rest dissipates as heat.
inductive circuits. The wire is of uniform cross section of and uniform (2) Now set the source voltage Vo at zero and increase it slowly. Then

conductivity 0. All materials are nonferromagnetic, and we assume that

€, = 1 for the wire. The circuit is rigid E=-yvy 24 (26-3)
(1) The current is constant. Inside the wire the volume charge density a

is zero, at least in the absence of a v X B field, and the wire now lies in its own 84/8t field

J The relation J= o£ still applies, and both J and E are uniform
B=|PVi=5 (26-1) hroughout the wire, as previously. This means that the surface charges

distribute themselves so as to maintain a uniform E inside, despite the
If there are no sharp bends, both E and J are uniform. The lines of E, presence of the 3A/3r term.
inside, follow the wire, parallel to its axis. Inside the wires that go from the source to the coil, A is weak and

‘At the surface of the wire, E has both a normal and a tangential E~=—DV. Inside the coil wire, we have the same E, but it comes partly
component. If the wite is situated in a vacuum, the free surface charge tom =VV, which points in the direction of J, and partly from —3A/3t,
density is €9E;,, where E, is the normal component of E just outside. If it which points in the opposite direction becauseA points in the direction of
lies in a dielectric, then the free surface charge density is D, = €,€0E J and increases. ;

‘At -any point in space E is proportional to V). Of course, E also Now we have just seen that JE =1R. IntegratingE inside the wire from
depends on the geometry of the circuit and on the neighboring objects. the positive to the negative terminal of the source,

In principle, one could calculate V and E everywhere from the surface - aa
charge density all around the circuit, source included, and on the J (-rv-) -a=ir, (26-4)
neighboring bodies. However, o is itself a function of E. ta a

If Lis the length of the wire, sf its cross section, and R its resistance - - 3A

1/(o24), then -f vy eat {i Sp a= i. (26-5)

L Since the first integral equals Vo,_— Z
8 ql

/ ~ 3A ap da
/ Vy=IR+| “.dt=in+— .dl=IR+o4_ \ _ f Sa al A-dl=IR+S. (266)

- ~~ \ w_/ <—

ext \ gel We have used the fact that the line integral of A is equal to the flux7
— snkage (Sec. 19.1)va A RON At any instant the power supplied by the source is/ ¢ fT =\ \ \ op ath

/ f- #-Y h \ Mo=FR+ID (26-7)

eae The first term on the right is the power dissipated as heat, and the second

Fig. 26-1. Coil fed by a battery. 1s the rate of increase of the magnetic energy.



Thus, if >, is the stored magnetic energy at a given instant, Now consider the identity

dé, _,dA_ d(Ll)_, ar ral [ oA {2om2 pA Oy (26-8) {fyade= [sy SF Adv. 26-rel aaa ea (26-8) all Adw=]s a+ |S Adv (26-16)
‘The inductance Lis a constant because we have assumed that the circuit The first integral on the right is equal to /dA/dt, as we saw above
is rigid and that there are no ferromagnetic materials in the vicinity. Similarly, the second integral is equal to A di/dt, which is the same as
Clearly, €,, =0 when /=0. Then 1! dA/dt if the inductance is constant. Therefore

LP_IA dé, 1d

bmaSaS: (26-9) Set [ + Adv :272 aad 2 Adv (26-17)

If we have two circuits a and b, then and 1
én=3 [s-Ade, 26-1Gut Eps = Mae + InAs) (26-10) aya Cots)

=U L(Lole + Mp) + In(Lnly+ MI.)| (26-11) where, again, v is the volume of the conductor. This equation applies
Uy 4+ Ly + Mh, (26-12) only if the source is of finite size.

If there are several circuits, then the integral runs over all of them and

Example | ‘The magnetic energy stored in a long solenoid follows from the the vector potential in one circuit is the sum of the A’s of all the circuits.
value of the selfinduetance that we found in the first example in One can add to A any quantity whose curl is zero without affecting this
Sec. 24.2 integral (Prob. 26-4).

a EE _toRE 2613) ‘The magnetic energy density at a point can therefore be taken to bein uw
“

Em =A. (26-19)
26.2 THE MAGNETIC ENERGY DENSITY

€, EXPRESSED IN TERMS OF J AND A 26.3 THE MAGNETIC ENERGY DENSITY &;,
EXPRESSED IN TERMS OF H AND B

We can rewrite the time derivative of &, as follows. Since A= LI,

lo express the magnetic energy in terms of H and B, we use Eq. 26-9Hn tA Zl) =1eifaA ay and apply it to the loop of Fig. 26-2. The loop lies in a homogeneous,dt 2\ da dt dt Jo Ot

3A
= . dl 26-14)

[2 at $ Sr (26-14) eon h
i“ Taf at

= [x Ba, (26-15) y SS \
ar Ee }

where f is the cross-sectional area of the wire, C is the curve defined by G pee y
the wire, and v is the volume of the wire. The volume v is finite. > Nod

Note in passing that J -(9A/8t) dv is the work done in moving the vig. 262. Sine ‘oop of
conduction charges situated in the element of volume dv against the tvpical line ofH. The open surface, of area sf, is bounded by C. and itselectric field —9A/8t during 1 second. everywhere orthogonal to H.
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isotropic, linear, and stationary (HILS) magnetic medium. This excludes "26.4 THE SELF-INDUCTANCE OF A VOLUME
ferromagnetic media. From Ampere’s circuital law, DISTRIBUTION OF CURRENT

I= ¢Hdl, (26-20) We saw in Sec. 24.2 that the self-inductance of a circuit comprising
infinitely thin wires is infinite. A real circuit comprises conductors of

where C’ is any line of H. finite cross section and its self-inductance L, by definition, is proportional
Also, let sf be the area of any open surface bounded by the loop C and to the stored energy:

orthogonal to the lines ofH and of B. Then 1

WP = 6, = { av. (26-26)Aso=f peas e621) Thus “le
1 2and \ Len [paw (2627)

e.=1Aa=34 nal Bast. (26-22)
© *Example | THE SELF-INDUCTANCE OF A COAXIAL LINE

Now the lines of Hf and the set of open surfaces define a coordinate Assume tha is tow enough tosystem in which di -daf is an element of volume with df and dsf both panera esa nruy Aa ley pliadiper sar id
parallel to H. Also, for each element di along the chosen line of H, one ‘conductors, and neglect end effects.
integrates over all the corresponding surface. Since the field extends to We calculate successively the magnetic energies per unit length
infinity, this double integral is the volume integral of H - B over all space, of the line in regions 1, 2, 3, 4 as in Fig. 26-3, and then we set the
and sum equal to L'/°/2, where L' is the inductance per meter. Lines

:
of B are circles centered on the axis.

<1 fu “Bdv. (26-23) (1) Region 1. From Ampére’s circuital law, Secs. 19.5 and 20.6,2) at the radius p,

‘The magnetic energy density in nonferromagnetic media is thus 2xpB, = ol2 (26-28)
 H-B_B?_uH®
gt B Fe (26.24) and the magnetic energy per unit length is

“The magnetic energy density varies as B°. Thus, after superposing several
fields, the total field energy is not equal to the sum of the individual oo ly
energies. See Eq. 26-12 2 \ ea

‘Compare this section with Sec. 6.2. Z
< ,

Example | THE LONG SOLENOID | VeNeglecting end effects, we find that the magnetic energy stored in ig\\the field of along solenoid in air is \ K »\ sell
ton unin nn ZR HME 62s) rex. |

uo 2 a.
ey

as in the example in Sec. 26.1. ~ Fig. 26-3. Coaxial line.
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2 f -tax [ (feb) zap dp =r (26-29)2po i Nara a aa Wwe
cegion 2. Here “S(2) Region 2. Hes Yaar Tox,

pe eeee (26-30) 8 + K /a oe a : y

i Sh —(3) Region 3. We require the net current that flows within a _— \ : -
circular path of radius p. This is / minus that part ofthe current in Ue eS Lae . Ss
the outer conductor that flows between radii b and p. Thus ( ai)1

altol (,p=bt) _ molf= pt 26-31 eTBas( Ga) depo aor OOD
wo fcc 30-8 |ray = Hol |in - 26-32) >toe ap eso) .

‘rom Ampére's circuital law, there is zero field in

-

wisreson 4 From Ampire’s crcl “ Hg, 264. Two parallel loops bearing currents 1, and swith typical ins of‘onginating in loo iement of for componiFinally, the selF-inductance per unit length of the coaxial line is iating i oop a, The element of force dF possesses a component inthe
Lit blip et ye 38a8?Luge tgelna ts, [Says wea ;nt 2x a*Ial(@-bF 6 Keb). 1 move toward each other. They are fixed in position by opposing

(26-33) mechanical forces. All materials are nonmagnetic.
. Now assume a small virtual translation (Sec. 6.6) of one circuit,

e rm between the braces from @} and is u .normaly the mostimportant the braces comes from #5 a without any rotation. Since there is conservation of energy, the energyexpended by the sources is equal to the increase in magnetic energy plus
the mechanical work done. The displacement takes place slowly so as to

*26.5 THE FORCE BETWEEN avoid taking kinetic energy into account.
TWO CURRENT-CARRYING CIRCUITS ‘To simplify the calculation, we assume that the currents are constant.
EXPRESSED IN TERMS OF M, I., AND I, This assumption will not affect our result. We had a similar situation in

clectrostatics. See Prob. 6-12.

We already found an integral for the force between two current-carrying Loop b moves a distance dr toward loop a. Only M changes and, from
circuits in Sec. 22.3. However, as we noted at the time, the integral is iq, 26-12, the magnetic energy increases by
difficult to evaluate.

Here we express the force in terms of the mutual inductance between dEq = Indy dM = [, dAsa= Ip dAyy, (26-34)
the two circuits. Mutual inductance is just as difficult to calculate as the | :
force, but it is easy to measure, much more so than the force itself. In the nw being the flux originating in b and linking a, and similarly for Ay.
process, we shall find that whenever one changes the geometry of a Since M is positive (Sec. 24.1.2) and increases, dé,, is positive.
circuit or of a pair of circuits, precisely one-half of the energy furnished Now consider the extra energy supplied by the sources. In loop b, the
by the source. exclusive of Joule and other losses, becomes magnetic linking flux increases and the induced electromotance tends to generate a
energy. and the other half becomes mechanical work magnetic field that opposes this increase. Therefore the electromotance
We consider two circuits carrying currents [, and J in the same induced in b tends to oppose [,. To keep that current constant, its source

direction, as in Fig. 26-4. The magnetic force is such that the loops tend supplies the extra voltage dA,,/dt and the extra energy



dhe *26.6 THE FORCE BETWEEN TWOdy, =2dt = hydp= Iola AM. (26-35) a. —iy = dy dt (26-35) CURRENT-CARRYING CIRCUITS EXPRESSED
IN TERMS OF THE MAGNETIC ENERGY %q

By symmetry, dé,, is the same, and the extra energy supplied by the

two sources is Since the term on the right in Eq. 21-37 is the increase in magnetic
dé, =21,1, dM, (26-36) energy, we could also write that

which is exactly twice the increase in magnetic energy. The remainder has Fy-dr=dé, (26-42)
gone into mechanical work. In other words, the energy supplied by the
sources divides equally between mechanical energy and magnetic energy. remembering that the force pulls in the direction that increases the
See Sec. 6.6.1 magnetic energy. Also,

If EF, is the force that coil a exerts on coil b, then the mechanical work 3%,
done is Fane = (26-43)

Ey + dr = 1,1, dM. (26-37)

7 Example | THE FORCE BETWEENSince the quantity on the right is positive, F,, points toward coil a, like
dr, which is correct. TWO LONG COAXIAL SOLENOIDS

‘The x component of the force is Figure 26-5 shows two coaxial solenoids, one of which extends a

aM distance / inside the other. The mutual inductance is positive. TheFe. = 2, (26:38) net force is axial, and itis attractive, as can be seen from Fig.
ox 26-6. Remember that the force between two parallel currents

flowing in the same direction is attractive
where dx is the x component of dr. This equation applies to any pair of

circuits. n N,
This is an alternate expression for the force that we found in Sec. 22.3. > WN) Nt

We can show that the two expressions ae equal as follows Let cet b gy)move as a whole, without rotating, parallel to the x-axis. Then LyByH
a MeL

if) | ool We Ga lo dl, - dl,\ ty 1
ox \4rJ,J, or

where ris the distance from dl, to dl,. The derivative with respect to x ig: 2665. Two coaxial solenoids of approximately equal diameters. The force F
acts only on the 1/r term under the integral sign because the vectors dl tho eaneen an amoetSe eect crn, The clea areare not affected by a translation of circuit b. Thus

Eye = ~ Hing gee (26-40) PTTONM SCH OOOE
and, more generally, .

Mo dl,-dly__ tho jiledly 96.4y ™ tag O° iFy — Hele| [ee —Tela| LF, 26-41) © eo0% OD O000
, Fig. 2646, Section through part ofthe solenoids of Fig. 26-5. There isa force ofas in Sec, 22.3. attraction at the ends of the solenoids.
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‘We cannot perform a rigorous calculation of the force because it : ;

clearly depends on the very end effect that we have disregarded . '
‘until now. However, we can find an approximate expression by '
applying the formulas that we found above. '

‘We assume that the field of a solenoid stops abruptly at the end. / \ '
Then { q \ '| (CO KS)

h 1 \ \

For a cross-sectional area st, '

Fh = yh 2alhly- (26-46) Fig. 26-7. (a) The Bfield of two parallel currents flowing in the same direction,ley ‘The magnetic flax betweentwo successive lines of B is constant. We have notshown the lines near the wires because they are too close together. (b) The B

ws attractive bec increases with / field of two parallel currents lowing in opposite directionsTH geri aselaate the focefom 3/3: These ines of Bare ental to the eqpotentils in Fig. 67 because, inNow let us calculate the a two-dimensional field,a line of Bisa line of constantA (Prob. 18-12), and bothVand A vary as 1 over the distance from the wire

task [ wav =E (wiL—9 +B+B+ Bll
(26-47) This is a general rule: lines of B are “under tension” and “repel

1 laterally,” just like lines of E. See the next section.

= 5g, (Bile + Bile + 2BBul) st, (26-48)Ho

"26.8 MAGNETIC PRESSURE
where B,=oN'l, originates in solenoid a, and similarly for 6.

Then If the current flows through a conducting sheet, then it is appropriate to
pa ttn BB ons (2649) think in terms of magnetic pressure. Imagine a conducting sheet, in air,“dy carrying @ amperes/meter and situated in a uniform tangential magnetic

field B/2 originating in currents flowing elsewhere, as in Fig. 26-8(a),
Observe that the force would be zero if &, were proportional to B. with @ normal to B. The force per unit arca is alf/2.

Now increase a until its field cancels the ambient field on one side and
‘ = . 26-8(b). Then, from Prob, 19-3,* FORCES AND LINES OF B Joubles it on the other, as in Fig. 2 rc26.7 MAGNETIC a” = B/jo, and the force per unit area, or the pressure, is

Lines of B are useful for visualizing magnetic forces between current- B

carrying wires. Figure 26-7(a) shows lines of B for two wires carrying Pm (26-50)
equal currents flowing in the same direction. The lines of B that cross the
midplane are “under tension,” and the force of attraction per unit area in This applies to any current sheet with zero B on one side.
the midplane is B/(2uo). Figure 26-7(b) shows lines of B for currents The pressure is equal to the energy density, as with electric fields (Sec.
flowing in opposite directions. Now the lines of B “repel laterally,” and (6.5), This pressure pushes the current sheet away from the field. On the
the force of repulsion per unit area in the midplane is B*/(2s) field side, the lines of B are parallel to the sheet and repel laterally.
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z

S This is equal to the mechanical work performed by the magnetica
a — Pressure p over an area 2xRI dR, andbe 4 B

2 | = 52)

Gog: [ s fi « arn (2552)

en] |yy) y? in ~ } if Ve ‘26.9 MAGNETIC FORCES WITHIN
‘ homed AN ISOLATED CIRCUIT‘| SSJ

a Within a single isolated circuit one still has magnetic forces, because the
current in one part flows in the magnetic field of the rest of the circuit.

‘ lor example, if the circuit is a simple loop, then the magnetic force on
the wire tends to expand the loop.

26.10 MAGNETIC TORQUE
Fig. 26-8. (2) A conducting sheet carries a current density of « amperes/meter of

ith andes na uniform magnetic eld B/2 originating elsewhere: (0) The ity analogy with Sec. 26.5, a circuit a that forms an angle @ with another
‘was, while the total B on the far side is zero. circuit b exerts on b a torque

38M _ 36,
T=Lh=-= (26-53)Example | THE MAGNETIC PRESSURE INSIDE 30 30 (2653)

A LONG SOLENOID

The torque tends to increase both the mutual inductance M and theFigure 26-9 shows an end view of a solenoid. We use the method magnetic energy By.of virtual work (Sec. 6.6) to show that the magnetic pressure is

B?/(2). Imagine that the current remains constant, while the *
magnetic pressure increases the radius from R to R + dR. Then, ‘-xample | THE MAGNETIC TORQUE EXERTED ON A
for a solenoid of length /, the magnetic energy increases by CURRENT LOOP

B A rectangular loop of wire carrying a current / lies in a uniform Bat = 57 Dak dR (26-51) in air, as in Fig. 26-10. We calculate the torque at the angle @.° (1) The simplest procedure here is to calculate the torque from
the magnetic force /dlx B on the element dl of the wire, as in

gotttit ite, Sec. 22.2

Vs + BSMe T = 2asin 0 Bib = Bid sin 8, (26-54)fit wheresf is the area of the loop. The torque is in the direction ofiPsiilpeey the curved arrow shown in the figureii get aE ‘=> | (2) Now let us use Eq. 26-53. Let J, be the unknown current
west that provides the fieldB. Then% oe noe F Fig. 26-9. End view of a solenoid. The dots\A eens ))feat nes of B, gona tothe poner ya Bose (2655)
er a ¥XYyy ‘The arrows show how the magnetic IaSe pressure pushes the winding away from the

Ssaccsz Feld. We require a negative sign here because the flux Bst c0s @ links
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where uv is the volume occupied by the currentSN ‘ ‘Thus the energy density can be taken to be

D = B
NLA eH B= > 26-24
oy } mu (26-24)

\o

_ a \ We define the self-inductance of a real circuit comprising currents
~~ distributed over a finite volume in terms of the magnetic energy stored in

2 Yenc! i the field:
Fee 1
DA L= 3 [ Bde (26-27)JA749 Bae wl J.
2 BS ps ,

Z; ~ The x-component of the force exerted on a circuit b situated in the field

| ~ of another circuit @ is aM _3t,,
Fig. 26-10. Loop carrying a current / in a constant B. The ner re (268), (26-43)‘magnetic torque tends to turn the loop in the direction of the
arrow. ‘The force pulls in the direction that increases both M and the magnetic
the loop in the direction opposite to that of the flux of a current / energy.
flowing in the loop as in the figure. Then Similarly, the torque is given by

= 14M 14 = T= hoe = Son (26-53)T= Lh Se= -15, (Bet 00s 8) = Blctsin8. (26-56) ly39 = 36 (26-53)
The positive sign means that the torque is in the direction shown, If the current flowing through a conducting sheet situated in a magnetic

as we found above. The torque tends to increase @ and hence to field is such that the magnetic flux density is B on one side and zero on
increase M. the other, then the magnetic pressure on the sheet is B°/(2j4o). The

pressure tends to push the sheet away from the field.26.11 SUMMARY

PROBLEMS

When a current / flows in a circuit of self-inductance L, the magnetic ao. (26:1) Th stored ina magnetic cet4 (2 e energy itenergy stored in the field can be expressed in various ways: ‘Show that the energy stored in a magnetic circuit is ®°R/2, where ® is
the magnetic flux and 2 is the reluctance.

=P=A) [ H-Bdv, (26-9), (26-23) 26-2. (26.1) The energy theorem for linear passive circuits2), (a) This theorem follows from Tellegen’s theorem (Sec. 8.6). Suppose
cone has a passive circuit comprising resistances, self-inductances, and

where A is the magnetic flux linkage and where the integration runs over capacitances. One applies an alternating voltage V, to an input port.

all space. Also, for a finite current distribution, Show that Volp = P+ 2e0(€ mage ~ cians
& =) [rad (26-18) where the left-hand side is the input complex power, P is the power2H dissipated in the circuit, Eup. is the average magnetic stored energy, and



fas the average elect stored energy. This iste energy theorem (3) Calculate the number of ampereturns required in each coil to(@) It is shown in Prob. 25-4 that the star and the delta of Fig. 25-19 are} support a mass of I metric ton when R = 1 meter
equivalent. Now, if one applies an alternating voltage V (rms) between j (b) Drawa sketch showing the two coils and lines ofB. Can you explainterminals B and C of the star, then V/* is real and equal to V*/2000. the force of repulsion qualitatively’
According to the energy theorem, the average energy stored in the 26-7. (26.7) The force between two parallel bus bars of finite cross section.
capacitors of the delta must be equal to the average energy stored in the ‘Two parallel bus bars have equal circular cross sections and carry equal
inductor, at any frequency. Show that this is correct. currents J. The currents are equally distributed over the cross sections.

263, (26.1) The average stored energies in capacitors and in inductors Show, without any calculation, that the force is the same as if the bus
‘The average stored energies in capacitors and in inductors are CV?/2 and bars were thin wires.

LF/2, respectively, where V and / are rms values. 26-8. (26.7) A superconducting power transmission line
‘Show that A superconducting de power transmission line has been proposed that

ae en oe would carry 100 gigawatts of power at 200kilovolts over 1000 kilometers.ew =F Cow =FOaL ‘The conductors would have a diameterof 25 millimeters and be separatedby a center-to-center distance of 50 millimeters.26-4. (26.2) The magnetic energy in terms ofJ and A (a) Calculate the magnetic force per meter. See the previous problem. ItWe saw that is clearly preferable to use a coaxial line.
eal (b) Calculate the stored energy in kilowatthours. The self-inductance perbmn [F-Aav, meter is [4o/(42)][1+ 4 In (D/R)].

where vis any volume that encloses all the conductors 26-9. (26.8) Large-scale energy storage in inductors and in capacitors

here any wus tat eno le concn Much work has been done on the large-scale storage of energy in
inductors, for public utilities. One author proposes a huge, underground,26-5. (26.4) The inductance of a coaxial line is slightly frequency-dependent cryogenized inductor that would operate at a field of 14 teslas.

High-frequency currents donot penetrate a conductor as do low- (a) Calculate the energy density in kilowatthours/meter:
frequency currents. This is the skin effect (Sec. 29.1). Does the self- (b) Calculate the magnetic pressure in atmospheres.
inductance of

a coaxial line increase or decrease with frequency? (©) It seems more reasonable to store energy in a capacitor, because a26-6. (26.5) The electromagnetic levitation of high-speed tracked vehicles capacitor need not be cryogenized and because the force points inward, not
The suspension and the propulsion of tracked vehicles become major outward as in an inductor. Calculate the energy density in kilowatthours/

problems at speeds of several hundred kilometers per hour. Wheels are meter’ if ¢,=3 and the dielectric strength is 1.5 x 10*volts/meter.
then impractical because vehicle vibration, track damage, and power loss Gasoline can store over 100 kilowatthours/meter’, and flywheels over
become excessive. The tractive force also deteriorates with increasing 200,

speed. 26-10. (26.9) The mechanical work performed by mechanical forces on an
An air cushion provides a satisfactory suspension at high speeds, but it isolated, active, and deformable circuit

consumes a large amount of power. Propulsion then requires either a We showed in Sec. 26.5 that, if one active circuit moves with respect to
propeller or a linear electric motor, with the stator in the track. another, the mechanical work performed by the sources is equal to the

It is also possible to supporta vehicle by means of magnetic forces, and increase in magnetic energy if the currents are maintained constant.several
methods have been developed. In one of these, superconducting Hence the force between two active circuits is given by the rate ofcoils in the vehicle generate a magnetic field that extends down into the increase of magnetic energy.

track, which is a sheet of aluminum. At rest and at low speeds, the vehicle ‘Show that, similarly, if the geometry of an isolated active circuit
uses wheels. As the speed increases, the eddy currents induced in the track changes, the energy supplied by the sources divides in the same way.by the traveling magnetic field exerta force of repulsion on the currents in ‘Assume again that the current is constant. It follows that, on thisthe vehicle coils, and the vehicle flies about 10 centimeters above the track. assumption, the force on an element of an active circuit is equal to the
‘There are, of course, problems of stability. Also, the suspension is not rate of increase of magnetic energy.

Tose coun there are Jouleyosses i the track ‘A pair of parallel and 26-11. (26.9) The axial compression forceon a solenoid.
coanial cols of radius Rand N turns are separated by a distance D. The {@) Show qualitatively, in two different ways, that the turns of a
lower coil simulates the track. For D~0.1R, the mutual inductance is solenoid tend to squeeze together.
Gren by N(2154.— 1204{(D/R) — O.I)R micohenns, (b) Calculate the axial compression force on a long solenoid.



26-12. (26.9) Magnetic shutterMagnetic fields can perform mechanical tasks that require a high power j _—
level for a very short time. For example, magnetic pressure can crush a z ~
light aluminum tube that acts as a shutter to turn off a beam of ight or of — —>
soft x-rays. The tube is placed inside a coil, parallel to the axis. When 7 =e
the coil is suddenly connected to a large capacitor, the change in flux

:

induces a large current in the tube, which collapses under the magnetic — wae
pressure _ iLet us calculate the pressure. If the current J in the solenoid increases a
the magnetic pressure is negligible. Let us assume that di/dt in the coil is “ Fig. 26-11.
so large that the induced current in the tube maintains zero magnetic field
inside it. Then there is a magnetic field B only in the annular region
between the solenoid and the conducting tube. field. The magnetic particles cling to the steel wires where the field

(a) Calculate the pressure on the tube in atmospheres at 1 tesla gradient is large. Arrays of fine steel wires normal to B are also used.
(b) What would be the pressure if the conducting tube were parallel to With @ field of the order of several teslas supplied by superconducting

the axis but off the axis? coils, the separation occurs even with materials that are only slightly
magnetic. The method is also applicable in air for removing magnetic

26-13, (26.9) | Flux compression particles, say in pulverized coal. smeFlux compression is one method of obtaining large magnetic fields. For Let us see how a small magnetic dipole behaves in a nonuniform B.
example, one can insert a light conducting tube in the field B of a The dipole first orients itself. Then, as we shall see, it tends to move in
solenoid and then implode the tube by means of an annular explosive the direction in which the applied B increases
charge situated between the tube and the solenoid. Currents flow in the Figure 2611 shows a small current loopof radius R that is alreadytube, and the magnetic pressure builds up until it is equal to the external oriented in a field B that increases. symmetrically about the positive
gas pressure. The solenoid is fed by a constant-current source Guection of the s-axis

(2) Show that, ifthe radius of the tube shrinks very rapidly, the. B (a) Show, without any calculation, that the magnetic force points to
inside is about B,(Ri/R*) at the instant when the radiusis equal to R. For the right. Note that this force tends to increase the linking flux.example,

if Bois 1Oteslas and if Re/R = 10, then B = 10 tesas (b) Show that F=2xRIB,, where B, is the component of B that is(b) Calculate the surface current density in the tube in amperes/meter. noreal to the aude » »
() Caleulate the change in magnetic energy, the energy absorbed by (©) Now consider a small volume of thickness Az, as in the figure. Use

the constantcurent source fesding the solenoid, and the explosive the fact that the net outward flux ofB is zero to find B, and F.
energy required to compress the field. Assume that the tube is ul rate of i magnetic ener200 millimeters long, R=50 millimeters, and neglect end effects (9) Catealate the free From the rate of increase of magnetic enersy

26-14. (26.10) The torque on a current-carryingcoil(a) Show that a current-carrying coil tends to orient itself in a magnetic
field in such a way that the total magnetic fux linking the coil is
‘maximum.

(b) Show that the torque on the coil is m XB, where m is the magnetic
moment of the coil and B is the magnetic flux density when the current in
the coil is zero.

26-15. (26.10) The torque on a cylindrical permanent magnet

Show that the torque exerted on a small, cylindrical permanent magnet
cof dipole moment m situated in @ magnetic field is mXB. See the
preceding problem.

26-16. (26.10) High-gradient magnetic separation
It is possible to separate magnetic particles in suspension in a fluid by

passing the mixture through steel wool subjected to a strong magnetic
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The above equations are general in that the media can be

nonhomogeneous, nonlinear, and nonisotropic. However, (1) they applyCHAPTER ‘only to media that are stationary with respect to the coordinate axes,"
and (2) the coordinate axes must not accelerate and must not rotate.

f These are the four fundamental equations of electromagnetism. TheyMAXWELL’S EQUATIONS H form a set of simultaneous partial differential equations relating certain
time and space derivatives at a point to the charge and current densities

at that point. They apply, whatever be the number or diversity of the

27.1 MAXWELL’S EQUATIONS IN DIFFERENTIAL FORM 492 sources:
27.2 MAXWELL'S EQUATIONS IN INTEGRAL FORM 495 We have followed the usual custom of writing the field terms on the
27.3 FURTHER COMMENTS ON MAXWELL’S EQUATIONS 498 left and the source terms on the right. However, this is somewhat illusory

27.4 THE LAW OF CONSERVATION OF CHARGE S00. because p and J are themselves functions of E and B. As usual,
27.5 MAXWELLS EQUATIONS

ARE REDUNDANT 500 Eis the electric field strength, in volts/meter;276 DUALITY SOL
; ite i 5

Example: THE FIELDS OF ELECTRIC AND MAGNETICDIPOLES 501 p= p, + pyis the total electric charge density, in coulombs/meter’;

27.7 LORENTZ’S RECIPROCITY THEOREM 2 py is the free charge density;
Examples 503

27.8 THE WAVE EQUATIONS FORE AND FORB = S04 6, = —¥- Pis the bound charge density;
27.9 SUMMARY S05 P is the electric polarization, in coulombs/meter’;

PROBLEMS S07 Bis the magnetic flux density, in teslas;

J=J, + 9P/3t + VX M is the total current density, in amperes/meter?;*This chapter concerns the owe fundamental equations of electromagnet Jj is the current density resulting from the motion of free charge;ism that bearthe nameof James Clerk Maxwell (1831-1879). He was the ji a afirst to state them clearly and to recognize their importance, but it was AP12a the polarization current densityin a dielectric;Oliver Heaviside (1850-1925) who first expressed them in the form that VXM is the equivalent current density in magnetized matter;we
know today. These equations are so fundamental that we shall express ‘Mis the magnetization, in amperes/meter;the vi wi is icrem in various ways and then discuss their physical meaning. cis the speed of light, about 300 megameters per second;

27.1 MAXWELL’S EQUATIONS IN qs the permittivity of free space, about 8.85 x 10~"? farad/meter.
DIFFERENTIAL FORM In isotropic, linear, and stationary media,

Let us group Maxwell's four equations; we discuss them at length below. T= 0B, P= eoxE,  M= Xml, (27-5)
We found them successively in Secs. 9.5, 23.4, 20.4, and 17.4: ~—
nn SO where @ is the conductivity, x, is the electric susceptibility, and z,, is the|

3B magnetic susceptibility. Also,| v-E=2, (27-1) vxE+ =o, (272)° ‘ GLxe He = Lt Hm (27-6)
v-B=0, (273) vxp-t2B_ yy | s Peat(27-3) Byres — QT) "See Paul Penel, Jt. and Herman A. Haus, Elecrodynamics of Moving Medi,a a] Research Monograph 40, M.I-T. Press, Cambridge, Mass, 1967‘ * Until ow we were concerned solely with free current densities, and we usedJ insteadIf you have not studiedChap. 17, you will have to take this equation for granted at thisstage. You wil fd prot in Se. 28.6. =? AEN Eaton fr gamed th of J 10 spy notion
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where ¢, is the relative permittivity and y, is the relative permeability This is a general rule for transforming an equation in terms of €0, Uo, Pv F
Inside a source, such as a battery or a Van de Graaff generator, electric to another one in terms of €, My Py» Ip
charges are “pumped” by the locally generated electric field E, against The Minkowski formulation of Maxwell’s equations is often useful. It
the electric field E of other sources, and J = o(E + E,). expresses the same relations, but in terms of the four vectors E, D, B, H:

Writing out p and J in full, Maxwell's equations become on
. VD=p, (27-20) vxe+ Bao, Q721)vee iP 7-7) &&

2D

OB V-B=0, (27-22) VxXH- 34 (27-23)
VxE+S=0, (27-8) In the following chapters we shall be mostly concerned with electric

V-B=0, (279) and magnetic fields that are sinusoidal functions of the time. Then, for

Ler op isotropic, linear, and stationary media, not necessarily homogeneous,PxBSS = mld ++ P xm). (27-10)ox 2 VicE=p, (27-24) VXE+joul=0, (27-25)

‘This Amperian formulation expresses the field in terms of the four vectors. V-uH=0, (27-26) VXH~jwcE=J, (27-27)
E, B, P, and M.

;‘With homogeneous, isotropic, linear, and stationary (HILS) media, It is worthwhile to discuss Maxwell's equations further, but first let us
rewrite them in integral form.

_
eae (Sec.9.9) 7-11) 27.2 MAXWELL’S EQUATIONS IN

RAL FORMP=(c,-leoE — (Sec.9.9) (27-12) INTEG!
_ (= 1) Integrating Eq. 27-1 over a finite volume v and then applying the

MaNi B (Sec.20.7) (27-13) divergence theorem, we find the integral form of Gauss’s law (Sec. 9.5)
and 1

sn [e-aa=4f pa=2, 27-28)vee=", (27-14) PxE+S=0, (715) “ ow °«
" where f is the area of the surface bounding the volume v and Q is the

oE total charge enclosed within v. See Fig. 27-1.“B= 27-1 epee -veB=0, G16) VxB—ew samy, (7-17) Similarly, Eq. 27-3 says that the net outward flux of B through any
closed surface is zero, as in Fig. 27-2:Recall that € = €,€) and = 4,o, €, is frequency-dependent, and y, is

hardly definable in ferromagnetic materials. The expressions for P and f B-dst =0. (27-29)
for M are not symmetrical, but P, E, and D point in the same direction, as

Hike Mand, intropic and lneat media Equation 27-2 is the differential form of the Faraday induction law for
ith "he folk at the bstitutions: equations follows from Eqs. 27-1 to 27-4 time-dependent magnetic fields. Integrating over an open surface of areawith the following substitutions: sf bounded by a curve C gives the integral form, as in Sec. 23.4:

6 Mo (7-18) 4 an
E-di=—<| B-ast=-—, 27-30)Ppp, Ind. (27-19) ¢ Evdi=— 7 [ dt (27-30)
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Fig. 27-3, Ifthe magnetic flux linking C increases, it induces an electromotance

around Cin the direction ofthe arrow. The electromotance points inthe sameFig,27-1, Lines of E emerging fom a volume contining ane charge Q. The direction if B points upward and decreases

3EBedl=wo) (1+ eo)dot 27-31where A is the linking flux. See Fig. 27-3. The electromotance induced f. Lvres Crs!)around
a closed curve C is equal to minus the time derivative of the flux We found two! helinkage. The positive directions for A and around C satisfy the right-hand '¢ found two less general forms of this law in Secs. 19.5 and 20.6. The

wet convention, closed curve C bounds a surface of area sf through which flows a current
Finally, Eq. 27-4 is Ampére’s circuital law in integral form of densityJ + €98B/3t. See Fig. 27-4

IN ; le}, |
c ° mJ ‘ie

B Ite, HF

Fig. 27-4. The line integral ofB - dl around Cis postive if the intepraton runs inFig. 27-2. Lines ofB passing through a closed surface. The net outward flux of B the direction of the arrows with a current density J+ €, 3E/21 pointing,seeqaaito zero. downward
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27.3 FURTHER COMMENTS ON (4) We found Faraday’s law

MAXWELL’S EQUATIONS OB d

vxE=- 8 f E-dl= -5f Bedst, (27-34)(1) Maxwell’s equations 27-1 to 27-4 are linear. This means that they do a ‘c dhe
fot contain products of two or more of the variables or of their in Sec. 17.3, and we discussed it in Sec. 23.4, These equations are equally
derivatives. It follows that ifthe field E, By satisfies Maxwell’s equations teneral. Here the closed curve C must be fixed in the coordinate systemwhen

p =p; and J=J;, and if the field E2, B2, corresponds similarly to with respect to which both E and B are measured. However, the open
p=p; and J=J,, then the total field is E,+Es, By+B: when curface bounded by C may move
p= p+ ps and J=J, +4;. This is the principle of superposition (Secs. (5) In Sec. 20.5 we found that, for static fields,
3.3 and 18.2.1). In other words, each source of p and J acts independ-

ently of all the others. Vx H=J, (27-38)
In linear media, P and M are proportional, respectively, to E and B,

and Eqs. 27-7 to 27-10 are also linear. The principle of superposition This equation is not general, for the following reason. Take the

applies. divergence of both sides. Then the divergence of the left-hand side is zero
However, in nonlinear media, P and M are more or less complicated because the divergence of a curl is identically equal to zero. However,

functions of E and B. Equations 27-7 to 27-10 are then nonlinear and the the divergence of the right-hand side is not necessarily zero:

principle of superposition does not apply to p, and Jj. The principle of
superposition continues to apply to p andJ. veg =—- e209 =-¥.(2) of ) (27-36)All materials become nonlinear at very high field strengths. a ot

(2) We deduced Gauss's law for electric fields Here we used first the conservation of free electric charge (Sec. 4.2) and

veE=", or [e-aa=2. (27-32) then Eq. 27-20.& Le € It therefore occurred to Maxwell that the correct relation must be
from Coulomb’s law for stationary electric charges situated in a vacuum sD
in Sec. 3.7. In Sec. 9.5 we found that the same relation applies to charges VxH=+=, (27-37)
lying’ inside matter, if p and Q include both free and bound charges. o
Nonetheless, Gauss’s law is more fundamental than Coulomb's law as above
because it applies even to moving charges (Sec. 17.1), while Coulomb's (6) Observe that the line integral of B-dl is related to the current
law is strictly valid only for stationary charges (Secs. 3.1 and 16.5). density J plus €09E/at in Eq. 27-31. This is remarkable because the

(3) One of Maxwell's equations states that integral forB (Sec. 20.3) does not involve €,3E/3t.(7) The displacement current density 31D/3t of Sec. 9.10 is the sum of
V-B=0, or i B-dA=0, (27-33) ‘(wo terms:

“ 3D_ 3 3E , oPwhere .f is the area of any closed surface. We deduced this relation in Bt COE + P= 05 + Zp (27-38)Sec. 18.3 from the law of Biot-Savart for the B field of a time-

independent current distribution. This relation is, in fact, general (Sec. In a material of conductivity o and relative permittivity ¢, subjected to an
17.2), but on one condition: the density of magnetic monopoles (Sec. alternating electric field,
18.1) must be zero. Since magnetic monopoles have never been observed

E, B field and for any current distribution, even if these are time- has been observed. See D. F. Bartlett and P. R. Cotle, Physical Review Leters, vol. 5S,
dependent. 1-59 (1985),
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- 3D _. So V+ Bis a constant at every point in space, Then we can set V+ B=0Jy = On exp jot, Fp =JoeB expjot, (27-39) everywhere and for all time if we assume that, for each point in space,

V+ Bis zero at some time, in the past, at present, or in the future, With24 = WEE (27-40) this assumption, Eq. 27-3 follows from Eq. 27-2.J ° Similarly, taking the divergence of Eq. 27-4 and applying the law of
a

i of chi aIn a good conductor, and at frequencies lower than roughly 1 gigahertz, conservation of charge, we find

0~10" siemens/meter, €, ~1 (Sec. 9.9), the above ratio is of the order ee Ee ype BP (27-44)of f/10" at a frequency f, and the displacement current is negligible or or ot"

compared to the conduction current. At higher frequencies both €, and o 5 Sip >
vary erratically with frequency because of atomic and molecular SAV B)= 5 (2). ve=Psc (27-45)resonances.

‘The constant of integration C can be a function of the coordinates.27.4 THE LAW OF CONSERVATION OF CHARGE If we now assume that, at every point in space, at some time, V-E and
. p are simultaneously equal to zero, then C is zero and we have Eq. 27-1.In Sec. 4.2 we saw that free charges are conserved. At that time we were So there are really only two independent equations,

using the symbol J for the current density of free charges instead of J.
Let us calculate the divergence of J as defined in Sec. 27.1. We will 27.6 DUALITY

need the value of this divergence in the next section. First,

op 3 Imagine a field E, B that satisfies Maxwell's equations with p, = 0, J; =0veu=F- ( +P, vxM) = +5 (FP), 2741) in a given region. The medium is homogeneous, isotropic, linear, andat

stationary (HILS). Now imagine a different fieldthe divergence of a curl being equalto zero. Thus E'=-KB=—Kut, (27-46)
veg = 21300 _ _ Hoy +O)__ 90 (27-42) H’=+KD=+KeE, (27-47)a ot 3 3t

where the constant K has the dimensions of a velocity and is independentThis
is a more general form of the law of conservation of charge of Sec. of x, y, z, f. This other field also satisfies Maxwell's equations, as you can42. check by substitution into Eqs. 27-20 to 27-23.

. Figure 27-5 illustrates this duality property of electromagnetic fields.27.5 MAXWELL’S EQUATIONS ARE REDUNDANT ‘One field is said to be the dual, ot the dual field, of the other. Therefore.
if field can exist, then its dual ilso exist.Maxwell's four equations are redundant. We saw in Secs. 17.3 and 17.4 one Fel ° renits dual can also exi

that the equation for VxE follows from the one for V-B, and the Example THE FIELDS OF ELECTRIC ANDequation for 7 x B from the one for VE. These are, respectively, the MAGNETIC DIPOLES
first and second pairs.

The two equations of the first pair are also related as follows. If we tm Sec, $1 we found that in the fel of an eect dipole of
take the divergence of Eq. 27-2 and remember that the divergence of a moment p

curl is zero, we find that £ =P Geos 0F + sin 06). (27-48)
ye Big or fee R=0. (27-43) Later, in the fourth example in Sec. 18.4, we showed that in the
3 o field of a magnetic dipole of moment m
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iy ae oP,
eo f V = (BX By ~ By X By) = ~ Hoa (Jn + 2+ 1XM,)
La. AL oP,

GL “g a + Hobin = (So + 2+ XM), (27-53)
— he? ae Since, by hypothesis the medium is linear and isotropic, P is €gx.E and

the above time derivatives cancel. Finally, if the point considered is not

Fig. 27-5. Pair of dual fields. Lines of E are solid, and lines ofHf dashed. inside a source, Ohm’s law applies, J, = oF, and the J; terms cancel. We
are then left with the VXM terms. If the medium is nonmagnetic, thenMis zero and

bom . 5B= HE (200s 07 + sin 86), (27-49) V-(E, XB, ~ E,XB,)=0. (27-54)
or If the medium is magnetic, we can perform a similar calculation by

=Z25(2c0s 07+ sin 6) (27-50) using H’s instead of B’s and
V+ (E, XH, —E, XH,)=0. (2755)

We have set €,=1, 4, = 1. If the field of the electric dipole is the

unprimed field, and that of the magnetic dipole the primed field, In summary, therefore, if two fields a and are sinusoidal and of
then K = m/p, the same frequency, if also the medium is linear and isotropic, and if the

: point considered is not inside a source, then Eq. 27-54 applies. If the27.1 LORENTZ’S RECIPROCITY THEOREM medium is magnetic, then we have Eq. 27-55.
rs ‘ing the dir the yieldsConsider two fields E,, B,, and E,, By in a linear and isotropic medium. Applying the divergence theorem yields

Because of the principle of superposition, these two fields can cither exist
separately or be superimposed without disturbing each other, giving a [xt ~ By xt) dst =0, (27-56)
third field E, + Ey, B, + By.

We now use the vector identity where of is the area of any closed surface, with the above restrictions.

_ This result is known as Lorentz’s reciprocity theorem. It is paradoxicalV «(Eq X By — Ey X B,) = By «(V XE.) ~ Ey «(7X By) hecause it establishes a relation between two unrelated electromagnetic
—B,+(VXE,)+E, (FX By). (27-51) fields.

Then, from the Maxwell equations for the curls of E and B,

Examples | (1) If the a field is purely electric and the b field purely magnetic,2B, 3E,) henV-(E, XB, — E, XB.) = —B,* Be B«us(dy + €0 E*) ‘hea ot V-(E,XH,)=0, (27-57)

+B, Been, (I + co") (27-52) subject only to the above limitations. This surprising statementot ar becomes obvious after expanding the divergence:

If the two fields are harmonic functions of the time and if they are of the V-(E, XH.) =H, (VXE,)—E,(VXH,) (27-58)

same frequency, the 3/3t operators can be replaced by jw, and the time B, 2D,
derivatives cancel. Substituting the value of the total current density J, = OHSP Ea (% + 2) (27-59)
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‘This last quantity is identically equal to zero because, by Similarly, taking the curl of Eq. 27-4 and substituting Eqs 27-2 and
hypothesis, B, and Ey are both zero, Jp = 0B, =0, and D,= 27-3, we find that

ot PB ~ Clty ao = UyP XI 27-68)(2) The field of a small permanent magnet is that ofa magnetic ~Cello Se = — Mo XJ, (27-68)dipole, as in the last example in Sec. 18.4. If the magnet carries an

electric charge Q, it also has an electric field which is the nonhomogeneous wave equation for B. The source term is
oF again on the right.

Ere” (27-60) ‘Outside the sources,
wn

52 PB ety =O. (27-69)
7 6 6 3r

Vi(EXH)= V+ )Ey 0 0} = 0+ (Extop) (27-61) ‘According to the rule given in Sec. 27-1, the wave equations for a
tur He 0 HILS medium are as follows

(2 Hom 2=v ( Pernog)=0. 27462) SE Vp. ol,Aner dar PE ey me= Py yh 7-1VE eu sree, (27-70)
7.8 THE WAVE EQUATIONS FOR E AND FOR B |

278 Q vB eu B= =n Xd, (27-71)
Taking the curl of Eq. 27-2 and remembering that

. We therefore have a wave equation for the field E, and a separateVXVXE=-VE+V(V-E), (27-63) wave equation for B. Within the wave, however, E and B are inextricably
from Fa, 27-4 related through Maxwell’s equations, In other words, purely electric, orthen,
from Eq. 27-4, purely magnetic, waves are impossible. The fact remains that, in some

a 3 3E. waves, the energy density can be either mostly magnetic or mostlyVE-V(V-E)=5VXB==(ol + eet). (27-64) clectrie
If a is constant,

Substituting now the value of the divergence of E from Eq. 27-1 and .
in 7 SE 3E_Y¥pyrearranging,

. VE~ cuss — ous =k, (27-72)
PE — colt ea + py 2. (27-65) .oF eo 7 eB. OB

PB ewe on =0. 27-73)‘This is the nonhomogeneous wave equation for E. The source terms are " o

on the right 5
Outside the sources, 27.9 SUMMARY

PE— cote 2E=0. (27-66) We expressed Maxwell's equations in several different forms. See thear hack cover.

All the quantities that appear there are defined in Sec. 27.1.‘This is the usual wave equation. The speed of propagation, which is the ‘The displacement current density is
speed of light, is

1 aD_. 3B aP
— 27-67 FOS +5 27.Cr ore) a a (138)
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‘The second term on the right is the polarization current density. The first PROBLEMS
term can exist even in a vacuum.

The law of conservation of charge, in its general form, takes into 27.1. (27.1) Superconductivty
account both free and bound charges: ‘A superconductor offers zero resistance to the motion of superconducting

charge carriers. These are pais of electrons that move as @ unit.
3 (@) If there are N such carriers per cubic meter of mass m' and charge

vs=-2, (27-2) show that .
ee

where p and J are defined in Sec. 27.1. Ne" dt
‘The equations for the curl of E and for the divergence of B are “This isthe frst London equation. Note that E is zero only ifJ is constant.

redundant since one follows from the other. They are occasionally called (b) Set K =m'/(Ne”). Show that in an alternating field

the first pair. The other two are similarly related and form the second 1 i
pair. ° jak ~~ oK

For every field E, H there can exist a dual field E’, H’ such that ) Sh hat(©) Show that

” = =- ts = +, 17-46), (27-47)E'=-KB=~-KuH, H'=+KD=+KeE. (27-46), (27-47)

vx (x2!) «28This is the duality property of electromagnetic fields. a) ar

‘The Lorentz reciprocity theorem states that, for any two fields E,, H, “The equation
and Ey, H, that are sinusoidal and of the same frequency, in linear and re
isotropic media away from sources, =-B

is the second London equation. It does not followF-E.XH,-E,xH,)=0, (755) Hs qi q a ‘mathematically from the
(d) Show that under steady-state conditions

‘The nonhomogeneous wave equations for E and for B are as follows: ve="p,
FE_Yo, kKVE~ ety = Os py, 27-65whe 3 e, MOSe @745) In one dimension, this means that
OB ae= oyB= - 7 7: BoeVB ~ Cotto Sa = — Ho XJ. (27-71) eK?

Outside the sources, the terms on the right-hand side are zero. The speed or chat
light is thus =Rep—of lig Ba Bee Re

1 a

en (27-67) where (K'/1ts)"* is the depth of penetration of the field
CT) (¢) Calculate the value of the depth of penetration, seting m’ equal to

; twice the mass of an electron, e'=2e, and N= 10". The depth ofIna HILS medium, if o is constant, penetration is, in fact, a few times larger.
() Much beyond the depth of penetration, E=0, J =0, B=0.

«BE E_ Sp Show that just outside a superconductor B is tangential to the surface and
VE eu Saou =oan (27-72) ‘equal in magnitude to the surface current density.

oe 3E (27-2. (27.1) Experiments on models:vB cp eB oy E =o, 7-73) ‘A problem that cannot be solved on paper can often be solved in the
or or laboratory. However, there are instances where a full-scale experiment
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would be too costly. One such problem is that of the design of an MHD there are only three independent scale factors. Then ofo'= r/f* and
generator (Sec. 22.1) owL?=o'w'L”, where L isa length

In such cases itis sometimes useful to perform experiments on a model of If the felds are in a vacuum, é,/e! = 1 and th =el. Then e=hand r= 1.
convenient size. One then has the real system, for which the variables are Note that if €/e!=1 ius land ofo, = 1 then4,9. 2, t, Ey By €n tin 0, R, C, L, etc., and the model, whose variables fest nds amenare x’, y', 2, etc. The ratios x/x’, y/y’, z/2', ete. are the scale factors. thoeshNot all these factors can be chosen arbitrarily because both the unprimed eh et
and the primed variables must satisfy Maxwell's equations. The number of and e=h, 1=1, [=1. Then the model is the same size as the original! If
arbitrary scale factors is equal to 4, the number of fundamental units the model is to be a different size, then either ¢,, or 0, or both, must be
(meter, kilogram, second, ampere). With mechanical systems there are different. This condition is often impossible to satisty
only three arbitrary scale factors. ‘At low frequencies one can disregard the displacement current, and

Let us set hence attribute any value to the ratio ¢,/€!, or to th/el

eye, tl, EL, Hy 27-3, (27.2). Paralle-plate capacitor fed at one end by a time-dependent source
yoyrr hb pee Be pe Figure 27-6 shows a parallel-plate capacitor connected at one end to a

source whose voltage increases slowly and linearly with time: dVa/dt= k“The other scale factors follow from Maxwell's equations and from other Edge effects are negligible: a>>s, b>>s:

relations. (@) Find the current / as a function of x.
(a) Use Maxwel’s equations to show that (b) Find B inside in two different ways. Find A inside

wer «th oh (6) FindB and A outside. The capacitor plates are thin.Os, EB Gy F04. (@) Draw a large cross section of the capacitor in the midplane parallel tobad «el ° the xz-plane, showing / and the vectors A, B, ¥ XB, E, 3E/3t near both
() Show that ends. Use arrows of different sizes to indicate qualitatively how these

vectors vary with x and with 2

() Zac, wy 2-4, Gy Len, Wy 2-2, wy Leet 27-4, (27.1) A transformation that leaves Maxwell's equations invariant
gi OpAp Wp Ro OW (a) Show that Maxwell's equations for free space are invariant under the

transformation

(6) Show that »

Been Ww Bak Gay Sect, wy Loft B=ak+bcR,  B=—()E +B,) Saeu WZ=F, Gi) L-c4, WEAF

where a and b are constants and c isthe speed of light.(4) Show that (b) Under what condition are the energy density €jE*/2+ B?/(ja) ande Poynting vector E X H invariant?ofa4, Sans, Gi) 2-8, Go) Paner he Pooming Nestor EX erentFoe DO geake CO =p Op
(6) Show that, if L isa length, then

fuol _ | ,
Fuol®

— caCZ SF2 6

Frew = ws

Ishe right? lL -.— |_|In practice, these relations are simplified by the exclusion of ferromag-
netic materials because of their nonlinearity. Then j,/u;~1, et= lh, and Fig. 27-6,
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2745 (27.3) ‘The skin effec 2, 4-2
‘As we shall see in Sec. 29.1, a high-frequency field does not penetrate Braet Ay

significantly into the body of a good conductor. Also, both E and B inside
are approximately tangent to the surface. Let the z-axis be normal to the (©) Calculate the energy acquired by a magnetic monopole that acceler-
surface, pointing outward, with E in the direction of the x-axis and B in the ates over a distance of 1000 kilometers in the earth's magnetic field (=10-*
direction of the y-axis. Set 3/3x =0, 3/3y = 0 tesla)

(a) Show that, inside, 3/92 = ~38/3. (d) Magnetic monopoles go through a loop of copper wire
(b) Show that, just outside the conductor, B is tangent, or nearly so Show that the induced electromotance is equal to minus the magnetic

(c) Let the current density near the surface be a amperes/meter current, with the right-hand screw convention. This is one method of
Show that, just outside the conductor, B =ya

X 2 detecting magnetic monopolessnl), Doss hs astresult depend on how the current vais with depth 278. (273) The coninvous-reation theory and Maxwell's equations
Imagine an expanding spherically symmetric universe in which there is

27-6, (273). The magnetic field ofa leaky capacitor continuous creation of charge at the rate of q coulombs/meter-second.
‘A charged capacitor whose electrodes are parallel and circular les in a Creation of electric charge occurs through the creation of hydrogen atoms

large volume of dielectric that is slightly conducting, ‘The capacitor carryinga slight excess charge ye as in Prob, 3-15.discharges, ‘The rate of mass creation Q is proportional to 9: Q = [m/(ye)la, where
(@) Calculate the value of the ratio J,/(3D/3t) at any point in the mis the mass of the proton, the universe being mostly hydrogen.

dielectric in terms of the resistance and the capacitance (2) By symmetry, the vector potential can only be radial

(b) Show that this ratio is equal to ~1 at the surface of an electrode Show that under steady-state conditions the current density J is
(6) Show thatB is zero everywhere in the dielectric. This means that the everywhere zero, according to Maxwell's equations.magnetic field of the conduction and polarization (not displacement) Lyttleton and’ Bondi (see Prob. 3-15) suggested that, if continuous

currents in the fringing field exactly cancels the magnetic field of the creation does exist, then Maxwell's equations must be modified as follows
conduction and polarization currents in the region between the plates.

(4) Show that B is also zero for electrodes of any shape. 13E_f1 _eftIti atetic scapes onl a of te ldo cpactor, ay the reammssa5 [pal 7e-Z [ph
region between the plates of a parallel-plate capacitor, then the value of the
ratio calculated under (a) applies. However, atthe surface of an electrode, where the new terms are enclosed in brackets. The quantities V and A are
this ratio is not equal to —1 because charge migrates from the outer the usual scalar and vector potentials:
surface ofan electrode to the inner surface, where it leaks out. Then, in the

dielectric, Jj] >|8D/3t\, J, ~ 3D/3t points in the direction of J, and thus g--w—- peexa.
of E, and there is an azimuthal magnetic field 3

27-7. (27.3) Magnetic monopoles ‘The other two equations of Maxwell for 0XE and ¥-B remain un-If
monopoles exist, then Maxwell's equations require two more terms, to changed. Lyttleton and Bondi suggested that the constant , which has thetake into account magnetic charges and magnetic currents. It is the custom dimensions ofa length, would be ofthe order of the radius ofthe universe.

to write the equations in the following form ‘The new terms would therefore be negligible in all but cosmological

p op or problems.
vee2, vxee 229, pepaps, vxpen(es%+3) {D) if these modified Maxwell equations are correct, are V and A& ot Ld measurable, in principle? Remember that, with the above equations for E

wire ps the nape charge deny, expres in webersnete and 494in terms of Van A oly the ates of change of Vand A determineq
‘isn anes surest density, in webers/second-meter (c) Write out the equation for the conservation of the total charge (Sec.(®) Show that

. 274),

vesta- * (4) Would the Lorentz condition (Secs. 17.9 and 37.1) still be valid?
(c) Now set-A=A'r, where A’ is @ constant, and assume V to be

This isthe equation of conservation for magnetic monopoles. constant. Show that B =0, E=0, J = (q/3)r, p= VIE:
(b) Show that, by analogy with electric fields, near point magnetic ‘Assuming that the velocity of the outward flow of matter is the same as

charge Q* that of the charge, namely J/p, it follows that the radial velocity is
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proportional to r, which is consistent with the linear velocity-distance (©) Sketch the value of

relation observed by astronomers: v =r/T, where T~3x 10” seconds is athe Hubble constant. Gf pease,
(H) Show that p = g7/3. “

{g) Now the space-charge density pis nye/m, where 9, the mass density where of is the area of the spherical segment of radius Y, as a function ofof the universe, is about 10 * kilogram/meter’, ‘ ‘Yt, When the charge is just to the left of Y= X, the flux of D throughShow that, if this theory is correct, then Q~1/(2% 10") hydrogen points to the right and is +Q/2. Immediately afterward, the flux pointstoston /meter”-second. the left and is ~Q/2, so there is a discontinuity in this curve.

27-9. (27.3) Another transformation that leaves Maxwell's equations invariant (d) The integral ofH - dl around the circle shown in the figure is equal(@) Show that Maxwell's equations for free space are invariant under the to 22YB/jg. Calculate the integral of this quantity over time from minus
transformation infinity to plus infinity. Set X' = 0 to simplify the calculation. Explain your

result.

E'= Ecos 0+ cBsin 9, B’= "sin 8+ Bos 8 I-11. (27.9) The Watson theory of continuous charge creation
€ Problems 3-15 and 27-8 sketch the Lyttleton theory, according to which

ion E'= KB, H'= hydrogen atoms are continuously created in the universe, each atom
ey cn toedal as woncenainn tePotwal bearing a slight positive charge. W. H. Watson had proposed a similarGn rapecvalys 7 Ne ‘Periel cues corresponding 60 9=2/2 1 theory several years before.’ Watson postulateda scalar potential N such

(b) Show that the energy density €o£?/2+ B°/(2ua) and the Poynting that
vector E x H are also invariant under this transformation. on _

VeD=p, +e,  VXH=J,+2—BN.27-10. (27.3) The magnetic field of a point charge that moves at a constant D= py + Eales 3
velocity
Figure 27-7 shows a point charge Q that travels along the x-axis at a (2) Find the nonhomogeneous wave equation for N from the equation

velocity Vf. Its position at time 1 is (77, 0,0). for the nonconservation ofcharge. Set the rate ofcharge creation equalto(a) Find B ata point P(X, ¥,0), not at the origin, at the instant that 4 coulombs/meter’-second
the charge passes through the origin. The particle travels in a vacuum, (b) Find the nonhomogeneous wave equations for E and for H.
and v'<e?, where c isthe speed of light _

sah hf 2m have staied Chap 6, compare your rest with that of Se “SecL. G. Chamber, lournalof Mathematical Physic, vo, 1373 (1963)

oN
fi
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cl \
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\ef
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NA Fig. 27-7.
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If you are not familiar with wave propagation you would be well

28 advised to read App. C now.CHAPTER 28.1 THE ELECTROMAGNETIC SPECTRUM

PLANE ELECTROMAGNETIC Maxwell’s equations impose no limit on the frequency of electromagnetic
waves. The known spectrum extends continuously from the long radio

WAVES I waves to the very high-energy gamma rays of cosmic radiation, as in Fig.

28-1. In the former, the frequencies are of the order of 100 hertz and theUniform Plane Waves in Free Space, in wavelengths about 3 megameters; in the latter, the frequencies are of the
Nonconductors, and in Conductors order of 10* hertz and the wavelengths less than 1 femtometer.

‘The known spectrum thus covers a range of 22 orders of magnitude.

Radio, heat waves, light, x-rays, and gamma rays are all electromagnetic,
although the sources and the detectors, as well as the modes of

interaction with matter, vary widely as the frequency changes by orders28.1 THE ELECTROMAGNETICSPECTRUM SiS of magnitude.28.2
UNIFORM PLANE ELECTROMAGNETIC WAVES IN A GENERAL Many experiments demonstrate the fundamental identity of all these
MEDIUM sis

. waves. In particular, they are all transverse, and they all travel at the282.1 THE RELATIVE ORIENTATIONSOF E, HAND S17 speed c in free space, except in special cicumstances. For example,28.22 THE CHARACTERISTIC IMPEDANCE ZOF A MEDIUM S18 J2823 THE WAVENUMBER 518 simultaneous radio and optical observations on stars show that the2824 THE WAVEEQUATIONS Sif velocity of propagation is the same, within experimental error, for
28.3 UNIFORM PLANE WAVES IN FREE SPACE 520 wavelengths differing by more than 6 orders of magnitude.

Example: THE E AND BFIELDS INA LASER BEAM 522 We use H rather than B in discussing electromagnetic waves, in spite of

28.4 UNIFORM PLANE WAVES INNONCONDUCTORS — 522 the fact that until now we have used H only for magnetic materials.
Example; THE B AND B FIELDS OF A LASER BEAMINGLASS — 524 ‘There are two reasons for using H, instead of B, in dealing with28.5 UNIFORM PLANE WAVES INCONDUCTORS 524 electromagnetic waves: one is that EXH is a power density, and the28.5.1 THE COMPLEX WAVE NUMBERk= f-ja 524 other is that E/H is an impedance. These two concepts have great28.5.2
THE CHARACTERISTIC IMPEDANCE Z OF ACONDUCTOR 526 practical value285.3 THE ENERGY DENSITIES 527

286 THE POYNTING THEOREM 528 28.2 UNIFORM PLANE ELECTROMAGNETIC
2 uMMARY 5 WAVES IN A GENERAL MEDIUM
PROBLEMS 530

A wave front is a surface of uniform phase. The wave fronts of a plane
wave are planar. A wave is uniform if a wave front is a surface of uniform

phase and uniform amplitude. We shall not be concerned with nonuni-We
now go on to the study of electromagnetic waves. This chapter form waves until Chap. 31,

concerns the propagation of uniform plane waves in unbounded media, Uniform plane electromagnetic waves in unbounded media possess
first a general medium, then free space, then nonconductors, and then several general properties that apply whether the wave travels in free
conductors. Good conductors and ionized gases follow in the next space or in matter. To avoid needless repetition, we start with a general
chapter. Later we shall study reflection and refraction in Chaps. 30 to 32, medium €,, 1, 0 that is homogeneous, isotropic, linear, and stationary
guided waves in Chaps. 33 to 36, and finally the process of radiation in (HILS),Chaps. 37 to 39.
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We assume a sinusoidal wave traveling in the positive direction of the
2 2

. . z-axis, We also assume that the E vectors are all parallel to a given
. 2 Lal 3 direction, In other words, we assume that the wave is linearly polarized.

'

a epee If the plane wave is not linearly polarized, then it is the sum of linearly
« =. 5 2g2s polarized waves.’ The plane of polarization is parallel to E.

= a : Srez In a linearly polarized plane wave, E and H are of the form.
; é ee
Po a el 33% E=E,,expj(wt-kz), H=H,,expj(wt—kz)' (281)°

al 7 ¢ eae?
a = * 2 $832 where E,, and H,, are vectors that are independent of the time and of the

a —s = é 3£ coordinates. If there is no attenuation, the wave number is real:* ;

5 gse2‘
Fs z 2352 2a_12 z cgse k=2a Set.
F : g22 viak oo

a
« = 5 2228‘

< 235 where v is the phase velocity, 2 is the wavelength, and X (pronounced
- 5 | ali’ “lambda bar") is the radian length. You can easily show by substitution

2 ere that Eqs. 28-1 are solutions of Eqs. 27-66 and 27-69.- * 338s “-
* 5 E53 ee

: ” ~ #. 3 Bees 28.2.1. The Relative Orientations of E, H, and k

2. 2. 22 22 2 53 32 For this particular field,
| z Po b 258 a 3.,9,,8, 9
z. - 2 g2ee Saja, ve2e+ 5422-2 ¢2- ine, 5.; fs gize grim VHS etSots ens es ike (283)

' ‘ 2 3 . ree We set py, =0. Wealsoset-
> Jj 4288;

ote ts 2 i 253s J, = 08, (28-4)’ epoory an eee

* 35-2: se on the assumption that w x B is negligible compared to F, where w is thein -

. :——F- 52 Pe velocity of a conduction electron.
* “1 i______ £3 ye —

. z 5 Pre "For example, one can add two linearly polarized waves E, and E,, with E,2 “ rd BeBe perpendicular to E's, that differ in phase. Then, at a given point, the maxima of E, and of
: wd g = $o52 , do not occur atthe same time, and their sum E describesan elise about the :-anis. We2 - ——++t eGkze then have an ellipically polarised wave. IE, and E have equal amplitudes but are x/2

7 id £3282 radians out of phase, the ellipse becomesa circle and the wave is circularly polarized. The= “ ——+,— $£538 Polarization is right oF left-handed according 10 whether the vectors Band Ht rotate
- 5 Be ee clockwise or counterclockwise for an observer looking toward the sources °

+ 22252 * We shall use this particular notation for a wave traveling in the positive direction ofthe.
= Feeig z-axis because itis the most common. Some authors use the opposite sign in the exponent2

- t 3isd2 fand write expi(kz~ a), usually with / instead of j for the square root of —1. This'
- RE228 expression has the advantage of reducing 10 expikz after the exp(—iat) factor is2

» pEEEE suppressed. With that convention, one must substitute ~7 for jin all phasor cakeulations° £2shs For example, the impedance of an inductor becomes R—iwL, instead of R+ jul,
Electrical engineers use exp (jaw ~ yz), where the propagation constant, is equal 10 Jk
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‘Then Maxwell's equations 27-24 to 27-27 reduce to { ,

— jk? -E=0, —jk? x E = —jouH, (28-5)

~jké-H=0,  -jkEXH=0B + jock (28-6) '

and then to Nok2-E=0, E=-———ixH, (28-7)é weayet™™ 8-7)

k2-H=0, H=—2xE. (28-8) (~ou

It follows that E and H are transverse and orthogonal. Figure 28-2 shows <THSG S
the relative orientations of E, H, and k= kz. Observe that E X H points >.
in the direction of propagation

28.2.2 The Characteristic Impedance Z ofaMedium | L q™N
The ratio E/H is the characteristic impedance Z of the medium of

propagation: bx
“Hoes geesEAT EY

28.2.3 The Wave Numberk 5: | A BRET Je = :‘The value of k? follows from the above equation: Be, ee wee!
= wren -joou=o*en(1-7), (28-10) Bulo|. «| ecetele| = ae: :

°

= wPeauoeate(1- 7-2). 28-11(OF Calto€ rt ( Joe (28:11) Fig. 28-2, The E and H vectors for a plane electromagnetic wave traveling in free
‘space in the positive direction along the z-axis. (a) The fields E and H as

‘The o terms account for Joule losses and attenuation functions of z at a particular moment. The two vectors are orthogonal and in

. phase. (b) Lines of F (arrowheads), as seen when looking down on the xz-plane.28.2.4 The Wave Equations ‘The dots represent lines of H coming out of the paper, and the crosses lines going
into th ‘The vector EX: eve inetWe found the nonhomogenous wave equations for E and B in Sec Propagatine The Vector E X41 pomnts everywhere inthe directionof

27.9:

PE cao e+ yB, (28-12) We eu 2 ay yg SE
os

~ MSHS = Mos (28-14)
VB— €oltosz = MoV XJ. (28-13) OB

or VB eu Pa WoW XE = noe (28-15)We now apply the rule of Sec. 27.1 and Eq. 28-4 to obtain the

equivalent equations for a medium ¢, 4, 0. We again set p, = 0. Then It is the custom to write these wave equations in the form



2 OE = 3.767303x 10°~ 377 ohms.PE ~ uF po =0, (28-16) | ms. (28-25)" " Thus, since B = oH in free space,

2; eB B i}ied no =0, (28-17) BE 1
o

n t Br Gay? FOE Be. (28-26)

oH on ‘The E and H vectors in free space are in phase because the ch2 SHH

characteristic

WH eu ar HOG, =O (28:18) impedance of free space is real.
“Then, from Sec. 28.2.1,

‘The electric and magnetic energy densities’ are equal:

2 ew E7/2 _ &—k?+ wen — jwou)E = 0, (28-19) oF 2 oo He) =r 1 jou ) cep ale)! (28:27)
and similarly for H. The expression enclosed in parentheses is equal to
ero. from Eq. 28-10

At any instant the total energy density fluctuates with z as in Fig, 28-3,
and its time-averaged value at any point is

28.3 UNIFORM PLANE WAVES IN FREE SPACE CoE2e - Holt?
Ee =CoE ime = HoHime (28-28)

In free space, €,=1, u, = 1, 0 =0, there is no attenuation, and from Eq.

28-19, : Abandoning the phasor notation for a moment,
ket (28:20)

Io E=E,,cos(wt—kz), H=H,cos(wt—kz). (29-29)
-
2
=@(€otto)' (28-21) ‘The magnitude of the Poynting vector is

From Eq. 28-2 the speed of light is 191 = 1B Ht = EH, cos? (wot — hz). (23:0)

e=9eTar= 2.99792458 x 10° meters/second. (28-22) cs

‘This equation is remarkable. It links three basic constants of electro-
magnetism: the speed of light c, the permittivity of free space € that
appears in the expression for the Coulomb force, and the permeability of
free space Mo from the magnetic force law.

Since Uo is, by definition, exactly equal to 41 x 10-7, the value of &
follows from the value of c:

-

1 Fa. 283, The energy density €oE?, oF oH, as a function of z, at 1=0, fora
co gi 8BSAIBTBIT X 10°! farad/meter. (28-23) plane wave travelling along the z-axis in free space.

‘The characteristic impedance of the vacuum is * We have shown thatthe electric and magnetic energy denis are 9/2 and pol?/2

komt sa roger son) mri pemnea Wen ma te ha eeEK MD gem (Me apply to any are, infact, in agreement with experiments on the energy fx ineR aan Eee" (a) es24) Compete "
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‘We shall see in Sec. 28.6 that the Poynting vector, when integrated over a 1 coe

surface, yields the power flow through that surface. Power flows in the ® Cen (eu) am (28-38)
direction of S.

Returning to phasors, the time-averaged Poynting vector is (Sec. 2.4) where m is the index of refraction:

P=} Re (EX H") (28-31) n=(ep,)'?. (28-39)
and, for a uniform plane wave in free space, ‘The phase velocity v is less than in free space, since both ¢, and 1, are

larger than unity. In nonmagnetic media,

$uy= 4 Re (EH*)E (28:32) hs(EH")s
:

n=e)?, (28-40)

2 5 Emm,= $c€[Eml?2 = C€oE ime = ZR? (28-33) As we saw in Sec. 10.1.2, ¢, is a function of the frequency, so n is also
p frequency-dependent. As a rule, tables of n apply to optical frequencies

~ant watts/meter’. (28-34) (=10"° hertz), whereas tables of €, apply at much lower frequencies, at3 best up to about 10"° hertz. Pairs of values drawn from such tables do not
i 2 7 therefore satisfy the above equation

This is the time-averaged total energy density €E%,., multiplied by the he a ;
speed of light c. The characteristic impedance of the medium is

E (py? 2

Example | THE E AND B FIELDS IN A LASER BEAM z=7-(4) =3r7(“") ohms, (28-41)
Most lasers operate at powers of the order of milliwatts. However,

.

there exist a few lasers that are vastly more powerful. One of The electric and magnetic energy densities are again equal:
these supplies a pulsed beam of 27 terawatts (27,000 gigawatts!) of
peak power overa circular area 0.1 millimeter in radius. Then ER“eel (28-42)

nx108 uPGP =ZW29 x 10 watts/meter’, (2835)
x (10'Y and the time-averaged energy density is

Ema = (377 * 9X 10)? = 6 x 10" volts/meter. (28-36)

» _ Eine, WH 2 2“This is an enormous field: 60 volts over the diameter of an atom boy = Ei 4 i 2= UH (28-43)(=10°" meter)! Air breaks down at fields of about 3x 10°

volts/meter. Also, The Poynting vector EX H points again in the direction of propaga-

Byys = Ee ~ 2x 10? teslas, (28:37) ‘ton, and evi
Fu = SRe(EH*)= (5) Einat (28-44)

or about 2000 times the field between the pole pieces of a us

werful electromagnet, |)" "Bagpe In~(mi Eies2 watts/meter? (28-45)
28.4 UNIFORM PLANE WAVES IN :

NONCONDUCTORS = eu Eom = VE mt. (28-46)
‘The situation here is the same as in free space, with € and y replacing € ‘The time-averaged Poynting vector is again equal to the phase velocity
‘and jlo. The phase velocity is now multiplied by the time-averaged energy density.
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Example | THE E AND B FIELDS OF A and the phase velocity is

LASER BEAM IN GLASS o

v=o (28-56)There is no point in referring here to the laser beam of Sec B
28.3 because such a beam would instantly vaporize glas. Say we
have a 1.0-milliwatt beam with a diameter of 1.0 millimeter in Let us find a and i in terms of €,, 1, 0, and Ay. First we set

lass whose index of refraction is 1.5. Then

p= — 5 =1,310"watts/meter® 28. - - andlor (28-5Gm gn 13 X10" watts/meter, (28.47) we \eak/ar |@D/a
wy ye axxo? a This is the magnitude of the conduction current density, divided by the

Fm=[(2) 9] =e 3) x13%10°] magnitude of the displacement current density. As a rule, @ (for(2-48) dissipation”), is written tan/, as in Sec. 10.1.1:
= 5.7% 10? volts/meter, (28-49) o=tanl, (8-58)

Bim Hola = Ha) Erma = (Et) Em (28-50) where | is here the loss angle of the medium, but we use for
= (165° 8,85 107? 30 107)! 5.7 10 conciseness
SOLS BES x OE Ae LOY ‘The permittivity € that appears above is the real part e/ey (Sec.=2.9x 10° tesla (28-51) 10.1.1). One can account for conductivity either by means of a complex

permittivity (€;~je!)éy or by means of a real permittivity and a

28.5 UNIFORM PLANE WAVES IN CONDUCTORS conductivity , where o = wee, again as in Sec. 10.1.1. Thus

We start at the point where we left off in Sec. 28.2.4. 9 =f (28-59)
28.5.1 The Complex Wave Number k = B — jar ;

:

This quantity, like €/ and €!, is always positive.

In Sec. 28.2.3 we found that in a conducting medium If ®<1, the medium is a good dielectric; if >> 1, the medium is a

. + good conductor. For common types of good conductor, ~ 107 (0=w= (1-j-2), (28-52) 5.8107 for copper) and €,~1 (Sec. 4.3.6). You will remember from% we Sec. 4.3.6 that €/o is the relaxation time of a medium.

so k is complex. It is the custom to set Thus

2=(B - jay = (SH) -j9 7k=B-ja andthen E=E,,exp(~az)exp (wt — Bz), (28-53) k= (B — jay =( 7B )a-i9), (28-60)
where both a and f are positive and

The quantity 1/ar is the attenuation distance or the skin depth 8 over 1 (ene og
which the amplitude decreases by a factor of e. The real part f of k is the a= (SY) lato, (28-61)
inverse of A:

: 1 i

a=t, (8-4) pa} (SH) "ara, (302)
1_20 en)?

5-3, (28-55) n=l we) (149%) exp (J arctan 5) (28-63)
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‘The argument of the exponential function is correct because f is positive as
(Sec. 2.1).

In a low-loss dielectric D is small, and w

a<) ae (28-64) Z
(ety) o c
er 65on a Coe ese)

on 0 00

In such media the conductivity hardly affects the phase velocity, but it 0° x
gives rise to an attenuation that is independent of the frequency. Fig. 28-4, Th

Tn a good conductor 9>>1 and Rie, 284. Thephase Ofwith respect to H as a function of in a wave traveling
Ko j9 Hj ensv%eaty= jouw, (28-66)

i o= arctan. (28-73)
k= (4°) a-), (28-67) ;2 Figure 28-4 shows 0 as a function of 2.

Therefore,ou)" 7
a=p=(4") . 28-68) -Bay (28-68) E=E,, exp (—az) exp j(wt — Bz), (28-74)

‘The index of refraction of a good conductor H =H, exp (—az) exp j(wt — Bz — @), (28-75)
with

¢ _B_ (on)'?
==8. (% 28 rr"=

OB o (35) (28-69) f= 9a (H+) 1 (ts a moaHy k \e) (+ 9)"~ a) é) Gray 8-76)
is a large quantity. It is 1.1 x 10° for copper at 1 megahertz, uy? 4

~377() Log ohms :28.5.2 The Characteristic Impedance Z of a Conductor «) (+9) (28-77)
‘The characteristic impedance of a conducting medium is complex: From Eq. 28-8, £ and H are orthogonal in a linearly polarized wave. If

the wave is not linearly polarized, then the vectors E and H are not

geen Kk _ ee (28-70) necessarily orthogonal.
H we-jo k og5.3 iti

= (0) eeiantan al.a(t)"801880019 pang) ‘The Energy Densities<) asa" @ asa)" The time-averaged electric and magnetic energy densities are in the ratio

as we saw in Sec. 28.2.2. This means that E and H are not in phase: 6. _ eBim/2 1 5@, wHe,/2 +? (28-78)

E__on (28-72) .Baie (28-72) There is less electric energy than magnetic energy because the conduc-
tivity both decreases E and adds a conduction current to the displacement

where @ and f are both positive. So E leads H by the angle current, which increases H.
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‘The time-averaged total energy density is The Poynting theorem therefore simply states that there is conserva-

.
tion of energy in electromagnetic fields. It is a proof of the validity of Eq.

M€E2a + WH gs) EXP (—2az) = M(€Eim,)[1 + (1 + 9?)'"] exp (—2az). 27-23, and hence of Eq. 27-4
(28-79) For a uniform, plane, and linearly polarized wave in conducting

material, the time-averaged magnitude of the Poynting vector is
28.6 THE POYNTING THEOREM ged magr yynting

Sou. = 4 Re {[Em xp (— az) exp j(wt — Bz)We referred to the Poynting vector * Hy exp (—az) exp j(—at + Bz + 8))) (28-86)

S=EXH (28-80) = 4E mH» cos 8 exp (—2az), (28-87)
in previous sections, but we said very little about it. We only stated that it where 0 is defined as in Sec. 28.5.2 and
is equal to the power density in an electromagnetic wave, and that it
points in the direction of propagation. _ 6B
The Poynting vector is of great theoretical and practical interest. Its 00s O= ryBE (28-88)

significance follows from the Poynting theorem that we now prove

First, we have the vector identity We found the ratio E,,/H,, in the previous section. If we eliminate H,,,
then

V-(EXH)=H-(¥XE)-E-(¥ XH). (2881) ar)
=(5) (1+ 9°)"Eing605 8 exp (—2az) (28-89)In a HILS medium, Eqs. 27-20 to 27-23 apply, and then Ue

; 1 ey"? 2)14 2

vexH)=-Hu tg. (Ess) (28-82) ~m(e) (1+ 9°)E2,,.cos8 exp(-2az). (28-90)

--2(€4 ME) pas, 883) You can easily show that
a, = (time-averaged energy density) X (phase velocity) (28-91)

We now change the signs, integrate over a volume v of finite extent and

of surface area of, and finally apply the divergence theorem on the left. 28.7 SUMMARY
This yields the Poynting theorem:

a (ee? pi In a uniform plane wave the wave fronts, which are surfaces of uniform~[exa-at =F | (Fe) avs fe-sdv. esas phase, are also surfaces of uniform amplitude,
. Linearly polarized uniform plane electromagnetic waves traveling either

‘The first integral on the right gives the increase in the electric and in free space or in a HILS nonconductor or conductor possess the
magnetic energy densities inside the volume v, per unit time, The second following properties.
gives that part of the ficld energy that dissipates as heat, again per unit

time. Then the term on the left, with its negative sign, must represent the (1). The vectors E and H are transverse and orthogonal.

ea ieinee et energy flows into the volume v. (2) The Poynting vector E XH points in the direction of propagation.
(3) ‘The magnitude of the Poynting vector, averaged over time, givesi S-dt= [ (EXH)- ast (28-85) the power flow per square meter in the wave:

is the total power flowing out of a closed surface of area sf. Su =hRe(E XH"), (28-31)
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(4) The power density is equal to the energy density multiplied by the P(EXE+ eR xt) =~ B-i,
phase velocity. 7

(5) The ratio E/H is equal to the characteristic impedance Z of were the dots above and B indate partial cliferentiaton with respecti to time,

media. ‘This equation has the form of a conservation law. The spatial density of
In free space, the conserved quantity appears between parentheses on the right. This is

1 expressed in volts squared per cubic meter. The flux density of this
c=75 = 2.99792458 x 10% meters/second, (28-22) conserved quantity isthe quantity between parentheses on the left.(€otto)’ (b) Show that the flux vanishes in the field of a linearly polarized wave.

Z~= 377 ohms, (28-25) (©) Show that, in the field of a circularly polarized wave, the flux does
> not vanish, that itis proportional to the frequeney, and that it contrary to

y,,~=2 2 watts/meter. (28-34) the direction of propagation if the E and B vectors rotate clockwise for an
“377 observer who looks at the source, and in the direction of propagation if E

In nonconductors, and B rotate in the opposite direction.
ce (2838) 28-2. (284) The phase and group indices of refraction

Screed The phase index of refraction, often called the phase index, is /v¥,,a where v, is the phase velocity. The group index is similarly c/v, where

where 1 is the index of refraction. Also, Ma altaplaen))% thedeas
Mama (ee. 29.2.6).2z~=3(#) ohms. (28-41) 28-3. (28.5) ‘The skin depth as a function of frequency in low-conductivity© materials

. . (a) Plot on a single graph the log-log curves of the skin depth as a
In conductors there is attenuation and k = 6 — ja, where function of the frequency from f = 1 tof = 10", for o equal to 10-7, 10-*,

1» 10 and for €,=1 and ¢,= 10. Set u,= 1. The skin depth will vary fromant (#) (a+93"2-17, (28-61) about 10 to 10° meters.V2 (b) Show that, in nonmagnetic good conductors for which 0 = S0ee,

_ = 503/(fo)"*p=2(“) (a+r)? 41), (28-62) (c) Show that, in nonmagnetic poor conductors for which 0 <0.lwe,X\2 6~5.3%10 ee.

e 2X4, (285.1) The optical properties of metalsarr sn At optical frequencies (f ~ 10" hertz) and above, the values of 0, ¢, and

14 bear no relation to the values measured at lower frequencies. For metals,ou om) both f and a are of the orderof 3/4, within approximately a factor of 10z= either way, and f#a. For aluminum at 4, = 650 nanometers, Bhy= 1.3

.
and ah = 7.11

i i (a) Calculate 4 and 6.‘The electric and magnetic energy densities are equal in free space and in : ‘ ,
nonconductors. In conductors the magnetic energy density is larger than (b) Calculate - $ from Sec, 28.5.1 and Table 29-1. °N-S. (285.2) 2, 6, and Z in poor conductorsthe electric energy density.

‘The Poynting theorem is a statement of the conservation of energy in Show that,nahom tat cly sight conducting (9 1),
an electromagnetic field. () d=2°K/2

(©) Z=(1 = 9°/4)exp farctan (2/2)] Z,-0PROBLEMS 2-6. (28.5.2) Alternate expressions for the characteristic impedance of a
conducting medium

28-1. (282.1) A general theorem for electromagnetic fields in free space Show that the characteristic impedance E/H of a conducting medium is
""(@) Show that, for any electromagnetic field in a vacuum also given by these two other expressions:
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Btia jou_\"?

287. (28.5.2) The characteristic impedance of ultra-low-loss polyethylene § 9 essranssniscises ce} ae,
‘The ultra-low-loss polyethylene that serves as insulator in submarine ms

coaxial cables has a loss angle of 50 microradians and a relative permittivity r 2,
of 2.26. Calculate its characteristic impedance at 45 megahertz

28-8, (28.6) The Poynting vector in the field of a resistive wire carrying a 9,0
current =

‘A long, straight wire of radius @ and resistance R’ ohms/meter carries & vig. 285

current J hs dex “os(a) Calculate the Poynting vector at the surface, and explain 28-11. (286) Energy and power in a proton(b) Calculate the Poynting vector both outside and inside the wire. pally28-8shows2 highly <eyated ting of a proton accelerator.
Explain A gas discharge within the source $ ionizes hydrogen gas to produce

28-9. (28.6) The Poynting vector in a capacitor Protons. Some of the protons emerge through a hole and are focused into
A thin, air-insulated parallel-plate capacitor has circular plates of radius a beam B of radius R; inside a conducting tube of radius R:. The sourceR, separated by a distance s. A constant current J charges the plates is at a potential V, and the target is grounded.

through thin wires along the axis of symmetry. To avoid needless complications, we assume that the charge density in
(a) Find the value of £ between the plates as a function of the time. the beam is uniform. We also assume that the velocity of the protons is

Assume a uniform E. Show the direction of E on a figure. ‘much less than ¢: v?«e*.
(b) The magnetic field is the sum of two terms, H., related to the Calculate, in terms of the current J and the velocity v:

current in the wire, and H,, related to the current in the plates. The latter (a) the electric energy per meter €;;
current deposits charges on the inside surfaces of the plates (b) the magnetic energy per meter @2;

Find H., H,, and H. Use cylindrical coordinates with the z-axis along (€) the energy flux associated with the Poynting vector Pe;
the wire and in the direction of the current. To calculate H,, apply (@) the kinetic power Por the flux of kinetic energy, disregarding P,.
‘Ampere’s circuital law to each plate. You should find that the magnetic ‘The existence of this Poynting vector is interesting. Because of the
fields tend to infinity as p-+0. This is simply because we have assumed radial E, the voltage inside the beam is slightly positive. So the protons
infinitely thin wires and plates. Show the directions of H., H,, and H on are not accelerated to the full voltage V, and the kinetic energy in the
your figure. beam is slightly lower than V/. Most of the power flows down the tube as

(©) Do E and H satisfy Maxwell's equations? You should find that one of kinetic energy, and the rest flows as electromagnetic energy. The total‘our assumptions is incorrect Power at any point along the tube and on the target is Vi.

(@) Find EX. (©) Find the numerical values of these quantities for a 1.00-{@) Find the electric and magnetic energy densities inside a radius p. milliampere, 1.00-MeV (megaelectronvolt) proton beam, with R, = 1.00
You should find that the magnetic energy density is negligible if millimeter and R.= 50.00 millimeters.

plc’. This condition applies because we have assumed that the 28:12. (28.6) The solar wind
‘capacitor charges up slowly. If it charged very quickly, then there would be "The solar wind i formed of highly ionized, and he
wave for i s a nce highly conduct-awave of Esand Hf in the capacitor, E would not be uniform, and the above ing, hydrogen that evaporates from the surface ofthe sun. Inthe plane of
(0) Now relate the Poynting vector at to the electric energy inside p. pining cuseard im oat npious sn trvard in cdkomSines he sec__(g) Draw a sketch showing E, H, and E Xi vectors at various points fotates (period of 27 days), while the plasma has a radial velocity, the

inside and around the capacitor. lines of B are Archimedes spirals. This is the garden-hose effect. At the
28-10. (28.6) The Poynting vector in a solenoid ‘earth, the lines of B form an angle of about 45° with the sun-carth

‘A long solenoid of radius R and N’ turns per meter carries a current J direction.
(a) The current increases. Calculate F = E XH. (See example in Sec. At the orbit of the earth the solar wind has a density of about 107

19.1.) proton masses per cubic meter and a velocity of about 4% 10°
‘Sketch a cross section of the solenoid, showing the direction of the ‘meters/second. The magnetic field of the sun is about 5 x 10-* tesla

current and of$. Explain (a) Show that, in a neutral (p =0) plasma of conductivity o and(b) Repeat with a decreasing current, velocity v, Maxwel’s equations become
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vee=0, Pxe=-22, ¥-B=0, aor / \ @

or / \ ww
vxBa nfo +exB)+o%| / a \a KE \

In a medium of infinite conductivity 0, E = ~v XB. This is a satisfactory (SiGe) Ow |
approximation for the solar wind. X 4 }

(b) Show that the component of the plasma velocity vthat is normal to . —
Bis given by v, = [BX (v X B))/B™ \ J

(©) Show that the Poynting vector is given by S = Bv, /j4o, oF about 6 NN 7
icrowatts/meter’. This is about 4 x 10°" times the Poynting vector of —— Fig. 28-7.
solar radiation, which is about 1.4 kilowatts/meter’, The Poynting vector
‘of the solar wind is normal to the local B (€) Show the direction of the magnetic forces on the bars.

(d) Show that the kinetic, magnetic, and electric energy densities ofthe 28-14, (28.6) The Poynting vector in a transformer
solar wind are related as follows: #2 8» bi Figure 287 shows, in simplified form, a cross section of a transformer

28-13. (286) The Poynting vector in an induction motor secondary. The fieldB inside the core C, and the leakage fieldH, outside,
Tn an induction motor, the stator generates a magnetic ficld that is both result from the currents in the windings and from the equivalent

perpendicular to, and that rotates about, the axis of symmetry (Prob. currents in the core. The secondary winding is W. Assume that B and H,
18-6). The rotor is a cylinder of laminated iron (Prob, 25-7), with copper incresss.
bars parallel to the axis and set in grooves in the cylindrical surface (a) Draw a larger figure and show, at one point between C and W,
Copper rings at each end of the rotor connect all the copper bars, The vectorsA, 3A/3t, and E = —3A/3t, disregardingthe current in W. Show
rotor is not connected to the source of electric current that feeds the @ vectorE at one point outside W.
motor

(b) Assume that the impedance of the secondary is a pure resistance R.

‘AS we shall see, the rotor tends to follow the rotating magnetic field. ‘Show the direction ofthe current J in W.

Figure 28-6 shows the principle of operation. To simplify the analysis, we (c) Show the direction of its field H at points between C and W and
suppose that the rotor is stationary and that a rotating clectromagnet, outside W.
represented here by its poles N and S, provides the rotating magnetic () Show vectorsE XH.fad. (c) How would the directions of the EX H vectors be affected if B and

(a) Draw a larger figure with wide air gaps, showing the direction of H, decreased?
the induced currents in the bars and the direction of E in the air gaps. (Q) What is the time-averaged value of a vectorEX H;?

(b) The current in the rotor generates a magnetic field. Add arrows (2) Now let us calculate the power flow into the secondary. Assume
showing the direction of shar Hf, inside the rotor and in the air gaps. that the secondary is a long solenoid of N turns and of length L.

(c) Now show Poynting vectors Ex Hin the air gaps. The field feeds Disregard H, and set © = ®,, exp jut in the core. Integrate the Poynting
power into the rotor

vector over a eylindrical surface situated between the core and the

(a) Now draw another figure showing the currents in the bars and a winding, and show that the power flowing into the winding is
line of B for the sum of the two magnetic fields, (reo—t /R = Ving/R, where V is the voltage induced in the secondary

/ o\s
4 / . se

ip 7 aya\ ) *
s\\e
= < y,——__ Fig. 28-6.
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29.1 UNIFORM PLANE ELECTROMAGNETIC

29 WAVES IN GOOD CONDUCTORS.cuarrer THE SKIN EFFECT

Recall from Sec. 28.5.1 that, in a linearly polarized, uniform plane wave

*PLANE ELECTROMAGNETIC ‘ropagating in a conductor in the positive direction of the z-axis,

WAVES II E=E,,exp (~az) exp (ot ~ fz). (291)
- , conductor as a materialst . essionWaves in Good Conductors and in Plasmas te ef 9 ed cond x aerial rch Un in he xpress

(+99)? +1?= 9"? (29-2)
29.1 UNIFORM PLANE ELECTROMAGNETIC WAVES IN GOOD, von ie watisfi o%

CONDUCTORS. THE SKIN EFFECT 537 his condition is satisfied within 1% if
Example: PROPAGATION IN COPPER AT 1 MEGAHERTZ 540

gu 2m [8 )Example: JOULE LOSSESINGOOD CONDUCTORS 540 Gm 2m | -8F | 250, (29)29 PLANE ELECTROMAGNETIC WAVES IN PLASMAS S12

29.2.1 THE CONDUCTIVITYOF A PLASMA 542 + if the conduction current density is at least 50 times larger than theExample: THE IMPEDANCEOF A UNIT CUBE OF PLASMA 543 lisplacement current density. But note here that o and € are functions of29.2.2 THE CONDUCTION AND DISPLACEMENT CURRENT DENSITIESAND ». especially at optical and x-ray frequencies, So @ does not decreaseTHE
PLASMA ANGULAR FREQUENCY ay S44 adefinitely as 1/f, as the above equation appears to indicate

Example: PLASMA-FILLED PARALLEL-PLATE CAPACITOR S85 Tn good conductors the wave equation 28-16 reduces to!29.2.3 THE WAVE NUMBERk 54S29.2.4 PROPAGATION AT/>/, 546 . OE

29.25 THEFIELDAT/ =f, 547 VE- yo =0, (29-4)
29.26 THEFIELDAT/<j, SAT

Example: THE TELECOMMUNICATION BLACKOUT UPON THE and Eq. 28-10 for the wave number to
REENTRY OF ASPACE SHUTTLE S48

.

Example: THE IONOSPHERE S88 = —-jwou (29-5)
293. SUMMARY S49 thus

PROBLEMS 550 /won\"? 1- ce h
k =p-ja=(S) a -aes nao= = hk= 3 (1-))

In Chap. 28 we deduced the main characteristics of a uniform plane (29-6)

electromagnetic wave traveling through a medium €,, 44, 0. We now 1 1 /wou\"
apply this knowledge to two simple media, namely good conductors and * Bayra=5- (S*) . (29-7)low-density plasmas.

‘The propagation of electromagnetic waves in good conductors is wherem is the index of refraction,A= A/2:r, as usual, and where 8is the

peculiar in that the amplitude of the wave decreases by a factor of e in «attenuation distance, defined in Sec. 28.5.1 as the distance over which the

one radian length A= /2. The attenuation is so large that the wave is mplitude decreases by a factor of e.
hardly discernible. i

We study plasmas of low density so as to be able to disregard energy :
losses arising from collisions ‘An equation of the sime form applies to heat conduction. See Prob. 29-4
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From Eq. 28-70, the characteristic impedance of a good conductor is "

HE Lom (OH) pit
Za Fen( EY exp, (298) os

and E leads H by 7/4 radian. Compare with nonconductors in which E

and H are in phase (Sec. 28.4). The difference comes from the fact that y
the current that is associated with H in good conductors is the conduction ope.
current, which is in phase with E, and not the displacement current of eet ms
nonconductors, which leads E by 90°. 4 RA

Therefore ra SY
£=Fyew|i(or—2)-{] 99) ,E= Emexp|i(wr—-5)-5 |. .
o\? zm) 2

H=(2)"E,exp[i(we -3-2) -3| (29-10) Vig. 291, The ratios E/E, and H/H, at t= 0 as funetionsof 2/K for anou lcctromagnetic wave propagating in a good conductor.

‘The vectors E and H are transverse and orthogonal, say E is parallel to

the x-axis and H to the y-axis. In terms of cosine functions, 5 ,© ww"

vp =F = wh= (= (29-14)
E=En exp(-5) cos (w-3), (29-11) 6 on: 's proportional to the square root of the frequency.

_(ey 2 2 ox In good conductors the group velocity (App. C) is twice as large as theH= (sa) En exp (- 7) cos (wr - 2-7) (29-12) phase velocity:
z zm 1

= 2)cos (ws 2-7). 29-13) "Tada 2 9-15Hm exp ( 5) 0s (wr 5 *) (29-13) “aaa (29-15)
Figure 29-1 shows E/E,, and H/H,, as functions of 2/A at ¢= 0. io and q are not frequency-dependent,

‘The amplitude of the wave decreases by a factor of (I/e)** =2x 10° The ratio of the time-averaged electric to the time-averaged magnetic
in one wavelength, and the Poynting vector by (1/e)** ~ 3 x 10°*. This is cnergy densities is
the skin effect. 2

The attenuation distance 6 in conductors is termed the skin depth, or caelant ed (29-16)the depth of penetration. The skin depth decreases if the conductivity, the HHiml2 9 B50

relative permeability, or the frequency increases Good conductors “ The energy is thus essentially all magnetic, This results from the largetherefore opaque to light, except in the form

of extremely thin films. Is conductivity 0, which causes E/J, to be small, The electric field strengthfoes not oie orascat at substances that are nonconducting at low 's weak, but the current density and hence H are relatively large.Soeeaaees ane Sane St epten Sequences. From Eqs. 29-11 and 29-13, the time-averaged value of the PoTable 29-1 shows the skin depth 4 for various conductors at four sectors eraged value of the Poynting
typical frequencies. The attenuation in iron is much larger than in silver,
despite the fact that iron is a relatively poor conductor. v.<1R 1/0 \? 22) 09, wePRe (Ex H*)= 5 (2 -S)re 29
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Table 29-1 Skin depths 6 for conductors 5Table 29-1 Skin depths 8 for conductors
CONDUCTOR ° o or? oneRTZ TKILOHERT2 —1MEGAHERTZ —3GIGAHERTZ

Aluminum 354% 10" 1.00 0.0846 10.9 2.67 36 14
Brass (65.8 Cu, 34.2 Zn) 1.59x 10° 1.00 0.126 16.3 3.99 16 230Chromium 3.8 107 1.00 0.0816 103 258 a16 149Copper 5.80% 107 100 0.0661 853 2.09 66.1 121Gold 4.50 10" 1.00 0.0750, 9.69 237 75.0 137Graphite 1.0 x 10° 1.00, 1.59 21x10? so 1.6.x 10° »
Soft iron 10% 10 2x10" = 0.011 1 04 10 02
Mumetal 1.6% 10° 2x10" 0.0028 oF 0.09 3 0.05Nickel 13x10 1x10" O04 2 ot 0 03‘Sea water s 1.00 2310 3x10" 7x10 2x 10° 4x 10"
Silver 6.15 x 10’ 1.00 0.0642 8.29 2.03 64.2 LyTin 870% 10° 100 0.71 2.0 540 m1 3.62Zinc 1.86% 10 100 0.7 15.1 308 u7 23

* At B = 0.002 tesla. * At this frequency, ¢, ~ 35, 9 ~ 1, and sea water is not a good conductor,

Example PROPAGATION IN COPPER AT 1 MEGAHERTZ
Copper has a conductivity of 5.80 x 10” siemens/meter. Then, at 1 conductor, perpendicular to the direction of propagation, as in

megahertz, Fig. 29-2. If the amplitude of E on the left-hand face is E,,, then
7 5.80 107 a fon the right it is E,exp(~Az/d) and, within the slice, the
oeee (29.18) time-averaged Poynting vector decreases by

and p=! (2) ef 2a2)a 3 , ate=3 (525) #2[1exn(-722)]. 922)oh (Sie RS ax xa I

= 66 micrometers (29-19) 7
‘The wavelength is about 0.4 millimeter in copper, while it is 300 |
meters in air. The phase velocity is correspondingly low: :

u, = @k = 415 meters/second, (29-20)

which is about 10 times less than the velocity of sound in copper

(3.6 kilometers/second). ‘n

‘The characteristic impedance is / f iIE]_ (22x10x4 107)" 4 sai-|F-(A ea)"=3.7%10-ohm, 29-21)
h

j

Example | JOULE LOSSES IN GOOD CONDUCTORS Fo leas
Let us compare the power lost by the wave and that gained by the . 29-2. Element of volume normal to the direction of
medium through Joule loses. We consider a thin slice inside @ Prbparation i's good conductor, restonl
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The power P, lost by the wave is ab times this. If 22/3 <1, We now require the velocity v ofa free electron of mass m subjected to
ab/ 0 \"., 2Az 1n alternating electric field. Since

pat (52) ee obinab a2 029-28)2 (op 3 dv
mee= mjov = CE» exp jot, (29-26)This is jost the power dissipated per unit volume by Joule losses dt

(Sec. 4.3.7). then

e

v=j——E,, exp jot. (29-27)29.2 PLANE ELECTROMAGNETIC WAVES fom

IN PLASMAS The velocity leads the field by 90°, Substituting this value of v in the
ibov for the conductivity gives’A plasma is an ionized gas. As a rule, plasmas contain free electrons and Ove EXPRESSION FO ANE CONENAINTEY BINS

positive ions. Since the ions are more massive than the electrons, the jNe? 4.48 10-%N
current is carried almost exclusively by the electrons. We therefore oe om F~CSS@mens/meter. (29-28)
disregard ionic currents.

We assume that the gas pressure is low. This will permit us to ignore The average power dissipation per cubic meter is,

collisions between the free electrons and the gas molecules, and hence to a a . »
ignore energy losses. Then the gas offers no resistance to the motion of P'=2Re (E -J7) =} Re (aEE*) =0, (29-29)

free electrons and acts somewhat like a superconductor. Also, we may set 1 accordance with our assumption of zero losses.
6 =1

Finally, we disregard thermal agitation. In effect, we set the tempera- Example | THE IMPEDANCE OF A UNIT CUBE OF PLASMA
ture equal to zero.

First, imagine a cube of some resistive material such as carbon,

29.2.1 The Conductivity of a Plasma with copper electrodes deposited on opposite faces. If the cube
has a volume of 1 cubic meter, then the resistance between

For a fixed observer, a free electron situated in an electromagnetic wave ‘opposite faces is

is subjected to a Lorentz force ~e(E + v XB), and the electron current 14

density in a plasma is Rass o (29-30)

Jp = AE +0 XB). (29-24) ‘Thus the conductivity of a medium is the conductance G' = 1/R',
- or, more generally, the admittance ¥", of 1/2", between oppositeWe can disregard the v XB term in this equation for the following faces of a unit cubereason. As we shall see below, the ratio E/H for a wave in a plasma is With a plasma,

always larger than in free space, where E/H = (t4o/€y)"? (Sec. 28.3). So, 1 m
in a plasma, E/H > (do/€q)'? and E/B > c, Also, we may safely assume 2! =1=jo(gs) =jol', (29:31)that the velocity v of a free electron will be less than c by many orders of

magnitude. So we may set where L’ is the “inductance” of 1 cubic meter of plasma. This
quantity is expressed in henry-meters and is independent of the

Nev frequenJj=-Nev=0E, o= -, (29-25) ‘quency

where N is the number of free electrons per cubic meter, e is the “This expression is meaningless at zero frequency where the conduction electrons would
magnitude of the electronic charge, and o is the conductivity realmee reach a nine velo. Equations 225, however, apply to steady
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29.2.2 The Conduction and Displacement Current Densities

and the Plasma Angular Frequency w,

Ina plasma, ae avian o

2D Ne= es OB = jweoE + OE = joeE — EE (29-32)
ot om q a

+ 1

Net

~

= jweoE(1- 29-33)re arr aay s
The displacement current density 3D/3t leads E by 90°, while the it
conduction current density oE lags by 90°. The term between parentheses

is the equivalent relative permittivity of the plasma because, in a

dielectric, Hig. 293. The current densities 3/3, oF, and ther sum, a functions of w/a,
ww plasma8D

Sr a HOKE: (29-34)

The equivalent relative permittivity can be either positive or negative. txample | PLASMA-FILLED PARALLEL-PLATE CAPACITOR
Rewriting Eq. 29-33, If the capacitor plates have an area si and are separated by @

distance s, then, upon application of a voltage V,ap wi

Spt oF =jocvE(1 ~ 22), (29-35)or o) . si alls),12 (jwc+ 02) r= (joc + 24)y (29:39)
where the second term between the parentheses is the ratio of conduction a

current density to displacement current density, and where ‘The presence of the plasma therefore has the same effect as if one
. hhad an inductance sL’/sf connected in parallel with the capacitor.Ne?\!2 ‘Thenet current is zero foro, = (%2) (2936) current is zer0 fem SL’

wont (29-40)
is the plasma angular frequency. More simply, a

®, te oqne In actual fact, the plasma would not be uniform and N would bef= S2=8.98N'*=9N'? hertz (29-37) smaller near the electrodes than in the body of the plasma,
Moreover, we have ignored edge effects. So this example is not

Also, from the value of o that we found above, realistic

2 9.2.3.7jo 0% (29.38) 29.2.3 The Wave Numberk
oe @ Recall from Sec. 28.2.3 that, in a conductor, the wave number k is given

Figure 29-3 shows aE, 3D/3t, and their sum as functions of @/W,. by
In the plasma of a gas discharge, N varies widely but is typically of the a Eth o

order of 10" electrons per cubic meter, and f, is about 10 gigahertz. In ane (1 -i). (29-41)
the ionosphere, N is of the order of 10" electrons per cubic meter, and f,

about 3 megahertz. See below Then, from Eq. 29-38 and setting ¢, = 1, yt, = 1,
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21 ow} '224 ()-22 29-42)Rag (1-25) (29-42) i

“The wave number is either real or imaginary in a lossless plasma. HH
H

29.2.4 Propagation at f > f, H se
[At high frequencies such that @ > @,, orf > f,. k is real. Then there is toh ----4---~-- SSSzero attenuation, as we assumed at the beginning !

“The E and H vectors for a uniform, plane, linearly polarized wave are H aad
transverse and orthogonal, as in any homogeneous and isotropic medium.

‘Also, from the general expression for the characteristic impedance aE/H that we found in Sec. 28.2.2 for any linearly polarized uniform plane ° ‘ 2 5 ry 4
wave,

“

E_ om bole _\" 377 Fig, 29-4, The phase and group vel 1pL wm (tales) 3 77 ohms, (2943 group velocitiesu, and v, ofan electromagneticwave2a (; ora) Goa)? TT ohms. (29-43) * Plasma, =
‘The wavelength 2=27/k is longer than in free space, and the phase We may set the signal velocity equal to the group velocity (App. C).

velocity is larger than c: Then
c 1 rod

= — as

29. =--1_.¢ ac

Gao)? (29-44) “Edam y,  Ueteme (29-46)
c c

“G=R06NIPY? 1 -8INIPY® meters/second, Figure 29-4 shows the group velocity as a function of the ratio w/w,..
(29-45) 29.2.5 The Field at f = f,

as in Fig. 29-4 We the f

‘The phase velocity increases with increasing electron density. Waves tenau of the applied field is equal to the plasma frequencyf,,
therefore tend to bend away from more highly ionized regions, just as

ien k= 0, 5+ in Eqs. 29-11 and 29-13 for E and H, and

light tends to bend away from low-density air in a mirage .This requires some discussion because, according to relativity, a signal E=Eq cost, —H= Hy c0s(or -2), (29-47)
cannot travel at a velocity greater than «.

“The phase velocity is the velocity of propagation of a given phase, and There is no wave, and 9D/3t + oF is zero.
not the velocity of propagation of a signal. The reason is that a wave can
transmit a signal only if it is modulated, in amplitude, in frequency, or 29.2.6 The Field atf <f,
otherwise. Now any modulation, and hence any signal, involves fre- |At low frequencies, k is ima a
‘quencies other than the carrier frequency. The phase velocity in an quencies, k is imaginary. Setting k = —jk’ gives
ionized gas being frequency-dependent, the various frequency com- E=E, exp(—k'z) exp joti

E = En 2 , HE -k’

ponents of a signal travel at different velocities. The net result is that the P (-K'2) exp jar Hy exp (~k'z) expja. (29-48)
envelope ofthe wave, which carries the signal, travels at a velocity that is, There is no wave, and che field decreases exponentially with z.
different from those of the various components of the wave, and this ‘The average Poynting vector is clearly zero because there is zero power
signal velocity is less than ¢ flow, We can also prove this formally as follows. From Eq. 29-43.
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E_jaug Otiohy Ho"? 1 Our assumption that there are no collisions between the
Ave eile (2) Gro (29-49) electrons and the gas atoms or molecules is not satisfactory in theI 5 lower regions of the ionosphere, where the pressure is highest, at

Then
oustt® frequenciesof the order of 1 megahertz or lower.

=1 Re (oHolme -2k'2) = : ‘The earth's magnetic field renders the plasma doubly refracting,m= Re(NGr=)erp(-2#')=0. 9.8) and thre av te dst pce vlc deping 0m wate
the E vector of the wave is parallel or perpendicular to the B of

An electromagnetic wave therefore travels through a low-density the earth.
plasma without attenuation at f>f,. At lower frequencies there is no
ropagation.
propa 29.3 SUMMARY

Example THE TELECOMMUNICATION BLACKOUT UPONTHE REENTRY OF A SPACE SHUTTLE We define a good conductor asa medium for which
In the course of one reentry there was complete radio blackout at 0 | o£a certain moment at all frequencies up to 10 gigahertz. Then f, was gute |soral = 50. (29:3)10 gigahertz and the electron density was therefore about 10" me laD/ar
electrons per cubie meter then

Example | THE IONOSPHERE 1-j hyk=p-ja=—*, n= S(1-j), (29-6)In the upper atmosphere, at altitudes ranging from about 50 t0 3 °
several thousand kilometers, the free electron density is suficient wou"?
tS imterfee withthe propagation of radio waves, The main source v= (22), oon
of the ionization is the ultraviolet radiation of the sun. On the 2

‘whole, the electron density increases with altitude up to about 300 ow Htkilometers, but it shows four ledges where the electron density yO 2 (20) y= 2u .increases more slowly, These ledges are commonly called layers, 8B (aa) + Ue 2p, (29-14), (29-15)
Beyond about 300 kilometers the electron density decreases
slowly. The existence of these layers is ascribable to the fact that Most of the field energy is in magnetic form.
both the spectrum of the solar radiation and the chemical The conductivity of a low-density,and hence lossless, plasma iscomposition of the atmosphere change with altitude

Both the heights and the ionization densities of the layers Ne 48x 10°5N
change with latitude, longitude, hour of the day, season, and oaSSXTY sicmens/meter, (29-28)
sunspot cycle. At the lower altitudes, part of the conductivity jom f
comes from the presence of postive ions.

“The free electron density Varies from about 10*to 10" per cubie where N is the number of electrons per cubic meter and m is the mass of
meter. The degree of ionization increases rapidly with altitude, the electron. Also,
but it remains low, about 0.1% for the highest layer. For N = 10", 3p wo?
the plasma frequency is about 1 megahertz. 5) + 0 = joeok(1 ~ <t), (29-35)Up to about 300 kilometers the electron density and the phase or w
velocity increase with height. Amplitude-modulated radio waves here
(535 kilohertz to 1.605 megahertz) and the lower-frequency short

‘waves (6 to 26 megahertz) bend back toward the earth in the same Ne\ia
way that light waves bend in a mirage. However, frequency- o,=( u ) (29-36)
modulated (88 to 108 megahertz) and television (54 to 890 em
megahertz) waves bend slightly in going through the ionosphere,
and they escape. 1s the plasma angular frequency
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In a lossless plasma, Tete 292
1h ad PROPERTY COPPER IRON

w=, (1-28) (29-42) —BV oF ° 38x10 10x10
¢ 385 460

If @ >», k is real, there is no attenuation, and the phase velocity is a Som Text
larger than c. The phase velocity increases with increasing electron * 1 100
density. If @<o,, there is no wave and the field attenuates i
exponentially.

zy) 2 ny?

: ro teewpli(or-z)-z]- d= (ZR)PROBLEMS in) Ou px

‘Compare the velocities of propagation of T and of B in copper and in iron

20-1, (29.1) Good conductors See Table 29-2,
Show that for a good conductor 5. (29.1) The surface impedance of a conductor

. .

By definition, the surface impedance of a conductor is the ratio E,/H, at

(a) S/y€1, (0) BF =2eM(uo"), — () 6° = (Es). the surface, the subscript r indicating a tangential component. Itis shown in
29-2. (29.1) The damped transmitted wave Prob. 19-4 that H, is numerically equal to the current per unit width in the

conductorDraw curves for £, similar to those of Fig. 29-1, for wr =0 to 2x at
intervals of 27/4. ® (a) Show that the surface impedance of a good conductor is

29-3, (29.1) Designing bus bars asa(ety" 14yYou are asked to design copper bus bars that can carry 5000 amperes at DOSE) or ee
60 hertz over a distance of 5 meters. The total length of bus is 10 meters

The power dissipation in the line should not exceed 1 kilowatt. Suggest a where a is the conductivity and 6 is the skin depth, The quantity 1/08 is
plausible cross section, the surface resistance, The surface impedance and the surface resistance are

29-4, (29.1) Heat propagation expressed in ohms/square. See Prob. 4-9. For example, the surface
Itis interesting to draw a parallel between the flow of heat in a thermally resistance of copper at 3 gigahertz is 14.4 miliohms/square.

‘conducting medium and the propagation of an electric or magnetic field in (b) Show that, if the tangential magnetic field is H,, then the power
an electrically conducting medium. dissipated per square meter in the conductor is given by H?y/(08). This

Let & be the heat flux density in watts per square meter and = ~AVT, means that the power dissipated is the same as if the surface current (of
where Ais the thermal conductivity in watts per meter-kelvin and T is the density numerically equal to H,) were distributed uniformly over a thickness
temperature in kelvins. Then, for conservation of energy, 4 of the conductor.

or %-6, (29.1) Induction heating.
V-@=-pc+9, Induction heating consists in exciting eddy currents in a conductor by

" exposing it t0 an alternating magnetic field, The method serves for melting,

where p is the mass density in kilograms/meter’, cis the specific heat in in an induction furnace, for heating before a forging operation, or for
joules/kilogram-Kelvin, and Q is the heat produced within the medium in hardening. An induction furnace comprises a crucible surrounded by a col.owtmeter” ‘The largest furnaces have capacities of tens of tons and powers up to a few
Toro, megawatts, Once the load has melted, magnetic forces within the liquid

w pcoT provide stiring
vr-Eo=0 The coil is usually a single layer of water-cooled copper pipe that

surrounds the object to be heated. If the object is ferromagnetic, a small

‘This equation is identical in form to that for an electromagnetic wave in a Part of the heating comes from hysteresis losses.
good conductor, with pc/2 corresponding to 10. Its solution for heat flow Induction heating has the advantage of convenience and of not con-
in one dimension is similar: taminating the metal with combustion gases. Also, by choosing the
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frequency correctly, it is possible to apply a heat treatment down to a Draw the w-f diagram for a low-density ionized gas with f,=3
known depth. For example, plowshares require a hard, heat-treated skin megahertz for frequencies ranging from 3 to 30 megahertz.
that resists abrasion and a soft core that resists breakage. 29-11, (29.2.4) Pulsars and satellites

‘ctl can alan be heat treated witha laser beam, but wsualy toa depth 22-4)_Polars and elie gravitational colpee, or nauronof only a fraction of a millimeter stars, and that rotate rapidly while emitting a narrow beam of radiation.
Here is a simple example of induction heating. A steel rod of circular ‘The pulse lengths, at the earth, are of the order of 1 millisecond, and the

cross section lies inside a solenoid that applies an axial and tangential periodsof the orderof 1 second. Neutron stars consist mostlyof neutronsmagnetic feld 1 We showed in Prob, 194 that the net surface current iat some electrons and some ions Theit mases are ofthe Orde of thatdensity is equal to H,. A wave penetrates normally to the conductor, and of the sun, but their radii are only of the order of 10 kilometers.
the power dissipation in the conductor i the same as ifthe current were Within afew months after the discovery of pubars, stance estimates
distributed uniformly over a thickness equal to the skin depth. See the were obtained in the following manner. It was observed that the arrival
preceding problem. time of a pulse depends on the frequency of observation, the arrival time

The solenoid has 100 turns per meter and carries a current of 600 being later at lower frequencies. This delay is attributed to dispersion in
amperes rms at 100 kiihertz the interstellar medium, which is ionized hydrogen with an lection

Calculate the skin depth and the power P’ dissipated in the iron per density N of about 10°/meter’.
square meter. Set 0 = 10° and j,,= 100. Neglect end effects, and neglect the (a) Show that, i "> 08, a plot of the time delay Ar asa function of‘at'that the relative permeability decreases to unity when the steel fh Stam tat ata, ploofthe tinedelay A as 9fonction of
becomes red-hot. distance to the pulsar.

29-7. (29.2) Wave propagation in a plasma (b) In the case of pulsar CP 0328, arrival times measured at 151, 408,

pom that in a plea UB <&E, of E/B >>, where v isthe veloity of and 610 megahertz gave the following results: between 610 and 408an electron megahertz, the delay was 0.367 second; between 408 and 151 megahertz,
the delay was 4.18 seconds,

29-8, (29.2.5) Plasmas compared to metallic conductors Find the distance to CP 0328 in parsecs where 1 parsec is 3.086x 10"(a) Find the value of @, as defined in Sec. 29.1, for a low-density meters. It is the distance from which the radius of the earth's orbit,

plasma, . 1.495 x 10" meters, subtends an angle of 1’,
(b) Show that the value of k? that we found for a conductor in Sec. ‘The fact that such plots give straight lines passing through the origin

282.3 agrees wth that of See, 20.25 indicates that the asumption that 05> of iscorect. The delay therefore
‘The values of and of f that we found in See. 285.1 are not vali occurs over lage distances ininterstcllar space, and not inside the pulsar

however for imaginary values of 9. Pet

294, (28.2.4) The phase and group velocities ina plasma ‘Similar methods are used to reduce satellite ranging errors due to the
“Two uniform plane electromagnetic waves of equal amplitudes propagate ionosphere

in the ionosphere where the free electron density is N per cubic meter. One 29-12, (29.2.4) The energy densities, the Poynting vector, and the group
wave has a circular frequency «, and a corresponding wavelength 2,; the velocity in a plasma
other has a slightly different circular frequency w, and a wavelength 2: ‘An electromagnetic wave travels in a low-density plasma. The electric

(a) Ata given time # there exist values of z for which the two waves are field strength is Ecos wt.in phase and other valuesof z for which they are opposite in phase. What is (a) Calculate the sum of the electric, magnetic, and kinetic energythe distance between the maxima? densities.

{(b) What is their velocity? This is the group velocity v,. (b) Calculate the Poynting vector.
(©) Show that, in the limit, v, = 1/(dk/da). (c) Calculate the group velocity.

(d) Calculate ‘the phase velocities and the group velocity for f= 5.3 (d) Find the relations between these quantities.
megahertz, f, = 5.4 megahertz, and N = 5 x 10” electrons/meter’.

(e) Calculate the distance and the number of waves between two
anim

29-10. (29.2.4) The w-f diagram for a low-density ionized gas
‘The w-B diagram is a curve of w as a function of B. The ratio w/B is

‘equal to the phase velocity, while the slope dao/dB is equal to the group
velocity.
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Reflection and Refraction A: The Basic Laws and 2 <q
Fresnel’s Equations ,

Fig, 30-1. An electromagnetic wave incident on the interfac
$01 REFLECTION AND REFRACTION 555 thet respective wave fonts and point in the direction of propagation The anges
302 SNELL'SLAW $57 In 8, Br ate, respectively, the anglesof incidence, reflection, and refraction.
303. FRESNEL'S EQUATIONS 558

30.3.1 E NORMAL TO THE PLANE OF INCIDENCE 589) (2) The .
eee ne ON NCIDENCE st 2 neemedi are homogeneous, isotropic, linear, stationary (HILS)
304. REFLECTION AND REFRACTION AT THE INTERFACE BETWEEN TWO

NONMAGNETIC NONCONDUCTORS S61 (3) The interface is infinitely thin. In other words, the reflection is
30S THE BREWSTER ANGLE = 565, specular.

EranMEASURINGueRELATIVE PERMETTIV ITY OF THE MOON'S (4) The incident wave is plane and uniform.
306 THE COEFFICIENTS OF REFLECTION R AND OF TRANSMISSION

T 37
An electromagnetic wave incident on an interface usually gives rise to

+307 REFLECTION BY ANIONIZED GAS 569 both a reflected and a transmitted wave. This type of phenomenon is
308 SUMMARY 572 vommon. For example, a sound wave incident upon a wall gives both a
PROBLEMS 573 reflected wave that comes back into the room and another that proceeds

into the wall. A wave propagating along a transmission line is partly
reflected and partly transmitted at a discontinuity. Waves on strings show

Chapters 28 and 29 concerned the propagation of electromagnetic waves the same type of behavior, as shown in App. C.
in unbounded media. We now investigate the behavior of a wave .

encountering a discontinuity, as in Fig. 30-1. The media will be the same 30.1 REFLECTION AND REFRACTION
as those of Chaps. 28 and 29, namely dielectrics, good conductors, and
ionized gases. As previously, we define dielectrics as nonconductors, Medium 1 carries the incident and reflected waves. Medium 2 carries the
whether magnetic or not. |___efracted wave. For simplicity, we assume in Secs. 30-1 and 30-2 that the

In this first chapter out of three on reflection and refraction, we make ‘incident wave is linearly polarized. Then, in the incident wave,

several simplifying assumptions: E,= Ein exp(wt— ky), (30-1)
(1) The media extend to infinity on either side of the interface. This
avoids multiple reflections. where the vector wave number &, is real and points in the direction of
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propagation of the incident wave. The magnitude of ky is nko, OF ":/a, All three waves are of the same frequency. This is obvious because the
hr being the index of refraction of medium 1 and 2p the radian length of a} waves are all superpositions of the wave emitted by the source and ofwvave of the same frequency in a vacuum. For convenience, we set the || those waves emitted by the electrons executing forced vibrations in media
origin of r in the interface, as in Fig. 30-1, and we take E,,, to be real. | 1 and 2. Recall from mechanics that forced vibrations are of the same
This equation defines a plane wave for all values of rand r, and thus a frequency as the applied force.

wave that extends throughout all time and space. However, it applies Also, from the above equations for the E’s,
only in medium 1
ince the incident wave is plane, all the incident rays are parallel. By Key Bn= hee Fw = Ker Pa (30-8)

hypothesis, the interface is plane. Now the laws of reflection and of Th .en the k’ a >

refraction must be the same at all points on the interface. It follows that ee eeee ay (nat heir components parallelsthe reflected rays are parallel to each other. Similarly, the refracted rays aval. In pe + if kry = 0 as in Fig, 30-1, then
are parallel to each other. Further, since a wave front is by definition ky =0, ky =0, (30.9)
perpendicular to a ray, we can expect the reflected and transmitted waves
to be of the form and k,, ke, ky are coplarar. The plane containing these three vectors is

valled the ple ce ci sa aEq Ena expileogt ket), (02) sale the plane of incidence. The x components of the k’s are thus all
Ex= Erm xpj(Wrt~ kr °1). (30-3) Kee= kre = kre = ky Sin Bp, (30-10)

What do we know about ky and ky? From the wave equation 27-72 where 6, is the angle of incidence shown in Fig. 30-1

applied to medium 1, with o =0, py =0, It is now easy to find ky

VE x + C1 w2ER = VEQ + ER =0, (30-4) Keg + eg = ke + kis = kD (30-11)
where nd

liom Khe= Kien kee = — kre 30-12)kya pa B= mky= oe) (30-5)
wo eon)

hy hy We choose the negative sign because the reflected wave travels away

_ 7 irom the interface. It follows that, if k, is real, as we assumed at theA similar string of equations applies to k,. Also, beginning (there is zero attenuation in medium 1), then ky is also real,

K+, +R = Raat dy + hc =, HR+= 30-6) the reflected wave is uniform, and

‘The wave numbers k, and k, are real, but ke and ky are vectors that can 8, = On. (30-13)
be complex.

‘The tangential component of E is continuous at the interface, This the angle of reflection is equal to the angle of incidence.
means that the tangential component of E, +E, in medium 1, at the ‘Therefore the incident, reflected, and transmitted rays are coplanar,
interface, is equal to the tangential component of E, in medium 2, at the and the angle of reflection is equal to the angle of incidence. These are
interface. The same applies to H. These continuity conditions will permit the laws of reflection
us to find all the unknowns in Eqs. 30-2 and 30-3.

Some relation must exist between E;, Ex, Er at the interface for all ¢ 30,2 SNELL’S LAW
and for all points ray on the interface. Such a relation is possible only if
the three vectors are identical functions of ¢ and rq. Then Now return to Eq. 30-10. It says that

0 = Op = Wr (30-7) ky,= ky sin @, (30-14)
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Then aN
Kp = B= ke,= KE — Ki sin? 6, = kin} — nj sin? @,). 30-15) € \ 7~wem

If the term in parentheses is negative, then there is total reflection. We “ ey NN
disregard this possibility until Chap. 31, Otherwise, ky. is real, kr is real, ee a
fand the transmitted wave is plane and uniform. If @, is the angle of gor Voogacti wae LO
refraction as in the figure, ee Pg

kre =—kyc0sOr, ers = keinBy (30-16) Ne A
From Eqs. 30-14 and 30-16, NJ

asin, =k, sin @,, or —nzsin@p =n, sin). (30-17)

.

Fig. 30-2, The incident, reflected, and transmitted waves for an incident wave
‘When an electromagnetic wave crosses an interface, there is conserva~ iglarized with ies Seld normal to the plane of incidence. The arrows show the
‘Therefore, choosing axes as in Fig. 30-1, we find that

E, = Ey exp jot — ky(x sin 8, ~ z 08 8,)), (30-18) Hy + Hpe= Hr Hiy + Hey = Hy (30-22)
Ex = Exm exp jlot — k(x sin 6, + z cos @,)], (30-19) Since the relation

Ey = Erm exp jot ~ k(x sin 87 ~ 2 008 87)] (30-20) KXE
Ao on (30-23)

‘The laws of reflection and Snell’s law are general. They apply to any

two homogeneous, isotropic, linear, and stationary (HILS) media, vol Sec. 28.2.1 applies to all three waves, we first find Ey and Ey and then
whether conducting or not, with either real or complex &’s, provided that deduce Hp and H,
one allows complex angles as in the next chapter. It will be convenient to divide the discussion into two parts. We

onsider successively incident waves polarized with their E vectors

30.3 FRESNEL’S EQUATIONS wormal and then parallel to the plane of incidence. Any uniform plane
sncident wave is the sum of two such components.

We now require relations between Em, Erm, and Erm that will ensure We now define our sign conventions. See Figs. 30-2 and 30-3. Observe
continuity of the tangential components of F and H at the interface.” iat the two figures agree at normal incidence. We utilize the continuity

In this chapter k;, ke, Kr are all real. Thus all three waves are plane Ey and H, in Fig. 30-2, and the continuity of E, and H, in Fig, 30-3.
and uniform, and hence transverse (Sec. 28.2.1). The E vector of the I his will yield relations that apply again to any pair of HILS media and
incident wave can point in any direction perpendicular to ky tw any angle of incidence
Then the conditions of continuity at the interface require that

bth <F tha <b 5021
0.3.1 E Normal to the Plane of Incidence

et Em Em By + Bay Bry (3021) Fine £ and H vectors of the incident wave point as in Fig. 30-2. The
——

sedia being isotropic, the E vectors of the other two waves are also1We could also apply the continuity of the normal components of D and of B. But then swormal to the plane of incidence. This is because the electrons in both
out te policetoseflection from the sae Oakwaste only cn ne ‘media oscillate in the direction normal to the plane of incidence andoneten aang in * * teradiate waves polarized with F normal to the plane of incidence.
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K The subscript 1 indicates that the E vectors are perpendicular to the

i S ~ plane of incidence.’ These are two of Fresnel’s equations,8 Pi 10.3.2 E Parallel to the Plane of Incidence
oe x 2 he E's are now all in the plane of incidence, as in Fig. 30-3, and

SRE. 8 o

wey a. Zs | eo Hin ~ Ham = Hrs (30-30)
SitiyWg w bokae Fim

= Enm _ Erm .SLA ZF (30231)7
~ Also,

y (Eim + Em) 60S 8; = Erm 608 Or. (30-32)

Fig. 30-3. This figure is similar to Fig. 30-2, except that now the E fields are all then
paraile! to the plane of incidence. (Em) _ Zc08 Oy ~ Z, cos 8; (3035)If the E vectors point in the directions shown, at the interface, then the Eim!y Z_008 Or + Z, cos 8;
Hi vectors point as shown, to orient the Poynting vectors Ex H (Sec. Erm 22,008 6,

28.6) in the proper directions. (F). =Zocos0; + Z, 008 0," (30-34)The continuity of the tangential component of E at the interface

requires that [his is the second pair of Fresnel's equations.
_ At normal incidence 6;=4,=6,;=0, the plane of incidence isEim + Enm = Erm (30-24) undefined, and the two pairs of Fresnel’s equations are identical:

at any given point on the interface. Similarly, for continuity of the Enn_ ZZ,
tangential component of H, Em =Zitz, , (30-35)

Him, COS 8; — Hem COS 8; = Hm, COS Oy (30-25) Em =Ls . (30-36)or, from Sec. 28.4, tim Lat dy

(Eim = Erm) 608 8;
_ Erm 608 Or (30.26) 0.4 REFLECTION AND REFRACTION AT THEZ Zo’ - INTERFACE BETWEEN TWO NONMAGNETIC

NONCONDUCTORS

where Z is the characteristic impedance of a medium

Eon on on ce We continue to disregard total reflection. For nonmagnetic non-aE oH ou _ on _ conductor2a Take Mol a (30-27) nductors,
Z, = Ho _ Sho sho :

n being the index of refraction. aa kom) a? G37)
Solving, and

Enm\ _ Z:008 0; ~ Z, cos 6 (= = (ulna) €08 0, — cos Or 30-38)(EE), ~ Zee e+ Zon 6," (30-28) Ea). (mlnaoos Fear" (30-38)
Erm) ____2Z,008 0,
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ky tig, 30-4, (a) The relative phases, at the interface, of the B's inthe reflected and
x wismitted waves for n, <n and for m, > ns, with E,,, normal to the plane of

/ sulenee. On the left, the reflected wave is2 radians outof phase with respect toAt licineident wave. The transmitted wave is in phase,in both instances. (b)
z .

Gist Cicsts” of the fieldE at some particular time. The crests are one wavelengthPo eF .jurt and travel inthe directions of the arrows. Notethe phase shift of upon, “a stlection from a glass surface. Note also the interference pattern that results“4 ky gel / ‘ ‘woon the superposition of the incidentand reflected waves. (c) The E vectorsat ac Pa we ‘ven instant in the ineident, reflected, and transmitted waves at normal incidence“ tv glassair interface, On the right, Er, is larger than E},, However,
sservation of energy still applies.

(Erm 2ny/n3)cos O,Ge) =e 30-39)

a A , a y ‘serve that the second ratio is always real and positive. This means
Ps, je  * viuat, at the interface, the transmitted wave is always in phase with the

.

a , rncident wave.si
d The first ratio can, however, be either positive or negative, depending

ro. Bm F 1 the value of m/ny. If my/nz<1, then 8 <8, and cos 8; <cos8;
2

is rd Gia. whereas if n,/n:>1, then 07>, and cos 0,>cos 6. The reflected
- —¥— — + save is thus either 2 radians out of phase with the incident wave at the

/ vuterface if my <z,oF in phase if m, >
‘ , Figure 30-4 illustrates the E vectors for both types of reflection. Figure

|
i

45 shows the above ratios for n,/n2= 1/1.5. This corresponds to a light/ wf save incident in air on a glass whose index of refraction is 1.5



10, ‘The second ratio is always positive. Then Ey, and Ey, are in phase at
“l the interface, as in Fig. 30-3, which we used to arrive at this result.°

However, the ratio for Ep, can be either positive or negative, which

oe indicates that Eg, can point either as in Fig. 30-3 or in the opposite
ol direction. The tangential components of Eyq and of Eg, can thus be
0 cither in phase or x radians out of phase. They are in phase if
oo

1 - .

02 eo, 0887 > c08 8, (30-42)os Exe a

06 (=) ‘ or if
oa sin 6; cos 6, ~ sin 6, cos @,>0, (30-43)

10! sin 26, ~ sin 26, >0, (30-44)
. Reflection and refraction when ,/n2= 1/1.5, forexample,when light -Fae a ace ofnS. The Eeld is normal tothe plane of incidence sin (8 ~ 6) 608 (87 + 8,) >0. (30-45)

This inequality requires that either

For an incident wave polarized with its E vector parallel to the plane of 6; > 6, and 6+ 8,< x (30-46)incidence, 2

(2) 7008 + (m/s)608 Br oa) ” :Eim/y 008 8; + (my/n2)cos Oy Or< 6; and — Or + 8 > 5. (30-47)
Emm 2(ns/n3)cos 8, |(®) = S58, 4 (n,/n,)c0s 8; (30-41) The phase of the reflected wave when E is parallel to the plane ofa ve tee incidence does not therefore depend only on the ratio m,/n,; it depends

sce Fig. 304 ‘on both 6, and @y. The ratio E~m/ Erm can be either positive or negative,
both for n,>n, and for n,<n;. Figure 30-6 shows the above ratios for

n/n= UL,
.

Ea W.5 THE BREWSTER ANGLE

os (E):

We have seen that, when E is parallel to the plane of incidence, Epm isoe) wither in phase or 2 radians out of phase with the incident wave,

o slepending on whether sin (8, ~ 6,) cos(8, + 6,) is greater or less than
sero. It follows that there is no reflected wave when this expression is

02 equal to zero, that is, when 6, = 6, =0 or when 6, + 6, = 2/2. The first

ol 4 condition is incorrect. It arises from the fact that we have multiplied the
-02' my

7,608 8r ~ cos 8, >0 (30-48)
Fg, 366, Reletionnd eftion when m,/n:=1/1.5, asin Fig. 30-5, but with hy sin 8, which is equal to zero at 6, = 0.parallel to i



366 116 COEFFICIENTS OF REFLECTION R AND OF TRANSMISSION 1 $67
, The Brewster angle is commonly used to measure the index of

i g refraction of a substance by reflecting a ray of light from its surface. The
» # LZ . ou measurement can be accurate to five significant figures.

= i Sha | A plane wave incident on a plate of glass at the Brewster angle meets

ge~ fh: ee a the second interface also at its Brewster angle. So there is no reflection,eS ~

Ke gS cither at the first or at the second interface.&
ONO SP WE op ss 51

Example MEASURING THE RELATIVE PERMITTIVITYSag
< AE | OF THE MOON'S SURFACE. AT RADIO FREQUENCIES,

‘The nature of the moon's surface can be inferred, to some extent,

, > from the value of its relative permittivity ¢,= n° (Sec. 28.4) at

Fig. 30-7. If the angle of incidence is equalto the Brewster angle and if E lies in aeeort nee can serve to mensare thisthe plane of incidence,there is no reflected wave. The positionof the missing Wt radio. weve. oninatfeficed say is at 0° to the transmitted ray @ radio wave originating from a satellite in lunar orbity illuminates the moon, the reflection observed at the earth is
similar to the reflection of sunlight from the surface of a lake:

‘Thus for most of the light comes from the regions that happen to be

correctly oriented for specular reflection. The surface of the moon0,+0,=2 (30-49) thus glistens over an area of the order of 100kilometers in2 diameter, the area depending on the height of the satelite above
the surface of the moon and on the roughness of the surface.

there is no reflected wave when the incident wave is polarized with its E If the detector on the earth receives both the reflected wave and
vector parallel to the plane of incidence. This is remarkable because the ‘a direct wave from the satellite, it is possible to discriminate

: ~ : between the two by using the fact that the Doppler effect makeswave then goes through an interface without reflection. See Fig. 30-7. the two radio frequencies slightly different. A plot of the intensity
This angle of incidence is the Brewster angle. It is also called the of the reflected wave as a function of the angle of incidence when

polarizing angle, since an unpolarized wave incident on an interface at the E vector lies in the plane of incidence shows zero reflection at

this angle is reflected as a polarized wave with its E vector normal to the ‘the Brewster angle.

plane of incidence.* jo ane such meararoment, performed at ‘ trequeney ofmegahertz, the Brewster angle was 601° in the mareAt
the Brewster angle, northwest of Hansen. This ives an eof 30202,

5 It is ible to perform similar measurements at other pointsmy _ Sin Or _ sin(2/2= 810) _ oot yy (30-50) con the surface of themoon because of the relative motions ofthenz sin Op sin O15 three bodies involved, namely the satellite, the moon, and the
earth

For light incident in air on a glass whose index of refraction is 1.5,

On = 56.3". 0.6 THE COEFFICIENTS OF REFLECTION R AND
OF TRANSMISSION T

"The Brewster angleis often explained incorrectlyas follows. For this particular angleof the coefficients of reflection and of transmission concern the flow ofincidence, the missing reflected ray is at XP t0 the transmitted ray. It argucd that the cemergy across the interface. The average energy flux per unit area in a

there isa Brewster angle even when medium 2 is a vacuum. Alo, with magnetic media, 1X31. We exclude total reflection as well as reflection from conducting
there can exista Brewster angle when Ey, is perpendicular tothe plane of incidence media. Setting 4, = 1, we find that
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1e\ 1.04

=1(2)"" Be 7Pin =3(G) Ein (3051)
Vie"

os

6)".Fan =3 (2) Eknfizs (30-52) .
l(a e 2gSrv = 2 (2) Ekimbir, (30-53) os

where fi, is normal to a wave front of the incident wave: aa| Ly
a=K, (30-54) ——— A

ky ; ci 7 0
and similarly for fig and fir. -

the average energy fluxes per unit time and per unit area at the interface:

fi) _ ER Then, from Fresnel's equations for nonconductors,R= [gax-4| = oie, (30-55)fay

BT Sim (n,/n2)608 6, — 00s 6?R=| ce vco8 |" (30-57)where fis the unit vector normal to the interface; (n,/n2) cos @, + cos Or.
4(n,/n3)cos 8, cos OrPract fi| _ (€\'7 Ehm C08Or _M12Em608 Or T= Sa (30-58)= |Zan| _ (Sa) ErwcosOr_ mE rm c08 Or (39.56) 1/n) 60s 8; + €0s 8rlFeal(S) Eeaee Enea, 059 Kerncos 6x 08 Br=C0s

6; + (m/z) Cos 2]R, = |Bts/s) c08 Or .‘ [ ‘cos 6, +(m,/n2)cos6 J” G059)
10 4(n/n2)cos 8, cos OrTp = Melita)£08 81 608 Or Yow {eos 6, + (n/m)c0s OP (60)

In both instances, R+T=1, as expected from the conservation of

os nergy. At the Brewster angle defined above, Ry =0 and 7, = 1, again as
expected. See Figs. 30-8 to 30-10.

os

‘30.7 REFLECTION BY AN IONIZED GAS.
02

We saw in Sec. 29.2.4 that, in a low-density ionized gas, the phase

ook =r a ar velocity is larger than in free space and the index of refraction 7 is less
4 ‘han unity:

, 22/1 g0.6N\"Fig. 30-8. The coeticientsof reflection R, and of transmission T, as functionsof =£2[1- @, | — (1580.61theangleof incidence 6, for my/n2=1/1.5. my (%) ( fe ) , (0-61)
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Fig. 30-10, The coetficients of reflection R and of transmission T at normal
.

incidence, as functions of the ratio m,/n>.

Fig. 30-11. Reflection from an ionized gas in which the electron density increases
with increasing2, or upward.

where c is the speed of light, v, is the phase velocity, «, is the plasma
angular frequency, is the angular frequency, N is the number of free ltm=1, then
electrons per cubic meter, and f is the frequency. v=,

If the ionized gas could have a definite boundary and a uniform free nsin 0= sin 6, (30-63)
electron density, then reflection and refraction at its surface would be
simple: the gas would act as a dielectric with nm less than unity. In Differentiating with respect to the distance/ measured alonga ray, we
practice, neither assumption is valid and reflection occurs gradually, as in find that
a mirage. do dn

‘We could calculate the path of a ray as in Prob. 30-1. However, Snell's an nan (30-64)
law (Sec. 30.2) provides the main features of the reflection.
We select coordinates as in Fig. 30-11 and assume that the index of If the ray penetrates into an ionized region where the ion density

refractionn varies slowly with z, but not with the other two coordinates. increases with z, the index of refraction n decreases with | and the
To be more specific, we assume that n varies by a negligible amount over derivative dn /dl is negative, so the angle @ increases with distance, as in
‘one wavelength. Thena given ray gradually bends down to an angle 8, at Fig. 30-11. After some distance, if N becomes sufficiently large, @apoint where the index of refraction is n becomes equal to 90°, the tangent of @ becomes infinite, and dn/di
We can calculate @ in the following way. When refraction occurs at the becomes zero. After this, tan @ becomes negative, whereas the derivative

interface between any two media n, and nz, the quantity nsin@ is 4dn/dl becomes positive, and @ keeps increasing until the ray escapes back
conserved in going from one side of the interface to the other. This is from the ionized region at an angle equal to the angle of incidence 6.
Snell's law. If n varies gradually with z but not with x and y, then we can > At the top of the trajectory
imagine the medium to be stratified in thin layers, and the value of
nin@ remains the same all along the ray. ‘Thus sin = 1, Manor = sin Oy (30-65)

nsin 0 =n) sin 6, coe Thisische index of refraction required for reflection when the angle of
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30.8 SUMMARY __4(ny/nz)cos 8, cos Oyqe
[cos 6, + (m,/n2)cos Or]°* (30-60)

At the plane interface between two homogeneous, isotropic, linear, |
stationary (HILS) and lossless media, (1) the incident, reflected, and Reflection from an ionized gas occurs gradually as in a mirage.
transmitted waves all have the same frequency, (2) the three vector wave ,
numbers ky, ke, kr are coplanar, and (3) the angle of reflection is equal PROBLEMS
to the angle of incidence. These are the laws of reflection. .

‘Snell's law states that W-1. (30.2) The ray equation‘A wave travels in a stratified medium whose index of refraction is a

=msi function only of the coordinate y.nzsin Or =n,sin 6,, (30-17) (a) Show that the angle @ between a ray and the y-axis obeys the
following law’

where m; is the index of refraction of the first medium and n is that of 46 ldn

the second. an nay ®
‘Fremef's equations are ws follows: where the distance / is measured along the ray.

E, (n/n;) 088, ~ 00s8 (b) You can now verify the ray equation(®) = {tr/nz) 0s By — C08 Or (30-38) dEm) x (m,/n;)cos 6; + 00s Oy qnd= Fn,
Em 2(y/n3) cos 8(EZ), ~Germjeae8, +058," 0-39) where 7 is a unit vector tangent to the ray at a point where the index oftee ume t r refraction is 1.

() = 008 8 +(i/nz)cos Or (30-40) 2, (30.3) Reflection and refraction at the surface ofa dense mediumEm)» 608 8; + (;/n3) cos Oy” Write down Fresnel’s equations for the case where jy =1, a= 1,

n.2>n;. You will find a surprising result: if the E vector of the incident(2) =

—_2(m/nz)

cos 8 (30-41) wave is parallel to the plane of incidence, the amplitude of the reflectedEm)» 608 8; + (ri /n2) 008 OF wave is independent of the angle of incidence!
For what range of 8, are your formulas valid?

‘At the Brewster angle of incidence 6,5, 3. (30.3) Fresnel’s equations expressed in termsof 8, and @, alone(a) First show that

nm

Fm cot Bi, (30-50) sin (8, ~ 87) c0s (0, + 87) = sin 8, 60s 6, ~sin 8, c0s 8,
sin (0, + 87) cos (8, ~ 8) = sin 8, cos 0, + sin O, cos Oy.

and there is no reflected wave if E lies in the plane of incidence.

‘The coefficients of reflection R and of transmission T are the ratios of (b) Show that, for nonmagnetic nonconductors,

the average energy fluxes per unit time and per unit area at the interface: o (=) = 200) Gy (Erm) = 2emeersin gr
oy Em). sin(@+0,) VE), ~ sinG+Or) *

a, = [ulnsdens Or con Br] . (30-57) @ (=) 2120(1=01) Gy (E) . 2c0s 6, sin Oy(rains)
cos 6, + 008 Or. Emm) tan (0, +87) Bn), ~ in (0, + @,) 608 (8,~ Ar)4(n,/n;) cos 6, cos Or1 Gea ee oF (30-58) W-4, (30.3) Measuring an indexof refraction1/3) 608 8, a Set

—cos 8; + (m;/n2) cosory. Ene Exe)=f xe08. r+(rls)cos Or]? p= (2), s= (Eea-| cos 8; + (m%/n3)608 O; 0-59) (2), (),



S78 PLANE ELECTROMAGNETIC WAVES It | PROBLEMS 315Show that, witha laser beam incident at 45° in air on a medium of indexof | support for various types of coating. The film is so thin that multiplerefraction n, o-pxt- ; reflections inside it do not give rise to ghost images.
ye== Py=s) Now it has long been known that a series of parallel glass plates set at

(+p\ +s) Brewster's angle filters out waves polarized with E normal to the plane of

incidence. See the two preceding problems. The same can be done withHere, s is negative, from Fig, 30. The ratio

p is also negative, from Fig, pellicles in less space and without the inconvenience of ghost images30-6 s :

In practice, instruments measure a beam power. So p is equal to minus izPellicies are virmally lossless and can thus polarize high-power laser
the Stsd dail one reflected to incident powers with parallel polariza- (a) Find (R/T), for a pellicle set at Brewster's angle, Take both
tio, and similarly for interfaces into account, but distegard multiple reflections.30-5. (30.5) The Brewster angle (b) Calculate this ratio for a pellicle whose mis 1.5 in air.

Calculate the Brewster angles for the following cases: (©) Find a general expression for the ratio (R/T), for N interfaces.

(a) light incident on a glass whose index of refraction is 1.6, This result is grossly wrong because we have neglected multiple
(b) light emerging from the same type of glass, reflections inside the pellicles. In actual fact, the ratio is approximately
(©) @ radio frequency wave incident on water (n=9 at radio fre- equal to NR. With40 interfaces, the above result is too large by 2 ordersquencies), ‘of magnitude!

30-6, (30.5) The Brewster angle and the ratio n/m, W-11. (30.5) The Brewster angle for magnetic media
(a) Show that, if ns>m, then Bry > 45°. ‘A wave is incident in air on a nonconducting magnetic medium such as
(b) Show that, if m,<7, then 8j»-<45°. ferrite

30-7. (30.5). The Brewster angle (a) Show that the ratio (Enn/Eim); is zero for
(a) Show that Brewster's angle is also given by sano, £46)

sin?8p= endTenn
° There is a Brewster angle only if , > 4,

It follows that there exists a Brewster angle only ifthe ratio my/n: is real (b) Show that (E_q/ Er). 8 2ero when

(b) Show that sin 8p = €0s 8. Hel = 6)
30-8. (30.5) Brewster windows for lasers tant OT

“The mirrors of some gas lasers are outside the glass tube that contains the te
discharge. Then the tube is sealed at both ends with windows set at the Now there is a Brewster angle, but only if p, > €,.

wwster angle.

Browse thatthere is no reflection from such a window as long as the E° ‘W-12, (30.6) ‘The condition that makes R = T’at normal incidence
vector of the incident wave lies in the plane of incidence Find the ratio n/n; that makes R = T= 0.5 at normal incidence,

WB, (30.6) E, H, R, and T at normal incidence on a water surfacevalue ofR, atthe faces of a dielectric plate set at the Brewster309. oe ‘The value of R, at the facesof  diclectric plate ‘A 60-watt light bulb is situated in air 1 meter above a water surface.
"A beam of light in a medium of index of refraction n; falls on a plate of (a) Calculate the root mean square (rms) values of E and H for the
Sicam, at he Browser ange " incident, reflected, and refracted rays at the surface of the water directly

a : under the bulb. Assume that all the power is dissipated as electromag(2) Show that, atthe first interface, netic radiation. The index of refraction of water is 1.33.

B= os 28 = (Late) (b) Calculate the coefficients of reflection and transmission,A+ mijn} W-14, (30.6) Antireflection coatings for photographic lenses and solar cells

‘There are instances where the reflection coefficient of a dielectric must(b) Show that R, has the same numerical value at the second interface. ee erates ere ae reflection coefficient©(©) Find the value of R, for glass whosen is 1.5, in air. be close{0 Zer0. The beat known examples are photographic lenses and
30-10, (30.5) A “pile of plates” polarizer with pellicles Clearly, the way to eliminate the reflected wave is by interference

A pellicle is a very thin film of cellulose nitrate that is stretched taut Coating the dielectric with a thin film of another type of dielectric
‘over flat ring. The cellulose nitrate is transparent and can serve as a provides two reflected waves that can cancel, The situation is, however,



“* H This ratio is much larger than unity. For example, with @,=30"
oe i (n= 1.414), itis equal to 13.93

‘ (b) Show that
&—<~: — ypallea prms f 7

where

Ta. —<— <sin29, = Ru/Ri=2Jasin 20r = RR +1
:

‘The signs before the square roots are positive

net e
W-16. (30.7) Ducting in the ionosphere

Fig. 30-12. Under certain circumstances, the index of refraction of the ionosphere
varies with altitude in such a way that a ray that starts out horizontally
follows a path at a constant altitude above the earth's surface. The

complicated by the presence of multiple reflections in the film. Also, the ionosphere then acts as a duct, and the phenomenon is called ducting. Of
Saat recsioe saves withthe angle of incidence and with the course, the required condition applies only over a certain distance. When
aat

the ray emerges from this region, it is deflected cither upward or

er ar there is no reflected wave at normal incidence in ai downward. Radar signals occasionally travel over large distances in this
(n,=1) when the dielectric of index of refraction n, is coated with a wy.
qrarter wavelength film ofa dielectric n:~n\". Take multiple reflections (a) How must the index of refraction vary with altitude?into account, and use the notation of Fig. 30-12. (b) How must the plasma frequency vary with altitude?

(b) Calculate and sum the amplitudes of the fist four reflected waves
when n,=4, to four significant figures

(©) A silicon solar cell has an index of refraction of 3.9 at
600 nanometers. Calculate the reflection coefficient for normal incidence
at that wavelength.

(a) Calculate the thickness and the index of refraction of a coating that
would eliminate reflection at normal incidence at that wavelength.

"At the interface between air and glass, R= 0.04. In complex optical

systems with many interfaces, the loss is important. Moreover, stray
reflections reduce contrast in the image. Good-quality lenses are coated
‘vith magnesium fluoride (n = 1.38 at 550 nanometers). This reduces R to
0.015, on average, over the visible spectrum.

30-15. (30.6) A simple and accurate method for measuring an index of
refraction

Possibly the most practical and most accurate way of measuring an
index of refraction is to measure the ratio R,/R, for a beam incident on
the material in air at 45°

(a) Show that, if = 45",

1=sin 26, 1 sin 20,)*Raat zanzey ®-(Tsinzn)

It follows that
R._1+sin20,
Ry 1sin20,
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31.1 NONUNIFORM PLANE WAVES 579

no, it!

31 sin 0, =Fisin 8, > 1. GL)CHAPTER ‘Then the coefficient of reflection is equal to unity
Total refiection is fascinating because of the unusual features of the

PLANE ELECTROMAGNETIC 1 transmitted wave. Also, optical waveguides (Chaps. 35 and 36) use the

fact that total reflection is lossless. The analysis of those waveguides restsWAVES IV | on some of the key results found here.

Reflection and Refraction B: Nonuniform Plane i aot first we must study briefly nonuniform plane waves and complex
Waves and Total Reflection* |

| 31d NONUNIFORM PLANE WAVES
| Ina plane wave the equiphase surfaces are plane. In a uniform plane

31.1 NONUNIFORM PLANE WAVES 579. wave, the amplitude is uniform throughout any given plane equiphase
31.11 COMPLEX ANGLES Si | surface. The waves that we have referred to until now are of this type
312 TOTALREFLECTION ssi

H In a nonuniform plane wave the equiphase surfaces are again plane.31.2.1 THE REFLECTED WAVE — 5&3 However, the amplitude over a given equiphase surface is not uniform.
31.22 THE TRANSMITTED WAVE S&3 | Indeed, propagation occurs in one direction, and the amplitude of the

Example: LIGHT EMISSION FROM A CATHODE RAY TUBE 588 wave decreases exponentially in another direction. In Fig. 31-5, for
Exauple: THE CRITICAL ANGLE AND THE BREWSTER ANGLE = 589 example, the transmitted wave travels from left to right, but its amplitude313°
SUMMARY 5% decreases exponentially downward.

PROBLEMS 59 With nonuniform plane waves we can still write that

E=E,, exp j(wt—k-r), (31-2)
In Chap. 30 we established the laws of reflection and of refraction as well H=H,,exp(ot —k-r), G13)
as Fresnel’s equations. The laws concern the relative orientations of the

vector wave numbers k,, ky, and ky, while Fresnel’s equations concern where the amplitudes E,, and H,, may be complex. However, the wave
the relative amplitudes and phases of the incident, reflected, and vector then has the form

transmitted waves. We excluded total reflection as well as reflection by a k=B-ja, or)
conducting medium,

This chapter concerns total reflection, and the next one reflection by a where the two real vectors @ and B point in different directions. Then
conductor. The laws and equations that we found in Chap. 30 also apply

to those cases, even though the wave number k; of the transmitted wave E=E,, exp (—a-r)expj(ot ~ Br), G15)

is then complex - ~a- -B-
Total reflection occurs at large angles of incidence, when the incident H= Ho exp (—a-r)expj(ot— Br). G16)

wave lies in a medium whose index of refraction is larger than that of the 7 ‘These equations define a wave that propagates in the positive direction
second medium, More precisely, total reflection occurs when j of the vector B at the phase velocity
_ ®

* All the material in this chapter is essential only if you wish to study optical wave guides | va G17)in Chaps. 35 and 36
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and whose wavelength is By extension, A can be any complex number. If we apply Eq. 2-7,

a-%, hence p=4. G18) expjA =cos A +jsinA, 1-13)
then

‘The amplitude of the wave decreases exponentially in the positive ;
direction of a, and the attenuation distance 5, over which the amplitude sina = SP/A—exp (TIA), APIA FEMPL-IA) (4 14)decreases by the factor of e, is given by 2 2

6-1 (31-9) Clearly, sinA can now be any complex number. The same applies toa cos A. As with real angles,
Equiphase surfaces are perpendicular to , and equal-amplitude sin?A + cos*A = 1. (31-15)

surfaces are perpendicular to @. In the transmitted wave of Fig. 31-5, B
points to the right, and a points downward. We have generalized the concept of angle so as to render it more

If we substitute the above expression for E in the general wave useful, But we now have an abstract quantity that does not lend itself to a
equation 28-14, we find that simple geometric interpretation.

: : Remember that exp 2) is equal to unity. You can easily check thatke = (B— jay’ = B= 0? ~2ja- B= wen jou, (31-10)

B-a?=wreu, 2aB= won, Gl-11) sin(A+2m)=sinA, — cos(A +22) =cos A. (31-16)
where €, 4, 0, and w are all real and positive. These last two equations We select that value of A whose real part lies between 0 and 2.
are interesting.

31.2. TOTAL REFLECTION

(1) The first one shows that 6 > a. Then

A<é (1-12) ‘As we saw in Eq. 31-1, total reflection leads to a value of sin 6, that is
real and larger than unity. Then @; is complex. Snell’s law and Fresnel’s

(2) According to the second one, B- a =0. Thus the angle @ between equations still apply.
the direction of propagation and the direction of attenuation is at most ‘The critical angle of incidence, for which @,= 9°, is given by#.

nm

(3) In conductors, ¢ #0. Then @#0. In good conductors 6?~ a*<« sin Oe = 1-17)2a
For a glass whose index of refraction n, is equal to 1.5, and with n,=1,(4) In nonconductors ¢ = 0 and @ is equal to 90°. The attenuation of a the critical angle is 41.8°,

nonuniform plane wave in a dielectric can occur only in a direction At angles @, > @)., sin @r is larger than unity and 6; is complex. Then
Perpendicular to the propagation. the wave is totally reflected as in Fig. 31-1. This phenomenon is

independent of the orientation of the E vector in the incident wave.Nonuniform
plane waves are not transverse. If E is transverse, then H There nonetheless exists a transmitted wave. Medium 2 acts like a pureis not, and inversely. See Prob. 31-1 inductance fed by a source of alternating voltage: the average power flow

is zero, with er flowing alternately one way and then the other.31.1.1
Complex Angles Total reflection has many uses, mostly based on the fact that the‘The magnitude of an angle A, expressed in radians, is equal to the pure coefficient of reflection (Sec. 30.6) is then equal to unity if the interface is

number a/R, wherea is the length of the arc ofa circle of radius R whose clean. (See Chaps. 35 and 36 on optical wave guides.) One relatively
center is at the apex. little-known application is internal-reflection spectroscopy, in which one
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Also,

a £05 8, = (1 ~ sin? 6)! = ~j(sin?0, ~ 1)", (31-23)
x Be ~ We have chosen a negative sign before j to agree with Eq. 31-22.
e 4 For example, if m,=1.5 and n,=1.0, then the critical angle of
tt incidence is 41.8°. If now 6,=60°, then sin6,=1.299, b =0.755,

we we ay « Oy = (21/2) + 0.755), and cos Oy = -0.829}.S NA The incident, reflected, and transmitted waves are of the same form as
se in Sec. 30.2:

Ey = Eim exp jet — k,(x sin 6, — 2 cos 6,)), (31-24)
-

y Ex = Enm exp jot— ky(x sin 8, + z c0s 0,)), (31-25)
Fig. 31-1. For angles of incidence @, larger than the critical angle @,., the Ex= Erm exp ilot ~ k(x sin 8, ~ z 0s 87)] (31-26)
interface acts as a perfect mirror. This is total reflection.

observes the spectrum of the reflected wave when the second medium is 31.2.1 The Reflected Wave
ikly absorbing. The method is convenient for investigating the second . ;

Tnedium, for materials that do not lend themselves to conventional Applying Fresnel’s equations for dielectrics given in Sec. 30.4, we find
transmission or reflection spectroscopy. that

Se Exm\ _ (1/3) cos 6, + j(sin’ 67 ~ 1)'?et (Gar) = emcee rN =expj®,, (31-27)Op=a+ jb. (31-18) Emm! (mi/nz)cos 8, — j(sin® Br ~ 1)The where

en 2 v2
(sin? 6, 1)— exp (- ®, =2arctan 227)” -

sin 6; a seile tp) epCites) 22a TTcos Oy (31-28)
This is the phase of the reflected wave with respect to the incident wave=b) ~ exp (~ja) exp ,

~ Seep (Ch) exp pt (1-19) ‘at any point on the interface. The reflected wave leads the incident waveJ tor this polarization. See Fig. 31-2.
Since this quantity is real, @ must be equal to 27/2 and Observe that the incident and reflected waves are of the same

amplitude: total reflection is lossless.

; exp b + exp (—b) 531-20) The phase shift is different when £ is parallel to the plane of incidence.
sin 87 =~= cosh b. 1-20) (See Prob. 31-6.) Total reflection of a wave that is polarized in an

So ubitrary direction yields a reflected wave that is elliptically polarized.

For the above example, ®, = 95.7°.or= 2+ jp G1-21) i
31.2.2 The Transmitted Wave

Then

cos 8, = oxPila + ib) + exp (~i)(a + jb) The vector wave number for the transmitted wave is0s 0, =<
Po

r 2

T= Br — jar = kf I7& — COs O72) (31-29)_ifexp (=) - exp 5)
_ stp (1-22) kr = Br — jar = ka{sin 6s — cos Ort) G12)FZ ysinh 0. = k,(sin @,£ + j sinh ba). (31-30)
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Fig. 31-2. The phases ®, and ®, of the reflected wave with respect to the
ineident wave at a point On the interface, for total reflection when the E of the dineident wave is normal and parallel to the plane of incidence. The ratio m,/nz is or we or 7 we ~
equal to 1.30

4

Fig. 31-3. The ratio 5/, wheredis the depth offl b of penetration for the transmit

‘The first term inside the parenthesis shows that the wave travels in the wave and J isthe wavelength in medium 2 divided by 2, asa fincton ofthe
positive direction of the x-axis. The second term provides attenuation in

.

the negative direction of the z-axis if b is positive. If b were negative, the
‘wave amplitude would grow exponentially with depth inside the second Figure 31-5 shows “crests” of E for the three waves in one specific
medium, which is absurd. case.

‘The attenuation distance in the direction perpendicular to the interface Let us calculate Hy. Since the transmitted wave is not uniform, H, is
is 1 k a h not transverse (Prob. 31-1). Then Fig. 302 is of no wse to calculate Hr

j-_t_-—&_ 2»_ 131 ie vector E is normal to the plane of incidence. From Secs. 28 aKesinhb~ mysinhb- 2xn;sinhb 2x sinhb 28.2.2, and with axes chosen as in Fig. 31-1, 2 and
For the above example, 5, = A;/5.21. Then the wave amplitude decreases
by a factor of ¢ over a distance of about A,/5. The transmitted wave
barely penetrates into the second medium. The amplitude decreases by a bo ofactor of 183 over a distance equal to As! See Fig. 31-3. we 4-0

‘Applying again Fresnel’s equations from Sec. 30.4, as
Em 20s 8 sErm) ____2c0s) ___ 31. "(=), 08 8; ~jKra/m,)(sin® 8; — 1) G132) ,

2cos 6, ®.
aexp 22

2c0s 6 (2. I=2081 exp Bt 31-34) —Gin 2 G13) 00 os 10 is zot

Figure 31-4 shows how this ratio varies in amplitude and in phase with Fig. 31-4, The ratio (Eym/Emm), = & + jn, plotted i‘ma Erm) plotted in the lane for

the angle of incidence 8. Its magnitude is equal to 1.34 for the above satious angles of incidence 6ylargerthan the erica angle,tad fr ar 1.50
nr

The amplitude ofthe transmitted wave is largest atthe critical angle."The |
transmitted wave leads the incident wave by the angle 9.
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Fig. 31-5. “Crests” of E for the incident, reflected, and transmitted waves for

y= 3.0, m= 10, 6,= 75.

. Fig. 31-6. The H vector of the transmitted wave rotates in the direction shown,whe XEr_ hr XEr_ kr Ero 313s The transmitted wave travels to the left, and the rotation i the everse ofthat offy EAE eB ors) eters hieeeee
_ (Gin 7 #~ cos Or 2) x Erf_(008 Or + sin 8rBEr Gy ap=

Ze = Ze + 6136) ‘There exists a power flow parallel to the interface in the positive‘Then dlireetion of the x-axis. The flux is a function of 6), as in Fig. 31-7, for E

Hac == 0080, Hogs = =Psin Op, ens) normal to the plane of incidence: for n= 1,

a a €0)! my c0s 6, sin 26, 2Since From = (A) eeeexp | 2 (ni sin?6) —1 2Em rms (ie) ing? EmenP ge sin s—0)Hm =F (31-38) ian)
then

Heme =Hiry 608 87, Hrs = Hm Sin 8, (1-39) All this applies to an incident wave of infinite extent, but what happens
if the incident wave has a finite cross section? Our analysis cannot

precisely as when 07 is real and H, transverse. Also, provide an answer to this question. What happens is this: an incident ray

Fo ; . penetrates into medium 2 and returns to medium 1 a bit farther along the
Hime + Himz = Hitm(COS* Or + sin? Br) = Him (31-40) v-axis. This is the Goos-Haenchen shift.’

If E; is parallel to the plane of incidence, the formalism is again the

same as when 87 is real _

Since sin 8, is real and positive while cos @, is imaginary and negative, * See HelmutK. V, Lotsch, Optik, vol. 32, pp. 116 189, 299, $83 (1970 and 1971). Therethe x component of Hy lags the z component by /2. The Hy vector cyst a alps phenomenon oases HL Bernt andT Tami, Appliedrotates at the angular velocity «, as in Fig. 31-6. Physics, vol. 2. p. 197 (197).
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04 4. all the light crosses the glass-air interface. This is not a bad

approximation because the coefficient of transmission is close to
unity, except near the critical angle. Then F is the solid angle

96 corresponding to 6, divided by 2x (not 4x, because of the

< mirror). Since the cone defines a solid angle equal to the area of
& the spherical segment, shown as a dashed line in the figure,
§ o ; divided by R°,
é i 1 ("2a sin @Rd0

ak fe 2aR sin OR cosa, Beos il Foz - rere (31-42)
For a glass whose index of refraction is 1.5, @, =41.8° and

ow ur or 7 wr ra F=0.255. The fraction F is, in fact, even smaller because of our
“ | approximation,

Fig. 31-7. The time-averaged Poynting vector parallel tothe interfaceinmedium — |) Fyample | THE CRITICAL ANGLE ANDTE proportional to cos 6 sin 28, for total reflection. The vectoris normal to THE BREWSTER ANGLEthe plane of incidence. We have set = 1.50 and n; = 1.00
‘The critical angle (Sec. 31.2) is somewhat larger than the Brewster
angle (Sec. 30.5). For example, again for light propagating inside

a SION FROM A a glass with an index of refraction m, of 1,5, the wave is totallyPrample
| UNTHODERAY TUBE tamu ito te ai at. glasaievace when the ange ofincidence is the Brewster angle, 33.7", and it is totally reflected

In a cathode ray tube the electron beam generates light in a back into the glass beyond the critical angle of 41.8°,
fluorescent coating deposited on the back of the tube face. A Figure 31-9 shows these two angles as functions of the ratio

given pont inthe furescent material radiates in all directions mln For large values of ryfma, that is, for light incident in &but a thin layer of aluminum, as in Fig. 31-8, doubles the light
output. Even then, most ofthe light stays trapped inside the glass o
by total reflection and travels back to the gun end of the tube

‘What fraction F of the light comes out through the tube face?
This is easy to calculate if we assume that inside the cone of angle K

o

Tal reflection

Fvorescent Gis tobe— tase ita ng
Reecting

icc ~ ' 5 a ee

Fig. 319. The critical angle and the Brewster angle as functionsofthe ratio m,/ns. The incident wave is linearly polarized with the E
vector parallel tothe plane of incidence for the Brewster angle

Fig. 31-8. Section through the face of a cathode ray tube carve



60 PLANE ELECTROMAGNETIC WAVES 1V | roms so
Thenlatively

“dense” medium, 8, is nearly equal to 8p. For media inWith more similar indices of refraction. the Brewster angle i cos 6,= —j sinhb = ~j(sin? 6, ~ 1) (31-22),(31-23)
approaches 45° whereas the critical angle approaches 9X

incidence, the amplitude of the reflected wave changes rapidly (sin? 6, =)!"when the angle of incidence lies between the Brewster angle and ®, =2 arctan“ —t (31-28)the critical angle. This peculiar behavior of the reflected and (n,/nz) cos 6;
mitted waves could be useful for measuring small angular

;—-, The transmitted wave is nonuniform. It propagates parallel to the
interface and its amplitude decreases exponentially perpendicular to the

_ | interface with an attenuation distance31.3 SUMMARY ; ;
i 6,22 (31-31)In a nonuniform plane wave, propagation occurs in the direction} 2a sinhb

perpendicular to the equiphase planes, and the amplitude desenses Also,
exponentially in a different direction. Then the vector wave number isof (Eis) = 298 ay ® sinethe form { Em) (= @ainyyye OP 2 G134)k=B-ja, G14)

where @ and B point in different directions, with PROBLEMS
1 1 3-1. (31.1) A nonuniform plane electromagnetic wave is not transverse.

a ere G18),G1-9) We define a transverse wave as one in which E and Hare both
perpendicular to the two vectors @ and .

. “ (a) Write out Maxwell's equations for a plane sinusoidal wave in free6 being the distance over which the amplitude decreases bya factor ote space, replacing Pbyfe and 3/31 by Jon Note that Eos alwane eval toNormally, the magnitudeA of an angle is a real number. By extension, zero. Since the vector& is complex, it has no specie orientation in space,A can be any complex number. Then except that it lies in the plane defined by the vectors @ and B.'y Pl
cia) (b) Suppose that H is transverse: H'= Ha, where a =0 and @-  =0.xp iA exp (~iA) _expjA+ exp (i : Show thatE is then not transverse. Similarly, if E is transverse, thenH issina =PePITA) cosa =PEEP, GLI) not transverse

Atos A= 31-15 81-2, (31.2) Total reflection as in Fig, 31-5sin’ A + cos’ A= 1, G5) ‘An electromagnetic wave polarized with itsE vector normal to the plane
; i of incidence is totally reflected as in Fig. 31-5 at the interface between aTotal

reflection occurs at angles of incidence larger than the critical dielectric whose index of refraction is 3.0 and air. The angle of incidence isangle given by 15°

ny (a) Calculate 6,/2, and 8./%,

sin <2 @u7) (8) Cale the pes ofthe rested and transmited waves with
1 respect to the incident wave at any point on the interface.

Then 6; is complex: (c) Check the continuity of E across the interface.

x 5.2 81-3, (31.2) The Poynting vector for tne transmitted waveOr=5 +b G12) Check the value of Fn... given in Sec, 31.2.2, for m=
81-4, (31.2) Total reflection on a plasma when w/a, <1where b is defined by Show that a wave incident on an ionized region is totally reflected if

sin 0, = cosh b (31-20) © <w,, where , is the plasma angular frequency (Sec. 29.2.3).
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315, (31.2) The phase shifts ©, and @, in total reflection (©) Plot curves of T; and 7, for m/n;=3.5. Note thatthe t

(2) Show that cosficients are equal and approximately independent of the angle of
y= zaraye inceenc when 6, smal. dent the Brewser angle= imInn8, Tm) € thatthe face of the semiconductor is flat and paralwine Tn) lSAssumetha the face of hes or is lat and parallelto the

(b) Show that i i Calculate the Sectioné‘ofthe light emitted at the source that reaches the

. surface at an angle smaller than the eiticalangle. Sh tan
tn(2-2)= } (a) Show that FT ~ 1/[n(n+ 1)". we. Show that F = 1/(4n’).

2 2) cos @,(sin® 8, ~ n3/ni) i (e) Calculate F, T, and FT for n = 3.5.i ( Calculate FT for an LED's

(6) Plot ®, ~ ©) as a function of 8, between 40° and 90° for m= 1.5 and wove inde of reaction i thesameasthal ofthesemiconducorfs
n=] imprctialbecause shaping the emicondactor expensive

as

31-6, (31.2) The transmitted wave when E is parallel to the plane of incidence (2) LEDs are usually covered with & hemisphe fOe) int ban , whosems aout 1.6 1 hemispherical transparent sesinculate the two transmission coeficients and the effi

(=) -amperS-7) efficiency is improved, but itis stil very low = eficiensy. The
2, (312) Sein

vt

, ‘ke . 31-9. G12) Jon Bi vocter cl hn tnaemtoed wore31-7. (31.2) Scintillation particle detector fe found that the x and 2 cony

5, tually made out of a single crystal of sodium iodide or of a suitable E vector normal to the plane of incidence mwinatransparent plastic embedded in a reflector R, emits light when it is Show that the vector rotates in the direction shown in Fig. 31-6traversed by an ionizing particle such as an electron. A photomultiplier PM ‘s.
detects the emitted light

“The scintillator has an index of refraction m, and is fixed to the face of the
photomultiplier with a cement C of index mm. Light is emitted in all
directions in the scintillator, but only a fraction F reaches the
photomultiplier.

(a) Calculate Fas a function of n/n, assuming that T= I for angles of
induence smaller than the critical angle and that the scintillator is
Surrounded by @ nonreflecting substance.

(5) Draw a graph of Ffor values of a/ny ranging from 0.1 t0 1.0.
31-8. (31.2) Total reflection in light-emitting diodes

In light-emitting diodes (LEDs), radiation occurs in a junction plane
within -a semiconductor whose index of refraction is quite large. For
Cxample, with GaAsP, n=3.5. Total reflection at the semiconductor-it
mertace imits the eficency of LEDs to a few percent

(a) Calculate the critical angle.

Vj f
Vv s AY N

CMM Fig. 31-10.
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Reflection and Refraction C: Reflection and ae
Refraction at the Surface of a Good Conductor* _”

Fig, 32-1.The inci ec ra
CONDUCTOR 595

the plane of incidence ecto oh the tncideat wave is normal 86
32.1.1 ENORMALTO THE PLANEOF INCIDENCE $9732.12 E PARALLEL TO THE PLANE OF INCIDENCE $97

Example; COMMUNICATINGWITH SUBMARINES AT SEA 598 32.1 REFLECTION AND REFRACTION AT THE
Example: STANDING WAVES AT NORMAL INCIDENCE ON A GOOD SURFACE OF A GOOD CONDUCTOR
CONDUCTOR 598

+322. RADIATION PRESSURE ON A NONMAGNETICGOOD As previously, the incident and reflected waves li i
ie in medium 1. Here,

CONDUCTOR 399 medium1 is a dielectric, while medium 2 is a i 7
+32.2.1 E NORMALTO THE PLANEOF INCIDENCE 59 32-1 and 32-2

isa good conductor, as in Figs.

#3.2.2 E PARALLEL TO THE PLANE OF INCIDENCE 602 Equations 30-17 to 30. i#3223 THE MOMENTUM FLUX DENSITY AND THE MOMENTUM DENSITY IN media. We may thjae iy to any pair of linear and isotropic
[AN ELECTROMAGNETIC WAVE 62

rite that

+3224 THE cos" &, TERM IN THE EXPRESSION FOR THE RADIATION E, = Ein exp j(cot — kx sin 6, + k,z 608 6)
PRESSURE 603

" “he G21)

Examples 603

4323. THE ELECTROMAGNETICMOMENTUM OF STATIC FIELDS 64324 SUMMARY 604 Pl
PROBLEMS — 6s ;x 3 Wn

ee ex,
Reflection and refraction at the surface of a good conductor are oe Mow By a
somewhat similar to total reflection in that the angle of refraction is again wee ng Sscomplex. However, with good conductors, the imaginary part of O is Ca i eo
negligible and 8, ~0. Then the transmitted wave is approximately "gE
‘uniform, but highly attenuated. <

Radiation pressure on a conductor results from a Hall effect on the f NN
conduction electrons moving in the magnetic field of the wave.

5

Fig. 32-2. Reflectionand refraction at the surf
oe

Ma, 322. Rect at the surface of a good conductor. TheE of
mis chapter is a prerequisiteonly for Chap. 34. ident wave is parallel to the planeof incidence.
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Exq= Enn €xp j(wt ~ kx sin 8, ~ kz c05 61), (322) and the transmitted wave propagates into the conductor along the normal

. to the interface, whatever the angle of incidence. Also, the amplitude of- - 7 32-3) .Ey= Erm exp j(t ~ kyx sin 8, + kzz €0s 67)
. (23) the transmitted wave decreases by a factor of e over one skin depth 6.

~ Em expj{or yx sin, hs2|1~(%) sin? o,)"} 2-4) 32.1.1 E Normal to the Plane of Incidence
Now, from Sec. 29.1 Refer to Fig. 32-1. From Fresnel’s equations with |n,/n,| <1,

my _ ky _ (ems) Enm) _(tu/n2)608 8, ~ cos 6ma hy olemy"S 32-5) San) (rlns)cos 6 cos Or -mk, Inj oe (), (m/nz)cos 0, + cos 8; G24)
-_> (32-6) for any angle of incidence. Reflection from a superconductor (n,—> =) is
a-p, lossless. The negative sign means that the E vector of the reflected wave

is in the direction shown in Fig. 32-1, opposite to that shown in Fig. 30-2,‘We
shell essume that because we based our calculation on the latter figure

6 «1 orthat [<a (2-7) Also, from Sec. 30.3 and from the fact that cos 6; ~ 1,
24, ing| ~ Em’ 2 eo, A: (Ezz) = 2inslns)e089966,00, (3218)See Sec. 29.1. Then the expression in brackets in Eq. 32-4 is approxi- Em (n,/nz)cos 8, + cos8, “in;

mately equal to unity. Then again for any angle of incidence 8,.
5-«E, expi(wt —kyxsin 9, +2 =p) (32-8) At the surface of a dielectric such that n,>>m, one also has that1 = Erm 1 3

(tpz (2) =-1, (2) =O. (32-16)= Em exp [itor ~kyxsin oy 20 *P2) (2.9) Em Emm!
We select the plus sign before the z term so that E, will tend to zero as z 32.1.2 E Parallel to the Plane of Incidence
tends to minus infinity. So we need a plus sign in Eq. 32-4, and for Refer now to Fig. 32-2. From Fresnel’s equationsNy. qreflection from a good conductor,

. te (2) _(tulns)608 Br ~ cos 8,
cos 6 = +1 = (™Y sine a <1, 6r=0. 210) Eim)y  (M/nz) €0s 87 + 605 O;ny

2

_(auln2)~ cos 6,Therefore (yin) +605 0,” (32-17)
z),2Ex ~ Erm exp[i(we ~ kyx sin 8, + 5) + 3 . G2-11) The last approximation is nor valid at grazing incidence, where 6, is close

10 90°, Also,But
Erm 2(n,/ns) cos 8,, te
Erm) ___2(ni/n2)

cos 6, _ -sshd ki( so) =20 Ble (32-12) (z2), 08 6; + (n:/n3) €0s Oy (218)2

2m, _ 2nd‘Then wt an 81 +f). (32-19)

242] (3213) ny~ +2) 42],Br™ Brm exp li (+5) +5 The approximation is again invalid at grazing incidencePP 8 grazing
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Example COMMUNICATING WITH SUBMARINES AT SEA
For shore-to-ship communication with the submarine antenna
submerged, the efficiency is very low, first, because of the large
coefficient of reflection at the surface of the sea and, second,
because of the high attenuation in seawater. The attenuation in
seawater is about 172 decibels/meter at 20megahertz, 5.5 at
20 kilohertz, and 0.33 at 75 hertz. One solution is to operate at low

frequencies (about 75 hertz and 17 to 25kilohertz) and very high |

power, with huge transmitngantenss, many Kometers om theside.

‘Another solution for shore-to-ship communication is to modu-
late s laser beam emitted by a satelite, seawater being quite | wt
transparent to blue-green light. Remember that our discussion on <<

atomic and molecular phenomena and is valid only up to roughly >
gigahertz, Optical frequencies are of the order of 10" hertz. | 7 )

Ship-to-shore communication at low frequencies is impossible | y sw
with long radio waves because a submarine can neither supply the q:
required power nor deploy a long enough antenna. Two-way

.

‘communication takes place at a few megahertz with the submarine
antenna projecting above the water. | Fig. 32-4. The standing wave pattern for reflection at normal

incidence on a good conductor, at a particular time. Nodes of

EExample STANDING WAVES AT NORMAL INCIDENCE ON | andofH are spaced 4/4 apart.
A GOOD CONDUCTOR

Figure 32-3 shows the incident, reflected, and transmitted waves.
Since the direction of propagation of the reflected wave is opposite
to that of the incident wave, and since EXH points in the in Fig. 32-4. The nodes of E and H are thus one-quarter
direction of propagation, the H of the reflected wave is in phase ‘wave-length apart. The energy density is uniform.
with that of the incident wave at the interface, as inthe figure. At ‘A similar situation exists for reflection from any surface. Either

the reflecting surface, the electric fields nearly cancel and there is the E or the H vector must change direction on reflection, in order
a node of E; the magnetic fields add, and there is a loop of H, a to change the direction of the Poynting vector E XH.

7 .

*32.2 RADIATION PRESSURE ON A

. i LKe NONMAGNETIC GOOD CONDUCTOR
>< 7 32.2.1 E Normal to the Plane of Incidence

Ni Le With E normal to the plane of incidence, E is tangent to the interface,
tat> i“ '] there are no surface charges, and there is no surface force.
aati ws In the body of the conductor the current density J is oF. Thus J is

a < parallel to E, and perpendicular to Hy. It turns out, as we shall see, that
2 ‘ i the Qu X uoH force pushes the conduction electrons away from the

surface. This is just another manifestation of the Hall effect of the first

Fig. 32-3. Reflection at normal incidence from the surface of a example in Sec. 22.1.1. The resulting electric force per unit area is the
g00d conductor: Em ~ ~Eim and Erm & Em radiation pressure.



‘The situation would be different if the conduction clectrons were n~ 2)" x 1-jentirely free to move through the metal: the conductivity would then be T (om exp (-13)Er = ome“Er (32-23)
imaginary, as in the low-pressure ionized gases of Chap. 29, the
conduction current would lag the field by /2 radians, and there would The value of Erm depends on the polarization of the incident wave.

be zero radiation pressure. In a superconductor o is real and tends to ‘The time-averaged value of the element of pressure on a sheet of
infinity, 5 tends to zero, and the following discussion applies. } thickness dz inside the conductor is thus
We set $

n ! 4p... = tome Re (EH) de = jou Re (E AtiE;) ds (224Fal «1 (3220); ~ T omod &*)
.

i] =—Z IE, exp ==
‘as in Sec. 32.1 except that, now, u2=1. We consider an element of} Jos Eri" exp 5 dz (32-25)
volume, as in Fig. 32-5, parallel to the interface, of area ab and thickness J! ang
dz. It carries a current oE;bdz and is subjected to a magnetic force} > a
‘oE;abdzoH; in the negative direction of the z-axis. Then the { PA = 5G lent exp dr = Epoe Enel. (62-26)
instantaneous pressure exerted on the element of thickness dz is in a jn 6 2d 2 4o

dp = oEzig, dz, (221) However, we need p. in terms of the input power flux (Sec. 28.4)

with the positive directions for Ey and Hy chosen as in Fig. 325. A | Say= WE Ein = $CE EH Elm (32-27)
positive result will show that the incident wave pushes on the conductor.

From Eq, 32-13, the phasor for Ey is Some express p. fist in terms of Eq and then in terms of 9. From€. 32.1.1,

2) ,2

Er=Emexp|i(or+2) +3], (222) Emm) _ 5M7 ( 3) 6 (=), 2,0 On (32-28)
while the corresponding phasor for H, follows from Sec. 29.1: even at grazing incidence. Then

a \sm e

ahs Pam 4 [2508 , En| (32-29)
a with

nie oy mi (ery!

i ey. Ho He -) z( o ) . (32-30)
XG Soh

= TARTS both media 1 and 2 being nonmagnetic, Then
:

| | = 2 (£1) cos? 6, £3,= 2¢, cos? o,(H)"”,eines Paw = 2 (2) cos 6, Bin = 2¢,c08 64( 2!) So
~ A Pe = 2(€ 44,)'? COS? Fr. (231)

* y Substituting the index of refraction n, of medium 1 for €} and setting
Fig. 32-5. Element of volume of thickness dz inside a conductor. Hy = Ho yields
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2m to would not be conservation of momentum. This is a proof that the
Psav= 1008" O1Fiau = 2E" 608" 81, (32-32) magnetic force is independent of uu, for slow electrons.

One interesting application of the momentum flux in an electromag:
where @’ is the energy density in the wave, netic wave is the levitation of transparent particles in a vertical light

|

beam, See Prob. 32-14."

*32.2.2 E Parallel to the Plane of Incidence 7
.

We do not go through the calculation here, As one might guess, the | 32.2.4 wees on cem in the Expression for
pressure is the same as above. However, the calculation is somewhat { adiation Pressure
tricky: there are now two forces, a magnetic force (as above) plus an It is easy to explain the presence of the cos” @, term in the radiation
electric force exerted by the electric field in the dielectric on the surface pressure if one imagines photons raining on the surface of the conductor.
charge. Let medium 1 be a vacuum. Say their energy density is &’ joules/meter’.

; Then ¥ is equal to €'c, their momentum density is é'/c, and their*32.2.3 The Momentum Flux Density and the Momentum momentum flux density is ', The change in the component of the
Density in an Electromagnetic Wave | momentum flux density normal to the interface is 26” cos 6,

Suppose medium 1 is a vacuum. Then at normal incidence the radiation | ‘Suppose the incident beam has a cross-sectional area of 1 meter’. It
pressure exerted on medium 2, the conductor, is 2Y;./c. Since the illuminates an area of 1/cos @, meters*. Then
conducting surface acts as a near-perfect reflector, the pressure cor- y
responds to a change in the momentum of the wave of 2%;,./¢ per unit | Pav= (2€' c0s 8,) cos 8, = 28" cos? 0, =2 7" cos? 8, (32-37)
time and per unit area. Then, in the incident wave, Hl c

¥, | Examples | Under ordinary circumstances, radiation pressure is weak andMomentum fiux density =". (32-33), difficult to observe. In sunlight, at the top of the atmosphere, Syn.
© is about 1.4 kilowatts/meter’, and the radiation pressure onaNow metallic reflector is about 10°* pascal, or about 10°" atmosphere

Momentum flux density = momentum volume density xc. (32-34) ech he suc ofthe sun, te radiation pressure slang by the

It follows that, in a uniform plane electromagnetic wave propagating in a (Distance from sun to earth)” _ (1.5108)vacuum, Radiusof son) *(peigr) = 46% 10"
iow — ErmsHime _ energy density (32-38)‘Momentum volume density =2 = Ermffems _ enerBy CENSIY (39.35) |
¢ ¢ ¢ This gives a radiation pressure of only 5x 10° atmosphere

Radiation pressure is unimportant even in the interior of the sun,

These results agree with those of atomic physics, where we associate but it may play an important role in the more luminous stars
electromagnetic waves with photons of energy hw (R= 1.05 x 10" is | Comet tails point predominantly away from the sun. ‘This

Planck’s constant divided by 2x) and momentum h/Z traveling at a speed phenomenon result pay{rom fadiation pressure and partlyromthe solar wind (Prob. 28-c. Thus, for one photon, A photon-drag detector consists of a crystal of germanium with
Momentum _A/K_ 1 _1 electrodes plated on each end. When the beam ofa powerful CO,as hh At (32-36) laser passes through the crystal along its axis, the conductionnergy

electrons drift forward. ‘The voltage difference between the

At the beginning of Sec. 32.2 we restricted ourselves to nonmagnetic electrodes is a measure of the beam power. See Prob. 32-12.
media and assumed a magnetic force of the form Qu X oH. What if the
conductor is magnetic? The pressure is the same, for otherwise there A. Askin, Science, vol. 210, p. 1081 (1980)
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32.3 THE ELECTROMAGNETIC MOMENTUM OF Alternatively, radiation pressure results from the fact that the normal‘ATIC FIEI component of the momentum of the incident wave reverses upon
reflection,

We have seen above that an electromagnetic wave possesses a momen- In any electromagnetic field, static or not, the momentun density in a
tum density that is proportional to E XH, at least in a vacuum. Two vacuum is EX H/c?,
questions come to mind. (1) What if the frequency is zero? The vector
product makes no reference to frequency. Does this expression apply to
static fields? (2) In an electromagnetic wave, there exists a mathematical

relation between E and H: given E, H follows, and inversely. However, PROBLEMS
in static fields, E bears no relation to H. For example, the electric field 32-1, (32.1) Reflection fi 7]
might be that of some charged body and the magnetic field that of a on oraw two figuresninethane fblar to if. 30-4, showing E and H for an
permanent magnet. Does the above expression apply to any pair of electromagnetic wave incident on a good conductor. You will, of course
unrelated E and H fields? Say one brings a permanent magnet near a have to exaggerate the values of E,, and of4 in the conductor.Be sure to
charged capacitor. Does the field possess momentum? What if the show the phases correctly. Show x-, y-, z-axes on both figures to relate one
voltage across the capacitor is time-dependent? Is the field momentum with the other.
also time-dependent? 32-2. (32.1) Reflection froma good conductor

‘The answer to these two questions is by now well established: the ‘Show that, for a good nonmagnetic conductor in air,
momentum density of any electromagnetic field in a vacuum is E X H/c’.

‘This fact has been demonstrated by thought experiments in which one () | ~1-2 e050, —(b) EI ~1-—4establishes a field where E XH is not zero, taking into account the Emi, hy” Emly %yc08 8,”
magnetic forces and torques, as wellas the mechanical forces and torques is latter rel valid a is wfrequired to keep the system immobile, To satisfy the law of conservation sro. Mastion net wad ot gacng incidence, weno con 6; tans to
‘of angular momentum, the mechanical torque integrated over time is A good conductor is a better reflector when E is normal to the plane of
‘equal to the angular momentum of the field. In this way one always finds incidence. High-quality metallic reflectors have coefficients of reflection of
that the electromagnetic momentum density is EX H/c? in a vacuum. about 90% near normal incidence in the visible, with unpolarized light.
See Prob, 32-15 32:3. (32.1) |Enn/Em| aS.a function of the angle of incidence for reflection on a

conductor

For a good conductor, ¢/we > 50. Then

32.4 SUMMARY Boa (208) (SBE) wesc= Sean)"
Reflection at the surface of a good conductor is slightly lossy. The So 4/210if =4 and p,=1transmitted wave is weak, highly damped, and travels in a direction Plot |Epm/Enm|, and |Ewn/Eiml; a8 functions of 8, for a nonmagnetic

nearly perpendicular to the interface 00d conductor in air and for A,/3 = 10. You will find that, when E isin the
When electromagnetic radiation illuminates a conductor, the trans- Plane of incidence, there exists a pseudo-Brewster angle for which the

mitted wave’s electric field gives rise to a conduction current that flows in amplitude of the reflected wave is minimum.
the wave's magnetic field, with the result that the cloud of conduction 12-4. (32.1) Liquid-crystal displays (LCDs)
electrons is pushed back. This is essentially a Hall effect and shows up as In liquid-crystal displays the liquid is sandwiched between a transparent
radiation pressure: ‘multiple electrode in front and a single black electrode in the back. Upon

sprication of 2 voltage seen of the front window, the rodlikea ecules of the nematic fuid in that i"Paw Paw 05" Fis (32-32) window, and one can see the black electrodein the Fach; Elsewhere, themolecules reflect light because their orientations are haphazard.
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‘The transparent multiple electrode is a thin coating either of a semicon

ducting metal oxide, such as tin oxide, or of gold. The surface resistance i
(Prob. 49) is of the order of 10 to 100 ohms per square. At tt
600 nanometers, and for gold, BX,~ 1.29 and ah,= 2.59. The conductivity [| taser beam
‘of gold in the form of a thin film is 4.26 10” siemens/meter. Lt(a) Calculate the skin depth 6. tt(b) By what factor does the amplitude decrease in the gold film if its => im
thickness s is 0.055? |

1

(©). What is the surface resistance?
(a) Calculate the thickness of the film in wavelengths 2o i
‘A proper calculation of the transmission would take into account

multiple reflections. The effect of multiple reflections is, however, much | Sil pa Fig. 32-6.
{ess than in Prob. 30-10 because of the attenuation in the film.

32-5. (32.1) The surface impedance of a conductor
By definition, the surface impedance of a conductor is equal to the ratio 32-9. (32.2) The radiation force on a sphere

of the tangential components of E and H at the surface, or to E,/H, Calculate the radiation force on a reflecting sphere of radius R in terms
(a) Show that the surface impedance of a good conductor is given by of the Poynting vector of the incident radiation

vw
32-10. (32.2) The radiation force

on Li
on a cylinder

2=($) ara [Catsiate the radiation fore per unit length ona oyinder of radius Rwhose axis is perpendicular to the Poynting vector incomi

“The quantity 1/06 corresponds to the surface resistance of Prob. 4-9. For radiation. ‘oynting vector of the incoming
come, 1/06 is equal to 0.261 miliohm per square at I megahertz, from ‘2:11, (222) Radiation peesure anc comet tailsTable 29-1.

morn

Os Show thatthe power dissipated per square meter in the conductor i | (a) Compare the gravitational and radiation forces exerted by the sunFE og] 08. mespherical particle of radius a whose density is 5000 kilograms/meter’.‘Now we saw in Prob. 19-4 that H, is equal to the current per unit width in ‘The sun radiates3.8 x 10% wats. See the Table of Phyial Constants atthe conductor. It follows that the power dissipated in the conductor is the = endofthe book. Assume that the pares ack.
aoe core the current were uniformly distributed throughout the thickness Cb alelte te va ofa for which the two foes re equal
:

shoul icles smaller than about 0.1 micrometer in

;

radius are repelled at any distance from the sun. This explains wl

3246, (321) Cuttingtea late wih Iser tem Hern ebay Sn ne
eetinet Alert gfstaee

‘gure 32-6 shows a laser beam cutting a steel plate, are said to be Type 2. We hav re
sun

(a) Why does the beam cut at afaster rate when theE vector lies in the important when ai, [c have disregarded difraction, which isplane of the paper than when itis perpendicular? "The tails of Type 1 comets are gaseous. Th{b) Roughly what percentage of the beam power serves to heat the stee! sun but fora dhforem reson, The force thesarebom ttcresten
in the former case? between this gas and the solar wind

which consbts of

mC (Prob. 28-12), which consist{) Can you explain why the Kerf is narrower and more even when E is fonized hydrogen tht evaporates fom the sua, nen ms of
in the plane of the paper?

If the required kerf is not straight, then the laser should rotate to keep 32-12. (32.2) Photon-drag radiation monitor
the E vector of the beam parallel to the path, A simpler solution is to use a Figure 32-7 shows a schematic diagram of a photon-drag radiationeypolarized beam moni,Thee deve ae wed mono tn inten of overt ere beam enters on the left, through an antiref

327. (42.1) The standing wave at normal incidence on a good conductor arene
reflection coating

3 a transparent electrode (Prob. 32-4). The bo

‘An electromagnetic wave falls at an angle of 6, on a slab of dielectric that Radiation pressure in the semiconductor propels the charge carriers to
is backed by a good conductor. the right. If the carriers are electrons, the electrodes become charged

‘Under what condition is there a single reflected wave? in the figure, and the voltage Visa measure of the beam power.
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oe particle from below, one to the left of the particles’ center and one to the
Co right. Refraction deflects the rays and hence changes theit momenta.(b) Show that for a given beam intensity the vertical position of the

beam is also stable. A reflecting particle is ejected laterally.vw™) 7 vw 32-15. (32.3) ‘The angular momentum of an electrically charged permanent
magnet

The field of an electrically charged permanent magnet possesses anLe, | angular momentum because E is radial, while H points approximately in
b t Fig. 32-7. the @ direction, so that E XH is azimuthal.

| We first calculate the value of the momentum from the known values of
i E and H, and we then show that its existence follows from the law of

These monitors have a short response time, of the order of | | conservation of momentum,
nanosecond. They are made in various sizes, with crystals of the order | Imagine a conducting sphere of radius R whose magnetization M is
fof Icentimeter in diameter and a few centimeters long. The crystal | | uniform. You may take for granted that outside the sphere the magnetic
absorbs about one-quarter of the pulse energy. The peak power density field is the same as that of a small magnetic dipole of moment $M
can be as high as 20 megawatts/centimeter’ | situated at the center. The sphere carries a charge Q.

Find the ratio V/Jy. Set Y= J exp (ar) inside the crystal. | (a) Find the angular momentum of the field.
; (b) Calculate the value of the angular momentum L for R=32-13. (32.2.2) Radiation pressure with E in the plane of incidence 20 millimeters and M = 10° amperes/meter when the sphere is charged to‘Show that the radiation pressure on a nonmagnetic good conductor, | | ‘potential of 1000 volts. Could the sphere be useful asa gyroscope?whenE lies in the plane ofincidence, is the same as in Sec, 32.2.1. In this (ec) Now let us start with an uncharged sphere and gradually, depositinstance

there is both a magnetic force within the conductor and an charge on it by means of an axial jon beam. Charge fows in at the northelectric force on the surface charges. Use Gauss's law to find 0 pole and distributes itself uniformly over the surface of the sphere. The
‘magnetic field exerts a torque Taye On the charging current. To

32-14. (32.2.3) The levitationof transparent particles in a laser beam thenhere from turning. ve [bool opposing fit.weirFigure 32-8 shows a simplified diagram of a device for levitating agen Te och thet
transparent particles in a laser beam. The particles can range from 1 to a
100 micrometers in diameter. The light intensity is maximum on the axis Tae -T,, ate
of the beam and tapers off on either side. The particle stays on the axis of ee at

sm at a fixed height. ‘‘MC show qualitatively that, ifthe particle strays away from the axis, it Choose polar coordinates with the north pole at @ =0.
suffers a restoring force. The axis is therefore a position of equilibrium ‘Show that the downward surface current density at 0 is
You can show this by sketching the paths of two rays that enter the Lasoo

OO GRR sin dt”

(@) Now show that Tau, =—dL/dt, as above.\ Ce, tec

‘There is no torque exerted by the current on the magnet for the following°
reason. The equivalent currents on the spherical surface of the magnet*
‘are azimuthal, and any force exerted on them has a zero azimuthal| ‘component.

| | Fig. 32-8,
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transmitters and receivers, in radar sets, for example. Metallic guides are

lossy. Dielectric waveguides are nearly lossless and serve to transmit

CHAPTER ‘As we shall see, the coaxial and microstrip lines can transmit waves ofany frequency, from zero to about 10" hertz, while hollow metallic
GUIDED WAVES I guides are narow-band devices that operate at frequencies of the order of10” hertz and higher.

General Principles. The Coaxial and
Microstrip Lines , 33.1 GENERAL PROPERTIES OF AN

' ELECTROMAGNETIC WAVE PROPAGATING

IN A STRAIGHT LINE

331 GENERAL PROPERTIES OF AN ELECTROMAGNETIC WAVE
PROPAGATING IN A STRAIGHTLINE 61 To simplify, we assume the six following conditions.3B.L1 THE TRANSVERSE COMPONENTS ARE FUNCTIONS OF THE

LONGITUDINAL COMPONENTS 612 (1) The medium of propagation is homogencous, isotropic, linear, and3.12
TEANDTMWAVES 6 stationary (FILS).331.3 TEM WAVE

33.1.3.1 VINTEM WAVES — 616 (2) It is nonconducting. This does not exclude metallic guides, because
33.1.3.2 AINTEM WAVES 617 the wave propagates along a metallic guide
3.14 BOUNDARY CONDITIONS AT THE SURFACE OF A STRAIGHT iyms

METALLIC WAVEGUIDE 618 vl (3) The free charge density is zero. This makes ¥ - E =0.
332 THECOAXIALLINE 619 (4) Propagation occurs in a straight line, in the positive direction of the

333 THEMICROSTRIP LINE 621 z-axis. There is no reflected wave traveling in the ~z direction.
334 SUMMARY @22

PROBLEMS 24 (5) The wave is sinusoidal.
(6) There is zero attenuation. If the guide is metallic, then its

In Chaps. 28 and 29 we studied the propagation of electromagnetic waves goncuctvity must be infinite to avoid Joule losses. We shall see in Sec.in an unbounded region. Then in Chaps. 30 to 32 we investigated the 34.8 how to calculate attenuation with real conductors.

a ves at the interface between tworetin and the refraction of plane waves at the inte We may therefore write that
medi

We now study how electromagnetic waves can be guided in prescribed E-= Eq exp (ot ~ kt) = (Emi + Ey 5+ Emad)exp (ot k.2), (33-1)
directions by waveguides, first metallic guides in Chaps. 33 and 34, and: 7 y » 5
then dielectric guides in Chaps. 35 and 36. H =H, exp j(wt — k-2) = (Hyuk + Hny9 + Hms®) exp j(@t— kz), (33-2)

In this chapter we first investigate some general properties of waves .
propagating in a straight line, but without making any assumption as to where the coeficients Fs En Emer Has «» af0 unspecified functionsthe way in which the ficld depends on the transverse coordinates. Then of x and y. The dependence on z and ¢ appears only in the exponential

aly th | and mictostrip lines. function. The wave number k, for the guided wave is real, since there is
whore exist monty iypesof waveguiides The most common is the coaxial j zero attenuation. It is equal to 27/A,, where A, is the wavelength of the- " .

+ guided wave.
line. It serves to interconnect electronic instruments and, in older . ; .

systems, is used for long-distance telephony. Hollow metallic guides can 7 bet us sabato above expressions for E and H into Maxwell'soperate at high power. They serve mostly for connecting antennas to ‘a , =
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Em, 2E ny, We have assumed that k, #k for the moment. Both & and k, are real
“xtyt ikzEmz =. (33:3) and positive. Similarly,

. i Em: ,OH:-B=0, and sy es (hy ee — cop tae) .Similarly, V-B=0, an Eww EB (« Son ) (313)
BH , 3H,Ins , Hm _ ig 1, =0 (334) i [BEme Ha)ax * ay Hs =aE ( we thea). (33-14)

From the fact that VxE = 98/31, 3E, oH,
Hyy = pot (we Ste +k, Ee) (33-15)aE. i RAK ox ay"+ ik Emy = —jOUHmes (33-5)ey | We use the subscript 1 to identify components that are perpendicular

' to the direction of tion. Th

“ihebs Eas = jot, 36) 0 the direction of propagation. Thus
Em. = Emad + Emy$s Hs = Hy + Hyy9 (33-16)BEmy _9Ems iSTiene: on | More succinctly,

From Vx H = aD/at, . Ee = pega(keV Ems +OUTX Hoes (33-17)
oH,
Ale+ IKHy = jOCE ms (338)ay 7! q Hn. Sree = WEVX Ect). (33-18)

Hine :

:

“IkHyg — He =jE (33-9) So we need to solve the wave equation and apply the boundary

conditions only for the two longitudinal components. Once that is done,BHiny PHms — iyeE,, (33-10) the other four components will follow immediately.ox ey The longitudinal component of E satisfies the wave equation 27-70 with

, =0, =33.1.1 The Transverse Components are Functions of the P¢=0, Jy =0. So
Longitudinal Components PEms  PEm 12StA - KE ne = —€ UOEm:=—KEmes (33-19)We can now show that the four transverse components Ene Emmy» Hm» a * ay

Hyy are functions of the longitudinal components Ez, Hm.- From Eqs. or

33-6 and 33-8, 2 Ene , &E,ont 4 28s PVE: = 0, (33-20)E alia (kB + on He), (33-11) ax? 7 ay?mR Oe ay 2 4 tp(Vi+ R=KEme = 0. (33-21)
Here

1 Similarly,
k= olen)? => (33-12) > .

x FH ins, PH

Be tay + PK Hm: =0, (33-22)is the wave number of a uniform plane wave of wavelength 2 traveling in
the medium. (V5 +k KDAms = 0. (33-23)



ois uIwED WAVES1 {0.1 GENERAL PROPERTIES OF AN ELECTROMAGNETIC WAVE ois

Applying the proper boundary conditions (Sec. 33.1.4) yields the value of 33.1.3 TEM Waves
ke If k, =k in Eqs. 33-11 to 33-15, the items in parentheses must be zero.

The simplest way of satisfying this condition is to set both Ey and Hyg,

33.1.2 TE and TM Waves equal to zero. We then have a TEM wave.

It is convenient to consider separately three types of wave: (1) transverse With TEM waves the wavelength , of the guided wave is the same as
electric (TE) waves, in which E,.=0; (2) transverse magnetic (TM) that of a uniform plane wave in the same medium of propagation because
waves, with H.,,. =0; (3) transverse electric and magnetic (TEM) waves, |r is equal to k, so
With En: =0, Hyg =O. \ aah (3331)
With either TE or TM waves, it follows from Eqs. 33-11 to 33-15 that If the medium is air, then the phase velocity is c, whatever the geometry

Ems _ _ Eny (3.24) of the guide and whatever the frequency. Such a guide is distortionless
Fy Hm because the various frequency components of a complex waveform all

' travel at the same velocity.”

If k, is real and positive, as we have assumed, these ratios are also real Setting En, =0, Hy: = 0 in Eqs. 33-6 and 33-9 gives
and positive. Then the components ‘| be \e

=(# =-(%

E,=Emeexpj(ot—k.z) and H,= Hyy expj(wt~k,2) (33-25) ty Em = (2) Haye my =—(E) Hoe 3332)
are in phase, and so are E, and —H,. This fact, together with Eq. 33-24, ‘The wave impedance is now
implies that E, (E+E) ”

Ree fo = Getal, = (2) 333)ReE,__ReF, (33-26) In (Hine+ Hay)? \€
ReH, Re(~H,) =377Tohms = (€,= 1, u,= 1). (33-34)

and that the real parts of E, and H, are mutually orthogonal in both TE The ratio (u/e)!” is the characteristic impedance of the medium (Sec.
and TM waves.

.

28.5.2).

The ratio Em, /Hm. is the wave impedance. This is a real positive ‘The electric and magnetic energy densities are equal:

quantity if there is no dissipation: fee (3335)
Zp = Ent ttn (He (33-27) 22 :Hy. ke \€) hy .Im. Allso, the average Poynting vector is

4, A,= 3.76731x 10°4£=377% ohms. (€,=1 = 1), 33-28) byedy hy a= 1RE(EXH") =5(5) Ez (3336)
a Emske (HY!ho (33-29) ” ntH, we (2) i, = (5) Ely d= 2.65441 x 107 Ge) Elgg watts/meter? (33-37)
~ se ohms (€,=1, 4, = 1). (33-30) = VEERg = UH Head, (33-38)

Here A and Ay are the wavelengths u/f of a plane wave of the same "This i only approximately true. The conductivity of metallic waveguides being finite,
frequency f, and A, is the wavelength of the guided wave. there attenuation and dispersion
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where NX

ve—tae tae (33-39) “at
(ny? (en) x

is the phase velocity.
Ve

:

)

‘The magnitude of the time-averaged Poynting vector is equal to the
Q ap

energy density multiplied by the phase velocity. s a}
3.1.3.1 V in TEM waves

‘The uniform plane waves that we studied in Chap. 28 are TEM waves. |
‘We now study TEM waves that follow a conducting guide. ! 5

In a TEM guided wave the electric field in a plane perpendicular to the}
direction of propagation is derivable from a potential, in the same way as Fig. 33-1. Hollow conducting waveguide.
an electrostatic field. We can show this as follows. |

Inside a conductor of infinite conductivity, E=0, for otherwise J |
would be infinite. But 7 XE = —jwB, and thus B and H are also zero | This is not rigorously true because TEM waves are allowed if the
inside the conductor. Now let C be an arbitrary closed curve situated in a | wavelength is much less than the cross-sectional dimensions. For ¢x-plane perpendicular to the z-axis. Since H is transverse in the medium of ample, light goes through a straight length of metal pipe. We shall see in
propagation and zero inside the conductor, there is zero longitudinal H Sec. 34.4 that the TEM wave is then a limiting case of a TE wave.and the magnetic flux linking C is zero. Thus In the shielded-pair and parallel-wire lines of Fig. 33-2 and “in thecoaxial line of Fig. 33-4 the conductors need not all be at the same

fe «dl= exp j(wt —k,2) { E,,-dl=0, (33-40) potential, V,, is a function of x and y as when the field is static, and Ekc f need not be zero, so TEM waves are possible.

33.132fin al=0, (3341) 33.1.3.2 A in TEM wavesApplying the general expression for E that we found in Sees. 17.7 and
and E is derivable from a potential:

23-5 gives

oA ev ov ov rc)

- = —Ming Vn Ba-w Ba Ne Ny (heEq = — Wy = SESH: (33-42) Ox” By” es Paar ) + (33-45)
ov ov

Bo-w= -a-Z5, 33-4art ay” a)
with

V =V,, exp j(wt ~ k,2). (33-44) la:

If the waveguide is @ hollow conducting tube, as in Fig. 33-1, the \ \ il
tangential component of E at its surface is zero, Vj» is @ constant all \ eae
around the tube, and the only possible solution inside is V,, = constant, YS ar
Now, if Vj is constant throughout the inside of the guide, E,, is zer0,
E-=0, and since 0X E = —9B/61, there is no H wave either, Therefore Fig. 33-2, (a) Shielded-pair line. The outer cylinderis grounded, and there is a
‘TEM waves cannot travel inside a hollow conducting tube. potential difference hetween the two wires, (bh) Purallel-wire line. res
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where the expression between parentheses is equal to zero, from Eq
33-43. Since A is of the same form as V (Eq. 33-44),

k

—jk.V2+joA=0 or A=oO Vi. (33-46)
‘The vector potential A is therefore proportional to the scalar potential

V in a TEM wave. Also, A is longitudinal, which means that the currents oN
in a conducting guide for TEM waves are longitudinal ‘

33.1.4 Boundary Conditions at the Surface a
of a Straight Metallic Waveguide fc

By hypothesis, the guiding structure comprises straight conductors of

“a

infinite conductivity, parallel to the z-axis. The cross section of the guide Fig. 333. Portion of j
i a

ig. 33-3. Portion of a rectangular

is therefore uniform. waveguide. With TE waves VH,, is

(1) With any type ofelectromagnetic wave, E vanishes inside a perfect tangent to the wall
conductor. Then, because of the continuity of the tangential component

of E at an interface (Sec. 10.2.3), that component ofE is zero close to 33.2 THE COAXIAL LINE
the guide. For guides of finite conductivity, see Sec. 34.8. |

(2) Again for any type of wave, PX=0 inside the conductor, In the coaxial line illustrated in Fig. 33-4, the wave propagates in the
joB =0 and B=0, H'=0. Then, because of the continuity of the normal annular space between the conductors, and there is zero field outside
component of B at an interface (Sec. 20.8), the normal component of B, The medium of propagation is usually a low-loss dielectric.
close to a perfectly conducting guide, is zero. ‘This type of guide normally carries TEM waves. Various TE and TM

‘Once the tangential H is known, the surface current density a follows modes are also allowed, but only at wavelengths that are of the same
from the relation H = @X~n (Prob. 19-4), where ai is the unit normal

vector pointing away from the guide. The surface current density can be *}
different from zero with E = 0 and o— =. |

In other words, close to the guide, H is tangent to the surface, | gt
orthogonal to a, and equal in magnitude to @. For example, with TM and a lsTEM waves, H is everywhere transverse and the currents in the guide are Ll G
longitudinal =

(3) Finally, for TE waves, even with imperfectly conducting guides, i ‘Bs a,’ NH -
: « - ito (BH 2 Hm: en)Ems= Emct + Emyd =3 (St 33-47) Sie \ i aEnd +Emi =p(Gy far 3) GH \\ aNGeie aa| pat) a adagiee

= OPH) x2 (33-48) K NoeaR Mma) XE : | bs
With a perfectly conducting guide, E,,. is normal to the surface and
Hp: is tangent, as in Fig. 33-3. Thus, the rate of change of H. in the >
direction normal to the surface, at the surface, is zero, Fig. 33.4. The E, H, and E XH vectors inside a coaxial line
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order of magnitude as, or smaller than, the diameter of the line enc
(.=10"2meter, f= 10" hertz). Then the various modes travel at 1=2a0(5) ppt kez) (33.55)
different velocities, and the line distorts complex waveforms. In practice, a
‘one operates at frequencies well below the threshold for the TE and TM we exp i(wt —k _modes, and coaxial lines are then nearly distortionless. go Pio kez) (y= 1), (63-56)

Thus

En=0, My =0, (63-49) ‘An equal current flows in the opposite direction along the inner surface
of the outer conductor. If the medium of propagation is air, then

and, from Eq. 33-42, C= 60,
V5. . Ve ‘The Poynting vector E X H points in the direction of propagation, as inp=-(S8+ x§) exp (or ~ k.2). (33-50) Fig, 33-4, and the average transmitted power is

For a given ¢ and a given z, E varies with x and y exactly as when the n-[r=} Syw2n » :

field is static. It is radial and varies as 1/p (Prob. 3-8): |,
Pu2ae do, (33-57)

c where£=Cexpj(ot~k:2)d, (3351) are

p a= RE(EXH")=(T) apt (33-58)
Cis a constant and .where Cisa constant a : Thus

1 ot 2k= p= (eu)? =F, (33.52) | we Kini i i PrmerS5inb2 watts = 1). (33-59)
as for a uniform plane wave in the medium of propagation, We have set Also,
41,= 1 since magnetic materials are lossy Pre dRe(VI*) =AV sh = Vl

‘The velocity of propagation is equal to «/k. r= Re (V1) = Vuln = Vonaleme (33-60)
The potential of the inner conductor with respect to the outer The characteristic impedance of a coaxial line is the ratio V/I when

conductor is there is no reflected wave traveling in the ~2 direction:

vf Edp =C in exp j(wt - k.z), sy fl aU Dy 2, ps pr anine ohms (y= 1). (3361)
where p, and pz are the inner and outer radii of the annular region
between the conductors. This is the line voltage 33.3 THE MICROSTRIP LINE

From the previous section, H is orthogonal to E and
.

neo. . Figure 33-5 shows a cross section of a microstrip line. It comprises @H= () Gewpilor— kez) (i= 1) (33-54) grounded conducting plane, an insulating sheet, and a conducting strip.The strip is gold or copper, plated onto the insulator, which is either

The vectorsE and H are as in Fig. 33-4. alumina or fused quartzThe line current flowing along the surface of the inner conductor is Microstrip lines carry TEM waves.’ They are particularly useful in
related to H through the circuital law of Sec. 20.6: printed and integrated circuits that operate at frequencies of about one to

1= Ig exp f(t ~ k.2) = 25P\H yap, "This san approximation; E and Halo have longitudinal components
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134 SUMMARY oo

s Wig. 355, Crosesecton Here A, is the wavelength of the guided wave, and 2 is the wavelength of> oe sap line a plane wave of the same frequency in the medium of propagation| G, ground-plane layers For TEM waves the wavelength 4, of the guided wave is the same as
3 Biles sara that of a uniform plane wave in the same medium of propagation,

Aah, (33-31)

tens of gigahertz. They have the advantage of being much less costly than and the wave impedance is
either the coaxial line or the rectangular waveguide. Their main

disadvantage lies in the fact that their field is not strictly limited to the Em (#)' 737 ohms (ie = 3region immediately below the upper electrode, Microstrip lines are H, \e) s (Hr = 1) (33-33)
therefore lossy and can interact with other elements in a circuit, unless
they are either spaced or shielded properly. Losses are high, of the order The electric and magnetic energies are equal, and the magnitude of the
of 05 decibel millimeter.

Poynting vector is equal to the total energy density multiplied by thei ipl ryphase velocity.

33.4 SUMMARY
In a TEM wave, E is derivable from a potential: E = —VV. Also, the

currents flowing in a conducting guide are longitudinal.

In any electromagnetic wave propagating in a straight line, the transverse The boundary conditions at the surface of a perfectly conducting guide
components of E and H are simple functions of the longitudinal are as follows: Evsnscnist =) Brormat = 0s Hrangensiat = @ Xf, VHms is
‘components. Using the subscript 1 for components that are perpendicu- tangential
lar to the direction of propagation, Figure 33-3 shows a portion of a coaxial line. In the field,

c

Eg = pela(heW Ems + OUP X Hyeé), (3317) : B= expi(ot—k.2) be 3-51)
Hg =ygRe He ~ EV X Em8) (33-18) ! u=(*) post kez) o (33-54)

‘The longitudinal components themselves satisfy the wave equations: where C is a constant that fixes the amplitude of the field.The voltage, current, and power flow are

(5 += K3)Ems = 05 (33-21) .
>

v=cine - 7

(+BK)Hye = 0 (33-23) mp, PHC — Kez), (33-53)
‘There exist three types of wave: TE (Ey: =0), TM (Hm: =0), and 1=2ac(“) * exp i(wt —k,z), (33-55)

TEM (Em: = 0, Hm: = 0) waves.
Ho!

In TE and TM waves, the real parts of E, and of H, are mutually Pp = Voousbons: 33-60)

orthogonal. :
‘The wave impedances are

The characteristic impedance of a coaxial line is

E, Mo"?A, _ 377A, 7) pra Ems_ (Mo) AsS77As = . Zap? hr 7ce eld aceCO Sant ohms 6361
_(0) ALTA Ger (3329) The velocity of propagation of a TEM wave in a coaxial line is the samee) 2, eh, a as that of a uniform plane wave in the medium of propagation.
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PROBLEMS

33-1, (332) The field inside a coaxial line
a)” Sketch a rather large cross-sectional view of a coaxial line in plane (a

containing the axis. Show lines of E and of Hat a given instant over atleast \f \Se wavelength, The lines should be most closely spaced where the field is wa) 10) \strongest. Indicate the directions of the fields by means of arrow heads. The \ Se j A q
direction of propagation should point to the right ;

{b) Add arrows, at various points fo represent Poynting vectors, using

D

longer arrows where the power flow is larger. Assume tht the length of the :
arrow represents the magnitude of the Poynting vector at its midpoint ® o i

(@) Sketch a cross-sectional view of the coaxial line in a plane perpen
dicular to the axis, and show lines of E and of H at a particular instant

ig. 33-6.

Relate this plane to the figure you drew in (a)
!

<a) Add plus and minus signs to both figures to show the surface charges. ‘Show that, if the material has a conductivity 0 and a thickness s, and if
‘The spacing between the signs should indicate qualitatively the relative the permittivity of the dielectric is ¢, then R,C’ = €/s0.

“™

magnitude of the surface charge density (©) One can measure Las in Fig. 33-6(c) by measuring the resistance R
%€) Now add atrows of various lengths to your first figure to represent between electrodes C and D.

2

surface current densities.
‘Show that RiL’ = su/s0. Thus Z, = (w/e)!(R/R.)"

(f), How do the current patterns change with time’ 536. (633) The microstrip line
4332. (33.2) The current and the charge density in  coaxil line | Figure 33.5 showsa cross section ofa microstrip line

Show that, ina coaxial lin of infinite conductivity, the current is equal to (a) Sketch lines of F and of H. Use arrows to show the directions of Fthe linear charge density multiplied by the speed of propagation snd if as Ben tine, Show the decton of propagationin practice. the wi

Tt is known from transmission-line theory that the characteristic im- instantancous value’ /Y of the aneeited power f equaltthe Poyntingpedance of a line is given by Z=(L'/C)", where L’ and C’ are, wector integrated over the cross section bh, Assume that there me
Fespectively, the inductance and capacitance per meter. Show that this reflected wave,

ssume that there is no

applies to the coaxial line (e) Show thatthe characteristic impedance 11's equa 0 (ule) "Ab

‘An air-insulated coaxial line is terminated by a sheet whose surface (c) Show that the addition of » s 3
eaepet uae (10 9) caf, SHO thatthe

ation of a second grounded plane paced symmetr

‘Show that the resistance of the termination is equal to the characteristic iy ist reduces the characteristic impedance by a factor of 2.
impedance ofthe line. There is then no reflection at the end of the line. 33-7. ( 333) ieIicrostripline.aleulate the transmitted power w voltage across ,

38.5, (33.1.3) Predicting the characteristic impedance ofa TEM guide lie of Figs 35.616 ¥" Diaregardage certs, andecu Wtthere ee
‘One important parameter of a TEM waveguide is its characteristic reflected wave.

+ and assume that there is n0
impedance Z=(L'/C)", where L! and C’ are, respectively, the induc:
tance and the capacitance per meter of guide (Prob. 33-3)

Te designing such lines itis important to predict the values of L' and of
Cif the geometry is such that these quantities are difficult to calculate, as
ih Fig, 33-6(a), one can perform the following measurements on a
resistance-sheet analog.

a) One can find the value of C” by cutting out a sheet of resistive
material in the shape of the cross section of the dielectric as in Fig, 33-6(b)
lind by measuring the resistance R, between electrodes A and B. See Prob.
9:10
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Table 34-1 Characteristics of a few standard rectangular waveguides (TE, mode)
eeeeeeCHAPTER 34 INSIDE OPERATING
DIMENSIONS | CUTOFF WAVELENGTH rower

a@xb WAVELENGTH RANGE ATTENUATION RATING

EL NEENGTH, RANGE ATTENUATION RATINGGUIDED WAVES II nidineters “B/meter ‘mezawatts
. 721x340 aaThe Hollow Rectangular Waveguide a5x20 a Bos 0207-0. 2

MRx 15.8 07 366-512 0.0755-0.0982 0.64
22.9 10.2 457 242-366 © 0.147-0.212 0.25j
1587.9 316 16.7-24.2 0273-03123M. THE FIELD COMPONENTS OF ATE WAVE IN A RECTANGULAR Bare 62 om os

METALLIC WAVEGUIDE 028 ;M2 THE CUTOFF WAVELENGTH. NONPROPAGATING FIELDS 630 !

343 THETE, MODE 631 | _ how such a guide can be connected to a coaxial line. Table 34-1 lists some
SEE MULTIPLEREFLECTIONS 638 | common standard sizes, but there are many more, down to a width of a
M.S THE PHASE, SIGNAL, AND GROUP VELOCITIES 635 | few millimeters
M6 THE TRANSMITTED POWER 636 We assume that the medium of propagation is air, as is usually the947 THESTORED ENERGY DENSITY 637 | case. We also assume, for the moment, that the guide is perfect
M8 ATTENUATION 637 , conducting. y

M9 SUMMARY 681 | We consider only the Transverse Electric (TE) mode (Ey, =0) that
PROBLEMS 642 | _ Fesults from the multiple reflection of a plane wave on the faces parallelto the yz-plane in Fig. 34-2,

A hollow metallic waveguide is simply a metallic pipe inside which an

electromagnetic wave can propagate by reflection on the inner surfaces,

in much the same way as a sound wave.

There cxist_many types of hollow metallic waveguides, but we 4 ra
concentrate on guides of rectangular cross section, as in Fig. 34-1. This is | L mae
the most common type, and it is also the simplest one. The figure shows a Ja

ow 7
RS 7 A |
IPS. SSeS fawn 7 ]

| ae
4 Sa |
Fil SS.

a F | a e

@ ® i}
NI - 34-2.Typical wavefront inside aFig. 34:1. Rectangular metallic waveguides fed by a coaxial line. (a)A anaes Teelgv froot insidequarter-wave antenna injects an electric field at a distance of 2./4 from the cloed . Oocurt’on the nattow fares neue isend ofthe guide. (b) A small loop antenna injects a magnetic field. : cvrywhere tnaswene. ne
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The Transverse Magnetic (TM) waves in hollow rectangular wave- Thus

guides are not useful because they require larger guides. As we saw in ~ Moos (kx + 4-8)"Sec. 33.1.3.1, TEM modes are forbidden. Hs = M cos(kx +), ky = +(ko~ ki)", (34-5)
where M is an arbitrary constant that defines the amplitude of the wave.34.1 THE FIELD COMPONENTS OF A TE WAVE IN We now apply the boundary conditions of Sec, 33.1.4:

A RECTANGULAR METALLIC WAVEGUIDE
ou,

Se a0  atx=0,a, 34-6)We use the coordinate system of Fig. 34-2. The wave propagates in the ox

positive direction of the z-axis by multiple reflection on the upper and Hye
lower walls. The figure also shows a wave front of a plane wave incident By 70 at y= 0d. G47)
on the top face at the angle . °

With this mode of propagation, ‘The second condition is already satisfied because 3/3y = 0. From the first

3 condition,Eme=0, Eme=0, Hy =O, 5 =0. G41) k,sina=0 and ik, sin(k,a +a) =0. (34-8)
We require the three other components Ey, Hes Hon: Now k, is a positive number. Therefore

We proceed as indicated at the end of Sec. 33.1.1. First we solve the =0 and =na, 34.9)
wave equation for H,. for the given boundary conditions. This will give; “ and kewns, Ge)
us both H,. and k,. Then the values of E,,, and H,,, will follow, from where 1 is an integer.

Eqs. 33-13 and 33-14. i Observe that k,a can take on only discrete or eigen values and that
From Eq. 33-22, n= is forbidden:

FH, . | n=1,2,3, (34-10)Sis— (42 — 12)H pe, 34-2ar sie ated So
where i na

126 2a @ Hye = M cos (411)
kyepape ee (343)

o do ce and, from Eq. 34-5,
is known, fora given frequency. However, nx\2)?_ (1 ~[ndg/2a)R}"?

bap Gey fy
g Then, from Eqs. 33-13 and 33-14, remembering that both E,,, and 3/3y

is unknown, 2, being the wavelength of the guided wave. i are Zer0,
We expect an interference pattern of some sort in the x direction. So « TimoBHme_ fotoHya is asinusoidal function of x, and this requires that the expression in| Ey =e ope OAM sin ket) O41)

parentheses in Eq. 34-2 be negative. So we know that k. <ko and hence |
that A, >A, or that the wavelength measured along the guide is longer = 10 Mg sin kx = — 22H 4 sin (4-14)
than the wavelength of a plane wave in air, This makes the phase velocity ke an a
larger than c, which is correct; the group velocity will turn out to be ja nme
smaller than c. Hage =e M sin (415)
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ty ee The wavelength 2a/n is the cutoff wavelength for the TE, mode. This
corresponds to the condition «= «w, for propagation in an ionized gas.
At that wavelength k, = and 2,2.

At wavelengths larger than 2a/n, k, is imaginary, there is no wave, and°
7 ol the field decreases exponentially with z. There is zero power flow once

the field is established. At these longer wavelengths the field amplitude
decreases rapidly with z. For example, at twice the cutoff wavelength,
where the frequency is too low by a factor of 2,

w_nn oF 207}? _ ey,Fig. 343. The amplitude F,= Fay ofthe electricfield strength fora TE wave 2-3, a=[(2)-(F2)]"=-723% oaay(a) TE, mode. (b) TE: mode " © 2a (2) ( <) ¢
We choose the negative sign before the square root so that the amplitude

Figure 34-3(a) shows E,,, as a function of x for n= 1: E is zero along the will decrease exponentially with z, and then
walls and maximum in the plane x=a/2. With n=2, Ey, is zero at ans" :x=a/2

exp (=jkez)= exp (~ =) = exp (10. 88=). (3422)The various values of n thus correspond to different modes of do de

propagation, denoted as TE), TE, etc. As we shall see below, TE, is the ‘The amplitude decreases by a factor of 5%10* in one free-space
only useful mode, wavelength 2!

Summarizing, ‘The waveguide thus acts as a high-pass filter, with the lower frequency
Emc=0, Ey, = 2H sin™, 20, 34-16) limit fixed by the width a, and not by b. ;

nt a The free-space wavelength 4p must be shorter than twice the distance

jka nm k hax ; between the reflecting walls. For example, if@ = 100 millimeters, then gHg, eMsin= Egy, Hyy =O, Hye = M cos", must be less than 200 millimeters and the frequency must be higher than
un a Oho “ 1.5 gigahertz (1.5 x 10° hertz).

(34-17)

k= LPaleot ye (34-18) 34.3 THE TE, MODE
. ‘ In practice, one selects first the operating frequency, and then a guide34.2

THE CUTOFF WAVELENGTH. whose dimensions are such that it can carry only the n=1 mode. This
NONPROPAGATING FIELDS condition requires that 2a be larger than Ap, as above. But a must be less

than Ay to make TE:, TEs,... forbidden modes. Thus the dimension aFrom Eq. 3+18, must be such that

fee (2)? _ (ey? _ (yey? a<ho<2a (34-23)a=[@-(Z)]"-[()-()] ous)
For With single-mode propagation the field configuration is well defined.

nae a Rectangular metallic waveguides are narrow band devices: for a given a, -
@> or <tr, (3420) | Ay can vary by at most a factor of 2.

‘The antennas of Fig. 34-1 launch an assortment of modes, but only the
&, is real and a wave can propagate unattenuated down the guide. ‘TE, survives.
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We now write out the field components for the n=1 mode. We 34.4 MULTIPLE REFLECTIONS
simplify the notation by setting

u ‘The multiple reflections that take place between the top and bottom wallsEL, = — nea | (34-24) are interesting. We need only consider the E field. We substitute k, for

7 t/a, in agreement with Eq. 34-9.Then First recall that

E,=0,  E,=Elysin™expj(or—k.z),  E,=0, (34-25) exp ikex — exp (—jk,x)120, Ey = Eq sin expj(at—k,z),  E,=0, (342 sin kx = SPR (3430)
t= — Ek: in ™ expj(wt-k,z), Hy =0, (34-26) ‘Then we can rewrite the expression for E, as follows
Hy a gE

F! ay p, = Em + ka —k,2)— kx 34H = ths gos ™ exp | or —k,(2 -*)]. (3427) E, 2 [exp (ot + kx — k.2) — exp (or —k,x —k,z)]- (3431)&
omga a 4where The first term between the brackets represents a wave whose vector wave

> o/(2ayey! ay?" number is ~k,& +k. (App. C). It is oriented as in Fig. 34-5(a). Thek,2= olay) [1 -( a) ] ky, (3428) second term corresponds to the wave in Fig. 34-5(b). So the sine term in
a do i Eq. 34-25 for E, does come from the interference between an up-going

do 34.29 and a down-going wave.= alQahy? (3429) Similarly, the H_ vector is the sum of two terms of the form
A XE/(op), corresponding to the up-going and down-going waves.

Figure 34-4 shows lines of E and of H for this TE, mode Mathematically, there is a single up-going wave and a single down-

going waveUB ‘ The angle of incidence @ is given byAy} k dy)!

oa | sino =F =[1- (32) | : (3432)fy ai

} “4 doVj. ERA | cos @= <2 (34-33)Ca)IV \ z 433)

(CA | .r : ZF, Ee, [ee

E
a

i
4

» »

MA. Lines of E (dots anEctand of Hf (ovals) forthe TE, Fig. 348. Wave fronts and the K's for the (a) down-going and (b) up-going. mode waves. Observe thathy = ki + A3, asin Eq, MS. The angle of incidence is 0
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This is in agreement with the fact that a signal cannot propagate at a — pez ab /€0) g\?)"
speed larger than¢ (Sec. 13.5.3). Pray= Ey (2) [} - (8) | . oHThe group velocity v, is equal to the signal velocity v,. See Prob. 34-8.

34.7 THE STORED ENERGY DENSITY

34.6 THE TRANSMITTED POWER

‘The instantaneous electric energy density is }€,|Re E|’, and its time-

To calculate the average power transmitted through the guide we averaged value is

integrate the time-averaged Poynting vector over the cross section of the « a
guide: w= PeR= SES sin, (34-48)

Pra [fe(a de dy = i fIRe(EXH")\drdy. (4-41) The time-averaged electric energy stored per unit length of guide is thus
Here fo pe [ga (™ = aneoe e=$e3, [sin (2 )oae = Sane, G449)

ey 2wasn o£ 0 | -isere E,Hz2), (34-42) ‘Similarly, the instantaneous magnetic energy density is }uo|Re Hl,H: 0 H? with a time-averaged value of

where the components of E and ofH are as in Eqs. 34-25 to 34-27. After Eng = Mo 2, = 88 (He? + He?) (34-50)substituting 2 for k.A., the expression for H, becomes moan gm g Wim ime

7 yt Egks)? 5 | (Ey)? 5xAIAmy 0g _ = te (Fat 2 (Emi 22). 34-511,=A cos expj(ot—h:2) oes) fy f(a) sin + (Zee) co]. etsy
‘Thus the x component of the time-averaged Poynting vector is zero. The The electric energy density is highest near the center, while the
net power flows in the direction of the z-axis and ; magnetic energy density is highest near the sides. Upon integrating over

the cross section of the guide as above, one finds that, per unit length ofEke
5% guide.Gu = Foe sin 8 Cn © : <

one Einag = C= aDE ny (34-52)We assume that E',, is real.

‘The average power density S, is independent of y, as expected, since } As one might expect, the transmitted power is equal to the energy per
both # and Hf are independent of y. Itis zero at x=0,x=awhere Bis} sait tength multiplied by the signal velocity 1‘ ine
zero and maximum at x = a/2. |

‘The time-averaged transmitted power is thus i Pray = (61+ Grange (34-53)

Ek, ax |
me 2 (34-45)Pra Fae [sin Ede GH) 1) 34.8 ATTENUATION
_Emk.ab_ Enykoab [ -(e)} (34-46) We have assumed until now that the waveguide walls are perfectlysony doo 2a conducting; it is time to consider real waveguides of finite conductivity.
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In the process of guiding electromagnetic waves, conductors dissipate in a distance Az. The approximation is excellent for standard guides.
part of the wave energy in the form of Joule losses, because the wave Then
induces electric currents in the guide. A rigorous calculation of the field 4 _ PL

for a guide of finite conductivity is difficult, but fortunately unnecessary. PLAz=(QaAz)Pr, a =>5 (457)
‘The procedure for calculating the Joule losses is the following. As a

first approximation, we consider the guide conductivity o to be infinite. The real part B of k, is approximately equal to the k, obtained on the
‘Then the field is the one that we found above. As a second approxima- assumption of perfectly conducting walls. You will recall that we
tion, we make @ large but not infinite. A refracted wave penetrates the calculated Py,,, in Sec, 34.6,
conductor, and a tiny part of the electromagnetic energy is lost as heat. We can calculate Pi, as follows. Along the face x=0, and at z= 0,
‘As a result, the amplitude of the guided wave decreases with increas- from Eq. 34-27,
ing z. Eby

‘The attenuation is exponential for the following reason. The amplitude Be He sg | oP Jon. (34-58)
of the wave refracted into the guide is proportional to the amplitude of
the incident wave, or to the amplitude of the guided wave. Then the This is independent ofy.Now, from Prob. 29-5, the power dissipated per
power lost in the guide is proportional to the power in the wave, which is square meter is the same as if one had a current / of the same magnitude
the condition required for an exponential attenuation. See also below. as H, spread uniformly over a cross section 1x 4, where 6 is the skin

In this second approximation, with o large but not infinite, E and H depth. So the power dissipation per square meter is I?m,X 1/(0 X 1X 6),
are the same as previously, except that k, is now complex: or (H;,/2)/(06). Then, for the face x = 0 and at z =0,

- 12 + \3/upow\!2 (aE Ja)?k, = B-ja. (34-54) , Fux} (222) ae (z=) (“g2) - (Ela (34-59)Let us calculate a, The vector H is tangential at the surface of the | Hema! 08 20 \owa OM Cua)

guide. Since the guide material has a finite 0, the skin depth is finite, | The power lost over a length of I meter in one face is times larger,there are no true surface currents, and the tangential Hf just inside the and for the two faces at x =O and x =a, itis

guide is the same as the tangential H just outside. A wave penetrates into

the conductor and, from Sec. 29.1, Phac= En /ay 2b (facesx = Oandx =a). (3460)
E [uot on

2 Qugi)

anh o ) PI 455) | For the faces at y = 0 and y = b, H has two components. The power lost
‘This small E exists on both sides of the interface. We assume that the.

Over Tmeter of Buide in these two faces proves to be

guide is nonmagnetic. This E is a perturbation of the ideal field that we , (aE), y/2a\?

derived for perfect conductors. The method is satisfactory because this j Poav= (seal) (facesy =Oandb). (34-61)
‘small E hardly disturbs the wave.

We thus have a tangential F, a tangential H, and a Poynting vector | ~~ Summing these two powers,
that is normal to the conducting surface and directed into the metal. a

We can thus calculate the average power Pi, that leaks into the Pin [pe | 2+ (2) (6402)conductor per meter of length. We then require the attenuation constant | o'Quow) alla © \Ao/ J°
a. This constant must be such that multiplying both the E and the H of 7

the guided wave that we found above by exp(—az) decreases the Finally, using Eqs. 34-47 and 34.57,
average transmitted power Py... by a factor of wel [xtclua® r 1+ Q2b/a)[ao/(2a)P aexp(~2a Az) ~1-2a Az (3456) boy) = [aseaey ore)
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“ connecting a transmitter or receiver to an antenna, either for radar of for

b microwave links.

Table 34-1 gives the main characteristics of a few standard types of‘ol rectangular waveguide.

24

x 34.9 SUMMARY
56

a A transverse electric (TE) wave can propagate inside a rectangular
waveguide by reflection from two opposite sides, as in Fig. 34-2. Then

y

° Eme=0, — Emy= ~/2HOug sin™™, =0, (34-16)0 or 08 a6 oF v0 nt a

eo% ik.a nxXe Hye EM sin, Hy =0, Hye = Mcos™, (34-17)
nx @ @

Fig. 349. The product aa” as a function of the ratio 4s/2a for 6 = a/2 and for 1 = [hol 2a)"
capper. k=Hebelenry" (4-18)

2 Here n is the mode order, and, as usual, the subscript m stands for
aw 11+ Cb/a)lAolCad (34-64) “maximum value of.”b(1200%0)'" {1 — [Ao/(2a)}} In practice, one uses the TE, mode, and then

In practice, 2b/a~ 1. This makes the magnitudes of the power densities om

about equal on all four sides. This also excludes a TE, mode with \ E,=0,  Ey=Enysin expj(wt—k.2),  E,=0, (34-25)
reflection on the other pair of sides. H rok

Figure 34-9 shows aa as a function of 4o/(2a) for copper and for 1, = —E2k:gn ™ exp otk), Hy=0, 3426)b =a/2. In the range Ag =0.2 x 2a to 0.7 x 2a, { Oo a
Ey mx A4x 10-5 H, =7Em Zexpl ~k(z—2 'one 4.65) cos expjlor~k.(z—%)], 427)

2a _ {1 [o/(2a)P)?The optimum value of 4p is about 0.4 2a, but actual values are ay alee See (34-28)somewhat larger so as to achieve strong attenuation for the 1 = 2 mode: *
The attenuation of the n = 1 mode in commercial guides is of the order} where A. is the wavelength of the guided wave.

of 0.1 decibel/meter' at frequencies of a few gigahertz, With this mode the angle of incidence (Fig. 34-2) is given by
‘This is a high rate of attenuation. For example, over 100 meters the con

attenuation is about 10 decibels, which means that the amplitude of the sin = [i _ (Call : (34-32)wave decreases by a factor of 3. Such guides transmit high-power signals 2a,

ve a feover distances of the order of tens of meters or less, usually for “The phase and group velocities are
a ft c

"2010 (amplitude atthe ourpa)/(amplitue atthe input] = 0.1 | Map e  Me=U=CsINO<c, (34-39), (34-40)
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. vector is 72.1 millimeters extends from 2.61 to 3.95 gigahertz.‘The

time-averaged Poynting Calculate the values of @ at both ends of this range.
Enks 2 5 x9 = Ettks sin? (34-44) 34-4, (34.3) Measuring the standing wave ratio in a rectangular guide

emo a Ifa load is not properly matched to a waveguide, part of the incident
: wave turns back and there is a standing wave along the guide. Then only a

and the time-averaged transmitted power is fraction of the power available at the source reaches the load. It is
vy ayia therefore useful to be able to move a small probe along a longitudinal slot

Pra = E2 2 (2) [1 . (2) i} . (34-47) to sample the field inside the guide. The voltage standing wave ratiorae ome Ny 2a (VSWR) is the ratio of the maximum to the minimum time-averaged rms
voltage measured at the probe. Under ideal conditions there is no reflected

where (jto/€,)"2= 377. wave, and the VSWR is equal to unity.
In real waveguides of finite conductivity 0, the field is hardly different, ‘The probe can be a short length of wire that responds to the electric field

‘or a small loop coupled to the magnetic field. The probe projects into theexcept that field by about 1 millimeter.
k,=B-ja (34-54) (a) With the TE, mode, where should the slot be cut to disturb the wave

; as litte as possible?with B equal to the above k, and (b) If the probe is a loop, how should it be oriented?
114 2b/a)[o/2a)P (34-64) (6) How would you proceed to measure the wavelength of the guided© 52008) (T= ola)PY? wave?(@) If the VSWR is equal to 2, what is the value of the ratio

ExereaealE weston?PROBLEMS, 34-5. (34.3) An artificial dielectric

Figure 34-11 shows a set of parallel conducting plates uniformly spaced

34-1. (343) Wavelength and frequency in a rectangular waveguide by a distance s. If s/A has the correct value and if the incident wave is
‘An electromagnetic wave propagating in the TE, mode in a 34.0x correctly polarized, this medium acts as an artificial dielectric whose index

72.1 millimeter rectangular waveguide has a wavelength 2, of | of refraction is fess than unity

138 millimeters. Calculate its frequency, 8netee‘he orrentation otrfuy th Mhind the indexof refraction asa functionof the ratio s/Ko342, (343) The surtace cents and the Poynting vector in a rectangular {©) Show rays defected by ()'s peism cod (a) « sonectene cylindricalctallic wave guide ea
mepigure 34-10 shows three sides of a rectangular guide that is split open tens made in this way.
and flattened, Draw a figure like this and show, on face B, lines of H,

elec charges, and vectors BAY ata given instant, Then ad ines of 7)
current on all three faces | Ay34-3. (34.3) The angle of incidence @ in a rectangular guide

‘According to Table 4-1, the recommended range of operating fre-

quencies for a rectangular waveguide with a cross section of 34.0 |A

’

a aES ‘ aw ‘wy Fig. 4-10. Irene ne Fig. Me.
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346. (34.3) Dielectric-filled rectangular waveguides

‘A rectangular metallic waveguide A is air-filled, and its cross section is any
a, b. Another rectangular metallic waveguide D is filled with a dielectric ¢,,
and its cross section is a/e!”, b/€!".

(a) Show that waveguides A and D have the same cutoff frequeney and
that, at a given frequency, A.p =A.a/€!. Thus, for a given operating ——— O_O
frequency, a dielectricilled guide is smaller than an air-filled one. With causes (y Seeders
Teflon (€, =2.1), both dimensions a and b ate smaller by a factor of 1.45,
‘Also, the phase and signal velocities are smaller by a factor of 1.45

(b) Compare the power ratings of A and D at a given frequency.
‘The dielectric strength ofa materia is the maximum permissible value of iin natE before breakdown. The dielectric strength of a good dielectric such as See Fig. 412,

‘Teflon is of the order of 10 times that of air. Set this ratio equal to R. The
valueof R increases as the thickness decreases. approximately 1~(2¢,w/o)"*c0s @, if E is normal to the plane of

34-7, (34.5) The phase and group velocities in a rectangular waveguide incidence.
(a) Find Ay/A, as a function of Ao/A, for a rectangular waveguide, where (b) Show that this is in agreement with the attenuation calculated in

2, is the cutoff wavelength Sec. 34.8,
(b) Find o%./e as a function of k,X,. For a given frequency, M4, (48) “The relative power ratings ofa coaxial line and of rectangular

yo _oh guide
era (a) Calculate the maximum power that can be carried by a coaxial line

* and by a estangular metalic waveguide at 2.00 gigahertz, The coaiagroup, or velocity is given line has a diameter p; of 25.0 millimeters, and the guide has an inside‘The group o signal, velocity sven by cxoss section of 375%75,0 millimeters. The. coaxial ine sats the
ue _ doh. fe) condition for maximum power transfer, namely, p;/p;= 1.65, and its
eaeoy outside radius is small enough to ensure the attenuation of higher-order

modes. Both lines are airfilled, and the current-carrying surfaces are
34-8. (44.5) The group or signal velocity in a rectangular waveguide silver-plated. The maximum allowed E is 1.5 megavolts/meter. (Under

Show that, in a hollow rectangular waveguide, i ideal conditions the breakdown field at 3gigahertz is about
, 10* volts/meter.) There is no reflected wave.

y=. (b) Calculate the power dissipation per meter in both cases. Clearly,
i [do thes lines can operate a these power levels ony during short pulses.

One can measure the power transmitted down a rectangular metallic
waveguide by reading the voltage induced in a tiny loop projecting into the 3412, (34.8) Decibels and nepers
guide, as in Fig. 34-12. The loop is situated at x =a/2, y=0, and it lies in Attenuation on a transmission line is expressed in decibels per meter.
ae ys-plane ‘The number of decibels per meter is 20 times the logarithm to the base 10
Show that of the ratio of the E's (or the H's, or the voltages, or the currents) at the

abo ') two ends of a line meter long. The degree of attenuation is alsoProv = 8.40 10-6 —2, | expressed in nepers per meter, and this is simply the value of f.Gay] Show that 1 neper/meter is equivalent to 8.686 decibels/meter.

where Vis the rms voltage induced in the loop and .f is the area of the
Joop. The effective value of sf is unknown, but the method is satisfactory
for measuring relative values of Pr.

34-10, (34.8) Attenuation in rectangular guides
(a) Show that, upon reflection from a good nonmagnetic conductor, in

air, the amplitude of an electromagnetic wave decreases by a factor of
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Fiber bundles are similar to light guides except that their ends are

coordinated, which makes them suitable for transmitting images.35 Fiberscopes are useful, among other things, for medical examinations.CHAPTER ‘They comprise a light guide, for illumination, and a fiber bundle

equipped with lenses at each end. Some oscilloscopes have fiber-optic, orGUIDED WAVES III ‘microchannel, face plates. These consist of a stack of parallel fibers, with

; both faces polished, and phosphor on the inner side. The fibers conveyThe
Planar Optical Waveguide A. the light emitted by the phosphor more efficiently than a glass plate. SeeThe Eigenvalue Equation the first example in Sec. 31.2.2. This permits the observation of very fast

transients. One commercial oscilloscope has a writing speed of 2
10" meters/second.

Optical fibers are made of either silica or plastic, and their diameters
range from that of a human hair to about 0.5 millimeter. The index of

35.1. THE PLANAR DIELECTRIC GUIDE 648 refraction decreases with the radius, either gradually or abruptly. The
382 RELATIONS BETWEEN THE FIELD COMPONENTS 650 smaller diameter fibers can transmit digital information at rates up to
383. THE FIELD COMPONENTS IN THE THREE MEDIA 651 sigabits per second.
354 THE CONDITIONSOFCONTINUITYAT THE INTERFACES — 654 Total reflection has the advantage of being lossless. For example, the35.4.1

CONTINUITY “ me ed ciutkence a attenuation of a light wave in an optical fiber can be as low as 0.1 decibel35.4.2
CONTINUITY AT THE x =@ —— (98.9% transmission) per kilometer, while the attenuation in a hollow38.5 THE FIELD COMPONENTS

IN THE eeeA ws conducting guide is of the same order over 1 meter. The attenuation inieeecouwiew ne optical fibers comes largely from absorption, since no material is perfectly
358 ATHIRD EXPRESSION FORa 69 transparent _ ,359 SUMMARY 659 Metallic guides serve at frequencies ofseveral gigahertz, usually at high
PROBLEMS 660 ' power, while dielectric guides serve at optical frequencies and low power.

‘The two types are therefore complementary,
Rather than go through the fairly abstruse mathematics of fibers, we

study the simplest form of optical guide, namely, the planar optical
Chapters 35 and 36 are the last two chapters on guided waves. They i waveguide, composed of three layers of dielectric: a substrate, a sheet,

a guiding structure that comprises only dielectrics. The wave 4 and a cover. The indices of refraction of the substrate and of the coveragain follows 1 2 th, as in the hollow conducting waveguides of are only slightly lower than that of the sheet. Similar planar guides arethence‘pat guidance results from total reflection { used in millimeter-wave integrated circuits. The physics of planar guides
In optical waveguides total reflection occurs inside a dielectric flanked is basically the same as that of fibers.

by another one of a lower index of refraction. Although most of the i Planar optical waveguides have overall thicknesses of the order of
power flows through the inner medium, some power also flows through 10 micrometers and widths about 10 times larger. These guides are the
the outer one, and the wave is not tightly confined as with a hollow basie components of various integrated optics devices that are, in a way,

lic guide. the optical analogs of integrated circuits.ee iclecnic ‘waveguides serve mostly in the form of optical fibers for the Figure 35-1 shows two methods for launching a light wave into a planar
transmission of information. However, there are many other forms. Clad dielectric guide.
rods, either straight or curved and up to a few millimeters in diameter, Our discussion parallels that of the rectangular guides of Chap. 4. We
serve to convey light from one point to another. Light guides consist of study only the transverse electric (TE) waves in which the electric vector
bundles of fibers inside a flexible sheath. They serve the same purpose. is normal to the direction of propagation
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4 a

ee
; < | Fig. 35-2. Coordinate system for the® planar optical waveguide. The threemedia are infinite in the y and z

Giretons, Media1 and 3 extend to
ee interfaces makes the way propagate in Zig

wee <= 2ag fashion along the postive direction ofee4 the z-axis.
tb) of refraction, and total reflection occurs at the x=—-a and x=a

Fig. 35-1. Two methods for launching an electromagneticwave in a planar optical interfaces. Then the wave above x =a and below x = —a spills over intowaveguide. In both casesthe coupling efficiency is about 80%. (a) The prism the shaded region. The field in the core will also penetrate the y= —b
‘The angleO is, infact, close to 97. (b) Grating coupler. The grooves on the normal and tangential components of E and of H. So the field of asurface of the guide diffract a beam at the appropriate angle 0. rectangular dielectric waveguide of finite cross section is quite complex. It

is wiser for us to disregard these edge effects and make the guide infinite
35.1 THE PLANAR DIELECTRIC GUIDE in the +y direction. Our analysis will be satisfactory as long as the

breadth of the core is much larger than its height. That is usually the
We select axes as in Fig. 35-2. Medium 1 is the substrate. The sheet, or | case.
slab, is medium 2. Medium 3, the cover, can be air. Total reflection;
occurs at the interfaces 2,1 and 2,3. i , —

‘We assume that all three media are homogeneous, isotropic, linear, a4 x Bae
and stationary (HILS) and that they are nonmagnetic (x,= 1), lossless of hoe(o=0), and nondispersive (the index of refraction n is independent of | an | peethe frequency). i ia al ee
To simplify the calculations, we also assume that medium 1 extends * | eS

downward to infinity, while medium 3 extends upward to infinity. In an ae

practice, media 1 and 3 need only be several wavelengths thick ed
We disregard reflected waves, which means that the guide extends to L oe

infinity in the +2 direction. i a ed
Finally, we assume that all three media extend to infinity in the plus ; aes

and minus y directions. The reason for this assumption is the following in eas
Figure 35-3 shows a cross section of a guide whose core occupies only 1 ! flee Fig. 35-3. Cross section of an optical

the region between x = +a and y = +b. The cladding has a lower index ' ‘ waveguide of rectangular cross section.
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‘The electromagnetic field propagates to the right at some phase 2H, PH, oH,
velocity v,, and the field components in all three media therefore have atHet = OfolloG a= ~w*e eotoll, = KH, (35-9)
the form where

E=E, exp (wt ~k.2)9, (35-1) on,Sp Kile ;

where E» is a function ofx only and o (35-10)
yah, 52)

We must therefore solve the differential equation

i, hy oH,

4, being the wavelength of the guided wave, The wave number k, is real ae (OH, (5-1)
because we have assumed zero attenuation.
We set

for each medium in succession with, again, k equal to ky, ks, oF ky

1 2bya bate aleutd, (35:3) 35.3 THE FIELD COMPONENTS IN. THE THREE MEDIA

l_o_o >byapata8, = mk = O(€€otto)", 35-4) ,Ge (€n€ oto) (354) In medium 1 we require an exponential decrease in the —x directionTherefore, in medium 1, the expression between parentheses in Eq.

and similarly for k; and ky. The wavelengths 2o, Ay, 42, 4) apply to 35-11 is positive, k,> ky, and
uniform plane waves in a vacuum and in media 1, 2, and 3, respectively. .Hs = K exp (2 — Ki)! = K exp kat, (35-12)

35.2. RELATIONS BETWEEN where K is a constant and &
THE FIELD COMPONENTS

ynstant and ky, is real and positive:

=4(2-8)".

[As stated previously, we consider only TE waves. You will recall from Ki = +(k5— ki) (35-13)
‘Sec. 33.1.1 that the transverse components of the field in a guided wave ‘The value of k, is as yet unknown.
are simple functions of the longitudinal components. Here k, is equal to “Then, from Eqs. 35-6 and 35-7, in medium 1
neither k, nor kz nor ks. 2!

° 7

By hypothesis, 3/3y =0. Also, in TE waves, E,.,=0. Then, from Eqs. c,, =i! y,
33-11 to 33:15, setting #,=1, 1

me (5-14)

En =0, (355) k| Haz = — — Enmy- (35-15)
Goto FHme

Oy

Eng a Gs |2 ox In medium 3 we require an exponential decrease in the +x direction

nw the Sls esr, | Tons theparsotbesin in Eg, 35-1 ls again ponive, b>, nd we set
me IRE Bx Oly

.

Hye = Lexp [=(k2 = k3)!7x] = Le k *
Hy=0. 65)

x] = L exp (kay), (35-16)
Here L is another constant, and k,. is ‘itive:

“These equations apply to all three media, with k equal to ky, ka, oF ky constant, and ky, is real and positive:
To find H,, we must solve its wave equation key = (KE — 3), (35-17)
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Also, in medium 3, from Eqs. 35-6 and 35-7. We have added a phase angle a to satisfy the continuity conditions at the
interface. From Sec. 35.2

Egy = + OM Hy (35-18)
L Egy = — PE M sin (kx + 0), (35-23)

Hy= — = Emy (35-19) *My k
Hy = =~ Ey (35-24)

In medium 2, omy

on, Grouping Eqs. 35-13, 35-21, and 35-17 gives
Sot= (k? — K)Hys = KH (35-20)“ Kizki-ki, 24K, B= 35-25)

We have put a negative sign before the last term for the following reason.
Both k, and k, are real. Then 43, is real, If k,, is real with k? <3, then All the k’s are real and positive. Therefore k,<k: and k,<k,, in
Hy. is a sinusoidal function of x and there are two uniform plane waves agreement with the requirements n, <1, and n,<ny for total reflection
in medium 2, zigzagging up and down the guide as in Sec. 34.4, This is at the interfaces.
the type of propagation that we are interested in here. So The situation is as follows

WSK, ka = (KE RY! (35-21) Hy: = Lexp (~kseX) (35-26)

We arbitrarily choose a plus sign before the parenthesis. F,, = J! H,., sz
Observe that the &’s are related as in Fig. 35-4, Then Medium 3: kw

=Mo 22 kHyys = M 008 (kaeX + @). (35-22) Hy ™ ~—> Ey = Hh, (35-28)
Ou ky

Hys = M 608 (kX + @), (35-29)
= 100 4 iMedium 2: Ey = — Tp M sin (kaak + 2), (35-30)

k

Ha =~ Ew (35-31)

Hyg = K exp kk (35-32)

_ _jewto

Medium 1 Emp = = Ames (35-33)
k ikHa = —— = Egy =H Hing (35-34)

Fig. 35-4. Ray of light propagating down an optical waveguide by total reflection The wave numbers k,,, k2., and ky, are all simple functions of k,, as we‘Actual values of @ are close to 9° have seen.
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35.4 THE CONDITIONS OF CONTINUITY 35.4.2 Continuity at the x =a Interface

AT THE INTERFACES Because of the continuity of Hm,

There are two interfaces, and at each one the tangential components Hy, Moos(b +a)=Lexp(-kya),  L=Mcos(b+a)expkya (35-42)
and Ey, are continuous. This provides us with four independent | :
equations. The normal component H,,, is also continuous, but its Proceeding similarly for E,,.,,
continuity is already ensured by that of E,,., which is a multiple of Hm. jou

_ joy‘These
four conditions of continuity will first give us the ratios K/M and ~ Fae M sin (b+ a) = "PE L exp (kya), (35-43)L/M, in terms of the k’s and of a. They will also provide two k

independent expressions for a. Later these two expressions for a will L=-M Bsn (b+ a) exp kya (35-44lead us to the values of the four k’s. We use M as a measure of the ae

amplitude of the wave, which is, of course, arbitrary. Equating now the two expressions for L,

35.4.1 Continuity at the x = —a Interface tan(b+a)= — ka (545)
To simplify the calculations, set ks.

kaa. (35.35) Remember that all the &’s are real and positive. Then the angle b + @
Because of the continuity of Hm, at x= a, lesin either the second or the fourth quadrant, like b — a.

. ka esMcos(—b +a@)=Kexp(-k,,a),  K=Mcos(b~ a)expk ya. a= ~arctan @—b + mx, (35-46)
(35:36)

" bei Me . We tm” "i‘Also, from the continuity of En, asi‘ cing again an integer . /e cannot set m” arbitrarily equal to zero,
to joo— EERE M sin (6 + a) = = "22 Kexp (hua), (537) 35.5 THE FIELD COMPONENTS*

‘
" IN THE THREE MEDIA

K=—M~ sin (b - a) expky.a. (35-38)k,n ep Now the field components are as follows.

Equating the two values of K, we find that 2 Hy. =Mcos(b + a)exp[kula—)) 57)
-

ky
7 - _jwstan (ba) =~. (35-39) Medium 3 Ey Ee Has (35-48)

Since both k's are positive, the angle b ~ ais in either the second or the t= -*e,,- 1, ass)
fourth quadrant. Also, ony ky

x= arctan +b + m'x, (35-40) ' Hy, = M008(ka, + @), (35-50)
Ey = — 22H M sin (ka,x + a”) 35-51where m' is any integer. Setting m' = 0 gives Medium 2: my koe a ; (35-51)

r= arctan 24.6, (35-41) Hy = —** By, (35-52)ky omy
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Hg. Moos (b~a)exp{kula+)h (35-53) 35.7 THE EIGENVALUE EQUATION
F,,= —/2! , (35-54) Equating the two expressions for a from Eqs. 35-41 and 35-46 givesMedium

1: a kyo k k
k ik (03555) arctan +b = ~arctan =~ b +m", (35-61)--‘-¢,,-u,, s _Hin

Oo kur k k
. 2b= ~arctan*— arctan + m’'n 35-62)We set M equal to a real number. The wave number k and m” are now arctan po arctan ma. 5-62)

the only unknowns. But, from the definition of the tangent function,

arctan 2 = — arctan k#* 35-63)35.6 THE PHASE SHIFTS ON TOTAL REFLECTION arctan [=~ arctan (35-63)

ky kyWe shall need the phase shifts at the two interfaces in a moment. arctan == ~ arctan == (35-64)
Figure 35-4 shows a ray that zigzags down the guide. The angle of ky 2 ke

incidence is 0(the 8, of Chap. 30). Also, Setting

Ks csing, += cos 6 (35-56) meam'=l1, 05-65)
ka ka where m is again an integer,

Observe that k. <k2, Since k= 1/2, 2, > Az, where 2, is the wavelength b bs
of the guided wave and A; is the wavelength of a uniform plane wave in 2b = arctan + arctan + mat (35-66)
medium 2. Then the phase velocity of the guided wave is larger than Now ae a
In

;

. We found the phase shift upon reflection in Sec. 31.2.1. Remember b = kya = kya 608 0 = ngkya cos 0=20 cos 6, (567)that the first medium is now medium 2, while the second is medium 3. 2. 2,3 interface is

Substituting (t2/ns) sin @ for sin 7, the phase shift at the 2,3 int where A; = to/ns is the wavelength of a uniform plane wave in medium 2.
> 212 Substituting the ©’s from Eqs. 35-58 and 35-60 into Eq. 35-66, and2 aye )? — (klk) a y

©, =2arctan(ent @—tealnay" =2arctan(atta) = est » multiplying both sides by 2, we end up with the relation7 cos ‘a :
557) ¢ 8x pos 0= 0,,40,54 2mz, (35-68)2

ke (35-58)=2
arctan , This is the eigenvalue equation for 8, the ®’s being functions of 6. The

angle of incidence @ of Fig. 35-4 can take only those values that satisfy
tan 223k (35-59) the above equation, cach integral value of m corresponding to an

2 ky eigenvalue of 6 and to a particular propagation mode. Thus m is the
7 ident ray lies in medium 2, here. Similarly, | mode order. As we shall see in Sec. 36.1, m=0. The various modes areRemember that the incident ray denoted as TE», TE,, TE, etc.

k 24 kin We can also deduce the eigenvalue equation directly, as in Sec. 34.4.
o= 2aretan - , tan St (35-60) Figure 35-5 shows two wave fronts, A and C, of the up-going wave. At a
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j Before going on to that, let us find a third expression for the phase
» angle a.
—a

,Net x i NA 35.8 A THIRD EXPRESSION FOR a
QY \ ‘, Combining Eqs. 35-41, 35-63, 35-66, 35-59, and 35-60, we find that
©Aas

nN ' a= arctan & +b (35-73)
3 No HO) Os) sy mx

va ar ar car arcae (35-74)
N ©, o, x

Fig. 38-5. Geometric construction for deducing the eigenvalue equation iereeie wad Gna (35-75)

In a symmetric guide, medium 1 and medium 3 are identical, the 's are
given time 1, set E,=expjor for that wave along A. At the same equal, and
time t,

oa a=(m+ v5. (35-76)Ec=exp,i(o + =) . (35-69)
‘At point D, reflection on the upper interface gives a phase shift of 35.9 SUMMARY
,s. Thus, along B, Ep = exp j(wt + ®>,s)- ;

‘Similarly, as a result of the reflection at E, A planar optical waveguide comprises a substrate, a sheet, and a cover,
with m<z, ms<ms, m being an index of refraction, Total reflection

Ee = exp j(wt + ©, 5+ 21) (35-70) ‘occurs at the interfaces 2,1 and 2,3.
and We proceed as follows to find the field equations for a traveling wave.

2al : (1) We apply the theory of Sec. 33.1. (2) The field in medium 1 must
Fret Os + 2m. @5-71) decrease exponentially with —x, and the field in medium 3 exponentially

with x. (3) In medium 2 we choose uniform plane waves that zigzag down

If m=0, then / is minimum and the angle of incidence 6 is maximum. the guide. (4) We apply the conditions of continuity for the tangential
‘As m increases to 1, 2, 3,...,/ becomes progressively larger and the components ofE andH at the interfaces.
angle of incidence decreases. This leads to Eqs. 35-47 to 35-55 for the field.
Now, from Fig. 35-5, ‘The factor M is a measure of the amplitude of the wave,

1 = 4a cos 0. (35-72) b=kza, (35-67)

Substituting into Eq. 35-71 gives the eigenvalue equation, a= arctan + = —arctan®*— 5 +x, (35-41), (35-46)
We shall solve the eigenvalue equation graphically in the next chapter. ky Kee

This will yield the values of @ for the various possible modes. Then the ie . fevalues of @ and of the various k’s will follow where m” is an integer,
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ky= HE KID! = (KE 3? Kg = (KE 3)", ==
(35-13), (35-21), (35-17) »

ky= f= olencatn)™, (35-4)‘ ee

and similarly for ky and ky.
“The constants ky_s Koes Kass and a are all functions of k,, which is itself

related to the angle of incidence @: 3

k, = ky sin 0. (35-56) —_____—_— Fig. 56.

Equating the two values of a leadsto the nvaluc tion 35-2. (35.3) The k'sEquating the two valuesof @ leads to the eigenvalue equatio SD Ye tketl
a (b) Show also that if, in a symmetric guide, m,=m)=n, 1:=

BF608 0 = Way 4 Bs Ima (35-68) Ann, then K+ ki, =(@0n Anyi pane am35-3. (35.5) Multiple reflections in the sheet

that fixes the values of @ for the various modes m. Here ‘Show that the E field in medium 2 is the superposition of an up-going anda down-going wave, at the correct angle of incidence

k ky 35-4. (35.7) tan 2. .= 4 =2 2} 7 -! S 2k,,a im terms of the k'sy= 2aretang and By y= arctan, (35-60), (35-58) ela
dha = (1Bakke)

are the phase shifts upon total reflection. tahaoka,
‘The phase angle is

.

oo +

Recall that k,, = k, cos8, where cos @< 1 and kz =n:ko=Ms/Ao.
a= 8 0m 413 (35-75) 35-5. (35.8) ‘The field componentsin a symmetric optical guide

2 (a) Show that, for even modes in a symmetric guide,

En, = M' cos b exp [k,,(a ~ x)] in meditPROBLEMS :

P[k sA(6 i] redium 3,
= M cos kay in medium 2,

35-1, (35.1) The numerical aperture of an optical fiber
° = M’cosb exp[k,,(a+x)] in medium 1,

Figure 35-6 shows a longitudinal section through an optical fiber. A ray
emanating from a source § enters the fiber at an angle such that @ is the where M’ = (=1)"?*YouoM/(ks,)
critical angle. (b) Show that, for odd modes in a symmetric guide,

(a) Show that sing =(nj—n3)'*. The quantity sin@ is the numerical . .
‘aperture (NA) ofthe fiber. This expression is valid only if m3 —mi=1. The Em = ~M" sin b exp [ky.(a~x)] in medium 3,
maximum possible value of 9 is 90°. If the angle @ increases beyond the = OM sin haat in medium 2
value defined by the above equation, then @ becomes smaller than the

“ 7

critical angle and the ray does not propagate down the guide. This equation = +M"sinb exp[k,.(a+x)] in medium 1,
therefore defines an upper limit for 9. nasi

(b) Show that, if the source radiates isotropically. then the fraction of where Mo = (—1)"""!jeopoM [(k>.).
the total available light that is collected by the fiber is about (NA)'/4, or i
about n; An/2, where An =n;—1). If n:=2 and m, = 1.98, then @ = II. Ssand

F = 0.01. The light collection efficiency is thus very low i
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Here a is half the thickness of medium 2 (Fig. 35-4), Ay is the wavelength

of a uniform plane wave in medium 2, the ’s are the phase shifts upon36 total reflection (Sec. 35.6),
CHAPTER sin? 0 — n2/n3)!2Oy) =2aretanNO= min)" (36-2)cos @

in?

@— n/n)!GUIDED WAVES IV ,5=2arctan Si Oil (363)
ical Waveguide B

ot

tical Waveguide B.The

Planar Opi 8! and the mode order m is an integer. For cach allowed value of m thereThe Guided Wave corresponds one mode of propagation.
Equation 36-1 does not seem to possess an analytical solution. We shall

solve it graphically, but Iet us first examine it carefully.

36.1 SOLVING THE EIGENVALUE EQUATION FOR @ 662

Example; ASYMMETRIC GUIDE 663 (1) Total reflection occurs if both
Example: AN ASYMMETRIC GUIDE 666 m h

36.2 THE ELECTRIC FIELD STRENGTHE AS A FUNCTION OFx 666 @>arcsin and 8 >aresin? (36-4)
36.3 LINES OF E AND OF H FOR THE m = 0 MODE IN THE SYMMETRIC m m

GUIDE 666 (2) Since @ = /2, the left-hand side of Eq. 36-1 is positive
36.4 THE PHASE VELOCITYv, 668 jl36.5 THE GROUP VELOCITY v, 670 (3) From Sec. 31.2.1, the phase shifts ®, with E normal to the plane of
36.6 THE FIELD ENERGY 670 incidence, lie between 0 and x. Thus
36.7 THE TRANSMITTED POWER 671 0<0,,40,,<2.
368 SUMMARY 671 21 F Ong Soa G65)
PROBLEMS 672 ‘Then the integer m cannot be negative.

| (4) The 's increase with 0, while cos @ decreases, Then for a given m
We terminate here our study of the planar optical waveguide and of there is only one possible 0 8
guided waves. The next, and last, subject will be the radiation of
tlectromagnetic waves (5) Asm increases from 1 to 2 to 3, etc., the corresponding value of 8
You have probably noticed that the field of a planar optical waveguide decreases.

is more complex than that of a hollow rectangular metallic guide. There
are two reasons. First, the field extends over three different regions, We solve Eq. 36-1 below by plotting both sides as functions of @ on the
instead of one. Second, the phase shifts at the interfaces are complex same graph, and noting where the curves cross. That is less accurate, but
functions of the indices of refraction and of the angle of incidence. more instructive, than a numerical solution. The values shown in Tables
We do not show the calculations in detail in this chapter, because they 36-1 and 36-2 were calculated numerically.

re rather involveda Example | A SYMMETRIC GUIDE
36.1 SOLVING THE EIGENVALUE EQUATION Figure 36-1 shows a set of such curves for the symmetric (1, = 13)
Re guide of Table 36-1. The curves marked m =0, 1, 2,3 are curves

of the right-hand side of Eq. 36-1. They start at

In See. 35.7 we found that the angle of incidence 0 of Fig. 35.4 satisfies 1m ms
' @ aresin = arcsin™, (366)the equation ms ny

sa con 0= 5) $0,442 Got) il being equal to nin this xe,
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‘Table 36-2 Parameters for an asymmetric guide

wooone

CHARACTERISTICS QUANTITY 5 1

’ 3 a=1hm o 1.5172 1.4649

eobee — 88 ny = 1.9800 sin @ 0.99856 0.99440
XX x x x gik xx n= 2.0000 k, 2.5097 x 10" 2.4992x 10”“lekSzase uFosn y= 1.0000 2 2.5036 x 10-7 2.5141x 10-7

HSritiamamcom | enn ke = 1.2566 x 10" key 1.3458 x 10° 2.6573x 10°ky = 2.4881 x 10” ka 2.1724 x 10" 2.1603x 10”ky = 2.5133 x 10" o 1.3458, 2.6573,

ky = 1.2566 x 10° o,,' 2.3629 1.4470

sin 6., = 0.9900 o, 3.0179 2.8968,Fd . 8., = 81.890" a 1.7351 3.5046

3 Scotts e sb 2 = 0.000" b-a’ 0.3893 0.8473
3\.| Senex $8 ex et ater
S|" |aeeebazennteens = ett
B| [RRSSeReReers 3ee | = "radiansAScidciciciciaa Raa | &ba 2 Curve A is a cosine function of amplitude 8x(a/A,), near 2/2.

2 Decreasing the ratio a/A, sweeps A down in the direction of the
5 arrow, its right-hand extremity remaining fixed [cos (x/2) = 0]
3 ‘This eliminates the higher modes (m=3,2,1) one by one.

3 However, mode m = 0 remains, even at long wavelengths.et
2 i “Thus a very thin guides monemode: it supports only the m=0° este Be 2e|2 mode. Then the angle of incidence is only slightly larger than the

Bx xx cua sax | £ critical angle.| | \gheeeeasssnezbe |bT]
| JBSRReasseecaes | * ee£ »i

oe, ee a 2S| Z|.g. seddeltae| 2: BGecdddadsesies| 2

& Fs

El 2 At| & Bee i bs
< = xxx x z m=Oz Egeag 28

g| & g228222022 rf ;
Z| ziprireaiiist 22 oa « 6 8 7
- Clertivgeesie «

Fig. 36-1. Graphical solution of the eigenvalue equation for the symmetric guide
of Table 36-1. Curve A is a plot of the left-hand side of the equation. The other

turves are plos of the right band side for various vues ofthe ae odes
al
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—F “ « 0 cs ; “|

Fig. 36-2. Graphical solution of the eigenvalue equation for the

° a

asymmetric guide of Table 36-2, ne Psa ace an
Table 36-1 shows the guide parameters for the allowed modes aa noo

m=0,1,2 “ o

Example | AN ASYMMETRIC GUIDE ;
Now let medium3 be air. Then n= 1 as in Table 36:2, with ns =2 a aeand 1, = 1.98 as above. The critical angle at the 2,3 interface is
aresin0.5, of 0.52 radian, but total refletion at the 2,1 interface =

fan only occur for 0 = arcsin0.99, or 1.43radians. The allowed
range for 8 is therefore the same as for the symmetric guide a

Figure 36-2 shows the graphical solution for this guide. Only the
‘m-=0 and m= 1 modes are allowed. Notice that, as the ratio 4/2 a
eereases, curve A swings along the arrow, as previously, and Pm

modo0 eveneeally Gaappeer. So an arymmetric guide ers oot Fig. 36:3. (a) (b), (c) Curves of En, asa function ofx forthe symmetric guide ofig wavelengt Table 36-1. (d), (C) Curves of E,, for the asymmetric guide of Table 36-2.
36.2 THE ELECTRIC FIELD STRENGTH E AS A Table 36-1. We set M =. Then we multiply each equation by exp j(ot—

FUNCTION OF x k.z) to obtain the phasors, take the real parts, and disregard constant
factors, while preserving the signs. The field components are now as

Figure 36-3(a) to (¢) shows E,, as a function of the vertical coordinate x follows.

for the five modes of Tables 36-1 and 36-2 and Figs. 36-1 and 36-2 H, exp [kss(a~x)]sin (wt ~ kz),
Recall that, for the TE modes that we are considering, E is everywhere 7

*

parallel to the y-axis of Fig. 35-2. Medium 3: 4 E,xexp [ks.(a — x)] cos (wt~ k.z), (36-7)
H,x ~exp [ks,(a-x)] 60s (wt ~ k,2).36.3 LINES OF E AND OF H FOR THE m=0

MODE IN THE SYMMETRIC GUIDE Hsin kasx sin (cot k2),

Let us see what the lines of E and H look like with them = 0 mode in the Medium 2 [resto to, (368)symmetric guide. Starting with Eqs. 35-47 to 35-55, we set a= 2/2, from gl H,* ~c0s ks, 60s (wt ~ k,2).
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; 80 2, = Ao/(nzsin 8) > Ag. The phase velocity is given by
| c c

Vy = fd, =—— > —.. 36-11Y= She= in”ny Gott)
.

For the m = 0 mode of the symmetric guide of Table 36-1, sin @ = 0.9988.

The dispersion relation for a wave is «@ expressed as a function of k.IF- ‘The dispersion relation for a planar optical waveguide is hidden in the

SZ eigenvalue equation, 36-1. Its left-hand side is 4an,(w/c)

cos 8, while itsLi Z right-hand side is a function of , m,, na, ma, and m. Thus, for a given

meet (i iy mode in a given guide, Eq. 36-1 expresses «w as a function of 8 in implicit
Za WZ * form. But 6 is itself a function of k. and w: from Eq. 35-56,A YauUi sing == ke (36-12)AR itp ky ngwle)i
LZ So the eigenvalue equation gives w as a function of k,, and inversely.
Ty, To plot w as a function of k, we proceed as follows. We first select aA value for m. Then, for each value of w, we solve Eq. 36-1 for @, and thenL ‘ we deduce k, from the above equation.”

For the symmetric guide of Table 36-1,

2OO w= raf, (36-13)
y o 2

Bak. =ny2sinO = ny Fsin 6 (36-14)
7 mi ical 0Fig. 36-4. Lines of E (dots and crosses) and of Hf for the symmetrical opt

1. The wave from ht. The figure does not , ;waveguide ofTable361 Ta ccusetheleceld theres much weaker Now @ can vary only between 6, and 90F, with sin 8, = 1.98/2= 0.99. So,than in medium 2. Compare with Fig. 34-4 throughout the permissible range of 8, sin 8 varies at most between 0.99
and 1.0, and

H, « ~exp [k,.(@ + x)] sin (wt — k,z), ae (36-15)Medium 1: 4 E,xexp [kie(a +.2)] cos (ot ~ k,2), (36-9) °
Hx ~exp [ky,(a +x)] c0s (wt ~ k.2). ‘The phase velocity of the guided wave is approximately the same as that

: th Fig. 34-4 of a uniform plane wave in medium 2.Figure 36-4 shows lines of E and lines ofH.Compare with Fig. 34-4. For this symmetric guide, the curve of « as a function of k, is very
nearly a straight line through the origin with a slope of c/n= c/2.36.4 THE PHASE VELOCITY vu,

‘The wavelength of the guided wave is given by

o ‘the wave number k, isthe fof Chap. 28 andthe curve of w asa function offs then= ke = asin 0 = ao sin 6 = Ein, (36-10) i le a vapnams 1 OC Ch8P. 28 and te care oF 38 3 fanevion of Bs the



60 uIpED waves WV sos summary on

36.5 THE GROUP VELOCITY v, We have set

(L2)=ki thin (2,3) =k + (36-24)veloci 29.2.4 and App.C) is defined asThe group velocity (See as PP. C) is define and we have assumed that M is a real number.
y= @ ot (36-16) ‘The total time-averaged energy per unit length and per unit width is6 dk, dk./do thus:

This is the slope of the curve of as a function of k,. It is shown in Prob. SHE 4 Bt (36-25)

36.5 that,’ for a symmetric guide with ny =m;, ap
a Mell |B (Legh +20) +20]. (36-26)», —£sin 9 —Lsi?@ = ni/n3)"? + Gala) (6.17) 4 Mi kayma (Sin? O— ifn) + (Bala) sin’ @ This energy is half electric and half magnetic, with a slight excess of

For the symmetric guide of Table 36-1, magnetic energy in media 1 and 3 and a slight deficiency in medium 2.
For the symmetric guide of Table 36-1 and for the mode m=0,

vem upmS. (36-18) i= 65 = 0.013683.

36.6 THE FIELD ENERGY 36.7 THE TRANSMITTED POWER

We now calculate the time-averaged electromagnetic field energy in the To obtain the power transmitted per unit width, we integrate the
guide per unit length and per unit width: time-averaged Poynting vector over a width of 1 meter:

e =f (6.€0E2mm + Holly) X 1X de (36-19) Prat Re | -E,H? dx. (36-27)
with

, , Integrating and simplifying as in Prob. 36-8, the values of P’ for the threeBoge= 4 1Eml Hoge = MUHol?+ [me (36-20) media are, respectively,
‘The average energies per unit length and per unit width in the three py = etek MP 6628)
media are, respectively, 1 bki(2,1)"

1» __HoMPKE fy. M? Kicksa= tee 36-21 y= OokeM™ (9g y Kix Kae) "4k,.2. 1) 6621) Pag, (22 tanta 5) (36-29)
” welt 2 Kuki keke] ttok,M?5= HOME | nana4 Risks4 Keke) 36-22) 5 = Sto ME 36-30)aa, PFO) 3) Po 3) 66-20)

‘HoM?k? Then= pe (36-23) comokM?/1014k (2, 3) P= Pi 4 pig py= VMoKM (1 1 ) 36-31
: Pit P+ Py SETS (Etat (3631)

"When we dscused the group, or signal, velocity in rectangular metalic waveguide.

wwe saw that was simpy the axial component ofan individual plane wave that 2gzaB5 36.8 SUMMARY
down the guide’ Tn that ease, v,~ (c/n) sin ®. Here the group velocity is slighty larger
than this axial component, because of the Goos-Haenchen shift (See. 31.2.2). A given ray We can solve the eigenvalue equation for 8, Eq. 36-1, by plotting the two

tne protien medi and 3 Ts eenaewhen defen he ‘| tides separucly as functions of 8 andl noting were the sorvea cen
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With a symmetric guide whose parameters are those of Table 36-1, we narrow light pulse broadens as it travels down the guide. This is modal
have the curves of Figs. 36-1 and 36-3(a), (b), (c). dispersion. We saw in Prob. 35-1 that the numerical aperture is onlyof theWith the asymmetric guide of Table 36-2 we have Figs, 36-2 and order of 1% for a symmetric optical guide with n, and ny slightly smaller
36-3(d) and (e), than n:. How would the numerical aperture and the modal dispersion for

. -1 be affected if media 1 and 3 were ?The lines of E and ofH (Fig. 36-4) are reminiscent of those for a the guide of Table 36-1 be affected if ere both airhollow rectangular metallic guide (Fig. 34-4). 36-4. (36.4) The phase velocity v,.
The phase velocity Let medium 1 be denser than medium 3.Lis . Show that, if @ is only slightly larger than the critical angle at the

v.=—— (36-11) interface 2,1, then the phase velocity of the guided wave is approximately
°* nzsin 8 equal to that of a uniform plane wave traveling in medium 1

is only slightly larger than that of a uniform plane wave in medium 2. 36-5. (36.5) ‘The group velocity v,
yw that the group velocity in a symmetric planar optical waveguide isThe dispersion relation is the circular frequency w expressed as a Show that the group velocity in a symmetric planar optical waveg

function of k.. =£sing— Ao told) _eyThe group velocity is en ORS (ila) sin @ nsind

_do_c (sin? @ = ni/n3)'? + (As/a) where A= sin’ 6 ~ nj/n.Ye ak ngGin—n/n)?4 Gala sint O17) Show that the approximate value applies to the mode m=1 of Table
36-1. You can find the value of d0/dw by differentiating the eigenvalue

for a symmetric guide ‘equation with respect to «. Thus

‘The field energy per unit length and per unit width is uy ol A+ sla)
wee ni Al?+ (Aa/a) sin’yMoMP PAE (1 1ra leG@te+™) +2a], (36-26) 36-6. (366) The field energy

(a) Show that, ina planar optical waveguide, the electromagnetic energy

and the transmitted power per unit width is per unit width and per unit length, in medium 1, comprises three terms:

ip MoM? cos*(b—a) . 2wok M? (1 1 ej =ki+ki+ 2).7 = MokeME (A, A : aR,pane (pete t4) (36-31)
The first term is the electric energy; the second is the longitudinal magnetic

PROBLEMS energy, or the magnetic energy associated with the longitudinal component

‘of Hand the third term is the transverse magnetic energy. From Sec. 35.3,
Y. (36.1) Negative mode orders are forbidden ekKi ‘Thus there is more magnetic energy than electric energy inIn Fig. 36-1, curves for m= —2, -3, —4,... would intersect curve A at " 1: 242ww that &j = woMPR2/[4K,,(2,1)}, where (2,1)is .angles of incidence larger than 90°, which is absurd. So those modes are 36Tdi ye ee OLne OO Meio

ferbdden, But for mode m=—1 the curves would intersect at @= 2/2, is more magnetic than electric energy
We have shown that all negative values of m are forbidden. Show in a (©) Show that ns Keak? kek?

diferent way thatthe mode n= fs forbidden aati ag otal Hal]36-2. (36.1) The maximum value of the free-space wavelength A, as a function . oe
of the mode order m (@) Show that, for the three media together and for a symmetric guide,

Find the maximum permissible value of 4, as a function of m for a
symmetric optical waveguide. iM 2

symmetric optical waveguide. eat (2) (ra) +e]36-3. (36.1) Modal dispersion and the numerical aperture in a symmetric guide 2 Mad! Mh

In multimode propagation, each mode has its own group velocity. Then a As one would expect. 4 = #,
7



36-7. (36.7) ‘The power density and the electric field strength in an optical guide

One author states that he has transmitted a 150-milliwatt signal through 37optical goide with a cross section of 3 by $ micrometers

(Calculate the space” and time-averaged valve ofthe Poynting vector. CHAPTER
() Calculate the peak electric field strength. This isthe breakdown field

‘The index of refraction is 1.5.

3648. (36.7) Power transmission in the three media RADIATION I

_ 2) Semathe powers tans er ter of wth nme and The Potentials V and A, and the Fields E and B
1 ltak, Ook, Ku, Kee Jaye

rege SE barasy easy
where (2,1) and (2,3) are defined in Sec, 36.6. By symmetry, the power

transmitted in 3 is 37.1 THE LORENTZ CONDITION 676
take 312 THE NONHOMOGENEOUSWAVE EQUATION FOR V 67SPte," 37.3 THE NONHOMOGENEOUS WAVE EQUATION FORA 678

374 THE RETARDED POTENTIALS «80

(c) Calculate the ratio P{/P5 for the symmetric guide of Table 36-1 for Example: THE RETARDED POTENTIALS FOR THE OSCILLATING
modes 0,1, and 2 ELECTRICDIPOLE 681

369, (36.7) The energy transport velocity Example: THE RETARDED POTENTIALSFOR THE OSCILLATINGBy definition, the energy transport velciy is equal to the ratio P'/@", MAGNETICDIPOLE 684

where P’ is the transmitted power per meter of width, and #° is the 37.5 ASECOND PAIR OF INTEGRALSFOREAND B 686tlectromagetic energy per meter of width and per meter of length, 376 ATHIRDPAIR OF INTEGRALS FORE AND B67
Show thatthe energy transport veloiey fora symmetrical guide is equal so Gonntany oes

to the group velocity given in Prob. 365 cone

We have studied the propagation of electromagnetic waves in con-
siderable detail. In Chaps. 28 through 36 we studied successively their
propagation in free space and in various media, across an interface, and

then along various guiding structures.

Our final topic, the radiation of electromagnetic fields, will occupy us
during the next three chapters.

Here we turn to general considerations on the fields of time-dependent
sources. Until now we have disregarded the time taken by the field to
propagate from the source of radiation to the point of observation. This
is legitimate only if the time delay is a small fraction of one period.
We shall obtain the correct integrals for the retarded field from the

nonhomogeneous wave equations for E and B. These equations are|
similar to the usual wave equations, except that they include a source
term,



6 RADIATION 1 37. THE LORENTZ CONDITION on

37.1 THE LORENTZ CONDITION vital py vt 677)
In Secs. 9.4 and 20.3 we found that and

Lf Pay: Ho [Zaye vane f Lye sa ef Lav’ 375vag [ Paw. anf [ 2aw, (37-1) Ga hor Ww ak Vie dv’. (37-8)
where V and A are, respectively, the scalar and vector potentials at the ‘The second integral is identical to the one that we started from, except
field point P(x, y, 2, p = py + Ps is the total charge density at the source that now we have the divergence of J/r at the source point P’ instead of
point P'(x', ",2"), dv’ is the element of volume dx’ dy’ ds’ at P’, ris at P. This second integral is zero for the following reason. According to
the distance between P and P’, and J =J, + 3P/3t+ XM is the total the divergence theorem, it is equal to the integral of (J/r) - df over the
current density at P', The volume v’ encloses all the charges and all the surface bounding w'. Now, by definition, v’ encloses all the currents. So,
currents. on the surface of v', J is either zero or tangential, and (J/r) + dof =0.
Now p and J are not independent quantities because they satisfy the ‘Then

‘equation for the conservation of charge (Secs. 4.2, 16.4, and 27.5): veAqtaf ! Peerdv" ra)
vey--2 (G72) -3t Here we used a prime on the V that appears under the integral sign

a ;
because we needed to distinguish between Vand ¥’. But ¥’+J is really

Let us therefore seck an equation linking V and A. We shall need this the same as the BJ that appears in Eq, 37-2. In this latter equation we
equation in the next sections. We have already found this equation in were concerned with only the source point, and a prime on the ¥ would
Sec. 17.9 for the field of a point charge moving at a constant velocity. have been superfluous. Then, applying the law of conservation of charge,
We start with the divergence of A.

ww [ 9p/aeMoe [J,, tof ot vea= -£/ 2018 py. (37-10)veantey.f Za = He f Ved’ (37-3) axlefa Ser aah

-

Since the distance r between P and P’ is not a function of the time, we

We can invert the order of the ¥ and of the integral sign because the ‘can remove the time derivative from under the integral sign, and
former operates on x, y, z and the latter on x’, y’, z'. Now

Mo 2 [ 2 iy wve a= 288 [Pay= ecto, -vitetygss ve (37-4) FAR rat her AY = ee orn)
or

soht i i bye ae av‘The first term on the right is zero becauseJ is a function of x’, y’, 2’ and VeA+ cateY =o. 7-12)not of the coordinates x, y, z of the field point. Also, from identities 15 a

and 16 from the inside of the front cover, V(1/r) = ~V"(1/r). Thus This is the Lorentz condition. It is an identity with V and A defined as in
vte_yeg or Eq. 37-1. The Lorehtz condition is a consequence of the conservation of

r r charge.Also, This result is general, but our proof is not because, as we shall see, the

m1 a above integrals for V and A are valid only for slowly varying fields. The
Vira dts Ve. 7-6) Lorentz condition has practical importance. Of course, the six

components of E and B derive from the four components of V and A.

‘Adding these last two equations and rearranging. we find that dl However, with the Lorentz condition, and if V is a function of ¢, one
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need only know the three components of A to find V and the six an
components of E and B. VX B= lod + Cotto a (37-20)
For example, one can calculate E and H in the field of an antenna

solely from A, hence solely from the currents in the antenna. Here
oP

37.2 THE NONHOMOGENEOUS WAVE EQUATION TRY Gt OXM, (7-21)
FOR V as in Sec. 27.1. Thus

We can now find the wave equation for V in just a few lines, If p is the PX (PXA)= plod + alto (-¥v - A) (37-22)total charge density py+ pp, then ° Or or]”
=f ov FAveeE-£, (37-13) VP: A)— PA = pod — OV | PA ’Ps (F-A)— VA = tod — emo V+ 53), (37-23)

9A) _ Pp ov) ov Eyv-(-py-—)=F, (37-14) Catto) = V°A = tind — ve vA .( 4) a r( Ello a) VA = Hod ~ eltoP 5 eat Ss (3724)
yy 2 pan -2 5 FA
Wty rane, @7-15) VPA ottoa = Hod (3725)

vy to SE=-£ (37-16) We used the vector identity for the Laplacian of a vector from the insideI" & of the front cover and the Lorentz condition of Sec. 37.1. This is the

This is the nonhomogeneous wave equation for V. nonhomogeneous wave equation for A.
At points where p = 0, Outside current distributions, we have the homogeneous wave equation

evay — ve - : oAPPV
~ catto 53 = 9, (37-17) VPA ~ cates =O. (37-26)

al home ve equation (App. C). 7witneiphme select wave equation (App. C). For static fields, the homogeneous wave equation reduces to
4 ons) VA=0, (7-27)

(Cotto)! " as in Sec, 19.2.
as for E and B (Sec. 27.8). 4 Obverve that we deduced the existence of the potentials V and A,If Vis constant, then lefined by

vy=-£, 37-19) --ry-24 =ee ¢ E=-WV-—- and B= XA, (37-28)
Sec. 4.1.asin See

from Maxwell's equations

37.3 THE NONHOMOGENEOUS WAVE EQUATION op
FOR A VeB=0 and PXE=—= (37-29)

'

We can find the corresponding equation for A just as easily, starting this Then we deduced the nonhomogeneous wave equations for V and A from
time from the Maxwell equation for the curl of B: gf the other two equations of Maxwell
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A SE Similarly,

veE=2 and PXB=od + eto. (37-30) Te. y',z'.t~€ 3 AG, y,z,.) = 42 [ Jah yr 2 tr) ay, (37-33)4x J r

374 THE RETARDED POTENTIALS ‘The retarded potentials satisfy the Lorentz condition.
. Fortunately, retardation effects are often negligible. Retardation is

“The integrals for V andA of Eg, 37-1 do not take into account the finite important whenever the delay is an appreciable fraction of a periodvelocity of propagation of electric and magnetic fields. For example, if THif
the cigs Gstibetiom shifts n one region then the integrals imply that For an infinite, homogeneous, isotropic, linear, and stationary (HILS)
Vand A change simultaneously throughout all space. medium €, 4, 1 be

In fact, the potentials at a given point and at a given instant do not Vay. 08g [ ey 2 trl), (37.34)
correspond to the charge and current distributions at that instant, unless mee r
the charges are all fixed in space. The analogy with astronomy is obvious: wf ey zi t-rlv)

we cannot see a star as it is now, but only as it was millions or billions of AG yz Ong , dv’, (37-35)
years ago. The star is not even at the place where we see it!

‘The correct integral for V is the solution of the nonhomogencous wave where v is the speed of propagation 1/(eu)'? (Sec. 28.2) in the medium.
equation 37-16 for V. This is ‘This is another application of the rule of Sec. 27.1.

_ 1 fay zst-rlo) Example | THE RETARDED POTENTIALS FOR THEVon y 2 0= ae if 7 ide G73) OSCILLATING ELECTRIC DIPOLE
This integral is identical to that of Eq. 37-1, except that p is the electric Fr eet awe oo Sectrc ipote siear to that of Fie ot
charge density at the previous timet —r/c, the interval r/c being the time foie ote pole moment p I @ sinusotaken by a wave of speed c to travel the distance r. This is the retarded O= 0. expja. (57-36)

scalar potential. = Qs exp jot = pa exp je =O. GrNotice that the speed that we have used is c, the speed of light in a PoQ.scxpjer=pacpjet, § pe- Qs 3757)
vacuum, and not the speed in the medium of propagation. This comes ‘This simple-minded model serves to calculate the radiation field of
about as follows. As we shall see in Chap. 38, electromagnetic radiation any charge distribution whose dipole moment is a sinusoidal
occurs whenever electric charges accelerate. An electromagnetic wave function of the time.
travels through space at the speed ¢ everywhere, Upon passing through, ‘The upward current through the wire is
say, a piece of glass, the fluctuating electric field of the wave polarizes the «a
molecules, which radiate in turn in all directions. The sum of all these 1=F= joQ, exp jor = 1, exp jot. (67.38)
waves is a single wave that travels at a speed different from c. If we Thus
express V and A in Eq. 37-1, with 1n=J0Q-,  1nS=joPm, —Is=jop. (37-39)

_)

e We could first caleulate A and then deduce V from the Lorentz

p=pyt py and Jad +> + 0XM (37-32) condition (Sec. 37.1). However, it will be more instructive to
calculate V separately. Refer to Fig. 5-1.

under the integral sign, we consider, in effect, that the medium of First
propagation itself acts as a source in a vacuum. Then the retardation ya Qnewielt=nle) Qnexpjolt—rle) (5749)
involves the speed c. der, ane

a



i : } yake expsult fexp {peos0/20) exp (-is80100)}al t H 4xeor 1=(s cos @)/(2r) 1+ (s cos @)/(2r)

© H H (37-44)
i braces as power series, neglecting terms of the third order and

i H iH higher in s/r and in s/4, and then substituting p,, for Q,,5, we find
. { Hl Hi that

, i H i vn Pa (As iJcosderpjalt] (er.s'<X). (37-45)| H | = phy (241) 00s @ expo (scr, s*<cK). (37-45)

H H H and X. Of course,

-d i Fea

(E et)" exps( arctan) 6746)@) i ‘Thus| / i \/ | va pBee (E41) cosexpi{o(s—)+arctns}. (7-47)
‘ ‘ ' Naturally, V =0 in the equatorial plane at @ = 90°, where the

«) o potentials of the charges +Q and —Q cancel exactly. Figure 37-2
Fig. 37-1. An osilating electric dipole. (a) The vectors points in Shows a radial plot of V as a function of @ and
{ne dircetion shown. (b) The charges and currents s functions of ‘Observe the peculiar way in which the amplitude of V decreases

the time, with the distance r. Close to the dipole where r°/# <1, V falls off
as 1/r, But farther out, where r?/Z*>> 1, V falls off as I/r.At zero frequency, £—>= and [r] =t. Ths returns to the V of awhere the numerators are the charges, as they appear at P of Fig. static field (Sec. 5.1).

Sat the timet Notice that the two components of V differ both ‘AS t0 A, itis simply the vector potential of the clement ofin amplitude and in phase current fs

‘One can usually set s*<«<r’ and s’« 4°. This legitimates a wo
simpler expression for V. Setting a=He_ wool) (37-48)

fem t ye 8, zoos ¢ ) Since
j :then =, 2.2 2

Ty Fr .scos 0) s Mo ec! ck @749)(1-2) = 0(1-24+2S**)~ ole] + Foose, (37-2). o%

Aa llel io expju(t—5). 7-50)where Amenchr 4xeqchr ©
, aie

rbd te Ant 7-83Were and moO (743) ‘The vector potential propagates atthe speed c everywhere. Itis
parallel to the polar axis, and its magnitude at P depends solely on

A similar expression applies to «(t~r,/c), with a negative sign the distance r to the dipole. See Fig. 37-2.
before the cosine term Ta polar coordinates,

tre. — HP) (605.6% - sin 06 7.Then i A FaeegcHe COS OF Sin 0) Ges}



684 685

i ce
Z

/ .f aaa is Pig

A // \ i\[ /

\

f i / Me le “he

JN i \\1 = _ \ i 1 —]‘ ——

: '

‘ 1 / '

Ne A ~
Nee 6 .
as Fig. 37-3. An oscillating magnetic dipole

Fig. 37-2. The scalar potential V and the magnitude of the vector potential A as,
functions of @ and 6, about an oscillating electric dipole oriented 2s shown. The
radial distance from the center ofthe dipole to the spheres marked V is

proportional to the value of V ata fixed distance in that particular direction, ‘The u exp (e= PVH) |Scalar potential is maximum at the poles and vanishes at the equator, where the A= al, expotf SPUCTcos dg. (37-53)individual potentials of the charges —Q and + of the dipole cancel. It is positive an » r
inthe northern hemisphere, where the field of +0 is predominant, and negative
in the southern hemisphere. The vector potential A is independent, both in As in the third example in Sec. 18.4, we set

‘magnitude and in direction, of the coordinates 8 and ¢. .

Ft (145+ Sos} (7-54)

Example | THE RETARDED POTENTIALS FOR THE ‘Then, within the same approximation r' >a’,
OSCILLATING MAGNETIC DIPOLE

‘The magnetic dipole of Fig, 373 identi to that of Fi. 189, rar(4B28), ppBOM rs
except that the source now supplies an alternating current. By r rr
hypothesis, there is zero net charge and V 0. Also,

‘We now have that bere 2

enont EareS C75)
Ho Pn exp jolt = re) .
=a a aces ode o (152) if a®<< 24, Then the above integral becomes equal to
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ra 2 S08) ( 188 cospt J; being the free current density, 9P/9r the polarization density, andrJo 2 r dr Ur. VX M the volume density of equivalent currents in magnetized matter at

This integral is easy to evaluate. First we disregard the cosine Pw',y’,2), -
and the cosine cubed terms because their integrals are zero. Also, The above integrals apply only if retardation effects are negligible. To
the integral of cos?@ is 7. Then the integral is equal to find more general expressions, we start with the nonhomogeneous wave

axl, 1 equations for E and for B. We found those equations in Sec. 27.8. By
AE (b+ i) analogy with the solution of the corresponding equation for A, the

retarded fields are

Substituting now r sin @ for x, and m,, for 7a°J,,, m,, being the 1 vr, PRCUE,‘maximum value of the dipole moment, m = my exp jn, B=- {(ip + eS /20) gy, 37-82)46 Je r

ain (HE .Aa Hette (24j) sin @ exp jolt]& (37-57) of (POxaair (7*!) ots [ESgy 7483)juclm|<P () _B Seer ae ‘= 1-j- Wer a «we (37-58)tar ('I;) , Here E and B are the fields at (x, y, 2,£), while the bracketed terms are
Compare Eq. 37-57 with Eq, 3745 fr the V ofan lerric dipole. taken at (x’,y’, 2’, r/c), r being again the distance between P and P’.

Since V=0, then V+A=0, from the Lorentz condition (Sec. You will remember that the integrals for the retarded potentials
37.1), involved [p] and [J]; the integrals for the retarded fields involve more

For r>> & the vector potential propagates as a spherical wave of complex quantities.

wavelength effwhose amplitude is inversely proportional 0. We found the above integral for E, but for static fields, in Sec, 12.2.
equatorial plane, again as we might expect. ‘The integral for B is intriguing. For a static field we now have that

pate (Pay 37-64)37.5 A SECOND PAIR OF INTEGRALS “ah (37-64)
FOR E AND B

.

instead of Eq. 37-60. The source term is now V’ XJ, instead of J x#,
We found the following integral for E in Sec. 9.4: and the term in the denominator is r instead of r*.

1 lg

pai [ Fa", (37-59) 37.6 A THIRD PAIR OF INTEGRALS
on FOR E AND B

where E is the electric field strength at P(x, y, z), @ = Py + Pp is the total
charge density at P'(x’,y',z'), dv'=de' dy'dz’ is the clement of We can deduce another pair of integrals for E and B from the retarded
volume at P’, and r is the distance between P and P’. We disregard potentials of Eqs. 37-31 and 37-33. Let us start with E:

surface charges here. 3A 1 rh PV yr — 2 Ho [ Ulp=—vy AL pt [lay 2! (ay a7In Sec, 20.3 we found that E vo Vaed, pe oe a G75)
Ho [ 1X?pate| aw, 7-60) 1 0 [ algaath. 7 --[ viel ays — efAMS yy, (37-66)42€o J, r ati or

here B is the magnetic flux density at the point P(x, y, z) and

where Bis the magi ¥ Pot , We can insert the del operator under the first integral sign because it
Jos, oP vx M, (3761) operates on x, y, 2 while the integral operates on x’, y', z'. Recall thator the quantities between brackets are measured at (x’, y’, 2’, (r/c).

77
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Show that, at a distance p from the wire such that 4p*< C*, and away 37-7. (37.5)
from the ends, Show that

tly, © Janttin’. [redar=0
Refer to the first example in Sec. 18.4. We have disregardeda term that is 37-8. (37.6) The electric field of the electric dipole, calculated from the thirdindependent of both the time and the coordinates and that does not, Sea tors
therefore, affect either E or B. This particular A therefore has the same Calculate E in the field of the electric dipole, starting from the integral of
form as if the current were constant. Sec. 37.6. To simplify the calculation, disregard terms in s°/r* and s"/r' as

well asthe higher-order t X. This will leave radiat37-2. (37.4) The propagation speed of VandA in the field of an electric dipole term igher-order terms in s/f. This will leave you only the radiationFind the propagation speed ofthe scalar and vector potentials V and A in

the field of an electric dipole, on the assumption that s°<<r° and that 37-9. (37.5) The field at the center of a rotating disk of charge.
S«K ‘Suppose you have a disk of radius R and thickness 2s <R. It carries a

Observe that the addition of two waves of V traveling at the speed c gives charge density Q° = K(R ~p)(s ~ 2) We use Q' for the charge density in
a wave whose phase speed is larger than c. This is an interference effect. erica io use for the vadial soodin ste,
Observe also that the speed of propagation V, close to the dipole, is a You are required to find the value of B at the center when the disk
function of the wavelength and hence of the frequency. The dispersion rotates as a sold at the angular velocity «. Of course, B is normal to the
originates, notin the properties of the medium, but rather in the geometry, plane of the disk, See Probe 18-4,
as in rectangular metallic waveguides and in dielectric waveguides, Calculate B from Eq, 37-60 and then from Eq, 37-63.

37.3. (374) CanA be zero in a radiation field?In the field of a magnetic dipole, V = 0, A#0. Do there exist radiation
fields where the inverse is true?

37-4. (37.5). The alternate integral for Bt
We have shown that

Me ( U'XIee eralo

if retardation is negligible. The volume v' encloses all the currents.
Show that the term on the right is equal to VXA for a finite currentdistribution. Refer to the identities on the inside of the front cover

37-5. (37.5) Identity of the first and second integrals for E
‘Show that, for any finite charge distribution, the integrals for E given in

Sec. 37.5 are equal

ge [ aw = he [ Ea
37-6, (37.5) Identity of the fist and second integrals for B

Show that, for any finite current distribution, the integrals for B given in
Sec. 37.5 are equal

Mo [ TKF Mo [ WxXta [PX gy ate fPOF GyGarni [a
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Ad, _Qsin@vtsin@ Qin? @art_ Qa sin Or 989)f coder rege evr
os

“0.4 Combining, finally, Eqs. 38-4, 38-5, and 38-9, and setting r= ct, gives
4win 7, 1 A@e_Ho Qasind Ey<

Bassin tan crc (8-10)ae

‘Therefore, both Ey and B in the kink result from the acceleration, theyVAs are proportional to the acceleration a, they vary as I/r, and they are
F maximum in the direction perpendicular to the acceleration. Moreover,

E, and B are mutually orthogonal, and orthogonal to the direction of

propagation of the kink. Finally, E, = Bc. All these characteristics apply
to the radiation fields that we shall study in this chapter and the next."

_9 38.2 ELECTRIC DIPOLE RADIATION
s d& Figure 38-5 shows an electric dipole. As we saw in the example in Sec.

37.4, this simple model serves to calculate the radiation field of any

charge distribution whose dipole moment is a sinusoidal function of theFig. 38-4. The charge is at b, as in Fig. 38-3. Cisa circle whose plane is
perpendicular to the paper and that is centered on the 2-axis.

|

In Fig. 38-4 the spherical surface bounded on the left by C lies, just |
before the arrival of the kink, in the field of a stationary charge situated | Pr. @.at the origin and JA

Q2 Q1-cose rh Y/ |,-22 _ Ol -cos8ev

ede eG 2° (8-6) of 7 |
where Q is the solid angle subtended by C at the origin. y |

After r seconds the kink has swept through e. The point ¢ then lies in < |the field of a charge situated slightly to the right of b, and ®, is larger: x °

1-cos (8 +A8) a aOy + Ab, = 21 ser 80) cen II ; Ne |
. ~So ~ | ;

Ade _ _O -2

7 Dee 4-08 6) = 57 sin 8.8. (38-8) Fig. 38-5. Electric dipole of momentp = Qs anda point P in its field.
Now the two circles in Figs. 38-3 and 38-4 are very close together. We a

can therefore set r A@ = vt sin 8. Then "They do not apply tothe fel close to source of radiation.
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,Fig. 38-6. Electric dipole antenna at the end of a coaxial line. The outer

conductor is folded back. t2
time, disregarding quadrupole, octupole, and higher-order fields. In the ae
oscillating dipole, charges oscillate along s, and their acceleration is thus > Fig. 38-7. The E, H, and S =
Nengthwie \ EXH vectors for an oscillating.

+ electric dipole for r>> A andWe calculated V and A in the example, setting s'<r° and s'<¢ A, but ‘olt]=0,
without limiting the relative magnitudes or r and 2, We now deduce E,

H,, the Poynting vector f, and the radiated power P.
‘The dipole is in free space.

Figure 38-6 shows an electric dipole antenna at the end of @ coaxial l 2 2= lel { Fi) cosor+ (%— 4) }line. ene (5 +) *) cos 87+ (5 147%) sino}. (38-14)
38.2.1 The Electric Field Strength E Close to the dipole, where r <2, or at zero frequency (A>), only
First, in polar coordinates, two terms survive, and

av. lav _P 07 _Was rt ge (38-11) Bm eg 200 Or+sindb) (reA, or f=0). (38-15)
V being independent of @. Then, from Eq. 37-45" ‘These are the static terms of Sec. 5.1. They fall off as 1/r?

Far away from the dipole, for r >>, only the radiation term remains,Rook Roa 1 it falls off as I/rvv ~ PL. {(1-2% 24) eosor— (+14) sino}. (38-12) anes wl° E=-Pl sino (r >A). (38-16)dre hrAlso, from Eq. 37-51,

GA Bl bl See Figs. 38-7 and 38-8. Remember that we have sets? <r’ and 5°<< 2.Sioa = mer -Hee (08 OF sin 06) (38-13) Observe that E is proportional to 1/22, or to w®, of to the second time"
eh NTE T derivative of p, or to the acceleration of the charges.and

38.2.2 The Magnetic Field Strength H

" We again reserve brackets for quantities measured atthe previous time — r/e In the example in Sec. 37.4 we found that in the field of an electric dipole
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Then

fle) (44 3_lt a= ( 14/7) sin 06, (38-21)
a \ again with s* <r and 5° 2°.

For r<«A, and using Eqs. 37-39,

YY. f jolly g _Ulsx*

y/ \ H= Gp inOo= (ra), (38-22)Sa
A which agrees with the Biot-Savart law of Sec. 18.2.Yi 4 For r>4,

‘ th j ofp] olplxt__clp]xéN / } = — OUP] in og = —SUPLXT_ _clPIX?
4 { / resnad 4qdr ax (A), 3823)
\w
\ - as in Figs. 38-7 and 38-8.

fy Y For r>>4, the characteristic impedance is the same as that for a
| ee uniform plane wave in free space (Sec. 28.3):

Fig. 38-8. Polar diagrams of sin @ (outer surface) and ofsin® @ (inner surface) a 'showing, respectively, the angular distributions of E, or of H, and of Z,. at a Z=F,= Hoe = 377 ohms (r> X)- (38-24)
distance 7 >>X from an oscillating electric dipole situated at the origin. The radial
distance from the dipole to one of the surfaces is proportional to the magnitude of i

the quantity in the corresponding direction. There is zero field and zero power ‘The electric and magnetic energies are equal.
flow along the axis. Curiously enough, A propagates everywhere at the speed c, but H

propagates at that speed only for r>>4. Closer in, its phase speed is

larger than c.

At zero frequency w =0 and H’=0, as expected.

ip} ; -A= Fregehr 608 0F—sin 8 4). 8:17) 38.2.3 The Poynting Vector EX H
We late th = ve‘Then A has only a ¢ component: wesnow caleulate the time-averaged Poynting vector and the radiated

1sa 3A,) 5 For any r,nad yxans {2 ¢a,)- Aho (38-18) .Ho Hor (or Fo = 4 Re (EX H*) =} Re ((E,F+ Eo) x H36}. (38-25)
To work this out, we require the following two derivatives: Recalling that

a a r } jolp)_ _ ile) *xG=-6,  OxO=7, (38-26)2 tpy-2 —2)) = —/olel, ip) 38-19)alel=5, Pm exp (0 ‘) ¢ B G19)
3

then, from Eqs. 38-14 and 38-21,

<Ipl=0. 38-20) 55el?l 6820) Sp,= 1 Re(-E,H30 + Egy) 8-27)
bb
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Hoop}, om? f'pr, aoe Substituting again [n.5/@ fOF Prmss= Hoe Desig? gp = MO LD min? 9 (38:28) sabe ”32a%er’ de or hor

sp? Pa EE P EimS? = 8.779 X10 fF? (38-35)= 4.137 10° LP sin? —watts/meter’. (38-29) .
r 2x 10~e (8)? sy

; od(3) Figs =19.99($) Figg watts. (38-36)Or, since J, = OPm =27fPm» A

aps Thus the radiated power is proportional to: (1) (s/4)?, which is a small9, =o ls”Sn? 9 6 quantity as we assumed in the first example in Sec. 37.4; (2) s?, where s8e or in the length of the dipole; (3) f? for a given Ljm,; and (4) f* for a given

1s fms? > p= 2 Pes= 1.0496 10° 3" sin? OF watts/meter? (38-30)
ap Example THE COLORS OF THE SKY, OF THE SETTINGme Nt F 4 .

- ue (3) fo sin? OF (38-31) SUN, AND OF TOBACCO SMOKE’
a r Dust particles suspended in the atmosphere scatter the light

5\Bm a, coming from the sun. This scattering occurs because the electric
=2.386(5) “sin? 0% — watts/meter? (38-32) field of the incident light wave excites electrons present in ther particles. These electrons act as small electric dipoles and

av ‘ reradiate. If we disregard resonances, the py of an oscillatingNote the following points about this time-averaged Poynting vector. Titan i provovtonal tthe amplitude ofthe incdcae wa
(1) It involves only the radiation terms, despite the fact that our Then the reradiated power is proportional to f*, and the light
calculation is valid even if r is not much larger than 4. The time-averaged Scattered by the sky is bluer than sunlight.

lial, at least for ros, 1Po>s, See Fips If the air were completely dust-free, the sky would still be blue,power fiux is everywhere radial, at least for 1°>>s°, 4°>s Bs. but darker: atoms and molecules of the air also absorb and38-7 and 38-8 reradiate energy, but mostly in the ultraviolet. The light from the
(2) It varies as 1/r? because, under steady conditions, the power flow sun that reaches the carth, particularly at sunset, is reddish
through any given solid angle must be independent of r to satisfy the because part of the blue has been diffused out.
conservation of energy. This 1/7? dependence results from the fact that It is for the same reason that tobacco smoke is either bluish or
the radiation terms for E and for H both vary as I/r. reddish, according to the way you look at it, with respect t0 @

si source of light. See Fig. 38-9.(3) Since it varies as sin? 6, it is zero along the axis of the dipole and

maximum in the equatorial plane, as in Fig. 38-8. An electric dipole does 38.2.5 Radiation Resistance
not radiate along its axis. 5

lor radiate along Us ax We saw above that the radiated power is proportional to the square of
; the rms current. The factor of proportionality is the radiation resistance:38.2.4 The Radiated Power P

5

Integrating the time-averaged Poynting vector over a sphere of radius r Res = 19.99(5) ohms (38-37)
yields the radiated power: if (S/AP «1.

or®ftp?,, P(* Let (s/4)’=0.01. Then (s/A)?=0.46, and the radiation resistance isP= tort pie f sin? 67° sin 6 d0 dp (38-33) about 09 ohm.
“f*Din= 3.466 X10" f'p2y, watts, (38-34) jopStt M:Minnen, The Nature of Light and Color in the Open Ai. Dover, New York7

A
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1 18

= (sin a) ao =-12 .9
Sepp tsing) JS dr (38-41)

— Multiplying both sides by r sin @ givesres SS ets itewv 3 =
5 5

ve et yy Jy (Hr sin 6) d0 +5 (Hr sin 8) dr =O. (38-42)
The total differential of Hr sin @ is therefore zero, and on a given lineof
E, Hrsin @ is a constant, Substituting the value of H from Eq. 38-21/ | \ after replacing jap by Js, expressing the complex factor in polar form,and replacing the exponential function by a cosine, we have the equation

Bish eh for a line of E:

Fig. 38-9. Fine particles, as in tobacco smoke, scatter blue light preferentially poy r r

‘The transmitted light is thus reddish. sin? (5 + 1) 60s (we — $4 arctan 1) = Ki. (38-43)

*38.2.6 The Lines of E ‘The parameter K varies from one line to the next. Remember that we
, oo have assumed the conditions (s/2)'«1 and (s/r)° <1.Of course, there is no such thing as a distinct line of E or ofH. All that Figure 38-10 shows eight families of lins of E."

we know is that the fields E and H possess both a magnitude and a Ark
direction that vary from one point to another in space, and from one "

instant to another in time, according to certain laws. Lines of E and of H, sin? 6 cos (or ary 3) = Ki, (38-44)however, provide the best way to picture a field. x72) > **
We can find an equation for the lines of E by setting

and the lines of E travel outward at speed wi =c. Closer in, the arctan

E,_ Eo (38-38) term is a function of r and the speed of the lines is larger than c.
ar rd6

*38.2.7 The K4 Surface

dr and rd6 are th ts of an element of a line of E. Hitianann Its instructive to plot Eq. 38-43 as a three-dimensional surface as in Fig.*
° Pi ponding phasors. 38-11. The loops are both contour lines and lines of E at =0. In fact,our calculation with phasors. nee Fe ene ne ee aFirst we note that, from Maxwell's equation for the curl of H (Eq. they are the same lines of E as those of Fig. 36-10(a). As time goes on,

nz the argument of the cosine function increases, and the ripples move out,

as a damped wave, carrying the lines of E with them

p-—-yxn. 68:39) Let us see how the lines behave. Figure 38-12 shows the intersection of
joe, the KA surface, again at ¢=0, with the plane 8 = 1/2. These curves lie

inside the envelope

Since H has only @ @ component, from Sec. 38.2.2, poy

kr=4(S41)°  Gino=0. (38-45)F-t2 sino), Fp---+-1 20m, (38-40) ""Faesrsin 6304S)» — Be = Feay
. "See the animated film loop on Dipole Radiation by R. H. Good, California State‘Thus the differential equation for the lines of E becomes, Universiy, Hayward, California
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Ht WAAANN QO } / \ A AN \a\

wo wana Us «2
As the ripples move out, their height decreases rapidly and soon

approaches unity. Clearly, lines of E with KA<1 can travel out toMf
if \\ l] \ infinity. They provide the radiation field. It is also clear that, if KA>1,i | )) i } i e)) ) they cannot go far. If KA is only slightly larger than unity,a loop shrinks\ N my) j \ until it reaches the top of a ripple and then disappears.

| () SNA Ex
on

ing electric dipole for wt = 0, 2/4, 2/2. Fig. 38-11. The parameter Ki plotted as a function of the coordinates r and@ a
‘wavelength decreases with distance. The lines of H are circles perpendicular to peaks oscillate in unison from —% to +, and the ripples move out radially. The
the paper and centered on the axis of the dipole loops are both level lines and lines of E.

rs
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The radiation power is

f P= 3.466x 10-8 f*ping (38-34)i = 8.799 x 10-1f2 72,5? (38-35)
5)

= 19,99(5) a| (a Teoy watts. (38-36)
kad SSS The radiation resistance of an electric dipole is about 20(s/2)? ohms.

‘ = <>PSII ES On a line of E,
J on nzg(# 1) r r

if. sin’ o(5 +1) cos (ar ~j tartan?) = KX 8-43)
“H Lines ofH are circles perpendicular to and centered on the axis of thel dipole.

“4 PROBLEMS
Fig. 38-12. This figure illustrates how the intersection of the KX surface with the

{6 = /2 changes with time. The curves all lie within the envelope shown asPlane 9 »Paid changes with ti ‘curves all lie within pe 38-1, (38.1) The radiation field of a long wire carrying a step current
Figure 38-13(a) shows a long wire that carries a current that varies as in

Fig. 38-13(b). Beyond p:~cr there is no field. Inside p= c(t ~ x) the field+38.2.8 The Lines of H is that of a steady current. In the shaded region,

We have seen in Sec. 38.2.2 that H has only a @ component. Thus the Anetals,lines of H are circles perpendicular to, and centered on, the axis of the 2a" p
clectric dipole where C is the length of the wire, as in Prob. 37-1

(a) Calculate F and B in the shaded region.
38.3 SUMMARY (b) Show that Maxwell's equations apply.

(6) Sketch curves of E and B as functions of p at a given instant,
; betweenp =0 and p=p;. There are discontinuitiesat p = p, and at p =p.In the field of an oscillating electric dipole, because we have assumed that d°//dris infinite at =Oand at t=.

il { Row (Fk x }=P 154+)- S-1+j=) sino 6}, (38-14)Crea 25+) 00s 0#+(5 14/2) sin (38-14) a — ,
op el ogoelp] X P eo: lEee iaS (-14+j- 06, 38-21 asp SS fln= 28 (-1+;) sino, (38-21) 1 oa fj

Gp, =} Re (EX H*) = 4.137 x 10°" PPI sig? (38-29) —*— 1} ir aed Hl

=2386(+) “sin? @# — watts/meter™ (38-32) pra ° * are bt

Far away from the dipole (>> A), E has only a @ component and H is Fig. 38:13.
azimuthal. The time-averaged Poynting vector is everywhere radial. 7
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38-2. (38.2) The dipole moment of an oscillating charge 38-8. (38.2.4) Cosmological evolution
A charge Q oscillates along the z-axis, and 2 = z,, exp jot. Consider a particular class of astronomical object lasars. Assume

find the equivalence in the following way. Ifthe currents are the same, then Show that, if is the number of objects whose radio-frequency flux is
the A’s are the same. Then the V's are the same, from the Lorentz greater than # at the earth, thena plot of log.N against log Y should be acondition (Sec. 37.1). Then the E’s and H’s are the same, Straight line whose slope is —1.5. The slope for quasars is, in fact, larger.

38.3. (38.2.1) The three componentsof the E field of an electric dipole This is possibly a measure of cosmological evolution, —Show that the electric field of an electric dipole has three components: 38-9, (38. « polarization of skyone that dependson te postions of the charges, one that depends on tei rae umes ses sate Draw sth showing th
38-4. (3823) The radiation pattern of the electric dipole polarized. The light is only partially polarized because it isveattered‘many

What fraction of the total power in the field of an electric dipote is times.

radiated within 45° of the equatorial plane?

38.5. (38.2.3) The electric and magnetic energy densities in the field of an

electric dipole
Calculate the ratio of the time-averaged electric energy density to the

time-averaged magnetic energy density in the field of an electric dipole (a)

for ri, (b) for r= X, and (c) for r >> 4.
38-6. (38.2.3) The Poynting vector and the energy density in the field of an

electric dipole

‘Show that, for r>> , the magnitude of the Poynting vector in the field of

an electric dipole is equal to the energy density multiplied by c.

38-7. (38.2.4) The light source paradox

{All light sources should be black, for the following reason. Take the sun,
for example. A cone in the retina of the eye collects radiation emanating
from a very large number of atoms. These sources are incoherent,

‘At any given instant there is a near-infnite number of phasors in the
complex plane, all of different magnitudes and different phases, rotating at
different velocities. Their vector sum is clearly zero.
The same reasoning applies to any object, say a white wall illuminated

with incoherent light. The radiation that reaches a given eone comes from

an area that i a large number of wavelengths in diameter. There again, the
net field at the cone should be zero, and the wall should appear black.

‘To explain this paradox, consider N waves of a single frequency and of a
given linear polarization’ but of random amplitudes and phases. The
hhumber Nis very large. For the i-th wave, E,= Eq exp (wt ~ a) at the

cone, and the net E is the sum of the E,’s.
Now the eye is sensitive, not to E but to Y, and thus to EE*, Show that

¥,,= 5... This means that the net energy flux is equal to the sum of the
‘energy fluxes of the individual waves."

* You have probably noticed that laser light diffused by a wall or a sheet of paper has a
ranula structure. The pattern moves if one moves one's head from side t0 side. This

phenomenon is called speckle. I is wsed for studying surfaces.

Speckle arises in the following way. Each point on the object, say the sheet of pape.

produces on the retina a diffraction pattern whose shape and size depend on the optical

these patterns and the field varies from point to point onthe retina
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39.1 RADIATION FROM A HALE-WAVE ANTENNA, m3

This chapter ends our study of electromagnetic fields and waves.
Obviously we have not exhausted the subject! Indeed, we have done no

chaprer 39 ‘more than establish a base from which you can explore on your own.

RADIATION Il
39.1 RADIATION FROM A HALF-WAVE ANTENNA

. Figure 391 shows half-wave antenna connected to a transmitterThe
Half-Wave Antenna, Antenna Arrays, and through a parallel-wire line. The half-wave antenna is essentially a pair ofthe Magnetic Dipole Antenna wires, each 4/4 long, fed with a current /,, cos wf at the junction. Here A

is the wavelength of a uniform plane wave in the medium of propagation.
At short wavelengths one can fold back a length 4/4 of the outer

39.1 RADIATION FROM A HALF-WAVE ANTENNA 713 conductor of a coaxial line, as in Fig. 38-6 to obtain a half-wave antenna,
39.1.1 THE ELECTRIC FIELD STRENGTH E714 Roof antennas for automobiles are only one-quarter wavelength long;
39.1.2 THE MAGNETIC FIELD STRENGTH 715 the other half is a reflection in the sheet metal of the roof. Transmitting
39.1.3 THE POYNTING VECTOREXH 716 antennas for AM waves are similarly 49/4 towers standing on conducting
39.1.4 THE RADIATED POWER P AND THE RADIATION RESISTANCE 716 ground
392 ANTENNA ARRAYS 717 ,

ONE-HALF WAVELENGTH 717

is

393 MAGNETIC DIPOLE RADIATION 720 1

39.3.1 THE ELECTRIC FIELD STRENGTH E 721 1 ly cos exp jot. (3941)
39.32 THE MAGNETIC FIELD STRENGTH M722

39.33 THE POYNTING VECTOR, THE RADIATED POWER, AND THE
RADIATION RESISTANCE 723

Each element of length di radiates as an electric dipole,

39.3.4 ELECTRIC AND MAGNETIC DIPOLE RADIATION COMPARED 724
394 THEELECTRIC DIPOLE AS A RECEIVING ANTENNA 724

39.5 THE MAGNETIC DIPOLE AS A RECEIVING ANTENNA = 724
396 SUMMARY 725

ra

PROBLEMS 726 Pye. =
i

The half-wave antenna is a long, straight conductor, one-half wavelength \@ \ em :
long, that carries a standing wave of current. Its radiation pattern is —. aan \ tacos
similar to that of an electric dipole. However, for a given current, it one - 7m ~~
radiates much more energy. This is the building block for assembling eee Prd
arrays of antennas. We deduce its field from that of an electric dipole. aa a

‘The directivity of a half-wave antenna is hardly better than that of an oa
electric dipole. However, arrays of such antennas, with the proper Ler™
spacings and the proper phases, can be highly directive. Some arrays

~

comprise a few antennas, but others comprise thousands.
We also calculate E and B in the field of a magnetic dipole, and we Fig. 39-1. Half-wave antenna, The broken line shows the standing wave of

discuss briefly electric and magnetic dipoles as receiving antennas. Corrent at cos et = 1.
va
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P tat the time ¢—r/e and P is the radiated 39-2. (38.1.4) The electric field of a radio antennasare
aeeerei ae aad fe nt is the radia Calculate E at a distance of 1 kilometer in the equatorial plane of apower. See Fig. , : half-wave radio antenna radiating 1 kilowatt of power. Set 4 <1 kilometer.‘The radiation resistance is 73.08 ohms. 39-3. (39.2) The image of a half-wave antenna

Arrays of antennas can be more directive than single antennas. ‘An antenna is normally situated near a conductor (the earth, an airborne
In the field on an oscillating magnetic dipole, vehicle, a satellite, etc.). Energy radiated toward the conductor is reflected,

and the total field is thus the vector sum of the direct wave plus thegaol) (1 -j 4) sin 0 6, (39-31) reflected wave. It is convenient to consider that the latter is generated, notaan I, , by reflection, but by an image of the antenna located behind the surface of

fm) (of woo the conductor.ml (8A 1B Dei ' (a) Show that the current in the image of a horizontal half-wave antennaa siar [2(jet/; eosors (1+ +/7) sino}, 0934 and the current in the antenna flow in opposite directions.
i (b) Show that the current in the image of a vertical half-wave antenna

9, = fo Mimsd sin2 gp (39-37) and that in the antenna flow in the same direction.ar Both rules apply to oblique half-wave antennas

: (6) We have shown that the radiation resistance of a half-wave antenna is
_ o,f : 73.1 ohms. Find the radiation resistance of a quarter-wave antenna
= 4.603 x 107! sin? 8 F watts/meter’, (39-38) perpendicular to a conducting plane.

Snot meagf* 39-4, (39.2) The radiation pattern of a linear array of half-wave antennasP=Shee el (39-39) A linear array consists of parallel half-wave antennas lying in a plane. Say3e there are N antennas, uniformly separated by a distance D and excited in
- 2p phase.
= 3.856% 10-™mzft watts (39-40) (a) Show that, in the plane perpendicular to the antennas,

ay‘ sin ((ND/24)cos 6)=197.3(£) (Nlou)® watts, 39-43} Sn(ND2D2s 9) |5) (Mn)? wats 6543) Ein (DI2)cos @)
; ; where @ is the angle between the direction of observation and the plane ofif m= Niza®, N being the number of turns and a the radius of the loop.. he array. The bes his to sum E0 ae neoercrkyNt chews te ary The etapproach osm te india phasors graphicalAn electric dipole receiving antenna feeding a high-resistance receiver (b) Find the angular positions of the minima and maxima of E.
generates a voltage equal to the tangential E multiplied by the length of Differentiation yields only the maxima.

the dipole. A magnetic dipole receiving antenna under similar conditions (©) Show that for given pacing D, the main lobe at @ = x/2 becomes
sak narrower as N increases.generates a vote dA/d, where A i the Baking fur. However, see Foe eerie soy of Fa fonction of @ between0 and 34 for-

39.5. an array of 30 parallel half-wave antennas that are in phase and spaced by
WA

(©) Now plot the same function, using Cartesian coordinates, between 0

and 180° witha log scale for the E-anis.PROBLEMS (6) Explain why the main lobe is twice as wide as the two neighboring
lobes.

son patterns of the electric ; (g) Show that its half-width (the angle between the maximum and the39-1. (321) |The radiation patterns of the electric dipole and of the half-wave first minimum on one side or the other) is approximately equal to A/I,Nar sant inthe fr Sed of on sacs Siptle X= :71P*da 6. where Vis the length of the array.
(b) Show that for the half-wave antenna 39.5. (39.3) The ditectivity of an antenna

By definition, the directivity of an antenna is equal to the ratio of the
"cos {(x/2)cos6} Poynting vector at the maximum of the radiation pattern to the PoyntingEm 7.0222A 086) vector averaged over a spherical surface surrounding the antenna





Examples: One meter equals 100 centimeters. One volt= 10° electromagnetic
units of potential

a CGS SYSTEMSMULTIPLE PREFIX SYMBOL MULTIPLE PREFIX SYMBOL —rrr—_.—.-— ouantiry st ou ema10" atto a 0 deka’ da a ——
wo femo of w ecto h Length meter 10" centimeters 10° centimeters

7 . Mass kilogram 10° grams. 10° grams
we - , a Kilo k Time ‘second 1 second 1 second
10" ano LJ 10° mega M Force newton 10° dynes 10° dynes.
10° ‘micro “ 10" giga G Pressure pascal 10 dynes/centimeter? 10 dynes/centimeter™
10? milli m 10" tera T Energy joule 10 ergs 10ergs

a " Power watt 10° ergs/second 107 ergs/second0
i etnessa “ ol peta P Charge coulomb 3x10 wt10 deci a 10 ox E Electric potential volt te 0

,

—

Electric field strength volt/meter. ——_1/(3 10*) w
This prefix fs written déca in French, Blectric flux coulomb 12x x 10” 4x x 107"

Caution: the symbol for the prefix is written next to that for the unit Bice Gur deonity  soctomb/movar® 12x 10 pedal
without a dot. For example, mN stands for millinewton, while mN is a Polarization Sxlomb/mene’ 311 wemeter-newton, or a joule. Electric current ampere 3x10 0

Conductivity siemens/meter 9 10" wo"
Resistance ohm 19:10") w
Conductance siemens 9x10" 10
Capacitance fared 9x10" 10
Magnetic flux weber ve 10° maxwell
Magnetic ux density tesla 1/310") 10" gausses

Magnetic field strength ampere/meter 12% 10" 4x10 oersted

Magnetomotance ampere ax x10 442/10 gilbert

Magnetization ampere/meter — 1/(3 x 10") 0
Inductance henry 1/9 x10") 0
Reluctance ampere/weber 36x 10" axxo?
Note: We have set ¢ = 3 x 10° meters/second.
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The phase of the wave is the quantity between brackets. It is constant
for z= uyt. Hence u, is the phase velocity.

APPENDIX It is usually more convenient to write

5 @=a,, Cos (wt ~ kz), (C3)
where

@ _2af_2x_1

a2 a2} (C4)If one disturbs a medium in some way, the disturbance travels outward as ‘ Ye

a wave. For example, a vibrating object generates acoustic waves in air. in the wave number, Note that this quantity is 2 times 1/8, or 2x times
C.1 PLANE SINUSOIDAL WAVES the wave number used in optics. For this reason, k is called the circular

wave number.

Suppose the quantity @ propagates at the velocity v, in the positive The wavelength 2. is the distance over which kz changes by 2. The
uppes quantity @ propagates Y Up Pos quantity X= 4/(27), read “lambda bar,” is often more convenient to usedirection of the z-axis. At z=0 and for all x and y, it is given by :

than 4. This is the radian length.

e=e,expju. (cn In phasor notation (Chap. 2),

Then, at any position z, 4 = Gy exp j(wt — kz) (cs)
; If the wave travels in the negative direction of the z-axis,

z

a=a, c0s[ o(¢-2)] (C2)& = ay, exp j(wt + kz). (C6)

This equation defines an unattenuated plane sinusoidal wave. The wave If there is attenuation, then the wave amplitude decreases exponentially
fronts are surfaces of uniform phase, at a given time. Here, the wave with sand
fronts are normal to the z-axis. This wave is also uniform because its

amplitude a, is uniform over a wave front. a= aq exp (—az) exp j(wt ~ Bz) (C7)
‘At a given z, @ is a sinusoidal function of t. At a given 1, @ is a

sinusoidal function of z, as in Fig. C-1 = a, exp jlat — (B = ja)z]. (C-8)

4| a ‘The wave number is then complex

2 An /\ k=B~ja. (c-9)

{\ ft al Wo ian a an a
VY \ Note the negative sign. Both a and f are positive:— tre! ¥

' 1 1

@ o) Bay ans, (C10)
Fig. C-l. The quantity a = a,,c0s (wt ~ kz) as a

function of= and asa function where the atenuation distance & is the distance over which the amplitude
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_ av i At 2,1 the phases will be, respectively, wr—kz and (w+ w)t—decreases

by a factor of ¢ = 2.71828. The phase velocity is then (k + Ak)z. The two waves are in phase when

=e. (c-11) (Aw) = (Ak)z =0 (C-15)

of at points such thatWe often refer to waves traveling in a specified direction. Then the at pol

practice is to use a vector wave number 2 Ao cao)
keke tk tks, (C12) oak

— In other words, the points where the two waves are in phase travel at theas
in Fig. C-2, and group velocity

4 =a,, exp (wt—k-r) (C13) a
y= 2 (C-17)=a,, exp j(wt — k,x — ky — k,2). (C-14) Ue ‘Bk (

‘The vector wave number can be complex. The superposition of two waves of slightly different frequencies gives
» ‘an amplitude-modulated wave. The group velocity of the envelope.

Remember that

‘

1_2a_@ay oar ats (C8)
&

z If u, is independent of w, then k is proportional to w and the phase andA

group velocities are equal:Y a x 4o_o

lady tal tek (C-19)
If the phase velocity is frequency-dependent, then the phase and group

4 velocities are different. In other words, the wavelets in Fig, C-3 travel
either faster or slower than the envelope, depending on the nature of the+2, The vector wi 110pa Relaegeeledererydoin torome medium. (For waves at the surface of water, v, = 2v,.) In the limit,

Same value anywhere on a given wave front.

dw 1

Yak” did cmC.2 THE PHASE AND GROUP VELOCITIES

Let us superpose two plane waves of angular frequencies o and e+ Aer If one draws a curve of « as.a function of k, its slope is equal to vg, while
w/k is equal to vp.Seeasfgg AK The amplitudes are equal and the The above equation is exact either if one has only two waves of circular

7
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frequencies w and w + Aw or if k is a linear function of «. In practice, For an attenuated wave,
neither condition is strictly true in matter, and the above definition of the

group velocity is an approximation. After a while the group spreads out 8a, oa
ee iccppears, Pang sathsr (C27)

C.3 THE DIFFERENTIAL EQUATION FOR A and Eqs. C-23 to C-25 apply.
PLANE SINUSOIDAL WAVE

C.S THE WAVE PROPAGATION OF AYou can easily check that, for the a of Eq. C-2, VECTOR QUANTITY

@a_id'a e1 ‘afe. (C-21) A vector quantity, such as an electric field strength £, can also propagate
dz’ vu, dr as a wave. If the wave is uniform and plane and if it propagates in the

positive direction of the z-axis, then‘This is the differential equation for an unattenuated plane wave traveling

along the z-axis. E=E,, exp j(wt ~ kz) (C28)
If there is attenuation, then the differential equation is . 7 ;

= (Emck + Ey9 + Encd) exp j(iot — kz). (C29)@a_ da, da

ae Santa (C22) The vector E,, may depend on x and on y, but it does not depend on z:

the only dependence on z and 1 appears in the exponential function. Thewhere wave number k can be complex.

ool ee (23)
ao" o C.6 THE NONHOMOGENEOUS WAVE EQUATION

Inversely ; a In the absence of attenuation, the nonhomogeneous wave equation is of
ol)" Wy ‘ ~ the formp=0(§) [(1+ 25) +1] . (C24)

~o(8) [ue te)=a)” (C25) Pa AEB yey'.29, (30)a=o 3) oF v3 dt

where f is the disturbance at the source. Thus f = 0 outside the source.C.4 WAVE PROPAGATION IN If f is not a function of 1, then there is no wave and
THREE DIMENSIONS

Va=f, (C31)More generally, the differential equation for any unattenuated wave

propagating in space at the phase velocity v, is which is Poisson's equation, and

Lda Lf fey'2')Va=t te (C-26) yzy= ef Day .o ae (C26) a(x, y, 2) 4[ ee (C-32)







72 ANSWERS answers 743
24-1. (a) NaR*yoN’. (b) No if its diameter is much smaller than the length of ORC

the solenoid. 27-6. (a) —~~
4-3. 3.4 10°’ R henry ia> *

27-10, (a) OT sin 6. () Set y= 1, Vle=0. The to values agree. (@) Q24-6. (a) R'=24, 1 = pena’. (b) (Ats)" x= wpioab,.
ob” ° 4 ae?) 28-4. (a) 5.0 x 10°” meter, 1.5 x 10°* meter. (b) 2.5 x 10°’ meter.24-8.

L=R,RyC, R= RyRi/R.. 28-7. 250 + 6.3 x 10°9j ohms,

24-10, (a) 6 ohms, 0.86 radian, 3.9 ohms, 4.6 ohms. (b) 65 amperes, 76 amperes Pp Ry mt
(c) 336 microfarads. (d) 65 amperes. rel. @) OPE (144 ine) G5 #e. Gi) 2650. Go) 2, on v.

1 RoC
10 o: at) + j(wn - 8°), (6) 37 ohms, 57.5° (b) (i) 2.0 10°" joule/meter. (ji)4.2 x 10°” joule/meter.4.0 8(14 esi) tHe REee +7) oR teeta

(©) 2.7 x 10 * siemens, ~58°. (d) 0.2 watt. (e) No. (f) (i) At all 29-3. Use 6 vertical plates, about 6 millimeters thick and 6 millimeters apart,
frequencies. (ji) Never. (g) 0 with a total width of I meter

957, Zeit OM 29-6, 5% 10" meter; 7.2x 10° watts/meter,”

Z+ + 2am”

c _2
2 29-9. (8)mes(b) yy 3.2Pa BN, woNxa? | 2xa ona IP Gay Ga baer: OM25.12. () SEP. (by SAEjo, (0) EC) LO, BB = Ff WT) = Cole)z z

10° meters/second, vj» = 3.2 x 10° meters/second, v, =2.8% 10* meters/(ota? BN% igN?xa? | wsw?N?xa*0,b second. (c) 2.8 x 10° meter, 45.2 FS 4 fg MA(SE4 OHAMONTe Ootopt FT) og Hees 29-11, (b) 270 parsecs.

(© +/90ohums, 91 +/36 obs. 30.2, FE ~ 1 and (£2) = 2, except near 4, = 9";
LR a ; i im)25.14, (a) £= —R_.. (b) 14+ R2W°C% (0) 770 picofarads, 150 milinenrys.

OcriTRee (E22), ~ 2080 forany 0,0" ampere-turns Fale Me26°. 29% 10tampere-tumns,

309. (6) 0.15268,
(9) 2klowat-hoase/mee (b) 70 atmoepheres 30413. (8) Eig= 42 Vols/metr,Hn =011 ampere/meter, Egy,© Howat .

6.0 volts/meter, He ss = 1.6 X 10-* ampere/meter, Ey j_, = 36 volts/meter,26-12. (a) 4atmospheres. (b) The same. Hr om= 0.17 ampere/meter.
5oB, IxR°dB, 30-16. (a) ————-, where K is a constant, A is the altitude, and R is th26-16, (6) - $23, mB, (gM. RGR rae .

radiusof he eat. (0) [1 ga]2-1. (e) 1.2 10"meter.
5 531-2. (a) 2=0.37,28= 1.1. (b) 150°, 74°,ed Cook «4 _ Eallok . 4 i2733. (a) <a =x), (0) B= BE any, A= SHE (a — x ah. u is .

Hsia») 31-8. (a) 17°, (e) F = 0.020, T ~0.69, FT ~ 1.4%.(0. Above the upper pate, “stot8 low the upper plate, 32-4. (a) 3.7 10* meter. (b) 0.95. (c) 13 ohms/square. (A) 3.1 x 10°%%yA has the same magnitude and the opposite sign. 32-8. E parallel to the plane of incidence and 6, equal to the Brewster angle.
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BRSwoo,
SAF.

(= exp (al)ze,
Peepca),

6)? Vinb7. (£) nt.x () INDEX
341. 3.0 gigahertz.

343, 58°, 37. Accelerator, 208,280, 435 Capacitance, 108-110, 117, 403
By" ‘Admitance, 134,152 Capacitor, paralle-pate. See Parale-pate34S. (a) E must be parallel to the plates. (b) (1-3) Alternating currents, 32. 127-139, 147, capacitor

Ampere, 48,398 Cathode-ray tube, 588

of ‘Ampere’ circuital law, 382, 367,378,496 Causality, 287347. (@) (Lal K,) + elo. (0) = (Chk)?#1) “Ampere-turn, 353 Chambers,L.G., 513,€
“Ampetian formulation, 494 Charge. See also Electric eld

S411. (a) 3.1 megawatts. (b) Pico = 8.2 kilowatts/meter, Pi pase = Fr eaieaemmenbanaielead SemFT ae‘12 kilowatts/meter. (c) 130 amperes, 4.0 kilovolts. ‘complex, $80 pasnteetin a dielectric, 186la of incidence, $55, 81, 589 invarianceof, 288, 290, 306362.am Antenna magnetic. See Monopole, magnetica= arrays, 717,727 ‘Charge density. igawatts/meter’, (b) 1.6x 10° volts/meter. divectivity, 727 at an imterface,$036-7. (2) 10 gigawatts/meter’. (0)

electric dipole. See Electric dipole, free and bound, 174, 182,183x oscilting in a conductor, 75,402,408372 (144), 6 hattwave, 712-717, 726 total, 178,233image, 727 Chargedparticle ia E, B, 40637-9. §(upKosR?) magnetic dipole. See Magnetic dipole, Child~Langmuir law, 68.oscillating Grcit, letricae. (a) “Mtn (Se Kiet 6 receiving, 724 active, 121aap)* aap Antirefection coatings, $75 bridge, 146, 167,450
Askin, A, 3 <elta-sar transformation, 16338-4, 88%, ‘Attenuation distance, 524, S80, 733 diferentiating, 143-144

7 integrating. 164-145, 22239-2. 0,22 volt/meter

ietcrating 4439-7. (a) Far away, 6.1 x 10°/If; close by, 4.3 * 10°/If. (b) Far away, Bartlet, DF. 499 mesh method, 122
6.1 x 10"/If; elose by, 8.6% 10'/If Battery, 82, 151, 167 node method, 126

Bertoni,H.L., 587 passive, 121Yu 13 Biot-Savart law, 327, 334, 364 asson, pea Bohm, David. 270 Re. 24,135,138, 19-171me Bohr magneton, 344, 373 Ry 467
Bondi, H.,63, Sil Ry, RLC, 482-470
Boundary conditions symbols and definitions, 120

fora metallic waveguide, 618 {heorems, 149-167
forB and H, 370 Gitcut, magnetic. See Magnetic circuitfor BandJ, 207 Greta law. See Ampére's cicuital lawfor V, D, and E, 197 Circular frequency, 32, 130

Brackets, use of, 682, 658, 714 ‘Glock, time read on a rapidly moving, 255

Branch, 120 Coaxial in, 60, 190,477.48, 532,Brewster angle, S6S~S67, 574-575, 589 619-621, 624, 645
Bridge circuit, 146, 167.450 Coeticient of coupling, 46, 467-368



746 Noe Ispex 77
Coeteive force, 376 polarization, 176 Eddy currents, 425, 432-433, 436, 461, 468 im presence of diclectrics, 204, 209-210
Callimator paradox, 264 Current density, 67-72, 329, 676 Edwards, 7. C., 621 fon conductors, 110, 114, 209-210
Comet tails, 603, 607 displacement, 186,499 Engenvalucs, 29 Electric polarization, 173
‘Complementary solution, 125 ‘equivalent, 313, 363, 373 Einstein, Albert, 254 Electric potential V, 46-49, $4, 89

‘Complex numbers, 30-38 four-current density, 285 Electret, 17, 180,208, 379 atthe surfaceofa star, 62Conductance, 138 polarization, 175, 313 Electric circuit. Se Circuit, electric average, overa spherical surface, S4Conduction, 69, 72-77, 80, 82 total, 316 Electric dipole, 84-87, 93, 98, 173, S01 sradient, 47, 316, 424

current, 287, 306 (Current source, 120, 152 ‘oscillating, 681-684, 690, 697-708, Poisson's equation for. 65. 189, 198, 233,Conduction electrons, 60, 72-82,310 Carve plotiers, 141 70 Electric susceptibility. 181drift velocity, 72,80, 300 (Cyclotron frequency, 405406 Electric displacement, 186. See aso Electric Electrolytic tank for plotting magneticConductivity. 70 flux density D fick, 386

sg£0und, anomalies in, 160 9, 525, 537 Electric energy, 101-107, 118, 488-489) Electromagnet, 383, 450
ofa plasma, S42 D’Alembertian, 290 associated with polarization, 203 Electromagnetic momentum, 602, 604, 609Conductor, 64,77. See also Electric eld: Decibel, 640, 645, in a wave, $21, 523, $27, $39 Electromagnetic potentials, 314-322, 324

Magnetic field Del operator, 4,6, 19 in terms of E, 105, 107 retarded, 680-686, 689

clecttic field at surface of, 110 Delta-star transformation, 163-165, 467 in terms of E and D, 202 Electromagnetic waves, S14-729electric foree on, 110 Depthof penetration, $07, $38. See also in termsof p and V, 101, 200 ‘guided. See Guided waves00d, 500 ‘Skin depth of a charged conducting sphere, 105 ina general medium, 15-520
hollow, 77 Diamagnetism, 361, of a continuous charge distribution, 104, in conductors, 524, $26, S31, 537-542

Conjugate, complex, 31 Dielectric constant. See Permitivity, 16 in free space, 520-522

Conservation laws for colliding particles, relative Blectrc field in plasmas, 542-549
276, 281 Diclectric strength, 207, 684 at the surface of a conductor, 110 in nonconductors or poor conductors,

Conservationof charge, 64, 69,290, 314, Dielectrics, 172-210 averageE over a spherical volume, 56 $22, 526, 3150, 676 and magnetic materials compared, 366 average V over a spherical surface, $4 nonuniform, 579-S81, 391
Constant of integration, 125 anisotropic, 195 ‘of a charge embedded in dielectric, 186 polarization of, $17,527
Constants, physical. See inside the back artificial, 643, ‘of a conducting cylinder ina uniform &, propagating in.a straight line, 611-618

cover lossy, 193 235 spectrum, 515
‘Contact potential, 77 ontiomogencous, 190, ‘of a conducting sphere in a uniform standing, 598

Continuity, conditions. See Boundary nonlinear, 197,207 228 TE, 614conditions polarization of, 173 ‘of adielectric sphere in a uniform E, 231 TEM, 615-618, 624
‘Continuous creation theory, S11, $13 Digitalto-analog (D/A) conversion, 142 of a polarized dielectric, 176, 189 uniform, $15, 520, 522

Coordinates Diode, vacuum, 66-69 ‘of a spherical charge, 52,65, 24 Electromotance, 413, 26Cartesian, 2,19 Dipole. See Electric dipole, Magnetic dipole of an atomic nucleus, 236 Electron

cylindrical, 17-24 Dirac, P. A, M., 236, 327 of an cleiric dipole, See Electric dipole drift velocity inside a conductor, 72, 80
orthogonal curvilinear, 15-17 Direction cosines, 4 ‘of macroscopic bodies, 49 emission, 66-69

spherical, 18-24, 225 Displacement current density, 186, 499 Electric iid strength E, 44, 49,56, 63,89, mass, effective, 74, 408Corte, P.R., 499 Divergence. 8, 20 293, 204, 430, 6865-657, 690-691 pair formation, 275
Coulomb, 43,398 four-dimensional, 289 and thew % B field. 427 Energy. See also Electric energy: MagneticCoulomb's law, 42, 51, 20 ofA, 351, 676 curl of, 46, 311,314, 420, 430 enerayCoupling, coefficient of, 446, 467-468 ofB, 310, 314, 333, 364, 498 divergenceof. 51, 319 kinetic, 26Crab nebula, 405 of D, 179 flux of. 0 relativistic, 273-275, 294
Crack detector,469 ofE, 151, 309, 314, 498 imtermsof V and A, 316,425 rest, 74Curl, 1, 22, 20 ofH, 373 induced, 13, 420 Encray storageofA, 333 of J 69, $00, 676 insidea dielectric, 176 electric,27, 489of B, 312-314, 352 Divergence theorem. 9 integrals for, 234. 236 magnetic, 472, 49)
ofE, 48, 311, 314, 420, 499 Domain, electric, 196 line imtegralof, 46, 198, 430, 495 Energy theorem, 487of H, 365, 98 Domain, magnetic, 374 maximum, in air, 118, Equations, differential, 33,38, 124

Current Doppler effect, 257, 262. 281, 283 Poisson's equation for, 233 Equations, six key, 48)
conduction, 69, 306 Duality, S01 transformation of, 301 Equipotential surface, 90, 86, 230,232, 318,

convection, 306 Ducting, 577 Electric fux density D, 179 323
displacement, 186, 499 Duinker. Simon, 154 divergence of, 179 Equivalent currents, 363, 373,
eddy, 425, 432-433, 436 lines of, 232

equivalent, 313, 363, 373 Earnshaw’s theorem, $4 Electric force. 61, 293 Fabry equation, M5,

imesh, 122 Earth's electric charge. 60, 212 and linesof B, 112. 117 Farad, 108





750 INDEX INDEX 751
Magnetic field (cont) Magnetic pressure, $83-484, 490
‘ta long cylindrical conductor, 98,330, Magnetic separation, 490 Mossbauer effec, 283 Planar optical waveguide, 646-674

335,353 388 Mapects shorter, 490 Motion transducer, 145 dispersion relation, 669‘of a magnetic dipole. See Magnetic dipole Magnetic susceptibility. 368 Motor, 410, 534 ‘cigenvalue equation, 657, 662-666
(ofa magnetized rod. 364, 377-380 Magnetic torque, 485, 490 omopotar, 399-403, 411 field components, 650-686, 661, 646-668
of

aMaxwell pair, 346 Magnetization carve, 309. See also Multipoes, electric, 88-97 field energy, 670, 673‘of a moving charge, 291-301, S12 Hysteresis, ferromagnetic modal dispersion,672‘of a rotating disk of charge, 691 Magnetization M. 361,373 Neper, 645 ‘mode order, 687, 672
(of a solenoid, 331, 346, $49, 355,389, 367 Magnetohydrodynamic (MHD) generator, ‘Neumann equation, 437 ‘numerical aperture, 640, 672‘of a spinning charged sphere, 47 389-392 Nitrobenzene, 195 ‘hase and group velocities, 668-670, 673‘of a toroidal coil, 358 Magnetometer, 434.436 Node method, 120, 126 Phase shifts on total reflection, 656
fof Helmholtz coils, $46 Magnetomotance, 367.381 Norton's theorem, 152,167, 168 transmitted power, 671, 674‘of magnetized material, 342, 373 Magnetoressior, 409 Nucleus, atomic, 61 Planck's constant,of parallel currents, 336, 383 Marsden, J. E., 18 Number, binary, 142 Plane of incidence, $57of saddle coils, 343 Mass Plasma, $42-$83, 569ofthe earth, 406, 32 elective, 74 Observer, 239 frequency,$44, 547
rotating, 345 inertial, 281 ‘Octupote, electric, 89 Point charges, 104
transformation of, 301 relativistic, 20 ‘Oh’ law, 70,134, 453, Point function, 3, 5
uniform, $17 rest, 270 ‘Omega-beta diagram, 552, 669 Poisson's equation, 737

“Magnetic field strengthM, 365-371 Maxwell bridge, 450 for B, 357cut of, 368 Maxwell, James Clerk, 492, 499 forB, 233
divergence of, 373 ‘Maxwell's equations, 178, 308-314, 421, Panofsky, Wolfgang, K.H., 241 for V, 65, 178, 189, 233
line integral of, 367 492-500, S11. See also inside the back Paradoxof the perpendicular capacitors, Polar diclecrics, 173Magnetic fix, 312, 329 cover xa Polarization, electric, 173compression, 450 varies, 509, 512 Parallel plate capacitor, 109, 114, 118,509, current density, 176, 313leakage, 381-382 linearity, 498 532, 545 Polarization, wave. See Electromagnetic
linkage, 349, 421 tedundvney, 311-313, $00 diclectrc-nsulated, 184, 187, 190, 193, waves, polarizationofMagnetic ux density B, 293, 294, 326, McAlister, S. P., 393 210, 203, 205 Polarizer, 574

686-687, 50-691 MeCunig, Malealm,383 magnetic field in circular, S10 Polanaing angle, Se
average over a sphere,399 MeKinnon, W. R393 moving, 303,321, 323 Poles, magnetic, 379cu of, 312, 400 ‘Mesh method, 120, 122 Paramagnetiom, 361 Polyvinylidene fluoride, 177divergence of, 10, 314, 333, 364 Metal detector, $69 Particular soltion, 125 Port, 135line integral of, 352, 367, 78, 430 Metalic pass, 377 Peaking strip, 434 Positive logic, 142
lines of, 295, 329, 356, 371, 378 Mho, 70 Penfield, Paul 154, 307, 493, Positron, 236, 275saturation, 369 Microstripline, 621, 625 Permalloy, 44 Potential‘surface integralof, 333 Millikan,R. A., 63, Permeability, 368-370 lectric. See Electric potential V‘Magnetic force, 293-294, 300, 326, 388, See Millan's theorem, 153, 168 Of free space,294, 328, 398, 520 four-potential,319, 320, 323

also Lorenta force Minkowski diagram,248, 250 Permeance, 382 line integralof vector, 388
and linesof B, 482 Minkowski formulation,$95 Permittivity, 181 scalar,316, 33
between coaxial solenoids, 481 Minnaert, M., 703 ‘complex relative, 19, 525 scalar magnetic, 386

‘between long parallel currents, 397, 410 Mobility, 73,82, 408 frequencyand temperature dependence, vector. See Vector potential
between particles,410 Models, 507 195 Potential divider, 141, 145between two electric currents, 396, 478, Modes of propagation,630, 663 of free space,43, 398, 520 Potential energy. See Electric encray481, 489 Momentum, 270, 282 relative, 75, 181,198, 544 Potentials, electromagnetic, 314-322, 324

inside ferromagnetic materials, 392 electromagnetic, 2, 604, 609 Table, 182 retarded, 680-686, 689‘on a magnetic dipole, 491 fiuxof, 02 Perturbation method, 638 Potentiometer, 41
fon a volume distibutionof current, 398 four-momentum, 271-273, 276, 287, Phase angle, 32 Powdered iron, 425ona wire, 393 0 Phase shifter. 146 Power
within an isolated circuit, 485, 489 relativistic, 270 Phasors, 32-40 factor, 138, 195, 445, 450, 451

Magnetic induction. See Magnet fux Monopole, electric,93 Philips, Melba, 241 in altenating-current circuits, 138density B Monopole, magnetic, 310, 327, 343. 498, Photomultiplier, 406 Power-transfer theorem, 161Magnetic materials, 361-384 S10 Photon, 244, 263, 277 Poynting theorem, 528

Magnetic monopole, 310, 27, 343, 498, $10 Moon, 116, $67 Photon-drag detector, 613, 607 Poyating vector, $19, S21~S23, $32-835,Pinch effect, 405. 411 39)
L



INDEX, 75312 oex

Sun, 344, 603 ofBandB, 301Precipitation,
electrostatic, 62 Relaxation time, 75528 Superconductvity, $07 of M, 307Pressure eee ‘Superposition, principle of, 45, 48, 149, 329 of Maxwells equations, 313,‘magnetic, 483484, 490 Remanence, ¥ ' Sutface of P, 307radiation, 99-603, 607 Resitanee, 7 ! integral of B. See Gauss’s law forB ‘of quad, 289Propagation constant 517 fadlation, 703, 716,723 integralof B. See Gauss’slaw for ‘ofthe field ofa fong solenoid, 328Proton beam,61, 533, ees | Surface, orientable, 14 ‘of the field of a parallel-plate capacitor,Pulsar, 533 eassiey, 8

iit Susceptance, 135 303, 321, 323Pump, electromagnetic,407 Resistivity 8,435, See ali Conductivity H Susceptibility ‘of the potentials, 319, 324Purcell, E., 174 Resistojet, ' electric, 181 ‘of the space and time partial derivatives,Resonace, 453-456 cet rhsRateativity 0 e | Synchrotron radaton, 722, 728 ‘ofthe speedof light, 244,260ofa circuit, 454 Rigrhandsew 2 ie, 36,131 ova‘Quad, 289 . OF root-mean square, Yale, I of visible light into high-energy radiation,‘Quadrupole, electric, 87, 89, 4-95,99 Rowland ring, 375.42 \ ‘Tamir,T. 587 soy lenin habrencrayRutherford
experiment, Taylor, Edwin F., 239, 242 Transformer, 457, 459, 469, S35

on “ellegen's theorem, 154-157, 168 auto, 463Radar, James, 254 curren, 49Radian length, 517,733 Sande,Maanon 4 as ‘eal, otaRadiation, 675-729 dar patential. See Electric potential ‘Thermal agitation,72 ‘magnetic-core,377, 425, 460, 468by an accelerated charge, 692-697 Sear potent See Elec pote “Thevenin's theorem, 150, 167, 391 power transfer through 3, 464byan oscillating charge, 710 eeene ele detector, 92 Tides, 432 Transient, 126electric dipole, 697-708 ‘Scatitetion vice,38 / Time ‘Transmission lines, 147, 489, 615, 617. Seemagnetic dipole, 684-686, 720-724 Seicontoore, 70,38, 389 constant, 125 ‘4lso Coaxial line; Hollow rectangularpattcra, 720-721 Pamearmnpradicvenetrs t dilation, 254, 257 ‘waveguide; Microstrip line; Planarreste, 3 Seperationof ae inser proper. 25 pal wevegnceRadiation pressure, 599-603, 607 7 cat, of rapidly moving object, . proper, 254, 258 ‘Travel, interstellar,282Rasett, F., 392 ‘Shape, apparent tead on a moving clock, 285 Tromba,A. J.,14Ray equation$73 shield 77,450 ‘Transformation, 281 Takada, Masanobu, 81Re operator, 7 ni ailean, 240, 283 “Twin parador, 262Reactance, 134 Si (Systéme International) unis, 730, { Gallen, 0.20 pa
Reciprocity theorems, 117, 157-161, 7 ! coven aa

168-109,.39 rere soa, 70 of a current density, 287 Uniqueness theorem, 211, 222,231Red shift, 261, 281 Semeas, EW.von, ofa force, 276, 28. Units, 730. 731Res fae 29.28 sone Fane atNeer, 20.27 ss ce Stim dept, 324 53,538, 540 ofa fowrmomeatem, 273
Brewster'sangle, $65-S67, ST4-S7S,S89 Skin effect, 359, 443, 488, 510, S37 of fourpotential: $2,324 Van Blade, Jean,26cocticensof, 567-569 Sait 3.355 | of aleagih, 251 Vande Graif accelerator, 61, 388‘conductors, 394-608 Soci aw. 557 of a magnetic lux, 429 Van der Pauw, 169Fresnel’s equations, $58-S6S,573 Solar wind SS ‘of a magnetic force, 324 Variables, separation of, 216, 226

m Sours caret density ine 3,3 sme denny, 280 Veco, 2-28, 267 Se aio Four vectorlew of eflestion, $57 ee ste " ‘of a mutual inductance, 458 <efinitions, identities, and theorems. Seesonconductors, Spece shart. inside the front coverSpace-time diagram, 244-287, 289, 266 ‘ofa relative permittivity,307 inside the flaneof incidence,$57 we ‘of atime interval,254, 258 oneraon, 3-24n 7

ofa velocity, 259 rotating,Fadiation pressure, $99-603,607 Specie. 710 ofan angle,209 unit, 216,17, 18,27ray equation, 573 ‘Spence, onic functions, 215 of an electric charge density, 287 ‘Vector potential, 314, 323, 333, 347-349,Snell's law, $57, 570 Spherea 7 ofan electromotance,429 47total reflection, SB1-$93,656 aan of an clementof area, 253, 261 divergence,351, 676Relay, 208325 Stokes theo oan elementof woe, 385 Laplacian, 31, 67ral and , reer line integral of,Lenten 7 Substitution theorem, 150 of an equation,495 line integra of 348





Vector definitions, identities, and theorems

Definitions Identities

Rectangular coordinates rae: 1. (AXB)-C=A-(BXC)
oN! 2. AXx(BXC)=B(A-C)~C(A-B)1 v= Ler Fen Le I )= BAC) CAB)art tay? * 3s [os 3. Vue)=/¥e+e¥f

2 pea a Ode Ay, As 4. (a/b) = (1/b) Fa — (a/b*)¥O
ox by oz 5. V(A-B)=(B- V)A+(A- V)B+Bx(VXA)+Ax (PXB)
‘8A, _ 9A,’ 9A, _9A,\, | (dAy_9A,), 6. V-(fA)=(Pf)-A+f(P-A)3. vx A= (SA: 2Ar) gy (SA SA) , (dar As(GS (ee Ge Se 1 F-(AXB)=B-(PXA)~A-(PXB)

4. wp a SE, oF 8. (FWY= FFBe" By * Be 9. Px(FA)=0
5. WA=V'A8+ 04,9+ FA,2= O(P-A)— PX (PX A) 10. V-(WxA)=0

Cylindrical coordinates IL Wx (A) = (FA) KA +f(P XA)

Ff, 15, Ff, 12. 0x (AX B)=(B- V)A~(A+ VB +(V-B)A~(P-AB.6
= 35 b +5599* a2? 13. Vx (PX A)= P(P +A) — PPA (Sec. 1.11.6)

13 1A, , 3A, 3B, 3B, 3B.) .-A=-— Sey 14. (A+ V)B=| A, "+ A, + A,TVA RT 5PA)+ og * az (-v) [ ox Ar oy TAP 3e |
3B, 3B, 3B,(124: 2Ae)y , (Bde 2A.) 17 2 (yyydele +[a2 +4, Bes a, By

9. vp=t2(pe) AL62h + [ABa,Bs Bep30 \P ap) * pag?” dz © ” *
: 15. ¥'(1/r)=F/r*. This is the gradient calculated at (x’, y’, 2"), and r is the10. V7A= ¥(V-A)— VX (V XA) (Sec. 1.11.6), veetor r pointing from (x’, y’, 2") to (x,y, 2).

Spherical coordinates el Un = —F/P. This is the gradient calculated at (x, y, 2) with the same
un wee 5 17. s@=4$crXdl, where the surface of areaaf is plane. The vectorr extends

or 30" rsind 3g from an arbitrary origin to a point on the curve C that bounds .

13 13 1_ 3A 18. f. Wfdu=Sufdst12, VA =52 (PA) +—— = (Ay sin 8)+Se 19. f\(WXA)dv =—JyAXdsf, where of is the area of the closed surfacePo rin 036 rain8 30 that bounds the volume w
apa _ OAs), Lf 1 9A, ary) 20. $e fl= ~J.. ¥f X def where C is the closed curve that bounds the open8 vx ral gu eto Fels Laaae oe| sac fate .

ame ‘Theorems :
13/,9 1a of) 1 of4. v= 42 (PD) 454? (sinoZ)+4St 1, The divergence theorem. J, A-dof=, V-A dv where of is the area of

15, A= (PA)— PX PXA (See. 1.11.6) 2. Stokes's theorem: Go -dl=f.o(VA) +d.



Physical constants’ Maxwell’s equations for stationary media

Se A. Differential form with E, B, P,M
Elementary charge = 1602177x 10-"CElectron rest mass m= 9.10938x 10°" kg pep OP py py Bio,

= 5.10999x 10° eV © ot
Proton rest mass im, = 1.67262x 10°?’ ky

cp swn se toe V-B=0, v xB hE a u(y + 2s vxM).
Speed of light in vacuum. ¢ = 2.99792458 x 10° m/s

Permittivity of vacuum €) = 8.85418782x 10°" F/m B. Integral form
‘L/4x€o = 8.9875518 10° m/F 1

Permeability of vacuum uo 4x x 10-7 H/m [e-at=2 [(o,-7-Pyaw
Avogadro constant Ny = 6.02213 10° mot!
Boltzmann constant = 1.3806 « 10-™9/K [B-ast =o,
Planck constant h= 6.62607 x 10 “J +s

“

dh
= h/(2x)= 1.084572 10-5 [7xe)-aet =f B-at= -}Gravitational

constant G = 6,672 10-"" N- m'/kg?Mass of the sun 1.98596 x 10” kg [crxp)-act=f peat nof (+24 vx m+ eX) dat
Radius of the sun 6.965 x 10"m “ © i) o
Mean sun-earth distance 1.495 x10" m C. Differential form with E, D, H, B

Earth's mean orbital speed 2.98

x 10" m/sMass of the earth 5.974 x 10" kg VD=py, vxE+ Boo,
Radiusof the earth 6.378x 10'm aMass of the moon 7.3305 x 10 kg Re 9D_Radius of the moon 1.74 x 10'm PBR0 PRM Ie
Moon-earth distance 5.84395 % 10" km D. Sinusoidal fields with E, D, H, B and for linear media

* Codata Bulletin, November 1986. V-cE=p, VXE+jouH=0
VewH=0,  VXH—jweeoE=J.


