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| preface
This book is intended to seve as an inttoduction to quantum physics.

Tn wecing it, T have kept several guidelines in mind

1. Fis, i is helpful forthe development of inition in any new fed of
study co seat with a base of deailed knowledge about simple systems. [ have
therefore worked out a number of problems in great deal, so that the insight
thus obeained can be used for mete complex systems

2. Every aspect of quantum mechanics has been helpful in understanding
some physical phenomenon. I have therefore laid great sttes on applications at
every sage of the development of the subject. Although no atea of quantum
physics is totally developed, my intention is co bridge the gap between

‘mode physics course and the more formal development of quantum mechanics.
‘Thus, many applications are discussed, and [have stressed onderof magnitudeestimates and the importance of numbers

3. In keeping with the level of the book, the mathematical structure has

been kepe as simple as possible, New concepts, such as operitors, and new
‘mathematical cools necessarily make their appeatance. I have dealt with the
former more by analogy than by precise definition, and I have minimized the

se ofnew tools insofar as possible.

lo approaching quantum cheory, I chose to stat with wave mechanics andthe SchtBdinger equation. Although the state-vecior approach gets at the
essential structure of quantum mechanics more apdly,expetieace has shown
that the use of mote familite tools, such as ierenial equations, makes the
theory more accesible and the correspondence with casial physics more
wanspares.

“The book probably contains a litle more material than can comfortably be
covered in one yea. The basic mateal can be covered in one academic quarter.



viii Preface

I consists of Chapters 1 0 6, 8, nd 9, in which the motivation for a quantum

theory, the Schrédinget equation, and the general framework of wave mechanics
are covered, A number of simple problems are solved in Chapter 5, and their
relevance to physical phenomena is discussed. The generalization to many
[patties and to three dimensions is developed. The second-quarter mateial deals
directly with atomic physics problems and uses somewhat mote sophiscicared
tools, Hete we discuss operator methods (Chapter 7), angular momentum
(Chapter 11), the hydrogen atom (Chapter 22), operators, matrices, and spin
(Chapter 14), the addition of angulac momenta (Chapter 15), time-independent
perturbation theory (Chapeer 16), and the real hyérogea acom (Chapter 17).
‘This material prepares the student to cope with a large vasievy of problems that
are discussed during che third and last quarter. These problems include the inter.

action of charged particles with a magnetic field (Chaptet 13), che helium arom(Chapter 18), problems in the radiation ofatoms and related topics (Chapters 22

and 23), collision theory (Chapcer 24), and the absorpcion of radiation in macter
(Chapter 25). This material is supplemented by a more qualitative discussion of
the struceure of atoms and molecules (Chaprers 19 (0 21). The last chapter on

elementary particles and cheit spmmetsies serves the dual purpose of describing
‘some of the recent advances on that frontier of physics and of showing how the
basic ideas of quantum theory bave found applicability ia che domain of very
shore distances.

Several topics arise naturally as digressions in the development of the
subject matte, Instead of lengthening some long chapters, I have placed this
‘matctial in a separate “Special Topics” section. ‘There, relativistic kinematics,
the equivalence principle, the WKB approximation, a detailed treatment of
lifetimes, Tine widths and scactering resonances, and the Yukawa theory of
nuclear forces ate discussed. For the same reason, a brief introduction to the

Fourier incegral, the Disac delta function, and some formal material dealing
swith operators have been placed in mathematical appendices at the end of the
ook,

Tam indebted to my colleagues at che University of Minnesora, especially
Benjamin Bayman and Donald Geffen, for many discussions on the subject of
‘quantum mechanics. 1 am grateful to Eugen Merzbacher, who tead the manu:
script and made many helpful suggestions for improvements. I also thank my
students in the introductory quantum mechanics course that I tught for several
years. Theit evident interest in the subject led me to the writing of the supple
‘menal notes that later became this book.

Stephen Gasiorowice
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‘ | chapter 1
j The Limits of Classical Physics

‘The end of the nineteenth century and the beginning of the twentieth

wince Sanpn A ais of perineal aa ogc one
‘oualy incompatible with classical physics, The development of these concepes,
ee eee aay of adil Prmes sod flan expen ed
Boye eee ays Our oben ais caper ne da de

Stead o'ssso eae ws Bndeigh, ropes ee conepes
eet dan, ahs nt hae conety nl uke he tanson
ae al urunoere nade We sew asp, tr pe
(properties of radiative, she wave properties of mater, and the quantization of phic
ea tienen inte promenade bere

A. Black Body Radiation .

When « body i etd, tse co dine, In elim the ight
eviged gen ov he we sper of fequntca ws opel dist

bution thar depends boch on the frequency of, equivalently, on the wavelengeh
Of the light b; and on the temperature, One may define a quantity E(A, 7), the
caine pt, sce cory ened se werdeog 3 ps at es pe oa
‘time. Theoretical rescarch in the field of thermal radiation began in 1859 with:
the wok of Kichol, ho shovel hs aru ponteoftte
powcr Ba the inriy 4, deed st he Src of iacide mat
‘wavelength d chatis absorbed by the body, is the same for all bodies. Kirchhoffconsidered two emitting and absorbing panilel plates and showed from the

egal condom di ti ecgy chive! mst totheeotgy sed
(for each 2), that the ratios B/A must be the same for the cwo plates. Soon

“A eng an fh Seon of unyy be un a
te pn Sechyee Sane eet
we

; j
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thereafcer, he observed that for & black hady, defined as a surface that totlly
absorbs all radiation that fills on it, s0 that A = 1, the function EQ), T) is «
univers! fanction.

In oxder to study this function ic is necessary co obtain the best possible

source of black body radiation. A practical solution to this problem isto coa-
sider the adiaton ercerging from &snall hole in an enclosure heated 0 a tem-

perature T. Given ehe imperfections in the sueface of the inside of the cavity,{eis clear that any radiation falling on the hole will have no chance of emerging
agsin. Thus the surface presented by the hole is very acarly “coaly absorbing,”
‘and consequentythe radiation coming from itis indeed “black body radiation.”Provided the hole is small enough, this radiation will be the same as that whichfalls on the walls of ehe cavity. I is therefore necessary to understand the dist-

bution of radiation inside a caviey whose walls are ata temperature T.Kirchhoff showed chat the second law of thetmodyeamics requires thac

the radiation in the cavity be isotropic, that i, that che flux be independent of
direction; thac it be hornogeneous, tha is, the same at all points; and shat it be
‘he same in all cavities at che same temperatize—all ofthis for each wavelength *
‘The emissive power may, by simple geomettic arguments, be shown 10 be
connected with the energy density (A, T) inside the cavity. The relation is

10,17) = SAD ay
“The energy density is the quantity of theoretical interest, and forther under
standing of it came in 1894 from the wotk of Wien, who, again using very
‘genera! arguments,’ showed thar the encrgy density had to be ofthe form

1, T) = fOT) 2)

‘wich fstill an unknowa function of «single vatitble. If, as is convenient, one
deals instead with the energy deasicy as a function of frequency, u(x, T), then it
follows from the fact that

aHa, T) = ald, n|o
= Fan as)

2 These mates sre dicated in many textbooks on modern physics and sic
Physics, References canbe found athe ead of his charter.

*wien considered 4 pesfeclyreBecting sphere cavity concctng adiabatically
“The setbiton ofthe enemy a8 1 farction of ne to be cased bythe Doppler shit
cn weletion. See Chap V in F-K. Richemyer, BH. Keanrd, and JN. Cooper Ire
decent Madey Phi, Meow Hl, New York, 196
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Fig. 1-1, Experimental veriication of Eq. 1-2 in the form w(X,7)/7* = a

uoiversal function ofXT.
thar the Wien law seads

aly, T) = og (z) a4)
‘The implications of this law, which was confirmed experimentally (Fig. 1.1),
ae pwofold:

1. Given the special distribution of black body radiation at one tem-
erature, the distibution at any other temperature can be found with the help
‘of the expressions given above

2. If the function fls)—or, equivalently, the function g(s)—has a masi-‘mum for some value of x > 0, then the waveleagth haw at which the energyAensity, and hence the emissive power, has its maximum value, has the form

‘doe =F as)
where & is a univers! constant.

Wien used a model (of no interest, except to the historian) to predict «fox for g(+/T). The fore was

80/T) = Grae (6)

‘nd, remarkably enough, this form, containing two adjustable parameters, fc
the high frequency (low wavelength) data very well. The formula is noe, how:
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Fig. 1.2. (4) Distiborion of power radiated by 4 black body at vatious cempers
ures. @) Compasison of data at 1600°K with Planck formula and Rayleigh-Jeans
formala.

‘ever,in accord with some very general notions of classical physics. Rayleigh, in1900, derived the result

ar?1,0) = ar an

where &is Boltzmann's coostant, k= 1.38% 10-¥ erg/deg and cis the velocity

of light, c= 3.00 X 10" cm/sec. The ingredients that went into the deivation
were (1) the dassical lw of equipartition of energy, according to which the
average energy per degree of fteedom for a dynamical system in equilibcium is,
in this context,‘ AT, and (2) che calculation ofthe number of modes (i. degrees

of freedom) for electromagnetic radiation with frequency in che interval (6, » ++
4), confined in a cavity

«The equipation law peedice tha: the energy per degse of feedom is #T/2. For

san oucilator and the moder of the decuomagneic eld are simple tronic osclacors—1 Contibtion of £T/2 from the kinetic eneigy is matched by + tike conbuion from che
potential eee, aiving AT.

pe mil cea this resale ain, and drive tn Chaprer 28, The omer of modesis“bev/e,foet implied by factor of 2 because wansvese eectromageeic wave Co
tespond to two-dimensional hrmonic oxo.
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The Barligh Jans Jaw (1-7) Jeans made 2 minor conuibucon wo itsderivation) toes not agree with experiment at high frequencies, where the Wien
formula works, though it does fir the experimental curve at low frequencies

__ (Fig. 1.2). The Rayleigh-Jeans law cannot, on general grounds, be core, since
the toral energy density (integrated over all frequencies) is predicred 10 be
infinite!

‘in 1900, Max Planck found « formula by an ingenious interpolation
berween the high-frequency Wien formula and the low-frequency Rayleigh-
Jeans law. The formula is

Bh «
: 1) =Faie] a8)

K where b, Planck's contant, is an adjustable parameter whose numerical value was
© found to be b = 6.63 X 10-* erg sec. This law approaches che Rayleigh Jeans| form when »~+ 0, and reduces t0

4 1.0) = a cue pears

4 aacour G9)
J when the fequency is large, or, more accurately, wien by3> KT. If we tewiceF the formula as « product ofthe number of modes [we obtain this from (1-7) bydividing

the energy density by AT] and another factor that can be interpreted as* the average energy per degree of freedom
ant hy; MOD

8 wir‘i Smt. e/AT.
sae G10)

+. Wesee chas the classical equiparticion law is altered whenever the frequenciesarenot
small compared with AT/h, This alteration in the equipariion law shows£ that the modes have an avetage energy that depends on theit frequency, and

“thar the high frequency modes have a very small average energy. This effective
38 Cavoff removes the difculty of che Rayleigh-Jeans density formula: the coal
: ‘energy in « cavity of uni volume is no longer infinite. We haveer) = SR,
g

_ rh any (o/RT) ho)‘ Sea). wary

ct ae

ofa oan
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‘hein can beevalael, andthe resultsthe Sein olan expesionforthe tal nnon energy per uit volume

un = ar ag

with «= 756% 10° eget dept dived such ee, except forthe
wrest coast in fon on the ass of themeryuamial reasoning. A

departure from the pure equiparticion law was not entitely unexpected: one

etincace of it was the Delong Pete law of speaic has, scoring to
‘which the product of the atomic (or molecular) weight and the specific heat is2caer al solid gee depurars fom the Dulog Pei pedicion weSiecle eaiy as 1602" Thee dears laced that te specie best
read at one esperar

“The angulifed mcens of his formu drove Pack to seu for is
cxiin sad ohn two months he found that he could derive ic by assuming
eee enagy ued with each ode of the decompose fd di aot
Eyada ith verge value FT) bot as an nee mailof sme‘minimum quantum of energy &. Under these circumstances a calculation of the
Terps engy acne! th ach mode, asing the Botsann pobaily
‘Gebaion fc syem of equim ot tempertre T,

He) =5 cay)

led

B= 5 me)

eo

© flste narPate Eee
eos 1s

+ Asotin 0 te equipeton kv teeny OF Nels (nd ie of
sonei ee rc) a he sonny PMT e
Se eee ie auth clara ald oe vedanta
etie ib hho i coe Toe rate fort alae ene aN Near none
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F This agrees wit (1-20) provided we make the identification
3 b=h (1-415)

F and do not change the number of modes
PS Planck argued that for some unknown teason che atoms in the walls of the

ON cavity emitted radiation in “quanta” with energy abr (w = 1,2,3, . . ), but
{Consistency demanded, as established by Einstein a few years later, that slevtre-
mage radiation beaved at if emia of 4 olson of egy ps eos
© boomy bo

The energy casted per quantum is extremely small, For light in the
optical ange, with, sy, 2 = 6000 A,

£ _ 665% 10"X 30x 10" 7. Wehin IO a 53K weg

so that the numberof light quants of tis wavelength, mized by « 1o0-watt
source, sy, is

100 X 108Nm JOM 3X 10% quan /sec33X 1-8 = 3% 10" quanca/
With so many quanta presen, iis pethapt not suprising that we Jo aot ex:
perience the putce nature of ight dite; we sal ee that on» mctoscopic

Fale no deviations from classical optics ate expeced, Neveheles, Planck's
imerpretation of his foxmula rally changes our picture of radiation

B. The Photoelectric Effect

As suceesfal asthe Planck formula was, che conclusion from it of the

<qantum nate of radiation is hardly compelling. An imporant coatsisstion
C0 its aceepance ame from the work of Albert Einstein, who ia 1909 wed the

"For ee Geguocy» thee may be any teil numberof quit pees end
hence copynse onthe wie hemi = Oka
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‘concept of the quantum nature of light to explain some peculiar properties of
metals, when these ate iradiared with visible and ultraviolet light.

Tn 1887, the phocoelecric effect was discovered by Hertz, who, while
cogaged in his famous experiments on electromagnetic waves, found that the
lengeh of the spark induced in the secondary circuit was reduced when the
‘terminals of the spark gup were shielded from the ulravolet light coming from
the spark in the primary ctcuit. His observations attracted much interest and the
following fscrs were esablshed by further experiments:

1. When polished metal plates are irmadiated, they may emic electrons"?
they do not emit positive ions.

2. Whether the plates emi electrons depends on the wavelength of the
light. In general chete will be a threshold thac varies from metal ro metal: only
Tight witha frequency greater than a given threshold frequency will produce a
photoelectric curent.

5. The magnitude ofthe current, when it exists, is proportional to the
incensity of the light source.

4. The energy of the photoelectrons is independent ofthe ineasicy ofthelight source but vaties linearly with the frequency of the incident light.

‘Although the existence of the photoelectric effect can be understood
“within the framework of classical electromagnetic theory, since ic was known

thac there were electronsin metals, and one could imagine them to be acceleratedbby absorptionof radiation, the feequency-dependence ofthe effect is not compreDensible within that framework. The energy carried by an electromagnetic wave
is proportional to the intensity of che source, and frequency has nothing to do
with ic. Furthetmore, a classical explanation ofthe effect, which would have co
involve the concentration of the energy deposited on single photoelectrons,

‘would carry with it an implied time delay becween the artval of the radiation
and che departure of the electron, the delay being longer when the intensity is
decreased, Infact, no auch time delays were ever observed, at least none longer
than 10-* sec, even with incident radiation of very low intensity

instein considered the radiation 10 consist of a collection of quanta of

energy br, where » is the frequency of the light. The absorption of a single
‘quantum by an electron—a process that may take less time chan the upper
limit quoced above—increases the electron energy by an amount br. Some of

J the energy must be expended to separate the electron ftom the metal. This
amoune, W (called the work function), might be expected to vaty from metal to
metal, but should not depend on the electron encrgy. The rest is availabe for
the electron kinetic energy, so that on the basis ofthis picture one expects that

‘This was etblae by an e/m menvoreent
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should hold. The threshold effect and the linear relation berween electron

F Kinetic energy and the frequency are contained in this formula. The propor.
*—dionaicy of the current and the source intensity can also be understood in tems
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of these light quanca, ot photons, as they came to be called: a more intense lightSource emits more photons, and these in tur can liberate more electrons.
Millikan catied out extensive experiments and established the comectness

of the Einstein formula (Fig. 1.3). What Millkan’s and the calis experiments
proved was thac sometimes light behaves like collection of particles, and
that chese “particles” can act individually, so that it is possible to contemplace
the existence ofa single photon and ask what is properties are, A by-product of
these experiments was information sbout mecals. Ie was found that W was of
the order of several elecuron volts (1 eV = 1.6 X 10" erg), and this could be
correlated with other properties of the metals

C. The Compton Effect

“The experiment that provided che most direct evidence for the percidle
nature of radiation is the so-called Compton effect. Compton discovered tha
‘adiation of a given wavelength (in the X-ray region) sent through a metal
foil was scattered in a manner not consistent with classical radiation theory.

‘According to classical theory, the mechasism for the effece is the re-adiation of
lighe by electrons set into forced oscillations by the incident sadiation, and this
leads 0 the prediction of intensity observed at an angle @ that varies as
(1 + cost 6), and does not depend on the wavelength ofthe incident radiation,
Gompton found thac the radiation scattered chrough 4 given angle actually
consists of two components: one whose wavelength is the same as that of cheJncident radiation, the other of wavelength shifted relacive co the incident wave~Jength by an amount that depends on the angle (Fig. 1.4). Compton was able to
‘expliin the "modified" component by treating the incoming radiation asa beamfof photons of energy br, with individual photons scattering elastically off
individual electrons. [a an elastic collision, momentum as well as energy must
be conserved, and we must fist assign a momentum to the photon. By analogy
‘with relaivstic particle kinematics we argue that

p= bie aay

“The argument is chav it follows from the relativistic relation berween energy and
‘momentum

B= let? + GOT (1-18)‘where ms the rest mass of the particle, thar the velocity at dhis momentum is
a ae aoe .bE Geet pay (es)

Fora photon chis is always ¢ and hence the photon rest mate must be zee, Thus the
relation (1-18) becomes

Emp (120)
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ni.
Fig. 14. The spectrum of radiation sat
tered by carbon, showing the unmodified
line2€ 07078 A on the lef and the shiftedlineat 0.7314 A om the right. The former isthe wavelength ofthe primary radiation,

hich yields (-17) when we substitute E = Je. One may also cerve (1-20)
from consideration of the energy and momentum of an electromagnetic wave,
but ehe analogy argument is simpler.

Consider, now, « photon with inital momentum p, incident upon an
slectron at rest. After the collision, the photon momeaturn isp’ and the electon
secoils with momentum P, Conservation of momentum yields (Fig. 1.5)

pep+P (21)from which it follows that

Pim (p— p= pt pt app! (22)
Energy conservation ceads

: Io me = hal + (net + ree 25)
where m is the electron rest mass. Hence

A$ Pre = (hn — BS+ ety
f

= he ~ ta") Decthn — he!) + met4
On the other hand (1-22) may be rewritten in the fork

we (Y(t ae
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¥,
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Fig. 1-5. Kinemasis for Compron eft

that is,

Pic = (hw — hy')® + 2(hw) (ho’) (1 — cos 8) (124)

where is che photon saceting ange, Thos

hr'(1 — cos 8) = met (v — ¥’)

or equivalently

vane Racoon (23)
“The measurements of the modified component age very wel withthe above
prediccon, The uamodified line is presumably due to the saerig by the
‘whole atom; if is replaced by the mass of the atom, the shift in the wavelength
Every small since a atom is many thousends times mote massive Gan an
flecn, The quantity b/me has che dimensions of leged. Wi called che
Compton wavelength ofthe election, and ite magoitude is

wax 1m (26)

“Measurements of che electron recoil were also made, and chese are in agreement

swith the theory. twas furthermore destined by good ime resolution cine
Tence experimen, tie the outgoing, phoron and the recoil electron appeat
Ninulaneouly, Thre no question of the contecress ofthe incerpretation of
the colison as an otdinary “bllard ball” type of colon, tha is, of the
Fricke benaviot of the photon. Since stdiation aso his wave properties
ret canis icftence end difeaction, we eight expect some conceptual
dliicales These exe ad we shal discuss them atthe end ofthe chapeet,
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D. Electron Diffraction

In 1923 De Broglie, guided by the analogy of Fermat's principle in optics,and the leastaction principle in mechanics, was led to suggest chat the dual

wwave-particle nature of radiation should have its counterpart in a dual particle.©
. wave nature of matter, Thus particles should have wave properties under certainf circumstances, and De Broglie suggesced an expression for the wavelength
associated with the particle." This is given by

j A
a-+ 4.27)

? (27)f where bis Planck's constant, aad p is the momentum of the particle. De Brogie'sGBB
work accraced much attention, and many people suggested that verification

E could be obtained by observing electon diftaction." The experimental observa-
AEP sion of cis effece occured in experiments of Davisson and Getmer, who found
GE. tm in the scattering of elecrons by a crystal surface, thete wes preferential

BE scancsing in cerain directions.

HE Figuee 1.6 is a simplified picture of what happens. fn the scattering of
Fis waves by 2 peviodic seructute, there will be a phase diference between waves

ff coming from adjacent scattering “planes,” whose magnitude is given by
G@2x/9) 22 sin 6. Thete will be constructive interference whenever this phase

Bcdifference is equal to 2er, whete m isan inceger, that is, when

BEB Tic iocertrence perm obered in elecuon sein by Davison and Geer
Fig could be correlated withthe above formula, provided the association (1-27) was

BE made. This verification constituted a major step in the development of wave
by mechanics
[2 The particle diftaction experiments have since been catried out with

Be moteculas beams of hydrogen and helium, and with slow neutrons. Neucron

fe disiaction is particularly useful inthe study of crystal structure. To get a rough
Be idea of the kind of energies needed for the diffraction experiments, we note
FE thatthe crystal spacings ate of the order of Angstoms. The grating constant in
Behe Duviston-Germer experiment, ia which nickel was used was 213 A
Henceis ofthe orderof 10-* em,so that p = B/ASY 66 X 10" gm cmn/sec.fF
Thus for electrons the kinetic energy is pt/2m, = (66 X 10-™)}/

j " Chape: 2 conans « iscssion of wave packets in which the De Broglie relation
‘emerges as vey plush ese .

“The histry ofthe veiaton ofDe Broglie’ conjecrre canbe fd in Jue,The Conrad Dement Quantom Mecho
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Fig. 1.6. Schematic drawing, of electron seaering
georey

(2X 09 10-%) © 25 X 10" ergs, and for neutrons the kinsic energy is
Priam = (meme) X Aelecton energy) % (1/1840) X 2.5 X 0-H ergs &
1.3% 10°? ergs In terms ofthe more convenient electron volt, these energies

are approximately 160 eV and 0.08 eV, respectively.
‘On a mactoscopic scale, the wave aspects of particles are beyond our

ability to observe them, A droplet 0.1 mm in sie, moving at 10 cm/sec will
havea De Broglie wavelength of b =.6.6X 10-P/4 X 10-* 1.6 X 10-* cm,Since the “see” ofa proton is about 10° em, clay chere is no way in which
the wave propesties of an object of dimensions significantly larger than 10 cm

can be observed. As for the particle properties of radiation, iis the smallness of2 that decermings the classical properties in the sense chat the dual aspectsbecome apparent only whea the product of momentum and dimension is of the
order of b: We shall ee thatthe formalism of quantum mechanics describes the
Sitution very well,

E. The Bohr Atom

Experiments carted out in 1908 by Geiger and Marsden on the xateringof a particles by thin foils showed signiicane large angle scattering, torally
Inconsistent with expectations based on the Thomson model of the atom,
cconding to which elections were embedded in 2 continuous distribution of
poutine charge. Rutherford propoxed 4 new model chat accounted forthe dace
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all of the positive charge and essentially all of the mass of the atom were con-‘eouated in a region that is small compared with the dimensions of the atom,
that is, in the nucleus ofthe atom. The electros,attiacted to the nuckus with 4

1 force, taveled ia planetary osbits about it. Alchough the model explained
particle scaering quanciaively, it faced owo insuperable dificulces. Since it
implied a petiodie motion forthe electrons, it could not account forthe speera
‘of radiation fom aroms, which did not have the expected harmonic structure«

f (cf. 2 vibrating sing), but insted had the structure

L 14
te cone. (4-4 A.sven (l-) ow

whete rand 1 wete integers. It also lacked 1 mechanism fo sailing atoms:
fan
elcton ina citculaof elipiconbic is constantly accelerating,and accordingCo electromagnetic theory, should be radiating. The constant loss of energy

‘would, within a very shore time, (of the oder of 10" sec) lead to the collapseBB of tse atom, withthe electrons plunging into the nucleus
Just ewo years after this model was proposed, Niels Bobr in 1913 advanced

‘a series of postulates, which, while sharply breaking with classical theory,
“explained che special structure and bypassed the stability problem, Bott
L proposed tha

E

3

1. The electrons move in orbits restricted by the requirement that the
Ff sogutar momentum be aa integral muleple of B/2x, that is, for circular orbits of

PAP nds, ee clecton velocity # is resected by
a ah

.a oreo (1-30)
acd furthermore che electrons in these omits do not radiate in spite oftheir

BA acceleration. They were said co be in stationary states.

Bi 2. Blecrons can make ddcontiavous tanstions from oae allowed obit to
Gis svother, and the changein energy, E ~ 2 wll appear a radiation with frequencyee Bk

.e aa 31)

Fe An acom may absorb radiation by having its electons make « canstion to a
Ei higher energy orbit.

a ‘The consequences of these postulates are very simply deduced for one-
clecuon acoms such as hydrogen, singly ionized helium, nnd so om, if we dealwith che circular orbits.'* If the nuclear charge is Zand that of the electron is

© When elliptical orbits are“allowed, a much richer structure emerges. This will be
dinced la Chee 1
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=e, and if che radius ofthe obit is r, then, caking the nuclear mass co be infinite,
wwe balance che Coulomb force againstthe centrifugal force

Ze om

a0 (1-32)

“when combined with (1-30) leads to2eZ
ee (1-33)

and

1 wht

ate a3)
The energy is

1 BenBa gar — = = (135)
‘which, by postulate (2) immediately leads co che general form (1-29) (Fig. 7).

Before evaluating these quantities to obtain an ides of theit magnitude,

‘we will introduce some notations that will be very useful. First ofall, itis 4/2

rather than b that appeats in most formulas in quantum mechanics. We therefore
define

AB= = 103s X 10 xg ec (136)
‘To keep the expressions for the energy simple, we shall deal with the angular
frequency w rachec then », where

one (37

‘Thos (1-31) reads

E-E

on (138)

‘Similatly, the quantum of radiation carries energy
Boho (139)

Ie is convenient to introduce the “reduced wavelength”

Ale

rade (40)
s0 that che De Broglie elation reads

»-t (tn)
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[S _ Big. 1-7. Specarum foc hydrogen atom as derived from Bohe atomicBF © model The exsrence ofthe quantum numbers! emerge froma discussionF. of clic! orbits. The lines connecting energy levels represect the Gomi

2 “The Bohr angular momentum suantzation condition reads

a mor= nh (w= 1,2,3,...) (a2)
P tisslso very convenient to introduce the dimensionless “ine structure constant”

Ga 1 °

8 fe” pres a
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hich we will approsimate by 1/137. In tetms of chese quantities we find dhe
Inch simpler expressions

em oa

eon "Zam a)
and

B= — hae (1-45)

[Novice thatthe radius, which has the dimensions of lenge, i wren in esOf me, the redaced Compton wavelength ofthe electron, aad that the enetgy
$s wuiten in texms of me In all atomic calculations we shall expeess our result

in terms of mc /mc, h/t, and me for energy, length, time, and momentum,
respecively. Angular momenta wil always appear ss multiples of f

Tet us now calculate some of che quatiies that emerge fom che Bohr
theory. We eelate

mn 051 X 108eV

051 Mev

&

4es9x oem

fom isx io (1.46)Bima x wise .
and thus obtain

(a) the radius of the lowest (w = 1) Bohr orbit is

137k _ 053aon WK OK a

(b) the binding enecgy of the electron in the lowest Bohr orbit, that is, the
energy requted to puc icin # state with B= O (cottespondingtor = ©) is

E = 4m! (Za)? = 13.62"eV (1-48)
“Thus, for example, a cansition fom the w= 1 sae tothen = 2 state in hyéro-_gen (Z= 1) corresponds toa change in energy of 13.6(1 — 3) eV = 10.2 eV.JT frequency of the eaitted radiation cn be calculated by converting this aco
cexgs, but its more convenient co work this out in the form

MAD Dace
a ah “ge ax ot

15 X 10" tad/sec
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Equivalently

; «tek
de ae eR

eo dat me
os

= 12004
F

which lies in the ultraviolet.

* ‘The success of the Bohr theory with hydrogenlike atoms gave great
imps to further research onthe "Boke tom” Insite of some exesordoany

4. sthicvementsby Boi and other, it was et that the theory nas pronsona
% fe sid nothing about when the cectons would make thei jumps, ase te
quantization role wes resticed to periodic stems « mote gene serene

By Sommereld and Wison,

f pdy= oh 49)
oe

here pis the momentumn associa with the coordinate 4, was of a0 belp in3) eating problems other than those associated with atomic levels of hydrogen
"Brom the Boh theory emerged:

1. The eorepondeeprin, whic, nesenc tates that classical physics
> / fesults should be contained as limiting cases of quantum mechanical results

‘The limic should be reached when the “quantum numbers” ate large, for ex-
{- aaple, for large » in the Bohr atom, Once 4 content theory of quanton

pesos ws once, stomsialy cone eal physnit, but che picile was very hlpal i pucing theoretical gure, ad le

|Heisenberg tothe poine fom which he ould mae hes pane esp to guiaEy
mechanics, To illustrate how the cottespondence principle is satisfied by the“50 Bohr atomic model, consider the frequency of the radiation emitted when an

“electron makes a "jump" from the orbit with quantum number # + 1 to the
i 15, Bebic with quantum number n, when m is very large. Thisis « good domain to askFpl te cassical tit, since the angular momenta af indeed much spergf

te0 6 Cascally an clecuon moving ina crear oni mh seloiy vould be
{GEE cxpeced co raat with the frequency oft motion tet
3

= Bat Lame _ Lalnct 1a OF oer Death ah ont (1-50)

{On the other han, the frequency ofthe adi associated with the taston
is, according to (1-31),

ol tm f tot

"See Rove (6), Nit ur, North Holand Pubsing, Amen, 967
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which approaches ve for n >> 1. Note that this is significant result, singe ics
‘only the frequency associated with an 1 + 1 —+ 1 transition that coeresponds (0
the fundamental classical frequency. The radiation associated with the jump

fr-+ 2» has no classical counterpart even in the large 1 limit. We shall seein
Chapter 22 that there are no # + 2» transitions for “circular orbits” in
quantum mechanics."

2, The quantization of angular momentum held in other situations as wel
{es application to elliptic orbits gave a more complete picture of the specturm of
bydrogenlike atoms, and it was diecly observed in the experiments of Stem
and Getlach'* in 1922.

F. The Wave-Particle Problem

“The fact that adiaton exhibits both wave and particle properties raises a

deep conceptual difficulty, as can be seen from the following considerations.

1. Our discussion ofthe photoelectric effect, in particular the correlation
of the number of electrons emitved with che intensity of the rediation, strongly

suggests that the intensity of electromagnetic radiation is proportional to the
‘number of photons emitted by the source. Let us now consider 2 Gedanken-
“experiment” in which radiation is diffracted by 2 rwo-slit system. Imagine that
the intensity of the sousce is reduced to che point where, oa the average, one
photon per hour artives at che screen. Note that we have to deal with entire
photons: as the Compton effect as well as the photoelectric effect show, it is not
possible to split a photon into parts with feequency w but energy ess than fu
‘The dectease of intensity in che incident radiation should not affec: che classical
Jiffaction patter, since, in efect, we are only stretching out the tiene scale on
‘which the transmission from the source to the photographic plate of a large
number of photons tikes plice. Photons that cometo the plate an hour apartearly cannot be cortelated, and we may cherefore think about this process onephoton ata time. A photon, as a particle, will presumably go thtough one slit or
the other, If we add to our Gedankenexperiment apparatus «small monitor thac

"Such eansitions can occur for epi orbits (oo: considered hese), and chit is
consistent withthe conespondence pipe

"These matters ae dscosed i any extbook in modern physics (ee references at

he end of this chavee.WA Gulanbmerperiment (hough exptimest) is ove thax may be imagine, has,
cove that i consistent wih the Known Inws of piss, even chough it ay not be tech:
tically feasible Thus, mesoring the accelerion due o gravy on he surface of che sn
Ba Cedankenespeiment, wren geesuing the Doppler sift of suri as see fom 2face tip moving wth twice the veloc of Het i nonsense. In Chae: 2 we sal see
How cuefal ove mot be vo insist on conssency with the hws of physks in seing up =
Geobasenerseriment
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1 ells ws whether che photon went through slic “1” or slit 2," we can divide che
+ Photons into ewo classes, associated with the cwo sis. For the fist cass, we

‘could have closéd down slit 2, since the photon did not go through it, for che» second class we could have closed down slit 1. We might thus expect that che
f pattem on the photographic plate should be che same if we repeated the experi-
ment with one slit closed for half che time, and the other slit closed for the other
half ofthe time, Ths, however, cannot be, since the second experiment does notBB
givean incerference pattern. Thus there is an inconsistency that will be traced tothe assumption chat che presence of the monitor that tells us which ai the

F photon went through does not affect the experiment. When we discass the
Heienerg ancerainty principle, we shall se that the ation ofthe monitor desoys
the interference pattem, s0 that there is no inconsistency. At this sage it os

fuficent to point out chat when thete is no monitor, exch photon set 4s 2Bf wave, and ic does noc make sense to ask which slic the photon went thtough
RE Presumably, we can stil speak of an average intensity of radiation at each sie© 4,P this mast mean hac fr individul photons we can only speak ofa probabily of25) Boing chrough one si of snorber.

3 2. The notion ofprobability must againbe invoked in understandingthepassage of polarized radiation theough an analyzer. Asis well krown, a beaen ofage
Mediation of intensity Ip will be attenuated to 1» cos* a, where «is the angle

FP berween the axis of the polarizer and that of the analyzer. In tems of single
Pe phorons thac ate indiible such an attenvation is only explaiouble if we state
ag#Bie* « given phocon will either go through or be blocked by the system, with a
‘\Gpebability of wansmission governed by the construction of the apparatus,
spi is, by the angle a.
Gye >: In che same way, consider radiation from a distant star. The statis che
EAP source of » spherical wave of elecromagnetic field excitation, spreading with
velocity . lo cexms of individual photons ic is not sensible to thiak of the

photon as spread thinly over a sphere of radius cf (whete £
is the time since thepwhoton was emitted), since the collapse of that photon to a single point on a

f Bhotographic plate,ot on the retinaof the eye, would violate common sense, if itWere "really" happening. We may however interpet the spherical distribution axBpiving us the probability of nding« photon ata given solid angle4, Sometimes it is possible to interpret a given experiment both inff
artic and in wave language, boc then nonclassical aspect creps in elsewhere
PDicke and Wirtke™ have proposed the following Gedankenexperiment (Fig.
4.8) Consider a cylindrical bitd cage with the bars spaced regulatly, and spacing7

R

enh,

B gtBM.Dicke and. P. Wie, intadecinte Quatom Macunis, Adcnoo. Wee,eating, Mats 190
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/
/

Fig. 1.8, End view of Dicke-Wittke “cage” showing
‘equally spaced bars and geometrical quantities con-
seceed with it

‘where R is the radius of the cylinder and N is the number of bers. Consider
‘adiation emitted from a source placed on the axis of the cylinder. The bars act
asa diffraction grating. If che beam emerges at an angle @ with the original
direction, we hive maximum intensity if the angle and che wavelength are
related by

asinQ=mh (HALA)
chats,

2aR sind

re (152)

‘We could also interpret the intensity peak by assuming tha the particles scatteredthrough an angle @ off the bars ofthe bitd cage. The momentum transfered to
the cage is p sin @and hence che angular momentum transferred co the cage is

L = pRsin@ 53)

If we now mace the De Broglie association, p = 2xf/h we obxain
2xiNe

= NT. Rsin 0 = Nok 4Lm ee Rein d= Ni (54)
that is, angular momentum is quantized! The factor N i associated with the fact
that che bied cage looks the samme when itis rocated chrough an angle 2m/N, as
‘will become clear later
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j, 1 1925 the modern theory of quantum mechanics sarced withthe workofHeisenberg, Botn, Jordan, Schrédinger and Dirac, This theory providesa wayofreconciling all of the conflicting concepts at the cost of making us abandon a
‘ertsin amount of classical thinking. Te is one of he joys of being » student of

{physics co be able co appreciate this beautiful theory and the monumental
sudvances in our understanding the properties of marce thatthe theory enabed

pus to make.

Problems

1, Prove the telation (1-1) between the energy density in a cavity and the

H emissive power [Hin To do 50, looka the igure. The shaded volume clement

® /
re b/
¥ a

ray :
a

2 is of magnitude r* dr sin 6 dd d = dV where ris the distance to the origin (at
| the apertare of area dA), isthe angle with the vertical and @ i the azimuthal

Angle about the perpendicular axis through che opening, The energy contained

in the volume element is dV multiplied by the energy density. The radiation is= sowopic, so that wha: emerges i given by the solid angle dA cos @/Arr* mite
F. plied by the energy. This is o be integrated over the angle # and @ and if the

Bhp flow of radiation in time Aris wanted, overdr from 0 jo ct the distance fomwhich the radiation will excape in the given time intetal}
2. Use (1-1) and (1-12) co"obtain a formulafor the rotal rate of radiation

per unie area of a black body. Assume that the sun radiates 28 2 black body.
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‘You are given the radius ofthe sun Ro = 7 X 10" cm, the average distance of,
the sun to he earth do = 1.5 X 10" cm, and the solar constan, the amountof
nergy falling on the eath wien the sun is overhead 1.4 X10 ergs/cm* sc.
Use this information co estimate the surface temperature of the sun.

5. Given (19), calculate the energy density in a wavelengeh interval
1X. Use your expression to calculate the value of = Roa for which this
‘dens is maximal. Show chat Nous is of the form B/T, calculate b, and use your
estimate of the sun's sucace temperature t0 calculate hoa for solar tadiation
{iti In calculating b you will need che solution x of the equation (5 — x) =
Ses Solve this graphically ot by @ successive approximation method, in which
you firs writex = 5 — 6, with 1]

4, How much ofthe sun's energy is radiated in the range of wavelengths‘4oco XJo00 A? tise the Tesimated ia problem 1. Pot the energy density on
‘raph paper to obtain the numerical result

5, ‘There is some expetimentil evidence that the universe contains black
body radiation corresponding to an equilibrium temperature of 3°K. Calculate
the energy of a phoron whose wavelength is Nm corresponding to this tem-
peraure.

6. Ultraviolet light of wavelength 3500 A falls on a potassium surface.“The meximum energy of the photoelectrons i 1.6 €V. What is the work functionof poussium?

7. The maximum energy of photoclecttons from aluminum is 2.3 eV for
radiation of 2000A and 0.90 eV for radiation of 3130 A. Use this data to calculace
Planck's constant and the wodk function of aluminum.

8. A100 MeV photon collides with a proton that is at rest. What is the
smaximam possible energy loss for the photon?

9, A 100 keV phocon collides with an electron at cst. It is scattered
through 90°. What i ts energy afte the collision? What i che kinetic energy in
EV of the electron after the collision, and what isthe direction of ts coil?

10, An electon of energy 100 MeV collides with a photon of wavelength
5 10"& (conesponding tothe universal background of black body eedation).‘What is he maximmurn energy loss suffered by the electron?

11, A beam of X rays is scattered by elecuons at rest. What is che energyofthe X rays if che wavelength of the X rays scattered ar 60° to the beam axis is
0.035 A?

12. A nitrogen aucleus (mass & 14 X proton mass) emits 2 photon of
energy 62 MeV. the nucleus i iiilly a¢ es, whac is the recoilenergy of the
nucleus in eV?

13. What is the DeBroglie wavelength of (a) a 1 eV election, (6) a
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10 MeV proton, (c) « 100 MeV clecton? (cation! se the relativistic energy
formula), (A) a thermal neutron? (defined as & neutron whose kinetic energy
8347/2 with T = 300°R)

14, Consider crystal with planar spacing 3.2 A. What order of magnitudeof energies would one need for (a) electrons, (b) helium nuclei (mass = 4X
proton mass) to observe up to 3 inerference sxe?

15. The smallest separation teslwable by a microscope is of the order of
magnicade of the wavelength used. What energy elecons would one eed in
‘an electcon microscope to resolve separations of (a) 150 A, (b) 5 A?

16. I one assumes that in 2 stationary sate of the hydrogen atom che
lection fis into a circular orbit wih an integral number of wavelengths, one

ca reproduce the resus of the Bohr theory. Werk this outql 17. ‘The distance between adjacent planes ina crystal are to be measured,1X rays of wavelength 0.5 A are deeeted at an angle of 5", what isthe spacing?F Ac wha angle wil the second maximum cut?

18, Use the Boh quantization rules to calculate the energy levels foc a
harmonic oscillator, for which che energy is #1/2m -+ mui/2, chat i, he
force is mu%r, Restrict yourself to citcular orbits. What is the analog of the

Rydberg formula? Show that the comespondence pncple is satis forallsalves of the quantum number used in quaotixing the angular momentum

E19, Use the Bohr quantization sues to ealculate the energy states fora
ati given by

vin = vi(2)

Ewith & very large. Sketch the form of the potential and show that the energyFrales apploach Ey ~ Gt

20. The power, that i, the energy radiated by an aceltated charge ¢ is
dusialy given bythe fola

3 pata
38 apis

[where a is the acclention. Ia a ciculr obie 4 = +4/r, Calculate the power
‘diated by an clecton in a Bohe ont characterized by che quantum aumber

f When a is very large, this should gee with a proper quantum mechanical
result according co the comrespondence principle

21. The deaty rate for an elecuon ia an otit may be defined to be the
Power radiated, P, divided by the enesgy emitted in the decay. Use the Boht

theory expression forthe energy radiated, end the expyssion for P fom peoblem20 to calculate the “contespondence” value of the detay rte when the election
makes a asiion ftom oebie to orbit — 1. What is che value ofthis decay
race when = 27 (This wll noc agree exacly with the trve quantum theory
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resul, since the correspondence principle will not hold for such smal valuesofthe quantum pumber) What isthe decay rate when che canstion is from an
Debit to-an omit w — m? Wha isthe lifetime = (decay tae)"?

22, The lassical energy of a plane rotator is given by
Be wy

where L is che angular momentum and 1 isthe moment of inertia. Apply che
Bohr quantization rues to obtain the energy levels of che rocato, If the Bobr
frequency condition is assumed for the radiation in transitions from sates
labeled By to state beled by m, show that (a) the cortespondence principle
holds, and (b) cat ic implies cha only uansitions An = -k1 should occur.

125. Molecules somesimes behave like rotators. If roacional spectra are
‘characterized by radiation of wavelength of order 107 A, and this is used to
‘estimate interatomic distances in a molecule like Hs, what kind of separaions
(ic. A) ace obtained?
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chapter 2

Wave Packets and

the Uncertainty Relations

Quotum mecasiy provides us with an undentnding of all of the
phenotenn ducal ia Cher 1 Tes indapenable othe wedensandiag of
Toms, molecule, omic nue and saga ofthese, We wl speach the
Sry of quneum mechanics dough te eucdnger equation and te spp,

ete inteetation of ts soatons Thee sno way of dering this equation
From casa! pyc, ice esse the rea fea pyc cn
ony be guessed, which is what Schrodinger did, following the eater insights of
De role We wil moat he gue somewhat diferent by song how one
righ yf econcle the wave ted puie prope of eenonn

T's difficule to think of configurations of particles that somehow simulateive behavior. This s why the diftaction experiments of Fresnel and Young led

toiheumcamous accep ofthe wate hey of ight On the ter had is. |

possible to imagine configurationsof waves that are vety localized. (A clapofthunder is an example ofa superposition of waves leading to an effec localizedinne) Such totised "weve ches cane scieved by speponing wes,
F ith dtant fegucocic aswel way, so ht they infer wah ent cer
| ost comlecly oui of given sata elon, Te tech tool foe

[doing this involve Fourier integrals, and Appendix A summarizes them for the
teat who fami mh Tone siesta no does no ist on tate

| mac age

fm Sen camp, consider the fnction defined by

fis) = f ah gh) om (aay
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‘The seal pare of f(x) is given byf ” de gli) cos ke, and this is linear super-
poston of waves of wavelength b= 21/h, since fora given & che wave tepo-Tees itself when x changes to x + 2e/k
Ghoose

hen 2)“The inegnlcan be done: with = A — bywe have
fo) =f dh gb) 6H oe

ete

[7

aetaedn

wherein the lst step we have completed squues. I is justified co lee —
Tia/2e) = and sul Keep the integra along the tal axis? Makingvse of

oe

deo = 0f Ai 3)
we obtain

0) = fEeae ect esf= I 24)
“The factor eis known as “phase factor,” since |]? = 1. Thus the abso:
luce square offs)

pair = Beem es
“This function showsa peaking chat can be very pronouaced when ais choten tobe amall Teepresents function localized about x = 0, with + width of thetudet 24/2a, since when 2 = -£-V/2a, the function drops offro 1/¢of speakSaluc, The width in espace is conlated wit dat in space, The squat of¢@)
Joa function peaked abouthy with wideh 2/4/22, There is a reciprocity here:efanctom svongly localized in xis broad in hand vice vert, The product of
the ewo "widths i

2ahar~ ta aVin = 4 e6)
t-te adr fail with be ery of open vibes wl have no wou com

cinciog hme ch
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‘The actual value of the numerical constant is not important; what matters is

that itis independent of a. Thisis general property of functions thac are Fourier
transforms of each other (Fig. 2.1). We represent it by the formula

Arak 2 O(1) 0)

WhereAx and A& are the “widths” of the ewo distributions, and we imply by
© O(1) that this is a number thar may depend on the fonctions that we are dealing

with, buc is not significantly smaller than 1.113 imposible to make Beth x and Ak
small, Tis is a general feature of wave packers, but we shall soon see that it has
some very deep implications for quantum mechanics.

‘ In Eq, 2-1 we considered a function fl) the is made up ofa continuoussuperposition of simple waves «#*. How will such a wave packet propagate in

ry

<$ ° +

se

Fig. 2-1, Relation becween wave packet and its Fourier transform for
square-shaped wave packet
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ime? The answer to that depends on how she inva waves prope. Ia
sera ee shall wate for che simple plane ware (30 called becae inl has8cal variation in x, But tin of 2) he fxm

ane es)

Herew = 2nv isthe angulae fequency. The quantity b is relaced to the wae-
[eat by A 3e/h so that we ty wate fr te simple wave another form

sate oe)

ir we are consideing the propagation of igh wave a vacuum, hen thee i
Uap coon betwee’ v und 1/b, snl, » = «/, 80th the spe wave
becomes:

it we now ake the superposition, with ample (8 of hese simple waves, we
aentimeh

fla)= f dh (MHP = fix a) (210)
“Thisis dhe same shape thatwe sated fiom, except tat instead ofbeing lcained

sae Rip mow locaed at f= 0, Ths a wave packetof light waves
‘opagten itu dserion wit veloc ¢, te velocity of Bight.

Sra however, ate concerued with waves thae are supposed co describe
partie and me may oe, heer, equ hat w = A, In gene wl be &
function of £, so that

sie) = [ae ga eorses eu
For the time being, we do noe know wha the frm of(8 is, but we shal tytosclamine fons the equiemen tha fx) resemble a rely moving casial
pile

Torus consider a wave packs that is strongly localized in space, abour2
value fe This would comespond co a choice like (22) with ar large. Ie is crue
Tei wl bo eptsene an fa) sharply localized in xspace, but ou eal
an in be ease, tad we ate arly sil ying co make inceligent guesses.
Since rhe integral in (2-11) will center acound = by, we expand (4) about fy
snd assume chat (A) is not a very apidly varying function of &. Thus we write

t ay lg py F8 ¢ty = iy + et), 5 a H0 (2),
‘Then using the fom (2-2) fo deinitenes, and writing k— y= F we Be

fxs) = de vor fae ott Wetrnedartet eileen) (2-43)
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P Aside fiom the phase factor in front, chexand #coordinates appear in a form thatsuongly
suggests thatthe velocity of propagation of the packet the groupvec. ist

de

n= (4), ow)
[) Thus, defining

ee Lf Pe
(Ge), -# ev)

we have

This is just the incegtal that led co (2-4), so that replacing x by x— #yf anda
Coby a+ ir, we ger

Gxt) = etteoteon ("ergo tateranfen = errno (5)sad the absolute square ofthis function is

This repcseats& wave packet whose pak i aveling with veloc t, but ie
does no have «dete width: the quay that was at = 0 now comes
Ft (B'6/a), thai, te packet rein, Since the width is proporsonel to

4 (0+ )" = va(i4™)
the rae of spreading willbe smal if is age, shat is, iFehe packet is spatially
lage to begin with.

The most important result shat if (2-11) is vo represene a particle with
‘momentum pand knee energy p/2m, then we must require chat

os .na Bet 19)
.

* This

is certainly in agreement with what we found in the special case of light propa-son, wise = Er The sun el ne peel pesinenshe eee

kayaker eeobe woe pus fr wavs inioomans oct neea 5wees (4) eo
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IF we fuer make de asociton that
B= he (9)

suggested by the qunatom sation for mltion, 0 shat

ontanh (2-20)

then consistency demands chat we maketh ssocition

ame .
b= x & (2-21)

fist derived in a somewhat similar way by De Broglie

Tercin opihe expsion (211) eam be Sowien in the for

1 sp) etree ¥vd = Fag foon en)
“The wave packer ¥ (x) isa general solution of the paril differential equation

BD 5[apa neerswet [rane

1 PF pornoFalouker
__ Bed)
-- Bes (23)

provided, we hve done above, we describe the motion ofthe “patie” in
pantalic region, where B= /2m. Ics his equation, and generation
aera fe stale moving int peal, ta repens the important
abstraction from the arguments outlined above. It should be stressed that the
wenn repens gene thet was no jostcaton on te bass of csi
sis Yoru placement ofw by Emo forthe eplacerent ofthe wave
oumber £ by p/f.

Trnace theta ofthe spreading ofthe wave packs Ifwe
‘consider a Gausian packet (2-17), we see that no macter how large is, dere will
Seni cn the spreding wil become notes. This fio condicion
Ne cicmnc, which shows very cea thr nucle, fr example ac ar ey
ay taken changed dunge paid of 3 10! yas (10 sc). We al set
eee shar ae nouns of poke, hited atin Chapter ya oeer aeingly seers oa goowing probly tht Ce parle
fiom whee twas fend a= 0
Ba eraporantguative observations that we made in our
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wave packer discussion isthe reciprocity relation between the widths in x- and
space

Akar zt (2-24)

Tf we multiply this by Aand use A = p, we obtain the Heisenberg uncertiney
relations

dpaxzh (228)

Since the width represents a region in which a particle is likey tobe in x-space ot
: in momentum space, (2-25) states thar if we ey to construct a highly localized

wave packet in x-space, then ic is impossible wo associate a well-defined momen-

‘cum wich it, in contrast with what i taken for granted in classical physics. By thef. same token, wave packer characterized by a momentum defined within nattow
limits muscbe spatially very broad. This limitation is one that is imposedon thelassi description, which insists on being able to specify both postion and
momentum. In quantum physics position and momentum, just like particle
bchavior and wave aspects of a system, are complementary properties of the
system, and the theory does not admit the possibilty ofan experiment in whichboth

could be established simultancously. The smallness of f guarantees thatonly for microscopic systems will the usual notions of classical physics fail. Forf¢

ample, for a dust particle of mass 10~* gm moving with a velocity of 10! -F em/see with an uncertainty in the product of one part in a million implies
p Ap~ 10+ and chusAx ~ 10-* ce, which is 10-7 times smaller chan the radivsJ (of& proton! This is not so for an electon in a Bobs orbit. It we take Ap ~ p ~* mca/a, then Ax ~ fin/mca, ofthe order of magnitude of the radii of the orbits,

Tn what follows we will discuss a oumber of Gedankenexperiments inF which we will show in detail how the wave-parcicle duality acs €0 conspite
Prohibit a violation of che eelation (2-25)

(2) Measurement ofpotions of an electron. Consider the experimental set up.
in Fig. 22, whose purpose is to measure che postion of an electron. The elec.

tons are in beam having well-defined momentum p, and moving in the positive|
* direction, The microscope (lens + screen) is to be used to see where the elec
twon is located by observing che light tha is seattered off the clecuon. We shine

Highe along che negacive x-axis; 2 particular electron will setter a puticulat
Photon, and the latter recoils through the microscope. The resolution of the
microscope, tha is, the precision with which the elecron can be locabized is
known from optics. eis

rN

. one 26)
where dis the wavelength of the light.

Ie would appear that by making d small enough, and by making sin large, Ax
‘an be made as smal as desired. This, we will now show, can only be done atthe
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Fig. 2-2. Schematic dawing ofthe Heteabarg miaonepe for te
Fmesuement ofeon putin.

expense of losing ifornaion about te s-componet ofthe elton momen:See orton ery tle hat what egies on the steenbxhid dhe Tent
se ai rraidea photons tae got dere Beste they seed ofthe Ace
east ction of the phowon ater satering is andetenmined within che
Teg sobended Sy the apetre Hence the mapaitude of the recoil momeatam
of te econ is uocerin by

: apn 2! sine am
Hence

by

spean~2M ane om tt oan
Can we get around this difficulty? Afterall, the direction of che photon is .
Carcted wih ne momeneu, aad if we could somehow measur the recoil of

the seer, we could spay the photon (and beac eleeton) momentum bee.
Tee terns we ingode the mioscope us par ofthe “observed” syste, we
sre Peng about Toston. ine is momentum isto be specied. Dut the
ree ony too must oy the uncertainty relation, andi ts momen 8c
cases pede pouionwil be les cetemne Te a! "dasa observationPeaswil aleay be acl withthe indeterminacy(0) Theses apne In Caper1 ve suggested that he inveference
paces, pened inthe psage of an stint eeough two sits was logy

see acy Scone photon, at he ify ene for eons which
ease local
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f _incompuible with our being able co know which slic the electron went theough,
4s such kaowledge would imply thatthe pattern is a superposition of clecooeg
coming, fom one slit or the other. This, however, cantor give an interne
pacer. We may use the unceruincy relation to show that 2 "moniot” shee
‘denies the sls of passage will destroy the interference pattern, Let the shee
be separated by 2 distince a and let che distance from the sles to the stewbe[The condition for constructive interference i

rN

sin 8 = a (2-29)

; $0 that the distance berween adjacent maxima on the screen isd sin ys —; 4 sia8s = d/a. Consider, now a monitor that determines the postion ofanelectron
just behind the screen co an accuracy Ay < a/2, chats, it tells vs whiches

the election went through (Fig. 23). In doing so, it muse impente the
lectron 2 momentum in the y direction whose amount is imprecise ch

ap > A 220)
Hence

i Me 2h aaypoapoia

Such an uncetinty introduces an indeterminacy inthe poston of the election at
the stem, whose magaizue is 24/e, tthe very lens This, however apes

| /

F Fig. 2.3. The rwosis experiment with monitor
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than the spacing berween maxima, s0 ve conclude cha a working monic will
Tne cat the imeference paver, and thee is 90 logical contsdicion, Con-
Menta, we could, of couse atgue that logic consxency demanded that

py by > he (2-32)

(6) Thera of obits in the Bab ato. s ood in Chapter the Bohr
atomic mnode! dens with orbits whose radii are given by Ry = Fite, Thas an
“experiment designed to measure the outlines of» given orbit must be such that a
Frotion measutement ofthe election in the arom is done with an accarcy

2iin
Ax@ Ry — Re Se + (233)

‘This implies an uncontrollable momentum cansfer ro the electron chat is of
imagnitale Ap >> mea/2x. This implies an uncertainty in the encigy of the
<decton of magnicude

PP met oe _ Liateel 034)
sha is, much larger than-the binding of the electron ia the orbit, Thus such &
concutement as ely as not, wll kick the election out ofthe otbit, so that no

‘such mapping, of the orbie is possible
Td, Tbe ery time ncrtiny relation. TF we take the elation (2-25) and

vice it in dhe form

pap Axm 5
=P

se may interpret che fst factora8 a measure ofthe uncertain inthe energy ofthe system, and the secoad factor, Ax/2, a8 a measure of A, an wncertainty i ics
Jocaltebilcy in time. This soggess the energy-time uncertainty relation

DES ZA (2-39)

Sach a relation might also be deduced from the form of the wave packer (2-22)
Goce E and 1 appeat in the sire reciprocal elation a8 p and x, and it i 80
tagesed bythe theory of reais, since space and time, tke momenta and
cretgy ae tuimacly connected with each otber® Actually, in nonrelativistic
Slum mechanics, space and time plaa somewhat diferent role, nd whetasSentjal be able to derive (2-25) ftom che formalism of quantum mechanics !
This aot ue of (2-35), Nevertheless the eneegy-time uncertaincy relation ia5 |
Thc spat of the qualitative seuctare of quantuz: mechanics a8 (2-25)

“neck (ay #) and (Ble ») ae fora tht afr among shemales wnder
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Ia spite of his fandamental concrbutions to che development of quantum
mechanics, Einstein always fle uneasy hou its implication. and a he Solvay
Congress of 930° he suggested a Gedankenexperiment that apparently avoided

Lhe limitations suggested by (2-35). Einstein suggested that « box containing
sadiation have a shutter concolled by a clock within the box. The shuctes
‘mechanism could be atranged such thi hole is opened for en asbitailyshor
time ds, The energy of the photon escaping from the box could be determined
very accutzely by weighing the box before and after che opening of the shuter,

Bohr’s rebuttal of the argument i « beauifulillustaion of the requ.‘ment
that a Gedankenexperiment must conform tothe laws of physics. Takinginto
considertion the appartus showa in Fig. 2-4, Bohr made the following

points:

1. A weighing implies the reading of« scale pointer with an accuracy Ax:‘This implies an uncerangyin the momencam of the box piven by 2p = We
E__ 2. Ha change of mass dv isto be detected, the weighing must take atime

T, chat is long enough so thatthe impulse due tothe change ia mace, tha i
7 4m (g = acceleration due to gravity) is much larger than Ap, that is,

aT Am > f/x (236)

3. The wellesablished egeivalene frincip! implies that a change in the
vertical position Ax in a graviaional Geld implies a change in the nate of che
clock, given by

at _ pax7s (237)

F This yields

a “ary gf
: T” gdm
thats,

Ame AT = a8 AT > f (239)

‘This shows thas the energy-time uncertancy elacon is maintained
~The uncertainty celatons may be used to make ough murmeical estimates{in

microscopic physics. Let us illustrate chis with several examples, che fist of

“Sch ben enay by Nic Bob, “Discusion ye Fst 0nEpsemologieatProbl in Amie Physi” which appl nimi? Pops ee aes ReJohn Wiley & Sons (1958). .

"The euirlece princi i dscused i the Speci Topics econ 2 atthe end ofthis
hook Tei mang i the content thatthe pra ois Resadeed ey eee
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: _B oe

“3-5 (2-40)

The minimum value of the enctgy i obtained from

4 2 Re

3 or wt am

Batis
aa wok

ay rake a (241)
WP and che coesponding valve of Eis

Ee=- ; mice? (2-42)
‘The face that we obtained the exact value ofthe energy is, of course, «swindle,
sincewe could equally well have written r~ b instead of (2:39), and we wouldB
then hive obtained « diferent result. The value of E would, however, have

G—difered from the corece value only by « nuinetical constant, nd the general
Border of magnicude would stil bave been the same. The main point that in
p,concast co classical cheory, the energy is hounded from below because of the

+ uncertainty principle: an increase in the (negative) poteatil energy, obtained
by by decreasing r, chat is, localizing the election coser tothe nucleus cuties with
Hi, ic the necessity for increasing the kinetic energy.

Fe As another cxumple, consider the problem of nuclear forces. These have

Bef the range ofthe order of one fermi, chat is, 10-" cm, This implies thatp~ hrBg 30° gm cm/sec. The kinetic energy corresponding to this momentum i

+3 7 sags .‘_ : Int ~ pac ig PK ee (2-43)
j.whete Ais the nucleon (proton of newton) mass, which is .6 X 10-¥ gm,
E Since the potential chat gives rise to the bindiag must more thie. compensate

for this we require that

IP] ~ 3X 10-% ergs ~ 20 Mev (2.44)
Aptio, this is only 4 cough onder of magnicude, but ic does indicate chat the
Potential encrgy isto be measured in MeV rater than in eV, as in stom

‘Yet another illustration comes from the Yukawa meson theory of nuclearforces. In 1935 Yukawa proposed that the nuclap force arses cirough the
[emission of a new quaotum, the p-meson (also caled pion), by one of the

‘uccons, and its absorption bythe other." I the mass ofthe quantum i denoted

"Tis i discussed beefy in the Speci Topics section 5 on the Yukawa then.
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by ws then its emission ineroduces an carey imbslance AE ~ yf, which as
Cai take place for time 3° ~ B/E ~ Rin. The range comespondiag t=
paride eaveling for ths time is of the order of AT~ F/uc If we take for the
fange n= 1.4% 10 cm, then we Sand that,

fe _ 1X3 108we axe
~ 0 Mev en)

When the pion was Gnlly discovered, it was found that this estimate was
rematkably accu, since fr the pion ct 140 MEV,

Tn smary out tenetve atempe to wed wave and particle properties
consent mith exponent in he nos aie way, has led us Coan unceasing
se'the description of tfomic phenomena at the csc level, od his un-
Ccrzinty is both necessary fora consistent description of (Gedaaken) experi
tment, tnd in accord with what is observed

Problems

1. Consider a wave packet defined by (2-1) with g() given by
g{k) = 0 k<-K

=N -Kck <x

=o K<k

(a) Find the form f(x).
(b) Find che value of N for which

+ flap a
(6 How is this elated tothe choice ofN for which

fl aigor = 3~~ s 7
(a) Show that a reasonable definition of Sx for your answer to (2 yes

akax>a

independen of the value of K.
2 Given that

x

W=5%5
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‘aleulate the form of f(x). Again, plot the two functions and show chat
Abar> 1

independent of your choice of a.

3, Considerthe problem ofthe spreading of Gaussian wave packet forafice particle, where the relation

ie:
=

holds. Use (2-17) to ealeulate the factional change in the size of the wave
packer in one second, if

(@) the packer represents an elecron, with the wave packet having a size(of 10 cm; 10- cm,
©) the packec represents an object of mass 1 ge and has size 1 cm,

q 1. will be convenieac to express the width in units of fi/me, whete m is the
amass of the patile represented by the pecker

| of anc: 4 beam ofelecuons is co be fired over a distance of 10* km, Ifthe sizeof
the initial packer is 1 mm, what will be ts size upon aftival, if its kineticU1, energyis (a) 13.6 eV, (6) 100 MeV?

(Cention. The relation between kinetic encigy and momentum is not
‘always KE. = p*/2m!)

> The relation between the wavelength and the frequency in a waveguide is given by

4 de
Vie

What isthe group velocity of such waves?

“ema FO sunfce tension waves in shallow water, the felation between
frequency and wavelength is given by

~

phere Ts the surface tension and p che density. What isthe group velocity of
the waves, and its relation to the phase velocity, defined to be rr —- ds? For
‘ravisy waves (deep water), the relation is given by

ye(4)y"
27 Gn,

Whar are the group and phase velocities?
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1. Use the uncertainty relation to estimate the ground state energy ofa
harmonic oscillator. The energy is given by

aS mate
pa Em

8, Use the value of che “lifetime” pf an electon in an# = 2 Bobr obit,calculated in Problem 21 of Chapter 1, t0 estimate the uncertaincy in che
nergyof the # = 2 energy level. How docs ic compare with the energy of thatlevel?

9. Nuclei, typically of size 10 cm, frequently emic electrons, with
typical energies of 1-10 MeV. Use the uncertainty principle to show that
Checcrons of eneigy 1 MeV could nor be contained in the ucleus before the
decay.

10, The apparatus sketched below appears co allow a violation of che
uncertainty relation. The lateral locacion can be determined with accuracy
[ay ~ a, and the qansvetse momentum of the incident beam can be made as
Small as possible by making / atbiarly large. Analyze the appanitus in deel,
point out the hidden assumptions made in the above, and show that ehe un-
certainty relation is not violated.

Stet ga neonenn

: ied
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| chapter 3
q |

The Schrodinger Wave Equation
A

’

In Guper 2 we obsine! a paral ifcentileqution sed by «F
Nave packer that, within cemain approximations, described a fecly moving
“jie.” From this pont we ane tas nga

QWs) Ans)
4 am Oe om Oxt oy

| asthe cone egution for the dscipton of «fee panicle, Tvening the
Sequence that ed to (2-23), we see that the most general solution ofthis equation

1¥08) = Fe [ooo 62)
{The reason for che notmaization factorin font of che integral appeatin (3.26})Before

toning othe cial poi of ierpeing he moet aeVix9) ofthis equation, we draw attention to the fact that che equation is of fst‘order inthe time-derivacive, This implies tha once the intial value of , namely,¥(<0), is given, its values at all ocher times can be found, This is evident frog
the frm of the equation ss seen by tdi compact

4

5 ih Men)Wes+ Os) = Hes) + tm et (G3)
«from the form of the mose general solution. Given ¥(x0), the fonction 4(f)maybe found from (3-2), with # = 0;

fives) = Fh [ap 9g) em o4)

may be inverted, and once @(f) is known, the solution is known forall viluesaq For

a discrete mesh, a(x, #)/0¥ must be replaced by (W(x, ¢ + as) —He f)|/8, wie
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of t Note that ches is ao “uncertingy’" inthe diferetiat equation: once the
setat te ofthe wave packet is specifed-and there are, 0 ft, no festitions
vo ylco)_then that wave packer is completely speciied a all ater ces.

Ta seuching foram inerpretaion fot yx, ) we must bear in mind (1) that‘v(x, i) is in general a complex function [e.g (2-16)}, and (2) chat the Function
Tote, 1 is large where the parle is supposed <o be, and small elewhete, Te
ree Socated with i the feature of spreading, discussed in Chapter 2.
“The suggestion of Max Born that

Pls, de = [Wee 1 de 65)

efi the proailiysa the particle decribed bythe wave fumcion Ye, 8) may
Joond betwen and 3+ dx fme 205 out 0 provide the coectincrpeestionsthe wave function. The probability density P(x, ¢) is real, is large where the
Ganicte i supposed to be and is spreading doet not imply that pacar
vrei speuding all cans is that as Cie goes by one is Jess likely co
Find the particle where one put iat = 0.

Tor this interpretation ro hold, we must require thet

[lrmodne oo
since the paticle must be somewhere. I linear equation lik (51), the solution
Jen) ay be mulpled by a constant, and i stl remains a solution. Thus
{Bg rence the solutions Ys 1) ea dass of fonctions that ate suare integrable
We shal sce below that i is enough co requirg chat

[Laweor< * on
hac is te inital state were functions must be square isgrable. Wh an infinite
ineegrcion ineral eis means that Ye, 0) must go C0 ero a infty at eas a
fists2 where « can be acbitay soull, bc must be postive, We shal
also requze that the wave functions (x, ) be continuous in x.

‘Since |¥4x, |? is the physically significant quancicy, i would appear that
the phas of the solution of the equation is somehow wnimportant, That is
wrong! Since the equation (3-1) is linear, if ¥a(x, #) and y2(x, #) are solutions,
ois

Hes A) aay, + cbs) 68)

here ay and ay ate asbitary complex numbers, Clenly she absolote square of
‘Yee, 2) ia (8) will depend crucially on the relative phases of the ewo pars. A |
Weoe physical way of sing thsi to note chat a3 in asia optics, the ine
Teese pera i deerme by the phase eelation berween the two pats ofthe
secre associated with the two ats io a twositexpetiment. Ici, of
Tousse, tn that an overall pate factor can be ignored.
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The Schrddinger Wave Equation 47C ‘We now show that the condition (3-6), imposed ats — 0, holds true for alB times, We need Eq. 3-1 and is complex conjugate

2) HD
am OEO _  B Ovren a9)

P Now

is 2 ry My yh
e BP yaye

“Bs =i (#6 -av®)ag ~ aie cee anae4
--2 ft ae)4 —_ Es G Oe” e Y,

16we deine chef by
4

ioe)

=< B (ye 2b OHFa ion Fe (e Hy) 10)
Be we see at

a a 2
, when Dien =o con)

B tocegracng, we find that
a

:

Sf rn =— fa? Hen a 6.a Sf rea [a2 inno jaa)
BR since for square inegeabe fanctions, j(% #) venishes at infinity. Jncidenally,

had we allowed discontinuities in 4s), we would have been led to deka ane,
tion®singulris in the flux, and hence in the probability density, whichJ, Noscepaable ina physilly dservable quay,

“he reaion (511) sa conservation lw expresses the ice that «changeE) inthe deasiy ina region in xis compensted bya nee change in fs inte tee
Hexion

are +42

al ern = =f aio
Tae) ~ 10,1) 69)

* See Appenii Af dco of dela funtion



48 Quantum Physics

“The defnition of P(x 2), ie # and the conservation law ae maintsind ifthe
quaton (3-1) is choged £0

uted) __B DY) ;ih

uo om Ox? + VX) Hx, 8 G14)provided that V(x) smal. This is important, since we wil egue ac hae 1)Pri ehroogee equation fre pace in porental V(x), The generalization
we Ghee dimension is stighsorward, Bq, 314 becomes a

cr £(e = 2) aa od ce ao
$ Vb 7,2) ¥en)

hati,

aH) Bey

MSO = — Sova + rode 649)
and the generalization of (3-11) teads

2 rte.) + vin) = 0 (16
where

Pee.) = MeN 61

and

ite.) = Fee. rv.)— Weve} G8)ste. = Fore. wHle.9 — WAG He)
Given the probability Jeasity Px, expecation values of functionsof =

ray be calealted In general, we have?
yo = fase Pe = [arennavan ei

“This only as meaning f che incega! converges, The expression docs not help
ts if we want co calculate the expectation value of the momentum, since we do
werittow how to mite momentum in terms of x. We cy the following: since
hss,

pom e 620)

fora fin discrete pace” wih proba 9.50 1 the eanvein ey icetbe secs nO = Bhi
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we shall write

q
aw tant ) ): == 2 gen aWe , ) 21)

4

This yields

a wmf a 1 OFj ) afer ve)
ABH Nowe thas there is no ds/dr under the incre sign. The only quaatity hatEg wes wit cine y(s,0; and w nha yrunon th gies osecloEB) with cme. Making we of (1) and ts compley conjugate, we have

4

a PY a4 (= [a (Baw ve 2)
f Now

§ OM" 2 (Hy) HO; ae (e) ae ¥~ On “ox4

2 for a 2 Ob. 4 -E(%9)-Lewer™
.

4 2 yr) 4 yey ya- ae) + det ae
BE Hence the incegrand has the form

3 (ov 1 — oy) eae
a ‘$0 that

;

&;

(= favre ® 2 very ex
f. _tince the inregral of the desivatives vanishes fr square integrable functions.

This suggests thee the momentum is represented by the oerases

q Ao

ony ox (3-23)and chat, moce generally ,
? fh10 = favo s(% 2400 oe
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‘Armed with this representation we can now discuss the physical sig-
'

ilicance of 6), which appears in (3-2). Fist, i is sufficient to consider that
equation at 2 = 0 since (9) does not have any time dependence, With

L penn [E aevo) = gg fpenen = VE[ame
we id, wsng the inversion formula for «Fost ince, hat

1Hie) = Fag f evene |
sacs,

1 sipaik

. #0) = Seg [ ave 29
Now

favnun- [200 Taever ome
[ 1 *( “ipsyh -- [averFa faewe

= fevwe =1 G-26)
“This eu is known a8 Para hoe in te mahemaia erate, Ke states
Bee fa fenton w notmalaed to 15018 ts Fouter eansfoun.

‘New conider

ore favert ae
ad

1 A(x) tel

= favnrrg favo
= J dp p) pa*(p) 3-27)

his ele coger with (6.26), stongly suggests eat 4(9) shoud be ince
preted as che wave function in momentum space, with |6(p)|* yielding che
eyeon for ng te pe wih more. When xs) 84
ree ay we may debe 6,0) by
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E. Wx, 1) = vale 2,4) (3-28)
|The face that in general 9p, 4) has a vime dependence does noe change (3-26),

6-27), oF ts interpretation. Lest the reader thik chat inspite of this syametry
Fberween x- and pspace, p = (W/)(0/2x) is an opertor, ind = is nov, we aoe,
hanint an oper Co, Leappens roe+ purl singe aoespace, burl we want alee Gi) im momentum spies then Sen

j show by methods very nla othe ones ated shove thar

atno = farsra.ns(a2)an.0 6.29)
In otber wot, the opeioe has the repesattion

2
eo

:Ey
(3-30)

in moneata sce

‘We wil nd that opto pay cena rae in quttum rehanis, andwe will lowly len «gr deat about them. At ts pot me wl cs
ay a

1 In const to oriary number, oper donot alvaps commute,bi we Se

(4m) = aB— aa oan
py then

BD icy ae ROMYTp.x] ve) = 7 ag MHAx 7 Ow
y

a.

=F Wx, 4) (G32)
Fh is, weave he cma lain

5[ax] =

7 (3-33)

Ths eds oan ambiguity in wascbinghss fncton fp) to openerform, and we shall adope the rule chat fs, p) be symmetzed ia x and The
Hp+ps)

Peet ope+ mt) o30tod 0.0
F Laerwe wil etaithe ck BFcomm atv oand pt sands endthe unceraint eations connecting ches wo aes
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2. The appearance ofthe opertor wih is J, might lead ws to wont
bout he tay of the expecaton value ofp. We cn, howevet, check the fat
that p ist. We have

a hoy

w= or = fave aM - [xvo(- ae)
ot 2,oA fae %+¥y)

= Afad ww 35)
=o

provided the wave fancon vanishes at infinity, which i does fora squat
Resale fancin. Sometimes on has ocasion tas Fntions tha af not
sme imegble But tht ave coin perioicy condions, or example,

Vx) = Hx + 1) 3-36)

Ifone restricts onself to working in the region 0< x < L,then fi/i djdeis still
4 hermitian operator, since in (3-35), .

Apeor Ef aS wre Hen
A

= Fini ivor0 G37)
‘A opetor whose expectation vale fr all dmsible wavefunction i el is
and erin seo, ss ots, ike isa heritan operon

We conclude this chapter by ning ha the equation

Qh Med
ae Ost

ay, with the identification (8/)(2/2x) = Puy be written in the form 4
240) _ Pon yey, :if Oo le om) (3-38)

‘The opeitoron the ight is jus the energy fra fee pace we gene |
this cos psi in pore, we wate

one. [Pe | b,2 .ay Law + PO) ] Hed G39)
“sone mateo background on opto cael Append B
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ot, more explicitly

BE) TOMY Lr seeP EO ENDre Ye) (40)
‘Tis equation, generalising (51), i the baie equation of nn mlatite quent

5 mehani, and it was frst proposed by Schrdinger The Schodinges oecennFS obvained above, can also be weten in the fox
4 ED ary, (41)
(whore 11s the energy eperatr, H's commonly called the Hamilonian, because i

F _i8am opeator version ofthe dascal mechanical Hamionian function, tne’ pS45 isa bermitian operator, so is and therefore soi

4 u=F ym 2)
4 if V(x) is a teal potential.4

Jn summary:

1. The time dependence of wave functions is given by the fst orderpani dierevial equation

a nD i465,Be

ST where His the opertr p/2m + Vs).
2. Wave functions ate resticted to squat integrable functions,
3. The probability density for finding the particle at x is

P= |?

4. The function 6p, 1) defined by

4
peltHe = Te[amen

isthe wae function in momentum space, andthe pbabiiy deny fr findingthe particle with momencum p is g(p,
5. The momentum p and the postion x ae operas, that i, they ate

siamtis dar difer from numbers beste ofthe lack of omenunyonyIn x-space, the momentum operator takes the form

-42
POF oe

4

* From now on we will drop the subscript ¢p On py. We will use it only when there isAnger of cotision wthx eubes eer he eer
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and in pspace, che x operator akes the form
a

zeae
Py

both consistent with the fundamental commutation relation for x with

‘bal= >

We are now ready for « quantitative discussion of quantum mechanics.
We have abandoned the notion ofa wave packet a8 represencing a parle. This
resin eas helpful to usin making the Scidinger equation plausible, but 08
see for) ant its peobubisc interpretation cat ell us where che particle i,
vvithour the paticle being thought of as “made up ost of waves.”

Problems .
1. Use (32) and (5-4) to wete the solution ofthe fre particle ScrBdinger

equation in the form

Mea) = f de! Kx, YE, 0)
‘Obra a cepresenaton for Klx, x) in the fom ofan integral, and evaluate
the integral. Show chat

R(x, ;0) = a= *)

2, Show that the consrvatiod Jaw (3-12) holds when Yx 4) «solution
of the Scotinger equation witha potential V(x), (3-14), provided thar Vs)
is eal.

5, Suppose hat (sis complex. Obtain an expression for dP (Brand

spa f 5,9, Fxaaoin, he est st be age, We dos i
as about VO?

4, Consider the Klein-Goedon equation

OME) MD (HY 09 =4 MD _ +(4)wwa-e
show that there is conservation law of the form (5-1) given chats #) has
the form

pw (ye ye
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What isthe form of P(x, 1)? Can you give an argument for why the Kleine
Gordon equation is not « good candidate for a one-particle equation (Le, an

alcernatve for the Schrodinger equation)?
q 5. Given that

; w= (By ewe
be calculace

we)7

(b) VG)— P= ae
6. Calculce the momentum space wave function for the system describedby the wave fonction in problem 5. Use ito calculate
@ Gy

_

©) VG) — GP = ap
aleulace the value of Ax Ap using the above, and the resule of problem 3(b).

7. Given the wave fonction

NHo) =WO = sya
: (@) Calculare N needed to normalize (x)

(©) Use the above wave function to calcula (a). What values of ead
to convergent integrals?

(©) Galeulate (p*) directly, and using the momentum space wave function.
(@) Use the definitions

ax= Vie) =

p= VE) OF
«0 calculate Ax 4p for this problem

8. Show thac the operator elation

holds. The operator is defined to be

aS ait

(ine. Calculate "xe fp) whece fp) is any fonction ofp, and use the
fepresentation x = sh d/dp]

9. Consider the functions #8) ofthe angular variable 8 ressictel co the
inwceeal <r < 0S x
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he wavefunctions sats the condition (e) = #(— a), show dee operon
path

.

;

a deis beri,
wo. Consider 6), the momentum space wave fonctionof apaceAhia eee fox pone sales ofp, what condition must &()

synced thas bea hemitan perce? Wie (30)

4



= | chapter 4
'  Eigenfunctions and Eigenvalues

:
»
ee Let us consider the time-dependent Schrédinger equation obeained ia

. Chapter 3,

Bee) _ HME Le vay% Lao Sm ae tO) Mey) (41)

q and atcempt cd solve it by reducing it co pai of ordinary differential equationsie oe matic, Wa

: Had) = Te) ey
wich pis hae

Of a) ed‘ inuey  -[- oe det + Yow] ne)P
Dividing by u(x) Tle) we get

4 Ufa
_ (882m) (ads fdet) + Vs) af) ,

( ihTo 7 a) (43)
This can only be sited if ooh sides ar ult const, which we al
“The solution of

aT)

. ih a7 ET) (4-4)

TO = Crem (45)
wher Cis. onse. The othe eqetin i

We dels) we
ae beet Vax) = Ewe) (4-6)

‘This equation ffequely called the tine india Shige sguation
Chass aly int fom tht of (00) Boe aeae
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development of yx); Eq. 46 is an eigenvalue equation. To explain what this
means, we must retufn (0 the notion of an operator, which was briefly mea-
tioned but not defined in the last chapter.

“Mose generally, an operator acting on a function maps it into snother
fonction. Let us consider some examples

Ofis) = fs) +

oft) = LP

Of) = fx" +0)

Oftx) = lafled/ae .

Ofte) = aftad/ae — 2fe)

Offs) = fe) a

[All of these examples share the property that given a function /(s), there is &
tule that determines Of(%) for us. There is a special cass of operators called
Tncar operators (we denote these operators by 1. to distinguish them from che
{general operators 0). These have the property that

Ufils) + AGE) = LAG) + LAG) (a)

and, with ean arbitrary complex number,
Lefix) = eb fi) (49)

“Thus, in our ise only che ast two are linear operates.
"A linear operator will map one function into another, as in the example.

af)tte) = LE? — afte)
It is instructive to think of the fanctions as analogous to vectors in a thtee-
dimensional space. The action of an operator is to transform & vector into
another vector. In the special case that the vectors ace all of uait length, a0
‘operator will transform one point on a unit sphere into another. An operator,
in this special (bue very relevant) example, may be a rotation about an axis
(Fig. 41). Let the operator be a rotation of, sx, 30° about che z-axis. Ie is easy
to visualize what happens to various vectors under chis operation, These will be
‘wo vectots thar have a special property: the unit vectors fo the north and south
poles will be mapped into themselves under the rotation. This is @ special
‘example of an operacor equation like (4-6), which may be written as

Hur(s) = Eax(o) (1-10)

thee ae alo air opens fot which (69) is elaced by Lefts) = etfte.
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i
es

Fig. 4-1. Anillszaion of he opto rating
allyetorsby 30° with she vector iin onthe untphere: for vectors ontheeq (fos) stan
iemedate latte (B -" Band ae ele
Denes

‘This equation sates that H, the Hamiltonian peor acting on 4 speci cas"of
function, will give buck the function tac itis acing om, muted by 2
constant, The constant is called the egeralee. The solction athe eauron
depends on and we hive therefore labled it with an E The solution sce g
ale the signin, conesponding tothe eigen E, ofthe panes Uh
We sal see tae eigenalues can form a continuum or be disc

J The solarion (42) is ofthe form vats) «1 Since (61) is linear
sation, «sum of solutions ofthe above form, with penmisble values otji
also solution. Thar the most gener solution of (1)

von = (E+ fa) 0 wa) een (ay
where C(B) isan arbicary function of te eigenvalues, and the sum extends
ove the discrete values of E, the integral ovr the coutinvous mug of eet
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values, ‘The eigenvalues of the operator H ate called che energy eigenvalues,
ts is suggested by the form of

= Pes 16) ane £2 + vo) @)
Befoce discussing 4 very simple but instructive example, we note that the
feporation ofthe equation would fail f the potential V depended expicy on
tine, Werwl sce ater tha when this isthe case, enezgy is nor constant ofthe

A. The Eigenvalue Problem for a Particle in a Box

We consider Ba, 4-6 with

Va)=o sl <e :

= = elsewhere (443)

“This implies thatthe wave Function enust vanish for |x| > that is
a) = w(—2) = 0 4)

Inside the box

Puls), IMEa) 4 Ey) = 0 3)
First we notice that if E < 0, chen (418) cakes the frm

PHD _ als) = 0 16)
wich ¢ = 2m|E|/P. The most gener solution i linear combination of ¢*
nde" and dere is no way of satisfying the boundary conditions (4-14). Thus
the energy eigenvalues must be positive. We write

Be = (417)
so thatthe equation (4-15) takes the form

FH) ate) =a) + pals) = 0 (4s)

‘whose solutions ate sin bx and cos dx: The bounday conditions imply thi forthe sine solution, which we denote by a"(x),

fame 123, (419)



a2

iy sothar
:

Boe oe (4-20)am

“GE iseasy to check tae the normalized solution is

: HO) = sin (421)
{hecosine solution, denoted by uf) must be such that

; fea (e-De n= 12.3. (42)
E thacis

big in — (o/sa ag = Bacal tas)
5 The normalized solution is therefore

. 1 fo = a) ax

. 0) J cosBa0 (424)F We see chat che (4) signs refer co the even/odd propery under the reflection

: ‘The solutions have the propety that

a [anit P00 = [aloe 0) = a
: [i aaicrene 16) = 0 (423)

thats, hey satily what ae calederthonermaiy condom, Since the solutions ate
real, the compler conjugation is noe reilly necessuy, but it inseted for ton,
sistency with future usage.

The sate of lowese energy, the ground sat is repeseated by f(s), andits energy is

Z EP =ze (426)
‘The solutions ae real. Ie cherefore follows thae

@)=0 (427)
|

Thincam be done by tect catcuaton, ot bya symmetry argument: for any one
ofthe solutions, which are el, (p) is of che form (i) X Gane, Since (p)‘ust be ral, the integral, iovolving only cal functions, must eanichs equ,
Fenty, the incegral involves # product of two even of two odd functcws wih
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dx insered beeween ther. The cotal integrand is thus an odd function of «,
‘ind upon integration overa symunettic interval must yield «vanishing integral‘We can calculace (*) forthe vatious solutions. In fact, since inside the
box pt = 2m, we have

(pt) = 2mE* (4-28)
‘Notice that

.

2aV G~ tanh > (429)
.

is consent wich the uncertainty telation.* We also note thar che larger the
fe number of nodes ina solution, che higher is its energy (Fig. 4.2). This is wnder-

standable, since the kinetic energy is larger fora solution witha larger curvature,
measure of whichis 24/de?. Specifically

BL gsr te Bf ach ® fall?

- pf eos- anl* ed faleis lage when the function has a lot of variation in it

B. The Expansion Postulate

‘An arbitrary function 94x), satisfying the boundary conditions Ws) =
¥-4) = 0, can be constructed from our solutions. It will bea superposition
ofall of ther

He) = EAMG + APT 430)

“The orhonormality relations can be used to determine the coefcenss 4:*
With the help of (4-25) we ean calculate, for example,

fbab) |
-5[~/Pepa) de+ A?fipee)«|
-49

so chat

AS = f bral) x) (431)
isa gee fear hat for igher eigenfunctions xp grows with he genus,
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i ~ He 1ta

5-8 ie

ae

eee
Ping

Fig. 4-2, Eigensolutions for paticle ia box.

‘Asin our discussion of the free wave packer, we can calculate the time develop-
‘ment ofthis arbitrary inical packer. Since exch of the solutions a(x) acquires
the time dependence ¢~i#:0™ see (4-11)], we have quite generally

He) = SLAPAMG) amon 4 AL)OHM (432)

To get an idea of the physical meaning of the coefficients A"), we calculate the
expectation value of the energy in an arbitrary state. Since inside the box H =
P/2m, and outside the box nothing contributes, and since

Hs) = B(x) (4-33)

wwe have, using the orhonotmality relations (4-25),
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an = favre 109) /

-faf{S, [arearonrs acne ]}
-

x {¥ [erarairo + erarareo]]
= Sah apes lari 439),

Tn exactly the same way we show that

favove =
implies that

EAM AP) a (439)

Equition 434, together with the somalizaton condition (4-58), strongly
suggests chat |AS?|? be inurpreted as she prabability that a measurement of the
energy for the arbiorary tate yelds the value E<*?, Note that only the values ES"? ate
possible for the energy, so that @ given measurement can only yield one of the
values E

or wae packee will che measurement always yield an energy Bf? (on
eigenvalue}? Cleatly this will be 0 only when

ASP bus 430)

that is, when Y(x) = af?G0), the eigenfunction corespondiog to the eigenvalue
EL. This leads us to a very important conclusion:

‘Suppose thet we have@ general packer described by Y(x). Ifan energy measure-
meat is carried out, only an eigenvaluc of the Hamilconian operator H can
resul, with probabilcy

PCEn) = |f deaat(x) Ha)|* (437)
(here we have lfc off the (2) labe! for generality). Furthermarr, afterthe measurement that has yielded the eigenvalue Eq, the state of the stem is described by the
aigenfeion tals), since otherwise 2 repetition of the measurement would not
necessarily give the same result, and Feproducibilty of a measurement for &
fiven system is essential for the measurement to have any meaning. These
Statements ate not pecilas fo the problem of a particle in a box. They hold for
more general systems [with 2 V(3)}, and also for herman operators other than
the Hamiltonians, a8 will be seen agsin and aguin, and these statements le at
the heart of quantumn mechanics
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a C. Parity

F “The eigenfunctions forthe particle in box were divided ico two classes
those even in x, denoted with « (+) and chose odd in x, denoted with (). If

we sire with a wave packer Y(3) cha is even ia x, s4y, then in (4-30) all the AC?4
‘must vanish. Equation (4-32) then shows that the packet remains even in fot

Fall time. The same holds for « packet chat is initially odd ‘Thus for our box,
which was symmetsically centered about x = 6, we find that “evenness” snd
© “oddness" are time independent. Since any constant of the motion is of interest

10 us, we will formalize the discussion somewhat

q ‘We do this by introducing the party aerator , whose rule of opertion is
| torellece x + —x. Thus for any packer yx), we have

PYtx) = via) (438)

; Foran even packetwe havea PEPE) = Px) (439)
{and for an odd packer

.

2 POG) = O'R) (4-40)
k. These ewo equations are eigenvalue equations, and what we have shown is that
[even functions aze eigenfunctions of P with eigenvalue +1, while odd functions
[we cigenfuntsions of P with eigenvalue —1. In the problem ofthe patie ins

box, the functions w(x) are not only eigenfunctions of Hy shey are simul.
samessyeiges fants of P.

‘The eigenvalues +1 are the only possible ones, Suppose we have
Pads) = dae) (4-41)

Applying P agsin, we would get

Pru(x) = Pau(x) = Nu(x) (4-42)However
Pid) = 2(3), since two reflections should not change anything.Hence

\ = 4, chic is, N= 261. An arbitrary function y(x) can always be writesG88 a sum of a even and an odd funecion

Ho) = Siva) + (21+ Bee) — 2) «)

thats, juste withthe eigenfunctions of H discussed in our example, any func.
tion can be expanded in terms of the eigenfunctions of chs new operate, This
100 i 2 general feature of hermitian operators: the eigenfunction of oy hrwiion
pert are sai forma comple xt, in rms of which any funtion ta expend.
We leave it to the reader t0 show that (P) is real for any state Yo) whack
implies tha: ehe operator is herman
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17
|y
' )
\'
l

1oY

, Ly

Fig. 43. Box for whic thee tno aymecy
te selitons.

“The explicit appeance of evenness and oddness came about because we
centeredthe bor st? = 0. Had we taken 1 ole between O and 2, nothingSoul hve changed, nod there woul stil be syniey under elections abot

x= a, Such symmetry would, however, be much less apparent. The lesson to be
icamned hee isc i seting up» quantum medankal problem ooe shuld
tleays poy atenson to the symmetis in the Hamiltonian, and choose the
Courlintes in way hat exh the symmetier mos expiily. If the box

store uoeen (Fg #3), no amount of changing cooriates wosld bing abou
Syme.The imporan facshat themntben heHamitoion*This maybe seen mote cleatly by asking under what circumstances an even function will
feamin even for al time, Le

Hx,0) = = x0) = w(x) (4-44)

‘The time developnent i given by

AD — yc (46)If we opete with Pon this equcon, we see

2

ay PHxd) = PHOMxs) (4-46)
Uades the speci itcumsances that ;

PHYxs) = HPWx) (4-47)

+ when ding with he ow we comer hems psf poesia,he esee on apf funy conden ned he
Rano,
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‘which holds when His even underx —+ —x, chats, when V(x) isan even function (since d/ds* is even), we have

2 ,
iS (PHA) = HEPA) 648)

Hence

:; VO = AF Pos) (4-49)
Rand

a VOCs) = 4 — P) 4x2) (450)

My separately obey the Schridinger equation, and do not mix, if the initial state is5

even (or odd). The contltion forthe ime-ndependence of parity only holds if
(PH— HP) Hes) = 0 (sn)forall possible states, chat i, if che operatores Pand H commute

PH) =0 (452)

PTs imporane condition will be sen to be quise general: any apeazor that deesBi wot have an expici ime dependence and that commutes withthe Hamiltonian H is a
is. sontent of the motion. In particular, ifthe potential changes with time, that i, we

4 hhave Vs), then the enesgy itself is noc@ constant of the motion, just a3 iaclassical
mechanics. Note that when V depends on 1, the separation of theP equation into an equation for the time dependence and an enctgy eigenvalueF

equation is noc posible

F._D. Momentum Eigenfunction and the Free Particle

‘Our discussion of party showed that itis not only the energy operator Hftac has eigenfunctions and eigenvalues. Let us now solve the eigenvalue
equation for the moment operator

Denials) = paste) (453)

Since pop = (6/i)(d/as), this reads

4 dass) ip
HO) Fate) 439)

F The solution to this equation is

wala) = Comm (459)

with Ca constant to be determined by normalization, snd the eigenvalue p ral,
so chat the eigenfunction does noc blow up at either + © or =. This isthe
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.

only constzint on p: we sy that Pup has a comtnunas spectrum. We might, by
analogy with (4-25), expect that the eigenfunctions obey orthonormality con~ :
Aitions We see that :

few (2) als) = lo f aceon sion .
= 24|C|*68(p — p') (4.56)

.

With the choice

WO) = Ty (sn)
(4-56) reads:

f de tle) uals) = aCe = p') (458)
“This differs from (4-25) only in that the Kroenecker ban, appropriate for discrete
indices is replaced by a Dirac delta function &(p — p’) for che continuows indices.

“The statement thar any wave packet (3), may be expanded in terms ofacompleteset of eigenfunctions can also be established here, The analogof (4-30)
‘mus ake into account that we are summing over a continuous index p, so chat .
wwe write

v=[9005 (9)
According to the interpretation implicit in (4-37), |@(P)|*, where

= fae SY vo
gives the probability that a measurement of the momentum for an arbitary :
packet (3) yields the eigenvalue p. In this way we justify che conjeccze made
about $(p) in Chapter 3 (cf. Eq. 3-30).

Let us now turn to the fice pasticle Hamiltonian, When V(x) is zero .
cveiywhere, the energy eigenvalue equation reads

PW) payin) =
dé ‘Mulx) = 0 (4-61)

where I = 2mBjf, The solutions ace e#* and «~%, or linear combinations of
these, for example, cos Ax and sin kx, The trouble with all of chem is thar they

se nt square itepabe since "dsj Ae Be? diverges fo all ues
of Aand B
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i ‘There ate three ways of getting around this difficulty

" (2) We may considerthe problem defined by (4-61)as the limiting case of&
+ partie in a box, with the walls receding to infinity, that is, 4 > @. In this
limic the solutions (4-21) and (4-24), even aside from the normelization factors

Eve will become wivial, unless becomes very large, 50 that

e . Tres (4-62)
Be becomes finite We can then neglect the in the (# ~ 4 in the even solutions
F424), and obtain the solutions
a 1 1

Jin cose 46ve Ve o)

f We may keep che 1//a factors: they wll drop out of the answer to any physicalf _question that we may ask aboutthe system Ttis sometimes useful to keep them,GaB _since cheie presencein a final result indicates thatan ertor has been made,: 2

(b) We may work with wave packets. A solution of the form

3 ix) = ete (4-64)
is4 special aseof (439) with4

9—) = Veh ap — fit) (4-65)HEF ta: is, an indinly peaked momentum space distibuion. Seppote we replace
this limiking @(p) by a very sharply peaked function \/2eh x(p ~ Rl). Thea

Fee will be replaced by

-“ftye ig) (4-66)
F which it plane wave, i, muliplied by a vety broad function ofx, We may‘make this fonction 30 broad that itis estentislly constant over the tegion of

Physical icetest, The uncertainty in the momentum will aow be ofthe order of
F magnitude f/(size of x-packet), and ifthe denominator is of macroscopic sist,

this uncertiney is negligible. We dhus satisfy the mathematical equitements
‘without changing any of the physics. The wave packet descripion i actaly

F. the one hue is closes to whac cally happens physically, since any way of pe.
; 1% alo eep+ Gn, and ae nt panics iaereted in yale of «tha ae «ft faction of

"Acwetionthals not meanegfl physical is one tht depends onthe exienc ofthe wall. For example, "How log will ke fora wave pices ae ee te cath ead
‘tun co = OP" na question tat we caiyws ox ppseaty cient



70 Quancum Physics

pating the inital sae, for example, Gring on electron gun, can never, in practice, i
caearean exact momentum eigenstate.

(6) The difficulty stems fom the fat that fora wave functionike «, theparticle is not confined to any region of space, so that che probability of finding,
it anywhere is zero. If we do not ask questions that involve the probability of
finding the parce in any fnitetegion, no problems arise. One way of avoiding
the normalization dificulty is to deal with the probability current, of flee

= EL peg HO HO .i= Aly Te ge HO 46)
discussed at che beginning of Chapter 3. For a wave function Cele, che ux
is [C|? p/m; for the wave fonction C7", the Bux is —|C|* p/m. If we nore
that for a one-dimensional problem, the flux of particles with a density of
1 particle/om, moving with velocity » = p/m is just »—thac is the number
‘rostinga point x = xo per second—we see that |C|¥ represents the density ofparties per cm. Thus (4-57) represents particles with a density 1/2xf per cm.

{In thee dimensions, with

pie) = Corr (4-68)

the fax will be |C|* p/m, and this corresponds to a flow of particles, wich
density |C| per cm? crossing a unit area perpendicular to p, when the parsiles
are moving with velocityv = p/m (Fig. 44).‘The energy cigeavalue equation (4-61) has two independent solutions,

‘and -#; equivalently, the pair of real solutions cos Ax and sin Bx is aso
independent. Whichever pait we choose, we notice that in contrast to the prob-
Jemof a particlein a box, there are sve solutions that have the same energyassociated with them. This is an example of something that happens quite

frequeatly: here may be more than one independent eigenfunctionthat corresponds tthesame eienvaladofa hermitian operator. Wen this occurs, we havea degeneracy.In the two cases that we have above, the two solutionsare orthogonal:
f” alee ete f” de ee mo

[asia be cost = 0 oy
fork + 0. Icis always possbie to make linear combinations such that hisis true.
‘Such Tineat combinations are, of course, orthogonal to eigenfunctions chat
‘correspond to differet values of the eigenvalue, for example, the encrgy.*

‘What distinguishes. che wo degenerate eigenfunctions? For the set

“See Appendix B,
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3

Farts ot Paris oon
cory n inn condj
inno ery

Fig. 4-4. The relation between velocity of parcicles and flux, that is, sumber of

parties crossing a unit area perpendicular to velocity, per unit time

(e%, oi), the difference is that they are eigenfunctions of the momentum
|, opertor

ae

en EF pote ah gists (-Pop cite mFelt = hb (40)conesponding
t0 diferent eigenvalues of the momentum. Similadly the pair(00s

dx, sin Ax) are eigenfunctions of the party operator, corresponding to© diferent eigenvalues

2 P cos kx = cos bx

F Pisin kx = — sinby Cor)In both cases, whas diferentates the degenerate cigenfusictions is that chey are
simultaneous eigenfunctions of tnother hetmitian operator. Both the operators
Pep aod P have the property that they commute with the Hamiltonian p,,*/2minthis problem. We shall show later that this is a necessary condition for the
cxisteace of simultaneous eigenfunctions. For example pop tnd P do not com.
mute, [since (/i)(d/dx) changes sign under x ~» —x), and therefore the eigen
functions of one of the operators cannot all be simultaneous eigenfunctions ofthe other.

‘We have learned an enormous amount abour quantum mechanics from,[the cwo simple problems that we have considered. We shall return to these
smaccetsin later chapters and generalize them. In Chapter3 we will again considersome very simple problems, bu this time we will conceatate not on the
mathematical features, bur rather on the physical systems that ehey af simple
models of,
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Problems

1. Yount given the flowing operators
4

@) Os) = Wx) (b) Ox) = “Ez ve)
(©) Osx) = WW) (a) Oafx) = ae?

() .

© om 244 © omer f” acer)
‘Which ofthese alae operon?

2. Salve the cigeove problem
oats) = Xe)

Wat ales ofthe cgenale end ro squat integrable eigenfunctions?

(Hint, Differentiate both sides of the equation with respect to x.)

3, alle thefllowing commutator
@ (0s, On}

o) 101, Ox}

‘The procedure is co calculate (A,B) by expressing A(BY) — B(Ap) in the form
a.

4, Giese

ax= VGH)for the u(x) given by (4-21) and (4-24). Using (p") given by (4-28) calculace
apa

Tecanth fo the high states cheueincase with
5. Solve the Schrédinger equation for a particle in a box with sides at

r= and» = L with she boundary condition tat
vo) = KL)

What are the eigenvalues and the norinalized eigenfunctions?
6 A pic is inthe ground ate of «box wit sides at = 4, Veysuddenly the sides of the box are moved tox = 6 (b > a). Whats the proba-

bility that the particle will be found in the ground state for the new potential?

Whats the probability hat wl be found i the Suse excited sete? Tn he ercat, the snpe sewer as sinpe explanation. Whats

7. A patie kaown ob loci inthe efa box wth sidesat= alia alas rn the el lf side are equal plobbl, what wave
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g function describes the particle ats = 02 Will the particle remain localized at
Inte times?

CGalculte che probability hat an energy measurement yields the groundstate energy; che enctgy of te fist excited state

8. A particle is in the ground sate ofa box with sides atx = Oandx = L,+ Suddenly the walls of the box ate moved to -t ©, respectively, so that the
partici is fee. What is the probability thaeehe paticle has momenrem in the
ange (0, p + 4p)? After the removal of the walls, che energy of the particle is
P/2m, which need not be equal to the ground state energy, Can you give anE>
explanation for the appatenc lack of enetgy conservation?

9. Repeat the above calculation fora particle initially in the mb eigensate.‘Show thatthe cortesponding probabil is given by

4 Bate 1 = (=1)* cos pL /h
—-. BLEU — (on/OFF

‘Sketch the distribution, Show tht ie conforms with the uncerainty telson, and°F dhac the resule isin agreement with the correspondence principle when nis large.
10, A particle in free space is initially ina wave packer described by

4

va) = () oo
(@) What is the probability chat its momentum isin the ringe (p, p+ dp)?
(©) What is the expectation value of the energy? Can yon give a rough

segment, based onthe "sine ofthe wave function ai! the uncertainty principe,"for why the answer should be roughly whac ic is?
(0) The wave function for «particle is given by

We) = Ae Bete

What ux does this represent?

EG2) Whar is he fx associated with « particle descibed by the weve
function

Ho) = ala)

where #(x) is a real function?

13, Consider the eigenfunctionsfora box with sides atx = a. Without‘working ou the integral, prove tha the expectation value of the quantity
AP + aap + pe

vanishes for ll the eigenfunctions.
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14, Prove that the pasty operator, defined by

P¥@) = W-9)

isa exmitian opentr, Also prove tat the cigenfonctions of P,conespoM™
to the eigenvalues+1 and —1 are orthogonal

References

[A detailed discussion of the properties of second order differential equations 4s
relaced to quantum mechanics may be found in J. L. Powell and B. Crasemann,
Quantum Mechania, Addison-Wesley, Ioc., Reiding, Mass, 1961, aad D. S.
Saxon, Elementary Quantum Mechanics, Holden-Day, San Francisco (1968).

‘See also any of the more advanced textbooks listed at the end of the book.



: | chapter 5
» One-Dimensional Potentials

:

|. Hae we sole some simple poems of one-dimensional oton, They
© ae of incest Becse they thse some noma efecssod beac

Say physi steaon as efely onedimensional ven ugh we IneEL a the dimensional woe

F@ A. The Poteatial Seep

For this problem we take (Fig. 5-1) the form of V(x) to be

Vix) =0 x<O0

=VW x>0 (5-1)

| the Selinger equation

A as)
:me dee + VC) ws) = Buln) (5-2)

=o *

Fig. 51. The poten sep

9s
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.

takes the form NX
PA) 2 yi al) = :
AD4 FEE Vol a(x) = 0 63)

‘We write, as usual

amE

rt BP 6-4)
snd we sso incoduce

2an(B— Ve) .

¥ ¢ 55)

“The most general solution of (5-3) for x < 0, where V(3) = Oi

ax) = eit + Revit (6-6)

“This commesponds to flux moving inthe postivex direction, of magnitude
pas
4 = ete Rees ik tte ~ aR9 — complex conjuge]

ik
= IRD 6

‘We may view e* with Bux fik/m asa incoming ware If there were 90 poceata,

wwe could chooseeas the solution forall, so that we ataibute Rothe presence(of the potential. This potential gives rise to a elected wave, RM", with a
reflected flux fk] R|*/m.

Forx > 0, we wete the solution .
as) = Teer 68)

‘The most general solutionfar x >0is a linear combination of e** and «~“", but :
4 term involving the latter would describe a wave coming from ++ in the
negative diction, and with the “experiment” that we have set up, the only
‘waveon the right can be a aansmited wave, The fux conesponding to (58) is

jo hire 65) :
Since there is no time dependence in the problem, the conservation law (3-11)

[implies that (x) i independent of x. Hence the Sux onthe left mustbe equal rothe fux on the righ, chat is, we expect chat

Ho —\niy = Bre (10)
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i

‘The continuity of the wave function implies that

1+R=T (1)

(ER obtained by matching the two solutioas atx = 0. In spite of the fact that the{_poential in daconiovous, the slopeof the wave uneion isso continuous eo
| n be sen by iateuating (3) fiom ~eto Fe (with «ably coal ad5

positive) and using the conciuity ofthe wave functon,

de (de) ft dn

F ().-G@).-fess

-fbe 2 [re - * a)=0 (12)
‘We note, for future reference, that if the porential contains a term like Voblx — a)
then negation ofthe equation fom #"— eeo« 4 «giver

‘dus (du am pete )Pe (2),.-@)- cs
a
a

aVo wa) (5-13)

¥ ‘The continuity of the derivative for our potential implies that

Eis iA(L — R) = iq (5-14)

j.) We can therefore solve for R and T to obtain
paint
te

2T=
ite (5-15)

From tis we an cule the refeced and enamine fares

5 Bk ik(; =gs. th (b=97 ates

tq fk AkgMins = Aig :wt eae (16)
We note the following:

1. In contas to clasical mechanics, according to which « panicle going‘overa potential step would slow down (to conserve energy) but would never bereflected, here we do have « certain fraction of the incident paricles relected,
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“This is, of course, a consequence of the wave properties of the particle; partial
‘reflectionof light from an interface between two media is 2 familiar phenomenon.2 With the help of (16) we en easly check thatthe conseraion law
(6-10 is indeed suis,

For E> Vo that i, fot ¢— b from below, the tio ofthe efleted‘flux to the incident flux, that is, |R|® approaches zero, This agrees wich intuition,

‘which tells us chat ar very high energies, the presence of the step is but a small
Fercurbation om the ropigaion of the wae

‘4, If the energy E is less than Vo ,then g becomes imaginary. If we notethat now the solution forx> 0 must be of the form
ax) = Tele (6-17)

50 as not to blow up at + ©, we see that now
k= Atl) (t = ddl)iRh =

del) 5.18)Weal tesr tear) ow
‘Thus, as in classical mechanics, there is now total reflection. Note, however, that

2k
T= (5-19)atig O19

does ot with, and a prt ofthe wave penetrates into the forbidden tegion.

‘This penecration phenomenon again is characteristic of waves, and we shall see2 ide cer tha fe permis "fonnlag” trough bars that would totalyblock paris in «csscal description. "Ter is n0 Bx othe righ, since (=)vanishes fra teal solution even if the conficen in font of i taken co be

comple.

B. The Potential Well

‘We next consider the potential (Fig. 5-2)

Vi) = 0 xine

aM -eexde

=0 cx (9-20)

We aguin wice
.

+ 22 :
ee 2)

and

2 2m(E+ Vo)
cn (5-22)
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Fg. 52. ‘Te pov wel

We can immediately write down the solutions

i Wee eRe nce

4 Ma) = AOE BOM gence

a(x) = Tete ace (5-23)

‘hese cespond tan incoming Hux f/m from the le «elected fx
fib|R|?/m and a transmitted flux fée|T|*/m to che right, Inside the well. there

(are waves going in both directions because of the reflections at both discon.
tinuites at sta, According to Bux conservation we should get

i i

: Fan irl = gai iaiy= Bir ay
% Matchiog wave functions and desvatives gives the four equations

Reem Aces Bem

ie — Rel) w ig ci — Be)
Bem Bem = Tem

(Ae — Bet) = ikT om 6-25)[Ale alee yids the sus

Rn jente ——_(— #) sin 240

: Wi cohtgaHeBin
ay
a 629

2g cos 24a — Hg? sin 2ga »Ain
if B2> Vetere pactily 00 telecon, since 4 ~ #24 and as70, che mnsmision goes tor, The ianemof spec mn thespr case da sin 2g = 0, thai fo he cores pve by

ren

Beartee peas... oa
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there is no reflection. Tiss actually& mode of what happens inthe scateringoflow energy electrons (0.1 €V) by noble ges atoms,for example, neon and argon,
in which thee is anomalously large tansmission. The effect, nse observed by
Ramsaver and Townsend, is described as a transmission resonance. A. more
accurate discussion must, of couse, involve thtee-dimensional considerations.
Tn wave language, the effect is due co a destructive interference between the
wave reflected at2 = and the wave tefleced once, twice, thrice... , a¢ thetiige x = The resonance condition 2ga = wx, which may be writen in the
form

a4
a-#-* (528)
ra

is jst the one that describes the Fabry-Perot interferometer
a addition to the above solusions for E > 0, there ae, remarkably, s80

solutions for  < 0 provided the potential is negative, that is, Ve > On (5-20).
Tey will cur our to be discrete. Let ws write

mE ig
oe 6-29)

‘The solutions outside the well cha are bounded at infinity are

wa Ger x<na

a= Gen ace 630)

Since we are dealing with real functions, iis more convenient to wcce the solu-
tion inside the wel in the form

us) = Acosext Bsinge —a<xca 631)
Nowe that

an

een le > 0 (532)
“Matching solutions and derivatives atthe edgesx = -ba yields

Goer = A.cosga ~ Bsings
AGH

we (A sin ga + B 008 44)Gort = Acos get Basin gs
acy eet = 9A sin ga — Bie0s gé) 633)

‘These may be combined to yield

ag A8inge = Boos98"4A conga Bsin ga
__ Asin ga + B cos ge1

feos qa — Bsin gs oa)
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'it

gFig. 5-3. Solutions for discrete spectrum in attractive potential well.

GE

Together these imply chat AB = 0, cha i the solutions ate either even inFi x(B = 0) or odd in x(A = 0), a situation encountered in che case of the infiniteFZ box. The wave functions are roughly ofthe shape shown in Fig. 5-3. The ground«HEE sate, with a0 nodes, is even. This is a general property of simple systems. Theus conditions that determine the cnergy are from (5-34)

a = qungs even solutions

a x= —qcotgs — odd solutions (5-33)
Lec us examine these separately

4 (@) The even solutions

Ewin the notation
po 2nd

+ a rae

‘ ya 6:36)
L, the frst of the relations (5-55) reads

4 Va-F

—=uny 637)
If we plot tan y and -/ — 7*/y as functions of y (Fig. 5-4), the points of inter-g
section determine the eigenvalues. These form a discrete set The larger bis. the

F farther the curves for /X — 7'/y go, that is, wher the patental is deeper and/or
f broader, there are more bound state. The figure also shows that no macter how

small is, cher will lays be at least oie bound state: Ths is characteristic of
‘one-dimensional arcactive potentials, and is mot crue for thtee-Jimensionel

Potentials, which behave much more like the odd-solution problem that we wil
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ons

° Wt * Wi? Ea Sale oF Tee ”
Fig. 5-4. Location of discrete eigeavalues fr even woltions ia square wel. The
flag carves represent tan the fling curves are V/%= 3y for dfleene valueson

discuss below. As > becomes large, the eigenalucs tend to become equally
spaced in y, with the intersection points given approximately by

y=Qet+ ie 7 = 0,1,2,... (5-38)
‘This is just che eigenvalue condition for the even solutions of the infinite bos,
anid chi is a might be expected, since for the dep-pin ses inthe potential,
the fact cae iis wo reall innitely deep does not matter very much.

(6) The odd solutions:

Here the eigenvalue condition reads

Vice
aL es (5-39)

7

Since ~cot y= tan (x/2 + 9), the plot in Fig. 3 is the same as in Fig. 5.4 with
the engeat Curves shifted by +/2. The large\ behav is more olessthe same,with (538) replaced by

yur PEL 6-40)
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aie

rr ,

HP Rig. 5-5. Location of discrete cigneviues for odd solutions in square well. The
E_ssing curves represent —coe yi the falling curves are V/h— y/y fox diferent valuesBis, “of Nore cha thee is no eigenvalue for \ < (#/2)

Fla contrast ro the even solutions, there will only be an intersection if Vk = 7A
BE > 0, tha is, if

2nVra? a

3 eo (s-41)

d ‘The ode solutions all vanish at x = 0, and hence the bound-stae problemE; for che oda solutions will be che same as forthe potential wel shown in Fig 5-6,
‘since in the ater, he condition 4(0) = 0 would be imposed. We shall se that
‘tuch conditions are imposed on wave functions in the thee-dimensional world

a

ig. 5-6. Equivalent potencial for odd solu

tions of square well Bund save problem,
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C. The Potential Barrier

We now consider

V@)=0 0 x< na
=Vy -acxce

=o ace (6-2)

‘We wil limi our discussion to energies such that E < Vo, that is, energies such
chat no penettation of the barrier would occur in classical physics (Fig. 5-7).
Inside the bastier we have the equation

Gils) | 2mSS + SSE — Ve) ix) =BO + FEE Yea) = 0

that is ula) .
Te

7 eH) = 0 6-43)

“The general solution

aa) = Aart Bee [al ce 44)

is to be matched onto

ua) =e Rete x <8

= Te x>@ (5-45)

‘Actually we need not go chzough the touble of solving this since the results can
be read off from (5-26) with the substitution

gic = iV Omi — B 6-46)

“Thus, for example,
sityPeTee 2hx cosh 2xa — i(4* — ©) sinh 2ea Gan

ve

}

Fig. 57. Poreial batter, Energy is such that's
lasscal particle would be coully reflected by che
barrier.
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(r= ee

1) = Ge eF tinh? 29+ GP oa)
F? There is ransmission, even though the energy les below the top of che bare.GP This isa wave phenomenon, and in quantum mechanis iis also one exhbieed

Mp by panicles. This sumrlig of « parte tough « basic i frequently eo.
Bg councered, and we sll discus some applications. We aso note that wher ces
Ge lage, che aio of tansmited Hux co incident Hux i

4 Thx (ea) e 6-49)
Be Trisbecomesan exuemly secsicve function ofthe width of the bate, and of

the amount bwhich the batcr exceeds the incident energy, since

: “ [ at Ve al (50)
Ingener she buries that occu in physical phenomena ate not square,+

BP sno discuss some applications, we must fest obsin an eppronimate enprecion
By, for the wansmission coefficient 'T|? through an iegulrly shaped barrier. The
BRE properway co do this, given the fact that there is 00 exact Solution aval forPE mos pocentls, is through the Wentee:Ktamery Ballou (WKE) appeonhBf mation technique! Our discussion willbe less mathematica!

Fe observe that (549) conta of a product of two tem, the second

Of which i by ft the more important one. If we waiteE 2{be)(e2) .j logl |? ~24(26)4 2 tog2Aq eT aoe) + 28 Ge eh
F/ we se thar under most ctcurmstances che ise team domiaates the second foe

FRE. 2y seasobie site of us The proceduce we adope isco went smooth, curved
g batier asa juxtaposition of square butiers (Fig. 5-8). Sines canamission co-
feficiens ate multiplicative? when chey ate smal (in effec with most ofthe fz
F efleced, the cansmission though exch slice isn independent, improbable
fever), we may wt, apprxinately

loglTI* ~ E tog Tana?

:

~2 Daw

"Sethe WKB approxima in Speci Toi secon 3

"This semen oly comet forthe or nponantcxpneat par, 8 ca beseen fom seat dosing she sith wl en sprsinasll eae eras
‘Sofia ITP
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ig. 5-8. Approximation of smooth barer by a jstapsi-
tion of square poten bases.

72 f4 VGn/iVR — EL 650)
Ihe partial batters,Ax is the widthand («) che average valueof «for thatbarier. In the ls step a limit of infinitely narrow baccers was taken, Ics clear
fom the expression that the approximation is leas accurate near the “turning
points” where dhe energy and potential ae ney equal, since there (3-49) is not
2 good approximation t0 (5-48). It is also imporaant that V(x) be a slowly
‘wrying function of x, since otherwise the approximation of « curved barter by &
feack of square ones is only possible if che later are nasow, and there again
(5-49) is a poot approximation. A proper meatment, using the WKB approxi-
mation includes a discussion of the behavior near the euming points. For most
purposes, i is sil a fair approximation co write

| 1 = ef eeVR (52)
with the integration over the region in which the square roo is real.

D. Tunneling Phenomena

“The phenomenon of particle cunodling is quite common in atomic and
rucear physics, and we discuss cwo examples at ths point.

“@) Consider electons ina metal, As noted in our discussion ofthe photo:
electric effect in Chapter 1, these electons are eld in a men by « potenti,
which, co first approximation, may be described by a box of finite depth, as
Showain Fig, 5-50. The electrons ate actully sacked up in energy levels that arevery dease, since the boxis very wide, It isa property of electrons thar no morethin two of them can occupy any given energy level; chus forthe lowest energy
fate of che meta, all the evel up to a certain energy, called the Fermi energy

this progeny of elecas is dec? by the Pal excasion pipe, which wil
be cnc’ fe Oper
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Fig. 59. (6) Becronic enegy levels im meal. Bp isthe Feri energy
and isthe work function. (8) Poteval altered by an external deco
ey

(which depends on the density office elecuons) are filed, When the emperture
is above 0°K, a few electrons ae thermally exiedto higher levels, but even 4

| Yoom tempericue, che aumber is small. The difecence between the Form

nergy and the rop of the well is what i equied to bring an tlecton out it's
the work fenton discussed in connection with the photoeleri fect, Pectons

aa be removed by transfering energy to them, ether by photos, of by hextingthem. They can also be removed by the application ofan external lec eld &Sold emisio occurs because the external field changes the potental seen by anE elecron from W to (W ~ ex) (Fig. 5-9), if the electron is atthe top ofthe "sea™of levels. The eansmsson coefficients

[Tt = e-2fseeome ~ ann 639)
‘Since

yit = (A+ Bat‘ [204+ a0 7
this leads to

[Tt = eesRAs w70s 650)E

The Fowler-Nordheim formule, a (554) is called, describes the emission only.‘qualitatively. One effect, which is easily included, isthe additional attraction of
the electron back to the plate, caused bythe image charge. The other eflese{much harder to handle, is thae‘there are surface imperfections in the mecal surface,which

change the electric fed locally, and since & appeas ia the exponent thisFo
gr make a large difference. Incidenally, we see that the exponent may be

thickness is given by
v

“eg (59)
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ve + ct

Le tom {zivolte eV
Fig. 5-10, Energy diagram for unneling berween wo meals separated
by vacuum, Tunneling berween metals is posible only when there ate
campy staies on the ight. Such empty sates are created when eV is
applied co lowes the Per level on the sight.

“The same effect appears if we bring ewo metal plates close together.
Figure 5-10 shows the siuation both without a potential diference, and with a
potential difference. Without the potential diference,cunneling is not possible
becauseche levels on both sides ofthe barterare Gilled. The effect ofevena weakcleetic field isco change the shape of the bustier a lle (Fig. 5-10)—an effect,

that we can neglect—and to lower the Fermi sea on one sie ofthe barter. This,
in effect, brings some empty levels in cotrespondence with the filled ones on the
ther side of the busier, and now cunaeling can proceed, with transmission
coaficient

[T/t ee 2VRW A « 630
Such a factor acts a8 resistance. Unforunately this expression is very sensitive
to the gap separation 4, and since for a work function of the order of electron
volts, the sepatation has to be of the order of angstroms, it has not proved
possibleco make meal plates sufficiently lat and parallel. The formula as beenApplied co the incerptetation of currents flowing between two plates with an
‘oxide between them (Ni-NiO-Pb), where the gap can be made as smal as 50 A,
and ies qualitatively correct.

‘An incetesting eect occurs when the metal on the sight is in & supec-

conducting state. A characteristic of such « stae is that above the Fetmi level
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4 Nowe (‘ :, 7 seomcondcn

Big. 5-11. Energy diagram for tunneling fiom metal 0 superconductor, La
concast to the meal-meral cunncling shown in Fig. 510, no tunneling is

allowed into the energy gap, This affeecs the custent-voliage characteristic as; oo

there isa gap in the level density, that is, there are no allowed states betwee an
energy Er ~ and Ey + A with & of the order of 10-> eV compared with the
Fermi enesgy Br of order 10 cV. These levels do not disappear, but ate squeezed
up and down, so thatthe level density just below and just above the pup is ety7

haage. Ifthe electric Geld is small enough, that is, a€ < Aye, thece will be no= tunneling, since there is no place for che electrons to go. The Gualiative features
of the curtent-voltage relation and the energetics are shown in Fig. 5-11, These

features ace in good agreement with expetinent,
(b) Tunneling is also imporcant in nuclear physics. Nuclei are very com-

Plicated objects, buc under certain circumstances it is appropriate to view them
4s independent particles occupying levels in « potential well. With this picture
in mind, the decay of « nucleus iato an -patcle (ttle nucleus wich Z = 2) and|
daughter nucleus may be described asthe ewonelingof an aprile though a

bamier caused by the Coulee ore! beeen the ugh nd the pareThe a-partice is not viewed'as being in a bound stace:if it wete, the nucleus
‘ould noe decay, Rather, the a-paticle is taken co have postive energy, and its
decay is only inhibited by the existence of the bartics.

|

{16 you fd i ditiul imagine why 4 tepaiion would keep two objects fom
sezreing, thik of the inva proces, « cata. leis ler tht the hater ene eaKeep she price ove
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0)

iat q

Fig. 5-12. Potent baieora dec.
Iwe waite

it}t=e* 657)

then

where R is che nucleate! and isthe cuing pot, detemined by the
‘Vanishing of the integrand (Fig. 5-12). Zs the charge ofdhe daughter nucleus,

TaD,Coz ere) ithe charge ofthe pile Being emived, Te nrg canbedone exactly

eofn aye “(eye (Rey

f+G-4) -vi[es (3) -G- *) 1 oo)
[Atlow energies (elatveto the height ofthe Coulomb busier at r = R, we bave

55> Rand then

(amZrZee*d\"* Ryeox (™) [5-G) | oo
Gc, ey ears of easter ais cae for he sud of alee

Nowa eet Pip age dtbaton, te eed by seating ectensaoeae lcinso carta he oooulbe expec oe cacyene ante
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. with b = ZZae*/E. Ufwe write for the a-particle energy E = m0?/2, where »is its

final velocity, then

a Gx te aeazzs() 81)
4 ‘The time taken for an a-particle to get out of the nucleus may be esti-

FEES, muted as follows: the probability of gesting chrough the batter on a single
‘encounter is «2. Thus the number of encounters needed to get through is

Bn ~ &. The time between encounters is of the order of 2R/e, where Ris again
ffi the ouclear radius, and vis the a velocity inside the aucleus. Thus the lifetime is
4

2R

ratte 6-82)

F The velocity ofthe a inside the nucleus is a rather fuzzy concept, and che whole
FA picue is very classical, so cha he factor in fon ofthe «cannot relly be pre-
BME dicted without « much more adequate theory. Our considerations do give us an
PRE orderof magnitude fri, Fora 1 MeV a-particle,i

4 foe _ [ae [2s
Fi BE Also, for R we take
mn RX 1S X 10 AM om 6-63)

"BBR and for A = 216 we get, for the factorin front, 2.6 X 10-, We can also rewriteB Gin the form

oxi 60)Weg
VE(Mev)

10 that one predicts, for low energy a's, the straight-line plot
i

logis conse — 1.73 osq cad VE(MeV)

‘with the constant in front of the order of magnitude 27-28 when + is measured in
Yr ina ofsecondig 3.13 shows tha good to the iftine daa ofi BEE: © large number of a emfers is obtained with the formula

| 1 EA
logs = G4 — G4i cand VE

FIRE where G, = 1.61 and C, = 28.9 + 1.624, Thus che very simple considerations
| etetemeteones
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; With more energetic a emission, he G factor depends on R, and with
©. R= red\"t, one finds that r isa constant, that i, chat the notion of 2 Coulom’

bare aking over che role of the potential beyond the nuclear radius has some
"validity. Again, simple quliative considerations explain the dataa

‘The fact that the probability of a reaction (c.g, capcure) between nucleiFis attenuated by the factor

any 6-65)
Pimples that at iow energies and/or for high Z's, such reactionsae rare. Tht iswhy all attempes to make thermonuclear reactors concentrateon the burning ofInydrogen (actualy heavy hydrogen—deuterium).

UP HR Hel + (4.27 Mev)

: APSE SAH +p (403 Mev)
\

ekg APH Het (176 Mev)

| since reactions involving higherZ elements would requte much higher energies,[5 Rane highest ma een dee much iheengi,| problems, For the same reason, neutrons are used in nuclear reactors to fission| F< the heavy elements. Protons, at the low energies available, would not be able to
| 775 get near enough to che nuclei to react with them.

‘ag E, One-Dimensional Model of Molecule
ie Some aspectsof what gives rte co molecules are exhibited by the exampleAE. ofa particlein a double pocential well (Fig. 5-14). The algebraic work is greatlyGe,

simplified if we consider a square well inthe limit of great depth with the wideh4
‘going to zero such that Va remains a constant. In that case we get a delta.4%
fonction well, which is very easy to handle, Just co show this, consider fist 2

F single atuactive porencil well

; N

Cnt v1) = —™ 0 666)
“The equation to be solved is, when E < 0,

Pde

FA) suis) = * ia) ate 6-67)
+where f= 2m ELA

‘The solution everywhere, except at x = 0, must satisfy the equation du/dx* —
su = 0, and if itis to vanish atx —+ + ©, we must have

sam x0

=e x<o 6-66)
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L ,

ao Pree

Fig. 5-14. Double one-dimensional potential well. The shape of the wave
Fanction fora bound sate i skerched in.

“The coeficienss in front are che same (and here chosen to be uny—we can

normalize afterwards) because of the continuity of the wave function. The
derivative of the wave function is no longet continuous. As argued before

(Eq. 5-13) we have ae de »@),.-@_--i oo
“The last relation gives the eigenvalue condition

>

that is

»

“3 . (5-70)

“The double square well wil be replaced by

Comite) Vix) = — Bex — 0) + e+ a on
Because the potential is symmettic under the inerchange x —> —, we expect
that cere will be solutions of definite party, and we wil frst consider che even
sclutions
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1, For the even solution we write

a) =e x>a

: = Acohex a>x>—0

=e x<-a (72)j.
tnd continuity ofthe wave function gives

ots A cothee 6-73)

[Because of the symmetry, it is sufficient to apply the discontinuity condition

for the derivative atx = a. Nothing new will come ofthe application atx = —2We get

2

mae — A shea = —* em 74)
‘and the eigenvalue condition is

4 »
ahaa = ay (75)

iguce 5-15 shows this graphically. Thereis only one intersection point of the‘eure tanh y with (N/3) — 1. Ic is obvious that when y = 2, che right side is zer0,
E-whereas tanh y > 0, Thus the incersecton point occu for y <A. On the other

hnand, since anh y < 1, we must have Q\/7) < 2at the intersection point, thatis,
d

ox (5-76)

TE we compare this wich (5.70), we see thatthe eneegy for che double well is
ager negative narber, that is, che energy forthe double poceatal is tower. Note
that this is not because somehow che strength ofa pair of potentials is largerthan char of a single potential, as might be the case if one compared an elecron,

3 \ ~
Fig. 5-15. Solution ofthe eigenvalue condition anhyarn
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bound co two protons with an electron bound to one proton. The lager binding
is there because, as Fig. 5-16 indicate, itis easier vo accommodate a sharply
‘dropping exponential to a symmetric Function (here cosh x) with  discon~
tinuity in slope as given, chan ic i co accommodate i ro an equilly sharply
‘koppiog exponential onthe oher side ofthe potential. Inthe realwot,a singletlectton bound to two protons separated. by « small distance will have a lower
“energy than 1 single proton plus 4 hydrogen stom far away, even though in thefrst cise there is a more effective repulsion berween che prorons. Again it is che
‘way in which the wave function can accommodate itself to the geometrical
situation that is the dominane effect

2. The odd solution will have the form

a) x>e

= Ashe a> «>a

ane kn om

‘Again, because ofthe sntispmmenry, itis suficient to apply the conditions a¢
ie = a say, Continuity of the wave function gives

Asich va = (78)

and the ‘discontinuity equation reads
»

meet = cA coshas = ~ Nem (5-79)

(| {

Fig. 5-16. Bound state wave functions for single and
double dea function attractive potentials
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a 2 srt tare

.4

B
.

‘Fig. 5-17. Solution of the eigenvalue condition
anhy = (4/7) - 1).

2 ‘Combining the two yields the eigenvalue condition
é

Fs cothng = > 6-80)
"5 Figure5.17 shows 4 pot ofthe recprocl ofthis equation, hae is, anhy ageinse“s Q/y~ 1)~. There will only be an intersection ifthe slope ofthe former nthefA origin is larger than that of the second, that is if

4 dot (anTE
Aty = 0/2 the cerm (X/y ~ 1) iv aleady at 1,40 thatthe iatessection had to

“HE occur fory < 0/2, that i,x »
3 «2 (6-82)
Thus the odd solutio’, if there is a bound ‘State, is less strongly bound than the

ven solucion. The wave function, which has to go tough te fede
isp becween he well, and thus can only atcommerite to les apy

falling exponential. Depending on the sizeof, there may or may not exist apind ate
1c us now conser superposition ofthe ground sate au), with energyE,

and the excited state u(x), with ‘energy E, (e and 0 stand for even andodd)
His) = nla) + mle) (83)

With «chosen 50a 0 make" dss]? as ama as posible, thc i, wih
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the “electton” localized, as far as possible, on the right side. After atime f, the
weave function will be

Has) = le) «HM + cx) MH

RMEads) +eEOfe) (5-84)

that is, che phase relationship between the ewo pars will change. In particula,
aera vim such char

HBB wy (55)

the “electron will be localized on the lefe side in exactly the sme way that it

‘eas localized on the right at¢ = 0, Thus thee i an oscillatory behavior, which
may be described by the electron going back and forth between the two po-
tentials, with frequency

EWE
w= dae 686)

‘We shall leave it to the reader co convince himself that the petiod associated

with the frequency ine i, for large ), approximately equal to the “eunneling
time" across the barr separating the two wells, as might be determined from
the materia) presented i Sections C and D. This is a model for the ammonia,
molecule, There ate ways of measuring such a frequency with high precision,
tnd thus we have at our disposal avery accurate “clock.”*

F. The Kronig-Penney Model

Metals generally havea crystallin stuctute, that is, the ions are arranged in
‘a way that exhibits a spatial periodicity. This periodicity has an effect on the

motion of the free electrons in the metal, and this effect is exhibitedin thesimple model that we wll now discus.

‘The periodicity will be buile into the potential, for which we require that

Vix + 2) = Vix). (5-87)

Since the kinetic energy term —(K2/2m)(d?/dst) is unaltered by che change
x +x + 4, the whole Hamiltonian is invariant under displacements by a. Fot the
‘ase of zero potential, when the solucion corresponding to a given energy
B= BR/2mis

He) = 6-88)

‘For dncaston of che ammonia molec, we R.P_eyoman, RB Leighton,and1M, Sands, Tbe Rowman Laces on Piya, Vol Il, Addison Weel, Reading, Mas, 1963.
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the displacement yields

Het a) = irtel = ae y(n) 29)

that is, the original solution multiplied by a phase factor, so that

Wore i= WGI (650)
f;. The observables will therefore be the sameat xas atx + a, that is, we cannot cellwhetherwe are at x or at x + 4. In our example we shall also insist chat y(#) andWx + a) differ only by 2 phase factor, which need not, however, be of theform ¢**,

To simplify the algebea, we will take a series of repulsive delta-function
potentials,

Br sVix) = So Bee— ma) Gon)
f) Away from the points x = na, the solution will be thac of the fee particle

equation, that is, some linear combination of sin &x and cos kx (we deal with

‘eal functions for simplicity). Let us assume thac in the region Re defined by
(e— 1)a Sx < ne, we have

W(x) = Ay sin A(x — ma) + By cos k(x — na) (5-92)

4 and in the region Rey, defined by na Sx < (w+ 1) awe have
FH) = dase sin Me — (0 + 1) a] + By cos dle = (+1) 4) (593)

E Continuity of the wave function implies that(x = ma)

Aaya sin ha + Buys cO8 ka = By 694)tnd the discontinuity condition (5-13) here reads

g fay 605 ha + bis sin be ~ bs = * By 695)
© A lide manipulation yietds

Aa = Ay cos ha + (g coska — sin ha) ByBur = (g sia ke + cos ka) By + Ay sin ha (5-96)
where g = Whe

. ‘The requirement that che wave functions (5.92) and (5.93) be related by
(Ran) = #* HR) 97)

is satis it

; Aas = 6 Ay

f Bays = 0 By (5-98)
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‘when tis is inserted into (5.96), we find a consistency condition that reads

(e*— cos ha)le* — g sin ha — c0s hi) = sin ag cos ba — sin be)
thar is,

8 = 69(2 cos ka+ g sin ha) +1 = 0
Muliplicaion by € gives

cos @ = cos ha +g sin ba (599)we take periodic boundsey conditions for our "ryt s0 that
VRaiw) = HERD (6-100)

then ic follows fam (5.98) that ¢¥# = 3, cha is,

o= hm m= o, 41, 42, (5-101)
x

We denore@ by 4, where qs the wave nuenber of an electon in box of lengthNe, with periodic boundary conditions and without any potential, chat is,
‘without any ions present. Thus (5-98) should be rewritten ia the form

in hecos ga = cos a + 30 _ (102)
“This is a very interesting result, because che left side is always bounded by 1s
that i, there are restrictions on the possible ranges of the energy E = 4/20
that depend on the parameters of out ‘eysal.” Figure 5-18 showsa plot of thefanction cos #-+ sin x/2¥as a function ofx = a. The horizontal line tepee-
sents the boundsoa cos gs, andthe regions of x, for which the curve lies outsidethe stip, are forbidden regions. Thus there are allowed energy bands separaed by
tegions that ate forbidden. Nore that the one: of a forbidden band coresponds
to the condition

hae me w= £1, 22,43... (6-103)

“This, however, is just the condition for Bragg reflection with normal incidence.
‘The Kronig Penney model has some relevance co the theory of metal,

insulators, and semiconductors if we take into account the fact (to be studied
tare) that energy levels occupied by electrons cannot accept more electrons.
‘Thos a metal may have an energy band paccally filled. If an exernal fed is
applied, the elections are accelerated, and if there are momentum states aail-
able to them,che elections will occupy the momentum staces under the influenceOf ahe cleceie field. Insulators have completely filled bands, and an elecsic
feld cannot accelerate electrons, since there are no neighboring empry sates.
T che cece Beld is strong enough, the electrons can “jump” actoss a for-
Hfche elecsric Bet he into an empty allowed energy band, This corresptggds
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cone ae

Fig. 5-18. Plot of cosx + (4/2)(sin x/x) a8 «fonction ofx:The horizontal linesrepresen the bounds -£1. The cegions of x for which the curve lines outside theatti are forbidden

to the breakdown of an insulator. The semiconductor is an insulator witha very
tatrow forbidden gap. There, small changes of conditions, for example, arse in

,_femperature, can produce che "jump" and the insulator becomes a conductor.

G. The Harmonic Oscillator

[As ous last example we consider the harmonic oscilatoe (Fig. 3.19). Ia
contrast to the examples dealt with uatil now, the differents) equation that
reeds co be solved is no so trivial, and one teason for discussing this problem isi
to learn something abour the technique for solving such equations
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ve ("

[a= Pp ————n=0

a] _ | _

Fig. 5-19. Harmonic oscilasor eigenfunctions, and probsbilry densitiesfor the loves four eigenvalues, Note the evenness and oddness properties of

the eigenfunctions
“The classical Hamiltonian is ofthe form

aa Eat (2109)
so that che eigenvalue equation is

eats) )
oe dt + Pertu(x) = Balx) (5-105)

We introduce the frequency of the oscillator

w= Vile (5-106)
tite

Ht (107)
and change variables to

ye zs (5-108)
ra
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10 faly gee the simpler form of the equation

ns
= 7 t+k-y)u=0 (5-1

Bunn 0)D All quantities that appear are dimensionless

Foranysigenaive «7°» othe cm involving eis negligible, and weamuse therefore equ tht #0) asymprosaly suly the ee

; AO — sui = 0 Gato)
We mulkiply by 24h/dy, which allows us to remit chs in the fom

d (sy ae\e) ~7y @)=0 (5-111),a\a) 7%
or equimleay,

d | (du\?~
5) ~ Met | = —2ym™ (5-212)5lG)-> ]--» Gu)

PP sings es delepehve 0 gid of te guBon, We assume that chs can be done and then check th the soup esome. we drop the ght sie, we fad thee
dn

: Sm (tre!

‘where Cis & constant of integration. Since both ayy) and duc/dy must vanish atF ntinicy, we muse have C= 6 Thus

Pa

te 9by =e ¢ )
F whore solution, acepable tinny is

: sy) = ert (114)

‘We can now check that 2a? = 2-H is indeed negligible computed with
4‘
4

yay= 4 Germ —aperey (uct) o (Fev) Ay es
for lugeyi we now incovuce «new fonction M4), such that

6) = AG) ev (5-115)
then ee feel equation i easly een to ake the frm

eeen re
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‘This may not seem like much of a simplification, but we have accounted for the
behavior at infinity, and we can now look at the bebavior near y = 0, Let us
atcempe a power Series expansion

hy = Eyer (17)
‘When chis i insereed inco the equation, we find that the coeficiets of y*
satisfy the recursion relasion

(e+ Doe +2) dag = Om — e+ 1) he 18)
“Thus, given anand ay, che even and odd series can be geneated separately, That
they do not mix is & consequence of the invariance of the Hamiltonian under
reflections. For arbitrary e, we find that for large m (say # > N)

nya 2 oa 6-119)
“This means thatthe solution is approximately
AG) = (4 polynomial in 9)

+ [rei se wegne |ad Ne NWF? T NN DOTSD ~
where, for simplicicy, we have only taken the even solution. The series may be
‘wren inthe form

n(n Ome 4 GI ne ]{ or ( 7)! late =m* evar * aware
which is of the form of a polynomial + a constant X *e#, When this isinserced.
Jato (5-115), we get a solution that does not vanish at infinity. An acceptable
solution can be found ifthe recusion felation terminates, that is, if

e=2NH1 (2120)

For that particular value of the recursion relations yield

pe NON = 2). (N= 2+ MIN- 2+ Gy,aun (22) on (2)
aod

ye (NE ANN 1). (N= 2+ BN ED Gg,ans = (2) aya ry
‘Thus che results are

1. These are discrete, equally spaced eigenvalues. (5-120) translates into

B= hale +9) (6123)
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4 Form that looks familiar, since the relation between energy and feequency is the
saine as that discovered by Planck forthe radiation field modes. This n0 acct
dent, since x decomposition of the elecomagnetic feld into normal moses is
essentially a decomposition inco harmonic oscillators that are decoupled,

F 2. The polynomials A(y) ate, except for normalization constants, the
Hermite polynomials H,()), whose properties may be found in many textbooks
We are not really interested in these dewil, and we wil solve the harmonic
‘oscillator problem again, so that we do noc pursue chese mates, I i, howevet,
‘worth pointing out thatthe reason fo the imporance ofthe hainonie oscillator
in quantum mechanics, as in classical mechanics, is chat any small perturbation

‘of a system ftom ics equiibeium state wil give rise to small oscillations, which
ae ukimately decomposable into normal mods, that is, independent osal
lars.

3. As (5123) shows, even the lowest scat has some energy, the zo:pintnergy.
es presence isa purely quancam mechanical efect, and can be inerpactedin teams of the uncenainty principe, Is the zero-point energy that is esponsiblefor the fact that helium does not "freeze" at extremely low temperatures, but

femains liquid down to temperatures of the order of 10"? degrees Kelvin, at
Fmotnal pressures, The frequency cis larger for lighter atoms, which i why the

effect is not seen for nitrogen, say. It also depends on detailed features of the
Ff inveratomic forces, which is why lguid hydrogen Joes fee

P

Problems

1. Consider an arbitrary potential localized on a finite part of the x-axis,‘The solutions of the SchrBdinger equation to the eft and tothe right of thef,
potential region are given by

respectively. Show that if we wite

C= SiA+ SD

B= SuA + SD

()-@ 96B) Nba Sad,
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thar the following relations hold

Isal®+ (Sil*= 1[Sal* + (Sel? = 1

SySh + Sas = 0

“This is equivalent to the statement that the mairix

(Su Siss (s :)
is unitary

(int, Use flux conservation and the possibly that A and D are arbiteary
‘complex aumbers.)

2. Calculate the elements of the scattering matrix, Si, Su, Su, and See forthe poceatial

Vix) = 0 x<nme

=Vy -acxce

.

=o xca

‘and show that the general conditions proved in Problem 1 are indeed satisfied.

3. The elements Su: . . . S:s are functions of &. Show that
Su(—#) = Sh)

Sa(-A) = S2Cb)

Sis(—A) = SCA)

that i, that che matrix has the property

S-#) = 8)

+4. Consider the odd solution to che potential well (e.g., Eq. 5-39), whichcan be used as a model for  three-dimensional pocencal well with zero angular
‘momentum. If the range of che potential is given o be 14 X 10-"* cm and che
binding energy ofa system is —2.2 MeV, and if the mass to be used is 0.8 X10-™ pm, find the depth of the potential in MeV.
[Hinss, (1) First, conver distances and masses into units of some mass, so that
the range is d(f/ue) and the binding energy is of che form «(yc"). A convenient
tnass might be the one given. (2) The binding energy is very small, so chat is
almost zero, If ie were 270, condition (5-11) would yield 7». Expand about
this value]

5. Without actualy solving the Schrddinger equation, setup the solutions
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‘0 that only the matching of eigenfunctions and thei derivatives remain to be
dove forthe following situations:

‘with the following conditions (a) flux Kt/m would be incident from the lefe if
the potenils were absent; ake E < Vs

: vary

‘with flux of magnitude fub/m incident from the rightif che potential were absent,Reve
6. Show that the conditions for a bound stare (5-33) may be obtained by

‘equiing the vanishingof the denominators in (5-25)at & = ix. Can you give anargument for why this s not an acident?

7. Consider the scattering mattx forthe potenti

»VQ) = aie - >)
Show thc ic has te fxm

te
ka — ike —*

Dany _ ikeFike 3° ke —%

F Prove cat eis unary and thai wil yield ee condition for bound states when
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the cements of cat matrix become infinite. (This will only oceut for < 0:
8, Calculate ain Eq 583, which will localize the particle sf as posible

fn the sight side of the origin.

9. Work out in detail the wave functions for the three lowest eigenfunc-tions ofthe harmonic oscar.
10, Consider the harmonic oscillator potential perturbed by a small cubic

tem, so that

(a) = nat (= - Le)
If ais large (compared to the characteristic dimension (5/ms), estimate how

Jong it ees particle in the ground state to “leak out” to the region on the fat
right. Note thar wth cis perurbation alone, there i no lowest energy sate,

since fo large enough = the pocentsl becomes arial deep

11 Consider the potential shown below

vee] ‘ Wo-

.

ith

stv9) = ED eo
ome

Estimace the liferime ofa particle of energy E in this potential. (The outsidepotential represents a centrifugal barrier in a three-dimensional world.) Express
your result in terms of the dimensioniess ratio //AR, where E = W'k*/2m. Take
In.

12. Consider the Kronig Penney potential with
haar

(4) Make a detailed plot of

b sax

cone + SH
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Basa function ofx = ka.(b)

Show thac forbidden energy bands sare just above ke = wr.(©) Show that the allowed energy bands get natrower as} increases
q (a) Plot the energy i%4*/2m as a function of ¢.

13. Consider the model ofa molecule defined by (5.71). Show that when
a hi

E and

ee References

F >The Kronig-Peaney model is alo discussed in detail in

E. Merzbacher, Quantum Mechanics (2nd edition), John Wiley and Son, New
York, 1970

Fora more deiled discussion of “bund theory” sec

Kittel, tnradctont Sli State Pic (th edition), Jobn Wiley and Sons,: Tne, New York, 1971, Chapter 9.

ph Fora more complete discussion of barter penetration, using the WKB approxi‘mation, see any of the more advanced textbooks listed at the end of the book





| chapter 6
The General Structure of
Wave Mechanics

tn Chapter 5 the eneigy sigefaactons, chit is, the scutions of the
aston

o a Hus(x) = Bus(x) 1)
wih

Pee ya 2(h ay ()Hm oT He) a(té + Vx) (62)
rte obtined fora numberof physilyinerening Haritontns. The Ham
Conn opetorH was empha, becuse is tht operator that decries

the time development of a systean, The initial sate of « system can be describedby ay wavefunction Ye) whichis only eonsenined by te sogucemeat hae
favo He) < @ (63)

E_ that is, chac it be square integrable. The ¥(x) can, without loss of generality, be
tliplied bya constant, so aes nomad

favs vex) = (6-4)
‘The time dependent Senger eqetion

he

7 a Mm) = WKxs) (65)
describes te time development of the wave fonction, and given the enegyf igeafoncions urs) ths pblem an be olsed ena: Wha nae
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the solution is @ general theorem chat states: an arbitrary function (x) can be
‘npended ins complete ser of eigenfunctions of H, tat,

Hx) = ZX Comets) (66)

If we choose the eigenfunctions of H to be normalized and if we take into
Account tat the eigenfonctions comesponding co diferent values of E are
‘orthogonal, 0 that

feb) neo)de = bee co)
a renule proved in Appendix B shen

[aeszto vo) = 3 cof site are)
= ZL Cobew

=o (6-8)

that, the expansion coefcients ae determined. Now the ie dependence for
cach energy sigenfonction i

seule) = onl) oe 69)

‘as can easily be seen when the above is substituted into (6-5), and hence

Hoa) = ED Cee als) (10)

1k should be noted, as we have leaned from cinsideting 4 large number of
cuamples, chat the encgy eigenvalues may take on discrete values and/or con-
Cinuous wlues. We speak ofthe spam of eigenvalcs being, discrete and/or
‘continuous. Thus (6-6) really reads

He) = E canna) + fdBc 06) can
comesponding to the two possibiles, and (6-7) reads

f hala) ma,(2) de = Ban 1)
for the discrete values, and

f sis) unl) de = ME BD) 3)
forthe continuovs one. Tiss nor the only possible choice. As we sain our

‘Slcnont of problems widh potential wel of bri, the solutions ofthe energy
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igenvalue equation can be made up of functions chat far from the potential arepp, momentum eigenfunctions. There is 2 relation berween the energy and theE
momentum (E = p/2e away from the potential) and it turns out to be possible

Ec notmalizethe solutions so tha che righ sie of (6-13) is placed by 8(p — p’)‘of, in three dimensions by 4(p ~ p’).:

We also postulated an interpretation for the expansion coefficients: |Ce|*fis the probability thar an energy measurement of the state described by $x)
B: yields the particular eigenvalue F. Any particular measurement can oaly yield
[> an cigenvalue, bur in contrast ro classical physics, we cannot predice which one
E. it will be: we only have the probabilicy that it will be a particular value E. In

Geer quantum mechanics, as in classical theory, a measuremeat must be repto-
Bi ducible to have any meaning, Thus if an observer, upon meking « single meas-
Gy, urement on a system finds chat the energy is, say, F, then a subsequent energy
Gj measurement for that system must again yield Bj. Heace, after the fist measure.
ment, the state of che system is described by a new wave function, namely the

BBE cigeafunction ws,(x); only then will a repeated measurement yield E, wich
probability 1. The expression "a measurement projectsa state inco an eigenstateBL of che observable” is sometimes used,q ‘The expansion theorem may be viewed as a generalization ofthe expansionfofa vectorA in terms of orthonormal unit vectors in an N-dimensional vector

ce Space

4 A= ath + oats +... tant 1s)
The unit vectors t, satisfy *

tats = be 615)

and are the analogs of s(x), The coefficients ay are given by4
asl 616)

: band they are the analogs of the Cy. We shall often use the language of vector
E spaces in taking about quantum mechanics. Thus we shall often refer to the

f _Conficieats Gras the “projections” of Y(s) “along” w(x), and the quantity

. Go fate ve de (67)
will often be alled scaler product. We wil, following Diet, introduce a con-

f venient notation for the scalar product

3 fi8°) HO)de = ly) (61)
‘The similarity between the acceptable wave functions, and ehe collectionF

of all Nedimensional vectors is actually quite deep, Justxs the sum of any twoF vectors yields a vector

q A+B=G (6-19)t :
.
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ov the product ofa vector with number agun aver, wil dhe sum of
fay two square integrable functions again be a square integrable function, as
‘wil the produce of a square integrable function with an arbitrary (complex)
umber, In bods axes, provided we define the notion ofa salar produce,

(A|B) = AB (6-20)

iy) = [xo vx) (621)
ime oer, we havea lineat vector space, The only diferenc is thin quantum
inechanics, dhe vector spce is iaiite dimensiooa, In fact, since in (6-21) iis

‘he conta wus abel x that plas che role thatthe index plas in
AB= Dah (6-22)

‘we see that the space is continuously infinite, ‘This does mean that a proper
Trachematel totment of such vector space is much moee complied, since

questions of convergence of integrals like (6-21) have to be faced, and in con-
fist o# ine dimensional space, proving completeness much more dificle
Ta mathematical parlance, the squateintegable functions form a Hilbert space,
and che encigy Cigenfunctions form 8 complies of bai eo.

Ta vector spaces, be they finite dimensogal ot mote genes, an operator is
eind vo be something that uansforms a vector into another vector, o inthis
‘ase, 2 square integrable function into another square integrable function. We
fe cralyineesed in lnar erator tha have the peoperty that

Hats + Bhi) = alls + Blths 2)

“The simple example discussed in Chapter4 showed! da the expecation vale ofH, defined by

(oy = [9 46 ae om
‘was real. This is co be expected for a physically measurable quantity, and it

[rnenlizes othe satement that the expectation value, forall y(s), ofa operator
epeseating an observable quantity, has to be tel, We called operators that
Ind this propery, herman.

Foran ubioary linear operator A, we have

are = [ore 1) de 625)
and

cage = f cave We) de (628)
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|. The opertor At (pronounced A-dagge) is defined by the relation

3 [sv 009 de = fore ave ae (627)
Poet ce hei ngaFreae einve Vv d

i ayia

UE (4)'--z
$)-—Simitcly, the hermixian conjugate of the operator

(&-«)
AB is easly shown tobe

4 ( nate‘); ae

For a hermitin opertor
2

3 Cee = fuse $00 ae
= fre 14 ae
= Wy

; = fre 96a ae (628)
And since this is re forall y(a), we say chat

wen 2)

. “The Dizac notation for salar product chat involve operators is

§ fore) ave a= aie) (630)
; Thus!

‘ lain = [Lavin)* 6) de
[ste dinion of ie (627 oat inte ene exgeceson ae of Ai syto check by wing #0) = 0 4 Roa) ws beg asaneay aneiN| imps she rp betas nc oe ode toi 6),
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= fro AlOlx) dee
= Wile) (x)

“Te ress ft out dive towatd generality is as end seen, che ft that
His aot the oaly operator of interest, Other physical observables, such as the

tmomentum ope'otur party, positon, and 3 on ae represented by herman
operators. We salle the cers Ay B,C... for oper, and since we ae
nly dealing with operators tha repretenscbterable, they ae all hemi,
tha is

Ana

bow

tnd so on

“A eran operators have eigenfunctions, tha thee exis x of

vectors hat have the propery a he operating oa tem reproduces them,
Teepe foe « proporloaliy const, te egenalae

Asg(x) = ag(x) (633)

“The specrum of eigenvalues, 1s forthe Hamiltonian, may be discrete and/or
contmuous. The spectrum of momentum eigenvalue was found eo be con
tinuous; that of the parity eigenvalues, +1 was discrete, As for the energy cigen-
functions, those coesponding to diferent valves of «ate orthogonal, and the
ters may be ehonen tobe nove 0 that we have

fur tela) de = Baa’) (6-34)
eas in ou ew aotation

(ia\tar) = Blaya’) (6-35)

Here O(aye") may be a Kroenecker delta due ifthe eigenvalues are discrete, oraDirac delta function &(¢ — a’) if they are continuous. It follows from (6-33)and (6-34) that

am fu) An te (636)
chat is, |a= (w[Alm) (637)

‘Ths the eigenvaluesof herman operator must be a. Since the resus ofanindividal easement of the ober decribed by A mast be one of the
tigeovaluc, is nt be 3,
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Just as for che Hamiltonian, we found in Chapter 4 that the eigenfunctions‘of other hermitian operators also form a cemplate st, 30 that the expension
theorem

HW) = D cals) (638)

where

G = futon gte dem Gul) 639)
holds, The interpretation of Cy is aguin that ofa probability amplitude, cat is, | Col?His che probability of finding the eigenvaluein making 1 measurementof A on asystem described by Ys). Again afer 2 measurement, reproducibility requires“hat che system be found in che eigenstate (+)

In both the problems discussed in Chapter 4, the particle in the box, andthe fice particle, we found thar the eigenfunctions were simultaneous eigen-
| fimctions of H and another operatot, parity in the frst case, momentum in the

second, and we saw that in both cases the additional operators commuted with
Let us now examine the general conditions under which this happens.

The eigenfunctions u,, corresponding tothe eigenvalue « ofthe operator A,
Aad) = aul) (6-40)

will be simultancous eigenfunctions of another operstor B, when

Baa(s) = buss) 41)

‘This, however, implies that

aangyy Bs) = Abas) = ble) = abuts)aod
BAwg(x) = Baug(x) = aBas(s) = abia(s)

tha is, that

(AB ~ BA) w(x) = 0 (62)

If this were to hold for just one a it would not be very interesting, but if it
hholds for the complete sete, then it means that for all square integrable func:
tions Hs) = S Caml,

DX (AB — BA) mlx) = (AB BAD Corals)

= (AB ~ BA) (x) = 0 643)E that is, che operators commute

[4.8] =0 44)
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Conversely, if we have two heemitian operators A and B that commute,
so that (6-44) holds, then

ABu,(x) = BAug(x)

= Bats) (6-45)

tha i,

AlBins)} = alBes)] (646)

“Ths he fonction Bus) is also an eigenfunction of A with eigenvalue 4, 1f
there is only one eigenfunction of .A cotresponding to the eigenvalue 4, then
this implies that Bug(x) must be proportional to (x), that is,

Buua(x) = bua(x) (6-47)

“Then u(x) is a simultaneous eigenfunction of A and B. This situation, in which
the eigenfunctions of A ate not degenerate is the one thatwe siw for the particle
in the box. If, on the other hand, there are two eigenfunctions ofA correspond
ing to the eigenvalue a, thu is, we have a twofold degeneracy

AusD(2) = aa)

Ani?

(3) = asx) (648)2 scoaton lostated inthe fe panicle ample, chen we cn only asset hac
Bu?(x) and Bx(2"(x) must be linear combinations of 1," (x) and ws°(x):

BuSP(s) = Bans) + barns?)

BuSP(x) = Bus(x) + bas) (6-49)
Ieis evident, however, thatwe can take linear combinations of these equationsco‘obtain equations ofthe type

Beis) = bush)

BeiP(s) = bss) (6-50)

For example,

Bows? + ul?) = (ar + Nn) wi? + (ba + Nb) al?

= balae! a?)

provided we choose X such that

bat Me i
fut Mn *

“This is a quadratic equation and there will be two values of A, corresponding (0
the evo eigenales be is morepropeto denote simultaneous igenfunctions ofA and B in (6-50) by uii(=) and 4{9(x). Since these correspond to
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{different eigenvalues of the opentor B, they wil be orthogonal to each other.
FS) In practic, for ewofold degeneracy, the degenerate eigenfunctions of 4, if they
Gare aken to be orthogonal co each other (ge and «fr the fee particle$e ase), will automatially be eigenfunctions of B.
4 Even after finding eigenfunctions of A and then making linear combina-
Eons that ar eigenfunctions of a commuting operat B, there may sil be sone

BS degeneracy, that is, chere are seven eigenfunctions of A and B simultaneously,
Bee with the same « and b, This means that there must bea third operator C thatEG) commutes wich both A and B, and the functions cin be eecombined to beHEA simultaneous eigenfunctions of 4, B, and C whose eigenvalues distinguish theBoe. degencaare eigenfunctions of A and B. This will go on until there is no more
Fe egenctagy. The ser of murcally commuting operators, B,C... M of whichfour

set of functions isa set of common eigenfunctions is called & complete tofb commuting errabe. We have

4 14, B= (4,=...= 14, M)=0
j (8, d=(B, Dj=...= (8, m=0 s))

and so on

4 Aa al) = ae a8)

q Bias ol) = bah of)

Ms al) = mia ft) (652)

‘The state desctibed by Hase..n(s) has definite values of the observables A, B,
BG... M. This isthe laigest possible aroune of information that we can have

abour «system all at once. The reason is that if we consider another operator
that is not some function of the operators 4, B, ..., M (since these commute,
such 4 function is unambiguously defined), thea a measutement of it wll not

J Bive 2 sharp value for the state #at..n(t). In general, if ewo operators do not
‘omanute, chen a type of uncertainty relation connects the precision with which

[the ewo abservables can be determined:

To demonstrate this, we must frst agree on a definition of uncertainty.‘A atual defiition is

; (aay = (a) — (ay 63)

so called che diersin. It has the advantage that it does aoe vanish even if

(A) = 0, and it vanishes if che expectation valuc is taken ia an eigenstateof AE
Note that we may also wege this asre (aay = (a = (apry os)

E since

3 (4 = 244A)+ (AY) = Ca") ~ (Ayiay
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“This shows thac (4,4) deals with the magnitude of fluctuations about the mean,
Ik is scrtighsforward to show (see Appendix B) that

(aayiany — \AABIY 2 0 (635)

“Thus for x and p, for which [xp] = if, it follows thae

ie(axap)? > 4 (656)

Notice that in the derivation no use was made of wave properties, x-space ot

‘pspace fonctions, ot particle-wave duality. Our result depends ently on the
‘operator properties of the observables A and B. ~

‘Let us now tutn to the important question of the classical limit of quantum
theory. To do this we must fist study the time development of expectation
values of operators, In general, che expectation value of an operator changes
with cime, It may change with time because che operator as an explicit time
Aependence, for example, the operatct x + p/m, and it also changes with time
because the expectation value is taken with respect 10 a wave function that )

itself changes with time. If we write
(Ah = foeo AM) de (6-57)

thea

4 va), 5) 24qin fv a) Sveade
aves)+ f a AMES) de

tas) aed+ fiV(xs) A es de
aa 1 -

- C4), + f(t wees) Med)
+fea (t Hs)

aA) i ye= (28) Efe mateoae
-;fVA) AMD de
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that is,

4 aa\ i

:

Gian= (4) + Ena (658)
In the desivtion we made use of the fct that His hermitian operator, We
observe dat if A has no explicit time dependence, chen che change of the
expectation value for any tates

4 i

: Faun Ful. 59)

J Uf the operator commutes with H, chen its expectation valuc is always constant,
thats, we may say chat she obereableis conan ofthe melo. che Hamikonian

is one ofthe complete set of commuting observables, then all the others are
coostats of the motion.

Tet ws consider successively A x and A ~ p. We fist have

40 4

4 =F Maly
:

= H((2 ve)t ([: = + Vix) x
Now x commutes with any fanction of x,

Weal =o (660)

fo chat we only have to calculate

Uo) = Hol + oe >

4, ea
E Thus we obttia

a

= (2) (6a)
Next we have

Me tea @= k ({Z + veve])
=- | vey 663)

since p and pevidenly commute. To evaluate the last commutnor, we noe that
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pve 40) ~ veo peed = * 4 wey yoat - * veo 2 yoo
& () ny

_ FM yy ew
tort

eelave) = 222 665)
and thus

4. faves)

‘We may combine (662) and (6-66) 0 obtain

a (dv(x)

a on =— (22) (oon
‘This looks very ouch lke the equation of ition ofa cssical pont pastice
in a potential V(x)

Pea _ dea)
ET dea wos)

‘The only thing that keeps us fom making the identification

a= @) (60)

int

w\ od

(frre 670)
Under circumstances where the abowe iaegutly becomes ao approximate

equality, the motion is essentially classical, as was fest noted by Ehsenfest. This |
requir thatthe portal bea slowly waving Function of cs argument. I we
wate

40)F(x) = — ae (71)
then

FQ) = G b Mex) = ©) aaya) = C0)+ Ge ~ (a9) PGE) + EO mele +



a Wf the uncertainty (4x)? = ((x — (r))*) is small, and the higher tems ia the
RE) expansion can be neglected, then we have
TS APG)Se PGR) + x = (83) PU)a = FD) (on)=

ES Iris indeed tue that even for electrons and othet subatomic particles, (6-72) can{Sy _be valid, For macroscopic fields (672) isa good approximation, and ths allowsHe. us co describe electron of proton orbits in am acetlenitor by means of dasic]
ES Htions of motion,

mit|
AB Problems

EF only hermivan if and B commute, that i, if AB = BA, and (2) che operator© (Ase Bis heemician,

: 2, Prove that 4+ A” and (A — A!) are hetmitian for any operator, as
is aa

3, Prove that if #1 is « hermitian operator, then the hermitian conjugate
‘operator of ei (defined co be SS iH"/n!) isthe operator

4. Prove the Schwartz inequality

j wiv r(ols) > | #19))*

Note that chis is equivalent to cos* @< 1 for three dimensional vectors

Hint Consider (J + N4l¥ + M8) D Oand calculate the value of d that mini-sizes the Ls.)

5. Consider Eq, 6-58 and 6-39, Calculae (ply) for an arbitrary¢ in rerms‘of (|4,), and show that itis possible to wrice

I) = DL Ole) (ual)

Ina sense che sum over « complete set of

; ZX [ed dael

is equivalent to the unit operator,

7. If Ais hermitian, show that (42) > 0,

8. Consice the hermitian operator H that has the property hat
Wet
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Whar ae the igen ofthe opentor H? Whe ae te cgeaaluesif His at
reoicted to bog hemian?

9. Am operator is said to be unitary if ic has the property chat

w= uu=1

‘Show thatif (J|¥) = 1 chen (Up|UP) = 1.
10, Show that if is hemi hen sway

11, Show that ifthe {| form an orthonormal complete st, with

(o|me) = dan

then the set

|v) = U|ee)

with U unitary is also orthonormal. (The meaning of the above is a unitary
‘operator acting on a set of “basis” states yields another set of “basis” states.)

12, Use the definition of dx ad Ap given ia (638) co show ha
apae~ hn

fora pice in n init bo in the ste charcerined by the quantum sun-

13. Show that if the hermivian conjugate operator At is defined by (6-27),
then

fatavcarvor = [acer ave |
(Hing, See footnote 1, p. 115.)

14. Use the commutation rettions between the momentum p and the |
position to obain the equrtions describing the time dependence f(r) and
{p) given the Honins

5 = Bk pmte .a) H on da(uhxt + ox + 0) J

Pg tates(b) H — + dats e

Solve the first set of equations (Hamiltonian (a)). i
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|chapter 7

Operator Methods in Quantum
Mechanics

‘he dicostion ofthe gene suet of wave mechanics placed equa
Fy wcighe on se opeatos th tepsen he cowie snd se he aa
JF Rncons. Albough the ner wee atone pot deatbed ws nals en

ewthonoemal bast fait veces ian Ninel ce see wahf would craisly downgrade dem inimptancethey he doa henge[Seed
to pay the leading tle in ow dscunion of he syed eatin

|. Gap 5. Ins chap we wil how, wang swan ee Paes
4 congo very fr roar biog hegeriuetooneagea| ted) tac the desipion of eigenfontions ots besreon Se ea ha

Imre abu. The inte is iportant betas a Ge ave oaed
[- functions that depend on x of on p. We shall sec later that there exist observables

dha anno be stochted with Capee in ay dite may ed fe dane ee
 abseact notion of wget mast be developed They tomate it bees

tomewhat chart in the couse of the sluten af tar ering Ue Ressewel ro
‘The ont hs the form

He Es imate oa)wna xand pete peas. Wednovi chat pe repented by (di)The
only vesige ofthe exist epesenuton dat we soa eathe sarenec ef the fasamene! fon een

vk

tea) = % 72)

“ree ef polenta ecsb,ve enqooisopentanea ieci
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CCssicaly the Hamironian could be factored into

van ~
wo( JB (VP)td Cee | RE

but because p and x do not commute, we have

[Fe a (VP e+ oe)“(y 2! ami) V2 8+! am
=i eeom t 2 Ea 2 (px — 99)
=H Yo 3)

Le as now itrodce the notation

- a
An Nat im

fro; Bepo fe Be .

Baa om 4
Sincex and pare hermican operators, he ubeing ofthe second opemtoe with«dagger is appropriate. Te two operstors do ot commute, We may compute

fas Inasoe eedetata VF e Fale[ fee VF]
=h (7-3)

‘and rewrite the Hamiltonian in terms ofthe new operators,

H= Yo t oA (7-6)

“The simplicity of the Hamikonian is reflected inthe simplicy of the

commutation relations of A and At withH,We have
{H,A) = |eA'A,A) = of4’.A) A

= -feA (7-7)

and simisiy

[H,A") = (wA'A,A') = #A'[A,A"] ,

= fwAl (7-8)

+ esha mak repeated we of he tle fr commun eben Append Bs
(A+ TAG HIB, Clad 48, = AB.O+ 1A.

ei of couse eet ta the oer open ae dae
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Incideataly, i is a useful technical trick in desiving commutation relations
involving hermitian edjoine operators to recall that

: (4B = (AB — BA) = Bat — A'Bt = [B44] (79)P In particular

(HAN = (A) = = [8,4

, = (fwd)! (7-10)
from which (7-8) follows,

Lec us now write down the eigenvalue equation, which reads

Hug = Eay (an)
1

In the past, whenever we wrote down such an equation, the implication was
that H contained some differential operators like d/de and that uy wasa function(ofx. That was appropriate when out operttors were specifically tied co the spice
defined by all square integrable functions of x, but in what we are doing now,

[we are not being very specific about what our operators operate on. We shall
assume that they are defined in some abstaact vector space, and vente that

sabsuract vector space co the space of functions of x later. To translate this
abstraction into the language that we use to desctibe the equations, we shall not

Fe speak of eigenfunctions but of eigensate, and what we called wave functionsFt wave packets, we shall now call ae eects.Thus the eigenfunction tat..n(2)
of the maximal commuting set of observables can be replaced by the eigenvector
ot eigenstate of chs maximal commuting set, 43,.n; the labels, , . = m givethe values of the eigenvalues of the observables ,B, ...,M, and this descrip.tion, without the x, does explicitly show the maximum information content.

Lec us now take (7-7) and have it act on ua.

HAuy — Atlag = ~huAuy
f

With the help of (7-11) this becomes

HAug = (E~ ha) Aap (712)

‘This equation sates that if up isan eigenstate of H with cigenvalue F, then Aa
is also an eigenstace of H but with eigenvalue E — hu, that is, with energy
loweted by one unit of

A he 73)
7 We may therefore write

Aug ~ AB) un. (714)

‘The constant c(B) i necessary, since even if up is normalized to 1, Aue need not



130, Quancum Physics

be, In our emphasis on separttion from x-depeadence, the normalization condi-
tion thee was always weitten as

vie acs) de =
Js now, using the notation defined in (6-18), written as

Gurls) = 1 (055)

‘We shall always aormalize all eigenstates co 1, unless they belong, co the con-
tinwam, ia which case

hae) fe -8)Ce) Voc aip — p) 16)
I we now apply (7-7) 0 the stave un, we Sind, in exacy the same way,

tbat Auge, of, equivalently, A'uy gives a state of energy E — 24 Thus by

repeated application ofthe operator A to any ae we can generate states of lower
and lower energy. A is appropriately called a lowering operator. There is limit to

how many times ic can be applied, since it is a consequence of (7-1) that H! must
always have positive expectation valve. For an arbitrary wave function

wiry) =[re DM) de fovwor (oh) be
-| WI LA) de

="f [aeny/del?de> 0 oan
‘which we rewnte in ovr coordinate-deemphasizing way as

Wir lv) = GLb)

= Wiph>0 (718)

Simiily, since is also a hersitian operator

Wletly) = Gly)

= davly) 20 as)

and all scalar products of vectors with themselves yield the square of their

length, hit is, a postive numbet. Thus our lowering procedure must end some: Pwhere, and there i a grand sate, which we will now denote by 4», beyond which {
lowering ends. This must mean chat

Aum = 0 (7-20)
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B The energy of the ground state is
4 Huy = (AA + Yh) to = Vo us ony

Let us apply (7-8) to the ground state

- Hates ~ Ah = fe

—

4 HAlg = (faa + Mis) Abus (9-22)

‘The energy hasbeen mised by one uni of and A apy described a
raining operator. We will change out notation a ltl, namely, label the state by

Fe che cumber of enexgy units «= fa it has over che ground sate energy Hc
Taswe wie
q Aly = oy (7-23)

‘Note that (7-12) implies that

E y Any = cg (7-24)

Wey so that A! and A move up and down the same "ladder." All the states may be
graeme by copened application of ° com. One Consequence is that the

caagy spears gen by

E=(n+})ho nw 01,2, (725)

Fe have succded in obtaining the energy specrum without solving any
Aileen equation, We have ao genea!epesennton of the cgemecto,

Lay
; “= yal) * 9)
Fhe we hve pot in the cone oamaliation constant Wit he help ofthis

$ presentation, we can prove the orthogonality of eigenstates corresponding to
ifn neice, Whats involved ian ewan of an cxpsion othe rm

a (ue A™(AT)*|wo)
And this is done by commuting 4 trough the At the sgh, where, he

“For he algstsioy ented end, we Sib iy he wy in wich hi iderived.
With (A}*me = cite we have |én|* alin) = |eg|? = GA") wel (At a) =“3 (wal AA an).

Now wen (13) tdeiehon2) =A+ CA), When
tater ewe al ona tesco es on etn atsa
vale nly f= MB We.an tow oof gene, conte
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end, they at on giving « vanishing resl. Using (7-3) we see, for example,
that

BUA = AAA BYLAY) = BALAN

+ AA AIA + h) At = 3hA(ANP + A(ANY A

‘The last term, sandwiched beeween the us gives zero because Ay = 0, and the

first rerm can be manipulated in the same way to finally give Gi?A'. Now

(io| A'sty) = (Auto| ue) = 0 (7-2)
so that we have proved (asl) = 0. This procedure, when fllowed in the
ageoenl cnt, allows us to prove that

(ili)=0 men (728)
“The statement chat an atbicay state vectot can be expanded in eigenstates

of now sends inthe coondiote independent way

vo E Ge (729)
and since (qt) = Bom, We ave

Ge id (730)

We digress bey fiom che main chest of this chapter co point out that
the rising and lowering operators may sao be used to advantage in solving the
tarmonic oscar equation. {a space, (7-20) reads

(JZ tifa) aa=o oa)
Using che x representation of the operator pp = (H/ild/ ds) this is

(mx+h 4) ds) = 0 (72)
This is a simple diferential equation, whose solution is

w(x) = Comer (7-33)

“The constant C is determined by the requinement that a(x) be normalized ro
unity

te of” dere ,
-o(#)"

d
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that is,

3 ce (=)" (7-34)
‘We may also obtain the excited sates by wotking out in desl

im

: sls) = 7 (AN ml)vai

-aal2)"VS- VE ooVat te) AN o V ims ds) © 35)
‘This is, in fact, a very compact way of writing out che genetal solution of the
diflerenia! equation,

We have succeeded in making the point that one can solve foe the eigenvalues
of the harmonic oscillator using operator methods alone. For this problemall that is needed to specify the cigenstates is the energy, that is, the integet

B= 01,2... appearingin
B=(nt Bho

aad thus the complete set of commuting observables consists of H slone «Thus
the label # on the eigenstate w, describes its whole content. We would therefore
be quite willing to give up the privileged cole ofthe eigenfunction in xapace,
‘4(), excep for one point: us(x) does provide s with more inforaation in that
it gives us the probability density [via | (x)|*] of finding the particle at x. Does
this additional content single ou the *-space wave function afterall? Let as
reall the role of the wave function in momentuin space 4()) that appears in
‘Chapter 3 for example. As the Fourier transform of the x-space function it
‘ight have hud some claim to privileged roe, bu late, in (4-59), for example,

ye explained chat $(p) was “merely” an expansion coefficient of an atbieury
W(x) in cigenstaces of che momentum operator, and that is why its absolute
square yielded the probability of finding«momencum p for that sate. Similay,the

face thas |¥(x)/* yields che probabiley density of fading x for the postionof the system could be interpreted by che statement that Ux) isthe expansion
coeffcient of an arbitrary abstract state in eigenstates of the postion operator
ep. We write the eigenvalue equation abscacty a8

Kobe = Xe (7-36)keeping xas. subscrpc to sess that ti label of the eigenstate, just asm isthelabel for ae The spectrum of xzp, & henmitian operator, is continuous, 30 that

47 pay is conned in ee abel m. Sates wit w nen ae poscve pty sates,And shove with odd have nepeive pay. Tis fellows fom te ae thes ae ecses
‘and A we of
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the expansion theorem, insted of aking fu like (7-25), aly ads
o- [ecw 3

Since the cgensttes defined in (736 orm a ethonotal et,

(albe) = ae — x) (738)

wwe deve

Clx) = el¥) (7-39)

sn this quan ithe probabiry ample for Sinding« pace at more
specifically,che measurement ofthe observablex will yield the eigenvalue» withprobability |C{s)|¥. All we have to do is change the nocation, rewriting (737) a8

ve faves (40)
to show char the wave function in spe has no pivieged oe, and we we t

| only a8 4 mater of convenience, The basic principles del with opemeos aad
ther eigenvectors and eigenen tn abst sace, andthe reste ate of
ripreentation. The latter is, of course, crucial in obtaining numbers, which is
star physics all about ‘That is why we wil not ly to mach ssn on the
formal scructure of the theory, and continue using wave functions. Later we will
Ive to dal with opentors tha have no csi analog, sucht the isinie
‘pin of electrons and other particles, nd there we wil vec ou freedom 80
toe other epreeatatons,

"We conlode this caper by discusing the tine development ofa system

in our representation independent, way. The time-dependent. Scvedinget
0 ~ yy) ony

{s now an operator equation in sa abstract space. 4) isa vector, and it points

ins dcecion tat depend on time, The equation cn cay be saved. The sla,
toa i,

vs) = eA (0) (7-42)

where ¥(0) is the vector at time# = 0 and the operator ~M*"* is defined by
in ital as)

or at

“The solution (7-42) allows us to describe the change with time of the expects

tin ale of ome opentorA that does at ave any exp ie dependence:
(Ae = WO 44)
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=eYf0)|A e™™* 4H(0))
= (0)AYo)

= WO AO H0))

q =O. ~ (7-44)
We used

(ety a pn gen (v4)

along the way, and defined

Aya dt 4 80 (7-46)

What (7-44) says is thac the expectation value ofa time independent operator A- ‘on a state that vaties with time as (7-42) may be written as the expectation value

of «time-varying opertor AQ) [given by (7-46)] in the time-independent state
0). This is very usefl im the Formal discussion of quantum mechanics, since it
is convenient co st up basis of orthonormal eigenvectors in the abstrace vector

space once forall, and not worry about how the basis vectors change with time.
‘When we do this, we are working in the Heienberg picture, whercas keeping A
without time dependence means that we are working in the Schridinger picture
The result isthe same, wharever picture we use: this is analogous co the option

of describing 2 rotating body relative to a fixed set of axcs, of of describing the
body at test in a rotating coordinate syscem. The choice is one of convenience
If we do work in the Heisenberg picture, thea state vectors afe fixed, and we
need not refer to them. How an observable vaties with time is determined by
(7-46), which yields

3 4 GH gun 4 itu Fm gy itra) = FE gt 4 iE gn ayy eitA=" ye An

= 5 NAW - |a

= | HAO) -)

4 form remarkably like (6-59). That equation was an equation for expectation
values, but since its foum was independent of the state ia which the expectation
value was taken, it had to elect operator properties, and (7-7) shows that
cexplicicl.

For the harmonic oscilatoe

H= AA + tho
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and since H i constant of the motion, we have

H = oA'@) AO) + Hho (74)

We can also show, using (7-46), chat

(a0, A100) = 8 (74)

Hence (7-7) and (7-8) sil have the same form, and we get

4

Ai) = iad

4 4) = inst) (730)ra = if 50)
‘Thus the time dependenceof A(t) and AT() is obtained by solving (7-50), withche resale that

As) = e™ Alo)

A= #40) crs)

Using the relation (7-4) it is easy to show that

0) = p(0) cos at ~ max(0) sin at
x09 = x0) coset +O sin ot (752)

expressing the opertor() and pl) in ers of the operators x0) and 0)

Problems

1. Use the commutation elation (7-5) and the definition of the state

given in (7-26) to prove thar

Ain = Vik ns |

(Hins, Use induction, that is, show that if this relation is truc for # it is true for
srt sand esablsh it ducly for = 3

2, Use the above relation to show that if (4) is any polynomial in A’,
thea

MA 4 = LA,
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[Nore that representing A in the form

a

anne

| is consistent with the commutation felaton (7-5) nd is quite analogous to the
presentation

ha
aries

3. Calculate the form of (va|+|uq), and show that it vanishes unless
amet

f

(Hint is slficent to calculate (in| Alta) since (ealA! itn) = (Atlin) =
4 Wn| Al se)*. Use che results of Problem 1.)

4. Use the results of Problem 2 to show that

MUAY) sy = F(A’ + Mh) a

(Hint, Expand the exponential in «series, and use the fact that

fees a= EAP);
rn) a4
FO) = Ff)

to work out this problem.)

5. Use the results of Problem 4 to establish the operator relation
OAFAN) eM = f(AT + A)

Note that an opemtor relation must hold when it ats on an arbicary sae, Let
so abitrary state be of the form g(t). Thus what must be proved is that

4FAN) OM gC!) ty = f(T + i) 6A!) ap

‘This cam also be proved fom the general relation

OAM A Maat] + ELA, 14.Al) +
6. Use the above relation to prove that

GAN 8 gk Da onan

The procedute is the folowing. Let

ptt 908 Re)
Differentiation with respect to d yields

‘ ae(aA bat) OAH oy ed py) 4 pe ME(24 + bat) At By) + oe SE
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chats,

(A+ bat) M4 FO) = a 4 on) 4 00
aan

Use Problem 3 0 show that

aF (ta (GAT — abhi) FOX)
so tha

Fin) = 204 etna

17. Use the procedure of problem 5 to show chat

4! (A) eM wm f(A ~ Mi)
Show fom this that,

ptt Gh ga gah

‘sing the method outlined in Problem 6.
8. Use the above resule to show hat

fw LANA fA) AgFim)

Noe that« = (1/-/2ma)(A+ 4")
Use this expression to calculate

wole!**| 49)

9, Show thus the result obtained above isthe same as the one obtained
fom

ide ls) ul)
10. Use the general operator equation of motion (7-47) t0 solve for the

time dependence of the operator x() given that

Heca + mgt)
1, Coasider the Hamiltonian describing « one-dimeasional oscilla in

an external electric eld.

POs amare — etal)
‘Calculate the equation of motioa forthe operators p(t) and xi) using Eq. 7-47
and the commutation elation

aUeto =
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Show that the equation of motion is just the classical equation of motion. Solve
for {) and (6) in terms of p(0) and x(0). Show that

bx] #0 forn #

‘This shows that operators that commute at the same time need not commute at
different times.

12. Use Eq, 7-35 t0 calculate the eigenfunctions forn = 1, 2, 3. Note. Besure
co keep trick ofthe ordering of and d/ds in the expansion of the binomial

4 References

‘The material discussed in this chapter is also ereated in almost all of the books
in the reference list at the end of the book. The student is encouraged to look
Up some of them, since it is always useful co sce the sume basic macetial pre
sented from different points of view.





| chapter 8
N-Particle Systems

Out dicusion ofa single pail is easly genealived to an N-panicesystan. The N pars ate described by a'wavefuncion Yon, se eei monmalzed such that

f [aes den xx, Xm) Pm (8.1)
j; The interpretation of [¥en ay... xy)|? isa generalization ofthe iaterprets

sion of |¥4x)|¥, cha is, i yields the probability density for finding particle 1 a¢f
sosparide Zac, pile Nat xy. The Gane devlopment ef ech mace
funcrion is given by the solution of the differential equation

aih
eevn, ani) = Hin, tN A) (8-2)

where the Hamiltonian sain constructed in conespondence withthe casi
fom

Hm Ps ves cae) (63)

(22 ald Coe Ee)
‘he whole formalism of quncum mechanics developed before is easily gen
ene, withthe proviso tat openers describing vagle pail shricommte when they refer to diferent pics, for coe

A[px =

7 fw (8-5)
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If chere are no external fields, such as the common gravitational field of the‘earth, or externally imposed electric or magnetic felds, chen the porenil energy{an only depend on the relative separation ofthe particles, tha is,

Vi= V(x ~~ x, XN — XW) (8-6)

“This must be the case, because inthe absence of any external agency that some-
how determines an “origin,” the displacement ofthe whole system should noc

change any physical properties of che system. In other words, the form of the
potential (9-6) is « consequence of the invariance of all physically significant

quaativies under the eansformation
moute en

‘A very imporcint special case of (86) isthe case of rwo-bory forces, in which
ase

ve DM (6-8)

“The summation is overall indices ‘and j, subject co the condition i> j 10 avoid
double counting, and the counting of# = j. Actually, in the description oftlecttons in an atom, we wil be dealing with the common Coulomb potential,
25 well as the electron-<lectton repulsion, and there the nucleus provides an

‘tiga. The potential in that case isa chrdimensional generalization of
L wed+ L Mow x) 9)

‘When there are no extemal forces, then in classical mechanics the total
‘momentum is conserved. This follows from the equations of motion

Px; amm Voy = ass a css 9) (BAO)

4 consequence of which is char ‘
dn me a
Zh us =- 5 View ae... en= Xy) tBG Day Ven ) (ay

=0

“The reason for the vanishing of the tight side ofthe above equation is that for

every argument in V, there are equal and opposite contributions that come from
¥0/Oxc acting on it. Thus

bep= Dae 1)

is« constant of the moton.
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tn quantum mechanics the sime conclusion holds. We shall demonstate
it by using the invariance of the Hamiltonian under the taasformation (8.7)
“The invariance implies thac both

Huslxs, x2 19) = Buel, x, +xw) (813)
and

Hite, + 4,2 + ay... +) = Eup(xs+ 4,02 44, aw + a) (8-14)
Bold. Let us takew infinitesimal, so that teams of O(t) can be neglected. Then

2

: wher +4, ew + a) alm. xe) “a6, w(x, +n)
2

q ta an when, XW) +

aHs cosa) te ale se)
and hence, subeeacing (9-13) from (8-14)

cary (2
tS 2) eats say) = a8 (3 2) esteem)

ar}

= @(E 2) eons...

= (% 2) Hashim) (8-19)
ewe now define

path Se adn (e19
We see that we have demonstrated chat

(HP— PH) we(x:, xn) = 0 (8-17)
Since the energy eigenstates foe N-paricles presumably form a complete set of

F states, inthe sense cha any function of my x «24 ean be expanded in ttsofall thea... x) the above equation canbe translated into

(HPI ¥en, ..-, xn) = 0 (ts)for all Ys, n), tha is, into the operator relation
[HP] = 0

' (8-19)‘This, however, implies thas P, the tor momentum ofthe system, i consant of‘he maton. This i 2 very deep consequence of what i realy x sateanene shoe
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the nature of space, The statement cha thete is no origin, that is, chat che laws
of physics are invariant under displacement by a fixed distance, lads to a con-
Servation law. In particle physics there are no potentials of che form chat we
consider here; nevertheless the invariance principle, as stated above, stil leads to
2 conserved tor momenta.

‘Ou main incest will be in the suo-partle sem, which we discuss next.
oe ewo noninteracting particles we have the simple Hamilronian

aye
Be mY om (29)

‘We mighe expect that since the two particles are totaly unconelate, the peoba-
bility of finding one atx: and the other atx isthe product of two independent
probabilities

Plas 2) = Pos) Pls (2

“Thus we expect that the solution of
ee Re .(- seni 2m 2) sey,3) = Eels) (8-22)

should be separable into

alas, 29) = dC) 6609) 623)

‘Subscicuing tis into (8-22) and dividing by als, =) we get

=W/amy Po)/dat) , — (8/2) toale/de?)TCfm\Polsdides) 4 Pha EoeWe) |e (eadén) * als) on
“The two terms in the equation depend on diffrent variables, and that i why we
sec both of them equal tothe constants F and Fs sespectvely

E=hth

BPH) py eam dat Pte
Bolo)

ae ae Pate (625)
‘The ewo equations are easily solved, and we get

afi) = cde (626)

with

pm 2m gy mals :we OE gs = 27)



NePanide Stems 145

Lec us now rewrite the solution using the coordinates

mnt misxo
Rt me a

thar i, the separation berween the particles, and the center of ass cooeiate
we wtite

musi + msefins+ hats = afer— 3) + 9 BTee ae a)

we find that

amhthek

stabs — myon
em =A

so tha the solution has the foem

alae) = CORE pie 29)[where
K = y+ fei the wave number coresponding tothe total momentum,[and 4 is the wave aumber contesponding to the relative momentum, The fis

factor represents che movion ofthe center of muss, andthe second facot i theFiner wave function. The energy may be wttten as
we wera

- ee (142 30)Ferrey ME (ata) 9
The first factor isthe energy of the two-perticle system, with mass sy + ay
smoving feely wth he rota momentum the second te isthe itera enegy
we introduce the redid mas, defined by

tetyh @31)
aint

then the team is B42/2u, which is eectvely a one-particle energy namely, chat
ofa fee particle with mass and momenculn

When the Hamiltonian in (8-20) is aleed by the addin of «potentialthat depends on x1 — xy only then we have
Bo wo

a(-23- Fesdep) Hts) + Vins a) oan) = Bate) (032)
Using the coordinates

x= et mee cathe "say
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soda

wexete

ae x- Be (34)

a ltde algebra shows that the equation takes the form
eo ee
= BO yy) ala) = BaleX)

If we site she, X) = 0 9) (836)
wwe find that the equation for $(2) is

BPD) | iyy de + V(x) G(x) = abl) (8-37)
that is, a one-particle Schrédinger equation with reduced mass, and energy

p- Se (638).
2hans +)

a Chapter 9 we will obtain the separation in a somewhat more sophisticated
way. We now turn to the problem of idewical parties.

“There is compelling evidence that electrons are indistinguishable. If eis
secre not so, then che spectrum of an tom, ty, helium, would vary fom expeti
tment to experiment, depending on “bat kind” of electrons were contzined ia
jt. No such variation has ever been observed. Similarly, nucleatspectare alwaysthe same, adicating that procons are indstinguishable, as are neutrons Similar :
evidence fiom ‘high energy physics experiments indicates very strongly that i
‘cher perticies, for example, pimesons, ate aso indistiguishable. This is @ |
purely quantua-mechanicalpfoperey: in classical mechanics itis possible to I
follow the otbits of ll particles (in principle) so chat chey are never relly
indistinguishable.

‘We shall leam that clecrons are charuceried by an intemal quantum

umber, called the pi, and thus chit states must inclade in their description
the spin label, This his further effect on the consequences of indistingisha-
bilgy, which we discuss next.

"A Hamiltonian for indstingushable percicles must be completly sym-

metic in the coordinates of the particles, Fora ewo-partcle system, i chere is 0
dependence on the spin labels, che Hamiltonian is

n= PE vee) (639)
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with

Posen) = Vbeses) (6-40)

We write this symmetry symbolically as

042) = HQ.) (en

and ic understood tha ifthe Hamiltonian does depend on the spins of the
Particles, chen the spins ae co be inchuded in the labeling "1,"'"2." A wave functon foe aa. parce system, withll che particles icentical, willbe denoted byM4, 2... N),andthis stands forthe more explicit vi,e1: 4003-24, oy)where the ois descibe the spin sates

Fora two-particle system the energy eigenvalue equation teads

H(,2) exf1.2) = Big,2) (o2)
| Since the labeling does nor maccer, we may write cis 4s

H(2,) wx(21) = Baxt2a) (o43)

(On the other hand, using (8-41) we also have

H(,2) wal.) = Bue(21) (44)

TF we now follow the formal approach that we used in our discussion of parity,
ve will introduce an exchenge operator Ps, which, acting ona sate inttchanges
all coordinates (space and sp) of paris 1 and 2. The definition of Ps soeesthat

Padi) ~ v2.) (645)
Eq, 8-44 may be writen as follows

HPs we,2) = Eg 2.1)

= BP (1,2)

= Pas Eae(.2)

= PusHtue(.2) (646)

nd this, as usual, implies the operator telaton

‘pad = 0 (47)
‘Thus Pivtke pay, is 2 constant ofthe motion. Also, ike parity

Pad? vlt.2) = v4.2) (6-49)

so that che eigenvalues of Pyare 1. The cigensates are the symmettc and
antisymmetric combinations

02) = Fea) + 42.0)
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1

e42) = Ja lvtia) ~ 420} 9)
“The fact that Py isa constant of the motion implies that a sate that is sym
metic aan inital te will always be symmmetac, and an anisymmeric state

will always be antisymmetric.
Te isan important law of matere thatthe spmmeny of antsymmetty under

the interchange of owo purtcles is a characteristic of the particles, and not

something thas can be artinged in the preparation of the initial state. The law,
which was discovered by Pauli, tates that

1 Systems consisting of ‘identical pariles of hal-odd-integeal spin
(ie, spin 1/2, 3/2, . ..) ate described by antisymmetric wave functions. Such
particles ace called fermions, and are said to obey Fermi-Dita statistic.

2, Systems consisting ofidentical particles ofintegral spim (spin 0,1, 2, .-) |
are described by symmertic wave functions, Such particles are called bosons,
fand ate said co obey Bose-Finstein stasis.

“The law extends to N-particle sates. Fora system of N idencial fetmions,the wave function is antsymmeaic under the interchange of any pair of pat
ticles. For example, a thrce-particle wave function, properly antisyrnmetrized,
has the fom

1yous) = 4 -v.23) = FglK.23) — 8) + ¥23.0)
~ 43.21) + ¥G.t2) — v4.29) (850)

whereas the three identical boton wave Fonction has the form

1

b23) = Se 4K )HCL) = Tela) + ¥aAL3) + ¥232)
+ 32,1) + 3.1.2) + 100,3,2)) (8-51),

et us now consider @ very intceting special case ia which N fermions
do not interact with each other, but do interac with a common potential. In
that case

we (32)

where

. n= E+ ve (53)
“The eigenseaes ofthe one-particle potential ace denoted by sn (s) where

Henle) = Buin) sa)
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solution of

Hug(, 2, IN) = Ewe(, 2, »N) (8-55)

x(1,2, NN) = wax) alsa)... wegen) (8-56)
whee

Ex+ Ext + Ev=E (8-57)

In (8-56) we suppressed the o; labels that go with the x. Our task now is to
sacisymmetrze (8-56). If there are only two particles, we evidently have

4 1

902) = So lanla) sale) — mle) une) (858(1,2) = lam) se) — an) am) ,
With tte pasties, ehe form is

4

1(323)
= tne) me) ens) ~ tn) wn) ns10.23) = Fe bans) ano anes) — tne) wm) a)
t+ mew) myles) ey(s) — wn, (x) we,(%s) (9)

d “+ eG) a) ans) — a) ma) wn) (59)
For N particles, the answer is a determinant, the so-called Slater deerminant:

Ly“ ) = | anlen) ene)... ene0.2 N) = | ned (23)... wsGew) |
|e sols)... ani)|

| sre) ab). aeto)| Gg ggy
(Cleat the interchange of two particles involves the interchange of two colurans
in che decezminan, and this changes the sign. If wo electons actin the sume
energy eigenstate, fr example, E, = Ey, aad if they ate in the sae spin sae,
that is, the spin labels are che'same 0; = 0, then the detetminant vanishes when
1x-thavis, the electrons cannot be atthe same phice-Thus che zequizementof antitymmety incoduces an effective intescion between two ecnioor
‘qualitatively we see chat two paticewin the snes tnd co say away fom
ch other, since the joint wave fonction vanishes when thet sepetion. goes
to rio, Ths even noninteracting parle behavewif thee wee s epahane

1 The wave function for N identical bosons is ‘tocally symmetric, end the generalforms
eben! by expunge lerminat m (60) and ann hag
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imeracion becween chem, We will se thas a complete set of commuting

bserables forelectrons includes an additional wo-valued obserabe astociated
wrth the spin. Thus a state of given energy, angslar momnencom, parity, and so
‘, cam be occupied by «wo electrons (of oppesite spin variable), but by 90
‘mote than two electrons. This isa restricted version ofthe Pauli exclusion principle.

“The statement “no two electons can be in the sime quantum sate”

sutikes one by is global nature, Suppose we have 2 hydrogen atom in the
{ound state on eath and another hydeogen atom ia its ground state on the
tnoon. Does this mein tha the wo electrons must be in opposite spin staes?

‘To answer this, we note tha ¢ specification ofthe state of the two elecronsrequites not juste staerment thatthe electrons have spin “op” or spin “down
nd chae chey a in the ground sates of thie respective atoms, but it also
requires« specification of the energy of che atomsHow well do we know these?Suppose we considera box of width L, and suppose the atoms ae localized in
0 < x < L/Aand 3L/A < x < L respectively. Then the momentum of the
atoms can be determined with an accuricy that is resrced by the uncertainty

Pinciple. The posible values of the enegy ae given by
ent

OME (0)
from which we deduce that possible valves ofthe momentum aze

-™
aaa

Measurements of the momenta of atoms are restricted by the uncertainty
.

relation

nh ah ;

aw eo
and hence ther enespcs can only be determined with an accuricy

a BM Bent ’ap~ Ae ~ oe (663)
“This, however, is larger chan

ten

Bn — Ea ME (8-64)
a fac, for atoms separated by 1 meter, say, moving with velocity 10 cm/sec
fn ~ 10!, 50 thae there is 00 posslty hatin 2 ractoscopc scuation there

till be conice with classical inition. fn ef, if che two atoms ae labeled A
Tid B, the question is whether chte is «difference berween using the wave
function Ya(x1) #x(x2) and

als) Yolo) — Yale) veld
va



eajo (8-70)

Een[vant (S)
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‘Thos the energy per particle

Efe
--* 71

N 7 2ne 7)
{grows with K*, Equivalently, for a given energy, the aumber of bosons filling
the well is proportional to E, while the number of fermions filing the well is

proportional to E", The highest level to be filled in the fermion case is the one
for which m = N/2, and its energy is

Aten?

= @n)

‘The subscripe F has been put in because this energy is called the Fermi energy.
‘We may writeit in termsof the density of fermions, which in the one-dimensionalproblem is N/b = p, as

Wet

Brae 673)

We shall return to the significance of these remarks in Chapter 9,
“The exchision principle plays an extremely important role in the structure

‘of aroms. The enotmous tichness in the vatiety of chemical properties ofthe
various elements is directly trceable to the fact chat only a limited number of
slectrons can occupy a given energy eigenstate

Problems H

1. What isthe reduced mass of an electron-peocon system? How docs it idifer from the reduced mass of an electron-deuteron system? What is the
reduced mass ofa system of two identical particles?

2, Prove that the exchange operator Preis hermitian.

3. Consider rwo noninteracting electrons in an infinite potential well

‘Whee is che ground state wave function ifthe rw electtons are in the same spin
state?

4. Consider wo elections in the stme spin state, interacting, with «
potential

Vian al)= “te Iam Se

= 0 dhsewhere

‘Whac is the lowest energy of the two-tlectron state, assuming that the total
momentum of the ewo electrons is 2er0?
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[itins. Separate che equation in a manner leading to (8-37) and then apply thePauli principle

5. Consider «wo identical paricles, each of spin 0 interacting with po-tential energy

: Visa) = Klar — x) = G2 + aT"

where x and —x, ae the equilibrium postions ofthe particles.

‘What is the spectrum of the two-particle system? Wht isthe spectrum ofthe system when the identica) particles have spin 1/2?

j 6. Consider two identical patcies described by the energy operator
a Hm Hip) + Hp)

where

99) = Fo Smuts
Separate out che center of mass motion, and obcain the energy spectrum for cis

| system. Show that ic agrees with that obtained by solving

Hl) = Bae)
with

4 Hee) = sales) inte)

Discuss the degeneracy ofthe energy spectrum.

References

See any of the references listed atthe end of Chapter 6 and also

D. S. Saxon, Hementary Quantum Mechanic, Holden-Day, Inc, 1968.

5D, Park, Intradustion tthe Quantum Theory, McGraw-Hill Co, 1964,





| chapter 9
The Schrédinger Equation in
Three Dimensions

‘The Hamioian for «single price moving in dee dimensonal spacevas
BaPEP Sys) (91)

wich we wien the foe
a Ban on

Te theedimeninal moseatun p has the repesnaion

pete 3)
For ewo paces in te dimension, the geal fu ofc Hamilton it

pt ptHe
an + Om + Views) (9-4)

Ir the prea depends on the epantion bewecn the pti lon, thai if

Veries) = VOir = |) 9)

shen the Hamiltonian is invicta dhe dplacemet ofthe whol sytem,
b ontancntarand a ueaw in Ohpra, isiapler ites

‘evan ofthe tual momeoram ands separon fale tw fells
weil achieve te sept by fndng Ions hse ealtnrees ans
Fonction of the commuting opened tnd Pre tet pena cnet
tigi eqeton ens

Ppfire) = Pfr) 9 (0-6)
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hac is,

4 cw. +99 find = Pfleved on
Hf we write

Sent) = ri — rsa + Br) (9-8)chen with R= anitpe,(mad edtE Mo» ak, ?
a ow
Fj (a+ 8) FaveR) = PMR) (99)

thats, the vaiable x = 11 — ry is a constant parameter as far a this equation is
‘concerned, Thus the solution ofthis equation is

eR) = ofa) one (20) 4
We will now choose « and #10 simply the energy eigenvalue equation, which .

WT _ Bas Bae — ped aey oOa- am am,VE MD a] Ar) & o (9.11)
Sine ~

Win W ove

Wi= 9, + BME (12)

‘his equation takes the form

Rees 2 oP- E[- Ho)+ Pye) |
es aie) — —2 ps Pe- E[v 0) —PRP — Oe >]

+ Vilel) ae) = Bees u(r) (9-13)
afer the exponential fucor has been divided out, following the difetentiation

with respect ro R.This equation simplifies if the cross terms ate eliminated with
the choice

a=

B= ym (9-14)

Te then reads

os 1) ate) = - )ae 4- Prats we) + VU r}) ale) = (0 Rw rs) (r) (9-15)



‘The Schrdlinger Equation in Three Dimensions 157

here we have introduced the reduced mass 4 by

j ae 16)
b This is really @ one-particle Schridinger equation with energy

B= By ~ 17)q TO Fes + ms) ”

‘Thos the energy that enters into the effective one-pattice equation isthe rol
energy, less the kinetic energy ofthe two-particle system, whose center of mass
moves with momentum P and whose rocal mass is my + ms

‘The quantity 7 is not specified by the above equation. If, however, we
require thar the variable R be canonically conjugate to the otal momentum P,
tha is, if we requite chat

4

&Wek = > 18)

[and s0.0n, then we sce that

é AWu
+ Prosar + Baal = 5 (a+ a) = (a9)if

implies chat

ateun (9.20)

chats,
4

1

Tote o2n

‘The reason for carrying out what is after all avery simple separation of variables
[in this seemingly complicated way is that this procedute will eve as an example

‘of how to proceed in the further separations of the one-particle SchrOdinger
equation. Such « separation is possible when the potential depends on the
separation becween the particles, |r| alone. With |r| = r, che Hamileonian

ae Five (922)

is invariant under rotations; Vi) is certainly a function ofthe distance from the

‘otigin alone and does not depend on the angular vacabes chat locate the dzec-‘ion of the vector rp? is also a salar quaatiy, the lengeh of the vector p, andthus independent ofthe orientation of p. Equivaleatly j* = —APV" is ineeoaat
unde rotations. The sceptical reader cam check this explicitly by coasideing the
special ase of« rotation through an angle @ about the sans, with
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w= xcos0= ysin
oy = xsin 8+ y cos O (9-23)

it iseasy tose that

Pa WEE REL ERE A

and

(2)+Q)- (rs - sno 3) + (0b 2 + coo) :
~(a)+() |

since the Hamiltonian hasan inveiance propery, we expecta conservation\aw, as we saw in the case of parity and invariance under displacements. To
‘Buhay the opercors the commute with Hi et ws consider An infitesimal
fotation about the zis. Keeping rms of order @ only so that

vex

yaytee 20)

we require that

Huglx — Oy, y+ Ox, 2) = Eun(x — by,y + Ox, 2) (9-25)
we expand this o frst onder in @ and subact from it

Hayley) = Basley.2) 026

we obaia

H (: > -y &) adlega) = E (- > -y &) melee) (0-27)
Since the tight side of his may be written as

(<2 = Z) mae
and since de nl) frm a complete se we id hat with

we K (eS rg) sem (9-28)
che commutation sation

{AL] = 0 (9-29)
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. L=rxp (930)

Which is the angular momentum. Had we taken rotations abous the x-and y-axes,
wwe would huve found, ia addition, that

‘ (4.1) =0

(HL) = 0 os)

‘Thus the three components of the angular momentum operators commute with
the Hamiltonian, that is, the angular momentum is a constant of the motion.
‘This pacallels the classical result chat central forces imply conservation of the
angular momentum

‘We might be tempted co look for simultaneous eigenfunctions of H, Le,
Lmand Le but these do not for a complete set of commuting variables, For

/ eample

q (Les Lal = [9p — =f 2Pe— apd

= Dit 2B] — Lepr =Pal ~ Lyfe. xp) + [2pm xp

= ylenel pet ate

&

= | Oh x)

. sib, 32)
Similerly

{ Uy La] = dhe

{a La) = ify 33)

‘Thus only one component of L. may be chosen with H to form the commuting
set of observables. We can doa little better, however, since (9-32) and (9-33)imply chat L? commutes with all cee components of L:

(ly WA = [Ly L$ La? + La Uy Lol + (le Lod

= Lay Lal + [lag La) La Dall La) + (ey a) Ly

= Lgl + illegLy ~ ihgle — ikl,

=o (9-34)

and 50 on. We thus choose as our complete set of commuting observables the
‘operators H, L, (@ purely coaventional choice) and 1? We could also have
included patty, since the Hamilconian is manifestly invariant under x» —x,

+ yor —yand 2+ ~z, but, as we shall see later, specification of L? determines
the pity.
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Jn Chapcer 10 we will determine the eigenvalues and eigenfunctions of Ly
and L?; here we mercy note that thet use greatly simplifies the solution of the
‘Schrddinger equation. This follows from a relation derived below.

Le = Xp) = [le X pal+ IlrX pl + Ile X Ph?
(,2-:2)(,2 -22-* ( be -=3)6 a” 3)

a ayfa_ 2

ea)

CR -*e)-#( 2 Pale _ 2)ay 7 Ox) 7? de

fae (4 BM) ep (M4“* [: & * ee (oe + x)
+o(S+ 2)- ho k :ae * ap) 7 andy dye \
mei Py? 2 2]dade Oe By Oe (933) |

salle algebra shows. Similarly i

ve (e252 422), 4,24 22ote (2x rete) (ra ty te) |
a ce oa a a |

aoa(e aeetege ty by Spran 7 Oe +7 ae +7 aay >aoe
2, 24,2

tue Qire tty Zerg) 036)
“The sum of the two yields

7 (422) p (242422aresei(Zr Zr Z)ee(gry +22)
(9-37)

‘We therefore get the idemticy

Lt (ep) = Ppt ee 638)

Since we ae dealing with opeciors, keeping track of the order of the terms i
crucial, Ic fllows fom the identity that

re 1 [+ ew ater]



(2)
P09).

Lisp t(,2V opt 2

-£ [3 (¢ a) (-2)+ . S-u) ao
+ VP) we(e)= Exe(r) (9-40)If

we work in spherical coordinates (Fig. 0-1), which is the natural ching to do,

welt) = YAO¢) Rely) (9-41)*
where,
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LYA(6.6) = 2¥3(0,9) (9-42)

isthe eigen equation for L, thn the oeationsepanes ito (9-42) and a
iy tal equston, Our procedure i ely 0 dire han the conven
a) duaioy of wuaes Te does, however, sess che oe ofthe symmetry
efetcntnmng the complete commuting st of operator and with eis elp the
fepartion can beefed,

We have conceal on che reduction of the thre dimensional eergy
eigen coun in apes cordnae, since cena potential, for which .
Prey ne by ft the most interesting ces. One eet situation that is of
incre tosis theese when the potenal i ofthe fem

Veg) = Wile) + ViG) + Vale

“The equation

B(®, ee) ;

E(B Bt Bonen + 1 + vi + Hod ove
= Euslxy2) (9-43) i

is easy sen 0 be soled by |
sek) = nal) #46) wae om |

where the Functions onthe ight ae solutions of |

ee . |[- 2 B+ ree] nc = on |
Byvy |raG) = ra)£4 v4) |r) = 00
ea

[-£ ft ne}oncr=ener oo)
and

Eeutate

[A puiculay interesting example isthe ue-dimensional geneiatn |
ce prea hole wth inte walls Ifthe ttcedimensionl box is cabial |
in shape, with side L, then

Via) = © «<0

mo o<eck

=o Lex (9-46)

and son. Ths, aie fom «normalising factor, the gener sluin is
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sels) = sin sin 2 gin6598) = sin sg ig om)

and
:

Bn Be ott nt md 0-48)ants OF mt

Note tha ehere is quite a ot of degeneracy in che problem: there areas many
solutions fora given Fas thee ate sets of integers {nna} that satisfy (9.48),The degencacy i usally associated wit the existence ofmatualy commuting
operators, and this example is no exception. Here these opertors ate Hy, He

and Hy defined by

He= FE + V4)

y= FE vay 0-48)

= + ve

so that

. Het yt e= Ht 630)
Ics incresting to ask forthe ground state energy ofN aonintencting‘deol fermions, for example, clectons, in the box of volume L’. For exch

triple of integess, (11,1), 21,1), (1.21). two electrons can be accom.
modated. Is easier co ask che question in diferent way: How many wiplesofintegers (msoga} are there such that E given by (0-48) is less than the Femi

«nergy Ey? Each triplet forms a latice point ina three dimensional space, and ifthere are very many of them, then i 4 very good approximation to say that
they must lie inside a sphere of radius R given according to (9-8) by

fb nt bog = Ren MEnt th ad = ee ME os)
anu cheir number is given by the volume ofthe octan ofthe sphere for which
all the mare postive. Ths the numberof lance points is

j 1 de gy 14a (2p!ees (Re) os
snd hence the numberof electrons with energy les than che Fetmienergy Epis
twice hat, tha is

ce ya [ite



164 Quancum Physics

‘The number of electrons is proportional ro the volume of the box L*, which is
to be expected. In terms of the density of electrons,

KR
oak Da os)

we have

tet (30

‘To calculate the taal energy, the number of latice points may be written as
2 f on (056)stinice

‘The factor 1/8 comes from our restriction to positive integers in (9-48); in the
above integration this restriction is removed and must be compensated for by
the factor in front. At each atice poict the energy is given by

Reem Pew 50) |

30 that the total energy is {
BetBe Ef tain \

Reape
-*.t de |

= ps (9-58)*

20mL* ©

Since R is related to the numberof electrons by
nar) te (959)

a3

wwe finally gee

Pi (any ,

Ifwe writ this in terms of m= N/L? we get

it (3)
te = EE (3) a .aa = SE (BY 6)

“The fact that the ground state of a many-clectron system in a potential

consists of a large numberof filled levels has many tamifications. Typical values



fof Bya of onde of 10 eV. Ths, a ondinayempertar ey ew ce
son ts be thmaly exces mow of themed orb ed eee
{iC scdyoceoiel The mplenion of se tee ieee
well described as a crystal lattice of ions with one or two free electrons per atom,
aly the ws concur w the meee ee aes ean ee em
metal, only the electzons neat the top of the “Fetmi sea” can be accelerated,|
Kher those dc deeper enue 8 Setecaeee

F.Coicmed hve long ean ie ptt, Clogs oo net ata
| treorges elon fycebceeo eeTal ee

‘These matters are discussed mote fully in books on solid seatephysics.

Problems

1. Consider a pale moving in + clndclly syameeic pataVip), whete p* = s* + 3%, What is che comple set of commuting observablestha you woell wo ect ieooe rae

2. Ue your condos fem Pre to eps the Slingera
‘equation in cylindrical coordinates.

2 Gintatthe umber des of fie cco in copper is 3 > 10"cor cae i) he Fem eng cece ae ae
Stcoon moving meh neeae eseea

4. Aus comms of N eons and Z pons mh NZ = AAE the radius ofthe nucleus is given byR = ruA™%, with ry = 1.1 fm (1 fm =10-*
em), and if the neutron and proton masses are both very neatly 1.6 X 10-*Po wre eyesions forthe ene enagy of te pneee es
asuming tt he poten sol Reece ec ec ane
Fermi energies if N = 126 and Z = 822

3. Conse nen sin ia ground se, wth mass Jens» vayngfrom 10" to 10! gm cm”*. Calculate the Fermi energy as a function of p. Note
dca me porte aon gus bcos nae een Noe
barecaengy tl ecmen ce yetie

6."Te mean elton energy gente deca asi ven by

lars

. @) = afm
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for nonrelativistic electrons, and

2 f armigre + meen = mel@) == —__, ———2 fen8.

more genctally Calculate the general expression for ehe mean energy as fonc- .
tionof & = pr/ma. Use this to calculate the pressure, defined by the thermo-
dynamic formal

OE)Pe aim) ;
i the nonrelativistic formula and in the ulrarelativstic domata, where £>> 1

References ,
For a good discussion of angular momentum im the context used here, sg
J.L. Powell and B. Casemann, Quantum Mechanic, Addison-Wesley, Inc., 1961.

“This book, as well as every introductory book, works out the separation of the 4

thew-limensional Schrddinget equation. |
H



q | chapter 10
Angular Momentum

(ur skin thi chapter is to ind the eigenvacs and the eigenfunctionsof
be operators Land Lt Snce the angus omentan haste denceB, we may wate ce elgeamlucequronsinthe tne

Lin = ah

L*¥im = A + 1) Yim (0-1)
where and 1+ 1) ate el mubets. Thepeculitway of wing che eigen
‘ale of will prove i convenience er. There te seal way canoe
‘The convention! way isto wate out the epemten Li sphere oie
Webve

¥

x= rsin Boos ¢

y= rin On

sareat (102)
so tae

F

de= Sit 8 C08 9 de 7 608 6 cos 6d — Fin 9 sin g dp
4 = sin Osi 6dr + c05 856d + rain Deon db
d= costar —rsino (03)

‘These can be solved co give

dr = sin 8088 + sin sin by + cose
t=} esteorgdeestan dy ~ sins)

tisin cos.= et oa + bay) (10-4)
ter
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With the help of this equation we can obtain

2% 2, Wd, wd

“ae Oe Ort ae OF * Oe dp
ait @ sine2. .= sin 90s 9-5 + 1 cos cos oe SO

2 a1 @ cose 2 '
pn Hinting Sa coos + oe i
2 2 _ sind \a (10)

and chus we fally obtain

a a 2 fo
4.2 -,2).82 10-6bey ( oy re) as Gos

“The other two components of the angular momentum are more compactiy I
cexprested,ifwe inzoduce

Le- Lei, 07)
Thea

k c) a a Ja tbe plea)
a a a a !

-A[aa(Zsig)- mam ral i
6 4 3 cog peee 2 4 8%2 '= strcost(sin veee 2 + hearst 2 a Ae 2)

24 (cos92 — 8092)= firsin 84 (ood 2 2) 08)
a a

ten het (2 2+ iro) G09)
(One can then construc the L* opeacor by observing that

LyL. = (Le + thy(Le— thy)
= LE + byt = fhe, Ly) (10-10)

soar

Me Lo4 Le il bal
= LL LP ~ he (oat)
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In che last line we used (9-32). We thus get second order diferential operator
involving @and ¢, and chee remains the task of solving the diferental equations
thar (10-1) represent. This is discussed in many textbooks oa quantum me.
chanics or classical electrodynamics. We will proceed algebraically but digress
for a moment co discuss the eigenvalue equation

LAYig = RY (10-12)
‘and some applications. The equation, using (10-6), readsq

a

q S Yin(0$) = im Yin, m5p Yano) (04) (10:13)

30 that the solution is of the form Yia(0,$) = Orm(6) 4a($) where
j

A)
q PO) © ino.(9) 1014on @ (ora)
©The solution to this, normalized such that

f 4/9)? = 1 (10415)
:

6(@) = ane (0:16)me ae

1 Teis somerimes argued that since «rotation through 360", chat is, « mansforma-
tion $+ @ + 2, leaves the system invarnat, iti necesaty thas

erm (10.17)

$0 thac m i an integer. Tis is noc quiz cortec, since the quantities that enter
ico physialobserabies are of the type f.” dps*/e) Atal), with wave fone:
tions ¥4@) of the form , .

= aad 0-1vo) Zs Va (10-18)

1 we require that these arbitrary wave packets do not change (except for an
‘overall phase factor) under the transformation @ + @ + 2, then we ue led to
the conclusion tat the most general allowed value of m ate m= + imeger
whete cis a constant. Is only if we view the operator L, ts part ofthe tral oe
(Catala) that we can say something about the constant ¢. We shall argue below
that the eigenvalues ate distributed symmetically about cr0, 0 thats = 0 or

+ © = 1/2, and forthe opercors considered in this chapecr, we shall nescice oon
selves to ¢ = 0, that is, the condition that m is an imager,
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“The eigenvalue equation for L, sppeats in another context. Consider a

classical rotator, rotting in the = plane. If the momcat of inertia is J, then the
energy is

Bee (10.19) {|
tnd thus the Hamiltonian is

Le

a-= (10-20)

“The eigenvalues of the Hamiltonian are now immediacely seen to be

Bert2, = 0-2)

and the eigenfunctions are ¢+™*, There is « degeneracy, since H commutes with
7L,,and theewo eigenfunctions fora given Eq correspond to the two senses of,

rotation. If we have N particles rigidly fixed on a circle, with equal angles 2x/N
berween neighboring particles, and if the particles are identical, then the solucion
of the energy eigenvalue equation

Hoa(9) = Bex(@) (1022)

will again be e4, The physical system is unaltered under @ rotation of 2/N
radians (oran incegea! multiple ofthe angle), and the solucons should retece this.‘The same kind of arguments thac forced m co be an integer now imply chat
dem NX (an integer)" The energy is therefore i

_

Nm?

a (10.23)

Jet us now retutn to our equations (10:1), end ty t0 obsin the cigea-
values in a manger reminiscent of out treatment of the harmonic oscillator in

(Chapter 7. The eigenfunctions of the hermitian opertors Ly and L? will be
‘orthogonal, if the eigeavalues are differnt, and with proper normalization, we
will wie

(eel Yin) = Sidon (10.24)
Since

(Vial (Let + + 2) Yin)
= LaYin|La¥in) + (LaYin|Ea¥in) + oh?

20 (10-25)

"The send migh: lok back co the Dicke-Wicke Gedarkenenpeiment discusses in
chap.
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ic follows chae

+20 (10-26)

j “The operators Ly introduced in (10-7) ate very useful in what follows, and
we shall se that they play the role of raising and lowering operators. First, wea:

5 ready saw chat
F

Vann + Lett, 027)

[Tn the same way we see chat

Debit Let at, (10-28)

Te follows from the above, a5 well as dtecty fom (9-32) chat

Uy, LA} = 2h, (10-29)

E ~The remaining commutation relations are

(Le, La) = We + iy, Le] = ~illly = BL,

=~ ft, (10:30)
and

[Lb = aL (20:31)

rom the face that [L4.L] = 0, it also follows chat

(LJ =0

WL) =0 (1032)
[This implies chat

LLY = LUVmn = ME BLY (1033)that
is, LaYua ar also eigenfunctions of Lt with the eigenvalue characteieedby 1 On the other hand,

Labs Yid = (gL Bs) Yom
= WL Vin + BL yYin
=H +1) LYin (1034)

50 that L,¥im is also an eigenfunction of Loy but with m-value increased by
unity. Similarly we can show that

3 LL Yq = Bm — 1) Ling (10:35)

$0 that L_Yia ian eigenfunction ofLe with m-value lowered by unity. Thus we«all Ly nising and lowering operators, respectively. We may wite
.

5 aim © Cl) Yona, (1036)
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Ie follows fear the hermiiy of Le and Ly that

Lita (Let ib =Lewily=1y (1037)

Hence, «consequence of
(oaYig|LaYee) 2 0 (0038)

is tae !

(Yaa LglaVia) 2 0 (1039)
and thetefte (10-27) and (1028) imply hat

(Vigl (Ut = Lf AL) Yiu) 2 0 (10.40)hati,
M4 DE mbm

M4) 2mm (041)

Since AU + 1) 2 0, we can ake /> 0 without lost of genetlty?Then (1041)shows that

-Igmsi (10482)

If thee is minimum value of m(= m.) then forthe conesponding

cigensate j
LYim = 0 (1043)

‘We may chen caleaate m by using (10.27) and applying it Yin: we get |

Hb a) = mR me uot)

Simi, if chee isa maximura value of m( =m) then

Yin = 0 (1045) |

and an application of (10:28) to the maximum eigenstate gives |
AL = mg + mht (1046) |

Hence

aol

met (1047)

Since the maximum valu isto be reached fiom the minimum value by uni

steps (epentedapplicacion of L,), we find (Fig. 103) (a) ea there are (21+ 1)

sees, ei, 2+ 1 isan integer, and (D) tha m cn take onthe wales
peer en)

“The possibility that 1s halo inceeal, that, = 1/2, 3/2, willbe dis:

2 we eset nd tnt|& =, we would mel ene = — 1 ~ 1 andseplceshe cl ih de ee oveL Noting wold ange ceU1) = 104
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———-"

$0

uaa

«li

re

<a

; Fig. 10-1. Specoumn of the oper Le
®t agivenvac ot
cused in Chapter 14 where we discus pn, In this chapter we reste utselves

Eco inegeal vale of
‘We may also calculate che coefiints a(n) defined in (10-36) We have

Cath) |*V mas] Vins) = (La¥inl Lain):
= in| LelaYin} :

= (inl ~ 13 fi) Yin)
BUG+ 1) = mw 0)

so ths, witha convenient choice of phase, we gee
Cb) = HUNG+ 2) — mt ay (10.48)

Thisivasfaras operator methods can take us. We shall now use che explicefotm
ofthe operators L, and L. to obtain convenient exptesions for the eigenfune-
tions in terms of the spherical angles @ and 6. This development will pall
thac of Bq (7-31)10 (7.35). We wae as alten suggested

Vials) = Ort) (2049)
The condition (1045) reads

(2 5 ico? yshen (3 + ie) ono) ¢
pve (2vo natn (2 4eot6)Ou) = 9 (1050)
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‘The solution to this equation is easily found to be

20) = (ino! (os)

‘The appropriate multiplicative constant will be obtained later from the normali:
_ationt Comin, An tbituy Sate is Obtained by the lowering procedure

Yinl@,d) = C(L!™ (sin 8)! (10-52)

‘Consider first

) (— 2 + score?) (sin ayLvidee)= nee(— 2 4 ace)ain
use (2 — peor) ind)!= net (- 2 — react)in

Since one ca show tha fr an atbitry Function f(@)

@ Lda yyG + teoe®) 10 = ay4i[sia 5) 0] (1053)
we have obtained

!

Yus= CT (-$)iGinsiinn) 4059)“The next wep isthe same, except that Fs replaced by P— 1 andthe operation in
(10-53) acts on the form obeained in (10-54). Thus i

aoe (~S)[0 gail) "|vane AE (4) ein1 (- 4) cinYuan 0 San (--) [S00 aml) oO t
a se eT= co Oe SLE tino] (1055)

Tn cerms of the variable x = cos @, — 1/(sin @) (d/d¥) = d/du, and (10-54),

(40.55), respectively, cead

» md oyYon Lo hao
vee

en cr fe a “4Yur

=CG ge Uh 04 (1056)“The general fon is
vm (ZY 057)= Tico ae) Mm
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The eigenfunctions are <o be normalized, Since we are dealing. with
spherical angles whose ange of integration is 0 << 2x, 0 <0 <r ooo
Fig. 9.1) and where the integra over the surface of the sphere (r = constant) is

j far- [af snow
we must impose
alta) t= [af atc (Z)" 0 - of

(10-58)

[The integration is tedious. We content ourselves with witng down the appco-
5 priately normalized Yrq(0,6) with the phases that ate conventionally established.
d

= ra fZEE= IY on) cineYen(O6) = (—1) [ ae Tb mi) PGeoseere (1059)
with

Yipee= (-0* Yin (10-60)
The associated Legendie polynomials ae given by

(> my = ate fadPeta) = ayn (4) a=)! (10.61)
with the valve for negative  obzained from

Qu)

= (=1)9 LH pm3 Pm) = (1) FS Pm) (1062)
Tewill be enough, for our purposes, co lisa few of the eigenfunctions:

1Yoo 5 Jez

BSYue ee sine

[3Yu = Ve cos 0

Yarn 2 eve sate
ay: Yas = af Bet sin cone
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I> os cetYap = vie Gcos — 1) (1063)

‘With the knowledge that L?, acting on an eigenfunction, as in (9-40), is tobe replaced by /(/ + 1) f®, we can now write the radial differential equation that
determines the energy cigenvalies and eigenfunctions. The equation, which
sve will disciss in great deal foe «variety of pocencial, is

eo d ad 14 K+y-alrata S Jenin
+ VP) Reim(s} = ERein(r) (10-64)

‘We note thc there is ao dependence on m in the equation, Thus, fora given J
there will always be « (2/ + 1)-fold degeneracy, since all the possible m-values.
will ave che stme energy. :

Problems i
1. A molecule consists of two identical atoms, each of which, in its |around sate, his spin 0. The molecsle has, among its possible excitations,

rotational exctions. If only rotations about the z-axis are considered, so that
H = 14/21 andthe separation between the atoms is consieved fixed, whit is

the rotational spectrum? If the atoms have spin 1/2 and they are both in che |
same spin state, what is che spectrum? i

: 2, Express the spherical harmonics listed in (10-63) in terms of x =

1 sin 9 cs $7 = rind sin, and = 7 cos8
3. The Legendre polynomials Pu) = P,a) can be defined in teams of

the expression (1061). Use this defnition to show that P(e) satisfies the equa-

(1 = #4) Pre) — 20Py(a) + M+ 1) Px) = 0

4. Show that the Legendre polynomials Pi(u) satisfy the recurrence
seations

AP = al+ (U2) Pe
UF Pigs = U4 1) oP — (1 PY

G+) Pigs = QL+ 1) wPi+ Ppa = 0
5, Use (1061) to show chat

SE Py) = ae teyc
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6 Use the procedure outlined in this chapter to discuss rotations in four

dimensions. The generalization of Lis now the set of operators that may bevwiteen as

Lay = ~ieds — x)
Gj = 1,234). totroduce

UsJuJs) = (Leaandss
and

(KKK) = (Laulawlsd)

(@) Find the commutation relations ofall six operators among themselves.
() Show that che operators

J = G+K);JO = 0K)

cach obey angular momentum commutation relations and hat they commuse
vith each other. Use the final resul to determine the maximal set of macualy
commuting observables, and thus the quantum numbets that would be used to
label an eigenfunction

7. Consider an election in an arbitrary potential V(r) and a state of
‘ngular momentum 1. Show thac the probability of finding it atthe poiat r is
only @ function of |r)

(Hint. Note that the solutions for the (20 ++ 1) m-values ate degenenste, and
tut if no special alignment is prepared, all m-values ate equally probable, Use
the formula

.

‘ pea)

ZX [¥inlO9)|? = a

8. A particle io spherically symmetric poentia isin a state described bythe wave packet

Wlxy2) = Chey + + 20) oo"
‘What is the probability hac measurement of the square of the angular mo-
‘mentum yields 0? What isthe probably that ic yields 6f° Ifthe value of 6
found to be 2, what ate the relative probabilities for m =2,1,0,—1,--2?

9. Consider the following model of a perfectly smooth cylinder. Ie is afing of equally spaced, identical particles, with mass M/N so that the massthe ring is M and iss moment of inertia is MRE, with R the radius of the ring,
Gateuate the possible valves of the angular momentum. Calculate the eaetgy
cigenvalues, What is the energy difference becween the ground state of sere
angular momentum, and the fst rotational state? Show that this approaches
infinity as N— 2. Contrast chs with che compare enetgy for a nicked”
cylinder, which lacks the symmetry under the rotation through 24/'N tadians,
‘This example implies that iis impossible to seca perfectly smooth cylinder ig
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rotation, which is consistent with the fact that for « perfectly smooth cylinder
such # rotation would be unobservable

10, Expeess L? in cexms of 0/28 and 2/06. Write down the diferencial
‘equation obeyed by Orn defined in Eq. 1049.

(Hint, Use the variable x = cos 6). Show that (sin 8) isthe solution of the equa
sion for = m.

References

‘This is standard material found in any of the books listed on page 501. For 2
deeper look into the consequences of invatiance under rocation see especially

K. Goxtiied Quantum Mechanic, Vol. 1, W. A. Benjamin, Inc, 1966. 4]

1M. E. Rose, Elementary Theory of Angular Momentum, Joha Wiley and Sons, Inc, |
1987. |



| chapter 11

| The Radial Equation

‘The radial Schtédiager equation (10-64) may be writcen as

oad % dei (+ 2 £) nmin -+ [rw +o ‘Jomo
2al

+

AE Ra)= 0 (UN)
here weave placed the abe Eby inthe subst ofthe eigenfunction
Rus(7). We will examine the solutions to this equation for a vatiety of po.
teal eticed bythe condition tha they go mae ata oe
Ife excep forthe important apc ase of te Colo conte We ad
also assume thatthe potentials are not as singular as 1/ at the origin, so chat

Lim FV(r) = 0 (11-2)
F

It is sometimes convenient to introduce the function
taim(t) = Ratt) (1-3)

Since

; #2 4)aul) 1 )(Z +2 4) a alt) ana)
i flows eae

: Saal) 5 de fears ;
| This looks very much like «one-dimensional equation, excep eat

(a) the potential His altered by the addin ofa repulsive cenctifugel
bare

M+ ie.
Vi > Vin + a (11-6)

v0
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wy

N
\

\
S avon?

Ne tee

Xe] vot)
Big. 11-1. Effective potenctl acting io radial equation for # = #R() when the
real potential isa square wel

(b) the definition of tata(r) and che finiteness of the wave function at the |‘origin require that !
sain(0) = 0 a7)

which makes it mote like the one-dimensional problem for which V = -+~ in |
the lefchaod region (Fig. 11.1) |

First we consider the radial equation near che otigin, dropping all sub- |
scripts for convenience. As r—> 0, the leading terms in our equation are

x M+)
fe WED wo (118)

because the potential does not contribute for small enough r when (11-2) is
satisfied. If we make the Ansitz

a(~ i)

we find that the equation will be stsied, provided that

ae Y= M+ 1) = 0 (1-10)

that is, := + 1 ors = —L The solution that satisfies the condition (0) = 0,
that is, the solution that behaves like r*¥ is called che regular soltion; the solu-
tion chat behaves ike isthe eregular slain.
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q

For large r we can drop the potential cerms, and the equation becomes
ou

oot ax (nay

‘The squate integsability condition implies that

r= [ariel ~ [p24 faclrancs Yin(0)|?
q -f Parl Rata) * (2)
that is,

f Ah ia(DIP = 1 (13)
so thae the wave fanction should vanish at infinity. IF E < 0, 4 that

2E at (1)
the asymptotic solution i

Wn) ~ eer (11-15)

Jf > 0, we have solutions tha ae only nonnalizable in a box (cee discussion
in Chapter 4). With

mE

Aeee a6)

the solution will bea linear combination of¢* and «-*™, the proper combination
being determined by the requirement thatthe asymptotic solution ti on con.F
tinuously to the solution chat is reguat a the engin. We now consider seme
examples

A. The Free Particle

In this example ¥() = 0, bue there is sill a cenuifugal barier peesent,“The radial equation (11-1) takes he form

#24 May tee) « ;

If we introduce che vatable » = hr, we get

eR 2 ak K+)j
2B Mt

Reptt eteeo ans)
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“This equation can aczsly be solved in texms of simple functions. The solutions
tre known as plerial Bes! foncuons, The regular sation is

@ (siai= cor(+ ZY (#4) (aay)po) Ne

and the iegula one is

uta = -cor( ZY (22) (1120)po) No

“The fist few fonctions ae liste below

joa) = 22 mfg) = — SP
> °

fine cose iy cose sine1) = SSP SE iy = SP A
wo (3-2) 3 \ino)= (2-2) sin p - cos :aa 7

w= —(2—*)corp — 2 sin : 'nin —(2.-4)ese~ sine vay
“The combinations that willbe of incest for lage p are che spherical Hankel
funcsions

12) = 7h) + inl) az)

AP 0) = 1 lt vas)

‘Again the frst few spherical Hankel functions ase

B= =
B

wr =- “(v44)
i = (4% — 2) a2)

a ere(OF speci ire ate
(a) the Behavior near the origin: for p & J, eras ove hae

ye
10” 55 aS aia)
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and

n(y)=e — V9 522 = Y) (1126cB

For 92 J, we have the asymptotic expeesions

1 bei) ~

+ sa (»~) uz)
and

klp)= — > cos (-- ) (128)> 2

Eso that

HG) = - 4 porn (129)
°

‘The solution that i regular at che eign is

Rilr) = ler) (11-30)

Tes asymptotic form is using (11.27)
:

(~— Lpraiin= pennyRO) = ek fein x31)
We describe cis as sun of an incoming’ and an “outgoing” spherical wave
‘The nomenclarure is attived at in the following way. The gencalization of the
one-dimensional fx fs

i= Live win — ye He) 2J = GMO wie — wo He] (aus2)
We shll se that itis ony the" inthe sail dection that sof interest fe
lage r Thus the radial ux, integated overall ange,

4 wee’ fanle 25

Fora solution of che form

= c= vag) ren)
vith

fartoair=s (ass)
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we get

8 ce [2" (4 we — S) — compte conjugatefor Zicr[™ (+# - “) ok singe]
a MEL O36)

» #

The + signs descibe outgoing/incoming Sux. Te factor 1/r* that emerges
from our calculation is actully necessary for flox conservation, since che fx
going though te sphesia sutice at eas +s

fre. = Gocepeten of isn)
For our solotion (11-31, the incoming fx is, aside ftom 1/e,

Bh) i jaen|*-Biee | --23 (1138) |
and ths is equal in magnitude to the outgoing fue. The oet ux is therefore
2et0, a ic should be, since there ate no sources of fut.

In gene, fux conservation demands that any soltion—and this includes
solution for which V(x 0—whose form for r vty urge must [by the argu-

‘ments following (11.16) be \
ym Bt — gay) febRi) ~~ 5h sit dem a1-39)

requires

|Sa)|? = 1 (11-40)

18 otherwise the outgoing flax would diffe from the incoming one. A function
‘hose absolute square is unity con always be writen inthe form

Si) = eu re)

‘Te teal function 8,4) i called dhe pha shift cause thesia uncon i the
asymptotic tegion (11-39) may be rewecten a8

sin [br ~ fx/2 + (8)nay en = a = nap
Aside from the phase factor a foot, this ifr fom the fee patie solution
{AP whose asymptotic form is [sin (Ar ~ f/2)\/r, only bythe sil in phase,
34d).

We note thatthe Ax inthe tdiection involves

Kl? 1b= 2 (v2 Bo — comptes congue) ~ E69
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and a lage distances, such a fu, when multiplied bythe atea factor A, til
vanishes as 1/r relative to the dominanc term in the radial flux. This is the
justifcation for ignoring all but the adil fax at lage distances.

B. The Square Well, Bound States

Consider the potential

VO=-Ve rca

7 =0 n> (11-43)
“Then the radial equation has the oem

PR 2 dR M4) mw
Pt eT RT EA DRa0 rca

PR 2 dk Mb) OE
ryi aoe ge R=0 >a (11-44)

We look for bound state solutions, for which B < 0, We wre

2 yy agq Re Wot
Ea
ee
.‘
a(145)

The solution for r < a, which must be regular atthe origi, i

RO) = Ayer) ans)

The solution for r > a must vanish as r—» a, The second of the equations
(14-48) is just the equation forthe sphetial Bessel function, excep tat Fe
replaced by ia. The solucion that behaves lke «now becomes the exponent
ally fling one, cha, we have

1 RG) = Bh§? (iar) (11-47)

for r > a. The cwo solutions must match at ¢ = «and so must the decnatives
This leads to the condition

‘dip) de [se (de | :[FO] - [Mae au[ 7) .. PO) Lim us)
‘his i «very complicated tanacendental equation invalving/; Ve, and E For
+= oie simples greatly fone wes he function u(t) = rR). Whe een
in obeuined by matching 4 sin er and Be"at r= The dene oe Bie on
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H

H

i
-

+ H

ve

Fig. 11-2. The shape of the wave fonction a(7) = r() for an atractive square
well when there exists one bound state = 0).

|

‘exercise for the reader; the shape ofthe adial wave function «() forte fist and
second bound states is exhibited in Figs. 1.2 and 11.3. i

Let us return to Eg. 11-48 forthe case of very deep poteatial for which

a ® L Ta that case the left side of the equation simplifies, since we are justified
in using the asymprocic form of js). Computation shows thar (11-48) takes
the form

ie—Sevea(u— = apni) —
The righthand side does not contain Vo, and if |, < Vo the largeness of na

er |

| i
Fig. 11-5. The shape of the wave function 4(¢) = rR(7) for an atcracive square
wel when there exist two bosnd states (= 0). Only the wave function forthe
Second bound sae is sketched inthis igure.
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implies cat the corangent must be dose to aro, Thus we have approximately

ke
ox usye .Hm (ty (150)

Since for |B) < Vo we have

E

+xa(1+38) (sy
where

7 w= Ue (asa)
(11-50 eads

By eb ale ;
wr (0053)

“Thus the levels chat are fe from the bottom ofthe wellar apposite equallyspaced, forall! <& ts, with the spacing

hae

Seat (154)

‘A related problem isthe inne box in tree dimensions. Here

VOQ=0 ra

== pa 139)
Ia this ete, writing

[ UE
aE ay 136)

the solution that regular at r= js

2. R= Ail) (as

withthe eigenvalues dered by the condition chat the solution vanish at
P= aythats, by

jike) = 0 158)

“The roo for a few values of Far sted belowTN eI Boe
Imo 1 23

3457669988936
628773 910 rose

ose

Se



188 Quantum Physics

If the firs 00t fora given [is labeled w = 1, the second root » = 2, and s0 00,

‘and if we use the accepted spectroscopic notation for the / values,*
S:l=o

Prbm

Dil=2

Fil=3

Gilad

then the order in which the levels occur is

18; 1P; 1D; 25; 1F; 2P; 1G; 2D; 1H; 38,

Suppose we consider « model of the nucieus thar consis of protoas and
neutrons ioide such an infinite box. Since neutrons and protons ate spin3 par |tikes, that i, fermions, no mote than two acutrons and ewo protonscan Occup.4 given sate. If we concentrate on protons, we observe that inthe 15 state only
We protons can appeat I the next level we have J = 1,50 thae here ace three
states, and hence x protons will fli. For the 1D level, with five possible
imvalues (since! = 2), tm procons ate requited to fill this “shell” Thus levelswill be filled when the numberof protons is 2,8 (= 2+ 6),18 (= 2+ 6+ 10), :20 (= 18 + 2),34 (= 20 + 14), 40, $8, 68, 90, 92, 106... , and simi for
the neutrons, A study of real nuclei shows chat for the “magic” aumber of
protons and neutrons, 2, ®, 20, 28,50, #2, 126, ..., these nuclei exhibie special
haractetstics chat can be associated with Sled levels, chat is, closed shells. The

dlfference berween the real “magic” numbers, and those obtained in our primi-
tive model comes aboue because thee is an addtional potential that depends on

the spin and that shifts the levels about somewhat, thus reoedering the numbers

The shell model ofthe nucleus, when properly constructed, explains many of theproperties of nuclei. What is aot obvious is why nuclei should behave like a
collection of particles in a box.

C. The Square Well, Continuum Solutions

With E > owe write

ME,
ar, (11-59)

"The histori originofthis notation wa the deciption of spec lines a8 Shap,Principal, Difse,--- sand ther sbsequeseHectcation, fe does not tebe sese, butStuck, The noution bei dfs fiom that wes! in somic physics, where the conventionalvation asthe Fale cote inde, Sota the order would be wen in ef,

1S, 2P, SD, 25,4, 3P, 36, AD, 6H, 38,
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;

‘The solution for r > ¢ will be a combination of the regular and imegular solu-
tions ofthe fee feld equation

4

Rule) = Bille) + Cale) (11-60)
while the solcion for r < a asthe the regula solution, ei,

Rie) = Aj) re)
where

w= BELVO (1-6)=

‘as before.

1 dtThe
matching of) Ea rm a gives

are) [ae + nal[Oe] = g | Blidde + Ga a aves[ HN LG) + Cri) Ja,
from which the tio C/B can be calculated, Tis aio ca be elated co the phase
shif tha appeared in (11-42). We do this by looking atthe asymptotic (ge 9)
form of (11-60)

ae) mY ¢ le

00 ~ 2 [sin (te £) — Sen («-*)] caso
hich sto be compared with (11-42), reweinen

8,J

pn be ie) adio =f fon (tr) con st + con («- 4) sea
We see thatthe relation

Le ;
rr) (11-65)

hols,

The actual compusation of C/2 fom (1-6 is edious excep for I= 0.As forthe bound sate problem, the ute a) = rR() simples the caleadon
aretly. One only needs to mutch sin wto B in br-+ Cos frat r= ate}
oben an expression fot andy, The resis for this case ae acheratialy dows
in Figs. 1.4 and 1.5. They show chat an atuactive poeatal enters
the wave function, while a repulsive potential tents to push exe, We cal
fetun o these maces in Chapt 24,mhen we disces culison thecey+ Before concluding this chapcr, we focus on an import canon sha caube obtained by solving the fre pate equation in tue ways, One colenncns
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feo

| —~|[yn !

Se

/| | nb) sation for v= 0
Fig, 1-4. Contowure solution a(?) = rite) for atracive potential (= 0)

obeained asa superposition of our separated solutions (11-30) multiplied by thesppropite spheri harmonic Yin(88)

He) = EY Anji Yoo) (1-66)

[Anothe solution ofthe fice price equtio, which reads

(+ A) Yr) = 0 (11-67)

before the epaation into angular and radi psi made, isthe plane wave

une (0168)

satesA bb aan 050

>

Fig. 11-5. Concinwum solution w() = rt) for repeive poeta (= 0)
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We may cherefore find Aig such chat Ye) = #* in (11-66). Note that the

spherical angles (4) are the coordinates of the vector rtelative to some abi.tuaiy chosen raxis (se Fig. 91). If we define che z-axis by the ditection of&(unl sow an arbieay direction), then

Ate dere (1-6)

‘Thas the lef side of(11-66) has no asimuthal angle, ¢, dependence, and thus onthe
right side only terms with m = 0 can apes hence, making use of thefacr that

rates) = 222)" lane (170)
whet the P (cos ) are the Legendte polynomials, we get the relation

ert ey Aijd) P(cos 6) arn)
We may use the relation

va y= be -

F\ which is» dtece consequence of the othonormalty relation for the Yiq and
(11-70), ro obaain

3 Asie) = Hae(20+ 1)f © ape) (11-73)
|The integral can be looked up, of wotked out by comparing both sides inthe

limic that kr —> 0. In any cas, what results isthe expansion

seo = & (at-+ 1) lin) Phcos 8) 7

which we wil find exceedingly useful in discussions of collision theory

Problems

1. Consider # = 0 bound states for an anactive square well, Find the
«igenralue condition fora bound sate. What is the depth ofthe poteatial fora
seae that is barely bound?

+ Assume that dhe deuteron (consisting of  neutton and « proton, equal
jin massisa bound site with !~ Oanc the potential squarein shapetndof cge
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ry = 2.8 X 10 am, Given thatthe binding energy is —2.18 MeV, find the
depth of che potential.

(Hint, Expand about the case of zero binding energy discussed in Problem 1)

3. Consider neutron-proton scattering, assumed co be interacting through4sguare well potential of range 26 X 10" cn and cepth 20 MeV. Calculate the
phase shife as« function of eneegy for very low energies, for! = 0.

4, Calculate the = 0 phase sife fr a square well potential. Use the pro-
<ceduce outlined following Eq. 11-65 to work out both ehe attractive and the
repulsive potential case. Discuss various limits, such as E large and small, V>

large and soll

5. Show that for / = 0 scattering by a square well of arbitrary range and k
depth Vo, cis always possible co wre the phase shift as an expansion

Feat y= — Fb ra t/2 + 0(8%
bean an expression for # and regin erm of the parameters ofthe wal

6 Considera potential of arbteary shape chat vanishes for r > a, Let the ilogarithmic derivative of che radial function inside the potential

1 aR(r)

Road |

bea slowly varying function of the energy. Consider ! = 0.

(2) Ifthe potensial has a bound state with energy, Bp, what isthe valueofWEn)?
(b) If fA) is independent of E, what is the phase shift as a function of

energy?

(© I fAB) = fla) + (E — Ba) fi, how does fi enter into the phase
shite

Ics simpler to work out (b) and (€) above in terms of& cot &(b), instead of thephase shift, and tat isa preferable way to present your results

7. Givea general argument for why &,(4) should be an odd function of &.
‘Check chat this is so for the square well [using (11-65), for example]. Show thet

SK=#) = 58)

where Sie) is defined ia (11-41,

8. Calculate the function $,(4) for « potential

Vj=e ree

Voj=0 >a

‘Consider the! = 0 phase shift. What is it for ha very small? What sit for ke verylarge? Note hac this potential is « model for an impenetable sphere.
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9. Use the solution (11-63) together with the values of che sphericalBessel functions near the origin given in (11-25) and (11-26) to show that
tan 8) + 043 +0, How mpidly does it approach zeto fora given 2

10. Consider the J = 0 radial equation for the potential

VO) = Voleterrite — 9 tmnt}(known as the Morse potential). Find the energy eigenvalues by simplifying the
differential equation. Do this by defining « new vaciable x = Ge" with C
chosen to simplify che equation as much as possible, and then creating the
‘equation in che manner that the simple harmonic oscillator problem was treated
in Chapeer 5,

Plot the potential. Show that for a deep, wide potential, the low-lying
ound states approximate those of a harmonic oscillator, and explain why
this is so.

References

‘The general properties of second-order differential equations in the context of
quantum mechanics are discussed in

J.-L Powell and B. Crasemann, Quantum Mechanics, Addison-Wesley, Inc, 1961
| A-comprehensive discussion of such equations may also be found in

P.M. Morse and H. Reshbach, Methods of Theoretical Physics, McGraw-Hill
Book Co, Inc., 1953





| chapter 12
The Hydrogen Atom

“The hydrogen ator is the simplest atom, since i contains only one ele.
stop, Thus the Schrodinger equation Becomes 2 one-paicle equation afer the
Center of mass motion i separated out. We shall dal with hydrogenlike stom,
thac i, atoms containing One electron only, but allowing for 2 nucleus more
complicated than a single roron. The pete then i

ro--2 (ay

and the radial Schrdinger equation is

a 24 Ea Ze +1) )#424)p, mfp, Me =o (r(Harz ger ele GMP} eno 29)
We will coocentate on the bound sates, that is, E-< 0 solutions. Ie 1 con-

F venient co make 4 change of vatables,

_ ‘ueiyp= (uel), (23)

The equation then reads

&R 2 dR K+) ( » i)PRL 2 mM WADE (A Neg UrryBm wm Ry od
were we have inrodced the dimensionless premier

8 ef yinya
(yr ;Bs i) a(n) (29)

“Te second form mates it easier co compute with i, since a = 1/137 and the

nergy is expesied in units ofthe rest mas; the is form dose however, nae
._ cla ha the velocity of ight does not tally appear inthe equation sheet

that cis suicly a nutes equation.

195
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We uy co solve (12-4 in whats by now a falar way, Fist, we extract
the age pbebavion, Foc large phe only terms tha remain in the equation are

@R

SB _trse (26
and the solution, which behaves propely at inns, is R~ As in out
trement ofthe harmonic osiltor, we wate

RG) = GW) (27

‘substitute this into (12-4), and obtain the equation for Gp). A litte algebn,
which we do not reproduce, leads tothe equation

2c 2) 6 prot men]£6 _(,_2)46 Pt MAY) Gg arye035 [ oo wo
We now write a power expansion for G(s). This takes the form

Go) = DLS aot (29)

‘The fact that RG) and hence Gp), behaves ike p! a the otigia was established
at the beginning of Chaptet 11 for all potentials satisfying (11-2). When (12-9)
jis substituted into the differential equation, we find a relation between various
coefficients 4,. The recursion relation is obtained from the differential equation

abeyed by

HG) = Sage (210)

whichis

Si (Ptyao (241)we Vy oe

as can easily be obtained by substicating G(9) = o'H(p) into (12-8). We then have
= 12

z= [ne - newt ragt(*42 1) 0-1 ~dart|=0
(12-12)

that i,

E et heen + LF 2) aan) += 1 I wad i= 0

Since this ms vanish cca by etm, we get the recursion selation
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Cn ee oes

“ay Gt Dae+ (213)
For large m this ratio is

aon 1

stat 02.4)

and, as forthe harmonic escilator problem, we can show that we do not get
solution R() char is well behaved at ifiniy, unless the series in (12:9) tem
rates. This means tha fora given i for some » = 1 we must have

Nem titi (245)

et ws introduce the principal quantum number n defined by

namtley (216)

Then, i follows from the face than, > 0, that

Lazite

2. mis an integer
3. the relation

dew “

implies thar

pat (27)
4 result familia from the old Bohe mode. Novice tha it isthe reduced mas that
appeats in the expression; this, of course, is aot peculiar co the diferent
equation approach, In the old Bohe theory, roo, 4 proper teaument of the
clesical orbits, subsequently co be rested by the quantization of angular
‘omentum condition, would have introduced the reduced mass in the energy
formola. "The presence ofthe teduced mass,

mM

po (a2s)

whete m isthe electron mass, and Mi the mass of the nucleus, means chat the
frequencies

BixBy mph (a _
dllfer slightly for diderene hydrogenlike atoms: In pariculat, the dierence
bermeen the hydrogen specrum and che deuterium spectrum’ -whete Mi, the



Fig. 12-1. Orbits for « potenrial that does not have the exact 1/r form do. noc
‘lose upon themselves and precess as shown here. The orbits remaig planar as long
45 the potential is radial.

nuclear mass, is very close to being ewice the proton mass—was responsible for
the discovery of deuterium by Urey and collaborators in 1952

“The energy does not dependon J, thati, for 2 given m the cnctgiesofallthe stares such that + 1 < mare degenerate, We did expect a (22+ 1)-folddegeneracyof the encrgy states fora given J, since the radial equation did notdepend on m; here we find chat although the radial equation does depend on /,
there is an additional degeneracy. Such a degeneracy was formetly called “acc-
dental,” since there was no obvious reason for it. This, however, depends on
‘what one means by “obvious.” It is already known in classical mechanics that

the potential 1/r has some special features: the orbits consist of ellipses chat
‘maintain their ofientation in space, instead of forming. precessing orbits (Fig.

12.1), Small modifications ofthe potential do causea precession. Such modifi-‘ations may come from a vaiey of sources, for example, the perturbations ducto other planess, in the Keplet problem. Ia considering the planetary orbit of
‘Mercury, it was found thas after allowance was made for the effects of other
planets, 2 precession of the perihelion in the amount of 42” pet century re-
mained ueaccouated for, and this was finaly explained by Einstein's general
theory of relacivity, which predicted just the right amount of 1/r* potential co
be added to the Newtonian 1/r.

Tn quantum mechanics, 100, there are perturbations, $0 thatthe Jategen-

2There se, of course, ether shift in spect lines that ative fom relativistic effetsand fom the exeace of elecon sn. Thee wl be discus’ ate.
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cacy is not really what is observed. In frst approximation, however, we have,
fora given», che possible yalues of = 0,1,2,-.., (a — 1), and foreach there
isthe (21+ 1) degeneracy. Thus the total degeneracy is

Letty = (2229).

Stiety speaking, chee are ewo posible sates forthe electron because ofits spin,
So thatthe tee degeneracy is really 202

Lec us now return to the diferental equation. If we set = m in the
secusion relation (12-13) s0 that

ktltinn camOe
EF et (an

we

find chat

Feeyeea lSwe CUS GE NEF AtD Met aey
a~@+1
var 2”

With the help of tis we can obtain the power series expansion foc H{p). Equiva-
Jently, we observe thac the equation for H(p) is that for the aumeiied Laguere

polynomials:

Ho) = L279, () (12-23)

‘The polynomials are tabulated and their various properties can be found inthe
mathematical iterature*

Aer conversion back to the radial cooedinate r and after normalization,the fst few radial functions can be computed. These aze listed below. We use

A
faot
(220)me

in the tabulation Ryi(?):

“

ZV" (zeRel) = ~ 2) 2moa )"0-%)
: 1An exsemely useful book is M. Abrowiaaod 1. A. Segun (es), HandhlofMatientcal Pontos, National Dosen of Sandu Pubcon,
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L( ZY" Ze annmo (aa) ae

zy er 22) _ qRole) = 2 ZY" | 1 — 2 5 22) art
2 AV2( ZY" 2,Br) armmo BL) EC-S):

v2 2)" (ZY em
“The following qualcaive features emerge from the sampling of eigensotu-tions:
(@) The behavior of # for small , which forces the wave function to staysonal fora range of radi tha increases with fi consequence ofthe cenifugal

repulsive barier chat keeps the electrons from coming close tothe nucleus.
(b) The recursion relation shows that Hig) is a polynomial of degree

y= m-—1~ 1, and thus ic has a, radialnodes (zetos). There will be —~/“bumps” in the probability density dstibusion

PU) = PAR) (12.26)

‘When, fora given », has its largest value! = n — 1, chen there is only one bump.
‘As (12.25) suggests, and as can be seen from the solution to the differential
‘equation,

Rewnar(t) = pot Hie (2.27)
Hence P(r) 72 28 will peak at a value of r detcemined by

Tea (ent — mde ° (12-28)
that is, at

=m :
3 (0229)

‘hick isthe Bohr arom value for circular orbits, Smaller values of J give proba
bility distributions with more bumps. One can show that they correspond to
Aliptical orbits in the large quantum umber limit.

(©) Plots of che dial probability density P(7) for findingthe electron atadiscance r from the origin can be constructed with the help of the wave func-
‘ions. Figure 12-2 shows che general pattern. We must remember that the wave

fanction also has an angular part, whose absolute squate is Pi (cos 9). Plots of
the associated Legend:e functions Pim(cos @) ae given ia’ Fig. 123. Asm
increases, the peobubilty density is seen to shife from the z-axis cowaed the
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1.
4

“

in units

oe ert

or}

l\ ae oR?

03 {\
a2| \ ows
ofAd  \

w

Fig. 122, comimed

‘equatorial plane. When |m| = J, then | Pi! (cos #)|? = sin*@ as can be read offfrom Eq. 10-55. This functionis peaked about@ = 1/2. As / increases,the width‘of the peak can be shown to decrease like -!, and thus for large quancum
faumbes we get the cascal picture of pasar cits, The finite width ofthe
peak can be understood from the fllowing considerations When |r| = & we
fave Lit = Prand consequently La? + Ly? = 1. Ths the angolar momentum

‘etor can never be prety ont along an ais, lncidentally,the degeneracy
relly inno distinguished ras, Thos a sate that an eigenstate of Le with

Cigemvale wl be“ented” in he x-dietion, The wave functionwill now be
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On nw '
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|
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Fig. 12-3, Shapes of the mace Legendte pyoomis asa fanction of
Ihe sgl ewe the sans and teeta lg, Jonred bee y the sans

4 lineat combination of the Yia(04), but because ofthe degeneracy, the energy
will be the same as for the z-oriented orbits.

a) nen the weve fonctions, we ca calcu

oo) = fF aro teato (2230)
Some wal expectio vales ate given below

=fo104
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= oF set avr) ze [on + 1 — 0+ ))

()-2rl an

1 z

(> amen (asp

Problems

1. Compute the wavelengths of the 2P —+ 15 wanstons ia (1) hydrogen,(2)
deuterium (oudear mass = 2 X proton mass), (3) positonium (& boundF state ofan clectron and 2 positron, whose mass is the same as that of an electron.

2. An eecton isin the grovnd sate of tritium, for which the nucleus

consists of « proton and two neutrons. A nuclear teacion instantaneously
changes the nucleus to He?, thai, wo protons and one neutron, Calelate the
probability that the electron remains in the ground state of He®, What is the
probability that the electron is free, with momentum p?

[Nove. The momentum eigenfunction for a free electron is PPM agh)-22)

3. The relativistic analog of the Schrdinger equation fora spin 0 electron(Ghus nor applicable co the real electron isthe operator version of

(EV) = fe + nit
that i,

Bway

wy (te(a - +4) ve -w+(F) ‘(4) Find the radial equation,

(b) Find the eigenvalue specrum by noting the lose reitionship of theradial
equation obtained in (a) with the radial equation for che hydrogen stom,

problem,

4. Using the expression for {I/r).1 calculate the expression for
- (2)

for ao atbitary hydrogen acom eigenstate (with Z arbi). Show that generally
for this potential

(T) = -1V)

“This is «special example of the Vin her
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5. An electron inthe Coulomb feld of «proton is ina state descibed by i
the wave fonction

Hara) + bal) — Yaa) + VIO vale] |(@) Whar is the expectation value of the energy? !
() What isthe expectation value of L'? {
(©) What is the expectation value of L?

6. An electron in the Coutomb fld of» proton is in a stare described by
the wae function

‘What i the probability that i wll be found in che ground state ofthe hydrogen

2. An elecon isin then = 2,1 1, m= 0 state ofthe hydrogen stom,‘What i ts wavefunction in moments space?

8. The expectation value of fle) in any stationary sate is « consant.
Geulae

4 ep) = + (teeo=
Fey)= 5 ep!)

fora Hamiltonian

H= pi/2m + Vir)
sand show thie

(B) = even
Use this to establish the result of Problem 4,

9. Use the techniques developed in this chapter to discuss the three-
dimensional harmonic oscillator problem, with

Ha Pb imate
an

Note thatthe associated Laguetre polynomials also appear inthis problem,

References

‘A very thorough discussion of the hydrogenlike eroms is co be found in
B. U. Condon and G. H, Shorey, The Theory of Aunic Spcre, Cambridge

University Press, Cambridge, 1959.

“The problem is discussed in every book on quantura mechanic.



| chapter 13
Interaction of Electrons with
Electromagnetic Field

In Chapter :2 we disused the intercon ofan clcron wth the wai
Coulomb fet uc to4 point chauge To gomnive taste he mecca eantn

exenal eugncc ox etic Bed, we Sun fat ree he cata meee

Vv Bry) = 0 (3-1)

1 Bees)VX E(rs) + OF ° (03-2)

V-E(rs) = Sap(rJ) (13-3)

¥ x Meg) ~ 2 ORLA A ey (34)
whee oe) aa) tthe charge and cent denss that ate the sures of
the ceeomagneve els Es) a Bis). The conservation of che paca

20D 4 wie) = 0 (33)
is autora sie

‘We may stay the et smo equation by exesing the els in tems ofa scalat potential (rf) and a vector potential Aird)

Bie)™ VX Ales)
Aes)Bes) = = EM voeey (36)
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‘The lds BandB do nt determiney and A unig. New poems, given byAlles) = Ales) — ¥firs)

es)#668)

= a0) + 2 MED 3ste ely seen oy the same Ean B fel. The tansformation fom the set(A,B) to (A46) is known as a gauge sransformation, and the invariance of Fand B
allows ws to choose the abizary fancuon flr) inthe most convenicnt way.

‘The source-dependent pair of equations (13-3) and (13-4) now read

1Vert) — -_2 (WA) = 4ep(r.s) (13-8)
sod

1 PAs) 15 ae,VR
XA +S oe ot © Oe YO ie)

which may be rewricen a

1 DAG) 18) fe a5,THAR) + et r(ra +7 *) Mes) (13-9)
Uf the charge distribution is static, that is, p(r) is independentof time, it is con-‘een to choose the gauge such that

VAs) = 0 (13-10)

This choice of fis) is given the name of Coulomb gage. In that case we have
—V¢r) = 4xo(r) (3-11)

that is, we havea vimeindepedent see potat and then the equation for
Aes) seas

fe) 4 LAG_ fe~ vn) +L PMD ey (asta)

When the charge ditburon is no stati, eis more conveniet to choosethe so-alled Lares pange or which

VAG) + + 2! 4 (sa)
This leaves the equation forthe vector potential vnateed, but now the scale
quition also obeys a wave equation, A techni point worth ating is che

« teetion

‘VX (¥ XA) = — VA + VW-A)
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sed to obtain (13:9) is ony valid in caresiancootdinats. Ths, VA(e), a ic
‘appears, must be calculated in terms of x,y, and 2

The equation describing the neraction of «point elcon of mass withan elecuomagneic fl the casial Loreate foe equation

ate ~ [ea +x 20) (3.4
We now assert tha this equation willbe obtained if che csscl Hamikonian
foran electron in the absence of fields

PeHe
2 (13-15)

is changed by making the akeration

j Pop t fats) (316)
‘and adding the potential ep(r) (we shall deal with static salar poceatals),
fo thae

a

L € idHe if +“aca | + ele) (3.7)
‘We shal ave the proof ofthis statement as an exercise for the rider! The
conesponding Scddinger equation with the static potential taken over tothe
fighe side is

1 “)

A(Er tia) ve = te + oveivien css)whE Yt

p> The left side is

iby + fa) (Sov tas)ATT FANG

By ik i e=- EyBaw ways fm( 2p EY OE walt a
H ® ii @
; =~ Py Hayy 2

é Ee ny 4 Avet oGAW (13-19)
© Fora conseane uniform magnetic eld, B, we may take

+ Antex (320)"seeforme 4.26

.tNeee tae i ches or wig since we may Add sheginof ny fnconvo A without changing BT choi howerer sep aca
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“This means thatthe cece components of A are :

A= $68, ~ 2B 2B, — x8, x8, — 3B) !

and consequently

VX A = (BB, + 4B,, By, B)

=B

© Hence the second erm in (15-19) becomes

ick itrxpey-- “~pexe
ue x ¥ ue xw

=f erx twee (3.2)
ape RG Que *

and the thid term is

e e en
Sex By = fem— ey = SEtt 99 13.22)a Slew ORY SEY (322)

if B is the direction chat defines the t-axis. This is of the form ofa two-dimen-sioval harmonic exilator potenti

‘Let us compare the magnitudes of che cwo teams, The rato is estimatedwith (L,) taken of order and (e+ 38 of order a with athe Bobr rads:
(e/aue)a8 VeBB((/20) RB 4 fe e/a 348 fad
~—_
Seats X 1705 X 10-9)

B
~

9 X10" gauss (1523)

«© Thusinaromic systems, with the kind offields availble i the laboratory thats,

B'S 10° gauss, the quadratic term is certainly negligible. The term linear in B,
compared with the Coulomb potential energy can be estimated in a similar way

(ire) KB Weg LB B
Cjay

~

2 eas 8 274 e/acs SX 10" gauss (324)
so that che linear rm will only slightly perturb che atomic energy levels. The
Guedratic tem can become very important under two condition: if the mag
etc fed is very intense, i is believed that fields as large as TO! guuss may
Exist on the surface of easton stars, and this would radically aker the strctare
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of ators? The quadratic term will also be imporant when we consider the
macroscopic motion of en electron in an exer ld

Lec us fs consider the linear term alone, and pick the z-direction wo

coincide with thee of B. Then the Hamiltonian with y= 0 is ered by theaddition of

n= BL (13-25)
ae

If we define the frequency, called the Larmor frequency, a

o
Bow 13.26)Que (13-26)

anu deal wid energy eigenstates chat are simutancously eigenstates of I? and
La, then the excca tetm (13-25), when acting on an eigenstate, yields 2 number,
meme,

Hittain(t) = heozmiinin(®) (13-27)

‘here m is the z-component of the angular momentum eigenvalue, with —:<
‘mS I, Thus the existing energy levels, with their (21 + 1)-fold degeneracy
are splicinco (21+ 1 components haar ually spaced wth energies given by

Ba ait stay (3-28)
“The sne ofthe spi

Ba(e)eQue Duc \e/ac?) ae?

- (=) (2)Que Vi \e/at,

syd) q Bo= hate) a TS
B

-(2, ”

Since there ate selection rules (o be discussed later according to whichonly transitions in which the m-value changes by 2eo ot unity at allowed,
turns out tha che single line repreeating 2 tanstion with B = 0 split into
sre lines, a8 can be seen it Fig. 13-1. This effec is the marmal Zeeman ef.
‘Actually, wales the eleezon spin state in the atom is one in which the sens

~

+SeeR. Cohen, L. Lodenqusi,and M, Rederman, Phy. Rev, Letters, 25, 467 (1970).
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rr) ;

am ape
tea on neo
eee

| ~~ TTT
TT ne,

Alig

_ met.1 eo
et

seven “Si ge an
= ae

Fig. 13-1. Normal Zeeman effect: of the 15 possible tanstions berween the
d= 2 and / = 1 sates, split by the magnetic Geld, only 9, cotesponding to am =

im my = 1,0, oceut in the form of the lines
zero, the interactions of the electton spin with the magnetic Seld changes the
pattem predicted above. The mote common aomalaus Zeman efect will be
Aiscussed when we have leaed about spin

Tis of some interest to discuss the solution ofan electro in a constant

magnetic field uncer conditions where the B? term is aot negligible, and where
the Coulomb potential can be neglected. Under those conditions, with B again
chosen to define the zdivection, the SchrBdinger equation ids

x oy ee

aESE Lt SRG tee BE (1329)
‘wherewe have used (13-19), (15-21) and (13-22). The presence ofthe"potential”G+ 99) suggests the use of cylindrical coordinates for the separition of the
variables, Waiting

x= pease

y= psing (03-30)
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2 ggg2 se 2dx 8 ap Oe

2 2 ee ‘
By Ha tO ay (13-31)

and beace

a a 12 Lewa By Byte se 22)an t OF dp to Og (13-32)
Ie we now wie

Vr) = tmp) cme ete (13-33)

We fod thatthe diferent uation aid by unl)

ee ee ee ee eeBt oS are (Bee) eno
(13-34)

Te we introduce che variable

[eB

x= Vv me? (03-35)
we pyrite etn nh om

Btek™ eT eto (13-36)
were

fue (pHdhe  ( , ee) an (1337)
Ici ay senightorward 0 deen that (the beavior of) tiny,
determined from

is w(x) ~ =", and (b) the behavior of u(x) neat x = 0, determined from

Fe ide ont
de xd 8 =O

is w(x) ~ x'*!. We thus write

wx) = xl et Gl) (13-38)



216 Quantum Physics i

‘and determine the differential equation obeyed by G(s). |
‘lite algebra leads co

2G | (zal +1 ye a - ;£6 5 ( LAO ae) E+ Q—2-aim)G=0 (1349)
‘This can be brought into the same form as (12-11) if we change variables 10

yor (13-40) |
‘The equation then takes the form

a6 (* +1 )# A= 2-2\m]AS4 (eo 3)e 7 4 %

‘We can now proceed asin Chapter 12. Comparison wich (12-11) shows that we
must have

4,-tbel.,, (13-42)
4 z

25 an eigenvalue condicion, with me = 0,1, 2,3, «<<» This implies thar —
F#E/2y, the energy with the kinetic energy of the free motion in the 2-diection
subtracted out, is given by

RE wh

en Cane tit Il +m) (3-4)
and

6G) = Lt 6) (ase4a)

(©ue discussionof this solution willbe confined tothe classical limit, To dothis,we 6st review che classical theory. Given the Hamiltonian (13-17), withoutthe scalar potential tenn, we havet

ya PtWoa 03-45)
*

land with A= —Jr XB, we obtain

eX va expt ex (ae xD

= L— Ebe(e-B) — HB} (3-46)
“The render who is ot falas with mechanics 48 formulated by Hasion can

convince hina thatthe equtions ds a1t/9py dps ~~ a0d 30 08, ae

Stuiilen so Newt's eqton frH = p2/ay + Vie. The equations ao ha for deShove complicated Hemroian (pF sA(e/e¥/2
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with che help of the identity

&X (bX 6) = blare) ~ efa-b) (13-47)
We take the =-component of this equation to obain

ae X = Lt SBE A)
thar is,

B

00 = Ly +S ot (13-48)

‘The expression forthe force on the electron

Fa -‘vxB (03-49)
Yields the relation

wt _ eBire (13.50)

for circular motion, This relation, together with (13-48), after a litte algebra,
yields,

epst A330vr Ey a (13-51)
and

‘We now rerurn to the expression for the energy, (13-43). Because of the

smallness of f, the energy can only be of macroscopic sine for reasonable B, ifCt+ 1+ [re] + m) is very large, We have two cases: (a) If m <0, this
implies chac mis very lage. Now n- determines the degree of the polynomial
LIE! ), that is, che number of the zeros in the function,’ and if that is very
large, the function cannot be large for some small range of y where the classical
‘orbit would be located. (b) If > 0, the coefficient is (2m, 1+ 2m), and
this can be large, with m+ small, provided harm i$ large. The energy now is

<a
p-e (13553)

2 ne

+ SeeBg.12:25, the developmen leadingup ti and che discson p. 200
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iin agreement with the classical resule. Note that |

iL, = him (13-54)

is positive, as expected. |
‘We can alo show that she ads of the orbit, as determined by the peaking‘of the radial probability distribution, corresponds to the classical value, Lec us

take m= 0. In that case L{* (y) is just a constant, and the square of the wave
function is, according to (13-38),

PGs) = lot (1359)

“This bas « maximum where Yr

Pk aim|xtisi! — etl pa
F = ein alt) tag |

chat is, at |x= vinl (356)

‘which yields

a \t

o= (hm) (359)
‘This problem is « bezutifilillustation of the correspondence peincpe

“There ace several interesting quaacum mechanical ects connected with

the inceaction with « magnetic feld that we now turn to, The Schbdinget
‘© equation (13-18) appears to violute the principle of gauge invariance, since it is

A(rs) thar appears in the equation, and under the transformation

AA Urs) (13-58)

the Hamionian is changed according to

WL ee ee

alattiayog (Fes iariny om
Ieis possible wo save gauge invarianceby using the fact that «change of the wavefunction by a phase factor, which may depend on x, hus no physic conse-

quences. Thus if we require thac (13-58) must be accompanied by the trans.
formation

Ves) > Yrs) (13-60)

then the left hand side of eq, (13-18) becomes
Lae tage hoataat

alg PtiAtivs) (Gut iat ivy
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1 Lee kata
=

(Ge iatfei) [A (Eve + fan Sey + oeay
Ln fh e e ¥

= La (Fe stad tuys sva)'y (3-61)
“Thus withthe choice

A= he f (13-62)
that is, with the cansformation law

Her) 9 MOD Yes) (13-63)

_gruge invariance is resored

F aa Gld-iee region, B = 0, which implies that

q
vxXA=0 (3.69)

thar is, A maybe writen as a gridient ofa function
A= (3.6)

Ina field-free region, we may therefore describe the motion of an electon in two
ways: either we do aot consider the presence of fld at all, and write

iyFs(Es) + veo |y= we (03-66)
for the energy eigenfunction equation, ce we write che equation with the vector
potential given by (13-65)

Lh ey

snd ake

Ve etinar y (13-68)

‘The function fir) may be written in terms of A(e4) by solving (13-65):

fea [denen (3)
where the puch of itegration is taken from an arbitrary xed point, foc example,
che origin, of infinity, tothe point r. The integral only makes sense f B~ 0,

that is, in a field-fre region, sice the differenee in the integral slong «wo dif,
even paths, labeled | and 2, is
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hs'"
/ fon 2

if

Fig. 132. The imagef4¢e) along path and pthargentthe
sum, since he ferences equal the magnetic fax enclosedby thedoe oop

f de'-A(r's) ~ [anes = ge Alr’)
= [iv xawaas= [pss % (370)

hee we have wsed Soke’ theorem, and whee seh Aux of magnetic eld
through the surface spaned bythe two pats (Fig 132), Thos ony = 0
wl she ps factor in (3.68) be independent ofthe coir of pain ee Tne

Integi Such am independence is equ if we ins thatthe weve fonction be
Single

Tee wo puhs include fu, then the wavefunctions of electrons evelngtloog the two path wll acquie diferent uses. An latesting consequence
isha fan electron moves eld tegion that not simply connec,
bat suounde a "hole" conning fox & then upon compaing x este
the electron acquires an additional phase factor «*®/¢, The requirement that
the elecuon wave funtion be singlevalve, a0 Bt the phase Retr i unity,
impli tht sero!fi guased

che

a, motte. (3-71)
Such 4 scuaton ass in the motion ofeeeons in + superconducting

ting suounding «region containing fax. Te bas expetinents, dove ia 196
were bsed oa the folowing there: a tng, made of superonductor

+B. Dever andW, Paiburk, Py. Re La, 7, 48 (961): R. DAM and M.
Naseer
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T< te

atb= an (13-72)

ro) >

ne

vow (13-73)
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!

a=weeee Qn.rane

som
Fig. 13-4. Schematic sketch of experiment measring shift of elecom inte:
ference pattern by confined magnetic flux.

‘whereyh denotes the partof the wave function that describesthe electron follow-
ing path 1, and ya the pare appropiate to path 2 In che presence of the solenoidwe have

Pm Ya dtNhited 4. yy ibaa

= re + ya) neler (13-74)

‘The flux thus causesa relative change in phase berween yx and Yr, aod this willchange che interference pattern, This efet, frst pointed out by Abaranow and
Bohm, has been observed expetimentally.*

Problems

1, Show that with

Pavea
2B + Hin)

the equations

a, OH
a”

be 2H
ds Ox"

+2. 6, Chambers, Pl Ren, Lat, 5,3 (960.
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yield ah equtions of motion
fs
ae Ox"

2. Show tha the Hamiltonian

H= 2 [p+| 7
Yields dhe Loven foce equation

a 1

oe «[ Pen + yx ae |
{Nae In your aleuation use

4 piggy = OA HOM | DA de DAa= +e te yb a Or
since the flds that enter into the equation of motion (and che Hamiltonian)
‘must be evaluated at the position of the particle.)

3. Gleuate dhe wavelengths of che dhe Zeemaa line inthe 3D + 2P

transition in hydrogen, when the ater iin eld of 1" gauss.7
4. Consider an electron confined to a tegion between two cylinders of

|. radia and b rexpectvely (b> a). a) Sepante the Scinget tion sn
cylindrical coordinates (cf. Eq. 13-32), and show that the equation can be

Solved interns of Besel fonctions, What ue the condition forthe deci.
tio ofthe energy eigenvalues? (0) Discus the degeacay ofthe entgy sign
functions? Whi sit due to? For Bese fancions, ce ote afer paces 8
——

5. In this problem we work out an example showing how an enclosed

magnetic fu changes the angular momentum ef « price ia 4 pion ouside
the fx rue, Consider a magnetic Sd confined ins cjindscl Retony cn
Lat the Bux be In the region» > a thre is no magaetic eld rl hence te

vector pote is ofthe farm
‘ A(of.z) = VA(p8,z)

(a) The choice of gauge ¥-A = 0 implies that

va=o

Show thas slution of hi equation, sifyng (13-70),
1

: a-ha
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(8) Calculate the angular momentum about the symmetry axis

wex v= t= [ex (Le +fa)]
in cylindrical coordinates,and show that for the above A it is given by

tek yee

an re

(©) Solve the eigenvalue problem Ly = Wy, and show that single-valuedines of the eigenfunctions leads to flux quantization.

6. Show that for a system described by the Hamiltonian

p= A lo Aeeor
m0

the fx j, which satises

2 vvevinoJeet se
is given by

j= [yee — wy + 2 aoe

yg LTR WE Ze AeShow also chat the Hamiltnian equations of motion of Problem 1 imply that
4,

tino
where

Lerx (»+£aca)
7. Consider the problemof « charged particle in an external magnesic fieldB= (00,8) with the gauge so chosen thatA = (—yB, 0, 0). What are the con-stants of the motion? Go as fat as you can in solving the equation of motion,and obtain the enetgy spectrum. Can you explain why the same problem ia the

‘gauges A= (—yB/2, xB/2, 0), A= (—yB, 0, 0), and A= (0, xB, 0) can still
represent the saine physical situation, even though the solutions look so dif-
ferent inal htce cases?

8 Considera charged particle ina magnetic field B= (0,0,8) and ina‘crossed electric field E = (8,0,0). Which of the three gauges mentioned in
problem 7 would you use for this peoblem? Solve the eigenvalue problem

Note. The solution ofthe equation
fu 1 de s

Ba tge(-S)e-e
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with ioegal, are koowa as Besse! functions, forthe regular soltions

we (ZY
j Je) () & nwt i

tnd Neumann function fr the regular solutions

) = 2 je) tog 2 — 2 (2)8 22Nala) = J Jala) og 3 = () Liem
A(z) @- lor ey
YER

ran(log7 = 0.572...) a= (2 14% 7]
“They have the asymprocc behavior

zy mor 1

nso ~ (2)"an (2-4) [140(2)]
A deuiled discussion of thie properties may be found in any book on the
special functions of mathematical physics.

References

“the various aspects of electron motion ina magaetic eld ae very iateesiogly
dseused i

RP. Feyaman, RB, Leighton, andM. Sands, The Fyoman Lee on Physi,Vol. 5, Addison-Wesley nes 1963.
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| chapter 14
Operators, Matrices, and Spin |

A props daca of atoms isnot pombe without considenion of he

spn ofthe eon Insp of te suggestive name tis poppete contenBas uo casa aang tn il toon become ens ee fe eal
somewhat shtace mths Foruntcly we ne some paaanoe he ho
fuer deparare om descipcon donated to cooeines ea aee
dctsted both the humonic olan (Cape 1) snd these meet
cigenlue peoblen

DYin = WU+ 1) Vw
Lin = hain (aay

by opor methods, Forte harmonic oxi we found sts, df! by
1 ae g ’

j = Gaye (AI He (04.2)
foe ics

Hig = theo + $) tay, 14-3)

sde could ao alee the action heating ond lowetngopentors ons,

Ane Voth ny
sd

. Ann = Vik (143)
We also showed

Menta) = San (14-6)
4 seement thc can be made to Bold fr the eigenstates of any herman
trenton (1 hr) Hwee the slat poof Aree ay
papel

. (ttm| Hite) = (Wm!HH!te) = (+ 4) Feo Bae
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Wal Ate) = eal Ata)= VO DR bas
in| Atte) = (Hn| Alita) = Vth dng (4-7)

where we have introduced the mote symmetric notacion

{usloe)) = (aslolas) (148)

These quantities may be aranged in arays called ratries. The conventional
notation for a matrix My has the first index labeling the row, and the second
labeling the columa of the array. Thus if we convert the scalar product
(4m|H! ty) into Hay we find that

a rn
o 3/2 o o

. 0 0 (3/2 0Hohe
° ° oO 2 ”
: : - 049)

Silly

0 6 0 oO

> a_ na eeA=vEL go vs 0

: (14:10)

and

o vio 0
o 0 v2 Oe

A=Vif 0 0 0 V3

Pont aan)

Weshallcall he array (tal Flin), where Bis any operator, and thew ae any complese set, a matrix representation of Fin the batis provided by the u,."This appellation

‘needs some justfciion. The product of two matrices, fr example, satisfies
FG)= ZL PalGes (42)

and we need (0 verify cis relation for the “matrix representations” of che
operators Pand G. To do this, let us consider the state Guy, and, using com-
pleteness, expand it in the form

Guy = XL Con (14-13)
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‘The coeficients Gy ate given by

G = Glas) (14.14)
Hence

Al FG)as5 = wl FE Coxe)
7

= X Ged Fin)

= EX Wil Flue (unl Gay) (14-15)

hich isthe same as (14-12), provided we write

us| Fling) = Fin (14.16)
‘and so on, Ie i a useful mnemonic device to wtte the unit operator in the form

r= lan) Gul (aaa)

and in that form ic can be inserced beeween the two operators F and G in the
matrix element (u«|FG|4;) to give (14-15).

Farther justification forthe matrix connection comes from the relation

Wen| Flin)* = (Fig| te) = in|FT| atm) (14-18)
which shows tha ifthe operator Fis tepresented by « mattis, then the hermitian
‘conjugate operator F* will be represented by the hermician conjugate matrix,
since che laver is defined by

(aq = Fe (1419)

Note that in our discussion we made no reference to the fact that we
started out with eigenstates of the harmonic osilator Hamiltonian. The ony
‘hing that is cial about them, is that they dagonaice the matrix representing H.
With another complete set, H would noe be diagonsl, and reading of its cigen.
‘ues, chat is, the mattis elements when itis diagonal, would not be exsy

The Yin were definedtobe states that dagonalize L? and L, simultneously.‘HE we stay witha fixtd/, chat i, with states in which only the m-value is vaiable,
thea, with an abbreviated notation, the second of the relations (141) reada

nal len) = Bat bur (1420)
Furthermore (10-40) with (10-52) implies that

. Goat| Lax tym) = RUG+ 1) ~ mlete ype Baym (14-21)
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“This leads to the matrix representations

a)

L=i{ 0 0 0

° o = (14-22)

o vio
Ly=fil 0 0 v2

° o o (14-23)

and

0 0 0

L=il vi 0 0
0 v2 0 (14.24)

for the/ = 1 angular momentum operators. The rows and columns ate labeledwith m = 1,0,—1 in order left co sight and top to bottom. [eis easyto check‘that che matrices satisfy the commutation relations. For example

vi\/ 0 00 2 o\/oviaWatl=#(o ov2](v2 o0)-#(v2 ool(o ove
0 0 o\ ovo, ovio\o oy

200 ooo 10 oO

=W\0 2 0}~ flo 20) = #8 loo o}=2hL, (1425)
0 0 002 00 = 1

Genctal seasons berween sates can also be writen in matrix represenci-
tion. Consider, for example, a relation like

y= 46 (14-26)

If we take che scalar product of this with aay member ofa complete set 4s,wwe have

Gadd)= (esl 4a) (1427)
Furthermore, the insertion of the unit operator, in the form (14-17) berween A
and ¢ yields

daly) = Eel Alen) (eal) (04-28)
Hf we write (w_|@) as a columa vector ay

qld) fw

dle) | | as
fale)of 10 fa]

. (14-29)



snd silty

(ul) Fb

dal) | | ae(ul) > (ws|¥) =| %

(1430)

then the matrix representation of (14:26) is

B= D Anon (2431)

‘Thus matrices represent operators, and columa vectots tepresent states. The
scalar product (6|4q) = (va16)* is written conventionally in the form of 2 row

(im) (@i, a3, a}, ...) (14-32)
$0 that the scalar product ($y), for example, can be written as

iH)= Elm )univ)
= Las, (14:33)

‘An eigenvalue equation is a special ase of (14.26). Ie reads

Mom ab (14534)and ie reads

LD Aaya (1435)

in matrix form. This is equivalent co

a er
dn tn—a An \

An An An—a a }=o0 (14-36)

and chere will b 2 nontrivial solution of ths equation only ifthe determinant ofthe mactx vanished

det| Aa — abeel = 0 (0437)‘This
is « good way of finding cigenvalucs (and eigenvectors) for operators

represented by finite maces, but for infinite maces this is smfoeonely10 50 simple

"Tris indeed forunate car there i an alternative to representing operators 9
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by functions and differentials, since not all operators can be represented in that
‘way. The simplest example is that comrespondiog to che angular momentum
T= 4. Bq. (10-51) and (10.60)ell us chat

Yanai = Cavin0 0? (0438)
and (10:54) allows us to compute

£089 vnLM * oo (1439)
‘This, however, is not proportional to Yi, -1/2 and Furthermote i is singular at
@ = Oand x. Thus for / = 3 there are roubles, and we must tum to mattix

representations; Instead of talking ebout / = 4, we shall talk about spin,S = J,reserving the Feter/ for the orbital angular momentum associated with ¥ X p-“The spin operators ae S,, Sy, and 5,, and they are defined by their commutation
felations

[5.5] = mS. (14-40)

and s0 on.

We wish to represent them by 2 x 2 mattices. (14-20) yields

a)

Sah (14.41)
0 =,

and (14-21) gives
o1 0 0

Sh Ssh (04-42)
mr No 0 10

‘We may write this representation as

S= ie (14.43)

where

on oF 1 0

od = «= (144)
10 io 0-7

ate the Pauli matrices ‘They satisfy the commutation relations

lespal = 2iee (14.45)

and so on, as they must, co satisfy (14-40), and they also satisfy
10

afeataet= = (14-46)
o4
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and

nner (447)

hich are relations pecstar to the spn § representations and Jo not hold foe
the! = 1 mauices, for ample

Tue eigenstates of S wil be eepcseted by 2 ewo component cola
‘ecco, which we cll spinor. To find these eigenspnocs, we sole

that is,

( 1 0 ( ” ( «<4

o &/\, .

‘The plus cigensclution has » = 0, and the minus eigensolution has w= 0,

1 °

x w= (14-49)
° 1

for the cigenspinors costesponding to spin up [S, = +(1/2)K] and spin down[S = —(1/2)i], respectively.

‘An atbicary spinor ean be expanded i chis complet set
ow 1 °

wal’ ea (0450)
o ° :

‘nd the expansion postulate yields che inerptetation tat |ay|*and [a-|2, when
popetly normalize, so chat

slay? + la ltaa (14-51)

yield the probabilities chat a measurement of S, on the state (2) yields
+(1/2) Rand ~(1/2) A respectively
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Icis not necessary to keep5, diagonal. If we look for the eigenstatesof the‘operator$, cos $ + 5, sin ¢, we must solve

eoeesono(”)-w( ) as
hac is,

0 cosg ising / # «=.

cosétising 0 . ’

This implies har

ve aw

aime (14-53)

Hence

A= 1 (14-54),

‘The eigenvectors corresponding to X= +1 and\ = —1 are
en he 51 1

respectively. It is interesting to observe cha if we change¢ t0.4 + 2x the solutionschange sign.Thisis characteristicof odd half-integer spin wave functions (fermion‘srates); although this does not violate quantum mechanics, since —1 is just @
phase factor, it does mean that no classical macroscopic wave packet an be
constructed that as odd hulFintegal angular momentum.

Given an arbitrary state a, the expectation value of$ may be calculated.We have

@lSlay= LY lies riled
car]

of, equivaleatly, |

soe

bad

(ay, a) S|

‘Thus

0 1\/a

(Se) = (ha) gh
1 ol\a
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= et,2 )- Wea_+ aay)“

0 -i\/a

(Sy) = Hila’, a2)
io Na

soe ee iis .= We,2 )- ~ Fa - ata2ia

soe

a

(8) = Wa, 2) = Wilegl? ~ jal
a 0436

[Note that all of these are real, as expected for hermitian operators

We shall see later ta cheap of an electon apes inthe Hamiooianfor de hydrogen atom, for example, coupled to the eabial eagle momenta,
When an slecton is localized a cyst laice si, for ctample often
pomible to ue the spin asthe only degre of fredom that the elecuem posses,‘The econ will have an intinsic magoedc dipole moment by wee of is
spin and dat magnetic moment is

| m= ~ Es (4sn
where g, the gyromagntc rai, i vey close ro 2,

a2 (14%...) a zoonsia a4:t a(i+e ) 2.002319: (14-58)
td m is he electron mass

For such loazed elect, the Hamitonian in the presence of a external
magnetic eld Bis us the pocetal energy

ah
=u /new p= hap 439)

a.)Tre Settings enc for she sey) = [2-0]eee vo= [20

"A “cc eeeon moving ia cide wth angle women Lil fem 4
cancatagp wns mapecte momen = tLe Sea heise eyce
Sedeeon ca pte (1430) oxy by eo Re einece
Se rcnivide Dis: ease fom whic hee £2 fuses Heat
£7 2 come fom gustan datelyenic Tot sonlaiod Sree ee es
50)i dsovonn GousimirtodG Ulesieck Goan
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HO Bg nye
MO. Bo ayy (14-60)

1€B is taken +0 define the zexis, and if we write

a0) a

Wo = =e] (4-61)
af) a

chen the equation becomes

a 1 0\/afe -au( ( (14.62)wa} *\o ala

“The solutions comespond to diferent frequencies, We have, for = ep8/4me,

() - (}). and fotw = —(egB/4n0), (”) = () ‘Ths, if he intial sac is

.

then the ste ata late time will be

wi) = ( ) w= 28 (14.64)be “ame

Suppose that ac += 0 the spin is an eigenstate of S. with eigenvalue + (1/2) f,
chat i, it "points in the x-dtection,” This means thac

0 1\/4 ‘

wh =m
v o/\s .

()-a(aatis,(" ) = (en, a tater ceof vy

on ~

y= wee) a= wa, (: ‘Ya(e )
“ &=tecen( 7) 3 608 Dat (0465)
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Similly

o =i *Li
goin a(5)= Ma (° 5 )aa(e )

a pis ~theta Fie ie

sin at (14-66)
‘Thus che spin peecesses about the 2axi, the dtection of B, with frequency

. do = Ee 14s
Taa solid the gyromagnetc factorofan electoa is affected by the natureof the forces acting ia the solid. A knowledge of g provides very useful con-

straints on what these forces could be, and i is therefor important to be able to
measure g. This ean be done bythe paramagnetic resonance mathed, which we now
descibe.

Consider an elceuoo, whose only degrees of fiedom are the spin states,under the influence of a large magnetic field Bp pointing in the z-direction, and
constant ia time, and a small oscillating field B, cos wt, pointing in the xdiuec-
tion, The Schrodinger equation now reads

oO) gp [Bo Brcoswt\T ali)at - ( (14.68)La | 4 \ecosw Be /L mH
ot, with

= Be 8B
tee “doe (14-69)

FO anal) + on con et

(9D oo cones) — od) (1470)
Let

AQ) =

BO) = Be) om (a)

“These satisfy the equations

AO con ot BO) Om5
AO = cos us BY)
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= fod" BU)

SB) ties
iP = coset ate

= bea IO AG) (14-72)

Ia obsaining these, we made an approximation. We wrote

08 as Pt mp fddonter 4 fama
we dear

Sincewe will be inerestedin values of w = 2uy, and sincebochare large, the termthat has been dropped oscillates very rapidly, and we may expect cat its con-
teibution averages to xeto, A more detailed treatment suppots this observation.
‘We may eliminate B()

= HAM rao 'By -2 (1473)
and use this to obtain a second order differential equation for A()

PAO a5, AO 4 2 guyge ~ lta — «) TE + Sl) = 0 (474)
A tial solution is

AQ) = Ao) (14:75)

When this is inserted into (14-74), the roots of the equation
-x+ tm wrt ao

that is,

ie— weVay — wtryeMeeVG ol Ft 14.76)
determine

“The most general solution is

AQ) = AP + A OY a4)
and hence

B= —2AMEAA Cb)
‘This faly yields

a = ALOT APY

Wa >ehOA, Ott AM) (0479)
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If at¢ = Othe electon spin points inthe positive -direction, then 4(0) = 1 and
Ho) = 0, travis,

A+A=1

MA + XA = 0

so thar

dM

Any
de

ae-y (14-80)

‘The probability that at some later time the spin point in the negative z-direction
is |O(¢)|*

wore 2M pe MA al?
We BL -y Le

q ot re cien|!Gar oF + al
scVETO coy)
Gano + ot 2

‘This quantity is small, since ax < ca. When the frequency of the feld By is
eaned” to match oe, thea the probability becomes

1 = cosetapt (14.82)

that is, i approaches unity. Since the energy ofthe "up" state is different from
that of the “down’ state, such an energy difference, absorbed from the excetnal
Geld, signals the resonance frequency, so that ue, tnd hence g can be measured
with great precision

Problems

1, Ifthe ground state vector for the harmonic oscillator is given by
1

. °

w=| 0
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vse (142) and (14-10) to calculate ay, as, #3, What is the general pattern?

Satisfy yourself that |in| ttn) = Boos
X 2, Givena vector

1

2

-tft
¥= Vel o

calculate wich the harmonic oscillator operators (14:9), (14:10), (14-11) the
quancties +

@

©) &), GD, 0).

(© Use this to caleulae Ap Ax.

Note, The expression for p andx in erms of A and A" are to be found in (7-4).]
3, Calculace the top left 4x 4 comer of che matic presentation ofx forthe harmonic oscilatr.

4. Use (14-20) and (14-21) to calculate che mats representation of Ln
Ly, tnd Ly for angular momencusn 3/2, Check that the commutation relations

{Ln t] = Ls

and s0 on ate satisfied
3. You are given the Hamiltonian

yep tary tsBe

abet an Ot ayy
Find the eigenvalues of H (8) when the angular momentum of the system is 1;
(0) when the angular momentum of the system is 2.

(Note, The matcix representations of Ly, Ly, Ls for angular momentum 2 are
obeinable from

200 0 0

01000

L=k{ ooo 0 0
000-1 0

000 0-2
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020 00

o ove oo

Lekf ooo Veo} rawy
000 02

000 00

6, Calculace the eigenvalues ofthe matrix

8 4 6

ua(4 4 4

6 4 8

What ae the eigenvectors?

7. Consider an angular momentum 1 system, represented by the state

1wee 4 ~

j vi\ 3

‘Whac isthe probability that measurement of L, yields the value 0?
8. Consider «system of angular momencum 1: What ate the eigenfune-

tions and eigenvalues of the opetator Lily + [yL.?

9. Consider a system of spin 1/2. What are the eigenvalues and eigen:
vectors of the operator S; + Sj? Suppose a measurement of this operator is
‘made, and the system is found to be in the stare comespondiag to the larger
‘igenvalue, What is che probably che a measurement ofS, yields 4/2?

10. The equation for the rate of change of an operator in the Heisenberg
Picture is given by Eq (7-47). Consider the operators 5), ... What ate the
‘equations of motion of these operitors, if the Hamiltonian is given by

= sy-B
Ime

and the commutation relations ate {540}, §,(0] = iS), and 50 on, 1B =
(6.0.8), solve for S() in terms of S(0)

11, A spin 1/2 objec is in an eigenstate of S. with eigenvalue ++A/2 attime ¢= 0. Ac that time itis placed ina magneticeld B= (00,8) in which iisallowed
to precess fora time T. At that instant che magnetic fed i very rapidlyrotated in the direction, so at its components are (0,8,0). After another tine

interval Ta measurement of 5, i carted ou. What isthe peobebilty thatthe
valve f/2 will be found?



. |

12, Work out the behavior of «spin 1 particle in an extemal magnetic
field, ChooseB = (0,0,8) and take the iaiial sare co bean eigeasate of

Som =5, sin @ cos $ + S, sin @ sino+ S, cos 0
wih eigenvalues f, 0, ~A in succession.

Uns, Use the matt representations given by (14-22) co (14-24)

References

‘The material on spin is standard, and discussions may be found in all of the
books listed atthe end of this volume.



| chapter 15
The Addition of

- Angular Momenta

Suppose we have wo elections, whos spins ate dsctbed by the opentorsSs and Sz. Each of these sets of operators satisfies the standard angular momen-
tun commu laos

[Sis Sig] = iS

and soon,

[Samy Sta) = Sag (15-1)

and so on, but te wo Se of opemtors commute with eich ote, since the
Gegres of fcedom asec with diflreat pails ae independ, that t

[S:, SJ = 0 (15-2)

Lecus now def he toa spa by

S=S +3, (15-3)

‘The commutation relations obeyed by the componens of Sat
[SesSs] = [Sie + SreySty + Soul

= [SieSig} + [StesSe]

= (Su + Su) = iS, (3-4)

tod toon, We ae therefore justified ia cling S the tot spi, We may now
Stremioe he igelues and egenuncont at Saad

OSSTQE wospin Systm ttaly has four see we denote the spinor of
the first electron by x{), so thar

SxY = 4G +1) LY

Sia) = sti? as)
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and similanly forthe spinor x ofthe second electron, then the fou states are
XPxP PE, AP,PP (156)

The eigenvalues of S for the four stazes are

SxDxP = ue + Se) xX?

= Sin) xP + xD Sax®)

shat is,

SxP? = Aaa?

Sxx? = xP = 0

S22 = HP? (15-7)

‘Thate ate wo stares with m-value 0. One might expect that one lineat combination of them will form an $ = 1 state, vo form a eiplet with the m= 1 and
m= ~1 states, and the orthogonal combination wil frm a singlet§ = 0 stateTo check this expectation, Jet us conseruct the loweting operator

LS +S as-8)

and apply this to che m= 1 state. This should give us the m = 0 state that
belongs to the S= 1 tripler, aside from a coefficient in front. Indeed, using the
fact that

S29 = fx? (039)

‘which can be established by noting chat
oo4 o =") /1 °

Kw 7a =f (15-10)
1 0 i of} \o 1

wwe gee

SxPAP = SAP) XP + xSP

= HP + I?

2B? + OP=
va asa)

‘The linear combination has been normalized, and the compensating factor in
front, -/2h, agrees with what one would expect from (10-36) and (10-48) with

= m= 1, If we now applyS_ to this linear combination, and note that
5% = 0 (5:12)
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we get

O72 422? hme swe
EES PM gone 40

= VIO? (15-13)

as we should, for an angular momentum state $= 1
The remaining state, constructed to be orthogonal to (15-11) and properly

normalized, i

1

Feat? — 2A asa
and because ithas no parners, we conjecture that itis an $= 0 sate, kn ondertocheck this, we compute S* for the two states

1Xe = 7 PAE xP) (as-is)
We have

$= Gi +S)= S84 S84 28-8
= SP+ SP + Sas t SS + SS (a6)

First of all,

SiMe = Fe PSA! & PSY)
= wx 5.7)

and simialy

;

SPX = IX (3.18)

Nex, we calculate

2SuSmXy = 2h)(— Hi) Xy = —PPX, (15-19)

a
SS + SS) Xam 7 arMSAD + Sea PSex?

FSuxDS AP Sx Sox?)

hich, withthe help of (15:9) and (15-12) yields

(SiS + Si Soy) Xm LHX, (15-20)
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Thus

2

SX, =PG41-.40X= BX,
°

= WSIS+1) Xy (15-21)
with $= 1 and ocouesponding to the sates,

‘What we bave shown i that the trary ofthe four sates of two spin 1/2

parties may be recombined into a triplet and into a singlee total spin. state.
Fo espns, the eno descriptions ae completly equent. Te howere, we
havea physical sytem in which the forces depend om the api, thecg

‘ions ofthe individual spins are no longer simultaneous eigenfunctions of Hand,
sy, Si, Sip Se, Su, but chey may be simulancous eigenfunctions of H, S*,§,
S?, and Si. This is mose easily seen in an example.

If we have a potential between two electrons that depends on che spin,
so due

1VO = Vii) + eeSi-SaVa(r) (15-22)
we can easily see that Sy, and Sz, do not commute with the second term, so that
the eigenstates of H containing this potential cannot just be simple productsof‘eigenstates of Si, and Sz. If we observe, however, that

SiS: = US" — S? — Se) (15-23)

fo that cis cer canbe replaced bythe eigenvalue, when acting on a eigen-
function of S*, 8,*, and $;7, then

ve) = vin+tran[ss+ 0-2]
wan set

=nott 0 (329wort (trio fir? 3-24)
Such «spindependent potential is actualy observed in the neuton-protca

system, The bowed sate san 8 = {states ithe detetom bur dere tlan unbound5 = 0 state, which is only possible if V(r) # 0.Much more cnportant for fata eppliatios is the combaation of «sia
‘with an orbital angular momentum. Since L depends on spatial coordinates and
docs not, they commute

{LS} = 0 (15-23)

eis eherefore evident thatthe components ofthe ota angular momentum 3,

dened by ,
J=4s (326
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will satisfy the angular momentum commutation reltions, We can now ask for
linear combinations of the Yim and xx tha form eigenstates of

baht (15-27)

and

S= (Ll + 2L-8+ $*)
SLE SH 2S + LS + LS (15.28)

Let us consider the linear combination

Vimar = Yims + BY in pix- (15-29)

Is, by construction, an eigenfunctionof J. with eigenvalue (w + 3). We nowdetermine w and 8 such cha itis also an eigenfunction ofjt. We shall make wse
of the fact that

Ly Yim = (G+ 1) = mele+ 1) RY
= (E+ w+ DE mPOAa

LV ig = (C= mE EE mI AY a

Sixp=Sx0=0 Se = ting (15:30)

Then

FVints=ah? UE + 1) Yins + 2me + 2m) Yeax-
FUG my m+ DP Vian} + BELL+ 1) Vega
$Y etx + 200 + HB) Yawn

+ (GU — ml+ m+ 1)! Vows} (15-31)
q This will be of the form

FAG +1) Vitara = BYG + W@% xy + BYin pix) — (15-32)
provided thar

aA 1) ED m+A ~ mym + 1) =+ Dew
AULA YD mt Halll — mt m+ OP= G+ 0B

(15-35)

This requires that

C= ml m1) LGD =~ M+ D2 my)
XU+ D- +1)-d+ m+ 1)
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which evidently has ewo solutions,

<I

+N M4 -t= (5:34)
!

thar is,

yaa

in (1535)
rey

For j = J+ 1/2, we get, afer lite algebra

- (a ert 1330a array "Nad1 (330)

(Actually we jus ger the ratio; thee ae aleendy normalized forms). Thus

_ fit mth [TmPistia app Vite + af app py Yemane (13-57)
‘We can guess that the j = / — 1/2 solution must have the form

im ipmsaVie -¥ Bp Vek afyo Mina 0538)
in onder to be orthogonal tothej = f+ 1/2 solution.‘These two examples illustrate the general features that are involved in theaddition of angular momenta: If we have the eigenstares ¥{%,

of Ly? and Li, andthe eigenstates ¥/2,of and La, then we ean form (2s -+'1) (2, + 1) product.wave functions

hs mS hyvik, (1339)
-hS mS hy

‘These may be classified by the eigenvalue of

Jem bat be (15-40)

‘which is my + ri, and which ranges from 2 maximum value of 4+ f down to

=h~ h Asin the simple cases discusced above, different linear combinationsoffonctions with che same » value will belong to diferent values ofj. In the tablebelow we list the possible combinations for the special example of fy = 4,
4 = 2. We shall use the simple abbreviation (1,m:) for vive
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value ‘mm combinations ‘umber
4

6 (4.2) 1

3 (3) G2) 2

‘ 0) Ga) @2) 3

3 4-1) 80) G1) (42) 4

2 (4,—2) (3,1) (2,0) (1,1) (0,2) 3

1 ,—2) (2,1) (1,0) (0,1) (—1,2) 5
o (2,=2) (1,—1) (0,0) (~1,1) (—2,2) 3

j “1 (2-2) (0.1) (“10 (“23 (32) 5

= (@,-2) (=1,=9 (-2.9 (3.1) (“42) 5

3 (-1,-2) (-2,-1) (3,0) (-4,1) 4
4 (—2,-2) (-3,-1) (—4,0) 3
3 23,-2) (4-1) 2

~6 (-4,-2) 1

‘There are a total of 45 combinations, consistent with (2/, + 1) (2h + 1).

‘The highest state has total angular momentum /, +f as can easily beF checked by applyingJo Yi2¥/2:

PYARYB = at+ Lit + Lads + Lael + Likes) YVR
= FAN 1) + Ge + 1) + abl YVR,

= Rh + bt at) YRYER (5-41)

This isj = 6.n the example discussed in the able. Successive applications of @

jaket he (15-42)

will pick out gue linear combination from each row in the table. These will form
the 13 states that belong to j = 6. When cis is done, there remainsa single statewith w= 5, cwo withm = 4,... one with m = —5. Ieis extremely plausible,and can, in fact, be checked, that the a = 5 stare belongs t0 j = 5. Again
successive applications ofJ- pick out another linear combination from each row
in the table, forming 11 states that belong to j = 5. Repetition of this pro-
‘cedure shows that we get, after cis, sets that belong to = 4, = 3, and finally
J = 2. The mulkiplicities add up co 45:

B+Ut9t7+5—4

‘We shall not work out the dewils of this decomposition, as itis beyondthe scope of this book. We merely state the results.

(@) The producs Yi2,¥f2, an be decomposed into eigenstates of J,with eigenvalues + 1) 8, where can take on the values

fbb hhth—he hk (15.43)
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(b) Ie is possible co generalize (15-37) and (15-38) to give the Clebsch-
Gordan series

Ym = Ojm; holon) VERY, 3-44)
‘The coeficients Gm; /ymilum) ate known a8 Wigner coeficients,and have been
tabulated for many valucs of the arguments. We shall use only the coeficients
foe fy = 1/2, which we have caleuliced explicil.

We can verify thar the multiplicities check in (15-43): if we sum the
numberof states we get (> &)

REFH N+ WADE.EA - E
= LRA-A+m+0

= @h+ Neh + D 13-43)

‘AGinal comment is in order. We noted, when discussing identical paris,
thac a sytem of ewo electons (oe more generally, two fermions) must be in
state that is andsymmettic under the interchange of the «wo paris. This

incerchange involves not only the exchange of the spatial coordinates, but also
of the spin labels. Fora system of two identical spin 1/2 particles, the§ = 1Atiplet of sates

ax?
EGO 4 QP) 03-46)
VEO

xx?

is symmettic under spin label interchange, while the $= 0 (singlet)

1

Fa PRE — XPXP) (5.7)

is antisymmetric, Thus fora triplet state, the spatial wave function must be ant
symmetic, and for a singlet state, it must be symmecic. The spatial wave
function ofa two-particle system in their center of mass system is of the generalform

le) = Runt) Yin) (15-48)

‘An interchange of the coordinates ofthe ewo particles is equivalent to the change

nr)

orete (05-49)
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“Thus che radial function remains unchanged. However under this transformation

Yinl) > Vine = 0, 6 + 2)

= 1) ¥en) (15-50)

“Thus criplr scares must have odd orbital angular momentum /, and singler stares
‘must have even otbtsl angular momentum. We shall see an applicstion of this
when we discuss the states of helium

‘Ap interesting application of these remarks occuts in elementary particle

Physics. One of the fist highly unscable elementary particles to be discovered
‘was the x meson predicted by Yukawa. This particle, which plays an impoctant
role in nuclear forces, comes in three charge states x*, x’, x”. It was found to
Ihave spin 0, and che question arose whether the wave function ofa pion—as this
‘meson came to be called—was even of odd under tefection, assuming that the
known particle, the proton and the neutron, had positive intrinsic patty. ‘The
following experiment was suggested.

‘Consider the capture of ax~ by a deuteron. A slow pion in liquid deuterium
F loses energy by a variety of mechanisms, tillic nally ends up in the lowest Bohr‘orbit about the (pn) nucleus, and is then captured through the action of the

nuclear forces, In the nuclear reaction

rtdontn

the angular momentum is 1; the pion has zero spin, the orbital anguler momen:

‘um is zero in the lowest Bohr state, so thatthe only conttibution is the angular

momentum of the deuteron, which is 1, The two neuttoos must therefore be in
an angular momenturn 1 sate. Ifthe toa spin of the ewo neutrons is 0, then the

orbieal angular momentum must be 1. If the total spin of the rwo-neutton state
is 1, then orbital angular momentum 0, 1, and 2 is possible, since adding two
angular momenta of one unit each can yield 0, 1, and 2, and adding one unit 60
‘wo units of angular momentum can yield 3, 2, and 1. However singlet state

of ewo identical fermions must have even angular momencum, and is thus ex:
cluded. A triple state must have odd orbital angular momenturn, and this is

possible if the orbital angular momentum is 1. Such a state, however, has odd
parity by (15-50), and hence the pion must have odd parity. In terms of the
spectroscopic notation, which we shall use, where a sae is labeled according to

Ly (550)

the two neutron states, from the sora class of sates Ss, Pa, Ds, Fa, 8;
Py, Py, *Po, Ds Dy Dy, MF Fe, sate esticted C0 Sy "Ds. "Pa

Pass by the Fermi-Ditac statistics argument, and of these there is only
fone state, the #P, state, thac has angular momenturn 1
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Problems

1, Work out the generalization of (15-37) and (15-38) to the addition of
orbital angular momentum L.to spin 1

(@) Find the eigenstates of $# and S, where
10 0

S=f{0 0 0

oo -1

(©) I these cigenscates are labeled fs, fy and £1, find the ection of S,and © on these sates.

(©) Calculate the effect of

Pa +S + 2054 4S + LS,
‘on combinations like

Vint = Yat +BVin gtbe + Vimo(2) Determine the relations between a, 8, and obtained from

THe = BGA DY

2. Find the analog of (15-46) fortwo spin 1 particles, which can combineto form spin 2, 1, and 0 states, Use the notation £9, £2, £2) for the one-particle
spin vectors.

3. A deuteron has spin 1. What are the possible spin and total angular
‘momentum states of two deuterons in an arbitrary angulat momentum state L?
Do not forger the Pauli principle

4. A particle of spin 1 moves ina ceneal potential ofthe form

Vie) = Vile) + SLAC) + (SLY)‘What are the values of V(r) in the sates J= L-+ 1, L,and L— 1?
5. Consider the discussion of the determination of the parity of the =~,

Suppose the +~ had spin 1, but was still aprured in an L = 0 orbital state in the
reaction

rtd‘What are the possible two-neutron states? Which states ae allowed if the x~ had
negative parity?

6. Suppose the x” has spin 0 and negative parity, but is capeured in the

wet don

fom theP orbit. Show thar the two neutrons mustbe ina singlet state.
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7. The Hamiltonian of a spin system is given by

a a BSS, utSe)# i

Find che eigenvalues and eigenfunctions ofthe system ofewo particles, (a) when
both particles have spin 1/2: (b) when one of che particles has spin 1/2 and che
‘other has spin 1. Assume in (a) chat the ewo particles are identical.

8. Consider two spin 1/2 particles, whose spins are described by the
Pruli operators 6, andé, Let @ be the unit vector connecting the cwo pasticles
and define the operator

Sin = 3(61-8)(44-8) — dy-dy

Show that ifthe ewo paricles are in aS = 0 state (singlet) chen

Siang = 0

Show that fora tiple sate

n= Sa + 4) Xeiee = 0

References

“The material discussed here is also discussed in one way oF another in every
textbook on quantum mechanics. Many deaals ean be found in

'M.E. Rose, Hlementary Theory of Angular Momentem, Joho Wiley and Sons, Inc,
1957.





| chapter 16
Time Independent
Perturbation Theory

! Thee ae few potentials V6) for which the Sehodinger equation i
‘exactly solvable, and we have already discussed most of them. We must therefore
develop approximation techniques to obcuin the eigenvalues and eigenfunctions
for pent tha do not led to exact sale oats, Tn tig snr ne
discus perubation tery. We aster weave found he igen sed
the compe sex ofeigetancion for + Haman he

Hobe = Bad (161)

tad we ak forthe eigeoalucs and cigefunction fer the Hamionian

H= H+ hy (16-2)

(Hy + Mh)oe = Ente (16-3)
‘We wil expes he desired quaniis as power wesies in, The question of con
vergence othe sis wl ot be cnc: Pequny ont ash tha the
tries cant be congen and yet te fat tse aes hl, to
properly describe the physical system. We will assume that as k —+ 0, Ey E,*
and ba ¢n

Sine the frm a complet ewe may expnd Y ina seis involvingE  anstegn We vee

ve= noo fa + Eco «| (16.4)‘The ficor NO) hereto allow so normalise he, We ave the feedomchoot the pate of sa we choose hah dae eee ae
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‘expansion is eal and positive. Sace we require that fa, 48—*0, webave

Noo) = 1

Gul) = 0 (46-5)
More georlly, we have

Gud) = ACP + CHE . 166)
and

B= BSA NEE MED 4. (6)
“The Sehdinge equation then teads

‘ttn fort Zarda t B vette +..|
=Weener sre + fat actor Frets]

(6a)

‘Note that the normalization factor N(X) does not appearin this linear equation.Identifying powers ofd yields a series of equations. The first one is
Ho Choe + thd. = ELE Choe + Ey 169)

Using Hibs = 186. we obtain

te = Hide+ B, 8 ~ Be) Con (16-10)
we now takeasis product with and ue the orthonoemaliy condition

Gul) = bu (say
we obtain

AED? = GIN Iba) (16.12)‘This isa ery importantformula. ic states thatthe sc onder energy shift fora givenstate is jos the expecation value ofthe perturbing potential i that stat tthe
‘change in the potential is of« definite sign, then the energy shift will have thesame siga. The explicie form of

ap = farate) 000) a0) (16.13)
shows thet for the sife to be signicant, both the potential change and the
Probability density |¢,(r)|* must be large.
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al tilda) + (Ex?— Es) C2 = 0that is,

(uInMh|4,)cy
= Geldthldn)re = ee (1614)

‘The numerator is the matrix clement of 2; ia the basis of states ia which He isdiagonal. This formula is used in the next equation, which comes from the
‘identification of terms proportional co:

Me Ron + ne Clee

= BSE Cbs + EE Con + Bt (06-15)
Taking the salar product with 6, yields

oo «y= 5 al Hilde)el il.)BP = Bal tlds) CR = Ef Be
= elton)?
- Zhe (16-16)

‘The last Line follows from the hermiticity of H::

ul Hils) = Gul ile)" (1617)

‘Tris, t00, is « very important formula, especially since the fst order shift fe- 0

‘quently vanishes on grounds of symmetry. We may interpret the formula as
follows: the second order energy shift is che sum of terms, whose strength is
given by the square of the matrix element connecting the given state gy to all
cother states by the perturbing potential, weighted by the reciprocal of che
‘energy difereace between the states, We can draw several conclusions fiom the
formula,

(a) If dx is the ground sate, that is, the state of lowest energy, then the
‘denominatorin che sum is always negative, and hence (16-16) is always negative.(b) All other things being equal, that is, if all the matrix elements of Hi
‘ze of roughly the same order of magnitude (whichis the kind of guess one
‘would make wichoue more specific knowledge), then nearby levels have a bigger
effec on the second order energy shift than distanc ones have.

(©) If an important level "E"—imporeane in the sense of lying nearby, otof (¢x| Hi| 4x) being large—ties above the given level “'n,”* then the secondordershift is downwards; if i lies below, the shiftis upward, We speak ofthis a5a_ tendency of levels fo repel each ocher.
‘An expression for Ci may be obtained from (16:15) by eaking che scalar
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Product with dm, a» m, ut we shall not requite this formala, Also Ni(\) can beexermined from

aide) = sa fe 498 lenin |
=1 (16-18)

Ic is therefore 1 to first order in Hence, co first order ind, we may write
< Gn | MH\$e)

vet De (16:9)4 formula tha i sometimes useful.

‘The above development needs modification when there is degenetacy,since, on the face of it, the denominacor involving energy differences could
vanish, The dificuley is associated with che fact chat, instead of a unique ds,
there isa finite set of 6, all of which have the same energy Fy. This et can be
made orthonotmal with respect to the label "i" because, as we have seen in
Chapter 4 this label can be associated with the eigenvalues of some other,

simultaneously commuting, hesmiian operators. We thus choose the set of 4!such thae

ODP) = Gants (46-20)

‘The natural way to take the degeneracy into account is to replace (16-4)by an expression that involves linear combinations of the degenerate eigen
fonctions of He

= at? ”ve no fe PENT CPD BaP+ } (1621)
“The cocticients ai, i, . «will have to be determined. When the above is sub-
stituted inco the SchrOdinger equation (16-3), we get, to fist order in h,

MoE RE Ae? + HE a?

= EPL ae + BOE APY Be? (16-22)
‘Taking che scalar product with 9'P gives the firs order shift equation

% asl? |Mil?) = NEDay (16-23)
This isa fnite-dimensional eigenvalue peoblem. For example, if there isa two
fold degeneracy, and if we use the notation

PH AP) = hy (1624)
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this equation reads

Icy + nse = EP

Assan + hres = ES a (16-25)

Both the eigenvaluesthere will, in general, be two possible values of Ef? —and
the a, can be determined ftom this equation, if we add the condition that

E alt= (16-26)

‘We do not bother with the determination of the By, since we shall only useF
degenerate perturbation theory for che first order energy eigenvalues in our
‘pplictions. fic so happens thathy; = Ofori j, chat is, tha the mati hisdiagonal,

then the fist order shifts are just che diagonal elements of this matrix.‘This wil happen when the percutbation /2, commutes with the operator whose

‘igenvalues the "7" labels tepesent. For example, in che hydrogen atom, there is
4 degeneracy asociated with the eigenvalues of Z, that is, all m-vales have-the
same energy. Ife happens that

[Hi LJ = 0 6-27)

and if we choose our ¢? to be eigenfunctions of Z,, then hy will be diagonal.
To see this, note that with

LA? = fim? (16-28)

OP WL]19) = @P[HL. = Lith|a?)
.

= Kw? — hy

=o (16-29)

tha is, (16-27) implies

hy = 0 form 2 mi (16-30)

Some of chese features will be illustrated in the example below; others will
appear later in our discussion ofthe eel hydrogen atom.

‘To illustare the application of perturbation theory to a real problem, weF will consider the efect ofan excernal electric field on the energy levels ofhydrogenlike atom, This is the Stark Effect. The unperturbed hamiltonian is

n=k2 (6-31)
mr

whose eigenfunctions we denote by dyin(). The perturbing potential is
Mh = e8-r = eb: (1632)

where & is the elect field, The quanti <5 will play che role of the parameter
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The energy shift of the ground state, which is nondegenerate, is given by the
expression

B= e8l\slom) = 8 drlomi)?z 4653)

“This integral vanishes, since the square ofthe wave function is always an even
function under parity, and che perturbing potential is an odd function undet
reflections. Thus forthe ground sae theres no energy sift tac is lneat inthe
clectcfeld 6. Classically system that has an electric dipole momeat d, will
‘experience an energy shift of magnitude —d-6. Thus the atom, in its ground
se, has ao permanent dipole moment. The argument given above may be
generalized: stems in nondegenerate states carnot have permanent dipole moment
‘The statementof nondegeneracy is important: itis only then that the states arealso eigensates ofthe patty opetor and then |g()]* seven, and the expecta:
tion value of = vanishes,

‘Many molecules do have permanent dipole moments, and it is often said
that this is because che ground states are degenerate. The expectation valueof z
in a state like ey + A¥_, where the subscripts indicate the party, certainly does
not vanish, and a state like the above will be degenerate with its space-inverted
state ay, — By if che two states y4, ¥-have the same energy. This explanation
is noe quite correc. The reason i thatthe lowest lying sates are never quite
degenerite. Consider,for example, a molecule like ammonia, NHs. Its structureis tetabedal, with the thee H nude forming an equate tangle. TheN canbeat position (determined bythe condition tha the energy s minimum) eter

“above” of "below" the triangle. The even and odd linear combinations of these
two states do not have quite the same energy, though the energy diference is

‘very tiny (—10-+ eV), because of the large bustier between the “above” and
below” locations Thus, strictly speaking the ground sae is nondegenerate.

However, if &¢, where

= ftw tion= ~¢f Woe 2 (63)
is mich age than the cny spliting, then the energy sift wil be nea i the

clectc fel and che molecule wil ehave as iit had an electric dipole moment
(ch Fg. 1664).

Tet us look at the second-order term. It reads

Lean zits)?oo get

. Ba = eer yp Gale (16-35)
“The mattx clement in this expeston is

ants) = fd Ral) Yb) e088 Rael) Youd) (0636)
1 sec our snple model ofmolecule, and do dscuniod oa p. 98
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‘where we have replaced 2 (which appears with & pointing in the x-direction) by
the more convenient r cos @. The angular purtof the integration can be cated
ot, since

Yu =On Vie

[imcos = | yy 637Vs” 0637)
It is therefore

1 140 Yil€s8) ez Yu(6.8) = ban 16:fi (048) 75 Yul6) = Je (1638)
by the orthonotmaliy of the Yin.

The fact that che m-value must be the same for the two states is out frst
example of  selction rule, which can be sated in the form

Am =0 (1639)

Ie follows from the fact that

U2) = 0 (16-40)

that is, thas the perturbation commutes with Ly. One chus has to evaluate the
radial integral to obtain the answer:

R= f©sr Res) F Rio) (16-41)
‘This can be done,* and the resule is

1 Be — ays2o|zldre)|* = Iat 641 en| slo) = 5 Oye (16-42)
which we write as /(9) at. For che second order shift, this gives

2 = —aeee fo
Bid = — 00h De a= va

2884 nifin)
wet Und

*See HA. Bethe and EB. Sulpet, Qaim Mrbanis of One ad Too-Etrondum, Antonis Pan, Men You
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On the faceof it, the sum can only be evaluated term by cerm.* The# = 2 cetm contributes 0.74 co the series, and the w = 3 tetm contributes 0.10.

The convergence is nor spectacularly rapid, and the sun actually adds up t0

1.125, Thefts term in the series does, however, give us an estimate ofthe order
‘of magnitude of the effect. The dependence on ay? is, of course, automatic, on
purely dimensional grounds. The factor &must be multiplied by something that
isa (lengeh)*, and the only natural lengch is the Bobr radius. If we speak of a
hydrogenlike atom, rather than hydrogen, we must make the substitution
a alZ,

If we diffreniae the energy shift with respect tothe electic field, we gee
an expression forthe dipole momenc

= pegs LO)
a= — Se = ee (16-44)

‘This is proportional to the electric field strength, that is, the dipole moment is
induced. The polarizability, defined by

a
pat

: (6-45)
‘an thus be calculated,

In making estimates of sums of the sor chat occur in (16-3), one may
sometimes find useful upper bounds. For example

(102bate)(Gata :1 00}a Be

1TE’ _ Ee 0) 2 nia | | a0 46)< [ReiBe om eta) atl lt) (16.46
However, because of che completeness ofthe states, we may replace

|eGata > aca)

‘as argued in (14-17), so that

&, Gumlzltninata 2| dm) = (01241 6x0} (06-48)
‘This, however, is easy ro evaluate, Since the ground state wave function is
spherically symmewic, we have

1@)= =O) = 5 Ormitltm)

= at (16-49)+Acraly the second order shift can be evslasced in closed form. Se, fr example,S. Boxowie, Fundanerialf Qnoninm Mechs, W. A. Beniamin, New Yesk, 1968, pp.huasso,
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whete the last step follows from (12:31). From this we ind that

Lf) =1 (16-50)
and therefore

S mfln) 4s 4

Zz seo. <5 Lf =- 06-51)SeiS3% 3

The telation

| Wrsal=leuw)|? = vel 24160) (16-52)
is called « som rule and is an example of relations that are useful in making
estimates

To illustrate degenerate perurbation theory, we calculate the fst order

(linear in 6) Stark effect for the # = 2 states of the hydrogen atom. Foe thebapercurbed system there are really four m = 2 states that have the same enctgyThese are

= aay (2) oryfoe = on¥a(— 1)

tue = (Qa¥5¢) ony y*

rar = Bag 508 ()me (16-53)
The/ = 0 sate has even parity, and the = 1 states have odd party. We want tosolve an equation lke (16-23) and, onthe face of it, four equations are involved
If we note, however, that (a) the perturbing potential (thar is, 2) commutes with
1, so that it only connects sates with the same m-value, and (b) parity forces
us to consider only terms ia which the pereusbing potential must connect
F= 100 f= Ocerms, that is,

@ascatl#ldayan) = 0 (16-54)

‘hen che matix in (16.23) is only 2.2 X 2 mattix, The equation reads
(me|z]¢0) aul zhao) \ / ox aee =o (16-55).

aua|zl¢me) aie) z|¢20) oe ae
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The dingoal element are 210, ews of pte, and the ofdiagonal elements
are equal, since they ate complex conjugates of exch other, and each may be
‘hosen co be rel, We have

slow) = eiraaysereSE (1 LY,(omlelene)= [ eiraarrenm GE (1

«|¢2¥alaes Yo Yom 1656)
=

and hence (16-55) becomes.

80 —3ta \ =o (16-57)
—3ta, —B /\ ay

The eigenvaves ofthis ae

BY = t3ebay (16-58) :
and the corresponding cigenstates, when properly normalized are

wan wat

val-t) =! vali)
respectively. Thus the linear Stark effect for the m = 2 states yields a splitting of
Gegenente levels a shown fa Big 161.

‘There are some general comments hat can be abstracted from the calela-
tions jst concoded

(2) The states in the presence of the electric field are no longer eigenscatesof L, since in the above ese, for example, we found tht che sates tat dr
‘agonalize the perturbation were equal mixtures of/= and / = 1, though they‘are still eigenstates of Ly. The reason, is that the perturbation changes the

Hamiltonian, so tht ito longer commutes with This can be worked ootadeal, but tis realy evden ha he exeraa eld species peered dtecon,
40 thar the physical system is no longer invariant under aroiayroatons. Tes
still invariant under rotations about the preferred axis, here the z-direction, and
hence £, is sil » good constant ofthe nation.

(@) Quite generally, whenever there i a perturbation tat does aot con:
serve some quantity (forename, L? here), then the sates that “diagonalie™
the new Hamltonea in toy approtimaice, we superpositions of secs with
difrent values ofthe previously conserved quantum number, and this de
genet evels wl be spi.
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hme 10-1 oa mat

a= Fes SN ites ott

Fig. 161. Pate of Sak pliting of hydrogen arom in w = 2 sae. Te fuse
fold degeneracy is pariy lied by the perurbacon, The m= 1 mater remsn
degcorte and ae oe Sifted inthe Stack eet

(©) We may summarize the procedure ia degencnte perturbation theory
in matrix language as follows. If He is diagonal, but H: is not, then, since Hy and
do noe commute, ix isnot possible to dagonalze Hy by isl, withovr
“undiagonalizing” Fa, One must work with

He m+ mh,18 2 whole. If we work withasubset of degenerate statesall of which ate eigensctes of Hi with he same egenvla, then, a faas tse sates ae concerned Hais noc mercy dingona, but i is proportional co the unit matin Since H, (and

everything else) commutes with the unit mattix, one may diagonalize H; by
itself, without affecting Hy

‘The hydrogenlike atoms considered here were somewhat ideaied. As we
will seein Chaper 17, chee ar small raiviic and spin-orbit coupling effects
Ghat acrualy remove some of the degeneracies. Does this mean tht we never
really need to use degenerate perturbation theory? Actually even if, say,gan andén» do aot have exactly the same energy, it may still be sensible to take some
Kiser combination of them in the peturbaion expansion, If we have, for
example

Ha ome = (Es— 4) dam
Hy or = (Ex + 3) dno (16-59)

with4 small, hen the Schrdinger equation, with he linear combinations, reads
(th + a1) (asbm + extn + 9EE Gate)

~ (cst + arto +A Gos) (6.60)
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Taking the salar product with dng and deo, respectively, leads to the folowing
equation to order

("" 2 ~ law Mision) Gani nn) \(°) (")=2

Canim) Bt + 8 — Geel gow) J Ne Ss,
(16-61)

If we write

(Gal|Gro) = (OrnABiIban) = ad (16.62)
‘we must find the eigenvalues of the matt

BY-a Mw

(16.63)
Me Bt

td these are

B= Bs Van pat (16-64)

(ln the above we have set (fuel Hila) = (nel ue) = 0.) We see that
when 42> ah, we get a “quadatic” effect only. This corresponds to no de-
sgeneracy, When A & ah we get the result of the form (16-58). In the inter
mediate region, the above, more careful weatment is necessary, Furthermore,
‘hen the new linear combinations ate used, then in second order perturbation
theoty thete no longer appear very tiny energy diferences in the denominator.
‘We do noc discus cis in deal, bue tis is not difcul to establish,

‘As a final comment we point out two apparently contmadiciory facts,(2) The predictions of perturbation theory concerning the Sark effec are borne
cout very well by experiment, and (2) dhe perturbation series evidently diverges,
since the perurbing potential «6 grows without bound as z becomes very

lazge, no matter how small «is. The question arses whether one has aay right
to believe in the accuracy of the frst few terms of a mathematically divergent
seties, since it is well known chat a mathematically divergent series can be
rearranged to give entcly different expansions. The answer lies in the physics
‘tnd not inthe mathematicsof the problem. The reason for the divergence can beseen

in Fig. 162, which gives a rough pictute ofthe total potential forx,) fixedIc appears that there is & baie erated for the bound electron, This bacir is

‘ultimately penecable, even though for smal i is very broad.Whatthe mathe.iatical divergence of the series is responding to isthe possibility tac the elc-tron in the ground state, for example, has» Gnice (although very, very small)
probabiley of being sufficiently far away fom the nucleus, where the extemal
lect fl is sronger than the Coulomb field, nd the election is catried away
by the elect field. Thus the new “shifted” energy levels ofthe hydrogen arom
ase no longer stationary states, ut eather metastable states, Ifthe field is weak,
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yer

Fig. 16-2. Schematic pcre of potential energy a «fnction of# with x andytl fred. The drt line repesents she Couom potent, the dashed ine the
potential nergy du othe extra ela he soli Tne he wu prey

homer, they ty be sable ons time scale of the age ofthe universe, and hence
the obsracions age perfectly with whac the fs few tems ofthe petrbion

scties predic,

7 Problems

1. Consider the hydrogen som, an assume thatthe procon, instead ofbeing a poinesource of che Coulomb fel, is uniformly charged sphere oftadiss Rs that the Coulomb potential is now mosled to

5 (1=- (wba) weed

=-+ r>R

Ceslte the energy shift forthe w = 1, = 0 sae, and fot the w= 2 sates,
caused by this modifcasion, using the wave functions given in (12-25)

*Acrly snpe brie pencuios eeston ofthe ype cae! tin Chapter 5stows tat he ne eh mete ike 1 ens ofthe ule fr ky woes+
fat
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2. Calcalie te energy shift inthe ground state ofthe one-dimensional
tatmonic oscil, whea the petubtion

Vane

is added v0

= Lo mattA — +h

3. Consider a square well in one dimension. If the edges of the well are

rounded offs shown in the figure, what isthe change inthe ground stace energy?
Choose your rounding.off parametrization such that f V(x)de remains un-
changed,

4, The bottom of an infinite well is changed to have the shape
Vix) = esin osesd

Galelate the energy shifts for ll he eacited sates to fst ode ine Note chat
the wel originallyhad V(x) = Ofor0 <x <b, with V = = elsewhere

5. Prove the sum rule (Thomas-Reiche-Kuhn sum rule)

e© E,~ Bi (eleta)|? = 5
(Hine. (a) Weite the commutation relation [p,«) = fi/ in the form

h éz= {ov a)(olsla) — Gelstavialpient aye
(b) Use the fact that ae iChon) = (elmsn) = m % alltslln)

in working out the problem]
6. Checkthe above sum rule for the one-dimensional humonic oscillator, >vith “a aken in the pround sate,

7. Work out the first order Stark effect in the x = 3 state of the hydrogen
arom, Do not bother #9 work outs he sntegas

6. Consideran electon ina sae wina hydrogen acm. The atom is placed
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the transmission coefficient through the barter made up of the Cofulomb artac-
tion ro the nucleus. It is enough to consider a one-dimensional model of the

problems

9. Consider « rwo-dimensional harmonic oscillator described by the
Hamiltonian

1Hm RE + Be + Amati + 9)

Generalizethe approach of Chapter7 to obtain solutions ofthis problem in terms‘of raising operators acing on the ground state, Calculate the energy shifts due co
the perturbation

V= Dey

in the ground stare, and in the degenerate firs excited sates, using frst order

perturbation theory. Can you interpret your result very simply? Solve the problem
cexacily, and compare it with a second order perturbation calculation

© Gints. (a) Examine the symmetries of the unperturbed Hamiltonian, (b) De-
E> compose the motion into center of mass motion and intemal motion]

References

There are many examples of the application of first-order, perturbation theory
in the textbook literarre, and the references listed at the end of this book may
serve as a source of farther examples. Fora discussion of che exact calculation
of che Sak effect see

$. Borowitz, Fandameials of Quantum Mechanic, W. A. Benjamia, Inc, 1967.
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| chapter 17
The Real Hydrogen Atom

‘he discussion of hydrogeaike atoms ia Caper 12 was based the2° Hamitronian

ied ry 2ee ,-B_# z
hot He 2 , (7a)
FP) tna more ric ween, seven cometions must be ken ito account

| Fist of al, che gzpression for the kinetic energy of the electron is altered when
| ivisticconceoons te taken io tcount the oii lection eto

Lica pe, pe (4 x) PFeo am 1 OM ® am) 2A, ae
(in the center of mass frame) by

seg may PE net 4 PLE OE pe(pee + me} tom = + 2m 8 met 2M

ane ph LO? :
ane oe (172)

the reiced mis, bot thew now's cone term,

1

na) oe rs)

hu shouldbe added to the Hamiltonian Hy, We may ema the magicaof
Gh) PY (wit?

. (Ho) mit mit (ay ara)
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For hydrogen this is of the order of 10-*, smaller than the reduced mass effects.
‘The existence of the lection spin gives rise to another cowtection that is of|the

samme order of magoizude Ie may be qualitatively understood as follows:if the electron were at rest relative to the proton (we are discussing this on a
«lasscl lve), i would only see an clectric field due to the proton charge. Thisisthe Coulomb potential crm that appearsin Ha, Because the electron s moving,there

are additional effects. Inthe electron ret frame, the proton is moving, sothat thete is a curent prescot, and the electron “sees” a magoetic eld. Iehe
felative motion were rectilineat, the magnetic field, as seen by the electon,
would bev X Eye. This magnetic fl interacts with the api ofthe electzon,
or more precisely, with the magnetic moment of the electron. We might expect
an ioceraction ofthe form

—MB= SB

= ga SYXE= — Spx vol)
‘ 14

To pas PRE
L 1a

= ma Sk XP 7 bt) (17-5)
‘where 6(r) is the potential due to the nuclear charge. Actually this is noc correct.

Je turns out that relacvistic effets associated with the fact that the electron does
‘ot move in stright line (the Thomas precession eflec) reduce the above by
factorof 2. Thus the correct percurbation is

1 1 desir]y= Lg.p i 10

7apa Shy (7-6)

Let us now use first order perturbation theory to calculate the effectsof Hiand Hs on the spectrum of hydrogenlike arom. We may rewrite fin the form

en 2 ( py* 8 omic 2m \ 2m

== sa(a+2\(u+%) wm
if we neglect reduced mass effects in Hy.
Hence

L we ze(uel dan) = — 555 (eum (i9 Cag 2) oun)
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1 : o{h ay (1> gale tee (2)+ er),]

’ - f(y _ azn ttat (Z.)ne tL 2 at Aa
2

!
+ OY ede val
Largo [| __(Zat_ _ ead

; $ wea [es - a] ar
In calculating the above, we have used expressions for
3

1 fa 1 fa

(Ean (eee) mt GB) = Gee aloe)
from (1231, The spin ofthe lection doesnot ete into thi energy hi snce

PIB i, does noe depend on the spin. Hs does depend onthe spin, and for our un-
perturbed wave functions we must take ewo-component wave functions, since
Tne we went to clcuae isthe expectation valve of

4 gy te 2 gy
j ieET de ~ ame he (rs)

Fe weapn,we tavean sample of dente penton ary, Fo en‘and |, there are 2(2/ + 1) degenerate eigenstates of Ho, with the additional
=> factor of2 coming from the two spin states, Thus the calculation of the energy"9D

shift involves a diagonalization of a submatrix, as in Eq. 16-23. We can save
‘ourselves a great deal of labor by noting that

S+L=J (17-10)

implies thac

$+ 8L+l=f

SL=sgr-u—s» ory“Tha if we combine the degeneae eigenfunctionsinto linet combinationsbatare eigenfunctions of J* (they already are eigenfunctions of J, = Le + 5), then
these linea combiotions wil agonaline Hy. The appeoptate linear combina
tions were ebained in Chapter 13, Eq, 13:37 and 15-38, With these linet
conbinstions we have
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AO Dra (73)fore givenJ value there ate (2+ 1/2) + 1] + [200~ 4/2) + 1] states. Whar‘as
happened is thar the degenerate sates have metely boca rearranged, but the‘two
groups that they have been split into behave differently under the actionof IE we eal the linet combinations bon then

zee ys

xf ar eal (7-14)
forj = 1 1/2, respectively,
With the help of
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We get the energy shift

:
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must, of course combine the effects of Hy and Hs.
When this it done, we obrin iter some algebre

os
z4E = ~1/2me(Za)' Ls 12 Fal (17-17),for

both values of = j 3: 1/2. Ie is necessry to work with the relativisticDine equation t0 show tht the reli alo conect when = @ ree,the product in (17-14) snot wel defined.
‘The splicing is depicted graphicallyin Pg. 17-1 A very intresting sli tat{he comeetons add up in & manner that lenes the Pes nal he a et
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Fig. 17-1.. Spliting of the w= 2 levels by (2) the spin-orbit coupfing (which
leavesthe § state unaffected) an (2) the eelaivstic effect. The final degeneracy ofthe
pand*Py states is actually lifted by quantum electrodynamic effects, The upward *‘shi of the, sate is called the Lam shift.

degenerate. A more careful discussion, using the relativistic Dirac equation, does
‘oC alter this result, In 1947, a very delicate microwave absorption experiment
Carried out by Lamb and Retherford showed that there was, indeed, a tiny
splicing of the two levels. The magnitude of the spliting, of order
‘me(Za)a log a could be explained by the additional interaction of the electron

+> with its own electromagnetic Bld, tat is, as a self-energy effect. These maters
«ate outside of the scope of this book.

Let us now cum to the discussion of che bebavior of hydrogenlike atomsjn an extemal magnetic field, that is, co the anomalous Zeeman ofc. There is, of
‘course, nothing anomalous about the effect; itis just thar the Zeeman effect
‘that could be explained classically was exhibited only by atoms in states in
which the total electronic spin was zero. For che other states, for which ehere
vwas no classical explanation (since that involves spin), the Zeeman splicing
‘pattern was different, and therefore “anomalous.”

For the unperturbed Hamiltonian we take the usual Ho rogether with the
spin orbit cerm. The reason for doing this is that the external percurbation may
be small compared with the effect of what we called Hs. Thus

~-f_4%,12
a 718)

“The perturbation now reads

=+28) (17.19)

+The frst cerm is, in effect, the interaction ofthe magnetic dipole moment arising
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fiom the ctculesing charge, and the second term is the contibution of the
intsnsic dipole moment of sn object with spin

--#
7M ime (17-20)

with g = 2,

‘The choice of He dicate that we calculate the expectation value of the
Perturbation in eigenstates of J* andJ, (15-37) and (15-38). If we choose theaxis as given by the direction of B, then we need to calculate

2 aag| (Ls + 28) yup)=na]5 Ue + 8) 400)

B=Fac 5+ (Byes SI4pug}) (17-22)
‘To calculate the last matsx element, we eaty out the calculation explicidy,
using the eigenfunctions given in (15-37) and (15-38). Thus forj = + 1/2‘we have

imei [i=m inti(y! Ut+y Yuate + Via Yawn \s| J ati Yanxe
[i= Afitm+1 lam* ary Mann.) = 4 Wt zai)

RR tm+ 1 hms
“2 Wad “a+ (17-22)

‘and forj= —1/2,we have

Te mei i | ==Sip tare — RT yy Is) fem yy( aig1 v aren Yee [S| yop Yam
~ fitatiy )- h(ton ieatt)apy “MPH ae Ut. a+.

ee
“2 w4t Ut.

(17-23)

In both cases we used the fact that my =m ++ 1/2 in the above, Inserting the
above into (17-21) yields

AB 1ae Bhni(ve 35) jetey (17-28)
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Fig. 17-2. General cepescoation of anomalous Zeeman eect.

“The splicing is depicted in Fig. 17-2. The selection rule! forthe transitions
is sil

:

Amy = 410 (07-25)

but since the splitting betweea the lines i not the same for every multiple, we
F do not get just the thre lines thatwe obtained for the normal Zeeman effec ia

. ‘Chapter 13. For example, for n = 2, the ?Py state splits into four lines, with the
© splitingewo times as large as that oftheewo sates in the Pye ines (Fig. 17-3),| REP Te ee extemal field is very strong, 50 that the spin-orbit coupling can be ne-

RE secre, we may use the ordinary hydrogenic wave functions simply multiplied
+ FE” by spinors, this, eigenstates of L, £,, $%, and S. If we all the eigenvalues ofHp Land S, mand ma, respectively, then the expectation vale of H in (17-19),

SE widh B pointing in the z-direction, is
* iB
t (thy = Se (om 2m) (07.26)

“Thus the» = 2,/= 1 states ate splic into five levels, comresponding tothe valuesof m= 1,0, —1; m= 1/2, 1/2.
Tn addition to the fine sractare of the levels caused by the spin-orbit

coupling, there is a very tiny hyperfine splising, which is rally « permanent
Zeeman effect due to the magnetic feld generated by the magnetic dipole

‘moment of the nucleus. Ifthe spin ofthe nucleus is I, then the magnetic dipole

moment operator is

= 2xMe oe (727)
whereZe isthe charge of the nucleus, My its mass, and gy its gyromagnetic

moot “The detation ofthis selection rule (end hen) wll be dtcussed in Chapter 2.
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. “The expectation value of the term on the tight can be calculated very straight.
| forwardly. First, we note that the magnitude of the splitin is

4 Few 3 (Zam) me (i) = 7. SemMye ® a] oe (ay Mw) e (31)
that is, cis factor of m/My smaller than the typical spin-obiesplitings. The
Calculation of the expectation value of (17-30) in the state characterized by

: 1 = 0, for example, the ground state, is simplified. We have

3

( 4 Py (jt 2 21: few a(S") ‘) #0) = Sie fe HOSon

£ Because of the spherical symmetty ofall the cerms in the incegrend except forfa the derivatives, the angular integration will vanish unless / = 4, All thei= &
3 contributions will be equal for the same reason, so that the above yields

:1A

.suf aterm
:

‘Thus, when inserted betweenJ = 0 states (and only then), we may write
ble yet

'

4 S-¥M-w) | = 5 Sa (732)

Thus what is needed is
3 2-Zeign 1’ y= — an a _n= ~2%gy (wt) (733)
T° We use the far that?
X 1

riba (7-34)

to obtain

1 m afSU) (BY [ge1) = eens tne (*2) (2) [ania sent

a () yeOe od mes () Rolo) (07-35)

1 Only the eda par of "is relevant, To show hi, we prove that (1/#9d/de)
4 (RE/de)} /r) = 0 for F ¥ 0, and that 9*(1/r) integraced overa small sphere of radius «,inet «rele —Ae independent of



280 Quan Pics

When che vale ofthe dal anction a tbe eign i inset int the above,
en

4 (ame)!nwo = 4 (Be) 0736
leads othe result

4m, tS(i) = 3 en jg, Ca met +) (07-37)
If we take the roral spin of the electron and nucleus to be F,

F=S+i (17-38)
then

ST PS =P (Ae +D~5/4-1040)ea 2

tft rerdy

iti, fora (739)
For hydrogen, gw = gr & 5.56, and the energy difference between the excited
sat, chiacesaedby F= land the round se of Fs O's

Soggy tk peb=
3 636) 1840 (137) we)

‘The wavelength ofthe nation conespoading to the anton between the
Pe lied P= Oates8 Aw aiden (07-40)
sad the Fequeney!

v= fa um mepeydes (ray
‘The dation aising fram this ansiion pays an mpostnt role in astronomy.
Ina gus of newt aoms, the F= 1 ste canoe be enced by ontop dene,becuse of« selection rl hat strongly suppresses wnsitonsn wich thes
no ching in osbialtogulr momeatum Both he PY and the FO sexee
have seo angolar momentum. On te eet hand, thee ate ether machusoee
thee can rte ctstons. The F = 1 ste can, for eample be coeeed yp

$e fr eal, Bate ad Spe

‘Sts egang hones he oe nce etents in phys =
Mzotspia00" Boe cys (hg) The mar are asea
donne ror bot cnnea) yo Sa oa eae
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‘collisions, and the return to the F = 0 ground state can be detected. From an
t ‘analysis of the intensity of the 21 cm radiation received, astronomers have

F Jearned great deal about the density disbucion of neutrl hydrogen i incestella: space, as wel a the mocion and che temperature ofthe gas clouds con-
B

taining the hydrogen, The average number of neutral hydrogen atoms appears| to be about 1c? in che galactic plane nea the sun, and the temperature is of! the order of 100° K,

}.
Problems

; ES 1. wae effect does the addition ofa constant to the Hamiltonian have on
E the wave fonction?q
2. If che general form ofa spin-orbit coupling fora particle of massFie spin S moving in potential V(r) is
a gp lh VO

. z
Hao = aS ar

Frebat is che effect of chat coupling on the spectrum of 2 three-dimensional
MMR

harmonic oscillator?

» HAMS 5, Consider the m = 2 states in the real hydrogen atom. What is the
EEE speccrum in the absence of« magnctc feld? How is that spectrum changed when
BPE the atom is placed in a magnetic Sed of 25,000 gauss?

ee 4, Show that

- ho —tetie)
BY sete procedure owed nthe ooo Fa. 17.4
F 5, Consider4 gas of hydrogen atoms at low temperature and density. At

‘ what temperature will the F = 1 and the F = 0 states be equally occupied?
"ote, The Bolezmann factor

| wm

gives the relative probebilcy of occupation of «given stare with degeneracy g
‘when the system isin equilibrium, at temperature T.)

+ 6 Consider a harmonic oxcllaror in three dimensions. If che relativistic
expression forthe kinetic energy is used, what is the shift in the ground state
‘energy?

yoo 7. The deuteron consists of proton (charge ++) and a neutron (charge 0)
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jn 2 state of total spin 1 and cotal angular momentum J = 1, The g-factors forthe proton and neutron are

a = 202.7096)

bv = 2(-1.9103)

(2) What are che possible orbital angular momentum states for this sysem?fit is known tha che state is primarily *S,, what admixture is allowed given that
patty is conserved?

(b) Write an expression for the interaction of the deutefon with an ex.ternal magnetic field and calculate the Zeeman splitting. Show that if the
interaction with the magaetic feld is watten in the form

Vm poeBthen
the effecrive magnetic moment of the deuteron isthe sum of the protonand neutron magoetic moments, and aay deviation from that resule is due to 21

‘admixture of non-S state ro the wave function.

8, Consider positronium, a hydrogenlike atom consisting of an electtoaand
a positron (same mass, opposite charge). Calculate (a) the ground state

energy, and that for thex = 2 stares; (b) the relativistic kinetic energy effect andthe
spin-orbit coupling; (c) the hyperfine spitting of the ground state. Compue

your tesults with those forthe hydrogen atom and explain major differences,

References

‘The most detailed discussion of the physics of hydrogenlike atoms may befound in

HL A, Bethe and E. E, Salpeter, Quantum Mechanic: of One- and Two-Blectron
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‘The Thomas precession is discussed in
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| chapter 18&
.

is !

IE The Helium Atom
&

.3 “The helium atom consists of a nucleus of chargeZ = 2 and two electrons,
I sricn we uber aad 2 Each ceewon is aaced fo te mcs, and the emo

Seton eel ach other We assume, and his wil um otc Be conet, eat
Beer Shectan the eleewomagneti ones (Coulomb very B04 appO3-
b  mation), ate necessary to describe the dynamics of the helium atom with the

Be ap otguannun mechanics,
itn mules i placed atthe origin, and if he elcton coors are

Re ated esses then the Harton fo the ator (Fg, 182)

- 4 Lat p dpa My 8q He PtP + in-7l (ae-1)
Fee misheelecon aus. We slgot he sl ects connected with he
Emotion of the nucleus," relativistic eect, spin-orbin effects, and the effect of

. a tthe current caused by the motion of one electron, upon the other electron. The
VRE Sore tetndtoian may be wegen a
a He HO PHOT (48-2)

= woutp 2a PO (83)
a and

a yet «3
a inaal

EE We shall work with the nuclear charge Zand set Z = 2 later. Our work on the
hydrogen atom provides us with a complete set of eigenfunctions for Hi!” and

Ie | comm hepa mien noe clair ancpon arohaBi. SMU RMEEIIGTGINES Tits, Mccain Co oe,
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Fig. 18-1, Coordinaies used in the formulation of the helium Hamilonian

H©, Thas, if we were to ignote V in the total Hamiltonian, we would have a
solution 10 the eigenvalue problem for the two-electron system. The cigen-
fanctions would be

wlrie2) = bet (F) Ondonlts) (185)for the equation

[HO + HO] wey) = Bleu) (18-6)

and the energy would be given by (Fig. 18.28)

B= Ey + Ey (8-7)

where Fy = —(me*/2)(Za)"/nt. Thus in the idealized model in which the wo

electrons ignore each other, the lowest energy is

E = ~28) = ~me'(20)* = —1088 eV (is)

Note thac this is 2 X 2? = 8 times the hydrogen energy of ~13.6 eV.
“The frst excited state is one in which one electron isin ts ground state,

sn = 1, and the second electon is raised to he fist excited » = 2 state, Then

B= B+ = —6600V (89)
‘The ionization energy, that is, the energy required to remove one electron from
the ground sate to infinity is

Eos = (Ey + Ba) — 2B = 944 eV (18.10)

and, interestingly enough, the onset ofthe continuum lies lower than the excived
state for which both electrons ate i the » = 2 seate. The energy of the latter
sate is

B= 2, = 2720 aa.)

and ic brings up a new phenomenon: the existence of a discrete state in the
‘contiquum for the Hamiltonian 1°) + H®, We shall briely discuss the impli
‘ations ofthis atthe end ofthe ebaprer. .
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Since the two electrons are identical fermions we must make the total wave
fanction anisymmictic under the interchange of space and spin cootdinates of
the electrons. Thus a proper description of the ground sate ofthis idealized
model is

so(rat) = dude) él) Xena (12)‘The spatial pat ofthe wavefunction is necessarily symmetric, and chats why thestate must be a spin singlet state

Lg = ytKanate = 75 2X2 — PB) (18:13)
For the frst excited stare, we have two possibilities, which, for V = 0, are
degenerate in energy, These are

1 )a
= Fluke) dunled) + damle) Oo) Kaeser (08-14)

snd the space antisymmenic, spin symmetcic
0 1 )

a0 = 7 [oink dnialts) ~ data) dlte)] Xander (1841)where
ae

1

. Keine = 175 OPR® + xOxP) (18.16)
2%

is orthogonal £0 Kaa

The presence of ¥, the clectron-clectton Coulomb interaction may, infirst
eppronimation, be weared a a perturbation. Let us frst compute the energyshift of che ground state co first order in V. We have

ae fendnsties) ieear (ron) (1837)
Since the percurbation does not involve the spin, we need only consider

ea= fdnanigiaied Troe emlodl?—— Gs8)
‘The integral has a simple physical interpretation. Since |ya(e);?is the proba-
bility densicy of finding electron 1 at ry, we may interpret el@nodr,)|* as the
charge density due to electron 1. Hence

ue) = fen tiensealt - Gsas)



i
‘The Helium Atom 287

(Be
iste pore at duc tothe hrge ditibution of eleton 1, and

| ae = [Preloaded* Ud) (1820)
i 5 is therefore the electrostatic energy of interaction of electron 2 with that po-
(HI encal The inceg can be cated out. With gm = (2/-VAn)(Zia)"™ 2

weave

- 3 AB = {e alas 2 fredvm[ota
fea fener res)

~ PRE 10 wccing this, we wed the separation
fore [onan

and iolated the only crm that depends on the angles beoneen rand my. We hive
1 1

;

3 Fn Gn anncond* (822)
Fwhere isthe angle berween rand x, We may proceed in one oftwo ways.

j (@) Most direly, we choose the direction of x; as zaxis forthe dO
> imegation, and get

. 2 ops 1: 4, = eos ¢)Z foe [4 [00 Ga maw

a = inte nan) 2 (18-23)

ey ‘The integration over df is trivial, since nothing depends on that angle, so that

iS [ante (824PP and we ate left with

f Xint

:

« nan aaa 08.25)
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(©) A very useful expansion, necessary when there is addtional angular
dependence in he numerton it the following, Forrh ¥ ny,

Cet rt arncntyt rot (1 2ont)

=LE(*) rteoso asa |
With the roles of rand r reversed when r > 7. Thus .

for fenp = fee fen SH racam (829 .
where ry (re) isthe larger (smaller) of ry and ry. We can now proceed as be- |fore, using the fact that

3f * gos) Pi(cos 8) = bx (18-28)
81 special case of

ft ju

2[tos e088) Paleo) =os (829)
Tn any case, (18-25) becomes

a6 = 4e0a/agt rad {2 [0 ntdnerme
tanfon degra (1830)

“The inceaals are ssightforward, and yield dhe answer

eaeae= 22 22 (Lm) (4831)
This is « positive concibution, since tatses from a repulsive force, and its
magnitude, for Z = 2 is 34 eV. When this i added to the nro onder result

of —108.8 eV we obtain, co ist order
EX -148ev (18.32)

When this s compared with |

Bay = =78975 eV 0833)4 sable discrepancy is sce0, Physically, we may acibuce this discrepancy to
the fet that in our calculation we rook no account of "screen tht isthe
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effect that the présence of one electron tends to decrease the net charge “seen”
Sane erher craton. Very cough fone argues tht, for example lection T
aoe eee sperwewn” econ3 and she nus, then half the time electron
aan spurge Z and bal the te itscesa charge Z~ 1 thas, eflecively ia

“the expression ¥ at (220-2 ‘nt atm — Seca! (22 *2) 834)
L @ — 1/2) shoul be substiued for This does improve agreement but theGrade argument advanced isnot sufcient justification forthe choice of5076 for

he probability of effective screening. We will tun ro this subject ler in this
a ercene we discuss he Rayleigh‘ vations principe forthe ground
seat energy.

Wenext consider the first excited state of helium. I¢ will be sufficient 0
‘aleane the energy shift withthe singlet and ciplee = 0 sacs listed in
(18-14) and (18-15), since the shift is caused by « perturbation chat commutes
ith Le For such a perturbacion, the shift must be independent ofthe m-value.
Tein, because ofthe spin-independence of the perturbing potential, V, we have

1

i ant? = be fata [ er tomied ole) ole) led)”
1

Hey lon dae) el) fe
7

1

=2 fan [ enigeted| "iene! inom
+ gt 1

+ o fen | ensined elo)Fp gy mds)
S

2

(8.35)

FI obatining this simplified form, we made use of the symmetry of V under
a

eTcamry siti seen to const of so ems: the Sn a he aig
WEA foun of an clectosatc interaction between two “elecuon cows” dimou7 ccording co the wave functions of the two electzons. This term is just a simple
rund of the tm dt we found fer be round sate nergy shi TeSera us ao classical iterpeaion, 1s otgi lis inthe Pali principle,

wert ibe depends whether the sate hus sia 0 ort. Thos, Bees ofthis
RAEPEinebuton, the singlet and tiple terms are no longer degenerate

Fateegh we considered a = 2 bere, we have quite gene
ED = Ju — Kot

. AE} = Jar + Kot (18:36)
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‘The integrals can be evaluated in closed form (ic is here that (18-27) becomes
useful], but we shall not do this here. The integralJj, is manifestly positive, andit turns out that this is also the case for Ky. For ! = n — 1 this is obvious: the

‘wave functions appearing in (18-35) have no nodes in that case. That the tciplet
state should have a lower energy chan the singlet state, that is, chat

Jat — Ket < Jat + Kut

thats,

Ku >o (18-37)

can be arguedon qualitative grounds, For the tiple state the spatial wave Func-tion
is anisymmetic, so chat the electrons ate somewhat constained 10 Sty

away from cach other. This tends to reduce the screning effect, so that each
clectron “sees” more ofthe nuclear charge, and ic also tends to make the pal.
sion between the electrons less effective than for the spatially symmettc singlet
state. An interesting aspect of tis result is chat, although the perturbing po.
tential ¢/|x1 — ms] does not depend on the spins of the electrons, the symmetry
of the wave fanction docs make the potential act as if it were spin-dependent
‘We may write (18-36) in a form that exhibits this. Let the spins of the two
electrons be s; and ss. Then the otal spinS = 6; + #2, and

Stem

sit + se + 281-82 (18-38){we act with this on triplee and singlet states (18-16) and (18-13) chac ae alsocigensaes of i! and wr, we get
Fg FaeSS + 1)h* =4F +4F + 28: +e

shat,

1

{pe2s; 82/F® = (S+ 1) — 37
— 2 singe: (18:39)

‘We may thus waite, in terms ofthe #'stelated tothe spins by s. = (1/2) his,

BayJap — 5 (UF Ba) Kas (18-40)
We shall sce this phenomenon again when we discuss the Hy molecule. Usually
spin-dependent forces between atoms are quite weak, As illusuated in the
cvample of spin-orbit coupling, the spn-dependent fores tend to arse fom
selativstic corrections to the seatic forces. In the spin-orbic example, these forces
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Fig, 18-5. Schematic sketch of sping of the st excited states of htm

ae down by a factorof a, which is jus (9/6)? Such forces could not be strong‘enough to Keep the electron spins signed i a ferromagnet, except at un-
"realistically low temperacures.? The spin dependence due to exchange is much
{stronger than that: the force is of the same order of magnitude as the electro-
F static force, and, as fst observed by Heisenberg, itis responsible for the phe-
E —aomenon of ferromagnetism.

' ‘The spectrum ofthe ist few excited states of helium is shown in Fig, 18:3

"The notation used for ehe unperturbed stats is that of obi, that i, the quan
‘um numbers of the unpercurbed electrons. Thus both electrons in the ground

© sate are in = 1, 7 0 sates, and we wete this a5 (151), of mote briefly (1%
Te-should be understood that when we write (1(2p), a For che fist excited state,
this does not mean that one electron is in one state, and the other eleczon inthe

‘other, since we must write totally antisymmetic wave functions forthe elecrrons
Another way of labeling the state is by the "Ly notation, which we use for
the perturbed states in the figure, We sec chat the singlet states lic above the
triplet states in a given multiplet. This follows from che symmetry (cf. our
angurnent that Ky: > 0) and is a special example of one of Hud's Ras: Other
‘shings being equa, the aates of highes spn wll have the lowest energy.

If we exci helium from the ground state by shining ultraviolet light on it
‘we find thatthe selection rule AL = 1, which we will derive later, implies an ex

+ A el cumerical relationi thc in B — AT a vepercue of 500" K conespondeso an energy Bo 1/406
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tation co the P sates, Furthermore, thet i selection rule AS = 0, chat is, ony
ttansitions singlet singlet and wiper -»wiplet are probable. Heace the sare

most strongly excited from the ground state is the 'P sate. The other levels
may also become occupied through other mechanisms, for example, collisional
excitation. Once occupied, the radiative transitions co the ground state are very
improbable. The # state, which may be populated when atoms in the 'P, state
undergo collisions with otber atoms in che gas, can only decay to the *S; state,
and thac state is metastable, since it cannot decay to the ground sate easily. The
face that thete are no transitions to good approximation, between triplet sates
and singlet states, led atone time, co the belief thar ehere existed two kinds of

helium, orho-helium (eiplet) and para-helium (singlet).
“The spectrum of helium that we saw in Fig. 18-2b shows thatthe excited

states (1)() have energies that do not differ very much from those of the
hhydrogen atom levels. Thus the binding energy of one electron in the atom is

246 eV (total binding energy minus binding energy of singly ionized helium =
79.0 — 344 = 246 eV). whereas the energy that would be liberated if one

dectron were to be removed from the 2 state is of che order of4— 5 eV, whichis comparable to the energy 3.4 eV (= 13.6/s# eV) for hydrogen, The reason for
this effect i chac the “outer” electron ses only a unie postive charge, since the
“inner elecuon in the (1s) obital ceads co shield the nucleus, leavinga neteffective charge ~ Z — 1. This is not the case forthe ground sate, since bothelectrons have access tothe nucleus. Thus the ground sat lies quitea bit deperthan the hydrogen ground sate

Inour discussion of the fst orde calculation ofthe ground state energy,
ve noted that there was a discreptncy of about 4 eV from the expetimental
value. Rather than attempt an estimate of the second order result, which would
be very tedious, we cur to an enttely different method of calculating the
round stare energy-—the Rite variational method.

Consider Hamiltonian H, and an arbittary square incegrable function ¥,
‘hich we choose o be normalized to unity, so chat

wat (8-41)

“This function ¥ can be expanded in «complete set of eigenstates of Hf, denoted
by ve

ids = Ban 8-42)

“The expression seads

v= LG (8-43)

*Scleaton cle will be ducted ia Chapter 2.
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Now

WHI)

= LL GWalHlve) CoZz ad

i = XL Geka Halen)

| 4 = DIG)
, 3 2 BE Ialt 8-44)
i Since (1841) implies hae
7 Liat (184s)

: Ye obtain the resul chat

4 Be< (IH) (8-46)
[ Ewe may use cis tesult to calculate an upper bound on Eo, This can be done bychoosing a ¥ thac depends on a numberof parameters (a, as, ), calculating

E Qe HI), and minimizing chs wieh respect to the parameter.
‘We laste che utility ofthis procedure by calculating thie ground state© exergy of helium with a ¥ chosen to be a product of hydrogenlike wave func-

i © ons ia che (15) orbitals, but corresponding to an arbitrary charge Z*. We take
. Cera) = vaowles) voor) (18-47)

where

ze

E ea -Be)nee) (18-48)
with «= ~(1/2) me(Z%a)?, We now need .

a J an, f 1, Pe) Viale) ee +E Be

+ er} ort) Yl) (18.49)
We have

f anfPra oo) Volts) (= - z) Wool) Yawles)
= f ervnten (BE - FE P22) pales



294 Quantum Physis

we ene form votentt >
z

wet @-neZ+a-n0%

= Ob NE 2) net (8.30)

‘An identical factot comes from the Hamiltonian for electom 2, nd the expect
tion value of the elecron-lecuon repulsion has already been calculated in

(8.31), excepe that we mus substitte 2* for Z there. Adding up the terms, wea

1 5late) = ~ Fmt (220+ «ance 29-324)
1 5= Ene (azz — 220 — 2 20 aes)2 4

Mining this with respect co 2* yields

pag
waz-2 (08.52)

which isan improvement om the guess we made eater (Z — 1/2). We thus
chain

Bs = fnew [2 (2 ay]- -7138eV (1853)
when we subsiute Z = 2, This i much better than the fst order perubation
revue.

‘The vtttional calculation can be done with more complicated til wave
fonctions. Pekerist used 1075 term wave function and minimized (H/H|®)on4 compute. The-esulting bound agrees, within experimental enor, with what

ismessured. Is, of couse, tue that sucha complied wave funcion docs not
have form that is as easly inerpeetable a8 (18-47), with is partial screening
effects It does, however, provide stong suppont fr the coeenest of quaatun
mechanics, and for dhe assumption thit ony lecromagnetic forcesae Fequitedto expan the scuctre of atoms,

Tn conclusion, we briefly return to our observation that there exist eigen-values of H® ++ H' chat lc above the ioniraton threshold and the ate nevertheless
discrete. The sates labeled by the oxbials (23) or (2)(2p), for example,lie well shove the ionization energy. This has some dramatic physical conse.

quences, Conside, for example, the (2)(2) state Ifthe electons form «spin

“This dicted in Beth and Jc, he
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\ singlee seate, then this will be a 'P, state, and it can be excited from the groundstate by the absorption of radiation, since the selection rues A = 1 and AS = 0

ate not being violated, This state, once excited, need not decay back to the
4 ‘ground state (8) of to another state allowed by the selection rues (a Dy ste,
HIBRE say), because it can go into another channel: it can decay into an electron and
(WBE singly ionized helium, He’, with the elecuron energy determined by energy

{

conservation. This process is described as audsonizaton,
: ‘The (2)(2P) state in the continuum will show up very deadly ia the

5 scateing ofelectrons by Het ions, When the elecuon enctgy is such that the
cempuund sate can be formed, a very dramatic peak will occu in the scattering

race. Similatly, inthe absorption of midiation by helium, in the vicinity of theF energy of the compound state (-" — He"), a sharp peak is seen i the absorption+ BBE Gig. 18-4) There is absorption at other energies, t00, since the process
radiation + He> + He*

‘an occus, but the absorption at energies away from the compound state energy
will vary very smoothly with energy. We can describe the state in sill another

vray by calling i a remans state, Since it decays into its constituents = + Het,

ee30 708 70
Fig. 18-4. Resonance in the helium absorption specrum above the continuum
threshold; the fis peak occuts a the energy conesponding fo the locaton of the

{@)2p) level. (From R. P. Madden and K. Caching, Phy, Rer. Leter, 10s 316*
4963), by permission)
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ir does not exist forever. Hence, by the uncertainty relation, AE % F/As, it
appears chat its energy is not precisely defined, which seems to conttadice the
fact chat che (29(2p) state does have a well-defined energy. Ie turns out tha if
the coupling of the discrete state to the continuum state is taken into account,
the state ceases co be discrete, and its energy may lie anywhere in a narrow range
about the energy as,calculated wichout the coupling. We shall reurn to this
‘topic in Chapter 23 and in Special Topics section 4, “Lifetimes, Line Widehs,
and Resonances.”

Problems

1. Consider the helium atom in the approximation in which the eleczon-
slectron interaction is neglected. What isthe lowese orthohelium (spin 1) sae?
‘What is its degeneracy in the above approximation? Write down the expression
of the splicing due to electron-electton repulsion in first onder perturbation
‘theory, and estimate its magnieude.

2. Galeulate the energy shift AB) (! = 0, 1).

3. Consider the lowest state of orthohelium, Whati its magnetic moment,that is, calculate the interaction with an exteral magnetic fel
4. Consider

FE = (&\H\w)

‘with an arbiteay eral wave function ¥. Show that if V differs ffom the correct
aground state wave Function yu by terms of order ¢, then "E” differs from the

‘sound state energy by terms of order €.
(Note. Do not forget the normalization condition (¥|¥) = 1.)

5. Use the variational principle to estimate the ground stare energy of the
three-dimensional harmonic oscillator, using the tial weve function

va New

6. Consider« one-dimensional cut-off harmonic oscillator ofthe form\
. Vos) =F mate= a8) [al <a

=o Isl >a

Use the variational principle to calculate the best upper bound to the ground
state energy using the exponential form Ne“*"".
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+7, Consider the binding of « proton and a neutron (both with met =

938 MeV, approx) by means of « potential cn
Vn =

j On
swith the system in an L = 0 state. The range of the potentiis given by . Usethe following procedure to calculate che depth of the potential required co give
the binding energy Ex. (#) Calculate an approximate value of the binding

c energy using the variational principle. (b) In the expression that connects che
pprozimate value with rand the depch of the potential, inser the experimental
value of Ex. Do your numerical evaluation using re = 2.8 X 10" cm and
Es = —2.23 MeV. (Do not forget the reduced mass.)

. 8. Consider a finite-dimensional matrix H;;. Show that the condition for

minimizing

. Wine)= & ai Hy asoh

.

subject to the condition

W)= Ddaet

yields the eigenvalues of the matrix H.
(Hint, Use the method of Lagrange multipliers.)

E45, Use the vaiational principle co show that « one-dimensional attractive
potential will always have a bound state,

(Hint, Evaluate (| H|%) with a convenient trial function, for example, NO##
and show that the above can always be made negative.)

10, Use the data of Fig 18-4 to compute the location of the (2:\(2p) level
a above the ground state of helium and compute the velocity of the electron

‘emitted in autoionization, if the He ion isin its lowest tate at the end. Whatwill tbe if the Het ion is in its fis excited sate?
11. Consider a wave function Yen, a2, tq) for which only the de-

pendence on some prameters is exhibited. The wave function is normalized

(lar, a2...) Yhany an, ---a4)) = 1
and the dependence on the parameters is so chosen that

= Wan. )IHiven--))

is a minimum, Show that the parameters are determined by the set of equations

Br) -# Won)Kon, MY (ya Veo ieee(v DA) ar # (ve I ae o 1,2
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where 4 is « Lagrange multiplie. Let H depend on a parumecet » (eg, the
near charge or some distance, say che internuclear disance ina molecule).Them the a wll depend on that panmeter. Prove that

a an

B= (Yen) We.)
This is known asthe Feynman-Hellnann theorem and is very useful in molecule
physics calculations

JS 12, Use the variational principle to estimate the ground state energy for
che anharmonic oscillator

H= £ bt
Compu your result with the exact resue

By = 1.060" (£)"am
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‘A very nice discussion ofthe spectrum of helium may be found in
H.A. Bethe and R. W. Jackiv, Intrmedite Quant Mecha, W. A. Benjamin,Ine, 1968
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_The Structure of Atoms

j

‘The energy eigenvalue problem for an atom with Z electrons has the form

J Z pt Ze é

4 (E eA +E wa) Meise oot) = Bikate oe) (9)
and is «pei dient xption in 32 dineasions or ight atoms ii

roe fleet op We sl be or daca of tom satan
Seerak Aine empleo hum (2 2) bothplad
serratP nce te psc on ining Z independent cewonFo ree in totter te ecworeleon mec ae Peri: tion theory turned out so be adequate for Z = 2, but asthe number of electrons

f EEBOUDOE Ei cite shen na acto: by lw oder pean
Feeee iad vse inporan, The martina pepe Escased
PR Terhap in ade ste of manetinng he sgl ce cts

SARC ST sme dng single pile fanny tt nce the
Trening coon
Tr nina pin, tose tha he il wae Fc

Meri ry, rz) = dilts) b2(rs) o2(rz) (19-2)

ach ofthe fanton is moma ony, f we ele ®explention
sue of Hints sate we bia

w= & fens (-Eve- 2) ated

ed = ff ary eer ode) |* (a9)
“The proceduse of the variational principle is to pick the 6(r) such thac (H1) isa
adam iwc wer to dhe ine) to be ydrogesie weve foncions

ae
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witha diferent Z; foreach electron (and with ech lecton ina diferent quan

tum stare to satisfy the Pauli exclusion principle), we would get a set of equa-
tions analogous to (18-51) and (18-52). A mote general approach is chat due to

Hartree. If the (x) were the single particle wave functions that minimized (H),
then an aeration in thee functions by an infinitesimal amount

bdr) — dre) + files) (19-4)

should only change (H) by a erm of order X, The alterations mast be such hat
[eeteseo + 9ftealt= 1 a9)

that is, co ist onde in ,

frilgiled fled + dled f1le)] = 0 9-6)
et ws compute the tims liner in} hat aie when (19-4) is substcuted into

(19-3). Term by term, we have

=, ia Ke& fnL wea (- Lee) nara + witea (- Eve) ovea]
sf wags aHAZ J treefted | — 5 > veelied | + tea | — 55 weeded

(9)

“To obstin his we have imtegrated by pars «wo times, and used the face that
‘ls muse vith at infity in onder be an accepable vsation ofa squme{integrable function. Next we have

adfen [ie % sued + oe) 2 reo] (98)
and finaly

MEE fernfae wttea een + seed eeationea
+ GD 610) + Hed SEDI! 099)

We cannot just set the sum of these thre tems equals 2ro becuse the fie)
sate constzained by (19-6). The proper way C0 account for the constraint is by the

ose of Lagimage tulips, chat we multiply each ofthe consuining fla
tions (19-6) by constant (the “multiplier") and add the sum to our three cerms.
‘Tae tora can then beset equ 1 zr, since the constins om the fe) are
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now taken care of. Wich a certain amount of notational foresight we label che

multipliers —e, and thus get
4

5 a a)5 fan{ateo[- E veeseo]- 1100 oie}
+eLE f]fon, x fey OO oe)

i -« f drs Ele) oe.) + (complex conjugate term) = 0 (19-10)
! In dtiving the second line, frst we converted the double sum 33j5, Ty into
i (1/2) Sim Sop which is waresercted excepe for the requirement that # + j,
: tnd thea used the fact hac the integrand in (19-9) i symmeric in jand j. Now
: file) is completely unsestricted, so that we may treat f(r) and f7(e,) xs com-
| BR Giecly independene (euch one has «real and an imaginary part). Furthermore,

ther than being square integrable, chey are completely arbicrary, 50 that for
(9-10) to hold, the coefficients of fiir) and f7(e,) must separately vanish at each

“4 Joint x since we are allowed to make local variations in the Functions file)
© and fi(@.). We are thus led co the condition that

a Ze pars) |*. [- zu “ot eL fen et] br) = edd) (19-11)
snd the complex conjugate relation

“This equation has a straightforward interpeation: tis an energy cigen-
‘value equation for electron “i” located at ri, moving in a potential

vey =- +05 feee (92)
% ‘that consises of an extractive Coulomb potential due to a nucleus of charge Z,

land a repulsive contibution due co the charge density ofall the other electrons.

‘We do nos, of course, know the charge densities

pile) = elated |* (93)

of all che other electrons, so that we must search for a self-consistent sec of (ri),
inthe sense that their insertion in che potential leads to eigenfunctions that
reproduce themselves. The equation (19-11) is a rather complicated integral
‘equation, but ic is at lease an equation in three dimensions (we can replace the
SSiabe y by s),and chat makes aumercal work much easel. An even greater
simplification occurs when V(x) is replaced by its angular average

Via) -{2 Vite) (9-14)
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for then che self-consistent potential becomes central, and the seif-consistent

solutions can be decomposed into angular and radial functions, that is, they will
bbe fanctions tha can be labeled by n,m, 1, with the last label referring to the |
spin state (Sy = 1/2).

The tial wave function (19-2) does nor take into account the exclusion |

principle. The later plays an important role, since if all che electrons could be in
the same quantum stite the energy would be minimum wich all che elecctons ia
them = 1,1= 0"orbital.” Atoms do noc have such a simple structure. To takethe |exclusion

principle into account, we add to the Antatz represented by (19-2) therule: every decron mast bein a diferent state, if the spin states ate included in the
labeling. A more sophisticated way of doing this autorotically 1s co replace
(19.2) bya trial wave function that isa Slater determinant (ef. (860). The result- iing equations differ from (19-11) by the addition of an exchange term. The new |

‘Harree-Fock equations have eigenvalues thar tur out to differ by 10-20% from
those obtained using Hartree equations (with the rule stated above), and since

fc is lide easier to talk about the physics of atomic sericture in terms of che
Harece pictute, we will noe discuss che Hantee-Fock equations.

‘The potential (19-14) 20 longerhas the 1/+ form, and thus the degeneracyofall sates with a given n and J <n — 1 is 00 longer peesene. We may expect,
however, that for low Z at feast, che spliting for different £ values for a given

1 will be smaller chan the splitting beeween diferent n-values, so that electrons
placed in the orbitals 1, 2s, 2,3, 39, 3d 4, 4p, Ad, Af... wll be successively
less strongly bound.’ Screening effects will accentuate this: whereas: orbitals do
‘overlap che small r region significantly, and thus feel the full nuclest attraction,
the p, d,... orbitals are forced out by the centrifugal bait, and feel less thac
the full artaction. This effect is so strong that the energy of the 3d electrons is
very close to that of the 4reteccons, so thatthe anticipated ocdeting is sometiraes
disturbed, The same is true for the 4d and 5 electrons, the 4f and Gr clecrons
snd so on. The dominance of the /-dependence over the n-dependence becomes
‘mote importa’as we go to larger Z values, a8 we shal se in our discussion ofthe periic tbl

“The number of electrons chat can be placed in onbieals with « given (nis2(21
+ 1), since chere ate two spin states for given m-value. When all these2(21 + 1) states ae filled, we speak of the cosng ofa shell The charge density for1 closed shell has the form

6 ES |RatO'1 Vino? (19.13)

The notion ste same a shat used for hydeogen. A mere sensible cotton, wsedby muclea shellsrectare physicist, i vo replace the m by wf which is usta index

sepreseatig the ordering of «piven sate. Ths isteat of stating wth 34 sates, for‘aample it might be more sensible vo have the lowest d sae called the Id state, and so 0

‘We shall neverhelss cootinse to use che conventional ntstion, even though she wvalue

doer not have much to do with che orering of eels for lange Z atoms,
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and this is spherically spmmettic because of the property of spherical harmonics

Ltt

a

3 Yate = 2 6916)
Levus now discuss the building up of atoms by the addition of more and

© mote electrons to the appropriate nucleus, whose only role, in our approxima
tion, isco provide the charge Z.

Hydrogen. Here there is only one electron, and the ground state con-
HBB gveacion is (1). The spectroscopic description of the electronic state is "Six

and the binding energy, as is well known, is 13.6 eV.

Helium. Here Z = 2, and, 25 we sew in Chapter 18, the ground state con-
figuration is (13%, which is a shorthand notation for (15)(1:). The state, in theE (LS) description is «'S state, and the total binding energy is 79 eV. After one

F ectton is removed, the remaining electron is in a (1s) otbit about a Z = 2
charge, so that its binding energy is 13.62?= 544 eV. Thus the energy requiredto remove the lest bound electron, the ionization energy is the difference, that is,
24.6 eV (see Fig. 18-28). Ie is also interestingto estimate the energy of the istexcited stave, which is (1:)(2): this is 13.6 2? + (13.6/a8)(Z — 1)? because of
the shielding, chat is, approximately 38 eV. Thus it takes approximately 79~
58 S 20 eV to excite the helium atom." Because the electrons form a closed

| shell i is chemically inere, property shared by all atoms whose electrons form
|

dlosed shells.

Lithium. Here 2. = 3, and che exclusion principle forbids a (1:)* con-
figuration. The lowest lying accessible configuration is the (1s)*2i). Since we
aie adding a single electron to a closed shell (9), che spectroscopic description

f Of the state is *Sys as for hydrogen. If screcning were perfect, the additional

lectton would only "see"'aZ = 1, and since = 2, we would have an energy of136/4 = 3.4 eV. The sercening is not perfec; in fact, since the orbitalof theextra electron is (21), there is a reasonable overlap of the wave function at r = 6,
and hence the effective Z is larger than t. The experimental energy, 5.4 eV
shows that Z* = 1.3.

Beryllium. With Z = 4, the natural place for che fourth electron to go is

into che second space in the 2 orbital, so that the configuration is (11)*21}, and
‘we again have a closed shell, with a spectroscopic sate description. AS far2sthe energy is concerned, the situation is very much like that of helium. Ifthe

This is ecde eximatt cht ignores the clecron-lecuon repulsion and exchange
sift, The difecnce between the 20 eV nl the 24.6 eV i the 4-5 eV tha wll bereleased

+ Sihen the excited atom decaysro its ground sate (See ig. 1824)
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screening were pefecr, the only diference would be dat the last eleton isin |
tn = 2 sat, giving a binding energy of 2ug/t = 62 <V. Sceming is ot
pede, andthe experimental value 0.3 eV. athough «sell i close, the
cear ema ae 29 Ahoa coethe presence of another elementa rearangement of electrons may yield enough |egy 0 beak up the dosed shell Hence berlium sno sie a8 hea.In general this type of shell is nor quite as stable a the sel in which, for a given
avail the posible Fats ae led

Boron. After the closing of the second shell, the fifth electron can citherbe put in the 3 or in the 2p orbital. The latte is lower in energy, and itis the 2
shell ehat begins to fil up, starting with boron. The configuration is (1:)*(2#)(2p),

and the state is *P,/s. The last deserves a comment: if we add spin 1/2 to orbital
angular momentum 1, we may haveJ = 3/2 ot 1/2. These ate split by the spin-orb iterion

1 © 1a

spat 82 VO ~ 2 yg4y-rety-ss4 yt |
(19-17)

andthe form of his ends tothe highe J value havi higher energy, since the
expectation value of (1/)ldV()/drl, even though 00 longer equal t0 che value
‘given in (17-16), is sil positive. This conclusion may not hold when there are
Bore econ in sn unled sl. The inition ney might be expeced Co
be somewhat smaller than char of beylium, since the 2 ate enegy is some.
‘what higher than that of the 2s orbital, becnuse of the centrifugal batter. The
Cxpecinennl luc 83 eV

Carbon. Here Z = 6, and the 2p shell continues to be filed. The con-
Siguraion is (103420). The toal spin may be 0 oF Land the coral oxbia
angular momentum may be 2, 1, ot 0 (since we are adding two orbital angular
tremens 1) Since the wae function muse beute forthe we see
tons outside che closed shells, sngler sate must fave even Ly anda elt
‘odd L, so chat chere ae only the possibilities 'S, 2P..,»and 'Ds. We now invoke

Hund’ sale, refered coin ove discussion of helium: “The state ofhighest spin hasthe lower encgy:” Thus we mst havea *P sae, he ele that he nate i
Py follows from Hund's second rule, that has been abstracted from spinorbie
daleahcions

1he incomplete ellis not more ean hal led, een the lowest vel has
J = |L— S|, its minimuch value. If the shell is more chan half filled, then
the maximum J value] = Lt hus the et ergy

Since takes six loons to fil the 2p shell, we obnin J = 0. As fra the
onion energy i concerned, we ave imreased Zby on Siac the Second 2p
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lectron can stay “out ofthe way’ ofthe frst one, by being ina diferent m-stace,the repulsion between the electrons will be of less imporcince, and we expect
somewhat larger binding. The experimental value is 11.3 eV.

q Nitrogen. The Z = 7 atom has the configuration (1)"(2:)"2p)*, of,

(2p) if, For brevity, we omit che closed shells from out description. By Hund’s5
tule, the spin of the ground state is the maximum valve $= 3/2. This is a
‘symmectc spin state (this is most evident in the S, = 3/2 stat, for which al the
‘spins must be parallel), and hence the three filed 3p orbitals must each be in 2
diferent m-state. Of the total L values of 3, 2, 1, 0 that cin be obeained by

vectorially adding chree unit orbital angular momenta, the L = 3 state is clearly
| excluded. One must look at the detailed construction of the states o find out

‘that the torlly antisymmetric state is the L. = 0 state, s0 that che ground state
is “Sy, The ionization potential might be expected co bea lite larger than that
for cazbon, since Z is sgain increased by one, and the thid electron can be put
in the thitd p orbital without significantly overlapping the other two elecrons in
the 2p shell, chat is, by reducing somewhat the effect of the electron-clectton
repulsion. The experimencil value is 145 eV.

© Oxygen. (Z = 8) The configuration may be abbreviated by (2p),*and the
shell i more than half full, and it appears that the determination of the electronic
‘stace is very complicated indeed. We cio, however, look at the shell in another
way: we know that when the shel i filed, that is, when the configuration is
C29)" (Z = 10), then the cota state has L = $= 0. We may thus thinkof oxygen
ts having dosed 2p shell with two hale init. These holes are just like ‘ant-
clectrons" (choughthey ate aot positrons!) and we can look at possible ewo-hole| Configurations. These wll be the same as two-electron configurations, since holes
also have spin 1/2. Thus, 28 with earboo, the possible staes consistear with the
antisymmecry of the two-fermion (two-hole) wave function are 'S, P, "D, and

4 the four electtons that, when added (0 these give L = $= 0, must be in similar
: states. The highest spin is $ = 1, and by Hond’s second rule, che angular mo-

< ‘meatum, for a more than half-flled shell, must be the maximum J = 2. Thus
the state is #Py, When the fourth electron is added to the 2p shell, it must be
put into an orbital with an m-value cha i alrady occupied, 0 that the oveilep
between two of the electrons is lager than before, Hence it is not surprising,

‘hat the ionization energy drops co the value of 13.6 eV.
Fluorine. HereZ = 9, and the configuration is (2p), that is, we have onehole inap orbital, The state must be *Psi since the onaximum of J = 1/2 oF 3/2ust be chosen. The monotonie increase in the ionization energy resumes, with

the value of 17.4 eV.

Neon, With Z = 10, the 2p shell is closed, the ground state isa Sy state,
+ and the ionization energy, continuing che monotonic trend is 21.6 eV.
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‘Ac this point, the addition of another electron requices putting ic in an
coxbit with a higher# value (w = 3), nd thus neon marks the end ofa periodinthe periodic table, as did helium. In neon, asin helium, the fist available state

‘nto which an electron can be excited fas higher n-value, so that ic cakes quite
«lor of energy to perturb the atom. Neon shares with helium the property of
being an inert ga,

“The next petiod again has eight elements in it. Fits che (3s) shell is filled,

with sodium (Z = 11) and magnesium (Z = 12) and then the 3p shell, which
includes, in order, aluminura (Z = 13), silicon (Z = 14), phosphorus (Z = 15),
sulphur (Z = 16), chlocine (Z = 17) and, closing the shell, argon (2 = 18)

“These elements are chemically very much like the series: lehiuin,.., neon, and
the spectroscopic desctipcion of the ground states are the samie. The only
dliference is that, since = 3, the ionization encegies are somewhat staller, a8,

can be seen from the petiodic table at che end of the chapter.
1k might appeara cle strange that the period ends with argon, since theGa) shel, accommodating ten elements, remains co be filled. The face i, that the

self-consistent pocential is not of the 1/r form, and the intrashellspieing here is
suffciendly large thar the (41) state lies lower than the (3d) state, though not by
much. Hence a competition develops, and in che next petiod we have (4%),
(AD, HBA), ADF, (49%3A, GNGM)*, (49d), (4), (4°),
(4)Gd)*, 401d)”, (40)4Gd)!and hen the 4p shell gets filled until the period
ends with krypton (Z = 36). The chemical properties of elements at the be-

Binning and end of this period are similar to those of elements at che beginning,
and end of other periods, Thus pocassium, with the single (4) clecton, is
an alkali meca, like sodium with its single (3) electton oucside a closed shell
Bromine, with the configuration (4:)*(34)!"(4p), has a single hole in a p-shell

‘nd thus is chemically like chlorine and fluorine. The series of elements in which
the (54) states ate being filled all have rather similar chemical properties. The
reason for this agnin has to do with the deals ofthe sel consistent potential
Jc curnsout cha the tai of these orbits* are somewhat smaller chan those ofthe(4s) electons, so that when the (4s) sell i filled, ehese electrons tend to shield

the (3d) electrons, no matter how many there ate, from outside inluences. The
same effect occurs witen the (4f) shell is being filled, just after the (6) shell has
been filled. The elements here are ealled the rare earth.

Limitations of space prevent us from a more detailed discussion of che
petiodic table. A few additional comments ate, howeve, in ocd,

() There is nothingin atomic structure that limits the numberof elements.‘The reason that atoms with Z % 100 do not occur naturally is chat heavy nucle?
undergo spontaneous fission -If new, supetheayy (aeta)stable nuclei ate ever
discovered, there will presumably exist coreesponding atoms, and itis expected

ic is understood that tis is just & way of eng about the peaking tendencies of
the ehage dstbtion



PERIODIC TABLE

OrreeTonization

z Element Configuration ‘Term! Potential eV
!

1 H 09) Sin 13.6
| ro 1S 246

2 i He) Gy ie 34

4 Be (Heya? Ss. 9.3
3 B He)" Poa 33

6 € HeyQNap)* we 137 N (He)@2)%29)* Sua 45
8 © (Hea*20)* Py 36
9 B (He)(297429) Pas 4
0 Ne (He)(2y¥2p)* 8 a6

E " Ne (NOG) Sue 3a

2 Mg (Ne)(39" s 76
3 ‘AL (N}31)°09) an 60

a 4 Si NIGPOP ” an

. 6 P (Ne) ‘Sin 11.0
‘ 16 Ss (Ne)G)*OV) Pe 104

” NAGI) Py 3.0

j 18 Ac (Ne)(3)109)* 38, bs
19 KANG) ia 43

4 20 ce (AN) % 6a

a Se (ANd) Dus 65
2 Ti (ANG) *F 6.8

3 23 vo (anasy°od)? te 67

& ra ce (ANGE % 67B Mn (AD)(4s)*04)* Sea 7A

4 26 Fe (An) Da 13 a Co (ANAM Fan 78

2% Ni (ANH) a 76: 2» Cu (ADAG in 130 Zn (Anns ‘Ss 94a Ga (ANAND) Pus 6.0
32 Ge ANUS) ~ Bt
B As (ANCA) Sa 10.0

4 Se (AN tss)*(34)"(49)" a 9.835 Be CANA) CHp)* in ne36 Ke (Ancannadndp)* 4s 14.0
37 Rb (KGH) i 42
38 se ORG 's 37
39 Y KG) Da 66
40 Ze (KOGHUA)* F r0

Comin)

. 307



PERIODIC TABLE (continued) |
Tonization |Z —-Hlement Configuration ‘Term Potential eV |

a Nb (KC) (44) Din 68 |a Mo K)(3)(44)" % 12 |
® Te (KGa) Suz Nocknown
4 Ro (KIM * 1s

6 Rh (Kas) (4d os cad
4 Pad (K(4dye s 83

7 Ag (Ke)Gn(4H Sin 16
« ca oni ae ‘s 9.0

® In AAO) a 38
30 So KCI)" % 73
>” Sb (NGS) SS 6

2 Te (KN) (5)* Py 2.0
3 1 eGSNAdM()» Pa wot

st Ke (KNGu NAM) "(p)¢ 8 a
3 Cs Ke) Sa 39

36 Be Xe)? Ss 32ca 1a e}G)XSd) Dux 368 Ce ENEMA) on 69

x” Pr (Key? ‘tan 38@ — g{Na Kenora % 63
El Pm Oren thus Nocknowne sm (evant % 36

& Bee cera Sa 37
6 Ela Kenanapron Ds 62
6 Sm Koaran ts 67

ra 3 Dy — (Ke)(Gs)*C4p)" hy 6.8
a He (KeNenrapr Siva Not known

Ader Gxetaynepe 4. Net kaown® Tm (Ke}G)UpH Fn Not known

70 Yo e}(@yapye s 62
n La KeGNEMSA) Dus 30

2 HE Ke) (@ AP MA)* % 352B Ta Oke) (6)ANS@* fn 9* W e)EEAMA)* Dy 0
i) Ree) ‘Ses 79

%6 Os Oke) G)AGa)" D. 877 Tee) GGPOa* faa 9.2
m= Pe ke)CGEPGMY > 9.0»

Au KeNGN(EN Si 92*0 Hg CxeNlapranncd s wos

a TENE IAPMSAN*G) ——Pin 61(content

308
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PERIODIC TABLE—(continsed)

Ionization

z Element Configuration ‘Tecm! Potential eV
q m Ph (KEMG NANA) Po 74

% Bi Ke)? Sax 73if #4 Po (KeNG NANA) Pa a4i % Ac KeyG)AUAMA%G)?——*Pan_—-Notknown
| 6 Ra Ke) 10.7

j a Fe (Ra) ‘Nor known

a8 Ra (Ra)? % 33» Ac Rn}(7 6) Dye 6990 Th myMC of

% Pa Rall S/)*Gd) Kus2 BW Ro}CHHD/UG!) Le

3 Np Rn) (7)45P46d) Shue
3 4g] Pu RN)ONNSAE %

95 Ef Am Rolnyrisfy "Sin
96 E] Cn RoI) ‘Ds
7 <P RMA His

98 CF ROA” “te» Fs (Ro)(H}GA Shoe4 100 Fm Rn)" Herot Md (RAPA Rs
102 No a)(nyrf' 's

a a
‘Team designation is equivalent 1 specoscopic description

Echac their strucure will conform to the prediction of the building-up approach
‘outlined in this chapter.

; (b) We went roa great deal of trouble to specify the S, L, and J quantum‘oumbers ofthe ground stares of the various elements. The reason for doing thisis thee in spectroscopy, the quantum numbers ate of particular interest because
(of the selection rules

as =o

4 . b= 41

Aj = 0,41 (200-0) (19.18)

‘thac will be derived later, and that may then be used to deteamine the quancar
‘numbers of the excited stares. The spectroscopy of atoms, once we get beyond

hydrogen and helium, is very complicated. Coosider, as a relatively simple
example, the fist few states of carbon, which are formed from different con-

+ figurations of the cwo electrons that lie outside the closed shell in che (zp)*
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‘orbitals. As already pointed out, the possible states are", *Pze and "Ds. The
*Py state lies lowest, but the other states ate still there. The fist excited states

may be described by the otbirals (29)(3). Here $= 0 or 1, but L = 1 only. \
Since the a-values are different, the exclusion principle does not restice the

states in any way, and all ofthe states 3P, *Ps.0 are possible, while the excited
‘states thar arise from the orbicals (2)(3p) can have S = 0, 1 and L = 2, 1, 0,
leading to all the states *Ds, "Ps," Ds, *Pa.aa, and *S,, Even with the te-
stictions provided by the selection rules, there are numerous tansitions.
Needless to say, the ordering of these levels septesents a delicate balance be-

‘ween various competing effects, and the prediction of the moce complex spectra
is very difficult.‘ That task is not really of interest to us, since the main point
that we want to make is that quancum mechasics provides qualitative, and
sometimes quantitative, detailed explanation of the chemical properties of |
atoms and of their spectra, without assuming an interaction other than the
eciromagnetic interaction becween charged particles. We shall have oceasion
10 return to the topic of spectra,

Problems

1. Lise the spectroscopic states (in the form **L,) that can atse from |
combining

S=1/2,b=3

Se2b=1

Si= 1/2,= b=4SSR Las

Si 1/2, = 1/2,L=2

Which states are excluded, among the cworspin questions, if the particles are
identical?

2, Consider the following saxes

DP, AEG, 3D

‘What ate che possible J values associated with exch?

3. Consider the sates 1D, "P, $5, 5G, , 8S. Given thatin each one che sateconsists of rwo identical puticles in theielargese possible spin sate, which of chestates are disallowed by the spin-statstcs theorem?

‘The specuoscopic nbeliog chat we have used has its imiations. Beind it validitylis the physical picture eat the tora orbital and spn angular momenta ace serustly
conserved, except for the perturbation caused by spinor coupling. Ths coupling

Seal forthe ihe elements, but for hag Zi cannetbe tested at + petcbaion. Tere eit‘bec te couple the Jad » foreach electron form sj, and then cnsier te | coupling
Denied consideration ofthis isbeyons the scope ofthis book.
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” 4. Use Hund’s rules to find the spectroscopic description of the ground

{stares ofthe following atoms:

4 N(Z= 7), K(Z = 19), Se(Z = 21), ColZ = 27).
Figure ou the electronic configurttions as far as you ate able ro

: 5. Lise the possible spectroscopic sates that cn arise in che following
= electronic configurations: (1), (29%. (29)% (20) BA?, (2p), Gays. Take

into account the exclusion principle

(Nar. Remember chat ifall the spins or orbial angular momenta are pointinginthe same direction, then the stare is symmettic; also remember about holes in
‘dosed shells.)

6. Plot the ionization potentials given in the periodic table egainst Z.
Observe the peaks indicatingthe shell structure ofthe arom.

References

‘An excellent introductory treatment of acomic structure may be found in

PG. Herzberg, Atomic Spectra and Atomic Structure, Dover Publishers (1944).
‘Aa advanced treatment that is defiitive is
1.1. Sobel'man, Inreduction othe Theory of Atomic Specra, Pergamon Press, New

York (1972). This is a very advanced book.





| chapter 20
Molecules

Jascas toms ar agregtes ofecon nd ingle ces so oles
een dacs ulseend uci, Molecules in hi howes eycerean ir ker acoain amount of ery disocie dem into
aaaa nce dasocaion of molecules ito scons is the mest om-

=

mon occurrence when enough energy is transfered co the system, we may call
en hound saver of atoms, adhough we sal sce tat ths description
hides much of what makes up the structure of molecules. The purpose of this
chapter, and the next, is co show that quantum ‘mechanics is successful in
<eptblag the popes ana bebvor of meeeHe aee rolecales ate those that involve wo auc, dhe daomic
noe ees they mc mote complex systems than ams Bectse fe he
Center of mass is fixed in space, che nuclei are stil free to move. This leads to annerease in the number of degtces of freedom. Thus for the simplest of sll mole-
‘aules, the Hyt molecule, consisting of two protons and one electron, there are
Still sx degrees of freedom lef, three for the electron and thee forthe relative
motion of the two protons. As with atoms,a frontal attack on the problem ofthe

Tema Shinui, tae a, « uma solaion ofthe Schrodinger equ
tion in many dimensions is possible. For our purposes cruder but more physical

Ffpponces wll be more eokgbening.
. rosin yeumacs of molecules cn be obtained fom ws of de
team ate te pet dal ote masive than dons (M/m >> 10° and
3) thus thee motion is «great deal slower. One may view the motion of the elec-
FMRTNetbe mull wee fue ia spce The moton ofthe mad on the ober
nd, is in an average field duc co the clectons. For a given set of mucear
GE Coordin, there wl bea Hamionianforthe eecons. The lowereigenvalueFe of that Hamilronian will depend on these cootdinates, and its minimum value“G SUMGEn te potions tthe ner Thi cremu be mode deScieae doc innedy musa, since they ca als move, Tht modion
i learns, bur ey only ee” ao cage charge diuutoner oucn of te ceeons and vo se spproaimaton, hey Bove

a3
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Jina harmonic potential about the locations deteemined by the minimum in the
energy of the electons.

"We can destbe the situation mathematicallyas follows. The Schrodinger‘equation describing the nuclei tad the electrons has the form

(Te + Te + Vir,R)] ¥(r,R) = BAR) (20.1)

where Tr is the sum of the kinetic energies of the nuclei, T; is the sum of thekinecic energies of the electrons, nd V1.8) isthe potential energy, which con-sists of che Coulomb attraction of the electrons to the nuclei, the electron-

Gectron repulsions, and the repulsion among the auclei. Consider fist the
Hamiltonian describing the electronic motion for a set of fixed {R}

He = Ty + Wir.R) (20-2)

‘The eigenvalue problem can, in principle, be solved
(T+ VOR) aleR) = o(R) ele8) (203)

Both the eigenvalues and the eigenfunctioas depend on the values of R, which
bere play the roleof fixed parameters, Siace the us(rR) form « complete set, wesay expand W(r,R) in cms of them

VER) = ZL nlR) tol R) (204)
“To determine the coefciens a(R) we insert this into (20-1), and obtain, using

(20-3), the equation

TeX a(R) Hal(e.R) + SL em(R) bu) Har.R)= EX dal) sin(rR)

(20-5)“The frst term will consistof tems of che eype
a(- at jz a(R) Hal) =X (Trbn(R)] talRD

— FE wn bl)-¥a nal) —3g Ve bol Ve tal

= BS ote) viele) — (20.6)
2M “TY ios ve

‘Asa fist approximation we neglect the second and hied tems on the eight side‘of this equation, that is, we assume that the cigenfunctions a_(7,R) are slowly

varying functions of the nuclear coordinates R, a least i the region of the solu
tions forthe minimum electronic energy, Ro defined by

Vx &(R)| eats = 0 (20-7)
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. ‘This approximation

: Te Dba(R) talR) ~ LZ [Tava(R] Mnl:R) (208)

is the Best step in a sequence ofapproximations by which variations with respect
to R can be taken into account. The procedure was developed by Born and
‘Oppentimer, and the frst approximasion is generally good one, If we now
rae che scalar product with #(7,R), and use orchonosmality

[UL este mtr = Bm 209)
4 then (20-5), together with (20-8), reduces to

Tara(R) + ta(R) bel) = Bea(R) (20-10)

"This is just che Schtdinger equation for the nuclear motion in a potential ¢w(R),
the electronic energy. For R close co the minimum points Ke, we may expand

; sn 2 ty +bee was (FE) + ou)
Af only the first ewo terms are important the nuclei move in harmonic oscillator

wells. Thos the quel: wil undergo vibrational morion.' They wil also undergo
Toational motion, since Tr involves angular coordinates. We may estimate che

E magnitudes ofthe various energies.
4 Tet us assume that the sizeof the molecule is of order. Then, by the

uncertainty principe, the electronic energy is of order
F wt (3) (20.12)an Na

f— The frequency of the vibrational motion of the nucleus is, according to (20-11),
given by the formula

1 MAR)
:

a 2 (2013)

[Given the potetial energy ia (20-12), « dimensions argumene gives us

< ee.
yh OR ~ mat
o that is,a a (2hbs ox ¢ ed (2014)

+The motion wil be somewhat more compliaed if we door Smit cuseles co

|.
woter expuoion of (0-1) Butt wl sl ave dhe uaatveproperien tat we sf
decunicg



316 Quantum Physics

“Ths the catio of the vibrational energy of the nuclei co the electronic energy is
Bow fo n\"

nw fea (2) e019)
“The molecule can also rotate about che center of mass, Typically

Pap ¢ RavLapeeranyBra = (20-16)

“Thus, a far a8 molelar racers is concerned, one may neglect che rotational
and vibrational degrees of freedom. Nevertheless rotational and vibrational
teneegy levels will exist, and in molecular spectroscopy there will be

(a) Elecronic tranitios. W-ehe dimensions of the molecule are of che
order of 1A, that is,

ee an
then

eB meat

bea rhe

cha is,

irk

NT a eX137 x05 A
~ 350k @o18)

“Thus the radiation emitted in electronic transitions lies in the ultviolet.
(0) Vibrational sransrions. These ate transitions becweea different levels

in the approximate harmonic oscillator well. The typical energies wil be of the
‘order of (or/ M)*? «chat is, the wavelengths will be ofthe orderof (M/m)!** ~50
times larger. The range of wavelengths, ~2 —~ 3 X 10-* cm, lies in the infrared
region.

{@) The rotational spectra will be characterized by wavelengehs M/m ~
10° — 10° cimes larger chan the electronic optical wavelengths, and® ~,0.1 — 1
cm is typical ofche microwave tegion."To see what form «(R) cao take, let us tur to the simplest molecule ofall,
the Ht ion. After separating out the cencer of mass ofthe two nuclei (we ignore
the electron in doing this), we are lefe with the energy eigenvalue equation

Boe Be fe =(Sie Bee lam ent ome
019)
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E  sagf \----4------2---= oe
ath

a Fig. 20-1, Contributions to “nuclear potential.” The Coulomb repulsion and

“hes ver represents theiecg of he rotons with ~

- ote (2029)Mo
et Me 2

»

the eed asf hwo pon pt, The second the int eniy of
the caecum, The nox wo ene sesen he ation Dewen the don
tnd th two rons owned s/t #nd “1/2, an he st en eps te
Teplice between te oro rotons nepal by dance R= [The
qualitative features of the solution with R held fixed, and the proton kinetic
ieiy tem abset shows in fp 20 Bor Rey ge the eon wl be
bound co one of the protons, and the energy of the system is — 13.6 eV, the
tocray of ingle gen sc, When Re 0, ad we leave out the con
pecan plone decom wl be Sound oa = 2 ues, ede binding
Sgy milhe vi36 ~~ 344e¥. The decsonc energy54 foncion of Fimetuunes smoatly becwen these point, When the thegy oc epuion
@/Ris added co this, the carve «(R) results. This curve has « minimum for the

+ protec & mim oes no aways exis 39 hat some toms do noe
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form moleciles as we shall soon se. The laconic eigenvalue equation, which
hhas the form anticipated in (20-3),

Huw(eR) = (22 —# 4) ts= (SS aai- wewat FO
= eo(R) wo(r,R) (20-21)

canacealybe solved in elliptical coordnaes, butwe wll get mote insight from‘sing the sariationl prin wth tal wavefunctions eit reflec some physical
inition abou the syste

“A easonable tal wave function is inst combination of

WCeR) = (4)"e™ "— (2022)
and

en) = (LY cenaven = (2) (20.23)
representing the elecron bound to one othe other proton. Since the Hamil:

fonlan is syrmmecic about reflections inthe oxigin (p.—> Px > —F, R—>
R), we may take as rial wave functions even and odd combinations of chese*

FER) = CRACK) + Yate]

YalOR) = CARER) — dale RO] 2024)
“The nonazaton factors te given by

een We hhkh)

= 24 2f ernie vier) (2025)
“The integral appeating above is called the overlap integral, and i can be caleu-
lard, The alcltion of

Stk) = f #eviteR) YD)
=P gay remain ges im=i fe

- afermeerin (20-26)rai

"The abating is hiovie: "sds for “pend” which cas evenio Gea,sd “sf “angele”
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is sigheforward, though cedious. The resale i
; R BY na

=(1424F)om 2)

so=(1+4 *) o2n|
|

Te expecarion val of Zi the ewo sates i

1 4

q (Dea Fa gy Hee Mh eH)
4 1
=p ttlya)+ Gal Hel) il Hal¥a) Gal aldSy Wt) + alt) Osu & enlvo

: _ uiHolya) & Gal Halds) coo-
12 5®)

{ao28)

rhe use has been made ofthe symmezy under R'—» —R. The evo tem in
F the numentor an be alulated

= wor (22.#4 )E gnitew= fete (2-1 aa ial te
X wR)

4

pat ef ay eR!ent Safa eee (2029)
“The first cerm is just the energy of a single hydrogen atom Ey = ~13.6 eV; the
second term isthe proton-proton repulsion, and the third term is the electrostatic
owen energy de to the elecion charge diszibuson about one proton being
Flancted co the other proton. The lst intel can be evaluated, so chat fay

(hlthlya) = Bt (: + 2) one (20-30)
Siiasly

‘i olthion = fan vee (n+ $- aaah:
» WERE + ey RP

aan ef gy BERL ER) ’= (6+ 2)s0- 0 fo FERRE? coon
Here the ast etm isthe exchange integral, which an alo be evaluated, yielding

HERWe A(R) om2fetes f(+4). (2032)
hen all of chs it pur cogeher, che resulting energies can be calulated as

+ functions ofR. Figure 20-2 shows che calculated energies.
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Fig. 20.2, Result of vaiationa calculation for Het

“The exact solution, which according to the variational principle must lie
below the curves obcained, differs lice from the minimum, In our apptoxima-

tion, we see thatthe even solution yields binding, while the old one does not-*“The difference between the even and the odd solutions is char in the former, the

‘dectzon has a igh probability of being located between the two protons, whete
the attractive contribution is maximized; for the odd solution, which hasa nodemidway between the protons, the eleeton tends to be excluded from that region“The experimental separation beeween the protonsis 1.06 A, and the bindin
energy is ~2.8 eV. The calculations outlined above lead to a separationofieand binding enetgy of ~1.76eV. Thus our wave function is nor as compactasit should be. The reason is thar when R is small, che wave function should

approach that of« He* ion, which (20-24) does nor. One could improve the calCulation by introducing an effective charge for the proton and minimizing
ie)e with respect to chat patametet in addition co R, as in our illustration in-
volving the helium atom. Since we are mote interested in a qualitative wnder-
Scandingof the problem thao i improving the variational calculation, we do notpursue this idea

2One might worry tht he tue fs), yng below se (He = BAR) carve, sl dips
lowe and pines sesket bound sate: Dead elealtons show thai doesnot
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“The orbitals thacwe have considered do not depend oa the azimuthal angleaboutthe axis of the molecule. Since the Hamiltonian i invariant under rotations
F

bout che axis, we may classify the soltions by che angular momencum com
ponent along the exis. If we choose R to define the z-axis, our eigenstates will
fe simultaneous eigenstates of Ly. The solutions will, in general, have the

pendence c=? with = 0, +1, 2, .... These are labeled 6, x, 8, .« «in§< analogy with 5, P, D, . .. . There is also the labeling "g” and “u" which is|
applicable to all diatomic molecules for which the aroms are the same (hame-
‘ucear molecules). Thus in our example the ground state could be labeled
Ley, and the antisymmetric stare could be labeled 110,*,the asterisk indicating,thatthe state is unbound. Excited states of the Hy* molecule may be formed

BB with higher orbitals.
‘We will not deal with the rotational and vibrational degrees of freedom of

the molecule except to note their roles in the ewo topics chat we discuss next.
First we will be concemed with the effec of the Pauli Exclusion Principle on
homonuclear molecules. Consider, for example, the Hy molecule for which the

two nuclei are identical and exch has spin 1/2. Thus the toa wave function mast
D.-be antisymmetric under the interchange of the two auclei. The two protons in

this example may be in the antisymmetric spin singlet ($= 0) state, in which
ease the rorationl sate mustbe described by @ spmmetrc function, so cha thesngular momentum is even, If the two protoas ar inthe symmectic spin triplet

(Gen 1) sae, the angular momentum ofrotation mustbe od. Ina gs, collisions
among the Hz molecules will randomize the distribution of spin states, and
{ssuming chat they have equal probabiicy, che number of molecules in given
spin state will be proportional ro the degeneracy (25 + 1). Thes there will be
thre times us many odd L molecules as there are even LH molecules inthe gas

This will manifest itself in the intensity of the spectral lines associaced with the
© erasitions becween rotational levels. More geneslly ifeach nucleus has spinthen the spin states 21,2 — 2,21— 4,...and the spin states 21 — 1, 21~ 3,.-»

‘will have opposite symmetry. If, for example, I is an integer, then the frst
eves of spia states will be associated with even otbital angular momentum,

since the nuclei are bosons in this case. Theic total number is

se ¥ por + y= art yet — FY

BS = r+ NU+) (20-33)
whereas the remaining

q Qr+1%— @F+ 00+) = G+ yr (20-34)

szates will beessocated with odd orbital angular momencam. Thus fr integra I,the tio of even L to odd L incenstis fora given Lis (I++ 1)/1. For fermions
+ that ratio is inverted
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“To good approximation, che enxgies ofthe rotational states ate

_ FLL + D)2, -

FH
(2035)

‘where is the roment of neta ofthe homonucest molecule under consides-
Ton, Transivont berween adjacent L value (o conform withthe selection rule
AL abt alc be deed) yield tdiacioa with fequencies

ot tisn= ket nes Leto

=kaen (2036

From the study of rational spect one ct ideify the rotational levels and
fod thet L ales. The imenstes then give way of discriminating becween
tren and odd pia, History, «study of she rotational spctum of the Nz
‘oleae ed tothe conclusion that its sin was even, This could notbe undestood on the basis of« nudeat model in which the nitrogen nucleus consisted
of foureen prorons and seven lecfoas; such 2 nucleus would have od half
tirepal spot Te dacovery ofthe ncuron and the relzaton that the nitrogen
ticles consisted of seven protons and seven neuttoos removed che dificult.

"The exstence of the hierrchy of excation energies, rxatina, vibra
sions and electronic manifest selin te form of che specific heat ax constantNolume a3 fancion of temperatte. We take from stadstical mechanics the
following fcr.

(a) The spcic hen at constant volume i given by

2»Gr= MED 030)

where F(T) is the avenge energy of «molecule in equilibium at empersuce T,
ud Nis Avognd's umber

{b) The average energy can be calclated ftom the Boltzmann disbution

sen = fargoe/ [an oe
a- ar f Rrwm| meen 7 f aege«

a ane

= tr ogfate (2038)
vere (8) is the degeneracy of sates with energy E.
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(©) The average energy can be written a5 2 sum of contributions from
independent degrees of freedom, so that we can write

ECL) = ExranslT) + Eyo(T) + Evie) + (20-39)

For the wanstionl contribution, where isthe kinetic energy, we have!

-ear_ [ @P pasarfoe co = [2R.. (20-40)
so that

fdeg(E)2 = core (20-41)
4 as can be seen fiom dimensional considerations. Thus (20-38) yields

2 a a2j Gr M2 (er Zeger)
j3
=ine

3

-te (20.42)

where R= Nok = 1.98 calorie/mole K°, Thisis just the Dulong-Pesit result,Foc the rotational coatribution we have

[arene ¥ gens nemenat — Goay
where gis the spin multiplicity comesponding tothe given L, and (2L + 1) i

[the usual degeneracy correspondingtoa given value ofL. Fr the Hs moleculewwe hnve the special sitation mentioned before: the existence of pas- and
—ortho-hydrogen, for which che nuclei are in the spin states 5 = O and S = 1
respectively.

or parschydkogen, Li resiced co the even valves, L = 0, 2, 4, .. - and
f=: for onbo-hydrogen, Lis odd, L= 1,3,5,..-andg, = 3. Atlow tem

%—peracures—and here “Jow’” depends on the moment of inertia, so that for Hs

F the relevant numb is?
; Bauer 4

H
= ms (2048)

Tora dcusionofthe epee of ates appiabiev Fe motion, ee Chapter 2
. “he momen of nea on be deveined fo: the spuciag in rutin spec.



q

see Quan Pi

—-ahe L = 0 state will be prarily occupied, that isthe gas will consist of para-
bydrogen.' At room cemperature the difference becween even and odd L's 1
drcowtes insignificant, and the rato is determined by the ratio of the g, that iy
itis 3:1 orho- co pare-hydrogen.

inane ves of the discussion we sal, for brevity, ignoce the complicacionof the two forms of molecules. At temperatutes where che rotational degrees of
fieedom become excited we have

BELYLL +1)MT

Eros =penepew DART (20-45)

“This can be evaluated numerically. At high cemperatures, the level-spcing i 30
Simll, compared to KT, that we can replace the sum by an inegrl, and use
(20-38). We have

fae~ faatewom OT (20-46)
so that, using, (20-38) and (20-37) we get, for large T,

2 (122 1op 0") =(Creo = BNoor (rarisCc 1) =k (2047)
[Ac higher temperatures the vibrational states can become excited. The

harmonic oscillator potential in which the nucleus moves need aor be sym-
tmarmer Ifthe line connecting the two nucei is aken in the z-direction, itis
Fsusile thatthe poten walls will be steper in che x- and y-direction chan ia
The ediretion and thus in the expression for the exergy

Bm faalns +B) + hele + B+ Rane + 4) (20-48)

the first excitation will be from the ground state Ey = Hite + hay + Hux co
By = Ex fay Thus

Me Bly Be BF
Ee earn

orb

Eat Bot
=et
ite

awa(itSemr)(i- eo)
= Fy + fa, MT (20-49)

« acally wansion bewsen tbe orthoand pce-sates a etslow20 ba coolingge ana te make hype Un preci ne we aa
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ot aa Sa §nana

‘9 a To 7eA0

Fig. 20-3, Specific heatof HT gas as fancion of temperature

Hence

? « BEN = ge (Be)? never
£

(Coen = SE Na = Nok ( 9) ‘ (20-50)
% Fot He the vibrational effec do not set in until 600°K (Fig. 20-3). On the othet
and, for Cl, ioe has quite a low value, and at room temperaate, the contribu-

tion of the fst vibrational leva is ~ 0.5 R. la gener ayy are quite a bit

larger thano, for diatomic molecules, and therefore the high energy contribution‘of the vibational excitations computed from

4 fiEMdy LD ctoeeeroar
xfaensinir scm gost)

{Ras forthe rotational levels. This is shown in Fig. 20-3 showing Cr for Hs1. The electronic levels only contibute at excemely high energies
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Problems |
1. Ja HCL a umber of absorption lines with wave numbers (in cm) |sone oscars Noe rete hae fede eae |

Sibrational oe routional cansitions? Tf the former, what isthe characteristic |

Frequency? Ifthe later, what J values do they cotespond to, and wha is che
moment of iaertia of HCL? Ia that cise, estate the separation between the
nucle. (In radiation the quantum nsmbers change by one unit.)

2. What isthe ratio of the number of HCI molecules ina state wih J = 10
to the qumber ina state with J = 0, if che gis of eolecules i aa empenture
‘of 300° K?

3. The frequency of vibration of the CO molecule in its lowest sae i

v= 2X 10! Hz What is the wavelength of dhe radiation emitted inthe lowest
Vibrational excitation? What isthe probbilcy chat the fst vibrational state is
ited, clave to the probability that CO isin its wibational ground sate,
sven the temperature is 300" K?

4. Considec the vibational and rotational energy of« molecule ia the
sppeonination

BR) = bmt(R — RP + keene
Find the position where the energy is 2 minimum. Ifthe moment of inertia of
the molecule is calculated using the new internuclear separation, show thatthe
rotational energy can be witenin the form

By= AN +1) + B+ DP+
Detemine the coefficients 4 and B (the ler is the eflece of censifugal
discorion)

References

Several elementary books that creat the mater in this chaper are listed the
nd of Gupte 2



| chapter 21
Molecular Structure

In this-chapter we discus, bet only eulatvly, how the decwonic
structure of molecules determines their shapes and other properties. We begin

a puede and dacs in some ea because eee wo ele ceo{in contrast to the Hs molecule) and the exclusion principle and electron spin
Foe ins sake the se appearance, Poth hse aad inthe set ofthe

‘pater the nuclear nouen wil Bele

Ti it feowe bed Band the ewoelectons “and(Gig. 23) The Hamieouan as the fxn
‘

nemtis 242 aa
where

depends only on the coordinates ofthe election j relative to the nuclei. We will

fagsin compute an upper bound to E(Ree) by constructing the expectation value

3 f= Ht, as)
:

‘
@ 1 Pa 2

a Raa =

*

GA sag 20-1. Comte bs in he dacs ofthe Ha molec
& 327,
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ae just Hamilconians forthe Hs* molecule (Eq. 20-21) it is suggestivero ake as |four til wave function a product of ewo ley functions (Eq. 20-24) forthe Hs |
molecule j

1Yleuts) = a5 aay NACE + Vale] Wale) + Yall Kine 21)
“The elecuion spin sate i «singlet, since the spatial part of the wave function is
taken to be symmetric. In ths tial wave Function, each eleron is asciaed with
dh protors, eat is, the tial wave Function is suid to be a product of moleular
rbita, The description in terms of molecular oxbials is sometimes called the
‘MO method.

The aculaion of (Fo| |v) yields

e a), @ ,eA

= Ran) + (Ras) + (v2 i) ius
en) —2 # -= Ran) — (| A |v) (2)

where «(Ras) isthe energy of the Hs" molecule calculated in Chapter20. Thefirst oedr electron-lecton repulsion conuibution can also be calculated, and
when the (oral energy so computed is minimized with respect tothe separation

anit s Found that the binding energy and internuclear separationaze given by
Ey = -2.6609

R= oak a6)

‘The experimental values ate

Fy 450

R= ok an

Evidently the approximation is nota very good one. We noted in our discussion
of the Hy molecule chat the wal wave functions (the MO’s) are inaccurate for

Seall proton- proton separations, andthe fac thatthe MO's are too spread out in
space shows up in the numbers above. The tial wave function also bas some
Undesible facutes fo large Ran. The product in (21-4) maybe rewritten ia theform
ated) + voledIC ated) + baled]

= (ales) vale) + vals) vale + (Yale voles) + Yale) vale)e)
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“The firs term is called an "onic" term, since it describes both electrons bound ©
‘one proton of the other. The second term, the “covalent” term, isa description
fn terms of linear combinations of atomic orbitals (LCAO). Our tial wave
fonction thus implies, since the two terms enter with equal weight, thar for

G—Aarge Rus the molecule is a likely to dissociate into the ions Hand Hr, a iis
f into two hydrogen acoms, and ehisis parently false.4 “The last dificulty can be avoided with the use of the Valence Bond (also

‘alld Heicet-London) method, ia which linear combinations of atomic orbitals,
Este used. The singlet wave function used as a rial wave function in the varia

tional principle is taken co be

bi oe

Sven) = li+; saat {ales Yates) + Vales) ¥oCed)] Kenge (21-9)
(where, as before, che Ya(n) are hydrogenic wave functions forthe Fh electron

ES — Thoue proton . We could, in peinciple, add a triple term to out variational
tial wave function. However, a triplet wave function must be spiially anti
symmettic and has low probability forthe electrons being locaced inthe region

—berween che protons. We saw in our discession ofthe Hs" molecule ha jas this Configuation led to the lowest energy. Although ic is not immediately obvious
7 dhae dhe acraction is sil larges inthis configuration when there ae tw» elec

trons that repel each other in the system, it is in fat so. The results of varia-
Sonal ealclation wath the VB rial wave function is

4 y= ~3.14eV

R= 087k (21-10)

| This i noc significant impeovernent over the MO results, for che simple reason
tdut the inadequacy of the tial wave functions for small Rap cartes more

S- —weight. There should be no question about the quantitative successes of quaa-
e tum mechanics in molecular physics. More sophisticated crial wave functions
u Ihave to be used: for example, a 50-etin trial wave function yields complere
| agreement with observations for the Hy molecule, but it does not, as the MO
[and VB fonctions do, give vs somthing of quale fling of what gos c=z herween the atoms. In what follows, we will explore the relevance of these

approaches co qualitative understanding of some aspects of chemistry.
“The expectition value of H for the Hs molecule in the VB approach bas

the following schematic form

4 w= +. GY) = Say aolee + VasdanlHl Hoan + Pastor)
1 | e @¢ @¢ @
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+t“) [vata + Vestn)
where T; is the kinetic energy of the i-th electron, and since i

(n- 2) en Ben :
snd so fort his can be simpleto

1 | é @ é é 4

T+ = ( (vate 2 Tn oe +Te + len)
é é é eo

psp | 2, — Se — pk EN va+ (bat | fe an + ale ))
1 ua “ |

~ 285 a}2pm) + 0 ff Potten”
+eSfvilvettad ery

In obining tis, bea use hasbeen made of sane, The cams that in
mae this expeion more negativeat

1 Ss {2 | )
‘The former is just the atcraction of the electron cloud about one proton ro the
oeher proton; che second i the overlap of the eo eecons(oeighed with
Mfr) this can be large, shee wl Be binding, The two secon8 can only

cecap signal, however, thei pias areaniparll;hisisa coasequenceer the exsion pail. The gion of over is berweenthe two mud andthee the ateacton co the ave generally overcomes thecosta repullon
beeen the clecons,

Ta the MO picts, ro, i i overlap tern—the last term in (2:31)—

diwe i crucial to bonding, sad agin, bonding oceurs bease te electonhacg disbuton i lage berween the auc. Thus, hough hte the oxi
Belong tothe whole molecule ater than eo india atoms, che physic
reason for bonding i the me

"We will dices some molcses a tes of these wo approaches othe
descition of the electoni charge dsuibuion, An important spliation
‘cea because we ely do nor ned 0 take al eleceon inc account. Inthe

onan ofeb be lenceot molec, oly the oust e008,
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+

)-@ +» G)-O
t

fig. 21-2. Illustration of why paired dlectrons do not give tise to bonding. (a) If
patil electrons exchange, wave fonction ix spaially antsyromeuic. (3) TF anti
parle clecrons exchange, one erm inthe wave function has elecoas in the same
spin sae, which may require promo:ion toa higher energy orbital

0c in closed shell, ehac is, the so-called valence electrons have & chance © con-

teibute to che bonding. The inner clectoas, being closer tothe nucleus, are less

| affered by the presence of another atom in the viciity? Furthermore, not all
valence electrons coatribuce equally: if ewo electrons ate in a spa 0 state—we
call them paired eletrons—tey will give ret» bonding. To sce why this i 90,
consider what happens when an atom wich a single valence eleezon is brought
‘eat am atom with two paised elecurons, There are two eases to be considered

pg. 21-2)
4 (@) If ehe wo electrons tha are parllel exchange (ie, are put into «form

such as (21.9) wich a sign between he terms) then they mus be ina tripletstate, and hence the spacial wave fonction of this pair muse be antspmmeric.
This reduces the overlap, and ic turns out that che exchange integral gives a

E_sepulsive contusion to the energy.

(b) When the two electons tht ate antiparallel exchange, then one atomfinds itself some of the time with ewo elecrtons ia the same spin state, The

"1 may happen im atoms Bat even the valence eleont ace mer close to the
sucess. This isthe ee forthe ne ents A consequence ofthe at ha the ster eleons

Fin idand fsbo close a thatthe rv cx se chery ese ative than te tn+ donmeats 2 = 20 ~ 20)
+



original stomic stace will frequently no longer be a possible one, and oneof the‘lecttons will have to be promoted inco another atomic orbital. Sometimes this '
tray cove very lle energy, but usually his is notte case, and again bonding is I
‘not achieved. Chemical activity depends on the presence of unpaired outer electrons. AD

‘lectrons in the 1s state; promotion of one of them into 2 2r state costs a lot of |
are inert, Noc all unpaired electrons ate of equal significance. As noted before,
the unpaired d- and f-electrons in the transition elements tend to be close to the t

‘alled the “sacuration of chemical binding forces”: once two unptited electrons |

j |

o

*

@
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from different acoms form a singlet state (and cause bonding), they become
paired; an electron from 4 chitd atom must find an unpaired electoa elsewhere,
that is, participate in a different bond. Another consequence is chat molecules
have spin 0 in mose cases.

let us next go through 2 process analogous to the building up of the
electronic shails in atoms. In Fig. 2-3 we show pictures of atomic orbitals, in
| particularthe (Ys) orbial and the p-orbital. For the latter the linear combina-tions pon + Yara) and py(¥n — Vie) are plotted in addition 0 p(Y)A The contesponding orbitals, dry, den dys dn, 004 dre ~ dyy ate nor shown,

because the delectronswill play no role in our discussion, Figure 21-4 represents
PGE whac happens when stomic orbitals are brought together and exchange occurs

Thus, ewo 1satomic orbicals may combine into spatially symmetsic MO (hencewith spin 0) o intoa spacial antisymmetric MO, which is antibonding since the[wave function beewcen the nuclei is srall. Similtly, the formation of bonding
snd antibonding MO's with p-orbitals is illustrated in the figure. Note chat
(@) the parity “g” oF “u" can be read off from the figures, since these indicate
the signs of the wave functions; the distributions chat change sign upon re-

flection in the x= plane, hee represented by a vertical lin,are od; (8) since theF)— peeaad pyotbicals have my = 31, the molecular orbital formed from them is a
 —-orbiaal. Ie should be stressed chat in the figure we are mat just bringing two
E_charge disuibutions together, but ae wying to suggest the probability amplitude

thac resuks when wave functions ate combined, that is, the MO's such as

Yuta) Yule.) and Yap(ta) -E Vay (ta) foe Rap large and for Rep small: ‘We can use the MO's to discuss the propeties of a few diacomic homo-
nuclear molecules

1H, This molecule was discussed in some detail. We merely repeat thatthe——ewo electrons can go into a tsa, MO, and since this orbital hasa lower energythan
the sepataced ts atomic orbitals, cere is stability.4 Hey Of the four elecrons, only ewo can go into a bonding ise, orbital;

the other two must form an antibonding Lw.* orbital, The net energy is greater
> than that ofthe separated He atoms, so that no molecule is formed. In cerms of

| the Valence Bond picture, both azoms have pied lecuons and the conclusion
4 isthe sume. [a genera, electtons in bonding orbitals and in antibonding orbitals
tend ¢0 cancel each orher out. Since there ate two electrons involved in «full

4 bond, we may speak of « bond number, given by
( Bond ) at ( Electrons io Elecerons ina number) ~ 2| (bonding orbitals) ~ (ancibonding oxbital,

This number vanishes for Hes

Lis, The atomic structure of Li is (13)%(2i). Thus, che 2s electtons are

+ unpaized, and they can form 2s- bonding orbitals. We thus expect the molecule
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Fig. 21-4, Molecular osbitls resulting when wo atomic orbitals are broughe
together, (2) Two4 otbitals combineto form the spaally symmetric MO ae thatfBves rise co bonding: (6) Two # otbcals combine to for the spatially ancisym-
netic antibonding MO es, (2) and (d) show bonding and antbonding with py
omic orbitals; (2 and (7) show bondiag and antibonding with p orbitals, The
‘axis is along the line connecting the nucle, which ae presented by black dos

3a
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co exist, but because of the # = 2 valueof the orbital, we would expect thebinding tobe significantly sale than fo the Hy molecule

Ben, Here che atomic seuctute is (12%; there a no unpited cle.
trons, and hence we expect no molecule tw exist. This is indeed so.

: By, The atomic sructue indies tt hee is 2 unpsited 2p electon in
cach ton. Je can bein any one ofthe stats 2p, 2py ad 2h. They may com
bine cither into & 2pr. or into a 2pe, MO. The former has a lower energy, 30
that here the ground sate i ipkt Thi i in agreement with Hund's Rule
‘The state with highest mulipliciry haste lowest energy

‘The resson why 2pc, has a higher esergy is that there exist 2, orbitals.
Whenever there ae ses thee bave the same quantum numbers, “mixing”

crus, and sexes that ae almost degen tend to tepel cach other, The sate
that is lugely 2pe, is pushed up. We begin tose the eppearnce of complica

| than similar to the ones tha appeared in out dicusion ofatomic sure!
F

Cs. The atomic steucrure is (15)*(2)%29)", that is, each atom has wo

unpaired electrons, Since each electron can be in any one of threep states, two= boning MO‘ ean be formed. The MO desaipion turns out to Be (pe) pe)
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Nu. Here che sicuation is very similar to that of Cx except that thtee bond. |
ing MO’s can be formed. The MO description turns out ro be (2pe,)(2px.)*

Ox Here things get little mote interesting, because che atomic structure

is (1)*(2)*2pY, that is, ehece are four valence electrons. fn terms of molecslar
orbitals, three bonds, as in Na, can be formed, but this leaves two electrons that
cannot possibly form a bonding orbital. What is the least harmful antibonding
foxbiaal? The cwo electrons should avoid each other as much as possible, and this
‘an be done by meuns of a eile sate, with the electrons in orthogonal orbitals,
for example, one in a ps, che other in & p, state, with the two spatially ant-
symmetrized. In this case the spia of O, is 1, an exception to the strong tend-
cency toward zeto spin that was mentioned cutie.

Tn the Valence Bond picture, two of the four valence cecttons in oxygen :

must be paired, so that two bonds will exist orthogonal to each othe, as pis t0
‘pu for exainple, One may see the effect of this directionality in « molecule ike
1H,O. Each H uses up one bond, and we would expect the shape of the molecule
to be an L. with 90° between the equal length arms. Actually, the ewo hydro-
‘gen nuclei repel each other, and one might expect che angle to be a lite larger
than 90°. Experimentally iis around 105° tis the directionality of the p-orbitals
that explains the shape of simple molecules,

Lest the reader feel that all of chemistry can be underscood with the ma-

cetalat hand, we will point out justa few of the many complicasions éhat showthe subtle soutces of the incredible variety in the structure of matter. For ex-

ample, a carbon atom has two valence electrons, and one might expect a CH
molecule, with a shape similar to the HsO molecule, to exist. Actually, € tuins
tout to be tetrvalent (four bonds) rather than divalent, so that itis CH chat is
actually formed. ‘The reason is that although the ground state of C is
(as)*25)*(2p)% the excited state (1:)*(2:)(2p) fers very litde from it in energy.
“This sate, however, has four valence electons, and the molecular bonding with
four bonds is suficiently stconger chan that with two, C0 compensate for the

electronic excitation energy. More pecisly, the near degeneracy of the 2s and 2p
‘states in the arom allows the formation of linear combinations that allow larger

overlaps. Figure 21-5 shows that a lincar combination of an s- and s p-orbial
{gives a lopsided wave Function allowing an increased overlap, This “mixing” is
eually quite common. We may give « more detailed description of the water
‘molecule by working with Aybrid orbitals that involve s- and p-orbitals. If we
ignore the difference beeween the 25 und 2p electrons in oxygen, then we must
really deal with che more general states

x9 = abn + BPbn, + Ban, + BE bare Qu)
swith the coeficients constrained by

iP) hs 21413)
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oS)
Fig. 21-5. Combination of sand f, orbials leading to unsymmentic wave func:

q

4 rather than with da», day» dry 404 ap, 2nd molecular orbitals or valence orbitals
3 coostracted for use 48 tial wave functions inthe variational principle should be

tmade up out of the x's. The minimization of the energy will determine the
coefficients a and 6, For the H,O molecule, it tus ov¢ that the four onho-

F normal combinations are
41
4

2° 7 Out On t dn + don)
1

: 2° = i Ont ten — om bn)
1X°= 7 Ou — thn + in — tan)
1x8 = 7 Ou — bon — din, + nd (ard)

‘ Consider now the 10 electtons in HyO. Two Ls electrons remain strongly

3 ‘bound co the oxygen atom. (One could, for consistency, describe themin cermse of iss, and 1374 MO's, analogousto the Het molecule, but this changes nothing.)
By, x(0. The geomet shape ofthe molecule can be detecmined from che

form ofthese hybrid orbials, If we try ro daw what x Looks like, we see that
: the last three terms are all negative in the octant (x, y, z < 0) and there they

effectively cancel the steam. Roughly speaking, x° looks likea fa cigar point-3 ing from the origin tothe point (1, 1,1). Similarly x® poines fom the ocigin to© the point(1, —1, ~1), and so oa. The shepe isa tevahedon, and some simple[geometry shows that che angle between the bonds, @ satsies sin 0/2 = 2/3
2 so that @ = 109°, Without hybridization we found the angle to be 90°, and the
= truth lies somewhere in between. Ia more accurate calculations, (21-14) is

somewbat modified, so that only tee ofthe four orbitals are so pronouncedly
“pike” and the remaining oxbea! has less ditectionality, that, is more "ike"

“This more dewiled picture allows us to understand some of the properties+ of water. If we think of the water molecule as oxygen, with four tecahedeally
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oriented arms chat axe charged, with protons, from the H’s attached co wo of |
then by Coulomb fores, we fst ofall sce chat the water molecale may be
‘expected to havea large dipole moment coming from the two negatively charged
arms pointing sway from the pron, We cea (cf, Chapter 16) that a ground
State fan only have aa clecic pole moment if is degenerate. We exsily sce
that since the gap change sign under reflection and the gx. do not, the x" are
not eigenstates of party. The reflected orbitals, for example,

1(00 = Fou = bn — bm — anx we Gan, — bay — bn) 1-15)
have exacly the same energy and the fefected shape, The ground state is there-
fore degenerate, and a dipole moment can exist.

"When waver molecils get close to each other in aliquid, che negeively
charged arms of one may come close co the proton of another. The electrostaticfanction between the reo wil lower the energy, and chee will be tendency
for che wo molecules to bind, The bond is fairly weak (0.2 eV) and is called «
Iydrogen bond. Each watet molecule can bond four other ones at once, and one
thus expects to find large clusters of water molecules in the liquid, effectively‘molecules of the form Hs,Ox. This leads to a strong temperature dependence of
the viscosity of water, In cold wate, che large clusters easily angle together:
heating the water breaks them up and reduces the sizeof the clusters and hence
the viscosity

‘Many other molecules also form hydrogen bonds. This is how the processof dissolving works: water molecules foam hydrogen bonds withthe substance,
find the molecules ofthe substance would racher stick to the water molecules
than to cach odher, the substance dissolves. Oils do not form good hydrogen
bonds and thus do nt dissolve in water.

‘Not all hybrid orbitals are of the form (21-14). CH. is tetrahedral, and ia
face the bond angle is 109.6, but in CyHy che molecae has a planar serocur
‘Te tums our that for this molecule, the carbon orbitals are hybridized as follows:

x = Om

owt. fix WV ou + NB om
weston -seeet te

» etn - ete :XW = yt — gt itm a1)
“The fist one points along the z-axis, and the lst chee are oriented at 120°
ineris sn the 27 pline ‘The four outer electrons in czbon [specifically

Ga'OpA po ince these obials. Given «wo carbon atoms, the two electrons io
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\

Fig. 216. Bonds in the Ga mole

the x and x! cris bind to dhe bydogens, while tos inthe x and
‘states form bonds to the other carbon (Fig. 21-6). The electrons in the x stare
form 2 ¢ bond berween the carbons, while the electrons in the x state, being
trig anges (othe bonding an, form a bond. Is thee bonds tha force
the two f orbitals to be parallel, and thus make che rest of the structure planar

Tat Gal comment we note tht inthe so-called “aromatic” compounds,

foe canple bonne we earnet speak of soch welllocaaed eras, The
carbons are hybridized as in CsH, and they form a planar structure, with the p,

— urof

the plane (Fig, 21-7). The o-orbitals form a core, but the x-orbitals can be| paired according to (12) (34) (56)ot (23) (45) (61), both of which havethe sameFaagy. Aa wal oat combinations ofthese degenete poli lower the
neg, so te beste des not ave eine cba Ti nal

‘exchange effect strongly affects the physical properties ofthe compounds, but«discussion of these would carry us too far afield. For more information, the
trae hos tum o books on Gut chem

E
d
'

"

ien KR

% —k : (oe

j Fig. 21-7. sehen purof Benzene mole (CH).
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| chapter 22
| The Radiation of Atoms

4 In the study of spectra, that is, the study of eansitions between atomic
Evel companied by the emission or absorpica of radiation, ne is interested
Fj the inertron between atoms and the cectomagnetic Bld. Since the ria
Eton feld oscillates, itis time dependent. It is therefore necessary to study the

effect of time-dependent perturbations.

4 A. Time-Dependent Perturbation Theory
g “The problem is, given the complete set of solutions to
:

Hobs = Folge ay

Fewselve foe yt), which obeys te equation
: 02 + volvo (22)
The seandard procedure isto expand $(2) ina complete set of states:

ww) =z= 6 oy (223)
The time-dependence associaced with che gy is explicitly inserted im the ex-
F pansion, so thar if V() = 0, the a(#) would be constants. The expansion
© Reecints i) sais a set of equations th may be obsined by sbstiting

(Ga) seo the ime dependent Schrédinger equation (22-2), We get
£20) 5 paceg leg, = Hye)= [a pF Bate) RM y= BHO)

i -= [» + awe a om oy
aan
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shat, :

BEBO6 AE VOaeM & (224) |
“aking the sear product with 6 and using the orthonotmaiy ofthe $m.

. (alts) = Bow 23)

yields, after the factor ¢~*="’* is divided out, the set of equations

HAO AEyOOnIVOlb.) (2) ;
We shall solve these to fst order inthe paramere 2 Asan intl condition at

P= Owe take the system tobe ina pacar state, 30 tha (0) ~ du thai,
us(0) = Bua e027)

Since depatues from these value ar ater times wil depend on’, we may, fora
fascorder cluation, substitute the above into the night side Of (226). This

yields the diferent equation (fo m 8)

90 @y g0-2O” WV OI60) (28)
which scaly solved

RPh gy geome ny. yeG) = Bia HOM GIVI) G29)
“The probabilicy chat at a later time 1, the stare ¥(/), isan eigenstate of Howithenergy Bt that is, Bat dy, According0 the expansion posulte

Pal) = | aldODE = ai? (210) |

“This gener result can only be made mote specie if V() is known. The pet
turbation pil be specified next!

B. The Electromagnetic Interaction

‘The Hamiltonian describing the interaction of an electron in & static
pocenial ¥(?) with an clectromagoctic id descibed by the vector poreatial
IA(ed) is given by

fal UO NODE yy ea
+ Acrly,motecan be ft iknowa hater 7) aes eysowox changesery py congue! to te gpa euendea (eg E0/a) in he syne. Sec

TERRE Salen” apposite doce in care edvanced ems
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fas we saw in Chapter 13. Thus, if we waite

3 we Fave (22412)
we find that

:

WO = © Aeo-p (22.13)
{In obtaining the last expression we have specified the gauge so that

V-A(rd) = 0 @214)

‘Under these circumstances, p-A = Ap, and we have dropped the ream quid
“FBR

xc in Ae). AF we eat ¢, the electron charge asthe paramerer of smallness \,
then the A? tem is a second-order term, We will see that the A* term will

contribute to the scatreing of light by an atom and co the transition with the
emission of two photons, but it will not contribute to the transition accom-

panied by the emission (ot absorption) of a single photon. The probability fora‘tanstion involving two photons involvesa factor (#)$, whereas the one-photonF transition probability is proportionalto e. Recalling thac the appropriate dimensionless number involving # is a = ei/fc & 1/137, we are justified in concen-

eating on transitions that are accompanied by the emission ofa single phocon.

“To give & real justification of the association of exch A(r,) with the; emission ot absorption ofa single phocoa—so that higher powers of A(ry)~ imply the presence of more photons—one must teat the electromagnetic field
—quancum mechanically, cha is, teat the fields at each poinc ras operators. Thisisfundamentally not teribly complicated, but itis outside the scope of this book.
©Thereader will hive co take the following assertions on faith,: 1 we waite

: Ale) = ASle) + Aale) (22.15)
‘then in the emizion of « photor, only the fst term, with the time dependedce ,
is to be included in NV(), whereas in the adsorption ofa phat, only the secondterm, with ehe time dependence «™, appears. This is a consequence of the
‘Beneral association of Ag(e) with the Creation ofa photon and Ac(r) with theannihilation of a photon, und the time dependence is just what one would
‘expect from the harmonic oscillacor (7-51). The resemblance to the harmonic

F —oscilcor problem is not accidental, since ia the quantization of the elecro-
[magnetic field, what is done is 4 normal mode decomposition, according to

‘which one finds that the field i really collection of simple harmonic osilators;
these are chen quantized. The “occupation sumber” # tha labels the harmonic

‘oncillacoe state vector may be associated with the number of photos, hence ASF
tises the photon number by unity and As lowers the photon number by unity.

é
+ "The mote quatitaive description of Aj(e) and Ad(r) aced not, for-



344 Quantum Physics

“eunately involve the fall machinery of quantum electrodynamics. We may use f

comrespondence principle arguments to find these quantities, and thea just tae ithe quantum mechanical modifications. Away from the sources, the elecro- 4
‘magnetic field has a very simple spatial behavior. If we look back at (13-12) |

= FAM) = Fae =o 0216) }
‘whose solution is |

alr) = Age (22-17)with i
w= (2238) H

‘The choice of gauge (22-14) implies thar
k-Ay=0 (2219)

The eectic and magnetic felds conesponding to this vector poten are

Bm — 2A 8 go 5 compler conjugute :
B=V XA = ik X Aye + complex conjugate (22-20)

Now the energy density ofthe electromagnetic field is given by

1 ifje oy . A

eth if: = AwAS +201 AD AD + titi ens |
(22-21)

If we average over time, so thatthe osilating terms drop out, and make use of
the fact that with (22-19)

(kX AdeX AS) = AoAS (22:22)
and that = ut/, we get

1 tye ALAS 5.
a EBD Aes (22.23)

If the system is enclosed in a box of volume, V, then the toul enexgy in the
leccromagnetic feld is

u 2) Hage (2fer dons ny = SE ide (22-28)
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IEthis is to be carried by N photons, cach with energy fic, we have
f Wi,

rary ‘Adl Nho (22-25)
“The direction of Ae is determined by the plaiation of the electic fel, and

willbe dened by the unit vector er must satisfy

went

ES tk=0 (226
he We therefore obcain

- Ate) = (=) oe (227)ov

The quantum electredynamie medication isthe following: For the absorpcion of @
{Tighe quancum by 2 charged particle fom an initial sate that alrcady has N

F photons offequency a, :

Ap) -(2EM)" cameo (2228)ow

Ror the emission of a light quantum by a charged patticle into a final see that© has N-+ 1 quanta, that is, from an inital state with N quanta of frequency w,

2a
4Ales) = L oW (22-29)

Heace for the emission ofa single photon of fequency fom «sae that has 0
photons, we have, according to (22-13),

E w= £28)" epee (2230)a a oy

s cals) = =( 9) mie e vie fe (22-31)
‘and thus the probability of uansition from the initial state & co the state w is

4 Biven by

Re Qa et 1 a

Prat = ZOE aale®™ eian|t| [a 2 [ese
‘The time-dependent factor is

at | y- |e 2 sig At |? A gigsoo [fiee| l= [za so At sat aos)&
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xe |

\ i

a

-oF OF OF

Fig. 22-1. Plot ofthe function 1/a? sin? /2 versus a A

where :
a= Pethe (234)% |

Figute 22-1 shows the behavior ofthis function For lage ¢i becomes strongly

peaked at = 0,and away from & = Ot oscilacs very rapidly. This isthe kind(of behavior that we associate witha dela function, Infact, if f(A) is« smoothFunction of 4, then, for sarge
<4 Saige &
[tof Bas fof a A sine 8

= uf)f apmy= 2aif0) (22-35)
that is, fr lange

sine B20 81a) = arte + eB) (236)
“Thus the uansition probability in (22-32) grows linealy with tine, and hence



‘The Radiation of Atoms 347
the transition probability per unis sme is

; PrP Je e-plg)|? Ee? — Ba? —Tien = 2H EEG [Ube " ecpldad]? HE? — Bat — hs) (2237)
For gencral purpose, it will be useful to remember that ifthe time-dependent

5) perturbation is of the form
: Va) = ve (22:38)

then the formula for the eansition rate is

aThan Fl (Gal ¥*|¢u)1* MEs* — Ba? ~ fs) (2239)
_

As things stand, the reader undoubredly feels swindled. First ofall the

manipulations involved in (22-33)-(22-36) certinly ate not straightforward.F -Theyinvolve vague notions such as “slag.” which cannot be taken too seriously,
since a taasition beobebility chat grows linearly with time must sooner ot later

exceed unity. Second, they lend to a nonsensical formula, according to which «
perfectly reasonable quantity, like the transition rte, is proportional ro a delta

E fuaction. Needless «o say, the difficulties are connected, and we will later
F outline a more satisfacvory discussion. At this point we merely note that the
— faule lies in the use of perturbation theory, and that both (22-37) and (22-39)

= are comect, if propery used.
4

or this, we note that Cy-aqi8 rally the transition probability per unit time

PS fefhe an mang ration fom th at te al acpaney eemia ofaphan of energy es. The delta function, unappealing as itis, does cell

fs thar energy must be conserved, chat is,
fo = BY BP (22-40)

|The delea function is actually integrated over, if we tke into account that the
phocon energy fe does not uniquely specify the photon state. The photoa will

in general be detected in some momentum interval (k,k ++ Ak) in the vicinicyofFil = w/c, and che eanstion rate chat is measured is really

Ren= Elie (2.4)

‘summed overall the possible photon states in that interval. Note tha the vations
final saces in che interval Ak are in principle distinguishable, so that ic is the

* probabilities that are summed. We will se that the sum (22-41) is well defined,
e since, in effect,

ic involves the integral ofa dela function and a smooth function.i 4. Tee tummation willbe were i the next section.



4

C. Phase Space |

We will now calculate the number of photon sates in the momentum |
inerval (ky + Ak), cha is, the density of photon states, For the purpose at

td, wee the etn penta Qe) in he form |
1 tAte) = be af + complex conjugue .0d) = Fe + complex conjugs (22-42)

‘where V is the volume of the enclosure in which the ealelation is done. This !
"box" is usta coovenience co save us the eouble of working with wave packetsforthe fee prtcles (the photons, hete—cf. Chapter 4. Its shape and che condi-

tions at the Boundary may be chosen at will buc it must be large. Ar the end, we
will take V—» «©, We will find it convenient ro take the box to be a cube of

side L, and to impose periodic boundary conditions, tha is, z

Nxt Ly 7.28) = Ales 7 52) (2-8)

and so on. This implies, just as in the solution ofa particle in 2 one-dimensional
box, thatthe wave numbers, that is, the moments, ae quantized. The foun

(22-42) requires hac eth a qth = gh ay (22-44)
thar is, cha che wave numbers be ofthe form q

a t Fa 4ban be Em ew Ee (22-45) t

"where ms, and mate integers, We also have

Ak = Abe Ab, ah, = (2) nA, Bt (22.46)
and

2x
= Ihde = at + mht ma? (2-47)

‘Whenwe cary out sum like thatin (22-41),we su overall values of (Ay)in the range specified by (22-46) consistent with the constaine of the delta
fonction. Thus

Rew Ye Paw

= fentin
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= fEIT iw(x)

ve :
| ~[hn (aay

Ia the second fine we made we ofthe fae thas as F becomes lege the stases

‘ecome very dense, andthe su can be converted nto an integral in the tied

. line (22-46) was used, and in the last line, the relation
ree p= ik (22-49)

ves used, The iategrson is over the volume in momentum space defined by the
E Caperimenalamangement. I we write

op = apy~ a,(*) a(*) (2230)
srhere isthe Sli angle diferenil we fn ha the energy conserving deta
Faction simepated over and the result

We ate rea %Rew = [EE lose e plot alps
. po Mh) see pe
% x ie oR a(ES — Eat— fs)
E 2 1 ter *
; = fay Sone, ale eles 2-51)

wher

: Bo - bet

5 nn (22-52)

Bee experimen apparatus does not dsctizsinsreberween the polation
sates ofthe photon, the rate calculation coos include w sum over those two

«HE independent final states. Furthermore, the sum should also include all the fina!

States of the atom. This will be discussed fn ate secon.
:

| ‘The pase space

ba ve

a en = De (2253)
Sig not esuicied to photons, An cectfon that fice i decibel by the plane

trie function 1/9°°"andic wll have the sare density of sate. The only
f

difference is chat the relation becween energy (which appeals in the deka func:
© ion) and momentum is E = p/2m [or reais, E = (pre > me)"

a inscad of E = pe.
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If we have several fee particles in che final sate, the density of sues is
the product

VaryTl Gay (2:54)

‘The expression (22-48) combined with (22-39) then generalizes to ]

Vanye f TEER myiss(ae+ Em ae) e259)ft + (xh)? 7ingen |
where Ay;is che matrix element ofthe perturbation between the initial and final |
sates of the unpercurbed system. The deloa function again expresses energy

conservation, that is, the energy carried off by the free patticles is equal to the |
energy change in the system, and sh ingration is ovr indigent mena Ths, |
if system decays into the parties, there ae only two independent moments,
since the thied one is determined by momentum conservation. Note, however,
tha the product of factors in (22-54) is overall the particles inthe fal sete,

that is, i involves V* if there are m particles in the final state. Equivalently we
could write (22-55) as an integral over all momenta, with a delta function that
‘includes a statement of momentum conservation. The reason that such a delta

function did not appess in our detivation is we are dealing with atoms that are so
‘much mote massive than the photon (peccisely Mxion >> fa) chat the atomic
fecoil never entered into the calculation, At any at, the resue

a fT vea= 2 f vemshee

ximaltd(er—2e- D&)a(w—w- Dv.) @259
which could also be abbreviated by

aRay= Mal lB) (257)

with p(B) called the density of states, is a fundamental result, and has been

named the Golden Rule by Fermi
'Note that the volume ofthe box always drops ou. Fo fre paces in

che final state cheteis a V* from the density ofstates (phase space) anda 1/./Vforeach fice particle in the matrix element, coming from heir wavefunction

en

Noy 0258)
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‘There ace # of these factors, and chus the V’ dependence of the squace of the
matt element just cancels the V* from the phase space. We will hive further
‘occasion to use the Golden Ral, but a this point we cura to the evaluation of
the maczx clement foe the radiative wanstion.

4 C. The Matrix Element and Selection Rules

q (Oe next task is to calculate

nie" e-ploa) (22-39)

‘We begin by estimating is magnitude. For « typical atomic usnsiion

ep~ [pl ~ Zmca (22-60)
4

‘We also need to estimate the exponent, since it is an ascillacing factor and could
change the result sigoificanly. Wich

A
~ (261)

and

fo AmeZa me “
mw heAma me iggya BAe 5 (2a (2.62)

we have

dw Wa (22-63)

Heace, for Za & 1, the otdet of magnitude of the matic element is indeed
Ema, thus

Reon ~ 2aaZa ~y afay? G2”
~ ala) ~ 2X 100 Zt sect (22-64)

Te simpliies masters chat in the expansion

oar EP ay (22-65)
the successive tenms are estimated to decrease a8 Za. Thus, to otdet Za,

a nie *" pits) = nl e-pigs) (22-66)
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We may write this as

f Ga|Plde) = me- (nl de/dt|dx)

=F e-Galttisits)

= im OE Be aairign) |
= ime e alt|de) (22-67)

“Thus we ae iotrested in calclting the mats clement of the opeor and
that it one reuson for cling the approximation (22-€6) the clectic ile |
‘resination.

IF hein sate dis a hydogelke sae characte by te “inital”
quantum sumbers ny, aod mand the state du he Gal state, bythe quantum
number ny, and my, chen what needs co be craluted i

Caolerisay = fedefatal) Yui) eR) Yel)
7 |

= V 1drRafe) Real)

XfVn 0.0) CFV) (22.68) |
“Thera imega wl be discussed fora special case inthe ext section, ere |
wre concentnte‘on che angels integral. We have

ef = esin8 con 6+ asin sin b+ 6 6088
and making we of

Ve Yell, o= co28 [Ze Vial6e) = Fain vee” — 226)
lie agebe yields

era ratio atig ) :=f (ot AE rt Sa) wm
‘Thus the angular integeal in (22-68) involves

/BOY (68) Yi.nl0,8) Yim O.#) (2m)
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‘Let us frst consider the azisnuthal integration. It yields

f dy0 Gt P= 28 Bom @7n)
We thus gee the firs selection rule

my — m= m= 1,0,-1 (2.78)

“This was che selection rule that was mencioned in our discussion of the ZeemanFs Bilec. Specifically, if we define the z-axis to lie along the photon momeacum
direction k, then the condition (22-26) implies that = O and hence m = -k1
‘only appeats, so that

y= mm kh 278)

Asa special case, we note that if che final state is che ground state, with Jj =

Dy = 0,chenme = —m. For example, if m, = 1, then mg = —1 and hence theF ——polariacion vector for the radiation is (ey + iey)/-/2 The implication is
© that if che atom in the inital state is polarized along the z-axis with mes = 1,
4 then in-a decay toa stare with zo angular momentum, the conservation of the
component of angular momentum demands that the photon cay this off
©The photon muse therefore have ics spin aligned along the positive z-axis, chat i,

ic muse have positive helicity (helicity = +1), of, equivalently, ie must be lef
— cicculatty polarized, This i just what the term (ex + fey)/V7 indicates.

r “The 6 integration gives tise to another selection rule. Consider first the
peeved = 0 Se Yau = W-/x, the angular integration (22-71)involves

1 y=

x VefRY nlO8) Yell) = zs bis iim 279)
: which implies chat he intial sate must hare I, = 1. In iydrogen. the dominant

tmunsitions t0 the ground state will be »p > Le
q ‘More generally, when /,and ly do not vanish, we stil get a selection cule.

‘The detivation, beyond the scope of the mathematical knowledge about special
fanctions assumed in this book, makes use of the addition theorem for sphetical

harmonics, which reads

Yi) Vi @0) = | Ba) Gls me mf te mm) Yims am(0d)
F

(22.76)

“The coctficienes C(L, ms + msi hy ty my ma) ate the same Wigner coeficienes
+ that appear in (15-44). The possible angular momenta on the right side are just

i
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those that could be obtained from the addition ofthe angular momenta I end ly.
‘Substitution ineo (22-71) yields

‘atf
AVI 69),Bo Ly w+ mi Ll 1) Vintne (O9) = 0unless |Wm ht hy 0 (22-77)

‘This is the general form of the electric dipale radiation selection rale i
Al= 1,0, 1 (22-78)

with the observation, obvious from (22-75) that there are ne zero-zero sransisions.

‘There is « furcher constraint that comes from patity conservation. Since F is odd i
‘under reflections, there is an additional selection cule for the electric dipole
erasitions:

‘The atomic state muss change (22-79)
parity

Since partyis given by (~1), his implis chat che Evalue must actully change.‘Thus, for example, 3p — 2p transitions are not allowed to order Za.
“To che extent thatthe only penurtacion isthe coupling

pace) (22.80)

there i no spin dependence int, and hence the spas cannot lip in the transition.“This leads o che addtional selection rule

as=0 (280

mentioned eater a connection with the spectrum of helium.
“The selection rules sated aboveare noc absolute. The conservation as ofsogular momentum and pasty (fr elecromagnecc proceses) are absolute,

but (22-78) is only approximately true. Transitions between states that involve&change of lager than 1 canaot ke lace through the lectic dipole mechanis,‘They an sll ake place, provided there is « nonvaishiag mattx element

@|e°** e-pl ge) (22-82)

ForAl = 2, the first power of k-r will give a nonvanishing contribution, We
smay wate

kere-p =} (epler + exp-k) +} (e-pk-r — e-rp-k)

= depker+ empk)+4 x 0: Xp) (22-83)
“The fit of these tems i called an elecic_ quadrupole cer, andthe second
is cleatlyreited oan LB tem, andi called a magnecie dipole team. For these



The Radiation of Atoms 355

transitions, whose matrix clement we estimated to be Zr ines smaller than the

leading term, we will have A! = 2, and, since the operators in (22-83) are even,
there will be no pasty change between the atomic states. Transitions becween
3d— 1s, for example, cannot go via the electric dipole mechanism, but can govia the electric quadrupole mechanism. Actually, if tums out to be much mote
probable that che 3d stare decays fst into # 2p se, and che later then under:
{oes the favored 2p —» Ls transition

“The spin selection rule AS = 0 (00, is not stced. In addition to the

‘coupling (22:80) there isthe coupling discussed in connection withthe anoms-
Jous Zeeman effect

{

We =cadSBE) (22.84)
‘The matrix element for AS # 0 cransition-inducing term can be estimated. We
compare it with the elecic dipole matrix element

- (eg/2me) fk X e| _ Rik} fas me*(Zar)*: (eglamo Bike eh lll he melee 7, an.(2e/me)\p-e| |p| ple mc(Zat) 6 )
and see chat itis suppressed, just like the magnetic dipole matrix element, which

it strongly resembles in form. As an example of a sitation where the coupling
(2284) plays an imporcne rol, we consider the nuceat process of photo-
Aisineegation of the deuteron

4 ytdantp (22.86)

The deuceron, to a very good approximation is a *S, state. An electric dipole
transition mist involve the final (x — ) syscem in a 'P sate since AY = 1 and
AS = 0, It tutns out, however, that just above threshold for the reaction, the
‘vo nucleons aze unlikely to be in «eelative Pstate. In general, particles will

© be in a telatve angular momentum 1. state with any appreciable pobabilcy
only if

[paz AL (22-87)

whete pis the relative momentuun and 4 ae the dimensions of the system. For
the deuteron it tums out that for 7's below 10 MeV in energy, the (w — p)
system is unlikely to be in « Poste. The addtional coupling,

— aig ote + 0): B (22-88)

‘an, however, lead co a transition berween the *S, sare, and the unbound 'S,
face. The intetction may be rewrite inthe fotm

bi. = sgh Go + all FD +A — Bll — AB 2.09)
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‘The firse term is symmetric under the m+»p exchange, and hence cannot con- |tribute co.n tanstion between symmetsc and ansncayrameric spin sate
‘The second tm does, however, contibutes The covets are acy quite |
lange, since gp & 5.56 and ga = —3.81. |

Tharsis one selection ale cat is scred, and thc is che one forbidding

2ero-rero transitions (referring to sotal angular momentum j = 0) in one-photon |

frocence, A gener way of atguing te absoluenes of this selection rule i the |
Fetiowing: The mata clemene, 2 salar quaniy, mast involve the photon
fobabaton Tnety and muse therefore be of the fori e-V, where V is some
Perottat ener io the problem, Ite inital and final sae aej = 0 ses,That i have no dzecdonaligy associated with thom, then she only sector isk,
the photon momentum. However ek — 0, s0 that tte is 0 way of con”
Seruting » rat element, Te muse therefore not exis?

D. The 2p 1s Transition

Let us now specialize to the transition 2p + 1s in (22-68). We need to
evaluate the radial itera,

f ar PR) Ral)
- EN aye\f 1 Gs ene[oeole(2e la (@)"«
L(z\ fr

-1(2 deh eRevale)
1 (zy 2s) f° 24 (y=~ (2) (24) [awe Are @vale)Gz) ieee vel) a= ea

“The angular inept

oad 1 fz( retieYoceF Yim= <j | AD ‘at Fe MiaJarier ins Se /$ (oat ee
setig

oy) Yo
= (tee tOntvaline ye)

(22-91)

she ion «ok ~ 0 indepenen ofthe hice of gut, and + sateenouttent acctomayie fell. Schspunens "by erent

aaai dhcnar pure a, nh the tec soey tao,
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[Now the tbsoluce square ofthe product of (2250) and (2291) is

962)"(SY fleet + aoa + mer + a G20SY’ (GY feet + Gant meme + 0) :
‘so that the transition rate is for a given m-value of che excited atom,

wy 8 gt (eytoro foto) sae (2)
X Bacet +4 Gast det + oP) 2293)

F where

LLL sae (1 — 2
3m os

: “Ek (Za) (22-94)
Bis che frequency of the radiation emitted in the transition.

“The angular integration in (2.93) is over the photon directions, and this is aot
| trv since « is constrained «0 be perpendicular to the photon momentum

Bi direction. The integration is very simple if the inital p-scate is unaligned, that is,
{——icoccus in the three possible m-stces (w= 1, 0, —1) wich equal probebilcy
Thenates thea

ii Ran = 5S Repu) (2295)
* Since

ie a2 Bane +H Oa + ba+ GD] = a GP tat = 1 (22.96)
Feincegrand becomes independent of che photon direction. This result should
{alto be multiplied by 4 factor of2. The reason is thie there are twopossible
4 polarization states for the photoa, and we are detecting oth of chem. A more
& ‘careful way of writing (22-51) would have been,

fa te me E,[Gole™ pla? 297)
. with \ denocing the poarizttions. The two polatization sates ate orhogonsl,
so chat we hve

. 22 = by (22-98)
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When all ofthis is put together, we get

a ism, ya ktPee Ca (a's

= EME alta) 206 X 10 Zee" (22.99)
‘This differs by a factor of about 25 from the estimate ‘made in (22-64). Thus |
‘ered factorsin the maces elementsae important and guesses cannot replace iSGleultion,

Nevenbles, dimension considentions and a proper counting‘of powers ofa do give us an order of magnitude guidance to how large physicalGquandhis ia atomic physic az.

“The expression for the rate

ayn Be ESS eee (22.100)

may be cranslated into a formula for the intensity of radiation by mulkiplying it
by the energy ofthe light quantum fi, Thus

é 7 OyaIm By aD L(fleli-e™| (22-101)
“This, however, i jus the canal formula for the intensity of light emied by

tn oscilating dipole, of dipole morene
d= e(fleli)™ (22-102)

providing another ilustation of the cotespondence principe.

E, Spin and Intensity Rules

“The incision of spin does noe change things ery much, eis re tha theinl ses and he Seal sates can each bein a8 "op" ora “down” spin state,

put sinc te ineratin i atomic exostosis spin independent, only “up”—>"up" and “down” =» down’ tansiionsate allowed, Fenceche eansition es‘will not only be independent of mz (as we saw in the last section) but also of m,,
Tid hence, mi, With the inclusion of spin-obit coupling, here willbe Sal

{onthe see ofthe 2p-~ 1s energy diference) level spitings. For example, the
fron andn 2 level structures changed a shownin Fig. 22-2, The spelTin comesponding to the vanstion 2p» 1s split ito two lines, "Pua —>
Syaamd Pan > Sin Fr he spi sates, he racial itepal and the pase

Space ate ment unchanged. and bene fhe rai ofhina of hele omatermfom the gular part of tinal ne, tha ary from anger
someon neato
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27h

——

»He
T8i0

¢ Fig. 22-2. The splitingofthe 2p ~ spec lineby spin-orbit coupling
4 ‘The table below lists the wave functions for the stares in question,

3 ‘od parity even pacity

J J m= Tt ra
3/2 3/2 Yaxs _ -
3 V2 Vai Yo t-ViS Yin
32 AR MAB Yom VIB Ya =
a2 3/2 Yuax -

. V2 12 Vif Yee — V2 Yux Yous

j 2 HW V2/3 Yin — Vi Vx. You
a In the squats ofthe mass elements, the al pce ae common talofthem, Thus, in considering the rates for Psjs—> Sis we must add the squares of|the transition matrix elements for m; = 3/2 —+ mj = 1/2, my = 3/2 my =
$ 1/2, ....my= —3/2—9mj = —1/2, while the tate for Pry —> Sys involves theé

sum of the squares of che matrix elements fot m, = 1/2 m, = 1/2...
mj = —1/2—» m; = —1/2. This can be done ditectly by techniques that sre

3 ‘ite sophisticated and beyond the scope ofthis book. One can, however, wotk
‘out these quantities in detail, using the fact that the spin wave functions are
onthonotnal

r

Pan Sus

ma 2m = 12 nie] Yee)|? = 6

i sa —1/2 0 since x}x- = 0

; a+ 1/2 AV FBYol-e|Yu)/?= 0 Qn = 0)Y24-V2 IVA Yulee! Ye)|?= 6/5<2 2 | VAPYicalr-el Yo)? = G3=Ya—-1/2 VB YoleelYa)l*=0 (m=0)32+ 12 °

. 32-12 1Wialeel¥e)i = ¢
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If we sum the cerswe get Dee’ (22.103)
Similaly

Pua Sue

y= 1/2my = 1/2 |< 173 Yuoye-¥| You)|? = 0V2 -1/2 {(-V2/3 Ynje-r| Yoo)|* = 26/3
m2 1/2 |V2B Yast ¥eo)|" = 26/3
Hin -1/2 VB Yiele-rl ¥u)|* = 0

Again
4

Ee-% (22-108)
“Thus the ratio ofthe intensicies is

R(Pur— Sin) _ 80/3RiPun—Sim) _ 86/3 _ anRP Sud) 473? (2209)
“The reascn for summing over all tbe initial saces is that when the atom is excited,
all the pevels are equally occupied, since theit energy difeence is 30 tiny
Compared to the 29 ~ Ls encegy difference. We also sum over al the final tates
Sfrwepeafor an experiment that does aot discriminate becween ther, asi che
‘ase fora spectroscopic measurement, In Out calculation ofthe 2p —> 1 ttansi-
ion rate, we averaged over te iia n-sates. There we were concerned with theoben of asking “If we have N atoms in the 2p states, how many will decry
per second?” The averaging came about because of the fact that under most
Efcamatances, when N atoms ate exited, about N/3 go into each one of the
fn 1,0, =i sates, Here, the fact chit there are mote levels in the Py state
than there ate in the Pya state is relevant. There will be alcogethcr six levels,

our with j = 3/2 and two with j = 1/2) and there will be on the average N/6
‘atoms in each ofthe states. The fact thac there are more atoms in the j= 3/2

subset oflevels just means that more decay, and that therefore the intensity will
be large.

Problems

1. Abydzogen atom is placed in an clecrc field El) that is uniform and
has the time dependence

B= 0 <0
Fhe bo



Tetalain toast

‘Whar is the probsbility that as ¢—+ =, the hydrogen atom, if initially in he

2. Repeat the above calculation with che time dependence of the electric

! field given by

Bi) = Eye

§ [Hinz Asa firsc step, modify Eq. 22-9 appropriately.) Discuss your resule when

7 3. Consider a harmonic oscillator described by

:

Ctee ae

F where

by wf) = a + bo cos fi
and bo Kon.

Calculate the probability that a transition occurs from the ground state, as a

(|A] 0) = h/2V2me for w= 2

: Can you derive this formula using che material from Chapcer 7?
4, Supposea particle of rest mass M decays into two particles of rest mass

m and ms, respectively. Use the relativistic relation between energy and mo-

‘mentum to compute the density of states p that appeats in (22-57).
{Hint There is only one independent momentum, say p, and what is needed is

sve )Jeet (tow Be
i 5. Consider the above calculation when the decay is ofthe form
i A>B+C4D
4

with particles Cand D massless.

(Hint, These ate now two independent momenta}
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‘but does not make any trnstions. To be specific, consider the ground sate,
sothat

Hobs = Exbo

Let V(0) = fi)V where f(@) is slowly varying function, as showa in the graph,
If the groundstate of H = Hy+ V is wo, the theorem states that

(ely

fo

“The steps to be catied out ae the following:
(9) Show that

Lf peortennBf ay pae-noeing (yyx i. 40> aa
for cimes# such chat f(t) = 1. Use the fact that

fe), Fat BE
P< TO!

Either construct an example of a function /() oF use integration by pars,
che i, wre

La

wattew
iin the above.

(b) Calculace Y) wsing (22-3) and (22:5). Compare tis with the formule
(16:19) which here reads

wae ant L, Galblts)em tet Bt
and thus show chat

[esl ¥0 | 2

7. Work out the 2p —+ 1s transition rate for the three-dimensional oscil-
lucor, following the sep eatied out in this chapter.

& Nocet sometimes decay from excited states to the ground state by

internal convertion 4 process in which one of the L electrons is emitted insteadofphoton. Le the inal and final clear wave fonctions be
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or(t, Be, ste) and pelt ts, st)

where ri (i = 1, 2, «Z) desctibe the protons. The pereurbation giving tise to
the tanstion jut the auceuselecton imtencion

¥-- Rien
I

where ris the electron coordinate. Thus the matrix element is given by

y

- bef tn... teadt Ge oe oval)/ Oe Bra
(a) Whats the mugnitod of , the fe elecaon momentum?
(b) Caeulue the efor he proces for digee tami i es of

a a

a= Z fon. endbre,
by making use of the expansion

Lot ien
Ct lye

2 ipo te

ine, The integel ean be evaaned using

F See the discussion of the photoelectric eect in Chapter 25.
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| chapter 23
} Selected Topics in

Radiative Transitions

c A. Lifetime and Line Width .

;
“the number RG») that we lened calcula Caper 2 etesene

the puta fr te eeotion of dvd bythe tne turing which the
perturbation has acted. This time raust be long compared t0f/(Eq* ~ Ex + fs)
renee te arationebbe propria to, bet cay cannotseen ioe snk for he rbably ca te ial sete een In,
wee

Pa) =1— [Eres ay
where the sum is over all final stares that are accessible. ‘This clearly has no

wa io leag eoongh times ince probable we postive, Ie une ox
tre de ceaon ofthe tine devopment ofthe sem it done mote
‘ately, thea it can be shown thac the right side of (23-1) just represents an
‘Hrounten ( lowes order ia the pert) tothe coteeen

tpn only ee for ong tes that
Pa) = ep [- 1S wop| (232)

Cove may ths speak of iftime ofthe inal sae

14

T=EN (23-3)

e 365
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|

“The total tansiion ete Ris the sum of paral taasiton mats ino the possible
‘hal tn the example that was Gscused in deta he 2p—+ 1 canstion in {
Rydtogenice atoms, no other channels ae avaiable, so chat the ierime of the {2p sate is |

1 = 16 X 10 2-450 (4)

“This isin exellent agreement with experiment, Let us compare thi (we tke
2 = 1) with the tine takesthe electron co"go once around the nucleus.” The :velocity i ae, and the distances ofthe order of 3 X 10cm, 30 that the char-
Meese time is ofthe orderof 1X 10" sec. fn cexms of this ime, the 2P
State is very long lived

Since he 2p sate has a ite Lifetime, ic should, by the unceretingy prin

ciple, have an uncersingy inthe energy, of magnitude
B

are * (35)

“The way in which this manifests ise eha the intensity of the line, a8 a func
tion of frequency, is oe completely sharp a the saluewe = (Eap ~ B)/A butfetus « discibuton of the form

R2Ne) «22 23-6Me)
=atRIA 8)

‘Note that in the imi hat R— 0, hai, in the imi ha perzrbation theory is
srcly applicable, we get, aba consequence of the formals

Lim ——* = #86 a ae)in oo ae > ear
the line shape represented by che enegy-conseration dels function. The width
‘fee Line (25-6) 8 Rand this sa measure of the uncersingyin the enegy-“Tis lineshape, sometimes called the Lorentzian line shape, i noc whacisgeoenly observed since tere are other eects tha broaden it. Theres

(a) Colin Broadening. Ove does not observe single arom in isolation,
bute gos of hor stoma In the gus chet wll occu olisions betweenthe atomsTf we detne « cllsion tine 7 some mean tine between collision, aad if
yen then in efce the fete ofthe sae wll be r., and the energy un-—*
ceeainy8

Te gees rough estimate of the cllion ate Re (= 1/72), consider one
atom 1 ost, If is efccive aca is (che collision css section tha will be
“focused in Chapect 24), then i wil be bit by another atom within 1 sc, if che
casbads elf sidea cylinder of volume ov (ig. 251) f there ate aroms/tint the eunber of colisions willbe

Rem me sec! ese)
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( i we eee ere @:
Fig. 23-1, The number of collisions pet second for paricles moving with
velocity» normal reatve tothe tape

£ To see the dependence of this on che pressure and temperature of the gas, we
tte the kines theory relation

x mot = 3hT (23-9)

and the ideal gas aw

nak .
:

£ (23.10)

where b= 1.381 X 107" exg/deg is Boltzmann's constant. Thus if for in
® (23-8) we take ()"%, we get

t ey" patE ne B(2 un)
® Tf we now write

m= 16 10Mgm so that Ms the molecularweight
P= 0! pe where puis the pressure i atmospheres

= X10" DE where D isthe atomic of molecular diameter in
Angstroms

then

=

De
2R= 34x 108 Lo 2)

‘The collision cate can be decreased by decreasing the pressure, so that in the
laboratory (in contrast to stellar surfaces) collision broudening can be controlled.

H (b) Dapper Broadening. Even st low pressures, the midating atom is
moving quite rapidly (the geo is hot) and its fequency is shifted. If ris the

‘velocity of the atom in the disection of the line of sight, then the shifc is
domo (2313)
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In cerms of che tempertute, given by

ett was)

we have |

2 03 x 104 (3) (23.45)
‘where Mis again the atomic or molecular weight (M = 1 for hydrogen, M = 4
for helium, etc.). Thus, the best chat we can do is obtain

Baws 3.16)
whereas for the natural line width, this is ~ 3 10-6

B. The Mossbauer Effect

‘An atom (of any other quantum system) cen act as a very accurate clock,

since its aansitions at signaled by mdiation of « very well-defined frequency
If the only limitacion were the natural line width, an accuracy of 1:10 could be
achieved in atomic casitions. As noted above, the Doppler broadening reduces
this to 1:10 One might think tha use of aliquid of slid source would eimi-
tute this, but chen broadening caused by the effect of neighboring atoms is
just as harmful. One might examine nvclear crasiions. A nucleus such x6 i
lt” emits a pray of energy ~100 keV, with a lifetime of 10% sec. This
comtesponds t0

Be 8B Bir107 0 .
ET 8 IK 16 x Toe EMIT HHT)

‘There will, unfortunately, be a tecoil shift of che line. The y-ray cacties off
momentum hi/e, and the accleus, 0 conserve momentum, mast recoil withthe
same momentucn. This gives rite to recoil eDe:By

Pia 1 “ey
and thusa decrease inthe energy radiated, The fractional change in frequency is
Fe

Tea 2Mc! ~~ 2 X 940 X 191(MeV) ead (2319)
“The observation of radiation of this energy cannor be ctred ov with che
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conventional, extemely accurate spectorcopic methods, but must utilize «
detector that is extemely “well tuned” to the radiation. This is best done by

‘using che same material (e.g, rit!) as an absorber. The absorption will be very
‘much enhanced at the “resonant” frequency at which the radiation is emitted,
‘but here, too, there will be a recoil shift. The overall shift is thus Aw/w ~ 6 X

| 10, Ths, the “fine caning” does noe work, since the lin is shifed by far

more than the width, which is of the order of 10- o. One could ay co com-
pense for the recoil by moving the emitter with the cecol velociey. Ths is

x Biven by

3 a Paoot fol fio
if a Prast Balt 9 Be 6 x 107 (3.20)

© that is, v= 1.7 X 10 cm/sec. This presents techaical difficulties, but it has been
F  adhieved with an uluacenuifuge

4 "A major breakehrough came with the discovery by Mssbauer in 1958 that
Funder certain conditions there is a high probability of reciles emisien, The

emission is not recoilless, of course, but the recoil is noc taken up by the nucleus,
: ‘but instead by a large part of the crystal that the aucleus is imbedded in, Since
E the mass of the nucleus is 10 times smaller than that of the crystal, the recoil

‘energy is completely negligible. To get some intuition about what is happening,
Jee us consider the nucleus as moving in a harmonie oscillator wel, with char-
acteristic frequency we. The energy levels of the oscillator are

B= fay (= + mtd ) @3.21)
E ‘The harmonic well is just an approximate description of the crystalline forces

tha are responsible for the properties of the lace. Ifthe forces that tc the
aucleus to its neighbors ate stongif the “springs” ate stiff—then ay is large;

if the “springs”are soft, then «is small, In termsof level spacing,a"stiff spring”P: hhas widely separated levels, that is, a low density of states, whereas a "soft

a spring” has a high density ofstates. Let us now consider the matrix element for
1 transition from a nucleat state described by (ts, ts,....t) toa nuclea. stateEs described by (es, #3, .. rw), and we take the interaction to be

4 ~ Fie Pe Awe) (23.22)
“The matic element then is proportional to

; -<f f.dey. eet en) Se pee Hea t8)
23:28)
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If we introduce the center of mass cootdinate R= (1/N) ID «¥. then (4) the |
interstion tem takes the form |

ee “See * (23-24) |
where ¢¢= #1 — Rand () the euler wavefunction decompons ito prod-
Ure desingche fren motion and the motion of che cleat cece of massin the barmonic potential

We, - . BW) = Peano (TR) $4015 -- - OW) (23-25)
“Tos the mattis element (23-23) becomes

a

xfee + Pew-rdyler-- od De pre™ POC, - --ex)
(23-26)

‘We may write his in che foam

M = Mans {RR) *%HR) oa
wherewe have seem, = 0, since the iil state isin the pound state oftheInce, The probably due the radiative transition leaves the nucleus inthe
lnvice grown! sacs

iat | ferneo)Pub) = -,

{Miac* fons(RD
= | fermen oor (23.28)

ln the last step we teplaced the sum in the denominator by unity, using com-
pleteness.! To calculate this, we use the normalized ground state wave function,

+The frau proofs quiche We bre
Erwimmonee E elem ian wie Mey

sing

r= Dienove ses Oe“ ® ARO) = 1
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q ‘of the oscillator. We found in Chapter 7 that che one-dimensional ground statei

wave function is.

3

(2) = (™) pomncrnn: vols) (2)
& Hence, for thtee dimensions we have

i Yul) = Helo) Yul) Yale) = (2) “~-m (25:29)
eh ‘We thus calculase
*

‘Marion f oop even inn |®[(Sae)" fener
where My is the mass of the nucleus. We get

: ‘Muce\*| .q

= (Ma) f cop, e-cemavan natn HHA: n=) fon |
a

we Matas

= exp (— Sevil_enesay’ (23-30)=o (-Ee eal
‘since Prcoa = Mand fusy is the level spacing in the lattice. Thus, if the level
spacing is large, tha is, we have a stif spring, recoiless emission becomes ore
probable, The model of the latcice that was used here, chac of each nucleus

‘moving in its own harmonic porential, is the Einstein model of a lartice, and the
frequency ay is the so-called Debye frequency, so that we should really ceplaceoyby ap, whichis related eo che Debye temperature To by

fuan = bTy (23-31)

© -A-more accunae treatment of the ltice using the Debye model fr its descip-
tion metely changes the exponent by a factor of 3/2

2 Te is not quite conect to say tae the whole cryscal recoils; instead, in4 time + equal to the lifetime of the transition (1.4  10-? sec fot Fe"), only &

| —_tegion ofthe crystal of magnitade
: Lane

where tis the velocity of propagation ofa latce disturbance, (ie. the velocity

‘of sound) absorbs the recoil. Now ¢ reasonable estimate of ois given bY
. na
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;

where a is te latce spacing. Thos
|

Ler

;

oe

and with up 2 10! sec“, the number of nucle absorbing the recoil, ~(L/a)*
is sil enormous.

I

“Te above estimates, combined with the uncertainy reason, may be wsed :
to show hac ivis noe possible ro determine whether i is 2 single nucleus cht
rally” secels. To measure he cecil energy #°H/2My takes a Gime of the
onder of

:

f

&> TEM)

“The condition for the Méssbaver efecto occur is that
ie

Fie < foo
Hence

1
are

Dating tha time che disturbance will have cavelled a dissance

dxnuw~ are

thacis, overa distance coveting many nucle
“The question aises of how did we manage to get away from the problem

of tece ent momentum conservation by talking about the energy states of the
stews in the crystal latice? Whece does it say chat the crystal absorbed the
srsmestum? ‘The quantm mechanical answer is chat, if we wine to elk about
‘momentum, we should work ina momentum repesearaion. This, however, i
Romplated ice iis dficul to describe che cystal forces in te representa
samt apnat oa must do is to decompose the cxysal mocion (the crystal i use x
da ctescltors with neaest neighbor “springs") into normal modes end
Uquanie thee The quanta of the latice motion, analogs of photons, are the
reson, Recolesseossion then means tanstion io which phonons are not
anced "The resulting Formula is very similar co (2330). Under these icun-
Srances, che seco broadening is infnitesial compared co the natu ine wich
Thun is sll Doppler broadening because ofthe thermal motion but ehiscan
be tandied by cooling the emitter and absorber.

TRecolesscmiters peovide us with a superb clock, and research sizing
che Mossbauer fect has been done in many felds, such as solid-state physics
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and chemistry, We will mention just one application, the terestrial measurement

ofthe geavititional red shift. We noted" that a photon will have its frequency
shifted by

a bo
ale) (2332)

if ie falls through a height x. This can be compensated by a recoil of velocity #,
S wheret

Pn ae (2353)

(If che photon and the absorber were to fall freely together, there would be
resonant absorption.) IF the absorber or the source ate allowed to oscillate

; rapidly —one uses a tansducer—and the absoeption curve is correlated withthe
oscillations itis possible co check the gravitational shift. Since the velocity, fora

[seperation x = 20 m, is of the order of ~20 m/sec, the experiment is feasible,and was carted out by seveal groups. Within the ertors, the effect is confirmed.
For example, for Fe che predicted shift is Aw/e = 4.92 X 107, and theF experimental shift found by Pound and Rebka is (5.13 + 051) X10". A

simile experiment in which the energy shife ofthe pray emicted by Fe! accel-

ented on rapidly rotating cumtable was measured again yielded results inF agreement with the Equivalence Principle.

ss C. Induced Absorption and Emission

ee In our discussion of the normalization ofthe vector potential appropriate
#0 the radiation of an atom in Eqs, 22-28 and 22-29, we saw that the matrix
element for emission was proportional to (N+ 1)", where N was the number

fof quanta ia the inital state snd the matrix element for absorption was propot-tioaal to NY, Since this refers to quanta of a particular eype, the quanticy N
should really be labeled by the momentum fikand the polarization state} of the

Photon, chat is, N should be replaced by Ni(k). We may use the N-dependence
to detive the Planck Radiation Lav, thus providing @ quantum mechanical
justification of Planck's approach

Let us consider a cavity containing radiation. The walls contain atoms chat
absorb and emit radiation. Since there is « variety of atoms, wich a variety of
‘encrgy levels, chere will be a continuous spectrum of frequencies. We will
concentrate on particular frequency, conresponding to transitions becween a

+See the Speci! Topice secon 2 “The Equivalence Pile.”

*1cis one of the subileves of radiation it graviaional eld tha she Doppler sie| isthe rao sifer’ = x ~ #¥/)”% Only inthis way wil the sic in an aceltedBB Gane be the ame, wheter the xbatbe i fling or siting on the edge of roxting dis,+ with he erie nthe center.
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particular pair of levels in « particular species ofatoms, that is, we will describe

the atom as having ewo states of energy, i and Es, respectively with Ex < Es
‘When equilibrium is established, these are as many photons absorbed as there
suze photons radiated.’ The aumber of photons radiated by the walls is eqcal
(umber of atoms in the upper state "2") X (transition mate for "2" ~* "I";
the number absorbed is equal to (number of atoms in state “1"") X (ceansition
sate for "1" —> 2"), that is,

NiReaission = NiRadeorncion (23-34)

‘We also have

Renivion = [N(k) + 1 Re 23:35)

where Ro: is the emission rate inco a state with one photon. We use (22-57) to
vite this in the form

Lore, :Rae pT Naat 2336)
Here p stands forthe density of photon sates; we have the square ofthe mattix
clement, and iti summed over the final states of the atom, cat i, the 2+ 1

ftaguler momentum states, and averaged over the initial states. Ths is exhibited
‘explicitly—the sum is over initial and final stares, and is divided by 2s + 3, the
umber of angular momentum states for state “2.” The teason for averaging

Cover the iil state is chat when che sate "2" gets excited, chen all the states
that only differ by the m-value will get excited with equal probability. Only one
of the states is excited at a time, and thus the proper counting is done when I

wwe sum overall ofthe 2f, + 1 states and then divide by thei number. Note also i
that we denoted the perturbation by V* as the term associated with the time
dependence e For absorption, we have

Rerworption = Nu(k) Riz (23-37)
where

Ryo EYJ alvinylt (23-38)ee tlh ° ~

‘The density of stares here is the same as in (23-36), since we are dealing with
only one frequency. Furthermore,

Tielvivlt= LL elvipelyiye

= ZY alviayraiye2)

= lawl (23-39)

+ One must convince oneself hati is permisble co consider equiivin for one
leqneney ta tine, we do here This becomes pase when we ean tha the proba

[Sy at Enso of wo phocons a+ mei small20 chat the un Be inthe cavitySa shape Bacar equetions
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“This assertion is sometimes called the Principle of Detailed Balance. On the face of}
it itis am identity, but one could imagine that the percurbation leading to the
ttansition "1" —+ "2" is not che heanitian conjugate of the perturbation that

leads to the tanstion "2" > "I." ia which ease the above derivation would

break down. Ie cus out tha the principle holds, provided thatthe coal Hamil-
‘onian is invariant under time teveril* The interaction of charges with the

F——electcomagaetic field has this propery.
{ ‘As a consequence of (23-39) we have

i Rewincon MW FL Yt
re Ruswrnioe NAUK) fe FT

MM) +1 gs
= SW+1 23-40)

NAR) gs oe)
‘where gis the conventional notation forthe degeneracy ofthe stae "i." On the

‘other hand, we lea from statiscical mechanics that at equilibrium, the occupa-i tion numbers of the atomic stares N; and Nj ate related by the Boltamann
= facror

Ne eM ar
Non getar™ gf (3.41)

Heace

Btpwn _ Nt _ Raosioe _Ni(6)_ a
a Ni Renivon ~ NAOQ Hg

bac is, .

1

;
S00 = sot (23-42)

The photon energy at the given frequency is given by the product (number of

phocon scates in the interval da) X (number of photons) X (energy pet photon)| (@ factor of 2 to account for the ewo independent polarization stares). Thus
7 Vip the

0) = Cane
Vedat dh tho
Ta do oY

arh(w)) _v

(2)ke eae
.

+ Acca, in owes order perturbation theory, (23-59 almays does old
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“To ger the energy density, we divide by the volume of the cavity V. Mf we expeess
this in terms of» = w/2x, we get

Beh0) = Bat (23-44) |
In the presence of a large number of photons ofa given wave length[N.Gk) large] transition tatescorrespondingto that wavelength will enormously‘enhanced. Thus if many atoms can be mised t0 a given excited stare, and che

proper environment ofthe “right” kind of photons is provided, then they will
Aecay in a very shore time, thus giving rise to an intense, coherent, and mono-
chromatic pulse of radiation. The laser (Light Amplification by Stimulated
Emission) does just that. Under equilibrium conditions itis dificule to obtainalarge number of atoms in che excited states from which the transitions ate totake place, because the Boltzmann factor «is very smal, even at high
temperatures, so that special techniques must be used to achieve this.

‘Consider for example, the helium-neon laser. There, advantage is taken of
the fact that the 2'S. and 245; levels of helium almost coincide with cercain sets

of levels of ncon, the (29)%5s) and (29)*4s) excited states, respectively (Fig. i
23.2), The helium levels are easily excited; an electrical discharge in the gas will i
fexcite many levels, and ehey all ulkimately decay to these states. The excited :
helium atoms will collide with unexcited neon atoms in a mixture of the two

‘gases and exsily uansfer their energyto chem. In this way large number of neon

2's cation
NES ee |

ie intl oer i
wonton

235, cotson Geran iret
Ser toon ees

ee

tare
Denzstaton by

fovea ‘wunoF

Fig. 23-2. Schematic sketch of relevant energy levels in He-Ne fase.
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exter———= =]Patera ( Te omvehact

ih
voto

Big. 23-3. Schematic sketch of laser.

HB scoms find themselves in stares that would otherwise be sparsely populated.

z [A population inversion is created in the neon. These exciced states decay to (2p (4p)
and (2#)*p) states, emitting photons of a well-defined wavelength. These1 photons are tapped by mirors, thus crating the proper environment for the

"next round of whatis now strongly stimulated emission (Fig. 25-3). In tis way
|, incense monochromatic and coherent beams of photons are created.

= 2 “The technological applications of lasers are manifold, and their develop-
‘ment provides just one of many examples of the usefulness of quantum heory

Snot only for the understanding of natural phenomene, but also as a source of
‘new, subtle technological tools
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| chapter 24
Collision Theory

4 ‘Atomic and molecular structure was largely explored through spectros-
copy, When it comes co ying to waded mule foes sate be the
| goin the incon of depen pes, the only technic sua

Shar caecing + my of pues by sy of tages. a some sce
| sgecncopy sso» fo of “seating” The tom ine grocnd toe

excited by some projectile (ie may be electrons in a discharge tube ot collisions3
with ocher targee particles, as in heating up of the gas), and then an outgoing

Forni obec ith che stor going int the ground ete yun oxpony£.
another excited state. We do not usually describe these processes as "collisioni processes” because the atom has very welldefne2 energy levels, in which it

(stays for times thar are enormously long compered to collision times," so that
“Pics possible to sepucate the “decay” from the excitation process. Ia parciculat,
‘. the characteristics of the deciy are not sensitive to the particular mode of

fxcinion, In nucle and aso fa cementary pies, he ent lvl, bo F
—frequently the lifetime is not sufficiently long to warrant 4 seperation into
exciton and cea, epecaly since accompanying the “roan” satetog
thre it sso nonesonse“bakground” setcegs aed te dacrangling of|
the voi eines completed. ln this taper oe wil ele ds he
proces as whole

A. Collision Cross Section

The ide way co alk about srerng isto female equations that
deve cal ws hapens a inact rie descbed ys oe ace
tpprcacies he ages nave packet must be Saige sta dos
Dr spend sppecely dung te xpeiney, tod mae Be age compet

3

+ Recall chat the lifetime of a 2p hydrogen stateis 1.6 x 10-* sec, which is large com.
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“with the target particle, but small compared with the dimensions ofthe labora-

Toy tue fie mam not simulancously overlap the target and detector. The
Ie imesions arin fat, determined bythe beam se ithe acceso,
‘Tho followsan itersconwith he target, and Saywe se two wavepacket‘one continues in the forwatd direction, describing che unscatcered part of the |

fm, and hc ote is ofat sone angle and describes the sare parties‘The aumber of particles scarered into a given solid angle pet unit time and unit
incident fux is defined to be the differential sauering creis scion, We will not ,
follow tis spprach dec? bur wil incad we some ofthe acti de-
‘eloped in Chapter 11 to obaia the differential cross section. We will, however, |
Keep the wavepacket ceament in ind a we inerpetout formal ress. !

Tn out discussion of the continuum solutions of the Schrddinger equation i

in Chapter 11 we concluded that: (a) A solution of the ScheBdinger equation in ithe absence of a potentialis the plane wave form &*", which describes« fux ‘
i ik 1i- limWw — 9H") = a (24-1) 1

If-we choose k to define the zaxis, then the large r behavior of this solution i

tnay be wten (1 1) in he fun ofa incoming + an outgoing special |
ie ney eet :

Pret Bart nef AEpeony cen
(b) The conservation of particles forces us to the conclusion thas che presence of |
Pail pocenal can ony ae this os fonction, whose aspnpotc Frm |

be tly flees i
woodd atv a[E" - sa eT] Paco) 43) i
subject to }

1s) = 0 (24-4)

“The asymptotic form (24-3) may be rewritten, with the help of (24-2), as Hy
wore s[ Eas nerm] cos

cowrespondngto plane wave + 10 ousgoing spheric wave! Not that we atecrane wl the eerie onc pie Schringer eqion, so dg m cheteduced mass and @ is the center of mass angle between the direction of k (theTEunG tad the tapmpto pot, whee, rsualy the counter wil Be sep.
hii doe vary sen Hai, Arianraof Ph 3,857 962theeeanstnhoa
Sense ach Cnn wy ld onong wine, +
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When the target is much mote massive chan the projectile, there is n0 dis-
tinccion berween the laboratory angle and the center-of-mass angle, The kine-

matics are easly worked out using the material ofthe Special Topics section 1.E Nore also that

we could, of course have set up solution that has the asymproticform of a planewave + an incoming spherical wave since it is the frst term in(24-3) that could be modified by a coeficient satisfying (24-4). However the

solution chat describes the scaring is the one involving the outgoing wave." /- Let us calculate the flux for the asymptotic solution (24-5),
RUT mee Ow) Lae ayI= Fy LPF OS] ve LA 10S| ~ comptes conjugate

(24-6)€. where we have defined

0) = ¥ (al +1) fib) Pacos 6) 47)
Evin

J (fuk) = (SB) — 11/218 (24-8)

Galealating the gradient gives

; Ff my pa face gy MOMina{{- +70 )[ae +e
: +10 (i ae 9 ~ complex ojvgne}
a x litte) incon 2
: a Re ar tn 5 ep 3

; freien aq peta4 = &f0) ——— + SP 5 ~ complex conjunc]
“where we have left out 1/+4 terms, and where we have used k-r = &r cos 6, in

the exponential factors, Thus the ux is

p- Hy FR ah
b= + alors

.

+ =4 [re erie gig gir~]
\

+ #+[re inion + 49) soon]
Ate Lye piece. pacgy git coae A [roe 9 — HO)6

+ te (FC) jarcrcou _ 26 ioe | 7+ EAPO pone 320, (uo
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“This ater involved expesion simples considerbly when we consider chat
fo 0 snce one never does 4 sateing expetiment directly in the forward
‘deccsion,! and tha a's measurement one sways integrates the Hux ove a smal
but fice slid angle Thus in the las four terns ofthis expression we should
replace8° by

[sine snoaom (2410)
where (06) is some sore of smooth, localized acceptance function for the
coantee Now, st rs © we have an integral oveta product of «smooth Func- !Sim and an cxsemely epily varying oat, and this vanishes faster than any :
ower of 1/r This 1 what is koown in che eathematical literate a8 the
Riemann-Lesbegoe lemma, and the reader can convince himself that this is
indeed so by working out an example, with « gaussian aceptance Fonction, 4. .
‘Thus, only the fist two tems remain, so that

je Blo eau)
ata

Inthe absence of a potential, only the fst rtm is cher: it repesents the incident i
fax. In a wave-packet treatment, fk/m would be maltplied by « function chat
defines the latent dimensions of the beam. Thus, if we ask for the radial flax, ;
Te hen thar term gives + conwibutionNk t/m = Bk cos O/m, but only within1 dite regionof the vaxis (ee Fig. 24-1). Since che couarer is put outsideofthat egion, cis fist term does not contribute to the radial fux in the asymprotic \
region, s0 that

jo = HE OE »
jue EG (e422) :

“ths the number of particles costing the are hat subtends a slid angle at
the origin (the target) is

jee =BOa ous
“The diferent cross secon is this number, divided by she incident ux,
im, thai,

do = |f@)\* da (24-14)

fee pote as spin dependence, there may be anssimetbal dependence, 0
that nore geneally,

de
yap + '\yee)| cus)

«ow coal oe et seated om scl panies?
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4
.

erent

Ww - credyyy KDW =
Brig. 24-1. Schematic layout for scaterng expetiment, The seaterog angeis theInca angle

=

PF) The rua cross section given by
‘
: aecox(®) = fnt 2416)

If we now use /(0) as expressed in terms of 5), and express the latter in terms of
the phase shift (cf. 11-41) 5:(4) = 2", so that

: 10) = £3 @h+ 1) AM sin 544) Pleas) (e417)
then

= en -falie t+1) HM sia 4a) Paces |i =P ALe ‘
:

: [FE er + 0% sn tot rcs]
tnd wting

‘
soe ttfervicos9) Pr(cos #) = Wi bu (24-18)

|

wget

a ou = FE, C+ 1) satnaay 419)
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eis an interesting fact that

Info) = + 1) Ime sin 848) PAX)

= PE e+ aso) = Fone 420) ]
“This relation is kaowa as the oc! shor and it is uve even when inelascc
proceses cua occur, as they doin aucleat and particle physics scattering proc-
fuses leis avery useful teltion and in wave language i follows from the fact |
thar the total cose section ceptesents the removal of lox ffom the incident
‘beam, Such a removal can only occur as a result of destructive interference, and |
the lar can only occur between the incident wave and the easily searteredsre inthe forwatd dizectioa, This expuios why (0) appears lineay. A more
Geuiled examination shows why the imaginary pais involved.*

‘The requirement that |5)()| = 1 followed from conservation of flux, 4
Accu, in many scattering experiment thee is aston of the incident beam;
the auger may merely get excited, of change its sate, ot another paride may |
emerge: Under these Crcumsaaces our discussion is unchanged except che

548) = nde)2 (24-21) i
isco be used, with

osuh) <1 (2422)

because we are dealing with absorption. ‘The partial wave scattering amplitude
H

is now

S@®) = i(k) 2— 1 nu sin 2, |,1 — mu cos 2hfee)= Sad MDE 1meats AMAA (a4)
and the tol eae cross section is

cas ME C+ 0)

= Lt a —2910826,=aD +n as (42
“There is also cross section forthe inulatc processes, Since we 40 not specify
‘what the inelastic processes consist of, we can only talk about thetotal inelastic
crass section, which describes the loss of flux. If we look at a particular term in
(24-3), the inward radial flux carried by

im

ZT Moan

See 11 Sei Pro The Ph, (Kes), Hs 28 1930
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j Cle]ca (2m)*
(cf. Eq, 11-36 and the fact that Yip = Pi(cos 6)/+/%). The outward radial flux

is (ib/m)(|SK8)|#4r/44, a0 tha the nec Bux losis (HA/m)(e/B(L — 2°))

foreach Lvalue. Hence, dividing by the incident flax, we get

LB aa = $Yet yp we] (24.25)
‘ Thus the total cross section is

io fn = 644 + ae

= FE (E+ 1) (1 +a= 2m608.2 +1 — nA)

q = EE w+ 0 meos2a9 (24.26)
a Ir also follows from (24-23) that

Igio) = 3 + 2) tm fle)
e 1 = eos26= Dt ye cam (2427)
{a0 that the optical theorem is indeed satisfied.

3 nd) = 1, we have no absorption, and the inelastic cross section vanishes,
‘When mi(#) = 0 we have total absorption. Nevertheless there is still elastic

f seating in that parcial wave. This becomes evident in satering bya Black dc.
The black discis described as follows: (a) it has a well-defined edge and (b) itis
| totally absorbing. Since we will consider scatcring for short wavelengths,

that is, large A-values, condition (a) specifies that we only consider partial(| waves |S L, where

L=ke (24-28)

and a is the radius of the disc. Condition (b) specifies that n((&) = 0 for the
i selevant values of / < L. Thus

God = FEED = Ea at (24-29)
and

we

‘ va BE OtDm wet (24.30)



ses ema

| j redaudd
ane

| liMELEE ELL:

Geet = Fel + inet = 2ma® (24:31)

spelen ipsene
Thal eo rly ei pnt mh er

soere i ing i laa
incidene beam (Fig. 4-2), and this leads toa shadow behindthe disc. Far away,
Se on i eh yn oe
Eteeymn hc cg nh an

seine eioi i ia eT

Samaie etwokeoe
to ma, The elastic scattering that accompanies absorption is cilled shadow

iis confined can be estimated from the uncertainty principle: an uncertainty in
siete a ei nt me

—
-

o~os ~a (24-32)
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Fig. 243. Angular distribution of 1000 MeV (1 Be¥) protoas sae! by
0 ude The anguse dissibation shows the dips that characterize dracon
saci. The epartures from the shape of Fraunhofer scatering in optics i due
fo the fact that mild aze aot sharp, nora they tally absorbing. The curve is
che res ofa theoretical calculation that takes these ees inc account. Prom H.| Paevsky et aby Phy Re, Lats, 18, 1200 (19657), by permission.)
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B, Scattering at Low Energies

“The phase shift expansion (24-17) may be used to exptessthe diferenciacross sectionin terms ofthe phase shifts
de an f |Sm EOI 1 Ae sin Bb) Pleos (2433) |

‘We expect, on grounds of comespondence with classical theory, thatthe angulat |
momentum involved in the scattering is bounded by pa where pis the ceaterof- |
mass momentumand ais the range of the forces. Thuswe expect that '|

15 be (2434) i
With the sum in (24-33) limited, one cam ty, by fitting the ditferenial cross |section measured at a number of angles co 2 foem like

Ba E Alcor (2435) |
to determine the phase shifts for a finite number of J-values. There are ambi- |
Buities, for example, the cross section is unalered when all the phase shits \
Change thet sign, but these can be resolved wih the help of eheory, continuity |

from low energies,and other tricks of the trade. The hope is that one ca leara \something about the interaction from the phase sift, which form empiticl |data somewhat closer to the theory than the cross sections do. |

“The connection berween the phase sift (4) and the potencal V()is via |the Schrddinger equation; che radial equation will havea solution that asymp-

totially behaves as |
fe24) ~ sia ar — zt up| (2436)

side from an amplicude factor infront. Thus, given V(), a seaightforward way
to calculate 6,(A) is co integrate the radial equation numerically to values of ¢
that are far out of the range of the poteatial, and to examine the asymptotic
behavioe. This is, infact, what one does, but this does not give us any insight
into the properties ofthe phase shifs, To Jeara more about the phase shifts, we
‘consider the square well potential. We found in Chapter 11, Section that

c
san (8) = = (437)

where the ratio is obtained by matching the intemal to the external radial wave
function (11-63)
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Gilee) __ lhe) + (C/B) nite)He, i :

fies) ~ * jdka) + (C/B) milks) Gee)Sin which

4 tn Es pa 20
ee Bern wat 2439)

Ene ‘ denotes diffcentiation, with respect to the argument, snd Vo > 0 for an
atanctive potential, Thus

; san 84) = ibe fled) ~ de) js)A 3) = Fala) jaa) — enh) jflea) = OM)
F this is noca particularly ransparent expression, bu simplifies i some limiting
aes

F(a) Consider the case chat

j kek! een

1) We do not insist thatxa < 1. With the help ofthe formulas (11-25) and (11-26)He get

a ers 14s Vee) — naj
pa) Sar 4) flea) + eaten) OP)

aftea linde algebea. One can show that for large f this drops faster chan «even
ithe1. The behavioei tan (8) ~ Bt (24-43)
for ka ~»0is not restricted to the squate well potential, burs true forall reason-ably smooth potentials. Ir is« consequence of the ceauifugal batier, which keeps‘waves of energy fat below the barrier from feeling the effect of the potential.

() Poe cerain values of the energy, the denominator in (24-40) will
ish, so char at these energies the phase shift passes eheough +/2, of more
‘geaezally through (n + 1/2) x. When the phase shift is x/2, then the partial
teave cross section

eld) = FEY ns aay ren)
e

\ thas the largest possible value. One says chat when tan &,(8) rises rapidly to
infinity and continues tising from —=, we have reonant satering. To justify
this teoninology, and explain when resont seating occur, lt us consider

ba very deep potttia,aad also large, s0 hat
.

a> 1 ba (24-45)
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‘We may then use (24-42) for an 6:2), and this will become infinite when

4 1) flee) + exifiee) = 0 (24.46)

Since «a >> |, this condition is approximacely equivalent to

ED cosa £44) ~ sa (uw - Ete) = 0= 2 2

bats,

tea (Eg) wt (2447)
Siace the right sides very smal the resonoce condition is

eycee tt (2448)
. :

tit ere

oo *) aooroxinae
| perooe

js!

Fig. 244, sketch showing she squate well poten with she cena! baer

‘The dashed line represent the nergy eve in an innitesque well f rangend the appeorimete locaton: of the semerng resonance eres ate indicted
nde igheThe lower one wil be ch shape shan the upper ove
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[Now this is just the condition (11-30) forthe existence of discrete levels in «

three-dimensional box, so that sesoniat scateting occurs when the incident

‘energy is just such as to match aa energy level. Since E> 0, these levels ae not
really bound states. As Fig. 24-4 indicates, these are levels thae would be bound
states ifthe burriee wete infinitely thick. I is not, but a particle being scattered
jus che sigh energy sill "knows" cha there isa virtual level thet.

‘As (24-42) shows, the phase shift is very diay for ka small. Nevertheless,
1s he changes and goes through the resonance, 1 rses very rapidly, incressing

by wr; thus the parcial wave cross section (24-44) will exhibita very sharp peak at4 fe the sesonast energy. This behavior (Fig 245) is very similac co the cross section

forthe scatering of eleezons by He" at che energy corresponding to the (2)*‘excited state (Fig. 18-4). In the neighborhood ofche resonant energy the phaseShift rises through /2 very rapidly. We may represent this behavior by *

ay
‘

one (2449)

tis ads othe pal wave os setion

Ar(Ql+ 1) cant, 4x(2l-+ 1) breaapm OEY8EDeo
BV Fuoti BB Be) + bbe

(2450)

EE2

| J.
'
\
3

H
'

'

H

i

Fig. 24-5. The partial wave cos section corresponding to the phase shift sketchedin the upper insert.
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“This is the well-known Bret-Wignerformala for resonant cross'secions. Again,

the behavior is not a peculiarity of the square well potential, butis characteristicfall potentials cha have a shape such that metastable sates can simulate boundSates above E =O in it. We just noe for completenessthat
uy, bienjyat een!

2k

an albak=ope ;

Hi — fran 8)” B— Bra (le) (40)If there is nonresonant scattering that is appreciable, then the scattering ampli-
tude is of the form

fill) = PW) + FP) (2432)

Ac low energies, the scatering i primarily in States, so that we may con-
centrateon J = 0. Its simpler to derive the phase shife directly than to work out(26-40). The solution inside the wel tht is regular at r = 0 is

alr) = rR(r) = Csin er (24-53)

and this isto be matched oaro

u(r) = sin (ar + 8) (24-54)

the solution outside the well. The concinsity of (1/)(da/dr) at r = implies
chat

coca= kot(a +8)
that is,

(d/«) a0 ca — an be08
a) an tanbe (2499)

Nore tha if we define

&

ange = A canes

shen

eng = BEM
‘ 1+ tan ga tan ke (ga a)

stat is,

b= ant (Anes) ~ be (2456)
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‘We have, following (24-39),

2nVoet3
(ea) = (hays + (437)

a with Vy > 0 for an attractive potential. Thus, at very low energies, using

% tan.x 5 for x K 1, we get
bs anna

3 é When ca goes through /2 (we imagine that we ate slowly deepening the po-
: tential well), which is just the condition chat the well be deep enough for a

bound state to develop (cf. Chapter 11, Problem 1), then tan xa —» © and (24-55)
shows thar

d
and = (2459)

{Fecha is, & goes through 2/2, In sense, a bound state at zero energy is like &
A resonance.

& ‘As the well becomes «litle deeper, we again have tan 8 ~ 0 (La), andig ‘continuity demands that the branch is such thati

E
S

b= te (SL — 1) (oo bound sae): 1a

BS bert te(S—1) (with boundsar) — 40)
¢ [As the potential becomes still deeper, a second bound state can appear, xa goesthrough 3r/2, and we have 8 = 2x + hal(tan wa/ca) ~ 1], and so on. There isa‘enezal result known 2s Levinson's Theorem, which states

e (0) — He) = Nex (24.61)

b where No is che number of bound states, and the above is an example of it.

. ‘At very low energies the cross section only has the J = 0 contribution to it, and
iis

oF os (ME 1) = seer (HEA) certhat is, ic is« constant. Thee wil, of course, be a cottection of order (ka) to thisresult. If we consider neutron-proton scattering, then we know thi the potential
‘must be such 48 to give the right binding energy ofthe deuteron. If we let,

\ na — he
on
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and
[a

cn

(effectively & = —a' for the bound state problem), then the marching of the

‘wave function outside the potential u(r) = A co the solution inside B sin wr
at the boundary gives

scone = a (24-63)

For k & x, we have

(22) (22), at (2468)4 Iran \ 6 Dewwcn a
Thus

oS Ara! (+2) aS (+ 20a) (2465)
‘Thus making the low energy approximation expressed by (24-64) allows us to 1
bypass the problem of determining the potential and rben calculating the cross
section. ‘The approximation only works when the binding energy is small
“The quantity 1/a isthe distance over which the deuteron wave function spills
‘over, and this is always much larger than the range of the potential a for a
loosely bound system. Icis 1/crand not the range of the potential thar determines
the seattering coss section at low energies |

In the 1930s there was great interest in the form of the neutron-proton

potential, since it was hoped that this would give some fundamencal clues con-
‘etning the nuclear forces in general, Rudimencay experiments at low encigies

were fitted with a variety of potentials. It became evident aftera while chat almosc
any reasonably shaped potential would work, provided that one chose the

fppropriace depth and range. It was shown in 1947 by Schwinger (and subse-
‘queatly derived by Bethe in simpler mannet) chat at low encegis i is always
4 good approximation to write

toibor b = — eb 5 ro (24.66)
where A is called the scatering length, and ris the effecive range. The ctoss
Section at thteshold determines the scattering lengeh

ceed (2467)

and che energy dependence detecmines the effective range. The relation between
these parameters and the parameters describingthe potent vary with the shape,buea two-parameter fit co the daca is always possible. This efective range formula
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shows that if we want to probe the shape of the potential, we must go to higher
energies.

‘The binding energy ofthe deucron is 2.23 MeV. Thus emembering that
Ein our discussion m isthe reduced mas, that i, Mg/2,

ae 4 fe fitaN 2mE Vast ia V gE
RE red Ee
ae es tma Sreacoreya ter 5x

soar

AE 25x 10 emt ~ 25 bams

Fh. more accurate decermination leds to the predicion thatthe cross section at
|) threshold is 4 barns. The measurement, cared out with neutrons at thermal

F speeds yields 21 barns!
4 ‘The explanation of this disagreement came with the realization that the

spin of the neviton and the proton had not been taken into account. Ifthe
potential were spin independent, then all spin sates would scatter the same

5° way tac ie would not mater wheter the spins ofthe particles are “up” of

s “down.” If che potential does depend on the spin, a possible form could be
as VO) = Vi) + 65° 61) (24.68)

j In this case spin is no longer « good quantum number, and the states must be
assed by toe angular momentum and tor spin, ha is, wth = 0 he four

states divide up intoa *5, triplet of staces, and a singlet '. These need nocscatter the same way, so that there are feally cwo phase shifts, ; for the triplec,

and 4, for the singlet. There are no triplet-singlet transitions, since the total7
angular momentumJ must be the same in the initial and final states. The total‘ross section is weighted by the number of final states in each case (che cross

section iavolees a sum over final sates and i independent ofthe vale ofthe{>
=-component of the angular momentum), 80 that

aotq erica (24-69)
\

For spin independent forces, ¢ = c1 = ay
Te deuteron is 15, sate, 50 thi the four bara ate relly pediced foro

This ipl ce

: oy = bo — or = 72 bans (24.70)
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Since we area threshold chis implies that
ax io*

up= [PMIaa x 10ow oanA, V 7 10" (24-71)
“The eae seul implied that

reat

jal =a247 x 10 en (e472)ra

“The question of the signs of A and A, now atses At theshold we have

Bord = HS —1/Aso that 5, = —Adand b= — Ad Thos, the asymptotic
‘wave functions have the form

sin (br

+ 6,4) ~ sin Kr — Aig) He — Arad 47) |‘The two possiblecases te shown in Fig. 2.6. We know tat for the ple te |the wave funtion euros over just before che edge of the well (since chre isa
bound state), 50 a ic must cortespond tothe situation A, > 0

“ |
wi i |

ae I |= H |

t a
"

|
i
!

|

:|
i * |

Fig. 246. Sketch of the swave solution a) near drshold, Outside the rangefalfur r= athe wavefunction has the frm C(r~ A), [Tiss notin cone with
(24-75), whichis an expansion of sin 8). We could equally wel have taken
the frm ofa) co be (C4) sn br +8), lace the normalnacon i citar. Ti
{tar the incor wave function andthe postion of A that determine the slope
[of the line} The sign of depends on whether the ineior wavefunction has ot
has oot tamed ove eases (8 and (o), espetvely| Since the wave function museturn over if tha isa weakly Bound sate (00 tat itcan match a slowly fling

‘Hporcnal) sed since one does not expect the wave Buncon inside the porn
tole very sesitve to vations in Bsbout nero one expets that for poten

Ghat hosa bound satewithEe amal, 4 > 0
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If A, were positive too, one would expect a singlet bound state, with| very much weaker binding, since the interoal wave function tes onto a much

| flatter asympeotic form. In fact, the binding energy would be 70 keV. SuchFE —_ bound state was not found, suggesting that A, <0.
! ‘This choice of sign was actually confirmed by the scattering of neutrons
Fe ofthe Hi molecule. As we know, the Hs molecule can exist as ortho-H,, with

HE che spins ina eripler state, and para-Hs, with the ewo proton spins in a singlet
state, For neutrons at very low energie, such thatthe waveleageh is much larger
{chan the proton-proton separation in the molecule, the scatering amplicade for

neutron Hy; scatteting is just the sum of the amplitudes for the individual
scatterings. One may show thar ehe amplicade off paca-H, is diferent from the
amplitude off ortho-Hy and these separately involve lines combinations of A,

fad Ay. The fact that pun 2 3.9 barns, whilecag © 125 barns can be explained? in this way. The calculation is complicated by a number of effects that must be
taken into account, for example, th the effective mass of the proton in @ mole-E _eale is diferent from that of a free proton, and chat the molecules are not relly>
at rest, but ate moving with a distribution appropriate to the (low ~ 20°K)
temperature. The large discrepancy between the two coss sections is not

changed much by these corrections, and it can only be explained if A, is indeed
negative.

C. The Born Approximation

2 ‘At higher energies many partial waves contribute to the scattering, and it
a is thetefore preferable to avoid the engular momentum decomposition. A pro-

cedure that leads to very useful approximation both when the potential is veryq ‘weak and when the energy is very high isthe Born approximation, in which we
‘consider the scatering process as transition, jut like the asitions studied in
(Chapter 22. The diference is that here we consider the wanscions

continuum > continaum

Iwe work in the center-of-mass system, we have effectively 2 one-particle
Problem, and this particle makes a transition from an inital state, described by
the eigenfunction

1

a) = Layo '\ WO = eH e474)
f to the final suc, described by

L

nro_ We) = pe (2475)
‘where pi and py ate the initial and final momenta, respectively. The transition
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nce, following the Golden Rule (22-55) is given by

a2 [VP uy ing (PA 2) 'eed Pn) Coe (416
“The dees function expresses energy conseretion, If the pats that emerge

hve a different mas ffom those that enter, rif the target i excited, tat delta
functiontakes1 somewhat diferet form. 1c wil, however, alwaysbe of the founalp?/2m) — E] where B is the energy available for kinetic energy of the finalprutice, The matix element Mis given by

Mn= woivio= fa ve OTe ]
1

= | tre Ve) 7. y f vr) (4-77) |

=r ish mmr ren We wi tematic cones

Mi= + Ha) (24.78)
wet :

‘The ictegral in (24-76) may be sewsitten in the form |

af agVM Hay) (2 - )Ras fan Coie va leanne (Ee
at dbs (é - i pala oat fom bt (22 — 2) vant
1a aye© ae Ff nmin oe)

“To get the last line, we noted chat pydpy/m = d(p?/2m) and cartied out the deles
faneion sateration. Thus, y must be evaluated at fy = (2m), and we mast
aot forget that bere i the reduced inass in che Bal tate.

“This expesion has an undesiable dependence on the volume of che
quantiation bon, but this i not rally suprising. Out wave Functions were

slomalized to ove partieia the box V0 that the aumber of transitions shouldcertainly go down as V increases. This difficulty arises because we are asking =
Goeston tha does not correspond co an experiment, Wha one does is send «
flux of incident particles at exch otber (in the center of mass frame; in the
Iaboesery, one peicle is stationary, of couse). Kwe wane «fx of one particle
per squat centimeter pet secood, we must multiply the above by V divided by

fe vlime os cylinder with em? ase, and the rave velocity ofthe aries
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in the center of mats fame in the initial sate, The number of transitions for unitfluxis just the cross section. We therefore have
La -

7 de = (a) |? (24-80)

| FR [ah HMMA) c
Since inthe center of mass frame the two incident parcices are moving toward

‘each other with equal and opposite momenta of magnitude pi, their relative
velocity is

j tel = PeBoe (Ls) & (24ai Vel =n teae ns)Ea es if m, and m; are their masses. Thus, if the initial and final reduced masses andé
a ‘momenta are not the same, we have
Fe 4 Bn ge, |e .Fm Gib mt |E ray] (2482)

© When the initial and final particles are the sme,

te. mist | gay]? 3)ae) ce
‘When one particle is «great dea! more mastive than the othe, i, the
sass ofthe lighter panicle. Whenwe compa the above wih (2415)we se that

= te iyFad) = — Fie Mia) (24-84)
‘Accally, to determineche sign, one must go througha more deed comparisonwith the paral wave expansion, We will not bother co do this hee.

‘AS an illuscration of the application of the Born approximation, we will

calculate che cross section forthe scattering ofa particle of mass mand charge Zs
by & Coulomb potential of charge Z:. The source of the Coulomb fed i ken

§ to be infinitely massive, so that the mass in (24.83) is the mass of the incident

particle. For generality (and, as we will see, for technical reasons) we take the& ‘Coulomb field to be screened, so that
y Vee) = Zidn8 (24-85)

E—where a is the screening radius. We thus need to evaluate

a) = 2200 farce (2496)
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We choosethe diection of & a ris, and then get
(epee - =

fore - [raf sina[edeeteet
- xfefd{cos 6) ao
a a ae

ae eek eee

2( 1 _ L ) _ ca=

Ga \G/a) = ia” fa) + id) © fat) + 8
(47)

Now

1 L P

eee Ferre Fa con 408)
so tha the cross section becomes

awh ier
am ae Be 27" RANG — cos + C/A

- (gant yGP i? @/2) + O78,

_

2ze q

~ (Garant ws) oo)
In the last line we replaced p*/2m by E, and we used }(1 — cos 6) = sin® (0/2).
“The angle€ defined in (24-88) is the center of mass scattering angle. In theseem ot screening (¢ > =) this redoces to the wellnowa Rutherford
Tonmula, There no f in i, and iis the sae as che cssca formula, Had weJeft our che scteening factorin (24-86)we would have had n ill-defined integral.
Ge often evaluates ambiguous incegnls with the ad of such convergence
factors

meet Born approximation bas i liitations, Foc example, we found chat
(a) was purely seal so that f(s also rea a this approximation. This implies,bythe opal Cheer, tat the cros section i eo. Infact, the Boen Approxi-
ation only good wien either (a) he potential is weak, so thatthe cross
sees is of second order in small parecer; this would male the use of it
‘Consistent with the optical theotem, of (b) at high energies for potentials such
tne eres section oes to aero. This is ue fr most smooth potentials. Is
anne al patsins dere it sems that te cross Secuons Say const a
aor gh cargo, and one cannot expect the Born approximation 0 re a8
dace crguile ofthe behaioe of the searing amplitude.



se fa commen, we cere tha fhe patel asa independ

| exc, thea (207) i clyde bythe open at ek a
Gia anes be rbd by apn are fenton odontal

‘wave functions. Thus, for example, if the neutron-proton potential has the form
| VO) = Vil) + 6 OuVlr)

the Born Apposination eds

1 iteMu= T fave VOR
where Ean epee the ntl and al pin st of he neon poten
—

: D. Scattering of Identical Particles

4 ‘When two identical paruicles scatter, there is no way of distinguishing «

Fe aesccumats pur teoegh tn pct ind icdenoe ie tina eefms fame, ceoan eration dense senate pri

ba

BRAT omens dies
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scatters through 8 the other goesin the ditection x — 6 (Fig. 24-7). Classically,t00, the cross section for scatering is affected by the identity of peticls, sincethe number of counts ata cetain councer will be the sum ofche counts due to

the ewo patticles, Thus

a(t) = (6) + a(n — 0) (24-90)

In quantum mechanics thete is no way of distinguishing the ewo final states,sothat the two amplitade: f() and flr — 0) can interfere. Thus the cross section
for the scattering of two identical spin zeto (boson) particles, for example,
evparticles, is

de

yO + fle — 9 aio

‘This differs from the classical result by che interference term

de

ag 7 FOV + fe— OF+ (PO fe — 9) + fO fe — 9] (24-92)
and it leads to an enhancement at 7/2, for example,

de )?(4), =4 A(2) (24-98) |
‘compared to the result thar would be obtained wichout interference:

de i ale

()..-21G) aoe
When the scattering of two spin 1/2 panticesis considered, for xumple, proton
‘pocon scarering or electoa-clectton scattering, then the amplitude should

reflect che basic ancispmmetcy of the otal wave function under the interchange‘of the ewo particles. If the ewo particles ae in a spin singlet scae, then the spatial
swave function is symmetric, and

des :
FE 0 + fe (2495)

che two patticles are in a spin cxiplet state, then the spetial wave function is
sntisymmetic, and

AH =176)- fie-9)* (2498a = 8) - fir - 9) )
In the scatcering of ewo unpolarized protons, all spin states ate equally likely,

and thus the probabilcy of finding the ewo protons ina tiple state is thee times
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1s large a8 finding them in a singlet state, so that

Bde 3d tide

aaa ta ae
a = H/O ~ flr — 01 +f + fer — OI

- = OLE + ifr O1* FO fe — 8) + FOfe] (2497)

bP For procon-proton scattering as well as for « — a scatcering, the basic amplirude1 EB fis the sum of« nuclear cam if the encrgies ate not too low) anda CoulombD>
term. Whether the identical paticies be bosons ot fermions, there is symmetryuF under the interchange @—>  — 8.

Symmetry considerations also play a ele inthe satering of pariles by 2
© gyal latice, If we ignore spin, so that we do not have co worry whether the

tlectton does or does not fip its spin ("up"” —+""down” or vice vetsa), then at

tow energies, che sceting amplitude 6) is independent of angle (S-wave
scattering), and the solution of the Schrédinger equation by # single atom
F Nocased atthe lattice point a; has the asymproticfoem

Aira

‘

Hr) OM + froa) (24-98)
Now

F Ble— ay] = A(t — 2e yt a)?
4 ara)

wie(.- 228)
5 Shr bia (24.99)
andsince Ais a vector of magnitudef and it points inthe dicetion , the poine‘of observation, ir is the final momentum k’. If we divide out the phase factor

|e ®°* che wave function has the asymptotic form

vearazewnre® so(Z) tio
40 chat che satering amplitude is

fO=fe*™ saw k (24-101)

“The total ampliude isthe sum of al individual scaring amplicudes when we
have & situation in which we cannot tell which atom in the crystal did the
scattering, This is indeed che case for elastic low-energy scattering when recoil

is not observed and spins are not measured. Thus,for the cferent process we have
. lz col (24102)
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If we have «simple cubic aay of lace points, such shat
ae = a(nads + tyty + mts) — NS tasttnt, SN (24-103)

(spacings re incegral multiples of a in all dizections) thea
pees SOE eee

We use

Seemagee aey. ot=
ee
oa ee

pene pw ne

er= SREP euro
co obaithe resale |
de sit atNN-+ 9) sia? (N43) sat a + 8) |an St eal siat ey/? Tinta? A108)

where

ay = 4, — 2a, — (vp = integer), etc. (24-106)
‘We can make the generalization exhibited above, since a change a+ a — 27,
with van integer, does not change (24-105). The expression (24-105) is not very
Transparent HoweverwheaNis lg, echo he factor becomes ey song)peaked when an ae aa ton fa, wing

sin? Nw

7a— 4eN (wu) (24-107)
4 formula easily derived from (22-36) by a simple change of vatiabes, we get

de + (2")* ye

a" [fl* (xy (2N) (ea — 29) (24-108)Now the sot numberof atoms i (28) and hence the cross section pr atom is
fo ys sly —y 2wy a(e 4) (24.109)

‘Ts the decal eos section is very smal, excep inthe tection given by
vone2s (sen
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Bi. where ici strongly peaked. The conditions above ate called the Bragg conditions,Baad che integers ve my,» ae called the Milo indie ofthe Brag plane.B ‘The relations just derived can be generalized to more complicated crystals,
fpThey are used to study arystal structure, using neuttoas oF X-rays as incident
Egatcles, ot using a known crystal to study X-rays that arc emicted in atomic
Py sastions involving energetic photons.

fg
GM Problems

PBIB, 1. Stow chac for a centsal potential V(e) = (7), the matrix element My.
| Bee 24-77) may be writen in the Foren

1 ash f°

4 Man a 1 dev) sir
F Note chat this is an even function of A, that is, a function of

- AP = (py poi/At :

2, Consider a potential ofthe form

Vi) = Vor

Calculate, using the Born Approximation, the difrental cross section de/d as

# function of the ceacer-ofsmass scatering angle6. Compare your cesul withthe differential cross section for a Yukawa potential

a Von = va

[Already done in (2485)-(24-85)]. To make the comparison, adjust the parame:E ters in the ewo cases so that che two differential cross sections and their slopes
Fate the sume in the forward direction at A = 0. ft might be convenient to
Lick some definite numerical values for Vo, Vx, 2, and & co depice this graphi
F ally. Can you givea qualitative argument explaining the lage difference berweenthe predictions for large momentum ennsfers?

j

3. Consider the potential

j VO) = Poe

If the range parameteris « = 1.2 fm = 1.2 X 10-¥ em and Vp = 100 MeV inF) magnitude, what is the total cose section for proton-procon scattering at 100
MeV centerof-mass energy, calculaced in Bora approximation?
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(Note. This calculation involves « numerical integration. Ic is useful to use the
relation

Hat = (pr — pd? = 20 — cos)

We(dQ= 2x d (cos) = pie)
and do the integration between A* = 0 and A* = 4pt/R?.) Give your answer in
nillitarns (1 mb = 10 em

4. Suppose the scareting amplitude for neutron-procon scaceing is given
bby the form

£00) = EF (A+ Bap ox) &

where and fy are the iniial and final spin states ofthe neutton-proton system,

“The possible states are

bee xP xP ga xP xP
PAP PAP
xP x? xP a?
xx? xa?

Use

drs by = APM + 20a + oe)

where

atten (63 een ieg re)” 2 oo 7a “Nie

sntenprusinineines=(2 )aairr= ($x -(2)
to caleulate all 16 seattezing amplitudes, Make a table of your results and also
tabulate che cross sections.

5. Ifany one of the spin stares (e.g., initial proton, or initial neutron, etc.)
is not measured, the cross section isthe sum over the unmessuced spin states,
Suppose both the inital and final procon spins are not measured. Write dows
‘expressionsfo the cross sections for the final neutron “up” andthe final neutron“down,” given that the initial neutron state is “up.” What is the polarization P,
defined by

etaat
pectoet

attel

where ¢7 isthe cross section with the final neutron up and s0 on.
6. Use the able computed in Problem 4 co calculate the cross sections for

triplet» eiplee and singlet» singlet seating, respectively Show the plet—>
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i singlec seatering vanishes. Check your results by observing that since (in units

| ar
; Hr + foy = 8

fone has

op: dy = 288-3

: =3 when acting on singlee state

‘Note that the amplitude is independent of ma 30 that ms must be the sume in the
jnand Gal spin states. There are dhree states ia the tiple, all contributing

J an equal amount to the cross section, and only one to the singler cross section,

(Gat to alain tnlies achs
& 1 ying 9 1g
e FPA — PAF + Boo - bx) He OPM — LPP)

ve v2
the amplitudes are added for the four tenms before squaring. Can you explain
why?)

9. Tecan be shown hat the solucion of the J = 0 Schrédinger equation
for the pocential,

) = 2 So
:

VO" ON Gere iy

“| which bebaves aspenpcocically like eis
wie ABE $1) + ABOpete BOE HD + BOW DYad Ger+ DRE A

“The solution that behaves asymptotically like ¢*™is F(—&,). Thus the regularsolution, which vanishes at r = 0, is

F a) = (F(60) F(A) — F(-49) Fb}
Use his information to obsain the scatering amplicade F(#) = [5(8) — 1/2
Discuss the solution for various limiting cases.
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| chapter 25
| The Absorption of Radiation
in Matter

©The process that is the inverse of radiative decay of atoms, namely the
Pps of photons necompanied by the excntion of wns, aa also take plc.

~ BBR For photon energies exceeding the ionization energy of the atom, the electron
Sip excited co the continuum, This is called the pheteeletrie ect, and is an im-

portant mechaism inthe absorption of radiation in ate,

P ‘According co the Golden Role (22-55), the transition rate forthe process
a ++ (atom) — (atomy’ + ¢ 54)

Fis given by

i nt A —Be- e): na [EIR alt (io — By —
a at fe fay a (22 5 -Bs- #2)fears [nts (Se) iat a (te 25

: 20 [fy Me ye= fa oie | Mal (52)
Fn the above expression, mis the electron mass, the dele function sepesenss

. encigy conservation, ys te magnitude ofthe binding eneegy of the election

fim the atom, and in the last line, . is evaluated ac che vanishing of the argument
ofthe det faction.

“The matin element is given by

+ (262Y Fa

:

ECE)" fenio owas vae 3)
‘The vector potential is notmalized, as in Chaprer 22, to one photon in the
volume V, and ¥i(r), ¥y(r) ate the wave functions for the electron in the initial

. 409
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and final states. If we consider a hydrogenlike atom, and assume that the electron
isin che ground stace, we have

w= 3, (2) er ry
“The final-state wave function should be taken to be a solution ofthe Schrddinger

‘equation with a Coulomb potential with E > 0, We did noc discuss these sola-
‘ions when we studied the hydrogen atom. They can be writen in closed form
‘but they are quite complicated, as isthe integral in (25-3). Ifthe photon energy
is much larger than the ionization energy, then the residual interaction of the
futgoing electton with the ion chat ic leaves behind becomes less important,
and we may approximate ¥(r) by a plane wave. Since we assume that we only
hveone atom fa our volume,we wll hive only one electron inthe volume, andhence the normalization is such chat

L

wie) = See as.WO = Fp @s-)
‘The factor V that appeats in the phase space [V d®p/(2xh)"] corresponds to the
‘ame nortralization, that is, the cwo factors arent independent, The square of
the matrix element is somewhat simplied since dhe final state is an eigensate
‘of momentum, so that

Fe pei)= e pAflAi) (25-6)
Hence the square of the mauix element is

am (2) 2H!11 (ZY Oppvault = (2) 52 (2) wa

x | fi ponies pain (7)‘We will evaluate the integral later, At his poine we note tha the ate again hasa1/¥ bbehavioe du co the fact thac we are dealing wich a single photon in chevolume V, Instead, we will consider the cross section for the photoelectric

effec. To havea flax of one photonpe squate centimeterwe must havea densityOf photons 1/¢ per cubic centimeter (so that cylinder of unit ares base and
length ccomtesponding to a time interval of 1 sec contain one photon), dati,
‘we must multiply the tate by V/e. We get, combining (25-2) and (25-7) the
ifferential cross section

eee 2 (y=*t2y potBh Gah Awe) ee Vag) OPO \
x AY fereen-nrm + Bile @) )
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Ta this expression 4 isthe solid angle itowhichp. points. The integral overallclectron directions yields the roa cros section» for the photoelectric effect.

i If the target atoms ate distibured with a densityof N atoms pet cubic centimeter,BE then ina slabof target material of areaA and thickness dx, there are NA dx targeti ‘atoms. Each atom has a cross section

@ fot the reaction under consideration, soPE thatthe coral efecive aren presented to the beam is NA dx. If there ate
BE incident particles in the bombarding beam, then the number of particles that

imeract in the thickness dof the target is givenby
. a inceracting particles _ erst section

incident panicles
~

cool area

Bs ctacis,
Be dn Néode

| } oe nde (259)FE 7 A
i ‘The minus sign indicates thac particles are removed from the beam. Integration

ives

fs) = mye 5.10)

4 ‘where ne is the umber of incident particles and n(x) is the number of particles
' eft im the bearn after traversing a thickness x of the taxget. The quantity \ =

1/Nahas the dimensions ofa length, and is called the meanfree path. One some-
times speais ofthe mean fice path forthe photoelectric ec, for pai produc.
© tion, and so on, even though what is eased is the cross section
3 ‘To getan idea of the magnitudes of mean free paths, aote that N= Nio/A

bs ‘whete Np = 6.02 X 10* is Avogadro's Number, p is the density in grams pet
© cubic centimeter and A is the atomic weight. Cross sections for molecular

Collisions can be estimated from the properties of gases, and they turn out to
have magnitudes of che onder of t0- cn, consistene with the fact chat atomic

dlimensions ae of the order of 10-* cm: Is this a reasonable guess fr che photo-
tlectc coss section? We shall soon extnine the teasons fot why it is not

© Ta the meantime we write the mean fee path in centimeters, in a matecal of
density p and atomic weight 4, with the cos section expressed in waits of
Sort cnt called Bera thus,

y-t-4_1: No p 602 X 10%©
416

- 418 5.1

i » (bans) on)
H By the same coken, nuclear css sections read co be of the order of 10 cmt
3 (earn), puice physics cow secon we ofthe ore: of 0-" nt Caliban), Sing

: Alert motu fre rections, sad evea down co 10% co foe the ence? ae

| scaring veo sow ene



412 Quantum Physis

“To evaluate the cross section in (25-8) we need to work out the integral

fae AIO Dl (25:12)
1we use the integeal evaluated in (2487), which, wit a light change of not.
tion reads

on teBrOt (25-13fore a ss oo)
‘we cas, by differentiating with respect to y obsain

Ht car :fore cn a ee @s.u4)
‘50 thatwe can finally calculate the cross section. After some judicious combiningof facrors, we end up with

4. + (22) (eey3

ay > 8 (2)( me ) Ge aay Gas)
where

(ik -pd _ (er- Pda=
fh i

Since the electron and photon energies are related by

fam Bo + BE (25.16
‘we see that for energies quite a bit above the binding energies, faa  p2/2m.
Hence

fa Une) ne © PM

se Lip, pore L(Y 2! ody bet pe
wtf (t2)5,-6,wife (ia)
=P (1 tied) a7)

for nontelavstic elecrons, ps < mc We have used the notation py = Mik for

for reve elearos on should sly use che Dine equson to describ se

roca, Bec ter then he Porodeccectse ee imporast when =? MeN
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1

the photon momentum, and as usual the ~ denotes he unit vector. Thus

Aza(4) (epot
[ones 2 (1-25.-8)f @s.0)

If we choose the photon direction to define the zis, and che wo photon

polariaion directions «°° point in the x and ptetons, espe,
Ben, wing

Te B. = (sin # cos 6, sin sin 4, cos 6) (25-19)
BE we hae (9-40) sia 6 cost and (pe £8) = sat # sat9s a cheBY gverage of the numerator over the two polarization directions (we are calculating
Bephoroaec cross section with unpolarized photons) i

2 (Bes) = F (sin®  sin® 6 + sin? B cost 9) = }sint# (25-20)
F also
@ BeBe = ono @ay

so thu, wing p//2m = E, we get

ms “ [er + Z( — cos Di Lael
E nor igh elements, the condition that we imposed eae, he > Ba which is
Fequialotto E> } me"(Za)* (25-23)

is satisfied over a reasonably wide range of energies. If we insert (25-23) into the
Cross section, we find tha the denoraator simplifies, and we get

Sn avira (ZY
a z (: ~ eee J (25-24)

Fer us discuss ssios axpect ofthis formula
(Q) Fase, the vague guess that since atomic sizes tend to be of the order

of 1 en the cross sections shouldbe of exder 10" cm? is wrong! Te tue
hac the facor as ofthat engaivde, bat eis mulled by (1/137) which s
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dimensionless, but hardly negligible! We should try to understand how one
could be 30 eng in ert to have Some guidance what one must be ctf
Shout in mabing eines fe igooe the last angula actor, which we wil
Sinus later we See that we may, wth the hep of

E=jmvd

write che factor in front as

avtatne' 22)" = seurew (£)

-2(2ye(Z) wa»
“Thisisa move wsefl fo, 1 shows, fst of al the presence of single fact
which shoul alveys be present when a single photon is etd oraborbed
‘The coupling ofthe wecorpoenia toa charges proportional othe care

‘and the square ofthis will lead to the a. The factor (49/2)? isa better measure of

the act of he atom tan nce we te Conideting a byogee atom of
Charge 2 Whee ronuins letter high power ofthe aio ofthe bial”
seloety of the clecwon ia te stom to the velocity of the outgoing fee
Teton

cis the ratio (aZ¢/y,) [rather chan just (¢/v.), which is also dimensionless}.
hue appean, bese the mux elameat involves the ovetap betwen the fe

electron wave function and the bound electron wave function, that is, the squareturrix coment nrelted othe probly nea measurement ofthe momenta
of the bound electron yields p,. The functional dependence flaZ</1.), in this
tase the ighth power” eanat be gused at on fneal quiliante grounds
For example, if the electron wave function were Gaussian [¥x(r) « «~”“], the
fallof with increasing velocity would be much faster than the eighth power.
“The ron why2 gars ita co make is thatthe omentum dstrbution ofthe clecton 8 foalized ina region of spend

ht

we Zam 25.26ap alt Rj Las (25-26)
‘and for pa >> Zameone is fat out ia the tail of the momentum distribution. This,
in by che enceraity selon, depends on the Sal dstbution of the

re fencion tod depends semiiely am the sen pri on the angle
Tmomentam. This dow make pooro-deiaegasion ia auceat pli 2 ey
veel

Thre tor sn the pase pce so hat th mai lone quel ge on
cin pooa.
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(2) The angular distributionof de/d8is given by
F@ = —ae (5.27)©

(0 = G0) cosa ™
We note, ist ofall, that the cross section vanishes in the forward ditection.

“This is a consequence of the fact that photons are transversely polarized. The
smattix element is proportional to p.  ¢, and when p. is panel to the photon

f—-momentum, cis faccor vanishes. The factor in the denominator has, because of

the fourth power, a strong influence on the angular distribution, When #4/¢4
‘approaches unity, this becomes very dramatic, but even for moderate »,/¢ there
4s significant peaking in the near forward direction, where the denominator is at

its smallest. This corresponds to the minimum value of the momeneum transfer
beeween photon end electron (p; — pt

3 More detailed calculations need to be done to cover the relativistic region.“The formule derived above works well in the region of its valdity.* Ar very lowA ‘energies, a mote accurate wave function for the outgoing electzon must be used.
Sach a wave function will reflece the Coulomb interaction between the nucleus

and the elecron. There will, of cours, be no phoroeffect below the threshold for
inning the leas-bound electron from an outer shell, As the energy increases

§ above the chreshold, electrons from deeper shels will be phocoproduced. If one
om plots the integrated cross section, or preferably the mass absorption coefciont*

© Nef, a8 function of the photon wave leagth, one finds the daca shown onVy aie soles Relgecorapntr oe eto ofthe n= Tce
3 axons; the L-edges coteespond to the various electrons in the = 2 scates. The
{edges occurat the binding energies of the various electrons. Moseley's empirical
law states chae chey are located at

@-«,)*a= 36S ey (25-28)

. where em, the "screening constants,” are approximately given by e5 = 28 + 1.
This foxmula is just whac we expect forthe ns otbitals, and ehe screening is the
effect ofall the others electrons.

¥ At relacvistic energies the cross section drops less precipitously, with an

(Bim) behavior inscead of (E/m)-*” but by the time enetgies of 0.5 MeV are
reached, the photoelectric efect ceases to be of any importance as far as the
bsotption of radiation is concerned. In the energy tegion of 0.5-5 MeV, say,
icis the Compton Bffs that isthe dominane absorptive effect.

Hee free electrons scatter photons. At low frequencies the effect can be

“te calculating absorcionof ration, theese that we dsned ost be ulipted| by sine there are wo eects in he ground ste excepin ydioger."This sequal to Nye A where Neis Avogadioseunber td isthe atomic weighs.
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Fig. 25-1. Mass absorption coeficieat Nef for platinum asa function of photon,
widens

ndestood dhssially; electromagnetic rdiation impinging on the election

scclentes it, and the radiation emied by the accleaed charge is the scared
tndation. The cssially cciated Thomson coss section is

se (ey

(2) om
tn quantum mechanics, the seatterag amplitude (matix element) must be ro-
posional to, since two photons ate involved, Since the perturbation ia the
‘Hamiltonian is

Lp nen + eae (2530)
‘when both terms ia the expansion of (22-11) ate kept, we see than an # contri-
ution to the scattering amplitude can come from two soutces.

(the fist source isa istotder contribution from the erm #AY)/2me.
(i) the second source is 2 second-order persbation term fom the

coupling, ep A(ed)/me. Since we bave 0¢ developed the second order
perturbation formalism, we wil estice ourselves co stating the results.

(a) Ac threshold, with the gauge that we have been using, V-A(e4) = 0,the whole amplitude comes from the term involving #A%(r,))/2m¢.
(b) The matrix clement in second order has the form

— ¥ (flew:A/me\n)(niep-8/meli) ‘= oe (2531)
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where che “sum over intermediate states“ also implies integration over al

the momen, when “n” includes contiauum sate Is not enough to includeiarenmedite one lection sates coxrrpooding to the aequence
nbereonte

|

‘and the intetmediate states containing an electron and two photons, correspond:Ee ing to the process

atnomtytl owty
RE eoumns our eat iis necessary to include the postibilty ofthe “vital” creation

(of an electon-positron pair by the incident photon, followed by the anaiilation
ofthe positon by the incident elecaron, with the emission ofthe fal photon,as

Gand ehe process
atnratututatOoyty

5 The calculation leads tothe Klinfrmala

eV it+xfai+s) 1oom (LY EA F9 Dogar g op»(3) { = eee aan ]
1 Le+ jlo +25) — a |

thes

xno (25-32)

‘whichisin excellent agreement with expetiment. Atlow frequencies this becomes
on 8 (SY a-m (253)

and at high frequencies («> 1) this reads

ot(SYE oog2e+ 0530)
“Thus the Compton cots section, 10, dps off a high enegies. At energies

above afew MEV, the dominant absorpeive process spar redo| Tein rematlable ac that photon a high enough energies, Rs > 2m}
can “materialize” into an electron and a positon (Fig. 25-2). The lattercan be

q

“The fact thar (25-31) looks like an off-diagonal version of the second-order energysti, eoume no cet
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Fig. 25-2. Tora sbiorption cocicient for loud and aluminam as « function of
negy, in units of the electron rest enegy (O31 MeV). The photoelectric cross

Seton for Ali negligible om the scale depicted hee.
properly called an “antielecron'; it as the same mass 25 the electron and che
Stine spn, but its charge and magnetic moment have the same valve with
“opposite sign as those for the electeon, and the nonrelativistic coupling with the
clectromagnetic field is obtained by the replacement of p by p — eA(rd)/e.
‘Such mateialzaioncin only occur in the presence ofa hid paticle,a nucleus,foe example, since energy and momencim conservation cannot hold for the
process

yore

To see this without going through 4 long kinematical calculation, consider theinverse process ¢-+ «7 inthe ceter of mass frame. The electron and positton
eve equal and opposite moment, 0 that the Gaal sate has coergy
2(mtt + pie)? and momentum0. A photon of energy E must carry momentumB/c. If there is a aucleus present, it can absorb momentum and energy (for a
‘massive nucleus this will be very small, p#/2M), so thar it becomes possible to
talance energy and momentum.

“The calelacion of
‘yh mucleus > ¢-+ + mucous

is beyond the scope of this book. The theory of quantum clectrodyaamics hat
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is used in these calculations also shows thac we can transfer pastcles from one

: side ofche equation tothe other, providedwe change the transferred particles coi their antiparticles. Thus one predicts chat
1 a nucleus + ¢*—> nucleus + e+

1 should also occur, witha matix element very closely related to that of pis po-
duction. This is in agreement with experiment, andthe lst process is reeponsible

:
3 fo cusmic ray showers.

. ‘An incident -y ray of very high energy (it may come from the decay
#°—+2y, withthe #* produced whena primary cosmic ray procon hits a nucleusat the top of the atmosphere) will make a pair, with each member canying
oughly half the original energy. Each member cin produce a photon, as indi

‘aed above, and the end products can maize Further photons aad pairs. ShowersF coming from extremely high enetgy events occurring at the top of the atmos-

fF phere can cover areas of several square miles! Less spectacular showers in counters
Fate used to identify photons of electrons. An incident paticle tac is charged,
i but much heavier, will be deflected les, and wil therefore radiate less.

Detailed calculations show hae energy lost in material through these
pg processes follows the law

Se Bhs) = Bye (25.35)

|) where the “radiation length” is given by
: (nt/h®) A

- 4 36)ae t AZ*a*Nop log (183/24) (336)
Ug

ie where No = 6.02 X 10" is Avogadro's number, m is the electron mass, A is theEF atomic weight, Z is the charge of che nucleus, and p is the density of the material
4 in grams pet cubic centimeter. The “pai production length” is given by

ze Ime = 2k (5:37)
ae

‘The formulais not good for very low Z. Typical valuesof L are
Ait 330m

- AL 97em

j Pb 0.53.«m
i Bremutrahlung is the dominant energy Joss mechanism for electoas at high

‘energies. At low energies ionization dominates, Lack of space keeps us from
discussing this essencially classical effect.

1 This process elled Bremrablang, and cam be undestod classi, «chug
tected i the Coulomb eld ofthe sucess neceleated, ana hence date,

:
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Problems

1. Calculate the cross section for the process

y+ deuteron + N+ P

“The procedure is the sameas chat fr the photelectc ele. Inthe caleultionof the mattx ceiment, the final sate wave function is again

1

yin) = oemWe = Jp
where pis the proton moinentum. At low energies the wavelength of the raia-
Tons much ager than the"si"ofthe deuteron, that "= 1, To caeulate

fore vee
observe that

MrEn ) MrwtMS yn=o
where the reduced mass Mp/2 was used, Now use integration by parts to show
that

o- fay es [rw Mele y, - ao +]
= fencnen (fh Mi) 5. Me fa cinefe (- FM) a Before vey.

leading co

= tn fare gen — fore veon

Sincethe inte is oaly over he range of the potential, whichis ery shore, we‘ean replace «oa the right side by 1. Another use of che Scheédinger
uation leads to

= ferer veo ven Bo f arose
with Ea the deuteron binding copy = —225 MeV. For the calculation of
this ine cake

yaya Meet gywe toe rn
=o <n

ropely nonmalized. For what energies would you expect the photon wave

Keng vo be much larger than the fange of the potetial re S12 fin? (The
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justification for ignoring the incegral inside the potential range (¢ < 14) lies in
: that ro& t/a where at = MpEs/f").

2. The principle of deuiled balance relates the matrix elements forthe
reactions

Ata>Bt+o

and

B+tboAta WW|
3 thus

3 Lao =D) Mal*

‘where the sum is over both initial and final spin states. Taking into account that
in the calculation of a rte ot cross section one averages over the inital spin

states and suis over the final spin sates, show that forthe aes
M+ V+ 1) ae _ Int V+ 1) Ax
POGpdE) dQ, ppd) dO

! where Jo, Ja, Ju Jo ate che spins of the particles, ps and ps are the center of mass
momenta of patticles6 and a (I and 11 must cake placeat the same total energy),= Ey and Ey ate the corresponding encrgies of the particles, and ty, d, are the
solid angles in which b and a are observed. Use this result to express the cross
section for the radiative capture process

N+P>D4+y7

in terms of the cross section calculated in problem 1, Note that the factor
| 4 @I-+ 1) for photons is 2 since there ate only two polatization states, and also

the spin ofthe deuteron is 1.

3. The cross section forthe reaction

EDP+P

has been measured for incident x* laboratory kinetic energy of 24 MeV, and
found to be equal to 3.0 X 10-* emt.

(@) Ac what laboratory energy would one be able to cary out a test of\ detailed balance by measuring the cross section for

| P+Por+D(The pion mass is met = 140 MeV; Met = 940 MeV; Mo S22).}
(b) Given that the spin of the xis 0, what isthe predicted cross sectionfor chis reaction?

4. What is the radiation length ia liquid Xenon, for which Z = 54,
A= 131,and p= 309gm cnr?

5. Suppose the electron were bound ro the nucleus by« square well potential, Caleulate che energy dependence ofthe cross section for the photoelectric
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effect. Assume that the photon energy is much larger than the binding energy of
the electron,and thatthe potential hasa short range. (Hint. See problem 1.)

References

‘The mechanisms responsible for the absorption of radiation in matter ate
discussed in most of the modem physics textbooks listed a the end of Chapter 1.
For a very complete discussion of the experimental rechniques used ia the
measurement of the various effects, ee also

IE, Segre, Nuclei and Particle, W. A. Benjamin, Inc., New York, 1964



| | chapter 26
Elementary Particles

and Their Symmetries|

| es In this chapter we discuss a number of ropicstelated co che fundamental
> inraions of elemenary pacer Altough is cape scene

EE cualiative than the others, because whatever theory exists involves concepts
bea too advanced to be discussed in a quantitative way, we will see thet quantum
: conceptsare essential in the analysis ofa variety of complex phenomen.

A. Electrons and Positrons

In Chapter 25 we mentioned that in the presence of a second body (to
conserve momentum) a photon can matetalize into an electron end a positron.
‘The positron can very appropriately be called the antpanielecocespondiog
tothe dens ts enea toe crepe forthe sig ote ee che
tiher dearomagoctic popes’ fog" oppouhe sagnetc dipole meses)

When an eecuce positon pars produed ms buble chante sys ary
: characteristic pattem caused by the fact that the two particles bend oppositely
a ina magnetic field is apparent (Fig. 26-1). Antipartides are « necessary conse.< quence of relativistic quantum mechanics, and the positron was predicted in

‘Sam by Dine wo yeu before Andgnon dacoed epee

‘We live in a world built of protons, neutrons, and electrons, Positrons aretare,
since they have wo be produced wil the expenare of tne af lacDen! {1 MeV) conesponig tothe production os fssn ten) oad cs deyhave been sued onl unde specal experimen iferesuccy Neate,

uation dhondjmoms ssi sade ts nena elie ee
Tomagnstic neato’ do ot dningeaty crepe ge aha ene
charge bewcen cleo sol positon Hist Bad castes foes ean
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Fig. 26-1. Bubble chamber picruze of the convesion of ray into clecton-
potion pain in the presence of mater (hydrogen), In one case the paris produced
[ithe coulomb field ofan elec, in the other ase i is prodaced inthe coulomb

feld of « proton. Toe racks curve in the magne fed of the bubble chamber,
sith the rer pails bending les. (Coumesy of the Lawrence Berkeley Labor
tony, Universe of California)
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the general notion of the inwriance of the laws of physics under particle:
antiparticle conjugation, in which not only electrons are replaced by positrons
(Gnd vice versa) but protons by antiprotons, neutrons by aatineutrons, and so
foth, With this generalization,we can conceive of antimatter consisting of anti.‘ace, with posittons bound «o them by attctive Coulomb forces. A conse-

‘quence of the invariance principle is cha all ehe physical cbserables are thesame, 0 that an observer could not tell whether he and his environment wete

made of mater or antimatter. Whether the laws of physics obey this conjectured
invariance law must be setded by experiment. Ie now appeacs thatthe laws of
the strong (aucleat) and electromagnetic interactions do, but thatthe laws of
the weak iaterctions do not. The exisene of autipatcies follows fiom quite

general laws of relativistic quantum mechanics,

‘: Let us concentate on positrons forthe time being and ask what happens
when they are produced in the vicinity of electrons. Sooner of later they willGB
collide with an electron, and ia the inverse of the production proces, they vill
annihilate each othe, with the liberon of the total energy consisting of the
kinetic energies and the sum of che rest masses 2m. This enctgy will be
liberated in the form of adation. To conserve energy and momentum, «thitd

ody (eg, a nucleus) must be present, of at leas two photons mast be pro-
Fie _—_tuced, a8 was pointed out cate. A ascinacing possibility is that the positron

loses energy by ionization, thu is, long-range collisions wit electrons, so that
slowing down rather than annihilation in fight occurs, The position will

genenily be cptuted into an orbit about an electron, The positon and electron
aac each other and form an atom that we call pstronium. The atom is de-

scribed, in fast approximacion, bythe same equation as was used fo che hydro-F gen stom, except that the reduced mass is x = an/2, $0 thatthe ionization
‘energyis 6.8 eV, the “radius” is 1 A instead of 0.5 A and so on. Posicroniumdoes exist and al ofts properties ate in acord with expecations.? The groundstate

of positronium isan ! = 0 cate, and of che ewo possible sates, and *S,the former lies lower. This is whac che hypetine splitting (Chapter 17) would
indicace, bu the situation bere is complicated by the fact thatthe possibiltyofannihilation

really makes this problem different fem that ofthe hydrogen atom,and the hyperfine interaction is pray cancelled by purely relativistic effects.
Once positronium is in an State, the wave functions ofthe ewo particles

‘ovelap significantly, and annihilation"becomes likely. The °S state can decay
into two photons, and the uansition rate can be estimated as follows. For each

photoa emited, che marrx element will have an ¢ init, so chat the squate of the
matrix element will involve ¢, of, equivalently, a. The annihilation ate must
sso be proportional ro the probability thatthe cwo particles overlap, A reson

"This incndes such este efecs atthe spots coupling, hypeine severe,nd
an efecive imaginary arin ts potential de tote pss of taabation insfo phon
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able measure ofthis is |¥40)|*, where #0) is the hydrogenlike wave function of
the ground sate, evaluted at 20 separation beeween the particles. The value of
‘this is (1/1)(1/ae)*,where ao = K/yca. To makethe dimensions come out right,
wwe must multiply by a (length)? (time)? made up of f, ¢, and g, but without
dayfactossof. The estimate is thus

aya (Y ay weree ()a
(a) os (m2 1@e() es)

‘The constant» is not determined by this dimensional argument. The tate thus is
R= 0269 X 10° sect (262)

CCompatison with the experimental rte of 0.8 X 10! sec! shows that the
Constant 9 i apptoxinatsly 3.0. A proper evaluation of this constant relly
fegires telaivstie quancum mechanics, since we require the matrix clement
for the snaihiaion ofa particle and an antipartice, and this concept does not
enter into the nonrelativistic ScrBdinger equation.

PPosizonium in the *S, sate can also annihilate, but must do so with the

emission of duce photons, To understand this, we most consider the properties
of posivoniam under charge conjugation, this, under the interchange ¢©
‘Weobserve (cf. Fig. 26-2) that charge conjugation can be accomplished by (1) an
inversion, accompanied by 2) « spin exchange. A single state, with S= 0, is

(odd, anda wiplet state with $ = Lis even under the ler exchange, so that the
effect of spin exchange is (1), The effect of space reflection is usually
(CA)! thats, even angular momentum states are even under refection, and so
‘on, bur there is an additional factor of (—1) that arises from che fact that anti-

patties of spin 1/2 (also 3/2, 3/2...) have parity opposite to that of partcles.*‘This implies chat we can write forthe elect of charge conjugation
c= (-1)8" (26-3)

“Thus he ground sate ' i even under charge conjugation, and the sta jst
above it, 5, & odd. Similarly, "2, is odd under charge Conjugation, while
2p res even, and 50 forth. Now the electromagnetic Geld is dd under cOnjugh-
tion, Fr example, the equation

vB = ep (6-4)

Ths follows rom uke geal popeies of welaivitic guano mechanic,
aod ha captives consequence he from the one enone ove. For expe

22) MELEE cto of tn ew protons podace i poonism sno ae PeSRATESoeraty peentcalarso ech hee‘ bore out by expernes
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Fig. 26.2. Equvalace of charge conjugation and (aversion) % (apn exchange)
for elcton-poston syste.

[can only be invatant under charge conjugstion if changes sign when the
charge density does, In effect, under charge conjugation,’ e—> —e. This leads to

“a series of selection rules, which state that posironitm in a sate with a given
F

Sand can only decay into an even numberof photons if 5+ Fis even, and inco© anodd numberof photons if $+ 1s odd. Thus the, state can only decay into{dn odd aumber of photons. Since each addiionl photon seduces the nce of

decay by a factor of a, at least, the smallest allowed number of photons is
favored

B. Baryons, Antibaryons, and Mesons

. In the last section we exirapolated the notion of charge conjugation to
4 particles other than electrons and on that basis made « conjecture about the
g

cxistence of aniprotons and antineutroas, These particles have actualy been
found to exist, aehough ici dfcok to make them, since ic takesa center ofamass energy of atleast 2Mye! 1880 MeV romakea pirat rese. The antipeotonthas been found to have charge —1, mass equal to that of the proton, magnetic
moment equal and opposite ro that of the proton, and other properties expected
fom theory. Since che neutron is neva, One might ask whac distinguishes the
ancineutron from the neutton, The answer is that there appears to exist &

* Under cars conngucion p— (i) A-> p+ oe) A. We do no: change he sign ofthe nambr/cboe intend age ein of Ayo eget Band Been ect ot‘huge coujgnon Ths mesos the polaaion vcore uasformed inca aegeeeSince tna ae Jovlee the nue of quunan evlng te ore ba thee oe

Srable ums te ays unde che ausaformaon
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quancam number like charge, called Baryon Number, Ne, which is conserved, and
which has value +1 (by definition) for nucleons (neutrons and protons) and —1
for antinucleons.

“The notion ofa conserved baryon number arses from the empirical obser-vation that the reaction in which e~ and P annihilate does not seem to occur. If

the reaction

+Psu

os, equivalent,

Pact + “seu

‘could occur, then matter would not be stable. We can trivially se limit on the
lifetime ofthe proton;the existence of very old rocks shows that ic is longer than45 X 10? years. Actually one can do better. Either of the above reactions
‘occurring in 4 scintillator would give tise to radiation that could be detected.
By properly shielding a large scintillator to eliminate pulses caused by external
sources such as cosmic rays, and looking for “spontaneous” pulses, one can
sec a limit on how often the above reactions take place ia, say 10% atoms,
“The absence of such sponcaneous pulses over a cercain period of observa-
tion has been translated intoa lower limit on the protoa lifetime equal to 2 X 10"eats! Ie is fair co say thee the proton is stable.

‘Actually the texction

C+PONtY

does occur in nucle, so that itis not quite righeco say chat the numberof provonsis conserved. The comect statement here is that the number of protons plus the
‘number of neuttons is conserved, just like charge. This number is whet we call
the Baryon Number. We posculate that under charge conjugation this quancurn

‘umber, just like charge, changes sign. Thus the antiproton and the antineutron
have Ny = —1. Electrons and positrons have Nz = 0, and this is the formal
‘explanation for the absence of the reactions @ -+ P —+ “stuff,” and s0 on.

Baryons and antibaryons can annihilate into “stuf”that must have Ny = 0, butsay have charge 1, 0, —1 in the processes P + N, P+ P (or N+ N), andB-+
N. Whatever the annihilation products are, they must have @ total energyof a least 1880 MeV and thisis a very distinctive fearore of nucleon ancinucleonanitilation
Alchough i is consistent wich the symmetry laws to expect

P+ B (ete pairs) + photons

to occur, it turns out that most of the time the annihilation productsare x-ansonsalso called pions. These are particles fist predictedby Yukawa in 1935 co explainthe short-range nuclear forces in a manner analogous to the long-range electo-
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L ——_magnetic forces. The pions were viewed as counterparts of photons.‘ Pions ate

‘not part of our everyday experience, since they have short lifetimes, 10-* sec for
the x and 10° sec for the 2°, They all have rest mass of the ordet mc?

140 MeV and Np = 0. Thex” is the antiparticle ofthe x+; their masses and decaypatterns are the same. Pions are responsible for at least part of the nuclear
forces, and as such must be rather strongly coupled to nucleons. Thus the analog
of et/he (221/137) is a number gi/hec & 15. Hence the eule that the smallest
‘number of photons in a reaction is most probable does not hold for pions. In
the annihilation

P+ B— pions
BR

& che number can vary quite 4 lot, consistent with the constrine provided by
‘energy conservation, The average number appears 10 be around 5, when the

nucleon and antinucleon are ac rest. Pions have been found to have spin 0 and
negative party, and thus ate called freuducalar particles. Siace they ate spinless,
they cannot have any electrical moments, fo example, magnetic dipole moment.
“Thus the only difference berween a x* and a.x~is its charge, and the #° is its
‘own antipaticle like the photon.

| C. Isotopic Spin Conservation
‘The neutron and the proton ate really very much alike. They differ in (a)

their charge, (b) cheir magnetic moments, and (c) their masses, the lst to about‘one part in a thousend. The nuclear forces, on the other hand, do not appeattodistinguish beeween neutrons and protons. Thus the binding energies of mizeor

‘nucle, thatis, nucle that transform into each other when neutrons are replaced
by protons and vice versa, are almost equal, withthe discrepancy explainable in

terms of the difference in the Coulomb energies. If che ncutton-proton mass
difference also wete an electromagnetic effect (and its size is consistent with this
possibility), then one could blame all the differences between neutrons and

protons on electromagnetisin.
4 Heisenberg, and Condon made the bold proposal that che nature of the

‘nucleons mustbe such thatif ic were possible co "turn off” cheir coupling totheclectromagnetc field, that is, the electric charges, then there would be no way of

distinguishing between proton and nevtroa, and that these two particles should
really be viewed as two subsates of a single eatty, the aucleon, This notion

_grew out of the realization that an electron with spin “up” and an electron with
spin “down” in a magnetic field are sill che sume electron, even though the
energy is different. In this case the magnetic feld can be cummed off, and the
“symmetry breaking” be made co disappear. For nucleons, the symmetry.

“See Special Topics section 3 on “The Yukawa Theory”
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breaking elecrromagaetic interaction cannot relly be tured off experimentally,
bot this no burtier to imagining « world without elecromagnetism. The pro.
posal was thet the analogy with spin should be quite exact, tha iy that the

(roen and the esron shld Be "up and “down” states of “isso sin 1/2cntty called the aceon. The aucleon is 22 1 = 1/2 sate and the proton and
nevtton ace eigenstates of I, with eigenvalue +1/2 and —1/2, respectively.
‘The antiproton and the antineutron aio form  dovbles, but now itis the
sntiproton che has 1, = —1/2, and the antinewcon J, = +1/2, Nuclea forces

fre now “aucleon-aucleon forces,” and the equality of P-P, NP, and N-N
forces can readily be understood if one assumes thie the aucleon-nacleon
potential conserves the otal angular momentum in isotopic spin space, that is,
tha napein seme“Two nucleons, each baving I = 1/2 can form an I = 1 triplet and an
1 = o single. The sats, in complete analogy to the spin triplet and single,
have the form

pp

aiplee Vi(PN-+ NP) singlee yi(PN= NP) (26-5)
NN

“The notation P and N here isthe isotopic spin analog of spin “up” and spin
“down” spinors x4

By the Pauli Exclusion Principle, the P-P scates are limited to crlly
satsymmertc states 'S, Pag. 'Dy «spin conservation demands that che
N-P system in the I= 1 state also obeys che same aymmecy. Thus the P-P
and N-P forces in these sates will be equal (and equal co the N-N force), but
the forces inthe %, ¥P, *Daza, «tas ofthe N-P system can be diferent,
since these comtespond to 1 = 0. That the forces are diferent is shown by the
facts deuteron without « comesponding P-P and N-N bound sate exists. This

situation is analogous to the existence of spia-dependent potenial that give@diferent force foe the eiplet and singlet spin sates, even though the total
sngular momentum i conserved. Ifwe introduce operatorsI (= laf) obeyingthe “angular momeatum commutation relations

Unk] = i, Copel) 266)

wwe can construct the whole isoropic angular momentum formalism in exact
‘analogy with the ordinary angular momentuen formalism, except that there is 90

analog of orbital angulat momentum connected with motion in space. spin
Conservation implies that in the absence of eleccomagnetic interactions, the
Hamilonian has the propery that

ual = 0 eon
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Furthermore, eigenstates ofI and 1, wih eigenvalues Il + 1) and —1 <I, < Tan be used as basis states. The existence of thtee pions, x*, «°, and x,
all with spin 0 and pariey ~1 end all of almost che same mass, fs in very well
with the existence of che symmetry; we can say that pion form an I = 1 triple
with the 1, = 1, 0, ~1 states represented by x*, 2°, and a

‘The mere existence of these -spin multiplets may be viewed as evidence
for the underlying symmeny. We cia, however, point co several other moce

{direct manifestations of the symmetry of the strmg interactions that are seen in
the nuclear forces

{@) Nuclei consisting of Z protons and A-Z neutrons will have

ya Zr 4-2)
2

e =Z-A4p (268)

B= so that any one of its states belongs to a multiple of total Jat lease as large
Ff a5 |Z — 4/2], One might hope to find evidence for other members of these| ——_-mukiplets in neighboring nucle, and such evidence has indeed been found.

| ‘The /-spin partners of a given set of levelsare called analog states and have beenthe object of intensive study by nuclear physicists, Figure 26-3 shows « par-
ticularly clean example of multiplets. "0, F, and "*Ne have proton/aeutron

BF —_—_aswokers (6,10), (0.9), and (10,8), respectively. For the fistand third che ground|
states could belong to the seme é-spin triplet; the spectrum shows thr 'F hasa‘ground state that has spin-paity 1, so ta it eannor belong with the OF ground

F stares of "Ne and 0, but that thete is an excited OF state that could be the

1, = O memberof the criplet. Furthermore, these i remarkable correspondencebetween a whole sequence of energy levels in the three nuclei, indicating chat
‘hey are all parts ofan I= 1 multiplet. The figuee shows that chey are notdegenerate in mass, but char they differ by several MeV. This is to be expected

j because the Coulomb repulsion berween the protons does not respect #-spin
symmetry, The energy differences can be accounted for quantitatively inthis way.

(b) Fspia multiplets also appear in excited states of nucleons. If one ex-

amines pions and nucleons emerging from a high-energy collision of a pion ot:
proto with a target proton, one can determine their momenta and energies.
If a particular nucleon and pion were to be decay products of a single entity,
then that entity would have to have I= 3/2 of 1/2, since the addition of

I= 1/2 and I = 1 can only lead to such states* Furthermore, if the decaying
state were at rest and of mass M, then the pion and nucleon would have equal
aad opposite momenta, and the sam of their energies would equal Mc. More

‘generally, if (E,p) denote the nucleon energy and momentum and (¢q) denote
“eis, ofcourse, assumed that api i conserved in such a “decay” of the exited

stare. Mote sot this ater!
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Fig. 26-3. The level schemes for nuclei with A = 18 TheI = 1 levelsfor "OG. = 1), YF (Z, = 0), and Ne (I, = 1) show a remarkable correspondence.

The I = 0 levels for Fare also skerched in. (Data taken from F. Ajzenberg-Selove,
[Nurdeer Physics A190, 1 (1972).)

the pion energy and momentum, then telativity tells us thac the more genetal
relation is

+o @t ae = are (26)

‘Thus by measuring energies and momenta, and studying such combinations of
energies and momenta for pion-aucleon pairs, itis possible to look for such

decaying states. Figure 26-4 shows some examples of such mass spectra. One ofthe most common states found is an I = 3/2 state with Me = 1236 MeV.

‘One knows that itis 1 = 3/2, since the mass peak occurs in the Pr system,
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which as = 32. eas, of couse, been eecked tht the pak occa in he

Uiher sees Themullssully Sse fp 336) Ice reneeScns tatadead sty ofthe snus caneion ketone ed oeclon inde ca the pn and ety te 3/— Te see hen bas‘width of about 120 MeV. This is the “narural line width,” and it indicates that

telisine of the T= 3/2 aes
; i wo

= aya ~Dox16x 1s TOP XW Hse (26-10)
No wonder the A cannot be detected as a particle leaving a tack in a bubble
Gunter!

é

m=

1
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x

|
Feo
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«

pairs from reaction «~ + P —+ wte-N. (6) Ploc of events (#*P) as a function of
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‘The conservation of spin allows us co make predictions about the
telative decay rates of

PstNeal
Net

“Te procedure is completely analogous to our discussion of spin and intessicy
rulesat che end of Chaptee22. The initial save of 1 = 3/2and y= 1/2 maybewwiteen in tems of T= Land f= 1/2 wave fonctions as follows

ry juYurus© fe a°P +E eN (26.11)VTP ENS

vete Yay fepesents the. Thus the probability of fadinga Py® state is 2/3and that of finding  Ne* state is 1/3, These predictions ate borne out by an
analysis of the data

“Espin conservation bas been tested in many teactions, and sere is a0 ques
sion as co its correciness, subject ro small electromagnetic corrections. The fact
that these comections ate so smull, for example, thc che neutron: proson ass
sifference is s0 smull, made st possible to identify the symmetry. When sym
retry breaking is large, this becomes much more diffcule.
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D. Strangeness

Inthe late 1940s it appeaced as if che basic ingredients of a theory of the
strong interaction, those tesponsible for the muclar forces, were established. ‘The
forces acted berwecenthe nucleon doublets, and the “glue” giving rise co cheseforces was the pion triplet, as predicted by Yukawa, There remained the in
superablezechnical problem of making reliable calculations (because the potential
is strong, pertabation theory canner be used), but the expectation Was the his
problem would, sooner oF ater, be solved, It was therefore very exciting when
round 1950 cosmic ray experiments, and laer, the frst high-energy acccleators,
indicated the existence of a new set of particles, The fist particle so discovered

‘was the A°: it was found that wheaa cloud chamber was exposed to cosmic ays,f certain umber of V-shaped tracks were seen. When the experiment was
repeated in a strong magnetic field, it was found thatthe tacks bent in oppose
directions; che cucvature of the tracks in the magnetic fild determined dheit
‘moments,and the range determined theit energies. From ths, the application of,(266) allowed the determination of the mass of the particle that decayed into
theP and #7:it was givenby Myc! = 1115 MeV. The apexof the ¥, matkingthe point of decay, appeared a certain distance from the point where the produc:
tion interaction occurred. From this the lifetime of the A* could be determined,
and was found to be 2.5 X 10-¥ sec. From the number of A's seen in & given

rnomber of photographs it was determined that they were produced with a cross
section ofthe orderof 10-# em. In addition tothe decay mode (see Fig. 26-5).

BoPte

the decay mode

MONE

‘was later established. Another pair of particles were also founds these wete the

sigmas, with Ase = 1190 MeV, lfeimes rs" = 0.8 X 10°" sec, r= =
15 X 10- sec, and dominant decay modes

etePe
Nat

Nee

‘At about the same time other ‘racks appeared chat wore finally interpreted as
‘caused by new particles with Np = 0. Ther decay modes were (see fr exaraple,
Big. 265).
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In spite of the eiserent foal states, these were autibuted :o single partces

: because im each case che masses came out myc? = 494 MeV andthe Mfetimes also

clustered around the values rai = 1.2 X 10-' sec and rye = 08 X 10-500,These K mesons wer also produced wth ros sections oftheonerof 10-7 cnThe
discovery of these pcticles snd thet properties caused a cies shedata, taken at face value, were not compatible andi tke seriously pled taut

«quantum mechunis could not describe the behavior ofthese particles. To ace
this, let us describe the atic clement for the decay A? —» Pe by the nusber
G. According to the Golden Rule, the decay xe is given by

2 oy HUME ae tap db ,BOS ate ~ 5 O Geiye esr)
i With reusivitic kinematics (pis the ceoter of mas ciomentum)

Bm [Me + PED [ime + pan

‘dp/de evaluated ut E = Mt can be calelared, and we get, writing @ in| dimensionless form as

@aahe (26.13)
the rate

A (me) (be) (Bay (Be nesmG )(&) Ce)(ore oe)The dimensionless number A it che analog of the fine sraccure constant a
Porting in numbers we get for the decay tee

R06 AX 10% sect (2615)
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feo which we Gnd tae 8 & 0:7 X 10-". This number i very much smaller
than the fine structure constant and suggests that che interaction responsiblefor
the deny m much weaker than the slecuongnetiintracton. On the fb
and ifthe Ais produced in a conjectted rection such ss

rtPoe te

cone can use the A°Pr~ coupling to estimate the cross section. Estimates of the
Fre ae ued incur disarm of the phoroclecc efec suggest ta he con
TEjas mane proporcona 8. Te ages ae” involving the masses of
the particles involved chus gives, with the above

enn (ZY 15 x10 a (2616)
“This differs from the experimental value by factor of 10" and no minor changes
inthe etnaer ca soe use hus appeas thatthe As produced by 200g
imerscon ad decays through a wenk iteration

“Ihe way ont of te derma was suggested by Pais, who proposed that
the production process necessarily involves another one of the new particles, 30
hav esccoat hvoling ps ofthe new parle could proceed only,
eres rections involving only one of then woul hav © go slowly. Tus,
the coojcreed acon,

rtPowee

should noe ake place, bu that

et PSea

foc example, could. The suggestion of Asia Prdutonttned ove 1 becee fee soon determined thatthe production of + A was tnays“Accompanied by the production ofa K."The limitations of the Pais proposal weresecn nen sil tnether price, named the Cascade (2), mas discovered, PeInniny edence homed cto decay with fete of 7X 10° sc acon
ies

Boe tr

but it dma decay acon co the mode

EONtE

res mass was found 0 be Mae = 1321 MeV. Ifthe Z "hlonged wit he 3%
thew he ee decay mode has 4 pai of the "new" pls, and should go
reply the “worl” hen the esty

BoNte

soul go pity, insend of wot a
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baryon sone
¥ Fig, 266. Hadron specu as known in 1955 bene the discovery of other
{paces peeiced by stangeness theory. The energies are only approtiaate, td

4) the new particles pediced by che strangeness theory ae given by dhe dated levee

* Order was brought into the jumbled situation by Gell-Mann and by
5) Nishijima, who independently proposed the extension ofthe notion of spin toJ Ghenew pues tnd inodued sev grants mania heenti

Ps speccrumof baryons (the ame for nucleons and the new particles the ultimately§ end up as nucleons) and mesons was, by 1953, believed to have the form shown

; in Fig. 26-6. Iris lear thar the 3 — A° mas diference js too large to put chem
{¢—__intoan spin tiplet. Thus, in the absence of equal mass partes, the Ahad voif be an I = 0 sae. Since the peoduction cross section inthe teaction

iC HPO ER
vs large enough to be viewed asa strong (tather than elecromagnetic) process,

i-spin should be conserved. The lf side has 1 = 3/2 or 1/2, and thus the K®
‘must belong to one of these multipless. The absence of eny observed K** or
A, needed to make up a quact, showed thatthe K° would ave tobe put of
a0 1 = 1/2 double, withI, = —1/2 equalto the I, ofthe Px system. The Kevwas undoubtedly the = +1/2 partner of the K°, The lifedimes of these two
particles could be very diferent, since the weak interactions need not conserve

‘spin any more chan the clectcmagnetic ones do. The K- is undoubwedly thesncipatcie of the K+, and is J, = 1/2 partners denoted by H°. Nowe thac the Re
‘tnnoc be identical withthe K° since they have dffeencealues of 1. How is it

: possibie for # neutral system nor to go into itself under charge conjugation?
‘We saw thatthe atineuton difred from the neutton, because they feed in

1 the value of baryon number Np. What ® the quantum number thet cstinguishes
hecween the K° andthe K°?
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“To answer this question, let us consider the relation between J, and the
clectrical charge. For the nucleon system we have

1

Q=h+)

and for pions

o-k

“These «wo cases, and that of the aninucleon, can be combined in
Noonus

“This formula, however, does not work for the new particles. Ifwe modify theformula by the introduction ofa new quantum number S called the strangeness,so that

Na, S

. gabe Ste (2617)

we find that for nucleons and pions = 0, but forthe A° we must have S= —1.
‘Thus the K*, and its partner, che K*, must have S = -+1, and heace the K- and
the mustbave5 ~~ ft assue thcgconugconio dung hesign ofS, a8 suggested by (26-17). Tis isthe reason that the K® and the K® arediferent. How this manifests itself we will see late.

Continuing with our extmination of the baryon spectrum, we see that in
the absence of ** and/or 2, it seems natural to assign T= 1 to the 2's.
This however pradict the existence of a 2°, of mass close to 1190 MeV. Why
was the decey

Borie

(analogous tothe A* decay) never seen? Gell-Mann pointed out thatthe electro-
magnetic decay

Posty

did nor involvea change in strangeness, in contrast co the former decay mode.‘Wich che postulate that a decay in which strangeness changed by one un,

last = (26.18)

should go “weakly” with eypical lifetime of the order of 10-* sec, while srange-
ness conserving reactions should go stoagly, or elecromagaetically, it was
possible co predict chat the 2°—> A” + decay should be very pid (7 ~ 10-*
sec), leaving no opporeunicy fr the weak decay to take place. A careful study of
1° decays showed that they frequently originated in a reaction in which some
momentum and energy was missing. An eximination of the missing momentum
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| and energy showed chat the mass of che missing particle was consistent with 0,
4nd that the photon and A° were decay products of something with mass 1192
MeV, confirming the existece of the 2°. How do these notions, that is, con-

"servation of $ in the strong and electromagnetic interactions, and |S] = 1 in
SF he weak ones, work for the 2? The weak decay

te Boe te

7 suggests cha the strangeness of the 3~ must be 0 ot ~2. The former assignment
4) is incompatible withthe absence of

* and hence we must wke $= —2. This implies that the Z~ has I, = —1/2, and
% im the absence of multiply charged 5's we asign to ie 1 1/2. This predicts a
partner, the", which should have mass arouad 1320 MeV and decay according
8

Boxee

J the decays 2+ 2 + w ate nor possible because ofthe masses of the particles© involved). The2° was looked for and found! The explanation forthe absenceof
, BoNte

5: lies in that itis chacactrized by [4S] = 2, which is presumably doubly weak,

2 characterized pethaps by a 8 of magnitude 10-*.iE “The notion of strangeness conservation in the strong and clectromagneticis ‘teractions, and [AS] = 1 in the weak ones, has passed every test. The dasi
# ——Gaacion of particles by é-spin and strangeness, ot equivalently by hyprcharge Y
i defined by

te Y=Ne+S (2619)

i is given in the following cable.

| Baryons Mesons “Anuibaryons: yor Newt a= 0 Ne=—t
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Subsequent determination of the spins and patties of these particles
showed that all the patticles in the first column were 1/24 and those in the
second column were O-. If we are looking for patteras, whete is the missing
I= 0, ¥ = 0 pseudoscalar meson?

E. Unitary Symmetry

‘The search for a familial relation among che baryons and among the
mesons was actively pursued ia the late 1950s. Finally in 1961 Gell-Mann, and

independently Ne'eman, discovered a generalization of #-spin, bearing the |

" |

Y
8»

1x « hb x x «x |

a x x 2 x

|

a, ETT, |

2 x Kx n

bx we ge mx

a x oe x

Oa,

Fig. 26.7. Some SUC) representations, The numberof cronses at each site tepre-
sents the multiplicity. Thus the 27 consis ofa Y = 2,1 = Ostate, Y= 1,1 = 3/2tnd 1/2 sates, Y = 0,1 = 2, 1, 0tates, and50 on.
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technical name of SU(3), Since group theory, the tool most widely used in the
search, is beyond the scope of this book, we can only give a very qualitative
idea of how the familial elation looks. 1a SU(3), states come in supermalkiplets.
Each supermuleplet will consist ofa number of states that can be labeled by©
ispin as well as hypercharge. Figure 26-7 shows the several supermuliples,

the octet, 8, the decuplet, 10, nd the 27. Figures 26-8 and 26-9 show how the
1/2° baryons and the O~ mesons fit into the octet pattern. The missing 1 = 0,
¥ = 0 pseudoscalar meson was found ia the examination of x“#7x° masses in
bubble-chamber pictures, A study of

(me = (Ex + Bot EY ~ Ap + pt pot

showed a strong peaking at my* = 580 MeV, and an analysis of the distribution
‘of the energies and momenta among, the three parties showed chat the decay{ann inpie! dc guatun nonin oor ad sce Mesbuaree ekeBE comelations in wtx'e-, sty, showed that the i-spin had to be aero. Since theFR
decay was clearly not week, the strangeness had to be 20aE Ifthe SU() symmetry was indeeda badly broken (badly, compared to the

: only slightly broken i-spin symmetry) symmetry, then it should also be relevant

q to the excited stares ofthe nucleon. The I = 3/2, ¥ = 1 (1236) resonancesHie oveded parmnes, In 1960a sec of AYx resonances wete discovered, The /-spin wascleatly
1 and the hypercharge was 0, and deasiled rests showed thatthe spin andSe _pasicy were 3/24, s0 that these so-called 2*(1385) were most likey partners ofthe

‘4(1236) in a supecmultpler, The simplest possible sssignments were the 10 aad
the27. Gell-Mann and others conjectured that the 10-was the appropriate choice.‘The discovery ia 1962 of a Zx resonance of mass 2531 MeV, with I = 1/2

y

x :1

\\
\\

j

| a ae Ne
ent Noro Naot

; 4 Ne fext

1a

Fig. 26-8. Octe: pattem for spin 1/2 baryons. The diagonal lines ate lines of
constant charge Q *
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© F
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Fig. 26-9. Occet pattern for mesons. Included is the T = 0, Y = 0 particle
4° discovered in 1961.

(a0 Zr resonance, for example) srongly supported this assignment. What wasstill missing was the last member ofthe decuplet, an I = 0, ¥ = —2 negatively

charged particle. What would ic Jook like? Here the patcern of masses of the
other members of the decupet, (1236), *(1385), and =*(1531) suggeseed
equal spacing increasing linaly with |¥|. If this were co be maintained, the
missing partice, called the O-, would have co have mass ia the vicinity of Mae

= 1675 MeV. This would give the ST a unique signature; ies mass is too low
to decay stoongly into2 + K, and hence it must undergo |S] = 1 decay toA°K ot Zr. Its production would also have @ special signature, since the lowest
possible Y-value for an inital stateis Y = 0 for K~ + P collisions. Thus, comakea Y = —24F, two K's would have to be produced.

‘A massive search for such a particle was undertaken, and in 1964 the
first 9 picture was published (Fig. 26-10). The production process was

EPO Ta

and the decay
@rte

Looe

Loa,
ss

pte
ac
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“The face catia the x” decay

Bort,

both +-tays produced pairs was very fortuitous and makes the picturea textbook‘example of what theoreticians dream of, but experimentalists seldom sce. Thesass
of the 9 was found to lie remarkably close to the predcred vale, at|

1672 MeV, The spin and parity have not yet been measured, since to date chere
‘exist only 28 2~ pictures, but there is ao doube in anybody's mind of what the

outcomewilbeThe
SUG) symmecry, just like spin conservation, makes predictionsabouc decay rates among particles in the sime sopermaltple. Thus there are|

predictions relating At — Pf xt, B¢*— 4° + xt, and EE

that are in good agreement with experiment, given the fact thatthe symmetry is
broken, The genetally accepted view is that SU(3) is indeed an undedlying sym-

meiry of the strong interactions. The mechanism by which ic is broken is not| yet well vadrtoos, hough soa pater (ach the ea pig fle m

ese devi \Frettain PEt \PV/ |VBP AAS + 2 Pbo
AE Ba \{ je
ager Dae
pore ayy NA]

ery eye

BBLta 3)
fe Th TF . it

Fig. 26-10. The first @-. The mass of the @ is below the Z + K mass, so that

asrangenes violating (weak) decay is involved, Whats sen in he bubblechamber

pictures the sequence 58" fe Bt aS ohn Dy), Ae Po Pron
Barnes a al, Ps. Ree. Lets, 12, 204 WB64), courtesy of Broothuven National
Labortocy and Be. NP. Samos
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‘the decuplet) follow from some simple postulates about the nature of the
symmetry breaking. All ofthe many resonances that have been found can be fitted
inco supermuliplets, although frequently there are still undiscovered partners.
Je is a remarkable fact that all of the mesonic resonances (and there are now

1°, 1%, 2 and (probably) O* octets) and all of the baryonic resonances fit into

‘octets for mesons, and octers or decuplets for baryons. This absence of higher
supermultiples, for example, the 27, cannot be understood on the basis of
SU(3) alone. It does follow from 2 simple composite model of elemencary
particles, called the quark mode! fist proposed by Gell-Mann and by Zw,

F, The Quark Model

‘The question ofwhich particlesare elementaty has beena pressing questionin this fundamental field, and withthe recognition that the "elementary" proton
and neutron had six partnes, it became clear that if there were some elementary
building blocks, chere would most probably be fewer than eight. What might
these building blocks be like? We have spin 1/2 particles as well as spin 0, 1,
3/2, «particles. These can be made out of spin 1/2 building blocks, but not

‘out of spin 0 building blocks; similarly we need an i-spin doublet, at least, 0
‘make up ispin 0, 1/2, 1, and 3/2 states. In addition, we need atleast one mote
particle dffecing in hypercharge from the doublet, so that various Y states can
be constructed. SU(3) happens to have, as its simplest noncivil states, a three-
particle representation and its anciparticlerepresentacion. These representations
snared “quarks” can be used to build up other SU(3) representations,use ikeangular momentum 1/2 can be used to build up angular momencurs stares of J
diferent from 1/2, The rules tuts out to be

se5- 841

3@3= 643

30303=10+8+8+1

so chat it is plausible co assume that mesons ate made of “quarks” and “anti-

‘quatks,” and baryons and their excited states are made out of cree quarks each,
In this way the absence of higher representations can be understood. Jn order
‘0 mainteia the formula

y

geht

the following quantum numbers ate assigned to the quatks, which are labeled
with lowercase leters related to their spin concent, p, », and X
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Particle Np B ¥ 2

?iaiai
*i 4 +4 3 4

3

a+o°ia
x+ ° ° F +
*a+44a

?+4 i + = =i

To construct the composite wave functions for a quatk-anciquatk system, we
statt with the highest ¥ and highest I states; loweting fy can be done by suces
sively converting p> » or 3» p. To get the states of one lower uni of Y,

convert a p ah or an 9 toa X, For example,
KY = ()

Hence

= (i)

To get the x* stare, convert Xin the K*, Ths yields
xt = (pn)

F and chen, succesielyt

Lee

vit
q r=)

‘The K- and K° ae jut the entipattcles of the K double, so that4
B = 0)

=o

‘There remains the I = 0, Y = 0, n° state. It can be obtained by converting

p—> hin the K+, What one gets is part 9° and part x°, but since we already know
‘what part ” is, the 4° can be found by insisting that it be orthogonal co the x”.
“The choice turns out to be

Lak — a7 = 7g OM = Ph - wi)
-__£Thesiou sige inthe = isa technical subey. eft, the saipinorto (it
&-3 :
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“There remains a fal possibilty

Nom 75 (ob + mw + OH)
‘arthogonal co both #° and n°. This is, in fact, the 1 in the decomposition 3 X 3 =
8+ 1, and it does correspond to a pacicle chat has been identified, the 9/(958),
‘which also has spin and patty 0

‘The bound seates with L = 0, that is, the 'S states, are the pseudoscalar
‘mesons (recall that the parity of an aatiparticle has an additional minus sign).
One can imagine L = 1 states, for example, "P; (i, 1-) bound states, and also
*Px4 sates (21, 1°, 0°), and so on. Many of these have been found. The quark
model, being mote specific thn SU(3) yields more predictions, comelating
clecays of particles that have different spins

"The ehree-quatk wave functions can be worked out just like che quatk-

anciquark wave functions. The highest Y, Jy state isthe (ppp) state, which can be
identifed with the A+. Its partners are again obtained by successive conversion
of p=

a = (pp)

1ar =ya en + bmp + mm)

a = Felon tape + mp)
a = (one)

‘The 2*+ is obtained from (ppp) by changing pro. Thus

1x=op
5G+ P+ MP)

woe eb NE peEH = Sag(NEPh Ph e+Now + Mp)
1zt = ata + he + a7h he ha)

Successively

1zea a »y
EM = + NA+ mY)

1= Lan ten + Ni)B= eM HA EM)
aod

=m
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‘The four multiplets difer in che number of \ quark. If i is assumed thatthe
symmeny breaking completely resides inthe fact tac the N qui is some 150
MeV more massive than the (p.x) double the mass partetn ofthe decapler can
be undetscood. When this argument is applied to the meson octet, it does not
wotk as well with a 150 MeV mass difference. However, che relations

i = 2 my + binding

2 1my = 2 (2m) + 1 (am) + binding| Fam) +5 s

lead co

1

sme = 1 Ging + me) 256 (26:20)
{which is knowa as the Gell-Mano Okubo mass formula. Te wotks to about a

2 10 percent accuracy, but is very good if the relation is written for the squares of
© the masses. Incidentally, che se formula will wotk for other octets, and for
x the baryons it will hive the form

j

L1
5

(ove + ms)= 1 Gm + ms) 063met im) = 1 Om + e621)
| Tei quite accurate and is sometimes used to estimate where partners of incom.

; plete octets eight be located
The quark model lends to many other predictions. For example, if tis

assumed that at high enegpies all quarks and anciquatks interac identically,
leading t0 equal cos sections, then it follows chat in PP collisions there are
nine possible interactions and in xP collisions there ae sx, so that

PP) 3
oP) 3 ‘

sey" 2622)

Surprisingly, this simpleminded counting wodks very well, both in this instance
and in*many more. Ic is an urgent and as yet unsolved problem in particle
physics to understand why quarks, which ust be very massive if they exsc at
all, since otherwise they would have beeen seen, act in such & simple additive
manner, Other questions remain. Why do thrce quarks bine, but not two?
More deailed considerations show that quatks, even though assumed ¢o have

; spin 1/2, act as if ehey did not obey FesmicDinac statistics, Why is this so?
We do not kaow.
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G. Parity Nonconservation

In addition co che trong interactions and the electromagnetic interactions,there exist, ia oarure weak interactions. They wete fist discovered in beta decay,that is the teaction

NoPte +3

and related ceactions such es postton decay

PoONtete

and the capeare reaction

O+PIN4e

with the last ewo occurring only ia nuclei. What was observed was 4 nuclear
decay of the form

AZ AZ+D te

‘The electtons did not come out with a fixed energy, as they would have co if eis
was a two-body decay, although the maximum electron energy matched that
available for a two-body decay. Faced with the choice of giving up energy con:
servation ot proposing a new partici, Pauli in 1931 postulated that thete exista‘cutral particle emitted in the reaction with the electton. The properties of
the new particle, named the neuriny, were the following:

1, Charge conservation required that it be electrically neuer

2, The equality of the maximum clectton energy to the available energy
requited thatthe neutrino mass be very tiny; it is now believed to be zero.

3. Studies of che spins ofthe initial and final nuclei required the neutrino
to bea fermion. It is now knowa to have spin 1/2.

4. The neutrino was not found when ic was fest postulated. The reason is

that ic interacts very weakly with macter. The cross section for neuttino absorp:
tion could be calculated with a detailed theory proposed by Fermi in 1932, and

it was shown to be 10- cm? at low enecgics. Thus, in spite of is esoteric nature,
the existence of the neutrino was accepted by most physicists, and it was faally
identified in 1954. Nowadays neutrinos coming from the decay of high energy
pions are used to study high-energy neutrino-nucleus collisions

“The Fermi theory of beta decay explained a cass of weak decays, includingthose involving& new particle, the muon (a), which is for all practical purposesan electron of mass myc! = 105 MeV, which was discovered in the 1940s. Ie could
also explin in principle, if notin detail, decays such as

*)wo ,(3)+
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since these could occur hough the eps

reoP4+N

pans(S)ey”

with the N-N annihilating. With the discovery of the strange particles, weak

sorte

and

: Kotte

Kotte

‘The ater decays anced much awentio. As the expeinenial dat beg to
point othe fc thatthe K meson had spin patsdox noes The dese

Kot

Fito ewo spinless particles implied thar the orbital angular momentum also had
Fsovanish Since bth pions wee of negaive pry, she implcaon was tat he

K had positive parity. On che other hand, a decailed study of the energy disttibu-
tions i he decay

Kase

suggested very song chat al hee pons wer in state relive co each othe,
ts might have been guested fom the sll amoun of Lneteeoegy sve,
to the three pions in the decay. This meant that the parity had to be (—1)3,
thai of, since there were he negative pty pares the fal se
‘hese conclusions were inconsistent wich the welleababed principe of the

F——inmaance of the we of pis under space ection‘
in 1956 Le and Yang, ina vey imporsnt peer, sed he question,

‘Housdo we realy know that partys conereed inthe weak interactions? There was no
F.—coubeabour the wlcty of penty conservation in the cectomageety ee
{actions Paty conservation inplis some scecton rls, nd thet ested

toa high depres ofaccuney, This dgreeof sccm bo high enough, how
er, 16s tothing about the contrton af pay ashe wel neaccon
evel. In the direct study of weak interactions, there ‘are also some selection
tales for example, she K should not be able to decay into Sve and Sot he
coer, what is sce ro check put nonconervatio isto amine eal
Obserable tat allows us to distinguish beeneen Ow wend aed o seeete at
Acre in a irr The question ianediaey ages, Would no wate ofssslecton, moving wth momentum, be elected int sate with nomearun
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=p, and would aot this distinguish beewecn the two wodds? The answer is thac

this would not, provided chat both stares are equally probable, so that if we sce
tn eleczon with momentum ~p we are not forced to the conclasion that we |

lve in the “mitor” word. The existenceof eliptcal orbs in planetary physicsis not evidence against the invariance of the laws of gravitation under rotations,
unless some ellipical orbits are prefered co others. Thus to distinguish berween
four world and the “mirror” world more subtlety is needed.

Suppose we had a one-dimensional potential chat violated patty con-
servation, cha is, Suppose it was ofthe form

V6) = Vena) + Fouls) (2623)

and suppose that Vese(x) is very much smaller than Vigea(2). If w(x) are che |
eigenvalues of

iy = E+ Veal) (26.24)
then the lowest order energy change due to the presence of Voaa(s) is

at, = [7 de ae) Vaal) 0) (2625)
‘Now the Hamiltonian Hy is even in x, and hence, as discussed in Chapter 4, the
eigenfunctions 1,(x) can be chosen as eigenstates ofthe parity operator, that is,

they ar either even or odd Consequently, As vanishes, that i, a measurement
‘of the energy cannot be used co distinguish between a world and a “micor”
swocid, The second-order energy shift will nor vanish, but since i is quadentic
in Voaa(2), its contribution will be the same in the two worlds. ‘The argument
cin be generalized

‘We can similady argue chat a determination of a decay rate cannot dis
tinguish berween the two worlds. If parity is aot conserved, itis possible for
‘the matrix element for some trnstion to have the form

M = Mone + Mas (2626)

By the Golden Rule, the decay rte has the frm

R= a3) Mera + Matt} (E) (2627)
Ta the “mimor” wot this takes the form

R- S| Mam - mul oe) (26-28)
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(On the face of it, it looks as if the decay ates ate diferent, We must, however,

be cateful in describing the difference berween the two terms, Fitst of ll, Mosmust be a scalar; it cannot bea vector, since this would single outa divectionin space and ulcimetely imply lack of angular momentum conservation, Thus if
there are momenta py in the process, thea Mera cin be & function of vacious

products pips If there are spin vectors present, then ic can also depend on
Se), and on (pi-S,), bur not on pr’, since the lst i « pseudoscalar quan-
‘icy; whereas momentum changes sign oder an iaverson, che angular momen-
‘umn does not (€ gr X p does not, and hence the spins Cannot). On the other

fhand, Moca must be lineain x pseudoscalar quaatity. Thus if there are more thenthree independent momenta in the final state of a decay, a possible pseudoscalaris preps X ps. In two or thtee body decays, the pseudoscalars mest be of the
form S-p where S is one of the spin vectors and p is one of the momenta.
Hence, if for definiteness we assume that

M= A+ BS-p (26.29)

then

Z| Maen 4 Moual? = DlA)? + DIB * Sp)?
£2 (AB + A°B)S-p (2630)

Ina decay rate che spin staes are usually surnmed over, tha is, no measurements
involving the correlation of the spin and momentum ate made. ln that case the
Jase scum vanishes, and the rates are the sume for the world and the “mior”

world. Ic is only if the presence ofa corelation such as S-p is measured, that is,ifa peadsscalar quantity is mewsared, tat paity noaconservation can be detected.
Lec and Yang then suggested several experiments involving the weak

interactions in which such cortelations could be measured. Within a few months

q ‘of the appearance of thei paper a numberof experiments showed that parity was
indeed volted inthe weak interactions. What does this do to the cherished notion

thatthe laws ofnature should be invatiznt under invetsion, tht, so to speak, itshould not be possibleco instructan extragalactic being on how to make a right-j
handed screw? It now appears hac the weak interactions not only violate puticy
conservation, but are also not invatianc under charge conjugation, They are
insarians under coibined charge conjugation and inserson, CP. This, from a routine

‘acrempt to determine the parity of the K meson from its decay grew (a) the
‘experimental verification that paity is not conserved in the weak interactions,
(b) subsequent clarification of many aspects of the weak interactions, not

possible before party nonconservation had been observed, and (c) the discovery
‘that pacure shows more imagination than physicists, as in supplanting Cand P
by CP invariance. .
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H. The K° — K* System

‘As our final topie we discuss the implications of the consequences of the
strangeness theory that the K° is aot identical to its antiparticle, che K°, since
these implications make use of simple quancum cheory and are quite staring.
‘As noted before, what distinguishes the K° from the K° isthe strangeness, and
in a production process ie is clear which of these is produced. Thus in the
reaction

rt PoNte

wwe know that a K* is produced; ia the reaction

K+ PONtR

‘we also know that itis theK® that is produced. Given that the particles aepseudoscalar, we find that

P|K*) = —|R*)

cP|R) = —|K°)

“Thus both K° and K° may be viewed as linear superpositions of CP eigenstates;
if we weite

1 peRe SKK) R=(-h +k) ;Vite Bee Ck+m) (6st)
it follows that

CPIKs)= [Ki CPLR)= = |Ks) (26:32)
Since CP is conserved in the weak interactions, and the xtx~ system with 2er0
angulac momentum is even under CP, in the decays

Rote

Rowe

itis really only Ki, that is decaying. Both Ki and K can decay into some of the
‘other modes, for example,

wry

In gencal, both K and Koc Ky and Kare equivalen basis sates ina two-site
space. The strong interaction production process acts asa polarizer, producing a
particular particle K°, sty, of equivalently, a particular coherent mixture of
and K; (coherent, in the sense that che phase relationship is fixed). After 10"!
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sec seangeness uo loge meas anything, The weak decry into r#¥~ 2c 28 antnalyer, and picks Out K Gll Man and Pais in 1953 pointed out thatthe
remaining K compose persis, an, sine xan decry noche chanel
available to the Ky, presumably has a longer lifetime and should be looked for,
with one ofthe akemative dey moder. The Ky wa looked for and found. I

F aad 2lifetime of about 5 X 10-* sec compared wich 0.8 X 10-1 sec for the Ki.
Other ineesing elects emerge. Pas and Piccion noted that one stars wth

4 K° beam, chen after 10° sec one islet with 1/+/2 Ka, that is, a beam ofthe
form 4(K° + K°). If, before the Ky decay can take place, matte is interposed,
then, because of the different strong interactions of the K° and the K° com.
ponent or empl,

REPO EP Ry poRae

4 K+ POKt+N R+Porte

R+NOREN Par

the particular phase relation is destroyed, and one ao longer has a pure Kebeam.
Hence, 2 pus wil agin be ser, snce the mitre cow wl iavane some
‘Thus under the idealized conditions that all the K° are absorbed, and the K”

incl seated in the frm ection, wha eege fom te inerposed abof material is $K°. The phenomenon, known as regeneration, has been observed.
and studied in detail. (See Fig. 26-11.) The verification of the prediction of

Gel. Maon and Pais as stig supporto our eli in the validity of quantamechanics as the proper framework for the description of subatomic phenomena.
¥ This is « good note on which to end. The reader, having mastered the

cai ht we have presented, steady go deeper int the sao ant
mechanic ia which more sopiniated mathomtial ooe ne neesty. Sach

seywl rng him ore othe roa of kaowledge, be tin the nes| fon of dhe srctue of elementary priest energies of blions of wat theproperties of matter at 10? K°, ot the nature of nuclear matter on the surface and

Inside a newton sat, Wherever he ose chose ogo, thet wil be encimaand surprises.

i cheers aenerstor Ze

Fig. 26-11. Schema ding of regent epesinet
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Problems

1. A.10 MeV positron collides with «hydrogen atom ac rest. Write down
the energy and momentum conservation relations, Taking into account ee fact

thac the proton mass isMyc? = 940 MeV, what wl be the coergy ofthe emitted
ahoton from the reaction «+ HP + 3?

2. What is the threshold energy forthe production of an antproton in
che reaction

PH PaP+P+P+P

‘One of the initial protons is at rest.

3, He? (PPN) and HP (PNN) ate likely candidates foran spin doublee(@here is no eineutron nucleus). Consider the reactions

*° + He®

P+D<<raw
Show that é<pin conservation predicts that

a(He’)
ote)

o(H)

Hint, Write out the initial stare (why is it an ispin eigenstate?) in terms ofthe
(analog of ¥,) and He, H® (eoalog of xy, x-in spin 1/2 wavefunctions),
as was done in (26-11).

4, Which of the following reactions can proceed strongly, which weakly,
aod which not at all, and why?

P+ PoP +A +

P+ PP+ Ae + xt

+P Ee
wht P+ Kt

PLES +R +e

PePaw teen

Korte te

Kotte

5. Consider « beam of pions impinging on 2 proton target. What is the
threshold for K® production? What isthe threshold for K~ production?
(ting, Sere in the center of mas Fame.)

6, Calelae che parameter introduced in Section D of this chapter chat
characerizes the decays (@) 2» N-+ wt and (b) K*—rat + #°, The rates are06 X 10 sec“ and 1.7 X 107 see~ respectively
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"

7. A patticle is scen to decay weakly (lifetime of the order of 10! sec)
4s follows:

Xow bat

‘What can you say about the particle on the basis of this information? Consider
(2) limits on its mass, (b) éspin, and () spin, parity. taco which SUG) super-
multiplet, of the ones discussed in chis chapter, could this particle fir? Whac

would be the significance of the observation of such a parcicle?
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| special topic 1

Relativistic Kinematics

In this section we summarize some formulas that are useful in simplifyingthe effects of rativce cuasformations fiom one efaeace fame to another

‘Appel aplication aes in scaring: theory deals with the cee of mss
fame, experiment withthe laboratory frame, andthe reslts ofthe two must be
compared. The simplifying technique to be used is based on two fess from
the theory of special ela:

(a) The scalar product of two four-vectors, A, = (de, A) and By =(Bs, B), defined by

A-B = A,B, = (AcBy — A-B) (ST 1-1)
is ivan under Lovee easformations

(b) The energy and moma of «pati sansform a a four vector

E

be (Ex) (ria)
Fhesquare of “length is given in ems of theres ass ofthe pariie

ee P= ne EH ptm ate (sT 13)
¥ In general, a collision betwoen two pesticles, leading co owo particles in che

* final sae, for example,

Alps) + Blips) > Clpc) + Apo)

" ‘will be characterizedby just ewo numbers, The reason isthat thereare 4X 4 = 16© Geren components of four moments; these ae rested by four macs cond’
tions (ST 1-3), and four energy and momentum consereation cond‘tons,
furthermore iavatiance under uatsation and wader torauom implies that si
sor coodinas, the cere of tas mementam, dhe enenttion of ehe seater
ing plane in space and the choee of axes im chee plane are inelewon

°

£= (bat pa)? (pe + po)? (ST 1-4)

461
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‘withthe second term following from four-momentum conservation, and

4 = (te — pa? = (po pa? (sr 13)

Another possible choice is

1 = (bo — pa? = (pe ~ pa® rie,

“These threeate not independent, since che reader can easily convince himself chatPas + Pax = Pon + Pom the energy-momentum conservation law implies
st td wm mt + matt + mkt + mp (ST .1L-7)

“The invariants have the following significance.

: Consider the center of mass frame, in which

pat pr = 0 (st 1-8)

There

1 = (Bhat Paa)® — (pat pi?

= (@ + By
=e ors)

that is, itis, within the faccor of, che quae ofthe total center of mass energy.
We follow custom in labeling the center of mass coordinates with an ascetisk.

‘The significance of Fis somewhat clearer in the special (but very com
son) case that paticles A and C, and B and Date che same, as, for example, in
the reactions

rHPortP

and

atesyte

In tha case, in the center of mass fame,

Ph= ph p= —Pe
By+ p= Ee+Pb (sr L210)

and

mame mem a (stat)

imply thar

(wie + niece + DE A + mbet
= (pee mi t+ (wet mb
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tha is,

3 Ey= ES B= ED (ST 1-12)
Then

Ea SV ee+=g-por=(2 -B)— pi pie
= = (pi — pot (ST 1-13)

that is, ic is minus the square of the momentum eansfr in the center of mass
fame

Note that #is related tothe center of mass scattering angle. The above yields
= —pit = pe + 2p PE
= —pit — pe + 2/p%| [pel cos#* (st 1-14)

The laboratory frame is characterizedby pp = 0
Pre = (rae, 0) (ris)

Thus

= at pot = pal t pat + pa pa
= mgd + mkO + mE! (ST 1-16)

and

#= (po — po?

= m'+ mabe — Imp
= Qa pol®

= mde + me — DEERE + Apal-pel

= mad + mec — BMEct + 2\p4"| |poX| cos6” (ST 1-17)
; This, withthe help of
“3 Eat

+ mact = Bol + Ent (st 1-18)fad the innariane ofsands, chat the fact tha and thave the same values in the
center of mass and the laboratory fumes (or any other frames) allows us to
compute the telation berween center of mass scateing angle and laboratory
E_scacteting angle, ind between the energies in the rwo fares.

The transformation properties of differential cross sections, de/d (cos 6)
ate obtained from che statement, which can be established when one formulates,
scaceting theory relacvistially, that dis an invariant, Hence

de

4 (sr 119)
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is invariant and, to exhibit the cross section in a form in which the transfocma-

tions from one fame o another ate most eaily doe, itis best co wee it a8
fonction sand f, We will sot co this het. AB a Goal peripheral coment we
note tha the expesion forthe

les(2xh)*

is noc relativiscicll invatint. However the manifest invaiance of

f. fave =)
= fev f araure — pt — mt)
- fpg = t f__#pWet me 2) @as nyt

(ST 1-20)

shows that

fEs= (sr 1.20)
is invariant. Matix clerents in tlativistic theories always have che particles
soamalized not according to

yen
Ww

but according to

yew
Vi VE"

so thatthe necessary factors emerge from the squae of the matrix element.



| special topic 2

The Equivalence Principle

Acconing co the slativy pencil, the lis of physics mast be such as
comate tunposble to dstingush between two neil aes that ce an

cach other nly in thie one moving with # constant velouy tlie to the
Grher. Common experience sugges snob eqslences #7 mot poste
to anguish by simple mechanical bseraoes whether a sytem tia 2
hier pavitacea! fel ot whether itis ia gy fe epion oe abet
Constant accenon af th speopine magaaie and duseeon Tate ga,
eoncl he equlence ely hols tse soul ough so ht the

| fale ra. Baseinpeopoued ta his equlenc es fandamentl pines
if ‘of nature, and chataif laws of physics be in accord with it,The aceprne of ha sme faseahing comequentes, Bt of we

uae that he fom acleation a mast be pede byt fe Fan th
eedby

Pom rea)

‘he equivalent gaviaional ld may be produced by aus «dnc R
tay, poviel the prveional oce

F=G™R (sr22)c

is ade equal o ma by an approptne choice of M and args) Thetis, how:
tre 00 eson why the etal as ofthe bjt ich appa in the
tnion (OF 21) should equal be grvinooal mas at cee he gene

napote ena
7

Mn; va) = -6 9" (23)

charges do nto the Colom’ potent and on could nagion, foc omaple, dt

hes
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the “masses” that enter into (ST2-3) ate differet from the inertial masses that

appear in (ST2-1). This is not possible ifthe equivalence principle really holds.
‘Suppose, for example, that a rather extreme siceation were to hold: electtons are
‘not subject to gravitational forces. In thac case che inertial mass of an atom is
(approximately) M(A.Z) = AM + Zm where M and w ace che nucleon and
leceron masses, respectively. On the other hand, the gravitational mass that

eaters into (ST2:3) is just AM, to the same approximation. Thus, inside a

satellite a mass of lead might be foating, whereasa mass of material for which the2/A ratio is different would fall, This suggests an experimental test of the
‘equivalence principle; according to the principle, all materials should behave in

the same way under a combination of gravitational and centrifugal focces. This
test, showing the equivalence beeween inertial and gravitational mass, has been
‘attied ovr, and established to an accuracy of one patt in 10! in recent expeti-
‘meats by Roll, Krotkow, and Dicke," but was known to be true to an accuracy
ofa few parts in 10? from eatly experiments of Eotvbs (1890, 1922). The prin-
ciple of the experiment involves suspending cwo equal masses of different
‘material (gold and aluminum) from a rorsion balance. Any difference in the
acceleration of the cwo masses toward the sun as the earth moves in its orbit

‘would result in a defection, which in fact, as not observed.

‘Another consequence was mentioned in Chapter 2 and in Chapter 22
{Section B). A photon of energy F has geaviatiopal mass E/¢*: to establish this,
‘we consider

an atom in an exciced state, with mass Mat a height x above somereference level. The work done to lif it to that height is M¥gx. When the atomdecays to the ground state, of mass M, a photon of energy MMe! — Me!isemieed,
‘Suppose that the photon is absorbed at the reference level. The energy

absorbed is (E + E,) where F, is the gravitational energy chat it acquired ia the
fall, Ifthe atom in the ground state also drops to the reference level, the toral
-work done by the gravitational field is Mgxon the arom. Ifthe absorbed energyis used ro excite the atom back tothe state of mass M*, we ae buck tothe original
sicuation, with M* ac the reference level, provided

Mtge = E+ Mex (st 24)

Thus

EEy = (MP 2) = oe (St 25)

Consider now a photon at a height x. Le its frequency there bev, so chat

E=b (st 26)

+For a denied desertion of the experiment, sce R. H. Dicke, The Theacal
Sasiconee of Bxprimetal Relat, Gordon and. Breach, Science Pubes, New York
se
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‘The photon energy st the reference level is

+e

m4 8) sr29)
‘This must equal ho’, whete » is the fequency of the phocon messuted atthe
reference level. Thus the ration

oa) (eras)
implies tat the frequency of the photon is mised snd

a£ (st 29)
“The peniod, which is reciprocal to», is thus changed according to

aT_ ag
ATL 10)7 © (ST 2-10)

‘This prediction was coafimed in 2 terrestrial experiment done with the Méss-
3 bauer effect (Chapter 22, section B). The shift is more dramatic if we compare

the frequency of an atomic emission line on the surface of massive sar with

the frequency of the line on earth. There
ba a _ GM (sr 2-11)
i +R

Forthe sua, whosé mass is 1.99 X 108 gi, and whose radius i 6.96 X 10cm,the shift is smal, Ax/v = 2.12 x 10-% This as been measuted forthe sodium

line ia sunlight (Dicke, loc. cic) and observation agrees with theory to 5%.

‘The shife is called the gravitational red shift since the earth is “up” relative to the
4 Another prediction follows by analogy with electrostatics, Just like @

charge is deflected by a Coulomb feld, witha defection angle given by
ower

wp 3S (sr242)

where Ze and ¢ are che two charges, the mass of the moving charge, vis is
*asymprotic veloiey, and isthe impace parameter, so will the photon be de.

flected by a lange mus, for example, the sun. Since che force law isthe sume, we
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just make the substitution Ze —+ GMm and  —> ¢. The impact paramere is

roughly the radius ofthe sun, s0 that for two stars,

or
wa ct ST 2:o (243)

“The numerical value ofthis is 0.83". The actual measured value ofthis, observed

by looking at stars nea the tim ofthe sun during a total eclipse i just owice
this value, The explanation of this discepancy lies in the Einstein Theory of
Gravitation, which is beyond the scope ofthis book

Te should be sttessed that Planck’s constant does not enter (ST 2-8). The

resule is a purely classical one, and can be derived without the ust of the con-
nection E = he, which is a convenience, but not necessary?

*-The orice paper of Fiat i very readable, and is spine jo sation io

‘he Princip of Relat, cllecion a xg papers pubis by Dover Psblaton,ne



-topic 3
The Wentzel-Kramers-Brillouin

Approximation

‘This apposition method is parclacy weil when on is ling with
soy vying potent Hea what tis meas wil become cas ene
aus tose te equason

Ue), 2m ;
AS + Be veoly) <0 (st 34)

f Hx) = Rex) (ST 3-2)

Then

Pe PR Mm ig AS BY) waren,a [SEs BS a(S) | (33)
so tha he diferent equation splits ato evo, by taking the ea and imaicay
parc of (ST 3-1) after (ST 3-3) has been substicuted. The imaginary part gives

ak as

Rae tte Ee? (ST 3-4)

£ (bef saps) «0

. 6

se srs)

sco
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‘The real part reads

PR 1 (SY, aml— VO$e ka SY + BE Olam o
which, when (ST 3-5) is substituted, becomes

PRO, mB VO
eet Ree (13.6)

‘Athi point we make the approximation hat

Lae G1 1 (ay

reser ela) sro
so that the equation becomes

e

et 2m[E — W(x)] (ST 3-8)
Tas

c a
£4 yarf+ = Vine (139)

and bene

560) = [4VaniVe (sr310)
‘The contin othe aly cam be asad into aement abou the

vatiation of (2). It will be satisted if V(x) vaties slowly in a wavelength, which
varies from point co point, but which for slowly varying V() is defined by

i L3x= 4 sr say= a) ~ Fanl— Poe ory
Ache pins whee

E-Va)=0 (sr 3.12)
specl venmentis requie, Bese in he approxima ST3-8 (9) apes
{Die single This ano be sods mene atthe apponinason (S37)
tot be por there The pei points eae trigprea here
thecel pice woud ttn arounds cam only ove whee VES) 2 0.
The way of tancing seas nat wing pot ie oo tech be

rroned hae The fastest we ave sleon toe eo the ingpoint fwhere E> V(x), say), of the form

Ma) = Re fa ERATIVE (rsa)



7

‘The Wentzel-Kramers-Brillouia Approximation. am

and a solution co the right of che turing point fwhere E < V(x)], and what we
need is «formula cha interpolates between chem. In the vicinity ofthe turning
Poin one can approximace -/(m/K)[E— V(x) by astuight line ovet smallinterval, and solve the Scarédinger equation exactly. Since itis a second-ordet
equation, there are two adjustable constants, one of which is fixed by Sting the
solution to (ST 3-13) and the other by fcting it so

Vs) = ReASi 6 NRPOTT=B (3.14

the solution tothe right ofthe curing point! The above solution decreases in
amplitude as x increases, The total attenuation atthe next turning point, when
ED Vis) again is

Yeu) fs

Ve soppy fe VeRO Ei, (ST 3-13)
which is juse the square root ofthe transmission probability that we found inChaprer 5,

“For mone del, se alos ay of che more advanced books om qutstuon me

starics for expt, J. L- Powell and, Catenans, Quantum Mesania, Addon: WesleyPublishing Co. (196i): LL Sci, Quatem Mechs, McGraw-Hill Book Ca [1968





| special topic 4
Lifetimes, Line Widths, and
Resonances

In this scion we wl discus  ighly improved tesinent of easton

ites, which wil inate how the espnestial ey baie comes sow ThToted athena! sophnton usumed of te nade wil ake tne tees
men somewhat es clepae tha spose

‘To sinplify the rolem ss muta posible, we consid a aor with
jus ow level the gioud Sate with enety 0, and ring onl se, wth
tncigy Te wo tes ae coupled to the decuomgt el wich wel

| Ske ever so dat no polaiuson ves apron We al ely cone

the subse af dienes of Ha coming ofthe Geel sate forth
Hob = Bb, (ST 4.1)

4 ‘and of the ground state + one photon, $(k), for whieh

Heal) = ek) $k) (r42)

tod limit ourselves to these in an expansion ofan abe Fanci, Thi is
cenainly justified when the coupling between the wo states, ¢y and 4() through
the prea J nsoal, sin dewongnaiccourling st ten ie okeres
‘hewos thee, photon sates egg Nove ee

(ti @(k))= 0 (ST 4.3)
f——_evenen he is such dee ents (A) and Hate he same, The ses

orthogonal betse one has photo in ictnd the eter doc not tod bocce

"Te slut of the equation

Eoih ao (He + VW) (ST 4-4)
°

‘This was first derived by Weisskopfand Wigner (1950).
os
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may be wien intexms ofthe compete set

Ho) = a ee 4 Fanon any eM (8143)
‘When this is inserted into (ST 4-4),

da un aN
a Bey

+ifi4 SEP09 00) 4 fidee) Hs) «ged

= Balt) f Phe(k) (kp) eM 0h)
Fane votfakites oO" vou)

results. If we cake the scala product with dy, we get
de

Ew aininivien) + [ aie #-™ (eV)000)
Since V, acting on a state, is supposed to change the photon number by one,
GaiVigs) = ©. Wich the nocion

(hy — B= Rutt)

(Vie) = ate or46)

the equation becomes

a.[usMa) (sr 47)
If-we take the scalar product with @(q), and again use photon counting to set

(Ha) 160k) = 0, we get, after litle manipulation, sing & normalization
that

is) = 1k - @) (ras)

the equation

AAD — 9p* Mra) (r49)
‘Since b(k,0) = Of the excived state is occupied at1 = 0, «solution of this equa-
tien i

bas) = nrfae HF a0) (sr410)
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We now insce this into (ST 47) to get

HOFf eeioagieeme fa or (srt)a :

Next multiply both sides of the equation by «~™ and integrate over time feom
0%0 ©. On the left hand side

art Pa die [raedhe me = le alt)] o™alsfrac fady A Ernf” dean
= af. Bema 1 (sr42)

where we hive used

(0) =1 (ST 4-13)

(On the right side we have

= ge femanc ase eo fart oe
Now, as can be seen from Figute ST 4-1, the ineegral

lover the first ocant inthe #4 plane, cao also be written as

f* abate) doeff * aeny

Fig, ST4.1. The inepration over the fst octant can be done eithet by bolding
1 fed incgpmcng long the eral stip, and thea suming the sips Rome PS
tof = a, orby first taking the integal along the borzontl stip fom f= eo

Fo & and then summing ove all the horizoetl ips fom? = tO? =o
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and bere, te las integal can be done, so that

- 1 egy gene Cmrf aera r= — Ef animany [arane
afm MME [arsine rasa-- Fe fe es Sarat SrA)

We can solve forfr dial) #™ to get
- we

I ae Mt afm Tm)? (oF 415)LS i

“The reader familias withthe theory of Laplace tinsfrmations wil recognize the
hove as such, The inversion of the Laplace tansformation of the above form
needs some discussion, which can be found in the more advanced lierature. We

will argue as follows, Although we do not kaow how to exact a) fom the
hove, we cn examine the relation in the list chat 2+ 0, 1 we make the
“Ansete

aya" (ras)

we get,

a 1

Ftd") 7 fy MOEee keer

‘which implies inthe limic + 0 chat

ce im - fon lace= kn i foul ied (sr.417)
We can write thisas

7 fg, MOO!fo Lim = je /auie+)
_ EP pq, LUO? wll)~ iarene

1 a ;+ F feximao| sore (sr 418)
In evahating the rel prt of we make use of the relation

dLim<= tet) (ors

Hn oa oe 7 to) ”
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0 ha faly, we get

a IMO) Le mot-@ [™ ob) = [ aeiman| fot)
(ST 4.20)

Whea this is exponeatiated, we find that the coefficient of ¢y in y() is

en em (sr 421)
where

Fa

id2 fai V|oe))|* afe(e) — B]
Y= stpans [oxi oirienot ww (STH)

‘Thus the probability of finding $(¢) in the stae gy after a time # is, co the extent
that out solution is approximately conet,

|a)|* = (ST 4-23)

here isthe decay ate calculated in perturbation theory. Furthermore, the
coxcillatory behavior of (0) is characterized by the energy E of the stare ¢,
‘hifed ly the xcnd order perterbaton energy sii, as comparison with (16-10)
shows. The only difference is that the intermediate states summed over here

F foam + continuum, and thus the limiting process shown in (ST “18 mest be

used to define che incegal when che energy denominttr can vanish4 ‘Another quantity of interes isthe probability that the sace 4) cad up in
4

the state $(k) at # = ©, This is given by |B(k,«)|?, where, according to5 GrAi0)and GT46), we haveea
we) = 2 geen [at teeHe Ha) = ry fa
Mk) 1 _

5  Faw\ na wate) = 29
where

_

do = f iMac)|a=
A fi a B= dk’)

Thus

M*(k)Wk, 9) = 0)

an veo (rae)i ck) — EB fo Fo ayy ti



478° Quantum Physics

and the absolute square ofthis,

eeLtVide e018 = ay any + Gray Sra)

yields the Loceataian shape forthe line width, tha i, the phocon energy is
cencered about the (shifted) energy of the excited level, with the witlth described
by fry/2. The enessy shift is small, and usually ignored

“The sume form appeats inthe sattering problem. Consider che satering

ofa “photon’ of momentum K, by the atom inthe ground sate. The state of
the system is again described by equations (ST 4-1, ST 4-2, ST 47, and ST 49)
fexecpe tha iitally, which here means at # =~, che state is specifically
given as o(k.), so that

Hq) = tq —k) ate —@ (ST 4.26)
ence the integration of (ST 49) gives

Hai) = Hak + Eamri@ f' araro orean
‘The quantityof interest is the amplitude fora transition into a final state ia whichthe photon has momentumky at = ++, that, i is

(Uk)|v ©)) = ky,+ ©)
= Blky = ke) = ; Mk)f dad!)

(oy = wk) (sr 428)
using the previous equation.

‘Substituting (ST 4-27) into (ST 4-7) yields the equation

ep MO) — ay J kL)| nd (r) (ST 4-29)
“This may be inegeted, taking inco account that a(— >) = 0, co give

ay = MO aelatid

- $ farinaos f' a ener f" ade) "(ST 450)
Now the nega f" de % snot wall defi. The saadard proce io
write it in the form
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: eatintig far 4 tim gran

‘The use ofa convergence factor, which is then allowed to vanish in a well-defined was, is somewhat similar tothe texment ofthe Coulomb pocenial as
the limiting cae ofa screened Coclomb potential ia Chapter 24. Next, as cia
be seen fom Figure ST 42,

Fig. ST42. “The incegal in ($1430) can either be written os “sun” of the

verve sep, asia the esting ao, Sum ofthe horizons stp, sin (ST432).
Thsume lnechange of once wed in Bq, (ST433) excep ht the vei

Slee = tis shied wo +=.

[ieee[arse = araen ef are
=f agen eer

so tha

MOE 8 fy MNF gr gyngesncn(y=MDFF pg LMOOIE EY agen -Ooty ok) J el q
(ST 4-32)

F—_Aecording co (ST 428) the quantity of incerest for nonferwatd scattering (so that
the fests can be ignored) is
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* aytw Df gga[lao files + ie), | ae
= Mae) |*fyeuf alae!) [HOHfy ae [eee .

PMO) ye
Fo + i

i Lacgolt f° sale" if od? faredfe fen REL” ara [7arene Pa
sr 4s)

‘where in the lase term we again rewrote the integral with the help of Figure
ST 42. The sintegration cia again be done with the help of the convergence
factot trick, so that (ST 4-33) now reads

at

det we MU) lay — 0)fi ae Files + fe)

+h fe “w(k) fw oe
L 1

«aa atl
which is in the formof an equetion forthe unknown. This may be solved to give

© ey fe, BEMOD Boy — 0)fas id)
x——_1 ___—
1 fm [td * (ST 4.34)a] ao) Fe

Hence, in the nonforwatd diction

Hy) = — Z -M*(k;) - 29M (ks) Bay— on)
1

- imol*actin free
.

= 2 May — fi) Mlk) M04)

ey — B= faega + iefemale ~:
x) (or 435)

‘The amplitude peaks strongly when the incident (and foal) energy «s (4) is
sear dhe encrgy of the exced sate of the atom, shifted to E+ EB, as in (ST
Tap). This jsies che comments made atthe nd of Chapter 18
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The Yukawa Theory

“The else aucear physics experiments such as the satering of
parcicles by light auc, and he sady of « deny lictimes showed that the
nuclear forces were such that the radius of the nucleus (with A nucleons) was

R= nA (ST 5-1)

with ~ 1.1. 10-¥ cm. Thus the nuclear deny (ncleons/unit volume)
| Nas constae independent of4. With longeange fetes, such a the lecuo-static forces, there would be A(A — 1)/2 “bonds” and one would expect che
+ density to increase with4 since che Kinetic energy only increases linearly with A.The constancy ofthe nuclear density thus strong] suggested shot nage fore.

‘These forces, eading to binding enegis measured in Mev. rather than election

Felts, bad eo be sguicanlysonge than electonn goetic Troe
; In sewch fora mechanism that would give 1s to such forces, Yokawa ia

1955 drew on the insights gained fom the successes of quantum elec.

Synamics and proposed his meen try of ecearfr. Atte lve ofthis book,
=

aly2 qualittive description of that theory can be given. The intetoction be-
ten evo charged panes at rst or very low vloces) can be devrbed ia
terms of an “action ata-disanee” Coulomb inteaction. A mote acute

description involves the fed concep; che charged puils are Sources of, and
intent with elecwomnagntic fields (E38) and thus they incrct with each ochee

through the intcemediary of the field. In a description that is accurate on the
Gquntum level the elecuemagnetic feld i quansined, and the quanta, the
Photons, ae the cuits of the fi Two charges can ineract bythe fllowing
Inednian. Gige “I” emits « phoron, We know from eacyy-momearum

Conservation tha this cannot bea rea photon, of equivalently fea process
titer the photon has an ewegy that does act comspoed to its momenta

+ Sethe dcasion of aneing in Chart

: “SSurtssooetar fate nguge sad sai tbe ake tery pal,
ienould be mouy otek ef pton sac tying tod of hl eh

46:
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(ie, £ = po), of, the photon is real, but energy is sor conserved in the reation®

ataty

‘When that photon is absorbed by charge "2" the imbalance in energy can be
corrected, since that process

ytase

also cannot conserve energy. The question is, why should such an “exchange”
‘of photons give rise co an ateraction of repulsion between changes? The answet

really is chat our visual description of the exchangeis just an interpretation of chesecond-otder perturbation energy shift due to a perturbing potential H). The
foumula (16-16), describing the energy shift from the interacion-free energy of
wo charges ¢, and es, reads

“The sum is overall intermediate stetes that can be obtained from H, acting on
the state [¢,). Ouc verbal description corresponds to the intermediate stare in
which eis in its intial state, and « has, through the action of #4, emitted a
photon, so that |») = |¢’y.s) here. The energy of the intermedia state is the
recoil energy of the « ~/(pe)* + (ma), plus the photon energy pe. The sum
‘over intermediate states corresponds co an integration ove all possible photon
‘momenta consistent with momentum conservation, that is, an integration over

all diections. Since the charge "2" could be the one that emits the photon, one

must also calculate the contribution from the emission of the phoron by ¢s and
its absorption by a. We will nor do the calculation showing that the Coulomb
potential emerges, because, in fact, electrodynamics is eather subtle. The caleu-
lation will be done for mesons.

‘What Yukawa suggested in his extremely sigoificanc paper is that there
existameson Geld, that i, a field that is differen from the electromagnetic fed,
whose quanta, the meson have a iste mass, which is coupled 0 protons and‘neutrons in a manner analogous to che coupling of phosons to charged parcicles
‘The exchange of these quanta will then give rise r0 an interaction becween nu-
cleons. In this way, iacerctions as diferentas electromagnetism andthe nuclearforces would at lease sharea common universal mechanism * Ler us go througha

+ We assume momentum consrvtion in both points of view. They tun oat to be

completly equivalent

‘The iden thas all aceracions proceed through an “exchange of quan bas ganedsuch wide acceptance that even the weik intetacons ate believed by many people 1 be
tmedinted bya "werk intermediate verortezon” whose popecties ae deduced fom what is
Keown about the weak interaction. Such parce bas oot been discovered, butts site
ontatent to assure thait vey tasiv, which wool! explain why ices mot Deen eet aving accelerators
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very simple calculation assuming cat the meson field is saat, and eat we can
‘rite the simple Hamiltoiaa forthe aucleon in teraction

a= F — pote) (15.3)
‘The meton fed wil be written in analogy tothe vector potential in (22-27) a8

oes) = &) Pre absorption)
arehN an+ (2) oer? (emission) (ST 5-4)wv

‘We ate not in a position to justify all che factors. The appeatunce of « in the
notmalization factor has the same source as in the photon problem; it comes

from the fact that the energy of a meson quaatum is fu, The momentum of the
meson is Rl, and since the meson has & mass», we now have the eoetgy-
‘momentum relation

(hea)? = (Filke)* + (pct)? (ST 5-5)

Let us now calculate the various terms in the second.ocder enetgy shife (ST 5-2).
‘When avcleon "I" emits che meson, we have

aR0RV ans+ meson leplay = «(E)" mm e or sg
No reference is made to aucleon "2", since itis unaffected by Hy dusing the
emission by "I." The absorption by "2" leaves "1" unalered,and what enter is

(leone+ meson) = 674)" (srs)
“The enegy denomiator i

Bara ~ Bait = (Bins + Bae + fs) = (8s, + Be) ho (S138)

B Ev differs from Ey since nucleon “1” recoils upon the emission of the meson,
However, the recoil energy is (fk)#/2Miy and chs is generally small in the non.
relativistic approximation, since the nucleon mass sso lage: Hence the energy
‘denominator just a Thus the energy shifts given by

20 pen menab 2 BEE gang ten
“The sum is overall meson momentum sete, and as always, cis metas an
integration over the phase space

_

[vee va
:=m - fie fe (st5.10)
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Hence

are gt oweae V (Qn)? vfo ry

ef mownae) Sine Gel
: aein-nd

-- fas ST 5a40) MG TG (roa)
[Note that we did aot tke into account momentum conservation, but integrated
‘over all momenta for the meson. The reason is that, in effect, we treat the

nucleons as infinitely massive (they do not recoil and are always at r, and rs,
respectively) and this any meson momentum is allowed in the inermediate
sate, Remember thac this sa very crude calculation!

‘The integral can be done [it is in fact the three-dimensional Fourier trans-form of (24-87), and ic yields for

2 aay eeincninap-- eee
ae de [esl

‘This should be doubled, because the qucleon "2" could be doing the emitting.

“Thos the enetgy change due to the meson field is
nina

aE = -¢——_ ST 5-12)onal g

‘The energy depends on the separation, x, and drops off fase for > fi/ur. The
range is therefore

aot (rs.3)
ra

Given hat 4 2 1.4 X 10° cm, we obtain

a Fe x5 x 108“ a 14X10 =

ox ay
Tax 109 16x 10

150 Mev (5.14)

If the mesons ate not scala, bur pacudoscalr, then # coupling like chat
shown in ($153) does not conserve pay, since the kinetic energy is even and
the poteatal is odd under inversion, One mst therefore make 2 scalar ox of
pouedosclar meson field, os deviatvr, There ae, on telcion, rw alter
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tives; one isco have mesons always emitted in pais, with the coupling

2°) (srsas)2 for ehe pairwise emission of photons dive co the txm (/2mc)A4; the other
isto contract an axial vector (an axial vector is ike magnetic field), and dot
‘eine the nucleon spia operitor, so thatthe coupling would be

h
5

woe ST 5.16Figg © Hed) (sr 5.16)
‘This would allow single emission of mesons. Both couplings could, of course, be
present, If che mesons aze vector mesons, that i, essetialy “heavy phorons,”
then the coupling could be

Pe) (st 5.17)
Tall cases, however, the range is sll fu.

“The mesons predicted by Yukawa were finaly found in 1947. The long
range part ofthe nscleon-nucleon fore is duc to pimesons, whose mass was
found to be 140 MeV! They were found to be pseudoscalar, and, like photons,
they can be emitted in colisions ot transitions, The coupling (ST 5-16) explains

4 grea deal about pion-nucleon scaring (¢he analog of che Compon eet) inthe low energy cegion, and Yukawa’s idea is fandsmental coal the understanding
wwe have about the song intracions. In detail, much more bas happened

There ate also vector mesons (spin-patty 1-) and spin 2 mesons, en many
others. They can all be exchanged, and emitted, and, since the coupling to the
"© nucleons is strong, they can be exchanged not just once, bat many times, The

Calculation ae beyond present-day mathematics, and itis a curious fact tha the

ruler force problem, which started allthis, isl less well understood than, forccample high-energy scareting, From our point of view, iis very important 0
note that even inthis new realm of shore distences and strong force, thee is 20
reason to suppose cha quincum mechanics is nox the correct way ro describe

: «The fate Bais at hee 0 make fiments.
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| appendix A
The Fourier Integral
and Delta Functions

Consider function le) a is eid, wth peso 2, so tat

fle) = fle+ 21) (At)
Such fapion may be expanded ia «Fourie Secs inthe iva (—L,), and

| thee haste form

fo) = dvcos™4 Basin (a2)
5 ‘We mnay rewrite the serics in the form

f= Zseon (a3)
which cep, sae

;
< (or cos

mL (eri 4 griety -if 1g komik gins

i

| sin = 35 (ert ey

“The coefficients may be determined with the help ofthe orthonormality relation,
1 f* cxf imei 1 man

Tous
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Let us now rewrite (A-3) by introducing An, the difference between two

successive integers. Since thi is unity, we have

fo) = Za
L joo Fm Y=
EZ amen ao

Let us change the notation by witog

7 é (A-7)
and

reas as
We also write

Le AW)
2°95 as)

Hence (A-6) becomes

Awf= = Vaab (A-10)

if we now let L—» «, then & approaches a continuous variable, since Ak becomes7 iniesialy sal. If we reallthe Riemana denon of 2 intel, we scechat in the line (Ao) mpibe wien inthe form
a a POTS oe

. pevelPak rent
‘The coeficieat A(E) is given by

A) = van fas cometFade

1 = ihe ,)“Tef defls) € (aay)
Equations A-11 and A.12 define the Fourier integral transformations. If we
inser the second equation into the fst we get

fe RP ae” apne (nas)
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Suppose now that we interchange, without question, the order of integrations.
We then get

. wo .#0) = f fy) [zfiaa] ay
For this to be true, the quantity a(x — y)defined by

Pewpa fl” aoreyo bf a (A)
and called the Dirse Delta junctionmust be avery peculiar kind of function; itmust vasish whenx57,ad Temust tend to Tafinity in an appeopriateway whenx — y= 0, since the range of integration is infinitesimally smal, Ic is therefore
not a function in the usual mathematical sense, but i is eather « “generalized
fonction’ or « “dstbution."* It does noe have any mening by self, But it
‘an be defined provided it always appeatsin the foam” a

[At ue 9
with the Function 3) sulficendy smooth in the rnge of values that che argu-
‘ment of the delta function tikes. We will take that for granted and manipulate

the dels function by itself, withthe understanding that atthe end all the elations
thatwe write down oaly occur under the integral sign.

“The following properties ofthe dela function can be demonstrated:
@

Has) =ua 5) (A126)
” This can be seen to follow from

£0) = ] 5/0) He») (aa)Af we write x = af andy = a, then this reads
q Kes) = |e f safler) alae — 01

On the oxher hand,

fet) ~ fanften He - 9 -
which implies or result.

1 The theory of dsbutons was developed by de materascianLausent Shea‘An inoue weument ey be found in M} Ligh inrdaicn earn neha
‘nd Grated Pectin, Canbioge Usiverity Pes (938)
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(ii) A relation that follows from (A-16) is

1

= #8) = —[x - 2) (x + 2) (ABet) = Tle 0) + Bert2] (a8)
“This follows from the fact sha che argument of the delta function vanishes at
x= asadx = —a, Thos there are two contibucons:

B(x? — a*) = (x— 2) (x+ a)
11
=

he - + ae +)Tera Ot ae?
1

= ee0) + ee + a)Faq We) + ae a) ;
Mote gently, one cin show that

_ yp hens)UO = ET adleon as)
where the xate the rots offs) i the interval of integration

In addition to the representation (A-15) of the delta function, there are

other representations that may prove useful. We discuss several of them.
(4) Consider the form (A-15), which we write in the form.

800) = 2 im J anc (420)
ad,‘The integralcan be done, and we gec

— iteXe) = tim LA
Be ie

shin SE (a21)
(b) Consider the function A(x,4) defined by.

Aua)=0 0 xc na
1

-b -acnce taBoonacxc (an)
<0 4#<x

Then

a(x) = Lim (xa) (A-23)
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Ic is clear that an integral ofa product of A(x) and a function f(x) thet issmooth near che origin wil pick ou the value a ee origin

Limfdsfle)8G8) = f) Lim fdkd(x)
= fo)

(0 By the same tokeo, aay peaked fonction, nomalied to onit an
under will approach adele faction in che lini that che width ofthe pen
{goes to 210, We will ave ito the readerfo show tha the following ae sepe-sentations of the delta function

LieA(x) = Lim yeta (A-24)
and

(x) = Lim veo (A-23)
(@) We wil have occasion co deal with orumormal elwomias which we

denote by the gene symbol P(x). These have the propery tat

f #P aCe) Pale) ts) = Ban (426)
where 1s) may be unity oF some simple fncion, called the weight function
Fee function that ty be expanded ina seis of these orthogonal paloma,yeaa we

fod = E aa (A27)

{If we multiply both sides by w(x)Pa(x) and integrate over x, we find that

ane | 9(0) Pa) (428){If we insert this into (A-27) and prepared ro deal with “generalized functions,”i
‘we freely interchange sum and integral, we get

fo) = E Pa) f 0) £0) Pa toe
= foro (= Pa(x) we(y) x) (A-29)

“Thas we ge sill nother representtion ofthe dla Fanon. Examples ofthe
. Rag) te Legenve polynomals, Hermite polynomials, and laguese poly

Doms, all of which make ‘heir appeaance im quantum mechani problems,
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Sine the da fenton nays appt pied by + smooth fneion
under eg sig, we angie meng tt eines, For example

* wey ae) = [et + il[te£0 = fe Lipo -[2 ve
= - fae FO2 falas

-- (2)de Jeug (A-30)

and oon The dels fncin i an exemel fl tol ad she stant wll
tocountr iin every pat ofteri pis
The imegal of de function is

eine (aan

= x — a)

hich isthe standard notson fr hs discontinuous fnction. Convey, the

derivative of the so-called stp fiction is the Dirac deta function:
geo =o ws



| appendix B
Operators

In this appendix we discuss some topics related to linea operators. The
sec of admissible wave packets are squie itegrable functions. Since

¥69) = aah(o) + BAG) 6)

is square integrable, if ¥x(x) and Ys(x) are square integrable and af are arbitrary

complex numbers, we say that che y's form a linear pace. An operator A oa this
space is « mapping

Me) = #9) (32)

where (si also square integrable, Among all che operators there isa subset
Called linear operators, which have the propery that

Aagx) = aAyx) (B3)

where a isan arbitrary complex constant, and
Abs) + Bhs) = abs) + BAB). ow

with a being complex nuinbers. A further subset is the Rermitian operators for
Which the expectation alue forall admissible ys),

(ae= fare) ave) s)
is real. First we prove that for all admissible yx and y»

fiFG) AdA(a)de = fiLAG)" ale) de eo)

holds.

“The cealicy of (4) implies hae

[aves aves = fetary 60 en
495
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Now substitute for (s)

V2) = Hi) + abs) 8)

“This implies chat

fos ENN Alda + Me) = | ded + m4) (tb + dv) (B9)
Using hexmiciciy, tha is,

faeviaten | devcani® i= 12 (B10)
we obrain

w[iia 2 [vias = focanie teforme ox
Since isan arbitrary complex number, che telatons for the coeficient of band
forthe coeficient of M* must sepasately hold. Thus

festan = fairy (BA)
‘The next result that we wish to peove is cha eigenfunctions of « hermitian

‘operator conresponding 10 different eigenvalues are orthogonal. Consider the two
equations

Abs) = ashe)

snd

Laptayl* = abs) 613)

Note that ay is real since the eigenvalues of a hermitian operator ae real. Take

the scalar product ofthe rst equition with ¥3 and the second equation with J.
Thos

feotsantey = af et ae
[aster vile) = afe oy

Subwacting, we gee

(as — as) [Heo Als) d= [eian = faca o
=0 (B-15)

Ths, fay oa, we have

J 50 wo) dem 0 (16,
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If we define che hetmitian conjugate of the operator A by A’, so that
f bx(ay)*nn = | devices (B47)

then fora hermitian operator

AnA B18)

We can prove that

(4B) = Bat was)

To do s0, we moze that

fiV(AB) = f (ABE:)* te

f(Bn (AH)

[eave

fiWBA (B20)

A generalization of this is

(ABC... 2) = 2h... Bat wa
“Thos,a product of ewo hermitian operators is only hermican ifthe ewo opetators
commute:

(48) = BLA! = BA = AB + [B.A] (2)

‘Another resul is that for any operator 4, the following

Ata

4A - A) 62)

aa

will be hermitien,

[Next we prove the “uncertainty relations." We define

(a4) = (a)= a= (A= (A) en
Le

.

u=a- ay

v= B- () 2)
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and consider

o= tay (B26)

Theo

10) = favre o 2)
With A and B hemnitian, so are Vand ¥. We may thus rewrite:

109 = [ scuy + aver (or + ave
= [aor wy +fawn oo
saf auupr rn - Wo ww)

= farwsersaurny

= aay many + a fave tury > 0
= (aa + NB) + AB) (B28)

“The cisimam will ocut when
2B) + HAB)) = 0 (62)

Substituting the solution

= — 4) .X= 43 aay 30)
ico 10), we get

ABI | a8)4"
~ “cast * xan *°that is,

(ay (any > 4 (1A) (sn

Iacideoally, the minimum value occurs when is such that UY and VY are
proportional to each other, For the ase ofthe operatorsand , this means chat

AM), .
7 de + BO) =O (B-32)

whose solution i

vx) = Cerern (B-33)



Operon 4992 ground state eigenfunction of the harmonic oscillator, I is important to note
that che uncerainty relation

(aay (AB) > 4 (iLAB)))* (639
vas detived without any use of wave concepts of the reciprocity betweena waveform and its fourier transform, The results depends entirely on the operator
Ptopertes of the observables amd

We conclude the appendix by listing some properties of commutators.
@

(4a = — [6,4] (835)

ro)

(A.B) = (4B) — (Bayt

= Ba — AB

= (BA 636)

(il) 16 A and B are hermitian, s0 is 4,8), This follows directly from the

prceing opi.
(48,0 = ABC - caB

= ABC ~ ACB + ACB CAB

= ABA +1408 x

(6) Te may be sbowa term by tem chat

ABeA = B+ (AB) + + (af4.B)] + x [4lataall] +... 638)
“This is knowna the Baker-Hausdorf emia, and sof some utley in manipuls-tions of operators

(vi) eis ensilyexablished chat

[4{B,c]] + [B{c.4]] + [¢f4.5]] = 0 (B39)

“This is called the Jacobi identity

A mote extensive discussion of operators and the linear spaces that they are
defined on may be found in J. D. Jackson, Mathematics for QuantumMachnis, WC. A. Banja, fac, New York (i982)
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physical constants"

No (Avogadro's number) = 6,022169(40) X 10* mole

¢ (velocity of light) = 2.9979250(10) x 10! cm sec"?

« (elecon charge) = 4.905250(21) x 10" ese

= 1.6021917(70) x 10-* coulomb

1 Mev = 1,6021917(70) X 10-4 erg
f (Planck constant/2x) = 6.582183(22) X 10-* MeV sec

= 1.0545919(80) X 10°" erg sec
a (Bne structure constane#/f) = 1/137:03602(21)

& (Boltzmann constant) = 1,380622(59) X 10- erg K~
a. (eecton mass) = 9:109558(54) X 10" gin

= 0.511041 (16) MeV/c?

im, (proton mass) ‘= 938,2592(52) MeV/c?

im = 1836.109(1:)

ann (1/12 X mos) = 931.4812(52) MeV/et

a = (h/mcen) = 0.52917715(81) X 10-* cm

R(=mta/2) = 15.605826(45) eV = 1 Rydberg
G (gravitational constant) = 6.6752(31) X 10-* em® gr sec*

pte Bob mgoeton) = = o.7a438i(t8) x 10-¥ MeV gause!

* compet by SayJ. Brody, spree in Kierof Madre Phi, 4,2,+ eae The igus in prices corapond te the Sal wacenany fear nda
Spaton) io the ht igi of hen amber
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