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prc-_:ﬁ:ce

This book is intended to serve as an introduction to quantum physics.
In writing it, I have kepr several guidelines in mind.

1. First, ir is helpful for the development of intuition in any new field of
study to stut with a base of detailed knowledge about simple systems. [ have
therefoce worked out a number of problems in great derail, so that the insight
thus obrained can be used for mete complex systems,

2. Every aspect of quantum mechanics has been helpful in understanding
some physical phenomenon. [ have therefore laid great stress on applications at
every stage of the development of the subject. Although no arca of quantum
physics is totally developed, my intention is to bridge the gap between a
modern physics course and the more formal development of quantum mechanics.
Thus, many applications are discussed, and I have stressed order-of - magnitude
estimates and the importance of numbers.

3. In keeping with the level of the book, the mathematical structure has
been kept as simple as possible, New concepes, such as operators, and new
mathematical tools necessarily make their appearance. | have dealt with the
former more by analogy than by precise definition, and 1 have minimized the
usc of new wols insofar as possible,

[n approaching quantum theary, [ chose to starr with wave mechanics and
the Schrodinger equation. Although the state-vector approach gets at the
essential structure of quantum mechanics more rapidly, experience has shown
that the use of mote familiar tools, such as differential equations, makes the
theory more accessible and the correspondence with classical physics more
transparent,

The book probably contains a little more material than can comforably be
covered in one year, The basic material can be covered in one academic quarter,

wid



wiii Preface

It consists of Chaprers 1 to 6, 8, and 9, in which the motvation for a quantum
theory, the Schrédinger equation, and the general framework of wave mechanics
are covered. A number of simple problems are solved in Chapter 5, and their
relevapce to physical phenomena is discussed. The generalizarion to many
particles and ro three dimensions is developed. The second-quarter marcrial deals
directly with atomic physics problems and uses somewhar more sophisticared
tools. Here we discuss operator methods (Chapter 70, angular momentum
(Chaprer 11}, the hydrogen atom (Chapter 12), operators, matices, and spin
(Chapter 14), the addition of angular momenta (Chapter 15), time-independent
pertuchation theory (Chapter 16), and the real hydrogen atom (Chaprer 17).
This material prepares the student to cope with a large variery of problems that
are discussed during the third and last quarter. These problems include the inver-
action of charged particles with a magnetic field (Chapeet 13), the helium atom
{Chapter 18}, problems in the radiation of atoms and related topics {Chapters 22
and 23), collision theary (Chaprer 24), and the sbsorpuon of radiation in matter
{Chapter 25). This material is supplemented by a more qualitative discussion of
the structure of atoms and molecules (Chaprers 19 to 21). The last chapter on
elementary particles and their symmetries serves the dual purpose of describing
some of the recent advances on that frontier of physics and of showing how the
basic idess of quantum theory have found applicability in the domain of very
short distances.

Several topics arise narurally as digressions in the development of the
subject mateer. Instead of lengthening some long chapters, T have placed this
material in a separate “Special Topics” section. There, relativistic kinematics,
the equivalence principle, the WKB approximation, a detailed treatment of
lifctimes, line widths and scatering resonances, and the Yukawa theory of
nuclear forces are discussed. For the same reason, a brief introduction o the
Fouricr integral, the Ditac dela function, and some formal material dealing
with operacors have been placed in mathematical appendices at the end of the
book,

I am indebted to my colleagues at the University of Minnesot, especially
Benjamin Bayman and Donald Geffen, for many discussions on the subject of
quantum mechanics. 1 am grateful to Bugen Merzbacher, who read the manu-
script and made many helpful suggestions for improvements. I also thank my
students in the introductory quantum mechanics course that 1 taught for several
years. Their evident inccrest in the subject led me to the weiting of the supple-
mental notes that later became this book.

Stephen Gasforotorcs
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t:hapter 1

The Limits of Classical Physics

The end of the nineteenth century and the beginning of the twentieth
witnessed a crisis in physics. A series of experimental resules required concepts
totally incompatible with classical physics. The development of these conceprs,
in a fascinating interplay of redical conjecrures and brilliant experiments, led
finally to the guamtum theery.! Our objective in this chapter is to describe the
background of this crisis and, armed with hindsight, to expose the new concepts
in a manner chat, while not historically correct, will make the transition o
quantum theory less mysterious for the reader. The new concepts, she pardicle
properties of radiatiun, the wave properiies of matter, and the quantization of physical
quantities will emerge in the phenomena discussed below,

A. Black Body Radiation

When a body is heated, ir is seen to radiate, In equilibrium the lighe
emirted ranges over the whole spectrum of frequencies », with a specrral disri-
bution thar depends both on the frequency or, equivalently, on the wavelength
of the light &, and on the temperature, One may define a quantiey E(k, T), the
emissive power, as the energy emirted et wavelength A per unic area, per unit
time. Theoretical rescarch in the held of thermal madiation began in 1859 with
the work of Kirchhoff, who showed that for a given X, the ratio of the emissive
power E to the ahsorptivity .4, defined as the fraction of incident radiation of
wavelength A that is absorbed by the body, is the same for all bodies. Kirchhoff
considered two emitting and absorbing parallel plates and showed from the
equilibrium condition that the energy emitted was equal to the energy absorbed
(for each X}, that the ratios E/A must be the same for the two plites, Soon

'An inreresting account of che development of quantem theoty may be found in
M. Jammer, The Concepriaal Develapment of Quantew: Mechanics, McGraw-Hill, New York,
1966,
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thereafter, he observed thae for o black body, defined as a surface that rotally
absorbs all radiation thar falls on it, so that A = 1, the function E(h, T) is a
universal function. .

In order to study this function it is pecessary 1o obrain the best possible
source of black body radiation. A practical solution to this problem is to con-
sider the mdiation emerging from a small hole in an enclosure heated to a tem-
peratare T. Given the imperfections in the sutface of the inside of the caviry,
it is clear that any radiation falling on the hole will have po chance of emerging
again. Thus the surface pesented by the hole is very nearly "tomlly absorbing,”
and consequently the radiation coming from it is indeed “black body radiation,”
Provided the hole is small enough, this radiation will be the same as char which
falls on the walls of the cavity. It is therefore necessary to understand the disoi-
burion of radiation inside a cavity whose walls are ar a remperature T,

Kirchhoff showed that the second law of thermodynamics requires thac
the radiation in the cavity be isotropic, that is, that the flux be independent of
direction; that it be homogeneous, thar is, the same at all points; and that it be
the same in all caviries at the same temperature—all of this for each wavelengeh.?
The emissive power may, by simple geomerric arguments, be shown 10 be
connected with the energy density w(h, T) inside the cavity, The relation is

4E(, T)
[

uih, T) = {1-1}

The energy density is the quantity of theoretical interese, and further under-
standing of it came in 1894 from the work of Wien, who, again using very
genersl arguments,? showed that the energy density had to be of the form

w(h, T) = A0 fAT) (1-2)

wich f still an unknown function of a single variable. If, as is convenient, one
deals instead with the energy density as a function of frequency, s(», T, then it
follows from the fact that

(e, T) = wih, T) %

= .Pi,m:x. T (13)

3 These matters 2re discussed in many textbooks on modern physics and statstca]
physics, References can be found ar the end of this chaprer.

1Wien considered a perfec:ly reflecting spherical cavity contracting adiabatically.
The redistribution of the energy as 2 function of & has to be cansed by the Doppler shift
on reflection, See Chaprer V in F. K. Richtmyer, E. H. Kennard, and J. N. Cooper Imtrs-
duction o Medrrn Phyyior, MeGraw-Hill, New York, 1960,
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"x T = 1448"K
T = 1G46"K
om T = 1Z59°K

AT

Fig. 1-1. Expetimental verification of Eq. 1-2 in the form w(3,T)/T* = a
universal funcrion of AT,

thar the Wien [aw reads
aly, T) = vig (?") (1-4)

The implications of this law, which was confirmed experimentally (Fig. 1.1),
are twofold:

1. Given the specrral distibution of black body radiation at one tem-
perature, the distribution at any other temperature can be found with the help
of the expressions given above.

2. If the function f{x}—or, equivalently, the function glx)—has a maxi-
mum for some value of x > 0, then the wavelength Ao, ar which the energy

density, and hence the emissive power, has its maximum value, has the form

b
Mz = ,I_.. (] .-j}

" where b it a universal consiant.

Wien used a model (of no interest, except to the historian) o predict a
form for g(v/T). The form was

gl/T) = Gt (1-6) .

and, rematkably enough, this form, containing two adjustable parameters, fit
the high frequency (low wavelength) data very well. The formula is not, how-
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Fig. 1-2. (a) Diswribution of power radiared by a black body at various tempera-
tures. (#) Comparison of dara at 1600°K with Planck formula and Rayleigh-Jeans
formula.

ever, in accord with some very general notons of classical physics. Rayleigh, in
1900, derived the result

alo, T) = E:—" AT (17)

where £ is Boltzmann's constant, k = 1.38 X 107% erg/deg and ¢ is the velociey
of light, ¢ = 5.00 X 10 cm,'sec. The ingredients that went into the derivation
were (1) the classical law of equipartition of energy, according to which the
average cnetgy per degree of freedom for a dynamical syscem in equilibrium is,
in this context, 4 AT, and (2) the calculation of the number of modes (i.c., degrees
of freedom) for elecoromagnetic radiation with frequency in the interval (v, » 4+
dv), confined in a cavity.®

+The equipartition law predicts tha: the enesgy per degres of freedom is £T/2. For
an oscillaror—and the modes of the decrromsgnetic beld are simple narmonic oscillators—
1 conrribution of §T/2 from the kinstic enetgy is marched by o like conmibution from the
potential energy, giving £T.

* We will need this result again, and derive it in Chapter 23, The rumber of modes is
dwrt/c, Further muldplied by & facror of 2 because transverse electromagneric wives Cor-
respond to two-dimensional harmonic ogcillators. .
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The Bayleigh-Jeans law (1-7) (Jeans made a minor contibution to its
derivation) does not agree with experiment at high frequencies, where the Wien
formula works, though it does fit the experimental curve at low frequencies
(Fig. 1.2). The Rayleigh-Jeans law cannot, on genetal grounds, be correct, since
the total energy density (integrated over ali frequencies) is predicred to be
infinite!

In 1900, Max Planck found a formula by an ingenious interpolation
berween the high-frequency Wien formula and the low-frequency Rayleigh-
Jeans law. The formula is

8xh ! ;
wly, T) = R T (1-8)

where b, Plarck's eonstant, is an adjustable parameter whose numerical value was
found to be b = 6.63 X 107" erg sec. This law approaches the Rayleigh-Jeans
form when » — 0, and reduces 1o
" wy, T) = al:.h P hIRE (] gheibT)—
¢

=] ﬂ%ﬁ- plt gl (BT {1.9}

when the frequency is large, or, more accurately, when by 3 kT, If we rewrite

. the formula as a product of the number of modes [we obtain this from (1-7) by

., dividing the energy density by #T] and another factor chat can be interpreted as
i the average energy per degree of freedom

:

8 by
n{r, T} = ? g T
8mt . /AT
=Ta P penr (1-10)

we see that the classical equipartition law is altered whenever the frequencies are
not small compared with 4T/h. This alteration in the equipartition law shows
that the modes have an average energy that depends on their frequency, and
thar the high frequency modes have a very small average energy. This effective
cut-off remaves che difficulty of the Rayleigh-Jeans density formula: the tocal
enetgy in a cavity of unit volume is no longer infinite. We have

, Bah ™ b
LT} = a fn dr

T )
_ Sk (*_7)‘ ™ (he /AT dihe/AT)
e \h N eheidT _ 3

Bkt - x*
—F'f'f' #l‘_—_l (1-11)
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The integral can be evaluated,* and the result is the Seefan-Bolzmann expression
for the roral radiation energy per unit volume

Ty =aT {1-12)

with a = 7.56 X 107'% erg/om® deg®, desived much earlier, except for the
numerical constant in fronr, on the basis of thermodynamical reasoning. A
departure from the pure equipartition law was not entirely unexpected: one
consequence of it was the Dulong-Petit law of specific heats, according to
which the product of the atomic (or molecular) weight and the specific heat is 2
constant for all solids; yet departures from the Dulong-Petit predictions were
ohserved as early as 18727 These departurcs indicated thar the specific heat
decreased at lower temperatures.®

The unqualified success of his formula drove Planck to search for irs
origin, and within two months he found that he could derive it by assuming
thar the energy associated with each mode of the elecrromagnetic ficld did not
vary continuously (with average value £T) but was an integral multiple of some
minimum quagtum of energy & Under these circumstances a calculation of the
average energy associated with each mode, using the Boltzmann probability
distribution in & system of equilibrium at temperature T,

' EET

PE) = 5~ e (113)
E

led o
E= 3 EP(E)
K

-
E nh g "I ET

a=i}

= -
3 emtnr

a=0

4 - @
f du're‘--l}"-f .iixx'r"i!‘“
o ] =i

= 1 - o«

- —_— Byw = —_— - =

,Etl-f-ﬂ"f[ﬂ&}‘ 62-:..»- 1%

7 Acensding o the equipartition law an assembly of N oscillators [and a lawice of

atoms with elassic forces berween them may be so viewed) will have enczgy INET, the

factor 3 coming from the face ehar the oscillazoes in @ solid are theee-dimensional, rather

thin two-dimensicnal 2t For the radidtion Seld in an enclosure, The specific hear for & mole

is obrined by differentdating with respect to T and sewting N = Ny, Avogadro’s number,

a0 that C, = 3N,k = 38 whers K = B.28 x 10" erg /deg.

* pecific beats will be discussed very bilefly in Chaprer 20,
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d‘ -
=53 e |
dx E. |
DI |'
m=il =l ik T

‘—!

- §
1 = 6% jurjir

&
= sar {1-14)

This agrees with (1-10) provided we make the identification
E=hv (1-15)

and do not change the number of modes.
Planck argued chat for some unknown teason the atoms in the walls of the
cavity emiteed radiation in "quanea” with encrgy mfe (0 = 1,23, . . ), but
consistency demanded, as established by Einstein a few years later, that slaciro.
magnetic radiation bebaved a5 if it connsed of & collection of ERETEY guanta with
energy o,

The cnergy camtied per quantum is extremely small. For light in the
optical range, with, say, A = 6000 A,

663 1077 X 3.00 X 10"
N 6 ¥ 10

i'w-ﬁf 33 0 10 2 erg
so thac the number of light quanta of this wavelength, emireed by a 100-ware
source, say, is
oo X ao?
BEER ST

With so many quanta present, it is perhaps not surprising that we do not ex-
perience the particle nacure of light directly; we shall see that on a maroscopic
scale no deviations from classical optics are expected, Nevertheless, Planck's
wnterpretation of his formula radically changes our picture of radiation,

= 3 X 107 quanta/sec

L]

B. The Photoelectric Effect

As successful as the Planck formula was, the conclusion from it of the
quantum nature of radiation is hardly compelling. An impormant contribution
to its acceptance ame from the work of Alberr Einstein, who in 190% used the

" For & given frequency » chere may be any integral number of quante present, and
hence the enengy can make on the values mée, with s = 0,1,2,3, ., ..
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concept of the quantum nature of light to explain some peculiar properties of
metals, when these are irradiared with visible and ultraviolet lighe. -

In 1887, the phocoelectric effect was discovered by Hertz, who, while
cngaged in his famous experiments on eleciromagnetic waves, found that the
length of the spark induced in the secondary circuir was reduced when the
terminals of the spark gap were shielded from che ultraviolet light coming from
the spark in the primary ciccuit. His observations atracted much interest and the
following faces were established by further experiments:

1. When palished metal plates are irradiated, they may emit € ;i
they do not emit positive ions.

2. Whether the plates emit electrons depends on the wavelength of the
ligh. 1n general chete will be a threshold that vaties from metal o metal: only
light with a frequency greater than a given threshold frequency will produce a
photoelectric current.

3. The magnitude of the current, when it exists, is proportional to the
intensity of the light source.

4, The energy of the photoelectrons is independent of the intensicy of the
light source but varies linearly with the frequency of the incident light.

Although the existence of the photoelectric effect can be understood
within the framework of classical electromagnetic theory, since it was known
that there were electrons in metals, and one could imagine them to be accelerated
by absotption of radiation, the frequency-dependence of the effect is not compee-
hensible within that framework. The energy carried by an electromagnetic wave
is propottional to the intensity of the soutce, and frequency has nothing to do
with ic. Furthermore, a classical explanation of the effect, which would have to
involve the concentration of the energy deposited on single photoelectrons,
would carry with it an implied time delay berween the arrival of the radiation
and the departure of the electron, the delay being longer when the intensity is
decreased. In fact, no such tme delays were ever observed, ar least none longer
than 10~* sce, even with incident radiation of very low intensity.

Einstein considered the radiation to consist of a collection of quanta of
energy by, where v is the frequency of the light. The absorption of a single
quantum by an electron—a process that may ke less cime than the upper
limit quoted above—increases the electron energy by an amount b, Some of
the energy must be expended to separate the electron from the metal. This
amount, W (called the work function), might be expeceed to vary from metal to
metal, but should not depend on the electron encrgy. The rest is available for
the electron kinetic energy, so that on the basis of this picture one expects that

1 This was established by an ¢/s measurement.
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Fig. 1-3. FPhoroelectric offect data showing a plot of rearding
potential necessary ro stop electron flow from & metal (lithium),

or equivalently, electron kinetic energy, as a function of frequency

of the incident lighr. The slope of the line is i/e.

the following relation between electron velocity # and light frequency »
bt = by — W (1-16)

should hold. The theeshold effect and the linear relation berween electron
kinetic energy and the frequency are conmined in this formula. The propor-
tionality of the cusrent and the source intensity can also be understood in rerms
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of these light quanca, ot phetons, as they came to be calied: a moe intense light
source emits more photons, and these in tum can liberate mare electrons.

Millikan casried out extensive experiments and escablished the correctness
of the Einstein formula (Fig. 1.3). What Millikan's and the caclier experiments
peoved was that sometimes light behaves like a collecdon of particles, and
thar these “particles” can act individually, so that it is possible o contemplae
the existence of a single photon and ask whar its properties are. A by-product of
these experiments was information about merals. It was found that W was of
the ordes of seversl clecton volts (1 €V = 1.6 % 107" erg), and chis could be
correlated with other propercies of the metals.

C. The Compron Effect

The experiment that provided the most direer evidence for the particle
nature of radiation is the so-called Compron effect. Compton discovered tha
radiation of a given wavelength (in the X.ray region) sent through a metzllic
foil was scattered in @ manner not consistent with classical radiation theory.
According to classical theory, the mechanism for the effect is the re-radiation of
light by electrons set into forced oscillations by the incident adiation, and rhis
leads o the prediction of intensity observed at an angle § that varies as
(1 + cos® 6), and does not depend on the wavelength of the incident radiation,
Compton found that the radiation scatcered through a given angle actually
consists of two components: one whose wavelength is the same as that of the
incident radiation, the other of wavelength shifted relative to the incident wave-
length by an amount that depends on the angle (Fig. 1.4). Compton was able to
explain the “modified”” component by treating the incoming radiation as a beam
of photons of energy b, with individual photons scartering clastically off
individuzl electrons. In an elastic collision, momentum as well as energy must
be conserved, and we must firsc assign 2 momentum to the photon. By analogy
with relarivistic particle kinematics we argue that

p= hvfc (1-17)

The argument is that it follows from the relativistic selation berween energy and
PO

E = [(ma®)® + (pe)]"" (1-18)

where my is the rest mass of the particle, that the velocity at this momentum "
E - E’_ - -—L__ e
’ dp E (mofet 4 prmyLs {1-19)

For a photon this is always ¢, and hence the phwtom rest mass mut be zere. Thus the
relation (1-18) becomes
E=pc {1-20)
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Fig. 1-4. The specorum of radiation scat-
tered by carbon, showing the unmodified
line at 0.7078 A oq che lefr and the shifeed
line at 0.7314 & on the right. The former is
the wavelength of the primary radiation.

which yields {1-17) when we substitute F = fo. One may also derive (1-20)
from consideration of the energy and momentum of an electromagnetic wave,
but the analogy argument is simpler.

Consider, now, a photon with inital momentum p. incident upon an
electron ar rest. After the collision, the photon momentum is P, and the electron
tecoils with momentum P. Conservation of momentum yields {Fig. 1.5)

p=p +P {1-21}
from which it follows that
' Plo (p—p)=p"+p*~ 2p-p' (1-22)
Energy -.lonsemxion reads
be + me' = b’ + (mic + P (1-23)

where m s the electron rest mass, Hence
mit o+ P = (e — R’ | ety
= (he — W) 4 2met(he — h') + it
4 On the other hand (1-22) may be rewritten in the form
P (hj)’+ (Ii—l':ir)1 - Zﬁf-ycm:ﬁ.
¢ © o«

Q
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Fig. 1-3. Kinemarics for Compron effect,

thar is,
Pt om (he — R’y 4 20he) (B7) (1 = cos 8) {-124)
where § is the photon scattening angle, Thus
her'(1 = cas 8) = me® (v — )

of equivalently
h
o= k= — (1 = cos 8] (1-2%)
m

The measurements of the modified component agree very well with the above
prediction. The unmodified line is presumably due to the scartering by the
whole atom; if m is replaced by the mass of the atom, the shift in the wavelength
is very small, since an arom is many thousands times more massive than an
electron. The quantity #/mc has the dimensions of a length. Tt is called the
Compton wavelength of the electron, and its magnitude is

k
— o= 2.4 3 107" ¢cm (1-26)
mii

Measurements of che clectron tecoil were also made, and chese are in agreement
with the theory. It was furthermore derermined by good time resolurion coinci-
dence experiments, that the outgoing photon and the recoil electron appear
simultaneously, There is no question of the correctness of the interpreation of
the collision as an ordinary “billiard ball” type of collision, that is, of the
parciclelike behavior of the photon. Since radiarion also has wave propertics
and exhibits interference and difftaction, we might expect some conceptual
difficulties. These exis:, and we shall discuss them at the end of the chaprer.
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D. Electron Diffraction

In 1923 De Broglie, guided by the analogy of Fermat's principle in optics,
and the least-action principle in mechanics, was bed to suggese that the dual
wave-particle nature of radiarion should have its counterpart in & dual particle-
+ . wave nature of macter. Thus paricles should have wave properties under certain
i circumstances, and De Broglie suggesced an expression for the wavelength

. assaciated with che particle. ' This is given by
h= L (1-27}
_ 4
f - where b is Planck’s constant, and p is the momentum of the particle. De Broglie's
b work accracted much attention, and many people suggested that verification
i could be obtained by observing clectron diffraction. ' The experimental obsetva-
;' tion of this effect occurred in experiments of Davisson and Germer, who found
- that in the scattering of electrons by a crystal surface, there was preferenrial
8 mnmng in cerrain directions.
!; Figure 1-6 is a simplified pictute of what happens. In the scateting of
bi: waves by a periodic structure, there will be a phase difference between waves
b coming from adjacent scartering “planes,” whose magnitude is given by
© (2r/}) 2a sin 8. There will be constructive interference whenever this phase
+ difference is equal to 2mn, where # is an inceger, thar is, when

2z sin &
=
"

{1-28)

The interference pattern observed in electron scartering by Davisson and Germer
could be correlared with the above formula, provided the association (1-27) was
- made. This verification constituted a major step in the development of wave
- snechanics.

e The particle diffraction experiments have since been carried our with
- malecular beams of hydrogen and helium, and with slow neutrons. Neuton
" diffraction is particularly useful in the study of crystal structure. To ger a rough
: :.',} idea of the kind of energies necded for the diffraction experiments, we note
55 that the crystal spacings are of the order of Angstroms. The grating constant in
F- the Davisson-Germer experiment, in which nickel was used, was @ = 2.15 A.
B Hence ) is of the order of 107* em, so that p = A/A = 6.6 X 10" gm cm/sec.
* Thus for electrons the kinetic encrgy is Plem, = (86 X 1007

" Chapier 2 contains a discossion of wave packets in which the De Broglie relation
emerges as & very plasible resule. [

“ The history of the vetification of De Broglie's conjecrure can be fond in Jﬁmmt
The Comcrpraal Develapment of Quantam Mochawicr,
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Fig. 1-6. Schemaric drawing of eectron scattering
geometry.

(2% 0.9 X 10°7) = 2.5 X 107" ergs, and for neutrons the kinctic energy is
pizm, = (m.m,) ¥ (electron energy) = (1/1840) X 23 X 101 ergs ==
1.3 X 10~" ergs. In rerms of the more convenient electron volt, these energies
are approximately 160 eV and 0.08 eV, respectively.

On 2 macroscopic scale, the wave aspects of parricles are beyond our
ability to observe them. A droplet 0.1 mm in size, moving at 10 cm/sec will
have a De Broglie wavelength of A = 6.6 X 1077/4 X 107722 1.6 X 107" cm,
Since the “size” of 2 proton is about 10~ em, cleardy rthere is no way in which
the wave propesties of an object of dimensions significantly larger than 107 cm
can be observed. As for the particle propertics of radiation, it is the smallness of
b that determines the classical properties, in the sense that the dual aspects
become apparent only when the product of momenrum and dimension is of the
order of b, We shall see that the formalism of quantum mechanics describes the
situation very well.

E. The Bohr Atom

Experiments carried out in 1908 by Geiger and Marsden on the SCATEENING
of & particles by thin foils showed significant large angle scatening, torally
inconsistent with expectations based on the Thomson model of the arom,
aceording to which electrons were embedded in a continuous distribution of
positive charge. Rutherford proposed a new model thar accounted for the data:
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all of the positive charge and essentially all of the mass of the atom were con-
centrated in a region thar is small compared with the dimensions of the atom,
that is, in the nweleps of the atom. The electrons, artracted to the nucleus with a
1/ force, traveled in planetary orbits about it. Although the model expliined «
particle scarrering quantitatively, it faced two insuperable difficulties. Since it
implied a periodic motion for the electrons, it could not account for the spectra
of radiation from aroms, which did not have the expected harmonic structure «
{cf. & vibrating string), but instead had the scructure

L ( 1 1 )

) T const. e (1-29)
. whete r; and w: were integers. It also lacked a mechanism for scabilizing atoms:
g an electron in a circular or clliptic orbit is constantly accelerating, and according
L o electromagnetic cheary, should be radiating. The constant loss of EnErTy
¢ would, within a very short time, (of the order of 1071° sec) lead to the collapse
¢ of the atom, with the electrons plunging into the nudeus.
- Just two years after this model was proposed, Niels Bobr in 1913 advanced
.- series of postulates, which, while sharply breaking with classical theory,
& expliined rthe spectral structure and bypassed the seability problem. Bohr
. proposed thar:

_ L. The electrons move in orbits restricted by the requirement chat the
& angular momentum be an integral mulciple of &2, that is, for circular orbits of
‘mudius v, the elecoron velocity  is restricred by

mer = —— {1-30)
27

and furthermore the elecorons in these orhits do not radiate in spite of their
soceleration. They were said to be in stationary states,

i 2. Electrons can make discontinuous transitions from one allowed orbir to
(o another, and the change in encrgy, E — E' will appear as radiation with frequency

E — i
= E (1-31)
fi .

; An atom may absorb radiation by having its elecrons make a ansition to a
~ higher energy orbit.

The consequences of these postulates are very simply deduced for one-
electron atoms such as hydrogen, singly ionized helium, and so cm, if we deal
with the circular orbirs.'* If the nuclear charge is Zgand that of the elecron is

1 When ellipricsl orbits are sllowed, 1 much richer struceure emerges. This will be
discussed in Chaprer 12,
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—e¢, and if the radius of the orbit is r, then, taking the nuclear mass to be infinite,
we balance the Coulomb force against the centrifugal force

Zr ot

= (1-32)
This, when combined with (1-30) leads ro
2xe*Z
o= (1-33)
and
1 %kt
= Zm (1-34)
The energy is
e 2utehim
E = }mr* — . - — -W (1-35)

which, by postulate (2) immediately leads to the general form (1-29) (Fig. 1.7).

Before evaluating these quantities to obtain an idea of their magnitude,
we will introduce some potations that will be very useful. First of all, it is bix
rather than b that appears in most formulas in quantum mechanics. We therefore
define

h )
fi= e 1.0545 X 107 erg sec (1-36)

To keep the expressions for the energy simple, we shall deal with the angular
frequency w, rather than », where

w = 2ur (1-37)
Thus (1-31) reads
W = E ; E (1-38)
Similarly, the quantum of radiation carries energy
E = fiw {1-39)
It is convenient to introduce the “reduced wavelength”
Y c
A o= s e (1-40)

so that the De Broglie relation reads

(1-41)

o

P:
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.. Pig. 1-7. Specrum for hydrogen atom as derived from Bohe atomic
model, The existence of the quantum numbers [ emerges from a discussion
of elliptical orbits. The lines connecting energy levels represent the domi-
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The Bohr angular momentum quantization condition reads
mor=wfi(m=1,23...) {1-42)

It is also very convenient to introduce the dimensionless *'fine structure constanr”

f 1 ¢
-:r'- e = l—-ﬂ_ﬂ-ﬁ {1-43)
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which we will approximare by 1,/137. In terms of these quantitics we find the
much simpler expressions

¥ Lo n? R
c =% T Zam (1-44)
and
|
E= — §m? l@' (1-4%)

Motice thar the radius, which has the dimensions of & lengeh, is written in terms
of fi/me, the reduced Compton wavclength of the electron, and that che energy
is written in terms of mc® In all atomic calculations we shall express our resules
in terms of me®, Bi/me, fifmc®, and me for energy, length, time, and momentum,
respectively. Angular momenta will always appear as mulriples of .

Let us now caleulate some of the quantiries that emerge from the Bohr
theory. We calculare

met o= 0,51 X 108 eV
= 0,51 MeV

fi
— = 39X 107" cm

mi

fi
— = 13 % 10 sec (1-46)

et

and thus obtain
i} the radius of the lowest (v = 1) Bohr orbir i
137 k053

= - — 1-47
“ £ mec Z (1-47)

(b} the binding energy of the electron in the lowest Bohr orbir, that is, the
encigy fequited to pur it in a state with E = 0 {cotresponding tom = =} is

E = dme® (Za)? = 13.62% eV {1-48)

Thus, for example, 2 cansition fram the # = 1 s@te to the # = 2 state in hydro-
gen (Z = 1) corresponds to a change in energy of 13.6 {1 =1 eV=102eV.
The frequency of the emitted radiation can be calculated by converting this into
eigs, but it is more convenient to work this out in the form

mefa(l — 1) 3’ 1

N zh =8 1ax 10 tad/sec

= 1.5 % 10" rad/sec
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Equivalently
¢ lér k-

w2y — = —
w a0 mr

== 1200 A

: which lies in the uloravioler.
£ The success of the Bohr theory with hydrogenlike atoms gave great
.. impetus ro further research on the "Bohr atom.” In spite of some extraordinary
= achievements by Bohr' and others, it was clear that the theory was provisional,
B Ir said nothing about when the electrons would make their jumps; also che
3 quantization rule was restricted to periodic systems; a more general statement,
by Sommerfeld and Wilson,

fﬁ' dy = ufi (1-49)
3

. where p is the momentum assocared with the coordinate ¢, was of no help in
¥, weating problems other than those associated with aromic levels of hydrogen.
From the Bohr theory emerged:
L. The correspondence principle, which, in essence states thar classical physics
oo results should be contained as limiting cases of quantum mechanical resules.
- ‘The limir should be reached when the “quantum numbers” are large, for ex-
o -mmple, for large » in the Bohr atom. Once a cosistent theory of quanrum
nomena was constructed, it auromarically contained classical physics as a
- - limit, but the principle was very helpful in guiding thecrerical guesses, and led
i, Heisenberg to the point from which he could make his giant leap to quantum
mechanics, To illustrate how the correspondence principle is satisfied by the
Bohr aromic model, consider the frequency of the radiation emitted when an
gﬂ‘hﬂm makes a “jump” from the orbit with quantum number # + 1 to the
£ wi
for

th quantum number x, when n is very large. This is a good domain to ask
or the classical limit, since the angulat momentum s is indeed much larger
aun k. Classically an electron moving in 2 cieculzr orbit with velocity v would be
expected to ndiate with the frequency of its motion, that is,
'

¥ e Zame (Zaf'mct 1

by = — m

2wr # 2wt 2 W

{1-30)

@ 1 mF 1 e -
SEETIE™ A {Z“J’Lz (.=+1}='] (1-31)

¥ See 5. Roeeatal (ed.), Nielr Bebr, Norrh Holland Publishing, Amsterdam, 1967
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which approaches v.; for # 2 1. Note that this is a significant result, since it 15
only the frequency associated with an # + 1 —+ # transiton that corres| 5 1o
the fundamental classical frequency. The mdiation associated with the jump
=+ 2 —» n has no classical counterpart even in the large n limir. We shall see in
Chapter 22 that there are no # + 2 — # transitions for “circular orbits” in
quantumn mechanics. '™

2. The quantization of angular momentum held in other situations as well.
Its application to elliptic orbits gave a more complete picture of the specunm of
hydrogenlike atoms, and it was directly observed in the cxpetiments of Stermn
and Gerlach'* in 1922,

F. The Wave-Particle Problem

The fact thar radiation exhibits both wave and particle properties raises a
deep conceptual difficulty, as can be seen from che following considerations:

1. Our discussion of the phoroelectric effect, in parricular the correlation
of the number of electrons emitted with the intensity of the radiation, strongly
suggests that the intensity of elecrromagnetic radiation is proportional to the
number of photons emitted by the source. Let us now consider a Gedanken-
experiment” in which radiation is diffracted by a rwo-slit system. Imagine that
the intensity of the source is reduced 1o the point where, on the average, one
photon per hour arrives at the screen. Note that we have to deal with entire
photons: as the Compton cffect as well as the photoelectric effect show, it is not
possible to split 2 photon into parts with frequency w but energy Jess than s,
The decrease of intensity in the incident radiation should not affect the classical
diffraction pattern, since, in effect, we are only streeching out the time scale on
which the transmission from the source to the photographic plate of a large
number of phorons takes place. Photons that come to the place an hour apart
dlearly cannot be correlated, and we may therefore think about this process one
photon at a time. A photon, as a particle, will presumably go through one slit or
the other. If we add to our Gedankenexperiment apparatus a small monitot thac

1 Such rransitions can occur for ellipdeal orbits (ot considered here], and chis is
consistent with che corespondence principle.

' These maxeess are discussed in any tetbook in modern physics (see references at
the end of this chaprer).

17 A Gedanbenespersment (thought experiment) iz one that may be imagined, thar is,
one that is consistent with the known laws of physics, even though it may not be tech-
nically feasible. Thus, measuring the accelerarion due we gravity on the surface of the sun
is & Gedankenexperiment, whesens measuting the Doppler shift of surlight as seen from o
space ship moving with twice the velocity of light is nonsense. In Chaprer 2 we shall see
how careful one must be to insist on consistency with the laws of physics in sening up a
Gedankenezperiment.
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& tells us whether the photon went through slit "1 of slit “'2," we can divide che
& photons into two classes, associared with the two slits. For the firsc class, we
o could have closéd down slit 2, since the photon did not go through it; for the
5 second class we could have closed down slit 1, We might thus expect thar the
- pateern on the photographic plete should be the same if we repeared the experi-
ment with one slic closed for half che time, and the other slit closed for the acher
. half of the ume, This, however, cannot be, since the second experiment does not
8- give an interference parvern. Thus there is an inconsistency that will be rraced to

" the assumption that the presence of the monitor that tells us which slit the
-photon went through does not affect the experiment. When we discuss the
BR.  Helsenberg amaeriaingy principle, we shall see that the action of the moaitor destroys
B¢ the interference pattem, so that there is no inconsistency. At this stage it is
% sufficient to point out that when there is no monitor, each photon acts a5 a

¥ ¢ wave, and it does not make sense to ask which slit the photon went through.
Presumably, we can still speak of an average incensity of radiation at each slit:
this must mean thar for individual photons we can only speak of a probability of
- poing through one slit or anather.

: 2. The notion of probability must again be invoked in understanding the
(passage of polarized radiation through an analyzer, As is well known, 2 beam of
& mdiation of intensity Iy will be artenuared to Iy cos® o, where o is che angle

becween the axis of the polarizer and that of the analyzer. In terms of single
ons that are indivisible, such an attenuation is only explainable if we stare
a given photon will either go chrough or be blocked by the system, with a
robability of transmission governed by the construction of the apparatus,
15, by the angle a.

_ 3. In che same way, consider radiation from a distant star. The star is the
source of a spherical wave of electromagnetic field excitation, spreading with
Jvelocity ¢. In terms of individual photons it is not sensible to think of the
hoton as spread thinly over a sphere of radius of (where £ is the tme since the
hoton was emitted), since the collapse of that photon to a single point on a
ographic plate, or on the retina of the eye, would violare common sense, if it
“really” happening. We may however interprer the spherical distribution as
g us the probability of finding a photon at a given solid angle.

4. Sometimes it is possible to interprer a given experiment both in
icle and in wave language, but then a nonclassical aspedt creeps in elsewhere,
icke and Wittke'* have proposed the following Gedankenexperiment (Fig.
-1.8).- Consider a cylindrical bitd cage with the hars spaced regularly, and spacing

_ R
CEN

§ * "R, H, Dicke and J. B. Witthe, introducrian ta Quanram Mechanic, Addison. Wesley,
b Reading, Mass,, 1960
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Fig. 1-8. End view of Dicke-Wirtke “cage” showing
equally spaced bars and geometrical quantities com-
nected with it

where R is the radius of the cylinder and N is the number of bars. Consider
radiation emitred from a source placed on the axis of the cylinder. The bars act
as a diffraction grating. If the beam emerges at an angle # with the original
direction, we have maximum intensity if the angle and the wavelength are
relared by
agsinf=amh (p=1,235...]
thar is,
2aR sin d
= (1-52)

We could alsc interpret the intensity peak by assuming thar the particles scattered
through an angle # off the bars of the bird cage. The momentum transferred o
the cage is p sin # and hence the angular momentum transferred to the cage is

L= pRsin#@ (1-3%)
If we now make the De Broglie association, p = 2ofi/k we obrain
2rfiNe
- — . Rsin # = Nufi 1-34
seksin g o0 = (54

thar is, angular momenturn is quantized! The factor N is associated with the fact
that the bird cage looks the same when it is roared chrough 2n angle 2m/N, as
will become clear larer.
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In 1925 the modern theory of quantum mechanics started wirh the work of
Heiscnberg, Born, Jordan, Schridinger and Dirac, This theory provides a way of
recontiling all of the conflicting concepts at the cost of making us abandon a
certain amount of classical thinking. It is one of the joys of being a student of
physics to be able to appreciate this beauriful rheory and the monumental
advances in our understanding the properties of marter that the theory enabed
us to make,

Problems

1. Prove the relation (1.1} berween the epergy density in a caviry and the

: - emissive pawer, [Hine, To do so, look at the igure. The shaded volume element

is of magnitude r* dr sin @ B dg = I where r is the distance to the origin (at

B he aperture of area dA), § is the angle with the vertical and ¢ is the azimuthal

- angle abour the perpendicular axis through the opening. The energy contained
in the volume element is 41 multiplied by the energy density. The mdiation is
isottopic, 5o that what emerges is given by the solid angle 44 cos #/4x¢* multi-

F"  plicd by the energy. This is 1o be integrared over the angles ¢ and @ and, if the

flow of radiation in rime Ar is wanted, over o from 0 jo car—the distance from
which the mdiation will excape in the given time inrerval.|

2. Use (1.1) and (1-12) m'crf:m[n a formula’fer the rotal rare of mdiation
per umit area of a black body, Assume that the sun radiates as a hlack bady.
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You are given the tadius of the sun Rg =7 5 10'" cm, the averge distance of
the sun to the earth g = 1.5 X 10 cm, and the solar constant, the amount af
energy falling on the earth when the sun is overhead 1.4 ¥ 10 ergs/cm® sec.
Use this information to estimate the surface temperature of the sun.

3. Given (1-9), calculate the energy density in a wavelength interval
Ah. Use your expression to calculate the value of W = Apas, for which this
density is maximal. Show that hne is of the form BT, calculate b, and use your
estimate of the sun’s surface temperature to calculate Apex for solac radiation.
[Hins. In calculating b you will need the solution x of the equation (5 — x} =
s¢-=, Solve this graphically or by a successive approximation method, in which
you first write x = 3 — ¢ with ¢ << L]

4. How much of the sun’s cnergy is radiated in the mnge of wavelengths
4000 A-7000 A7 Use the T estimated in problem 1. Plot the energy density on
graph paper to obtain the numerical result.

s There is some experimental evidence that the universe contains black
body radiation corresponding to an equilibrium remperature of 3°K. Calculare
the energy of a photon whose wavelength is Ana corresponding to this tem-
perarure.

6. Ulrraviole light of wavelength 3300 A falls on a potassium surface.
The maximum energy of the photoelectrons is 1.6 eV. What is the wotk function
of potassium?

7. The maximum energy of photoelectrons from aluminum is 2.3 eV for
mdiation of 2000A and 0.90 eV for radiation of 3130 A Use this dara o calculate
Planck's constant and the work funcoon of aluminum,

8. A 100 MeV photon collides with a proton that is at rest. What is the
maximum possible encrgy loss for the photon?

9, A 100 keV photon collides with an electron at rest. It is scarered
through 90°. What is its energy after the collision? What is the kinetic energy in
eV of the electron after the collision, and what is the direction of its recoil?

10. An electron of energy 100 McV collides with a photon of wavelength
3% 107 A (corresponding to the universal background of black body radiation).
What is the maximum energy loss suffered by the electron?

11. A beam of X rays is scattered by clecuons ar rest. What is the cocrgy of
the X rays if the wavelength of the X rays scattersd ar 60° to the beam axis is
0.035 A2

12. A nirogen nucleus (mass = 14 X proton mass) emits a photon of
energy 6.2 MeV, If the nucleus is initially at rest, wha is the recoil energy of the
nucleus in eV?

13, What is the DeBroglie wavelength of (a) a 1 eV elecomon, by a
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10 MeV provon, (c) a 100 MeV clecoon? (castion! use the relativistic Encrgy
k. formula), (d) a thermal neutron? (defined as & meutrcn whose kinetic Energy
is 3T/2 with T = 300°K),
14, Consider a crystal with planar spacing 3.2 A. What order of magnitude
of energies would one need for () electrons, (b) helium nuelei (mass == 4 %
. proton mass) to observe up to 3 interference maxima?

15. The smallest separation tesolvable by a microscope is of the order of
magnitude of the wavelengeh used. What energy electrons would one need in
E an electron microscope to resolve separations of (a) 150 &, (b) 5 A2
3 16. If onc assumes that in a stationary state of the hydrogen atom the
. clectron fits into 2 circular orbit with an integral number of wavelengths, one
¢ can reproduce the results of the Bohr theaty. Work this our.

F 17. The distance between adjacent planes in a crystal are to be measured,
i If X rays of wavelength 0.5 A are detected ar an angle of 57, wher is the spacing?
- At what angle will the second maximum occur?

18. Use the Bohr quantization rules to calculate the energy levels for a
i harmonic oscillator, for which the energy is p%/2m + mw?r?/2, chat is, the
. force is muw'r. Restrice yourself to circular orbits. What is the analog of the
i Rydberg formula? Show that the correspondence principle is sanshed for all
. values of the quantum number # used in quantizing the angular momentum,

19. Use the Bohr quantization rules to calculate the energy states for a

gpotential given by
Vin) = Ve (i)‘
a

B wich & very Jarge. Skerch the form of the potential and show thar the energy
k _'ulut; approach E, =~ Ca?,

; 20. The power, thar is, the energy radiaced by an accelerared charge ¢ is
[+ dassically given by the formule

P m 2¢ &% erg/sec
30

§. where a is the acceleration. In a circular orbic & = #%/r. Calculate the power
¥ radiated by an electron in a Bohr orbit characrerized by the quantum aumber »,
§ When u is very large, this should agree with a proper quantum mechanical
L result eccarding to the comespondence principle
1 21. The decay rate for an electron in &n orhit may be defined to be the
| power radiated, P, divided by the energy emitted in the decay. Use the Bohs
theory expression for the energy radiated, and the expgession for P from prablem
20 to calculate the “correspondence™ value of the decay rate when the electon
- makes a transition from orbit #7to orbir # — 1. What is the value of this decay

rate when v = 27 (This will not agree exacdy with the true quantum theory
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result, since the correspondence principle will not hold for such small values of
the quantum number.) What is the decay rate when the crapsition is from an
arbit # to an orbit m — m? What is the liferime = (decay rate)™'?

37, The dassical energy of a plane rowtor is given by

E = L4

whete L is the angular momentum and [ is the moment of inertia. Apply the
Bohr quantization rules to obmin the energy levels of the rotator. If the Bohr
fiequency condition is assumed for the radiation in transitions from states
labeled by m, to states labeled by my, show that (a) the correspondence principle
holds, and (b) that ic implies that only transicions An = 21 should occur.

23. Molecules sometimes behave like rotators, If rotacional spectra are
characterized by madiation of wavelength of order 107 L, and this is used o
estimare interatomic distances in a molecule like Ha, what kind of scparations
{in &) are obtined?
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chapter 2

Wave Packets and
the Uncertainty Relations

Quantum mechanics provides us with an understanding of all of the
phenomena discussed in Chapter 1. It is indispensable to the uaderstanding of
atams, molecules, atomic nuclei, and 2ggregates of these. We will approach the

e study of quantum mechanics through the Schrédinger equation and the appro-

£ priate interpreration of irs solutions.” There is no way of deriving this equation
g from classical physics, since it lies outside the realm of classical physics, It can
¢ only be guessed, which is what Schradinger did, following the earlier insights of
§i Dc Broglic. We will motivate the guess somewhar differently, by seeing how one
- might ury to reconcile the wave and particle properties of electrons.

_ Ttis difficule vo think of configutations of particles that somehow simulare
wave behavior. This is why the diffraction experiments of Fresnel and Young led
" 1o the unanimous acceptance of the wave theory of light. On the other hand, it is
~ possible 10 imagine configurations of waves that are very localized. (A clap of
thunder is an example of a superposition of waves leading to an effecr localized
in time. ) Such localized “wave packets” can be achieved by superposing waves
with different frequencies in a special way, so that they incerfers with each other
almost complerely outside of a given spatial region. The technical tools for
doing this involve Fouricr intcgrals, and Appendix A summarizes them for the
reader who is familiac with Fourier series and who does not insist on mathe-
marical rigor,

As an example, consider the function defined by

fix) = f  dk glk) e (2-1)

=g

L
' A different approach can be found in B, P, Feynman, K. B, Leighton, and M. Sunds,
T Frymman Lictwees om Flysies, Vol 111, Addison-Wesley, Reading, Mass., 1964,

-
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The real part of f(x) is given b‘ffm dk g(k) cos kx, and this is a linear super-

position of waves of wavelength A = 2x/k, since for a given & the wave n:prcl-.
duces irself when x changes to x + 27/k.
Choose

glk) = =il (2-2)

The integral can be done: with & = & — ky we have
o) = [ d gty eror e
- gk [ b i
= ghF ’ . JB el =titan e

where in the last step we have completed squares. It is justified co ler E -
{ix/2a) = g and still keep the integral along the real axis.* Making use of

f i di et = _JE (2:3)
- we obmain
fix) = ‘\E ity petetiha) {2-4)

The factor ¢ is known as a “phase factor,” since |5 = 1. Thus the abso-
lute squarc of fix] is

[fo)2 = = e @9

This function shows a peaking that can be very pronounced when a is chosen to
be small. It represents a function localized about x = 0, with 2 width of the
otder 24/ 2, since when x = = +/2a, the function drops off t 1/e of its peak
value, The width in x-space is correlated with chat in k-space. The square of glik)
is a function peaked about &y with width 2/+/2. There is a reciprocity here:
a function strongly Jocalized in x is broad in £ and vice versa. The product of
the two “widths” is

.2
MMNE'ZV’E"d' (2-8)

 The reader familiar with the theocy of complex variables will hawe no trouble con-
wincing himself of this,
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The actual value of the numerical constant is not impottant; what marters is
that it is independent of . Thisis a general property of functions thar are Fourier
tansforms of each other (Fig, 2.1). We represent it by the formula

Ax Ak =z 0O1) {2.7)

where Ax and Ak are the "widths” of the two distriburions, and we imply by
©(1) that this is a number that may depend on the functions that we are dealing
with, bur is not significanty smaller than 1. It 5 imparsible to make both Ax and Ak
small. This is a general feature of wave packets, but we shall soon see that it has
some very deep implications for quantum mechanics.

In Eq. 2-1 we considered a function f{x) that is made up of a continuous

E . superposition of simple waves ¢4, How will such a wave packet propagate in

e}

(X0

fa)

Fix}

AN ~
N o« NS

Fig. 2-1. Relation berween wWave packet and its Fourier mransform for 2
square-shaped wave packet.
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time? The answer to thar depends on how the individual waves propagate. [n
general we shall write for the simple plane waze {so called because it only has a
spatial vanation in ¥, but not in y ot z) the form

ket (2-8)

Here w = 2w is the angular frequency. The quantity k is relared to the wave-
length by £ = 2#/s0 that we may wite for the simple wave another form

Aritinfhi=si {2.9]

If we are considering the propagation of a light wave in 4 vacuum, then there is
a simple relation between ¥ and 1/, namely, # = &k, 50 that the simple wave
becomes

'hill—ﬂ}rl = gihle—el!

If we now ke the superposition, with amplicude g(&) of these simple waves, we
get, at time ¥,

o) = [ g e = fix = ) (210)

This is the same shape that we started from, except that instead of being localized
arx = 0, it is now localized at x — a = 0. Thus a wave packet of light waves
propagates without distortion with velocity ¢, the velocity of light.

We, however, are concerned with waves thac are supposed to describe
particles, and we may nor, therefore, require chat @ = ke, In general w will bea
funcrion of &, so thar

flxg) = f_d& glE) glbrmietant ) (2-11}

Eor the time being, we do not know what the form of w(k) is, but we shall oy 1o
determine it from the requirement that f{x.7) resemble a freely moving classical
particle.

Let us consider a wave packet that is swongly localized in k-space, abour 2
value k. This would correspond to a choice like (2-2) with a large. It is true
that this will not represent an ) sharply localized in x-space, but our calcula.
tian will be sasier, and we are, after all, stll rrying o make intelligent guesses,
Since the integral in (2-11) will center around & = ks, we expand w(k) about &
and assume that w(#) is not a very apidly varying function of k. Thus we wiite

{ E’- 1 - q fﬂ;) r
wik) = wlk) + (& -hfl( 5 )i. + (& — kp) (‘&! . {2-12)
Then, using the form (2-2) for definiteness, and writing & — ko = £, we get

flaeg) = gihen gmreiont f B ok i Ut g e (2:13)
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Aside from the phase factor in front, the ¥ and s coordinates appear in a form thar
swongly suggests that the velocity of propagation of the packer, the pronp

velocity, is?
bo = (ﬂ) (2-14)
N dk ), -
Thus, defining -
l(ﬁ) _ ,
2hder Sy, A (2-15)
we have
flx) = f":""“"‘“"”fd"i‘ ¢iE lengt) g io i (2-16)

This is just the integtal that led o (2-4), so that replacing x by x — w and &
by & + i, we get

_,"[x'.j' = pilk—uii (

|
1 5
) g liE— g L) et i)

& 4 A

- and the absolute square of dhis funcrion is

1 L o Pl CIE ST T T 3
|f{x.r'_l| ﬂ'! + ﬂ!ﬂ {2 1?}

._ ".This represents 4 wave packet whose peak is travcling with velocity e, bur it
# does not have a definite width: the quantity that was « at ¢ = 0 now becomes

¢+ (%), that is, the packet is spreading. Since the width is proportional ro
: 12 SEANTE
(m+ﬁi‘) = ﬁ(1+i—:)

L+

the rate of spreading will be small if o is large, that is, if the packet is spatially

large to begin with.

i The most important resule is thae if (2.11) is to tepresent a particle wich
}| momentum p and kinetic energy p*/2m, then we must require that

o
ty = E = ‘5 (2-18)

! This is cermaialy in agreement with what we found in the special case of light propa-
gation, where & = k. The argument used more genesally dpends on the fact thar the peak
of a packer will tend 0 be where the phase kx — o has a minimum as & function of k, that s,

L

h = f=0
whese y — | —J ¢ =0,
ak
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If we further make the association that

E = fiw {2-19)

suggested by the quantum relation for mdiation, so that
- i z_m
T 2mh (2-20)

then consistency demands that we make the association

. i .
b= {2-21)

first derived in a somewhat similar way by De Broglie.
In terms of p, the expression (2-11) can be rewritten in the form

h) = s [ dp o) coson @22)

The wave packet  (x,¢) is a general solution of the partial differential equation
COW(xg) 1 _f . oo Bi A
i > _‘VFZlE dp glp) E £
1 ,
= mf# ﬂpj £ phims—Eaiih

)
- m Dt

(2-23)

provided, as we have done abave, we describe the motion of the “parricle” in =
porential-free region, where E = p%/2m. It is this equation, and its generalization
to the case of a particde moving in & potential, that represents the imporrant
abstraction from the arguments outlined above. It should be stessed that the
equation represents & guess: there was no justification on the basis of classical
. physics for the replacement of w by E/A, nor for the replacement of the wave
" number & by p/F.

We must still face the difficulty of the spreading of the wave packets. If we
consider a Gauwian packer (2-17), we see that no macrer how large o is, there will
be a time when the spreading will become noticeable. This is in contradiction
with experience, which shows very cleatly chat nucle:, for example, that are very
tiny, have not changed during a period of 2 X 10° years (10% sec). We shall see
in Chaper 3 thar the notions of probabilicy, hinted at in Chapter 1, play a role
hete, and the spreading really refers to a growing probability that the parcicle is
far from where it was localized ar ¢ = 0. ’

One of the most important qualitative observations that we made in our
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wave packet discussion is the reciprocity relation between the widths in x- and
k-space

AkAx 1 (2-24)

If we ﬂ';ulrf]:l]?' this by £ and use ik = p, we obtain the Heisenberg uncertiney
relations

Apaxz h (2-23)

Since the width represents a region in which a parricle is likely to be in X-5pace of
in momenrum space, (2-23) states thar if we ery to construct a highly localized
wave packet in x-space, then it is impossible t associare a well-defined momen.
tum with it, in conteast with what is taken for granted in classical physics. By the
same token, a wave packet characterized by a momentum defined within na reow
limits must be spatially very broad. This limitation is one that is imposed on the
classical description, which insists on being able to specify both position and
momentum. In quantum physics position and momentum, just like particle
behavior and wave aspects of a system, arc complementary properes of the
system, and the theory does not admit the possibility of an experiment in which
i both could be established simultancously. The smallness of # guarantees that
5. only for microscopic systems will the usual notions of classical physics fail. For
. example, for a dust particle of mass 10~ gm moving with a velocity of 100

b an/sec with an uncerainty in the product of one part in a million implies

1 Ap ~ 107* and thus Ax ~ 107 ¢m, which is 10~ times smaller than the radius

g, of & procon! This is not 5o for an elecron in a Bohr orbit. Tr we ke Ap ~ o

| moe/n, then Ax ~ fin/mea, of the order of magnitude of the radii of the orbits,
3 In what follows we will discuss a number of Gedankenexperiments in
i which we will show in decil how the wave-parricle duality acts to conspire to
¢ - peohibit a violation of the relation (2-25).

i (a) Measrement of position of an electron. Consider the experimental set up
& in Fig. 2.2, whose purpose is to measure che position of an electron. The elec-
trons are in 4 beam baving well-defined momentum p, and maving in the positive
x direction. The mictoscope (lens + screen) is to be used to see where the elec-
L ton is located by observing the light that is scattered off the electron. We shine
- light along the negative x-axis; 2 particular electron will scatter a particular
photon, and the lacter recoils through the microscope. The resolution of the
microscope, that is, the precision with which the eleccron can be localized is
known from oprics. I is

A
Axr sin & (2-26)
[ 3
where A is the wavelength of the light.
It would appear that by making A smal encugh, and by making sin ¢ large, Ax
can be made as small as desired. This, we will now show, can only be done at the
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Fig. 2-2. Schematic drawing of the Heisenberg microsocpe for the
measurement of deceron position.

expense of losing information about the x-component of the electron momen-
tum. Quantum theory tells us that what registers on the screen behind che lens
are really individual photons chat gor there because they scartered off the elec-
trons. The direction of the photon after scattering is undetermined within the
angle subtended by the aperture. Hence the magnitude of the recoil momentum
of the elecron is uncerin by

he |
Apy ~ 2 " 5in (2-27)
Hence

hy A
Aps dx ~ 2  sin ¢ ine ~ bl (2-28)
Can we get around this difficulty? After all, the direction of the photon is
correlared with irs momentum, and if we could somehow measure the recoil of
the screen, we could specify the photon (and hence eleceron) momentum beeter.
True, but once we include the microscope as part of the “ohserved " system, we
must worry about its location, since its momentum is to be specihed. But the
microscope, oo, must obey the uncertainty relation, and if its momentum is to
be specified, its posicion will be less devermined. The final “classical” observation
apparatus will always be faced with the indeterminacy.

(b) The swo-lit experiment. In Chapter | we saggested chat the inrerference
partern observed in the passage of an electon® through two slits was logically

aye scrually discussed photons, but the difficalry is the same for elecrrons, which
are glso diffracted.
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incompatible with our being able to know which slit the electron went through,
as such knowledge would imply that the pattern is 4 superposition of clectrons
coming from onc slit ar the other, This, however, cannot give an interference
pauern. We may use the uncertainey relation to show thar 3 “monitor™ thar
idenuifies the slies of passage will destmoy the interference parcern. Let the slies
be separated by a distance «, and lex the distance from the slics o the screen be o,
The condition for constructive interference is

A
sin f = g — (2-29)

o
so that the disrance berween adjacent maxima on the screen is 4 sin By —
dsin'8, = d\ja, Consider, now a monitor that determines the position of an
electron just behind the sereen to an accuracy Ay < a/2, thar is, it tells vs which
slit the electron went through (Fig. 2.3). In deing so, it must umpar to the
electron @ momentum in the y direction whose amount is imprecise, with

Apy = -ii (2-30)

Hence
M 2k _
I a p

- Such an uncerainty introduces an indeterminacy in the position of the electron ar
the screen, whose magnitude is 204/, ar the very least. This, however, iz fargc:

Q

zi {2-31)
o
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Fig. 2-3.  The rwo-shic experiment with monitoe.
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than the spacing between maximi, 50 we conclude that a working monitor will
wipe out the interference partern, and there is no logical contradiction. Con-
versely, we could, of course, afgue that logical consistency demanded that

Apy By > b (2-32)

(€) The “"reality” of orbits i the Bubr atom. As noed in Chapeer |, the Bohr
aromic mode! deals with orbits whose ridii are given by R, = fin®/ame. Thus 2n
experiment designed to measure the oudines of a given orbit must be such thata
position measurement of the electron in the atom is done with ap accuracy

2fin

o

Ax < Ry — Rpa = - (2-33)
This implies an uncontrollable momentum transfer to the electron thac is of
magnitude Ap > mea/2n. This implies an uncertainty in the encigy of the
electron of magnitude

. L0

pap g, mex ax 1 me
L 2 I m

AE ~— (2-34)
"

that is, much larger than-the binding of the electron in the orhit. Thus such a
measurement, as likely as not, will Lick the electron our of the orbit, so that no
such mapping of the orbit is possible.

{d) The energy-iime ancerfainty relation. 1f we take the relation (2-25) and
wiite it in the form

A
LY

we may interpret the first factor as a measure of the uncerrainty in the energy of
the system, and the second factor, Ax/v, as 2 measure of A#, an uncerminty in its
localizabilicy in time, This suggests the energy-time uncertainey relation

AEAM E R (2-3%)

Such a relation might also be deduced from the form of the wave packet (2-22}
since [ and i appear in the same reciprocal telation as p and x, and it is also
suggested by the theory of relativity, since space and time, like momentum and
energy arc intumarely connected with each other.® Actually, in noarelativistic
quantum mechanics, space and time play a somewhat different role, and whereas
we shall be able 1o derive (2-23) from the formalism of quantum mechanics,
this is not true of (2-33). Nevertheless the encrgy-time uncertainey relation is a5
much a part of the qualicative scructure of quantum mechanics as (2-25).

s Both (e, £) and (Efe, p} are fowr-vecton that trangform among themselves under
Lorente rransfonmations
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In spite of his fundamental conributions o the development of quantum
mechanics, Einstein always felt uneasy abour its implications, and at the Solvay
Congress of 1930® he suggested a Gedankenexperiment that apparendy avoided
the limitations suggested by (2-35). Einstein suggested that a box containing
radiation have a shutter controlled by a clock within the box. The shurter
mechanism could be atranged such that a hole is opened for an arbitrarily short
time Ar. The energy of the photon escaping from the box could be derermined
very accutately by weighing the box before and afeer the opening of the shureer.

Bohe's rebuttal of the argument is a beauriful illuseration of the require.
ment that 2 Gedankenexperiment must conform to the laws of physics, Taking
into consideration the apparatus shown in Fig. 2-4, Bohr made the following
points:

1. A weighing implies the reading of 2 scale pointer with an accuracy Ax,
This implies 2n uncertaincy in the momentum of the box given by Ap = fi/Ax.

2. Wa change of mass Am is to be detected, the weighing must take a time

T, that is long enough so thar the impulse due to the change in mass, that is,
ET Am (p = acceletation due o graviry) is much larger than Ap, that is,

gT Am 3 fifAx {2-36)
3. The well-established equivalence principle’ unplies thar a change in the

vertical position Ax in a gravitational field implics a change in the rate of che
f dock, given by

5 - | (237)
This yields
T
. thar s,
Ame* AT = AE AT 3 f; {2-38)

- This shows thar the energy-time uncertainty relation is mainmined,
- The uncerrainty relations may be used to make rough numerical estimates
in mictoscopic physics. Let us illustrate this with severa] examples, the first of

 Sec the besutiful essay by Niels Bohe, “Discussion with Einstein on Epistemaclogical
Problems in Atomic Physics,” which appeared in Assmic Phyiicy and Humaw Kuowdrdge,
John Wiley & Sons (1958), *

'The equivalence priaciple is discussed in the Special Topics secnon 2 at the end of
this book. It is amusing in this contexr tha the principle was formulared by Einssein®
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Fig. 2-4. Quasi-realistic drawing of Finstein experiment designed 10 showr
violation of oF af > h relazion. Reprinted from Niels Bohr, Ammic Physics
and Hyman Knowledge, John Wiley (1938), by permission of North Holland
Publishing Company, Amstesdare.

which is the hydrogen atom. 1f we say that the clectron’s position inside the
atom is unknown, then, if r is its tadial coordinate

pr~H (2-39)
This allows us to express the encfgy in rerms of
1
puwd— = £

im r
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= — — - fz-du}

2met r
The minimum value of the energy is ohtined from
6k __ B0
ar mrt r
that is,
fi* fi
rm — = — (2-41)
me®  micoe
and the comesponding value of E is
E= — ; secto? (2-42)

The fact that we obrained the exact value of the energy is, of course, 2 swindle,
since we could equally well have written pr ~ & instead of (2-39), and we would
; then have obtained 3 different result. The value of E would, however, have
j,  differed from the correct value only by & numerical constane, and the general
. order of magnirude would still have been the same. The main paint is that in
contrast to classical theary, the energy is bounded from below because of the
uncertainty peinciple: an increase in the (negative) potential energy, obained
by decreasing r, that is, localizing the electron closer to the nucleus carries with
fl, it the necessity for increasing the kinetic energy.
: As another example, consider the problem of nuclear forces. These have
- the range of the order of one fermi, that is, 10~ cm. This implies chat p ~ i/ r ~
- 1071 gm cm/sec. The kinetic energy comresponding to this momentum is

.

P’I ]ﬂ—’ﬁ
' CoaM saX1om

~ 32 10 ergs (2-43)

whete M is the nucleon {proton of neuaon) mass, which is 1.6 % 10-* gm.
Since the potential that gives rise ro the binding must more than compensate
far this we require that '

W] ~ 3% 100 ergs ~ 20 MeV (2-44)

Again, this is only a rough order of magnitude, but it does indicate that the
porential encrgy is to be measured in MeV rather chan in eV, as in atoms.

Yer another illustration comes from the Yukawa meson theary of nudear
forces. In 1935 Yukewa proposed thar the nudesg force arises through the
emissicn of 2 new quantum, the pi-meson (also called pion}, by one of the
nucleons, and its absorption by'the other.® If the mass of the quantum is denoted

" This i discussed beiefly in the Special Topics section 3 on the Yukaws theory.
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by g, then its emission introduces an energy imbalance AE ~ ue', which can
only take place for a time Ar ~ f/E ~ %/uc®. The range corresponding to a
parcicle traveling for this time is of che order of (AT ~ fi/uc, If we take for the
range rp = 1.4 2 1077 cm, then we find that

ke 107X 3X 100
T T A e

~ 130 MeV {2-45)

Ergs

When the pion was finally discovered, it was found that this estimate was
remarkably accurate, since for the pion pc* =~ 140 MeV.

In summary, our tentative attempe to wed wave and particle properties
consistent with experiment in the most naive way, has led us to an uncertaiary
in the description of atomic phenomena at the classical level, and this un-
certainty is both necessary for a consistent description aof {Gedanken) experi-
ments, and in accord with what is observed.

Problems

1. Consider a wave packet defined by (2-1) with gk} given by

g8) = 0 k< —K
- N -K<k <K
=0 K<k

{2) Find the form fix).
{b) Find the value of N for which
* f x| )|t =1

{c] How is this related to the choice of N for which

= 1
k| L R
f_“, & gu}l 2w
{d) Show thar a reasonable definition of Ax for your answer 1o (a) yields

Ak fAx > 1
independent of the value of K,

2. Given that

T

N
=y
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calculate the form of f{x). Again, plot the two functions and show that
Ak Ax > 1
independent of your choice of a.

3. Consider the problem of the spreading of & Gaussien wave packet for 2
free particle, whete the relation

fik?
W= e

2m

helds. Use (2-17) to calculate the fractiona) change in the size of the wave
packet in one second, if

(2) the packet represents an elecaron, with the wave packet having a size
of 1074 em; 10-* cm.

(b} the packet fepresents an object of mass 1 gm and has size 1 ¢m,
It will be convenient to express the width in units of fi/me, where m js the
mass of the particle representcd by the packer.

4. A beam of clecttons is to be fired over a distance of 104 km. If the size
of the initial packer is 1 mm, what will be its size upon amival, if its kineric
L energy is (a) 13.6 eV, (b) 100 MeV?

. (Castion. The relation berween kinetic encrgy and momentum is not
E always K.E. = p*/2m1)

5. The relation between the wav

] elength and the frequency in 2 wave
8 guide is given by

hn—=¢-=

VIt —
What is the group velocity of such waves?

i 6. For sutface tensicn waves in shallow water, the relation between
g frequency and wavelength is given by

(27 Lz

o | —

.P".:

. where T is the surfuce tension and p the density, What is the Eroup velocity of

the waves, and its relation to the phase velocity, defined to be v, = As? For
Eravity waves (deep warer), the relation is given by

-G

what are the group and phase velogities?
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3. Use the uncertainty relation to estimare the ground state energy of a
harmonic oscillator. The energy is given by

& Use the value of che “liferime” pf an electron in an & = 2 Bohr obit,
calculated in Problem 21 of Chapter 1, to esumace the uncertainty in the
encrgy of the # = 2 enetgy level. How does it compare with the energy of that
level? .

9. Nuclei, typically of size 107 cm, frequently cmic electrons, with
typical energies of 1-10 MeV. Use the uncerainty principle 1o show that
electrons of energy | MeV could not be contained in the nucleus before the
decay.

10. The apparatus sketched helow appeass o allow a violation of che
uncertainty relation. The latesal location can be determined with accuracy
Ay ~ @, and the transvelse momentum of the incident beam can be made as
small as possible by making I athicrarily large. Analyze the apparatus in detail,
point out the hidden assumptions made in the above, and show that the un-
cemainty relation is not violated.

[5T  J—————Eee e
= L I L o
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chapter 3

The Scbrﬁdinger Wave Equation

In Chapter 2 we obtained a partial differential equation satisfied by 2
wave packet that, within cemtiin approximations, described s freely moving
“particle,” From this point we shall ke this equation

o Ox 1) i O%(x.n)

" ¥ 2m Dt G-1)
as the correct equation for the description of & free particle, Inverting the
sequence that led ro (2-23), we see thar the most general solution of this equation
is

Yixy) m ?;ﬁfl# Bp) ellwete e (3-2)

[The teason for the normalization factor in front of the ince gral appears in (3.26).]

Before tumning to the crucial point of interpreting the meaning of the solution

#(x4) of this cquarion, we draw artenrion 1o the facr thar the equartion is of first

order in the time-derivative, This implies that once the initial value of y, namely, '
¥ix.0), is given, its values ar 2ll other times can be found. This is evident from

the form of the equation as seen by a digital compurer!

iR Oh(xs)
$lxg + A = Plesh + i ot M {3-3)

or from the form of the most general solution. Given #(x.0}, the function ¢{p)
may be found from (3-2), with ¢ = o

. 1
Wx0) = Vo f dp g(p) etoeit {3-4)

.
may be inverted, and once ¢{p) is known, the solution is known for all values

! For a discrete mesh, &¢(x, 1) /a7 must be replaced by [dix, £ + &) — gix,)]/ s, with
A small bt not vanishing,
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of 5. Note that there is no “uncertainty” in the differential equation: once the
initial srate of the wave packet is specified—and there are, so far, no PestricTionsS
on ${x,0)—then that wave packet is completely specified at all later umes.

fn scarching for an interpretation for yix, #) we must bear in mind {1} that
$(x, £) is in general a complex function [e.g. (2-16)), and (2) that the function
|#ix, 1) is large where the parcicle is supposed be, and small elsewhere, It
also has associated with it the feature of spreading, discussed in Chapter 2.
The suggestion of Max Born chat

Pix, 1) dx = |fix, 6)]* dx (3-3)

define the probability that the particle described by the wave funcsion Jx, §) may be
found betsween x and x + dx af time # tarns out to provide the correct interprecation
of the wave funcrion. The probability densicy P(x, #) is real, is Jarge where the
particle is supposed to be, and its spreading does not imply that & particular
particle is speeading; all it means is that as time goes by, one is less likely 1o
find the pasticle where one put itat £ = 0.

For this interpretation o hold, we must require thar

[ rpacan 66
since the particle must be somewhere. In a linear equation like (3-1), the solution
dix, £} may be multiplied by a constant, and it still remains a solution. Thus
{3-6) restricts the solutions ${x, #) wa class of functions that are sguare insegrable.
We shall see below thar it is enough to requirg that

f dx|pix, 0)|* < = {(3-7)
that is, the infiial date ware functions muit be iguare integrable. With an infinite
integrarion interval chis means that $x, 0) must go to zero at infiniry at least as
fast as x1/~* where « can be arbitrarily small, but must be positive. We shall
also require that the wave functions f(x, §) be contimuens in X.

Since |@{x, #)|? is the physically significant quanticy, it would appear that
the phase of the solution of the equation is somebow unimportnt, That is
wrong! Since che equation {3-1) is lincar, if guix, 1) and Plx, #) are solutions,
S0 18

#ix, 1} = annlx, 1) + aghlx, 0 {3-8)

where @, and wy are arbitrary complex numbers, Clearly the absolute square af
yix, ) in (3-8) will depend crucially on the relative phases of the two parts. A
more physical way of seeing this is to aote that as in classical opeics, the intet-
ference patrern is determined by the phase relation berween the two parts of the
wave [unction associated with the rwo slies in a two-slit experiment. [t is, of
course, truc that an sserall phase factor can be ignored.
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We now show that the condirion (3-6), imposed at s = 0, holds tree for all
times, We need Eq. 3-1 and ies complex conjugsre

_i k) DYy

& T e -2
Now
L i N
o POt = g+t 5
__1(_’2"’_’*' _ & -ﬂ)
T \om o ¥ m ¥ Qe?
__i[i(.ﬁhé*_' )]
T x| 2im e ax ¥
If we define the fax by
.y __H_ E_ai“)
Flx, ) = 2 (ﬁ* 2 2n (3-10)
we see that
o a
EP{A‘, )+ };j{r. f =0 . (3-11)
lnu.-gmin:g, we find thar
Efbetx.P{ :j-—fza!xi iz, &) = 0 {312)
arf il WL 3

since for square integrable functions, f{x, /) vanishes ar infinity, Incidentally,
bad we allowed discontinuities in #(x}, we would have been led to delra-func.
tion® singularities in the flux, and hence in the probability density, which is
unacceptable in a physically observable quanticy,

The relation (3-11) is a conservation law. It expresses the face chat a change
in the density in a region in x is compensated by a net change in flux into that
region

a s b a
Erf, ﬁpf«":‘.ﬂ-"j: dxa—f;(x,:j

= jla, &) ~ jib, i) {3-13)

See Appendix A for a discussica of delra funcrions,
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The definition of P(x, #), f(x, ) and the conservation law are maintained if the
equation (3-1) is changed o

g RN L g  (3-14)

provided that V(x) is real. This is imporeant, since we will argue lacer that (3-14}
is the Schrodinger equation for a particle in potential I(x}. The generalization
1o three dimensions is straightforward. Eq. 3-14 becomes

Lol 7z B fi* art o> o*
RN = _(b_x‘ T ?*ﬁ) ¥ 7,58
+ Vix, y, 2 ¥lx, 3,2, 4)

thar is,
;aal"%“} — ?':— Ve, 4} + VL) $ie, 9 (315)
and the generalization of (3-11) reads
% Ple, i) 4 ¥-jir,6) = D (3-16)
where
Plr, ) = |¥(r, 0)]® {3-17)
and
jlr. ) = ;’; [*(r, 1) wir, ) — W*(x, 2) dlr, 1] (3-18)

Given the probability density P(x, #), expecration values of functions of x
may be calculared. In general, we have?

{flx)y = f:.'.: filx) Pix, 1) = frix&*(r, £) fix) dix, #) (2-19)

This only has meaning if the integril converges. The expression does not help
us if we want to calculare the expectation value of the momentum, since we do
. pot know how to wiite momentum in terms of x. We wuy the following: since
classically,

po=mr=m {3-20)

1 Far a finite, discrete “sample space’ with prohabilities p; g0 thas Epy = 1 the mean
value of any variable over the space is {f} = Efups.
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we shall write

P =mi )= m TU“" WA, 1 i, 5 (3.21)
This yields

w ® .E
{N'”.L#(%“"'* au)

Note thar there is no dv/d? under the integral sign. The only quantity thar
varies with time is ¢ (x, ), and it is this variarion that gives rise ro 4 change in x
with time. Making use of (3-1) and its complex conjugate, we have

L B o A . )
{‘P"_zi _m'ﬁ 2 ¥V i.'t.t’)
Now
oWt L _ 0 (ot )_*’i" 0t oy
o ‘ax(ax"* ac ¥ 7 ox “ox
> (oy* > o0
=E(E§ )—'a'—xwr'ﬁl+#'ax

' Hence the integrand has the form

o (* . o
E(‘a?”‘"* o w)+m o

fi.
(p) = f de (. 1) -:; ¥lx, 1) (3-22)

. since the incegral of che derivatives vanishes for square integrable functions.
¥ This suggests that the momentum is represented by the aperater

_h2 .

s 7 o 3-23)

and that, more generally

(fip)) = f;ft ¥ x, 4] f(‘i %) ¥ix, 1) (3-24)
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Armed with this representation we can now discuss the physical sig-
nificance of ¢(p), which appears in {3-2). First, it is sufficient to consider that
equation at # = 0, since $(p) does not have any time dependence. With

o _I'..— N gineih — {Ef ik
f{x] Jﬁf# ¢':_F.l L - \| I dk ﬂ“j et
we find, using the inversion formula for & Fourier integral, chat

(k) = ﬁ f de Pix) -

thar is,

o(p) = ﬁ f e (x) 5wk (3-25)

MNow
f dp %) p) = f b0 7oz f de §(x) s
- fdr s f dp 6*(p) e

- f deg(x) (=) = 1 (3-26)

This result is known as Parseral's theorem in the mathemarical literarate. [t states
that if a function is normalized to 1, so is its Fourier transform.

Next consider
[y B W
{p-:-=fdxi{x} ;e
L ii_l.- ipEfl

- f dp 9(p) p ﬁﬁ f dx () ot

= f dp o p) pa*(p) (3-27)

This result, together with (3-26), strongly suggests that ¢{p) should be inter-
preted as the wave function in momentum space, with |#(p)|* yielding the
probabilicy density for finding the particie with momentum p. When $lx, ) isa
solution of (3-14), we may define $(p, £) by
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W, 1) = \7;?5 f dp @i p, 1) giesin {3-28)

The face dhar in general ¢lp, £) has a time dependence does not change (3-26),
(3-27), ot its interpreration. Lest the reader think that in spite of this symmerry
between x- and Pespace, p = (F/i){0/Dx) is an operator, and x is not, we note
- that x is in fact an operator too. It happens ro have a particularly simple form in
b x-space, bu if we want to calculate {f{x}} in momentum space, then, we can
- show by methods very similar to the ones used above that

':Iﬁx}} - fﬂrﬁ '#-‘JDI .I'J f("ﬁ' :;) ¢‘.Pl I:l ':3"29}

In cther words, the operitor x has the representation

x = i ;— (3-30)

0 MOmentm space,
We will find that operators play a cenrral role in quantum mechanics, and

we will slowly learn a great deal about them. At this point we will indicare
B only thar:

L In contrast to ordinary numbers, operators do not always commure,
g 1f we define

(4, Bl = AB — BA (3-31)

[p. %] dix 1) = f.- :.—E xf(x, 1) = x Ea%" 9

#

fi .
== #ix, 1) (3-32)

b that is, we have the mmedation relation

#i .
[p.x] = ; (3-33)

This leads to an ambiguity in transcribing a classical function flx, p) into operator

B form, and we shall adopt the rule that f{x, p) be symmettized in x and p. Thus

X = 4xp + p)

. A= 1 + 2x + pot) (3-34)
and 50 on. '

i Later we will see that it is the lack bf commutativity of x and p thar stands behind
- the uncerminty relations connecting these two variables.
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2. The appearance of the operator p, with its 7, might lead us to worny
about the teality of the expectation value of p. We can, however, check the fact
thar p is real. We have

@ - = e Y - Jawn (=550

Halr33)

a
A f oo (-33)

1l

=0

provided the wave function vanishes at infiniry, which it does for a square
integrable function. Somctimes onc has ocaision to use functions that are not
square integrable but that have cerain periodicity condirions, for example,

Wx) = ¥lx + L) (3-36)
If one testricts onself to working in the region 0 < x < L, chen &/7 dfdx is still
a hermitian operator, since in (3-33), .

LY s
G o = [ de -

fi
=TI¢{L}I'—%I¢-{0}I'=G (3-37)

An operator whose expectation value for all admissible wave funcrions is real is
called a bermitian aperator, and hence p, like x, is a hermitian opesaror.*
We conclude this chapter by noting that the equation
L I s 9
" am o

may, with the identification (f/7){8/0x) = pos be written in the form
N
w20 b ¥ix, ) (3-38)
ar 2m
The operator on the right is just the energy for a free particle. If we generalize
this 1o a particle in a potential, we write

s [

il > |

2
Lon V(x}:| Wi, ) (3-39)
im

4 Some mathemarical background on operators is discussed in Appendix B.
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or, more explicitly

Snbix, §) i ahix, 1)
w= = T m o TV (3-40)
This equation, generalizing (3-1), is the baic equation of wanrelarivistic quantum
mechanicz, and it was first proposed by Schridinger. The Schrodinger equartion,
obrained above, can also be written in the form

o Oix, 1) .
ih T = Hix, ) {3-41)

where H is the energy aperaior. H is commonly called the Haméltonian, because it
i5 40 operator version of the classical mechanical Hamiltonian function. Since® p
18 & hemitian operator, 50 is #, and therefore so is

=L (3-42)

if Flx) is a real porential.

In summary:

1. The time dependence of wave functions is given by the first order
partial differential equation

;ﬁ“T’:-‘l-wcx,;z

whete H is the operator p%/2m + V(x).
2. Wave functions ase restricted to square integrable functions,
3. The probabilicy density for finding the particle at x is
Px, &) = |§{x, 0|
4. The function g(p, 1) defined by

_—_l_ iprih
#{x.a—mfm{p.m*

is the wave function in momentum space, and the probability density for find ing
the particle with momentum pis alp, 0|t

3. The momentum p and the position x age operaturs, that is, they ase
quantities that differ from numbers because of their lack of commutariviry.
In x-space, the momentum opetator takes the form

& D

i oox

* From now on we will drop the subscripr ap on Fop. We will use it only wher thers is
danger of confision with a oo ber described by the letter F
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and in p-space, the x operator takes the form
d
x =it —
op
hoth consistent with the fundamental commutation relation for x with p,

0A=x

!

We are now ready for a quantitative discussion of quantum mechanics.
We have abandoned the notion of a wave packet as representing 4 particle. This
notion was helpful to us in making the Schrédinger equation plausible, but now
it is (. 1) and its probabilistic interpretation that tell us where the parricle is,
without the particle being thought of as “made up out of waves.”

Problems

1. Use (3-2) and (3-4) to write the solution of the free particle Schrddinger
equation in the form

¥lx, 1) = f dx’ K(x, x'; 1) $(x', 0)
Obrain a representation for Kix, x'; 5] in the form of an integral, and evaluare
the integral, Show that
Kix, x"; 0) = &(x — x')

3. Show that the conservation law (3-11) holds when ¥ix, # is a solution
of the Schridinger equation with a potential Vix), (3-14), provided that ¥ix)
15 real.

3. Suppose that F(x) is complex. Obtain an expression for 9P (x, £}/ and
dfﬁf&r Pix, £). For absorption, the last must be negative, What does this cell
us about F{x}?

4. Consider the Klein-Gordon equation

1 O%(x, 0 OWx, f) E_)’ ~
& o s +(ﬁ VA =0

Show that there is a conservation law of the form {3-11) given chat f{x, £} has
the form
. fi on* o )
o — — — —_
FLEN 2 ("" 2 vt 2
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What is the form of P(x, 4)? Can you give an argument for why the Klein-
Gordon equation is not & good candidate for a one-paticle equation (i.c., an
glretnative for the Schrédinger equation)?

wlx) = (.-)-m =it

i

5. Given thar

calculare

{a) {x*)

(b) V() = (x) = ax

6. Calculate the momentum space wave funcrion for the system described
by the wave funcrion in problem 3. Use it to calculare

@@
) V() — (p) = ap

b Calculare the value of Ax Ap using the above, and the result of problem 3(b).

7. Given the wave function

N
X+ at
{a} Calculare N needed to normalize ().
(b} Use the above wave function to calculare {2 ). What values of m lead
to convergent integrals?
(€) Calculate {*) directly, and using the momentum space wave function.
(d) Use the definitions

Pl =

ax = Vixt) = (aff

ap = Vipy =
to calculare Ax Ap for this problem.

8. Show that the operator eelation

Pl gemipaih o . 4

holds. The operator £ is defined ta be
=% Anim
m )

[Hins. Calculate /24 xr—imait {5\ where flp) is any function of p, and use the

fepresentation ¥ = i d/dp.]

. Consider the functions $(8) of the angular variable 8, restricted o the
interval —xr < # < x,



56 Cuanturm Physics
If the wave functions satisfy the condition y{(x) = ${— =), show chat the operator

LG
T i o8
-
is hermitian.
10, Consider $(p), the momentum space wave function=of a particle, If
this function is only defined for positive values of p, what condition must &ip)

satisfy in order that x be & hermitian operator? [Use (3-30)] -
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Eigenfunctions and Eigenvalues

Let us consider the time-dependent Schridinger equation obrined in
Chaper 3,
PR B s
o Zm As?
and attempt t0 solve it by reducing it to 2 pair of otdinary differential equations
in one variable. Wrire

+ Vix) gixd) {41}

Plxg) = T(Hu(x) (4-2)
which implies thar

) £ i aPul L
) T [— D, V..x,mr}] ()

Dividing by a(x) T(r) we ger
dIle) = (5 2m) (@ ulz)/dx?) + V{x) ulx)
- ———— (4-3)
1) w(x)
This can only be satished if both sides are equal w a constant, which we call E,
The sclution of

ik ? = Elir) (4-4)
fi
T(t) = € eErm {4-3)
where  is a constant. The other equArion is
B dulx) _
T o a T Valx) = Eu(x) {4-5)

This equation is frequently called the sime-ingepenent Schridinger equation. Its
characrer is really different from that of {4.1). Equadion 4-1 describes the time

a5
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development of ¢(x.5); Eq. 4-6 is an eigenvalue eguation. To explain what this
means, we must feturn o the notion of an operaror, which was briefly men-
tioned but not defined in the lasc chapter.
Most genesally, an operator acting on a function maps it into another

function. Let us consider some examples

Ofix) = flx) + =*

of(x) = [f(=*

Of(x) = f(3* + 1)

Of(x) = [df(x)/dx]?

Of(x) = df(x)/ds — 2f(x)

Of (x) = M f{x) (47
All of these examples share the property that given 2 function f{x), there is a

rule that determines Of(x) for us. There is a special class of operators, called
linear aperators (we denote these operators by L to distinguish them from the

general operators 0). These have the property thac

Lfitx) 4 A0 = LAE + Lfkx) (4-8)
and,! with ¢ an arbitrary complex number,
Lef(x) = eLfix) (4-9)

Thus, in our list only the last two are linear operatars.
A linear operator will map one function into another, as in the example

Lf(x) = ﬂg — 2f)

It is instructive to think of the functions as analogous to vectors in a three-
dimensional space. The action of an operator is to wansform a vector into
another vector. In the special case that the vectors are all of unit length, an
operator will transform one point on a unit sphere into another. An opetator,
in this special (but very relevant) example, may be a romtion gbout an axis
(Fig. 4.1). Let the operator be a rotation of, say, 30° about che z-axis. It is casy
to visualize what happens to various vectors under this operation. There will be
two vectors that have a special property: the unit vectors to the north and south
poles will be mapped into themselves under the rotation. This is & special
example of an operator equation like (4-6), which may be written as

Hlﬂx(x} - Eﬂg(ﬁ:’} “.-1':'}

' There are also easfimear operators, for which (4.9) is replaced by Lifix) = e*Lflx).
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Fig. 4-1. An illustration of the operator rotating
all vectors by 307 with the vecrors lying on the unit

sphere: for vectors on the equaror (A — A7), atan
. intermediate laticude (B — B), and ar a pole
C—=C =)

This equation states that H, the Hamiltonian Operitor acting on 4 special class
of functicns, will give back the function thar it is acting on, multiplied by a
constant. The consmnt is called the eigemsalue. The solution of the equation
depends on E, and we have therefore ibeled it with an E. The solution sg{x) is
called the eigenfimction, comresponding to the eigenvalue F, of the operator [,
We shall see that eigenvalues can form a continuum or be discrete.

The solution (4-2) is of the farm sglx) e B Since (4.1) is a linear
cquation, a sum of solutions of the above form, with permissible values of E,
is also a solution. Thus the most general solution of (4-1) is

wlxs) = (E + fn’E) CE) wg(x) eisun {4-11)

where C(E) is an arbitrary function of the cigenvalues, and

the sum extends
over che discrere values of E, che integral over

the conrinuous range of eigen-
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vilues. The eigenvalues of the operator H are called the energy eigenvalues,
as is suggested by the form of

2
H - 1;'—:: L Vi) (4-12)

Before discussing a very simple buc instructive example, we note that the
separation of the equation would fail if the potenrial ¥ depended explicidly on
time. We will see later that when this is the case, energy is not & constant of the
mGCion,

A. The Eigenvalue Problem for a Particle in a Box

We consider Eq. 4-6 with
- Fixl =0 x| < &
= m elsewhere (4-1%)

This implies that the wave function must vanish for |x] > a, that is,

wla) = w(—a) = 0 (4-14)
Inside the box
LA 4 2 ) = 0 (413)
First we notice that if E < 0, chen (4-13) rakes the form
%ﬁq — wulx} = D (4-16)

with x? = 2m|E| /R The most general solution is a lincar combination of &=
and ¢, and there is no way of satisfying the boundary conditions (4-14). Thus
the energy eigenvalues must be positive, We write

k= ﬁ_'l' (4-'”')
so that the equation (4-15) takes the form
% + Balx) =0 {4-18)

whose solutions are sin &x and cos &x. The boundary conditions imply that for
the sine solution, which we denote by &)~ (x]),

ba=mr  me=1,2,3, ... {4-19)
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50 that
P 4
E 2mat (4-20)
It is easy to check that the normalized solution is
1 wEx
(Vg — & . HEX ”
w ) = Vs sim — (4-21)
.The cosine solurion, denoted by ul*'(x) must be such that
ba=(m=Y=x m=12313 . (4-22)
thar is,
T [» = (1/20]? = "
Ee 2emat (4-23)
The normalized solution is therefore
, . — [/
. #.'.—}{x} - ;:-'_; Cios [H_—I:#Z:I]_:rx {4_24}

We see that the (1) signs refer to the even/odd propercy under the reflection
X = —x
The sclutions have the property that

f " kP (x) P () = f " () ) = B

f " dal) #7(x) =0 (4-23)

that is, they satisfy what are called erthonormalizy comditions. Since the solutions are
real, the complex conjugarion is not really necessary, bur is inserted for con.
sistency with future usage,

The state of Jowest energy, the grownd state is represented by #P(x), and

its energy is

x* f
+ :
Eit' = yr {4-26)
The solutions are real. It cherefore follows thar
=0 {4-27)

This can be done by direct calculation, or by a symmetry argument: for any ooe
of the solutions, which are real, {#} is of the form (h/4) % (integral). Since {p)
must be real, the integral, involving only resl funcrions, must vanish; equiva-
lently, the integral involves a product of two even or two odd functions, with
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d/dx inserred between them. The total integrand is thus an odd function of x,
and upon inregration over a symmettic interval must yield & vanishing integral.
We cun calculate () for che various solutions. In fact, since inside the
box p* = 2mE, we have
{#*) = 2mEg" (4-28)
Maotice thac
24V (p*) ~ 200k > R (4-29)

is consistent with the uncertainty relation.® We also note thac the larger the
. number of podes in a solution, the higher is its energy (Fig. 4.2). This is uader-
standable, since the kinetic energy is larger for a solution with 2 larger curvature,
a measure of which is 4% /dx?. Specifically

s o P B[ dwtdu B[ dul
'_znfmmdﬂpzm & & Esf#‘dr\

is large when the function has a lot of variation in it.

B. The Expansion Postulate
An arbitrary function ¥{x), satisfying the boundary conditions y{a) =

¥(—a) = 0, can be constructed from our solutions. [r will be a superposition
of all of them

W) = 3 (AP0 + AT 0] (4-30)
=l

The orthonormality relations can be used o determine the coefficients AP
With the help of (4-25) we can calculare, for example,

f dalH H{(x)
= t‘. [Ar-_"" f WD)l (%) de 4+ AL f W ()l (x) dt:|
- Al;'i-l

50 thar

a2 = [ i W) (a31)

% It is a general feature that for higher cigenfunciions AxAp grows with the cigenvalue.
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Fig. 4-2. Eigensolurions for particle in a box.
#

As in our discussion of the free wave packet, we can calculate the time develop-
ment of this arbitrary initial packet. Since each of the solutions 85 (x) acquires
the time dependence ¢#~ 41/ [see (4.11)), we have quire generally

W) = 35 (AP (x) emiBnion 4 A ) etennin)  (4.32)
=]

To get an idea of the physical meaning of the coefficients A™ we caleulate the
expectation value of the cnergy in an arbitrary stare. Since inside the box H =
P{2m, and ourtside the box nothing contributes, and since

Hul™(x) = EEui®) () (4-33)

we have, using the orchonormality relations (4-25),
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a0 = [ ) vee
.fdw[ “2:1 |:AL+3*,..I.+1‘.[,,:.- " Ai_'*ﬂi"{x}*]]
X [..-. {E_L**At_lﬂ,,{_ﬂ{xj BV A {x}]]

= 3P A+ EO AT (434) ,

In exactly the same way we show that
j dop*ix) Plx) = 1

implies that

AN+ AT =0 (4-35)
=1
Equation 4-34, together with the normalizrtion condition {4-33), strongly
suggests chat | AT |? be insterpresed as the probability that a measurement of the
energy fur the arbitrary ttate yields the valve ES*'. Note that only the values E;*) are
possible for the energy, so that a given measurement can only yield one of the
values EiY,
For what packet will the measurement always yield an cnergy Ef*) (an
eigenvalue)? Clearly this will be so only when

AP -y, (4-36)

that is, when $(x) = &} (x), the eigenfuncrion corresponding to the eigenvalue
ELY. This leads us to a very important conclusion:

Suppose that we have & general packer described by $(x). If an encrgy measure-
ment is carried out, only an eigenvalue of the Hamiltonian operator H can
result, with probabiliry

P(E,) = | dua*(x) §{)|® (4-37)

{where we have left off the (&) label for generality). Furthersare, after the noees-
wrement that has yielded the eigenvalse E., the sate of the system is described by the
efgenfuriction ualx}, since otherwise a repetition of the measurement would nor
necessarily give the sme result, and reproducibility of a measurement for 2
given system is essential for the measurement to have any meaning. These
starements ate not pecubiar to the problem of a particle in a box. They hold for
more general systems [with a 1{x)], and also for hermitian operatars other than
the Hamiltonizns, as will be seen again and again, and these statements lie ar
the heart of quanrum mechanics.
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C. Parity

The cigenfunctions for the particle in 2 box were divided into two classes:
those even in %, denoted with & (+) and those odd in %, denoted with (=), If
we stirt with 8 wave packet y(x) that is even in x, say, then in (4-30) all the 44~
must vanish. Equation (4-32) then shows thar the packet remains even in ¥ for
all time. The same holds for & packet that is initially odd. Thus for our box,
which was symmetrically centered abour x = 0, we find thae “evenness” and
"oddness” are time indcpendenc. Since any constant of the motion is of interest
to us, we will formalize the discussion somewhat,

We do this by introducing the parity aperator P, whose rule of operation is
to reflect x — —x. Thus for any packet y{x), we have

Pixt = §(—x) (4-38)
For an even packer we have
Ppx) = ) (4-39)
and for an odd packer
P x) = —pi(x) {4-40)

These ewo equations are eigenvalue equations, and what we have shown is that
even functions are eigenfunctions of P with eigenvalue +1, while odd funcrions
ute cigenfuncrions of P with eigenvalue —1, In the problem of the particle ina
box, the functions 4 (x) arc not only eigenfunctions of H: they are simul-
ranenusly eigen functims of P,

The eigenvalues =1 are the only possible ones, Suppose we have

Pulx) = hulx) (4-41)
Applying P again, we would get
Pla(x) = Phu(x) = MNuix) {4-42)
However F'u(x) = a(x), since two reflections should not change anything.
Hence A = 1, chatis, h = 1. Ap arbicrary funceion $(x) can always be writren
as a sum of an even and an odd funciion
W) = L) + (=] + Jx) — g )] (4-43)

that is, just as with the eigenfunctions of H discussed in our example, any func-
tion can be expanded in terms of the eigenfunctions of this new operaror. This
00 is 2 general feature of hermitian operators: the eigentfunctions of any hermitian
aperatar are said 1o form a complete set, in terms of which any futiction can be expanded,
We leave it to the reader 1o show that (P} is real for any state yi(x), which
implies thar the operatar is heemirian,
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Fig. 4-3. Box for which there is no symmerry
under reflections.

The explicit appearance of cvenness and oddness came about because we
centered the box ar x = 0. Had we taken it to lie between 0 and 24, nothing
would have changed, and there would still be symmietry under reflections abour
x = & Such symmerry would, however, be much less apparent. The lesson to be
learned here is that in setting up 2 quantum mechanical problem one should
always pay arrention to the symmetries in the Hamiltonian, and choose the
coordinates in a way that exhibits the symmetries most explicidy. If the box
were uneven (Fig. 4-3), no amount of changing coordinates would bring abour a
symmetry. The important fact is that she gymmetry be in the Hamiltonian.? This may
be seen more clearly by asking under what circumstances an even function will
remain even for all time, Let

W(x,0) = f{(—x,0) = §+{x) (4-44)
The time development is given by
ﬁaig:-'—‘} = Hyixa) (4-45)

If we operate with P on this equation, we get
b PYxs) = PE<) (4-46)
Under the special circumstances that
PHy(xf) = HPY(x) (4-47)

1 When dealing with the hox, we consider the walls as part of the potential, thas is,
the Hamiltonian, That i why we do not speak of boundary conditions insread of the
Hamilzonian.
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which holds when H is even under x — —x, that is, when ¥{x) is an even func-
tion {since &°/d%? is even), we have

ik -E?_I [Piixas)] = H[PP{x)] {4-48)
Hence

V) = 31+ P) e (4-49)
and

¥V = §(1 — F) gl (4-50)

separately obey the Schridinger equation, and do not mix, if the initial state is
even (or odd). The condition fat the time-independence of parity only holds if

{PH — HPyy{xf) = 0 (4-51)
fot all possible states, that is, if the operatores P and H commure
PH] = 0 (4-52)

This important condition will be seen to be quite gencral: any operaser that does
wot have an explicit time dependence and thas commuses with the Hamiltonian H it
somstant of the motion. In particular, if the potential changes wirh time, that is, we
. have Plxy), then the energy iself is not a constant of the motion, just as in
. classical mechanics. Note that when I depends on #, the separation of the
| equation into an equation for the time dependence and an energy eigenvalue
equation is not possible,

D. Momentum Eigenfunction and the Free Particle
Our discussion of parity showed that it is not only the energy operator

thae has eigenfunctions and eigenvalues. Let us now solve the cigenvalue
equation for the mensentum aperator

Perital) = pita() (4:53)
Since poy = (k/7}d/dx), this reads
ﬁ’ﬂi’-’l} = %n’[x] (4154)

The solution to chis equation is
Hy(x) =  gireit (4-5%)

with € a constant to be determined by normalization, and the eigenvalue p real,
s0 that the eigenfunction does not blow up ax either + @ ar — o, This is the
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only constraint on p: we say that p., has a continusas spectrnm. We might, by
analogy wich (4-23), expect that the eigenfuncrions obey orthonomality con-
ditions. We see that -

f&i’c’ H;-I:x} oz} = |CI* fd.'x‘ ip—plai

= x| C[*%hb(p — p) {4-56)
With the choice
up(x) = Vflz?; eireih (4-57)
(4-56) reads
f : dx tyr(x) up(x) = §(p = p) (4-58)

This differs from (4-25) only in that the Kroenecker du,, approptiate for discrere
indices is replaced by a Dirac delta function §(p — p’) for the continuous indices.
The smrement that any wave packet y(x) may be expanded in rerms of a
complere set of eigenfunctions can 2lso be established here. The analog of (4-30)
must take into account that we are summing over a continuous index p, so thar
we write
li-pd'.']l

Pix} = f-«. p @l p) ok (4-59)

According to the interpretation implicit in (4-37), |@(p)|* where

o = [ae( ) weo (460)

gives the probabilicy that a measurement of the momentum for an arbitrary
packet ¥{x) yields the cigenvalue p. In this way we justify the conjecture made
abour () in Chapter 3 {cf. Eq. 3-30).

Let us now tum to the free particde Hamiltonian. When Fix) is zero
everywhere, the energy eigenvalue equation reads

“"—:::‘-} + Bulx) = 0 (4.61)

where §* = 2mE/f®. The sclutions are ¢** and ¢—***, or linear combinations of
these, for example, cos A« and sin bx. The trouble with all of them is that chey

are not square integrable, s:nc\:j de| Aeits 4 Be—#=|* diverges for all values

of Aand B
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There are three ways of gerting around this difficuley.

{a) We may consider the problem defined by (4-61) a5 the limiting case of
a particle in a box, with the walls receding to infinity, that is, # — =, In this
limic the solutions (4-21) and (4-24), even aside from the normelization factors
1/+/a will become trivial, unless » becomes very large, so that

=k (4-62)
8

becomes finite * We can then neglect the § in the (n — i} in the cven solutioas
{4-24), and obmin the solutions

1 1.
v sin dx va Ex (4-63)

We may keep the 1/+/a factors: they will drop out of the answer to any physical
question that we may ask about the system . * It is sometimes useful to keep them,
since their presence in a final result indicates thar an error has been made.

(b} We may work with wave packets. A solution of the form

Plx) = gib= (4-64)
is 4 special case of (4.59) with
#(p) = ok 3(p — hk) (4-65)

thar is, an infinitcly peaked momentum-space distribution. Suppose we replace
' this limiting ¢(#) by a very sharply peaked function /725 gl — RE). Then
i %= will be replaced by

¥lx) = f dp evei g(p — hik)

- efl:fa’? ghe=ib g‘l:f:l {4-65}

which is 2 plane wave, ¢'*%, multiplied by a very broad funcrion of x, We may
muake this function so broad that it is essentially constant over the region of
physical interest, The uncertainty in the momentum will now be of the order of
magnitude fi/(size of x-packet), and if the denominator is of MACTOSCopic size,
this uncertainty is negligible. We thus satisfy the mathemarical requirements
without changing any of the physics. The wave packet description is acrually
the one that is closest to whar teally happens physically, since any way of pre-

1 We alto keep x fnite, and are ot particularly interested in values of & that age &
finite fraction of a.

YA cuestion tha Is net meaningful physically is one dhar depends an the exstence of
the walls. For example, "How long will it take for @ wave packet o go to the walls and
rerurn 0o x = 07" is & questicn that we classify as not physically relevans,
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paring the initial stare, for example, firing an electron gun, can never, in practice,
Create an exact MOMENTum eigenstare.

() The difficuley stems from the fact that for a wave function like #*%, the
particle is not confined to any region of space, so that the probability of finding
it anywhere is zero. If we do not ask questions tha involve the probability of
finding the paricle in any finite Tegion, no problems arise. One way of avoiding
the normalization difficulty is to deal with the probability current, or flux

W) _ W)
- q:{xj] (4-67)

50 = [ v
2im
discussed at the beginning of Chapter 3. For a wave funcrion Cee*, the flux
is | €|* p/m; for the wave function Ce—*P*™, the fux is — | €12 pfm. I we note
that for a one-dimensional problem, the flux of particles with a density of
| particle/cm, moving with velocity » = p/m is jusc »—that is the number
crossing a point x = xq per second—we see that | C|? represents the density of
particles per cm. Thus (4-57) represents particles with a density 1/2xf per cm.
In three dimensions, with

up(F) = C o™t (4-68)

the flux will be |C|* p/m, and this comesponds to a flow of particles, with
density | C|? per cm? crossing a unit ares perpendicular to p, when the parricles
are moving with velocity v = p/m (Fig. 4.4).

The energy cigenvalue equation (4-61) has two independent solutions,
&+ and 7, equivalently, the pair of real solutions cos &x and sin Ex is also
independent. Whichever pair we choose, we notice that in contrast to the prob-
lem of & particle in a box, there are swo solutions that have che same energy
associzted with them. This is an example of something thar happens quite
frequently: there may be more than one independent eigenfunction that corvesponds 1o the
same eigenvaiué of & hermitian operator. When this occurs, we have a degemeracy.

In the two cases that we have above, the two solutions are orthogonal:

fm dx(‘—ﬂ'l}. T = fﬁ dx %2 =

—

f dx sin kx cos kx = 0 (4-69)
for & 5 0. It is always possibis to make linear combinations such thac chis is true,
Such linear combinations are, of course, orthogonal to eigenfuncrions that
comrespond 1o different values of the eigenvalue, for example, the energy.®
What distinguishes the two degenerace eigenfunctions? For the set

'Sﬂcﬁp;endi: B.
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Fig. 4-4. The relation berween velocity of parcicles and flux, that is, number of
particles crossing a unit area perpendicular to velocity, Per unir rime,

(*, %), the difference is that chey are eigenfunctions of the momentum
y Operator

- d
Pop #294* m %E#“- = ik ke (4-70)

1 L]
corresponding o different eigenvalues of the momenrum. Similady the pair
(cos kx, sin kx) are eigenfunctions of the parity operator, corresponding to
- different eigenvalues

P cos kx = cos kx

Psin kx = — sin kx (4-71)

In both cases, whar diffeentiates the degenerare cigenfuiictions is that they are
simultaneous eigenfunctions of another hermitian operator. Both the operatars
Fop and P have the property that they commute with the Hamiltonian Pos’f2min
this problem. We shall show later that this is 2 necessary condition for the
existence of simulrancous eigenfunctions. For example p,, and P do not com-
mute, [since (f/i)(d/dx) changes sign under x — —«], and therefore the eigen-
functions of one of the operatars cannor all be simultaneous eigenfunctions of
the other.

We have learned an encrmous amount abour quantum mechanics from
the two simple problems that we have considered. We shall return to these
macters in later chaprers and peneralize them, In Chapter 5 we will again consider
some very simple problems, bur this time we will concentrate not on the
mathematical features, but rather on the physical systems thar they are simple
models of.
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Problems

1. You'are given the following operators

@ Oe) = o) ®) 0w = x L ¥

() Ow(x) = W) (d) Owlx) = =

© owo=*21. © 0w = [ weiw)
Which of these are linear operacors? h

2. Solve the cigenvalue problem

Ooblx) = Mp(x)

Whar values of the eigenvalue X lead to square integrable eigenfuncrions?
{Hine. Differentiate both sides of the equation with respect 1o x.)

3. Calculate the following commurators

(a) (s, 04

(b) [0y, Od

The procedure is to calculate [4,B] by expressing A(By} — B{A¥) in the form
(')

4, Calculate
Ax = W {x1)
for the &5*'(x) given by (4-21) and (4-24). Using {§*) given by (4-28) calculare
Ap Ax

It is characteristic that for che higher stares che uncertainty increases with n.

5. Solve the Schrédinger equation for a pamicle in a box with sides at
x = Dand x = L with the boundary condition thar

wlo) = $(L)
Whar are the eigenvalues and the normalized eigenfunctions?

.. 6. A particle is in the ground state of a box with sides at x = o, Very
suddenly the sides of the box are moved to x = =4 (¢ > a). What is the proba-
bility thar the particle will be found in the ground state for the new porencial?
What is the probability thar it will be found in the first excited state? In che latter
case, the simple answer has a simple explanation. What is ic?

7. A particle is known to be localized in the lefi half of a box wich sides at
x = =ta. If all values of x in the left half side are equally probable, what wave
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function describes the particle at 7 = 07 Will the particle remain localized at
laver times?

Calculate the probability thar an energy measurement yields the ground
state energy; che encrgy of che first excited state,

8. A particle is in the ground state of a box with sides at x = 0 and x = L.
Suddenly the walls of the box are moved to 4+ =, respectively, so that che
particle is free. What is the probability that the particle has momentum in che
range (p, p + dp)? After the removal of the walls, the energy of the particle is
P'/2m, which need not be equal to the ground state energy. Can you give an
explanation for the appatent lack of enetgy conservation? '

9. Repeat the above calculation for a particle initially in the mth eigenstate,
Show that the corresponding probability is given by

2n'r 1 — (—1)" cos pL/R

. RLE [(p/R) — (ma/L)T?

Sketch the distribution. Show that it conforms with che uncermainty relation, and
that the result is in agreement with the correspondence principle when » is Jarge,

10. A particle in free space is initially in 2 wave packer described by

4 = (%) e

Ly

(2) What is the probability chat its momentum is in the rnge (#, p + dp)?

(b) Whar is the expectation value of the enetgy? Can you give a rough
argument, based on the “size”’ of the wave function and the uncerainty principle,
for why the answer should be roughly whar it is?

@ The wave funcrion for 2 particle is given by
ﬁxj = A e + B gk

Whar fux does this represent?

@ What is the flux associated with a particle described by the wave
Function

=) = wlx) 2=
where #(x) is a real funcrion?
13. Consider the eigenfunctions fora box with sides at x = Lg, Without
working out the integral, prove that the expectation value of the quantity
AP+ Fapix - plyr
vanishes for all the eigenfuncrions.
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14. Prove that the parity operator, defined by
Py(x) = $(—x)

is a hermitian operator. Also prove that the cigenfunctions of P, m:pom
to the eigenvalues +1 and —1 are orthogonal,
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One-Dimensional Potentials

Here we solve some simple problems of one-dimensional motion. They

are of interest because they illustrate some nonclassical effects, and because

. many physical situations are effectively cne-dimensional even though we live in
4 a theee-dimensional world.

A. The Potential Step

Far this problem we take (Fig. 5-1) the form of F{x) to be
Vixi=0 . x<0

= Fs x>0 (5-1)
The Schridinger equation
Bt L
T dd + Flx) m(x) = Faix) (3-2)

Fig. 5-1. The potential srep.
75
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takes the form \

% + Z;TT [E — Fix)] ulx) =0 {3-3)

We wrire, a5 usual

ImE
T £ (3-4)
and we also incroduce
2m(E — Vo)
—m g {5.3)
The most general solution of (3-3) for x < 0, whete Fix} = 01is
.{x) - gits L B ks {ﬁé]

This corresponds to a flux moving in the positive x direction, of magnitude

i= 51:; [(e = 4 R* et (ik oi*= — kR ¢*<) — complex conjugare]

=M R _ (5:7)
i

We may view ¢4* with flux fk/m as an incoming wave, If there were no potential,
we could choose #5715 the solution forall x, so that we aceribure B o the presence
of the potential. This potential gives rise to a reflected wave, R ¢, with a
reflected flux fk|R[2/m.

For x > 0, we write the solution

ulx) = T e (5-8)

The most general solution forx > 0 is a linear combination of ¢'¢* and ¢'4%, but
a term involving the latter would describe a wave coming from + = in the
negative direction, and with the “experiment” that we have set up, the only
wave on the right can be a mansmitred wave. The flux carresponding to (5-8) is

.

j= - {(5-9)

-
Since there is no time dependence in the problem, the conservation law (3-11)
implies that j(x) is indcpendent of x. Hence the flux on the left must be equal o
the flux on the right, thar is, we expect that

Tk

— {1 = [RBY = E T|® (5-10)
Ed "
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The continuity of the wave function implies thar
1+ R=T {3-11)

obtained by martching the two solutions at x = 0, In spite of the fact that the
potential is discontinuous, the slope of the wave function is also continuous, as
can be seen by integrating (5-3) from —¢ to +¢ (with « arbitrarily small and
positive) and wsing the continuiry of the wave funcrion:

() -(). el

fr dx ;—?[V(r} - E] wix) = 0 {5-12)

We note, for futute reference, that if the porentizl coatains a term like 1 od(x — o)
then integration of the equation from & — eto o + ¢ gives

(&), - (&) - 2 vt ot

= % Vo ) (5-13)

The continuity of the derivative for cur potential implies that
£, ikl — R) = iT (5-14)
* We can therefore solve for R and T to obrain

POl
k4 g
_
kg

From this we can calculare the reflecred end wansmirred fluxes:

E R = E_ 'é;'!)1

T (5-13)

i m\k+ g
B gl B dky
w T G g C:16)

We note che following:

L. In contrast to classical mechsnics, according to which a particle going
over a potential step would slow down (to conserve energy) bur would never be
reflecved, hete we do have a certain fraction of the incident particles reflected.
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This is, of course, 3 consequence of the wave properties of the particle; partial
reflection of light from an interface berween two media is o familiar phenomenon.

2, With the help of (5-16) we can easily check that the conservarion law
(5-10) is indeed satisfed.

3. For E % ¥y, that is, for § — k from below, the ratio of the reflected
flux to the incident flux, that is, | R| ®approaches zero. This agrees wich intuition,
which tells us that ar very high energies, the presence of the scep is but 2 small
perturbation on the propagation of the wave.

4. If the energy E is less than Vg then g becomes imaginary. [f we note
that now the solution for x > 0 must be of the form

ulx) = Teldls (3-17}
0 as not 1o blow up at + =, we see that now
l—r‘lfl)(i—:‘lql)‘ -
R|? = ( ; - = ] 5-18
K= G e+l 18
Thus, as in classical mechanics, there is now total reflection. Note, however, that
2k
- o 5-19
B4 ig (5-19)

does not vanish, and a part of the wave pepetrates into the forbidden region.
This penetration phenomenon again is characteristic of waves, and we shall see
a lirtle Jater chat it permits a “tunneling” through barriers that would totally
block particles in a classical description. There is no flux to the right, since f(x)
vanishes for a real solution even if the cocfficient in front of it is mken to be
complex.

B. The Potential Well

We next consider the potential (Fig. 5-2)

Fix) = 0 x< —a
= —F, —a<x<a
=0 4 x (5-20)
We again wrire .
B = ?f;f {s-21)
and
¢ = 2mlE + Vi) (.22)

ﬁ!
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PCET =g

4 Fig. 5-2. The potential well,

We can immediately write down the solutions

gx) m gihr L g —ita xS —g
wlx) = At 4 B i —g<x<a
wlx) = T gika a<x (5-23)

i These correspond to an incoming flux fik/m from the left, a reflected flux
b Rk R|*/m and a tmnsmitced flux 5| T]*/m to the right. Inside the well there
i are waves going in both directions because of the reflecrions at both discon-
E - tinuities at +a. According to flux conservation we should get

3 ik
0= R =2 gy - B gy

Maxching wave functions and derivatives gives the four equations
e Rl = fim 4 |
ke~ — R e®) = jg(A iv — B giom)
Ae'™ f Beios m T pibs
(A e — B i) o BT pike (5-25)
A little algebra yiclds the resules

Pp— (g* — 4% sin 2qa
2kq cos 2ga — ig* + £ sin 29a
T = g—tiba 249

: (5-26
2kg cos 240 — Hg* + &%) sin 24a \3-26)
Again, if E 3 Vy, there is practically no reflection, since g' — ¥ < 24q, and as
E — 0, the transmission goes to zero, There is an item of special interest: in the
special case that sin 294 = 0, that is, for the cnergies given by

nipifit

E= =Vt 20 e, (s-27)
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there is no reflection. This is actually 2 model of what happens in the scatering of
low energy electrans (0.1 €V} by noble ges atoms, for ceample, neon and argon,
in which there is anomalously large trapsmission. The effect, first observed by
Ramsauer and Townsend, is described as a transmission resonzoce. A mofe
accurate discussion must, of course, involve thiee-dimensional considerations,
In wave language, the cffect is due o a destrucrive interference berween the
wave reflected at x = —a and the wave refleced once, twice, thrice, . . ., at the
edge x = a. The resonance condition 2ga = i, which may be written in the
form

i

- (5-28)
g n
is just the one that describes the Fabry-Perot interferometer.
In addition to the above solutions for E > 0, there are, remarkably, also
solutions for F < 0 provided the potential is negative, that is, ¥ > 0in (5-20).
They will tumn out to be discrete. Let us write

- = ' (5-29)

The solutions outside the well chat are bounded at infiniry are
wix) = C = X< —a
wx) = G a<x (5-30)

Since we arc dealing with real functions, it is mote convenient 10 write the solu-
tion inside the well in the form

wix) = Acosgx + Bsingy —a<x<a (5-31)
Note that

g’=%(ﬁ’n—;£)}u (5-32)

Matching solutions and derivatives at the edges x = = yiclds

Cre ™ = Acos ga — Bsin ga

wy e = glA sin ga + B cos qw)

Cy e = A cos ga + B sin ga

=iy ¢ = —g{A sin ga — B cos ga) {5-33)
These may be combined o yield
A sin ge — B cos g4
= qﬁsw-— B sin g3

_ Asan+Emsp
= ¥ 4 cos qa — B sin qe (5-34)
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Fig. 5-3. Solurions for discrete spectrum in artractive potenial well,

Together these imply that AB = 0, chart is, the sclutions are either even in
x(B = 0) of odd in x(A4 = 0}, a situation encountered in the case of the infinice

i box. The wave functions are roughly of the shape shown in Fig. 5-3. The ground

state, with 0o nodes, is even. This is a general property of simple systems. The
conditions that determine the cnergy are from (5-34)

K= g 0 g8 even solurions
K= —gcotgs  odd solurions {(5-33)

Let us examine these separarely,
{2} The even solutions:

With the pnotation

2} g
A= Fi
F=4qa (5-36)
the first of the eelations (5-35) reads
V-
% = tan y {5.37)

If we plot tan y and 4% — »*/y as functions of y (Fig. 5-4), the points of inter-
section determine the eigenvalues. These form a discrete ser. The larger M is, the
further the curves for v/X — 3/y go, thar is, when fhe ptential is deeper and)or
broader, there are more bound sates. The figure also shows thar no matter how
small & is, there will always be at least one bound state. This is characteristic of
one-dimensional arractive potentials, and is ma e for three-dimensional
pocentials, which behave much more like the odd-solution problem thar we will
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Fig. 5-4. Location of discrere eigenvalues for even solutions in square well, The
rising curves represent tan y; the falling curves are v/'a — y'/y for different values
of &,

discuss below. As A becomes large, the eigenvalues tend to become equally
spaced in y, with the intersection points given approximately by

y={r+fxr r=012... {5-38)

This is just che eigenvalue condition for the even solutions of the infinite box,
and this is as might be expected, since for the deep-lying staces in the porential,
the fact dhat it is not really infinitely deep does not marrer very much.

(b} The odd sclutions:

Here the cigenvalue condition reads
Vi-y
¥

Since —cot 7 = tan (x/2 + ), the plot in Fig. 3-5 is the same as in Fig. 5.4 with
the tangent curves shifted by /2. The large » behavior is mote of Jess the same,
with {5-38) replaced by

=1 e= 1,23 ... (5-40)

= — COty (339)
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Fig. 5-3. Location of distrete cignevlues for odd solucions in square well, The

. fsing curves represent —cot y; the falling curves are V' — yi/y for different values
ki - of % Nore thac there is no eigenvalue for & < (7/2)%

In contrast to the even solutions, there will only be an intersection if Vi —_r‘a’-i
& > 0, that is, if

mbhe® x°
= >3 (5-41)

The odd solutions all vanish at x = 0, and hence the bound-state problem
K, . for the 0dd solutions will be the same as for the potential well shown in Fig. 5-6,
i since in che laceer, the condition #(0) = 0 would be imposed. We shall see thar
& such conditions are imposed on wave functions in the three.dimensional world.

E Fig. 5-6. Equivalent porential for odd solu.
- tions of square well bound stre problem.
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. The Potential Barrier

We now consider

Fixl =0 x < —a
= s —a < x<'a
=0 a < x (5-42)

We will limit our discussion to energies such that E < Vo, that is, energics such
that no penetration of the basrier would occur in classical physics (Fig. 5-7).
Inside the basrier we have the equation

1]
i zﬁ—’fus- V) alx) = 0

dx?
thar is
f% — Falx) =0 (543}
The general solurion
wix] = Aes+ Beer x| <a {5-44)

is 10 be matched onto
wix) = 45 4 Re itz x < —a
= T aibs x> a (5-43)

Actually we need not go through the trouble of solving this since the results can
be read off from (5-26) with the substirution

g+ ix = iV (2m/R)(Vs — E) (5-46)
‘Thus, for example,
2k
T m gtibs (5-47)

2ke cosh 2ua — i(k* — «*) sinh 2es

A Wix)

=] 1
g
1

— ]

Fig. 5-7. Potential barrier, Energy is such that'a
classical particle would be tonlly reflected by dhe
barmier.
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L and chis implies that
: B (2kx)?

(E* + &%) sinh?® 2xa + (2kn)
There is transmission, even though the energy lies below the top of the barrier.
This is a wave phenomenon, and in quantum mechanies it is also one exhibired
by perticles. This temmeling of a particle through a barrier is frequently en-

countered, and we shall discuss some applications, We also note thar when o is
large, the ratio of tansmitted fux to incident Aux is

2 H !
T|# =~ (1!" f“’) g (5-49)

This becomes an extremely sensitive function of the width of the barrier, and of
the amount bymhich the bartier exceeds the incident energy, since

!T|9

{5-48)

3 12
X = [% (Vo — E;] (3-50)

In general, the barriers that occur in physical phenomena are not square,
and o discuss some applications, we must first obtain an approximate expression
for the transmission coefficient | T|* thtough an iregularly shaped barrier. The
proper way to do this, given the fact thar there is no exact solution available for
most potentials, is through the Wenrzel- Ktamers-Brillouin (WKB) approxi-
martion technique.! Our discussion will be less mathemarical,

We observe that (5-49) consists of a product of two rerms, the second
of which is by far the more important one. If we write

2(ka)(a)
B (ka)® + (ca)*

- we see that under most circumstances the first term dominates the second for
: any reasonable size of wa. The procedure we adopt is to treat a smooth, curved
barrier as a juxtaposition of square barriers (Fig, 5-8). Since transmission co-
efficients are multiplicative® when they are small (in effect, with most of the flux
reflected, the cransmission through each slice is an independent, improhable
€vene), we may write, approximately

log| T|* = 3 10g| Tyumiu'*
pow Rl

log| Tj* =~ —2x(24) 4 2 1o

= =2 3 Ax {x)

! See the WEKB approximation in Special Topics section 3.

* This starement is only correct for cthe most impartant exponential part, as can be
seen from che fact thae doubling che width will only approgimitely square the transmission
coefficient | T8,
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Fig. 5-8. Approximation of smooth barrier by 2 juxtaposi-
tion of square potential bariers.

~ -2 f de V (2m/BO(V(x) — E] (5-51)
bartier

In the partial barriers, Ax is che width and {x} the average value of & for that
batrier, In the kst step a limit of infinitely narrow barriers was mken. It is clear
from the expression thar the approximation is least accurate near the “rurning
points” where the energy and potential are neady equal, since there (5-49) is noc
a good approximation to (5-48). It is also imporeant that Fix) be a slowly
varying function of x, since otherwise the approximation of a curved barrier by 2
stack of square ones is only possible if the larter are natrow, and there again
(5-49) is a poor approximarion. A peoper wearment, using the WKB approx-
mation includes a discussion of the behaviar pear the tuming points. For most

purposes, it is sell a fair approximation to write
|T|2 ~ o2 de VWY (5:52)

with the integration over the region in which the square root is real.

D. Tunneling Phenomena

The phepomenon of particle tunneling is quite common in atomic and
nuclear physics, and we discuss two examples at this point.

{a) Consider electrons ina metal. As noted in our discussion of the photo-
clectric effect in Chaprer 1, these electrons are held in a meral by 2 potential,
which, to first approximation, may be desaibed by a box of finite depth, as
shown in Fig. 5-92. The electrons are acrually stacked up in energy levels that are
very dense, since the box is very wide. It is a propesty of electrons® that no more
than two of them can occupy any given energy level; thus for the lowest energy
state of the meal, all the levels up o a certain energy, called the Fermi energy

1 This property of electrons is described by the Pauli exclusion principle, which will
be discussed in Chaprer B.
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Fig. 5-9. (4) Elccronic energy levels in meral. Ep is the Fermi ENELEy
and W is the work funcrion. (B) Potennial altered by an external eleceric

field.

{which depends on the density of free clectrons) are filled, When the temperarure
is above 0°K, 2 few electrons are thermally exciced to higher levels, but even at
to0m tempetacure, the number is small. The difference berween the Fermi
energy and the top of the well is what is required to bring an electron out; it is
the work funcsion discussed in connection with the photoelectric effect. Electrons
can be removed by tansferring energy to them, eicher by photons, or by heating
. them. They can also be removed by the application of an external electric field &
b Cold emission occurs because the external field changes the potential seen by an

eecoron from W oo (W — eBx) (Fig. 5-9), if the electron is at the top of the "sea™

of levels. The tansmission coefficients is

| T|? = e— 2l [2miF = serysaapn {5-33)
Since
) (A + Bxyyr
A W g T T
f A4 + By 3B/2
this leads to
| T|? = o ONTI3 A War (k) {5-54)

The Fowler-Nordheim formula, as {5-54) is ealled, describes the emission only
Qualizatively. One effect, which is easily included, is the additional attraction of
the elecoron back to the plate, caused by the image charge. The other effect,
much harder to handle, is that there are surface impetfections in the meral surface,
. which change the elecric field locally, and since & appears in the exponent, this
s 6n make a large difference. Incidentlly, we see that the exponent may be

ritten in terms of the barrier thickness at the top of the Fermi sea, since that
thickness is given by '

& - (5-33)
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Fig. 5-10. Energy diagram for tunneling berween rwo metals scparated
by vacuum. Tunneling berween metals is possible only when there are
cmpty states on the right. Such empty stares are creared when eV is
applied to lower the Fermi level on the right.

The same effect appears if we bting two meral plates close togecher,
Figure 5-10 shows the sicuation both withour a potential difference, and with a
potential difference. Withoue the potential difference, tunneling is not possible
because the levels on both sides of the barrier are filled. The effect of even a weak
electric field is to change the shape of the barrier a lictle (Fig. 5-10)—an effect
that we can neglect—and to lower the Fermi sea on one side of the barrier. This,
in effect, brings some empty levels in correspondence with che filled ones on the
other side of the bamier, and now tunneling can proceed, with transmission
coefficient

|T|® e e L (5-56)

Such a facror acts as a resistance, Unforrunarely this expression is very sensitive
to the gap separation 4, and since for a work function of the order of electron
volts, the sepatation has to be of the order of angstroms, it has net proved
passible to make metal plates sufficiently flat and parallel. The formula has been
applied to the incerprecation of currents fowing between two plates with an
oxide between them (Ni-NiO-Pb), where the gap can be made as small as 50 i
and it is qualitatively correcr.

An interesting effect occurs when the metl on the right is in a super-
conducting state. A characteristic of such a stace is that above the Fermi level
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Fig. 5-11. Energy diagram for tunneling from mezal 1o superconducror, In
contrast to the metal-mersl runoeling shown in Fig. 5-10, no renngling is
allowed into the energy gap, This affecrs the current-voltage characreristic as
shown,

[

there is a gap in the level density, that is, there are no allowed states berween an
energy Er — A and Ep -+ A with A of the order of 10-* ey compared with the
Fermi energy Ep of otder 10 ¢V, These levels do not disappear, but are squeezed
up and down, so that the level densiry just below and just above the EAp is very
large. If the elecoic field is small encugh, that is, a& < A/, there will be no
tunneling, since there is no place for the dectrons to go. The gualicative fearures
of the curtent-voltage relation and the enefgetics ate shown in Fig. 5.11. These
features are in good agreement with experiment,

(b} Tunneling is also important in nuclear physics. Nudei are VEry Cotn-
plicated objects, but under certain circumseances it is appropriate to view them
as independent parricles occupying levels in a potential well. With this picture
in mind, the decay of 2 nucleus into an ar-pasticle (& He nucleus with Z = 2) and
a daughrer nucleus may be described as the tunneling of an a-particle chrough a
barrier caused by the leq? potential berween the daughrer and che ar-particle,
The a-partidle is not viewed as being in a bound staze: if it wete, the nucleus
could not decay, Rather, the a-particle is raken to have positive enetgy, and its
deauy is only inhibited by the existence of the barrier.

‘I you find it difficul: to imagine why a repulsion would keep rwo objects from
separazing, think of the inverse process, a caprure. It s clear that the barrier will rend o
keep rhe a-particle out,
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Fig. 3-12. Pocential barrier for « decay.

If we wrire

|T|t = (5-57)

Gm=2 (%)m f ; dr(z‘zr"! - )u' {3-38)

where R is the nuclear radius® and & is the turning point, determined by the
vanishing of the integrand (Fig. 5-12). Z, is the charge of the daughter nucleos,
and Z; (=2 here) is the charge of the particle being emitted. The integral can be
done exactly '

[a(t-2)" = vi[e (B)"-(F-5)7] o»

At low energies (relative to the height of the Coulomb barrier at r = R, we have
b 3> R, and then .

lez’l& e _'I_'_ _.R_ 12
o2 )[z (&)] G0

S If facr, carly estimations of che nuclesr radius came from the smdy of e-decay.
Mowadiys one cses the size of the charge distribution, as measured by scattering elecrrons
off nuclei vo get nuclear radii. Tr is not clear that the two should be expeced 1o give exactly
the SAME ARSWEL. .

then




One-Dimensional Porentials a1

E with b = Z,7:/E_If we write for the a-particle energy E = me?/2, where # is its
! final velocity, then

2 2
g O 2raZ.Z; (-‘—) (5-61)
fiv t

The time taken for an a-particle to get our of the nucleus may be esti-
x mated as follows: the probability of getting through the barrier on a single
% encounter is ¢ 9. Thus the number of encounters needed to get through is
4 M == . The time berween encounters is of the order of 2R/r, where R is again
B i the nuclear radius, and v is the a welocity inside the nucleus. Thus the lifetime is
o 2® 7 (5-62)

¥
E' The velocity of the a inside the nucleus is s rather fuzzy concepe, and the whole
£ picture is very classical, so that the factor in front of the ¢ cannot really be pre-
i4F  dicted without a much more adequate theory, Our considerations do give us an
PR ocder of magnitude for ir. Fora 1 MeV a-particle,

2E 2E 2 3
- — = L om 10 s o " I
v \fﬂ cvl s 3% 10 '\'I4>¢;g _‘H‘KID om/sec
Also, for B we take
R~ 1530 1071 AV cm (5-63)

.' and for A = 216 we get, for the factor in front, 2.6 X 10", We can also rewrite
iy G in the form
: z

WV E(MeV)

50 that one predicts, for low energy a's, the straight-line plot

£

VEMeY) e

with the constnt in front of the order of magnirude 27-28 when 7 is measured in

b years instead of seconds, Figure 5-13 shows that 2 good fit to the lifetime data of
' ® large number of o emilters is obined with the formula

logia —:r- = onst — 1.73

1 z
II:IE:N . Cl C| ",?-E

where G = 1.61 and C; = 28.9 + 162", Thus the very simple considerations
give a rather remarkable fic to the data.
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Fig. 5-13. Plat of log 1/7 versus Ca — &Z;,-"\/T:' with €, = 1.61 and a
slowly varying C; = 28.9 + 1.6 Z*?, (From E. K. Hyde, 1. Perlman and G. T.
Seaborg, The MNudlear Propertier af the Heary Elements, Vol. 1, Prencice-Hall,
Inc. (1964), reprinced by permission. )
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With mote energetic a emission, the & facror depends on R, and with
R = roA"", one finds chat ry is a constant, that is, that the notion of a Coulomb
barrier taking over the role of the potential beyond the nuclear radius has some
validity. Again, simple qualitative considerations expliin the dara.
The fact thar the probability of a reaction {c.g., capture) between nudei
is artenuated by the facror
e=ULTVE) (5-65)

implies that at fow energies and /ot for high Z's, such reactions are rare. Thar is
why all actempes to make chermonuclear reactors concentrate on the buraing of
hydrogen (actually heavy hydrogen—deuterium),
(H + (H? — He? + & (3.27 MeV)
:H’ - 1H? — lH" ‘l‘ F {‘i.ﬂ} va:l
HE 4 HP < He' + 1 (17.6 MeV)
~+ since reactions involving higher Z elements would require much Higher energies,
. that is, much higher temperatures, with correspondingly greater confinement

i problems. For the same reason, neutrons are used in nuclear reactors to fission
- the heavy elements. Protons, at the low energies available, would not be able 1o

** get near enough to the nuclei to react with them,

E. One-Dimensional Model of Molecule

Some aspects of what gives rise to molecules are exhibited by the example
of a particle in 1 double potential well (Fig. 5-14). The algebeic work is greatly
simplified if we consider a square well in the limit of great depth with the width
Boing o zet0 such that For remains a constant. In thar case we get a dela-
function well, which is very easy o handle. Just to show this, consider first a
single attractive potenrial well

hS
(2m /%) Vix) = — . x) (5-66)
The equation to be solved is, when E < 0,
fﬁ' — () = — : () () (5-67)

where x* = Im|E| /B2,
The sclution everywhere, excepe at x = 0, must satisfy the equation &fu/dx® —
€lw = 0, and if it is to vanish at x — =+ =, we musc have

wx] =™  xwmp
= ¢, x < 0 (5-68)
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bt~ -~ b

Fig. 5-14. Double one-dimensional potential well. The shape of the wive
function for a bound state is skeeched in.

The coefficients in front are che same {and here chosen to be unity—we can
normalize afrerwards) because of the continuity of the wave function. The
derivative of the wave function is no longer continuous. As argued before
(Eq. 5-13) we have

CIRCIE

The last relarion gives the eigenvalue condition

A
—— K= -
&
that is
n
= . (5-70)
The double square well will be replaced by
(2m /) V(x) = — E[ﬁ(.r — &)+ b(x + A (5-71)

Because the potential is symmetric under the interchange x — —x, we cxpect
thar there will be solutions of definite pariry, and we will first consider che even
solutions.
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1. For the even solurion we write
ulx} == gne X>a
= A cosh sx 43X -y
= g X< —g {5-72)
b and continuity of the wave funcion gives

e = A cosh xe (5-73)

Because of the symmetry, it is sufficient to apply the discontinuity coadition
& foc the derivative at x = 4. Nothing new will come of the application at x = —.a.
- We get

kY
=k~ — xA sinh o = — Y L (5-74)
_-';' ‘and the eigenvalue condition is
S A
tanh kg = — — } (5-7%)
Kt

k. Figure 5-15 shows this graphically. There is cnly one intersection point of the
£ curve tnh y with (\/y) — 1. It is obvious thar when y = A, the right side is zero,
B whereas tanh y > 0. Thus the intersection point occurs for y < X On the other
b hand, since tnh y < 1, we must have (A/7) < 2 at the intersccrion point, that is,

A

5-76
£ > 2 { )

L. If we compare this wicth (5-70), we see that the energy for the double well is a
. lorger negative mumber, that is, the energy for the double potential is lower. Nore
b chat this is not because somehow the strength of a pair of potentials is larger
B than cthat of 2 single potential, as might be the case if one compared an electron

Fig. 3-15. Solurion of the eigenvalue condition tanh
¥y -1
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bound to two protons with an elecoron bouad to cne proton. The larger binding
is there because, as Fig. 5-16 indicares, it is easier to accommuodate a sharply
dropping exponential ta a symmetic funcrion (here cosh x) with a discon-
tinuity in slope as given, than it is o accommodate it to an equally sharply
dropping exponential on the other side of the patential. In the real world, a single
electron bound to two protons separated by a small distance will have a lower
energy than a single proton plus a hydrogen atom far away, cven though in the
first case chere is a more effective repulsion between the protons. Again it is the
way in which the wave function can accommodate itself to the geometrical
situation thet is the dominanc effect.
2. The odd solution will have the form

Blx) = " x> a
= A sinh ox A x> =a
- — gt Y ox< —a {5-77)

Again, because of the antisymmetry, it is sufficient to apply the conditions at
x = a, say. Continuity of the wave function gives

Asinh ga = ¢ (s-78)
and the discontinuity cquation reads

e — cA coth us = — Ee-" (5.79)

Fig. 5-16. Bound swmte wave funcrions for single and
double delra function arcractive potentials,
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tenh y

=¥

Fig. 5-17. Solution of the eigenvalue condition
wanh y = (373} — 1},

Combining the two yields the cigenvalue condition

A
coth ke = — — 1 (5-80)
[ ¥

" Figure 5-17 shows plot of the rec'iprml of this equation, that is, tanh y against
Wy = 1) There will anly be an intersection if the slope of the former at the
origin is lasger than thar of the second, that is, if

h>1 (5-81)

Aty = 2/2 the rerm (A/y — 1)1 s already ar 1, so chat the intersecrion had ro
occur for y < M/2, chat is,

X
K< o (5-82)
Thus the odd solution, if there is a bound stair, is less strongly bound than the
even solution. The wave function, which has to go through zero, is forced o be
steep berween the wells, and thus can only accommodate to a less rapidly
falling exponential, Depending on the size of A, there MAY OF mAay not exist an
excrred sate.
Let us now consider a superposition of the ground state w.(x), with energy
E, and the excited stare u.(x), with energy L, (¢ and o stand for even and odd)

¥lx) = wlx) + o fx) {5-83)

n
with a chosen 50 as to mnkef adx|@(x)|? as small as possible, thar is, with
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the "electron” localized, as far as possible, on the right side. Afrer a time f, the
wave function will be

Plg) = wg(x) e e (x) AN

= ¢ [ (x) + a e BB 4 ()] {5-84)

that is, the phase relationship between the two pars will change. In particular,
after & time such that

(THEEMA - (5-8)

the “elecrron” will be localized on the left side in exactly the same way that it
was localized on the right &t ¢ = 0. Thus chere is an oscillatoty behavior, which
may be described by the electron going back and forth between the two po-
tentials, with frequency

En_ Ei
f

We shall leave it to the reader to convince himself that the period associated
with the frequency w. is, for large A, approximately equal to the “runneling
time” across the bartier separating the two wells, as might be determined from
the material presented in Sections C and D. This is a model for the ammonia
molccule, There are ways of measuring such a frequency with high precision,
and thus we have at our disposal a very accurate "clock.™?

{5-86)

w o= Jug, = 2

F. The Kronig-Penney Model

Metals generally have a crystalline structure, that is, the ions are ammnged in
a way that exhibits a sparial periodicity. This periodicity has an effect on the
motion of the free elecerons in the meral, and this effece is exhibited in the
simple modcl that we will now discuss.

The periadicity will be built into the potential, for which we require that

Fix + a) = Vx)- (5-87)

Since the kinetic energy term — (R%/2m)(d?/dx®) is unaleered by the change
x — x + a, the whole Hamiltonian is invaviant under displacements by a. Fot the
case of zero potential, when the solurion corresponding to 2 given energy
E = B3 f2mis

fix) = ¢t (5-88)

* For & discussion of the ammenis molecube, see R, P. Feynman, R. B, Leighten, and
M. Sands, The Feyuman Lectares ox Phyeicz, Vol. I11, Addison-Weesley, Reading, Mass,, 1963,
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g the displacement yields

lx + a) = gthintal = gihe yiy) (3-89)
that is, the original solution mulriplied by a phase facror, so thar
4 Vi + a)|* = |p(x)]® (5-90)

The observables will therefore be the same at x a5 at x + 2, that is, we cannot rell
whether we are at x or at x + 4. In our example we shall also insist chat {x) and
k- ¥{x + a) differ only by a phase factor, which need not, however, be of the
. form o'k,
To simplify the algebra, we will take a series of repulsive delta-function
[ potentials,
it a2

Vi) = — = 3. Blx — na) (3-91)
: . IR g gm— =
2 Away from the points x = na, the solution will be thar of the free particle
equation, that is, some linear combination of sin &x and cos &x (we deal with

teal functions for simplicity). Let us assume that in the region R, defined by
(r—1)a < x < na, we have

: ) = A, sin Kx — na) + B, cos Ex — na) (5.92)
b and in the region Ray,, defined by na < x < (n + 1) & we have

Wlx) = Auoisin bfx — (n + 1) & + By cos blx — (n + 1) 4 {5-93)
Continuity of the wave function implies that (x = ma)
—Aups 5in ks + By cos &2 = B, (5-94)
end the discontinuity condition (5-13) here reads

A
.é(’“.]_ Q05 h + JEBH] Sin é# - &A- = ;B‘ {5'95]
A licele manipulation yields
Aspy = Ay 005 ke + (g cos ke — sin ka) B,

Bnyy = (g sin ke + cos ka) B, + A, sin ka (5-96)
where g = A /ka,
The requirement that the wave functions (5.92) and (5.93) be related by
¥lRua) = £ ${R.) (5-97)
is sarisfied if
Appy = gt A4

Bayy = £* B, (5-98)
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When this is inserted inte (5-96), we find a consistency condition that reads
(¢ — cos ka){¢* — gsin ke — cos ka) = sin Baly cos ka — sin ka)

thar is,
¢ — pih(2 cos ba 4 peinka) 41 =0

Multiplicacion by ¢ gives
cos @ = cos ke + & g sin ka {5-99)
* If we tzke periodic boundary conditions fot our “eryseal” so that

$(Rarw) = ¥R (5-100)
then it follows from {5-98) that ¢4 = 1, that is,

¢=—-m m=0%l%2. .. (5-101)

We denote & by e, where 4 is the wave number of an eleciron 1a a box of length
Na, with periodic boundary conditions and without any potential, that is,
without any ions present. Thus (5-99) should be rewntten in the form ;

sin ks

ka

This is a very interesting result, because the left side is always bounded by 1,
tha is, thete are restrictions on the possible ranges of the encrgy E = A/ 2m
that depend on the parameers of our “crystal.” Figure 5-18 shows o plot of the
function cos x + A sin /2% as a function of x = ka. The horizoneal line repre-
sents the bounds on cos g, and the regions of x, for which the curve lies outside
the strip, are forbidden regions. Thus there are allowed energy bands separared by
regions that are forbidden. Note thar the onset of a forbidden band coresponds
1o the conditicn

(5-102)

cos ga = cos ka + §

bt = mr m= =1, =42, %3 ... (5-103}

This, however, is just the condition for Begg teflection with normal incidence.

The Kronig-Penney model has some relevance to the thecry of metals,
insulators, and semiconducrors if we take into account the fact {to be studied
larer) that energy levels occupied by elecrons cannot accept more elecerons.
Thus a metal may have an energy band paccially filled. If an exvernal field is
applied, the electrons are accelerared, and if there are momentum sSttes avail-
able to them, the clectrons will occupy the momentum stares under the influence
of the eleceric field. Insulators have completely filled bands, and an eleceric
field canmot accelerate elecrrons, since there are no neighboring empty sttes.
If the eleccric feld is strong enough, the elecrons can “jump” across a for-
b dden enerey gagp and go into an empry allowed encegy band. This msmda
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A ©os T+ —

Fig. 5-18. Plot of ces x 4 {(a/2)(sin x/x) as a funcrion of x. The horizonral lines

- ./ represent the bounds £1. The regions of x for which che curve lines curside the

strip are forbidden.

to the breakdown of an insulator. The semiconductor is an insularor with a very
narrow forbidden gap. There, small changes of condirions, for example, a rise in
temperature, cen produce the “jump" and the insulator becomes a conductor,

G. The Harmonic Oscillator

As our last example we consider the harmonic oscillatos (Fig. 5.19). In
conmrast 10 the examples dealt with uotl now, the differentia) equation chat
needs eo be solved is nor so wrivial, and one reason for discussing this problem is
to learn something abour the technique for solving such equarions,
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b wix) Js ixa|®
\ /\L_ s
= = - -r =2
— — - —ga 1
i —— c e —— g =
Potential ="
0 - 0 -

Fig. 5-19. Harmonic oscilltcor eigenfuncrions, and probability densities
for the lowest four eigenvalues. Note the evenness and oddness properties of
the eigenfuncrions.

The classical Hamiltonian is of the form

s
He L 4 bt (5-104)
2m
so that the eigenvalue equation is
B dulx) )
~ m & + 4dxTu(x) = Ea(x) (5-10%)
We introduce the frequency of the oscillaror
w=Vim (5-106)
wiite
¢= % (5-107)
and change variables to
y= v”—:; (5-108)
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. to finally ger the simpler form of the equation

j—, +le=y¥lu=0 (5-109)

. Al quantiries that appear are dimensionless.

E For any eigenvalue ¢, as y* —+ =, the term involving e is negligible, and we
must therefore require that u(y) asymprorically satisfy the equation

_d‘g;} — y'uly) = 0 (5-110)
.'.'.'Wt. multiply by 2duc/dy, which allows us to rewtite this in the form
d ay®
: ¥ (%) -f% (w®) = 0 (3-111)
of, equivalentdy,
T _J[(gﬂ)t_ TH!]=_2P‘! (5-112)
4 L\ & ' ) '

&p simplifies a grear deal if we neglece the term on the tighe side of the equa-
tion. We assume that this can be done, and then check that the assumption was
- comrect. If we drop che right side, we find thar

B = (4 suryn

3 where C is 2 constant of integrarion. Since both w(y) and dup/dy must vanish at
& infinity, we must have C = 0. Thus
— = iy (5-113)
dy
whose solurion, acceptable ar infinity, is
waly) = gt {5-114)
We can now check that 2ys? = 2y ¢+ is indecd onegligible compared with

d F)
— | P ——— Mo s
dy (Fue®) 2y (e v): iy e

for large y. If we now introduce & new funcrion h(y), such thar
#(y) = h(y) 't (5-113)
then the differential equation is easily seen o take the form

LhG) _, dhG) _
‘ G~V T =Dk =0

(5-116)
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This may not seem like much of a simplification, but we have accounced for the
behaviar at infinity, and we can now look at the behavior near y = 0. Let us
ATTEMpPE & POWST $Eries expansion

Wy = ¥, amy™ (5-117)

m=i
When chis is inserced into the equation, we find that the coefficients of y*
sartisfy the recursion relation

{m 4 1)(m + 2) daps = (2 — e + 1) dm (5-118)

Thus, given @ and ay, the even and odd series can be geneeared sepacacely. That
they do not mix is & consequence of the invariance of the Hamiltonian under
reflections. For arbitrary e, we find that for large m (say = > N

2
Ty =2 i {5'] ]9‘]
m

This means that the sclution is approximately

h(y) = {a polynomial in ¥)

+ -'N[J‘N +ij.\'+!.4. 2—=J.H+i+.+"ﬂu+_”:l
N NN+ 2) NN+ 2)iN +4)

where, for simplicity, we have only taken the even solution. The series may be
wiiteen in che form

ﬁ B (},!}Nﬂ—l U.!}Hn {J!:Ih'.'l+1 ]
! ‘”f( 2 1)! l:{n}’z — 1 + (N/2)! T (N2 + 1) +..

which is of the form of a polynomial + a constant X ¥ 9, When this is inserted
into (5-115), we get a solution thar does not vanish at infinity. An acceptable
solution can be found if the recarsion relation terminaces, that is, if

e= 2N +1 (5-120)
For that particular value of e the recursion relations yield

NIN=—2)...{N— 2k+ 4N — 2k + 2)
iy
(23!

dzy = (—=2)¢ (5-121)
and

(N+ 1N —1) ... (N—2k+3HN—-24+1)
(2& + 1)!

dappr = (—2)* a#y (5-122)

Thus the resules are:
1. There arc discrete, equally spaced eigenvalues. (5-120) wanslates into
E = fuslm + §) {5-123)
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4 form thar looks familiar, since the relation berween energy and frequency is the
same as that discovered by Planck for the radiation field modes, This is no acci.
dent, since a decomposition of the electromagnetic feld into normal modes js
essentially 2 decomposition into harmonic oscillarors thar are decoupled,

2. The polynomials A(y) are, excepr for normalization consrants, the
Hermite polynomials H.(y), whose properties may be found in many rextbooks
We are not really interested in these denails, and we will solve the harmonic
oscillator problem again, 5o thar we do not pursue these marters. It is, however,
worth pointing out that the reason for the importance of the harmonic escillator
in quantum mechanics, as in classical mechanics, is that any small perturbation
of & system from its equilibrium state will give rise 1o small oscillations, which
are ultimately decomposable into nommal modes, thar is, independent oscil-
lators.

3. As (5-123) shows, even the lowest scate has some energy, the zero-poins
emergy. Its presence is a purely quantum mechanical effect, and can be interpreted
in terms of the uncerinty principle. It is the zero-point energy thar s responsible
far the fact that helium does not “freeze” at excremely low temperatures, but
remains liquid down to temperatures of the order of 10 degress Kelvin, at
normal pressures. The frequency w is larger for lighter atoms, which is why the
effect is not seen for nitrogen, say. It also depends on derailed features of the
interatomic forces, which is why liquid hydrogen does freeze.

Problems

1. Consider an arbicrary potential localized on a finite part of the x-axis.
The salutions of the Schridinger equation to the left and to the tighe of the
potential region are given by

Ar'h " *-.H /‘\ in'r - D‘__-Jlu
L "" % -

respectively. Show that if we write
Cm 5+ 5
B = Suyd + 5D

that is, relate the “outgoing” waves to the Vingoing" waves by

(5)-6 ()
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that the following relaticns hald
{Sul® + |5a]* =1
|Sul® + | Sa[? = 1

511517! + SuS: =0
This is equivalent to the statement that the mairix

I 5
s=(o s

i$ unitary.
(Hint, Use fux conscrvation and the possibility that A and D are arbitcary
complex numbers.)
2. Calculate the elements of the scawcering matrix, $u, S S, and 5 for
the porential
Vix)=10 X< —a
= 7y —a<x<a
= 0 X < a

and show that the general condirions proved in Problem 1 ate indeed sarisfied.
3. The elements 5y . . . 84 are functions of k. Show thar

Su(—&) = Su(k)
Sra(—4) = Sz(b)
Sis(— &) = Su(k)

that is, that the matrix has the propercy
S(—k) = S*(k)

4, Consider the odd solution to the potential well (e.g., Eq. 5-39), which
can be used as 2 model for  three-dimensiona! potential well with zero angular
momentum. If the ;nge of the potential is given to be 1.4 X 107" cm and the
binding energy of a system is —2.2 MeV, and if the mass to be used is 0.8 X
10" gm, find the depth of the potential in MeV.
|Hings. (1) First, convert distances and masses into unirs of some mass, so thar
the range is 4(fi/uc) and the binding energy is of the form e(uc”). A convenient
mass might be the one given. (2) The binding encrgy is very small, so thar it is
almast zero. If it were zero, condition (3-41) would yield V5. Expand about
this value,]

5. Withour acruelly solving the Schridinger equation, set up the solutions
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B so that only the marching of eigenfunctions and their derivatives remain to be
& done for the following situations:

 with the following conditions (a) flux fk/m would be incident from the left if
. the porentials were absent; mke E < V.

¥ ..,-,l,

fhy

with fux of magnirude fik/m incident from the right if the potential were absent,
E< Vs

6. Show that the conditions for a bound state (5-33) may be obtained by
requiring the vanishing of the denominators in (5-25) at & = ix. Can you give an
srgument for why this is not an accident?

7. Consider the scattering matrix for the potential
A
Fix) = — 8ix — §)
d

Show thar it has the form

2ika kY .
. S _— e likd
ik — ) kg — M
— A ikl - l"i*d’ —
2ika — W 2ika — N

Frove that it is unitary, and thac it will yield the condition for bound states when
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the elements of that matrix become infinite. (This will only occur for b << 0.)

8, Calculate & in Eq. 5-83, which will localize the particle as far as possible
on the right side of the origin,

9. Work out in detail the wave functions for the three lowest eigenfunc-
tions of the harmonic oscillator,

10, Considet the harmonic oscillator potential perrurbed by a small cubic
term, 5o that

V(x) = dmat (x’ - E:“)

If a is Jarge (compared to the characteristic dimension (§/nmw)', estimare how
long it takes a patticle in the ground state 1o “leak out™ 1o the region on the far
right. More that with this perturbation alone, there is ne lowest epergy state,
since for large enough x the potential becomes arbitrarily deep,

11. Consider the potential shown below

Voo
I — Vieh
= i
R
with
. R 1)
Vi) = Py x> Ry

Estimate the liferime of a particle of energy E in this potential. (The owside
potential represents a centrifugal barrier in a three-dimensional word.) Express
your result in terms of the dimensionless macio //&R, where E = B /im. Take
31,

12. Consider the Kronig -Penney potential with
A= 3rx
{a) Make a deriled plot of
E
x

bul',"

cos x -
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as a function of x = ka,

(b} Show that forbidden cnergy bands start just above ke = mr.
(c) Show that che allowed encrgy bands ger narrower as M increases.
(d} Ploc the encrgy fi%2/ 2m as a function of q.

13. Consider the model of a molecule defined by (5.71). Show that when
A is large,

g T

32t
it
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chapter 6

? The General Structure of
;;Wave Mechanics

@ In Chapter 5 the energy cigenfunctions, that is, the sclutions of the
- squation
:I'

I : Huglx) = Eug(x) (6-1)
with
- __I_(ﬂ. .i)’
H . + Fix) m\ 7 & + Fix) (6-2)

¢ were obtained for a number of physically interesting Hamiltonians. The Hamil-
b tonian operator H was emphasized, because it is this operator thar decermines
[ the rme development of a system. The initial state of 2 system can be described
b by any wave function ¢(x) ,which is only constrained by the requirement that

f dx $*(x) $lx) < w (6-3)

that is, chat it be square integrable. The ¥(x) can, without loss of generality, be
¢ multiplied by a constant, so that it is normalized

f.ﬂ'.'x V) Pl = 1 (6-4)
i The time.dependent Schrisdinger equation

i oo

'y Eﬁxﬂ = Hyix.s) (6-3)

k- describes the time development of the wave funcrion, and given the energy
bt eigenfunctions wg(x), this problem can be mi.w:d immediztely. What goes into
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the solution is 2 general theorem that staces: an arbirrary function ¥ix) can be
expanded in a complete set of eigenfunctions of H, that is,

Wx) = 2 Corsl(x) (6-6)
E
If we choose the eigenfuncrions of H to be normalired, and if we rake mnto

account that the eigenfunctions comesponding o different values of E are
orthogonal, so thar

f*‘;":x]' wge(x) dy = Bgope (6-7)
a result proved in Appendix B, then
f dx uge{x) Yl

% Cx f up(x) up(x) dx
E Cr Sere
B

= Cp (6-8)

that is, the expansion coefficients are determined. Now the time dependence for
each energy eigenfuncrion is

gy ) = gy gL {6-9)
. a5 can essily be seen when the above is substitured into (6-3), and hence
$lxg) = 3 Cr 80" ugix) (6-10)
&

It should be noted, as we have learned from considering & large number of
examples, that the energy eigenvalues may take on discrete values and/or con-
tinuous values. We speak of the spectrum of cigenvalues being discrete and for
continuous. Thus (6-6) really eeads

$lx) = g Catie, (%) + f JEC(E) usl(x) (6-11)
corresponding o the two possibilitics, and (6-7) reads
f ug(x) mg,(x) dx = San (6-12)
for the discrete values, and
f wplx) up(x) de = 5E — E) (6-13)

for the continuous ones. This is not the only possible choice. As we saw in our
solutions of problems with potential wells or barriers, the solutions of the energy
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b cigenvalue equation can be made up of functions that far from the potential are
|, momentum cigenfuncrions. There is a relation berween the encrgy and the
{" momentum (E = $%/2m away from the potential), and i turns out to be possible
 w notmalize the solutions so tha the right side of (6-13) is replaced by 8(p — p)
& or, in three dimensions by §(p — p').
i We also postulated an interpreration for the expansion coefficients: | Cg|*
§ s the probability that an cnergy measurement of the stare described by ¥{x)
fi. yields the particular eigeavalue E. Any pariculir measurement can ooly yield
. an eigenvalue, but in contrast tw classical physics, we cannot predict which one
it will be: we only have the probability that it will be a particular value E. In
quantum mechanics, as in classical theary, a measurement must be repro-
ducible to have any meaning, Thus if an ohserver, upon making a single meas-
urement on 4 system finds that the energy is, say, E,, then a subsequent cnergy
- poeasurement for that system must again yield F;, Hence, after the first measure-
£ meat, the state of the spstem is described by a2 new wave function, namely the
eigenfunction sy, (x); only then will a repeated measurement yield E, wich
i probability 1. The expression “a measurement projects a state into an eigenstate
*- of the observable™ is somerimes used,
The expansion theorem may be viewed asa generalization of the expansion
of 2 vectar A in terms of orthonormal wnit vectors in an N-dimensional veccor
space

A=aily + asls + ... + awiy {6-14)
The unit vectors I satisfy

Ll = &y (6"5)
and are the antlogs of #g(x). The coefficients 4, are given by
= [xA {6-16)

and they are the analogs of the Cg. We shall often use the language of vector
spaces in talking about quantum mechanics. Thus we shall often refer to the
coefficients Cg as the "projections” of $(x) “along” wg(x), and the quantity

Co= f ap(x) $(x) di (6-17)

will often be called a saalar produce. We will, following Dirac, introduce a con-
vepient notaticn for the scalar praduct;

f ¥ () plx) dx = (g} {6-14)

The similasity between the acceprable wave functions, and che colleetion
of all N-dimensional vectors is actually quite deep. Just as the sum of any two
vectors yields a vector

A+B=0C {6-19)
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and the product of a vector with a number 15 again a vector, so will the sum of
any two square integrable functions again be a square integrable function, as
will the produce of a square integrable function with an arbimary {complex)
pumber, In both cases, provided we define the notion of a scalar product
(4|B) = A-B (6-20)

in one case,
@) = f de ™ (x) () (6-21)

in the other, we have a linear vector space, The only difference is that in quantum
mechanics, the vector space is infinite dimensional. In fact, since in (6-21) it is
the continuous label x that plays the role that the index ¢ plays in

N
AB= 2 ak (6-22)
=]
we see that the space is continuously infinite. This does mean that a proper
mathematical treatment of such vector spaces is much more complicated, since
questions of convergence of integrals like {6-21) have to be faced, 2nd in con-
trast to a finite dimensional space, proving completeness is much more difficulr.
In mathematical parlance, the square integmble functions form a Hilbert space,
and the energy eigenfunctions form a cemplese et of basis vectors.

In vector spaces, be they finite dimensional or more general, an operatof is
defined to be something that mansforms a vector into another vector, of in this
case, a square integrable function into another square integrable function. We
are actually interested in [imear operators that have the property that

H{a¥s + fs} = atifs + GHj (6-23)

The simple cxample discussed in Chapter 4 showed that the expectation value of
H, defined by

e = [ 400 i) (629)

was real. This is to be expected for a physically measurable quantity, and it
generalizes to the statement that the expectation value, for all @{x), of an operaror
representing an observable quanticy, has to be real. We called operatars that
had this properry, hermitian, '

For an arbirrary linsar operator A, we have

(A = f ) Apx) de (625)
and

()" = f LAY(]* $) de (626)
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The operator A" (pronounced A-dagger) is defined by the relation
f{A'}I:x}]' i) ale = fﬁ‘"{ﬂ Alg(x) dx (6-27)

and 15 called the hermitian comjugase aperator, For example, the relation
“\ L] W .
fﬁ(&)ﬁ-fﬁ&ww-fﬁﬁﬁ—-f#&#
shows that
(i)’f -_ 4
def

Similarly, the hermitian conjugate of the operator

(-v)

(-
For a hermitian operator

mw=ﬁmmww#

is easily shown to be

= f ¥ (x) HWAx) dx
= (H)
= f WE(x) Hix) dx (6-28)
and since this is true for all Y(x), we say char
H' = H (6-29)

The Dirac notation for scalar products that involve operators is
f B*ix) Aglx) dv = (g A|) (6-30)
Thus!
@l = [Lavior o) de
' The definition of At in (6-27) only involved the expectasion vahue of A, It is easy
to check, by writing ¥{x) = &(x} + X #lx) with & an arbitrary complex number, thay (6-27)

implies the step between line one and line two in (6-31),
L]
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f o (x) Ald{x) dx
AT e) (6-31)

‘The reason for our drive toward generality is, as already seen, che face that
H 1s not the ooly operator of interest. Other physical observables, such as the
MOMENtUm OPETAior Poy, Parity, position, and so on are represented by hermitiun
operators. We shall use the leters A, B, C, .. . for operators, and since we are
only dealing with operators that represent observables, they are all hermitian,
thar is,

BE=F

and 3o on.

All hermitian operators have eigenfunctions, that is, there exists a set of
vectors that have the property chae the operatoe acting on them reproduces them,
except for & proportionalicy constant, the eigenvalue

Auy(x) = gug(x) (6-33)

The spectrum of eigenvalucs, as for the Hamiltonian, may be discrete and /ot
continuous. The spectrum of momentum eigenvalues was found to be con-
tinnous; that of the parity eigenvalues, 21 was discrere, As for the energy eigen-
functions, those corresponding to diffetent values of & are orthogonal, and the
others may be chosen to be normalized, so that we have

[ #,* (%) wylx) de = Blaa") (6-34)

of, In Ouf NEw Aotnon
(g |2t} = Bla,a’) (6-35)

Here 8(e,s") may be a Kroenecker delta §.0 if the eigenvalues are discrete, ora
Dirac dela function #(s — a’) if they ate continuous. It follows from (6-33)
and (6-34) that

4= far.."[r} Aug(x) dx (6-36)
that is,
am (g Alug) (6-37)

Thus the eigenvalues of a hermitian operator must be real. Since the results of an
individual measurement of the cbservable described by A must be one of the
eigenvalues, this must be 50,
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Just as for the Hamiltonian, we found in Chapter 4 that the eigenfunctions
. of othet hermitian operators also form a complete rer, 50 that the expansion
i theorem

W) = 3 Conalx) (6-38)

G = f 4e*() Wx) dix = (a9 (6.39)

holds. The interpretation of C, is again that of a probabilisy amplituds, chat is, | C,|*
18 the probabilicy of finding the eigenvalue # in making a measurement of A on a
stem described by y{x). Again, after a measurement, reproducibility requires
t the system be found in the eigenstare w,(x}.
; In both the problems discussed in Chapter 4, the particle in the box, and
E the free particle, we found thar the eigenfunctions were simultaneous cigen-
- functions of H and another operator, parity in the first case, momentum in the
second, and we saw that in both cases the additional operators commuted with
H. Let us now examine the general conditions under which this happens.
The eigenfunctions ., corresponding to the eigenvalue 4 of the opetator A,

Asa(x) = auq(x) (6-40)
will be simultaneous eigenfunctions of another operatar B, when
Buy(x) = buy(x) (6-41)

This, however, implies that

Oy 5. (x) = Abu(x) = bAu(x) = abuu(x)

and

BAwa(x) = Bauy(x) = aBux) = abu,(x)

thar is, that

{AB — BA) wyfx) = 0 (6-42)

If this were to hold for just one s, it would not be very interesting, but if it
bolds for the complete set 4, then it means that for all square integrable func-

tions y(x) = Zﬂ: Cenig(),
2. CalAB — BA) wy(x) = (AB — BA) 2. Cawal)

= {AB — BA) yix) = 0 (6-43)
that is, the operators commute

(4Bl =0 (6-44)
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Conversely, if we have two herminan operators A and B that commute,
so that {6-44) holds, then

ABu (%) = BAu(x)
= aBu,(x) (6-43)
thar is,
A[Bay(x)] = 2[Buy(x)] {6-46)

Thus the function Bu,(x} is also an eigenfunction of A with eigenvalue &, u
there is only one eigenfunction of A comesponding to the eigenvalue a, then
this implies that Buy{x) must be proportional to wuglx), thar is,
Buux) = bug(x) (6-47)
Then ug(x) is 2 simultaneous eigenfuncrion of Aand B. This situation, in which
the eigenfunctions of A are nof degenerate, is the one that we saw for the particle
in the box. Tf, on the other hand, there are two eigenfunctions of A correspond-
ing to the cigenvalue @, that is, we have a rwofold degemeracy
AP = s ()
AnfP(x) = aug?(x) (6-48)
a situation illustraced in che free particle example, chen we can only assert thar
Bl (x) and Ba™{x) must be linear combinations of &, (x) and ;" (x):
Bl (x) = b (x) + brasml” (%)
BuP(x) = buwg"(x) + basua” (x) (6-49)

[t is evident, however, that we can take linear combinations of these equations to
obtain equations of the type

Bl (x) = b (x)
BelP(x) = baM(x) (6-50)
For example,
Bt + ™) = (bu 4 Nom) #l” + (B + M) 4l
= by(ug" + we")
provided we choose b such that
byz + Mbaa -
A+ W

This is a quadratic equation and thete will be two values of A, corresponding to
the two eigenvalues by It is more a,]:ﬁmpmw to denore the simulmpeous cigen-
functions of A and B in {5-50) by () and #3(). Since these comespond 10

A
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different eigenvalues of the opemtor B, they will be arthogonal to each ocher.

£ I practice, for twofold degeneracy, the degenerate eigenfunctions of A, if chey

are taken to be archogonal to each other (e.g., ¢ and ¢« for the free particle
- aase), will automatically be eigenfunctions of B,

Even after finding eigenfunctions of A and then making linear combina-
tions that are eigenfunctions of a commuting operator B, there may still be some
degenetacy, that is, there are several eigenfuncrions of 4 and B simujtancously,
with the same & and & This means that there must be 2 chird opetator € that
commutes with both 4 and B, and the functions can be recomhbined o be
simultaneous eigenfunctions of 4, B, and C whose eigenvalues distinguish the

ca- degenetate eigenfunctions of A and B. This will go on until there is no more

degeneracy. The ser of mutually commuting operators A, B, €, .. ., M of which
our set of functions is a set of common eigenfuncrions is called a complete st of
commuting ohiereables. We have

[4, Bl=[4,C=...=[4 M =0
(B, C1=1[B D]j=...= (B, M| =0 (6-51)
and 50 on.
Ay o) = any (%)
Bugy ulx) = bug, olx)
Mug_o(x) = muy o (x} {6-52)

The state described by sas.,.a(x}) bas definite values of the observables A, B,
€, ..., M. This is the largest possible amonnt of information chat we can have
about a system all at once. The reason is that if we consider another opefator
that is not some function of the operators A, B, . . ., M (since these commute,
such 2 function is unambiguously defined), then a measurement of it will not
give a sharp value for the state wap....(x). In general, if ewo operators do not
commute, then 2 rype of uncerwinty relation connects the precision with which
the two abservables can be determined.

To demonsttace this, we must first agree on a definition of UNCETRIngy.
A natutal definirion is

(BA) = (A%} — (AP (6-53)

also called the dispersion. It has the advantage that it does not vanish even if
{4) = 0, and it vanishes if the expectation value is tken in an cigenstate of A,
Note that we may also write this as

(AAP = (A — {A)*) (6-34)

(A2 = 2A{A) + (AP} = (A7) — (A)A)
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This shows that (A.4)® deals with the magnirude of fuctuations abour the mean.
It is seraightforward to show (see Appendix B) that

(A} aB) — {({AB]F 20 (6-55)
Thus for x and p, for which [x,p] = i, it follows that

(axPlapy = 2 (6-56)

Notice that in the derivation no use was made of wave properties, x-space or
p-space functions, or particle-wave duality. Our resule depends entirely on the
operator properties of the observables A and B. .,

Let us now turn to the important question of the classical limit of quantum
theary. To do this we must first study the time development of expecration
wvalues of operators, In general, the expectation value of an operatot changes
with cime. It may change with time because the operator has an explicit time
dependence, for example, the operatat x + pr/m, and it also changes with rime
because the expectation value is raken with respect to 2 wave function that
itself changes with time. If we write

(A = f V) AYed) d (6-57)

2= [ S s
+ [ g
f ) AW';
- 2) G e
+ [ 4 )

24\ i [,.
- (g)ﬁ Efv (5.) HAW(s)

- f () AHY(n) dx

g
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thar is,

o a4 i
24y = <?_)' + = BAD, (638)

In the derivation we made use of the fect that H is a hermitian opetaror, We
observe that if 4 has no explicit dme dependence, then the change of the
expectation value for any state is
d i .
= A= o (HAL (6-59)

If the operator commutes with H, then its expectation valuc is always constant,

+ that is, we may say thar the obrernable is @ constans of the mosion, If che Hamiltonian

is one of the complete set of commurting observables, then all the others are
constanes of the motion. _
Let us consider successively A = xand A = p. We first have

ix)= 7 (Hx])

(25 veos])

Mow x commutes with any function of x,
|V{x}|xj =10 Eﬁ'm}
s0 that we only have to calculare

[#*.x] = ppx] + [px] p

2
e {6-61)

¥

dt

Thus we obain

:{x}=(P) (6-62)

Mext we have

0= ([ £+ o))

= — < Vel (6-63)

singe * and p evidently commute, To evaluate the last commutator, we note that
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h o \ fi d
PV i) — Vix) ) = e [Fix) ix)] = l Fix) E\H’x]
fi )
- ﬂ;{: #ix (6-64)
%0 thar
[p.V(x)] = Ei_ﬁ";i"? (6-65)
and thus
d dVix)
foe) e
We may combine (6-62) and {6-66) to obtain
a dix)
nﬁ {x}, = — (T); {lﬁ-ﬁ?}

This looks very much like the equation of motion of a classical point particle
in a potential Fx)

dxa  dV(xa)
me (6-68)

The only thing thar keeps us from making the identification
X = (x) {6-59)
is that

(‘””} » g—w V() (6-70)

Under ciscumscances where the above inequality becomes an approximate
equality, the motion is essentially classical, as was ficst noted by Ehrenfest. This
requires that the potential be a slowly varying function of its argument. If we
write

v

I (6-71)

Fix) = —

then

o
F = (o + G () Flgen + 5 S py
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i the uncermainty (Ax) = ({x — (x))*) is small, and the higher terms in the
expansion can be neglected, then we have
(Flx) )= F{x)) + {x = {x}) F'(4=)
= F({x}) (6-72)
B8 Itisindeed true chat even for clectrons and other subatomic paricles, (6-72) can
ﬁf\ be valid. For macroscapic fields {(6-72) is a good approximation, and this allows

" us to describe electron or proton orbits in an accelerator by means of classical
] i equations of motion,

Problems

1. If Aand B are hermitian operators, prove that (1) the operator AR is
only hermivian if 4 and B commute, that is, if AR = BA, and (2) the operaror
(A + B)* is hermitian.

2. Prove that A + A" and #A — A") are hermitian for any operator, a5
is AAY

3. Prove that if H is a hermitian operator, then the hermitian conjugate
operator of e (defined to be 37 H~/n!) is the operator ¢—8.

i)

4. Prove the Schwartz inequality
Wiv)isle) = | (¥le)"
Note that this is equivalent to cos® # < 1 for three dimensional wectars,

(Hine. Consider () + M|¢ + M) > 0and calculate the value of & that mini-
mizes the Lh.s,)

3. Consider Eq. 6-38 and 6-39, Calculaze {$|¢ ) for an arbitrary ¢ in rerms
of {|s,), and show that it is possible to wriee

@¥) = T (plua) ()

In a sense the sum over a complete set of
E | 80 3 e |

is equivalent o the unit operatar,
7. If A is hermitian, show that (A = 0,
8. Consider the hermitian operator H thar has the property that
Hfm g




124 Cuanturm Physics
Whart are the eigenvalues of the operator H? What are the eigenvalues if H s not
restricted to being hermitian?

9. An operator is said to be unitary if it has the property that

Ut = 'y =1

Show thar if (|} = 1 then (L) = 1.

10. Show that if A is herminan, then ¢ is unitary.

11. Show that if the {&.| form an orthonormal complete set, with

(| mp ) = B
then the set
e} = Ulue)
with L unitary is also orthonormal. (The meaning of the above is a unitary
operator acting on a set of “basis”™ siares yields another set of “basis” states.)
12, Use the definition of Ax and Ap given in (6-34) to show that

Ap Ax ~ fin

for a parricle in an infinite box in the scave characterized by the quantum oum-
ber =

15. Show that if the herminan conjugate operator A' is defined by (6-27),
then

[ atasent v = [ v o

{Hamr. See foomote 1, p. 115.)

14. Use the commutation relations between the momentum p and the
position x to obtain the equations describing the time dependence of (x) and
{#) given the Hamiltonians

{a) H = -Enf + dmlwdx® + wyx + )
" g A
(b} H= - + dmtxt -

Solve the first set of equarions (Hamiltonian {a)).
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Chapter 7

Operator Methods in Quantum
Mechanics

The discussion of the general structure of wave mechanics placed equal
weight on the operators that fepresent the observables, and on their eigen-
functions. Although the larter were at one point described as analogous to an
orthonormal basis of unit vectors in an N-dimensional vector space—which
would certainly downgrade them in impattance—chey, rather than the operators,
seemed to play the leading role in our discussion of the physical problems in
Chaptet 5. In this chapter we will show, using # simple example, {1} that one
- ean go very far toward finding the eigenvalue spectrum using the operators alone,
snd (b) that the description of eigenfunctions as 2 hasis can be made a lirede
more abstract. The later is important because so far we have only considered
functions that depend on x or on p. We shall see later that there exist observables
that cannot be associared with x-space in any direct way, and for these a moge
abstract notion of eigenstare must be developed. These remarks will become
somewhat clearer in the course of the solution of our example, the harmonic
wicellator probles !

The Hamiltonian has the form

He P + Lol (7-1)
im

where x and p are aperators. We do nor insist chat P be represented by (B/7}(d/dx),
The oaly vestige of the explicit teptesentation that we obrained in Chaprer 3 is
the statement of the fundamental commutation relation

I 1
[px] = = {7-2)

! There are few problems that are exactly sofuble, whethe: a5 differential equations ar
in operarcr form. This exsmple is the simplest and chus most suitahle for ous purposes,

127
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Chassically, the Hamiltonian could be factored inta

(B A )

but because pand x do not commute, we have

Wr R )
- L e )

= H = {7-3)

Let us now introduce the notation

A= IE"".u-+:'—":'—

W2 + 2me
A = w@:— rﬁ {7-4)

Since x and p are hermitian operarors, the labeling of the second operator with a
dagger is appropriate, The two operators do not commute. We may compure

=[] e
=k (7-3)
and rewsite che Hamiltonian in terms of the new operators,
H = Y+ wdld (7-6)

The simplicity of the Hamiltonian is reflected in the simplicity of the
commutation relarions of A and A" with H. We have?

[H A} = [eA'AA] = wfd"4] A
= —fiwd (7-7)

and similarly
[H,AT] = [wAlA,A"] = wd'[A,47]
Fiu A" (7-8)

# We shall make repeared use of the rules for commurators exhibited in Appendix B:
[A+ B, C] = [A ) + B Cland | 4B, C] = AB, C] + |4, C]18
1t is, of course, easential that the onder of operatars not be disturbed.
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k. Incidentally, it is a useful technical trick in desiving commutation relarions
. involving hermitian adjoint operators to cecall chac

i [A.B]' = (AB — BA)' = B'A' — A'Bt = [Bt.A" (7-9)
F In particular
(HA]' = [4"H] = — [#,4"
. = (—hud) (7-10)
from which (7-8) follows,
Let us now write down the eigenvalue equation, which reads
Hiig = FEug {7-11)

¢ In the past, whenever we wrore down such an equation, the implication was
b that H contained some differential operators like &/ de and that sy was a funcrion
b of x. That was appropriate when our operators were specifically tied to the space .
¢ defined by all square integrable functions of x, but in whar we ase doing now,
. we are not being very specific about whar our operators operate on, We shall
; assume that chey are defined in some abstract vector space, and relace that
b abstract vector space to the space of functions of x later. To rranslace this
f - abstraction into the language that we use to describe the equations, we shall not
speak of eigenfunctions but of eigensates, and what we called wave functions
ot wave packers, we shall now call stage vectors. Thus the eigenfunction w.p,, .(x)
of the maximal commuting set of observables can be replaced by the eigenvector
ot eigenstate of this maximal commuting set, 4as.,,m; the labels a, 3, . . ., m Eive
the values of the eigenvalues of the observables A, B, . .., M, and this descrip-
tion, without the x, does explicitly show the maximum information content.
Let us now rake (7-7) and have it act on me.

Hz"!lrg - A.Hﬁrs = —ﬁw({#;
With the help of (7-11) this becomes
HAug = (E — fiw) Aug (7-12)

This cquation states that if g is an eigenstate of H with cigenvalue E, then Aug
i is also an eigenstate of H bur with eigenvalue £ — R, that is, with energy
" lowered by one unit of

0 = fu (7-13)
We may therefore write
Awg = {Ef ug_, (7-14)

The constant o(E) is necessary, since even if ug is normalized 1o 1, Aug need noc
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be. In our emphasis on separation from x-dependence; the normehization condi-
tion that was always written s

fu;:(x} uglx) dy = 1

is now, using the notation defined in (6-18), written as
{weg | wg ) = 1 {7-1%)

We shall always normalize all eigenstates to 1, unless they belong to the con-
unuum, in which case
HE — EY
(ug|ug ) =
or §(p — p') (7-16)

If we now apply {7-7) to the st g, we find, in exaccly the same way,
that Aup_,, of, equivalently, A*wp gives a state of energy £ — 2¢. Thus by
repeated application of the operator A to any s we can generate states of lower
and lower energy. A is approptiately called a lowering aperator. There is 2 limit to
how many times it can be applied, since it is a consequence of (7-1) that H must
always have positive expectation value, For an arbitrary wave function

Wil =f¢'[-ﬂ Px) dx = f[?*ﬁ-r}]* (p¥) dx
= f [PA]® ()]

= ﬁ’fl#{-ﬂfif"dr =0 (7-17)
which we rewnite in our coordinare-Jeemphasizing way as

WlFlw) = (Felpw)
=i{wpizo (7-18)
Similarly, since x is also a hermirian operator
Wlatlg) = ()
= (oplap) 2 0 (7-19)

and all scalar products of vectors with themselves yield the square of their
length, chat is, 2 positive number. Thus our lowering procedure must ead some-
where, and there is a grownd state, which we will now denote by w,, beyond which
lowering ends. This must mean that

Aug = 0 {7-20)
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The encegy of the ground state is
Huy = (wA'A + $hw) o = Yo m {7-21)

Let us apply (7-8) to the ground state;
HA'wy — A'Huy = hwd'a,
that 13,

HAwy = (e + i) A'uy (7-22)
The energy has been raised by cne unit of fw, and A" is aptly described as a
raising operator. We will change our nowation a licde, namely, label the stare by

the number of energy units ¢ = fiw it has over the ground state energy 3.
Thus we write

Ay e oy, (7-23)
Note that (7-12) implies thar
Auy = "uy (7-24)

s0 that A' and A move up and down the same “ladder.” All the scates may be
genetated by repeared application of A" to w. One consequence is thar the

energy spectrum is given by
E={n+ ke nmwo1,2... (7-25)

We bave succeeded in obtaining the energy spectram withour solving any
differential equation, We have also a general representation of the cigenvectors

1 AT n
e = W ﬁ iy (7-26)

where we have put in the correct normalization constant,” With the help of this
representation, we can prove the orthogonality of eigenstares corresponding 1o
different energies, What is involved is an evaluation of an expression of the form

g A=A g b
and this is done by commuting A's through the A"s to the right, where, ar the

" For the algebesically onicnred reader, we describe bricfly the way in which this is
derived. With (A" = cu we have [e]? fwafug) = o)t = (AT ay| 04T 0y) =
{oal A=A a0},

Now we may use {7-3) 1o desive the relation AM(A")* = A" [alil4T)= 4 (A"1%4], When
this is put berween {wq| - - . &), the second texm on the rhus, venishes and we ger the re.
cursion relation [ |* = &l |62

S | mUEDR | ¥ = wl(K). We can, without loss of genemlity, choose ¢, real.
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end, they acr on &y giving a vanishing resule. Using (7-5) we see, for example,
that

AAP = AlA'A + B) A = RA(A')
+ AANA'A + k) A" = 3RA(AN) + A4 A4

The last term, sandwiched between the u, gives zero because Asy = 0, and the
first tesm can be manipulated in the same way to fnally give 624", Now

{aig| Awy} = {Asiy| ) = 0 (7-27)

so that we hive proved {ws|sy) = 0. This procedure, when followed in the
general case, allows us to prove thae

Halta) =0 m=wn (7-28)
The statement that an arbiteary state vecror can be expanded in eigenstares
of H now reads in the coordinate independent way
¥= 3 Cu (7-29)
APy

and SINCE {og| iy} = Bup, we have
Ce = (W) (730)

We digress beiefly from the main cthruse of chis chapter to point out that
the rising and lowering operators may also be used to advantage in salving cthe
harmonic cscillator equarion. [n x-space, (7-20) reads

( ||r_x + 5 ‘V‘l_) wylx) = 0 (7-31)
Using the x-representation of the operator p, p = (fi/#(d/ ) this is
(m v h %) ulx) = 0 (7:32)

This is a simple differential equation, whose solution is

unlx) = €~ (7-33)
The constant C is determined by the requirement thar #y(x) be normalized ro
unity;

R P

B W12
- (i)
P
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thar is,

L]
c= ( m) (7-34)

3
We may also obtain the excited states by working out in derail

—ail

— fA*:" galx)

+n!

! mw AV e Ii N matf2n
) Wl e o

This is, in fact, 2 very compact way of writing out the general solution of the
differential equation.

We have succeeded in making the poine that one can solve for the eigen-
values of the harmonic oscillator using operator methods alone. For this problem
all thar is needed to specify the eigenseates is the eneigy, thar is, the integer

=012 ... appearing in

) =

E=(r+ %) fiw

aad thus the complete set of commuting obsetvables consists of H alone.* Thus
the label # on the eigenstate &, describes its whole content. We would therefore
be quite willing to give up the privileged role of the eigenfunction in x-space,
6a(x), except for one point: u.(x) does provide us with more informartion in that
it gives us the probability density [via |w.(x)| ] of bnding the particle at x, Does
this additional content single out the x-space wave function after all? Ler us
recall the role of the wave function in momentum space g{p) that appears in
Chapeer 3 for example. As the Fourier transform of the x-space function it
mighe have had some claim to a privileged role, but later, in (4-59), for example,
we explained thar ¢(p) was “merely” an expansion coefficient of an arbitrary
¥{x) in cigenstates of the momenrum operator, and that is why its absolure
square yielded the probebility of finding s momenrum £ for that scate. Similarly,
the fact that |¥{x}|? yields che probability density of finding x for the position
of the system could be interpreted by the statement that ¢{x) is the expansion
coefficient of an arbittary abstract state in cigenstates of the position operator
¥ap. We write the eigenvalue equation abstracty as

Xoghe = xth, (1'3"5_}
keeping x a5 8 subscripe to stress that it is 2 label of the eigenstate, just as u is the

label for &, The spectrum of x,p a hermitian operator, is continuous, 5o chat

* The parity is cortmined in che libel n. Stares with # sven are poditive parity states,
and those with # odd have negative parity, This follows from the face thar under reflection
Aand A" are odd,
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the cxpansion theorem, instead of taking a form like (7-29), really teads

‘- - fﬂfi cfX:' # {?‘5?}
Since the cigenstates defined in (7-36) form an orthonormal set,
(‘?:l‘s’:l' = #x — =) (7-38)
we can derive
Clix) = {g|d) (7-39)

and this quanriry 15 the probability amplitude for finding 2 particle at x—more
specifically, the measurement of the chservable x will yield the sigenvalue x with
probability | Cl=)|® All we have to do is change the notation, rewriting (7-37) as

. f () 6. (740)

to show char the wave function in x-space has no privileged role, and we use it
only as a marter of convenience. The basic principles deal with operators and
their cigenvectors and eigenvalues in an abstract space, and che rest is a matter of
representation. The lawer is, of course, crucial in obtaining numbers, which is
what physics is all abour, That is why we will not lay too much stress on the
formal structure of the theory, and coatinue using wave functions, Later we will
have to dezl with operators that have no classical analog, such as the intfinsic
spin of electrons and ather particles, and there we will exercise our freedom o
use piher fepresencations.

We conclude this chaprer by discussing the time development of a system
in our fepresentation-independent way. The rme-dependent Schrédinger
equation

w0 o i G-41)
dt
is now an opetator equation in an abstract space. Y{#) is & vector, and it points
in & direction that depends on time. The equation can ezsily be solved. The solu-
tion is
W) = e g(0) (7-42)
where $(0) is the vector at tme £ = 0 and the uprmmn"""""" is defined by

N L
Bl ?1!

{7.43)

The solution (7-42) allows us to describe the change with time of the expecra-
tion value of some operator 4 that does not have any explicic rime dependence:

(Ade = () Ag())
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= (" Y(0)| 4 T gl0))
= {pl0)] ™™ AT ()
= (W0} Al #l0))
= (A * (7-44)
We used
(e~ o A A (7-4%)
aleng the way, and defined
Aff) - 4 (7-46)

What (7-44) says is that the expectation value of a time independent operator A
on a state that vaties with rime as (7-42) may be wtitten as the expectation value
of a time-varying operator A(s) [given by (7-46)] in the time-independent stare
¥i{0). This is very useful in the formal discussion of quanturmn mechanics, since it
is convenient to set up a basis of orthonommal eigenvectos in the abstmcr vector
space once for all, and not worry about how the basis vectors change with time,
When we do this, we are working in the Heienberg picture, whereas keeping A
without time dependence means that we are working in the Schridinger piciure.
The result is the same, whatever picrure we use: this is analogous to che option
of deseribing 2 rotting body relative 1o a fixed set of axes, or of describing the
body at rest in a rotating coordinate system. The choice is one of convenience.
If we do work in the Heisenberg picture, then state vectors are fixed, and we
need not refer to them. How an observable varies with rime is determined by
(7-46}, which yields

d Lo T S TR — ikl
i . =7 A I W ey
; Al 5 ¢ £ % M AL e
- ! HAG —j. Al H
=% 0] 5 (4]
= —; [H,A()] (7-47)

a form remarkably like (6-59). That equation was an equation for expectation
values, bur since its forn was independent of the state in which the expectation
value was taken, it had to reflect opetator properties, and (7-47) shows that
explicicly.

For the harmonic oscillavoe

H = wA'A + 3
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and since H is & constant of the motion, we have

H = wA) Al + e (7-48)
We can also show, using (7-46), chat
[Al), AN =& {7-49)

Hence (7-7) and (7-8) sall have the same form, and we get

d .
E Alt) = —iwAlr)

i
e 2 1] =
— A = fwA (7-50)

Thus the ume dependence of A(f) and A'(¢) is cbrained by solving (7-30), with
the result that

Alf) = ™™ Ao}
A'f) = & A'(0) (7-51)
Using the relation {7-4) it is easy to show that
piey = pl0) cos ot — muwx{D) sin w

20)

x{f} = x{0) cos e + —— s5in wf (7-52)
fat)

expressing the operarors x(f) and ps) in cenms of the operatars +(0) and p(0]).

Problems

1. Use the commutation relation (7-5) and the dehnition of the soare =,
given in (7-26) to prove that

Aup = Ul‘ﬁ’iw—L

(Hirs, Use induction, chat is, show that if chis relation is true for g it is oue for
n + 1, and establish it directly for n = 1.

2. Use the above relation to show that if f{A") is any polynomial in A,

then
df (A"
Af(A) 5y = F % #.
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Mote that representing A in the form

d
=Hh
4 dAr

is consistent with the commutation relation {7-3) and is quite amalogous to the
I‘E‘P{'ES!'HIII’JDFI.
i o4
P

3. Gulculate the form of (4.|x|4a), and show that it vanishes unless
no=m=t 1.

(Héms. It is sufficient 1o calculate {w,| 4| x. ) since (o | A} = {Awy|un) =
{wa| A|2,)*. Use the results of Problem 1.)

4. Use the results of Problem 2 to show that
EATAT) wy = A" + M) gy
(Hin. Expand the exponential in a series, and use the fact thar

foeta) = T2 po)

Fo) = 5 00
to work out this problem. )
5. Use the results of Problem 4 to establish the operatar relation
SALLAY) M = (AT 4 M)

Note that an operator relation must hold when it acts on an arbitrary stare, Let
an arbitrary state be of the form g(A") w. Thus what must be proved is that

4 f(AY) M g(A) wy = flA + M) (A my
This can also be proved from the general relation
t
AT M = AT 4 WA AN 4 }. (A, [A44] + ..
6. Use the above relation to prove that
AHAT et At e
The procedure is the following. Ler
Pl N

Differentiation with respect to A yields

{2 + bAY) HEARAN o 4 pod gy 4 paa :lﬁ
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that is,

fad + bAY & L) = ad M (PN + & %f
Use Problem 3 o show that

ﬂT — t
o = A" — ) FOV

s thar
F(\) = E,'url* P L

7. Use the procedure of problem 5 to show that
M fA) ™M = flA - AR
Show from this that,
AATEAT AT e T

using the method outlined in Problem 6.

8. Use the above result to thow that
gih = U TTRaAT VEmai A, — (A )

Mote that x = (1/4/2me)(A + A')
Use this expression to calculare
Cain| €57 | g )

9, Show thar the result obrained sbove is the same as the one obtained
from

f dx sig{x) % uglx)

10. Use the gencral operatoc equation of motion {7-47) to solve for the
time dependence of che operator x(2) given that

H= % + nigxir)

1i. Consider the Hamiltonian describing a one-dimensional osciilator in
an external electric fizld.

H= F% + dmotx) — eBxit)

Calculate the cquarion of motion for the operators pl#) and x(#) using Eq. 7-47
and the commutation celation

i
[pl)xi)] = -
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Show thar the equation of motion is just the classical equation of motion. Solve
for g1} and x(¥) in terms of p(0) and x(0), Show thar

[*(n) ()] = 0 for & #=
This shows that operators that commute at the same time need noL Comimute at
different times,

12. Use Eq. 7-35 to calculate the eigenfunctions for n = 1,2, 3 Naer Be
sure ta keep track of the ordering of x and #/dy in the expinsion of the binomial
SERes,

References

The marerial discussed in this chapter is also aeated in almose all of the books
in the reference list ac the end of the book. The student is encoutaged o look
up some of them, since it is always useful to see the same basic matenia] pre-
sented from different points of view,






chaprer 8

N-Particle Systems

Ouwr discussion of a single paricle is easily generalized to an N-particle
system. The N particles are described by a wave function ¢(xy, s, . . . xy) that
15 normalized such that

f. . -fffﬁt‘ifz- - diw | xixs, ..., xn) 2 (8-1)

The interpretation of |z, x, . . . cxn)|tisa generalizicion of the interprecs-
tion of |y{x)|? that is, it yields the probability density far finding particle 1 at
xy, particle 2 at xy, . . . particke N at xy. The time development of such a wave
funcrion is given by the solution of the differential equation

]
:'ﬁ-a‘—p;-{x.,...,x~;1}=f-ﬁl.-[x.,_..,x,.-;:} (8-2)

where the Hamiltonian is again constructed in correspondence with the classical
form

N 2
H=% P + Vlxy, X5, . .., xx) {8-3)

i 2y

1 @ 1o
= =R f— — S -
H (2'“1 2t + ...+ - r'.‘i.tﬂ*) + Fia xn)  {8d)
The whole formalism of quantum mechanics developed before is easily gen.
eralized, with the proviso thar opetators describing single particle obsecvables
commute when they sefer to different particles, for example,

i
[poid = + by {8-5)
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If there are no external fields, such as the common gravirational field of the
earth, or externally imposed electric or magnetic fields, then the porential energy
can only depend on the relative separation of the particles, thar is,

V= Fix — x50 — X3, ..., X1 — Xx) (8-6)

This must be the case, because in the absence of any external agency that some-
how determines an “origin,” the displacement of the whole system should not
change any physical properties of the system. In other words, the form of the
potential (8-6) is & consequence of the invariance of al! physically significant
quantiries onder the oansformarion

Xi—x:+a (8-7)

A very impormant specia) case of (8-6) is the case of rwo-body forces, in which
case

Ve 3, Via— x) (8-8)

i

The summation is over all indices § and §, subject to the condition ¢ > f 1o avoid
double counting, &nd the counting of i = j. Actually, in the description of
elecrrons in an atom, we will be dealing with the commen Coulomb potential,
as well as the elecuron-electron repulsion, and there the nucleus provides an
origin. The potential in that case is a three-dimensional generalization of

N
T Wi+ L Vi - x) (8-9)
=1

L]

When there are no extemnal forces, then in classical mechanics the roml
momenrum is conserved, This follows from the equations of motion

! : Fix X ] {8-10)
B e — = — . gy — X
L : e 1 Xy, X X3, 2 KN {7}

a comsequence of which is that
d dx, 0
EEF Ml?" EEV‘:’GL“%~--1-”N—I_XM} (8-11)

Ll
=0

The reason for the vanishing of the right side of the above equation is thar for
every argument in ¥, there are equal and opposite contributions that come fram
2 ©/dx, acting on it. Thus

P= Z m% (8-12)

is & constant of the moowon.
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In quantum mechanics the same conclusion holds. We shall demonstrate
it by using the invariance of the Hamiltenian under the transformation (8-7).
The invariance implies thac both

Huglxy, xs, . .., xn) = Fuglx, xs, . ., . Xin) (8-13)
and
Huglx\ + a,x:+ a,... x5+ a) = Enplxi+ a, x4 a,. ., xy + &) (814)

hold. Let us rake o« infinitesimal, so that terms of 0(e®) can be neglected. Then

s+ a4, xyta)=ulxn, .. )+ a sl ..., xx)

D

a
ta—ulx, ..., x0)+ ...

Br:
]
~ulxy, ..., a8+ a Z .. wlx, ..., xw)

and hence, subtracting (8-13) from (8-14)
¥ o N o3
alH ( g a—r{) Rgfx], Poe k;.r:' d’_E ( E a":;) t‘(.\':' ey x.ﬁ"_}
Zal)ﬁﬂ' T.....,x,'d'}

o0
= ( E ') Huglxy, ..., xx) (8-13)

It
B

If we now define

il D 4
- = g &)
F i ;EEP (8-16)

we sce that we have demonsorated thar
(HP — PH) uplz,, ..., x5) =0 {8-17)

Since the energy eigenstates for N-particles presumably form a complere set of
states, in the sense that any function of xy, xs, . . ., xy can be expanded in rerms
of all he wg(x, . . ., xy) the above equarion can be ranslated into

[HP] pix,, .. xg) =0 (8-18)
for all §{xy, . . ., xw), that is, into the operator relarion
[H.P] = o {8-19)

I
This, however, invplies that P, the tom] momenrum of the System, is a congdant of
#he mation. This is a very deep conscquence of whar is really a starement about
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the nature of space. The scatement that there is no origin, that is, that the laws
of physics are invanant under displacement by a fixed distance, leads to a con-
servation law. In particle physics there are no potentials of the form chat we
consider here; nevertheless the invariance principle, as stared above, still leads o
a conserved total momentum.

Our main interest will be in the fuwo-pariicle iystem, which we discuss next.
TFor two noniareracting particles we have the simple Hamiltonian

_n
H=ow o (8-20)

We might expect char since the two particles are totally uncorelated, the proba-
bility of finding one at x; and the other at x; is the product of rwo independent

probabilities
Plxy, x0) = P{x1) Plx) {8-21)
Thus we expeet that the solution of
(— ::Em"a%lﬁ - z% a%) wlx, xg) = Ealx, xs) (8-22)
should be separable into
sl 25) = (1) alocs) (8-23)
Substiruting this into (8-22) and dividing by (x,, x:) we get
— (/200 ) (1) / ) n — %/ 2my) (Palva) /)
$i(x.) balxs)

The two terms in the equation depend on different variables, and that is why we
set both of them equal to the constants By and Fs srespectively:

E  (8-24)

E=E+ E
Rt ()
- — et — {
2my  dx’ Eud(x1)
Bt i) .
amy dx? Febin) (8-23)
The two cquations are easily solved, and we gec
wlxmag) = € ot (8-26)
with
2m,E 2
b= 0 k= B (627
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Ler us now rewrite the solution using the coordinaces
X = X — Xy
my 4wy
N= " 8-28
4 ma { }
that is, the separation between the particles, and the center of mass coordinate,
If we write
myy + g
by + oy = alx — ) + g — — T2
my

we find that
A=k 4+ k=K
nighy — kg
- —————— g
w1+ m
50 that the solution has the form
wlxy ) = € pEX giks (8-29)

whete K = &y + &s is the wave number carresponding to the total momentum,
and & is the wave number corresponding to the relative momentum. The first
factor represents the motion of the center of mass, and the second factor is the
“internal” wave function. The energy may be written as

RAKE Atk 1 1
- 20w + my) + 2 (J;: + ;.) (8-30)

The firse factor is the energy of the two-particle system, with mass my + my
moving freely with the total momentum; the secand term is the inrernal enetgy.
If we introduce the reduced maw p, defined by
1 1 1
- -4 — (8-31)
A M oy
then the veom is £%/ 25, which is effectively 2 one-parricle energy, namely, that
of a free particle with mass u and momenrum &,
When the Hamiltonian in (8-20) is altered by the addition of a potential
that depends on x1 — x; only, then we have

it o L o
(' Zm Dt 5;,@) sl + Vix — x) wlxx) = Bulxe) (8-32)

Using the coordinaces
X=X o~ iy

x=?'—l’“+’“1'f_i_n+£_x’ '
my -+ my L] y

(8-33)
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50 that
¥ = X LA
iy
M . .
xge X— —x (8-34)
ms

" a litcle algebra shows that the equation takes the form

i & it oot
(— ;{Ew_ﬂﬁ - _EJ'; ot + V[.t'}) wlx, X) = EalxX) (8-35)

If we write
wle, ) = £5X glx) (8-36)
we Bnd that the equation for ¢(x) s
i dglx) .
— ———l Y plx) = -37)
w de T Vix) $lx) = edix) (8-37)

that is, a one-parucle Schrédinger equation with reduced mass, and energy
S
2(my + ma)

In Chaprer 9 we will obtain the separation in 4 somewhat more sophisticated
way. We now turn to the problem of sdentical particles.

There is compelling evidence that electrons are indistinguishable, If this
wete not so, then the spectrum of an stom, say, helium, would vary from experi-
ment to experiment, depending on “what kind" of clectrons were contined in
it. No such variation has ever been observed. Similarly, nuclear spectea are always
the same, indicating that protons are indistinguishable, as are neutrons. Similar
evidence from high enesgy physics experiments indicates very swongly thar
other particles, for cxample, pi-mesons, are also indistinguishable. This is &
purely gquantum-mechanical propercy: in classical mechapics it is possible o
follow the orbirs of all particles (in principle) so thar they are never really
indistinguishable,

We shall leam that electrons are characterized by an internal quantum
numbet, called the spin, and thus their states must include in their description
the spin label. This has a further effect on the consequences of indistnguisha-
bility, which we discuss next.

A Hamiltonian for indistinguishable parricles must be completely sym-
metric in the coordinates of the particles. For a two-particle system, if there is no
dependence on the spin labels, the Hamiltonian is

e= E (=-38)

T i
o= L + Vizixw {8-39)
2m 2w
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with
Vixe) = Vixss) (5-40)
We write this symmetry symbolically as
H(1,2) = H{2,1) (8-41)

and it 15 understood that if the Hamiltonizn does depend on the spins of the
particles, then the spins are w be included in the labeling “1,”" "2."" A wave func-
tion for an N-particle system, with all the particles icentical, will be denoted by
(1, 2, .., N),and this stands for the more explicit >y, o0; X5, 005 . L 2 Xy, o)
where the o:5 describe the spin states,

For a two-particle system the energy eigenvalue cquation reads

H(1,2) u(1,2) = Eup(1,2) (8-42)
Since the labeling does not mater, we may write this as

HI2,1) wg(2,1) = Eaug(2,1) (8-43)
On the other hand, using (8-41) we dsw;: have

H(L,2) wg(2,1) = Eug(2,1) (8-44)

If we now follow the formal approach that we used in our discussion of parity,
we will inttoduce an exchange operaior Pyy, which, cting on a state, interchanges
all coordinates (space and spin) of particles 1 and 2. The definition of P, implies
that

Pyg(1,2) = @(2,1) (8-45)
Eq. 8-44 may be wrirten as follows
HP3 wg(1,2) = Ewg(2,1)

= EPy; wg(1,2)
= Py Eug(1,2)
= Py Hugl1,2) {8-d6)
and this, 35 usual, implies the operator relation
[HPy] =0 (8-47)
Thus Pryi-like parity, is a constant of the motion, Also, like parity
(Pi2)® 9(1,2) = ¥(1,2) (8-48)

so that the eigenvalues of Py are 41, The eigenscates are the symmetric and
anusymmetric combinations

¥O0.2) = o [W1.2) + W)
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01.2) = 5 0.2) = 92D (8-49)

The fact that Py is 2 constant of the motion implies that a state thac is sym-
metric ar an initial tme will always be symmetric, and an antisymmetric state
will always be antisymmerric.

It is an important few of mature that the symmetry of antisymmetry under
the interchange of two particles is a chaacreristic of the parricles, and not
something that can be armnged in the preparation of the initial state. The law,
which was discovered by Pauli, states that

1. Systems consisting of identical parricles of half-odd-integral spin
{ie., spin 1/2, 372, . . .) are described by antisymmetric wave functions. Such
particles are called fermions, and are said to obey Fermi-Dirac SEAtiSTics,

2, Systems consisting of identical particles of integral spin (spin 0,1, 2, .. J
are described by symmerric wave functions. Such pamicles are called bosons,
and are said to obey Bose-Finstein staristics.

The law extends to N-particle states. For a syscem of N identical fermicns,
the wave function is antisymmetric under the interchange of any pair of par-
ticles. For example, a three-particle wave function, properly antisymmetrized,
has the form

1
| - — —
$H(1,2,3) ﬂ[ﬁ1.z,a} #(2,1,3) + ¥(2,3,1)
— ¢{3,2.1) + $(3.1,2) — ¥(1,32)] (8-50)
whereas the three identical boson wave function has the form

$E(1,2,3) = ﬁ (12,3 + $(2,1,3) + ${2,3,1)
4 9(3.2,1) + $(3.0,2) + ¢(1.3,2)] (8-51)

Let us now consider 2 very interesting special case, in which N fermions
do not intersct with each other, but do interact with a common potential. In
that case

N
H= Z Hy (8-52)
where
#
! Ho=-"—4 V':rl} (8-53)

2m
The eigenstates of the one-particle potential are denored by sglx) where

Hovg(x) = Epug, [x:) - (8-54)
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A solution of

Hugll,2,. . . N} = Eug{l,2,..., N} {8-55)
i3
se(l2, . N = ag ) sglx) . .. wg(an) (8-56)
where
EE+E+... +Ey=E (8-57)

In (8-36) we suppressed the o; labels that go with the x; Our rask now is to
antisymmetrize (8-36). If there are only two particles, we evidently have

1
ati1,2) = V3 (w0} wmixe) — wm(x0) wm, 0} (8-58)

With three particles, the form is
Wi(1,2,3) = \:—,E[nz,{xﬂ w(a) () — () ) )

+ ux(xe) we) vp,(x0) — wp,(x) wg,(xs) wg,(ey)

+ smlx) onlx) ve () — wp,(x) wglx) vg,(x)) (8-59)
For N particles, the answer is a decerminant, the so-called Saser desermmant:!

1 |

#4132, ..., Nl = _-hﬁ CPRESY s ) L. g, (xw) |
(umn) el . mGe)
ug, (x1) upglxs) .. g, () | (8-60)

Clearly the interchange of two particles involves the interchange of two columns
in the decerminint, and this changes the sign. If two electrons are in the same
energy eigenstate, for example, B, = Ey, and if they ate in the same spin state,
i that is, the spin labels arc :heism:n: o1 = gy, then the determinant vanishes when

_ ¥ = xz-that is, the elecirons cannar be at the same place. Thus the requirement
of antisymmetry inmroduces an effective interaction berween two fermions:
qualitatively we see that two particlessin the same stare tend o stay away from
each other, since the joint wave function vanishes when their separation goes
to zero, Thus even noninteracting particles behave as if there were a repulsive

'"The wave function for N identical bosons is tocally symmetric, and the general
form is obtained by expanding the determinan: in (8-60) and making all the signs positive,
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interaction berween them. We will see that 2 complere set of commuting
observables for electrons includes an additional two-valued observable associated
with the spin. Thus a state of given energy, angalar momentum, panty, and so
on, can be occupicd by two electrons (of opposite spin variable), but by no
mate than rwo elecrrons. This is a restricted version of the Pawli exclusion prineiple.

The statement “no two electrons can be in the same quantum state”
suikes one by its global nature. Suppose we have 2 hydrogen arom in the
ground state on earth and another hydrogen atom in its ground state on the
moon. Does this mean that the two electrons must be in opposite spin sates?
To answer this, we note thar g specificacion of the state of the two electrons
requires not just a statement that che electrons have spin “up” or spin “down”
and that they are in the ground states of their respective atoms, but it also
requires  specification of the energy of the atoms, How well do we know these?
Suppose we consider a box of width L, and suppose the atoms are localized in
0 < x < Lidand 3L/4 < x < L mespectively. Then the momentum of the
atoms can be derermined with an accuracy that is restricted by the uncertainty
principle. The possible values of che energy are given by

i
T aMLr
from which we deduce that possible values of the momentum are

ir_rr
F=

{841}

Measurements of the momenta of atoms are restricted by the uncertainty
relation

nhi nfi .
~ ~T (8-62}
and hence their energics can only be determined with an accuracy
hten’
AE ~ 'E;f ~ i {8-63)
This, however, is larger than
B — By 2% (8-64)
ML? '

In fact, for atoms separated by 1 meter, say, moving with velocity 10* cm,/sec
# ~ 10", so thar there is no possibility chat in & macroscopic situation there
will be conflict with classical intuition. In effect, if the two atoms are labeled A
and B, the question is whether there is a difference between using the wave
function () ¥six:) and
[walx) dulxs) — Walxa) dnlx)l
V2
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w describe the rwo electron state. We shall see in our discussion of molecules
that the overlap between wave functions Falls off exponentially with the distance
between the two atoms, When the atoms are far apart, it does not make any dif.
ference which wave function we use. When the atoms are close, a5 in a H.
molecule, for example, the value of w is of order 1, the wave functions do overlap
and it does make a difference whether one uses the uncorelated wave funcrions
or the antisymmetrized wave funcrions. Experiment tells us thar it is the latrer
that should be used,

An interesting consequence of the Pauli exclusion principle is thar che
ground state for N electrons in a potential is very different from the ground
state for N bosons or N distinguishable particles. Consider, for example, the
infinire porential box,

Fix) m o X0
=0 0 < &< b
= @ b < x {8-65)

The solution of the Schridinger equarion that vanishes ar x = 0and x — 4 is
given by

(X)) = sin mrx/b (B-60)
witha=1,23 .. and the enetgy cigenvalues arc
hitgin®
"7 Zmit (©67)

For N noninteracting bosons, the ground state has all the particles in the v = 1
state, and thus cthe energy is given by

fity®
E=N — {5-68
N 2mi 8-c8)
so thir the energy per particle is
E fitr®
N~ 2mp &)

For N noninteracting fermions the situation is quite different. Only two elec-
tons can go into each of the states v = 1, 2, 3, . . ., 5o that N/2 states are
filled. Thus the total enesdy is given by

Wi e N

=2 - ———
B oot T w4

{8-70}

In obtaining the last result we have assumed thac N is large, so that it does no
matrer whether the last level is Alled with one or rwo electrons, and we have used

Nis L TH 1 Ny
o o F-TEoR (R
E" f'. ? 5( )
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Thus the energy per particle
E_
N 24m¥
grows with N, Equivalently, for a given energy, the number of bosons filling
the well is propertional to E, while the number of fermions filling the well is
proportional to EY2, The highest level to be filled in the fermion case is the one
for which # = N/2, and its energy is
Ry = Rta® N
T Emb?
The subscript F has been put in because this energy is called the Fermi energy

We may write it in teems of the density of fermions, which in the one-dimensional
problem is N/b = p, as

Nt (8-71)

(8-72)

fitg?
Er = B g (8-73)
We shall setuen o the significance of these remarks in Chaper 9,

The exclusion principle plays an exttemely important role in the structure
of atoms, The enotmous richness in the variety of chemical properties of the
various elements is directly traceable to the fact that only a limited number of
electrons Can OCCUpY & given Snergy e.genstare,

Problems

1. Whar is the reduced mass of an eleciron-proton system? How does it
differ from the reduced mass of an elecron-deuteron system? What is the
teduced mass of a system of two identical particles?

2. Prove that the exchange operator Pyg is hermitian,

5. Consider two noninteracting electrons in an infinite potential well,
Whar is the ground stare wave function if the two electrons are in the jame spin
stare?

4. Consider two electrons in the same spin state, interacting with a
potentisl
o — xl) = =1, |-‘¢1—J¢':.£d
= 0 elsewhers

What is the lowes: energy of the two-clectron state, assuming that the total
momentum of the two electrons is zerod
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[Hins. Separate the equation in a manner leading to (8-37) and then apply the
Pauli principle. ]
5. Consider two identical particles, each of spin 0 interacting with po-
tential energy
Vixixg) = Klxe — x) = (x2 + x,)]?

where x; and —x, are the equilibrium positions of the particles.
What is the specorum of che two-particle system? Whar is the spectrum of
the system when the identical particles have spin 1,27

6. Coasider rwo identical particles described by the energy operator
H= H( pyx) + Hfﬁr,rﬂ
where
F!
Hpx) = “— + hmusts?
im
Separate out the center of mass motion, and obrain the energy spectrum for this
system. Show thar ir agrees with that obained by solving
Hﬂ"frl.#:] = Iif’»{xi,x,}
with
Plxnxs) = wlx)) mlxs)
Discuss the degeneracy of che energy spectrum.
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See any of the references listed 2t the end of Chaprer 6 and also
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chapter 9

The Schrodinger Equation in
Three Dimensions

The Hamiltonian for a single partice maving in three-dimensional space
reads

] PR '
R e N ©1)

which we write in the form

P
H= "=+ Vr) (9-2)
im
The three-dimensional momentum p has the representation
p=—V (9-3)

i
For twa paricles in three dimensions, the general form of the Hamiltonian is

2 ]
B P Ve (9-4)

H o=
2m, 2ma

If the porential depends on the separation berween the particles alone, that is, if
Vieyes) = V(ir = rs}) 19-5)

then the Hamiltonian is invariant under che displacement of the whole system,
ri— 1 + a,r:— 1+ a, and, a5 we saw in Chapter 8, this implies the con-
servation of the total momentum and & scparation of varizbles, In whar follows
we will achieve the separation by finding funcrions thar are simulraneous eigen-
functions of the commuting operacors H and P = p, 4 pe The momentum
eigenvalue equanon reads

Popfirirs) = P fir,r,) " (9-6}
155
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thar is,
2 @+ ¥ flrum) = P fleurd ©7)
If we write
firyrs) = ﬁh' ry, af; + frg) {;?-B]' _
then with R = ar, + frs, (9-7) reads S g f&?"}: My )
i ST
(ot 8) Vub(eR) = Py(r,R) {9-9)

that is, the variable ¥ = r| — ¥y is a consmant parameter as far as this equation is
concerned. Thus the solution of this equation 5

WrR) = ufr) /7 HHE (5-10)
We will now choose o and # 1o simplify the energy eigenvalue equation, which '

- —

reads - "
[— P oot - Eogasi v - Etm—l wlr) TR 0 (9-11)
Imy J

2y

Since

1
¥

.+ aVa
¥, + 0¥z (9-12)

this equartion takes the form i

a'P*
P-v, ulr) — m n{r}] |

x
_-r“.l

b3 it
["r’ ulr) + T

L o u _ P
= S [v,’ ulr) at+ Bk P-v, ulr) «t R ntrl]
+ Vi|r]) ale) = Eqeu u(r) {9-13)

after the exponential factor has been divided out, following the differenciation
with respect to R. This equation simplifies if the cross terms are eliminated with
the choice

o = M
g = ym: (9-14)
It then reads
it r
- ;#—T,‘ alr) + Vllrel) wle) = (Em; - m w(r) (9-13)

-
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where we have inrroduced the reduced mass 4 by

1 1 1
— = — (9-16)
o 1y my

This is really 2 one-particle Schrédinger equation with energy

i
2(my + my)

E= Eu - (517)
Thus the energy that enters into the effective one-pasticle equation is the toral
energy, less the kinetic energy of the two-parricle system, whose center of mass
moves with momentum P and whose toml mass is sy + ms,

The quantity y is not specified by the above equation. If, however, we
require thar the variable R be canonically conjugate to the total momenrum P,
thar is, if we require that

1
IFnRJ] - T {9-!3}
and s om, then we sec thar
f fi
IP]J + Paz, ey + ﬂ-ﬂ] = T :'5'- + ﬂ} - _J'- ':9'19}
implies chat
e+ F =1 (9-20)
that is,
1 . .
- my 4 ma 5-21)

The reason for carrying out what is after all a very simple separation of variables
in this scemingly complicated way is that this procedure will serve as an example
of how to proceed in the further separations of the one-particle Scheidinger
equation. Such a separation is possible when the potential depends on the
separation between the partidles, |r| alone. With |r| = r, the Hamilronian

Ft
H= — 1+ A (9.22)
2u

s invariant under rotations; V(r) is cermainly a function of the distance from the
origin alone and does not depend on the angular variables that locate the direc-
tion of the vector r; p? is also & scalar quantity, the lengzh of the vector p, and
thus independent of the criencation of p. Equivalenty p* = —f™"% is inveriane
under rotations. The sceptical reader can check chis explicitly by considering the
special case of a rotation chrough an angle § about the z.axis: with
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x' = xoosd — ysind
y = xsind + ycosd {9-23)
it is easy 1o see that
Po= (w0 (g )V

and

o\ LAY i) . Y , 2 a\F
(@) + (a_f) = (cusﬂ—b: - mnﬂg) + (smﬂa + cmﬂa)
a \? a e
-(2)+(5)
, Since the Hamiltonian has an invariance properry, e eXpect a Conservation
| law, as we saw in the case of parity and invariance under displacements. To

identify the operators that commute with H, let us consider an infinitesimal
roration about the z-axis. Keeping terms of order # only so that

® = x =y
¥=7+8 (9-24)
we require that
Haug(x — 0y, y + 8%, z) = Euglx — 8y, y + O, z) (9-25)
If we expand this to first order in # and subrract from it
Hug(xy,2) = Bug(x,y,z) (9-26)
we obtain
H (.r % -y %) uplxyz) = E (.t' % -y %) wpixyzr)  (9-27)

Since the tight side of chis may be written as

(xi 9 i) Hius(,7)

Dy dx
and since the wglr) form a complete ser, we find chat with
i a a
= =[x =y ) = Xty — e 28
,.(ray .l'ar) xpy — ¥ (9-28)

rhe commutation relation
[HL)] =0 (9-29)
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holds. L, is the z-componenr of the opcrator
L=rXp (9-30)

which is the angular momentum. Had we taken rotations abour the x- and y-axes,
we would have found, in addition, thar

[H. -L*] L]
[H, L] =0 (9-31)

Thus the three components of the angular momenum operators commute with
the Hamiltonian, thar is, the angular momentum is & constane of the motion,
This parallels the classical result chat central forces imply conservation of the
angular momentum.

We might be tempted ro lock for simultaneous eigenfunctions of H, L,,
Ly, and L,, but thesz do not form a complete set of commuring variables. For
example

ITLI'- Lr] = [}Pl — Ify, Ths — -’rﬁ;]
- e Z,ﬂ:] - [ZPQ.. Z_PJ: - [}P:- J‘_Pa] =+ [ZP:H xPI'I
¥ [.ﬂ'ruzl Pr + -"'[Z-P-] b

fi
= e — )
- = L, (9-32)
Similar]y
[Ly L] = L,
(L. Ls) = /L, (9-33)
Thus only one component of L may be chosen with H to form the commuting

sct of observables. We can do a little better, however, since 19-32) and {9-33)
imply that L* commutes with all three components of L:

(e L7 = [L,, L + L + L3 = [L, LA + [L., L,

Lallay La] + [l La) Le 4 L1y, L] + [L,, L) L,

= il Ly + iflyLy — AL L, — fL,L,

=0 (9-34}

and so on. We thus choose as our complete set of commuting observables the
operators H, L, {a purely conventional choice) and L. We could also have
included paricy, since the Hamilconian is manifestly invariant under x — —x,
« y—+ —yand r — —z, but, as we shall see larer, specificarion of L* determines

the parity.
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In Chapter 10 we will determine the eigenvalues and eigenfunctions of Ly
and L#; here we merely note that their use greatly simplifies the solution of the
Schebdinger equation. This follows from & relation derived below.

L= (r 3 p)t = [(r X pl® + [(r X plJ* + [(r X phl®
a ] a o]
- w50 )

_ﬁ:(_‘f‘__ i)(i_ i)
R AN
)

Ozdx e z (9-35)
as a lirtle algebra shows. Similarly
] 2 ] a ] a
p) = — —_— — = — —
ir-p) ﬁ’(xh_}aj+sm)(xax+jaj+zax)
& ot at o* e
=-ﬂ’(ﬂ§+)’¥+fg+ma‘x—a’-2ﬁﬁ
& ] ] o
+zum+xh+ya? +zaz) (9-36)
The sum of the rwo yields
o o a 3] ) ]
- V] [ T — — 4y —
ﬁ’(ﬁ’+1’+al(m, + e + 1.::m,)+ii“(:’r o T % +z az)
(9-37)

We therefore get the identity

L* + (rpf = fp* + ife-p {9-38)
Since we are dealing with operators, keeping track of the ocder of the rerms is
crucial, It follows from che identity thar

p = .]; |:IJ + (e p) - r‘f.-,r-p]
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h#

Fig. 9-1. The definition of the spherical coordinates used in the texr and che
relation berween the cartesian coordinares {x3.z} and the sphetical coordinates
(r.8.4). .

=—L*-f o (r ﬁ_)’ - i L 'E (9-39)

Thus the Schridinger equation takes the form

Flifa\( Yy 12 1
7 I G5 [ () Ry o
+ Vir) uplr) = Eugl(r) (9-40)

If we work in spherical coordinates (Fig. b-1), which is the narural thing o do,
then the only operator that involves the spherical angles 6 and & is LY. [ we
therefore pick eigenfunctions of the form

up(r) = Ya(0.8) Reulr) {9-41)
" where
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' LEYu(f) = AYa(0.8) {9-42)

is the eigenvalue equation for LY, then the equation separaces into {9-42) and a
putely radial equarion. Our procedure is really no different than the conven-
tional separation of variables. It does, however, stress the role of the symmetry
in derermining the complete commuting set of operatoes, and with this help the
separation can be effecred,

We have concentrated on the reduction of the three.dimensional energy
eigenvalue equation in spherical coordinares, since central potentials, for which
¥ = ¥r), are by far the most interesting ones. One other situation thar is of
interest 1o us is the case when the potential is of the form

Fixgz) = Vilx) + Vily) + Vale)
The equaticn

e f 0 o ot
— (— +—+ —-) splx .2 + [Filx) + V) + Valz)] welxpe)

T N0 O D
= Euglxpz) (9-43)

15 easily seen to be solved by
uplx, 1) = e, [} '-'uE}':' we(z) (9-44)

where the functions on the right are solutions of

o
iy —= Tt V1[-T}] (5] = ety (x)
- R oa
A Vi) | ) =
_— _
- {? + V.(z:] w2} = atyl2) (9-43)

and
E=w+ &4 &
A particularly interesting example is the three-dimensional genenlization

of the potential hole with infinite walls. If the three-dimensional box is cubical
in shape, with side L, then

Filx) = = x<0
= 0 0« x< L
S L<x (9-46)

and 50 on. Thus, atide from 2 normalizing facror, che general solution is
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- g TIEX Ny . HgwE .
#plx3,z) = sin ;. sn 1 sin I {9-47)
and
ks
E= E#!_L‘ (m? + n® 4+ mf) (9-48}

Note thac there is quite a lor of degenetacy in the problem: there are as many
solutions for a given F as there are sets of integers |m na.n,} that satisfy (9-48]).
The degencracy is usually associated with the existence of mutually commuring
operators, and this example is no exception. Here these operators are H,, H,,
and H,, defined by

y |
Ho=L= 4 v
2o

o' -
Hy = E + Valy) {9-49)

2
= P 4 v
2m

50 that .
Hy + Hy + Hi= H (9-50)

I is inceresting to ask for the ground state energy of N noninteracting
identical fetmions, for example, clectrons, in the box of volume L*. For each
wripler of integers, (1,1,1), (2,1,1), (1,2,1), . . ., two electrons can be accom-
modated. It is easier to ask the question in a different way: How many triplets of
inregers |y, na,m) are there such that E given by [9-48) is less than the Fermi
cnergy Ep? Each tripler forms a lartice point in a three-dimensional space, and if
there are very many of them, then it is a very good approximation to say thac
they must lie inside a sphere of radius R given according o (9-48) by

1 ' 2 ! | - = iﬁi 2
mtb ot bt = R =TT {9-51)
and theit number is given by the volume of the ocant of the sphere for which
all che w, are positive. Thus the number of lartice points is

1 dr 1 4x {2mEe s
_H- . ? = ‘ﬁ (ﬁ“-ﬁ L‘) (9-32)

and hence the number of electrans with energy less than the Fermi energy Ep is
rwice that, that is,

N=LL{

2#!Er) LT ]
3

P (9-53)
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The number of electrons is proportional to the volume of the box L?, which is
to be expected. In terms of the density of electrons,

N
0= F (9-54)
we have
Figt 31
Ep = — (3—”) {9-55)
im L]

To calculate the rotl energy, the number of lattice points may be written as

3f #n (9-56)
LT

The factor 1/8 comes from our restriction to positive integers in (9-48); in the
above integration this restriction is femoved and must be compensated for by
the factar in front. At each lattice point the energy is given by

Ryt
E= Pl ® n

* {9-57)

50 that the ol energy is

:
LY
imlL? inl SR

B
Bt 1 &
= c— o dr o dn
mlt B fo

Euy =

2omi? (9-58)

Since R is related to the number of elecirons by

1 drx
N=z2.--—H (9-39)

H 3

we finally ger

Rt faNye .,
Eioi = 20mLt (_;/) {9'60.-"

If we write this in terms of # = N/L* we gec
wR (3N .
- — | — i)
Eint 2om (:r) L (9-61]

The fact thar the ground smre of a many-electron system in a potential
consists of a large number of filled levels has many ramifications. Typical values
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of Ep are of the order of 5-10 eV. Thus, ar ordinaty remperatures very few clec.
trons can be thermally excired; most of them could only be excited to states that
ate already occupied. The implication of chis is that for 2 metal, which is quite
well described as a crystal lattice of ions with one or two free electrons per atom,
only the ions contribute to the specific hear. If an elecuric field is applied 1o the
mezal, anly the electrons near che top of the “Fermi sea” can be accelemred,
since those that lie deeper cannot find available energy states, Those thar are
accelerated have long mean free pachs. Collisons with ions that would reduce
their energies below Ep are inhibited because there are no available EMpEY staces,
These matters are discussed mare fully in books on solid state physics.

Problems

1. Consider a particle moving in a cylindrically symmetric potential
Fla), whete g* = x* + 3*. Whar is the complete set of commuting ohservables
that you would use to specify the state of the system?

2. Use your conclusions from Problem 1 to separate the Schridinger
equation in cylindrical coordinates

3. Given that the number density of free clectrons in copper is 8.5 X 102
em™%, calculate (1) the Fermi energy in electron voles; (2) the velocity of an
electron maving with kinetic energy equal to the Fermi caergy,

4. A nucleus consists of N peutrons and Z protons, with N 4 Z = A,
If the radius of the nucleus is given by R = ryAYS, with ry = 1.1 fm (1 fn =
107 em}, and if the neutron and proton masses are both very nearly 1.6 X 10~
g, write expressions for the Fermi energy of the proton “gas” and the newtmon
"gas,” assuming that the protons and the neutrons move frecly. Whar are the
Fermi energies if N = 126andl Z = 827

5. Consider a neutron gas in its ground state, with mass density g varying
from 10" to 10" gm am . Calculate the Fermi enetgy as a function of p. Note
thar at some point the neutron g25 becomes relativistic, char is, the relation
between energy and momentum is relativistic. In what range of densities should
one begin to use the relativistic formula?

6. The mean elcctron energy in & degenerate electron gas is given by
1 f s
8 2m,

(E) = ————

-Ljﬁ*n
a
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for nonrelativistic eleccrons, and

: f Pal(Pe + m 2t — m ]
(E) = == —

1 f &'n
8
more genesally. Calculare the general expression for the mean energy a5 a func-

ion of £ = pe/mee. Use this to cakeulate che pressure, defined by the thermo-
dynamic formula

()
P==3u/m

in the noorelativistic formula and in the ultrarelacivistic domain, where £ 3> 1.

References

For a good discussion of angular momentum in the context used here, sge
). L. Powell and B. Crasemann, Quansum Mechanics, Addison-Wesley, Inc,, 1961.

This book, as well as every introductory book, works out the separation of the
three-dimensional Schrddinger equation.




chapter 10

Angular Momentum

Our task in this chapter is to find the eigenvalues and the cigenfunctions
of the operators L, and L?, Since the angular momentum has the dimensions of
h, we may write the eigenvalue equations in the form

LY im = mhY
LYt = Hf + 1) fitY {10-1}

where i and X/ + 1) are eeal numbers. The peculiar way of writing the eigen-
value of L* will prove its convenience later. There are several ways of proceeding.
The conventional way is to write out the operators L in spherical coordinates.
We have

x = rsin @ cos ¢
¥ = rsin# sin @
= rcosf (10-2)
so that
‘ﬁ.t sielf § cos ¢ dr 4 cos # cos ¢ o — 1 sin 8 sin & dp
dy = sin B sin ¢ dr + rcos 8 sin g o + rsin @ cos ¢ d
dr = cos @ dr — raind 9 {10-3)
These can be solved to give
dr = sin @ cos ¢ ax + sin 0 sin ¢ dy + cos § ds

1
= [co:ﬂ-:osgbdx+cns-ﬂsm¢aj—smﬂdz}

- (— sin ¢ av + cos ¢ ) (10-4)
riin @ ’

167
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With the help of this equation wé can obeain
o o o MDD

o or T ox 08 T ox 08

ok
in 0cos p—- + L cos # cos ¢ — — S0 &
= sinfcos¢ o+ "Tooseos 6 o T Tin e o¢
2 2 3  ces¢ D 1
E—.ilr:ﬂsn‘uf.u—+—l:::lsﬂs’l:l-‘*’E-l'_lr:\u::i3'11* y
) B sind E
K3 2 10-
" T e
and chus we finally obrain
Aaf o _dYy_4£ 2
_Ahf D 2y _ & 2 106
L ,-("a, fa,x) i nee

The other two components of the angular momentum are more compactly
expressed, if we introduce

Ly =Ly =il (10-7)
Then
# o b i a 3
‘*=T[’E‘”¥*’("E"‘MH
# o ) ﬁ _a_
=T|::l:az(ax:l::aj = #x &= fy) hz:|
o et# D
-:I:ﬁrmsﬂ(mnﬂﬁ"%—i--—cmﬁel‘*g r:sinﬂqa;)
. 3 sin® D
= fir sin § e=i# (co:ﬂg— Ta) {10-8)
that 13,
o a
=Ret#| x4 icotd - 10-
Ly ﬁ#"(:: .:.a""““"aw) (10-9)
One can then construce the L opetacor by observing thar
Lyl = (L4 il MLe — ily)
= L} + L — dL;, Ly {10-10%

50 that
L= L4 Lyl -+ dL,, L]
= Lyl + L} —#i, {10-11)
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In the last line we used (9-32). We thus get a second order differential opetator
involving 6 and ¢, and there remains the rask of solving the differential equarions
that (10-1) represent. This is discussed in many textbooks on quantum me-
chanics or classical electrodynamics. We will proceed algebraically but digress
for 3 moment to discuss the eigenvalue equartion

LY = mfi¥y, {10-12)
and some applications. The equation, using (10-6), reads

a% Yin04) = imY1n(0.6) (10-13)

so that the solution is of the form Y.i0.¢) = Bl $.(¢) where
db ()

= b, () 10-14
o (10-14)
The solution to this, normalized such chat
¥
f dp|Pu|? = 1 (10-15)
u
is
1
- imd .
Pale) Ve (10-16)

It is sometimes argued that since & rotation through 360°, chat is, a mransforma.
tion ¢ — ¢ + 2w, leaves the system invarient, it is necessary thar

Frim ] {10-17}
50 that m is an inceger. This is not quite correct, since the quantities that enter
into physical observables are of the type [“ i () Asle), with wave fupe-
tions yig) of the form ¥ o

gt

¥ig) Ef‘ Vi
If we require chat these arbitrary wave packets do nor change (except for an
overall phase factor) under the wansformartion ¢ —s & =+ Iz, then we are led o
the conclusion thar the most general allowed values of m are m = ¢ + integer
whete ¢ is a constant. It is only if we view the operator L, as part of the rotal set
{LsLy,L.) that we can say something about the constant ¢, We shall argue below
that the eigenvalues are distribured symmetrically about zero, so that ¢ = 0 or
- €= 1/2, and for the pperazors considered in this chapter, we shall restrict our.
selves to ¢ = 0, thar is, the condition that m i1 an nteger,

(10-18)
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The eigenvalue equation for L, appears in another context. Consider a
classical rotator, rotaring in the x-y plane. If the moment of inettiz is 1, then the
cnergy is :

L}
= - 10-
E=— (10-19)
and thus the Hamiltonian is

%

-

H= {10-20)

.

Py

The cigenvalues of the Hamiltonian are now immediarely scen to be
fitm®

E.
2r

(10-21)
and the eigenfuncrions are ¢£, There is 2 degeneracy, since H commutes with
L,, and thestwo eigenfunctions for a given En comespond to the two senses of
totation. If we have N particles rigidly fixed on a circle, with equal angles 25/ N
berween neighbating particles, and if the particles ave idmtical, then the solution
of the energy eigenvalue cquation

Hbglp) = Fogle) (10-22)

will again be ¢4, The physical system is unaltered under a rotation of 2x/N
radians (or an incegral multiple of the angle), and the solurions should reflece this.
The samc kind of arguments thar forced m to be an integer now imply that
A = N¥ {an integer).' The energy is therefore

_ F{Nm)’

T {10-23}

Let us now return to our equations (10-1), and try to obtain the cigen-
vilues in & manner reminiscent of owr treatment of the harmonic oscillator in
Chapter 7. The eigenfunctions of the hermitian opemtars L, and L* will be
orthogonal, if the eigenvalues are differcnt, and with proper normalization, we
will write

(Yia | Via) = Srobow (10-24)
Since
{Via|{L* + L + L) Yia)
= (LeYim|La¥im) + (L Yim| Ly Yia) + wh?
20 (10-25)

' The reader might look back to the Dicke.Winke Gedankenexperiment discussed in
Chapeer 1.
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it follows chat
N4 1)>0 {10-26)

The operators Ly introduced in (10-7) are very useful in what follows, and
we shall see that they play the role of raising and lowering operators. First, we al-
ready saw that

L= Ll + L®— &L, (10-27)
In the same way we scc that
s LI+ L4 &L, (10-28)
It follows from the above, as well as directly from (9-32) thar
[Ly, L.} = 2AL, (10-29)
The remaining commuration relitions are

(Lo, L) = (Lo + iy, L] = —ihL, — AL,

= —hi, {10-20)
and
[l L) =#&[_ (10-31)
From the face that [L* L] = 0, it also follows thar
(L% L) =0
LA L) =0 {10-32)
This implies that
Ly Y = LAY, = NI+ 1) RIL, Y. (10-33)

that is, LY are also eigenfuncrions of L? with the eigenvalue characrerized
by /. On the other hand,

Ll Y = (Lol + BL) Y
= Rl Yim + RL, Vi,
= film + 1) L. Y (10-34)

so that L; ¥4 is also an eigenfuncrion of L, but with m-value increased by
unity, Similarly we can show that

Ll Yim = fi(m - 1) LY, (10-35)

so that LY., is an eigenfunction of L, with m-value lowered by uniiy. Thus we
all Ly raising and loweting operarors, respectively. We may write

Y Ly Yie = Collm) Yoy, (10-36)
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It follows from the hermiticicy of Ly and L, that

Litm (Lex il = Lo =il, = Lg {10-37)
Hence, a consequence of

(LyYia|LyYim) = 0 (10-38)
is thar
(Yia| LyLyYim) 2 0 (10-39)
and therefore (10-27) and (10-28) imply chat
{th [L! - L;’ E= F'L.l::l Yia} 2 0 [lﬂ-‘iﬂ]
thar is,

M+ 11z2m+m
M+ 1 z2m—m (Lo-41)
Since {f + 1) = 0, we can take / > 0 without loss of geneality.® Then (10-41)
shows that
—l=m=l {1042}

If there is 8 minimum value of m{= m_) then for the comesponding
eigenstate

LYy =0 {10-43)
We may then calculare m_ by using (10-27) and applying it 10 Yim_: we get
Bl + 1) B = m R — w (L0-44)
Similarly, if there is a maximum value of m{ =) chen
LY, = 0 (10-43)
and an application of {10-28] o the maximum eigenstate gives
i+ 1R = my 4 m R (10-45)
Hence
mo= —i
oy = (10-47)

Since the maximum value is to be reached from the minimum value by unic
steps (repeated application of L), we find (Fig. 10.1) {a} char there are (2/ 4+ 1)
states, that is, 2/ + 1 is an inceger, and (b} that m can take on the values

m= = —T+1, =142 .. .,1-11
The possibility that ! is half-odd integral, thar is, { = 1/2,3/2, ... will be dis-

#

i 1 we were o find that § £ —1, we would merely define L = — / — 1, and replace
the ald J, with the new, pusitive L. Nothing would change, since L(L + 1) = Ji/ + 1).
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n
- 1a

r i~ 32

L L
b
- (-8
- = 1N
Fig. 10-1. Spectram of the operator L,

- for & given value of /,

cussed in Chapter 14 where we discuss jpin. In this chapeer we restrict ourselves
to integral vaiwes of I,
We may also caleulate che coefficients Cu(lm) defined in (10-36). We have
[Culfm) | MY g | Vi ) = (LsY il Ly Yia)
e (YVia | LLy Yin}
(Yia|(L# = L2 = fil,) Yiu)
= B 4 1) — mim 4 1]]

50 that, with a convenient choice of phase, we get
Collm) = A+ 1) — mim 2 1)]4¢ (10-48]

This is as far as operator methods can take us. We shall now use the explicir form
of the operators L, and L. to obrain convenient expressions for the eigenfunc-
tions in terms of the spherical angles § and $. This development will parallel
that of Eq. (7-31) to (7-35). We write, as already suggested
Yimll$) = 0n(8) ™ (10-49)
The condition (10-45) reads
& ., a
h et (El_ﬂ‘ + F oot ﬁa) ) P
fi]
. = fi ST (E — dcor til) Bl =0 (1030}
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The solution to this equation is easily found to be
Ou(f) = (sin O)* (10-51)

The appeopriate multiplicative constant will be obtained Jater from the normali-
ztion condition, An arbitrary state is obtained by the loweting procedure

Yimllg) = LY ™™ (sin ) % {10-52)
Consider Arsc

L Yulgd) = h e (— % + icotd -‘:.‘%) (sin @) £
=l (— % - :ma) {sin 8’
Since one can show that for an arbimary funcrion f19)
(i R !cot&) i) = ; 4 |:(sin E}'j‘{ﬂ}] {10-33)
o {sin 8)! o8t
we have obrained

f—Lg
Yigs =o' iln_ﬂ' (— %) [(sin &)(sin §)'] (10-54)

The next step is the same, except thar / is replaced by ! — 1 and the operation in
{1033} acrs on the form obmined in (10-54). Thus

: , L d _ , 1 LA Y.
Yier= O lga g (' Taf) [E’"‘ " (o an'(_ m)‘““‘“ }

o e g 1 4 .
= C'[—1)* (sin )1 E [m E (sin F}’{| (10-55)

In terms of the vardable » = cos #, — 1/(sin ) {(&/dF) = dfdw, and (10-34),
{10-35}, respecrively, read

M g
—_ J— - I
Yiia=C (sin 6)—" du [(1 - =%
Hl—2he
Yips = C" ‘ a [(1 — &%)y {10-56)

(sin 0% da®

The general form is

!hn J i—m
Yiu = CW (I) L = «%)) (10-57)

el e e, L
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The eigenfuncrions are o be normalized. Since we are dealing with
spherical angles whose range of integranion is 0 = ¢ < 2%, 0 <8 < # (see
Fig. 9.1) and where the integral over the surface of the sphere (r = constant) is

ir F
fd"ﬂ = { d&f sin & o
Ja 0
W MUsE im pose

{'EI' 1 . 1 d f—m .
Wity = 1= [ ] e[ (5) o= ]

' (10-58)

The integration is tedious. We content ourselves with writing down the appro-
priately notmalized Yia(0,) with the phases that are conventionally established:

24— )i \
i Gy Prlos@em (05)

Yiltfeni'] - {_”"[
with
Yiow=(—1)= ¥ (10-60)

The associated Legendre polynomials are given by

Y — eyt t—m
mil (1 — af) (%) (1 — e®)* (10-61)

) i+
™ - it
Prw) = (=1) —m) 2

with the value for negative m obrained from
_ _ L= . o
Pr™u) = (—1) 0T )t Pm{x) (10-62)

It will be encugh, for cur purposes, o list a few of the eigenfuncrions:

Y= -—u.a—r ¢*aund
—
3
Yie = ‘hlll‘?'l' cos @

!'15

Yiz = Y 3? €% 5in® §
x

1% R
Yo = —.u'll; &% sin @ cos §
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P

_ |3 19 —
r,_u_\/lﬁﬁma 1) (10-63)

With the knowled ge that L?, acting on an cigenfunction, as in {9-40}, is to
be replaced by /(! + 1) &°, we can now write che radial differential equation thar
determines the energy cigenvalues and cigenfunceions. The equation, which
we will discuss in great detail for a variety of porentials, is

L df d ld"I{.l'+l'Jj|
_J,u|:r &-(ra’r)+rdr_ = Roim(r)
+ Vir) Rewlr) = ERpen(r) (10-64)
We note that there is no dependence on m in the equarion. Thus, for a given J,

there will always be a (2/ + 1)fold degeneracy, since all the possible m-values
will have the same energy.

Problems

1. A molecule consists of two identical aroms, each of which, in s
ground stare, has spin 0. The molecule has, among irs possible excitarions,
rotanonal excitations. If only rotations about the z-axis are considered, so that
H = L% 2I and the separation between the atoms 3 considered fwed, what is
the rotational spectrum? If the atoms have spin 1/2 and they are both in the
same $pin state, what is the specoum?

2. Express the spherical harmonics listed in (10-63) in terms of x =
reinfcos e, ¥y = rsinfsing, and z = roosé,

3. The i'.eg:ndre polynomials Pr(w) = P*u) can be defined in terms of
the expression {10-61). Use this definition to show that Py(e) satisfies the equa-
ton

{1 — &%) B(e) — 20 () + B+ 1) Pe) = 0
4. Show that the Legendre polynomials Pys) satisfy the recurrence
relations
Py o= wlPy+ (1 — &) Py
G+ 1Py =0+1)eP— (1 — 5P
(4 1) Py = (24 1) aPiF [Py = 0
5. Use (10-61) ra show chat

3 atPyls) = (1 — 2uz 4 2V oz <1

de=il
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6. Use the procedure outined in this chapter to discuss rotations in four
dimensions. The generalization of L is now the set of operators that may be
written as

Lij = —ixd; — x,)
(if = 1,2,5,4). Introduce

f_f-_.j:.)r:} = (Laa, Ly, Lag)
and
(KK K3} = (L L Lay)

(a) Find the commutarion relations of all six operators among themselves,
(b} Show that the operatars

Jh-:l - L]' £ K};Jt-? = r] = K}

each obey 2ngular momentum commutation relarions and thae they commure
with each other. Use the final result to determine the maximal set of mutually
commuring observables, and thus the quantum numbers thar would be used 1o
label an eigenfuncrion,

7. Consider an electron in an arbitrary potential Fi{r) and a stare of
angular momentum /. Show chat the probability of finding it at the point r is
only a function of |r|.

- [Hint, Note that the solurions for the (2] 4+ 1) m-values are degenerate, and
that if no special alignment is prepared, all m-values are equally probable, Use
the formula

2 | Yiultg)|* =

me=—

! 241
4w

8. A particle in 2 spherically symmetric potential is in a state described by
the wave packet
¥ixz) = Clxy+ 32 + zx) ™"
What is the probability that 2 measurement of the square of the angular mo.
mentum yields 07 What is the probability that it yields 662 If the value of / is
found 1o be 2, what ate the relative probabilities for m =2,1.0,—1,—27

9. Consider the following model of a petfectly smooth cylinder. It is a
ring of equally spaced, identical particles, with mass M/N so that the mass
the ring is M and its moment of inertia is MR, with R the radius of the ring.
Calculate the possible values of the angular momentam. Calculate the energy
cigenvalues. What is the energy difference becween the ground state of zerg
angular momentwn, and che first rorarional stare? Show thar this approaches
infinity as N — =. Conrrast this with che comparable energy for a “nicked™
+ ¢ylinder, which lacks the symmetry cnder the rotation through 2%/N tadians.
This example implies that it is impassible to ser a petfectly smooth cylinder in
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rotation, which is consistent with the fact thar for a pedfectly smooth cylinder
such 2 rotation would be uncbservable.

10. Expess L* in terms of /0 and 9/0é. Write down the differenrial
equation obeyed by €y, defined in Eq. 1049,
[Hins. Use the variable z = cos &), Show that (sin 8)' is the solution of the equa-
ton for [/ = m.

References

This is standard material found in any of the books listed on page 501. For a
decper look into the consequences of invariance under rotation se especially
K. Gottfried, Quamum Mechanics, Vol. 1, W. A. Benjamin, Inc., 1966.

M. E. Rose, Elementary Theory of Angular Momentum, John Wiley and Sons, Inc.,
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chapter 11

The Radial Equation

The radial Schrédinger equation {10-64) may be writren as

£ 2 d 2u 4 1) ke _
(dr’ + dr) Baim(r) — it [V{r}l + 2urs Ratalr)
ZuE

+ G Rumlr) =0 (11-1)

where we have teplaced the label E by # in the subscripts of the eigenfunction
Ruimlr). We will examine the solutions to this equation for a variety of po-
tentials restricted by the condition thar they go 1o zero ar infinity faster than
1/r, except for the imporant special case of the Coulomb potential. We will
also assume char the potentials are nor as singular as 1/+ ar che origin, so that

Lim FF{r) = 0 (L1-2)
i)
Ir is sometimes convenient to introduce the function
inim(r) = rRapalr) (11-3)
Since
' _:2’* 2 {i n‘.p,(?‘_] 1_ _d"' .
(a’r‘ + r n!'r) PEE drt Haim(r) (1t-4)
it follows that
dlaialr) | 2 Ki+ 1) f.=‘| : .
P - [E— ¥ir) — —ij—_. tigim(r) = 0 (11-5)

This looks very much like a one-dimensional equation, cxcept tha
(a) the potential {r} is altered by the addition of a repulsive centrifugal

er,
BT

Vir) — Fir) 4 -

h (11-56)

179
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Fig. 11-1. Effective potential acting in radial equation for & = rR(r) when the
real potential is 4 square well,

(b} the definition of wap(r] and che finiteness of the wave funcrion at the
origin require that
tpiml0) = O (11-7}

which makes it more like the one-dimensional problem for which ' = -+ = in
the left-hand region (Fig. 11.1),

First we consider the radial equation near the origin, dropping all sub-
scripts for convenience. As r— 0, the leading terms in our equation are

dn K+ 1)
e Tl

e - ot ) (118}

because the potential does not contribute for small enocgh r when {11-2) is
sanshfed. If we make the Awmr=z

wir) ~ o {11-9)
we find that the equation will be savished, provided that
Hi— 1=+ 1)=0 (11-10}

thatis, - = [ + 1 ors = —{ The solution that satisfies the condition {0} = 0,
that 15, the sclution that behaves like ' is called the regalar slution; the salu.
tion thar behaves like +—* is the srregalar soletion.
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For large r we cin drop the potencial terms, and the equation becomes

du _2,|.|,F

e + T =D {11-11})
™

The square integrability condition unplies tha:

1= [ ey = f ridr f A Ruta(r) Yia(0,6)]?

.j r2dr| Rurn(r) * (11.12)
L
that s,
f dr| ggpm(r} [T = | (11-13)
s0 that the wave function should vanish at infinity. If £ < 0, so that
2uE .
gz = e (11-14)
the asymprotic solution is
: alr) ~ g {11-1%)

I E > 0, we have solurions that are only normalizable in a box (see discussion
in Chaprer 4), With
2uE

- = & {11-16)

the solunion will be a linear combination of s and ¢ i the'proper combination
being determined by the requirement that the asymptotic solution rie on con-
tinuously to the solution char is regular at the origin. We now consider some
examples.

a

A. The Free Particle

In this example V() = 0, but there is still a centifugal barrier presear.
The radial equation (11-1) takes the form

ENERayES

_-1'1-?'t + r .ﬁ!r - r?

If we introduce the variable p = ir, we get
PR 2 R Mt
dpt P dp a*

JRH + ERir} = 0 {11-17)

R=0 (11-18)
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This equation can acrually be solved in terms of simple functions. The solutions
are known as spherical Bevel funcrions. The regular solurion is

d \! si.np)
= r — {111
file] = (—p) ("=| .ﬁ'p)(p (11-19)
end the irregular one is
!
mip) = —(— p:l'(i i) (E) (11:20)
g dp P
The first few funcrions are listed below,
. sin p _cosp
= — I =
Jolp) , mo(p] )
sin sinp oS p __ Cosp in p
filg) = o _p mip) K P
"]—(i—l)sin —icm |
A VERPY R |
malp) = = (p_ﬂ; = %) cos p — %sin [ (11-21) '

The combinations that will be of interest for large p are the spherical Hambel
functions

B (p) = 7o) + imilp) (11-22) h
and i
h” (p) = (K" (e)]* (11-23)
Again the first few spherical Hankel functions are
oy - £
hy'in) = i

W = - = (1 + i)

i _jLu 1 ..3—:-_...1) =
W) = ) (-+ , o (11-24)

Of special interest are
() the behavior near the origin: for p <</, it turns our thar

o

135 ... (2 + 1) (11-)

filp) =




=
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[ and

1-3:5. ., (2 —1
nilp) =~ — — -—; L. (11-26)
For p 2 I, we have the asymptotic expressions
e 1 I
g = —sin | p — — (11-27)
[ 2
and
1 Ix
mlp) o~ = —cos [p— - (11-28)
'] 2
5o that
W) = — ot (11-29
F
The solution that js regular at the origin is
Rylr) = ju(ks) (11-30)
Its asymptotic form is, using (11-27)
1 . .
Ryir) =~ — 2k [ eIt L ey {11-31)

We describe this a5 2 sum of an “incoming™ and an “outgoing” spherical wave,
The nomenclature is asrived at in the following way. The geaeralization of the
one-dimensional fux is

f
J o= e wir) — () ()] {11-32)
2

We shall see that it is only the flux in the radial direction that is of jncerest for
large . Thus the radial flux, integrated over all angles, is

il -.k ¥ ;_a - E’. ) .
fa‘ﬁtr.-u{r_l - zf#fﬂ' (I.P ¥ i) {11-33)

For a sclution of the form

" ikr
T = C'--r - Yimlf ) (11-34)

with

fd’!l Yimlfp)i* = 1 (11-35})
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we pet
i £l gk ik ik
=—1lclr] — b = )= ;
f‘m?r Imicl [ , (tﬁ . r=) complex cun|ugat¢]
k| C®
Ut
-

The =+ signs describe outgoing/incoming flux. The factor 1+ that emerges
from our walculation is actually necessary for flux conservation, since the fux
going through the spherical surface ar radius r is

fr’a’ﬂjp = {independent of r) (11-37)
For our salution {11-31), the incoming fux is, aside from 1/¢2,
Rk | i : T
- —|ger| = - — 11-38
M 2*" " 4-&1 { 3}

and this i3 equal in magnitede to the ourgoing flux. The ner fux is therefore
zero, as it should be, since rhere are no sources of flux.

In general, Aux conservation demands that any solution—and this includes
solutions for which ¥ir) # 0—whose form for r very large must [by the argu-
ments following (11.16)] be

— L te—tes _ kel 2) )
Rylr) =~ ik [e k) ¢ 1 {11-39)
requires
[ Slk)|? = 1 (11-40)

a5 otherwise the outgoing flux would differ from the incoming one. A funcrion
whose absolure square is unity can always be written in the form

S k) = itk (11-41)

The real function &(#] is called the phase shift because the radial function in the
asympronc region (11-39) may be rewritten as

Ry(r) = gidtit) !in..[i_r_fw

Aside from the phase factor in front, this differs from the free particle solution
Filkr), whose asymprotic form is [sin (e — fr/2)}/k#, only by the shift in phase,
Sel k).

We note that the fux in the 1y direction involves

{11-42)

LY P ) 1
fej= 2 (,,:.- - ¢ — complex conjugate pr (...
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and at large distances, such a Aux, when multiplied by the area factor r2d8, seill
vanishes as 1/r relative o the domipant verm in the radial Aux. This is the
justification for ignoring all but the radial flux ar large discances.

B. The Square Well, Bound States

Consider the potential
Hir) = —F, r<a

=0 rsa (11-43)
Then the radial equaricn has the form

R 2 dR NI+ 1) o

Ty T e Rt BR=0 r<a

#R 2 dR HI4+1)  uE

P . a5 R+ ﬁiﬂsa r>g (11-44)

We look for bound state salutions, for which E < 0. We write
2
_ﬁ; {Vq + .EJ - l?

2p

_ﬁF_ Em —gt {11-4%)
The solution for r < a, which must be regular at the onigin, is

Rir) = Aslxr) {11-46)

The solution for r > & must vanish as r — = . The second of the equations
(11-44) s just the equarion for the sphetical Bessel function, exccpt thar £ is
teplaced by ja. The solution that behaves like ¢ now becomes the exponenti-
ally falling one, that is, we have

R(¥) = BR" {far) (11-47)

for r > a. The two solutions muse march at v = = and so must the derivatives.
This leads to the condition

[ﬂﬂr__dp -ia [*”u’__“{ﬂm
Ailg)  Jaea L R

This is a very complicated transcendental equation invelving /, IV, and E. For
+ & = 0it simplifies greatly if one uses the funerion #(r) = rRir). The cigenvalue
is obeained by marching A sin ar and Be = at r = & The details are left as an

{11-48)
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st K F

Vir}

Fig. 11-2. The shape of the wave funcrion s(r) = rR(r) for an atcractive squate
well when there exists one bound srate (= 0).

exercise for the reader; the shape of the mdial wave function «(r) for the first and
second bound staces is exhibired in Figs. 11.2 and 11.35.

Ler us return to Bg. 11-48 for the case of a very deep potential for which
xa > I Tn that case the left side of the equation simplifies, since we are justified
in using the asymptotic form of jdp). Computation shows thar (11-48) takes
the form

- E + ¥ Cor (u = %) = (fight-hand side) (11-49}

The right-hand side docs not contain Vi, and if | E; <€ V, the largeness of «a

Fig. 11-3. The shape of the wave function air} = rl(r] for an atcractive square
well when there exist two bound states { = 0). Ouoly the wave funcion for the
second bound stare is sketched in this figure.




The Radiz] Equation 187

implies that the cotangent must be close to zero. Thus we have approximately

K — i; = (n - R (11-50)
Since for |E, < Fy we have
MO g (1 + liu) {11-51)
where
2ul
K = ':!t. (11-52}

E |’ .+ f! _l.. ]} Hr
- 1 __h .lIll

= (11-
2Vl L ' 53}

Thus the levels that are far from the bottom of the well are approximately equally
spaced, for all / < g, with the spacing
AE L3

Dt — 1-
W {11-54)

A relared problem is the infinite box in three dimensions. Here
¥Firl=n0 r<a

= o F- | [1151‘}
In this case, writing
duE
-:!F = (11-56)
the solurion char is regular at r = 0 is
- Rir) = Ajifér) (L1-57)

with the cigenvalues detetmined by the condition chat the solution vanish at
r = a, that is, by

filka) = 0 (11-58)

The roots for a few values of / are listed below.

{= 0 1 2 3 4 5

314 449 576 699 818 936
628 773 910 1042
9.42
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If the first 100t for a given s labeled # = 1, the second root 5 = 2, and so on,
and if we use the accepred spectroscopic notation for the [ values,!

=0

cf =1

=12

=3

N |

AT T T - R

then the order 1n whach the levels ocour is
15; 1P; 1D; 25, 1\F; 2P, 16, 21, 1H; 35, ..

Suppose we consider a model of the nucieus thar consists of protons and
neutrons inside such an infinite box. Since neurrons and protons are spin § par-
ticles, that is, fermions, no maore than two neutrons and two protons can occupl
a given state. If we concentrate on protons, we observe that in the 15 state only
fwe protons cin appear. In the nexc level we have i = 1, so that there are three
states, and hence wx protons will fill ir. For the 1D level, with five possible
m-values (since / = 2}, rem procons are requited o AIC this “shell.” Thus levels
will be filled when the number of protons is 2,8 (= 2+ 6), 18 (= 2 + 6 4 10},
20 (= 18 4 2}, 34 (= 20 + 14), 40, 58, 68, 90, 92, 105, . . ., and similarly for
the neutrons. A study of ral nuclei shows that for the "magic” number of
protons and neutrons, 2, 8, 20, 28, 50, 82, 126, . . ., these nuclei exhibit special
characteristics that can be associared with filled levels, that is, cdlosed shells. The
difference berween the real “magic™ numbers, and those obmined in our primi-
tive model comes about because there is an additional potential thar depends on
the spin and that shifts the Jevels about somewhat, thus reordering the numbers,
The shell model of the nudeus, when properly constructed, explains many of the
properties of nuclet. What is not obvious is why nuclei should behave like a
collection of parncles in & box.

C. The Square Well, Continuum Solutions

With E = 0 we write

2w bt (11-50)

 The historical origin of this nomtion was the description of speceral lines as Sharp,
Principal, Diffuse, . ., and cheir subsequent identification. It does not make sense, bue it
stuck, The notaon here differs from that wied in aromic physics, where the conventional
notation sdds the Lvalue ro the index, so that the crder would be writcen in the form,

15, 2P, 50, 25, 4F, 5P, 3G, 4D, 6H, 35, . . .
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The solution for r > 2 will be a combination of the regular and irregular solu-
tions of the free ficld equation

Ridr) = Biilkr) + Cuilhs) (11-60)

while the solution for r < & must be the regular soluticn, that is,

Ril(r} = Affer) (11-61)
where
E+ ¥V
u" == F__ﬁ;l;_ll} (“_62:'
as befare.
1 48 .
The matching of R 2 T agives
dilp)/d /da + Cduyf
) [ ;pr}, p] _ i[ﬂd,@.ep + Ca'snm’p:[ (1163)
ff[ﬂ:‘ e B};fﬁj + Cﬁ!fP] ki

from which the ratic C/B can be calculated. This ratio can be related to the phase
shift chat appeared in (11-42). We do this by looking at the asymptotic (large )
form of {11-60)

Bir) =~ E [sin (ér - %) - -;— cos (d-r - %)J (11-64)

which is to be compared with {11-42), rewritten as

Re(r) =~ L [sin (kr — -11) cos &i(k) + cos (.ﬁr - £) sin 6:{-&'!]
kr 2 2

We see that the relation

% = — tan &) (11-65)
holds,

The actual computation of €/B from (11-63) is tedious, except for [ = 0,
As for the bound state problem, the use #(r) = rR(r) simplifies the ealculation
greatly. One only needs to match A sin xr 1o B sin kr + C cos krat r = g to
obtain an expression for tan 3. The results for ehis case are schematically drawn
in Figs. 11.4 and 11.5. They show that an artracrive potential tends to " draw in"
the wave function, while a repulsive potential tends to push it out, We will
return to these matters in Chapeer 24, when we discuss collision theary,

Before concluding this chaper, we focus on an important felarion thar can
be obuined by solving che free particle equation in two ways. One solution is
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Fig. 11-4. Continvum solution wir) = rR{r) for acrractive potential (f = 0.

obeained as a superposition of our separated solutions (11-30) multiplied by the
appropriste spherical harmonic ¥iw(f,8):

-
W)= 3 2 Awmjilkr) Yial64) (11-66)
bl mas—{
Another solution of the free particle equarion, which reads
(¥ 4+ &%) gir) = 0 {11-67)
before the separation into angular and radia) pares is made, is the plane wave
wir) = & (11-68)
b fed
o
b
,"’rh‘-‘ i i Solution for ¥ = I:I’.-""" o
Z ‘A\\\‘i‘\i 4 /-\
I
N 4
* \\'\ / ikl
S

Fig. 11-3. Continuum solution w(r) = #B(r) for repulsive potential {/ = 0).
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We may therefore find Ay such that ${r) = #* " in (11-66). Note that the
spherical angles (f,¢) are the coordinates of the vectar r relative 1o some arhi-
trarily chosen z-axis (see Fig. 9.1). If we define the z-axis by the direction of &
{until now an arbitrary direction), then

'.r'k-! = r.ﬁri:usl (11'69]

Thus the left side of (11-66) has no azimurhal angle, ¢, dependence, and thus on
the right side only terms with w = 0 can appear; hence, making use of che
fact thar

4 1\
va0#) = (1) picone) (1170
T
where the Py (cos #) are the Legendre polynomials, we get the relation
) = faf 12 )
fheeose _ 3 (-2 :-;—‘) Aujilkr) Pilcos §) (11-71)
f=i1
We may use the relation
—lf ' dicos 8) Pifcos 8) Pulcos §) = — ¥ (11.72)
2)  Aeos® H Y R -

which is a direct consequence of the orthonormality relation for the Y, and
{11-70) , to obrain

Arjilkr) = d[4u(2) + 1))2 f ’ dzP(z) ™ {11-73)
-1

The integral can be looked up, or wotked out by comparing both sides in the
limit that &r — 0. In any case, what results is the expansion

‘r'.i-r cod @ - z {y 4 1] j'ﬁ{,ﬁr} PJI:CCIS ﬂ} {’L]'?‘)
=0

which we will find exceedingly useful in discussions of collision theory.

Problems

1. Consider ! = 0 bound seates for an arracrive square well. Find the
eigenvalue condition for a bound smte. Whart is the depth of the poteatial for a
state that is barely bound?

2. Assume that the deuteron (consisting of a neutron and o proton, equal
in mass} isa bound state with / = 0 and the potential square in shape and of mnge
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/o = 2.8 2 107" om. Given that the binding encrgy is —2.18 MeV, find the

depth of the potential,

{ Hénr. Expand ebout the case of zero binding energy discussed in Problem 1),
3. Consider newtron-proton scattering, assumed to be interacting through

a square well potential of range 2.8 X 107" an and deprh 20 MeV, Calculate the

phase shift as & funcrion of energy for very low energies, for { = 0.

4. Calculate the [ = 0 phase shift for a square well potential. Use the pro-
cedure outlined following Eq. 11-6% 1o work out both the artractive and the
repulsive potential case. Discuss vanous limits, such as F large and small, 5
large and small.

5. Show that for { = 0 scartering by a square well of arbitrary range and
depth V7, it is always possible to write the phase shift as an expansion

§ooridem — }'+ rer £/2 + O(Y)

Obtain an expression for  and r.g in terms of the parameters of the well.

6. Consider a potential of arbitrary shape that vanishes for r 2 . Let the
logarithmic derivative of the radial function inside the potential,
1 4R(r)
R dr
be a slowly varying function of che energy. Consider [ = 0.
{a) If the potential has a bound swate with energy, Eg, what is the value of
JolEx)?
(b} 1f o E} is independent of E, what is che phase shift as a function of
energy’
(c} U fi(E) = fu(Es) 4 (E — Eg) fi', how does fi’ enter into the phase
shift?
It is simpler to work out (b} and (c} ebove in terms of £ cot 8004, instead of the
phase shift, and that is a preferable way o present your resulrs,

7. Give a general argument for why §;(£) should be an odd function of k.
Check chat this is so for the square well [using (11-63), for example]. Show thar
Se(—E} = S*E)

where 5:(#) is defined in (11-41).
8. Calculare the function 5,(&) for a porenrial
Fir) = = r< a
Fir) = 0 r>a

Consider the { = 0 phase shift. Whar is it for ks very small? Whar is it for £a very
large? Note that this porential is a model for an impenetrable sphere.

= fi{E)
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9. Use the solution (11-63) rogether with the values of the spherical
Bessel funcrions prar che origin given in (11-25) and (11-26) o show thar
tan 3;(k) — 0 as £ — 0. How rapidly does it approach zeto for a given /?

10. Consider the / = 0 radia] equation for the potential

Vfr]. = ’nl'!—ﬂ-—naru — 32 E.—rr‘—rl;-.lu]
{(known as the Morse potential). Find the energy cigenvalues by simplifying the
differential equation. Do this by defining a new variable x = G/ with
chosen 1o simplify the equation as much as possible, and then weating the
cquation in the manner that the simple harmonic oscillator problem was treated
in Chaprer 5.

Plot the potential. Show that for a deep, wide potential, the low-lying
bound states approximate those of a harmonic oscillator, and explain why
this is so.

References
The general properties of second-order differential equations in the context of
quantum mechanics are discussed in
J. L. Powell and B. Crasemann, Quaniam Mechanics, Addison-Wesley, Inc., 1961,
A comprehensive discussion of such equations may also be found in

P. M. Morse and H. Peshbach, Methods of Thesretical Physics, MeGraw-Hill
Book Co., Inc., 1993,






chaprer 12

_. The Hydrogen Atom

The hydrogen atom is the simplest atom, since it contains only one elec.
wron, Thus the Schrodinger equation becomes a one-patticle equation after the
center of mass motion is separated aut, We shall deal with hydrogenlike aroms,
thac is, aroms containing one electron only, but allowing for a nucleus more
complicated than a single proton. The potencial then is

Virl = — - (12-1)

r

and the radial Schrodinger equation is

At 2 d 2 O+ fit7]
_ . = i — —_ i = i12-
(-——,I+ - ’_)R+ﬁ, [FI , T (R=0 (22)

We will concentrare on the bound states, that is, £ < 0 solutions, It 15 con-
venient to make a change of variables,

8 E e
p= ( f#—' r (12-3)
The equaticn then reads
&R 2 dR K+ 1) (.K 1)
— = s --JR=0 12.4
dat o dp o g4 S
whete we have introduced the dimensionless paramerer
Zel M )u! ( et )m
- -} = Zn 12
G 2(E] e

The second form makes it easier to compute with it, since a = 1/137 and the
energy is expressed in units of the rest mass; the first form does, however, make

. clear chat the velocity of light ¢ does not really appear in the equation, that is,
that it 15 strictly 2 nonrelativistic equation.

195
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We try ro solve {12-4} in what is by now & familiar way. First, we extrace
the large s behavior, For large p, the only terms that remain in the equation are

&SR 1
?P.——4R_D (12-6)

and the solution, which behaves properly at infinicy, is B ~ ¢#'% As in our
wearment of the harmomc oscillacor, we wrire

Rip) = e G(p) (12:7)

substitute this into (12-4), and obtain the equanon for Gip). A litle algebra,
which we do not reproduce, leads o the equanon

#6 2\ 46 *"L‘_M} _ )
px (1 p)ﬂ'p-l_[p . G=0 (12.8)

We now write a power expansion for Glp). This takes the form
Glo) = o' 2 ani® (12-9)
=l
The fact that R(p), and hence Glg), behaves like p! ar the onigin was established
at the beginning of Chaptet 11 for all potentials satisfying (11-2). When (12-9)
is substiruted into the differential equation, we find a relation between various

coefficients a.. The recursion relation is obtained from the differential equarion
abeyed by

Hip) = f dnp” (12-10)
A=l

which is

! -1 =
ﬂ+(1'{Fz—l)‘m+:“—l'rH!=-\|:1 (12-11)

dg* I dp [

as can easily be obtained by substicuting Gip) = p'H{p) into (12-8). We then have

E- [”{ﬂ - lim“‘*ruup""(ﬂ_i_z - l)+ A=—1-— ﬂd-p"-‘]=n
i
{12-12)
thar is,

3 {0+ Vi + @+ Datas] + =1 — f— m)a] > = 0

n=0

Since this must vanish term by term, we get the recursion relation

P —




The Hydrogen Acom 197

By __::+.n’-11—:-.

@ (D) (12-13)
For large n this ratio is
L P (12-14)
A i

and, as for the harmonic oscillator problem, we can show thar we do not get a
solution Rg) that is well behaved at infiniry, unless the series in (12-9) termi.
nates. This means that for a given I, for some # = #, we must have

A=m+ {41 {12-15}
Let us introduce the principal quantum number n defined by
_ m=n - [41 {12-16)
Then, it follows from the fact that », > 0, that
Lez=i+4+1
2. & i$ 4n integer
3. the relation
A=n L
implies that
Tl
E=—1 (Za)? (12417)
2 ne

2 result familiar from the old Bohe modd. Notice chat it is the reduced mag that
appears in the expression; this, of course, is not peculiar to the differential
equation approach. In the old Bobr theory, too, a proper meatment of the
classical orbits, subsequently to be restricted by the quantization of angular
momentum condition, wenld have introduced the reduced mass in the energy
formula. The presence of the reduced mass

mM

—T. (12-18)

whete m is the electron mass, and M the mass of the nucleus, means thar the
frequencies

E:i— E; w2k 2 I_) )
@ S (Za) (#;* "o 12-19)

differ slightly for different hydrogenlike atoms. In particular, the diffetence
between the hydrogen specmum and the deurerium spectrum—where M, che
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Fig. 12-1. Orbits for & pocential thar does not bave che exact 1/r form do not
close upon themselves and precess as shown here. The orbits remaig planar as long
as the porential is radial.

nuclear mass, is very close to being twice the proton mass—was responsible for
the discovery of devterium by Usey and collabotators in 1932

The cnergy does not depend on [, that is, for & given # the cocrgies of all
the states such that [ 4+ 1 < » are degenerare. We did expect a (27 4 1)-fold
degeneracy of the energy states for a given /, since the radial equation did not
depend on m; here we find thar alkhough the radial equation does depend on J,
there is an additional degeneracy. Soch & degeneracy was formerly called “acci-
dental,” since there was no obvious reason for it. This, however, depends on
what one means by “obvious.™ It is already known in classical mechanics that
the potential 1/r has some special features: the orbits consisc of ellipses that
maintain their otientation in space, instead of forming precessing orbits {Fig.
12-1). Small modifications of the porential do cause @ precession. Such modifi-
cations may come from a variery of sources, for example, the penturbations due
t6 other plancts, in the Kepler problem. In considering the planetary orbit of
Mercury, it was found that after allowance was made for the effects of other
planets, a precession of the peribelion in the amount of 42" per century re-
mained unaccounted for, and this was finally explained by Einstein's general
theory of relativity, which predicted just the right amount of 1/¢* potential to
be added o the Newtonian 1/r.

In quantum mechanics, too, there are perturbations, so that the Mdegen-

1 There sre, of course, cther shifts in spectral lines that arise from relativistie effects
aned from the existence of eleciron spin, These will be discussed Jater.
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eracy is not really what is observed. In first approximation, however, we have,
for a given , the possible values of I = 0,1, 2, . .., (# — 1), and for each there
is the (2/ + 1) degeneracy. Thus the total degeneracy is

:Z (204 1) =nt {12-209

d=L

Strictly speaking, there are two possible states for the electron because of its spin,
50 that the rue degeneracy is really 2n?,

Let us mow return to the differential equation. If we sec A = w in the
recursion relation (12-13) so thae

k+i+1—n )
TG k+2a+ ™ (12-21)
we find that
(mapu =G HIED  a b f
an = (— 1) +/+1) w—(k+1) f12-22)

b+ k4 204+2) M+ 20+ 1)
8~ [+ 1)

@t

With the help of this we can obtain the power series expansion for H{p). Equiva-
lently, we observe that the equation for Hip) is that for the amociaed Laguerre
polymomials:

Hig) = L*7Y, (p) (12-23)
The polynomials are tabulated and their various propenties can be found in the
mathemarical literacure.®

After conversion back to the radial coordinare r and after normalization,
the first few radial Functions can be computed. These are listed below. We use

&
oy = — (12-24)
Ba

in the rabulation R, i¢):
a2
Rul:rj _— (_Z) r-Zf.-'-lI
ay

. £ yue r P
Rulr) = 2( ) (1 Lz ) g T2
Zag, 2dy

*An cxrremely useful book is M, Abramowitz snd [ A Stegun (eds.), Handbaoh of
Matbematical Fumitoms, National Bureau of Sandards Publicarion, 1964,
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1 ZANZr
R - = = 2ty
u(r) '\t’? ( Edlu) ay ¢

z “[ 2Zr :{zrp] —Eefie
Rulr) = 2| — 1=—+4+— i
wl) ( Bdu) w2740 |

r ‘iv}_( )‘I,E ( - i) —Zr/ i
Rule) = 3 3dg 0 ! 6ao ) °

W2 (2NN .,
Ralr) = o /5 (5«-.) (#ﬂ) ‘ (12:25)

The following qualitacive festures emerge from the sampling of eigensolu-
nons:

{a) The behavior of # for small r, which forces the wave function to stay
small for a range of radii that increases with /, is a consequence of the centrifugal
repulsive barrier that keeps the electrons from coming close to the necleus.

(k) The recursion relation shows that H{g) is a polynomial of degree
me = m —~ ! — 1, and thus it has 5, radial nodes (zeros). There will be » — [
"bumps” in the probability density distribution

Bir) = Lk (12-26)

When, fora given a, /has its largest value [ = & — 1, then there is only one bump,
As (12-25) suggests, and as can be seen from the solution to the differential
equation,

Rejnelr) =yt g~Eelem (12-27)
Hence P(r) = 2 =220 gl peak at a value of r determined by
AP _ (zmth _ 22 r"") —irmn g (12-28)
dr A
that ys, at
3
r= % (12-29)

whick is the Bohr atom value for ciscular orbits. Smaller values of / give proba-
bility diseributions with more bumps. One can show that they correspond o
elliprical orbits in the large quantum number limir.

{c) Plats of the mdial probability density Pir) for finding the clectron at a
distance r from the origin can be constructed with the help of the wave func-
tions. Figure 12-2 shows the general partern. We must remember thar the wave
function also has an angular pare, whose absolute square is Py {cos §)°. Plots of
the associated Legendre funcuicns Py™(cos 6) are given in Fig. 123, As m
increases, the probability density is seen to shife from the r-axis toward the
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equarcrizl plane. When |m| = J, then | Py (cos 8)|? = sin® 8 as can be read off
from Eq. 10-35. This function is peaked abour # = /2. As / increases, the width
of the peak can be shown ro decrease like /=%, and thus for large quanrum
numbers we ger the classical picture of planar orbits. The finive width of the
peak can be understood from the following considerations. When |m| = [/, we
have L,* = P and consequendy L.* + L,* = /. Thus the angular momentum
vector can never be perfectly oriented along an axis. Incidentally, the degeneracy
in m allows us to ofient the “orbi™ relatve o some other axis, so thar there
really is no distinguished z-axds. Thus a state thar is an eigenstare of L. with
eigenvalue [ will be “aricnted” in che x-direetion. The wave function will now be
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Fig. 12-3. Shapes of the associared Legendre polynomials as a function of 4,
the angle berween the z-axis and the equatarial plane, denoted here by the x-axis.

a linear combipation of the Y.(8.4), bt because of the degeneracy, the energy
will be the same as for the z-oriented orbus.
{d) Given the wave funcrions, we can calculate

() = f : dr P4 [Ruu()]* (12-30)

Some useful expectation values are given below:

{r) = -:E" [3a2 — I+ 1]
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Sy
() = 3’% [sm? + 1 — 3/ + 1))

<_1) _Z
el apn
7

) = ey 123

Problems

1. Compate the wavelengths of the 2P — 15 wansitions in (1) hydrogen,
{2} deuterium (nuclear mass = 2 % proton mass), {3} posittonium (2 bound
state of an electron and 2 positron, whose mass is the same as that of an electron).

2. An electron is in the ground statc of itinm, for which the nucleus
consists of & proton and two neurons. A nuclear reaction instantansously
changes the nudeus to He?, chat is, two protons and one neutron, Calculace the
peobability that the electron remains in the ground stare of He®, What is the
peobability that the electron is free, with momentum »

[Note. The momentum eigenfunction for a free electron is #7*™(2ek)~22 ]
3. The relativistic analog of the Schrodinger equation for a spin O electron
(thus not applicable to the mal electron) is the operatar version of

(E~ V) = piet + mitct

(£- 21y oy ()
fic fie r v ¥ 4
{2} Find the radial equation,

(b) Find the cigenvalue speczrum by noting the close relationship of the

radial equation obtained in (a) with the radial equartion for the hydrogen atom
problem.

that is,

4. Using rthe expression for {1/¢}, ; calculzre the expression for
(Tt - (J"’-)
26 [

for an arbitrary hydragen atom eigcnmﬁl- (with Z arbitrary). Show that generally
for this potential :
Ty = —§{1"»

" This is a special example of the Firial theorem,
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5. An electron in the Coulomb fisld of & proton is in & state described by
the wave function
Hethrool®) + 3u(r) — dunlr) + /10 g (1))
(a) Whart is the expecration value of the energy?

(b) What is the expectation value of L%
{c) Whart is the expectation value of L7

6. An electron in the Coulomb fisld of & proton is in a stare described by

the wave function
_ (i)m ~a'f'a
ﬁ]"} B \f{; f

What is the probability that it will be found in the ground state of the hydrogen
atom?

7. An electron is inthe n o= 2, [ = 1, m = 0 stare of the hydrogen arom.
What is its wave function in momentum space?

8. The expectation value of f{r,p) in any starionary stace is 4 constant.
Caleulare
0= 2 frpy= {[Hr-pl)
= — {p: = = e
ar rp/ 5 P

for a Hamiltonian
H = p'2m 4+ Vir}

(P—F:} = {r-TF(rl)

Use this 1o establish the eesult of Problem 4,

9. Use the techniques developed in this chaprer to discuss the three-
dimensional harmonic oscillator problem, with

p

2m

and show rhar

Hom= 2 4 e

MNote that the associated Laguetre polynomials also appear in this problem.

References

A very thorough discussion of the hydrogenlike aroms is o be found in

E. U. Condon and G. H, Shoriley, The Theory of Atomic Spectra, Cambridge
University Press, Cambridge, 1959,

The problem is discussed in every book on quantum mechanics.
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chapter 13

Interaction of Electrons with
Electrumagnetic Field

In Chaprer 12 we discussed the interaction of an electron with the static
Coulomb feld due to a point charge. To genoeralize this to the interaction with
an external magnetic or electric field, we must first review che classical theory.
Maxwell's cquations in Gaussian units tead, in the vacuum,

¥ Biry =0 {13-1)
1 aB(r)
¥ ¥ ErH+ — Bir (13-2)
e o
¥ E(re) = 4xp(r s {13-3)

1 aEf dr
v X Biry) -~ OB g (134)
¢ €
where p{r.7} and j{r.£) are the charge and current densities that are the sources of
the electromagnetic fields E(r,r} and B(r#). The conservation of charge equation

20

o T YrA =0 (13-3)

is zuromartically sarisfied.
We may satisfy the first two equations by expressing the fields in tesms of
a scalar potential $(rs) and & vector pocentiz] Afr.f)

Birs) = ¥ X Alr.s)

I 2A(rs)
¢

Eirs) - >

— Véir,s) (13.6)

i Ta]
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The fields Eand B da not determine ¢ and A uniquely. New porentials, given by
Allrg) = Ale) — ®firg
1 Af(r.4)
¢
ate easily seen to yield the same E and B fields. The wansformarion from the set
{Ag) 1o (A’ ¢" is known as a pauge transformation, and the invariance of Eand B

allows us to chaose the arbitrary funcrion f{r.1) in the most convenicnt way.
The source-dependent pair of equations (13-3) and (13-4} now read

# (g = plrg) + {13.7)

~vg(es) = L 2 (9.4) = dapten) (13.8)
and
1 ¥Alrs) 1 2 A,
7K{TXA}+-F 2 + " m‘l"p— ‘ji:r..l'}

which may be rewricten as

1 PA(rs) l Et - 4_1-
—?‘Air.l‘}-i-‘:‘—a’, +'r('r-Av . a;) . i) (13.9)

If the charge discribution is staric, thar is, p(r} is independent of time, it is con-
venient to choose the gauge such that

Y Ar) =0 (13-1a)
This choice of fir,) is given the name of Cosfomrd gange. In that case we have
—Vp(r) = 4mp(r) (13-11)

that is, we have a time-independent scalar potential, and then the equation for
Alr,r) reads

1 O'A(rs)  dr '
a2 op =, im) (13-12)

When the charge distribution is not static, it is more convenient to choose
the so-called Leremez gawge for which

—ViA(rs) +

1 Oglrs)
=

¥-Alr,r) + < 0 (13-13)

This leaves the equation for the vector potential unaleered, bur now the scalar
equation also cbeys a wave equation, A technical point worth noting is chat the
v relation

TXWXA)= -7 + w(V-A)
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used to obtain (13-9) is only valid in cartesian coordinates, Thus, VA(rz), as it
appears, must be calculated in terms of x, y, and z.

The equation describing the interaction of a point electron of mass g with
an eleceromagnetic field is the classical Lorentz force equarion

n% = —¢ [E{r.:} +X Btr.sl:| (13-14)
I L3 '

We now asserc that this equation will be obtained if the classical Hamiltonian
for an electron in the ahsence of fields

]
H.. L L {1 3'15‘}
2u

is changed by making the alteration
p—p+ Em:r.;} (13-16)

and adding the potential ed(r) (we shall deal with staric scalas potentials),
50 thar

1 2
= [p + Eﬁtrsl} + eglr) (13-17)
2u £
We shall leave the proof of this statement as an exercise for the reader.! The

comesponding Schridinger equation with the static potential mken over to the
right side is

1 1
(v i) s et menen o
2uNr '3
The left side is )
—’-(i_v +a)(Foy s 5:4«)
PR ¢ i £
it iehi iehi &
== — — AV — — (VA — A
EFW e v I“WJ#-P-M,‘#'
it defi £
= — PR — — . R .
” 4 e AN*+EN,A’~F (13-19)
For 2 constant uniform magnetic field, B, we may ke
« A= —lrx B (13-20)

! See footnooe 4, p. 216,
¥ Wate thar chis choice is not unique, since we may add the gradient of any function
to A withour changing B. This choice, however, is VETY CORvERient.
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This means that the three components of A are
A = —4sB, — 2By, 2B, — xB,, xB, — B.)
and consequently
vX A= (1B, + 1B, B, B.)
=R

- Hence the second term in (13-19) becomes

e fefi
" rX Bvy = — EB-er
- " Brx E_v* S B-L§ {13-21)
2ur I zf-w
and the third term is
] 8 &£ Bt
L LA - . . L] = —— 3 .
g FX BN = LGB — (e BTy = L (P )Y (13-22)

if B is the direcrion thar defines the z-axis. This is of the form of 2 two-dimen-
sional harmonic oscillater potential.

Let us compare the magnirudes of the two terms, The ratio is estmated
with {L,) tken of order and {(x* + #*) of order a.*, with g, the Bohr radius:

(¢/8uc) @B 1 ¢ B 1 B
(e/2uc) RB 4 Fie e/ %48 ¢fa®
== B -
548(4.8 ¥ 107 (05 X 10782
B
~ 9 X10° gauss (13-23)

Thus in atomic systems, with the kind of fields available in the laboratory, that is,
B % 10° gauss, the quadratic term is certainly negligible. The term linear in B,
compared with the Coulomb potential enctgy can be estimated in a similar way

i’
_-.——-("rzm} kB = ]; Eﬂ_{_ B = I_-i o ._—B [15_24}
e an 2 &fay 274 efa® 5 X 10" panss
50 that the linear term will only slightly perturb the atomic energy levels, The
quadratic term can become very important under two conditions: if the mag-
netic held is very intense; it is believed that fields as large as 10" gauss may
exist on the surface of peurron stars, and this would radically alver the scructure
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of atoms.? The quadratic term will also be important when we consider the
macroscopic motion of an electron in an external field,

Let us first consider the lincar term alone, and pick the z-direction 1o
coincide with that of B. Then the Hamiltonian with B = 0 is altered by the
addition of

H, = — BL, (13:25)
2
If we define the frequency, called the Larmor frequency,
b
FE = wi (13-26)

and deal with energy cigenstates that are simultaneously eigenstates of L2 and
Ly, then the extra term (13-23), when acting on an eigenstate, yields a number,
namely,

Hisiaimlr) = Beapmig (T {13-27)
where m is the z-component of the angular momentum eigenvalue, with —/ <

m < I Thus the existing energy levels, with their (2/ + 1)-fold degeneracy
are split into (2/ 4 1) components that are equally spaced, with energies given by

Za)?
E=—1;H."f )

2 n*
The size of the SF]jth is

BR _ i( B )L
2uc 2pe \efantS aet

- () ()
- 2||.I.£' ﬁ !_."Id-!

(da'ne)

+ g (13-28)

¢fan®

B
- | —— & eV
(2.4 X ]D") X 136 €

Since there are selection rules (to be discussed later) according 1o which
only transitions in which the m-value changes by zero of unity are allowed, it
turns out chat the single line representing a transition with 8 = © splits into
three lines, as tan be seen M Fig. 13-1. This cffect is the mormal Zeeman effec.
Actually, unless che eleceron spin state in the atom is one in which the spin is

!5ee K. Coben, L. Lodenquai, and M. Ruderman, Phys. Rev, Lawters, 33, 467 (1970).
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Fig. 13-1. Mormal Zeeman effect: of the 13 possible transitions berween the
4= 2and [ =1 states, split by the magnetic field, only 9, corresponding to am =
m, — my = —1,0,1 occur, in the form of three lines.

zeto, the intetactions of the electron spin with the magnetic field changes the
pactern. predicted above. The mote common anomalows Zeeman effect will be
discussed when we have learned about spin,

It is of some interest to discuss the solution of an electron in a constant
magnetic field under conditions where the B* term is not negligible, and where
the Coulomb potential can be neglected. Under those conditions, with B again
chosen to define the z-direction, the Schridinger equation reads

—-—w+—u+—tx=+fw By (13-29)

where we have used {13-19), {13-21), and {13-22). The presence of the " potential
{x* 4+ ) suggests the use of cylindrical coordinates for the separition of the
variables, Writing

X = pCos
¥ = psin ¢ (13-30)
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we follow the procedute outlined ar the beginning of Chapter 10 to arrive at 4

218
L L)
o« P T L o
o a cos g O
— - 4 — - (13-
oy " * p O (13-51)
and hence
a? ae | 1 ot
Vim — f — + —- - = 13-32
o7 "o o0 | o@ (1332)
If we now write
W) = walp) £'= gile (13-33)
we find that che differential equation satisfied by u.(p) is
au 1 ol ! ' 2uE  ¢Bhim
8 1 && L spb  fOhm _
d'p‘+p dp i *ﬁ‘r’pg—i_(ﬁ‘ file *)“ 0
(13-34)
If we introduce che varizble
IeB
x= .VIIE p (13-35)
we gan rewrite the equation in the form
a1 du m1
P
where

r‘;n—x’u+hu=ﬂ

(13-36)

dar [ R
- — o — =
h e ( ., 2;.:) 2m

(13-37)
It is fairly staightforward to determine thar (a) the behavior of #{x) at infiniry,
determined from

'

‘irt—xaxtcﬂ

o | 1 du

is #(x) ~ ¢« and (b) the behavior of u(x) near x = 0, determined from
. .

det ' xde g *E0
is wlx) ~ '™ We thus write

wlx) = ™ e grg

(13.38)
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and determine the differential equation obeyed by G(x).
A little algebra leads to

&G
dx?

This can be brought into the same form as (12-11] if we change variables o

+(Zlml +1_ z,,)ﬁ.i_{l- 2—2m)G=0 (1339
" dx

¥y=x (13-40)
The equation then takeg the form
&G (n +1 )dr: A—2— 2|m
S —1) Y+ G
4 dy 4y

We can now proceed as in Chaprer 12, Comparison with {12-11} shows thar we
must have

o {13-41)

a- l-iz—l'-'-L = m, (13-42)
bl
as an eigenvalue coadition, with ». = 0, 1, 2, 3, . . . . This implies that E —

Atk 2u, the encrgy with the kinetic energy of the free motion in the z-direction
subtracted out, is given by

Kt B
E—E-E{h.+!+ {m| + m) {13-43)
and
G(3) = L () (13-44)

Our discussion of this solution will be confined o the classical limir. To do
this, we first review the classical theory. Given the Hamiltonian (13-17), without
the scalar potential term, we have®

yoPT A {13-45)
»
and with A = —ir ¥ B, we obain
uer=rXp+:er—irKH]
=L élr{--ﬂ} — B (13-46)

+The reader who i not familiar with mechanics as formulared by Hamilton can
convince himself that the equanons dejde — aH/dpy, dpefdt = —aH/3x, and 50 on, are
equivalens 1o Mewton's equations for H = p*/2p + Vir). The equations also hold for the
more complicated Hamilconian [p + eAlr) e/ 20,
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with the help of the identity
aX (b X c) = blac)— cla-b) (13-47)

We mke the z-component of this equation o obtain

We X v = Lo+ B (x + )

that is,
ppr = L, + rTﬂ;_ P (13-48)
The expression for the force on the electron
F--vaB {13-49)
yields the relation
“—:z = ”TB {13-50)

fot citcular motion. This relation, together with (13-48), after a litdle algebra,
yiclds,

v juyt = %L. {13-51)

2 I
o= [E L_] (13-52)

We now return to the expression for the energy, (13-43), Because of the
smafloess of fi, the energy can oaly be of macroscopic size for reasonable B, if
{20 + 1 + |m| + m) is very large. We have two cases: () If m < 0, this
implies that #. is very large. Now n, determines the degree of the polynomial
L=l {y), that is, the number of the zeros in the function,” and if char is very
large, the function cannot be large for some small range of y whete the classical
orbit would be located. (b) If m > 0, the coefficient is (27, + 1 + 2m}, and
this can be large, with #, small, provided that m is large. The COSIEY NOW is

E_ fitit eB

et —— iy ¥
% o {13-53)

and

“ Gee Eq. 1225, the development leading up vo ir, and the discussicn on p, 200,
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in agreement with the classical resule. Note that
L, = fim (13-54)

is positive, as expected.

We can also show thar the radius of the orbir, a3 determined by the peaking
of the radial probability d:smbutmn. corresponds to the classical value, Ler us
take m, = 0. In that case L1™ (¥) is just a constant, and the square of the wave
funcrion is, according ro (13-38),

Plx) = &% = {13-55)

This has a maxamum where *‘-
"‘g = fEIHIA‘:I"_' — 2xtlml 4y e
thar is, ar
x = V’Iml (13-56)
which yields
%,
p= (E ﬂm) {13-57)

This problem is a beautiful illustration of the correspondence principle.

There arc several interesting quantum mechanical effects connected with
the interaction with 2 magnertic field that we now turn to. The Schrédinger
equation (13-18) appears to violute the principle of gauge invariance, since it is
Al(r,) that appears in the equation, and under the transformarion

A=A+ 9firs (13-58)
the Hamiltonian is changed according to

1R e Vo1
Z—#(T"-I-;.'l) zjll( v+ - .FL+ f) (13-59)

It is possible to save gauge invariance by using the fact that a change of the wave
function by a phase factar, which may depend on r, has no physical conse-
quences. Thus if we require thac (13-58) must be accompanied by the trans-
formation

W) = N ) (13-60)
then the left hand side of eq. (13-1B} becomes

i(’i v+ - A+ vf) ( v+ A+ Vf)r""u;

2
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1k £ ¢ R ¢ ¢
== vt-A+-wf] A et -v
2‘“(!. - +£ f) |: ('. l;"'+‘1'l-ir-l-Ir f'ﬁ+-‘i‘l"ﬂ1ﬁ')]
1 . (% £ ¢ ¥
=—f[—% -¥i4 -
™ (:' +‘A+c 4 E‘Fﬂ.)i- (13-61)
Thus with the choice

[ - { i
A i i (13-62}

that is, with the transformation law
L R e () {13-63)

EAuge invaniance is resvored.
In a feld-free region, B = 0, which implies thar

vVXA=0 (13-64)
that is, A may be written as a gradient of a function
A=vf (13-65)

In a field-free region, we may therefore describe the motion of an electron in two
ways: either we do not consider the presence of a field ar all, and write

[l (i;v)’ + Vm} V= B (13-66)

FITR ]

for the energy eigenfuncrion equation, or we write the equation with the vector
potential given by (13-63)
1A e 3\ ,
ST -A W+ Vi =B (13-67)
ul\rs ¢
and take

‘,}" - ’—I:I'.h“'l.f.* [1363:'
The function f{r.f) may be written in terms of A{r.) by solving (13-65):

firg) = fl dr'- Al ) {13-69)

where the path of integration is raken from an arbitrary fixed point, for example,
the erigin, or infinity, to the point r. The integral only makes sense if B = 0,
that is, in a field-free region, since the difference in the integral along two dif-
Jetene paths, labeled 1 and 2, is
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F

Fig. 13-2. The irn-gu.hf A(r)-dr' along parh 1 and pach 2 are generally not the
Fo

same, since the difference is equal 1o the magnetic fux @ enclosed by the dosed loap,

f1 dr'-Alr' 1) —fl dr'Alr' s} = fdr‘-ﬁir’.r}
-fa ¥ ¥ A48 = L B-#% =4 (13-70)

where we have used Stokes' theorem, and where & is the flux of magnetic feld
through the surface spanned by the two pachs (Fig. 13.2). Thus only if ¢ = 0
will the phase factor in (13-68) be independent of the choice of path in the line
integral. Such an independence is required if we insist that the wave funcrion be
single-valued.

If the two paths include flux, then the wave functions of clectrons traveling
along the two paths will acquire different phases. An interesting consequence
i5 that if an electron moves in a ficld-free region that is not simply connecred,
but surrounds a “hele” contining flux @, then upon completing a circuit,
the electron acquires an additional phase factor e**®™¢, The requirement that
the electron wave function be single-valued, so that the phase factor is uniry,
implies that the enclosed flux is guantized

2nhic
b=—n ne=0, £i, +2 ... {13-71)
¢

Such a situation anses in the motion of elecrrons in a superconducting
ring surtounding a region containing flux. The fiest experiments, done in 1961%
were based on the following scheme: a ring, made of a superconductor, is

B 5 Deaver and W, Fairbank, Py Rer, Letters, 7, 45 (1961); R, D&l and M.
Mabauer, A, 7, 31 (1961),
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/f' 1\ '{/i(
/-
||

T=>Te

Fig. 13-3. A superconductor ar remperature T > T, (the critical temperature)
acts like any ocher meral, and magnetic fux lines can penettate it. When the rem-
perarure is lowered undl T < T,, the ring becomes superconducting, and expels
magnetic flux lines. Some of these become trapped inside the ring. It is the tapped
flux char is found to be quantized.

placed in an external magnetic field at & temperature above the aitical tem-
perature, 50 that the metal is not superconducting, Since superconductors expel
magnetic field lines, except for a thin sutface layer, B = 0 inside them. This is
the Meigner ¢ffect.” When the ring is cooled below the eritical temperature, it
becomes superconducting, and magneric flux is trapped inside the ring (Fig.
13.3). An ingenious measurement of the fux shows that (13-71) bolds, with the
modification that

= a n {13-72)
This is consistent with our present understanding of the phenomenon of super-
conductivity, according to which, "'comelated states™ of pairs of elecrrons (with
charge 2¢!) form the fundamental entities that one deals with in the super-
conductar,

Another manifestation of the dependence of the phase of the wave func-
tion on the flux, can, in principle, be seen in an interference experiment (Fig.
13.4) in which a solenoid confining magneric flux is placed berween the slits in a

_two-slit experiment. The interference pattern at the screen is due to the super-
position of two parts of the wave function

¥ =+ (13-73)

"1 strongly recommend Chaprer 21 in the Fewman Lectares on Physics, Yol. 111, for an
excellent discussion of these macroscopic menifesations of quantum mechanics.
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Electron

ource
Fath 2

Fig. 13-4. Schematic skecch of experiment measuring shift of electron ineer-
ference pattern by confined magnetic flux.

where  denotes che parc of the wave Tunction thar describes the elecrron follow-
ing path 1, and ¢ the part appropriate to path 2. [n the presence of the solenoid
we have

¥ = g PN A g prtefydr- A
= (g €V 4 ) gincrdeea (13-74)

The fux thus causes a relative change in phase berween o and oy, and this will
change the interference pattern. This effect, first pointed wut by Aharanov and
Bohm, has been observed experimentally.®

Problems

1. Show thar with

the equations

ER, G, Chambers, Py, Ree. Laters, 3, 3 (1960).
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yield the equations of motion
$x oV

B = —

drt ox"
2. Show rthat the Hamiltonian

1 £ o et
H= 2_;1|:p_ ?A{r.!}] -,

yields the Lotentz force equarion

ar
By = —f [Efr.:} + i{ v B':r-fi']

[Ware. In your calculation use

d OA  dr DA 4 DA dr DA
AT = — = == — e

a’:*"”] Zi.r+:&b.x+a’: E};.'+d'.rbz

since the fields thar enter into the equation of motion (and the Hamiltonian)
must be evaluated at the position of the particle.)

3. Calculare che wavelengrths of the three Zeeman lines in the 3D — 2P
transition in hydrogen, when the latter is in a field of 10* gauss.

4. Consider an elecron confined to a region between two cylinders of
radii @ and b respectively (b > 2). (a) Sepamute the Schridinger Equation in
cylindrical coordinates (cf. Eq. 13-32), and show that the cquation can be
solved in terms of Bessel functions. What are the conditions for the determina-
tion of the energy eigenvalues? (b) Discuss the degeneracy of the energy cigen-
functions? Whar is it due to? For Bessel functions, sce note afrer problem &
below.

3. In this problem we work out an example showing how an enclosed
magnetic flux changes the angular momentum of a particle in a region outside
the flux tube. Consider a magnetic field confined in a cylindrical region p < a.
Let the flux be 4. In the region p > « there is no magnetic field, and hence the
vector potential is of the form :

' Alpfz) = VA(pS,2)
(a) The choice of gauge ¥-A = 0 implies that
VA =0 '

) w
Show that a solution of this equarion, sarisfying (13-70), is

1
A = — g
2x
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(b} Calculate the angular momentum about the symmerry axis

f.PI‘X\'L=L=|:rX(£Ev +Ea):|

in cylindrical coordinates, and show that for the above 4 it is given by

- koa e &
Li=—"7T-+-—
i o8 ¢ v

{c) Solve the eigenvalue problem L = M), and show that single-valued-
ness of the eigenfunctions leads to flux quantization.

6. Show that for a system described by the Hamileonian
_ e+ (e/e) Al
2

H
the flux j, which satishes
f: Py +v-j=ao
15 given by
. B R J
= L.p vy - VN h{r,ﬂ*"#]
Show also that the Hamiltonian equations of motion of Problem 1 imply that
d o
P
where
L=rx (p+§.ur.:})

7. Consider the problem of & charged particle in an external magneric Acld
B = (0,0,B) with the gauge so chosen that A = {—35, 0, 0). What are the con-
stnts of the motion? Go as far as you can in solving the equation of motion,
and obuain the energy specoum. Can you explain why the same problem in the
gauges A = (—yB/2, xB/2, 0), A = (=3B, 0, 0), and A = {0, xB, 0) can sull
represent the same physical situation, even though the solutions lock so dif-
ferent in all chree cases?

8. Consider a charged parricle in a magnetic field B = (0,0,E) and in a
crossed electric fild E = (ED0). Which of the three gauges menticned in
problem 7 would you use for this problem? Solve the eigenvalue problem.

Nete, The selunon of the equation

oy ot
i “'z+(l_'z'")“‘°
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with » integral, are known as Bessel functions, for the regular solutions
m g 3y 2E
Jula) = (_;) 3 (/2
2/ o e 40
and Neumann functions for the iregular solutions

2 . v2 1 fz\ e (/)Y
Nz} = = J, -
(z - Jui(z) log - . (2) 2 T(e + D il

AN EA R SN R LY A
-1(2) E i (2)

i 1 = 1
flogvy =035772..)) au= (E + E-m)

Ll me=]

They have the asymprotic behavior

s () an(e- -3 [ o(2)]
N~ (2) " (-2 - 5) [+ (5)]

A detailed discussion of their properties may be found in any book on the
special functions of mathematical physics.
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chapter 14

Operators, Matrices, and Spin

A proper discussion of atoms is not possible without consideration of the
spin of the electron. In spite of the suggestive name, this property of the electron
has no classical analog, and, as will soon become evident, it must be treated by
somewhat abstract methods. Forrunately we have some preparation for this
further deparrure from a description closely ted to coardinate space, in that we
discussed both the harmonic oscillator {Chapter 7) and the angular momentum
eigenvalue problem

L' 1w = &3 + 1) Yy
LiYia = fimY;, (14-1)
by operator methods. For the harmonic oscillator we found states, defined by

1
by = wn (A wy (14-2)
for which
Hu, = filn + §) a, 14-3)
and we could alse calculate the action of the raising and lowering operators on s,
Aty = V5 + 1) F (144)
and
. Au, = V’mﬁ?u. i (14-5)
We also showed that
(wmlin) = 8,0 (14-6)

4 satement that can be made o hold for the eigenstares of any hermitian
operator (M here). If we take the scalar product of (14-3) to (14-3) with o, we
find that

' (| Hita ) = (s | Hl ) = (1 + 1) Fite bime



228 Choanturm Physics
(i | A'itn ) = (| A ain) = Vn + 1) E Gpata
(i | At ) = (| A|wa} = Vak g0, (14-7)
where we have iniroduced the more symmerric notation
{ai]Omy) = {a]0]ay) (14-8)

These guantiries may be amanged i arrays called matriees. The conventional
notation for a matrix M ;4 has the first index lzbeling the row, and the second
labeling the column of the amay. Thus if we convert the salar produce
(i | H iy} into Hao we find that

1/2 0 o o
o 3/2 0 0
_ 0 0 5/2 o
H=Hu 0 0 0 7/2
. (14-9)
Similarly
0 0 0 0
EVST 0 0
' o 0 2 o o
A =R o 0 3 o
(14-10}
and
o 41 oo 0
Q 0 42 0
A=k 0 0 o0 43
{14-11)

We shall call the array (gn| Flan), where F is any operater, and the & are any com-
Plese set, @ matrix representation of Fin the basis provided by the w;. This appellation
needs some justification. The product of two matrices, for example, satisfies

{Fc;}i.f = z (F.:I I!:G:I'Ij' {14.12}

-

and we need 1o verify this relation for che “matrix representations” of the
operators Fand G. To do this, let us consider the state Gwy, and, using com-
pleteness, expand it in the form

Guy= 2, Cuttn {14-13)
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The coefficients €, are given by
Ca = {on| Glay) {14-14)
Hence

(el FGlus§ = (wi FL 3, Cana))

2 Golwdl Flu)

Z {#llFlH—}{#anlﬂ'J’} {14'15]

which is the same a5 {14-12), provided we write
{w.| Fla ) = E., {14-16)
and 5o on. It is a useful moemonic deviee o write the unit opcrator in the form

1= 3 )l (14-17)

and in that form it can be inserted between the two operators Fand & in the
mattix element {w| FG|w;) to give (14.13).
Further justification for the matrix connection comes from the relation

(o Fl-"’n}" = {F"ll'“'at} = {"nl-FT.!"-l:' {14-18)

which shows that if the operator F is represented by & matrix, then the hermitian
conjugate opcrator F!' will be represented by the hermitian CONjugAte matrix,
since the lareer is defined by

(F'lom = FX, (14-19)

Note that in our discussion we made no reference 1o the fact chat we
started out with eigenstates of the harmonic oscillator Hamiltonian, The only
thing that is pecial about them, is that they diagonalize the mairiz representing H,
With another complere set, H would not be diagonal, and reading off its cigen-
vilues, that is, the matrix elements when it is diagonal, would not he easy.

The ¥}, were defined to be states that diagonalize Lfand L, simultanecusly,
M we stay with a fixed I, that is, with states in which only the m-value is variable,
then, with an abbreviated notation, the second of the relations (14-1) reads

"
(' | L tmy = B 0, {14-20)
Furthermore (10-40) with (10-52) implies that

"

o' | Ly hmy = KM+ 1) — mim 4 5] L P (14-21)
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This leads to the matrix representations

( 1 0 0 )
Le=1 ] 0 0
o ] -1 {14-22)
0 2 o
Ly=#H 0 0 42 )
0 0 0 {14-23)
and
0 0 0
L. =ﬁ( VI o0 0 )
0 2 o {14-24)

for the / = 1 angular momentum operators. The rows and columns are labeled
with m = 1,0,—1 in order left to right and rop to bortom. It is easy to check
that the matrices satisfy the commutation relations, For example

(n\,a’i o 0 00 0 oo\ /o2 o
[Ls L] = &% 0 u-v’i)(v'i nu)—#’(v’i un)(n ov’i)
0 0420 0v2Zo/\0 o0 o

o
00 000 10 0
=flo20]—%|o20|=20"00 o|=2RL (1429
000 002 00 -1

General relations berween stares can zlso be written in matrix representa-
tion. Consider, for example, a relation like
W= Ad (14-26)

If we wake che scalar product of this with any member of a complete set a;,
we have

{wildy = {ui] 49) (14-27)
Furthcrmore, the insertion of the unit operator, in the form (14-17) berween A
and ¢ yields

(alp) = 20 (il Al wn) (| 4) (14-28)
If we write {&,|$} a5 2 column vector e,
wi| ) =
{wz| g e

(waler ] @l®) ||

(14-29)
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and similatly
{wa|) B
{ua|d) B:
iy | | | B
(14-30)
then the matrix representation of {14-26) is
Bi= 2 Anas {14.31)

Thus matrices represent operators, and column VECTOrS represent states, The
scalar product (§)a,) = (walgp)* i

is written conventionally in the form of & row
(# #a) = (ay, a3, ay, . . ) (14-32)
s0 that the scalar product {g|y), for example, can be written as
®i¥) = 2 @lu) (o)

= E ﬂ:.ﬂn (14-33)
An eigenvalue equation is a special ase of (14-26). It reads
_ Ag = g (14-34)
and it reads
2 Awiy = aa, {14-35)

in matrix form. This is equivalent to

Ay — a Axz Az e o
An  An—a Ay - \[ a
An A Ay — 2 - a3 = {14-38)

and there will be 2 nontrivial solution of this equarion only if the determinant of
the macrix vanished

det| Ay — abin| = 0 (14-37)

This is 2 good way of finding eigenvalues (and eigenvectors) for operators
represented by finite matrices, but for infinire matrices this is unforrunarely
0ot 50 simple. ’

It is indeed forrunate thar chere is an alternagive 10 representing opetators =
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bj..r functions and differentils, since ot all operators can be represented in that
way. The simplest example is that comesponding to the angular momentum
!= % Eq (10-51) and {10-60) tell us char

Yiasin = Cev/sin @ =¥ {14-38)
- and (10-54) allows us 1o compute

i ; :

L_ Fl.-'l, 1/2 of %” l-#'“ {14—39.:‘
This, however, 15 not proportional t0 Yy, -1 2, and furthermore ic is singular er
§ = 0and x Thus for { = § there are troubles, and we must tutn to marix
rep:eaenuuunsw Instead of talking zbout [ = ¥, we shall mlk about spin, § = §,
reserving the Terrer [ for the orbital angular momentum associated with ¢ X p.
The spin operators are 5, 5, and 5, and they are defined by their commutation
relations

[5.5] = ihS (14-40)
and s0 on,
We wish to represent them by 2 x 2 marrices, (14-20) yields
12 o
§,=*h (14-41)
a -1/2

and {14-21) gives

a1 0 0
5 =h i.=h (14-42)
S \No o 1 o

We may write this representation as

S = ifid (14-43)
where

(1) (7)ol )

are the Pauli matricer, They satisfy the commurtation relations

[oary] = 24, (14-45)
and 50 on, a5 they must, to satisly (14-40), and they also savisfy

1 0
af =t =0t = =1 (14-46)
o1
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and
Ty ™ —Fyo,
T ™ —g.r,
Tuly = =Ty {14-47}

which are relations peculiar to the spin } repeesentations and do miot hold for
the / = 1 matrices, for example.

The eigenstates of S, will be represented by 2 two component column
vector, which we call spimor. To find these eigenspinors, we solve

¥ u
5 = ik {14-48}
# B
(. " )( " ( k )
=%
] Ql ¥ r
u "
=%
—r "
The plus eigensolution has » = 0, and the minus vigensolution has & = 0,

We thus wrire
1 0
Xy = X = ':1"3‘"19}
\o 1

for the eigenspinors comesponding 1o spin up [§ = +(1/2)] and spin down
[§ = —(1/2)], respectively,
An arbitrary spinor ean be expanded in this complete set

()-(-0) o

and the expansion postulate yields the interprecation that oy |?and |a_|?, when
properly normalized, so that

thar is,

or

s oy P4 |a|*=1 (14-51)

yield the probabilities thar 2 measurement of % on the state (:+) yields
+(1/2) hand —{1/2) &, respectively.
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It is not necessary to keep 5, diagonal, If we look For the eigenstates of the
operator S cos ¢ 4 Sy sin ¢, we must solve

) u
(S5 cos ¢ + 5 sin @) ( ) = §fin ( ) {14-32)
& ¥

thar is,
( 0 mﬂ#—i:inﬁ)(u) (n)
= h
cos ¢ 1 sin ¢ a r v

This implies that )

ve =

wd® =y (14-53)
Hence

h= %1 {14-54)

The cigenvectors corresponding o h = +1 and h = —1 are

: (a2 1 i
?E( M ) ﬁ( _f.w:) (14-55)

respectively. It is intetesting to observe that if we change ¢ o ¢ + 2 the salutions
change sign. This is characteristic of odd half-integer spin wave functions (fermion
states); although this does not violate quantum mechanics, since —1 is justa
phase factor, it does mean that no classical mactoscopic wave packet can bc
constructed that has odd half-integral angular momentum.

Given an arbitrary state o, the expectation value of S may be calculated.
We have

(@|Slay = 3 2 (a|i}IS|i){la)
i ¥

L] L] m
En-h a—.:l 5( )
o 1 [ 7%
(5.) = lay, ar) 4f
1 i o

at, equivalently,




Operarors, Marrices, and Spin 235

= e’ a’) ) = Milaja_ + a"a,)

)0

(1 -

oy

= Jﬁ- w ¥
)- Y lapa_ — a_oy)

fory

ey

= Milay, a)

0
{8,) = lal, «2) (
]

(5) = ¥ila’y, a'_}( )- Wilas|* = Jari®)

— (l 4-56)

MNote thar all of these are real, 25 cxpected for hermitian operators,

We shall see later that the spin of an electron appears in the Hamiltonian
for the hydrogen arom, for example, coupled to the orbital angular momentum.
When an electron is localized at a crystal larrice site, for example, it is often
possible to treat the spin as the only degree of freedom that the electron possesses.
The electron will have an intrinsic magnetic dipole moment by virtue of s
spin, and thar magnetic moment® is

M= — 2—35 {14-57)

where g, the gyromagnetic ratio, is very close to 2,
g=2(1+§+...)-2.0ﬂ23191 (14-38)

and m is the electron mass,
For such a localized electron, the Hamiltonian in the presence of an external
magnetic field B is just the potential encrgy

- M. B= %, .
H=-M B=2"4B (14-59)

The Scheddinger equation for the state §{f) = [nrr{n:l s
LL

' A “classical” electron moving in & circle with angular momentum L will fosm 1
current Joop whose magnetic moment is M = —eL /2w, Since the Spin is o purely quantum-
mechanical variable, one can argue (14-57) oaly by analogy. For its justification one needs
the relativistic Dirac equation from which the value § = 2 alsn cmesges. The comections to
£ = 2 come from quantum electrodynamics. The nonélassical asperts of spin were pointed
aut by its discoverers, 5. Goudsmit and G, Uhlenbeck (1933).
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R b
BT e O BAO {14-60)

If B is taken to define the z-exis, and if we write

a lf) ) o
) = = (14-61)
a(f) o

then the equation becomes

oy B 1 [H ik
Fius _ HE ( (14-62}
. " No -1 /\a
The solutions comespond to different frequencies . We have, for w = egB/dme,

(a"') = (])_ and forw = —(epB/dmi}, (ﬂ+) = (ﬂ) Thus, if the initial state is
L ] o 1
&
glo) = ) {14-63)

then the stare ar a larer time will be

ae ™
llﬂ.tl'l -y ) w =
b

Suppose that at ¢ = 0 the spin is an eigenstate of 5. with eigenvalue 4(1,/2) f,
that 15, it "points in the x.direction,” This means thae

o 1 a &
LA ) = }f
I © L) b
a , 1
thar is,(é): v’i( | ) ‘Then, at a later dme
0 1 P
Y L b g ey 1
"'L}_ﬁ'\/i& L J(l ,})v'z(‘,u )

B C f
= (=5 = cos Zeat (14-65)

!

(14-64)

.

LS
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ST R A e
{3,}-;ﬁﬁtr:: ] s 7 -

Similarly

fi , .
- (—i ™ e

fi
= > sin Zod {14-66)

Thus the spin peecesses abour the z-axis, the direction of B, with frequency
B B .
2 = = o 2 (14.67)
2me me

In a solid the gyromagnetic facrar g of an electron is affecred by the natare
of the forces acting in the solid. A knowledge of g provides very useful con-
straints on what these forces could be, and it is therefore impormant 1o be able to
measute g, This can be done by the paramagnessc resonance methad, which we now
describe.

Consider an electron, whose only degrees of freedom are the spin stares,
under the influence of a large magnetic field Bo pointing in the z-direction, and
constant in time, and a small oscillating field By cos wf, pointing in the x-direc.
tion. The Schrodinger equation now reads

d (2] egh B, By cos w alr) .
i ” - {14-68)
1 &0 By coswr  —H, bii)

or, with
_E By ‘ ep By ]
@ -Ldmr w = (14-69)
e
i %[:-} = wya(r) -+ wy cO5 wr B{r)
; ﬂfiﬂ = w cos wh alf) — wb(r) (14-70)
Let

Al) = ald) &
B(s) = bif) e~ {14-71)
These satisfy the equations

L dAls)
'

= wy CO8 wh B} &%
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= fan 7 B()

dB(f)
dr

= o €05 wk Alf) ¢ 5

i
= by e 7T 4()

In obraining chese, we made an approximation. We wrote

cos wh ¢ = § [t g e
=} gl =l

(14-72)

Since we will be interesred in valoes of w = 2wy, and since both are large, the term
that has been dropped oscillates very rapidly, and we may expect chat its con-
triburion averages to zero. A moce detailed trearment supports this observation,

We may eliminate B(i):

B() = 2 220 -am-an
ay

a
and use this to obtain a second order differential equation for A(f):
fAl) o dAl) | et
i 1209 — w) p + . Alf) =0

A trial solution is
Alf) = A(o) o™
When this is inserted into (14-74), the roots of the equation

—h’+[2wu—u}k+w{=0

that is,
N = Zwy = w == V{:m-- w)? -+ wn?
determine .

The most general solution is

Alfy = A, ™ 4 A M

and hence

BG) = — = T (A, M AP
This finally yiclds !

alf) = ™™ (A, ™ 4 A M)

b(t) = — % e A 2 A )

{14-73)

{14-74)

(14-75)

{14-76)

{14.77)

{14-78)

{14-79)
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[f at # = 0 the elecoron spin points in the positive z-direction, then «(0) = 1 and
B0o) = 0, that is,
A+ A =1
Ay + A= 0
so that

= - (14-80)

The probability that at some kater time # che spin points in the negative z-ditection

is | 682

. 4 L. - o ™ '
. = .. W
e o
— o 1 — ¢ "M '
(2000 — @) + wy?
a? 1= cos ﬁiw-u—u].’-i-uﬂl
B

This quantity is small, since wy ¥ w, wy. When the frequency of the field B, is
“tuned™ to match 2wy, then the probability becomes

— €08 unt

b2 — (14-82)

that is, it approaches unity. Since the energy of the “up™ stare is different from
thar of the “down'* state, such an energy difference, absorbed from the external
field, signals the resonance frequency, so thac we, and hence g can be measured

with grear precision,

Problems

1. If the ground state vector for the harmonic oscillator is given by
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use (14-2) and (14-10) to calculare @y, #a, wy. What is the general pareern?
Satisfy yourself that

{"nlﬂn:" = fi

X 2. Given a vector

—
= Y

calculate with the ha:mmn-: oscillator operators (14-9), (14-10), (14-11) the
q_ui:l'llll!lES F

{a) (H)
(b} {a), fad, (%0 ()
{c) Use this ro calculaee Ap Ax,
[Note. The expression for pand x in cerms of A and A" are 1o be found in (7-4).]

3. Calculate the top left 4 x 4 comer of the matrix representation of x* for
the harmonic oscillator,

4. Use (14-20) and (14-21) to calculare the matrix representation of L,
L, and L, for angular momentum 372, Check that the commutation relations

(Lo L) = R L,
and 50 on are satished.

3. You are given the Hamiltonian

1
He —Lp L By gt
a1, + + L;
Y
Find the eigenvalues of H {a] when the angular momentum of the sysrem is 1;
(b} when the angular momentum of the system is 2.

{Note. The marrix representations of L., Ly, L, for angular momentum 2 are
obtainable from

200 0 0
o1 0 o 0
l,=H8h | 0o oo o o
o0 o0 0-=1 0
0D o0 0-—2
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D20 0 0
0 0vE 0 o
Lo=f] 00 0 460 L= (L)
o¢c o0 o 2
000 0 0

6. Calculate the eigenvalues of the matrix

8 4 6
H=| 4 14 4
& 4 B

What are the eigenvectors?

7. Consider an angular momentum 1 system, represented by the state
vector

What is the probability that & measurement of L, yields che value 07

8. Consider a system of angular momentum 1: Whar are the eigenfunc-
uons and eigenvalues of the operaror L,L, + I,L.7

9. Consider a system of spin 1/2. Whar are the eigenvalues and eigen-
vectors of the operator §, + §,? Suppose a measurement of this opetator is
made, and the system is found to be in the stare comesponding to the larger
eigenvalue. What is the probability chat a measurement of 5, yields #/2?

- 10. The equarion for the rate of change of an operaror in the Heisenberg
picture is given by Eq. (7-47). Consider the operatoes S,{f), . . . What are the
equations of motion of these operators, if the Hamiltonian is given by

H=-%5;.8
2me

and the commutation relations are [S.07), 5,(1] = #S(, and 30 on. IfB =
{(0,0,8), solve for S(¢) in terms of S(0),

11. A spin 1/2 object is in an eigenstate of 5. with eigenvalue /2 at
time £ = 0. At that time it is placed in a magnetic field B = (0,0,B) in which it is
allowed to precess for a time T. Ar that instant che magnetic field is very rapidiy
roteted in the pdirection, so Mhar it components are (0,80}, Afrer another rime
interval T a measurement of 3, is carried out, What is the probebility thar the
value /2 will be found?
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12. Work our the behavior of a spin 1 particle in an exrernal magnetic
field, Choose B = (0,0,B) and take the initial state to be an eigenseate of

Sn=25snfcosé+ 5 sinfsing+ 5 cosd

with eigenvalues £, 0, —f in succession,
| Hini. Use the marrix representations given by (14-22) o (14-24).]

References

The material on spin is standard, and discussions may be found in all of the
books listed ar the end of dhis volume,




chapter 15

The Addition of
Angular Momenta

Suppose we have two electrons, whose spins are described by the operators
8, and ;. Each of these sets of operators satisfies the standard angular momen.
tum commutation relations

|'S]!-| Sln] = !:Mu
and 50 on,

and so on, but the two sets of operutors commure with each other, since the
degrees of freedom associated with different particles are independent, thar is,

[5:,84 = 0 (15-2)
Ler us now define the total spin 8 by
5=8 45 {15.3)

The commutation relations obeyed by the components of § are

[Sadsi = [51z + 524, 51y + 5aal
= [Slhslr] + [S2a.500]
= k(5. + Su) = S, {15-4)
and so on. We are therefore justified in calling 5 the tol spin. We may now
determine the eigenvalues and cigenfuncrions of % and 5,

The two-spin system actually has four states. If we denote the spinor of
the first elecrron by %'}, so that

St = §(3 + 1) AR
Sux = L ifixy (15-3)
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and similarly for the spinor x'' of che second electron, then the four swies are

15_(2 E Iz Iy (2
xt !Ixt] m L2 xt x_'_]'x! ]lx[l {15-6)

The eigenvalues of 5, for the four states aze
S xS = (S + Su) xOxP

= (S} x2 + 2% (5ux®)

thar is,
SAX“:IX N ﬁxI:I'I i1}
5-1(':” [FI. S'xmxm =0
Sa® = iy, _ (15-7)

There are two stares with m-value 0. One might expect thar cne linear combina-
tion of them will form an § = 1 state, to form a mipler with the m = 1 and
m = —1 stares, and the onthogonal combination will form a singlet § = 0 state.
Ta check this expectacion, Jet us construct the lowering operator

=5+ 5 (15-8)

and apply this to the m = 1 state. This should give us the m = 0 state thar
belongs to the § = 1 triplet, aside from a coefficient in front, Indeed, using the
fact that

S0 = fiy'? (15-9)
which can be established by noting that

00 OA) o

PP = (5D 2P + xP5n?
- ﬁx“’ i3y + fix'l .:::u 12
L im g xm 2

- Jzﬁ”T (15-11)

we get

The linear combination has been normalized, and the compensating facror in
front, +/2f, agrees with whar one would expect from (10-36) and (10-48) with
{ = m o= 1, If we now apply 5_ to chis linear combination, and note thar

§0 = g (15-12)
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we get

iz m D
g X+ X- +x

-v";- v"g[ l.l:l_xul +x ”xm}l
- V;Eﬁxm (2 (]5'13}

as we should, for an angular momentum state § = 1,
The remaining stace, constructed to be orthogonal to (15-11) and properly
normalized, is

(ny 03 1 I
D — N (15-14)

v’z s

and because it has no partners, we conjecrure that it is an § = 0 stare, In order 1o
check this, we compute 82 for the two stares

X, = ? P2 + x ¥ {15-13)
We have
§ = (8§ + 8q)* = 8" + §," + 8.5,
= 8%+ 8¢ + 255 + 5SS 5y {13-16)
Fusc of all,
1
52X, = Y 285 + xPS ™)
= R, (15-17)
and simularly
821X, = $ReX; {15-18)
Next, we calculate
5u50Xy = 204R)(—4) X, = 30X, (1319)

Finally§
1 "
(Sia8e 4 5 53) Xy = NG (SxPSHx? + S xPSax®

= SuxU5 ¥ & S xV5a?)
which, with the help of (15-9) and (15-12) yields
(S %+ 5iSay) Xy = 2R0X, {15-20)
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Thus

2
szi"ﬁ!{%'*i_iil:'x_'--( )ﬁ’k’i
¥
= RS{5+ 1) X, (15-21)

with § = 1 and 0 corresponding to the &= srates.

What we have shawn is that the rotality of the four states of two spin 1,2
particles may be recombined into a triplet and into a singlet total spin stare.
For free spins, the two descriprions ate completely equivalent. If, however, we
have a physical system in which the forces depend on the spin, the eigenfunc.
tions of the individual spins are no longer simultanecus eigenfunctions of Hand,
say, 8%, Sy, 8¢, $u, but chey may be simulaanecus eigenfunctions of H, S, %,
8%, and 8%, This is most casily seen in an example.

If we have a potential berween two electrons that depends on the spin,
so thae

Vir) = V() + E -5y Vilr) (15-22)

we can easily see that 5, and 5x do not commute with the second term, so thar
the eigenstates of H containing this potential cannot just be simple producrs of
eigenstaes of Sy, and 5y, If we obsetve, however, that

518, = H5* - 87 — 8 {15-23)

s0 that this term can be replaced by the eigenvaluc, when acting on an eigen-
funcrion of 82, 8%, and 5, then

Firl = VA +% Fiir) !*S{S'f' 1) - %]

1 1 §=1
=Wl + ( 3 ) Vilr) {5 - (15-24)

Such a spin-dependent potential is aceually observed in the ncutron-proton
system, The bound stare is an § = 1 state—this is the devteron—but dhere is also
an unbound § = 0 scate, which is only possible if Fuir) # 0.

Much mote important for future applications is the combination of a spin
with zn orbital angular momencum, Since L depends on spatial coordinates and
5 docs aot, they commute

(LS} =0 (15-25)
It is cherefore evident thar the components of the total angular momentum J,

defined by
J=L+8 (13-26)
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will satisfy the angular momentum commutation relations, We can now ask for
linear combinations of the Y. and x4 thar form eigenstates of

b= L+ 5 (15-27})
and
J* = (L*+ ZL-.8 + 8%
= LE 4 5% 4 20,5 + L5+ L5, (15-28)
Let us consider the linear combination
$imtrz ™ EVimXs = OYimiin- (15-29)

It is, by construction, an tigt'nfum:tiim nf_j', with eigenvalue {m + 1) . We now
detenmine o and § such char it 5 also an cigenfuncrion of f* We shall make use
of the facr that

LyYia = [H/ + 1) = mime + 1)]'"* BY i
= [+ w+ 1} — m)]2RY
L Y= [({ = m4 100+ m)|VRY, .,
Sxy = Sx-=0 Spxe = fixy {15-30)
Then
Pimprp=al® I+ 1) Yiexs + 1Y ians + 2m(}) Viex-
+ = m) + m 4 DY x]SR 1) Vi
b iYmex- + 2(m + 1)(—4) Yiasx
4+ [(§ — =l 4 m + 1]V Vx| {15-31)
This will be of the form
Bf + 1) bimprse = B+ 1 aYimxe + BYmpix ) {13-32)
provided chat
allf + 1) + 3+ m] + B¢~ m)U+ m+ V) = i+ 1) a
B+ 1+l —m= 1) Falll — m}l+m+ ) =i+ 1)8
(15-33}
This requires that
=—mi+mt+ 1) [j+01) -+ -
XK+ -+ 1)—3+m+1]
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which evidently has two solutions,

—f=1
,ﬁ{j+1}—r{:+1}—%={ (15-34)
!
thar is,
= {15-3%)
I+ 4

Bor j = I+ 1/2, we ger, after a litcle algebm

a=\’ﬁ'~w g |4 (15-36)

241 Va4

{Actually we just get the ratio; chese are already normalized forms). Thus

I+ 1 e
¥isisamtin = Jﬁ Yexy + .\’ ﬁ Yimix- (19-37)

We can guess that the j = / — 1/2 solution must have the form

[—m I+ m+1
¥i-yzmez TN T Ty Ty Yemaxe (15-38)

in order to be orthogonal to the j = ! 4 1/2 solution.

These two examples illusmare the general features that are involved in the
addition of angular momenta: If we have the eigenstaces ¥i%, of L,* and Ly, and
the eigenstates Y3, of Ls? and Ly, then we can form (24, + 1) (2 + 1) product
wave functions

—h<m=<h
Yia.Yia, (15-39)
—hZm< b
These may be classified by the eigenvalue of
Jo=Lu+ Ly (15-40}

which is . + my, and which ranges from a maximum value of & + f; down 1o
— & = ;. Asin the simple cases discussed above, different linear combinations of
funcrions with the same = value will beloag ro different values of 7. In the wble
below we list the possible combinations for the special emmgle of iy = 4,
Iz = 2, We shall use the simple abbreviation (m,,m,) for {2, v/2
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m-value #iy, @y combinations aumber
6 (4,2) 1
3 (4,1 (3,2) 2
4 (4,00 (3,1) (2.2} 3
3 {4,=1) (3,0) (2,1) (1,2) 4
2 {4,—2) (3,—1) (2,00 (1,1} (0.2} 5
1 {3,—2) (2,—-1) (1,0) (0,1) {—=1,2) 5
o {2,=2) (1,—1) {0,0) (=1,1) (=2,2) 5
=1 (1,=2) {0,—1) (—=1,00 (—2.1} (—3,2) s
-2 0, =2 {—L,-1) {200 (~3.1) (—4,2) 5
-3 (=1.-2) (—2,—1) (-3,0) (—4.1) 4
—4 (=2,=2) (=3,—1) {—4,0) 3
=3 (—3,—2} (—4,=1) 2
— (=4,-2) 1

There are a total of 45 combinations, consiseent with {2/, 4 1) {24 + 1).
The highest state has total angular momentum /; + k4 as can easily be
checked by applying J* to Y Y12

PYRYHE = (L + L* + 2L0Ls + Lida + Li-Ls,) YIVYED
= Bh(h + 1) + Bk + 1) + 204) YYD

= Bk + L)+ k4 1) YL (15-41)
This is f = & in the example discussed in the table. Successive applications of
Jo= Lo+ Ly (15-42)

will pick out gne linear combinarion from each row in the table. These will form
the 13 states thar belong to j = 6. When this is done, there remains a single state
withm = 5, twowithm = 4,...,one withm = —5. [tis extremely plausible,
and can, in fact, be checked, thar the - = 5 stare belongs o 7 = 5. Again
successive applications of J_ pick out another linear combination from each row
in the table, forming 11 states thac belong to j = 5. Repetition of this pro-
cedure shows that we ger, after this, sets that belong to j = 4,7 = 3, and finally
4 = 2. The multiplicities add up to 45:

B+ 4+94+7+4 5 =45

We shall not work out the details of this decomposition, as it is beyona
the scope of this book. We merely state che results.

(a) The products Yj. Y/4, can be decomposed into eigenstates of J*,
with eigenvalues jj -+ 1) #, where § can take on the values

f=htv b+ h—0 04— 4 {15-43)
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{b) It is possible to generalize [15-37) and (15-38) to give the Clebsch-
Gordan scries

Vim = 2 Clm; hmdams) Yo Y12, {15-44)

The coefficients Cifns; dymfym) are known as Wigner coefficients, and have heen
tabulated for many values of the arguments. We shall use only the coefficients
for [y = 1/2, which we have calculaced explicitly.

We can verify that the muldplicities check in (13-43): if we sum the
number of states we ger (f = i)

[2ih + )+ 1)+ [2h 4 = 1)+ 1+ ..o+ 200 = B+ 1)

Al
2lth—L+m+1]

(2l + 1024 + 1) 115-43)

A final comment is in order, We noted, when discussing identical particles,
that a system of two electrons (oc more generally, two fermions) must be in a
state that is antusymmetric under the interchange of the two particles. This
interchange involves not only the exchange of the spatial coordinates, but also
of the spin labels. For a system of two identical spin 1/2 particles, the § = 1
wipler of states

1
P

V2 ('Px™ + 2P (15-46)
Ky @

is symmettic under spin label interchange, while the § = 0 (singlet)
1
v = X% {15-47)

is antisymmettic, Thus for a wiplet state, the spatial wave function must be anti-
symmetric, and for & singler state, it must be symmeeric. The spatial wave
function of a two-particle system in their center of mass system is of the general
form

w(r) = Rumir) ¥Vialfg) (15-48)
An inrerchange of the coordinares of the two particles is equivalent to the change
r—tr
#—x —

p—d+ = {15-40)
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Thus the radial function remauns unchanged. However under this transformation

Yiwllgp) = Yilr — 8, 8 + 7)
= (—1) Yinlt) {15-50)

Thus triplet stares must have odd orbital angular momentum /, and singler states
must have even otbital angular momentum, We shall see an application of chis
when we discuss the states of helinm,

An interesting application of these remarks occurs in elementary particle
physics. One of the first highly unscable elementary particles to be discovered
wias the » meson predicted by Yukawa. This particle, which plays an importane
role in nuclear forces, comes in three charge states v°, 7", =7, It was found o
have spin 0, and che question arose whether the wave funcuon of a pion—as this
meson came to be called—was even or odd under reflection, assuming thar the
known particles, the proton and the neutron, had positive intrinsic parity. The
following experiment was suggested

Caonsider the capture of a x~ by a deuteron. A slow pion in liquid devterium
loses energy by a variety of mechanisms, till it finally ends up in the lowest Bohr
orbit about the {pn] nucleus, and is then captured through the action of the
nuclear forces, In the nuclear reaction

mtdontnw

the angular momentum is 1; the pion has zero spin, the orbital angular momen-
tum is zero in the lowest Bohr stre, so chat the only contribution is the angular
momentum of the deuteron, which is 1. The two neutrons must therefore be in
an angular momentum 1 state. If the roal spin of the two newtrons is 0, then the
orbital angular momentum must be 1. If the total spin of the two-neutron state
is 1, then orbital angular momentum 0, 1, and 2 is possible, since adding two
angular momenta of one unit each can yield 0, 1, and 2, and adding one unit to
two units of angular momentum can yield 3, 2, and 1. However a singlet stare
of two identical fermions must have even angular momentum, and is thus ex-
cluded. A tripler stave musc have odd orbiral angular momentum, and this 1s
possible if the orbital angular momentum is 1. Such a stare, however, has odd
parity by (13-30}, and hence the pion must have odd panty. In teoms of the
specrroscopic notation, which we shall use, where a srate is labeled according to

I {15-51)

the rwo neutron states, from the wral class of saates 15, 'Py, "Dy, 'Fy, ., %5,

Py, 3Py, WPy, 2Dy, 20, D)y, *F,, AF,, W, . . are restnicred o 15, "Dy, L "Proa,

L . by the Bermi.Dirac staristics argument, and of rthese there is only
- one state, the 3Py, state, thar has angular momentum 1,
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Problems

1. Work out the generalization of (13-37) and (15-38) to the addition of
orbital angular momentum L to spin 1,

{a} Find the cigenstates of 8 and §, ,where

1 0 0
k=%l 0 0o o
¢ o -1

(b) TF these eigenstates are labeled £,., £, and £, find the action of §,
and & on these states,

{e) Calcwlare the effect of
JPom L4 8 4 205, 4 L5 + LS.
on combinations like
Vimir = a¥ubs + BY pqifo + v uiaé
{d} Determine the relations between @, 8, and v obtained from
T = R+ 1) ¥,

2, Find the analog of (15-46) for two spin 1 particles, which can combine
to form spin 2, 1, and 0 states, Use the notation £, £5', £, for the one-particle
Epin veCtors.

3. A deuteron has spin 1. What are the possible spin and total angular
maomentum states of two deuterons in an arbitrary angular momenrum stare L7
Do not forger the Pauli principle.

4. A particle of spin 1| moves in a central potential of the form
Fir) = Vilr) + S-L¥slr} + (S-L)%Va(r)
What are the values of F(r) in the states [ = L + 1, L, and L — 1?

5. Consider the discussion of the determination of the parity of the »—,
Suppose the =~ had spin 1, but was still captured in an L = 0 orbital stare in the
reaction

¥4 d— 20
Whar are the possible two-neutron states? Which stares are allowed if the #~ had
negative parity?

6. Suppose the v~ has spin © and negative parity, bur is caprured in the
reaction

® + d—2n
from the P orbir. Show thar the two newtrons muse be in a singlet state,
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7. The Hamiltonian of a spin system is given by
H=dA-+ B%L.l.!.-ﬁ’ 4 ﬂ;%".fu]

Find the eigenvalues and eigenfuncrions of the system of two particles, (a) when
both particles have spin 1/2; (b) when one of the particles has spin 1/2 and the
other has spin 1. Assume in (a) thar the two particles are identical.

B. Consider two spin 1/2 particles, whose spins are described by the
Pauli operators 4, andéy. Let & be the unit vector connecting the two particles
and define the operator

Sy = by &)(dy- &) — by ds
Show that if the two particles are in a § = 0 state (singlet) chen
S1eMingler = 0
Show thar for a tnplet stae
(512 — 2)(S1e + 4) Moigrer = 0

References
The marerial discussed hete is also discussed in one way or another in every
texthook on quantum mechanics, Many details can be found in

M. E. Rose, Elementary Theory of Angular Meomentum, Joho Wiley and Sons, Inc.,
1957.






chaprer 16

Time Independent
Perturbation Theory

There are few potentials M(r) for which the Schrédinger equaton is
exactly solvable, and we have already discussed maost of them. We must cherefore
develop approximation rechniques to obrain the eigenvalues and eigenfunctions
for potentials that do not lead 1o exactly soluble equations. In this chapter we
discuss perturbation theory. We assume that we have found the eigenvalucs and
the complete ser of eigenfunctions for & Hamiltonian M,

. Hupo = E ¢ {16-1)
and we ask for the eigenvalues and eigenfuncrions for the Hamiltonian
H = Hy 4 »H, {16-2)
that 15, for the solutions of
(Hy + AHi) ¥ = Ends (16-3)

We will express the desired quantities as power series in A, The question of con-
vergence of the seties will not be discussed. Frequently one can show that the
series cannot be convergent, and yet the first few terms, when A is small, do
properly deseribe the physical system. We will assume that as A — 0, E, — E,®
and i — ¢y,

Since the ¢, form a complete ser, we may expand . 1n a series involving
all the ¢, We write

¥ = N {dv- - E Cas(A) ml {16-4)

The factor N(k) is there to allow us ro normalize the y,. We have the freedom to
choose the phase of ¢, and we choose ir such that the coefficient of @, in the
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expansion is real and positive. Since we require that b, — ¢, as A — 0, we have

N{o) = 1
Cul0) = 0 (16-5)
More generally, we have
Culh) = MR + N + .. (16-6)
and
E, = ES 4 NEY + MEP 4 . (167)

The Schrédinger equation then reads
{Hu+m.}[¢.+ ,);_m:ﬂhw Ewﬁ’m+...]
-fE.'+m“+rE:“+...}I¢.+‘§mﬁ=¢.+ Eh‘d?ﬁ-{—...]

(16-8)

Note that the normalization factor N(A) does not appear in this linear equation.
Identifying powers of h yields a series of equations. The first one is

H.‘Z Cii'de + Higy = B."; Citte + EM, (169)
= .
Using Hupy = E*%,; we obtain
B¢, = Hg, + 2 (B — B Gl (16-10)
[T
If we now take a mhtpmdu::ﬂthﬁ..mduuthmhﬂmﬁrymndiﬁm
]y = B {16-11)
we obtain ‘
ME! = (g NH|$a) (1612)

* This is & very important formula. It states that the first order energy shifi for a given
state is just the expectation value of the perturbing potential in chat stare. If the
change in the potential is of a definite sign, then the coergy shift will have the
same sign. The explicit form of

g = f d'r u(r) NHy(r) én(r) (16-13)

shows thar for the shift to be significant, borh the potential change and the
probability density |#.(r)|* must be large.
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If we take the scalar product of (16-10) with ¢, for m = n, then
@a|Hiige) + (E."— EY Cl) = 0
thar is,

AH, | ¢n)
% i H] - {ﬁl 1
Cai E% — E»

The numerator is the matrix element of H, in the basis of states in which H, is
diagonal. This formula is used in the next equation, which comes from the
identification of terms proportional o A%:

¥ (1
Hﬂg“ C;Rﬁi + H]E' 'c.l.l]‘k
= B0 Cle + B 2= Cidn + Ee, (16-13)
Hu E

Taking the scalar product with ¢, yields

' (16-14)

7 _ i _ (e | Hi|ha ) e | Hi | pa}
E" = E. (| Hi| ) CLY = E S — B
| {ge] Hil@a)i®
B g 1619
The last line follows from the hermiricity of H,:
{#ul Hilds) = (gu| Hy| 9 )* (16-17)

This, too, is a very important formula, especially since the first order shift fre-

quently vanishes on grounds of symmetry. We may interprer the formula as
follows: the second order energy shift is the sum of terms, whase strength is
given by the square of the matrix element connecting the given state ¢, to all
other states by the perturbing potential, weighted by the reciprocal of the
energy difference between the sttes, We can draw several condusions from the
formula,

(a) If @ is the growmd sate, that is, the scare of lowest energy, then the -

dencminator in the sum s always negative, and hence (16-16) is always negative,
(b} All other things being equal, that is, if all the matrix elements of H,y

are of roughly the same order of magnitude (which is the kind of guess one -

would make without more specific knowledge), then nearby levels have a bigger
effect on the second order energy shift than distant ones have,

{c) If an important level “£”—important in the sense of Iying nearby, or
of (| H,|éy ) being large—lies above the given level “n,” then the second order
shift is downwazds; if it lies below, the shift is upward, We speak of this as a

, endency of levels ro repel each ocher,
An expression for € may be obrained from (16-15) by waking the scalar
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product with @, m »¢ #, but we shall not requite this formula, Also N(\) can be
determined from

v = o0 [0 e
]
-1 {16-18)
It is therefore 1 to first order in M. Hence, to firsc order in A, we —

_ L s (el
Vo = o0 E B ge (16-19)

a formula that is sometimes uscful.

The above development peeds modification when there is degeneracy,
since, on the face of it, the denominator involving energy differences could
vanish, The difficulty is associated with the face char, instead of a unique gy,
there is a finite set of ¢, all of which have the same energy E,%. This set can be
made orthonormal with respect to the label “i” because, as we have seen in
Chapter 4 this label can be associated with the eigenvalues of some other,
simultaneously commuting, hermitian operators. We thus choose the set of ¢/
such thar

@2 ) = doaby; (16-20)

The natural way to ke the degeneracy into account is to replace (16-4)
by an expression that involves linear combinations of the degenerate eigen-
funcrions of Hy:

Yo = N(V l 2;_: aid + A E ciy Z‘Z Bl + .. ] {16-21)

The coefficients ay, @, . . . will have to be determined. When the above is sub-
stituted into the Schrodinger equation (16-3), we get, to first order in A,
Hod, CRE Al + H T agl
[ i

=B} as + EJ'?: ci X s’ (1622)
¥ =1 [
Taking the scalar product with #P gives the first order shift equation
2 a@l N8 = MY (16-23)

This is a finite-dimensional eigenvalue problem. For example, if there is a two-
fold degeneracy, and if we use the potation

{ﬁiﬂlﬁllﬂﬂ} = Ry {16-24)
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this equation reads
hney + hyson = B

hsiery + hnes = Eil} oy (16-25)

Both the cigenvalues—there will, in general, be two possible values of E'—and

the &;, can be determined from this equation, if we add the condition that

2 afr=1 (16-26)
We do not bgther with the determination of the i, since we shall only use
degenerate perturbation theory for the first order energy eigenvaluss in our
applications. If it so happens that h,; = 0 for / # j, that is, thar the martix Ay, is
diagonal, then the first order shifts are just che diagonal elements of this matrix,
This will happen when the perturbation Hy commutes with the operator whose
eigenvalues the "' labels represent. For example, in the h ydrogen atom, there is
a degeneracy associated with the eigenvalues of L, thar is, all sr-values have the
same energy. If it happens that

[Hy L] = 0 {16-27)

and if we choose cur ¢5 to be eigenfunctions of L,, then hy; will be diagonal.
Ta see this, note thar with

L = fim"gl" (16-28)
(8 [HiL)|98) = (@ HiL, — LH,| )
— ﬁ{ﬂur - m[’:','l h:;
- (16-29)
thart is, (16-27) implies
b= 0 for ' o ' {16-30)

Some of these features will be illustrated in the example below; others will
appear later in our discussion of the real hydrogen arom,

To dlustrare the application of perturbation theory to a real problem, we
will consider the effect of an external eleceric field on the encrgy levels of a
hydrogenlike atom. This is the Stk Effect. The unperturbed hamiltonian is

_ (1631
He . , (16-31)

whose eigenfunctions we denote by @aialr). The perturbing potential is
My =e¢e&-rm ¢ B2 (16-32)

" whete £ is the electric field. The quantity «5 will play the role of the parameter k,
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The energy shift of the ground state, which is nondegenerate, is given by the
expression

fa = ¢ Bdice| z| o) = ¢ Efd'fwwt':'} fr (16-33)

This integral vanishes, since the square of the wave function is always an cven
function under parity, and the pereurbing potential is an odd funcrion under
reflections. Thus for the ground state chere is no energy shift chac is linear in the
elecrric field &. Classically, a system thar has an electric dipole moment d, will
experience an energy shift of magnitude —d- &, Thus the atom, in its ground
stare, has no permanent dipole moment. The argument given above may be
generalized: rpems in nondegenerate states cannet have permanent dipole moments.
The statement of nondegeneracy is important: it is only then that the states are
also eigenstates of the parity operator, and then [$(r)|? is even, and the expecta-
ton value of z vanishes,

Many molecules do have permanent dipole moments, and it is often said
thar this is because the ground states are degenerate. The expecration value of z
in a state like anfy + S, where the subscripes indicare the parity, cenainly does
not vanish, and a state like the above will be degenerate with its space-inverted
stare oy — M if the rwo states &y, _ have the same energy. This explanation
15 not quite comect. The reason is that the lowest-lying states are never quite
degenerate. Consider, for example, a molecule like ammonia, NH ;. [ts strucrure
is reerahedral, with the three H nuclei forming an equilateral wiangle. The N can
be ar a position (determined by the condition thart the energy is minimum) either
"above" or "below” the miangle. The even and odd linear combinations of these
two states do not have quite the same energy, though the energy difference is
very tiny {—107* eV), because of the large bartier between the “above™ and |
"below” locations.' Thus, strictly speaking, the ground state is nondegenerate.
However, if £, where

d = ‘fﬁ:ln'l\e z‘"’lbu'r: = '_fj i';e].uu 2#"&]0- {1&54}

is much lazger than the tiny splitting, then the energy shift will be linear in the
electric field, and the molecule wll behave as if it had an eleciric dipole moment
(cf. Eq.-16-64).

Tet us look ar the second-order verm. Ir reads

| {dntm |z|'¢lﬂ} ®
@ Li®atm | Z|P1m /|
Bl = €6 2. =0~ By

The matrix clement in this expression is

(16-35)%

i

2181 = [ Rral) Yia68) 7 08 0 Ru() Yeolod) (1636

| Ser our simple model of a molecule, and the discussicn on p. 94,
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where we have replaced = (which 2ppears with £ pointing in the z-direction) by
the mare convenient r cos 6. The angular pant of the integration can be carried
out, since

1

Yoo = —=

“" Vir

[4x
g = — ¥ 16-37
cos \3 Yo {16-37)

It 15 therefore
1 1

f“ﬂ Y;nl:a#} ‘ﬁ Yi(fd) = :{,—3 E8mn (16-38)

by the orthonotmality of the ¥ ..
The fact that the m-value must be the same for the two states is our first
example of a selection rule, which can be stated in the form

Am = 0 {16-39)
It follows from the face thag
' (Luz] = 0 (16-40)
that is, that the perturbation commures with L, One thus has to evaluate the
radial integral to obtain the answer:
R= L " Pdr Rusolr) # Rosalr) (16-41)

This can be dome,* and the resulr is
1 2%7(n — 1)=3
3 (w4 1)t

which we write 25 f(n) a". For the second order shift, this gives

| (gharn| 2| ucop|® = an® (16-42)

o _ P fd
Eijp = —#8%ay L it — U

L2 fln)

e Tamt — 1

= —Zg B} i —:ﬂ:'ll (16-43)
n—g H =

i5e H. A Bethe and E. E. Salpeter, Goanium Mrchanic of Owe- and Tee-Elsctron
Atemy, Academic Press, Mew Yok, 1957, p. 262,
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On the face of it, the sum can only be evaluated term by rerm? The
# = 2 term contributes 0.74 to the series, and the # = 3 term contribures 0.10,
The convergence is not specracularly rapid, and the sum actually adds up 1o
1.125, The first term in che series does, however, give us an estmate of the order
of magnitude of the effect. The dependence on &4* is, of course, automaric, on
purely dimensional grounds. The factor £* must be multiplied by something that
is a3 (length)", and the only natural length is the Bohr mdius. If we speak of =
hydrogenlike atom, rather than hydrogen, we must make the substitution
@ —+ ao/Z.

If we differentiate the energy shift with respect to the elecuic field, we get
an expression for the dipole moment

T S
d=— - -4[:“.;!;“:__1 {16-44)

This is proportional to the eleceric field strength, thac is, the dipole moment is
induced. The pelarizability, defined by
pat (16-45)
&

can thus be calculared,
In making estimates of sums of the sort that occur in (16-35), one may
sometimes find useful upper bounds. For example

§ (! 2| dure ) {hate | 2| oo }

Eyeo — E.?
< e I el e G ) (16.46)
|E,® — Eg|
However, because of the completeness of the states, we may replace
); Butn ) (ata| — 1 (16-47)

as argued in (14-17), so thac
§ (@100] 2| bnim ) (Buten | 2| 100} = (Busa| 2*| b0} (16-48)

This, however, is easy to evaluate, Since the ground state wave function is
spherically symmetric, we have

@) = )= () = ; (il 7w} = ae? (16-49)

" Acraally the second crder shift can be evalusced in closed form. See, for example,
5. Bozowirz, Fundamentall of Quantwe Mrechanics, W, A Benjamin, New York, 1968, pp,
328-330.
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- where the last step follows from (12-31). From this we find that

¥ fin) =1 {16-50)
=
and therefore
; :,'L_ﬂl < : g fim) = : (1651)
The relation
2 | Gninl 210} = (G0l 2| S0} (16-52)

is called a sam rule, and is an example of relations that are useful in making
CAlmATEs.

To illustrate degenerate perturbation theory, we calculate the first order
(linear in &) Stark effect for the # = 2 states of the hydrogen arom. For the
unperturbed spstem there are really four # = 2 states that have the same encrgy.
These are

dmo = (2ag)™ 2 (1 - i) e My,

$rr = (2ag) ¥ 3=12 (‘L) e Yy,
g
bu = (2ag)—¥* 31 (_') gy
iy
$11,-1 = (2ag) ¥ 371 (_) Uil (16:53)
&y

The 4 = 0 state has even parity, and the / = | states have odd parity. We wanrt to
solve an equarion like (16-23) and, on the face of i, four equations are involved,
If we note, however, that (a) the perturbing potential (that is, #) commutes with
L, so that it coly connects states with the same m-value, and (b} parity forces
us to consider only terms in which the perturbing potential must connect
!'= 11w ! = 0remms, that is,

21|zl 00 ) = 0 (16-54)
then the matrix in (16-23) is only 2 2 X 2 matrix. The equation reads

(doon] 2| o} (o] 2! prin} o oy
el - E': ] {16_-&-5)
ibanl 2| dan) (o] 2| Pasa} org [
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The diagonal elements are zero, because of parity, and the off-diagonal elements
are equal, since they are complex conjugartes of each other, and each may be
chosen to be real. We have

- - ” -2 = 0 2r ,,,_r_
(@l =l e L Pdr(2a)t ﬁﬁ(l 2%)r

: [ ALY (VET3 Ya) Y (16:56)

= —3a
and hence (16-55) becomes

— B —3efay e
) -0 (16-57)
—3eBay —EW ap

The eigenvalues of this are
BNV = +3eEay (16-38)
and the corresponding eigenstates, when properly normalized are

1 1 1 1
i) = 5 ()
respectively. Thus the linear Scark effect for the n = 2 states yields a splitting of
degenerate levels as shown in Fig. 161,

There are some general comments that can be abstracted from the calcula-
wons just concluded.

{a) The states in the presence of the electric field are no longer eigenscates
of L7, since in the above case, for example, we found that the states that di-
agonalize the perrurbarion were equal mixtures of / = 0 and / = 1, though they
are still eigenstates of L,. The reason, is that the perrurbation changes the
Hamiltonian, so that it no longer commutes with L2 This can be worked out in
detail, but it is really evident thart the external field specifies a preferred direction,
so thet the physical system is no longer invariant under arbitrary rotarions. It is
sull invarint under rotations about the preferred axis, here the z-direction, and
hence L, is still a good constant of the motion.

{b) Quire generally, whenever there is a perturbation thar does not con-
serve some quantity (for example, L here), then the states that “diagonalize™
the new Hamiltonian in any approximation, ate superpositions of states with
different values of the previously conserved quantum numbers, and thus de-
genetare levels will be splic,
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Fig. 16-1. Patern of Stark splirting of hydrogen atom in # = 2 state. The four-
fold degeneracy is partly lifted by che perturbation. The m = =1 states remain
degenerate and are not shifted in the Stark effect,

(c) We may summarize the procedure in degenerare perturbation theary
in matrix language as follows, If Hy is diagonal, but H, is not, then, since H; and
H; do not commute, it is net possible to disgonalize H, by itself, without
“un-diagonalizing™ Hy. One must work with

H= .Hu*' ”]

a5 a whole. If we work with a subset of degenerate states, all of which are eigen-
states of Hy with the same eigenvalue, then, as far as thesc states are concerned, H,
is not merely diagonal, but it is proportional to the unit matrix. Since H, (and
everything else) commutes with the unit marrix, one may diagonalize H, by
itself, without affecting He,

The hydrogenlike atoms considered here were somewhat idealized. As we
will see in Chapter 17, there are small relativistic and spin-orbit coupling effects
that actually remove some of the degeneracies. Does this mean that we never
really need to use degenerate perturbarion theory? Actually, even if, say, daw and
#n do not have exactly the same energy, it may still be sensible 1o take some
linear combination of them in the perturbation expansion. If we have, for
example

Hypm = (E" — A) dam

Hy ¢z = (E" + A) g (16-59)

with & small, then the Schrédinger equation, with the linear combinations, reads
{Hy -+ hHy) (ﬂﬂiﬁn + cospann F A E C-#q)
L]

- E(FJW = orgghan + hz Tty (16-60)

apl
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Taking the scalar product with dum and ¢$au, respectively, leads to the following
equation to order A:

(Eﬂ*— & = (g0 NHy| pam) {Gsoe| \H: $an) )(a-) (m)
= F
‘-:M|_"-H||ﬁh} B+ a— ‘:ﬁmlmﬂﬁm} e oy

(16-61)

If we write
{dhoon| MHy [ o} = {uro| M| dhaoa ) = ah (16-62)
we must find the eigenvalues of the matrix

Es* — A Aa
(16-63)
A E* + A

and these age
E= Ef+ Va4 A? (16-64)

{In the above we have set (ool H\[dmo) = {duuol Hy|ghuo) = 0.) We see thar
when A 3> o), we get a “quadratic” effect only. This corresponds to no de-
generacy, When & < ah we get the result of the form (16-58). In che inter-
mediate region, the above, more careful treatment is necessary. Furthermore,
when the new linsar combinations are used, then in second order perturbation
theory there no longer appear very tiny energy differences in the denominators.
We do not discuss this in detail, bue chis is not difficult to escablish.

As 2 final comment we point out two apparently contradictory Ffacts.
(1) The predictions of perturbation theory concerning the Stark effect are borne
out very well by experiment, and (2) the perturbation series evidently diverges,
since the perturbing potential ez grows withour bound as z becomes very
large, no marter how small ¢£ is. The question arises whether one has any right
to believe in the accuracy of the first few terms of a mathematically divergent
series, since it is well known that a mathematically divergent series can be
rearranged to give eatirely different expansions. The answer lies in the physics
and not in the mathematics of the problem. The reason for the divergence can be
seen in Fig. 16-2, which gives a rough picture of the total potenrial for x, y fixed,
It appears chat there is a basrier ercated for the bound elecoron. This barrier is
ultimately pencerable, even though for small €8 it is very broad. What the marthe.
matical divergence of the series is responding to is the possibility thar the elec.
tron in the ground scate, for example, has & Gnice (although very, very small)
probability of being sufficiendy far away from the nucleus, where the exrernal
electric field is stranger chan the Coulomb field, and the electron is carricd away
by the electric field. Thus the new “shifted” energy levels of the hydrogen atom
are no longer stacionary scates, bur rather metastable states, If che feld is weak,
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prtential

‘-'_'5""'-. ot

;ﬁ_}" Py 1

Fig. 16-2. Schematic picture of potential energy as a function of z with x and y
held fixed. The dotted line tepresents the Coulomb porential, the dashed line rhe
patential energy due to the external field, and the solid line the total porential,

howevet, they may be stble on a time scale of the age of the universe,* and hepce
the observations agree perfectly with whar the first few terms of the perturbarion
series predict.

Problems

L. Consider the hydrogen atom, and assume thar the proton, instead of
being a poinc-source of the Coulomb field, is a uniformly charged sphere of
radius R, so that the Coulomb potential is now modified ro

3

1
(F = — — R’ - rt r [
Vir ~ ( ; ) < Ri<ay)

et

= = r> R
r

Calculate the energy shift for the # = 1, / = 0 state, and for the » = 2 stares,
caused by this modification, using the wave funcrions given in (12.23).

* Actually a simple barrier penetation caleulation of the type carried our in Chaprer §
shows that the time scale is more like 100" Lifetimes of the universe, for fairly reasonable

" helds!




268 Cuantum Physics

2. Calculare the energy shift in the ground stare of the one-dimensional
harmonic oscillator, when the perturbarion

F =
15 added o

H = .ﬂ_ )
Pl Lo
3. Consider a square well in one dimension. If the edges of the well are
rounded off as shown in the figure, whar is the change in the ground stare energy?
Choose your rounding-off parametrizacion such that Fix)dx remains un-

changed.

— —
A /

4. The bottom of an infinite well is changed to have the shape

V{x}=uinr—: 0< x<b

Calculate the energy shifts for all the excited states 1o first order in e, Note that
the well originally had F(x) = 0for 0 € x < &, with ¥ = o elsewhere,
5. Prove the sum rule (Thomas-Reiche-Kuhn sum rule)
, ft
Z (En — Ed}| {nlx|a)|® = =

[Hint. {a) Write the commutation relation [p,x] = /7 in the form
? l{aﬁ n)(n|x|a) — (ﬂlxlﬂ}{ﬁlﬁldbl = % {a]a) = f—.
(b) Use the face that
(alpln) = <3|m‘ %iu) = m—; (a|[Hx]|a}

in working out the problem.]
&. Check the above sum rule for the one-dimensional harmonic oscillator,

A% _kn

with “a" taken in the ground sware.

7. Work our the first order Stark effect in the # = 3 state of the hydrogen
atom, Do not bother to work out all the integrals.

8. Consider an electron in a state » in 2 hydrogen acom. The atom is placed
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in an external electric field & Estimate the lifetime of the acom, or, equivalently,
the transmission coefficient through che barrier made up of the Colulomb armac-
tion to the nucleus, It is enough o consider a one-dimensional model of the
problem.

9. Consider a rwo-dimensional harmonic oscillator described by the
Hamiltonian

Ho= = (b + ) + dmsilst + )

Generalize the approach of Chaprer 7 to obrain solutions of this problem in terms
of raising operators acting on the ground state, Calculare the energy shifts due to
the perturbation
Vo= Dy

in the ground stace, and in the degenerace first excived states, using fiest order
perturbation theory. Can you interpret your result very simply? Solve the problem
exactly, and compare it with 2 second order perturbation calculation.

[Hints. (2) Fxamine the symmerries of the unperturbed Hamiltonian. (b) De-
compose the motion ioro center of mass motion and internal motion.]

References

g There are many examples of the application of first-order, perturbation theory
in the textbook licerature, and the references listed ar the end of this book may
' serve as a source of further examples. For a discussion of the exact calculation
of the Stark effect see

5. Borowitz, Pundamentals of Quantum Mechanics, W. A. Benjamin, Inc., 1967.






chapter 17

The Real Hydrogen Atom

The discussion of hydrogenlike aroms in Chaprer 12 was based on the
Hamiltonian

Hy = -5- - 2 {17-1)

r

In a more realistic trearment, several corrections must be taken into account.
First of all, the expression for the kinetic energy of the electron is altered when
‘relativistic correcrions are taken into account. In the original electron-proton
Hzmiltonian we replace

TN Y B S S S
2m+ ( +2M)

{in the center of mass frame) by

w’ L P
31 BAYE 2 e gt B .
(piet 4 miP 4 m+2m 8 me | 2M
_ p» 1Y
= et +2H —y {17-2)

The electron rest mass term 15 irtelevane. The noarelatvistic erm sull involves
the redoced mass, bur there 15 now 4 correction term,

-(17-3)

that should be added to the Hamiltonian Ho. We may estimate the magnitude of
the comrection:
{H A gp’} {mcfo)? .
{ Hu) it —m=c= (Lo} (17-4)
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For hydrogen this is of the arder of 10%, smaller than the reduced mass effects,

The existence of the electron spin gives rise 1o another carrection that is of
the same order of magnitude. It may be qualitatively understood as follows:
if the electron were ar rest relative to the proton (we are discussing this on a
classical level), it would only see an electric ficld due to the proton charge. This
15 the Coulomb potential term that appears in Hy. Because the electron is moving,
there are additonal effects. In the electron rest frame, the proton is moving, so
that there is & current present, and the electron “sees” a magnetic field. If the
telative motion were rectilinear, the magnetic field, as seen by the electron,
would be v X E/c. This magnetic field interacts with the spin of the electron,
or more precisely, with the magnetic moment of the electron. We might expect
an interaction of the form

—MB="8B
me

& 4
"ES'?XE- = E‘,ETX?NP‘]

e 1

ma SPXED

i

1 1 &
et SrXp P od{r) (17-5)

where é(r) is the potential due to the nuclear charge. Actually this is not correct.

It turns out ther relativistic effects associated with the fact that the electron does

not move in a straight line (the Thomas precession effect) reduce the above bya
factor of 2. Thus the comect perrurhation is

1 1 dlegir)]

Hym —&. ], — 2702

P E
Let us now use first order perturhation theary to calculate the effects of M,
and H: on the spectrum of hydrogenlike aroms. We may tewrite H, in the form

{17-6)

ho oY (P
B omict Zme \ Im
2t
= — ""]_1 (Hu + Z—E’)(Hu + _) {1 7-7)
2 r ¥
if we neglect reduced mass cffects in Hy.

Hence

1 Z# e
{ara | Hi|#oimy = — — (-ﬁ.;. (Hu +—)(Hu+ —)‘-:-...)
2ﬂ'¢'. F r
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1 1 l 12 .l
- Q[Eﬂ +2m‘<’>nl+ (-Z’] <f=>|ll]
)
2t 2nt 2 t

+ ()

)
a4 1/2)

(Ze)? 3{2&}!:|
w4 1/2) dnt

In calculating the above, we have used expressions for

(o= (ol o) e (G)m (o] 5o

from (12-31). The spin of the electron does not enter into this energy shift, since
b H, does not depend on the spin. Hy does depend on the spin, and for our un-
\ . perrurbed wave functions we must take two-component wave functions, since
what we want to calculate is the expectation value of

1 1 edplr) Zea 1
2mict S-L roodr m*:is L P

1 .
--Emﬁkﬁ[ (17-8)

{17-9)

Here, again, we have an example of degenerate perturbation theary. For a given
# and !, there are 2(2} + 1) degenerate eigenstates of Ho, with the additional
factor of 2 coming from the two spin states. Thus the calculation of the energy
shift involves a diagonalization of & submatrix, as in Eq. 16-23, We can save
ourselves & great deal of labor by noting that

S+Lm=] {17-10}

“implies thar
o S+ 28-L + Lt = J!
thar is,
S.L=4()—L"— 8y {17-11)

Thus if we combine the degenerate eigenfuncrions into linsar combinations that
are cigenfunctions of J? (they alteady are eigenfunctions of J, = L, + §), then
these linear combinations will diagonalize Hy. The appropriate linear combina-
tions were obtained in Chapter 15, Eq. 15-37 and 15-38. With these linear
combinations we have

1
S-Ldiap m'_‘ E(-P -L- 5’) Ly

AL oy (1T
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-l 2 ( !) é)-_ if 1 —E
S I+ I+3) =+ y *:_:_wgg.n

Y .

: h ;*:iﬁ-}lf[?ﬂil (17-12)
and

NEHICH :
. ) . = T rs - -] = - = .
= M (G ) B TR o

= - é‘ﬂlﬁ +1) ll',l.,e-{h'z (17-13)

-nr---HIJ.-'!J

. Fora given / value there age 20+ 1/2) + 1] + [2(/ — 1/2) + 1] states. Whar

has happened is thar the degencrate scates have metely been rearmanged, bur the

tWo groups chat they have been split into behave differently under the acring
of Hs. If we call the linear combinations g, then

Sl sl ) = —3‘1“—[ / }

et 2 (=)=
X f dr AR - (17-14)
o ~
forj = 14 172, respectively,
With the help of
(—1> z — 1 17-15)
Plu™ a ol 5 D050 (-
we get the energy shift
{
{—-' = 1] (17-16)

I
AE = me(Za) Wi+ 172 1+ 1)

We must, of course combine the effects of H, and H,.
When this is done, we obtain afrer some algebra

[;‘.-I*llf? —41" {17-17}

1
AE = ~1/2me(Za)* ~

the produce in'{l?-l-ﬂ 15 not well defined.
The splitting is depicred graphically in Fig. 17-1, A VETy interesting result is thar
the corrections add up in 2 manner chat leaves the *Pis and the 25,y smres
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Fig. 17-1. Splitting of the » = 2 levels by (1) rhe spin-orbit coupling {which
leaves the § state unaffected) and (2) the relativistic effece. The final degeneracy of the
3§, » and *Py 5 states is actually lifred by quantum elecrodynamic effects. The upward
shift of the 15 5 state is called the Lamb shifr,

degenerate, A more careful discussion, using the relativistic Dirac equation, does
noc alrer this result. In 1947, a very delicate microwave absorption experiment
carried out by Lamb and Retherford showed that chere was, indeed, a tiny
spliting of the two levels. The magnitude of the splitting, of order
mc(Zo)? o log @ could be explained by the addinonal interaction of the electron
with its own elecromagneric field, that is, as a self-energy effect. These marters
are putside of the scope of this book.

Let us now tum to the discussion of the behavior of bydrogenlike atoms
in an external magnetic field, that is, to the anomalons Zeeman effect. There i, of
course, nothing anomalous about the effect; it is just that the Zeeman effect
thar could be explained classically was exhibited only by atoms in states in
which the total elecuronic spin was zero. For the other stares, for which chere

‘was no classical explanation (since that involves spin), the Zeeman splitting

partern was different, and therefore “anomalous.™

For the unpercurbed Hamiltonian we take the usual Hy together wich the
spin orbit term. The reason for doing this is that the external perrurbation may
be small compared with the effect of what we called Hy. Thus

S N R N
Ha p r toma s 1§ (17-18)

The perturbation now reads
4
Hi= L+ 25)-B (17-19)

The first term is, in effect, the intétaction of the magnetic dipole moment arising

.
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fiom the circulating charge, and the second term is the contribution of the
intrinsic dipole moment of an object with spin
M=_ % 1
M‘_S (17-20)

with p = 3,
- The choice of Hy dictates that we calculate the expectation value of the

perturbation in eigenstates of J* and Js (15-37) and (15-38). If we choose the
z-axis as given by the direction of B, then we need 1o calculace

eB eB ,
@rns | 3 (L, + 28) | gyay) = @t |5 e+ S) i)

.r_B
2me

(Rom; + (dymg] 5o #ag))  (17-21)

To calculate the last mauix element, we -:my out the caleulation explicitly,
using the eigenfunctions given in (15-37) and (15-38). Thus forj= 14 1/2
we have

It m+1 = I+ m+1
(\/ 2+ 1 Ir""""*"'\r‘.zf+1 Y“'*”‘P"_l\’ a1 Y

+ J’—-—nY ) E(ﬂ'+m+l_ i—m)
N g e 2\ 241 2041

ﬁbw-i-l_ ﬁﬂ,’
2 2[4 41

(17-22)

and forj = —1/2, we have

= m f+m4+1 | | f—m
— %y, — - TET1
<\I' Ay U \/ A+ kX |s‘[ A1 e

- [+ m4 ) ﬁ(f—m I+u+1)
Tat 1 Theyx-} = — -

24+ 2N+ 241
__E.’Em-l'—l _ T
2 A+ 241

{17-23)

In both cases we used the fact that m; = m + 1,2 in the above, Inserring the
above into (17-21) yields ‘

«hil 1 .
ﬂE—z—“—‘u,(lﬂ: ﬂ—x) =i+ {17-24)
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”-.:'., Fig. 17-2. General representation of anomalous Zeeman effect.

The spliting is depicted in Fig. 17-2. The selection rule’ for the wansitions

Amy = +1,0 (17-25)

% but since the splitting between the lines is not the same for every mulupler, we

do mot get just the thee lines that we obtained for the normal Zeeman effect in

B Guaper 1. For example, for n = 2, the *Pyy state splits into four lines, with the
¢~ splicting two times as large as that of the two states in cthe Py lines (Fig. 17-3).

If the external field is very stong, so that the spin-orbit coupling can be ne-
glected, we may use the ordinary hydrogenic wave functions simply multiplied
by spinots, that is, eigenstates of L?, L,, 5, and §,. If we call the cigenvalues of
L, and 5, m; and m,, respectively, then the expectation value of Hy in (17-19),
with B pointing in the z-ditection, is

{Hy} = zﬁ:% {my 4+ 2m,) {17-26)

Thus the » = 2, / = 1 states ate split into five levels, corresponding to the values
ofm = 1,0, —1;m = 12, —1/2.

In addition to the fine sractere of the levels caused by the spin-arbit
coupling, there is a very tiny hyperfine splisting, which is really 4 permanent
Zeeman effect due to the magnetic field generated by the magnertic dipole
moment of the nucleus, If the spin of the nucleas is I, then the magnetic dipole
MOment Operator is

M= ﬁil (17-27)

where Ze is the charge of the nucleus, My its mass, and gy its gyromagnetic

« The detivation of rthis selection rule (and others) will be discussed in Chaprer 12,
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Fig. 17-3. Zeeman effecr in bydrogen, « represents the energy ehB/Zmr. The
mansicions for which &/ = [, am = 1, @, =1 are drawn in the figure. The location
of the unperrurbed stares is given by Fip, 17.1,

ratio. The vector porencial due to 2 point dipole is, from elecrromagnetic cheory

1 1
Alr) = — — M xv) — {17-28)
ar rFo
so that the magaetic field is
M 1 1 1
= = -y ) — .
B=vxaA %Wr 4'1’(&!1‘}’_ (17.29)
Thus the perturharion is
H| = —“;'B
--‘sm
mi

ey 1 1 1
— .| _Ivt — . — .
b "M's [ I . + w(l-v) r] {17-30)
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The expectation value of the term on the right can be calculated very straigh-
forwardly. First, we note that the magnitude of the splitting is

_Lz', L. 1 (ELM) B 1 ( ) I R
e\ S VT R (17-31)

that is, it is & factor of m/ My smaller than the typical spin-orbic splittings. The
calculation of the expectation value of (17-30) in the stare characterized by
§ = 0, for example, the ground state, is simplified. We have

2 21

. 1Y o = 221
[ (s waw LYoo = s [aw s -2

Because of the spherical symmetry of all the terms in the intcgrand excepr for
the derivatives, the angular integration will vanish unless / = & All the i = &
contributions will be equal for che same reason, so that the above yields

: s,;ifmm Ol
Thus, when inserted between [ = 0 states (and only then), we may wrnte

So)av) - = lsae
r 3 r

(17-32)
Thus what is needed is
' 2-Zé'gn . { 1 )
Yom m (R T — 7-
) = = s G D (v (17:33)
We use the fact that®
1
v R Blr) (17-34)
to obtain
CRAYES
{H) = gy{Zaj S m’“ - Prdmo(r) (1) Puonlr)
S1/a
- — — ) t -
5 M (Zox) mc? i ( ) Rl {1.? 35)

! Only the radial part of 92 is relevant, To show this, we prove that {1/ r%d/dr)
[P e} £ 2/¢) = 0 for ¢ #* ©, and chae 991 /r} integraced over a small sphere of radius «,
gives a result —dw independent of o
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When the value of the radial function at the arigin is inserted into the above,
then?

4 Zamc\®
| Rugl0)|* = u_‘( i ) (17-36)
leads o the resule
4 L L /S1
AT At — | .
() 380 (Za) me* " (ﬁ,) (17-37)
If we take the ol spin of the electron and nucleus o be F,
F=8+1 {17-38)
then
SI1 F —s— I*_ [FIF+ 1) — 3/4 — KI + 1))
he 282 2
1y I F=J44}
2!—1'—-1 Fet-} (17-39)

For hydrogen, pv = g = 3.56, and the energy difference berween the excited
state, characrerized by F = 1 and the ground state of F = 0 is :

AE = g (5.56)—— (met)

1840 (1370

The wavelengeh of the radiation coresponding to the transition berween the
F=1and F = () states is

A= 214 em (17-40)

and the frequency! is

¥ = — = 1420 megucycles - (1741}

£
A
The radiation arising from this transition plays an important role in astronomy.
Ina gas of neutral acoms, the F = 1 state cannot be excited by ordinary radiation,
because of a selection rule that strongly suppresses transicions in which there is
no change in orbinl angular momentum. Bath the F = 1 and the F = 0 states
have zero angular momentum. On the other hand, there are other mechanisms
that can cavse transitions, The F = 1 swate can, for example, be excited by

# Bee, for example, Bethe and Salperer, for. o,

* This frequency is one of the most accurarely measured quantities in physics, vy, =
1420405731800 + 0,028 cycles (Ha). The number involves the diseribution of magnetizs.
tiam in the proton, but there is no.theory yet that can deal with 3 number of this aCCUrACY,
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k. collisions, and the return to the F = 0 ground state can be detected. From an
. apalysis of the intensity of the 21 cm radiation received, asttonomers have
i Jearned a great deal about the density distribution of neutral hydrogen in inter-
B stellar space, as well as the motion and the temperature of the gas clouds con-
i caining the hydrogen. The average number of neutral hydrogen atoms appears
£ to be about 1 cm* in the gelactic plane near the sun, and the temperature is of
#.c . the arder of 100° K,

Problems

1. What effect does the addition of a constant to the Hamiltonian have on
; wave funcrion?
£ 2. If the general form of a spin-orbit coupling for a particle of mass m
?'_ihd spin S moving in a potential Vi) is
L 1 1 4Vin
Hao = 2micd SL r o dr
hat is the effect of thac coupling on the speccrum of 2 three-dimensional
rmonic oscillator?

3. Consider the » = 2 states in the real hydrogen atom. Whar is the
spectrum in the absence of a magnetic field? How is that spectrum changed when
ghe atom is placed in a magnetic field of 25,000 gauss?

4. Show that
1
o = — 4ri(r)

Use the procedure outlined in the footmote o Eq. 17-34,

i 5. Consider a gas of hydrogen atoms at low temperature and densiry. At

what temperature will the F = 1 and the F = 0 states be equally occupied?
' {Note. The Boltzmann facror

g BT
gives the relative probability of occupation of a given stare with degeneracy g
when the system is in equilibrium, at temperature T.)

# & Consider a harmonic oscillator in three dimensions. I the relativistic
expression for the kinetic energy is used, what is the shift in the ground state
energy?

7 The deuteron consists of a proton (charge +¢) and a nevtron {charge 0)



282 Quantum Physics

in 2 state of total spin 1 and rotal angular momentum J = 1. The g-factors for
the proton and neutron are
g = 2(2.7896)
gx = 2({—1.9103)
(a) What are the possible orbital angular momentum states for this system?
If it is known that the state is primarily *5,, what admixrure is allowed given that
pasity is conserved?
(b) Wtite an expression for the interaction of the deuteron with an ex-
ternal magnetic field and calculate the Zeeman splitting. Show thar if rhe
interaction with the magneric field is written in the form

e =g B

then the effective magnetic moment of the deuteron is the sum of the proton
and neutron magaetic moments, and any deviation from that result is due to an
admixrure of non-§ state to the wave funcrion.

8. Consider positronium, a hydrogenlike atom consisting of an electron
and a positron (same mass, opposite charge). Calculare (a) the ground state
energy, and that for the # = 2 states; (b) the relasivistic kineric energy effect and
the spin-orbir coupling; (c) the hyperfine splitting of the ground seate. Compare
your results with those for the hydrogen atom and explain major differences.

References

The most detiled discussion of the physics of hydrogealike atoms may be
found in

H. A, Bethe and E. E. Salpeter, (uanium Mechanic: af One- and Two-Electron
Atoms, Springer Verlag, 1957,

The Thotnas precession is discussed in
R. M. Eisberg, Fundament; of Modern Physics, Wiley, New York (1961)



chaprer 18

I
The Helium Atom

“The helium atom consists of a nuceus of charge Z = 2 and two elecrrons,
which we label 1 and 2. Fach elecrtron is attracted to the nucleus, and the two
electrons fepel each other. We assume, and this will turn out to be correct, thar
" no forces, othet than the eleccromagnetic ones (Coulomb to a very good approxi-
mation), are necessary to describe the dynamics of the helium atom with the
belp of quantum mechanies.

If the nucleus is placed at the origin, and if the eleccron coordinates are
labeled ¥, and v, then the Hamiltonian for the atom is (Fig. 18-1)

I N SPURE N S
H m o 2 i 1 |r— raf (18-1)
Here m is the eleceron mass. We shall ignoee the small effects connected with the
motion of the nucleus,’ relativistic effects, spin-orbin effects, and the effect of
the current caused by the motion of one electron, upon the other electron. The

-+ above Hamiltonian may be wricten as

H= HY 4 B+ V (18-2)
with
1 Ze
H® = —pt— — .
zlﬂp i “E 3]
and
‘.'!
= (18-4)
|Ty — Tz

We shall work with the nuclear charge Z and set £ = 2 larer. Our work on the
‘hydrogen atom provides us with a complete set of eigenfuncuons for H'Y and

1 The reduced mass effect takes a somewhar different form since one is uying o
convert a three-particle problem into an effective rwo-particle problem. This is worked out in
D. Park, Infroduction to the Quaminn Theory, McGraw-Hill Co. (1964).
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2

Fig. 18-1. Coordinares used in the formulation of the helium Hamiltonian.

H®_ Thus, if we were to ignore } in the total Hamiltonian, we would have a
sclution to the eigenvalue problem for the two-clectron system. The eigen-
funcrions would be

WP Ps) = gt (1) Dt (F2) (18-3)
for the equation
[H® 4+ H®) ufr),rs) = Ewlryr) (18-6)
and the energy would be given by (Fig. 18.2a)
E = E, + E, (18-7)

where E, = —(me?/2)(Za)*/n*. Thus in the idealized model in which the two
electrons ignore each other, the lowest energy is
E= —2E = —mH{2a)t = —108.8 eV {18-8)

Mote that this is 2 X Z* = 8 times the hydrogen encrgy of —13.6¢V. -
The first excited state is one in which one electron is in its ground state,
n = 1, and the second electron is raised to the first excited » = 2 state. Then

E=F + Fs = —68.0eV {18-9)

The ionization energy, that is, the energy required to remove one electron from
the ground stace to infinicy is

Bz = (E; + E,) — 2B, = 54.4 eV {18-10)

and, interestingly enough, the onset of the continuam lies lower than the excited
state for which both electrons are in the # = 2 state. The energy of the later

state is
E=2F = —272¢V {18-11)
and ic brings up a new phenomenon: the existence of & discrete state in the

continuum for the Hamiltonian H™ 4 H®. We shall briefly discuss the impli-
cations of this ar the end of the chapeer,
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Fig. 18-2. (a) The spectrum of helium as it would lock in the absence of the
elecrron-electron interaction, The zero energy point is chosen ar the ionizarion
energy. (B) The acoual specorum of helium for the singler (parahelium) and tripler
{orthohelium) states. The level labeling has a suppressed (1s), so that the level
{2} is approximately described by the (15){2p) orbital.
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Since the two electrons are identical fermions we must make the toral wave
function antisymmetric under the interchange of space and spin coordinates of
the electrons. Thus a proper description of the ground state of this idealized
maode] is

HolF1,F) = duolPe) ducelrs) Xingier . (1812)
The spatial part of the wave function is necessarily symmetric, and that is why the
state must be 2 spin singlet state
1

Ksingler = Vi P - XN (18-13)
For the first excited stare, we have two possibilities, which, for | = o, are
degenerate in energy, These are

i - \}5 [Boa(rs) Srin(rs) + Gron(rs) dranlts)] X  (18-14)

and the space-antisymmettic, spin symmerric

! = ﬁ [#106(r1} Pr1airs) — Saim{F1) rselrs)] Kerinler (18-15)

where
P
1
Xuiter = | 7= P + 2 OxP) (18-16)
X 0x®
is w’lﬂsm‘ ] xiw.
The presence of ¥, the electron-electron Coulomb interaction may, in

first appeoximation, be treared as a perturbation. Ler us first compure the encrgy
shift of the ground state to first order in ¥, We have

‘.I
AE = ftf'ﬁﬂr:n .E;{l'].'l'g} |T—T| sig(Ti,ry) (1847)
T
Since the perrurbation does not involve the spin, we need only consider
E’
88 = [l gmete] o et asag)
1= 0

The integral has a simple physical interprecation. Since |éya(ry) * is the proba-
bility density of finding electron 1 ar r,, we may interpret ¢|dunlry)|® as the
charge density due to electron 1. Hence

¢l i) |

{18-19)
Irs —

Ulrs) = fﬁ"ﬁ
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is the potential at vy due to the charge distribution of electron 1, and
AE = fd"r, ¢|@uaire) | * Ulrs) {18-20)
is therefore the electrostatic cnergy of interaction of electron 2 with that po-

tential. The integral can be carried out. With ¢ue = {2/ Am)(Z a0} e
we have

]

fﬂfﬂlféﬁl ]— (18-21)
|T1 — I3

In writing this, we used the sepamtion

fﬂf‘r-f Pdrdl
&

and isolated the only reem that depends on the angles between r; and ry. We have

3 L =]
AE = [—1— lefﬂ_ﬂl—l e?f rl! drl ‘,—ﬂmfdlf r_!g ‘fr, ﬂ—!zn-"n
T _ i

1 1
;= - 18-22
lre — 1] (r 4 mf — 2rrcos BPF ( )

where fi is the angle between ryand vy, We may proceed in one of two ways.
{a) Most directly, we choose the direction of ) as z-axis for the d1;
integration, and get

1 iw 1 1
. 1
fdlﬂ’ - rs fu #f-u {cos 6) (r® + re? — 2ryry cos §)'

Cod @ = &1
= — iw |:[r|’ + rf — 2ryrg COS ﬂ]l”’] x 2
2ryfy ol = —1
r
=—fintrn— n-—mnl) L {18-23)
ryry

The integration cver afly is trivial, since nothing depends on that angle, so that
fdﬂ. = 4x {18-24)

and we are left with

.-'f : . A o , [
. Aot (_) f r. grl '-izfa.nf ra d"g I_—lzu.u;
; ap * o

) Kin+tr— rn—rl) (18-25)
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(b} A very useful expansion, necessary when there is additional angular
dependence in the numerator, is the following. For ry £ r,

H -7
2
(1 + rs* — 2rirs cos 8)71% = £t (1 + :i, T cos i')
1 1

- L2 (*) pueor0) 829

Fi La=o \F1

with the roles of #; and ry reversed when ry > ry, Thus

- L
fdﬂ.fnfﬂ.'lrl_—lrﬂ = fﬂ'ﬁfﬁ'ﬂg [Eﬂ rrTfﬁ Pricos 8) (18-27)

whete r. (rc) is the latger (smaller) of ry and r.. We can now procesd as be-
fore, using the fact char

—11' f I dlcos ) Prleos 8) = 8y {18-28)
-1
as @ special case of

—;f_: dicos 8) Pyleos 8) Pro(cos ) = H..LL (18-29)

In any case, (18-25) becomes

AE = 46(Z/ a,)" f mr. dr, ¢~ 2Enin [ 2 f " rat dry ¢~ 3B
o o F

+ 2’1[ ry dry g_lz'l‘"'} (18-30)
The integrals are straightforward, and yield the answer
_3Ee s o, :
AE = Boay 4 z (2 meta ) (18-31)

This is 2 positive contribution, since it arises from a repulsive force, and its
magnitude, for Z = 2 is 34 eV. When this is added to the zero order result
of —108 .8 ¢V we obrain, to first order

E ™~ =748 eV (18-32)
When this is com pared with
Eap = —78.973 &V {18-33)

a sizable discrepancy is seen. Physically, we may acribute this discrepancy to
the fact that in our caleulation we rook no account of “screening”, that is, the
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o effect thar the presence of one electron tends to decrease the net charge “seen’”
by the other electron. Very roughly, if one argues that, for example, clectron 1
is half the time "between" electron 2 and the nucleus, then half the time electron
B 2 sees a charge Z and half the time it scesa charge Z — 1, that is, effectively, in
_rhe expression

E+4+ AE = — 12 mita® (ZZ‘ - 32) (18-34)

i (2 — 1/2) should be substituted for Z. This does improve agreement, but the
' grude argument advanced is not sufficient justification for the choice of 5057, for
- the probability of effective screening. We will return to this subject later in this
. chaper, when we discuss the Rayleigh-Ritz variational principle for the ground
b stace energy.

We next consider the first excited state of helium. It will be sufficient to
" aalculate the energy shift with the singlet and triplet m = 0 stares listed in
' (18-14) and (18-13), since the shifi is caused by a perturbation that commutes
' with L,. For such a perturbarion, the shift must be independent of the m-value.
'. Again, because of the spin-i.ndependeno: of the perturbing potential, I/, we have

AEP" = i ¢ f J'f.fﬂ“ﬁ [dualrs) danlrs) = danlrs) éuelra)]®

1

lry — 7l

®

[1s0lrs) @asalre) £ bamlrs) dioalrs)]

= !‘fﬂ"ﬁfﬁ‘fﬂﬁmhﬂﬂllhmfh:‘“ —l_
|* = r:

. * ‘1
& r‘fd‘ﬁfﬂ-"r: $roo(ri) dawlrs) T —— 0 ainl(rs) punlra)
LR
{18-35)
In obeaining this simplified form, we made use of the symmetry of ¥ under

T ¥ Iy

The energy shift is seen to consist of two terms: the first has the familiar
form of an electrostatic interaction between two “electron clouds” disuibured
according to the wave functions of the rwo electrons. This term is just a simple
generalization of the term thar we found for the ground state energy shife. The
second term has no classical interpretation. Its ofigin lics in the Pauli principle,
and its sign depends on whether the state has spin 0 or 1. Thus, because of this
exchange contribution, the singlet and triplet terms are no longer degenerate.
Although we considered n = 2 here, we have quite generally

AEY) = Ju — Kui
AEY = Ju + Kai (18-36)
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The integrals can be evaluated in dosed form [it is here that (18-27) becomes
useful], but we shall not do chis here. The integral ], is manifesdly positive, and
it turns out that chis is also the cse for K. For { = # — 1 this is obvious: the
wave functions appearing in (18-35) have no nodes in thar case. That cthe triplet
state should have a lower energy than the singlet scate, thar is, that

jﬂ' - Kni {j'lf + Ku
thar is,
Ki>o0 (18-37)

can be argued on qualitative grounds, For the tripler state the spatial wave func-
tion is antisymmetric, so that the electtons are somewhat constrained 1o sy
away from cach other. This tends to reduce the screening effect, so thar each
electron “sees” more of the nuclear charge, and it also tends to make the repul-
sion between the clectrons less effective than for the spatially symmetric single
state. An interesting aspect of this result is that, although the perturbing po-
tential /[y — ;| does not depend on the spins of the electrons, the symmetry

- of the wave function docs make the potential act as if it were spin-dependent,
We may write {18-36) in a form that exhibits this. Let the spins of the two
electrons be s, and s;. Then the total spin S = &, 4 8, and

5% m 5y 8" + 28 - & {'I.E—}B}

If we act with this on tripler and singlet states (18-16) and (18-13) thar are also
eigenstates of 8,* and 5,?, we get

S{.’i+1}ﬁ’=iﬁ‘+3.ﬁ’+zu.-h

thar is,
1 il
; P

2‘]'!1."’&-! ] st + 1) -

[N IRRNTY

- g singlet (18-39)

We may thus write, in terms of the ¢'s related to the spins by s, = (1,/2) fig;,
Abwy = Juy = (L+ - &) K (15-40)
We shall see this phenomenon again when we discuss the H; molecule. Usaally
spin-dependent forces between atoms are quite weak, As illustrated in the

example of spin-orbic coupling, the spin-dependent forces tend to arise from
relativistic corrections to the smric forces. In che spin-orbit example, these forces
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Fig. 18-3. Schematic sketch of splitting of the first excited stares of helivm.

are down by a factor of o, which is just (/). Such forces could not be strong
enough to kecp the elecoron spins aligned in a ferromagnet, except at un-
realistically low temperarures.? The spin dependence due to exchange is much
stronger than that: the force is of the same order of magnitude as the electro-
static force, and, as first observed by Heisenberg, it is responsible for the phe-
nomenon of ferromagnetism.

The spectrum of the first few excited states of helium is shown in Fig. 18-3.
The notation used for the unperturbed states is that of erbitals, that is, the quanp-
tum numbers of the unperturbed electrons. Thus both electrons in the ground
smte are in & = 1, § = ( states, and we wrice this as (15,15), or more briefly (1%
It should be understood thar when we write {15)(24), as for che first excited state,
this does not mean that one elecuon is in one stte, and the other electron in the
other, since we must write totally antisymmentic wave functions for the electrons,
Another way of i:beling the state is by the *¥'L; notation, which we use for
the perturbed states in the figure. We sec that the singlet states lic above the
triplet states in 4 given muldpler, This follows from che symmeny {cf. our
argument thit Kar > 0) and is a special example of one of Hend's Rules: Other
thimgs being equal, the siates of highest spin will have the lowes energy.

If we excire helium from the ground stare br shining ultraviolet light on ir,
we find thar the mlecting sule AL = 1, which we will derive later, implies an ex-

* & useful numerical relation is thar in E = ET a remperature of 300° K comesponds
e an energy E of 1740 ey,
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citation o the P stares, Furthermore, there is a selection rule AS = 0, that is, only
transitions singlet — singlet and eripler — triplet are probable.? Hence the state
most strongly exciced from the ground state is the 'Py stare. The other levels
may also become occupied through other mechanisms, for example, collisional
exciration. Once accupied, the radiative transitions to the ground starc arc very
improbable. The *P state, which may be populared when aroms in the ' Py stare
undergo collisions with other atoms in the gas, can only decay o the %5, state,
and that stare is metamnable, since it cannoe decay to the ground state easily. The
face that thete are no mansitions, to good approximation, between triplet states
and singlet stares, led, at one time, to the belief that there existed two kinds of
helium, ortho-helium (tripler) and para-helium (singlet),

The specrrum of helium that we saw in Fig. 18-26 shows that the excited
staces (1)(n!) have energies thar do not differ very much from those of the
hydrogen atom levels. Thus the binding energy of one electron in the ztom is
24.6 eV (total binding energy minus binding cnergy of singly ionized helinm =
9.0 — 344 = 24.6 eV), whereas the energy that would be liberated if one
elecoron were to be removed from the 25 state is of the order of 4 — 5 eV, which
is comparable to the energy 3.4 eV (= 13.6/%® eV} for hydrogen. The reason for
this effect is chat the "outer” electron sees only a unit positive charge, since the
Vinnet” electton in the (15) orbital cends to shield the nuclews, leaving a ner
effective charge = Z — 1. This is not the case for the ground state, since both
electrons have access to the nucleus. Thus the ground state lies quite a bit deeper
than the hydrogen ground state,

Wy In our discussion of the first arder calculation of the ground state energy,
we noted thar there was a discrepancy of about 4 ¢V from the experimental
value. Rather than atempt an estimate of the second order resule, which would
be very tedious, we turn to an entirely different method of calculating the
ground stare energy—the Rirz variational method

Consider 2 Hamiltonizn H, and an arbitrary square incegrable function ¥,
which we choose 1o be normalized to unity, so thar

() =1 ’ {18-41)

This function ¥ can be expanded in a complete ser of eigenstates of H, denoted
by ¥

i, = E‘!"'rl [] 8-42)

The expression reads

¥ = 3 Cia (18-43)

* Selecion rules will be discussed in Chapeer 22,
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Mow
@ HE) = 2 2 GlalHl¥a) Ca
= ¥ T CCuEnialtn)
= 3 |G|
> EY G (18-44)
b Since (18-41) implies that
' pIRTALES (1B.45)
wl,- obuain the resulr that
Eo < (¥|H ¥} (18-46)

i We may use this result to calculate an upper bound on Es. This can be done by
L choosing a ¥ that depends on a number of parameters (e, o, . . .}, calculating
| {#|H|¥), and minimizing this with respect to the parameters.

- We illustrate che utility of this procedure by calculating the ground state
. energy of helium with a % chosen to be a product of hydrogenlike wave func-
b= tions in the (15) orbitals, bur corresponding to an arbitrary charge Z*. We rake

F(ryry) = pualry) wialrs) {18-47)
where
(EL;‘ - :z_:f) Pualr) = efnalr) {18-48)

with ¢ = —(1/2) mc*(Z%)®. We now need

» - |.. 1: ﬁ ']
f‘f'f!fﬁ"": ¥uoolrs) $reelrs) (% + e

2m ry ra
+ e — rzl) Paelry) $aoolra) (18-49)
We have
fd"l':fﬂ"'l lF';nnfr'.} f‘:‘mﬁ'l} (%:;‘ - E:f) Wualr) Fualrs)

. 2 Z¥e ¥ —
= fa"r. Woolr) (% -—+ ﬂi) Pualrs)

L | L5
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e+ (7 - 2) -*fwn bfe)|? =

1

.+{z*—2'.laz—'
iy

&+ Z%Z* — Z) mca® {18-50)

An identical factor comes from the Hamiltonian for electron 2, and the expecta-
tion valve of the electron-electron repulsion has already been calculated in
(18-31), except that we must substitute Z* for Z there. Adding up the terms, we
get

(| H|¥) = — : méta? (zz"+ AZNZ - 2% — ;z*)

- — imf’a' (42.3" — 27" - 3 Z") {18-31)

Minimizing this with respect co Z* yields

5
L —_ e 1
o =Z T (18-52)
which is an improvement on the guess we made earlier {7 — 1/2). We thus
obtain

E < — ; mla® |:2 (Z — l—"ig)i:’ = —=77.38 gV (18-53)

when we substitute Z = 2. This is much better than the first order perturbation
result. .

The variational calculation can be done with more complicared trial wave
functions. Pekeris* used a 1073 term wave funcrion and minimized ¥ H|%)on
a computet. The: resulting bound agrees, within expenimenal erors, with what
is measured. Ir is, of course, true thar such a complicated wave function does not
have a form thar is as easily interpretable as (18-47), with its partial screening
effeces. It does, however, provide strong support for the comrecmess of quantum
mechanics, and for the assumption that only electromagnetic forces are required
to explain the scruccure of atoms,

In conclusion, we briefly return to our observation that chere exist eigen-
values of H® 4 H™ that lic above the ionization threshold and thar are pever-
theless discrete. The scares labeled by the orbitals (2% or {25}(2p), for example,
lie well above the ionization energy. This has some dramaric physical conse-
quences. Consider, for example, the (27(2p) stare. If the electrons form o spin

* This is discussed in Berhe and Jackiw, doc. o,
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singlet state, then this will be a 'Py state, and it can be exciced from the ground
state by the ebsorption of radiation, since the selection rules A7 = 1 and A5 = 0
are mot being violated. This state, once excited, need not decay back 1o the
ground state (15) or to another stare allowed by the selection rules {a "Dy scare,
say), because it can go into another chanwel: it can decay into an electron and
singly ionized helium, He*, with the electron energy determined by energy
conservation. This process is described as awtofonization,

The (2)(2p) state in the continuum will show up very clearly in the
scattering of electrons by Het ions, When the electron energy is such thar the
composnd state can be formed, a very dramatic peak will occur in the scattering
rate. Similarly, in the absorption of radiation by helium, in the vicinity of the
energy of the compound state (¢~ — Het), a sharp peak is seen in the absorprion
{Fig. 18-4). There is absorption at other energies, oo, since the process

radiation = He — ¢~ + He*

ean occur, but the absorption at energies away from the compound state energy
will vary very smoothly with energy. We can describe the state in still another
way by calling it a resomans state. Since it decays into its constituents ¢~ + He?,

| | ] ] 1
o 200 190

Warcelergth |4

Fig. 18-4, Resonance in the helium absorpricn speccrum above the continuum
threshold; the first peak occurs at the energy corresponding to the Jocation of the
(26)(2p) level. (From K. P. Madden and K. Codling, Py, Rev. Letiers, 10, 316
(1963), by permission_)
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it does not exist forever. Hence, by the uncerzinty relation, AE 2 KfAs, it
appears that its energy is not precisely defined, which seems to conmadicr the
fact that the (20)(2p) scate does have a well-defined energy. It tumns out that if
the coupling of the discrete state to the continuum state is mken into account,
the state ceases 1o be discrete, and its energy may lie anywhere in a narow tange
about the energy as calculared withour the coupling, We shall return o this
topic in Chapter 23 and in Special Topics section 4, “Lifetimes, Line Widths,
and Resonances.”

Problems

1. Consider the helinm atom in the approximation in which the electron-
electron intetaction is neglected. What is the lowest orthohelium (spin 1) stare?
What is its degeneracy in the above approximation? Write down the expression
of the spliting due 1o clectron-electron repulsion in first order perturbation
theory, and estimare its magnirude.

2. Calculate the energy shift AES) (! = o, 1),

3. Consider the lowest state of orthohelium, What is its magnetic moment,
thar is, calculate che interaction with an external magnetic field,

4. Consider

BT = (¥ H|¥)
with an arbitrary tial wave function ¥. Show thart if ¥ differs from the correct
ground stare wave function by terms of order ¢, then "F" differs from the
ground seate energy by terms of order €,
{Note. Do not forget the normalization condition (F|F)r=1)

5. Use the variational principle to estimate the ground state encrgy of the
three-dimensional harmonic oscillator, using the trial weve function

P om N
6. Consider a one-dimensional cut-off harmonic oscillator of the form

Fix) = — ma®(x? — 2% |a| < @

!

2
=9 Ix| > a

Use the variational principle to calculare the best upper bound to the ground

state energy using the exponential form Ne ™%,
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7. Consider the binding of a proton and a neutron (both with met =
938 MeV, approx) by means of a potential

rira

Vir) = Vo ——

r/r
with the system in an L = 0 state. The range of the potential is given by r. Use
the following procedure to calculate the depth of the potential required to give
the binding energy Ea. (a) Calculate an approximate value of the binding
i+ energy using the variational principle. (b) In the expression that connects the
- approximate value with ry and the depth of the potential, insert the experimental
b value of Ez. Do your numerical evaluation using re = 2.8 X 107" cm and
k' By = —2.23 MeV. (Do not forget the reduced mass.)

: 8 Consider a finite-dimensional matrix H;;. Show that the condition for
i minimizing
(¥ H|¥) = 3} & Hya

i =1

subject to the condition
‘.‘rlir:' = E d:. a; =1
=1

yields the eigenvalues of the martrix H.
(Hims. Use the method of Lagrange mulripliers. }

9. Use the variational principle to show that a one-dimensional atrractive
potential will always have a bound state.
(Hint, Evaluare {(¥|H|¥) with a convenient trial funcrion, for example, Ne#'e
and show that the above can always be made negative.)

10. Use the data of Fig. 18-4 to compute the location of the [25)(2p) level
above the ground state of helium and compute the velocity of the electron
emitted in auroionization, if the Het ion is in its lowest state at the end, What
will it be if the Het ion is in its firsc excited state?

11. Consider a wave function ¥lay, as, . . . ) for which only the de-
pendence on some parameters is exhibited. The wave function is normalized

T -y I G A
and the dependence on the parameters is so chosen that
&= (o, . . H|$lay, .. )
is a minimum, Show that the parameters are determined by the set of equations

(lﬁl:a;....‘]IH %}-u(ﬂun..-ﬂ%)FU i=1,2...8
1 i
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where p is o Lagrange mulciplier. Let H depend on a paramerer h (e.g., the
nuclear charge or some distance, say the internuclesr disance in a molecule).
_Then the a; will depend on that parameter, Prove thar

dE oH |
- ('Hn-. . H-ﬁm. . -I')

This is known as the Feynman-Hellmann theorem and is very useful in molecular
physics calculatiens,

12. Use the variational principle to estimaze the ground strte energy for
the anharmonic oscillator

im
Compare your result wich che exact result
ﬁ: e
Fy = 106003 (.._._)
2m
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chapter 19

The Structure of Atoms

The rm:rg}r tigmunlue problem for an atom with Z electrons has the form

(E +}:

= Em T |n == |

) dir, ... rz) = Bf{ry, e .. vz (19-1)

and is a partial differential equation in 3Z dimensions. For light atoms it is
possible to solve such an equation on a computer, bur such solutions are only
meaningful to the expert. We shall base our discussion of atomic structure on a
different approach. As in the example of helium (Z = 2}, it is both practical and
enlightening to teart the problem as one involving Z independent electrons ina
ﬁlnglt potential, and to consider the electron-electron interaction later. Perrurba-
tion theory turned out 1o be adequare for Z = 2, but as the number of electrons
increases, the shiclding effects, not taken into account by first order perturbation
theory, become more and more imporane. The varational principle discussed
at the end of Chapter 18 had the virtue of maintaining the single-particle pictuse,
while at the same time yielding single particle funcrions that ncorporate the
SCIEEening Comections.

To apply the variational principle, let us assume that the trial wave func-
tion 15 of the form

Wlr, T, o, 12) = gl delrs) ... dalrz) {19-2)

Each of the functions is normalized to unity. If we calculare cht expécration
value of H in this state, we obtain

_ﬁz 2
{H) = Z d'r; () (- Ew-z—’)ur.}

l'-1 1
+ :’E fo e, dix, |“T:r|“':f”} (19-3)

The procedure of the varational principle is to pick the gi{r:) such thar (H}isa
minimuem. 1f we were 1o choose the ¢.(r;) to be hydragenlike wave funcrions,

T )
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with a different Z; for each electron (and with each electron in a diffetent quan.
tum stare to satisfy the Pauli exclusion principle), we would get 2 set of equa-
tions anzlogous to (18-51) and {18-52). A more general approach is that due o
Hartree. If the é,(r;) were the single particle wave functions chat minimized {1},
then an alteration in chese functions by an infinicesimal amount

#dr) — delrd) + Miled) {19-4)
should only change {H} by a term of order 1%, The alterations must be such thar

f diry| dilr) + Milrd (2 =1 (19-5)
thar is, to fiest order 1 A,
f driléi(r) filrd) + ¢ile) fird] = 0 {19-6)

Let us compute the terms linear in & that arise when (19-4) is substiruted into
(19-3). Term by term, we have

;E- f dr [4.;'{1-.] (— '5% "1’) Milrd) + Mie) (— E?s’) ¢.-I[rd]

oo " it
- :t.E*_ fa‘ln lﬁ(r.—,l |~ l""wt'r:}] + fi(r) |:— Py v‘%.[,a}}
(19-7)

To cbrain this we have integrated by parts two rmes, and used the fact that
fi{ry) must vanish at infinity in order to be an acceptable variation of a square
inregrable function. Next we have

-3 f d'r, [f;{ra %’ #i(r) + @il ? f.{:.-}] {19-8)

and finally

M3 3 f ', _ln {fi0e) @iles) + filed di(xd][etr)|*

2 7 [r
+ 170 il + fikm) @i e [#ilm) |2 (199)

We cannot just set the sum of these three rerms equal to zero because the fi{r,)
are consteained by (19-6), The proper way to account for the constraint is by the
use of Lagrange multipliers, char is, we multiply each of the constraining rela-
tions (19-6) by & constant (the “'multiplier'”) and add the sum o our three terms
The total can then be set equal ro zero, since che constraints on the fi{r) are
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now taken care of. Wich a certain amount of notational foresight we label the
multipliers —e;, and thus get

] 3
> f . { e [- = m.-{r.:] - fe Z wite)
i 2
+er T f f e, ', f.‘{r.J‘:;_‘{_’L}rl— #(r)

imiJ | |
= ufd’r,-ﬂ{r;} #ilr) + (complex conjugate term) = 0 (19-10)

In deriving the second line, first we converted the double sum 3 ini 2o inta
(1/2) 3 i 2.5, which is unrestricted except for the requirement that 7 # j,
and then used the fact that the integrand in (19-9) is symmetnic in / and §. Now
fdr.) is completely unrestricted, so that we may treat fi{r;) and f,-‘{r.- as com-
pletely independent (each one has a real and an imaginary part). Furthermore,
other than being square integrable, they are completely arbitrary, so that for
(19-10) to hold, the coefficients of fi(r:) and f; (r;) must separately vanish at each
point ¥;, since we are allowed to make lol variations in the functions fi(r,)
and £} (r;). We are thus led to the condition that

1 A Ar)|
[— i’ 1",;’ = = + f“ Z l{*l‘d M] ¢‘|:I.'1.] = !#i{l‘i} {19'111
2m i i Iri =
and the complex conjugate relation,
This equation has a straightforward interpretation: it is an energy cigen-

1 t

Fir) = — z +ay | dw, 18dr) {19-12)
i i r—

that consists of an artractive Coulomb potential due to & nucleus of charge Z,

and a repulsive contribution due to the charge density of all the other electrons.

We do not, of course, know the charge densities
pi(Es) = e|@ilry)|? (19-13)

of all the other electrons, so that we must search for a self-consinent sec of ¢i(r.),
in the sense that their insertion in the potential leads to eigenfuncrions that
reproduce themselves, The equation (19-11) is a rather complicated integral
equation, but it is ar leasc an equation in three dimensions (we can replace the
variable r; by r), and that makes numerical work much casief. An even greater
simplification occurs when Flr) is replaced by its angular average

Filr) wf':;f Vir) (19-14)
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far then the self-consistent porential becomes central, and the self-consistent
solutions can be decomposed into angular and radial funcrions, that is, they will
be functions thar can be labeled by my, /i, m, oy, with the last label referring to the
spin stare (5, = 4+1/2),

The tial wave funcrion (19-2) does nor ke into account the exclusion
principle. The larcer plays an important role, since if all the electrons could be in
the same quantum state, the energy would be minimum wich all the elecrrons in
thew = 1, = 0" orbital.” Atoms do not have such a simple suructure. To take the
exclusion principle into account, we add to the Ansatz represented by (19-2) the
tule: every elictron must be in a different state, if the spin states are incdluded in the
labeling. A more sophisticated way of doing this automatically is to replace
(19-2) by a trial wave function that is a Slater determinant [cf. (8-60)]. The result-
ing equacions differ from (19-11) by the addition of an exchange term. The new
Hartree-Fock equations have eigensalues thar turn out to differ by 10-207 from
those obtained using Harteee equations {with the rale staved ebove), and since
it is a lietle casier to tlk about the physics of atomic seructure in terms of the
Hartree picture, we will not discuss the Hartree-Fock equations.

The potential (19-14) no longer bias the 1/ form, and thus the degeneracy
of zll states with a given n and / < » — 1 is no longer peesent. We may expect,
bowever, that for low Z at least, the splitting for different / values for & given
# will be smaller chan the splitting berween different n-values, so that electrons
placed in the orbitals 1, 26, 2p, 3r, 3, 3, 45, 4p, 4d, 4f, . . . will be successively
less strongly bound.! Screening =fects will accentuate this: whereas 5 arbirals do
overlap the small r segion significantly, and thus feel the full nuclear artraction,
the p-, d-, . . _ orbirals are forced out by the centrifugal barrier, and feel less than
the full actraction. This effect is 5o suwang thar the energy of the 34 elecrons is
very closc to that of the 4selectrons, so that the anticipared ocdeting is sometimes
disturbed. The same is true for the 44 and 3 electrons, the 4f and 6 clectrons
and so on. The dominance of the /.dependence over the n-dependence becomes
mare impottant'as we go to larger Z values, as we shall sec in our discussion of
the pertodic tabls. :

The number of electrons that can be placed in orbitals with a given {=./) is
2{2 + 1), since there are two spin states for given m-value. When all these
2(2/ + 1) states are filled, we speak of the dosing of & shell. The charge density for
a closed shell has the form

i
> | Raled ] Yo 0.0 |2 (19-15)

! The noetion is the same a5 that used for hydeagen, A mere sensible notation, used
by muclear shell-serueture physicists, is 1o replace the v by » — [, which is just an index
representing the ordering of o given Lstare. Thus instexd of staming with 34 seares, for
example, it might be more sensible 1o have the lowest & state called the 14 stare, and 50 on.
We shall nevertheless continue to use the conventional notation, even though the r-value
does nor have much o do with the ardering of levels for large Z atoms.
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and this is spherically symmetric because of the properry of spherical harmonics
thar

2+ 1
Z | Yinl8i8) | = o {19-16)
= 4x
Let-us now discass the building up of atoms by the addition of more and
mate electrons to the appropriate nucleus, whose only role, in our approxima-
uod, is 1o provide the charge Z.

Hydrogen. Here there is only one elecuron, and the ground state con-
figuration is {1g). The spectroscopic description of the electronic state is "Sys,
and the binding energy, as is well known, is 13.6 eV.

Helium. Heére Z = 2, and, as we saw in Chapter 18, the ground stare con-
figuration is {11}, which is a shorthand notation for (11(1:). The state, in the
(L.5) description is & '5; state, and the toral binding energy is 79 V. After one
elecoon is removed, the remaining electron is in a (15) orbit about a Z =2
charge, so that its binding encrgy is 13.6Z° = %4.4 eV, Thus the energy required
to remove the least bound electron, the jonization energy is the difference, char is,
24.6 eV (sec Fig. 18-24). It is also interesting to estimate the energy of the fiest
excited state, which is (15{27): this is 13.6 Z* + (13.6/0")(Z — 1)? because of
the shiclding, that is, approximately 38 eV. Thus it tkes approximately 79—
58 o2 20 eV to excite the heliam atom.? Because the electrons form a closed
shell it is chemically inert, a property shared by all atoms whose electrons form
clozed shells.

Lithium, Here 2 = 3, and the exclusion principle forbids a {15)* con-
fguration. The lowest lying accessible configuration is the (17)%27). Since we
afe adding a single electron to a closed shell (15, the spectroscopic description
of the state is 5,5 as for hydrogen. If screening were perfect, the addirional
electron would coly “see”” a Z = 1, and since # = 2, we would have an encrgy of
13.6/4 = 3.4 eV. The scrcening is not pedfect; in fact, since the orbital of the
extma electron is (2s), there is a reasonable overlap of the wave function at r = 0,
and hence the effective Z is larger than 1. The experimental energy, 5.4 €V
shows that Z* = 1.3,

Beryllium. With Z = 4, the natural place for the fourth electron to go is
into the second space in the Zs orbiral, so thar the configuration is {1)*{2r)%, and
we agein have a closed shell, with a '5 spectroscopic sare description. As far as
the energy is concerned, the situation is very much like thar of helium. If the

£ This is a crude esrimad thay ignores the elecrron-electon repulsion and exchange
effects. The difference berween the 20 €V and the 24.6 eV is the 4=3 ¢V thar will be released
when the excited arom decays 1o its ground sare, (See Fg, 18-26.)
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screening were perfect, the only difference would be thar the last electron is in
ann = 2 stare, giving a binding energy of 24.6/s* = 6.2 V. Screening is not
perfect, and the cxperimental value is 9.3 V. Although 2 shell is closed, the
excitation of an electron to a 2p state will require relatively little energy. Thus in
the presence of another element a reammangement of electrons may yield enough
enetgy to break up the closed shell. Hence beryllium is not as ineft as helium.
In general this type of shell is not quite as stable as the shell in which, for a given
a, all the possible fstates are filled.

Boron. After the closing of the second shell, the fifth electron can cither
be pur in the 3s or in the 2p orbital. The lacrer is lower in energy, and it is the 2p
shell that begins to fill up, starting with boron. The configuration is (15)%(25)%(2p),
and the state is 2Py;3. The last deserves a comment: if we add spin 1/2 to orbital
angular momentum 1, we may have J = 3/2 or 1,/2. These are split by the spin-
orbit interaction '

1 1 dvl) 1 _ 1 4¥ir)
a8 T = LU D) - L4 ) - S+ )] - ar
(19-17)

and the form of this leads to the higher [ value having a higher energy, since the
expectation value of (1/¥)[dV(r)/dr], even though no longer equal to the value
given in (17-16), is still positive, This conclusion may not hold when there are
more electrons in an unhblled shell. The ioniztion energy might be expected o
be somewhar smaller than that of beryllium, since the 2p state energy is some-
what higher than that of the 2r orbiral, beciuse of the centrifugal barrier. The
experimental value is 8.3 eV,

Carbon. Here Z = 6, and the 2p shell continues o be filled. The con-
figuration is (19)%(20%(2p)%. The tom! spin may be 0 of 1 and the cotal orbital
angular momentum may be 2, 1, or 0 (since we are adding two orbiral angular
momenta 1]. Since the wave function must be antisymmetric for the two elec.
trons outside the closed shells, a singlet scate must have even L, and a aiplet
odd L, so chat there are only the possibilities '%, 2Py 5 and 'Dy. We now invoke
Hund's rule, referred to in our discussion of helium: ""The state of highest spin has
the lowest energy.” Thus we must have a 3P stare. The result, thar the stare is
*Py, follows from Hund's second rule, that has been abstracted from spinarbit
calcularions:

If the incomplete shell is not more chan half filled, then the lowest level has
J=|L = 5|, its minimum value, If the shell is more than half filled, then
the maximum J value, J = L 4 5 has the Jeast encrgy.

Since it rakes six electrons wo fill the 2p shell, we obwmin [ = 0. As far as the
tonization energy is concerned, we have increased 2 by one. Since the second 2p
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electron can stay “our of the way” of the first one, by being ina different m.state,
the repulsion between the electrons will be of less importance, and we expect a
somewhar larger binding. The experimental value is 11.3 eV.

Nitrogen. The Z = 7 atom has the configuration (L 2)%2p}% ar,
(2¢)", if, for breviry, we omit the closed shells from our description. By Hund's
rule, the spin of the ground state is the maximum value § = 3/2. This is a
symmeric spin state (this is most evident in the 5 = 3/2 state, for which all the
spins must be parallel), and hence the three filled 3¢ orbitals must each beina
different m-state. OF the total L values of 3, 2, 1, 0 that can be obtined by
vectorially adding chree unit orbital angular momeata, the L = 3 state is clearly

excluded. One must look at the detailed construction of the states to find out

. that the torlly antisymmetric state is the L. = 0 stace, 50 that the ground state
& is 45,2 The ionization potential might be expected to be 2 little larger than that
£ for carbon, since Z is again increased by one, and the third elecuron can be pur
b in the third p orbital without significantly overlapping the other rwo elecrons in
£ the 2p shell, chat is, by reducing somewhat the effect of the electron-elecwon
¥ repulsion. The experimental value is 14.5 eV.

: Oxygen. (Z = #) The configuration may be abbreviated by (2¢).' and the

shell is more than half full, and it appears that the determinarion of the elecrronic
state is very complicited indeed. We can, however, look ar the shell in another
way: we know that when the shell is filled, that is, when the configusation is
(2¢)* (Z = 10}, then the total state has L = § = 0. We may thus think of oxygen
as having a closed 2p shell with two heles in ir. These holes are juse like "anti-
electrons™ (though they are not positrans!) and we can look at possible rwo-hole
configurations. These will be the same as two-eleciron configurations, since holes
also have spin 1/2. Thus, as with carbon, the possible states consistent with the
antsymmerry of the two-fermion {(two-hole) wave function are '5, 2P, 1D, and
the four electrons thar, when added to these give [ = § = 0, must be in similar
states. The highest spin is § = 1, and by Hund's second rule, the angular mo-
mentum, for a mote than half-filled shell, must be the maximem [ = 2. Thus
the state is Py, When the fourth electron is added to the 2p shell, it must be
put into an orbital with an m-value that is already occupied, so that the overlap
berween two of the electrons is larger than befate. Hence it is not surprising
that the ionization energy drops to the value of 13.6 eV,

Fluorine. Here Z = §, and the configuration is (2p)%, that is, we have one
hole in a p orbital, The state must be *Py; since the maximum of | = 1/2 or 32
must be chosen. ‘The monotonic increase in the ionization energy resumes, with
the value of 17.4 ¢V,

Neon. With £ = 10, the 2p shell is closed, the ground stare is a '3, state,
and the ionization energy, continuing the monctonic wend is 21.6 eV.
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At this point, the addirion of another electron requires putting it in an
orbit with a higher # value (7 = 3), and thus neon marks the end of a perind in
the periodic table, as did helium. In neon, as in helium, the first available stae
into which an electron can be excited has a higher a-value, so that it takes quice
2 lot of energy to perturb the atom. Neon shares with helium the property of
being an iners gar.

The next period again has eighe elements in ir. First che (35) shell is flled,
with sodium (Z = 11) and magnesium (Z = 12] and then the 3p shell, which
includes, in order, aluminum (Z = 13}, silicon (Z = 14), phospharus (2 = 15),
sulphur (Z = 16], chlotine (Z = 17} and, closing the shell, argon (Z = 18],
These elements are chemically very much like the series: lichium, . _ . | neon, and
the specuoscopic description of the ground states are the same. The only
difference is that, since # = 3, the wonization energics are somewhat smaller, as
can be seen from the periodic table at the end of the chaprer,

It might appear a lictle scrange that the period ends wich argon, since the
(34} shell, accommodating ten clements, remains to be filled. The face is, that the
self-consistent potential is not of the 1/r form, and the intrashell splitting here is
sufficiently large thar the {4/] state lies lower than the (34) state, though nor by
much. Hence a competition develops, and in the next period we have (ds),
(4%, (49)%(3d), (45)°(34)", (4)*(34)%, (4)(34)°, (4n)*(3d)%, (4)*(3d)", (4)%(34)",
(403 (3d)%, (40) (3417, (47)*(34)' and then the 4p shell gets filled unril the period
ends with keypton (Z = 36). The chemical propertics of clements ar the be-
ginning and end of this period are similar to those of elements at che beginning
and end of ather periods. Thus potassium, with the single (ds} elecaon, is
an alkali meral, like sodium with its single (35) eleciron ourside a closed shell
Bromine, with the configuration (40%(34)'%4p}", has a single hole in a H-shell
and thus is chemically like chiorine and flucrine. The series of elements in which
the (34) stares are being flled all have rather similar chemical properties. The
reason for this again has to do with the denils of the self-consistent porential,
It turns out chac the radii of these orbits® are somewhar smaller chan thoss of the
(4s) electrons, so that when the (45)% shell is filled, these electrons tend to shield
‘the (34} elecorons, no marter how many there are, from outside influerces. The
same effect occurs when the {(4f) shell is being filled, just after the (61) shell has
been filled. The elements here are called the rare earths,

Limjtations of space prevent us from a more detailed discussion of the
periodic mble. A few additional comments ate, however, in order,

(2} There is nothing in atomic structure that limirs the number of elements.
The reason thar atoms with Z % 100 do not occur narurally is chat heavy mwcle
undergo spontaneous fission. -1f new, superheavy (meta)stable nuclei are ever
discovercd, there will presumably exist coreesponding atoms, and it is expected

¥t is understood that this is st 3 way of ralking about the peaking rendencies of
the charge distribution.
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. Tonization

g Element Configuration Termt! Potential &V
1 H {1£) s 13.6

2 He (15)* % H.6
3 Li (He) (25} RO 5.4
4 Be  (He)(2:)? ) % 9.3
3 B (Heh(2:3(2p0) Pin 8.3
[ C (He){2r}22p)® P 11.%
T N {He)(2r)2{2p)* e 14.5
8 5] (He) (2 2p)1 p, 13.6
o F {(He){zs)%(2p)* Py 17.4
1o Me [Hed 25y (2000 ) 15 1.6
11 MNa (Ned(3s) Sua 5.1
12 Mg (Ne)(3)! 5 7.6
13 Al (Ne)(3r)*(3) P 6.0
14 8i (Mel{ 3% 3p)® Py 8.1
15 P (Me){3)%( 3p)° W 11.0
16 ] (Ne) (3] 3p) P; 10,4
17 l (Meh{3e)2 (3" Pyiy 15.0
18 Ar (Mel)ia)?(3p)*® 15 15.4
19 K (A (4s) AT 4.3
20 Ca (Ar){da) 5% 6.1
2 Sc (Arh40)(34) Dyia 6.5
22 Ti (Ac)(dn)=(3d)* i, 6.8
3 v (A (4r)*(3d)? Fare 6.7
24 Cr (A (deh(34)" 5 6.7
25 Mn (A L 7.4
26 Fe (A (43 " 7.9
27 Co (AL (A3 Farn 1B
28 Mi {Ar)(dr) 3" 'Fy 7.6
20 Cu (A4 3" e 7.7
1] Zn [Ar)i4s)* (34" 5 0.4
31 Ga (ALY (s) 2 30 4p) P 6.0
2 e (ALY (4s)* (3P0 4p)" Py 8.1
13 As (A4 (3 04p)" Sam 0.0
34 e LAr) () (3 4p) Py 9.8
5 T Br AT A3 dp) Py 11.8
36 K [AR) (4 3d) 0 4p) 15, 14.0
a7 Eb (Kr)(3s) T 4.2
& 5r (Kr)(50)" L5 3.7
39 Y (Kr)(55)%(4d) e 6.6
40 Zr (Kr)(3s)2dd)® P, 7.0

[Contynund}
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Sonizasi
Z Element Configuration Term! Potential eV
41 Nb (K5 {aa)* Dirs 6.8

iz Mo  (Kr){5s)(dd) 5 7.2

43 Te (BCe) (5 )44l #Rarz Not known
44 Ru (B (5} (a7 *F 7.5

45 Rh (Br) (5 () WFaz 7.7
46 Pd (e} {4al)t 5 B.3

a7 Ag (o) 5s) (a1 T 7.6
48 Cd (e} {35yt 4d) 15 9.0
49 In (o) (5] )% (5p) P 5.8

S0 Sn (K} {5 {4 5p) P, 7.3

51 Sh (ECr ) {5 2 da) 0 5p) 2 Saen 8.6

52 Te  (Kr){%)Hdd)o(5¢)" P, 5.0

53 1 (Ex) {5 {4d) ™ {5p)* P 10.4

54 He (RCe) (5] dal) 0 5p) 15 12.1

55 Cs {Xe)(fr) e 3.9
56 Ba (Xe}ts)? Sy 5.2

57 (L2 (Xe)(6)¥5d) Dy 5.6
58 Ce { Xe) (Br)o(dr){54) W, 6.9
39 Pr (Xe) (6} 4f)? Ta 5.8
60 | Nd (Xel(6r)4f) by 6.3

&l § Pm  (Xe)(tr)2(4f) W Mot known
62 Sm (Xe)(6)24f)* g 5.6

63 Sl xeEray S 5.7
64 ElGd  (Xe)(6:){47(5d) "Dy 6.2

65 1 (Xe)s)4fn) Hyu 6.7

6 E Dy (Ked(Bsy3(4f e Iy 6.8

&7 He  (Xe)(fr)*{4f)" ‘hee | Not known
o8 3 Er (Xe)(Br)2(4 e Wy Mot known
(-] Tm  (Xe)(ts)2(4f) *Fo Not known
70 Yb  (Xe)(tr)*(4fP" % 6.2

! | Lu (Xe) (6124 5a) hyiz 3.0
72 HE  (Xe)() 445402 F, 5.5

75 Ta (M) (6] {4542 Fyrs 7.9

74 W (Xe){Ba)H{4f)4(54)* Dy 8.0

] Re (M) (Ge) {44 5" LA 7.9
T6 Os (e} (B 45" ey, 8.7
77 It (Xe) (62 (df) (34 "Fais 9.2

T8 Pt (Xe)(sad (a3 iy 9.0

L Au (Xe) (Gr)(4f 4547 LT 9.2
80 Hg  (XeMo)H4f)4(54)" % 10.4

a T (Xe) (G )P4 3y 2 (6p) Py 6.1

{Ceafinme)
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PERIODIC TABLE—(contimued)

lonization

¥4 Element Configuration Term' Potental eV
a2 Fh {Kepoey (45 6p)* Py 7.4

83 Bi {Xep(B)H4f (3 (op)* S 7.3

i Pa (KB WA 54) 6] Py 8.4
83 Ar (eG4 5 6p) *Pass Mot known

8% Ra [Xe) {6 4 5P g 'S 10.7

a7 Fr (En)(7s) Mot known
a8 Ra  (Rn){7s) 5y 5.3

2 Ac (Rn)(7r)*{6d) Dy 6.9

90 Th {Bun)(7s)%6)° F,

9 Fa {Rn) (75)%(3f)*(64) K

92 u (Bn) (73)%( 5/ )64 U

93 Np (Ra)(2)1{5/)M6d) Loz

G | Pu (Rn){7s)%(50)" “Fa

25 2| Am (Ro){702(5f) R

96 Tl Cm  (Re)(70)%5/)7(6) "Dy

g7 =| BE  (Rn){)¥sn)® Hyp

o8 cf (Bn) (725" iy

o9 Es (Ro) {7e)35" s
100 Fm  (Rn)(7)H3)™ H,
o1 Md  (Ro)(7)E(50m WPy
102 | No  (Ra)(To)*(3f)™ %

LTerm designation is equivalent to specoroscopic description.

thar their structure will conform to the prediction of the building-up approach
outlined in this chapter.

{(b) We went to & great deal of wouble to specify the 5, L, and [ quantum
numbers of the ground states of the various elements. The reason for doing this
is ther in spectroscopy, the quantum numbers are of particular interest because
of the selecrion rules

AS =0
“ AL = %1
Aj =0,%1 (o0 —0) {19-18)

that will be derived latet, and thar may then be used o determine the guanmum
pumbers of the excited stares. The spectroscopy of atoms, once we get beyond
hydrogen and helium, is very complicated, Consider, as a relatively simple
example, the fiest few states of carbon, which are formed from different con-
figurations of the two electrons that lie outside the closed shell in the (2p)®
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arhitals. As.already pointed out, the possible smtes are 'S, %Py, and "Dy, The
P, state lies lowest, but the other stares are still there, The first excited states
may be described by the orbimls (2p)(3s). Here § = 0 ar 1, but L = 1 only.
Since the n-values are different, the exclusion principle does not restrict the
states in any way, and all of the states 1Py, *Py g are possible, while the excited
states that anse from the orbitals (2p)(3#) can have § = 0, 1and L = 2, 1, 0,
leading to all the swmtes 'Dy, 'y, 'S, "Dy, *Paag, and 25, Even with the re-
suictions provided by the selection rules, there are numerous transitions.
Meedless to say, the ordering of these levels repesents a delicare balance be-
tween various competing effects, and the prediction of the mote complex spectra
is very difficult.* Thar task is not really of interest to us, since the main point
thar we want o make is that quantum mechanics provides a qualitative, and
sometimes quantitative, detailed explanation of the chemical properties of
atoms and of their spectra, without assuming an interaction other than the
electromagnetic interaction between charged particles. We shall have occasion
o retumn o the topic of spectra,

Problems

1. List the spectroscopic smtes (in the form *410;) thae cap arise from

combining

§=1/2 L=3

=2 L=1

L=125=1L=4

Si=15=1,L=3

5 m 12 5% =1/2,L=2
Which states are excluded, among the two-spin questions, if the particles are
identical?

2. Consider the following staces

\D, P, 4P, 3, 1D,
Whar are the possible [ values associated with each?

3. Consider the staces ', 'P, 2§, G, P, %%, Given that in sach one che stare
consists of two identical pasticles in their largest possible spin state, which of the
stares are dissllowed by the spin-statistics theorem?

¥ The spectroscopic labeliag that we have used has its limittions. Behind s validity
lies the physical picrure thar the 1ol orbita] and spin angulis moment are seperately
conserved, except {oe the perturbation caused by spin-orbit cowpling. This coupling is
small for the light elements, but for Juge Z it cannor be rreared a5 4 perrurbasion. Thers it is

betrer to couple the fand & for each electron o form  §, and then consider the j.j coapling.
Detailed considerstion of this is beyond the scope of this book.
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4. Use Hund's rules to find the specrroscopic description of the ground
states of the following atoms:

N(Z = 7), K(Z = 19), 5c(Z = 21), Co(Z = 27).
Figure out the electronic configurations as far as you ate able to.

5. List the possible spectroscopic states that can arise in the following

BE clecuonic configurations: (15)2, (2907, (29)% (2%, (34)%, (2p)°(%), (34)*. Take
i into account the exclusion principle.

+~ (Note. Remember that if all the spins or orbital angular momenta are pointing in

. _the same direction, then the state is symmerric; also remember about holes in
L closed shells.)

3 6. Plot the ionization potentials given in the periodic table 2gainst Z.
7 Ohserve the peaks indicating the shell scucture of the aroms.,
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chapter 20

£ Just as atoms are aggregates of electrons and a single nucleus, so molecules
¥ are aggregates of electrons and several nuclei. Molecules in their lowest cnergy
state are stable, that is, it takes a certain amount of energy to dissociate them into
their components. Since dissociation of molecules into atoms is the most com-
mon occumence when enough energy is transferred to the system, we may call
molecules bound states of atoms, although we shall see that this description
hides much of what makes up the sucture of molecules. The purpose of this
chapter, and the next, is to show that quantum mechanics i3 successful in
describing the properies and behavior of molecules.

The simplest malecules are those that involve rwo nuclei, the diatomic
molecules. Even they are mote complex systems than atoms because, after the
center of mass is fixed in space, the nuclci are still free to move, This leads to an
ncrease in the pumbcr of degrees of freedom. Thus for the simplest of all mole-
cules, the Hs* molccule, consisting of two protons and one electron, thete are
still six degrees of freedom left, theee for the electron and three for the relative
motion of the two protons. As with atoms, 2 frontal atrack on the problem of the
dynamics of molecules, that is, a numerical solution of the Schrbdinger equa-
tion in many dimensions is possible. For our purposcs cruder but mote physical
approaches will be more enlightening.

Insight into the dynamics of molecules can be obrined from use of the
fact thar nuclei are a great deal more massive than elecerons (M/m, 3> 10%) and
thus their motion is a great deal slower. One may view the maotion of the elec-
trons as if the nuclei were fixed in space. The motion of the nuclei, on the other
hand, is in an average field due 1o the elecrrons. For a given set of nuclear
coordipates, there will be a Hamiltonian for the clecuons. The lowest eigenvalue
of thar Hamiltonian will depend on these cootdinates, and its minimum value
will determine the positions of the nuclei. This picrure must be modified a licde
for nuclei that are not infinicely massive, since they can also move. Their motion
depends on the electtons, but they only “see’” an average charge distribution
due to the rapid motion of the electrons, and ro first approximation, they move

313
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in a harmonic potential about the locations determined by the minimum in the
enexrgy of the electrons.

We can describe the situation mathemarically s follows. The Schrodinger
equation describing the nuclei and the electrons has the form

[Te + T. 4+ V(r.R)] ¥(r,R) = E¥(r.R) (20-1)

where Ty is the sum of the kinetic energies of the nuclei, Ty is the sum of the
kinetic energies of the electrons, and Vr,K) is the potential energy, which con-
sists of the Coulomb accraction of the electtons to the nuclei, the elecoon-
electron repulsions, and the repulsion among the auclei. Consider first the
Hamiltonian describing the electronic motion for a set of fixed | R}

Hy = T, + FirR) {20-2)
The eigenvalue problem can, in principle, be solved
(T. + V(rR)] salrB) = &R} walr.H) (20-3)

Both the eigenvalues and the eigenfunctions depend on the values of R, which
here play the role of fixed parameters. Since the so(r, B} form & complete set, we
may expand ¥(r,R) in rerms of them

U(rR) = X éalR) walr.R) (20-4)

To determine the coefficients ¢.(R) we insert chis into (20-1), and obtain, wsing
(20-51 the equation

Ti 3, OulR) 4nr.R) + 2 enlB) $ulR) sulr,R) = E 3 dulR) snlr.R)

{20-5)
The first term will consist of terms of the type
E‘I
(— Z_Ahvlh +.. ) E %(m x.[r,ﬂ} - z IT#-{R:I] wa(r B
At
=M, Z_: Vi tmlB)- Vo, walr,R) — ...
. ¥ GulR) T, walrR) — ... . (20-6)

M,

As a first approsimation we neglect the second and third terms on che righr side
of this eguetion, thar is, we assume that the cigenfunctions u.{r.R} are slowly
varying functions of the nuclear coordinates R, at least in the region of the sclu-
tions for the minimum elecrronic energy, By defined by

Ve el R} | g ape = 0 (20-7)
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This approximation
Te 2, $ulR) 2(nR) = L [Tudn(R)] tn(r.R) (208)
is the first step in a sequence of approximations by which variations with respect

1o R can be taken into account. The procedure was developed by Bom and
Oppenheimer, and the first approximation 15 generally & good one, If we now

k' ake che scalar product with w.(r,R), and use orthonoemality

f 1'1 &, ug(r,B) wal(r,R) = By (20-9)

then (20-5), together with (20-8), reduces to
Tedm(B) + ealR) $o(F) = EdalR) {20-10)

“This is just the Schrodinger equation for the nuclear motion in 2 potential iR},
I the electronic energy. For R dlose to the minimum points Ko, we may expand

1
enlR) = enlRo) + 15 (R — R} (%;f_:)u +... (20-11)
If only the first two rerms are important the nuclei move in harmonic oscillator
wells. Thus the nudlei will undergo vibrational motion.! They will also undergo
romtional motion, since Tx involves angular coordinates. We may estimace the
magnitudes of the various energies.
Let us assume that the size of the malecule is of order a. Then, by the
uncerincy principle, the electronic encrgy is of order

o (E)t (20-12)

T im \a
The frequency of the vibrational motion of the nudeus is, according to (20-11),
given by the formula
'«(R)
R Rl s
Ma® == R
Given the potential energy in (20-12), a dimensional argument gives us
o by

—n P e

AR T mat

m A\ R
ug(—M) — (20-14)

ma®

{20-13)

thar is,

+ The moticn will be somewhat more complicated if we do nor limit ousselves o a
wo-term expansion of (20-11) buc it will still have the qualitative properties thar we are
discussing.-
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Thus the ratio of the vibeational energy of the nuclei to the electronic energy is

Evb fica m )l'll
1 v -1
£ 12/ ma® (M (20-13)
The molecule can also rotate about the center of mass. Typically

Eng Mﬁ_&g

L
3 aMar T M

(20-16)

Thus, as far as molecalar stracture is concerned, one may neglect the rotational
and vibrational degrees of freedom. Nevertheless rotationzl and vibrational
energy levels will exist, and in malecular specrroscopy there will be:

{a) Electronic fransizions. I -the dimensions of the molecule arc of the
order of 1 X, that is,

2k )
8o — (2017}
mrco
then
‘ B mdat
hy = 2xk N S ima 8
that is,
16w &
N TR jer 137 X 05 A
& meoo

~ 3500 A ' (20-18)

Thus the radiation emitted in electronic transitions lies in the ultraviolet.

(b) Vibrational sransitions. These are transitions berween diffcrent levels
in the approximate harmonic oscillator well. The rypical energies will be of the
order of (m/ M)V ¢, that is, the wavelengths will be of the order of (M/m)"* ~50
times larger. The range of wavelengths, ~2 — 3 X 107" cm, lies in the infrared
region.

{c) The rotational spectra will be characterized by wavelengths M/m ~
10* — 10* times larger than the electronic optical wavelengths, and h ~.0.1 — 1
cm is typical of the micrawave region.

To see what form e(R) can take, let us turn to the simplest molecule of all,
the Hy* ion. After separating out the cener of mass of the rwo nuclei (we ignote
the electron in doing this), we are left with the energy eigenvalue equarion
(__ L ¢ ¢ e

B - J— - —
2M Zm v Ir—R/2| [r+R/2| ¥ R

- E) ¥Rl = 0
© o {20-19)
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L)
= [ Caulomb mpuliion)
R\ betwser protons
R, -
E‘%\“--. Equil brium
. I| e paration
—13.6F et el Ly

Electronic
enengy

—54.4

Fig. 20-1, Conttibutions to “'nuclear potential,” The Coulomb repulsion and
the electronic energy combine to give a curve with a minimum at

The first term represents the kinetic energy of the peotons with ~

Mg Mp

-— = {20-20)
Mp 4+ Mp 2

M

the reduced mass of the two-proton system. The second is the kinec energy of
the eleccron, The next two terms represent the attraction between the electron
and the two protons located at Ry2 and —R/2, and the last term represents the
repulsion berween the two protons separated by a distance R = |R|. The
qualitative features of the solution with R held fixed, and the proton kinetic
energy term absent are shown in Fig. 20-1, For R very large, the electron will be
bound to ene of the protons, and che energy of the syseem is — 13.6 ¢V, the
energy of a single hydrogen arom. When R — 0, and we leave cut the proton-
proton repulsion, the electron will be bound toa Z = 2 nucleus, and the binding
energy will be —13.6 28 = —54.4 V. The electronic energy, asa function of R,
interpolates smoothly between these points. When the energy or repulsion
&/ is added ro this, the curve eyl ) results, This curve has & minimum for the
Hy* molecule, A minimum does not always cxist, so that some atoms do not
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form molecules, as we shall soon see. The electronic eigenvalue equation, which
has the form anticipated in (20-3),

. ‘E B F _ e ks )
Hu(r R) (Zm TR ey e TR )eER
= wfR) w(rR) (20-21)

can actually be solved in elliptical coordinaces, but we will get more insight from
using the sariational principle, with trial wave functions that reflece some physical
intuition about the system.

A reasonable trial wave function is a linear combination of

#i(eR) = (é)me"""” e {20-22}
and
1 152
derR) = (:ﬁ-) g Ir Rl i (20-23)

representing the electron bound to one or the other proton. Since the Hamil-
tonian is symmetsic about reflections in the onigin (p. = —ppr— —r, R —
—R), we may take as trial wave functions even and odd combinations of these®

Vet R) = CAR)[¥:(rR) + ¥s(rR)]
¥ulrR) = CR)[(rR) — dulr )] (20-24)
The normalization factors are given by

o = b )

—2x2 f Prgs(eR) e ) (20-25)

The integral appearing above is called the srerlap integral, and it can be calou-
lated. The calculation of

S(R) = j Pr (e R) dalr R)
= ﬁf'ﬁr '.-Ir-ﬂ.-'ll-"ﬂ e r+R/1 e

1 - —rf
f dy’ ¢ TRl i (20-26)

- —
E

* The labeling is historical: g stands for “gerade,” which means even in German,
and & for “ungerade,’” odd.
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is straightforward, though redipus, The result is
R L LS = Ry
SR) = (1 ot Q) ¢ (20-27)

The expectation value of Hs in the two states is

{H:r!-i - m {r = s Hyln £ P
1 . -
= m 141, Halgr t + Oba He ) == | Holya} = {he] H i 2}
- by Ml £ | Halda) (20.28)

1+ SR)

where use has been made of the symmetry under R — —R. The ewo terms in
the numerator can be calculared:

_ R 2N £
Wl o) = fd"mm‘ ( R IS VRN
X (e R)
a |galr )1
= E; — - AT 20
Bt ﬁfﬂr|r+ﬂx’2l (20-29)

“The first term is just the energy of a single hydrogen atom Ey = —13.6 €V, the
second cerm is the proton-ptoton repulsion, and the third term is the clecirostatic
potential energy due to the elecoron charge distribution about one proton being
attracted to the other proton. The last integral can be evaluated, so that finally

| Halda ) = E; + ‘—‘ (I. -+ '5) P (20-30)
R dn
Similarly
(¥ | He| 2} = fd‘n ¥R (E: L —‘1——) falrR)
¥ L R .' + H'.'Illzll
i o [ o, WER) $a(rR) _
= (.E'_ R) S{R:I [4 d'% —__Ir + szl {M 3[}

Here the last term is the exchange integral, which can also be evaluared, yielding

frR) iR & RY _g
I ook et s Y _ Bias
& | dir r+ R/2 - (lJ— ‘-)r (20-32)

When all of this is pur together, the resulting energies can be calculared as
funcrions of K. Figure 20-2 shows the calculated energies.
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Fig. 20-2, Results of variational caloulation for Hy.

The exact solution, which according to the variational principle must lie
below the curves obmined, differs lictle from the minimum, In our appeoxima-
tion, we see that the even solution yields binding, while the odd one does not.?
The difference berween the even and the odd solutions is that in the former, the
electron has a high probability of being located between the two protons, where
the areractive contribution is maximized; for the odd solution, which has a node
midway berween the protons, the electron tends to be excluded from that region.

The cxperimental separation between che protons is 1.06 A, and the bindin,
energy is — 2.8 eV. The calculations outlined above lead to a separation of 1.3
and a binding energy of —1.76 V. Thus our wave funcrion is not as compact as
it should be. The reason is that whea R is small, the wave function should
appraach that of 2 Het ion, which (20.24) does not. One could improve the cal-
culation by introducing an efective charge for the proton and minimizing
{HyYy with respect to thar patameter in addition o R, a5 in our ilustration in-
volving the helium atom. Since we are more interested in a qualitarive onder-

scanding of the problem than in improving the variational calculation, we do not
pursue this idea. .

* One might worry that the true &,(K), Iing below the (H)y = Eu(R) curve, sill dips
down and gives a weaker bound state, Diemiled caleularions show that it does not
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The orbitals that we have considered do not depend on the azimuthal angle
about the axis of the malecule. Since the Hamiltonian is invariant under rotations
about the axis, we may classify the solutions by the angular momentum com.
ponent along the axis. If we choose R to define the z-axis, our eigenstates will
be simultancous eigenstares of L,. The sclutions will, in general, have the
dependence '™ with m = 0, £1, £2,.... These are labeled o, o, &, . . . in
analogy with S, P, D, . . . . There is also the labeling "g" and "u” which is
applicable to all diatomic molecules for which the atoms are the same (homeo-
muclear molecules). Thus in our example the ground state could be labeled
Lsc,, and the antisymmetric state could be labeled 150,*, the asterisk indicating
that the state is unbound. Excited states of the Hy* molecule may be formed
with higher orbitals.

We will not deal with the rotational and vibrational degrees of freedom of
the molecule excepe to note their roles in the two topics that we discuss next.
First we will be concemed with the effect of the Pauli Exclusion Principle on
homonuclear molecules. Consider, for example, the Hy molecule for which the
ewa nuclei are identical and each has spin 1,/2. Thus the total wave funcrion must
be antisymmetric under the interchange of the two nuclei. The two protons in
this example may be in the antisymmetric spin singlet ($ = 0) state, in which

I case the rorational state must be described by & symmetric function, so that the
‘angular momentum is even. If the two protons are in the symmetric spin triplet
{§ = 1) stare, the angular momentum of rotation must be odd. Ina gas, collisions
among the Hy molecules will randomize the distribution of spin states, and
assuming that chey have equal probability, the number of molecules in a given
spin state will be proportional to the degencracy (25 + 1). Thus there will be
three times as many odd L molecules as there are even L. Hy molecules in the gas
This will manifest itself in the intensity of the spectral lines associated with the
transitions berween rotational levels. More generally, if each nucleus has spin 1.
then the spin states 21, 2f — 2,21 — 4, .. . and the spin states 21 — 1, A—-3,..,
will have opposite symmerry. If, for example, I is an integer, then the first
scrics of spin states will be associred with even orbital angular momentum,
since the nuclei are bosons in this case. Their total number is

I f 3
3 @I~ 204 1] = @1+ 004 1) - e
=i
= (204 11+ 1) (20-33)
whereas the remaining
(2l 102 — (2F 4+ i+ 1) = @2+ 1)1 {20-34)

states will be associated with odd orbital angular momentum. Thus for integrl T,
the matio of even L to odd L intensities for a given L is (I 4 1)/1. For fermions
that ratio is inverted.
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To a good approximation, the energies of the rotational states are

_ WL(L + 1)

5 (20-3%)

Ex
where 3 is the moment of inertia of the homonuclear molecule under considera-
rion. Transitions between adjacent L values (to conform with the selection rule
AL = =1, still to be derived) yield mdiation with frequencies

wll+1—L)= %[I{L+ UL+ 2) = L{L +1]]

= %—{L+ 1} (20-36)

From the study of romational spectra one can identify the rotational levels and
find their L values. The intensities then give a way of discriminating between
even and odd spin. Historically, a study of the rotarional spectrum of the Ny
molecule led to the conclusion that ifs spin was even. This could not be under-
stood on the basis of a nuclear model in which the nitrogen nudeus consisted
of fourteen protons and seven electrons; such a nucleus would have odd half-
integral spin. The discovery of the neutron, and the realization that the nitrogen
nucleus consisted of seven protons and seven neutrons removed the difficulry.

The existence of the hierarchy of excitation energies, rotational, vibra-
tional, and electronic manifests itself in the form of che specific hear ar constant
volume as a funcrion of emperature. We take from sttistical mechanics the
following facts.

(a) The specific hear at constant volume is given by

[ -
Cy = Ny a7 E(T) (20-37)

whete E(T) is the average encigy of a molecule in equilibrium at temperacure T,
and Npis Avogadro's number. ‘
(b) ‘The average cncrgy can be calculated from the Boltzmann distriburion

KT) = fatEEgIE] ,—l,-'i:r/ dEg(E) 5T

- — L ~EfkT —EAT
b{u”}fﬂg(ﬂ} e /fdﬁg{ﬁ] £

a2 —EaT
= kT 3T Iugfn’Eg{E} ¢ (20.38)

where g(E) is the degeneracy of states with energy E.



Molecules 323

(¢) The average energy can be written as a sum of contributions from
independent degrees of freedom, so that we can write

E(T} = Eurans(T) + Erad(T) + Eon(T) + . . . (20-39)

For the translational contribution, where E is the kinetic energy, we have!

3
50 thar
f JEG(E) ¢ BT = o {20-41)

as can be seen from dimensional considerztions. Thus [20-38) yields

o] o
= = I T [ 2

3

E (20-42}

B 1 [

where B = Nok = 1.98 calorie,/mole K° This is just the Dulong-Pent result,
For the rotational contribation we have

f dEg(E) e BT F g2l + 1) eTNLEANANT {20-43)

where g, is the spin multiplicity comesponding to the given L, and (2L + 1) is
the usual degeneracy corresponding to a given value of L. For the Hy molecule
we have the special situation mentioned before: the existence of par- and
ortho-hydrogen, for which the nuclei are in the spin scates § = 0 and § = 1
respectively.

For para-hydrogen, L is restricted to che even values, L = 0, 2, 4, . . . and
g = 1; for ertho-hydrogen, Lisodd, L = 1,3, 5, ...and g, = 3. Ar low tem-
peratures—and here “Jow" depends on the moment of inertia, so that for H,
the relevant number is®

Kz

i 848" K (20-44)

* Fot & discussion of the degeneracy of states applicable 1o free motion, see Chaprer 22,
Secrion C.

' The moment of inertia can be determined from the spacing in rotationa] spectra.
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—the L = 0 stare will be primarily occupied, that is, the gas will consist of par-
hydrogen.t At room remperatutc the difference becween even and odd L's
becomes insignificant, and the ratio is determined by the ratio of the g, that is,
it is 3:1 ortho- to pam-hydrogen.

In the rest of the discussion we shall, for brevity, ignoee the complicarion
of the two forms of molecules, At temperatutes where the rotacional degrees of
freedom become excited we have

i3y, (2L + D LIL+1) g~ TULAT/IRE
Brar = = ); —wL F0/2eT
2L+ 1)« -

(20-45)

This can be evaluated pumerically. At high cemperatures, the level-spacing is so
small, compated to &T, that we can replace the sum by an integral, and use
{20-28). We have

f dEg(B) ¢ T ~ f dl 2] VT o (20-46)
s that, using (20-38) and (20-37) we get, for large T,
a 3 e
{Gr]n; = .&Nﬂ ﬁ_, (T‘ Elﬂg C T) =R {?‘M}}

At higher temperatures the vibrational states can become excited. The
harmonic oscillator potential in which the pucleus moves need not be sym-
metzic. If the line connecting the two nuclei is taken in the z-direction, it is
plausible that the potential walls will be steeper in the x- and y-direction than in
the z-direction and thus in the expression for the energy

E = fudn, + 1)+ ayln, + 1) + falne + 4) (20-48)
the first excitation will be from the ground state E; = $fiw. + Y, + 4o, 0
Ey = Ey+ fi,. Thus
. Ey e BT 4, BT
£ 48
B+ Ei '—Mﬂ'
= T L el
14 e

=~ F (1 + % r""“""”) (1 - r'“""”)
= Fy + fie, ¢~ (20-49)

¢ pctually mransitons berween the orho- and para-states are very slow, 50 that cooling
the gas is not enough o make pam-hydrogen. In practice one uses a caralyst.
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Fig. 20-3. Specific heat of H gas as a function of temperarure.
Hence
. OF Fco, )‘ -
{Cy)ymn = aT Ny = Mok ( i) ¢ (20-50)
For H, the vibrational effects do not set in until 600°K (Fig. 20-3). On the other
) hand, for Cly, fics, has quite a low value, and at room temperature, the contribu-

tion of the first vibrational level is ~ 0.5 K. In geneml w,, w, are quice a bit
larger than w, for diatomic molecules, and therefore the high energy contribution
of the vibrational excirations computed from

f&EE}I ¢~EAT g = 2 phetn ki BAT
g
~ {a‘x g TRt HUDAT o e (90 81)

is K as for the rotational levels. This 15 shown in Fig. 20-3 showing G for Hy.
The electronic levels only contribure at extremely high energies.
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Problems

1. In HQ 1 number of absorption lines with wave pumbers (in cm™)
B3.03, 103.73, 124.30, 145.03, 165,51, 189.86 have been observed. Ase these
vibrational or rotational tansitions? If the former, what is the characteristic
frequency? 1f the larter, what J values do they correspond to, and whar is the
moment of inertia of HCI? In that case, estimate the separation between the
nuclei. (In radiation the quantum numbers change by one unit.)

2. Whar is the ratio of the number of HC! molecules in a state wich [ = 10
to the number in & state with J = 0, if the gas of molecales is ar & cemperature
of 300° K? i

3. The frequency of vibmtion of the CO molecule in its lowest state is
w= 2 % 10" Hz. What is the wavelength of the radiation emitted in the lowest
vibtarional excitation? What is the probability that the firse vibrational state is
cxcited, telative to the probability that CO is in its vibrational ground state,
when the remperacare is 3007 K?

4. Consider the vibmtional and rotational energy of a malecule in the
approximatian

1 (J+u#
EsR) = mef(R — Rl + %ﬂ—

Find the position where the energy is a minimum. [f the moment of inertia of
the molecule is calculated using the new internuclear separation, show that the
rotational energy can be written in the form

Ey = AJ(J+ 1)+ BlJJ+ UF +
Determine the cocfficients A and B (the lawer is the effect of centrifugal
distartion).

R.eferences

Several elementary books that treac the marers in this chapter are listed ac the
end of Chapeer 21.



chapter 21

Molecular Structure

In this-chapter we discuss, albeit only qualitatively, how the electronic
structure of molccules determines their shapes and other properties. We begin
with the Hs moleende, and discuss it in some detail, because there are two electrons
(in contrast to the Hy* molecule) and the exclusion principle and electron spin
considerations make theis first appearance. Both here, and in the rest of the
chaprer, the nuclear motion will be neglecred.

The nuclei {protons) will be labeled A, Band the two electrons “1"and 2"
(Fig. 21-1). The Hamiltonian has the form

-

o

'3
He= H 4 Hy + — +

21-1})
iz R.-.n { '

where
H=PE_ _ " (i=12) {21-2)
2m fas rai

depends only on the coordinates of the electron # relative to the nudei. We will
again compure an upper bound to E(R.s) by constructing the expecration value
of H with a trial wave funcuion. Since

- 3

A= Hi4 —— (21-3)
Rar

1 oz 2

A Ram B
Fig. 21-1. Coordinate labels in the discussion of the Hs molecule,
327
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are just Hamilconians for the Hs* molecule (Eq. 20-21) it is suggestive to take as
our trial wave function a product of two 157, functions (Eq. 20-24) for the Hy™
maolecule:

Walrues) = m (e} + Eulr)] [Walrs) + Voles)] Xuiogen  (21-4)
The election spin state is 2 singlet, since the spatial part of the wave function is
taken to be symmetric. In this trial wave function, euch electron is assaciated with
bath protons, that is, the trial wave function is said ro be a product of molecalar
srbitals, The description in terms of molecular orbitals is sometimes called the
MO method.

The calculation of (| H|¥, ) yields

(vl 55+ (B 0+ 25 el

' H 2
= eRan) + e[Ran) + { . i .p,) 'E:_,.
M e
= 2e{Rup) — Ron + (!!f; . %) (21-5)

where e{Ran) is the energy of the Hy™ molecule calculated in Chaprer 20, The
first order electron-electron repulsion contribution can also be calculated, and
when the taral energy so computed is minunized with respect to the sepamtion
Ram, it is found that the binding energy and internuclear separation are given by

Ey = —2.68 eV
R= 0854 (21-6)
The experimental values arc
Ey= —473e¥
E= 0744 (21.7)

Evidently the approximarion is not a very good one. We noted in our discussion
of the Hs molecule that the trial wave functions (the M('s} are inaccurate for
small proton-proton separations, and the fact thar the MO's are too spread out in
space shows up in the numbers above. The wial wave funcrion also has some
undesirahle features for large Raz. The produce in (21-4) may be rewritten in the
form

[#alry) 4 dulr) ][ Walrs) + gulra]

w [falrs) dalry) + dalr) dales)] + [aled dslrs) + falrs) dein)]
{21-8)
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The first term is called an “'ionic” teem, since it describes both electrons bound to
one proton or the other, The second term, the “covalent” verm, is a description
in rerms of linear combinations of atomic orbitals (LCAO). Our trial wave
foncrion thus implies, since the two terms enter with equal weight, that for
large Rap the molecule is as likely to dissociate into the ions H* and H™, as it is
into two hydrogen atoms, and this is pacently false.

The last difficulty mn be avoided with the use of the Valence Bond (also
called Heitler-London) method, in which linear combinations of atomic orbitals
are used. The singler wave function used as a wial wave function in the varii-
tional principle is taken to be

i 1/
Wirrs) = [ml [fale) $ales) + Palrs) dule)] Wingee  (21-9)

where, as before, the y.4(r;) are hydrogenic wave funcrions for the i-th clectron
abour proton A. We could, in peinciple, add a tipler term to our variational
wial wave function. However, a triplet wave funcrion must be spatially anti-
symmetric and has low probability for the electrons being located in the region
berween the protons. We saw in our discussion of the Hy™ molecule thar just this
configuration led to the lowest energy. Although ir is not immediarely abvious
that the attraction is still largest in this configuration when there are fwo elec-
trons that repel each other in the system, it is in fact so. The tesulrs of a varia-
tional calculation wath the VB wrial wave function is

Ey = —3.14eV¥
R= o087k (21-10)

“This is not & significant improvement over the MO resulrs, for the simple reason
that the inadequacy of the wial wave functions for small Rup carnies more
weight. There should be no question about the quantitative successes of quan-
tum mechanics in molecular physics. More sophisticated trial wave functions
have to be used; for example, a 50-term trial wave function yields complecs
agreement with observations for the H, molecule, but it does not, as the MO
and VB functions do, give us something of a qualitative fecling of what goes on
between the atoms. In what follows, we will explore the relevance of these
approaches to a qualitative understanding of some aspects of chemisuy.

- The expectation value of H for the H; molecule in the VB approach has
the following schematic form

{P|Hlg) = banbes + Fastbm| Hbabm + dasbm )

1
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where T; is the kinetic energy of the i-th electron, and since
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and so forth, this can be simplified to
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In obtaining this, liberal use has been made of symmetry. The cetms that can
make this expression more negative are

(ﬁ'.di\'l_ *11) and _'3_ <¢ML _I_‘f'm)
Fii |

14+ 5 | Fau

The former is just the atcraction of the electron cloud about one peoton to the
other proton; the second is the overlap of the two electrons {weighted with
1/ra1). If this can be large, there will be binding, The two electrons can only
overlap significantly, however, if their spins are antiparallel; this is a consequence
of the exclusion principle. The region of overlap is between the two nuclei, and
thete the artraction to the nuclei generally overcomes the electrostatic repulsion
between the electrons.

In the MO picture, too, it is &n overlap term—the last term in (20-31)—
that is crucial to bonding, and again, bonding occurs because the electron
charge distriburion is large berween the nuclei. Thus, although hete the ocbitals
belong to the whole molecule rather than individuzl aroms, the physical
reason for bonding is the same.

We will discuss some molecules in terms of these two approaches to the
description of the electronic charge distribution. An imporant simplification
occurs because we really do not need to ke all electeons into account. In the
construction of othitals, be it valence or molecular, only the ourermost electrons,

- 2‘15( ‘Al
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Do - Oc

Btom wth
paired electrons 1)

() ® ®

Fig. 21-2. [lustration of why paired decirons do nor give rise to bonding. () If
paralld]l eectrons exchange, wave function is spatially antisymmerric. (8) If ant-
parallel electrons exchange, one term in the wave function has electrons in the same
spin stare, which may require promotion 1o a higher energy orbital.

(& o

&1

not in closed shells, that is, the so-called valemce electrans have a chance o con-
tribute to the bonding. The inner electrons, being closer 1o the nucleus, are less
affecred by the presence of another atom in the viciairy.! Furthermare, not all
valence electrons contribute equally: if two electrons are in a spin 0 s@e—we
call them paired electrons—they will wor give rire to bonding. To see why this is so,
consider what happens when an atom wich a single valence electron is broughe
meat ar atom with two Pa.ued electrons, There are two cases to be considered
(Fig. 21-2).

{a) If the two electrons that are parallel exchange (i.e., are put into 2 form
such as (21-9) with a == sign berween the terms) then they must be in a rriple
state, and hence the spatial wave function of this pair must be antisymmerric.
This reduces the overlap, and it turns out thar che exchange integral gives a
repulsive contribution to the energy.

(b} When the rwo elecurons that are antiparallel exchange, then one atom
finds itself some of the time with two elecrons in the same spin stare, The

It may happen in aroms that even the valence electrons are rether close to the
nucleus. This is the case for the rare earths, A consequence of the fact thar the outer eleccrons
in 34 and 4§ shells lie close in 15 that the rare easths are cherdcally less active than the wansi-
ticn mezals (£ = 20 — 20},
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original atomic state will frequently no longer be a possible one, and one of the
electrons will have to be promoted into another atomic otbiml, Sometimes this
may cost very little energy, but usually this is not the case, and again bonding is
nor achieved. Chemical activity depends om the presence of unpaired outer electrons. An
example of this is the nonexistence of the H-He molecule. Tn He we have two
electrons in the 15 state; promotion of one of them into 2 27 stte costs & lot of
encrgy. It is for this reason chat the atoms for which the outer shells are closed
are jners. Not all unpaired electrons are of equal significance. As noted before,
the unpaired d- and f-electrons in the wansition elements tend to be close to the
ucleus, and hence mactive, Thus, mainly s- and pelectrons in the cuter shells
contribute to chemical activity. The pairing effect is also responsible for what is
called the “'saruration of chemical binding forces™: once two unpaired electrons

fa} Ll

" l

fc} i}

Fig. 21-3. Picrorial represcniation of shapes of (a) the rocbital, (8} the Pl Yad,
(£} the pl¥y = Yi ), and (d) the pa(¥y + Yi,o) orbitals, The signs refer o
the signs of the wave function in the given region.
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from different sroms form a singlet state (and cause bonding), they become
paired; an electron from a chird atom must find an unpaired electron clsewhere,
that is, participate in a different bond. Another consequence is thar molecules
have spin 0 in most cases,

let us pext go through a process analogous 10 the building up of the
electronic shells in atoms. In Fig. 21-3 we show pictures of atomic orbitals, in
particular the #Y) orbital and the p-orzirals. For the laver the lincar combina-
dons p{ ¥ 4+ ¥y ) and p (Y — Yy_) are ploted in addivion to g ¥10).
The cotresponding d-orbitals, dyy, de, e de, and doe — 4y, are noc shown,
because the d-electrons will play no role in our discussion. Figure 21-4 represents
what happens when atomic orbitals are brought together and exchange occurs,
Thus, two 15 atomic orbitals may combine into a spatially symmetric MO (hence
with spin 0} of into a spacially antisymmetric MO, which is antibonding since the
wave function between the nuclei is small. Similarly, the formation of bonding
and antibonding MO's with p-orbials is illustrated in the figure. Note chat
{a) the parity “g" or "u" can be read off from the figures, since these indicate
the signs of the wave functions; the distributions that change sign upoa re-
flection in the x=y planc, here represented by a vertical line, are odd; (8} since the
por and pyorbicals have my = =1, the molecular orbital formed from them is a
s-orbital. It should be stressed that in the figure we are mof just bringing two
charge distriburions together, but are teying 1o suggest the probability amplicude
that results when wave functions are combined, thar is, the MOs such as
Yialra) = alre,) and oy (r,) = by, (re) for Rap large and for Ryp small.

We can use the MO's to discuss the properties of a few diaromic homo-
nuclear molecules:

Ha. This molecule was discussed in some detail. We merely tepeat thar the
two electrons can go into a lis, MO, and since this orbital has a lower energy
than the sepatated 15 atomic orbitals, there is smbilicy.

Hes. Of the four electrons, only two can go into a bonding 1se, orbital;
the other two must form an antibonding Liw,* orbital. The ner energy is greaver
than chat of the separated He atoms, so that no molecule is formed. In terms of
the Valence Bond picture, both atoms have paired electrons and the conclusion
is the sarme. In general, electrons in bonding orbitals and in antibonding orbitals
tend to cancel cach ocher out. Since thers are twa elecmons involved in a full
bond, we may speak of a bond number, given by

Bond § 1 Electrons in )} Electrons in
number) ~ 2 | \ bonding orbitals antibonding orbitals
This number vanishes for Hes,

Liz. The atomic structure of Li s (19%25). Thus, the 25 electrons are
unpaired, and they can form 2sr, bonding orbitals. We thus expect the molecule



idh

Fig. 21-4. Molecular orbitals resulfing when two stomic orbitals are brought
together. (s) Two s orbitals combine to form the spaally symmetric MO ag that
gives rise to bonding; () Two s orbirals combine o form the spatially antisym-
metric antibonding MO w+®. (r) and (d) show bonding and antibonding with p,
atomic orbirals; (¢) and () show bonding and antibonding with p, orbicals. The
z-axis is along the line connecting the nuclei, which are represented by black dots.
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Fig. 21-.4. continued

to exist, but because of the # = 2 value of the orbital, we would expect the
binding to be significantly smaller than fou the Hs molecule,

Bes. Here the atomic structure is (1:%(2s)%; there are no unpaired clec-
trons, and hence we expect no molecule to exist. This is indeed so.

B:. The atomic structure indicates that there is an unpaed 2p elecuon in
each atom. It can be in any one of the states 2p., 2p,, and 2p,. They may com.
bine cither into & 2pwr, or into a 2pe, MO. The former has a lower energy, so
that here the ground stae is a wipler, This is in agreement with Hund's Rule:
The stare with highest mulriplicity has the lowest energy,

The reason why 2po, has a higher energy is thar there exist L, orbitals.
Whenever there are stares thar have the same quantum numbers, “mixing”
occurs, and staces thar are almost degenerate tend to repel each other. The state
thae is largely 2o, is pushed up. We begin to see the appearance of complica-
tions simular to the ones chat appeared in our discussion of atomic structure!

C:. The atomic structure is (10)(20%2p)%, that is, cach atom has two
unpaired electrons. Since each electron can be in any one of three p states, rwo
bonding MO's can be formed. The MO desctiption turns out to be (2pa ) (2tr.).
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M. Here the situation is very similar to that of Cy except that three bond-
ing MO's can be formed. The MO description tuens out to be (2pa,)(Zpr.)*.

O Here things get a lirtle more interesting, because the atomic structure
is (10*(202p), that is, chere are four valence electrons. In terms of molecular
orbitals, three bonds, as in Ny, can be formed, but this leaves two electrons that
cannot possibly form a bonding orbital. What is the least harmful antibonding
otbical? The two electrons should avoid each other as much as possible, and this
can be donc by means of a tiplet state, with the electrons in orthogonal orbitals,
for example, one in a p., the other in a p, state, with the rwo spatially anti-
symmetrized, In this case the spin of Oy is 1, an exception to the strong tend-
ency roward zero spin that was mentioned carlier.

In the Valence Bond picture, two of the four valence electrons in oxygen
must be paired, so that two bonds will exist orthogonal to each other, as g, is to
pa, for example. One may see the effect of this directionality in a melecule like
H;0. Bach H uses up one bond, and we would expect the shape of the molecule
to be an | with 90° between the equal length arms. Actually, the rwo hydro-
gen nuclei repel each other, and one might expecr che angle to be a linle larger
than 90°, Experimentally it is around 105°! It s the directionality of the p-orbirals
that explains the shape of simple molecules.

Lest the reader feel that all of chemistry can be understood with the ma.
erizl at hand, we will point out just 2 few of the many complications that show
the subtle soutces of the incredible variery in the suucture of marer. For ex-
ample, a carbon atom has two valence electrons, and one might expect a CH.
molecule, with a shape similar to the HiO molecule, to exist. Actually, C rums
out to be tecravalent (four bonds) rather than divalent, so thae ic is CHy chat is
actually formed. The reason is that although the ground stace of C is
(19%(25)*(2p)?, the excited stare (15)*(27){2p) differs very litle from it in encrgy.
This state, however, has four valence electrons, and the melecular bonding with
four bonds is sufficiently stronger chan that with two, to compensate for the
electronic excitation energy. Mare precisely, the near degeneracy of the 25and 2p
states in the atom allows the formation of linear combinations thar allow larger
overdaps. Figure 21-3 shows that a linear combination of an - and 2 p-orbiral
gives a lopsided wave funcrion allowing an increased overlap, This “mixing’ is
actually quite common. We may give a more decailed description of the warer
molecule by working with hybrid orbitals that involve 5 and peorbials, If we
ignore the difference between the 25 and 2p electrons in oxygen, then we must
teally deal with the more general states

X7 = as, + 608y, + B0, + b2 (21-12)
wirh the coefficients constrained by

LS Sl e N {21-13)
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’ : _;x s
Qs

Fig. 21.5. Combination of 5 and p, orhitals leading to unsymmenmic wave func-
Tian

rather than with éu, $2p,, $15,, 20d $o, and molecular orbirals or valence orbitals
constructed for use as tial wave functions in the variational principle should be
made up out of the x's. The minimization of the energy will determine the
coefficients o' and 89, For the HyO molecale, it turns out that the four ortho-
normal combinations are

x{"-—}q[ﬁﬁ+ﬁp+¢m+h]

{h+'hpf P2, — )

ﬂ<\'1

X = '\& (1 — dop, — oy, + dap.) (21-14)

Consider now the 10 electrons in HyO. Two Lr electrons remain strongly
bound 1o the oxygen atom. (One could, for consistency, describe them in cerms
of 1ir, and i, MO's, analogous to the Hyt molecule, bur this changes nothing.)
The temaining eight elecwons go, two each, into the hybridized orbitals
X, . . . x'". The geometrical shape of the molecule can be determined from the
form of these hybrid orbirals, If we try 1o draw what 3" looks like, we see chat
the lase three torms are all negative in the octant {x y, = <0 0} and there they
effectively cancel the s term. Roughly speaking, x™ looks like a fat cigar point-
ing from the otigin to the point (1, 1, 1). Similarly x* points from the origin o
the point (1, —1, =1}, and 50 on. The shape is a terrahedron, and some simple
geometry shows that the angle berween the bonds, # satisfies sin #/2 = 23
so that # = 105", Without hybridization we found the angle to be 90°, and the
truth lics somewhere in berween. In more accunite calculations, (21-14) is
somewhat modified, so thar only three of the four orbitals are so pronouncedly
“pelike" and the remaining orbira] has less directionality, that is, is more “s-like™.

This more detailed picture allows us to understand some of the properties
*  of warer. If we chink of the water molecule as oxygen, with four tetrahedrally
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ofiented arms that are charged, with protons, from the H's attached o two of
them by Coulomb forces, we first of all see that the water moleculs may be
expected 1o have a large dipole moment coming from the two negatively charged
arms pointing away from the proton. We recall {cf. Chapter 16) that a ground
state can only have an clectric dipole moment if it is degenerare. We easily see
thar since the $s, change sign under reflection and the g5 do not, the x'* are
not eigenseates of parity. The reflected orbirals, for example,

X = \}1 (61 — iy, — Bap — S20) (21-15)

have exactly the same energy and the reflected shape. The ground state is there-
fore degenemate, and a dipole moment can exist.

When water molecules get ciose to each othet in a liquid, the negatively
charged arms of one may come close to the proton of another. The electrostaric
artraction berween the rwo will lower the energy, and there will be a rendency
for the rwo molecules to bind, The bond is fairly weak (0.2 €V) and is called &
hydragen bond. Each water molecule can boad four other ones at once, and one
thus expects to find large dlusters of water molecules in the liguid, effectively
molecules of the form H,O,. This leads to a strong temperature dependence of
the viscosity of water. In cold water, che large clusters easily tangle together;
heating the water breaks them up and reduces the siee of the clusters and hence

the viscosity.

Many other malecules also form hydeogen bonds. This is how the process .

of dissalving works; water molecules foam hydrogen bonds with the substance,
and the molecules of the substance would racher stick 1o the warer molecules
than to cach other; the substance dissolves. Oils do not form good hydrogen
bonds and thus do not dissolve in water.

Not all hybeid erbirals are of the form (21-14). CH, is tetrahedml, and in
fact the bond angle is 109.6%, but in C;H, the molecule has a planar scructure,
It tuens out that for this molecule, the carbon orbirals are hybridized as follows:

x = b
1 2
AT A
L] 1 1 L
VA IR A RV A
1 1 1
K = ﬁé!- - ;;th,. Ve Ban, (21-16)
The first one points along the z-awis, and the last three are oriented at 1207

intervals in the x.y plane. The four outer electrons in carbon [specifically,
(20)*(2p)] go into these orbirals. Given two carbon atoms, the two electrons in
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Fig. 21-6. Bonds in the C;H, molecule,

the x* and ¥ orbitals bind to the hydrogens, while those in the x'" and '¥
states Form bonds to the other carbon (Fig. 21-6). The electrons in the x'™ stare
form 2 ¢ bond berween the carbons, while the electrons in the ¥ state, being
at right angles to the bonding axis, form & = bond, It is these bonds that force
the two p, orbitals to be paralle], and thus make che rese of the strucrure planar.

As a final comment, we note that in the so-called “aromaric” compounds,
for example, benzene, we cannot speak of such well-localized orbicals, The
catbons are hybridized as in CsH, and they form a planar strocrure, with the p,
out of the plane (Fig, 21-7). The g-orbitals form a core, but the x-orbirals can be
paired according o (12) (34) (36) or (23) {45) (61), bath of which have the same
energy. As usual, linear combinations of these degenerate possibilities lower the
enetgy, so that the stable state does not have Jocalized orbitals. This additional
exchange effect strongly affects the physical properties of the compounds, but &
discussion of these would carry us too far afield. For more information, the
feader should turn 1o books on quantum chemisoy.

. Fig. 21-7. Schemaric picture of Benzene molecule (CH,).
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chapter 22

In the study of specr, tha is, the study of transicions between atomic
levels accompanied by the emission of absorprion of radiation, one is interested
in the interaction between atoms and the electromagnetic field. Since the radia-
rion Held oscillaces, it is time dependent, Tt is therefore necessary to study the
effect of time-dependent perturbations.

A. Time-Dependent Perturbation Theory

The problem is, given the complete set of solutions to
Hopa = E'p. {H-]}
to solve for (5}, which obeys the equation

ih _m_.r} = [Ha + AFIA)] ¢ {22-2)

The standard procedure is to expand ¥{f) in a complete set of stares:

W) = 2 o) e g, (22:3)
., The time-dependence associaccd with che . is explicitly inserted in the ex-
i pansion, so that if F{r) = 0, the (s} would be consants. The expansion
coefficients g,(7) sacisfy a set of equations that may be obined by substituting
(22.3) into the rime-dependent Schridinger equation (22-2), We get
o i
= [’i 'f + En"r-tﬂ]' N g = HYAY)
‘ ) -Z [.r-:,.ﬂ + w::n]c.m T g,

34l
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thart is,
F
i E—"F’f’r‘"”‘ # = LE_ Videa(s) ¢ =" &, (22-4)
Taking the scalar product with g and using the orthonormalicy of the ¢,
{daldn) = dua (22-9)
yields, after the factor ¢ ~="'* is divided our, the set of equations
PELUS alf) ¢ BB o 1WA ) (22-6)
d -

We shall solve these to first order in the paramerer A, As an initia]l condition at
# = 0 we take the system to be in a particular state @, 50 that ${(0) = r{m is,
ent(0) = bus Lo ()

Since departures from these values at Iate:-tim“ﬂ will depend on», we may, fora
first-order calculation, substitute the above into the right side of {22-6). This
yields the differential equation (for m »* &)

which is casily solved
) = f Lt SR V) 00) (229)

The probabilicy that at a later time #, the state §{¢), is an eigenstate of H, with
energy F.', that is, M'E'E;mﬁccmdiﬂéui_ﬁ'iﬁe expansion postulate
Pofe) = | (gal#))1* = Lal)[? (22-10)

This general result can only be made more specific if V(s) is known. The per-
turbation will be specified next.’

B. The Electromaguetic Interaction

. The Hamiltonian describing the interaction of an electron in & static
potential Fir) with an electromagnetic field described by the vector potential
Alrg) is given by

w2t ) Afrs))?
2mi

b Acrually, more can be said if ic is known thar either F¢) varies very slowly of changes’
very rapidly compared o the cypical frequencies (eg., E.%/4) in the spstei. So-called
“adiabane” and “sudden” approcimations are discessed in more advanced rexs,

+ ¥ir {2211}

-



The Radiation of Atoms 343

as we saw in Chapter 13. Thus, if we write

(TR (22-12)
2m
we find that
¢ 5
M) = - Aler)-p (22-1%)

In obtaining the last expression we have specified the gauge so that
Y-Alrs) =0 (22-14)

Undes these circumstances, p-A = A-p, and we have dropped the term quad-
garic in Alr.f). If we trear ¢, the clectron charge as the paramerer of smallness X,
then the A term is a second-order term, We will see that the A® term will
contribute to the scarrering of light by an arom and to the transition with the
emission of two photons, but it will nor contribure ro the transition accom-
panied by the emission (of absorption) of a single photon. The probebility for 2
traasition involving two photons invalves a factor (¢%)?, whereas the one-photon
mmasition probability is proportional to ¢, Recalling thac the appropriate dimen-
sionless number involving ¢ is @ = ¢/ke 2= 1/137, we are justified in concen-

- trating on transitions that ate accompanied by the emission of 2 single photon.

To give a real justification of the association of each Afr#) with the
emission or absorprion of a single photon—so that higher powers of ‘A{r)
imply the presence of more photons—one must treat the electromagneric field
quantum mechanically, that is, rreat the fields ar each point r as operators. This is
fundamentally not terribly complicated, but it is cutside the scope of this book.
The reader will have to take the following assertions on faith,

If we write

Alrs) = Ag(r) & + Aolr) e ™ (22-15)

then in the emivion of o phaton, only the first term, with the rime dependence Pt
is to be included in MF(4), whereas in the absorption of @ photon, only the second
term, with the time dependence ¢™**, appears. This is a consequence of the
general association of Ag(r) with the creation of a photon and Ag(r) with the
annihilation of a photon, and the time dependence is just whar one would
expect from the harmonic oscillator (7-51). The resemblance to the harmonic
oscillaror problem is not accidental, since in the quantization of the elecuro.
magnetic ficld, what is done is 4 normal mode decomposition, according to
which one finds that the field is really a collection of simple harmonic oscillators;

" these are then quantized. The “occupation number™ o that labels the harnmm

oscillator state vector may be associated with the aumber of photons, hence A
raiscs the photon number by unity and A, lowers the photon number by unicy.
The more quantimtive description of Aj(r) and Aer) nzed not, for-
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_tunately, involve the full machinery of quantum electrodynamics. We may use
comrespondence principle asguments 1o find these quantities, and then just scre
the quantum mechanical modifications. Away from the sources, the elecuo-
magnetic field has a very simple spatial behavior, If we look back at (13-12)
and substicuce (22-15), we find that

N‘I
~VIA) — o Adle) = 0 (22-16)
whose solution is
Agr) = Age ™™ (22.17)
with
3
k' = "j (22-18)

The choice of gauge (22-14) implies thar
k-Ay= 0 (2219)
The electric and magnetic fields corresponding to this vector potential are

E= -‘*%‘% -?lnfﬂ"""+cmplt:miugue

B=vXA=ikX}A /™ 4 complex conjugate  (22-20)
Now the energy density of the eleccromagnetic field is given by

1 1 w® ¥ v —
G{E'i'ﬂ’] - H‘;[I Fﬂu-ﬂq+2&)¢h}-[kxﬁq}+mlhungm:u]

{22.21)

If we average over time, so thar che oscillating terms drop out, and make use of
the fact that with (22-19)

(k X Ao)-(k X AJ) = BAg-Aj T (2222)
and that B = o/, we get
1 x .i‘ A"
- (E* + BY) = o Ag-Ag {22-23)

If the system is enclosed in a box of volume, V) then the toral energy in the
elecrromagnetic feld is

¥ s
f d‘ra—l'T{E'-i- BY) = %M; : (22.24)
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1f this is to be carried by N photons, each with energy fiw, we have

wV (e * = Nii (22-25)
2me®
The direction of Ay is determined by the polatization of the elecuric field, and
will be denoted by the unit vector e. Tt must satisfy

e =1
k=10 (22-26)
We therefore obain
AT LI
Alrys) = (M—Nﬁ) g ¢ T (22.27)
wh”

The quanium electrodynamic modification i the following: For the absorption of a
light quantum by a charged particle from an initial state thar already has N
photons of frequency w, .

Alrg) = ( m)” P Rk (22.28)

wl
For che emission of a light quantum by a charged particle into a final stare thar
has N + 1 quanta, chat is, from an initial state with N quanta of frequency w,
rz:ﬂ(N‘ + 1) ﬁ-]”' , —heor )
wh

Hence for the emission of a amgle photon of frequency from & state thar has no
photons, we have, according to (22-13),

Alrs) = {22-29)

! it
"‘E :'u,VI:;} - i(uﬂv) ep "—Hlnr"'ﬂ {22_50}
3 ] LiE :
calt) = ( ;f) (| e™™ " e pls) f .'a&' ¢ (BN (22.31)

and thus the probability of wansition from the initial state & to the stare o is
given by

Pinld) =

2w -
IﬁuV =ik - p|¢k:||l f ﬂlfﬂﬁn Ei"er“r‘il (22.32)

The time-dependent factar is
I i -—
oo 520
n ]

2 agr At 4 A
7y 4% sin 2,: = sin a (22-33)

=-‘a aF
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%
—Br —dz —2n a i A Bw A
e F T T T T
Fig. 22-1. Plot of the function 1/A% sin? £4/2 versus a.
where
E.t — B + fw .
e e L e (22-34)

R

Figute 22-1 shows the behavior of this function. For large ¢ it becomes strongly
peakedard = 0, ‘and away from A = O it oscillates very rapidly. This is the kind
of hehavior that we associate with a delta functon. In face, if f{A) is a smoath

function of A, then, for ¢ large
f ﬂﬂ]—ml—n’& ﬁujf dA —sm":.
- zrﬁu}f_m y }— sin® y = 2#1f{0) (22-35)

that is, for ¢ large
4 A
F sin? —2 — 2ot B(A) = Pefub(ELD 4 Ba — ES) |:22-3'5}

Thus the transition probability in (22-32) grows linearly with time, and hence
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the trangsion probability per unit time is

et
m il

Tim = 2xh || e ™™ " 2-pléa | HELS — Ea® — hws) (22:37)

For general purpases, it will be useful to remember that if the time-dependent
perturbation is of the form

Vi = e ™ (22-38)

. then the fermula for the mansition rate is
Fi o
Dm0 | al V¥ 007 8BS — B? - i) (22:39)

. As things stand, the reader undoubredly feels swindled. First of all the
manipulations involved in (22-33)-(22-36) cerminly are not straightforward.
They involve vague notions such as “#lasge,” which cannot be taken too seriously,
since a transition probability chat grows lineatly with time must sooner of later
exceed unity, Second, they lead 1o a nonsensical formula, according to which a
perfectly reasonable quancity, like the transition rate, is proportional to a delta
funcrion. Meedless to say, the difficulties are connected, and we will later
outline a more satisfactory discussion. At this point we merely note that the
Faule lies in the use of perrurbation theory, and that both (22-37) and (22-39)
are corect, if propetly used.

For this, we note that Uy . is really the sramsiion probalality per unit time
for the atom making o transition from the sate i 03 the Stat b, accompanied by the
emiuion of a photon of energy fico. The delra function, unappealing as it is, does cell
us that energy must be conserved, thar is,

fw = E — E.° (22-40)

The delta funcrion is aceually integrated over, if we take inro account thar the
photon energy fiw does not uniquely specify the photon stare. The photon will
in general be detecred in some momentum interval (k, k -+ Ak) in the vicinity of
|k| = w/e, and the transition rate that is measured is really

Bin = ; - {22-41)

summed over all the possible photon states in that interval, Note thay the various
final stacés in the interval Ak are in principle disunguoishable, so that it is the
probabilities that are summed. We will see thar the sum (22-41) is well defined,
since, in effect, it involves the integral of 3 delm function and a smooth funcrion,
The summarion will be treated in the next section. '
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C. Phase Space

We will now calculate the number of photon states in the momentum
interval (k, k + Ak), that is, the density of photon states. For the purpose ar
hand, we write the vector potentizl A(r#) in the form

1 .
Alrs) = i #* 7 + complex conjugate (22-42)

where I is the volume of the coclosure in which the calculation is done, This
“box"™ is just a convenience to save us the trouble of working with wave packers
for the free particles (the photons, hese—cf. Chaptet 4). Its shape and the condi-
tions at the boundary may be chosen at will, but it must be large, At the end, we
will take ¥ — . We will find it convenient to take the box to be a cube of
side L, and to impose periodic boundary conditions, thar is,

AI:X + LI ¥z, .l'] = h{.‘xl T 5 ::I {2243'}

and so on, This implies, just as in the solution of a particle in 2 one-dimensional
box, that the wave numbers, that is, the momenta, are guantized. The form
(22.42) requires chat

gl _ L _ L _ (22-44)
thar is, that the wave numbers be of the form

1z 2w 2x
b = _L oy Ey = A my b= —n [22-45)

where n,, m,, and m, are integers. We also have
Ak = Ak, Ak, Ak, = (ZT')' Ang Any A, (22-46)
and
w= |k|e= ?{n,‘ + m0 + m 3 (22-47)
. When we carry out a sum like that in {22-41), we sum over all values of {n, #,, m,)

in the range specified by (22-46) consistent with the constraine of the delta
funcrion. Thus

]
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i
— =gk T
(2 _.I‘ k—am

- j (k) | - (22-48)

In the second line we made use of che fact thar as ¥ becomes large the staces
become very dense, and the sum can be converted into an integral; in the third
line {22-46) was used, and in the last line, the relation

p=fik {2249)
was used. The integrarion is over the volume in momentum space defined by the
experimental arrangement, 1f we write

d'p = di, pPdp = da, (%)* ﬂ’(%) fit {22-50)

where 12, is the solid angle differcntial, we find chat the energy conserving dela
function is integrated over and the result is

4" -
Kpm = L |{¢'|¢ T . pleds)|? 4, Ehﬁ]’

X i o "Eﬁ‘“} SES — B0~ )
I P (Bale™™ " eopld }.l {22-51)

¥ix "',‘m: ’ Pies

where
{1 — [ ]

wa = E*TE'“ (22-52)

If the experimental apparatus does not discriminate berween the polatization
states of the photon, the rate calculation must include a sum over those two
independent final states. Furthermore, the sum should also include all the final
stares of the arom. This will be discussed in a laver section,

The phase space

Vdp
(2afi)?
is not resuricred 1o photons. An electron that is free is described by the plane
wave funcrion 1/4/F ¢® ™ and it will have the same density of states. The only
difference is chat the relation berween energy (which appears in the dela func-
tion) and momentum is E = p*/2m [or, relativistically, E = (pc® + m®c) 1Y)
instead of E = pe.

i - {22-53)



50 Quantum Physics

If we have severzl free particles in che final state, the density of srares is
the product

Vdipe

{2xfip {22-54)
The expression (22-48) combined with (22-39) then genemlizes to
- 2'-l' Vd‘lh 1 ( " B .‘)
f L | My 28| B0+ ;E. B | (22-59)
I:

where M, is the matrix element of the perturbation berween the initial and fnal
states of the unperrurbed system. The delra funcrion again expresses energy
conservation, that is, the energy carried off by the free particles is equal 1o the
energy change in the system, and the ingegration is over independent momenta_ Thus,
if a system decays into three particles, there are only two independent momenta,
since the third one is derermined by mementum conservation. Note, however,
that the product of factors in (22-54) is over &/l the parricles in the final stare,
that is, it involves 1™ if there are # parcicles in che final state. Equivalently we
could write (22-5%) as an integral over all momenra, with a delm funcrion chat
includes a statement of momentum conservation. The reason that such a delta
function did not appear in our defivation is we are dealing with atoms that are so
much more massive than the photon (precisely Moy ¢ 33 fiw) thar the atomic
recoil never entered into the calculation. At any rate, the result

_ Vd'pe
B =3 f I G
){|Mfi|’5(Ef—Er°-' Zﬂa)ﬂ(p;—p_r— Ep;) (22-56)
which could l]lm be abbreviated by

R =2 | M2 o(B) (22-57)

with p(E} called the density of states, is a fundamental result, and has hﬂn
named the Golden Rule by Fermi.

Mote that the volume of the box always drops out. For u free particles in
the final seate, there is a ¥ from the density of states (phase space) and a 1/4/ 4
for each free particle in the maerix element, coming from their wave function

’fh E

I;l {22-58)
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There ace 0 of these factors, and thus the V7 dependence of the square of the
matrix element just cancels the I from the phase space. We will have further
occasion to use the Golden Rule, but at this point we turn o the evaluarion of
the marrix element for the radiative transition.

C. The Matrix Element and Selection Rules

O pexe ask is 1o caloulace
{@mie ™" eoplén) (22-39)
We begin by estimating its magnitude. For a cypical atomic mansition
ep~ |pl ~ Zmea {22.60)

We alsa need to estimare the exponent, since it is an oscillating factor and could
change the result significandly. Wich

k
r~— (22-61)
and
fis  AwHZa)r me ]
ko~ o~ — (Za)? 22-62)
! e fic T Vil
we have
br ~ 3Za (22-63)

Hence, for Zo << 1, the order of magnitude of the matrix element is indeed
Zmca, thus

R ~ 200{Za)? ~ ol Za)? %
~ ol L)t %ﬂ ~ 2 10 EY sec! {22-64)
It simplifies marers that in cthe expansion
g i (= k-r) (22-65)

A

the successive terms are estimated o decrease as Za. Thus, to order T,

{#mle ™™ e plée) 2 (u| e plos) (22-66)
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We may write this as

e (| plon)

e (g | e/ dt| )

2 ¢ ulliAl80)

i (B.? ; E")

= jmw e (|| ds) (22-67)

£ (| r| g )

Thus we are interested in calculating the matrix element of the operaror r, and
that is one reason for calling the approximation (22-66) the electric dipole
approximation.

If the inirial state ¢ is a hydrogenlike stare characrerized by the “initial”
quantum numbess #;, /;,and m;, and the state én., the final state, by the quantum
numbers my, J, and my, chen what needs wo be evaluared is

ool exldn) = f " f IR 7)Yy O) FRu(r) Vem(68)
- f T e ) )

¥ f ANV gy (8.8) £ TV ,8) (22-68)

The radial integral will be discussed for a special case in the next section. Here
we concentrate on the angular integral. We have

BT = £ 8in f cos ¢ + 4, 5in 0 sin¢ + geosd

and making use of .
\/E? Yooff, )= cos @ ,Jg Yiulfd) = F sin 8% (22-69)
a lietle algebra yields
gT = JE; (stI..I:I - l'\:—zi’ Yia+ %—% ¥ —|) {22-70}
Thus the angular integral in (22-68) involves

f AUY oy (.8} V1 allh) Vi (8] {22-71)
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Let us first consider the azimuthal integration. Tt yields
j" dip e L = 2 (22-72)
»

We thus get the first selection rule
my—mg=m= 1,0 —1 (22-73)

This was the selection rule that was mentioned in our discussion of the Zeeman
Effect. Specifcally, if we define the z-axis to lic along the photon momentum
direction k, then the condition (22-26) implies that & = 0 and hence s = =1
only appears, so that

my — mg= 1 (22-74)

As a special case, we note that if the final state is the groond stare, with & =
my = 0, then m = —my. For example, if m, = 1, then m = —1 and hence the
polariztion vector for the radiaton is (e + :‘.,}fﬂ The implication is
that if the atom in the initial state is polarized along the z-axis with m. = 1,
then in a decay to a state with zc10 angular momentum, the conservaton of the
z-component of angular momentum demands that the photon carry this off.
The photon must therefore have ics spin aligned along the positive z-axis, that is,
it must have positive helicity (helicity = ~+1), ot, equivalently, it must be left-
circulatly polasized. This is just what the term (& + ie;)/4/2 indicates.

The § integration gives rise o another selection rule. Consider first the
special case that §; = 0. Since Yoo = 1/4/%x, the angular integration (22.71)
involves

1 1
V_.l‘—rfdﬂrl.nwd] Yim.{ﬂﬁj - ‘r_'_"’;—ér a!.I ﬁ-I-i,—it (22-'-"5}

which implies that the initial sate must have [; = 1. In hydrogen. the dominant
trnsitions to the ground stare will be mp — 1y,

Maore generally, when /; and /; do not vanish, we sull get a sclection rule.
The desivation, beyond the scope of the mathemarical knowledge about special
functions assumed in chis book, makes use of the sddition thesrem for spherical
harmanics, which reads

dntiw
Yo, (0.8) Vi, (00) = L-?;" IC(L- w4 e by by omy, m) Y, gm(0d)

- (22-76)

The coefficiens C(L, my + ms; b, &, my, ma) ate the same Wigner coefficients
thar appear in (13-44). The possible angular momenta on the right side are just
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those that could be obtained from the addition of the angular momenca Iy aod 1y,
Substitution into (22-71) yields

didl 5
IﬂY;ﬂF[ﬂ#}_-E]' CLom4 mo L, L,m o) Yicim B¢ = 0

unless
Lm b4 1,4 |L—1] (22.77)
This is the general form of the eleerric dipale radfation selection rule
al=1,0—1 (22-78)

with the ohservation, obvious from (22-75) that chere are no zero-zero dransitions.
There is a further constraint that comes from parity conservation. Since r is odd
under reflections, there is an additional selection rule for the electric dipole
transitions:

The atomtic ftate must change (22-79)

parity
Since parity is given by (—1)', this implies thar che Fvalue must acrually change.
Thus, for example, 3p — 2p transitions are not allowed 1o order Zer.
To the extent that the only perturbation is the coupling

£
R ;
me P (r) (22-80)

there is no spin dependence in it, and hence the spins cannot flip in the transition.
This leads to the additional selection rule

AS =0 {22-81)

mentioned earlier in connection with the spectrum of helium,

The selection rules stared above are not absolute. The conservation laws of
angular momenturm and patity (for electromagnecic processes) are absclute,
but (22-78) is only approximately true. Transitions between states that involve &
change of /larger than 1 cannot ke place through the electric dipole mechanism.
They can still take place, provided there is 2 nonvanishing matrix clement

(@™ v-ple) (22-82)

For &/ = 2, the first power of k-r will give a nonvanishing contribution, We

may write
kerep = § (e-phor + erpk) + § (epkor — erprk)
=}(ephr+erpkl+ikxXerxp (2283
The first of these terms is called an electric quadrupole term, and the second

is cleardy relared o an LB rerm, and is called a magnetic dipole term. For these



The Radiation of Atoms 355

transitions, whose matrix element we estimated to be Za rimes smaller than the
leading term, we will have Af = 2, and, since the operarors in {22-83) are even,
there will be no parity change berween the atomic states. Transitions berween
3d — 15, for example, cannot go via the electric dipole mechanism, bur can go
via the electric quadiupole mechanism. Actually, it turns out to be much more
probable thar the 34 state decays first into 2 2p state, and the lacter then under-
goes the favored 2p — 15 ransidon

The spin selection tule AS = 0 too, is not sacred. In addition o the
coupling (22-80) there is the coupling discussed in coanection with the anoma-
lous Zeeman effect

W) = i%.— S Bir,0) (22.-84)

The matrix element for A # 0 cransition-inducing term can bé estimared. We
compare it with the electric dipole matrix element

(eg/2me) Flk X ¢ _hlk| o _ me(Za)?

Gimdipel Il Iple e ot @

and sec chat it is supptessed, just like the magnetic dipole matrix element, which
it strongly tesembles in form. As an example of a situation whete the coupling
(22.84) plays an impormnt role, we consider the nuclear process of photo-
disintegration of the deuteron

v+ d—ontp {22-86)

‘The deuteron, to a very good approximation is a 5, state. An elecuric dipole
transition must involve the final (v — p) system in a *P state since A7 = 1 and
AS = 0, It turns out, however, that just above threshold for the reacrion, the
two nucleons are unlikely ro be in a relative P-stace, In general, pasiicles will
be in a relative angular momenmum [ stare with any apprecable probabilicy
only if

lp e = &L (22-87)

where p is the relative momentum and o are the dimensions of the system. For
the deuteron it tums out that for %'s below 10 MeV in cnergy, the (n — p)
system is unlikely to be in a P-state. The additional coupling

.
— —— (g8 . 22-
e %t gs) B (22-88)
can, however, lead o a ansicion berween the 5 swre, and the unbound %

state. The interaction may be rewritten in the form

2

- 2 M [‘i fg’ + .ﬂ-.]':u'p + 8.) + i {g; — gu}':Sp = Eu.}] ‘B (22-89)
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The first term is symmetric under the # ++ p exchange, and hence cannot con-
wribute to & transition becween a symmetric and an antisymmetric spin state.
The second rerm does, however, contribute. The coefficients are acrually quire
large, since gy = 5.56 and g, = —3.8L

There is one selection rule that is sacred, and that is the one forbidding
zero-rero trapsitions (referring to fofal angular momentum § = 0} in one-photon
processes. A general way of arguing the absoluteness of this selection rule is the
following: The matrix element, & scalar quantity, must involve the photon
polarization lineatly, and must therefore be of the form eV, where ¥ is some
vector that enters into the problem. If the initial and final stares are § = 0 states,
that is, have no directionality associated with them, then the only vector is k,
the photon momentum. However £k = 0, 50 that there is no way of con-
structing a matrix element. It must therefore not exise.?

D. The 2p — 1s Transition

Let us now specialize to the transition 2p — 15 in (22-68). We need to
evaluate the radial integral

fu ) dr PRy(r) Rulr)
ol () ()
G2 roe
()Y [anr () e

The angular incegral is

_!=+ l:f-,
1

. - 1 [ie
fﬂ'ﬁ.ul'r Vim= T‘i—rfﬂ\]ld?' (E..Y:.u + vz Yia
- 4+ llfr Y, _1) ¥,

TV
1 —ts 4 ¥ i | iy
-5 (q bmo + ¥ ps v E--J)

{22-91)

$The relation ek = 0 is independent of the choice of gauge, and i a smarement
ahout the rmansversality of the elecrromagnetic field. Such aggumencs by enumeration” are
frequendy used in clementary parricle chysics, where the interaction is nor really known,
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MNow the absoluce square of the pmduct of (22-90) and (22-91) is

9% G)u ( ‘;) ) o + }(dmn T dmada® + &7 (22.92)

50 that the transition ate is for a given m-value of che excited atom,

o w 2 t
o= [ () a5

4 [En.ﬂ‘l’ + % ':ﬂn.1 + '5-!.—'.::'(‘:! + 'p:}] (22‘93}
where
1|11 1
Y : - -
R ——
3 et
== — (Za)* 22
3 g K (Za) (22:54)
o
Fr is the frequency of the radiation emitted in the tansition.
‘The angular intcgration in (22-93) is over the photon directions, and this is not
4 trivial, since e is constrained to be perpendicclar vo the photon momentum
iy direction. The integration is very simple if the initial p-stave is unaligned, that is,
5 it occurs in the three possible m-states {m = 1, 0, —1) with equal probabilicy.
" :
& The rate is then
B 1 _
jgr- Rips = 3 2 Ripase(m) (22.93)
W= =]
:' Since

E [Bmoe? + } (Buy + Sa_ et 4+ 7] = &7 + 7 + &7 = 1 (22-96]
A=y
the integrand becomes independent of the photon direction. This resule should
also be multiplied by a factor of 2. The reason is that there are two possible
polarization states for the photon, and we are detecting both of them. A more
careful way of writing (22-51) would have been

T

[ N TS )

with A denoding the polarizations. The two polarization states are orchogonal,
s0 thar we have

.[u . .C-\"i = a.‘r 122-93}
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When all of this is put together, we get

e L [3me ) 2i(i)=5
Rapsty = 2-4% I z*(ﬂ. i Za 30 NmeZaf 3
B
- % '%: e Zee)! =2 0.6 X 10° 2% sec ™! {22-99)

This differs by a factor of about 25 from the estimate ‘made in (22-64). Thus
detailed factors in the matrix elements are important and guesses cannot replace
a calculation, Nevertheless, dimensional considetations and a proper counting
of powers of a do give us an order of magnitude guidance to how large physical
quantities in atomic physics are.

The expression for the rate

_dn, & ot T

Ru= =" 5 & & |{firli-e”] (22-100)
may be tanslated into a formula for the intensity of radiation by muldplying it
by the enetgy of the light quantum fiw. Thus

r z
I = il —, ”4;2.:1 [{fle|iy-e™|2 {222101)

This, however, is just the elamical formula for the intensiry of light emited by
an oscillating dipole, of dipole moment

d = e{flr|iye™ (22-102)

providing another illustration of the comrespondence principle.

F. Spin and lntensity Rules

The inchusion of spin does not change things very much. It is true that the
initial states and the fina] states can each be in an “up” ora “down’ spin stare,
but since the interaction in stomic transitions is spin independent, only “up” —

=*up” and “down" — “down'’ rransitions are allowed. Hence che CEANSItIoN Fates
will not only be independent of m; (a3 we saw in the last section) but also of m,,
and hence, m;. With the inclusion of spin-orbit coupling, there will be small
{on the scale of the 2p — 15 energy difference) level splittings. For example, the
g = Land # = 2 level scructure is changed, as shown in Fig. 22-2, The spectral
line corresponding to the mansition 2p — 15 15 split into two lines, 2Py —
125, and 22P 4 — 15y, For che splic states, the radial integral and the phase
space are almost unchanged, and hence the ranio of the intemsity of the two lines can
be determined from the angudar paris of the integral alone, that ir, purely from angular
momemiun cengiderations.
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Fig. 22-2. The splitting of the 2p — 15 specrezl line by spin-o:bir coupling,

The table below lists the wave functions for the states in question,

odd parity even parity
T Ll I=1 =0
32 J2 Yux+ —
3/2 172 Va3 Yaxo + V17 xa Yu;(_ -
3/ —-1/2 Vo "'5 ¥ioxe + V273 YViexe -
3;2 _3.""2 I":’-I- o | . -_—
/2 12 V'1/3 Yax. — V23 Yux Yaxs
1/2 -1/2 Va3 Viaxe — VL3 Vi Yowx -

In the squares of the mawix elements, the radial paces are common to a1l of
them, Thus, in considering the rates for Pyy — 5,2 we must add the squares of
the mransition matrix clements for my = 3/2 — my = 12, my = 32 5wy =
—1/2,...my= —3/2—m; = —1/2, while the rate for Py — 511 involves the
sum of the squares of che marrix elements for m; = 1/2 — m; = 1/2, . ..
my; = —1/2 = m; = —1/2. This can be done directly by techniques that are
quite sophisticated and beyond the scope of this book. One can, however, work
out these quantitics in deeail, using the fact thar the spin wave funcrions are
arthonormal,

P;i i SI. i1
m; = 32— m; = 1/2 (Yujre|Ye)|[* = C
3/2— —1/2 0 since x:'.x.. =0
|.."2 — 12 | {\;”2,.-’5 lef‘ll?u:llz =0 {M - “}
1/2 — —1/2 /173 Yi|ee| Yoo |2 = Cf3
12— /2 |[{W1E Y e V)|t = Cf3
—tf2— —1/2 | {273 Yio|r-t| Yol = 0 (am = 0)
—32— 172 o
—3/2— —=1/2 [Y: el Ve )it = C

-
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If we sum che terms we get

8C
L R="7 (22-103)
Similatly
Piig =+ Sing
mym 12— my= 12 {313 Y ew| Yu)|* =0
12— —1/2 | {—+/2/3 Y oorl Ym)|? = 2C/3
-l,.I’E = 1;’2 | ':"V 2/3 Y}._;Ill"l'llYuH: = 2':;5
—=1/2 = —1/2 [{=+/173 YlerlYu)|* =0
Again
4
Y R= i (22-104)

3
Thus the rato of the intensicies is

R(Pga = 5i1) - EE.H _
RiPya— Sus) 403

“The reason for samming over all the initial staces is thar when the atom is excited,
all the p-levels are equally occupied, since thew encrgy difference is so tiny
compared to the 2p — Lreneegy difference. We also sum over all the final stares
if we pecform an experiment that does not discriminate becween them, as is the
case for a spectroscopic measurement. In our cleulation of the 2p - 15 tansi-
tion rate, we averaged over the inical m-states. There we were concerned with the
problem of asking: “If we have N aroms in the 2p scates, how many will deciy
per second?” The averaging came about because of the fact that under most
circumstances, when N atoms are excited, about N/3 go into each one of the
m = 1, 0, —1 staces. Here, the fact that there are more levels in the Py state
than there ate in the Pyq smre is relevant. There will be altogether six levels,
{four with j = 3/2 and two with j = 1/2) and there will be on the average N/6
atoms in each of the states. The fact thac there are more atoms in the § = 3f2
subset of levels just means that more decay, and that therefore the intensity will
be larger.

{22-105)

Problems

1. A hydrogen atom is placed in an clecttic field Eis) that is uniform and
has the time dependence
EfH= o0 i< 0
=FEe ™™ >0



The Radiation of Aroms 361

What is the probability that as r — =, the hydrogen atom, if initially in che
ground state, makes a ransirion ro the 2p stare?

2. Repear the above calculation with the time dependence of the electric
ficld given by

E(s) = By ™"

and with the condition that the hydrogen atom be in its ground stateats = — @,

[Héns. As a firsc step, modify Eq. 22-9 appropriately.] Discuss your result when
the ame-variation of the electric ficld is extremely slow.
3. Consider a harmonic oscillator described by

1
- 1§ §
H szl"'iﬂﬂrﬂx‘
where

wif) = ey + B cos fi

and 8w < @y

Calculare the probability that a transition occurs from the ground state, as a
function of time, given thac the system is in the ground state at ¢ = 0, Use
perturbation theory. Use the fact that for » # D,

(]| 22| 0) = fif24/Tme for m =2
=10 otherwise.
Can you derive this formula using the material from Chapeer 7¢
4. Suppose a particle of rest mass M decays into two particles of rest mass
oy and mry, respectively. Use dhe relativistic relanion between energy and mo-

menmum to compute the density of stares p that appears in (22-57),
{Hins. There is only one independent momentum, say p, and what is needed 1s

f{gy'ﬁ(ﬁ”’“ B éE)

3. Consider the above calculation when the decay is of the form

A=B+C+ D

with paricles Cand [ massless.
[Himt. There are now two independent momenta.]

6. In this problem the adiehatic therorem is ro be illustared. The theotem
states that if the Hamilronian is chanped very slowly from H, to H, then a system
in & given eigenstate of He goes over into the corresponding eigenstate of H,
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but does not make any transitions. To be specific, consider the ground state,
5o that

Hops = Evo
Let F{#) = fl5)V where f(s} is a slowly varying function, as shown in the graph.
If the ground state of H = Hy + Fis wy, the theorem states that

i () )] — 1

The steps to be carried out are the following:
(a) Show that

ﬁf dit BB () —

for times # such that f{r) = 1. Use the facr thar
) . Bt - B

¥ —5%

Either construct an example of a function f{¢) of use integration by parts,
that s, write

'PLE.'-M;.H
&u

M-l g

in the abave.
(b} Calculate ${¥) using (22-3) and rzz-g}. Compare this with che formula
{16-19) which herc reads

and thus show thar
| ool W) )| — 1

7. Work out the 2p — 15 transition rate for che theee-dimensional oscil-
lator, following the steps carried out in this chapeer.

8. Nuclei sometimes decay from excited states to the ground smee by
imternal conversian, 4 process in which one of the 1relectrons is emitted insecad of
a phoron. Let the initial and final nuclear wave functions be
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drlry, oo, . .., Fa) and dplry, re, .., Ta)

where vy (i = 1, 2, . .. Z) describe the protons, The perturbation giving tise to
the wansition 15 just the nucleus-electron interaction

F3 '-:
V=_E lr — rl

where r is the electron coordinare. ‘Thus the matrix elemene is given by
- E_":- R Z‘ A
— L e .
fdlrfﬁ1 Tabr V’? - e = i el

{a)} What is the magnitude of p, the free elecrron momentum?
{b) Calculate the e for the process for a dipole tansition in terms of

d= E[.ﬁl...d"rm}r,m

by making use of the expansion

o + =

1 i rr;
¥ I

e = ril

Hini. The integral can be evaluated using

fﬁ e kel ) = fﬁrf‘vnfﬁ‘r A )

See the discussion of the photoelectric effect in Chapter 25,
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chapter 23

Selected Topics in
Radiative Transitions

A. Lifetime and Line Width

The number R{f — ) that we learned to calculate’in Chapeer 22 represents
the probability for the transition i — f, divided by the time during which the
perturhation has acted. This rime must be long compared to &/ (Ea® — E" 4+ fie)
in order thar the transition probability be proportional to £, but it clearly cannot
be wo long. If we ask for the peobability that the initial state cemain inract,

we get
Py =1— D;, R(i — n] : (23-1)

where the sum is over all final states thar are accessible. This -clearly has no
meaning for long enough times, since probabilities are positive. It tums out
that if the calculation of the time development of the system is done more
carefully,! then it can be shown that the right side of {23-1) just repiesents an
approximation (1o lowest arder in che perturbation) to the correct cxpression—
again only e for long rimes—that

Pfs) = exp [— :?; R(i—-fjJ {23-2)

One may thas speak of a fifetime of the initial state
1

1
T = "3 W_} (23-3)

L This is done in the Special Topics secrion, * Lifetimes, Line Widths, and Resonznces,”
365
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The total cransition rate R is the sum of partial transition rates into the possible
channels f. In the example that was discussed in detail, the 2p — 1/ transition in
hydrogenlike atoms, no other channels are available, so that the lifetime of the
2p seate 18

= 1.6 % W0 27" sec (23-4)

“This is in excellent agreement with experiment. Let us compare this (we take
Z == 1) with the time it takes the electron to “go once around the nucleus.” The
velocity is ar, and the distance is of the order of 3 % 10~% cm, so that the char-
acteristic time is of the order of 1.4 X 107 sec. In terms of this time, the 2p
state is very long lived.

Since the 2p state has a finite lifetime, it should, by the uncertainty prin-
ciple, have an uncertainty in the energy, of magnitude

£ .
AE ~ — (23-5)

T
“The way in which this manifests itself is chat the intensity of the line, as a func-
tion of frequency, is not completely sharp at the value wg = (Eap — Eya)/f bt
it has & distibution of the form
Rf2
{w = w)® + K*/4
More that in che limit that B — 0, that is, in the limit that perturbation theory is
sricely applicable, we get, as a consequence of the formula

He) = {23.6)

. ‘

——— - ?
I:I—I:[w-un‘l'+é v —w) (25-7)
the line shape represented by the energy-conservation dela funcion. The width
of the line (23-6) is R, and this is a measure of the uncertainty in the energy.

This line shape, sometimes called the Lorentzian line shape, is not what is
generally observed, since there are other effects that broaden it. There is:

(a) Collision Broademing. One does not observe & single arom in isplation,
bu & gas of hot atoms. In the gas there will occur collisions berween the atoms.
If we definc & collision time 7, as some mean time berween collisions, and if
r. < 7, then, in effect, the lifetime of the state will be 7., and the encrgy un-
certainey k7.

To get a rough estimate of the collision rate B. (= 1/r.), consider one
atom at rest. If its effcctive arca is o (the collision cross section that will be
discussed in Chapeer 24), then it will be hir by another atom within 1 sec, if the
atom finds irself inside a cylinder of volume v {Fig. 23-1). If there are » aroms;
em?, the number of collisions will be

R.= mo  sec” (23-8)
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Fig. 23-1. The number of collisions per second for paricles moving with a
velocity » normal relative o the targer,

To see the dependence of this on the pressure and tempesarure of che gas, we
use the kinetic theory relation

mrt = 3T (23-9)
and the ideal gas law
= 23-1
- £ -10
" &T (23-10)

wherte £ = 1.381 X 107'® erg/deg is Bolemann's constant. Thus, if for # in

(23-8) we ke (512, we get
e (?“_T)“’ (23-11)

If we now write
m=16X10"Mgm sorthat Mis the molecular weight
b= 10%p,  where p, is the pressure in armospheres
@ =& 107 DF  where D is the atomic or molecular dinmeter in

Angstroms
then
L* .
.= 3.4 _L 23.12)
R.=3 xmﬂm (23-12]

The collision rate can be decreased by decreasing the pressure, so thar in the
laboratory (in contrst to stellar surfaces) collision broadening can be controlled.

(b) Dappler Broademing. Even at low pressures, the mdiating atom is
moving quite rapidly {the gas is hot} and its frequency is shifted. If ». is the
velocity of the atom in the direction of the line of sight, then the shift is

Ao = gy — {23-13)
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In terms of the remperature, given by

P E {23-14)
m
wE have
A T 12
T el (—) (23.15)
W M

where M is again the atomic or molecular weight (M = 1 for hydrogen, M = 4
for helium, erc.). Thus, the best that we can do is obuain

Aw
— ~ 10t (23-16)
o

whereas for the narural line wideh, this is ~ 3 X 1075,

B. The Mossbauer Effect

An atom (of any other quantum system) can act as & very accurate clock,
since its ransitions are signaled by radiation of a very well-defined frequency.
If the only limitation were the natural line width, an accutacy of 1:10° could be
achieved in atomic cransitions. As noted above, the Doppler broadening reduces
this to 1:10%. One mighe think that use of a liquid or solid source would elimi-
nate this, but then broadening caused by the effect of neighbaring atoms is
just as harmful. One might examine nucear transitions. A nucleus such as
' emits & y-ray of energy ~100 keV, with a lifecime of 107" sec. This
coeresponds to

Mo BB _Bjr  W07T/1070 1w 7

e T BT B Sioxiexigm s teX 0t @0

There will, unfortunately, be a recoil shift of the line. The y-ray carries off

momenturn fefe, and the nudens, to conserve momentum, must recoil with the
same momentum. Thes gives rise to a recoil coergy

P,Ewij 1 (ﬁu‘.ﬂ)t )
- (T 23-18

Ak M 2M [3 { a1 }
and thus o decrease in the energy radiated, The fractional change in frequency is

AE R 1607 {MeV)
fw  2Me* T 2 90 X 191(MeV)

o~ 3 ¥ 1077 {23.19)

The observation of radiation of this energy cannor be carried our wich che
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conventional, extremely accurate specrroscopic methods, but must urilize a
detecror that is extremely “well tuned”™ to the radiation. This is best done by
using the same material {e.g., 17I1"") as an absorber, The absorption will be very
much enhanced at the “resonant” frequency at which the radiation is emited,
but here, too, there will be a tecoil shift. The overall shift is thus Awfe ~ 6 X
1077, Thus, the “fine cuning” does not work, since the line is shifeed by far
more than the width, which is of the order of 107" w. One could oy w com-
pensate for the recoil by moving the emirrer with the recoil velocity. This is
given by

¥ Pocea  Rafc fiea

" Me T e T Pama XN (23-20)

-

that is, ¥ = 1.7 X 10* cm/sec. This presents rechnical difficulties, but it has been
achieved with an ultracencrifuge.

A major breakehrough came with the discovery by Mossbauer in 1958 that
under certain conditions there s a high probability of recoilles emimvon, The
emission is not recoilless, of course, but the recoil is not taken up by the nucleus,
but instead by a large part of the aystal that the audeus is imbedded in. Since
the mass of the nucleus is 10 times smaller than cthat of the crystal, the recoil
energy is completely negligible. To get some intuition abour what is happening,
Jet us consider the nudeus as moving in a harmonic oscillator well, with char-
acteristic frequency we. The encrgy levels of che oscillaror are

E, = fusy (H: + o+ o+ 3) (23-21)
The harmonic well is just an approximate description of the crystalline forces
thar are responsible for the properties of dhe lartice, IE the forces char e the
nucleus ro its peighbors are strong—if the "springs™ are stiff —then w, is large;
if the “'springs’ are soft, then wy is small, In rerms of level spacing, a “stiff spring™
has widely separated levels, that is, a low density of states, whereas a “'soft
spring”” has a high density of states. Let us now consider the matrix element for
a transition from a nuclear state described by &, (ry, ¥y, . . . Tu) t0 @ nuclea stace
described by ¥,(r;, ry, . . . ry), and we take the interaction o be

¢
—_— . 23.22
‘_"Z P: - Ailrer) (23-22)
The martrix elemnent then is propotional 1o

& - .
-Ef..f.d'r...d'rsif{n..ryj Z* t‘p;t”‘""!’;ﬂl‘h...l‘n}

(23-23)
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If we introduce the center of mass cootdinate R = (1/N) 2 ¢ w; then () the
interaction term takes the form

D M TR T e (23-24)
Me prADI

where g; = 7, — R, and (b) the nuclear wave function decomposes into prod-
uct describing the internal motion and the motion of the nuclear center of mass
in the harmonic potential

Firy, . .. Tx) = Pmanl(R) ¢, . . . o) (23-25)
Thus the matrix element {23-23) becomes
- [ i e rm)

b fﬂ“n o dYonadyle - - ”’“‘}',%ﬂ" I % (TR TV
: (23-26)

We may write this in the form
M = Mg f SRy, R) e Hju(R) (23-21)

where we have set m; = 0, since the initial state is in the ground state of the
lactice. The probability that the radiative transition leaves the nucleus in the

latrice ground sware is
| Miac|? \ fn‘*nﬁz{mr“""hmhl'

| M| 2 ‘ fn"w:,mn r*"*.r:m"
LT}

Pilk) =

- ‘ f PRYR) ¢ Ep(R) | (2328)

In the last step we replaced the sum in the denominator by unity, using com-
pleteness.! To calculate this, we use the normalized ground state wave function

* The formal proof is quickest. We have
T Limlem®lo)is = T @le ™ Bing) (arle™ Rlo)
ny ar
Using
1= 2 | inyl

i e [ TR |

one gets
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of the oscillator. We found in Chapter 7 that the one-dimensional ground state
wave function is

Yulx) = (m—;)m g T

Hence, for three dimensions we have

ValB) = elx) oy} al2) = (%)’ -2 (25-20)

We thus calculare

where My is the mass of the nudeus. We et

M i ; :
Py ( ] j.ﬂ"ﬂ E—Hd.anllﬂ-hl'tu.rlﬁmlie—-"‘*ﬁ-’“"*

Fe.
- N T M R
- oxp ( _ fecoil energy (23-30)
level spacing

since Py = Bk and Fwg is the level spacing in the lattice. Thus, if the level
spacing is large, that is, we have a stiff spring, recoilless emission becomes more
probable. The model of the lattice that was used here, that of each nucleus
moving in its own harmonic potential, is the Einstein model of a lartice, and the
frequency wy is the so-called Debye frequency, so that we should really replace wn
by wp, which is related to the Debye emperature T by

fwp = £Tp {23-31)

j'.l maore accurare trearment of the lattice using the Debye model for its descrip-
tion metely changes the exponent by a factar of 3/2,

. Itis not quite correct to say thar the whole crystal recoils; instead, in 2
time 1 equal o the lifetime of the transition (1.4 X 107 sec for Fe¥), only 2
region of the crystal of magnitude

L= pr

where #, is the velocity of propagation of a lattice distarbance, (ie., the velocity
of sound) absorhs the recoil, Now a reasonable estimate of v i5 given by

g, o= 20

r
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where a is the lartice spacing. Thus

L, wr
a I
and with wp = 10" sec™!, the number of nude absorhing the recoil, ~(L/a)*
is still enormous.
The above estimares, combined wich the uncerrainy relacion, may be used
1o show that it is not possible to determine whether it is 2 single nucleus that
“ceally” recoils. To measure the recoil energy F'E/2My takes a Gme of the

order of

i
m ——
Z ek 2Mu)
The condition for the Massbauver effect to occur is thar
ﬁ!k! rh,
My < fwn
Hence
1
AF B —
@p

During that time the disturbance will have travelled a discance
d o=y Ad o~ =LYVES =
g n

that is, over a distance covering many nuclei.

The question arises of how did we manage to get away from the problem
of recoil and momentum conservation by talking about the energy scates of the
quceus in the crystal lattice? Where does it say chat the erystal absorbed the
momentum? The quantum mechanical answer is chat, if we want to talk about
momentum, we should work in & momentum representation. This, however, 15
complicated, since it is difficule to describe the arystal forces in that representa-
tion. What one must do is to decompose the erystal motion (the erystal is jusca
lot of osdllators with neatest neighbor “springs”) into normal modes and
quantize these. The quanta of the lattice motion, analogs of photons, arc the
phemons. Recoilless emission thea means 2 transition in which phonons are not
emitted. The resulting formula is very similar to (23-30). Under these circum.
stances, the recoil broadening is infinitesimal compared to the narural line width.
There is still Doppler broadening because of the thermal motion but thiscan
be handled by cooling the emitter and absorber.

Recoilless emiters provide us with a superb clock, and research utilizing
the Missbauer effect has been done in many fields, such as solid-stare physics
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and chemistry. We will mention just one application, the terrestrial measurement
of the gravicational red shift. We noted® that a photon will have its frequency
shifted by

o g

- a (23-32)
2 if it falls chrough a height x. This can be compensated by a recoil of velocity »,
o0 wheret
: 0¥ = 2px (23-33)

(If the photon and the absorber were to fall freely togecher, there would be
¢ resopant absocprion.) IF the absctber or the source are allowed to oscillaee

. mpidly—one uses a transducer—and the absorption curve is correlared with the
ascillations, it is possible to check the gravirational shift. Since the velocity, fora
sepatation x = 20 m, is of the order of ~20 m/sec, the experiment is feasible,
and was carried out by several groups. Within the errors, the effect is confirmed.
For example, for Fe' the predicred shift is Aw/w = 492 X 107", and the
experimental shift found by Pound and Rebka is (5.13 £ 0.51) X 10715 A
similar experiment in which the energy shift of the +-ray emirred by Fe*” accel-
emted on a rapidly rotating tumrable was measured again yielded resuolts in
agreement with the Equivalence Principle.

C. Induced Absorption and Emission

) In our discussion of the normalization of the vecror potential appropriate
to the radiation of an atom in Eqs. 22-28 and 22.29, we saw that the matrix
element for emission was proportional to (N 4 1)V'2, where N was the number
of quanta in the initial scate and the matix element for absorption was propor-
tional to NY2%, Since this refers to quanta of a particular cype, the quanticy N
should really be labeled by the momentum fik and the polarization state h of the
photon, that is, N should be replaced by MNiu(k). We may use the N-dependence
to derive the Plenck Radiation Law, thus providing a quantum mechanical
justification of Planck's approach.

Let us consider a cavity containing radiation. The walls contain atoms that
absorb and emit radiation. Since there is a variety of atoms, with a variety of
energy levels, there will be a continuous spectrum of frequencies. We will
concentrate on a particular frequency, correspoading to transitions berween a

i See the Special Topics section 2 "The Equivalence Principle,”

¥t is one of the subdeties of nadiation in a gravirational fGeld that the Doppler shify
is the framseerse shift »' = »(1 — #3/#)V2 Only in this way will the shift in an acceleraced
frame be the same, whether the absorter is falling or sinting on the edge of a rotarng disk,
t + with the emirter in the center.




374 Quantum Physics

particular pair of levels in & particular species of atoms, that is, we will describe
the atom as having two states of enetgy, B and Ej, sespectively, with E, < Ea
When equilibrium is established, there are as many photons absorbed as there
are photons radiated.? The number of photons radiated by the walls is equal o
{numbet of atoms in the upper state "'2") X (wansition rate for "2" — "17);
the number absorbed is equal to (number of atoms in state "17') X (transition
rate for 1" = 2", that is,

NioRemission = MNiRabeorpeion (23.34)
We also have

Remission = [Milk) + 1] Bm {23-35)
where Ry, is the emission rate into a state with one photon. We use {22-57) o
write this in the form
2_1.'

1 i
i T oapr2)te (23-36)

Here p stands for the density of photon stares; we have the square of the marrix
element, and it is summed over the final states of the atom, that is, the 2/, + 1
angular momentum states, and averaged over the inirial states. This is exhibited
explicitly—the sum is over initial and final states, and is divided by 2]y + 1, the
pumber of angular momentum states for stare “2." The reason for averaging
over the inivial smee is that when the state 2" gets excited, then all the states
that only differ by the m-value will get excired with equal probability. Only one
of the states is excited at a time, and thus the proper counting is done when
we sum over all of the 2J; + 1 states and then divide by their number. Note also
that we denoted the perturhation by M as the term associared with the time
dependence ¢t For absorption, we have

Rz

[ A—— 1 IR (23-37)
where )
1 r . "
Ryy = ff-Jr_lTE {2|vi1)]%p (23.38)

The density of states here is the same as in (23-36), since we arc dealing with
oply one frequency. Furthermore,

T i@vivlr= X X ¥y
=3 ¥ aptizralea)

= 2 |Q|v+2)|® (23-39)

* Ope must convinge oneself that it is permissible o consider equilibiium for one
frequency at a time, as we do here. This becomes plassible when we realize that the proba-
bility af emission of rwo photons at a time is small, so thar the radiation feld in the cavity
still chbeys linear equations.
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‘This assertion is sometimes called the Principle of Detailed Balance. On the face of
it, it 1 an identity, but one could imagine that the perturbation leading ta the
transition "1" — 2" is not the hermitian conjugate of the perurbation thar
Ieads to the transition “2" — "'L." in which case the above derivation would
break down. It turns our that the principle holds, provided that the toral Hamil-
tonian is invariant under time reversal® The interaction of charges with the
eleceromagnetic field has this properry.
As a consequence of (23-39) we have

Remission =Nafk}+1‘2ﬁ+'-
Rubsorption Mk} 241

_N+1 o
MNik) I

(23-40)

where g; is the conventional notarion for the degeneracy of the state i On the
other hand, we learn from statistical mechanics thar ar equilibrium, the occupa-
tion numbers of the atomic staces Ny and N, are relared by che Boltzmann

factor
N g BT F—
N e BT (23-41)
Hence
£ —nasiT _ N _ Rabsopron _ Muk) g
& N1 Remiwion Mk} +1 g
that is, .
1
Mol = S (23-42)

The photon energy at the given frequency is given by the product (number of
photon states in the interval dt) % (number of photons) X (energy per photon)
X (a factor of 2 to account for the owo independent polarization stares), Thus

Vdp 2
farf)r M

_ Vot A 2
(22 da” T —

grfl f w )? Vv
-2 (5r) =y S

8 Acrually, in lowest arder penturbation theory, (23-39) always does hold.

dUiw) =
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To get the energy density, we divide by the volume of the cvity V. 1f we express
this in terms of » = w/2x, we get

8wh i
Ub) = — war _ (23-44)

In the presence of a large number of photons of a given wave length
[M(k) large] transition rates corresponding to that wavelength will be enormously
enhanced. Thus if many atoms can be raised to a given excited stace, and the
proper environment of the “right” kind of photons is provided, then they will
decay in a very shore time, thus giving rise o an intense, coherent, and mono-
chromatic pulse of radiation. The laser (Light Amplification by Stimulated
Emission) does just that. Under equilibrium conditions it is difficult to obeain a
large number of atoms in the excited states from which the transitions are to
ke place, because the Boltzmann facror ¢*/*7 is very small, even at high
temperatures, so that special techniques must be used to achicve this.

Consider for example, the helium-neon laser, There, advantage is taken of
the fact that the 2'5 and 295, levels of helium almost coincide with cermain sers
of levels of ncon, the (2p)%(55) and (2p)*(4s) excited swates, respectively (Fig.
23-2). The helium levels are easily excited; an electrical discharge in the gas will
excite many levels, and they all ultimately decay to these states. The excited
helium atoms will collide with unexcited neon atoms in a mixture of the two
gases and easily ansfer their energy to them. In this way a large number of nean

2's, Collision
5i
2l 16l Visible lsser
transition
235, Collision
P
(209" 145} Infrared
laser —
[2p1 (Gp
(2|
Desxcitation by
cotlisiorn with walls
2018
15,

Pl e —

Fig. 23-2. Schematic sketch of relevant energy levels in He-Ne laser.
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Fig. 23-3. Schemartic sketch of laser.

atoms find themselves in states that would otherwise be sparsely populated.
A population inversion is created in the neon, These excited states decay to (2p)*(4p)
and (2)%(3p) scates, emirting photons of a well-defined wavelength. These
photons are tapped by mimors, thus creating the proper environmenr for the
next round of what is now strongly stimulated emission (Fig. 23-3). In this way
intense monochromatic and coherent beams of photons are created,

The technological applications of lasers are manifold, and their develop-
ment provides just one of many examples of the usefulness of quantum theory
not only for the understanding of natural phenomena, bue also as a source of
new, subtle technological rools.
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chapter 24

Collision Theory

Atomic and molecular structure was largely explored through spectros-
copy. When it comes to uying to understand nuclear forces and the laws thar
govetn the interactions of elementary particles, the only technique available is
that of scartering a variety of particles by a variety of rargers. In some sense,
spectroscopy is also a form of “scattering.” The atom in the ground sware is
excited by some projectile (it may be electrons in a discharge tube or collisions
with other target particles, as in hearing up of the gas), and then 20 outgoing
photon is observed, with the atom going into the ground state again, o possibly
another excited stare. We do nor usually describe these processes as "collision
processes”” because the atom has very well-defincd energy levels, in which it
stays for times thar are enommously long compared o collision times,' so thar
it is possible to separate the "decay” from the excitation process. In parricular,
the characteristics of the deciy ate not sensitive to the particular mode of
- exciration, In nuclei and also in elementary parricles, there exist levels, but
frequentdy the lifetime is not sufficiently long to warrant 4 seperation into
exciation and decay, especially since accompanying the “resonant™ scatcering
there is also nonresonant “background” scatrering, and the disentangling of
the two is somerimes complicated. In this chaprer we will therefore discuss the
process as a whole.

A. Collision Cross Section

The ideal way to talk abour scarrering is to formulare equations that
_ describe exactly what happens: an incident particle, described by a wave packer,
approaches the turget. The wave packet must be spatially large, so thar it does
not spread appreciably during the experimenr, and it must be large compared

Recall that the liferime of @ 2p bydrogen stace is L6 x 10~ sec, which is large com-
pared to the chasscteritic time a5/m ¢ = 2 ¥ 107717 gec,

199
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with the target particle, but small compared with the dimensions of the labora-
tory, that is, it must not simulaneously overlap the rarget and derector. The
lareral dimensions are, in fact, determined by the beam size in the accelerator.
There follows an interaction with the targer, and finally we sce two wave packets:
one continues in the forward direction, describing the unscattered part of the
beam, and the other fies off at some angle and describes the scacrered particies.
The number of particles scattered into a given solid angle per unic time and unirt
incident flux is defined to be the differential scattering croxs section. We will not
follow this approach directly,? but will instead use some of the maccrial de-
veloped in Chapter 11 to obtain the differential cross section. We will, however,
keep the wave-packet creatment in mind as we interpret our formal results.

’ In our discussion of the continuum solutions of the Schrodinger equation

in Chapter 11 we concluded that: (a) A solution of the Scheddinger equation in

the absence of a potential is the plane wave form ¢"*, which describes a flux
LI o -
= ) = (24.1)

If we choose k to define the z-axis, then the large r behavior of this solution
may be written (cf. 11-31} in the form of an incoming + an outgoing spherical

wave
[f —ithe —be T} ’f{#—a’r.‘!l]

M ﬁ S @+ Picos6)  (24:2)

=0

{b) The conservation of particles forces us to the conclusion that the prescoce of
a radial potential can only alter this to a function, whose asymptotic form is

.j[h' =ir/2)

i itk —iei2)
$e) = ?;,o (2t + 1) & [—r—— - 5i(k) ] Py(cos 8) {24-3)

F

subject to
|5i(E)] =1 {24-4)

The asymptotic form (24-3) may be rewritten, with the help of (24-2), as

- v ihr
i) = &7 + |: Y @+1) %—1‘ Py(cos ﬂjl‘" (24-5)
= 2ik r

corresponding to a plane wave -+ an outgoing spherical wave.® Note that we are
working with the effective one-particle Schrodinger equation, so that m is the
ceduced mass and 8 is the cenrer of mass angle between the direceion of k (the
z-axis) and the asymptotic point r, where, presumably the counter will be set up.

+This is done very nicely in . Hobbis, American Journad of Physfce, 30, 837 (1962}, ar
the Jevel of marhemarics that we use in this book. )
* See Bq. 11-36, which explains why this is called an sssgoimg sphverical wawe.
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When the rarget is much more massive than the projectile, there is no dis-
tincrion berween the laboratory angle and the center-of-mass angle. The kine.
matics are easily worked out using the marerial of the Special Topics secrion 1.
Norte also that we could, of course have set up a solution that has the asymptotic
form of a plane wave + an incoming sphetical wave since it is the first term in
(24-3) that could be modified by a coefficient satisfying {24-4). However the
solution that describes the scattering is the one involving the outgoing wave.
Let us calculare che flux for the asymprotic solution {24-3).

= — [[l" "+ i) hk] [r&" + /18 “Th] = complex conjugate

(24-6)
where we have definsd
fi#) = :)_.: (24 + 1) filk) Pilcos 6) (24-7)
=0
with
Sulk) = [S{8) — 1]/2:k (24.8}

Calculating the gradient gives
B me g o [ e g 120
=g ro :’][fu +4 22

+ g (ri E’}Tr- 9] — complex mnjugnne}

ﬂ —niﬂl-«nﬂ flr {1 —cosi) 1
- [:I; + k0 + ik fl0) + ik )
feil —cosk) | =g
= .flf) d + s q:: 'MT complex Co.njugltt}

where we have left out 1/r* terms, and where we have used k-r = £r cos 8, in
the exponential facrors. Thus the Bux is

ik ik 1
J= T ulf0

+ [ 110 o i peon
BE L | oy emivtit . gy oo

R SO

b [a,;e; a0 ‘-m-.,;,] .
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This rather involved expression simplifies considerably when we consider that
§ » 0, since one never does 4 SCattefing experiment directly in the forward
direction.* and that in a measurement one always integrates the flux over a small
but finice solid angle. Thus in the last four terms of this expression we should
replace ¢ " by

f sin & didg g(0,¢) gl —cosh) (24100

where g(64) is some sorr of smooth, localized acceptance function for the
counter, Now, as r — =, we have an integral over a product of a smooth func-
tion and an extremely mpidly varying one, and this vanishes faster than any
power of 1/r. This is what is known in the mathematical literatute as the
Riemann-Lesbegue lemma, and the reader can convince himself that this is
indeed so by working out an example, with & gaussian acceptance function, say.
Thus, oaly the first two terms remain, 5o that

ik e fO)

j= =

- - = (24-11)

In the absence of a potential, only the first term is there: it represents the incident
flux. In a wave-packet treatment, fik/m would be multiplied by a funcrion chat
defines the lateral dimensions of the beam. Thus, if we ask for the radial flux,
i, then that term gives a contribution fik-I./m = Rk cos #/m, but only within
a finite region of the z-axis (see Fig. 24-1). Since the counter is put outside of
that region, chis first term docs not contribute to the radial flux in the asymprotic
region, so that
1k
PRPL N (O1k (24-12)
m r

Thus the number of particles crossing the ares that subtends a solid angle o at
the origin (the target) is

|
j-r,a’A-i*n—'ﬂ'}":m
m r

The differcntial cross section is this number, divided by the incident Aux,
fuk/m, that is,

{24-13)

do = | f(@)]" 40 (24-14)
If the potential has spin dependence, thete may be an azimethal dependence, so
that more generlly,
de
_— | 1 n -
0 | fle)| (2415}

i How could one tell scattered from unscarered particles?
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Fig. 24-1. Schematic layout for scarering experiment. The scamesing angle is the
laboratory angle.

The towl cross section is given by

Froe [£) = f dt—— (24-18)

If we now use f{8) as expressed in terms of 5,(k), and express the latter in terms of
the phase shift (cf. 11-41) S;(k) = & 50 that

5 fie) = if: (28 + 1) ™™ sin Si(k) Pilcos ) (24-17)
LT =0 .

o ™= f a0 [}i ;E (a4 1) M9 gin k) Pilcos e}]

1
[j 2 (2 + 1) ™™ sin 3u(k) P (cos '}:|
'3

and using
dr

A0 . - —
I ;_‘:os#}.ﬁ {cos ) T

B (24-18)

- % :i:a (2 + 1) sin®5,(8) (24-19)
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It is en interesting fact that

Imf(0) = i]‘in @ + 1) Im[* sin 8,(8)] Pi(2)

=13 @ Dt b = e (2420)

This relation is known as the oprical theorem and it is true even when inelastic
pmcmuunoccu.udwrduinmm]mmdparride physics scartering proc-
esses. It is a very useful relation and in wave language it follows from the facr
that the total cross section represents the removal of flux from the incident
beam. Such a removal can only occur as 2 result of destructive incerference, and
the latver can only occur between the incident wave and the elastically scartered
wave in the forward direction. This explains why f{0) appears lincarly. A more
detziled examination shows why the imaginary part is involved.®

The requirement that |Si(£)| = 1 followed from conservation of flux,
Actually, in many scattering experiments chese is absarption of the incident beam;
the targer may merely gec excited, or change its stave, or another particle may
emerge. Under these circumstances our discussion is unchanged except thar

SiE) = k) &0 {24-21)
is to be used, with
o< k) <1 (2422)
because we are dealing with absorption. The partial wave scatering amplitude
s oW
Sith) =1 _ m(k) SR 1 psin 28 1 — mcos 26

S8 =0 W T w T (24-23)
and the total dlamic cross section is
7y = h}; (21 + 1)1 filk)
1 4 ¢ — Imcos 26 (24-24)

=4 241

x E} 27+ 1} yre
There is also a cross section for the inelastic processes. Since we do not gpecify
what the inelastic processes consist of, we can only talk about the sotal inelasic
crass section, which describes the loss of Bux. If we look at a particular term in
(24-3), the inward radial flux carried by

il
e
?j ; Pilcos 8)

§See L. 1. Schiff, Prog. Theo, Phyr,, (Kyoeo), 11, 288 (1954).
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is
(=)L
m ) | (2k)
{cf. Eq. 11-36 and the fact that Yy = Fy{cos B)/4/4x). The ourward radial flux

is (fil/m)( | 58| 2 dr/44Y), s0 thae the nec Aux lost is (fid/m)(x/E[1 — 2/(E)]
for each lvalue, Hence, dividing by the incident fux, we ger

g = j—‘: Zj; @ + 1) [1 — ni4)] (24-25)

Thus the toral cross section is

Orat = el + el

=-;~':-E @+1)0+n'—2ncos28+1—nd)
[

2
- T:Z (2 + 1) (1 — ¢ cos 2 &) (24-26)
'

It also follows from (24-23) thac
Imfl0) = 2 (20 + 1) Im fulk)

i

I = n;cos 26; k
- 22 T — I .
); (20 + 1) 3 O (24-27)

30 that the optical theorem is indeed satished.

IEnd k) = 1, we have no absorption, and the inelastic cross section vanishes.
When k) = 0 we have total absorprion. Nevertheless there is still elastic
scatteting in that parcial wave. This becomes evident in sattering by a black disc.
The black disc is described as follows: (a) it has 2 well-defined edge and {b) it is
totally absorbing. Since we will consider scatrering for shomr wavelengths,
that is, large k-values, condition (a) specifies that we only comsider partial
waves | 5 L, where

L = ka (24-28)

and a is the radius of the disc. Condition (b} specifies chat 9i(&) = 0 for the
relevant values of ! < L. Thus

. .
Fioed T’:Z (f + 1]=E—:L‘-r¢' (24-20)

i=0

and

2+ 1) = ga {24-30)

T = Fj-n
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Fig. 24-2. Black disc scattering and the shadow effect.

so that the total cross section is
Toor = el + Tipel = 2wa’ (24-31)

The result looks peculiar; on purely chassical grounds we might perhaps expect
that the toral cross section cannot exceed the area presented by the disc; we
might also expect to see no elastic scattering when there is total absorption.
This is wrong; the absorptive disc takes flux proportional o xs* out of the
incident beam (Fig. 24-2), and this leads to a shadow behind the disc. Far away,
however, the shadow gets filled in—far enough away you cannot “see” the
disc—and the only way in which this can happen is through the diffraction of
some of the incident wave at the edge of the disc. The amount of incident wave
that must be difffaceed is the same amount as was taken out of the beam to
make the shadow. Thus the elastically scatrered flux must also be proportional
to #4®. The elastic scattering that accompanies absorprion is called shadws
scastering for the above reason. It is stongly peaked forward. The angle to which
it is confined can be estimured from the uncertainty principle: an uncertinty in
the lateral direction of magnitude 2 will be accompanied by an uncontrolled
lateral momentum transfer of magnitude pi ~ &/a. This, however, is equal to
18, so that
fi 1

s —— 432
p p (24-32)

This agrees with the optical result § ~ N/a. These features ate observed both in
nuclear scarrering and in particle scattering a1 high energies, since the central

region of nuclei and of protons is strongly absorprive, and the edges of these
objects are moderately sharp. (See Fig. 24-3.)
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Fig. 24-3. Angular digribution of 1000 MeV (1 BeV) protons scarcered by
U0 puclei. The angular distribution shows the dips that characrerize diffracrion
scacrerin, The deparures from the shape of Frauenhofer scattering in opeics is due
to the fact that nuclei are not sharp, nor are they towlly absorhing, The curve is
the resule of a theoretical calculation that takes these effects into account. (From H,
Palevsky et al., Phw, Ree, Leterrs, 18, 1200 (1967), by permission.)
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B. Scattering at Low Energies

The phase shift expansion (24-17) may be used to express the differential
cross section in terms of the phase shifts
dﬂ' 1 s b
o m — | T (2 4 1) & sin k) Pilcos ) (24-33)
40 E |5
We expect, on grounds of comespondence with clussical theory, char the angular
momentum involved in the scattering is bounded by pa whete p is the center-of-
mass momentuem and & is the mage of the forces, Thas we expect that

I's *‘;—‘ = ks (24-34)

With the sum in (24-33) limited, one can wy, by fitting the differential cross
section measured ar a number of angles to a form like

de }‘E A .

T = W(cos ) (24-35)
to determine the phase shifts for a finite number of Lvalues. There are ambi-
guirties, for example, the cross section is unaltered when all the phase shifts
change their sign, but these can be resolved with the help of theory, continuiry
from low energies, and other wicks of the wade. The hope is that one cin learn
samething about the interaction from the phase shifts, which form empirical
data somewhart closer to the theory than the cross sections do.

The connection between the phase shifts §:(4) and the potential V() is via
the Schrivdinger equation; the radial equation will have a solution thar asymp-
totically behaves as

Ry(r) "-'lr sim [ir - % + ii{il:| (24-26)

aside from an amplitude factor in front. Thus, given F(r), a straightforward way
to aalculate §(#) is to integrate the radial equation numerically o values of «
that are far out of the range of the potential, and o examine the asymptotic
behavior, This is, in fact, what one does, but this does not give us any insight
into the properties of the phase shifts. To learn more about the phase shifts, we
consider the square well potential. We found in Chaprer 11, Section C that

ran & (k) = — % (24-37)

where the ratio is obuained by maeching the intemal 1o the external radial wave
function (11-63)
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Ji (na) fi'Uks) + (C/B) ni'(ka)

“jwa) " jdha) + (C/B) m(ka) (24-38)
in which
2 2mE
¢S ELV) B=TE (24-39)

the * denotes differentiation, with respect to the argument, and Fy > 0 for an
ateractive potential. Thus

kil (ka) ju(na) — xjulka) 7' (xa)
k' (ka} jiles) — emika) fi' ()

tan Sk = {24-40)

This is not a particularly transparent expression, bur it simplifies in some limiting

¥ [ases.

{a) Consider the case thar
ha ! (24-41)
. We do not insist that xs << /. With the help of the formulas (11-2%) and (11.26)
W get
3 1 —~ 2;+ 1 241 fj;l:&d’] - mﬁ"{lﬁ']
e T @ 0P Y G 1) ke + s e

o, after a lietle algebra. One can show that for large /, this drops faster than ¢! even
2 if ka 3> 1. The behavior

(24-42)

tan §,(E) ~ &¥H (24-43)

for ka — 0 is not resericeed to the square well potential, but is true for all teason-
ably smooth potentials. It is # consequence of the centrifugal barrier, which keeps
waves of energy far below the barrier from feeling the effect of the potential.

{b) For certain values of the energy, the denominator in (24-40) will
vanish, so that at these energies the phase shift passes through »/2, or more
genenally through (v + 1/2) #. When the phase shift is x/2, then the partial
WEVE CrOss section

de(2l + 1)
bl

has the largest possible value. One says that when tan §(k) rises rapidly to
infinity and continues tising from — =, we have remant satrering. To justify
this terminclogy, and explain when resomant scarrering occurs, let us consider
a very deep potential, and also [ large, so that

il £) sin® §;(£) (24-44)

ka1 ka {24-45)



390  Quanmum Physics
We may then use (24-42) for tan §{#), and this will become infinite when

. ({+ 1) jrlwa) + waft(ea) = © (24-46)
Since xz 3 /, this condition is approximarely equivalent to

{{+1) ( I+1) ( :+1)
— s | ke — | — sin | kg — )= 0
[ 2 2

that 1s,
f4+1 ] i+1
m(m-i- )z— (24.47)
2 Kt
Since the right side is very small, the resonance condition is

1
-+ +i+1
Wk

L%

K — {24-48)

Cantrifugel barrier

Fig. 24.4. Skewch showing the square well porential with che centrifugal barrier
tail. The dashed lines represent the energy levels in an infinite square well of range o,
and the approximate locations of the scattering resonance energies are indicared
on the right. The lower one will be much sharper than the upper one.
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MNow this is just the condition (11-50) for the existence of discrete levels in a
three-dimensional box, so that resonant scatteting occurs when the incident
encrgy is just such as 1o match an energy level. Since E > 0, these levels are not
really bound states. As Fig. 24.4 indicates, these are levels that would be bound
states if the barrier were infinitely thick. It is not, but & particle being scactered
ar just the right energy still “knows'” thac there is a virtual level there.

As (24-42) shows, the phase shift is very tiny for da small. Nevertheless,
as ka changes and goes through the resonance, § rises very rapidly, incressing
by w; thus the partial wave cross section (24-44) will exhibit a very sharp peak ar
the resonant energy. This behavior (Fig. 24-5) is very similar to the cross section
for the scarrering of elecerons by He™ ac the energy corresponding to the {24
excited state (Fig. 18-4). In the neighborhood of the resonant energy, the phase
shift rises through /2 very rapidly. We may represent this behavior by -

kY ;
.".1-.:! =0 = TEt_}ﬂEm { )
i ‘This leads to the partial wave cross section
4r@l+1) _weth a2l 1) [y(ka* 12
“ B 1+t B (E - Eo) + bk P
(24-30)

5 iE) |2

sin® &

=

Fig. 24-5. The partial wave coss section corresponding to the phase shift sketched
in the upper insert.
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This is the well-known Breit-Wigner formula for resonant cross sections. Again,
the behavior is not a peculiasity of the square well potential, but is characreristic
of all potentials that have a shape such that metastable states can simulate bound
states above E = 0 in it. We just note for completeness that

'mlu}_- I+Emﬂ5¢__i
f,{}}:—zﬁ— =1—- fmaf
ik .
tan & vika)" ' /k

- k(1 — i tan &) “ E—Eu- (k)2 (24-51)

If there is nonresonant scattering that is appreciable, then the scatceting ampli-
tude is of the form

filk) = fI8) + f1" (k) (24-52)

At low energies, the scartering is primarily in S-states, so that we may con-
centrate on [ = 0, It is simpler to derive the phase shift directly than to work out
{24-40). The solution inside the well that is regular at r = 0 is

ulr) = rR(r) = Csin &r {24-53)
and this is to be matched oaro
ulr) = sin (kr + 8) (24-54)

the solution outside the well, The conrtinuity of (1/w)(du/dr) at r = a implies
that

. xcot e = kcot (ke + &)
thar is,

_ (&) tan ez — :mg
1 + (&/x) tan xa tan ke

@n § {24-55)
Mote that if we define

N §a = — an kg
L3

then
. unﬂ—uuh _ _
tan & 1 + wn go tan ks o (ge = ba)
that s,

§ = ran™! (% tan u') — ka (24-56)
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We have, following (24-39),

2ml et

()t = (ha)* + 5

(24-37)

with Vs > 0 for an attractive potential, Thus, at very low energies, using
tan x = x for x < 1, we get

tan 8 = 3 = h(un = 1) (24-38)
ket

When xa goes thiough =/2 (we imagine chat we are slowly decpening the po-
tential well), which is just the condition that the well be deep enough for a
bound state to develop (cf. Chaprer 11, Problem 1), then an sa — e and (24-35)
shows that

mn § = — @ :'24-5’9}

an ks
that is, & goes through x/2. In a sense, a bound state at zero energy is like a
TeESOmance.
As the well becomes & linde deeper, we again have tan § ~ 0 (&), and
coatinuity demands that the branch is such thar

i = &s(“":"“— 1) (no bound state)

§=x+ ka (u% — 1) {with bound state) {24-60)

As the potential becomes stll deeper, a second bound state can appear, e goes
through 3x/2, and we have § = 2x + baf{ran we/es) — 1], and s0 on. There isa
general result known as Levinson's Theorem, which scates

§(0) — #{e) = Ner (24-61)

whete Np is the npumber of bound states, and the above is an example of it
At very low energies the cross section only has the / = 0 conuibution to i, and

itis

o 2 T (hay (M - 1)’ ~ dra? (“‘“ o _ |)= (24.62)
L K

that is, it is & constant. There will, of course, be 2 comection of arder (ka4)* to this
result. If we consider neutron-proton scattering, then we know that the potential
must be such as ro give the right binding encrgy of che devceron. If we et
_ B

2m

E=



394 Cruantum Physics

and

2mly
K- \H—m’ + I
{effectively #* = —a® for the bound state problem), then the marching of the
wave function outside the potential s{r) = A & 1o the solution inside B sin wr
at the boundary gives

K COL R = —o (24-63)
For & < &, we have
Bl e
wid SCAEE L) devizron o
Thus
14? dx
aE&ra*(1+—) o=+ (1 + 2aa) (24-65)
dix [

Thus making the low cncrgy approximation expressed by (24-64) allows s 1o
bypass the problem of determining the potential and then calculating the cross
section. The approximation only works when che binding energy is small,
The quantity 1/a is the distance aver which the deuteron wave function spills
over, and this is always much larger than the range of the potental & for a
loosely bound system. It is 1,/ and not the range of the potential thar determines
the scatteing cross section at Jow energies,

In the 19305 there was great interest in the form of the neutron-proton
potential, since it was hoped that this would give some fundamental clues con-
cerning the nuclear forces in general. Rudimencary experiments at low enctgies
were fitred with a variety of porentials. It became evident after a while that elmose
any reasonably shaped povential would work, provided that one chose the
appropriate depth and mnge. It was shown in 1947 by Schwinger (and subse-
quently derived by Bethe in 4 simpler manner) that ar low energics it is always
a good approzimation to write

1 1
N S T (24-
koot § y +2='ni (24-66)
where A is called the scattering lengeh, and ry is the effective range. The cross
section at threshold determines the scattering length
o == drd? (24-67)

and the energy dependence detesmines the effective range, The selation between
these parameters and the parameters deseribing the potential vary wich the shape,
but a two-parameter fit to the dara is always possible. This effective range formula
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shows that if we want to probe the shape of the potential, we must go to higher
energies,

‘The binding energy of the decreron is 2.23 MeV. Thus, remembering that
in our discussion m is the reduced mass, that is, M;/2,

1 _ [m_ k& (Mg
e NoamE VMAE Mg\ E
1o 0
|'I§'Mi = 4.3 ¥ 107% cm

(=4
TLEX WM 3N 0wy 223

50 that
4z
= 2= 25 X 107 am® ~ 2.5 hams
(e 4

A more accurate determination leads to the prediction that the cross section at
threshold is 4 barns, The measurement, camied our with neurons at thermal
speeds yields 21 barns!

The explanation of this disagreement came with the realization that the
spin of the neurron and the proton had not been raken into account. If the
potential were spin independent, then all spin stares would scatter the same
way, that is, it would not matter whether the spins of the pamicles are “up" or
“down.” If the potential does depend on the spin, a possible form could be

Vir) = Vi(r) + d; - daValr) (24-68)

In this case spin is no longer @ good quantum pumber, and the states must be
classified by total angular momentum and toral spin, that is, with I = 0, the four
states divide up into & 35, wiplet of swces, and a singler 'S, These need not
scacter the same way, so that chere are really two phase shifts, §; for the wipler,
and §, for the singlet. There are no wiplet-singlet transitions, since the total
angular momentum | must be the same in the initial end fnzl staces. The toal
cross section is weighted by the number of final srates in each case [the cross
section Yavolves a sum over final states and is independent of the value of the
z-component of the angulir momentum}, so that

1
’= : +4m (24-69)

For spin independent forces, ¢ = ¢4 = .
The deuteron is a *5; stare, 5o that the four barns are really predicred for oy
This implies chat
a, = 40 — %o, = 72 barns (24-70)
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Since we are at threshold, this implies that
72 X 10

|4, = \J'_T =24 % 100" cm {24-71)
‘The earlier resulc implied that
4 14
| Ae| = \f% = 4.7 ¥ 10 P em {24-72)
L

The question of the signs of 4, and A, now arises. At threshold we have
bcotd = k/5 == —1/Asothat b, = —Adkand § = — Ak Thus, the asymptotic
wave functions have the form

sin (br 4+ 8,.) = sin B(r — A,.) = #(r — A} (24-73)
The two possible cases are shown in Fig. 24-6. We know that for the wiplet scares
the wave function turns over just before che edge of the well (since there is 2
bound state), so that it must comrespond to the sitwation A, > 0.

wir)
| !
fal |
L~ |
= | .
- |
j—"" Ta *=r
|
|
|
I
ik |

Fig. 24-6. Sketch of the rwave solution &(r) near chreshold. Outside the range
radius ¢ = &, the wave function has the form Clr — A). [This is not in conflice with
{24-73), which is an expansion of sin (kr 4 8). We could equally well have taken
the foem of sir) to be (C/E) sin (kr + #), since the normalization is arbitrary. It is,
in fact, the interior wave function and the position of A thar determine the slope
of the line.] The sign of A depends on whether the interior wave function has or
has not umed over [cases (&) and (a), respecrively ] Since the wave function must
turn over if thete is 8 weakly bound state (so thar ir can match a slowly falling
exponential) and since one does not expect the wave funcion inside the porential
1o be very sensitive to vasiations in E about zero, one expects that for a porential
thar has a bound srate with Eg small, 4 > 0.
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If A, were positive wo, one would expect a singlet bound state, with
very much weaker binding, since the internal wave function ties onto a much
flarrer asymprotic form, In fact, the binding energy would be 70 keV. Such a
bound state was not found, suggesting thar A, < 0.

This choice of sign was actually confirmed by the scattering of neutrons
off the Hy molecule. As we know, the Hy molecule can exist as ortho-H;, with
the spins in a wiplet state, and para-H,, with the two proton spins in a singler
state. For neutrons at very low encrgies, such that the wavelength is much larger
than the proton-proton separation in the molecule, the scarcring amplicude For
neutron-H; scateeting is just the sum of the amplitudes for the individoal
scatterings. One may show that che amplitude off para-H, is different from the
amplitude off ortho-H; and these separately involve linear combinasions of A,
and A,. The fact that 5., = 3.9 barns, while oo, = 125 barns can be explained
in this way. The calculation is complicated by a number of effects thar must be
taken into account, for example, that the effective mass of the proton in 2 male-
cule is different from that of a free proton, and that the molecules are not really
at rest, but are moving with a distribution appropriate to the {low ~ 20°K)
temperature, The large discrepancy between the two cross sections 5 not
changed much by these comections, and it can only be expluined if A, is indeed
negative.

C. The Born Approkimation

Ar higher energies many parial waves conttibute to the scattering, and it
is therefore preferable 1o avoid the angular momentum decomposition. A pro-
cedure that leads ro a very useful approximation both when the potential is very
weak and when the energy is very high is the Born approximation, in which we
consider the scattering process as a transition, just like the mansitions studied in
Chaprer 22. The difference is thar here we consider the wansitions

COOLIAUGE — CONLMUWIT

If we wortk in the center-of-mass system, we have effectively a one-parricle
problew, and this particle makes a transition from an initial state, described by
the eigenfuncrion

W) = s (2474)
0 the final state, described by
L i
¥ylr) = Vv ¢ (24-7%)

wherg p; and py are the initial and final momenea, respectively. The transition
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e, following the Golden Rule (22-53) is given by

_Ir V dpr E__L‘) )
Rir =% {z:ﬁ}*"“"lta(zm m (24-76)

The delt function exptesses energy conservation, If the particles that emerge
have 2 different mass from those that enter, or if the target is excited, char delta
function rakes a somewhat different form. Tt will, however, always be of the form
#p/2m) — E] where E is the energy available for kinetic energy of the final
particle, The matrix element My, is given by

—fpre Wk i - A

i
My = {*l"ll Vl Wil = j-ﬂ':r \"fﬁ Vir) 'M‘/I_!

- —:, f P e Vr) (24-77)

& = - (py — pi} is the mementun tranifer. We write the matrix element as

1
k
M= & Fia) (24-78)

"= 2

The integral in {24-76) may be rewritten in the form

Ll LY VLT
Ri..;—ﬁfn’ﬂ (20)? V’IV(A_, 5(2”: )

’ -
e [t (2 )

1 =
ﬁ v f dOpm|V(A)|* (24-79)
To get the last line, we noted that prdpy/m = d{p*/2m) and cartied out the delm
function inregracion, Thus, g must be evaluared at gy = (2mE}'", and we must
not forger that m here is the reduced mass in the final state.

This expression has an undesirable dependence on the volume of the
quantization box, but this is not really surprising. Our wave functions -were
normalized to one particle in the box ¥, so that the number of transitions should
certainly go down as W increases. This difficulty arises because we are asking 2
guestion that does not correspond to an experiment. Whar one does is send 2
flux of incident particles at each other (in the center of mass frame; in the
laboratary, one particle is stationary, of course). If we want a flux of one parricle
per square centimeres per second, we must multiply the above by V divided by
the volume o 2 cylinder with 1 cm® base, and the relative velocity of the particies
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in the center of mass frame in the inidal state, The number of transitions for unit
flux is just the cross section, We therefore have

1

do = T (o Hﬂ’ﬂ?rﬂlif’{il .{zmul

Since in the center of mass frame the two incident particles are moving toward
each other with equal and opposite momenta of magnitude py, their relative

velocity is

™y TR

» 1 1
|Pm:|=—'r+-ﬂ%=ﬂ;(———)=—m-":,—ﬂ{,lﬂl (24-81)

if m;, and m, are their masses, Thus, if the initial and fina] reduced masses and
momenta are not the same, we have

— = _L i), L I A : 2
dﬂ Py midd e |2 P }| (24-82)
When the inivial and final panicles are the same,

o

- ::," (24-83)

When one particle is a grear deal more massive than the other, m g — m, the
mass of the lighter parricle. When we compare the abowe with (24-15) we see that

flog) = . ﬁ. V(A) {24-84)
Actually, 1o determine the sign, one must go through a more detailed comparison
with the partial wave expansion. We will not bother to do this here.

As an illustration of the application of the Bomn approximarion, we will
calculare the cross section far the scattering of a particle of mass m and charge 2,
by a Coulomb potential of charge Za. The source of the Coulomb field is mken
to be infinitely massive, so that the mass in (24-83) is the mass of the mncident
particle. For generality (and, as we will see, for technical reasons) we take the
Coulomb field to be screened, so that

—ria

¢
Vir) = 2:Z, & (24.85)
where a2 is the uree;mg radius. We thus need o evaluate
—ria
P(a) = Z,Z, f Py omnee ! (24-86)
r
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We choose the direction of & as z-axis, and then get

, g_*-‘l‘ i ¥ @ . '—l'.u"l
fﬁ g -f #f sin Mf Pidy g
r ] ] [ r
- :erf: rdu""r"fl dleos ) ¢
-

- —f‘:—f:a’rt_'w (¥ — %) _

2 ( 1 1 )_ dx
=T \(/a) —ia (e +ia) (/8 + a7
{24-87)
MNow

¢1=-;T(p,_p,}=-—£;{z_a'—zpf-pi}- Eﬁ{l{l— cos #) (24-88)

s0 that the cross section becomes

e - w1 (ZiZa)" 162
X e e B R — cos 8) + (/T

~ ( mZ Zw’ )=
~ \dp*sin® (0/2) + (/%)

Z.Z# :
= (43 sin® (8/2) + Eﬁ’IZM’J) (625}

In the last line we replaced p*/2m by E, and we used 1 — cos §) = sin? (§/2).
The angle 8 defined in (24.88) is the center of mass scattering angle. In the
absence of screening (@ — =) this reduces w the well-known Rutherford
formula. There is no fi in it, and it is the same as the dassical formula. Had we
left our the screening factor in (24-86) we would have had an ill-defined inregral.
One often evaluates ambiguous integrals with the aid of such convergence
factors.

_ 'The Born apptoximation has its limitations, For example, we found that
(A} was purely real so that f{8) is also real in this approximation. This implies,
by the optical theotem, that the cross section is zeto. In fact, the Born Approxi-
mation is only good when either (a) the potential is weak, so that the cross
section is of second order in a small parameter; this would make the use of it
consistent with the optical theorem, or (b} at high energies for potentials such
that the cross section goes to zero. This is true for most smooth potentials. Ieis
not true for real partiches; there it seems that the cross sections sty constant at
very high energies, and one cannct expect the Born approximartion 10 serve as
more than & guide of the behavior of the scattering amplitude.
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As a final comment, we obsetve that if the potential ¥ has a spin depend-
ence, then (24-77) is trivially modified by the requirement that the initial and
final states be described by their spin wave functions, in addition to the sparial
wave functions. Thus, for example, if the neutron-proton potential has the form

Flrl = ¥lr) 4 dp - dulalr)
the Born Approximation reads
1 )
My = 7fd°~'“"£} Vi &
where £; and £ tepresent the initial and final spin states of the newtron-proton

System.

D. Scattering of Identical Particles

When two idenrical parnicles scamer, there is no way of distinguishing a
deflection of a particle through an angle # and a deflection of x — @ in the center
of mass frume, since momentum conservation demands that if one of the particles

Fig. 24-7. Asymptotic directions in rhe scantering of two idenrical particles
through a center of mass angle &
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scatters through &, the other goes in the direction » = § (Fig. 24-7). Classically,
too, the cross section for scarrering is affected by the identity of particles, since
the number of counts at 2 certain counter will be the sum of the counts due w
the two particles, Thus

oa(®) = a(8) + alx — 6) (24:90)
In quantum mechanics there is no way of distinguishing the two final states, so
that the two amplitader f{f) and fir — #) can interfere. Thus the cross section
for the scattering of two identical spin zero (boson) particles, for example,
a-particles, is
%= f8) + flx = 0)|* (24-91)
This differs from the dassical result by the interference term
!
d—; = | fE]* + | flr — O] + [£*0) flr — 0) + £10) f*(x — O] (24-92)

and it leads to &n enhancement at x/2, for example,

d A
().~ 1() 159
compared to the result that would be obtained withour intetference:
do I |

When the scattering of two spin 1,2 particles is considered, for example, proton-
proton scarering or clecmon-clectron scattering, then the amplitude should
reflect the basic antisymmerry of the rotl wave funcrion under the interchanpe
of the two particles. If the two particles are in a spin singlet state, then che sparial
wave function is symmerric, and

L 10 + flx = O] (2499)

If the two patticles are in a spin cripler state, then the spatial wave function is
antisymmetric, and '

o

S = 7O — fir - 81 (24-96)

In the scattering of ewo unpolarized protons, all spin states are equally likely,
and thus the probabilicy of finding the two protons in a triplet stare is three times
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85 large as finding them in a singler stare, so that
de _3ds Lo,
dit 4 40 4 40
= H78) — fir — 6)|* + 316 + flr — B)]?
= | SO+ |ftxr — 6)* — §[f00) f*r — 8) — f4E) fixr —€)]  (24-97)

For proton-proton scatteting as well as for @ — a scawering, the basic amplitude
fi#) is the sum of & nuclear cerm (if the energies are not too low) and 4 Coulomb
term. Whether the identical pasticles be bosons of fermions, there is symmetry
under the interchange § — x — @,
k. Symmetry considerations also play a efle in the scattering of particles by a
* crystal lacrice. If we ignore spin, so that we do not have to warry whether the
+ electron does or does not flip its spin (“up” — "down" or vice versa), then ar
Jbow energies, the scamering amplitede f{F) is independent of angle (S-wave
scatteting), and the solution of the Schrédinger equation by @ single atom
locared at the lattice point a; has the asymptotic form

Fl | —us|

gir) ~ M g g (24-98)

¢
Ir — al

klr — a;| = k(r* — 2r - & + aF)1?

s it
Eir(l - zfrlﬂf)

e br — ki, &y (24-99)

and since &L is a vecror of magnitude £ and it points in the direcrion ¥, the poine
of abservation, ip is the final momentum k', If we divide our the phase factor
¢~ % * the wave function has the asympeotic form

Y T g o ﬂf +0 (71:) {24-100)

so that the scateering amplitude is

flo) =fe™™ A=k -k (24-101)
The total amplitude is the sum of all individual scaccering amplitudes when we
have & siruation in which we cannot tell which atom in the orystal did the
scatcering. This is indeed the case for elastic low-energy scattering when recoil
is not observed and spins are not measured. Thus, for the eoherens process we have
5
AToHTS

de
o - (24-102)

1 1
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If we have a simple cubic array of latice points, such that
a; = alpds + mfy + midy) = NZmmn, <N {24-103)
(spacings are integral multiples of # in all directions) then
¥ x ¥ _ )
Fetm ¥ Y 3 e e e

my=—N my=—N my=—N

We use
N
D Sl B S ol N N S
-
i ,ﬂaﬂ"n] _ 1 FeN+D =N
- P10 -1
NN N i g (N )
P = sin a2 (24-104)
to obtain the result
_ sin? a(N + 3 sin? a{N + §)} sin® alN+ §)
an e sinf a2 sin'ay/2  sin® a2 (24-103)
where
as = ad; — Jov,  (#, = integer), erc, {24-1045)

We can make the generalization exhibited above, since a change a — a — 2w,
with » an integer, does not change (24-105). The expression (24-103) is not very
transparent. However, when N is lasge, each of the factars becomes very strongly
peaked when ay, . . . are pear zero. In facr, using

sin® Nu

s N (24-107)
a formula easily derived from (22-36) by a simple change of variables, we ger
% = |f]* (25)? (2N)" 8(a — 25v) (24-108)

Mow the toral number of atoms is (2N)? and hence the cross section per atom is
2 2

|f|=':'] ( - k- T"") (24-109)

Thus the differcnrial cross section is very small, except in the directnions given by

k" —k=—w (24-110)
Fe
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where it is sttongly peaked. The conditions above are called the Bragg condiiions,
gnd the integers v, », v, are called the Maller indices of the Bragg planes,

The relations just derived can be peneralized to more complicared crpstals,
are used to smdy arystal strucrure, using neurrons or X-rays as incident

icles, or using a known crystal to study X-rays thar are emirred in atomic
nsitions involving energetic photons.

Problems

K 1. Show thar for a central potential F{r) = F[r), the matrix element My,
b (24-77) may be writren in the form
1 dxh [

My = _VT \ r drlr) sin v

f-Mote chat this is an even function of A, thar is, a function of
a® = {p; — p)'/R

2, Consider a potential of the form
Vir) = Vae ™

Calculare, using the Born Approximation, the differential cross section do/dfl as
g & function of the cenrer-of-mass scartering angle 8. Compare your result with
i the differential cross section for & Yukaws potential

A —rih

v - Vi) = Vb —

£ [Already done in (24-85)-(24-89)]. To make the comparison, adjust the parame-
i ters in the two cases so that the two differential cross sections and their slopes
ate the same in the forward direction at & = 0. It might be convenient to
pick some definite numerical values for Mg, Vo, a, and b to depice this graphi-
aully. Can you give a qualitative argument explaining the large difference between
the predictions for large momentum eransfers?
3. Consider the porential
=Ffa

5 @
Vir) = Vs -

If the range parameter s @ = 1.2 fm = 1.2 X 1079 cm and Fy = 100 MeV in
magnitude, what is the total cross section for proton-proton scattering at 100
MeV center-of-mass energy, calculaced in Bom approximation?

: .
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{Mose. This calculation involves a numerical integration. It is useful to use the
relaticn

AtAr = (py — p)* = YAt — cos B)

o Write
d0 = 2x d (cos ) *-ﬁ—gn{.ﬁ.‘}

and do the integration between A = 0 and 4% = 4p"/#'.} Give your answer in
millibarns (1 mb = 1077 cm®).
4. Suppose the scacceting amplicude for neurron-proton scatreting is given
by the form
f8) = £F (A -+ Bap - éx) &
where £ and £ are the initial and final spin states of the neutron-proton system,
The possible stares are

E= X7 XY g=x7 Y
Xt Y P P
x xY U
X X x7 x7
Use
dp - oy = o a4 E{a'Ttr'fn + o'ty
where

a, + iry (n1 Te — gy nn)
g = _ = o_ = =
2 0o 2

1 ¢
inrheupnunmtiminnd:ich:r,r(é _?)md X1 =(:,)~x1 =(‘l’)

to calculate all 16 scartering amplitudes. Make a mble of your results and also
tabulate the cross secticms.

5. If any one of the spin states (e.g., initial proton, or initial neutron, ete.)
is not measured, the cross section is the sum over the unmeasured spin states,
Suppose both the initial and final procon spins are not measured. Write down
expressions fot the cross sections for the final neutron "up™ and the final neutron
“down,” given that the initial neutron state is “up.” What is the polarization P,
defined by

ol —a]
St tol
where @ is the cross scction with the final neutron up and so on,

6. Use the mble computed in Problem 4 to calculate the cross sections for

tripler — triplet and singlet — singlet scattering, respectively. Show that tripler —

F
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singlet scartering vanishes. Check your results by chserving that since {in units

of &)
}ﬂp + ili‘v =8

one has
dp - dy = 38 — 3
= 1  when acting on tripler state
when acting on singler stare

-3

Mote that the amplitude is independent of mg so that ms must be the same in the
initizl and final spin states. There are three states in the eripler, all contribating
an equal amount to the cross section, and only one to the singlet cross section,

é {Cawtion. In calculating amplitudes such as
¥ 1 L
& V2 G — A P%A + Bep - ay) V3 ™ = P

the amplitudes are added for the four terms before squaring. Can youo explain

why?)
9. It can be shown thar the solution of the / = 0 Schridinger equartion
—=kr

for the potential
¢
Y S S—
Fir) 28N B e 4 1

A
: which behaves asymprotically like ¢ =" is
e 2@+ 1)+ B —1)
Be™ + 1)(2k — iN)

Fiks) = ¢
The solution that behaves asymprotically like ¢ i B{—#k,7). Thus the regular

solution, which vapishes at r = 0, is
u(r) = [F(k,0) F(—ks) — F(—A0) Flks)]

Use this information to obtain the scacrering amplitude F(E) = [S(4) — 1]/2:8
Discuss the solution for various limiting cases.

References
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o this subject alone, Most uumible:o students at this level is




408 Quantum Physics

M. F. Mottand H. 5. W. Massey, The Theory of Atomic Collisions (Third Edition)
Onford, The Clarendon Press (1965). More formal is

L. . Rodberg and R. M. Thaler, Insroduction to she Quantums Theory of Scattering,
Academic Press, New York, 1967, More advanced are

M. L. Goldberger and K. M. Watson, Collison Thesry, John Wiley & Sons, 1965,
R. Newton, Scattering Theory of Waves and Particles, McGraw-Hill Co., 1966,



chapter 2%

“  The process that is the inverse of radiarive decay of atoms, namely the
ﬁpm.rc of photons accompanied by the excitation of arems, can alsp take place.
' #or photon energies exceeding the ionization energy of the arom, the electron

% i excited to the continuum, This is called the phatoeleceric effect, and is an im-

pormant mechanism in the absoeprion of radiation in marcer.
According ro the Golden Rule (22-53), the transition rate for the process

v+ (arom) — (atom)’ + ¢ (23-1)
is given by :
_ i [Vdp, : Bl P_)
k= i (2eh) | Mg ﬁ'(ﬁu Eg om
z_.- Py . £
=% ] Gy f"“" ( )'*“‘" ii("i‘“ zm)
-2 f T:;% | My (25-2)

In the above expression, m is the electron mass, the delra function represents
energy conservation, B is the magnitude of the binding energy of the electron
in the atom, and in the last line, p, is evaluated ar che vanishing of the argument
of the delra funcrion.

The marrix element is given by

— (z:-ﬁ;*)m f argy(r) e - p & ulr) (25-3)

The vector potential is normalized, as in Chaprer 22+ to one photon in the
volume ¥, and ¢:(x}, f(r) are the wave functions for the electron in the inical

L 400
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and final states. If we consider a hydrogenlike atom, and assume that the electron
is in the ground stare, we have

b = = (£ )m - (25-4)
= €
“The final-state wave function should be taken to be & solution of the Schrédinger
equation with a Coulomb potential with E > 0. We did noc discuss these salu-
tions when we studied the hydrogen atom. They can be written in closed form
bu they are quire complicated, as is the integral in (25-3). If the photon enecgy
is much larger than the ionization energy, then the tesidual interaction of the
outgoing electron with the ion that it leaves behind becomes less important,
and we may approximace #;(r) by a plane wave. Since we assume that we only
have one atom in our volume, we will have only one electron in the volume, and
hence the normalization is such that

s ylr) = :}_ﬁ{w“ (23-5)

The factor I that appears in the phase space [V d®p/(2xh)] corresponds to the
same normaliztion, that is, the two factors are not independent, The square af
the matrix element is somewhat simplified since the final state is an eigenstate
of momentum, so rhat

(f e pop 1) = - pulf1F710) (25-6)
Hence the square of the matrix element is

lM“p,_...(_‘_)i@ . ll(ﬁ)’ (¢ p.)

mel  wl Fr\
L
* ‘fn”r a’-“'_""”"r'z”"| (25-7)

We will evaluate the integral later. At this point we note that the rate again hasa
1/¥ behavior due to the fact that we are dealing with a single photon in the
volume V. Instead, we will consider the cross section for the photoelectric
effect. To have a flux of one photon per square centimerer we must have a density
of photons 1/ per cubic centimeter (so that 2 cylinder of unir ares base and
length ¢ carresponding to a time interval of 1 sec contain one photon), chat is,
we must multiply che rate by ¥/e. We get, combining (23-2) and (23-7) the
differential cross section

i_E_E_m' itz_rﬁfiil . 1
(2R (m’) w r(z.) (e-pd

1 |
w0 T‘ fﬁ *,J'[t-p,f\:-r ‘—zr,"a (25.5}

a -
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In this expression J1 is the solid angle into which p. points. The integral over all
electron directions yields the rowl cross section o for the photoelectric effect.
If the target atoms are distribured with 2 density of N atoms per cubic centimeter,
then in a slab of wrger marerial of area A and thickness dx, there are NA dv marger
atoms. Each atom has a ¢ross section o for the reaction under consideration, so
that the total effective area presented to the beam is NA o dx. If there are #
incident particles in the bombarding beam, then the number of particles that
interact in the thickness di of the targer is given by
interacring particles  cross seceion

incident particles tota] area

that is,
ah NeAder dx
- = - Neds (25-9)
n A

The minus sign indicates that particles are removed from the beam. Integration
gives
mlx) = my e " (25-10)

whete m, is the number of incident particles and #{x) is the number of paricles
left in the beam after traversing a thickness x of the targer. The quantry b =
1/ Ne has the dimensions of a length, and is called the mean free path. One some-
times speaks of the mean free path for the photoelectric effect, for pair produc-
tion, and 50 on, even though what is measured is the cross section.

To get an idea of the magnitudes of mean free paths, note that N = Naa/ A
where N = 602 x 10% is Avogadro’s Number, p is the density in grams per
cubic centimeter and A is the atomic weight. Cross sectons for moleculas
collisions can be estimated from the properties of gases, and they tum out to
have magnitudes of the order of 107* cm?, consistent with the fact that atomic
dimensions are of the order of 10-% cm.! Is this 2 reasonable guess for the photo-
electric cross secrion? We shall soon examine the reasons for why it is not.
In the meantime we write the mean free path in centimeters, in a material of
density p and atomic weight A, with the cross section expressed in units of
107** cm?®, called barns thus,

1 A 1
Ao — am —

MNe p 602 X 10%g
A 167
p o (barns)

LBy the same token, nuclear cooss sections tend o be of the order of 167" om?
{(barns), particle physics cross sections are of the order of 1097 em® (millibarng), going
down o microbarns for carer reactions, and evea down to 1074 cm® for the extremely rare

newtring reactions at low eneTgies,
L
)

(25-11)
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To evaluate the cross section in (25-8) we need to work out the integral

fﬁeﬂ&.—-)-'rﬂ.’*zl’ﬂ {25-12)

If we use the integral evaluared in (24-87), which, with a slight change of notz-
tion reads

fﬂ"l" !_'M"r frir - ;;—-:—_[1—! {25*15}
we can, by differentiating with respect to u obtain
fd,”_m-z - ﬁ (25-14)

30 that we can finally calculate the cross section. Afeer some judicious combining
of factors, we end up with

de JIAYER 2 1
= . 1 .
& " . (ﬁu )( me ) (Z* + ara?) (1)
where
A= Eﬁk_]-"-:l - {P'r_' P
i i
Since the electron and photon energies are related by
- Ep+ £ .
fiw = Ep + Py {25-16)
we see that for energies quite a bit above the binding energies, fiw = p.%/2m.
Hence
y 23 (g)' O ZPAe
fw \me )] T me (¢ po)
1 1 [ fhay? fiw - .
Al= oy —p)t= ﬁ—,[(j) “Z-ppecpet P*’]
1 LI N
= |pe - (55) ‘P-]
1 & &
=] ‘2—, (1 = %' Py m) (25-17)

for noneclativistic electrons, f, < me.* We have used the notation py = fik for

% Bor relavivistic elecerons one should really use the Dimc squadon to describe the
process. Effects other than the photoelectric effect are more impornt when B, = 1 MeV.
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the photon momentum, and as usual the © denotes the unit vecror, Thus

do s (_,L) (e po)

atl mr pd To o - ‘
Z¥ ama\l ™ PP

6AZa%as! (f—) (e P

i
e B 28] -

If we choose the photon direction to define the z-axis, and the two photon
palarization directions €, € to point in the x- and y-directions, respectively,
then, wiiting

p. = (sin # cos ¢, sin # sin ¢, cos #) (25-19)
we have (p, - eV)? = sin? @ cos® ¢ and (p, - ™) = sin® § sin® ¢ so that the
average of the numerator over the two palarization ditections (we are calculating
the phomcffect cross section with unpolatized photons) is

.- = } (sin® #sin? ¢ + sin? Bcos* #) = sin*d  (25-20)
alsa
Pe- Py = o5 @ (25-21)
so that, writing p,°f2m = E, we get
da 324/2 Ziataq(Efme®) sin® @

m [{uZ}a + 2—51 (l _ X s n)]' (25-22)
mi [

For light elements, the condition that we imposed easlier, fiw 3> Ep, which is
equivalent to

E> } m(Za) (25-23)

is satishied over o reasonably wide range of energies. If we insert (25-23) into the
cross section, we find thar the denominaror simplifies, and we ger

do E -7 sin @
— = 242 Zata? (m_) VS
a0 et (l _ L" cos a) (25-24)

Let us discuss various aspects of this formula,

{1) First, the vague guess thar since aromic sizes tend to be of the order
of 107# cm, the coss sections should be of oeder 10~ cm® is wrong! It i true
that the factor 4% is of thar magnirude, but it is multiplied by (1/137)% which is

’
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dimensionless, but hardly negligible! We should try to understand how cne
could be so wrong in order to have some guidance whar one must be careful
about in making estimates, If we ignore the last angular factor, which we will
discuss later, we see that we may, with the help of

E=§m}

write the factor in front as

s '
24/2 a2 (%‘) = 32a;"L0® (r_‘)

a §*  fadcl

—Sz(z)a(h) (25-23)
This is 2 more useful form. It shows, fiest of all, the presence of a single factor o,
which should always be present when a single photon is emitted or absorbed,
The coupling of the vector potential to a charge is proportional to the charge ¢,
and the square of this will lead to the &, The factor {@o/Z)? is 2 better measure of
the area of the atom than a®, since we are considering a hydrogenlike arom of
charge Z. What temains is a racher high power of the ratio of the “ocbital”
velocity of the electron in the atom to the velodty of the ourgoing free
electron.

It is the satio (aZs/#,) [racher than just {¢/s.), which is also dimensionless]
thar appears, becausc the matrix element involves the overlap between the free
electron wave function and the bound electron wave function, that is, the square
matrix element is related to the probability chat 2 measurement of the momenrum
of the bound electron yields p,. The functional dependence fTae/v.), n this
case the eighth power,? cannot be guessed ar on general qualirarive grounds.
For example, if the electron wave function were Gaussian [{(r) = ¢=™7], the
falloff with increasing velocity would be much faster than the eighth power.
The reason why a guess is hard o make is that the momentum distribution of
the electron is localized in a region of spread

7
Afp ~ — ~ —— ~ Zamc (25-26)

end for p, 3 Zeme one is far out in the il of the momencum distribution. This,
again by the uncertinty relation, depends on the small r-disttibution of the
wave fupction, and depends sensitively on the stare, in parricalar on the angular
momentum. This does make photo-disincegration in nuclear physics 2 very
useful tool,

3 There is a factor p, in the phase space so that the mavix dlement squared gives an
eighth power of (e ().
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{2) The angular distribution of do/dil is given by

sin® @

[l — (n./c) cos 6" (25-27)

Fig) =

We note, first of all, that the cross section vanishes in the forward direction.
This is a consequence of the fact that photons are transversely polarized. The
marrix element is proportional to p. - ¢, and when p, is parallel to the photon
momentum, this factor vanishes. The facror in the denominator has, because of
the fourth power, a strong influence on the angular distribution. When »/¢
approaches unity, this becomes very dramaric, but even for moderate »,/¢ these
is significant peaking in the near forward direction, where the denominaror is at
its smallest. This corresponds to the minimum value of the momentum transfer
between photon and electron (p, — p.)*.

Mare detailed calculations need o be done to cover the relativistic region.
The formula derived above works well in the region of its validicy.* At very low
energies, a more accarace wave function for the outgoing clectron must be used.
Such a wave funcrion will reflece the Coulomb interaction between the nuclens
and the electron. There will, of course, be no phoroeffect below the threshold for
ionizing the least-bound electron from an outer shell. As che energy increases
abave the threshold, electrons from deeper shells will be photoproduced. If one
plots che integrated cross section, or preferably the maw ahiorpiion coefficient
Na/p, as a function pf the photon wave length, one finds the dara shown on
Fig. 25-1. The so-called K-edge corresponds to the cjection of the » = 1 elec-
ons; the L-edges correspond to the various electrons in the # = 2 states. The
edges occur at the binding energies of the various electrons. Moseley's empirical

SR

.é‘

A law states chat they are located ar

: Z = o, )2

: Fe g E =)y (25-28)
: n?

» where o, the "screening constants,” afe approximately given by o, = 2n =+ 1,

This formula is just what we expect for the ns orbimls, and the screening is the
effect of all the other s electrons,

At relacivistic energies the cross section drops less precipitously, with an
(E/m)~" behavior instead of (E/m)~"® but by the time encrgies of 0.5 MeV are
reached, the photoelectric effect ceases o be of any importance a5 far as the
absorption of radiation is concerned. In the cnergy region of 0.5-5 MeV, say,
it is the Comptom Effect that is the dominant absorprive effecr.

Here free electrons scacter photons. At low frequencies the effect can be

4 Ie calculating absorprion of radiation, the result thar we dedwved must be multiplied
by 2, since chere are two elecorons in che gronad swte, éxrepe in hydrogen.
FThis is equal to Nyo /A whers Wi is Avogadro's number and A is the atomic weight.
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Fig. 25-1. Mass absorption coefficient Ne/p for platinum s a function of photon
wavelength.

understood classically; electromagnetic radiation impinging on the electron
accelerares it, and the radiation emitted by the accelerated charge is the scactered
mdiation. The classically calculated Thomsom cross section is

2 %3
or = ?(;——‘,) (25-29)

In quantum mechanics, the scattering amplitude (marrix element) must be pro-
pottional to ¢, since two photons are involved, Since the perturbation in the
Hamiltonian is

¢ e
-t Alrs) + o Al{rf) (25-30)

when hoth terms in the expansion of (22-11) are kept, we see than an ¢ contri-
bution to the scartering amplitude can come from two sources.

(i} the first source is a first-order contribution from the term £A%(r,f)/2me*.

(i) the second source is a second-order perrurbation rerm from the
coupling ep - A(rs)/me. Since we have oot developed  the second order
percurbation formalism, we will restrict ourselves to stating the results.

(a) At threshold, with the gauge that we have been using, ¥-Alr.s) = 0,
the whole amplitude comes from the term involving £A*(r 1)/ 2me".

(b) The matrix element in second order has the form

— % Aflep-A/me|n) (niep-Afmeli)
) E. - Ei

{25-31)
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where the “sum" over intermediare states “n"" also implies integration over all

the momenta, when “a” includes continuum stares.® It is not enough to include
intermediate one-electron smres comresponding to the sequence

Titei—& =yt

and the inrermediare states containing an electron and two pherons, comespond-
ing to the process

atviovtut oty

It turns our thar ir is necessary o include the possibility of che " virtual”* creation
of an electron-positron pair by the incident photon, followed by the annihilation
of the positron by the incident electron, with the emission of the final photon, as
in

it 2t ot e sty
and the process
ary—atrtutata syt
The calculation leads vo the Klein. Nihing formala

a=h(f—’)l{1+x[w—ilog{l+2x}]

met E I
1 14 3x
+nmﬂ+m—“+w4
fiaa
x= (23-32)
which is in excellent agreement with experiment. At low frequencies this becomes
grf &\t
T = ry (F) (1 — 2x) (25-33)
and ar high frequencies (x 23> 1} this reads
e \11
o = r(;) ;{lﬂgh"l" 1) (23-34)

Thus the Compton cross section, too, drops off ar high energies. At energies
above a few MeV, the dominant absorptive process is pair production,

It is a remarkable facr that a photon at high enough energics, fw > 2mc
can “materialize” into an clecoron and a positron (Fig. 25-2). The latter can be

8 The fact thar {2%-31) looks like an off diagonal version of the second-order energy
shiffe is, of course, oo accident.
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Fig. 25-2. Tortal absorption coefficient for lead and sluminum as & function of
energy, in units of the electron rest energy (0.51 MeV). The photoelectric cross
section for Al is negligible on the scale depicted here.

properly called an “antielectron”; it has the same mass as the electron and the
same spin, but its charge and magnetic moment have the same value with
epposite sign as those for che clecron, and the nonrelativistic coupling with the
electromagneric field is obrained by the replacement of p by p — eA(rg)/c
Such a materialization can only occur in the presence of a third particle,a pucleus,
for example, since energy and momentum conservation cannot hold for the

Pﬂ}ﬂtﬂ
y—+et et

To see this withour going through a long kinematical calculation, consider the
inverse process ¢ + ¢* — 5 in the center of mass frame. The electron and positron
have equal and opposite momenta, so that the final state has energy
2(m** + p**)"* and momentum 0. A photon of energy E must carry momentum
F/e. I there is a nucleus present, it can absorb momentum and energy {for a
massive nucleus this will be very small, p*/2M), so that it becomes possible to
belance energy and momentum.
The calculation of

~ -+ nucleus — ¢ + ¢ -+ nocleuns
is beyond the scope of this book. The theory of quantum clectrodynamics thae
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is used in these calculations also shows thar we can mansfer particles from one
side of the equarion to the other, provided we change the transferred particles o
their antiparticles. Thus one predices chat

nucleus + ¢ — nucleus + & + 5

should also occur, with 2 marrix element very closely relared to that of peir pro-
duction. This is in agreement with experiment, and the last process is responsible
for casmic ray showers,

An incident ¥ ray of very high energy (it may come from the decay
n° — 2v, with the #° produced when a primary cosmic ray proton hits a nucleus
ar the wop of the atmosphere) will make a pair, with each member carrying
roughly half the original energy. Each member can produce a photon, as indi-
cated above,” and the end products can make further photons and pairs. Showers
coming from extremely high energy events occurring at the top of the atmos-
phere can cover areas of severa] square miles! Less spectacular showers in counters
are used o identify photons or electrons. An incident particle thar is charged,
but much heavier, will be deflecred less, and will therefore radiate less,

Detailed calculations show thar energy lost in material through these
processes follows the law

E(x) = Ec e (25-35)
where the “radiation length” is given by

P Y
4Z% Ny log (183/7479)

{25-36)

where Ny = £.02 > 10* is Avogadro’s number, m is the electron mass, A is the
aromic weight, Z is the charge of the nucleus, and p 15 the density of the marterial
in grams pet cubic centimeter. The "pair production lengeh™ is given by

9
Lowic = Z L (25.37)

The formula is pot good for very low Z. Typical values of L are

Air 340 m
Al 9.7 cm
Fh 0.33 cm

Bremutrahlung is the dominant energy Joss mechanism for electrons ar high
energies. At low encrgies ionization dominaces. Lack of space keeps us from
discussing this essentially classical effect.

" This process is called Bremigrabiung, and can be undestood classically; s charge
deflected in the Coulomb feld of the aucleus is accelerared, and hence radiates,

il
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Problems

1. Calculate the cross section for the process
¥ -+ deuteron — N + P
The procedure is the same as that for the photoelectric effect. In the calculation
of the matrix element, the final state wave function is again
1
| ey #.Irlr‘
*I{r:l 'V’V

where p is the proton momentum. Ar low energies the wavelength of the radia-
tion is much larger than the “size"" of the deuteron, so that ¢* " = 1. To calculare

fﬂ”r e )

observe that

MpEn

W¢+T*¢—%§ﬂf3fr=ﬂ

where the reduced mass Mp/2 was used. Now use integration by parts to show
that

o 'fﬂ“" ‘-\b.(lfi [W“_'_ MPEj,h _ Mp¥ir) i’i]

f2 fid
leading o

(E = Hﬂfﬂ’rt"h""* = ...fﬂuf e R V(r) s

Since the integral is only over the tange of the potential, which is very shorr, we
cn replace ¢ on the right side by 1. Another use of the Schridinger
equation leads to

. fﬂ"r e~ TR ) E.afi'f wilr)

with Ep the dewteron binding energy = —2.23 MeV. For the calculation of
this integral take

Vi) = %r*"'ﬂ ‘>

=0 r e

properly normalized. For what enctgies would you expect the photon wave-
lengrh to be much lasger than the range of the potential ry = 1.2 fm? (The
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justification for ignoring the integral inside the potenrial mnge (r < ) lies in
that rg <& 1/ where o® = MpEg/FY).

2. The principle of detailed balance relates the matrix elements for the
teactions
A+ a—B4 b I
and
Bt+b—A+a 1

z'”ﬂ’ - Z|ﬂ-‘[|:|‘

where the sum is aver both initial and final spin states. Taking into account that
in the calculation of a mte or cross section one averages over the initial spin
states and sums over the final spin states, show thar for the rates

(2Ja+ DR+ 1) B _ @2Ja+ 1020+ 1) dRu
pat(dps/dEs) il patldpa/dE,) i,
where [, Ju, Jin Ji are the spins of the paticles, py and g, are the center of mass
momenta of particles & and a (I and Il must take place at the same total energy),
Ey and E, are the corresponding encrgies of the particles, and dtly, #2, are the
solid angles in which b and & are observed, Use this result to express the cross
section for the radiative capture process
N+P—D+«

in terms of the cross section calculared in problem 1. Note that the factor
(2] + 1) for photons is 2 since there are only two polarization seates, and also
the spin of the deuteron is 1

thus

3. The crass section for the reaction
w4+ D+P4+ P

has been measured for incident »* kboratory kinetic energy of 24 MeV, and
found ro be equal to 3.0 X 107 cm?,

{a} At what laboratory energy would one he able to carry out a test of
detailed balance by measuring the cross section for

P+Pox+D

(The pion mass is mec® = 140 MeV, My = 540 MeV; My = 2M,).
(b} Given that the spin of the #* is 0, what is the predicted cross section
for this reaction?

4. What is the radiation lengeh in liquid Xenon, for which Z = 54,
A= 151, and p = 3.09 gm e~ %

5. Suppose the electron were bound ro the nucleus by a square well po-
tential. Calculate the energy dependence of the cross section for the photoelectric
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effect. Assume that the photon energy is much larger than che binding energy of
the electron, and that the potential has a shore range. (Hint, See problem 1.)
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discussed in most of the modem physics textbooks listed at the end of Chaptet 1,
For a very complete discussion of the experimental techniques used in the
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E. Segre, Nuclei and Particles, W. A. Benjamin, Inc., New York, 1964.



chap.ter 26

Elementary Particles
and Their Symmetries

In this chapter we discuss 2 number of topics telated to the fundamental
interactions of elementary particles. Although this chapeer is necessarily more
qualitative than the others, because whatever theory exists involves conceprs
too advanced to be discussed in a quanticative way, we will see thar quantam
concepts are essential in the analysis of a variety of complex phenomena,

A. Electrons and Positrons

In Chapter 25 we mentioned that in the presence of a second body (ro
conserve momentum] a photon can materialize into an electron and & positron,
The positron can  very appropriately be called the antiparticle corresponding
to the electron; it is identical to it, except for the sign of the eleceric charge and
other elecuromagnetic properties (e.g., opposite magnetic dipole moment),
When an electron-positron pair is produced in & bubble chamber, say, a very
characteristic pattern caused by the fact chat the two particles bend oppositely
in 3 magneoc field is apparent (Fig. 26-1). Antiparricles are & necessary conse-
quence of relativistic quantum mechanics, and the positron was predicred in
1928 by Dirac, two years before Anderson discovered it experimentally,

We live in & world built of protons, neutrons, and electrons, Positrons are
tare, since they have to-be produced with the expenditure of energies of at least
2ma? (1 MeV) (corresponding to the production of a pair ar rest}, and thus they
have been studied oaly under special experimental circumstances, Nevertheless,
all experience and the face that there exises a remarkably successful cheory of
quanium electrodymandes symmettic under e+ ++ ¢ interchange indicare thar elec.
womagnetic intefactions do not distinguish, cxcepr for the sign of the clectric
charge, berween electrons and positrons. It is a bold extmpolation from this o

: _ 423
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Fig. 26-1. Bubble chamber picture of the conversion of v-rays into electron-
positton pairs in the presence of matter (hydrogen). In one case the pair is produced
in the coulomb field of an electron, in the other case ir is produced in the coulomb
field of a prOLon. The wacks curve in the m:gm:tic held of the bubble chamber,
with the faster particles bending less. (Courtesy of the Lawrence Berkeley Labora-
tory, University of California}
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the general notion of the invariance of the laws of physics under particle-
antiparticle conjugation, in which not enly clecrons are replaced by positrons
(and vice versa) but protons by antiprotons, neutrons by antineutrons, and so
forth. Wich this generalization, we can conceive of antimatrer, consisting of anti-
nuclei, with positrons bound to them by attractive Coulomb forces. A conse-
quence of the invariance principle is that all the physical chservables are the
same, 50 that an observer could not tell whether he and his envitfonmenr were
made of matter or antimarter, Whether the laws of physics obey this conjectured
invariance law must be settled by experiment, It now appears thar the laws of
the strong (nuclear) and electromagneric interactions do, bur that the laws of
the weak inteructions do not. The exisence of antiparticles follows from quite
general laws of relarivistic quantum mechanics,

Let us concentrate on positrons for che time being and ask what happens
when they are produced in the vicinity of clectrons. Sooner or later they will
collide with an electron, and in the inverse of the production process, they will
annihilate each other, with the liberation of the toml energy consisting of the
kinctic energies and the sum of the rest masses 2m.% This energy will be
liberated in the form of mdiation. To conserve energy and momentum, a third
body (e.g., a nucleus) must be present, or at least two photons must be pro-
duced, as was pointed out earlier. A fascinating possibility is that the positron
loses energy by ionization, that is, long-range collisions with electrons, so that
slowing down rather than annihilation in flight occurs. The positron will
generally be caprured into an orbit abour an electron. The positron and electron
artract each other and form an atom thar we call positronivm, The atom is de.
scribed, in fust approsimation, by the same equation as was used for the hydro-
gen atom, except that the reduced mass is p = m./2, so that the jonization
energy is 6.8 eV, the “radius” is 1 A instend of 0.5 A and so on. Positronium
does exist and all of its properties are in accord with expecrations.’ The ground
state of posirronium is an / = 0 state, and of the two possible states, 15, and %5,
the former lies lower. This is what the hyperfine splinting (Chapter 17) would
indicate, but the situation here is complicated by the fact that the possibilicy of
annihilation teally makes this problem differenc from that of the hydrogen atom,
and the hyperfine interaction is pardy cancelled by purely relativistic effects.

Once posittonium is in an S-state, the wave functions of the two parricles
overlap significantly, and annihilation ‘becomes likely. The 15, state can decay
into two photons, and the wansition rate can be estimated as follows. For each
photon emitred, the marrix clement will have an ¢ in it, o char the square of the
matrix element will invelve ¢4, or, equivalently, a®. The annihilation rate muse
&lso be proportional to the probability that the two particles overlap. A reason-

! This includes such esoteric effects 25 the spin-orhic coupling, hyperfine seructure,
and an effective imaginary part in its potential due to the possibility of annibilation into
rwo phoons.
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able measure of this is |#{0)|?, where ${0) is the hydrogenlike wave funcrion of
the ground state, evaluated at zero separation between the particles. The value of
this is {1/x}{1/ag)?, where 4y = f/jucee. To make the dimensions come out right,
we must multiply by a {length)? (time)™ made up of §, ¢ and g, but without
any factors of . The estimate is thus

o) ()%

-(@)+(5)

The constant 4 is not determined by this dimensional argument. The tate thos is
R o= 0269 ¥ 100 sec! {26-2)

Comparison with the experimental rate of 0.8 X 10" sec™' shows thar the
constant ¥ is approximately 3.0. A proper evaluation of this constanc seally
requires relativistic quantum mechanics, since we requie the matrix clement
for the annihikition of a particle and an antiparticle, and this concept does not
enter into the nonrelativistic Schridinger equation,

Positronium in the 35, state can also annihilate, but must do so with the
emission of three photons. To understand this, we must consider the poperties
of positronium under charge conjugation, that is, under the interchange ¢* ++e™.
We observe (cf. Fig. 26-2) that charge conjugation can be accomplished by (1) an
inversion, accompanied by (2) 2 spin exchange. A singlet state, with § = 0, is
odd, and a tiplet state with § = 1 is even under the latrer exchange, so that the
effect of spin exchange is (—1)%*'. The effect of space reflection is usually
{=1)*, that is, even angular momentum states are even under reflection, and so
on, bur there is an additional facror of (—1) that arises from the fact that anti-
particles of spin 1/2 (also 3/2, /2, . . ) have parity opposite to that of particles.?
This implics that we can write for the effect of charge conjugation

C=(—1)%! (26-3)

Thus the ground stte 'S is even under charge conjugation, and the statc just
above it, %%, is odd. Similarly, 'P, is odd under charge conjugation, while
3P, , o is even, and 5o forth. Now the elecuomagnetic field is odd under conjuga-
tion. For example, the equation

¥ -E = dxp (26-4)

#This follows from guice general peoperties ef selazivistic quantum mechanics,
and has experimental consequences aside from the one memioned above, For example,
the polasization vectors of the two photons produced in positrenium annthildon are pre-
diceed 1o be preferenially perpendicular to each other. This is borne out by experiment.
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Fig. 26-2. Equivalence of charge conjugation and {inversion) 3 (spin excheage)
for elecrron-positran system.

can only be invatiant under charge conjugation if E changes sign when the
charge density does. In effect, under charge conjugation,® ¢ — —&. This leads to
a series of selection rules, which state that positronium in a state with a given
Sand ! can only decay into an even number of photons if § <+ {is even, and into
an odd number of phorons if § + [is odd. Thus the 5; state can only decay into
an odd number of phorons. Since each additional photon reduces the rate of
decay by a factor of o, at least, the smallest allowed number of photons is
favored

B. Baryons, Antibaryons, and Mesons

In the last section we extrapolated the notion of charge conjugarion to
particles other than electrons and on that basis made a conjecture abour the
existence of antiprotons and antineutrons. These particles have actually been
found to exist, although it is difficult to make them, since it takes & center of
mass energy of ar least 2Mpe* = 1880 MeV to make a pair at rese. The antiproton
has been found to have ci:n:g: =1, mass equal 1o that of the proton, magnetic
moment equal and opposite to that of the proton, and other properties expected
from rhmry Since the neutron is neutral, one mighl: ask whar d;snngmshes the
antneutron from the neutron. The answer is that there appears to exist a

! Under charge conjugadon p — {4/} A= p + (=/c] A. We do noc change the sign of
the mumber ¢/c but instead change the sign of A, or, equivalently, Eand B, when we catry our
charge conjugarion, This means chat che polarizaton vector ¢ is mansformed into i negative.
Since tmansition rates involve the sguares of quantities invalving ¢, we see thar these ob-
servable quantities are invarianr under che tansformation.
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quantum number like charge, clled Barysn Number, Np, which is conserved, and
which has value +1 (by definition) for nucleons (neutrons and protons) and —1
for antinucleons.

The notion of 2 conserved baryon number arises from the empirical obser-
vation that the reaction in which ¢~ and P annihilate does not seem to occur, If
the reaction

e + P — Vswuff”
or, equivalently,
P—s et + stuff”

could occur, then matter would not be stable. We can wivially set 2 limit on the
lifetime of the proton; the existence of very old rocks shows thar it is longer than
4.5 ¥ 10° years, Actually one can do beroer, Either of the above reactions
occurring in 2 scintillator would give rise to radiation that could be detected.
By properly shielding a large scingllator to eliminate pulses caused by external
sources such as cosmic mys, and looking for “spontaneous’ pulses, one can
set a limit on how often the above reactions take place in, say 10% atoms.
The absence of such spontaneous pulses over a cerrain period of observa-
tion has been ranslated into a lower limit on the proton lifetime equal to 2 X 10%
years! It is fair to say that (he proton is stble.
Actually the reaction

e+ PN+

does occur in nuclei, so thar it is not quite right to say that the number of protons
is conserved. The correct statement here is that the number of protons plus the
number of neutrons is conserved, just like charge. This number is what we call
the Baryon Number. We postulate that under charge conjugation this quantum
number, just like charge, changes sign. Thus the antiproton and che antineutron
have Ng = —1. Electrons and positrons have Np = 0, and this is the formal
explanation for the absence of the teactions ¢~ + P — "stuff,” and so on,
Baryons and aatibaryons can annihilate into “stuff”" thar must have Ny = 0, but
may have charge 1, 0, —‘lmthepmﬂe:usP+N P+ P ot N + N), and
P + N. Whatever che annihilation products are, they must have a total energy
of at least 1880 MeV apd chis is @ very distincrive feature of nucleon-antinucleon
annihilation.
Although it is consistent with the symmeuy laws to expect

P 4+ P— (¢*e pairs) + photons

to occur, it turns out that most of the time the annihilation products ate x-seson
alsa called pions. These are particles first predicted by Yukawa in 1933 to explain
the short-range nuclear forces in a manoer analogous to the long-range electro-



-

Elementary Particles 429

magnetic forces. The pions were viewed as counterpans of photons.* Pions are
not part of our everyday experience, since they have shor lifetimes, 107# sec for
the #% and 107" sec for the x°. They all have rest mass of the order m,e* =
140 MeV and Np = 0. The v~ is the antiparricle of the «*; their masses and decay
patterns are the same. Pions are respoasible for ar least part of the nuclear
forces, and #s such must be rather swongly coupled to nuclzons, Thus the anslog
of &R (221/137) is 2 number g*/fic = 15. Hence the rule that the smallest
numbet of photons in 2 reaction is most probable does not hald for pions. In
the annihilation
P+ P pions

the number can vary quite a lot, consistent with the constraine provided by
energy conservation, The average number appears to be around 5, when the
nucleon and antinucleon are ac rest. Pions have been found to have spin 0 2nd
negative parity, and thus ate called peadosalar paricles. Since they are spiness,
they cannot have any electrical moments, for example, magnertic dipole moment,
Thus the only difference between a «* and a »— is its charge, and the =° is its
own antiparticle, like the photon.

C. Isotopic Spin Conservation

The neutton and the proton are really very much alike. They differ in (a)
their charge, (b) their magnetic moments, and (c) their masses, the last to about
one part in a thousend, The nuclear forces, on the other hand, do not appear to
distinguish between neutrons and protons, Thus the binding energies of mirror
nuclei, thac is, nuclei that transform into each other when neutrons are replaced
by protons and vice versa, are almost equal, with the discrepancy explainable in
werms of the difference in the Coulomb energies. If the neutron-proton mass
difference also were an elecoromagnetic effect (and its size is consistent with this
possibility), then one could blame all the differences between neutrons and
protons on electromagnetism.

Heisenberg and Condon made the bold proposal that che nature of the
nucleons must be such that if it were possible to “"turn off” their coupling to the
electramagnetic feld, chat is, che electric charges, then there would be no way of
distinguishing between proton and neutron, and thar these two particles should
really be viewed as two substates of a single earity, the nucleon. This notion
grew out of the realization that an electron with spin “up" and an electron with
spin “down" in 4 magnetic field ace still the same electron, even though the
energy is different. In this case the magnetic field can be tumed off, and the
“symmetry breaking” be made to disappear. For nucleons, the symmetry-

¥ Bee Special Topics section 3 on "'The Yukawa Theary."
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breaking elecrromagnetic interaction cannot really be tumed off experimentally,
bur this is no barrier to imagining & world withour elecrromagnetism. The pro-
posal was thar che analogy with spin should be quite exact, thac is, that the
proten and the nestron thowld be “ap’' and “down’ states of an “ieepic” spin 12
entity called the mweleor. The nucleon is an [ = 1/2 state and the proton and
neutron are eigenstates of I, with eigenvalue 4-1/2 and —1/2, respecrively.
The antiproton and the antineutron also form a doublet, but now it is the
antiproton that has I, = —1,/2, and the antineutron I, = +1/2, Muclear forces
are now “nucleon-nucleon forces,” and the equality of P-P, N-P, and N-N
forces can readily be understood if one assumes thar the oucleon-nucleon
potential conserves the toal angular momentum in isotopic spin space, that is,
thac fntapic fpin &5 conserved.

Two aucleons, each having [ = 1/2 can form an [ = 1 wiplet and an
I = 0 singler. The states, in complete analogy to the spin tripler and singler,
have the form

Fp

ipler v% (PN 4 NP)  singlet % (PN — NP} (26:3)

NN

The aowmtion F and N here is the isotopic spin analog of spin "up” and spin
“down" spinors xy., x—

By the Pauli Exclusion Principle, the P-P states are limired to torally
antisymmertic staces 'Sy, 2Py 40, 'Dy, . . . . I-spin conservation demands char the
N-P system in the I = 1 state also obeys the same symmerey. Thus the P-P
and N-P forces in these states will be equal {and equal to the N-N force), bur
the forces in the 2§, 'Py, 2Dy 0., . . . states of the N-P system can be different,
since these comespond to [ = 0. Thar the forces are different is shown by the
fact 2 dewreron without 2 comesponding P=P and N-N bound stare exists. This
situation is analogous to the existence of spin-dependent potentials that give a
different force for the mipler and singler spin states, even though the total
angular momentum is conserved. 1f we incroduce operators I {= I, [, I} obeying
the “angular momentum™ commutation relations

Uedy] = il,  (cyel) (26-6)

we can construct the whole isotopic angular momentum formalism in exacr
analogy with the ordinary angular momenrum formalism, excepr thar there is no
apalog of otbital angular momentum connected with motion in space. [-spin
conservation implies that in the absence of elecrromagnertic interacrions, the
Hamiltonian has the properey that

HIl =0 (26-7}
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Furthermore, cigenstates of 1* and 1, with eipenvalues I(J + 1) and —J <
I, = I can be used as basis states, The existence of three pions, 7+, v°, and »—,
all with spin 0 and patity —1 and all of almost the same mass, fits in very well
with the existence of the symmetry; we can say chat pions form an I = 1 tripler,
with the I, = 1, 0, — 1 srates represented by o+, #°, and 7,

The mere existence of these /-spin multiplets may be viewed as evidence
for the underlying symmecry. We can, however, point to scveral other more
ditect manifestations of the symmetry of the stromg interactions that are seen in
the nuclear forces,

(a} Nuclei consisting of Z protons and A-Z neurrons will have

Z=(d=2)
2
= Z = Az {26-8)

I,=

so that any one of irs states belongs to a multiplet of wotal T at least as large
as |Z — A/2|. One might hope to find evidence for other members of these
multiplets in neighboring auclei, and such evidence has indeed been found.
The i-spin partners of a given set of levels are called analog states and have been
the object of intensive study by nudear physicises. Figure 26-3 shows & par-
ticularly clean example of multiplets. 80, "*F, and "Me have proron/neutron
numbers (8,10, (9,9), and (10,8), respectively. For the first and third, the ground
stares could belong o the same f-spin triplet; the spectrum shows thar *%F has a
ground state thar has spin-parity 1%, so that it cannet belong with the 0 ground
states of "Ne and "800, but that there is an excited OF stzic that could be the
I, = 0 member of the triplet. Furthermore, thete is a remarkable cotrespondence
between a whole sequence of energy levels in the three nuclei, indicating char
they are all parts of an I = 1 multipler. The figure shows that they are not
degenerate in mass, but thar they differ by several MeV. This is to be expected
becanse the Coulomb repulsion between the protons does not respect i-spin
symmetry. The encrgy differences can be accounted for quantitatively in this way.

(b} I-spin multiplets also appear in excited staces of nucleons. If one ex-
amines pions and nucleons emesging from a high-energy collision of a pion or
proton with & target proton, one can determine their momenta and energies.
If a particular nudleon and pion were to be decay produces of a single enriry,
then thar entity would have to have I = 3/2 ar 1/2, since the addition of
I = 1/2and I = 1 can only lead to such states.* Furthermore, if the decaying
state wete at rest and of mass M, then the pion and nudeon would have equal
and opposite momenta, and the sum of their energics would equal M. More
generally, if (E,p} denote the nucleon encrgy and momenrum and {eqq) denore

e is, of course, assumed chat j-spin is conserved in soch 2 “decay” of the excited
stare. More about this lager!
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Fig. 26.3. The level schemes for nuclel with A = 18, The I = 1 levels for "0
(I. = —1), “F (I. = 0}, and *Ne (I, = 1) show a remarkable corespondence.

The I = 0 levels for ™F are also skerched in. (Darz mken from F. Ajzenberg-Selove,
Nuclrar Phyiics A190, 1 (1972).)

the pion energy and momentum, then reladviry rells us that the more genetal
relation is

(E 4 € = (p+ q)%* = M (26-9)

Thus by measuring encrgies and momenta, and studying such combinaticns of
energics and momenta for pion-nucleon pairs, it is possible to Jook for such
decaying states. Figure 26-4 shows some examples of such mass specrra. One of
the most common states found is an [ = 3/2 stare with M2 = 1236 MeV,
One knows that it is 1 = 3/2, since the mass peak occurs in the Prt system,
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which has I, = 3/2. It has, of course, been checked thar the peak occurs in the
other I, seates. The multiplet is usually denoted by A(1236). I is particle, in the
sense that a detailed study of the angular correlations between the pion and che
nucleon indicate that the spin and parity are 3/2*, The mass distribution has a
width of about 120 MeV. This is the “narural line width,” and it indicares that
the liferime of the I = 3/2 stare is

o o o o 03 x 10 (26-10)
T AMA T 10X 16X 10 see i

No wonder the A cannot be detected as a paricle leaving a track in a bubble
chamber!

Mr* w (Gew ey
ial

Fig. 26-4. Evidence for resonances. () Plar of M,*,~ = (™ + p.7) for w*u—
pairs from reaction »~ + P — »*=~N. {§) Plot of events (=*F) as a funcrion of
M."r. Since the initial state involved »*P and only two particle final states were
studied, this is equivalent 1o & measurement of the «*P cross section. The «*F state
isa pore I = 3/2, I, = 3/2 siare,
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Fig. 26.4 conrinued

The conservation of fspin allows us ro make predicions abour the
relative decay rates of

» P2
'_"i.r-"""_ﬂ#f

h‘-‘q—‘"“" Nxt

The procedure is completely analogous to our discussion of spin and intensicy
rules ar the end of Chapter 22 The initial stare of I = 3/2and I, = 1/2 may be

written in terms of T = 1 and I = 172 wave funcrions, as follows
5. i ‘
Yair iz = .\IIE P+ \I' E TN [26-11}

whete Y3414 represents the A% Thus the probability of finding a Pr” state is 2/3
and char of finding a Ne* swre is 1/3. These predictions are botne our by an
analysss of the dara,

I-spin conservation has been tested in many reactions, and there is no ques-
tion as to its correctness, subject ro small electromagneric corrections. The fact
that these corrections are so small, for example, thar the neutron-proton mass
difference 15 so small, made it possible to identify the symmetry. When sym-
metry breaking is large, this becomes much more difficule.




Fig. 26-5. The reaction K+ + P— K+ 4 o + A% 4 " o 2" scen ina hydrogen
bubble chamber, The SHONE DEction conserves stramgeness. The picture shows a large
numper of inceresting sec ondary reactions: che =* scatrers off a procon and subse
quently decays according o == — w4+ ¥, with the 4 decaying ot — o+ 4 5 4 7:
the = decays #® — 3 + 51, with i = et 4 o and o 6t o . the ¢+ under
Boing Bremsserahlung e* — e+ + 5 the A7 decays according to A° — P 4 "
the K underpoes the decay K° — »* + » (3 rtesy of Lawrence Berkeley Laba-

rarary, University of California. | .
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D. Strangeness

In the late 19405 it appeaced as if the basic ingredients of a theory of the
stramg inperactions, those responsible for the nuclear forces, were established. The
forces acted berween the nucleon doublets, and the ' gluc™ giving rise to these
forces was the pion tripler, as predicted by Yukawa. There remained the in-
superable rechnical problem of making reliable calculations (because the potential
is strong, perturbation theary cannot be used), but the expectation was tha this
problem would, sooner o later, be solved, It was therefore very exciting when
around 1950 cosmic ray experiments, and later, the first high-energy accelerators,
indicared the existence of a new set of particles. The firsc particle so discovered
was the A°: it was found char when a cloud chamber was exposed 1o cosmic rays,
g cercain number of V.shaped tracks were seen. When the cxperiment was
repeared in a strong magnetic field, it was found that the tracks bent in opposite
directions; the curvarure of the tracks in the magnetic field determined their
momenta, and the range determined their energies. From this, the application of
(269) allowed the determination of the mass of the particle that decayed into
the Pand = it was given by My = 1115 MeV. The apex of the V, marking
the point of decay, appeared a certain distance from the point where the produc-
tion interaction occurred. From this the liferime of the A” could be determined,
and was found to be 2.5 ¥ 107" scc, From the number of A's seen in @ given
number of photographs it was determined chat they were produced with a cross
section of the order of 10-¥ cm®. In addirion to the decay mode {see Fig. 26-3).

A Pt
the decay mode
A= N+ 1

was later cstablished. Another pair of particles wers also found; these were the
sigmas, I*, with Mz* = 1190 MeV, lifetimes rz* = 0.8 X 10~ sec, vy =
1.5 % 10~ sec, and dominant decay modes

'.‘_,’_,_',..-WP‘J.-ﬂ"nl
3+
T Nt

¥ — N+

At about the same time other tracks appeared that were finally interpreted as
caused by new paricles with Ng = 0. Their decay modes were (see, for cxample,
Fig. 26-5}.
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In spite of the different final stares, these were ateribured o single particles
because in each case the masses came out mige® = 494 MeV and the liferimes also
clustered around the values rga = 1.2 % 10 sec and x> = L8 * 10" sec,
These K mesons were also produced with cross sections of the order of 10~ cm?,
The discovery of these parricles and their properties caused a crisis; the
darz, taken ar face value, were not compatible and if taken seriously implied that
quantum mechanics could not describe the behavior of these particles, To see
this, let us describe the marix element for the decay A” — Pr~ by the number
G. According to the Golden Rule, the decay rate is given by
2, d/dE 2 dnp dp/dE

- il — 26-12)
= S oy ~ R T iy (26-12)

With relativistic kinematics {p is the center of mass momentum)
E = (M) + pe] 4 [(mec)t 4 pret]in

dp/dE evaluared st E = M,e* can be calculated, and we ger, writing G
dimensionless form as

Rk

My

CHEDEENE) e

The dimensionless aumber B is the analog of the fine structure consant e
Pucting in numbers we get for the decay rate

R =068 % 10" sec! (26-1%)

=4 (26-13)
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from which we find that § == 0.7 X 107'% This number is very much smaller
than the fine structure constant and suggests that che interaction responsible for
the decay is much weaker than the electromagnetic interaction. On the other
hand, if the A® is produced in a conjectured reaction such &s

4+ P A"+

one can use the A°Pr~ coupling to estimate the cross section. Estimates of che
type we used in our discussion of the photoelectric effect suggest that the cross
section must be proportional to 8. The largest “area” involving the masses of
the particles involved thus gives, with che above 8

'
o =~ xfi (i‘) = 4.5 ¥ 107" cm? {26-16)
This differs from the experimental value by a factor of 10 and no minor changes
in the estimates can save us. It thus appears that the A” is produced by a streng
interaction and decays through & weak interaction.

The way out of the dilemma was suggested by Pais, who proposed that
the production process necessasily involves another one of the new particles, so
that reactions involving pairs of the new particles could proceed strongly,
whereas reactions involving only one of them would have to go slowly. Thus
the conjectured reaction

4+ P A"+
should not take place, but that
v+ P A"+ K"

for example, could. The suggestion of Ausciated Production turned out to be
cotrect, and it was soon derermined that the production of a A® was always
accompanied by the production of a K. The limitations of the Pais proposal were
seen when still another particle, named the Cascade (57), was discovered. Pre-
liminary evidence showed it to decay, with a lifetime of 1.7 X 107" sec, eccord-
ing to

EoAN A+
but it did nor decay according to the mode

E—= N+

Its mass was found 1o be Myc® = 1321 McV, If the E “belonged with” the A%,
then the first decay mode has a pair of the “"new’" particles, and should go
rapidly; if the E- is “normal”™ then the deaiy

E-—e N+ v

should go rapidly, instead of not ac all,
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Fig. 26-6. Hadron spectrum ss known in 1953 hefore the discovery of other
particles predicred by strangeness theory. The energies are only approximare, and
the new parricles predicred by the strangeness theory are given by the dotred levels.

Order was brought into the jumbled situation by Gell-Mann and by
Nishijima, who independently proposed the extension of the notion of i-spin to
the new particles, and introduced a new quantum number, the strangenes 5. The
spectrum of baryons (the name for nucleons and the new particles that ulimately
end up a5 nucleons) and mesons was, by 1953, believed to have the form shown
in Fig. 26-6. It is clear that the 2* — A® mass difference is too Jarge to put them
into an i-spin triplec. Thus, in the absence of equal mass partners, the A had 1o
be an I = 0 state. Since the production cross section in the reaction

7+ P— A"+ K"

was Jarge enough to be viewed s a strong (rather than eleceromagnetic) process,
#-spin should be conserved. The Jeft side has I = 3/2 or 1/2, and thus the E*
must belong to one of these multiplets. The absence of any observed K++ ar
K=, needed to make up a quartet, showed that the K* would have to be part of
an [ = 1/2 doublet, with [, = —1/2 equal to the I, of the Pr— system. The K+
was undoubtedly the [, = +1/2 parmer of the K®. The lifetimes of these two
particles could be very different, since the weak interactions need not conserve
i-spin any more than the electromagnetic ones do. The K- _is undoubtedly the
antiparticle of the K*, and its I, = 1/2 partner is denoted oy K°. Mote thar the K°
cannot be identical with the K* since they have different values of I, How is i
passible for & neutral system not to go into itself under charge conjugation?
We saw that the antincutron differed from the neurron, because they differed in
the value of baryon number Np. Whar i the quantum gumber that distinguishes
between the K° and rhe K77
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To answer this guestion, let us consider the relation berween I, and the
electrical charge. For the nuclecn system we have

Q=1L+,

2
and for pions
0=1I
These two cases, and that of the antinucleon, can be combined in
Ng
Q= I+ a

This formula, however, does not work for the new pamicles. If we modify the
formula by the inroduction of 2 new quantum number § called che strangeness,
s0 that

gy Na S
Q=L+ 4 (26-17)

we find that for nucleons and pions § = 0, but for the A” we must have § = —1.
Thus the K and its partner, the K*, must have § = +1, and hence the K~ and
the K° must have § = — 1, if we azsume that charge conjugation also s the
sign of §, as suggested by (26-17). This is che reason that the K7 and the K* are
different. How this manifeses itself we will see later.

Continuing with owr examination of the baryon spectirum, we see that in
the absence of Tt and/or T, it seems natural to assign [ = 1 wo the '
This however predicts the eustence of a 2°, of mass close 1o 1190 MeV. Why
was the deciy

EaPLta

(analogous 1o the A® decay) never seen? Gell-Mann pointed out that the eleciro-
magnetic decay
E Aty

did nor involve a change in strangeness, in contrast to the former decay mode.
With the postulate thar a decay in which strangeness changed by one unit,

|A5] =1 {26-18)

should go “weakly™ with cypical lifeume of the order of 107" sec, while strange-
ness conserving reactions should go stongly, or electromagneically, it was
possible to predict chat the £° — A® + y decay should be very rapid (v ~ 107%
sec), keaving no opportunity for the weak decay to take place. A careful stucy of
A" decays showed that they frequently originated in a reaction in which some
momentum and energy was missing. An examination of the missing momentum
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and energy showed that the mass of che missing particle was consistent with 0,
and that the photon and A" were decay products of something with mass 1192
MeV, confirming the existence of the Z°. How do these notions, thar is, con-
servation of §in the strong and electromagneric ineeractions, and |A5] = 1in
the weak ones, work for the Z-7 The weak decay

At

suggests that the seangeness of the 5~ must be 0 or — 2. The former assignment
is incompanble with the absence of

EoN4+

and hence we must ke § = —2. This implies that the 2 has I, = —1/2, and
in che absence of multiply charged Z's we assign to i I = 1,/2. This predicts a
partne, the Z°, which should have mass around 1320 MeV and decay according
o

oA+

(the decays £ — E + = ate not possible because of the masses of the paricles
involved). The Z° was locked for and found ! The explanation for the absence of

E—=N+r

lies in that it is characterized by |AS! = 2, which is presumably doubly weak,
characterized pethaps by a 8 of magnitude 107,

The notion of sirangeness conservation in the strong and clectromagnetic
interactions, and [AS| = 1 in the weak ones, has passed every test. The dassi-
ficacion of particles by #-spin and strangeness, ot equivalently by hypercharge ¥
defined by

¥V=DMNg+ ¥ {26-19)
is given in the following cable.
Baryons Mesons Antibaryons
¥ I Ng=1 Ng =0 Ny = —1
1 P
1 5 PN kY K? ==
0 1 .E", e = L L o -, I8, &+
0 0 AR ¥ Al
1 . _— -
-1 3 =, = * K*, K- MNP
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Subsequent determination of the spins and parities of these particles
showed that all the particles in the first column were 1/2% and those in the
second column weee 0. If we are looking for pareerns, where is the missing
I =0, Y = 0 pseudoscalar meson?

E. Unitary Symmetry

The search for a familial relation among the baryons and among the
miesons was actively pursued in the late 1930s. Finally in 1961 Gell-Mann, and
independently Ne'eman, discovered a generalization of i-spin, bearing the

l’_ln.
1 = x b4 "
YA E 10
1f= x x or ® * #
o = ™ * -1 x x
-1} = = -2 ®
| | | | ] = L Lt 1
-1 2 0 w2 10, -3 1R 0 v T oAy,
YA
2=~ Ed Es = 21
T— x s 4 O kg
DF— = L+ nx Ww J-;
=1 * i X o
) . F = "
L4 11 & 1 1 i |
—2-2 -1 -wz 0o Vo3 1oy,

Fig. 26-7. Some SU(3) representations. The number of crosses at each sice zepre-
sents the multiplicity. Thus the 27 consists of a ¥ o= 2, 1 = O stare, ¥ = 1, 1 = 3/2
and 172 sraces, ¥ = 0, I = 2, 1, 0 states, and 50 on,
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technical name of SU(3). Since group theory, the tool most widely used in the
search, is beyond the scope of this book, we can only give a very qualicative
idea of how the familial relation looks. In SU(3), states come in supermultiplets.
Each supermulriplet will consist of a number of states that can be labeled by
i-spin as well as hypercharge. Figure 26.7 shows the several supermultiplets,
the octet, 8, the decopler, 10, and the 27. Figures 26-8 and 26-9 show how the
1/2* baryons and the 0~ mesons fit intc the octet patsern. The missing I = 0,
¥ = 0 pseudoscalar meson was found in the examination of ~r—+* masses in
bubble-chamber picrures, A study of

(mg®}? = (E, + Ey 4+ E) — &(p. + p_ + po)?

showed a strong peaking st my® = 550 MeV, and an analysis of the distribution
of the energies and momenta among the three particles showed that the decay
partetn implied the quantum numbers 0~ for that particle. The absence of similar
corelations in wtxter, say, showed thar the i-spin had to be zeto, Since the
decay was clearly not weak, the strangeness had o be zero,

If che SU(3) symmetry was indeed a badiy broken (badly, compated to the
only slightly broken /-spin symmetry) symmetry, then it should also be relevant
to the excited states of the nucleon. The I = 3/2, ¥ = 1 A(1236) resonances
needed partners, In 1960 a set of Ax resonances were discovered. The i-spin was
clearly 1 and the hypercharge was 0, and detailed rests showed that the spin and
patity were 324, 5o that these so-called E*(1385) were most likely partners of the
A(1236) in a supermultipler. The simplest possible assignments were the 10 and
the 27. Gell-Maan and others conjectured that the 10 was the appropriate choice.
The discovery in 1962 of & Ex resonance of mass 1331 MeV, with [ = 1/2

¥
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Fig. 26-8. Octer partern for spin 1/2* baryons. The diagonal lines are lines of
constant charge (- *
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Fig. 26-9. Octer pattern for mesons. Included is the T = 0, ¥ = 0 paridle
" discovered in 1961,

{no E-v— resonance, for example) scrongly supported this assignment. What was
still missing was the last member of the decuplet, an [ = 0, ¥ = —2 negarively
charged particle. What would it look like? Here the patretn of masses of the
other members of the decuplet, A(1236), £*(1385), and E*(1531) suggested
equal spacing increasing lincatly with | V7], IF this were to be maintained, the
missing particle, called the @, would have co have mass in the vicinity of Mu®
= 1675 MeV. This would give the fI~ a unique signature; its mass is oo Jow
to decay smongly into £ + E, and hence it must undergo & |AS| = 1 decay ro
A°K or Er. Its production would also have & special signatute, since the lowest
possible Y.value for an initial state is ¥ = 0 for K~ + P collisions. Thus, w0
make a ¥ = —32 1, two K's would have to be produced.

A massive search for such o parcicle was undertaken, and in 1964 the
first §F picture was published (Fig. 26-10). The production process was

K-+ P+ EH 4K

and the decay
O — + E

|———t."|.°"|"'s|"ul
‘.Il'+‘r'

I——» ete
I—a e

‘_._F_r’..
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The fact thar in the »° decay
Tyt

both y-rays produced pairs was very fortuitous and makes the picture a rextbook
example of what theoreticians dream of, but experimentalists seldom see. The
mass of the I~ was found 1o lie remarkably close to the predicred value, ar
1672 MeV, The spin and parity have not yer becn measured, since to date there
exist only 28 0~ pictures, but there is no doubt in anybody's mind of what the
outcome will be,

The SU(3) symmetry, just like i-spin conscrvation, makes predictions
about decay rates among particles in the same supermultipler. Thus there are
predictions relating A* — P 4 o, EF* — A" o gt and E* — 5 4 57
that are in good agreement with cxperiment, given the fact that the symmetry is
broken. The generally accepted view is thar SU(3) is indecd an underlying sym-
metry of the suong interactions. The mechanism by which it is broken is not
yet well understood, although some pattems (such as the equal spacing rule in

Fig. 26-10. The firsr & The mass of the @ is below the & 4+ K mass, so that
a strangeness-violating (weak) decay is involved, What is seen in the bubble-chamber
picture is the sequence - — E° + «; 2% 4 A" + 2% 2+); A" — P + =+, [From
Barnes e al, Phys. Rer. Letiers, 12, 204 (W954), courtesy of Brookhaven Marional
Laboratogy and D, N, P. Samios.)
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the decuplet) follow from some simple postulates about the nature of the
symmetry breaking. All of the many resonances that have been found can be firred
into supermultiplers, although frequently cheee are still undiscovered parrners,
Ir is a remarkable fact that all of the mesonic resonances (and there are now
17, 17, ¥* and (probably) 0* ocrets) and all of the baryonic resonances fit into
octets for mesons, and octets or decuplets for baryons. This absence of higher
supermultiplers, for example, the 27, cannot be understood on the basis of
SU{2) alone. It does follow from & simple composite model of elementary
particles, called the guark mode! first proposed by Gell-Mann and by Zweig.

F. The Quark Model

The question of which particles are elementary has been a pressing question
in this fundamental field, and with the recognition that the "elementary” proton
and neutron had six partmers, it became clear thar if there were some elementary
building blocks, there would most probably be fewer than eight. What mighe
these building blacks be like? We have spin 1/2 particles as well as spin 0, 1,
3/2, . . . particles. These can be made out of spin 1/2 building blocks, but not
out of spin 0 building blocks; similarly we need an 7-spin doublet, at least, to
make up F-spin 0, 1/2, 1, and 3/2 states. In addirion, we need at least one more
particle differing in hypercharge from the doublet, so that various Y states can
be construcred. SU(3) happens o have, as its simplest noncrivial staces, a chree-
particle representation and its antparticle representation. These representations
narned “quarks™ can be used ro build up other SU{3) representations, just like
angular momentum 1,/2 can be used to build up angular momentum stazes of |
different from 1/2. The rules rurn out to be

3e3= 841
303= 643
jeled=10+8+8+1
so that it is plawsible to assume that mesons are made of “quarks™ and “ant-
quarks,” and baryons and their excited states are made oue of three quarks each,

In this way the absence of higher represenrations can be understood. In order
to maintain the formula

¥
Q=L+

the following quantum pumbers are assigned to the quarks, which are labeled
with lowercase letters related 1o their /-spin conrent, g, o, and A,
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Particle Ny T I. Y 4]
? i i i i i
i i ] | 3 -4
A i 0 - -1
) -} 0 3 i
" -1 3 -1 i
? -4 L -4 -4 -1

To construct the composite wave functions for a quark-antiquark system, we
start with the highest Y and highest I, states; lowering I, can be done by succes-

sively converting p — » or m — p. To ger the states of one Jower unit of Y,
convert a p roa A oran & to a h, For example,

K+t = (ph)

Hence
K® = (nk)

To get the »* state, convert A — 7 in the K*. This yields
rt = (jpm)

and then, successively*

©m e (—pp 4 )
x V3 B+ mx

™ = (np)
The K~ and K® are just the antiparticles of the K doublet, so that
K = ()
K- = (\p)

There remains the 1 = 0, ¥ = 0, 1” scare. It can be cbuined by converting
#— hn the K¥. What one gets is part 1° and part =°, but since we already know
what part #% is, the 9° can be found by insisting that it be orthogonal to the #°.
The choice turns out to be

(2 = pp — mn)

-

=

. Y'The minus sigr in the =" is # technical subtlery, In effect, the watispinor 1o (p, #) is
(=, — p.
-
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There remains a final possibiliy:

v,—{P?+n+Hh"

arthogonal tw both #° and #°. This is, in fact, the 1 in the decomposition 3 X 3 =
8 + 1, and it docs correspond to a particle that has been identified, the ¢'(958),
which also has spin and parity 0

The bound states with L = 0, that is, the 15, states, are the pseudoscalar
mesons (recall that the parity of an antiparticle has an additional minus sign).
One can imagine [ = 1 states, for example, 'P; (e, 17) bound states, and also
3P, 0 states (2%, 17, 07), and 50 on. Many of these have been found. The quark
model, being more specific than SU(3) yields more predicrions, corelating
decays of particles that have different spins.

The three-quark wave funcrions can be worked out just like the quark-
antiquark wave functions. The highest Y, I, state is the {gjp) state, which can be
identified with the A™. Irs partners are again obtined by successive conversion
of f—+m

&+ = (ppp)
&% = 7 on+ pop + )

a® v_ {prem + mpm + mmp)
A= = (mnn)
The EZ** is obrained from {gp) by changing p to A Thus

2= S )
A v_fpnk+nph+‘bh+rslp+lpx+luﬁl

= _V—ql:m'h 4+ ke + hna)

Successively
1
Y o — (B A
o5 P T )
B m -\.Lr’i [k + Auk + Whw)
and

- = A
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The four multiplets differ in the number of A quarks. If it is assumed that the
symmetry breaking completely resides in the fact thar che & quark is some 120
MeV more massive than the {p,n) doubler the mass partern of the decupler can
be understood. When this argument is applied to the meson ocet, it does not
work as well with a 150 MeV mass difference. However, che relations

my = 2 wp + binding

mx = My -+ oo+ binding

2 1
my =3 (2m) + 3 (2me) + binding

{the factor 2/3 coming from the probability of finding the »” in the X\ scate)
lead to

1
me = (3, -+ mi,) [26-20)

which is known as the Gel-Mann Okubo mass formula. It works o about a
10 percent accuracy, but is very good if the relation is written for the squares of
the masses. Incidentally, the same formula will work for other octets, and for
the baryons it will have the form

1 1
3 (mp+ ms) = 1 (3m, + mz) (26-21)

It is quite accurate, and is somenmes used to estimate where partners of incom.
plece actets might be located.

The quark model leads ro many other predictions. For cxample, if it is
assumed thar at high enesgies all quarks and anvquarks interacr identically,
leading to equal cross sections, then i follows chet in PP collisions there are
nine possible interactions and in v collistions thers are six, so that

al{ PP}

3
— — = i
oinP) 2 (26-22)

Surprisingly, this simpleminded counting wotks very well, both in this instance
and in*many more. It is an urgent and as yet unsolved problem in parricle
physics to understand why quarks, which must be very massive if they exist ar
all, since otherwise they would have beeen seen, ace in such a simple additive
manner. Orher questions remawn. Why do three quarks bind, bur nor rwo?
More detailed considerations show that quarks, even though assumed o have
spin 1/2, act as if chey did not abey JFermi-Dirac statistics. Why is this so?
We do not know,
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G. Parity Nonconservation
In addition to the strong interactions and the elecrromagnetic interactions,

there exist, in narure weak interactions. They were fiest discovered in bera decay,
that is che reaction

N—=P+e 4+
and related reactions such as positton decay

P N4t 4w
and the caprure reaction

& T PN+t

with the last two ocourring only in nuclei, What was observed was 2 noclear
decay of the form

l:AlZ} -+ II.AJZ + I-: + &

The electrons did not come out with a fixed energy, as they would have to if this
was a two-body decay, although the maximum electron energy matched that
available for & two-body decay. Faced with the choice of giving up energy con-
servation of proposing a new particle, Pauli in 1931 postulated thar thete exista
neutral particle emitted in the reaction with the electron. The propetties of
the new particle, named the sewtring, were the following:

1. Charge conservation required thar ir be elecerically neurral.

2, The equality of the maximum electron energy to the available energy
required thar the neutring mass be very ny; it is now believed to be zero.

3. Studies of che spins of the initial and final nuclei required the newtrino
to be a fermion. 1t 1s now known to have spin 1/2,

4. The nevmrino was not found when ic was first postulared. The reason is
that it inreraces very weakly with marrer. The cross section for neutrino absorp-
tion could be calculaced with a denailed theory proposed by Fermi in 1932, and
it was shown to be 1074 cm? at low energies. Thus, in spite of its esoteric nature,
the existence of the neutring was accepted by most physicises, and it was finally
identified in 1934, Nowadays neutrinos coming from che decay of high energy
pions are used to study high-energy neutrino-nucleuws collisions,

The Ferrma thlmr,r of beta decay explained a class of weak decays, including
those involving & new particle, the muon (p), which is for all pracrical purposes
an electron of mass mee® = 105 MeV, which was discoversd in che 1940s. It could
also explain in principle, if not in detail, decays such as

(2)+
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since these could cocur through the steps
=P+ N

o)+

v
»

with the N-N annihilating. With the discovery of the strange particles, weak
interactions not involving electrons, muons, and neutrinos appeared on the
SCENE, 45 in

A= P+
and
Kt — ot | #°
Et— gt 4+ gt + o

The latter decays artraced much attention. As the experimental dara began to
point to the fact tha the K meson had spin 0, a parmdox arose. The decay

K—2n

into two spinless particles implied that the orbiml angular momentum also had
to vanish. Since both pions were of negative parity, the implication was thae the
K had positive paricy. On the other hand, a detailed study of the energy distribu-
tions in the decay

K— 3=

suggested very strongly chat all three pions were in § states relarive to each other,
as might have been guessed from the small amount of kinetic energy available
to the three pions in the decay. This meant that the parity had to be (—1)2,
that is, odd, since there were three negative paricy particles in che fnal state.
These conclusions were inconsistent with the well-established principle of the
invariance of the laws of physics under space reflection.

In 1956, Lee and Yang, in 2 very impottant paper, raised the question,
How do we really know that parity is conserved in ie weak interactions? Thete was no
doubt abour the validity of parity conservation in the electromagueric inrer-
actions. Paricy conservarion implies some selection rules, and these are satisfied
to a high degree of accuracy. This degree of accuracy is not high enough, how-
ever, ta say anything about the conservation of parity at the weak interacrion
fevel. In the direcr study of weak interactions, rhere ‘are also some selection
fules; for example, the K should not be able to decay into 2x's and 3a's! In
general, what is needed to check parity nonconservation is to examine & physical
observable that allows us to distinguish between our world and & “wodd re-
flecred in a mirror.”” The question immeliately arises, Would nor a stace of an
clectron, moving with momentum p, be reflected into a state with momentum
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~p, and would not this distinguish berween the two worlds? The answer is thac
this would not, provided that both stares are equally probable, so that if we see
an electron with momentum —p we are not forced to the conclusion that we
live in the "mirror’” world, The existence of elliptical orbits in planetary physics
is not evidence against the invariance of the laws of gravitation under rotations,
unless some elliptical arbits are preferred to others, Thus to distinguish between
our world and the “mirtor” world more subclety is needed.

Suppose we had a onc-dimensional potential that violared parity con-
servation, thac is, Suppose it was of the form

V(x} = Vevenlx} + Voulx) (26-23)

and suppose thar Vogefx) is very much smaller than Vepenlx). If #a{x) are the
eigenvalues of

2
Hy= Bt vl (26-24)
2
then the Jowest order energy change due to the presence of Foaa(x) is
AE, =f v 4™ (x) Voaa(x) anlx) (26-25)

Mow the Hamiltonian Hy is even in x, and hence, as discussed in Chapter 4, the
eigenfunctions &,(x) can be chosen as eigenstates of the parity operator, thar is,
they are either even or odd. Consequently, AE, vanishes, that is, 2 measurement
of the energy cannot be used to distinguish between a world and & "mitror”
world, The second-order energy shift will not vanish, but since it is quadraric
in Foaqlx), its contribution will be the same in the two worlds. The argument
can be generalized.

We can similarly argue that a determination of a decay rate cannot dis-
tinguish between the two worlds. If parity is not conserved, it is possible for
the matrix element for some transition to have the form

M= Mo + Mg {26-26)
By the Golden Rule, the decay rate has the form

]
E= E—EE Mo + M.,M| p(E) (26-27)
i
In the “mirroc” world chis takes the form

2
plE) (26-28)

ir
R = I E‘A{Hm — My
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On the face of it, it looks as if the decay rates are different, We must, however,
be careful in describing the difference between the two terms, First of all, M.,
must be a scalar; it cennot be a vector, since this would single out a direcrion
in space and ultimetely imply lack of angular momentum conservation. Thus if
there are momenta p, in the process, then M., can be a function of varicus
products pe-py. If thete are spin vectors present, then it can also depend on
5:-8;, and on (pi-S,), but not on pi-S;, since the last is 2 pseudoscalar quan.
ticy; whereas momentum changes sign under an inversion, the angular momen.
tum dees not (e.g., ¥ X p does not, and hence the spins cannor). On the other
hand, Mg must be linear in a pseudoscaler quantity. Thus if there arc more than
three independent momenta in the final state of a decay, a possible pseudoscalar
is puepr X o In two or three body decays, the pseudoscalars must be of the
form S-p where 8 is one of the spin vectors and p is one of the momenta,
Hence, if for definiteness we assume that

M= A+ BS.p (26-29)
then
2 Moo £ Mogal? = 2| A4 T [B2(S p)e
4 2, (AB* 4 A"B)S - p (26-30)

In a decay rave che spin stares are usually summed over, that is, no measurements
involving che corelation of the spin and momentum are made. In thar case the
last texm vanishes, and the rates are the same for the world and the “mirror”
world. It is only if the presence of a correlation such as 8- p is measured, tha is,
if @ presdnscalar guantity 5 measmred, that parity nonconservation can be detected,

Lee end Yang then suggested several experiments involving the weak
interactions in which such correlations could be measured, Within a few months
of the appearance of their paper a number of cxperiments showed that pariy wa
indeed vivkated in the weak interactions. What does this do to che cherished notion
thac the laws of narure should be invariant under inversion, that, so to speak, it
should not be possible ro instruct an extragalactic being on how to make & right-
handed screw? It now appears that the weak interactions nor only viokte parity
conservation, but are also not invariant under charge conjugation, They ave
imvariant wnder combined charge conjugation and inversion, CP. Thus, from a routine
arrempt 1o determine the parity of the K meson from its decay grew (a) the
experimental verification that parity is not conserved in the weak interacrions,
(k) subsequent clarification of many aspects of the weak interacrions. not
possible before parity nonconservarion had been observed, and (¢} the discavery
that nature shows more tmagination than physicists, a3 in supplanting © and P

by CP invariance. -
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H. The K° — K® System

As our final topic we discuss the implications of the consequences of the
strangeness theory thar the K is aoc identical o its antiparticle, the K®, since
these implications make use of simple quantum cheory and are quite starding,

" As noted before, whae distinguishes the K from the K° is the strangeness, and
in a production process it is clear which of these is produced. Thus in the
rEACTION

4+ P=— A"+ K"
we know that a K° is produced; in the reaction
K-+ P—N+K°

we also know that it is the K® that is produced. Given that the particles are
pseudoscalar, we find that

CP|K®) = —|K°)
CPIK*) = —K°)

Thus both K and K° may be viewed as linear superpositions of CP eigenstares;
if we wrire

1 - 1 _
Kw — (K K Fe—— K,
v’2“+ ¥ v‘i{ K + Ki) (26-31)
it follows that
CPIE = |K} CP|E) = — Ka} (26.32)

Since CP is conserved in the weak interactions, and the s*x— system with zero
angular momentum is even under CP, in the decays

K" — wta—
e

it is really only K; that is decaying. Both K; and K; can decay into some of the
other modes, for example,

wtrn®

Ty
In general, both K® and K* or K; and Ky are equivalent basis states in a two-stace
space. The strong interaction production process acts as a polarizer, producing a

particular particle K°, say, of equivalendy, a particular coherent mixture of
K and K; {coherent, in the sense chat the phase relationship is fixed), Afrer 1071
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sec strangeness no longer means anything. The weak decay into s*»— acts 25 an
analyzer, and it picks out K1 Gell-Mann and Pais in 1995 pointed out thar the
remaining Ky component persists, and, since it cannot decay into the 2r channel
available to the K, ptesumably has a longer lifetime and should be looked for,
with one of the altemarive decay modes. The K; was locked for and found. Ir
had a lifetime of abour 5 % 107* sec compated with 0.8 3 10 sec for the K.
Other interesting effects emerge. Pais and Piccioni noted that if one starts with
a K® beam, then after 107!% sec one is left with 1,/4/2 K, that is, 2 beam of the
form 3(K® + K°). If, before the K; decay can take place, matter is interposed,
then, because of the different swong interactions of the K® and the K com.
ponents, for example,

K°+P =K+ P K+ P—K+P
K°+ P K*+ N K+ P—2+a°
K+ N—-K+ N — I 4 gt

the particular phase relation is destroyed, and one no longer has a pure K3 beam.
Hence, 2x pairs will again be scen, since the mixture now will invalve some K,
Thus under the idealized conditions chat all the K¥ are absorbed, and the K°
merely scatrered in the forward direction, whar emerges from the intetposed slab
of material is $K°. The phenomenon, known as regeneration, has been observed
and swdied in detail. (See Fig. 26-11.) The verification of the prediction of
Gell-Mann and Pais adds strong support to our belicf in the validity of quantum
mechanics as the proper framewark for the deseription of subatomic phenomena.

This is 2 good note on which to end. The reader, having mastered the
material that we have presented, is ready to go deeper into the study of quantum
mechanics, in which more sophisticated mathemartical tools are necessary. Such
a study will bring him or her to the frontiers of knowledge, be it in the investiga-
tion of the structure of elementary particles at encrgies of hillions of volts, the
properuies of marres &t 107 K°, or the nature of nuclear marcer on the surface and
inside a neutron stat, Wherever he or she chooses to go, there will be excitement
and surprises.

AT absered 2 "
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Fig. 26-11. Schematic drawing of regeneration experiment,
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Problems

1. A 10 MeV positron collides with a hydrogen atom ac rest. Write down
the energy and momenrum conservation relations. Taking into account the fact
thar the proton mass is Myc* = 940 MeV, what will be the energy of the emitted
photon from the reaction et 4+ H— P + ?

2. Whar is the theeshold energy for the production of an antiproton in
the reaction

P+P—P+P+P+P
One of the inirtial protons is at rest.

3. He® (PPN} and H® (PNN) are likely candidares for an f-spin double:
(theze is no mineutron nucleus). Consider the reactions

¥" + He?
p+n::::
rt + H?
Show that j-spin conservation predics char

a(He’) _
e{H)

-

Hins. Write cut the initial stare (why is it an /-spin eigenstare?) in terms of the
='s (analog of Y, ) and He?, H? (analog of x4, x— in spin 1/2 wave funcrions),
as was done in (26-11).
4, Which of the following reactions can proceed strongly, which weakly,
and which not at all, and why?
P+ P—F+ A"+ K
P+ PP+ A"+ 7t
T+ PN+ E
7 P= A" K
F+PoEKr 4+ K4
P+P—N+ A+ N
Kf =yt et + o
KP—gt 4
5. Consider a beam of pions impinging cn a proon target. Whar is the
threshold for K production? What is the threshold for K- production?
{Hemt, Start in the center of mass frame. )
6. Calculare the paremeter § introduced in Section I} of this chaprer that

characterizes the decays (8} T+ — N + «* and (b) K¥ — «* + =" The rates are
0.6 X 10 sec and 1.7 X 107 sec™! respectively.
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7. A particle 15 seen to decay weakly (Jifetime of the order of 1671 sec)
as follows:
X—gt + gt
What can you say about the particle on the basis of rhis information? Consider
(a) limies on its mass, (b) /-spin, and (¢} spin, parity. Into which SU(3) super-
multiplet, of the ones discussed in this chapter, could this paricle fir? What
would be the significance of the observation of such a parricle?
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| special topic 1

Relativistic Kinematics

In this section we surnmarize some formulas thae are useful in simplifying
the effects of relativistic ransformations from one reference frame to another.
A typical application arises in scattering: theory deals with the center of mass
frame, experiment with the laboratoey frame, and the results of the two must be
compared, The simplifying technique to be used is based on two results from
the theory of special relativicy:

{a) The scalar product of two four-vectors, A, = (A, A) and B, =
{By, B), defined by
A-B= AB, = (AB;, — AB) (ST 1-1)

i§ invanant under Lorentz cransformations,
(b} The energy and momentum of a particle wransform as a four vector

b= (% p) (5T 1-2)

whose square of “length” is given in rerms of the test mass of the parricle

E
P = et = “f‘! - pl= i (5T 1-3)

In general, a collision berween two particles, leading to two particles in the
final state, for example,

Alpa) + Blpa) — Clpc) + dpn)

will be chasacterized by just two numbers, The reason is that there are 4 % 4 = 16
different components of four momenta; chese are restricted by four mass condi-
tions (ST 1-3), and four eneegy and momentum conservation conditions;
furthermore invariance under wanslation and under totation implies rthar six
more coodinates, the center of mass momentum, the orencation of the scatter-
ing plane in space and the choice of axes in that plane arc imelevane.

For our two invanants, we take

= (fpa+ pel* = (pe + po)? (ST 1-4)
461
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with the second term following from four-momentum conservation, and

= (pe — pa)* = (po — pu)? (ST 1-5)
Another possible choice is
g (pp — pa)® = (pe — pal’ {ST 1-6)

These three are not independent, since the reader can easily convince himself chat
pis+ P ™ pos + pop, the energy-momentum conservation law implies

At o= m et  omate? + melet 4 mpt (5T 1-7)
The invariants have the following significance.
s: Consider the center of mass frame, in which
pa+pn =0 (ST 1-8)

s = (poa + pus)® — (pa + pa)*
5
(4 [3
- % (Ey + Ea)? (ST 1-9)

that is, it is, within the factor of ¢, the squase of the rotal center of mass energy.
We follow custom in labeling the center of mass coordinates with an asterisk.
#: The significance of # is somewhat clearer in the special (but very com-
mon) case that particles A and C, and B and D are the same, as, for example, in
the reactions
x4+ FP—r+ F
and
THe—+yte
I that case, in the center of mass frame,
Ps= —Ps4 Pp= —Pc
Ey + Ep = Ec + Ep (ST 1-10)
and
my = g My = Wp (ST 1-11)
imply thar
':F;g E e "’?»I e ':P‘T!’ &+ m'lﬂ.‘d}l's
= (pe* ¢ + ml Y2 + (pc® & + mp P
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that 15,
Ey=E¢ Ep=Ep (ST 1-12)
Then

= —(py — pc* (ST 1-13)

that is, it is minus the square of the momentum cransfer in the center of mass
frame.
Note that # is related to the center of mass scattering angle. The above yields

t= —py* = pc + 2p4 - pC

= —pi* — pc* + 2|pi| pc| cos 8° (ST 1-14)
The laboratory frame is characterized by pp™ = 0
pre = (mac, 0) (8T 1-15)
Thus
$=(pat pa)l = pa* + ps* + 2pu - pu
= ma% L mipt + 2mpE,t (5T 1-16)
and
t= {Jﬁb — pu)?
= mptc + mp*t — 2mgEpt
- f,PA = ,Fc‘:ll
= mat + mole® — 2EFEN A+ 2patepet

ma'e 4 mel = 2B B/ + 2|pa®|[po| cos 8% (ST 1-17)
This, with the help of
Eak + mge* = Ec* + Ept (ST 118}

and the fnvariance of s and 8, that s, the fact thae sand ¢ have the same values in the
center of mass and the labotatory frames (or any other frames) allows us w
compute the relation berween center of mass scatteting angle and laborarory
scarrering angle, and berween the energies in the two frames.

The transformation properties of differential cross sections, der/d (cos &)
are obtained from the starement, which can be established when one formulates
scatcering theory relativistically, that d ir an freariant, Hence

do

- (ST 1-19)
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is invariant and, to exhibit the cross section in a form in which the mansforma-
tions from one frame to another are mose easily done, it is best to write it as a
function s and ¢ We will not do this here. As a final peripheral comment we
note that the expression for the
2
i 2wfi)?

is not relativistically invariant. However the manifest invariance of

[ apss -

= f ﬂ“pfdﬁuﬁiﬁu’ - p'— i)

Peira

B O - -
Wpr 4 e 2] (pie + mie
(ST 1-20}
shows that

ip 1
E (2=h)*

is invariant. Maurix elements in relativistic theories always have the particles
noamalized not according co

(5T 1-21)

LI
V'V
but according to
1 1
VVVE’

s0 that the necessary factors emerge from the square of the marrix element.

ip-r/A




speci al topic 2

The Equivalence Principle

According to the relativity principle, the laws of physics must be such as
o make it impossible to distinguish berween two inertial frames thar differ from
each other only in thar one is moving with a constant velocity relative to the
other. Common experience suggests another equivalence; it is nor possible
o distinguish by simple mechanical observations whether a sysrem is in a
uniform gravitational field or whether it is in a gravity-free region, but subject w0
a constant acceleration of the appropriate magnitude and direction. In real grav-
stavional fields, the equivalence only helds on a scale small enough so that the
difference in gravitarional porentials between two points v and £y is linear
in | 7 — rs|. Einstein proposed that this equivalence be a fundamental principle
of nature, and thar &l laws of physics be in accord with i,

The acceprance of it has some far-reaching consequences, First of all we
note thar the uniform acceleration & must be produced by a force F, and these
are related by

F = ma (5T 2.1}

The equivalent gravitational fiedd may be produced by a mass M a distance R
away, provided the pravitational force
M

F= g R {§T 2-2)
is made equal to ma by an appropriate choice of M and (large) K. There is, how-
ever, no @ priori reason why the inertial mass of the object which appears in the
relation (ST 2-1) should equal the gravitational mass that coters into the gravi-
tational potennal energy

Vir) = —GMT’“ (ST 2-3)

The gravitational mass enters into the above as a “coupling constant”” just as the
charges do into the Coulomb potential, and one could imagine, for example, thae

FrLy
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the “'masses” that enter into (ST2-3) are differenr from the inertizl masses that
appear in (5T2-1). This is not possible if the equivalence principle really holds.
Suppose, for example, that a rather extreme siccation were to hold: electrons ere
not subject to gravitational forces. In that case the inertial mass of an atom is
{approximarely} M(A,Z) = AM + Zm where M and m are the nucleon and
electron masses, respectively. On the other hand, the gravitational mass that
eaters into (ST2.3) is just AM, to the same approximation. Thus, inside a
satellite a mass of lead might be floating, whereas a mass of marterial for which the
Z/A ratio is different would fall. This suggests an experimental test of the
equivalence principle; according to the principle, all materials should behave in
the same way under a combination of gravitarional and centrifugal forces. This
test, showing the equivalence between inertial and gravitational mass, has been
carried our, and established to an accuracy of one part in 10" in recent experi-
ments by Roll, Krotkov, and Dicke ! but was known to be troe to an accuracy
of a few parts in 10° from early experiments of Edtvos (1890, 1922). The prin-
ciple of the experiment involves suspending rwo equal masses of different
macerizl (gold and aluminum) from a torsion balance. Any difference in the
acceleration of the two masses toward the sun as the eanh moves in its orhit
would result in a deflection, which in fact, was not observed.

Another consequence was mentioned in Chapter 2 and in Chapter 22
{Section B). A photon of energy E has graviratiopal mass E/c*: to establish this,
we consider an arom in an excired state, with mass M* ar a height x sbove some
reference level. The work done to lift it to that height is M*gx. When the atom
decays to the ground state, of mass M, a photon of energy M*? — M is
emirted,

Suppose that the photon is absorbed ar the reference level. The energy
absorbed is (E 4 E,) where E, is the gravitational energy chat it acquired in the
fall. If the atom in the ground state also diops to the reference level, the total
work done by the gravitational field is Mgx on the atom. If the absorbed energy
is nsed ro excite the atom back to the state of mass M*, we are back to the original
situagion, with M* at the reference level, provided

Mg = E, + Mgx (ST 2-4)
Thus
E;= EM'-Mng=-§gx (ST 2-3)

Consider now a photon at a height x. Let its frequency there be », so that
E=lr (ST 2-6)

! For a denailed descripgon of the experiments, see R, H, Dicke, The Thewretical
Sigmificance of Expeevovemtal Relativity, Gordon and Breach, Science Publishess, New York
(1)
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The photon energy at the reference level is

=1
E+ B, = E(l + %)

= by (L + %) (ST 2.7)

This must equal k', whese #' is the frequency of the photon measured ar the
reference level. ‘Thus the relation

o= v(l + {1,) (ST 2.8)
implics thar the frequency of the photon is rmised and
Av
== (ST 2.9)
v ¢

The peniod, which is reciprocal to », is thus changed according o

i;,r= - & (ST 2-10)

This prediction was confirmed in 2 terreserial experiment done with the Méss-
bauer effect (Chapter 22, section B). The shift is more dramatic if we compare
the frequency of an atomic emission line on the surface of a massive sar with
the frequency of the line on earth. There

dr  GM
- = (8T 2-11)

For the sun, whose mass is 1.99 % 109 gm, and whose madius is 6.96 > 10" cm,
the shift is small, Aw/y = 2,12 % 10", This has been measured for the sodium
line in sunlight (Dicke, loc. ci.) and observarion agrees with theory to 5%,
The shift is called the gravitational red shift since the earth is “up” relative 1o the
sun,

Another prediction follows by analogy with electrostatics, Just like 2
charge is defiected by a Coulomb field, with a deflection angle given by

o

f [y
tan 7= et I (5T 212}
where Ze and e are the two charges, m the mass of the moving charge, ¢ is its
asympeotic velocicy, and b is the impact parameter, so will the photon be de.

flected by a large mass, for example, the sun. Since the farce law is the same, we
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just make the substitution Z¢* — GMm and v — ¢. The impact pamameter is
roughly the radius of the sun, so thar for two stars,
GM
>~ o (ST 2-13)

The numerical value of this is 0.83"., The actual measured value of this, observed
by locking ar stars near the tim of the sun during a total eclipse, is just twice
this value. The explanation of this discrepancy lies in the Einstein Theory of
Gravitztion, which is beyond the scope of this book,

It sheuld be stressed thar Planck's constant does not enter (ST 2-8). The
result is a purely classical one, and can be derived without the usc of the con-
nection E = he, which is a convenience, bur not necessary.?

* The originel paper of Finstein is very readable, and is reprinted in translsion in
The Principle of Relativity, s collection of original papers, published by Dover Publications, [ne.




special topic 3

The Wentzel-Kramers-Brillouin

Approxjmation

This approximation method is particularly useful when one is dealing with
slowly varying potentials. Exactly what this means will become clear later. One
wants (o solve the equation

) | 2 1 i) =
gt [E - V) = 0 (ST 3-1)

and 1o do so, it 15 useful o write

Px) = Rix) £H0 (8T 3.2)
Then
gy | &R 2 dR AP S 1 ﬂ)’ $ix
@‘[dﬂ+nmgx+ﬁgw e\ ) |0 G133

so that the differencial equation splits into two, by taking the real and imaginary
parc of (ST 3-1) after (ST 3-3) has been substicuted. The imaginary part gives

R£§+2%%ﬁ-=ﬂ (ST 3-4)
that is,
i(lﬂg-ﬁ 4+ 2log R) = 0
dx dy
whose solution is

BE

C
T (5T 3-5)

Frea]
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The real part reads

&R 1 d5\ | 2mE - V()]
E'Fg(dx) e k=0
which, when (5T 3-5) is substituted, becomes
FRC 1 mE— VK]
T n R=41 (8T 3-6)
At this point we make the approximation that
1 &R | 1 [ 45
ripE K'E—, B R (E) (5T 3-7)
so that the equation becomes
% = 2m[E — Fix)] (ST 3-8}
Thus
s s
iy 2m{E — Vix)] (ST 3-9)
and hence
Sx) = f: dy v/ 20lE — Vix)) {ST 3-10)

The condition for the validity can be translated into a statement about the
variation of I7{x). It will be saisfied if §"{x) varies slowly in 2 wavelength, which
vaties from point to point, but which for slowly varying F(x) is defined by

i k

Mx) = —

P 12miE — PRI (ST 3-11)

At the points where
E=Vix)=0 {5T 3-12)

special trearment is requited, because in the approximare Eq. 5T 3-8 E(x) appears
to be singular. This cannot be, and this means chat the approximation (ST 3-7)
must be poor there. The special points are called furmeng pofuis because ic is there
that a classical particle would turn arcund; it can only move wheee E— Fix) = 0.
The way of handling solutions near tuming points is a lirde oo technical © be
presented here. The basic idea is that we have & solution to the left of the rurning
point [where E > V(x), sy, of the form

$lx) = R ¢ I % NEwanE—Vi)] {5T 3.13)
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and a solution to the right of the turning point [where E < #(x}], and what we
need is & formula thar interpolates between them. In the vicinity of the turning
point one can approximate 4/ (2m,A%) [E — F(x)] by a straight line over a small
interval, and solve the Schrodinger equation exacely. Since it is @ second-order
equation, there are two adjustable constants, one of which is fixed by fiting the
solution to (ST 3-13) and the other by fieering it to

i) = R oI5 & Vinmvoi - E (5T 3-14)

the solution to the tight of the rurning point.' The above solution decreases in
amplitude as x increases, The total attenuation at the next turning point, when
E = Vi) again, is

o) exp l - fx" & VRV —m] (ST 3-15)
Wl X7

which is just the square roor of the transmission probability that we found in

Chapeer 3.

! For more demsils, see almost any of the more advanced books on quanium me-
chanicy, for ezample, J. L Powell and B. Crasemann, Quantam Miechanicn, Addison-Wesley
Foblishing Co. {1961); L. L Schiff, Quastsm Mechanics, McGraw-Hill Book Co. (1964).
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Lifetimes, Line Widths, and

Resonances

In this section we will discuss a slightly improved trearment of mansition
rates, which will indicate how the expanential decay behavior comes about.! The
limited mathematical sophistication assumed of the reader will make the treat-
ment somewhar less elegant than is possible.

To simplify the problem as much as possible, we consider an atom with
just two levels, the ground state, with energy 0, and a single excited state, with
eneigy E. The two stares are coupled to the elecoromagnetic feld, which we will
take to be scalar, so that no polarization vectors appear. We will only consider
the subser of eigenscares of Hs consisting of the excited state ¢y, for which

Hupy = Edy (ST 4.1}
and of the ground state + ane photon, ¢(k), for which
Heplk) = ek) $(k) (ST 4-2)

and limit ourselves to these in an expansion of an arbitrary function. This is
certainly justified when the coupling berween the two states, ¢y and $(k) through
the potential V, is small, as in elecromagnetic coupling, since then the influence
of twa-, thiee-, . . . photon starcs is negligible. Noze that

(| 9(k)) = 0 (ST 4-3)

even when the k is such that the energies «{k) and F are the same, The states are
orthogonal because one has a photon in it and the other does not, and because
for one of them the acom is in an excited stare, 2nd for the other ic is not,

The solution of the equation

ﬂi% = (Hy + V) ¢l {ST 4-4)

' This was first derived by Weisskopl and Wigner (19500,
473
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may be written in terms of the complete set

wir) = alf) dy e + f kbl f) d(lk) ¢~ (ST 4-5)
When this is inserted into (ST 4-4),
g By B g,

df
+ i f 'k w e M gk} + f dke(k) bk,e) e " Bl
- ) % gy 4 [ ) Bl 7 o0
+ alf) e vy + f Fhb(k,s) ¢ " (k)

resules. If we rake the scalar product with ¢y, we get
iﬁ-ff- = al(t){#: | V]gn) —.fd'ﬂfk,ﬂ:‘*"""”’"" | V| (k) )

it

Since ¥, acting on a state, is supposed to change the photon number by one,
{#.]V|#) = 0. Wich the notarion

elk) — E = fiwl(k)
(& V]elk)) = Mk) (ST 4-6)
the equation becomes
ﬁ@ = f Phi(k ) ¢ =% Mik) {ST4-7)

If we take the scalar product with ¢{q), and again use photon counting to set

(olg) | V]a(k)} = 0, we ger, after a livde manipulation, using ¢ notmalization -

that
laiek)) = ik — q) (ST 4-8)
the equation
ifi d—{;ﬂ = als) &9 M*(q) (ST 4.9)
Since b(k,0) = 0if the excited statc is occupied at # = 0, a solution of this equa-
TN is

Blky) = % M) L ' dlt’ M (e (ST 4-10)
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We now inserc this into (3T 4.7) to get

dat)

el #fd"kjm[kﬂh‘"l'"fn';#"s{.r’} T e 417)

Next multiply both sides of the equacion by ¢ ™ and integrate over time from
Oto =, On the left hand side

- - l’l =
f i r‘”f%;—:l = f dt & e~ ais)] + Lf dee ™ alp)

<]
= :uf die ™alfy — 1 {5T 4-12)
]
where we have used

alty =1 {ST 4-13)
On the right side we have

1 - o £
- n_-fﬂl‘“ﬂ‘”*f die™ L oy SWF
[ o
Now, as can be seen from Figure 5T 4-1, the integml
[E dp ¢ TRl {‘ dr'alp’)
] J
over the first octant in the ~1' plane, can also be written as

f " dalt) ¢ f I Zaaal
] L

'k / .

Fig. 8T4-1. The incegration over the first octant can be done either by holding
r Fixed, incegraving along the vertical sttip, and then summing the strips from ¢ = 0
to £ = =, or by first taking the integral along the horizontal strip from ¢ = # 1o
# = = and then summing over all the hotizontal strips from & = 0o = =,
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and here, the last integral can be done, so that

. ‘lu-k:r ER L]
f dre ™ alf) -1 = ——fd‘HM k)| f ' ale’ k)

_ L |M|:t] —ut

=— 5 ;ﬂ; [k}f dr'a(r) e (ST 4-14)
We can solve fnrf:l dralf) ¢ ™ to ger

@ e 1
fa dalt) ¢ = .t Lf ETE (ST 4-15)
T n + k)

The reader familiar with the theory of Laplace transformations will recagnize the
abave as such, The inversion of the Laplace transformation of the above form
needs some discussion, which can be found in the more advanced lirerature. We
will argue as follows. Although we do not know how o extract alr} from the
above, we can examine the relation in the limit that X — 0. If we make the
Ansatz

n){j} = r-"‘ (8T 4—[6}
we get,
1 1
T+ A i | M(k) | ®
—_ f e O
which implies in the limic A —+ 0 that
Mk} |*
7= - Ik ST 4-17)
A—-ﬂn+ .{ wik) — M {

We can write this as

B | 2
z = Lim — #[.ﬂ;-ﬂmk} + N

Py fk) 4 Al
| Mk} w:k}
= -— ViR —
;li.f'l f k) 1 N
A
s A ST 4.18
g | PO ST (ST 4.18)

In evaluating the real part of z we make use of the relation

A o gf)] (ST 4-19)

Lim
w0+ wilk) = N
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50 thar finally, we get
. H
em g [ ML = [ o apai)

A2 wik]
(5T 4-20)
When this is exponentiated, we find that the coefficient of &, in ¢(7) is
¢ T giEI (ST 4-21)
where
v =3 [ ex) @i st - 1
1
b Nk "
E E+fd"k| (| V1g(k) )| F— ol (ST 4-22)

Thus the probability of finding ¢(¢) in the stare @, after a time # is, to the extenc
that out solution is approximately correct,

G R (5T 4-23)

where  is the decay rate calculared in perturhation theory. Furthermore, the
oscillatary behavior of a(r) is characterized by the energy E of the stare &,
shified by the second order perturbation emergy shifi, as comparison with (16-16)
shows. The only difference is thar the intermediate states summed over here
form 2 continuum, and thus the limiting process shown in (ST 4-18) must be
used to define the integral when the energy denominator can vanish.

Another quantity of interest is the probability ther the stace y{#) ends up in
the scate (k) at ¢ = =, This is given by |#(k, = }]?, where, according to
(5T 4-10} and (ST 4-16), we have

bk, ) = % M-t[k}f e r-l:-ﬂ..u:];.
- M*(k) 1

i %fﬂk MOK)]? §ull)] — i A

where
_ k) — B} Ef , M)
A= % a] T aw
Thus
M*k)
bk, =) = . " M — (ST 4.24)
elk) — —-f m+rﬁwz
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and the absolute square of this,

Mg
- [k} — E — AE]* + (fiv/2)? (5T 4-23)

yields the Lotentsian shape for the line width, thac is, the photon energy is
centered about the (shifted) energy of the excited level, with the willth described
by fiv/2. The encrgy shift is small, and usually ignored,

The same form appears in the scattering problem, Consider the scattering
of & “photon” of momentum k; by the atom in the ground scate. The state of
the system is again described by equations (ST 4-1, ST 4-2, 5T 4-7, and 5T 4-9)
except that initially, which hete means at + = — =, the state is specifically
given as ¢k, so that

blgs) = 6lg — ki) ati= —= (ST 4-26)

| bk, =) |*

Hence the integration of (5T 4-9) gives
blqf) = blq — ki) + ﬁ M*{q} f F dea(y) & (ST 4.27)

The quantity of interest is the amplitude for a transition into a final state in which
the photon has momentum kyat ¢ = + =, chat is, it i

(plkp) | $(+ =)} = blky, + =)
= bk — ko) — -;— M*(k,) f: dalt’)
(wr = wiky)) (ST 4-28)

using the previous equarion.
Substituting (ST 4-27} into (ST 4-7) yields the equation

L0 L i ) — o [l [ iy <o

(ST 4-29)
This may be integrated, tking into account that #(— =} = 0, ro give

i (L} B
- ﬁ—l!fﬂ|M[k},'f dn-’*‘“’f el &7 (ST 4-30)

Now the imegmlf " d ¢ is not well defined. The scandard procedure is to

write it in the form
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t . o~ i iee
L]mf d,-'-l_'--'ilrl]f: Lim I:—_ ':ST 4_31}
it J —0 T fe
The use of a convergence factor, which is then allowed to vanish in a well-
defined way, is somewhac similar to the treatment of the Coulomb potential as
the limiting case of a screened Coulomb porential in Chapeer 24. Nexr, as can
be seen from Figure ST 4.2,

Fig. 5T4-2. The incegral in ($T4-30) can either be written a5 2 “sum"” of the
wvertical serips, as in the equarion, as or, a sum of the horizonral strips, as in (ST4-32).
The same interchange of orders is used in Eg. (ST4-33) except thar the verrical
line at ¢ = #is shifted to + =,

f I Laued f " dalr) P / L el S f I L

—= E

¥

T wik)

]‘4 ﬁ.-.-“wr)[‘-h:mr-rq __ I]

so that

Mikg) e™™ :‘f | M(k)|* [

hoct i) & ) ) AN =)

alf} =
(5T 4-32)

Accarding ro (5T 4-28) the quantity of incerest for nonforward scattering (so that
the first verm can be ignored) is
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® iwl_ {h} - iy —wn
f dtalt) ¢ ot i) dt e

fﬂ |!“‘:k:||’f Ju--lf .ﬂ&"ﬂ'rf-r':l [r—nl:l.I[-r - _

oMk
= s 4 i SO T )

- % f o (MBI f "t} f d (M7 e OF oy
—a L

wlk)
(8T 4-33)

where in the last term we again rewrote the integral with the help of Figure
5T 4-2. The s-integration can again be done with the help of the convergence
facror wick, so that (ST 4-33) now reads

- \ e 2eMik) dley = wi)
f et & Filas + 7e)
an | L
g | o % T o Y

1 1
. [w = Earr]
which is in the form of an cquarion for the unknown. This may be salved to give

oy 2EMOk) By — w,)
f dha(f) ¢ = I T

% 1 Kk (ST 4-34)

I‘ﬁTJ wr — wik) T 7e

Hence, in the nonforward direction

by, =) = = 1 M) 2wk 8y — )

| M) |*
fﬂﬁﬁr — (k) + Je

— 2wi Blfiay — Fieod) Mk} M*{k,)
—E— Clmr ? glolk) —
k) — E fd*kﬁ:h}_!m+rr].¢“k|.ﬁ(kjl flelks) — e(k)]
(5T 4-35)

The amplitude peaks smongly when the incident {and foal) energy € (=e) is
near the energy of the cxcited state of the arom, shifted to E + AE, as in (8T
4-25). This justifies the comments made at the end of Chapter 18.
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The Yukawa Theory

The earliest nuclear physics experiments such as the scartering of &
particles by light nuclei, and the study of a decay lifetimes,! showed thar the
nuclear forces were such that the radius of the nuclens (with A nucleons) was

R = rpA'? (5T 5-1)

with g = 1.1 ¥ 107" cm. Thus the nuclear density (nucleons/unit volume)
was 2 constant independent of A, With long-range forces, such as the electro-
static forces, thete would be A(4 — 1)/2 "bonds™ and one would expect the
density to increase with A, since the kinetic energy only increases linearly with A.
The constancy of the nuclear density thus strongly suggested short-range forces.
These forces, leading to binding encrgics measured in MeV, rather than electron
valts, had to be significantly stronger than electromagneric forces.

In search for a mechanism thar would give rise vo such forces, Yukawa in
1935 drew on the insights gained from the successes of gquantum electro-
dynamics and proposed his meson theary of muclear forces. At the level of dhis book,
only & qualitive description of that theory can be given. The interaction be-
eween two charged particles at rest (or very low velocities) can be described in
torms of an “action-st-a-distance’” Coulomb interaction. A more accurate
description involves the field concepr; the charged particles are sources of, and
interact with elecrromagnetic fields (EB) and thus they interact with each orher
through the intermediary of the field. In & description that is accutate on the
quantum level, the electromagnetic field s quantized, and the quanta, rhe
photons, are the carriers of the field.® Two charges can interace by the following
mechanism. Charge "1" emits a photon. We know from energy-momentum
conservation char this cannot be a real phoron, or equivalently, a real process;
either the photon has an energy that does not comespond to its momentum

1 See the discussion af tunnelling in Chapaer 5.
* This is sorwwhat fuzzy loguage, and should noc be maken lierally. In particular,
it would be wrong to thick of & photon somehow carrying & cloud of feld wich ic.
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{ie., E = pc, or, the photon is real, but enecgy is net conserved in the reaction?
n—a+y

When that photon is absorbed by charge 2" the imbalance in energy can be
correceed, since thar process

T+ ey

also cannot conserve energy. The question is, why should such an “exchange”
af phatons give rise to an attraction of repulsion between charges? The answer
seally is that our visual description of the exchange is just an interpreration of the
second-order perturbation energy shift due to a perturbing potential Hy. The
formula (16-16), describing the energy shift from the interaction-free energy of
two charges e and g, reads

@ {eves| Hy |3 {m| Hnl s} .

LE L]

The sum is over all intermediate states thar can be obmained from H, acting on
the state |éwy ). Our verbal deseription cortesponds o the intermediate stare in
which ¢ is in its initia] state, and & has, through the action of H,, emited a
photon, 5o that [#) = |e'y.6) here, The energy of the intermediate state is the
recoil energy of the & /(pc)" + (m.*)%, plus the photon energy pe. The sum
over intermediate states coresponds to an integrarion over all possible photon
momenta consistent with momentum conservation, thae is, an integration aver
all ditections, Since the charge 2" could be the one thar emirs the photon, one
must also calculate the contribution from the emission of the photon by ¢ and
its absorption by ¢ We will not do the calculation showing that the Coulomb
potential cmetges, because, in fact, elecrrodynamics is cacher subtle. The calcu-
lation will be done for mesons.

Whar Yukawa suggested in his extremely significanc paper is that there
exist a meson field, that is, 2 field thae is different from the electromagnetic feld,
whose quanta, the messns have a finite mass, which is coupled to protons and
neutrons in a manner analogous to the coupling of photons to charged particles.
The exchange of these quanta will then give rise to an interaction berween nu-
cleons, In this way, interactions as different as elecrromagnetism and the nuclsar
forees would art lease share a common universal mechanism * Lec us go through a

1 We assume momentum conservation in both points of view. They rorn out 1o be
completely equivalent.

+The iden that al} interactions proceed through an “exchange’” of quanta has gained
such wide acceptance that even the weak interactions ate believed by mary people 1o be
mediated by a "weak intermediate veczor meson” whose projesties are deduced from what is
known abour che weak interactions. Such a parricle has not heen discovered, but it is guite
congistent 1o assame that it is very massive, which would explair why it has not been seen at
existing accelerators
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very simple calculation assuming chat the meson field is scalar, and that we can
write the simple Hamiltonian for the aucleon in interaction

_r
H r go(r.q) (5T 5-3)
The meson field will be written in analogy to the vector porential in (22-27) as
Sarchi 1
e} = (—) Pl i (absorption)
wl
;] .
- (2:—':1) e~ ® T (emission) {5T 5-4)

We are not in a position to justify all the factors. The appearnce of w in the
notmalization factar has the same source as in the photon problem; it comes
from the fact that the encrgy of 2 meson quantum is fiw, The momentam of the
meson is fik, and since the meson has a mass, u, we now have the energy-
momentum relation

(fiea)? = (Ake)* + (puc?)? (ST 5-5)
Let us now calculate the various terms in the second-ocder energy shift (ST 5-2),
When nuclecn 1" 2mits the meson, we have
it )
2"; ) —ik=f IM {ST 5“6:'

Mo reference is made to aucleon 27, since it is unaffected by H; during the
emission by “1." The absorption by 2" leaves 1" unaltered, and whar enters is

Erﬁ)”’ e it
13

{Ny + meson |gg| Ny} = g(

{MN:|go| Ny + meson) = g( (5T 5-7}

The energy denominator is
Fioern = Eainat = (Evy + Bxs + ) — (Eyy + By) ~ha (ST 5.6)

Ex, diffcrs from Ew, since nuclean “*1*° recoils upon the emission of the meson,
However, the recoil energy is (Ak)%/2My and this is gencrally small in the non-
relativistic approximation, since the nucleon mass is so large. Hence the energy
denominator is just fe. Thus the energy shift is given by

2weh 1
L‘LE= _E Tt?‘gg‘jh nr—ﬂ: r:E

The sum is over all meson momentum staces, and as always, this meaps an
integration over the phase space

v dp
z f (2nh)? f 22y’ (5T 3-10)
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. R,; Il:’l-.’h.—l‘ﬂ
AE = — V[Eﬂ'Vfﬁ e

~ _ii ‘lt"ul"l.'l
i ] TR ey

B L 'lll'"!—ll}
art | TR G

Note that we did not take into account momentum conservanon, bur integrated
over all momenta for the meson, The reason is that, in efecr, we weat the
nucleons as infinitely massive (they do not recoil and are always at vy and ry,
respectively) and thus any meson momentum is allowed in the intermediate
state, Remember that this is a very crude calculation!

‘The integral can be done [it is in fact the three-dimensional Fourier trans-
form of (24-87)], and it yields for

Ap o — & Qe T
T 4 dr | —

(ST 5-11)

=] =2 SR

This should be doubled, because the nucleon 2™ could be doing the cmitring.
Thus the energy change due to the meson field is

E—nrlr:—nl.hl

AE = —g* (ST 5-12)

i =
The energy depends on the sepatation, v, and drops off fast for r > R/ue. The
range is therefore

i = —ﬁ- (ST 3-13)
pe

Given that & = 1.4 107" cm, we obtain

N fic W0 % 3 3 10

= ————————
F 1.4 ¥ 1woe

3 1Y 1

T 14} 1077 L6 X 100

=~ 130 MeV (5T 5-14)

If the mesons are not scalar, but pseudoscalar, then a coupling like that
shown in (ST 5-3) does not conserve parity, since the kinetic energy is even and
the porential is odd under inversion, One must therefore make a scalar our of
psuedoscalar meson field, or #r derivariver. There are, on reflection, two altetna-
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tives; one is to have mesons always emitced in pairs, with the coupling
i) (ST 5-15)

as for the pairwise emission of photons due to the rerm (¢*/2me)A?; the ocher
is to construct an axial vector (an axial vector is like a magnetic field), and dot
it inco the oucleon spin operator, so that the coupling would be®

j‘% é - Volr,) (ST 5-16)

This would allow single emission of mesons. Both couplings could, of course, be
present, If the mesons are vector mesons, that is, cssentially “heavy photons,”
then the coupling could be

_ &
Me

In all ¢ases, however, the range is stll A e,

The mesons predicted by Yukawa were finally found in 1947, The long
range part of the nucleon-nucleon force is due to pi-mesons, whose mass was
found to be 140 MeV! They were found to be pseudoscalar, and, like photons,
they can be emitted in collisions or transitions. The coupling (ST 3-16) explains
a great deal abour pioa-nucleon scartering (the analog of the Compron effect) in
the low energy region, and Yukawa's idea is fundamental to all the vnderstanding
we have aboutr the strong interactions. In derail, much more has happened.
There are also vector mesons (spin-parity 17) and spin 2 mesons, and many
others. They can all be exchanged, and emitted, and, since the coupling to the
nudeons is sirong, they can be exchanged not just once, but many tumes, The
calculations are beyond present-day mathematics, and it is a curious fact that the
nudlear force problem, which starved all this, is sl less well understood than, for
example, high-energy scarcering. From our point of view, it is very important to
note thar even in this new realm of short distances and swrong forces, chere is no
teason to suppose that quantum mechanics 15 not the correct way to describe
nature,

P - Girs (5T 5-17)

* The facoos %/ ue is just theres ro ml.ﬁlfdi:nen.ﬂm[m,
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ﬂppendix A

The Fourier Integral
and Delta Functions

Consider a function f{x) that is periodic, with period 2L, so that
flz) = flx + 2L) (A1)

Such a function may be expanded in a Fourier Series in the interval (—L,L), and
the series has the form

. nEx =, nEX
- - in — -2)
flx) gﬂ:{.:us .t 'rE_,: B sin = (A-2)

We may rewrite the scrics in cthe form

fix)m 3 ape™E (A-3)

whuch is certainly possible, since
F .

B R ]

G 1 con™ o L (ot ity -
T L 2
Yo
1 ] . HTx L -
| =im % = E:- trh.*'d' — ¢ M'r#."f.-}
The coefficients may be determined with the help of the orthonormality relation
1 [& ; 1 m=n
A d‘# ‘I.H:-I.‘L —imwsL ﬂ“ { A4
2L f . ‘ T lo mew (A4
Thus
1 [f& —
dyom — | duf(x) e {A-3)
L) &
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Let us now rewrite (A-3) by inumoducing A, the difference berween two
successive integers. Since this is uniry, we have

flx) = Z_‘. an €5 An

T (a-6)
Let us change the notation by writing
'—: -k (A7)
and
'f" ~ Ak (A-8)
We also write
by (43)
Hence {A-6) becomes
EAmFM (A-10)

‘that in ﬂu: limic (A- .D} n}ay “be 1 mm'.en. in the form

W -
el { () = v_'_f Alk) & ik (A1)
The meﬂ‘ic;ent A(E} is given by
- L1 il
A(k) = +/2x ;2L d’*ﬂ)ﬂ'
_"le—;f def(x) e 7 (A-12)

Equations A-11 and A-12 define the Fourier integral transformations. 1f we
insere the second equation inro the firse we get

Fx) = if_:di :““f_:ajﬂ;} ¢—ib (A13)
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Suppose now that we interchange, without question, the order of integrations.
We then get

flx) = f Hfly) [i f dk f’“”"‘} T (A4)
For this to be true, the quantity ﬁ[x__-: '_;_]_El_ef_lned I:-p_
Blx — y) = L f dk &4 (A-15)

and called the Dirac Dt&#ﬁnmm must b-c a \rct]r p-c:u]mr kind of function; it
must vagish when & 3 7, and it must tend to infinity in an apptoptiate way when
x — y = 0, since the range of integration is I.Dﬁnl‘t'ﬁllﬂil"'f small, Ir is therefore
not a function in the usual mathematical sense, but it is rather a genﬁaluad
function' or a “distribution.™ It does not have any mmmubf inself, TBut it
can be defined provided it always appears in the form

f def{x) 8(x — a)

with the function f{x) sufficiently smooth in the range of values thar the argu-
ment of the delta funcrion rakes. We will take that for granted and manipulace
the delea funcrion by itself, with the understanding thar at the end all the relations
that we write down oaly occur under the integral sign,

The following properties of the delea function can be demonstrated:

(i)

Hax) = — B(x) (A-16)
4l

" This can be seen to follow from
flx) = f dyfly) 8(x — y) {A17}
If we write x = at and y = ay, then this rcads
flag) = |a| fﬂﬁrﬂ-ﬂﬂ blalg — #)]
On the other hand,
fiat) = [ dnfton) e — -
which implics our result.

1 The rheory of distributions was developed by the mathematician Laurent Schwartz,
An inroducrory trearment may be found in M. F. Lighthill, Istrodecion to Fewrier Anahais
and Gemeralized Fumcrions, Cambridge University Press (1938).
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(i) A relation chat follows from (A-168) is
- ﬁ [6(x — &) + 8(x + )] (A-18)

This follows from the fact that the argument of the delta function vanishes at
x = aand x = —a, Thus there are two contributions:

Bat — a?) = H(x — 4) {x + &)

1 1
- — S 1/
i+ al x — a) + x— 4 (x =+ 4]

- m [8(x = &) + (= + &)

More generally, one can show that

i[ftx)] = Z (A-19)

I Jf"rdtll-m
where the x are the roots of f{x] in the incerval of integrarion.
In addition to the representation (A-15) of the delta funcrion, there are
othet representations chat may prove useful. We discuss several of them.
{a} Consider the form (A-15), which we write in the form

Bix) = — lef ak £ (A-20)
Mim
The integral can be done, end we get
) = Lim 14
Lesw 21 ix
= Lim S lx (A-21)
[~ =
(b) Consider the function A(x,s) defined by
Alx,a) = 0 x < —a
- —a < x<a {A-22)
2a
= 0 @ <X

Then
8(x) = Lim &(x,a) : (A-23)
s
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It is clear thar an integral of a product of A(x.a@) and a function f{x) thar is
smooth pear the origin will pick out the valoe at the ongin

Lim f def(x)A(x,a) = £(0) Lim f e (x,8)
a5 a—i
- [

{c) By the same token, any peaked funcrion, normalized to unit area
under it, will approach a delea function in che Limit that che width of the peak
goes to zero. We will leave it to the reader to show that the following are repee-
sentations of the dela funcuon

L a
r x4+ &

B(x) = L:'n;l {A-24)

and
8(x) = Lim V,; e {A-23)

{d) We will have occasion to deal with arthomormes! pofrromials, which we
denote by the genenal symbal Polx). These have the property that

j dcPy(x) Pulx) 5(x) = B (A-26)

where w{x) may be unity or some simple funcrion, called the weight funcrion.
For functions that may be expanded in a series of these onthogonal polyromials,
We Can wrre

fix) = X aPulx) {A-27)

If we muleiply both sides by wix)Pa(x) and integrate over x, we find that

. j dyuly) £15) Pal3) (A28)

If we inserr this into [A-27) and prepared 1o deal with ' generalized funcuions,”
we freely interchange sum and integral, we ger

flx) = E Paix) f dyady) f3) Po(y)

-

f df(y) (E Pu(x) w(y) P.xy:r) " (a29)

Thus we get stll another representation of 1he delta function. Examples of the
P.(x) are Legendre polynomials, Hemmite polynomials, and Laguerre poly-
nomials, all of which make their appearance in quantum mechapical problems,
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Since the dela function almys appears muluplied by a smooth function
under an integral sign, we can give meaning to its derivatives, For example

f () 80 = fﬂ A f) 8 — f L

R AL
—f_.d; b

T (%:_),-, (A-30)

and 5o on. The delta function is an extremely uscful tool, and the student will
encounter it in every part of mathematical physics.
The integral of a delta function is

Bix)

f dydy—a)=0 x<a
=1 x>a [A-31)
= f{x — 4

which is the standard notation for this discontinuous function, Conversely, the -
derivative of the so-called step fametion is the Dirac delea function:

—i o — o) = 8(x — a) (A-32)




appendix B

Operators

In this appendix we discuss some topics refated to linear operators. The
ser of admissible wave packets are square integrable functions. Since

¥(x) = ah(x) + Bialx) (B-1)

is square integrable, if ¥1(x) and (%) are square integrable and a6 are arbitrary
complex numbers, we say that the ¥'s form a frear jpaie. An operator A on this
space 15 2 mapping:

Alx) = pix) (B-2)
where ¢(x) is also square integrable. Among all the operatars there is a subset
called Jinear apevators, which have the property that

Aoflx) = aA(x) i(B-3)
where a is an arbitrary complex constant, and
Ala(x) + 89a(x)] = adu(x) + BAdalx). (B-4)

with a8 being complex numbers. A furcher subset is the hermitian operaiors for
which the expectation value for all admissible (),

(A} = fdr}-'{x:l ) {B-3)
is real. First we prove that for all admissible @y and ¥y
f Walx) M(x) de = f [Ada(x)]* dhfx) de (B-6)
holds. '
The realicy of (A} implies that
f g *(x) Ap(x) = f ax [Aglx)]® dlx) (B-7)
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MNow substitute for y{x)
¥(x) = dalx) + Mhalx) (B-5)
This implies that

f de(¥s + Ny) Al + M) = ] dxl¥s + M) (A1 + Ae)*  (B9)
Using hermiticity, that is,
f oy s = f.w.-u,p,-:u* i=12 (B-10}
we obcain
N f vadb + r«_f Vidds = 1_[ dalan]* + 2 f Uil Ap)*  (B-11)

Since A is an arbitrary complex number, the relations for the coefficient of ) and
for the coefficient of A* must separately hold. Thus

fw;m = f:i’f[/hh}'#ﬁ (B-12)

The next result that we wish to prove is that eigenfumctions of @ hermitian
operatar corresponding fo different eigenvalues are orthogonal, Consider the two
equations

A‘h[x} - #5“'[{..?}
anid

[Agox)]* = astax) (B-13)

Note that @ is real since the ﬂgemralues of a hermitian operator are rezl. Take
the scalar produce of the first equaticn with ¥2 and the second equation with .
Thus

fmg,{.;..m = a:fﬁ;m ) dx

[ B A ) = @ f V) W) d (B-14)
Subtracting, we gec
{an — ax) [ﬁr;(x} Pulx) v = fﬂﬁ'ﬁﬂﬁ - fﬂ&'{.{ﬁ:]* '

= (B-15)
Thus, if @y # a3, we have

fﬂi-:x) pilad e = 0 (B-16)
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1f we define the hermitian conjugate of the operator A by A", so thar

f di{Afs)* th = ,‘ depa A (B-17)
then for a hermitian operatar
A=A (B-18)
We can prove that
(AB)' = BtA {B-19)

To do sa, we note that

f Va(AB)! . = f (ABYs)* ¥
ff.ﬂ'h}" (AN
j-&;ﬂ*{zi*m

f V2B A (B-20)

A generalization of chis is
(ABC ... Zy = Zt ... B At (B-21)

Thaus, a product of two hermitian operators is only hermitian if the two opesators
Commuie:

(AB)t = B'A' = BA = AB + [B,A] {B-22)
Another result is that for any operatar A, the following
A+ A
A — A% (B-23)
AL
will be hermitizn.
Next we prove the “uncertainty relations,” We define
(Ad) = (A%} — (A = (A = {A))%) {B-24)
Lex
r=dA— (4}

V=8— (B} {(B-25)
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and consider

&= I + iy {B-26)
Then

I = f duptp > 0 (B-27)

With A and B hermirian, so are [7 and ¥, We may thus rewrite:

100 = [ de(oy + 290" (0% -+ 299)
= [ axwnr @ +» v o)
+ f de[(LR)* (W) — (F)* (L]

- f deg* (U + W92 -+ iNUVT) ¢

= (AA) 4 WHAB)® 4+ ﬁhf#ﬁ‘ [UV]¢ =0

= [Ad)® + WHAB)? + ix {[A,B]) {B-28)
The minimum will‘oc:ur when
2MAB)? + H[AB]) = 0 {B-29)
Substituring the solution
_ _ . qas)
A= =i By (B-30)
into I(A), we ger
{4,8]* | (4B
(ady - 4(aB) ' 2(a8) 20
thar is,
(8A)* (B = § (1A} (B-31)

Incidenaally, the minimum value occurs when o is such thar [ and Py arc
propottional to each other. For the case of the operators x and p, this means thar
fi 1
- #‘;[r + iBaplx) = 0 (B-22)

[

whose solunon is
plx) = €M (B-33)
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a ground state eigenfunction of the harmonic oscillator. It is important to pote
that the uncertainty relation

(aAY (AB) = § ({(i[A.B]))* (B-34)
was detived without any use of wave concepts or the reciprocicy between a wave
form and its fourier transform, The resules depends entirely on the operarar

properties of the observables 4 amd B
We conclude the appendix by listing some properties of commurarors,

(@

[A,8] = — [B,A] (B-33)
(i)
[A.B]' = (ABY* — (BAY
= BA" - A'H
= [B".4] (B-36)
{iii} If A and B are bermitian, so is 4.4,8]. This follows directly from the
pﬂuﬁtﬁ‘ properties,

[4B,C] = ABC — CAR
ABC — ACE + ACB — CAB
AB.C] + [AC] B (B-37)

(%) Tt may be shown term by term that

Y

¢*Ber 4 = B+ [A,B] + 2% (4]4,B]] + ? [alafaB] + ... (B38)

This is known as the Baker-Hausdorff lemma, and is of some utility in manipule-
tions of operators,
{wi) It is easily established that
[418.21] + [BIC.A]] + [cl4B]] = 0 (B-39)
This s called the Jacobi identity.
A more extensive discussion of operatots and the linear spaces that they are

defined on may be found in ] D. Jackson, Mathematic for Quantum
Mechanicr, W. A. Eu.njimm‘ , Inc., New Yark (1962),
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In this book the equivalence of this formulation to the standard theory is
demonstrated, and the “path incegral* expression for the general amplirude
is exploited in a number of calculations. The selection of material is very
interesting, and the point of view is different from the one developed by
the author, Thus this somewha: mare advanced book presents an excellent
complement to this book,

R. P. Feynman, R. B. Leighton, and M. Sands, The Feynman Lectures on Physics,
Val. 3, Ouantum Mechanics, Addison-Wesley Publishing Co., Inc., 1965,

In this introduction ro quantum mechanics, Feynman abandons the path

integral and approaches the subject from che point of view of stare vecrors.
A large number of fascinating examples are discussed with the minimum
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of formal apparatus. A superb complementary book, whose only shorr-
corting is the absence of problems,

¥ K. Goufricd, Quamtume Mechamics, Vol. 1, Fandamentals, W. A. Benjmain, Inc.,
1966,

This is a very advanced book, distinguished by the care with which the various
ropics are discussed. The treatment of the measuremnent process and of
invariance principles is excellent. The student who has mastered the
marerial in this book should be able ro read Gourfried’s book, provided
he has acquired the necessary machemarical equipment.

W. Heisenberg, The Physical Principles of the Quantane Theory, Dover Publications,
Inc., 1930,

This reprint of some 1930 lectures given by Heisenberg on the physical sig-
niftcance of the quantum theory still makes good reading. The discussion
of the uncerminty relations is pariculary useful,

E. A. Kaempffer, Conceper in Quantum Mechanic, Academic Press, 1969,
This is not a rexthook in any sense. A variety of ropics are discussed, The

selection of topics is imaginative, and the discussion informative. The
level is somewhar above thar of the present book.

H. A. Kemers, Quantars Mechanics, lnterscience Publishers, Inc., 1957.

This book by one of the founders of the subject is at its hest in the discossion of
spin and the intoduction to relativistic quantum theory, both racher
advanced subjects. The student who is comfortable with quantum me-
chanics will find browsing through this book enjoyable and rewarding,

L D. Landau and E. M. Lifshitz, Quantun: Mechawics (Nonrelativinic Theory)
(second edition), Addison-Wesley Publishing Co., Inc., 1965,

The book by Landau and Lifshitz is one of a series of superh books covering all
of theoretical physics. [t is hard to think of this as a textbook for any but
the most sophisticated students. Any student, however, once he reaches
the advanced level, will find much that is oseful in this book. There is an
assumed mathemacical facility on the part of the student.

¥ F. Mandl, Quastum Mechanics, Burcerwonths Scientific Publications, London,
1937,

This book contains a good discussion of the foundarion of wave mechanics
at a level thar is comparable with the present book. T

A Messiah, Quantum Mechanics (in 2 volumes), Jobn Wiley and Sons, Inc., 1968,

This book gives a complere coverage of quantum theory from the trearment of
one-dimensional potenuals through the guantization of the elscrro-
magneric field and che relativistic wave equaton of Dirac, It is an advanced
book, and it assumes a mathematical sophistication thar few firse year
graduate students possess. It is an extremely worchwhile book.
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y_E. Merzhacher, Qwantum Mechanics (second edition) John Wiley and 3cns, Inc.,
1970.

Together with the book by Schiff, this is the standard firse year graduare rextbock,
and deservedly so, The complete range of concepts and phenomena is
treated with economy and taste. The book should be available to the
srudent who has gone through che material in this book.

« D. Park, Imtroduciion to the Quantum Theory, McGraw Hill Co., 1964.

This ertractive book is written on the same level as the present book, Amnong the
topics discussed by Park, and absent in this volume, is the subject of
quantum statistics, which is weared with clariry.

W. Pauli, i Allgemeinen Prinzipien der Wellenmechanik, Handbuch der Physik,
Val. 5/1, Springer Vedag, 1958,

The advanced student who reads German will find in this reprint of a 1930
articl by Pauli 2 concise definitive discussion of quantum mechanics.
Thete are no applications, but all of the important matrers are there,

3 J- L. Powell and B, Crasemann, Quantum Mechanicr, Addison-Wesley Publishing
Co., Inc., 1961,

The streagth of this book is in the painstaking working our of all of the mathe-
matical details of wave mechanics and marrix mechanics. Probably all of
the mathemarical aspects of these subjects thac have been bypassed in our
book can be found here. There is a good discussion of the WEB approxi-
martion end of the general properties of second order differential equarions,
There are relatively few applications, and there are more exercises than

problems,
M. E. Rose, Elemwentary Theory of Angular Momenium, John Wiley & Sons, Inc.,
1937,
An advanced trearment of angular momentum and the many zpplications to
atomic and nuclear physics,
v J- J. Sakurai, Advanced Quantum Mechasics, Addison-Wesley, Inc., 1967,
An excellent book at a level just above Merzbacher and Schiff. For the advanced
student,
A_D. 8. Saxon, Flementary Quantams Mechanics, Holden-Day, San Francisco, 1968,

This book is on the same leve! as the present one, and it is a vseful reference,
since the selection of topics is just a little different, as is the emphasis and
the choice of applications. The book coatains an excellent set of problems.

L. I Schiff, Quanmm Mechanics (third edition), McGraw-Hill Book Co., 1968

This is one of the standard first pear graduare textbooks. It is perhaps a lirte o
compact, and thus most suitable for the well-prepared student. The level

of machematical sophistication assumed is above that of the reader of the
present book,

D. ter Haar, Selecied Problems fn Quantum Mechanics, Academic Press, Inc.,, New
York, 1964,
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Both the student and the teacher will find this a very useful volume. Most of the
problems are on the level of this book. There ate a few other books worth
listing as part of the general reference list. These are books that deal in
detail with some of the topics that are touched on illustratively in this
vilume.

B. L. Cohen, Conceprs of Nuclear Physer, McGraw-Hill Book Co., 1972 (for
auclear physics).

C. Kireel, Introduction to Selid Stase Physies (fourth edivion), John Wiley & Sons,
Inc., New Yaork, 1971 (for solid-stare physics).

E. Segte, Mucler and Particles, W. A. Benjamin, Inc., New York, 1964, (far
experimental aspects of ouclear and parricle physics).

D. H. Perkins, Iriroduction to High Emergy Physics, Addison-Welsley Publishing
Co., 1972,

M. Abmmowitz and L. A. Seegun (Eds.), Handbook of Mathematical Functions,
Mational Bureau of Standards, 1064

W. Magnus and F. Oberhetinger, Formular and Theorems for the Special Functions
of Mathematical Physics, Chelsca Publishing Co., New York, 1949

A, Erdelyi, W, Magnus, F. Oberhettinger, and F. G. Tricomi (Eds.), Higher
Transcendertal Punctions (The Bateman Project), Volumes 1, 2, and 3,
McGraw-Hill Book Co., New Yaork, 1953,

I. 5. Gradshteyn and 1. M, Rychik, Tabler of Integrads, Serier and Products, Aca-
demic Press, New Yok, 1965,






physicaf constants’

Ny {Avogadro's number) = G.022169(40) X 10% mole?
2.9979250(10) = 10" cm sec!
4.803250(21) X 1010 esy
1.6021917{70) ¥ 107" coulomb
LGOZ1917(70) X 107 erg
G.382183(22) ¥ 107 MeV sec
1.0545919(80) > 107 erg sec
1/137.03602(21)

1.380622(39) > 1076 erg K
9.109%38(34) X 107* gm
03110041 (16) MeV /¢
938,2592(52) MeV /2

¢ {velocity of light)

¢ (elecrron charge)

1 MeV
% (Planck constant/2«)

o (fine structure constant #/fic)
£ {Boltzmann constant)
m, (electron mass)

¥

my (proton mass)

o v, = 1836.109(11)
1 ama (1712 3 mon) = 931.4812(52) MeV /2
ay = (i) mca) = (.52917715(81) ¥ 107* cm

R (= mala?/2)
& (gravimrional constant)

13.605826(45) eV = 1 Rydberg
6.6732(31) X 107% cm® g™ sec™?

eh
Bhobe [Bohr magneton) = P 0.5788381(18) > 107" MeV gauss
W

' Compiled by Smnley J. Brodsky, as presedted in Resiver of Madern Physicr, 43,(2),
Parc I1. The figures in parentheses coerespond to the satistical uncertaingy {one standard
deviation) in the lese digics of the main number.
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index

Absorption, of radiation in matter, 409
in scattering, 384

Absorptivity, 1

Addition, of angulsr momenta, 243
-ul‘;ﬁn and orbital angalar momentum,

of toro spins, 243
Adiahatic theorem (problem), 361
Aharanov-Bohm effect, 221
Alpha decay, 39
Angular momentom, 167
eommutation relations, 159, 232
condition in Bohr atom, L3
consarvation, 158
sigenfunctions, 175
eigenvalue problem, 16%, 171
matrices, 229
Analog states, 431
Annihilation of antiprotons, 418
Antibaryons, 427
Antiparticies, 423
Associated production, 438
Atomic structure, 299
shell ture, 303
periodic table, 307
Autoionization, 235
Averaging over initial states, 357, 360, 374

Band structare, 100
Barrier penetration, 85, 471
Barvon mumber, 428
Besse] functions, 225
spherical, 182
Beta decay, 450
Black body radiation, 1
energy density, 2, 5, 375
Black disc scattering, 385
Bohr atomic model, 14
Bohr orbits, 18, 36, 39
Bohi correspondence principle, 19
Boltzmann factor, 375
Boltzmann probability distribution, 6, 322
Bond number, 333
Born epproximation, 397

for Cqulomb scattering, 399
limitations, 400
Born-Oppenheimer approximation, 314
Born probability interpretation, 46
Bcse Eingtein statistics, 148
Bosons, 148
Bound states in potential well, 80, 185
Box potential, 60, 151, 162, 187
Bragg conditions, 13, 100, 404
Breit-Wigner formula, 392
Bremsstrahlurng, 419
Building-up principle, 303

Center of mass motion, 145, 156
Circular arbits in hydrogen atom, 200
Classical limit, squations of motion, 120
motion of electron in magnetic feld, 217
(lassification of molecular orbitals, 321
Coherent scattering by crystal, 403
Cold emission, 87
Collisicn broadening of spectral lines, 366
Collision theory, 379
Cominutation relations, 459
for p and x, 51, 141
for angular momentam, 159, 171
Complete s of commuting observables,
119
Complete szt of eigenfunctions, 63, 114,
1T 13
Compton effect, 10
Klzin-Nishinag formuls, 417
rolé in absorption of radiztion, 416
Compton, wavelength, L2
Conservation, of angular momentum, 156
of momentarm, 142
of pazity, 67, 450
of probability, 47
Comnstant of the metion, 67, 121
Cormespondence principle, 19
electron motion in magmetic field, 216
intensity of dipole adiation, 358
normalization of vector potencial, 344
Cross section, differential, 380
with ahsorption, 384
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for black disc, 385
fior identical particles, 402
optical theorem, 384
photoelestric effect, 413
yelativistic invariance, 463
in terms of bound state energy, 394
in terms of phase shifts, 363
total, 385
totzl elastic, 383
Cylindrical coordinates, 215

Davisson-Germer diffraction experiment, 13
D Broglie wavelength relation, 13
Debye frequency, 371
Degeneracy, 10, 375
for central potentials, 176
for Coulomb potential, 198
lifting in atoms, 302
Degenerate eigenfunctions, 118
Degenerate perturbation theory, 258
Stark effect, 263
in matrix languags, 265
Delta function potential, 77, 93
Density of staies, see Phase space
Detailed balance principle, 375
Driciee-Witlke cage, 21, 170
Differential operators for angular me-
mentum, 168
Differential scaltering croas section, 360,
3832, 399
Dirac Delta function, 68, 491
Dirac notation, 113
Dispersion, 119
Dappler broadening, 367
Pouble slit experiment 20, 35
Dulong-Petit law of specific heats, &

Effective range formula, 394
Ehrenfest thearem of classical limit, 122
Eigenfunctions, 59

Eigemvalue equation, 38
for infinite box, 60
for Ly, 169
in matrix form, 231
Einstein equivalence principle, 37, 466
Einstein mode] of kttice, 371
Einstein phatoslectric effect formula, 7
Electric dipole moment, 260, 338
Electric dipole approximation, 352
selection rules, 354
transition rate for 2P -— 18, 357
Electyic guadrupole transitions, 354
Electron in constant magnetic field,
Sehtrodinger equation in cylindrical
coordinates, 215

coordinates, 215

classical motion, 217

correspondence limit, 218
Electromagnetic energy density, 344
Elementary particles, 423
Emissive power, 1

operator, sz Hamiltonian

Energy shift, first order, 256

helium ground state, 286

helium excited states, 289

second arder, 257, 477
Eotvos experiments, ree Einstsin equivalence

principle

Equilibrium conditions in cavity, 374
Fquipartition of enegy, 4
Equivalencs principhe, see Einstein
Exchange effect in helium, 289
Fxchange operator, 147
Expansion postulate, 62, 112
Expectation vaiues, 48

for 7k in hydrogen, 206
Exponential decay rte, 365, 477

Fermi-Dirac statistics, 148
Fermi energy, 87, 152, 163
Fermions, 148
Feynman-Hellmann theorem (problem),
07
Fine structure constant, 17
Flux, 47, 70, 183
Flux conservation in radial equation, 184
Four-vectors, 461
Fourier integral, 27, 490
Fourier series, 489
Fowler-Nordheim formula, 87
Free particles, 67
Schrodinger equation, 45
radial equation, 181

Gang:lgmm of Schodinger equation,
Gauge traniformations, 210
Gedankenexperiment, 20
GollMann-Ne'eman unitary symmetry, 442
Gel-Mann-Nishijima strangencss theory, 439
Gell-Mann-Okubo mags formula, 449
GelbMann-Pais prediction of £, . 454
Gell-Mann-Zweig quark model, 446

Golden Rule for transition rate, 350
Gravitationz) deflection of light, 467
Gravitationzl frequency shift, 37, 373, 467
Ground state, &1, 130

Group velocity, 31

Gyromagnetic ratio for electron, 235

Hamiltonian, 53




far atom, 299

for electron in external Held, 211, 342
Harmondc oscillator, 101, 127

operalor methods, 127

eigenfunctions, 133

matrix form, 228
Hartree self-consistent method, 300
Hﬁngng uncertainty relations, 33, 36,

1
Heisenberg piciure, 135
Heisenberg explanation of ferromagnetism,
bl ]|

Heitler-London method for molecules, 329
Helium atom, 283, 303

exchange interaction, 289

first order Jevel shifts, 286

inflaence of spin, 256, 249
Hermitian conjugate operator, 115
Hermitian operatars, 52, 114, 495
Hund’s Rules, 291, 304
Hybrid orbitals, 336
Hydrogen atom, Bohr model, 12

radial equation, 195

relativistic effects, 271

spectrum, 197

spin-orbit coupling, 274
Hydrogen molecale, 316, 323, 327
Hypercharge, 441
Hypedine structure, 277

Ideéntical particles, 146, 250
scattering, 401
Induced absorption and emission, 373
Inelastic collisions, 384
Infinite box, see Particle in box
Intensity of speciral lines in molecules, 321
Intensity of dipole radiation, 358
Intensity and spin, 358
Inteanal conversion (problem), 362
Interpretation of wave function, 46
htﬂtp:;tltiun of expansion coefficients, 64,
11
Invariance under discrete displicements, B9
displacements, 143
particle-antiparticle conjugation, 425
robations, 157
wflections, see Parity
Isotopic spin, 429
conservation, 434
multiplets, 431

K* — K° system, 454

régencration, 455
Kirchho!T laws of thermal radiation, 1, 2
Krondg-Penney model, 98

Index 11

Lagrange multiplier in variational principle,
300

Laguetre polynomials, 199
Lambda particle discovery, 436
Larmor frequency, 213
Laser, 376
Les-Yang on parity nonconservation, 451
Legendre polynomials, 175, 176, 206
Levinson theorsm, 393
Lifetime, 365, 473
Line widih, 365, 478

collision broadening, 366

Doppler broadening, 367

recail ghift, 368
Linzar operators, 58, 114, 495
Larentr force, 211, 223
Lorentz invariants, 451
Lorentrian line shape, 366, 478

Magic numbers, 158
Magnetic dipole moment, 235
of spin, 235
Magnetic dipole transitions, 355
Magnetic flux quantization, 220
Mass absorption coefficient, 415
Mass formula for barvons and mesons, 449
Matrices, 229
Matrix products, 228
Matrix representation of operators, 229, 230
Maxwell's equations, 209
Mean fres path, 411
Meissner effect, 221
Meeon theory of nuclear forces, see Yukawa
Miller indices of Brapz planes, 405
Molecules, 313
clagification of states, 321
electronic energies, 316
orhitals, 328, 332
one-dimensional model, 93
specific heats, 322
structurs, 327
types of motion, 314
Momentum operator, 49, 142
hermiticity, 52
eigenfunctions, £7
Momentum conservation, 142, 143
of photon, 10
space wave function, 50
Mossbauer effect, 368

N-particle system, 141
Hamilionian, 141

Keutring, 450

Heutron-proton scatiering, 395
potential spin dependence, 396



512 Index

MNormalization of momentum cigen-
functions, 68

Normalization of cigenfunctions, 112

Nodesconnection with energy, 62

Nucleon isotopic spin, 430

Observables, 119
Owperators, 51, 58
hermitian, 52, 495
livear, 58, 495
raising and lowering, 130, 171
methods far ela;mva.luc prohlems, 127
, thearem, 3

Dtbiblls\ 291, 328

Drﬂmclmmuhlr conditions, 61, 112, 496
Orthohelium, 292

Owerlap integral, 318

Pair production, 418
showers, 419
Paired electrons and bonding, 331
s:ligmpmd of associated production, 438
iccioni regeneration experiment, 455
Parahelium, 292 > -
Paramagnetic resonance, 237
Parity, 65, 67
nonconservation in weak interactions,
450,453
of pion, 251
selection rules, 354
Pawseval’s theorem, 50
Paxtial wave scattering amplitude, 351, 384
Particle in box, &0
ﬂg:nmhl:loll, 61
in thres dimensions, 162, 187
Pauli exclusion principle, 148, 150
Pauli principle, effect on molecular spectral
intensities, 321
and isotopic spin, 430
and t'l'o-lp{nur states, 250, 251
Pauli spin matrices, 232
Penetration of wave functions, T8
Periodic wave functions, 52, 99, 348
Periodic potentials, 98
Periodic table, 307
Permanent dipole moment, 260
Perturbation theory, I‘.'nlenlahun of nuclear
foree from meson exchange, 483
Perturbation theory, convesgence, 266
degenerate, 258
first order shift, 256
second order shift, 257, 477
second order matrix element, 417
time dependent, 341
time independent, 255
Phage shift for radial solution, 184

at resonance, 389
for square weldl, 189, 389
at threshold, 389
Phase shift expansion of scattering amplitude,
333, 388
Phase space, 348
for many particle state, 350
Phase of wave function, 46
Fhonens, 372
Photans, 10
Photon momentam, 10
absorption and emisson, 342, 345
Photodisintegration of deuteron, 155
Photoelectric effect, 8
angular dependence 415
cross section, 413
energy dependence, 414
matrix element, 410
Pigns (pimesons), 251, 428, 485
Manck constant, 5, 16
PManck radiation formula, 5
derivation, 373
PMane wave expressed in spherical harmonics,
191
Polarizability, 262
Polatization of photon, 345
summed over, 357
Population inversion, 377
Position operator, 133
eigenstates, and the interpretation of wave
function, 133
Pogitron, 417, 423
Pogilrondum, 425
annihilation rate, 426
charge comjugation, 426
Potential barrier, 84
Potential scattering and phase shift, 154,
189, 380, 389, 390
Pumm’.l scattening in Born approximation,
397, 401
Potential step, 75
Potential well, 78
bound states, 80
oddd parity bound state conditions, 83
Precession of spin, 235
Probability conservation, 47
Pmt:;uhnr interpretation of wave function,

.

Probability interpretation of expansion co-
efficients, 64, see Expansion postulate
Propagation of wave packets, 30

Qumjzzmu of angular momentam, 15, 17,

Quuantization of ﬂmmnc field, 343
Quantwm of radiation, T




Quantum electrodynamic form of vector
potental, 345
Quark model, 446
compasition of mesons, 447
composition af baryons, 448
hizss splittings, 449

Radial equation, 161, 176, 179
regular and irregolar solations, 180
asymptotic solution, 184
solution for hydrogen, 199
plots of solutions, 201-205
Radiation of atoms, 341
Radiation leogth, 419
Radiative transitions, matrix element, 351
IF —= 15 rate, 366
Raising operators, 131, 171
Ramzaver-Townsend effect, 30
Range of nuclear foroes and meson mass,
4Rd4
Rare earths, 306
Bayleigh-Jeans black body radiation law, 4
Reality of expectation values, 52
Recoilless emdssion (Mossbaver effect], 369
Reduced mass, 145, 157
effect cm spectrum, 197
Reflection by potential step, 76
Relativistic corrections 1o hydrogen
spectrum, 271
Relativistic kinematics, 461
Relativistic transformation between lab and
center of mass frames, 462
Resomance emergy, relation to position of
energy levels, 390
Resonani scatiering, 389
Breit-Wigner formula, 392
Resonant states in Helium, 295; see also
Autoionization
Resonant states in particle physics, 432
Riemann-Lesbegue lemma, 362
Ritz variational principle, 292, 299, 31§
Rotational motion of molecules, 316
knu;‘]mu states and the Pauli principle,
I
Rotator, eigenvalue equation, 170
with identical particles, 170
Rutherford, planetary model, 14
2048 section for Coulomb scattering, 400

§ wave scaltering, 392
relation befween amplitude and bound
state position, 393
Scalar product, 113
Scatiering by crystal, 403
Scattering of identical particles, 401
Scatuering length, 394, 396
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Sﬁlt&m wAtriX in one dimension (problem),
1
Scattering, spin dependence, 395
Schrodinger equation, 32
free particle, 45
cylindrical coordinates, 215
initial conditions, 45
for N particles, 141
particle in potential, 53
separation of center of mass motion, 155
separation of angular coordinates, 161
separation of time dependence, 57
in three dimensions, 155
time dependent, 57
time independent, 57
Schrodinger ploture, 135
Schwartz inequality (problem), 123
Screened Coulomb potential, 399
Screening of nuclear charge, 269, 292
Selection mles, 261, 309
for orbital angular momentum, 353
for parity change, 354
for spin change, 354
for zcomponsnt of angular momentam,
353
role in Zseman effect, 213
zZero-2ero transitions, 356
Shadow scattering, 386
Shell mode] of nucleus, 188
Simultanecus eigenfunctions, 65, 71, 117
conditions on operators, 119
Singlet state, behavior under particle ex-
250

Slater determinant, 149, 302
Sommerfeld-Wilson quantieation rule, 19
Specific heats of molecules, 322
vibrational effects, 324
Spectrum of hydrogen, 17, 197
medifications, 274
Spectrum of helium, 285
Spectrum of momentum operator, 68
Spectrum in particle physics, 439
Spherical Bessel functions, 182
zeros, 187
Spherical Hankel functions, 182
Spherical harmonics, 175
Spherical symmetry of closed ghells, 303

_ Spherical waves, 183

and outgoing flux, 154, 380
Spin % operators, 232
:ﬁd component a}pncwuu- vahues, 235
in-dependence of scatiering lengths, 396
Spin-dependent potentials, 246, 395, 401
Spin-dependence of helium spectrum, 290
Spin ag.? in deuteron photodisintegration,
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Spin and Intensity rules, 358
Spin matrices, 232
Spin-orbit coupling, 272, 304
Spin singlet wave functions, 244
Spin precession in magnetic field, 236
Spin-statistics connection, 148
Spin triplet wave function, 244
Spinors, 233
Spreading of wave packet, 31
Square well, 78
bound states, 185
deep potential limit, 186
resonant scatiering, 390
§ wave, 186, 392
in three dimensions, 188, 169
Eqummmﬂsrmwm-m 111
Stark effect, 259
convergence of perturbation series, 266
for n = 2 states, 263
and parity, 260
second order, 261
& tefan-Bolizmann law, &
Strange particle production and decays, 437
Strangeness, 436, 440
Sum rules, 263, 268
Superconducting gap, 89
Superposition of waves, see Wave packels
Symmetry of Hamiltonian, 66

Thomas precession effect, 272
Thor;u-nmh-' Kuhn sum rols (problem),
8

Time dependence of expectation values, 120
Time dependence of operators, 133
Time dependence of wave functions, 53
Time development of gystems, 134
Time development of decaying state, 473
Time-encrgy uncertainty relation, 16, 366
Transition rate, 347

relation to lifetime, 365
Transmission cosificient for square well,

76

Transmission cocfficient in WK approxi-
muation, &6

Triplet state, behavior under particle ex-
change, 250

Tunneling, 85, 86

Two-particle system, 144

Two-slit experiment, 20, 34

Uncertainty relations, 33, 62
dispersion, 11%
use for estimates, 39
general proof, 457
in infinite box, 62
nuclear recoil in Mossbausr effect, 372
shadow scattering, 386
Unitary symmeiry, 442
octets and decuplets, 443
discovery of 17, 444

Valence bonds, 319
Variational principls, foz atoms, 299
for helium, 292
for molecules, 318, 128
WVector potential, 209
for constant magnetic field, 211
Vector potentisl for emission and absorplion
of photons, 343
Vector spaces, 113
Viral theorem (problem), 208

Water molecule, 336, 337
Wave cquation, see Schrodinger equation
Wave mechanics, peneral strocture, 111
Ware packets, 27, 69

gaussian, 28

limitations on width, 18

and non-normalizable states, 69

propagation, 30

in scattering, 379

spreading, 31
Wave-particle duality, 20
Wenzel-KramersBrillowin (WKRB) approxi-

mation, 85, 469

Wien law for black body radiation, 2
Work function, B, &7

Yukawa theory of nuclear forces, 35, 481
Yukawa form of nuclear potential, 434

Zeeman effect, normal, 213
anomalous, 275
far strong felds, 277

Zero-point energy, 103

Zero-rero transition selection rule, 356




