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With the aim of high-order calculations, a new recursive solution for the degenerate Rayleigh-Schridinger
perturbation-theory wave function and energy has been derived. The final formulas,

X& = RCTEL RS -,

E™*0 = OC5710) + OB [y =1-4n,

which involve new Hamiltonian-related operators 3007 +*! and 37 **!, strongly resemble the standard

nondegenerate recursive formulas. As an illustration, the perturbed energy coefficients for the 15-34, states of
hydrogen in the Zeeman effect have been calculated recursively through &7th order in the square of the magnetic
field. Our treatment is compared with that of Hirschfelder and Certain [J. Chem. Phys, 60, 1118 [1974]), and some

relative advantages of each are pointed out.

L. INTRODUCTION

Despite much work,'™ degenerate Rayleigh-
Schridinger perturbation theory (RSPT) is still
an intimidating subject. As elementary a problem
as the Zeeman effect in hydrogen requires degen-
erate perturbation theory for excited states.® It is
our purpose here to give a new recursive solution
of degenevate RSPT, whose formal structure is
almost as simple as for nondegenerate RSPT, and
then to apply it to the Zeeman effect (in a slightly
nonstandard way—uvide infra).

The general degenerate problem appears to have
been treated first by Hirschfelder,? who developed
recursion formulas for operators used to generate
the wave function ¢ and energy E from the unper-
turbed wave function. Earlier general treatments,
particularly by Bloch” and Kato,® did not obtain
true RSPT series for ¢ and E. Silverstone® de-
veloped explicit formulas for ¢ and E of the Huby®-
Brueckner!'® type and Silverstone and Holloway*
developed explicit formulas using Lagrange's
formula.'* These treatments have resolved the
special difficulties of degenerate RSPT—deter-
mination of the “correct" zeroth-order functions
and determination of the components of § in the
originally degenerate subspace. They are nicely
suited for discussing the low orders of perturbation
theory, but they are less suited for high-order
caleulations, which in turn are of great interest
because of recent analytical and experimental work
connected with the Stark and Zeeman effects.®r12=17

A few years ago Hirschfelder and Certain® de-
veloped a recursive solution for degenerate RSPT
suitable for high-order calculations. The new
recursive solution given here differs significantly
in the organization of the calculation and in the
final working equations. The main difference is

]

that the Hirschfelder-Certain solution obtains all
information consistent with a given order of the
perturbed Schridinger equation, whereas the pres-
ent solution extracts information from higher
orders of the Schridinger equation to obtain the
entive wave function to a given order. The two
methods are compared in Sec. III.

The standard recursive solution of nondegenerate
REPT expresses the perturbed energy and wave-
function coefficients, E**' and y**', in terms of
lower-order E'™ and ™. In Sec. Il we develop
similar formulas for the degenerale case that are
the natural genevalization of the nondegenerate
formulas. Along the way, new operators of the
nature of effective Hamiltonians are introduced.

In Sec. IV we apply the new formulag to the Zeeman
effect in hydrogen. The application parallels that
of Refs. 6 and 12 similarly uses 30 (4, 2) to com-
pute matrix elements.'®* The treatment here is,
however, interestingly different in that it has been
cast as an eigenvalue problem for the perturbed
principal quantum number.

Il. DEGENERATE RAYLEIGH-SCHRODINGER
PERTURBATION THEORY
A. Preliminaries

By RSPT, we mean that ¢, E, and the Hamilton-
ian H are all expanded in a power series in a per-
turbation parameter A:

H= E ANH"”; E= EANEIH}; #I=Z}‘qur. X
K=n Ne=g N=0

(1)
Following Hirschfelder,® we denote H - E by H:
E"ﬂ =H{I’F __._El.ﬂ'! . m]
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We denote the unperturbed eigenfunctions and en-
ergies by |i) and E:

Hiul|ﬂ=E:ﬂili} ) (3

The state being perturbed is |0}, and we use syn-
onymously x = |0}, E®'=E",

Let the degeneracy of E' be g. We assume that
|0}, |1}, ..., |g =1) are the “correct” zeroth-order
eigenfunctions, which means that they satisfy a
nested sequence of diagonalization conditions®?
that we discuss briefly in Sec. IIC 4.

The |i} can be classified according to the order
in which they first split off from |'0}, The states
not degenerate with |0} form class C,={|g), |[g+1},
...}, The states that split off from [0} in first
order constitute class C,, and so forth, up to the
class C,, after which no degeneracy remains
{unless because of symmetry). (We assume that,
apart from symmetry, E is a nondegenerate level
of H.) The state |-CI} is in a class by itself. The
g = 1other "correct” zeroth-order degenerate eigen-
functions comprise the classes C,C,,...,C,
(some of which may be empty). For each class,
one can form projection and resolvent operators:

Po= 3 |iXik R0 T ol @
IECy 0, o i
Here E'®! is the gth-order energy coefficient for
state i. Note that 1=P +P, +-++ +P_+ |0)(0].

Each x'* can be decomposed into components
belonging to the classes C

P.'“’=xuw]"'h“] graw +x:¥},
K =P ™ W>0). ®
We use “intermediate” normalization: (0 [x""")
= al"ﬂ'
B. Fundamental RSPT equation for x'")
The Schriddinger equation, Hy =0, yields the
fundamental RSPT equation for y‘¥:
N1
i TINCES E Rustry ween (6)
B

In the nondegenevate case, the fundamental RSPT
equation yields the standard recursion formulas
for E'"" and y %

=R
EY = (0 [ |0) + i: (O [F4em |y iw-1-my | (7
k=0
H=1
"= g E FUrsy W=k (nondegenerate case),
=0
(a)

by which E*' and X" are expressed in terms
of lower-order E™ and x®' (k<N -1). In the
degenerate case, Eq. (7) is still valid but Eq, (8)

is not. We seek generalizations for both Egs. (7)
and (8), valid for the degenerate case.

C. Method for solving the fundamental RSPT equation
in the degenerate case

The solution for x'** in the degenerate case is
less direct. Since B™'P_=§_H“P,, the compo-
nents x4y W pe vu 4 oI drop out from the left-
hand side of Eq. (6), leaving only y¥:

N1

—H""’x,;“= Eﬂuanxw—pt} , (9)
[
=1

X =R g E""“x"“'" . (10)

The fundamental RSPT Eq. (6) determines ' but
not (", .. e

Buried in Eq. (6), however is the determination
of g -1, yI¥-2) .. . The subject of this subsection
is how to extract formulas for the x'¥=* from Eq.
(6). The basic procedure involves taking the P,
projection of Eq. (6), which uncovers a ;{L’"‘", and
substituting inductively obtained formulas for
¥, e L, ™ to get y¥-*) expressed
entirely in terms of y'*! with b= N- a-1. Along
the way, certain Hamiltonian- related operators
are introduced, some of which determine the
“correct” zeroth-order eigenfunctions.

1. Determination of x* !
The determination of ¥/*-'! from Eq. (6) provides
a six-step paradigm. Step 1 is to multiply Eqg. (6)
by 2.7 P+ [0}{0| and to isolate the ! term:

¥
0= (Z P+ p}{uD];m{x;x-u*_xlw-n I +,_.:ar-n_],
1

N=3

+ ( 3. B+ |oXo0 ])E RBlashy a-n (11)
1 []

Step? is to use a “correct”-zeroth-order-funetion
condition: that B“’ should be diagonal within the
degenerate subspace. The form taken here is that

(f; P+ j0)0 1)1:*1*?: P,
=($ P+ |{:-}{l:li)H‘”P,+P,H‘“Pl s (12)

all other terms vanish. Thus Eqg. (11) only in-
volves x¥1), ¥ and lower-order x® (k< N
-2)

0=PHO M) 4 ($ P, +oXo |)

e (meg»n ¥ E Hufi:xur-q-u) . {13)
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Step 3 is to use the “N - 1" version of Eg. (10) for
x4 in Eq. (13):

¥
—p RO = (3 P, + 1000
1
N=3
HE mmn +HllIHmIHi1#l!}xin-H .
1]

(14)

To make Eq. (14) look more like Egq. (9), in step
4 we define the Hamiltonian-related operators
JCED and T80,

x;sul = @k o 0 g Vi k= 0) . {15'}
R0 =ge 2 - East (16)
=B, meiw-l . (i P+ |-Cll}{ﬂ I) ﬁ Eguonxw-a-ﬂ X
1 o
(17)

Steps & and 6 are to take the P, and FI} components
of Eq. (17) to get a formula for /¥ that resem-
bles Eq. (8) and a formula for E'¥? that is a gener-
alization of Eg. (7):

x:.ﬂ'-l! =R "1} im;ﬁ*llxilﬂ-lF , tla}
N=3

E™={0 bcé!ﬂ p} + (u E j:zuol-:t xu—:—u? G 1))
o

2. Remarks on the determination of x{¥-2

To determine x,**', one follows the same six
steps that led to x/*"" with three main adaptations:
{i) Use the projection operator (23," P_+ [0}{0) on
Eg. (17) for step 1. (ii) In step 2 the second-order
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takes the form
($ P+ 00 DRF’Z:: P,

= (E P+ |0)0 M,“’{P¢+P_} +P 2P, (20)
2

rather than Eq. (12). (iii) In step 3, in the analog
of Eq. (13), it is necessary to substitute the “N-2"
version of Eq. (10) for x ¥ and the N- 2 version
of Eq. (18) for y/¥-¥.
3. Inductive equarions for the determination of xf"""

After application of the six steps o— 1 times,
one obtains formulas for y ¥, 11 INe
Xt and o - 1 new formulas for EY', In eac
case the formulas for X! and E'™! involve only
{total) x™ withk = N — @ = 1, The next time through,
one obtains for X ¥~ the following intermediate equa-
tions analogous to Eqs. (11)=(17) in the y/¥' case:
in step 1,

¥
0= (E P+ |l1a{oi)m;'=x*~'ﬂ
Ur N=g-1
+ (E P_+ p}{ul) E m::nhnxur-uﬂ-n :
o a
(21)
in step 2,

(57 b0)R2 32,
- ($ P, +[0)Xo0 |)m;n§“:ﬁ+p.ﬂ wp @2)

“eorrect” -zgeroth-order-eigenfunction condition and
i
¥ o=1 N=o=1
0=PR ;" + (E P+ [0)0 l)(m" 2 2 St:E""““:n:”""“"“’) ; (23)
o [] o
in step 3,
¥ N=o=1 1 P
—PJC 2y (N-0) = (Z: P+ )0 |) g (R:mm + R ;R""’Eﬂ;““) y Ao (24)
a 0

in step 4 (here JC R =Ry,
5{-;:;1“} ‘__R:m.ld}
@=1
+Rf=§m-==:m feen k=0), (25)

Rﬂ;"'”=&¢:;""- Ehﬂu} . {26]

and

k4 Neg-i

~P R oy 001 = (2 P+ io |) i T fasieaty (H-o-1-k)
= [T

27

I

In steps 5 and 6, the P, and |0) components of Eq.
(27) yield y'*-* and E'¥" in terms involving only
lower-order " (k =N- o=1). These equations
are the generalizations of Eqgs. (8) and (7):

MN=g=
x:ﬂ'-:r] = g =01 Z':j R::lu]xu’-«?-l-l} \ (28)
k=n

E'”T—‘:ﬂ'bﬁﬂ’ loy

N-g-2
+<n 2, R x'f‘*ﬂ**}) : (29)
k=0
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4. Comments on the determination of the “correct™
zeroth-order functions and on the J*t

In a practical calculation one usually starts not
with the “correct” zeroth-order functions { |0},
|1),..., |g=1)}, but with arbitrary linear com-
binations of them. As discussed in many elemen-
tary texts, a condition satisfied by, and used to
determine the “correct” zeroth-order functions is
that the g *g submatrix of H™' be diagonal:

(ifg® [y =0,E" (0=isg-1, 0=j<g-1).
(30)

The states for which E;''# E}'! constitute class C,.
[Note that if E'=E!+ E/", the condition (30) does
does not separate unambiguously |i) from |f}, but
none of the perturbation formulas for state 0 re-
quire such a distinction.] If there are states for
which E!*=E}, that is, the degeneracy with E'
is not removed completely in first order, then

the operator H®'+ HY'R®IHY must be diagonalized
over the remaining states:

{iibtﬂ! _i_Hii]Rh}Hullj}

zﬁ,”EFI {t'ig--l,jig—l,iécl,jefc]}_
(31)
Those states for which E®'# E*! constitute class

C,.

|iIf degeneracy with state 0 remains after second
order, it is necessary to diagonalize third- or
higher-order operators over the remaining states.
The general situation was discussed by Hirsch-
felder,® Silverstone,” and Hirschfelder and Cer-
tain.®

For the reader not familiar with those papers,
we make the following remark: Eguations (12) and
(22) are consistency requirements necessary to
make the equations solvable; their resolution is
the system of matrix eigenvalue equations that
determine the “correct” |i):

(e | =6,Ef? (0<i<g-1,0<j<g-1;
i, JEC,,CaprvyCoy) - (32)
(Note that
x'giﬂ =H@ 4 g R @Iy
+{E Q IH w’EHT_E{I :IR WIHHT_HU IR [ﬂIEH!}
#H“'+H{”R"”H'” ,

which appears in elementary texts, but that the
braced terms are identically zero in the subspace
spanned by [0) and C,,C,,...,C,.) One detail,
however, is missing: that the i)™ are Hermitian.
It is not trivial to prove Hermiticity from the re-
cursive definition, Eqs. (1), (2), (15), (18), (25),
and (26). Indeed, the i™* (k >0) are in general

nof Hermitian (e.g., 3£ *’). However, it is not too
difficult to show that 51! (here) =@/} of Hirsch-
felder,® which is closely related to 3" of Silver-
stone,® and @) and 3¢ “" are known to be Hermi-
tian 3+

D. Summary of formulas of the recursive solution

In a practical calculation the order of formulas
is important. E"“ must be calculated before x'?,
because E™' appears in the formula for y*'. In
summarizing in this subsection gll formulas
needed in practice, we shift the indices in the
xi¥-*) and E' formulas (18), (19), (28), and (29)
to be more in line with computational sequence:

3{'}:"” = ff ek , {33}
a=1
3¢ Saee) = 5 o) 4 5 ) ,E RV Beish)
=0

(e=1,k=0) (34)
(c=0,k=0) (35)
{i'ﬁg_l lj'ﬂg-l ¥

TElaeel) _ psbel) a1}
:Eh'-l = ‘}cnl -E

{:’b".':" i) =5|.-E:”

both 1,7 £ Cy,Car- - -+ Cosy) 4
(36)
o - 1)l
R*= 3~y (37)
2 o i
N=
x:NI=Rl-¢I E.{::]ol}xliﬂ-l—ll \ {aa]

=0
EW =0 et 0+ (0

Zimunlxw—m:) . (39)

We emphasize again the similar structure of Eqs.
(38) and (39) of the degenerate case and Eqs. (8)
and (7) of the nondegenerate case,

One additional energy formula we have found
to be most useful is due to Hirschfelder® and is
valid both in the nondegenerate and degenerate
case (with intermediate normalization):

Etﬂﬂl}:{ﬂ lﬂuomnm

F 4
+ EE (W |gU-rr-mn iy (g0)

=0 k=0
(ol ,0)

If ¥ has been determined up to some maximum
order, say N, then Eq. (40) permits calculation of
E"™ through order 2N +1,

L. COMPARISON WITH HIRSCHFELDER AND
CERTAIN'S RECURSIVE WAVE-FUNCTION SCHEME

In this section we characterize the differences with
Hirschfelder and Certain’s recursive wave-function
solution,” The primary foeus in the recursive
scheme developed by Hirschfelder and Certain is
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the AMh-order fundamental RSPT egquafion. From
the Nth- and lower-order equations, only par! of
x'*" can be determined (as discussed in Sec. IIC)—
and similarly for ™', W2 .., y"W™ The
¥ is the Mgheal—umtlr wave function that is
completely determined at the Mh-order equation.
Hirschielder and Certain’s basic vecursive unil

is that part of ¥ which is determined by the
RSPT equations 1 through N: ¢{¥}, in their nota-
tion, Explicit in the notation [N] is that the “cor-
rect” zeroth-order functions are not completely
determined unless N = ¥, but we do not need to
elaborate on that aspect here, When M- N= vy,
the ¢ ¥} is the exact y'"":

Iu”_ 'It]l',llﬂ‘-!.]- . {41}

When M - N«:-y, di " -

In contrast, the main fcn:uu of our recursive
scheme is the Nth-order wave function x'%'. All
additional information needed from equations N+1,
N+2,..., N+v, to completely specify x'V' is
built into the operators & **. Proliferation of
intermediate, incomplete wave-function-like quan-
tities is avoided at the expense of proliferation
of Hamiltonian-like guantities. Thus the philos-
ophy of organization is completely different.

A secondary feature of the Hirschfelder-Certain
formulation concerns R'': R'™ appears only at the
extreme left of an expression, which is especially
convenient if the expression is to be evaluated by
solving an inhomogeneous differential equation
rather than by using an explicit formula [such as
Eq. (37)] for R'. In contrast, R'"'s here are
embedded in the 3¢ ***. The present formalism
is best suited for explicit R as in the Zeeman-
effect example of Sec. IV. The formalism could
be developed into a form directly suitable for a
differential-equation approach to R, but it would
not look so simple as Eqs. (33)-(39), and we do
not do so here.

A third, more subtle difference concerns the
so-called 2N +1 rule [Eq. (40)]. The Hirschielder-
Certain version® involves ¢}, . and &%, (i=d,
k=K). If either J+K-j<yorJ+K-k<y, the
corresponding ¢%' or ¢ is less than the complete
xY? or ' that appears in the original Hirsch-
felder? version used here. But if both J= ¥ and K
= ¥, the sparer version reduces to the original
varsion.

At an operational level, the similarity or dis-
similarity of the two methods depends on the order
¥ in which degeneracy is completely lifted. There
is little difference if ¥=1; our recursive formulas
are

¥ = E X, (42)
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N=1
‘.ﬁim'_"ﬂm' E Hu-ﬂxw—l-n , (43)
o
N=1
K:"" =R E R,‘““'x“'*'” , (44)
o
jt;:-kl = Jptashy | FFdpiovglss (45)

Their recursive formulas are [see Eqs. (141)=
{143) of Ref. 5], partly in our notation,

X' = o= i HRUVAETY (46)
G =y [Eq. (43) above), (47
Al gD, ﬁ Feby -1ty (48)

T

The great similarity in the y=1 case is the con-
sequence of the complete determination of '
from the Nth-order equation.

The organizational difference is more marked
when the degeneracy is lifted in second order: ¥y
=2. Our scheme requires two additional equations:

Nel ‘
hmg;p—::?mgmnxmu-ﬂ , (49)

i;!-nk} =Egl:-k) +:;e;.alﬂwlﬂhtu +ﬁ=ﬂa}ﬂlﬂ rﬁ;au; .
(50)

Their scheme requires instead, the following equa-
tions [Egs. (144)-(148) of Ref. 5, again, with some
liberty taken with their notation]:

X = Ol = Gt RVAG™ S (51)
ORtn = O+ R VAR + BRIRVARTY (52)
=xs" = %" 3 (53)

K-l

¢ﬂ"l _Rﬁlﬁ'ﬂl[pg]:;)_'_ﬂml E ﬁ-[hl}x(.ﬂwi—k: {54}
1

=xgn_ﬂmrﬂtuhwnu : {55}
&UI l W:Hu:-_'_ﬂl-u{H:n +HtllRlﬂlHi1?}]Pz : [53]

N-z
AL"]'”=P1(Hm¢'51,+ﬁm¢ﬂﬁl+ 2 H‘Wlx**-ﬂ‘ﬂ) \
o

(57)
N2
A:mn =P (Humipl.l'-u + Huﬂu m—aak})
) Y iE] ; X
Nz
+p’$g=\r(};u:¢,g—ﬂl+ g Hmuxw-u-n) .
(58)

and a similar equation for AZ®.

The guestion naturally arises as to which method
is more suitable in which situation. As already
mentioned, the Hirschielder-Certain method re-
quires no modification to handle R via inhomo-
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geneous differential equations, while ours does.
When, however, R* enters explicitly, we find
the present method easier to program on a com-
puter, but such a preference is a highly subjective
opinion of the programmers. Computational ef-
ficiency in a specific case might favor one or the
other or even an adaptation where the base unit
would be x!". In practice, we actually use a mix-
ture for the ¥=1 case worked in Sec. IV for the
Zeeman effect. For the ¥ =2 case (such as for the
combined Stark and Zeeman effects), our computer
adaptation is much closer to the present formula-
tion than to Hirschielder and Certain’s. In any
event, both approaches lead to the same end, and
it is not clear that the question of suitability is
well posed.

Hirschfelder and Certain® also discuss the vari-
ational calculation of the ¢{¥},. Similar variational
technigues could be used here. The reader is re-
ferred to their paper® [or the basic outline, as
well as for a discussion of other aspects of de-
generate perturbation theory, including Hirsch-
felder’s original operator solution.®

IV. ZEEMAN EFFECT IN HYDROGEN

The Zeeman effect in excited states of hydrogen
is a familiar, real problem that requires the use
of degenerate RSPT. It is especially useful as an
illustration because the ¥ can be obtained in
simple closed form. Moreover, conservation of
‘m," conservation of parity, and the use of group
theory greatly simplify the technical details. The
Zeeman-effect perturbation series is not converg-
ent but asymptotic; analysis of the dependence of
the energy coefficients on N has been reported in
Refs. 6 and 12.

The Zeeman-effect Hamiltonian, in atomic units
is

il

Ez.u-- —%v‘—_:_"*bi;d- ib”xt"}'.]

=g . (59)
Here € denotes the perturbed energy, b=FB/
(2m3ce®), and B denotes the strength of the uniform
static magnetic field that points in the z direction.
The term linear in b is constant, since [, is con-
served, leading one to define an m-independent
Hamiltonian, h:

R R R e )

SE =€ = b . (61)

Equation (42) shows clearly that $5® is the natural

perturbation parameter rather than b itself.
Direct solution of the RSPT for &k, although feas-

ible, is complicated by the n dependence of the

exponential factors ¢ in the unperturbed hydro-
genic wave functions. In particular, the summa-
tion form (37) for B"" does not truncate in practice
and is not useful. A way around the ™™™ complica-
tion is developed in the next subsection.

A. Reformulation of the hydrogenic Zeeman effect as an
eigenvalue problem for the perturbed principal
quantum number

To remove the 1/n factor from the “orbital ex-
ponent” and give all the radial functions the com-
mon factor ™, we use an energy-dependent scale
transformation with scale factor 5,

1= (C2€)7V2 = (=26 5 g + 2bm)V2 (62)

n is essentially the “perturbed principal guantum
number” (n' =»), and the transformed Egs. (60)
and (61) end up as an elgenvalue equation for 7.
Accordingly, we put »=nr,,, into Henrih-€e+1/%)
=1 and then drop the subscript “new™ to obtain

H==1r9%+ v+ 50 (c® +47) (63)
=— 4y v+ d v+ ar(e® +97) (64)
=q. (65)

Mote the specification of the perturbation param-
eter A,

A=dnth? f (66)

After solving Eqs. (64) and (65) for g(d), it is
necessary to unravel n from the implicit equation,
n=n{zn"*) (and in this respect the treatment here
parallels the earlier solution of the Stark ef-
fect'*17), but such unraveling is a small price
(Sec. IV D) for the simplicity gained in Eq. (64):
namely, that

HO=_Llyvisly, (67)
HY =yp(x® +9%) , (68)
HM=0 (k=2) (69)

that the spectrum of A" is purely discrete, and
that only a few matrix elements of H"™ are non-
zero. We point out that to keep H Hermitian, the
usual Cartesian volume element must be divided
by ¥: dr=vrsinfdrdddd.

B. Unperturbed eigenfunctions, degeneracy and symmetry

The unperturbed eigenfunctions of H® are just
the energy-scaled hydrogenic radial functions
times spherical harmonics ¥7, and the unper-
turbed eigenvalues are just the principal quantum
number n:

HOY =i ntm » (T0)
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Nn =1, (1)
Vorm =Ry (V)Y T(6, @) , (12)
R, (r)=N,r'e"L i (2r) . (73)

We do not have to deal directly with the R, (ex-
pressed here in terms of generalized Laguerre
polynomials L21'}" and normalization constants
N,,) because all necessary matrix elements can
be found in the paper by Bedndr.®”

The degeneracy of n/, is »*. But because m and
parity are conserved, the effective degeneracy is
much lower. For given s, m, and parity, there
is degeneracy [(n - jm |+1)/2] for even-m-even-
parity or odd-m-odd-parity, and there is degen-
eracy [(n~ |m [)/2] for the other two combinations,
where [x] means the largest integer =x. (Note,
n—1 must be = |m ).

The removal of the degeneracy is by diagonaliza-
tion of H" =9(x* +y*). It appears that all degener-
acy (m, m, and parity being fixed) is removed in
first order. (We have checked all cases with n< 20
numerically, but we do not have a general proof.)
The only nonempty classes are C, and C,, and the
solution is & lot simpler than if there were several

Cy

C. A few computational details

In the design of a computer program to solve
the RSPT for n(A), the presence of only C,and C,
and the absence of any terms in 25,H""" with
orders =2 [Eq. (69)], make certain important
practical simplifications. Equation (10) or (38) for
%" becomes (with B™ =-E™ for k= 2)

N-2
X = gl e _ EE“"]R‘HHWL-” . (T4)

For E'™, Eq. (7) [or Eq. (38) with 0=0] is suf-
ficient, and only y ¥!! contributes;

EW) = (0 |4 [ty (75)

For y{, we could use Eq. (18) or (38). But to
save storing the matrices of T 2% we take a
simplified form from Eq. (13) (with N increased
by 1):

1

(4N = 3) 1na¥-2+Le;

=2

X = REvg w0 _ EEmuRl-uxlm-l-n (76)
=0

The matrix elements
(B g e I?’{.‘r’ "'J'"”'#n:-} =w'ufi--,- |Hlll"g|’m}

have been worked out by Bedndr:? using the group
80 (4,2). We note here that only a maximum of
21 Y o e connect directly with ¥, . That is,

(Be gr s [HY [0y ) =0 , unless m=m’ ,
f-1'|=00or2, and pi-n'|=3 .

Thus in using Eq. (37) for R* and for R"Y, only
a finite number of terms ever give a nongero
contribution. Consequently, all "' can be written
as finite linear combinations of 4, . Note also
that the energy denominators in R are the dif-
ferences of integers (principal quantum numbers).
For any particular state, the eventual limitation
to the order of a calculation turns ocut to be storage
capacity for the expansion coefficients of the '
on the ¢_ .. Note that Eq. (40) can be used to get
E™ for k=N_,+1 through 2N__ +1, where N,
is the highest order to which y'*! is calculated. In
an example to be reported in more detail in Sec.
IV E, we calculated y'¥" through 43rd order for the
3s — 3d,, states, and then obtained E'¥? through
87th order. (An asymptotic analysis of this cal-

culation has been reported in Ref. 6.)

(1)

D. Unraveling n=n(n*h,)
The result of solving RSPT for n(A) is the series

)= 2 (18)
N
To solve the Zeeman problem,
€ zuemaa =110 + 2 € (ED) (79)
Nz
we need to fine the €'¥' from the n'¥! via

€ 2y = Mb - Em(in'?) . (80)

As in the Stark effect,'” Lagrange’s formula®! yield
yields the explicit relationship

W= - gltinpae pUhey 81
Oy w0a0g B, . oo o B0y (0 4805 40 0 4 NO =) (AN=2-2sa)lolgl. ..oyl " K " ' (1)
A L (82)
|
Also, as in the Stark effect,'®*+7 the explicit for- =
mula (81) becomes inefficient as N increases be- n= E}'“'{%ﬁa}” . (83)
o

cause of the rapid increase in the number of parti-
tions of N. A recursion scheme can first be used
to convert n to a series in $b%:

Then the series (83) can be squared and inverted
by elementary recursion.
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TABLE L (Continued)

Energy coefficients
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E. Specific example: 3s-3d),
The first case for which degenerate RSPT is a
] £ E necessity consists of the 3s - 34, sublevel. Diag-
—? %%%E% onalization of HY' yields two correct zeroth-order
gl E § E eigenfunctions, |s) and |d}:
£ i E‘E" g |s}=0.91562901 [3s) — 0.40202427[3d,) ,  (84)
- -
EERE li)=0.40202427/3s) +0.91562901 [34,) .  (85)
g‘: ; E E % Either can be taken as [0}, the other as [1).
Pl i e We were able to calculate y'' to 43rd order,
L staying in a 256 000-word core on a DEC system
10 KL computer, and we obtained E*"' through
8Tth order. The E'™ agreed to 13 significant_
- E.;. %Er_::':&!u figures with calculations by Adams, Avron, C'Eak
A Fa ¥ and Paldus® through 53rd order on an IBM com-
g - puter by a significantly different procedure. Such
nYIRE= calculations are of importance in understanding
= E, E E E g the analytic behavior of €,,,,,. a5 a function of b,
2smza which is reflected in the asymtotic behavior of the
E EE E = €'"' (see especially Refs. 6 and 12). As shown in
-] E 23 Ref. 6, the €'¥? are given asymptotically by
= Ll =
r . oy 2V (ME)"’ (2N +9/2)!
O~cEV"wmm ) o
A
flossss x(“ 2N+972 *GW:}) ' (86)
E where for [0)=|s), the values of C and A, are,
respectively, 1.118869026 7 and -43.442 76, while
D for |0) = |d) the values are 0.006130973 2718 and
. ZEREZ —24.85086. The factor (2N +9,/2)! clearly indi-
f:' E ',? ;‘ ;' ': cates the divergent asymptotic character of the
il expansion.
ﬂ 25 g 5 In Table I we give € for the two states for 0
= 5 é 25 = N=87.
g I EE
EEagy
= R e V. SUMMARY
I I A new recursive solution has been given for the
energy and wave function in degenerate Rayleigh-
- Schriddinger perturbation theory [Eqs. (33)=(40)].
- |RE85% The final equations [(38) and (39)] are very similar
TR R in form to the analogous nondegenerate y'¥' and
g e E EYW) formulas [(8) and (7)]. To achieve the simil-
E = é ﬁ = arity, new Hamiltonian-related operators were
£ § £ E g defined [Eqs. (33)-(35)].
§ E gg- E E Because of the striking similarity of the new
§ Lo degenerate formulas with the familiar nondegen-
g2 i ge E : erate formulas, to be contrasted with the greater
1 I complication of previous solutions,®***7 we might
opine that at least translucence has displaced
H opacity."?® The usefulness of the recursive for-
I mulas for high-order calculations was illustrated
g BSFES by a calculation of the perturbed energy coeffi-
clents for the 3s-3d, states of hydrogen m the Zee-
man effect to 8Tth order in §5%.
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