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Practical recursive solution of degenerate Rayleigh-Schrédinger perturbation theory and

application to high-order calculations of the Zeeman effect in hydrogen
Harris J. Silverstone and Richard K. Moats

Deparment ofChemistry, The Johns Hopkin University, Belimor, Marland 21218(Received 29 April 1980)

With the aim of high-order calculations, a new recursive solution for the degenerate Rayleigh Schrbdinger
perturbation-theory wavefunctionand enery hasbeen derived. The ial formulas,AS = ROPE Key
EO 10OEEMIOY + OBEYyAWhich involve new Hamiltonian-related operators 3¢/°"*” and SE“, strongly resemble the standard
nondegenerate recursive forms, AS anillsration, the perturbed energy coeficients for the 3-3dy stats of
hydropen in the Zeeman effect have been calculated recursively through 87th order inthe square ofthe magnetic

field. Our treatment i compared with that ofHirschfelderand Certain [J. Chem. Phys. 60,1118 (1974), and somerelative advantages of ech are pointed out

1. INTRODUCTION that the Hirschfelder-Certain solution obtains all

information consistent with a given order of the

Despite much work,""* degenerate Rayleigh- perturbed Schr8dinger equation, whereas the pres-
Schrédinger perturbation theory (RSPT) is still ent solution extracts information from higher
an intimidating subject. As elementary a problem _orders of the Schrdinger equation to obtain the

as the Zeeman effect in hydrogen requires degen- entire wave function to a given order. The two

erate perturbation theory for excited states.* It is methods are compared in Sec. I

our purpose here to give a new recursive solution ‘The standard recursive solution of nondegenerate
of degenerate RSPT, whose formal structure is RSPT expresses the perturbed energy and wave-
almostas simple as for nondegenerate RSPT, and function coefficients, E”? and yx“, in terms ofthen to apply it to the Zeeman effect (in a slightly lower-order E™ and y“?. In Sec. II we develop
nonstandard way—ride infra) similar formulas for the degenerate case that are

The general degenerate problem appears to have _the natural genevalization of the nondegenerate
been treated first by Hirschfelder? who developed formulas. Along the way, new operators of the
recursion formulas for operators used to generate _nature of effective Hamiltonians are introduced.

the wave function y and energy E from the unper- _‘In Sec. IV we apply the new formulas to the Zeeman

turbed wave function, Earlier general treatments, effect in hydrogen, The application parallels that

particularly by Bloch’ and Kato,® did not obtain of Refs. 6 and 12 similarly uses SO (4,2) to com-
true RSPT series for ) and E. Silverstone’ de- pute matrix elements." The treatment here is,
veloped explicit formulas for y and E of the Huby’- however, interestingly different in that it has been
Brueckner"® type and Silverstone and Holloway* cast as an eigenvalue problem for the perturbed
developed explicit formulas using Lagrange’s principal quantum number.
formula." These treatments have resolved the

special difficulties of degenerate RSPT—deter-

mination of the “correct” zeroth-order functions IL. DEGENERATERAYLEIGH SCHRODINGERand determination of the components of 9 in the

originally degenerate subspace. They are nicely ‘A. Premios
suited for discussing the low orders of perturbation

theory, but they are less suited for high-order By RSPT, we mean that Y, E, and the Hamilton

calculations, which in turn are of great interest ian H are all expanded in a power series ina per-
because of recent analytical and experimental work _turbation parameter A:
connected with the Stark and Zeeman effects.°!?"7 a = =,

’A few years ago Hirschfelder and Certain® de- a= SH, be Save, 9 Daye.
veloped a recursive solution for degenerate RSPT - “= xo

suitable for high-order calculations. The new ®
recursive solution given here differs significant

final working equations. The main difference is BO 70 Bon @)
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1616 HARRISJ. SILVERSTONE AND RICHARD K. MOATS 2
‘We denote the unperturbed eigenfunctions and en- is not. We seek generalizations for both Eqs. (7)
exgies by |i) and E; and (8), valid for the degenerate case.

H |i)=|’) @)
‘The state being perturbed is |0), and we use syn- C. Method for solving the fundamental RSPT equation.
cnymously y= [0), EO =22, intdopantseeLet the degeneracy of £ be g. We assume that w
[0),|tyesss|e'=4 are the “correct” zerothcorger THe solution for 49 inthe dagenerat case is
eigenfunctions, which means that they satisly a less direct. Since HP, «0, the compo-
nested sequence of diagonalization conditions** nents x0? # 2074+ «+4 x9 drop out from the Left=
that we discuss briefly in Sec. C4. hand side of Bq. (6), leaving only x":

The |#) can be classified according to the order a enin which they first split off from [0). The states HONS = Lorene @)
not degenerate with 0) form class C,={|g), |g+1), ee

seaf: The states that split off from [p) in first graSpeen, (ao)order constitute class C,, and so forth, up to the

class C,, after which no degeneracy remains ‘The fundamental REPT Eq. (6) determines x!” but
(unless because of symmetry). (We assume that, jot yf" 4s 0,
apart from symmetry, E is a nondegenerate level Buried in Eq. (6), however is the determination

of.) The state [0) is in a class by itself. The of x", x, ..., The subject of this subsection4 lothercorrect” zeroth-order degenerate cigen- jg how to extract formulas for the yi¥-*) from Eq,
functions comprise the classes C,,Cy)-. Cy (6). The basic procedure involves taking the P,
(some of which may be empty). For each class, projection of Eq. (6), which uncovers a xi¥°*, and
fone ean form projection and resolvent operators: Substituting inductively obtained formulas for

seh git) ve)to get yah expreasedik nee a ASO, LPP XR to get xSP expPe D lth ROD pat. Eatively'in terms of ¢ with bN— a1. Along
ite we * ‘ the way, certain Hamiltonian- related operatorsHere

£™ is the ath-order energy coefficient for are introduced, some of which determine thestate f. Note that 1=P,+P, +++» +P,+ 0]. “correct” zeroth-order eigenfunctions.
Each x“ can be decomposed into components

belonging to the classes C,: 1. Determination ofxf)

KODE EYP eee, ‘The determination of x{%~!” from Eq. (6) provides
Wrep.x  Qv>0). 5) six-step paradigm. Step 1 is to multiply Eq. (6)

Perea? . 0) (©) Gy DP.+ JONO| and to isolate the x4" term:We use “intermediate” normalization: (0x?)

= ye 0=(Srgs pxo))am ggg osty
Fundamental RSPT equation for"? i ve

‘The Schrédinger equation, Hy=0, yields the + (Leefoxoi) $2 Hey ran | ay
fundamental RSPT equation fc wit) * °ental

RSOT caation for x Step2is touse a “correct”-zeroth-order-function
Ry = Raed Wreaeay 6) condition: that H“) should be diagonal within thex Ze Rey (© Gegenerate subopace, ‘The form ten here stat

Inthe nondegenerate case, the fundamental RSPT a ost
fcuation yields the standard recursion formulas (Qo Pa* OX0I)R DP
for £7 and x"? :

-(o P,+ (oxo) RP, +H, 5 (12)£4= (04 y+ 52 OEM «rian , oOLA 0) + Xe Olnvm ynrrey all other terms vanish. Thus Eq. (11) only in-
an volves xi", x2", and lower-order x (&<N

x=kAHYX4*) (nondegenerate case), ~ 2:

) o=PH (OP, x0 ')by which £4 and x are expressed in terms aof
lower-order E® and x® (re N 1), ln te x (100 Bmore) Asdegenerate case, Eq. (7) is still valid but Eq. (8) sts Sener as)
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Step 9 1s to use the “N—1" version of Eq. (10) for takes the form

x") in Bq. (13): :
= P+ O|)RE’D) P,

<page (35, +400) (EP.+ mo) ae »,
a = +[ool)Rer+P)+P, REP,, (20)SE Gempugemunren , (Lerlro)eere+ererRerP, , @0).

rather than Eq. (12). (iii) In step 3, in the analog(4) of Eg. (13), it is necessary to substitute the “N-2”

‘To make Eq. (14) look more like Eq. (8), in step _version of Eg. (10) for xs" and the N~2 version
4 we define the Hamiltonian-related operators of Eq. (18) for y{*"*.

see and RPM: 3. Inductive equations forthe determinationof x=HEMT
NOROUM G>0), a ‘After application of the six steps o~ 1 times,Rew =eer- Ee, (16) one obtains formulas for y{", x", y{",...,

: X20), and o=1 new formulas for £”, In each-p.wongra(SP,+ prol) HReI case the formulas for x9" and £” involve only. ° (otal)x® withk <a 1. The neat timethrough,17) one obtains for x2" the foliowing intermediate equa-
steps 5 and 6 are to take the P, and j0) components tions analogous to Eqs. (11)~(17) in the xi" case:
of Eq.-(17) to get a formula for ‘that resem- in step 1,
bles Eq. (8) and a formula for E™” that is a gener- :

allzation of Bq. (0: o=(S re ro)ar
rnencn pemyornn a2) . iD> +(Er.+ bol) F wgonynen
B20fe(9)0) +|e |x") . a9) 1)

° in step 2,

2, Remark on the determination ofx (Serbo)er se,‘To determine ys", one follows the same six 7

steps that led to y{""? with three main adaptations: -(Sp.+ oe po
@) Use the projection operator 2,"P, + 0X0) on = (Lear mole yg rereirr, cayEq. (17) for step 1. (ji) In step 2 the second-order

“correct” -zeroth-order-eigenfunction condition and
ee

onpapues (So, peo) (erS gers xem) es)
in atep 3,

~Peeensrn'= (35 P,+ vol) Se (arm sxe Larne,pen) aren 5 4)
5—————

in step 4 (here Ri =U), In steps 5 and 6, the P, and [0) components of Ea.
stead aetertei (27) yield y*"") and E“ in terms involving only

ait =e lower-order x ( <N-o-1). These equations

sep SEacow gem woop, as) sete seeraton ot ae) an Ch
Rigpasegpen gen, es) reno FE egvengren (2s)

and

: ext E% =(0 642) (0)
PR eryihee + enemies ‘extPRP = (F Py wxol) Se Remy +(0| Sapiro) 9)

(27) =
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4. Commentson the determination of the “correct” not Hermitian (e.g., *{). However, it is not too

erothonder functionsand on the 0") difficult to show that (here)= QL? of Hirsch-Ina practical caiculation one usually starts not felder,? which is closely related to X¢" of Silver
with the “correct” zeroth-order functions {|0), stone,? and Qi} and are known to be Hermi-
[1),..-,[g-1}, but with arbitrary linear com- tian?
binalions of them. As discussed in many elemen-

tary texts, a condition satisfied by, and used to . Summary of formulasof the recursive solutiondetermine
the “correct” zeroth-order functions 8 1m practical calculation the order of formulasthat the

g Xg submatrix of H" be diagonal: is important. £ must be calculated before x°?,G2 | =6,£  (O<i<g-1, 0¢j<¢-1). because E“? appears in the formula for x. In
(g0) Summarizing in this subsection all formulas

needed in practice, we shift the indices in the

‘The slates forwhichBf" ¥£{" constitute lass Cand £0” formulas (8), (19), 28), and (29)[Note that if £{=£{ 420, the condition (80) does {0 be more in line with computational sequence:does not separate unambiguously |i) from |j), but ‘Gong paen
none of the perturbation formulas for state 0 re- SC SH, (93)
quire such a distinetion.] If there are states for set) cag torer» pn $2 pear teneerWhich B28, that Io) the degeneracy with Bg? ETM asc omy F new
is not removed completely in first order, then

the operator H® +H“R®H must be diagonalized (oF 1,20) (84)

over the remaining states: Rice ase ge) —(¢50,k20) (85)
i141 RH|)) GHP) =6,B" leg ,i<g-1,

=O,EP (i<g-1,j<g-1, 1€C,,j¢C)). both 1,76 C,,Cg---Co)
(ay 8)

‘Those states for which £2’+ £2? constitute class . 1a
G. RO: YEO ETpu, Co)
I degeneracy with state 0 remains after second re

order, it is necessary to diagonalize third- or ygnar) Segeeyer , 9)higher-order operators over the remaining states, s ;

‘The general situation was discussed by Hirsch- Be acope co) «(0 SeRegen ftrs) + (9)felder,? Silverstone,® and Hirschfelder and Cer-

tain’ We emphasize again the similar structure of Eqs.
For the reader not familiar with those papers, (88) and (39) of the degenerate case and Eqs. (8)

‘we make the following remark: Equations (12) and nd (7) of the nondegenerate case.
(22) are consistency requirements necessary to One additional energy formula we have found
make the equations solvable; their resolution is to be most useful is due to Hirschfelder? and is
the system of matrix eigenvalue equations that valid both in the nondegenerate and degenerate
determine the “correct” |i): case (with intermediate normalization);

Cifee|p=6,B O<i<g-1, 0<j)<g-1; Been(0 fear) 0)AVEC Cay Cy) « (82) + DE Qinemenoysy . oy
ote that, cae,

KE=HMHORO_Y If x! has been determined up to some maximum

HEOROEYBORO yOROGw} — OFder, say N, then Eq. (40) permits calculation of
E through order 2N+1.4H4HOROY ,

which appears in elementary texts, but that the IL COMPARISGN WITH EIRACHPELDER AND
braced terms are identically zero in the subspace CERTAIN'S RECURSIVE WAVE-FUNCTION SCHEME

spanned by |0) and C,,C,,...,C,.) One detail,
however, is missing: that the x”) are Hermitian, __Inthis sectionwe characterize the differenceswithIt is not trivial to prove Hermiticity from the re- Hirschfelder and Certain’s recursive wavefunction
cursive definition, Eqs. (1), (2), (15), (16), (25), solution,’ The primary focus in the recursive
and (26). Indeed, the ie!" (¢>0) are in general scheme developed by Hirschfelder and Certain is
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the Nth-order fundamental RSPT equation. From ay
the Nhe and lower-order equationsyonly part of PRYMeyer , «s)x0 can be determined (as discussed in Sec. I1C)— an
and similarly for x", y,..., x". The un eRen eon crit
Xr othe highes-ordes wavefunction that (e denen Rees “
Completely determined at the Mth-order equation Rew nemRORORED (4s)
Hirschfelder and Certain’s basic recursive unit

is that part of x” which is determined by the ‘Their recursive formulas are [see Eqs. (141)—

RSPT equations 1 through N: th in their nota- (143) of Ref. 5], partly in our notation,tion, Explicit in the notation [Nj is that the “cor- 02g) 290) eREDAeD
rect” zeroth-order functions are not completely x Sthhine= Oe BVA? + “)
determined unless N> y, but we do not need to O8R.AxS” [Ea. (43) above], an
elaborate on that aspect here. When M~N>y, 8

the off is the exact x: AMP SRO Ws Lmevyny (as)
X=OneOM net (41) the great similarity in the y=1 case is the con

When M=N<y, oUfhex - sequence of the complete determination of x!"
In contrast, the main focus of our recursive from the Nth-order equation.

scheme is the Mh-order wave function x". ALL The organizational difference is more marked
additional information needed from equations N+1, when the degeneracy is lifted in second order: y
Ne+2,..., Ney, to completely specify x"? is =2. Our scheme requires two additional equations:
built into the operators R/"*"”. Proliferation of
intermediate, incomplete wave-function-like quan- Fa
tities is avoided at the expense of proliferation IPR YERoy, 49)
of Hamiltonian-like quantities. Thus the philos- °
ophy of organization is completely different. REM AREY ERPROMOMROR MLLY‘A secondary feature of the Hirschfelder-Certain (60)
formulation concerns R®: R appears only at the
extreme left of an expression, which is especially Their scheme requires instead, the following equa-
convenient if the expression is to be evaluated by tions [Eqs. (144)- (148) of Ref. 5, again, with some
solving an inhomogeneous differential equation liberty taken with their notation]:
vather than by using an explicit formula [such as
Eq. (87)] for R. In contrast, R's here are X= ORare= Ong ROA” 5 on
‘embedded in the ¢{°**, ‘The present formalism Wy 2g) 4 RUD AMND SUIROA GD 52)is best suited for explicit R® as in the Zeeman- Sika” Pet RI MALS Sai ABS bd
effect example of Sec. IV. The formalism could Xe Xe (53)
bbe developed into a form directly suitable for a - Fa

differential-equation approach to R, but it would OUR ROH OE ROx Heyer (54)
not lookso simple as Eqs. (33)~(38), andwe donadosoberes ee xg —ROH 5 (65)
A third, more subtle difference concerns the A=[ROU SRO +HOROHP, ; (60)

so-called 2N+1 rule (Eq. (40)]. The Hirschfelder- wea

Certain version’ involves $4), nd $19.9 i €I> trad ( Hgun sHergurns $e pom, won) ,Se ate aesSeegetesBie US amen (mmettemeretiias 2 mecorresponding 4 or >" is less than the complete 62)
x or x that appears in the original Hirsch- wea

fever versio sed here. ButifbahJ>yand K agen, (neoigpe SS nome)>, the sparer version reduces to the original o

version. B‘At an operational level, the similarity or dis~ +P,dEr(MMoties DL memyre) ;
similarity of the two methods depends on the order

°

y in which degeneracy is completely lifted. There (68)
is little difference if'y=1; our recursive formulas and a similar equation for A‘y”

are ‘The question naturally arises as to which method
:

is more suitable in which situation. As already

co en 442) mentioned, the Hirschfelder-Certain method re-
ne (42) esno modifleation to handle Re” via hommo-
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geneous differential equations, while ours does. exponential factors e"”’ in the unperturbed hydro-
When, however, R® enters explicitly, we find genic wave functions. In particular, the summa-
the present method easier to program on a com- tion form (37) for R® does not truncate in practice
puter, but such a preference is a highly subjective ‘and is not useful. A way around the e~’’" complica-
‘opinion of the programmers. Computational ef= tion is developed in the next subsection.
ficiency in a specific case might favor one or the

other or even an adaptation where the base unit A. Reformation ofthe hydrogenic Zonman effet stan
would be yi". In practice, we actually use a mix- genvalue problem forthe pertarbed principal,
ture for the 7=1 case worked in Sec. IV for the ‘qantum number

. i ponent” and give all the radial functions the com-adaptation is much closer to the present formula-
’ ‘mon factor e, we use an energy-dependent scaletion than to Hirschfelder and Certain’s. In any rranefaroation with seate fasten

event, both approaches lead to the same end, and Md
it is not clear that the question of suitability is m= (CRE)! = (26 geeuag +2OM) (62)
well posed. 4

. 1s essentially the “perturbed principal quantum_[irschfelderand Certain alsodiscuss the vari- | umiper” (n=), andthe transformed Bas. (60)ational calculation of the @{y},- Similar variational 44 (61) end up as an eigenvalue equation for n.techniques could be used here. The reader is re- Au(0g) cy“ 4 OnCLEUn Val ern es i/”)ferred to their paper® for the basic outline, as mn and thay drop the subecyipt “new” to obtainwell as for a discussion of other aspects of de- ”
generate perturbation theory, including Hirseh- =~ bots brs bytes +9) (63)

der" ator solution * brane aytfelder’s original operator solutioi an frotedreartetsy!) (64)

IV, ZEEMAN EFFECT INHYDROGEN =n (65)
The Zeeman effect in excited states of hydrogen _Note the specification of the perturbation param-

isa familiar, real problem that requires the use eter A

of degenerate RSPT. It is especially useful as an edn? (66)
illustration because the x? can be obtained in a .
simple closed form. Moreover, conservation of After solving Eqs. (64) and (65) for n(A), it is

““m," conservation of parity, and the use of group _necessary to unravel 7 from the implicit equation,
theory greatly simplify the technical details. The 7)=(J08) (and in this respect the treatment here
Zeeman-effect perturbation series is not converg- _parallels the earlier solution of the Stark ef-

ent but asymptotic; analysis of the dependence of fect"), but such unraveling is a small price
the energy coefficients on N has been reported in (Gee. IVD) for the simplicity gained in Eq. (64):

Refs. 6 and 12. namely, that

,_ine Beemanelfet Hamiltonian, in atomte units H=-byvtedr, (en
. so Lest capane con HY =r(et ey?) , (68)
Ranma =—40-7+bi,+ 0G 49") H% 20 (e>2) (69)

= ceeman © (59) that the spectrum of #® is purely discrete, and
matrix elements of H“? are non-

Here € denotes the perturbed energy, 6 =°B/ ee net that te kewe Hermitian. th
(2m%ce*), and B denotes the strength of the uniform Zero. We point ou naar te divaden.an usual Cartesian volume element must be divided
static magnetic field that points in the z direction, ual CarsoaithTotus
‘The term linear in 6 is constant, since /, is con- : :
served, leading one to define an m-independent

Hamiltonian, fi: B. Unperturbed eigenfunctions degeneracy and symmetry

T=praguebm =-3VAA-T EDM) (60) ‘The unperturbed eigenfunctions of H® are just
=€=€ceqnan OM» (61) the energy-scaled hydrogenic radial functions

nen sae times spherical harmonies ¥7, and the unper-Equation (42) shows clearly that }0* is the natural turbed eigenvalues are just the principal quantum
perturbation parameter rather than b itself. umber n:
Direct solution of the RSPT for ji, although feas- ney

ible, is complicated by the n dependence of the Hei q= Neilnim * (70)
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Tima my a

(naRcogenycn ot) eerieYaam™ BuO, 9) 5 (ay PREM — Fe pomncnnys (78)
Rul) =NyreTLSEPRr) « (73) ‘The matrix elements

We do not have to deal directly with the Ry, (ex- resem G2 +9?) Pain) “Wateme HEgr)pressed here in terms of generalized Laguerre ~

polynomials 121°) and normalization constants fave oem worker! ot byBend osing the groupN,,) because all necessary matrix elements can so (4, omc barethat oly a aia 3be found in the paper by Bedndi.?° Yarrrme connect aid um ’
‘The degeneracy of ni), is n?. But because m and Wyereme HHWqiq)=O , unless m =m" , 7parity are conserved, the effective degeneracy is bere .

much lower. For given n, m, and parity, there H-u|=00r2, and jpn’ les
is degeneracy {(- jm |+1)/2] for even-m—even- ‘Thus in using Eq. (81) for R and for RD, only
parity or odd-m-odd-parity, and there is degen- __a finite number of terms ever give a nonzero

eracy [(n-|m |)/2] for the other two combinations, contribution. Consequently, all x“ can be written
where [x] means the largest integer <x. (Note, as finite linear combinations Of yyy. Note also

n= 1 must be > /m|). that the energy denominators in R® are the dif-
‘The removal of the degeneracy is by diagonaliza- ferences of integers (principal quantum numbers).

tion of H=(x?+y*). It appears that all degener- For any particular state, the eventual limitation
acy (1, m, and parity being fixed) is removed in to the order of a calculation turns out to be storage
first order. (We have checked all cases with n<20 capacity for the expansion coefficients of the

numerically, but we do not have a general proof.) _on the Jy, Note that Eq. (40) can be used to get
‘The only nonempty classes are C, and C,, and the BE for k= Naga+1 through 2Nq,,+1, where Nu,solution is a lot simpler than if there were several _is the highest order to which x” is calculated. In
Ce an example to be reported in more detail in Sec.

IVE, we calculated x“? through 43rd order for the
. A few computational details 3s~ 3d, states, and then obtained £ through

87th order. (An asymptotic analysis of this cal-In the design of a computer program to solve

the RSPT for n(A), the presence of only C, and C, culation has been reported in Ref. 6.)
and the absence of any terms in Diy" with 7
orders >2 [Eq. (69)], make certain important D. Unraveling n=ntjn%ba)
practical simplifications. Equation (10) or (38) for The result of solving RSPT for (A) is the series
xf” becomes (with #® =—E" for k> 2) =

& n0)= Do arar. (7)
er=norgnon_ 5 pampgoryurn | 74) 8

= To solve the Zeeman problem,

For E™, Eq. (7) [or Eq. (39) with =O] is suf- -

ficient, and only y{¥"» contributes: €coeman mb + COMEDY, (19)
1) pO) | ae =~Berson?» (75) ye need to fine the ¢ trom the 0! via

For x{*, we could use Eq. (18) or (38). But to copy Leach pepe
save storing the matrices of RE, we take a € aeeaan =~ bo7*(b°0*) (80)
simplified form from Eq. (13) (with N increased ‘As in the Stark effect,” Lagrange’s formula yield
by D: yields the explicit relationship
SSF

Oe (AN= 3) 1neaiee (29,0... Mey.Cm anno nnn Do tee ceneyeny GE LOMT IGGL oT T MN MH 5 -
abt (82)

——

Also, as in the Stark effect,!*" the explicit for- =
mula (81) becomes inefficient as N increases be- a= Dyes. (63)
‘cause of the rapid increase in the number of parti- °
tions of N. A recursion scheme can first be used ‘Then the series (83) can be squared and inverted

to convert 7 to a series in 43%; by elementary recursion.
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E. Specific example: 3¢-3dy

The first case for which degenerate RSPT is a

eeTTT necessity consists of the 3s~ 3d, sublevel. Diag-3 /ERSR% Geatieaton of H yelds two cosrect sorb onderBEERS eigenfunctions, |s) and |d):algiage . wana,
zi 22582 |s)=0.915 62901|3s)- 0.40202427/3d,), (84)

2oaee fa) =0.40202427/3s) +0.91562901|3d,). (85)
B/ e838 We were able to calculate y" to 43rd order,

od staying in a 256000-word core ona DEC system10 KL computer, and we obtained £‘*? through

87th order. The E“” agreed to 13 significant,

Pa Peerss figures with calculations by Adams, Avron, Cféek,2/eees and Paldus? through 53rd order on an IBM com-
ag |SSSE2 pater by a significantly different procedure. Such#|23832 caleulations are of importance in understanding
g|BEse8 the analytic behavior of ¢zsequ 86 @ function of b,

F eices which is reflected in the asymtotic behavior of the
BS535 € (eee especially Refs. 6 and 12). As shown ini gESzs Ref. 6, the €” are given asymptotically by
wey

recy pyres 2 (848) QN+9/2)1

CCI are «@&) “Ciai Slesees x (0+ gytere tors) 5 (8s)
gs} é where for 0)=|s), the values of C and A, are,
“ respectively, 1.1188690267 and ~43.44276, while

3 ceuee for [)=|d) the values are 0.006130978 271 8 andBy J /RELEE =24.65086. The factor (2N+9/2)! clearly indi-
e] 2) eeee2 cates the divergent asymptotic character of the

SSe55 expansion.a/ 888 £3 In Table I we give €” for the two states for 0
3 |s228E <weat,

a E|SSE23 Iv, SUMMARY
5 me ‘A new recursive solution has been given for the

energy and wave function in degenerate Rayleigh-

. Schrédinger perturbation theory (Eqs. (33)-(40)].: ~ |RREEE ‘The final equations [(38) and (39)] are very similar
Ti|ee8e82 in form to the analogous nondegenerate y‘? anda
i saege E° formulas [(8) and (7)]. To achieve the simil-83335 arity, new Hamiltonian-related operators were

BSE23 defined [Eas. (33)~(35)].
33538 Because of the striking similarity of the new
sesca degenerate formulas with the familiar nondegen-

PaLEEL erate formulas, to be contrasted with the greater
Te complication of previous solutions,****-" we might

opine that at least translucence has displaced
opacity."* The usefulness of the recursive for-

y mulas for high-order calculations was illustrated

glasses by a calculation of the perturbed energy coeffi
cients for the 3s-3d, states of hydrogen in the Zee-
man effectto 87th order in 16+. :
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