Relativistic Quantum Mechanics

David J. Miller
University of Glasgow

SUPA Graduate School
October/November 2006

http://www.physics.gla.ac.uk/~dmiller/lectures/RQM_2006.ppt

Recommended Text: Quarks & Leptons by F. Halzen and A. Martin
(though this is not really necessary)



*

0’0

*

Rough outline of topics

Non-relativistic Quantum Mechanics
» The Schrodinger equation

Relativistic Quantum Mechanics

» The Klein-Gordon Equation, The Dirac Equation, Angular Momentum and
Spin, Symmetries of the Dirac Equation

Quantum Electrodynamics
» Classical Electromagnetism, The Dirac Equation in an electromagnetic field

Scattering and Perturbation Theory

» The QED Feynman rules, cross-sections, crossing symmetry, identical
particles, the fermion propagator, decay rates

Quantum Chromodynamics
= Quarks, gluons and color, renormalisation, running couplings



Non-relativistic Quantum Mechanics

Consider a plane wave: (¢, %) = Nez(k'x_wt)

This plane wave has energy E = ho and momentum p = hk

Erwin Schrodinger

These values can be extracted using the energy and momentum operators defined by:

—

E=inf P= —ihV

Classically we know the relation between total energy and momentum is
E=1
T 2m +V

Writing this in terms of operators provides us with the Schrodinger equation




But how do we interpret the Schrodinger equation and the associated wavefunction?

In the pre-school problems, you should have shown that the quantity p — w*w
satisfies the continuity equation

8_§+§.f:o with f:2Z (V) — (V*)y]
N Ip 3 7
Now, integrating over a volume V: / —dV = —/ V-JdV
vV ot 1%
d using Gauss' Law | 2 / dv / J.dA
and using Gauss’ Law | — — :
° ot Vp A

Volume V enclosed

Any change in the total p in the volume must come about by Area A

through a current J through the surface of the volume.

p = 1*1) is aconserved density and we interpret it as the probability density
for finding a particle at a particular position.

Notice that p is positive definite, as required.



Relativistic Quantum Mechanics

The Schrodinger Equation only describes particles in the non-relativistic limit. To
describe the patrticles at particle colliders we need to incorporate special relativity.

Let's have a quick review of special relativity

We construct a position four-vector as

o = (29, 21, 22, 23) = (et, ©) (b =1{0,1,2,3})

An observer in a frame S’ will instead observe a four-vector z'#* = A¥, ¥ where A
denotes a Lorentz transformation.

e.g. under a Lorentz boost by v in the positive x direction:

v
ct/ v -2y 00 ct 1
x _| — v~ 0 O x Y= 5
v | | 0O 0 10 y -5
' 0 O 01 z



The quantity T, Is invariant under a Lorentz transformation

_ . > =D note the definition of
ZB:“:CH = g,uz/x:“x’/ = (Ct) - |CE‘ [a covector Ty = guya:”
1 0 0 O
O -1 0 O : . . . :
where gur = 0 0 -1 0 is the metric tensor of Minkowski space-time.
O 0 0 -1

[QW NaNg=gas < o'l = gt = g Nax® /\’“‘ﬂmﬂ = gapra’ = a:“ac#]

dxH

A particle’s four-momentum is defined by p* = md— where T is proper time
T

the time in the particle’s own rest frame. Proper time is related to an observer’s time

via t = T

Its four-momentum’s time component is the particle’s energy, while the space
components are its three-momentum
E =
p = (Z,p)

and its length is an invariant, its mass:
ty — E? |2 _ 22
pipp = "z — [p|* = m=c

|



Finally, | define the derivative 9y = 52; = (15, V) Watch the minus sign!

18/

Note that you will sometimes use the vector expression oOF = (Em’ —V)

9y, transforms as Oy — 0, = [A_lru Oy

Oz’ P o) ox¥ 0 v O
I — vV AM v = = A\
[&B oxV O A"y Oz MY YT W [ } 7 8x”j|

For simplicity, from now on | will use natural units . Instead of writing quantities in terms
of kg, m and s, we could write them in terms of ¢, 7 and eV:

c =299 792 458 ms1
h=6.582 118 89(26) x 1016 eV s

1 eV = 1.782 661 731(70) c2 kg

So any quantity with dimensions kg2 mP s¢ can be written in units of evV* iB ¢ with,

Then we omit & and c in our quantites (you can work them out from the dimensions).



The Klein-Gordon Equation

The invariance of the four-momentum’s length provides us with a relation
between energy, momentum and mass:

pﬂpu:E2—|P2:m2

Replacing energy and momentum with £ — z% , §— —iV gives Oskar Klein
the Klein-Gordon equation:

8- > >
<—@+V >¢:m ¢

(We have set V=0 for simplicity.)
Alternatively, in covariant notation:

plpy = m2  with pt — 108  gives (32 + m2> ¢o=20

!

(0% =om 0, is sometimes written as [ )

This has plane-wave solutions ¢(t, &) = Ne {(Et=PT)

L_/— normalization



This is the relativistic wave equation for a spin zero particle, which conventionally is
denoted ¢. Under a Lorentz transformation the Klein-Gordon operator is invariant:

(% +m?) @) = (s +m?) ¢(Ax) =0

S real (since A isreal)
So ¢/(z') = So(x) with
S|2 =1 (Lorentz trans. preserve the norm)

Under continuous Lorentz transformations, S must be the same as for the identity, ie. S=1

But for a parity inversion (t,Z) — (¢, —Z) it can take either sign

If S= 1, then ¢ is a scalar O, ) =3¢ (t,—%) = ¢(t,T)

If S =-1, then ¢ is a pseudoscalar  ¢'(t', ) = ¢'(t, —%) = —¢(t, T)



Since ¢ is invariant, then |¢|? does not change with a Lorentz transformation.

This is at odds with our previous interpretation of |¢|? as a probability density, since
densities do change with Lorentz transformations (the probability P = pV = constant).

We need new definitions for the density p and current J which satisfy the continuity equation

8 . . =
8_/: +V-J=0 orconvaranty, J,7* =0 with j*= (p,J)

One possible choice is:

p=1i|p*08 90" ] J=—i|¢*(Ve) — (Vé*)d]

\

(this is the same current as before, just
GHr =1 [¢*(3M¢) _ (aﬂ¢*)¢] with a different normalisation)

As a four-vector,

10



Consider our plane-wave solution: ¢ (t, Z) = Ne " Et—0T)

6= (V2—m2)p = E2=m2+|p?

ot
=  E=+\/m2+ |52

We have solutions with negative energy , and even worse,

p=i[63f - 6] = 2N PPE

SO these negative energy states have negative probability distributions !

We can't just ignore these solutions since they will crop up in any Fourier decomposition.

This is why Schrodinger abandoned this equation and developed the non-
relativistic Schrédinger equation instead — he (implicitly) took the positive sign
of the square root so that he could ignore the negative energy solutions.

11



Feynman-Stuckelberg Interpretation

You will see in your QFT course that positive energy states must propagate forwards in
time in order to preserve causality.

Feynman and Stuckelberg suggested that negative energy states propagate backwards
in time .

If E < 0, just move the sign into the time: e_Et = e_(_E)(_t)

Particles flowing backwards in time are then reinterpreted as anti-particles flowing
forwards in time.

If the field is charged, we may reinterpret j* as a charge density, instead of a probability
density:

gt = —ie[¢*(0"¢) — (0Hd™)¢]
Now p = j° so for a particle of energy E: jo —_ —2€|N|2E
while for an anti-particle of energy E: jO = 4-2¢|N|2E = —2¢|N|2(—E)

which is the same as the charge density for an electron of energy -E
12



In reality, we only ever see the final state particles, so we must include these anti-particles

anyway.

space

v

time .
positive energy state

flowing forwards in time

W

> L‘(/I/L
negative energy state flowing
backwards in time

positive energy anti-particle state
flowing forwards in time

Quantum mechanics does not adequately handle the creation of particle—anti-particle
pairs out of the vacuum. For that you will need Quantum Field Theory .

13



Normalization of KG solutions

The particle (or charge) density allows us to normalize the KG solutions in a box.

p = 2|N|2E so in a box of volume V the number of particles is:
/V pdV = /V2|N|2EdV — 2|N|2EV

So if we normalize to 2 E particles per unit volume ,then N=1

Notice that this is a covariant choice. Since the number of particles in a box should be
independent of reference frame, but the volume of the box changes with a Lorentz boost,
the density must also change with a boost. In fact, the density is the time component of a

four-vector j°.

14



The Dirac Equation

The problems with the Klein-Gordon equation all came about because
of the square root required to get the energy:

Paul Dirac

E = +y/m?2 4 |p]2

Dirac tried to get round this by finding a field equation which was linear in the operators.

E=a- g+ fm - i8Y = (—id -V + Bm) ¢

All we need to do is work out & and (3

15



Now, we have F = o;p; + Bm where ¢ and j are summed over 1,2,3

= E° = oja;ppj + (a;8 + Bag)mp; + 7m?

1
= S(ea; + ajai)pipj + (o6 + Paq)mp; + 3°m?

So, comparing with  E2 = m?2 4 |p|2  we must have:

OéZ'Cldj —|— OtjC\dZ' — 25@3
a;f + Boy; =0
B%=1

a and (3 are anti-commuting objects — not just numbe rs!

16



These commutation relations define o and 3. Anything which obeys these relations
will do. One possibility, called the Dirac representation , is the 4x4 matrices:

~(23) (3
,\ ‘\2><2 matrices

where o, are the usual Pauli matrices:
(01 (0 —2 o — 1 O
1={10) 727\ o0 3710 -1

Since these act on the field ,  itself must now be a 4 component vector, known
as a spinor .

Qi O
O Qi

17



We can write this equation in a four-vector form by defining a new quantity y*:

o=

7055=<C1)_01> 0]

The anti-commutation relations become:

{v*, v} = 2"

And the Dirac Equation is:  (with p# — 70H )

(i7*0y, —m)yY =20

Oftenv#3,, is written as ¢

O o

—c 0

)

18



Does the Dirac Equation have the right properties?

f (vt = @"")

A appropriate conserved quantity is now p = @DHD with J = @DT&M

Is the probability density positive definite?

In four-vector notation,

g = p~yHap with ¢ = ¢pT~0 (Note v940 =382 =1 )

Clearly p = WL?,D > 0 always! \/

19



Does the Dirac Equation only have positive energy so lutions?

Look for plane wave solutions:

W(t, &) = u(p)e {E—PT) = ( 22 > o—i(EBt—pE

4 component spinor J L— 2 component spinors

Since we want the energy, it is easier to work without four-vector notation:

=@ vrmmu=r(X)= (5 22 ()

For a particle atrest, p = 0O B x\ _[(m O X
¢ ) 0 —m @
Solutions:
1 0 0 0
0 1 .
u = o |’ 0 with ' = m OR u = (1) : 8 with £ = —m
0 0 0 1

20



Oops! We still have negative energy solutions! 3
Dirac got round this by using the Pauli Exclusion principle.

He reasoned that his equation described particles with spin (e.g. electrons) so only two
particles can occupy any particular energy level (one spin-up, the other spin-down).

>
<y
£
1] o <@ o
E=0
©
)
N
O &
©
= o o Q @
If all the energy states with E<O are Moving an electron from a negative
already filled, the electron can't fall energy state to a positive one leaves a
Into a negative energy state. hole which we interpret as an anti-particle.

Note that we couldn’t have used this argument for bosons (no exclusion principle)
so the Feynman-Stuckleberg interpretation  is more useful.

21



A General Solution

5 o f ¢:EJ—|;me
X\ _ m o-p X
e(3)=( 005 =1 L,
X = ¢
\ E—m

Check these are compatible:

3.5\ ([ G 7 2

(010; = Sij+icijpoy = (&-5)2 = |P2+i (Fx p)6 = | )

We need to choose a basis for our solutions. Choose,

1 .
gn:<o) gm_<1)

22



Positive Energy Solutions, E > 0, are w(l), Qp(Q)

. (s) ,
w(s) (.’L‘) — u(s)e—zp-w — 12 + " ( 5 ) e (S — 17 2)

k E—|—m
[Normalization choice (see next slide)]

Negative Energy Solutions, E <0, are w(?’), w(4)

L2 |
VT2 (g) = uSe=we = /TF Fm ( €m£) ) e~ (s=1,2)

Typically, we write this in terms of the antiparticle’s energy and momentum:

SO et = A3 e N

Conventions differ
here: sometimes the

N . _ der is inverted
Antiparticle spinor, normalised to make v({") Ty(s) = 2 pgrs order IS inverne

23



Normalization of solutions

Notice the normalization choice N = /E 4+ m made for the spinors.

Just like for the KG equation, we can choose to have 2E particles per unit volume

ylypdv =2E
volume

G- 2
m

So a covariant normalizationis N = Vv E +m

Occasionally, | will instead normalize spinors to 2 E particles per volume V

Then > 2F E+m

V =2F = N =
m vV

[ wtedv = NP

and only set V=1 at the end.

24



Orthagonality and completeness

With the normalization of 2 F particles per unit volume, it is rather obvious that:
w() Ty (s) = 2pgrs v Ty(s) = 2 psrs

This is a statement of orthogonality.

Less obvious, but easy to show, are the completeness relations:

S WD )a(p) =g+ m
=12

>, W) =4 -m

a=1l 2

25



Anqular Momentum and Spin

The angular momentum of a particle is givenby L. = 7 X p.

If this commutes with the Hamiltonian then angular momentum is conserved.

[H,L] = [&@-p,7 x ] = —id X §

This is not zero, so L = 7 X p is not conserved!

Qi O

= —iajapazd (= —1y172737)

o Q

But, if we define 3. = (

then [H,X] = [@ P, —iaiasasd] = 2id@ X p

So the quantity .J = [, + 1> is conserved! [H, J]=0

N|—

26



L is the orbital angular momentum, whereas %Z IS an intrinsic angular momentum

1 0 O O
| o | 1<z _ 1l 0 =10 0
Notice that our basis spinors are eigenvectors of => ° — =
P J 2 2l 0 0 1 O
O O O -1
with eigenvalues :I:%
Note that an E < 0 electron with spin —I—% = an E > 0 positron with spin —%

This is why we switched the labelling of the anti-particles earlier.

27



Helicity of massless fermions

If the mass is zero, our wave equation becomes
p(x\_( 0 &% X Ep =0 -px
o)~ \aF o0 & = .
Ex=06-p¢

Writing W 1, = %(X + ¢) then we find the equations decouple

EVp= oc-pVgr and EV;= -7 -pV¥y

These two component spinors, called Weyl spinors , are completely independent, and
can even be considered as separate particles!

- =

o.p
7]
/7

{ |p] = E for massless state}

Notice that each is an eigenstate of the operator with eigenvalues +1

28



> .5

2|p]

For the full Dirac spinor, we define the Helicity operator as

This is the component of spin in
the direction of motion.

A particle with a helicity eigenvalue —I—% IS right handed =\ >
. X—I—ﬁ P
A patrticle with a helicity eigenvalue —% is left handed <3 \ >

Since an antiparticle has opposite momentum it will have opposite helicity.

left handed particle  =—s—  right handed antipatrticle

29



We can project out a particular helicity from a Dirac spinor using y matrices.

This is the Dirac

0.1.2.3 _ ( 0 1) - — representation.

Define v° = iy0y1~2~3 =
10 /

and projection operators  Pp/j, = % (1 4+ 75) _ % ( :|:11 :|:11 >

Then a spinor P, will be left handed, while P,u will be right handed.

e.g. 1 1 4
e (3 4)(5)-(382)

but Lﬁ%(iii) =%%<i§ij§> so Ppu is right handed.

30



We can make this more explicit by using a different representation of the y matrices.

The chiral representation (sometimes called the Weyl representation ) is:

o_(01 -_ (07 5_.0.,1.23_[—10
’7_<1 O) ’7_<5z O) V=YY 0 1

1-9)=(05) m=i+)=(57)

The left-handed Weyl spinor sits in the upper part of the Dirac spinor, while the right
handed Weyl spinor sits in the lower part.

p= (8 9) ()= ()

Now PL =

N|—

e.g.

31



The weak interaction acts only on left handed particles.

Since parity transforms left handed particles onto right handed ones (and vice versa),
l.e. P\ULZ\UR P\URZ\UL

the weak interactions is parity violating.

Also, helicity is only a good quantum number for massless particles.

If a particle has a mass, | can always move to a reference frame where | am going
faster than it, causing the momentum to reverse direction. This causes the helicity to
change sign.

For a massless particle there is no such frame and helicity is a good quantum number.

You will explicitly see in your QFT course that a mass term in the Lagrangian looks like

mapy = m (W W) (Cl) é) ($§) =m (Vjwp+wvhw)

S0 mass terms mix left and right handed states. (chiral rep.)

32



Svymmetries of the Dirac Equation

This notation differs in different texts.
e.g. Peskin and Schroeder would write

— / g -1
The Lorentz Transformation P(z) — P'(z) = SP(A~ )

How does the field ¥ (x) behave under a Lorentz transfromation?
2 = N g Op— 0, =IN"1,70,  ¢(@) = (') = Sy(x)
(179, = m) $(x) = 0 — (iv*[A )"0, —m) Sib(x) = O

(y* and m are just numbers and don’t transform)

Premultiply by S—1 : (iS‘lvﬂS[/\_l]Vuay — m) Y(x) =0

— S—l,y,us - /\MV’YV

33



We can find S for an infinitesimal proper transformation A, = g“,, + W,

write S =1+ L wH”  (just a parameterisation)

/\Myvu — S—l,y,us

(

[antisymmetric]

P Wty = (1= foag0®) (1 + fog0?)

= 2jwaP (5'uoﬂ/ﬁ - 5'u5'704> — [Vuaaaﬁ]waﬁ

=

Opuy — %[’an ’YV]

[ignoring terms O (w?)]

[l jumped a few steps here]

This tells us how a fermion field transforms under a Lorentz boost.



The adjoint transforms as ¢ = 170 — 18770 = ¢T~105-1 = 51

[since STv0 = 40.5~1 for the explicit form of S derived above]

So 1) is invariant.

And jH = yHep — ST ISy = AP~y Y so our current is a four-vector.

Common fermion bilinears:
D — Py
by — Det (A)dy>y
PyHp — Ny by
by — Det(A) Ay PyPy Y

oty Y — Ao NV 5 PPy

scalar

pseudoscalar

vector

axial vector

tensor

35



Parity t—t, &*— —2

A parity transformation is an improper Lorentz transformation t — t, £ — —%
described by

1 O 0 0
O —1 O 0

By —
NV = O 0 -1 O
O O o -1

Again AP, ~AY = P_lfy“P , SO Pfyo — fyOP and Pfyi = —fyiP [i =1,2,3]

Since 70 commutes with itself (trivially) and anticommutes with vi , & suitable choice is

P =nyY, =1

P: TP(taf) ooz TPP(t, _f) — Pw(taf) — VOTP(taf)

Can you derive the parity transformations of the bilinears given on the last slide?

You should see that 77 drops out, so there is no loss of generality setting 7 =1 26



Charge Conjugation

Another discrete symmetry of the Dirac equation is the interchange of particle and anti-
particle.

b — e = Cpl
Take the complex conjugate of the Dirac equation:

("0 —m) ' @) = (=i(v") 9 —m) ()"

= A2 (=0, —m) " (used v+ = 04140 and ¢ = ¢T~9)

Premultiply by C~°7" and the Dirac equation becomes:

(—z'ny“TC_lau —m) =0

Therefore we need (' such that

CAH To—1 — o

37



The form of C changes with the representation of the y-matrices. For the Dirac
representation a suitable choice is

0 0 0 -1

2.0 _ O —io2y _[ O O 1 O
C‘””‘(-iag 0 >— 0 -1 0 0
1 0 0

0 D) — el 5) = OB (0,0) = 67 9 (%)

How does this transformation affect the stationary solutions?

1 1 0
— 0 —imt — 0 it 0 imt
Y = o | ¢ —s Y. =C o l¢ =1 o |¢
0 0 1
9 0 O
w — (])- e—z’mt _ wc —C (]j eimt — _01 eimt
0 0 0 etc

We have mapped particle states onto antiparticle states, as desired.
38



Time Reversal

A naive transformation of the wavefunction ¢t — —t, £ — Z is not sufficient for time
reversal. Since the momentum of a particle, is a rate of change , it too must change sign.

Changing the momentum direction for a plane wave gives:

o—i(Bt—pE) | —i(Et=(—)F) — Si(E(-)-pF) — (e—i(E(—t)—ﬁ-f))*
We must (again!) make a complex conjugation: ¥ (t, %) — Yr(—t, &) = Ty (¢, &)
Take complex conjugation of Dirac Equation, switch ¢ — —¢ and pre-multiply by T:

0
a(—t)

<i'yoa —|—z’*7-6—m> Vv, ) —— T <—i’yo*

a ’L’?* . 6 — m) T_lT’;D*(—t, f)

= (Z [TWO*T—l]% +i[-Ty TV - m) Yr(t,T)

39



Need:

T,YO*T—]. — ’VO, T/?*T—l — _,7
A suitable choice is:
O 1 O
_ 1.3 —10103 0 . -1 0 O
T_'”’V_< 0 —i0103)_z 0 0 O
0O 0 -1

OoOr oo

T :(t,T) — vr(—t, @) = TY*(t, &) = iy v ¢* (¢, T)

40



CPT

For the discrete symmetries, we have shown:

C: 9tz — e,z = CPt,2E) = vyt @)
P: ¢t,2) — ¢p(t,—2) Py (t,3) = YO (t, )
= T¢*(t,Z) = 'Yt D)

T: ¢(t7 f) — wT(_t7f)
Doing all of these transformations gives us

CPT : ¢(t,&) — vopr(—t, —) = iv*y°° T [0y 20" (¢, 2)]
= 177270y (=i)y Y (¢, @)

= 272 (t, @)

So if ¥(x) is an electron, vcpr(—x) is a positron travelling backwards in space-time

multiplied by a factor —i~>.

This justifies the Feynman-Stuckleberg interpretatio n!

41



Quantum Electro-Dynamics (QED)

Classical Electromagnetism

Maxwell’'s equations:

—

ﬁ-EZp V-B=0

. - OB . - OE

VXE+-—=0 VXxB—-——=1]
+8t ot

James Clerk Maxwell

Maxwell wrote these down in 1864, but amazingly they are covariant!

0 —E; —E, —F3

HV — — J
writing FRV = |00 o 0 B21 and J (p, ) they are

Es —B, By O

: [Note: the ability to write
8,LLF/“/ — ]V Maxwell’'s Equations in this form
is not a proof of covariance!]

42



Maxwell's equations can also be written in terms of a potential A*

Writing  FHY = 9HAY — §¥ AM

we have o, ,F* = 0,0"AY — 0,0" AF

Now, notice that | can change AM by a derivative of a scalar and leave FMV unchanged
At — AF 4 NOH = FW = W 4+ NoHOYp — NOYOHp = FH

Choose A such that

O AF =0

This is a gauge transformation , and the choice 9, A¥ = O is know as the Lorentz gauge .

In this gauge:

O2AW = M

43



The wave equation with no source, 92AY = 0 has solutions

Al = el  with g2 =0

polarisationJ

vector

The Lorentz condition ( 9, AY = 0) = que =0

So € has only 3 degrees of freedom (two transverse d.o.f. and one longitudinal d.o.f.)

We still have some freedom to change A*, even after our Lorentz gauge choice:

AP — AP 4 Oy isOK, aslongas 92y = O

—

Usually we choose X such that V - A = 0. This is known as the Coulomb gauge .

—

V- A=0 = g-€=0

So only two polarisation states remain (both transverse). as



The Dirac Equation in an Electromagnetic Field

So far, this has been entirely classical. So how do we incorporate electromagnetism into
the quantum Dirac equation?

We do the ‘obvious’ thing and replace the momentum operator 0" — 10" — e A

/

charge of the electron = -e

Then VMO, — e~ AM — m — 0 Beware: conventions differ,
( 7o T ) w e.g. Halzen and Martin have

1O — (Ot e AH
while Peskin & Schroeder

Often we write have as above

DH = ot + ie A¥

D+ is called the Covariant Derivative , and the Dirac Equation in an electromagnetic field
becomes

(ip—m)y =0

45



The Magnetic Moment of the Electron

We saw that the interaction of an electron with an electromagnetic field is given by

(iv* 0, — ey AH —m)p =0
T T

- N ) m G- (—iV —ed) ) [ x
Writing u0<(¢> as before, E<¢>_<3.(_ﬁ—eﬁ) —m )<¢)

(Coulomb gauge = A%=0]




— iy 2 — —
—eAlc —eB -
So we have, E—m—|—|p | d x =0
E+m
o G- (7 —ed)
In the non-relativistic limit, /. ~m and ¢ = > X < X ,SO0we can
m
write the Dirac equation as approximately:
1 — 2 GB) £ i
=5 Ay = =g
G s
This is an magnetic moment interaction —& - B with & = —2—Z
m

The magnetic moment (i is composed of a contribution from the orbital angular momentum,

- € I
ML — — <
2m
and the intrinsic spin angular momentum
— € —
Hs — 9S8 1o

o 2 §=_-%
gyromagnetic ratio _ ~— 2 47



The Dirac equation predicts a gyromagnetic ratio g =2

We can compare this with experiment: g, = 2.0023193043738 + 0.0000000000082

The discrepancy of g-2 from zero is due to radiative corrections

The electron can emit a photon, interact, and reabsorb the photon.

If one does a more careful calculation, including these effects, QED predicts:

) 2 3 4
9=~ _ 142 0308 <9> +1.181 (3> ~1.510 <3> 4+...4+4.393x10" 12
2 21 T i T
_2 |
Theory: Ith — < _ 1159652140(28) x 10~ 12
excellent
5 agreement!
Experiment: ge% = 1159652186.9(4.1) x 10712 |

The muon’s magnetic moment is more interesting because it is more sensitive to new physics.
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Scattering and Perturbation theory

Now we have the Dirac equation in an Electromagnetic field we can calculate the
scattering of electrons (via electromagnetism) a4+ b — c+ d

We will assume that the coupling e is small, and that far away from the interaction,
l.e. outside the shaded area, the electrons are free particles.

The Dirac Equation (in a field) can be written:

V0% +iniVip —mp —er®Vy =0 with V =0y14,

c.f. the Schrédinger equation in a potential V [Remember y%y° = 1]
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Let's assume that the state at time ¢ = —o0 is an momentum eigenstate \Uﬁ of the
free Dirac equation (V=0) with energy E = /5 + m?

ie. HoWy;=1igW;  with Hy = —ir94iVi 4+ mA0

Our Dirac equation in an external fieldis (Hg +eV) ¢ = z%—‘f

We need to solve this equation for .

Now, since \Uﬁ form a complete set, any solution must be of the form

¢=/d3p

1
S (D () ith / Bavivy = 28563 (5 - g)
p
Let’'s expand this in powers of e:
1
— 3 ~(n) - — ~(n)
W = %:en/d PRy (W5 (x) {I.e. Ky = Yn Ry e”}
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Let’s stick this in and see what we get: [w Z /d3 1 g )(t)\lf (m)]

(Ho+eV)y = Z%—f
N Z / s L v 2(3 (HoWy+eVw,) = zn:e" / d3p2]151ﬁ (z'a%f(iz(t)wﬁjL ,gzgn)istwﬁ)
L cancel "J
To order e°; /d3p21 f&%%z(t) W=0 ie. nﬁo)(t) = E;(m( 50)
p
To order e': /d3 1 Z&E;(})(t) /d3 R \Uﬁ
Ly

(1)
We can now extract 8’222 using the orthogonality of W5 : /d%\lﬁ\lb =2E;0®) (57— )

~<”<t> 1
_ 3 () T 3
= /d 25 /w VW sd3e
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P;

But at time ¢ = —oo the initial state is ¥; = fd3p2iEﬁmﬁ(—oo)\U =WV; |

e. 7Y~ ry(—00) = 2E53) (7~ )

(1)
Ok
:>z'q

=/<,;g/@/—z/ dt/d3a:\IJTV\IJ~

Zero

/w*vw _ 3

)
le/‘\

Integrate over t:

By time ¢ = oo the interaction has stopped. The probability of finding the system in a state
b=V, (2)

|2 ~ |ei%%)|2 to order e* with:

is given by |~ f;

R —ie/d4:z: zp;&vzpz-
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Explicitly putting inour V = VOVMAM gives

—ie [ dbz ol (107" Au) va
i/j/gac)AMd4$ j,(fw) — —e’QZc’Wﬂba

OK, so now we know the effect of the field A* on the electron, but what A" does the
other electron produce to cause this effect?

02AH = jt' = —eti(pg) v u(py) et Pa—pp) (db -
() i = —edauy

1
= Al = _q_QjéLdb) (¢ =pg—pp) b d
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Putting this all together:

1
Kfi = —Z/](ac) ngb

iu(pe) (—eyu)u(pa) (-q%) 2(pg) (—ev")u(pp) /ei(—pa—pb+pc+pd)-xd4x

— _/
~

(2#)454(]9@ + pp — Pe — pd)

forces momentum conservation
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Feynman Diagrams: The QED Feynman Rules

We can construct transition amplitudes simply by associating a
mathematical expression with the diagram describing the interaction.

For each diagram, write:

u
« U for each incoming electron o 7
« u for each outgoing electron 5 —> _
« U for each incoming positron ~—e v Richard Feynman
« U for each outgoing positron o=
et
« ¢ for each incoming photon ANNNAN S
* el *
- e ™ for each outgoing photon NNANNANAN
1 p
. —’&gpw? for each internal photon A VAVaVaVaVe
. p+m _ P
« 155 for each internal electron >
p-—m

« —iey” for each vertex

Remember that y-matrices and spinors do not commute, so be careful
with the order in spin lines. Write left to right, against the fermion flow. 55



2 detalls: I’

P
 Closed loops : mm@wvmf

d*k
Integrate over loop momentum (27)? and include an extra factor of -1 if
it is a fermion loop.

 Fermi Statistics : If diagrams are identical except for an exchange of
electrons, include a relative — sign.

The probability of transition from initial to final state is | ¢;
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An example calculation: e 4 —e u
iM = —e2a(k )y u(k) g;—;ﬂ(p’)’v”U(p)

This is what we had before.

To get the total probability we must square this,

o average over initial spins , and sum over final
spins .
64 * *
3 2 ME = S0 > (a0 u®)] [@)rum)] '} {76 [36)w)] )
spins spins
4

e
— q_4 ij(ka k/) £w/(p, p/)

But [a(k )y u(k)]* = [uT(k’)vov“u(k)T (7 = uf0)
= ul (k)17 0 Tu (k)
= ul (k)707#9%9 u (k) (741 = A0ykq0, 40T = 40)
= (k) u(k) (+04° =1)
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But don’t forget that the u are 4-component spinors and the y are 4x4 matrices:
1 (< _ /
So Lk k) =2 % 3 a6 (W) [ asul? ) 35 (k) 1) us ()
S=1,2 5/:1’2
(summation over «, B3, v, 8 = 1,2)

We can simplify this using the completeness relation for spinors:

Z Uc(xS) (k) ?—Lés) (k) — k,u [’Y'u]aﬁ +m 5045 {beware normalization here — this is onIyJ

true for 2E particles per unit volume
s=1,2

Then £k, &) =5 S w0 E)aS (W) as X u§) B3 ®) 155
s'=1,2 s=1,2

(o0 15 +mdsa) [¥ap (koly7lgy +msy) [y
A A

=5 Tr|(K+m) "k +m)"]

|
N+

We need some trace identities!
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Trace ldentities

Trl =4

14 1 1% 1% 1 124 1% 1%
Tryky? = S (YHYY +4"H) = S (29") = g Tr1 = 44"
TryHy?a? = Tr P22yt = TryPykay = —Try°y°qHaP? = 0
Tr ’Y'UJ"YV’}/A’}/K; —4 (Q,ul/g)\m . guAgym + g,u/fgu)\> T

[This is true for any odd

Tr ’75’YM’YVW>\7F” = —4ieh A" number of Y-matrices]

\{be careful with this onel! J

LMY (kK =2 (k“k’” + VK P (k K- m2) gW)

Using these identities:

So

4

% > M = 2—44 (K" 4 kK — (k- K —mZ) ¢") (pupl, + pop), — (p- D' — ™) guv)
spins
4

= 82—4 (K- -p) + (K - p) (k- p') = mE (P - p) — m(K - k) 4+ 2mZm})
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If we are working at sufficiently high energies, then p2 > mg, m/% and we may

ignore the masses.

1 2 64

spins

(K- -p) + (K - p) (k- P))

Often this is written in terms of Mandlestam Variables , which are defined:

= (k+p)2 ~ 2k-p =~ 2K -p
t = (E—K)2 ~ —2k-k ~ —2p-p
v = (k—p)2 ~ —2k-p =~ =2k -p

d

[Notethats—l—t—l—uzmg—l—mg—l—mg—l—mgzo

Then

ili sQ—I—u2
= M2 =242 T &

spins
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Cross-sections
So we have | M|? but we are not quite there yet — we need to turn this into a cross-section.

Recall Kf = —’i(27r)454(pf — p;) M

k= [@m** Gk —p)]  IMP
(2m)*6*(py — p)VT |IM[?

. T/2
since (271')454(pf—pi) = /d4xel(pf_pi)'x — /_T/2 dt /V PBr=VT

But we need the transition probability per unit time and per unit volume is:

ko2
vf} = (2m)*5%(ps — pi) IM|?
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The cross-section is the probability of transition per unit volume, per unit time x the number
of final states / initial flux.

|x fi | : # final states

v initial flux

do =

Initial Flux

In the lab frame, particle A, moving with velocity U 4, hits particle B, which is stationary.
U
A — Qs

The number of particles like B } 2F

per volume V in the target is v

in the beam, passing through |UA|7 v

The number of particles like A } oF
volume V per unit time is

1
So the initial flux in a volume V is W|UA| 2E42Ep

For a collider , where A and B are both moving, this becomes:

1
2

o 4
=05 284 2Bp = 5 V@4 pp)? - m3m3)]
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# final states

How many states of momentum p can we fit in a volume V?

In order to not have any particle flow through the boundaries of the box, we must impose
periodic boundary conditions

. L
Lpy = 27w n so the number of states between p_ and p_+dp,_. is oy dpz
7T

So in a volume V we have

(e ) (e ) (5edp:) = g AVAVAV

27 27 27 - (27)83

| —

But there are 2EV particles per volume V, so

# final states per particle = @
PErp (27)3 2
1 d3 d* - .
Note that / P P 275(p? —m?) so this is covariant!
(27)3 2FE (2m)4
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Putting all this together, the differential cross-section is:

1
do = =|M|?dLips
F

where the Flux F'is given by,

F= 4\/ {(pA - pB)° — mimQB}

and the Lorentz invariant phase space is,

d4pc d4pd

dLips = (2m)*6*(pc + pg — Pa — pp) 278(p2 — Mm2) 276 (p3 — m3) (2)% (2m)

— I N '\ J

momentum conservation on-shell conditions integration measure



In the centre-of-mass , this becomes much simpler

This frame is defined by Pe = —Pp, and E,+ E,=+/s [ . Zegeﬂb;)%

So ps = (Fa,pa) and Py = (Ep, —Pa)

. . 1
with  |pal = 4—S¢A<s, mg, mg) Ma, 8,7) = a® + 87 +v° — 208 — 2ay — 287
s—l—mg—mg E_s—mg-l—m%
Ea — b —
24/s 2¢/s
Then the Flux becomes F = 4\/ [(pa cpp)° — mgmﬂ

4 (|palEp + |Pb| Ea)

F = 4|palv/s
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Also pc= —pg and E.+ E;=+/s withrelations analogous to those for p_, and p,

The phase space measure becomes:

d|ﬁc| _ EcEd

1 d3pe
dLips = (2r)%* -
1 1
= ——§(B.+Ey— d3p.
12 0B+ B \/g)4EcEd Pe
1 S(Ee+ E;—/3) 1 5|2 d| 7| dS2
= —5 — /S
4p2 ONTe T 4B, e
= ! 6(\/s — Ec— E,) 24 d/sdQ2
1672 NG
: |Pe|
dLips = dS2
g 1672 /s
Putting this together:
dO' 1 ‘ﬁc‘ 1 2
= M|

NN ANE
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Returningto our process e 4 — € [

. Z 1 \ﬁc\lj\/” 1 11 et 182+u2_a282+u2
dQ 4 S 64m2|pa| s 641254 S T 32725 2 25 12
1 5 4 52 + u2/ / 2
2 > IMIE=2e 2 The fine structure constant o = —
spins T

In terms of the angle between a and ¢

S
(pa pc)2 = _2pa i —5 (1 — COS 9)

c = -
_ 2
u = a—
) /{ , (Pa — py)
=

/ The differential cross-section is i o’ 4 gn (anice: 9)2
[ [ - == =
d dQ 8s (1 —cosf)?

S
—2pq - pg = —5 (14 cos¥)

. o do  4a? 1
Notice that this is divergent for small angles: O~ as 90
dS2 s 04

This is exactly the same divergence as is in the Rutherford scattering formula.
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Crossing symmetry

Generally, in a Feynman diagram, any incoming particle with momentum p is equivalent to
an outgoing antiparticle with momentum —p.

e e e ,u"'
Pa \ J Pe crossing Pa \ 7 —py
| o
wo po et e

This lets us use our result for e W~ — €™ W to easily calculate the differential cross-section
foree” — utu.

s = (pa‘|‘pb)2 . s = (pa—pc)2
crossing
t = (pa—pe)? o] e t = (pa+pg)°?
u = (pa—pg)® u = (pa— pg)?
l.e St
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e - 1 2 2 2 42 2
L _Z|M|2:2€4 ‘|‘2U N do a‘tc+u
4spins S dS? Ds g2

/N, /

{ Be careful not to change the s J

from flux and phase space!
Writing 6 as the angle between the €™ and

t = —%(1—c059), u = —%(1+c059) [as before]
do o 2 Notice the singularity
= dO _ Ads (1 + cos 9) [ Is gone!

The total cross-section is

o 41 o2

+1
= —2 / 14+ cos?0)d(cosh) = ——
TTot 4Sw_1(+ ) d(cos6) S

S
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Identical particles in initial or final state

So far, in the reactions we have looked at, the final state particles have all been
distinguishable . form one another. If the final state particles are identical , w
have additional Feynman diagrams.

eg.ee —»ee [See Feynman rules]

1 _ _ 1
62

ie? " w(pe)vHu(pa) w(pg)ypu(pp) —i u(pd)’v’“LU(pa) u(pe) yuu(pp)

interchange of identical \ \ /

fermions = minus sign p, and p, interchanged
70



Since the final state particles are identical, these diagrams are indistinguishable
and must be summed coherently .

IM|? = |IM1+Mo|? = M1+ Mo +2 Re My M3

We have interference between the two contributions. /

AN

do a2 <32 + u? 52 -+ #+2 2)

S
— 2_
ds? 2s 2 T i tu

u2




Compton Scattering and the fermion propagator

Compton scattering is the scattering of a photon with an electron.

| just quoted the Feynman rule for the fermion propagator , but where did it come from?

Let’s go back to the photon propagator first.

1
Recall the phot tor i gL 2 v
ecall the photon propagator is —tg 2 L D c
VA VAVEVAVENY
1 _ :
The —— is the inverse of the photon’s wave equation:
p
1
OPAN = —p? Al =l = AP =
p
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The g"V is coming from summing the photon polarization vectors over spins:

4
> e’(‘/\*)ef N = —9" <~—— this is for virtual photons
A=1

1

1 4
So, the photon propagator is then —1 <—_2) Z e’l(L)\*)G?)\) = —igM” s
Pe) =1 p

1
For a massless fermion propagator we follow the same procedure m _]? U
The massless fermion spin sum is
2

2 We)U(s) = ¥

s=1
S0 the massless fermion propagator is

1) 2 _ 1 ;
—t|l - Z U()U(s) = 2125—2 [sometimes written —]
PT) ¢—1 p P
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But what about massive propagators?
Lets think about a massive scalar propagator since it is easier (we can forget the spin-sum).
(02 +m?) ¢ =0

We can consider the mass term as a perturbation on the ‘free’ (i.e. massless) theory.

0%p=—-Ve¢ with V =m? o
—im?
—@— = + O + O O +
7: / 2 ’L ’Z, 2 ’l 2 ’L
— —(—im*)— —(—im*)—=(—im~)—
p? p? p? p? p? p?
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()
The Klein-Gordon equation (82 + m2> ¢ = O leads to a propagator P2 — m?

The same procedure on the Dirac equation (i@ — m) ¢ = 0 gives a propagator

i i(p+m)
p—m  p?—m?

( More precisely, the propagator is the momentum space Fourier transform of the wave
equation’s Greens function

Green’s function .S obeys: (i@ —m)S(x —y) = 7;5(4)(511 )

d*p -
Writing  S(x —y) = (27:)94 S(p) e (=¥ and pre-multiplying by (i@ —m)
: d4p & —ip-(z— (4
gives / enel (R DE O @9 = j6() (2 — )
~ i i(p+m)
= S(p)_]é—m_pQ—mQ
\ More details in your QFT course!
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So now we are armed with enough information to calculate Compton Scattering

€u ei

—ie'y”

Putting in the Feynman rules, and following through, with m_ =0

2 > M =2t (242

spins - L

Can you reproduce this? You will need to use Y €(ye(ry — —9""
spins
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Decay Rates

So far we have only looked at 2 — 2 processes, but what about decays?

A decay width is given by:

|2 # final states

VT # of decaying particles per unit volume
I\

\\ This replaces the Flux.

2
.
AT — 2264~ 11— p0) M

1 d?’ﬁb 1 d3pe _ d4pb d*pe
2EF, (27)3 2E. (2)3  (2n)% (2n)%

G —

Foradecay a — b+ ¢ we have

(27) 8(p—mZ) (2m) §(p2—m?2)

# final states =

# of decay particles per unit volume =
2F,

1
|M|? dLips

% 77

= dl




In the rest frame of particle a: pa = (Mg, 6), Py = (B, p), Pc= (Ee, —p),

with By = /|p2 + m2, E.= /|52 + m2

The decay is back-to-back

1 5 1 1 5
dlr = M ) —FE,—F d|p| dS?
s M G oya®ma— By=Fo) [Pl
E.E
But |pld|pl = EydE, = EcdE. = —2—C d(Ey, + E.)
b ‘|‘ Ec

7]
Er 4+ Ecd(Eb—I_EC) ds2

b

1 1
M= / M2 S(muy—F,—E
8ma ‘ | (27T)2 (ma b C)

r—/ M2 |54
oz ME 17 }




Remember, to get the total decay rate, you need to sum over all possible decay processes.

[ Tot = z I
7

The inverse of the total width I_"_I'c1>t will give the lifetime of the particle:

If the number of particles = N, then,

1 dNg

— - N, (t) = N,(0)e " Tott
N, dt a() a( )3

[Tot = —
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Quantum Chromo Dynamics (QCD)
Quarks, Gluons and Color

QCD describes the interaction of quarks and gluons .
It is very similar to QED, except we have 3 types of ‘charge’ instead of just one.

Conventionally we call these charges red, green and blue , and each quark can be
written as a vector in “color space”:

B A

However, QCD is symmetric under rotations in this color-space, so we can always
rotate the quarks to pure color states and say they are either red, green or blue.

This symmetry is known as SU(3), o and parallels the U(1)qep symmetry of QED.

The force between the quarks is mediated by gluons which can also change the
color of the quarks.
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Since we have 3 different sorts of quark (red, green and blue), to connect them all together
we naively need 3 x 3 =9 different gluons.

B B
RB _ B Since we are connecting together
(0000000 = = quarks of different color, the gluons
. must be colored too.
R R
particle flow color flow

So, for example, we could have gluons:
RB, RG, GR, GB, BR, BG + three orthogonal combinations of 2R, GG, BB
Conventionally these last 3 are

1, 1 1
—=(RR—BB), —=(RR+ BB —2GG), —=(RR+ BB + GG).

Since QCD is symmetric to rotations in color-space, the first 8 of these must have
related couplings. However, the last one is a color singlet, so in principle can have an
arbitrary coupling. In QCD, its coupling is zero.

= We have 8 gluons 81



In order to transform one quark color-vector onto another, we need eight 3x3 matrices.

For example to turn a red quark into a blue quark we need a RB gluon represented by

) 010 010 0
T =10 0 0 ie 000 1 :(100)
000 000 0

The above matrix is not a very convenient choice (it is actually a ladder operator).
Instead we normally write 7% in terms of the Gell-Mann A matrices .

1
T4 = Z)\A
2

These matrices are generators of the SU(3) group and obey the SU(3) algebra ,

e T

[TA, T8 = fAB Cgpl SU(3) structure constants

. : 1
are conventionally normalised by Tr(TATB) = 55‘43 and are traceless .

1
{Hence the removal of —= (RR+ BB+ GQ) /
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The Gell-Mann matrices are:

OO_

o - 0O
— O O
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At a vertex between quark and gluons we need to include a factor

- A
—igs TV

The gluons also carry color , so we must also include a gluon-gluon interaction. This is
given by

By B

—gs P9 ((p1 = p2)79"% + (p2 — p3)*9”7 + (p3 — p1)g"*)

The full QCD Feynman rules will be given to you in the Standard Model course.
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Renormalisation

When we calculate beyond leading order in our perturbative expansion, we will find that

we have diagrams with loops in them.

For example, the corrections to our ee” — p+p” would include the diagram

But momentum conservation at all vertices leaves the momentum flowing around the
loop unconstrained! We need to integrate over this loop momentum, and find a result
proportional to

d*k 1
(2m)* k2 — m2] | (k — p)2 — m?]

This integral is infinite!
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To see that it is infinite, lets look at this integral in the limit as £ — co. Then we can
neglect the momentum p and the mass ™m. The integral becomes

d'% 1 Pkt = 109 0
mn)4E4 /o g 090070

this is a fake, because our

Ultra-Violet (UV) singularity apprOXIm;trlo]: dogsn t work
%

This is not really that surprising. Even in classical electromagnetism we have
singularities when we go to small distances/high energies.

For example, in classical electromagnetism, the energy associated with a charged
sphere of radius R is:

3 Q%

— — o0 as R—0
54megR

So classically, a point charge should have infinite energy!
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Are infinities really a problem?

Our theories such as QED and QCD make predictions of

physical quantities . While infinities may make the theory difficult
to work with, there is no real problem as long as our predictions of
physical quantities are finite and match experiment.

Freeman Dyson

We find, that in both QED and QCD, that our physical observables are finite: they are
renormalizable theories.

To understand this, lets think about the one-loop calculation of the electron mass

—— = > + M + (9(64)

m = mqg—+e’mq + O(e?)

70NN

finite 0O 00

In order for the physically measured mass to be finite , the bare mass must be infinite
and cancel the divergence from the loop.

We absorb infinities into unmeasurable bare quantities. 87



In reality, what we are doing is measuring differences between quantities.

@ SV
—— > + > + O(eh)

Since the loop contains a dependence on the momentum scale, Q, the mass changes
with probed energy. The difference between two masses at different scales is:

m(Q%) — m(Q3)

(mo + 2 m1(Q7) + O(eh)) — (mo + ?m1(Q3) + O(eM))

(ma—=7m0) + ¢ (m1(Q3) — m1(@3)) + O(c*)

- /
'

infinities are the same in both m,’s
= finite

The difference between the masses is finite .
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Both philosophies, absorption or subtraction of singularities, are doing the same thing.
We replace the infinite bare quantities in the Lagrangian with finite physical ones
This is called renormalization .

The beauty of QED (and QCD) is that we don’t need to do this for every observable
(which would be rather useless). Once we have done it for certain observables,

everything is finite! This is a very non-trivial statement. We say that QED and QCD
are renormalizable .

In QED we choose to absorb the divergences into:

e, m, Y, A
electron — / \ \ photon
charge electron electron wave-function
mass wave-function

Instead of writing our observables in terms of the infinite bare quantities eg, mg, Yo, Ao,
we write them in terms of the physical measurable ‘renormalized’ quantities er, mg, ¥Yr, AR

In order to do this, we must first reqularize the divergences in our integrals.
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Regularization by a Momentum cut-off

The most obvious regularization is to simply forbid any momenta above an scale A.
Then, the integral becomes

LIS /\dkl = log0 —IlogA
(2m)* k4 ~ /O ko c9Y 109

The UV divergence has been regularized . This isn’'t very satisfactory though, since this
breaks gauge invariance.

Dimensional Regularization

The most usual way to regulate the integrals is to work in d = 4 — 2¢ dimensions rather
than 4 dimensions.

6. @]

d4—26k 1 1 k—Qe
/ 13- QEdk / dk—— = |_
(27-(-)4—26 L4 kl—l—Qe Ve

we have increased the power of £ in the
denominator, making the integral finite 90

0



More precisely, out original integral (ignoring masses for simplicity) gives:

AL 1 = z’(47r)6—2r(1 +r*(1—e (—p?)"°
(2m)*=2¢k2 (k + p)? F(1—2¢)  e(1—2¢)
~ ~ —
finite divergent as
e — 0

Notice that it is rather arbitrary which bit one wants to absorb or subtract off.

1
( )2— for the above integral.
T €

This is known as the Minimal Subtraction , denoted MS.

One could subtract off only the pole in epsilon, i.e.

Alternatively we could have removed some of the finite terms too,

(p?/Q3) ¢ _ i (
€ ~ (47)2

e.g. i(47) 2 (14¢) ! +vE — |09(p2/Q2)>

€
L— [Euler-Mascheroni Constant]

This choice is known as M_S

Also notice the renormalization scale Q .
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Running couplings

How does the QED coupling e change with quantum corrections?

these cancel, due to a Ward Identity

| can include some extra loops by....

TSRy

e(Q) = m (Q)
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2

e .
In terms of o« = — , we find
4

aQ

1 - 5%log (Q2/A?)
_ cut-off

a(Q) =

but since this was general, | could have chosen to evaluate my coupling at a different scale

aQ
1 - 52109 (u?/A?)

e.g.

a(p) =

| can use this second equation to eliminate 0.y (which is infinite) from my first equation.

. a(p)
o o) |og (Q2/u2)

The QED coupling changes with energy.
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We can do the same thing for QCD, except we have some extra diagrams

e.g. We find,
as(p)
as(Q) =
+ 2430 log (Q2/p2)
where (g = 11N = 2V [ N, = # of colors = 3 J
3 N; = # of active flavors

At higher orders in perturbation theory we will have more contributions. The complete
evolution of the coupling is described by the beta function

Qg 2
B(as (@%)) = @’ . 5;22 ) B (as) = —foa’® + O ()
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For Ny <16 .the QCD and QED couplings run in the opposite direction.

«
QED
L
137
absurdly
[ high energyJ_) /\QED

0.118

confinement
QCD
Asymptotic
freedom
|
/\QCD me

At low energies QCD becomes strong enough to confine quarks inside hadrons.
(The B function is not proof of this!)

At high energies QCD is asymptotically free , so we can use perturbation theory.




