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Abstract

A block matrix formulation is presented for the Sinc-Galerkin technique applied to
the wind-driven current problem from oceanography. The block matrix form is used
to determine an approximate solution for the coupled system of differential equations
describing the wind-driven current problem. The approximate solution determined
by this new Sinc-Galerkin scheme is compared to the approximate solution for
the original complex-valued Sinc-Galerkin approach to ocean current models. The
approximate solution is also compared to exact solutions to illustrate the exponential
convergence rate of the method.
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1 Introduction

In recent years, the complex-valued Sinc-Galerkin method for wind-driven
current models has been applied to the model formulated as a complex-valued
ordinary differential equation. However, a Sinc-Galerkin technique can also
be applied to a formulation of the model that consists of two real-valued
coupled ordinary differential equations. The block matrix depends on the sinc
basis functions, the differential equations, and the boundary conditions. The
complex-valued Sinc-Galerkin method results in a smaller discrete system but
requires complex arithmetic at all steps. The block formulation eliminates the
need for any complex-valued calculations at the expense of a slightly larger
matrix system.

In this paper, we perform a numerical study on a model of wind-driven currents
in the ocean. This model is found in [1]. There the Sinc-Galerkin technique
was applied to a model describing wind-driven subsurface currents in coastal
regions and semi-enclosed seas where the vertical eddy viscosity coefficient is
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Fig. 1. The general physical model of the depth-dependent eddy viscosity oceanog-
raphy problem

represented as a continuously differentiable function of depth. Our goal is to
construct the block matrix that represents this Sinc-Galerkin formulation and
use it for solving a coupled linear system.

2 Governing Equations

To develop a mathematical model, we first construct a right-handed coordi-
nate system with the vertical coordinate z* directed positive downward from
the free surface, and with x* and y* directed northward and eastward, respec-
tively. A plane at z* = Dq corresponds to the impermeable boundary at the
seabed. For the purpose of illustrating the Sinc-Galerkin method, we employ
several of the simplifying assumptions invoked in one-dimensional wind-drift
studies - the ocean depth, Dy, and ocean mass density, p, are assumed con-
stant, and the effects of tides, inertial terms, free surface slope, and variations
in atmospheric pressure are neglected. Currents are driven by a tangential
surface wind stress (the surface is at z* = 0) of magnitude 7, represented
as 7(0) = 7, (cos(x)x™ + sin(x)y”™), with y being the angle between the pos-
itive x*-axis and the wind direction in Figure 1. Here * and 4" represent
unit vectors in the directions of the positive x*-axis and the positive y*-axis,
respectively. In this model, called a specified eddy viscosity model, internal
frictional stresses are parameterized as 7(2*) = —pA*(2*)dg*/dz*, where the
specified effective vertical eddy viscosity coefficient A*(z*) is a continuously
differentiable function of z* € (0, Dy). Here q*(z*) = U*(z*)x" + V*(2*)y"
represents the horizontal wind-drift current which is the difference between
the total velocity and the geostrophic current in [2]. The Coriollis force acting
on the moving water is balanced by a horizontal pressure gradient force.



Under the present assumptions, the conservation of linear momentum equa-
tions express a balance between the Coriollis force and the internal friction
associated with turbulence. The wind-drift current g* is determined by solving
the boundary-value problem

d dq* A% * *
e (A;(z*)dg*> = —fz"xq", 0<2z*< Dy, (1)

where the stress condition at the sea surface, z* = 0, is the tangential surface

wind stress

dgq*(0)
dz*

while at the seabed, z* = Dy, the frictional stress is linearly proportional to

the current, hence

—pA;(0)

= 7y (cos(X)&* + sin(x)§") (2)

dq*(Dy)

—pA; (Do) e

= kypq*(Dy). (3)

Here f = 2Q2sinf is the Coriollis parameter at latitude 8 where 2 = 7.29 x
10~% rad s™! is the angular speed of rotation of the earth. Though —7/2 < 6 <
/2 , for the rest of our work we assume we are in the northern hemisphere and
hence 0 < 6 < 7/2 (f > 0). The parameter ky is the linear slip bottom stress
coefficient. If g*(Dy) = 0, (3) is called a zero-velocity (no-slip) condition.

From (1), we can simplify the boundary-value problem as follows

i (10038 = (e G2 g (e 5 v
=—fZxq

=—f2 x [U"(z")2" + V" (")y]

=—f(U ()" - V*()2"), 0< 2" <Dy

Then it can be written in component form as

_di* (A:(Z*)dU;jf*)> =—fV*(z"), 0<z"< Dy (4)
and
—d;‘zl* <Az(z*)d‘/d72(f)> = fU*(2*), 0< 2" < Dy. (5)

The stress condition at the sea surface, z* = 0, separates as

dU*(0) dV*(0)

—pA;(0) T = Twcos(x), —pAs(0) e

= T sin(x). (6)



At the seabed, z* = D, the frictional stress separates as

dU*(Dy) B
dz* N

dv*(Do)

—pAL (Do) e

kipU* (Do), —pAy(Do) kipV*(Do). (7)
To nondimensionalize the model equations we begin with a measure of near

surface turbulent eddy viscosity, Ay = A%(0), and define a nominal “upper-
layer” Ekman depth by D = 1/2A./ f. Also define a current speed in units of
Us = TwDr/(pAo) = V274/(pV/ Ao f). Uy is the natural velocity scale in an in-
finitely deep sea with uniform eddy viscosity in the steady-state. A nondimen-

sional form of the equations of motion can be expressed with the introduction
of the nondimensional variables

zzgyAu@zfﬁy’«azwgﬁEU@@+wag ®)

together with two nondimensional constants (a depth ratio £ and a bottom
friction parameter o) given by

DO f A()Av(l) A:(D())
k=—=Dy|=—, o = . 9
s\ 24, k¢ Dq k¢ Dq (9)

We apply (8) and (9) to nondimensionalize the equations (4) and (5). For (4),
we have

L d <A0AU(2)LM> = —fU(]V(Z), 0<z< 1,

" Dydz Dy  dz

which results in

Similarly, the result from (5) is

dV(z) )
_@<&@>dz)—amm@,0<z<L (1)

The surface boundary conditions in (6) are nondimensionalized to produce

Ao d(UpU(0))

—pD—O e = T cos(X), ——————% =7, sin(Y),

which leads to




The seabed conditions in (7) are also nondimensionalized and become

dUu(1)
dz

dv (1)
dz

Ul)+o =0, V(1)+o =0. (13)

In the special no-slip case, we can set 0 = 0 in (13).

We first transform the nonhomogenous boundary conditions to homogeneous
boundary conditions by using the linear transformations

U(z) =u(z)+x(1+0 —2)cos(x), V(z)=v(z)+kr(1+0—z)sin(x). (14)
The first derivative of each transformation in (14) yields

dU(z) _ du(z)
dz dz

— kcos(x), d‘c/liZ) = dz(;> — fsin(x),

so the resulting boundary-value problem for u(z) satisfies

e (Avu)%) 2 (A cos(x) = ~282[0(2) + 5 (140 — 2)sin()],
0<z<1,
which gives
_diz (AU(Z)Z_Z> + ki cos(x) A, (2) = —2k%0(2) — 267 (1 4 0 — 2) sin(x),
0<z<l1. (15)

Similarly the boundary-value problem for v(z) satisfies

_ (A,,(z)d—z> + rsin(y) AL (2) = 26%u(z) + 26° (1 + 0 — 2) cos(),

0<z<l (16)

The surface boundary conditions (12) become

du(0)
dz

dv(0)
dz

=0,

=0 (17)

while the seabed boundary conditions (13) become

() +o—= =0, o(l)+ o—dz(zl) — 0. (18)




For the purpose of illustrating the exposition of the Sinc-Galerkin technique,
we define

Lu(z) = —diz <Av(z)fl—z> , Lo(z) = —d% (Av(z)%> . (19)

Then (15) and (16) are now given by the coupled w and v equation systems

Lu(z) +26%0(2)=Fi(2), 0<z<1, (20)
Lu(2) —2r%u(z)=Fy(z), 0<z<1, (21)
where
Fi(2)=—=2r3(14 0 — 2) sin(x) — xcos(x)A,(2), (22)
Fy(2) =261+ 0 — 2) cos(x) — rsin(x)A,(2). (23)

The surface boundary conditions are

du(0)

o 0, = 0. (24)
The seabed boundary conditions are
du(1) dv(1)
1) 4+ o8 1)+ ot —0. 2
u(l)+o 7 0, v(l)+o 7 0 (25)

3 The Sinc Function and the Sinc-Galerkin Method

We first review sinc function properties, sinc quadrature rules, and the Sinc-
Galerkin method. These are discussed thoroughly in [3] and [4]. The sinc
function is defined for all z € C by

sin(7z) .
f
R #0
sinc(z) =
1 , ifz=0

For h > 0and k = 0,+1,+2, 43, ... the translated sinc functions with evenly
spaced nodes are given by
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The Sinc-Galerkin procedure for the coupled linear system in (20)-(21) begins
by selecting composite sinc functions appropriate to the interval (0,1) as the
basis functions for the expansion of approximate solutions for the current
components u(z) and v(z). We introduce the conformal mapping function

w:qs(z):zn(lfz), (26)

which is a conformal mapping from Dpg, the eye-shaped domain in the z—plane,
onto the infinite strip in the w-plane, Dg, where
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Fig. 2. The relationship between the eye-shaped domain, Dg, and the infinite strip,
Dg

This is shown in Figure 2. The basis functions are derived from the composite
translated sinc functions,

Su(2) = S(k, h) 0 6(2) = sin(;(&h_kh), (27)

for z € Dg. These are shown in Figure 3 for real values, x.
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Fig. 3. Three adjacent members S(k,h) o ¢(z) when k = —1, 0, 1 and h = % of the
mapped sinc basis on the interval (0, 1)

For the Neumann or radiation boundary conditions (24)-(25), the sinc basis
functions in (27) do not have a derivative when z tends to 0 or 1. Thus we
modify the sinc basis functions as

S(k.h) o g(z) _ sine( 2R
70 70

These are shown in Figure 4 for real values, x. Note that the derivatives of the
modified sinc basis functions are defined as z approaches 0 or 1. We also add
boundary basis functions that are Hermite polynomials. Thus the derivatives
at z = 0 and 1 for these basis functions are defined. These Hermite polynomials
are given by

(28)

Bo(z) = 2z + 1)(1 — 2)%, Bi(2) =(1—2)22 +0(3—-22)22  (29)

Sinc rules for a special class of functions B(Dg) have been developed. A dis-
cussion of the properties of functions in B(Dg) is found in [3] and [4].

Definition 1 Let ¢ : Dy — Dg be a conformal map of Dg to Ds with inverse
. Let ' ={¢(u) € Dg: —o0 <u < o0} =(0,1). Then B(Dg) is the class of
functions F which are analytic in Dg, satisfy

/ |F(z)|dz— 0 , t— £o0,
P(t+L)

where L = {z’v Jol<d< g}, and on the boundary of Dg, denoted ODpg,
satisfy

N(F) = /{)DE |F(2)|dz < 0o



Sinc basis on (0, 1)

S(k, h) o ¢(x)
¢ (z)
0,1

the modified sinc basis on the interval (0, 1)

The proofs of the following theorems are found in [3] and [4].

Fig. 4. Three adjacent members when k= —1, 0, 1 and h = § of

Theorem 1 If ¢ F € B(Dg) then for all z € T,
= > F(2)S(j,h) o ¢(2) + Er

j=—00

where

(7o(2)
5 :Sln(_T) / ¢ (w) F(w)dw
oo o (0(w) .

2me
Theorem 2 If F € B(Dg) then
1 > F(z
=h ;
J FE=h 3 S0

where

nIey

F—— z
/8DE sin(mo(2)/h)

with

(0.0 = ean| Z5 sgniztote)|

The infinite quadrature rule appearing in Theorem 2 can be evaluated di-
rectly, but in general it must be truncated to a finite sum for the Sinc-Galerkin
method. The following theorem indicates the conditions under which exponen-
tial convergence results.



Theorem 3 Let F' € B(Dg) and ¢ be a conformal map with constants o, 3,
and C' so that

exp(—alp(2)]), z €T,
F(z)

5| =C

exp(=plo(2)]), z €Ty

where

Fo={z€el:¢(z)=x € (-00,0)} = <O,}>,
Iy={z€el:¢(z)=2€[0,00)} = B,l).

Then the sinc trapezoidal quadrature rule is

/ 2dz=h Z ( )+0 exp(—aMh)) + O(ezp(—BNh))
+O(exp(—27rd/h)). (30)

Hence, make the selections

:U%M+1

], h = /2rd/(aM),

where [| - |] denotes the greatest integer, and the exponential order of the sinc
trapezoidal quadrature rule in (30) is O(exp(—v2ndaM)).

Corollary 1 An important special case of Theorem & occurs when the inte-
grand has the form G(z)S(l,h) o ¢(z). Due to the interpolation

S(l,h) o é(z) = S(I, h)(jh) = 8%

the sinc quadrature rule is a weighted point evaluation to the order of the
method,

G | o(eap(—2nd/h)). (31)

/0 G()S(1 ) 0 9(2)d= = hrs

In the Sinc-Galerkin technique, we first assume the approximate solutions for
u(z) and v(z) in (20)-(21), subject to the mixed conditions (24) and (25), are
represented by

10



ua(z) = C_N_lBo(Z) + uh(z) + CN+1Bl (Z), (32)
Va(2) =d-n-1Bo(2) + vn(2) + dn+1B1(2), (33)

where choosing M = N gives

XS, S8
uh(z>_ Z J(b/(z)v h( >_j=Z_NdJ¢/(Z>. (34>

j=—N

Both approximate solutions clearly satisfy the boundary conditions (24)-(25).
N N
The m = 2N + 3 coefficients {cj}, ! and the m coefficients {dj}_ !
j=—N-1 j=—N-1
are determined by orthogonalizing the residual Lug(2) + 26%v,(2) — F1(2) and
N
Lv4(2) — 2k%u,(2) — Fy(z) with respect to the sinc basis functions {Sj} o

in (27). The inner product

j=—N-1

(F.G) = /0 PG w(2)dz,

uses a weight function w(z) = 1/4/¢'(2) = /2(1 — z). So this yields the

discrete Sinc-Galerkin system, for j = —-N —1,..., N +1

(ﬁua + 2K%v, — I, Sj) =
(ﬁva — 2k%u, — F, Sj) =

This leads to
c-n-1(LBo, ;) + (Lun, Sj) + ex1 (LBy, 85) + (2674, 8;) = (F1, S;), (37)
d—N—l (,CB(], S]) + (,C’Uh, Sj) -+ dN+1 (,CBl, S]) —+ (2,%2%, Sj) = (Fg, Sj) . (38)

With the sinc quadrature rule in (31) we evaluate the inner products in (37)-
(38) . First, we evaluate (LBy, S;) and (LB, S;) as

(‘CBO? SJ) _/0 EBO( ) (b/(z) d h(¢/(zj))3/27 (39>
Ve [ g S o £BiE)
(eBs)= || £mie) L NS (40)

The nodal points z; = ¢/ /(1 + e/"). The numerators in these terms are

11



LBy(z) = -2 < AU(Z)dBo(z)> d

o) =6 (Av(z)z(l - z))

=6( A,(2)(1 —22) + A (2)2(1 — 2)>,

LBi(z)= _diz (Av(z) d%52)> = _dilz (Av(z)(Q — 32+ 60 — 602)2’)

=— <Av(z)(2 + 60 — 62 — 122) + Al (2)(2 — 32+ 60 — 602’)2).

The inner products (Luyp, S;) and (Lvy, S;) in (37)-(38) are evaluated by in-
tegrating by parts twice. Thus since

N Sio\')
;Cu zZ) = C _A’l) ¥ / 9
(2) EN( <>(¢(z))) (1)

the inner product involving Luy, is

(Euh,Sj) = i Cp (— (AU <%> ) ,Sj) . (42)
k=—N

The inner product is evaluated by integrating by parts twice to get

() o)1 (o) e oo

I PN AT
— By /qu,(z)Av()< gb'(z)) d

0 9(2)
where
i (SO 5@ [, 8 (SE) )]
b= )<¢’<Z>> ¢'<z>o+A”()¢’<Z>< <z>’<z>) 0

Br tends to zero as shown in [1].

T2 = 2(1 — z). This leads to the result
— 2

Since ¢(z) = ln( - ), then

1
¢'(2)

12



¢'(2)
. dSJ(Z) 1
— <W + 5(1 —22)8 (z)) ' (2), (44)

and

S\ _RSE) e, 456 (6 6
( ¢,(z)) 2o e+ S (L ¢<>2<¢,(Z))3/2)
L
S(Z)< ¢><z)>
- (TR 156 @ e (45

Applying the sinc quadrature rule, (43) becomes

((Av (i)) , sj) — [ 30 (T - 50 @)

/ (( ) oz )(d%’f) ;(1 — 22)55(z )) &' (2) dz

h2 o5 4]k} Ay(2) (8 () ?
2= )3 AL () (6/(0)

So

N

(Lun, Sj)~ D {ﬁ‘sﬁ T 45Jk }Av(zk) (@' (1) e (46)

k=—N

* Z T 5 a1} A (9 e

Here the " derivative of S(j, h) o ¢(z), with respect to ¢, evaluated at the

13



nodal point z; is denoted by

o = g U e o | (47)
Similarly
= (—loe) 1) w12
(o)~ Y {5700 + 300} Aule) (62 (48)
k=—N
T R e T T AT IR
By h Ik 92 k ik v\Fk k k-

Next, applying the sinc quadrature rule (31), the inner products (u,, S;) and
(vq, Sj) are

= 1u z %) z R 1 Uq(z
(o )= wle) 2505 b ) )
= 11} z %(2) z ! Va(2
(00 55) = | () e~ b sl) (50)
where the solutions u,(z;) and v,(z;) are given by
uq(2;) =c_n-1Bo(z;) + Cjﬁz‘j) + en1Bi(z5), (51)
valz) = d_y 1 Bo(z) + djﬁzj) +dyai Bi(z). (52)

Last, applying the sinc quadrature rule (31), the inner products (F},.S;) and
(FQ, S]) are

)= 1 z %) R 1 Zj

(o) =, PG 755 = = Mytita) )
)= 1 z %() z R 71 Z;

(Fn)= ) o) 275 e = g o) o

where F} and F; are given in (22)-(23). Substituting (39), (40), (46), (48), (51),
(52), (53), and (54) into (37)-(38), the result will be linear equations whose
solutions give the coefficients for u,(z) and v,(z). For =N —1 < j < N +1,

14



(5/](_90()?3)/2 C-N-1 +kZ { % i+ 5]k }Av(zk) (' (z0)) " en

+ Z R LIS RACHICIEV R

Fl(Z])

£Bl(zj) Va(2j) = (@/(2))%2

oo 2 )

and

,CBO(ZJ) 1 0) ) 1
(&' (2 ))3/2d_N 1+k_z_:N{ 7O+ 15jk}Av(Zk) (&' ()" di

+ Z {h ik T 1(22k—1)5( }AZ(Zk) (¢'(20)) "2 d, (56)

F2(ZJ)

»CBl(Z]) VI G — 2626 (23)) " Pua(z) = (0(z,))2

(¢/(2)))?

Introduce the column vectors ¢ and d that represent the coefficients of the
approximate solutions in (32)-(33),

c=lc.ng ey en ennl,  d=[dya doy - dy dyn],
and define
Fi=[Fi(2-n-1) Filz_n) - Fi(zn) Fi(evi)]”,
Fo=[Fy(2-n-1) Falz_n) - Falzn) Fa(eni)]”,
UaE[Ua(Z—N—l) Ua(Z—N) Ua(ZN) Ua(ZN+1)T
’UaE[Ua(Z—N—l) Ua(Z—N) Ua(ZN) Ua(ZN—i-l)]T

where F(z) and Fy(z) are given in (22)-(23). The expressions in (47) for each
j and k can be stored in a matrix I = [5](7,;)] For r =0, 1,2, we have

1,ifk=j
3 =153, h) 0 $(2)]|s=sy, =
0,ifk#j,

15



0 if k=

d
1 _ :
i zhd—¢[5(J,h) 0 ¢(2)]]2=x,
S= LR
) - Jifk=
@ _,2d
5k h2d¢2 [S(4, h) 0 ¢(2)]]z=z,, =

The following matrices will be some examples for I, 1M 12 Given —N —
1<j<N+1,(m=2N+3), the m x m, square matrlces I(O),](l),l(z) are
given by

0 -1 % (_TiL)—mlil
1...0 1 :
10 = =1, IV =] _1 o, (58)
0...1 : ~1
o310
) .
I I I (59)
: 2
2ot 42 -8

When —N < j < N, we remove the first and last columns of 1, IV and
1) in (58)-(59), to arrive at the m x n, (n = 2N + 1), non-square matrices

(-ym=?
_O 0_ -1 % m—2
0 .
1 0 ) .
O=1: i, 1= ! P, (60)
—1 ~1
2
0 1
: 0
0 0
L i -1 m—1
_( m)—2 _% 1 A

16



J
2 .
3
7@ — 2
- _2
22
_2(_1)m—2
L (m—2)2

The n x n square diagonal matrix D,,(f) is written as

f(z-n)

0

From (55) and (56) we arrive at the discrete system

1
Byc + 2x°D,, <7(¢,)3/2> &Ed =D, <7(¢,)3/2

)gbC: Dm <(¢,7

where By, is defined by the m x m bordered matrix

1
2
Bbd — 2K Dm <W

BbE[ a_n-—1 \ Aps | an1 ]

The non-square m X n matrix

—2 2

—2(=1)"2]
(m=2)?

22 i

f(zn)

I i 1 o A,
Ans:{—]()-l——]()}Dn(il/Z)

h? =47 (¢)
—La 1o

(63)

(64)

and the m x 1 column vectors a_x_; and @y, have % component,

-N-1<j57<N+1,

[a ] _ EB()(ZJ'>
I CIEEEN

17
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The m x m evaluator matrix &, is defined by

1
ng b—N—l | I(O)Dn <$> | bN+1 ‘|

and the m x 1 column vectors b_x_; and by have j** component
[b-n-1]; = Bo(z) ,  [bn1a]; = Bi(z)-
This leads to the coupled linear discrete system
AxX =C

where the (2m) x (2m) block matrix (m = 2N + 3)

Bb 2I<L2Dm (W) gb

i —2I<L2Dm (W) 5(, Bb

and the (2m) x 1 column vectors

: Do (k)

d Dy, (W) F, |

(67)

(68)

(69)

(70)

(71)

It follows that the solutions for u, and v, at the nodal points are the ele-
ments of this column vector A that are computed from the (2m) x (2m) block

evaluator matrix

[ Uy, & (0 c

Vq 0 & d

(72)

where O is an m X m zero matrix. These solutions are related to the ap-
proximate nondimensional current components evaluated at the nodal points

as

Udi(zj) =uq(zj) + k(1 + 0 — 2;) cos(x),
Va(2;) =v4(25) + k(1 + 0 — z;) sin(x).

18



4 Numerical Testing: Constant Eddy Viscosity

We illustrate the accuracy of the Sinc-Galerkin method when applied to the
constant eddy viscosity model formulated as a system of real-valued coupled
ordinary differential equations. Since the governing equations and variables
were nondimensionalized, the only operative constants in (20)-(25) are &, o,
and y. In relating these parameters to the “constants of nature”, we adopt the
following nominal values: f = 0.0001 s=! (appropriate to temperate northern
latitudes), sea water density p = 1 x 10° kg m™®, and air density pui =
1.25 kg m™>.

Surface wind stress is assumed to be related to the square of the wind speed
W, (in ms™) by

Tw = CDpaingn (73)
where the dimensionless parameter Cp ~ 0.0012 for W,, < 12 m s~!, there-
after increasing linearly to about 0.0025 at gale force winds (W,, ~ 30 m s™!)
[5]. In keeping with [6] and [7], the linear slip bottom stress coefficient & is
assigned a value of 0.002 m s~! for comparison with other work and to drama-
tize the change in current speed over the water column. In practice, a value of
k¢ lower by an order of magnitude may be preferred. Field evidence suggests
that the near-surface value of the vertical eddy viscosity is related to the wind

speed. Carter [8] has suggested that, if the wind is not fetch-limited and the

sea state is fully developed, then A%(0) in units of m? s™! is given by

A(0) 2~ 0.304 x 107 W3, (74)

With the parameters and relationships above, and keeping in mind our desire
to compare results with those in [9], we choose our constant eddy viscosity to
be

A% (2*)=0.02m* s7! (75)

with 7, = v/2/10 = 0.1414 N m~2. Since Dy = /24%(0)/f = 20 m, we then
have Kk = Dy/Dg = Dy/20. In keeping with [9], we will use Dy = 100 m and
hence k = 5, which it will be throughout.

The numerical results are compared to the exact solution W*(2*) = Uy [U(2) +
iV (z)] where U(z) is given by

U(z) = R(We(z)) cos(x) — Z(We(2)) sin(x) (76)
and V(z) is given by
V(z) = R(We(2)) sin(x) + Z(We(z)) cos(x). (77)

Here R(W.(2)) and Z(W,.(z)) denote the real and imaginary parts of W,(z),
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respectively, and

k(1 —i)ocosh (k(1 —4)(1 — 2)) + sinh (k(1 — 7)(1 — 2))
(1 —4)[cosh (k(1 — 1)) + k(1 — )osinh (k(1 — 7))]

W.(z) =

The results of the Sinc-Galerkin approximations U,(z;) and V,(z;) were com-
pared with the exact solutions for U(z;) and V(z;) at the sinc grid points S
with h = 7 /v/2N given by

S={z=0¢"'Gh)=e"/("+1):j==-N-1,...,N+1}. (78)

These results were then multiplied by the natural velocity scale Uy to give a
dimensional representation of the velocities.

All numerical simulations were run on a SUN BLADE 1000 with MATLAB
Version 6.1. To illustrate the performance of the method, the maximum abso-
lute errors are reported as

1Usll=_ max  {Uo|Ua(2) = U(2)[},

—N—-1<j<N+1
IVll=_, max . {UolValz) = V()l}
and
| Es|| = max {[|Us||, [|Vs][} , (79)

where the units are m s—1.

Throughout, comparable graphs (of eddy viscosity functions and velocity com-
ponents) are shown on the same scale. The horizontal projections of the Ekman
spirals are also shown on the same scale. This way visual comparisons of these
various quantities are readily made.

Example 1 (Linear stress condition at the seabed) For this example we
choose x = 45° and for the linear stress condition at the seabed we have
o= A}(Dy)/(ksDy) = 0.1. We find the approximate solution U,(z) and V,(z),
respectively, using the coupled discrete system of size 2m x 2m (m = 2N + 3),
given in (69) where UyU,(z) = U (z*) and UyV,(z) = V.*(z*). The errors are
given in Table 1 and illustrate the classic exponential convergence typical of
Sinc-Galerkin methods.

Figure 5 graphically depicts the numerical convergence of the Sinc-Galerkin
method to the exact solution with the linear stress bottom boundary condition,
as N is repeatedly doubled in size. The horizontal projection of the Ekman
spiral for N = 64 is indistinguishable from the true solution shown as the solid
line.
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N o 2m h |Us| (ms™h) Vsl ms™h) [[Es| (ms™)

4 22 1.111 1.080e-03 7.478e-04 1.080e-03
8 38 0.785 2.496e-04 1.293e-04 2.496e-04
16 70 0.555 2.762e-05 1.302e-05 2.762e-05
32 134 0.393 8.985e-07 4.240e-07 8.985e-07
64 262 0.278 5.775e-09 2.770e-09 5.775e-09
128 518 0.196 4.053e-12 1.937e-12 4.053e-12

Table 1
Errors for Example 1 (constant eddy viscosity) on the sinc grid S with the linear
stress bottom condition for o = 0.1, x =45°, k=5, Dg =100 m, Dg =20 m

Sinc-Galerkin Ekman spiral projections for increasing N
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Fig. 5. Sinc-Galerkin Ekman spiral projections for Example 1 with increasing
N for constant eddy viscosity with the linear stress bottom boundary condition for
0=0.1, x=45° k=5, Dp =100 m, Dg =20 m

Example 2 (No-slip condition at the seabed) We set ¢ = 0 and y = 45°
and solve for approximate solutions U,(z) and V,(z), respectively, by using
the coupled discrete system in (69). The reported errors are shown in Table 2
and are very similar to those for Example 1. The accuracy is no different for
the Neumann condition in this example than it is for the mixed condition in
Example 1. The horizontal projection of the Ekman spirals is shown in Figure
6. This figure portrays the exponential convergence of the method.
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N o 2m h |Us| (ms™h) Vsl ms™h) [[Es| (ms™)

4 22 1.111 1.071e-03 7.500e-04 1.071e-03
8 38 0.785 2.483e-04 1.297e-04 2.483e-04
16 70 0.555 2.752e-05 1.306e-05 2.752e-05
32 134 0.393 8.957e-07 4.255e-07 8.957e-07
64 262 0.278 5.756e-09 2.781e-09 5.756e-09
128 518 0.196 4.073e-12 1.975e-12 4.073e-12

Table 2
Errors for Example 2 (constant eddy viscosity) on the sinc grid S with the zero-
velocity bottom condition for 0 =0, y =45°, k=5, Dy =100 m, D =20 m

Sinc-Galerkin Ekman spiral projections for increasing N
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Fig. 6. Sinc-Galerkin Ekman spiral projections for Example 2 with increasing N
for the case of constant eddy viscosity with no-slip bottom boundary condition for
0=0, x=45° k=5, Dg=100 m, Dg =20 m

5 Numerical Testing: Variable Eddy Viscosity

The following examples show the results for the system of real-valued cou-
pled ordinary differential equations with either a decreasing or quadratic eddy
viscosity function given by (80) or (81). An eddy viscosity which decreases
quadratically from the value of A%(0) = 0.02 m?s™! to the minimum value of
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A*(Dg) = 0.00125 m?s™! is given by
Af(2%) = 0.02]1 — (.0075)2*]* , 0 < z* < Dy=100m . (80)

A graph of this A%(z*) is shown in Figure 7 where it is contrasted with the
constant eddy viscosity of A*(z*) = 0.02 m?s™!. A quadratic eddy viscosity

Decreasing eddy viscosity function

10 b
— Decreasing Aj &z*)
- Constant A% (2™)

20 - b

30 - B

m)

40 - B

50 - B

Depth z* (

60 - q

70 - q

80 - q

90 - B

100 I I I I I I I I I
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Eddy viscosity function A%(z*) m2s~!

Fig. 7. Eddy viscosity functions Aj(z*) = 0.02[1 — (.0075)2:*]2 m?s™! and
A¥(z*) = 0.02 m?s~!

function that ranges from A%(0) = 0.02m?s™! back to A%(Dy) = 0.02 m?s™! is
given by

Ay (2") = 0.02[1 + (.12)z"(1 — (.01)2")] , 0 < 2" < Dy = 100 m, (81)

which is shown in Figure 8. The model with the decreasing and quadratic eddy
viscosity functions are solved by the coupled discrete system in (69) of size
2m x 2m (m = 2N + 3). Also the results from the coupled system scheme are
compared to the results in [1] which used a complex-valued ordinary differen-
tial equation.

Example 3 For this example in a sea of depth Dy = 100 m, the parameters
are chosen to be 0 = 0.1, x = 45°, and (since Dg = 20 m) k = 5. The decreas-
ing eddy viscosity function A¥(z*) is given by (80). We find the approximate
solutions U,(z) and V,(z) by using the coupled discrete system in (69). The
results comparing the constant eddy viscosity and the decreasing eddy vis-
cosity are shown in Figure 9 and Figure 10 for N = 32. Figure 9 contrasts
the Ekman spiral projections while Figure 10 depicts the velocity components
U(z*) and V*(2*) from the surface to the sea bottom. The convergence of
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Fig. 8. Eddy viscosity functions A%(z*) = 0.02[1 + (.12)z*(1 — (.01)2*)] m2s™! and
A%(z*) = 0.02 m?s~!

the Sinc-Galerkin Ekman spiral projections for the decreasing eddy viscosity
function in (81) is illustrated in Figure 11.

Sinc-Galerkin Ekman spiral projections
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Fig. 9. Sinc-Galerkin Ekman spiral projections for Example 3 with both constant
and decreasing eddy viscosity functions and linear stress bottom boundary condition
forc =0.1, x =45° k=5, Dy =100 m, D =20 m
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Sinc-Galerkin velocity components
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Fig. 10. Sinc-Galerkin northward and eastward calculated velocity profiles for Ex-
ample 3 with constant and decreasing eddy viscosity functions and linear stress
bottom boundary condition for ¢ = 0.1, x =45°, k=5, Dg =100 m, D =20 m
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Fig. 11. Sinc-Galerkin Ekman spiral projections for Example 3 with increasing N for
the case of the decreasing eddy viscosity function and linear stress bottom boundary
condition for o = 0.1, x =45°, k=5, Dy =100 m, Dg =20 m

Example 4 With the quadratic eddy viscosity function in (81), the parame-
ters are again chosen to be ¢ = 0.1, x = 45°, and k = 5. The approximate
solutions U,(z) and V,(z) are illustrated by graphs comparing the constant
eddy viscosity with the quadratic eddy viscosity in Figure 12 and Figure 13
for N = 32. The convergence of the Sinc-Galerkin Ekman spiral projections
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for the quadratic eddy viscosity function in (81) is illustrated in Figure 14.

The approximations are calculated from the 2m x 2m coupled discrete system
in (69).

Sinc-Galerkin Ekman spiral projections
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Fig. 12. Sinc-Galerkin Ekman spiral projections for Example 4 with both constant
and quadratic eddy viscosity functions and linear stress bottom boundary condition
forc =0.1, x =45° k=5, Dy =100 m, D =20 m
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Fig. 13. Sinc-Galerkin northward and eastward calculated velocity profiles for Exam-
ple 4 with constant and quadratic eddy viscosity functions and linear stress bottom
boundary condition for ¢ = 0.1, x =45°, k=5, Dy =100 m, D =20 m
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Sinc-Galerkin Ekman spiral projections for increasing N
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Fig. 14. Sinc-Galerkin Ekman spiral projections for Example 4 with increasing N for
the case of the quadratic eddy viscosity function and linear stress bottom boundary
condition for o = 0.1, x =45°, k=5, Dy =100 m, Dg =20 m

Next, we want to compare the approximate solutions U,(z) and V,(z) for the
complex velocity system in [1] and the new coupled system introduced here.
To illustrate the comparative performance of both methods, the maximum ab-
solute errors between their respective numerical approximations are reported
as

Vell = max  {UolUs(z) — Ua(z)l}
IVell=_, max  ATolVa(z) - Va(z)1}

[ Eel| = max {|[Uc|l, [[Vell}

where U;(z) and Vj(z) are computed by the complex velocity system in [1]
and Us(z) and V,(z) are computed by the coupled system in (69).

Example 5 This example compares the solution introduced here to that com-
puted by the complex velocity system in [1]. The example used is that de-
scribed in Example 1. All comparisons show a similarity greater than the
accuracy of the method reported in Table 1
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N m 2m  |Uc Vel Il Ecll

4 11 22 1.005e-15 8.163e-16 1.005e-15
8 19 38 9.419e-16 1.193e-15 1.193e-15
16 35 70 6.279%-16 6.217e-15 6.217e-15
32 67 134 1.130e-15 2.009e-15 2.009e-15
64 131 262 5.651le-15 1.155e-14 1.155e-14
128 259 518 1.463e-14 1.758e-14 1.758e-14

Table 3

Comparison between the approximate solutions for the complex velocity system
and the coupled system by using the same sinc grid size for Example 1 for the
case of constant eddy viscosity with linear stress bottom boundary condition for
0=0.1, x=45° k=5, Dp =100 m, Dg =20 m

Example 6 This example compares the solution introduced here to the com-
plex velocity system in [1]. The comparison used Example 4. Again the results
are extremely similar. Note that the method used here requires none of the
complex arithmetic necessary in the work of [1].

N m 2m |Uc Vel Il Ecll

4 11 22 1.884e-16 9.419e-16 9.419e-16
8 19 38 3.768e-16 1.193e-15 1.193e-15
16 35 70 2.198e-16 3.579%e-15 3.579e-15
32 67 134 1.38le-15 2.261e-15 2.261e-15
64 131 262 4.969e-15 1.068e-14 1.068e-14
128 259 518 4.458e-14 2.003e-14 4.458e-14

Table 4

Comparison between the approximate solutions for the complex velocity system and
the coupled system on the same sinc grid for Example 4 for the decreasing eddy
viscosity AJ(z*) = .02(1 + .12z*(1 — .01z*)) with linear stress bottom boundary
condition for o = 0.1, x =45°, k=5, Dy =100 m, Dg =20 m
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